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Summary

Numerical simulation of damage mechanisms in composite materials

The failure behaviour of composite materials is often a combination of multiple damage
mechanisms. Intralaminar damage, such as fibre breakage and cracking, can cause
interlaminar damage mechanisms (delamination), and vice versa. Numerical techniques
can be used to assess such complex behaviour and lower the time and cost of the
experimental tests.

The correct damage modelling of composites demands for an accurate three-dimensional
stress field. Therefore, solid-like shell elements becomes an obvious choice. This class of
shell elements is characterized by the absence of rotational degrees of freedom, which is
convenient when stacking them, yet possess shell kinematics, and are rather insensitive
to shear locking and membrane locking. On a mesoscopic level of observation, each
layer of a laminated composite has been modelled by solid-like shell elements. Non-
linear kinematics have been considered in the elements which allows for the analysis
of the structural effects such buckling. On the meso-scale, delamination between the
layers has been modelled using interface elements. The interface elements are equipped
with a cohesive zone formulation where a traction-separation law governs the interface
behaviour. Subsequently, damage in the layers was modelled in a smeared approach
using a gradient damage model. In order to solve the nonlinear system of equations, an
energy dissipation based arc-length method has been used.

In this thesis, a continuum shell element that is based on the isogeometric concept has
be proposed. The basic idea is to use splines, which are the functions commonly used
in computer-aided design (CAD) to describe the geometry, as the basis function for
the analysis rather than the traditional Lagrange basis functions. A main advantage of
isogeometric analysis is that the functions used for the representation of the geometry
are employed directly for the analysis, thereby by-passing the need for a sometimes
elaborate meshing process. This important feature allows for a design-through-analysis
procedure which yields a significant reduction of the time needed for preparation of the
analysis model. Indeed, the exact parametrization of the geometry can have benefits for
the numerical simulation of shell structures, which can be very sensitive to imperfections

ix



x Summary

in the geometry. Moreover, the higher-order continuity of the shape functions used
in isogeometric analysis allows for a straightforward implementation of kinematics or
material models with higher order derivatives present in the formulations.

First, a partially solid-like shell formulation has be proposed, in which NURBS basis
functions are used to construct the mid-surface of the shell. In combination with a
linear Lagrange shape function in the thickness direction this yields a complete three-
dimensional representation of the shell.

In the next step, the isogeometric continuum shell formulation has proposed in which
NURBS basis functions are used to construct the reference surface of the shell. Through
the thickness behavior has been also interpolated using an arbitrary higher-order B-
spline. This yields a complete isogeometric representation of the continuum shell for-
mulation. The numerical integration on the reference surface is done by using Bézier
extraction. Through the thickness integration is done using a connectivity array. An
important advantage of using B-spline basis functions is their ability to model weak and
strong discontinuity in the displacement field by knot insertion which is less straight-
forward using conventional finite elements. By using this property, delamination is
modelled as strong discontinuity between the material layers. The subsequent opening
and growth of delamination is also governed by a cohesive constitutive relation.



Chapter one

Introduction

Fracture and failure are one of the challenging issues in solid mechanics. Under high
levels of mechanical loads, fracture can occur in different materials ranging from metals,
ceramics to polymers and composites. Depending on the microstructure of the materials,
fracture can originate from voids, micro cracks, movement of dislocations, de-bonding
and even structural effects such as buckling. The problem becomes more complex in the
case of composite materials. In general, composite materials are composed by stacking
different layers of materials. Each layer consists of two different constituents: fibers (e.g.
glass, carbon, aluminum) and matrix (e.g. epoxy). Besides the multiscale nature of the
response of the structure, the failure behaviour of composites is often a combination of
multiple damage mechanisms. Intralaminar damage, such as fibre breakage and matrix
cracking, can cause interlaminar damage mechanisms (delamination), and vice versa,
see Figure 1.1.

Microcracks in the matrix are often the first form of damage in laminates. Matrix
cracks can cause failure under tensile or compressive loading. In tensile loading fracture
surfaces will appear normal to the loading direction while under compressive loading
failure occurs at an angle with the loading direction, which shows the shear nature of
the failure process (Pinho et al., 2005).

The combined effect of the matrix cracking with the stress concentrations around holes,
cut-outs and free edges will induce delamination. Delamination is normally defined as
the separation of the layers of a composite laminate. However this phenomena can
also happen, in fibre–metal laminates for instance, inside the matrix material near and
parallel to the interface (de Jong et al., 2001). Delamination is one of the most critical
failure modes in laminates since the bending stiffness of delaminated panels can be
significantly reduced, even when no visual defect is visible on the surface or the free
edges.

Fibre breakage occurs under tensile or compressive loadings. Under tensile loading
fibre failure leads to a large amount of energy dissipation which results in catastrophic

1



2 1 Introduction

Figure 1.1: Intralaminar and interlaminar damage mode in a composite laminate and their
interaction (de Jong et al., 2001; Suiker and Fleck, 2006).

failure in structures that cannot redistribute the load. Under compressive loading fiber
micro-buckling and kinking bands can be observed.

Composite materials have been widely used in different structural application. Airplane
industries are a particular example. Prior to the application of the composite materials
a comprehensive understanding of their mechanical response in the presence of differ-
ent damage mechanisms becomes very important. The load-carrying properties, the
safety and the overall performance of composite structures can be investigated using
experiments on different levels of observation. Figure 1.2 shows the testing pyramid in
the design of an aircraft. Coupon tests are designed for all possible lay-ups (including
different fibre orientation and materials). The coupons are tested under all stress states
that are anticipated in the structure, which also includes monotonic loading, fatigue,
impact, and long-duration environmental exposure. Next the coupon tests are followed
by tests of large substructures and structures subjected to service conditions. For ex-
ample, the development of an airframe requires a large number of experimental tests on
the structural specimens. The entire testing is in the order of tens of thousands tests
of components and structures up to entire tails, wing boxes, and fuselages, to achieve
safety certification (Fawcett et al., 1997). This may lead to unavoidable time consuming
and costly procedures. For these reasons, there is an urgent economic and technological
need to develop better methods for evaluating structural integrity. Modern numerical
techniques can be used to assess such complex behaviour and lower the time and cost
of the experimental tests.
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Figure 1.2: Testing pyramid of an aircraft. The left-hand-side of this picture shows some of
the experiments that have been conducted on each level of the pyramid. The
right-hand-side shows the corresponding numerical simulations.

1.1 Objective and research topic

This PhD project was a part of an extensive European project (FP7 project) called
MAAXIMUS (More Affordable Aircraft through eXtended, Integrated and Mature nU-
merical Sizing). The project aims at achieving the fast development and right-first-time
validation of a highly-optimized composite fuselage thanks to a coordinated effort be-
tween virtual structure development and composite technology. The consortium con-
sists of 57 partners from industry, research institutes and university from 18 different
European countries and is led by Airbus.

Due to the laminate nature and the wide range of possible fibre reinforcements, com-
posite materials offer a huge range of design options, with a strong dependency with
manufacturing. As mentioned before, manufacturing of an aircraft relies heavily on
time-consuming and expensive physical tests, see Figure 1.2. In this situation, MAAX-
IMUS is aiming to use numerical simulations as an alternative to the experimental tests.
The numerical simulations are performed on the structural and component level of the
composite fuselage. The output of the numerical tests therefore needs to be accurate
and meet a certain level of confidence. Therefore, noticing the importance of the nu-
merical methods, this research is aiming at improving the computational tools for the
modelling of fracture and damage in composite structures.

An important issue related to the numerical simulations is that the finite element tech-
nology used in this process needs to be fast and accurate. Another challenge in the
simulation of the laminated composite under quasi-static loading and non-linear kine-
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matics conditions is the development of robust algorithms to trace the equilibrium path
properly.

Noticing these requirements, this thesis is proposing new finite elements with the ability
of fast and accurate preparation of the physical models of laminated composites, which
includes layers, interfaces, delamination of the layers and damage inside the layers. The
developed computational tool is also equipped with a robust solver that is capable of
following the equilibrium path accurately.

1.2 Methods for modelling damage in thin-walled composite

structures

As pointed out in the previous sections, the failure behaviour of the laminated com-
posite is a combination of different damage modes. In addition, material degradation,
structural instabilities (buckling) can also occur. An important issue when modelling
failure in this kind of structure is the proper selection of the scale at which the analysis
is carried out. The selected scale should provide a realistic physical representation of the
different damage modes. Looking at a composite laminate, it is seen that the in-plane
dimensions of a laminate exceed the scales at which each failure mode occurs. This
point becomes more apparent for instance at the macroscopic or structural level when
the entire laminate is modelled using layered finite elements. In this kind of models,
one therefore should consider a way to include delamination, matrix cracking and fibre
breakage in the model.

Depending on the level of accuracy and simplicity of the different models, one can
select the scale at which the numerical analysis is to be performed. Therefore, first a
brief overview of the available computational techniques for the modelling of failure and
damage will be presented. Generally, there are two main categories of techniques for
damage and failure modelling which are: smeared (or continuous) approach and discrete
(or discontinuous) approach. Figure 1.3 shows a delamination test and a continuum
damage test where these two methods have been applied. In this section a brief overview
of these two techniques will be presented.

1.2.1 Smeared approach

The smeared approach is basically a constitutive model which describes the loss of ma-
terial stiffness because of initiation and propagation of defects, voids and micro-cracks.
Initially the material is considered to behave elastically. When an equivalent stress of
the material, e.g. principal stresses, exceeds some critical value, the constitutive model
accounts for the stiffness reduction until the material is completely exhausted (zero stiff-
ness). The reduction of the material stiffness can be obtained by using damage variables
in the so-called continuum damage method (Lemaitre and Chaboche, 1990). Initially
for the intact material the damage variable is zero. In the damage evolution regime, the
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damage variable is calculated based on a damage law. The damage parameter reaches
its maximum value of 1 when the material point is completely damaged.

Possessing a straightforward formulation and relatively simple finite element implemen-
tation made this approach as a standard method in modelling of damage and fail-
ure (Mazars, 1984; Mazars and Pijaudier-Cabot, 1989). The method also has been
cast within the framework of anisotropic continuum damage mechanics (de Borst and
Gutiérrez, 1999; de Borst et al., 2012).

Figure 1.3: Discrete approach (left) versus smeared approach (right) for the modelling of de-
lamination and continuum damage, respectively.

Because of the local definition of the stiffness reduction of the material points, unfortu-
nately, this technique suffers from the well-known localization problem which leads to
mesh dependent results (de Borst et al., 2012). In fact, the localization zone becomes
proportional to the size of the finite elements. As a solution, regularizations techniques
have been proposed. Bažant and Oh (1983) introduced the crack band model in which
the fracture energy is smeared out over the width of the area in which the damage
localises. For lower-order elements, this area is typically equal to the width of one
element. The method has been used to ensure a correct computation of the energy
dissipated in modelling of continuum damage in transversely isotropic composite lami-
nates (Maimı́ et al., 2008). Pijaudier-Cabot and Baz̆ant (1987) also proposed nonlocal
averaging schemes where the degradation of the material points become dependent on
the neighboring points. Gradient damage models also have been shown to be an efficient
solution to this problem (Peerlings et al., 1996).

1.2.2 Discrete approach

Unlike the smeared approach in the previous section, the discrete approach relies on
presenting the damaging materials with real crack boundaries. The method originates
in the early work of Griffith (1920) and Irwin (1957) on brittle fracture in the context
of linear elastic fracture mechanics (LEFM). The techniques based on LEFM require
a pre-cracked specimen and therefore they cannot model the initiation of fracture. In
addition, in the propagation regime also re-meshing and alignment of the elements with
the crack boundaries are needed.
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For quasi-brittle and ductile fracture, where the length of the fracture process zone is
not small compared to a typical structural size, cohesive surface models, proposed by
Dugdale (1960) and Barenblatt (1962) and later by Hillerborg et al. (1976) for concrete
fracture modelling, are used. In this method the fracture process zone is lumped into
a single plane ahead of the crack tip and defines a softening traction-opening law that
governs the behaviour of the fracture process zone. Despite of its simplicity, the method
seems more efficient in cases where the potential crack path is known in advance. This
issue has made the discrete approach a popular method for simulation of delamination
in composite structures where delamination occurs between the layers. Conventionally,
the cohesive surfaces are incorporated in interface elements which are placed between
the continuum elements (Allix and Ladevèze, 1992; Schellekens and de Borst, 1994;
Alfano and Crisfield, 2001). modelling of delamination cracks at arbitrary locations can
also be done using the cohesive zone formulation in the framework of partition-of-unity
method (Remmers et al., 2003).

Recently, isogeometric analysis has emerged as an elegant and powerful way of intro-
ducing discontinuities. Weak and strong discontinuities can be modelled rigorously in
the displacement field by the process of knot insertion (Verhoosel et al., 2011).

1.2.3 Method

The numerical simulations of thin-walled composite structures should be able to capture
both material degradation and structural effects. For this reason, the mesoscopic scale
is the best approach. On the mesoscopic level of observation, each layer of a laminated
composite will be modelled by a continuum or a structural element. The structural
effects will be captured by considering the non-linear kinematics in the elements.

modelling of laminated composite shells on a meso-scale also allows for the discrete
modelling of delamination. In this way, interface elements can be placed between the
layers of the structure (Allix and Ladevèze, 1992; Schellekens and de Borst, 1994; Alfano
and Crisfield, 2001).

In a meso-scale analysis of the composite laminates it is also possible to model matrix
cracking in a discrete approach (Iarve, 2003; Mollenhauer et al., 2006; van der Meer and
Sluys, 2009). modelling of matrix cracking in a discrete way encounters some problems.
For most laminated composites, matrix cracking reaches a saturation distance, which
is in the order of the ply thickness. In this situation, modelling of each single crack in
a discrete format requires a very fine mesh in the plane of the laminate. Another issue
is that individual cracks can cross each other which needs special considerations in the
numerical model.

Discrete modelling of fibre breakage on a meso-scale also requires a very fine discreti-
sation which subsequently increases the computational cost. Therefore, noticing the
problems of modelling matrix cracking and fibre breakage in a discrete setting, the
smeared approach for these two damage mechanisms seems more efficient. In this way,
the elements that are used in each layer of the laminate can be equipped with a contin-
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uum damage model which captures the material degradation due to the matrix cracks
and fibre breakage.

The correct modelling of damage processes also requires an exact representation of the
strains in the through-the-thickness direction of the laminate. Moreover, the simula-
tion of delamination growth by stacking shell elements and interface elements is not
straightforward because of the presence of rotational degrees of freedom in traditional
shell elements. The use of solid elements instead of shell elements is not a viable option
either. Due to the high aspect ratio between the in-plane dimensions and through-the-
thickness dimension, solid elements show an overly stiff behaviour. This effect, often
denoted as Poisson-thickness locking, can only be avoided by reducing the aspect ratio
of solid elements. An alternative is to incorporate a higher-order strain field in the
thickness direction. In the solid-like shell element proposed by Parisch (1995), the in-
ternal stretch of the element is used to include a quadratic term in the displacement
field. Hence, the normal strain in this direction varies linearly instead of being constant,
thereby strongly mitigating Poisson thickness locking, see also (Hashagen and de Borst,
2000; Remmers et al., 2003), where this element has been used successfully in studies
on failure mechanisms in composite laminates.

In some engineering applications, the composite laminates contain holes and cut-outs
in their geometry. A particular example is the fuselage of an aircraft which contains
windows. When modelling these structures, one needs a large number of finite elements,
such as solid-like shell elements, for a more accurate representation of the geometry
details, which subsequently increases the computational costs. Moreover, modelling of
cracks in a discrete manner, requires a lot of considerations in meshing, re-meshing and
also techniques in which crack boundaries can be incorporated in the mesh. In addition,
modelling of cracks in a smeared approach can be based on simplifications caused by a
low order continuity of the basis functions of the finite elements.

In this thesis, the potential of the isogeometric analysis as a solution to these problem
will be addressed. In the next section, isogeometric analysis will be briefly reviewed.

1.3 Isogeometric finite element analysis

In isogeometric analysis (IGA) the functions for geometry representation are applied
directly to the analysis (Hughes et al., 2005; Cottrell et al., 2009). Design-through-
analysis, higher order continuity of the shape functions and exact geometry parametriza-
tion make IGA very useful for the numerical simulation of composite shell structures.
The design-through-analysis procedure which basically eliminates the meshing process
of a finite element simulation, yields a significant reduction of the time needed for
preparation of the analysis model.

In composite shells, where materially non-linear phenomena such as damage, or delam-
ination need to be included in the analysis, accurate stress analysis is mandatory. In
this situation, the higher continuity of the basis functions allows for a more accurate
stress analysis of the composite structures. On the other hand, the mechanical behavior
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of shell structures is very sensitive to the geometry imperfections. Therefore the abil-
ity of isogeometric analysis in representing exact geometries will lead to more accurate
numerical simulations.

In this thesis, an isogeometric solid-like shell formulation and an isogeometric continuum
shell formulation will be proposed. The ability of the method to model delamination in
layered structures will be demonstrated.

1.4 Outline of the thesis

The outline of this thesis is as follows: In Chapter 2 the numerical methods for the
modelling of damage in thin-walled composites are reviewed. The basic concept of
the solid-like shell formulation and its finite element implementation are explained in
detail. Delamination modelling using interface elements and modelling of continuum
damage using gradient damage models are addressed. The application of an energy
dissipation path-fallowing solver to the simulation of damage in composite materials is
also demonstrated in this chapter.

Chapter 3 will discuss the fundamentals of isogeometric analysis. The chapter will
address the essentials on B-splines, NURBS and T-splines. Bézier extraction is explained
as a technique of introducing the isogeometric concepts into existing finite element
programs. Mesh generation and degrees-of-freedom selection are also discussed in this
chapter.

An isogeometric solid-like shell formulation is proposed in Chapter 4. In this chapter,
NURBS basis functions are used to construct the mid-surface of the shell. In combi-
nation with a linear Lagrange shape function in the thickness direction this yields a
complete three-dimensional representation of the shell. The proposed shell element is
implemented in a standard finite element code using Bézier extraction. The formulation
is verified using different benchmark tests.

An isogeometric continuum shell formulation is proposed in Chapter 5. In this chap-
ter, NURBS basis functions are used to construct the reference surface of the shell.
Through-the-thickness behavior is interpolated using a higher-order B-spline which is
in contrast to the isogeometric solid-like shell formulation in Chapter 4 where a linear
Lagrange shape function was used in the thickness direction. The present formulation
yields a complete isogeometric representation of the continuum shell. Here, through-the-
thickness integration is done using a connectivity array which determines the support
of a B-spline basis function over an element. The formulation has been verified using
different linear and geometrically non-linear examples. The ability of the formulation in
modelling buckling of static delaminations in composite materials is also demonstrated.

In Chapter 6, the isogeometric continuum shell element proposed in Chapter 5 is ex-
tended to model propagating delaminations that can occur in composite materials and
structures. The interpolation in the thickness direction is done using a B-spline, and
delamination is modelled by knot insertion to reduce the continuity. Within the discon-
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tinuity the traction is derived from the relative displacement between the layers by a
cohesive relation. A range of examples, including delamination propagation in straight
and curved planes and buckling-delamination illustrate the versatility and the potential
of the approach.

Finally, concluding remarks and recommendations for future work are presented in
Chapter 7.





Chapter two

Numerical methods for the modelling of
damage in thin-walled composites1,2

Numerical simulation of damage in composite materials requires a proper selection of
the scale at which the damage mechanisms are to be modelled. The failure of composite
laminates is a combination of the different failure modes where structural instabilities
(buckling) can also occur. In order to capture both material degradation and struc-
tural effects, the mesoscopic scale is the best approach. On the mesoscopic level of
observation, each layer of a laminated composite will be modelled by a continuum or a
structural element. The structural effect will be captured by considering the non-linear
kinematics in the elements. In this study a solid like shell element developed by Parisch
(1995) is used to model the composite layers. In the mesoscopic approach, delamination
between the layers can be modelled using interface elements. The interface elements
are equipped with a cohesive zone formulation where a traction-separation law governs
the interface behaviour. Subsequently, damage in the layers is modelled in a smeared
approach using a gradient damage model.

In this chapter, in order to solve the nonlinear system of equations, an energy dissipation
based arc-length method is used (Verhoosel et al., 2009). The solver, which utilizes
energy dissipation as a constraint, is highly effective for analysing (multiple) failure
mechanisms in laminated composites, also in combination with geometrically non-linear
behaviour.

1This chapter is based on: Hosseini, S., Remmers, J.J.C., de Borst, R.,(2014). The application
of an energy dissipation path-following solver to the simulation of damage in thin-walled composite
materials. Computers and Structures; Submitted.

2This chapter is based on: Hosseini, S., Remmers, J.J.C., de Borst, R.,(2014). The incorporation of
gradient damage models in shell elements. International Journal for Numerical Methods in Engineering;
Accepted for publication.

11
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Figure 2.1: Geometry and kinematics of a shell in the undeformed and in the deformed con-
figurations.

2.1 Solid-like shell element

Figure 2.1 shows the reference and the current configurations of a shell, and the kine-
matics in curvilinear coordinates. The element kinematics is described by a linear
combination of a pair of material points at the top and at the bottom surfaces of the
element. Each point at the top or at the bottom surface of an element in the original
configuration is labelled by its position vectors: Xt and Xb, respectively. The variables
ξ and η are the local curvilinear coordinates in the two independent in-plane directions,
and ζ is the local curvilinear coordinate in the thickness direction. The position of a
material point in the undeformed configuration is written as a function of the three
curvilinear coordinates:

X(ξ, η, ζ) = X0(ξ, η) + ζD(ξ, η) (2.1)

where X0(ξ, η) is the projection of the point on the mid-surface of shell and D is the
thickness director at this point. They are obtained as:

X0(ξ, η) =
1

2
[Xt(ξ, η) + Xb(ξ, η)]

D(ξ, η) =
1

2
[Xt(ξ, η)− Xb(ξ, η)]

(2.2)

The position of the material point in the deformed configuration x(ξ, η) is related to
X(ξ, η) via the displacement field u(ξ, η, ζ) as:

x(ξ, η, ζ) = X(ξ, η, ζ) + u(ξ, η, ζ) (2.3)

where

u(ξ, η, ζ) = u0(ξ, η) + ζu1(ξ, η) + (1− ζ2)u2(ξ, η) (2.4)

In this relation, u0 and u1 are the displacement of X0 on the shell mid-surface and the



2.1 Solid-like shell element 13

motion of the thickness director D, respectively. The projection of the material point
onto the mid-surface leads to:

x0(ξ, η) = X0(ξ, η) + u0(ξ, η) (2.5)

and:

d(ξ, η) = D(ξ, η) + u1(ξ, η) (2.6)

Conventionally, the displacements u0 and u1 are calculated as:

u0(ξ, η) =
1

2
[ut(ξ, η) + ub(ξ, η)] (2.7)

u1(ξ, η) =
1

2
[ut(ξ, η)− ub(ξ, η)] (2.8)

which is convenient for applying the boundary conditions. In Equation (2.4), u2 is the
internal stretching of the element, which is co-linear with the shell thickness director d
in the deformed configuration. This quantity is expressed in terms of stretch degree of
freedom, w, through:

u2 = w(ξ, η)[D(ξ, η) + u1(ξ, η)] (2.9)

In any material point a local reference triad can be established. The covariant base
vectors are then obtained as the partial derivatives of the position vectors with respect
to the curvilinear coordinates ΘΘΘ = [ξ, η, ζ]. In the undeformed configuration they are
defined as:

Gα =
∂X

∂Θα
= Eα + ζD,α , α = 1, 2

G3 = D

(2.10)

where (.),α denotes the partial derivative with respect to Θα. Eα is the covariant base
vector defined on the mid-surface:

Eα =
∂X0

∂Θα
(2.11)

Similarly, in the deformed configuration we have:

gα =
∂x

∂Θα
= Gα + u0

,α + ζu1
,α + (1− ζ2)u2

,α

g3 = D+ u1 − 2ζu2

(2.12)

Using Equations (2.10) and (2.12) the components Gij and gij of the metric tensors in
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the undeformed and the deformed configuration, respectively, can be determined as:

Gij = Gi ·Gj , gij = gi · gj , i = 1, 2, 3 (2.13)

Elaboration of the expressions leads to the following components of the metric tensor
in the undeformed configuration:

Gαβ = Eα · Eβ + ζ[Eα ·Dβ + Eβ ·Dα]

Gα3 = Eα . D+ ζDα ·D

G33 = D ·D

(2.14)

The elaboration of the components gij includes higher-order terms that are up to the

fourth order in the thickness coordinate ζ and derivatives of the stretch u2 with respect
to the coordinates ξ and η. Neglecting these terms results in (see Parisch (1995)):

gαβ = [Eα + u0
,α] · [Eβ + u0

,β] + ζ([Eα + u0
,α] · [D,β + u1

,β] + [Eβ + u0
,β] · [D,α + u1

,α])

gα3 = [Eα + u0
,α] · [D+ u1] + ζ([D+ u1] · [D,α + u1

,α]− 2u2 · [Eα + u0
,α])

g33 = [D+ u1] · [D+ u1]− 4ζu2 · [D+ u1]

(2.15)

Using equations (2.14) and (2.15) we can rewrite the components of the metric tensors
as:

Gij = G0
ij + ζG1

ij , Gij = g0ij + ζg1ij (2.16)

where G0
ij and g0ij correspond to the constant terms in equations (2.14) and (2.15), while

G1
ij and g1ij represent the linear terms. The contravariant base vectors needed for the

calculation of the strains can be derived as:

Gj = (G)−1Gi (2.17)

with G symbolically denoting the metric tensor in the undeformed configuration. The
contravariant base vectors denoted by the super script j are related to the corresponding

base vectors on the mid-surface via the so-called shell tensor µ
j
k as:

Gj = µ
j
kE

k , µ
j
k = (δ

j
k − ζḠ

j
k)E

k (2.18)

where δ
j
k is the Kronecker delta and Ḡ

j
k denotes the mixed variant metric tensor which

is calculated with the covariant and contravariant tensors defined in equation (2.16):

Ḡ
j
k = G0 jmG1 mk (2.19)
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which is only non-zero when the undeformed shell is curved. The volume of a portion
of the shell in the undeformed configuration is evaluated using the metric tensor Gij in
the following manner:

dΩ0 =
√

det(G) dξ dη dζ (2.20)

2.1.1 Strain measure

The Green-Lagrange strain tensor γ is defined conventionally in terms of the deforma-
tion gradient F:

γ =
1

2
(FT · F− I) (2.21)

where I is the unit tensor. The deformation gradient can be written in terms of the
base vectors as:

F = gi ⊗Gi , i = 1, 2, 3 (2.22)

which leads to following representation of the Green-Lagrange strain tensor:

γ = γijG
i ⊗Gj with γij =

1

2
(gij − Gij) (2.23)

Substituting equation (2.18) into this relation yields:

2γ = (gij − Gij)(δ
i
k − ζḠi

k)(δ
j
l − ζḠ

j
l )E

k ⊗ El (2.24)

Next, the strain tensor can be expressed in the membrane mid-surface strain, ǫij, and
the bending strain, ρij, as follows:

2γ = (ǫij + ζρij)E
i ⊗ Ej (2.25)

The strain components ǫij and ρij are shown in detail in Appendix A.1.

2.1.2 Constitutive behaviour

In solid-like shell elements the stresses are computed using a three-dimensional constitu-
tive relation. Assuming small strains, a linear relation between the rates of the Second
Piola-Kirchhoff stress tensor S and the Green-Lagrange strain tensor can be adopted:

DS = C : Dγ (2.26)

where C is the material tangential stiffness matrix.

The strain field in equation (2.25) is defined in the parametric frame of the covariant
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base vectors Ei, i = 1, 2, 3, which are not necessarily orthonormal. In order to obtain
the strains in the local frame of reference Ti, they must be transformed using:

γL
ij = γkltkitl j , tki = Gk.Ti (2.27)

For an orthotropic material, T1 is the fibre direction; T2 and T3 are the in-plane and
out of plane normal directions respectively.

2.1.3 Virtual work and linearization

In a Total Lagrangian formulation the internal virtual work is expressed in the reference
configuration Ω0:

δWint =
∫

Ω0

δγT : S dΩ0 (2.28)

with S the Second Piola-Kirchhoff stress tensor. The components of the virtual mem-
brane strain, δǫij, and those of the virtual bending strain, δρij, are given in Appendix
A.2.

The resulting system of nonlinear equations is typically solved in an incremental-
iterative manner, which requires computation of the tangential stiffness matrix. This
quantity is obtained by linearizing the internal virtual work, Equation (2.28):

D(δWint) =
∫

Ω0

(δγT : DS + D(δγT) : S)dΩ0 (2.29)

with δγ and Dδγ defined in Appendix A.2.

2.1.4 Finite element implementation

The solid-like shell element as developed in Parisch (1995); Hashagen and de Borst
(2000); Remmers et al. (2003) can be formulated as an eight-node or as a sixteen-node
element as shown in Figure 2.2. In both cases, a linear distribution of the internal
stretch is assumed, so that only four internal degrees of freedom, located at the four
corners of the mid-surface of the element are necessary. In this formulation the projected
displacements at the top and at the bottom surfaces, ut and ub, are constructed using
the degrees of freedom of the top and bottom nodes respectively. For example, the
displacement field for a quadrilateral sixteen node-element can be constructed using
eight bi-quadratic shape function used for the both top and the bottom nodes together
with four bi-linear shape functions that are used for the discretisation of the stretching.

Therefore each geometrical node contains three displacement degrees of freedom
[ax, ay, az] and each internal node contain stretch degree of freedom w. In a sixteen
node solid-like shell element the total vector of degrees of freedom has length 52 and
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Figure 2.2: Geometry of 16 node solid-like-shell element.

can be written as:

Φ=[a
1b
x , a1by , a1bz , · · · , a8bx , a8by , a8bz , a1tx , a

1t
y , a

1t
z , · · · , a8tx , a8ty , a8tz , a1w, · · · , a4w]T (2.30)

The displacements of the shell mid-surface and the displacement of the thickness direc-
tor, u0 and u1, respectively, are obtained from equations (2.7) and (2.8), and can be
discretised as:

u0 = N0a , u1 = N1a (2.31)

where N0 and N1 are defined as:

N0 =
1

2
[Ψ1,Ψ2, · · · ,Ψ8,Ψ1,Ψ2, · · · ,Ψ8] (2.32)

N1 =
1

2
[−Ψ1,−Ψ2, · · · ,−Ψ8,Ψ1,Ψ2, · · · ,Ψ8] (2.33)

with Ψi defined as:

Ψi =




ψi 0 0
0 ψi 0
0 0 ψi


 , i = 1, 2, · · · 8 (2.34)

In this equation, ψi(ξ, η, ζ) are the basis functions corresponding to the geometrical
nodes. The vector a which contains the translational degrees of freedom on the mid-
surface is given by:

aT = [a1bx , a1by , a1bz , · · · , a8bx , a8by , a8bz , a1tx , a
1t
y , a

1t
z , · · · , a8tx , a8ty , a8tz ] (2.35)

The stretch is also interpolated as:

w(ξ, η) = Nww (2.36)

so that the interpolation matrix for the stretching can be written as:

Nw = [φ1, φ2, φ3, φ4] (2.37)
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where φi is the basis function of the internal nodes. The derivatives of the displacement
vectors u0 and u1 with respect to the parametric coordinates ξ and η follow in a standard
manner as:

u0
,α = N0

,αa , u1
,α = N1

,αa (2.38)

with the matrices N0
,α and N1

,α containing the derivatives of the basis functions:

N0
,α =

1

2
[Ψ1,α,Ψ2,α, · · · ,Ψ8,α,Ψ1,α,Ψ2,α, · · ·Ψ8,α] (2.39)

and

N1
,α =

1

2
[−Ψ1,α,−Ψ2,α, · · · ,−Ψ8,α,Ψ1,α,Ψ2,α, · · ·Ψ8,α] (2.40)

where:

Ψi,α =




∂ψi
∂α 0 0

0
∂ψi
∂α 0

0 0
∂ψi
∂α


 (2.41)

is a diagonal matrix containing the derivatives of the shape functions with respect to
the curvilinear coordinates Θα.

2.1.5 Evaluation of internal force vectors and stiffness matrices

For the evaluation of the tangential stiffness matrices we first define the virtual strain
vector:

δγT = [δγ11, δγ22, δγ33, 2δγ12, 2δγ23, 2δγ31] (2.42)

The virtual strain vector can be decomposed into components, as follow:

δγ = H1 δu1 +H0
1 δu0

,1 +H1
1 δu1

,1 +H0
2 δu0

,2 +H1
2 δu1

,2 +Hw δw (2.43)

where the H matrices can be obtained from the strain variation, Appendix A.2. Next,
the variations of the displacement vectors are computed from the degrees of freedom
associated to the nodal basis functions:

δu1 = N1δa, δu0
,α = N0

,αδa,

δu1
,α = N1

,αδa, δw = Nwδw.
(2.44)

Substituting these relations into equation (4.15) relates the vector of virtual strains to
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the control points degrees of freedom:

δγ = BδΦ = Buδa+ Bwδw (2.45)

with the matrices Bu and Bw defined as:

Bu = H1 N1 +H0
1 N0

,1 +H1
1 N1

,1 +H0
2 N0

,2 +H1
2 N1

,2 (2.46)

Bw = Hw Nw (2.47)

Now, from the internal virtual work, equation (2.28), the internal force vector is directly
obtained as:

fint =
∫

Ω0

BTSdΩ0 (2.48)

Next, we rewrite the linearized internal virtual work, equation (2.99), in matrix form:

−D(δWint) = δΦ
T ∂fint

∂Φ
DΦ = δΦ

TK DΦ = δΦ
T(Kmat +Kgeom) DΦ (2.49)

where K represents the stiffness matrix decomposed in a material part Kmat and a
geometric part, Kgeom, as usual. From equation (2.99) these matrices can be obtained
as:

Kmat =
∫

Ω0

BT
CBdΩ0 , Kgeom =

∫

Ω0

∂BT

∂Φ
SdΩ0 (2.50)

The geometric part is the stress-dependent part of the stiffness matrix and is obtained
through the derivatives of the virtual strains, Appendix A.2. For more details on the
finite element implementation the reader is referred to Parisch (1995); Hashagen (1995,
1998).

2.2 The interface model

In this study, delamination between plies is modelled in a discrete manner using
interface elements. The decohesion relation in the interface element is based on the
damage model proposed by Turon et al. (2006). This model is able to predict the onset
and propagation of delamination under variable mixed-mode conditions.
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Figure 2.3: Deformation of the interface element.

2.2.1 Interface element formulation

The zero-thickness interface element consists of two adjacent surfaces, and is placed
between the continuum elements. The displacement jump across two adjacent layers in
a material point P (Figure 2.3) of the interface is written as:

v(ξ, η) = u+(ξ, η)− u−(ξ, η) (2.51)

where u+ and u− are the displacement vectors of the material points P+ and P− with
respect to the global coordinate system, respectively. The displacement jump v can be
formulated in terms of nodal displacements as:

v(ξ, η) = H(ξ, η)a (2.52)

The vector a contains the global nodal displacements of the top and the bottom of the
interface surfaces Γ+ and Γ−.

Defining the traction at the discontinuity as td = [tn, ts2 , ts3 ]
T with a normal component

denoted by the subscript n and two shear components, denoted by the subscripts s2
and s3, respectively, its rate, Dtd, is related to the rate of the displacement jump Dvd
at the discontinuity by:

Dtd = Td Dvd (2.53)

with Td as the tangent stiffness of the interface. Finite element implementation of the
interface element requires a transformation from the local frame of the discontinuity
surface (n, s2, s3) to the global frame of reference (i1, i2, i3). Denoting the rotation
matrix as Q we have:

Dt = QTDtd = QTTdDvd = QTTdQDv (2.54)
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and the tangent stiffness in the global reference frame is given by:

T = QTTdQ (2.55)

The stiffness matrix of the interface element is constructed in a standard way as:

K =
∫

Γ0

HTTHdΓ0 =
∫

Γ0

HTQTTdQHdΓ0 (2.56)

The reader is referred to Schellekens and de Borst (1994) and Hashagen (1998) for
more details on the finite element implementation of the interface element. Numerical
integration of the interface element using a conventional Gauss integration scheme can
suffer from the spurious traction oscillations (Schellekens and de Borst, 1993). As a
solution to this problem, Newton-Cotes integration or lumped integration techniques
can be used in traditional finite element.

2.2.2 The initiation and propagation criteria

Damage under either pure mode I, II or III loading conditions initiates by comparing the
traction component ti with the corresponding strength t0i . However, under mixed-mode
loading, damage can initiate before an individual traction exceeds the maximum value.
Therefore, a mixed-mode criterion, which takes into account the interaction between
the traction components, is utilized here.

The propagation criteria under mixed-mode loading are usually based on the dissipated
energy and the fracture toughness. Delamination propagates when the dissipated energy
equals or exceeds the fracture toughness. This assumption is usually formulated via a
so-called power law criterion, which is a linear or a quadratic interaction of energy
release rate components. Camanho et al. (2003) have shown that under mixed-mode
loading conditions the expression proposed by Benzeggagh and Kenane (1996) is more
accurate than power law criteria. The proposed expression for the critical energy release
rate reads:

Gc = GIc + (GI Ic − GIc)B
η where B =

Gshear

GT
(2.57)

where for a certain mode ratio, Gshear is the dissipated energy in shear, and GT is the
total dissipated energy. The power parameter η is obtained from experimental data, e.g.
from mixed-mode bending tests. According to (2.57) the critical energy is a function of
the mode ratio. Using (2.57) the propagation criterion is written as:

G ≥ Gc (2.58)

The criteria for propagation and initiation of damage are often developed indepen-
dently. Turon et al. (2006) have proposed a link between these two criteria. The initia-
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tion criterion can be written as:

(t0)2 = (t03)
2 + ((t0shear)

2 − (t03)
2)Bη (2.59)

where index 3 refers to the opening mode. The initiation and propagation criteria will
be used to obtain the damage onset displacement jump and final displacement jump
used in a damage evaluation law. Under mixed-mode loadings, the damage evolution
law is related to the norm of the displacement jump of the interface. This equivalent
displacement jump is defined as:

∆v =
√
〈v3〉2 + (vshear)2 with 〈·〉 = 1

2
(·+ | · |) (2.60)

In this relation, v3 is the displacement jump in mode I and vshear is the norm of the
displacement jump in the combined mode-II and mode-III, which reads:

vshear =
√
(v1)2 + (v2)2 (2.61)

Damage initiation occurs when the equivalent displacement ∆v exceeds a threshold or
initial value. This initiation value can be formulated in terms of displacements similar
to the initiation criterion (2.59) as:

(v0)2 = (v03)
2 +

(
(v0shear)

2 − (v03)
2
)
Bη (2.62)

By assuming that the area under traction-displacement jump curve in Figure 2.4 is
equal to the fracture toughness, the final displacement jump which corresponds to full
opening of the delamination crack is obtained as:

v f =
2Gc

kv0
(2.63)

It is obvious that the onset and final displacement jump are a function of the mode
ratio.

2.2.3 Constitutive law of the interface element

The constitutive law relates the cohesive traction ti to the displacement jump vi in the
local coordinate system and reads:

ti = (1− ω)Tijvj − ωTijv3j〈−v3〉 , i, j = 1, 2, 3 (2.64)

where the indices 1, 2 and 3 again denote the tangential and normal directions, respec-
tively. The stiffness tensor Tij is defined as

Tij = δijKp (2.65)
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Figure 2.4: Linear softening law for the delamination damage model.

where δij is the Kronecker delta and Kp is a penalty stiffness. In (2.64) the penetration
of the two opposite layers after complete decohesion is avoided by the last term using the
Macaulay bracket 〈.〉, which is defined as 〈x〉 = 1

2(x+ |x|). In the constitutive relation
(2.64) the damage parameter ω reflects the decrease of the stiffness of the interface after
the onset of damage. For a certain equivalent displacement jump, the damage derives
from:

ω = min{v
f (∆v− v0)

∆v(v f − v0)
, 1} (2.66)

For a detailed discussion of the constitutive model and the derivation of the tangent
stiffness matrix, the reader is referred to Turon et al. (2006).

2.3 Energy dissipation based arc-length solver

A fundamental issue in non-linear computations under quasi-static loading conditions
is the development of robust algorithms to accurately trace the equilibrium path. Im-
portant structural characteristics such as the maximum load or the residual strength
after damage initiation, can only be investigated by computing the entire equilibrium
path. Therefore, a robust method that is capable of following the equilibrium path is
essential.

Several approaches have been proposed in the past. The arc-length, or path-following
method, pioneered by Riks (1979) and modified by Ramm (1981) and Crisfield (1982),
is considered to be the most robust method for the solution of non-linear finite element
models. In this class of methods, the displacements and the load increment are con-
trolled using a constraint equation, which is added to the governing system of equations.
In the original form, this constraint equation is related to the norm of the incremental
state vector. This works well for problems that exhibit only geometrical non-linearities,
but can fail when material instabilities that lead to localized failure process zones are
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involved.

An improvement for such situations is to include only the displacements in the constraint
equation that contribute to the failure process, (de Borst, 1999). While such an approach
is robust in general, it suffers from the drawback that the location and behaviour of the
failure process zone must be known a priori. In some cases, a weighting factor can be
derived to construct an optimal sub-plane of the degrees-of-freedom (Geers, 1999).

In this study, a path following method is used in which the constraint equation is based
on the dissipated energy. Gutiérrez (2004) has developed such an algorithm for geomet-
rically linear systems in combination with a continuum damage model. The method
has the advantage that the dissipated energy is a global quantity and therefore no a
priori selection of degrees of freedom is required. Moreover, such a constraint is directly
related to the failure process itself, and a stable convergence behaviour is observed even
for advanced stages of the failure process. The method has been extended for use in
combination with finite strain kinematics and plastic deformation, (Verhoosel et al.,
2009). The method has been also used in modelling of splitting in laminates in com-
bination with phantom node formulation. The work has been done for a geometrically
linear kinematics and plane stress assumption, (van der Meer and Sluys, 2009). Herein,
the dissipation energy based arc-length method is used for the simulation of failure and
delamination in thin-walled composite structures. In this section, the application for
geometrically nonlinear kinematics and three dimensional stress analysis incorporated
in solid-like shell element is presented.

2.3.1 Formulation of the energy dissipation solver

The goal of arc-length methods is to control the numerical simulation process of complex
non-linear problems. After discretisation, the quasi-static equilibrium of a solid body
can be described by a set of non-linear system of equations:

fint(u) = fext (2.67)

with fint the internal force vector, which is a function of the displacement field u. This
dependency indicates the non-linearity of this system. The external force is expressed
as a unit force vector f̂ multiplied by a load factor λ:

fext = λf̂ (2.68)

This equation describes the case of proportional loading in which the loading pattern
is kept fixed. For a fixed load level λ, this system of equations can be solved using
Newton’s incremental-iterative solution algorithm, yielding the displacement ∆u for
iteration k:

K∆u = λf̂− f kint (2.69)
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where the tangent stiffness matrix reads:

K =
∂f kint
∂u

(2.70)

and the new displacement vector is obtained as:

uk+1 = uk + ∆u (2.71)

The tangent stiffness matrix can become singular, at limit or bifurcation points, which
can cause convergence problems. This includes buckling, in which the structure either
buckles completely or snaps through to another stable configuration, but also material
non-linearities, e.g. softening behaviour, can result in snap-back or snap-through be-
haviour. In that case Newton’s method cannot be used without modification, and in
particular enhancements through arc-length or path-following methods can be effective.

An arc-length solver modifies Newton’s method such that the load factor λ becomes
an additional variable. At a given equilibrium state (u0,λ0) the next point of the
equilibrium path is calculated by solving the following set of non-linear equations:

fint(u0 + ∆u) = (λ0 + ∆λ)f̂ (2.72)

for the incremental displacement ∆u and incremental load factor ∆λ. For each value
of λ a solution u of this system of equation can be obtained and the collection of
equilibrium points (u,λ) is referred to as the equilibrium path. Since this system of
equations has an extra unknown ∆λ, an additional equation must be specified to restore
determinacy of the system of equations. A path-following constraint equation, denoted
by g, is normally used for this purpose. Generally, the path-following constraint can be
written as:

g(u0,λ0,∆u,∆λ, τ) = 0 (2.73)

where τ is the prescribed path parameter that determines the size of the step. The
equilibrium state of this well-posed system can be solved simultaneously from:

[
fint
g

]
=

[
λf̂
0

]
(2.74)

By using a Newton-Raphson scheme, the solution (u,λ) at iteration k+ 1 can be ob-
tained as:

[
∆uk+1

∆λk+1

]
=

[
∆uk

∆λk

]
+

[
K −f̂

hT w

]−1 [
rk

−gk

]
(2.75)

where K is the tangent stiffness matrix defined in (2.70), and rk is the out-of-balance or
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residual force vector, which reads:

rk = λf̂− fkint (2.76)

The vector h and the scalar w in equation (2.75) are defined as:

h =
∂g

∂u
, w =

∂g

∂λ
(2.77)

In the dissipation-based arc-length method, the constraint equation (2.73) is formulated
such that in each increment a prescribed amount of energy should be dissipated. The
energy dissipation constraint equation will be derived next for non-linear kinematics in
combination with damage.

2.3.2 Damage and non-linear kinematics formulation of energy con-
straint

In the previous section the path parameter τ was introduced. The only requirement on
this parameter is that it is monotonically increasing. In the case of damage, a natural
choice is the rate of energy dissipation, see Gutiérrez (2004). According to the second
law of thermodynamics, the rate of dissipation is non-negative. During the damage
process the rate of dissipation is positive so it can be used as the path parameter.
However, for the non-dissipative parts of the equilibrium path, the energy criterion is
not applicable, and another path-following constraint must be used.

The rate of dissipation G of a body is equal to the exerted power P minus the rate of
elastic energy V̇:

Ġ = P− V̇ (2.78)

where ˙( ) denotes the derivative with respect to time. The rate of dissipation should
be formulated in terms of the nodal displacement u, the load factor λ and the unit
external load factor f̂ to be applicable as a path-following constraint. The external
power is equal to the dot product of the external force and the nodal velocity. In terms
of the discretised model, this becomes:

P = fTextu̇ = λf̂Tu̇ (2.79)

The expression for the elastic energy stored in the solid depends on the constitutive
behaviour of the material and the kinematic formulation that is used. Verhoosel et al.
(2009) have developed the rate of elastic energy and the rate of dissipation for a geomet-
rically non-linear model in combination with damage which is followed in this chapter.

The Total Lagrangian form of the virtual work for large displacement but small-strain
kinematics is written in terms of the Second Piola-Kirchhoff stress tensor, S and and
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Green-Lagrange strain tensor γ as:

δWint =
∫

Ω0
STδγdΩ0 (2.80)

The virtual strain can then be related symbolically to the virtual displacement δu via:

δγ = Bδu (2.81)

where the matrix B is a function of displacement vector, B = B(u). By substituting
(2.81) in (2.80), the internal force vector is obtained from:

fint =
∫

Ω0
BTSdΩ0 (2.82)

The internal elastic energy required for the constraint equation is derived as follows:

V =
1

2

∫

Ω0
γTSdΩ0 (2.83)

The rate of change of elastic energy thus becomes:

V̇ =
1

2

∫

Ω0
γ̇TSdΩ0 +

1

2

∫

Ω0
γTṠdΩ0 (2.84)

Using equations (2.81) and (2.82) to substitute the strain rate yields:

V̇ =
1

2
u̇Tfint +

1

2

∫

Ω0
γTṠdΩ0 (2.85)

Under the assumption of small strains and elastic material behaviour, the Second Piola-
Kirchhoff stress tensor is related to the Green-Lagrange strain tensor

dS = Cdγ (2.86)

to yield

V̇ =
1

2
u̇Tfint +

1

2

∫

Ω0
γT

Cγ̇dΩ0 (2.87)

Using equations (2.72) and (2.81) the rate of elastic energy is formulated as:

V̇ =
1

2
u̇T(λf̂+ f∗) (2.88)

in which

f∗(u) =
∫

Ω0
BT

CγdΩ0 (2.89)
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Figure 2.5: One-dimensional representation of the dissipation increment per unit volume
(shaded area).

is an additional non-linear force vector. Finally, the rate of dissipation is obtained as:

Ġ =
1

2
u̇T(λf̂− f∗) (2.90)

The path-following constraint is consequently obtained using a forward Euler discreti-
sation as

g(∆u,∆λ) =
1

2
∆uT(λ0f̂− f∗)− τ (2.91)

The derivatives of the constraint, h and w are directly computed as:

h =
∂g

∂u
=

1

2
(λ0f̂− f∗)

w =
∂g

∂λ
= 0

(2.92)

For a simple one-dimensional case it can be shown that the dissipation increment equals
the shaded area in the stress-strain diagram as shown in Figure 2.5 (Verhoosel et al.
(2009)).

2.4 Examples

In this section, the performance of the energy dissipation solver will be demonstrated
by means of numerical analyses of delamination propagation and delamination-buckling
of laminated composites.
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2.4.1 Simulation of delamination growth

To assess the ability of the energy-dissipation arc-length solver to simulate delamination
propagation under pure mode-I and pure mode-II loading conditions, a double cantilever
beam (DCB) D5528-01-e2. (2007) and an end-notched flexure (ENF) test specimen
are used. The mixed-mode bending (MMB) test specimen proposed by Reeder and
Crews (1990) has been used to study delamination growth under mixed-mode loading
conditions. Numerical results are compared with analytical results obtained from Linear
Elastic Fracture Mechanics (LEFM).

All the specimens used for the simulations have a length L = 150mm, a width b = 20mm
and a thickness 2h = 3.1mm. A pre-delaminated region with a length a0 = 35mm
is placed in the mid-plane of the specimen. The laminates are unidirectional with
fibers oriented in the longitudinal direction of the specimen. The specimen geometry,
laminate properties and interfacial properties used for the present investigation are given
in Figure 2.6 and Table 2.1. The laminates are discretised using eight-noded solid-like
shell elements.

Region B of Figure 2.6 has a fine mesh with 0.1mm long interface elements. In the
regions A and C a coarser mesh is used. The specimens are discretised with four
elements across the thickness and four elements in the width directions. In the pre-
delaminated region the interface elements are removed. The configurations and the
boundary conditions for the delamination tests are shown in Figure 2.7. For the ENF
test, pre-damaged elements are inserted between plies in order to prevent penetration
of the delaminated layers.

Y

X

2h = 3.1mm

L = 150mm
Z

a0 = 35mm

b =
20
m
m

RegionB RegionCRegionA

Figure 2.6: Specimen geometry for delamination tests.

The relation between the applied load and the displacement in the DCB test is shown
in Figure 2.8. The analytical solutions based on LEFM and on beam theory are taken
from Turon et al. (2006). A good agreement between the numerical result and analytical
solution is observed. In the linear part of Figure 2.8 the numerical solution deviates
slightly from the analytical solution. This is because the first elements begin to fail
before reaching the limit point, which is not considered in the analytical solution.

The numerical simulation of the ENF test is shown in Figure 2.9. We observe that
the dissipation based arc-length solver can trace the equilibrium path entirely, and that
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Table 2.1: Laminate and Interface properties.

E11 E22 = E33 G12 = G13 G23

120 GPa 10.5 GPa 5.25 GPa 3.48 GPa

ν12 = ν13 ν23 GIc GI Ic

0.3 0.50 0.260 kJ/m2 1.002 kJ/m2

τ0
3 τ0

2 = τ0
1 η Kp

60 MPa 120 MPa 2.0 106 N/mm3

a0

h

λf̂

λf̂

(a) DCB
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Figure 2.7: Geometry and boundary conditions of specimens used for delamination simula-
tions.

the solution matches the analytical results. This again underlines the robustness of the
energy dissipation solver. In the past, displacement control arc-length methods have
been used to obtain the load-displacement curve, see Turon et al. (2006), but regularly
convergence difficulties were encountered, which required user intervention. The present
method, by contrast, allows to trace the entire load-displacement curve in an automatic
manner, including limit and snap-back points.

Next, the simulation of mixed-mode delamination, namely an MMB test, has been
carried out. Figure 2.7(c) shows the geometry and boundary conditions for this test.
Different mixed mode ratios can be obtained by setting the appropriate ratio of λm/λe.
For this example a mixed-mode ratio of 80% is simulated by setting the λm/λe = 2.79.
More detailed information about this test can be found in Camanho et al. (2003). The
load-displacement curve for this test is given in Figure 2.10. Similar to the ENF test,
the snap-back response can be traced using the energy dissipation solver without user
intervention.
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Figure 2.8: Load–displacement curve of the DCB test using the energy dissipation solver.

2.4.2 Delamination buckling

Finally, the application of the energy dissipation solver to a geometrically non-linear
problem in combination with damage evolution is examined. The example concerns the
double cantilever beam shown in Figure 2.11, which has a length l = 20mm, a width
1mm, and a thickness 2h = 0.6mm. An initial delamination with a length a0 = 10mm is
assumed. The beam is loaded by two compressive forces λ f̂ and two small perturbations
P are applied to trigger the buckling mode. The bulk part of the specimen is modelled
using eight-node solid-like shell elements with a Young’s modulus E = 135GPa and
a Poisson ratio ν = 0.18. Delamination is modelled by placing interface elements
between the plies with a fracture toughness of Gc = 0.5N/mm and a maximum traction
of ft = 50N.

The test case shows a combination of two different non-linear mechanisms. First, the
compressive load results in local buckling of the initially delaminated plies, which leads
to an increase of the normal traction at the interface. Consequently, delamination
growth will start as the normal traction reaches the ultimate traction of the interface.
This is visualised in Figure 2.12.

To capture both mechanisms, two different arc-length type solvers have been used.
The initial buckling regime has been traced using the Ramm arc-length solver, Ramm
(1981). A switch from the Ramm solver to the energy dissipation solver is made as
the delamination crack starts to grow. The simulation is terminated after emergence
of the second buckling mode. The numerical buckling loads are in agreement with
the analytical results from the Euler beam theory (dashed lines in Figure 2.12). The
deviations are caused by the fact that the structure is not slender enough in order to
neglect the effects of shear forces.
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Figure 2.9: Load–displacement curve of the ENF test using the energy dissipation solver.

2.5 A gradient damage solid-like shell formulation

Microcracks in the matrix are often the first form of damage in laminates. At a
mesolevel, where the individual plies of a composite are modelled, matrix cracking can be
represented through a continuum damage model (Ladevèze and Lubineau, 2002). After
accumulation of a certain amount of damage, however, continuum damage models lead
to ill-posed boundary value problems, which causes a severe mesh dependence (de Borst
et al., 2012). As a solution, regularization techniques have been proposed. Bažant and
Oh (1983) introduced the crack band model in which the fracture energy is smeared out
over the width of the area in which the crack localises. For lower-order elements, this
area is typically equal to the width of one element. The method has been used to en-
sure a correct computation of the energy dissipated in modelling of continuum damage
in transversely isotropic composite laminates (Maimı́ et al., 2008). Gradient damage
models also have been shown to be an efficient solution to this problem (Peerlings et al.,
1996).

So far, gradient damage simulations have been restricted to continua, either two or
three-dimensional. Structural applications do not seem to have been reported. Bearing
in mind that the stresses must be computed accurately for use in intralaminar damage
models, solid-like shell elements seem to be particularly suitable. Because of the en-
hanced kinematics a fully three-dimensional strain state exists within the shell, which
enables the straightforward use of three-dimensional constitutive relations. The solid-
like shell model has another advantage, namely that it carries only translational degrees
of freedom. This not only makes it easy to stack them, but, since the translational de-
grees of freedom are located at the top and bottom surfaces, the associated nodes can
also be used for the interpolation of a nonlocal equivalent strain field. Indeed, since in
a gradient damage model the nonlocal equivalent strain is interpolated in addition to
the displacements, an assumption is required for this additional field as well.
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Figure 2.10: Load–displacement curve of the MMB test using the energy dissipation solver.
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Figure 2.11: Double cantilever beam with an initial delamination a0 loaded in compression.
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Figure 2.12: Load-displacement curve for the delamination-buckling test. The dashed lines
represent the analytical buckling loads.
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An independent interpolation of the nonlocal equivalent strain field at each surface
of the shell will be proposed. In the case of solid-like shell elements the nodes that
are needed for this interpolation are directly available. However, the same procedure
can be used for other shell elements, by defining auxiliary nodes that are used for the
interpolation of the nonlocal equivalent strain field only. These auxiliary nodes are then
obtained from the mid-surface nodes, the local shell director, and the thickness of the
shell. With the nonlocal equivalent strain at the top and bottom surfaces at hand, its
value anywhere inside the shell can be computed by a linear interpolation between the
values at the top and the bottom surfaces, which assumption is consistent with the
assumption that straight fibres remain straight.

For completeness a brief summary of the gradient damage model will be presented.
Next the incorporation of the gradient damage model in a solid-like shell element will
be shown. Some simple examples are given to demonstrate the versatility and mesh
independence of the formulation.

2.5.1 Gradient damage model

In this work an isotropic damage model is assumed, which means that one damage vari-
able, ω, describes the damage process. Herein, the undamaged material is characterized
by ω = 0 and the fully damaged material by ω = 1. Assuming small strains, the follow-
ing relation between the Second Piola-Kirchhoff stress tensor and the Green-Lagrange
strain tensor is adopted:

S = (1− ω)C : γ (2.93)

with S the Second Piola-Kirchhoff stress tensor and C the elastic stiffness matrix. In
this relation the damage variable is given as:

ω = ω(κ) (2.94)

with κ a history parameter which retains the most severe deformation. The damage
model is completed by a loading function f as a function of the nonlocal equivalent
strain γ̄eq:

f (γ, κ) = γ̄eq(γ)− κ (2.95)

The history parameter starts at a threshold value κi and is updated through the Kuhn-
Tucker loading-unloading conditions:

f ≤ 0 , κ̇ ≥ 0 , f κ̇ = 0 (2.96)

Following Peerlings et al. (1996) the nonlocal equivalent strain γ̄eq follows from the
solution of the partial differential equation:

γ̄eq − c∇2γ̄eq = γeq (2.97)



2.5 A gradient damage solid-like shell formulation 35

where γeq = γeq(γγγ) is the local equivalent strain and c sets the internal length scale.

2.5.2 Virtual work and linearization of the element with gradient damage
model

In a Total Lagrangian formulation the principle of virtual work is expressed in the
reference configuration Ω0:

∫

Ω0

δγT : S dΩ0 =
∫

Γ0

δuTt0 dΓ0 (2.98)

with t0 the traction acting on the boundary Γ0 of the initial configuration. The resulting
system of nonlinear equations is typically solved using the Newton-Raphson method,
which requires computation of the tangential stiffness matrix. This quantity is obtained
by linearizing the internal virtual work, the left side of the equation (2.98):

D(δWint) =
∫

Ω0

(
δγT : DS + D(δγT) : S

)
dΩ0 (2.99)

Using equation (2.93) the derivative of the stress tensor is written as:

DS = (1− ω)C : Dγ − ∂ω

∂κ

∂κ

∂γ̄eq
Dγ̄eqC : γ (2.100)

where ∂κ/∂γ̄eq ≡ 1 for loading and ∂κ/∂γ̄eq ≡ 0 for unloading. Defining

q =
∂ω

∂κ

and substituting equation (2.100) into equation (2.99) the internal virtual work expres-
sion becomes:

D(δWint) =
∫

Ω0

(
δγT : (1− ω)C : Dγ − qDγ̄eqδγT : C : γ

)
dΩ0

+
∫

Ω0

D(δγT) : SdΩ0 (2.101)

where the last term leads to the standard geometric stiffness matrix.

Equation (2.97) is coupled to the equilibrium equation (2.28), and must be solved con-
currently. The variational form of the gradient damage equation is given by:

∫

Ω0

δγ̄eq(γ̄eq − c∇2γ̄eq − γeq) dΩ0 = 0 (2.102)

Assuming a homogeneous natural boundary condition for γ̄eq application of the diver-
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gence theorem leads to:

∫

Ω0

(δγ̄eqγ̄eq + c∇δγ̄eq · ∇γ̄eq) dΩ0 −
∫

Ω0

δγ̄eqγeq dΩ0 = 0 (2.103)

For the derivation of the tangent stiffness matrix this expression must be linearized,
leading to:

∫

Ω0

(δγ̄eqDγ̄eq + c∇δγ̄eq · ∇Dγ̄eq) dΩ0 −
∫

Ω0

δγ̄eqDγeq dΩ0 = 0 (2.104)

where

Dγeq = pTDγ , pT =
∂γeq

∂γ
(2.105)

2.5.3 Finite element implementation

The gradient damage formulation is implemented in the sixteen-node solid-like shell
element, see Figure 2.13. Each node contains three displacement degrees of freedom,
ax, ay, az which gives a bi-quadratic interpolation of the in-plane displacement field.
With this interpolation for the displacements, the nonlocal equivalent strain field γ̄eq

should be interpolated using bi-linear shape functions to avoid oscillations (Geers et al.,
1998). Hence, the corner nodes of the solid-like shell element have degrees of freedom
for the nonlocal equivalent strain field. It is recalled that the nodes of the top surface
are used for the interpolation of the nonlocal equivalent strain field at the top surface,
and those of the bottom surface support the nodal parameters of the nonlocal equivalent
strain field at the bottom surface. The nonlocal equivalent strain at any point in the
shell is then found by an interpolation in the thickness direction of the of the values of
the nonlocal equivalent strain at the top and bottom surfaces. The kinematics of the
shell are completed by a linear distribution of the internal stretch, which is supported
by degrees of freedom located at the four corners of the mid-surface of the element.
As detailed in Parisch (1995); Hashagen and de Borst (2000); Remmers et al. (2003)
these are internal degrees of freedom which are condensed at the element level. The

ζ

ξ
η

w

γ̄eq

ax, ay, az

Figure 2.13: Geometry of 16 noded solid-like-shell element.
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displacement, the stretch and the nonlocal equivalent strain are discretised as:

u = Hua , w = Hww , γ̄eq = Hγ̄e (2.106)

whereHu,Hw,Hγ̄ contain the corresponding shape functions, and a,w, e are the vectors
containing the degrees of freedom for the displacement, the stretch and the nonlocal
equivalent strain, respectively. The strain and the gradient of the nonlocal equivalent
strain then become:

γ = Bua+ Bww , ∇γ̄eq = Bγ̄e (2.107)

with Bu,Bw,Bγ̄ the matrices that contain the derivatives of the shape functions.

Substituting (2.106) and (2.107) for the variational forms in (2.28) and (2.103) and
requiring that the results hold for arbitrary (δa, δw, δe), the discrete equilibrium equa-
tions are obtained as:

∫

Ω0

BT
uS dΩ0 =

∫

Γ0

HT
u t0 dΓ0 (2.108)

∫

Ω0

BT
wS dΩ0 = 0 (2.109)

The averaging equation for the nonlocal equivalent strains becomes:

∫

Ω0

(
HT

γ̄Hγ̄ + cBT
γ̄Bγ̄

)
dΩ0 −

∫

Ω0

HT
γ̄eq

γeq dΩ0 = 0 (2.110)

The left-hand sides of equations (2.108)–(2.110) lead to the internal force vectors, which
can be differentiated to yield the material part of the tangential stiffness matrix:

K =



Kaa Kaw Kae

Kwa Kww Kwe

Kea Kew Kee


 (2.111)

where

Kaa =
∫

Ω0
(1− ω)BT

uCBu dΩ0 Kaw =
∫

Ω0
(1− ω)BT

uCBw dΩ0

Kae =
∫

Ω0
qBT

uCγeqHγ̄ dΩ0 Kwa =
∫

Ω0
(1− ω)BT

wCBu dΩ0

Kww =
∫

Ω0
(1− ω)BT

wCBw dΩ0 Kwe =
∫

Ω0
qBT

wCγeqHγ̄ dΩ0

Kea = −
∫

Ω0
HT

γ̄p
TBu dΩ0 Kew = −

∫
Ω0

HT
γ̄p

TBw dΩ0

Kee =
∫

Ω0

(
HT

γ̄eq
Hγ̄eq + cBT

γ̄eq
Bγ̄eq

)
dΩ0

(2.112)

The geometrical terms of the stiffness matrix are similar to the conventional solid-like
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shell element implementation, as shown in Parisch (1995). A 2× 2 Gauss integration
rule has been adopted for the in-plane integration for all submatrices, and Newton-Cotes
integration has been used through the thickness. In the examples below a five-point
Newton-Cotes integration was sufficient.

2.5.4 Examples

We will now assess the implementation of the enhanced gradient damage model by
means of two examples.

2.5.5 Simulation of continuum damage

A 3mm thick bar of length L = 100mm and of 3.3 mm width (Figure 2.14) is considered
which is subjected to a uniaxial tensile load. To trigger localization the cross sectional
area in the centre part of the bar has been reduced by 10% over a length l = 10mm.
A Young’s modulus E = 20000N/mm2, a fracture energy Gc = 0.0125N/mm and a

tensile strength ft = 2N/mm2 have been used, together with a linear damage evolution
law and c = 1mm2 (Peerlings et al., 1996). The load-displacement graph is shown in
Figure 2.15 for various levels of mesh refinement. As in previous simulations (Peerlings
et al., 1996) a proper convergence upon mesh refinement is observed.

L = 100 mm

l = 10 mm

Figure 2.14: Bar with an imperfection subjected to an axial tension.

2.5.6 Panel under distributed load

The previous example assesses the convergence for in-plane loadings, but not for a plate
that is subject to bending. This is subject of the next example, which is shown in
Figure 2.16. The panel has a length l = 500 mm, a width b = 250 mm and a thickness
t = 10 mm. A Young’s modulus E = 4000N/mm2, a fracture energy Gc = 0.05N/mm

and a tensile strength ft = 2N/mm2 have been chosen with a linear damage relation.
As with the previous example, the simulations have been repeated for different mesh
sizes. The results are shown in Figure 2.17, which show a clear mesh independence.
Figure 2.18 also shows the deformation of the panel and the intensity of the damage
evolution.
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Figure 2.15: Load-displacement graph of the bar under tension.

l = 500 mm

b = 250 mm

t = 10 mm

q = sin(πx/l)

Figure 2.16: Geometry of the panel under sinusoidal traction.

2.6 Conclusions and recommendations

In this chapter a meso-scale approach to the simulation of damage mechanisms in lam-
inated composites was presented. Individual layers of a composite laminate have been
modelled with solid-like shell elements. Delamination was captured by inserting inter-
face elements between the layers. The energy dissipation during damage evolution has
been used to construct the constraint equation in an arc-length solver. This method is
capable of tracing snap-back behaviour in the equilibrium path for quasi-brittle fracture
as occurs during delamination of laminated composites without user intervention. The
robustness of the method has been demonstrated by the simulation of delamination in
different modes.

An approach to incorporate gradient damage models in shell elements has been pro-
posed in this chapter. The implementation was done in the solid-like shell element,
which has advantages since a three-dimensional stress state is available, and because
of the presence of nodes at the top and bottom surfaces. The latter enables the di-
rect interpolation of the nonlocal equivalent strain at the shell surfaces, from which the
nonlocal equivalent strain in the interior of the shell is obtained by a linear interpola-
tion. Examples show the versatility of the approach and the convergence upon mesh
refinement.
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Figure 2.17: Load-displacement graph of the panel under sinusoidal traction.

Figure 2.18: Deformation and damage intensity of the panel.

In the next chapters of this thesis an isogeometric solid-like shell formulation and an
isogeometric continuum shell formulation will be proposed. Using the isogeometric
approach, interfaces (weak discontinuity) and delamination (strong discontinuity) of a
layered structure can be modelled easily.



Chapter three

Isogeometric analysis (IGA)

Isogeometric analysis (IGA) has recently received much attention in the computational
mechanics community. The basic idea is to use splines, which are the functions com-
monly used in computer-aided design (CAD) to describe the geometry, as the basis
function for the analysis rather than the traditional Lagrange basis functions (Hughes
et al., 2005; Cottrell et al., 2009). Originally, Non-Uniform Rational B-Splines (NURBS)
have been used in isogeometric analysis, but their inability to achieve local refinement
is driving their gradual replacement by T-splines (Sederberg et al., 2003a) and other
spline technologies.

A main advantage of isogeometric analysis is that the functions used for the represen-
tation of the geometry are employed directly for the analysis, thereby by-passing the
need for a sometimes elaborate meshing procedure. This important feature allows for
a design-through-analysis procedure which yields a significant reduction of the time
needed for the preparation of the analysis model (Cottrell et al., 2009). Indeed, the
exact parametrization of the geometry can have benefits for the numerical simulation of
structures with complex geometries, which can be very sensitive to imperfections in the
geometry. A further benefit of isogeometric analysis is that the basis functions possess
a higher degree of continuity, which allows to solve higher order equations directly.

In this chapter the basic concepts of isogeometric analysis will be explained. The essen-
tials of B-splines, NURBS and some of their properties such as continuity, refinement
are discussed. Moreover some other topics such as T-splines and Bézier extraction will
be addressed.

3.1 Fundamentals of NURBS and B-splines

NURBS (Non-uniform rational B-splines) are smooth, higher order functions which are
used for modelling curves and surfaces. Providing the flexibility to design a large variety
of geometric shapes makes them a standard tool in computer aided design and com-

41



42 3 Isogeometric analysis (IGA)

puter graphic industries. NURBS are a generalization of B-splines with many common
features. For this reason first B-splines are reviewed in this section.

A B-spline is a piecewise polynomial curve composed of a linear combination of B-spline
basis functions:

C(ξ) =
n

∑
i=1

Ni,p(ξ)Pi (3.1)

where p is the order and n is the number of the basis functions. The Ni,p(ξ) represents
a B-spline basis function and the coefficients Pi are points in space, referred to as control
points. B-splines are defined over a knot vector, Ξ, which is a set of non-decreasing real
numbers representing coordinates in the parameter domain:

Ξ = {ξ1, ξ2, ..., ξn+p+1} (3.2)

Parametric coordinates ξi divide the B-spline into sections. The positive interval
{ξ1, ξn+p+1} is called an element. If all knots are equally spaced, the knot vector
is called uniform, or if they are unequally spaced, they are non-uniform. Between two
distinct knots (knot span), a B-spline basis function has C∞ continuity while it reduces
to Cp−1 at a single knot. If a knot value appears k times, the knot is called a multiple
knot. At this knot the continuity is Cp−k. A knot vector is said to be open if its first
and last knots appear p+ 1 times.

In one dimension, B-spline basis functions are defined recursively using the Cox-de Boor
relation (Cox, 1972; de Boor, 1972), starting with piecewise constants (p = 0):

Ni,0(ξ) =

{
1 ξi ≤ ξ < ξi+1

0 otherwise
(3.3)

For p ≥ 1 the recursive definition is:

Ni,p(ξ) =
ξ − ξi

ξi+p − ξi
Ni,p−1(ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1(ξ) (3.4)

Figure 3.1 shows a third order B-spline defined over a knot vector ΞΞΞ =
[0, 0, 0, 0, 14 ,

1
2 ,

3
4 , 1, 1, 1, 1].

B-spline basis functions satisfy the partition of unity property. Also each Ni,p has a
local support which is contained in the interval [ξi, ξi+p+1]. Generally open B-splines
are used in numerical analysis. Since theses are interpolatory at their boundary, force
or displacement boundary conditions can be applied directly to the boundaries.

Using tensor products, B-spline surfaces can be constructed using two knot vectors
Ξ = {ξ1, ξ2, ..., ξn+p+1}, H = {η1, η2, ..., ηm+q+1} and a n × m net of control points
Pi,j known as the control net. By defining univariate basis functions Ni,p and Mj,p over
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these two knot vectors, the B-spline surface is constructed as

S(ξ, η) =
n

∑
i=1

m

∑
j=1

Ni,p(ξ)Mj,q(η)Pi,j (3.5)

ξ

Ni,3

0 1
4

1
2

3
4

1.0
0

1

Figure 3.1: Third-order B-spline basis functions defined over a knot vector ΞΞΞ =
[0, 0, 0, 0, 14 ,

1
2 ,

3
4 , 1, 1, 1, 1].

A drawback of B-splines is their inability to represent engineering objects such as conical
sections exactly. For this reason, Non-Uniform Rational B-Splines (NURBS), which
encapsulate B-splines and can represent such objects exactly, have become the standard
in Computer Aided Design (CAD). NURBS are defined by augmenting each control
point with a weight Wi > 0 as Pi = (xi, yi, zi,Wi). Such a point can be represented
with a homogeneous coordinates Pw

i = (Wixi,Wiyi,Wizi,Wi) in a projective R4 space.
Accordingly, NURBS basis functions are defined as:

Rα,p =
Nα,p(ξ)Wα

W(ξ)
(3.6)

where W(ξ) = ∑
n
i=1 Ni,p(ξ)Wi is the weighting function. Note that there is no sum-

mation implied over the repeated index α, and that a B-spline is recovered when all
the weights are equal. The NURBS surfaces are constructed by a tensor product of the
univariate functions as mentioned in equation (3.5), similar to B-splines.

3.1.1 Refinement

Refinement of B-splines can be done in different ways. h-refinement as in the standard
finite element method can be done by inserting additional knots in the knot vector.
Assuming Ξ = {ξ1, ξ2, ..., ξn+p+1} as a knot vector, the number of basis function n
defined over this knot vector is calculated from:

n = k− p− 1 (3.7)
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where k is the number of knots and p the order of the basis functions. It is clear that
by adding a single knot the number of basis functions increases by one. By adding a
new knot into the existing knot vector, elements are subdivided into smaller elements.
Therefore this way of refinement is similar to h-refinement in the classical finite element
method. As an example, the quadratic B-spline defined over Ξ = [0, 0, 0, 1, 1, 1] is
refined by changing the knot vector to: Ξ = [0, 0, 0, 12 , 1, 1, 1]

Another obvious choice of refinement is to increase the polynomial order of the basis
functions. This refinement strategy, named as order elevation is closely related to the
mechanism of p-refinement. The order elevation is followed by increasing the multiplic-
ity of all existing knots by one. In this way the polynomial order also increases by one.
For example, having quadratic B-spline over Ξ = [0, 0, 0, 12 , 1, 1, 1], the cubic B-spline is

defined over Ξ = [0, 0, 0, 0, 12 ,
1
2 , 1, 1, 1, 1].

In isogeometric analysis there exist another type of refinement called, k-refinement.
The refinement is done by increasing the spline order and then inserting of knots
at the start and end of the knot vector. For instance the quadratic B-spline de-
fined over Ξ = [0, 0, 0, 1, 1, 1] undergo k-refinement by changing the knot vector to:
Ξ = [0, 0, 0, 0, 12 , 1, 1, 1, 1]. More details of the technique can be found in Cottrell et al.
(2007).

3.1.2 Multiple patches

In many engineering applications the geometry can be very complex. In addition to
the geometry complexity, if different material properties or physical models need to be
adopted to different parts of the domain it is easier to model the geometry with multiple
NURBS patches. Moreover, a very important advantage of using multiple patches is
the ability to perform local refinement. Because of the tensor product structure of the
NURBS, local refinement is not possible in a single patch as is shown in Figure 3.2.

multiple patchsingle patch

Figure 3.2: Single patch versus multiple patch. The thick lines indicate the patch boundaries.
In the single patch the refinement applied to the upper left part propagates into
the adjacent parts. In the multiple patch case, refinement remains local.

It should be noted that when combining multiple NURBS patches, the continuity con-
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ditions at the patch boundaries should be taken care of. In a simple case the control
points can be merged together. Higher order continuity, i.e. continuity of derivatives,
can be imposed by putting linear constraints at the patch boundaries. From the imple-
mentation point of view, this kind of technique can be cumbersome. This problem is
counted as a disadvantage of the multiple patch NURBS.

3.2 T-splines

The difficulties related to the tensor product of NURBS patches can be eliminated
by using T-splines. T-splines were proposed by Sederberg et al. (2003a). Using T-
splines, complex geometries can be represented without the need for multiple patches.
In addition, T-splines can be locally refined. A T-spline can be seen as a NURBS with
T-junctions and is defined by a control grid called the T-mesh. At a T-junction a row
or a column of the control points is terminated. The T-junctions allow a T-spline to be
refined locally.

The construction of T-splines is similar to the B-splines and NURBS based on Equa-
tion (3.1). Knowing an appropriate control grid, in the next step we need to define
the T-spline basis functions. Knot intervals need to be assigned to the T-mesh (Seder-
berg et al., 2003b). With NURBS we use global knot vectors from which all the basis
functions are defined. In case of T-splines each function will have its own local knot
vector but these knot vectors can be inferred from a global structure. Figure 3.3 shows
a T-mesh in a (t, s) parameter space. In order to specify the local knot intervals we
first assign non-negative real numbers to each segment between the vertices. In order
to obtain the basis functions the sum of the knot intervals on opposing edges of any
face must be equal. For instance at face F in Figure 3.3: e1 + e2 = e3 + e4.

F
A

B

1 1

1

1

e4

e1

e2

e3

t

s 1
2

1
2

1
2

Figure 3.3: A part of a T-mesh. At any face F the sum of the knot intervals on opposing edges
must be equal.

For each vertex in a T-mesh a so-called local knot interval {∆Ξ}nk=1 is assigned as
follows: For T-splines of an odd polynomial order we start traversing the T-mesh in
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each of the four direction until 1
2(p+ 1) vertices or sides are intersected. For instance

for the vertex A in Figure 3.3 we have:

∆ΞA =

{(
1, 1,

1

2
,
1

2

)
,

(
1− e1, e3, e4, 1− e2

)}
(3.8)

Now by setting the origin to (0, 0) and using 3.8, the local knot vector of vertex A is
defined as:

ΞA =

{(
0, 1, 2,

5

2
, 3

)
,

(
0, 1− e1, 1− e1 + e3, 1− e1 + e3 + e4, 2− e1 + e3 + e4 − e2

)}

(3.9)

For all other vertices the local knot vectors are obtained in a similar way. By having the
local knot vectors and using the Cox-de Boor recursion Equation (3.4), the single basis
function associated to the vertex A over the local domain of V̂A = [0, 3]⊗ [0, 2− e1 +
e3 + e4 − e2] is obtained. The mapping of this local domain into the T-mesh is shown
in Figure 3.4. Similarly, for any other vertex a T-spline basis function is defined. In the
next step, by specifying the control point weights {W}nk=1 a rational T-spline can be
obtained using the relation (3.6). T-spline basis functions are constructed in a similar
way as B-spline and NURBS basis functions. Therefore, T-splines possess the properties
of B-splines and NURBS. Between knots, the basis functions are C∞ continuous. At
knots the continuity is reduced to Cp−k where k is the multiplicity of the knot.

The refinement of T-spline basis functions is similar to of the B-splines. Knots can be
inserted into the corresponding local knot vector in either parametric direction. This
results in scaled T-spline basis functions which sum to the original basis functions.

T-mesh ”elements” are usually referred to as T-mesh ”faces” in the computer aided
geometry design (CAGD) literature (Sederberg et al., 2003a). A T-mesh element and a
T-spline element do not necessarily have a one-to-one correspondence which is because
of the existence of the T-junctions and zero knot intervals. A T-mesh element such
as element F in Figure 3.3 is a quadrilateral in the T-mesh. The so-called elemental
T-mesh is formed by mapping all the local domains onto the T-mesh, see Figure 3.4 for
an example, and eliminating all elements for which the knot interval sum on any side
is zero.

A T-spline element is a region of the T-spline surface bounded by lines of reduced
continuity in the T-spline basis. The physical elements bounded by the knot lines are
also called Bézier elements. There is a one-to-one correspondence between the elements
in the elemental T-mesh and the Bézier elements.
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A

t

s

Figure 3.4: Mapping of the local domain V̂A onto the T-mesh. The dashed lines are the lines
of reduced continuity which are not present in the T-mesh but exist in the local
domain V̂A.

3.3 Bézier extraction

As noted in the previous sections the parametric coordinates in a knot vector ξi di-
vide the parameter domain into elements. Similar to the finite element method, these
elements, which are referred to as the knot intervals {ξi, ξi+1} with a positive length,
allow for piecewise integration using quadrature rules. On the other hand, basis func-
tions Ni,p, have a local support over a knot interval {ξi, ξi+p+1}, which means that each
element supports different basis functions, see Figure 3.5. This is at variance with the
finite element method where numerical integration is done on a single parent element.
In order to blend isogeometric analysis into existing finite element computer programs,
Bézier elements and Bézier extraction operators (Borden et al., 2011) are used to provide
a finite element structure for B-splines, NURBS, and T-splines (Scott et al., 2011).

ξ̃

N
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1

0.8

0.6
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0.2

0

ξ̃

10-1

ξ̃

10-1

ξ̃

10-1

Figure 3.5: B-spline basis function plotted over [−1, 1]. The basis functions are different per
element which is in contrast with standard finite elements.

In general, a degree p Bézier curve is defined by a linear combination of p+ 1 Bernstein
basis functions B(ξ) (Piegl and Tiller, 1997). Similar to the B-splines, by having an
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appropriate set of control points, a Bézier curve is written as C(ξ) = PTB. The Bézier
extraction operator maps the piecewise Bernstein polynomial basis onto a B-spline ba-
sis. This transformation makes it possible to use Bézier elements as the finite element
representation of B-splines, NURBS and T-splines.

The extraction operator can be obtained by means of knot insertion. Consider a knot
vector ΞΞΞ and a set of control points {Pk}nk=1. By inserting a knot value ξ̄ in the knot
vector, a new set of control points needs to be calculated. This new set can be related
to the initial set of control points via:

P̄ = [C1]TP (3.10)

This relation ensures that the parametrization is not changed when an existing knot
value is repeated, see Borden et al. (2011); Piegl and Tiller (1997) for algorithms to
determine the operator C1. The knot insertion process is repeated until all interior
knots of the knot vector have a multiplicity equal to p, with p the order of the original
spline defined over the knot vector ΞΞΞ. Next, the complete set of new control points
{P̄k}mk=1, with m = nep+ 1, is obtained as:

P̄ = [CN̄−N ]T[CN̄−N−1]T · · · [C2]T[C1]TP = CTP (3.11)

Again, parametrization remains unchanged upon the insertion of the additional knots.
Hence, according to equation (3.1) and using equation (3.11) it is expressed as:

C(ξ) = PTN(ξ) = P̄TB(ξ) = (CTP)TB(ξ) (3.12)

Since P is arbitrary, the refined basis functions B are related to the original basis func-
tions N via:

N(ξ) = CB(ξ) (3.13)

Hence, every original basis function can be expressed as a linear combination of the
Bernstein polynomials. By defining the operators Le and L̄e to select the basis function
Ne and Be, which are defined over the elements, we have:

Ne = LeN = LeCL̄eBe (3.14)

In this way the element extraction operator can be elaborated as:

Ce = LeCL̄e (3.15)

As can be observed from Figure 3.6 the Bézier extraction operator of an element Ce

maps a piecewise Bernstein polynomial basis onto a B-spline basis.

The Bézier extraction operator for multivatriate B-splines and NURBS can be computed
by exploiting their tensor product structure, see Borden et al. (2011) for details. For a
detailed discussion of Bézier extraction for T-splines, for which a global tensor product
structure is absent, see Scott et al. (2011). From the element extraction operator, Bézier
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Figure 3.6: Schematic representation of the Bézier extraction operator.

elements and the global Bézier mesh can be constructed.

The extraction process for T-splines is basically similar to the process of the B-splines,
however, it requires some more considerations caused by the T-spline structure. An
important aspect which should be noted is that Bézier elements of the T-splines can
generally support more global basis functions than the Bernstein polynomials. This
issue is caused by the presence of the T-junctions and results in non-square element
extraction operators (Scott et al., 2011; de Borst et al., 2012).

3.4 Generating a B-spline mesh

In the next chapters of this thesis, isogeometric finite element analysis will be performed
on various structures. The first step for doing the numerical simulations is to create
a B-spline, NURBS or T-spline geometry. In this section the steps to build a simple
geometry and introducing a discontinuity are shown and some other steps which are
needed for performing a numerical simulation are reviewed.

L

W

Figure 3.7: Geometry of square to be modelled with quadratic B-splines.
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As an example we attempt to create the square shown in Figure 3.7. The square has a
length of L and a width of W. Suppose we need to have a quadratic B-spline square.
In this case the geometry can be created with only 1 element. What we need to do is
to specify knot vectors in two directions:

ΞL = [0, 0, 0, 1, 1, 1]

ΞW = [0, 0, 0, 1, 1, 1]
(3.16)

and according to equation (3.7) 3 control points in each direction which give 9 control
points in total as:

PT =

[
0 5 10 0 5 10 0 5 10
0 0 0 5 5 5 10 10 10

]
(3.17)

Now by having the tensor product of the bivariate basis function defined over ΞL and
ΞW and the control points of P and inserting them in equation (3.5) gives the square
as in Figure 3.8.

Figure 3.8: (left): Quadratic B-spline square modelled with one element. (right): Basis func-
tions used in both direction.

Refinement of the square mesh is done by inserting knots into the knot vectors. For
instance the new knot vectors can be:

ΞL = [0, 0, 0, 12 , 1, 1, 1]

ΞW = [0, 0, 0, 12 , 1, 1, 1]
(3.18)

The new inserted knots of 1
2 divide the parametric space into 2 elements in both direc-

tions. The corresponding Bézier mesh is shown in Figure 3.9. The Bézier mesh contains
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4 elements where the lines of reduced continuity separate the elements. For perform-
ing numerical analysis it is necessary to know the supporting basis functions over each
element. This can be done by constructing the elements connectivity array where the
corresponding control points per element are collected. For the example, Figure 3.10
shows the control points per element. As can be seen the elements share some of the
control points.

Figure 3.9: (left): Bézier elements of the refined square. (right): Basis functions used in both
directions.

In finite element simulations we normally need to apply some constraints or boundary
conditions on a part of the geometry that should be analyzed. Consider that we need
to apply a linear constraint that only influences the shaded area of [L/4,3L/4] of the
square in Figure 3.11. The constraint can be applied to the control points. Considering
the fact that the B-spline meshes contain elements with shared control points, now the
question is which control points should be selected for application of the constraint.
The right control points can be selected by finding the corresponding basis functions
which have a support over the desired area. In the case of square example, non of the
basis functions in Figures 3.8 and 3.9 can be selected. Some of them support the entire
domain [0,L] and some of them only support a part of the domain, [0,L/2] or [L/2,L].
In this situation we need to refine the mesh.

Figure 3.12 shows a refinement of the basis. It can be seen that the basis functions
number 5 and 6 are completely supported by ξ ∈ [0.25, 0.75] of the parametric space.
This subspace is the correspondence of the shaded area in the physical space. Figure 3.12
also shows the control points which are divided into green and blue control points. The
blue control points correspond to the basis functions number 5 and number 6 through
the tensor product of the basis functions. Now the constraint can be applied to the
blue control points because their basis functions have full support over the shaded area
[L/4,3L/4].

The second way of selecting the control points for application of the constraint is
to enforce C0 continuity at the boundaries of the shaded area in Figure 3.11. To
do that we need to modify the knot vector in the horizontal direction to: ΞL =
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Figure 3.10: Collection of the control points per element in the mesh of quadratic B-splines.
Each element contains 9 control points.

[0, 0, 0, 14 ,
1
4 ,

3
4 ,

3
4 , 1, 1, 1]. Figure 3.13 shows the resulting basis functions and also shows

the control points which are divided into green and blue control points. In this way
we insert two knot lines with C0 continuity at ξ = 1

4 and ξ = 3
4 . From figure 3.13

it is clear that the basis function number 4 has a support over ξ ∈ [0.25, 0.75]. The
corresponding control points through the tensor product of the other basis functions in
the width direction into basis number 4 are the blue ones. Therefore the constraint can
be applied to the blue control points.
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Figure 3.11: Square with a selected area (shaded area) for application of some boundary con-
ditions.
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Figure 3.12: (left): Bézier elements and the control points of the refined square. (right): Basis
functions used in the horizontal direction.
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Figure 3.13: (left): Bézier elements and the control points of the square containing C0 lines.
(right): Basis functions used in the horizontal direction.





Chapter four

An isogeometric solid-like shell element for
non-linear analysis1

Isogeometric analysis (IGA) provides an exact parametrization of the geometry. This
can have benefits for the numerical simulation of shell structures, ,that can be very
sensitive to imperfections in the geometry. Moreover, the higher-order continuity of the
shape functions used in isogeometric analysis allows for a straightforward implementa-
tion of shell theories which require C1 continuity, such as Kirchhoff-Love models (Kiendl
et al., 2009; de Borst et al., 2012). A Reissner-Mindlin shell formulation has been de-
veloped by Benson et al. (2010) using NURBS basis functions. Although C1 continuity
is then no requisite, good results and a high degree of robustness were reported for large
deformation problems. In addition, the exact geometry description allows for an exact
computation of the shell director (Dornisch et al., 2012).

A further benefit of basis functions that possess a higher degree of continuity is that the
computation of stresses is vastly improved. In shell analysis this can be particularly im-
portant when materially non-linear phenomena such as damage, or delamination, which
can occur in laminated spatial structures, are included in the analysis. In the latter
case the computation of an accurate three-dimensional stress field becomes mandatory,
and solid-like shell elements become an obvious choice (Parisch, 1995; Hashagen and
de Borst, 2000; Remmers et al., 2003). The latter class of shell elements is characterized
by the absence of rotational degrees of freedom, which is convenient when stacking them,
yet possess shell kinematics, and are rather insensitive to shear locking and membrane
locking.

In this Chapter, a solid-like shell element that is based on the isogeometric concept will
be developed. It therefore combines the advantage of an accurate geometric description

1This chapter is based on: Hosseini, S., Remmers, J.J.C., Verhoosel, C.V., de Borst, R.,(2013).
An isogeometric solid-like shell element for non-linear analysis. International Journal for Numerical
Methods in Engineering; 95(3):238–256.
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of the shell mid-surface and the advantages in terms of meshing of isogeometric analysis
with the three-dimensional stress representation of conventional solid-like shell elements.
The formulation adopts NURBS (or T-spline) basis functions for the discretisation of the
shell mid-surface, while in the thickness direction conventional Lagrange polynomials
are used.

The basics of the solid-like shell formulation have been presented is Chapter 2. The
algorithmic and implementation aspects will be discussed in Section 4.1. Section 4.2
contains a number of benchmark problems to assess the performance of the isogeomet-
ric solid-like shell formulation. In order not to obscure the comparison by effects that
are not purely caused by the shell formulation itself, no allowance has been made for
plasticity or damage, although locally the strains can be such that these effects could
occur. Furthermore, the comparison is restricted to monolayer shells, the extension to
delamination being envisioned in Chapter 5. The Chapter concludes with some obser-
vations on the efficiency of the use of basis functions with a high degree of smoothness
for problems which exhibit highly localized deformation modes, such as wrinkling.

4.1 Isogeometric finite element discretisation

The solid-like shell element as developed in Chapter 2 can formulated as an eight-node
or as a sixteen-node element. In both cases, a linear distribution of the internal stretch
is assumed, so that only four internal degrees of freedom, located at the four corners
of the mid-surface of the element are necessary. In this formulation the projected
displacements at the top and at the bottom surfaces, ut and ub, are constructed using
the degrees of freedom of the top and bottom nodes respectively. For example, the
displacement field for a quadrilateral sixteen node-element can be constructed using
eight bi-quadratic shape function used for the both top and the bottom nodes together
with four bi-linear shape functions that are used for the discretisation of the stretching.

η

ξ

x

y

z(a) Bézier parent element (b) Bézier mesh in physical space

Bézier mapping

Figure 4.1: Schematic representation of Bézier extraction: (a) a Bézier element corresponding
to a third-order NURBS; (b) the Bézier element is mapped to the physical mesh
using the Bézier extraction operator.
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Departing from the solid-like shell formulation outlined in Chapter 2, here only the mid-
surface of the shell will be modelled. Accordingly, the three-dimensional representation
of the shell reduces to a two-dimensional description using Bézier elements, where the
geometric and the kinematic quantities are approximated by NURBS functions. In a
Bézier mesh each control point Pi contains a vector of degrees of freedom Φi, as follows:

Φi = [abx, a
b
y , a

b
z , a

t
x, a

t
y, a

t
z, aw]

T , i = 1, 2, ..., np (4.1)

where ax,ay,az denote the displacement components and aw is the stretch degree of
freedom. The superscripts b and t correspond to the top and bottom surfaces of the
shell, respectively, and np is the number of control points in an element. For simplicity
the vector Φi is rewritten as:

Φi = [aTi , aw]
T (4.2)

where aTi = [abx, a
b
y , a

b
z , a

t
x, a

t
y, a

t
z] corresponds to the bottom and the top degrees of

freedom, defined on the mid-surface of the shell. In a Bézier element the stretching is
interpolated at each control point instead of varying linearly. In order to calculate the
displacement terms in equations (2.7) and (2.8), the matrix Ψ

e
i for a Bézier element e

is constructed as:

Ψi =



Ni,p 0 0
0 Ni,p 0
0 0 Ni,p


 (4.3)

with Ni,p(ξ, η) the NURBS basis functions of order p. The displacements of the shell

mid-surface and the displacement of the thickness director, u0 and u1, respectively, are
obtained from equations (2.7) and (2.8), and can be discretised as:

u0 = N0a , u1 = N1a (4.4)

where N0 and N1 are defined as:

N0 =
1

2
[Ψ1,Ψ1,Ψ2,Ψ2, · · · ,Ψnp,Ψnp] (4.5)

N1 =
1

2
[−Ψ1,Ψ1,−Ψ2,Ψ2 · · · ,−Ψnp,Ψnp] (4.6)

and the vector a contains the translational degrees of freedom on the mid-surface:

aT = [aT1 , ..., a
T
np
] (4.7)

The stretch is interpolated with the same spline basis functions as those for the in-plane
displacement field:

w(ξ, η) =
np

∑
i=1

Ni,p(ξ, η)(aw)i (4.8)
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so that the interpolation matrix for the stretching can be written as:

Nw = [N1,p,N2,p, · · · ,Nnp,p] (4.9)

The derivatives of the displacement vectors u0 and u1 with respect to the parametric
coordinates ξ and η follow in a standard manner as:

u0
,α = N0

,αa , u1
,α = N1

,αa (4.10)

with the matrices N0
,α and N1

,α containing the derivatives of the basis functions:

N0
,α =

1

2
[Ψ1,α,Ψ1,α,Ψ2,α,Ψ2,α · · · ,Ψnp,α,Ψnp,α] (4.11)

and

N1
,α =

1

2
[−Ψ1,α,Ψ1,α,−Ψ2,α,Ψ2,α · · · ,−Ψnp,α,Ψnp,α] (4.12)

where:

Ψi,α =




∂Ni,p

∂α 0 0

0
∂Ni,p

∂α 0

0 0
∂Ni,p

∂α


 (4.13)

4.1.1 Evaluation of internal force vectors and stiffness matrices

For the evaluation of the tangential stiffness matrices we first define the virtual strain
vector:

δγT = [δγ11, δγ22, δγ33, 2δγ12, 2δγ23, 2δγ31] (4.14)

The virtual strain vector can be decomposed into components as follow:

δγ = H1 δu1 +H0
1 δu0

,1 +H1
1 δu1

,1 +H0
2 δu0

,2 +H1
2 δu1

,2 +Hw δw (4.15)

where the H matrices can be obtained from the strain variation, Appendix A.2. Next,
the variations of the displacement vectors are computed from the degrees of freedom
associated to the control points via the B-spline basis functions:

δu1 = N1δa (4.16)

δu0
,α = N0

,αδa (4.17)

δu1
,α = N1

,αδa (4.18)
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δw = Nwδw (4.19)

Substituting these relations into equation (4.15) relates the vector of virtual strains to
the control points degrees of freedom:

δγ = BδΦ = Buδa+ Bwδw (4.20)

with the matrices Bu and Bw defined as:

Bu = H1 N1 +H0
1 N0

,1 +H1
1 N1

,1 +H0
2 N0

,2 +H1
2 N1

,2 (4.21)

Bw = Hw Nw (4.22)

Now, from the internal virtual work, equation (2.28), the internal force vector is directly
obtained as:

fint =
∫

Ω0

BTSdΩ0 (4.23)

Next, we rewrite the linearized internal virtual work, equation (2.99), in matrix form:

−D(δWint) = δΦ
T ∂fint

∂Φ
DΦ = δΦ

TK DΦ = δΦ
T(Kmat +Kgeom) DΦ (4.24)

where K represents the stiffness matrix decomposed in a material part Kmat and a
geometric part, Kgeom, as usual. From equation (2.99) these matrices can be obtained
as:

Kmat =
∫

Ω0

BT
CBdΩ0 , Kgeom =

∫

Ω0

∂BT

∂Φ
SdΩ0 (4.25)

The geometric part is the stress-dependent part of the stiffness matrix and is obtained
through the derivatives of the virtual strains, Appendix A.2. It is seen that the equations
obtained in this section resemble the discretised equations in Chapter 2, which demon-
strate the ability of the Bézier extraction in producing the same system of equations as
in the standard finite element method.

4.1.2 Evaluation of the shell director

In the original solid-like shell formulation (Parisch, 1995), the shell director D at the
corners of an element were derived from the positions of the corresponding nodes on
the top and bottom surface of this element. The director in an arbitrary point on the
mid-plane surface in the element follows from the interpolation scheme. As a result,
the shell director is at best a linear or quadratic approximation. In the case of strongly
curved shells, this may lead to significant errors.
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In this work, the shell director D is calculated directly by using the mid-surface base
vectors Eα where α = 1, 2, similar to Dornisch et al. (2012) and identical to de Borst et al.
(2012) (Chapter 15). The mid-surface vectors, which are formulated in Equation (2.11),
are discretised with a B-spline interpolation scheme. As a result, these vectors represent
exactly the in-plane directions of the shell and can be used to construct the out-of-plane
director D, according to:

D =
E1 × E2

||E1 × E2||
.
t

2
(4.26)

In this relation, t is the thickness of the shell. Note that in the current implementation,
it is assumed that the thickness t is constant.

4.2 Numerical simulations

The isogeometric solid-like shell formulation is now verified and assessed through dif-
ferent benchmark tests. The NURBS-based CAD program Rhino has been used for
modelling the geometry. Since the present formulation is based on the discretisation of
the mid-surface of the shell, only this surface has been modelled in Rhino. Subsequently,
the Rhino model is converted to a data file which contains the information on the con-
trol points, the elements and the Bézier extraction operators. This data file is exported
to a code which works as the preprocessor, so we are able to select the control points,
elements and edges for the application of the loads and other boundary conditions. A
finite element compatible input file is then generated, which is directly exported to the
finite element code. A 4× 4 integration scheme has been used in all benchmark tests,
see Hughes et al. (2010) for a detailed discussion on integration schemes.

4.2.1 Clamped cylindrical shell

The first example concerns a clamped cylindrical shell subject to bending, Figure 4.2.
The cylinder has a radius R = 10 mm, a length L = 100 mm, a thickness t = 0.5 mm,
a Young’s modulus E = 2× 107 N/mm2 and a Poisson’s ratio ν = 0.3. It is clamped at
one end and subjected to a vertical load P at the other end. The exact geometry of the
cylinder mid-surface has been constructed using second-order or third-order NURBS
basis functions.

The simulation has been carried out for various Bézier meshes, each consisting of m×
n elements, where m and n are the number of elements in the longitudinal and the
circumferential directions, respectively. For the validation of this test a linear analytical
solution obtained from beam theory is used, where the vertical deflection of a beam δ
classically reads PL3/3EI.

The results obtained for both orders of interpolation are shown in the Tables 4.1 and 4.2.
In these tables the deflection is normalized with respect to the analytical solution ob-
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Figure 4.2: Cylindrical shell modelled with 4 solid-like shell Bézier (SLSBEZ) elements.

tained for a load P = 800 N.

Table 4.1: Normalized deflection, p = 2

Mesh 1× 4 1× 8 1× 16 2× 4 4× 4
Deflection 0.8682 0.8711 0.8719 0.9901 1.032

Table 4.2: Normalized deflection, p = 3

Mesh 1× 4 1× 8 1× 16 2× 4 4× 4
Deflection 1.012 1.017 1.036 1.028 1.034

Table 4.1 shows that, when using second-order basis functions, a response is obtained for
the three coarser meshes that is slightly stiffer than the analytical beam solution. Upon
mesh refinement an increasingly softer response is computed, and for the finest mesh
the response is even softer than the beam solution. Indeed, the kinematic assumptions
that underly the beam solution are slightly different from the kinematics on which the
present shell model is based, which explains that the analytical solution is not retrieved
exactly. This is even more pronounced when using third-order basis functions. Then,
all results are a bit softer than the beam solution, Table 4.2.

4.2.2 Pinched hemispherical shell with hole

A pinched hemisphere with a hole at the top has been used extensively as a benchmark
problem for shell analysis to test the ability to describe nearly inextensional bending
modes (Betsch et al., 1996; Buechter and Ramm, 1992; Simo et al., 1990). The geometric
parameters and material properties employed in this test are summarized in Table 4.3.
The shell is subjected to two opposite point loads. The bottom circumferential edge
of the hemisphere is free. Due to the symmetry only a quarter of the shell needs
to be modelled. The symmetric boundary conditions are applied by constraining the
displacement degrees of freedom in the normal direction of the symmetry plane. The
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mesh and the applied boundary conditions are shown in Figure 4.3. ABAQUS has been
used to generate an alternative, traditional finite element solution, using a 16×16 mesh
consisting of so-called S4R shell elements.

free

free

sym sym

PP A B

Figure 4.3: The mesh for a quarter model and the boundary conditions.

Table 4.3: Geometric parameters and material properties for the pinched hemisphere.

Radius R Thickness t Young’s modulus E Poisson’s ratio ν

10.0 0.04 6.825× 107 0.3

Figure 4.4 shows the load-displacement curves of the pinched hemisphere that have been
obtained for different meshes. A plot of the deformed configuration and of the Von Mises
stresses is given in Figure 4.5. The results from a coarse mesh with 4×4 solid-like shell
Bézier (SLSBEZ) elements exhibit an overly stiff behaviour. Increasing the number
of elements to 8×8 results in a significantly softer response, while refining the mesh
once more – to 16×16 elements – leads to results that are close to the traditional finite
element solution (using S4R elements). The graph also shows the results from a 8×8
mesh of standard solid-like shell elements, which is between those obtained with the
medium mesh and with the fine mesh of SLSBEZ elements.

To make a first comparison between the results, the number of degrees of freedom for the
used meshes is listed in Table 4.4. The number of degrees of freedom is not necessarily
proportional to the CPU time that is required to carry out a computation. For instance,
the process of building the stiffness matrix using Bézier extraction can be more time-
consuming than for traditional finite elements, but the smoother stress fields obtained
using the SLSBEZ elements may result in a faster convergence of the iterative process
that is utilized to solve the non-linear set of equations. Moreover, the use of different
finite element packages and different (linear) solvers to generate the results of Figure 4.4
make a direct comparison in terms of CPU-time impossible. Nevertheless, it is clear
that in this example elements that use splines as basis functions seem to be about as
efficient as traditional finite elements that employ Lagrangian polynomials. This is at
variance with results reported for other applications, and may be due to the fact that
the C0 continuity at the element boundaries of traditional finite elements may actually
facilitate the capturing of deformation patterns that exhibit a locally strong curvature.
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Figure 4.4: Diagram of the load P vs the displacement at point A for the pinched hemisphere.

Figure 4.5: Deformed configuration of the pinched hemisphere. Results for 16×16 SLSBEZ
elements.

Table 4.4: Number of DOFs for different meshes employed in pinched hemispherical shell test.

Mesh 16 SLSBEZ 64 SLSBEZ 64 SLS 64 SLSBEZ 64 S4R
Number of DOFs 343 847 1606 2527 1445

4.2.3 Pinched cylinder with free ends

The pinched cylinder with free ends shown in Figure 4.6 is used next to assess the
element performance. The parameters that define the geometry and the material prop-
erties are summarized in Table 4.5. The cylinder has free edges at the ends, and it is
loaded by two centrally located diametrically opposed point forces, which pull in the
outward direction. Due to symmetry considerations only one-eight of the cylinder needs
to be modelled.
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The initial response is dominated by the bending stiffness which induces large dis-
placements at relatively low load levels. This changes into a very stiff response when
the displacement become larger. Finite rotations occur afterwards, thus making the
pinched cylinder with free ends a challenging test for element performance (Gruttman
et al., 1989; Sansour and Bednarczyk, 1995; Sansour and Bufler, 1992).

t

P

P1
2L

1
2L

R

A

B

free end

free end

Figure 4.6: Pinched cylinder with free ends.

Table 4.5: Geometry parameters and material properties for the pinched cylinder with free
ends.

Radius R Length L Thickness t Young’s modulus E Poisson’s ratio ν
4.953 10.35 0.094 10500 0.3125

Figure 4.7 shows the load-displacement curve obtained for different meshes of SLSBEZ
elements, for standard solid-like shell elements, and for the S4R shell elements imple-
mented in ABAQUS. The magnitude of the load is that for the complete cylinder and
the displacement is measured at point A. Figure 4.8 shows the deformed configuration
and Von Mises stresses for a half model.

From Figure 4.7 it is inferred that all results are very close, with exception of the solution
for the 8×8 mesh composed of SLSBEZ elements, which is slightly stiffer. Table 4.6 gives
the number of degrees of freedom for each calculation, and seems to indicate a somewhat
better efficiency for finite elements equipped with standard polynomials. This confirms
the results obtained for the example of the pinched hemisphere, obviously subject to the
same reservations. It must be noted, however, that efficiency is not the only criterion.
For instance, the availability of a fully three-dimensional stress field in solid-like shell
elements makes this formulation richer, and superior to standard shell elements when
material non-linearities such as plasticity, damage and delamination are included in
the analysis. Furthermore, a comparison that singles out one displacement degree of
freedom may not be representative, and obscures the full picture. For instance, the stress
prediction using isogeometric analysis is vastly improved compared to standard finite
elements, which has advantages, again particularly for materially non-linear analysis.
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Figure 4.7: Load-Displacement diagram of pinched cylinder with free ends.

Figure 4.8: Deformed configuration of pinched cylinder meshed with 8×8 SLSBEZ elements.

Table 4.6: Number of DOFs for different meshes employed for the pinched cylinder with free
ends.

Mesh 8× 8 SLSBEZ 16× 16 SLSBEZ 16× 8 SLS 16× 8 S4R
Number of DOFs 847 2527 2598 765
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4.2.4 Pinched cylinder with rigid diaphragm

The problem of a pinched cylinder with a rigid diaphragm at the ends has been studied
by several authors (Lindberg et al., 1969; Bucalem and K.J., 1993; Saleeb et al., 1990)
in order to test the convergence behaviour and non-linear performance of shell elements.
Since large rotations occur the problem provides a test for the finite rotation capability
of the shell formulation. The dimensions and the material properties are shown in
Table 4.7. The cylinder is loaded by two centrally located, diametrically opposed point
forces P, which push inwards. Using symmetry only one-eighth of the structure needs
to be modelled.

t
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Figure 4.9: Pinched cylinder with rigid diaphragm.

Table 4.7: Geometry parameters and material properties for the pinched cylinder with a rigid
diaphragm at the ends.

Radius R Length L Thickness t Young’s modulus E Poisson’s ratio ν
100 200 1 30000 0.3

Figure 4.10 shows results for a coarse, uniform mesh of 16×16 SLSBEZ elements and for
a reference mesh of 40×40 S4R shell elements. The coarse mesh with SLSBEZ elements
shows a far too stiff behaviour, which can be explained by the fact that it cannot well
capture the effect of local wrinkles. As a next step results obtained through a local
mesh refinement are presented in Figure 4.11. As the wrinkles emerge close to the left
edge of the structure, this part of the model is locally refined using T-splines. The
load-displacement curve shows an improvement, but is not smooth and is still stiffer
than the reference shell solution. A second mesh refinement is carried out, which results
in the load-displacement curve shown in Figure 4.12, which is in good agreement with
the reference solution using S4R shell elements. To compare the performance of the
SLSBEZ element with that of the underlying solid-like shell element, the simulation has
been repeated using a fine mesh of 80×80 standard solid-like shell elements, see also
Figure 4.12. The result clearly shows a stiffer response than that of the finest mesh of
SLSBEZ elements.

Figure 4.12, finally, presents the deformed configuration. The plot of the Von Mises
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Figure 4.10: Load-Displacement diagram of pinched cylinder with rigid diaphragm. First
mesh: 256 SLSBEZ elements.
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Figure 4.11: Load-Displacement diagram of pinched cylinder with rigid diaphragm. The right
part of the figure shows the first local mesh refinement using T-splines.

Table 4.8: Number of DOFs for different meshes employed for the pinched cylinder with a
rigid diaphragm at the ends.

Mesh 847 SLSBEZ 80× 80 SLS 40× 40 S4R
Number of DOFs 6587 39366 8405

stress shows that locally very high stresses are computed, which normally will lead to
plasticity or damage. Material non-linearities have not been included in the present
analysis, however, in order not to mix the results regarding the element performance
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Figure 4.12: Load-Displacement diagram of pinched cylinder with rigid diaphragm. The right
part of the figure shows the second local mesh refinement using T-splines.

with effects that can emanate from the integration of the constitutive relation.

Figure 4.13: Deformed configuration of pinched cylinder with rigid diaphragm.

4.3 Concluding remarks

In this chapter, a solid-like shell element has been formulated that is based on the
isogeometric concept. Spline basis functions (NURBS or T-splines) have been used to
parametrize the mid-surface, while a linear Lagrange shape function has been employed
in the thickness direction. In this manner a complete three-dimensional representa-
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tion of the shell is obtained. The shell formulation combines the advantages of the
solid-like shell formulation, such as the full, three-dimensional stress and strain repre-
sentation which allows for the straightforward implementation of constitutive relations
like plasticity or damage, with the advantages of isogeometric analysis, including the
exact description of the geometry, the use of the design-through-analysis concept, and
the accurate prediction of stress fields. The latter property is also beneficial for the
prediction of the onset of plasticity, damage, or interlaminar delaminations due to high
transverse stresses.

The performance of the isogeometric solid-like shell element has been assessed by means
of a number of benchmark tests that involve geometric non-linearity, comparing the new
element with conventional solid-like shell elements and with a standard shell element
that is available in a commercially available code. While the spline-based solid-like
shell element tends to perform slightly better than the conventional solid-like shell
element, the observations regarding its performance vis-à-vis the standard shell element
are inconclusive, with the standard shell element tending to perform better. It should
be emphasized, however, that the comparisons are done, as usual, on a global basis,
i.e. by comparing load-displacement curves. Different conclusions may be reached if
the predictions of the local stress fields are compared, or more generally, if a local
property is taken as benchmark property which benefits from the higher smoothness of
the spline basis functions. Indeed, the analysed examples suggest that the smoothness
of spline functions can be counterproductive in obtaining a fast convergence upon mesh
refinement for problems that involve highly localized deformations like local buckling,
or wrinkling. This holds a fortiori when NURBS are used, but is ameliorated through
the use of T-splines, since they allow for an effective local mesh refinement.

To keep the comparison as objective as possible, no materially non-linear effects have
been taken into account, although in certain cases the stresses became so high that
plasticity or damage would have occurred. By ignoring these effects, however, the
element performance was not diluted by errors in the integration of the constitutive
relation, nor by possible effects of a discontinuity, which for instance enters at an elasto-
plastic boundary.





Chapter five

An isogeometric continuum shell element for
non-linear analysis1

In the previous chapter, a partially isogeometric solid-like shell element has been devel-
oped. This element combines the advantage of an accurate geometric description of the
shell mid-surface with the three-dimensional stress representation of conventional solid-
like shell elements. The formulation adopts NURBS (or T-spline) basis functions for
the discretisation of the shell mid-surface, while in the thickness direction conventional
Lagrange polynomials have been used. As a next step, in this contribution we adopt a
higher-order interpolation in the thickness direction, which makes use of B-spline basis
functions. An important advantage of using B-spline basis functions is their ability to
model weak and strong discontinuities in the displacement field by knot insertion (Ver-
hoosel et al., 2011). This is less straightforward using conventional finite elements.
Weak discontinuities are usually introduced by subdividing the shell in the thickness
direction in multiple layers with each a piecewise polynomial interpolation, e.g. Ref-
erences (Reddy, 1984; Braun et al., 1994). Strong discontinuities (delaminations) can
be modelled using interface elements, or in a more general manner, by exploiting the
partition-of-unity property of Lagrange polynomials (Remmers et al., 2003).

The continuum shell formulation is outlined in Section 5.1. Algorithmic and implemen-
tation aspects are discussed in Section 5.3. Section 5.4 contains a number of examples
which assess the performance of the isogeometric continuum shell formulation. The nu-
merical simulations demonstrate the ability of the formulation to model the mechanical
behavior of composite structures, including buckling of delaminated panels.

1This chapter is based on: Hosseini, S., Remmers, J.J.C., Verhoosel, C.V., de Borst, R.,(2014). An
isogeometric continuum shell element for non-linear analysis. Computer Methods in Applied Mechanics
and Engineering; 271:1–22;
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5.1 Continuum shell formulation

In the solid-like shell element proposed by Parisch (1995), an internal stretch term
is added to obtain a quadratic term in the displacement field in the thickness direc-
tion. As a consequence, the normal strain varies linearly, which significantly reduces
membrane locking. The element has been extended in Hashagen and de Borst (2000);
Remmers et al. (2003) for use in laminated composites, including interlaminar delami-
nation. In Chapter 4, an isogeometric solid-like shell element (SLSBEZ) was described
which utilizes NURBS or T-spline basis functions to construct the mid-surface of the
shell. Through the thickness behavior was captured by standard linear shape functions
as it is in the conventional solid-like shell element. A complete isogeometric contin-
uum shell element (CSIGA) which is equipped with the B-spline basis functions in the
thickness direction is presented here.

5.1.1 Kinematics

Figure 5.1 shows the undeformed and the deformed configurations of a continuum shell
element. The reference surface of the shell is denoted by S0. The variables ξ and η are
the local curvilinear coordinates in the two independent in-plane directions, and ζ is
the local curvilinear coordinate in the thickness direction. The position of a material
point within the shell body in the undeformed configuration is written as a function of
the three curvilinear coordinates:

X(ξ, η, ζ) = X0(ξ, η) + ζD(ξ, η) , 0 ≤ ζ ≤ 1 (5.1)

where X0(ξ, η) is the projection of the point on the reference surface of the shell and
D(ξ, η) is the thickness director perpendicular to the surface S0 at this point.

In any material point, a local reference triad can be established. The covariant base
vectors are then obtained as the partial derivatives of the position vectors with respect
to the curvilinear coordinates Θi = [ξ, η, ζ]. First, a set of basis vectors on the reference
surface in the undeformed configuration is defined as:

Eα =
∂X0

∂Θα
, α = 1, 2 (5.2)

so that the shell director can be written as:

E3 = D =
E1 × E2

||E1 × E2||
t (5.3)

where t is the thickness of the shell. Now, using equation (5.1), the covariant triad for



5.1 Continuum shell formulation 73

ζ

η

ηξ

E2E1

i1
i2

i3

deformedundeformed

S0

ζ

g2

g3

ξ

x0

x
X

X0

uE3 = D g1

Figure 5.1: Geometry and kinematics of the shell in the undeformed and in the deformed
configurations.

any point within the shell body is obtained as:

Gα =
∂X

∂Θα
= Eα + ζD,α , α = 1, 2

G3 = D

(5.4)

where the subscript comma denotes partial differentiation.

The position of the material point in the deformed configuration x(ξ, η, ζ) is related to
X(ξ, η, ζ) via the displacement field u(ξ, η, ζ) as:

x(ξ, η, ζ) = X(ξ, η, ζ) + u(ξ, η, ζ) (5.5)

The displacement field u can be of any order, which is in contrast to the standard solid-
like shell formulation where an internal stretch term is added to obtain a quadratic
term in the displacement field in the thickness direction. Similarly, in the deformed
configuration the covariant triad are established as:

gi =
∂x

∂Θi
= Gi + u,i , i = 1, 2, 3 (5.6)

which convention will be used in the remainder. Using equations (5.4) and (5.6) the
metric tensors G and g can be determined as:

Gij = Gi ·Gj , gij = gi · gj , i, j = 1, 2, 3 (5.7)

The contravariant basis vectors needed for the calculation of the strains can be derived
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as:

Gi = (G)−1Gi (5.8)

where (G)−1 is the inverse of the metric tensor with components Gij. The volume of the
element in the undeformed configuration is evaluated using the covariant metric tensor
G in the following manner:

dΩ0 =
√

det(G) dξ dη dζ (5.9)

5.1.2 Strain measure

The Green-Lagrange strain tensor γ is defined conventionally in terms of deformation
gradient F:

γ =
1

2
(FT · F− I) (5.10)

where I is the unit tensor. The deformation gradient can be written in terms of the
base vectors as:

F = gi ⊗Gi (5.11)

which leads to following representation of the Green-Lagrange strain tensor:

γ = γijG
i ⊗Gj with γij =

1

2
(gij − Gij) (5.12)

where the summation convention has been used for repeated indices. Substituting
equations (5.4) and (5.6) for Gij and gij into this relation yields:

γij =
1

2
(Gi · u,j + u,i ·Gj + u,i · u,j) (5.13)

5.1.3 Constitutive law

In continuum shell elements the stresses are computed using a three-dimensional con-
stitutive relation. Assuming small strains, a linear relation between the rates of the
Second Piola-Kirchhoff stress tensor S and the Green-Lagrange strain tensor can be
adopted:

DS = C : Dγ (5.14)

where C is the material tangential stiffness matrix.

The strain field in equation (5.13) is defined in the parametric frame of Gi, i = 1, 2, 3,
which are not necessarily orthonormal. In order to obtain the strains in the element
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local frame of reference Ti, they must be transformed using:

γL
ij = γkltkitl j , tki = Gk · Ti (5.15)

For an orthotropic material, T1 is the fibre direction. T2 and T3 are the in-plane and
out-of-plane normal directions, respectively.

5.1.4 Virtual work and linearization

In a Total Lagrangian formulation the internal virtual work is expressed in the reference
configuration Ω0:

δWint =
∫

Ω0

δγT : S dΩ0 (5.16)

The resulting system of non-linear equations is typically solved in an incremental-
iterative manner, which requires computation of the tangential stiffness matrix. This
quantity is obtained by linearizing the internal virtual work, equation (5.16):

D(δWint) =
∫

Ω0

(δγT : DS + D(δγT) : S)dΩ0 (5.17)

with δγ and D(δγ) defined as:

δγij =
1

2
(gi · δu,j + δu,i · gj) (5.18)

and

D(δγij) =
1

2
(D(u,i) · δu,j + δu,i · D(u,j)) (5.19)

In an incremental iterative solution scheme, the strain increment ∆γ with respect to
the previous converged solution is normally needed. Using equations (5.13) and (5.6),
it can be derived as:

∆γij = γij(u+ ∆u)− γij(u)

=
1

2
(gi · ∆u,j + ∆u,i · gj + ∆u,i · ∆u,j) (5.20)
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5.2 Isogeometric finite element implementation

Similar to the previous work on the isogeometric solid-like shell element in Chapter 4,
the modelling starts by defining a reference surface S0 of the shell, where in this case
S0 is the bottom surface of the shell, see Figure 5.1. Accordingly, the three-dimensional
representation of the shell reduces to a bivariate description using Bézier elements,
where the geometric and the kinematic quantities are approximated by NURBS func-
tions. Bézier elements for the surface of the shell in combination with linear shape
functions in the thickness direction can fully describe the shell geometry in the unde-
formed configuration as in equation (5.1). Therefore, any material point in the shell is
obtained as a summation of its projected position vector onto the reference surface, X0

and its parametric thickness times the shell director, ζD.

A higher-order interpolation of the displacement is assumed in the thickness direction
by using B-spline basis functions. By using equation (3.4) for example, quadratic B-
spline basis functions can be defined over a knot vector T = [0, 0, 0, 12 , 1, 1, 1]. Figure 5.2
shows the resulting basis functions.

ζ

Hi

0 0.5 1.0
0

1

Figure 5.2: A quadratic B-spline basis function to be used for through the thickness discretisa-
tion in the deformed configuration. The order of the basis {Hi}4i=1 can be chosen
arbitrarily.

The total displacement field is now discretised as:

u(ξ, η, ζ) =
ncp

∑
I=1

NI(ξ, η, ζ)aI (5.21)

where aI are the displacement degrees of freedom. Assuming n and m as the number
of shape functions (or the control points) in the reference surface and in the thickness
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direction, respectively (ncp = n×m) , the shape functions NI read:

NI(ξ, η, ζ) = Si(ξ, η)Hj(ζ),

I = i+ (j− 1)n,

i ∈ {1, ..., n} , j ∈ {1, ...,m}.

(5.22)

where Si(ξ, η) is the basis function from the Bézier element and Hj(ζ) is the B-spline
function in the thickness direction. This equation implies that the trivariate basis
functions NI are decomposed into a surface part and a thickness part which can have
different orders of interpolation, ps and ph, respectively. As will be detailed below, the
strains are subsequently computed from these displacements using shell kinematics.

As we only model a surface of the shell rather than the complete geometry, it is assumed
that every control point on the reference surface has 3×m degrees of freedom, where m
is the number of control points in the thickness direction. Therefore, in a Bézier mesh
each control point Pi contains a vector of degrees of freedom Φi, as follows:

Φi = [a1x, a
1
y, a

1
z , ..., a

m
x , a

m
y , a

m
z ]

T , i = 1, 2, ..., n (5.23)

where ax,ay,az denote the displacement components. Furthermore, by combining equa-
tions (5.21) and (5.22) the displacement components can be written as follows:

uk(ξ, η, ζ) =
m

∑
j=1

n

∑
i=1

a
ji
k Si(ξ, η)Hj(ζ) (5.24)

where the subscript k refers to the 1, 2, 3 (or x, y, z) directions.

5.2.1 Evaluation of internal force vectors and stiffness matrices

For the evaluation of the tangential stiffness matrices, first the virtual strain vector is
defined as:

δγT = [δγ11, δγ22, δγ33, 2δγ12, 2δγ23, 2δγ31] (5.25)

This vector is related to the control points degrees of freedom as:

δγ = BδΦ (5.26)

Referring to equation (5.18), this equation is expanded as:

δγ = [B1 B2 · · ·Bm]6×3ncp · [Φ1
Φ

2 · · ·Φ
m]T3ncp (5.27)
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where

[Bj]6×3n · [Φj]T3n = [bj1 bj2 · · · bjn] · [φj1 φj2 · · ·φjn]T (5.28)

In this equation, bji a 6× 3 matrix with the components:

b
ji
1k = g1 · ikSi,ξHj

b
ji
2k = g2 · ikSi,ηHj

b
ji
3k = g3 · ikSiHj,ζ

b
ji
4k = g1 · ikSi,ηHj + g2 · ikSi,ξHj

b
ji
5k = g2 · ikSiHj,ζ + g3 · ikSi,ηHj

b
ji
6k = g1 · ikSiHj,ζ + g3 · ikSi,ξHj

(5.29)

where ik , k = 1, 2, 3 are the unit base vectors of the global coordinate system, and

φT
ji = [a

ji
x a

ji
y a

ji
z ] (5.30)

with a
ji
k used in equation (5.24). As an example, the explicit expression for the virtual

strain components δγ11 will be derived in B.1. It is emphasized that the virtual strains
and the corresponding B matrix in equation (5.26) are stated in the non-orthonormal
curvilinear base vectors which should be transformed to the element local frame accord-
ing to equation (5.15). The transformed B matrix is represented by BL, which is given
in Appendix A.3.

From the internal virtual work, equation (5.16), the internal force vector is directly
obtained as:

fint =
∫

Ω0

BT
LSdΩ0 (5.31)

Next, the linearized internal virtual work, equation (5.17), is rewritten in matrix form:

−D(δWint) = δΦ
T ∂fint

∂Φ
DΦ = δΦ

TK DΦ

= δΦ
T(Kmat +Kgeom) DΦ

(5.32)

where K represents the stiffness matrix decomposed in a material part Kmat and a
geometric part, Kgeom, as usual. From equation (5.17) these matrices can be obtained
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as:

Kmat =
∫

Ω0

BT
LCBL dΩ0 , Kgeom =

∫

Ω0

∂BT
L

∂Φ
SdΩ0 (5.33)

The geometric part is the stress-dependent part of the stiffness matrix and is obtained
through the derivatives of the virtual strains, equation (5.19). Using the notation:

ωkl = tkitl jSij (5.34)

with Sij the components of the Second Piola-Kirchhoff stress tensor and tki defined in
equation (5.15), the integrand of the geometrical part of the stiffness matrix can be
written as:

∂BT
L

∂Φ
= Λ

T
Λ (5.35)

where

Λ
T = [λ1,λ2, · · · ,λm]3ncp×3 (5.36)

with

λj = [λj1,λj2, · · · ,λjn]T3n×3 (5.37)

and

λji =
[
Si,ξHj

√
ω11 + Si,ηHj

√
ω22 + SiHj,ζ

√
ω33

+
(
Si,ξHj + Si,ηHj

)√
ω12

+
(
Si,ηHj + SiHj,ζ

)√
ω23

+
(
Si,ξHj + SiHj,ζ

)√
ω13

]
I (5.38)

Herein, i refers to layer i and I is the 3× 3 unit matrix.

5.3 Numerical aspects

The linearized internal virtual work relation derived in equation (5.17) is discretised
using B-spline basis functions. A distinction is made between the discretisation of the
in-plane and the out-of-plane displacement fields. Regarding the latter, three variants
will be derived. In the first variant, all layers of the shell element are represented by a
single higher-order B-spline element in the thickness direction. In the second variant,
interfaces between layers are represented by weak discontinuities. In the third version
of the element, a static delamination is modelled by introducing a strong discontinuity
in the B-spline function.
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5.3.1 In-surface and out-of-surface integration

As mentioned in the formulation of B-splines and NURBS, the basis functions are
defined over a parametric knot span, i.e (ξ, η, ζ) ∈ [0, 1]3. In order to carry out the
numerical integration the basis functions and their derivatives should be calculated
locally at quadrature points defined over a parent element, i.e (ξ̃, η̃, ζ̃) ∈ [−1, 1]3.
Moreover the corresponding Jacobian determinant of the mapping must be calculated.
The mapping for all the parametric coordinates is the same. For example, for a thickness
element of [ζk, ζk+1] the mapping is (Figure 5.3):

ζ = ζk + (ζ̃ + 1)
ζk+1 − ζk

2
(5.39)

where ζ̃ is the parent element coordinate. Therefore the kinematic parameters in terms
of B-spline and NURBS parametric coordinate should be written in the right format.
For instance, equation (5.4) is rewritten as:

Gα =
∂X

∂Θα̃
= Eα̃ +

(
ζk + (ζ̃ + 1)

ζk+1 − ζk
2

)
D,α̃ , α̃ = 1, 2

G3 =
∂X

∂ζ̃
=

ζk+1 − ζk
2

D

(5.40)

As we employ independent discretisations for the reference surface of the shell and for
the thickness direction, the numerical integration schemes in the in-plane and out-of-
plane directions will also be decoupled. Accordingly, the Bézier extraction operator will
be used for the integration over the surface. First, the geometry of the reference surface
is mapped to its corresponding NURBS parametric space (ξ, η) ∈ [0, 1]2, see Figure 5.4.
Then, the second mapping is carried out to the Bézier space where the parent element
(ξ̃, η̃) ∈ [−1, 1]2 and the extraction operator are obtained.

Through the thickness integration is done by using the connectivity array (or IEN
array). Using this array we determine which functions have a support in a given
element. Assume that we use a quadratic B-spline defined over a knot vector of
T = [0, 0, 0, 12 , 1, 1, 1], see also Figure 5.3. This definition leads to two elements of

[0, 12 ] and [ 12 , 1] over the thickness and four global basis functions. Each element sup-
port ph + 1 = 3 basis of the global basis. The IEN array is:

[IEN]ne×ph+1 =

(
1 2 3
2 3 4

)

2×3

(5.41)

The assembly of the element stiffness matrices can also be done according to the shared
basis functions (number 2 and 3 in this case). It starts from the strain-displacement
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Figure 5.3: A quadratic B-spline basis function to be used for through the thickness discreti-
sation in the deformed configuration. The basis functions are defined over the
knot vector [0, 0, 0, 12 , 1, 1, 1], which gives two elements over [0, 12 ] and [ 12 , 1]. The
numerical integration is done by defining the IEN-array which determines which
functions have support in a given element. It should be noted that no control
point is consider in the thickness direction where the thickness director D can be
calculated directly from the in-surface base vectors E1 and E2.

matrix B:

[B] =

[
B1
e1
, B2

e1
+ B2

e2
, B3

e1
+ B3

e2
, B4

e2

]
(5.42)

which is subsequently used in the calculation of the material part of the stiffness matrix
Kmat in equation (5.33). The same steps are followed for the matrix Λ in equation (5.36)
for the calculation of the geometrical part of the stiffness matrix Kgeom.

5.3.2 Modelling weak and strong discontinuities in the displacement field

As has been mentioned in Chapter 3, B-spline and NURBS basis functions are C p−k

continuous at a knot with multiplicity k. This means that we are able to control the
continuity of the basis functions at a knot by arbitrarily selecting the multiplicity.
This property is useful in modelling traction-free cracks and adhesive interfaces (strong
discontinuity) and layered structures with C0 continuity between the layers (weak dis-
continuity) (Verhoosel et al., 2011).

Figure 5.5 shows the steps in order to make a discontinuity in the thickness direction
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X
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geometrical mapping of

Figure 5.4: Numerical integration on the reference surface of the shell is done using the ex-
traction operator. The geometry of the reference surface is mapped to the corre-
sponding NURBS parametric space. A second mapping is made onto the Bézier
space where the extraction operator and the parent element are obtained.

of a shell structure. Assume that a quadratic B-spline basis function Hi defined over a
knot vector T = [0, 0, 0, 12 , 1, 1, 1] has been used in the thickness of the shell. This gives

us four basis functions which are all C1 continuous at ζ = 1
2 . Now suppose that we want

to have a composite shell consisting of two layers of equal thickness. The deformation
of composite structures requires a unique displacement at the interfaces and different
strain fields in the adjacent layers. In the example of Figure 5.5 this is simply achieved
by having a displacement field which is C0 continuous at the interface ζ = 1

2 . This

leads to the new knot vector T = [0, 0, 0, 12 ,
1
2 , 1, 1, 1]. Henceforth, we will denote this

element as the layered CSIGA element. Subsequently, the complete separation of the
layers is obtained if we insert the second knot as: T = [0, 0, 0, 12 ,

1
2 ,

1
2 , 1, 1, 1], and this

element will be denoted as the discontinuous CSIGA element. Figure 5.5 shows the
corresponding basis functions through the knot insertion process.

It is important to note that if this method to introduce weak or strong discontinuities
is adopted in the construction of a single volumetric B-spline or NURBS patch, the
inserted discontinuity will have a global influence, i.e. it will propagate throughout
the patch. While this is not a problem for when weak discontinuities are inserted to
model layers, it can be restrictive when used to model delamination by means of strong
discontinuities. In Section 5.6 we will demonstrate how linear constraints can be used to
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Figure 5.5: Schematic representation of introducing a discontinuity in the thickness direction
of a shell. Weak and strong discontinuities between the layers of a composite shell
are created by knot insertion.

localize strong discontinuities in order to realistically mimic delaminations. In a further
study we will develop a versatile method to localize strong discontintuities. This can
potentially be achieved by adopting a localized definition of the basis functions – as
is essentially done in T-splines – and has already been demonstrated in the context of
cohesive-zone modelling (Verhoosel et al., 2011).

5.4 Numerical simulations

The isogeometric continuum shell formulation is now verified and assessed through
different examples. We refer to the proposed class of shell elements as CSIGA, see
Table 5.1. In this table we distinguish between three cases for the continuum shell
element: (i) without C0 planes between the layers (lumped), (ii) with C0 planes be-
tween the layers (layered), and (iii) with C−1 planes to simulate static delamination
(discontinuous). Different orders of interpolation can be used in the plane as well as in
the out-of-plane direction for each case. For instance, in the remainder ”lumped(3,2)”
will denote a CSIGA element without C0 (weak discontinuity) planes between the lay-
ers, with a third-order NURBS/T-spline interpolation in the plane, and a second-order
B-spline in the thickness direction.

In the beginning the locking problem which is typical for shell elements will be examined.
We proceed the simulations by a linear calculation on a composite panel, which aims
to capture the global and local behavior of the panel (deflection and stress distribution,
respectively). Then, the element will be tested using some geometrically non-linear
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examples of a pinched hemisphere and pinched cylinder with inward and outward loads.
These simulations are followed by modelling buckling of delaminated zones in layered
panels.

Table 5.1: Nomenclature of solid-like and continuum shell elements.

Model In-plane discretisation Out-of-plane discretisation

SLS Parisch
(1995)

1st or 2nd order Lagrange 1st order Lagrange

SLSBEZ(p) Hos-
seini et al. (2013)

pth order NURBS/T-Spline 1st order Lagrange

CSIGA(p, q)

lumped pth order NURBS/T-Spline qth order B-Spline

layered pth order NURBS/T-Spline qth order B-Spline with C0

continuities at each interface

discontinuous pth order NURBS/T-Spline qth order B-Spline with one
C−1 continuity to represent a
delamination. The other in-
terfaces are C0 continuous.

5.4.1 Clamped plate

Figure 5.6 shows the geometry of a plate subject to bending (Hashagen and de Borst,
2000). The plate has a Young’s modulus E = 1.08 Pa and a Poisson’s ratio ν = 0.3.
The dimensions of the plate are: L = 10 m, b = 1 m and the thickness t varies through
the test. The plate is clamped at one end and a transverse load qz = 100t3 is applied
at the other end.

L b

t

qz

Figure 5.6: Geometry of the clamped plate under bending.

As a reference value we consider the displacement at the free end according to the beam
theory, δ = PL3/3EI which results in δ = 0.004 m for this test. The numerical simu-
lation is done with two meshes of 64 CSIGA lumped(2,2) and 64 CSIGA lumped(3,2)
elements. Figure 5.7 shows the obtained normalized displacements for different ratios
of L/t. It is clear that employing second order and third order NURBS basis functions
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for the in-plane discretisation result in shear locking free behaviour as the thickness of
the plate reduces.
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Figure 5.7: Normalized displacement of the clamped plate under bending obtained for different
ratios of L/t.

5.4.2 Clamped cylindrical shell

Membrane locking can occur in curved structures (Bischoff et al., 2004; Echter et al.,
2013). Therefore, a cylindrical shell as shown in Figure 5.8 is modelled. The shell
has a radius of R = 10 m and a width of b = 1 m. Young’s modulus and Poission’s
ratio are 1000 Pa and ν = 0 respectively. The cylindrical shell is clamped at one edge
and subjected to a constant distributed load of qx = 0.1t3. An analytical solution
based on the Bernoulli beam theory gives a value of approximately 0.942 for the radial
displacement.

qx

t

b

ux

x
z R

y

Figure 5.8: Geometry of the cylindrical shell
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The numerical results for various meshes and thicknesses are presented in Figure 5.9.
In the figure, the mesh size shows the number of elements in the radial direction, while
only one element has been used in the width direction. According to the results, a low
number of elements of order two, 16 CSIGA lumped(2,2) elements, exhibit membrane
locking. Keeping the NURBS order fixed and increasing the number of elements to 64
removes locking. Employing 16 third-order NURBS elements the results are locking-free
as well.
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Figure 5.9: Cylindrical shell, displacement ux for different ratios of R/t.

5.4.3 Composite laminate

The performance of the shell element is studied in the simulation of the deflection of
a multi-layer composite panel. In conventional shell models, these structures are often
simulated with a single element in the thickness direction. This is generally sufficient for
calculating displacements, but it does not allow for computing the stresses and strains
in the individual layers accurately.

We consider the square laminate shown in Figure 5.10. The panel has dimensions
a × b = 0.6 × 0.4m and consists of six layers of a unidirectional material, with a
stacking sequence [0, 90, 0]s. Each layer is 0.2mm thick, so that the total thickness
of the shell is 1.2mm. The layers can be modelled as a transversely isotropic material
with E1 = 130GPa, E2 = E3 = 7GPa, ν12 = 0.33 and G12 = 5GPa. The panel is
simply supported on all four sides and is loaded by a distributed load qz = q0sin

πx
a sin

πy
b

with q0 = 1 MPa.

The panel has been simulated for three different discretisations: second-order in the
thickness direction, fourth-order in the thickness direction, and second-order per layer
with weak discontinuities at the boundaries between the layers.

The analytical solution can be obtained from classical laminate theory. The deflection
of the mid point of the panel is equal to −2.62× 10−5m. Figure 5.11 shows σxx in the
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Figure 5.10: Geometry, boundary conditions and loading of a rectangular panel.

mid-point of the panel as a function of the thickness coordinate of the shell obtained
for different discretisations. The results from one second-order and one fourth-order
B-spline element, lumped(3,2) and lumped(3,4), respectively, lead to the same stress
distribution as that of a second-order B-spline per layer (weak discontinuities at layer
boundaries). All the results are in agreement with the analytical solution from the
classical laminated plate theory. Moreover, the deflection at the mid-point of the panel
is in agreement with the analytical solution.
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Figure 5.11: σxx at the mid-point as a function of the thickness of the panel. The thickness of
the plate is 1.2 mm.

Next, the ability of the shell element to compute interlaminar stresses is examined.
This issue is of importance when damage and failure of composite materials need to
be considered in the simulations. The normal stress σzz is presented in Figure 5.12 as
a function of thickness of the shell. By using third-order and second-order B-splines
per layer, layered(3,3) and layered(3,2) elements, respectively, which are C0 continuous
at the interfaces, we can capture a σzz distribution in the thickness direction, which
is zero through most of the thickness and equals q0 = 1 MPa at the top surface.
Adopting just one element of second-order and of fourth-order B-splines, lumped(3,2)
and lumped(3,4), respectively, for the discretisation in the thickness direction results in
a fluctuation of the σzz distribution. From the results it is concluded that in order to
compute σzz accurately we need to enforce C0-continuity of the basis functions at the
interfaces.
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Figure 5.12: σzz at the mid-point as a function of the thickness of the panel. The thickness of
the panel is 1.2 mm (thin panel).

The simulations are now repeated for a ten times thicker panel with q0 = 100 MPa.
The results presented in Figure 5.13 show again that applying basis functions with
C0 continuity between the layers results stress distribution that can be expected for a
thick panel. The jump at z = 0 is caused by the fact that the displacement boundary
condition uz = 0 at the edges has been enforced at z = 0.
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Figure 5.13: σzz at the mid-point as a function of the thickness of the panel. The thickness of
the panel is 12 mm (thick panel).

5.4.4 Pinched hemispherical shell with a hole

A pinched hemisphere with a hole at the top has been used extensively as a benchmark
problem for shell analysis to test the ability to describe nearly inextensional bending
modes (Betsch et al., 1996; Buechter and Ramm, 1992; Simo et al., 1990). The geometric
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parameters and material properties employed in this test are summarized in Table 5.2.
The shell is subjected to two opposite point loads. The bottom circumferential edge
of the hemisphere is free. Due to the symmetry only a quarter of the shell needs
to be modelled. The symmetric boundary conditions are applied by constraining the
displacement degrees of freedom in the normal direction of the symmetry plane. The
mesh and the applied boundary conditions are shown in Figure 5.14. ABAQUS has been
used to generate a standard finite element solution, using a 16×16 mesh consisting of
so-called S4R shell elements, which we will here use as a reference solution.

Figure 5.14: The mesh for a quarter model and the boundary conditions.

Table 5.2: Geometric parameters and material properties for the pinched hemisphere.

Radius R Thickness t Young’s modulus E Poisson’s ratio ν

10.0 m 0.04 m 6.825× 107 Pa 0.3

Figure 5.15 shows the load-displacement curves of the pinched hemisphere that have
been obtained for different meshes. A mesh of 16×16 CSIGA elements of type
lumped(3,2) leads to results that are close to the traditional finite element solution
(using S4R elements). The graph also shows the result from a 16×16 mesh of SLS-
BEZ elements, which is slightly stiffer than those obtained with the CSIGA and S4R
elements.

5.4.5 Pinched cylinder with free ends

The pinched cylinder with free ends shown in Figure 5.16 is used next to assess the
element performance. The cylinder has a length L = 10.35 m, a radius R = 4.935 m,
a thickness t = 0.094 m, a Young’s modulus E = 10500 MPa and a Poisson’s ratio
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Figure 5.15: The load P as a function of the displacement at point A for the pinched hemi-
sphere.

ν = 0.3125. The cylinder has free edges at the ends, and it is loaded by two centrally
located diametrically opposed point forces, which pull in the outward direction. Due to
symmetry considerations only one-eight of the cylinder needs to be modelled.

The initial response is dominated by the bending stiffness which induces large dis-
placements at relatively low load levels. This changes into a very stiff response when
the displacement become larger. Finite rotations occur afterwards, thus making the
pinched cylinder with free ends a challenging test for element performance (Gruttman
et al., 1989; Sansour and Bednarczyk, 1995; Sansour and Bufler, 1992).

Figure 5.16: Pinched cylinder with free ends

Figure 5.17 shows the load-displacement curves of this example. The results have been
obtained with a mesh of 16× 16 CSIGA elements of type lumped(3,2), a mesh of 16× 16
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SLSBEZ elements and a mesh of 16× 8 of S4R elements implemented in ABAQUS. The
magnitude of the load is that for the complete cylinder and the displacement is measured
at the point where load is applied. From Figure 5.17 it can be seen that the results from
different elements are very close, however the CSIGA elements show a softer response.
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Figure 5.17: Load-Displacement diagram of pinched cylinder with free ends.

5.4.6 Pinched cylinder with rigid diaphragm

The problem of a pinched cylinder with a rigid diaphragm at the ends has been studied
by several authors (Lindberg et al., 1969; Bucalem and K.J., 1993; Saleeb et al., 1990)
in order to test the convergence behaviour and non-linear performance of shell elements.
Since large rotations occur the problem provides a test for the finite rotation capability
of the shell formulation. The cylinder has a length L = 200 mm, a radius R = 100 mm,
a thickness t = 1 mm, a Young’s modulus E = 30000 N/mm2 and a Poisson’s ratio
ν = 0.3. The cylinder is loaded by two centrally located, diametrically opposed point
forces P, which push inwards. Using symmetry only one-eighth of the structure needs
to be modelled.

Numerical simulation have been performed using CSIGA, SLSBEZ and S4R elements.
Because of the need for mesh refinement at the free edge T-spline functions have been
used for the in-plane discretisation for both the CSIGA and SLSBEZ elements, see
Figure 5.18. The use of T-splines at the left free edge has been discussed in Ref. Hosseini
et al. (2013).

The results of the simulations are shown in Figure 5.19. The magnitude of the load
is that for the complete cylinder and the displacement is measured at the point where
load is applied. The CSIGA elements integrated with a 4× 4× 2 integration scheme
show locking for displacement level higher than 30 mm. Repeating the simulation with
a 2× 2× 2 integration scheme improves the results and compares well with those of the
SLSBEZ and S4R elements.
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Figure 5.18: Pinched cylinder with rigid diaphragm

 0

 500

 1000

 1500

 2000

 2500

 3000

 0  10  20  30  40  50  60

L
o
a
d

[N
]

Displacement [mm]

CSIGA(4× 4× 2)

S4R
SLSBEZ

CSIGA(2× 2× 2)

Figure 5.19: Load-Displacement diagram of pinched cylinder with rigid diaphragm.

5.4.7 Buckling of static delaminations

In the final examples, we will study the possibility to insert a delamination in layered
structures by means of introducing a strong discontinuity through the thickness. The
panels tested in the examples are partially delaminated over a strip and over a circular
region, respectively.

5.4.7.1 Buckling of plate with initial strip delamination

We consider the panel shown in Figure 5.20. The panel has unit dimensions and consists
of two layers of an isotropic material. The material properties are: E = 2× 104 MPa
and ν = 0.3. The top layer has a thickness 0.01 m and the bottom layer 0.09 m. The
top layer is partially delaminated over a width of 0.75m. This delamination is modelled
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Figure 5.20: Geometry of the panel with a strip initial delamination, which is located between
the two layers.

by a strong discontinuity in the thickness direction.

We start by defining the through-the-thickness B-spline functions over a knot vector of
T = [0, 0, 0, 0.9, 0.9, 0.9, 1, 1, 1]. This gives two layers in the thickness which are fully
delaminated. The area that is not delaminated can be modelled by applying a linear
constraint between the lower layer and the upper layer. Figure 5.21 shows the third-
order NURBS meshes used for this example. In these meshes the control points are
shown in red and blue. Using equation (5.23) the vector of degrees of freedom Φi for
each control point is written as:

Φi = [a1x, a
1
y, a

1
z, ..., a

6
x, a

6
y, a

6
z ]
T , i = 1, 2, ..., n (5.43)

The linear constraint is now applied to the red control points as:

a3x = a4x , a3y = a4y , a3z = a4z (5.44)

By doing so the degrees of freedom with the superscript 3 and 4 have the same values
at the interface of the two layers. It should be noted that the linear constraint is not
applied to the blue control points. Referring to the basis functions shown in Figure 5.21,
it can be seen that the basis functions corresponding to the blue control points have
a support over the whole delaminated area in the parametric space. Therefore, by
excluding their corresponding degrees of freedom from the linear constraint space the
delaminated area can be preserved.

An issue in delamination modelling is the proper selection of the order of the continuity
of the NURBS basis functions at the delamination fronts. Figure 5.22 shows the results
obtained with the third-order NURBS basis which are C2 continuous at the delamination
fronts. The figure presents the out-of-plane displacement versus the axial stress σxx for
different mesh sizes. An analytical solution for the buckling stress of a clamped panel
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Figure 5.21: Third-order NURBS meshes used for the panel with initial strip delamination.
The left mesh uses C2 continuous basis at the delamination front while in the
right mesh C0 continuous basis functions are used at the delamination front.

with thickness of h = 0.01m and length l = 0.75m was formulated by Kachanov (1998),

σcr =
π2E

3(1− ν2)

(
h

l

)2

= 12.84MPa (5.45)

A very fine mesh of 192 elements is used as the reference solution. As can be seen, the
results obtained by 16, 32 and 64 element converge to the reference and the analytical
solutions.

We repeat the simulation using third-order NURBS basis function, but with C0 con-
tinuity at the delamination fronts, in order to exactly capture the Dirichlet boundary
condition at this position. Figure 5.23 shows that using 48 NURBS elements the ob-
tained critical stress is in agreement with the reference solution of 192 elements and
the analytical solution. Accordingly, by applying C0 continuous basis functions at the
delamination front we can properly capture the boundary condition, which is a basic
assumption in the analytical expression for the buckling load. Figure 5.24 shows a
schematic representation of the delamination opening resulting from meshes with and
without C0 continuity at the delamination fronts. As can be seen, for the C0 case the
effective length of the initial delamination le is larger than that resulting from the C2

mesh. Referring to the analytical solution for the critical buckling stress i.e. equation
(5.45), it is clear that the buckling load is proportional to the inverse of the initial
delamination length l. Therefore, for an equal number of elements, a C0 mesh at the
delamination front will result in a smaller critical buckling stress, which explains the
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Figure 5.22: Diagram of the axial stress σxx vs the out-of-plane displacement of the plate with
an initial strip delamination. The used meshes are C2 at the delamination fronts.
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Figure 5.23: Diagram of the axial stress σxx vs the out-of-plane displacement of the plate with
an initial strip delamination. The used meshes are C0 at the delamination fronts.

difference between the obtained results. However, the additional effort of enforcing C0

continuity probably does not outweigh the computational gain, since with 64 C2 con-
tinuous elements the same result was obtained. This holds a fortiori when propagating
delamination fronts are considered.

5.4.7.2 Glare panel with a circular delamination

In this section the buckling behavior of a Glare panel with initial circular delamination
under uniaxial compressive load is examined. The specimen geometry is shown in
Figure 5.25. The panel consists of an aluminum layer with thickness h1 = 0.2mm and a
Glare 0/90◦ prepreg layer with a thickness 0.3mm. A circular delamination with radius
8mm is assumed between the layers. In order to avoid global buckling, a thick layer of
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Figure 5.24: Schematic representation of the delamination opening obtained with meshes
which are C2 and C0 continuous at the delamination front.

aluminum is attached to the panel. Table 5.3 contains the material parameters of the
Glare prepreg.

Y
Z

σx

Glare, 0.2 mm

Al, 0.3 mm

Al, 10 mm

X
W

=40
mm

r=
8 mm

σx

initial delamination

L=40 mm

Figure 5.25: Geometry of the Glare panel with a circular initial delamination, which is located
between the top aluminum layer and the Glare layer.

Table 5.3: Material parameters for 0/90◦ Glare prepreg.

E11 = 33170 MPa E22 = 33170 MPa E33 = 9400 MPa
G12 = 5500 MPa G23 = 5500 MPa G13 = 5500 MPa

ν12 = 0.195 ν23 = 0.032 ν13 = 0.032

An advantage of using NURBS basis functions is that we are able to model an
exact circular delamination shape. Similar to the previous example the delamina-
tion is modelled by a strong discontinuity between the layers where a linear con-
straint will preserve the adhesion at the remainder of the panel. In this case we
define through the thickness B-spline basis functions over a knot vector of T =
[0, 0, 0, 0.952, 0.952, 0.971, 0.971, 0.971, 1, 1, 1]. Accordingly the linear constraint is writ-
ten as:

a5x = a6x , a5y = a6y , a5z = a6z (5.46)



5.4 Numerical simulations 97

Because of the symmetry only one quarter of the geometry is analyzed. Figure 5.26
shows a second-order NURBS mesh for this example. The basis functions have been
chosen to be C0 continuous at the delamination front. Figure 5.27 presents the out-of-
plane displacement vs the axial stress σxx for two fine NURBS meshes. Both meshes
lead to the same result.
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Figure 5.26: The second-order NURBS mesh used for the panel with circular delamination.
The basis function are C0 continuous at delamination front.
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Figure 5.27: Diagram of the axial stress σxx vs the out-of-plane displacement of the plate with
an initial circular delamination.
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5.5 Concluding remarks

A continuum shell element has been formulated that is based on the isogeometric con-
cept. NURBS basis functions have been used to parametrize the reference surface, and
B-spline shape functions has been employed in the thickness direction. In this man-
ner, a complete three-dimensional representation of the shell is obtained. The shell
formulation combines the advantages of a full, three-dimensional stress and strain rep-
resentation that allows for the straightforward implementation of constitutive relations
such as plasticity or damage, with the advantages of isogeometric analysis, including
the exact description of the geometry, the use of the design-through-analysis concept,
and the accurate prediction of stress fields. The latter property is also important for the
prediction of the onset of plasticity, damage, or delaminations due to high transverse
stresses.

The performance of the isogeometric continuum shell element has been assessed by
means of a number of linear and non-linear examples. First, the performance with
respect to shear and membrane locking was examined for a straight and for a curved
clamped strip. The element was found locking-free at least for length to thickness
ratios up to 400 provided that cubic splines were used for the in-plane discretisation or
quadratic splines with a sufficiently fine discretisation. Next, a unidirectional composite
panel consisting of six layers of [0, 90, 0]s has been tested under a sinusoidal distributed
pressure load. It was shown that the global behavior of the panel, deflection and the
in-plane stress distribution, can be well captured by using just one B-spline element in
the thickness direction. Furthermore, the intralaminar stress distribution requires the
through the thickness parametrization to be C0 continuous at interfaces. This property
was achieved by employing knot insertion in the thickness direction. Doing so, the
transverse normal stress σzz as a function of the thickness of the panel was obtained.

As benchmark tests for geometrically non-linear performance, a pinched hemisphere
with a hole and a pinched cylinder with free ends and with a rigid diaphragm were
used. The results are in agreement with reference solutions by the ABAQUS S4R shell
element, provided that in the last example a sufficiently low order integration was used
in the plane.

An important feature of the proposed element is its ability to model static delamina-
tion buckling in composite materials. Delamination is modelled as a strong discontinuity
between the layers by means of knot insertion in the through the thickness parametriza-
tion. To model bonding in a partially delaminated area, linear constraints were locally
applied to the upper and lower layers.

A panel with an initial strip delamination under axial compressive load was studied.
By employing C0 continuous basis functions at the delamination fronts it is possible to
capture the Dirichlet boundary condition at these fronts. The analytical buckling load
was reproduced accurately.

As a final example, the buckling behavior of a composite panel with initial circular
delamination was studied, where it is noted that the NURBS mesh results in an exact
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parametrization of the circular shape of the delaminated area. The panel was subjected
to an axial compressive load. By using a NURBS mesh with C0 continuity at the
delamination front the buckling load was computed accurately.





Chapter six

Isogeometric modelling of delamination
propagation1

Delamination is one of the most important failure causes in composite materials and
structures. Starting with the work of Allix and Ladevèze (1992) and Schellekens and de
Borst (1993), finite element methods have been used for the analysis of delamination.
Initially, analyses were restricted to free edge delamination, and a generalised plane-
strain model was used to model the propagation of delamination near the free edges. In
particular, interface elements (Schellekens and de Borst, 1993) were used to capture the
separation process between plies. While such generalised plane-strain analyses together
with interface elements can give much insight in the delamination process and com-
plement experimental investigations, they are not suitable for large-scale simulations.
Indeed, for the analysis of structural elements in composite structures, layered shell
elements have to be used. Of particular interest are the solid-like shell elements, since
the presence of the stretch in the thickness direction as an independent parameter in the
finite element model allows for capturing a fully three-dimensional stress state. Because
the solid-like shell element developed by (Parisch, 1995; Hashagen and de Borst, 2000)
only employs translational degrees of freedom, it has gained much popularity in the
analysis of layered shell structures.

Composite shell structures may have a significant number of layers, and inserting inter-
face elements between each layer where delamination would be possible, quickly becomes
impractical. For this reason, the extended finite element method (Belytschko and Black,
1999; Moës et al., 1999), which exploits the partition of unity property of finite element
shape functions, has been used to insert delaminations between layers (Remmers et al.,
2003), the main advantage being that this approach allows for the modelling of delam-

1This chapter is based on: Hosseini, S., Remmers, J.J.C., Verhoosel, C.V., de Borst, R.,(2014).
Propagation of delamination in composite materials with isogeometric continuum shell elements. In-
ternational Journal for Numerical Methods in Engineering; Submitted.
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inations when a certain initiation criterion has been exceeded without prior knowledge
about the location of the delamination being necessary. Multiple locations where de-
lamination initiates can thus be modelled, as well as growth and joining of delaminated
areas.

The solid-like shell developed in Chapter 2 was cast in an isogeometric framework in
Chapter 4. Here a hybrid approach was adopted, in which only the shell surface was
modelled using NURBS, but a conventional Lagrange polynomial was still used in the
thickness direction, a full isogeometric continuum shell element was developed in Chap-
ter 5, using a B-spline function for the interpolation in the thickness direction. An
important advantage of using B-spline basis functions is their ability to model weak
and strong discontinuities in the displacement field by knot insertion (Verhoosel et al.,
2011), it was demonstrated that weak discontinuities (between layers), and strong dis-
continuities (delamination) can be modelled elegantly. For the case of weak discontinu-
ities the superiority in terms of a vastly improved stress prediction in the linear-elastic
phase was shown, as well as the ability to model existing delaminations.

This chapter extends this concept towards propagating delaminations, where a traction-
separation relation based on the cohesive-surface concept is used. The extension to
include an interface term is elaborated, followed by a series of investigations where
the concept is assessed with respect to its ability to model propagative delamination,
buckling-delamination, and delamination in curved geometries.

6.1 Cohesive interface formulation

In this study delamination is modelled by applying a cohesive relation between the
layers. In Chapter 2, kinematic relations of the interface model have been presented. For
the convenience of the reader, the interface model is repeated in this section. Figure 6.1
shows the undeformed and deformed configurations of a cohesive surface. It is noted
that the undeformed cohesive surface Γd is calculated using equation (5.1) based on the
the reference surface Γ0 in Figure 5.1, which was used to construct the continuum shell
element.

The virtual work of the cohesive tractions t must be taken into account in the expression
of the internal virtual work, which now becomes:

δWint =
∫

Ω0

δγγγ : SdΩ0 +
∫

Γd

δv · tddΓd (6.1)

with v the displacement jump between the two layers. The latter quantity is defined as
(Figure 6.1):

v(ξ, η) = u+(ξ, η)− u−(ξ, η) (6.2)

with u+ and u− the displacement vectors of the material points P+ and P− with respect
to the global coordinate system, respectively. Defining the traction at the discontinuity
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Figure 6.1: Deformation of the interface element.

as td = [tn, ts2 , ts3 ]
T with a normal component denoted by the subscript n and two shear

components, denoted by the subscripts s2 and s3, respectively, its rate, Dtd, is related
to the rate of the displacement jump Dvd at the discontinuity by:

Dtd = Td Dvd (6.3)

with Td as the tangent stiffness of the interface. Inserting the constitutive relation (6.3)
into the expression of virtual work in equation (6.1) requires a transformation from
the local frame of the discontinuity surface (n, s2, s3) to the global frame of reference
(i1, i2, i3). Denoting the rotation matrix as Q we have:

Dt = QTDtd = QTTdDvd = QTTdQDv (6.4)

and the tangent stiffness in the global reference frame is given by:

T = QTTdQ (6.5)

The displacement jump v can be expressed in terms of the displacements of the control
points as:

v(ξ, η) = H(ξ, η)a (6.6)

with:

H =




−S1 0 0 · · · −Sn 0 0 S1 0 0 · · · Sn 0 0
0 −S1 0 · · · 0 −Sn 0 0 S1 0 · · · 0 Sn 0
0 0 −S1 · · · 0 0 −Sn 0 0 S1 · · · 0 0 Sn




(6.7)

where {Si}n1 are the basis function defined over the reference surface in equation (5.22)
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and:

aT =
[
a1−x a1−y a1−z · · · an−x an−y an−z a1+x a1+y a1+z · · · an+x an+y an+z

]

(6.8)

as a vector containing the displacement degrees of freedom on the top and bottom
surface of the interface. The internal force vector now reads:

fint =
∫

Ω0

BT
LSdΩ0 +

∫

Γd

HTtddΓd (6.9)

where the area dΓd is calculated from:

dΓd =
√
G33

√
det(G)dξ dη (6.10)

with G33 = G3 ·G3, and G3 obtained from equation (5.8). The stiffness matrix is
derived in a standard manner as:

K = Kmat +Kgeom +Kint (6.11)

with the material and geometric parts defined as:

Kmat =
∫

Ω0

BT
LCBL dΩ0 (6.12)

and

Kgeom =
∫

Ω0

∂BT
L

∂Φ
SdΩ0 (6.13)

while the additional term that stems from the cohesive tractions at the interface reads:

Kint =
∫

Γd

HTTHdΓ =
∫

Γd

HTQTTdQHdΓd (6.14)

6.1.1 Calculation of the rotation matrix

To calculate the rotation matrix, first the triad (n, s2, s3) on the discontinuity surface
must be computed. This triad is assumed to be the average of the covariant base vectors
on the top surface Γ+

d and the bottom surface Γ−
d :

n = 1
2(g

+
3 + g−3 )

s2 =
1
2(g

+
1 + g−1 )

s3 =
1
2(g

+
2 + g−2 )

(6.15)
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It is noted that the the covariant base vectors (g1,g2,g3) are in the deformed configura-
tion and are calculated based on the undeformed triad (G1,G2,G3) using equation (5.6),
which gives:

g±i =
∂x

∂Θi
= Gi + u±

,i , i = 1, 2, 3 (6.16)

Based on equation (5.4) the required Ei terms for the calculation of Gi can be deter-
mined. For the calculation of u±

,i in (6.16) the derivatives of the basis functions defined
on the reference surfaces are also needed. As an example we have:

u±
,i =




S1,i 0 0 · · · Sn,i 0 0
0 S1,i 0 · · · 0 Sn,i 0
0 0 S1,i · · · 0 0 Sn,i







a1±x
a1±y
a1±z
...

an±x
an±y
an±z




(6.17)

With the triad (n, s2, s3) on the discontinuity surface the rotation matrix can be deter-
mined:

Q =




cos(i1,n) cos(i1, s2) cos(i1, s3)
cos(i2,n) cos(i2, s2) cos(i2, s3)
cos(i3,n) cos(i3, s2) cos(i3, s3)


 (6.18)

with cos(a,b) = a·b
|a| |b| .

6.2 Numerical simulations

The isogeometric continuum shell formulation is now verified and assessed through
different examples. In Table 6.1. We distinguish between two cases for the continuum
shell element: (i) without C0 planes between the layers (lumped), and (ii) with C−1

planes to simulate static delamination (discontinuous). Different orders of interpolation
can be used in the plane as well as in the out-of-plane direction for each case. For
instance, in the remainder ”lumped(3,2)” will denote a CSIGA element without C0

(weak discontinuity) planes between the layers, with a third-order NURBS/T-spline
interpolation in the plane, and a second-order B-spline in the thickness direction.

The simulations are started by a linear calculation on a composite panel, which aims
to capture the global and local behavior of the panel (deflection and stress distribution,
respectively). Then, the element will be tested using some geometrically non-linear
examples of a pinched hemisphere and pinched cylinder with inward and outward loads.
These simulations are followed by modelling buckling of delaminated zones in layered
panels.
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Table 6.1: Nomenclature of solid-like and continuum shell elements.

Model In-plane discretisation Out-of-plane discretisation

SLS Parisch
(1995)

1st or 2nd order Lagrange 1st order Lagrange

SLSBEZ(p) Hos-
seini et al. (2013)

pth order NURBS/T-Spline 1st order Lagrange

CSIGA(p, q)

lumped pth order NURBS/T-Spline qth order B-Spline

discontinuous pth order NURBS/T-Spline qth order B-Spline with one
C−1 continuity to represent a
delamination. The other in-
terfaces are C0 continuous.

6.2.1 Mode I delamination

In this example mode I delamination (DCB test) is simulated. For this purpose an
isotropic panel consisting of two layers is selected. The material properties of the layers
are: a Young’s modulus E = 1.0× 1012 Pa and a Poission’s ratio ν = 0.3. The geometry
of the specimen is shown in Figure 6.2. The specimen used for this simulation has a
length L = 10m, a width b = 1m and a thickness 2h = 0.05m. An initial delamination
with a length of a0 = 2.5m is placed between the two layers. The interface bahaviour
is captured by the exponential cohesive law proposed in Xu and Needleman (1994).
The cohesive parameters are a fracture toughness mathcallGc = 1 KJ/m2, a maximum
normal traction tn ,max = 500 Pa, and a dummy stiffness of K = 106 Pa.

y

x

2h = 0.05m

z

a0 = 2.5m

L = 10m

b =
1m

qz

qz

Figure 6.2: Geometry of the panel with initial delamination

For a DCB test the relation between the applied load and the opening displacement
can be obtained using linear elastic fracture mechanics (LEFM). Following the ASTM
standard (D5528-01-e2., 2007), the applied load in a DCB test for self-similar crack
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propagation is obtained as:

Fapplied =

√
GICb2h3E

12a2
(6.19)

with b and h the width and the height of the specimen, respectively, see Figure 6.2, and
where a is the crack length. The corresponding opening displacement is obtained as:

u = Fapplied
8a3

bh3E
(6.20)

A numerical simulation has been carried out for a mesh containing 256× 4 discontinuous
CSIGA(2,2) elements. Using this element, delamination is modelled between the two
layers where the delamination will propagate. Figure 6.3 shows the numerical result, as
well as the comparison with the LEFM solution. In the elastic regime the results are
deviating. The reason is the fact that there is some energy dissipation even in the elastic
regime. This issue is a matter of the chosen maximum normal traction tn ,max where a
high value of tn ,max leads to almost no deviation. After the onset of propagation, the
numerical results are in complete agreement with the LEFM results.

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

 500

 0  0.01  0.02  0.03  0.04  0.05

L
o
a
d
[N

]

Displacement [m]

Numerical
LEFM

Figure 6.3: Load-displacement curve of the mode-I delamination test.

Figure 6.4: Deformation of the interface in mode-I delamination.
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The deformation of the interface is also shown in Figure 6.4, where the magnitude of
the tractions is also indicated. To obtain a better insight into the interface behaviour,
the traction magnitudes along the longitudinal axis x are monitored in Figure 6.5. In
both Figures 6.4 and 6.5 a maximum normal traction of 500 Pa has been obtained. It
is clear that the traction oscillations persist, as in standard cohesive interface element
models. A picture of gradual delamination propagation is presented in Figure 6.6.
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Figure 6.5: Interface tractions along the x axis of the mode-I delamination test specimen.

Figure 6.6: Interface tractions during delamination propagation. The plots are for an out-
of-plane displacement of 0.01, 0.02, 0.03, 0.04 and 0.05, respectively, from top to
bottom.

6.2.2 Buckling-delamination

The next example concerns the two-layered panel of Figure 6.7. It has a length L =
10m, a width b = 1m, and a thickness 2h = 0.1m. An initial delamination with a
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Figure 6.7: Geometry of the panel with initial delamination under axial load
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Figure 6.8: Load vs axial displacament curve for the buckling-delamination test.

length a0 = 2.5m is assumed. The material properties of the layers are: a Young’s
modulus E = 2.0× 108 and a Poission’s ratio ν = 0.3. The panel is loaded by two
compressive forces P and small perturbations are applied to trigger the buckling mode.
The exponential cohesive law (Xu and Needleman, 1994) at the interface is considered
with the following properties: fracture toughness Gc = 1 KJ/m2, a maximum normal
traction tn ,max = 300 Pa, and a dummy stiffness of K = 106 Pa.

The test case shows a combination of two different non-linear mechanisms. First, the
compressive load results in local buckling of the initially delaminated plies, which leads
to an increase of the normal traction at the interface. Consequently, delamination
growth will start when the normal traction reaches the ultimate traction of the inter-
face. The numerical simulation has been done using a mesh of 512× 4 discontinuous
CSIGA(2,2) elements. The results are shown in Figures 6.8 and 6.9. The graphs show
the axial displacement ux and the normal (out-of-plane) displacement uz versus the ap-
plied compressive load. In both cases the comparison has been made with the analytical
buckling loads. The buckling loads are obtained using Euler beam theory as:

Fcr =
π2Eh3

48a20
(6.21)
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Figure 6.9: Load vs out-of-plane displacement curve for the buckling-delamination test.

The critical buckling for two extreme cases of a0 = 2.5 m (initial delamination length)
and a0 = L (fully delaminated panel) are 281.63 N and 51.35 N, respectively. As it can
be seen the upper buckling load is lower than the analytical value. This difference is a
matter of choosing an appropriate perturbation load and the maximum normal traction
at the interface. For a lower perturbation load and higher maximum normal traction
the numerical buckling load can be improved. This issue is clear from the agreement
between the numerical buckling load and the analytical solution for the lower buckling
load where the perturbation load and the maximum normal traction do not influence
the results.

Figure 6.10: Deformation of the interface in the buckling-delamination test.

Figure 6.10 presents the deformation of the interface for this test. Figure 6.11 shows
the traction profile along the longitudinal axis x. In both cases a maximum normal
traction of 300 Pa has been obtained which is in agreement with the material property
of the interface. Again, traction oscillations are observed. The gradual delamination
propagation has been pictured in Figure 6.12, which shows the initiation of delamination
and some further steps of the propagation process.
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Figure 6.11: Interface tractions along the x axis of the buckling-delamination test specimen.

Figure 6.12: Interface tractions during delamination propagation of the buckling-delamination
test. The colors show the traction magnitude. The plots are for as axial displace-
ment of 0.05, 0.1, 0.2, 0.3 and 0.4, respectively, from top to bottom.

6.2.3 Mixed mode delamination of an arched-shape panel

In this example delamination propagation is simulated in an arched-shape panel. The
geometry of the panel is shown in Figure 6.13. The panel has a radius of R = 10 m, a
width of b = 1 m and a thickness of t = 0.1 m. The panel in considered to have two
isotropic layers with a Young’s modulus and a Poission’s ratio of 2× 108 Pa and ν = 3,
respectively. An initial delamination is taken over an angle π

8 . The arched-shape panel
is clamped at one edge and subjected to a constant distributed line load of qx. This
provides a suitable test case to investigate mixed-mode delamination propagation with
large rotations at the interface. The mixed mode interface model discussed in Section ??
is used in this example. The material properties of the interface are: GIc = 10 J/m2,
GI Ic = 10 J/m2 , K = 106 N/m2, t03 = 100 Pa, t0shear = 500 Pa and η = 1.0.

The numerical simulations have been done using two different meshes of 256× 1 and
512× 4 discontinuous CSIGA(2,2) elements. The obtained load displacement graphs
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Figure 6.13: Geometry of the arched-shape panel with two layers and an initial delamination.
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Figure 6.14: Load-displacement curve for delamination propagation in the arched-shape panel.

are shown if Figure 6.14, which show a good agreement.

Figure 6.15 shows the deformation of the panel. First, both layers start moving in the
loading direction. In this process damage at the interface starts to grow. After a certain
deformation and a certain damage growth, the lower layer moves in the reverse direction
while the top layer keeps moving in the loading direction. At the final stage, the lower
layer has returned to its initial configuration, the interface is fully damaged and the
upper layer remains in the new configuration. In Figure 6.15, the gray colour indicates
the initial configuration, the red colour represents the areas with ω ≈ 1 and the blue
colour show the areas with ω = 0.

6.3 Concluding remarks

The isogeometric continuum shell element has been extended to model propagative de-
lamination. The propagation of delamination is controlled by introducing a cohesive
formulation across the delaminating surface, so that the traction is a function of the dis-
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Figure 6.15: Deformation of the arched-shape panel example. The gray colour indicates the
initial configuration, the red colour represents the areas with ω ≈ 1 and the blue
colour shows the areas with ω = 0.

placement jump between the layers. The governing parameters are the tensile strength
and the fracture energy. First, a double-cantilever beam (DCB) has been analysed.
The results, in terms of load-displacement behaviour and in terms of traction profiles
during delamination propagation are in keeping with those found in the literature. The
same holds for the case where the beam is subjected to a compressive load in the axial
direction of the beam, so that a combined failure mode of buckling and propagative
delamination is obtained. The final example of mixed-mode delamination propagation
in a curved panel confirms the versatility of the approach for arbitrary loadings and
structures.





Chapter seven

Conclusions

The industrial application of composite materials requires a lot of investigations on the
safety and the overall performance of the structures. A general understanding of the
mechanical response of the composites in the presence of damage and failure modes
is vital. In this process, fast and accutare numerical simulations are desired as an
alternative to the time-consuming and expensive experimental tests. Due to the multi-
scale nature of the response of the composite materials, the applied numerical models
should accurately capture all failure modes in combination with structural effects such as
buckling. In addition, the complex system of equations coming from the aforementioned
numerical models, should be solved robustly.

In order to capture both material degradation and structural effects, the mesoscopic
scale has been chosen in this thesis. On the mesoscopic scale solid like shell elements
have been used to model each ply of a laminate. This kind of shell elements provide
an accurate representation of the strains and the stresses in the thickness direction
of the laminate. The structural effects have been captured by considering non-linear
kinematics. In addition, the internal stretch of the element is used to include a quadratic
term in the displacement field (Parisch, 1995). Hence, the normal strain in this direction
varies linearly instead of being constant, thereby strongly mitigating Poisson thickness
locking. Moreover, the availability of only translational degrees-of-freedom of the solid-
like shell elements allows for a straightforward stacking of the interface elements with
the solid-like shell elements.

In Chapter 2, in order to solve the nonlinear system of equations, an energy dissipation
based arc-length method has been used. The solver utilizes energy dissipation as a
constraint. It was shown that the method is capable of tracing snap-back behaviour
in the equilibrium path for quasi-brittle fracture as occurs during delamination of lam-
inated composites without user intervention. The robustness of the method has been
demonstrated by the simulation of delamination in different modes.

Damage in the layers has been modelled by employing a continuum damage model for

115
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the solid-like shell elements. It is known that continuum damage models lead to ill-
posed boundary value problems, which causes severe mesh dependence results. As a
solution, a gradient damage model has been selected as the regularization technique.
In Chapter 2, an approach to incorporate gradient damage models in shell elements
has been proposed. The implementation was done in the solid-like shell element, where
the available three-dimensional stress state is suitable for the modelling of continuum
damage. The presence of nodes at the top and bottom surfaces enables the direct
interpolation of the nonlocal equivalent strain at the shell surfaces, from which the
nonlocal equivalent strain in the interior of the shell is obtained by a linear interpolation.
Examples show the versatility of the approach and convergence upon mesh refinement.

A disadvantage of the standard solid-like shell elements for the modelling of continuum
damage is that the modelling is based on simplifications caused by a low order continuity
of the basis functions of the finite elements. In other words, higher order derivatives
have to be eliminated from the governing equations which leads to a lower accuracy
of the model. Moreover, modelling of cracks in a discrete manner, requires significant
considerations in meshing, re-meshing and also techniques in which crack boundaries
can be incorporated in the mesh.

Another problem of the standard solid-like shell element and any other standard finite
element arises in the modelling of some engineering applications with complex geome-
tries. For instance, composite shell structures can contain holes and cut-outs in their
geometry. A particular example is the fuselage of an aircraft which contains windows.
When modelling these structures, one needs a large number of finite elements for a
more accurate representation of the geometry details, which subsequently increases the
computational costs.

As a solution to these problems, an isogeometric approach has been followed in this
thesis. In isogeometric analysis (IGA) the functions for geometry representation are
applied directly to the analysis. Design-through-analysis, higher order continuity of
the shape functions and exact geometry parametrization make IGA very useful for
the numerical simulation of composite shell structures. The design-through-analysis
procedure which basically eliminates the meshing process of a finite element simulation,
yields a significant reduction of the time needed for preparation of the analysis model.

In Chapter 4, a solid-like shell element has been formulated that is based on the iso-
geometric concept. Spline basis functions (NURBS or T-splines) have been used to
parametrize the mid-surface, while a linear Lagrange shape function has been employed
in the thickness direction. In this manner a complete three-dimensional representa-
tion of the shell is obtained. The shell formulation combines the advantages of the
solid-like shell formulation, such as the full, three-dimensional stress and strain repre-
sentation which allows for the straightforward implementation of constitutive relations
like plasticity or damage, with the advantages of isogeometric analysis, including the
exact description of the geometry, the use of the design-through-analysis concept, and
the accurate prediction of stress fields. The latter property is also beneficial for the
prediction of the onset of plasticity, damage, or interlaminar delaminations due to high
transverse stresses.



117

Another interesting feature of the proposed isogeometric solid-like shell element is that
the kinematic relations of the element have been established on the mid-surface of the
shell. This property will reduce the amount of the efforts of the geometry modelling
since only the geometry of the mid-surface needs to be designed. The exact geometry
of the mid-surface also allows for an exact calculation of the shell director as the cross
product of the in-plane base vectors.

The performance of the isogeometric solid-like shell element has been demonstrated by
means of a number of benchmark tests that involve geometric non-linearity, comparing
the new element with conventional solid-like shell elements and with a standard shell
element that is available in a commercially available code. While the spline-based solid-
like shell element tends to perform slightly better than the conventional solid-like shell
element, the observations regarding its performance vis-à-vis the standard shell element
are inconclusive, with the standard shell element tending to perform better. It should
be emphasized, however, that the comparisons are done, as usual, on a global basis,
i.e. by comparing load-displacement curves. Different conclusions may be reached if
the predictions of the local stress fields are compared, or more generally, if a local
property is taken as benchmark property which benefits from the higher smoothness of
the spline basis functions. Indeed, the analyzed examples suggest that the smoothness
of spline functions can be counterproductive in obtaining a fast convergence upon mesh
refinement for problems that involve highly localized deformations like local buckling,
or wrinkling. This holds a fortiori when NURBS are used, but is ameliorated through
the use of T-splines, since they allow for an effective local mesh refinement.

In Chapter 5, a higher-order interpolation in the thickness direction has been adapted
which makes use of the B-spline basis function. An advantage of the B-spline basis
function is the ability to model weak and strong discontinuities in the displacement
field by knot insertion. This is less straightforward using conventional finite elements.
In this chapter, similar to the work in Chapter 4, the kinematics of the shell have been
established on a surface ,where in this case, instead of the mid-surface, the bottom
surface of the shell is considered as the reference surface. Again the shell director is
calculated exactly on the reference surface.

The proposed isogeometric continuum shell formulation yields a complete isogeometric
representation of the continuum shell. The shell element is implemented in a standard
finite element code using Bézier extraction which facilitates numerical integration on
the reference surface of the shell. Through-the-thickness integration is done using the
connectivity array which determines the support of a B-spline basis function over an
element.

The performance of the isogeometric continuum shell element has been assessed by
means of a number of geometrically linear and non-linear examples. First, the perfor-
mance with respect to shear and membrane locking was examined for a straight and for
a curved clamped strip. The element was found locking-free at least for length to thick-
ness ratios up to 400 provided that cubic splines were used for the in-plane discretization
or quadratic splines with a sufficiently fine discretization. Next, a unidirectional com-
posite panel consisting of six layers with different orientations has been tested under
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a sinusoidal distributed pressure load. It was shown that the global behavior of the
panel, deflection and the in-plane stress distribution, can be well captured by using
just one element of B-spline basis function in the thickness direction. Furthermore, the
intralaminar stress distribution requires the through-the-thickness parametrization to
be C0 continuous at interfaces. This property was achieved by employing knot insertion
in the thickness direction. Doing so, the transverse normal stress as a function of the
thickness of the panel was obtained.

An important feature of the proposed element is its ability to model static delamina-
tion buckling in composite materials. Delamination is modelled as a strong discontinuity
between the layers by means of knot insertion in the through the thickness parametriza-
tion. To model bonding in a partially delaminated area, linear constraints were locally
applied to the upper and lower layers. A panel with an initial strip delamination under
axial compressive load was studied. By employing C0 continuous basis functions at the
delamination fronts it is possible to capture the Dirichlet boundary condition at these
fronts. The analytical buckling load was reproduced accurately. As a final example, the
buckling behavior of a composite panel with initial circular delamination was studied,
where it is noted that the NURBS mesh results in an exact parametrization of the
circular shape of the delaminated area. The panel was subjected to an axial compres-
sive load. By using a NURBS mesh with C0 continuity at the delamination front the
buckling load was computed accurately.

In Chapter 6, the isogeometric continuum shell element has been extended to model
propagative delamination. The propagation of delamination is controlled by introduc-
ing a cohesive formulation across the delaminating surface, so that the traction is a
function of the displacement jump between the layers. The governing parameters are
the tensile strength and the fracture energy. First, a double-cantilever beam (DCB) has
been analysed. The results, in terms of load-displacement behaviour and in terms of
traction profiles during delamination propagation are in keeping with those found in the
literature. The same holds for the case where the beam is subjected to a compressive
load in the axial direction of the beam, so that a combined failure mode of buckling and
propagative delamination is obtained. The final example of mixed-mode delamination
propagation in a curved panel confirms the versatility of the approach for arbitrary
loadings and structures.

As a general conclusion, the success of the isogeometric continuum shell formulation in
the modelling of failure and damage mechanisms in the laminated composites, has been
demonstrated. The fast preparation of the numerical models which include interfaces
and delamination cracks has been shown in this thesis. The stress analysis of the
laminates with and without delamination can be done very accurately. Geometrical
effects such as buckling of the layers and the induced delamination between them has
been captured in an accurate way. The stress analysis of the composite laminates can
be started with only one element of B-splines in the thickness direction which yields a
fast computation of the global response of the laminate. The required refinements for
capturing the local effects can be done in a straightforward manner. The isogeometric
continuum shell formulation also benefits from its adaptivity since the interpolation
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order for the in-plane and out-of-plane discretisations can be changed when needed.

Recommendations

The design-through-analysis feature of the isogeometric analysis provides ready to an-
alyze models. The analysis can be done in the existing finite element codes by using
Bézier extraction operator. However, prior to using the existing finite element codes,
geometry design tools needs to be developed. The output of the design tools therefore
should be converted to a right-format input file for the finite element code. The design
tools should also provide the extraction operator.

The continuum shell element developed in Chapter 5, uses B-spline basis functions for
through-the-thickness discretisation. The current implementations assumes a unique B-
spline for all the in-plane elements. As a result, modelling of initial delamination requires
the introduction of the strong discontinuity in all elements in the mesh. Therefore, the
improvement of the implementations in such a way that only a part of the interface
contains the strong discontinuity is recommended. This issue will reduce the number
of degrees-of-freedom in the simulation of the static delaminations and also the in the
simulation of propagating delamination in laminates with initial delamination. The
further improvement can also be done by inserting knots during the simulation when it
is needed. In this case, knot insertion can be based on some damage initiation criteria.





Appendix A

Kinematic relations of the solid-like shell
element

A.1 Strain components

The strain field is derived from equation (2.25) as:
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(A.1)
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A.2 Virtual strains and derivatives

The virtual strain components are elaborated as:
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(A.2)

with ei = Ei + u0
,i , i = 1, 2.

The derivative of the virtual strains, dδγ, are given by:
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(A.3)

A.3 Transformation matrix

By using the notation of:

ℓklij = tkitl j (A.4)



A.3 Transformation matrix 123

the matrix which relates the virtual strains to the virtual displacement in the local
frame of reference is:
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which is only the column N of the matrix BL.





Appendix B

Kinematic relations of the continuum shell
element

B.1 Derivation of virtual strain terms of the continuum shell

element

Using equation (5.18) the virtual strain δγ11, as an example, is written as:

δγ11 = g1 · δu,1 (B.1)

using equation (5.6) for g1 where

g1 = G1 + u,1 (B.2)

is calculated as a total value at the beginning of each step. G1 is calculated at each
integration point using equation (5.40) and u,1 is obtained using equation (5.24) as:
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Similarly, the virtual strain term is given as:
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