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Abstract

The phenomenon of parametric amplification is investigated experimentally to
test the influence of nonlinearities in a macroscale mechanical context. A double
clamped beam is used as model object with prestretching as a way of regulating
the amount of nonlinearity.

In the macroscale mechanical context, parametric amplification has been stud-
ied theoretically and experimentally both in the linear region and in the nonlinear
region for small nonlinearity. For larger nonlinearity it has only been investigated
theoretically. This research could provide more insights to the effect of larger non-
linearities.

During experiments, increasing asymmetric phase-gain curves are observed for
an increasing nonlinearity. The observations do not appear π-periodic. For a cer-
tain amount of prestretching bi-stability and jumps are observed in the phase-gain
characteristics and for increasing nonlinearity, additional bi-stability regions ap-
pear to develop and the existing regions grow. Eventually a collapse between the
regions is observed.

It is hypothesised that the stable curves are connected by an unstable curve
as for the generally known bi-stable solution in the frequency domain. This could
imply the possibility of π-periodicity. Due to this first hypothesis, tri-stability is
introduced which can be explained by a change in nonlinearity. In the frequency-
amplitude characteristics, this results in a change in the backbone of the hysteresis
curve. Combined with the amplification, it is thought that the observed jumps
co-exist with the jumps in the frequency-amplitude characteristics.
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Chapter 1

Introduction

Parametric amplification is the phenomenon which occurs when externally driven
harmonic oscillations are amplified with parametric excitation. Consider a ruler
which is excited perpendicular to its length, this is called external excitation. Ex-
citing at a natural frequency results in resonance. When that same ruler is excited
parallel, it is called parametric excitation. Parametrically exciting a beam above
a certain threshold results in parametric resonance. Exciting the external excited
ruler at a natural frequency with an additional parametric excitation below the
threshold, the external resonance is amplified, which is called parametric amplifi-
cation.

The goal of this work is to investigate third order nonlinear effects on paramet-
ric amplifiers. We realize this by parametrically amplifying an externally driven
double clamped beam. Here the largest deflection amplitude of the beam, which
is mode dependent, is chosen to be amplified. Various parameters, such as the
excitation amplitude and phase between the external and parametric excitation,
will be examined with respect to their influence on the degree of amplification.

1.1 Existing Work

Where this research focuses on a double clamped beam in macroscale, as con-
tinuation on previous research at the Technical University of Denmark (DTU)
[1–3], much of the earlier research on parametric amplification is performed in a
microscale environment. In [4] a significant increase in the motion response of a
microcantilever for small harmonic force oscillations is shown due to a mechanical
parametric amplifier. Since then the technique has been implemented in numerous
micro- and nanomechanical systems [5]. More recently, [6] studied the intermodal

9



10 CHAPTER 1. INTRODUCTION

coupling between the flexural vibration modes of a single double clamped beam
in microscale, both theoretically and experimentally.

Recent work in macroscale systems, [1,2,5,7,8], examined parametric amplifica-
tion for cantilever beams with parametric base-excitations both theoretically and
experimentally, while [8] also studied parametric attenuation. The gain, which is
the change in amplitude between a both external and parametric excitated beam
and a beam only externally excited, was studied with respect to nonlinear ef-
fects, tilt angle and phase. In [3] the effects of specific cubic nonlinearities on the
parametrically amplified steady-state vibrations and gain are investigated with a
double clamped beam as model object. Specifically the nonlinear effect of mid-
plane stretching is compared to the effects of nonlinear inertia and curvature. The
beam slenderness ratio appeared to be an effective parameter for parametric am-
plifiers.

Similar to this research is the work of Mallon et al. [9]. In this work theoretical
and experimental research is done to the dynamic stability of a parametrically ex-
cited thin cylindrical shell with top mass. An approach similar to this research was
used to study the effects of parametrical excitations. First theoretical predictions
where made which are eventually verified experimentally.

1.2 Motivation

Research on macroscale parametric amplification has already been investigated
both theoretically and experimentally with a cantilever as the model subject,
nonlinear effects have been researched only theoretically using a double clamped
beam. To investigate nonlinear effects experimentally, this report builds upon
the theoretically research done for nonlinear effects on parametric amplification.
Moreover, with this research new insights in the phenomenon of parametric am-
plification concerning nonlinearities may be obtained.

This work starts with an introduction on undamped free beam vibrations. Both
a cantilever and double clamped beam are used and the first three eigenfrequen-
cies will be checked both theoretically and experimentally. After the introduction
on beam vibrations, an introduction on parametric amplification is given together
with some predictions on the nonlinear effects. Experiments are performed to test
the theory about parametric amplification using a double clamped beam. With
these experiments the effects of cubic nonlinearities are examined and are com-
pared to the theoretical findings in [3].
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Previous research involving parametric amplification on the DTU [1–3] had
all their measurements in voltage instead of millimeters. A simple conversion is
made to have future measurement data in millimeters. Due to a change of the
mechanical part of the setup after this conversion, the conversion is not used for
this research. For different amount of prestretching the instability threshold and
backbones are found experimentally. The nonlinearity is regulated by the amount
of prestretching. Jumps and bi-stability are observed in the phase-gain character-
istics together with asymmetry and the absence of π-periodicity. A hypothesis on
these phenomena os suggested, it suggests the existence of an unstable solution
connecting the stable regions. It is also suggested that the nonlinearity of the
beam changes as function of the phase, explaining the tri-stability introduced by
the first hypothesis.

1.3 Organization

The report is organized as below:

Chapt. 2 starts with an introduction to beam vibrations for both cantilever
and double clamped beams. The first three eigenfrequencies are derived analyt-
ically together with their mode shapes. These eigenfrequencies are then found
experimentally in order to verify the theory.

Chapt. 3 will introduce parametric amplification using theoretical modeling
and some theoretical predictions are given for a double clamped beam. Equations
are adopted from Neumeyer [1, 3].

Chapt. 4 contains all experiments on a double clamped beam, conclusions and
a discussion on the findings. The setup is introduced, frequency-amplitude char-
acteristics are shown using the backbone and the instability region is obtained.
Furthermore jumps and bi-stability in the phase-gain space are observed. A con-
ference paper concerning these observations has been submitted for ENOC 2014,
which can be found in Appendix A. Finally the observations are discussed.

Chapt. 5 summarizes the work and gives some suggestion for future work.
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Chapter 2

Background on undamped beam
vibrations

In this report beam vibrations on both cantilever beams and double clamped
beams are discussed in order to obtain better understanding of nonlinear effects
on parametric amplification. Both cantilever and double clamped beams are used
as model objects. This chapter will discuss theory concerning vibrations of beams.
Equations for the eigenfrequencies and mode shapes are derived and the first three
eigenfrequencies concerning both a cantilever and a double clamped beam will be
obtained both theoretically and experimentally.

2.1 Theoretical predictions of eigenfrequencies

and mode shapes

Consider a beam as depicted in Fig. 2.1, with deformation u (x, t) and load per
unit length q (x, t). Transverse and rotational vibration amplitudes are assumed
small. Shear, longitudinal and torsional deformations, and also the rotary inertia
of the cross-section are assumed negligible. The equation of motion proposed for
this beam is [10]:

ρAü+ (EIu′′)
′′

+ q = 0, (2.1)

where E is the elastic modulus, I the area moment of inertia, ρ the density of
the beam, A the cross-sectional area, (̇) and ()′ denote the temporal and spatial
derivatives and q = q (x, t) is the load per unit length. We assume free vibra-
tions, i.e. q (x, t) = 0, together with clamped-free or clamped-clamped boundary
conditions for, respectively, a cantilever or a double clamped beam, that is:

13



14 CHAPTER 2. BACKGROUND ON UNDAMPED BEAM VIBRATIONS

0 lx

u(x,t)

q(x,t)

EI, ρA

Figure 2.1: Continous beam.

u (0, t) = u′ (0, t) = u′′ (l, t) = u′′′ (l, t) = 0 (clamped-free), (2.2)

u (0, t) = u′ (0, t) = u (l, t) = u′ (l, t) = 0 (clamped-clamped). (2.3)

Using an assumed solution of the form

u (x, t) = Re
[
φ (x) e−iωt

]
, (2.4)

we obtain an ordinary differential equation for φ = φ (x):

EIφ′′′′ = ω2ρAφ. (2.5)

The general solution of this equation is:

φ (x) = A1 sin (Λx) + A2 cos (Λx) + A3 sinh (Λx) + A4 cosh (Λx), (2.6)

with A1 to A4 arbitrary constants, and

Λ ≡ ρAω2/EI. (2.7)

Equation (2.6) should fulfill the corresponding boundary conditions for x = 0 and
x = l. By using the corresponding boundaries, the frequency equation is found.
For a cantilever beam the frequency equation is cosh (Λ) cos (Λ) = −1 and for
a double clamped beam cosh (Λ) cos (Λ) = 1. Solving this equation for the first
three roots of a cantilever beam yields the roots 1.8751, 4.6941 and 7.8548 and for
the double clamped beam 4.7300, 7.8532 and 10.9956. Substituting these roots
into (2.7) results in the corresponding eigenfrequencies in Hertz:

ωn =
λ2j
2π

√
EI

ρAl4
, (2.8)
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where λj is the jth root. Table 2.1 shows the theoretical eigenfrequencies. For the
calculation of the theoretical eigenfrequencies the following parameters are used:
the modulus of elasticity E = 210 GPa, the density ρ = 7850 kg/m3, bending
moment of inertia I = bh3/12, the width b = 13 mm, the height h = 0.5 mm, the
length of the cantilever beam l = 216 mm, the length of the double clamped beam
l = 193 mm, and the cross-sectional area A = bh. As we can see, the eigenfre-
quencies almost match.

The boundary conditions can also be used to determine the corresponding
eigenfunctions or mode shapes, φ (x). In Fig. 2.2 the first three mode shapes
for the cantilever beam and the double clamped beam with beam length l can be
found. The equation corresponding to these mode shapes are:

φj (x) = J

(
λjx

l

)
− G (λj)

F (λj)
H

(
λjx

l

)
(clamped-free), (2.9)

φj (x) = J

(
λjx

l

)
− J (λj)

H (λj)
H

(
λjx

l

)
(clamped-clamped), (2.10)

with φj the mode shape for the jth eigenfrequency, F (u) = sinhu+ sinu, G (u) =
coshu+ cosu, H (u) = sinhu− sinu and J (u) = coshu− cosu.

x

φ

−1

0

1

0 l

(a)

x

φ

−1

0

1

0 l

(b)

Figure 2.2: The mode shapes φ (x) corresponding to the first (solid curve), second
(dashed curve) and third (dotted curve) eigenfrequency for (a) a cantilever beam
and (b) a double clamped beam. The maximum or minimum amplitude of vibration
is represented by φ = 1 or φ = −1 and x is the length along the beam.
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2.2 Experimental eigenfrequencies

The eigenfrequencies are found by experimentally obtaining the frequency response
function. The beam was excited using a Brüel & Kjaer (B&K) Force Transduc-
er/Impact Hammer Type 8203 with B&K Line Drive Amplifier Type 2646. Using
the Endevco Piezoelectric Accelerometer Model 22, the vibrations are measured.
Both the force impact and the measured acceleration signal are converted by
a B&K Input/Output Module Type 3109 and send to Pulse Labshop software
(Pulse) for analysis. After analysis by Pulse, Pulse gives the frequency response
function are given.

The by Pulse obtained frequency response functions can be found in Fig. 2.3
and Table 2.1 shows the experimental eigenfrequencies. Due to the positioning
of the double clamped beam in the fixture, the beam has obtained a prestretch
and thereby the eigenfrequencies are increased. Therefore a pretension factor is
added to the proposed equation of motion (2.1). The adjusted equation of motion
becomes [11]:

ρAü− T̂ u′′ + (EIu′′)
′′

+ q = 0, (2.11)

where the pretension T̂ is a function of the prestretch:

T̂ = EA
∆l

l
, (2.12)

and ∆l is the amount of prestretch. Following the same steps as above, the corre-
sponding eigenfrequencies for the stretched double clamped beam are obtained:

ωn =
λ2j
2π

√
EI

ρAl4

√
1 +

T̂ l2

EIλ2
(2.13)

In Table 2.1 the adjusted frequencies are found for pretension T̂ = 7.07 N. As
can be seen in Table 2.1, the theoretical eigenfrequencies deviate more from the
experimental eigenfrequencies for increasing frequency. It can also be seen that
the pretension has a significant effect on the eigenfrequencies.

2.3 Conclusions

The eigenfrequencies for both a cantilever and a double clamped beam are found
theoretically and experimentally. The cantilever eigenfrequencies seem to match.
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Figure 2.3: Experimentally found frequency response function for (a) a cantilever
and (b) a double clamped beam.

For the double clamped beam a pretension factor is added to improve the the-
oretical model. It is found that the pretension has a significant effect on the
eigenfrequencies of a double clamped beam.

Table 2.1: Theoretical and experimental eigenfrequencies of the cantilever and
double clamped beam.

ωn [Hz]
Cantilever beam Double clamped beam

Theoretical Experimental Theoretical Experimental Theoretical
pretension

9.0 8.8 71.4 84.0 84.9
56.1 52.0 196.7 206.5 211.0

157.1 145.9 385.6 382.5 400.2
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Chapter 3

Modeling and model predictions

This chapter contains an introduction on parametric amplification, concerning
a double clamped beam as the model object. Parametric amplification will be
discussed, the case in which the beam is excited with both external and paramet-
ric excitations [1]. Here the frequency of the parametric excitation is twice the
eigenfrequency. The theoretical model will be explained in words, supported by
equations adopted from Neumeyer [12], without varying additional parameters as
in previous research [1].

In the following, theoretical predictions adopted from Neumeyer [12] are in-
troduced. These predictions will be tested experimentally. Results from these
experiments can be found in Chapt. 4.

3.1 Theoretical model

A base-excited double clamped beam as depicted in Fig. 3.1 is considered. An
equation of motion is derived using Hamilton’s extended principle. This equation
is a nonlinear partial differential equation in two variables (s, t):

v̈+
c

ρA
v̇+

EI

ρA
v′′′′−

(
E

ρ

(
Γ0 +

1

2l

∫ l

0

(v′)
2

ds

)
+ (s− l) üb

)
v′′−(ü+ üb) v

′ = −v̈b,
(3.1)

where s ∈ [0; l] is the axial coordinate, l the beam length, (̇) and ()′ denote
temporal and spatial derivatives, c is the damping coefficient, ρ the density of the
beam, A the cross-sectional area, E the elastic modulus, I the area moment of
inertia, v = v (s, t) the transverse beam displacements with respect to the moving
base and Γ0 � 1 the initial relative stretch of the beam. The axial and transverse
components of the imposed base motion xb are denoted by ub and vb. The axial

19



20 CHAPTER 3. MODELING AND MODEL PREDICTIONS

Figure 3.1: Base-excited tilted double clamped beam. Inertial reference coordi-
nates x and y. Imposed base motion with displacement components ûb and v̂b,
at tilt angle α. Longitudinal û (s, t) and transverse v̂ (s, t) beam displacements.
Sketch adopted from Neumeyer [3].

inertia is considered negligable compared to the transverse inertia and therefore
omitted. Equation (3.1) is nondimensionalized by introducing nondimensional
variables ŝ = s/l, v̂ = v/l, ûb = ub/l, v̂b = vb/l, t̂ = t/T , ĉ = cT/ρA, characteristic
time T =

√
ρAl4/EI, radius of gyration r =

√
I/A and beam slenderness ratio

λ = l/r. After substitution the final nondimensional system yields:

¨̂v + ĉ ˙̂v + v̂′′′′ −
(
λ2
(

Γ0 +
1

2

∫ 1

0

(v̂′)
2

dŝ

)
+ (ŝ− 1) ¨̂ub

)
v̂′′ + ¨̂ubv̂

′ = −¨̂vb, (3.2)

where v̂ = v̂ (s, t). The base motion x̂b is assumed to be a two-frequency su-
perimposed sine-wave with a perfect 2:1 ratio between parametric and external
excitation frequencies:

x̂b = Â cos
(
ω̂t̂+ φ

)
+ B̂ cos

(
2ω̂t̂
)
, (3.3)

with the axial and transversal components:

ûb = x̂b sin (α) , v̂b = x̂b cos (α) . (3.4)

Here Â and B̂ represent the external and parametric amplitude, φ is the phase
between the parametric and external excitation and α is the tilt angle as indicated
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in Fig. 3.1. We assume only one mode is active at a time, so no modal interaction
between different modes is present, yielding

v̂
(
ŝ, t̂
)

= w
(
t̂
)

Φ (ŝ) , (3.5)

where Φ (ŝ) is the mode shape function and w
(
t̂
)

is the mode participation func-
tion. The obtained ordinary differential equation, the so called lumped-mass
model, states:

ẅ + 2εζẇ +
(
1 + εκ3 + εβ1Ω

2 cos (Ωτ + φ) + εβ2Ω
2 cos (2Ωτ)

)
w + εκ4ω

3

= εη1Ω
2 cos (Ωτ + φ) + εη2Ω

2 cos (2Ωτ) , (3.6)

where ε denotes small terms, ζ is the damping ratio, Ω the normalized excitation
frequency, β and η are mode shape integration constants, κ3 = κ3 (Γ0,Φ), κ4 =
κ4 (λ,Φ) and τ is time. Using the method of multiple scales, a perturbation
solution is found, [12]:

w (t) = a cos (Ωt− ψ) + ε

(
1

2
Ω2β1a cos (ψ + φ) +

1

16
Ω2β2a cos (3Ωt− ψ)

+
1

3
Ω2

(
1

2
β1a cos (2Ωt+ φ− ψ)− η2 cos (2Ωt)

)
+

1

32
κ4a

3 cos (3Ωt− ψ)

)
+O

(
ε2
)
, (3.7)

where the amplitude a and phase φ are solutions of nonlinear algebraic equations:

a =
1

2

Ω2η1

√(
ζ − 1

4
Ω2β2 sin (2φ)

)2
+
(
Ω− 1 + 1

4
Ω2β2 cos (2φ)− 1

2
κ3 − 3

8
κ4a2

)2∣∣∣ζ2 − (14Ω2β2
)2

+
(
Ω− 1− 1

2
κ3 − 3

8
κ4a2

)2∣∣∣ ,

(3.8)

ψ = arctan

( 1
4
Ω2β2 sin (2φ)− ζ

1
4
Ω2β2 cos (2φ) + Ω− 1− 3

8
κ4a2

)
− φ. (3.9)

In order to examine parametric amplification, the gain is introduced. The gain
can be calculated by:

G ≡ apumped

aunpumped

=
a|B̂>0

a|B̂=0

, (3.10)
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where apumped is the amplitude of the pumped beam vibration and aunpumped the
amplitude of the unpumped beam vibration. Pumping is when the parametric ex-
citation is superimposed on the external excitation with B̂ > 0. Without pumping,
the gain is one, stating that the amplitude does not change when a parametric
excitation with an amplitude of B̂ = 0 is added.

3.2 Predictions

3.2.1 Backbone

The nonlinearity, due to midplane stretching for a double clamped beam, can
be seen by the amount of overhang in the frequency-amplitude characteristics.
By zeroing the damping and forcing of the frequency response equation, which
is found by squaring and adding the modulation equations, the backbone of the
amplitude and phase can be found [12]. Fig. 3.2 shows the overhang with cor-
responding backbones. With a more nonlinear response, due to e.g. a higher
beam slenderness, the overhang and the backbone change. As can be seen in the
equation of motion (3.2), applying prestretch also has an effect on the nonlinearity.

Figure 3.2: Steady-state vibration displacement v̂rms
max (ŝ) as a function of exci-

tation frequency Ω, obtained by perturbation analysis (lines) and by numerical
integration (×), for (a) cantilever beam, ŝ = 1; (b) double clamped beam, ŝ = 1/2,
for increasing beam slenderness ratios: λ = 22 (solid curve), λ = 31 (dashed
curve) and λ = 37 (dash-dotted curve). For (a) and (b): backbone (dotted curve).
Adopted from Neumeyer [3].
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3.2.2 Critical pump amplitude

The amplitude (3.8) goes to infinity when the denominator goes to zero. Therefore
we obtain the critical pump amplitude by solving:

ζ2 −
(

1

4
Ω2β2

)2

+

(
Ω− 1− 1

2
κ3 −

3

8
κ4a

2

)2

= 0, (3.11)

with respect to β2, where β2 is a mode shape integration constant, κ3 a mode shape
integration constant dependent on the prestretch, κ4 a mode shape integration
constant dependent on the beam slenderness and ζ the damping ratio. For the
linear case κ4 = 0, the critical pump amplitude becomes:

β2,crit = 4

√
σ2 + ζ2 + κ3

(
1

4
κ3 − σ

)
, (3.12)

where σ = Ω− 1 is the detuning with respect to the natural frequency. The shape
of this upper bound for ζ = 0 can be seen in Fig. 3.3 and reflects the principal
parametric resonance’s instability tongue for different values of prestretching. The
graph does not represent the setup and is only to show the influence of the pre-
stretching. It is of interest to operate below this instability threshold but as close
to it as possible in order to obtain maximal gain without noise amplification.
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Figure 3.3: Instability threshold as a function of excitation detuning and various
levels of prestretching: minimal prestretching (solid curve); small prestretching
(dashed curve); medium prestretching (dash-dotted curve).

3.2.3 Phase

As can be seen in (3.8), the amplitude, and thereby the gain, is dependent of the
phase between the external and parametric excitation. In order to obtain optimal
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results, being the biggest gain, with parametric amplification, an optimal phase
has to be found.

Neumeyer [3] already showed that for a double clamped beam, the gain can
be adjusted not only by changing parametric excitation, but also by changing the
beam slenderness ratio. Fig. 3.4 shows this slenderness ratio dependency. As can
be seen, the slenderness ratio also influences the sensitivity towards changes in the
phase. With prestretching introduced, the optimal phase is also dependent on the
prestretch.

Figure 3.4: Gain as a function of phase φ for a double clamped beam for increasing
beam slenderness ratios: λ = 22 (solid curve), λ = 31 (dashed curve) and λ = 37
(dash-dotted curve). Adopted from Neumeyer [3].

3.3 Conclusions

A theoretical model is derived for a double clamped beam with third order non-
linearities. Furthermore predictions are made, it is found that the amount of
nonlinearity is dependent on the prestretch. Also the critical pump amplitude is
derived by solving (3.11) and finally predictions concerning the phase-dependency
of the gain are introduced.



Chapter 4

Experimental observations

The predictions made by Neumeyer [12] are tested experimentally. This chapter
reports on the results of the conducted experiments. A description of the used
electronics setup is given together with the mechanical setup. In order for better
reproducibility of the results, having clear inputs and outputs, a start is made
with the transformation of the inputs and outputs from voltage to millimeters is
made. It is found that when changing the pretension, changes in vibration behav-
ior occur, therefore many experiments are conducted as a function of pretension.
During experiments, non predicted behavior is observed. These are important
results for this research and interesting for further theoretical research.

4.1 Setup

The setup consists of electronic components and a mechanical test rig. The block
diagram is illustrated schematically in Fig. 4.1a. The electronic part of the setup,
consisting of the signal generator, the power amplifier, the vibration exciter, the
laser transducer and the PC, is discussed below. The mechanical part of the setup
is changed during the project, Appendix B gives the initial mechanical setup with
suggested improvements and its mechanism of prestretching. The new mechan-
ical setup, Fig. 4.1b, is described following the description of the electronics setup.

4.1.1 Electronics setup

The electronics consists of the first three and last two blocks of the block diagram
in Fig. 4.1a. The base motion (3.3) is generated by an Agilent (Agilent 33512B
Waveform Generator). This signal is then amplified by a B&K (Brüel & Kjaer)

25



26 CHAPTER 4. EXPERIMENTAL OBSERVATIONS

(a) (b)

Figure 4.1: (a) Principal block diagram of the experimental setup and the (b)
mechanical part of the setup. (a) is adapted from Neumeyer [1].

Power Amplifier Type 2712 and passed on to a B&K Vibration Exciter Type
4808. The mechanical part of the setup is attached to the exciter. The response
is measured with a Omron ZX-LD40 Laser Head and amplified with the Omron
ZX-LDA11 Laser Amplifier Unit. Then the measured signal is converted using a
B&K Input/Output Module Type 3109 and imported in the Pulse Labshop soft-
ware where the desired measurement data can be obtained.

4.1.2 Mechanical setup

The mechanical setup, Fig. 4.1b, consists of two clamping mechanisms taken from
the setup used by Neumeyer [1], one attached to the exciter and one to the fixed
world. As beam a rubber band is used with a point mass attached to its center.
A rubber band has almost no bending stiffness, together with the point mass this
should provide high amplitudes, increasing the nonlinear effects. This setup was
used for the results which can be seen in Sect. 4.2 to 4.4. Additional measurement
data obtained with this setup can be found in Appendix E.3.

4.1.3 Input and Output in mm

For better comparison with the theoretical models and future reproducibility, a
simple conversion of the input and output amplitudes to millimeters is made.
In previous research at the Technical University of Denmark [1–3] the output
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amplitudes where measured in voltage, produces by an Endevco Piezoelectric Ac-
celerometer Model 22 or a TML FLA-10-11 strain gauge. As input amplitude,
the settings made in Pulse were used. In this report a laser transducer is used to
measure the output amplitude. Using the correct settings for the laser transducer,
its output voltage can be converted to millimeters. In order to convert the input
amplitude to millimeters the laser transducer was used to measure the movement
of the base of the test rig. Fig. 4.2 shows the relation between the exciter in-
put amplitude of a single sine in voltage and output amplitude measured by the
laser transducer in voltage. A simple data-fit is added to the figure for better
interpretation of the results.
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Figure 4.2: (a) Input-output amplitude characteristics, measurement points (dot-
ted with circles), data-fit (solid). (b) Input frequency-output amplitude character-
istics, measurement points (dotted with circles), data-fit (solid). (c) Combined
input-output amplitude characteristics, measurement points (black circles), data-
fit (gray mesh).
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4.2 Critical pump amplitude

As explained in Sect. 3.2.2, the critical pump amplitude limits the amount of
parametric excitation when using a combined excitation. An excitation above the
instability threshold results in parametric resonance. By exciting only the para-
metric mode, at twice the first linear eigenfrequency, and varying the excitation
amplitude and excitation detuning Fig. 4.3 is obtained. To find the correct value,
the input voltage should be lowered when in the instability region due to the over-
hang in the frequency-amplitude characteristics. Working vice versa results in a
higher value because a jump has to be made to get in on the overhang. Mea-
surements are taken for two different amounts of prestretching. The gray area
denotes the region of instability, the solid line represents the instability thresh-
old as function of excitation detuning and indicates a sharp transition. Higher
pump amplitudes imply an increase in the width of the region of instability as
we also see for the linear cantilever beam [1]. For both measurements we see a
difference in the slope around zero detuning. In the more prestretched case this
is less prominent, this could indicate that the effect could be dependent on the
nonlinearity. As with the first and second eigenmode for the cantilever, we see an
increase in pump amplitude and decrease in the width of the instability region.
Due to the difference in frequency we cannot draw conclusions on the amount of
energy necessary to enter the instability region.
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Figure 4.3: Experimental parametric instability region for (a) small and (b)
medium amount of prestretching. Gray area indicates unstable region where para-
metric instability occurs.
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4.3 Backbone

The amount of prestretching, and with that the nonlinearity, can be made visual
with the backbone as described in Sect. 3.2.1. In order to measure the backbone,
a time signal of the decaying displacement of the beam is recorded using Pulse,
which is then converted using the matlab-scripts from Appendix C. To get the
largest possible backbone, one needs to have an as large as possible amplitude
before stopping the excitation to get the decaying displacement. Due to the high
amplitude of the beam, the amplitude is measured at ŝ ≈ 0.9. The matlab-scripts
filter the measured signal using a lowpass filter and a correction is made for a
nonzero average. Minima and maxima are detected and using zero-crossings the
frequency is found belonging to the specific minima or maxima. In Fig. 4.4 ex-
perimentally obtained points of backbones can be seen for three different levels of
prestretching. It can be seen that the backbone becomes more and more straight
for increasing prestretching. This is in line with the theoretical expectations, get-
ting a more linear response for increasing prestretching. No conclusions can be
drawn on the nonlinearity for a particular level of prestretching due to the high
dispersion of the measurement points.
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Figure 4.4: Experimental backbones for minimal (light gray), medium (dark gray)
and large (black) prestretching.

4.4 Phase

Using the new setup, experiments are conducted to find the phase-gain relationship
for the nonlinear case. A base motion as suggested in (3.3) is applied to the
exciter attached clamp and the angle α is chosen close to 90 degrees, but large
enough, around 80 degrees, to allow direct excitation. Four different levels of
prestretching are measured. It should be noted that the ratio between direct and
parametric excitation is not the same for all measurements making it not possible
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to draw conclusions on the amount of attained gain. The results can be seen in
Fig. 4.5. Fig. 4.5a shows the result for the largest amount of prestretching. As
expected, the result shows a linear response since a symmetric and single-valued
phase-gain relationship is observed [3]. The other three levels of prestretching
show an increasing amount of asymmetry for a decreasing level of prestretching.
This increase is expected, Sect. 3.2.3. Another observation is the range within
which the gain is larger than unity increases for a decreasing level of prestretching.
It also seems that the dependency on the phase somewhat decreases for smaller
amount of prestretching. These observation are despite of their contribution to the
research not the main addition to this field of research. The main contribution are
the observation of jumps and bi-stability in the phase-gain characteristics. These
jumps between the two observed stable states are both visible with the sensors
and visible for the eye. In Fig. 4.5b we observe a bi-stable gain for a certain phase
interval creating a hysteresis loop. In Fig. 4.5c we observe that the phase interval
has increased and a new interval developed. The measurement in Fig. 4.5d seems
to have a collapsed overlap between the bi-stable states. The lower part of the
curve seems to be narrowed.

4.4.1 Discussion

Where Fig. 4.5 showes the measurements with the observed jumps, Fig. 4.6 shows
the measurements with the addition of hypothetical stable and unstable curves.
With the generally known bi-stable solution in the frequency domain in our minds,
an unstable solution is suggested, connecting the jumps in the hysteresis loops.
This unstable solution is visualized by a dotted line in Fig. 4.6. A solid line is
added to indicate expected unmeasured stable solution. It becomes visible that
there could still be π-periodicity. With these unstable solutions the transition
between the different levels of prestretching is clarified. They, however, do not ex-
plain why bi-stability is observed and how the hypothesised tri-stability observed
in Fig. 4.6b can be explained. It does suggest a possibility of the formation of a
droplet which is hard or even impossible to reach.

A possible hypothesis is that not only the amount of amplification, but also
the backbone, and with that the nonlinearity, is dependent on the phase. To
visualize what happens some hypothetical backbones with associated frequency-
amplitude characteristics are drawn by hand for the measurement of Fig. 4.5c,
the visualization can be found in Fig. 4.7. Additional visualization for the mea-
surements of Figs. 4.5d and 4.5b can been found in Appendix D. It should be
noted that the curves are just drawings to illustrate the hypothesis and do not
represent real measurements. One can see the backbone changing when follow-
ing the measured curve. In the frequency-amplitude characteristics, the vertical
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Figure 4.5: Experimental gain as function of phase for various levels of prestretch-
ing: (a) largest prestretching; (b) medium prestretching; (c) little prestretching; (d)
minimal prestretching. Here . represents upsweep, / downsweep and dotted lines
represent jumps.
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Figure 4.6: Experimental gain as function of phase for various levels of prestretch-
ing as in Fig. 4.5. A visual representation of the suggested hypothesis is given by
(unstable) dotted lines and (stable) dashed lines without triangles.

line indicates the frequency on which is measured. The vertical line co-exist in
the phase-amplitude characteristics where it indicates the phase. Colors are used
to indicate which frequency-amplitude characteristics is associated with which
measurement in the phase-amplitude characteristics. Perpendicular lines indicate
which crossing with the vertical line corresponds with the phase-amplitude curve.
The unstable frequency-amplitude curve is drawn without the two stable solution
to keep the figure as clean as possible.

Assuming that the hypothesis is correct, we take a look back at the measure-
ments with the initial mechanical setup with the steel ruler as beam. As we can see
in Fig. 4.6b, the two bi-stability regions collapse, this is due to large nonlinearity.
The nonlinearity of the steel ruler due to midplane stretching, is much larger as
can be seen in Fig. 4.8. This could imply that we could not have the drop and the
jump back up due to large nonlinearity. What we observe is the combined result
of extending the overhang and the change of the backbone. A suggestion is that
the nonlinearity changes only little. For the rubber band, which only is a little
nonlinear, this shows in the measurements results. For the steel ruler, the change
in the nonlinearity does not have much impact. The visible impact is the ampli-
fication of the gain. Which, for a highly nonlinear case means the enlargement of
the overhang rather than an increasing gain. This could result in the observation
of something which seems linear.
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Figure 4.7: Hypothetical backbones with associated frequency-amplitude curves
to indicate how the bi-stability could be explained. The vertical lines (1) to (6)
represent the same settings and response. The small perpendicular lines in the
bottom 6 graphs indicate the intersection with the vertical line which corresponds
to the top graph.
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Figure 4.8: Experimental backbones for the least prestretched rubber band (gray),
measured at ŝ ≈ 0.9 and the most prestretched steel ruler (black), measured at
ŝ = 0.5.

4.5 Conclusions

The instability threshold and backbones are experimentally found for different
levels of prestretching, where prestretching acts as a change in nonlinearity. It
is found experimentally that the parametric amplification for a nonlinear model
object shows an asymmetrical phase-gain characteristic which increases for larger
nonlinearity. Jumps and bi-stability are observed for a rubber band with added
midpoint mass. We assume this is due to a change in nonlinearity as function of
phase for a combined direct and parametric excitation. However, for too much
nonlinearity, it is assumed the change in nonlinearity due to parametric amplifi-
cation is not significant enough to show through the phase-gain characteristics.



Chapter 5

Conclusions and
Recommendations

In this research nonlinear effects on parametric amplification are examined ex-
perimentally using a double clamped beam as the model object. The initial me-
chanical setup showed several difficulties. Improvements are suggested to secure
future usage. In order to obtain usefull data on nonlinear effects the mechanical
setup is changed. The test rig is replaced by two lose clamps, the ruler is replaced
by a rubber band with a midpoint mass. No difficulties are observed for this setup.

The change in nonlinearity between multiple experiments is made visible by
measuring the decaying amplitude of a oscillating beam over time. This time signal
contains all necessary information to convert the measurement to the backbone of
a hysteresis curve in the frequency-amplitude domain. An instability threshold is
found, revealing a change in the slope around zero detuning for the most nonlinear
measured case. In the phase-gain domain it is observed that the most prestretched
case gave an expected symmetric result. For a decreasing amount of prestretching
an increasing amount of asymmetry is observed. The range in which the gain is
larger than unity seemed to increase with the amount of prestretching and the
dependency of the gain on the phase seemed to decrease. The main observations
are the observation of jumps, creating hysteresis loops, and bi-stability. For in-
creasing nonlinearity, the bi-stability regions expands and for a certain amount of
nonlinearity the regions seem to collapse on each other.

A hypothesis concerning these observations is the change in nonlinearity due to
parametric amplification. The nonlinearity of the rubber band can be influenced
by paramatric amplification. This can be observed during experiments by a asy-
metrical overhang in the phase-gain characteristic. Together with the observation
of hysteresis in the frequency-amplitude domain this can explain the bi-stability.

35
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Assuming the correctness of this hypothesis, this can explain the low amount of
gain and the linear response for the steel ruler. Having much larger nonlinearity,
the change in nonlinearity is not observed, only showing the increase in ampli-
tude due to the linear amplification. For a beam with large nonlinear effects this
increase in amplitude shows by an enlarged overhang instead of a much higher gain.

Future Work

In order to obtain better results in the future and to obtain better understanding
of the made observation some suggestions are made for future work.

• Improve the existing mechanical setup, make it more rigid and less dependent
on the person clamping the beam. At this moment the boundaries can be
influenced by the person clamping the beam. In Appendix B some suggestion
are made to start with to improve the setup.

• In this research, the most nonlinear case showed a collapse in the phase-gain
characteristics. For now, it is unknown what happens with the assumed
droplet and with the jumps and bi-stability after that. Increasing the range
of nonlinearity could reveal this.

• With the used setup, there is no good control over the amount of nonlinearity.
The stretching mechanism on the initial setup is better but could still use
some improvement in order to reproduce experiments.

• Theoretical research on the effects of large nonlinearity already showed us
an increase in asymmetry in the phase-gain domain [3]. The jumps and
bi-stability however were not yet observed. By expanding the existing the-
ory, the suggested hypothesis should be tested. This should give improved
insights in the nonlinear effects on parametric amplification.

• The observed instability threshold did not correspond with the theory. A
symmetric instability tongue was expected. An improvement of the theory
could indicate how nonlinearity influences parametric resonance.
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Appendix A

Measurement data based
conference paper

A conference paper, based on measurement data obtained by work done for this
report, has been submitted for the European Nonlinear Oscillations Conference
2014.
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Jumps and bi-stability in the phase-gain characteristics
of a nonlinear parametric amplifier
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Summary. This work experimentally investigates the impact of nonlinearity on macromechanical parametric amplification. For a
strong cubic stiffness nonlinearity we observe jumps in gain (ratio of steady-state vibration amplitude of the directly and parametrically
excited system, to vibration amplitude of the directly excited only system) as function of the phase between the external and parametric
excitation. These jumps occur at different phase values dependent on up- and downsweeps. Furthermore, an increasing asymmetric
phase-gain relationship was observed for strong nonlinearity.

Introduction

In [1] linear macroscale mechanical parametric amplification was investigated. Subsequently [2, 3] included nonlinear
curvature and inertia effects. A theoretical treatment of the impact of cubic nonlinearity on parametric amplification
was given in [4]. Midplane stretching in a doubly clamped beam, and nonlinear inertia and curvature in a cantilever
beam, result in quantitatively different gains [5], although these types of nonlinearities are of the same order. Here, we
experimentally investigate the impact of nonlinearity on macromechanical parametric amplification. This is done with a
prestretched doubly clamped beam; A doubly clamped beam has a strong cubic nonlinearity as compared to e.g. nonlinear
inertia and curvature of a cantilever beam, while prestretching allows one to increase or decrease the nonlinearity.

Experimental setup

Parametric amplification can e.g. be realized by applying a base-excitation, xb = C1 sin (Ωτ + φ) + C2 sin (2Ωτ) with
individual amplitudesC1 andC2, and a phase φ, and tilting the doubly clamped beam wrt. the line of base-excitation xb as
depicted in Fig. 1(a). The tilt angles α = 0 and α = ±π/2 produce pure external and parametric excitation, respectively.
A tilt angle different from these values makes parametric amplification possible. The experiments were done with a test
rig similar to the one shown in Fig. 1(b). For now it appears to be difficult to realize parametric pumping with a doubly
clamped macroscale steel beam. Thus, a rubber band with a midpoint mass was used to increase the gain.

Results

For an exact two-to-one ratio between the subthreshold parametric pumping and external excitation frequency, also refered
to as a degenerate case, and four different levels of prestretching, results as shown in Figs. 2(a-d) were obtained. In the
first case, Fig. 2(a), a large amount of prestretching was applied. Thus, one would expect a linear response, which
indeed is obtained since a symmetric and single-valued phase-gain relationship is observed [1-5]. Reducing the amount
of prestretching results in a more asymmetric phase-gain relationship, which was also reported in [2, 4] for weak cubic
nonlinearities, and in [5] for strong cubic nonlinearities. From Figs. 2(a-d) it is observed, that the range within which the
gain is larger than unity reduces for less prestretching. This is expected, since strong nonlinearity reduces the pumped
vibration amplitude. The main contribution of this work is, however, the observation of jumps and bi-stability in the
phase-gain characteristics. Switching between the bi-stable solutions were not only measured by sensors, but also visible
to the naked eye. In Fig. 2(b) we observe a bi-stable gain for certain phase values. In Fig. 2(c), with less prestretching,
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Figure 1: Base-excited tilted prestretched doubly clamped beam. (a) Schematic with reference coordinates x and y. Base-
excitation xb with components vb and ub, prestretch force Γ0, and tilt angle α. Longitudinal u and transvere v moving
frame deformation; (b) Fixture attached to shaker with a prestretch mechanism.
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Figure 2: Experimentally observed gain as function of phase for various levels of prestretching: (a) largest prestretching;
(b) medium prestretching; (c) little prestretching; (d) minimal prestretching. Upsweep B and downsweep C. Dash-dotted
lines represent jumps.

there appears to be two hysteresis loops, covering regions of bi-stability. Note that some measurements are missing in
Figs. 2(b-d) in order to reflect π-periodicity; this is ongoing work. Comparing Figs. 2(a-d), the bi-stable response curves
appear to collapse for strong nonlinearity (less prestretching), creating a gain characteristic somewhat less dependent on
the phase.

Closing remarks

The impact of nonlinearity on a macroscale mechanical parametric amplifier was investigated experimentally with a
prestretched doubly clamped beam. Jumps in the phase-gain characteristics were observed alongside an increasing asym-
metric phase-gain relationship for strong nonlinearity. The work is in progress, currently involving further theoretical
and experimental examination of phase-gain characteristics as function of external/parametric excitation ratio, and su-
perthreshold parametric pumping. Furthermore, we are currently studying the correlation between the jump phenomenon
presented here, and the ones occurring in the classical vibration frequency-amplitude response for nonlinear systems,
using a generic mathematical model.
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Appendix B

Initial mechanical setup

In order to test the nonlinear response, a setup was needed where a nonlinear
response could be expected. A double clamped beam has cubic nonlinearities due
to midplane-stretching. A test rig was designed by Neumeyer, Fig. B.1, for clamp-
ing a steel ruler on both sides. One of the clamped sides can be prestretched by
turning a wheel over a thread1. Fig. B.2a shows the wheel angle-stretch charac-
teristics. The angle of the test rig can also be adjusted in order to change the
ratio between the parametric and direct part of the excitation. All measurement
data obtained with this setup can be found in Appendices E.1 and E.2.

During measurements with the initial test rig, an error in the measured phase
was found. The phase between the two input signals, belonging to the minimal
gain, appears shifted for multiple experiments, see Fig. B.2b. The deviation in
measured results, in terms of voltage, is caused by a phase shift. It turned out,
that when the phase between the two sine base signals is changed, the phase has
to be reset in order to give the correct signal. In the Agilent this can be done
by a reset of the phase within the parameter menu. Prior to this research, Pulse
Labshop was used as signal generator, therefore it is tested whether or not this
problem also occurred with Pulse Labshop as signal generator. This appears to be
the case, making it possible previous conclusions on the position of maxima and
minima in the phase-gain characteristics are not correct. To remove this problem
within Pulse Labshop, the program needs to be re-initialized after making the
correct settings. However, during the initialization, no signal is produced. When
measuring on the top of the hysteresis curve as been done for this report, this
could mean dropping off the hysteresis curve. A better solution to this problem
should be found for future measurements with Pulse Labshop as signal generator.

1ISO 261:1998 ISO general purpose metric screw threads - General plan
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Figure B.1: The initial mechanical part of the setup. Adopted from Neumeyer
[1].
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Figure B.2: (a) Stretch as function of wheel angle and (b) the difference in position
of the maxima and minima. The different curves indicate different measurements
with adjusted gain for better visual interpretation.
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Figure B.3: (a) Drift of the linear eigenfrequency, visible in the pumped (solid
with circles) and unpumped (dotted with squares) amplitude. (b) Different shape
observed for two measurements where the same shape is expected. Phase is adjusted
for better visual interpretation.

Another problem with the setup is the repeatability. During measurements
the setup changes such that the linear eigenfrequency of the beam is not sta-
ble, making the amplitude change during a measurement, see Fig. B.3a. This is
partially solved by measuring the unpumped amplitude in the beginning of the
measurement and at the end. The values in between are calculated using linear
interpolation. However, not all measurements appear to have a linear decrease
or increase in the amplitude during the measurement, making it difficult to draw
conclusions. A coherent problem is that the shape of the phase-gain characteris-
tics often change for what appeares to be the same measurement with the same
parameter settings, see Fig. B.3b.

The last main problem is the amount of achieved gain and the appearance of
linear phase-gain characteristics. We want to measure as close to the eigenfre-
quency as possible, so it is needed to measure as near to the top of the hysteresis
curve, where the hysteresis curve crosses the backbone, as introduced in Chapt. 2,
as possible. Here the maximum measured gain is in the order of three percent and
the response appears to be linear. By measuring at the bottom of the hysteresis
curve, approximately at the linear eigenfrequency, the achieved gain can reach up
to 30 percent but still showed a linear response. Changing the ratio between the
parametric and direct signal does not seem to have great influence on the achieved
gain. Possibly the exciter cannot pump enough energy into the system, since no
parametric resonance could be found in some occasions.

In order to be able to use the setup in the future, some improvements to the
test rig are proposed including a more rigid test rig as a whole and better attach-
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Figure B.4: Position of additional bolts (a) to make the structure more rigid and
(b)+(c) to prevent the clamps from changing the boundaries.

ment of the clamps to the rig. Both are possible solutions to some of the occurring
problems. A more rigid test rig should increase the lowest eigenfrequency of the
test rig. Hereby the influence of its response to the beam should be decreased. The
test rig can be made more rigid by adding an extra bolt to the turning mechanism.
The placement of this bolt is shown in Fig. B.4a. During clamping of the beam, it
is observed that the angle of the clamps can be changed easily, especially for the
clamping mechanism at the opposite side of the prestretching. This can be a big
influence to the boundaries, changing the shape of the phase-gain characteristics.
To improve the clamps on both side, Fig. B.4b+c indicate the placement of extra
bolts. These extra bolts should prevent the clamps from changing the boundaries.



Appendix C

Convert time data to backbone
data

Exp FreeDecay FreqAmp.m

Measurement data obtained from a free decay is converted to frequency and am-
plitude data for creating the backbone.
Function adapted from Jon Juel Thomsen, June 26th 2013.

1 function [Frequency Amplitude Amplitude change] = ...
Exp FreeDecay FreqAmp(t,x,CutoffFrequency)

2 %%function Exp FreeDecay FreqAmp
3

4 % Estimates frequency and amplitude for an experimentally ...
obtained time series. 1) Filters the time signal using a ...
lowpass filter. 2) Corrects for a non−zero average. 3) Find ...
zero−crossings. 4) Estimate frequency and amplitude

5 %
6 % t: time data.
7 % x: displacement data.
8 % CutoffFrequency: CutoffFrequency for the lowpass filter.
9 % −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

10

11 % Parameters
12 % delta = minimum difference to call something the peak.
13 % StopBandAttenuation: in dB down from the peak passband ...

value. Larger values => wider transition widths ...
(shallower rolloff)

14 delta = 0.01;
15 CutoffFrequency = 200;
16 FilterOrder = 10;
17 StopBandAttenuation = 10;

47



48 APPENDIX C. CONVERT TIME DATA TO BACKBONE DATA

18

19 % Create lowpass filter the series to smoothen out noise
20 nlines = size(t, 1);% number of sampling points
21 tstart = 0.0; % start of time series
22 tend = t(end); % end of time series
23 T = tend−tstart; % Total sampling time
24 dt = T/(nlines−1); % sampling interval
25 fs = 1/dt; % sampling frequency
26 fNyq = 1/2*fs; % Nyquist frequency
27

28 [filterCoeff1, filterCoeff2] = cheby2(FilterOrder, ...
StopBandAttenuation, CutoffFrequency/fNyq); % Filter

29

30 % Correct for non−zero average
31 % x f = Filtered Signal
32 % [maxtab, mintab] = min and max−values
33 % maxminALL = sorted extremes
34 % N = total number of max and mins
35 x f = filter(filterCoeff1, filterCoeff2, x);
36 [maxtab, mintab] = peakdet(x f, delta);
37 maxminALL = sortrows([maxtab;mintab]);
38 N = size(maxminALL, 1);
39 jstart=3;
40 for j=jstart:N−1 % determine amplitude at each max/min
41 xj = maxminALL(j, 2);
42 xjm1 = maxminALL(j−1, 2);
43 xjp1 = maxminALL(j+1, 2);
44

45 Amplitude change(j−jstart+1) = (xjm1 + 2*xj + xjp1)/4; ...
% Average value

46 end
47 t int = linspace(t(1), t(end), length(Amplitude change)); ...

% create time signal for interpolation of the Amplitude ...
change.

48 Amplitude change int = interp1(t int, Amplitude change, t, ...
'spline'); % Interpolate to match original data.

49 x = x − Amplitude change int;
50

51 % Filter the corrected data
52 x f = filter(filterCoeff1, filterCoeff2, x);
53

54 % Estimate oscillation period & frequency at each max/min ...
using zero−crossings.

55 % [maxtab, mintab] = min and max−values
56 % maxminALL = sorted extremes
57 % N = total number of max and mins
58 [maxtab, mintab] = peakdet(x f, delta);
59 maxminALL = sortrows([maxtab;mintab]);
60 N = size(maxminALL, 1);
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61 jstart=3;
62 for j=jstart:N−2 % determine frequency/amplitude at each ...

max/min
63 tindexjm1 = maxminALL(j−1, 1);
64 tindexjp1 = maxminALL(j+1, 1);
65

66 tindexjm2 = maxminALL(j−2, 1);
67 tindexjp2 = maxminALL(j+2, 1);
68

69 % Locate zeroes of x
70 tsegleftj2 = t(tindexjm2:tindexjm1);
71 xsegleftj2 = x f(tindexjm2:tindexjm1);
72 tzeroleftj2 = FindZeroCrossing(tsegleftj2, xsegleftj2);
73

74 tsegrightj2 = t(tindexjp1:tindexjp2);
75 xsegrightj2 = x f(tindexjp1:tindexjp2);
76 tzerorightj2 = FindZeroCrossing(tsegrightj2, ...

xsegrightj2);
77

78 % Estimate frequency and amplitude by using zero ...
crossings of x:

79 Frequency(j−jstart+1) = ...
3/(2*(tzerorightj2−tzeroleftj2));

80 Amplitude(j−jstart+1) = abs(maxminALL(j, 2));
81 end
82

83 % Plot timeseries, smoothed timeseries, and maxima/minima for ...
improved average

84 figure(1)
85 set(1, 'Position', [300 50 600 500])
86 plot(t, x, '−g', t, x f, '−b',...
87 t(maxtab(:,1)), maxtab(:,2),'og',...
88 t(mintab(:,1)), mintab(:,2),'or');
89 hold on;
90 FontSize=12;
91 xlabel('Time [s]','FontSize',FontSize);
92 ylabel('Displacement [mm]','FontSize',FontSize);
93 legend('measured','LP−filtered','maxima','mimina');
94 % AddZeroLine: adapts to x limits of current axes
95 AddZeroLine = plot(get(gca,'xlim'), [0 0]);
96 grid on
97

98 end



50 APPENDIX C. CONVERT TIME DATA TO BACKBONE DATA

FindZeroCrossing.m

The first zero-crossing of a time serie is found.
Function used by Exp FreeDecay FreqAmp.m, created by Jon Juel Thomsen, June
27th 2013. The error message is turned of due to the possibility of the first
two peaks being both positive or both negative after use of the low-pass filter
in Exp FreeDecay FreqAmp.m.

1 function t0 = FindZeroCrossing(t,x)
2 % Find the first zero−crossing zero of a timeseries ...

(t(j),x(j)), j = 1,n
3 %
4 % Jon Juel Thomsen, 27.6.2013
5 n=size(t,1);
6 for j=2:n
7 if x(j)*x(j−1) <= 0 % means the zero is between t(j−1) and t(j)
8 t0 = t(j) − x(j)/(x(j)−x(j−1))*(t(j)−t(j−1)); % Linearly ...

interpolate to find t0
9 return

10 end
11 end
12 t0 = 0;
13 % msgbox('##ERROR[function FindZeroCrossing]: No zero located ...

','Error','error','modal');
14 end

peakdet.m

The location and values of peak values of a time serie are found.
Function used by Exp FreeDecay FreqAmp.m, created by Eli Billauer, April 3th

2005.

1 function [maxtab, mintab]=peakdet(v, delta, x)
2 %PEAKDET Detect peaks in a vector
3 % [MAXTAB, MINTAB] = PEAKDET(V, DELTA) finds the local ...

maxima and minima ("peaks") in the vector V. MAXTAB and ...
MINTAB consists of two columns. Column 1 contains indices ...
in V, and column 2 the found values.

4 %
5 % With [MAXTAB, MINTAB] = PEAKDET(V, DELTA, X) the ...

indices in MAXTAB and MINTAB are replaced with the ...
corresponding X−values.

6 %
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7 % A point is considered a maximum peak if it has the ...
maximal value, and was preceded (to the left) by a value ...
lower by DELTA.

8 %
9 % Eli Billauer, 3.4.05 (Explicitly not copyrighted).

10 % This function is released to the public domain; Any use is ...
allowed.

11 maxtab = [];
12 mintab = [];
13

14 v = v(:); % Just in case this wasn't a proper vector
15

16 if nargin < 3
17 x = (1:length(v))';
18 else
19 x = x(:);
20 if length(v)˜= length(x)
21 error('Input vectors v and x must have same length');
22 end
23 end
24

25 if (length(delta(:)))>1
26 error('Input argument DELTA must be a scalar');
27 end
28

29 if delta <= 0
30 error('Input argument DELTA must be positive');
31 end
32

33 mn = Inf; mx = −Inf;
34 mnpos = NaN; mxpos = NaN;
35

36 lookformax = 1;
37 for i=1:length(v)
38 this = v(i);
39 if this > mx, mx = this; mxpos = x(i); end
40 if this < mn, mn = this; mnpos = x(i); end
41

42 if lookformax
43 if this < mx−delta
44 maxtab = [maxtab ; mxpos mx];
45 mn = this; mnpos = x(i);
46 lookformax = 0;
47 end
48 else
49 if this > mn+delta
50 mintab = [mintab ; mnpos mn];
51 mx = this; mxpos = x(i);
52 lookformax = 1;
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53 end
54 end
55 end



Appendix D

Hypothesis visualization

Additional hypothetical backbones with associated frequency-amplitude curves to
visualize the suggested hypothesis for the measurements of Figs.4.5d and 4.5b.
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Figure D.1: Hypothetical backbones with associated frequency-amplitude curves
to indicate how the bi-stability could be explained. The vertical lines (1) to (5)
represent the same settings and response. The small perpendicular lines in the
bottom 5 graphs indicate the intersection with the vertical line which corresponds
to the top graph.
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Figure D.2: Hypothetical backbones with associated frequency-amplitude curves
to indicate how the bi-stability could be explained. The vertical lines (1) to (6)
represent the same settings and response. The small perpendicular lines in the
bottom 6 graphs indicate the intersection with the vertical line which corresponds
to the top graph.
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Appendix E

Measurement data

E.1 Hysteresis data for initial mechanical setup

All hysteresis data in the frequency-amplitude domain measured with the initial
setup.
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Date: 7-11-2013

Frequency [Hz]: Frequency [Hz]:
Input voltage [mVrms]: Input voltage [mVrms]:
Measurement direction: Up  Down  Up  Down  Measurement direction: Up  Down  Up  Down  

80 405 406 150 192 193 410 390
82 418 417 152 204 207 430 423
84 437 433 154 222 224 460 492
86 466 452 156 245 246 505 503
88 497 476 158 273 269 554 513
90 96 94 534 512 160 307 302 608 563
92 102 100 590 583 162 347 347 667 597
94 109 108 668 665 164 406 415 731 661
96 120 122 813 791 166 509 512 799 730
98 143 148 949 981 168 628 634 879 820

100 185 190 1190 1220 170 762 767 960 911
102 259 270 1300 1260 172 911 910 1060 1010
104 471 531 1380 1260 174 1050 1050 1160 1110
106 900 945 1440 1220 176 1175 1170 1250 1200
108 1180 520 1280 1280 178 1270 362 1340 1300
110 1330 246 1470 1460 180 250 250 1430 1370
112 1440 140 1550 590 182 185 185 1540 1460
114 1500 101 1630 481 184 1620 1550
116 1560 87 1720 404 186 1690 1630
118 85 79 1790 340 188 1760 432
120 73 73 1860 283 190 1830 366
122 1910 240 192 1880 294
124 1980 206 194 1940 259
126 2030 178 196 2000 226
128 2080 201 198 2050 193
130 2120 156 200 2110 163
132 2150 160 202 2110 135
134 2220 119 204 2200 130
136 2280 89 206 2340 137
138 2310 97 208 2360 183
140 2350 105 210 2400 172
142 2390 103 212 2450 166
144 2380 96 214 2450 151
146 2400 92 216 2560 138
148 2470 85 218 2620 127
150 101 84 220 2660 116
152 89 85 222 109 109
154 83 83 224 103 103

Date: 8-11-2013

Frequency [Hz]: Frequency [Hz]:
Input voltage [mVrms]: 146 1260 246
Measurement direction: Up  Down  148 1300 224

110 221 281 150 1400 231
112 243 405 152 1470 215
114 290 492 154 1510 208
116 345 476 156 1530 209
118 387 526 158 1590 206
120 447 535 160 1680 196
122 505 556 162 1730 192
124 514 610 164 1780 193
126 557 732 166 1860 188
128 642 834 168 1900 187
130 738 871 170 1950 185
132 747 909 172 1990 187
134 835 999 174 2030 185
136 868 1020 176 175 179
138 954 350 178 172 172
140 1060 295
142 1120 261
144 1190 247

Amplitude [mVrms]: Amplitude [mVrms]:
100 500

Amplitude [mVrms]:
100

Amplitude [mVrms]:
Continuation

500100



Date: 9-11-2013

Frequency [Hz]: Amplitude [mVrms]: Frequency [Hz]: Amplitude [mVrms]: Frequency [Hz]: Amplitude [mVrms]:
Measurement direction: Up  Measurement direction: Up  Measurement direction: Up  

182 1310 63 50 191 25
184 1330 70 104 192 24
185 1335 75 125 193 19
186 1340 80 148 194 18
187 1345 90 239 195 15
188 1360 100 434 196 168
189 1355 110 600 197 232
190 22 120 737 198 254
195 18 130 851 199 269
200 268 140 949 200 279
210 398 150 1040
220 490 160 1120
230 586 170 1210
240 665 175 1250
250 735 180 1290
260 798 182 1310
270 853 184 1330
275 877 186 1350
280 900 187 1350
282 922 188 1360
283 924 189 1350
284 925 190 22
285 9
290 9
300 8
310 8
320 7
330 8

Frequency [Hz]: Amplitude [mVrms]: Frequency [Hz]: Amplitude [mVrms]:
Measurement direction: Down Measurement direction: Down

185 17 292 9
180 16 280 10
175 18 270 11
170 19 260 12
165 20 250 20
160 20 240 10
155 22 230 10
150 24 220 12
145 26 210 16
140 31 208 10
135 34 206 11
130 45 204 18
125 56 202 18
120 67 201 324
115 98
113 121
111 148
110 165
109 189
108 560
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E.2 Phase-Gain data for initial mechanical setup

All measurements are measured in an up sweep for the phase unless stated other-
wise.



Date:

Phi [deg]
Assumed Eigenfrequency
Parametric frequency
Direct input [mVrms]
Parametric input [mVrms]

Unpumped Unpumped Unpumped Unpumped Unpumped

0 646 618 684 658 1225 1300 1190 1200 992 991
15 645 683 1245 1180 982
30 640 676 1250 1170 966
45 633 667 1320 1160 947
60 625 661 1200 1140 928
75 611 644 1205 1110 904
90 605 634 1200 1080 900

105 607 642 1195 1040 896
120 622 653 1185 887
135 637 663 1205 881
150 646 665 1185 873
165 655 671 1210 1200 865
180 658 637 674 651 1235 1250 1190 1210 854 830
195 663 676 1280 1180 820
210 661 675 1265 1170 805
225 657 668 1190 1150 795
240 647 657 1190 1130 784
255 636 645 1205 1110 782
270 626 636 1200 1080 783
285 632 645 1195 1040 785
300 648 662 1220 786
315 657 676 1220 785
330 668 685 1210 781
345 672 686 1240 1190 774
360 676 653 687 665 1255 1220 1180 1200 764 743

Phi [deg]
Assumed Eigenfrequency
Parametric frequency
Direct input [mVrms]
Parametric input [mVrms]

Unpumped Unpumped Unpumped Unpumped
0 612 610 614 593 1035 1050 1080 1050

15 616 633 1035 1030
30 615 646 1035 996
45 613 652 1040 953
60 612 651 1050 925
75 610 647 1050 885
90 603 635 1060 862

105 597 616 1060 867
120 593 588 1060 910
135 590 551 1060 968
150 592 533 1050 1030
165 594 580 1050 1080
180 600 598 608 586 1040 1055 1110 1050
195 601 626 1050 1050
210 605 640 1050 1010
225 606 645 1050 967
240 604 646 1060 932
255 601 639 1060 904
270 597 629 1065 888
285 595 610 1070 893
300 591 582 1065 928
315 589 541 1065 978
330 589 518 1060 1040
345 593 565 1060 1090
360 597 594 593 568 1050 1060 1120 1050

Amplitude [mVrms]

Down sweep

Amplitude [mVrms]

140
280
100
150

80 400
100

106
212

100
10

100
400

133
266

100

175
350

7-11-2013

400
100

1000
500



Date:

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVrms]
Parametric input [mVrms]

Unpumped Unpumped Unpumped

0 656 671 892 903 1020 1000
15 687 920 1040
30 734 963 988
45 758 851 968
60 763 852 974
75 761 868 993
90 759 884 1000

105 699 897 1020
120 677 915 1030
135 670 922 1040
150 669 928 1040
165 663 919 1030
180 686 723 903 909 1020 1020
180 709 733 928 923
195 723 969
210 766 910
225 800 895
240 816 893
255 821 908
270 813 925
285 759 937
300 734 955
315 720 960
330 713 968
345 708 962
360 732 763 951 948

Date:

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVrms]
Parametric input [mVrms]

Unpumped Unpumped Unpumped Unpumped Unpumped
0 471 456 336 297 401 420 376 392 654 630

15 472 336 399 377 656
30 473 323 394 372 649
45 479 312 406 376 632
60 481 291 422 387 615
75 474 278 434 400 616
90 442 271 439 406 594

105 430 276 439 406 586
120 418 292 431 402 592
135 417 309 417 391 606
150 420 323 405 382 622
165 434 325 394 377 633
180 449 438 323 286 393 410 379 396 633 628
180 454 437 323 287 391 409 377 395 643 626
195 454 324 392 380 637
210 455 314 388 374 636
225 458 292 400 379 633
240 456 275 414 395 616
255 448 265 426 409 598
270 428 263 432 413 584
285 406 271 433 410 571
300 394 280 428 406 578
315 398 301 413 396 590
330 406 314 396 387 599
345 419 320 388 380 597
360 428 427 320 290 388 405 381 398 609 585

500
1000

85

83
Amplitude [mVrms]

77 89 94
1000
2000

9-11-2013

83

90

Amplitude [mVrms]

Down sweep

85

1000
500

8-11-2013



Date:

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVp-p]
Parametric input [mVp-p]

Unpumped Unpumped Unpumped Unpumped Unpumped

0 428 416 487 510 490 493 976 979 975 980
15 453 502 503 979 977
30 469 515 514 982 980
45 479 521 523 983 981
60 486 525 524 984 979
75 487 528 523 983 979
90 486 526 521 980 976

105 480 516 516 976 972
120 467 510 509 971 967
135 452 504 500 968 964
150 432 495 487 966 963
165 466 473 466 967 977
180 487 494 444 507 445 982 976
180 499 494 499 506
195 517 510 409 986 978
210 530 521 376 988 980
225 542 528 352 989 981
240 547 533 337 989 982
255 548 533 338 988 979
270 543 530 349 985 977
285 536 518 357 980 971
300 524 509 383 976 966
315 510 499 418 973 963
330 489 485 440 971 962
345 450 465 464 971 976
360 537 530 438 504 480 486 984 987 975 980

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVp-p]
Parametric input [mVp-p]

Unpumped Unpumped Unpumped Unpumped

150 735 757 736 758
151 735 737
152 736 737
153 736 737
154 737 751
155 737 750
156 738 750
157 739 750
158 741 749
159 748 749
160 748 756 749 759

340 964 985 962 980
341 964 963
342 964 978
343 964 977
344 964 977
345 964 977
346 965 977
347 967 977
348 970 977
349 978 977
350 979 984 977 984

Down sweep

4000

Down sweep

Amplitude [mVrms]

Down sweep

115 135
2000

106

106
100 135

2000
4000

Down sweep

Amplitude [mVrms]

10-11-2013

106



Date:

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVp-p]
Parametric input [mVp-p]

Unpumped Unpumped Unpumped Unpumped
0 152 155 485 486 344 366 560 561

15 150 482 325 555
30 149 474 310 548
45 150 471 303 546
60 151 488 313 549
75 153 499 324 555
90 154 509 363 559

105 155 514 367 561
120 154 517 372 565
135 153 518 367 562
150 151 516 362 561
165 151 510 354 557
180 149 151 502 503 342 362 552 552
195 149 495 320 544
210 149 488 304 541
225 149 478 299 542
240 151 491 303 542
255 153 501 311 545
270 155 510 322 546
285 156 514 338 548
300 154 515 347 543
315 153 516 347 538
330 151 512 340 534
345 150 506 326 529
360 146 148 500 506 308 322 519 519

Date:

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVp-p]
Parametric input [mVp-p]

Unpumped Unpumped Unpumped Unpumped
0 705.000 716 716.000 727 677.000 684

20 714.000 714 716.000 675.000 684
40 710.000 715 722.000 684.000 685
60 711.000 717 721.000 682.000 684
80 711.000 716 720.000 682.000 686

100 709.000 716 719.000 682.000 687
120 707.000 716 717.000 681.000 687
140 707.000 716 716.000 682.000 688
160 708.000 717 715.000 682.000 690
180 707.000 718 714.000 682.000 691
200 721.000 721 714.000 681.000 690
220 717.000 721 719.000 691.000 692
240 715.000 719 718.000 690.000 693
260 716.000 721 717.000 688.000 693
280 716.000 723 716.000 688.000 688
300 716.000 723 714.000 688.000 694
320 716.000 724 713.000 688.000 696
340 715.000 724 712.000 686.000 697
360 716.000 725 712.000 721 688.000 696

180 729 739 720 734
185 728 721
190 727 722
195 727 736
200 726 734
205 725 733
210 726 733
215 725 732
220 723 732
225 717 733
230 710 733
235 703 732
240 696 731
245 733 732
250 732 734 732 729

Down sweep

128

1000
5000

145

348 352 378 382
355 378 385

150

14-11-2013

3000
6000

Amplitude [mVrms]

11-11-2013

Amplitude [mVrms]

348



Date:

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVp-p]
Parametric input [mVp-p]

Unpumped Unpumped Unpumped Unpumped Unpumped
0 972.000 975 923.000 914 956.000 944 638.000 643 660.000 668

10 983.000 915.000 947.000 637.000
20 986.000 911.000 942.000 635.000 660
30 984.000 907.000 939.000 634.000
40 981.000 905.000 938.000 632.000 658
50 977.000 903.000 937.000 630.000
60 973.000 902.000 937.000 627.000 659
70 970.000 902.000 936.000 627.000
80 967.000 902.000 935.000 626.000 659
90 965.000 903.000 935.000 625.000

100 963.000 903.000 935.000 624.000 658.000
110 962.000 904.000 935.000 625.000
120 960.000 905.000 936.000 626.000 663.000
130 958.000 905.000 937.000 627.000
140 958.000 906.000 939.000 628.000 669.000
150 958.000 909.000 941.000 629.000
160 961.000 915.000 943.000 627.000 667.000
170 966.000 929.000 950.000 623.000
180 973.000 921.000 959.000 620.000 662.000
190 984.000 914.000 950.000 618.000
200 985.000 910.000 945.000 617.000 660.000
210 981.000 905.000 942.000 615.000
220 979.000 900.000 939.000 612.000 659.000
230 977.000 899.000 937.000 609.000
240 976.000 897.000 935.000 608.000 659.000
250 973.000 897.000 934.000 607.000
260 970.000 898.000 934.000 607.000 659.000
270 968.000 899.000 934.000 606.000
280 966.000 900.000 935.000 607.000 659.000
290 963.000 900.000 935.000 607.000
300 962.000 901.000 935.000 608.000 662.000
310 961.000 901.000 937.000 609.000
320 960.000 903.000 938.000 609.000 669.000
330 960.000 907.000 941.000 607.000
340 961.000 912.000 944.000 605.000 666.000
350 964.000 923.000 951.000 601.000
360 971.000 976 915.000 906 958.000 944 598.000 599 660.000 666

-
-

160 110
140195 183 170 155

20-11-2013

Amplitude [mVrms]



Date:

Phi [deg]
Assumed Eigenfrequency
Direct frequency
Direct input [mVp-p]
Parametric input [mVp-p]

Unpumped Unpumped Unpumped Unpumped
0 766.000 774 964.000 960 785.000 788 769.000 772

10 764.000 962.000 767.000
20 762.000 961.000 784.000 765.000
30 760.000 960.000 764.000
40 760.000 959.000 782.000 762.000
50 761.000 959.000 762.000
60 763.000 959.000 782.000 760.000
70 764.000 960.000 761.000
80 765.000 961.000 781.000 761.000
90 765.000 962.000 761.000

100 768.000 965.000 780.000 761.000
110 773.000 965.000 761.000
120 779.000 964.000 780.000 762.000
130 776.000 962.000 764.000
140 773.000 960.000 789.000 768.000
150 770.000 959.000 772.000
160 768.000 960.000 792.000 768.000
170 766.000 966.000 764.000
180 763.000 969.000 786.000 762.000
190 760.000 965.000 760.000
200 758.000 963.000 784.000 759.000
210 757.000 962.000 759.000
220 757.000 960.000 781.000 758.000
230 760.000 960.000 758.000
240 762.000 960.000 782.000 757.000
250 765.000 960.000 757.000
260 767.000 959.000 780.000 757.000
270 769.000 961.000 758.000
280 772.000 964.000 777.000 757.000
290 779.000 966.000 756.000
300 788.000 964.000 778.000 756.000
310 782.000 961.000 757.000
320 775.000 957.000 786.000 760.000
330 770.000 955.000 764.000
340 767.000 956.000 789.000 758.000
350 763.000 962.000 753.000
360 759.000 763 964.000 964 783.000 786 750.000 751

-
-

21-11-2013

Amplitude [mVrms]
110 120

150 170 150



E.3. PHASE-GAIN DATA FOR IMPROVED MECHANICAL SETUP 67

E.3 Phase-Gain data for improved mechanical

setup

All measurements in the phase-gain domain for with the new setup.



Prestretching: none
Measured frequency [Hz]: 22
Input amplitudes [Vrms]: 3-3 direct-parametric
Unpumped amplitude [Vrms]: 3.38

Phi [deg]
Sweep direction

0 3.78 3.75 3.85 3.81 3.84 3.85
10 3.77 3.74 3.84 3.8 3.83 3.84
20 3.75 3.72 3.83 3.78 3.81 3.82
30 3.73 3.72 3.8 3.75 3.78 3.8
40 3.7 3.69 3.77 3.72 3.75 3.76
50 3.65 3.65 3.73 3.67 3.72 3.72
60 3.61 3.61 3.68 3.62 3.67 3.67
70 3.55 3.55 3.62 3.56 3.61 3.62
80 3.49 3.49 3.56 3.51 3.55 3.56
90 3.42 3.42 3.5 3.43 3.5 3.49

100 3.36 3.36 3.44 3.35 3.35 3.42
110 3.28 3.29 3.36 3.5 3.56 3.55
120 3.2 3.2 3.29 3.6 3.65 3.65
130 3.12 3.12 3.21 3.66 3.71 3.71
140 3.04 3.03 3.13 3.71 3.76 3.76
150 2.9 2.9 2.99 3.75 3.8 3.79
160 0.9 0.9 0.9 3.76 3.83 3.81
170 0.9 0.9 0.8 3.77 3.84 3.82
180 1 1 0.9 3.77 3.84 3.81

90 3.51 3.51 3.5 3.51
92 3.5 3.5 3.49 3.5
94 3.49 3.49 3.48 3.48
96 3.47 3.47 3.46 3.47
98 3.46 3.46 3.45 3.45

100 3.45 3.44 3.39 3.4
102 3.43 3.43 3.46 3.46
104 3.42 3.42 3.49 3.49
106 3.4 3.4 3.52 3.52
108 3.39 3.39 3.55 3.55
110 3.37 3.38 3.56 3.56
112 3.35 3.36 3.58 3.58
114 3.34 3.35 3.61 3.6
116 3.32 3.33 3.62 3.63
118 3.31 3.32 3.65 3.65
120 3.3 3.3 3.66 3.66

Amplitude [Vrms]
Up Down



Prestretching: minimal
Measured frequency [Hz]: 22.7
Input amplitudes [Vrms]: 3-3 direct-parametric
Unpumped amplitude [Vrms]: 3.31

Phi [deg] Amplitude [Vrms] Phi [deg] Amplitude [Vrms] Phi [deg] Amplitude [Vrms]
Sweep direction Up Sweep direction Down Sweep direction Up

0 3.62 0 3.69 90 3.38
10 3.63 10 3.7 100 3.29
20 3.62 20 3.68 110 3.17
30 3.61 30 3.66 116 3.08
40 3.59 40 3.63 117 1.73
50 3.53 50 3.6 118 1.68
60 3.5 60 3.55 119 1.61
70 3.44 70 3.49 120 1.57
80 3.39 80 3.43 121 1.55
90 3.31 90 3.35 123 1.45

100 3.22 100 3.26 125 1.4
110 3.12 110 3.15 130 1.28
120 2.99 120 3.02 140 1.11
125 2.85 130 3.34 150 0.99
130 1.35 140 3.51
133 1.3 150 3.59
140 1.18 160 3.62
150 1.05 170 3.65
160 0.99 180 3.66
170 1.01 190 3.66
180 1.1
190 1.3
195 1.47
196 3.62
200 3.61

Phi [deg] Amplitude [Vrms] Phi [deg] Amplitude [Vrms] Phi [deg] Amplitude [Vrms]
Sweep direction Down Sweep direction Up Sweep direction Up

120 1.43 90 3.38 150 0.97
125 1.33 95 3.36 160 0.91
129 1.23 100 3.31 170 0.92
130 3.41 105 3.27 180 0.98
140 3.56 110 3.23 190 1.1
150 3.65 115 3.16 195 1.18
160 3.68 120 3.15 200 1.29
170 3.71 122 3.07 205 1.43
180 3.71 124 3 210 1.62

125 1.2 215 3.72
130 1.12 220 3.7
140 1.02
150 0.93



Prestretching: medium
Measured frequency [Hz]: 27.3
Input amplitudes [Vrms]: 3-3 direct-parametric
Unpumped amplitude [Vrms]: 2.64

Phi [deg] Phi [deg]
Sweep direction Sweep direction

0 3.39 3.4 150 1.3 1.25 1.24 1.19
10 3.43 3.48 160 1.26 1.23 1.21 1.16
20 3.47 3.51 170 1.3 1.26 1.25 1.22
30 3.48 3.52 178 3
40 3.47 3.51 180 1.5 1.4 3.33 3.3
50 3.44 3.49 190 1.86 1.63 3.52 3.49
60 3.38 3.43 192 1.7
70 3.29 3.35 197 1.86
80 3.19 3.22 199 2.01
90 3.04 3.06 200 3.56 3.59 3.56 3.6

100 2.86 2.83 210 3.57 3.6 3.57 3.61
110 2.55 2.34
120 2.14 1.9
130 1.77 1.64
140 1.56 1.48
150 1.44 1.36
160 1.41 1.33
170 1.55 1.41
180 3.41 3.4

Prestretching: maximum
Measured frequency [Hz]: 29.5
Input amplitudes [Vrms]: 3-6 direct-parametric
Unpumped amplitude [Vrms]: 2.67 2.59

Phi [deg]
0 2.81 2.76 2.8

10 2.92 2.83 2.84
20 3 2.9 2.87
30 3.02 2.93 2.88
40 3.01 2.92 2.89
50 3 2.91 2.88
60 2.98 2.85 2.84
70 2.92 2.81 2.75
80 2.85 2.69 2.61
90 2.69 2.57 2.49

100 2.49 2.48 2.39
110 2.29 2.35 2.28
120 2.19 2.27 2.21
130 2.24 2.25 2.23
140 2.32 2.32 2.32
150 2.34 2.4 2.4
160 2.43 2.47 2.43
170 2.59 2.6 2.55
180 2.75 2.76 2.76

Amplitude [Vrms]

Amplitude [Vrms]
Up Up Down

Amplitude [Vrms]
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