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We demonstrate the existence of a percolationlike stiffness transition in fiber networks with a bidisperse
orientation distribution and with fiber densities clearly above the geometrical and the ordinary stiffness transition.
The fibers are oriented parallel and perpendicular to a strain direction and they have a large fiber aspect ratio.
The stiffness K of the fiber nets can be described by a scaling relation, K ∝ ταg[(ε − εc)/τ−β ], where τ is the
fraction of fibers parallel to strain. g is a scaling function that is roughly described by a power law g(x) ∝ xγ

for stiffness above the transition and by a constant below the transition. The transition point is characterized by
qualitative changes in the distribution of the elastic deformation energy of the fibers, the deformation mode of the
fibers, the effective Poisson ratio of the nets, the distribution of elastic energy on fibers and cross links, and the
ratio of elastic and viscous dissipation energy. This transition opens the possibility of extreme stiffness variations
with minimal mesh manipulations in the vicinity of the transition (i.e., a stiffness gate). It is possible that this
transition affects the mechanical behavior of the cytoskeleton in cells.

DOI: 10.1103/PhysRevE.86.021922 PACS number(s): 87.16.Ka, 87.16.A−, 91.60.Ba

I. INTRODUCTION

Fiber networks are materials made of stiff fibers connected
in a more or less random way to form a mesh. If the fibers have
a large aspect ratio (i.e., length to width ratio) it is possible to
construct a connected material with a very low solid volume
fraction. A low volume fraction enables design of materials
that are very light and the network structure provides the
possibility to tune properties such as strength, conductivity,
and optical properties. Glass fiber and Kevlar are the classic
examples.

Here we consider a particular type of fiber network. The
nets we are interested in have the majority of fibers oriented
either perpendicular or parallel to the direction of applied
strain. As demonstrated below, this anisotropy results in an
extreme mechanosensitivity at a critical point. These types of
anisotropic networks also seem to play a significant role in
the mechanical behavior of, for example, endothelial or aortic
smooth muscle cells [1–5]. Technological examples include
structures made of carbon nanotubes such as carbon nanotube
sheets, also called “buckypaper” due to structural resemblance
to paper. Carbon nanotube sheets are a candidate for extremely
strong yet lightweight materials [6–10].

To understand the mechanical behavior of the type of
fiber nets described above, we investigate the variations of
stiffness caused by changes in the mesh texture. Such changes
include parameters such as density, connectivity, orientation,
dispersity, and strain.

A mesh has no stiffness for densities below geometric
percolation. As the density reaches the percolation threshold,
stiffness appears, unless the fibers are springs that do not
possess any bending stiffness [11]. Close to, but above the
percolation point, there is a critical regime, and above that a
mesh of slender fibers enters the nonaffine regime. Finally, at
high densities the affine regime appears [12–18]. A network
made of fibers without bending stiffness reaches the so-called
stiffness transition at a critical value for the coordination
number [19].

We investigate a three-dimensional (3D) fiber mesh in
the nonaffine regime with fibers oriented either parallel or
perpendicular to an external unidirectional strain ε with
only Poisson contraction in the perpendicular directions. The
texture is changed via a parameter τ that determines the
relative fraction of parallel and perpendicular fibers. The third
important parameter is the mesh density ρ. We demonstrate
that as these networks are stretched, they reach a critical
point at which stiffness increases suddenly by several orders
of magnitude. The strain at which the transition appears is
governed by the parameter τρ. The transition may appear for
any mesh density clearly above the percolation transition and
below the affine regime.

The mechanism behind this stiffness transition can be
described as follows: Below the transition, the number of fibers
parallel to the strain direction is too small and force has to
be carried mainly along perpendicular filaments. This means
that the stiffness of the mesh is dominated by the transverse
stiffness modes of the fibers. The dominating transverse
deformation mode for slender fibers is bending, which scales as
Ew4/l3, where E is Young’s modulus of the fiber material and
w/l the aspect ratio of the fibers. Above the transition point,
the parallel fibers are enough to carry the majority of the load.
The parallel fibers deform mainly by stretching, which means
that stiffness scales as Ew2/l. As the aspect ratio of the fibers
becomes very small, even a single path of mainly parallel
fibers crossing the mesh is enough to dominate its stiffness
behavior. Consequently, for such meshes it is reasonable to
expect that stiffness will display a percolationlike transition in
stiffness when the ratio of parallel to perpendicular fibers is
varied. We use a numerical simulation model for mechanical
tension tests of 3D fiber networks [18] to demonstrate the
transition. Reminiscent nonlinear strain-dependent stiffness in
fiber networks has also been observed for other types of meshes
as reported in, for example, Refs. [18,20].

For applications, this stiffness transition offers an opportu-
nity to design fiber networks that can switch between a stiff
and a floppy mode near the transition point with minimal
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ÅSTRÖM, SUNIL KUMAR, AND KARTTUNEN PHYSICAL REVIEW E 86, 021922 (2012)

manipulations of the mesh. Such a property may be used
in the design of intelligent materials functioning as stiffness
gates and actuators. It also seems quite reasonable that such
a transition could play a role in, for example, the stiffness
response of cellular cytoskeletons. The model demonstrates,
for example, why dense bundles of filaments, so-called stress
fibers, in the direction of an externally applied strain on a
cell [1,2] are such an efficient way to alter stiffness. In such
a bundle, τ ≈ 1 and ρ are considerably increased compared
to the cytoskeleton in general. Since the governing parameter
for the transition is τρ, it means that formation of stress fibers
immediately takes a mesh above the transition point, which
would increase stiffness of the cystoskeleton by several orders
of magnitude if the starting point is at or below the transition.

II. MODELS AND METHODS

We use a recently developed a three-dimensional (3D)
computational model to simulate the tension of fiber networks
[18,21]. The model consists of stiff 3D fibers cross linked to
each other by springs at fiber-fiber intersections. All fibers are
considered to be identical and straight under zero loading con-
ditions. Individual fibers have a finite length (l) and width (w).
The fibers have a random, uncorrelated and uniform center-of-
mass distribution. Strain is applied in the x direction. The ori-
entation distribution is such that fibers have an orientation that
is limited to ±0.1π radians to either the direction parallel to the
applied strain or perpendicular. The orientation distribution is
uniform in the perpendicular plane. Boundary conditions are
such that the y and z directions are free, while the ends of the
mesh are clamped and forced to move in the x direction (i.e.,
the clamped ends are free to move in the zy plane). The mass of
each fiber is discretized to a set of points (of mass m) at equal
distances along the fiber (10 mass points per fiber were used).
Each pair of mass points belonging to different fibers and closer
than some threshold (δl), are cross linked by a spring with
spring constant k. The force between two cross-linked mass
points only depends on the distance between them. The mesh
obtained through this deposition process is taken as the initial
configuration. Figure 1 provides an illustration of the system.

A segment, bounded by two mass points, is modeled by a
Euler-Bernoulli beam [22]. Each such elastic beam can be
deformed by stretching, bending, transverse, and torsional
displacements. The aspect ratio of the fibers was chosen to be
> 30. This choice guarantees that shear deformations remain
small and can be neglected. To properly describe the elastic
modes for each segment, a stiffness matrix K is constructed.
To fully account for the degrees of freedom for the segmental
endpoints, the matrix has a size of 12 × 12. For the stiffness
matrix of the whole mesh, these segmental matrices must
be expanded and added together. Details are provided in our
previous papers [18,21].

Global strain is applied by moving the opposite boundaries
away from each other in the x direction by ±δx, where δx ≡
δx(t).

The equation of motion for the deformation field of the
mesh is a discrete version of Newton’s equation of motion
with dissipation,

M�̈r + C�̇r + K�r = 0. (1)

segment

mass
point

strain direction
x

y
z

fiber

(I)

(II)

(III)

FIG. 1. (Color online) An illustration of the system and the
individual fibers, mass points, and segments. (I) A schematic
illustration of the fibers with uniform orientation in a perpendicular
yz plane (black fibers in the gray plane) and the parallel fibers (red
vertical fibers) oriented in the strain direction. Notice that the xy plane
in this figure is fictive. The x component of the location of the fibers
varies continuously. (II) A schematic description of fiber segments
connecting mass points. (III) A low-density mesh displayed from the
side (i.e., the xz plane). Red fibers (a small set of fibers at the top and
bottom of the mesh) are forced to move in the x direction opposite to
blue fibers (the rest of the fibers), which are free to move according to
the equations of motion. The cross links are displayed as short black
lines.

The term for viscous damping, C, is a diagonal matrix
containing the damping coefficients, and M describes the
inertia of the mass points. Column vector �r contains the
position vectors of all mass points. Since the time derivatives
of �r remain small at all times, we use the diagonal (or so-called
lumped mass and damping matrices) instead of the consistent
mass and damping matrices with off-diagonal elements. We
use a dynamic approach and do not try to solve for the elastic
equilibrium as a unique equilibrium does not necessarily exist
for a mesh that contains springs [11].

As the mass points move in discrete time steps, the segments
deform and the network geometry changes. In a fiber-mesh
material constructed of slender fibers with a lot of empty
space between, the fibers will begin to align themselves in
the direction of stretching as strain increases. This implies that
the stiffness matrix evolves over time. Changes in the stiffness
matrix imply that K is also a function of �r and hence the
equation of motion becomes nonlinear through the third term
in Eq. (1), which becomes

∫ t

0 K[�r(t ′)]d�r(t ′).
While rotations and translations of the individual segments

can be large, elastic deformations remain small. This allows
a simplification since we can neglect nonlinear higher-order
terms in calculating the elastic deformation forces.

The computational model contains two options for fibers
that collide during deformation of the mesh. Either fibers repel
each other via an elastic force or they behave like ghost fibers
and do not interact. The first option is, obviously, the physically
more correct while the other is computationally more efficient.
Both options were tested. As the total number of collisions
typically remain small during stretching of a mesh, there are
only minor differences between the two. Therefore most results
were obtained with the second option.

The behavior of the model is invariant under parameter
rescaling as long as the relations between the terms in Eq. (1)
remain constant. Since the model is largely scale invariant,
the parameters that are relevant when comparing with, for
example, actin-myosin systems are dimensionless. These
parameters are: the aspect ratio of the fibers (length/width),
the dimensionless density of fibers (l3× number-of-fibers/
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unit-volume), and the ratio between the stiffness of the fibers
and the cross links. In the simulations done here, the first
term in Eq. (1) is largely negligible (i.e., the dynamics of
the model is controlled by the balance between elastic and
damping forces). The crossover between elastic- and viscotic-
dominated regimes are determined by, cε̇/Eε, where c is the
damping coefficient, E, Young’s modulus of the fibers, ε is
strain, and ε̇ its time derivative.

The dimensionless parameters, except for the crossover
parameter, determine the relative variations in the entries of
the stiffness matrix (K matrix) [18,21]. For a typical mesh they
can be reduced to two parameters only. These two governing
parameters are the aspect ratio of a fiber segment and the
stiffness ratio for the cross links and the fiber segment. The
model parameters used in the simulations were chosen to give
fairly similar values for these two dimensionless parameters
as typical values for an actin-myosin mesh (E = 2 GPa [23],
w = 7 nm [24], mesh size ∼ 100 nm [24], and k ∼ 0.1 pN/nm
[25]).

In the numerical model all lengths are measured in units
of l (i.e., l = 1). The thickness of the fiber was w = 0.001,
mass m = 2 × 10−5, damping in the range c = 10−5 − 10−7,
and Young’s modulus E = 107–109. The spring constant of
the cross links was set to k = 0.6. Strain rate was of the order
10−2.

The values for actin mesh and the numerical model gives
aspect ratios of the order of 101–102, and stiffness ratios of the
order of 102–104.

III. RESULTS

Figure 2 shows snapshots of two different meshes [26]. The
network in Fig. 2(a) contains 1000 fibers, while the network in
Fig. 2(c) contains 1300 fibers. The average number of contacts
per fiber is close to six in both cases. This is clearly above the
percolation threshold at ≈1 contact per fiber on average [27].
Figure 2(a) shows a mesh with τ = 0.45 at zero strain, while
Fig. 2(b) is the same mesh at strain ε = 0.3. Figures 2(c)
and 2(d) display snapshots for a mesh at similar strains but
with τ = 0.04. The network in Fig. 2(b) is clearly above
the stiffness transition point, while the mesh in Fig. 2(d) is
right at the transition point. The strained meshes in Figs. 2(b)
and 2(d) shows clearly the qualitative difference in mechanical
behavior under strain. In Fig. 2(d) visible gaps are opening
up between the weakly connected perpendicular fibers. These
gaps contribute significantly to the strain of the mesh, and they
are formed by rather gentle bending of the fibers. In contrast,
the cross links are much more deformed in Fig. 2(b), Poisson
contraction is stronger, the parallel fibers are stretched, and the
perpendicular fibers are bent to a much larger degree.

Figure 3 shows the effective stiffness K of a set of meshes
with different fractions of parallel fibers, as a function of strain,
ε, for a constant mesh density ρ.

If K(ε,τ ) is expected to display percolation-type critical
behavior it is reasonable to postulate a scaling relation of the
form

K ∝ ταg[(ε − εc)/τ−β], (2)

where g is a scaling function, εc the critical strain, and α, β are
scaling exponents. Equation (2) represents the general form

FIG. 2. (Color online) (a) Snapshot of a mesh with the fraction of
parallel fibers τ = 0.45 at t = 0.0 (zero strain). Size: 2.5 × 2.5 × 1.5
with 1000 fibers. The clamped ends are shown in blue (a small set of
fibers at top and bottom of meshes), the fibers in dark grey (the rest
of fibers), and the cross links in red (short lines connecting fibers).
(b) The same mesh at a strain of ε = 0.3, which is well above the
transition point. (c) A mesh of 1300 fibers with τ = 0.04 at t = 0.0
(zero strain). (d) The same mesh as in (c) at strain ε = 0.3, which
is near the transition. A comparison of (b) and (d) reveal qualitative
differences in the deformations of the meshes at different τ . (b) is
clearly more red (longer, i.e., stretched, cross links) as the cross links
become more stretched. Also, the Poisson contraction in the yz plane
is significantly large in (b). In (d) there are gaps opening up between
the relatively weakly connected perpendicular fibers.

of percolation-type scaling relations [28,29]. The function, g

represents the strength of the percolating cluster, which in our
case is represented by paths of fibers that are deformed by
stretching as opposed to bending only. Below the transition
there are no such paths and one would expect g(x) to be
roughly a constant and right above the transition a power law,
g(x) ∼ xγ . Equation (2), with g a constant for strain below
εc, and a power law above εc, is fitted to simulation data
in Fig. 3(a). The best fits are given by γ ≈ 1.65. The fitted
parameters α, β, and εc are summarized in Fig. 3(b).

As is evident from Figs. 3 and 4, the scaling relation Eq. (2)
describes very well the simulation results for the stiffness
of anisotropic fiber networks. This equation can be used for
collapsing the simulated K(ε) for different τ onto a single
curve. The results are displayed in Fig. 4. In Fig. 4(a) the fitted
values for the individual curves, represented by the markers in
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FIG. 3. (a) Stiffness, K , as a function of strain, ε. Curves obtained for different τ ranging from 0.1 to 0.8 are displayed. Simulation data
is shown by markers and fits to Eq. (2) by lines. The function g is set to be a constant at strain below a critical value and a power law x1.65 at
strain above the critical point. The exponent 1.65 is a fit. (b) Fitted values, as a function of τ for the parameters τα ,τ−β , and εc in Eq. (2). The
fitted lines represent α ≈ 1.1, β ≈ 0.3, εc ≈ τ−1.2.

Fig. 3(b), are used to perform the data collapse. In Fig. 4(b)
the averaged values, represented by the lines in Fig. 3(b),
are used for the collapse. The collapse in Fig. 4(a) works
excellently, except for a minor cross-over region observed
close to the critical point. Obviously, the collapse using the
averaged values in Fig. 4(b) does not work quite as well as in
Fig. 4(a), but still reasonably well.

Figures 3 and 4 are obtained for a constant mesh density
ρ. In order to investigate the effect of changes on density,
the elastic energy W was recorded at constant strain for three
different densities, ρ, and varying τ . Notice that for a constant
strain W ∝ K . The result is displayed in Fig. 5(a). The energy
is scaled by ρ. τ is scaled by ρ0/ρ, where ρ0 = 100. The data
points in Fig. 5 fall on a single curve indicating that τ should
be replaced by τρ in Eq. (2) for the case of varying ρ.

The fact that τρ, rather than just τ , governs the transition
indicates that it is not the fraction of fibers in the parallel
direction that is important. It is the density of fibers in this
direction that induces the transition. The scaling by ρ on the
vertical axis is simply a consequence of the stiffness being
approximately proportional to the density of fibers.

To investigate finite-size effects, three different sizes for
the lowest density in Fig. 5(a) were studied. The mesh size
was increased from V0 = 2.5 × 2.5 × 1.5 to 2V0 and 4V0. No

significant changes in the dependence of W/ρ on τρ could be
observed. This result is displayed in Fig. 5(b).

Notice also that the exponents in Eq. (2) differ clearly from
the exponent of bond bending rigidity transition, 3.75 [30].

To further investigate the characteristics of the transition,
the distribution of the deformation energy on the fibers was
calculated. For τ below the transition, the energy distribution
follows a power law with an exponential large energy cutoff
(W−0.95

f exp[−Wf /10−6]) [31]. Such a distribution indicates
that below the transition, the elastic energies are randomly
scattered low numbers. The energies have almost the same
distribution as if they would be given by Wf ∝ 10−α , with α

a uniform random variable limited by some extreme values.
Such a distribution would give N (Wf ) ∝ 1/Wf . At and above
the transition point, the power law vanishes and a log-normal-
like distribution appears.

The variations in the average fiber deformations were
recorded for different values of τ . In particular, the defor-
mation angle φ, which measures the deformation mode, was
introduced. If a fiber is deformed perpendicular to, but not
stretched or compressed along, its axis, then φ = π/2. At the
other limit when a fiber is only deformed along its axis φ = 0.

To test the changes in the distribution of the angle φ, a set
of meshes with τ ranging from very small values well below
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FIG. 4. (Color online) (a) The data in Fig. 3(a) collapsed onto a single curve: K/τα as function of (ε − εc)/τ−β (red lines). The parameters
α, β, and εc are fitted separately for each curve [markers in Fig. 3(b)]. The black line represents function g, which is equal to unity for negative
values, g(x) = 1, and a power law g(x) = x1.65 for positive values. The inset shows the same data on log-log scale. (b) Same as in (a) but with
the averaged values for the fitted parameters of the individual curves represented by the lines in Fig. 3(b).
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FIG. 5. (a) The elastic energy (W ) as a function of τ for three meshes of different sizes. The number of fibers: 700 (+), 1000 (×), 1300 (∗).
The x axis was scaled by ρ0/ρ and the y axis by ρ to obtain data collapse on a single curve. The full line is given by Eq. (2). (b) The elastic
energy, scaled by ρV , for the three different network sizes. The density was 70.

the transition to significantly above it were simulated. The
resulting distributions fell into two distinct categories. The
distributions in Fig. 6(b) are colored such that the blue lines
are distributions below the transition and red ones above: the
only significant change in the distribution of φ occurs right
at the transition point. Below the transition there is a peak at
cos(φ) = 0 and a rapid decay as cos(φ) → 1: fibers below the
transition prefer to deform by bending, while the fibers above
the transition are stretched to a considerably larger degree.

This effect can also been seen by recording the maximum
stretch of the fiber segments and comparing it to the average
strain of the mesh. If fibers only bend the mesh can be strained
without stretching the fibers and therefore the parameter, εf m,
which is the relation between the maximum stretch of the
segments and the average mesh strain is very low below
the transition point. It increases rapidly close to unity at the
transition, as can be seen in Fig. 6(c). Also the ratio of the
stretching energy of the fibers to the entire elastic deformation
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FIG. 6. (Color online) (a) Distribution of elastic energy of the fibers at ε = 0.3 for three different meshes with τ = 0.0 (red full line),
τ = 0.04 (blue dotted line), and τ = 0.09 (green dashed line). A power law with an exponential large energy cutoff [W−0.95

f exp(−Wf /10−6)]
is fitted to the distribution for τ = 0.0 (upper dotted black line). A log-normal function is fitted to the distribution for τ = 0.09 (lower dotted
black line). (b) The distribution of the deformation angle φ for networks below the transition point (blue, lower bunch of lines) and above
(red, upper bunch of lines). (c) The maximum stretched fiber segment εfm as a function of mesh strain ε for τ = 0.15, . . . ,0.85. (d) Fraction of
stretching energy of the total elastic deformation energy Estret/Eelast as a function of strain.
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FIG. 7. (a) The ratio of elastic energy, Eelast, and the viscotic damping energy Evisc as a function of τ . (b) The ratio of elastic energy of the
fibers Efib and the elastic energy of cross links, Ecl, as a function of τ .

energy, including bending, behave in a similar fashion. This is
demonstrated in Fig. 6(d). This figure displays Estret/Eelast as
a function of mesh strain ε.

Figure 6 can be interpreted as follows: Networks below τc

are so soft that the observed stiffness is, to a large degree, a
result of viscotic damping. It is only when a mesh reaches
the transition point and fiber can no longer only be bent that
elastic stiffness become dominant. This means that the stiffness
differences at the transition in Figs. 4 and 5 would actually be
even larger if the already low strain rate would be further
decreased.

As the fibers mainly deform by bending below and by
stretching above the transition, while the deformation mode
of the cross links remain unaffected, we also expect that the
elastic deformation energy of the fibers in relation to the elastic
deformation energy of the cross links increases with τ and that
this increase would be most significant at the transition.

To test the above, the ratio of elastic energy and the viscotic
damping energy was measured as a function of τ . As expected,
Fig. 7(a) shows that this fraction increases with τ and that it
exceeds unity roughly at the transition point. Figure 7(b) shows
the ratio of the elastic energy of the fibers and the cross links,
which follows a similar behavior, but with a more distinct
transition at the critical point.

IV. SUMMARY AND DISCUSSION

We have demonstrated that stretched fiber networks with
an anisotropic fiber orientation distribution display a stiffness
transition that depends on the ratio of perpendicular to parallel
fibers (τ ). For a small fraction of parallel fibers and at small
strains, the mesh stiffness is dominated by the bending stiffness

of fibers, which is considerably weaker than the tensile
stiffness of the fibers. At a critical point that depends on τ , the
fiber density (ρ), and mesh strain (ε), the fiber mesh can no
longer be stretched by only bending the fibers and a crossover
to a significantly larger stiffness appears. This crossover is
described by a scaling function of the form ταg[(ε − εc)/τ−β],
which indicates that there exists, apart from the rigidity transi-
tion, a critical stiffness transition, which appears in anisotropic
networks well above the percolation and rigidity transition.
Notice that the rigidity transition appears at the same density
as the percolation transition for fibers with bending stiffness.

The stiffness transition has a number of potential applica-
tions, in particular in the design of smart mechanosensitive
materials. Since at the transition the stiffness changes with
minimal mesh manipulations, it is possible to envision using
this property as a mechanosensitive gating mechanism. In light
of this investigation, it is quite obvious why stress fibers in
eucaryotic cells are so efficient in increasing stiffness of cells
in a particular direction [1,2]. The filaments in stress fibers
are strongly oriented in the strain direction and are closely
packed together to form a dense bunch. It is also evident
that once stress fibers begin to disintegrate, a threshold will
be reached when they no longer significantly contribute to
cell stiffness. Close to this threshold it is likely that cells can
change their stiffness very rapidly and with minimal changes
to the cytoskeleton.
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[21] J. A. Åström, P. B. S. Kumar, and M. Karttunen, Soft Matter 5,

2869 (2009).

[22] K. J. Bathe, Finite Element Procedures in Engineering Analysis
(Prentice Hall, Upper Saddle River, New Jersey, 1982).

[23] J. H. Shin, L. Mahadevan, P. T. So, and P. Matsudaira, J. Mol.
Biol. 337, 255 (2004).

[24] I. Y. Wong, M. L. Gardel, D. R. Reichman, E. R. Weeks, M. T.
Valentine, A. R. Bausch, and D.A. Weitz, Phys. Rev. Lett. 92,
178101 (2004).

[25] S. V. Mikhailenko, Y. Oguchi, T. Ohki, and T. Shimozawa, J.
Korean Phy. Soc. 53, 1726 (2008).

[26] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevE.86.021922 for two animations of the stretch-
ing of these kind of meshes.

[27] L. Berhan and A. M. Sastry, Phys. Rev. E 75, 041120 (2007).
[28] D. Stauffer, Introduction to Percolation Theory (Taylor and

Francis, London, 1985).
[29] M. Sahimi, Applications of Percolation Theory (Taylor and

Francis, London, 1994).
[30] S. Torquate, Random Heterogeneous Materials (Springer, New

York, 2002).
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