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Abstract

We consider an inventory system in which there are two types of demands with different

priorities. The low priority demand is observed before the ordering decision, and thus exhibits

perfect advance demand information, while the high priority demand is observed after the or-

dering decision. This type of inventory system arises in the context of spare parts inventory

management, where the parts are used in the maintenance of capital systems, such as trains or

airplanes. In such a system, parts are required to perform maintenance, which may be preven-

tive, i.e., planned maintenance in which parts are replaced in order to prevent future failures,

or corrective, i.e., unplanned maintenance in which parts that have failed unexpectedly are re-

placed. The former type of maintenance is planned in advance and thus the spare parts required

can be ordered to arrive just-in-time. The latter type of maintenance cannot be planned in ad-

vance and thus, in order to prevent excessive downtime due to unplanned failures, safety stock

must be held to meet these demands. While it is possible to manage the spare parts inventory for

these two demand streams separately, we propose to jointly control their inventory. Specifically,

we study a periodic review inventory system with a single stocking point used to meet determin-

istic, low priority demands, as well as stochastic, high priority demands, for a single product.

We characterize the structure of the optimal inventory control policy and we demonstrate that

the inventory requirements for the stochastic demand stream can be reduced by combining it

with the deterministic demand stream. Finally, since the optimal policy is time-consuming to

find, we propose a myopic heuristic policy and we demonstrate that this policy performs very

well using a series of numerical experiments.
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1 Introduction and Motivation

There are many practical settings in which an inventory system must satisfy multiple demand

streams, with differing characteristics, for a single product. For example, one stream may come

from high-priority customers, while the other comes from low-priority customers. These demand

streams may also differ in terms of when they are observed, with advance demand information

being available for some streams. As a result, there has been a considerable amount of literature

considering inventory control with multiple demand streams or advance demand information (see

Section 2). In this paper, we consider a problem setting which, to the best of our knowledge, has not

been considered in the literature. In our setting, one demand stream is both deterministic and low

priority, while the other demand stream is both stochastic and high priority. This situation arises in

a variety of practical situations. For example, a warehouse ships goods to retailers on a regular basis.

This demand is known well in advance and delaying a shipment a little is typically not a problem

since the retailers hold inventory themselves. However, sometimes one of the retailers is out of stock

and requests an emergency shipment. This type of request occurs randomly from the perspective

of the warehouse. Because of the shortage at the retailer, any delay in the shipment could result

in lost sales at the retailer. Therefore, such emergency shipment requests have high priority. This

situation is also very common in two-echelon spare parts networks, where local stocking points are

supplied from a central stocking point, which can also perform emergency shipments.

Our own interest in the problem studied in this paper stems from the maintenance of capital

assets. Consider a user, such as a military organization or a rail operator, that maintains its own

capital assets and holds the spare parts inventories required for that maintenance. Alternatively,

consider an original equipment manufacturer (OEM), e.g., a manufacturer of jet engines or of high-

tech manufacturing equipment, that is responsible for the maintenance of the assets that it has sold

to customers. In these settings, the capital assets will require maintenance throughout their life

cycle in order to ensure availability and functionality. Typically, some of the required maintenance

is performed preventively, i.e., it is planned in advance. However, inevitably, some of the required

maintenance will be corrective, i.e., performed in response to an unexpected failure, and thus is

unplanned. As a result, the spare parts inventory manager will face two demand streams: one

that is planned (deterministic) and one that is unplanned (stochastic). In addition, these two

demand streams will generally have differing priorities. Since the planned demand is generated

by preventive maintenance schedules, the consequence of a delay due to part unavailability is the

need to reschedule that maintenance. However, because the delayed maintenance was preventive,

the capital asset will be able to continue to function for some time. Thus, the cost associated

with delaying a planned maintenance will be relatively low. In contrast, the unplanned demand is

generated by unexpected failures, which may lead to unexpected downtime for the capital asset. In

this case, any delay in performing the unplanned maintenance can result in lost equipment usage

or lost production. Thus, the cost associated with delaying an unplanned maintenance may be
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significant. Therefore, in the context of spare parts inventory management for the maintenance of

capital assets, we see that the deterministic demand stream will generally have a low priority, while

the stochastic demand stream will have a high priority.

In such a setting, the inventory required to meet the planned and unplanned demand streams

can be controlled separately. However, doing so ignores the benefits of inventory pooling (see,

e.g., Basten and Van Houtum, 2014, p.50). Therefore, we propose joint inventory control, i.e.,

spare parts that are ordered for planned maintenance can be used for unplanned maintenance, if

necessary. By managing the inventories jointly, we can reduce the amount of safety stock that

must be held for unplanned maintenance. While there is a large amount of literature on inventory

management when there are two demand streams (see Section 2 for a review), to the best of our

knowledge, only a few papers consider a combination of deterministic and stochastic stream demand

streams. In those papers, the priorities are reversed compared with our model. As a result, the

system behavior is quite different.

Specifically, we consider a single stocking point for a single item that faces two streams of

demands: a low-priority deterministic stream and a high-priority stochastic stream. We consider

a periodic review setting with a finite horizon. However, we show that our results also hold for an

infinite horizon setting. At the start of each period, the planned maintenance demand is observed.

Spare parts can then be ordered and the ordered parts arrive instantaneously. Next, the unplanned

maintenance demand is observed. The available spare parts can then be allocated to planned and

unplanned maintenance actions, given the fact that delaying planned maintenance is less expensive

than delaying unplanned maintenance. At the end of the period, delay costs are charged on all

maintenance that is being delayed and holding costs are charged on all parts on-hand. We initially

assume a replenishment lead time equal to zero. In this case, the difference between planned and

unplanned maintenance may seem small. However, the difference is crucial: we can order parts for

planned maintenance to arrive just-in-time, while we need to hold safety stock for the unplanned

maintenance. In Section 8, we extend our results to consider a positive replenishment lead time.

For this model setting, we characterize the structure of the optimal inventory control policy

for three cases: when planned maintenance may not be delayed, when planned maintenance may

be delayed at most once, and when planned maintenance may be delayed an unlimited number of

times. In the first case, inventory control for the two demand streams is separated. In the second

case, we find that a myopic policy (Heyman and Sobel, 1984, Chapter 3) is optimal and that the

optimal safety stock level for the unplanned maintenance is a function of the amount of planned

maintenance scheduled for that period. In other words, information on previous and future periods

can be ignored when ordering. In addition, we demonstrate that the optimal safety stock level is

non-increasing in the amount of planned maintenance. In the third case, i.e., when maintenance

can be delayed an unlimited number of times, we formulate the problem as a dynamic program

and demonstrate that a base stock policy is optimal. However, the optimal policy is no longer
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myopic, i.e., we must consider the effect of decisions made in the current period on future periods.

Fortunately, we can bound these effects and, using these bounds, we can derive lower and upper

bounds on the optimal safety stock level in the current period. In a set of numerical experiments,

we demonstrate that using the upper bound as a heuristic myopic policy leads to the optimal policy

in most of the cases. Finally, we extend our model to incorporate a deterministic, positive lead

time. We find that, for the first two cases, the results derived for the case of zero lead time can be

readily extended to a setting with a positive lead time.

In Section 2, we discuss the related literature and highlight the key contributions of our work.

We present our model and problem description in Section 3 and we present some key observations

on the model in Section 4. In Section 5, we consider the setting in which planned maintenance

may not be delayed, which leads to separate stock control for both types of maintenance. Then,

in Section 6, we consider the case in which planned maintenance may be delayed at most once and

we demonstrate that joint stock control is optimal. We then consider, in Section 7, the case in

which planned maintenance may be delayed an unlimited number of times. In Section 8, we extend

the model to allow for a positive supply lead time. We then perform a numerical experiment in

Section 9 and conclude in Section 10. We defer all proofs to the appendix, but we will sometimes

outline the idea behind the proof in the main text.

2 Literature Review

Our model considers two demand streams with different delay costs, i.e., different priorities. Thus,

our work is related to the literature considering inventory control with multiple demand classes.

Most of that work considers two (or more) stochastic streams of demand (see, e.g., Veinott, 1965;

Topkis, 1968; Dekker et al., 2002; Deshpande et al., 2003; Kranenburg and Van Houtum, 2008).

Often, Poisson distributed demand is assumed, and excess demand can be lost, backordered, or lost

for one (or more) streams, but backordered for other streams. Both continuous review and periodic

review settings have been considered. One advantage of fulfilling multiple streams of demand

from one stocking point is risk pooling. Another advantage is that any fixed costs associated with

ordering can be shared across the demand streams.

Within the literature considering multiple demand streams, a few authors have studied systems

with one stochastic stream and one deterministic stream. To the best of our knowledge, the

deterministic stream is always assumed to have the higher priority (see, e.g. Sobel and Zhang,

2001; Frank et al., 2003). One motivating example for these models is a manufacturer that has

entered into a long term supply contract with certain customers, while other (smaller) customers

place occasional (and less predictable) orders. For this problem setting, the authors formulate a

periodic review inventory model, with a fixed cost associated with ordering, under the assumption

that the higher priority deterministic demand must be fulfilled completely. In this problem setting,

the advantage of combining the two streams of demand, i.e., making ordering decisions jointly for
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the two streams, is that the fixed cost for ordering can be shared. In addition, it may be optimal to

ration inventory, i.e., to not fill some low priority demand even when inventory is available, because

doing so may enable the inventory manager to delay ordering, thus avoiding the fixed order costs

(Frank et al., 2003).

In this model setting, where the deterministic demand stream has higher priority, if there is no

fixed order cost, then there is no need to manage the inventory jointly for the two demand streams,

i.e., the problem is separable. In contrast, in our model setting, the deterministic demand stream

is the lower priority stream. As a result, the advantage of jointly managing the inventory is that

we can reduce the backorder (or delay) costs by exchanging a high cost backorder for a low cost

backorder. As a result, in our model we do not require the assumption of a fixed order cost in order

to derive insights into the value of jointly managing the inventory.

One other stream of literature that is closely related to our work is the literature that considers

advance demand information (ADI) in inventory management. In some models, all demands are

announced a certain time in advance, referred to as the demand lead time, e.g., the first model

considered in Hariharan and Zipkin (1995). However, it is also possible to assume that different

orders have different demand lead times, as in the other models considered in Hariharan and Zipkin

(1995). While Hariharan and Zipkin (1995) consider ADI in a continuous review setting, Gallego

and Özer (2001) consider ADI in a periodic review setting. Finally, there also exist models in

which the ADI is imperfect, meaning that orders are announced with a certain probability of

materializing. See, for example, Tan et al. (2007). Our model differs from this previous literature

on ADI in that the backorder costs for the two types of demand in our model are different. In

addition, the combination of one demand stream that has perfect ADI plus one demand stream

that has no ADI has not been considered in the literature, to the best of our knowledge.

3 Model Description and Formulation

We next describe the problem we study and our model formulation. Throughout the paper, we

will use the maintenance setting in our terminology. However, as discussed above, our problem is

more broadly applicable. We consider the inventory management of spare parts that are used to

maintain a large set of assets, such as a fleet of jet engines. We consider a finite horizon setting

consisting of T periods, indexed by t ∈ {0, . . . , T}. We will show that the key results from our

analysis also hold for an infinite horizon setting. We initially assume a zero lead time for ordering

parts and we assume that the fixed ordering costs are negligible. In Section 8, we discuss the setting

with a positive supply lead time. While we do not include a variable ordering cost in our model,

doing so would not change our results, as we show in Observation 4.5. Holding costs are charged

on parts that remain on hand at the end of the period, at Ch > 0 per part.

For the fleet of assets, planned maintenance actions are scheduled according to an exogenous

process, resulting in Pt planned maintenance actions being scheduled in period t. Pt is a stochastic
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variable with a general discrete probability distribution with support N0 (N0 = N ∪ 0, with N =

{1, 2, . . .}). The actual value of Pt is observed at the beginning of period t, before ordering.

In addition to planned maintenance, unplanned maintenance may be required. The number of

unplanned actions that arises in a certain period is a stochastic variable, Ut, which has a general

discrete probability distribution with support N0, which is stationary over the horizon. (Notice,

however, that we do not require stationarity of the planned maintenance, Pt.) The realized value

of Ut is observed only after parts have been ordered, which means that there is a crucial difference

between planned and unplanned maintenance: parts required for planned maintenance can be

ordered to arrive in time with certainty (and we therefore consider this stream to be deterministic),

while safety stock is required to deal with unplanned maintenance. We use Ot to denote the total

number of parts to order in period t. The number of parts on hand just prior to ordering in period t

is denoted by It, while the number of parts on hand after the order has arrived, but before demand

is filled, is denoted by Yt, so that Yt = It +Ot.

It is possible that there may be insufficient inventory available to fill all maintenance events

with no delay. Thus, it is necessary to state whether, and by how much, maintenance can be

delayed. We consider three cases: planned maintenance may never be delayed, planned maintenance

may be delayed at most once, and planned maintenance may be delayed an unlimited number of

times. We make no assumptions regarding how long the unplanned maintenance may be delayed.

We use P d
t (Ud

t ) to denote the number of planned (unplanned) maintenance actions that have

already been delayed (and are waiting to be serviced) at the beginning of period t. Delaying a

planned maintenance action for one additional period costs Cp, where Cp > 0, while delaying an

unplanned maintenance action for one additional period costs Cu, where Cu > Cp. As discussed

above, in general, delaying unplanned maintenance will be more expensive than delaying planned

maintenance. We assume that, at the end of the horizon, parts are ordered to fulfill any remaining

delayed maintenance and that left over inventory is ignored, i.e., the salvage value is zero.

In any period t, we define the known demand to be equal to the known planned maintenance

demands occurring in period t, plus all delayed maintenance still waiting to be serviced at the start

of period t, i.e., the known demand in period t is Pt +Ud
t +P d

t . We will show in Section 4 that, in

any period t, the number of parts on hand after ordering, Yt, will be at least equal to the known

demand in period t. Any additional stock on hand, which can be used to cover the (unknown)

unplanned maintenance demands, will be referred to as the safety stock, denoted by St. Thus, we

have Yt = Pt +Ud
t +P d

t + St. Notice that our use of the term safety stock is slightly different than

the conventional usage. Conventionally, safety stock refers to the number of units of inventory in

excess of the mean demand. However, in this paper we will use the term safety stock to refer to

the number of units of inventory in excess of the known demand.

Our goal is to order spare parts and, upon arrival, to allocate these parts to maintenance actions

such that we achieve the minimum average cost per period over the T period planning horizon.
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Our objective function can thus be written as:

minimize
St, t∈{1,...,T}

1

T

T∑
t=1

C(St | Pt, P
d
t ),

where C(St | Pt, P
d
t ) is the expected cost in period t, which we define in Sections 5, 6 and 7, for

each of the three cases that we study. The expected cost in period t does not depend on the delayed

unplanned maintenance, Ud
t , since we show in Section 4 that there exists an optimal policy in which

all delayed unplanned maintenance is fulfilled immediately.

4 Observations

We next provide some initial observations that will aid in our analysis. We provide the intuition for

these observations, but no formal proofs, since the results are obvious. The first two observations

consider the allocation policy, which assigns on hand inventory to maintenance actions. The optimal

allocation policy can be defined completely without performing any formal analysis. Thus, in the

remainder of this paper we focus on determining the optimal ordering policy.

Observation 4.1. Under any optimal allocation policy, the following rules are used to allocate on

hand inventory to maintenance actions:

(i) To the extent to which it is allowed, given the limits on delaying planned maintenance, first

satisfy all unplanned maintenance and then satisfy all planned maintenance.

(ii) Spare parts will never be rationed, i.e., a period will never end with both positive on hand

stock and a positive number of delayed maintenance actions.

The assumption that Cu > Cp implies that it is less expensive to delay planned maintenance

(Pt + P d
t ) than to delay unplanned maintenance (Ut + Ud

t ), if there is insufficient stock to fulfill

both. However, if there is a limit on the number of times a planned maintenance can be delayed

(e.g., never in Section 5 or once in Section 6), then to ensure feasibility, we may first need to fill the

planned maintenance that has reached the specified limit. For example, if planned maintenance

can never be delayed, then we must first fill any planned maintenance. Or, if planned maintenance

may be delayed at most once, then we must first fill any planned maintenance that has already

been delayed once. Otherwise, the policy will not be feasible. This concludes part (i). Part (ii)

holds due to the assumption that ordered parts arrive instantaneously. Thus, rather than holding

back one part and incurring a delay cost for an unfilled maintenance action, it would be better to

use the available part to fill a maintenance action and then order one more part in the next period,

since ordered parts arrive instantaneously.

Observation 4.2. There exists an optimal allocation policy:
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(i) Under which first all planned (unplanned) maintenance that has already been delayed and then

all new planned (unplanned) maintenance is fulfilled.

(ii) Which is completely determined by Observation 4.1 and part (i) of the current observation.

Notice that if planned maintenance may never be delayed, then part (i) is not relevant for

planned maintenance. If planned maintenance may be delayed at most once, then part (i) is trivial

for planned maintenance. When planned maintenance may be delayed an unlimited number of

times, the order in which the planned maintenance actions are fulfilled is irrelevant, because any

planned maintenance action incurs the same per period delay costs, regardless of whether or not

it has been delayed before. A similar argument applies to unplanned maintenance. However, in

practice it would typically make the most sense to satisfy the oldest requests first (i.e., to use first

come first served allocation). Therefore, when we need to assume a specific allocation policy, this

is what we will assume.

Part (i) of Observation 4.2, along with Observation 4.1, completely determines the optimal

allocation policy for each of the three cases that we consider. This completes part (ii). Therefore, the

allocation policies that we will assume throughout the paper are as specified in these observations.

The remaining decision in each period is the safety stock level, St, or, equivalently, the amount

to order, Ot. We now focus our attention on characterizing properties of the optimal ordering

policy.

Observation 4.3. Under any optimal policy:

(i) There will be no (planned or unplanned) maintenance actions that are deliberately delayed

indefinitely.

(ii) After ordering, the amount of stock on hand in period t is at least as large as the known

demands in period t: Yt ≥ Pt + P d
t + Ud

t .

Part (i) follows immediately from the fact that we have assumed that all delayed maintenance

actions are fulfilled at the end of the horizon. However, when an infinite horizon is assumed, then

delaying a planned (unplanned) maintenance action indefinitely (by not buying a part for it) leads

to infinite cost for that action, since Cp (Cu) is strictly positive. A feasible policy that results in

finite cost is to buy an additional spare part after a planned (unplanned) maintenance action has

been delayed for the first time, and allocate that spare part to the delayed maintenance action.

Given that delaying maintenance actions indefinitely is never optimal, it is best to fulfill any known

demands as soon as possible, leading to part (ii): deliberately delaying a known demand for some

period of time does not bring any advantage, but it does lead to additional holding costs.

The following observation states that unplanned maintenance actions will be delayed at most

once. This is useful both for our analysis and for the practicality of the optimal ordering policy.
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Observation 4.4. There exists an optimal policy under which an unplanned maintenance action

will be delayed at most once.

We know from Observation 4.3, part (ii), that the amount of stock on hand after ordering is

larger than the amount of delayed unplanned maintenance, i.e., Yt ≥ Ud
t . Since we further know

that there exists an optimal policy under which first all delayed unplanned maintenance is fulfilled,

from Observation 4.2, part (ii), it holds that an unplanned maintenance action will be delayed at

most once.

Observation 4.5. Incorporating positive ordering costs that are linear in the number of parts

ordered will not change the optimal stocking or allocation policy.

Let us denote these ordering costs by Co per part. According to Observation 4.3, all maintenance

actions eventually receive the spare parts that they require. Thus, incorporating the ordering cost

implies that, under any given policy, the average cost per period is increased by Co

T

∑T
t=1 [Pt + Ut].

5 Planned Maintenance: No Delay Allowed

We are now ready to consider the case in which planned maintenance may not be delayed. This

assumption leads to the following observation.

Observation 5.1. Under an optimal policy, stock control for both types of maintenance is per-

formed separately, i.e., the safety stock level, St, does not depend on the amount of planned

maintenance, Pt.

Under any feasible policy, Pt parts are ordered in period t to cover the planned maintenance.

After arrival of the order and observing the number of unplanned maintenance actions, all of these

parts are allocated to the planned maintenance actions, since these may not be delayed. Therefore,

when determining the optimal safety stock level to cover unplanned maintenance, the amount of

planned maintenance is irrelevant.

Delaying an unplanned maintenance action leads to delay cost of Cu per period. By Observa-

tion 4.4, an unplanned maintenance will be delayed at most once. Given the safety stock level, St,

the order quantity is Ot = Pt + Ud
t + St − It. The total costs per period are:

C(St | Pt) =

St∑
k=0

P {Ut = k}Ch(St − k) +

∞∑
k=1

P {Ut = St + k}Cuk. (1)

Here we have suppressed the notation P d
t in the cost function since it is always zero in this case.

Because the distribution of the number of unplanned maintenance actions is stationary over

time, and because both the purchase cost and salvage value for inventory remaining at the end

of the horizon are assumed to be zero, the optimal safety stock level is stationary and can be
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determined myopically (Heyman and Sobel, 1984, Chapter 3). Therefore, the optimal safety stock

level, denoted by S∗, for each period, is as specified in the following theorem.

Theorem 1. S∗ is the smallest St for which (Ch + Cu)
∑∞

k=St+1 P {Ut = k} ≤ Ch.

This is a well-known result. This safety stock level can be achieved exactly in each period

by ordering Ot = Pt + Ut−1, i.e., in each period we order the planned demand plus the unplanned

demands that were filled (or delayed) in the previous period. If we were to include variable ordering

costs, as discussed in Observation 4.5, these results would still hold, as long as these variable

ordering costs are also incurred on the parts that are ordered at the end of the horizon (recall that

we have assumed that all delayed maintenance actions are fulfilled at the end of the horizon) and

if any excess inventory can be salvaged for the same variable ordering cost.

Remark 5.1. Given that a stationary myopic policy is optimal for the finite horizon setting, the

result also holds in an infinite horizon setting.

6 Planned Maintenance: At Most One Delay Allowed

Next, we consider the case in which planned maintenance may be delayed at most once. The

allocation policy remains clear (see Section 4). We further know from Observation 4.3, part (ii),

that after ordering we have Yt ≥ Pt + P d
t +Ud

t on hand. We can suppress P d
t (and Ud

t ) in the cost

function because these values do not influence the cost, i.e., all delayed planned (and unplanned)

maintenance at the start of period t will be filled during period t. Thus, no further holding costs

or delay costs are incurred for these demands. The difference between Yt and the known demands,

Pt + P d
t + Ud

t , is the safety stock, St. In other words, Ot = Pt + P d
t + Ud

t + St − It. Notice

that since we must have that Ot ≥ 0, there are situations in which the feasible region for St is

not all non-negative integer values, i.e., St may be constrained by a lower bound. For example, if

Pt + P d
t + Ud

t = 0, then St ≥ It. We will see in Theorem 4 that this bound is never binding, i.e.,

that the optimal unconstrained value of St is always feasible.

The expected costs in period t are:

C(St | Pt) =

St∑
k=0

P {Ut = k}Ch(St − k) +

Pt∑
k=1

P {Ut = St + k}Cpk

+
∞∑
k=1

P {Ut = St + Pt + k} (Cuk + CpPt) . (2)

The first term in the cost function represents the case in which the amount of unplanned main-

tenance is below the safety stock level, so that no maintenance is delayed, while some on hand

inventory remains at the end of the period, incurring holding costs. The second term represents
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the case in which only planned maintenance is delayed, while the third term represents the case in

which all planned maintenance and some unplanned maintenance is delayed.

Lemma 2 provides some useful structural properties for C(St | Pt).

Lemma 2. The cost function C(St | Pt) has the following properties:

(i) C(St | Pt) is strictly convex in St.

(ii) C(St | Pt) is strictly decreasing and strictly convex in Pt.

(iii) C(St | Pt) is supermodular in Pt and St.

The fact that the costs are decreasing in Pt, as stated in part (ii), may be counterintuitive.

However, recall that we ignore the ordering costs, i.e., we focus on the costs incurred due to the

uncertainty in unplanned maintenance demands. Because we may delay planned maintenance,

the stock that we order for planned maintenance acts as a buffer, i.e., for a given safety stock

level, when there happens to be a lot of unplanned maintenance, some planned maintenance can

be delayed rather than delaying unplanned maintenance, which would be much more costly. The

supermodularity result in part (iii) of the lemma is used to prove Lemma 3. This result is useful

because it implies that if the planned maintenance scheduled in a period t increases, then the

optimal safety stock level decreases or remains the same. This result is also due to the fact that

the stock ordered to fill planned maintenance acts as a buffer, i.e., delaying planned maintenance

is less costly than delaying unplanned maintenance. Thus, if there is more planned maintenance

that can potentially be delayed, freeing up stock to satisfy unplanned maintenance, then less safety

stock is required.

Let us now assume that there is a certain period t in which there is no stock on hand (i.e.,

It = 0) and no delayed demand at the beginning of the period (i.e., P d
t +Ud

t = 0). Period 1 is such

a period by definition. These assumptions imply that any St ≥ 0 is feasible. We further ignore any

information that we have on future periods, thus making the problem myopic. Lemma 3 provides

a first order condition for determining the optimal safety stock level, S∗t , in period t, under these

assumptions. The lemma also indicates that this optimal safety stock level is decreasing in the

amount of planned maintenance in that period, Pt. To be more precise, the lemma indicates that

when the amount of planned maintenance is increased (decreased) by 1 unit, the optimal safety

stock level will remain the same or decrease (increase) by 1 unit. Because the optimal safety stock

level is a function of the amount of planned maintenance, we write it as S∗t (Pt).

Lemma 3. If It = 0 and P d
t + Ud

t = 0, the optimal safety stock level, S∗t (Pt), has the following

properties:

(i) S∗t (Pt) is the smallest St for which:

(Cp + Ch)
∞∑

k=St+1

P {Ut = k}+ (Cu − Cp)
∞∑

k=St+Pt+1

P {Ut = k} ≤ Ch.
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(ii) S∗t (Pt) satisfies S∗t (Pt)− 1 ≤ S∗t (Pt + 1) ≤ S∗t (Pt).

Although the optimal safety stock level, S∗t , can no longer be written using a standard newsven-

dor equation, it is still myopic and it is straightforward to find, since C(St | Pt) is convex in St.

Theorem 4 states that, in any period t, it is optimal to use the myopically optimal safety stock

level, S∗t , as defined in Lemma 3. The key to the proof is to demonstrate that S∗t is feasible in

every period t, i.e., implementing S∗t will not require Ot < 0, even without the conditions required

for Lemma 3.

Theorem 4. In any period t, if ordering in all previous periods has been performed using the

myopically optimal policy specified in Lemma 3, then It ≤ Pt +S∗t (Pt). Therefore, it is optimal and

feasible to order such that the on hand inventory after ordering is Yt = P d
t +Ud

t +Pt +S∗t (Pt), with

S∗t (Pt) as defined in Lemma 3.

If we assume that period t = 1 starts with I1 = 0 and P d
1 + Ud

1 = 0, then by Lemma 3, the

myopic policy is optimal for period t = 1. By induction and Theorem 4, we thus have that the

myopic policy is optimal for each period in the planning horizon.

Given that the optimal safety stock level in any period t satisfies the first order condition

specified in Lemma 3, part (i), we see that S∗t (Pt) depends on t only through Pt. In other words,

since the unit costs (Ch, Cu and Cp) and the probability distribution of Ut (P {Ut = k} for k ∈ N0)

are stationary, we can write S∗t (Pt) = S∗(Pt) and thus the safety stock function is stationary. Notice

that this implies that it is straightforward to extend these results to an infinite horizon setting.

Finally, Lemma 5 states that the optimal cost in period t is decreasing in the amount of planned

maintenance in period t. The intuition is the same as that provided for Lemma 2.

Lemma 5. C(S∗t (Pt) | Pt) is strictly decreasing and convex in Pt.

7 Planned Maintenance: Unlimited Delay

Next, we consider the case in which planned maintenance may be delayed an unlimited number of

times. In this case, the ordering decision in period t may influence periods t′ > t. Thus, it becomes

necessary to formulate the problem as a discrete-time Markov decision problem (MDP). The state

in period t consists of the planned maintenance in period t and the delayed planned maintenance

carried over to period t, i.e., S = {(Pt, P
d
t ) ∈ N2

0}. We do not need to include the delayed unplanned

maintenance, Ud
t , in the state due to the fact that there exists an optimal policy under which Ud

t

will be filled in period t (see Observation 4.4).

The allocation policy is as defined in Observation 4.2, part (ii). Thus, the action space in period

t is simply A = {St ∈ N0}. Given St, the order quantity is just Ot = Pt + P d
t + Ud

t + St − It. The
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cost function in period t can thus be written as:

C(St | Pt, P
d
t ) =

St∑
k=0

P {Ut = k}Ch(St − k) +

Pt+Pd
t∑

k=1

P {Ut = St + k}Cpk

+

∞∑
k=1

P
{
Ut = St + Pt + P d

t + k
}(

Cuk + Cp(Pt + P d
t )
)
. (3)

This single period cost function is quite similar to Equation (2). However, since we now allow

planned maintenance to be delayed indefinitely, the ranges over which we are summing are modified

slightly. The dynamic programming recursion can now be written as follows:

Vt(Pt, P
d
t ) = E

{
min
St∈N0

Gt(St | Pt, P
d
t )

}
,

with the expectation being over the future maintenance actions, since they are not yet observed in

period t, and:

Gt(St | Pt, P
d
t ) =

St∑
k=0

P {Ut = k}
(
Ch(St − k) + Vt+1(Pt+1, 0)

)

+

Pt+Pd
t∑

k=1

P {Ut = St + k} (Cpk + Vt+1(Pt+1, k))

+

∞∑
k=1

P
{
Ut = St + Pt + P d

t + k
}(

Cuk + Cp(Pt + P d
t ) + Vt+1(Pt+1, Pt + P d

t )
)
.

(4)

The three cases can be explained as follows:

• Ut ≤ St: nothing is delayed and period t+ 1 starts with positive on hand stock;

• St < Ut ≤ St + Pt + P d
t : only some planned maintenance is delayed and period t + 1 starts

with zero on hand stock; and

• Ut > St+Pt+P
d
t : all planned maintenance is delayed, as well as some unplanned maintenance,

and period t+ 1 starts with zero on hand stock.

We define VT+1(PT+1, P
d
T+1) ≡ 0, since, as discussed in Section 3, we assume that, at the end of

the horizon, parts are ordered to fill any remaining delayed maintenance (resulting in no holding

or delay costs after the horizon), and leftover inventory has no salvage value. This implies that:

GT (ST | PT , P
d
T ) = C(ST | PT , P

d
T ). (5)
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The order in which we present the results is very similar to that in the previous section. In the

appendix, we first prove results for period T and then for all other periods t by induction. Due to

the similarity of GT (ST | PT , P
d
T ) with the cost function from the previous section, Equation (2),

many of the results for period T follow (almost) directly from the results in the previous section.

Furthermore, in all periods t, the results for P d
t are the same as those for Pt (e.g., convexity of

the cost rate function), which is easily seen from Equation (4). Lemma 6 provides some useful

properties of Gt(St | Pt, P
d
t ); the intuition for these results is similar to that provided for Lemma 2.

Lemma 6. Gt(St | Pt, P
d
t ) has the following properties:

(i) Gt(St | Pt, P
d
t ) is strictly convex in St.

(ii) Gt(St | Pt, P
d
t ) is strictly decreasing and strictly convex in Pt and P d

t .

(iii) Gt(St | Pt, P
d
t ) is supermodular in each of the combinations of Pt, P

d
t and St.

In what follows we will use the notation S∗t (Pt) or S∗t (P d
t ) to explicitly show the dependence

of S∗t on Pt or P d
t whenever that is useful. In addition, we define ∆Pd

t+1
Vt+1(Pt+1, P

d
t+1) =

Vt+1(Pt+1, P
d
t+1 + 1) − Vt+1(Pt+1, P

d
t+1), which represents the increase in costs incurred when an

additional unit of planned maintenance is delayed in period t. We can now state Lemma 7, which

provides properties of the optimal safety stock level.

Lemma 7. The optimal safety stock level in period t, S∗t , has the following properties:

(i) S∗t is the smallest St for which:

(Cp + Ch)
∞∑

k=St+1

P {Ut = k}+ (Cu − Cp)
∞∑

k=St+Pt+P d
t +1

P {Ut = k}

+

St+Pt+P d
t∑

k=St+1

P {Ut = k}
[
∆P d

t+1
Vt+1(Pt+1, k − 1)

]
≤ Ch.

(ii) S∗t (Pt) satisfies S∗t (Pt)− 1 ≤ S∗t (Pt + 1) ≤ S∗t (Pt) and S∗t (P d
t ) satisfies S∗t (P d

t )− 1 ≤ S∗t (P d
t +

1) ≤ S∗t (P d
t ).

Analogous to Lemma 3, part (ii), in Section 6, Lemma 7, part (ii), implies that if the amount

of (new or delayed) planned maintenance in period t increases by one, then the optimal safety

stock level remains the same or decreases by one. This has a further, counterintuitive implication:

Suppose the safety stock level in period t is increased by one unit. This may result in the optimal

safety stock level for period t + 1 also increasing by one unit due to the fact that the amount

of delayed planned maintenance in period t + 1 may (depending on the amount of unplanned

maintenance that arises in period t) be reduced by one. Recall that the stock ordered to fill
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planned maintenance (whether delayed or not) serves as a buffer, i.e., can be used to fill unplanned

maintenance, if needed. Thus, if the amount of delayed planned maintenance is decreased by one

unit, we will order one less unit to fill that delayed planned maintenance, which implies that there

will be less of a buffer that can be used to meet unplanned maintenance. Thus, the safety stock

may need to be increased by one unit.

Lemma 8 provides some key properties of the optimal cost in period t as a function of Pt or P d
t .

Part (ii) also holds when P d
t is replaced by Pt, but in the remainder of the paper we only use the

result for P d
t .

Lemma 8. Vt(Pt, P
d
t ) has the following properties:

(i) Vt(Pt, P
d
t ) is strictly decreasing and convex in Pt and P d

t .

(ii)

−Ch + Cp
∞∑

k=S∗t (P
d
t )+1

P {Ut = k} ≤ ∆P d
t
Vt(Pt, P

d
t ) ≤ −Ch + (Cp + Ch)

∞∑
k=S∗t (P

d
t )

P {Ut = k} .

The lemma states that the optimal cost-to-go in period t decreases when the amount of planned

maintenance increases. This result is similar to the results of the previous section. The stock

ordered to fill planned maintenance acts as a buffer and can be used to fill unplanned maintenance,

if needed. However, while Pt is exogenously given, P d
t+1 is dependent on the decisions made in period

t, as well as the amount of unplanned maintenance in period t. Part (ii) of the lemma indicates

that the cost-to-go will decrease at most by Ch when P d
t+1 is increased by one. Combining this

result with Lemma 7, part (i), provides lower and upper bounds on the optimal safety stock level,

S∗t , which we denote by Slb
t and Sub

t . These bounds are defined in Corollary 9, which we provide

without further proof.

Corollary 9. S∗t satisfies Slb
t ≤ S∗t ≤ Sub

t , where Slb
t is the smallest value of St for which:

Cp

St+Pt+P d
t∑

k=St+1

P {Ut = k}+ (Cu + Ch)
∞∑

k=St+Pt+P d
t +1

P {Ut = k} ≤ Ch,

and Sub
t is the smallest value St for which:

(Cp + Ch)

St+Pt+P d
t∑

k=St+1

P {Ut = k}+ (Cu + Ch)
∞∑

k=St+Pt+P d
t +1

P {Ut = k} ≤ Ch.

Notice the similarity between the upper bound, Sub
t , and the optimal safety stock level, S∗t (Pt),

for the case in which planned maintenance may be delayed at most once, as specified in Lemma 3,
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part (i). The only difference between these two values is that in the condition defining S∗t (Pt), in

Lemma 3, part (i), the ranges in the summations do not include P d
t .

In addition, note that if the lower and upper bounds provided in Corollary 9 coincide, i.e., if

Slb
t = Sub

t , then this is the optimal safety stock level, S∗t , and thus the optimal base stock level can

be found myopically. In the numerical experiments presented in Section 9, we will show that these

bounds often do coincide. In addition, we will develop a heuristic solution procedure for the case

in which the bounds do not coincide. Finally, we note that if we know Pt+1, then it is possible to

get even tighter bounds on S∗t by first bounding S∗t+1 and then using those bounds to get tighter

bounds on ∆Pd
t
Vt(Pt, P

d
t ). This can be done recursively for more future periods, and although the

resulting policy is not myopic, it can be found quite efficiently.

Finally, we conclude this section with Lemma 10, in which we compare the costs and safety

stock levels for the three cases considered in the paper: planned maintenance may not be delayed,

may be delayed at most once, and may be delayed an unlimited number of times.

Lemma 10. The following results hold:

(i) For a given safety stock level:

(a) The per period cost for the case in which planned maintenance can be delayed at most

once is less than or equal to the per period cost for the case in which planned maintenance

can never be delayed, with the difference in cost equal to:

−
Pt∑
k=1

P {Ut = St + k} (Cu − Cp)k −
∞∑
k=1

P {Ut = St + Pt + k} (Cu − Cp)Pt.

If Pt > 0, then the cost when planned maintenance can be delayed once is thus strictly

lower than the cost if planned maintenance cannot be delayed.

(b) The per period cost for the case in which planned maintenance can be delayed an unlim-

ited number of times is less than or equal to the per period cost for the case in which

planned maintenance can be delayed at most once, with the difference in cost equal to:

−
P d
t∑

k=1

P {Ut = St + Pt + k} (Cu − Cp)k −
∞∑
k=1

P
{
Ut = St + Pt + P d

t + k
}

(Cu − Cp)P d
t .

If P d
t > 0, then the cost when planned maintenance can be delayed an unlimited number

of times is thus strictly lower than the cost if planned maintenance can be delayed once.

(ii) At the optimal safety stock level:

(a) The optimal per period cost for the case in which planned maintenance can be delayed

at most once is less than or equal to the optimal per period cost for the case in which
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planned maintenance can never be delayed.

(b) The optimal per period cost for the case in which planned maintenance can be delayed

an unlimited number of times is less than or equal to the optimal per period cost for the

case in which planned maintenance can be delayed once.

(ii) The optimal safety stock levels satisfy:

(a) The optimal safety stock level for the case in which planned maintenance can be delayed

at most once is less than or equal to the optimal safety stock level for the case in which

planned maintenance can never be delayed.

(b) The optimal safety stock level for the case in which planned maintenance can be delayed

an unlimited number of times is less than or equal to the optimal safety stock level for

the case in which planned maintenance can be delayed once.

8 Positive supply lead time

We have thus far considered the case in which parts that are ordered arrive instantaneously. We

now introduce a supply lead time L ∈ N0. The order of events in every period remains the same,

so that previously ordered parts arrive immediately after ordering new parts. However, in period

t, the parts that arrive were ordered in period t − L. In addition, to enable the analysis, we now

assume an infinite horizon, i.e., T = ∞, and we assume that Pt is stationary, i.e., Pt = Pt′ for all

periods t and t′. In practice, this is a natural assumption since companies generally try to schedule

a stable work load in the maintenance shop. We will consider only the cases in which planned

maintenance may not be delayed and may be delayed at most once. We will demonstrate that the

results derived for the zero lead time setting also hold, with some minor adaptation, when L > 0.

We first introduce some additional definitions and notation. The inventory position after or-

dering in period t, Yt, is now defined as all parts on hand and on order after ordering in period

t, Yt = It +
∑t

r=t−LOr. We then define Pt+L to be the lead time planned maintenance, i.e., all

planned maintenance that arises in periods t through t + L, Pt+L =
∑t+L

r=t Pr = (L + 1)Pt. Simi-

larly, we define the lead time unplanned maintenance, Ut+L =
∑t+L

r=t Ur. We next define lead time

known demands as all demands over the lead time that are known at the beginning of period t,

i.e., P d
t +Ud

t +Pt+L. Finally, we define St+L to be the safety stock level in period t+L, which we

define to be the inventory position after ordering in period t minus the lead time known demands

in period t. Thus, we have

St+L = It +
t∑

r=t−L
Or − P d

t − Ud
t −Pt+L = Yt − P d

t − Ud
t −Pt+L. (6)
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The safety stock level, St+L, is our decision variable in period t. Alternatively and equivalently, we

could have chosen Ot to be our decision variable.

We next provide some observations without formal proof. Observations 4.1 and 4.2, which con-

sider the allocation policy, and Observation 4.5, which considers ordering costs, remain unchanged.

However, below we provide modified versions of the other two observations in Section 4.

Observation 8.1. Under any optimal policy:

(i) There will be no unplanned maintenance actions that are deliberately delayed indefinitely.

(ii) The inventory position after ordering in period t is at least as large as the lead time known

demands at the beginning of period t: Yt = It +
∑t

r=t−LOr ≥ P d
t + Ud

t + Pt+L.

Part (i) follows immediately from part (i) of Observation 4.3. The reasoning for part (ii) is

similar to that for part (ii) of Observation 4.3. Given that all demands will be fulfilled at some

point, it is best to fill them as soon as possible. From part (ii) of Observation 8.1 it follows that

St+L ≥ 0.

Observation 8.2. There exists an optimal policy under which an unplanned maintenance action

will be delayed at most L+ 1 times.

This observation is a generalization of Observation 4.4 and the reasoning for the result is similar.

The inventory position after ordering in period t, Yt, is larger than the lead time known demands

at the beginning of period t, P d
t + Ud

t + Pt+L. An unplanned maintenance action that has been

delayed in period t− 1 is a known demand in period t and thus can be filled in period t+L, at the

latest.

We now consider the case in which planned maintenance may not be delayed, i.e., stock is

controlled separately for planned and unplanned maintenance. We have the following cost function

for period t+ L:

C(St+L | Pt+L) =

St+L∑
k=0

P {Ut+L = k}Ch × (St+L − k) +
∞∑
k=1

P {Ut+L = St+L + k}Cu × k. (7)

We suppress P d
t in the cost function since it is always zero. This cost function is analogous to

that for the case with zero lead time. Notice that it is not important to know when the unplanned

maintenance has occurred exactly; this result is analogous to the observation that only the aggregate

demand over the lead time matters in an inventory model with backordering and a positive supply

lead time, as shown by Scarf (1959). By noticing the similarity between Equations (7) and (1), it

is easily seen that the results in Theorem 1 also hold when L > 0, with the unplanned maintenance

being replaced by its positive lead time equivalent and the ordering decisions now based on the

inventory position. We refer to the appendix for the details on the initial periods.
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We next consider the case in which planned maintenance may be delayed at most once. We

have the following cost function for period t+ L:

C(St+L | Pt+L) =

St+L∑
k=0

P {Ut+L = k}Ch × (St+L − k) +

Pt+L∑
k=1

P {Ut+L = St+L + k}Cp × k

+
∞∑
k=1

P {Ut+L = St+L + Pt+L + k} (Cu × k + Cp × Pt+L) . (8)

We suppress P d
t in the cost function since it is always fulfilled in period t and does not influence

the costs or the optimal decision. By noticing the similarity between Equations (8) and (2), it

can be seen that the results in Lemma 3, part (i) and Theorem 4 also hold when L > 0, with

the inventory position, known demands and unplanned maintenance replaced by their positive lead

time equivalents, and the ordering decisions now based on the inventory position. We refer to the

appendix for a formal proof of this result.

9 Numerical results and heuristic performance

In this section, we report the results of a numerical experiment in which we compare the optimal

costs in three cases:

• Planned maintenance may not be delayed;

• Planned maintenance may be delayed at most once; and

• Planned maintenance may be delayed an unlimited number of times.

By comparing the system performance across these three cases, we gain insights into the value of

allowing planned maintenance to be delayed.

In addition, we investigate the performance of four heuristic solution approaches for the case

with unlimited delay, for which finding the optimal solution can be computationally challenging.

The first two heuristics are myopic policies based on the bounds on the optimal safety stock level

derived in in Corollary 9. In the LB myopic heuristic we always use the lower bound, while in

the UB myopic heuristic we always use the upper bound. As discussed in Section 7, when the

lower and upper bounds coincide, we have (myopically) found the optimal safety stock level for

the case with unlimited delay. The third and fourth heuristics apply the safety stock levels derived

for the no delay and one delay cases, respectively, even though an unlimited number of delays is

allowed. In other words, under this approach, we do not allow for unlimited delays at a tactical

level, when setting the safety stock level, but operationally, when we actually allocate the safety

stock to maintenance actions, we do allow for unlimited delays. We refer to these two heuristics as

the no delay heuristic and one delay heuristic, respectively.
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Settings

Supply lead time L 0
Number of periods T 5; 25; ∞
Planned maintenance per period Pt 5;25
Unplanned maintenance rate λu 1;5
Holding costs Ch 1
Delay costs for planned maintenance Cp 1;5
Delay costs for unplanned maintenance Cu 10;50

Table 1: Settings of the parameters in the numerical experiment

In summary, we consider seven different solution approaches: the optimal solutions for each of

the three different cases, plus the four heuristics for the unlimited delay case. When we compare

the performance of two solution approaches, it will be clear which approach provides the lowest

cost. We use I to denote the lowest cost approach and II to denote the other approach. As outlined

in Section 9.1, we consider 48 different problem instances. We will use CI(e) and CII(e) to denote

the costs resulting from approach I and II, respectively, applied to problem instance e. Finally,

we will calculate and report the average and maximum percentage increase in costs for approach

II, relative to apporach I, as 1
48

∑48
e=1

(
CII(e)−CI(e)

CI(e)

)
and max

e

{
CII(e)−CI(e)

CI(e)

}
, respectively.

9.1 Experimental design

We use a full factorial experiment. We assume that L = 0, since we have shown in Section 8 that

the structure of the results (for the first two cases) will be the same if L > 0. We further assume, for

simplicity and because in practice companies try to schedule a stable workload in the maintenance

shop, that the amount of planned maintenance that is scheduled in each period, Pt, is stationary

over time. We assume that the unplanned maintenance, Ut, has a truncated Poisson distribution

with rate λu, truncated at 10λu, so that only values with a very small probability of occurring

are ignored. (We do this truncation so that the amount of delayed maintenance is capped, which

helps to avoid computational issues.) Assuming a Poisson distribution is realistic in practice and

common in the literature on spare parts inventory management, see, e.g., Sherbrooke (2004, p.21)

or Basten and Van Houtum (2014, p.40).

Table 1 provides the exact parameter values that we consider. We perform 1×3×2×2×1×2×2 =

48 different experiments. With T = ∞, we mean that we consider the infinite horizon setting, in

which the optimal safety stock level is stationary in all three cases, including the case in which

planned maintenance may be delayed an unlimited number of times. In the latter case, we stop

the value iteration once we have achieved a precision of 0.0001, i.e., when |V2 − V1|/V1 < 0.0001.

This never requires T to become higher than 44.
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No delay At most one delay

Average 136% 0.50%
Maximum 334% 4.92%

Table 2: % additional costs relative to the setting with an unlimited number of delays

No delay At most one delay

T = 5 136% 0.44%
T = 10 137% 0.54%
T =∞ 137% 0.53%

Pt = 5 130% 1.01%
Pt = 25 143% 0.00%

λu = 1 163% 0.02%
λu = 5 110% 0.99%

Cp = 1 217% 0.96%
Cp = 5 55.5% 0.05%

Cu = 10 95.9% 0.38%
Cu = 50 177% 0.63%

Table 3: Average % additional costs relative to the setting with an unlimited number of delays

9.2 Impact of delayed planned maintenance

We first quantify the value of allowing planned maintenance to be delayed. The results are presented

in Tables 2 through 4. If we do not allow planned maintenance to be delayed, the increase in costs

compared to the case with unlimited delay is 136% on average and 334% at maximum. If we allow

planned maintenance to be delayed at most once, the increase in costs compared to the case with

unlimited delay is 0.50% on average and 4.92% at maximum. These results indicate that most of

the benefits obtained from allowing planned maintenance to be delayed are gained from allowing

the maintenance to be delayed at most once. This holds because, in general, if we use the optimal

safety stock levels, it is rare that planned maintenance is delayed more than one time. In other

words, the probability that the unplanned demand is high enough over two periods to cause a

planned demand to be delayed twice is very small.

Table 3 shows the average percentage increase in costs, relative to the case with unlimited delay,

for the various parameter settings. We focus our discussion on the first column, which shows the

percentage increase in costs for the case with no delay. From the table, we can see that λu, Cp

and Cu have a significant impact on the value of allowing planned maintenance to be delayed.

Unsurprisingly, allowing planned maintenance to be delayed adds the most value in low demand

settings, when the cost of delaying planned maintenance is low, and when the cost of delaying
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No delay At most one delay
Unlimited delay
P d
t = 0 P d

t > 0

Total 5.75 3.81 3.81 3.75

T = 5 5.75 3.81 3.81 3.75
T = 10 5.75 3.81 3.81 3.75
T =∞ 5.75 3.81 3.81 3.75

Pt = 5 5.75 3.88 3.88 3.75
Pt = 25 5.75 3.75 3.75 3.75

λu = 1 2.50 1.50 1.50 1.50
λu = 5 9.00 6.13 6.13 6.00

Cp = 1 5.75 3.13 3.13 3.00
Cp = 5 5.75 4.50 4.50 4.50

Cu = 10 5.00 3.75 3.75 3.75
Cu = 50 6.50 3.88 3.88 3.75

Table 4: Average safety stock levels

unplanned maintenance is high.

Table 4 shows the optimal safety stock levels for the three cases. For the case with unlimited

delays, there are three problem instances in which the stock levels differ for different amounts of

already delayed planned maintenance, P d
t ; we come back to these problem instances in Section 9.3.

As stated in Lemma 10, the safety stock levels are lowest in the unlimited delay case, and highest

in the no delay case. In addition, we see that the safety stock levels for the one delay case are

almost identical to those for the unlimited delay case. In fact, the stock levels are identical when

P d
t = 0.

These results again suggest that allowing planned maintenance to be delayed at most once

is sufficient to achieve very close to the optimal performance for the unlimited delay case. It is

interesting to note that, in the one delay and unlimited delay cases, the safety stock levels are

relatively insensitive to Pt. In fact, although we have shown that S∗t is decreasing in Pt, the

numerical results indicate that this effect is quite small. However, the optimal safety stock levels in

the one delay case are dependent on the cost of delaying planned maintenance, Cp. As one would

expect, when this cost increases, the optimal safety stock level increases.

9.3 Heuristic approaches for setting with unlimited delays

Recall that the optimal solution for the case in which planned maintenance can be delayed an

unlimited number of times can be found by solving the MDP formulated in Section 7. Since

solving the MDP may be computationally intensive, and requires mathematical sophistication on

the part of the inventory manager, we next evaluate the performance of the four proposed heuristic
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LB myopic UB myopic No delay One delay

Average 35% 0.01% 69% 0.09%
Maximum 185% 0.21% 187% 1.64%

Table 5: % optimality gaps of the four heuristics for the case with an unlimited number of delays

approaches for setting the safety stock level.

The key results can be found in Table 5. We first consider the LB myopic and UB myopic

heuristics, which use the bounds provided in Corollary 9. We find that the UB myopic heuristic

performs very well, with an optimality gap of only 0.01% on average and 0.21% at maximum,

while the LB myopic heuristic gives optimality gaps of 35% on average and 185% at maximum. To

understand these results, we compare Lemma 7, part (i), which gives the optimal solution for the

unlimited delay case, with Corollary 9, which gives the bounds that we use in our heuristics. In doing

so, we notice the following: The LB myopic heuristic assigns the difference in cost in period t + 1

due to a change in the number of delayed planned maintenance actions, i.e., ∆Pd
t+1
Vt+1(Pt+1, P

d
t+1),

a value of −Ch, while the UB myopic heuristic assigns it a value of 0, i.e., the UB myopic heuristic

ignores this term. The numerical results indicate that the effect of ∆Pd
t+1
Vt+1(Pt+1, P

d
t+1) is small

and thus it is better to ignore it than to assign it too much value.

It is also interesting to note that in half of the experiments, i.e., all of the experiments with

Cp = 5, both heuristics give the same safety stock level, which implies that they provide the optimal

safety stock level. This observation is particularly important given that Cp = 5 is the more realistic

setting that we consider. It ensures that Cp > Ch, i.e., the cost of delaying planned maintenance

is greater than the cost of holding inventory, which does not hold when Cp = 1.

We next consider the no delay and one delay heuristics, which apply the safety stock levels

derived for the no delay and one delay cases, respectively, even though an unlimited number of

delays is actually allowed. Applying the no delay heuristic leads to an optimality gap of 69% on

average and 187% at maximum, while the one delay heuristic leads to an optimality gap of 0.09%

on average and 1.64% at maximum. The results for the no delay heuristic further show that if

delaying planned maintenance is allowable at an operational level, i.e., when allocating inventory

to maintenance actions, then it is important to incorporate those potential delays, at least to some

extent, when determining safety stock levels.

Table 5 indicates that the UB myopic heuristic outperforms the LB myopic heuristic and that

the one delay heuristic outperforms the no delay heuristic. The natural next question is whether

the UB myopic or the one delay heuristic is best overall. Both heuristics have the advantage that

they incorporate the reality that planned maintenance may be delayed, while still ensuring that

the base stock level is easy to determine, which makes it more credible and implementable for the

inventory planner.

In 45 of the 48 problem instances, the UB myopic heuristic and the one delay heuristic both find
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the optimal solution. In this optimal solution, the optimal safety stock level does not vary with P d
t ,

i.e., the optimal safety stock level does not depend on the amount of delayed planned maintenance

that is still waiting to be filled. For the three remaining problem instances, the optimal solution

is to set S∗t = 6 if P d
t = 0 and S∗t = 5 if P d

t > 0 (this explains the difference in the final two

columns of Table 4). The UB myopic heuristic sets the safety stock level equal to 6 if P d
t ∈ {0, 1}

and 5 if P d
t > 1, while the one delay myopic heuristic sets the safety stock level to 6. By its design,

the safety stock levels under the one delay myopic heuristic do not depend on P d
t . Thus, the UB

myopic heuristic performs better than the one delay heuristic, due to the fact that the UB myopic

heuristic can take into account P d
t when setting the safety stock level, while the one delay myopic

heuristic cannot.

Overall, the above results demonstrate that a myopic heuristic policy can very well be used in

practice when planned maintenance may be delayed an unlimited number of times. The results also

indicate that the best myopic heuristic policy will consider as much information as possible. As

a result, the UB myopic heuristic policy, which was developed based on our understanding of the

true optimal policy, derived through an analysis of the MDP formulation for the unlimited delay

case, outperforms the one delay heuristic.

10 Conclusions

The problem of managing an inventory system with multiple classes of demand is one that arises

in many practical settings. This problem can be particularly challenging when the demand classes

vary in the level of demand uncertainty, the urgency of fulfillment, and the costs associated with

unfilled demands. Unfortunately, the impact of these factors on the optimal inventory control pol-

icy is highly dependent on the specific details of the practical setting. In this paper, we consider

a setting motivated by the inventory management of spare parts used to support the maintenance

of capital systems, such as trains or airplanes. In this setting, there are generally two classes of

demand, representing parts needed for planned and unplanned maintenance. Planned maintenance

is highly scheduled and hence creates a deterministic demand for spare parts. In contrast, un-

planned maintenance, by definition, is unpredictable and thus creates a random demand for spare

parts. In addition, while planned maintenance is generally preventive in nature, and thus can be

temporarily delayed without significant costs, unplanned maintenance is corrective in nature, and

thus requires an immediate response in order to prevent costly system downtime. Therefore, the

demands associated with unplanned maintenance are of higher priority, incurring a higher delay

cost, than those associated with planned maintenance.

For this problem setting, we have developed a periodic review inventory model, which we use

to characterize the optimal inventory control policy, which includes both the inventory ordering

decision and the inventory allocation decision (i.e., how to allocate available inventory to planned

and unplanned demands). We analyze this model for three cases, characterized by the amount of
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delay that can be imposed on planned maintenance. In the first case, planned maintenance can

never be delayed. In this case, because the known planned maintenance demands must always be

immediately fulfilled, the problem is separable, i.e., it is optimal to keep separate pools of inventory

for planned and unplanned maintenance demands. In addition, the problem of managing inventory

to meet the unplanned demands reduces to a standard single product stochastic inventory model,

for which a myopic policy is optimal (under certain conditions).

The second and third cases consider settings in which planned maintenance may be delayed, at

most once in the second case, and indefinitely in the third case. In these settings, the problem is

no longer separable, i.e., it is optimal to stock a single pool of inventory used to fill both planned

and unplanned demands. For this problem, we define the decision variable in the inventory system

to be the safety stock level, i.e., the optimal amount of inventory to hold in excess of the known

demands (which include planned demands, as well as any planned or unplanned demands that

have been delayed), and we find that the safety stock level in a given period is a function of the

amount of planned maintenance in that period. Thus, the optimal policy explicitly captures the

dependence between inventory decisions and maintenance decisions. In other words, our model en-

ables inventory planners and maintenance managers to better understand the impact that decisions

regarding planned maintenance activities have on inventory requirements, thus enabling a better

joint management of these two critical business functions.

Our model also captures one of the key benefits of allowing planned maintenance activities to

be delayed: risk pooling. Specifically, when planned maintenance can be delayed and the inventory

used to satisfy planned and unplanned demands is jointly managed, stock that was to be allocated

to a planned demand can be used to meet a higher priority unplanned demand, if needed. As a

result, the optimal system costs and the optimal safety stock levels are decreasing in the amount of

delay allowed for planned maintenance. In addition, the optimal safety stock level in a given period

is decreasing in the amount of planned maintenance in that period, i.e., when more inventory is

stocked to meet planned maintenance activities, fewer units can be stocked to meet any unplanned

maintenance events.

We used numerical experiments to quantify the benefits associated with delaying planned main-

tenance. Specifically, through a comparison of the system performance in each of the three cases (no

delay, one delay, and unlimited delay), we found that most of the benefits associated with allowing

planned maintenance to be delayed are gained from allowing just a single delay. In other words,

while allowing an unlimited delay for planned maintenance activities can further reduce inventory

costs, the savings, relative to allowing just one delay, are minimal. This observation is important

because, in many practical settings, maintenance managers are hesitant or unable to delay planned

maintenance for extended periods of time, often due to firm-level policies or government regulations

developed in the interest of safety (e.g., aircraft engines have very specific planned maintenance

schedules that must be closely followed).
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Finally, our analysis provides inventory planners with easy-to-compute inventory control policies

that capture the dependence between maintenance activities and inventory requirements. Specifi-

cally, when planned demands can be delayed at most once, we find that an easy-to-compute myopic

inventory control policy is optimal. However, when planned demands may be delayed indefinitely,

finding the optimal safety stock levels is more challenging. Therefore, in addition to characterizing

the structure of the optimal inventory policy, we developed several heuristic solution approaches,

all of which reduce to solving a single product myopic stochastic inventory control problem. Using

a series of numerical experiments, we evaluated the proposed heuristics and concluded that some

of them can provide a system performance very close to the optimal performance. In particular,

the UB myopic policy, which was developed through an analysis of the MDP formulation of the

problem setting with unlimited delay, was found to perform very well relative to the optimal policy,

finding the optimal solution in 94% of problem instances.
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Appendix

Throughout the appendix, we use ∆xf(x, y) = f(x + 1, y) − f(x, y) and ∆x∆yf(x, y) = ∆yf(x +

1, y)−∆yf(x, y). Thus, ∆2
xf(x, y) = ∆xf(x+ 1, y)−∆xf(x, y).

A Proofs for Section 5

In Section 5, planned maintenance may not be delayed. The cost function is defined in Equation (1),

where we suppress P d
t since it is always zero. In the proof of Theorem 1, we use the Lemma A.1,

which is stated and proven below.

Lemma A.1. For the cost function C(St | Pt), as defined in Equation (1) it holds that ∆StC(St |
Pt) = Ch − (Ch + Cu)

∑∞
k=St+1 P {Ut = k}.

Proof.

∆StC(St | Pt) = C(St + 1 | Pt)− C(St | Pt) = Ch − (Ch + Cu)
∞∑

k=St+1

P {Ut = k} .

Proof of Theorem 1. Using Lemma A.1, we can calculate ∆2
St
C(St | Pt) as follows:

∆2
St
C(St | Pt) = ∆StC(St + 1 | Pt)−∆StC(St | Pt) = (Ch + Cu)P {Ut = St + 1} .

This shows that ∆2
St
C(St | Pt) > 0, which implies that C(St | Pt) is convex in St. Again using

Lemma A.1, we see that S∗t is the smallest St for which (Ch + Cu)
∑∞

k=S+1 P {Ut = k} ≤ Ch.

B Proofs for Section 6

In Section 6, planned maintenance may be delayed at most once. The cost function is defined

in Equation (2), where we suppress P d
t since it does not influence the cost, i.e., since all delayed

planned (and unplanned) maintenance is fulfilled in period t, no holding costs or delay costs are

incurred. In some of the proofs, we use the results in Lemma B.1, which is stated and proven below.

Lemma B.1. The cost function C(St | Pt), as defined in Equation (2) has the following properties:

(i) ∆StC(St | Pt) = Ch − (Ch + Cp)
∑∞

k=St+1 P {Ut = k} − (Cu − Cp)
∑∞

k=St+Pt+1 P {Ut = k}.

(ii) ∆PtC(St | Pt) = − (Cu − Cp)
∑∞

k=St+Pt+1 P {Ut = k}.
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Proof. (i) To derive ∆StC(St | Pt), we first rewrite C(St | Pt) as follows:

C(St | Pt) =

St∑
k=0

P {Ut = k}Ch(St − k) +

∞∑
k=1

P {Ut = St + k}Cpk

+

∞∑
k=1

P {Ut = St + Pt + k} (Cu − Cp)k

Then:

∆StC(St | Pt) = C(St + 1 | Pt)− C(St | Pt)

= Ch
St∑
k=0

P {Ut = k} − Cp
∞∑

k=St+1

P {Ut = k} − (Cu − Cp)

∞∑
k=St+Pt+1

P {Ut = k}

= Ch − (Ch + Cp)
∞∑

k=St+1

P {Ut = k} − (Cu − Cp)
∞∑

k=St+Pt+1

P {Ut = k} .

(ii) Using the rewritten version of C(St | Pt) in part (i), we see that:

∆PtC(St | Pt) = C(St | Pt + 1)− C(St | Pt)

= − (Cu − Cp)
∞∑

k=St+Pt+1

P {Ut = k} .

Proof of Lemma 2. (i) Using Lemma B.1, part (i):

∆2
St
C(St | Pt) = ∆StC(St + 1 | Pt)−∆StC(St | Pt)

= (Ch + Cp)P {Ut = St + 1}+ (Cu − Cp)P {Ut = St + Pt + 1} .

Since Cu > Cp, ∆2
St
C(St | Pt) > 0 and C(St | Pt) is strictly convex in St.

(ii) The fact that C(St | Pt) is strictly decreasing follows from Lemma B.1, part (ii), by noticing

that Cu > Cp. Then, using Lemma B.1, part (ii), we have:

∆2
Pt
C(St | Pt) = ∆PtC(St | Pt + 1)−∆PtC(St | Pt)

= (Cu − Cp)P {Ut = St + Pt + 1} .

Since Cu > Cp, ∆2
Pt
C(St | Pt) > 0 and thus C(St | Pt) is strictly convex in Pt.
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(iii) Using Lemma B.1, parts (i) and (ii), we have:

∆St∆PtC(St | Pt) = ∆PtC(St + 1 | Pt)−∆PtC(St | Pt)

= (Cu − Cp)P {Ut = St + Pt + 1} .

Since Cu > Cp, we have that C(St | Pt) is supermodular in Pt and St.

Proof of Lemma 3. (i) This result follows immediately from the fact that C(St | Pt) is convex

in St (Lemma 2, part (i)) and the derivation of ∆StC(St | Pt) (Lemma B.1, part (i)).

(ii) The second inequality holds since C(S∗t (Pt) | Pt) is supermodular in Pt and St (Lemma 2, part

(iii)). The first inequality holds by definition if S∗t (Pt) ≤ 1. Otherwise, part (i) of the current

lemma implies that ∆StC(S∗t (Pt)−1 | Pt) < 0 and that if ∆StC(S∗t (Pt)−2 | Pt +1) < 0, then

S∗t (Pt)−2 < S∗t (Pt+1). Therefore, showing that ∆StC(S∗t (Pt)−2 | Pt+1) < ∆StC(S∗t (Pt)−1 |
Pt) completes the proof:

∆StC(S∗t (Pt)− 2 | Pt + 1)−∆StC(S∗t (Pt)− 1 | Pt)

= ∆StC(S∗t (Pt)− 2 | Pt + 1)−∆StC(S∗t (Pt)− 2 | Pt)

+ ∆StC(S∗t (Pt)− 2 | Pt)−∆StC(S∗t (Pt)− 1 | Pt)

= ∆Pt∆StC(S∗t (Pt)− 2 | Pt)−∆2
St
C(S∗t (Pt)− 2 | Pt)

= (Cu − Cp)P {Ut = S∗t (Pt) + Pt − 1}

− (Ch + Cp)P {Ut = S∗t (Pt)− 1} − (Cu − Cp)P {Ut = S∗t (Pt) + Pt − 1}

= −(Ch + Cp)P {Ut = S∗t (Pt)− 1}

< 0.

Proof of Theorem 4. Lemma 3 shows that it is optimal to order Pt−1 + S∗t−1(Pt−1) in period

t−1 if (1) there are no spare parts left on hand at the beginning of the period, i.e., It−1 = 0, (2) no

delayed maintenance actions remain at the beginning of the period, i.e., P d
t−1 + Ud

t−1 = 0, and (3)

we ignore information on future periods. Our goal in this proof is to show that the policy specified

in Lemma 3 is optimal in general for the case in which planned maintenance may be delayed at

most once. To do so, we assume that the policy specified in the lemma is applied in period t − 1

and we demonstrate that the policy specified in the lemma is feasible for period t, i.e., that the

specified safety stock level is achievable in period t.

If we order Pt−1 + S∗t−1(Pt−1) in period t− 1, i.e., if we use the policy specified in Lemma 3 in

period t− 1, then one of three cases occurs:
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1. Ut−1 = S∗t−1(Pt−1). At the beginning of period t, no parts are left on stock, It = 0, and no

unfulfilled maintenance actions remain, P d
t + Ud

t = 0. We order Ot = Pt + S∗t (Pt) ≥ 0, so

that Yt = P d
t + Ud

t + Pt + S∗t (Pt).

2. Ut−1 > S∗t−1(Pt−1). At the beginning of period t, no parts are left on stock, It = 0, but

unfulfilled maintenance actions remain, P d
t + Ud

t = Ut−1 − S∗t−1(Pt−1). We order Ot =

Pt + S∗t (Pt) + Ut−1 − S∗t−1(Pt−1) > 0 so that Yt = P d
t + Ud

t + Pt + S∗t (Pt).

3. Ut−1 < S∗t−1(Pt−1). At the beginning of period t, there are parts left on stock, It =

S∗t−1(Pt−1) − Ut−1, but no unfulfilled maintenance actions remain, P d
t + Ud

t = 0. We or-

der Ot = Pt + S∗t (Pt)− S∗t−1(Pt−1) +Ut−1 so that Yt = P d
t +Ud

t +Pt + S∗t (Pt). Ordering this

amount would not be possible (i.e., we would have Ot < 0) if S∗t−1(Pt−1)−Ut−1 > Pt+S
∗
t (Pt).

However, by considering three cases, we show that Ot < 0 is not possible, i.e., that achieving

S∗t (Pt) is feasible:

• Pt = Pt−1: S
∗
t (Pt) = S∗t−1(Pt−1) so that S∗t−1(Pt−1)− Ut−1 ≤ Pt + S∗t (Pt).

• Pt < Pt−1: Lemma 3, part (ii), shows that S∗t−1(Pt−1) ≤ S∗t (Pt), so that S∗t−1(Pt−1) −
Ut−1 ≤ Pt + S∗t (Pt).

• Pt > Pt−1: Applying Lemma 3, part (ii), (Pt−Pt−1) times shows that S∗t−1(Pt−1)−Pt +

Pt−1 ≤ S∗t (Pt), so that S∗t−1(Pt−1)− Ut−1 ≤ Pt + S∗t (Pt).

Thus, by induction, this demonstrates that as long as we followed the myopically optimal policy

(specified in Lemma 3) in all previous periods t′, i.e., for all 1 ≤ t′ < t, then we can achieve the

myopically optimal safety stock level in period t. In other words, as long as we have ordered myopi-

cally in periods 1, . . . , t− 1, the myopically optimal safety stock level in period t is feasible. Thus,

the myopic solution presented in Lemma 3 is optimal for the case in which planned maintenance

may be delayed at most once.

Proof of Lemma 5. The fact that C(S∗t (Pt) | Pt) is strictly decreasing follows from Lemma 2,

part (ii). To show convexity, we first bound ∆∗Pt
C(S∗t (Pt) | Pt) = C(S∗t (Pt+1) | Pt+1)−C(S∗t (Pt) |

Pt) (notice the difference with ∆PtC(S∗t (Pt) | Pt) = C(S∗t (Pt) | Pt + 1)−C(S∗t (Pt) | Pt)). We know

from Lemma 3, part (ii), that we need to consider two cases only, i.e., if Pt is increased by one,

then S∗t either stays the same or decreases by one.
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(1) If S∗t (Pt + 1) = S∗t (Pt), then:

C(S∗t (Pt) | Pt + 1)− C(S∗t (Pt) | Pt) = ∆PtC(S∗t (Pt) | Pt)

= −(Cu − Cp)

∞∑
k=S∗t (Pt)+Pt+1

P {Ut = k}

≥ −Ch + (Cp + Ch)
∞∑

k=S∗t (Pt)+1

P {Ut = k} ,

where the second equation follows from Lemma B.1, part (ii), and the inequality follows from

Lemma 3, part (i).

(2) If S∗t (Pt + 1) = S∗t (Pt)− 1, then using Lemma B.1, parts (i) and (ii):

C(S∗t (Pt)− 1 | Pt + 1)− C(S∗t (Pt) | Pt)

= C(S∗t (Pt)− 1 | Pt + 1)− C(S∗t (Pt) | Pt + 1) + C(S∗t (Pt) | Pt + 1)− C(S∗t (Pt) | Pt)

= −∆StC(S∗t (Pt)− 1 | Pt + 1) + ∆PtC(S∗t (Pt) | Pt)

= −Ch + (Cp + Ch)

∞∑
k=S∗t (Pt)

P {Ut = k}+ (Cu − Cp)

∞∑
k=S∗t (Pt)+Pt+1

P {Ut = k}

− (Cu − Cp)
∞∑

k=S∗t (Pt)+Pt+1

P {Ut = k}

= −Ch + (Cp + Ch)
∞∑

k=S∗t (Pt)

P {Ut = k} .

Combining both cases shows that:

−Ch+

∞∑
k=S∗t (Pt)+1

P {Ut = k} (Cp+Ch) ≤ ∆∗Pt
C(S∗t (Pt) | Pt) ≤ −Ch+(Cp+Ch)

∞∑
k=S∗t (Pt)

P {Ut = k} .

To show convexity of C(S∗t (Pt) | Pt) in Pt, we need to compare the change in the optimal costs

when Pt is increased by one with when it is again increased by one. We know from Lemma 3,

part (ii), that we need to consider four cases. if Pt is increased by one, then S∗t stays the same or

decreases by one. This holds also if Pt is again increased by one.

1. S∗t (Pt + 2) = S∗t (Pt + 1) = S∗t (Pt): Strict convexity follows from Lemma 2, part (ii).

2. S∗t (Pt + 2) = S∗t (Pt + 1)−1 = S∗t (Pt)−1: From case (2) above and the fact that S∗t (Pt + 1) =
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S∗t (Pt), we see that:

C(S∗t (Pt + 1)− 1 | Pt + 2)− C(S∗t (Pt + 1) | Pt + 1) = −Ch + (Cp + Ch)
∞∑

k=S∗t (Pt)

P {Ut = k} .

This is equal to the upper bound on ∆∗Pt
C(S∗t (Pt) | Pt), which we have found above. This

means that ∆∗Pt
C(S∗t (Pt) | Pt) is non-decreasing in Pt, i.e., C(S∗t (Pt) | Pt) is convex in Pt.

3. S∗t (Pt + 2) = S∗t (Pt + 1) = S∗t (Pt)− 1: From case (2) above, we see that:

C(S∗t (Pt)− 1 | Pt + 1)− C(S∗t (Pt) | Pt) = −Ch + (Cp + Ch)
∞∑

k=S∗t (Pt)

P {Ut = k} .

This is equal to the lower bound on ∆∗Pt
C(S∗t (Pt + 1) | Pt + 1), that we have found above,

considering that S∗t (Pt+1) = S∗t (Pt)−1. This means that ∆∗Pt
C(S∗t (Pt) | Pt) is non-decreasing

in Pt.

4. S∗t (Pt + 2) = S∗t (Pt + 1)− 1 = S∗t (Pt)− 2: From case (2) above, we see that:

C(S∗t (Pt)− 1 | Pt + 1)− C(S∗t (Pt) | Pt) = −Ch + (Cp + Ch)

∞∑
k=S∗t (Pt)

P {Ut = k} .

Next, from case (2) above and the fact that S∗t (Pt + 1) = S∗t (Pt)− 1, we see that:

C(S∗t (Pt + 1)− 1 | Pt + 2)−C(S∗t (Pt + 1) | Pt + 1) = −Ch + (Cp +Ch)
∞∑

k=S∗t (Pt)−1

P {Ut = k} .

This means that ∆∗Pt
C(S∗t (Pt) | Pt) is strictly increasing in Pt.

C Proofs for Section 7

In Section 7, planned maintenance may be delayed an unconstrained number of times. The cost

function is defined in Equation (3). All results below are shown for any period t. For period T , the

results simplify by noticing that VT+1(ST+1 | PT+1, P
d
T+1) ≡ 0. Many of the results for period T

also follow immediately from the analogous results in Section 6. The proofs for periods t < T are

by induction and we often use results on period t+ 1 which are proven later. The key results that

we use are:

• Vt+1(Pt+1, P
d
t+1) is convex in P d

t+1. This follows from Lemma 8, part (i).
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• ∆Pd
t+1
Vt+1(Pt+1, P

d
t+1) < 0, i.e., Vt+1(Pt+1, P

d
t+1) is strictly decreasing in P d

t+1. This follows

from Lemma 8, part (i).

• ∆Pd
t+1
Vt+1(Pt+1, P

d
t+1) > −Ch. This follows from Lemma 8, part (ii).

Finally, in some of the proofs we use the results in Lemma C.1, which is stated and proven below.

Lemma C.1. Gt(St | Pt, P
d
t ) has the following properties:

(i)

∆StGt(St | Pt, P
d
t ) = Ch − (Ch + Cp)

∞∑
k=St+1

P {Ut = k} − (Cu − Cp)

∞∑
k=St+Pt+P d

t +1

P {Ut = k}

−
Pt+P d

t∑
k=1

P {Ut = St + k}
[
∆P d

t+1
Vt+1(Pt+1, k − 1)

]
.

(ii)

∆PtGt(St | Pt, P
d
t ) =

∞∑
k=St+Pt+P d

t +1

P {Ut = k}
[
−(Cu − Cp) + ∆P d

t+1
Vt+1(Pt+1, Pt + P d

t )
]
.

The same holds for ∆P d
t
Gt(St | Pt, P

d
t ), i.e., ∆P d

t
Gt(St | Pt, P

d
t ) = ∆PtGt(St | Pt, P

d
t ).
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Proof. (i)

∆StGt(St | Pt, P
d
t ) = Gt(St + 1 | Pt, P

d
t )−Gt(St | Pt, P

d
t )

= Ch − (Ch + Cp)

∞∑
k=St+1

P {Ut = k} − (Cu − Cp)

∞∑
k=St+Pt+Pd

t +1

P {Ut = k}

+

St∑
k=0

P {Ut = k} [Vt+1(Pt+1, 0)− Vt+1(Pt+1, 0)]

+ P {Ut = St + 1}Vt+1(Pt+1, 0)

+

Pt+Pd
t∑

k=2

P {Ut = St + k} [Vt+1(Pt+1, k − 1)− Vt+1(Pt+1, k)]

+ P
{
Ut = St + Pt + P d

t + 1
}
Vt+1(Pt+1, Pt + P d

t )

− P {Ut = St + 1}Vt+1(Pt+1, 1)

+
∞∑
k=2

P
{
Ut = St + Pt + P d

t + k
}[

Vt+1(Pt+1, Pt + P d
t )− Vt+1(Pt+1, Pt + P d

t )
]

− P
{
Ut = St + Pt + P d

t + 1
}
Vt+1(Pt+1, Pt + P d

t )

= Ch − (Ch + Cp)
∞∑

k=St+1

P {Ut = k} − (Cu − Cp)
∞∑

k=St+Pt+Pd
t +1

P {Ut = k}

−
Pt+Pd

t∑
k=1

P {Ut = St + k}
[
∆Pd

t+1
Vt+1(Pt+1, k − 1)

]
,

where the cost terms for the current period, after the first equation, are analogous to those

in the proof of Lemma B.1, part (i), and the second equality follows by noticing that some

terms cancel each other out.
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(ii)

∆PtGt(St | Pt, P
d
t ) = Gt(St | Pt + 1, P d

t )−Gt(St | Pt, P
d
t )

= −(Cu − Cp)

∞∑
k=St+Pt+Pd

t +1

P {Ut = k}

+ P
{
Ut = St + Pt + P d

t + 1
}
Vt+1(Pt+1, Pt + P d

t + 1)

− P
{
Ut = St + Pt + P d

t + 1
}
Vt+1(Pt+1, Pt + P d

t )

+

∞∑
k=2

P
{
Ut = St + Pt + P d

t + k
}[

Vt+1(Pt+1, Pt + P d
t + 1)− Vt+1(Pt+1, Pt + P d

t )
]

=

∞∑
k=St+Pt+Pd

t +1

P {Ut = k}
[
−(Cu − Cp) + ∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]
,

where the cost terms for the current period, after the first equation, are analogous to those

in the proof of Lemma B.1, part (ii).

Proof of Lemma 6. (i)

∆2
St
Gt(St | Pt, P

d
t ) = ∆StGt(St + 1 | Pt, P

d
t )−∆StGt(St | Pt, P

d
t )

= (Ch + Cp)P {Ut = St + 1}+ (Cu − Cp)P
{
Ut = St + Pt + P d

t + 1
}

−
Pt+Pd

t∑
k=2

P {Ut = St + k}
[
∆Pd

t+1
Vt+1(Pt+1, k − 2)−∆Pd

t+1
Vt+1(Pt+1, k − 1)

]
− P

{
Ut = S + Pt + P d

t + 1
}[

∆Pd
t+1
Vt+1(Pt+1, Pt + P d

t − 1)
]

+ P {Ut = S + 1}
[
∆Pd

t+1
Vt+1(Pt+1, 0)

]
Since ∆Pd

t+1
Vt+1(Pt+1, 0) > −Ch (Lemma 8, part (ii)), the summation of the first plus last

term (the two terms with P {Ut = St + 1}) is positive. The second term is positive since Cu >

Cp. The third term (with the summation) is positive due to the convexity of Vt+1(Pt+1, P
d
t+1)

in P d
t+1 (Lemma 8, part (i)). The fourth term is positive since Vt+1(Pt+1, P

d
t+1) is decreasing

in P d
t+1 (Lemma 8, part (i)). Therefore ∆2

St
Gt(St | Pt, P

d
t ) > 0, so that Gt(St | Pt, P

d
t ) is

strictly convex in St.

(ii) The fact that Gt(St | Pt, P
d
t ) is strictly decreasing in Pt follows from Lemma C.1, part (ii), com-

bined with the fact that Cu > Cp and that Vt+1(Pt+1, P
d
t+1) is decreasing in P d

t+1 (Lemma 8,
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part (i)). Then, to show strict convexity:

∆2
Pt
Gt(St | Pt, P

d
t )

= ∆PtGt(St | Pt + 1, P d
t )−∆PtGt(St | Pt, P

d
t )

= P
{
Ut = St + Pt + P d

t + 1
}[

(Cu − Cp)−∆Pd
t+1
Vt+1(Pt+1, Pt + P d

t )
]

+
∞∑
k=2

P
{
Ut = St + Pt + P d

t + k
}[

∆Pd
t+1
Vt+1(Pt+1, Pt + P d

t + 1)−∆Pd
t+1
Vt+1(Pt+1, Pt + P d

t )
]
.

The first term is positive since Cu > Cp and Vt+1(Pt+1, P
d
t+1) is decreasing in P d

t+1 (Lemma 8,

part (i)), and the second term is positive due to the convexity of Vt+1(Pt+1, P
d
t+1) in P d

t+1

(Lemma 8, part (i)). Therefore ∆2
Pt
Gt(St | Pt, P

d
t ) > 0, so that Gt(St | Pt, P

d
t ) is strictly

convex in Pt. Since ∆Pd
t
Gt(St | Pt, P

d
t ) = ∆PtGt(St | Pt, P

d
t ), Gt(St | Pt, P

d
t ) is also strictly

decreasing and strictly convex in P d
t .

(iii)

∆Pt∆StGt(St | Pt, P
d
t )

= ∆StGt(St | Pt + 1, P d
t )−∆StGt(St | Pt, P

d
t )

= P
{
Ut = St + Pt + P d

t + 1
}[

(Cu − Cp)− E
{

∆Pd
t+1
Vt+1(Pt+1, Pt + P d

t )
}]

.

This is positive since Cu > Cp and Vt+1(Pt+1, P
d
t+1) is decreasing in P d

t+1 (Lemma 8, part (i)).

Since the expression is positive, Gt(St | Pt, P
d
t ) is supermodular in Pt. Since ∆Pd

t
∆StGt(St |

Pt, P
d
t ) = ∆Pt∆StGt(St | Pt, P

d
t ) and ∆Pd

t
∆PtGt(St | Pt, P

d
t ) = ∆2

Pt
Gt(St | Pt, P

d
t ), the other

supermodularity properties are proven.

Proof of Lemma 7. (i) This result follows immediately from the fact that Gt(St | Pt, P
d
t ) is

convex in St (Lemma 6, part (i)) and the derivation of ∆StGt(St | Pt, P
d
t ) (Lemma C.1, part

(i)).

(ii) We give the proof for Pt; that for P d
t is identical.

The second inequality holds since Gt(St | Pt, P
d
t ) is supermodular in Pt and St (Lemma 6,

part (iii)). The first inequality holds by definition if S∗t (Pt) ≤ 1. Otherwise, part (i) of the

current lemma implies that ∆StGt(S
∗
t (Pt) − 1 | Pt, P

d
t ) < 0 and that if ∆StGt(S

∗
t (Pt) − 2 |

Pt + 1, P d
t ) < 0, then S∗t (Pt) − 2 < S∗t (Pt + 1). Therefore, showing that ∆StGt(S

∗
t (Pt) − 2 |
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Pt + 1, P d
t ) < ∆StGt(S

∗
t (Pt)− 1 | Pt, P

d
t ) completes the proof:

∆StGt(S
∗
t (Pt)− 2 | Pt + 1, P d

t )−∆StGt(S
∗
t (Pt)− 1 | Pt, P

d
t )

= ∆StGt(S
∗
t (Pt)− 2 | Pt + 1, P d

t )−∆StGt(S
∗
t (Pt)− 2 | Pt, P

d
t )

+ ∆StGt(S
∗
t (Pt)− 2 | Pt, P

d
t )−∆StGt(S

∗
t (Pt)− 1 | Pt, P

d
t )

= ∆Pt∆StGt(S
∗
t (Pt)− 2 | Pt, P

d
t )−∆2

St
Gt(S

∗
t (Pt)− 2 | Pt, P

d
t )

= (Cu − Cp)P
{
Ut = S∗t (Pt) + Pt + P d

t − 1
}

− P
{
Ut = S∗t (Pt) + Pt + P d

t − 1
}[

∆Pd
t+1
Vt+1(Pt+1, Pt + P d

t )
]

− (Ch + Cp)P {Ut = S∗t (Pt)− 1}

− (Cu − Cp)P
{
Ut = S∗t (Pt) + Pt + P d

t − 1
}

+

Pt+Pd
t∑

k=2

P {Ut = S∗t (Pt) + k − 2}
[
∆Pd

t+1
Vt+1(Pt+1, k − 2)−∆Pd

t+1
Vt+1(Pt+1, k − 1)

]
+ P

{
Ut = S∗t (Pt) + Pt + P d

t − 1
}[

∆Pd
t+1
Vt+1(Pt+1, Pt + P d

t − 1)
]

− P {Ut = S∗t (Pt)− 1}
[
∆Pd

t+1
Vt+1(Pt+1, 0)

]
.

The first and fourth terms cancel each other out, the second plus sixth term are together

negative due to the convexity of Vt+1(Pt+1, P
d
t+1) in P d

t+1 (Lemma 8, part (i)), and the

same holds for the fifth term. The third plus seventh term are together negative, since

∆Pd
t+1
Vt+1(Pt+1, 0) > −Ch (Lemma 8, part (ii)).

Proof of Lemma 8. We only consider the properties for P d
t , since we know that the same results

hold for Pt.

For part (i), the fact that Vt(Pt, P
d
t ) is strictly decreasing in P d

t can be seen as follows: If we

assume a certain value for P d
t and the corresponding optimal value for St, then we have Vt(Pt, P

d
t ).

If we then increase P d
t while we keep St constant, we know from Lemma 6, part (ii), that Gt(St |

Pt, P
d
t ) will strictly decrease. Vt(Pt, P

d
t ) is the minimum of Gt(St | Pt, P

d
t ) over all possible values

for St. Thus, it is necessarily lower at this higher value of P d
t .

We will now bound ∆Pd
t
Vt(Pt, P

d
t ). We will use the bounds to prove part (ii) and the convexity

in part (i). We know from Lemma 7, part (ii), that we need to consider two cases: if P d
t is increased

by one, then S∗t either stays the same or decreases by one.
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(1) If S∗t (P d
t + 1) = S∗t (P d

t ), then:

Gt(S
∗
t (P d

t ) | Pt, P
d
t + 1)−Gt(S

∗
t (P d

t ) | Pt, P
d
t )

= ∆Pd
t
Gt(S

∗
t (P d

t ) | Pt, P
d
t )

=

∞∑
k=St+Pt+Pd

t +1

P {Ut = k}
[
−(Cu − Cp) + ∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]

≥ −Ch + (Cp + Ch)
∞∑

k=S∗t (P
d
t )+1

P {Ut = k}

+

Pt+Pd
t∑

k=1

P
{
Ut = S∗t (P d

t ) + k
}[

∆Pd
t+1
Vt+1(Pt+1, k − 1)

]
+

∞∑
k=S∗t (P

d
t )+Pt+Pd

t +1

P {Ut = k}
[
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]
,

where the second equation follows from Lemma C.1, part (ii), and the inequality follows from

Lemma 7, part (i).

39



(2) If S∗t (P d
t + 1) = S∗t (P d

t )− 1, then:

Gt(S
∗
t (P d

t )− 1 | Pt, P
d
t + 1)−Gt(S

∗
t (P d

t ) | Pt, P
d
t )

= Gt(S
∗
t (P d

t )− 1 | Pt, P
d
t + 1)−Gt(S

∗
t (P d

t ) | Pt, P
d
t + 1)

+Gt(S
∗
t (P d

t ) | Pt, P
d
t + 1)−Gt(S

∗
t (P d

t ) | Pt, P
d
t )

= −∆StGt(S
∗
t (P d

t )− 1 | Pt, P
d
t + 1) + ∆Pd

t
Gt(S

∗
t (P d

t ) | Pt, P
d
t )

= −Ch + (Cp + Ch)

∞∑
k=S∗t (P

d
t )

P {Ut = k}+ (Cu − Cp)
∞∑

k=S∗t (P
d
t )+Pt+Pd

t +1

P {Ut = k}

+

Pt+Pd
t∑

k=0

P
{
Ut = S∗t (P d

t ) + k
}[

∆Pd
t+1
Vt+1(Pt+1, k)

]
+

∞∑
k=St+Pt+Pd

t +1

P {Ut = k}
[
−(Cu − Cp) + ∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]

= −Ch + (Cp + Ch)
∞∑

k=S∗t (P
d
t )

P {Ut = k}

+

Pt+Pd
t∑

k=0

P
{
Ut = S∗t (P d

t ) + k
}[

∆Pd
t+1
Vt+1(Pt+1, k)

]
+

∞∑
k=S∗t (P

d
t )+Pt+Pd

t +1

P {Ut = k}
[
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]
.

After the third equation, we use Lemma C.1, parts (i) and (ii); the first summation starts at(
S∗t (P d

t )− 1
)

+ 1, the second summation at
(
S∗t (P d

t )− 1
)

+ Pt +
(
P d
t + 1

)
+ 1, and the third

summation ranges from Ut =
(
S∗t (P d

t )− 1
)

+ 1 to Ut =
(
S∗t (P d

t )− 1
)

+ Pt +
(
P d
t + 1

)
.

Case (1) gives the lower bound and case (2) gives the upper bound on ∆Pd
t
Vt(Pt, P

d
t ). Part (ii)

follows from these bounds, by combining the lower bound with the fact that−Ch < ∆Pd
t+1
Vt+1(Pt, P

d
t ),

and the upper bound with the fact that ∆Pd
t+1
Vt+1(Pt, P

d
t ) < 0. Notice that here, we use induction,

i.e., for t = T , it is easily seen that these bounds hold.

To show convexity (part (i)), we need to compare the change in the optimal costs when P d
t is

increased by one with when it is again increased by one. We know from Lemma 7, part (ii), that

we need to consider four cases only. If P d
t is increased by one, then S∗t stays the same or decreases

by one. This holds also if P d
t is again increased by one.

1. S∗t (P d
t + 2) = S∗t (P d

t + 1) = S∗t (P d
t ): Strict convexity follows from Lemma 6, part (ii).

2. S∗t (P d
t +2) = S∗t (P d

t +1)−1 = S∗t (P d
t )−1: From case (2) above and the fact that S∗t (P d

t +1) =
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S∗t (P d
t ), we see that:

Gt(S
∗
t (P d

t + 1)− 1 | Pt, P
d
t + 2)−Gt(S

∗
t (P d

t + 1) | Pt, P
d
t + 1)

= −Ch + (Cp + Ch)

∞∑
k=S∗t (P

d
t )

P {Ut = k}

+

Pt+Pd
t +1∑

k=0

P
{
Ut = S∗t (P d

t ) + k
}[

∆Pd
t+1
Vt+1(Pt+1, k)

]
+

∞∑
k=S∗t (P

d
t )+Pt+Pd

t +2

P {Ut = k}
[
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t + 1)
]

= −Ch + (Cp + Ch)

∞∑
k=S∗t (P

d
t )

P {Ut = k}

+

Pt+Pd
t∑

k=0

P
{
Ut = S∗t (P d

t ) + k
}[

∆Pd
t+1
Vt+1(Pt+1, k)

]
+

∞∑
k=S∗t (P

d
t )+Pt+Pd

t +1

P {Ut = k}
[
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t + 1)
]
.

(At the second equation, the term P
{
Ut = S∗t (P d

t ) + Pt + P d
t + 1

} [
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t + 1)
]

moves from the second summation to the third.) This is at least as high as the upper bound on

∆Pd
t
Vt(Pt, P

d
t ), which follows from case (2) above, by noticing that ∆Pd

t+1
Vt(Pt+1, P

d
t+1) is con-

vex in P d
t+1 (which follows from the current lemma, part (i)). This means that ∆Pd

t
Vt(Pt, P

d
t )

is non-decreasing in P d
t , i.e., convex (except for t = T , all differences are strict).

3. S∗t (P d
t + 2) = S∗t (P d

t + 1) = S∗t (P d
t )− 1: From case (2) above, we see that:

Gt(S
∗
t (P d

t )− 1 | Pt, P
d
t + 1)−Gt(S

∗
t (Pt) | Pt, P

d
t )

= −Ch + (Cp + Ch)

∞∑
k=S∗t (P

d
t )

P {Ut = k}

+

Pt+Pd
t∑

k=0

P
{
Ut = S∗t (P d

t ) + k
}[

Vt+1(∆Pd
t+1
Vt+1(Pt+1, k)

]
+

∞∑
k=S∗t (P

d
t )+Pt+Pd

t +1

P {Ut = k}
[
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]
.

This is at most as high as the lower bound on ∆Pd
t
Vt(Pt, P

d
t + 1), which follows from case (1)

above, the fact that S∗t (P d
t +1) = S∗t (P d

t )−1, and noticing that ∆Pd
t+1
Vt(Pt+1, P

d
t+1) is convex
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in P d
t+1 (which follows from the current lemma, part (i)). This means that ∆Pd

t
Vt(Pt, P

d
t ) is

non-decreasing in P d
t , i.e., convex (except for t = T , all differences are strict).

4. S∗t (P d
t + 2) = S∗t (P d

t + 1)− 1 = S∗t (P d
t )− 2: From case (2) above, we see that:

Gt(S
∗
t (P d

t )− 1 | Pt, P
d
t + 1)−Gt(S

∗
t (P d

t ) | Pt, P
d
t )

= −Ch + (Cp + Ch)
∞∑

k=S∗t (P
d
t )

P {Ut = k}

+

Pt+Pd
t∑

k=0

P
{
Ut = S∗t (P d

t ) + k
}[

∆Pd
t+1
Vt+1(Pt+1, k)

]
+

∞∑
k=S∗t (P

d
t )+Pt+Pd

t +1

P {Ut = k}
[
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]
.

Next, from case (2) above and the fact that S∗t (P d
t + 1) = S∗t (P d

t )− 1, we see that:

Gt(S
∗
t (P d

t + 1)− 1 | Pt, P
d
t + 2)−Gt(S

∗
t (P d

t + 1) | Pt, P
d
t + 1)

= −Ch + (Cp + Ch)

∞∑
k=S∗t (P

d
t )−1

P {Ut = k}

+

Pt+Pd
t∑

k=0

P
{
Ut = S∗t (P d

t )− 1 + k
}[

Vt+1(∆Pd
t+1
Vt+1(Pt+1, k)

]
+

∞∑
k=S∗t (P

d
t )+Pt+Pd

t +1

P {Ut = k}
[
∆Pd

t+1
Vt+1(Pt+1, Pt + P d

t )
]
.

This means that ∆Pd
t
Vt(Pt, P

d
t ) is strictly increasing in P d

t , i.e., strictly convex.

Proof of Lemma 10. (i)
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(a) For a given St, the difference in the per period costs (Equation (2)-Equation (1)) is:

St∑
k=0

P {Ut = k}Ch(St − k) +

Pt∑
k=1

P {Ut = St + k}Cpk

+

∞∑
k=1

P {Ut = St + Pt + k} (Cuk + CpPt)

−
St∑
k=0

P {Ut = k}Ch(St − k)−
∞∑
k=1

P {Ut = St + k}Cuk

= −
Pt∑
k=1

P {Ut = St + k} (Cu − Cp)k −
∞∑
k=1

P {Ut = St + Pt + k} (Cu − Cp)Pt.

Since Cu > Cp, this concludes the proof.

(b) For a given St, the difference in the per period costs (Equation (3)-Equation (2)) is:

St∑
k=0

P {Ut = k}Ch(St − k) +

Pt+Pd
t∑

k=1

P {Ut = St + k} (Ch + Cp)k

+
∞∑
k=1

P
{
Ut = St + Pt + P d

t + k
}(

(Ch + Cu)k + (Ch + Cp)(Pt + P d
t )
)

−
St∑
k=0

P {Ut = k}Ch(St − k)−
Pt∑
k=1

P {Ut = St + k} (Ch + Cp)k

−
∞∑
k=1

P {Ut = St + Pt + k}
(

(Ch + Cu)k + (Ch + Cp)Pt

)

= −
Pd
t∑

k=1

P {Ut = St + Pt + k} (Cu − Cp)k −
∞∑
k=1

P
{
Ut = St + Pt + P d

t + k
}

(Cu − Cp)P d
t .

Since Cu > Cp, this concludes the proof.

(ii)

(a) If the per period costs are (non-strictly) lower for any given safety stock level, see part

(i) (a), then that also holds for the safety stock level that is optimal when planned

maintenance may not be delayed. The optimal costs when maintenance may be delayed

at most once are at most equal to those costs.

(b) The reasoning is analogous to that at part (a).

(iii)

(a) To compare the optimal safety stock levels, we need to compare the first order differences
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with respect to the safety stock level (Lemma B.1, part (i) - Lemma A.1):

Ch − (Ch + Cp)
∞∑

k=St+1

P {Ut = k} − (Cu − Cp)
∞∑

k=St+Pt+1

P {Ut = k}

− Ch + (Ch + Cu)

∞∑
k=St+1

P {Ut = k}

= (Cu − Cp)

St+Pt∑
k=St+1

P {Ut = k} .

Since Cu > Cp, this shows that the first order difference with respect to the safety stock

level is higher when delaying is allowed at most once. The optimal safety stock level is

then non-strictly lower.

(b) To compare the optimal safety stock levels, we need to compare the first order differences

with respect to the safety stock level (Lemma C.1, part (i) - Lemma B.1, part (i)):

Ch − (Ch + Cp)
∞∑

k=St+1

P {Ut = k} − (Cu − Cp)
∞∑

k=St+Pt+Pd
t +1

P {Ut = k}

−
Pt+Pd

t∑
k=1

P {Ut = St + k}
[
∆Pd

t+1
Vt+1(Pt+1, k − 1)

]
− Ch + (Ch + Cp)

∞∑
k=St+1

P {Ut = k}+ (Cu − Cp)
∞∑

k=St+Pt+1

P {Ut = k}

= (Cu − Cp)

St+Pt+Pd
t∑

k=St+Pt+1

P {Ut = k} −
Pt+Pd

t∑
k=1

P {Ut = St + k}
[
∆Pd

t+1
Vt+1(Pt+1, k − 1)

]
.

Since Cu > Cp and ∆Pd
t+1
Vt+1(Pt+1, k − 1) < 0 (according to Lemma 8, part (i)), this

shows that the first order difference with respect to the safety stock level is higher when

delaying is allowed an unconstrained number of times. The optimal safety stock level is

then non-strictly lower.

D Proof for Section 8

Proof. This proof is relevant for both the case in which planned maintenance may never be delayed

and the case in which planned maintenance may be delayed at most once. We next show, for the

case in which planned maintenance may be delayed at most once, that the cost function can indeed

be written as in Equation (8). From there, it is easily seen that the results in Lemma 3, part (i),
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and Theorem 4 also hold when L > 0, with the inventory position, known demands and unplanned

maintenance replaced by their positive lead time equivalents, and with the ordering decision based

on the inventory position. We first discuss the initial periods.

First, we consider the initial periods t ∈ {1, . . . , L}. We assume that, based on previous ordering

decisions, Pt parts arrive in each of those periods. In other words, St = 0, and the resulting expected

costs in periods t ∈ {1, . . . , L} are fixed, and thus they do not affect the optimal policy. In period

1, we will order enough to raise the inventory position, Y1, to a level equal to the lead time known

demands, P d
1 + Ud

1 + P1+L, plus the safety stock level, S1+L.

We next focus our attention on the case in which planned maintenance may be delayed at most

once. The cost function for periods t+ L ≥ 1 + L, with decisions being made in periods t ≥ 1 can

be written as:

C(St+L | Pt+L) =

St+L∑
k=0

P {Ut+L = k}Ch(St+L − k) +

min{Pt+L,Ot+1}∑
k=1

P {Ut+L = St+L + k}Cpk

+
∞∑
k=1

P {Ut+L = St+L + min{Pt+L, Ot+1}+ k} (Cuk + Cp min{Pt+L, Ot+1}) . (9)

The term min{Pt+L, Ot+1}, which appears three times in the equation, is required since in period

t+ L, we can potentially delay all of the planned maintenance, Pt+L. However, we can only do so

if we know that, in the next period, enough new parts arrive to fulfill all of that delayed planned

maintenance, since planned maintenance may be delayed at most once. The amount of stock that

arrives in period t+ L+ 1 is Ot+1. Therefore, the maximum amount of planned maintenance that

may be delayed in period t+L is min{Pt+L, Ot+1}. As a result, a myopic policy may not be feasible

for this problem, since the cost function for period t+L depends on our ordering decision in period

t, Ot, (or, equivalently, St+L), as well as the amount that is ordered in period t+1, Ot+1. However,

we will show that under any optimal myopic policy, Ot+1 ≥ Pt+L, so that min{Pt+L, Ot+1} = Pt+L,

and the cost rate function in Equation (9) reduces to Equation (8). In other words, if we order

myopically optimal in period t, ignoring how much we will order in period t+ 1 (and thus ignoring

how much planned maintenance we may be able to delay in period t + L), and we also order

myopically optimal in period t + 1, then we will find that we can delay any amount of planned

maintenance that we need to, and thus the myopically optimal order quantity is also optimal in

general.

We now show that Ot+1 ≥ Pt+L. Since we have assumed that the amount of planned mainte-

nance is stationary, showing that Ot+1 ≥ Pt+L is equivalent to showing that Ot+1 ≥ Pt+L+1. This

result should intuitively hold, since the inventory position is always sufficient to cover all known

demands and there is no reason to order parts that are required in period t+ L+ 1 before period

t+ 1. We will next formally show that Ot+1 ≥ Pt+L always holds.

We define Ît to be the stock on hand, or the shortage, at the beginning of period t, i.e.,
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Ît = It−Ud
t −P d

t . From Equation (6), we know that the inventory position after ordering in period

t, Yt, will be equal to the lead time known demands plus the safety stock level:

Yt = It +
t∑

r=t−L
Or = P d

t + Ud
t + Pt+L + St+L,

so that:

Ît +

t∑
r=t−L

Or = Pt+L + St+L =

t+L∑
r=t

Pr + St+L. (10)

We can next write down a stock balance equation:

Ît+1 = Ît +Ot−L − Pt − Ut

=

t+L∑
r=t+1

Pr −
t∑

r=t−L+1

Or + St+L − Ut.

Since Ît+1 +
∑t+1

r=t−L+1Or =
∑t+L+1

r=t+1 Pr + St+L+1 (by replacing t by t+ 1 in Equation (10)), after

performing some algebra we have:

St+L − Ut +Ot+1 = Pt+L+1 + St+L+1.

Thus, since all costs and probability distributions for unplanned maintenance are stationary, St+L =

St+L+1, so that Ot+1 ≥ Pt+L+1.
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