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Abstract Metastability is a physical phenomenon ubiquitous in first order phase transitions.1

A fruitful mathematical way to approach this phenomenon is the study of rare transitions2

Markov chains. For Metropolis chains associated with statistical mechanics systems, this3

phenomenon has been described in an elegant way in terms of the energy landscape associated4

to the Hamiltonian of the system. In this paper, we provide a similar description in the general5

rare transitions setup. Beside their theoretical content, we believe that our results are a useful6

tool to approach metastability for non-Metropolis systems such as Probabilistic Cellular7

Automata.8

Keywords Stochastic dynamics · Irreversible Markov chains ·Hitting times ·Metastability ·9

Freidlin Wentzell dynamics10

Mathematics Subject Classification 60K35 · 82C2611

1 Introduction12

In this paper we are interested in the phenomenon of metastability for systems evolving 113

according to transformations satisfying the thermodynamic law for small changes of the14

thermodynamical parameters. Metastability is a physical phenomenon ubiquitous in first15
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order phase transitions. It is typically observed when a system is set up in a state which is16

not the most thermodynamically favored one and suddenly switches to the stable phase as a17

result of abrupt perturbations.18

Although metastable states have been deeply studied from the physical point of view, full19

rigorous mathematical theories based on a probabilistic approach have been developed only20

in the last three decades. We refer to [20] for a complete recent bibliography. Let us just21

stress that the three main points of interest in the study of metastability are the description22

of: (i) the first hitting time at which a Markov chain starting from the metastable state hits the23

stable one; (ii) the critical configurations that the system has to pass to reach the stable states;24

(iii) the tube of typical trajectories that the system typically follows on its transition to the25

stable state. These notions are central quantities of interest in many studies on metastability,26

which focus on proving convergence results in physically relevant limits, the most typical27

ones being the zero temperature limit and the infinite volume regime.28

In this paper, we focus on the finite volume and zero temperature limit setup.29

The first mathematically rigorous results were obtained via the pathwise approach, which30

has been first developed in the framework of special models and then fully understood in the31

context of the Metropolis dynamics [12,34,36]. In this framework, the properties of the first32

hitting time to the stable states are deduced via large deviation estimates on properly chosen33

tubes of trajectories. A different point of view, the potential theoretical approach, has been34

proposed in [5] and is based on capacity—like estimates. This last approach has recently35

been developed and generalized to the non reversible setting in [29]. We mention that a more36

recent approach has also been developed in [6,7].37

Here we adopt the pathwise point of view and generalize the theory to the general Freidlin–38

Wentzel Markov chains or Markov chains with rare transitions setup. For Metropolis chains39

associated to Statistical Mechanics systems and reversible with respect to the associated40

Gibbs measure, the metastability phenomenon can be described in an elegant and physically41

satisfactory way via the energy landscape associated with the Hamiltonian of the system42

[34,36]. In particular the time needed by the system to hit the stable state can be expressed in43

terms of the height of one of the most convenient paths (that is a path with minimal energetic44

cost). Moreover, the state of the system at the top of such a path is a gate configuration in the45

sense that, in the low temperature regime, the system necessarily has to go through it before46

hitting the stable state. This description is very satisfactory from the physical point of view47

since both the typical time that the system spends in the metastable state before switching to48

the stable one and the mechanism that produces this escape can be quantified purely through49

the energy landscape. Let us mention that a simplified pathwise approach was proposed in50

[31], where the authors disentangled the study of the first hitting time from the study of the51

set of critical configurations and of the tube of the typical trajectories.52

In this paper we show that a similar physically remarkable description can be given in53

the general rare transitions (Freidlin–Wentzel) framework, when the invariant measure of the54

system is a priori not Gibbsian. In this setup the pathwise study of metastability has been55

approached with a different scheme in [35], where the physical relevant quantities describing56

the metastable state are computed via a renormalization procedure. Here we show that the57

strategy developed in [31] can be extended at the cost of a higher complexity of techniques.58

A typical way of proceeding is to redefine the height of a path in terms of the exponential59

weight of the transition probabilities and of a function, the virtual energy, associated to the60

low temperature behavior of the invariant measure. In other words we reduce the pathwise61

study of metastability in the general rare transition case to the solution of a variational problem62

within the landscape induced by this notion of path height, using as a main tool the general63

cycle theory developed in [10,11].64

123

Journal: 10955 Article No.: 1334 TYPESET DISK LE CP Disp.:2015/7/21 Pages: 39 Layout: Small



un
co

rr
ec

te
d

pr
oo

f

Metastability for General Dynamics with Rare Transitions...

Summarizing, in [34,36], in the framework of the pathwise approach, the problem of65

metastability has been addressed exclusively for Metropolis dynamics and the study of the66

exit time is striclty connected to that of the typical exit tube. In [31], with the same approach,67

the study has again been performed only for Metropolis dynamics but the results on the68

hitting time to the stable state have been disentagled from the detailed knowledge of the tube69

of typical trajectories followed during the transition from the metastable to the stable state.70

In [35], on the other hand, the authors consider the rare transition dynamics we address in71

this paper and develop a renormalization scheme to describe the exit from a general domain.72

The exit time estimate is, then, strictly related to the detailed study of the exit tube and all the73

results are given in terms of the intermediate renormalized chains. In [3–5] the problem of74

metastability has been studied via the potential theoretic approach only for reversible Markov75

chains. Finally, in [6,8] the martingale approach to metastability has been developed. More76

recently, see [7,29], in this framework the possibility to study non reversible chain has been77

considered. These results have been used to study the specific problem of the metastable78

behavior of the condensate of the one-dimensional totally asymmetric zero range model with79

periodic boundary conditions [30].80

This paper addresses the problem of metastability in the very general case of rare transition81

dynamics possibly not reversible (specific examples are given in Sect. 2.2). Our aim is82

threefold: (i) generality of the results (in the sense specified above); (ii) developing a theory83

which reduces the computation of the exit time from the metastable state and the determination84

of the critical configuration to the solution of variational problems in a energy landscape85

defined in terms of the virtual energy and the cost function; (iii) developing a theory in which86

the results on the transition time from the metastable to the stable state is disentagled from87

the detailed knowledge of the critical configuration and of the tube of typical trajectories88

followed during the transition from the metastable to the stable state.89

The technical difficulties that we had to overcome are rather evident: giving a satisfactory90

mathematical description of metastability in a context where no Hamiltonian is available is91

a priori rather challenging. We overcame this difficulty using two key ideas.92

First idea In the seminal papers on the pathwise approach to metastability [34,36] results93

were proved via detailed probability estimates on suitably chosen tube of trajectories. A94

simpler approach has been pointed out in [31], where, still in the framework of the Metropolis95

dynamics, the authors have shown that the main ingredient necessary to achieve the pathwise96

description of metastability is the classification of all the states of the systems in a sequence97

of decreasing (for the inclusion) subsets of the state space, whose elements have increasing98

stability, in the sense that starting from any one of them the height that has to be bypassed99

to reach a lower energy level becomes increasingly higher. Moreover, the authors use in a100

crucial way a recurrence property stating that starting from any state, the process reaches one101

of these stability level sets within a time controlled exponentially by the stability level of the102

set itself. We also use this idea in the present work.103

Second idea One of the key tools in the pathwise study of metastability is the notion104

of cycle. In the context of general Markov chains, a cycle can be thought as a subset of105

the configuration states enjoying the following property: starting from anywhere within the106

cycle, with high probability the process visits all the states within the cycle before exiting107

the set itself. In the study of the metastable behavior of Metropolis chains a more physical108

definition of the notion of cycle was used: a cycle is a set of configurations such that starting109

from any of them any other can be reached by a path within the set with maximal energy110

height smaller than the minimal one necessary for the process to exit the set. In this paper,111

following [10], we use the fact that by defining the height of a path in terms of the virtual112
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energy and of the exponential cost of transition, the two different approaches to cycles are113

equivalent.114

The paper is organized as follows. In Sect. 2 we describe our setup and state the main115

results. Section 3 is devoted to the discussion of the theory of cycles. In Sect. 4 we prove116

our main results. In Appendix 1, we develop a condition under which the virtual energy is117

explicitly computable, and in Appendix 2, we make a quick recap about the virtual energy.118

2 Model and Main Results119

In this section we introduce our framework and state our main results on the metastable120

behavior of a system fitting to this framework. Then we give a fine description of this behavior121

in terms of the virtual energy.122

2.1 The Freidlin–Wentzell Setup123

In this paper we will deal with a finite state space Markov chain with rare transitions. We124

consider125

– an arbitrary finite state space X .126

– A rate function � : X × X �→ R
+ ∪ {∞}. We assume that � is irreducible in the sense127

that for every x, y ∈ X , there exists a path ω = (ω1, . . . , ωn) ∈ X n with ω1 = x , ωn = y128

and for every 1 ≤ i ≤ n − 1,�(xi , xi+1) < ∞, where n is a positive integer.129

Definition 2.1 A family of time homogeneous Markov chains (Xn)n∈N on X with transition130

probabilities pβ indexed by a positive parameter β is said to “satisfy the Freidlin–Wentzell131

condition with respect to the rate function �” or “to have rare transitions with rate function132

�” when133

lim
β→∞

− log pβ(x, y)

β
= �(x, y) (2.1)134

for any x, y ∈ X .135

The particular case where �(x, y) is infinite should be understood as the fact that, at low136

temperature, there is no transition possible between states x and y. In many papers, instead137

of the � = ∞ condition, a connectivity matrix is introduced, that is a matrix whose non zero138

terms correspond to allowed transitions, see for instance [36] [Condition R, Chapter 6].139

We also note that condition (2.1) is sometimes written more explicitly; namely, for any140

γ > 0, there exists β0 > 0 such that141

e−β[�(x,y)+γ ] ≤ pβ(x, y) ≤ e−β[�(x,y)−γ ] (2.2)142

for any β > β0 and any x, y ∈ X . See for instance [36] [Condition FW, Chap. 6] where the143

parameter γ is assumed to be a function of β vanishing for β → ∞, so that in particular the144

Freidlin-Wentzell setup covers this case.145

From now on, we will always consider the general case of a family of homogeneous146

Markov chains satisfying the condition in Definition 2.1.147

2.2 Examples148

Since we are proving quite general results in an abstract, model-independent setup, it is worth149

pointing at some examples to which the techniques developed in this paper should apply. Note150
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that some of the models we are mentioning are still quite poorly understood, and that our151

results may provide tools for further investigation regarding their metastable behavior.152

Setups covered by the Freidlin Wentzell assumptions We first mention that the Freidlin153

Wentzell framework contains two setups which are themselves quite general and have been154

quite studied in the past.155

1. Metropolis algorithm with Hamiltonian U : X → R (see, for instance, [36] [Condi-156

tion M, Chap. 6] and [32]). It is the particular case where157

�(x, y) :=
{

(U (y) − U (x))+ if q(x, y) > 0
∞ otherwise

, (2.3)158

for any (x, y) ∈ X ×X where q is an irreducible Markov matrix X ×X → [0, 1] which159

does not depend on β. The Metropolis algorithm itself is a general framework which has160

as stationary measure the Gibbs measure.161

2. Weak reversible dynamics with respect to the potential U : X → R or dynamics induced162

by the potential U : X → R.This is the case where the rate function � is such that for163

any (x, y) ∈ X × X164

U (x) + �(x, y) = U (y) + �(y, x) (2.4)165

with the convention that +∞+r = +∞ for any r ∈ R. Even if the Metropolis dynamics166

is an example of a potential induced dynamics, these models form a broader class in167

which other important examples are reversible Probabilistic Cellular Automata; without168

going too much into details about these rather involved models, let us mention that in169

[14,18,28], the authors deal with models involving a potential Gβ(x) depending on β170

and satisfying the balance condition171

pβ(x, y)e−Gβ (x) = pβ(y, x)e−Gβ (y)
172

for every positive β. To bypass the technical difficulties inherent to these models, which173

stem for a large part from the intricate dependence on β of pβ(·) and Gβ(·), the authors174

computed directly the expressions of the rate function �(·) in (2.1). In this way, they175

showed that the reversible PCA’s are in fact a weak reversible dynamics. Then, using176

solely the limit expressions obtained (that is the rates transitions �(·)), they described177

the metastable behavior for these models. We refer to Appendix 1 for a more general178

context in which these techniques still apply and we mention that our hope is that this179

generalization should cover some other relevant cases in which only the transitions rates180

are explicitly computable.181

Next we mention two concrete models which do not fit in the above setups, and to which182

our techniques should apply. Note that as usual for models issued from statistical physics,183

the model dependent part of the analysis of each specific model should still be very heavy.184

See the papers [22–24] for recent examples in the Metropolis framework. In the following185

two examples, we denote by T 2
N the 2 dimensional discrete torus with N 2 sites.186

An irreversible PCA model In the recent paper [25], the authors consider a non-reversible187

Probabilistic Cellular Automata, which informally should be understood as a massive parallel188

updating dynamics version of the classical Ising model. Note that the above examples of PCA’s189

were dealt with in the symmetric context, that is when the local updating rule is performed190

at each site on a box which is symmetric around this site. This is not the case in the model191

we describe now.192

We denote by SN = {−1,+1}T 2
N the space of configurations. As is standard in the193

statistical physics literature, for a configuration σ ∈ SN and x ∈ T 2
N , we denote by σ x the194
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configuration coinciding with σ at all sites except at site x (hence such that σ x (x) = −σ(x)).195

For x = (i, j) ∈ T 2
N , we write196

xu := (i, j + 1) and xr := (i + 1, j), (2.5)197

where the quantities have to be understood modulo N . Given two configurations σ, τ ∈ SN198

and h > 0, we then define the Hamiltonian199

H(σ, τ ) = −
∑

x∈T 2
N

(σx (τxu + τxr ) + hσxτx ) . (2.6)200

Finally, we consider the discrete time Markov chain on SN with transitions given by201

P(σ, τ ) = e−β H(σ,τ )∑
τ∈SN

e−β H(σ,τ )
. (2.7)202

It is clear that this Markov chain is irreducible and fits the setup of Definition 2.1. The203

behavior of this model for large enough (but fixed) β and N → ∞ has been described in204

details in [25]. Up to the model dependent specificities ( which can be quite involved, as we205

already mentioned), our approach deals with the case of fixed volume in the low temperature206

asymptotics.207

Irreversible Kawasaki type dynamics [21] We consider a conservative Kawasaki dynamics208

evolving on �N := {0, 1}T 2
N . We let EN be the set of oriented edges (x, y) where x, y are209

nearest neighbors. For e = (x, y) ∈ EN , we write e− = x, e+ = y. We then define μ as the210

probability measure on the configuration space {0, 1}T 2
N by211

μ(η) = 1

Z
e−β H(η) (2.8)212

where the Hamiltonian is given by213

H(η) = −1

2

∑
(x,y)∈EN

η(x)η(y) (2.9)214

and η is a generic element of �N . For η ∈ �N , we write |η| =∑x∈T 2
N

η(x).215

Now we define the notion of plaquette; it is a unit square of the form (x, x + e(1), x +216

e(1) + e(2), x + e(2)) or (x, x + e(2), x + e(1) + e(2), x + e(1)) where (e(1), e(2)) denotes the217

canonical basis of Z
2. The first plaquette is counterclockwise oriented whereas the second218

one is clockwise oriented. Given an edge e ∈ EN , there are only two plaquettes to which e219

belongs. We denote by C+(e) the one which is counterclockwise oriented and by C−(e) the220

other one. Note that given a plaquette C , there are exactly four edges ei , i = 1, . . . , 4 such221

that ei ∈ C .222

For 
 ⊂ T 2
N , we define the energy restricted to 
 by:223

H
(η) = −1

2

∑
e∈EN ;e∩

=∅

η(e−)η(e+). (2.10)224

In the above sum, we say that e∩
 
= ∅ as soon as {e−, e+} 
= ∅. Consider now w+ 
= w−
225

two positive real numbers. We define the transition rates by226

ce(η) := w+eβ HC+(e)(η) + w−eβ HC−(e)(η)
. (2.11)227
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Now we define the evolution with generator given by228

L f (η) =
∑

e∈EN

ce(η)η(e−)(1 − η(e+))
(

f (ηe) − f (η)
)

(2.12)229

where ηe coincides with the configuration η, except at sites e− and e+, where the particle230

sitting at e− in the configuration η has been moved to site e+. Note that this dynamics is231

conservative, namely, when started from a configuration η0 ∈ �N , at any time t ≥ 0, it232

satisfies |ηt | = |η0|.233

In [21], the authors show that the dynamics defined by (2.12) with rates defined in (2.11)234

satisfies the (continuous time analogous of) Freidlin Wentzell conditions. Its invariant mea-235

sure is given by (2.8); furthermore, as soon as w+ 
= w−, this dynamics is not reversible.236

Solving the model dependent issues of this dynamics is currently work in progress.237

2.3 Virtual Energy238

A fundamental notion for the physical approach of the problem of metastability in the setup239

of rare transitions chains is the notion of virtual energy, whose definition is based on the240

following result.241

Proposition 2.1 [10, Proposition 4.1] Consider a family of Markov chains satisfying the242

Freidlin–Wentzell condition in Definition 2.1. For β large enough, each Markov chain is243

irreducible and its invariant probability distribution μβ is such that for any x ∈ X , the limit244

lim
β→∞ − 1

β
log μβ(x)245

exists and is a positive finite real number.246

Definition 2.2 In view of Proposition 2.1, the limiting function247

H(x) := lim
β→∞ − 1

β
log μβ(x), (2.13)248

for x ∈ X , is called virtual energy.249

The proof of Proposition 2.1 relies on some deep combinatorial results which are tailored250

to the Freidlin–Wentzell context. In general, the virtual energy has an exact expression in251

function of the transition rates � (see, for instance, [10, Proposition 4.1], or the Appendix252

2 at the end of the present work). Unfortunately, in the most general setup, this expression253

involving a certain family of graphs is intractable for all practical purposes when one is254

interested to study particular models.255

Finally, we stress that in the particular cases of the setups in Sect. 2.2, the virtual energy,256

up to an additive constant, is precisely the potential which induces the dynamics.257

Proposition 2.2 [10, Proposition 4.1] In the particular case of the dynamics induced by the258

potential U : X → R (see Sect. 2.2) one can show the equality259

H(x) = U (x) − min
X

U260

for any x ∈ X .261
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2.4 General Definitions262

In the present and in the following sections, we introduce some standard notions, which are263

natural generalizations of the analogous quantities in the reversible setup, see [31] or [36].264

A real valued function f : R
+ �→ R

+ is super exponentially small (SES for short) if and265

only if266

lim
β→∞

1

β
log f (β) = −∞.267

For x ∈ X , we let X x
t be the chain started at x . For a nonempty set A ⊂ X and x ∈ X ,268

we introduce the first hitting time τ x
A to the set A which is the random variable269

τ x
A := inf{k ≥ 0, X x

k ∈ A}.270

A path is a sequence ω = (ω1, . . . , ωn) such that �(ωi , ωi+1) < ∞ for i = 1, . . . , n −1.271

For a path ω = (ω1, . . . , ωn), we define |ω| = n its length. For x, y ∈ X a path ω : x → y272

joining x to y is a path ω = (ω1, . . . , ωn) such that ω1 = x and ωn = y. For any x, y ∈ X273

we write �x,y for the set of paths joining x to y. For A, B ⊂ X nonempty sets, we write274

�A,B for the set of paths joining a point in A to a point in B.275

A set A ⊂ X with |A| > 1 is connected if and only if for all x, y ∈ A, there exists a path276

ω ∈ �x,y such that for any i ≤ |ω|, ωi ∈ A. By convention, we say that every singleton is277

connected.278

For a nonempty set A, we define its external boundary ∂ A := {y ∈ X\A, there exists x ∈279

A such that �(x, y) < ∞} and we write280

H(A) = min
A

H. (2.14)281

The bottom F(A) of A is the set of global minima of H on A, that is282

F(A) := {x ∈ A, H(x) = H(A)}.283

The set X s := F(X ) is called the set of stable points or the set of ground states of the virtual284

energy.285

2.5 Communication Height286

A key notion in studying metastability is the one of the cost that the chain has to pay to follow287

a path. In the case of Metropolis dynamics this quantity is the highest energy level reached288

along a path. Such a notion has to be modified when general rare transitions dynamics are289

considered [14,38]. We thus define the height or elevation �(ω) of a path ω = (ω1, . . . , ωn)290

by setting291

�(ω) := max
i=1,...,|ω|−1

[H(ωi ) + �(ωi , ωi+1)]. (2.15)292

The communication height �(x, y) between two states x, y ∈ X is the quantity293

�(x, y) := min
ω∈�x,y

�(ω). (2.16)294

Given two nonempty sets A, B ⊂ X , we define295

�(A, B) := min
x∈A,y∈B

�(x, y) (2.17)296

the communication height between A and B.297
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H(x)=U(x)

H(y)=U(y)

Δ(x,y)

Δ(y,x)

H(x)

H(y)

Δ(x,y)

Δ(y,x)

Fig. 1 Illustration of the result in Corollary 2.1. The picture on the left refers to the weak reversible case,
whereas the picture on the right refers to the general dynamics with rare transitions

For A, B nonempty subsets of X , we define �
opt
A,B as the set of optimal paths joining A298

to B, that is the set of paths joining a point in A to a point in B and realizing the min–max299

�(A, B) defined in (2.17).300

For rare transitions dynamics induced by a potential (see Sect. 2.2) it is easy to see that301

the communication height between two states is symmetric. A non-trivial result due to A.302

Trouvé [38] states that this is the case even in the general setup adopted in this paper.303

Proposition 2.3 [10, Proposition 4.14] The communication height between states is sym-304

metric, that is, �(x, y) = �(y, x) for any x, y ∈ X .305

Corollary 2.1 [10, Proposition 4.17] For any x, y ∈ X , the virtual energy satisfies306

H(y) ≤ H(x) + �(x, y).307

This corollary is quite interesting and its meaning is illustrated in Fig. 1. Indeed, in the308

case of a dynamics induced by a potential, the jump between two states can be thought of309

as in the left part of the figure: the chain can jump in both directions and the height reached310

in both cases is the same. This is not true anymore in general under the sole assumptions311

of Definition 2.1 (see the illustration on the right in the same figure). Provided the chain312

can perform the jump from x to y, that is �(x, y) < ∞, it is not ensured that the reverse313

jump is allowed. Moreover, even in such a case, the heights which are attained during the two314

jumps in general are different. Nevertheless, the important Corollary 2.1 states that the virtual315

energies of the two states x and y are both smaller than the heights attained by performing316

any of the two jumps.317

2.6 Metastable States318

The main purpose of this article is to define the notion of metastable states for a general rare319

transition dynamics and to prove estimates on the hitting time to the set of stable states for320

the dynamics started at a metastable state.321

To perform this, we need to introduce the notion of stability level of a state x ∈ X . First322

define323

Ix := {y ∈ X , H(y) < H(x)} (2.18)324
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Fig. 2 Illustration of the structure of the sets Xa ’s (see Definition (2.22)) with 0 < a < V m

which may be empty in general. Then we define the stability level of any state x ∈ X by325

Vx := �(x, Ix ) − H(x) (2.19)326

and we set Vx = ∞ in the case where Ix is empty. Recalling the definition of the stable set327

X s := F(X ), we also let328

V m := max
x∈X\X s

Vx (2.20)329

be the maximal stability level.330

Metastable states should be thought of as the set of states where the dynamics is typically331

going to spend a lot of time before reaching in a drastic way the set of stable states X s.332

Following [31] we define the set of metastable states X m as333

X m := {x ∈ X , Vx = V m} (2.21)334

and in the sequel, see Sect. 2.8, we will state some results explaining why X m meets the335

requirements that one would heuristically expect from the set of metastable states. For exam-336

ple, we prove that the maximal stability level V m is precisely the quantity controlling the337

typical time that the system needs to escape from the metastable state.338

More generally, for any a > 0, we define the metastable set of level a > 0 as follows339

Xa := {x ∈ X , Vx > a}. (2.22)340

The structure of the sets Xa’s is depicted in Fig. 2. It is immediate to realize that Xa ⊂ Xa′341

for a ≥ a′. Moreover, it is worth noting that XV m = X s.342

2.7 Saddles, Gates, and Cycles343

We stress that one of our main results (see Theorem 2.4 below) describes a family of sets344

which will be crossed with high probability by the dynamics during its escape from the345

metastable state.346

To introduce these sets, we define as in [31] the notion of saddle points and of gates. These347

notions, which are standard in the Metropolis setup, can be generalized here at the cost of a348

higher complexity of definitions. To do so, we first introduce the set Ŝ(x, y) ⊂ X × X :349

Ŝ(x, y) := {(z, z′) ∈ X × X , ∃ω ∈ �
opt
x,y, ∃i ≤ |ω| − 1,350

(z, z′) = (ωi , ωi+1), H(z) + �(z, z′) = �(z, z′) = �(x, y)}. (2.23)351
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In words, the pair (z, z′) belongs to Ŝ(x, y) if the edge (z, z′) belongs to an optimal path352

joining x to y, the cost of the one step transition from z to z′ is equal to �(z, z′), which is353

itself equal to the overall cost �(x, y).354

We then define the projection of Ŝ(x, y) on its second component, that is the set355

S(x, y) :=
{

z ∈ X , ∃z′, (z′, z) ∈ Ŝ(x, y)
}

. (2.24)356

By analogy with the Metropolis setup (see [31, Definition (2.21)]), the set S(x, y) is the357

set of saddles between x and y. Other natural extensions borrowed from the Metropolis setup358

are then the following (see [31]). Given x, y ∈ X , we say that W ⊂ X is a gate for the pair359

(x, y) if W ⊂ S(x, y) and every path in �
opt
x,y intersects W , that is360

ω ∈ �
opt
x,y �⇒ ω ∩ W 
= ∅.361

We also introduce W(x, y) as being the collection of all the gates for the pair (x, y).362

A gate W ∈ W(x, y) for (x, y) ∈ X is minimal if it is a minimal (for the inclusion363

relation) element of W(x, y). Otherwise stated, for any W ′
� W , there exists ω′ ∈ �

opt
x,y364

such that ω′ ∩ W ′ = ∅. In the metastability literature, the following set is also standard365

G(x, y) :=
⋃

W∈W(x,y),W is minimal.

W ;366

namely, G(x, y) is the set of saddles between x and y belonging to a minimal gate in W(x, y).367

Key notions in this work are the notions of cycle and of principal boundary of a set. In368

this section, we just give some basic facts on these, and we note that they will be discussed369

with more details in Sect. 3.370

Definition 2.3 [10, Definition 4.2] A nonempty set C ⊂ X is a cycle if it is either a singleton371

or for any x, y ∈ C , such that x 
= y,372

lim
β→∞ − 1

β
log Pβ

[
X x

τ x
(X \C)∪{y}


= y
]

> 0.373

In words, a nonempty set C ⊂ X is a cycle if it is either a singleton or if for any x ∈ C ,374

the probability for the process starting from x to leave C without first visiting all the other375

elements of C is exponentially small. We will denote by C(X ) the set of cycles. The set C(X )376

has a tree structure, that is:377

Proposition 2.4 [10, Proposition 4.4] For any pair of cycles C, C ′ such that C ∩ C ′ 
= ∅,378

either C ⊂ C ′ or C ′ ⊂ C.379

Definition 2.4 Consider A ⊂ X such that |A| ≥ 2 and x, y ∈ X . The tree structure of the380

set C(X ) has two fundamental consequences, which we will use repeatedly in the rest of this381

paper:382

1. there exists a minimal cycle CA (for the inclusion) containing the set A. In the particular383

case where A = {x, y}, we will always write Cx,y for the minimal cycle containing both384

x and y;385

2. the decomposition into maximal strict subcycles of A; i.e. a partition386

A =
⊔
i∈I

Ci (2.25)387
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where |I | ≥ 2 and for every i , Ci is a cycle. Furthermore, for any J � I , the set
⋃

j∈J C j388

is not a cycle. In the particular case where A = Cx,y , we will write Mx,y = (Ci , i ∈ I )389

for the partition of Cx,y into maximal strict subcycles. Finally, for u ∈ Cx,y , in the390

rest of this paper we will use the notation C(u) to refer to the unique element of Mx,y391

containing u.392

Next we introduce the important notion of principal boundary of an arbitrary subset of393

the state space X .394

Proposition 2.5 [10, Proposition 4.2] For any D ⊂ X and any x ∈ D, the following limits395

exist and are finite:396

lim
β→∞

1

β
log Eβ [τ x

X\D] =: D(x) (2.26)397

and, for any y ∈ X\D,398

lim
β→∞ − 1

β
log Pβ

[
X x

τ x
X \D

= y
]

=: �D(x, y). (2.27)399

We stress that the limits appearing in the right hand side of (2.27) and (2.26) have explicit400

expressions which, as in Definition 2.2 for the virtual energy, seem to be intractable for2 401

practical purposes at least in the field of statistical mechanics (Fig. 3).402

The meaning of the two functions introduced in the Proposition 2.5 is rather transparent:403

(2.26) provides an exponential control on the typical time needed to escape from a general404

domain D starting from a state x in its interior and D(x) is the mass of such an exponential.405

On the other hand, (2.27) provides an exponential bound to the probability to escape from406

D, starting at x , through the site y ∈ X\D. Hence, we can think to �D(x, y) as a measure407

of the cost that has to be paid to exit from D through y.408

Now, we remark that, due to the fact that the state space X is finite, for any domain D ⊂ X409

and for any x ∈ D there exists at least a point y ∈ X\D such that �D(x, y) = 0. Thus, we410

can introduce the concept of principal boundary of a set D ⊂ X411

B(D) := {y ∈ X\D, �D(x, y) = 0 for some x ∈ D}. (2.28)412

We mention that the set of saddles is linked in a very intricate way to the principal413

boundaries of the elements of M(x, y). More precisely, we prove the following equality in414

Sect. 4.415

Fig. 3 Illustration of the notion of gate between two configurations x and y. The case depicted here is the

following: S(x, y) = {w1, . . . , w6}. The optimal paths in �
opt
x,y are represented by the five black lines. The

minimal gates are {w1, w2, w4, w6} and {w1, w2, w5, w6}. Any other subset of S(x, y) obtained by adding
some of the missing saddles to one of the two minimal gates is a gate

123

Journal: 10955 Article No.: 1334 TYPESET DISK LE CP Disp.:2015/7/21 Pages: 39 Layout: Small



un
co

rr
ec

te
d

pr
oo

f

Metastability for General Dynamics with Rare Transitions...

Proposition 2.6 For x, y ∈ X , it holds the equality416

S(x, y) =
⋃

C∈Mx,y

B(C). (2.29)417

Note that this result implies the inclusion S(x, y) ⊂ Cx,y (see Remark 3.5 for details).418

This result is quite remarkable, in the sense that it links in a natural way two quantities419

which have been used in very different contexts. A priori, the set S(x, y) has been defined420

purely in terms of a minmax principle, whereas the principal boundary of cycles have been421

defined in a rather abstract way.422

2.8 Main Results423

In this section we collect our results about the behavior of the system started at a metastable424

state. These results justify a posteriori why the abstract notion of metastable set X m fits with425

the heuristic idea of metastable behavior.426

The first two results state that the escape time, that is the typical time needed by the427

dynamics started at a metastable state to reach the set of stable states, is exponentially large428

in the parameter β. Moreover, they ensure that the mass of such an exponential is given by429

the maximal stability level; the first result is a convergence in probability, whereas the second430

ensures convergence in mean.431

Theorem 2.1 For any x ∈ X m, for any ε > 0 there exists β0 < ∞ and K > 0 such that,432

for all β ≥ β0,433

Pβ

[
τ x
X s < eβ(V m−ε)

]
< e−βK (2.30)434

and435

the functionβ �→ Pβ

[
τ x
X s > eβ(V m+ε)

]
is SES. (2.31)436

Theorem 2.2 For any x ∈ X m, the following convergence holds437

lim
β→∞

1

β
log Eβ [τ x

X s ] = V m. (2.32)438

Theorem 2.3 Assume the existence of a state x0, satisfying the following conditions:439

– late escape from the state x0:440

Tβ := inf
{
n ≥ 0, Pβ

[
τ

x0
X s ≤ n

] ≥ 1 − e−1} β→∞−→ ∞; (2.33)441

– fast recurrence to x0: there exist two functions δβ, T ′
β : [0,+∞] → R such that442

lim
β→∞

T ′
β

Tβ

= 0, lim
β→∞ δβ = 0, (2.34)443

and444

Pβ

[
τ x{x0,X s} > T ′

β

]
≤ δβ (2.35)445

for any x ∈ X and β large enough.446

Then, the following holds447
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1. the random variable τ
x0
X s/Tβ converges in law to an exponential variable with mean one;448

2. the mean hitting time and Tβ are asymptotically equivalent, that is449

lim
β→∞

1

Tβ

Eβ [τ x0
X s ] = 1; (2.36)450

3. the random variable τ
x0
X s/Eβ [τ x0

X s ] converges in law to an exponential variable with mean451

one.452

We stress that such exponential behaviors are not new in the literature; for the Metropolis453

case, we refer of course to [31, Theorem 4.15], and we refer to [1,2] for the generic reversible454

case. In an irreversible setup, results appeared only much more recently; let us mention [8]455

and [33]. In the case where the cardinality of the state space X diverges, more precise results456

than the one described in Theorem 2.3 were obtained in [27] and [26].457

Our result is different from the ones we mention here, since we are able to give the explicit458

value of the expected value of the escape time in function of the transition rates of the family459

of Markov chains.460

The above results are related to the properties of the escape time, the following one gives461

in particular some information about the trajectory that the dynamics started at a metastable462

state follows with high probability on its way towards the stable state.463

Theorem 2.4 For any pair x, y ∈ X we consider the set of gates W(x, y) introduced in464

Sect. 2.7 and the corresponding set of minimal gates. For any minimal gate W ∈ W(x, y),465

there exists c > 0 such that466

Pβ [τ x
W > τ x

y ] ≤ e−βc
467

for β sufficiently large.468

The typical example of application of this result is to consider x ∈ X m, y ∈ X s, and469

W ∈ W(x, y); Theorem 2.4 ensures that, with high probability, on its escape from the470

metastable state x , the dynamics has to visit the gate W before hitting the stable state y.471

This is a strong information about the way in which the dynamics performs its escape from a472

metastable state. We remark that in the application to particular models, Theorem 2.4 allows473

to find the gates without describing in details the typical trajectories followed by the system474

during the transition.475

We stress that our main tool to prove Theorem 2.4 is the construction of a set Kx,y that476

contains the typical trajectories (see [36, Chap. 6]. In particular Sect. 6.7, Theorems 6.31477

and 6.33 where an analogous description has been performed in the particular case of the478

Metropolis dynamics). The set Kx,y is a subset of �
opt
x,y which can be described as follows:479

1. as soon as the dynamics enters an element C ∈ Mx,y , it exits C through its principal480

boundary B(C). This implies in particular the fact that the dynamics stays within the cycle481

Cx,y during its transition from x to y, as we will show later (see in particular Remark482

3.5);483

2. as soon as the dynamics enters C(y) (recall that C(y) is the unique element of Mx,y484

containing y, Definition 2.4), it hits y before leaving C(y) for the first time.485

We refer to equation (4.74) for a formal definition of Kx,y . We are ready to state the486

following proposition:487

Proposition 2.7 For any x, y ∈ X , as β → ∞, the set Kx,y has probability exponentially488

close to 1, that is, for any ε > 0, there exists β0 such that for any β ≥ β0:489

Pβ [Kx,y] ≥ 1 − e−βε.490
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We stress that in concrete models, such a detailed description of the exit tube relies on491

an exhaustive analysis of the energy landscape which is unlikely to be performed in general.492

Nevertheless, for the particular case of PCA’s, this analysis can be greatly simplified.493

Remark 2.1 For reversible PCA’s, the analysis of the phenomenon of metastability was per-494

formed in [18] by studying the transition between the metastable state (the − phase) towards495

the stable state (the + phase in this specific model) using a particular case of Proposition496

2.7. Indeed, the decomposition into maximal cycles C(−),(+) was reduced to two cycles only,497

and the one containing the (−) state was refered to as the subcritical phase. One of the main498

tasks was then to identify the set of saddles, which in this case was reduced to the principal499

boundary of the subcritical phase.500

Our approach shows in which way this technique should be extended in the more general501

case of several maximal cycles involved in the maximal decomposition of the cycle Cx,y . A502

practical way to perform this would be to use Propostion 2.6 to identify recursively the set503

of saddles.504

2.9 Further Results on the Typical Behavior of Trajectories505

In this section we collect some results on the set of typical trajectories in the large β limit.506

The first result of this section is a large deviation estimate on the hitting time to the507

metastable set Xa at level a > 0. The structure of the sets Xa’s is depicted in Fig. 2. Given508

a > 0, since states outside Xa have stability level smaller that a, it is rather natural to expect509

that, starting from such a set, the system will typically need a time smaller than exp{βa} to510

reach Xa . This recurrence result is the content of the following lemma.511

Proposition 2.8 For any a > 0 and any ε > 0, the function512

β �→ sup
x∈X

Pβ

[
τ x
Xa

> eβ(a+ε)
]

513

is SES.514

Remark 2.2 Proposition 2.8 allows to disentangle the study of the first hitting time of the515

stable state from the results on the tube of typical trajectories performed in great details both516

in [35] and in [11]. This remarkable fact relies on Proposition 3.23, which guarantees the517

existence of downhill cycle paths to exit from any given set. In the Metropolis setup, this has518

been performed in [31] (see Theorem 3.1 and Lemma 2.28).519

The following result is important in the theory of metastability and, in the context of520

Metropolis dynamics, is often referred to as the reversibility lemma. In that framework it is521

simply stated as the probability of reaching a configuration with energy larger than the one522

of the starting point in a time exponentially large in the energy difference between the final523

and the initial point. In our general it is of interest to state a more detailed result on the whole524

tube of trajectories overcoming this height level fixed a priori.525

To make this result quantitative, given any x ∈ X and h, ε > 0, for any integer n ≥ 1, we526

consider the tube of trajectories527

E x,h
n := {(x0, x1, . . . ) ∈ X N : x0 = x and H(xn−1) + �(xn−1, xn) ≥ H(x) + h},528

(2.37)529

which is the collection of trajectories started at x whose height at step n is at least equal to530

the value H(x) + h.531
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Proposition 2.9 Let x ∈ X and h > 0. For any ε ∈ (0, h), set532

E x,h(ε) :=
�eβ(h−ε)�⋃

n=1

E x,h
n . (2.38)533

There exists β0 > 0 such that534

Pβ [E x,h(ε)] ≤ e−βε/2 (2.39)535

for any β > β0.536

In words, the set E x,h(ε) is the set of trajectories started at x and which reach the height537

H(x) + h at a time at most equal to �exp (β(h − ε))�.538

3 Cycle Theory in the Freidlin–Wentzell Setup539

In this section we summarize some well known facts about the theory of cycles, which can be540

seen as a handy tool to study the phenomenon of metastability in the Freidlin–Wentzell setup.541

Indeed, in [34] the authors developed a peculiar approach to cycle theory in the framework542

of the Metropolis dynamics, see also [36]. This approach was generalized in [14] in order to543

discuss the problem of metastability in the case of reversible Probabilistic Cellular Automata.544

In the present setup however we need the more general theory of cycles developed in [10].545

We showed in [20] that these two approaches actually coincide in the particular case of the546

Metropolis dynamics.547

We recall in this section some results developed by [10], which will turn out to be the548

building bricks of our approach.549

3.1 An Alternative Definition of Cycles550

The definition of the notion of cycle given in Sect. 2.7 is based on a property of the chain started551

at a site within the cycle itself. The point of view developed in [34, Definition 3.1] for the552

Metropolis case and generalized in [14] in the framework of reversible Probabilistic Cellular553

Automata is a priori rather different. The authors introduced the notion of energy-cycle, which554

is defined through the height level reached by paths contained within the energy-cycle.555

Definition 3.5 A nonempty set A ⊂ X is an energy-cycle if and only if it is either a singleton556

or it verifies the relation557

max
x,y∈A

�(x, y) < �(A, X\A). (3.40)558

Even if the definitions 2.3 and 3.5 were introduced independently and in quite different559

contexts, it turns out that they actually coincide. More precisely, we will prove the following560

result (see the proof after Proposition 3.16):561

Proposition 3.10 A nonempty set A ⊂ X is a cycle if and only if it is an energy-cycle.562

After proving Proposition 3.10, we will no longer distinguish the notions of cycle and of563

energy-cycle.564
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3.2 Depth of a Cycle565

Here we introduce the key notion of depth of a cycle.566

In the particular case where D is a cycle, a relevant property is the fact that, in the large β567

limit, on an exponential scale, neither τ x
Dc nor X x

τDc depend on the starting point x ∈ D. More568

precisely, recalling the definitions of the quantities �C (see (2.26)) and C (see (2.27)), we569

can reformulate the following strenghthening of Proposition 2.5.570

Proposition 3.11 [10, Proposition 4.6] For any cycle C ∈ C(X ), x, y ∈ C, and z ∈ X\C571

�C (x, z) = �C (y, z) =: �C (z) and C (x) = C (y) =: (C). (3.41)572

The quantity (C) is the depth of the cycle C .573

Remark 3.1 For fixed x , the quantity D(x) is monotone with respect to the inclusion, namely574

for D, D′ ⊂ X , such that D′ ⊂ D, and x ∈ D′, since τ x
X\D′ ≤ τ x

X\D , from (2.26) we deduce575

that D′(x) ≤ D(x). From Proposition 3.11 it follows that for any C, C ′ ∈ C(X ), C ′ ⊂ C576

implies (C ′) ≤ (C).577

3.3 Cycle Properties in Terms of Path Heights578

The natural extension of the notion of cycle which has been developped in the context of the579

Metropolis dynamics (see [34]) is Definition 3.5 (see also the generalization given in [14]).580

In this section we prove that this extension actually coincides with the Definition 2.3.581

The following result links the minimal height of an exit path to the quantities we introduced582

previously.583

Proposition 3.12 For any cycle C ∈ C(X ) and y ∈ X\C584

min
x∈C

H(x) + �(x, y) = H(C) + (C) + VC (y). (3.42)585

where we recall the notation (2.14). Furthermore, given y ∈ X\C, we have the equivalence586

y ∈ B(C) if and only if there exists x ∈ C such that H(x) + �(x, y) = H(C) + (C).587

Proof Equality (3.42) is [10, Proposition 4.12].588

On the other hand, the fact that y ∈ B(C) implies that there exists x ∈ C such that589

H(x) + �(x, y) = H(C) + (C) is immediate.590

Reciprocally, if there exists x ∈ C such that H(x) + �(x, y) = H(C) + (C), we get591

H(C) + (C) = H(x) + �(x, y) ≥ min
x ′∈C

H(x ′) + �(x ′, y) = H(C) + (C) + VC (y),592

(3.43)593

and since we know that VC (y) ≥ 0, we immediately deduce y ∈ B(C). ��594

The subsequent natural question is about the height that a path can reach within a cycle.595

We thus borrow from [10] the following result.596

Proposition 3.13 [10, Proposition 4.13] For any cycle C ∈ C(X ), x ∈ C, and y ∈ X\C,597

there exists a path ω = (ω1, . . . , ωn) ∈ �x,y such that ωi ∈ C for i = 1, . . . , n − 1 and598

�(ω) = H(C) + (C) + �C (y). (3.44)599
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For any x, y ∈ C, there is a path ω = (ω1, . . . , ωn) ∈ �x,y such that ωi ∈ C for i = 1, . . . , n600

and601

�(ω) ≤ H(C) + sup{(C̃) : C̃ ∈ C(X ), C̃ ⊂ C, C̃ 
= C} < H(C) + (C). (3.45)602

We stress that the right hand side term of (3.44) is infinite unless y ∈ ∂C .603

In an informal way, the first part of Proposition 3.13, together with Proposition 3.12, states604

that there exists a path ω contained in C except for its endpoint and joining any given x ∈ C605

to any given point y ∈ ∂C whose cost is equal to the minimal cost one has to pay to exit at606

y starting from x . Furthermore, the second part can be rephrased by saying that one can join607

two arbitrary points x and y within C by paying an amount which is strictly less than the608

minimal amount the process has to pay to exit from C ; indeed, using Remark 3.1, the right609

hand side of (3.45) can be bounded from above by H(C) + (C).610

We stress that this last property ensures the existence of at least one path contained in the611

cycle connecting the two states and of height smaller than the one that is necessary to exit from612

the cycle itself. But in general, there could exist other paths in the cycle, connecting the same613

states, with height larger than H(C) + (C). This is a major difference with the Metropolis614

case, where every path contained in a cycle has height smaller than the one necessary to exit615

the cycle itself. From this point of view, the weak reversible case is closer to the general616

Freidlin–Wentzel setup than to the Metropolis one.617

Another important property is the characterization of the depth of a cycle in terms of the618

maximal height that has to be reached by the trajectory to exit from a cycle.619

Proposition 3.14 [10, Proposition 4.15] For any cycle C ∈ C(X )620

(C) = max
x∈C

[
min

y∈X\C
�(x, y) − H(x)

]
. (3.46)621

We state now a result in which we give a different interpretation of the depth of a cycle in622

terms of the minimal height necessary to exit the cycle.623

Proposition 3.15 Let C ∈ C(X ) be a cycle. Then624

(C) = �(C, X\C) − H(C).625

Proof Since any path connecting C to X\C has at least one direct jump from a state in C to626

a state outside of C , we have that627

�(C, X\C) ≥ min
y∈X\C

min
x∈C

[H(x) + �(x, y)].628

Now, recalling that the principal boundary B(C) is nonempty, by Proposition 3.12 we have629

�(C, X\C) ≥ H(C) + (C).630

To get the opposite bound we pick x̄ ∈ C and ȳ ∈ X\C such that ȳ ∈ B(C). Then, by the631

first part of Proposition 3.13 there exists a path ω ∈ �x̄,ȳ such that �(ω) = H(C) + (C).632

Hence, we have that �(x̄, ȳ) ≤ �(ω) = H(C) + (C). Finally,633

�(C, X\C) = min
x∈C

min
y∈X\C

�(x, y) ≤ �(x̄, ȳ) ≤ H(C) + (C),634

which completes the proof. ��635

We are now ready to discuss the equivalence between the probabilistic [10] and energy636

[34] approaches to cycle theory. For any λ ∈ R, consider the equivalence relation637

Rλ := {(x, y) ∈ X 2, x 
= y,�(x, y) < λ
} ∪ {(x, x), x ∈ X

}
.638
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Proposition 3.16 [10, Proposition 4.18] For any λ ∈ R the equivalence classes in X/Rλ639

are either singletons {x} such that H(x) ≥ λ or cycles C ⊂ C(X ) such that640

max{H(C̃) + (C̃), C̃ ∈ C(X ), C̃ ⊂ C, C̃ 
= C} < λ ≤ H(C) + (C). (3.47)641

Thus we have642

C(X ) =
⋃
λ∈R

X/Rλ. (3.48)643

The results we have listed above allow us to finally prove the equivalence between the644

probabilistic [10] and energy approaches [14,34,36] to cycle theory, that is Proposition 3.10.645

Proof of Proposition 3.10 The case A is a singleton is trivial. We assume A is not a singleton646

and prove the two implications.647

First assume A satisfies (3.40), then A is an equivalence class in X/R�(A,X\A). Thus, by648

Proposition 3.16, it follows that A is a cycle.649

Reciprocally, assume that A is a cycle. By (3.48), there exists λ such that A is an equiva-650

lence class of X/Rλ. Moreover, by (3.47) we have that651

λ ≤ H(A) + (A) = �(A, X\A)652

where in the last step we made use of Proposition 3.15. ��653

We stress that the following properties are trivial in the Metropolis and in the weak654

reversible setups mentioned in Sect. 2.2, whereas in the general Freidlin–Wentzell setup,655

they are consequences of the non-trivial properties discussed previously in this section (see656

also [20]).657

For example item 3.17 in the following proposition states that the principal boundary of a658

non-trivial cycle is the collection of the elements outside the cycle that can be reached from659

the interior via a single jump at height equal to the minimal height that has to be bypassed to660

exit from the cycle. This is precisely the notion of principal boundary adopted in [14,18] in661

the context of reversible Probabilistic Cellular Automata. Note also that such a notion is an662

obvious generalization of the idea of set of minima of the Hamiltonian of the boundary of a663

cycle used in the context of Metropolis systems.664

Proposition 3.17 Let C ∈ C(X ) be a cycle. Then665

1. B(C) = {y ∈ X\C, min
x∈C

[H(x) + �(x, y)] = �(C, X\C)};666

2. Vx < (C) for any x ∈ C\F(C);667

3. Vx ≥ (C) for any x ∈ F(C).668

Proof Item [1.] This result is an immediate consequence of Propositions 3.15 and 3.12.669

Item [2.] Pick x ∈ C\F(C) and y ∈ F(C). By Proposition 3.10 we have that �(x, y) <670

�(C, X\C). Thus:671

�(x, y) − H(x) < �(C, X\C) − H(x) < �(C, X\C) − H(C),672

where we used H(C) < H(x).673

Item[3.] Pick x ∈ F(C). Since Ix ⊂ X\C , we have that �(x, Ix ) ≥ �(C, X\C). Since674

H(x) = H(C), this entails675

�(x, Ix ) − H(x) ≥ �(C, X\C) − H(C).676

The item finally follows from Proposition 3.15 and definition (2.19). ��677
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3.4 Exit Times of Cycles678

The main reason for which the notion of cycles has been introduced in the literature is that679

one has good control on their exit times in the large deviation regime. We summarize these680

properties in the following proposition.681

Proposition 3.18 For any cycle C ∈ C(X ), x ∈ C, and any ε > 0, we have that682

1. the function683

β ∈ R
+ �→ Pβ

[
τ x
∂C > eβ((C)+ε)

]
(3.49)684

is SES;685

2. the following inequality holds for any δ > 0:686

lim
β→∞ − 1

β
log Pβ

[
τ x
∂C < eβ((C)−δ)

] ≥ ε; (3.50)687

3. for any z ∈ C688

lim
β→∞ − 1

β
log Pβ

[
τ x

z > τ x
∂C

]
> 0; (3.51)689

4. for any y ∈ ∂C690

lim
β→∞ − 1

β
log Pβ

[
Xτ x

∂C
= y

] = min
x∈C

[H(x) + �(x, y)] − [H(C) + (C)]. (3.52)691

This result is the refinement of Proposition 2.5 in the sense that the control on the exit692

times and exit locations in (3.52) holds independently of the starting point of the process693

inside the cycle.694

The results of Proposition 3.18 are proven in [10]. More precisely, item 3.18 is the content695

of the first part of [10, Proposition 4.19]. Item 3.18 is [10, Proposition 4.20]. Item 3.18 is696

nothing but the property defining the cycles, see Definition 2.3 above. Item 3.18 follows697

immediately by Propositions 2.5, 3.11, and 3.12.698

By combining Proposition 3.12 and equations (3.49) and (3.52) we can deduce in a trivial699

way1 the following useful corollary.700

Corollary 3.2 For any cycle C ∈ C(X ), ε > 0, x ∈ C, and y ∈ B(C), we have that701

lim
β→∞

1

β
log Pβ

[
τ x
∂C < eβ((C)+ε), Xτ x

X \C
= y

] = 0. (3.53)702

We discuss an interesting consequence of Proposition 2.9. For a given cycle C , starting703

from the bottom of C , the probability of reaching an energy level higher than the minimal704

cost necessary to exit C before exiting C is exponentially small in β. In an informal way, this705

means that at the level of the typical behavior of trajectories, at least for trajectories started706

from F(C), the classical notion of cycle for the Metropolis dynamics (which is defined in707

terms of energies only, see for example [36, Chap. 6]) and the one of energy cycles are close708

even in the Freidlin–Wentzell setup. More precisely we state the following proposition.709

1 To deduce the corollary we use the following elementary remark: given two events A, B such that
(1/β) log Pβ(B) → 0 and (1/β) log Pβ(A) → −∞ in the limit β → ∞, we have that (1/β) log Pβ(Ac ∩
B) → 0, where Ac denotes the event complementary to A. Indeed, since Pβ(Ac ∩ B) ≥ Pβ(B) − Pβ(A),
we get that log Pβ(Ac ∩ B) ≥ log Pβ(B) + log(1 − Pβ(A)/Pβ(B)). Then (1/β) log Pβ(B) ≥ −ε as soon
as β is large enough, and on the other hand, since log(Pβ(A)/Pβ(B)) → −∞ as β → ∞, we get that
Pβ(A)/Pβ(B) → 0.
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Proposition 3.19 For any C ∈ C(X ), any ε > 0 and for β large enough:710

sup
z∈F(C)

Pβ

[
�((X z

t )0≤t≤τ z
X \C

) > H(C) + (C) + ε
]

≤ e−βε. (3.54)711

Let us remark that we expect Proposition 3.19 to hold as well starting from anywhere712

within C , but the proof of this result should be more involved.713

3.5 Downhill or via Typical Jumps Connected Systems of Cycles714

Beside the estimate on the typical time needed to exit from a cycle, an important property is715

the one stated in (3.52) which implies that when the chain exits a cycle it will pass typically716

through the principal boundary. This leads us to introduce the collections of pairwise disjoint717

cycles such that it is possible to go from any of them to any other by always performing718

exits through the principal boundaries. To make this idea precise we introduce the following719

notion of oriented connection.720

Definition 3.6 Given two disjoint cycles C, C ′ ∈ C(X ), we say that C is downhill connected721

or connected via typical jumps (vtj) to C ′ if and only if B(C) ∩ C ′ 
= ∅.722

The fact that we introduced two names for the same notion deserves a comment: in723

[31] downhill connection is introduced in the framework of the Metropolis dynamics. In our724

opinion its natural extension to the general rare transition setup is the typical jumps connection725

defined in [10, Proposition 4.10]. This is the reason for the double name, nevertheless, in726

the sequel, we will always use the second one, which appears to be more appropriate in our727

setup, and we will use the abbreviation vtj.728

A vtj—connected path of cycles is a pairwise disjoint sequence of cycles C1, . . . , Cn ∈729

C(X ) such that Ci is vtj—connected to Ci+1 for all i = 1, . . . , n − 1. A vtj—connected730

system of cycles is a pairwise disjoint collection of cycles {C1, . . . , Cn} ⊂ C(X ) such that731

for any 1 ≤ i < i ′ ≤ n there exists i1, . . . , im ∈ {1, . . . , n} such that i1 = i , im = i ′, and732

Ci1 , . . . , Cim is a vtj—connected path of cycles.733

We let an isolated vtj—connected system of cycles to be a vtj—connected system of cycles734

{C1, . . . , Cn} ⊂ C(X ) such that735

B(Ci ) ⊂
n⋃

j=1

C j736

for any 1 ≤ i ≤ n.737

Via typical jumps connected systems satisfy the following important property: the height738

that has to be reached to exit from any of the cycles within the system is the same. Moreover,739

if the system is isolated, then the union of the cycles in the system is a cycle. More precisely740

we state the following two propositions.741

Proposition 3.20 Let {C1, . . . , Cn} be a vtj—connected system of cycles. Then, for any742

1 ≤ i < i ′ ≤ n, we have that �(Ci , X\Ci ) = �(Ci ′ , X\Ci ′).743

Proof Consider Ci and C j , 1 ≤ i < j ≤ n. By definition of a vtj—connected system, there744

exists a path of cycles consisting of vtj—connected elements joining Ci to C j , that is745

Ci = Ci1 , Ci2 , . . . , Cim−1 , Cim746

= C j such that B(Cik ) ∩ C jk+1 
= ∅ for k = 1, . . . , m − 1,747

where all the indexes k j , for j ≤ im, belong to [1, . . . , n].748
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Now, given k ∈ {1, . . . , m − 1} consider x ∈ Cik and y ∈ B(Cik ) ∩ Cik+1 . By Propo-749

sition 3.10 and item 3.17 in Proposition 3.17 we have that �(x, y) = �(Cik , X\Cik ). If750

�(Cik+1 , X\Cik+1) > �(Cik , X\Cik ), then we would have �(y, x) > �(x, y), which is751

absurd in view of Proposition 2.3. Thus752

�(Cik , X\Cik ) ≥ �(Cik+1 , X\Cik+1)753

for any k = 1, . . . , m − 1.754

Iterating this inequality along the cycle path
(
Ci1 , Ci2 , . . . , Cim−1 , Cim

)
, we get that755

�(Ci , X\Ci ) ≥ �(C j , X\C j ), and by symmetry we get756

�(Ci , X\Ci ) ≥ �(C j , X\C j ). (3.55)757

Since i and j were chosen arbitrarily in our vtj—connected system, we are done. ��758

Proposition 3.21 Let {C1, . . . , Cn} be a vtj—connected system of cycles. Assume that the759

system is isolated (recall the definition given above). Then
⋃n

j=1 C j is a cycle.760

Proof Let C = ⋃n
j=1 C j . From Proposition 3.20, there exists λ ∈ R such that λ =761

�(C j , X\C j ) for any j = 1, . . . , n.762

Consider x, x ′ ∈ C and let i, i ′ ∈ {1, . . . , n} such that x ∈ Ci and x ′ ∈ Ci ′ . If i = i ′, then763

by Proposition 3.10 we have that �(x, x ′) < λ. If, on the other hand, i 
= i ′, by definition764

of vtj—connected system there exists i1, . . . , im such that Cik is vtj—connected to Cik+1 for765

any k = 1, . . . , m − 1. Thus, by using Proposition 3.10 and item 3.17 of Proposition 3.17,766

we can prove that �(x, x ′) = λ. In conclusion, we have proven that �(x, x ′) ≤ λ for any767

x, x ′ ∈ C .768

Finally, since the system is isolated we have that �(Ci , X\C) > λ for any i = 1, . . . , n769

and hence, �(C, X\C) > �(x, x ′) for any x, x ′ ∈ C . Thus, by Proposition 3.10, we have770

that C is a cycle. ��771

3.6 Partitioning a Domain into Maximal Cycles772

In the proof of our main results a fundamental tool will be the partitioning of a set into773

maximal subcycles. The existence of such a partition has been pointed out in Definition 2.4,774

and in Sect. 3.7 we describe a constructive way to get such a partition for any set D.775

Proposition 3.22 [10, Proposition 4.10] Consider a non trivial cycle C ∈ C(X ) (in partic-776

ular |C | ≥ 2), and its decomposition into maximal strict subcycles C =⊔n0
j=1 C j where C j777

are disjoint elements of C(X ), n0 ≥ 2 (recall Definition 2.4).778

The collection {C1, . . . , Cn0} is an isolated vtj—connected system of cycles. Finally, from779

Propositions 3.20 and 3.15 it follows that780

H(Ci ) + (Ci ) = H(C j ) + (C j ) (3.56)781

for any i, j ≤ n0.782

Remark 3.4 We stress that the original Proposition 4.10 in [10] is actually much more exhaus-783

tive than the version presented here, and it allows in particular to construct the set of cycles784

C(X ) in a recursive way by computing at the same time the quantities (C) and the �C (y)785

(for y ∈ ∂C) for any element C ∈ C(X ), but this version will be enough for our purposes.786

We refer to [10] for more details.787
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Remark 3.5 For x, y ∈ X , from Proposition 3.22 and from Proposition 2.6, one trivially gets788

the inclusion789

S(x, y) ⊂ Cx,y .790

A useful property of a partition of a domain into maximal cycles is contained in the791

following proposition.792

Proposition 3.23 Consider a partition {Ci , i ∈ I } into maximal cycles of a nonempty set793

D ⊂ X . Let J ⊂ I such that {C j , j ∈ J } is a vtj-connected system of cycles. Then this794

system is not isolated, namely, there exists j ∈ J such that795

B(C j ) ∩
[
(X\D) ∪

⋃
j ′∈I\J

C j ′
]


= ∅.796

Proof The proposition follows immediately by the maximality assumption on the partition797

of D and by Proposition 3.21. ��798

As a consequence of the above property we show that any state in a nonempty domain799

can be connected to the exterior of the domain by means of a vtj—connected cycle path800

made of cycles belonging to the domain itself. This will be a crucial point in the proof of801

Proposition 2.8.802

Proposition 3.24 Consider a nonempty domain D ⊂ X . For any state x ∈ D there exists803

a vtj—connected cycle path C1, . . . , Cn ⊂ D with n ≥ 1 such that x ∈ C1 and B(Cn) ∩804

(X\D) 
= ∅.805

Proof If D is a cycle the statement is trivial. Assume D is not a cycle and consider {Ci , i ∈ I }806

a partition of D into maximal cycles. Note that |I | ≥ 2.807

Now, we partition {Ci , i ∈ I } into its maximal vtj—connected components {C ( j)
k , k ∈808

I ( j)}, for j belonging to some set of indexes J . More precisely, we have the following:809

1. each collection {C ( j)
k , k ∈ I ( j)} is a vtj—connected system of cycles;810

2.
⋃

j∈J {C ( j)
k , k ∈ I ( j)} = {Ci , i ∈ I };811

3. C ( j)
k 
= C ( j ′)

k′ for any j, j ′ ∈ J such that j 
= j ′, any k ∈ I ( j), and k′ ∈ I ( j ′).812

4. for any j ∈ J and C ∈⋃ j ′∈J\{ j}{C ( j ′)
k′ , k′ ∈ I ( j ′)} we have that {C ( j)

k , k ∈ I ( j)} ∪ {C}813

is not a vtj—connected system of cycles.814

By the property 3.6 above and by Proposition 3.23, if the union of the principal boundary of815

the cycles of one of those components does not intersect the exterior of D, then it necessarily816

intersects one of the cycles of one of the other components. Otherwise stated, for any j ∈ J817 ( ⋃
k∈I ( j)

B(C ( j)
k )
)

∩ (X\D) = ∅ ⇒ ∃ j ′ ∈ J\{ j}, k′ ∈ I ( j ′) :
( ⋃

k∈I ( j)

B(C ( j)
k )
)

∩ C ( j ′)
k′ 
= ∅.818

(3.57)819

Now, consider x ∈ D and j0 ∈ J such that x ∈ ∪k∈I ( j0)C
( j0)
k . We construct a sequence of820

indexes j0, j1, · · · ∈ J by using recursively the following rule821

if
(⋃

k∈I ( jr ) B(C ( jr )
k )

)
∩ (X\D) = ∅, choose j ∈ J such that there exists k′ ∈ I ( j)

822

satisfying
(⋃

k∈I ( jr ) B(C ( jr )
k )

)
∩ C ( j)

k′ 
= ∅ and let jr+1 = j823

until the if condition above is not fulfilled.824
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Note that all the indexes j0, j1, . . . are pairwise not equal, namely, the algorithm above825

does not construct loops of maximal vtj—connected components. Indeed, if there were r and826

r ′ such that jr = jr ′ then the union of the maximal vtj—connected components corresponding827

to the indexes jr , jr+1, . . . , jr ′ would be a vtj—connected system of cycles and this is absurd828

by definition of maximal connected component (see property 4 above).829

Thus, since the number of maximal vtj—connected components in which the set {Ci , i ∈830

I } is partitioned is finite, the recursive application of the above rule produces a finite sequence831

of indexes j0, j1, . . . , jrx with rx ≥ 0 such that
(⋃

k∈I ( jrx ) B(C
( jrx )

k )
)

∩ (X\D) 
= ∅.832

Finally, by applying the definition of vtj—connected system of cycles to each component833

{C ( jr )
k , k ∈ I ( jr )} for r = 0, . . . , rx we construct a vtj—connected cycle path C1, . . . , Cn ⊂834

D such that C1 is the cycle containing x and belonging to the component {C ( j0)
k , k ∈ I ( j0)} and835

Cn is one of the cycles in the component {C ( jrx )

k , k ∈ I ( jrx )} such that B(Cn) ∩ (X\D) 
= ∅.836

��837

3.7 Example of Partition into Maximal Cycles838

It is interesting to discuss a constructive way to exhibit a partition into maximal cycles of839

a given D ⊂ X . For this reason we now describe a method inherited from the Metropolis840

setup in [31]. For D ⊂ X nonempty and x ∈ D, we consider841

RD(x) := {x} ∪ {y ∈ X ,�(x, y) < �(x, X\D)}, (3.58)842

namely, RD(x) is the union of {x} and of the points in X which can be reached by means of843

paths starting from x with height smaller that the height that it is necessary to reach to exit844

from D starting from x .845

Proposition 3.25 Given the nonempty set D ⊂ X and x ∈ D,846

1. the following inclusion holds: RD(x) ⊂ D;847

2. the set RD(x) is a cycle;848

3. if x ′ ∈ RD(x), then RD(x) = RD(x ′).849

Proof The first item is clear by the definition of communication heights. Indeed, by contra-850

diction, assume that there exists y ∈ RD(x)∩ (X\D), then �(x, y) satisfies simultaneously851

�(x, y) ≥ �(x, X\D) and �(x, y) < �(x, X\D),852

which is absurd.853

Second item. We consider u, v ∈ RD(x) and we show that �(u, v) < �(x, X\A).854

As a consequence, we will get that RD(x) is a maximal connected subset of X satisfying855

that the maximum internal communication cost is strictly smaller than the given threshold856

�(x, X\D), and, by Proposition 3.16, these sets are cycles.857

We use a concatenation argument. Namely, consider ω ∈ �
opt
u,x and ω′ ∈ �

opt
x,v and let858

ω′′ ∈ �u,v be the path obtained by concatenating ω and ω′. We then have859

�(u, v) ≤ �(ω) ∨ �(ω′)860

and hence861

�(u, v) ≤ �(u, x) ∨ �(x, v).862

By the symmetry property in Proposition 2.3, we get that �(u, x) = �(x, u). Since by863

construction �(x, u) < �(x, X\D) and �(x, v) < �(x, X\D), we get indeed �(u, v) <864

�(x, X\D).865
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Third item. We first claim that866

�(x ′, X\D) = �(x, X\D) for any x ′ ∈ RD(x). (3.59)867

To prove (3.59) pick x ′ ∈ RD(x). First assume that �(x ′, X\D) < �(x, X\D). Then,868

we can consider a path ω ∈ �x,x ′ such that �(ω) < �(x, X\D) and a path ω′ ∈ �
opt
x ′,X\D .869

Note that �(ω′) = �(x ′, X\D) < �(x, X\D). Now, by concatenation of the two preceding870

paths, we obtain a path ω′′ ∈ �x,X\D such that �(ω′′) = �(ω) ∨ �(ω′) < �(x, X\D),871

which is absurd. Hence, we have that �(x ′, X\D) ≥ �(x, X\D).872

To prove the opposite inequality, consider ω ∈ �
opt
x ′,x . From the Proposition (2.3), we get873

that �(ω) = �(x ′, x) = �(x, x ′) < �(x, X\D). Similarly, consider a path ω′ ∈ �
opt
x,X\D874

and note that �(ω′) = �(x, X\D). Then, the path ω′′ ∈ �x ′,X\D obtained by concatenating875

ω and ω′ satisfies �(ω′′) = �(x, X\D), from which we deduce �(x ′, X\D) ≤ �(x, X\D).876

The proof (3.59) is thus completed.877

Now we come back to the proof of the third item. We consider x ′ ∈ RD(x) and proceed878

by double inclusion. We first show that RD(x ′) ⊂ RD(x). Pick up y ∈ RD(x ′): from the879

definition of RD(x ′) and (3.59), we get that �(x ′, y) < �(x ′, X\D) = �(x, X\D). Now880

we consider ω ∈ �
opt
x,x ′ , and by a concatenation argument similar to the one we already used881

twice, we get that882

�(x, y) ≤ �(ω) ∨ �(x ′, y) < �(x, X\D) ∨ �(x ′, X\D) = �(x, X\D),883

which implies RD(x ′) ⊂ RD(x).884

On the other hand, the inclusion RD(x) ⊂ RD(x ′) proceeds in the same vein. Consider885

y ∈ RD(x) so that �(x, y) < �(x, X\D). Pick up a path ω ∈ �
opt
x ′,x . Using again the886

symmetry of �, we get that �(ω) = �(x ′, x) = �(x, x ′) < �(x, X\D). Moreover, a887

concatenation argument shows that888

�(x ′, y) ≤ �(ω) ∨ �(x, y) < �(x, X\D)889

where we have also used that y ∈ RD(x). Finally, from (3.59), we deduce �(x ′, y) <890

�(x ′, X\D), which implies y ∈ RD(x ′). ��891

The main motivation for introducing the sets (3.58) is the fact that they provide in a892

constructive way a partition of a given set into maximal subcycles. The existence of such a893

partition is ensured by the structure of the set of cycles, see Proposition 2.4, but we point out894

that this way of obtaining the maximal subcycles of a given set D seems to be new in the895

context of the irreversible dynamics. Before stating precisely this result, for D ⊂ X , we set896

RD := {C ∈ C(X ), there exists x ∈ D such that C = RD(x)}. (3.60)897

Proposition 3.26 Let D ⊂ X nonempty, then RD is a partition into maximal cycles of D.898

Proof In view of Definition (3.58) and Proposition 3.25, the only not obvious point of this899

result is the one concerning maximality. Note that the maximality condition on cycles can be900

stated equivalently as follows: any cycle C ∈ C(X ) such that there exists R ∈ RD verifying901

R ⊂ C and R 
= C satisfies C ∩ (X\D) 
= ∅.902

Now, assume that C ∈ C(X ) is a cycle strictly containing RD(x) for some x ∈ D. We903

will show that necessarily C ∩ (X\D) 
= ∅.904

By definition of RD(x), C contains a point v /∈ RD(x), that is �(x, v) ≥ �(x, X\D).905

As both x and v are elements of C , recalling Proposition 3.10, we get that906

�(C, X\C) > �(x, v) ≥ �(x, X\D).907
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On the other hand, we can choose y ∈ X\D such that there exists ω ∈ �x,y satisfying908

�(ω) = �(x, X\D). Then the above bound implies that �(C, X\C) > �(ω) and in909

particular y ∈ X\D. Hence the result. ��910

4 Proof of Main Results911

In this section we prove the results stated in Sects. 2.7, 2.8, and 2.9. The proofs of Theorems 2.2912

and 2.3 are quite similar to the analogous ones in [31], nevertheless we chose to include them913

for the sake of completeness.914
915

Proof of Proposition 2.6 Consider x, y ∈ X and we recall the notations Cx,y, Mx,y and916

C(u), u ∈ Cx,y from Definition 2.4.917

We proceed by double inclusion.918

• ⋃C∈Mx,y
B(C) ⊂ S(x, y). Consider v ∈ ⋃C∈Mx,y

B(C); there exists Ĉ ∈ Mx,y such919

that v ∈ B(Ĉ), that is such that �Ĉ (v) = 0. By Proposition 3.12, there exists u ∈ Ĉ920

such that H(u) + �(u, v) = H(Ĉ) + (Ĉ). We showed (see Proposition 3.22) that the921

quantity H(C)+(C) does not depend on C ∈ Mx,y , and is equal to �(x, y). Thus we922

have923

H(u) + �(u, v) = �(x, y), (4.61)924

and thus �(u, v) ≤ �(x, y).925

Now, since u ∈ Ĉ and v /∈ Ĉ , we necessarily have �(u, v) ≥ �(C, X\C) = �(x, y).926

Hence �(u, v) = �(x, y) = H(u) + �(u, v).927

Now we show that (u, v) ∈ Ŝ(x, y); first we construct ω ∈ �
opt
x,y such that the edge928

(u, v) belongs to ω. For this we use the fact that the system
⋃

C∈Mx,y
C is a vtj-929

connected system of cycles. In particular there exists a path of v.t.j. connected cycles930

(C1 = Cx , . . . , Ck = Ĉ) (where k may be equal to 1) joining Cx to Ĉ . There also exists931

a path of v.t.j. connected cycles (C̃1, . . . , C̃k′) from Cv to Cy .932

Using the path (C1, . . . , Ck) and Proposition 3.13 recursively, by concatenation, it is933

easy to construct a path ω1 ∈ �x,u such that �(ω1) ≤ �(x, y) (the inequality being934

strict when C(x) = C(u)). In the same way, one can construct a path ω2 ∈ �v,y such935

that �(ω2) ≤ �(x, y). Then the path obtained by concatenation ω = (ω1, ω2) belongs936

to �
opt
x,y ; indeed, �(ω) = max(�(ω1), H(u) + �(u, v),�(ω2)) = �(x, y). Finally the937

edge (u, v) belongs to ω by construction.938

• S(x, y) ⊂ ⋃
C∈Mx,y

B(C). Let us consider v ∈ S(x, y), and u ∈ X such that (u, v) ∈939

Ŝ(x, y). We show that940

v ∈ B(C(u)). (4.62)941

We first note that it follows from Proposition 3.13 that, since H(u) + �(u, v) =942

�(u, v) = �(x, y), it necessarily holds C(u) ∩ C(v) = ∅. Indeed, we know that for any943

C ∈ Mx,y , maxs,t∈C �(s, t) < �(C, X\C) = �(x, y), and hence by contradiction u944

and v cannot belong to a common element of Mx,y . Hence v ∈ X\C(u).945

We already noted that it follows from Proposition 3.22 that H(C(u)) + (C(u)) =946

�(x, y). Since, by hypothesis, H(u) + �(u, v) = �(x, y), we deduce the equality947

H(u) + �(u, v) = H(C(u)) + (C(u)). (4.63)948

Making use of the characterization of the principal boundary in Proposition 3.12, this949

last equality proves (4.62). This closes the proof. ��950
951

123

Journal: 10955 Article No.: 1334 TYPESET DISK LE CP Disp.:2015/7/21 Pages: 39 Layout: Small



un
co

rr
ec

te
d

pr
oo

f

Metastability for General Dynamics with Rare Transitions...

Proof of Theorem 2.1 Proof of refcp01 Let C be the set of states y ∈ X such that �(x, y) <952

V m + H(x). By Proposition 3.10 the set C is a cycle and, by construction, x ∈ F(C)953

and �(C, X\C) = V m. Hence, by Proposition 3.15 it follows that (C) = V m − H(x).954

Finally, since X s ∩ C = ∅ implies τ x
X s ≥ τ x

∂C , we have that (2.30) follows by item 3.18 in955

Proposition 3.18.956

Proof of (2.31) As we have already remarked at the end of Sect. 2.6, see also Fig. 2, XV m =957

X s. Hence, (2.31) is an immediate consequence of Proposition 2.8. ��958

Before proving Theorem 2.2 we first state and prove the following preliminary integrability959

result.960

Lemma 4.1 Given any real δ > 0 and any state x ∈ X , the family of random variables961

Y x
β = τ x

X s e−β(V m+δ) is uniformly integrable, more precisely, for any n ≥ 1962

sup
x∈X

Pβ

[
τ x
X s e−β(V m+δ) > n

]
≤ 1

2n
(4.64)963

for β large enough.964

Proof For any n ≥ 1, by making use of the Markov property, we directly get965

sup
x∈X

Pβ

[
τ x
X s e−β(V m+δ) > n

]
≤
(

sup
x ′ /∈X s

Pβ [τ x
X s > eβ(V m+δ)]

)n

.966

Recalling that XV m = X s (see the end of Sect. 2.6) and making use of Proposition 2.8, we967

get that the above quantity is bounded from above by 2−n as soon as β large enough. ��968

Proof of Theorem 2.2 Fix x ∈ X m and δ > 0. Combining the convergence to zero in proba-969

bility of the random variables Yβ = τ x
X s e−(V m+δ)β , which has been shown in Theorem 2.1 and970

their uniform summability stated in Lemma 4.1, we get that the family of random variables971

Yβ converges to 0 in L1. Hence,972

Eβ [τ x
X s ] < eβ(V m+δ) (4.65)973

for β large enough,974

On the other hand, by making use of the Markov’s inequality we get the following bound:975

Pβ

[
τ x
X s > eβ(V m−δ)

]
≤ Eβ

[
τ x
X s

]
e−β(V m−δ).976

Using once again Theorem 2.1, we obtain that there exists K > 0 such that977

Eβ [τ x
X s ] ≥ eβ(V m−δ)

(
1 − e−βK

)
(4.66)978

as soon as β is large enough.979

The Theorem 2.2 finally follows from bounds (4.65) and (4.66). ��980

Proof of Theorem 2.3 We first prove item 1. Let x0 be the recurrent state of Theorem 2.3 and981

recall (2.33)–(2.35). We consider s, t > 0 and let τ
x0∗ (t) = inf{n ≥ tTβ, Xn ∈ {x0, X s}} be982

the first hitting time to the set {x0, X s} after time tTβ for the chain Xn started at x0.983

Then we decompose:984

Pβ [τ x0
X s > (t + s)Tβ ] = Pβ [τ x0

X s > (t + s)Tβ; τ x0∗ (t) ≤ tTβ + T ′
β ]985

+ Pβ [τ x0
X s > (t + s)Tβ; τ x0∗ (t) > tTβ + T ′

β ].986
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Using the Markov property and of the fact that {τ x0
X s > τ

x0∗ (t)} ⊂ {X
τ

x0∗ (t) = x0}, we987

directly get:988

Pβ [τ x0
X s > (t + s)Tβ; τ x0∗ (t) ≤ tTβ + T ′

β ]989

=
T ′
β∑

n=0

Pβ [τ x0∗ (t) = tTβ + n, τ
x0
X s > tTβ + n] Pβ [τ x0

X s > sTβ − n]. (4.67)990

Combining monotonicity and the fast recurrence property (2.35), by the decomposition991

(4.67) we deduce992

Pβ [τ x0
X s > (t + s)Tβ; τ x0∗ (t) ≤ tTβ + T ′

β ]993

≥
(
Pβ [τ x0

X s > tTβ + T ′
β ] − Pβ [τ x0

X s > tTβ + T ′
β; τ x0∗ (t) > tTβ + T ′

β ]
)

Pβ

[
τ

x0
X s > sTβ

]
994

≥
(
Pβ [τ x0

X s > tTβ + T ′
β ] − δβ

)
Pβ

[
τ

x0
X s > sTβ

]
. (4.68)995

Here and later, we made use of the following obvious monotonicity property: for b, c ∈ R996

such that b ≥ c,997

{T ≥ b} ⊂ {T ≥ c}998

where T is any random variable.999

We bound the same quantity from above in a similar fashion. Namely, using (4.67) once1000

again:1001

Pβ [τ x0
X s > (t + s)Tβ; τ x0∗ (t) ≤ tTβ + T ′

β ] ≤ Pβ

[
τ

x0
X s > tTβ

] (
Pβ

[
τ

x0
X s > sTβ −T ′

β

]
+ δβ

)
.1002

(4.69)1003

Consider β large enough so that T ′
β ≤ Tβ . For any given integer k ≥ 1, combining (4.69)1004

and monotonicity, we get:1005

Pβ [τ x0
X s > (k + 2)Tβ ] ≤ Pβ [τ x0

X s > kTβ ] (δβ + Pβ [τ x0
X s > Tβ ]) .1006

Given the definition of Tβ (see (2.33)), there exists r ∈ (0, 1) such that δβ + Pβ [τ x0
X s >1007

Tβ ] ≤ r as soon as β is large enough. As a consequence, for β large enough, the following1008

inequality holds:1009

Pβ

[
τ

x0
X s > kTβ

]
≤ rk/2, (4.70)1010

and this implies the tightness of the family τ
x0
X s/Tβ .1011

Combining the upper bound (4.69) and the lower bound (4.68), we deduce that the limit1012

in law X of any subsequence
(
τ

x0
X s/Tβ

)
βk

satisfies the relation:1013

Pβ [X > t + s] = Pβ [X > t] Pβ [X > t] (4.71)1014

for any t, s ≥ 0 which are continuity points for the distribution of τ
x0
X s . Since the set of such1015

points is dense in R and a distribution function is always right continuous, (4.71) is valid for1016

every s, t ≥ 0. This implies that Pβ(X > t) = e−at with a ∈ (0,∞]. It is clear that the case1017

a = ∞ is excluded from the definition of Tβ , since it would imply that X is almost surely1018

equal to zero, which is in contradiction with the fact that1019

Pβ [X < 1] = lim
β→∞ Pβ [τ x0

X s < 1] ≤ 1 − e−1. (4.72)1020
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By the Porte-Manteau theorem, we get that1021

1 − e−1 ≤ lim
β→∞ Pβ [τ x0

X s ≤ 1] = Pβ [X ≤ 1], (4.73)1022

and combining (4.72) and (4.73), we conclude that a = 1.1023

As for item 2, combining the dominated convergence theorem and the uniform summa-1024

bility (4.70), we can write1025

lim
β→∞

Eβ [τ x0
X s ]

Tβ

= lim
β→∞

∫ ∞

0
Pβ [τ x0

X s ≥ Tβ t] dt =
∫ ∞

0
lim

β→∞ Pβ [τ x0
X s ≥ Tβ t] dt = 1,1026

which entails the convergence (2.36).1027

Item 3 directly follows from items 1 and 2 of the current theorem, which concludes the1028

proof. ��1029

Now, given x, y ∈ X , we consider a minimal gate W ⊂ W(x, y) as in Definition def-1030

gateFW and we go to the proofs of Theorem 2.4 and of Proposition 2.7.1031

To prove both these results, we first construct in a more formal way the set Kx,y introduced1032

in Sect. 2.8; we stress that this task is performed by making an extensive use of the notions1033

developed in the previous sections. Then we show Proposition 2.7. Our task to prove Theorem1034

2.4 will then be reduced to show the inclusion Kx,y ⊂ {τ x
W < τ x

y }.1035

Recall the notations introduced in Sect. 2.7. Note that any path �
opt
x,y is contained in Cx,y .1036

Also, we already noted (and this is actually the major technical difference with the analogous1037

result of [31]) that there might be paths contained in Cx,y , joining x to y and which do not1038

belong to �
opt
x,y .1039

Let us discuss some geometrical properties of the decomposition Mx,y .1040

We first note that it is clear that x and y are not contained in the same element of Mx,y .1041

Indeed, if they were contained in a common element C̄ ∈ Mx,y , we would have �(x, y) <1042

H(C̄) + (C̄) and in particular, from the definition of Cx,y , this would imply Cx,y ⊂ C̄ ,1043

which is absurd from the non triviality of the decomposition Mx,y .1044

To define Kx,y , we shall start to restrict the set of trajectories to the set of trajectories1045

�x,y ∩ {τ x
y < τ x

X\Cx,y
}, for which the events we are going to introduce are well defined.1046

More precisely, for a given trajectory of the canonical process ω ∈ �x,y ∩{τ x
y < τ x

X\Cx,y
},1047

we first define θ x
0 := 0, Cx

0 = C(x) and for j ≥ 1:1048

θ x
j := inf

{
k ≥ θ x

j−1, ωk /∈ Cx
j−1

}
1049

and Cx
j = C(ωθ x

j
) is the element of Mx,y containing ωθ x

j
. This construction goes on as long1050

as j ≤ jx,y , where we consider1051

jx,y := inf{ j ≥ 1, Cx
j = C(y)}.1052

More generally, for any u ∈ Cx,y , we introduce the similar quantities (θu
j ) j , (Cu

j ) j , with1053

notations which are self explanatory.1054

Then we introduce the event1055

Ex,y :=
{
ω ∈ �x,y, τ x

y < τ x
X\Cx,y

and τ x
y < inf

{
k ≥ τ x

C(y), ωk /∈ C(y)
}}

,1056

which is the event that the process hits y after entering C(y) before leaving C(y) for the first1057

time.1058

For C ∈ Mx,y and u ∈ C , we introduce the event1059

Au
C :=

{
ωu

τ u
X \C

∈ B(C)
}
,1060
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where (ωu
k )k≥0 denotes a trajectory of the canonical process starting from u. Finally we can1061

define the set Kx,y , the tube of trajectories of the dynamics on its transition between x and1062

y:1063

Kx,y :=
{
ω ∈ Ex,y,

jx,y⋂
i=0

A
ωθx

i
Cx

i

}
. (4.74)1064

We refer to Sect. 2.8 for an informal definition of Kx .y .1065

1066

Proof of Proposition 2.7 We prove that1067

Pβ [Kx,y] ≥ 1 − e−βε
1068

as soon as β is large enough.1069

Our proof first relies on the fact that, given δ > 0, for β large:1070

inf
C∈Mx,y

inf
u∈C

Pβ [Au
C ] ≥ 1 − e−βδ, (4.75)1071

which follows from the finiteness of X and Corollary 3.2. Then we will use the fact that for1072

any ε′ > 0, as soon as β is large enough:1073

Pβ [ jx,y > eεβ ] ≤ e−βε′
, (4.76)1074

which we show at the end of the proof of Proposition 2.7.1075

Let us note that in [11], the authors showed a result related to ours, in the sense that1076

they provide the precise cost on a large deviation scale of not following a path contained in1077

Kx,y ∩�
opt
x,y on the transition from x to y. For our sake such a level of precision is not needed.1078

On the other hand, we had to deal with the (easy) problem of giving an upper bound on the1079

random variable jx,y , which was overcome in [11] by the notion of pruning tree.1080

We show how to deduce Proposition 2.7 from combining (4.75) and (4.76). For lightness1081

of notations, we introduce the conditional probability1082

P̃β [·] := Pβ

[
·
∣∣∣E x,y

]
1083

in the next sequence of inequalities. Of course, since y ∈ Cx,y and y ∈ C(y), applying the1084

strong Markov property at time τ x
C(y) and Definition 2.3 we immediately get that, for any1085

ε′ > 0, as soon as β is large enough:1086

Pβ

[
E x,y] ≥ 1 − e−βε′

. (4.77)1087

It follows from this inequality that similar inequalities to (4.75) and (4.76) also hold for1088

the probability P̃β instead of Pβ , and we will still refer to these slightly modified versions of1089

(4.75) and (4.76) as (4.75) and (4.76) in the following.1090

Denoting by ε′ a (small) positive constant which may change from line to line, we then1091

get:1092

Pβ

[
Kx,y

] ≥ P̃β

⎡
⎣ jx,y⋂

j=1

A
X x

θx
i

Cx
i

⎤
⎦ (1 − e−βε′

)1093

≥ P̃β

⎡
⎣ jx,y⋂

j=1

A
X x

θx
i

Cx
i

, jx,y ≤ eβε

⎤
⎦ (1 − e−βε′

)1094
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≥ P̃β

⎡
⎣ eβε⋂

j=1

A
X x

θx
i

Cx
i

, jx,y ≤ eβε

⎤
⎦ (1 − e−βε′

)1095

≥
⎛
⎝P̃β

⎡
⎣ eβε⋂

j=1

A
X x

θx
i

Cx
i

⎤
⎦− P̃β [ jx,y > eβε]

⎞
⎠ (1 − e−βε′

)1096

≥
⎛
⎝ eβε∏

j=1

inf
C̄∈Mx,y

inf
u∈A

P̃β [Au
C̄
] − e−βε′

⎞
⎠ (1 − e−βε′

)1097

1098

where we used (4.77), (4.76) and the strong Markov property. Now from (4.75), we get1099

Pβ [Kx,y] ≥
(
(1 − e−βδ)eεβ − e−βε′)

(1 − e−βε′
)1100

≥
(

e−eβ(ε−δ) − e−βε′)
(1 − e−βε′

),1101

and considering δ > ε, the statement of Proposition 2.7 follows.1102

Now we are left with the proof of (4.76).1103

Denote by n0 the cardinality of Mx,y . Since Mx,y is an isolated vtj—connected system1104

of cycles, we deduce that1105

max
C̄∈Mx,y

max
u∈C̄

Pβ

[
C(y) /∈ (Cu

1 , . . . , Cu
n0

)
] ≤ 1 − e−βε′n0 (4.78)1106

as soon as β is large enough.1107

Indeed, there exists a vtj connected path of cycles (C̃u
1 , . . . , C̃u

m) of length m (with m ≤ n0)1108

joining C(u) to C(y). For any u ∈ Cx,y , applying the strong Markov property at the time of1109

first entrance into C̃u
1 and proceeding iteratively, we get:1110

Pβ

[
C(y) ∈ (Cu

1 , . . . , Cu
n0

)
] ≥ Pβ

[
(Cu

1 , . . . , Cu
m) = (C̃u

1 , . . . , C̃u
m)
]

1111

=
∑

v∈C̃u
1 ∩B(C(u))

Pβ

[
Xu

τ u
X \C(u)

= v, (Cu
2 , . . . , Cu

m) = (C̃u
2 , . . . , C̃u

m)

]
1112

≥ e−βε′
inf

v∈C̃u
1

Pβ

[
(Cv

1 , . . . , Cv
m−1) = (C̃u

2 , . . . , C̃u
m)
]

1113

≥ . . . ≥ e−ε′βn0 (4.79)1114

where in the third inequality we used Corollary 3.2 and the definition of vtj—connectedness.1115

Since the last term does not depend on u, we get (4.78).1116

Making use recursively of the strong Markov property at times θ x
keεβ/n0

, k = 1, . . . , n0,1117

of the trivial bound n0 ≤ |X | and of (4.78), we get:1118

Pβ

[
jx,y > eεβ

] = Pβ

[
C(y) /∈ (Cx

1 , . . . , Cx
eεβ )
]

1119

=
∑

C̄∈Mx,y\C(y)

∑
v∈Cx

eβε−n0

Pβ

[
C(y) /∈ (Cx

1 , . . . , Cx
eβε−n0

), X x
θ x

eβε−n0

= v, Cx
eβε−n0

= C̄

]
1120

×Pβ

[
C(y) /∈ (Cv

1 , . . . , Cv
n0

)
]

1121

≤ (1 − e−βε′n0)Pβ

[
C(y) /∈ (Cx

1 , . . . , Cx
eβε−n0

)
]

1122

≤ . . .1123
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≤ (1 − e−βε′|X |)eεβ/|X |
1124

≤ e−eβ(ε/|X |−ε′ |X |)
(4.80)1125

and (4.76) then follows by choosing ε′ ∈ (0, ε/|X |2). This concludes the proof of Proposition1126

2.7. ��1127

Proof of Theorem 2.4 We first recall the following consequence of Proposition 3.22.1128

For any i = 1, . . . , n0:1129

H(Ci ) + (Ci ) = �(x, y). (4.81)1130

To get (4.81), we first note that, since y ∈ X\C(x), by Propositions 3.10 and 3.15, we1131

have that �(x, y) ≥ H(C(x)) + (C(x)). On the other hand, assume by contradiction1132

that �(x, y) > H(C(x)) + (C(x)). Recalling (3.56) in Proposition 3.22 and (3.44) in1133

Proposition 3.13, it follows that there exists a path ω ∈ �
opt
x,y such that �(ω) < �(x, y),1134

which is absurd.1135

Hence, we have proven that �(x, y) = H(C(x)) + (C(x)). By using again (3.56) in1136

Proposition 3.22, we then deduce (4.81).1137

Then we note that considering Proposition 2.7, for Theorem 2.4 to hold, it is enough to1138

show the inclusions1139 (
�

opt
x,y ∩ Ex,y

)
⊂ Kx,y ⊂

{
τ x

W < τ x
y

}
. (4.82)1140

Indeed, this implies in particular the trivial bound1141

Pβ

[
τ x

W < τ x
y

]
≥ Pβ

[
Kx,y

]
,1142

and Proposition 2.7 provides the requested lower bound on this last quantity.1143

We remark that the inclusions of (4.82) are strict in general.1144

The first inclusion follows immediately from the fact that an optimal path in �
opt
x,y exits1145

from an element of Mx,y through its principal boundary. Also, it is clear that some paths in1146

the set Kx,y might not be optimal, and hence that it might be strict in general.1147

The second inclusion of (4.82) is not straightforward and we stress that it relies crucially1148

on Proposition 3.13. Let us detail it.1149

Consider first the case ω ∈ Kx,y ∩ �
opt
x,y . Since ω ∈ �

opt
x,y , by definition of a gate (see1150

Sect. 2.7), it follows immediately that ω ∩ W 
= ∅.1151

Consider now an element ω ∈ Kx,y\�opt
x,y , that is ω is an element of Kx,y such that1152

�(ω) > �(x, y).1153

To show the second inclusion of (4.82), the strategy is the following: we consider1154

the sequence of points (u1, . . . , u j ) which are the successive points where ω intersects1155 ⋃
C∈Mx,y

B(C). The sequence (u1, . . . , u j ) is nonempty from the construction of Kx,y and1156

from the fact that C(x) 
= C(y). We are going to construct stepwise a path ω̃ ∈ Kx,y ∩ �
opt
x,y1157

such that1158

ω̃
⋂⎛
⎝ ⋃

C∈Mx,y

B(C)

⎞
⎠ = {u1, . . . , u j }. (4.83)1159

From the definition of a gate and from the fact that ω̃ is optimal, we deduce that ω̃∩W 
= ∅.1160

From this it follows that ω̃ ∩ W = ω ∩ W 
= ∅, which indeed implies the second inclusion1161

of (4.82).1162

To construct the path ω̃, we proceed in a recursive way; more precisely, we construct1163

a sequence of paths (ω(k))k≥0 ∈ Kx,y which becomes stationary for k large enough. We1164
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initialize our recursion by setting ω(0) := ω. Then, as long as the path ω(k) is not optimal,1165

we proceed in the following way: consider1166

ik = inf
{

j ≤ |ω(k)|, H
(
ω

(k)
j

)
+ �

(
ω

(k)
j , ω

(k)
j+1

)
> �(x, y)

}
,1167

and Ck the element of Mx,y containing ω
(k)
ik

. Then we distinguish two cases: ω
(k)
ik+1 ∈ B(Ck)1168

and ω
(k)
ik+1 ∈ Ck .1169

• In the case where ω
(k)
ik+1 ∈ B(Ck), we make use of (3.44) in Proposition 3.13 and of (4.81)1170

to get that there exists a path ω′ ∈ �
ω

(k)
ik

,ω
(k)
ik +1

such that �(ω′) = (Ck) + H(Ck) =1171

�(x, y) and for any j ≤ |ω′| − 1, ω′
j ∈ Ck . We define the concatenated path1172

ω(k+1) :=
((

ω
(k)
j

)
j≤ik−1

, ω′,
(
ω

(k)
j

)
j≥ik+2

)
. (4.84)1173

Note that ω(k+1) ∈ Kx,y and that u ∈ ω(k+1). Then we continue the recursive construc-1174

tion.1175

• In the case where ω
(k)
ik+1 ∈ Ck , from (3.45) in Proposition 3.13, there exists ω′ ∈1176

�
ω

(k)
ik

,ω
(k)
ik +1

such that �(ω′) < �(Ck, X\Ck) = �(x, y) and such that ω′ is entirely1177

contained in Ck . Then we define the path ω(k+1) as in (4.84), and we note that in this1178

case also ω(k+1) ∈ Kx,y and u ∈ ω(k+1).1179

It is clear from the construction that the sequence of paths (ω(k))k≥0 is stationary after a1180

number of steps at most |ω|, and that the final path ω̃ obtained at the end of the recursion is1181

an element of Kx,y ∩ �
opt
x,y satisfying (4.83). Hence the second inclusion in (4.82) follows,1182

and thus Theorem 2.4 is proved. ��1183

Now we go to the proof of Proposition 2.8. We first note that, in the spirit of [31], we need1184

a downhill cycle path (see the definition in Sect. 3.5) connecting any given point x ∈ X\Xa ,1185

for a > 0, to Xa . We recall that the notion of downhill cycle path given in [31] and [34], even1186

if quite peculiar to the Metropolis dynamics setup, finds its natural extension to the general1187

rare transition setup in [35] and in [11] through the notion of “via typical jumps” connection.1188

Proof of Proposition 2.8 Let a > 0, we assume that Xa is a proper subset of X , otherwise1189

there is nothing to prove. We consider x ∈ X\Xa and note that, by Proposition 3.24, there1190

exists a vtj—connected cycle path C1, . . . , Cl ⊂ X\Xa such that x ∈ C1 and B(Cl)∩Xa 
= ∅.1191

Since none of the cycles C1, . . . , Cl can contain points of Xa , for any i = 1, . . . , l and1192

any z ∈ F(Ci ) the stability level Vz (recall definition (2.19)) of z satisfies Vz ≤ a, and hence1193

from item 3.17 in Proposition 3.17, we have (Ci ) ≤ a for any i = 1, . . . , l.1194

Then, from item 3.18 in Proposition 3.18, for any cycle Ci of the vtj—connected path, for1195

any z ∈ Ci , and for any ε > 0, the function1196

β ∈ R
+ �→ Pβ

[
τ z
∂Ci

> eβ(a+ε)
]

1197

is SES.1198

We consider y ∈ B(Cl) ∩ Xa and, for each 2 ≤ i ≤ l, we consider yi ∈ B(Ci−1) ∩ Ci .1199

We define y1 = x and yl+1 = y, and we consider the set of paths1200

E := E
(
(C1, x), (C2, y2), . . . , (Cl , yl), (Xa, y)

)
(4.85)1201

consisting of the paths constructed by the concatenation of any l-uple of paths ω1, ω2, . . . , ωl
1202

satisfying the following conditions:1203
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1. for any i = 1. . . . , l the length of the path ωi satisfies |ωi | ≤ eβ(a+ε/4);1204

2. for any i = 1, . . . , l the path ωi joins yi to yi+1, that is, ωi ∈ �yi ,yi+1 (recall the notation1205

introduced in Sect. 2.4);1206

3. ωi
j ∈ Ci for any i = 1, . . . , l and for any j = 1, . . . , |ωi | − 1.1207

The existence of such a family of paths is ensured by Propositions 3.10, 3.15, 3.12, and1208

3.13. We stress that condition 4 restricts the set E to paths which spend a time less than1209

eβ(a+ε/4) in any cycle Ci , i ≤ l.1210

For shortness, in the sequel, we shall use the notation E for the set of trajectories defined1211

in (4.85).1212

Note that the length of any ω ∈ E satisfies the upper bound |ω| ≤ |X |eβ(a+ε/4). Moreover,1213

since the state space X is finite, we can assume that β is large enough so that1214

|ω| ≤ |X | eβ(a+ε/4) ≤ eβ(a+ε/2) for any ω ∈ E .1215

Now, we write1216

Pβ

[
τ x
Xa

≤ eβ(a+ε/2)
] ≥ Pβ

[
τ x
Xa

≤ eβ(a+ε/2), (Xk)k≤τ x
Xa

∈ E
] = Pβ

[
(Xk)k≤τ x

Xa
∈ E
]
,1217

where in the last step we have used the bound above on the length of the trajectories in E .1218

Then we use Markov’s property to get that1219

Pβ

[
τ x
Xa

≤ eβ(a+ε/2)
] ≥ Pβ

[
(Xk)k≤τ x

Xa
∈ E
]=

l∏
i=1

Pβ

[
τ

yi
X\Ci

≤ eβ(a+ε/4), X yi

τ
yi
X \Ci

= yi+1

]
.1220

Combining this inequality and (3.53) implies that, for any ε′ > 0,1221

Pβ

[
τ x
Xa

≤ eβ(a+ε/2)
] ≥ e−βε′l ≥ e−βε′|X |

1222

as soon as β is large enough.1223

Since the last term in the right hand side of the bound above does not depend on x ∈ Xa ,1224

we get that1225

inf
x∈Xa

Pβ

[
τ x
Xa

≤ eβ(a+ε/2)
] ≥ e−βε′|X |.1226

Now we iterate this inequality by making use of the Markov’s property at the times1227

keβ(a+ε/2), k = 1, . . . , eβε/2 to get that1228

Pβ

[
τ x
Xa

> eβ(a+ε)
] ≤

(
sup

x ′∈Xa

Pβ

[
τ x ′
Xa

> eβ(a+ε/2)
])eβε/2

≤
(

1 − e−βε′|X |
)eβε/2

1229

≤ e−eβ(ε/2−ε′ |X |)
1230

for any x ∈ Xa .1231

Finally, picking up ε′ > 0 small enough, we get that the function β �→ e−eβ(ε/2−ε′ |X |)
is1232

SES, and thus Proposition 2.8 is proved. ��1233

Proof of Proposition 2.9 Set T := exp (β(h − ε)); writing x0 = x and making use of the1234

Markov property, we immediately get:1235

Pβ(E x,h(ε)) ≤
�T �∑
n=1

Pβ(E x,h
n ) =

�T �∑
n=1

∑
x1,...,xn∈X :

H(xn−1)+�(xn−1,xn )≥H(x)+h

pβ(x, x1) · · · pβ(xn−1, xn).1236
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We multiply and divide by μβ(x) on the right hand side (recall that for β large enough,1237

the Markov chain is irreducible, and hence μβ is strictly positive over X ). Also, we estimate1238

the first two terms with the sum over the first state, and we deduce1239

Pβ(E x,h(ε))1240

≤ 1

μβ(x)

�T �∑
n=1

∑
x1,...,xn∈X :

H(xn−1)+�(xn−1,xn )

≥H(x)+h

[ ∑
x0∈X

μβ(x0)pβ(x0, x1)

]
pβ(x1, x2) · · · pβ(xn−1, xn)1241

Now, making use of the stationarity of μβ , we get1242

Pβ(E x,h(ε)) ≤ 1

μβ(x)

�T �∑
n=1

∑
xn−1,xn∈X :

H(xn−1)+�(xn−1,xn )≥H(x)+h

μβ(xn−1)pβ(xn−1, xn),1243

and hence1244

Pβ(E x,h(ε)) ≤ �T � |X |2
μβ(x)

sup
w,z∈X :

H(w)+�(w,z)≥H(x)+h

μβ(w)pβ(w, z)1245

Recalling the convergences (2.1) and (2.3), we get that for any ε′ > 0, as soon as β is1246

large enough:1247

Pβ(E x,h(ε)) ≤ �T �|X |2eβ(H(x)+ε′) sup
w,z∈X :

H(w)+�(w,z)≥H(x)+h

e−β[H(w)+�(w,z)−ε′]
1248

≤ �T �|X |2eβ(H(x)+2ε′)e−β(H(x)+h)
1249

≤ |X |2eβ(2ε′−ε),1250
1251

where in the last step we used the definition of T . Now, choosing ε′ ∈ (0, ε/4) concludes1252

the proof of Proposition 2.9. ��1253

Proof of Proposition 3.19 Consider C ∈ C(X ), z ∈ F(C) and ε > 0. By the finiteness of1254

F(C), it is enough to prove1255

Pβ

[
�((X z

t )0≤t≤τ z
X \C

) > H(C) + (C) + ε
]

≤ e−βε/4 (4.86)1256

for (3.54) to hold. We consider the following decomposition:1257

Pβ

[
�((X z

t )0≤t≤τ z
X \C

) > H(C) + (C) + ε
]

1258

= Pβ

[
�((X z

t )0≤t≤τ z
X \C

) > H(C) + (C) + ε, τ z
X\C ≤ eβ((C)+ε/2)

]
1259

+ Pβ

[
�((X z

t )0≤t≤τ z
X \C

) > H(C) + (C) + ε, τ z
X\C > eβ((C)+ε/2)

]
. (4.87)1260

For the second term in the right hand side above, we deduce from item 3.18 in Proposi-1261

tion 3.18 that1262

Pβ

[
�((X z

t )0≤t≤τ z
X \C

) > H(C) + (C) + ε, τ z
X\C > eβ((C)+ε/2)

]
1263

≤ Pβ

[
τ z
X\C > eβ((C)+ε/2)

]
≤ e−βε/4 (4.88)1264

as β → ∞.1265
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As for the first term, we first have the inequality:1266

Pβ

[
�((X z

t )0≤t≤τ z
X \C

) > H(C) + (C) + ε, τ z
X\C ≤ eβ((C)+ε/2)

]
1267

≤ Pβ

[
�((X z

t )0≤t≤eβ((C)+ε/2) ) > H(C) + (C) + ε
]
. (4.89)1268

Using the fact that z ∈ F(C) (that is H(z) = H(C)), we have the equality of events:1269 {
�((X z

t )t≤eβ((C)+ε/2) ) > H(C) + (C) + ε
} = E z,(C)+ε(ε/2),1270

where we have recalled (2.37) and (2.38). We deduce from Proposition 2.9 that the term in3 1271

the right hand side of (4.89) is less than e−βε/4 as β → ∞. Combining this inequality with4 1272

(4.87) and (4.88), we deduce (4.86), and, hence, Proposition 3.19. ��1273
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Appendix 1: Computing Differences of Virtual Energy1278

In this appendix, we describe an abstract framework for which the virtual energy has a priori1279

no explicit expression, but where we can construct it stepwise starting from a reference point1280

acting as a point of null potential.1281

We consider a Freidlin Wentzell dynamics satisfying Definition 2.1 and such that for every1282

x, y ∈ X1283

�(x, y) < ∞ if and only if �(y, x) < ∞. (5.90)1284

Moreover, we assume that the dynamics satisfies the additional condition (where we recall1285

that μβ is the invariant measure): for any β > 0, there exists a function ρ : R+ → R+ such1286

that ρ(β) → 0 as β → ∞ and1287 ∣∣∣− log μβ(x) + β�(x, y) − [− log μβ(y) + β�(y, x)
] ∣∣∣ ≤ βρ(β) (5.91)1288

for any x, y ∈ X .1289

Of course, the convergence (5.91) is nothing else than requesting the existence of a poten-1290

tial, which is equal to the virtual energy up to a constant (see (2.4) and Proposition 2.2).1291

Now we fix an arbitrary state x̄ ∈ X and we define the Hamiltonian—like quantity1292

Gβ(x) := − log[μβ(x)/μβ(x̄)]. (5.92)1293

For any x ∈ X , x 
= x̄ , by irreducibility, there exists a path ω ∈ �x̄,x such that |ω| ≤ X .1294

Given such a path, we define the quantity1295

Wω(x) :=
|ω|∑
i=2

[
�(ωi−1, ωi ) − �(ωi , ωi−1)

]
(5.93)1296

and we set Wω(x̄) := 0.1297

Proposition 5.27 Given x ∈ X and x 
= x̄ , the quantity Wω(x) defined by (5.93) does1298

not depend on the particular choice of the path ω ∈ �x̄,x , and hence it defines a function1299

W : X → R. The function W (·) − minX W coincides with the virtual energy H.1300
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In general, the virtual energy might have an expression too involved for practical purposes.1301

Equation (5.93) provides a constructive way to compute explicitly H step by step just from1302

the knowledge of the rates of the dynamics.1303

Proof For any x, y ∈ X and x 
= y, we consider ω,ω′ ∈ �x,y and show that1304

|ω|∑
i=2

[
�(ωi−1, ωi ) − �(ωi , ωi−1)

] =
|ω′|∑
i=2

[
�(ω′

i−1, ω
′
i ) − �(ω′

i , ω
′
i−1)

]
. (5.94)1305

Indeed, using telescoping sums in the right hand side above, we can assume that all the1306

ω′
i ’s are distinct (and in particular |ω′| ≤ |X |).1307

By (5.91), we get the inequality1308

∣∣∣∣Gβ(x) − β

|ω|∑
i=2

[�(ωi−1, ωi ) − �(ωi , ωi−1)]
∣∣∣∣1309

=
∣∣∣∣

|ω|∑
i=2

[Gβ(ωi ) − Gβ(ωi−1)] − β

|ω|∑
i=2

[�(ωi−1, ωi ) − �(ωi , ωi−1)]
∣∣∣∣ ≤ |X |βρ(β).1310

By triangular inequality, we then deduce that1311

∣∣∣∣β
|ω|∑
i=2

[�(ωi−1, ωi ) − �(ωi , ωi−1)] − β

|ω′|∑
i=2

[�(ω′
i−1, ω

′
i ) − �(ω′

i , ω
′
i−1)]

∣∣∣∣1312

=
∣∣∣∣Gβ(x) − β

|ω|∑
i=2

[�(ωi−1, ωi ) − �(ωi , ωi−1)]
∣∣∣∣1313

+
∣∣∣∣Gβ(x) − β

|ω′|∑
i=2

[�(ω′
i−1, ω

′
i ) − �(ω′

i , ω
′
i−1)]

∣∣∣∣1314

≤ 2|X |βρ(β).1315

Now we divide both sides by β and we let β → ∞ to deduce (5.94). ��1316

Appendix 2: Explicit Expression of the Virtual Energy1317

As noted in Sect. 2.3, the virtual energy H(x), for x ∈ X , has an explicit expression in terms1318

of a specific graph construction. The same holds for the functions D(x) and �D(x, y), with1319

D ⊂ X , x ∈ D, and y ∈ X\D, introduced in Proposition 2.5. These explicit expressions were1320

not necessary for our purposes, but for the sake of completeness, we choose to summarize1321

these formulas in this appendix.1322

We use the notations of [10], but since we do not want to develop the full theory here, we1323

try to keep it as minimal as possible.1324

Definition 6.7 Given A ⊂ X nonempty, let G(A) be the set of oriented graphs g ∈ X × X1325

verifying the following properties:1326

– for any x ∈ X\A, there exists a unique y ∈ X such that (x, y) ∈ g (namely for any point1327

in X\A, there exists a unique arrow of the graph g exiting from such a point);1328

– for any edge (x, y) ∈ g, x ∈ X\A (no arrow of the graph g exits from A);1329
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– for any x ∈ X , n ∈ N, (x, x1), (x1, x2), . . . , (xn−1, xn) ∈ g one has that x 
= xi for1330

i = 1, . . . , n (the graph g is without loops).1331

Since X is finite, from this definition it follows that for x ∈ X\A, there exists a sequence1332

of arrows connecting x to A. We borrow (and adapt to our notation) a beautiful description1333

of the set G(A) from [35, below Definition 3.1]: G(A) is a forest of trees with roots in A and1334

with branches given by arrows directed towards the root.1335

Definition 6.8 Given A ⊂ X nonempty, x ∈ X\A, and y ∈ A, let Gx,y(A) be the col-1336

lection of graphs g ∈ G(A) such that there exist n ∈ N and x1, . . . , xn ∈ X such that1337

(x, x1), (x1, x2) . . . , (xn, y) ∈ g.1338

In words, Gx,y(A) is the set of graphs in G(A) connecting the point x to the point y.1339

For any x ∈ X , the virtual energy H(x) is given by (see [10, Proposition 4.1])1340

H(x) = min
g∈G({x})

∑
(w,z)∈g

�(w, z) − min
x ′∈X

min
g∈G({x ′})

∑
(w,z)∈g

�(w, z).1341

Moreover (see [10, Proposition 4.2]), for any D ⊂ X nonempty, x ∈ D, and y ∈ X\D,1342

one has the following equality:1343

D(x) = min
g∈G(X\D)

∑
(w,z)∈g

�(w, z) − min
x ′∈X\D

min
g∈Gx,x ′ ((X\D)∪{x ′})

∑
(w,z)∈g

�(w, z),1344

and similarly1345

�D(x, y) = min
g∈Gx,y(X\D)

∑
(w,z)∈g

�(w, z) − min
g∈G(X\D)

∑
(w,z)∈g

�(w, z).1346
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