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Summary

Constrained control of power converters

This research is performed within the Ultra High-precision Power Amplifier (UHPA)
project, which is a cooperation between the Control Systems (CS) and the Electromag-
netics and Power Electronics (EPE) groups within TU/e. The goal of the UHPA project
is to provide solutions on performance improvement of the current generation of switch-
ing precision power amplifiers. At the EPE group the Opposed Current Converter (OCC)
topology was identified as the best candidate for next generation precision power am-
plifiers. The main advantages of OCC with respect to conventional alternatives are lower
distortions and higher reliability. The research within the CS group has a broader perspec-
tive, i.e., control design methods are developed for general classes of power converters and
not limited to OCC. The summary of this research follows.

First, the main weaknesses of the currently employed control methods in the power
electronics community are identified. The main weakness is that generally classical con-
trol design methods are employed which are applicable only in small signal mode, i.e.,
when no constraints are active on the control action or the converter components. To
ensure stability, the converter should be operated within the tight bounds of the small
signal mode, resulting in conservative power densities and severe performance penalties.
Another identified weakness is that the control structures employed in power electronics
mainly use single-input single-output (SISO) blocks. As modern power converters are
essentially multi-input multi-output (MIMO) systems, employing SISO control structures
can infer significant performance loss. Furthermore, conventional control systems neither
provide information on overstress of converter components nor try to avoid it. Therefore,
more sophisticated control mechanisms should be employed to ensure high reliability and
performance of next generation power converters.

Given the above limitations, in this thesis we concentrate on the state-feedback con-
trol design methods to exploit the MIMO characteristics of power converters. As full
state-feedback might be difficult to implement in analog components, only discrete-time
(digital) control synthesis is pursued. All employed and developed synthesis methods take
into account constraints on the control inputs and system states, which results in strong
guarantees of stability and reliability of the converter within a large domain of operation.
Moreover, possibilities to increase the performance by driving the converter outside the
small-signal mode are investigated. There are two main research tracks in this work, i.e.,
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set-theoretic methods and model predictive control (MPC).
Within the research track on set-theoretic methods several paths are explored. Firstly,

recent developments in synthesis of reference governors are investigated to guarantee
stability for systems in closed loop with a control law designed for unconstrained stabi-
lization only. Secondly, we illustrate the applicability of recently proposed linear state-
feedback synthesis methods for constrained stabilization of linear and bilinear systems
in the context of power converters. The latter path also investigated the integration of
control theory and real-time implementation specifications within a single tractable con-
troller synthesis method. It is proposed to guarantee real-time feasibility through specific
low-complexity partitions of the piecewise affine (PWA) control law. The control-theory
specification, i.e., stability under state and input constraints, is integrated through conic
partitions induced by a polyhedral control Lyapunov function. The combination of the
controller and conic partitions yields the hybrid polytopic partition (HPP), which is the
cornerstone of the developed synthesis method. Based on the HPP, the controller synthe-
sis is pursued by low complexity linear programming. The effectiveness of the aforemen-
tioned approaches is demonstrated in a case-study on real-time control of a buck and a
buck-boost power converter.

MPC recently has become a hot topic in control of power converters. MPC explicitly
employs the plant model to predict its future trajectory and acts in advance to avoid con-
straints violation. There are two main implementation forms of the MPC, i.e., implicit
and explicit. The implicit MPC relies on solving the associated optimization problem in
real-time at each iteration, whereas in the explicit MPC the parametric solution of the
optimization problem, which is a PWA function for a PWA system model, is evaluated.
By its nature, explicit MPC is better suited to converters that are both simple and fast. We
illustrate the applicability of the explicit MPC on the example of a buck-boost converter
running at 500kHz sampling rate, and of the implicit MPC on the precision high power
OCC with sampling rate of 10kHz.

This thesis concludes with a general discussion on the developed solutions and ob-
tained results. This discussion also provides a series of recommendations for future re-
search on constrained control of power electronics, which mainly concern the complexity
reduction of control synthesis methods and real-time computation time for systems with
large number of states such as precision power amplifiers.
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Basic notation and definitions
This section explains the notation and basic definitions employed in this thesis.

Basic sets
R, R+, Z, Z+ − The set of real numbers, non-negative reals, integer

numbers and non-negative integers, respectively.
Rn×m, Rn − The set of real matrices with n rows and m columns,

and Rn denotes the set of real vectors.
SP, Sexpression − Intersection of the two sets S and P. If there is an

expression instead of P, the resulting set is a subset
of elements in S that satisfy this expression, i.e., Z≥1

denotes the set of integer numbers larger than 1.

For a matrix A ∈ Rn×m and a vector x ∈ Rn
[A]ij , [A]i•, [A]•j , [x]i − The element situated on i-th row and j-th column of

the matrix A, the entire i-th row of the matrix A, the
entire j-th column of the matrix A, and the i-th ele-
ment of the vector x.

‖x‖p, ‖x‖∞, ‖x‖ − The p norm of x, p ∈ Z≥1, the infinity norm of x, and
an arbitrary norm of x.

‖A‖p, ‖A‖ − The p norm of the matrix A and the arbitrary norm of
the matrix A, i.e, ‖A‖p := maxx6=0

‖Ax‖p
‖x‖p .

1n, 0n − n-dimensional vector with all elements equal to 1 and
0 respectively. If the size of the vector is implicitly
defined by the equation the n, i.e., the vector size, is
dropped.

In − Identity matrix in Rn×n.
diag(x) − Denotes a square matrix with elements of x on the

main diagonal.

Sets, set operations and partitions
int(P), δ(P) − Interior and boundary of the set P, respectively.
Co(P) − Convex hull of all elements in P.
S(S) − Denotes the set of all subsets of the set S.
Com(S) − Denotes the set of al compact subsets of the set S.
card(P) − Denotes the number of elements in the set P.
λP − For a scalar λ ∈ R and a set P ∈ Rn,

λP := {x ∈ Rn|∃y ∈ P, x = λy}.
P⊕ S − Minkowski addition, i.e.,

P⊕ S := {q ∈ Rn|q = p+ s, p ∈ P, s ∈ S}.
ø(P) − Diameter of the set P, i.e., ø(P) := sup

x1,x2∈P
‖x1−x2‖.
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Definition A convex, closed and bounded set is called a C-set. A C-set P is called
proper if 0 ∈ int(P).

Definition [125] A V-polytope is a convex hull of a finite set of points in some
Rn. An H-polytope is an intersection of finitely many closed half-spaces in Rn. A
polytope is a point set P ⊂ Rd which can be presented either as a V-polytope or
H-polytope.

P(S) − Denotes the set of all polytopes P ⊆ S.
vert(P) − Given a polytope P ∈ P(Rn), the map

vert : P(Rn) ⇒ Rn, vert(P)
provides the set of vertices of P. vert(∅) := ∅

Definition Let P be a subset of Rn. A finite collection of sets S̄ := {Si}i∈Z[1,l]
, with

int(Si) 6= ∅, l ∈ Z≥1, is a partition of P if P = ∪i∈Z[1,l]
Si and int(Si ∩ Sj) = ∅ for

all (i, j) ∈ Z2
[1,l], i 6= j and int(Si) 6= ∅ for all i ∈ Z[1,l]. S̄ is called a partition of P.

If Si ∈ P(Rn) for all i ∈ Z[1,l], S̄ is called a polytopic partition of P.

Definition Let S̄ and R̄ be two partitions of a set P ⊂ Rn. If for all i ∈ IP̄
there exists a subset of indexes IiS̄ , j ∈ Z[1,h] such that Ri =

⋃
j∈IiS̄

Sj , then S̄ is

called a refinement of R̄.

IS̄ − For a polytopic partition S̄ := {Si}i∈Z[1,l]
, IS̄ de-

notes the index set Z[1,l].

Basic functions
Definition [101] Given a convex, closed and bounded set S ⊂ Rn with 0 ∈ int(S),
the gauge function of S is ΨS : Rn → R+, ΨS(x) = inf{λ ∈ R+|x ∈ λS}.

K∞ − A function φ : R+ → R+ belongs to class K∞ if
it is continuous, strictly increasing, φ(0) = 0 and
lim
s→∞

φ(s) =∞.

Notation in the algorithms
x← y − x takes the value of y.
=, 6= − Comparison operations for scalars and sets.
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Acronyms

AC − Alternating current
BHS − Binary hierarchical subdivision (partition)
CLF − Control Lyapunov function
CT-SA − Continuous-time switched affine
DC − Direct current
DSP − Digital signal processor
DT-B − Discrete-time bilinear
DT-PWA − Discrete-time piecewise affine
FPGA − Field programmable gate array
GAS − Globally asymptotically stable
GES − Globally exponentially stable
IC − Integrated circuit
LF − Lyapunov function
LP − Linear program
LPV − Linear parameter varying
LQR − Linear quadratic regulator
MIMO − Multiple-input multiple-output
MOS-FET − Metal-oxide-semiconductor field-effect transistor
MPC − Model predictive control
OCC − Opposed current converter
pLF − Polyhedral Lyapunov function
PWA − Piecewise affine
PWL − Piecewise linear
QP − Quadratic program
SISO − Single-input single-output
SMPS − Switched-mode power supply
TOE − Thousands tonnes of oil equivalent
UHPA − Ultra High-precision Power Amplifier
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Chapter 1

Introduction

There is not much doubt that humans are physically weaker than most of comparably
sized animals. It is simple, we just prefer to train our brain rather than our muscles. If
not for our ability to adapt surrounding materials into tools and leverage these tools to
amplify or convert our muscle power, mankind would not have had a chance to reach
today’s development level. Even such a primal activity as nut cracking, i.e., cracking
the shell of a nut by hitting it with a stone, presents complex energy transformation and
requires tools that only primates are capable of achieving [34]. Just pressing the nut
with the stone may not suffice to crack it even when the entire body weight is applied.
Therefore, we transform the chemical energy stored in muscles into the kinetic energy
of the stone (speed), which is then transfered to the nutshell on impact. This example
underlines the three main components in energy conversion, see Fig. 1.1, i.e., the source
- chemical energy from nutrients, which is stored in the muscle tissue, the converter -
human armed with a stone, the load - the nutshell.

Figure 1.1: Illustration of the power conversion concept on the nut cracking example.

Humans came to completely rely on energy conversion for most of daily activities.
Such a simple activity of opening the door relies on the lever principle to overcome the
friction in the hinges. The use and mathematical principles governing the behavior of
the lever, which trades off the speed of an object for the applied force, were documented
by Archimedes, also famous for the quote: “Give me a place to stand, and I shall move
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Chapter 1. Introduction

the Earth with it”. Although, the real-world applications of mechanical energy converters,
such as, levers and pulleys, see Figure 1.2, are less ambitious, they have been the backbone
of the development. Note that the energy conversion is often a very fast process and we
are generally interested in how much energy is converted in a certain amount of time,
e.g., how many nuts we can crack per hour. Therefore, the term of power conversion is
employed more often than energy conversion.

1kg2kgv̄ 2v̄

2kg
1kg2v̄ v̄

Figure 1.2: Example of mechanical power converters, lever on the left and pulleys on the
right. These converters trade speed (v̄) for the gravity compensating force.

Our species employs similar devices as levers, e.g., pulley systems and gearboxes, to
convert mechanical power to some desired characteristics in terms of speed and force.
Such mechanisms are so ubiquitous that we even do not notice them, but even a regular
bicycle drivetrain would not exist without them. The mechanical power converters fueled
our development throughout the history up to the industrial revolution. Although, the
invention of the steam engine marks the beginning of the second industrial revolution, the
advances in power generation would be useless without efficient means of converting it
to the specifications of the consumer equipment.

The steam engines are generally bulky and were regularly placed at a distance from
the points of use in factories. Therefore, the mechanical power had to be transported
to the consumption point by belts or shafts. These transmission mechanisms impose
great engineering and maintenance problems. With the electrification these problems
were solved and a new age of innovation and growth began. The great advantage of the
electrical power comparing to the mechanical is the ease of transportation. The electrical
power transmission line requires a couple of wires, and in contrast to mechanical power
does not need any moving parts.

As with mechanical power, the electrical power conversion technology plays the key
role in the success of electrification. For example, take the wind turbine which gener-
ates alternating current (AC). Obviously, the voltage and the frequency of the output is
dependent on the turbine rotation speed, but there are strict regulations with respect to
connection of the generating equipment to the electrical grid, e.g., 230 kV and 50 Hz,
respectively. Therefore the generated electrical power is first rectified to a direct current
(DC) and stored in the DC link capacitance and afterwards is converted back to the AC
through an inverter to the required specifications of the transmission line. This process is
illustrated in Fig. 1.3.

Electrical power conversion is ubiquitous today and is even less noticeable due to its
complete embedding into the appliances and machines. For example, a typical smart-
phone needs a staggering amount of power converters: external charger that converts

2



GEN. CONV. 1 CONV. 2

Figure 1.3: Connection of the wind turbine generator (GEN.) to the grid through a rectifier
(CONV. 1) and an inverter (CONV. 2).

230 V AC to 5 V DC, internal converter that controls the charging of the battery, separate
converters for each individual voltage bus, such as, 1.2 V processor core, 2.5 V memory,
and 5 V display backlight.

Battery

RF module

Processor

DRAM

LCD

5 V

1.2 V

2.5 V

3.3 V

Charger ICUSB 5 V

Figure 1.4: Interconnection of electrical power converters within a mobile phone.

The energy consumption of our society is undoubtedly huge and has tremendous ef-
fects on the environment. From data released by EUROSTAT the European Union mem-
ber states consumed more than 1 million TOE in 2011, out of which about 23% was
the electrical energy. From the figures released by the Department of Energy, also cited
by [77], 40% of energy consumed in USA was at some point converted to, or converted
from, electricity. The quota of the electrical energy production is set to rise in the fol-
lowing years with the significant increase in capacity of renewable power generation.
Electrical energy consumption is bound to rise as well due to further electrification of
transportation. As such, increasing the efficiency of electrical power generation and con-
version is paramount in transition to a sustainable energy sector.
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Chapter 1. Introduction

Apart from environmental concerns, ubiquitousness of the electronic equipment and
interoperability requirements lead to the situation that the size and cost of electrical power
converters within a final product is very significant, often in the range of 10 to 20 percent.
In this situation the industry strives to reduce the size and the cost of the converters as
much as possible. However, converters, just as any other physical system, are subject to
safety and actuation constraints. Reducing the size of the converter generally means tight-
ening these constraints, and as such, reducing the domain of operation and robustness of
the converter. Moreover, the highest efficiency of the converter is generally achieved on
the boundary of the constraints. The trend in constraint tightening and converter opera-
tion close to its limits serves as the motivation for this thesis. Therefore, the constraints
handling analysis and converter control methods synthesis with express guarantees of sta-
bility under constraints are investigated here. This thesis deals solely with electrical power
conversion, hence for simplicity, it is referred to this process as power conversion in what
follows.

1.1 Introduction to switched-mode power supplies

Traditionally, most of the electrical energy is generated on large power plants and trans-
ported over long distances to the consumer by alternating current (AC) high-voltage trans-
mission lines. The AC transmission line is advantageous as it permits stepping up and
down the voltage with simple transformers and the generators can be connected directly
without any electronic or electromechanical rectification. However, it requires all genera-
tors connected to the same grid to work synchronously as transformers are able to change
voltage, but cannot change the frequency.

On the consumer side, the voltage is typically stepped down to fit the end-user equip-
ment. For example the transmission voltage of 220 kV is stepped down to 11 kV at an
intermediary substation and then to 230 V close to the consumer, which could be a res-
idential neighborhood. For lighting and heating it makes little difference whether the
supply is AC or DC, however supplying an AC motor directly from the power network
results in a constant nominal speed. For applications where a variable motor speed is
required only direct current (DC) machines where used prior to power electronics [76].
The rectification was performed then by electromechanical converters, e.g., brushes on
the DC motor.

The introduction of solid state commutating devices brought considerable changes to
power conversion and consumption [77]. The power delivery to an AC compatible load
such as a lighting bulb can be controlled by thyristors. The alternating current can be effi-
ciently rectified with diodes without any moving components, and the DC can be further
transformed to variable or AC with required specifications, e.g., voltage and frequency,
by transistors. These principles are employed in the circuit in Fig. 1.5.

The converter in Fig. 1.5 first rectifies the AC supply into the DC by means of the
diode D1 and stores the energy in the capacitor C1. The capacitor C1 supplies the DC to
the buck stage of the converter, and as such, acts as a link between the rectifier and the
buck converter. Typically, C1 is called a DC-link capacitor. There is also a class of direct
link power converters, which as the name suggest do not have a DC-link capacitor, but
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Section 1.1. Introduction to switched-mode power supplies

Rectifier Buck

L1 L2

C2 RhC1
D2

D1 Q1

UAC

vC2
vC2

iQ1

Figure 1.5: Schematic representation of a power converter which transfers the energy
from the AC voltage source (UAC) to the load (Rh) which requires unipolar power supply.

those require semiconductors blocking the current in both directions, and therefore, they
are difficult to implement and control. An example of such a converter is a matrix power
converter [122].

In this thesis the effort is concentrated on the power converters following the DC-link
capacitor, i.e., a DC power supply is considered. Nevertheless, by considering Clarke and
Park transformations [31, 85] these results could also be applied to converters with AC
and 3-phase power supplies.

Let us investigate the efficiency of the buck side of the converter in Figure 1.5. As Q1

is a MOS-FET, the energy required to charge the gate-source potential can be neglected in
the efficiency analysis. Obviously, the voltage across the capacitorC2 (vC2

), is dependent
on the current drawn by the load Rh and by the current passing through the transistor Q1

(iQ1
). In static operation the voltage vC2

should be constant and as such the current
through the load iQ1 and through L2 should be equal. Moreover the voltage across L2

should be 0V, otherwise the current would change. Hence, the power dissipated by the
transistor is (vC1

−vC2
)iQ1

, where vC1
is the voltage across the capacitor C1. In practical

applications, the ratio between input and output voltage could easily reach 10, hence the
stationary power loss of such a converter would be 90%, which is unacceptably high and
inefficient.

There are two modes in which the transistor Q1 ideally does not consume any power,
i.e., fully closed and fully open. When fully closed the transistor does not conduct any
current, hence the power loss is zero, and when fully open the voltage drop across the tran-
sistor is ideally zero resulting in zero power loss as well. Hence, in modern power con-
verters, the transistors are not kept in some intermediary state, but are constantly switched
with high frequency between fully open and fully closed states to increase the efficiency.
In the buck converter example, the switching off of the Q1 results in the conduction of
the diode D1, and as such, switches the potential of the left terminal of L2 from vC1

to
the ground. The output filter L2C2 averages this potential to the output voltage. With this
switching behavior the losses can be brought down to below 5% in modern power con-
verters. The fast switching in the converter behavior gives it the name of switched-mode
power supply (SMPS). Note that the SMPS has a significant efficiency advantage com-
pared to converters for other power sources than electricity. For example, the efficiency
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Chapter 1. Introduction

of a typical gearbox [33] ranges from 40% to a maximum of 87%, whereas the efficiency
of most of electrical power converters is well higher than 90%. Impressive efficiency is
one of the main driving factors for the continuously increasing adoption of switched mode
power converters in industrial and consumer applications.

Traditionally, the control of the switches in power converters is done by analog cir-
cuits. However, the performance increase of modern processors and microcontrollers,
and the increase in the efficiency and reliability requirements shift the field towards dig-
ital control implementations [61, 67]. The digital nature of the switched-mode power
converter, i.e., two positions of each switch is equivalent to binary 0 and 1, is another
stimulus to consider digital control. Furthermore, the prospect of fully integrated high-
performance and flexible controllers for power converters is very appealing, as it can lead
to large cost savings in the development and deployment process with the performance
increase of the power converters.

1.2 Performance specifications for power converters

Each specific power conversion application comes with some specific performance spec-
ifications. For some application the performance criterion is the speed of the disturbance
rejection, for others the efficiency is the main goal.

We split the performance criteria in three main classes, i.e., static, small signal, and
large signal specification.

Static specifications apply when the power converter is in steady state, i.e., all the quan-
tities describing the averaged power converter dynamics, such as, average output
voltage over the pulse width modulation (PWM) cycle and control signals are con-
stant. These specifications generally include steady state error of the converter
output with respect to the reference value, which could appear due to component
tolerances or while an external disturbance is acting on the converter. Another com-
mon static specification is the overall efficiency of the power converter in steady
state. Sometimes, the converter response to permanent faults or failures during the
operation are included in these specifications.

Small signal specifications focus on the dynamical behavior. Often these specifications
are expressed in the frequency domain, e.g., converter bandwidth, sensitivity, phase
delay. The class of small signal specifications is currently the most popular set of
performance indexes applied to the power converter. It provides only local charac-
terization near the stationary equilibrium point where the linearization of the system
dynamics is valid and the constraints are not active. Nevertheless, the importance
of such characterization should not be underestimated, as it provides significant in-
formation with respect to periodic disturbance rejection and tracking of sinusoidal
references, which appear very often in power electronics.

Large signal specifications apply when the small signal model does not characterize the
converter dynamics or when some constraints are active, e.g., the maximum out-
put voltage is reached. As the linearization of the converter dynamics is not valid
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Section 1.2. Performance specifications for power converters

anymore, the frequency domain specifications can neither be verified nor imposed.
Hence, time domain specifications are more appropriate in this situation. As the
name suggests, time domain specifications deal with the time evolution of the con-
verter state trajectory, e.g., response time after a stepwise change of the reference
or disturbance, overshoot, constraints satisfaction, integral of the reference track-
ing error. Another very important global characteristic of the power converter, is
the domain of operation, i.e., the domain containing all admissible combinations of
converter states and external disturbances, such that the time evolution of converter
state satisfies the rest of the specifications. Outside this domain, the operation is
either unsafe or may not comply with some of the other specifications.

Let us illustrate the domain of operation for a generic two dimensional system un-
der input and state constraints in Figure 1.6. The rectangle with the white interior
in Figure 1.6 contains the state of the system for which the maximum safety limits,
e.g., maximum currents and voltages within the converter, are not exceeded. The
subset of this set marked by the light-gray color denotes the states which do not re-
sult in damage for the system and for which an admissible feedback control action
is defined, i.e., the control action is within the actuation limits. If the control action
is undefined or exceeds the actuation limits the operation of the converter is consid-
ered unsafe even if it is still within the state constraints. Observe that constraints
satisfaction is not guaranteed for all state trajectories with initial states admitting a
feasible control action. The unsafe trajectories end with a cross Figure 1.6. There-
fore, the domain of operation, the dark-gray set in Figure 1.6, is the set of all state
trajectories that satisfy state and input constraints, and performance specifications.

[x]2

[x]1

Domain of operation

Control admissible region

Failure region

Figure 1.6: Illustration of the domain of operation for a 2D system under state and input
constraints. The Observer that the domain of operation (dark-gray) is a subset of the
control admissible region (light-gray), and the control admissible region is a subset of the
state constraints (white).
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Chapter 1. Introduction

1.3 Control design methods for SMPS
The performance specifications description from Section 1.2 probably seems a bit vague
at this moment. Let us explain the specifications by a short case study on control syn-
thesis for a synchronous buck converter, and highlight some of the challenges specific to
the power electronics field. The current state of digital control in power electronics is
summarized through this case study as well.

The synchronous buck converter is one of the most employed power converters in
point-of-load step-down applications which require high efficiency. The averaged dy-
namics of the buck converter is illustrated by the schematics in Fig. 1.7. The nominal

uVs R L

C Rh

iL vC

Figure 1.7: Schematic representation of the averaged dynamics of the synchronous buck
converter (u is the control signal).

component values for this case study are summarized in Table 1.1.

Component Vs R L C Rh Ts Vref
Value 20V 0.4Ω 100µH 22µF 10Ω 2.5µs 10V

Table 1.1: Nominal component values for the buck converter.

Let us begin by imposing some static performance specifications for the converter, i.e.,
the stationary error in the output voltage should be within±0.1V. Close to the equilibrium,
we would like to attenuate the additive disturbance acting on the converter output by 40dB
up to 3Hz. The control input u is limited between 0 and 0.95, which is typical when
the high side transistor is driven by a bootstrap circuit [51]. Moreover, there are safety
constraints on the inductor current 0A≤ iL ≤ 3A and the output voltage 0V≤ vC ≤ 15V.
The lower bound on the inductor current prevents energy transfer from load to source, and
the bounds on the output voltage protect the load.

A more in-depth discussion on deriving the mathematical models for power converters
is given in Section 2.1. For the purpose of this case study the averaged dynamics of the
converter is described by

dvC
dt

=
RhiL − vC
RhC

,

diL
dt

=
Vsu−RiL − vC

L
.

(1.1)
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Section 1.3. Control design methods for SMPS

SISO compensators form a well documented and simple class of controllers [116], out
of which lead, lag, and PID control laws are mostly employed in power electronics [78].
Let us proceed by designing the lag compensator for the system (1.1). The closed-loop
system configuration is illustrated in Fig. 1.8, with

C(z) = K
(z − z1)

z(z − p1)
,

P (s) =
Vs

CLs2 + (CR+ L
Rh

)s+R+ 1
.

(1.2)

Our intent is to implement the control laws digitally, e.g., on a digital signal proces-

C(z) P (s)+− ++Vref vC

W (s)

ZOH

Ts

Ts
F (z)

Figure 1.8: Closed-loop system representation with buck power converter P (s) controlled
by a lag compensator C(s) affected by an output disturbance W (s).

sor (DSP) or a field programmable gate array (FPGA). Therefore, the controller transfer
function appears in the z domain. The plant model is in the s domain as the equivalent
averaged dynamics of the buck converter is continuous in time. Due to the digital imple-
mentation of the control law one sample delay is included to account for measurement,
control law computation and actuation delays. The zero-order hold (ZOH) block connects
the discrete-time dynamics of the controller to the continuous-time plant.

In case of safety critical applications one might prefer an intrinsically stable control
law, i.e., without pure integrators. Hence, to satisfy stationary error of less than ±0.1V
at the nominal output voltage of 10V and local specifications the open-loop gain of 40dB
from 0Hz to 3Hz should be satisfied. One obtains the following tuning parameters by
loop-shaping: K = 0.0018, p1 = 0.9999, and z1 = 0.57. These parameters result in
reasonable gain margin of 6dB and phase margin of 87 degrees. The Bode diagram of the
open-loop system response is illustrated in Fig. 1.9.

The step response from 0V to 10V of the converter in closed loop with C(z) is illus-
trated in Fig. 1.10 with a solid black line. Although, the converter output settles at the
reference value, it shows significant oscillations which is generally not desired. General
practice in control systems is to apply a low-pass filter on the reference signal to reduce
the excitation of the resonances in the closed-loop system. The result of filtering with

F (z) =
0.01

z − 0.99

is illustrated in Fig. 1.10 by blue trajectories.
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Figure 1.9: The Bode diagram of the open-loop system response.

The amount of resistance in power converters is minimized to increase the efficiency.
Therefore, the power stage contains only reactive passive components. As a result, the
system dynamics contains complex pole pairs and ideally exhibits no damping. Compen-
sating such dynamics is difficult with standard single-input single-output (SISO) control
laws, as it requires a higher order compensator to dampen the resonances and is sensitive
to variations in the converter dynamics. Increased sensitivity to deviation of the power
stage behavior from the nominal model results in low robustness of the closed-loop sys-
tem.

A well established solution to the oscillation problem is to introduce artificial damping
through control. This requires feeding back the measurement of the inductor current,
with a negative gain, through a high-pass filter. If the output feedback controller has
sufficient gain, the high-pass filter can be removed, see Fig. 1.11 for the resulting control
architecture. The startup of the converter with an additional damping loop, i.e., KiL =
−0.08, is illustrated in Fig. 1.12. Note that the new closed-loop system does not require a
reference filter, and shows significant improvements compared with previous solutions.

An equivalent solution is cascaded control with an inner current control loop. This
class of approaches is the de facto standard in control of power electronics [4, 28, 29].

Although this solution looks simple and effective there are several issues. Proper tun-
ing of the combined control laws is generally an iterative procedure, i.e., fix the gain of
KiL , then design the output feedback; if the result is not good enough go back to the
damping gain design. The artificial damping solution requires additional measurements,
i.e., inductor current, and as such is more expensive than a SISO compensator. More-
over, all the controllers in the closed-loop structure are SISO without explicit interaction
between output feedback and damping feedback. Hence, there are additional degrees of
freedom that are not exploited in this configuration, and there is potential for improve-
ment.
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Figure 1.10: Startup of the buck converter with pre-filter (blue) and without pre-filter
(black). The reference voltage appears with dashed black line.

C(z) P (s)+− ++Vref vC

W (s)

ZOH
Ts

++

Ts
KiL

iL

Figure 1.11: Closed-loop system representation with added damping.

Benefiting from cross-couplings generally demands switching from classical SISO
control architectures to modern state-feedback control. The state-feedback control rep-
resents the state-of-the-art in commercially available power converter control integrated
circuits (ICs) [2,3], and only now starts to be applied in the mass market, often in the shape
of unconstrained model predictive control (MPC) or linear quadratic regulator (LQR).

To achieve the local frequency domain specifications in the state-feedback configu-
ration the plant model should be augmented with additional dynamics [40], i.e., the pole
from the lag compensator and a one sample delay are added. Then, the static state feed-
back can be synthesized for the augmented system by one of the available methods, e.g.,
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Figure 1.12: Startup of the buck converter with pre-filter (blue) and without pre-filter but
with the inductor current feedback (black). The reference voltage appears with dashed
black line.

pole-placement. Let us consider the feedback gain computed as the LQR

x̄ : =


vC
iL
u−

p

 ,

x̄+ =

 A B 02

0>2 0 0
[−1 0] 0 0.9999

 x̄−


0
0
1
0

KLQRx̄+


0
0
0
1

Vref ,
KLQR =

[
0.973 0.696 0.324 −0.085

]
,

(1.3)

where A and B represent the discretized state-space model derived from P (s), u− is the
delayed input, p is the state of the augmented pole dynamics, and KLQR is the LQR
matrix gain. The LQR tuning parameters are chosen such that the closed-loop system
fulfills the local frequency domain specifications. In contrast to the SISO controller, which
resulted in the closed-loop system with poles of magnitude beyond 0.99, the largest pole
of the LQR closed-loop system is 0.92. Hence, one would expect faster convergence and
higher robustness with state-feedback. However, from the startup behavior in Fig. 1.13
one draws the conclusion that the controller is too aggressive and saturates the control
action. The saturation leads to discontinuity of the closed-loop system dynamics, and
as such, the local stability result is not sufficient to ensure convergence of the converter
dynamics.

The control action is subject to hard physical constraints that cannot be bypassed by
any control algorithm. The saturation of the control action results in discontinuity, and as
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Figure 1.13: Startup of the buck converter in closed loop with the LQR. The constraint
boundaries are marked with dashed black lines.

such, invalidates classical stability and performance analysis developed for linear systems.
As previously the closed-loop system response can be smoothened by adding a pre-

filter. The result with
F (z) =

0.1

z − 0.9

is shown in Fig. 1.14.
Observe that the control input does not saturate, and the closed-loop system exhibits

linear dynamics in accordance with the design. The control design tools used in the field
of power electronics, generally do not consider constraints during the design. Constraints
satisfaction is verified only after the control law is already computed; if the test fails there
is no systematic way of changing the control parameters to guarantee proper constraints
handling. This issue typically results in extensive verification of the developed controllers
in simulations. Furthermore, such design procedures often yield conservative tuning and
reduced power density of converters.

Let us conclude the part dedicated to the linear control design by comparing the startup
performance of the three successfully designed linear control architectures, i.e., SISO
with pre-filter, SISO with artificial damping, and LQR with pre-filter F (z) = 0.04/(z −
0.96). The result is shown in Fig. 1.15, and clearly motivates the state-feedback control
architectures in our opinion.

Keeping the closed-loop system dynamics linear at all time is conservative. A much
faster response time would be obtained if the inductor current could be saturated at the
maximum allowed value until the output voltage gets sufficiently close to the reference.
However, obtaining such response requires nonlinear control. Multiple solutions have
been proposed that follow this idea, e.g., hysteresis control or peak current control, see
the review [49] for some of them. However, most of the approaches can handle constraints
only on first order dynamics, i.e., only on the inductor current, and are triggered by analog
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Figure 1.14: Startup of the buck converter in closed loop with the LQR and added pre-
filter. The constraint boundaries are marked with dashed black lines.

signals, which make them rarely applicable to fixed switching frequency converters and
digital implementations.

An established solution to constraint handling in process control and in control of
other relatively slow systems is MPC [89]. Just as LQR, MPC employs the model of
the system to make predictions on future behavior of the system and optimize the control
action accordingly. However, the solution to the LQR problem, i.e., infinite prediction
horizon, is available only in the unconstrained case, whereas MPC employs a finite pre-
diction horizon to make the control problem tractable numerically. Therefore, at each
sample instant the MPC problem is solved, i.e.,

min
N−1∑
k=0

(x̃[k]>Qx̃[k] + ũ[k]>Rũ[k]) + x̃[N ]>Px̃[N ] (1.4)

such that
x̃[0] = x,

x̃[k + 1] = Ax̃[k] +Bũ[k], ∀k ∈ Z[0,N−1],

x̃[k] ∈ X, ũ[k] ∈ U, ∀k ∈ Z[0,N−1],

x̃[N ] ∈ Xf ,

where N is the prediction horizon, X the set of state constraints, U the set of input con-
straints, and Xf the terminal set. Note that if P is chosen as the solution of the algebraic
Riccati associated to the LQR design, the MPC is equivalent to LQR when the constraints
are not active. Keep in mind, the MPC was designed for the buck converter example with
the stage cost that corresponds to the LQR tuning parameters. The startup comparison
between linear controllers and MPC is shown in Fig. 1.16. The time scale was changed
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Figure 1.15: Startup of the buck converter in closed loop with SISO controller with pre-
filter (blue), SISO controller with artificial damping (black), and LQR with pre-filter (red).
The constraint boundaries are marked with dashed black lines.

compared to the previous simulation results to allow a better comparison of the closed-
loop dynamics improvement.

The rise time improvement obtained in closed loop with MPC is clearly visible, and
that is without compromising the small signal characteristics of the LQR. However, there
is no such thing as a free lunch. Computing the MPC even on a modern processor
is a lengthy process in comparison to the sampling time necessary for the power con-
verter. Even for this simple example, a state-of-the-art custom optimization solver [72]
can hardly break the 25µs barrier, which is 10 times slower than required. In the realm
of slow high-power converters the research on implicit MPC, i.e., MPC based on on-
line optimization, recently yielded fruitful results [52, 56, 59, 91, 93]. For fast convert-
ers several successful results have been reported in recent years by employing explicit
MPC [14, 69, 70, 109]. However, explicit MPC is known to suffer from the curse of di-
mensionality, i.e., the complexity of the resulting control law partition increases roughly
exponentially with the number of the optimization variables and constraints in the MPC
problem. Therefore, application of explicit MPC is limited to simple topologies such as
buck power converter.

As the sampling rates in the power electronics field can go into the MHz range, strong
guarantees on real-time computation of the control law are required. Low complexity
control laws are necessary and the control designer is in the position to constantly opti-
mize the closed-loop architecture to meet not only stationary, small signal and large signal
specifications, but guarantee real-time feasibility of the control law.

The combination of ever tightening performance and safety bounds, and limited com-
putational power motivate researchers to explore alternative control design methods. Only
very recently several results from set-theoretic methods were illustrated on power elec-
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Figure 1.16: Startup comparison of the buck converter in closed loop with linear con-
trollers and MPC. The constraint boundaries are marked with dashed black lines.

tronics applications [9,23,123] by control scientists. In contrast to the MPC, set-theoretic
methods promise to achieve large domains of attraction for constrained systems with rel-
atively low complexity controllers.

1.4 Aim of the thesis

Designers in the field of power electronics are expected to constantly increase power
density, efficiency and dynamic performance of power converters. In this context, power
converters must operate as close as possible to the physical limits of the power stage,
which poses extreme pressure on their control system design. Constraints handling is
not a trivial task especially in the case of very fast systems such as power converters
where the control action must often be computed in several microseconds or even faster.
Therefore, conventional control design methods still dominate the industrial applications
and ad-hoc solutions are generally employed to establish reasonable performance and
safety guarantees.

As such, the aim of this thesis is to design a set of tools that permits synthesis of
advanced control laws for power converters which ensure high local performance and
guarantee constraints satisfaction by design. Moreover, the designed control laws should
be computable in real-time on a selected embedded target with fixed computation power
budget.

To ensure fast dynamic response, mostly state-feedback control synthesis methods
are proposed in this thesis. Moreover, as the constraint satisfaction is at the forefront of
this research the developed control strategies are based on the two paradigms that con-
sider constraints on the system by design, i.e., set-theoretic methods and model predictive
control.
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Section 1.5. Outline of the thesis and summary of publications

Although some of the results included in this thesis could be implemented in analog
circuits, this is not our purpose. The reader should bear in mind that the proposed control
techniques are solely intended for digital implementation. Therefore, averaged discrete
time models are generally employed in control design. Moreover, the control problem
formulations in this thesis consider constant sampling time for the same reason of digital
implementation. Nevertheless, with application of some robustness results and appropri-
ate scaling the same tools could be applied to variable sampling and PWM frequency
converters.

1.5 Outline of the thesis and summary of publications
This thesis deals mostly with state-feedback control of power converters. However, often
the full state-measurement is not available or the measurements are affected by significant
noise, therefore state-observers should be designed. Chapter 2 presents the contribution
on the design of state-observers for converters with a bilinear averaged model,

• V. Spinu, M. Dam, and M. Lazar. Observer design for DC/DC power converters
with bilinear averaged model. In Proceedings of IFAC Conference on Analysis and
Design of Hybrid Systems, pages 204-209, Eindhoven, Netherlands, June 2012.

Chapter 3 summarizes the contributions on linear state-feedback synthesis via set-
theoretic methods. Linear state-feedback is very simple in implementation, but there
are multiple challenges when the constraints are taken into account, e.g., simultaneous
synthesis of the contractive set or a CLF with the feedback gain is practically impossible.
This chapter presents a further extension of the results on contractive set and linear state-
feedback synthesis for linear and bilinear systems. from:

• V. Spinu, N. Athanasopoulos, M. Lazar, and G. Bitsoris. Stabilization of bilinear
power converters by affine state-feedback under input and state constraints. IEEE
Transactions on Circuits and Systems, Part II: Express Briefs, 59(8):520-524, 2012.

• V. Spinu, M. Lazar, and G. Bitsoris. Constrained stabilization of a two-input buck
boost DC/DC converter using a set-theoretic method. In Proceedings of American
Control Conference, pages 5394-5399, San Francisco, Ca., U.S.A., June 29-July 1
2011.

• V. Spinu, M. Lazar, and P. P. J. van den Bosch. An explicit state-feedback solution
to constrained stabilization of DC-DC power converters. In Proceedings of IEEE
Conference on Control Applications, pages 520-525, Denver, Colorado, U.S.A.,
Sept. 2011.

The contributions [103, 104] on constrained control of linear and bilinear systems
via hybrid polytopic partitions (HPP) are summarized in Chapter 4. Furthermore, these
results are extended to robust stabilization of linear difference inclusions. The main goal
of the HPP framework is to provide a systematic approach for handling both system and
real-time constraints on the controller implementation within a single synthesis method.
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• V. Spinu and M. Lazar. A hybrid polytopic partition approach to constrained sta-
bilization of bilinear systems. In Proceedings of IFAC Nonlinear Model Predic-
tive Control Conference, pages 430-435, Noordwijkerhout, The Netherlands, Aug.
2012.

• V. Spinu and M. Lazar. Integration of real-time and stability constraints via hybrid
polytopic partitions. In Proceedings of IEEE Conference on Control Applications,
pages 226-233, Dubrovnik, Croatia, Oct. 2012.

Apart from the set-theoretic perspective on constrained control design, this thesis in-
vestigates the applicability of MPC in control of power converters. The main empha-
sis in Chapter 5 is on the implementation aspects and complexity reduction of explicit
MPC. This chapter summarizes the results on explicit MPC of the buck-boost converter
from [109].

• V. Spinu, A. Oliveri, M. Lazar, and M. Storace. FPGA implementation of opti-
mal and approximate model predictive control for a buck-boost DC-DC converter.
In Proceedings of IEEE Conference on Control Applications, pages 1417-1423,
Dubrovnik, Croatia, Oct. 2012.

The research results reported in this thesis are mainly developed within the “Ultra
High-precision Power Amplifier” (UHPA) project, which looks into development of sys-
tematic design procedures for next-generation precision power amplifiers. Therefore,
Chapter 6 deals with linear state-feedback control and real-time MPC of precision am-
plifiers [110]. Reference governors as an alternative solution to constrained control of
power amplifiers is also discussed and compared to MPC.

• V. Spinu, J.M. Schellekens, M. Lazar, and M.A.M. Hendrix. On low complexity
model predictive control of DC/DC converters. In Proceedings of 17th Interna-
tional Conference on System Theory, Control and Computing, Sinaia, Romania,
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18



Chapter 2

Models and state-estimators for
power converters

Power converters are ubiquitous in consumer and industrial electronics. Both fields con-
tinuously demand higher efficiency, reliability and performance from converters. In this
context advanced control techniques which rely on full state feedback rather than clas-
sic output feedback become increasingly attractive, see e.g., [26, 68, 106, 108]. Full state
information can be also employed for online fault diagnosis. However, full state mea-
surement may not be economically feasible in a wide range of applications. Moreover,
measuring the inductor current with high common mode voltage transients is known to be
a fairly complex task, and it is very noisy due to ripple. As such, development of observer
design techniques targeting power converters is of paramount importance for the future
development of this field.

Any observer design starts with defining the model of the system, therefore this chap-
ter recalls several commonly employed model classes within the power electronics field.
A typical high efficiency power converter consists of, ideally lossless, linear storage el-
ements interconnected by switches. Ideally, for a given state of the switches the con-
verter exhibits linear dynamics. As such, a general, continuous-time (CT) model of a
power converter is expressed as an affine switched differential equation with controlled
and state-dependent switching.

In the context of digital control systems, discrete-time (DT) models are preferred and
the computed control action is typically supplied to the modulator. Such models can be
derived by using averaging techniques [20,48]. By applying averaging a DT possibly non-
linear model of the system with continuous inputs is obtained. The typical non-linearity
which appears in converter models is input-induced bilinearity. It appears when the energy
is transferred from an internal storage element to another one through a controlled switch,
e.g., from the inductor through transistor to the output capacitor in a boost converter. Di-
rect handling of nonlinear dynamics is not straightforward and, often, an approximated
piecewise affine (PWA) model is used for the system.

Observer design for linear DT systems is a somewhat trivial problem [84], however
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Chapter 2. Models and state-estimators for power converters

the other three classes, i.e., CT switched affine (CT-SA), DT bilinear (DT-B) and PWA
plant models raise considerable difficulties. As such, the synthesis of Luenberger type
observers for CT switched affine, DT systems with PWA dynamics (DT-PWA), and input-
induced bilinearity is investigated in this chapter. The first two observer design techniques
are based on previous works, [7] and [39], respectively, and a novel hybrid observer syn-
thesis method is proposed for the DT-B model. All three synthesis techniques are com-
pared through simulations.

2.1 Models of switched mode power converters
Fast switching dynamics of power converters makes analysis of the system properties
challenging. As such, several modelling strategies were developed in the field. Three
most common approaches to power converter modelling are summarized in the following
subsections. To support modelling procedures, schematic representation of two classic
converter topologies are shown in Fig. 2.1, i.e., buck and boost converters.

Vs R L

C

Ih

(a)

Vs R L

C

Ih

(b)

[s]1

[s]2

[s]1

[s]2

Figure 2.1: Schematics of the buck (a) and the boost (b) DC/DC power converters.

The main subject of this thesis is model based control synthesis, hence, the modeling
techniques should be control relevant. By control relevance is meant that the model class
should be usable by the control synthesis methods and simple enough, but contain all rel-
evant information about the system dynamics. For that reason the converter components
are idealized, e.g., transistors and diodes are considered as ideal switches. To account for
conductive losses in converter components, series or parallel resistance is added in most
cases.
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Section 2.1. Models of switched mode power converters

2.1.1 Continuous-time switched affine model
As mentioned before, high efficiency DC/DC power converters generally comprise of
linear components, e.g., capacitors and inductors, which are interconnected by switching
elements. As such, a general CT model of the converter is

ẋ = A(s)x+B(s)w + f, (2.1)
y = Cx,

where x ∈ Rn is the system state, i.e., capacitor voltages and inductor currents, s ∈ Zm[0,1]

denote the state1 of the switches, w ∈ Rv are the exogenous signals applied to the con-
verter, e.g., input voltage and output current, y ∈ Ro denotes available state measure-
ments. The vector f contains additive constant terms such as forward voltage of a switch.
The vector s can have only a limited number of values, i.e., 2m. Let S := {sj}j∈Z[1,2m]

be the set of all possible states of switches, and for each sj , Aj := A(sj), Bj := B(sj)
and φj := f(sj). As for a given switch state s ∈ S the converter is an interconnection of
linear elements and sources, the model of the converter is affine for each particular switch
state. Hence, the CT-SA model is

ẋ = Ajx+ Bjw + φj , if s = sj , (2.2)
y = Cx.

When the switching in the converter does not inflict any jumps in the state values, i.e.,
capacitors are not short circuited and the inductor terminals are not left disconnected from
the rest of the circuit, matrices A(s), B(s) and the vector f(s) can be written in a closed
form

A(s) :=


s>A1

...

s>An

+A0, B(s) :=


s>B1

...

s>Bn

+B0, (2.3)

where A0 ∈ Rn×n, B0 ∈ Rn×v , Ai ∈ Rm×n, Bi ∈ Rm×v , f0 ∈ Rn and fi ∈ Rm for
i ∈ Z[1,n].

To better explain the model from (2.1) and (2.3), let us consider the boost converter
example from Figure 2.1.b. In real life applications, the switch combinations s = [0 0]>

and s = [1 1]> are not desirable. The first combination would lead to extremely large
voltage on the right terminal of the inductor unless the inductor current is 0 A, and the
second combination would short circuit the output capacitor C. Without considering the
switch combination s = [1 1]> the continuous time model of the converter is

dvC
dt

=
[s]1iL − Ih

C
,

diL
dt

=
[s]1(Vs − vc)− iLR+ [s]2Vs

L
.

1Some complex switch configurations may have more than two states, i.e., [s]i ∈ Z[0,li]
, li > 1. Neverthe-

less, such switch configurations can always be modeled as multiple two position switches.
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Chapter 2. Models and state-estimators for power converters

Observe that this model is valid also in the situation when iL = 0 and s = [0 0]>, and
can be written in the form (2.3) with the following matrices

A0 :=

[
0 0
0 −RL

]
, A1 :=

[
0 1

C
0 0

]
, A2 :=

[
− 1
L 0

0 0

]
,

B0 :=

[
0 − 1

C
1
L 0

]
, B1 :=

[
0 0
0 0

]
, B2 :=

[
1
L 0
1
L 0

]
, f :=

[
0
0

]
.

Note that the power converter control signals were not specified yet. Generally, the
state of only a subset of the switches [s]i is directly controllable, e.g., by changing the volt-
age across the gate and source of a MOS-FET. Other switches, e.g., diodes, are switched
on and off depending on the state of the converter. Therefore, the model (2.1) finds its use
mainly in simulation and analysis, and is seldom used for control in real-time.

2.1.2 Averaged discrete-time bilinear model

When the converter is controlled by a fixed frequency pulse-width modulated (PWM)
signal a very useful modeling technique is the state-space averaging. A typical PWM
waveform is shown in Fig. 2.2. The PWM transforms the discrete change in the switch
state [s]i ∈ Z[0,1] into a continuously varying control action [u]i ∈ R[0,1] by maintaining
the switch state [s]i = 1 on average for [u]iTs time within a sampling time interval2 Ts.

The CT averaged model of the power converter is of the same form as (2.1) with the
matrices defined in (2.3), but with the only difference that the switch state vector s is
substituted by the vector of duty-cycle ratios u. As only an average information about the
control input within the sampling time interval Ts is available, the state-space averaging
is performed for the same time interval, which is typically equal to the sampling time of
the controller. As such, this model describes the converter behavior only at the sampling
instants and is discretized in practice.

[u]i

t

0

1

Ts 2Ts 3Ts

[s]i

Figure 2.2: Example of a PWM waveform generated by the control signal [u]i ∈ R[0,1]

with Ts half of the PWM cycle. [u]i is marked with dashed line, switch state [s]i with
dotted line and the internal triangular signal of the modulator with solid line.

2In case of a triangular PWM carrier the sampling time can be a multiple of half PWM cycles, whereas with
a saw type PWM carrier sampling with the period of multiple PWM cycles.
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Section 2.1. Models of switched mode power converters

The model (2.1) has input-induced bilinearity, i.e., it contains products [u]i[x]j and
[u]i[w]j . Thus, the discretization is typically done by the Euler forward method [32] to
keep the complexity of the DT model low. After discretization, one obtains the averaged
DT-B model of the power converter

x+ =

In + Ts



u>A1

...

u>An

+A0


x+ Ts



u>B1

...

u>Bn

+B0

w + Tsf, (2.4)

y = Cx,

where x+ the state of the power converter at the next time instant.
In practical applications the sampling rate 1/Ts is considerably larger than the res-

onance frequencies induced by the LC circuits, consequently, the approximation errors
introduced by the discretization method can be neglected.

In the special case that A(u) = A0 and w is constant, the averaged CT model of the
system is affine, i.e.,

ẋ = A0x+


w>B>1

...

w>B>n

u+B0w + f.

Therefore, the exact DT affine model can be obtained in this case.

Remark 2.1.1 Under the assumption that each switching element of the converter is con-
trollable, u is the vector of the control inputs. This is often the case, as it is custom to add
transistors in parallel with diodes and operate them synchronously to lower the voltage
drop across the device, and as such increase the efficiency. In case of converters with
uncontrolled switches, an inherent feedback will exist from the system states x to the el-
ements of the vector u, which may change the dynamics of the system from bilinear to a
more general class of nonlinear systems. 2

In case of synchronous implementation, or in continuous conduction mode the buck
and boost converters averaged dynamics can be represented by the schematics in Fig. 2.3.
Observe, that the switching node consisting of the switches [s]1 and [s]2 in Figure 2.1
becomes equivalent to a variable ratio transformer for DC signals in the case of averaged
dynamics in Figure 2.3, i.e., the voltage ratio between left and right sides of the switching
node scales with [u]1 and the current with the 1/[u]1.
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Vs[u]1 R L

C

Ih

(a)

Vs R

L

C

Ih

(b)

[u]1vC [u]1iL

Figure 2.3: Schematic representation of averaged dynamics of the buck (a) and the boost
(b) power converters.

2.1.3 Approximation with discrete time PWA model
Dealing with nonlinear models is generally difficult. As such, a DT-PWA approximation
of the DT-B converter model is often employed for controller and observer synthesis.
Multiple methods have been proposed to construct the PWA approximation of nonlinear
vector field, see e.g, [12, 114, 115] and references therein. A sketch of a possible PWA
approximation technique follows.

Let the domain of variation of x, u and w be

D =
{[

x
u
w

]
|x ∈ X, X ∈ P(Rn), u ∈ Rm[0,1], w ∈W, W ∈ P(Rv)

}
,

and let P̄ := {Pj}j∈Z[1,p]
be a partition of D.

Then for each j ∈ Z[1,p], a finite set of points of interest Dj ⊂ Pj is selected. Next
an optimization problem is solved with the parameters of the PWA model as optimization
variables and the approximation error in the points Di as the cost function. As a solu-
tion to this optimization problem, one recovers the DT-PWA approximation of the DT-B
converter model,

x+ = Āix+ B̄iu+ W̄iw + f̄i, if
[
x
u
w

]
∈ Pi. (2.5)

Evaluation of the DT-PWA model may require slightly more computation power in
real-time than the DT-B model, i.e., the vector

[
x
u
w

]
has to be located within {Pi}i∈Z[1,p]

.
Nevertheless, DT-PWA is a well studied class of systems with significant number of re-
sults available in the literature, see e.g., the survey [27] and references therein.
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2.2 State-estimators for bilinear power converters
This section provides a Luenberger type observer synthesis technique for each model
given in Section 2.1. Observer synthesis methods for CT-SA and DT-PWA models have
some similarities and will be presented first. Then, a novel hybrid observer design method
is proposed, which is applicable to systems with a DT-B model.

Prior to the observer synthesis several assumptions are made.

Assumption 2.2.1 At each time instant the state of switches s is known.

Typically observers and controllers are implemented in the same device. Thus, the con-
troller can efficiently communicate the states of the controlled switches to the observer.
Furthermore, precise commutation of uncontrolled switches can be forced by maintaining
the converter in continuous conduction mode.

Assumption 2.2.2 The region of the DT-PWA model, Pi ⊆ P̄, such that
[
x
u
w

]
∈ Pi, is

known at each moment of time.

As the u introduces the bilinearity into the DT-B model, it is reasonable to partition P̄ with
respect to u only. This strategy coupled with Assumption 2.2.1 satisfies the statement of
Assumption 2.2.2.

Assumption 2.2.3 External signals w are measurable.

Assumption 2.2.3 is stated mainly to simplify the equations in the following sections. It
can be circumvented by augmenting the estimate of the system state with the estimate
of the external signals and applying the same observer synthesis on the augmented sys-
tem. Moreover, to obtain faster disturbance rejection, it is recommended to measure the
external signals in practical applications.

2.2.1 Observer synthesis for CT-SA model
Let us begin with writing the state estimation equation for the CT-SA model (2.2) when
s = si,

˙̂x = Aix̂+ Biw + φi + Li(y − ŷ),

ŷ = Cx̂,

where Li ∈ Rn×o is the observer gain and i ∈ Z[1,2m]. Under the Assumption 2.2.1, the
error dynamics e := x− x̂ can be written as,

ė = (Ai − LiC)e. (2.6)

Theorem 2.2.4 Let

(Ai − LiC)>P + P (Ai − LiC) ≺ −ρP, (2.7)
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be satisfied for all i ∈ Z[1,2m], for some symmetric positive definite matrix P ∈ Rn×n
and some ρ ∈ R>0. Then the error dynamics (2.6) is globally exponentially stable3.

For the proof of this theorem refer to Theorem 2.2 in [7]. To solve the inequality (2.7) of
Theorem 2.2.4 the following Lemma is introduced.

Lemma 2.2.5 Let

(PAi − YiC)> + (PAi − YiC) ≺ −ρP, (2.8)

be satisfied for some symmetric positive definite matrix P , some Yi, i ∈ Z[1,2m] and
ρ ∈ R>0. Then inequality (2.7) is satisfied with P and by taking Li = P−1Yi.

The proof of Lemma 2.2.5 is discussed in Problem 2.4 in [7]. Note that the LMI (2.8) can
be solved for a common Y = Yi, for all i ∈ Z[1,2m], and yields a single observer gain for
all modes of the converter L = Li.

2.2.2 Observer synthesis for DT-PWA model
The observer design technique for the DT-PWA model is very similar to the CT-SA. When[
x̂
u
w

]
∈ Pi the Luenberger observer can be written as follows,

x̂+ = Āix̂+ B̄iu+ W̄iw + f̄i + Li(y − ŷ) (2.9)
ŷ = Cx̂.

From Assumption 2.2.2 it follows that for any
[
x̂
u
w

]
∈ Pi,

[
x
u
w

]
∈ Pi, and as such, the

error dynamics is

e+ = (Āi − LiC)e. (2.10)

Theorem 2.2.6 Suppose there exist a positive definite matrix P and a number ρ ∈ R(0,1)

and

(Āj − LjC)>P (Āj − LjC) � ρP, (2.11)

hold for all j ∈ Z[1,s]. Then the error dynamics (2.10) is globally exponentially stable.

To solve the inequality (2.11) in Theorem 2.2.6 the following Lemma is introduced.

Lemma 2.2.7 Suppose that[
ρP Ā>j P − C>Yj

PĀj − Y >j C P

]
� 0 (2.12)

holds for all j ∈ Z[1,s], and some P � 0, ρ ∈ R(0,1) and Yj . Then the inequality (2.11)
holds with P , ρ and Lj = (YjP

−1)>, respectively.

3The notions of Lyapunov, asymptotic and exponential stability are well known [38]. These notions in the
context of discrete-time closed-loop systems are also recalled in Section 3.1.2
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For the proof of Theorem 2.2.6 and Lemma 2.2.7, the interested reader is referred to
Theorem 1 and Lemma 1 from [6], respectively. As in the case of the CT-SA observer, it
is possible to compute a single gain L = Li for the DT-PWA observer by considering a
single Y = Yi in (2.12).

Remark 2.2.8 A better approximation of the DT-B model, comparing to the DT-PWA,
can be obtained with the piecewise model of the following form

x+ = Āix+ B̄iu+B(u)w + f̄i, if
[
x
u
w

]
∈ Pi. (2.13)

Under Assumption 2.2.1 and Assumption 2.2.2, the error dynamics remains unchanged.
As such the observer synthesis method described in this section is applicable to system
(2.13) also. 2

Remark 2.2.9 Although it is assumed here that the converter mode, i.e., s = si, is
known, the observer design can be extended to handle the situations when Assump-
tion 2.2.1 does not hold, which is the case for the converter operating in the discontinuous
conduction mode. See [45] for more details for the case when the system mode has to be
estimated as well. 2

2.2.3 Observer synthesis for DT-B model
Let U := {Ui}i∈Z[1,h]

be a polytopic partition of Rm[0,1]. A separate observer gain will be
synthesized for each polytope Ui, i ∈ Z[1,h].

As for the other two observers, one recovers the following state estimation equation
and error dynamics for the DT-B model,

x̂+ = A(u)x̂+B(u)w + f + Li(y − Cx̂), if u ∈ Ui, (2.14)

e+ = (A(u)− LiC)e. (2.15)

Theorem 2.2.10 Suppose that there is a symmetric positive definite matrix P , a number
ρ ∈ R(0,1) and the observer gains Li = (YiP

−1)>, such that,[
ρP (PA(vj)− Y >i C)>

(PA(vj)− Y >i C) P

]
� 0, ∀vj ∈ vert(Ui), (2.16)

holds for all i ∈ Z[1,h]. Then the error dynamics (2.15) is globally exponentially stable.

Proof. Let u ∈ Ui = Co(vert(Ui)). Thus, there is a collection of multipliers λj ∈ R[0,1],
such that,

u =
∑

vj∈vert(Ui)

λjvj ,

card(vert(Ui))∑
j=1

λj = 1.

(2.17)
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From (2.17) it follows that

P

 u>A1

...
u>An

 =
∑

vj∈vert(Ui)

λjP
 v>j A1

...
v>j An


 . (2.18)

By employing (2.18) one can show that[
ρP (PA(u)− Y >i C)>

(PA(u)− Y >i C) P

]
=

∑
vj∈vert(Ui)

(
λj

[
ρP (PA(vj)− Y >i C)>

(PA(vj)− Y >i C) P

])
� 0,

(2.19)

for all u ∈ Ui. By applying the Schur complement one recovers,

ρP − (PA(vj)− Y >i C)>P−1(PA(vj)− Y >i C) � 0,

which is equivalent to

ρP − (A(vj)− LiC)>PP−1P (A(vj)− LiC) � 0. (2.20)

As (2.19) is valid for all i ∈ Z[1,l], (2.20) implies that

ρe>Pe− (e+)>Pe+ ≥ 0, ∀e ∈ Rn. (2.21)

Consider the following function V (e) := e>Pe. Equation (2.21) shows that V (e) is
a global Lyapunov function for the error dynamics. Thus the error dynamics is globally
exponentially stable. 2

2.3 Simulation results
The three approaches to state observer synthesis given in Section 2.2 are applied to state-
estimation for a buck-boost DC/DC converter. The schematic of a buck-boost converter
is given in Fig. 2.4.

The state vector of the system is defined as x :=
[ vC
iL

]
, where vC is voltage across

capacitor and iL is the current through the inductor. The external signals w :=
[
Vs
Ih

]
are

the supply voltage Vs and the output current Ih.
Typically, measuring vC does not impose any difficulty in real-life applications. On

the other hand, measuring the iL is a rather difficult task. Thus, in this example the
capacitor voltage is considered to be measured and the inductor current is estimated.

For this particular case study assumed component values for the converter are given
in Table 2.1.

The matrices Ai and Bi, i ∈ Z[0,2] are defined as follows:

A0 =
[

0 0

0 −RLL

]
, A1 =

[
0 0
0 1
C

]
, A2 =

[
0 0
− 1
L 0

]
,

B0 =
[

0 − 1
C

0 0

]
, B1 = [ 0 0

0 0 ] , B2 =
[

1
L 0
0 0

]
, fi = [ 0

0 ] .
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Vs
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1− [s]1
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1− [s]2

iL
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Figure 2.4: Schematic representation of a buck-boost converter.

Table 2.1: Component values for the buck-boost power converter

Name Value
Vs 10 V
Ih 0.2 A
C 22µF
L 220µH
RL 0.2Ω

As each switch [s]i has two possible positions, the converter can function in four modes.
Possible switch states and associated modes are given in Table 2.2. The construction of

Table 2.2: Buck-boost converter modes

Mode Switch state
s1 [s]1 = 0, [s]2 = 0
s2 [s]1 = 0, [s]2 = 1
s3 [s]1 = 1, [s]2 = 0
s4 [s]1 = 1, [s]2 = 1

CT-SA model follows directly as shown in Section 2.1.1. Then this model is discretized,
as shown in Section 2.1.2, with the sampling time Ts = 10µs to obtain the corresponding
DT-B model.

To obtain the PWA approximation of the DT-B model one has to define each region
Pi. The domain of variation of x, u and w,

D := X× R2
[0,1] ×W,

where

X := {x ∈ R2| − 10 V ≤ [x]1 ≤ 20 V, −10 A ≤ [x]2 ≤ 10 A},
W := {w ∈ R2|0 V ≤ [w]1 ≤ 20 V, 0 A ≤ [w]2 ≤ 1 A}.
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Note that only [u]2 affects A(u). As such, the splitting of the space D is defined as
follows,

Pi := X× Ui ×W, ∀i ∈ Z[1,4],

U1 :=
{
u ∈ R2| 0 ≤ [u]2 < 0.25

}
,

U2 :=
{
u ∈ R2|0.25 ≤ [u]2 < 0.5

}
,

U3 :=
{
u ∈ R2| 0.5 ≤ [u]2 < 0.75

}
,

U4 :=
{
u ∈ R2|0.75 ≤ [u]2 ≤ 1

}
.

Next, the procedure described in Section 2.1.3 yields the corresponding DT-PWA model
for the system.

Totally six observers are compared in this case-study, i.e., single and multiple gain
versions of observers for CT-SA, DT-PWA and DT-B system models. The partition U :=
{Ui}, i ∈ Z[1,4] was employed in the observer synthesis for the DT-B model. The first
set of simulations is obtained as follows. The converter behavior was simulated with the
CT-SA model with initial conditions x = [ 0

0 ] and controlled by the PWM signal as shown
in Fig. 2.2 with constant duty-cycle ratios u = [ 0.5

0.37 ]. The sampling is performed twice
each PWM period. The initial conditions of the observer are x̂ = [ 2

3 ] whereas the actual
system starts from the origin.

Let us begin by analyzing the convergence of DT observers. Fig. 2.5 shows the sim-
ulation results of DT-PWA and DT-B observers, both single gain (SG) and multiple gain
(MG) versions, with measurements from the CT-SA model of the converter.
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Figure 2.5: Convergence of DT observers.

As expected, all observers converge to the actual state values. Nevertheless, it is
noticeable that single gain observers are considerably more aggressive in comparison to
their multiple gain counterparts. This happens regardless of the fact that the same ρ = 0.9
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was specified for all observers. The explanation of this phenomenon comes from the fact
that a single gain observer has to stabilize the error dynamics on a larger domain, thus a
higher gain may be required.

DT-PWA observers show noticeable faster convergence in Fig. 2.5 compared to DT-B
observers. However, one should remember that the DT-PWA model is only an approx-
imation of the real converter dynamics, and its accuracy is expected to drop when the
duty-cycle ratio is near the boundary of a region Pi. The same simulation is repeated for
duty-cycle ratios u = [ 0.5

0.48 ], and the result reported in Fig. 2.6. Notice the offset in the
trajectories of DT-PWA observers. It is clearly visible on [x]2, and appears due to the
mismatch between the DT-PWA approximation and the DT-B converter model.
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Figure 2.6: Stationary state estimation error for the DT-PWA observer.

The CT-SA observers were simulated in the same environment as DT observers from
Fig. 2.5. The result is shown in Fig. 2.7.

For this particular example, the convergence of the CT-SA observers is slower com-
pared to the DT observers. Continuous-time observers must be robust to severe switching
in the converter dynamics, and as such may exhibit slower convergence. Nevertheless,
the advantage of such an observer comes from the fact that it estimates the true switching
trajectory of the states and not only the average value. This type of observers may be
especially beneficial in case of converters which are controlled with variable frequency
PWM signal.
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Figure 2.7: Convergence of CT-SA observers.

2.4 Experimental results and concluding remarks

Typically, observers are used in combination with state feedback controllers. To show the
consistency of the results presented in this chapter a start-up of the buck-boost converter
in closed loop with the affine feedback from the estimated states with DT-B observer
with single gain are shown in Fig. 2.8. For more details on the control law used in the
experiment, the interested reader is referred to [106]. The obtained result is consistent
with the start-up of the converter when all states are measurable.
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Figure 2.8: Start-up of the buck-boost converter in closed loop with an affine feedback
from estimated states. (Oscilloscope measurements from real-life experimental platform.)
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There are a few questions left unanswered in this chapter, which constitute the object
of future research. Probably the most important task would be to estimate the state of
uncontrolled switches at each given moment of time. Another aspect is that the converter
dynamics may not be fully observable for some modes, e.g., the inductor current is un-
observable when [s]2 = 0 or [u]2 = 0. In the particular case of the buck-boost converter
the gain associated with the inductor current is several orders of magnitude smaller for
unobservable modes comparing to fully observable ones. Nevertheless, more in depth
investigation of these phenomenon is necessary to ensure unbiased state estimation of the
converter states.
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Chapter 3

Synthesis of linear and PWL
state-feedback control laws

Several classes of models suitable to power converters are explained in Chapter 2. Out
of these model classes, two are of great interest for digital control and are well suitable
for modeling PWM controlled power converters, i.e., discrete-time bilinear and linear
models. This chapter summarizes the work on low complexity linear and piecewise linear
(PWL) control synthesis for power converters described by either linear or bilinear models
and subject to state and input constraints.

The results of this chapter build upon set theory and Lyapunov methods. More specif-
ically we are investigating the synthesis of linear and PWL state-feedback control laws
such that the closed-loop system admits a polyhedral Lyapunov function (pLF). The
largest level set of the pLF contained in the set of state constraints and is admissible
for the state-feedback control law is the domain of the safe operation for the closed loop
system. The level set of the pLF can be expressed in two ways, i.e., as an intersection
of a closed half-spaces and as a convex hull of a set of points (polytope vertexes). These
two representation give rise to two alternative formulations of stability conditions for the
closed-loop system. We call these two classes as hyperplane and vertex stability condi-
tions, respectively. We first present the synthesis methods of linear state-feedback control
laws derived from the associated stability conditions for the situation when a candidate
pLF is given. Afterwards, we propose an iterative procedure which starts from a feasible
pLF and the associated control law and aims to enlarge the domain of operation of the
system by consecutive changes to the pLF and updates to the control law. Lastly, we ex-
ploit the enlargement procedure in synthesis of PWL control laws that ensure high local
performance near the equilibrium and large domain of operation in the same time.

Prior to presentation of the control synthesis methods, the main mathematical tools
are recalled, i.e., set theoretic and Lyapunov methods.
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3.1 Stability analysis
In this section some basic definitions and results with respect to stability of discrete-
time systems are recalled. The Lyapunov theory [38] is visited as the essential stability
analysis tool for this thesis. Some elements of set theory in control applications [23] are
also recalled in connection to constraints handling, and the section finalizes with several
remarks on set-induced Lyapunov functions.

3.1.1 State dynamics and set theory
State dynamics is a well understood notion, which, for discrete time systems, is generally
defined as a difference equation

x+ = φ(x, u),

φ : X× U→ Rn,
X ⊆ Rn, U ⊆ Rm.

(3.1)

The set U typically does not cover the entire Rm as the control action is bounded, e.g.,
between 0 and 1 for the duty-cycle. The same holds for the X set, as some points in the
state space may exceed the safety limits on the converter components and would incur
(permanent) damage.

In control systems we are mostly interested in closed-loop state dynamics, i.e.,

x+ = φ(x, g(x))

u = g(x),

g : X→ U.
(3.2)

Ideally, the control law g(·) is designed such that for some set X0 of initial states of
interest the controlled system state remains within the safety bounds, i.e., the combined
closed-loop dynamics from (3.1) and (3.2) has a solution of the form

x[k + 1] = φ(x[k], g(x[k])), (3.3)

such that xk ∈ X for all x0 ∈ X0 and all k ∈ Z+. Moreover, apart from this safety
requirement the solution should asymptotically converge to a certain equilibrium state
xs ∈ int(X), i.e.,

xs = φ(xs, g(xs)) (3.4)
lim
k→∞

xk = xs. (3.5)

In a typical control development cycle, the feedback law is designed with respect to
the small-signal specifications. Then the set of safe initial conditions X0 is identified by
an extensive set of simulations starting from different initial states in X. If X0 is not
sufficiently large some add-hoc changes in the control law tuning are made and the test is
repeated.
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To avoid extensive simulation in the analysis of the closed-loop system it is worth-
while to have a look at set theoretic methods in control, and specifically at the notions of
contractive and invariant sets.

Definition 3.1.1 Let ε ∈ R(0,1). A subset P of X with xs ∈ int(P), is said to be con-
strained control ε-contractive towards the equilibrium xs of the system1 x+ = φ(x, g(x))
if

φ(x, g(x))− xs ∈ ε(P⊕ {−xs}), and g(x) ∈ U,∀x ∈ P. (3.6)

If (3.6) hold with ε = 1 the set P is said to be invariant for the system x+ = φ(x, g(x)).
Consequently, if these conditions hold for all x+ ∈ φ(x, g(x)) ⊕W the set P is called
robustly ε-contractive (or invariant) for any additive disturbance in W.

Throughout this thesis, the control action is always constrained, therefore, we call
constrained control ε-contractive set simply ε-contractive in what follows.

Essentially, the Definition 3.1.1 says that for any set of initial conditions X0 ⊆ P
the state trajectory of the closed-loop system will stay in P forever, and as such will not
violate constraints. In the robust case, the same holds even in the presence of a bounded
additive disturbance.

3.1.2 Lyapunov methods
In this thesis, the Lyapunov stability notion will be predominantly employed. The formal
definition of Lyapunov stability follows.

Definition 3.1.2 Let X ⊆ Rn with xs ∈ int(X). The equilibrium state xs of the state
dynamics in (3.3) is Lyapunov stable in X if for any ε ∈ R>0 there exists δ(ε) ∈ R>0

such that for any initial state x0 ∈ X, and ‖x0 − xs‖ ≤ δ(ε) it holds that the resulting
state-trajectory satisfies ‖xk − xs‖ ≤ ε for all k ∈ Z+.

The notions of asymptotic and exponential stability are stronger than Lyapunov sta-
bility, and provide a more practically relevant characterization of the system.

Definition 3.1.3 The equilibrium xs is attractive in X if for any x0 ∈ X it holds that
lim
k→∞

‖xk − xs‖ = 0. The equilibrium state xs of the state dynamics in (3.3) is asymptot-

ically stable in X if it is Lyapunov stable and attractive in X.

Definition 3.1.4 The equilibrium xs of the state dynamics in (3.3) is exponentially stable
in X if for any x0 ∈ X the resulting state-trajectory satisfies ‖xk − xs‖ ≤ cεk‖x0 − xs‖
for all k ∈ Z+ with some ε ∈ R(0,1) and some c ∈ R+.

1When the feedback g(x) is not explicitly provided, the fact that P is constrained control ε-contractive
means that there exists an admissible control law g(x), g(x) ∈ U for all x ∈ P, such that the Definition 3.1.1 is
satisfied.
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If Definition 3.1.3 and Definition 3.1.4 hold with X = Rn then the equilibrium state xs
of the state dynamics is globally asymptotically stable (GAS) and globally exponentially
stable (GES), respectively. Note that exponential stability implies asymptotic stability
as lim

k→∞
cεk‖x0 − xs‖ = 0 with ε ∈ R(0,1) for all x0 ∈ Rn. Lyapunov functions are

established instruments in stability analysis of autonomous systems [50]. A candidate
Lyapunov function V : Rn → R+ should satisfy the following inequalities

α1(‖x− xs‖) ≤ V (x), ∀x ∈ X, (3.7)
α2(‖x− xs‖) ≥ V (x), ∀x ∈ X, (3.8)

α1, α2 ∈ K∞,

where xs ∈ int(X).

Theorem 3.1.5 [54] Let X be invariant for φ(x, g(x)) with xs ∈ int(X), and V (·) be a
candidate Lyapunov function that satisfies

V (φ(x, g(x))) ≤ εV (x), ∀x ∈ X, (3.9)

for some ε ∈ R(0,1). Then the following results hold:

(i) The equilibrium state xs of the system x+ = φ(x, g(x)) is asymptotically stable in
X.

(ii) If the inequalities (3.7) and (3.8) hold with α1(s) := asλ and α2(s) := bsλ,
respectively, with a, b, c, λ ∈ R+. Then, the equilibrium xs of the system x+ =
φ(x, g(x)) is exponentially stable in X.

In case of control constrained systems the concept of a control Lyapunov function
(CLF) is useful.

Definition 3.1.6 A candidate Lyapunov function V (·) is a CLF for the system (3.1) in X
if for all x ∈ X there exists a control action u ∈ U such that φ(x, u) ∈ X and

V (φ(x, u)) ≤ εV (x), ε ∈ R(0,1). (3.10)

Obviously, if X is the set of state constraints then the existence of a CLF means that
there exist a state feedback (3.2) such that the equilibrium xs of the state dynamics (3.3)
is asymptotically stable and g(x) is an admissible control action for all x ∈ X, i.e.,
{u ∈ Rm|u = g(x), x ∈ X} ⊆ U. Furthermore, if a CLF is known, then a stabilizing
control law can be found by minimizing V (φ(x, u)).
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3.1.3 Set induced Lyapunov functions
Let us recall several important properties of the gauge functions of proper C-sets [65].
For a proper C-set P the gauge function is

• Homogeneous, i.e., λΨP(x) = ΨP(λx), for all λ ∈ R+ and all x ∈ Rn.

• Subadditive, i.e., ΨP(x1 + x2) ≤ ΨP(x1) + ΨP(x2), for all x1, x2 ∈ Rn.

• Upper and lower bounded by K∞ functions. More specifically, a‖x‖ ≤ ΨP(x) ≤
b‖x‖, for all x ∈ Rn and some a, b ∈ R>0.

Hence, the gauge function of a proper C-set is a good candidate Lyapunov function for
systems with the equilibrium in 0. Given a C-set P with xs ∈ int(P) a candidate Lya-
punov function can be defined with respect to the point xs by an appropriate change of
coordinates, i.e,

V (x) = ΨP⊕{−xs}(x− xs). (3.11)

Corollary 3.1.7 The set λP is ε-contractive towards xs for the system x+ ∈ φ(x, u) for
all λ ∈ R[0,1] and some ε ∈ R(0,1) if and only if V (·) as defined in (3.11) is a CLF in P.

By the upper and lower K∞ bounds on the gauge function one obtains that V (·) from
(3.11) satisfies (3.7) and (3.8), and therefore is a good candidate LF. As the set λP is
ε-contractive towards xs for all λ ∈ R[0,1] and from the homogeneity of ΨP⊕{−xs} one
concludes that the decay condition of the CLF (3.9) can be satisfied in P with a control
action. The proof of the reverse implication is also trivial and relies on the same properties
of the gauge function.

3.2 Synthesis of linear state feedback controllers
In this section we consider systems in closed loop with linear state feedback with pre-
compensation of the equilibrium state control action, i.e., the feedback gain multiplies the
error vector x− xs and the steady-state control action us is added to the result

x+ = φ(x, u),

xs = φ(xs, us),
(3.12)

u = g(x) := K(x− xs) + us, K ∈ Rm×n. (3.13)

Particularly, results for affine and bilinear system are provided, i.e.,

x+ = φa(x, u) : = Ax+Bu+ f, (3.14)

x+ = φb(x, u) : = Ax+Bu+ C(x)u+ f,

C(x) : =


x>C1

...

x>Cn

 , (3.15)
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with A ∈ Rn×n, B ∈ Rn×m, Ci ∈ Rn×m and f ∈ Rn. Moreover, we consider a
candidate contractive set P given, such that, xs ∈ int(P) and P ⊆ X. Furthermore, the set
P is a polytope.

3.2.1 Coordinate transformation and the auxiliary bilinear systems
Typically, control synthesis procedures and Lyapunov methods are formulated for systems
with equilibrium in the origin. Therefore, the first step in the control design is the change
of coordinates to remove the affine term from the state dynamics

z = x− xs,
s = u− us,

(3.16)

where xs and us are the desired equilibrium state and the associated control action, re-
spectively. The control constraints and the candidate contractive set are translated as well

P̂ := P⊕ {−xs},
Û := U⊕ {−us}.

Moreover, let us define the following auxiliary bilinear system with zero as equilib-
rium:

z+ = φ̂b(z, s) := Âz + B̂s+ C(z)s, (3.17)

where Â := A+ C>(us) and B̂ := B + C(xs). Observe that the same operation on the
affine system just eliminates the affine term without modifying theA andB matrices, i.e.,

z+ = φ̂a(x, u) := Az +Bs. (3.18)

Moreover, the translated control law becomes linear

s = ĝ(z) := Kz. (3.19)

Theorem 3.2.1 The set P is ε-contractive towards the equilibrium state xs of the bilinear
system φb(x, u) in closed loop with the state-feedback (3.13) and input constraints set U if
and only if the set P̂ is ε-contractive towards the zero equilibrium of the auxiliary bilinear
system φ̂b(z, s) in closed loop with the state-feedback (3.19) and input constraints set Û.

Proof. By substituting (3.13) in (3.15), adding and subtracting several terms, and sub-
tracting from both parts xs one obtains

φb(x, g(x))− xs = A(x− xs) +Axs +BK(x− xs)
+Bus + C(x− xs)K(x− xs)
+ C(xs)K(x− xs) + C(us) (3.20)
+ C(xs)us + w − xs.
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Using the fact that C(x)u = C>(u)x and substituting (3.16) in (3.20) the equation (3.20)
can be rewritten as follows:

φ̂b(z, ĝ(z)) =
(
A+ C>(us)

)
z+ (3.21)

(B + C(xs))Kz + C(z)Kz.

Observing that system (3.21) is system (3.17) in closed loop with the state-feedback (3.19)
yields that for any x ∈ P, z = x − xs ∈ P̂ and s = Kz ∈ Û. As such, it holds that
φ̂(z, ĝ(z)) = φ(x, g(x))− xs ∈ εP̂ = ε(P⊕ {−xs}) and u = s+ us ∈ U.

Then, from the equivalence of the two systems, for any x ∈ P, z = x − xs ∈ P̂ it
holds that φ̂(z, ĝ(z)) ∈ εP̂ = ε(P ⊕ {−xs}) and thus, φ(x, g(x)) − xs = φ̂(z, ĝ(z)) ∈
ε(P ⊕ {−xs}) with s ∈ Û and u ∈ U, respectively. The same reasoning applies when
starting with any z ∈ P̂, which yields φ̂(z, ĝ(z)) ∈ εP̂ with s ∈ Û. 2

The same reasoning applies to the affine system and the proof is trivial. With the
coordinate transformation one can concentrate on designing the linear feedback gain K
such that the candidate set P̂ becomes contractive for the auxiliary system in closed loop
with (3.19), conversely P will become contractive for the original system.

3.2.2 Hyperplane stability conditions
Given a polyhedral function

V (z) = max
i∈Z[1,p]

[P ]i•z, (3.22)

with P ∈ Rp×n, the necessary and sufficient condition for it to be a Lyapunov function
for the linear discrete-time system z+ = Az is [21],

HP = PA, for some H ∈ Rp×p+ , H1p ≤ ε1p, ε ∈ R(0,1). (3.23)

Naturally, the level sets of V (·) are ε-contractive towards the origin for the system z+ =

Az. When a candidate set P̂ is given, these conditions can be exploited in the linear
constrained control synthesis by linear programming [120], i.e., if Û := {s ∈ Rm|Us ≤
1q, U ∈ Rq×m}

min ε

such that
P (A+BK) = HP,

H1p ≤ ε1p,
LP = UK,

L1p ≤ 1q,

K ∈ Rm×n, H ∈ Rp×p+ , L ∈ Rq×p+ ,

ε ∈ R(0,1).

(3.24)
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In case of bilinear systems the stability conditions are more involved and lead to a
more complex LP [11], i.e.,

min ε

such that

P (Â+ B̂K) = HP,
n∑
i=1

[P ]jiCiK = P>DjP, j ∈ Z[1,p],

H1p + h ≤ ε1p,
LP = UK,

L1p ≤ 1q,

K ∈ Rm×n, H ∈ Rp×p+ , L ∈ Rq×p+ ,

ε ∈ R(0,1), Dj ∈ Rp×p+ ,

(3.25)

where [h]j :=
∑p
i=1

∑p
k=1[Dj ]ik, Dj ∈ Rp×p+ , ∀j ∈ Z[1,p].

The application of the synthesis method from (3.25) to the constrained control of a
buck-boost DC-DC converter with the schematics shown in Figure 2.4 is illustrated in Fig-
ure 3.1. Observe that the state trajectories starting from the vertexes of the contractive set
P are contained within the P, and as such do not violate the state constraints.
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Figure 3.1: State trajectories starting from the vertexes of the contractive set P for the
buck-boost converter. The axis x1 and x2 correspond to output voltage and inductor
current, respectively. The set P is shown in cyan and the state constraints are denoted by
a white rectangle with black borders.

The result has been experimentally validated on a laboratory setup and the converter
startup is illustrated in the Figure 3.2. Observe that the set P does not contain 0 which is
a regular initial condition for the converter startup. Therefore, a switched control law has
been applied in practice,

g(x) =

{
us, if x /∈ P
K(x− xs) + us, if x ∈ P .

This explains the slow ramping of the output voltage during the first 0.1ms.
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Figure 3.2: Startup of the buck-boost converter. Note that the inductor current value was
multiplied by 10 in the figure.

3.2.3 Vertex stability conditions
The stability of constrained autonomous systems with the origin as the equilibrium state
was studied in [55]. The search for an infinity norm Lyapunov function and, as such, for
a polytopic contractive set was formulated as a linear program therein. Nevertheless, for
a known polytopic set the same conditions can be employed in the linear state-feedback
synthesis problem, which can be solved by linear programming as well. The method
presented in what follows uses a similar approach, but considers the slightly different
setup of non-symmetric polytopes and non-zero equilibrium state.

The constrained stabilization of φb(x, u) is considered first. After that, the synthesis
method is particularized for φa(x, u). Let, P ⊆ X,

P := {x ∈ Rn|P (x− xs) ≤ 1p}, (3.26)

with P ∈ Rp×n, rank(P ) = n and p ∈ Z>n. We define the function g : X → U,
U := {u ∈ Rm|Mu ≤ um},

g(x) := Kx+ q, (3.27)

where K ∈ Rm×n and q ∈ Rm. Furthermore, we assume that there exists a state-
feedback law (3.27) such that P is contractive towards the equilibrium state xs of the
system φb(x, g(x)).

We start by defining p subsets of the set vert(P), i.e., {Ei}i∈Z[1,p]
:

Ei :={x ∈ vert(P)|
([P ]i• − [P ]j•)(x− xs) ≥ 0,∀j ∈ Z[1,p]} ∪ {xs} (3.28)

and a bilinear map Ā : Rn × Rn → Rn,

Ā(x1, x2) :=

Ax1 +B(Kx1 + q) + C(x2 − xs)K(x1 − xs)+ (3.29)
C(xs)(Kx1 + q) + C(x1 − xs)(Kxs + q) + f.

Note that φb(x, g(x)) = Ā(x1, x2) for x = x1 = x2. Observe that the sets Ei, i ∈ Z[1,p]

define a conic partition of the P induced by the equilibrium state xs, i.e., C̄ := {Ci}i∈Z[1,p]
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where Ci := Co(Ei). The conic partition C̄ of the set P induced by xs is illustrated in
Figure 3.3.

Pi(x− xs) = 1

Ci

xs

P
Pj(x− xs) = 1

[x]1

[x]2

Figure 3.3: Representation of the conic partition of P induced by the equilibrium state xs.

Theorem 3.2.2 Suppose that for all i ∈ Z[1,p],

ε[P ]i•(x1 − xs)− [P ]j•(Ā(x1, x2)− xs) ≥ 0, (3.30a)
∀j ∈ Z[1,p], ∀ (x1, x2) ∈ Ei × Ei,
M(Kx+ q) ≤ um, ∀x ∈ vert(P), (3.30b)

hold for an ε ∈ R(0,1). Then,

(a) g(x) ∈ U for all x ∈ P.

(b) The set P is ε-contractive with respect to the equilibrium state xs for the system
φb(x, g(x)).

(c) System φb(x, g(x)) with the equilibrium in xs admits

V (x) := max
i∈Z[1,p]

{[Pi•](x− xs)} (3.31)

as a Lyapunov function in P.

Proof. From (3.30b) it follows that for all x ∈ vert(P) the control law g(x) ∈ U. As
g(x) is affine and P is a convex polytope, we conclude that g(x) ∈ U for any x ∈ P.
Next, we proceed by proving (c). For a fixed x1 ∈ Ei the bilinear map Ā becomes affine
in the second argument. As such, for any x2 ∈ Co(Ei) it results from (3.30a) that for all
j ∈ Z[1,p]

ε[P ]i•(x1 − xs)− [P ]j•(Ā(x1, x2)− xs) ≥ 0. (3.32)
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As (3.32) holds for all x1 ∈ Ei, it also holds for any x1 ∈ Co(Ei) and any fixed x2 ∈
Co(Ei). Thus, for any x ∈ Co(Ei) it holds that

ε[P ]i•(x− xs)− [P ]j•(φb(x,Kx+ q)− xs) ≥ 0, (3.33)
∀j ∈ Z[1,p].

It results from (3.28) and (3.33) that

V (φb(x, g(x))) ≤ εV (x). (3.34)

As V (x) = ΨP̂(x − xs), P̂ := P ⊕ {−xs}, it is a good candidate Lyapunov function.
Hence, by Theorem 3.1.5 and (3.34) we conclude that the system φb(x, g(x)) with the
equilibrium state xs admits the Lyapunov function V (·).

To prove (b) we rely on the argument that V (·) is induced2 by the set P, i.e., V (x) =
ΨP̂(x− xs), and the decrease rate of V (·) is ε. Hence, by Corollary 3.1.7, it follows that
the set P is ε-contractive. 2

Next, we proceed with the particularization for affine dynamics. This is justified by
the fact that in this case, necessary and sufficient stability conditions can be obtained,
as opposed to merely sufficient conditions, as it was shown in [55] for the origin as the
equilibrium state.

Corollary 3.2.3 Suppose that

M(Kx+ q) ≤ um, ∀x ∈ vert(P), (3.35)

holds. Then the following statements are equivalent.

(a) There is a ε ∈ R(0,1) such that

ε[P ]i•(x− xs)−
[P ]j•(Ax+B(Kx+ q) + f − xs) ≥ 0, (3.36)

∀j ∈ Z[1,p], ∀x ∈ Ei,

hold for all i ∈ Z[1,p].

(b) System φa(x, g(x)) with the equilibrium in xs is asymptotically stable in P and ad-
mits

V (x) := max
i∈Z[1,p]

{[Pi•](x− xs)} (3.37)

as a Lyapunov function in P.

2The interested reader is referred to [23] for further details on contractive sets and set induced Lyapunov
functions.
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The Theorem 3.2.2 proves the sufficiency part of this corollary and the implication (i) =⇒
(ii) of Theorem III.6 from [55] the necessity part.

Similarly to the LPs (3.24) and (3.25) the results of the Theorem 3.2.2 and the Corol-
lary 3.2.3 can be formulated as linear programs for the synthesis of the gain K and the
affine term q of the control law, i.e.,

min ε

such that (3.30a) ((3.36) for linear systems) and (3.30b) are satisfied
(3.38)

Similarly to [106], the linear state-feedback design methods based on conic decom-
position of the candidate contractive set have been applied to the buck and buck-boost
DC-DC power converters [108]. The state trajectories from the vertexes of the contrac-
tive set are illustrated in Figure 3.4 and the startup of the converter in Figure 3.5.
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Figure 3.4: Illustration of the contractive set and the state-trajectories starting from its
vertexes. The sets X and P are in green and yellow, respectively.
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Figure 3.5: Startup of the buck-boost converter with the linear state-feedback synthesized
with vertex stability conditions. The measured states are in green and the reference values
are denoted by blue lines.
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Figure 3.6: Multiple state trajectories starting from points on the boundary of the contrac-
tive set for random component variation of ±10%.

Remark 3.2.4 The control synthesis methods presented throughout Section 3.2 return a
control law for the nominal model only, and do not take into account possible component
variations in the converter. Nevertheless, the bilinear averaged model of the converter is
described by a smooth vector field in x and u, and the pLF induced by the contractive set
is a continuous function. As such, the inherent robustness results from [57] can be readily
employed to establish input-to-state stability (and robustness) of the closed-loop system in
the presence of bounded additive disturbances or component variations. To demonstrate
the robustness of the developed controller, various simulation tests were performed, which
are reported in Figure 3.6. Observe that to each initial condition corresponds a family of
state trajectories. Furthermore, each trajectory within the family corresponds to a set of
component values with a random variation within ±10% of nominal values. Notice that
the trajectories remain confined within the ε-contractive set at all times, despite these
realistic perturbations. 2

3.3 Contractive set synthesis
The synthesis methods proposed in Section 3.2 heavily rely on one’s experience in con-
structing a candidate contractive set for the closed-loop system. This is not a trivial task
which generally requires multiple trial and error iterations. In this section we provide
a constructive approach to automated generation of a contractive set and the associated
control law. For this purpose any of the stability conditions, i.e., hyperplane or vertex
based can be employed with equal success. Therefore, in what follows we refer only to
the control synthesis based on the LP (3.38) for simplicity.

The approach is based on an iterative procedure, where at each subsequent iteration it
is attempted to enlarge the contractive set in a systematic way. The synthesis procedure
consists of initialization, enlargement, and refinement steps.

The procedures for the affine system φa(x, g(x)) and the bilinear system φb(x, g(x))
share a lot. Hence, the procedure for φa(x, g(x)) will be explained and particular details
for φb(x, g(x)) will be mentioned within brackets ‘[]’ for compactness.

Input Data: The input data to the procedure consist of state constraints set X, input
constraints set U, desired equilibrium state xs and the associate us, and the matrices

47



Chapter 3. Synthesis of linear and PWL state-feedback control laws

involved in φa(x, g(x)) [in φb(x, g(x))].
Output Data: The procedure outputs the stabilizing control gainK and the contractive

set P with the corresponding contraction rate ε.
It is assumed that the system dynamics φa(x, g(x)) [the linearization of φb(x, g(x))

in xs] is stabilizable. This is a necessary assumption as otherwise the control synthesis
problem does not admit a solution.

First, we test whether X can be made contractive with an affine state-feedback by
solving problem (3.38) with P = X. If ρ < 1 then the entire set of state-constraints can
be stabilized by the affine state-feedback (3.27). Otherwise, one has to proceed with the
iterative synthesis procedure explained in what follows.

Initialization:
The initialization starts with computation of the control law

g0(x) = K0(x− xs) + us, (3.39)

which stabilizes the system φa(x, g(x)) [the linearization of φb(x, g(x)) at xs] locally
around the equilibrium state. The optimal linear quadratic state feedback (LQR) is
one example of such a control law. Next, a polytopic contractive set Q0 := {x ∈
Rn|Q0(x − xs) ≤ 1q}, Q0 ∈ Rq×n, is constructed for the φa(x, g(x)) [the lineariza-
tion of φb(x, g(x))] in closed loop with g0(x) without taking into account constraints,
see [41] on how such a set can be constructed for a linear system. Naturally, any level set
αQ0 such that

αQ0 ∈ X, g(x) ∈ U, ∀x ∈ vert(αQ0)

is contractive for the system φa(x, g(x)) in closed loop with g0(x) and problem (3.38)
admits a solution P = αQ0 and K = K0 with ρ < 1.

The search for α can be formulated as the following linear program

max
α

α (3.40)

such that ∀xe ∈ vert(Q0)[
H
MK

]
α(xe − xs) ≤

[
1p

um −Mus

]
.

In case of bilinear systems φb(x, g(x)) it is not guaranteed that problem (3.38) has
a solution with ε < 1 for P = α∗Q0, where α∗ is the optimal solution of (3.40). Nev-
ertheless, as stated in [11], there is a guarantee that there is an α1 ∈ (0, α∗] such that
problem (3.25) (and (3.38)) admits a solution with ε < 1, P = αQ0, for all α ∈ (0, α1].
As such, the search for a large enough α can be performed efficiently by bisection starting
from the initial interval [0, α∗].

Taking Q1 := αQ0, K1 = K0 and E1 := vert(Q1) for some α ∈ (0, α∗] [for the
bilinear system α ∈ (0, α1]] concludes the initialization of the synthesis procedure.

Enlargement: At the iteration i the contractive set Qi and the set of points Ei are
available. Fix an s > 0 and follow the algorithm below.

Observe that the counter i advances only if a new larger contractive set and the as-
sociated control law was found. If no further enlargement is possible for the selected s
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Algorithm 1 Enlargement algorithm for the contractive set.

enlarged← 1, i← 1
S← Ei
while enlarged = 1 do
enlarged← 0
for all xe ∈ S do
x′e ← (1 + s)(xe − xs) + xs
Q′i+1 ← Co(Ei ∪ {x′e}) ∩ X
if Q′i+1 \Qi 6= ∅ then

solve problem (3.38) with P = Qi+1

if problem (3.38) is feasible then
Ki+1 ← K
Qi+1 ← Q′i+1

xe ← x′e
i← i+ 1
enlarged← 1

end if
end if

end for
end while

the algorithm terminates after checking all the vertices of S. After termination, one can
proceed with repeating the algorithm with smaller s to check for further enlargement or
go to the refinement step.

Refinement: Let Qi := {x ∈ Rs|Qi(x − xs) ≤ 1} and Ki be given from the
previous iteration, and Ei = vert(Qi). Take xe on the boundary of the set Qi, i.e.,
maxj{[Qi]j•(xe − xs)} = 1, such that xe 6∈ Ei. Multiple criteria for selection of xe can
be applied, e.g., take xe in the center of a facet of Qi or take xe on a ray on a certain
direction of interest such as from xs to the origin. Taking Ei+1 = Ei ∪ {xe}, Ki+1 = Ki,
and Qi+1 = Qi concludes the refinement step.

Note that Qi+1 = Co(Ei+1) = Qi, thus the problem (3.38) with P = Qi+1 admits
a solution with ε < 1 and K = Ki. Thus, necessary conditions for the algorithm from
the enlargement step to function properly are satisfied. Next, one revisits the enlargement
step to check whether Qi+1 can be further extended.

Termination: Observe that any control law g(x) = Ki(x − xs) + us satisfies the
primary goal of constraint stabilization. Furthermore, the set P = Qi is contractive, i.e.,
if the initial state is within P then the state trajectory of the closed-loop system will stay
within P and will converge to the equilibrium state xs.

Various termination conditions can be conceived for the iterative procedure given by
the enlargement and refinement steps. For example, reaching a maximum number of
iterations, a given set of initial conditions H ⊂ X is a subset of Qi, or lack of progress
in terms of Hausdorff distance between Qi and Qi+1, can be considered as termination
conditions.
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Chapter 3. Synthesis of linear and PWL state-feedback control laws

To conclude, assume that the procedure terminates at i = N , then the feedback (3.27)
with K = KN guarantees constrained stabilization of the closed-loop system for any
initial condition within P = QN .

Remark 3.3.1 The enlargement procedure described in this section continuously pushes
the vertexes of the contractive set outwards at each iteration. Note that with the same
approach one may push the entire facet of the polytope Qi. This principle in combination
with the hyperplane stability conditions was demonstrated in [102] on the buck-boost
converter. The refinement in this case is performed by adding redundant hyperplanes
at the boundary of the contractive set. The sequence of contractive sets resulting from
multiple iterations of the procedure is illustrated in Figure 3.7. 2
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Figure 3.7: Illustration of the contractive sets from subsequent iterations of the synthesis
procedure in [102] for the buck-boost converter example.

3.4 Synthesis of PWL state-feedback laws
Two specific performance criteria can be identified for control synthesis methods illus-
trated in Section 3.2 and Section 3.3, i.e., convergence rate and the domain of attraction.
The convergence rate is characterized by the contraction rate ε of the polytope P. An
upper bound on number of steps (t) necessary to reach a given target set (S), with xs in
its interior, from any initial state in P, can be easily computed from ε and the shapes of
sets P and S, i.e.,

t = dlogε λe,
λ = max{λ ∈ R(0,1)|λ(P⊕ {−xs}) ⊆ S⊕ {−xs}}.

The domain of attraction in this particular case is the set P. The size of P is important as
it should cover all important initial conditions, e.g., the origin, and should be enlarged to
guarantee safe and reliability of the converter in the widest range of operating conditions
possible.

Optimization of both criteria in the same time may be impossible with a linear con-
trol law. To optimize both the convergence rate and the size of the domain of attraction
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we propose the concept of a sequence of overlapping contractive sets. This idea bears
some similarities to previously proposed solutions for robot path planning in constrained
environments, see [24] and references therein for details.

The result, which is going to be developed throughout this section, applies for both
affine and bilinear systems, without any modification. Hence, the system model will be
referred to generically as φ(x, g(x)).

Let us define a sequence of l ∈ Z+ polytopes, i.e., {Pi}i∈Z[1,l]
, with the following

properties

Pi := {x ∈ Rn|Pi(x− xis) ≤ 1pi , pi ∈ Z>n}, (3.41a)

Pi+1(xis − xi+1
s ) < 1pi+1 , i ∈ Z[1,l−1] (3.41b)

xls = xs, (3.41c)

where Pi ∈ Rpi×n, rank(Pi) = n, xis ∈ Rn and i ∈ Z[1,l]. We assume that for each
set Pi and equilibrium state xis there is an affine control law u(k) = Kix(k) + qi, for all
k ∈ Z+, which satisfies the conditions of the Theorem 3.2.2 or Corollary 3.2.3, depending
on the system model. Equivalently, define

s(x) := max
j
{j ∈ Z[1,l]|x ∈ Pj}, (3.42)

P̄ := ∪i∈Z[1,l]
Pi, P̄ ⊆ X and the PWA control law g : P̄→ U

g(x) := Kix+ qi if s(x) = i. (3.43)

Theorem 3.4.1 The system φ(x, g(x)) with the equilibrium state xs and g(x) defined
in (3.43) is asymptotically stable in P̄.

Proof. We know from (3.41b) that for each i ∈ Z[1,l−1] there is a λi ∈ R>0 such that

λi(Pi ⊕ {−xis})⊕ {xis} ⊂ Pi+1. (3.44)

From Theorem 3.2.2 (or Corollary 3.2.3) and Corollary 3.1.7 we recover that for a given
i ∈ Z[1,l−1] and for X0 = Pi the set sequence

Xk+1 = {x+ ∈ Rn|x+ = φ(x, g(x)), x ∈ Xk}

satisfies

Xk ⊕ {−xs} ⊆ (εi)
k(Pi ⊕ {−xis}) ⊂ λi(Pi ⊕ {−xis}), (3.45)

for all k ≥ dlogεi λie, k ∈ Z+. By applying (3.44) and (3.45) recursively we obtain that
for any X0 ⊆ Pi the set sequence satisfies

Xk ∈ Pl, ∀k ∈ {l ∈ Z+|l ≥
l−1∑
j=i

(dlogεj λje)}. (3.46)
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As the sequence {Pi}i∈Z[1,l]
is finite, (3.46) guarantees that for any X0 ∈ P̄ the set se-

quence will reach Pl in a finite number of steps. Moreover, the equilibrium state xs is
asymptotically stable in Pl for the system φ(x, g(x)). Hence, for any x0 ∈ P̄ it holds that
lim
k→∞

xk = xs. Thus, the equilibrium state xs of the system φ(x, g(x)) is asymptotically

stable in P̄. 2

Remark 3.4.2 It is known that for the system φa(x, u) in closed loop with an affine feed-
back law the maximal invariant set is a convex polytope [23]. However, this is not gen-
erally true for nonlinear systems. The method proposed in here is suitable for controller
synthesis even for non-convex domains of attraction, and as such, can be especially ben-
eficial for the nonlinear systems. 2

For an illustration of the concept of a sequence of contractive sets refer to Figure 3.8,
which shows a possible arrangement of the polytopes within the sequence {Pi}i∈Z[1,l]

for
the buck-boost converter. The control law associated to the set P2 acts as a main control
law and is valid on the largest subset of state constraints. P1 ensures safe startup from the
origin, and P3 exhibits faster convergence rate near the equilibrium state xs.

Figure 3.8: Illustration of the sequence of overlapping contractive sets on the buck-boost
converter example. The state trajectory starting from the origin is denoted by black circles
(x2
s = x3

s = xs).

Remark 3.4.3 The efficiency of the proposed controller synthesis method is closely re-
lated to one’s ability to construct the contractive sets. More exactly, the shape of the
supplied contractive set greatly influences the controller synthesis in terms of feasibility
and closed-loop performance. The same is valid for the selection of equilibrium states xsi .

2

Similarly to the result in [19], which targets synthesis of piecewise linear control laws
for continuous-time linear systems, we propose to combine the results on the enlargement
of the contractive set from Section 3.3 with the concept of overlapping contractive sets
to synthesize a PWL state-feedback control law. In such way, the sequence of the over-
lapping contractive sets can be constructed automatically, and as such, a large domain of
attraction and high local performance can be obtained.
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Suppose that the iterative procedure from Section 3.3 terminates at i = N . Consider
a subset of indexes IQ ⊆ Z[1,N ] and N1 ∈ Z[1,N ]. Consider the switching function

s : QN → IQ, s(x) := min
i
{i ∈ IQ|x ∈ Qi}. (3.47)

From Section 3.3 we know that any set Qi, i ∈ IQ, is contractive towards the equilib-
rium state xs of the system φ(x, gi(x)), with

gi(x) = Ki(x− xs) + us

under input constraints gi(x) ∈ U for all x ∈ Qi. Clearly, the sets Qi, i ∈ IQ can
be arranged into a sequence that satisfies (3.41), and as such, the equilibrium xs will be
asymptotically stable in Qj , j := max IQ, for the system φ(x, gpwl(x)),

gpwl(x) = Kqi(x− xs) + us, if s(x) = i. (3.48)

Although, the index subset IQ could be selected arbitrarily from Z[1,N ], it is desirable
to choose the indices such that the sets Qi have the fastest contraction rate. Sometimes,
it is required to preserve a certain degree of optimality with respect to a given criterion
locally around the equilibrium state. This could be achieved by taking 1 ∈ IQ where K1

is the LQR gain and the associated set Q1 is computed as suggested in the initialization
step of the iterative synthesis method from Section 3.3.

Let us illustrate the synthesis method of the PWL control laws on the example of the
buck converter from Section 1.3. The controller has been designed for the equilibrium
state xs = [ 10

1 ].
The controller synthesis has been initialized with an LQR gain. The lack of progress

was the termination criteria for the enlargement step. Two enlargement steps were per-
formed with one refinement in between. Fifteen new vertexes were added at the refine-
ment step. The sequence of contractive sets Qi is illustrated3 in Figure 3.9.
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Figure 3.9: Sequence of iteratively enlarged contractive sets (contractive sets - yellow, X
- green, xs - blue ‘∗’).

The evolution of the contraction rate ρ of the sets Qi is illustrated in Figure 3.10. Next,
the index subset IQ is constructed. To guarantee local optimality we chose q1 = 1. One

3The polytope manipulations and illustrations where prepared with help of MPToolbox [53]. The optimiza-
tion problem was constructed by using the YALMIP front-end [62].
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can observe in Figure 3.10 that the value of ρ corresponding to i = 30 is lower compared
to the neighboring iterations. As the iteration number is relatively high, it is reasonable
to expect a large set Q30, and a low ρ ensures fast convergence. Therefore, we select
q2 = 30. Lastly, to cover as much as possible from the set of state constraints we select
q3 = N . The state trajectories starting from vertexes of QN are shown in Figure 3.11.
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Figure 3.10: Evolution of the contraction rate ρ of the sets Qi.
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Figure 3.11: Closed-loop trajectories starting from vertices of QN .

To illustrate the gain from considering a PWL control law instead of just an affine
control law corresponding to the QN contractive set, we show the trajectory of the buck
converter starting from the initial state x = [ 10

2 ] in Figure 3.12. The PWL control law
clearly shows faster convergence near the equilibrium state. The switching moment from
a more conservative control law corresponding to the large domain of attraction to a more
aggressive control law active close to the equilibrium state is also clearly visible in Fig-
ure 3.12.
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Figure 3.12: Closed-loop trajectories starting from x = [10 2]> (PWL control law - red,
affine controller - green).

3.5 Concluding remarks
The aim of this chapter was to provide a set of design tools for synthesis of linear control
laws that provide strong guarantees of safety and actuation constraints satisfaction for
closed-loop system by design. It was pointed out that obtaining large domain of safe
operation and high local performance may not be possible with a fixed structure linear
control law, and the concept of a sequence of overlapping contractive sets was proposed
to solve this issue. However, manual construction of the candidate contractive sets can
be difficult. Therefore, an automated synthesis and enlargement of contractive sets was
developed.

Although this chapter’s results have been successfully validated on buck and buck-
boost converters there are still several difficult aspects in the proposed control synthesis
methods, as pointed out in what follows.

• Finding the largest set that is contractive for a given system in closed loop with a
linear state-feedback control law is a non-convex problem. Therefore, the effec-
tiveness of the Algorithm 1 is highly dependent on the initialization, especially for
bilinear systems.

• Evaluation of the function s(x) may be computationally expensive with the increase
in the number and complexity of sets in the sequence. Nevertheless, if it is not pos-
sible to evaluate s(x) at a certain sample instant one can always apply the control
law associated to the set QN and guarantee constraints satisfaction.

• In some situations, maintaining the control action at the boundary of the constraints
for multiple sample periods can improve the convergence speed of the closed-loop
system. However, with linear and even PWL control structures proposed in this
chapter such behavior is not possible.

We address the above limitations by PWA control synthesis in Chapter 4.
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Chapter 4

Hybrid polytopic partition
framework

Traditionally, the design of a real-time control system has to achieve two objectives.
Firstly, control theory is employed to synthesize a suitable control law and secondly, a
feasible real-time implementation of the resulting controller is pursued. From the point of
view of control theory, a suitable control law should result in a closed-loop system which
enjoys typical properties, such as, stability, input and state constraints satisfaction, and
worst-case time bounds on convergence to a desired set-point. On the other hand, a feasi-
ble real-time implementation of the control law must comply with physical constraints of
the hardware target, e.g., available memory and computational power.

Classical control design methods, such as pole-placement, PID and linear quadratic
regulation, can guarantee stability and a certain degree of performance, but these proper-
ties are only attained locally in the presence of constraints. The real-time implementation
of such control laws is straightforward and generally fits well with modern hardware.
However, the main concern with these controller design solutions is satisfaction of input
and state constraints, which cannot be guaranteed a priori. As such, these methods do not
offer a viable solution for real-time control, where constraints are omnipresent.

To satisfy input and state constraints a more advanced control design method is re-
quired. Over the past decades the MPC strategy practically monopolized the control of
constrained systems. The ability to foresee possible constraint violations and act in ad-
vance, combined with optimality of the control law with respect to a given performance
index make this control policy exceptionally strong, see [89] for an excellent monograph
on this subject. The continuously increasing computational power of hardware targets,
such as, digital signal processors (DSPs) and field programmable gate arrays FPGAs,
combined with recent developments in customization of the MPC setup and solution, e.g.,
custom solvers for on-line MPC [63, 92, 121] and analytic solutions to the MPC problem
(i.e., explicit MPC) [16,44,118], greatly enlarged the application range of this technique.

However, to guarantee stability of MPC closed-loop systems a priori, a terminal set
constraint and a terminal weight must be carefully designed [89]. Although MPC is a
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powerful control technique and works in practice with relatively small prediction hori-
zons, which is also illustrated in Chapter 5 and Chapter 6, the a priori stability guarantee
generally forces a long prediction horizon and a large terminal weight. These issues lead
to complex optimization problems in on-line MPC or highly-complex controller partitions
in explicit MPC. To reduce the computational power of the control hardware required by
MPC algorithms sub-optimal on-line MPC solutions and approximations of explicit MPC
solutions were recently proposed, see, e.g., [18, 42, 113] and the references therein. Nev-
ertheless, guaranteeing stability for suboptimal and approximative solutions is generally
difficult and often requires an a posteriori test. The a posteriori stability check usually
searches for a piecewise affine (PWA) Lyapunov function for the closed-loop system. If
the a posteriori test fails, it is not clear how to modify the original MPC set-up, which
makes the design of low-complexity stabilizing MPC an iterative process that involves
multiple trials.

Recently, a method for simultaneous synthesis of a piecewise polyhedral control Lya-
punov function (CLF) and a PWA control law was proposed in [58]. This method rep-
resents an alternative to explicit MPC, in terms of designing a PWA control law with a
stability guarantee in the presence of input and state constraints. Furthermore, the re-
sults from Chapter 3 were employed to synthesize a simple affine state-feedback law with
stability and constraint satisfaction guarantees. To increase the convergence rate of the
closed-loop system trajectories, a concept of overlapping sets was proposed therein.

After the control theory design procedure is completed, the focus switches to the
actual real-time implementation. Typically, a certain hardware target is selected and fea-
sibility of the hardware implementation of the constructed controllers is tested. If this
check fails another, more powerful, target must be selected, or the control law must be
redesigned.

As such, the standard approach to real-time control design includes three stages,
which typically involve trial-and-error procedures. Firstly, a controller that achieves sta-
bility and performance is designed using one of the above-mentioned advanced control
design methods. Secondly, a procedure for reducing the complexity of the resulting con-
troller is employed, while striving to maintain the closed-loop properties attained in the
first stage. Thirdly, a trial whether the real-time implementation of the low-complexity
controller fits the actual hardware target is performed. This sequential process is error
prone and often leads to suboptimal performance and large computational requirements,
which can be an overkill for real-life applications.

The aim of this chapter is to make a step towards providing a controller synthe-
sis framework that treats both control theory specifications (stability, convergence rate,
state and input constraints) and constraints on the hardware (memory size, computational
power) in a holistic way, as general system constraints. To this end, it is indicated that a
hybrid polytopic partition (HPP), which combines a hardware-compatible polytopic state-
space partition of the control law with a conic state-space partition induced by a polyhe-
dral CLF can characterize both closed-loop system properties and the implementation of
the control law in the same framework. In this way, both hardware and stability constraints
can be incorporated a priori in the synthesis of PWA control laws, which will result in
an a priori stability guarantee in real-time. An advantageous feature of the proposed
synthesis method is that the control synthesis is pursued by linear programming even for
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nonlinear dynamics, e.g., bilinear or uncertain systems. Moreover, the computation of
each separate affine gain from the PWA control law can be performed separately, and as
such a reduction in the overall synthesis time could be obtained through parallelization.

4.1 Problem statement
Let us begin by explaining the control problem studied in this chapter, i.e., constrained
stabilization, with respect to a desired equilibrium state xs under input and state con-
straints

x+ = φ(x, u)

xs = φ(xs, us),

x ∈ X, u ∈ U,
us ∈ int(U), xs ∈ int(X).

(4.1)

It is assumed that possibly a set valued PWA control law generates the control action u.
As such, let R̄ := {Rr}r∈IR̄ , be a polytopic partition of X. Next, define

u ∈ g(x) := {Krx+ qr | x ∈ Rr, r ∈ IR̄}, (4.2)

where Kr ∈ Rm×n and qr ∈ Rm for all r ∈ IR̄. Throughout this chapter strong
properties of the difference inclusion that corresponds to system (4.1) in closed-loop with
(4.2) will be pursued. As such, for simplicity, it is assumed that an arbitrary selection
u ∈ g(x) is made whenever the control law g(x) is set valued.

The evaluation of a set valued PWA control law at x ∈ X starts with finding an index
r ∈ IR̄ such that x ∈ Rr. If x lies on the boundary of multiple polytopesRr, an arbitrary
index r ∈ I(x) is selected. Next, the corresponding affine state feedback law Krx + qr
is evaluated.

The search for the region Rr, which is referred to as point location, is not a trivial
problem and generally requires most of the processing power involved in the PWA con-
trol law computation. The point location problem can be solved in multiple ways that
could depend on the shape of the regions in the partition and the available computation
resources. An example of two dimensional control partition is given in Fig. 4.1 with the
associated search structures for some of the point location algorithms. Observe that the
shape of the regions in the partition permits efficient separation based only on the two
most significant bits encoding each state.

The evaluation of the affine state-feedback law requires a pre-computable fixed time
interval which cannot be improved (without further restricting the elements of (Kr, qr)).
As such, in this chapter, the real-time implementation problem is related to the construc-
tion of the polytopic partition R̄ such that the PWA control law evaluation satisfies given
hardware specifications.
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Figure 4.1: Example of a control partition in 2D (a) (AB and CD are two most signifi-
cant bits in the representation [x]2 and [x]1, respectively. (b)−memory based, (c)−binary
search tree (state-machine) based, and (d)−logic based implementation of the point loca-
tion algorithm.

4.2 HPP framework preliminaries
The hybrid polytopic partition framework stands on three pillars: polyhedral CLFs, hard-
ware efficient polytopic control partitions, and hybrid polytopic partitions. As in Chap-
ter 3, the polyhedral CLFs are employed to satisfy the control theory specifications, i.e.,
stability of the closed-loop system under constraints. The design aim for the control law
partition is to ensure real-time feasibility of the control law computation. Lastly, the
HPP combines otherwise disjoint classes of specifications within a single framework and
serves as the basis for the synthesis problem description.

4.2.1 Polyhedral contractive set synthesis
As observed in [58], an effective tool for dealing with constrained stabilization of PWA
systems are polyhedral CLFs. Moreover, it is well known [22] that a polyhedral CLF
is equivalent with the existence of a family of contractive polytopes. Similarly to the
solution in Chapter 3, the conic decomposition of the contractive polytope with respect
to the equilibrium state is employed in this chapter to formulate the stability conditions
for the closed-loop system. Unlike the previously described solution the level sets of any
polyhedral CLF can be made contractive for a (switched) linear system in closed loop
with a PWA state feedback control law. Therefore, the tedious procedure of contractive
set enlargement required previously is no longer necessary in this setting.
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As any polyhedral CLF could be employed, one can pick the CLF such that the max-
imum ρ−contractive set P ⊂ X for φ(x, u) is a level set of the CLF. Such a choice would
ensure a largest domain of attraction for the closed-loop system. An algorithm for com-
puting a maximal control contractive set within a polytope for linear parameter varying
(LPV) systems with the origin as equilibrium can be found in [22]. An adaptation of the
algorithm therein to the setting of affine systems

x+ = φ(x, u) := Ax+Bu+ f, (4.3)

with a non-zero equilibrium state xs and associated steady state control action us, is
presented next. To this end, consider the coordinate transformation z = x − xs and
s = u − us. Then, the fact that P is contractive with respect to the equilibrium xs of
system (4.3) is equivalent to P⊕ {−xs} is contractive for the origin of system the

z+ = Az +Bs, (4.4)

with s ∈ U⊕{−us}. As such, the original affine system (4.3) with non-zero equilibrium
state can be transformed into a linear system, and the method from [22] can be applied to
compute the maximal contractive set within X⊕{−xs} for the system (4.4). The resulting
contractive set for the linear system should be translated with xs to obtain the contractive
set for the original affine system. The computation algorithm with all substitutions and
translations applied is illustrated in Algorithm 2.

Let, Q : P(Rn) ⇒ P(Rn), Q(P) := {x ∈ Rn|∃u ∈ U : Ax + Bu + f ∈ P} be a
set-valued map that defines the one-step controllable set to P for the system (4.3).

Algorithm 2 Contractive set computation algorithm

Let ρ ∈ R(0,1) be the desired contraction rate.
i← 0
Pρ0 ← X.
repeat
i← i+ 1
Pρi ← Q(ρ(Pρi−1 ⊕ {−xs})⊕ {xs}) ∩ X, i ∈ Z+.

until Pρi = Pρi−1.

If the algorithm terminates for some i∗ ∈ Z+ (see [22] for sufficient conditions for
finite time termination), Algorithm 2 returns the maximal ρ-contractive set Pρi∗ , with re-
spect to the equilibrium state xs of system (4.3). Notice that Algorithm 2 can be stopped
after fewer iterations, i.e., when a ρ?-contractive set has been found, with ρ? ∈ R(ρ,1). To
this end, the termination condition should be replaced with

Pρi ⊆ Q(ρ?(Pρi ⊕ {−xs})⊕ {xs}).

Observe that computing a control contractive set does not provide a stabilizing control
law, but merely a subset of the state-space where existence of an admissible (with respect
to state and input constraints) stabilizing control law is guaranteed.
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Recall from Section 3.1.3 that the gauge function of a proper C-set, in this case Pρi∗ ⊕
{−xs}, is a suitable candidate Lyapunov function. Moreover, a scaling argument can be
invoked to show that any sub-level set of this gauge function is also contractive for affine
systems. As such, by Corollary 3.1.7 it follows that

V (x) := ΨPρ
i∗⊕{−xs}

(x− xs)

is a CLF for the system (4.3).
Although the one-step controllable set was defined with respect to affine dynamics

here, it can be easily changed to accommodate switched affine systems as well, and the
Algorithm 2 remains unchanged. More information on computation of polyhedral invari-
ant and contractive sets for LPV systems can be found in [73] and references therein.

4.2.2 Control law partition
Four techniques for generating polytopic partitions of the state-space will be considered
in this section. The partition R̄ of P is generically called a mesh, simplicial, binary hierar-
chical subdivision (BHS) or refined conic partition depending on the employed technique.
A graphic 2D illustration of these partitioning techniques is provided in Figure 4.2.

(a) - Mesh (b) - Simplicial partition

(c) - Binary subdivision (d) - Conic

Figure 4.2: Examples of controller partitions in 2D which are advantageous with respect
to the point location problem (black, green, red, blue, and purple lines mark the 1st, 2nd,
3rd, 4th and 5th splitting level, respectively).

Let, [xm]j := minx∈P[x]j , [xM ]j := maxx∈P[x]j for all j ∈ Z[1,n].
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The mesh partition is constructed by partitioning X through a collection of hyper-
planes that are perpendicular to the coordinate axes, i.e., they are defined by [x]j :=
[xm]j + dk for some d ∈ R, k ∈ Z[0,([xM−xm]j/d)]. In this case each polytope Rr is
a hypercube. The solution to the point location problem in such partitions is straightfor-
ward and requires evaluation of the vector a(x) := d 1

d (x− xm)e ∈ Zn+. For each x ∈ X
the corresponding vector a(x) is related to a specific index r of a polytope Rr. In terms
of hardware, each pair (Kr, qr) is stored at a dedicated location in the on-board memory
and the index r and the corresponding vector a(x) encodes the address of that specific lo-
cation. Depending of the region indexing, the address can be as simple as concatenation
of the least significant bits of the elements of a(x). Due to its simplicity, PWA functions
defined over mesh partitions are well suited for approximation of nonlinear dynamics and
control laws, see e.g., [36] and references therein.

A refined version of the mesh partition is the simplicial partition. A second level
of splitting is introduced here, i.e., each hypercube is further partitioned in simplexes.
A canonical simplicial decomposition of sets was studied in detail in [18], to obtain a
solution to approximation of model predictive control. Due to the specific structure of
the canonical decomposition the point location problem can be solved in constant time
independent of the total number of regions. Point location requires several additional
operations in comparison to the mesh partition, in order to identify each simplex within
the hypercube.

The solution to the point-location problem in non-uniform mesh and simplicial par-
titions, i.e., partitions where the distance between two adjacent parallel hyperplanes is
not equal, can be solved in constant time too. Nevertheless, it may require complex,
non-linear, change of coordinates [87].

Both, mesh and simplicial partitions require only Kr, qr, d and xm to be stored in the
local memory.

Partitions obtained by hierarchical subdivision were studied in [25, 43, 113] in the
context of approximate explicit MPC as well. We will look in more details to partitions
obtained by binary hierarchical subdivisions (BHS). The BHS partition is obtained by
partitioning X through a single hyperplane, i.e., [x]j = ([xM ]j − [xm]j)/2 for some j ∈
Z[1,n]. Then, the same technique is applied recursively to the resulting subsets of X. The
solution to the point location problem in this case translates into the traverse of a binary
search tree, and can be solved in logarithmic time. Note that the branching in the tree is
done by a simple logical statement, i.e., [x]j ≤ c, where c is implicitly encoded in the tree
construction. Furthermore, only xm, xM , the coordinate axis j involved in branching for
each node, and Kr, qr for leaf nodes have to be stored. The BHS partitioning technique
trades the computational complexity (logarithmic comparing to constant time for mesh)
for a more efficient use of storage by allowing local refinement of the partition.

Conic polytopic partitions induced by polyhedral Lyapunov functions are explained
in Section 3.2.3. Given a polytope P, a conic polytopic partition C̄ := {Ci}i∈Z[1,p]

of P
induced by xs is obtained as follows:

Ci := {x ∈ P|([P ]i• − [P ]j•)(x− xs) ≥ 0, j ∈ Z[1,p]}.
The point location problem in R̄ = C̄ translates into a search for the index i ∈ Z[1,p] such
that ([P ]i• − [P ]j•)(x − xs) ≥ 0 for all j ∈ Z[1,p]. This search can be performed in a
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Part. Time Storage
mesh O(n) O(lmn)

simplicial O(n) O(lmn)
BHS O(log2 l) O(log2 l + lmn)
conic O(n log2 p) O(np+ lmn)

arbitrary O(n log1.7 l) O(2ln+ lmn)

Table 4.1: Summary of time and storage complexity of the point location algorithm (l-
number or control regions, n-number of states, m-number of control inputs, p-number of
facets of the polytope P).

linear fashion with time complexity O(pn) by evaluating each hyperplane [P ]j•(x− xs)
or by recursively partitioning P through hyperplanes that contain xs and maintaining an
equal number of cones Ci on each side of the splitting hyperplane at each step. The
latter solution results in logarithmic time complexity. The conic partition can be further
refined by the level sets of the CLF. This refinement translates into a constant number
of additional operations, which is equivalent to the location of V (x) within a 1D mesh.
Compared to the mesh partition, the solution to the point location problem for a conic
partition also requires the matrix P to be stored in the local memory.

Table 4.1 summarizes the complexity of the point location problem for each of the
considered partitioning techniques, where n is the number of states,m is number or inputs
l is number of regions in the partition and p is the number of rows of the matrix P that
defines P.

It is worth to point out that each of the presented partition techniques translates into a
more efficient solution to the point location compared to an arbitrary polytopic partition.
As shown in [117], the point location problem for an arbitrary partition has a rough time
complexity of O(n log1.7 l) and a storage complexity of O(2ln + lmn) (2ln for storing
the search tree and lmn for storing the gains of the feedback law for each polytope).

4.2.3 Hybrid polytopic partition
As pointed out in [55], the conic partition of a contractive polytope is non-conservative
in terms of stability analysis for linear difference equations and inclusions. As here the
set P is assumed to be known or returned by the Algorithm 2, it will be shown that the
conic partition of P is non-conservative in terms of synthesis of a stabilizing PWA control
law that renders the gauge function of P ⊕ {−xs} a Lyapunov function for the resulting
closed-loop system.

Definition 4.2.1 Let a polytopic partition R̄ and a conic polytopic partition C̄ of P ∈
P(Rn) induced by xs be given. Then H̄ := {Hi,r}(i,r)∈IH̄ whereHi,r := Ci ∩Rr and

IH̄ := {(i, r) ∈ IC̄ × IR̄ | int(Ci ∩Rr) 6= ∅}

is called a hybrid polytopic partition (HPP) of P.
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xs

Pi•(x− xs) = 1

xs

C R

xs

H

Hi,r

Rr
Ci

xs

Figure 4.3: Illustration of the partitions C̄, R̄ and H̄ of a polytope P. The boundary of P
is emphasized by a thick solid black line.

A graphical illustration of the construction of H̄ is provided in Figure 4.3. This completes
the construction of a HPP of P which integrates hardware constraints, via R̄, and stabil-
ity constraints, via C̄. As such, synthesis of a stabilizing PWA control law can now be
pursued.

4.3 Control synthesis for linear systems

In what follows it is assumed1 that a polytopic ρ-contractive set P ⊆ X with xs in its
interior is known.

In the context of affine systems (4.3) and PWA control laws the synthesis problem is
formulated over the HPP as follows.

1If such a set is not available, all synthesis methods developed here can be applied directly to an arbitrary
candidate polytope P ⊆ X, but without an a priori feasibility guarantee.
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Problem 4.3.1

min
{Kr,qr,ρr}r∈IR̄

l∑
r=1

ρr

subject to
∀(i, r) ∈ IH̄, ∀x ∈ vert(Hi,r),
ρr[P ]i•(x− xs)−

[P ]j•(φ(x,Krx+ qr)− xs) ≥ 0, ∀j ∈ Z[1,p], (4.5a)
Krx+ qr ∈ U, (4.5b)
ρr ∈ R(0,1).

Note that finding a solution to Problem 4.3.1 requires solving a single LP, as H̄ is a
polytopic partition of P.

The following theorem establishes that the control law obtained by solving Prob-
lem 4.3.1 is admissible and results in asymptotic stability of the equilibrium xs in P and
the system (4.3) in closed loop with (4.2) admits the gauge function of P ⊕ {−xs} as a
Lyapunov function, i.e.,

V (x) := max
i∈Z[1,p]

[P ]i•(x− xs), P ∈ Rp×n, (4.6)

P := {x ∈ Rn|P (x− xs) ≤ 1p}.

Theorem 4.3.2 Let P = {x ∈ Rn|P (x− xs) ≤ 1p} be a ρ-contractive polytope towards
the equilibrium state xs ∈ int(P) of (3.14), and its partitions R̄ and C̄ be given. Let
{Kr, qr, ρr}r∈IR̄ denote a feasible solution of Problem 4.3.1. The following statements
are equivalent.

(i) Problem 4.3.1 is feasible;

(ii) V (·) as defined in (4.6) is a Lyapunov function in P for the system (3.14) in closed
loop with the PWA control law (4.2). Moreover, g(x) ⊆ U for all x ∈ P.

Proof. (i) ⇒ (ii) The control law g(x) is affine for all x ∈ int(Hi,r) and takes values
in a finite set of affine function otherwise. Thus, (4.5b) implies that g(x) ⊆ U for any
x ∈ Hi,r. As

P =
⋃

(i,r)∈IH̄

Hi,r, (4.7)

it follows that for any x ∈ P, g(x) ⊆ U. From (4.5a) one obtains that

V (x+) ≤ ρrV (x), ∀x ∈ Hi,r. (4.8)

Using (4.7) yields that
V (x+) ≤ ρV (x), ∀x ∈ P,
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where ρ := maxr∈IR̄ ρr. The above inequality implies that V (x) is a Lyapunov function
in P for the system (3.14) in closed loop with the set-valued PWA control law (4.2).

(ii) ⇒ (i) To prove the reverse implication it suffices to take ρr := ρ ∈ R(0,1) for
all r ∈ IR̄ and project the Lyapunov decrease inequality on each polytopic subset of the
HPP H̄, i.e.,

ρrV (x) = ρr[P ]i•(x− xs)
≥ max
i∈Z[1,p]

[P ]i•((A+BKr)x+Bqr + f − xs), (4.9)

for all (i, r) ∈ IH̄ and all x ∈ Hi,r. Thus, inequality (4.5a) holds. As g(x) ⊆ U for all
x ∈ P is equivalent with Krx + qr ∈ U for all x ∈ Hi,r and all (i, r) ∈ IH̄, inequality
(4.5b) holds too, which completes the proof. 2

Remark 4.3.3 The stability analysis conditions developed in [55] non-conservatively ap-
ply to systems described by linear polytopic difference inclusions, which include switched
linear systems as a particular class. As such, with trivial modifications, the synthesis
method developed here can also be employed without any additional conservatism, com-
pared to the linear case, to real-time constrained stabilization of linear polytopic difference
inclusions. 2

Remark 4.3.4 Observe that the Theorem 4.3.2 and the Problem 4.3.1 are not restricted
only to polyhedral control Lyapunov functions. Their result holds for any convex PWA
CLF defined over arbitrary polytopic partition C̄. As such the proposed approach to stabi-
lization of linear systems is similar in spirit to the independently developed result in [64],
where the PWA CLF from a stabilizing MPC law was employed. Where the work in [64]
takes its inspiration from approximation of MPC and is oriented on approximating arbi-
trarily well the optimal MPC law, our solution is inspired from set-theoretic methods and
aims to obtain large domain of attraction with low complexity control laws. 2

To enhance the convergence rate of the system to the equilibrium state one can solve
the Problem 4.3.1 iteratively. At each iteration a refinement of the controller partition from
the previous iteration can be taken. This approach is especially attractive for the binary
subdivision partitions where, at each iteration, the region with the poorest contraction rate
can be refined as long as the memory and computation time constraints allow for it. The
approach of successive refinement of the control partition is also called multi-resolution
partitioning, see e.g., [113] and references therein.

Control of a Buck converter

The practicality of the proposed synthesis method is illustrated for a buck converter, which
was also considered in Section 1.3. The physical constraints of the system translate into
the sets X := {x ∈ R2|

[
I2
−I2

]
x ≤ [ 20 3 0.3 0 ]

>} and U := R[0,1].
Suppose that the available on-board memory of the hardware implementation platform

is 60 bytes, and maximally 20 operations are allowed for the computation of the control
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law. Furthermore, suppose every element of Kr, qr can be represented by 2 bytes. Thus,
each pair Kr and qr requires 6 bytes of memory storage.

Let us consider the mesh partition. In total, 9 operations have to be performed to com-
pute the control action, i.e., 4 for the point location and 5 for the evaluation of Krx+ qr,
which is well within the considered limits. To meet the hardware constraints, a partition
with a maximum of 9 regions can be considered.

A contractive set P was computed for ρ? = 0.98 and ρ = 0.96 by Algorithm 2.
Figure 4.4 shows the conic partition induced by the CLF. Note that this partition is far
larger than one obtained in Section 3.4 after enlargement, see Fig. 3.11. Therein, synthesis
of a linear state-feedback law was considered for the same circuit, which is not feasible
for the region reported in Figure 4.4.

0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3

[x]1

[x
] 2

Figure 4.4: The constraint control contractive set for the buck converter example. The
regions of the conic partition of the set induced by the equilibrium xs are marked with
different shades of gray.

When the synthesis method is applied for a mesh of 9 regions it returns a hardware
compatible PWA control law and with the contraction factors ρr ∈ R[0.81,0.96], which is
also overall faster than the controllers designed in Section 3.4, even when overlapping
contractive sets are used. Figure 4.5 shows the closed-loop trajectories starting from the
vertexes of the set P.

Remark 4.3.5 The computational time estimates used in this section are particular for
this case-study and the actual computation time and storage requirements are embedded
target dependent. Nevertheless, the required storage and computation time can be com-
puted a priori for any implementation of a given PWA control law on any specific target.

2
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Figure 4.5: Closed-loop state-trajectories from the vertexes of P. Each mesh region is
marked with a different shades of gray. The border of P is marked with a dashed black
line.

Comparison with explicit MPC

The proposed synthesis method and MPC synthesis methods have different design goals,
as one optimizes the contraction rate of a Lyapunov function, and the other a certain
performance index. To render the two methods comparable to some extent, a one-step
ahead cost is added to Problem 4.3.1, i.e.,

J(x, g(x)) := ‖Q(φ(x, g(x))− xs)‖∞,

where Q is a penalty matrix of suitable dimensions. The resulting problem, where opti-
mization of J(·, ·) in the vertexes of all regions in H̄ over the variables {Kr, qr}r∈IR̄ is
pursued, can still be formulated as a linear program, as follows.

Problem 4.3.6

min
{Kr,qr,sr}r∈IR̄

∑
r∈IR̄

sr

subject to
∀(i, r) ∈ IH̄, ∀x ∈ vert(Hi,r)
0.99[P ]i•(x− xs)−

[P ]j•(φ(x,Krx+ qr)− xs) ≥ 0, ∀j ∈ Z[1,p],

‖Q(φ(x,Krx+ qr)− xs)‖∞ ≤ sr,
Krx+ qr ∈ U,
ρr ∈ R(0,1).

In Figure 4.6 the start-up trajectories of the buck converter states are plotted for the
explicit MPC control law and the PWA control law obtained by solving Problem 4.3.6 for
Q = [ 1 0

0 0.1 ] on the control partition from Figure 4.5.
The explicit MPC control law was designed using the MPT toolbox for Matlab. For

the 2-norm optimization criterion, a state penalty matrix is equal to Q and control penalty
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Figure 4.6: Start-up of the buck converter: explicit MPC control law with 55 regions;
proposed PWA control law with 9 regions (V denotes the output voltage, I - the inductor
current, EMPC stands for explicit MPC and HPP denotes the proposed solution)).

is equal to 7. The prediction horizon of N = 7 was chosen. The simplified explicit
MPC partition consists of 55 regions and it is plotted in Figure 4.7. Note that despite a
long prediction horizon and a large terminal set employed for stability, the explicit MPC
feasible partition covers a smaller operational area compared to P.

0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3

x1

x 2

Figure 4.7: Partition of the explicit MPC control law.

From the point of view of the hardware efficiency, there is a significant difference
between the implementation of the two compared solutions. The explicit MPC solution
has a search tree of depth 5 and thus, solving the point location problem alone would
require 30 operations in the best case, while for the proposed solution 4 operations are
sufficient. The memory required to store the search tree of the explicit MPC control law
is over 300 bytes as opposed to the 6 bytes required by the proposed PWA control law
defined on a mesh partition (only d and xm must be stored for point location within a
mesh).

This example highlighted the possible benefits of the proposed approach for real-
time control design for high speed systems. Nevertheless, for other systems than buck
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converter and for other MPC tuning parameters, the results may differ.

4.4 Control of input affine quadratic systems
The control problem considered in this section is constrained stabilization of input-affine
quadratic discrete-time systems, i.e.,

x+ = φ(x, u) := x>A1

...
x>An

+A0

x+

 x>B1

...
x>Bn

+B0

u,
(4.10)

where x ∈ X ⊂ Rn is the system state, u ∈ U ⊂ Rm is the control input and Ai ∈
Rn×n, Bi ∈ Rn×m, ∀i ∈ Z[0,n]. This class of systems supersedes the class of bilinear
systems studied in Chapter 3, and is relevant to control of power converters as it can
capture better the effects of the state dependent switching.

Let the candidate contractive set P be given together with the control partition R̄. As
such, the HPP can be constructed, and the synthesis of a stabilizing PWA control law can
now be pursued.

Problem 4.4.1

min
{Kr,qr,ρr}r∈IR̄

l∑
r=1

ρr (4.11a)

subject to
∀(i, r) ∈ IH̄, ∀(x1, x2) ∈ vert(Hi,r)× vert(Hi,r)
ρr[P ]i•x1

− [P ]j•

 x>2 A1

...
x>2 An

+A0

x1

− [P ]j•

 x>2 B1

...
x>2 Bn

+B0

u ≥ 0, ∀j ∈ Z[1,p], (4.11b)

u := Krx1 + qr ∈ U, (4.11c)
ρr ∈ R(0,1). (4.11d)

Note that finding a solution to Problem 4.4.1 requires solving a single LP, as H̄ is a
polytopic partition of P.

Although the system (4.10) has the equilibrium in origin the synthesis method can be
applied to systems with arbitrary equilibrium state by assuming a coordinate transforma-
tion and the auxiliary system similar to the one from Section 3.2.1.

The following theorem establishes that the control law obtained by solving Prob-
lem 4.3.1 is admissible and results in an asymptotically stable closed-loop system.
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Theorem 4.4.2 Let a candidate ρ-contractive polytope P = {x ∈ Rn|P (x) ≤ 1p} with
0 ∈ int(P) and its partitions R̄ and C̄ be given. Let {Kr, qr, ρr}r∈IR̄ denote a solution
of Problem 4.4.1. Suppose Problem 4.4.1 is feasible. Then,

V (x) := max
i∈Z[1,p]

[P ]i•x, (4.12)

is a Lyapunov function in P for system (4.10) in closed loop with the set-valued PWA
control law (4.2). Moreover, g(x) ⊆ U for all x ∈ P.

Proof. The control law g(x) is affine for all x ∈ int(Hi,r) and takes values in a finite set
of affine functions otherwise. Thus, (4.11c) implies that g(x) ⊆ U for any x ∈ Hi,r. As

P =
⋃

(i,r)∈IH̄

Hi,r, (4.13)

it follows that for any x ∈ P, g(x) ⊆ U.
Consider x2 fixed. Then, (4.11b) becomes affine in x1. Hence, as (4.11b) is valid for

all x1 ∈ vert(Hi,r), it is also valid for any x1 ∈ Hi,r. Moreover,

ρr[P ]i•x

− [P ]j•

 x>2 A1

...
x>2 An

+A0

x

− [P ]j•

 x>2 B1

...
x>2 Bn

+B0

 (Krx+ qr) ≥ 0,

for all x2 ∈ vert(Hi,r), and as such for all x2 ∈ Hi,r. By taking x1 = x2 = x, one
obtains

V (x+) ≤ ρrV (x), ∀x ∈ Hi,r. (4.14)

Using (4.7) yields that

V (x+) ≤ ρV (x), ∀x ∈ P, (4.15)

where ρ := maxr∈IR̄ ρr. Observe that V (x) is the gauge function of the set P, and is
a valid candidate Lyapunov function. Combining this observation with (4.15) yields that
V (x) is a Lyapunov function in P for system (4.10) in closed loop with the PWA control
law (4.2). 2

Remark 4.4.3 As in case of affine systems, the synthesis method is not limited to poly-
hedral CLFs, and can be employed with a more general class of convex PWA CLFs.
However, for quadratic systems the stability conditions are only sufficient. Therefore, the
Problem 4.4.1 may be infeasible even if there is a control law of the form (4.2) such that
the closed-loop system admits the LF (4.12). 2
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To reduce the conservativeness of the synthesis method, one may solve the problem
on a refinement R̄′ of the partition R̄, with additional constraints

∀k ∈ IR̄,
Ki = Kj , ∀i, j ∈ IR̄′ ,R′i ⊆ Rk, R′j ⊆ Rk.

(4.16)

As shown on the buck converter example, a one step ahead prediction optimization
can be included in the synthesis problem without affecting the feasibility. Consider the
typical one-step cost

J(x+, u) = ||Qx+||+ ||Ru||,
where Q ∈ Rn×n, R ∈ Rm×m. Next, choose a finite set of points of interest S within P.
To include the optimality criteria J(x+, u) one should use in (4.11a) the following cost

λ
∑
r∈IR̄

ρr +
∑
x∈S

J(φ(x, g(x)), g(x)). (4.17)

The value of λ ∈ R+ formulates the trade-off between the contraction rate of V (x)
and the optimality with respect to the cost J(x+, u). Observe, if the 2-norm criterion is
employed in Problem 4.4.1, the optimization problem becomes a quadratic program and
for 1 or∞-norm it remains a linear program.

Construction of the contractive set

Recall that the synthesis method requires a candidate contractive set. Construction of such
a set is not a trivial task for quadratic systems. To construct the contractive set for input
affine quadratic systems, we propose to define the one-step controllable set in Algorithm 2
as follows

Q : R[0,1] × P(Rn) ⇒ P(Rn),

Q(ρ,P) := P ∩ {x ∈ Rn|∃u ∈ U : A(xi)x+B(xi)u+ f ∈ ρP, ∀xi ∈ vert(P)},

A(x) :=


x>A1

...

x>An

+A0, B(x) :=


x>B1

...

x>Bn

+B0. (4.18)

With this notation we adapt the Algorithm 2 to the case of input affine quadratic dynamics.
The new algorithm is formulated in Algorithm 3.

Observe that the dynamics φ(x, u) is included into the convex combination of the dy-
namics in (4.18). Hence, the set computed by the Algorithm 3 will be contractive also for
the quadratic dynamics. Moreover, the contractiveness conditions imposed in this algo-
rithm are more conservative that the ones in the synthesis Problem 4.4.1, i.e., the stability
conditions employ only the convex combination of the dynamics in the vertexes of each
separate region in the HPP, whereas the contractiveness conditions in the Algorithm 3
are imposed on the vertexes of the entire set Pρi . Therefore, it can be proven that Prob-
lem 4.4.1 admits a feasible solution for some partition R̄ with a finite number of regions.
More details on the feasibility of the synthesis method are given in Section 4.6.
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Algorithm 3 Contractive set computation algorithm

Let ρ? ∈ R(0,1) be the desired contraction rate, and ρ ∈ R(0,ρ?].
i← 0
Pρ0 ← X
repeat
i← i+ 1
Pρi ← Q(ρ,Pρi−1)

Pρ
?

i ← Q(ρ?,Pρi−1)

until Pρi ⊆ Pρ
?

i

P = Pρi

Simulation examples for input affine quadratic systems

The synthesis method for input affine quadratic systems is illustrated on two examples.
The first example deals with a synthetic 2D system and the second example is the real-life
buck-boost converter from Section 3.2.3.

Example 1. Consider the system (4.10) with the following parameters:

A0 = [ 1 1
0 1 ] , B0 = [ 0.5 0

0 0.5 ] ,

B1 =
[−0.1 0

0.2 0

]
, B2 =

[
0.3 0.1
0.1 −0.1

]
.

The state and input constraints are unit boxes in R2 centered at the origin. After applying
the Algorithm 3 with ρ? = 0.85 and ρ = 0.65 the candidate contractive set P := {x ∈
Rn|Px ≤ 1} was computed with

P =


1.0000 0

0 1.0000
−1.0000 0

0 −1.0000
−0.8696 −0.8696
−0.5722 −1.1445
0.5722 1.1445
0.8696 0.8696

 .
To minimize complexity we started with R̄ consisting of only one region. However,

Problem 4.3.1 did not admit a feasible solution with such partition. Synthesis on a mesh
partition of four regions failed as well. The achieved contraction rate for a mesh partition
of 9 regions was ρr ∈ R[0.41,0.95]. The trajectories from the vertexes of the set P are
shown in Figure 4.8.

When the same procedure was applied for a partition with 16 regions faster contraction
rates ρr ∈ R[0.30,0.90] were obtained. This shows that indeed, higher refinement of the
control partition reduces conservativeness of the synthesis method and faster convergence
can be guaranteed.

It was mentioned previously that the constraints (4.11b) introduce some conservatism.
To reduce the conservatism, but keep the complexity of the PWA control law low, one may
refine the controller partition but force the same gains for multiple or even all regions, as
it was suggested in (4.16). To illustrate this principle a mesh partition with 9 regions is
considered where Kr = K for all r ∈ IR̄, which essentially transforms the controller
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Figure 4.8: Trajectories from the vertexes of P (Example 1).

from PWA to an affine state-feedback, i.e., real-time implementation with R̄ = {P} and
K1 = K is equivalent to the resulted PWA controller. Problem 4.4.1 admits a feasible
solution with ρr ∈ R[0.70,0.98]. Recall that Problem 4.4.1 did not admit a feasible solution
with the control partition consisting of only one region. Hence, solving the synthesis
optimization problem on a refined control partition but with the constraint of having the
same control gains in each region reduces the conservativeness of the approach indeed.
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Figure 4.9: Trajectories from the vertexes of P with the same gain in each region of the
PWA control law (Example 1).

Example 2 The second example deals with stabilization of the buck-boost power con-
verter. The Algorithm 3 returned a far larger contractive set than the sets obtained in
Chapter 3 with linear state-feedback. In fact, the contractive set practically covers the
entire set of state constraints.

The control partition is obtained by successive multi-resolution refinement similar
to [25, 113]. First the synthesis method is applied to the mesh control partition of 4
regions. Next, the regions where the sub-unitary contraction rate was not obtained are split
in 4 regions again and the synthesis procedure repeated. Moreover, to reduce the spread
of the control gain across the partition, at each iteration the same gain was required for all
4 regions as in (4.16). Furthermore, the optimization criterion from (4.17) was employed,
and was defined as infinity norm with λ = 5, Q = [ 1 0.9

0 2 ] and R = 0.1I2. The resulting
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control law partition contains 64 polytopes. The contraction rate of the set P varies across
the control partition from 0.14 up to 0.999.

0 5 10 15 20
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0.5

1
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2.5

3

vC

i L

Figure 4.10: The control partition after refining and trajectories from the vertexes of the
contractive set for the buck-boost converter example.

The startup behavior of the buck-boost converter in closed loop with synthesized PWA
control law is compared to the same converter in closed loop with the affine control law
from Section 3.2 in Figure 4.11. Significant improvement of the converter startup is vis-
ible in Figure 4.11. Although fast dynamic performance is encouraging for both buck
and buck-boost converters, it is not guaranteed and is significantly related to the shape of
the contractive set and optimization criterion parameters in (4.17). The main advantages
of the HPP framework comparing to the results from Chapter 3 are stronger feasibility
guarantees of synthesis procedure and the increased size of the domain of attraction.
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Figure 4.11: Start-up comparison of the buck-boost converter in closed loop with the PWA
control law synthesized within the HPP framework and of the same converter in closed
loop with the affine control law from Section 3.2. The simulation is performed with the
averaged converter model.
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4.5 Control of uncertain linear systems with additive dis-
turbance

In this section a class of linear systems with polytopic uncertainties and bounded additive
disturbance are considered, i.e., they are described by the following difference inclusion

x+ ∈ φ(x, u,W) := {x+ ∈ Rn|x+ = Aix+Biu+ w, w ∈W, i ∈ Z[1,na]}, (4.19)

where W ⊂ Rn is a polytope and Ai ∈ Rn×n, Bi ∈ Rn×m for all i ∈ Z[1,na]. Based
on (4.19) and the PWA state feedback law (4.2) we define the following set sequence

Xk+1 := {x+ ∈ Rn | ∃(i, x) ∈ Z[1,na] × Xk, x+ ∈ φ(x, g(x),W)}. (4.20)

We assume that a robustly contractive set P towards some interior point xs for the
system (4.19) is given2. Obviously, asymptotic stability at some equilibrium state cannot
be obtained for an uncertain system with additive disturbance. Hence, our goal is to
ensure that the set sequence (4.20) for some finite t ∈ Z satisfies Xk ⊆ Xs for all k ≥ t
and X0 = P. Essentially, we require that all state trajectories starting in P are ultimately
bounded in Xs. Moreover, we ask

Xs := λ(P⊕ {−xs})⊕ {xs}, for some λ ∈ R[0,1)

to be robustly contractive towards xs for the system (4.19).
To reflect the changes in the control problem setup the conic partition C̄ and the HPP

H̄ are adapted. We define

C̄λ := {Cλi }i∈Z[0,p]
, Cλ0 = λ(P⊕ {−xs})⊕ {xs}, Cλj = Cj \ Cλ0 , j ∈ Z[1,p], (4.21)

H̄λ := {Hλi,r}(i,r)∈IC̄λ×IR̄ , H
λ
i,r = Cλi ∩Rr. (4.22)

The construction of the partition C̄λ is illustrated in Figure 4.12. Analogously to linear
and input affine quadratic systems, we provide the optimization problem particularized for
the system (4.19) and the partition H̄λ in Problem 4.5.1.

Problem 4.5.1

∀r ∈ IR̄
min

Kr,qr,ρr
ρr

subject to

∀i ∈ IC̄λ , ∀x ∈ vert((Hλi,r)),
[P ]j•((Ak +BkKr)x+Bkqr + w − xs) ≤

ρr max{λ, [P ]i•(x− xs)}, ∀w ∈ vert(W), ∀k ∈ Z[1,na]

ρr ∈ R[0,1).

(4.23)

2The contractive set can be computed by a similar algorithm to Algorithm 2 for the LPV systems with
additive disturbances from [73].
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Pi(x− xs) = 1

Ci

xs

P

Cλ0

Pj(x− xs) = 1

Cλj

Figure 4.12: Regions Ci and Cλj of the conic partition C̄ and partition C̄λ of a polytope P
and the regions of the partition.

Although, there is a max operation in the constraints of the Problem 4.5.1, it is still a
linear program, as max{λ, [P ]i•(x − xs)} can be computed off-line for all the vertexes
of all regions in H̄λ.

Theorem 4.5.2 For any feasible solution of Problem 4.5.1, {(Kr, qr, ρr)}r∈IR̄ , there is
a finite t ∈ R+, such that Xk ⊆ Xs for all k ≥ t, k ∈ Z+.

Proof. Let us prove that each set α(P⊕{−xs})⊕xs, α ∈ R[λ,1], is ρ−contractive towards
xs for φ(x, g(x),W), with ρ = maxr{ρr}. Note that for all x ∈ Hλi,r, (i, r) ∈ (IC̄λ \
{0})× IR̄ it holds that max{λ, [P ]i•(x− xs)} = [P ]i•(x− xs). Let ΨP̂(x− xs) = α,
α ∈ R[λ,1] and P̂ := P⊕{−xs}. As the constraints in (4.23) are affine in x and w we can
state that

∀w ∈W, ∀x ∈ Hλi,r, ∀k ∈ Z[1,na], ∀(i, r) ∈ (IC̄λ \ {0})× IR̄
[P ]j•((Ak +BkKr)x+Bkqr + w − xs) ≤ ρ[P ]i•(x− xs).

(4.24)

From (4.24) it follows that

∀x+ ∈ φ(x, g(x),W) and ∀x ∈
⋃

i∈IC̄λ\{0}

Cλi

ΨP̂(x+ − xs) ≤ ρΨP̂(x− xs).
(4.25)

Note that because of the piecewise dynamics of the closed-loop system, it is not suf-
ficient to say that φ(x, g(x),W) − xs ∈ ρλP̂ for all x − xs ∈ vert(λP̂) to guarantee the
robust invariance of the set Xs for the system φ(x, g(x),W). Therefore, the analysis is
performed on each region Hλ0,r, r ∈ IR̄, where the dynamics of the system is switched
affine, separately.

As max{λ, [P ]i•(x − xs)} = λ, for all x ∈ Xs and i ∈ Z[1,p], and the con-
straints (4.23) are affine in x and w, it follows that

∀x ∈ Hλ0,r, r ∈ IR̄, ΨP̂(φ(x, g(x),W)− xs) ≤ ρλ (4.26)
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Section 4.6. Feasibility of the synthesis method in the HPP framework

As Xs =
⋃
r∈IR̄ H

λ
0,r it follows from (4.26) that for any Xj ⊆ Xs

φ(x, g(x),W) ⊆ ρ(Xs ⊕ {−xs})⊕ {xs}, ∀x ∈ Xs. (4.27)

From (4.25) and (4.27) we obtain that for any set Xk ⊆ α(P ⊕ {−xs}) ⊕ {xs},
α ∈ R[λ,1],

Xk+1 ⊆ ρα(P⊕ {−xs})⊕ {xs}. (4.28)

As X0 = P, by applying recursively (4.28) and combining the result with (4.27) it
follows that

Xk ⊆ ρk−1(P⊕ {−xs})⊕ {xs}, (4.29)

and as such, Xk ⊂ Xs for all k ∈ Z≥t, t = logρ λ. As ρ ∈ R(0,1), t is finite. 2

Most of power converter components are not ideal and can have rather large deviations
from the nominal values in reality. Therefore, modeling of the converter as an uncertain
system is well justified, and as such, extension of the HPP framework to uncertain system
is very welcome.

4.6 Feasibility of the synthesis method in the HPP frame-
work

In this section we are looking into sufficient conditions such that the synthesis problems
over the HPP return a feasible solution with a finite number of regions in R̄.

4.6.1 Simplicial refinement of the conic partition
We argue that Problem 4.3.1, Problem 4.4.1 and Problem 4.5.1 admit a feasible solution
for R̄ being a simplicial refinement of the conic partition C̄, i.e., each region of R̄ is a
simplex, and C̄λ in the later case. We assume that the contractive set P is computed by the
Algorithm 3 for input affine quadratic systems.

Remark 4.6.1 The fact that the set P is ρ−contractive to the state xs for some system
implies that there is an admissible control action ui for any xi ∈ vert(P) such that the
state at the next time instant is in the ρ contracted version of P towards xs. For all system
classes such a control action can be computed with ease. In the case of quadratic systems
the control action should be computed using (4.18). 2

Observe that the conic partition C̄ is a special case of C̄λ with λ = 0. Hence the further
discussion refers only to C̄λ partitions. It is relatively easy to refine the partition C̄λ into
simplexes such that all vertexes of the refined partition are also vertexes of the original
partition. Without any claim of optimality, the following algorithm obtains the simplicial
refinement R̄ of the partition C̄λ, such that

vert(Ri) ⊂ (vert(P) ∪ vert(Cλ0 )). (4.30)
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Algorithm 4 Refinement of the partition C̄λ into simplexes.

function R̄ ← RefineSimplicial(C̄λ)
R̄ ← ∅.
for all i ∈ IC̄λ do
V ← vert(Cλi )
Take V1 ⊂ V such that card(V1) = n
Take x ∈ V \ V1 such that Co(V1 ∪ {x}) is a full-dimensional polytope.
R̄ ← R̄ ∪ Co(V1 ∪ {x}) ∪RefineSimplicial(Cλi \ Co(V1 ∪ {x}))

end for

Note that Cλi \ Co(V1 ∪ {x}) may not be a polytope, but more likely a collection of
polytopes. Hence, the C̄λ in the definition of the function RefineSimplicial should be
understood as a set of polytopes and not a as partition of a single polytope.

Remark 4.6.2 The HPP resulting from C̄λ and the control partition from Algorithm 4 is
H̄λ = R̄. Hence, the stability constraints in the synthesis method are imposed only on
the vertexes of the regions in R̄. This is very convenient as from Remark 4.6.1 and (4.30)
it follows that a stabilizing control action can be easily computed for all vertexes of all
regions in R̄. 2

Recall that in the special case of a simplex S in Rn, i.e., card(vert(S)) = n + 1 and
int(S) 6= ∅, the vertex interpolation control law is affine, i.e.,

g(x) = KSx+ qS, ∀x ∈ S,[
KS qS

] [x1 · · · xn+1

1 · · · 1

]
=
[
u1 · · · un+1

]
,

(4.31)

where xi are the vertexes of S and ui are the control actions associated to them. Note that
(4.31) has a unique solution for KS and qS.

In view of Remark 4.6.2 and (4.31) it follows that Problem 4.3.1 (or Problem 4.4.1
or Problem 4.5.1) admits the vertex interpolation control as a feasible solution on the
partition given by RefineSimplicial(C̄λ).

4.6.2 Continuity at the equilibrium
Of course, the simplicial refinement of the conic partition might not yield a real-time ad-
vantageous partition, or for implementation reasons one may prefer a different partition-
ing style of the contractive set. In what follows we assume a generic recursive partitioning
algorithm, which defines the control partition, in Algorithm 5.

Assumption 4.6.3 SplitPolytope returns a polytopic partition of the argument, and while
depth tends to infinity the diameter of the largest polytope in Q̄ tends to 0.
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Algorithm 5 Partitioning algorithm of a set.

Partition(Q, depth)
Q̄ ← ∅
if (depth = 0) then

return Q
else
Q̄1 ← SplitPolytope(Q)
for all Q ∈ Q̄1 do
Q̄ ← Q̄⋃Partition(Q, depth− 1)

end for
return Q̄

end if

Note that the Assumption 4.6.3 does not introduce any conservatism to the synthesis
method.

Observe that a partitioning Algorithm 5 can be formulated such that xs ∈ int(Ri) for
some i ∈ IR̄ even if depth → ∞. Therefore a necessary condition for the feasibility
of Problem 4.3.1 and Problem 4.4.1 is that there is a linear control gain that makes a
scaled version of the set P contractive locally in the neighborhood of xs. For now, this
is assumed to be true. Note that the results of this section are generic and refer to either
of affine (4.3) or input affine quadratic (4.10) systems. Therefore, we refer to the system
dynamics generically as φ(x, u).

Assumption 4.6.4 There is a gain K ∈ Rm×n such that a set β(P ⊕ {−xs}) ⊕ {xs} is
contractive towards the equilibrium state xs for the system φ(x,K(x − xs) + us), for
some β > 0. us ∈ int(U) is the control action associated to the equilibrium state xs.

Theorem 4.6.5 For any embodiments of the Algorithm 5 there is a finite refinement
depth such that, under the Assumption 4.6.4, Problem 4.3.1 (Problem 4.4.1) admits a
feasible solution on the partition R̄ = Partition(P, depth) for the system φ(x, u).

Proof. Section 4.6.1 provides a construction procedure for a control partition with a
priori guaranteed feasibility of the control synthesis method. Let this partition be R̄s.
Furthermore, let gs(x) be the interpolation based PWA control law defined over R̄s

gs(x) := Ks
i x+ qsi if x ∈ Rsi , i ∈ IR̄s .

Recall that gs(x) is a continuous function. Moreover, as all the regions in R̄s have non-
empty interior and gs(x) is an affine function inside each region, gs(x) is Lipschitz con-
tinuous

L||x1 − x2|| ≥ ||gs(x1)− gs(x2)||, ∀x1, x2 ∈ P, (4.32)

with an easily computable Lipschitz constant

L = max
i∈IR̄s

‖Ks
i ‖.
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From the stability constraints it follows that

∀x ∈ Ci, i ∈ IC̄ , and some ρs ∈ R(0,1)

ρs[P ]i•(x− xs) ≥ [P ]j•(φ(x, gs(x))− xs), ∀j ∈ IC̄ .
(4.33)

Let R̄ = Partition(P, depth). For each Ri ∈ R̄ select a state xi ∈ Ri and take g(x) =
gs(xi) for all x ∈ Ri. From (4.32) it follows that

||g(x)− gs(x)|| ≤ L max
x∈Ri

ø(Ri). (4.34)

Adding and subtracting g(x) from the control action in (4.33) yields

∀x ∈ Ci, i ∈ IC̄ , and some ρs ∈ R(0,1)

ρs[P ]i•(x− xs) ≥ [P ]j•(φ(x, g(x))− xs)+, (4.35)
[P ]j•(B(x)(gs(x)− g(x))), ∀j ∈ IC̄ ,

where B(x) = B for linear systems and B(x) =

 x>B1

...
x>Bn

+B0 for quadratic systems.

As B(x) is bounded for x ∈ Ri, from (4.34) it follows that there is a finite α ∈ R>0

such that

min
j∈IC̄, x∈P

[P ]j•(B(x)(gs(x)− g(x))) ≥ −αL max
x∈Ri

ø(Ri). (4.36)

By substituting (4.36) in (4.35) one obtains that for any partition satisfying

max
Ri∈R̄

ø(Ri) ≤
1− ρs
2αL

γ, γ ∈ R+, (4.37)

for all x ∈ Ci it holds that

ρs[P ]i•(x− xs) ≥ [P ]j•(φ(x, g(x))− xs)−
1− ρs

2
γ. (4.38)

Let ρ = (1 + ρs)/2. For all x ∈ Ci, i ∈ IC̄ and [P ]i•(x− xs) ≥ γ, it follows from (4.38)
that

ρ[P ]i•(x− xs) ≥ [P ]j•(φ(x, g(x))− xs), ∀j ∈ IC̄ . (4.39)

By Assumption 4.6.4 we know that for all x ∈ Ci and [P ]i•(x − xs) ≤ γ, γ ≤ β, (4.39)
holds with g(x) = K(x − xs) + us. Therefore, if one takes γ ∈ R(0,β) and refine the
control partition until

max
Ri∈R̄

ø(Ri) ≤ min
x1,x2

‖x1 − x2‖,

x1 ∈ δ(βP̂), x2 ∈ δ(γP̂), P̂ := P⊕ {−xs},
(4.40)
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it is guaranteed that any control region R ∈ R̄ which intersects γP̂⊕ {xs} is a subset of
R ⊂ βP̂⊕{xs}, and as such, (4.39) holds for some ρ ∈ R(0,1) and g(x) = K(x−xs)+us

for all x ∈ R. Finally, as (4.39) holds for all x ∈ P \ (γP̂ ⊕ {xs}) it follows that the
synthesis problem (Problem 4.3.1 or Problem 4.4.1) is feasible on any control partition
satisfying (4.37) and (4.40). 2

Remark 4.6.6 Theorem 4.6.5 holds also for the case of uncertain systems with additive
disturbance under the assumption that there is a robustly invariant set for the system in
closed loop with a linear state-feedback that is inside ρ(Xs ⊕ {−xs})⊕ {xs}. 2

Remark 4.6.7 A similar assumption to Assumption 4.6.4 must be fulfilled to guarantee
stability with a finite refinement of regular and multi-resolution partitions for approximate
MPC in [18,43,64]. In the particular case of MPC with quadratic cost, this assumption can
be fulfilled by considering the LQR law locally in a neighborhood of the equilibrium state
where constraints are not active. Furthermore, the value function of the MPC will decrease
for the system in closed loop with the LQR if the MPC tuning is done appropriately. 2

4.6.3 Hybrid automaton relaxation
It is well known that not every control contractive set can be made contractive by a linear
state-feedback even for linear systems, hence, the Assumption 4.6.4 may not be valid in
some situations. Let us illustrate this issue by a linear system example

x+ = Ax+Bu, A =

0.9843 0.1894 0.4506
0.3581 0.8456 0.4441
0.9102 0.9170 0.2144

 , B =

0.0738
0.2129
0.0693

 . (4.41)

The control input is −104 ≤ u ≤ 104. Algorithm 2 returns the contractive set P := {x ∈
R3|Px ≤ 13} with contraction rate 0.98 and

P =



1 0 0
0 1 0
0 0 1
−1 0 0
0 −1 0
0 0 −1

−0.6204 −0.5017 −0.0546
0.6204 0.5017 0.0546


.

We choose to start with R̄ = {P}, and if the synthesis fails in a region, the latter is refined
into a regular mesh of 27 regions. The result at depths = 3 is shown in Figure 4.13. The
slice through [x]3 = 0 is illustrated in Figure 4.14. One can immediately notice that the
refinement becomes denser closer to the equilibrium state xs = [0 0]>, and the synthesis
fails in the central regions depicted with red. Further refinement of the control partition
will reduce the infeasible region but will not completely eliminate it. This issue arises due
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Figure 4.13: A 3D view of the control partition after refinement with depth = 3.
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Figure 4.14: A sliced view of the control partition through [x]3 = 0. The regions where
the synthesis method returned a feasible solution are shown in green and the regions where
the synthesis failed are shown in red.

to the fact that the P cannot be made contractive towards the origin for the system (4.41)
with a linear state-feedback even in absence of input constraints.

It is well known that any controllable linear system can be stabilized by a linear state-
feedback. Let K be the gain of the local stabilizing linear state-feedback, and Pl ⊆ P be
an invariant set (possibly maximal invariant set within P) for the system in closed loop
with the local state-feedback and which contains xs in its interior. Furthermore, let Il be
the set of indexes of all control regions that are subsets of Pl, i.e.,

Il := {i ∈ IR̄|Ri ⊆ Pl}.

We define the following hybrid automaton

(x+, h+) = φh(x, h), φ : P× {0, 1} → P× {0, 1},

φh(x, h) :=

{
(φ(x,K(x− xs) + us), 0), if h = 0 or ∃i ∈ Il, x ∈ Ri

(φ(x, g(x)), 1), if h = 1 and @i ∈ Il, x ∈ Ri
(4.42)
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where g(x) is computed by solving Problem 4.3.1 for all Ri, i /∈ Il, and φ(x, u) :=
Ax+Bu+ f .

Corollary 4.6.8 For any embodiments of the Algorithm 5 there is a finite refinement
depth such that Problem 4.3.1 admits a feasible solution on the partition

R̄ = Partition(P, depth),

for all regionsRi, i /∈ Il, for the system φ(x, u).

The proof of this corollary follows the same steps as the Theorem 4.6.5 by taking γ such
that

max
Ri∈R̄

ø(Ri) ≤ min
x1,x2

‖x1 − x2‖,

x1 ∈ δ(Pl ⊕ {−xs}), x2 ∈ δ(γP⊕ {−xs}),
γP⊕ {−xs} ⊆ Pl ⊕ {−xs}.

In what follows let us consider g(x) defined over a partition R̄ such that for all i ∈ Il,
g(x) := K(x− xs) + us and for all i ∈ IR̄ \ Il, g(x) := Kix+ qi, where Ki and qi are
feasible solutions for Problem 4.3.1.

Theorem 4.6.9 The equilibrium set {xs} × {0, 1} of the hybrid automaton φh(x, h) is
asymptotically stable for all initial conditions in (P× {1}) ∪ (Pl × {0}).

Proof. Observe that h cannot change its value from 0 to 1. Hence, for all (x, h) ∈ P×{0}
the state dynamics is affine, i.e.,

x+ = Ax+BK(x− xs) +Bus + f, (4.43)

h+ = 0. (4.44)

As Pl is invariant for the dynamics in (4.43) and the local state-feedback is stabilizing it
follows that the equilibrium state (xs, 0) is asymptotically stable for all initial states in
Pl × {0}.

To prove the asymptotic stability for all states from P × {1}, let us first consider the
case when h = 1 at all times. This implies that all states in the trajectory satisfy @i ∈ Il
such that x ∈ Ri, and as such the state trajectory falls under the result of Theorem 4.3.2,
and as such the equilibrium state (xs, 1) is asymptotically stable for the hybrid automaton
φh(x, h). If the automaton state switches from h = 1 to h+ = 0, one recovers that
(x+, h+) ∈ Pl × {0}, and as such, the equilibrium state (xs, 0) is asymptotically stable
for the automaton.

As for all x ∈ Ri, i ∈ IR̄ \ Il it follows by Theorem 4.3.2 that x+ ∈ P and by
construction for all x ∈ Pl and h = 0, x+ ∈ Pl ⊆ P, it follows that state-constraints are
satisfied at all time. Furthermore, the input constrains are satisfied by design.

As (P×{1})∪ (Pl ×{0}) is invariant and one of the equilibrium states from {xs}×
{0, 1} is attractive for the closed-loop automaton φh(x, h), we conclude that the equilib-
rium set {xs} × {0, 1} is asymptotically stable for the hybrid automaton φh(x, h) for all
initial states in (P× {1}) ∪ (Pl × {0}). 2
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Remark 4.6.10 Although the combination of Corollary 4.6.8 and Theorem 4.6.9 proves
the feasibility of the control synthesis only for affine systems, the result is directly ap-
plicable to input affine quadratic systems. A similar control scheme can be applied to
uncertain systems with additive disturbances to reduce the number of regions in the con-
trol partition, i.e., a local robustly stabilizing control law can be employed on a large
portion of the domain of operation and the PWA control law can be mainly used to extend
the domain of operation beyond the robustly invariant set of the local control law. 2

Remark 4.6.11 Observe that the hybrid automaton structure is not restricted to local
static state-feedback, any other stabilizing control law could be employed in principle.
The only requirement is that the projection of the invariant set of the local control law on
the state-space should remain within P. Pl can be taken as the intersection of the invariant
set of the local control law with P. 2

Let us comeback to the linear system example in (4.41), and consider the stabilizing
local control law

u = Kx, K := −[4.6988 3.5869 2.5084].

The approximate maximal invariant set Pl ⊆ P is illustrated in Figure 4.15. In this
particular example the input constraints are practically ineffective and the set Pl covers a
large part of the contractive set P.

Figure 4.15: Illustration of P (green) and Pl (red).

Solving the Problem 4.3.1 for all regions in IR̄ \ Il yields a feasible solution on the
control partition with 27 regions which is shown in Figure 4.16.
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Figure 4.16: Feasible control partition with hybrid automaton relaxation.

4.7 Concluding remarks on the HPP framework

The HPP framework provides means for synthesis of low complexity control laws with
strong guarantees of safety constraints satisfaction and real-time implementation feasibil-
ity. The results revealed in this chapter are encouraging, especially in the case of very
high speed systems that require a large domain of operation. Control synthesis within
the HPP framework eliminates the main weaknesses of the result from Chapter 3, i.e.,
difficult synthesis of the candidate contractive set and low dynamic performance due to
inherently linear structure of the control laws.

However, several aspects of this chapter result should be further investigated to make
it widely applicable in the power electronics field.

• The algorithms for synthesis of contractive sets scale poorly with the number of
states and complexity of the system dynamics. Moreover, the off-line control syn-
thesis can be very computationally intensive, with the actual computational effort
heavily depending on the number of vertexes in the candidate contractive set. Com-
plexity driven contractive set synthesis [10] might be considered to improve the
off-line computation time.

• Low complexity solution to reference tracking must be developed to make the
method applicable to power amplifiers and in the case of measurable disturbances
rejection.

One possible solution has been proposed in [105] for linear systems, where for
a given reference the control action is computed as an interpolation between two
control laws synthesized within the HPP framework for boundaries of the reference
signal. The interpolation points have been computed based on the gauge functions
of the error vector therein.

Another option could be to consider the hybrid automaton from Section 4.6.3 with
a parametrized or dynamic state-feedback that achieves the reference tracking in
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Pl. The control law defined in the regions from IR̄ \Il must be robust to variations
in the reference signal in this case.

• The selection of the optimization cost and control law partitioning algorithm is done
manually. These steps require significant insight on the control system implemen-
tation and the controlled system dynamics from the designer. Automating these
two steps, or providing some systematic guidelines, could potentially increase the
dynamic performance of the closed-loop system and reduce the computational load
further.
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Chapter 5

Model predictive control of a
buck-boost power converter

In recent years the model predictive control (MPC) gained significant interest from aca-
demic community as an alternative to classical control methods for power electronics
[13, 14, 26, 52, 59, 69–71, 93, 94, 107]. Even some industrial high volume products were
announced recently [2] that are claimed to be MPC based. The main advantage of MPC
with respect to conventional control is systematic treatment of system constraints. Opti-
mization with respect to a given criterion typically gives a boost in converter performance
as well.

In this work we employ the MPC methodology to control a non-inverting buck-boost
converter, which is a very common converter topology and is often considered as a bench-
mark for control design [5, 69, 86, 90, 95]. We specifically aim at low and medium power
converters where cost-effective solutions are essential, and high sampling rates are re-
quired. For this particular case-study the sampling rate of 400kHz is considered, but we
managed to reach a 500kHz frequency by resorting to an approximate control function.

There are two main MPC approaches, implicit and explicit. The implicit MPC requires
to solve an optimization control problem at each sampling instant in real-time, whereas
the explicit MPC relies on a precomputed parametric solution of the MPC problem. For
specific MPC problems, i.e., MPC of linear and piecewise-affine (PWA) systems, the exact
parametric solution is a PWA function [15].

Although multiple MPC solutions were proposed for various power converters, only
a few of them were tested on real hardware, and even less are economically feasible for
industrial deployment. The implicit MPC is known to be difficult if not impossible to
implement for sampling rates above 10kHz. Therefore, the applicability of the implicit
MPC is generally limited to expensive and high-power converters, and is not suitable for
the applications considered in this chapter.

The explicit MPC has higher potential when high sampling rates are required. Several
high-speed implementations were reported so far, i.e., explicit MPC of a boost converter
with 100 kHz sampling rate running on a high-performance DSP in [13], and a field-
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programmable gate array (FPGA) implementation of a highly simplified explicit MPC
law for a buck converter in [70]. The partition of the control law in [70] consists of
9 polytopes in 2 dimensions and sampling rates up to 2.5MHz are achievable through
extensive pipelining of the FPGA control system implementation.

The dynamics of the buck-boost converter cannot be handled directly with the ex-
plicit MPC technique. A workaround was proposed in [69], where an approximation of
the nonlinear converter model is employed. Three explicit MPC solutions were com-
pared for the buck-boost converter. The main difference between these solutions comes
from the employed control models for the converter, i.e., linearization at the equilibrium
state, approximation with a PWA system [115] and a so-called adaptive linear model.
The reported controller partitions contain 233, 521 and 153 polytopic regions in 6, 6
and 9 dimensions for the linearized, PWA and adaptive linear model, respectively. The
comparison in [69] reports only simulation results, providing no further real-time imple-
mentation details. Moreover, the size of the proposed control partition in [69] is large and
would result in a significantly larger cost of the embedded implementation compared to
conventional alternatives.

The overall goal of this chapter is to present a complete development process of a
high-performance control system for the buck-boost converter, which is suitable for com-
mercial applications in the low to medium power range. In order to achieve low footprint
implementation of the control law, an innovative horizon-1 explicit MPC design is pro-
posed. Preliminary results of this research were presented in [109]. In contrast to [109],
updated tuning parameters are employed here, which result in significantly lower num-
ber of regions in the explicit MPC law, down from 153 to 40. The converter setup was
updated, which improved the measurement accuracy, and allowed the increase of the max-
imum sampling rate from 200kHz to 500kHz.

We use the MOBY-DIC Toolbox for MATLAB [80], developed within the EU-FP7
MOBY-DIC project [1], to rapidly deploy the designed controller in the embedded hard-
ware. Given a model of the system to control and the definition of the constraints to be
fulfilled, the toolbox provides an explicit MPC controller and automatically generates the
VHDL1 files for its implementation in FPGA devices. If the original PWA controller is
too complex for a certain device, or does not satisfy the computation time constraints,
MOBY-DIC Toolbox can compute an approximate control law defined on a regular poly-
topic partition [18]. As for the original controller, the VHDL files for the implementation
of this control law can be automatically generated. The toolbox can also create a Simulink
model for the hardware-in-the-loop simulation of the closed-loop system (plant and con-
troller), which allows taking into account the effects of circuit delays and fixed point
representation of data.

We conclude this work with a comparison of the measurement results of the buck-
boost power converter in closed-loop with the developed controllers, i.e., the original
PWA control law and its approximation on a nonuniform simplicial polytopic partition,
both implemented in an FPGA. The FPGA synthesis results for the proposed controllers
suggest that a computational latency between 175ns and 713ns, depending on the archi-
tecture, can be achieved even on inexpensive FPGAs. With high-speed analog-to-digital

1VHSIC Hardware Description Language, where VHSIC stands for Very High Speed Integrated Circuit.
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converters and pipelining in the spirit of [70], the control methodology could potentially
be applied for stabilization of power converters requiring sampling rates in excess of
5MHz.

This chapter is organized as follows. The converter details and the averaged bilinear
model are described in Section 5.1. The design procedure for the MPC law is developed
in Section 5.2. The circuit design aspects of the PWA function implementations are ex-
plained in Section 5.3. Section 5.4 provides further details on the implementation of the
control system on the test setup. The experimental results are summarized in Section 5.5.
We conclude with final remarks in Section 5.6.

5.1 Buck-Boost converter model
The non-inverting buck-boost converter is essentially made up of one buck and one boost
converter connected in series. This type of converter can produce lower as well as higher
output voltages than the supplied one. The converter topology employed in this chapter
has a separate control input for each stage. The control signal is a PWM waveform with
a constant frequency and controlled duty-cycle ratio. The schematic representation of the
buck-boost converter is shown in Figure 5.1.

vs

iL RL
L

PWMd2

C

vC

PWM

d1 iload

+

−

Figure 5.1: A schematic representation of the non-inverting buck-boost converter.

The PWM waveform generation is illustrated in Figure 5.2. The control signals di
(i = 1, 2) are the duty-cycle ratios of the buck (i = 1) and boost (i = 2) stages. The
resulting binary signal si is then supplied to the gate driver of the high-side transistor of
the stage i and its inverse to the low-side transistor. Note that the sampling time could
be chosen Ts = 1

2kTpwm with symmetric triangular PWM carrier, where k ∈ Z≥1. The
nominal PWM period in this case study is 5µs, and the sampling period Ts = 1

2Tpwm
was chosen to obtain fast disturbance rejection. Further, a switch-on delay (dead-time) of
100ns is inserted to prevent cross-conduction in the series-connected switches.

For control design purposes, a simplified model of the system is derived. This model
is obtained through averaging of the system dynamics over the sampling period. The
effects of dead-time and nonlinearities of the individual circuit components are neglected.
The ON resistance of the power transistors is lumped with the inductor resistance into

91



Chapter 5. Model predictive control of a buck-boost power converter

di

t

0

1

Ts 2Ts 3Ts

si PWM carrier

Figure 5.2: Symmetric PWM waveform (dashed line – duty-cycle ratio, dotted line –
control signal to the gate driver, solid line - internal triangular wave of the PWM signal
generator).

RL. For more general information on the subject of modeling power converters, see, for
example, reference [47]. The resulting continuous-time, bilinear2 model is described by

dvC
dt

=
d2iL − iload

C
,

diL
dt

=
d1vs − iLRL − d2vC

L
.

(5.1)

Naturally, duty-cycle ratios are restricted to [dmin, dmax] ⊆ [0, 1]. High reliability of
the power converter is achieved by respecting tight bounds on system state variables, i.e.,
currents through and voltages across converter components should stay within appropriate
bounds.

The converter parameters, bounds on external disturbances and constraints on average
system states and inputs are summarized in Table 5.1. The required output voltage of the
converter is denoted by Vref .

Name Value Name Value
RL 0.2Ω Vref 20V
C 22µF imax

load 2.5A
L 100µH imin

load −0A
dmax 1 vmax

s 30V
dmin 0 vmin

s 10V
vmax
C 22V imax

L 3A
vmin
C −0.5V imin

L −0A

Table 5.1: Summary of converter parameters and constraints.

2i.e., contains products d1vs, d2vC , and d2iL.
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5.2 MPC design

The goal of the power converter is to maintain the output voltage at predefined level Vref
regardless of disturbances on input voltage and load current. It is also required to keep
system states and inputs within the specified bounds. In order to satisfy these require-
ments, an explicit MPC strategy is proposed, along with a dedicated tuning procedure.

As already mentioned in Section 5.1, a sampling time of only 2.5µs is employed in
the prototype converter. Such a small sampling time generally prevents the use of on-line
optimization solutions. Hence, an explicit MPC solution is adopted.

Exact parametric solutions to the MPC problem are available only for PWA sys-
tems. Obviously, model (5.1) does not fall into this category. Furthermore, it should
be discretized in order to be employed for the computation of the MPC law. Typically,
model (5.1) would be discretized by the Euler forward method, which leads to a bilinear
discrete-time model [69, 108]. In [69], this model was further approximated by PWA or
adaptive linear models to make explicit MPC solution applicable.

It also can be observed in [69] that the PWA approximation approach leads to very
large and complex controller partitions of the MPC solutions, which are not likely to be
implementable in practice and may result in rather large steady-state offset. The adaptive
linear model leads to explicit MPC solutions with large number of parameters, which is
also not desired for practical applications.

In contrast to previous work, we propose to explicitly define the duty-cycle ratio of
the boost stage as a piecewise constant function of the supply voltage, as proposed in
our preliminary work [109]. With this arrangement, the converter model becomes PWA
directly, and can be handled by the explicit MPC technique. A tuning method for the
profile of the boost stage duty-cycle ratio is proposed, which makes it possible to trade-
off the efficiency with the disturbance rejection speed.

Moreover we obtain a significant reduction in the number of parameters with respect
to previous results: the resulting explicit MPC control law is defined over only 40 poly-
topic regions in 4 dimensions. We also evidence that fast dynamic response and excellent
constraints handling can be achieved with a prediction horizon of only 1 step.

5.2.1 Control model

Here we start with the observation that the main difficulty in the controller design for the
buck-boost converter comes from the bilinear terms involving d2. In this chapter (as well
as in the preliminary paper [109]), we propose to restrict the possible values of d2 to a
set D2 with a finite number of elements ranging in the interval [dmin, dmax]. Furthermore,
d2 = ci remains constant for a given range Vi of vs, i ∈ {i, . . . , nv}.

At a first glance, keeping d2 piecewise-constant may seem a restrictive assumption.
However, it will be shown in Section 5.5 that good disturbance rejection and fast start-up
of the converter can be achieved despite this restriction.
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Let us define u := vsd1 and x :=
[ vC
iL

]
. Model (5.1) can be recast as follows

ẋ =

[
0 ci

C

− ciL −RLL

]
x+

[
0
1
L

]
u+

[
− 1
C

0

]
iload, (5.2)

if vs ∈ Vi.

Given the partition of the supply voltage range, the task is to design constants ci for
each Vi. The highest efficiency of the power converter is achieved for the highest sustain-
able d2. In this case the stationary inductor current is lowest, and as such, the conduction
losses in the converter components are minimized. However, a large d2 implies slow
ramping of the inductor current in the boost mode, as also observed in [107], and it leads
to poor disturbance rejection. To make a trade-off between the disturbance rejection in
boost mode and the overall efficiency, a parameter β is introduced in the definition of ci:

ci := min

{
dmax, β

min{Vi}
Vref

}
. (5.3)

High values of β lead to high efficiency of the converter, conversely, low values can
improve disturbance rejection. The bounds on β are implicitly defined by

imax
load

imax
L

≤ ci ≤
imax
loadRL

Vref − inf(Vi)dmax
, ∀i ∈ {1, . . . , nv}.

The choice of β is generally application specific. In this particular case, β was tuned
manually to achieve fast ramping of the output voltage without significantly restricting
the domain of operation of the converter.

Observe from (5.3) that for any Vj ⊆ [dmax
Vref
β , vmax

s ] we have cj = dmax. There-

fore, it is reasonable to define Vnv := [dmax
Vref
β , vmax

s ]. The interval [vmin
s , dmax

Vref
β ]

is split into non-overlapping subintervals Vi, i ∈ {1, . . . , nv − 1}. In our case the sup-
ply voltage range is split into V1 := [10, 14]V, V2 := [14, 18]V, V3 := [18, 21]V, and
V4 := [21, 30]V. Given the splitting of the supply-voltage range {Vi}i∈{1,2,...,4} and the
parameter β, one can compute the coefficients ci.

Note that the decision on changing ci is made at sampling instants, thus d2 remains
constant and model (5.2) is affine for the entire sampling period. Therefore, under the
assumption that vs and iload remain constant within each sampling period, the continuous-
time model (5.2) can be discretized for each affine subsystem separately to obtain the
discrete-time PWA representation

x[k + 1] =Aix(k) +Biu[k]fiload[k], (5.4)
if vs[k] ∈ Vi.

This discretization is a necessity for the MPC design, and it is well justified as the aver-
aged behavior of the power converter is measurable only in some discrete time instants.
In Figure 5.2 these time instants are denoted by kTs, for k = 1, 2, 3.
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5.2.2 MPC problem formulation
We aim at finding the duty-cycle ratios d1 and d2 as a function of the parameter vector
[x>, vs, iload]

> in such a way that the error between the predicted converter states and a
reference

xref (vs, iload) =

[
Vref
iload
ci

]
is minimized.

The duty cycle ratio d2 can be computed in a trivial way, by finding an i ∈ {1, . . . , nv}
such that vs ∈ Vi and by taking d2 = ci. The computation of d1 = u/vs can be performed
by minimizing the following cost function:

J(x[k], vs[k], iload[k]) =

N∑
j=1

‖Q(x[k + j|k]− xref (vs[k], iload[k]))‖∞,
(5.5)

where x[k+ j|k] denotes the prediction of the state at time k+ j based on the information
available at time k, N is the prediction horizon, and Q is a constant weighting matrix.
The predicted values of supply voltage and load current are assumed to be constant after
time k. Then, the control problem can be formulated as follows:

min
s[0],...,s[N−1]

J(x[k], vs[k], iload[k])

s.t. x[k|k] = x[k],[
vmin
C

imin
L

]
≤ x[k + j|k] ≤

[
vmax
C

imax
L

]
, ∀j ∈ {1, ..., N},

x[k + j + 1|k] = Aix[k + j|k] +Bis[j] + fiload[k],

if vs[k] ∈ Vi,
s[j] = s[N − 1], ∀j ≥ Nc,
s[j] ∈ [vs[k]dmin, vs[k]dmax], ∀j ∈ {1, ..., N},
u = s[0].

(5.6)

Above, Nc denotes the control horizon. Observe that optimization problem (5.6) can be
efficiently cast as a multi-parametric mixed-integer linear program with only 4 parameters
[vC [k], iL[k], vs[k], iload[k]]> and one output u.

In our case, the following controller parameters were chosen: N = Nc = 1, β = 0.8,
and Q =

[
1 0
0 2

]
.

The parametric solution to (5.6) was computed with the Multi Parametric Toolbox [53]
and is a PWA function u(vC , iL, vs, iload) defined over 40 generic polytopic regions in
4 dimensions. The resulting PWA function will be referred to as PWAG (PWA generic)
throughout the remainder of the chapter. A plot of the polytopic partition for fixed param-
eters vs = 15.7V and iload = 0.46A is shown in Figure 5.3. We remark that the initial
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state of the controller is not explicitly constrained according to (5.6): the controller parti-
tion spans across all initial states for which there exists an admissible control action that
brings the state inside the constraints at the next step. Indeed, to guarantee fast start-up
of the converter, the inductor current must stay at the maximum allowed value while the
capacitor voltage ramps. Even slight modeling errors or disturbances applied during this
time may force the state outside the constraint. If the initial conditions were explicitly
bounded by the state constraints, there would be no feasible control action defined for this
scenario. Therefore, this extension of the feasibility region is required to achieve good
behavior of the converter, and can be considered as a low-complexity alternative to the
constraint softening.

Figure 5.3: Two-dimensional section of the PWAG polytopic partition along vs = 15.7 V
and iload = 0.46 A.

5.2.3 Approximate MPC

The obtained PWAG controller may be too complex for some applications (both the circuit
latency and the number of parameters grow with the number of regions composing the
domain partition), consequently the control law implementation may require either a too
long computation time or a too large memory. An approximation of the original control
law can be employed in this case, allowing to achieve faster circuit computation and
therefore shorter sampling times. On the other hand, closed-loop system stability must be
preserved and constraints fulfilled. Some techniques have been developed in the recent
years for the approximation of explicit MPC (see, e.g., [18, 36, 113]).

In this section we used the method described in [18]. Based on this technique, the
PWAG control function is approximated with another PWA function, which is defined
over a simplicial partition of the domain of operation (this PWA function will be referred
to as PWAS in the remainder of the chapter). The approximation of the PWAG function
with the PWAS is performed by minimizing the second norm of the error. In addition,
constraints are imposed on the PWAS function in order to guarantee that the system states
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and inputs satisfy the design specifications. A stability analysis can be performed a pos-
teriori [18, 96].

The domain of the PWAS function should extend slightly outside the state constraints
to ensure feasibility of the control action even if the state of the system is pushed outside
constraints by disturbance. Therefore, the domain of the PWAS function has been chosen
as follows

DPWAS := {[vC , iL, vs iload]> ∈ R4 s.t.
−0.8V ≤ vC ≤ 22.8V,

−0.3A ≤ iL ≤ 3.3A, (5.7)
10V ≤ vs ≤ 30V,

−0.1A ≤ iload ≤ 2.5A}, (5.8)

whereas the simplicial partition has been generated by subdividing the vs range in 4 in-
tervals Vi (as specified in Section 5.2.1), the ranges for iload and iL in 6 segments of the
same length, and the vC dimension in 5 non-uniform segments as shown in Figure 5.4.

−0.8 18 19.7 20.3

20

22.8

Figure 5.4: Domain partition along vC [V ].

The reason for the concentration of points around vC = 20 is that the value 20 is
the reference voltage to which the system must be regulated; therefore a higher precision
around this point is required to ensure accurate regulation of the output voltage. The
resulting simplicial partition is made up of 1470 vertices and 17280 simplices.

5.3 Circuit design
A brief summary of the employed circuit architectures and some details about the FPGA
implementations of PWAG and PWAS functions are given in the following subsections.

5.3.1 PWAG controller
A circuit architecture for the computation of PWAG functions has been recently proposed
in [82] and improved in [83] to make it suitable for control applications. This architecture
is therefore suitable for the implementation of MPC controllers. Successful implemen-
tation results can be found in [81]. Two different architectures are available: a serial
one (referred to as pwag ser), which employs a multiply and accumulate (MAC) block
to perform the operations and a parallel one (pwag par), which makes use of a bank of
multipliers, in order to reduce computation latency.

The PWAG function is defined over a collection of polytopes {P1, . . . ,Pnr}. An
affine control law Fiy + Gi is defined over each polytope Pi. The computation of the
PWAG function in a point y is performed by (i) locating the polytope Pi such that y ∈ Pi
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and (ii) evaluating the associated affine function. The first step, known as the point loca-
tion problem, is solved by means of a binary search tree, computed offline, whose non-leaf
nodes correspond to polytope edges and leaf nodes correspond to polytopes [117].

5.3.2 PWAS controller
The evaluation of a PWAS function with a digital circuit can be performed in a very ef-
ficient way, due to the regularity of the simplicial partition. Two circuit architectures (a
serial one, pwas ser and a parallel one, pwas par) for the evaluation of this kind of func-
tions have been proposed in [112] and improved in [83] to make them suitable for control
applications. The point location problem is solved here in just one clock cycle by using
comparators, whereas the evaluation of the PWAS function in a point y is performed by
linear interpolation of the values of the function at the vertices of the simplex containing y.

A further generalization was proposed in [87] to handle non-uniform simplicial parti-
tions: a PWA mapping is applied to each input component, before the computation of the
PWAS function. This allows for mapping of the non-uniform partition into a uniform one.
One major upgrade has been applied in [83] to this solution, i.e., the mapping of the non-
uniform partition into the uniform one is performed with multipliers instead of shifters;
this allows to choose an arbitrary partition, and not necessarily a partition in which the
length of the subdivision is a negative power of 2.

Note that the number of multipliers can vary for the implementation of the PWAS
function because it can happen that the partition is uniform along one or more domain
dimensions; in this case some multipliers can be saved. For instance, in our case study
only the vC dimension is partitioned non uniformly.

5.3.3 Circuit features and performances
The parameters chosen for this application for both PWAG and PWAS architectures and
the related circuit specifications after the place and route process3 on a Xilinx Spartan
3AN (xc3s700an) FPGA are reported in Table 5.2.

Note that both pwag and pwas architectures can be easily implemented on small and
low-cost FPGAs (such as the Xilinx Spartan 3 family of devices), and are able to perform
the computation of the control law in a time which is up to an order of magnitude lower
than the sampling time of the system. The better performances of the pwas circuits in
terms of latency, with respect to the pwag ones, are paid with a larger area and memory
occupation. An increase in the number of multipliers, moreover, allows a further improve-
ment of the circuit speed with the parallel architectures. Data in table 5.2 are related to
a Xilinx Spartan 3AN device in order to show that a low cost FPGA is also suitable for
a circuit implementation of the designed controllers, nevertheless the actual implementa-
tion has been carried out on the FPGA (a Xilinx Virtex 5) embedded in the acquisition

3Place and route is one of the stages of the design of FPGA circuits. The placement involves deciding
where to place all circuit blocks in a generally limited amount of space. The routing, instead, performs the exact
design of all the wires needed to connect the placed components. The place and route process is performed
automatically by the software provided with the FPGA device (Xilinx in our case). Final device utilization
figures and propagation delays can be computed after this process completes.
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pwag ser pwag par pwas ser pwas par
N. bits inputs 18 18 12 12

N. bits outputs 27 27 21 21
Clock (MHz) 80 40 40 40
Latency (ns) 713 600 300 175
Multipliers 1 4 3 7

Memory size (B) 675 525 2205 11025
occupied slices (%) 14 10 17 38

Table 5.2: Parameters and circuit performances of the PWAG and PWAS architectures
synthesized in the Spartan 3-700AN device from Xilinx.

board employed to perform the testings.

5.4 System integration

The final implementation of the converter control system was carried out on the multi-
function data acquisition board (DAQ) NI-PXI-7852R, from National Instruments. This
board hosts a Xilinx Virtex5-LX50 FPGA and is equipped with 16-bit analog-to-digital
converters capable of sampling rates of 750kHz. Symmetric PWM generation was em-
ployed on the prototype converter with double update of the duty-cycle ratios within one
PWM cycle. Hence, a PWM frequency of 200kHz was used (Tpwm = 5µs). The power
stage can operate at a higher PWM frequency, but it was preferred to minimize the effects
of the dead-time.

A sampling rate of 400kHz (Ts = 2.5µs) was chosen for the power stage, because
it allows the inductor current to reach its maximum value (starting from 0A) in about
12.5µs (5 sampling periods), if the maximum supply voltage is applied. This time is
sufficiently high to guarantee that the control action is applied properly, without violating
the constraints (indeed 5 control moves can be applied during this interval).

The computation of the PWAG and PWAS controllers requires less than 0.7µs, as
shown in table 5.2, but close to 2µs are necessary to perform measurements and scalings.
Therefore, the control system should be pipelined in order to achieve the required sam-
pling time of 2.5µs, i.e., the computation of the control signals is performed in parallel
with measurement and scaling, but on the delayed data. Note that pipelining introduces
additional delay into the control system, which should be compensated. A two-step pre-
diction is employed in order to compensate for the measurement and computation delays.

The conceptual data-flow diagram of the control system implementation is shown in
Figure 5.5. The control system contains multiple blocks apart from the PWAG/PWAS.
The measurement subsystem (MS) is responsible for the (i) synchronization with the
PWM carrier, (ii) compensation for the delays in MOS-FET drivers (see Figure 5.1),
(iii) acquisition and (iv) scaling of the measured data (i.e., vC , vs, iload and iL). PRED
block implements the two-step predictor. The signal conditioning blocks (SC1 and SC2)
perform affine scalings of the system variables. Block SC1 converts vC , vs, iload and iL
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Figure 5.5: Data flow diagram of the control system implementation.
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Figure 5.6: Timing diagram of the control system implementation.

to the range required by the PWAG/PWAS circuit; block SC2 carries out the inverse oper-

ation on control signal vsd1. With this rescaling, a higher accuracy of the computation is

also achieved for a given resolution of parameters. Blocks D and V compute d2 based on

(5.3) and the inverse of the supply voltage, respectively. The PWM BUFFER block im-

plements the logic necessary to convert the duty-cycle ratios into the PWM signals shown

in Figure 5.2. This block also supplies the synchronization pulse to the measurement

subsystem each time the PWM carrier slope changes.

The scheduling of the processes in the control system implementation with PWAG

controller is illustrated in Figure 5.6. According to this diagram, the two-step predictor is

defined as follows:

x(k) = A2
ix[k − 2]+

(AiBid1[k − 2] +Bid1[k − 1])vs[k − 2]+ (5.9)

Aifiload[k − 2] + fiload[k − 2] if vs[k − 2] ∈ Vi.

Within the prediction phase the supply voltage and load current are assumed to be con-

stant.

At sampling instant k−2 the predictor starts computing the state x[k−1], based on the
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measurement of x[k−3]. At the same instant, in parallel with the prediction, also d2[k−1]
and 1

vs[k−3] are calculated. As soon as state x[k − 1] is available, the computation of the
PWAG control function u[k−1] begins. Once it has finished, 1

vs[k−3] is already available,
and therefore the actual control input d1[k − 1] can be evaluated. All these operations
are based on the measurements performed at time k − 3, therefore block MS can operate
independently on the other blocks in order to acquire and scale data at sampling instant
k−2. These data will be then used at time k−1 in order to predict state x[k] and evaluate
d1[k], d2[k] and 1

vs[k−2] .
In the case of the PWAS controller, the required computation time can be reduced by

a further 0.5µs. Hence, it was possible to reduce the sampling time to 2µs for the PWAS
controller, consequently leading to 250kHz PWM frequency and 500kHz sampling rate.
The scheduling of the processes in the control system implementation follows the same
pattern as for the PWAG controller, the only difference being a shorter computation time
of the PWAS function.

The VHDL files describing the hardware implementation of the PWAG and the PWAS
functions were generated with MOBY-DIC toolbox [80]. Further, these files are in-
cluded as an external IP node into the LabView FPGA module and synthesized on the
DAQ board. The pwag ser architecture was synthesized using a 80MHz clock frequency
(40MHz for pwag par). The maximum clock frequencies reported by the synthesis tool
after the “place and route” step were 98MHz for the serial and 53MHz for the parallel
architecture. The PWAS functions were synthesized with 60MHz and 40MHz clock rates
for serial and parallel architectures, respectively.

5.5 Experimental results

The measurement results for serial and parallel architectures are equivalent for both PWAG
and PWAS. Hence, only results for the parallel architectures are presented in what follows.

To assess the behavior of the converter in closed-loop with the developed controllers
and make a comparison among them, several tests were performed:

1. Start-up under light load, i.e, resistive load of 100Ω and supply voltage of 16.8V.
This is the start-up of the converter in a typical situation.

2. Start-up under heavy load, i.e, iload = 1.2A and vs = 16.8V. During this test the
inductor current always remains near its maximum value.

3. Rejection of the square-wave load current disturbance, i.e., iload ∈ [0.1, 1.2]A and
vs = 16.8V.

4. Rejection of the sinusoidal supply voltage disturbance, i.e., constant current load
of 580mA and vs ∈ [11, 28]V with oscillation frequency of 10Hz. Although the
frequency of the disturbance is limited by the programmable power supply, the
transitions of vs from one region Vi to another, and consequent change of d2 are
clearly illustrated by this test.
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The results of these test will be presented for each controller implementation sepa-
rately.

5.5.1 PWAG controller
The PWAG controller is implemented with higher parameter resolution than PWAS, i.e.,
18 bits, and is optimal with respect to the supplied MPC criterion. Therefore, it will be
considered as a benchmark in the comparisons.

Test 1

The result of this test is shown in Figure 5.7. The converter shows a behavior consistent
with the expectations. The inductor current is kept close to the maximum allowed value
during start-up and comes down to the required value when the output voltage comes
close to the reference. This ensures minimal start-up time from the converter, which is
about 0.3ms.

Figure 5.7: Converter behavior with PWAG controller during Test 1. Top panel shows vC
(black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate Vref and imax

L .
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Test 2

In Figure 5.8 shows that, even under heavy load, the inductor current is very close to the
safety limits. The start-up time of the converter is increased to 2 ms, in this case.

Figure 5.8: Converter behavior with PWAG controller during Test 2. Top panel shows vC
(black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate Vref and imax

L .

Test 3

It is evident in Figure 5.9 that the converter copes well with extreme load changes (i.e.,
the load current changes from its minimum to its maximum value, and viceversa, in about
100µs). Small offset in the output voltage with respect to the reference is visible at high
load. This can be attributed to the mismatch between the model and the converter dy-
namics, which appears due to dead-time and other nonlinear losses in the circuit. Output
voltage drops to 0.4V under heavy load.

Test 4

This test illustrates the transition from one affine mode of the converter to another. As
shown in Figure 5.10, with the PWAG controller this transition with the PWAG controller
appears to be smooth, but the offset from the reference value of the output voltage varies
from−0.4V to 0V in steady state, which is about±2% of the converter output. This offset
is expected, as the augmented bilinear model does not account for the dead-time and the
switched dynamics of the converter. An integral action can be included to compensate for
the mismatch between the converter behavior and its model.
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Figure 5.9: Converter behavior with PWAG controller during Test 3. Top panel shows vC
(black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate Vref and imax

L .

Figure 5.10: Converter behavior with PWAG controller during Test 4. Top panel shows
vC (black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate Vref and imax

L .

5.5.2 PWAS controller

Note that the number of simplicial regions of the PWAS controller domain partition does
not explicitly depend on the size of the original PWAG controller partition. Therefore,
the approximation could be done on an MPC law with longer prediction horizon without
increasing the size of the embedded implementation. However, to keep the comparison
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fair, the same prediction horizon was used as for both PWAS and PWAG controllers.
As it was previously mentioned, the PWAS controller is an approximation of the

PWAG. Therefore, a lower accuracy in the results is expected. Furthermore, PWAS con-
troller operates with 500kHz sampling rate as opposed to 400kHz for the PWAG con-
troller.

Test 1

Although the results of this test (shown in Figure 5.11) resemble to those obtained for the
PWAG controller, a couple of differences can be pointed out. The first difference is that
the inductor current crosses slightly the upper bound. As shown in (5.8), the domain of the
PWAS function is extended up to 3.3A on the iL axis. Due to the PWAS approximation
and the shift of the explicit constraint on the iL to 3.3A, the iL can exceed the 3A limit,
but not far enough to cause any damage to the converter. The second difference is that
voltage and current profiles have more abrupt changes, i.e., the change in the closed-loop
dynamics from one simplex to another is more evident than in the transitions from one
region to another in the case of the PWAG function.

Figure 5.11: Converter behavior with PWAS controller during Test 1. Top panel shows vC
(black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate Vref and imax

L .
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Test 2, Test 3, and Test 4

The same observations as in case of Test 1 are valid for the rest of the experiments. The
results of the Test 2, Test 3, and Test 4 are illustrated in Figure 5.12, Figure 5.13, and
Figure 5.14, respectively. As a general remark, the approximation artifacts are especially
visible at the boundaries of the domain of operation of the converter due to the enlarge-
ment of the domain itself. Furthermore, the model of the converter is not as accurate at
high load as for the nominal operation, and even the PWAG controller may struggle at
the boundary of the domain of operation. Moreover, mild excursions beyond the nominal
component limits can be tolerated in power electronics for a short period of time. Overall,
the PWAS controller keeps the steady-state output voltage within a 5% band under all
operation conditions and showed satisfactory constraints handling.

Figure 5.12: Converter behavior with PWAS controller during Test 2. Top panel shows vC
(black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate Vref and imax

L .

5.6 Concluding remarks
The results presented in this chapter suggest that explicit MPC could be suitable for high-
volume commercial applications within the power electronics field, bringing fast dynamic
response and high reliability with it. This is possible due to innovative design procedures
which allows one to automatically generate small-size and high-performances embedded
control systems, starting from the mathematical description of the system to control. It
was pointed out that extremely high sampling rates are achievable even on modest im-
plementation targets which further enlarges the domain of application of the proposed
control system design approach.

Is worth to point out that the main goal of the developed controllers in this chapter is to
obtain fast startup response and disturbance rejection under safety constraints. Accuracy

106



Section 5.6. Concluding remarks

Figure 5.13: Converter behavior with PWAS controller during Test 3. Top panel shows vC
(black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate constraints.

Figure 5.14: Converter behavior with PWAS controller during Test 4. Top panel shows vC
(black curve) and vs (gray curve); bottom panel shows iL (black curve) and iload (gray
curve). Dashed lines indicate Vref and imax

L .

of the output voltage is a secondary goal. Therefore, no integral action was employed.
Zero steady state offset can be obtained by augmenting the dynamics of the converter
with an integral of the error. This solution is employed in the Chapter 6 to ensure an
appropriate tracking performance in the case of precision power amplifiers. The second
option to remove the steady state offset would be to include the reference voltage as a
parameter in the multi-parametric program and to adopt a cascaded control structure with
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a PI regulator supplying the reference to the MPC. Similar solution is applied in control of
precision power amplifiers in [88]. Further details on zero offset tracking with the MPC
can be found in [66] and references therein.

Although explicit MPC is well suitable for simple converters with low number of
states, it is difficult to apply this technique to precision amplifiers, which are typically
characterized by a relatively large number of states. Potentially, cascaded architectures,
implicit MPC or reference governors could be considered for more complex power con-
verters. The latter two solutions are explored in Chapter 6.
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Chapter 6

Constrained control of precision
power amplifiers

Switching power amplifiers are at the heart of many high-tech precision applications,
e.g., servo-drives for precision motion systems, magneto-resonance imaging and elec-
tron beam microscopy. Compared to power converters for consumer electronics, such as
power supplies for high-end notebooks, the power density of precision amplifiers is rather
conservative. There are several reasons for this. Firstly, the linearity of the amplifier
power stage is preserved in a rather narrow region of operating conditions, hence moving
outside this region introduces distortions. The typical solution to compensate for such
distortions and external disturbances is the use of controllers with very high open-loop
gain, which results in reduced robustness of the design. Lastly, the classical control meth-
ods [35, 47, 60] that are generally employed in precision amplification, do not take into
account constraints on converter dynamics. Examples of such constraints are saturation
of the control inputs, and maximum currents through and voltages across converter com-
ponents. The combination of safety constraints, low robustness, and requirement for high
linearity of the power stage, leads to significant oversizing of the amplifier components.

The aim of this chapter is to provide a case-study of two control techniques that can
handle the safety constraints by design. These two control techniques are optimal ref-
erence governors (RG) [17, 46] and model predictive control (MPC) [89]. RGs alter the
externally supplied reference such that the trajectory of the amplifier in closed loop with
a local control law remains within constraints at all times. In this case-study, the linear
quadratic regulator (LQR) is chosen as the local control law, and a tuning procedure is
proposed, such that, a set of preimposed frequency domain characteristics is satisfied.
The MPC, on the other hand, avoids constraints violation by solving an optimization
problem online and returns a sequence of control inputs which maintain the system tra-
jectory within specified bounds. In this chapter the MPC tuning is selected to recover
the LQR when the constraints are not active, and as such, satisfies the frequency domain
specifications in small signal mode.

Although, MPC is not new within the power electronics community, see, e.g., [52,
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59,91] , there are hardly any applications of MPC reported to precision power amplifiers.
The main concern is that the inherent sub-optimality of real-time MPC, which is based on
online optimization, would ruin the low distortion characteristics of the amplifier in small
signal operation. In this chapter the issue of sub-optimality is treated and dual-mode
MPC (DM-MPC) [74] is proposed as a solution to this problem. The DM-MPC applies
the local control law in small-signal mode and the MPC otherwise. It is shown that the
DM-MPC can keep small-signal distortions at the level provided by the local-control law,
and has the potential to improve the accuracy and safety during large-signal operation
even comparing to the RG. Furthermore, as the LQR is the unconstrained solution of the
MPC problem, switching from the optimization to the local control law does not introduce
discontinuities in the DM-MPC, and thus, eliminates any chattering.

The chapter covers the complete controller design for a benchmark power amplifier
based on the opposed current converter (OCC) topology [111,124]. The OCC consists of
a parallel connection of two switching-legs that support unipolar, opposed, power flow,
see Fig.6.1. In contrast to conventional full-bridge (FB) converters, the OCC does not
suffer from distortion due to the effects of the blanking time that is required to prevent
short circuit when switching [97]. Moreover, the OCC is robust for shoot-through currents
caused by accidental turn-on of a switch. Furthermore, the switches and diodes can be
optimized separately since the anti-parallel diodes of switches are not engaged.

In [98] it was shown that there is a linear relationship between modulation index and
output voltage when continuous conduction mode (CCM) is guaranteed. In [99], classical
single-input single-output (SISO) control led to the proposal of a decoupled control of
output and bias current. The results shown were acceptable, however, CCM and other
safety related constraints cannot be guaranteed under all operating conditions.

The remainder of the chapter is structured as follows. The preliminaries, i.e., problem
statement, modeling of the OCC and the synthesis of the reduced order observer (ROO),
are presented in Section 6.1. Design and tuning of the unconstrained state-feedback con-
trol law is described in Section 6.2. The design of the RG and MPC are illustrated in
Section 6.3. The simulation results of the converter in closed loop with the proposed
controllers are discussed in Section 6.4, and the concluding remarks are summarized in
Section 6.5.
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Figure 6.1: Schematic overview of full-bridge equivalent OCC. All voltages are refer-
enced to the center of the symmetrical power supply.
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6.1 Preliminaries
The performance of a precision power amplifier is typically analyzed in two different
modes, i.e., small-signal and large-signal. Small-signal characteristics of the amplifier
describe its behavior for low amplitude variations of the control and state signals when
the constraints are inactive. Typically the performance of the amplifier in small-signal
mode is characterized in frequency domain, e.g., by the sensitivity, bandwidth or gain
peaking. The large-signal mode is visible when the closed-loop dynamics is affected by
nonlinearities of the power-stage or control system, e.g., saturation in the control signals
and the discontinuous conduction mode (DCM). Time-domain characterization is more
appropriate in this case, e.g., rise-time, overshoot, and constraints satisfaction.

This chapter deals with the optimal state-feedback control of the OCC with the param-
eters summarized in Table 6.1. Within this particular case study we impose the following
small signal requirements on the power converter: gain peaking of maximum 6dB, sen-
sitivity with respect to disturbances acting on the output current of −80dB at 1Hz, and
bandwidth of 350Hz.

Table 6.1: Component values experimental setup and simulations

Item Value Unit Item Value Unit
Udc 100 V Lf 800 µH
fsw 10 kHz RLf 250 mΩ
ith 3 A Cf 100 µF
Ts 100 µs L 2 mH

R 2 Ω

The large signal requirements are expressed as constraints on the average values of
system states and control inputs. These constraints are summarized in Table 6.2. The
current through filter inductors iLfx should not be closer to 0A than ith in static operation
for any admissible reference input.

Table 6.2: Summary of the state and input constraints.

min parameter max.
−20A iout 20A
−22A iLf2p

, iLf2n
−2A

2A iLf1p
, iLf1n

22A
−50V uCfp , uCfn 50V
−1 m1p, m2p, m1n, m2n 1
−18A iref 18A
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6.1.1 OCC modeling

Switched mode converters are nonlinear due to their switching nature. There are multiple
methods in literature that can be used to obtain linear models of switching converters. The
two most used methods are based on sampled data [30] and state-space averaging [75]
techniques. The methods based on sampled data result in discrete models that have high
accuracy at the sample instances. A disadvantage of the sampled data methods is that
analytical results are hard to obtain. The state-space averaging procedure results in time
continuous insightful analytical solutions. However, care should be taken because the
assumptions made during averaging can result in significant errors [20]. Furthermore,
when applying discretization after averaging the sample instances should be chosen with
care. Despite these difficulties, state-space averaging is a powerful tool, since accurate
solutions can be obtained in many cases.

First a small signal model needs to be obtained. The switches and diodes depicted in
Fig. 6.1 are ideal. To be able te determine the influence of the first order effects of these
components on the developed small-signal model, the switches and diodes are modeled
as an ideal switch with a parasitic series resistance and voltage source, as depicted in
Fig. 6.2.

Sx

Ronx

Vonx

(a)

Dax

R fx

Vfx

(b)

Figure 6.2: Switch (a) and diode (b) model used for state-space averaging.

The state and input vectors are chosen as,

x =
[
iout iLf1p iLf2p iLf1n iLf2n uCfp uCfn

]>
u =

[
m1p m2p m1n m2n

]>
where mx are the modulation indexes of the corresponding switching legs. Values in the
interval [−1, 1] are admissible for mx.

When assuming CCM the state and input matrices can be deduced by applying state
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space averaging and linearizing procedures [75], resulting in
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B(X) =



0 0 0 0
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Lf
0 0 0

0
U2p

Lf
0 0

0 0 U1n

Lf
0

0 0 0 U2n

Lf
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0 0 0 0


,

where U :=
[
M1p M2p M1n M2n

]>
is the control input and X is the state vector

at the linearization point. R1p to R2n represent the operating-point dependent equivalent
resistances of the corresponding switching legs, and are given by

Ri = RLf +RCf +
1

2
(Rf+Ron)+

1

2
(Rf−Ron)Mi,

i ∈ {1p, 2p, 1n, 2n}
(6.3)

and U1p to U2n represent the operating-point dependent switching-leg voltages, which in
turn equal

Ui =
1

2
Udc +

1

2
(Vf − Von) +

1

2
(Rf −Ron) ILfi ,

i ∈ {1p, 2p, 1n, 2n}.
(6.4)

From (6.3) and (6.4) it can be seen that the operation point dependency of the small-signal
model is removed when Rf equals Ron, which is in agreement with [100]. Moreover,
when Rf = Ron the state matrix A is not dependent on the switching state of the OCC
making the average model time invariant.

Finally zero order hold discretization is applied to obtain a discrete model of the con-
verter as

x[k + 1] = Φx[k] + Γu[k]

y[k] = Cx[k]
(6.5)
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In this chapter the same measurement setup is considered as in [99], i.e., all currents
are measured with high accuracy. The resulting output matrix becomes C =

[
I5 0

]
,

where I5 ∈ R5×5 is an identity matrix.

6.1.2 Reduced order observer
Since all currents are measured with high accuracy, a reduced order observer (ROO) is
used for the remaining part of the state-vector, i.e., uCfx . The design procedure for re-
duced order observers is described in detail in [119]. First (6.5) is partitioned as[

x1

x2

]
[k+1] =

[
Φ11 Φ12

Φ21 Φ22

][
x1

x2

]
[k] +

[
Γ1

Γ2

]
u[k],

y[k] =
[
I5 0

] [x1

x2

]
[k],

where x1 and x2 are the measured states, and not measured states respectively.
The general form of a reduced order observer is given by

z[k+1] = Fz[k] + Gy[k] + Hu[k],

x̂[k] = Uz[k] + Vy[k],

where x̂ consists of states that are directly obtained from the output x1 and the estimated
states x̂2, and z is the observer state vector. The system matrices of the ROO are derived
in [119] and can be expressed in terms of the partitioned matrices and feedback matrix L
as,

F = Φ22 − LΦ12,

G = (Φ21 − LΦ11 + FL) ,

H = Γ2 − LΓ1,

U =

[
0
I

]
, V =

[
I
L

]
.

Finally the estimation error of the ROO e2[k] = x2[k]− x̂2[k] is given by

e2[k + 1] = Fe2[k]. (6.9)

From (6.9) it can be seen that the estimation error becomes zero when the eigenvalues
of F are inside the unit circle. Moreover, the ROO requires only feedback when Φ22 is
not stable, or when its pole locations are not desired.
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6.2 Unconstrained optimal control
In this chapter we consider the case of tracking stepwise changes and ramps in the refer-
ence. Hence, the state-space model (6.5) is augmented with two integrators

x̄[k] :=
(
i1[k] i2[k] x[k] u[k − 1]

)
>,

x̄[k + 1] = Φ̄x̄[k] + Γ̄u[k] + riref [k],
(6.10)

where i1 and i2 are the states of the integrators

i2[k + 1] = i2[k] +
Ts
Ti

(iref [k]− iout[k]), and

i1[k + 1] = i1[k] +
Ts
Ti
i2[k] +

T 2
s

2Ti
(iref [k]− iout[k]),

(6.11)

with the integration time Ti. Furthermore, to account for one sample period delay for
analog to digital conversion and control law computation, the state vector is augmented
with one sample delayed control action. After augmentation, the system matrices Φ and
Γ transform to Φ̄ and Γ̄, respectively. Complete derivation of the matrix values is beyond
the scope of this work, see, e.g., [119] for more details on augmenting the plant model
with the disturbance model. A typical solution in reference tracking is to design a state-
feedback controller for iref = 0A and let the integrators compensate for disturbances and
reference changes

u[k] := Kx̄[k]. (6.12)

The down side of this approach is that the equilibrium state is not well defined and the
amplifier could get into the DCM. To address this issue, it is proposed to define the de-
sired equilibrium state and the associated steady state control input explicitly as an affine
function of iref [k]

x̄s(iref) := axiref + bx, us(iref) := auiref + bu. (6.13)

The OCC dynamics permits three other quantities than the output current to be stabilized
at arbitrary values. Hence, it is further required that (uCfp

+ uCfn
)/2 = 0V and that the

current flowing through filter inductors is not closer than a predefined threshold to 0A.
These restrictions translate into the equilibrium states x̄max

s and x̄min
s associated with the

maximum (imax
ref ) and minimum reference current (imin

ref ) as,

x̄max
s =



0
0

imax
ref

imax
ref + ith
−ith
ith

−imax
ref − ith
1
2Ri

max
ref

− 1
2Ri

max
ref

aui
max
ref + bu


, x̄min

s =



0
0
imin
ref

ith
−imax

ref − ith
imax
ref + ith
−ith

− 1
2Ri

max
ref

1
2Ri

max
ref

aui
min
ref + bu


. (6.14)
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By substituting (6.13) in (6.10), and writing the equations in the equilibrium states x̄max
s

and x̄min
s , one obtains a system of linear equations which admits a unique solution with

respect to ax, bx, au, and bu.
The explicit representation of the steady-state equilibrium (6.13) is included into the

state-feedback design as

u[k] = K(x̄[k]− x̄s(iref [k])) + us(iref [k]). (6.15)

Note that guaranteeing CCM with the control law (6.12) would require additional inte-
gral action for the bias current and possibly (uCfp

+ uCfn
)/2, which would complicate the

controller design.

6.2.1 Tuning of the local feedback gain
There are multiple ways to synthesize a linear state-feedback control law, e.g., pole place-
ment and cascaded control strategies which could be combined as a single linear state-
feedback controller, see e.g., [35, 88] and references therein. In this case-study the linear
quadratic regulator (LQR) is chosen, as it allows the trade-of between control effort and
stabilization speed. This fact will allow the shaping of the domain of attraction, which is
very important for the performance of constrained systems. Moreover, the penalty matri-
ces are transferred directly to the MPC design.

In the LQR design the converter states are penalized accordingly to the stored energy,
i.e., 1

2CV
2 and 1

2LI
2, and with the unity penalty for the uCf . The states corresponding to

the double integrator are penalized with 1. Hence, the criterion for the design of the LQR
is

J =
∞∑
i=k

(x̄>[i]Qx̄[i] + u>[i]Ru[i]), with (6.16)

Q := diag([1 1 qi 8 8 8 8 1 1]>), and R := λI4.

To achieve desirable controller performance the following parameters are adjusted: the
integration time for i1 and i2 (Ti), λ, and qi. The integration time will have the most effect
on the low frequency sensitivity of the amplifier, and the gain peaking can be slightly
adjusted by changing the penalty on the output current error. Changing the λ mainly
affects the robustness of the amplifier and bandwidth. Hence, we first fix λ = Udc,
qi = L/Cf and adjust the Ti to achieve desired sensitivity. Next, qi is adjusted to reduce
the gain peaking at high frequency, and lastly, λ is readjusted based on the bandwidth and
robustness considerations.
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Selection of Ti

The first step of the tuning process is the selection of the integration time Ti. The values
for the gain peaks and sensitivity are summarized in Table 6.3. Observe that for all values

Table 6.3: Effect of Ti on the performance of the closed-loop system (qi = 20, λ = 100).

Ti (ms) max. gain (dB) sensitivity (dB) at 1 Hz
0.125 9.96 -87.05
0.166 8.75 -83.93
0.200 7.83 -81.83
0.333 6.11 -75.54

of Ti the gain peaks do not satisfy the requirements. Hence, the value of qi should be
increased to reduce the gain at high frequencies. The increase in qi will increase the
sensitivity, hence, Ti = 0.166ms is chosen to allow a small margin with respect to −80
dB.

Selection of qi

With Ti = 0.166 ms, we adjust qi to fulfill the gain peaking specification. The effect of
varying qi is illustrated in Table 6.4. Based on these results, we select qi = 300.

Table 6.4: Effect of qi on the performance of the closed-loop system (Ti = 0.166, λ =
100).

qi max. gain (dB) sensitivity (dB) at 1 Hz
20 8.75 -83.93

100 7.29 -82.51
200 6.35 -81.37
300 5.78 -80.54

Selection of λ

The selection of λ is based upon two characteristics, i.e., bandwidth of the closed-loop
system and stability of the closed-loop system under parameter variation. To analyze the
stability of closed-loop system we apply the standard tools for linear systems affected by
polytopic uncertainties, i.e., the uncertain system belongs to a convex combination of a
finite set of linear time-invariant (LTI) systems. To prove stability of the uncertain system,
it is sufficient to check the stability of the LTI systems in the sequence. The sequence of
the LTI systems is given in our case by the nominal closed-loop system with perturbed
circuit parameters by a given percentage.

The effect of varying λ is illustrated in Table 6.5. The closed-loop Bode plot and the
sensitivity with respect to the disturbances acting on the output current are illustrated in
Fig. 6.3 and Fig. 6.4, respectively. Both, λ = 100 and λ = 10, satisfy all the performance
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requirements, and λ = 100 is selected as it shows higher robustness with respect to
parameter variations.

Table 6.5: Effect of λ on the performance of the closed-loop system (Ti = 0.166, q1 =
300).

λ max. gain (dB) sens. (dB) bandw. (Hz) comp. var.
10 5.55 -80.95 363 12 %

100 5.78 -80.54 353 14 %
1000 6.24 -79.35 331 22 %

10000 7.41 -76.57 288 36 %
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Figure 6.3: Closed-loop characteristic of the OCC controlled by the LQR.

6.3 Constrained optimal control
Up to this point the constraints on the converter state-trajectories were not considered.
The only measure that remotely considered constraints was the explicit definition of the
equilibrium state in (6.13) to prevent DCM. However, this solution prevents DCM only
during static operation, and does not account for the transient behavior of the converter.
Moreover, other constraints, such as, maximum voltage across and current through the
converter components and inherent bounds of the modulation index, were not considered
either. Furthermore, constructing anti-windup structures for high order compensators is
known to be a challenging task.
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Figure 6.4: Sensitivity of the OCC controlled by the LQR to the additive disturbances
acting on the output current.

The typical engineering solution to the problem of constraint handling is to limit the
rate of change of the reference signal, see e.g. [88]. By doing so, the converter can be
maintained in small signal operating condition at all time. However, this solution is con-
servative, as the same limitation is imposed for all operating conditions of the amplifier.

6.3.1 Synthesis of the optimal reference governor

To account for the variations in the amplifier operating conditions, one could design an
optimal reference governor. Construction of the optimal reference governor relies on the
set-theory, and in particular on set-invariance [23]. Given an autonomous system with
affine dynamics

x[k + 1] = Ax[k] + f , (6.17)

the set P is called positively invariant (PI) if for all x[k] ∈ P, x[k + 1] ∈ P. In essence,
if the current state of the system is within a PI set, and this set is included into the set of
constraints, we can safely say that the state trajectory will stay within the PI set forever,
and as such, will not leave the constraints set.

Returning to the OCC in closed loop with the LQR controller, i.e., system (6.10) in
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closed loop with (6.15), we can write the complete system dynamics as follows[
x̄[k + 1]
iref [k + 1]

]
=

[
Φ̄− Γ̄K r + Γ̄(au −Kax)

0 1

] [
x̄[k]
iref [k]

]
+[

Γ̄(bu −Kbx)
0

]
.

(6.18)

Given the set of state-constraints
[

x̄
iref

]
∈ X ⊂ R14, one can compute an approxima-

tion of the maximal PI set P ∈ X, which is a well defined notion within the set-theory.
Several algorithms are available for computation of polytopic approximations of the max-
imal PI set. Let P be a polytopic PI set for the closed-loop system, and be given in the
hyperplane representation

P := {s ∈ X|Hs ≤ h, H ∈ Rl×14, h ∈ R14}

where l is the number of facets of the polytope P. Given H and h, the task of the optimal
reference governor is to adapt the external reference iref [k] to an internal reference īref [k]
by solving the following optimization problem

min
īref [k]

|iref [k]− īref [k]|, such that H

[
x̄[k]
īref

]
≤ h. (6.19)

Observe that the optimization problem (6.19) is a linear program and the bounds on the
īref [k] can be easily found from simple matrix computations. For the particular example
of the OCC the set P was computed with the geometric library of the MPToolbox [53] and
has l = 288. Note that the reference governor approach eliminates the need for an anti-
windup as it explicitly takes into account the constraints on the numerical representation
of integrators together with state and input constraints. It is worth to mention that the
complexity of the reference governor can be reduced by adding some conservativeness,
see [46] for more details.

6.3.2 Model predictive control
Recall that the MPC with the same stage cost as the LQR and with the final penalty equal
to the solution to the associated Riccati algebraic equation recovers the LQR law locally
when the constraints are not active. Hence, the MPC problem is formulated as follows,

min
s[i]

k+N−1∑
i=k

(z>[i]Qz[i] + s>[i]Rs[i]) + z>[k +N ]Pz[k +N ]

such that
z[i] := x̄[i]− x̄s(iref [k]),

x̄[i+ 1] = Φ̄x̄[i] + Γ̄(s[i] + us(iref)) + riref ,

x̄min ≤ x̄[i] ≤ x̄min,

s[i] + us(iref) ∈ U,
u[k] = s[i] + us(iref).

(6.20)
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The prediction horizon N = 5 was employed within the design.
Standard MPC formulation leads to a quadratic program that should be solved in real-

time. In this case-study the optimization problem should be solved within 100 µs to
achieve 10kHz sampling rate. To reduce the computation burden the terminal set con-
straint was not imposed. Instead, a mild rate limiter of 30A/ms was considered for the
reference to guarantee stability during large steps in the reference signal. The value of the
rate limiter was chosen through simulation. To further speed-up computations a custom
solver was generated for the MPC problem with CVXGEN [72]. Furthermore, to guaran-
tee computation times below 100 µs the number of iterations of the interior-point method
was limited to 2, with a single refinement step. The solver source files where compiled
into a dynamic link library (DLL) within CVI with the external compiler from Intel. The
solver runs on the NI-PXIe-8101RT controller with a recorded computation time within
70-100 µs.

Note that the limited number of iterations of the interior point algorithm leads to sig-
nificant sub-optimality of the returned result. Although the sub-optimality will not dete-
riorate much the large signal response of the converter, in small-signal mode it will intro-
duce nonlinearity and thus harmonic distortion, which is critical to precision amplifiers.
To eliminate the difficulties related to sub-optimality of real-time MPC the dual-mode
approach is employed, i.e., the MPC is applied only outside the P, and the LQR takes
over when the state trajectory reaches P. The dual-mode MPC is formally summarized as
follows

If H

[
x̄[k]
iref [k]

]
≤ h

u[k] = K(x̄[k]− x̄s(iref [k])) + us(iref [k])

otherwise solve (6.20) and use
u[k] = s[i] + us(iref).

Observe that solving (6.20) and verifying the constraints from (6.19) can be performed in
parallel with the decision on which control action to select made at the end. Therefore,
multi-core processors and heterogeneous targets, such as Zynq from Xilinx, could be
exploited efficiently to reduce the computation time of the control law.

6.4 Simulation results
In what follows the advantages and disadvantages of each discussed control method are il-
lustrated through simulations. The simulations are performed in Simulink with the power
stage electronics implemented using the PLECS block-set [8].

Let us begin by comparing the large step response of the unconstrained LQR with the
same control but with the addition of the reference governor. The step response from 0A
to 15A is illustrated in Fig. 6.5. Observe large oscillations in the unconstrained control
law. These appear due to clipping of the control inputs and DCM. Furthermore, the opera-
tion of the LQR without RG is unsafe for the load as the output current exceeds the upper
bound of 20A. Constraints on iLfx and uCfx are also exceeded. The RG, on the other
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hand, efficiently prevents constraints violation and results in significantly faster response
time. In practice, the amplifier output would be de-rated to ±10A with the unconstrained
control law, or the reference rate of change would be constrained below 7A/ms to sat-
isfy constraints, what is far below the achievable ±18A and 30A/ms with the constrained
control.
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Figure 6.5: Step response of the amplifier in closed loop with LQR with and without
reference governor.

The limitations of the RG become apparent when it is compared with the MPC in
the large signal mode. Converter response to a sinusoidal reference of 12 sin(700π)A is
illustrated in Fig. 6.6. Observe that the peaks in the output current waveform are heavily
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Figure 6.6: Large signal sinusoidal response of the amplifier in closed loop with LQR and
RG, and MPC (zoomed in).

distorted due to the RG intervention. MPC performs better in this case as it can exploit
the all available control inputs separately. To quantify the distortions while tracking si-
nusoidal reference in large signal mode, the THD values are provided in Table 6.6. The
unconstrained controller and dual-mode MPC are also included. The unconstrained LQR
appears to perform best in this test, however, it is more coincidence than fact as the con-
verter enters DCM and the control inputs are saturated. Hence, the operation of the un-
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Table 6.6: THD values for large signal tracking of sinusoidal reference.

Control law THD
LQR 9.34%

LQR + RG 13.59%
MPC 10.39%

Dual mode MPC 10.05%
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Figure 6.7: Tracking of sinusoidal reference in small signal mode, with iref(t) =
sin(700πt) A.

constrained LQR in this mode is not safe. The dual-mode MPC is close to unconstrained
LQR and the LQR with the RG performs distinctively worse than the other controllers.

As it is mentioned in Section 6.3.2, the sub-optimality of the real-time MPC solution
should affect the small signal distortions of the amplifier. Tracking sinusoidal reference
while in small signal mode is illustrated in Fig. 6.7. As all proposed control laws recover
the unconstrained LQR in small signal mode, the closed-loop trajectories would be in-
distinguishable on the graph. Hence, only the response with the LQR is illustrated. As
previously, the result is quantified by the THD values, and is presented in Table 6.7. In-
deed, the sub-optimality of the real-time MPC significantly affects the distortions of the
amplifier. Hence, the dual-mode approach is actually required in the context of precision
amplifiers to maintain the low distortions of the local control law. As the optimal solution
to the MPC law actually recovers the local controller within P, there is no discontinuity
when the dual-mode MPC switches from real-time optimization to a local explicit solu-
tion. Moreover, due to the invariance of the P, when the state enters P it will not leave it.
Hence, if a the dual-mode MPC switched to the local control law, it will not switch back
to the real-time optimization unless a very sharp change in the reference will require that.
As such, any chattering is avoided.

Next, the disturbance rejection capabilities of the proposed control laws is illustrated
in extreme conditions, i.e., at the boundary of the constraints. The disturbance voltage is
injected in series with the load and steps from 0V to 20V at 0.015s mark. The disturbance
rejection while tracking a constant current of 0A is illustrated in Fig. 6.8. As in small
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Table 6.7: THD values for small signal tracking of sinusoidal reference.

Control law THD
LQR 0.993%

LQR + RG 0.993%
MPC 1.950%

Dual mode MPC 0.993%

signal mode the control laws are equivalent, only LQR is shown. One can observe that the
external disturbance is effectively compensated. However, if the operating point is shifted
closer to the boundary, the result is very different. Tracking of the reference iref = 17A
with the same disturbance is illustrated in Fig. 6.9. Observe that RG is conservative in
this case and results in a static offset larger than 0.5A.
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Figure 6.8: Disturbance rejection in small signal mode, with iref = 0 A.
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Figure 6.9: Disturbance rejection in large signal mode, with iref = 17 A.

It is worth to mention that the effect of disturbances was not considered in either de-
sign of MPC nor in the design of the reference governor. Therefore, robustly invariant sets
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for the reference governor and constraints tightening for the MPC would be recommended
to ensure constraints satisfaction even in presence of disturbances.

Let us conclude this section with a remark on the accumulated error in the integrators.
The rate limiter applied to the MPC is far milder than the RG for the LQR, and as such, the
accumulated error during larger steps is going to be larger in the case of the MPC. This
behavior is illustrated in Fig. 6.10, where longer settling time can be observed for the
MPC. Therefore, a more aggressive rate limiter or reference filtering could improve the
MPC settling time in applications where large steps close to the boundary of the domain
of operation are necessary.
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Figure 6.10: Step response comparison of LQR with the RG and the MPC.

6.5 Concluding remarks
The aim of this chapter was to illustrate the benefits of MPC in very high speed precision
applications such as switching power amplifiers. The main benefits are better disturbance
rejection, especially when the constraints are active, and lower distortions in large signal
mode.

These improvements are mainly due to greater flexibility of the MPC in selecting
the control action than a linear state-feedback with a reference governor. Nevertheless,
we point out several important weaknesses of the MPC in case of very fast precision
applications. The first weakness is the inherent sub-optimality of the real-time solvers,
which translates into small signal distortions, and are critical for precision applications. It
was shown that dual-mode MPC effectively eliminates this problem. The second issue is
the excessive windup of the integrators, which may increase the settling time in extreme
situations, e.g., large steps close to the constraint boundaries.

Overall, we can conclude that considering constrained control techniques in general
and MPC in particular has the potential to significantly increase the power density of the
precision amplifiers, by operating them closer to the limits. Moreover, constraint control
techniques, if applied with care, can assure the same level of accuracy or even increase it
in case of large disturbances compared to classical control alternatives.
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Chapter 7

Discussion, recommendations
and conclusions on the thesis
content

The contributions from each chapter of the thesis are summarized and a general discussion
on the reported results is given. Further possible and relevant research directions within
the scope of the thesis are also emphasized in this chapter.

7.1 Discussion on the thesis results
There are several important trends in the power converter design, i.e., increase in the
efficiency and power density of power converters. Of course the improvements in these
two areas should not degrade the reliability of the power converter, and preferably keep the
cost of the overall system low. However, obtaining high power density demands operating
the power converter as close as possible to the boundary of the safety limits. Moreover,
the highest efficiency of the power converter often is obtained at the boundary of the
operation conditions. Therefore, efficient handling of the safety and actuation constraints
becomes exceedingly important in the power electronics field, and demands non-trivial
control solutions.
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Limitations of the classical control methods and motivation of the state feedback
control

Traditionally, control system architectures for power converters are based on intercon-
nections of several single-input single-output linear compensators which, as it has been
also illustrated in Chapter 1, could be conservative. Classical approaches have two main
deficiencies. Firstly, the fixed structure of the interconnections between the SISO com-
pensators does not fully exploit the information available from measurements and the
model of the power converter. Secondly, classical control synthesis methods generally do
not take into account the actuation bounds nor safety limits on the converter components.

To address the first issue with the classical control synthesis methods one should con-
sider the state-space model of the converter instead of just the input-output dynamics.
The state-space representation gives considerably more insight in the operation of the
power converter which can be further employed in state-feedback design or for diagnostic
purposes. As the state information describes completely the operation of the converter
at any given moment, the state-feedback is the most general feedback control structure
available. Moreover, state-feedback is generally based on multi-input multi-output con-
trol laws which are more general than the classical control architectures based on SISO
compensators. As such, the added design freedom of the MIMO control laws can be
leveraged to improve the overall dynamic behavior of the power converter.

The second issue, i.e., managing the safety constraints on the power converter is also
related to the state-space representation. The fact that the output of the converter is within
the admissible limit does not guarantee that all internal voltages and currents are within
the safety limits as well. Therefore, the state representation is considerably more effective
for observing any constraint violations.

State observers for power converters

Although full state information is vital for state-feedback and diagnostics, measuring it
can be very costly. Moreover, the measurements in switched mode power converters
can be very noisy. Therefore, to reconstruct the full state information from the available
measurements requires state observers, and their design for power converters has been
discussed in Chapter 2. It was pointed out that appropriate selection of the converter
model which serves as a basis for the observer design is very important.

Three common state-space models for power converters have been discussed therein,
i.e., continuous-time switched affine model, discrete-time bilinear model, and discrete-
time PWA approximation of the bilinear model. The continuous-time model is well suited
to diagnostics and self oscillating control as it provides information on the switching
ripple in the power converter, but it is difficult to implement in practice. The discrete-
time models capture the averaged dynamics of the converter and are more appropriate for
digital implementations.

The PWA approximation of the averaged dynamics is a well established modeling
tool that also stays at the basis of gains scheduling control design methods. However, as
it was shown in Chapter 2, PWA approximations results in biased estimation of the con-
verter state, which is undesirable. We proposed to base the observer design on the ‘true’
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bilinear averaged model instead. With the application of robustness results and appro-
priate piecewise definition of the observer gain, correct estimation of the converter state
can be obtained. The observer based on the discrete-time bilinear model was deployed
on the laboratory setup, and the converter behavior in closed-loop with the state-feedback
control law with and without the observer showed consistent behavior.

The rest of the thesis focuses on state-feedback control design without considering
the interaction of the state observer and the control law. Indeed, for linear systems the
separation principle can be invoked to state that the feedback and the observer can be
synthesized separately. However, the separation principle cannot be applied to general
nonlinear control systems. Therefore, state observers should be applied with caution in
constrained control.

In connection to the observer design discussion, it is worth to isolate the precision
power amplifiers as a separate category of applications. The measurements subsystems
in precision power amplifiers are generally very good, as such, it is preferred to employ
the measured states directly in the computation of the control action and estimate only
the unmeasured states. Moreover, the standard control system architecture, where the
feedback is computed using the one-step prediction of the state-vector returned by the
observer, can result in static offset even if the state-feedback contains an integral action.
Therefore, for precision amplifiers it is recommended to employ reduced order observers
which return the estimation of the unmeasured states corresponding to the current time
instant. This recommendation is associated to the results from Chapter 6.

Constrained control of power converters with linear and PWL state-feedback

Power converters are generally very fast systems which demand very high sampling rates.
In some cases the sampling rates can reach several MHz. With the advent of wide band-
gap devices such sampling rates could become routine in control of power converters.
Therefore, the proposed control laws should be computable within a single sampling
period. In our research we first concentrated on the lowest complexity state-feedback
possible, i.e., linear state-feedback control laws.

Classic state-feedback control design methods, such as, pole placement and LQR,
do not take the constraints into account during synthesis. The constraints satisfaction is
checked through extensive simulation a posteriori. Our goal was to provide systematic
means of state-feedback synthesis that guarantee constraints satisfaction a priori. There-
fore, the set-theoretic methods for control design and stability analysis of constrained
systems have been explored in Chapter 3 for design of linear and piecewise linear state-
feedback control laws.

The results presented in Chapter 3 are encouraging as linear state-feedback synthesis
methods have been formulated for two very important classes of power converters, i.e.,
converters described by either linear or bilinear averaged models. A systematic approach
for obtaining a large safe operation domain for power converters in closed loop with
linear state-feedback has been proposed therein and tested on buck and buck-boost power
converters. Furthermore, to guarantee optimal small signal behavior and large domain of
operation in the same time a systematic synthesis procedure for piecewise linear state-
feedback control laws has been proposed.
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Nevertheless, the linear and PWL control structures have several important limita-
tions.

• The problem of finding the largest safe domain of operation which is feasible for
the converter in closed loop with a linear state-feedback is non-convex. Hence the
proposed synthesis procedure may yield a local solution that is not necessarily the
optimal one.

• The evaluation of the proposed PWL function relies on solving a point location
problem in a sequence of polytopes, which may prove too computationally intensive
for some applications.

• Saturation of the control action for an extended period of time to obtain fast time
response is not possible with the proposed solution.

We addressed these limitations by changing the control structure from piecewise linear
to piecewise affine in Chapter 4.

Synthesis of PWA control laws on computationally advantageous polytopic parti-
tions

PWA control laws are considerably more flexible that PWL control laws. Therefore, it
was possible to decouple the search of the safe domain of operation from the synthesis of
the control law, which was not possible by applying the results from Chapter 3. Moreover,
the partition of the PWA control law can be defined such that the point location could be
performed with a very low computational effort.

The synthesis method for the PWA control laws proposed in Chapter 4 efficiently com-
bines the otherwise disjoint specifications of closed-loop stability and safety constraints
satisfaction with real-time feasibility constraints of the control law implementation within
a single control synthesis framework.

Chapter 4 provides automated control synthesis procedures not only to linear and
bilinear systems, investigated in Chapter 3, but to uncertain systems with additive distur-
bances as well. Furthermore, sufficient feasibility conditions for the system on arbitrary
polytopic control partitions are formulated.

The main results from Chapter 4 have been successfully applied to synthesis of stabi-
lizing control laws for buck and buck-boost converters, and resulted in improved dynamic
performance and a larger domain of operation compared to the PWL control laws from
Chapter 3. However, the control synthesis framework proposed in Chapter 4 is still in its
infancy and has several aspects that should be developed further, such as:

• Computation of maximal safe domains of operation even for linear systems is a
computationally intensive task and can get prohibitive even for systems with of
relatively small dimensions.

• Selection of tuning parameters for the synthesis procedure, e.g., the refinement
strategy of the control partition, should be done manually, in the current framework.
This may not be user friendly when the user does not have prior experience.

• It can be difficult to tune the dynamic behavior of the closed-loop system.

130



Section 7.1. Discussion on the thesis results

Explicit model predictive control

An alternative control synthesis method that yields PWA state-feedback laws is explicit
MPC. Explicit MPC established itself as a viable design method for constrained control of
power converters. The main advantages of the explicit MPC compared to classical control
design methods is that it incorporates the system constraints into the control problem
formulation directly, and provides a solution which is optimal with respect to a given
criterion. In contrast to the result in Chapter 4, explicit MPC promises higher dynamic
performance, but typically results in more complex control partitions and as such longer
on-line computation time. Furthermore, reduced complexity solutions, i.e., that do not
impose terminal set constraints, require an a posteriori stability check.
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Figure 7.1: Startup comparison of the buck-boost converter in closed loop with the static
state-feedback from Chapter 3 (green) and the explicit MPC from Chapter 5 (blue).

In Chapter 5 we have applied explicit MPC to the buck-boost converter. A simplified
MPC setup was proposed in this chapter to keep the complexity of the PWA control law
as low as possible regardless of the fact that the converter model is bilinear. We demon-
strated on a laboratory setup that the explicit MPC is feasible for relatively simple power
converters such as the buck-boost with sampling rates more than 400 kHz. Moreover,
the explicit MPC law can be further approximated by another PWA control law, which is
defined on a regular partition and can be computed in less than 175 ns even on low cost
FPGAs, without incurring very significant performance loss to the closed-loop system. To
illustrate the difference between the static state-feedback from Chapter 3 and the explicit
MPC we show the startup of the buck-boost converter in closed loop with the two control
laws in Figure 7.1. The result from Chapter 4 fits in between the linear control design
in Chapter 3 and the explicit MPC from Chapter 5, from both dynamic performance and
on-line computation complexity perspectives.

Indeed, the result from Chapter 5 proves that explicit MPC can achieve fast dynamic
response under constraints and is implementable in real-time for some of the popular
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power converters such as buck or buck-boost. However, there is virtually no control over
the complexity of the control partition resulting from the multi-parametric optimization.
The number of regions increases roughly exponentially with respect to the number of
constraints in the MPC problem. In fact, in case of more complex topologies such as the
opposed current converter the control partition is so complex that solving the optimization
problem on-line takes about the same amount of time and requires far less memory to store
all the coefficients.

Control of precision power amplifiers

The results presented in this dissertation are developed mainly within the “Ultra High-
precision Power Amplifier” project. Therefore, the solutions from each of the chapters
are linked to the goals of the UHPA project, i.e., high accuracy and low distortions when
closed to the reference, high reliability, and fast dynamic response.

The converter topologies employed in precision power amplifiers typically exhibit
linear averaged dynamics. Moreover, the amplifier topology chosen within the UHPA
project, i.e., opposed current converter, enjoys the best in class linearity. Therefore, it
should not come as a surprise that locally in a neighborhood of the equilibrium states a lin-
ear control law is preferred to ensure the required accuracy and distortion specifications.
In contrast to industrial practice, where the amplifier is controlled by an interconnection
of multiple SISO compensators, we chose full state-feedback control laws that include
additional dynamics to ensure desired disturbance attenuation.

As illustrated in Section 1.3 and Section 6.4 employing the linear control law alone
can easily lead to violation of safety limits or even instability of the closed-loop system.
Therefore, the locally optimal linear state-feedback should be applied only when the state
of the amplifier is sufficiently close to the desired equilibrium. The region where a certain
control law can be safely applied can be characterized by the set-theoretic concepts of set
invariance and set contractiveness. The final result of Chapter 3 employs these concepts
to define a PWL control law which is optimal close to the equilibrium state and is safe
on a enlarged domain of operation. An alternative solution for switching between several
linear control laws from Chapter 3 was suggested in Chapter 6 and also relies on the same
set-theoretic concepts, but adapts the external reference instead of changing the feedback
gain. The reference is altered such that the amplifier state-trajectory stays within the
safety limits and converges as close as possible to the actual reference. The structure
which adjusts the external reference is called reference governor.

As the fast dynamic response and constraints have been defined as one of priorities
of the project, model predictive control qualified as one of the obvious research tracks.
Generally, the choice of MPC implementation is divided between explicit and implicit
MPC. The explicit solution to the MPC problem is obtained through multi-parametric
programming and is a PWA function if the system description is linear or PWA. The main
difficulty of the explicit MPC is that the complexity of the control partition increases very
fast with the number of constraints in the optimization problem, which makes it hardly
implementable for precision power amplifiers which are characterized by a rather large
number of states. Nevertheless, the explicit MPC is suitable for simpler power converters
as illustrated in Chapter 5. The implicit MPC on the other hand relies on solving the
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optimization problem on-line, which for higher dimensional systems can be more favor-
able than solving the point location problem in a highly complex control partition of the
explicit MPC. As it is pointed out in the Chapter 6, solving an optimization problem is
typically an iterative process, where the sub-optimality of the result is reduced with each
iteration. As the control action should be computed in real-time, the optimization routine
will always return a sub-optimal result which, as illustrated in Chapter 6, can introduce
significant distortions. To reduce the distortions in small signal mode, it was suggested
to employ dual-mode MPC in Chapter 6. The dual-mode MPC employs locally optimal
linear state-feedback close to the equilibrium state, but switches to the implicit MPC only
when the state is outside the safe operation region of the local controller. This solution
combines the best of both worlds, the local optimality and low distortions of the local
controller and the high dynamic performance and constraints handling of the MPC, and
does all of this in a real-time feasible package.

Although the results on MPC of precision amplifiers are encouraging the achieved
computation makes the approach feasible only to relatively high-power amplifiers where
the sampling rates in the range of 10 kHz are applicable. For faster amplifiers linear
control synthesis methods in the spirit of Chapter 3 and reference governors are more
appropriate. Nevertheless, we would like to obtain a control design method that could be
positioned in between the results of the Chapter 3 and Chapter 6, i.e., a method that would
allow trading-off the computational complexity and the size of the domain of operation in
a systematic way. The result of the Chapter 4, i.e., the hybrid polytopic partition frame-
work, attempts to do exactly that. The HPP framework is a relatively young development
and has not been applied yet to precision amplifiers. Nevertheless, the results on control
of simpler converters are encouraging and motivate further research.

7.2 Conclusions and recommendations

The research on constrained control of power converters led to a series of conclusions and
recommendations that are summarized here.

• Power converters are subject to constraints not only on the inputs and outputs, but
also on the internal dynamics. Therefore, considering only input-output transfer
is not sufficient to ensure a reliable and predictable operation. The state-space
models derived on the first principle basis provide significantly more information
on constraints satisfaction than input-output transfer, and consequently, are more
suitable in this context.

• Full-state feedback control, be it even from an estimate of the state, is more appro-
priate in the context of control of constrained power converters than the industry
standard output feedback based on decoupling and interconnection of SISO con-
trollers. Higher performance of closed-loop systems can be obtained by exploiting
all interconnections within the state-space dynamics through full-state feedback.

• Constrained control can be of very low complexity and can be well suitable for
implementation on very high-speed power converters. It was illustrated in Chapter 3
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how a linear state-feedback control law can be synthesized such that the constraints
on the closed-loop dynamics are satisfied at all times. Such controllers are suitable
for applications where a low complexity implementation is more important than a
very fast transient response.

• Chapter 5 and Chapter 6 aim to applications where high dynamic performance is
required, and investigate the MPC as a solution. It was demonstrated that explicit
MPC is well suited for converters with simple and small models, and can be applied
to power converters with sampling rates up to several MHz. Approximate explicit
MPC can be considered to further increase the sampling rate. However, explicit
MPC may demand large memory and long computation time for more complex
converters, in which case, the implicit MPC is a better choice.

• Regardless of the advances in the computational effort reduction of the implicit
MPC, the real-time result is bound to be sub-optimal and this sub-optimality should
be considered during the stability and performance analysis of the closed-loop sys-
tem. To eliminate the distortions caused by the sub-optimality of the MPC re-
sult one may apply the optimal linear state-feedback in small-signal operation and
switch to the MPC when constraints are active. This solution is illustrated in Chap-
ter 6.

• There is a significant gap between linear state-feedback and MPC from both im-
plementation complexity and dynamic performance. Therefore, there is a need to
develop control synthesis methods that can systematically trade-off complexity for
performance while preserving stability. The hybrid polytopic partition framework
proposed in Chapter 4 is a step in this direction. Within this framework, we en-
force constrained stabilization and a given complexity of the control law, and op-
timize certain performance indexes within these constraints. The HPP framework
has been applied to simple power converters and demonstrated encouraging results,
nevertheless, further research is necessary to uncover its full potential.

7.3 Further and related research directions
Let us summarize the limitations and highlight some of the possible improvements with
respect to the control design approaches investigated in this thesis for constrained control
of power converters.

• Computation of maximal contractive sets in large dimensions is known to be
a computationally intensive task and most of the proposed control methods rely
on contractive sets for constraints handling. The fact that high-power and high-
precision power amplifiers often use interleaving and are organized in multilevel
topologies results in higher dimensional models for these converters, and as such,
makes some of the results very difficult to apply without introducing conservatism.

• Complexity reduction of the MPC is a hot research topic for multiple years al-
ready and there is a significant number of results available and still under develop-
ment. However, only a very limited number of results enjoy the computation times
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suitable for power converters and even less are applicable to larger systems such as
precision amplifiers. Therefore, even more effort should be spent to make the MPC
fully suitable to next generation precision power amplifiers.

• Interpolation based control gained popularity in recent years with papers propos-
ing control design methods that combine the large domain of operation obtained
from a vertex control law [37] with a locally optimal linear state-feedback, see [79]
and references therein for more details. This approach can be related to the se-
quence of overlapping contractive sets proposed in Chapter 3. With some increase
of computational load it can ensure a smooth transition between the control laws
which is the main benefit of this approach.

• The industrial application could benefit from reconsidering the performance
guidelines and specifications for precision amplifiers. The performance specifi-
cations for power converters currently employed in industry are reminiscent of the
classical control and generally have their roots in frequency domain. In the situation
where the power-density, response speed and efficiency of the converter should be
increased the probability of hitting the actuation constraints or safety limits will also
increase, and as such the value of the specifications for linear systems will decrease
because of heavy nonlinearities in the closed-loop dynamics. Moreover, there is
a range of control design methods which could result in the closed-loop dynamics
discontinuities in the equilibrium state, e.g., sliding mode control, vertex control
or MPC with linear cost. These control design methods can deliver exceptional
qualities for the closed-loop system, such as, very fast response without overshoot
with very low sensitivity to the additive disturbance, finite time convergence and
constraints satisfaction, but are often disregarded as the frequency domain specifi-
cations cannot be properly validated at the equilibrium state.
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