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Abstract
Advanced Turbulent Combustion Modeling for Gas Turbine Application

The numerical modeling of reactive flows for industrial applications has gained a
continuous growth of interest in the last few decades. This especially applies to
the design of applications for which experimental investigations are complex and
expensive, such as gas turbines burners. Numerical simulation is foreseen to pro-
vide a tremendous increase in gas turbine combustors design efficiency and qual-
ity over the next future. However, the numerical simulation of modern stationary
gas-turbine combustion systems represents a very challenging task. The interac-
tion of turbulence, chemical reactions and thermodynamics in reactive flows is of
exceptional complexity. The detailed simulation of the entire practical combustion
equipment remains still prohibited in the next few decades, because of current and
future limitations in computing power. This problem asks for a special treatment
in the modeling of combustion chemistry, and its interaction with turbulence as
well. To achieve a profound understanding of turbulent premixed combustion,
the Flamelet-Generated Manifold (FGM) technique is adopted in this work. The
approach of FGM is based on the idea that the most important aspects of the
internal structure of the flame front should be taken into account. In this view,
a low-dimensional chemical manifold is created on the basis of one-dimensional
flame structures, including nearly all of the transport and chemical phenomena
as observed in three-dimensional flames. In addition, the progress of the flame is
generally described by transport equations for a limited number of control vari-
ables.

In the present dissertation, the FGM technique is implemented and progres-
sively developed for the inclusion of all the features that are typically observed
in stationary gas-turbine combustion. These include stratification effects, heat loss
and turbulence. Along this process, the model validity is investigated by compar-
ison with experimental data or detailed chemistry results.

Initially the FGM technique is implemented in the context of laminar flame
simulations. The method is applied for increasing levels of complexity and subse-
quently validated against detailed chemistry simulations. The FGM results appear
in excellent agreement with detailed chemistry computations from a qualitative
and quantitative point of view. The technique shows great benefits in terms of
calculation time and stability of the simulation if compared to detailed chemistry.
Furthermore, differential diffusion effects are included in the method, for the sim-
ulation of flames which are characterized by intense thermal-diffusive instabilities,
such as in hydrogen combustion.

Thereon, the FGM chemistry reduction method is extended and applied to pre-
mixed turbulent flame simulations, by coupling it with Large Eddy Simulation
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(LES) and Reynolds Averaged Navier Stokes (RANS) models. The turbulence-
chemistry interaction is taken into account by means of a presumed probability
density function model. This implementation of FGM is therefore applied for the
simulation of a number of test cases, and validated by comparison with experi-
mental data. The validation is performed on a collection of lab scale gas-turbine
like burners, in combination with high velocities, inlet temperatures and pres-
sures. The method is shown to capture in a coherent way the combustion features,
leading to a representative prediction of the flame features. The use of FGM as a
combustion model shows that the combustion phenomena in gas turbine condi-
tions can be reproduced with a limited computational effort.

In the final part of this thesis, the adequateness of the presumed Probability
Density Function (PDF) model for the sub-grid turbulence-chemistry interaction
is clarified. Usually in combustion a β-PDF shape is adopted because of its ca-
pability of modeling Gaussian like distributions as well as a bi-modal behavior
which is typical of reactive flows. The appropriateness of the application of such
presumed PDF model to premixed flames is analyzed for both methane and hydro-
gen flames. A comprehensive investigation of the probability density distribution
is performed by processing three-dimensional Direct Numerical Simulation (DNS)
results performed with detailed chemistry. The total error of the presumed β-PDF
is found to be comparable for the two fuels. However, the error is shown to be
more consistent in methane flames.

In conclusion, the turbulent combustion model described, implemented and
validated in the present dissertation is expected to retain most of the physical
accuracy of a detailed simulation while drastically reduces its computational time,
paving the way for new developments of alternative fuel usage in a cleaner and
more efficient combustion.



Samenvatting
Advanced Turbulent Combustion Modeling for Gas Turbine Application

De belangstelling voor het numeriek modelleren van reagerende stromingen is de
afgelopen decennia gestaag gegroeid. Dit geldt met name voor de ontwikkeling
van toepassingen waarin experimenteel onderzoek complex en duur is, zoals bij-
voorbeeld in branders van gasturbines. Aangenomen wordt dat numerieke sim-
ulatie van verschillende gasturbinebranders een grote toename in efficiëntie en
kwaliteit te weeg kan brengen in de nabije toekomst. Echter, het uitvoeren van
numerieke simulaties voor moderne stationaire gasturbinebranders is een zeer
uitdagende taak. De interactie tussen turbulentie, chemische reacties en thermo-
dynamica in reagerende stromingen is uitzonderlijk complex.

De gedetailleerde simulatie van praktische verbrandingssystemen blijft de ko-
mende decennia onmogelijk, als gevolg van de huidige en toekomstige beperkin-
gen in rekenkracht. Dit probleem vergt een speciale aanpak in het modelleren
van verbrandingschemie en de interactie met turbulentie. Om een diepgaand
begrip van turbulente voorgemengde verbranding te vormen wordt in dit werk
de Flamelet-Generated Manifold (FGM) techniek gebruikt. De aanpak van FGM
is gebaseerd op het principe dat de belangrijkste aspecten van de interne struc-
tuur van het vlamfront in rekening gebracht moeten worden. Vanuit dit oog-
punt is een laag-dimensionaal chemisch manifold gemaakt op basis van eendi-
mensionale vlamstructuren waarin de transport en chemische verschijnselen, zoals
waargenomen in drie-dimensionale vlammen, zijn opgenomen. Bovendien wordt
de ontwikkeling van de vlam beschreven door transportvergelijkingen met slechts
een beperkt aantal controlevariabelen.

In dit proefschrift wordt de FGM techniek geïmplementeerd en geleidelijk door-
ontwikkeld doormiddel van toevoeging van alle kenmerken die van belang zijn
voor stationaire gas-turbine verbranding. Deze doorontwikkeling omvat effecten
door stratificatie, warmteverlies en turbulentie. Door het volgen van deze werk-
wijze wordt de geldigheid van het model onderzocht, gebaseerd op validatie met
aanwezige experimentele data of resultaten van berekeningen met gedetailleerde
chemie.

Aanvankelijk wordt de FGM techniek gebruikt voor simulatie van laminaire
vlammen. De methode wordt gebruikt voor verschillende problemen met toen-
emende complexiteit en vervolgens gevalideerd met berekeningen met gedetail-
leerde chemie. De FGM resultaten laten een uitstekende overeenkomst met sim-
ulatie van gedetailleerde chemie zien, zowel kwalitatief als kwantitatief. De FGM
techniek heeft grote voordelen wat betreft rekentijd en stabiliteit van de simu-
laties, in vergelijking met gedetailleerde chemie. Bovendien is differentiële dif-
fusie, welke wordt gekenmerkt door intense thermische diffusie-instabiliteiten, in
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de vlamsimulaties opgenomen. Dit is bijvoorbeeld belangrijk bij de verbranding
van waterstof.

Vervolgens is de FGM reductie-methode uitgebreid en toegepast in turbulente
voorgemengde vlamsimulaties, door FGM te koppelen van Large Eddy Simulation
(LES) en Reynolds Averaged Navier Stokes (RANS) modellen. De interactie van tur-
bulentie met chemie wordt in rekening gebracht met behulp van een aangenomen
kansdichtheidsfunctie. Deze implementatie van FGM is vervolgens toegepast voor
het simuleren van een aantal testcases, en gevalideerd door vergelijking met ex-
perimentele data. De validatie wordt uitgevoerd op een verzameling van funde-
mentele gasturbinebrander opstellingen, gekarakteriseerd door hoge snelheden,
inlaattemperaturen en drukken. De gebruikte methode laat zien dat verbrand-
ingskenmerken op een coherente manier bescheven worden, waardoor een repre-
sentatieve voorspelling van de vlamfuncties mogelijk is. Het gebruik van FGM
als verbrandingsmodel laat zien dat verbrandingsverschijnselen onder gasturbine
condities beschreven kunnen worden met een beperkte rekentijd.

In het laatste deel van dit proefschrift wordt de geschiktheid van de veron-
derstelde kansdichtheidsfuncties voor de sub-grid interactie van turbulentie met
chemie verduidelijkt. Normaal gesproken wordt in verbrandings toepassingen een
β-kansdichtheidsfunctie vorm aangenomen vanwege de mogelijkheid om zowel
een gaussische distributie als een bimodaal gedrag te beschrijven, welke typerend
zijn voor stromingen met verbranding. De geschiktheid van de toepassing van het
aangenomen kansdichtheidsfunctie voor voorgemengde vlammen wordt geanaly-
seerd voor zowel methaan als waterstof. Een uitgebreid onderzoek van de kans-
dichtheidsverdeling wordt bestudeerd door de verwerking van 3D-DNS met gede-
tailleerde chemie. De fout van de aangenomen β-kansdichtheidsfunctie is vergeli-
jkbaar voor beide brandstoffen. Echter, de fout is consistenter voor methaanvlam-
men.

Concluderend; het beschreven turbulente verbrandingsmodel, zoals geïmple-
menteerd en gevalideerd in dit proefschrift, blijkt het grootste deel van de nauw-
keurigheid van een gedetailleerde simulatie te behouden, terwijl de rekentijd dras-
tisch vermindert. Dit maakt de weg vrij voor nieuwe ontwikkelingen van schone
en efficiëntere branders voor de verbranding van alternatieve brandstoffen.



Sommario
Advanced Turbulent Combustion Modeling for Gas Turbine Application

Negli ultimi decenni si è osservato un costante aumento dell’interesse nella model-
lazione numerica di flussi reattivi per applicazioni industriali. Questa tendenza,
in particolare, si è vista per la progettazione di applicazioni ingegneristiche per le
quali indagini sperimentali non possano offrire studi esaurienti in quanto troppo
complesse e costose: la progettazione delle camere di combustione di macchine
turbogas, oggetto di studio in questa tesi, ne è un tipico esempio. Si prevede, in-
fatti, che l’utilizzo sistematico di simulazioni numeriche nel prossimo futuro possa
condurre ad importanti aumenti di qualità ed efficienza dei sistemi di combustio-
ne delle macchine turbogas, oltre che di contribuire a soddisfare le norme, sempre
più severe, in materia di emissioni nocive. Tuttavia, la modellazione numerica dei
moderni sistemi di combustione per turbogas stazionari rappresenta un problema
molto impegnativo da affrontare. L’interazione tra turbolenza, reazioni chimiche e
termodinamica tipica dei flussi reattivi è di notevole complessità. La simulazione
numerica dettagliata dell’intero sistema di combustione è attualmente impossibile,
e rimarrà tale per i prossimi decenni, a causa delle limitazioni nella potenza dei
sistemi di calcolo disponibili. Per questo motivo la ricerca ha impegnato notevoli
sforzi nello sviluppo di modelli e codici, in grado di modellare numericamente
i processi di combustione e la loro interazione con la turbolenza. Al fine di ot-
tenere una profonda comprensione della combustione premiscelata turbolenta, il
presente lavoro si occupa di un’analisi numerica mediante la tecnica denominata
Flamelet-Generated Manifold (FGM). L’approccio del modello FGM si basa sull’idea
che gli aspetti più importanti della struttura interna del fronte di fiamma debbano
essere presi in considerazione, in quanto fondamentali per la modellazione della
reazione chimica. In questa ottica, l’evoluzione chimica del processo viene pre-
calcolata sulla base di fiamme monodimensionali e successivamente raccolta in un
cosiddetto manifold, parametrizzato da un numero ridotto di dimensioni. In que-
sta maniera la maggior parte dei fenomeni chimici e di trasporto possono essere
inclusi per la modellazione di fiamme tridimensionali. Il progresso della reazione
è generalmente descritto da un numero limitato di variabili di controllo, per le
quali delle equazioni di trasporto vengono risolte durante la soluzione numerica.

Nella presente tesi di dottorato, il modello FGM viene implementato e gradual-
mente sviluppato con lo scopo finale di includere tutti i fenomeni che caratteriz-
zano il processo di combustione nei bruciatori di turbogas stazionari: vengono
inclusi tra gli altri la stratificazione del combustibile, le perdite di calore a parete,
alte pressioni ed un livello di turbolenza elevato. Contemporaneamente a questo
processo di implementazione, l’efficacia del modello viene studiata tramite un’ac-
curata validazione per mezzo di dati sperimentali o con risultati di simulazioni
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ottenute adottando la chimica dettagliata.
La tecnica FGM viene implementata inizialmente in un contesto laminare. Il

metodo è applicato per livelli di complessità crescente e, successivamente, vali-
dato con delle simulazioni ottenute utilizzando la chimica dettagliata. I risultati
ottenuti con il modello FGM si presentano in eccellente accordo con i risultati ot-
tenuti mediante chimica dettagliata, sia da un punto qualitativo che quantitativo.
Per di più, il modello mostra grandi benefici in termini di tempo di calcolo e stabi-
lità della simulazione rispetto alla chimica dettagliata. Successivamente anche gli
effetti della diffusione differenziale vengono inclusi nel modello, in quanto indi-
spensabili per la corretta simulazione di fiamme caratterizzate da forti instabilità
termo-diffusive, come ad esempio nella combustione di idrogeno.

In seguito, il modello di riduzione chimica FGM viene esteso ed applicato per
la simulazione di combustione premiscelata turbolenta, mediante il suo accoppia-
mento con i modelli LES e RANS. L’interazione tra turbolenza e chimica viene
modellata tramite l’utilizzo di una funzione di densità di probabilità presunta
(presumed PDF). Tale implementazione del modello viene quindi applicata per la
simulazione di vari casi di prova, e convalidata mediante un esteso confronto con
dati sperimentali. La validazione viene eseguita su un un numero di geometrie
rappresentanti le caratteristiche tipiche dei combustori di turbogas, quali ad esem-
pio elevate velocità, temperature e pressioni. Il metodo dimostra di catturare in
modo coerente le proprietà della combustione turbolenta, fornendo una corret-
ta rappresentazione delle caratteristiche di fiamma. I risultati dimostrano che la
combustione nelle condizioni tipiche dei turbogas può essere simulata in manie-
ra soddisfacente e con un ragionevole sforzo computazionale mediante l’utilizzo
della tecnica FGM.

Viene analizzata, infine, l’adeguatezza della modellazione dell’interazione tra
turbolenza e chimica tramite una funzione di densità di probabilità presunta. Per
questo scopo viene sovente utilizzata la funzione β, date le sue convenienti ca-
pacità di rappresentare sia distribuzioni gaussiane che bimodali, entrambi tipiche
dei flussi reattivi. L’adeguatezza dell’applicazione di tale modello per fiamme
premiscelate è chiarita mediante una dettagliata validazione per due differenti
combustibili: metano ed idrogeno. Tale indagine di validazione è eseguita me-
diante l’elaborazione di dati provenienti da simulazioni tridimensionali eseguiti
con chimica dettagliata.

Al termine del presente lavoro, si conclude che il modello di combustione tur-
bolenta, qui descritto, implementato e convalidato, mantenga la descrizione fisica
di una simulazione dettagliata e, allo stesso tempo, riduca drasticamente i tempi
di calcolo, fornendo così un nuovo metodo per lo sviluppo e la progettazione dei
moderni combustori, caratterizzati da una combustione più pulita ed efficiente.



1 Introduction
“Begin at the beginning,” the King said gravely, “and go on
till you come to the end: then stop.”

— Lewis Carroll, Alice in Wonderland

1.1 Motivation and Context
A predominant part of the energy needed by the world is obtained by the com-
bustion of fossil fuels. Although alternative sources are developing at a fast rate,
energy production by means of combustion is expected to remain prevailing in the
next decades, as depicted in Figure 1.1.1. This forecast especially applies to high
power density applications, such as gas turbines. By means of gas turbine power
plants, large scale, high efficiency, low cost and low emission energy production
is possible. One of the benefits of gas turbine machines is in fact their modular-
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ity and extreme flexibility. Heat recovery units add the ability to cooperate with
industry and provide steam for power or processes, or even supply district house
heating. This also highlights the fact that in modern combined cycle plants, ther-
mal efficiencies close to 60% are realized. Gas turbines, especially in combined
cycle applications, will continue to be the workhorses in the power generation
industry. Figures 1.1.2 illustrates a typical gas turbine machine in pictorial format.

In the design of a gas turbine, the combustion system plays a crucial role in de-
termining several engine operating characteristics. The main technological drivers
during the design of a modern gas turbine combustion system are: efficiency, pol-
lutant emissions, stability and ability to burn different fuels. Accomplishing an
advantageous balance of these key-points is a great engineering challenge. Con-
ventional combustion technical know-how is not sufficient in order to achieve these
concurring demands. However, the development of new techniques such as lean
premixed combustion have the potential to meet these strict requirements.

Figure 1.1.2: Siemens SGT-750 industrial gas turbine. Courtesy of Siemens Power Genera-
tion.

In industry the development of clean and efficient technologies for the combus-
tion process is achieved by a combination of experimental and numerical research.
Experiments are extremely expensive and time consuming as well, whereas mod-
ern engineering trends tend towards shorter and more efficient design cycles. A
great reduction of the costs could be made by maximizing the usage of simula-
tions in the design phase. These reasons, together with the persisting advance
in the computer technology, are sufficient to elucidate the phenomenal growth of
interest in Computational Fluid Dynamics (CFD) of reacting flows in the last few
decades.

Nevertheless, the numerical modeling of combustion systems still represents a
remarkably challenging task. The interaction of turbulence, chemical reactions
and thermodynamics in reacting flows is of exceptional complexity. In addition to
this, modern lean-premixed highly turbulent combustion is inherently unstable,
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Combustor Design Features

or basket, pilot
fuel is injected
to two fuel

etween the C-
premix pilot stage.
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injection holes in the swirler vanes, enhanced fuel/air mixing is achieved, thus reducing
the peak temperature of local hot spots that contribute to NOx production. In addition to
improved emissions, this design is capable of handling a wide range of fuel composition
and fuel temperature.

The ULN combustion system shown in Figure 1 comprises a combust
nozzle, support housing, C-stage fuel nozzle, and transition. Most of the
through eight main fuel nozzles in the support housing, which is divided in
stages of four main nozzles each. The remainder of the fuel is divided b
stage and the pilot. The pilot nozzle includes a diffusion stage and a

The premix pilot (D-stage) and the two main fuel stages (A and B stages
fuel injection (SFI) technology, which is the key design feature that enabl
bustor design to achieve sub-9ppm NOx emissions. By injecting fuel through multiple

Figure 1: Ultra-Low NOx combustor cross-section

Pilot Main Nozzle

Basket

Transition

C-stage

Figure 1.2.1: Ultra Low NOx (ULN) Siemens gas turbine combustor cross section. From
[Johnson et al., 2008].

requiring therefore additional effort in the modeling. This especially applies if
considering the combustion of alternative fuels, such as waste process derived gas
or the products of the gasification of coal or biomass.

The intent of this work is the development and implementation of a methodol-
ogy for the simulation of turbulent reacting flows, with principal (however non ex-
clusive) application to gas-turbine combustion. The ultimate goal is to predict the
combustion process of gas turbines including complex physical real fuel phenom-
ena with a modest computational cost. This requires a method in which different
fuels can be covered and heat loss and slow chemistry effects can be included. To
this end the promising technique of Flamelet-Generated Manifold is implemented
and extended in order to pave the way for new developments aiming for a cleaner
and more efficient combustion.

1.2 Purpose of This Study

The objective of this study is to develop a methodology for the simulations of
partially premixed turbulent combustion in gas-turbine conditions. The Flamelet-
Generated Manifold (FGM) technique is designated as combustion model, given
its phenomenal capabilities of reducing the computational costs while keeping a
high accuracy on the description of chemistry. A framework for the simulation of
the combustion process in stationary gas turbines is created by gradually including
all the phenomena characterizing such systems, including precise pollutant emis-
sions prediction. Such framework is developed in a high-performance, general
purpose fluid dynamics program, which is capable of handling industrial highly
complex geometries (see e.g. Figure 1.2.1).
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The development of such methodology needs to be achieved through a series
of implementations and careful validation steps. As first, the one-dimensional
FGM technique is implemented in the laminar context. The method is thereafter
extended for the inclusion of heat loss effects and mixture stratification, in fact
such effects are typically present and strongly affecting the combustion in gas tur-
bine burners. Subsequently, differentially diffusive phenomena are investigated
and taken into account in the model, with the purpose of extending it with the
capability of simulating thermal-diffusive unstable fuels such as hydrogen. The
modeling of differential diffusion by means of three dimensional FGM is challeng-
ing and still unexplored. Thereafter, turbulence is included to the model in LES
and RANS context and applied to gas turbine relevant geometries, including high-
pressure cases. The application of FGM for LES and RANS in complex geometry
with high temperatures, pressures, heat loss, mixture stratification and elevated
Reynolds number is still unexplored. Such a framework incorporates an unprece-
dented level of capabilities, ready to be employed in industry for efficient and
precise simulations of gas turbine combustion systems and design optimization
studies.

1.3 Outline of the Thesis
This doctoral dissertation is divided into six chapters. In the present first Chapter,
a general introduction and problem formulation is provided.

Chapter 2 introduces the basic concepts of turbulent premixed combustion, and
the underlying equations describing reacting flows are studied. An exhaustive
description of the mechanism by which fluid flow and chemistry interact is es-
sential before modeling laminar and turbulent premixed combustion. Relevant
chemical and turbulent scales are then identified and employed to classify turbu-
lent premixed combustion according to the leading physical processes. The main
modeling strategies for turbulent premixed reacting flows are then reviewed and
discussed.

The Flamelet-Generated Manifold reduction method derivation and its applica-
tion to laminar partially premixed flames is discussed in Chapter 3. The flamelet
equations are derived and their solution combined into chemical manifolds. The
FGMs are subsequently adopted in simulations of laminar flames with increasing
levels of complexity, and carefully validated by comparison with detailed chem-
istry simulations. Furthermore, the importance of differential diffusion effects is
discussed, analyzed and subsequently included in the model.

In Chapter 4 the method is extended for turbulence effects inclusion, by cou-
pling it with LES and RANS models. FGM is therefore implemented and applied
for the simulation of a number of test cases with increasing complexity, and val-
idated by comparison with experimental data. The probing cases are selected in
order to incorporate and possibly combine various challenging features such as
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complex geometries, high pressures, severe heat loss, mixture stratification and
high Reynolds number.

To the aim of clarifying the applicability of the presumed β-PDF approach
(which is employed in Chapter 4) to the modeling of turbulent premixed flames,
in Chapter 5 an investigation of the probability density distribution is performed
by processing 3D premixed hydrogen/air and methane/air flame computations
performed with detailed chemistry. An a priori comparison between the real and
modeled distribution is calculated in a point to point fashion.

At last, an overview of the thesis is presented in Chapter 6, together with the
principal concluding remarks and future recommendations.
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2 Theoretical Preliminaries
“Hofstadter’s Law: It always takes longer than you expect, even when
you take into account Hofstadter’s Law.”

— Douglas Hofstadter

An exhaustive description of the mechanism by which fluid flow and chemistry
interact is essential before modeling laminar and turbulent premixed combustion.
This chapter introduces the basic concepts of turbulent premixed combustion, and
the underlying equations describing reacting flows are studied. Relevant chemical
and turbulent scales are then identified and employed to classify turbulent pre-
mixed combustion according to the leading physical processes. The main mod-
eling strategies for turbulent premixed reacting flows are then reviewed and dis-
cussed.

2.1 Governing Equations of the Reacting Flow
Flames can be described by the transport equations of fluid and chemical compo-
sition. The fluid flow can be described by combining conservation equations for
mass, velocity and energy. Additionally, the chemical reacting part is described
by the evolution of the mass of the individual chemical species, and completed by
equations of state. A comprehensive derivation of the governing equations can be
found in several books, e.g. [Poinsot and Veynante, 2011; Williams, 1994].

General Conservation Equations

The continuity equation expresses the mass conservation

∂ρ

∂t
+∇ · (ρu) = 0. (2.1)

Here, ρ denotes the density of the mixture, u is the three dimensional velocity
vector and t the time.
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The momentum conservation is described by the Navier-Stokes equation

∂ (ρu)
∂t

+∇ · (ρuu) +∇ · τ+∇p− ρg = 0, (2.2)

with g the gravitational acceleration field, τ the stress tensor, and p the pressure.
No other body forces are considered in Eq. (2.2).

The energy conservation equation can be written in terms of either the specific
enthalpy h or internal energy e. Due to its convenience in the description of
reacting flows, here it will be written in terms of the specific enthalpy. In the
assumption of no volumetric heat sources it holds that

∂ (ρh)

∂t
+∇ · (ρuh) +∇ · q + τ : (∇u) −

Dp
Dt

= 0, (2.3)

where q is the heat flux. The last two terms of the left hand side represent the en-
thalpy production due to viscous dissipation and pressure variations, respectively.
The viscous term is often neglected in combustion applications due to its minor
importance. The varying composition of the reacting flow is taken into account by
the conservation of mass of all chemical species

∂ρi
∂t

+∇ · (ρiui) = ω̇i, i ∈ [1,Ns] (2.4)

with ρi the mass density of species i, Ns the total number of species, ui the
velocity of species i, and ω̇i the chemical source term of species i, representing
the formation or destruction by chemical reactions. The creation or destruction of
species i is directly coupled to a chemical reaction mechanism. Of course, chemical
reactions do not alter the total amount of mass, which means:

Ns∑
i=1

ω̇i = 0. (2.5)

The velocity of species i can be written as

ui = u + Ui, (2.6)

where Ui is the diffusion velocity of species i. The diffusion velocity is the devia-
tion of the velocity of species i from the bulk flow velocity u. Using Eq. (2.6) and
taking advantage of the definition of species mass fraction Yi

Yi =
ρi
ρ
, (2.7)

Eq. (2.4) can be recast as

∂(ρYi)

∂t
+∇ · (ρuYi) = −∇ · (ρUiYi) + ω̇i, i ∈ [1,Ns] . (2.8)
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This formulation is convenient in order to separate different physical effects. In
fact the terms of this equation represent respectively time-dependency, convection,
diffusion and chemical production. Furthermore, the summation of Equation (2.8)
over all the species, together with Equation (2.5) leads to the constraint:

Ns∑
i=1

Yiui = 0, (2.9)

denoting that the sum of the diffusion velocities is zero..

Thermal and caloric equation of state

The thermal equation of state relates the pressure to density, temperature and
the species mass fractions. In this system of equations, density, temperature and
species mass fractions are primitive variables and from these variables the pressure
follows. All species present in the flow are considered to behave like an ideal gas.
The ideal gas law for the partial pressure pi reads

pi = niR
0T (2.10)

with ni the molar concentration of species i, R0 the gas constant and T is the
temperature of the mixture. The thermodynamic pressure p follows therefore
from the summation

p =

Ns∑
i=1

pi =

Ns∑
i=1

ρR0T
Yi
Mi

, (2.11)

where it was used that

ni = nXi = nYi
M

Mi
= ρ

Yi
Mi

. (2.12)

Here, n is the molar concentration of the total gas mixture, Xi the species mole
fraction, Mi the molecular mass of species i and M the average molar mass, de-
fined as

M =

(
Ns∑
i=1

Yi/Mi

)−1

. (2.13)

The summation over the species enthalpies hi defines the total enthalpy of the
mixture h. The species enthalpies are given by the caloric equation of state

h =

Ns∑
i=1

Yihi, with hi = h
ref
i +

∫T
Tref

cp,i(T)dT, (2.14)
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where cp,i is the specific heat of species i at constant pressure. The enthalpy of
species i can be split in two parts: the enthalpy of formation hrefi at temperature
Tref and the thermal enthalpy (integral part of Eq. (2.14)). The parameter cp,i
is generally calculated in polynomial form [Burcat and McBride, 1993; Kee and
Miller, 1987; McBride et al., 1993],

cp,i

R0
=

5∑
n=1

bniT
n−1. (2.15)

The coefficients bni are stored in tabulated form. The specific heat of the mixture
is the average specific heat of all species weighted by the species mass fractions

cp =

Ns∑
i=1

Yicp,i. (2.16)

Transport models

The viscous stress tensor can be modeled using Stokes’ law of friction, under the
assumption that the medium behaves as a single-component Newtonian fluid [Law,
2006]

τ = µ

(
∇u + (∇u)T −

2

3
(∇ · u)I

)
(2.17)

where µ is the dynamic viscosity of the mixture and I the unit tensor. The dif-
fusion velocity field Ui can be found from solving the so-called Stefan-Maxwell
equations [Bird et al., 2007],

∇Xi =
Ns∑
j=1

XiXj

Dij
(Uj − Ui) (2.18)

where the influence of pressure and temperature gradients on the diffusion ve-
locity (Soret effect) has been neglected. In this equation Dij is the binary mass
diffusion coefficient of species i into species j. The solution of the system of equa-
tions (2.18) is computationally very expensive. Therefore a simplified approach
based on Fick’s law is generally adopted

Ui = −
Di
Xi
∇Xi. (2.19)

In this equation, Di is the mixture-averaged diffusion coefficient.
The heat flux vector for gas mixtures can be calculated using Fourier’s law

q = −λ∇T + ρ
Ns∑
i=1

UiYihi (2.20)
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where λ is the thermal conductivity of the mixture. This expression contains the
heat transport due to conduction and mass diffusion. By means of Eqs. (2.14),
(2.16) and (2.19), the heat flux can be rewritten to

q = −
λ

cp
∇h−

λ

cp

Ns∑
i=1

(
1

Lei
− 1

)
hi∇Yi (2.21)

where Lei is the Lewis number of species i. The Lewis number is a dimensionless
number that describes the ratio of thermal diffusivity (λ/cp) to the species mass
diffusivity (ρDi),

Lei =
λ

ρDicp
. (2.22)

In the case of Le = 1 mass and heat diffuse at an equal rate in the flame. On
the opposite, when Le is not equal to one, species and heat locally redistribute.
This phenomenon is also referred to as differential diffusion [Matalon, 2007]. The
vast majority of turbulent combustion models assume Lei = constant, which is a
fairly valid assumption for fuels such as methane [Smooke and Giovangigli, 1991].

The dynamic viscosity can be modeled by a mixture averaged approach. The
Wilke formula determines the mixture viscosity coefficient in terms of the mass
fractions [Wilke, 1950]:

µ =

Ns∑
i=1

Yiµi

Mi

(∑Ns
j=1

Yjφij
Mij

) (2.23)

and

φij =
1√
8

(
1+

Mi
Mj

)− 1
2

[
1+

(
µi
µj

) 1
2
(
Mj

Mi

) 1
4

]2
. (2.24)

The mixture thermal conductivity λ and the mixture-averaged diffusion coefficient
Di of species i are given in terms of mass fractions [Kee, Coltrin, et al., 2003],
respectively:

λ =
1

2

M Ns∑
i=1

Yiλi
Mi

+

(
M

Ns∑
i=1

Yi
Miλi

)−1
 (2.25)

and

Di =
1− Yi

M̄
(∑Ns

j6=1
Yi

MiDij

) . (2.26)

The mixture averaged dynamic viscosity and conductivity depend on both tem-
perature and composition of the mixture in a complex way. In the vast majority
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of CFD codes simplified formulations (e.g. [Smooke, 1991; Sutherland, 1983]) are
adopted in order to reduce the computational cost of the transport coefficients
calculation. However, the models as given in Eqs. (2.23)-(2.26) are considerably
more detailed than such simplified formulations. For this reason, the simula-
tions performed throughout this thesis make use of the models described in Eqs.
(2.23)-(2.26). This choice is additionally endorsed by the necessity of dealing with
different fuels, mixture fractions and pressures. Furthermore, in the FGM tech-
nique the transport coefficients calculation is performed only once during the pre-
processing, as explained in Chapter 3. This implies that the simulation time is
only marginally affected by this choice.

As a conclusive step, inserting the expression for the heat flux vector (Eq. (2.21))
into the conservation equations for enthalpy and species yields

∂ρh

∂t
+∇ · (ρuh) = ∇ ·

(
λ

cp
∇h
)
+∇ ·

(
λ

cp

Ns∑
i=1

(
1

Lei
− 1)hi∇Yi

)

+ ρu · g + τ : (∇u) +
dp
dt

(2.27)

and

∂(ρYi)

∂t
+∇ · (ρuYi) = ∇ ·

(
λ

Leicp
∇Yi

)
+ ω̇i. (2.28)

This format allows to clearly isolate preferential diffusion effects (i.e. Le 6= 1) in
both the equations for enthalpy and species mass fractions.

At this point it is convenient to introduce the definition of element mass fraction
Zj of element j:

Zj =

Ns∑
i=1

(
ajiMj

Mi

)
Yi =

Ns∑
i=1

wjiYi, with j ∈ [1,Ne] . (2.29)

Here aji denotes the number of atoms of j in species i, Mj the molar mass of
element j, Mi the molar mass of species i, Ne the number of elements and wji the
relative mass fraction of element j in species i. With this definition the conservation
of species (Eq. (2.28)) can be rewritten into the conservation of elements equation

∂(ρZj)

∂t
+∇ · (ρuZj) =

∇ ·
(
λ

cp
∇Zj

)
+∇ ·

(
λ

cp

Ns∑
i=1

(
1

Lei
− 1

)
wji∇Yi

) (2.30)

where again preferential diffusion explicitly appears through the last term of the
right hand side.
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2.2 Combustion Chemistry
Combustion is an exothermic chemical reaction in which fuel is oxidized into
products. The combustion process consists of a large sequence of elementary
chemical steps, a chain reaction where many distinct radical intermediates par-
ticipate. It is difficult to give an overview of this large set of chemical reactions,
yet a typical example can be given by merely showing the global reaction of com-
bustion of methane with air:

CH4 + 2O2 → CO2 + 2H2O (2.31)

However, the global chemical reaction is a result of a large number of elementary
reactions. A generic reversible chemical reaction can be written as

Ns∑
i=1

ν
′
ijAi �

Ns∑
i=1

ν
′′
ijAi for j ∈ [1,Nr] , (2.32)

with ν ′
ij and ν ′′

ij the forward and backward molar stoichiometric coefficients of
species i in reaction j, Nr the number of elementary reactions and Ai represents
species i. The net chemical source term of species i, indicating the mass of species i
produced per unit volume per unit time, depends on all reactions in which species
i is involved

ω̇i =Mi

Nr∑
j=1

(ν
′′
ij − ν

′
ij)rj i ∈ [1,Ns] (2.33)

in which rj is the reaction rate for elementary reaction j. The latter is expressed
by

rj = k
f
j

Ns∏
i=1

[
ρYi
Mi

]ν ′
ij

− kbj

Ns∏
i=1

[
ρYi
Mi

]ν ′′
ij

j ∈ [1,Nr] . (2.34)

Here k is the reaction rate coefficient and superscripts f and b refer respectively
to forward (going from left to right in Eq. (2.32)) and backward (right to left in
the same equation). The rate of formation and consumption depends on reaction
rate constants, molar concentrations and stoichiometric coefficients. The reaction
rate (of a forward or backward reaction), kj of a reaction j, is usually defined by a
modified Arrhenius expression [Williams, 1994]:

kj = AjT
βj exp

(
−Ea,j
R0T

)
j ∈ [1,Nr] (2.35)

where Aj denotes the pre-exponential constant, βj the temperature exponent, Ea,j
the activation energy and R0 is the universal gas constant. The backward reaction
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rates, kbl , can be computed from the forward rates and the equilibrium constants
Kcl = kfl/k

b
l . This procedure ensures an accurate calculation of the chemical

equilibrium [Law, 2006]. The equilibrium constants are well defined by thermo-
dynamic properties. Reaction rate constants such as Aj, βj, Ea,j and the collection
of elementary reactions are stored in chemical reaction mechanisms. Comprehensive
and well-tested reaction mechanisms are provided by several research groups, e.g.
[Smith et al., 2002; Smooke, 1991; Sung et al., 1998]. These reaction schemes de-
scribe several hundreds of chemical elementary reactions over dozens of species.

2.3 Turbulent Premixed Combustion - A Problem of Scales
Turbulent premixed combustion presents a wide range of time and length scales.
In this section the representative scales are introduced and derived, both for tur-
bulence and chemistry. Different regimes for turbulent premixed combustion can
be identified, depending on the combination of flow and combustion scales.

2.3.1 Turbulent Flows: Phenomenology and Scales

Turbulent motion occurs over a wide range of time and length scales. Most of the
kinetic energy of the turbulent motion is contained in the large-scale structures,
where energy is given in certain ways to the system. The energy transfers from
these large-scale structures to smaller scales by an inertial and essentially inviscid
mechanism. This process continues creating smaller and smaller structures which
produces a hierarchy (cascade) of eddies (even if the existence of a local inverse cas-
cade was recently demonstrated [Biferale et al., 2012]), until viscous forces begin
to dominate and dissipate the energy of the smallest scales into heat. The station-
ary energy transfer from the large eddies down to the smallest eddies occurs in
the so-called inertial sub-range of turbulence [Kolmogorov, 1941a,b], and it hap-
pens locally in the sense that energy is only transferred from one eddy to the next
smaller length scale. Due to the locality of the transfer, the energy transfer rate
(i.e. the kinetic energy per eddy turnover time) is independent of the length scales
of the eddies and therefore constant along the inertial sub-range.

The energy spectrum E(kν) (with kν being the eddy wave-number) of homoge-
neous isotropic turbulence is shown in Fig. 2.3.1 , and its typical −5/3 slope results
from a dimensional analysis. The Kolmogorov length scale η denotes the scale of
the smallest eddies, in which viscous forces dominate and convert momentum in
thermal energy. By a dimensional analysis it is possible to derive the Kolmogorov
length-scale η, time-scale tη and eddy turnover velocity uη. Respectively:

η =

(
ν3

ε

) 1
4

, (2.36)
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Figure 2.3.1: Typical energy spectrum of homogeneous isotropic turbulence.

tη =
√
ν/ε, (2.37)

uη = (νε)1/4 . (2.38)

Here ν is the kinematic viscosity and ε the kinetic energy dissipation rate. The in-
tegral length scale L corresponds to the length scale of the most energy containing
eddies. This length scale can be defined by introducing the normalized two-point
velocity correlation function [Taylor, 1935], which for homogeneous isotropic tur-
bulence reads

R(x, r) =
u

′
(x, t)u

′
(x+ r, t)√

u
′2(x, t)

√
u

′2(x+ r, t)

. (2.39)

The quantity R evaluates the correlation of velocity fluctuations u
′

at points x and
x + r, as an indication of their degree of influence in turbulent properties. R is
equal to 1 when r → 0 and decreases asymptotically to zero for large r. The
integral length scale is then defined as

L =

∫∞
0
R(x, r)dr, (2.40)
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Figure 2.3.2: Illustration of the structure of a stationary laminar premixed stoichiometric
methane-air flame. The colored area represents the extension of the thermal
flame thickness.

which can be interpreted as the distance for which two points have a considerably
uncorrelated velocity. Finally the turbulent kinetic energy k and an integral time
scale τ can be defined as

k =
1

2
u ′u ′

, (2.41)

τ =
k

ε
, (2.42)

where τ is the turnover time of an integral eddy.

2.3.2 Premixed Flames: Phenomenology and Scales

A premixed flame is a chemical reaction in which fuel and oxidizer are mixed on a
molecular level. The reaction proceeds as a propagating flame front, in which after
a local temperature increase (preheat) the premixed fresh gases burn. Figure 2.3.2
illustrates the inner structure of a stationary laminar premixed methane-air flame,
at stoichiometric conditions. The characteristic time and length scales of the flame
can be evinced by analyzing the structures here represented. Three main zones can
be identified: preheat zone, inner layer and oxidation layer. Unburnt gases reach
the stationary flame front with velocity sL, and get preheated without reacting
in the preheating zone (left part of Fig. 2.3.2) in a balance between convection and
diffusion. The laminar burning velocity sL is the speed at which the laminar flame
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front propagates normal to itself in the unburned mixture. The chemical reaction
essentially occurs in a thin layer called the inner layer, where the fuel is consumed
within a zone of balance between reaction and diffusion. The combustion process
can only be sustained if the inner layer remains intact. If the reactions in this layer
break down the flame eventually extinguishes. Finally the oxidation layer (right
part of Fig. 2.3.2) is the zone in which the oxidation takes place, e.g. CO oxidizes
to CO2.

A first characteristic length scale can be defined, the laminar flame thickness δ0L.
This can be calculated using the temperature profile and calculating

δ0L =
Tb − Tu

max
(∣∣∂T
∂x

∣∣) , (2.43)

in which Tb and Tu are respectively the temperature of the burned and the un-
burned gases, and the superscript "0" indicates the derivation by means of the
temperature profile. This thickness is represented by the colored area in Fig. 2.3.2.
A characteristic time scale of the flame can therefore be defined on this base as

tL =
δ0L
sL

. (2.44)

Another characteristic length scale of the flame is related to the inner structure of
the reaction, the thickness of the inner layer δr, which typically is proportional to
the laminar flame thickness

δr ≈ γδ0L, (2.45)

where γ is a constant which can be considered on the order of 0.1 [Poinsot and
Veynante, 2011] for stoichiometric laminar flames.

2.3.3 Turbulent Premixed Combustion Regimes

All the length and time scales mentioned in the previous sections need to be taken
into account when deriving a model for premixed turbulent combustion. A phys-
ical analysis and comparison of the various scales involved is of fundamental im-
portance, and this is generally carried out by the construction of turbulent combus-
tion diagrams [Borghi, 1985; Peters, 1999]. Turbulent combustion diagrams identify
combustion regimes in terms of non-dimensional characteristic numbers. These
can be derived making use of the definitions of Section 2.3.1 and 2.3.2.

Assuming that the Schmidt number Sc = ν/D is equal to unity, the turbulent
Reynolds number Ret describes the ratio of turbulent inertial forces to molecular
viscous forces as

Ret =
u

′
L

ν
=
u

′
L

sLδ
0
L

. (2.46)
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Figure 2.3.3: Premixed turbulent combustion regime diagram.

The turbulent Damköhler number Da relates the integral turbulent time scale τ to
the laminar flame time scale tL

Da =
τ

tL
=
sLL

u
′
δ0L

. (2.47)

The Karlovitz number defines the ratio of the flame time scale tL to the Kol-
mogorov time scale tη

Ka =
tL
tη

=
(δ0L)

2

η2
=
u2η

s2L
. (2.48)

A second Karlovitz number can be defined based on the smallest scales. It relates
the inner layer thickness δr to the Kolmogorov legth scale η

Kaδr =
δ2r
η2

= γ2Ka. (2.49)

Given these definitions it is possible to construct a regime diagram. Figure 2.3.3
shows the typical regime diagram for turbulent premixed combustion as intro-
duced by Peters [Peters, 1999]. On the bottom left part area of the diagram com-
bustion is laminar. In the rest of the diagram four different regimes for turbulent
combustion can be identified:

• In the wrinkled flamelet regime (u
′
/sL < 1) the laminar burning velocity still

overrules the turbulent velocity fluctuation. Only a modest wrinkling of the
flame can be observed.
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• The corrugated flamelet regime (u
′
/sL > 1 and Ka < 1) is characterized by large

scale turbulent eddies that are able to corrugate the flame front. The smallest
eddy is still larger than the laminar flame thickness. The flame structure is
essentially unmodified.

• In the thin reaction zone regime (Ka > 1 and Kaδ < 1) the minor eddies
are smaller than the laminar flame thickness, therefore penetrating in the
laminar preheat flame structure. However, the smallest eddies are still bigger
than the inner layer thickness, and therefore not breaking the flame inner
layer. In this regime turbulence gets through the preheating zone, enhancing
therefore the transport of species and temperature. The oxidation layer is
only slightly affected by the eddies, since the viscosity is significantly higher
than in the unburned gas (and therefore also a much larger dissipation of
eddies occurs).

• In the broken reaction zone (Kaδ > 1) the smaller eddies are small enough to
penetrate the inner layer. The local breakdown of chemical reactions leads to
extinction of the flame.

Each model for turbulent premixed combustion must take into account the lead-
ing physical process. Most of the industrial applications which make use of tur-
bulent premixed combustion operate in the corrugated flamelet and thin reaction
zone regime. The model adopted in this work focuses therefore on these regimes.

2.4 Turbulence Modeling
The system of equations presented in Section 2.1 describes entirely the turbulent
fluid flow. The plain solution of this system is called Direct Numerical Simulation
(DNS), and demands a massive calculation if applied to flows of practical rele-
vance. It is in fact possible to estimate that the number of CPU (Central Processing
Unit) operations is proportional to the number of mesh points and the number of
time steps. Thus, considering the solution of all length and time scales of the flow,
the number of operations increases roughly as Re3 [Pope, 2000]. Modern com-
puter facilities (and in the foreseeable future as well) cannot handle this enormous
demand of computational resources. Therefore DNS usage is still limited to small
scale academic problems. Models are therefore essential in order to solve complex
turbulent flow configurations.

In the Large Eddy Simulation (LES) approach [Leonard, 1974; Smagorinsky,
1963] the computational cost of the simulation is reduced by low-pass filtering
the small scales from the calculation, and the solution is a filtered velocity field.
The solved equations must include a model for the influence of the small-scale
motion which are not represented (sub-grid). Although the sub-grid LES models
are usually rather simple, the solution of the flow still requires a considerable
computational effort.
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Another approach is called Reynolds Averaged Navier-Stokes (RANS), and it
involves the solution of the averaged Navier-Stokes equations [Reynolds, 1895].
The solution is therefore a mean velocity field, and models are needed to represent
scales (fluctuations) of the flow that are not resolved.

In this work both LES and RANS approaches are employed. A detailed expla-
nation and analysis of the above mentioned approaches can be found in several
classic books, e.g. [Pope, 2000].

2.5 Turbulent Premixed Combustion Reduction Meth-
ods

The system of equations presented in Section 2.1 and 2.2 in combination with
a chemical reaction mechanism altogether describes turbulent premixed reacting
flows. However, this consists of a very stiff system of non linear coupled partial
differential equations, with an extensive amount of independent variables related
by a wide range of spatial and temporal scales. The numerical solution of such a
system is drastically increased with respect to DNS of non-reacting flows. There-
fore, reacting flow DNS can only be done for limited and isolated turbulent pre-
mixed combustion problems. The support of massive parallel computing facilities
has recently enabled the first attempts of DNS of real life flames [Sankaran et al.,
2007], endorsed in specific cases by local mesh refinement methods [Aspden et al.,
2011; Bell, Day, et al., 2007].

Combustion models aim to reduce the computational requirements of flame
simulations mainly by a reduction of the number of equations which need to be
solved for the reaction. In the last decades two main routes have been followed
in combustion science to model the detailed dynamics and structure of chemically
reacting flows: chemical reduction techniques, and laminar flamelet models.

Chemical reduction techniques aim to reduce the computational requirements
by simplifying the chemical reaction model. Steady state species are therefore
removed to reduce the number of transport equations and to decouple the small-
est chemical scales. Typical examples of this technique are the chemical reaction
mechanisms DRM19 [Kazakov and Frenklach, 1994a] (Ns = 19, Nr = 84) and
DRM22 [Kazakov and Frenklach, 1994b] (Ns = 22, Nr = 104), which are reduced
versions of the original GRI 1.2 [Smith et al., 1995] (Ns = 31, Nr = 175). This
type of reduced mechanisms are developed for a specific range of conditions, and
their applicability is therefore limited to these cases. Outside the specific range of
applicability the relevant combustion chemistry is no more included, and unreal-
istic results may be obtained. However, most industrial flame simulations require
a detailed description of the reaction kinetics (e.g. for the pollutant emission pre-
diction) and therefore simplified reaction models are simply not adequate enough.
The observation that a small number of rate-limiting reactions dictate the overall
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reaction progress allow the introduction of the low dimensional manifold concept.
Such a manifold is assumed to exist, and it is assumed to be parametrized by
a small number of slow evolving variables. For these slow evolving variables a
transport equation has to be solved, while the other variables can be retrieved
from the manifold. The best known mathematically based reduction methods of
this category are the ones proposed by Peters and Williams [Peters, 1991; Peters
and Williams, 1987], in which “slow” and “fast” variables are determined by the
user, the Intrinsic Low-Dimensional Manifold (ILDM) method [Maas and Pope,
1992] in which the quasi steady state variables are determined by a decomposi-
tion of the eigenspace of the Jacobian, and the Computational Single Perturbation
(CSP) technique [Lam and Goussis, 1991, 1994]. In all these three methods ad-
vection and diffusion are fully neglected, ergo only the chemical source term is
taken into account. The latter represents a limit when diffusive processes become
important. This occurs in locally cooled regions or in extinction and re-ignition
zones, in which the dimensionality of the chemical manifold rapidly increases and
incorrect mass fractions are predicted [Oijen and Goey, 2000]. Furthermore the
time-scales associated with the formation of slow evolving species (e.g. CO) can
be associated with convective-diffusive processes [Maas and Pope, 1992; Poinsot
and Veynante, 2011], resulting in a poor prediction of such species.

Laminar flamelet models introduce a different approach to the flame descrip-
tion. In these methods it is assumed that the turbulent flame brush consists of
an ensemble of discrete, steady laminar one-dimensional flames [Peters, 1984],
referred to as flamelets. This assumption means that thin quasi one-dimensional
flame structures can be isolated in multi-dimensional flames, and consequently
a main direction for the gradients of the thermochemical variables can be identi-
fied. An asymptotic analysis leads to the derivation of flamelet equations, which
describe the inner structure of the laminar flame, thus decoupling the chemistry
from the flow field. The multi-dimensional flame can therefore be seen as a contin-
uous ensemble of flamelets embedded in the flow. The scale analysis introduced
in section 2.3.3 allows to extend this assumption for turbulent flames as well. In
fact, quasi one-dimensional flame structures exist when turbulent eddies are not
able to break down the inner reaction layer, i.e. in the corrugated flamelet regime
and in the thin reaction zones regime. In these regimes the location of the flame
can be detected by iso-surfaces of a certain scalars, and in this location the flamelet
(i.e. the solution of the flamelet equations) is reattached to the turbulent flow field.

The Flamelet-Generated Manifold (FGM) [Oijen and Goey, 2000] and Flamelet
Prolongation of ILDM (FPI) [Gicquel et al., 2000] methods introduce the identifi-
cation of a low-dimensional manifold based on flamelet structures and can there-
fore be considered as a combination of the classic flamelet models and manifold
techniques [Poinsot and Veynante, 2011]. In FGM a database of thermochemi-
cal variables is generated for given initial conditions, and stored as a function of
a small number of controlling variables. During the flame simulation only the
transport equations for the control variables need to be solved, and all the depen-
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dent thermochemical variables can be retrieved from the pre-calculated chemistry
(manifold). The manifold is stored as a common practice in a tabulated form, al-
though several storage methods like Artificial Neural Networks [Blasco et al., 1999;
Christo et al., 1996; Ihme, Schmitt, et al., 2009], high-order orthogonal polynomial
parametrization [Turanyi, 1994] or in situ adaptive tabulation [Hiremath et al.,
2012] have been proposed in the past years.

The FGM technique has proven to be very accurate for laminar premixed Bun-
sen flames including heat loss effects [Oijen and Goey, 2000], highly stretched pre-
mixed counter-flow flames [Oijen and Goey, 2002] and confined triple flames [Oi-
jen and Goey, 2004]. This technique performed also well in DNS of a turbulent
expanding flame [Oijen, Bastiaans, et al., 2005], showing that a single control vari-
able can give accurate predictions on the local mass burning rate. Furthermore,
the approach has proven to be appropriate also for the computation of turbulent
partially premixed flames [Ramaekers et al., 2012; Vreman, Albrecht, et al., 2008].



3 Flamelet-Generated
Manifold for Laminar
Flames

“An expert is a person who has made all the mistakes that can
be made in a very narrow field.”

— Niels Bohr

In this chapter the Flamelet-Generated Manifold reduction method derivation and
its application to laminar partially premixed flames is discussed. The flamelet
equations are derived and their solution combined into chemical manifolds. These
manifolds are subsequently adopted in simulations of laminar flames with increas-
ing levels of complexity. Furthermore, the importance of differential diffusion
effects is discussed, analyzed and subsequently included in the model.

3.1 The Flamelet-Generated Manifold Reduction Tech-
nique Equations

The Flamelet-Generated Manifold concept describes the multi-dimensional flame
as an ensemble of one-dimensional flame structures (flamelets) embedded within
the flow field. A generic system of 1D flamelet equations that describes the flame
motion in the fluid flow can be derived [Oijen and Goey, 2000] following the basic
ideas of [Goey and Thije Boonkkamp, 1997, 1999], in which it is assumed that a
multi-dimensional flame can be considered as a continuous set of 1D flamelets.

A reaction progress variable Y indicates the progress of the global chemical
reaction. In a premixed flame the progress variable assumes values between Yu
(unburned mixture) and Yb (burned mixture). The reaction progress variable can
be defined as any linear combination of species mass fractions which obeys ∇Y >
0. Throughout this thesis Y is chosen to be a linear combination of species mass
fractions:

Y =

Ns∑
i=1

αiYi, (3.1)
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where the weighting coefficients αi are arbitrarily chosen constants, with the only
restriction of ensuring a monotonic profile of Y in the whole interval between the
unburned mixture and the chemical equilibrium.

The motion of an iso-surface defined by Y(x, t) = const is described by the
kinematic equation

dY

dt
:=
∂Y

∂t
+ uf · ∇Y = 0, (3.2)

describing therefore that a point stays on the surface for all t. The local velocity
of a flame surface uf is determined by a balance between the local fluid velocity u
and the local burning velocity sL:

uf = u + sLn. (3.3)

The burning velocity is defined as the velocity at which the flame surface propa-
gates normal to itself and relative to the flow in the unburnt mixture, and it is a
field quantity. The mass burning rate can be consequently defined as

m = ρsL. (3.4)

The local normal unit vector n can be determined by

n =
∇Y
|∇Y|

, (3.5)

directed to the unburned gas mixture. Substituting (3.3) in (3.5) leads to the kine-
matic equation

∂Y

∂t
+ u · ∇Y = sL |∇Y| . (3.6)

In [Goey and Thije Boonkkamp, 1997] the stretch rate K was proposed to be the
relative rate of change of the mass M(t):

K =
1

M

dM

dt
. (3.7)

The mass M(t) contained in an infinitesimal volume V(t) in the flame, moving
with velocity uf is defined as:

M(t) =

∫
V(t)

ρdV . (3.8)

The application of Reynolds’ transport theorem toM(t) in (3.8) gives the following
expression for the scalar field quantity K:

ρK =
∂ρ

∂t
+∇ · (ρuf) . (3.9)
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The continuity equation (2.1) can be rewritten using (3.3) and (3.9), leading to:

∇ · (ρsLn) = ρK, (3.10)

in which the right hand side represents the summed contribution of all the distor-
tions from the local 1D flame behavior [Goey and Thije Boonkkamp, 1997].

The generic transport equation for the scalar variable Y reads

∂ (ρY)

∂t
+∇ · (ρuY) = ∇ ·

(
λ

LeYcp
∇Y
)
+ ω̇Y. (3.11)

Making use of Equations (3.3), (3.6) and (3.9) this becomes

−∇ · (ρsLnY) −∇ ·
(

λ

LeYcp
∇Y
)
− ω̇Y = −ρKY, (3.12)

where the right hand side term −ρKY represents the transport in the direction
along the the flame surface. By defining s as the arc length perpendicular to
the flame surface and σ which is a measure for the flame surface through which
transport takes place, and using the definition (3.4), Equation (3.12) becomes

∂

∂s
(σmY) −

∂

∂s

(
σ

λ

LeYcp

∂Y

∂s

)
− σω̇Y = −σρKY. (3.13)

The curvature of the flame surface κ is

κ = ∇ · n = −
1

σ

∂σ

∂s
. (3.14)

With this definition, Equation (3.13) can be recast in

∂

∂s
(mY) −

∂

∂s

(
λ

LeYcp

∂Y

∂s

)
− ω̇Y = −ρKY+ κFY, (3.15)

where all perturbations from 1D flat flame behavior are gathered at the right hand
side. In Equation (3.15) the term FY represents the convective and diffusive flux of
Y. This term reads

Fi = mYi −
λ

LeYcp

∂Y

∂s
, (3.16)

for mass fractions Yi, and

Fh = mh−
λ

cp

∂h

∂s
−
λ

cp

Ns∑
i=1

(
1

Lei
− 1

)
hi
∂Yi
∂s
, (3.17)

for the enthalpy h. The full set of conservation equations can now be cast in a quasi
1D form, describing entirely the internal structure of the flame front in terms of
Yi(s), hi(s) and the mass burning rate m(s) for a flamelet with a particular stretch
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field K(s) and curvature field κ(s). This set of equations is referred to as the flamelet
equations [Oijen and Goey, 2000]:

∂m

∂s
= −ρK+ κm, (3.18)

∂Fi
∂s

− ω̇i = −ρKYi + κFi +Qi, (3.19)

∂Fh
∂s

= −ρKh+ κFh +Qh. (3.20)

The terms Qi and Qh characterize transport along the flame surfaces, given by the
fact that iso-surfaces of Yi and h do not coincide with the ones of Y :

Qi = ρ (ufi − uf) · ∇Yi +∇ ·
(

λ

Leicp
∇‖Yi

)
, (3.21)

Qh = ρ (ufh − uf) · ∇h+∇ ·

(
λ

cp
∇‖h+

λ

cp

Ns∑
i=1

(
1

Lei
− 1

)
hi∇‖Yi

)
. (3.22)

All perturbations from local 1D flat flame behavior are again gathered in the right-
hand sides. Here ∇‖ represents the nabla operator in the tangential direction only,
while ufi and ufh are the local velocities of iso-surfaces of Yi and h, respectively.

No approximation has been made during the derivation of the flamelet equa-
tions. However, in most situations in premixed laminar flames the perturbations
Qi andQh from local 1D flat flame behavior are small compared to the other terms
in the flamelet equations. In particular, the stretch terms in Equations (3.18)-(3.20)
can be neglected when the Karlovitz number is small:

Ka =
Kδ0L
sL
� 1, (3.23)

and curvature effects are negligible when the curvature radius κ−1 of the flame
surfaces is much larger than the flame thickness:∣∣∣κ−1∣∣∣� δ0L. (3.24)

The first term in the right hand side of (3.21) and (3.22) can be neglected when
the transient time scales are longer than the flame time scale tL. The second term
in the right hand side of (3.21) and (3.22) is negligible, assuming that the length
scales of the distortions along the flame surfaces are much larger than the flame
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thickness [Goey, Mallens, et al., 1997]. Neglecting all perturbations from 1D flame
behavior, the flamelet system of equations reduces to:

∂m

∂s
= 0, (3.25)

∂ (mYi)

∂s
−
∂

∂s

(
λ

Leicp

∂Yi
∂s

)
= ω̇i, i ∈ [1,Ns] (3.26)

∂ (mh)

∂s
−
∂

∂s

(
λ

cp

∂h

∂s

)
−
∂

∂s

(
λ

cp

Ns∑
i=1

(
1

Lei
− 1

)
hi
∂Yi
∂s

)
= 0. (3.27)

A solution of the set of equations (3.25)-(3.27) is called a flamelet. This system of
1D equations can be solved with specialized 1D flame codes.

3.2 1D FGM
In this section a 1D manifold is created solving equations (3.25)-(3.26). The re-
sulting FGM is used for one-dimensional flame simulations and compared with
detailed chemistry computations.

3.2.1 Implementation

Solution of the flamelet equations

For the solution of the flamelet equations system (3.25)-(3.26) steady, fully pre-
mixed, adiabatic, freely propagating, flat flames are considered in this section.
Dirichlet boundary conditions for Yi are imposed at the unburned side:

Yi (x −→ −∞) = Yi,−∞. (3.28)

These values are determined for a given pressure, composition and temperature
of the inlet mixture. At the burned side (chemical equilibrium) Neumann type
boundary conditions are imposed instead:

m
dYi
dx

(x −→∞) = ω̇i. (3.29)

The system of equations (3.25)-(3.26) is solved with the specialized 1D flame code
Chem1D [Chem1D, n.d.]. The solution of this system (Yi(s), T(s), ψ(s)) can be
rewritten as a 1D curve in composition space (Yi(Y), T(Y), ψ(Y)). The composition
space is a space described merely by the element composition. Therefore, the
one-dimensional FGM is simply a line in composition space which connects the
unburned mixture Yi,u = Yi,−∞ and the equilibrium point Yi,eq = Yi,∞.
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Choice of progress variable

As mentioned in section 3.1 a progress variable Y quantitatively defines the tran-
sition from fresh mixture to burned gases. The progress variable Y is defined as
a linear combination of species mass, as described by Equation (3.1). The weight-
ing coefficients αi are arbitrarily chosen, with the only restriction of ensuring a
monotonic profile of Y in the whole interval between the unburned mixture and
the chemical equilibrium. For the calculation described exclusively in this section
αi = 0 ∀ i 6= CO2 and αCO2 = 1 is chosen in order to optimize the chemical res-
olution. For practical convenience the progress variable is scaled between 0 (fresh
mixture) and 1 (chemical equilibrium).

Storage of the manifold

Flamelet solutions are as such mapped as a function of Y, in such a way that every
thermochemical variable ψ is directly described as ψ = ψ (Y). In this thesis the
manifold is stored in a tabulated form. In the tabulation process the Y range is
divided in an equidistant grid, and subsequently all the relevant thermochemi-
cal variables ψ are stored as a function of Y. A key advantage of the tabulation
storage technique is that the boundaries of the manifold domain are known very
accurately. This allows to specify the action to take if an entry lies outside this
domain, resulting in a robust look-up method.

The solution stage

Subsequent to the data tabulation, the FGM can be linked to a (standard) CFD
code. During run-time, together with the momentum and continuity equations
(2.1)-(2.2), the CFD code should also solve a conservation equation for the progress
variable. This can be derived by applying the definition of progress variable (3.1)
in the flamelet equation (3.26), resulting in

∂ (ρY)

∂t
+∇· (ρuY)−∇·

(
λ

cp
∇Y
)

= ∇·

(
λ

cp

Ns∑
i=1

αi

(
1

Lei
− 1

)
∇Yi

)
+ ω̇Y, (3.30)

where ω̇Y =
∑Ns
i αiω̇i is the progress variable source term. Assuming unity

Lewis numbers (Lei = 1 ∀ i) [Smooke and Giovangigli, 1991], Equation (3.30)
becomes

∂ (ρY)

∂t
+∇ · (ρuY) −∇ ·

(
λ

cp
∇Y
)

= ω̇Y. (3.31)

Equation (3.31) is solved for Y during run-time together with (2.1)-(2.2), while all
other parameters (e.g. ρ, cp, λ, ω̇Y and T ) are retrieved from the FGM database as
a function of Y. To retrieve data from the manifold for given values of the progress
variable a linear interpolation is performed on the tabulated values (for details see
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Appendix A.4). Linear interpolation leads to accurate results, as long as the Y grid
is fine enough, as shown in Section 3.2.2.

The replacement of a single transport equation with respect to detailed chem-
istry calculation results in a massive reduction of the computational time. How-
ever, Equation (3.31) does not take into account heat loss, inlet composition varia-
tion, differential diffusion, stretch and curvature effects. While the less important
(in this context [Bastiaans, Oijen, et al., 2009]) stretch and curvature effects are not
taken into account in this work, all the other effects are considered in the following
sections.

3.2.2 One-Dimensional Validation

In order to assess the validity of the method, a test case is simulated with both
FGM and detailed chemistry. The one-dimensional manifold described in Sec-
tion 3.2.1 is adopted for the calculations of a one-dimensional (in physical space)
premixed laminar methane/air flame, and then directly compared with detailed
chemistry simulations. The case considered consists of a free, adiabatic, atmo-
spheric (p = 1 atm) methane-air flame with equivalence ratio φ = 0.9, with inlet
temperature Tu = 298 K. The chemical reaction mechanism used for both detailed
and FGM calculations is Gri-Mech 3.0 [Smith et al., 2002], which is composed by
53 species and 325 reactions (for details see Appendix A.1). Furthermore, unity
Lewis numbers are assumed in the calculations. For both detailed and FGM sim-
ulations the flames are computed with the 1D flame solver Chem1D [Chem1D,
n.d.]. In Figure 3.2.1 results of FGM simulations with different refinement levels
of the manifold are compared with a detailed chemistry calculation. The number
of points used in the manifold are 5, 10, 25, 50, 100 and 1000. Linear interpola-
tion is adopted in the progress variable space. The mesh for the one-dimensional
domain consists in 500 mesh points, with a consistent refinement on the zones
subject to high temperature gradients. This result shows a very good agreement
between detailed chemistry and FGM when the table resolution is sufficient. In
fact there is no noticeable difference in the figure for the two finest grids. The ef-
fect of the FGM resolution is more adequately displayed in Figure 3.2.2, where the
burning velocity absolute error between detailed chemistry and FGM (calculated
as |mdetailed −mFGM| /mdetailed) is shown for different refinement levels. It
is clearly visible how from a certain resolution threshold the error becomes mini-
mum, in particular it falls below 0.5% from approximately 25 points and higher.

High pressure effects on the accuracy

The FGM accuracy analysis as depicted in Figure 3.2.2 may lead to different results
when the flame front is more compact. This effect is typical e.g. in high pressure
premixed flames, where pressure leads to a thinner flame and significantly higher
scalar gradients. In order to investigate this, the above described one-dimensional
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Figure 3.2.1: Profile of temperature in a one-dimensional free adiabatic methane/air (Tu
= 298 K, p = 1 atm, φ = 0.9) flame, along the spacial coordinate. The bold
line represents the detailed chemistry calculation, while dashed lines are FGM
simulations with different levels of refinement of the tabulated manifold (5, 10,
25, 50, 100 and 1000 uniformly distributed points for the manifold). The inner
plot shows a magnification of the region included in the dotted rectangle.
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Figure 3.2.2: Effect of the FGM grid resolution. Burning velocity absolute error between
detailed chemistry and FGM as a function of the number of uniformly dis-
tributed grid-points composing the FGM.
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comparison is tested at high pressure conditions. This case consists of a free,
adiabatic, methane-air flame with equivalence ratio φ = 0.9, inlet temperature
Tu = 298 K and pressure p = 8 bar. The chemical reaction mechanism used for
both detailed and FGM calculations is again Gri-Mech 3.0 [Smith et al., 2002], and
unity Lewis numbers are assumed. A comparison between detailed calculations
shows how high pressure leads to a consistent narrowing of the flame region. In
particular, the flame thickness (calculated with Equation 2.43) is δ0L,8bar = 1.29

× 10
−4 m, while at atmospheric conditions δ0L,atm = 4.98 × 10

−4 m. Similarly
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Figure 3.2.3: Effect of the FGM grid resolution in a high-pressure one-dimensional free
adiabatic methane/air (Tu=298 K, p=8 bar, φ=0.9) flame. Burning velocity ab-
solute error between detailed chemistry and FGM as a function of the number
of uniformly distributed grid-points composing the FGM.

to the previous case, the results of FGM simulations with different refinement
levels of the manifold are compared to a detailed chemistry calculation. This
comparison is shown in Figure 3.2.3, where the burning velocity absolute error
between detailed chemistry and FGM is displayed for different refinement levels.
The error trend is similar to the one of the atmospheric case. However the error
values are consistently higher. This means that a higher resolution is necessary in
high pressure conditions. In fact in the present case the error falls below 0.5% only
from 50 points and higher.
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3.3 2D FGM - Inclusion of Enthalpy Changes
Flame cooling by conduction and convection is one of the most common features
found in “real life” flames. Therefore its inclusion in the chemistry modeling is of
fundamental importance. In this section a 2D manifold (Y, h) is created, and the
resulting FGM is used for two-dimensional flame simulations and compared with
detailed chemistry computations.

3.3.1 Implementation

Solution of the flamelet equations

Heat loss to the combustion chamber walls causes enthalpy not to be conserved
throughout the domain. In order to take this into account in the tabulation process,
the laminar flamelets have to be solved for different values of enthalpy, introducing
enthalpy h as a control variable. A 2D manifold (Y, h) is therefore created. The
flamelets are computed similarly as in the previous section. As before steady, fully
premixed, flat flames are considered. Dirichlet boundary conditions for Yi and h
are imposed at the unburned side:

Yi (x −→ −∞) = Yi,−∞,
h (x −→ −∞) = h−∞.

(3.32)

These values are determined for a given pressure, composition and temperature
of the inlet mixture. At the burned side (chemical equilibrium) Neumann type
boundary conditions are imposed instead:

m
dYi
dx

(x −→∞) = ω̇i,

dh

dx
(x −→∞) = 0.

(3.33)

Boundary conditions for h can be substituted by boundary conditions for T by
using Equation (2.14). Also in this case a unity Lewis number is imposed. The
procedure for the creation of an enthalpy-decreasing set of flamelets might be
performed in different ways, but the most straightforward are:

• decreasing the enthalpy of free adiabatic flamelets by simply diminishing the
inlet temperature, therefore a series of flamelets is computed for different
values of h−∞,

• calculation of burner-stabilized flamelets (for details consult Appendix A.2),
and therefore imposing a certain increasing amount of heat loss to the burner.

Here both methods are used in order to have a fairly complete manifold. In fact
burner-stabilized flamelets allow to impose very high values of cooling. It has
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been proven that the choice of the enthalpy-decrease method for the tabulation
procedure has negligible influence on the final result [Oijen and Goey, 2000]. The
system of equations (3.25)-(3.27) is solved with a specialized 1D flame code like
Chem1D [Chem1D, n.d.], coupled with a suitable chemical reaction mechanism.
In the present 2D case the solution of this system is a 2D plane in composition
space which connects the unburned mixture (Yi,u, hu) = (Yi,−∞, h−∞) and the
equilibrium point (Yi,eq, heq) = (Yi,∞, h∞). A graphical representation of the en-
thalpy along the flamelets obtained with this procedure is shown in Figure 3.3.1a,
where the free adiabatic flamelet at inlet condition is represented by a bold line
and the cooled flamelets are dashed. The enthalpy is set to zero at the geometry
inlet conditions for practical convenience, and the progress variable is scaled be-
tween 0 and 1. The effect of the assumption Le=1 is clearly noticeable from this
picture, in which the enthalpy along flamelets remains constant because of the
balanced diffusion between mass and heat.

Choice of progress variable

The progress variable Y is defined as a linear combination of species mass frac-
tions, as described by Equation (3.1). For the calculation described in this section
the weighting factors αi are chosen to be:

• αCO2 =M
−1
CO2

,

• αH2 =M
−1
H2

,

• αH2O =M−1
H2O

,

• αO2 = −M−1
O2

,

• αi = 0 ∀ i 6∈ {CO2, H2, H2O,O2}.

This choice is made in order to optimize the chemistry resolution. For practi-
cal convenience the progress variable is scaled between 0 (fresh mixture) and 1

(chemical equilibrium at adiabatic conditions).

Storage of the manifold

Flamelet solutions are mapped in such a way that any thermochemical variable
ψ is directly described as ψ = ψ (Y, h). The tabulation procedure consists in
storing all the thermochemical variables ψ in a tabulated form, on a defined two-
dimensional grid for which the Y − h range is divided (the tabulation strategy
is described in Appendix A.3). The number of points adopted for the manifold
created in this section is nY = 250 in the progress variable dimension and nh = 40

for the enthalpy. The calculation of transport and thermodynamic coefficients is
performed by means of a mixture averaged approach as described in Section 2.1
during the pre-processing, and stored in the manifold together with the chemical
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Figure 3.3.1: Representations of the 2D manifold. (a) Enthalpy along the single flamelets
composing the manifold. (b) Progress variable source term [ kg m−3 s−1 ]
profile along the manifold. (c) Temperature [ K ]. (d) OH mass fraction. (e)
Density [ kg m−3 ]. (f) Specific heat capacity at constant pressure of the
mixture [ J kg−1 K−1 ].
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data. An overview of the resulting manifold can be seen in Figure 3.3.1, where
various scalars ψ are represented as a function of scaled progress variable and
enthalpy.

The peak temperature of the lowest enthalpy flamelet is approximately 1100

K. Therefore an extrapolation is required in the sub-cooled region. This region
is identifiable e.g. from Figure 3.3.1a, and consists of the whole triangular area
enclosed by the coldest flamelet line and the point of minimum enthalpy hmin =

−heq. The covering of this zone is very important for cases in which burned
gases are cooled, for example. To tackle this problem a bi-linear interpolation
is performed between the coldest flamelet and the point of minimum enthalpy.
Even if such a procedure represents a drastic approximation, it performs quite
well [Oijen and Goey, 2000]. Fortunately, in most practical cases the cooling takes
place in the burned gases, and therefore approaching the chemical equilibrium
line in the manifold.

The solution stage

During run-time the FGM is linked to a standard CFD code. Together with the
momentum and continuity equations (2.1)-(2.2), the CFD code must solve the con-
servation equation for the progress variable (Equation (3.31)) and enthalpy. The
latter is derived by applying the definition of progress variable (3.1) in the flamelet
equation (3.27), resulting in

∂ (ρh)

∂t
+∇ · (ρuh) −∇ ·

(
λ

cp
∇h
)

= ∇ ·

(
λ

cp

Ns∑
i=1

hi

(
1

Lei
− 1

)
∇Yi

)
, (3.34)

which, assuming unity Lewis numbers (Lei = 1 ∀ i), becomes

∂ (ρh)

∂t
+∇ · (ρuh) −∇ ·

(
λ

cp
∇h
)

= 0. (3.35)

Equations (3.31) and (3.35) are solved for Y and h during run-time together with
(2.1)-(2.2), while all other parameters (e.g. ρ, cp, λ, ω̇Y and T ) are retrieved from
the FGM database as a function of Y and h.

To retrieve data from the manifold for given values of the control variables a
bi-linear interpolation is performed on the tabulated values (for details see Ap-
pendix A.4). Linear interpolation has the disadvantage of resulting in a discontin-
uous derivative of the generic variable ψ in the enthalpy direction, located at the
flamelet lines. Albeit a higher interpolation order would solve the problem, linear
interpolation has no consequences in the cases performed in this thesis because
dependent variables change very smoothly with respect to h.
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Figure 3.3.2: (a) Schematical representation of the 2D computational domain. (b) Plot of
the inlet velocity profile.

Figure 3.3.3: Surface representing the temperature ([K]) along the manifold. The thick
black line is a T = Tw iso-line, which defines the enthalpy boundary con-
ditions.

3.3.2 Bunsen Burner Validation

A test case is simulated with both FGM and detailed chemistry, in order to assess
the model validity. The two-dimensional manifold described in Section 3.3.1 is
adopted for the calculations of a two-dimensional (in physical space) premixed
laminar methane/air flame with heat loss to the wall, and then directly compared
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(a)

(b) (c)

(d) (e)

Figure 3.3.4: Comparison between FGM and detailed chemistry results. Isocontours of: (a)
temperature [ K ]; (b) OH mass fraction; (c) CO mass fraction; (d) enthalpy [ J
kg−1 ]; (e) density [ kg m−2 ].
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with detailed chemistry simulations. The geometry chosen for the calculations is
a 2-D slot burner [Oijen and Goey, 2000]. The burner configuration is shown in
Figure 3.3.2a. The burner inlet is 6 mm wide, while the box is 24 mm wide. The
inlet velocity profile is parabolic, going from a minimum of 0 m/s at the wall to a
maximum of 1 m/s at the centerline, as shown in Figure 3.3.2b. The walls of both
burner and walls are kept at a constant temperature of Tw = 298 K, and the pres-
sure is atmospheric. The temperature boundary condition for the FGM simulation
must be imposed in terms of enthalpy. This can be done by extracting an iso-line
of T = Tw from the manifold, as shown in Figure 3.3.3. Subsequently this is used
in order to specify enthalpy boundary conditions, which will therefore be a func-
tion of the progress variable. The fresh gas consists of a premixed methane-air
mixture with equivalence ratio φ = 0.9, with a temperature Tu = 298 K. The flame
stabilizes at the dump plane, due to the combined effect of heat loss and inlet ve-
locity profile going to zero at the wall. The chemical reaction mechanism used for
detailed calculations (as well as for the FGM) is Gri-Mech 3.0 [Smith et al., 2002],
which is composed by 53 species and 325 reactions (for details see Appendix A.1).
Unity Lewis number is imposed for the detailed chemistry calculations.

Detailed simulations are performed with a fully compressible computational
framework for combustion that has been originally developed by Groth and co-
researchers [Charest et al., 2010; Gao et al., 2010; Groth and Nothrup, 2005;
Hernández Pérez, 2011; Northrup and Groth, 2005] and modified here for the
configuration under study. The equations are solved on a body-fitted, multi-block,
quadrilateral mesh with adaptive mesh refinement (AMR) using a second-order
accurate finite volume scheme. The refinement process is based on temperature
gradients. The steady solution is obtained on a grid of approximately 37,000 cells,
with a minimum grid size of ∆x = 0.04 mm covering the entire flame region. The
effective mesh, calculated applying the finest resolution to the whole domain, con-
sist of approximately 165,000 cells.

FGM simulations are performed with the general purpose fluid-dynamics pro-
gram Ansys-CFX 14.0 [Ansys-CFX, 2013], in which the equations are solved by
means of a conservative finite-element-based control volume method. The algo-
rithm of the software is implicit and pressure-based, and the solver chosen for
the computations of this work is incompressible. A custom framework for the
FGM coupling has been created for the solver. This includes a table upload to
the parallel stack memory and an efficient data retrieval with multi-dimensional
interpolation, with an automatic management of the boundaries of the tabulated
data. The grid consists of approximately 60,000 quadrilateral cells, with an ade-
quate refinement in the entire central region. The minimum grid size in this case
is ∆x = 0.06 mm.

A comparison between the results is shown in Figure 3.3.4, in which profiles
of temperature, OH mass fraction, CO mass fraction, enthalpy and density are
shown. The FGM results are in good agreement with detailed chemistry compu-
tations both from a qualitative and quantitative point of view. Furthermore, the
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mixture stratification effect on the flame properties is well described by the FGM
model. An exception is represented by the CO mass fraction located in the small
zone next to the burner where the flame stabilizes (see Figure 3.3.4c). This zone
is characterized by a strong diffusion in the direction parallel to the flame front.
This effect is not modeled in the present FGM version, leading to incorrect pre-
dictions of carbon monoxide mass fractions. In order to take this into account the
FGM should be extended with an extra control variable which keeps track of CO.
Notably, this effect is consistent with previous works [Oijen and Goey, 2000], in
which a different definition of progress variable was used. In addition, the flame
tip is slightly shorter for the reduced model simulation, and this effect is attributed
to stretch and curvature effects which become important at the flame tip.

3.4 3D FGM - Mixture Fraction Inclusion
A large part of premixed combustion models assume that fuel and oxidizer are
fully premixed prior to the combustion process. However, this is often not the case
for many engineering applications in which fuel and oxidizer may not be perfectly
mixed prior to combustion. This type of flames are defined as partially premixed
flames, which can be considered as an intermediate combustion type between pre-
mixed and diffusion. Furthermore, if the flame mode is premixed (diffusion flame
does not occur because of a limited gradient in mixture fraction) the reaction can
be referred to as stratified premixed combustion.

In this section the FGM model is applied to cooled stratified premixed flames
by means of a 3D manifold (Y, h, Z). The FGM is therefore adopted for two-
dimensional flame simulations and compared with detailed chemistry computa-
tions.

3.4.1 Implementation

Solution of the flamelet equations

In partially premixed flames fuel and oxidizer are not perfectly mixed. Therefore
variations in local element composition occur. This effect can be described by the
local equivalence ratio, as well as by the mixture fraction Z. Mixture fraction is
expressed in terms of element mass fractions Zj [Bilger, 1990]:

Z =
2M−1

H (ZH −ZH,2) + 0.5M−1
C (ZC −ZC,2) −M

−1
O (ZO −ZO,2)

2M−1
H (ZH,1 −ZH,2) + 0.5M−1

C (ZC,1 −ZC,2) −M
−1
O (ZO,1 −ZO,2)

, (3.36)

where the subscripts 1 and 2 denote pure fuel and pure oxidizer respectively. Z
is defined as a linear combination of element mass fractions, and it is therefore
conserved throughout the chemical reaction.
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In order to take into account mixture composition variations in the tabulation
process, the laminar flamelets have to be solved for different values of mixture
fraction, introducing Z as a control variable. The convenience of this approach is
demonstrated in previous studies on partially premixed flames [Pierce and Moin,
2004; Pitsch and Steiner, 2000; Vreman, Albrecht, et al., 2008]. A 3D manifold
(Y, h, Z) is therefore created. The flamelets are computed similarly as in the
previous section. Therefore steady, fully premixed, flat flames are considered.
Dirichlet boundary conditions for Yi and h are imposed at the unburned side for
a given pressure, composition and temperature of the inlet mixture, as described
in Equation (3.32). At the burned side (chemical equilibrium) Neumann type
boundary conditions are imposed instead, as given in Equation (3.33). Boundary
conditions for h can be substituted by T by using Equation (2.14). Also in the
present case unity Lewis numbers are imposed. The procedure for the creation
of enthalpy-decreasing set of flamelets is the same adopted in Section 3.3.1. The
mixture fraction is varied simply by tuning the mass fraction boundary condition
at the inlet.

The system of equations (3.25)-(3.27) is solved with the specialized 1D flame
code Chem1D [Chem1D, n.d.], coupled with a suitable chemical reaction mech-
anism. In this 3D case the solution of this system is a 3D curve in composition
space which connects the unburned mixture (Yi,u, hu, Zu) = (Yi,−∞, h−∞, Z−∞)

and the equilibrium point (Yi,eq, heq, Zeq) = (Yi,∞, h∞, Z∞).

Choice of progress variable

The progress variable Y consists of a linear combination of species mass, as de-
scribed by Equation (3.1). As in Section 3.3.1, the weighting factors αi are chosen
to be:

• αCO2 =M
−1
CO2

,

• αH2 =M
−1
H2

,

• αH2O =M−1
H2O

,

• αO2 = −M−1
O2

,

• αi = 0 ∀ i 6∈ {CO2, H2, H2O,O2}.

This choice is made in order to optimize the chemistry resolution. For practi-
cal convenience the progress variable is scaled between 0 (fresh mixture) and 1

(chemical equilibrium).

Storage of the manifold

Flamelet solutions are mapped in such a way that any thermochemical variable
ψ is directly described as ψ = ψ (Y, h, Z). The tabulation procedure consists of
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Figure 3.4.1: Representations of the 3D manifold at the highest enthalpy level. (a) Mixture
fraction along the flamelets composing the manifold. (b) Progress variable
source term [ kg m−3 s−1 ] profile along the manifold. (c) Temperature [ K ].
(d) OH mass fraction. (e) Density [ kg m−3 ]. (f) Specific heat capacity at
constant pressure of the mixture [ J kg−1 K−1 ].
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storing all the thermochemical variables ψ in a tabulated form, on a defined tri-
dimensional grid for which the Y− h−Z range is divided (the tabulation strategy
is described in Appendix A.3). The number of points adopted for the manifold
created in this section is nY = 250 in the progress variable dimension, nh = 40 for
the enthalpy and nZ = 86 for the mixture fraction. The calculation of transport
and thermodynamic coefficients is performed by means of a mixture averaged
approach as described in Section 2.1 during the pre-processing, and stored in the
manifold together with the chemical data. An overview of the resulting manifold
can be seen in Figure 3.4.1, where various scalars ψ are represented as a function
of the progress variable and equivalence ratio for the highest enthalpy value. The
equivalence ratio is chosen instead of Z for the sake of clarity in the plots. For
flames in which differential diffusion is absent (Lei=1 ∀i), φ is directly related to
Z by

φ (Z) =
sZ

(1−Z) YO2,2
(3.37)

in which s denotes the stoichiometric fuel to oxidizer mass ratio.
An extrapolation is required in the sub-cooled region, and it is performed as

described in Section 3.3.1 for every level of mixture fraction.

The solution stage

During run-time the FGM is linked to a (standard) CFD code. Together with
momentum and continuity equations, the CFD code must solve the conservation
equation for the progress variable, enthalpy and mixture fraction. The latter can be
derived by taking the proper linear combination of Yi in the species conservation
equations (2.28)

∂ (ρZ)

∂t
+∇ · (ρuZ) −∇ ·

(
λ

cp
∇Z
)

= ∇ ·

(
λ

cp

Ns∑
i=1

ζi

(
1

Lei
− 1

)
∇Yi

)
, (3.38)

in which the coefficient ζi follows from Equation (3.36) and (2.29). In the assump-
tion of Lei = 1 this reads:

∂ (ρZ)

∂t
+∇ · (ρuZ) −∇ ·

(
λ

cp
∇Z
)

= 0. (3.39)

Equations (3.39), (3.31) and (3.35) are solved during runtime for Y, h and Z, to-
gether with the flow equations (2.1)-(2.2). All other thermochemical parameters
(e.g. ρ, cp, λ, ω̇Y and T ) are retrieved from the FGM database as a function of
the three control variables Y, h and Z. The data retrieval from the manifold for
given values of the control variables is performed by means of a tri-linear interpo-
lation on the tabulated values (for details see Appendix A.4). The disadvantages of
having a first order interpolation are minor, as explained in the previous section.
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Figure 3.4.2: Inlet mixture fraction profile. The center of the inlet is located at x=0.

3.4.2 Bunsen Burner Validation

The tri-dimensional manifold described in Section 3.4.1 is adopted for the calcu-
lations of a two-dimensional (in physical space) premixed laminar methane/air
flame with heat loss to the wall and stratified mixture composition at the inlet,
and then directly compared with detailed chemistry simulations. The geometry
chosen for the calculations is the same adopted in Section 3.3.2, and the 2D slot
burner configuration is shown in Figure 3.3.2. The inlet velocity profile is again
parabolic, going from a minimum of 0 m/s at the wall to a maximum of 1 m/s at
the centerline (see Figure 3.3.2b). The mixture fraction (and therefore the equiva-
lence ratio) has a parabolic profile as well, going from a lean mixture of Z = 0.033

(φ = 0.6) at the wall to a rich mixture of Z = 0.0713 (φ = 1.35) at the center of
the inlet. The profile of the inlet stratification is shown in Figure 3.4.2. The inlet
temperature is Tu = 298 K, and the pressure is atmospheric. The walls of both
burner and combustion chamber are kept at a constant temperature of Tw = 298

K. The temperature boundary condition for the FGM simulation must be imposed
in terms of enthalpy. Similarly to what described in Section 3.3.2, this can be done
by extracting an iso-surface of T = Tw from the manifold. This surface is used in
order to specify enthalpy boundary conditions, which are functions of progress
variable and mixture fraction. As in the previous section, the flame stabilizes at
the dump plane, due to the combined effect of heat loss and inlet velocity profile
going to zero at the wall. The chemical reaction mechanism used for detailed cal-
culations (as well as for the FGM) is Gri-Mech 3.0 [Smith et al., 2002], which is
composed by 53 species and 325 reactions (for details see Appendix A.1). Unity
Lewis numbers are imposed for both detailed and FGM calculations.

Detailed simulations are performed with the fully compressible code for com-
bustion introduced in Section 3.3.2. The adaptive mesh refinement process is based
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(a) (b) (c)

Figure 3.4.3: FGM results: iso-contours of the control variables: (a) Progress Variable; (b)
Enthalpy [ J kg−1 ]; (c) Mixture Fraction.

on temperature gradients. The steady solution is obtained on a grid of approxi-
mately 90,000 cells, with a minimum grid size of ∆x = 0.04 mm covering the entire
flame region. The effective mesh, calculated applying the finest resolution to the
whole domain, consist of approximately 165,000 cells.

FGM simulations are performed with the general purpose computational frame-
work for combustion introduced in Section 3.3.2. The grid adopted for the FGM
simulations consists of approximately 60,000 quadrilateral cells, with an adequate
refinement in the entire central region. The minimum grid size in this case is ∆x
= 0.06 mm.

Figure 3.4.3 shows the results of the FGM simulation for the control variables,
revealing the mixture stratification behavior. The stoichiometric mixture fraction
has a value of Z = 0.0537. A comparison between FGM and detailed chemistry
results is shown in Figure 3.4.4, in which profiles of temperature, OH mass frac-
tion, CO mass fraction, enthalpy and density are shown. In these figures the
same iso-levels are used for detailed and FGM computations. The FGM results
of both temperature and mass fractions demonstrates a good agreement with de-
tailed chemistry computations from a qualitative and quantitative point of view.
As in the previous section, the most striking difference is represented by the zone
next to the burner where the flame stabilizes. This zone is characterized by strong
diffusion in a direction parallel to the flame front, which is not included in the
reduced model, leading to incorrect predictions of carbon monoxide mass frac-
tions. In order to take this into account the FGM should be extended with an extra
control variable which keeps track of CO. Moreover, the influence of the cooling
walls is in very good agreement with detailed chemistry simulations. Similarly to
the results of the case described in Section 3.3.2, the flame tip is slightly shorter for
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(a)
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(d) (e)

Figure 3.4.4: Comparison between FGM and detailed chemistry results. Isocontours of: (a)
temperature [ K ]; (b) OH mass fraction; (c) CO mass fraction; (d) enthalpy [ J
kg−1 ]; (e) density [ kg m−2 ].
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the reduced model simulation, and this effect is attributed to stretch and curvature
effects which become important at the flame tip.

Besides accuracy, an important consideration about the calculation time needs
to be done. The FGM simulation presented in this paper resulted in a CPU time
which is approximately two orders of magnitude shorter than the detailed chem-
istry case. This difference is remarkable, especially considering the benefits given
by the adaptive mesh refinement adopted in the detailed chemistry case. However,
it must be also said that a small part of this difference is associated with the inher-
ent inefficiencies given by the compressible time-explicit code (i.e. non optimal for
efficient low Mach-number calculations). Furthermore, the calculation time and
the stability of the convergence of the detailed simulations is highly affected by
the flow initialization.

3.5 3D FGM - Differential Diffusion Effects Inclusion
The simulations presented in the previous sections have the permanent feature of
adopting a unity Lewis number assumption. In the case of Le = 1 mass and heat
diffuse at an equal rate in the flame. On the opposite, when Le is not equal to
one, species and heat locally redistribute. This phenomenon is also referred to as
differential diffusion [Matalon, 2007]. Many combustion models adopt the unity
Lewis number assumption, which is fairly valid for fuels such as methane [Smooke
and Giovangigli, 1991]. However, this assumption is not valid for fuels such as
hydrogen. Due to the high diffusivity of hydrogen, such flames are characterized
by intense thermo-diffusive instabilities.

This section focuses therefore on differential diffusion inclusion in the FGM
model. At first, hydrogen combustion is analyzed by means of an a priori anal-
ysis of a 3D detailed chemistry turbulent DNS. An approach is then formulated
in order to tackle this problem in the FGM framework. The FGM implementa-
tion described in Section 3.4 is extended in order to capture preferential diffusion
effects in premixed flames. The approach is first described and then applied to
cooled stratified premixed flames by means of a 3D manifold (Y, h, Z). The FGM
is adopted for two-dimensional flame simulations and compared with detailed
chemistry computations.

3.5.1 A Priori Assessment of the Potential of FGM to Model Lean
Premixed Hydrogen Combustion

The approach to include differential diffusion in FGM is investigated in this sec-
tion by analyzing 3D hydrogen computations performed with detailed chemistry
[Aspden et al., 2011; Day, Bell, et al., 2009]. To this aim probability density distri-
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butions of the hydrogen source term are compared with a set of perturbed flamelet
solutions.

Products

Fresh 
Mixture

Figure 3.5.1: Schematical representation of the domain.

The Numerical Method

The simulations, presented and discussed in [Day, Bell, et al., 2009], are based on
a low Mach number numerical formulation of the reacting flow equations [Day
and Bell, 2000]. A mixture-averaged model for species diffusion is used and the
transport coefficients, thermodynamic relationships and hydrogen kinetics are ob-
tained from the Gri-Mech 2.11 chemical reaction mechanism [Smith et al., 1999]
with carbon species removed. The integration algorithm has an adaptive local
grid refinement and it is second order accurate in space and time.

The configuration, represented schematically in Figure 3.5.1, consists of a rect-
angular domain with a 3 cm square cross-section, and a height of 9 cm, oriented
such that the flame propagates downward. The outflow is at the top of the domain,
with lateral periodic boundaries. The flat freely propagating flame is initialized at
the top, while the cold fuel mixture (Tu = 298 K, H2-air) was specified at the square
bottom boundary. Two cases with different lean equivalence ratios are considered:
φ = 0.31 and 0.37. An active control algorithm is used in order to keep the flame
at a statistically steady height above the inlet. The simulations are performed on
a base grid of 128×128×384 points, using two levels of factor-of-two refinements
that dynamically track the region of high reactivity as the flame evolves into a
quasi-steady configuration. The effective grid resolution at the flame surface is ∆x
= 58.6 µm, which results in an effective mesh size of 512×512×1536 points.

A representation of the result of the simulations is visible in Figure 3.5.2a (φ =
0.31) and 3.5.2b (φ = 0.37), where temperature is plotted on slice planes taken par-
allel to the downward propagation direction of statistically steady flame brushes.
It is clearly noticeable how thermo-diffusive instabilities lead to the breakdown of
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(a) (b) (c)

Figure 3.5.2: Temperature profile in two-dimensional slices of the three-dimensional simu-
lations of lean-premixed hydrogen. (a) φ=0.31; (b) φ=0.37; (c) Color legend.

the flat laminar flame, resulting in a cellular burning structure. In spite of hav-
ing a not so different equivalence ratio, the two flame exhibit a different burning
behavior. At φ = 0.31 the reaction occurs in small-scale structures across a broad
flame brush, while for φ = 0.37 there is a sharper interface between fresh mixture
and products.

Laminar perturbed structures are assumed to exist in the three-dimensional
flow. In order to perform a flamelet analysis, reference flamelet solutions are com-
puted with the same mechanism, using the solver Chem1D [Chem1D, n.d.]. By
applying stretch and/or adjusting the equivalence ratio of the flamelets, changes
due to local perturbations are taken into account. An extended explanation of the
flame stretch concept is given in Appendix A.5.

Flamelet Comparison

Figure 3.5.2 shows temperature profiles on central slices of the domain, for the
two cases. This representation displays how the high molecular diffusivity leads
hydrogen to spread into hot regions, which burns therefore more intensely than
the flat laminar flame. In fact the adiabatic flat laminar temperature is Tb = 1213 K
(φ = 0.31) and Tb = 1356 K (φ = 0.37), much lower than the present 3-D case. Nev-
ertheless, perturbed laminar structures are still present. It is in fact demonstrated
that the statistics of the unstable flame propagation are captured by stationary
flamelets [Bastiaans and Vreman, 2012]. It appears that velocity gradients near
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the flame front have a strong influence, leading then to identify flame stretch as
a cause of local fluctuations in consumption rate from the laminar unperturbed
flamelet value.

(a)

(b)

Figure 3.5.3: Joint probability density distributions of the consumption rate of hydrogen
against its mass fractions, comparison with one-dimensional simulations at
different normalized stretch rates. Cases at φ = 0.31 (a) and φ = 0.37 (b).

The DNS data can be compared with the results from flamelet calculations by
analyzing the joint probability density distributions (JPDFs) of the local fuel mass
fraction (which is a valid reaction progress variable) versus its consumption rate.
In Figure 3.5.3 JPDFs for the two equivalence ratio cases are shown. The figures
display high probability peaks close to the origin and in the region of high mass
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fraction and very low consumption rate. These values are characteristic of zones
in the plain burned and unburnt region respectively, therefore both far from the
active flame zone. The central flame region is more intriguing, in fact a band
of high probability which has a noteworthy similarity with a laminar flamelet
is present. This interesting feature suggests a direct comparison with laminar
flamelet data. To this aim a set of one-dimensional steady laminar simulations
were computed. The simulations included a set of steady 1D stretched flames at
the two equivalence ratios φ = 0.31 and φ = 0.37, and a set of un-stretched flames
across a range of different inlet fuel mixtures.

Figure 3.5.3 additionally displays the direct comparison between DNS and per-
turbed flamelets at different stretch rates. Here the stretch rate is normalized by
the laminar values of flame thickness (δ0L = 0.182 and 0.078 cm, respectively for φ
= 0.31 and φ = 0.37) and flame speed (sL = 4.91 and 15.64 cm s−1, respectively).
A fairly good fit of the high probability areas is achieved for quite high stretch
rates for φ = 0.37. However, in the φ = 0.31 case not all the DNS probability can
be covered by the stretched laminar data. The values of stretch necessary to fill
the high probability DNS data is also noteworthy, in fact much higher values are
shown for φ = 0.31.

Regions of negative stretch are representative of cusp regions (consult Appendix
A.5 for details on flame stretch), and a relatively large number of observations
fall in this region of the JPDF. These areas should be reproduced by negatively
stretched flamelet solutions. However, it appears that only with a limited negative
stretch rate stable stationary solutions can be obtained. Larger values of the (nega-
tive) stretch lead to unsteady flamelets, meaning that the flamelet extinguishes. All
these effects are indicators of the primary effect of differential diffusion. The high
diffusivity of hydrogen generates zones with locally modified equivalence ratio,
suggesting that stretch represents only a minor control variable of the process.

A suggestion about the physics governing this phenomenon is given by consid-
ering the local equivalence ratio along the laminar simulation, as shown in Figure
3.5.4. The local equivalence ratio of hydrogen is simply defined as:

φloc = s · (ZH/ZO) (3.40)

where the stoichiometric mass ratio of hydrogen is s = 7.937. The effect of differ-
ential diffusion is clearly visible in Figure 3.5.4, in fact the equivalence ratio is not
constant along the flame. It is possible to see how the combination of differential
diffusion and stretch locally increases the value of equivalence ratio, leading to
a wide zone of super-adiabatic temperatures. This combination gives rise to an
improved burning intensity in those zones that are affected from a higher hydro-
gen concentration. In fact, Figure 3.5.3a shows that laminar flames with increased
equivalence ratio can also cover the DNS data.

In order to assess the phenomena occurring in zones characterized by super-
adiabatic temperatures, the JPDFs of hydrogen consumption rate against temper-
ature are calculated. These are shown in Figure 3.5.5. In particular, Figure 3.5.5c
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Figure 3.5.4: Results of flamelet calculations: local equivalence ratio as function of tem-
perature along the flamelet, every line is a different rate of stretch (inlet φ =
0.31).

shows that for the φ = 0.37 case the super-adiabatic zone is barely covered by the
laminar stretched simulations. At φ = 0.31 (Figure 3.5.5a), the perturbed laminar
data is not able to properly reproduce the DNS results, and only extremely high
(and unrealistic) values of stretch would be able to do it. This leads to the con-
clusion that differential diffusion has the principal role in the redistribution of the
local equivalence ratio, and therefore in the formation of super-adiabatic areas.

This aspect is shown in Figure 3.5.5b, where the DNS data is compared with
one-dimensional simulations at increasing inlet equivalence ratio. A perfect fit is
achieved in the super-adiabatic region, reproducing the strong variation of local
equivalence ratio due to hydrogen diffusion. The same applies to the φ = 0.37

case, as given in Figure 3.5.5d.

Concluding Remarks

The main conclusion of this comparison is that for thermo-diffusive unstable low
Lewis number flames the freely propagating flame structure is significantly differ-
ent than the idealized flat laminar flame. The high diffusivity of hydrogen gener-
ates zones of super-adiabatic temperatures, suggesting that stretch represents only
a minor control variable of the process. For this reason the local equivalence ratio
needs to be taken into account in order to effectively model differential diffusion
in premixed flames.
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(a) (b)

(c) (d)

Figure 3.5.5: Joint probability density distributions of temperature against hydrogen con-
sumption rate. Cases at φ = 0.31 ((a) and (b)) and φ = 0.37 ((c) and (d)). In the
left figures JPDFs are compared with one-dimensional simulations at differ-
ent stretch rate, while in the right the comparison is presented with different
equivalence ratios.

3.5.2 Implementation of Differential Diffusion Effects in FGM

As described in the previous section, differential diffusion results in local changes
in element mass fractions and enthalpy. Consequently, in order to accurately pre-
dict such effects, element mass fractions and enthalpy must be included as control
variable of the FGM description. The implementation described in Section 3.4
consists of a 3D manifold in which the control variables are Y, h and Z. Hence, in
this section the same case is adopted as a starting point for differential diffusion
inclusion.

Equations

The control variable equations describing thermo-diffusive unstable low Lewis
number flames are directly following from the transport equations of Y, h and Z,
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formerly derived in Equation (3.30), (3.34) and (3.38) respectively. For the sake of
clarity these Equations are here repeated:

∂ (ρY)
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cp
∇Y
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cp

Ns∑
i=1

αi

(
1

Lei
− 1

)
∇Yi

)
+ ω̇Y, (3.41)
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, (3.43)

The first term of the right hand side of these equation is the differential diffusion
term. In the FGM implementations described in the previous sections this term was
neglected by assuming Lei=1. Clearly, for the inclusion of differential diffusion
this assumption does not hold anymore.

The differential diffusion term has the same structure for all three control vari-
able equations, and it differs in the coefficients only. Thus, a model for this term
can be first derived for the progress variable equation, and then generalized for
any control variable. Given the FGM assumption Yi = Yi (Y, h, Z), applying the
chain rule the differential diffusion term for the progress variable equation can be
recast in
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Assuming that (only) locally the controlling variables (Y, h, Z) are a function of Y
solely [Swart et al., 2010] (h,Z) =

(
h1D(Y), Z1D(Y)

)
, the progress variable equa-

tion may be recast in
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The coefficient dY is very convenient because it can be calculated in the pre-
processing stage and stored in the manifold together with the other thermochem-
ical variables. The generic control variable can be defined as

Ck = {C1,C2, ...,CNCV }, with k ∈ [1,NCV ] , (3.47)



54 flamelet-generated manifold for laminar flames

where NCV is the number of control variables. For our case it is clear that with
this definition it results NCV=3 and C1 = Y, C2 = h and C3 = Z. Generalizing the
derivation of Equation (3.45), the control variable conservation equation reads:

∂(ρCk)

∂t
+∇ · (ρuCk) −∇ ·

(
λ

cp
∇Ck

)
= ∇ ·

(
dCk∇Y

)
+ ω̇Ck , (3.48)

in which dCk represents the differential diffusion coefficient for the control vari-
able Ck:
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The species diffusion coefficient value Dk,i is depending on the control variable,
as described in Table 1. In Equation (3.48) the term ω̇Ck is the chemical source, and

Table 1: Species diffusion coefficient for the controlling variables.

Ck Species diffusion coefficient Dk,i

C1 = Y D1,i = αi
C2 = h D2,i = hi
C3 = Z D3,i = ζi

it is non-zero only for the progress variable transport, in which ω̇C1 = ω̇Y. The
differential diffusion coefficients for the control variables of our case are shown in
Table 2.

Table 2: Preferential diffusion coefficients for the controlling variables.

Ck Differential diffusion coefficient dCk
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A progress variable Lewis number LeY can be derived for our case by writing

the preferential diffusion term [Swart et al., 2010]:
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which can be finally rearranged in
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The definition of Equation (3.51) can be now generalized for the control variable
Ck, obtaining
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Solution of the flamelet equations

The manifold creation follows in essence the same strategy described in Section
3.4.1, with the only difference of dropping the unity Lewis number assumption
for the one-dimensional simulations. The same progress variable definition is
adopted as well. The system of equations (3.25)-(3.27) is solved with a specialized
1D flame code like Chem1D [Chem1D, n.d.], coupled with a suitable chemical
reaction mechanism.

Storage of the manifold

Flamelet solutions are mapped in such a way that any thermochemical variable
ψ is directly described as ψ = ψ (Y, h, Z). The tabulation procedure consists of
storing all the thermochemical variables ψ in a tabulated form, on a defined tri-
dimensional grid for which the Y− h−Z range is divided (the tabulation strategy
is described in Appendix A.3). The number of points adopted for the manifold
created in this section is nY = 250 in the progress variable dimension, nh = 40 for
the enthalpy and nZ = 86 for the mixture fraction. The calculation of transport
and thermodynamic coefficients is performed as described in Section 2.1 during
the pre-processing, and stored in the manifold together with the chemical data.
An overview of the resulting manifold can be seen in Figure 3.5.6, where various
scalars ψ are represented as a function of the progress variable and equivalence
ratio for the highest enthalpy value. The equivalence ratio is chosen instead of Z
for the sake of clarity in the plots. Figure 3.5.6 shows the preferential diffusion
coefficients as well, calculated as given in Table 2. An extrapolation is required in
the sub-cooled region, and it is performed as described in Section 3.3.1 for every
level of mixture fraction.

The solution stage

During run-time the FGM is linked to a standard CFD code. Together with mo-
mentum and continuity equations, the CFD code must solve the conservation as



56 flamelet-generated manifold for laminar flames

−8 −6 −4 −2 0 2 4 6 8 10 12
0.03

0.035

0.04

0.045

0.05

0.055

0.06

0.065

0.07

0.075

Unscaled Progress Variable

M
ix

tu
re

 F
ra

c
ti
o

n

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

E
q

u
iv

a
le

n
c
e

 R
a

ti
o

(a) (b)

(c) (d)

(e) (f)

Figure 3.5.6: Representations of the 3D manifold at the highest enthalpy level. (a) Mixture
fraction along the flamelets composing the manifold. (b) Progress variable
source term [ kg m−3 s−1 ] profile along the manifold. (c) Temperature [ K ].
(d) Preferential diffusion coefficient dC1
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in Equation (3.48) for the progress variable, enthalpy and mixture fraction as de-
scribed in the previous section. These Equations are solved during runtime for
Y, h and Z, together with the flow equations (2.1)-(2.2). All other thermochemical
parameters (e.g. ρ, cp, λ, ω̇Y, T , but also the preferential diffusion coefficients dCk )
are retrieved from the FGM database as a function of the three control variables
Y, h and Z. The data retrieval from the manifold for given values of the con-
trol variables is performed by means of a tri-linear interpolation on the tabulated
values (for details see Appendix A.4). The disadvantages of having a first order
interpolation are minor, as explained in Section 3.3.1.

3.5.3 Bunsen Burner Validation

Similarly to the methodology adopted in the previous sections, a two-dimensional
stratified premixed laminar flame with heat loss to the wall is simulated for val-
idation and testing. The fuel adopted for the simulations is methane, because of
its mild diffusivity. In fact, the work presented in this section represents a test and
validation of the method, as a first and necessary step before considering highly
diffusive fuels such as hydrogen. The burner geometry is the same adopted in
Section 3.3.2 and 3.4.2, as schematically shown in Figure 3.3.2. The boundary
conditions are identical to the ones used in Section 3.4.2, nonetheless hereafter
summarized for the sake of clarity. The inlet velocity profile is parabolic, going
from a minimum of 0 m/s at the wall to a maximum of 1 m/s at the centerline (see
Figure 3.3.2b). The mixture fraction Z has a parabolic profile as well, going from a
lean mixture of Z=0.033 (φ=0.6) at the wall to a rich mixture of Z=0.0713 (φ=1.35)
at the center of the inlet (see Figure 3.4.2). The inlet temperature is Tu=298 K, and
the pressure is atmospheric. The walls of both burner and combustion chamber
are kept at a constant temperature of Tw=298 K. For the detailed calculations (as
well as for the FGM) Gri-Mech 3.0 [Smith et al., 2002] is adopted as chemical reac-
tion mechanism (see Appendix A.1 for details), and the transport coefficients are
calculated by a mixture averaged approach.

Detailed simulations are performed with the fully compressible code for com-
bustion introduced in Section 3.3.2. The adaptive mesh refinement process is based
on temperature gradients. The steady solution is obtained on a grid of approxi-
mately 90,000 cells, with a minimum grid size of ∆x = 0.04 mm covering the entire
flame region. The effective mesh, calculated applying the finest resolution to the
whole domain, consist of approximately 165,000 cells.

FGM simulations are performed with the general purpose fluid-dynamics pro-
gram [Ansys-CFX, 2013] introduced in Section 3.3.2. The grid adopted for the
FGM simulations consists of approximately 60,000 quadrilateral cells, with an ad-
equate refinement in the entire central region. The minimum grid size in this case
is ∆x = 0.06 mm.

A comparison between FGM and detailed chemistry results is shown in Fig-
ure 3.5.7, in which profiles of temperature, OH mass fraction, CO mass fraction,



58 flamelet-generated manifold for laminar flames

(a)

(b) (c)

(d) (e)

Figure 3.5.7: Comparison between FGM and detailed chemistry results. Isocontours of: (a)
temperature [ K ]; (b) OH mass fraction; (c) CO mass fraction; (d) enthalpy [ J
kg−1 ]; (e) heat release [ W m−3 ].
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Figure 3.5.8: Results of the FGM simulations. Magnification of the differential diffusion
term for progress variable (top left), enthalpy (top right) and mixture fraction
(bottom).

enthalpy and heat release are shown. In these figures the same iso-levels are used
for detailed and FGM computations. The flame stabilizes at the dump plane, due
to the combined effect of heat loss and inlet velocity profile going to zero at the
wall. In general the FGM results of both temperature and mass fractions demon-
strate a good agreement with detailed chemistry computations from a qualitative
and quantitative point of view.

The flame height is reproduced rather well by FGM, and quite dissimilar (ap-
proximately 25 % shorter) from the Le=1 simulations presented in Section 3.4.2.
The flame is slightly shorter for the reduced model simulation, and this effect is
attributed to stretch and curvature effects which become important at the flame tip
and are not included in the present model. However, the influence of the cooling
walls is in very good agreement with detailed chemistry simulations. Peculiarly,
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Figure 3.5.8 shows the ∇ ·
(
dCk∇Y

)
terms in the FGM results, for the three control

variables Y, h and Z. In conclusion the diffusion effects are reasonably reproduced
by FGM, albeit these are not strong in methane flames. The results obtained in this
section enables to perform extensive investigations in more complex fuels, such as
hydrogen.

Besides accuracy, an important consideration about the calculation time needs
to be done. The FGM simulation presented in this section resulted in a CPU time
which is approximately two orders of magnitude shorter than the detailed chem-
istry case. This difference is remarkable, especially considering the benefits given
by the adaptive mesh refinement adopted in the detailed chemistry case. Fur-
thermore, the calculation time and the stability of the convergence of the detailed
simulations is highly affected by the flow initialization.

(a) (b)

(c) (d)

Figure 3.5.9: Comparison between FGM results obtained with and without including the
differential diffusive term: (a) temperature [ K ]; (b) Progress variable source
term ω̇Y [ kg m−3 s−1 ]; (c) heat release [ W m−3 ]; (d) CO mass fraction.
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3.5.4 The Effects of Differential Diffusion Inclusion for Methane

Figure 3.5.8 describes the differential diffusion phenomenon in essence. However
this is not sufficient for evaluating the differential diffusion effect on the global
flame structure. Estimating the global effect of differential diffusion is in fact
important in order to determine the impact (and its significance) given by its in-
clusion in the model. To this aim, an extra simulation is performed by using an
FGM data-base computed with full transport flamelets, but omitting the differen-
tial diffusion terms in the transport equations during run-time. Thereafter, a direct
comparison is performed between this simulation and the result given in Section
3.5.3, in order to highlight the contribution of the differential diffusion terms.

The simulation is performed using the same methodology, geometry, mesh and
numerical methods as adopted in the previous section. Likewise, the tabulated
chemistry is the same as in Section 3.5.3. The only difference in the present case
is the absence of the differential diffusion term ∇ ·

(
dCk∇Y

)
in the FGM equations

(i.e. the first term on the right hand side of Eq. (3.48)) during the flame simulation.
The results of this simulation are shown in the left side of Figure 3.5.9, in direct

comparison with the ones of the previous section, which are given in the right
side. This figure displays iso-contours of temperature, progress variable source
term, heat release and CO mass fraction, magnified near the flame zone. The
results are nearly identical, for all the variables. The registered relative error on
the flame height, calculated on the basis of the maximum temperature gradient, is
approximately 1.5% (shorter with differential diffusion inclusion). This difference
is definitely very modest. This comparison is therefore indicating that differential
diffusion inclusion on transport equations during the flame simulation does not
provide significant benefits for methane combustion.

A second important conclusion arises from this comparison: for achieving the
correct flame height in FGM simulations of methane (or any other type of low-
diffusive fuel) it is sufficient to produce a manifold with plain transport flamelets,
but then adopt the approximated unity Lewis number FGM equations during run-
time.

3.5.5 Bunsen Burner Validation - Hydrogen Addition

Differential diffusion effects in methane flames are so limited that their inclusion in
the model does not lead to significant improvement of the results, as demonstrated
in Section 3.5.4. However, it is interesting to test the model capabilities for the
simulation of a highly diffusive fuel, such as hydrogen. In fact, for this fuel it is
expected that the differential diffusion terms in the transport equations become
more important.

In the past years the combustion of hydrogen rich fuels has become a very im-
portant research item. This because hydrogen enriched alternative fuels are likely
to play a significant role in future power generation systems. In fact it is ex-
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pected that fuel composition will change in the future. This is due to depletion
and the desired independence from oil reserves, together with the greenhouse ef-
fect generated by burning fossil fuels. New fuels are expected to be generated
from biomass, landfill, waste and coal. In particular, coal gasification by means
of Integrated Gasification Combined Cycle (IGCC) plants, together with CO2 se-
questration looks very promising. This process results in gaseous fuels with high
hydrogen content. Hydrogen addition has a big impact not only on the conver-
sion rates of the mixture, but also on the stability of the flame. The aforementioned
reasons make a study on the flame behavior of combined hydrocarbon/hydrogen
fuel mixtures certainly worthwhile.

To this aim, in this section the model is tested for the simulation of a hydro-
gen enriched methane flame by comparing it with detailed chemistry calculations.
Similarly to the previous section (3.5.3), a two-dimensional stratified premixed
laminar flame with heat loss to the wall is simulated for validation and testing.
The fuel adopted for the simulations consists of methane with a molar (i.e. vol-
umetric) fraction of hydrogen of XH2=0.35. This particular content of hydrogen
is chosen in order to force a higher effect of differential diffusion and to avoid
flashback of the flame into the burner nozzle (flashback is observed for higher H2
contents). This is determined by means of a series of test cases calculated with de-
tailed chemistry (here not shown). The burner geometry and boundary conditions
(i.e. also parabolic inlet velocity and mixture fraction) are the same as adopted in
Section 3.5.3, with the only difference of the fuel composition. For both detailed
calculations and FGM the Gri-Mech 3.0 [Smith et al., 2002] chemical reaction mech-
anism is adopted. The manifold is calculated as described in Section 3.5.2, with
the only difference given by the fuel composition. Detailed and FGM simulations
are performed respectively with the same codes and mesh configurations adopted
in the previous sections. Furthermore, the progress variable definition is the as
same used in the previous section.

The results of the simulation are shown in comparison with the detailed chem-
istry ones in Figure 3.5.10, in which profiles of temperature, OH mass fraction,
CO mass fraction, enthalpy and heat release are shown. In these figures the same
iso-levels are used for detailed and FGM computations. As in the cases of the pre-
vious sections, the flame stabilizes at the dump plane. The results of FGM are in
general in good agreement with the detailed chemistry ones for both temperature
and mass fractions. A difference is noticeable in the flame tip region, in which the
stretch and curvature effects are important (however not included in the model).
The OH mass fraction field (Figure 3.5.10b) appears to be rather different from the
detailed chemistry one, however this issue is attributed to interpolation problems
during the manifold construction.

The flame height is notably effected by the addition of hydrogen to the fuel, and
therefore appears considerably shorter if compared to the results of pure methane
of Section 3.5.3. In comparison with the detailed chemistry calculations, the flame
height is reproduced rather well by FGM.
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(a)

(b) (c)

(d) (e)

Figure 3.5.10: Comparison between FGM and detailed chemistry results for combustion of
hydrogen enriched fuel. Isocontours of: (a) temperature [ K ]; (b) OH mass
fraction; (c) CO mass fraction; (d) enthalpy [ J kg−1 ]; (e) heat release [ W
m−3 ].
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3.5.6 The Effects of Differential Diffusion Inclusion with Hydrogen
Addition

Similarly to what is shown for pure methane in Section 3.5.4, it is interesting to
evaluate the effect (and most importantly the significance) of differential diffusion
inclusion on the global flame features for hydrogen enriched methane combustion.
Following the structure of Section 3.5.4, an extra simulation is performed by using
the same FGM data-base adopted in the previous section (which is computed
with full transport flamelets), with the only difference of omitting the differential
diffusion terms in the transport equations during run-time. The simulation is
performed with the same numerical methodology, geometry, mesh and numerical
methods adopted in the previous section. The only difference in the present case
is the absence of the differential diffusion term ∇ ·

(
dCk∇Y

)
in the FGM equations

(i.e. the first term on the right hand side of Eq. (3.48)).
The results of this simulation are shown in the left side of Figure 3.5.11, in direct

comparison with the ones of the previous section, which are placed in the right
side of the same. This figure displays iso-contours of temperature and progress
variable source term magnified on the flame zone. The inclusion of differential

(a) (b)

Figure 3.5.11: Hydrogen addition case. Comparison between FGM results obtained with
and without including the differential diffusive term: (a) temperature [ K ];
(b) Progress variable source term ω̇Y [ kg m−3 s−1 ].

diffusive terms seems to affect the flame height, as previously observed for the
pure methane case of Section 3.5.4. The hydrogen addition to the fuel increased
the extent of this effect, given its low Lewis number. The flame with inclusion
of differential diffusion fluxes results approximately 2.5% shorter. In general, this
difference is to be considered rather small. In addition to the flame height, a
difference is noticeable on the flame shape. In fact, the case with differential
diffusion effects inclusion shows a rather less curved flame shape, especially close
to the burner wall (lean mixture).
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From this comparison it can be concluded that a small percentage of hydrogen
addition is still well simulated by means of FGM without including differential
diffusive terms and by simply adopting a manifold computed with full transport.
Notwithstanding, it must be mentioned that the effective Lewis number of the
hydrogen enriched flames under consideration is still close to unity, and further
studies should investigate lower Lewis number flames in order to exhaustively
assess the importance of differential diffusion effects inclusion. Furthermore, it is
observed that the impact of differential diffusion is stronger for lean mixtures, and
this effect should be addressed in further studies of FGM for better understanding
the model validity.
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4 Flamelet-Generated
Manifold & Turbulence

“To make something simple is one thousand times harder than making
something complicated.”

— Mikhail T. Kalašnikov

The direct numerical solution (DNS) of premixed turbulent flames demands a
massive calculation if applied to flows of practical relevance. Modern computer
facilities cannot handle this enormous demand of computational resources now
and in the foreseeable future, therefore DNS is still limited to small scale academic
problems. Models are therefore essential in order to solve complex turbulent flow
configurations. LES and RANS methods reduce the computational cost of the sim-
ulation by filtering the flow solution either in space or in time. This strategy gives
rise to unknown sub-filter contributions for both flow and combustion chemistry,
which need to be modeled concurrently.

Chapter 3 shows how the FGM technique is able to reproduce accurately the
flame characteristic in the laminar fluid flow context. In this Chapter the FGM
method is applied to premixed turbulent flame simulations in complex geometries,
in order to reduce the computational requirements while keeping the accuracy of
detailed chemical kinetics.

4.1 The averaged governing equations
From an engineering point of view, turbulence is a stochastic phenomenon which
can be statistically described by the mean and variance of quantities. Flow veloci-
ties can therefore be split into a mean part and a fluctuating part, using Reynolds
decomposition:

ui ≡ ui + u ′
i (4.1)

with u (x, t) being the flow velocity vector having components ui in the xi coordi-
nate direction.
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The RANS equations

In RANS the averaged components of the velocity are given by

ui ≡
1

∆t

∫t+∆t
t

uidt, (4.2)

where ∆t is a time scale that is large in relation to the turbulent fluctuations. In
flows with large density gradients (e.g. combustion) a density weighted average,
the so called Favre average, is often adopted:

ui ≡ ũi + u ′′
i , (4.3)

with

ũi ≡
ρui
ρ

. (4.4)

The tilde here denotes Favre averaging, while the double prime marks the Favre
fluctuating quantity. Substituting the averaged quantities into Equations (2.1) and
(2.2) results in the Reynolds averaged equations:

∂ρ

∂t
+

∂

∂xi
(ρũi) = 0, (4.5)

∂

∂t
(ρũi) +

∂

∂xj

[
ρũiũj + pδij + ρu

′′
i u

′′
j − τji

]
= 0. (4.6)

Equations (4.5) and (4.6) represent an open set of partial differential equations
containing several unknown correlation terms. It is necessary to model these terms
in order to obtain a closed form of equations which can be solved numerically.
Under a number of assumptions (for details about the derivation please refer to a
classical turbulence textbook, e.g. [Pope, 2000]), Equation (4.6) is rewritten as:

∂

∂t
(ρũi) +

∂

∂xj

[
ρũjũi + pδij − τ̃ji

Tot
]
= 0, (4.7)

where

τ̃ji
Tot ≡ τ̃jiLaminar + τ̃jiTurbulent, (4.8)

τ̃ji
Laminar ≡ τ̃ji = µ

(
∂ũi
∂xj

+
∂ũj

∂xi
−
2

3

∂ũk
∂xk

δij

)
. (4.9)

The so called Reynolds stresses are modeled using an eddy-viscosity assumption:

τ̃ji
Turbulent ≡ −ρu ′′

i u
′′
j ≈ µt

(
∂ũi
∂xj

+
∂ũj

∂xi
−
2

3

∂ũk
∂xk

δij

)
−
2

3
ρkδij, (4.10)
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where µt is the turbulent viscosity. The turbulent energy k is defined as

k ≡
ũ ′′
ku

′′
k

2
. (4.11)

Equation (4.5) and (4.7), together with a model for the calculation of k and µt,
form a closed set of partial differential equations which can be solved numerically.

In a similar way, the general scalar ψ may be divided into a mean component
ψ and a fluctuating component ψ ′′. In this way, the transport equation for the
general scalar variable can be written as:

∂ρψ̃

∂t
+

∂

∂xj

(
ρujψ̃

)
=

∂

∂xj

(
ρD

∂ψ

∂xj
− ρũ ′′

j ψ
′′
)
+ ρ ˜̇ωψ. (4.12)

The terms in the left hand side of Equation (4.12) are closed, while the Reynolds

flux term (ρũ ′′
j ψ

′′) and source term (ω̃ψ) must be estimated by means of a tur-
bulence model. The modeling of the mean chemical source term has often been
considered as the main problem of moment methods in turbulent combustion.
This problem is treated in detail in the following sections. For the Reynolds flux
term it is general practice in turbulent combustion to employ the gradient trans-
port assumption for scalars [Poinsot and Veynante, 2011; Williams, 1994]. With
this assumption the flux can be modeled as:

−ũ ′′
j ψ

′′ = Dt
∂ψ̃

∂xj
. (4.13)

HereDt is the turbulent diffusivity, which is modeled in accordance with the eddy
viscosity:

Dt =
µt

Sct
, (4.14)

with Sct the turbulent Schmidt number. The modeled Reynolds averaged trans-
port equation for the variable ψ becomes therefore:

∂ρψ̃

∂t
+

∂

∂xj

(
ρujψ̃

)
=

∂

∂xj

[(
ρD+ ρ

µt

Sct

)
∂ψ

∂xj

]
+ ρ ˜̇ωψ. (4.15)

Equations (4.5) , (4.7) and (4.15), together with a model for the calculation of k and
µt, constitute the partial differential equations bundle which need to be solved for
FGM-RANS simulations.

The LES equations

Large Eddy Simulation is based on the separation between large and small scales
of motion. The governing equations for LES are obtained by filtering the time-
dependent Navier-Stokes equations in physical space. The filtering process effec-
tively filters out the eddies whose scales are smaller than the filter width or grid
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spacing used in the computations. The resulting equations thus govern the dy-
namics of the scales larger than the filter width, while the rest must be modeled
by means of a sub-grid model. The general filtering operation is defined by:

u(x, t) =
∫
G(r, x)u(x − r, t)dr, (4.16)

with integration over the whole domain, and the filter function G satisfying∫
G(r, x)dr = 1. (4.17)

The residual unresolved field is defined by

u ′(x, t) ≡ u(x, t) − u(x, t), (4.18)

which is very similar to the Reynolds decomposition. The main difference is that
the filtered residual is not zero:

u ′(x, t) 6= 0. (4.19)

The filtered Navier-Stokes equations for compressible flow LES read (for details
about the derivation please refer to a classical turbulence textbook, e.g. [Pope,
2000]):

∂ρ

∂t
+

∂

∂xi
(ρũi) = 0, (4.20)

∂

∂t
(ρũi) +

∂ρũiũj

∂xj
+
∂p

∂xi
=

∂

∂xj

[
(µ+ µt)

(
∂ũi
∂xj

+
∂ũj

∂xi
−
2

3

∂ũk
∂x̃k

δij

)]
. (4.21)

Here an eddy viscosity model is adopted in order to close the non linear terms, in
accordance with the previous section. In a similar way, an equation for the general
scalar ψ can be written as:

∂ρψ̃

∂t
+

∂

∂xj

(
ρũjψ̃

)
=

∂

∂xj

[(
ρD+

µt

Sct

)
∂ψ̃

∂xj

]
+ ω̇ψ. (4.22)

Equation (4.20), (4.21) and (4.22) constitute the partial differential equations set
which need to be solved for FGM-LES simulations.

4.2 Combustion Modeling
As described in the previous chapter, FGM is adopted in this study for the mod-
eling of chemical kinetics. When performing RANS or LES of turbulent reacting
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flows with flamelet based tables, closures for the unknown chemical terms are
needed. These terms are ω̇ψ, ρ, T̃ , together with the filtered mass fractions.

Different approaches can be used for the modeling of these terms. In this study
the closure problem is tackled by describing variables in a stochastic way. It is as-
sumed that locally a variable is described by a presumed beta Probability Density
Function (β-PDF) defining the probability of occurrence of a certain state. This
technique has been proposed by [Cook and Riley, 1994] in an LES context, and
since then it has become a standard closure technique in both LES and RANS.

In the flamelet regime (see Section 2.3.3 for details about the various combustion
regimes) the flame structure is at best partly located in the sub-filter scale. Given
the statistical approach of the PDF model, it is not ensured that the unresolved
reactive layer resembles the one of flamelets. However, if turbulence cannot sig-
nificantly influence the reaction layer it can be safely assumed that the sub-filter
scales can still be described as a collection of flamelets.

The presumed β-PDF model provides a suitable (although not exact) description
of chemistry sub-grid terms [Vreman, Oijen, et al., 2009]. The β-PDF density
function is defined on the continuum between 0 and 1, and it is extremely versatile
because it is determined by two parameters (mean and variance) solely. Moreover,
this function is able to take a wide variety of different shapes (e.g. symmetric,
uniform and bi-modal) as shown in Figure 4.2.1, including integrable singularities
near the end points.
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Figure 4.2.1: Probability density function shapes for the β-distribution with different pa-
rameters.

If not explicitly stated otherwise, in the present and in the following chapters
of this thesis the progress variable Y stands for the scaled progress variable (i.e.
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scaled between zero and 1). The presumed PDF model for e.g. the source term of
the progress variable Y reads

ω̇Y =

∫1
0
ω̇Y(Y)P(Y)dY, (4.23)

where the probability distribution P(Y) is the above mentioned β-function:

P(Y) =
Γ(α+β)

Γ(α)Γ(β)
Yα−1(1− Y)β−1 (4.24)

where Γ is the gamma function, which can be calculated with a fifth-order poly-
nomial approximation [Davis, 1970]. The two parameters α and β are given by:

α = Y

(
Y(1− Y)

Ỹ ′′2
− 1

)
, (4.25)

β =

(
α

Y

)
−α. (4.26)

This function is based on the first two moments of Y: the mean Y and the variance
Ỹ ′′2. As mentioned earlier, this presumed form provides an appropriate range of
shapes. If α and β approach zero (large variance) the PDF assumes a bi-modal
shape. On the contrary, when α and β are large the PDF assumes a mono-modal
shape with an internal peak. In the case that the variance is very small the PDF
behaves like a Gaussian instead.

The presumed β-PDF is accounted for by constructing a table in which all the
convolved chemical quantities depend on the mean (filtered value) and its sub-grid
variance.

In addition to the presumed PDF model, a closure is needed for the variance
Ỹ ′′2. A suitable, and often used, model is the similarity or gradient-based model
[Vreman, Oijen, et al., 2009]:

Ỹ ′′2 ≈ a
2∆2

12

(
∂Ỹ

∂x

)2
= α∆2

(
∂Ỹ

∂x

)2
(4.27)

where ∆ is the filter width, which is considered to be equivalent to the grid
resolution. The parameter a is assumed to be a constant, or determined by a
dynamic procedure. It can be deduced that the value of a should lie between 1 and
2, since Ỹ(1− Ỹ) 6 1

4 . For smooth fields and in case of second order discretization
over an equidistant grid, a Taylor expansion yields a = 1 and therefore α = 1/12

[Vreman, Oijen, et al., 2009]. However, previous studies showed that this value
may underestimate variances [Branley and Jones, 2001], and that values ranging
from α = 0.1 to α = 0.3 give correct results, depending on the application [Branley
and Jones, 2001; Vreman, Albrecht, et al., 2008].
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4.3 3D Manifold Implementation (Ỹ, h̃, Ỹ ′′2)
In this section a computational analysis of two confined premixed turbulent meth-
ane air flames subject to heat loss is described. In this scope, the chemistry is
reduced by the FGM technique by solving the equations derived in Section 3.1
for the laminar case and extended for accounting turbulence in Section 4.1. In
the present implementation the reaction evolution is described by the reaction
progress variable and the heat loss is described by the enthalpy, while the turbu-
lence effect on the reaction is represented by the progress variable variance. The
turbulence-chemistry interaction is considered for the progress variable through
the use of a presumed PDF approach, as described in Section 4.2. No sub-grid
modeling is adopted for enthalpy, given its very modest gradients on the locations
of the active flame zone. The resulting manifold is therefore three-dimensional,
and the dimensions are Ỹ, h̃, Ỹ ′′2.

4.3.1 Single Jet Atmospheric RANS Application - Comparison with
Experimental data

A generic lab scale burner for high-velocity preheated jets is used for validation,
as shown in Figure 4.3.1. It consists of a rectangular confinement, with an off-
center positioning of the jet nozzle (inner diameter d=10 mm) providing flame
stabilization by recirculation of hot combustion products. The tip of the nozzle
has a slight bevel at the outer contour and rises 2d above the burner dump plate.
The nozzle is centered in the perpendicular direction, while it is positioned at a
3.5d distance from the combustion chamber wall referring to the longer side. The
overall length of the chamber is 60d. The simulations presented in this section
are performed with an inlet mean bulk velocity of vin = 90 m/s, inlet tempera-
ture of 573 K, premixed CH4-air mixture with an equivalence ratio of φ = 0.71

and atmospheric pressure conditions. The corresponding Reynolds number cal-
culated at the inlet diameter is roughly 25 600. The walls are cooled to a constant
temperature of Tw=800 K. This geometry was selected and extensively analyzed
experimentally in [Lammel et al., 2011, 2012] in order to obtain a pronounced re-
circulation zone on one side of the jet flow. In the experiments of [Lammel et al.,
2011], laser Raman scattering was applied and evaluated on average and instanta-
neous basis. In this way it was possible to obtain the major species concentrations,
the mixture fraction and the temperature. The overall accuracy of the measure-
ment of species concentrations and temperatures with this method is estimated
to be approximately smaller than 5%, measured during the calibration procedure
[Lammel et al., 2012]. Planar velocity fields were measured by means of Particle
Image Velocimetry (PIV). The uncertainty on the velocity measurements obtained
by this technique is estimated to be 2.3 m/s for the current case [Lammel et al.,
2012].
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(a)

(b)

Figure 4.3.1: Schematical representation of the DLR single jet geometry. In (a) different
lines represent the positions in which the data is extracted for the analysis.

A consideration about the scales involved in the flow and combustion process
of the present case must be made in order to ensure that the flamelet hypothesis
is valid. With regard to the fluid flow, an approximation of the turbulent length
scales gives an estimate value for the Kolmogorov scale of η=0.04 mm (calcu-
lated taking in consideration values related to zones located in the flame region).
In relation to the chemistry, the flame thickness can be calculated based on the
highest value of the temperature gradient along the flamelet, from the chemistry
database. As described in Section 2.3.2, a reaction layer thickness can be calculated
based on the integral consumption term of the fuel. Considering the flamelet at
inlet conditions, therefore without heat loss, the thermal laminar flame thickness
results approximately in δ0L=0.08 mm, while the reaction layer can be estimated
in δr=0.013 mm. These values confirm therefore the assumption of falling within
the thin reaction zone regime with the present simulations. An interesting point
can be made by considering those flamelets subject to heat loss. Figure 4.3.2 repre-
sents the thermal and reaction layer thicknesses as a function of the enthalpy of the
laminar flamelet. The reaction layer becomes thicker with a decrease of enthalpy
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Figure 4.3.2: Thermal laminar flame thickness and reaction layer thickness as a function of
the enthalpy of the flamelet.

(i.e. with an increase of heat loss). This indicates a reduced difference of scales
between the chemical reaction and the dissipative scales of the flow. In the same
way, the thermal thickness is minor at adiabatic conditions. This effect leads to
more extended preheating zones in the cooled regions, e.g. next to the wall. The
direct consequence of this behavior is that in all cooled regions the flow modeling
is additionally crucial in order to have a correct flame location prediction.

In this study we consider premixed methane/air combustion at atmospheric
pressure conditions with low equivalence ratio (lean mixture) and pre-heated in-
let. Along the combustion process the mass fraction of oxygen is continuously
decreasing, therefore this quantity is chosen as progress variable Y. Following the
definition of progress variable given in Equation (3.1), the weighting factors αi are
chosen to be:

• αO2 = −1,

• αi = 0 ∀ i 6∈ O2 .

In the geometry adopted for this simulation the inlet is considered to be fully
premixed, and the pressure constant (atmospheric), therefore no control variables
are necessary to describe the effects of mixing and pressure changes. On the other
hand enthalpy is not conserved throughout the domain because of the heat loss
to the combustion chamber. In order to take this into account in the tabulation
process, the laminar flamelets have to be solved for different values of enthalpy,
introducing enthalpy (h) as a control variable.

The procedure for the chemistry tabulation with enthalpy inclusion follows the
description given in Section 3.3.1. The chemical reaction mechanism used for the
FGM calculation is Gri-Mech 3.0 [Smith et al., 2002], which is composed of 53
species and 325 reactions (for details see Appendix A.1). Unity Lewis number
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(a)

(b) (c)

Figure 4.3.3: Representation of the laminar manifold ψ(Y, h). (a) Temperature [K]. (b)
Progress variable source term [kg m−3 s−1]. (c) Hydroxyl mass fraction.

is imposed along the flamelets, neglecting differential diffusive effects. The un-
derlying reason for this approximation is that at high turbulence levels diffusion
of species and temperature is dominated by turbulent mixing, resulting in an ef-
fective unity Lewis number [Peters, 1991; Smooke and Giovangigli, 1991], thus
allowing a much simpler formulation of the FGM equations (as given in the pre-
vious chapter). The peak temperature of the lowest enthalpy flamelet is approx-
imately 1300 K, therefore in the sub-cooled region an extrapolation is performed
as described in Section 3.3.1. The calculation of the thermodynamic coefficients
is performed by means of a mixture averaged approach (as described in Section
2.1) during the pre-processing stage, and stored in the manifold together with
the chemical data. An overview of the resulting manifold can be seen in Figure
4.3.3, where temperature, progress variable source term and OH mass fraction are
represented as a function of the progress variable and enthalpy.

The turbulence-chemistry interaction is taken into account by means of a pre-
sumed β-PDF model, as described in Section 4.2. The convolution operation gen-
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erates an increase of a dimension in the manifold, which finally reaches the num-
ber of three dimensions for the present case. The final dimensions for the manifold
are: average progress variable, enthalpy and variance of the progress variable. An
example of the effect of the β-PDF convolution can be seen in Figure 4.3.4, where
the progress variable source term is represented for different levels of variance of
the progress variable.

Figure 4.3.4: The convolved shape for an adiabatic flamelet. Progress variable source term,
laminar (bold curve) and convolved (dashed) at different levels of variance
of the progress variable (from the higher to the lower curve, respectively:
0.003,0.012,0.028,0.049,0.077,0.11,0.15,0.19).

The tabulation procedure consists in storing all the thermochemical variables ψ
(i.e. ψ and ψ̃ as well) in a tabulated form, on a defined tri-dimensional grid which
divideds the Ỹ − h − Ỹ ′′2 range. The number of equally spaced points adopted for
the manifold created in this section is n

Ỹ
= 250 in the average progress variable

dimension, nh = 40 for the enthalpy and n
Ỹ ′′2 = 10 for the variance of progress

variable. The grid adopted for the tabulated manifold is equally spaced in the
progress variable and enthalpy dimensions, while variance entries are quadrati-
cally clustered near zero, for an improved resolution in this region of steep gradi-
ents (which is also the most accessed).

The solver used for the simulations is [Ansys-CFX, 2013], coupled with the
above described three-dimensional FGM implementation. The approach used for
turbulence modeling is Reynolds Averaged Navier-Stokes (RANS) RNG k-ε. This
model solves equations for the turbulent kinetic energy k and turbulent kinetic
eddy dissipation rate ε, formulated with the Re-Normalization Group methodol-
ogy (RNG) [Yakhot and Orszag, 1986]. The algorithm of the software is implicit
and pressure-based, and the solver makes use of a conservative finite-element-
based control volume method. The solver chosen for the computations of this
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work is incompressible. For the progress and control variable transport equations
the turbulent Schmidt number is considered to be constant and equal to Sct=0.7.
In addition to the flow equations, two extra transport equations are solved for
FGM: the progress variable and enthalpy transport equations. These are described
in Section 4.1. The variance of the progress variable is calculated by means of the
gradient-based model described in Section 4.2.

Figure 4.3.5: Representation of the mesh volumes. The two cross planes are colored as a
function of the cube root of mesh cell volumes.

The three-dimensional mesh of the geometry includes a large portion of the
inlet pipe (to avoid boundary conditions influence) and the combustion chamber
is simulated up to the final part of the combustor, 40d distant from the dump
plane. The mesh consists of 1 957 936 hexahedral elements over 1 993 980 nodes,
and it is displayed schematically in Figure 4.3.5, where it is possible to see the
different levels of refinement throughout the domain.

An overview of the profile and behavior of the reacting flow in the burner is
represented in Figure 4.3.6a, where velocity streamlines are plotted in a plane at
the center of the geometry, and colored as function of the velocity magnitude.
In this figure the flame position is represented by iso-surfaces at three different
values of the progress variable, rendered in transparency in order to reveal the
flame location. The picture reveals how the jet proceeds straight and thin above
the nozzle exit, and proceeds somewhat bending towards the farthest wall over
a long distance. The presence of a vast recirculation zone is also noticeable at
the side of the nozzle exit, which flanks almost entirely the jet. In this large-
scale recirculation zone the hot products of the flame are carried back to the inlet,
enhancing the ignition of the incoming fresh gases. The profiles of temperature
and CO mass fractions are shown in Figure 4.3.6b and 4.3.6c, plotted in the center
plane (described in the schematic view of Figure 4.3.1). The substantial cooling
operated by the recirculating gas adjacent the nozzle exit can be clearly seen. From
these figures the effect of the conductive heat loss to the walls can be seen. As a
direct result of the approach of the FGM technique, all the information about



4.3 3d manifold implementation (Ỹ , h̃ , Ỹ′′2 ) 79

(a)

(b)

(c)

Figure 4.3.6: (a) Schematical view of the results: velocity streamlines at the center plane
are colored as function of the velocity magnitude. Isosurfaces represent three
different levels of progress variable in transparency. (b) Temperature field at
the center plane. (c) Carbon monoxide mass fractions.

the intermediate species can be directly retrieved from the tabulated manifold.
This feature has a phenomenal potential, in fact this means that the amount of
accessible data about the combustion process is the same as would be accessible
with a detailed chemistry simulation.

In order to establish a quantitative comparison between experiments and simu-
lations, a set of monitor lines is defined along the domain, at five distances from
the nozzle exit. This set of lines (see Figure 4.3.1) is chosen in order to be orthog-
onal to the inlet flow direction, and positioned in locations which are expected to
be subject to the highest gradients. With the intent of evaluating the difference
between standard simulations which don’t include heat loss, an extra simulation
is performed. This simulation is performed without the inclusion of the conduc-
tive heat loss to the walls, i.e. with a two dimensional implementation of FGM.
Hence in this case the manifold is two dimensional, and the dimensions are aver-
age progress variable and variance of the progress variable.
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Figure 4.3.7: Results comparison along lines located at different axial distances from the
nozzle exit. (a) Axial velocity [m s−1]. (b) Transverse velocity [m s−1]. Dots
represent the averaged experimental data with relative error, blue lines FGM
with heat loss inclusion and red lines FGM without heat loss. The coordinate
x here refers to the transverse direction.

In Figure 4.3.7a and 4.3.7b a comparison between velocity values of the simula-
tions and averaged PIV data is displayed. Different plots correspond to different
distances from the nozzle exit, and the abscissa refer to the span-wise direction.
The error-bars refer to the aforementioned experimental error values. As a whole,
the results can be considered in good agreement with the averaged PIV data. The
main noticeable difference between the experiments and simulations is the fact that
the recirculation zone adjacent to the flame and close to the nozzle is not matched
correctly. The mismatch is primarily leading to an incorrect prediction of the re-
circulation region extension along the burner. This effect also leads to an incorrect
transverse velocity prediction, which results in a slightly increased deviation of
the jet towards the center of the burner, particularly in the middle of the flame.
This deviation recovers slightly at the end of the flame, as visible from the plots of
the outermost lines from the nozzle exit (10d and 15d). This dissimilarity is to be
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Figure 4.3.8: Results comparison along lines located at different axial distances from the
nozzle exit. (a) Velocity RMS. (b) Temperature [K]. Dots represent the av-
eraged experimental data with relative error, blue lines FGM with heat loss
inclusion and red lines FGM without heat loss. The coordinate x here refers
to the transverse direction.

attributed principally to the RANS modeling, which is indeed not able to capture
the large scale instabilities in a correct way. Moreover, the wall functions (standard
type) play an important role on the behavior of this large recirculation zone. In the
region nearby the wall that is closer to the nozzle a difference in velocity is visible
as well. This difference in velocity is much less significant in value if compared
to the main recirculation zone, but still important for the flow because of its effect
on the jet turn. This zone lies quite near to the wall, and becomes therefore quite
difficult to simulate by the flow model because of its intrinsic unstable behavior.

The inclusion of heat loss plays an important role on the velocity profiles, indi-
cating a considerable difference on the prediction of the main recirculation zone
and consequently the transverse velocities. On the whole, these results have to
be considered satisfactory, considering the massive difference between axial and
transverse momentum, and the type of modeling of the flow (RANS). This effect
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is particularly noticeable from Figure 4.3.8a, in which the root mean square (RMS)
of the PIV velocity magnitude is compared with the squared root of the turbulent
kinetic energy of the simulations. The agreement is excellent in the region next
to the nozzle, a crucial zone for the turbulent effects, and objectively good in the
farthest regions. In these regions in fact the values are still comparable, however
with a shift of the profiles generated once again by the previously mentioned error
in the transverse velocity prediction. Additionally, the presence of turbulent fluc-
tuations due to the pipe walls is noticeable. This is due to the choice of displacing
the inlet boundary far from the dump plane of the burner.

In Figure 4.3.8b temperature profiles are displayed. Once again it is possible
to see that the asymmetric position of the inlet has a large influence on the jet
evolution in the burner, which is curved to the farthest wall. The temperature
profiles show that for this reason a non-symmetric hot zone is obtained. This
effect is partially reproduced by the simulations, which are predicting significantly
smoother profiles of temperature in the final part of the flame. Once again this
phenomenon is mainly caused by the incorrect prediction of the recirculation zone
by the flow model, which thereafter leads to erroneous predictions of enthalpy
transport. This effect is confirmed by the analysis of experimental instantaneous
flow fields [Lammel et al., 2011, 2012], which show the presence of relatively small
unsteady hot pockets. These pockets eventually lead to an increased heat loss by
conduction, which can be captured only by means of unsteady simulations. One
more possible cause of inaccuracy might be the absence of heat loss by radiation in
the combustion model. In the experiments glass walls were mounted in order to
have optical access to the flame for the measurements, leading to conceivably high
heat loss due to radiation. A feature of the temperature field should be mentioned.
The temperatures shown in the simulation with heat loss inclusion, as well as
in the experiments, are noticeably below their adiabatic values. The latter are
evidently represented by the results of the simulation without heat loss inclusion.
This effect can be ascribed to the cooling exerted by the main recirculation zone,
which enhances the heat exchange of the fully reacted mixture at the wall. For this
case the peak measured temperature is more than 250 K below the adiabatic flame
temperature.

In conclusion, the method is shown to capture in a coherent way the combus-
tion features, leading to a representative prediction of the profiles of velocity and
temperature. The main noticeable difference between the experiments and sim-
ulations is the partially incorrect prediction of the recirculation region extension
along the burner. This dissimilarity is to be attributed principally to the RANS
modeling, which is indeed not able to capture the large scale unsteady effects in
an accurate way. The effect of the recirculation zone is in fact significant in this
burner. In this region the burnt gases loose heat to the wall with low velocities,
and consequently with enhanced heat exchange. The jet inlet is adjacent to this
region, and this eventually leads to a low igniting temperature of the flame. There-
fore, a valid model of the recirculation zone has a significant importance in order
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to capture the correct structure of the entire combustion process. Despite the rel-
atively poor flow modeling, the use of FGM as a combustion model shows that
combustion phenomena in gas turbine conditions can be reproduced with a rea-
sonable computational effort. About this point, a final consideration concerning
the calculation time is needed. The simulation time of the cases performed here is
in the order of 70 CPU-hours, which translates to 7 hours in the 10 CPU’s machine
used for this scope. This certainly low calculation time is due to the use of the
FGM reduction model, allowing to perform broader and more detailed (unsteady,
e.g. Large Eddy Simulation) investigations in the next section.

4.3.2 High Pressure Single Jet LES Application - Comparison with
Experimental data

In this section a gas-turbine like burner is used for validation. The combustor
consists of a high-pressure (5 bar) high-velocity (40 m s−1 at the inlet) preheated
jet. Turbulent, lean premixed flames of different fuels (methane, methane/hydro-
gen) have previously been studied in this axis-symmetric gas turbine combustor
[Daniele et al., 2010; Griebel et al., 2007]. This study attempts to apply the FGM
chemistry reduction method coupled with LES and RANS models, in order to
predict the evolution and description of the mentioned turbulent jet flame in high
pressure (and high Reynolds number) flow conditions, including the important
effect of heat loss by conduction to the walls.

The geometry of the burner consists essentially in a cylindrical confinement (for
a sketch see Figure 4.3.12). The jet has a diameter d = 25 mm and the combustor
a diameter of dc = 75 mm, providing flame stabilization by recirculation of hot
combustion products. The overall length of the chamber is 22d. The simulations
presented here are performed with an inlet velocity of vin = 40 m s−1 , inlet
temperature of 623 K, fully premixed CH4-air mixture with an equivalence ratio
of φ = 0.5 and p = 5 bar. The corresponding Reynolds number calculated with
the inlet diameter is roughly 100 000. The inlet velocity profile is chosen to be
parabolic in order to take the presence of the walls into account, and the velocity
profile is therefore set in order to conserve the mass flow rate. Heat losses to the
walls are imposed by enforcing a temperature Tw=900 K to the walls.

This geometry was selected and extensively analyzed experimentally in [Daniele
et al., 2010; Griebel et al., 2007], where flame structures were determined with
Laser Induced Fluorescence measurements of the OH radical. The overall accuracy
of the measurement with this method is estimated to be approximately within
±7% on the flame height, and ±10% on the flame brush thickness.

As in the previous section, a consideration about the scales involved in the flow
and combustion process of the present case must be made in order to ensure that
the flamelet hypothesis holds. An approximation of the turbulent length scales
gives an estimate value for the Kolmogorov scale of η ≈ 0.02 mm (calculated tak-
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ing into consideration values related to zones located in the flame region). In re-
lation to the chemistry, the flame thickness can be calculated based on the highest
value of the temperature gradient along the flamelet, from the chemistry database.
As described in Section 2.3.2, a reaction layer thickness can be calculated based on
the integral consumption term of the fuel. Considering the flamelet at inlet condi-
tions, therefore without heat loss, the reaction layer thickness can be estimated as
δr = 8 µm. These values confirm the assumption of falling within the thin reaction
zone regime with the present simulations. Figure 4.3.9 represents the thermal and
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Figure 4.3.9: Thermal laminar flame thickness and reaction layer thickness as a function of
the enthalpy of the flamelet.

reaction layer thicknesses as a function of the enthalpy of the laminar flamelet. As
noted in the previous section, the reaction layer becomes thicker with a decrease of
enthalpy. This indicates a reduced difference of scales between the flame and the
dissipative scales of the flow, with more extended preheating zones in the cooled
regions.

The FGM implementation is very similar to the one described in Section 4.3.1.
The mass fraction of oxygen is chosen as progress variable Y, and the enthalpy (h)
is adopted as a control variable in order to take heat loss to the walls into account.
The procedure for the chemistry tabulation with enthalpy inclusion follows the
description given in Section 3.3.1. The chemical reaction mechanism used for the
FGM calculation is Gri-Mech 3.0 [Smith et al., 2002] (for details see Appendix A.1).
Unity Lewis number is imposed for the flamelets calculations. Also for the present
case in the sub-cooled region an extrapolation is performed as described in Section
3.3.1.

An overview of the resulting manifold can be seen in Figure 4.3.10, where
progress variable source term and temperature are represented as a function of
the progress variable and enthalpy.
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(a) (b)

Figure 4.3.10: Representation of the laminar manifold. (a) Progress variable source term
[kg m−3 s−1]. (b) Temperature [K].

The turbulence-chemistry interaction is taken into account by means of the pre-
sumed β-PDF model, as described in Section 4.2. The dimensions for the final
manifold are: progress variable, enthalpy and variance of the progress variable. In
Figure 4.3.11 the progress variable source term is represented for different levels
of variance of the progress variable, representing therefore the effect of the β-PDF
convolution.

Figure 4.3.11: The convolved shape for an adiabatic flamelet. Progress variable source
term, laminar (bold curve) and convolved (dashed) at different levels of
variance of the progress variable (from the higher to the lower curve, re-
spectively: 0.003,0.012,0.028,0.049,0.077,0.11,0.15,0.19).
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Again, the solver used for the simulations is Ansys-CFX [Ansys-CFX, 2013],
coupled with the above described three-dimensional FGM implementation. The
approach used for turbulence is LES with dynamic sub-grid scale (DSGS) model
and RANS RNG k-ε. The LES DSGS model [Germano et al., 1991] is essentially an
extension of the Smagorinsky model [Smagorinsky, 1963], as the dynamic model
allows the Smagorinsky constant to be calculated locally in space and time. The
RANS RNG k-ε model solves equations for the turbulent kinetic energy k and
turbulent kinetic eddy dissipation rate ε, formulated with the Re-Normalization
Group methodology (RNG) [Yakhot and Orszag, 1986]. The computational frame-
work is equivalent to the one described in the previous section. In addition to the
flow equations, two extra transport equations are solved for FGM: the progress
variable and enthalpy transport equations. These are described in Section 4.1. The
turbulent Schmidt number is considered to be constant and equal to Sct=0.7, for
both the progress and control variable transport equations. The variance of the
progress variable is calculated by means of the gradient-based model described in
Section 4.2.

The three-dimensional mesh of the geometry consists of 3 407 868 hexahedral el-
ements over 3 478 067 nodes, distributed with a consistent refinement in the flame
region (where the grid size is ∆x=0.2 mm). The combustion chamber is simulated
up to the final part of the combustor, with the inclusion of the twin exhaust pipe
as visible from Figure 4.3.12. The global structure of the flame is revealed from

Figure 4.3.12: Overview of the domain by means of a time snapshot of the LES simulation
with heat loss. The flame here is represented by an iso-surface of progress
variable (Y=0.75), and colored as function of its source term [ kg m−3 s−1 ].

an instantaneous image of the flame profile in an LES calculation, as represented
in Figure 4.3.12. Here an iso-contour of the progress variable is shown (colored
as a function of the progress variable source term) in order to reveal the flame
location. The flame base appears highly corrugated and is strongly affected by the
instantaneous local flow conditions. Figure 4.3.13 displays a series of quantities
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(a)

(b)

(c)

(d)

(e)

Figure 4.3.13: Time snapshots of LES with heat loss inclusion, center-plane. (a) Progress
variable. (b) Enthalpy [J kg−1]. (c) Temperature [K] (d) Hydroxyl mass
fractions. (e) Progress variable source term [kg m−3 s−1].
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Figure 4.3.14: Results comparison along lines located at different axial distances from the
nozzle exit. (a) Mean axial velocity [m s−1]. (b) Mean transverse (i.e. radial)
velocity [m s−1]. Black bold lines represent LES with heat loss, blue dots
RANS with heat loss and red dashes RANS without heat loss inclusion. The
coordinate x here refers to the transverse direction.

from a snapshot of the LES calculation, represented at the center-plane. A core
flow region is identifiable close to the symmetry axis and close to the inlet. In this
zone the turbulence intensity is relatively low and the axial momentum is very
high. The flame stabilizes by means of the recirculation zone that is formed by the
sudden expansion on the dump plane. Between the core flow and the recircula-
tion zone the velocity gradients are such that most of the turbulence is generated
in this location [Griebel et al., 2007]. In fact the peak of velocity RMS is reached
for regions that are not so close to the dump plane. Closer to the inlet a strong
and relatively thin shear layer zone is noticeable. The turbulence distribution is
caused by a combination of these effects: turbulence is first created by the strong
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Figure 4.3.15: Results comparison along lines located at different axial distances from the
nozzle exit. (a) Mean temperature [K]. (b) Mean carbon monoxide mass
fractions. Black bold lines represent LES with heat loss, blue dots RANS with
heat loss and red dashes RANS without heat loss inclusion. The coordinate
x here refers to the transverse direction.

shear layer, afterward it is transported and distributed and finally dissipated with
the help of the density and viscosity variations due to the chemical reaction.

With the intent of evaluating the difference between standard simulations which
do not include heat loss, a comparison is performed. In Figure 4.3.14a and 4.3.14b a
comparison between velocity values of the simulations is displayed, plotted in the
center plane at different distances from the inlet. These results show a very small
mismatch between LES and RANS in the axial velocity. However the transverse
velocity shows quite different profiles between LES and RANS. This is due to
the small momentum acting on the transverse direction in comparison with the
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Figure 4.3.16: Hydroxyl mass fraction fields represented at the center plane. Experimen-
tal results (top), averaged LES (center) and RANS (bottom). Color-bars are
omitted for consistency with the experiments, however the color-scale range
is defined by the maximum and minimum value locally in each figure.

Figure 4.3.17: CO mass fraction profiles from the LES. Comparison between instantaneous
and time-averaged fields at the center plane.

axial one. The mismatch is primarily leading to an incorrect prediction of the
recirculation region extension along the burner.

Profiles of temperature and CO mass fractions are respectively shown in Figure
4.3.15a and 4.3.15b. The major effect of heat loss on the flame behavior is clearly
visible from this comparison.

In the experiments of Daniele et al., 2010 the most probable flame front con-
tour is obtained by processing the OH signal intensity gradient. A comparison of
these experimental values of OH fields with LES averaged results (with heat loss)
reveals a difference in the flame height of +4 .9%, while in the RANS (with heat
loss) simulations this difference increases to +13 .5%. The comparison between
experimental data, averaged LES and RANS is shown in Figure 4.3.16. This rela-
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tively small difference can be explained by the absence of turbulence at the inlet in
the simulations. In [Daniele et al., 2010] it is in fact shown how the inlet turbulence
shortens the flame slightly in the present geometry.

A qualitative but engaging comparison of the CO mass fractions for instanta-
neous LES and averaged LES is displayed in Figure 4.3.17. This image gives an
insight in the capability of capturing CO emissions by steady simulations (i.e.
which solve the averaged flow equations). Although the mean quantities provide
a sufficient description of global features associated to the characteristics of the
turbulent flame structures, the averaged information is insufficient to describe the
dynamics of CO emissions. Carbon monoxide production is in fact governed by
local scalar fluctuations, and therefore not adequately captured by the model as
shown from the results of Figure 4.3.15b. This effect has to be added to the fact
that (the present implementation of) FGM is not considering the diffusion of car-
bon monoxide in the direction parallel to the flame front. This is pointed out in
Section 3.3.2, and it is a typical effect when the flame is rapidly cooled down by
the wall. This effect is not included in the present FGM implementation, and it
is possibly leading to slightly incorrect predictions of carbon monoxide mass frac-
tions in the region located close to the dump plane and subject to strong cooling
due to the recirculation of burned gases. In order to take this into account the
FGM should be extended with an extra control variable which keeps track of CO.

4.4 5D Manifold Implementation (Ỹ, h̃, Z̃, Ỹ ′′2, Z̃ ′′2)
In section 4.3 it is shown how by means of the FGM technique it is possible to
obtain accurate and fast calculations of turbulent premixed flames with heat loss.
However, for many engineering applications (e.g. gas turbine burners) fuel and
oxidizer may not be perfectly mixed prior to combustion. With the purpose of in-
cluding all the effects characterizing flames in such applications, the implementa-
tion of FGM is here extended and applied to turbulent, cooled, stratified, premixed
flames by means of a 5-D manifold (Ỹ, h̃, Z̃, Ỹ ′′2, Z̃ ′′2).

Herewith a computational analysis of a highly turbulent and swirl gas turbine
model combustor is presented. The chemistry is reduced by the FGM technique
by solving the equations derived in Chapter 3 for the laminar case and extended
for accounting turbulence as described in Section 4.1. In this scope, the reaction
evolution is described by the reaction progress variable, the heat loss is described
by the enthalpy, the mixture stratification by the mixture fraction and the turbu-
lence effect on the reaction and mixture fraction are respectively represented by
the progress variable and mixture fraction variance.
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4.4.1 Combustion Modeling

The turbulence-chemistry interaction is considered for progress variable and mix-
ture fraction. Given the rather modest gradients and fluctuations for the enthalpy
on the flame zone, a δ-function is chosen as a first model for enthalpy. The com-
bustion modeling is treated by means of a presumed PDF approach, as described
for the progress variable in Section 4.2. However, an extra complication arises for
the present case, since the unresolved local state in composition space is described
by the joint PDF (JPDF) P(Y, Z). As an example, the source term of the progress
variable Y is given by

ω̇Y =

∫ ∫
ω̇Y (Y, Z)P(Y, Z)dYdZ . (4.28)

Nonetheless, assuming that the progress variable Y and mixture fraction Z are
statistically independent in the flame, P(Y,Z) can be reduced to the product of
two marginal PDFs:

P(Y, Z) = P(Y)P(Z) . (4.29)

This allows to adopt the presumed β-PDF model separately to the two marginal
PDFs. As previously described in Section 4.2, the β-PDF shape is described by the
first two moments solely:

P(Y) = P(Y, Ỹ, Ỹ ′′2 ), Y ∈ [0, 1] , (4.30)

P(Z) = P(Z, Z̃, Z̃ ′′2 ), Z ∈ [0, 1] . (4.31)

With this model, e.g. the source term of the progress variable Y is given by

ω̇Y =

∫ ∫
ω̇Y (Y, Z)P(Y, Ỹ, Ỹ ′′2 )P(Z, Z̃, Z̃ ′′2 )dYdZ . (4.32)

This approach has been successfully applied in a number of previous studies
[Ihme, Marsden, et al., 2005; Kempf et al., 2005; Pierce, 2001].

The variance of both progress variable and mixture fraction can be calculated
with the algebraic gradient model introduced in Equation 4.27.

4.4.2 Gas Turbine Model Combustor Application - Comparison with
Experimental Data

In this section, a highly turbulent and swirling flame in a gas turbine model com-
bustor is computed by means of 5-D FGM. The results are then validated against
experimental data, in order to investigate the accuracy of this method.
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Figure 4.4.1: (a) Schematical representation of the gas turbine model combustor geometry,
including a drawing of the flow field features and main areas of recirculation:
Inner Recirculation Zone (IRZ) and Outer Recirculation Zone (ORZ) [Stohr
et al., 2012; Weigand et al., 2006].

The gas turbine model combustor, extensively studied experimentally in [Giezen-
danner et al., 2005; Meier et al., 2006; Stohr et al., 2012; Weigand et al., 2006], is
schematically shown in Figure 4.4.1 along with the expected flow features. Dry
air at room temperature and atmospheric pressure is supplied to the combustion
chamber through two concentric co-swirling nozzles. The central nozzle has a
diameter of 15mm, while the annular nozzle has an inner diameter of 17 mm
and outer diameter of 25 mm, contoured by an outer exit diameter of 40 mm.
Non-swirling methane is fed through a non-swirled annular inlet, radially located
between the air swirlers. The combustion chamber downstream the nozzle con-
sists of a square section measuring 85 × 85 mm with a height of 114 mm. The
plane of exit of fuel and central air nozzle is located 4.5 mm below the outer air
nozzle exit plane. The latter is defined as reference plane H = 0. A conical top
plate with a central exhaust tube (diameter 40 mm, length 50 mm) forms the out-
let. The burner is a modified version of an aero gas turbine combustor, originally
with an air blast nozzle for liquid fuels [Cao et al., 1997].

In the experiments [Meier et al., 2006; Weigand et al., 2006], three different
operating conditions are investigated. Among these, the so called “flame A” is
selected for the numerical analysis presented here. This operating condition is
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outlined by the following global parameters: thermal power Pth=34.9 kW, air
mass flow rate ṁair=0.01825 kg s−1 , fuel mass flow rate ṁfuel=0.696 g s−1 ,
global equivalence ratio φglobal=0.65 and global adiabatic flame temperature
Tad,global=1750 K. The split ratio between air mass flowing through the annular
and central nozzle is approximately 1.5. A swirl number S may be defined as

S =

∫R
0 uwρrdr

R
∫R
0 u

2ρrdr
, (4.33)

in which u is the axial velocity, w the circumferential velocity, r the radius and
R the maximum radius of the nozzle exit. The swirl number calculated from the
experimental velocity profile just above the nozzle exit is S = 0.9.

In the experiments of [Meier et al., 2006; Weigand et al., 2006] the flow field
is measured by laser Doppler velocimetry, the flame structures are visualized by
planar laser-induced fluorescence (PLIF) of OH and CH radicals, and the major
species concentrations, temperature, and mixture fraction are determined by laser
Raman scattering. The uncertainty of the velocity measurements obtained by this
technique is estimated to be 1%, while the overall accuracy of the measurement
of species concentrations and temperatures with this method is estimated to be
approximately within 4%, measured during the calibration procedure [Weigand
et al., 2006].

In this study we consider partially premixed methane/air combustion at atmo-
spheric pressure conditions. The progress variable Y consists of a linear combi-
nation of species mass, as described by Equation (3.1). As in Section 3.3.1, the
weighting factors αi are chosen to be:

• αCO2 = M−1
CO2

,

• αH2 = M−1
H2

,

• αH2O = M−1
H2O

,

• αO2 = −M−1
O2

,

• αi = 0 ∀ i 6∈ {CO2 , H2 , H2O, O2 }.

In the geometry adopted for this simulation the enthalpy is not conserved through-
out the domain because of the heat loss to the combustion chamber walls, and by
means of radiation. Furthermore, fuel and oxidizer are not perfectly mixed. In or-
der to take this into account in the tabulation process, the laminar flamelets have
to be solved for different values of enthalpy h and mixture fraction Z, introducing
these two as control variables.

The procedure for the chemistry tabulation with enthalpy and mixture fraction
inclusion follows the description given in Section 3.4.1. The chemical reaction
mechanism used for the FGM calculation is Gri-Mech 3.0 [Smith et al., 2002] (for
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details see Appendix A.1). Unity Lewis number is imposed along the flamelets,
neglecting differential diffusion effects as previously discussed in this chapter.
The peak temperature of the lowest enthalpy flamelet is approximately 1100 K,
therefore in the sub-cooled region an extrapolation is performed as described in
Section 3.3.1. The calculation of the thermodynamic coefficients is performed by
means of a mixture averaged approach (as described in Section 2.1) during the
pre-processing stage, and stored in the manifold together with the chemical data.

Figure 4.4.2: Representation of the 5D manifold at the highest enthalpy level and zero vari-
ance of mixture fraction. The surfaces show the progress variable source term
[ kg m−3 s−1 ] profile as a function of unscaled progress variable and equiva-
lence ratio, at different levels of variance of the progress variable, shown with
different transparencies.

The turbulence-chemistry interaction is taken into account by means of a pre-
sumed β-PDF model, as described in Sections 4.2 and 4.4.1. The convolution
operation generates an increase of two dimensions in the manifold, which finally
reaches the number of five dimensions. The final dimensions for the manifold are:
progress variable Ỹ, enthalpy h̃, mixture fraction Z̃, variance of progress variable
Ỹ ′′2 and variance of mixture fraction Z̃ ′′2.

An illustrative overview of the resulting manifold can be seen in Figure 4.4.2, in
which the progress variable source term is represented at the maximum level of en-
thalpy and zero variance of mixture fraction, as a function of the progress variable
and equivalence ratio (i.e. mixture fraction, under the assumption of unity Lewis
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number), for different levels of variance of progress variable (in transparency). A
more detailed representation of the laminar manifold (before the presumed-PDF
convolution) can be seen in Figure 3.4.1.

The tabulation procedure consists in storing the desired thermochemical vari-
ables ψ (i.e. ψ and ψ̃ as well) in a tabulated form, on a predefined five-dimensional

grid for which the Ỹ-h̃-Z̃-Ỹ ′′2-Z̃ ′′2 range is discretized (the tabulation strategy is
described in Appendix A.3). The number of points adopted for the manifold cre-
ated in this section is n

Ỹ
= 100, n

h̃
= 30, n

Z̃
= 40, n

Ỹ ′′2 = 10 and n
Z̃ ′′2 = 10.

The data is stored by means of an equidistantly spaced grid in the Ỹ, h̃ and Z̃

direction. For the two variances Ỹ ′′2 and Z̃ ′′2 a quadratic spacing is adopted in
order to have a finer grid close to zero (because of the typically steeper gradients
of this region).

(a) (b)

Figure 4.4.3: Representations of the computational domain: (a) entire combustor; (b) mag-
nification of the inlet setup, in which the velocity vectors are graphically rep-
resenting the air inlet boundary conditions. The upper green ring corresponds
to the fuel inlet.

The solver used for the simulations is Ansys-CFX [Ansys-CFX, 2013], coupled
with the above described five-dimensional FGM implementation. The Reynolds
Averaged Navier-Stokes (RANS) approach is used for turbulence, with a SSG
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Reynolds Stress Model [Speziale et al., 1991]. This model is based on an equation
for the turbulent kinetic eddy dissipation rate ε, in which the Reynolds stresses
are directly computed using transport equations [Launder et al., 1975]. The com-
putational framework is equivalent to the one described in the previous sections
of this chapter. For the progress and control variable transport equations, the tur-
bulent Schmidt number is considered to be constant and equal to Sct=0.7. In ad-
dition to the flow equations, three extra transport equations are solved for FGM:
the progress variable, enthalpy and mixture fraction transport equations. These
are described in Section 4.1. The variance of the progress variable and mixture
fraction is calculated by means of the gradient-based model described in Section
4.2.

Furthermore, in order to have a better prediction of the mass fractions of CO
and NO, which have a slow production/consumption, two extra transport equa-
tions are solved for these species. Their source term is directly retrieved from the

FGM data-base, i.e. for the nitric oxide ω̇NO = ω̇NO (Ỹ, h̃, Z̃, Ỹ ′′2 , Z̃ ′′2 ). In this
way, only the production and consumption of these species is given by the man-
ifold, while their overall amount is computed by the complete transport events.
This approach has proven to yield improved nitric oxide mass fraction predictions
[Vreman, Albrecht, et al., 2008].

The three dimensional computational domain is shown in Figure 4.4.3. It con-
sists of a simplified (however fully consistent) representation of the experimental
burner. In fact, the plenum and air swirlers are not included in the computational
domain, in order to keep the computational costs to a reasonable level. The in-
let boundary conditions are set at the outlet of the swirlers, with flow angle and
mass flow rate consistent with the experimental setup, as schematically depicted
in Figure 4.4.3b. The mesh is composed of 3 200 000 hexahedral/tetrahedral ele-
ments over 1 700 000 nodes, featuring an adequate refinement on the inlet ducts
and flame zone (in the latter region the grid size is ∆x=0.5 mm). Heat loss to the
walls is imposed by enforcing a temperature Tw=800 K to the walls. Heat loss
information is not available from the experiments, however the presence of non
insulated optical accessible burner walls leads to safely assume a certain amount
of heat loss. The specific temperature Tw is a simplified approximation, and it
is chosen by analyzing and extrapolating the experimental temperatures close to
the walls in the lower part of the combustion chamber. The extrapolated value
certainly represents an estimation, yet it is interesting to investigate its effect on
the flame.

Figure 4.4.4a shows the structure of the velocity field in the combustor. As
given in the schematic representation of Figure 4.4.1, the typical features of swirl-
stabilized flows are observed. The stream of inlet gas forms a cone-shaped flow
which extends to the outer wall, while centrally above the nozzle an inner recircu-
lation zone (IRZ) opposes to the inlet gas stream, and an outer recirculation zone
(ORZ) is observed externally to the nozzle at the dump plane edges. Figure 4.4.4b
displays the pressure field in the combustor. The effects of the rotating motion
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(a) (b)

Figure 4.4.4: View of the results at a central section plane: (a) velocity magnitude [ m
s−1 ], the green lines represent the locations for the comparison with the
experimental data; (b) Relative pressure [ Pa ].

creates a vortex tube along the centerline of the combustor, which begins in the
IRZ and extends to the outlet, as shown in Figure 4.4.5. This is in accordance
with the experimental observations [Stohr et al., 2012] and previous numerical
investigations [Wankhede et al., 2014].

The mixture fraction distribution in the combustor is shown in Figure 4.4.6a,
which demonstrates the good level of mixing of this geometry. The value of mix-
ture fraction reduces to the stoichiometric value within 20 mm from the inlet plane,
which is consistent with the experiments [Meier et al., 2006; Weigand et al., 2006].
Furthermore, Figure 4.4.6b shows the variance of the mixture fraction, which has
relatively low values especially on the active flame location.

Figure 4.4.7 shows a comparison between experiments and FGM results of axial
and tangential velocity. The results are plotted at five different radial lines, which
are located at different distances from the nozzle exit, as visible in Figure 4.4.4a.
Error bars on the experimental data are not shown, since the error amount is very
modest, as described in the beginning of the section. Regarding the axial velocity,
the positive peaks are representing the inlet flow of fresh gases, while the negative
peak is caused by the strong reversed flow induced by the IRZ. The positive part
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Figure 4.4.5: Representation of the exhaust tube vortex by means of an iso-surface of the
absolute helicity.

of the axial velocity shows a rather good agreement with the experiments, with
only a slight difference in the swirl cone angle. However, the reversed flow at the
IRZ is much stronger (and close to the nozzle) in the numerical simulation. This
large difference is attributed to the RANS modeling, which is not able to describe
the large fluctuations present in this zone (experimental data shows very high
velocity fluctuations in this location). It is interesting to note that the numerical
prediction does not become worse at increasing distances. The tangential velocity,
as shown in Figure 4.4.7b, displays a good agreement with measurements. How-
ever this picture reveals that the tangential velocity at the ORZ is not captured
sufficiently well. Again, this might be due to the somewhat poor turbulence mod-
eling (RANS), or as well to the fact that the inlet air split ratio (between air mass
flowing through the annular and central nozzle) might be slightly different than
the one adopted for the present numerical study (1.5). Furthermore, Figure 4.4.8a
shows the radial velocity comparison, which appears to be in good agreement
with the experimental data, especially along the lines which are located far from
the nozzle outlet.

In general one would expect to have symmetric (with respect to the central line)
results from a RANS calculation of the current geometry. However, the results
shown here are not perfectly symmetric, because of the impossibility of reaching
a completely steady converged state of the calculation. This is due to the strong
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(a) (b)

Figure 4.4.6: View of the results at a central section plane: (a) mixture fraction, (b) Variance
of the mixture fraction.

large scale instabilities of the flow in this burner (rotating fluctuation of the ORZ,
possibly due to the squared shape of the burner), which the RANS model partially
fails to reproduce as a steady averaged flow. In any case, a poor symmetry is
observed in the experimental data as well.

Temperature profile comparisons are shown in Figure 4.4.8b. The main differ-
ence here is given by the flame height, which appears higher if compared with
experiments in terms of temperature. Furthermore, the swirl cone shows a much
larger aperture for higher distances from the nozzle. The temperatures of the outer
recirculation zone are in good agreement with the experiments. In this region the
temperature is strongly influenced by the heat loss to the wall. Notably, the peak
temperature in the domain (≈ 1800 K, not shown here) is very well reproduced by
the simulations.

Figure 4.4.9 shows the profiles of carbon monoxide (in comparison with ex-
perimental data) and nitric oxide (only from the numerical simulation, since no
experimental data is available for this species). The CO profiles are reasonably
close to the experimental values, even though there is a substantial difference on
the locations of the swirl cone and the lower part of the ORZ.
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Figure 4.4.7: Results comparison along central lines located at different axial distances from
the nozzle. (a) Axial velocity [ m s−1 ]. (b) Tangential velocity [ m s−1 ].
The blue lines represent RANS results, while the black dots the averaged
experimental data. The coordinate x here refers to the radial direction.

Overall, the FGM method parameterized by the five dimensions Ỹ, h̃, Z̃, Ỹ ′′2

and Z̃ ′′2 has proven to capture well the structure of partially premixed swirled
flames, which closely resembles gas turbine conditions. The relatively poor tur-
bulence model (RANS) is judged to be the principal source of mismatch with the
experiments, since it leads to an incorrect prediction of the recirculation regions,
which are source of large scale instabilities.

In conclusion, the study given in the present section represents a valuable initial
test of the current FGM implementation. However, in order to achieve an improved
numerical description and a more relevant comparison with the experiments of
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Figure 4.4.8: Results comparison along central lines located at different axial distances from
the nozzle. (a) Radial velocity [ m s−1 ]. (b) Temperature [ K ]. The blue lines
represent RANS results, while the black dots the averaged experimental data.
The coordinate x here refers to the radial direction.

the current geometry, future work should aim to perform unsteady investigations
(e.g. LES) with the current FGM implementation. The calculation time for the so-
lution of the case here described (five-dimensional implementation of FGM) is in
the order of 80 CPU-hours. Notably, this value is comparable with the computa-
tional cost required by the three-dimensional case presented in Section 4.3.1. This
proves the advantages given by the FGM reduction model, conveniently enabling
to perform the aforementioned unsteady investigations in future works.
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Figure 4.4.9: (a) Results comparison of carbon monoxide mass fraction along central lines
located at different axial distances from the nozzle. The blue lines represent
RANS results, while the black dots the averaged experimental data. (b) NO
mass fractions. The coordinate x here refers to the radial direction.

4.4.3 Impact of Radiative Heat Loss on the Flame Structure

The heat losses by means of radiative phenomena have not been investigated in the
cases previously discussed in this dissertation. However, in the gas turbine model
combustor simulated in the previous section it can be expected that considerable
heat loss by radiation is present, since the experimental data used for its validation
is obtained by means of a fully optically accessible set-up. In general, it can be
expected that the inclusion of this effect on the combustion model may give a more
realistic temperature prediction, and therefore also NO prediction, for instance.
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The detailed treatment of radiative heat transfer within a turbulent flame is com-
putationally very expensive. A simplified model of radiative heat loss is desired
in order to include the effect of radiation in turbulent combustion with the FGM
model without significantly increasing the computational cost [Lammers, 2001].
The properties and geometry of the flame under study are such that a reasonable
level of accuracy can be obtained with a model based upon the assumption of
optically thin radiative heat loss. The optical-thin limit corresponds to a situation
in which the radiating waves have a small path-length through the mixture, i.e. a
relatively small gas volume and burner size, and each radiating point source has
an unobstructed isotropic prospect of the cold surroundings. To this point, the op-
tically thin radiation model described in [Barlow et al., 2001; Grosshandler, 1993]
is adopted. Under the optically thin assumption, the radiative emission per unit
volume may be calculated as:

Eq (T ) = 4σ

Ns∑
i

pikP,i

(
T 4 − T 4b

)
, (4.34)

where σ is the Stefan-Boltzmann constant, pi is the partial pressure of species i,
kP,i the Plank mean absorption coefficient of species i, T the local temperature of
the mixture and Tb the background environmental temperature. The Plank mean
absorption coefficients kP,i can be calculated in a polynomial form, for which
the coefficients are retrieved in a tabulated form [Grosshandler, 1993]. Not all
the species have a relevant contribution to the radiative emission process, and in
practice the most important species for methane and hydrogen combustion are
CO2 , H2O, CH4 and CO [Siegel and Howell, 1992], in which CH4 and CO are
in responsible only for a smaller contribution [Barlow et al., 2001]. These four
species are therefore chosen for the calculations described here, and their Plank
mean absorption coefficients kP,i are shown in Figure 4.4.10 for a methane-air
premixed flame with equivalence ratio of φ=0.9. The corresponding radiative
emission loss calculated by means of Equation 4.34 is shown in Figure 4.4.11.

The radiative emission Eq is calculated during the pre-processing stage, and
stored in the FGM together with the chemical and transport data. The turbulence-
interaction is taken into account by means of the same presumed β-PDF model
described in Section 4.4.1. The coefficient is added to the transport equation of
enthalpy, in the form of a negative source term, which is directly retrieved from the

FGM data-base, e.g Eq = Eq(Ỹ, h̃, Z̃, Ỹ ′′2, Z̃ ′′2). This approach is very convenient,
since it does not affect the computational cost (only marginally the pre-processing
time).

Figure 4.4.12a shows the resulting heat loss by means of radiation (that is the
radiative emission of the mixture) from the simulations. It is clear that radiative
emission is located in the regions of high temperature. The resulting enthalpy
profile is shown in Figure 4.4.12b (in comparison with the previous results), in
which the total loss is is given by the cooperative effect of conduction/convection
and radiation. It is obvious that the heat loss given by radiation has a much smaller
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Figure 4.4.10: Representation of the Plank mean absorption coefficients kP,i for a methane-
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Figure 4.4.11: Radiative heat loss volumetric rate Eq calculated by means of Equation 4.34,
for a methane-air premixed flame with equivalence ratio φ=0.9.

contribution compared to the heat loss by conduction and convection with the
walls. However, the heat reduction given by these two mechanisms takes place in
totally different regions, in fact radiative heat loss acts directly on the temperature
peaks.

This is shown in Figure 4.4.13a, in which temperatures profiles obtained with
radiation inclusion are compared with the results obtained in the previous section.
A reduction of the maximum temperatures is clearly noticeable, even though it is
not strong. Furthermore, the peak temperature in the domain (not shown here)
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Figure 4.4.12: (a) Radiative heat loss Eq [ W m−3 ], shown along central lines located at
different axial distances from the nozzle. (b) Enthalpy [ J kg−1 ] comparison,
the blue lines represent results obtained including radiation heat loss effects,
while the red without. The coordinate x here refers to the radial direction.

is reduced by approximately 30 K with the inclusion of radiative heat loss. The
formation of NO is very sensitive to temperature, and in fact Figure 4.4.13b shows
how the inclusion of radiation in the model gives a perceptible difference in NO
mass fraction.

In conclusion, the inclusion of radiative heat loss in the model does not lead to a
significant impact on the overall flame structure. However the NO emission shows
a rather big sensitivity with respect to this effect. Nevertheless, as already stated
in the previous section, this study should be completed by performing unsteady
investigations (e.g. LES) with the current FGM implementation in order to achieve
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Figure 4.4.13: Results comparison along central lines located at different axial distances
from the nozzle. (a) Temperature [ K ]. (b) NO mass fraction. The blue lines
represent results obtained including radiation heat loss effects, while the red
without. The coordinate x here refers to the radial direction.

an improved numerical description (as well as a more relevant comparison with
the experiments).
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5 An a priori DNS Subgrid
Analysis of the
Presumed β-PDF Model

“Debugging is twice as hard as writing the code in the first
place. Therefore, if you write the code as cleverly as possible,
you are, by definition, not smart enough to debug it.”

— B.W. Kernighan and P.J. Plauger

5.1 Introduction
As introduced in Section 4.2, a standard way of carrying out LES or RANS with
tabulated combustion chemitry like FGM is to use of a presumed shape for the
probability density function (PDF) of progress variable and mixture fraction to
compute reaction rates in premixed and partially premixed turbulent flames. There-
fore, locally a variable is described by a presumed PDF defining the probability of
occurrence of a certain state. Commonly utilized for this purpose is the β-function
PDF, which was proposed by [Janicka and Kollmann, 1979] in the non-premixed
framework, and since then it has become a standard closure technique for pre-
mixed and partially premixed flames [Bondi and Jones, 2002; Bray et al., 2006;
Chen et al., 2000; Cook and Riley, 1994; Pitsch, 2006; Vreman, Oijen, et al., 2009].
Although the choice of any of this particular PDF shapes appears to be totally
arbitrary as far as the inherent physics of turbulent combustion is concerned, the
presumed β-PDF model provides a plausible (although not exact) description of
chemistry sub-grid terms [Vreman, Oijen, et al., 2009]. The β-PDF is defined on
the continuum between 0 and 1, and it is very versatile whereas it is determined by
two parameters (the value of the first and second moment, i.e. mean and variance)
solely. Moreover, this function is able to take a wide variety of different shapes
(among the symmetric, uniform and bi-modal) as shown in Figure 4.2.1, including
integrable singularities near the end points.

Successful validation of the method has been obtained for diffusion flames. On
the other hand, to the best of the authors knowledge, the β-function shape for
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the presumed PDF has never been endorsed by basic physical arguments in the
framework of premixed turbulent combustion. Simplicity of implementation and
numerical efficiency are the main reasons for its wide utilization. Despite the
fact that such reasons are of undeniable importance, the use of β-function PDF
does not seem to be a genuine approach until this is justified by fundamental
arguments or by comprehensive DNS experimental studies. Studies analyzed the
β-PDF behavior in premixed flames by evaluating actual distributions [Bastiaans
and Day, 2012], nonetheless considering homogeneous slices of the whole domain
and therefore neglecting local effects. Local effects are especially important in
the combustion of fuel which are characterized by a marked differential diffusion,
such as hydrogen flames, as further described in the following sections.

To the aim of clarifying the applicability of the presumed β-PDF approach to
the modeling of methane and hydrogen turbulent premixed flames, in this chapter
an investigation of the probability density distribution is performed by process-
ing three-dimensional DNS computational results performed with detailed chem-
istry [Aspden et al., 2011; Day, Bell, et al., 2009]. To have an a priori quantitative
comparison of the effectiveness of the prediction given by this model it is useful to
compare it locally with the real probability distribution, calculating therefore the
affinity between the two distributions in a point to point fashion. In order to do so,
the chapter is structured as follows: first in Section 5.2 the properties of the β-PDF
are recalled, then in Section 5.3 the data used for the analysis is introduced and
described. Thereafter the results of this analysis are presented and interpreted in
Section 5.3, finalized by concluding remarks.

5.2 The β-PDF distribution
In probability theory, a probability density function (PDF) of a variable Y ∈ (a, b)

is a function that describes the relative likelihood for this random variable to take
on a given value. The probability density function is non-negative

P(Y) > 0, (5.1)

and it satisfies the normalization condition:∫b
a
P(Y)dY = 1. (5.2)

Even though already described in Section 4.2, it is useful for the scope to repeat
the definition of the β-PDF:

P(Y) =
Γ(α+β)

Γ(α)Γ(β)
Yα−1(1− Y)β−1, (5.3)

where P(Y) is the probability distribution defined on the continuum between
0 6 Y 6 1. Γ is the gamma function, which can be calculated with a fifth-order
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polynomial approximation [Davis, 1970]. The two parameters α and β are given
by:

α = Y

(
Y(1− Y)

var(Y)
− 1

)
, (5.4)

β =

(
α

Y

)
− α . (5.5)

This function is based on the first two moments of Y: the mean Y and the variance
var(Y). As mentioned earlier, this presumed form provides a flexible range of
shapes, as shown in Figure 4.2.1. If α and β approach zero (large variance) the
PDF assumes a bi-modal shape. On the contrary, when α and β are large the
PDF assumes a mono-modal shape with an internal peak. In the case that the
variance is very small the PDF behaves like a Gaussian instead. Nonetheless, it
should be noted that not every shape which may occur in premixed flames can
be reproduced by the β-function PDF. In the case that α < 1 (or β < 1) the PDF
tends to infinity and resembles a Dirac delta function at Y → 0 (or respectively at
Y → 1). However, contrary to the Dirac delta function, if both Y � 1 and α � 1

(large variance) the probability of finding unburned mixture vanishes. Similarly,
the probability of finding burned mixture also becomes zero if Y � 0 and β � 1.
In addition, the β-function PDF is not capable to reproduce a double peak shape,
as one would expect in the combustion of highly diffusive fuels. These drawbacks
of the approach should be taken into account when considering the presumed
β-function PDF model.

5.3 Description of the DNS data
The three-dimensional DNS data analyzed in this chapter is a result of compu-
tations of statistically one-dimensional turbulent premixed flames. Two different
fuels are investigated, hydrogen and methane, using comparable turbulence-flame
interaction levels (having the same effective Ka, Da). The simulations are based
on a low Mach number numerical formulation of the reacting flow equations [Day
and Bell, 2000; Day, Bell, et al., 2009]. A mixture-averaged model for species dif-
fusion is used and the transport coefficients, thermodynamic relationships and
chemical kinetics are obtained from the Gri-Mech 2.11 chemical reaction mecha-
nism [Smith et al., 1999]. The integration algorithm has an adaptive local grid
refinement [Bell and Day, 2011] and it is second order accurate in space and time.

The configuration consists of a rectangular domain with a square cross-section
of side L, and a height of 8L, oriented such that the flame propagates downward.
The outflow is at the top of the domain, with lateral periodic boundaries. The
flat freely propagating flame is initialized at the top, while the premixed cold fuel
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mixture (Tu = 298 K) is specified at the square bottom boundary. An active control
algorithm is used in order to keep the flame at a statistically steady height above
the inlet. The simulations are performed on a base grid of 256×256×2048 points,
using two levels of factor-of-two refinement that dynamically track the region of
high reactivity as the flame evolved into a quasi-steady configuration. The effective
grid size results in 1024×1024×8192 points.

The two cases subject to the analysis are specified in Table 3. Effective Karlovitz

Table 3: Description of the analyzed cases.

Hydrogen Methane

φ 0.4 0.7
L [m] 0.0164 0.0264

δ0L [m] 6.82 × 10
−4

6.6 × 10
−4

δr [m] 1.3 × 10
−5

2.28 × 10
−5

Ka 47.7 12.0
Da 0.14 0.481

Kaeff 12.0 12.0
Daeff 0.481 0.481

L [m] 0.00164 0.00264

u RMS 3.948 1.570

Grid Resolution [m] 16 × 10
−6

25.8 × 10
−6

and Damköhler numbers are given for the hydrogen case. Laminar hydrogen
flames are in fact inherently unstable, and give rise to cellular structures even
without the addition of turbulence [Bastiaans and Vreman, 2012]. In order to
exclude this effect and have comparable Ka and Da with the methane simulations,
a hydrogen case without turbulence was performed to determine these effective
dimensionless numbers (this case is described and analyzed in Section 3.5.1), as
described in [Day, Bell, et al., 2009]. This operation allows to have comparable
turbulent-flame interactions for the two cases analyzed here.

A representation of the solutions is visible in Figure 5.3.1 and 5.3.2, where tem-
perature, density and fuel consumption rate are plotted on slice planes taken par-
allel to the downward propagation direction of statistically steady flame brushes.
It is clearly noticeable for the hydrogen case how thermo-diffusive instabilities (i.e.
differential diffusive effects) lead to the breakdown of the flat laminar flame sheet,
resulting in a cellular burning structure.

The effects of differential diffusion on the flame properties may be described
for instance by comparison with one-dimensional simulations. To this purpose,
laminar free adiabatic premixed flames are computed with detailed chemistry at
the same conditions of the 3-D data, both with mixture averaged transport (i.e.
non-constant Lewis number) and unity Lewis number. The flames are computed
with the specialized 1D flame code Chem1D [Chem1D, n.d.]. Table 4 delineates a
list of properties evaluated on the basis of the resulting one-dimensional flames.
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(a) (b) (c)

Figure 5.3.1: Hydrogen case: solution plots on a slice plane. (a) Temperature, with range
298–1770 [K]. (b) Density, with range 0.178–1.033 [kg m−3]. (c) Hydrogen
consumption rate, with range 0–90 [kg m−3 s−1].
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(a) (b) (c)

Figure 5.3.2: Methane case: solution plots on a slice plane. (a) Temperature, with range
298–1870 [K]. (b) Density, with range 0.183–1.144 [kg m−3]. (c) Methane con-
sumption rate, with range 0–62 [kg m−3 s−1].
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The influence of differential diffusion is clearly visible on the burning velocity and
mass burning rate, particularly for hydrogen which in fact has a very low Lewis
number. This is due to the varying distribution of enthalpy (and mixture fraction)
along the flame. Note that enthalpy is conserved in the complete domain. An

Table 4: One dimensional flat flame results. Differential diffusion effects on a series of
flame parameters.

H2 H2 Le=1 CH4 CH4 Le=1

Enthalpy @ inlet/outlet –135.9 –135.9 –1.827 × 10
5 –1.827 × 10

5

[ J kg−1 ]
Maximum Enthalpy 932.7 –135.9 –1.167 × 10

5 –1.827 × 10
5

[ J kg−1 ]
Minimum Enthalpy –5.439 × 10

4 –135.9 –1.988 × 10
5 –1.827 × 10

5

[ J kg−1 ]
Mass Burning Rate 0.163 0.351 0.211 0.216

[ kg m−2 s−1 ]
Burning Velocity 0.159 0.344 0.185 0.189

[ m s−1 ]

Table 5: One-dimensional flat flame results compared with three-dimensional data. Differ-
ential diffusion effects on the maximum flame temperature and OH mass fractions.

H2 1-D H2 3-D CH4 1-D CH4 3-D

Maximum Temperature 1426.2 1772.3 1842.1 1863.4
[ K ]
Maximum YOH 9.25 × 10

4
64.01 × 10

4
2.43 × 10

3
2.89 × 10

3

Maximum Heat Release 4.46 × 10
8

6.28 × 10
9

1.35 × 10
9

1.94 × 10
9

[ W m−3 ]

analogous type of investigation can be done observing the peaks of temperature on
the basis of the one-dimensional data and three-dimensional results. The outcome
of this comparison is shown in Table 5. The temperature peaks of the 3D data are
considerably higher than in the 1D case, with a substantial 346 K difference for
the highly diffusive hydrogen flame. The methane flame temperature is hardly
changed since Le ≈ 1. A similar effect can be noticed from the OH mass fraction
and heat release maximum values, which represent a valuable indication of the
strength of the reaction. This displays once more a difference for the methane case
and an extensive difference for the hydrogen case. Considering the presence of
the above mentioned strong differential diffusion effects, it is of great significance
to observe how the presumed β-shaped PDF behaves in such conditions.
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5.4 The a priori Subgrid Analysis
Aim of this analysis is to have a local sub-grid scale assessment of the analogy
between β-PDF and the computed real probability distribution. To this aim, an a
priori quantitative comparison is performed on the DNS detailed data described in
Section 5.3, in a point to point fashion. The numerical procedure to achieve such
a comparison proceeds as follows.

• For every point in the domain a "sub-box" of surrounding points is built to
emulate a LES filter sub-box with predefined dimension.

• The probability density distribution of the progress variable is evaluated in-
side the sub-box.

• The mean and variance of the progress variable are evaluated inside the sub-
box. These two values are then used to calculate the β-distribution inside
the local sub-volume.

• The two distributions are compared by calculating an error between them.

• This procedure is iteratively repeated for every point in the domain.

The progress variable is chosen to be the fuel mass fraction, i.e. hydrogen or
methane, according to the case under consideration. The real distribution inside
every sub-volume is computed through a discrete binning procedure. The amount
of bins in which the local progress variable range is divided into is equal to three
times the number of points of the side of the sub-box. This choice is made in order
to have a minimum amount of empty bins.

Figure 5.4.1 and 5.4.2 show examples of distributions inside randomly chosen
sub-boxes, respectively for the hydrogen and methane case. For each point a sur-
rounding sub-volume is defined, and the real and the calculated β-distribution are
shown together. This example is quite important in order to capture qualitatively
the concordance of the two distributions. In this figure the size of the cubic sub-
volume is expressed by its side length. The size of the box increases from top to
bottom, while the averaged progress variable increases from left to right.

As previously pointed out, the β-function is calculated with mean and variance
of the progress variable of the local sub-volume. In the same manner, the mini-
mum and maximum values of progress variable (fuel mass fraction) are set locally
in each sub-volume. However, differential diffusive effects lead to an varying dis-
tribution of heat and mixture fraction along the flame, generating zones in which
the local enthalpy and equivalence ratio differ from the inlet conditions (this ef-
fect is shown for instance in Figure 3.5.3 and 3.5.5). Therefore, the definition of
a global progress variable must take into account these extended limits, which
are not known a priori. Choosing to define the progress variable on the basis of
the local extents means excluding the issue of defining it globally. It is to note
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Figure 5.4.1: Hydrogen case. Comparison of the real probability distribution and corre-
sponding β-distribution in randomly chosen sub-volumes. Equal sub-volume
sizes are shown on the same row of figures, while columns are for similar
mean value of the fuel mass fraction inside the sub-volume. The number of
grid points on the cubic sub-volume side are: (a,b,c) 21, (d,e,f) 31, (g,h,i) 42,
(j,k,l) 62.
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Figure 5.4.2: Methane case. Comparison of the real probability distribution and corre-
sponding β-distribution in randomly chosen sub-volumes. Equal sub-volume
sizes are shown on the same row of figures, while columns are for similar
mean value of the fuel mass fraction inside the sub-volume. The number of
grid points on the cubic sub-volume side are: (a,b,c) 21, (d,e,f) 31, (g,h,i) 42,
(j,k,l) 62.
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that this choice introduces some limitations on the investigation here presented,
as discussed in the conclusive part of this section.

In order to define the discordance between the assumed and real PDF quantita-
tively, a representative measure must be taken into account. A normalized error
between β-PDF and the real probability distribution inside a single sub-volume
can be defined as follows:

e =

∫1
0

∣∣P(Y)β − P(Y)DNS
∣∣ dY

enn,max
, (5.6)

where the subscript DNS indicates the real values of the PDF, while β is the pre-
sumed β-PDF calculated from the actual mean and variance evaluated in the sub-
box. This error is normalized in order to have it ranging between 0 (perfect agree-
ment between the two PDFs) and 1 (the two PDFs are completely non correlated).
The coefficient enn,max is the maximum non-normalized error. The value of
enn,max is easily calculated given the normalization condition of Equation (5.2).
The error as defined in Equation (5.6) is merely an area subtraction, as shown
schematically in Figure 5.4.3a. The maximum error is given by two completely
uncorrelated PDFs, e.g. in the case of Figure 5.4.3b. Taking into account Equation
5.2, for this last case it results enn,max = 2.
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Figure 5.4.3: Schematical representation of the mutual area of two PDFs. (a) The blue area
is common between the two PDFs. (b) Completely uncorrelated PDFs.

Since the DNS PDF is calculated in a discrete form, the error needs to be written
in a discrete form as well. The domain of the PDF, going from 0 to 1, is therefore
divided into a discrete number of elements (bins). Supposing that the β-PDF is
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discretized on the same elements as the DNS sub-grid PDF, the error inside a
single sub-volume is given by

e =

∑Nbins
1

∣∣P(Y)i,β − P(Y)i,DNS
∣∣ ∆Y

enn,max
(5.7)

where Nbins is the number of bins of the real distribution and Pi is the value of
the probability of bin i.

As result of this procedure a error value is obtained for each point in the do-
main. Joint PDF of the error between the real and β distribution as a function
of the (normalized) fuel mass fraction are shown for different sub-volume sizes
in Figure 5.4.4 and 5.4.5, for hydrogen and methane. The colors range from blue
(zero error probability) to red (maximum error probability). A large clustering of
points is present at the edges of the domain, where the fresh and exhaust mixture
is located. This feature is due to the fact that the active flame region occupies
a minor volume in the domain. The largest part of the error between real and
presumed distribution is observed close to the burned and unburned regions. A
distinction of zones of interest can be made along the flame region, e.g. by di-
viding the progress variable (i.e. the fuel mass fraction) interval in three sections:
the region close to the burned mixture 0 6 Ynorm < 0.4, the central flame zone
0.4 6 Ynorm < 0.6 and the region close to the fresh mixture 0.6 6 Ynorm 6 1. A
general distinction between the error distribution in these three regions can be ob-
served. Rather scattered error values are found close to the burned side, especially
in the hydrogen case which shows a very low coherency. Dissimilarly, in the prox-
imity of zero fuel mass fraction the error shows a more compact and marked trend,
and this feature is especially notable for the methane case. Such a type of behavior
can be interpreted as a systematic error. In this sense, this leads to the conclusion
that the presumed β-PDF model could be improved for methane combustion by
merely adopting a different PDF shape, whereas still keeping the advantage of
being simply determined by the mean and variance. The central flame regions are
the ones in which the presumed β-PDF model performs best. This is a positive
feature, in fact an accurate modeling of this region of the flame is of great impor-
tance in premixed flames, since it typically features highly non-linear variations
of source terms. As a general observation, the error distribution for the hydrogen
case is rather scattered, and does not present any dominant coherence. Such evi-
dence effectively demonstrates that mean and variance are not sufficient as control
parameters for an accurate modeling of hydrogen flames by means of presumed
PDF. This fact is opposed to what is formerly determined for methane, for which
the first two moments seem to deliver fairly coherent results. Differential diffusion
(leading to varying distribution of enthalpy and mixture fraction along the flame)
is the plausible cause for this difference, and a legitimate presumed PDF for hy-
drogen simulations should include extra controlling parameters to describe such
phenomena.

The results of error distribution as shown in Figure 5.4.4 and 5.4.5 give inter-
esting insights on the presumed β-PDF performance. However these do not give
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Figure 5.4.4: Hydrogen case. Joint PDF of the error between the real and β-distribution as
a function of the normalized fuel mass fraction for different sub-volume sizes.
The colors range from blue to red, which are respectively the minimum and
maximum error probability of each figure. The number of grid points on the
cubic sub-volume side are: (a) 11, (b) 21, (c) 25, (d) 42, (e) 62.
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Figure 5.4.5: Methane case. Joint PDF of the error between the real and β-distribution as a
function of the normalized fuel mass fraction for different sub-volume sizes.
The colors range from blue to red, which are respectively the minimum and
maximum error probability of each figure. The number of grid points on the
cubic sub-volume side are: (a) 11, (b) 21, (c) 25, (d) 42, (e) 62.
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Figure 5.4.6: Averaged values of the normalized error over the whole domain as a func-
tion of the sub-volume size. (a) Hydrogen. (b) Methane. (c) Comparison of
methane and hydrogen results.

sufficient quantitative indications on the error. For this purpose, it is useful to cal-
culate the overall error, and assess the character of its dependence on the sub-grid
size in order to compare the overall value and trends. Figure 5.4.6a and 5.4.6b
display the averaged values of the normalized error over the whole domain as a
function of the sub-volume size, respectively for the hydrogen and methane case.
For both cases the error amount is rather similar, and it increases for increasing
volume size. This is typically expected, since a bigger sub-volume implies a big-
ger volume to be modeled. However, it is very interesting to note that the error
slope is linear (i.e. linearly increasing with the sub-volume side length, not the
volume). Furthermore, a minimum appears to exist for both cases. However for
hydrogen itself this shows a more pronounced nature. This is most likely due to
a combination of two separate effects: the smallest sub-volume sizes considered
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here are comparable with the inner layer thickness, and the fact that for small
sub-volumes the discretization (binning) error might be on the same order as the
model error (because a small amount of points is actually present in the sub-
volume). Additionally, for the methane case two different (linear) error slopes can
be clearly distinguished, and a switch between the two is present at the volume
size of approximately 1 mm. This is possibly due to the crossing of the flame
thermal thickness. In this sense hydrogen presents a rather dissimilar error slope,
possibly due to the uneven distribution of mixture fraction (i.e. local equivalence
ratio) along the flame given by differential diffusive effects, which leads to a broad
spectrum of local flame thicknesses in the domain (in lean premixed hydrogen
combustion the flame thickness is extremely sensitive to the equivalence ratio).
Figure 5.4.6c displays a direct comparison of the averaged normalized error as a
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Figure 5.4.7: Examples of presumed β-PDF failures for the hydrogen case. Comparison of
real probability distribution and corresponding β-distribution.

function of the sub-volume size, between the two fuels. This representation shows
how the error for the two fuels presents different slopes for equivalent volume
size. In addition, it is interesting to notice that for the hydrogen case a decrease of
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the sub-volume size does not give an appreciable reduction of the error, remark-
ing the lower prediction quality of the presumed β-PDF for hydrogen combustion
modeling.

In Section 5.2 it is explained that the β-function is not able to assume shapes
with more than a singular internal peak. To this point, Figure 5.4.7 displays in-
stances of single observations for the hydrogen case in which the β-PDF simply
fails (relevant is also the sample of Figure 5.4.1h). This type of β-PDF failures are
as a matter of fact rather common among the observations of the hydrogen case,
and presumably a source of a large part of the model error.

Summarizing, the a priori analysis presented in this chapter gives an extended
overview of the modeling performance of the presumed β-function, with the pe-
culiarity of a direct confrontation between methane and hydrogen cases. Nonethe-
less, it should be carefully kept in mind that the current analysis is not totally
exhaustive given that the β-function is evaluated on the local sub-volume extents.
In order to complete and improve this investigation, future works should exam-
ine the β-function behavior by calculating it considering the overall extents. Such
task demands extra care on the choice of the extents, since differential diffusion
induces the formation of local super adiabatic values.
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6 Conclusions and Outlook
“Quotation is a serviceable substitute for wit.”

— Oscar Wilde

6.1 Summarizing Conclusions
In this dissertation, a methodology for the simulations of partially premixed tur-
bulent combustion in gas-turbine conditions is developed and tested. The FGM
technique is adopted as combustion model, given its substantial capabilities of
reducing the computational costs while keeping a high accuracy on the descrip-
tion of chemistry. A framework for the simulation of the combustion process in
stationary gas turbines is created by gradually including all the phenomena char-
acterizing such systems.

At first, the FGM reduction method derivation and its application to laminar
partially premixed flames with heat loss is discussed. The flamelet equations are
derived and their solution combined into chemical manifolds. These manifolds
are subsequently adopted in simulations of laminar flames with increasing levels
of complexity. The method is validated for every implementation step by means
of a comparison with detailed chemistry data. The influence of the cooling walls
and mixture stratification is well reproduced by FGM, and in general the results
are in satisfactory agreement with detailed chemistry computations both from a
qualitative and quantitative point of view. Besides a good accuracy, FGM shows an
admirable numerical efficiency, which is a key feature for any reduction method.

Subsequently, the importance of differential diffusion effects is discussed and
analyzed. A way to take differential diffusion effects into account in the FGM
technique is developed, implemented and tested by means of a comparison with
detailed chemistry data. The inclusion of differential diffusive terms in the FGM
equations for the simulation of methane seems to affect the flame structure only in
a minor way. It is also shown that a small percentage of hydrogen addition is still
well simulated by means of FGM without including differential diffusive terms
and by simply adopting a manifold computed with full transport.

Thereon, the effect of turbulence is taken into account by combining the FGM
method with both LES and RANS turbulence models. The turbulence-chemistry
interaction is taken into account with the help of presumed shape probability den-
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sity functions. A collection of turbulent flames is simulated, and their numerical
results are compared with experimental data. These test case flames are chosen
in order to exhibit all the features typically present in gas turbine burners, e.g.
high velocities, high pressure, swirled flow, mixture stratification and heat loss.
The method is shown to capture in a coherent way the combustion phenomena,
leading to a satisfactory prediction of the flame features in gas turbine conditions.
Nonetheless, a number of limitations have been identified, which are primarily
due to the RANS turbulence model used in some of the calculations.

The shape of the presumed probability density functions adopted for the test
cases simulations is the β-function. The beta-PDF is commonly adopted in com-
bustion because of its capability of modeling Gaussian like distributions as well
as a bi-modal behavior which is typical of reacting flows. In the final part of this
thesis, the adequateness of the β-shaped presumed probability density function
model for the sub-grid turbulence-chemistry interaction is investigated for both
methane and hydrogen, by processing 3D DNS computations performed with de-
tailed chemistry. The total error of the presumed beta-PDF is found to be com-
parable for the two fuels. However, the error shows a more consistent profile in
methane flames, leading to the conclusion that the presumed β-PDF model could
be improved for methane combustion by simply adopting a different PDF shape,
whereas still keeping the advantage of being simply determined by the mean and
variance. Conversely, it is shown that mean and variance are probably not suffi-
cient as control parameters for an accurate modeling of hydrogen flames by means
of presumed PDF, plausibly because of its strong differentially diffusive effects.

6.2 Future Directions
The use of FGM as a combustion model shows that the combustion phenomena
in gas turbine conditions can be reproduced with a limited computational effort,
while retaining most of the physical accuracy of a detailed simulation. Further-
more, FGM shows the admirable advantage of not containing any tunable pa-
rameter. Consequently, the application of the present FGM model in combination
with standard turbulence models available in commercial CFD codes provides a
phenomenal tool for the simulation of nearly any technically relevant partially
premixed turbulent combustion problem.

Nevertheless, the set-up and handling of the simulation with the FGM technique
is not straightforward, and only partly automated. The approach requires the user
to have at least a basic insight into turbulent combustion and flamelet calculation,
in order to successfully achieve the appropriate results. However, the final pur-
pose of every combustion model is its everyday application for civil and industrial
design, and for this purpose not only precision and speed are important, but also
the simplicity of utilization. For these reasons, the author strongly believes that
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future works should focus not only on the model development, but also on the
automation of the code operation.

In this study, FGMs are generated on the basis of premixed flamelets, because
of the overall premixed behavior of the reactions under investigation. However,
technically relevant flames frequently exhibit both premixed and diffusion flame
behavior. If the (partially) premixed nature of the flame is not respected in the
whole flame domain, a combination of premixed and non-premixed FGM may be
applied [Ramaekers, 2011]. Therefore, for technical applications the implemen-
tation of FGM described in this dissertation would unquestionably benefit from
such potential extension.

The FGM table interpolation error has been investigated for the progress vari-
able dimension in Chapter 3. Yet, for the remaining control variables adopted
along the present work (i.e. enthalpy, mixture fraction and second order moments)
the problem has been circumvented by adopting rather conservative grid-spacings.
In this sense, an accurate investigation for the resolution error for these control
variables would certainly give the opportunity to optimize the amount (and struc-
ture) of the tabulated data.

As mentioned in Chapter 3, in the recent years the combustion of hydrogen rich
fuels has become a very important research item, for the reason that alternative
fuels are likely to play a significant role in future power generation systems. In
fact it is expected that fuel composition will change in the future, due to deple-
tion and the desired independence from oil reserves, together with the greenhouse
effect generated by burning fossil fuels. New fuels are expected to be generated
from biomass, landfill, waste and coal. In particular, coal gasification by means
of Integrated Gasification Combined Cycle (IGCC) plants, together with CO2 se-
questration looks very promising. This process results in gaseous fuels with high
hydrogen content. The high content of hydrogen in such fuels has a big impact
not only on the conversion rates of the mixture, but also on the stability of the
flame. Hence, there is a considerable interest for future investigations regarding
the application of FGM to hydrogen premixed flames, both for the laminar and
the (extremely challenging) turbulent case. In particular, it would be certainly in-
teresting to test the implementation of FGM with differential diffusion inclusion
in the laminar context given in Chapter 3 for pure hydrogen premixed flames,
endorsed by a comparison with detailed chemistry calculations. In addition, the
study of the possibility to account for preferential diffusion in turbulent flames is
fascinating, and still represents an open question in combustion research.

To this point, the work presented in Chapter 5 should be extended in order
to have a concrete overview on the modeling performance of the presumed β-
function. A precise knowledge of this aspect would constitute a solid base for
establishing a legitimate model for hydrogen simulations.

Additionally, in Chapter 4 the determination of the second order moments of
progress variable and mixture fraction is achieved by means of a simplified al-



130 conclusions and outlook

gebraic model. This point needs more attention in future works, given the large
differences observed by adopting different models [Knudsen et al., 2012].



A Appendix
“Se però il ragazzo è un po’ rozzo, fagli fare il banditore
d’asta, o l’ingegnere. . . ”
[ However if the kid is a bit clumsy, you should consider him
to become an auctioneer, or an engineer. . . ]

— Marco Valerio Marziale

A.1 Chemical Reaction Mechanism GRI-Mech3.0
The chemical reaction mechanism Gri-Mech 3.0 [Smith et al., 2002] is used for
most of the simulations performed for this thesis. This mechanism contains 325

reactions (3 are duplicates because the sum of two rate parameter expressions is
required) and 53 species (including argon). Gri-Mech 3.0 is optimized for meth-
ane and natural gas as fuel in the temperature range 1000-2500 K, in the pressure
range 0.01-10 bar, and at equivalence ratios from 0.1 to 5 for premixed systems.
It incorporates all steps pertinent for the description of natural gas ignition and
flame propagation, including NO formation and reduction. Some aspects of nat-
ural gas combustion chemistry are not described by GRI-Mech 3.0, these include
soot formation and the chemistry involved in selective non-catalytic reduction of
NO. These effects are however not relevant for the simulations performed for the
present thesis.

The rate parameters of the 325 reactions were optimized against a wide list
of experimental targets. An exhaustive inventory of validation studies can be
found in [Smith et al., 2002], in which several comparisons between computed
and experimental results are listed.
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A.2 Adiabatic freely propagating and burner stabilized
flamelets

Freely propagating flamelets

A standard 1D FGM database is created by solving the system of equation 3.25-
3.27 by means of a specialized 1D flame codes like Chem1D [Chem1D, n.d.]. The
solution of this system is a 1D curve in composition space.

The unknown variables of this system of equations are the mass burning rate
m, the mass fractions Yi of every species i and enthalpy h. Because of differential
diffusion of the species locally in the flame front region, the enthalpy may be
different along the flame. However, with Le = 1 the enthalpy level remains constant
along the flame front. This kind of flamelet can be easily associated with a given
enthalpy level.

Burner stabilized flamelets

In order to create an FGM for cooled flames simulations (e.g. as for the case
described in Section 3.3), enthalpy must be decreased in to cover the enthalpy
coordinate. The easiest solution would be to decrease the fresh gas temperature.
In this way the enthalpy level of the whole flamelet decreases. Nonetheless, in
order to obtain heat loss values corresponding to real world applications, very low
enthalpy levels must be computed. These levels would correspond to unrealistic
fresh gas temperature (much below 273 K), and therefore not appropriate.

A second possibility is to deliver heat loss to the flame by meas of radiative,
convective or conductive heat exchange. Radiative or convective heat loss can be
modeled by adding heat-loss terms to the energy equation. However, in this case
enthalpy would vary along the flamelet, leading to an inconvenient database con-
struction. A more straightforward approach consists in decreasing the enthalpy
by conductive heat loss, employing burner-stabilized flames. These type of flames
are characterized by an heat flux located at the burner nozzle. A non-zero temper-
ature gradient is imposed at the nozzle, reducing the enthalpy level of the mixture
in this region. Assuming Lewis number assumption, enthalpy remains constant
at the level reached at the nozzle edge. The main difference between burner sta-
bilized and freely propagating flames is that m is no more an unknown, but a
parameter of the system of equation 3.25-3.27 . When m decreases, the enthalpy
level of the flame decreases until flame extinction occurs. Concurrently, the high-
est flow-rate value is obtained for adiabatic flames. It is then possible to access
all enthalpy levels where a stable flame exists, exclusively by changing the mass
burning rate m.

Both burner stabilized and freely propagating flames can be used to generate
the same FGM database, because the method chosen to decrease the enthalpy does
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not affect the flame structure expressed in terms of progress variable [Fiorina et al.,
2003; Oijen and Goey, 2000].

A.3 Tabulation scheme in n-dimensions
The Flamelet-Generated Manifold is stored in a text file for the simulations per-
formed in this thesis. It requires therefore to be converted in a bi-dimensional
structure although it might be physically multidimensional. In the simplest one-
dimensional case the control variable CV1 (in this case it corresponds to the progress
variable) is discretized on a grid of points numbered from 1 to nptsCV1 , while the
dependent variable ψ go from 1 to nvars. In this case the tabulated manifold
follows this structure: ψ1,1 · · · ψnvars,1

...
. . .

...
ψ1,nptsCV1

· · · ψnvars,nptsCV1

 (A.1)

The one-dimensional structure is transposed to the n-dimensional case by simply
nesting it. As an example the three-dimensional case reads:



 ψ1,1 · · · ψnvars,1
...

. . .
...

ψ1,nptsCV1
· · · ψnvars,nptsCV1


1

... ψ1,1 · · · ψnvars,1
...

. . .
...

ψ1,nptsCV1
· · · ψnvars,nptsCV1


nptsCV2


1

...

 ψ1,1 · · · ψnvars,1
...

. . .
...

ψ1,nptsCV1
· · · ψnvars,nptsCV1


1

... ψ1,1 · · · ψnvars,1
...

. . .
...

ψ1,nptsCV1
· · · ψnvars,nptsCV1


nptsCV2


nptsCV3



, (A.2)

in which the general control variable CVn is discretized on a grid of points num-
bered from 1 to nptsCVn .
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A.4 Linear interpolation in n-dimensions
Linear interpolation is adopted in this thesis for the FGM data retrieval during
run time. A clear explanation of multi-linear interpolation can be done by starting
from the simple low dimensional cases.

Linear Interpolation

Consider a one-dimensional domain with two known points having coordinates
x0 and x1, with corresponding values f0 and f1. In a point x such that x0 6 x and
x1 > x, the linear interpolated value f is a weighted average of the neighboring
points. The weights are given by the length of the opposite segment connecting x
with the neighboring points, normalized by the total length of the segment. This
is schematically shown in Figure A.4.1. The linear interpolated value f is therefore

x0 x x1

Weight1 Weight2

x0, y1

Weight11

x1, y0

x1, y1

x0, y0

x, y

Weight01

Weight00Weight10

Figure A.4.1: Illustration of one-dimensional interpolation.

given by

f =
(x1 − x) f0 + (x− x0) f1

(x1 − x0)
. (A.3)

Bi-Linear Interpolation

Consider a point in a bi-dimensional domain with coordinate (x, y), which has
a value f that needs to be interpolated. This point has four neighboring points
located at (x0 6 x, y0 6 y), (x0, y1),(x1, y0), (x1 > x, y1 > y). The rectangle
formed by these four points can be divided in four sub-rectangles by the point
(x, y), as shown in Figure A.4.2. The weight of each neighboring point is given by
the area of the opposite sub-rectangle, normalized by the total area of the rectangle.

f =
(x1 − x) (y1 − y) f00 + (x1 − x) (y− y0) f01

(x1 − x0) (y1 − y0)
+

+
(x− x0) (y1 − y) f10 + (x− x0) (y− y0) f11

(x1 − x0) (y1 − y0)
.

(A.4)

Tri-Linear Interpolation

Consider the point (x, y, z) in tri-dimensional space, with value f that needs to be
interpolated. The neighboring data points (x0 6 x, y0 6 y, z0 6 z) (x0, y0, z1)
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Weight00Weight10

Figure A.4.2: Illustration of bi-dimensional interpolation.

(x0, y1, z0) (x0, y1, z1) (x1, y0, z0), (x1, y0, z1), (x1, y1, z0) and (x1 > x, y1 >
y, z1 > z) form a rectangular 2-parallelotope (rectangular parallelepiped). This
parallelotope can be divided into eight sub-parallelotopes by the point in ques-
tion. The weight of each neighbor is given by the volume of the opposite sub-
parallelotope, normalized by the total volume of the parallelotope. The interpo-
lated value f is therefore given by:

f =
(x1 − x) (y1 − y) (z1 − z) f000 + (x1 − x) (y1 − y) (z− z0) f001

(x1 − x0) (y1 − y0) (z1 − z0)
+

+
(x1 − x) (y− y0) (z1 − z) f010 + (x1 − x) (y− y0) (z− z0) f011

(x1 − x0) (y1 − y0) (z1 − z0)

+
(x− x0) (y1 − y) (z1 − z) f100 + (x− x0) (y1 − y) (z− z0) f101

(x1 − x0) (y1 − y0) (z1 − z0)

+
(x− x0) (y− y0) (z1 − z) f110 + (x− x0) (y− y0) (z− z0) f111

(x1 − x0) (y1 − y0) (z1 − z0)
.

(A.5)

n-Linear Interpolation

Despite the loss of geometric intuition, the same principles apply for linear inter-
polation in higher dimensions. n-Linear Interpolation is a weighted average of 2n

neighboring points. Consider the n-dimensional domain containing the point to
interpolate and the 2n neighboring points. This n-parallelotope is divided into 2n

sub-parallelotopes by the point in question. The weight of each neighboring point
is given by the hyper-volume of the opposite sub-parallelotope, normalized by the
total hyper-volume of the n-parallelotope.
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A.5 Flame Stretch and Curvature
Flame stretch was first introduced as a concept in [Karlovitz et al., 1953], in order
to study its effect on flame extinction. However, expressions relating flame stretch
with burning velocity were first given in [Buckmaster, 1979; Matalon, 1983] and a
first rigorous mathematical analysis of stretched flames was presented in [Matalon
and Matkowsky, 1982]. For flame of finite thickness, a strong stretch theory was
derived later on in [Goey and Thije Boonkkamp, 1997, 1999]. A useful summary
of this theory is given in this Appendix.

Considering an infinitesimal arbitrary volume V(t) in the flame region, moving
with velocity uf, its mass M(t) is defined as:

M(t) =

∫
V(t)

ρdV . (A.6)

In [Goey and Thije Boonkkamp, 1997] the stretch rate K was proposed to be as the
relative rate of change of the mass M(t):

K =
1

M

dM

dt
. (A.7)

Applying Reynolds’ transport theorem to Equation A.7, the rate of change of the
infinitesimal mass moving with the flame, can be written as

dM

dt
=

∫
V(t)

(
∂ρ

∂t
+∇ · (ρuf)

)
dV . (A.8)

which leads to

dM

dt
=

∫
V(t)

ρKdV . (A.9)

Equations A.6 and A.8 can be now substituted in Equation A.7, leading to:

K =
1

ρ
·
(
∂ρ

∂t
+∇ · (ρuf)

)
. (A.10)

Making use of the continuity principle

dρ

dt
=
∂ρ

∂t
+ uf · ∇ρ, (A.11)

it is possible to derive a new formulation for the stretch:

K =
1

ρ

dρ

dt
+∇ · uf. (A.12)

In this Equation, the term dρ/dt is the total time derivative of the density, while
moving along with the flame. This term is shown to be very small.
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(a) (b)

(c)

Figure A.5.1: Schematic view of: (a) flow strain; (b) curvature; (c) flame thickness variations
of a flame with finite thickness, where arrows indicate gas velocity and black
line indicates the (moving) iso-contours of the reaction progress variable.

The comprehension of the effects of flame stretch is perhaps made easier by
decomposing the flame propagation velocity uf in a component normal to the
local flame surface, unf , and a component tangential to the flame surface, utf. The
local flame surface is defined as the local iso-surface of the progress variable. The
flame propagation velocity can be written as

uf = unf + utf = (uf · nf)nf + ut, (A.13)

Where ut is the tangential component of the flow velocity and nf is the unit vector
normal to the progress variable iso-surface. Inserting the latter into Equation A.12,
the Eulerian definition for the mass-based stretch rate is found:

K = ∇ · ut + (uf · nf)∇ · nf + nf · ∇(uf · nf) +
1

ρ

dρ

dt
. (A.14)

Four different contribution compose the right hand side of Equation A.14:

• The first term represents the flow strain. This effect is due to a non-uniform
flow on the flame sheet, as schematically shown in Figure A.5.1a. When the
flow along the flame does not change, this term drops out.
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• The second term represents the influence of curvature of a moving flame
surface. A sketch of this effect is represented in Figure A.5.1b. The curvature
term is non zero only if the flame moves (i.e. uf 6= 0),

• The third term is caused by flame thickness variations in time, as schemati-
cally shown in Figure A.5.1c. Different iso-planes in the flame do not neces-
sarily have the same velocity uf and this causes flame thickness variations.

• The fourth and last term is due to density variations along the flame iso-
surfaces. This term becomes zero if density is used as a reaction progress
variable.

In [Goey and Thije Boonkkamp, 1997] it is shown that in case of a steady stoichio-
metric methane/air bunsen flame the contributions to the flame stretch rate of the
last two terms are small compared to the first two contributions.

The mass-based flame stretch rate K is a combination of four different phys-
ical phenomena, and therefore it is difficult to phenomenologically distinguish
between positive and negative stretch rate. However, the first two contributions of
Equation A.14 are relatively large compared to the third and fourth term. Under
this observation, the flow strain term is positive when a diverging flow impacts
on the flame, as shown in Figure A.5.1a. The curvature contribution is instead
negative in the example of Figure A.5.1b.



List of Symbols
α Algebraic variance model coefficient

αi Progress variable definition coefficient

β Reaction constant

τ Stress tensor

δ0L Laminar flame thickness

δr Inner layer flame thickness

ω̇i Chemical source term of species i

ṁ Mass flow rate

ε Kinetic energy dissipation rate

η Kolmogorov scale

κ Flame curvature

λ Thermal conductivity of the mixture

g Gravitational acceleration field

I Unit tensor

n Normal unit vector

q Heat flux field

Ui Diffusion velocity field of species i

u Velocity field

C Control variable

Dk,i Species diffusion coefficient for specie i and control variable Ck

Y Reaction progress variable

µ Dynamic viscosity

∇ Nabla operator

ν Kinematic viscosity
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νij Molar stoichiometric coefficient

M Average molar mass

∂ Partial derivative

ρ Mass density

σ Stefan-Boltzmann constant

ζi Mixture fraction definition coefficient

Ac Pre-exponential factor

aji Number of atoms of element j in species i

bni Polynomial coefficients

cp Specific heat at constant pressure

Dt Turbulent diffusivity

dY Differential diffusion coefficient for Y

dCk Differential diffusion coefficient for the generic control variable Ck

Dij Binary mass diffusion coefficient of species i into species j

Di Mixture-averaged diffusion coefficient for species i

Ea Activation energy

Eq Radiative heat loss

G Filter function

h Specific enthalpy

K Stretch rate

k Reaction rate coefficient

kP,i Plank mean absorption coefficient of species i

Le Lewis number

M Molar mass

m Mass burning rate

n Molar concentration

Ne Number of elements
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Nr Number of reactions

Ns Number of chemical species

p Thermodynamic pressure

pi Partial pressure of species i

Pth Thermal power

R0 Universal gas constant

s Stoichiometric fuel to oxidizer mass ratio

sL Laminar burning velocity

Sct Turbulent Schmidt number

T Temperature

t Time

Tref Reference temperature

tη Kolmogorov time scale

Tad Adiabatic flame temperature

vη Kolmogorov eddy turnover velocity

wji Relative mass fraction of element j in species i

Xi Mole fraction of species i

Yi Mass fraction of of species i

Z Mixture fraction

Ai Chemical symbol for species i

Mi Molecular mass of species i



A blank page for relaxing the restless mind.
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