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Summary

The human brain consists of more than hundred billion neurons, interconnected
at cell-cell contact sites called synapses. Most synapses in the brain are formed
at dendritic spines, micron-sized protrusions containing a bulbous head and a
narrow neck. Precise control of the connectivity and strength of these synapses
is critical for normal brain function, including learning and memory. Dendritic
spines exist in distinct shape and sizes, and certain types of stimulation prompt
spines to evolve in fairly predictable fashion, from thin nascent morphologies to
the mushroom-like shapes associated with mature spines.

In the first part of this thesis we invoke the Canham-Helfrich formalism to
model the early formation and maturation of these dendritic spine and present
a general framework that details the precise role of actin in directing the transi-
tions between the various spine shapes. In the early stages of spine formation, the
interplay between the elastic properties of the spine membrane and the protru-
sive forces generated in the actin cytoskeleton propels the incipient spine. Using
realistic estimates for the number of actin filaments involved, we find that the
dimensions of the filopodia in our models agrees well with the observed dimen-
sions of newly formed protrusions in the developing neuron. In the maturation
stage, actin remodeling in the form of the combined dynamics of branched and
bundled actin is required to form mature, mushroom-like spines. Taken together,
our model provides unique insights into the fundamental role of actin remodeling
and polymerization forces during spine formation and maturation.

In the second part of this thesis we focus on the various physical mechanisms
that regulate the strength of a synapse, which is controlled by the concentration
of membrane bound glutamate receptors at the synapse. The concentration of
these receptors is balanced by active deposition in the head region, anchoring
to scaffold proteins and lateral diffusion through the neck. Our theoretical study
seeks to quantify the physical processes that are at heart of this synaptic strength
regulation. We find that at the one hand, geometrical confinement and crowding,
on the diffusion side, help sustain gradients in concentrations of receptors for very
long times. At the other hand, an increased geometrical confinement requires
an increased number of molecular motors to transport the receptor containing
vesicles through the neck. Taken together, modeling these various mechanisms



of regulation indicate that mushroom-like shaped spines with local exocytotic
sites adjacent to the PSD are privileged over others, because they can rapidly and
efficiently regulate their synaptic receptor levels.

In the third part of this thesis we redirect our attention to the problem of con-
straint growth, now in context of filamentous growth. In particular we analytically
and numerically study the pattern formation occurring during the growth of a fil-
ament, adhered to a solid or flexible substrate. We report that for filaments with
finite shear modulus, homogeneous growth induces strain localization along the
filament. This observation is of potential interest in the context of programmable
surfaces and stress regulated growth in biological tissues.

In the last part of this thesis we present Langevin dynamics simulations to
study the collective behavior of driven particles embedded in a densely packed
background consisting of passive particles. We report that, after an initial aggre-
gation stage of the driven particles very generically a wall-to-wall pluglike cluster
is formed, phase separating from the passive particles. Our central finding is that,
determined by the driving force, density, composition and temperature the driven
particles very generically form a wall-to-wall pluglike cluster, phase separating
from the passive particles.
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I N T R O D U C T I O N





Chapter 1

Introduction

The mammalian brain is a complex structure that has an impressive hierarchi-
cal organization. The average adult human brain has a volume of roughly 1200

cm3, a surface area of 2000 cm2, containing 86 billion nerve cells. Each cortical
nerve cell is connected to approximately 7000 other cells resulting in roughly 0.15

quadrillion connections and more than 150000 km of nerve fibers [115]. Its ability
to process and store information is encoded in various orders of magnitude of
temporal and spatial scales.

On the largest length scale, we observe a convoluted pattern, arisen from gyri-
fication (see Fig. 1(a)). This process of cortical folding maximizes the number
of neurons and minimizes the distance between them. Gyrification can to large
extent be explained with a physical model of differential growth, exemplifying
that pattern selection and evolution of shape are not necessarily purely biological
phenomena [140, 177]. Once developed, the morphology of these gyri remains
approximately constant during the lifespan of the organism. The ability of the
brain to process and store information, mostly referred to as neural plasticity, oc-
curs at much smaller length scales, at the level of single nerve cells, the neurons
(see Fig.1(b)).

The search for the cellular mechanisms underlying learning and memory orig-
inated in the late 19th century with the work of Ramón y Cajal, demonstrating
that the connection site of two neighboring neurons was discontinuous, separated
by a narrow junction. He speculated that the creation, modulation and removal of
the existing connections underlies information storage in the brain [200]. Half a
century later, Hebb postulated that when a neuron drives the activity of another
neuron, the connection between these neurons, the synapse, is modified [59]. This
ability has been called synaptic plasticity. Since then, synaptic plasticity is consid-
ered to be the cellular correlate of learning [10]. In the years to follow, increasing
evidence shows that dendritic spines, micron sized protrusions on the dendritic
membrane, form the main substrate of plasticity at the synapse (see Fig. 1(c)).
In response to bursts of synaptic activation, spines grow and shrink in a typical
fashion (see Fig. 1(d)) [103, 35, 181]. From this it has been inferred that there ex-
ists an intrinsic relation between the morphology of a spine and its function. The
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Figure 1: Hierachical organization of the brain. (a) Cortical folds of the brain; (b) Confocal
image of non-pyramidal neurons in the superficial layers of the visual cortex (Adapted
from [92]); (c) Multiple synapses of the same axon innervate multiple spines of the same
postsynaptic cell (Adapted from [77]). (d) Outline of the model for spine formation and
maturation: initiation, elongation and maturation. From left to right: stubby spines; den-
dritic filopodia or thin spines; mature, mushroom shaped spines.
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physical mechanisms underlying this growth and maturation form the main topic
of Part I of this thesis while Part II of this thesis covers synaptic regulation.

1.1 aim of the thesis

Growth and physical regulation are key processes in biology. The development
of all biological organisms rely on a number of genetic, biochemical and me-
chanical factors, altering their growth and regulation. In this thesis we consider a
particular example where growth and physical regulations feature to determine
biological functionality: The regulation and growth of the synapse. Precise control of
the connectivity and strength of these synapses is critical for normal brain func-
tion, including learning and memory. Dysfunctions in growth and regulation of
synapses are associated with a host of neurological disorders such as schizofrenia
[42], Alzheimer’s disease [150] and autism [46]. The strength of a synapse is reg-
ulated by a controlled concentration of glutamate receptors, which are effectively
confined to the membrane of the dendritic spine. Dendritic spines exist in distinct
shape and sizes, and certain types of stimulation prompt spines to evolve in fairly
predictable fashion, from thin nascent morphologies to the mushroom-like shapes
associated with mature spines (see Fig. 1(d)).

Now that we have introduced the main actors involved in synaptic plasticity we
present the two central questions of this thesis:

1. What physical mechanisms regulate the morphogenesis of dendritic spines?

2. How does the shape of the dendritic spine regulate the strength of a synapse?

Part I of this thesis focuses on the morphogenesis of dendritic spines and in
Part II we cover the physical mechanisms that regulate the strength of synapses.
Along the way of answering these central questions, two more general soft matter
questions have been initiated and formed the base for Part III: Crowding induced
clustering and Part IV: Growth and pattern formation in adhered filaments.

1.2 on growth and form of the brain

The activity related creation, modulation and removal of synaptic connections in
the brain is considered to underlie the process of learning and memory forma-
tion. The most notable examples of this synaptic plasticity are Long-Term Poten-
tiation (LTP) and Long-Term Depression (LTD). During LTP/LTD a short period
of synaptic activity (high frequency for LTP and low frequency for LTD) triggers
a persistent change in synaptic transmission that can last for several hours and of-
ten longer. The most notable changes during LTP and LTD occur at the dendritic
spine (see Fig. 1(d)). During this remodeling of the synapse, the architecture of
these dendritic spines and the structure of their underlying skeleton is constantly
modulated. In contrast to the dendritic shaft, whose cytoplasm is dominated by
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microtubules, the cytoskeleton of the spine consists of filaments which form longi-
tudinal bundles in the neck and a branched meshwork at its periphery [89, 109].
These microfilaments are composed of actin, which is present throughout the
spine cytoplasm. Actin cytoskeleton plays a pivotal role in numerous cellular
processes that involve the reorganization of membrane, i.e., cell motility and mor-
phogenesis [132]. Numerous studies have indicated the role of actin cytoskeleton
in the formation, elimination and stabilization of dendritic spines [51] as well as
in the alteration of synaptic strength [109, 24]. Rapid polymerization and depoly-
merization of actin filaments produces protrusive forces that can quickly alter the
morphology of the spine [24]. Dependent on the intensity and frequency of the
pre-synaptic activation, bidirectional alterations of the spine morphology occur
[35, 198].

A mature mushroom-shaped spine is generally composed of a spine head and
a thin spine neck, connecting the synapse to the dendritic shaft (see Fig. 1(d)).
Typical dimensions are 0.2-1.5 µm for the head diameter, 0.1-0.3 µm for the neck
width and 0.5-2.0 µm for the length. Electron-microscopy studies have revealed a
rich diversity of shapes that can roughly be divided into three shape categories:
thin, filopodialike protrusions (thin spines); short spines without a well-defined
spine neck (stubby spines); and spines with a large bulbous head (mushroom
spines) [52]. In a sense, filopodia are the precursors to dendritic spines, and their
flexibility allows the establishment of synaptic contacts. Once the contact between
a dendritic filopodium and a neighboring axon has been established, the spine-
head begins to swell, taking on a more mushroom-like morphology. Over time,
such recognizable mushroom spines become the prevalent structure on the den-
dritic shaft, and few filopodia remain.

During this spine enlargement, rapid actin polymerization provides the me-
chanical force required for pushing out the spine membrane [14]. Although the
importance of actin remodeling as well as the synaptic signaling mechanisms in-
volved in structural synaptic plasticity is well established, a general framework
to correlate the state of the actin cytoskeleton to spine shape is lacking. Most im-
portantly, it is not clear whether the actin is capable of autonomously driving the
shape change, or whether the actin simply follows morphological transitions oth-
erwise imposed. In Part I of this thesis we will address this question. Our model
for spine dynamics uses the Canham-Helfrich formalism, an approach which has
proven its strength in describing, both qualitatively and quantitatively, the de-
formation of biological membranes in numerous biological systems such as red-
blood cells [18], membrane tethers [29] and binary or ternary lipid mixtures in
giant-unilamellar vesicles [202].

1.3 physical regulation of the synaptic transmission

One of the primary functions of dendritic spines is that they compartmentalize
functionality [1]. Before we elaborate on this further, we will first outline the func-
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tioning of a synapse. To establish signal transmission between adjacent neurons,
neurotransmitters are released at the pre-synaptic terminal (axon). These neuro-
transmitters, most commonly glutamate, diffuse into the synaptic cleft and bind
to transmembrane receptor proteins at the postsynaptic neuron (dendritic spine).
This triggers the depolarization of the post-synapse. This post-synaptic site, typi-
cally located on a dendritic spine plays an important role in the functioning of a
synapse.

In principle, there may be several advantages of having substructures like den-
dritic spines along the dendrite. First of all, spines might bridge the gap between
the distant axon and dendrite facilitating the formation of a synapse. Spines also
play a role in the compartmentalization of synaptic signals, facilitating spine-
specific plasticity and hence regulate the strength of individual synaptic connec-
tions [201, 108]. Here, we distinguish between compartmentalization of spines
in the context of spine-specific plasticity on three levels, (1) signaling cascades
elicited by synaptic stimulation can be confined to single spines, making them
ideal signaling compartments, (2) spines may serve as an electrical compartment,
playing a role in the process of synaptic depolarization and (3) spines also play a
role in the compartmentalization of neurotransmitter receptors [122, 121, 1]. The
latter of these mechanisms will be the focus of Part II of this thesis.

The controlled addition and removal of neurotransmitter receptors from the
synapse, typically (α-amino-3-hydroxy-5-methyl-4- isoxazolepropionic acid)-type
glutamate receptors (AMPARs), is widely believed to underlie the changes in
synaptic strength during learning and memory formation [104]. Reports based
on static electron microscopy suggest an elevated concentration of glutamate re-
ceptors at the Post Synaptic Density (PSD), an electron dense region at the post
synapse. The local enrichment of receptors at the PSD is thought to result from
a combination of (1) receptors anchoring to the PSD and (2) exocytosis events of
endosomal compartments at the synapse (see Fig. 2). Live-cell imaging techniques
and single molecule tracking have identified that lateral diffusion of receptors and
activity triggered exocytosis of receptors from internal endosomal compartments
are the prime regulation mechanisms for synaptic strength. In Part II we study the
role of dendritic spine morphology on the regulation of these glutamate receptors.
In particular we focus on the role of morphology on (1) the lateral diffusion of
receptors and (2) the endosomal transport through the dendritic spine neck.

1.3.1 Lateral diffusion of glutamate receptors in dendritic spines

For long time, the elevation of receptor numbers at postsynaptic sites was consid-
ered static and solely attributed to transient interactions with scaffolding proteins.
Recent advances in imaging of lateral receptor movements along the plasma mem-
brane have demonstrated that receptors switch at unexpectedly high rates be-
tween extrasynaptic and synaptic localization by lateral diffusion [22, 119]. Since
then, various mechanisms are proposed to regulate the lateral mobility of recep-
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Figure 2: Illustration depicting the main processes involved in targeting receptors to the
synapse; surface diffusion, anchoring at the PSD and endosomal transport.

tors at the synapse: (I) anchoring at the post-synaptic density (PSD) via specific
interactions with scaffolding molecules, effectively immobilizing the receptors,
(II) molecular crowding and (III) the shape of the dendritic spine.

In the past, theoretical models have confirmed that the spine neck regulates dif-
fusional coupling between spines and dendrites [67, 66]. Given that spine geom-
etry influences intracellular dynamics, it is also possible that spine morphology
directly affects the lateral diffusion of AMPAR to and from the synapse. However,
a quantitative model integrating the three dimensional morphological variability
of dendritic spines into mechanisms that control AMPAR trafficking at synapses is
lacking. In Chapter 3 we combine analytic calculations of the Mean First Passage
Time (MFPT) with numerical simulations to build a quantitative model integrat-
ing the morphological variability of realistic spine geometries into mechanisms
that control AMPAR trafficking at postsynaptic sites. Our simulations allow the
direct observation of how two trapping mechanisms - the PSD and spine shape -
work together to control the number and spatial distribution of AMPARs for the
regulation of synaptic strength.

Another aspect that has been disregarded in most other studies is the effect of
the PSD structure and the high surface coverage of proteins at the synapse, ren-
dering the lateral diffusion anomalous. At the level of a single PSD, theoretical
as well as experimental evidence was found for anomalous diffusion of AMPAR
[34, 60, 143, 101]. In Chapter 4 we model how molecular crowding affects the
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diffusion of proteins confined to a curved surface. This interplay remains un-
explored and has potential applications in numerous other fields since highly
curved [158, 36, 86] and crowded motifs (see, e.g., [64] and references therein)
are abundant in many other biological and microfluidic systems. In these systems
crowding and shape significantly contribute to the effective diffusivity of particles
which, in the case of membrane-associated proteins, are completely confined to a
curved, 2D substrate.

1.3.2 Endosomal transport in dendritic spines

A second mechanism to control the concentration of glutamate receptors at the
synapse is the active deposition of receptor rich intra-cellular endosomes at the
synapse. These recycling endosomes are highly dynamic in dendrites and their
widespread pool serve multiple dendritic spines [25], provide membrane and
molecular material to specific spine microdomains. During LTP it was found that
the number of AMPA receptors at the plasma membrane increases due to an
enhanced transport from recycling endosomes [128, 191].

In Chapter 5 we study the regulatory use of recycling endosomes in dendritic
spines through three-dimensional simulations and analytic modeling: large lipid
bilayer vesicles are actively directed by myosin motors [30] into, and out of, a
long thin neck that connects the functional domain of a dendritic spine to the
dendritic shaft. These vesicles are thought to serve dual purposes: they actively
transport AMPA receptors to the functional domain, but, when stuck inside the
neck, they may also serve as a physical barrier that helps retain proteins inside the
spine’s head compartment - not unlike the manner in which a cork serves to keep
wine inside the bottle. In particular, the dynamics of the translocation process
still poses some open questions: How fast is the container transported through
the constriction? When does it cease to translocate, and are typical molecular
force levels sufficient to effect translocation in physiological settings? We focus
in particular on those physical variables that cells have some control over: motor
activity and constriction geometry.

While studying the translocation of vesicles through narrow constrictions is of
interest for the intracellular protein trafficking of mem-brane-enclosed vesicles,
membrane enclosed vesicles, because of their intrinsic biocompatibility and flexi-
bility, are becoming an increasingly common motif in drug delivery, for instance
in transdermal applications, as well to microfluidic production and processing
[98, 97].

1.4 growth and pattern formation in adhered filaments

In Part III of this thesis we turn our attention to another problem of constrained
growth. Growth is a key process in the regulation and development of all bio-
logical tissue and apart from numerous genetic, biochemical, environmental cues
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Figure 3: Hypothesis for the role of adhesion in generating topography of the neuro-
muscular junction: (Left) When nerve first contacts the muscle, sites of adhesion are es-
tablished between the nerve terminal plasmalemma and the membrane of the myofiber.
(middle) During the growth of the muscle fiber, new membrane (green) is inserted in the
membrane. This insertion causes buckling of the postsynaptic site. (right) As a result of
this postsynaptic growth, tension is exerted on the sites of adhesion, causing the mus-
cle fiber to curl around the less elastic nerve terminal and eventually adhesive sites are
ruptured (Adapted from [107]).

it depends on the mechanical state of the system. In particular, growth can be
affected by mechanical stresses which modify the shape and growth of the tissue,
giving rise to a wealth of patterns. To name but a few examples in nature; growth
of leaves and flowers [164], the wrinkling of the skin [20], the formation of the
gut [159], the winding of cellulose microfibrils along the cell [96] and the forma-
tion of the neuromuscular junction [142, 107]. The latter of these examples has
initiated this research (see Fig. 3). All these examples arise from an interplay be-
tween growth and mechanical constraints. These systems all have in common that
they essentially are composed of a growing filament or sheet which is constrained
by their surrounding medium, giving rise to the wrinkling. Here, we consider a
generic model system for this type of constrained growth, i.e., a filament which is
adhered to a substrate, either fixed of flexible.

A commonly method to study the deformation of a beam or filament on an
elastic substrate is the so called Winkler’s foundation. In this model, the filament
is connected to a substrate via a set of mutually independent vertical springs [196].
An important assumption in this model is that the displacement of the springs,
subsequent to growth of the beam or filament, only occurs in the vertical direction,
i.e., the substrate is not allowed to shear. In many practical systems however, shear
is an important mode of deformation [19]. To overcome this problem, we present
a discrete rod model to model the growth of a flexible filament which is adhered
to a second filament, either solid or flexible, by a discrete number of Hookean
springs. This model includes: (i) the bending of two consecutive segments in the
flexible filament, (ii) the stretching involved in the extension or contraction of the
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springs that connect the filament to the substrate, (iii) extension or contraction of
the filament and (iv) shear of the filament with respect to the substrate.

We observe that, upon growth, localized buckling occurs. These localized struc-
tures have previously been observed in numerical FEM simulations as well as in
experiments with multilayered elastic substrates [73, 19, 175]. Once we established
the role of shear in adherent buckling in two dimensions we extend our model to
allow the filament to buckle in three dimensions where, depending on the elastic
moduli, we observe a wealth of different patters. Finally, since in many biological
settings, growth is generally not homogeneous but rather depends on the local
stress in the tissue/filament, i.e., growth either be suppressed or promoted by
stress we present an outlook featuring a model for stress regulated growth.

1.5 crowding induced clustering

The last Part of this thesis focuses on the role of confinement and crowding on the
collective motion of driven particles. The collective motion in mixtures of driven
and non-driven, or of differentially driven, particles has been the focus of numer-
ous studies. Examples arise in flows through random media [192, 193], in lattice
gas simulations of oppositely charged particles under uniform external driving
[147, 187] and in mixtures of driven and non-driven colloids [136]. Mixtures of
oppositely charged colloids driven by an external field [47, 171, 138] resemble sit-
uations encountered in pedestrian flows [61, 37] that obey similar basic laws, and
show similar behaviors. Yet another way to realize differential driving is to have
mixtures that differently sediment under the influence of gravity [5, 194, 2]. In
each of these cases, heterogeneous driving - i.e., different forces on different sub-
sets of member particles - gives rise to nontrivial collective behavior, and prompts
some degree of spatial nonunifomity, either in the distribution of velocities or
in the distribution of the particles themselves. The behavior becomes even richer
when such systems are considered at high volume fractions. A common phe-
nomenon in such systems is the occurrence of aggregation of the driven particles.
In the case of oppositely driven subsets, this generically manifests itself as a lan-
ing transition, where the driven particles organize spontaneously into filamentous
aggregates, aligned along the direction of the driving. In mixtures of driven and
non-driven particles, one tends to find small clusters of driven particles in the
bulk, a phenomenon that has been interpreted in terms of an effective attraction
mediated by the surrounding, nondriven particles [136].

In Chapter 7 we ask the question what happens after this initial aggregation
stage in confined systems. In many of the larger, bulk systems small clusters do
not interact, and even when they do they do not encounter each other to any sig-
nificant extent. When we confine our systems, we find that doing so prompts an
unexpected nonlinear, late stage regime in the spatial organization of driven/non-
driven mixtures: Our central finding is that, determined by the driving force,
density, composition and temperature the driven particles very generically form
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a wall-to-wall pluglike cluster, phase separating from the passive particles. This
late-stage behavior is very different from laning, as it involves organization per-
pendicular to the direction of driving rather than parallel to it. It is similarly
distinct from bulk behavior, as all driven particles in a confined system will -
under the right conditions - come together and cluster. The appearance of this
system-spanning aggregate has profound consequences for the further evolution
of these systems: we show that it will completely dominate the global transport
properties of the driven/nondriven mixture.

One specific application that we foresee is to use the clustering mechanism to
separate colloidal particles by mass: a random mixture of light and heavy parti-
cles is poured into the top of a sedimentation column filled with density-matched
colloids. Since both the light and the heavy particles are driven differently from
the background, both phase separate into tight clusters. The cluster itself, how-
ever, is also inhomogeneous in the sense that very quickly, the light particles are
at the back and the heavy ones in front. This way, gravity can dynamically phase
separate the various populations of particles by mass: colloidal chromatography.
Whether or not clustering will occur in this case will similarly depend on density,
mass and composition.

1.6 outline of the thesis

part i : morphogenisis of the dendritic spines

Chapter II: Growth of dendritic spines

In the first part of this Chapter we elaborate on the initiation of dendritic spines,
which is the formation of filopodia. In particular we present a general framework
that details the precise role of actin in directing the formation of filopodia and
find that the interplay between the elastic properties of the spine membrane and
the protrusive forces generated in the actin cytoskeleton determines the shape of
the filopodia. In the second part of this Chapter we extend our model for spine
initiation to study the formation and stability of mature dendritic spines. In par-
ticular we study the formation of the dendritic spine neck and head by taking
into account the interplay of the spine membrane with the actin cytoskeleton, al-
lowing us to compute the forces and energies required for spine head formation.
Our model also highlights the important role of additional physical processes in
stabilizing the morphological features of mature spines. We discuss several can-
didate factors that may effect these processes, and conclude that these molecules
are sufficiently rigid to be able to constrict the spine-neck to the extent reported
in experiments.
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part ii : regulation of dendritic spines

Chapter III: Diffusion as barrier for lateral diffusion

In the first part of this Chapter we study the role of surface morphology on the lat-
eral diffusion of particles, constrained to a curved surface. We present analytical
and numerical analyses of in-plane diffusion of discrete particles on curved ge-
ometries reflecting various generic motifs in biology and explore, in particular, the
effect that the shape of the substrate has on the characteristic time scales of diffu-
sive processes. To this end, we consider both collective measures (the relaxation of
concentration profiles towards equilibrium) and single-particle measures (escape
rates and first passage times of individual diffusing molecules). In the second part
of this Chapter we present numerical and analytical analyses demonstrating that
the morphology of dendritic spines strongly affects AMPAR diffusion.

Chapter IV: Crowding as barrier for lateral diffusion

In this Chapter we study the interplay between shape and crowding and elaborate
on how these two features together render diffusive motion anisotropic on curved
surfaces. To study this, we discusses a novel method to study crowded diffusion
on curved surfaces and its implementation in the Molecular Dynamics Package
LAMMPS. In the second part of this chapter we consider crowded diffusion on
the surface of a cylinder and discover an unexpected anisotropic diffusive motion
on cylindrical surfaces caused by the intrinsic confinement which naturally arises
from the cylindrical shape of the substrate. In the third part of this chapter we
consider how diffusive motion is altered on various curved surfaces and try to
come up with a generalized picture of how crowding and shape direct lateral
diffusion.

Chapter V: Shape as barrier for endosomal transport

In this Chapter we focus on the role of the spine morphology on endosomal
transport.We invoke an analytic model as well as 3D Lattice Boltzmann simulation
to study the forces and speed involved in the translocation of vesicles through
narrow constriction. Finally, we present preliminary results that involve a more
realistic forcing mechanisms for vesicles, where not the fluid is driven but rather
a constant body force is exerted on the vesicles itself. This method allows us to
study the transportation of vesicles through a closed constrictions and highlight
the role of the lubrication layer on the translocation of vesicles.
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part iii : pattern formation in an adherent filament

Chapter VI: Growth of an adherent filament

In the first part of this Chapter we revisit a classical problem in elasticity, which is
the growth of an adherent filament in two dimensions . In particular, we extend
the classical Winkler approach to account for shear of the filament and discover
the occurrence of localization of buckling subsequent to the growth of the fil-
ament. We find that, while the shear modulus does not affect the wavelength,
it does affect the size of the localized structure. The wavelength is, similarly to
Winkler’s theory, set by the ratio of the bending modulus and stiffness of the sub-
strate. In this final part of this Chapter we will discuss the pattern formation in
the growth of the adherent filament in three dimensions. Allowing the filament
to buckle in the third dimension allows for a much richer pallet of morphologies.

part iv : crowding induced clustering

Chapter VII: Clustering of driven particles under confinement

In the first part of this Chapter we consider the collective motion in mixtures of
driven and non-driven particles and report that, after an initial aggregation stage
of the driven particles very generically a wall-to-wall pluglike cluster is formed,
phase separating from the passive particles. Our central finding is that, deter-
mined by the driving force, density, composition and temperature the driven par-
ticles very generically form a wall-to-wall pluglike cluster, phase separating from
the passive particles. At the end of this Chapter we propose an application of this
principle, where gravity can dynamically phase separate the various populations
of particles by mass: colloidal chromatography.
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Chapter 2

Growth of dendritic spines

1 A single neuron can contain hundreds to thousands of dendritic spines, actin-
rich, micron-sized protrusions which project from dendritic shafts [69]. Mature
spines consist of two basic compartments: a constricted region called the neck, sup-
porting a bulbous head containing the postsynaptic site that makes contact with
the axon of a nearby neuron. Spines come in a wide range of sizes and shapes,
their lengths varying between 0.2− 2µm and their volumes between 0.001− 1µm3.
Electron microscopy (EM) studies have identified several morphological cate-
gories of spines, such as thin, filopodium-like protrusions (‘thin spines’), and
spines with a large bulbous head (‘mushroom spines’) [55, 56, 54, 69, 81]. Dif-
ferent live cell-imaging techniques have demonstrated that dendritic spines are
highly dynamic structures, subject to constant morphological change even after
birth.

During neuronal development, dendrites initially appear as thin and hairlike
filopodia (Fig. 4). They are defined as having a length that is at least twice the
width, and they do not display the bulbous head found on dendritic spines
[81, 199, 76]. Filopodia are devoid of organelles and vesicles, and are composed
primarily of actin filaments. These actin filaments are bundled and primarily
aligned to the nascent spine. Once the contact between a dendritic filopodium and
a neighboring axon has been established, the spine-head begins to swell, taking
on a more mushroom-like morphology. Over time, such recognizable mushroom
spines become the prevalent structure on the dendritic shaft, and few filopodia
remain.

The progressive shape change is neither random nor deterministic. Rather, it is
thought to be correlated with the strength and maturity of each synapse [199, 76].
At the level of an individual spine, strengthening of a synapse is accompanied by
modifications in the size of the spine. The prime mechanisms that drives struc-
tural plasticity is the modulation of actin dynamics in dendritic spines. Although
the importance of actin remodeling as well as the synaptic signaling mechanisms

1 The content of this Chapter is available on Arxiv as C.A. Miermans, R.P.T. Kusters, C.C. Hoogen-
raad and C. Storm, Actin Remodeling and Polymerization Forces Control Dendritic Spine Mor-
phology, ArXiv 2015
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involved in structural synaptic plasticity are well established [81, 69, 123], a gen-
eral framework to correlate the state of the actin cytoskeleton to spine shape
is lacking. Most importantly, it is not clear whether the actin is capable of au-
tonomously driving the shape change, or whether the actin simply follows mor-
phological transitions otherwise imposed.

The model for spine dynamics we present in this Chapter uses the Canham-
Helfrich formalism. We analyze the interplay of the plasma membrane with the
underlying actin cytoskeleton to quantify the forces that are required to prompt
the initial formation of the spine, and its subsequent head formation. We find
that the forces generated by actin polymerization are sufficient for it to drive
filopodium formation, and that the resulting dimensioning (quantified, for in-
stance, by the ratio (protrusion width)/length) closely resembles those reported
in experiments. A related theoretical model taking into account the interplay of
the spine membrane with the actin cytoskeleton allows us, in addition, to compute
the forces and energies required for spine head formation. It shows that the si-
multaneous presence of both branched actin filaments and bundled/aligned actin
is required, and sufficient, to produce the typical mushroom-like spine morphol-
ogy. Finally, our model also highlights the important role of additional physical
processes in stabilizing the morphological features of mature spines.

We discuss several candidate factors that may effect these processes, and con-
clude that these molecules are sufficiently rigid to be able to constrict the spine-
neck to the extent reported in experiments. Our models do point to a fundamental
role for actin remodeling in the process of spine formation and maturation. This
finding supports earlier claims in the literature, and our model suggests novel
experiments to further pin down the basic principles that control the structural
plasticity of the brain.

2.1 methods

2.1.1 Membrane model

To study the equilibrium shapes of membranes, we will need to come up with
the general shape equation for a uniform membrane. A common way to write
down the energy functional that corresponds to the shape of minimal bending
energy is through the Canham-Helfrich free energy. This functional and their
corresponding boundary condition describes the total free energy of a membrane
due to the curvature of the membrane. Since the principle curvature must be
coordinate invariant, it is typically expressed in terms of the mean curvature H
and Gaussian curvature K, which are the average and product of the principal
curvatures c1 and c2,

H =
1
2
(c1 + c2)

K = c1c2

(1)
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Figure 4: Outline of the model for spine formation and maturation. (a): Cartoon of spine
initiation, elongation and maturation. From left to right: stubby spines ; dendritic filopo-
dia or thin spines; mature, mushroom-like spines. In our mathematical model, we solve
the shape equation based on the energy functional (Eq. 5). In this study we show that, at
least for the purposes of the force calculations, the results of the shape equation can be
reproduced using the geometries that are also displayed in this figure. (b): Definition of
axisymmetric coordinate system that we use in our model.

The resultant Canham-Helfrich energy is given by,

F =
∫ (κb

2
(2H − C0)

2 + κ̄bK
)

dA, (2)

where κb is the bending modulus, κ̄b the Gaussian modulus and C0 the sponta-
neous curvature. A non-zero spontaneous curvature reflects typically an asym-
metry between the two leaflets of the membrane. We will however only consider
membranes with vanishing C0 = 0. In case of a closed membrane without holes,
the Gauss-Bonnet theorem states that the last term of the integral in Eq. 2, over
the Gaussian curvature, also vanishes.
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Table 1: Various ‘ball-park’ figures of dendritic spines.

Code Quantity Typical Scale Source

N Number of actin filaments in the
spine-head

O(70) [81]

Rbase Radius of the base of the spine (viz.
where the spine is connected to the
dendritic membrane). This quantity was
estimated on the basis of microscopy
images published by [180].

∼ 300 nm [180]

Rneck Radius of a typical spine-neck 75± 30 nm [56]
Rhead Radius of a typical spine-head 220± 154 nm [56]
Lneck Length of a typical spine-neck 0.2− 2 µm [180]
Lfilop. Length of a typical filopodium 0.9− 10 µm [38]

(mean ≈ 5 µm [205])
[38,
205]

` Length that actin filament extends upon
one polymerization step

2.2 nm [112]

Aneck Surface-area of a typical spine-neck 0.24± 0.17 µm2 [56]
Ahead Surface-area of a typical spine-head 0.61± 0.57 µm2 [56]
Afilop. Surface-area of a typical filopodium

[38, 205]
0.85− 16 µm2 (mean

≈ 6.3 µm2)
[38,
205]

fneck Expansive force that a spine-neck of
typical size exerts (using the
approximate formula
fneck ≈ 4πκbRhead/R2

neck, see text)

9− 290 pN

fhead Contractile force that a spine-head of
typical size exerts (using the
approximate formula
fhead ≈ 17.23κbRneck/Ahead, see text)

0.0007− 0.05 pN

factin Average actin polymerization force 3.8 pN [112]
κb Bending rigidity of lipid bilayer

membrane
5× 10−19 J [151]

2.1.2 Model for dendritic spine growth

Reflecting the approximate rotational symmetry of dendritic spines, we use an
axisymmetric coordinate system consisting of an angle ψ with the horizontal, an
arc-length parameter s, radial coordinate r and vertical coordinate z. The coor-
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dinate system is schematically displayed in Fig. 4(b). The arc-length parameter
s = 0...S is used as the independent variable and r(s) and ψ(s) as the coordinates,

r′(s) = cos ψ(s)
z′(s) = sin ψ(s),

(3)

where the derivatives are taken with respect to the arc-length parameter s. The
mean curvature in these coordinates is given by,

H =
1
2

(
ψ′(s) +

sin ψ(s)
r(s)

)
. (4)

Using these relations will enable us to derive the shape equations for rotational
symmetric dendritic spine shapes in the next Section.

In addition to the energy functional Eq. 2 we include the surface tension σ and
point-force f in the functional as Lagrange multipliers to enforce specific values of
the surface-area A0 and the height of the shape L0 [167]. We use the surface-area,
the amount of membrane available to the spine, as a quantity that encodes growth
[128, 191]. The height of the shape reflects the cytoskeletal architecture of the
spine. Although there is no obvious way of interpreting the Lagrange multiplier σ,
the point-force f is simply the mechanical force that is exerted by the cytoskeleton
on the spine membrane.

The corresponding Canham-Helfrich energy functional is then given by [29,
151],

F = 1
2κb

∫
(2H)2dA + σ(A−A0)− f (L−L0), (5)

where κb ≈ 500 pN · nm is the bending rigidity of the membrane [151], H is the
mean curvature (Eq. 4) [75], A =

∫
da is the surface area, σ is a surface tension

which we use as a Lagrange multiplier to enforce the surface area, f is a point-
force acting on the membrane and L = z(S)− z(0) is the height of the membrane.

One of the main goals of this Chapter is to investigate whether these forces are
attainable through actin polymerization. We will show that this is indeed the case.
Our choice to work at fixed total surface-area, rather than fixed surface tension, is
inspired by two considerations: (i) Dendrites are finite in size, and the membrane
that envelopes the dendritic shaft can only be as small as the underlying cy-
toskeleton of microtubules [81, 69] therefore, we cannot regard the surroundings
of the spine as a reservoir of freely accessible membrane. Instead, excess mem-
brane needs to be transported, often by means of exocytic trafficking, in order to
be available to the spine [128, 191]. (ii) On the dendritic shaft, generally, many
spines exist side-by-side. In open boundary settings, such as those employed in
[29], area is exchanged with a virtual bath outside the integration domain. In the
dendritic shaft, however, no such bath exists as the next spine is likely also grow-
ing. Thus, a competition for membrane exists between proximate spines. For this
reason, we choose to work with closed boundaries, prohibiting area to leak out of
the domain of interest.
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We choose to work in a setting in which the amount of membrane available to
the spine is conserved, i.e. membrane does not leak away from the shape. We point
out that there is biological evidence that cells strive to maintain their surface-
tension [45, 134, 29]. Although this empirical fact might seem incompatible with
our simulations, the ensembles of constant surface-area and constant surface-
tension are,for the purpose of modeling mushroom-like spines,approximately
equivalent. The underlying reason for this similarity is simple: the energy cor-
responding to the surface-tension of a typical spine-head is approximately equal
to the bending energy of a typical spine-neck. Hence, for mushroom-like shapes,
the two ensembles can be converted to one another by swapping an energy term
of the same order of magnitude. We have verified this prediction by compar-
ing various quantitative predictions between the two ensembles (the filopodium
width, number of filaments required to support a filopodium, neck width of a
mature spine and head width differ 5− 40% between the two ensembles). Indeed,
the predictions that we make here are valid in both ensembles.

To obtain an extrema in the energy functional Eq. 5 we invoke the Euler-
Lagrange formalism. Using this formalism Eq. (5) will yield a system of differen-
tial equations. Taking the first variation of the Canham-Helfrich energy functional,
and insisting that the first variation δE is zero under all possible infinitesimal
perturbations results in a differential equation that describes stationary shapes
{r(s), ψ(s)}. The stationary shapes include shapes corresponding to an energetic
minimum, an energetic maximum or a saddle point in the energy functional. A
seminal paper by [203] describes the higher-order variations, from which we can
infer the class of stationary point. The condition that the variation should vanish
for an equilibrium shape results in the following shape equation [75, 29],

ψ(3) = −1
2

(ψ′)3 − 2 cos ψ

r
ψ′′ +

3 sin ψ

2r
(ψ′)2 +

σ̄

r
sin ψ

+
3(cos ψ)2 − 1

2r2 ψ′ + σ̄ψ′ − (cos ψ)2 + 1
2r3 sin ψ,

(6)

where we have dropped the s–dependencies and σ̄ ≡ σ/κb. Most publications
that we have consulted make reference to second-order shape equations [75], but–
in accordance with [29]–we find the third-order shape equation 6 to be numeri-
cally substantially more stable. The second-order shape equations, e.g. found by
taking the first integral of Eq. 6, is used to find boundary conditions for ψ′′. This
equation is [29]

ψ′′ cos ψ =− 1
2

(ψ′)2 sin ψ− (cos ψ)2

r
ψ′+

(cos ψ)2 + 1
2r2 sin ψ + σ̄ sin ψ− f̄

r
,

(7)

where f̄ ≡ f /κb. Although the point force f does not show up in the shape
equation 6, it does enter in the determination of the correct boundary conditions
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through Eq. 7. We use a shooting-and-matching algorithm (for more information
on this numerical technique, we refer to [58]) whereby ψ′(0), f , σ are used as
shooting variables.

These shape equations have been numerically solved by means of a shooting-
and-matching technique for a wide range of parameters A0,L0 and several sets
of boundary conditions (we drop the subscripts to A0,L0 in the remainder of the
Chapter). We ignore the stretching energy since lipid bilayer membranes can be
regarded as approximately inextensible [135]. Also, the pressure-term −pV that
is often cited in conjunction with the Canham-Helfrich formalism [148, 75, 74] is
not applicable since we are discussing a system that is free to exchange cytosol
with the environment.

2.2 filopodium formation

It is well known that the actin cytoskeleton plays a large role in the formation
of filopodia [69]. It has been hypothesized that polymerization of actin filaments
and the resultant forces are sufficient for the formation of dendritic filopodia [12].
In order to theoretically investigate this possibility, we will present a model that
includes extension of the actin cytoskeleton in growing filopodia. This is schemat-
ically displayed in the outline of our model, Fig. 5. This is readily incorporated in
the energy functional (5) by fixing the height of the shape—thereby representing
the vertical dimension of the cytoskeleton. Growth of the cytoskeleton, or change
in cytoskeletal architecture, is represented by incrementing this height constraint.
We will first show that the forces that this rigid structure needs to exert on the
spine membrane match the forces that are generated by actin polymerization.
Then, we will show that the sequence of shapes as a consequence of polymeriza-
tion of the actin cytoskeleton is similar to that of filopodium formation.

The protrusive forces that the rigid actin cytoskeleton exerts on the spine-
membrane, will result in tube-like shapes, as can be seen in Fig. 5. Also shown
are the force-extension curves of these tubes for various values of the membrane
surface-area. Since growth of dendritic spines and filopodia is mediated by ex-
ocytosis of endosomes at the synapse [128, 191], we can model the growth of
spines by increasing the surface-area of the shape (See Section 2.1). Thus, we find
that filopodia with more membrane require less force to be extended—in other
words, membrane addition will result in further elongation of filopodia. Although
the full force-extension relation shown in Fig. 5 is non-trivial, the linear part for
large extensions (i.e. large height L) can easily be understood from a theory that
treats these structures as cylinders. From the bending energy of a cylinder (with
given surface-area) E = 2π2κbL2/A we find that the force f ≡ −∂LE to extend
this cylinder is linear in L. Applying this derivative, we find the force for pro-
ducing filopodia f ≈ 4π2κbL/A. This approximation turns out to be accurate to
within 9% of the computed force-extension curves shown in Fig.5 (the error in this
approximation decreases as the filopodium height increases). This is markedly
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Figure 5: (a): Cartoon of qualitative effect of increasing force whilst the amount of mem-
brane is kept constant. (b): Effect of growth on filopodium morphology at a fixed vertical
force of 35 pN. Membrane addition results in substantial elongation of the filopodium. (c):
Effect of cytoskeletal remodelling on filopodium morphology at a constant surface-area
of 0.68 µm2. (d): Force-extension curves of our models of dendritic filopodia for various
values of the surface-area A. Numbers at curves indicate the surface-area in units of µm2

whereby we used a radius of the base of the filopodia Rbase = 300 nm.
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different from the force required for pulling a tube from a reservoir (i.e. a (quasi-
)infinite bath of membrane) of surface area. As is discussed in [29] (using detailed
analytical and numerical calculations) the force for pulling a tube from such a
reservoir converges to a constant for large extensions. If it were the case, then,
that dendritic filopodia were connected to a bath of membrane, we would not ex-
pect dendritic filopodia to have a typical length. On the contrary, in that scenario
dendritic filopodia would grow indefinetely (given that the applied force is large
enough to overcome an initial barrier). We assert that, within the paradigm of a
conserved quantity of membrane available to the spine, a finite force will result
in a definite length of the filopodia.

As can be seen in Fig.5, the force required for formation of dendritic filopo-
dia is in the tens of piconewtons. The polymerization of actin is able to exert,
on the average, a force of factin ≈ 3.8 pN (from [112]). We find, using the typical
values for the length and surface-area (table 1) and the aforementioned formula
f ≈ 4π2κbL/A, a minimal number of actin filaments of 5− 15. Although we have
not been able to find publications that mention the number of actin filaments
in dendritic filopodia, examining electron microscopy images of the cytoskele-
tal organization of dendritic filopodia from [81] suggests that filopodia typically
have 6− 10 filaments. This comparison tentatively verifies the plausibility of our
model for filopodium formation.

Our simulations span up to A = 0.85 µm2 and L ≈ 950 nm. Following [205, 38],
these shapes can be regarded as relatively small filopodia. Now, measuring the
width of the corresponding tubular part of the shape, we find diameters in the
order of 160− 200 nm. Indeed, [56] report values for the diameters of filopodia
or thin spines in the range 90− 210 nm. Thus it is found that the simulations and
experimental results have compatible ranges.

2.3 spine maturation

2.3.1 The role of the actin cytoskeleton in spine maturation

As a consequence of synaptic activity, the spine volume increases and there is a
change in the qualitative morphology through the formation of a bulbous spine-
head [198, 35]. We have previously shown that simply adding membrane to den-
dritic filopodia results in larger filopodia, but not formation of a bulbous head.
Therefore, an additional process is needed in order to produce mature spines.
By which mechanisms does this qualitative change in morphology occur? In this
Section, we will show that the process of spine maturation can, at least in part, be
ascribed to the interaction of the spine membrane with an the underlying actin
meshwork.

As is the case for filopodia, it is known that the actin cytoskeleton is intimately
linked to the size and shape of the spine head [69, 123], and therefore is essential
to understand the mechanism behind spine maturation. By modeling the inter-
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Figure 6: (a): Cartoon showing qualitative effect of increasing force whilst the amount of
membrane is kept constant. Increasing the number of actin filaments in the spine-head
enlarges the spine-head and, at the same time, a thinning neck. (b)3D growth-organization
matrix showing the effects of increasing the number of filaments in the head N, the total
surface-area A and the length of the spine-neck L. (c): The minimum number of actin
filaments required in the cytoskeleton for sustaining the contractile force fhead that the
spine-head membrane exerts and for counteracting the expansive force fneck of the spine-
neck. Band indicates typical values of the total amount of membrane A = 0.5 . . . 2.0µm2

(cf. table 1). Dashed lines indicate number of actin filaments required for counteracting
fhead + fneck. Empirical data (black circles) shows reasonable agreement with our model
(data taken from from [44]). (d): Ratio of head and neck radii (left) and volumes (right)
for a number of actin filaments N = 25, 50, 100, 150, 200 (lower to upper curves). For these
plots we used Eq. 8 with Lneck = 500 nm. Data from [180] is highlighted in gray.
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action of the cytoskeleton with the spine membrane, we will investigate the me-
chanical requirements for a volume increase and morphological transition (that
is characteristic of spine maturation) to occur. We will show (by making use of
the Canham-Helfrich energy (5) and comparison with experiments) that branched
actin filaments in the spine-head are plausibly responsible for the transition from
dendritic filopodium to a mushroom-type morphology. Although the models we
present here lack many of the biological details relevant for spine maturation,
we find that the forces that are required for the spine membrane match the forces
that are generated by actin polymerization. Then, we show that typical spine-neck
widths are accurately predicted by our models.

An outline of our model for spine maturation is displayed in Fig. 6. We model
the polymerization of actin in the spine-neck as a vertical force and polymer-
ization in the spine-head as a radial force. The discrepancy between these two
types of forces stems from the difference in cytoskeletal organization in spines—
the spine-head predominantly contains branched actin whereas oriented or linear
actin mainly localizes in the spine-neck [69, 81]. This gives rise to an approxi-
mately isotropic network of actin in the spine-head, contrary to the actin orga-
nization in spine-necks and dendritic filopodia [81]. The polymerization of these
two manifestations of actin result respectively in a radial force and a directed
force. As is the case for our models for dendritic filopodia, we approximate the
total surface-area of the spine as a constant since there is only a finite pool of
membrane available on the dendrite (for a more detailed explanation, see Section
2.1). This approximation, combined with the fact that lipid membranes are practi-
cally inextensible [135], leads to the following assertion: exerting an outward force
on the spine-head results in the transportation of membrane from the spine-neck
to the spine-head. More simply stated, cytoskeletal growth in the spine-head re-
sults in an increase of the size of the spine-head at the expense of a decrease in
the neck width.

In order to make the above considerations quantitative, we propose a model
for the spine membrane that is composed of a cylinder of constant height (but
variable radius) connected to a sphere. As displayed in Figs. 6 and 7, we model
N filaments in the spine-head that each apply an outward radial force factin =
fhead/N over a radius Rhead. The work performed by this force is fheadRhead. Like-
wise, the energy required for attaining a neck of length Lneck and radius Rneck
is πκbLneck/Rneck Eq. (5). Balance of forces dictates that the total energy
πκbLneck/Rneck − fheadRhead is minimized.2 In order to insist conservation of
membrane, we insert into the balance of forces the equation A ≈ 2πRneckLneck +

2 We have shown that the force that is exerted by the contractile force due to the bending energy of
the head can be neglected. This fact is reflected in the small number of actin filaments required to
sustain a large, bulbous head, as can be seen in Fig. 6(b).
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Ahead with A a constant. Taken together, this results in the following implicit
equation that we can solve for Ahead:

8π2√πκb

(
Lneck

A−Ahead

)2
− fhead/

√
Ahead = 0. (8)

Given numerical values of fhead, κb,A and Lneck, solving Eq. 8 for Ahead returns
all other geometrical quantities, e.g. Rneck, Rhead and Aneck. We have numerically
solved this equation for a range of values for the total surface-area A and number
of actin filaments in the spine-head N = fhead/ factin. The influences of growth,
encoded in the total surface-area of the spine A, and cytoskeletal organization, en-
coded in the number of actin filaments N, on spine morphology are combined
in Fig.. 6(d). Using Eq. 8 and solving for the radius of the spine-neck we find
radii Rneck = 60− 93 nm (whereby we use estimates for the number of actin fil-
aments N = 71 and the typical surface-areas A = 0.5 − 2.00 µm2, cf. table 1).
This range agrees quite well with the experimentally observed ranges Rneck =
45− 105 nm by [56] and Rneck = 50− 100 nm by [180]. From the similarity of these
ranges, we infer that at least a substantial part of the force that is exerted by the
actin filaments in the spine-head is directed towards counteracting the expansive
force of the spine-neck. Moreover, given numerical values of the total surface-
area of the spine A we can solve for the number of actin filaments required for
sustaining the spine-neck. We have done this for a wide range of surface-areas
and reproduced the results in Fig. 6(b). These computations show that a larger
spine-head (with the same total quantity of membrane) requires more actin fila-
ments to sustain it. This is in agreement with findings by [44] that show that the
number of actin filaments increases substantially with increasing surface-area. In
fact, the datapoints published in [44] match our model for N(Ahead) (see Fig.6(c)).
We have further used Eq. 8 for computing the ratios or radii Rhead/Rneck and of
volumes Vhead/Vneck, shown in Fig. 6(c). We have found that both the numeri-
cal values of Rhead/Rneck and the upward trend w.r.t. Ahead of this metric agree
well with data published by [180] if we use for the number of actin filaments
N ≈ 70− 150. Thus, the renders shown in Fig. 6(d) appear to be in the physio-
logically relevant regime. Moreover, this number for the actin filaments appears
to be supported by empirical data that shows N ≈ 50− 150 (we estimated this on
the basis of data published in [44]).

2.3.2 The role of actin-membrane anchoring and septin-complexes

We have discussed possible links between the cytoskeleton and spine morphol-
ogy and how, within our model, pushing the spine membrane at the location of
the head effectively pulls the spine membrane inwards at the location of the spine-
neck. Within our paradigm of the conservation of membrane, directly applying
a contractile force τ at one or more locations along the spine-neck can achieve
the same result. This is possible due to the nature of the spine membrane, which
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Figure 7: Effects of growth (membrane addition) and the number of actin filaments in
the spine-head on spine morphology. In these models, we kept the total length of the
spine-neck fixed.
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Figure 8: Top figure: The line tension τ as a function of the distance L between the
line tensions. Inset shows how line tension τ and ‘unduloid amplitude’ δ are defined.
Bottom figure: The absolute value of the reduced ‘unduloid amplitude’,

∣∣δ̃∣∣. Numerical
simulations (solid curves) and theoretical model that treats these shapes as cylinders
(dashed curves). Inset figure shows the reduced ‘unduloid amplitude’ where it crosses
δ̃ = 0. Indicated is δ̃neck = 10%, the approximate amplitude of variations in the width of the
spine-neck, corresponding to τ ≈ 6.5− 15 pN.The computations have been performed for
Rneck = 45 . . . 105 nm as indicated in the figure. Black lines corresponds to Rneck = 75 nm
and κb = 5× 10−19 J [151].
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can be regarded as a two-dimensional fluid—that is, contracting the spine-neck
effectively channels membrane to the spine-head. Thus, applying a line tension
can aid in the transition from an immature to a mature spine with a long, thin
neck and bulbous head. Possible candidates for such line tensions are anchoring
molecules (such as the WASP/WAVE network [12, 176]) septin-complexes that
form ring-like structures [114] and spectrin [197]. Next, we will show that anchor-
ing molecules or ring-like complexes are able to apply sufficient contractile force
along the spine-neck.

A line tension can be included in our models by adding a term τC to the
Canham-Helfrich free energy (5), where τ is the line tension and C = 2πRneck
is the circumference of the spine-neck. The line tension can be measured thus τ =
−∂E/∂C, where E is the bending energy of the shape. In Fig. 8 it can be seen that
the line tensions are typically in the order of piconewtons. As a consequence of
one or a number of such line tensions we find ‘unduloidal’ spine-necks. Some
representative shapes along with the required line tension have been reproduced
in Fig. 8. The shapes are characterized by an unduloid amplitude δ which de-
scribes the maximum deviation from the base value Rneck (we have chosen to use
the relative unduloid amplitude δ̃ = δ/Rneck).

Although we have not been able to find publications that measure the ‘unduloid
amplitude’ δ̃ for spine-necks, we have calculated this is in the order ∼ 10% or
less. Using this value of δ̃, we find that, if line tensions are responsible for the
typical spine-morphology the line tensions need to be placed at distances of L ≈
0.14− 0.33 µm, as can be readily verified by examining Fig.8. Then, computing
the line tension (using numerical values Rneck and κb from table 1) corresponding
to L ≈ 0.14− 0.33 µm, we find that each of the line tensions experiences a load of
τ ≈ 6.5− 15 pN. This, too, can be verified by examining Fig.8.

We are aware of various candidates for anchoring membrane to the cytoskele-
ton, such as L-selectin, β2 integrins and CD45. The literature reports that these
three candidates have rupture forces respectively 25 − 45 pN, 60 − 120 pN and
35− 85 pN [153]. Even the lowest values of these three ranges is almost double
our highest estimate for the required line tension. Therefore, it is safe to conclude
that anchoring molecules can withstand the mechanical forces that are required
in order to constrain the spine-neck to Rneck = 45− 105 nm.

Since spine-necks typically have lengths of 0.2− 2 µm (table 1), we find that the
number of line tensions that needs to be placed is 1− 14 (whereby we used the
aforementioned distance between the line tensions L ≈ 0.14− 0.33 µm). However,
as far as we can determine, literature does not mention these concentrations of
anchoring molecules across all spine-necks. Although ring-like septin-complexes
are found consistently along spine-necks [39, 114, 173], they are only reported to
be positioned at the base of the spine and not along the full length of the spine
neck. Our models predict that it is required to place line tensions along the full
length of the spine-neck in order to constrain it, and therefore we can refute septin
complexes as being solely responsible for constraining the long, thin spine-necks.
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Moreover, the assembly of septins into ring-like structures has an associated time-
scale in the order of minutes [79]. Hence, we find that cytoskeletal remodeling-
which can be performed on the time-scale of fractions of a second [112]-is much
more rapid than positioning these constriction proteins.

2.4 conclusions

We study the physical mechanisms that determine the morphology of dendritic
spines. In particular, we investigate the ability of the actin cytoskeleton to change
the size and shape of spines. We find that the most striking primary features of
spine growth and spine morphology can be straightforwardly understood as a
consequence of the trade-off between the elastic properties of the spine mem-
brane and the forces actively generated by the actin cytoskeleton. Specifically, we
show that the initiation and formation of dendritic filopodia may be rationalized
on the basis of the protrusive forces of the actin cytoskeleton. Using realistic esti-
mates for the number of actin filaments involved, we find that the dimensions of
the filopodia in our models agrees well with the observed dimensions of newly
formed protrusions in the developing neuron.

We have also studied spine maturation, the process characterized by a morpho-
logical transition from a filopodium or thin spine to the mature mushroom-like
spine. Using models based on the coupling between the actin cytoskeleton and
the spine membrane, we find that the combined dynamics of branched actin and
aligned actin inherently results in a mushroom-like morphology. Finally, we have
discussed several candidate factors that might aid in the stabilization of the long,
thin spine-neck and the bulbous spine-head. Our predictions for various morpho-
logical quantities, such as the neck radius Rneck and the ratios Rhead/Rneck and
Vhead/Vneck, compare well with experimental data [180, 56]. Furthermore, the sug-
gested important dual roles of branched and aligned organizations suggest novel
experiments analyzing (possibly, even, altering) the localization of proteins like
Arp2/3 and septin to the spine head and neck. Summarizing, our model suggests
that actin organization is autonomously capable of controlling the shape changes
of dendritic spines, providing the forces and geometry support for both the initial
filopodial stage and the mature mushroom-like shape.
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Chapter 3

Shape as barrier for lateral
diffusion

An estimated 20% to 30% of all cellular proteins are membrane proteins that re-
side exclusively within the two-dimensional confines of the various lipid bilayers
in the cell. This confinement has profound consequences for the functionality,
the aggregation behavior and the modalities and regulation of the transport of
these proteins. All these subjects have been the focus of vast amounts of research
over the past 50 years (see, for instance [3] and references therein). More recently,
this field has been able to make giant strides due to the arrival and perfection
of sensitive experimental techniques such as Fluorescence Recovery After Pho-
tobleaching (FRAP) [72, 178] and single particle tracking (SPT) [146, 145]. Such
techniques allow one to observe the behavior of proteins within membranes in
unprecedented detail at the level of single proteins and their trajectories as they
move around in the membrane, but also offering a coarser view of the evolution
of protein concentrations with time. These experiments reveal that cellular mem-
branes present a highly heterogeneous environment to the diffusing species that
inhabit it. Membranes are compartimentalized into so-called microdomains that
may originate from a number of distinct mechanisms, including but not limited
to the putative (micro)phase separation of the membrane lipids into rafts [17],
specific protein-protein interactions [26], and cytoskeletal corrals [144].

In the first part of this Chapter we focus on geometrical compartmentaliza-
tion, where out-of-plane curvature is used to create relatively isolated micro-
environments in the membrane. This is a common motif in cells: Among the
many examples of biological systems in which morphology creates small mi-
crodomains within a membrane are cristea in mitochondria [43, 63], grana thy-
lakoids in chloroplasts [182, 188] and dendritic spines in synapses [4, 57, 121, 86]
(see Fig. 21). The increased precision with which experiments can record indi-

The content of this Chapter has been published as R.P.T. Kusters and C. Storm, Impact of morphol-
ogy on diffusive dynamics on curved surfaces, Phys. Rev. E 2014 and R.P.T. Kusters L.C. Kapitein,
C.C. Hoogenraad and C. Storm, Shape-Induced Asymmetric Diffusion in Dendritic Spines Allows
Efficient Synaptic AMPA Receptor Trapping, Biophys. J 2013
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(a) (b)

(c)

Figure 9: (a) Tomography image of an isolated rat-liver mitochondrion, showing the
cristea (marked C in the image) that are connected by tubular membrane regions to the
larger inner membrane (IM) (Figure from [106]). (b) Microdomains inside the chloroplast:
The stacked grana thylakoids are connected to each other by a narrow tubular structure
known as the stroma lamellae (Figure from [166]). (c) Dendritic spines are micro-scale
protrusions of the dendritic membrane where the signal transmission between dendrites
and axons is localized (Image courtesy of the Hoogenraad group).

vidual trajectories as well as the evolution of concentration profiles requires an
equally precise theoretical framework to interpret the results, and as we demon-
strate the effects of observing diffusive processes in curved geometries introduce
subtle but important phenomena. In the Chapter, we ask the question how the
shape of a membrane alters the relevant time-scales and escape rates of particles
laterally diffusing on the surface, both at the single particle level and that of con-
centration profiles. Our approach is to combine Random Walk (RW) simulations
with calculations of the so called Mean First Passage Time (MFPT) to study how
diffusive time-scales and escape rates are altered by geometrical constraints of the
membrane.

In the second part of this Chapter we will turn our attention to the role of den-
dritic spines in lateral diffusion of membrane-bound glutamate receptors. There,
the notion has grown that the receptor concentration is the main determinant to
regulate the synaptic strength, where receptors can switch at unexpected high
rates between extrasynaptic and synaptic localization by lateral diffusion. These
spines exhibit a remarkable morphological variety, ranging from thin protrusions,
to stubby shapes, to bulbous mushroom shapes. The remodeling of spines is
thought to regulate the strength of the synaptic connection, which depends vi-
tally on the number and the spatial distribution of AMPA-type glutamate recep-
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tors (AMPARs). We present numerical and analytical analyses demonstrating that
this shape strongly affects AMPAR diffusion.

Before we presents our results we will first present the numerical and analytic
framework that we use to study the diffusive dynamics on curved surfaces in the
remainder of this Chapter.

3.1 methods

3.1.1 Random walk simulation

In this section we present the Random Walk (RW) simulation methodology that
we use throughout this work. The aim of this method is to simulate the in-plane
Brownian motion of the particles on a curved surface. The method we use to
account for the curved shape in the context of RW simulations is extensively dis-
cussed in [23] - we now briefly summarize our algorithm for computing such
RW traces. We simulate random walks as trajectories composed of fixed length
steps in random directions on a curved geometry with in-plane coordinates u
and v. On a curved surface, both the selection of a random direction as well as
traveling a fixed distance in this chosen direction require some attention. A true
random directional unit vector ~w of unit length is chosen subject to the constraint
|~w|2= guu(wu)2 + gvv(wv)2 = 1, where gij are the elements of the metric (for rota-
tionally symmetric systems gij = 0 if i 6= j), which we explicitly calculate in Ap-
pendix I for the geometries that we consider here. The length of this random vec-
tor in local coordinates (u, v) is thus: |wu|= cos(rn)/

√
guu and |wv|= sin(rn)/

√
gvv,

where rn is a number picked randomly between 0 and 2π.
Next, we approximate the geodesic curve, parametrized by the arc length s [23],

and apply a second order approximation of the tangential plane:

~r(s + ds) =~r(s) +
d~r(s)

ds
ds +

1
2

d2~r(s)
ds2 ds2, (9)

where the first derivative is the unit tangent vector ~w and the second order cor-
rection is obtained by solving the local geodesic equation for the surface

d2ri

ds2 = −Γi
kl

drl

ds
drk

ds
, (10)

with Γi
kl the Christoffel symbols of the surface, and ri the i-component of ~r. We

adopt the Einstein summation convention: summation over repeated indices is
implied i.e., aibi = ∑i(aibi) [165]. Rewriting this to the parametrization (u, v), a
step of size λ (i.e., |~w|2= guu(wu)2 + gvv(wv)2 = λ2) in these local coordinates is
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achieved by a shift in coordinates ∆~w = (∆u, ∆v) = (uq+1 − uq, vq+1 − vq), where
the index q labels the discrete iteration step number, and

∆u = wuλ− 1
2

Γu
uu(wu)2λ2

− Γu
uvwvwuλ2 − 1

2
Γu

vv(wv)2λ2,

∆v = wvλ− 1
2

Γv
uu(wu)2λ2

− Γv
uvwvwuλ2 − 1

2
Γv

vv(wv)2λ2.

(11)

The resultant diffusive motion is, by construction, locally Brownian (〈x2〉 = 4Dt)
to second order in the curvature. In our simulation, we measure among others
the average number of steps 〈N〉 of length λ it takes to arrive at a boundary.
This quantity can be related to an effective mean escape time using the standard
definition for diffusion,

τescape =
〈N〉λ2

4D
, (12)

where D is the diffusion constant. This implies that in RW simulations, the ef-
fective time step δt and the step length λ should be related by the diffusion
coefficient: δt = λ2/(4D). In the remainder of this Chapter we will use a step-
size λ = 0.005 µm (this choice is motivated in Appendix II of this Section). For
a diffusion coefficient D = 0.1 µm2/s, this requires a timestep of 6.25× 10−5 s.
Thus, when we report an escape time of 100 s, this corresponds to 1.6× 106 steps.
The results reported in this Chapter all reflect the fact that even for uniform and
identical values of D, the quantity 〈N〉 is strongly influenced by the shape of
the substrate - this is the mechanism for the regulation of diffusive dynamics in
curved geometries. We will show in Section 3.2 that this mean escape time, ob-
tained from simulations, equals the theoretically calculated Mean First Passage
Time (see Section 3.1.2) for those situations where an analytical computation is
possible - we will use the numerical values in cases where an analytical answer is
not available.

3.1.2 Mean first passage time

To analyze the effects of geometry and curvature on the confinement of particles
theoretically, we calculate the MFPT, which may be considered a characteristic
time-scale for the diffusion in a system with absorbing boundaries. Numerous
previous sources consider this quantity to characterize time-scales, and have cal-
culated the MFPT analytically for geometries such as membrane patches, spheres
and various other surfaces of revolution [6, 172, 65, 67, 160, 161, 162, 66, 195, 21].

The MFPT W is generally obtained by solving the following differential equa-
tion:

∇2W = −1/D, (13)
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where D is the two-dimensional diffusion constant and∇2 is the Laplace-Beltrami
operator, which for non-trivially curved surfaces such as those we consider (See
geometry B in Fig. 10) here may also be calculated analytically [94]. Assuming
rotational symmetry, the Laplace-Beltrami operator can easily be calculated from
the metric and Christoffel symbols that we provide in Appendix I,

∇2
n = ∇i∇i = gjk ∂2

∂xk∂xj − gjkΓl
kj

∂

∂xl . (14)

We solve the equation for the resultant MFPT (Eq. 13) numerically for geometry B)
and compare it to to the escape time obtained from the RW simulations presented
in the previous section.

3.2 impact of morphology on the diffusive dynamics

In this Section we present analytical and numerical analyses of in-plane diffu-
sion of discrete particles on curved geometries reflecting various generic motifs
in biology, and explore in particular the effect that the shape of the substrate has
on the characteristic time-scales of diffusive processes. Firstly, we verify the ob-
vious: that shape in itself cannot retain an elevated concentration of molecules
in a certain sub-domain indefinitely. Eventually gradients in concentration van-
ish. Nonetheless, we find that shape can, and does, affect the temporal evolution
of a concentration profile. We find that particle concentrations within such mi-
crodomains may remain elevated for increased periods of time, depending on
the radius and length of the neck separating the two regions. In addition to the
dynamics of diffusively relaxing concentration profiles we consider the escape
dynamics of individual particles in the same microdomains, characterized by the
Mean First Passage Time for crossing the microdomain boundary.

By what precise mechanism does the shape of the membrane regulate the equi-
libration dynamics of concentration profiles, as well as the exit dynamics of sin-
gle particles? To answer this question we isolate the effect of shape and study
exit dynamics keeping the area of the absorbing boundary constant, but varying
the curvature of the membrane connecting to it. At this constant boundary size,
we demonstrate that in out-of-equilibrium situations the characteristic time-scale
for particles leaving the domain may change over several orders of magnitude
depending on the morphology of the system. That is to say, the time-scales and
escape rates through a boundary do not solely depend on the size of the boundary
itself, but rather are determined by an interplay between the size of the boundary
and the available area around the absorbing boundary.

3.2.1 Model system

To study how the morphology affects the time-scales of in-plane diffusion we
study two distinct systems, shown in Fig. 10A and B. The first system to which
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Figure 10: The two geometries we consider throughout this Chapter: (a) two planar sur-
faces connected by a narrow neck with radius d and height h (shape A) and (b) a funnel-
like geometry connecting an enclosed head domain (which we shall also refer to as the
top of the funnel) to the surrounding membrane (shape B, see main text for the parameter
values).

we will be referring as A consists of two large planar surfaces, separated by a
tubular neck with radius d1 and height h1. The second system, to which we will
refer as B, consists of a bulbous head compartment, connected to the remainder
of the system by a funnel-like neck of radius d2. The axisymmetric funnel-like
geometry of system B is parametrized as

x(u, v) = R sin u cos v
y(u, v) = R sin u sin v

z(u, v) = h2 −
R cos u

Au
,

(15)

where R is the maximal radial distance of the surface representing the largest
radius of the funnel, h2 a measure for the height of the funnel and A is a shape
parameter which is large for systems with a narrow neck and small for a system
with a wider neck. In the Appendix of this chapter, we calculate the corresponding
metric and Christoffel symbols of this geometry. These shapes are connected to
a flat membrane with outer radius Re1 in A and Re2 in B. It should be noted
that both in geometry A and B, the connection between the funnel and the plane
and between the cylinder and the plane is continuous, but non-smooth. This is
solved by truncating any step that takes the trajectory outside of the domain in
which it originated to the point of intersection between the domains. Such steps
are therefore shorter than λ. We have verified that this method yields the same
results, for our choice of λ, as methods in which the remaining part of the step
is rotated onto the second domain (a method that yields steps of length λ, but is
computationally more involved).

These two systems are chosen to represent the two most widely encountered ge-
ometries in cellular membranes: two regions connected by a slender neck, where
one of these two regions is an extended plane, and the other is either an extended
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planar region (as happens, for instance, in cristea connected to the inner mem-
brane of mitochondria, or the stacked grana in thylakoids), or a smaller, bulbous
compartment (as is the case in dendritic spines and membrane pits). We do not
claim that these geometries are represented with exact precision by the sample ge-
ometries used here, our interest is in the general functioning of relevant generic
shape motifs.

3.2.2 Relaxation of concentration profiles

To determine how the shape affects the time-scales of lateral diffusion in mor-
phological constricted environments we perform RW simulations in the manner
discussed in the previous section. We do this for two distinct geometries, shown
in Fig. 10a and b. For these two systems, we calculate the temporal evolution of
the density in the two indicated domains 1 and 2 (see Fig. 10 a and b) by releas-
ing 5000 noninteracting particles at a distance 1 µm from the center of the disc
in A and at the top of the funnel (i.e., the leftmost part of shape B in Fig. 10b).
We consider, for the time being, a low-density regime for the diffusing species.
Note that a sampling rate of 5000 particles corresponds to an error in the average
which is smaller that 1%. In the remainder of this Section we will choose micron
length-scales, corresponding to the typical cellular length-scale.

We find that the density equilibrates to a uniform value, as it should. Note
that for this measurement we have placed a reflecting boundary at the edge of
the system leading to a conserved number of particles. This reflects the fact that
the morphology of a system alone cannot retain density gradients, eventually a
uniform equilibrium must be reached. However, we show in Fig. 11a that the
time it takes to reach equilibrium depends on the shape of the domains. We focus
initially on the role of the radius of the constriction, separating the two large
structures, as shown in Fig. 11a: we vary the neck radius in geometry B using
values of d = 0.1 (red), 0.05 (blue) and 0.025 µm (black). To isolate the effect of
the neck, we keep the diffusion coefficient fixed at 0.1 µm2/s and use R = 1 µm,
h2 = 4 µm and Re2 = 1 µm in all cases considered.

To quantify the ability of a shape to retain an elevated concentration of particles
in a certain domain we will calculate the equilibration time τeq, which we define as
the time it takes for the difference in concentration to reach 99 % of its equilibrium
value across domains 1 and 2, for geometries A and B. We extract τeq as function
of the height of the system h for system A and as function of the radius of the
constriction d1 and d2, separating the two domains for system A and B. For A we
also consider the case where the total surface area of the neck remains constant
such that a decreasing neck radius is compensated by an increased neck length:
h1 × d1 = 0.5 µm2 (A: h1 = 1 µm, radius of the neck d1 = 0.5 µm and Re1 = 2 µm
fixed, for system B: R = 1 µm, h2 = 4 µm and Re2 = 1 µm were fixed). We
demonstrate that this system exhibits power law dependencies of the equilibration
time on both the length of the constriction: τeq ∼ h0.8 (see Fig. 11b) and on the neck
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radius: Figs. 11 c and d show scaling for both systems τeq ∼ d−λ. The exponent λ
for the equilibration time τeq for system A equals 0.85 for a fixed neck length and
1.73 for a constant area, and for system B equals 0.75.

From this, we conclude that an elevated concentration in one of the sub-domains,
separated by a slender neck from the rest of the system, may be retained for sig-
nificantly longer times if the neck separating the two domains is narrow (and thus
highly curved in one direction). Clearly, this phenomenon serves to compartmen-
talize functionality in several biological systems as mentioned before: diffusing
species remain localized longer, and are contained within effectively isolated com-
partments created by curvature, rather than physical boundaries.

3.2.3 Exit dynamics of single particles

We now turn to the manifestations of morphology in single-particle behavior.
Single particles exhibit similar morphological dependencies as concentration pro-
files, as one observable is directly linked to the other. However, in membrane
protein systems it is generally not obvious or even warranted to speak of concen-
trations, as some proteins exist in very low copy numbers and coarse graining is
ill-advised. In single-particle tracking, likewise, the behavior of one or few distinct
diffusing entities is studied and the question of how such traces are affected by lo-
cal and global geometry is of immediate relevance. Since most curved geometries
in cell biology serve to retain functional proteins within some microdomain, we
shall focus on measures associated to the escape from a region. This question has
received considerable attention in the last couple of years, motivated particularly
by the context of dendritic spines [67, 66]. For these spines, the neck has been
shown to be an important barrier for diffusion - increasingly so when it becomes
longer or narrower.

To focus, again, on the isolated effect of the neck radius we assume shape B with
a fixed height and a constant radius of the head (see Fig. 12a). Values chosen were
a height of 4 µm, head radius 1 µm, and a diffusion constant of D = 0.1 µm2/s.
We vary the radius of the neck d2 through varying the shape parameter A in
Eq. 13. We calculate the pdf of escape times, and the MFPT τMFPT = 〈τ〉pd f . Fig.
12c we display the computed values τMFPT as a function of the neck radius for
particles either released at the top of the funnel (i.e., the leftmost part of shape
B in Fig. 10b ), represented by the dots (See Fig. 12c) and for a homogeneous
concentration of particles (triangles). It can be seen that for the release at the
top, the solid line, which represents direct computation through Eq. 13, perfectly
coincide. Decreasing the size of the neck leads to a divergent increase in the MFPT
(as it should, the MFPT becomes infinite in the limit of zero neck diameter), and
does so in the same fashion as the equilibration time computed in Section 3.2.2:
τ ∼ d−0.75

2 (see Fig. 12d).
From the distribution of escape times in Fig. 12b, we note that upon decreasing

the size of the neck, the width of the distribution increases significantly. If we
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Figure 11: (a) Temporal evolution of the density in domain 1 and 2 of shape B for various
neck radii (d2 = 0.1, 0.05, 0.025 µm) after the release of 5000 particles in domain 1. (b) Neck
length dependence of the equilibration time τeq for shape A, given a fixed neck radius
d1 = 0.5 µm. We find that τeq ∼ h0.8. In (c) and (d) we plot the equilibration time τeq as a
function of the radius of the constriction d. Decreasing the size of the neck, increases the
equilibration time in power law fashion for both geometries: planar-planar d1: τ ∼ d−0.85

1
and funnel d2: τ ∼ d−0.75

2 . In (c) we have also plotted (Red dots) the dependence of the
equilibrium time on the neck radius τ ∼ d−1.73

1 , keeping the total surface area of the neck
constant (d1 × h1 = 0.5 µm2).
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Figure 12: (a) Probability density function (pdf) of the escape times for various neck radii
(Full line: d2 = 0.02 µm dotted line: d2 = 0.03 µm, dashed line: d2 = 0.12 µm, where
we assume shape B (Fig. 10), see main text for the parameter values. Decreasing the
size of the neck is seen to increase the breadth of the distribution considerably. (b) Log-
linear plots (See Appendix III) reveal that the tail of the distribution follows pd f (τ) ∼
exp (−τ/τtail), where moreover τtail = τMFPT ∼ d−0.75

2 . (c) Mean First Passage Time τMFPT
as function of the neck radius d2, measured in simulations for particles starting at the top
of the funnel (dots) and a homogeneous distribution of the particles across the surface
(triangles). (d) Log-log plot of τMFPT revealing power-law behavior over two decades. The
exponent is λ = −0.75.

now plot this data for various radii d2 on a log-linear scale (see Fig. 12b), we
find that for long times the tail of the distribution scales exponentially: pd f (τ) ∼
exp (−τ/τtail). Direct comparison furthermore yields that τtail is equal to τMFPT.
Thus, not only does the MFPT scale with neck radius, the fraction of particles that
remains inside the domain does, too. In Appendix III we explore the distribution
and its dependence on neck size further. The exponential tail of the distribution
is characteristic for so-called narrow-escape systems [169, 21], of which ours is
an example. The single exponent here is noteworthy: we speculate that it may be
relevant in light of the small copy number of some proteins or in systems where
only very few proteins suffice to ensure functionality. A suitably chosen shape
can ensure that a minimal occupancy is statistically retained over very long times.
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3.2.4 Asymmetric diffusive dynamics

The central finding of the previous two sections is that shape, quantified in our
case by the dimension of the restrictive passage between two domains, affects
both the equilibration of concentrations and the behavior of single particles. An
objection that one might raise is that obviously, as the radius of the passage is
decreased there is simply a smaller exit, less likely to be found by particles. We
now show, however, that even when the passage remains the same size, but the
shape of the surface in its vicinity changes, the MFPT is directly affected. To this
end, we consider the funnel-like geometry with an absorbing boundary at the
top and one at the bottom. Both boundaries - the one at the top and the one at
the bottom - are circular, and both have the same size. We release particles at
different locations on the funnel surface, and record the fraction of particles that
escape through the top compared to those that escape through the bottom of the
funnel, as function of the height on which we release the particles (see Fig. 13,
where we have assumed a fixed shape with height h2 = 4 µm, a constant head
radius of R = 1 µm, radius of the boundary: 0.06 µm). We find that when released
at a height of 0.25 times the total height of the funnel, there is an equal probability
to escape through the top or through the bottom exit. When released halfway up
the funnel, only 25 % of the particles exit through the base of the neck. Thus,
the asymmetry of the shape is directly reflected in an asymmetric relaxation: the
shape controls and, in effect, guides the particles to a target region of interest.

If, however, we do distribute particles homogeneously over the surface there
is still an asymmetry: eventually, all particles must leak away through one of
the exits and the manner in which they do so distributed over the two exits is
again asymmetric. We measure the fraction that escapes through the bottom and
through the top as function of the shape, for different neck radii and thus for
various sizes of the absorbing boundaries (still, of course, identical at top and
bottom). We use shapes ranging from a cylinder, where we expect a 50-50 ratio
in escape rate, to a funnel with a thin neck where we expect to recover the asym-
metry discussed earlier. In Fig. 13b we show, for 1000 receptors, this fraction as
function of the size of the neck and thus the size of the absorbing boundaries
given a system with height h2 = 4 µm, a constant head radius of R = 1 µm and a
diffusion constant of 0.1 µm2/s. This figure shows that for decreasing neck size an
asymmetry occurs between exit at top and bottom. This phenomenon suggests,
that by varying the shape of the surrounding substrate one can in principle regu-
late capture at functional domains and fluxes through boundaries. This somewhat
counterintuitive effect is not determined by the size of the absorbing boundary,
but rather by the available surface area in the vicinity of the absorbing boundary.

The discrepancy between the escape times and probabilities of leaving the fun-
nel through the neck or through a hole at the top, evident in both the simula-
tions and theory, can be understood by considering the difference in available
surface within one characteristic diffusion length from the absorbing boundary.
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Figure 13: (a) The fraction of particles that escape through the boundary at the neck
compared to these escaping through the boundary at the top Nbot/Ntop as function of
the height of release for a fixed shape (see parameter values in the main text). (b) The
fraction of particles that escape through the boundary at the neck compared to these
escaping through the boundary at the top Nbot/Ntop as function of the overall shape of
the membrane, varying from tubular where obviously Nbot/Ntop = 1 to funnel-like where
Nbot/Ntop � 1. The surface in (b) is prepared such that the particles were homogeneously
distributed over the surface.

This available surface around the absorbing boundary at the top of the shape is
larger than that at the base of the neck. To quantify the effect, we break the non-
standard geometry of a funnel into two more intuitive geometries: a cylindrical
surface with a total area of Acyl = 2πR0h, with R0 the radius of the cylinder and h
the height of the cylinder, and a flat disc with an inner radius R0 and outer radius
R1 and a total surface of Adisc = π

(
R2

1 − R2
0
)
. For a fair comparison, we set the

two areas to be equal: Adisc = Acyl. The two geometries are shown in Fig. 14. On
these two equally sized surfaces we first start with reflecting boundaries at z = h,
z = 0 (cylinder), Rout and R0 (disc) and we simulate 1000 random walking par-
ticles until their density has equilibrated, and is homogeneous across the entire
surface, where we used a diffusion constant of 0.1 µm2/s. After this equilibration,
the inner radius of the disc and the boundary h = 0 at the base of the cylinder
are changed to absorbing boundaries, and we measure the mean escape time of
the receptors through the absorbing boundaries. In Fig. 14 (black dots) we show
the ratio of the two mean escape times τdisc/τcylinder and find that assuming a
constant R1, decreasing R0 and also increasing h (to ensure area conservation),
strongly decreases the fraction τdisc/τcylinder.

This large difference can be understood as follows: First, consider the mean
distance to the absorbing boundary, which is h̄ = Acyl/(4πR0) for the cylinder
and R̄2 = 0.5(R2

1 + R2
0) for the plane. Next, we calculate the MFPT for a particle

starting at this average distance from the absorbing boundary. In Fig. 14(d) we
demonstrate quantitatively that this argument indeed accurately reproduces the
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Figure 14: The local geometry around the exits of the funnel-like geometry (a) is a planar
surface (b) at the top, with a hole in the center of radius R0, but is a cylinder (c) with radius
R0 at the bottom. We fix the total surface area and the size of the exit, and compute the
average escape time: Fig. (b) show a marked difference in escape time between the two
geometries. (d) shows the fraction of escape times as calculated in (b) and (c), from which
we see that, depending on the size of the hole, the escape through the circular hole may
be up to an order of magnitude faster than escape through the base of the cylinder.

marked difference in escape times observed for the funnel like geometry in Fig.
13. Rewriting slightly the equations for R̄ and h̄ above, and assuming equal areas
and equal exit sizes, we find that(

R̄
h̄

)2

= 4
(

R0

h

)2
+ 4
(

R0

h

)
. (16)

Thus, in the thin neck limit (R0 � h) we are primarily interested in, h̄ � R̄. In
short, it takes a lot longer to escape from a thin cylinder than it does from a plane,
even for equal total area, and even for equal exit sizes. This is the effect of shape in
its simplest form, and clearly determined by the global geometry which dictates
that a particle is, on average, closer to the boundary on the disc than it is on the
cylinder.

3.2.5 Conclusions

We have analyzed how the morphology of a membrane within which particles
diffuse regulates time-scales and fluxes through the boundaries of domains for
some biologically relevant geometries. In general, these microdomains serve to
retain gradients in particle concentrations for increased time-scales. While this
regulation by shape is certainly not the only regulatory mechanism, and we do
not compare its magnitude directly to other factors at play, the highly curved ge-
ometries in several biological systems like dendritic spines in synapses, cristeae in
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mitochondria, and the thylakoid membrane (which all share a single generic de-
sign) strongly suggests that the shape is, indeed, directly used to control diffusive
behavior.

By quantifying the dynamics of particles escaping through a narrow neck we
have found a general power law dependence for both the equilibration time-scale
of a population of particles and the single-particle characteristic time-scales of
escape through the boundary of a domain such as Mean First Passage Time and
the escape time. These diffusive time-scales depend, in general, on the neck radius
and the length of the neck following a power law over several decades: τeq ∼ (neck
radius)−λ and τeq ∼ (neck length)η, where the (positive) exponents λ and η reflect
the precise geometry of the system.

In addition to summarizing the statistics of the first passage process by its mean,
we have also determined the distribution of time-scales. This confirms that for our
system the tail of the distribution is single exponential: pd f (τ) ∼ exp (−τ/τMFPT),
as was previously observed in cylindrical and circular membrane patches [169, 21,
195]. For systems where a small, but obviously non-zero concentration of proteins
is required for functionality, we speculate that this mechanism helps keep a small
quantity of these proteins around the functional domain for very long times.

In addition, we find that the morphology of a substrate may regulate not only
the characteristic escape times but also the escape rates. This is illustrated by
considering a funnel-like geometry and observing that depending on the shape,
absorption rates at the top of the funnel may be up to an order of magnitude larger
compared to those at the base, even though the two absorbing structures are of
identical size. We have shown that the crucial geometric quantity is the available
surface in the vicinity of the absorbing boundary, which directly determines the
characteristic escape time of the particles - larger available surfaces leading to
smaller average distances between particles and boundary.

Our findings are relevant for the interpretation of FRAP data: The increased
recovery time after photo-bleaching in a complex morphology may not originate
uniquely from physically distinct local properties such as an elevated viscosity,
coupling to the underlying cytoskeleton, or direct protein-protein interactions:
we show, that even absent all these effects differential fluorescent recovery may
signal a nontrivial curved morphology of the system considered. While we show
that such effects affect the evolution of concentration profiles, they also show
up in single-particle traces. The RW modeling that we present here allows such
traces to be studied in detail on arbitrarily curved backgrounds. The demand for
such single-molecule modeling will surely rise with the advent of ever more sen-
sitive super-resolution techniques such as PALM and STORM. Combining such
techniques with computer modeling may permit one, for example, to distinguish
between regions with locally increased viscosity, and a region that possess com-
plex morphologies that affect diffusive time-scales. While the effects we describe
here may, on the one hand, be seen to complicate the direct interpretation of
FRAP and SPT measurements, particularly in highly contorted membrane envi-
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ronments, we speculate that, on the other hand, FRAP and SPT have great poten-
tial as probes of the local geometry, and that differences in the diffusive behavior
of well-characterized membrane proteins may be used as reporters for local and
global geometry. Super-resolution imaging brings the typical dimensions of such
structures well within experimentally resolvable reach.

In the next Section we will turn our attention to the role of morphology on
the diffusion of glutamate receptors in the dendritic spine and exemplify how
morphology impacts the functionality of a synapse.

3.3 role of spine morphology on the lateral diffusion

The AMPA-type glutamate receptors (AMPARs) are responsible for fast responses
at excitatory synapses, and various signaling pathways and numerous regulatory
proteins modulate the properties of synaptic AMPARs [71, 168]. The number and
density of AMPARs at postsynaptic sites is widely regarded to be a key deter-
minant of synaptic strength and is affected during various neurodegenerative
diseases [156]. The amount of AMPARs at these synaptic sites is not fixed and
dynamic changes in AMPARs underlie the long lasting changes in synaptic trans-
mission such as long-term potentiation (LTP) and long-term depression (LTD)
[156, 16]. It is therefore of fundamental importance to control the local abundance
of AMPARs at synapses. At least three cellular processes govern the density and
distribution of synaptic AMPA receptors; local endocytosis and exocytosis from
intracellular compartments [78], lateral diffusion from the surface [183] and im-
mobilization at synapses by anchoring at the postsynaptic density (PSD) [155].
In most models, these different trafficking steps are all required to eventually
reach the synaptic membrane, although the relevance of exocytosis on the spine
membrane has remained controversial [124, 26]. In this Section we study how the
spine morphology affects the lateral diffusion pf AMPA receptors to and from the
synapse. Previous work has reported on various correlations between changes in
the spine morphology and functional parameters of synapses [57, 15, 68, 139, 4].

Previous theoretical work on AMPAR trafficking has mainly examined flat, 2D
geometries when studied surface diffusion, internal recycling and the role of the
PSD in AMPAR trapping [67, 157, 33, 179]. For example, it has recently been
demonstrated that controlling the AMPAR/scaffold binding and unbinding rates
in the PSD allows enrichment of AMPARs at postsynaptic sites [27]. However, a
quantitative model integrating the three-dimensional morphological variability of
dendritic spines into mechanisms that control AMPAR trafficking at synapses is
lacking. In this study we build a quantitative model integrating the morphologi-
cal variability of realistic spine geometries into mechanisms that control AMPAR
trafficking at postsynaptic sites. Our simulations allow for first time the direct
observation of how two trapping mechanisms - the PSD and spine shape - work
together to control the number and spatial distribution of AMPARs in order to
regulate synaptic strength.
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Figure 15: (a): Illustration depicting the main processes involved in targeting receptors
to the PSD. (b): Simulated trajectory of a membrane-bound receptor on the curved den-
dritic membrane. Whereas the local receptor density on the membrane is constant, a local
enrichment in spines is misleadingly suggested in the projected view.

3.3.1 Model system for the dendritic spines

Electron microscopy of dendrites report spines with a wide variety of shapes,
ranging from thin spine with lengths of 2-4 µm and a radius of 0.1-0.5 µm to
mushroom-like shaped spines which have a relatively thin neck : radius 0.05 - 0.2
µm and a large head: radius 0.5 - 1 µm [15, 53]. Other observed shapes such as
the very thin filopodium to branched spines are rarer, and will not be considered
explicitly although the same principles as those we present here apply to these
shapes. The functional domain of the spines, associated with the electron-dense
region in the PSD, is generally situated at the top of the spine. In this region of the
spine AMPA receptors can be immobilized via interactions with scaffold proteins.

The parametrization of the shape that we will be using in this Section effectively
covers a large fraction of different spine shapes observed in experiments [53].
The axisymmetric body that we use is that of Model B as presented in Fig. 10.
Varying the parameters A,B and R allows one a transition from stubby, via thin,
to mushroom-like morphologies. The bottom of the spine is connected to the
dendritic membrane. Detailed information about this shape - including its metric
tensor and Christoffel symbols - may be found in Appendix I.

We model the lateral diffusion of surface AMPA receptors by simulating fixed
step-length random walks (RWs) of non-interacting hard-core particles on the
curved surface of the dendritic membrane. On such curved surfaces, proper im-
plementation of the RW requires careful thought as both the selection of a random
angle as well as implementing the fixed step length depend on the ambient ge-
ometry. We expand the surface around a point of departure up to second order in
the local curvature, a procedure that was proven to yield correct diffusive behav-
ior provided that the step size is small compared to the smallest length-scale in
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curvature (see 3.1 and [23]). In rare cases, one may forego simulations and obtain
analytical results for the Mean First Passage Time (MFPT) [67, 66, 65]. We present
several cases where this could be obtained for our system, allowing validation of
our simulation protocol (see Section 3.1).

To properly capture the effects of the specific shape of a dendritic spine, while
retaining a surface that is computationally manageable (i.e., that may be straight-
forwardly parametrized), we distill from the considerable variety of shapes - see
Fig. 15 (a) - the most notable classes of spine morphologies, including thin, stubby
and mushroom-like - see Fig. 15 (b) [15, 200, 69]. We next generated trajectories
of receptors diffusing across the surface of these various spine shapes and found
that the local, time-averaged density of receptors is constant in equilibrium, as ex-
pected for diffusion. Nevertheless, an apparent local enrichment was observed in
an orthogonal projection, resulting from an increased projected surface area per-
pendicular to the direction of observation. This is completely analogous to what
happens on cylindrical substrates [137].

3.3.2 Dendritic spine morphology controls AMPAR exit dynamics

We next tested whether the shape of dendritic spines can directly affect lateral
diffusion of surface AMPA receptors. We therefore simulated the temporal distri-
bution of the receptor density in various domains for one particular type of spine
and its surrounding dendritic membrane as depicted in Fig. 2(a) (R = 1 µm, B=
4 µm, d= 0.12 µm, D= 0.1µm2/s). Fig. 16(b) shows what happens following the
release of 1000 receptors at the top of the spine at t = 0. For a mushroom-like
spine, and realistic parameter values, it takes approximately 500 s before all lo-
cally measured concentrations of receptors in the spine are equilibrated with the
surrounding dendritic membrane (assuming a reflecting boundary positioned at
a distance of 1 µm from the center of the base of the spine to prevent all recep-
tors from leaving the simulation domain). This simulation shows that the shape
in itself cannot retain gradients in receptor density indefinitely - at some point, it
must come to a uniform equilibrium.

To examine how the time until equilibrium depends on the morphology of the
spine, we measured the progression of receptor movements following the release
of 1000 receptors in the region at the top of the spine (dashed region in Fig. 16

(c)) for three distinct spine shapes. The spine morphologies each have the same
height and same total surface area in the head of the spine to ensure that any
effect we measure reflects how the surface is arranged in space. The surface area
of the neck is slightly larger for the wider necks. Keeping the combined surface
area of neck and head constant and renormalizing the height of the spine yields
qualitatively similar results. Increasing the size of the head, as it occurs in spine
maturation, is not explicitly covered here - it would add a trivial increase in the
residence time due to the increased surface area in the head. Fig. 16(d) shows
that spines containing a thin neck (mushroom-like spines) are able to retain el-
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Figure 16: (a): Time evolution of receptor density in domains I-IV after the release of 1000

receptors at the top of the spine. Reflecting boundary were positioned at a distance of
1 µm from the centre of the base of the spine. (b): Time evolution of receptor density in
the dashed area for four different spine geometries. 1000 receptors were released in the
centre of this region at t = 0.

evated concentrations of receptors after release approximately five times longer
than stubby shapes, and between ten and twenty times longer than planar struc-
tures of the same total area. These results demonstrate that the overall shape of
a spine, rather than just the area and neck length, controls the equilibration time
of receptors and that mushroom-like spines have strongly reduced receptor exit
rates.

3.3.3 Dendritic spine shape controls asymmetry between PSD capture and escape

To mediate synaptic transmission and intracellular signaling, AMPARs are po-
sitioned at the post-synapse through interactions with the postsynaptic density
(PSD) [155, 120, 100, 125]. We therefore next investigated how the efficiency of
AMPAR capturing at the PSD depends on the geometry of dendritic spines. We
prepared a spine-like structure with an absorbing PSD region, as illustrated in
Fig. 17(a), and simulate diffusive equilibration using three distinct settings. First,
with an absorbing zone at the top of the spine and a reflecting structure at the
base of the neck. Second, with an absorbing zone at the bottom and a reflecting
structure at the top of the spine, and third, with absorbing zones at both top and
bottom. At t = 0, 1000 receptors are equally distributed on the surface of the spine
(R = 1 µm, B= 4 µm, d= 0.12 µm, D= 0.1µm2/s), after which we record the tempo-
ral capture at the top of the spine and escape through the neck of the spine (Fig.
17(c)) respectively. For an unbiased comparison, the absorbing PSD zone at the
top and the one at the bottom are of equal perimeter size. The reflective boundary
settings simply serve to focus our attention on either PSD capture or base escape,
preventing exit elsewhere.
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We observed a striking difference in time-scales: receptor capture at the top
occurs roughly twice as fast as leak-out at the bottom demonstrating the asym-
metry induced by the specific morphology of the spine affects AMPA receptor
distibutions. Similarly, when - after equilibration - both boundaries are rendered
absorbing (representing the realistic condition that receptors either escape or end
up in the PSD, see Fig. 17(d)), the flux into the PSD domain at the top is larger
than that out of the spine at the base.

To further quantify these effects, we calculate the mean time it takes 1000 re-
ceptors starting at the top of the spine to escape through the base of the neck
(red dots in Fig. 17(b) 1) or the time it takes for the reverse process to complete:
receptors released at the reflecting base of the neck and ending up captured in the
PSD (red dots in Fig. 17(b)) 2). We measure a strong dependence of the outflow of
receptors on the neck radius - MFPT ∼ (neck radius)−0.7. Mushroom-like spines
- those with the smallest neck diameters - are thus significantly more effective at
retaining receptors. For this particular setting, we also computed the MFPT di-
rectly (solid black line in Fig. 17(b)) to validate our numerical method. We find
that when receptors are released homogeneously throughout the surface of the
spine, the PSD together with the shape of a spine allows efficient capturing of
AMPA receptors in the spine head.

3.3.4 Exocytosis in spines is more efficient than exocytosis on the dendritic shaft

Besides AMPAR surface diffusion and PSD trapping, intracellular trafficking and
recycling of AMPARs is also important for synaptic strength [156, 120]. Here,
AMPARs containing vesicles are transport towards the plasma membrane and re-
leased by exocytosis at specific sites, either at the dendrite shaft or in the dendritic
spine [78, 102]. Given these two different locations of AMPAR exocytosis, we de-
termine which mechanism is most efficient in concentrating AMPA receptors at
the postsynaptic membrane. To quantify the process, we record the temporal evo-
lution of the absorption of receptors in the PSD after the localized release of 1000

receptors, for different locations around the PSD (See Fig. 18(a) I, II and III). We
employ similar simulation settings as before, allowing receptors to get absorbed
at the PSD and diffuse freely elsewhere. To isolate the effect of morphology, we
repeat this exercise for a planar geometry and for spines with different neck radii
(d = 0.24 µm and d = 0.06 µm, see Fig. 15(c)).

Fig. 4B shows that release close to the PSD - especially for mushroom-like spines
with a thin neck - results in nearly all receptors captured in the PSD, while for ex-
ocytosis in the neck of the spine substantially fewer receptors end up in the PSD.
If the receptors are exocytosed 0.5 µm away from the base of the spine, almost
none of them end up at the PSD. In short, release of AMPARs close to the PSD is
markedly more efficient than release at the dendritic membrane. Thus, AMPAR
exocytosis in the spine heads provides rapid and specific control of AMPA recep-
tors concentration at the PSD. Importantly, this effect is not simply a result of the
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Figure 17: (a): A spinal surface, consisting of two equally sized absorbing regions, one
at the the base of the neck and one at the top of the spine. (b): Neck-size dependence of
the mean escape time of receptors released at the reflecting boundary Ω1 (1) or Ω2 (2)
and captured by the absorbing boundary Ω2 (1) or Ω1 (2), respectively. The dots mark
simulation results and the continuous line marks the analytical results based on MFPT.
(c): Time-evolution of capture at Ω1 or Ω2 upon rendering this region absorbing while
keeping the other boundary closed. (d): Time-evolution of capture at Ω1 and Ω2 upon
rendering both regions absorbing.
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proximity; although the effect is still observed in a planar setting (Fig. 18(b)), the
outcome is much weaker. Since all surface areas are kept constant, the advantage
of exocytosis within the spine head is a direct consequence of the specific spine
geometry.

The location of exocytosis and the shape of the spine do not only influence
the efficiency of AMPAR trafficking, they also influence the time scale for PSD
capture. To quantify this effect we now employ a reflecting boundary at a distance
1 µm from the base of the spine and measure the time it takes to absorb the
receptors in the PSD, again as a function of the location of the exocytosis. Fig. 18(c)
show that in the presence of the reflecting boundary, all receptors are ultimately
absorbed at the PSD. However, there is a remarkable difference in the time scale
for this capture process. For a typical mushroom-like spine, more than 90% of
the receptors are captured within seconds. For release in the neck, this takes ten
times as long, and for release at the base it may take hundreds or even thousands
of seconds. Again, the effect strongly depends on the morphology of the spine.
Thus, our modeling demonstrates that exocytosis on the spine membrane is a
very effective way to deliver AMPA receptors to postsynaptic membranes.

3.3.5 Conclusions

In this section we have developed a quantitative model integrating the morpho-
logical variability of realistic spine geometries into mechanisms that control AM-
PAR trafficking at postsynaptic sites. Our simulations reveal how two trapping
mechanisms - anchoring at the PSD and diffusion on specific curved geometries -
work together to control the number and spatial distribution of AMPARs in order
to regulate synaptic strength. The model demonstrates that AMPAR trafficking is
a coordinated action between surface diffusion, local exocytosis and trapping at
the PSD within the geometric restrictions of individual dendritic spines.

We have examined the influence of spine morphology on three processes related
to AMPAR trafficking. First, we determined the exit dynamics of surface receptors
through the neck of the spine and found a steep, power law suppression of the
rate of outflow of receptors as a function of neck size. Therefore, mushroom-like
spines are more effective at retaining gradients in receptor concentration after lo-
cal release within the spine head when compared to stubby or elongated spines.
Recently, experiments on narrow membrane tubes have shown that the curvature
of the membrane affects the lateral diffusivity [31] due to hydrodynamic inter-
actions in thin cylindrical geometries. These effects are not currently included in
our model. We may, however, speculate on their effect on the processes considered
here: since small necks reduce the diffusivity, the effects will further increase the
escape time rendering the spine shape even more effective at retaining AMPAR
gradients. In future work, we will include this effect by introducing a curvature-
dependent diffusion coefficient.
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Figure 18: (a): Three different geometries used to analyze effect of the exocytotic position.
(b),(c): Fraction of absorbed receptors over time for three different shapes following ex-
ocytosis at position I, II or III, as depicted in A. Reflecting boundaries were positioned
at infinity (B) or at a distance of 1 µm from the centre of the base of the spine (c). 1000

receptors are released on various positions (close to the head of the spine (I), in the neck
of the spine (II) and on a 0.5 µm distance from the centre of the base of the spine on the
dendritic membrane (III). We consider three different shapes. In the flat geometry the to-
tal surface area in the PSD/Spine/Dendrite is the same as in the spine with a neck radius
of 0.24 µm (Release I at 1.2 µm, II at 2.2 µm and III at 2.4 µm from the centre).
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Secondly, by considering the PSD in our measurement, we demonstrate that
the time-scale for an AMPAR entering the spine, and ending up at the PSD may
be up to an order of magnitude faster than the time of the reverse process, when
a receptor is leaving the PSD and exiting the spine through the neck. Thus, the
specific shape of the spine directly induces this asymmetric trafficking. Third,
our simulations reveal that local exocytosis results in effective and rapid capture
of AMPARs, particularly at curved geometries such as in mushroom-like spines.
The model reveals that increasing the number of AMPAR at synapses is most
effectively achieved through active transport of AMPAR containing vesicles and
subsequent release at local exocytotic sites in the spine head. The strong impact
of morphology on receptor diffusion implies that in the interpretation of Single-
Particle Tracking (SPT) and Fluorescence Recovery After Photobleaching (FRAP)
experiments, the shape of the spine must be explicitly included.

Our model indicates that mushroom-like shaped spines with local exocytotic
sites adjacent to the PSD are privileged over others, because they can rapidly and
efficiently regulate their synaptic AMPAR levels. The specific and high affinity
AMPAR/scaffold interactions within the PSD, in combination with the geometric
shape of the mushroom-like spines and local exocytosis within the spine head,
allow direct and rapid control over the amount of AMPARs at synaptic sites. In
this way, each individual spine presents an isolated and asymmetric, but adaptive
structure, which provides dendrites with a complex palette of regulatory options
to efficiently control synaptic AMPAR level. In the next Chapter we will explicitly
examine the effect of interactions between particles - which may lead to interesting
crowding phenomena - and the dynamics within the PSD itself.

Appendix I: Metric and Chistoffel symbols for system B

In this appendix we will calculate the metric and the corresponding Christoffel
symbols for the geometries A and B, as described in the Section 3.1. The metric of
system A (See Fig. 10 in main text) has the following two non-zero elements:

guv =

(
1 0
0 R2

)
. (17)

For this cylindrical surface all the Christoffel symbols Γk
i,j vanish. The metric of

system B has the following two non-zero elements:

guv =

R2
(

cos2 u + (cos u+u sin u)2

A2u4

)
0

0 R2 sin2 u

 , (18)
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Figure 19: (A) Escape time from a type-B shape (d2 = 0.042 µm, D = 1 µm2/s, R =
1 µm, h2 = 4 µm), measured for various values of the step size λ. For too large step
sizes, the curved features are increasingly ignored and we measure faster escape times
as a result. For values of λ below 0.02 µm, the escape time saturates. (B) The tail of the
distribution of escape times for various neck radii d, for a type-B shape. We find perfect
single-exponential behavior; τtail = d−0.75

2 . Moreover, τtail is exactly equal to the Mean First
Passage Time, represented by the solid line in the inset (see parameter values in the main
text).

from which we can calculate the Christoffel symbols Γk
ij:

Γu
vv =

1
tan u

Γu
uu =

−2 sin u cos u + 2 cos u(cos u+u sin u))
A2u3 − 4(cos u+u sin u)2

A2u5

2
(

cos2 u + (cos u+u sin u)2

A2u4

)
Γv

vu = Γv
uv = − cos u sin u

cos2 u + (cos u+u sin u)2

A2u4

(19)

Using this, we can calculate the Laplace-Beltrami operator from eq. 14.

Appendix II: Determination of the step size λ.

In pure random walk simulations, the step length is generally irrelevant because
of the self-similar behavior expected for long traces. As long as it is chosen in cor-
rect proportion to the time step and the diffusion constant, according to Eq. (12),
the long-time results should not change. In curved geometries, however, there
are intrinsic lengthscales related to the curvature of the substrate which warrant
slightly more care: too large of a step size renders the simulation insensitive to
shape features smaller than this step size. For this reason, we choose a step size
that is considerably smaller than the smallest radius of curvature present in any
of the systems we study. This, too, requires a caveat: since the composite shapes
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(type-A as well as type-B) consist of subdomains that are not smoothly joined to
each other, the smallest radius of curvature is technically zero. We deal with this
discontinuity as described in Section 3.1, but have run the same simulation for a
variety of step sizes to determine an appropriate choice. As we show in Fig. 19,
below a value of λ = 0.02 µm, the measured escape times saturate. In all simu-
lations presented in this Section, we have chosen λ = 0.005 µm, well within this
converged regime.

Appendix III: Distribution of escape times

As already pointed out in the main text, the distribution of escape times de-
pends on the geometry - in our case varied by varying the size of the smallest
constriction between two regions. In this Appendix we analyze the neck size de-
pendence of the tail of the distribution of escape times (see parameter values in
the main text of Section 3.2). We simulate the type-B shape and measure the tail
of the escape time for various neck radii d. We find that the tail is exponential
pdf(τ) ∼ exp (−τ/τtail), where τtail perfectly coincides with the Mean First Pas-
sage Time τMFPT, so that τMFPT = τtail.





Chapter 4

Crowding as barrier for lateral
diffusion

The picture that we painted in the previous Chapter, where diffusive motion
of macromolecules and organelles is considered isotropic and homogeneous, is a
considerable idealization of the actual lateral transport in biological membranes.
These membranes are generally highly crowded surfaces, of which a large frac-
tion of the surface is occupied by mobile as well as immobile obstacles, rendering
the diffusive motion of macromolecules anomalous. To illustrate this, Fig. 20(a)
shows schematically how crowded a typical lipid bilayer of a trafficking organelle
is. To indicate how crowding alters diffusive motion, we have depicted the Mean
Square Displacement (MSD) as function of time in Fig. 20(b). This figure shows
the various temporal regimes of diffusive motion, (i) free diffusion at microscopic
scales, characterized by a diffusion coefficient D0, (ii) subdiffusive transport at
intermediate time scales with anomalous scaling of the MSD. (iii) At sufficiently
large time scales, this subdiffusive growth is followed by second crossover, after
which the MSD again grows linearly with time, now with a reduced diffusion
constant, D � D0. Much work has been done in the past to study these various
regimes and how these crossovers are affected by the amount of molecular crowd-
ing, particularly in the context of biological membranes (see [64] and references
therein and more recently e.g., [70, 126]).

In this Chapter we study the interplay between shape and crowding and in
particular how these two features together render diffusive motion anisotropic on
curved surfaces. We have seen in Chapter 3 that escape-times are highly altered
by morphology and from the picture presented in Fig. 20 (b) we can presume
that measures for long-time diffusion such as escape-times are affected by molec-
ular crowding. Here we will show an intricate relation between the shape of a

The content of this Chapter has been published as R.P.T. Kusters, S. Paquay and C. Storm, Con-
finement without boundaries: anisotropic diffusion on the surface of a cylinder, Soft Matter 2015

and S. Paquay and R.P.T. Kusters, A Method for molecular dynamics on curved surfaces, Biophys.
J 2016
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Figure 20: (a) Artist’s impression of the molecular anatomy of a trafficking organelle
[174] (b) The various temporal regimes of crowded diffusion, where free diffusion at
microscopic scales is characterized by a diffusion coefficient D0, at intermediate time
scales this regime is followed by subdiffusive transport. In sufficiently large time scales,
this subdiffusive growth is followed by second crossover, where the MSD grows linearly
again with reduced diffusion constant, D � D0.

substrate and how crowding affects lateral diffusion. In Section 4.2 we discuss
crowded diffusion on the surface of a cylinder. Here we report an unexpected
anisotropic diffusive motion on cylindrical surfaces caused by the intrinsic con-
finement which naturally arises from the cylindrical shape of the substrate. In
Section 4.3 we expand this model to various curved surfaces and try to come up
with a generalized picture of how crowding and shape direct lateral diffusion on
surfaces with two non-zero radii of curvature. In particular we consider a funnel,
a torus and a dumbbell shape. To study the diffusion on curved surfaces we in-
voke a Rattle constraint algorithm to apply classical Molecular Dynamics (MD)
simulations on curved surfaces. This algorithm is described in Section 4.1.

4.1 method : molecular dynamics on curved surfaces

In this Section we introduce the Langevin dynamics simulation that we use in
the remainder of this Chapter in Section 4.1.1 and in Section 4.1.2 we cover the
variant of the RATTLE constraint algorithm that we have developed to study
diffusive motion on crowded surfaces, which we will use further in Section 4.3.

4.1.1 Langevin dynamics

A commonly used technique to model the dynamics of a molecular system, e.g.,
to study the diffusive behavior is Langevin dynamics. It allows to include both
particle-particle interactions as well as frictional effects due to an implicit solvent.
The starting point for this method is the Langevin equation which we describe
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next. In this stochastic dynamics there are three components that have to be con-
sidered, Fc, a conservative force due to particle-particle interactions, Ff = −ζ ẋ(t),
a frictional force proportional to the velocity of the particle ẋ(t) and the friction
coefficient ζ, and a random force R(t). The friction coefficient ζ is related to the
collision frequency through: γ = ζ/m, where m is the mass of the particle. The
correlation time τ = 1/γ can be considered the time it takes for a particle to lose
memory of its initial velocity. For a spherical particles immersed in a fluid, the
friction coefficient is related to the free diffusion constant D0 through the Einstein
relation: ζ = kbT/D0. The third and last contribution to the force on the particle is
due to the random fluctuations, due to the collisions with the solvent molecules.
Writing down the force balance gives us the so called Langevin equation,

mẍ(t) = Fc − γmẋ(t) + R(t). (20)

We invoke the following integration algorithm for the position and velocity vector,
the so called velocity Verlet algorithm,

xi+1 = xi + viδt +
1
2

(δt)2
(
−γvi + m−1 (Fi + Ri)

)
,

vi+1 = vi + δt
(
−γvi + m−1 (Fi + Ri)

)
.

(21)

As aforementioned the random force over the time step is drawn from a Gaus-
sian distribution with a mean zero and variance 2mkbTγ(δt)−1 [91].

This method gives rise to various types of motion, depending on the time-
scales. On time-scales that are small relative to the correlation time, τ, there is
very few interaction with the solvent and hence the motion is ballistic and the
MSD ∼ t2. At time scales much larger than 1/τ, the movement of particles can be
described by Brownian motion, where the MSD is proportional to the diffusion
coefficient D0 and time t,

〈δr2〉 = 4D0t (22)

In the remainder of this chapter we will focus on the effect of molecular crowd-
ing on the diffusive properties of these particles. Molecular crowding arise from
steric repulsion between the particles. As conservative particle-particle force we
have chosen the repulsive part of the Lennard-Jones force which is given by the
following equation:

FLJ = 24ε

[
2
(

σ12

r13

)
−
(

σ6

r7

)]
, (23)

here the 1/r13 term describes the short range repulsive force and the 1/r7 de-
scribes the long range attractive tail but since we will use a cut-off distance of
r = 1.12σ the potential will effectively be purely repulsive. As indicated in Fig.
20 (b), introducing a repulsive particle-particle interaction will eventually lower
the "effective" diffusion coefficient of the particles in the system. Note that the
exact choice of the pair-potential will not qualitatively alter the results we will
present further in this Chapter (See Appendix I for a comparison of various pair-
potentials)
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4.1.2 Rattle constraint algorithm

Most theoretical models to study diffusion on curved surfaces are based on solv-
ing the diffusion equation on the curved surface (See Chapter 3). This method,
however, is not always tractable, especially when complex particle-particle inter-
actions, which are of great importance in these systems, are involved (2). To over-
come this we present the RATTLE-constraint algorithm and the corresponding
equations of motion for particles constrained to a curved surface. The numerical
schemes are obtained by applying constraint algorithms in combination with the
velocity Verlet algorithm, that we described earlier, to the derived equations. The
algorithm that we implemented in LAMMPS [130] and the various benchmarks
of this method can be found in the supplemental material of our paper [127]. For
unconstrained systems a MD simulation consists of solving Newton’s equations
of motion, which can be obtained from the Hamiltonian of the system. If the par-
ticles are all constrained to some arbitrary manifold, this can be incorporated into
the Hamiltonian with Lagrange multipliers λi,

H =
N

∑
i=1

[
1

2mi
p2

i +
N

∑
j=i+1

Vij + λig(xi)

]
, (24)

where g(xi) = 0 for all i, with xi the position vector of particle i, pi its momentum
and mi its mass, and where the inter-particle potential Vij is a function of xi and
xj and Vij = Vji. The shape of g(xi) determines the manifold, e.g., g(xi) = x2

i − R2

constrains xi to a sphere of radius R, and λi is the aforementioned Lagrange
multiplier. From Eq. (24) the equations of motion become,

dxi
d t

=
∂H
∂pi

=
1

mi
pi,

dpi
d t

= −∂H
∂xi

=−∑
j 6=i

∂Vij

∂xi
− λi

∂g
∂xi

,
(25)

where t is the time. The expression for the change in position remains unchanged,
but an additional term enters in the equation for the change in momentum. Note
also that −∑N

j 6=i ∂Vij/∂xi is the total force acting on particle i, which we will de-
note as fi. Any force not generated by a potential can be added to this function,
e.g., thermal fluctuations for Brownian dynamics. The term ∂g/∂xi is simply the
normal of the manifold, n(xi) := ni, which allows the equation for the momentum
change to be rewritten as

d pi
d t

= fi − λini. (26)

It is possible to derive a closed expression for the Lagrange multipliers as is
done in e.g [186]. However, the idea of a behind RATTLE is to iteratively determine
them during a simulation. This makes the method more flexible, as it can also be
applied for which a closed expression for λ is impossible to derive. In Section 4.3,
we will use this algorithm to study the diffusion on variously curved surfaces.
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4.2 anisotropic diffusion on the surface of a cylinder

In this section we study how crowding renders the lateral diffusion on a cylin-
drical surface anisotropic, especially at high surface coverage, i.e., close to the
glass transition. The influence of confinement on the dynamics of glassy systems
has been the focus of numerous studies on particles and polymers confined to
narrow channels, or between parallel plates [185, 99]. These works showed that
the glass transition exhibits non-monotonic behavior, depending sensitively on
particle-wall interactions [111, 90, 105]. In this Section, we seek to eliminate the
interactions with walls to achieve a purely geometrical confinement. We do so by
studying diffusion of discs on a 2D periodic plane. Effectively, this models the
motion of discs bent onto a cylindrical surface. This way confinement without
boundaries is achieved. We map out how the diffusive motion of these discs is
affected by the geometry of the confinement.

As aforementioned in the introduction, the system we consider is far from aca-
demic: highly curved [158, 36, 86, 87] and crowded motifs (see, e.g., [64] and
references therein) are abundant in biological and microfluidic systems. In these
systems crowding and shape significantly contribute to the effective diffusivity of
particles which, in the case of membrane-associated proteins, are completely con-
fined to a curved, 2D substrate. Likewise, rapidly evolving microfuidic techniques
such as topological emulsions [158] and surface-confined colloids [36] yield sys-
tems where crowding and curvature meet directly. Finally, the dynamics of par-
ticles in highly crowded and confined environments has been the subject of nu-
merous studies (experimental and theoretical) in the context of flowing glassy
materials, for instance in the rheological behavior of jammed emulsions in mi-
crochannels [49, 11].

The effects of crowding and shape, individually, have been extensively charac-
terized in the past: experimental and theoretical work in the context of membrane-
bound diffusion have clearly established the generic effects of shape on diffusive
timescales [86, 87], the upshot being that shape, in itself, may alter and even direct
diffusion in dilute particulate systems. The effects of pure crowding on the dif-
fusive properties in two and three dimensions, likewise, has been widely studied
(see, e.g., [64] and references therein). Here we combine both effects.

4.2.1 Anistropic diffusion

In the present work, we study the combined effects of crowding and confinement
on the diffusion of discs bent onto a cylindrical surface. We achieve this by wrap-
ping a 2D periodic plane with width 2πd and length L onto a cylindrical surface
with radius d and height L. Recent works have shown that at high surface cov-
erages, the packing of discs on a cylinder is elaborately organized into various
screw-like packings, where the symmetry and the tilting axes of the screw struc-
ture depend on the ratio between the radius of the crowders, R, and the radius of
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Figure 21: (a) The system we consider: A cylinder with length L, circumference 2 π × d
covered with particles with radius R that occupy a fraction φ of the cylinder’s area. (b)
The MSD 〈∆r2〉 for various surface coverages (ζ = 3.4), in the long-time limit where
the diffusivity is set by the collective motion. In this regime, the motion is diffusive;
〈∆r2〉 = 4D(φ)t. In (c), red colors label the most mobile particles, and arrows indicate
the displacement of the individual particle accumulated over 10000 steps (vector shown
only for particles that have moved at least twice the system mean), showing the coherent
motion of clusters of particles (φ = 0.75 and ζ = 7.0).

the cylinder, d [116, 117]. While this was established for athermal (granular) pack-
ings, we now measure whether these naturally arising screw-like structures alter
the diffusive motion of the particles, particularly if d is not significantly larger
than R. In the following, we denote by ζ = πd/R the ratio of the circumference of
the cylinder to twice the radius of the diffusing particles (which we fix at R = 0.5).

Using the molecular dynamics package LAMMPS [130], we execute two-dimensional
Langevin dynamics simulations with a damping time τ = 0.1 Lennard-Jones time
units (See Appendix I). We point out that the Lennard-Jones interaction is eval-
uated in 2D: the separation between interacting discs is the shortest center-to-
center path (i.e., the geodesic) along the curved surface, rather than the short-
est 3D center-to center path, which passes through the 3D interior of the cylin-
der. For membrane-bound proteins, the dominant mutual interactions are often
membrane-mediated [28, 118, 152] in which case the 2D separation is indeed the
relevant one, but there may be important situations (charged proteins at small
zeta, for instance) in which it is not. While we consider only cylindrical systems
in this Section, we note that the computational techniques to address similar prob-
lems on arbitrarily curved surfaces have been described in the previous section
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and results obtained from this will be discussed in Section 4.3. We focus on the
regime where the MSD scales linear with time, 〈∆r2〉 = 4D(φ)t (see Fig. 21 (b)).
Here the MSD is calculated taking into account the periodicity of the system, i.e.,
the displacement in the circumferential direction is not bounded to 2πd. In highly
crowded systems, the long-term diffusivity is dominated by global rearrange-
ments of large clusters of particles, caused by so called cage-rearrangements [32].
In Fig. 21 (c) we illustrate the displacement of particles over the course of 10000

time-steps, and indicate with arrows the particles that have traveled more than
twice the root mean square displacement ∆r > 2∆rMSD. In the narrow systems
we consider, there is a natural distinction between the longitudinal and circum-
ferential direction: the longitudinal dimension is significantly larger than the cir-
cumferential one. In Fig. 22 (a), we decompose the total MSD into a longitudinal
and circumferential component: 〈∆r2〉 = 〈∆r2

C〉 + 〈∆r2
L〉. This reveals that, at least

for this system (φ = 0.625 and ζ = 3.8), the effective displacement in the longitu-
dinal direction is significantly smaller than the circumferential displacement (See
Fig. 22 (a)).

In the following, we demonstrate that this geometrically induced anisotropy
is generic in these systems. We determine the ζ-dependence of the longitudinal
diffusivity, DL = 〈∆r2

L〉/2t, the circumferential diffusivity, DC = 〈∆r2
C〉/2t, and

the total diffusivity, D = DL + DC, for a fixed surface coverage φ = 0.725 (See
Fig. 22 (b)). We find that upon increasing the radius of the system, and thus the
number of particles that will fit the circumference of the cylinder, the longitudinal
diffusivity increases while the circumferential component decreases. For ζ � 10
the two eventually become equal as the system tends to a homogeneously flat,
(2D) crowded system and if ζ < 2 the relative position of the particles cannot
exchange position in the longitudinal direction and hence DL → 0 as the diffusion
has become one dimensional. DL and DC are not monotonic functions; they show
distinct minima and maxima. The total diffusivity D also shows a non-monotonic
dependence on ζ, not unlike the anisotropy observed in wall-confined systems
[90, 105]. Next, Fig. 22 (c) shows that for various values of the surface coverage,
the anisotropy as a function of ζ remains. In Fig. 22 (d), we show the decrease in
longitudinal component DL, relative to its value for φ → 0, DL(φ→0), as function
of ζ, for various surface coverages φ and shows that the trend observed in Fig. 22

(a),(b) and (c), i.e., an increasing longitudinal diffusivity upon increasing ζ, indeed
appears for a broad range of surface coverages φ. The dashed line corresponds to
a system whose length is equal to the circumference L = 2πd and thus exhibits
isotropic diffusion. Eventually at φ ≈ 0.82 the diffusivity vanishes as the system
becomes glassy.

In Fig. 23 we calculate the ratio DC/DL as a function of ζ for various surface
coverages φ, and find that although it shows an overall decrease with increasing ζ,
maxima in the anisotropy arise periodically. The period of these peaks equals ζ = 1
and they occur each time one additional particle precisely fits the circumference
of the cylinder. The height of these peaks in DC/DL decreases as a power law
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Figure 22: (a) Time evolution of the MSD 〈∆r2〉 and its components in the circumferential
direction 〈∆r2

C〉 and the longitudinal direction 〈∆r2
L〉 (ζ = 3.8, φ = 0.625 and N = 2500). (b)

shows the longitudinal (DL), circumferential (DC) and total (D) diffusivities as function
of ζ (φ = 0.725 and N = 2900). (c) The longitudinal diffusivity DL as function of ζ for
various surface coverages (φ = 0.625, 0.7 and 0.725). (d) The longitudinal component of
the diffusivity DL, relative to its value for φ → 0, as a function of the surface coverage φ
for ζ = 2, 3, 4 and 6 (solid lines) and for a square L = 2πd (Dashed line). The total system
size was kept constant at 2πd× L = 1570.8, and φ was varied by varying N, the number
of particles in the system.
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with an exponent of approximately 3, though we have a limited range and cannot
firmly establish this scaling. We note, too, that the magnitude of the heterogeneity
decreases with decreasing φ, establishing that it is truly the combination of shape
and crowding, and not just the shape itself, that causes the effects we describe
here.

4.2.2 An interplay between confinement and configurational order

The question we address now is whether the observed effect is a consequence
of the configurational order of the particles, i.e., of the screw-like patterns that
naturally arise in these dense systems [116, 117]. To quantify this, we apply the
standard Delaunay triangulation scheme to find the lines connecting each particle
to its 6 nearest neighbors. Then, we calculate the orientation (relative to the the
circumferential axis, see Fig. 24 (c)) of these lines. To properly account for the
bonds at the periodic edges of the system we also include bonds with the mir-
ror images of the system. Next, we tabulate the distribution of these angles α for
φ = 0.725 at those ζ where DC/DL exhibits extrema (see Fig. 24(a)). We see that
the anisotropy in diffusivity is strongly correlated to the spatial configuration of
the particles. Specifically, we find that the structures where the dominant orien-
tation is in the longitudinal direction, which correspond to α = 0 and α = 1.1 as
peak values, have a larger diffusivity in the circumferential direction compared to
systems which have α = 0 and α = 0.5. These two states would, if densely packed,
correspond to the symmetric packing and its affinely rotated structure discussed
by Mughal et al. [117].

Our observations strongly suggests that the configurational order of the sys-
tem causes the diffusive anisotropy. The long-term diffusivity in highly crowded
systems is generally dominated by so called cage-rearrangements [32]. We hy-
pothesize that the cage rearrangements in these screw-like configurations induce
motion in a preferred direction. To verify this, we have calculated the orientation
and the magnitude of the displacement for various values of ζ. As may be seen
in Fig. 24 (c), those particles with a displacement larger than twice the mean,
∆r > 2× ∆rMSD (indicated with red arrows), appear in clusters. If we now vi-
sualize the motions of these clusters, we find that for ζ = 3.4, their motion and
thus the cage rearrangements promote motion in the circumferential direction,
while this motion is not directed for ζ = 3.8. To further quantify this, we plot in
Fig. 24 (b) the absolute value of the angle of the displacement vectors, relative
to the y-axes for red (mobile) particles, which have ∆r > 2× ∆rMSD, and grey
(immobile) particles, which have ∆r < 2× ∆rMSD. Particularly for ζ = 3.4, where
we previously saw that the anisotropy is maximal, the slow particles do not show
any directionality but the the fast moving clusters - that dominate the diffusivity
- markedly do so.

Based on previous work on dense suspensions under confinement, we also
expect to see some intrinsic effects of the constraint as a result of a confinement
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Figure 23: DC/DL as function of ζ = πd/R for various φ. The inset shows that the peak
values of DC/DL.

dependent flow cooperativity, known to affect the diffusivity in narrow channels
[49, 11]. In order to establish whether this is also at play here, we suppress the
tendency to order by introducing polydispersity into the system. In Fig. 25 we
plot the ratio DC/DL as function of ζ for various degrees of polydispersity (blue
curve: monodisperse, red curve: tridisperse (particle diameter: 0.9, 1.0, 1.1) and the
black curve where we consider five different particle diameters (0.8, 0.9, 1.0 1.1,
1.2 )). We find that for increasing polydispersity the peaks in DC/DL are reduced,
confirming the configurational nature of the anisotropy, but that the increasing
trend of DC/DL for decreasing ζ remains. We speculate, that this may be related
to a side effect of wall confinement in glassy flows, where fragile zones appear
to live much longer near the wall than they do in the bulk [49, 11]. Even absent
a physical wall, our systems are confined in the circumferential direction and we
expect collective rearrangements in that direction to live longer than those along
the long axis of the system.

4.2.3 Conclusions

To summarize, we have addressed the question of how the lateral diffusion of
densely packed particles, confined to a cylinder, is affected by the shape of the
substrate and the packing fraction. We find that the shape of the substrate in
combination with crowding induces an anisotropy between the longitudinal and
the circumferential diffusivity. We find that the extrema of the anisotropy coin-
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Figure 25: The effect of polydispersity on the extent of the anisotropy in DC/DL, for
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cide with an ordered packing of discs in a triangular lattice and its affinely ro-
tated structure, geometries also observed for dense athermal packings [117]. These
skewed patterns promotes collective motion in the circumferential direction.

Our work reveals that diffusive motion of discs along the surface of a narrow,
crowded tube is hindered by an interplay between local geometry and crowding.
Diffusivity in highly crowded systems is dominated by the collective motion of
clusters and the size of these clusters may, especially at high coverage, become
comparable to the local radii of curvature of the system. Though we focus on dif-
fusion on cylindrical surfaces here of discs with radii comparable to the typical
radius of curvature of the substrate, even the diffusion of discs or particles that
are small compared to the local radius of curvature may very well be sensitively
affected by the curvature of the substrate; not by their proper size, but through
the size of the cage through which they diffuse, which - particularly at elevated
densities - may become comparable in size to the local radius of curvature. From
a more practical viewpoint, engineered structures such as colloids confined to an
interface and topological emulsions are systems where curvature and crowding
directly meet and would be ideal candidates to experimentally verify this geo-
metrically induced anisotropic diffusion. Some specific biological settings where
dense packings as well as high curvatures feature are cristae in mitochondria, den-
dritic spines in synapses and grana thylakoids in choroplasts, where the sizes of
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narrow membrane tubes, connecting these microdomains to the remainder of the
cell, are not that much larger than the protein complexes that diffuse on it. In this
work, we have focused on the effect of the shape of the substrate itself. We should
note, however, that proteins diffusing along these structures are most likely not
isotropic - not in size, nor in their interaction. We expect such anisotropies in pro-
tein features to considerably affect the ordering at higher densities, and thus to
cause an additional anisotropy. Moreover, even a transmembrane protein with a
perfectly cylindrical cross section in 3D would present an anisotropic footprint
on a cylindrical section of membrane, deviating from the discs we consider. The
computational tools to confine particles to more complex surfaces has been pre-
sented in Section 2.1 and will be employed in the next Section to further study
effects of particle shape, boundary and surface geometry [127].

4.3 directionality of diffusion on curved surfaces

In this Section we use the RATTLE constraint algorithm (See Section 4.1) to study
how crowding and the shape of the substrate interplay to affect the diffusive mo-
tion on curved surfaces with two non-zero radii of curvature. In Section 4.2 we
have shown that the diffusion of particles on the surface of a cylinder has a prefer-
ential (circumferential) direction at high surface coverage. To distinguish between
the roles of curvature and confinement we present three case-studies for shapes,
which, unlike a cylinder, have two non-zero radii of curvature: a funnel, a torus
and a dumbbell. In particular we focus on how the diffusive motion will become
anisotropic and how this anisotropy depends on the local curvature. Finally we
show how these local properties affect large scale diffusive time-scales such as the
escape time. The three shapes we consider here cover generic shapes featuring
positive and negative curvature, such as one might encounter in cellular systems.
At the end of this section we measure how the local anisotropic features of these
shapes affect the global diffusive behavior, e.g., escape times in a dumbbell geom-
etry.

4.3.1 Quantify diffusive properties on curved surfaces

To characterize the direction of the diffusive motion on a curved surface we
need to come up with a consistent method to quantify the amount of isotrop-
ic/anisotropic motion. In a planar two dimensional system, diffusive motion is
characterized by a linear relation between the MSD and time: (δx)2 = 4Dt, where
D is long-time diffusion coefficient (See Fig. 20). On a plane or a cylinder surface,
the total MSD can straightforwardly be divided in two orthogonal directions, e.g.,
for a cylinder a natural choice would be the circumferential (δsc)2 and lateral (δsl)2

directions. Measuring these quantities one can separate the diffusion coefficient
in circumferential Dc = (δsc)2/(2t) and lateral direction Dl = (δsl)2/(2t), which at
high density are not necessarily equal (See Section 4.2).
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Similarly as we did for the cylindrical surface, for shapes with a spatially de-
pending metric g(x) we construct an orthogonal space (xi, xj) and measure the
local displacements in these coordinates δxi and δxj, during a time interval δt,
as well as the local metric gii and gjj. A local displacements in this metric is
then given by:

{
(δxi)2, (δxj)2} =

{
gii(δxi)2, gjj(δxj)2}. Note that this is only true

when gij = 0. These displacements should equal each other in the limit of low
density, and no curvature, independently. Averaging over various measurements
and keeping track of the initial position of the particle will eventually result in
a spatially dependent map of diffusion coefficient in both orthogonal directions.
This fairly simple approach provides us an effective diffusion coefficient in two
orthogonal directions Di = (δxi)2/(2t) and Dj = (δxj)2/(2t).

In the remainder of this Chapter we determine the diffusion coefficient through-
out space. This value is obtained by keeping track of the initial position of the
particle and measuring over an interval δt, where δt is sufficiently large to ensure
the particles are in the diffusive regime yet small enough that the particles are,
on average, within a couple of particles diameters from there original position.
By repeated sampling we obtain a histogram with

{
(δxi)2, (δxj)2} as function of

the initial xi and yi. From this, we can construct a spatial map of the diffusion
coefficient Di(xi, xj) and Dj(xi, xj).

4.3.2 Simulating diffusion on curved surfaces

To simulate diffusion on curved surfaces we use the molecular dynamics package
LAMMPS [130] in combination with the Rattle constraint algorithm presented in
Section 4.2. We execute Langevin dynamics simulations with a damping time τ =
0.1 and a timestep of 0.001, both in Lennard-Jones time units. The particle centers
are constrained to an arbitrary surface (See Section 4.2 and [127] for more details).
We point out that the Lennard-Jones interaction is evaluated in 3D: in highly
curved systems, the separation between interacting particles is the shortest center-
to-center path which is not necessarily the geodesic along the curved surface. The
surface coverage that we use in the remainder of the section is φ = NπR2

0/At,
where N is the number of particles, R0 is the interaction radius of the Lennard-
Jones particle and At is the total surface area of the manifold. Note that, for
surface where the local radius of curvature is comparable to the radius of the
particle, the effective surface coverage is slightly underestimated.
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Figure 26: (a) Toroidal surface on which we constrain the particles. (b) MSD in the α
(orange) and θ (blue) direction at low (top) and high density (bottom) on a log-log scale.
Here r = 0.8 and R = 10. (c) Ratio of the diffusion coefficient in the α and θ direction for
various values of r as function of the density φ.

4.3.3 Toroidal surface

The first shape that we consider here is a torus. This surface is characterized by
two characteristic radii, the major radius R and the minor radius r, which can be
varied independently from each other. A torus can be parametrized as,

x(θ, α) = (R + r sin α) cos θ

y(θ, α) = (R + r sin α) sin θ

z(α) = r cos α,
(27)

where α and θ are the poloidal and toroidal angles, equivalent to the circumfer-
ential and longitudinal directions on a cylindrical surface, at least in the limit of
R � r (See Fig. 26 (a)). Note that the inside of the torus corresponds to a saddle
point and the outer rim corresponds to a hill (See Fig. 26 (a)). A local displacement
in these local coordinates {θ, α} equals:{

(δsθ)2, (δsα)2
}

=
{

gθθ (δθ)2 , gαα (δα)2
}

, (28)

where,

gθθ = (R + r sin α)2

gαα = r2.
(29)

First we consider the case where R � r. In this limit we expect the toroidal
surface to have characteristics similar to a long cylindrical surface, since the only
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relevant radius of curvature is r, in the α-direction. We expect to recover similar
results as we found for the periodic plane: upon lowering the radius of curvature
r, the magnitude of the anisotropy (α vs. θ directed) should increase. In Fig. 26

(b) we plot the MSD in both the α and θ direction at low (top) and high density
(bottom). At low density we recover homogeneous diffusion δsα = δsθ. At increas-
ing density we find that (δsα)

2 > (δsθ)
2 and hence the magnitude of the diffusion

coefficient Dα > Dθ. This is in line with what we found for the planar-periodic
surface of Section 4.2. A direct comparison, however, is not straightforward since
the calculation of the effective surface coverage is dependent on the ratio of par-
ticle size and local radius of curvature. This is because the effective intersection
plane of the particle with the surface is not cylindrical but rather ellipsoidal, with
a larger effective radius in circumferential direction.

To overcome this we will calculate the ratio of the diffusion coeficient Dθ/Dα

as function of φ for various values of r. In Fig. 26 (c) we show that both upon
lowering r and increasing φ, the amount of anisotropy increases. This is in line
with the results presented in Section 4.2, where we found that on a cylindrical
surface the contribution of the diffusion coefficient in the circumferential direc-
tion is higher than the one in the longitudinal direction and that the amount of
anisotropy increases upon increasing φ. The values we report in Fig. 26 are all in
the limit of R� r, so that the contribution of the major radius R can be neglected.

Next, we consider the situation where R is in the same order of magnitude as
r. Here, both radii of curvature will impact the diffusion since the local curvature
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strongly depends, both in sign and magnitude, on the toroidal angle α, i.e. a hill
shape at the "outer rim", when α ≈ −π/2 and saddle like at the "inner rim",
α ≈ π/2 (See Fig. 27(a)). In Fig. 27 we plot the average diffusion coefficient, both
in the toroidal, Dα, and the circumferential direction, Dθ, for r = 1.8, R = 2.5
and N = 175. For this particular geometry we find that, averaged over the whole
surface, Dα < Dθ.

If we consider the spatial dependence of this diffusion coefficient on this toroidal
surface, that is to say, calculate the two components of the diffusion coefficient (Dα

and Dθ) for the particles as function of their position, both as function of α, we
find that the diffusion coefficient is non-homogeneous over space. While Dα is homo-
geneous over space, Dθ is higher at the saddle point of the torus (α ≈ π/2) and
lower at the hill (α ≈ −π/2).

In terms of curvatures, a toroidal surface is characterized by a non-zero Gaus-
sian and mean curvature which depend on the poloidal angle α. The Gaussian (Is
there curvature along both directions?) and mean (Is there curvature along at least
one direction?) curvature are both highest at α = π/2 and lowest at α ≈ −π/2.
In this case, a high value of anisotropy corresponds to a high value of of both
invariant measures of curvature. The direction of the anisotropy, i.e, the direction
with highest diffusion coefficient coincides in this case with the direction of the
smallest radius of curvature. To study this spatially dependent diffusion coeffi-
cient further we will present a second case study, the funnel.

4.3.4 The funnel

A natural generalization of the cylindrical surface that we covered in Section 4.2
is the funnel, i.e., a cylindrical surface whose local radius of curvature depends
on the longitudinal position z (See Fig. 28 a), i.e.,

R(z) = R0 −
1
2

A (1 + cos kz) , (30)

for |z|< L/2. Here R0 is the radius of the cylinder, A is the amplitude of the
funnel and k is a measure for the lateral distance over which the radius changes.
We construct an orthogonal frame with the longitudinal and circumferential axis
of the funnel, such that a local displacement in these local coordinates {θ, z} reads,

{
(δsc)2, (δsL)2

}
=
{

gθθ (δθ)2 , gzz (δz)2
}

, (31)

where,

gθθ = (A− 2R0 + A cos kz)2 /4

gzz =
(

8 + A2k2 (1− cos 2kz)
)
/8.

(32)

For the toroidal surface we found that the diffusion coefficient was spatially
inhomogeneous. For the funnel-shape we expect to find a similar trend. To vali-
date the simulations we first check that in the limit of low density the diffusion
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Figure 28: (a) Funnel-shaped surface on which we constrain the particles. (b) Mean
Squared Displacement in the circumferential (top) and lateral (bottom) dirrection as func-
tion of time, averaged over particles in the region I and II (See Fig. (a)), where N = 650
particles (φ ≈ 0.75) diffuse on a funnel with A = 2.4, R = 3 and L = 60. This graph indi-
cates caged diffusion: (δs)2 ∼ t1/2 at short timescales and regular diffusion: (δs)2 ∼ t for
larger time scales. (c) Logarithm of the diffusion coefficient in the lateral (solid line) and
circumferential (dashed) direction as function of the position along the z-axis for various
surfaces densities (by varying the number of particles N).

is isotropic and not spatially dependent, i.e., (δsc)2 = (δsL)2. Upon increasing the
density of particles on the surface we recover an anisotropic diffusion, similar to
what we observed for the cylinder, i.e., in regions where the absolute value of
the radius of curvature is small, diffusive motion is preferentially in the circum-
ferential direction, (δsc)2 > (δsL)2. In Fig. 28 (b) we show the MSD in both the
circumferential (δsc)2 and longitudinal (δsL)2 direction as function of time. Here
we find that, both in the caged diffusion regime (MSD ∼ t1/2) and in the diffusive
regime (MSD ∼ t), both the mean circumferential (δsc)2 and longitudinal (δsL)2

displacement vary over space. In Fig. 28 (c) we show both the logarithm of the
circumferential and lateral diffusion coefficient as function of the longitudinal co-
ordinate z for various values of the surface density ranging from φ = 0.12− 0.75.
Here we see that, at increasing values of the surface coverage φ both Dc and
DL non-monotonically depend on position. The absolute diffusivity hence also
depends on the local radius of curvature.
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Figure 29: (a) Planar setting indicating the various domains. (b) Rescaled transition time
as function of the surface converage φ for two values of RI I . In the inset we show the
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blue curve: φ = 0.6 and red curve: φ = 0.7). (c) Dumbbell morphology indicating the
various domains. (b) Rescaled transition time as function of the surface converage φ for
various minimal radii of the dumbbell. Note that the black curve is the reference state
from Fig. (b)

This result suggests that, especially at high surface densities, diffusive motion
along the direction of high curvature (smallest radius of curvature), is preferred.
This is in line with the results on the cylinder and torus. The magnitude of
anisotropy non-monotonically depends on the local radius of curvature in a simi-
lar fashion as we found for the cylindrical surface (See Fig. 23). One open question
however remains: why, in contrast to what we found for the cylindrical surface,
the peaks in diffusion coefficient in the circumferential direction do not coincide
with minima in the longitudinal direction, at least for φ > 0.7. This observed
anisotropy is also expected to have an effect on long-time diffusive timescales
such as the escape time. To study this, we will consider a dumbbell like shape,
resembling the shape of a dendritic spine in the next section.
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4.3.5 Escape dynamics

In the two examples we covered in the previous sections we found that, depend-
ing on the local radii of curvature, diffusive motion might become anisotropic,
and increasingly so upon increasing the density. Next, we study how this anisotropy
impacts an integrated property such as the Mean First Passage Time (MFPT). In
contrast to the φ→ 0 limit we studied in Chapter 3, we do not calculate the MFPT
but rather the transition time. The transition time τ is calculated by defining three
distinct regions, as indicated in Fig. 29(a), and measuring the time it takes on av-
erage for a particle to transition from domain I to domain III. t = 0 is the first time
a particle enters domain I and τ is defined when the particle, after first passing
through domain I reaches domain III. The reason we choose to calculate the tran-
sition time instead of the MFPT is that it allows a faster sampling, which at high
densities is significantly less computationally expensive.

To compare our further simulations, we first consider a planar surface and
measure the transition time from domain I to domain III (RI = 1 and RI I = 10, 16).
We find that, by rescaling the value of τ(φ) with τ(φ = 0) that, independent of
the positioning of the edge RI I we obtain a universal curve, independent of the
position of the domains. In the inset of Fig. 29 (b) we show that for obtaining
a proper transition time we have to sample at least O

(
103) events. This planar

curve serves as the reference in the proceeding of this section.
Next we consider transition times for non-planar geometries. Inspired by the

type of surfaces considered in section 4.3.3 and 4.3.4, we now consider a dumbbell-
like surface, which essentially corresponds to two reservoirs, connected to each
other through a narrow channel. This motif is a common motif in biology, as we
extensively discussed in Chapter 3. This surface is given by the implicit equation,

−x2 − y2 +
(

a2 −
(z

c

)2
)(

1 + A sin
(

B(z)z2
)2
)4

= 0, (33)

where a is the radius of the channel, 2ca the total length of the dumbbell and A, b
shape parameters. In Fig. 29(c) we outline the shape and define the three domains.

Similarly to the planar geometry we now calculate the transition time from
domain I to domain III. We find for neck radii a � 1 that the rescaled transition
time as function of the surface density φ is similar to the planar reference curve. So
in the limit of wide necks, there is no additional retention caused by the interplay
of shape and crowding. If we now decrease the radius of the neck a we find that
the relative increase in retention time τ/τ0 as function of φ deviates from the
planar reference curve. Especially at high values of the surface density we find
that the additional retention increases most. So both by decreasing the radius of
the neck a and increasing the density φ we find that crowding disproportionally
hinders the escape time through the neck of the dumbbell, relative to the planar
reference curve.
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4.3.6 Conclusions

In this Section we have explored how crowding and the morphology of the sur-
face on which particles diffuse renders their diffusion anisotropic and spatially
inhomogeneous. Analysis of a toroidal and funnel shape shows that the diffusion
coefficient along the direction of highest curvature is higher than the one in the
direction perpendicular to it. For a major radius much larger the minor radius
we recover an anisotropy where the magnitude of the diffusion coefficient in the
circumferential direction of the torus (along the minor radius) depends on the
minor radius. For the funnel shape we obtained a spatially dependent diffusion
coefficient, resulting from a spatially dependent radius of curvature. Decreasing
the radius increases the circumferential component of the diffusion coefficient and
it does so in a non-monotonic fashion.

This result is in line with the results we obtained for a cylindrical surface in
Section 4.2, where we showed that diffusion along the circumferential direction
of the cylinder is preferred over the diffusion along the longitudinal direction
(See Fig. 23). Here however we showed that the shape of the surface itself, and not
confinement, rendered the diffusive motion anisotropic. We hypothesize that the diffu-
sion coefficient in the direction of highest curvature is typically larger than the
component perpendicular to it. A thorough analysis of various other surfaces is
required to come up with a general framework to describe the interplay between
shape and crowding.

A consequence of this local anisotropic diffusion is that for shapes with a nar-
row neck, i.e., where circumferential diffusion does not contribute to the effective
long-scale diffusion time, the anisotropy in local diffusion coefficient affects the
long-scale diffusive properties, e.g., the MFPT or transition times. We studied the
transition time for particles escaping a spine-like morphology as function of the
surface coverage, relative to the transition time without crowding φ → 0. Here,
we found a shape and surface coverage dependent transition time in additionally
affected by the interplay caused by crowding and morphology. At high densities
and for narrow neck radii, the transition time for a given surface coverage is higher than
what we would expect for a planar surface, for the same surface coverage. The interplay
between shape and crowding increases the effective retention for shapes with a
decreasing neck radius.

To relate this back to the observations of Chapter 3 where we determined how
shape affects diffusive time-scales we expect that, especially at high surface cov-
erage and for transmembrane complexes that are in the same order of size as the
radii of the neck on which they diffuse, there is a additional retention compared
to what one would expect from crowding on a planar surface.

For the biologically relevant examples that we discussed in Chaper 3, e.g., the
neck of the dendritic spine or the grana tylakoids, we expect that the effects of the
aditional retention due to the interplay between shape and crowding are signif-
icantly smaller than the bare effects of crowding and shape itself. This interplay
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becomes dominant for high surface coverage φ > 0.65 which is a value that might
be outside of the scope of biophysics. From a more practical viewpoint, engi-
neered structures such as colloids confined to an interface and topological emul-
sions would provide systems where curvature and crowding directly meet and
would be ideal candidates to experimentally verify this geometrically induced
anisotropic diffusion.

Appendix I: Langevin dynamics

Using the molecular dynamics package LAMMPS [130], we execute Langevin dy-
namics simulations of point particles in two dimensions with periodic boundary
conditions. The damping time of the Langevin equation is set to 0.1 Lennard-Jones
time units. This corresponds to a velocity autocorrelation reduction of e−1 after
t = 0.1 time units. To prevent unphysically large overlap between particles in the
initial configuration the following scheme is used to prepare the system: First, a
random configuration of discs in the x-y-plane is generated, after which we equi-
librate with a soft pair potential of the form Vij = V0

(
1 + cos(πrij/rc)

)
. V0 is the

maximum of the potential, rij the distance between particles i and j and rc is the
cutoff distance. During this run the constant V0 is linearly ramped up from V0 = 0
to Vmax = 3000kBT). This ensures that initially overlapping particles are smoothly
repelled until they no longer overlap, while any excess kinetic energy incurred by
the forces is dissipated due to the viscosity term in the Langevin equation. After
this equilibration run, the soft potential is replaced by the repulsive part of a 12-6
Lennard-Jonnes potential, where we have chosen to cut off the potential at one
Lennard-Jones length unit. We have verified that the results presented are insen-
sitive to both the exact form of the repulsive potential, and to the cutoff distance
of the potential itself (See Fig. 30).

Since the particles here are treated as point masses, there are no torque and
rotation effects present in our simulations. While this is a simplification, we expect
that the effect of rotations and torques will not alter the conclusions of our work,
because (i) the effects of Brownian rotation and translation of spheres in dilute
solutions tend to decouple and (ii) rotational motion is expected to be severely
damped (the hydrodynamic drag for rotational motion scales with the third power
of the radius, as opposed to the linear scaling of the translational Stokes drag).
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Chapter 5

Shape as a Barrier for
endosomal transport

In this section we turn our attention on the third mechanism to regulate the
concentration of glutamate receptors in dendritic spine: The motor driven trans-
portation of endosomes. Micron sized endosomes squeeze through the neck of the
dendritic spine and subsequently release their glutamate-rich membrane through
exocytosis. These recycling endosomes are highly dynamic in dendrites and their
widespread pool serve multiple dendritic spines [25], provide membrane and
molecular material to specific spine microdomains. Continuous endocytosis of
postsynaptic molecules occurs at specialized endocytic zones on spines lateral to
the PSD [9]. It was found that during LTP, the number of AMPA-type glutamate
receptors at the plasma membrane increases due to enhanced transport from re-
cycling endosomes [128, 191].

Membrane-enclosed vesicles are the principal carriers used in intracellular pro-
tein trafficking. Moreover, because of their intrinsic biocompatibility and flexibil-
ity they are becoming an increasingly common motif in drug delivery, for instance
in transdermal applications, as well to microfluidic production and processing
[98, 97]. In each of these settings, vesicles frequently encounter narrow passages:
geometric constrictions that force them to change shape dramatically in order to
pass. While driving forces such as pressures (possibly osmotic), fluid flow, directly
exerted forces from molecular motors or external fields may promote passage, the
required changes in shape generically result in energetic barriers to translocation
and the eventual (non-)passage is thus determined by a subtle balance of forces
originating from various physical sources, as well as by the geometry of the con-
striction.

Specific examples of the channel passage problem are encountered in microflu-
idic devices in medical diagnostics [154, 170, 40] and the fabrication of microgel
capsules [149]. Experimental work on red blood cells [154] and polymeric capsules

The content of this Chapter has been published as R.P.T. Kusters, T. van der Heijden, B. Kaoui, J.
Harting and C. Storm, Forced transport of deformable containers through narrow constrictions,
Phys. Rev. E 2014
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[141] has shown that changes in mechanical properties and cell radius determine
the passage of the container and in some cases may induce capillary blockage
[93, 204]. Previous theoretical work has extensively studied the transient dynamics
of elastic capsules in both cylindrical and rectangular constrictions [133, 129, 85],
the production of smaller vesicles [7] and the translocation of vesicles through
narrow pores [95].

Here we study the regulatory use of recycling endosomes in dendritic spines
through three-dimensional simulations and analytic modeling: large lipid bilayer
vesicles are actively directed by myosin motors [30] into, and out of, a long thin
neck that connects the functional domain of a dendritic spine to the dendritic
shaft. These vesicles are thought to serve dual purposes: they actively transport
membrane-bound glutamate receptors to the functional domain, but, when stuck
inside the neck, may also serve as a physical barrier that helps retain proteins
inside the spine’s head compartment - not unlike the manner in which a cork
serves to keep wine inside the bottle.

The dynamics of the translocation process still poses some physical questions:
How fast is the container transported through the constriction? When does it cease
to translocate, and are typical molecular force levels sufficient to effect transloca-
tion in physiological settings? We focus in particular on those physical variables
that cells have some control over: motor activity and constriction geometry. In
Section 5.1 we present full 3D lattice Boltzmann simulations and in Section 5.2 we
compare them with analytic models that describe the limiting behavior of fluid-
forced transportation of vesicles. We focus in particular on those physical vari-
ables that cells have some control over: motor activity and constriction geometry.
Our principal interest lies with the basic competition between the constriction
geometry and the active forcing: how the shape, length and radius of the con-
striction and the force regulate the transport of a deformable container through
a narrow constriction. Our theoretical model may be applied to a wide range of
deformable containers, but here we restrict ourselves to the discussion of two lim-
iting cases: highly stretchable containers and inextensible membrane containers, to
which we will refer as capsules and vesicles respectively. Our analysis reveals a
generic phase behavior of the Stuck and Pass regimes as function of the applied
force, relative size of the constriction and the mechanical properties, in both the
vesicle and capsule limits. In addition to infinitely long constrictions, we model
the effect of a finite constriction length and show that the deformation energy
and thus the minimal force necessary to get the capsule through the constriction
significantly decreases for decreasing neck length.

As outlook for this research (Appendix III) we present a more realistic driving
mechanism of the vesicle by applying a body force on the vesicle and include the
full geometry of the dendritic spine. While most present studies [133, 85, 129, 88]
consider open channels with explicitly assuming periodic boundaries our prelim-
inary results suggest that the narrow lubrication layer around the vesicle, which
arises when fluid has to exit subsequent to the entrance of the vesicle (ensuring
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incompressibility), strongly impacts the translocation of vesicles through narrow
constrictions.

5.1 lattice-boltzmann simulations

In this Section we outline our three-dimensional Lattice-Boltzmann simulations
for the deformable container and present our main results. In order to efficiently
simulate deformable containers, immersed in a fluid, we use a Lattice Boltzmann
method as fluid solver, an explicit immersed boundary method for the coupling
of the fluid and the membrane, and a finite element method for the computations
of the membrane response to deformations. The surface of the particles is triangu-
lated to allow efficient calculations of the deformations The number of faces is in
the range of 720 to 1280, which is sufficient to capture the studied deformations).
For an overview of our method and membrane model, its relation to microscopic
structure and the numerical evolution of the deformation gradient and its corre-
sponding membrane forces we refer to [84, 83, 82]. We will present our results in
conventional lattice units.

Deviations from the equilibrium shape of the container incur an increase in the
total energy, which we divide into three distinct contributions: i) energy due to
in-plane strain: local contributions due to resistance to shear and to lateral dilata-
tion, ii) energy due to out-of-plane bending, iii) energy due to global volumetric
expansion or compression. The in-plane strain energy of an isotropic and homo-
geneous section of membrane is computed as

ES =
∫

εsdA, (34)

where εs is the surface strain energy density which depends on the principal
stretches: the eigenvalues (λ1, λ2) of the displacement gradient tensor D. In gen-
eral, the strain energy density is a function only of the invariants I1 = λ2

1 + λ2
2 − 2

and I2 = λ2
1λ2

2 − 1, and any constitutive model is represented by a specific func-
tional form for εS(I1, I2). As the deformations in biological cells are in general
large, a linear stress-strain approximation is generally not justified. In our mod-
eling, we implement therefore the nonlinear strain energy density proposed by
Skalak [163] for biological membranes, valid for both small and large strains:
εs = κs

(
I2
1 + 2I1 − 2I2

)
/12 + κα I2

2/12. κs is the surface elastic shear modulus, and
κα the area dilation modulus. For pure lipid bilayers, the in-plane behavior is
liquidlike and κs should be set to zero (in favor, technically, of a 2D viscosity mul-
tiplying the in-plane strain rate - we will, however, consider slow deformations
and neglect viscous effects). For polymer capsules and even more complex mix-
tures of lipids, however, there will be contributions from the in-plane shear. Note
that we neglect thermal area fluctuations - their effects are discussed in [48].
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Figure 31: (a) Model system for the transport of containers through a narrow constriction
of length L and radius d. (b) A typical time sequence of the transport of a deformable
container through a relatively short and narrow constriction. Position of the container’s
center of mass x as function of time t for (c) varying the relative radius of the constriction
d/R0 (solid line, Pass, d/R0 = 0.92 - 0.68 and dashed line: Stuck, d/R0 = 0.67) and a fixed
applied body force Fd = 1.5× 10−4 and (d) where we vary the applied force Fm (dashed
line: Stuck, Fm = 2× 10−5 and 6.5× 10−5 and solid line: Pass, Fd = 7× 10−5 − 2× 10−4)
and fix d/R0 = 0.7. In (e) we fix the applied body force Fd = 1.5× 10−4 and in (f) we fix
d/R0 = 0.7 and we calculate the minimal velocity of the particle during transportation.
For the containers that remained stuck vmin = 0. In (c), (d), (e) and (f), the length of the
constriction is L = 100 and the system size is b = 208 and a = 52 lattice units (see (a)).
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To account for the membrane bending, we recall the Helfrich bending energy
[62],

EB =
κB
2

∫
(H − H0)2dA, (35)

where κB is (the out-of-plane) bending modulus of the membrane, H the mean
curvature and H0 the spontaneous curvature. The most general formulation of the
Helfrich bending energy includes the Gaussian curvature term κG

∫
KdA, but this

does not contribute to the overall energy provided no topological changes occur.
Finally, as the membrane is permeable to water, but not for ions, we associate

an osmotic penalty for a deviation in volume given by

EV =
κV
2
(V −V0)

2

V0
, (36)

where V −V0 is the deviation in total volume and κV is the volume modulus.
We now use this model to address the question to what extent the force and

the relative radius and length of the constriction affect the translocation of a de-
formable container (See Fig 31 (a)). In particular, we focus on a container with
given mechanical properties (fixed κV = 1, κα = 0.018, κs = 0.5 and κb = 0.05),
where we have used a dimensionless lattice constant, time-step and mass and
set them all to unity, as well as the relaxation time. For the parameter values we
choose here, the container is highly stretchable and strongly resists deviations in
total volume. The bending contribution is relatively weak and as it is resistant to
shear, it resembles a polymeric capsule rather than a bilayer membrane. As we
show in the next section, however, the bending dominated limit and the stretch-
ing dominated limit show very similar behavior. In our simulations we assume
that the fluid both inside and outside the capsule is Newtonian and both have
the same properties, i.e. the same viscosity and density. In Fig. 31 (b) we show a
typical time sequence of the transport of a deformable container through a con-
striction.

To isolate the influence of neck size, relative to the radius of the container d/R0,
we consider a system with a neck length that is considerably longer than the size
of the container within the constriction: L = 100 and measure the time-evolution
of the position of the center of mass. We vary the radius of the container in the
range R0 = 5.5 - 8.0 and fix the radius of the neck at d = 5.5 (see Fig. 31 (c)). The
container is released at a distance 25 lattice units in front of the constriction and
is propelled by a fixed body force Fm = 1.5× 10−4 on all the fluid nodes. Similarly
we also fix the size of the container and the size of the constriction d/R0 = 0.7, and
vary the applied body force Fm = 2× 10−5 − 2× 10−4 and observe highly similar
behavior (See Fig. 31 (d)). Below a threshold force F∗m and above a critical ratio
(d/R0)

∗, the container remains Stuck in front of the constriction (dashed lines),
and above F∗m and below (d/R0)

∗, the velocity within the constriction increases
for increasing Fm, as can be seen in Fig. 31 (c) and (d).
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Figure 32: (a) Phase diagram indicating whether the container passes the constriction as
function of the relative size of the constriction d/R0 and the applied body force Fm. (b)
Phase diagram as function of the neck length L and the relative size of the constriction
d/R0, where Fm = 1.5× 10−4.

To quantify the speed of the translocation, we extract the minimal velocity of the
container in the constriction vmin as function of the relative size of the container
d/R0, as shown in Fig. 31 (e), where a sharp transition between Stuck and Pass
is found at a critical ratio (d/R0)

∗. Above this value, vmin increases for increasing
d/R0. The exact value of (d/R0)

∗ depends on the magnitude of the applied body
force as can be seen from the force dependence, where likewise we find that
increasing the applied body force increases vmin (see Fig. 31 (f)), and that below a
threshold force F∗m, the container remains Stuck.

We combine the force and size dependence of the translocation into a single
phase diagram, showing for which parameter values the container gets through
the constriction (Pass) or remains stuck (Stuck) in Fig. 32 (a). The regime for
d/R0 < 0.6 and Fm > 0.0002, which is expected to show a power law-like of F∗m
with decreasing d/R0, at least for fluid vesicles [48], is presently inaccessible due
to limitations in the simulation methods: velocities on the lattice nodes become
too high and the weak incompressibility constraint may be numerically violated.

As mentioned in the Introduction, both the radius and the length of the con-
striction are expected to affect the dynamics of the passage process. As we show
in Fig. 32 (b), decreasing the length of the neck can considerably decrease the
minimal relative radius of the neck d/R0 through which the container can be
forced. This is due to the fact that for shorter necks, one end of the container
may already be exiting the constriction while the other end has not yet entered,
allowing parts of the passage process to occur at considerably lower curvatures
and thus to proceed more effectively. We discuss this in detail in Sec. 5.2.
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To conclude this section we mention that this particular simulation method
poses some limitations as it does not permit a large range of mechanical properties
of the deformable container to be studied and henceforth, we are unable to simu-
late the bilayer limit, where the shear modulus is negligible and the area stretching
modulus is very large. To access these regimes, we now present a tractable model
for the two limiting cases of the capsule and the vesicle.

5.2 analytical model : limiting behaviors

In this section we consider two limiting cases of the translocation of a deformable
container, the stretch-dominated and the bend-dominated. The geometry we con-
sider is shown in Fig. 33 (a). We presume the dynamics to be determined by a bal-
ance of forces between a coarse grained hydrodynamic drag Fd (ẋ(t)) = 6πηR0ẋ(t),
with η the dynamic viscosity of the fluid, R0 the equilibrium radius of the con-
tainer, and ẋ(t) the instantaneous velocity of the containers center of mass, a driv-
ing force, associated for instance with the pulling by molecular motors, Fm, and a
force opposing the motion due to the increase in membrane energy Fg. The latter,
in the two limits, can be determined by calculating the derivative with respect
to the center of mass position of either the global stretching energy EA for the
stretch-dominated limit or the bending of the surface EB for the bend-dominated
limit, such that

Fg (x(t))− Fd (ẋ(t)) + Fm = mẍ(t). (37)

where m is the mass of the container and x(t) is the position of mass of the
center of mass which for the non-spherical particles is calculated by summing the
“weighted" contributions of the subunits and assuming a homogeneous density.
In the remainder of this section we will assume the mass to be m = 4π × 10−18

kg and the dynamic viscosity of the fluid η = 10−3 Ns/m2. In the limit of low
Reynolds number, Eq. 37 reduces to Fg (x(t)) + Fm = 0. We should note that the
force we apply in this theoretical model is applied to the container and not to the
fluid as we did in the simulations. Therefore, the numerical value of the force is
actually significantly lower compared to that in the simulations.

We consider a spherical deformable container with radius R0 that is transported
through a cylindrical constriction with radius d and length L as depicted in Fig. 33

(a) and distinguish several distinct stages of the process: stage (I) is the free cap-
sule in solution - the reference configuration for the container shape. During this
stage the deformation force, Fg, acting on the container is zero and the motion
is determined by a competition between the driving and drag force. Stage (II):
partial entry of the capsule into the constriction. Here, the hydrodynamic drag
force is much smaller than the deformation force acting on the container. Stage
(IIIa): intermediate stage for short channels, or large containers. Stage (IIIb): inter-
mediate stage for long channels, or small containers and finally stage (IV): partial
exit out of the constriction. Stage (IIIb) is only encountered when the volume of



90 shape as a barrier for endosomal transport

R0
r r

dd

h

r1 r2
d

L

Stage I Stage II

Stage IIIa

Stage IIIb

d
h

Stage IV

h

d
d

r

4 2 0 2 40

20

40

60

80

0.2 0.4 0.6 0.80

20

40

60

80

d/R0

E B(
10

-1
9 J

)
E m

ax
(1

0-1
9 J

)

L=1μm

L=2μm

L=4μm

d/R0

E
A
(1

0-1
4 J

)
E

m
ax

(1
0-1

4 J
)

(b) (c)

(a)

x (μm) x (μm)

Stretching energy Bending energy

(d) (e)
Stretching energy Bending energy

L=1μm L=2μm L=4μmL=5μm

L=10μm

L=2μm

10 5 0 5 100

50

100

150

200

0.2 0.4 0.6 0.8 1.0 1.00

40

80

120

L=5μm

L=10μm

L=2μm

Figure 33: (a) Translocation sequence for the passage of a container through a narrow
constriction. Stage (I): free capsule in solution (the reference configuration), stage (II):
partial entry of the capsule into the constriction, stage (IIIa): intermediate stage for short
channels, or large containers, stage (IIIb): intermediate stage for long channels, or small
containers. Stage (IV): partial exit out of the constriction. Stretching and Bending energy
EA (d) and EB (e), respectively, as function of x for various lengths of the constriction.
Decreasing the length of the neck strongly diminishes the height of the energy barrier the
container has to overcome. For (b) and (c) we assumed R0 = 1 µm, for (b) d = 0.2 µm and
κA = 1 Jm−2 and for (c) κB = 10−19 J and d = 0.3 µm. In (d) and (e) we show the height
of the energy barrier as function of the radius of the constriction d relative to the initial
radius of the vesicle R0, where for (d) κA = 1 Jm−2 and for (e) κB = 10−19 J. If we decrease
the length of the constriction we find that the height of the barrier strongly diminishes.
For an infinite neck length, the height of the barrier strongly increases for decreasing
d/R0. For finite neck lengths, however, there is a decrease at low d/R0 in the stretching
energy (d).
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the container is smaller than the total volume inside the constriction. We will now
consider the stretch- and bending-dominated regime of this translocation.

5.2.1 Stretch-dominated (capsule) limit

In the stretch-dominated regime, we assume that the total volume of the container
is conserved (V = V0, EV = 0) and that, given a certain global stretching modu-
lus κA, the surface on the container is allowed to stretch. For simplicity we will
account for a global energy penalty, associated with stretching:

EA =
κA
2
(A− A0)

2

A0
, (38)

where A− A0 is the deviation in total surface and κA a global stretching modulus.
In the limit of small and uniform stretch (λ1 = λ2) and zero shear modulus κs,
κA can be related to the more general area dilatation modulus κα: 4κα/3 = 2κA.
We will refer to containers in this regime as capsules. This approach enables us
to analytically calculate the height of the elastic energy barrier due to stretching
of a container. As shown in Eq. 38 we need to calculate the difference in total
surface area for these three situations, illustrated in Fig. 33 (a). In Appendix I we
detail the calculations of the total stretching energy as function of the center of
mass of this system. Fig. 33 (b) collects the results, showing the elastic energy
EA as function of the position of the center of mass where we fix the radius of
the constriction and the stretching modulus and vary the constriction length. We
find that upon decreasing the length of the constriction, the height of the energy
barrier decreases considerably as can be seen in Fig. 33 (b) and (d). The height of
the barrier is determined by the most stretched configuration that is encountered
during the passage. For large containers (or smaller channels) the most stretched
state is attained at the moment during stage (IIIa) when R1 = R2. If the length of
the constriction is greater than that of the capsule, the spherocylindrical capsule
(stage (IIIb) in Fig. 33 (a)) is the state with maximal surface area and thus the
maximal elastic energy. For shorter neck lengths, there is a single maximum set
by the symmetric intermediate stage (IIIa) shape.

The height of the energy barrier is thus proportional to the square of the devia-
tion in total surface between the stage (IIIa) shape and the sphere. If we calculate
the height of this barrier as function of the relative size of the neck d/R0 we
find, for the infinitely long constriction, that upon decreasing d/R0 the height of
the barrier for d/R0 < 0.2, increases as Emax ∼ κA

((
R3

0 − R3
1
)
/dR0

)2. If we now
decrease the length of the constriction we find that for d/R0 → 0 the constricted
capsule consists of two spheres with a total surface area equal to 4πR2

0/22/3, which
corresponds with two equally sized spheres. This limiting case has a smaller sur-
face area than a system with a slightly larger d/R0 and therefore an lower stretch-
ing energy. Therefore, there is a length of the constriction for which the stretching
energy is maximal, and at which upon increasing and decreasing d/R0, the height
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Figure 34: The minimal velocity during the entrence of the constriction vmin as function
of (a) the relative radius of the constriction d/R0 (κA = 105 Jm−2, Fm = 2 pN) and (b) as
function of the applied force Fm (κA = 105Jm−2, d/R0 = 0.4). Phase diagram indicating if
the stretch-dominated container Passes or gets Stuck inside the constriction as function
of (c) Fm and d/R0 (κA = 105 Jm−2) and (d) κA and d/R0 (Fm = 4 pN).
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of the energy barrier decreases. In Fig. 33 (d) we plot the height of the barrier as
function of d/R0 for various neck lengths. Obviously, in realistic biological sys-
tems, this description would fail as there would be a very high bending involved
with such thin necks.

From the deformation energy as a function of position we determine Fg =
d EA/d x, the force that opposes translocation due to the shape change. We solve
the force balance (Eq. 37) to determine x(t) and ẋ(t) and extract the pass-stuck
phase diagram. Similar to the simulations of 5.1, we obtain x(t) and ẋ(t), from
which we can calculate the phase diagram and minimal velocity vmin within the
constriction. This point of minimal velocity corresponds to the point of maximal
stretching force and we will use this quantity to characterize the motion of the
container. We have performed the calculations of vmin for various radii of con-
striction and found that, for a given force, decreasing the radius of the constric-
tion decreases the minimal velocity inside the constriction. Eventually, at a critical
radius (d/R0)∗, this velocity will become zero and the container will get stuck in
the constriction. Above this critical radius, the minimal velocity increases with
increasing d/R0 as shown in Fig. 34 (a). The occurrence of a critical threshold also
holds for the driving force Fm, above which, the velocity increases linearly with
the driving force Fm (See Fig. 34 (b)). The dependence of the minimal velocity on
driving force and d/R0 allow us to create a phase diagram indicating whether a
capsule gets through the constriction or not: this is presented in Fig. 34 (c). This
phase diagram indicates the critical force Fm necessary to translocate a container
of radius R0 through a constriction with size d, for a given stretching modulus
κA. If we now fix the driving force and vary the stretching modulus κA and d/R0,
we obtain a similar phase diagram for the critical κA. Obviously, the minimal size
of the constriction through which a container would pass decreases strongly with
decreasing modulus (See Fig. 34 (d)). While for biological membranes the elastic
parameters are largely fixed, in synthetic systems one may have some control over
the area elastic properties.

5.2.2 Bend-dominated (vesicle) limit

We now analyze the opposite limit, where the container has very limited oppor-
tunity to stretch, and the elastic energy is dominated by the bending contribution
EB. This would apply more closely to a biological membrane, whose internal vol-
ume may adapt due to the relatively high permeability to water of lipid bilayers.
Though there may be some areal extension, we will assume this is negligible com-
pared to the bending contributions. As our reference configuration, we take again
the spherical vesicle, and the various stages of translocation are the same as in
Fig. 33 (a). The calculation of the elastic energy for this type of container is highly
similar to that of the stretchable container - we refer to Appendix II for the details
and summarize only our main findings here.
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Figure 35: The minimal velocity during the entrence of the constriction vmin as function
of (a) the relative radius of the constriction d/R0 (κB = 2× 10−19 J and Fm = 10 pN) and
(b) as function of the applied force Fm (κB = 4× 10−19 J and d/R0 = 0.4). Phase diagram
indicating if the stretch-dominated container Passes or gets Stuck inside the constriction
as function of (c) Fm and d/R0 (κB = 2× 10−19 J) and (d) κA and d/R0 (Fm = 10 pN). These
figures show a very generic phase behavior for both the stretch-and bend-dominated
containers (See Fig. 34).

Fig. 33 (e) shows the elastic energy for a bend-dominated container for a con-
striction with finite (solid lines) and infinite (dashed line) length. The transition
from stage (I), the free container, to the stage (II) is no longer continuous. This
jump in the bending energy is an artifact of our simplified setup, as our model
does not resolve the continuous transition from situation (I) to (II). Once the con-
tainer enters the constriction, its energy increases until it reaches a maximum. For
larger vesicles, or short channels, this point corresponds to the symmetric config-
uration during stage (IIIa) when R1 = R2, provided the length of the constriction
is short enough such that the container can span both ends of the constriction.
For smaller vesicles, or longer channels, the stage (II) bending energy continues
to increase until the vesicle has completely entered the constriction to reach stage
(IIIb) - a spherocylinder completely inside the channel. Past this point, both stage
(IIIa) and (IIIb) develop into stage (IV), where the energy decreases in the inverse
manner that it rose in stage (II).
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If we now compute the maximal height of the energy barrier Emax in Fig. 33

(e) as function of the radius of the constriction, we find that it increases strongly
for decreasing radius and length of the constriction. For long channels, we find
a scaling regime where EB ∼ κB(d/R0)−2 which is highly similar to what we
found for the stretchable container in Fig. 33 (d). There is, however, one notable
difference: the barrier height does not display the maximum we find in the capsule
limit. This may be understood from the fact that the bending energy diverges for
small d, whereas EA does not.

Next, we use the equation of motion (Eq. 37) to obtain the dependence of the
minimal velocity during the passage through the constriction as a function of
the relative radius of the constriction d/R0 (Fig. 35(a)) and the force applied to
the vesicle Fm (Fig. 35 (b)). Figs. 35 (a) and (b) reveal similar behavior as for the
stretch-dominated container: below a threshold force, the container gets stuck and
above this critical force, its velocity increases linearly with increasing force Fm. If
the size of the neck, relative to the size of the vesicle, is decreased below a critical
ratio d/R0, the vesicle gets stuck. Above this value the minimal velocity increases
as shown in Fig. 35(a).

We summarize in Fig. 35 (c) and (d) the force-dependence of the transloca-
tion in a phase diagram, indicating under which combinations of parameters the
vesicle gets through the constriction and when it does not. This phase diagram
indicates the critical force Fm necessary to transport a vesicle of radius R0 through
a constriction with radius d. If we now fix the driving force and vary the bending
modulus κB and d/R0, again at fixed area increasingly small bending moduli are
required to pass through the channel. Overall, the results are very similar to those
in the stretch-dominated limit and those observed in the simulations presented in
Section 5.1.

5.3 conclusions

In this Chapter, we have sought to address the question of how passage dimen-
sions, container mechanics and external forcing together determine whether or
not a container will pass through a narrow constriction, and if it does - how fast
it does so. We have shown that by varying the size of the container relative to that
of the neck and by regulating the force that is exerted on the container, the sys-
tem may be biologically or physically controlled to, for instance, switch between
a state where the container remains Stuck in front of the neck and a state where
the container passes through the neck. Both these states possess some biological
significance.

We have presented the results of Lattice-Boltzmann simulations, supported by
two limiting simplified theoretical models. Although a quantitative comparison
between the simulations and the theoretical is difficult to establish as a result of,
among others, the dependence on the exact driving mechanism we find that even
while the energetics of highly stretchable containers is very different from that
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of containers that are bend-energy-dominated. The resulting phase diagram, in
terms of Stuck vs. Pass, is very similar in both cases, suggesting some universality
between both limits. We focus on the scaling and a qualitative analysis of this
problem in the regime of low flow rates, justifying the fact that we neglect both the
membrane viscosity as well as the solvent viscosity in our models. At high flow
rates, the imposed strain rate the membrane experiences may lead to significant
contributions from both the viscosity of the membrane as well as the viscosity
of the solvent, and different behaviors from those we describe here are to be
expected.

Nonetheless, our modeling allows us to address some of the questions we
have raised in the introduction: whether typical cellular force levels are suffi-
cient to effect translocation in typically dimensioned vesicles and constrictions,
and whether it is feasible for a cell to switch between pass and stuck by con-
trolling this force. In order to do so, we must quantify the position within the
Stuck/Pass phase diagram for a typical biological cell. We may use our results to
provide some quantitative insight into the passage of biological vesicles into thin
necks, such as it occurs in the dendritic spines mentioned in the introduction.
In Fig. 34 (g) we show the phase diagram as function of the minimal force that
a molecular motor has to exert vs. the size of the neck, where we have substi-
tuted typical values of relevant parameters for a recycling endosome, which has
an equilibrium radius of 1 µm [128, 191], and the bending modulus of a typical
vesicle κB = 2× 10−19 J [151]. Our analysis shows, that the range of forces nec-
essary to transport this container through a typical dendritic spine neck, which
has a radius of between 0.2− 0.6 µm, is on the order of a few to tens of pN. A
typical myosin motor can exert forces of 5-6 pN [41, 80]. The dimensions of the
dendritic neck - a very typical channel motif in cells - thus require one to a few
motors to translocate vesicle-bound cargo, confirming that motors are eminently
capable of producing the requisite forces to selectively translocate or immobilize
vesicles in the neck, and to switch quickly between these modes. We will note that
although the translocation is dominated by a competition between deformation
energy and forcing, it cannot be expected from this simple model to accurately
capture the exact forcing involved in motor transport - indeed, pulling by motors
bound to cytoskeletal polymers arranged mostly close to the cell membrane in the
neck is likely to affect the shape of the endosome. These additional contributions
are, however, unlikely to dominate; the principal bending energy contribution still
comes from the highly elongated transitional shape during stage IIIb.

In Appendix III we will present a preliminary study that includes a more re-
alistic driving mechanism. In this work we only considered open channels with
explicitly assuming periodic boundaries, strongly affecting the fluid flow around
the vesicle. An open setting does not allow the study of vesicles into a closed
constriction, a motif encountered in numerous cellular setting where vesicles are
transported into narrow pockets or compartments of the cell. Directly driving the
vesicle also allows us to consider the full, closed geometry of the spine. We expect
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our quantitative results to depend on the precise driving mechanism as well as on
the geometry. Transportation of vesicles in closed constrictions presents an chal-
lenging system to study since when the vesicles enters the constriction, fluid has
to be transported of the the constriction to ensure incompressibility of the fluid.
In Appendix III we will include the full geometry of the spine as well as a more
realistic driving mechanism.

Appendix I: Stretch-dominated limit

In this Appendix we outline the calculations of the energetics involved in the
stretch-dominated regime. As mentioned in the main text we assume that for
the container in the stretch-dominated limit that the total volume is conserved,
and that the total surface determines the stretching energy as shown in Eq. 38.
The surface of the container in the constriction can be divided in three parts (see
Fig. 33 (a) for parameters), and in stage (IIIa) the total surface area of the capsule
is computed to be

Atot = 4πR2
1 − π

(
d2 +

(
R1 −

√(
R2

1 − d2
))2

)

+ 2πld + 4πR2
2 − π

(
d2 +

(
R2 −

√(
R2

2 − d2
))2

)
.

(39)

The radius of the spherical cap R1 is related to that of the second spherical cap
R2 via total volume conservation:
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√
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2 − d2
)

,

(40)

where Vtot = 4πR3
0/3 is conserved. To calculate the course of the stretching energy,

we identify the position of the center of mass of this system, then calculate the
shape of the system and the corresponding area deviation. In stage (I), where we
have a spherical capsule at its equilibrium radius R0, the total stretching energy is
0 as A = A0. The deviation in total surface area and the corresponding stretching
energy of the stages (II) and (IIIa/IIIb) are calculated assuming total volume con-
servation. In stage II, we divide the membrane shape into three domains: a partial
sphere of radius R outside the constriction, and a (truncated) spherocylinder with
length h and radius (both of the cylindrical section and the spherical cap) equal to
the radius of the channel, d. In stage (IIIa), likewise, we distinguish three domains:
a spherical cap with radius R1 outside the entry, a cylindrical tube with radius d
and length h inside the channel, and a spherical cap with radius R2 outside the
exit. In stage (IIIb) the shape is a spherocylinder with length h and all radii equal
to d.
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Appendix II: Bend-dominated limit

In this appendix we outline the calculations of the energetics involved in the
bend-dominated regime. For the initial state we consider a spherical vesicle that
has an initial radius R0 before it enters the constriction. Its bending energy is
given by EB = 4πκB, independent of the radius. In stage (II), we consider the
entrance of the vesicle in the constriction. Again, the complete shape is divided
into two, possibly distinct, spherical domains and the cylindrical part. Note that
in contrast to the capsule, the total surface area of the vesicle is conserved: Atot =

AI + AI I + AI I I , where: AI (R1, d) = 4πR2
1− π(d2 +

(
R1 −

√
R2

1 − d2
)2

, AI I (h, d) =

2πdh and AI I I (R2, d) = 4πR2
2 − π(d2 +

(
R2 −

√
R2

2 − d2
)2

. The volume of the
vesicle is allowed to increase during the translocation.

The bending energy associated to the vesicle in stage (IIIa) or (IIIb) can be ap-
proximated by the sum of the three separate contributions:

EB = κB

(
AI(R1, d)

R2
1

+
AI I(h, d)

4d2 +
AI I I(R2, d)

R2
2

)
, (41)

where AI is the surface of the spherical cap with radius R1, AI I the cylindrical
part with radius d and length h and AI I I the spherical cap with radius R2.

As mentioned in the main text, by assuming the total surface area is conserved,
on can relate R1 and R2 to the initial radius R0 and the position of the center of
mass x. As depicted in Fig. 33 (a) we consider two separate situations, (IIIa) and
(IIIb). in the first, we assume a neck with short length L < R0 and the situation
where L� R0. To calculate the bending energy of the first situation we fix R2 = d.
By fixing the total area we obtain the following relation between the radius of the
first spherical part R1 and the length of the cylindrical domain h:

R1(h) =
Atot − 2d2π − 2πdh√

4πAtot − 12π2d2 − 8π2hd
. (42)

We use this condition to solve Eq. 41 as long as h < L. If h > L, we fix h = L
and by conserving the total area one can determine a relation between R1 and
R2. Assuming that the volume enclosed by the neck is 2πdL � 4πR2

0 one should
consider an extra situation which is the vesicle completely inside the neck - stage
(IIIb). The calculation is a straightforward extension of the previous setting R1 =
R2 = d. This yields the following relation between the length of the neck and the
total area of the vesicle

h(d) =
Atot − 4πd2

2πd
. (43)
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Appendix III: Forced transportation of vesicles into closed constriction

In this Appendix we will briefly discuss some preliminary results on the translo-
cation of vesicles through constrictions with a blind end. In particular we consider
the role of the narrow lubrication layer which arises when fluid has to exit subse-
quent to the entrance of the vesicle (ensuring incompressibility). The occurrence
of this lubrication layer and the required back-flow of the fluid in the head will af-
fect the translocation speed of the vesicle. For computational reasons we will limit
our analysis to vesicles which have an equilibrium radius R0 which is smaller or
comparable to the radius of the constriction d. Further increasing the radius of the
vesicle, relative to the radius of the constriction would require an increasing res-
olution of the simulation grid. Similarly to the analysis within the main text, we
focus on a container with given mechanical properties (fixed κV = 1, κα = 0.018,
κs = 0.5 and κb = 0.05), where we have used a dimensionless lattice constant,
time-step, mass and relaxation time ar all to unity.

In contrast to fluid driven transportation that we study in the main text we
now apply a body force directly on all the nodes of the vesicle. The surface of the
vesicle is triangulated to allow efficient calculations of the deformations and the
number of faces has been fixed to 3380, which is sufficient to capture the studied
deformations. To allow a thorough study of the lubrication layer between the
vesicle and the wall, we choose a sufficiently large size of the system (100x100x200

LU) where the minimal radius of the constriction was set to d = 21 LU. In Figure
36 (a) we show a typical sequence of translocation for a vesicle with radius R0 = 18
LU and driving force of F = 0.001/node and see that during the translocation, the
vesicles has to significantly deform to pass through the constriction.

We expect that the speed at which this transportation occurs sensitively de-
pends on i) the applied force on the particle, ii) the geometry of the constriction
and iii) the shape and size of the container in which the particle is forced. Before
we explore how the transportation depends on all these parameters we first com-
pare an open and closed channel, with otherwise identical parameters, and find
that the velocity of the translocation is nearly an order of magnitude slower for
the closed constriction for these specific parameters (See Fig. 36). In Fig. 36(b) and
(c) we show the velocity fields for an vesicle with radius R0 = 18 passing through
an an otherwise identical constriction, with the only difference being that (a) has
a blind end and (b) periodic ends. One can immediately see that the velocity at
which the translocation occurs is significantly slower for the closed constriction,
compared to the open constriction and that for the closed constriction a lubrica-
tion layer develops.

Of particular interest in the translocation in a closed constriction is the lubri-
cation layer that arises between the vesicle and the wall. This layer is required to
allow the fluid to escape the closed constriction and to ensure incompressibility
when the vesicle enters the constriction. This narrow layer between vesicle and
wall hinders the passage of the vesicle and effectively increasing the amount of
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Figure 36: (a) Sequence of translocation and (b) velocity field for a vesicle with radius
R0 = 18 which is forced through a closed constriction at a constant driving force of F =
0.001/node (Minmal radius of the constriction d = 21). (c) Veloctiy field for an otherwise
identical system, exept that the edges are periodic in stead of closed.
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Figure 37: (a) Temporal evolution of the z-velocity at the centre height of the constriction
as function of the normalized distance from the center of the constriction (d is the radius
of the constriction) for a vesicle with radius R = 18 and a driving force of F = 0.0012/node.
The inset of (a) shows the temporal evolution of the position of the centre of mass of the
vesicle. (b) z-velocity at the centre height of the constriction for a vesicle with radius
R = 18 for various values of applied force per node F.

deformation the vesicle has to undergo to translocate. In Fig. 37 (a) we show the
velocity profile within the constriction we find that upon entering, the lubrication
decreases in size and the maximal velocity of the backflow increases. Upon in-
creasing the driving force F, at otherwise identical parameters, we find that both
the size of the boundary layer as well as the maximal velocity of the backflow
increases (See Fig. 37 (b)). Hence the stronger the vesicle is forced in the closed
constriction, the more the vesicle is required to deform to enter. This inertial ef-
fect is not present for periodic systems and the presence of this lubrication layer
effectively decreases the actual size of the constriction. While this should be stud-
ied in more detail in future work, it highlights the importance of including the
full geometry of the system, with respect to fluid flow, in modeling the effect of
confinement.

By varying the applied force, we show in Fig. 38(b) that upon increasing the
applied force, the time it takes for the particle to pass the constriction decreases
and so does the minimal velocity of the particle in the constriction. In Fig. 38(c)
we plot the minimal velocity, for various magnitudes of the body force F, as func-
tion of the radius of the vesicle, relative to that of the constriction R0/d. Since
upon increasing the radius of the vesicle, the vesicle has to increasingly deform,
the minimal velocity in the constriction will be decreased upon increasing R0/d.
If we rescale the minimal velocity in the constriction vmin with the velocity of the
particle, as it moves through the fluid without constriction we find that all the
curves collapse for small values R0/d but that it starts to deviates when R0/d
approaches unity (see Fig. 38(d)). Within this regime, we find that by increas-
ing the body force that the translocation does not get proportionally faster, since
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Figure 38: (a) and (b) Temporal evolution of the center of mass of the vesicle for
(a) various radius (R = 16, 17, 18, 19) and fixed force F = 0.01 and (b) various force
F = 0.008, 0.01, 0.012, 0.014 for a fixed vesicle radius R = 18. (c) Minimal velocity in the
constriction vmin as function of the radius of the vesicle, relative to the radius of the con-
striction R0/d for various values of F. (d) Minimal velocity in the constriction, relative
to the velocity before entering the constriction (vmin/v0) as function of R0/d for various
values of F.

there still a lag time required for the incompressible fluid to escape through the
boundary layer.

In this Appendix we have briefly touched on the role of a blind end at the end of
a constriction and how it affects the translocation of vesicles into closed constric-
tion. We have , at least qualitatively demonstrated that, the speed of translocation
through a closed constriction is significantly slower than for a periodic channel.
To ensure incompressibility of the fluid, a narrow lubrication layer will develop
between the vesicle and the constriction. The size of this lubrication layer as well
as the maximal velocity of the back flow sensitively depend on driving force and
the size of the vesicle, relative to the size of the constriction.

Further research will be required to present a thorough quantitative analyses
of this problem. Especially, we expect these effects to become increasingly more
important for vesicles of increasing radius. This regime remains, however, com-
putationally challenging. To further develop this model to actually quantitatively
study the tanslocation of endosomes into spines this model would also require an
even more realistic driving mechanism since a constant body force is not necessar-
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ily a good model for motor driven transport where the molecular motors attach
to the endosome on a discrete number of locations along the vesicle. Moreover,
this analysis would requires a careful experimental analysis of the deformations
of both vesicles and the spine neck during spine entry.





Part III

PAT T E R N F O R M AT I O N I N A N A D H E R E D
F I L A M E N T





Chapter 6

Growth of an adherent filament

In Part III of this thesis we turn our attention to the constrained growth of an
adherent filament. Constrained growth is a common motif in biology, where sur-
faces and filaments are constrained by their surrounding medium. To name but
a few examples in nature; growth of leaves and flowers [164], the wrinkling of
the skin [20], the formation of the gut [159], the winding of cellulose microfibrils
along the cell [96] and the formation of the neuromuscular junction [142, 107]. The
latter example has been a direct inspiration for this research. Here, we consider
a model system for constrained growth that captures the main features involved,
the growth of a flexible filament which is connected to a second filament, either
solid or flexible, by a discrete number of Hookean springs.

Our discrete rod model takes into account bending of two consecutive segments
in the flexible filament, the stretching involved in the extension or contraction of
the springs that connect the filament to the substrate, extension or contraction of
the filament and shear of the filament with respect to the substrate. In short, we
seek the solution with minimal total energy for a filament with initial rest length
L which has grown to a total length of L(1 + Γ). Γ measures the relative growth of
the filament. The model is illustrated in Fig. 39.

Buckling of an adherent filament is not a novel subject, at the end of the nine-
teenth century Winkler already proposed an elastic model to study the defor-
mation of a filament on an elastic substrate, at least in the limit for small defor-
mations and for infinite shear modulus ks [196]. To benchmark our discrete rod
model we first demonstrate that within the limit ks → ∞, we indeed find the
first buckling wave number scales with (κ/kh)

1/4, as predicted by Winkler. Here
κ is the bending modulus of the filament and kh is the stretching modulus of the
springs. In Section 7.1.2 we recapitulate how the 1/4 exponent can be recovered
from linearized buckling theory.

In contrast to previous models of constrained growth, our discrete rod model
allows us to explore the role of shear in the buckling of an adherent filament.
Recent experiments with multilayered elastic substrates [73, 19, 175] as well as

The research that we present in this Chapter was initiated during a research visit at Harvard
University (9/2014-12/2014 and 9/2015-11/2015) under the supervision of Prof. L. Mahadevan
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Figure 39: (a) The model system. The red dots represent the connection between two
Hookean spring that make up the flexible filament. This flexible filament is connected to
a solid filament (blue dots) through Hookean spings. (bottom) The evolution a a growing
rod with N = 50 springs (κ/kh = 0.005 and ks � 1) where the endpoints are periodically
connected to one another. (b) Growth of an adherent filament in 3D

numerical FEM simulations [19] point to the occurrence of localized structures,
even when the growth happens uniformly. How uniform growth of a filament
can result in localization of strain remains an unanswered question. We find that,
upon lowering the shear modulus, localized structures naturally arise in an ad-
hered filament. While the buckling wavelength remains unaltered we find that
the size of the localization decreases with increasing Γ and decreasing ks. Our
study of two dimensional filaments considers a filament which has periodic (Sec-
tion 6.2.1), clamped (Section 6.2.2) and free edges (Section 1.2.3). For a system
with periodic ends we find that, once sufficiently localized, the strain localiza-
tion can freely move along the filament. By introducing clamped boundaries, the
minimal energy solution for small perturbations is localized in the center of the
filament. Upon further increasing Γ, the global minimum starts to switch towards
the edges. In principle, the energetic minimum, which localizes the strain, will be
initiated in the center of the system and travel towards the edges upon increasing
Γ.

For a filament with free edges we find, in the limit of vanishing shear modu-
lus (ks � 1), that the localization occurs at the edges of the system and travels
inwards for increasing Γ. For free edges we find a finite critical extension beneath
which the filament laterally stretches and above which the first bucking occurs.
At the end of this Section 6.2 we explore whether analytic calculations of the cor-
responding modified Föppl - von Karman equations can be used to rationalize
the occurrence of localized strain solution of homogeneous as we obtained from
the discrete rod model.
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In Section 6.3 we allow the filament to buckle out of the plane, as we show in
Fig. 39 (b). Depending on the various elastic moduli of the filament and substrate
we observe four distinct modes of deformation: (i) at ks � 1 we recover the
classical Winkler foundation, where the wavelength of the perturbation is set by
an interplay between bending of the filament and the stiffness of the adherent
springs. In mode (ii), which occurs at ks � 1, the filament spirals around the
solid filament. The radius and number of winding of the filament is, similarly
as in (i) set by the ratio of the bending of the filament and the stiffness of the
adherent springs. A third mode we consider here is the buckling that occurs when
the adherent springs are inextensible (iii), here the filament curls around the solid
filament and the wavelength is set by the ratio of bending modulus of the filament
and the shear modulus of the adherent springs. For intermediate values of the
shear modulus and the stretch modulus of the spring we discover a (iv)’th mode
where the deformation is accommodated by both shearing and stretching the
adherent springs.

6.1 method

6.1.1 Discrete rod model

We assume the following situation: A flexible filament that contains ns discrete
segments is attached to a solid substrate through a set of N Hookean springs. In
Fig. 39(a) we depict the model. The energy contributions considered in our model
are (i) the stretching of the Hookean springs that connect the flexible filament to
the solid substrate, (ii) the stretching and (iii) the bending of the filament and (iv)
the shear of the filament, relative to the substrate. We model the springs that con-
nect the filament to the solid substrate as Hookean springs, with a corresponding
stretching energy (i) given by,

Eh =
1
2

(
kh
b

) N

∑
i=1

(hi − h0)
2 , (44)

where kh is the stiffness of the springs, h0 the rest length of the spring and hi the
actual length of the spring. The spacing between the various segments is given by
b = L/N, where N is the number of springs and L the total length of the solid rod
(See Fig. 39).

The flexible filament itself is divided into ns discrete segments of length l0,
described by the unit tangent vector t̂(n), where n = 1, ..., ns are the individual
segments. The total rest length of the chain is given by L = nsl0 and in the inex-
tensible limit, this is the actual length of the chain. The total stretching energy of
the chain (ii) is the sum of the stretching of the individual segments, using the
discrete worm like chain model,

E f =
1
2

(k f

l0

) ns

∑
i=1

(li − l0)
2 , (45)
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where k f is the stiffness of the individual segments. In our simulations we increase
the size of the filament by increasing the rest length of the segments, l0.

The third term that contributes to the total energy is the "local" bending of the
filament, where we penalize the tilting of two adjacent segments i and i + 1,

Eb =
κ

l0

ns−1

∑
i=1

(1− cos θ (i, i + 1)) , (46)

where cos θ (i, i + 1) = ~t(n) ·~t(n + 1)/|~t(n)||~t(n + 1)|. This bending energy is an ap-
proximation, valid for low bending. In fact the bending energy of an arc segment
of a worm like chain is given by Eb = (2κ/l0) θ sin θ/2, which for small θ reduces
to Eb ≈ (κ/l0) θ2 which is approximately (κ/2l0) (1− cos θ).

The fourth term in that we consider here is the shear of the filament with respect
to the substrate,

Es = ks

N

∑
i=1

α (i)2 , (47)

where ks is the shear modulus and α the deviation in the angle that the adherent
spring make with their initial unstressed orientation.

To minimize the total energy of the system Eh + E f + Eb + Es we either use New-
ton’s method, present in the FindMinimum routine or a global energy search
present in the NMinimize routine. Both routines are implemented in Wolfram
Mathematica. We note however, that the Newton’s iteration method only guar-
antees a local minimum and that even with NMinimize we have no guarantee
of finding the actual global minimum. Therefore care has be be taken in evaluat-
ing the growth. We are not necessarily interested in the global minimum of the
system but in the solution that arises from subsequent growth of the filament.
Typically, the procedure we use to "grow" the flexible filament is the following:
we initiate a configuration where the springs are in their rest configuration and no
bending is present in the filament. We then increase the rest-length of the springs
l0 that make up the rod with a small amount l0Γ such that the new length of the
segments l0 → l0 (1 + Γ). We then use our minimization algorithm to find the en-
ergetically optimal configuration of the filament. Since this system typically has
multiple local minimal energies, we will explore the different solution branches
and calculate their energy and stability by adding white noise to the initial con-
figuration. In Fig. 39 we show an example of a typical sequence of shapes upon
growth.

6.1.2 Validating the discrete rod model

In this section we consider the growth of a filament, attached to a solid substrate
with infinite shear modulus, where the endpoints are periodically connected. This
setting is analogous to the growth of a filament on a Winkler foundation. Since
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Figure 40: (a) The equilibrium shape of an incompressible filament that is attached to a
solid substrate through N = 50 springs for various ratios of the bending modulus and
the stretching modulus of the springs κ/kh. The endpoints of the springs are periodically
attached to one another.The typical wave number of the initial buckling 1/λ as function
of κ/kh for a system of N = 60, 80 and 100 springs (in-extensible filament k f � kh).

the solutions corresponding to Winkler’s foundation are analytically accessible
these can serve as validation for the discrete rod model. In the Winkler model the
filament is connected to the substrate via a set of mutually independent vertical
springs with stiffness kh [196].

To determine how the wavelength depends on the bending modulus and stretch-
ing of the adherent springs, we write down the energy balance between the bend-
ing energy of the filament in the continuum limit for a vertical displacement y,

Eb =
κ

2

∫ L

0
ÿ2dl ∼ κL

(
A/λ2

)2
, (48)

and the vertical stiffness of the adherent substrate

Eh =
kh
2

∫ L

0
y2dl ∼ khLA2, (49)

where A is the amplitude, L the length of the filament, κ the bending modu-
lus and kh the stiffness of the adherent springs. A balance of these two energies
yields: λ ∼ (κ/kh)

1/4. If we assume imcompressibility, to linear approximation,
Γ = 0.5

∫ L
0 ẏ2dl ∼ L (A/λ)2. This sets the amplitude, A ∼ λ

√
Γ/L [131].

For an incompressible filament, buckling has to occur at an infinitesimal amount
of growth. In Fig 47 (a) we show the equilibrium shape for a filament that is at-
tached to a substrate through N = 50 spring, this for various ratios between bend-
ing and stretching modulus, κ/kh. We find that the wavenumber of the initial
buckling 1/λ increases with κ/kh as a power-law, with exponent of 0.25, which is
indeed what we expect from the Winkler foundation.
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Figure 41: Total energy and shape of the localized (orange) and homogeneous (blue)
buckled filament for a Γ = 2.5% (N = 50, κ = 0.1,kh = 0.1 and k f = 100).

6.2 buckling of a shearable filament

In this Section we use the discrete rod model described in Section 6.1. and show
how uniform growth of an adhered filament induces localized buckling when the
shear modulus is lowered. In Section 6.2.1 we explore the emergence of localized
buckling in periodic filaments, Section 6.2.2 covers the growth of an adherent
filament with clamped boundaries and in Section 6.2.3 we release the edges and
discover the occurrence and propagation of edge buckling. We will conclude this
Section with outlining the continuous equation that correspond to the discrete
rod model in Section 6.2.4.

6.2.1 Localized buckling

A limitation of the Winkler foundation is its inability to allow for the adherent
springs to shear, i.e., the displacement of the springs are restricted to the vertical
direction. To account for shear, we allow the filament to shear horizontally along
the substrate at an energetic cost that is proportional to the square of the angle the
adherent springs relative to its unstressed state (See Eq. 47). For ks → ∞, i.e., no
horizontal displacement allowed, we recover the classical Winkler foundation (See
previous Section). If we decrease ks and allow the adherent springs to hinge, we
find that, upon growth (increasing Γ), the vertical deformation along the filament
is not uniform but rather a damped sinusoidal solution, with a width to which
we will refer as the size of the localization

Before we present our results we should first note that the energy landscape
of a growing filament contains multiple energetic minima and that we cannot
guaranty that the solution we obtain here is indeed the global minimal energy
solution. So to map out the various solution branches present in this system as
function of ks and Γ we use as local conjugate gradient method to scan the en-
ergy landscape and probe the stability of the solutions in Fig. 41. We first use a
global energy solver to find a minimum energy solution. We have done this for
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Figure 42: Equilibrium shapes of the filament as function of (a) Γ (ks = 0.1) and as function
of ks for Γ = 0.03 (N = 40, κ = 0.1, k f = 100 and kh = 0.1). (c) Various solutions of a local
minimum search indicating the localization that can move along the filament without
energetic cost (N = 40, ks = 0.005, κ = 0.1, k f = 100 and kh = 0.1).
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a system with N = 50 adherent springs for ks = 0.1 and ks = 0.0005 which yield,
respectively, a uniform and a localized solution. We then use this solution as in-
put for our conjugate gradient energy search and vary ks. We then calculate the
corresponding energy of the system and map out the various solution branches
by using the solution as input. We find that, upon lowering ks, the total energy
of the homogeneous state remains approximately constant while for the localized
state the energy decreases upon decreasing ks. For this specific example we find
that below ks = 0.002 the localized state has a lower total energy compared to the
homogeneous state. While we do not claim here that the state we found is the
actual global minimal energy solution our results prove that, for low values of the
shear modulus, the localized state does have a lower total energy. To probe the stability
of the various branches we apply a random perturbation (white noise) to the so-
lutions and study how, depending on the amplitude, the solution relaxes back to
the branch or finds another minimal energy solution. If we prepare the homoge-
neous state at ks = 0.001, which is well below the value at which it is the global
minimum, we find that random perturbations of the filament, up to the buckling
amplitude, relax back to the homogeneous state. Above this values, other local-
ized state are found. We have similarly checked the stability of the localized state
at ks = 0.005 and found that this state relaxes back for amplitudes of perturba-
tions up to the buckling amplitude. At higher values we recover homogeneous
buckling or less pronounced localized buckling.

Next we study growth induces localization and show this for a system of N =
40 connecting springs (κ = 0.1, kh = 0.1 and ks = 0.1) in Fig. 42(a). Here we
plot the shape of the filament for Γ = 0.4, 2, 4 and 4.8%. We find that the size of
the localized structure decreases upon increasing Γ. If we calculate the shape of the
filament for various values of the shear modulus ks (See Fig. 42(c)) we find that,
upon lowering the shear modulus ks, the size of the localized structure decreases while
the wavelength λ does not depend on ks, it is independently set by the ratio of κ and
kh. When the wavelength is sufficiently large, the magnitude of the damping will
further decrease upon decreasing ks until the state becomes completely localized.
This localized structure can then, in the case of periodic boundary conditions,
freely translate along the substrate as we show in Fig. 42(c). Increasing the length
of the filament further to see how strongly we can localize this structure will, for
this specific system size, eventually lead us deep into the non-linear regime where
we will find asymmetric and loop-like solutions of the filament. Numerically, the
system becomes more and more degenerate (multiple local energetic minima) for
increasing Γ and hence we focus on the small perturbation regime where the
system may still be reliably evaluated numerically.

One way to decrease the localization length is to increase the size of the system,
relative to the wavelength λ ∼ (κ/kh)1/4. We now choose a system with N = 100
connecting springs (κ = 0.1, kh = 0.1 and ks = 0.1) and calculate the shape of the fil-
ament as function of the growth Γ. We find that, even for very small perturbations,
we immediately obtain a strongly localized structure (See Fig. 43(a)). In Fig. 43(b)
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Figure 43: (a)Equilibrium shapes of the filament and adherent springs as function Γ (N =
100, κ = 0.1 and kh = 0.1) (b) Shape of the filament for Γ = 0.5% where increasing the
system size results in a increased amount of localization (κ = 0.1, ks = 0.1 and kh = 0.1).
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we calculate the shape of the filament for various system sizes, while keeping the
relative amount of growth (Γ = 5%) and the other parameters constant. While in-
creasing the system size does not affect the wavelength of the perturbation there
is strong effect of system size on the size of the localization, especially for small
values of N. Increasing N further localizes the structure up to N ≈ 100 above
which the structure becomes fully localized. For values above N = 100 we find
that the amplitude of the structure increases while the size remains approximately
constant. So all extra net growth is accommodated by the localized structure, by
increasing the amplitude of the perturbation, while keeping the wavelength and
size of the localization unaltered.

The appearance of a soliton in the system, a localized structure that can freely
move along the filament raises the question how the localized structure interacts
with boundaries. To study this we will consider two types of boundary conditions,
clamped and free boundary conditions.

6.2.2 Clamped boundaries

We calculate now local energetic minima, starting from random perturbed initial
conditions, for a filament with clamped boundaries. This allows us to probe the
phase-space and compare the energies as function of the position of the local-
ization. In Fig. 44(a) we plot the shape of multiple solutions of the filament and
the corresponding energy contributions as function of the position of the local-
ized state The position corresponds to the x-value of the highest amplitude of
the filament. For this case we find that the sum of all energies is lower when the
localized state is located at the edges compared to when it resides in the center
of the filament. In Fig. 44(b) we plot the various energy terms and find that while
the total energy and stretching energy of the adhesive springs are monotonically
decreasing functions, this is not the case for the bending energy of the filament
which has another local minimum at the middle of the filament and the shear
energy which is a monotonically decreasing function, with respect to the edges of
the system.

Interestingly, we find that for small perturbations, the energy landscape looks
markedly different. For an otherwise similar system we now vary the growth Γ
and find that, slightly above the buckling transition has a lowest energy, buckling
only occurs in the center of the filament. Upon increasing Γ we find that edge
solutions start to arise, yet have a higher energy relative to the solution in the
central of the filament. Eventually when we increase Γ further (Γ = 0.037) there
are two minima arising halfway between the center and the edge and eventually
for Γ > 3.8% we recover the state where the edge modes have a lower energy. So
whether the localized solution is attracted or repelled from the clamped boundary
depends on the elastic moduli in the system and the amount of growth.
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Figure 44: (a) Shape of the filament for various locations of the localization along the
filament (Γ = 0.02) and (b) are the corresponding enery contributions (Et = total, Eh =
adhesion stretch, Eb = bening Es = shear and E f = stretch filament) as function of the
position of the localization. (c) Et as function of x for various values of growth Γ. (N =
40, ks = 0.002, κ = 0.05 and kh = 0.1).
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6.2.3 Edge buckling

Now we study buckling of a growing filament attached to a solid filament, where
the end-points of the filaments are free. For simplicity we only consider inexten-
sible filaments here (k f = 1000kh) with vanishing shear modulus ks = 0. As can
be seen in Fig. 45(a) for a filament with N = 50 during the initial growth the fil-
ament stretches parallel to the solid substrate. Above a critical extension Γ∗, the
filaments starts to buckle at the edge. The exact value of Γ∗ as well as the buckling
wavelength λ strongly depend on the value of κ/kh. To enhance the stability of
our minimization algorithm we minimize half of the space for the non-periodic
filament. We assume that the minimal energy solution is symmetric around the
midline of the system, this is achieved by fixing the x-position of the midpoint seg-
ment and equating the y-coordinate of the last two segments. We have checked
that this approach yields the same equilibrium shape as when we would consider
the whole space, at least for large systems. For small systems, the antisymmetric
solutions are excluded by construction.

Fig. 45 (b) shows a filament that is adhered with 50 springs corresponding to
an extension Γ = 0.15. Similar to what we observed for the buckling of a periodic
filament we find that decreasing κ/kh, decreases the wave number of the edge
buckling 1/λ. In Fig 45 (e) we measure this wave number 1/λ as function of
κ/kh and find that, at least for N = 50 and N = 100, 1/λ ∼ (κ/kh)

1/6. Although
it makes intuitive sense that upon decreasing κ/kh bending becomes relatively
cheaper and hence the wavelength of buckling decreases, the obtained exponent
does not immediately look familiar.

Similar to the wavelength of edge buckling we also find that the critical exten-
sion at which buckling is initiated Γ∗ increases with increasing κ/kh (Fig. 45 (d))
since for large κ/kh, stretching remains more favorable for an increasing range of
extension Γ. Although this edge buckling originate at the boundaries, the buck-
ling arises as a result of tension on the springs throughout the whole system.
To illustrate how system-size plays a role in this we repeat this for N = 50 and
N = 100, where we have kept the distance between the springs is constant. We
show that the scaling of the wave number 1/λ does not depend on the size of the
system, although the offset of it and Γ∗ do depend on N.

The open question now remains, "Why is the scaling of the buckling wave num-
ber so different for the system with the free edges?" One major difference with
the "classical" buckling is that for increasing Γ, the angle between the rigid sub-
strate and the springs varies, i.e., before buckling is induced, the rotation of these
springs comes without extra energetic cost, and hence this degree of freedom is
used for small Γ. As can be seen in Fig. 46, for extensions larger than Γ∗, the angle
α as well as the length of the springs oscillates (See Fig. 46). This 1/6’th power law
dependence of the buckling wavelength has also been observed at the edges of
buckling induced by the compression of laminated plates [8]. However we think
that the discreteness of our system is crucial in the observed edge buckling.
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Figure 45: (a) The equilibrium shape for a filament as function of growth Γ. (b) The
equilibrium shape for a filament for various ratios of bending modulus and spring stifness
κ/kh = 10−3 − 1 after a growth of Γ = 0.15 for a system with N = 50 springs. (c) The
bending energy, normalized to the bending modulus Eb/ as function of the extension Γ.
and 20). (d) The critical extension as function of κ/kh for a system with N = 50 and 100

springs. (e) The inverse wavelength of the edge buckling as function of κ/kh for N = 50
and 100 springs. In the plotted regime, the wavelength scales as a power-law with an
exponent of approximately 0.15, independent of system-size.
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Figure 46: (Top) A sequence of shapes of the edge of the filament where the occurence of
edge buckling is illustrated. (a) angle α of the first spring as function of the extension of
the filament. (b) α of all the springs at various extensions Γ (κ/kh = 0.001). (c) α as function
of Γ for the first, the fifth and the tenth spring. All these figures show the oscillation of
the springs that induces the edge buckling. (d) shows a similar oscilation in the length of
the springs, again for the first, the fifth and the tenth spring.
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6.2.4 The continuous equivalent of the discrete rod model

In this section we map the discrete rod model to a set of continuum differential
equations that describe the growth of an adhered filament. We start by writing
down the various contributions to the total energy for the discrete system as
function of the relative horizontal and vertical displacement {u, w}. In Fig. 47

we outline the model; note that in this model every segment of the filament is
connected to the substrate.

Similar to the discrete rod model we have presented, the total energy of the
system consists of four contributions, stretching of the filament E f , stretching of
the adherent springs, Eh, the shear energy of the filament, relative to the substrate,
Es, and finally the bending energy of the filament Eb. In these local horizontal
and vertical displacement u, w (See Fig. 47), these different contributions can be
written as,

E f = k̄ f

(√
(b− u1 + u2)

2 + (−w1 + w2)
2 − b(1 + Γ)

)2
, (50)

Eh = k̄h

(
−h0 +

√
u2 + (h0 + w2)

2
)2

, (51)

Es = ks

(
arctan

[
u2

h0 + w2

])2
(52)

Eb = κ

2
(

1− (b−u1+u2)(b−u2+u3)−(w1−w2)(w2+3)√
(b−u1+u2)2+(w1−w2)2

√
(b−u2+u3)2+(w2−w3)2

)
√

(b− u1 + u2)2 + (w1 − w2)2 +
√

(b− u2 + u3)2 + (w2 − w3)2
, (53)

where k̄ f = k f /l and k̄h = kh/b. If we expand these equations up to second order
in u, w we obtain:

E f = k̄ f

(
u1 − 2u1u2 + u2

2 + 2b(u1 − u2)Γ− (w1 − w2)2Γ + b2Γ2
)

, (54)

Eh = k̄hw2
2, (55)

Es = ks

(
u2

h0

)2
, (56)

Eb = κ
(w1 − 2w2 + w3)

2

2b3 . (57)
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Figure 47: Simplification of the discrete model. where each segment of the filament is
connected to the substrate.

In the continuum limit (u1 = U(x)− bU′(x) + 0.5b2U′′(x), u2 = U(x), u3 = U(x) +
bU′(x) + 0.5b2U′′(x),w1 = W(x) − bW ′(x) + 0.5b2W ′′(x), w2 = W(x), w3 = W(x) +
bW ′(x) + 0.5b2W ′′(x) ) we can write down the Euler-Lagrange equations for the
sum of all energies Etot = E f + Eh + Es + Eb results in two uncoupled ODEs for the
horizontal U(x) and the vertical W(x) displacement,

U′′′′(x)− 4
b2 U′′(x) +

8ks

b4h2
0k̄ f

U(x) = 0, (58)

and

W ′′′′(x)−
4k̄ f bΓ(

b3k̄ f Γ− 4κ
)W ′′(x)− 4k̄h

b
(

b3k̄ f Γ− 4κ
)W(x) = 0. (59)

Writing down the dispersion relation (W(x) = W0 exp iqx) for Eq. 59 we obtain,

b(4κ − b3k̄ f Γ)q4 + 4b2k̄ f Γq2 + 4k̄h = 0. (60)

Solving this, we obtain the four eigenvalues of the system,

q = ±
√

2

√√√√−b2k̄ f Γ±
√

b4k̄ f Γ(k̄h + k̄ f Γ)− 4bk̄hκ

b4k̄ f Γ− 4bκ
. (61)

Above a critical value of the growth Γ∗ all eigenvalues become real, corresponding
to two wavelengths in the system, where

Γ∗ =
k̄h

k̄ f

(
−1 +

√
1 +

16κ

k̄hb3

)
. (62)
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Figure 48: Horizontal (Blue) and vertical (Black) displacement for various values of the
compression rate B (A = 0.001, C = 0). Increasing B, which is analogous to increasing Γ
decreases the size of the localization.

Note that within this approximation, no localized solutions are found. These lo-
calized states might arise when we solve the full non-linear problem. To date,
we have not succeeded in writing down the set of ODEs for the full non-linear
problem.

However, a recent theoretical study has reveiled localized states in a strongly re-
lated problem, the buckling of a thin film bounded to a soft substrate [113]. Here,
they consider a soft, elastic substrate which is initially in a stress-free configu-
ration. The substrate is then subject to a step of prestretch, during which a thin
stiff layer of thickness hl, which is assumed to be very small compared with all
the other length scales in the problem, is coated to the surface. The pre-stretch is
then released, making the system go under horizontal compression, and inducing
buckling of the film and formation of wrinkles.

By using a tangential and longitudinal stress balance [113] we obtain the follow-
ing set of differential equation for the vertical W and horizontal U displacement,

1
12

W ′′′′ + BW ′′ + W + AUW ′ −U′W ′′ − 1
2

(W ′)2W ′′ + CW3 = 0, (63)



124 growth of an adherent filament

and

U′′ + AU + W ′W ′′ = 0, (64)

where A compares the typical linear stretching stress with the typical tangential
coupling stress and is related to our ks. B is the rescaled compressive strain ap-
plied to the system and is analogous to Γ in our model. C compares the nonlinear
term with the linear one in the normal coupling stress which for simplicity we
will set to zero. While we cannot compare the full non-linear problem we can
write down the linearized version of Eq. 64 and 63,

1
12

W ′′′′ + BW ′′ + W = 0, (65)

and

U′′ + AU = 0, (66)

and compare these with the linearized version of our discrete rod model. Simi-
lar to 58 and 59 we obtain a set of uncoupled ODEs but, even in the linearized
case, the equation for U(x) has a different structure compared to 63 and 66. The
equation for W(x) in essence similar in structure compared to Eq. 59. So, the main
difference is that this equation does not have the fourth order U(x) term. Below
and at the bifurcation point B = 1/

√
3 (A = 0.001) we recover the homogeneous

solution, even without the cubic term (C = 0). By slightly increasing the com-
pression rate B above the critical B we obtain periodic solutions with an envelop.
While our Shooting algorithm did not allow us to go behind B > 0.58, we find
that the localization length decreases upon increasing B. Following [113] these
state will, upon further compression become fully localized. Note that increasing
B is analogous to increasing Γ in our system. Interestingly, for increasing com-
pression rate we not only find solutions with a single envelope but also shapes
with two localizations. If we compare the elastic energy of these states, we have
to determine the elastic energy density,

ρel =
1
2

(
1

12
(W ′′)2 +

1
4

(W ′)4 + W2 +
C
2

W4

− AU2 + (U′)2 + U′(W ′)2 − B(W ′)2 + B2
)

,
(67)

and the corresponding total elastic energy of the system,

Eel =
1
L

∫ L

0
ρel(x)dx. (68)

This energy has an offset of B2/2 due to the compression at the ends of the sys-
tem. If we compare the difference in energy Eel − B2/2, for the single and double
localized state we find that, for B = 0.5786, we find that the double localized state
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has a 0.1% higher energy, a difference so small that it is close to the accuracy of
the shooting algorithm.

So a brief analysis of a related system shows that, for a system with finite shear
(A 6= ∞) and growth Γ > 0, localized states can be recovered by solving the full
non-linear equations. Since we cannot reproduce this analysis for the continuous
version of the discrete rod model, a further study will be required to show that
both system can directly be related to one another.

6.3 growth of an adherent filament in 3d

In this Section we extend our model of adherent filament growth and allow the
filament to deform in the third dimension. In Fig. 49 (a) we show the setting:
the flexible filament (green curve) is initially in an unstressed state and adhered
through N Hookean springs to a solid substrate. The energetic contributions of
the system that we consider are identical to the two dimensional model as de-
scribed in Section 6.1. In the upcoming Section we will, for the sake of simplicity,
consider in-extendable filaments and we assume that the shear modulus is uni-
form in all directions of space. As we depicted in Fig. 49 we find that, depending
on the various moduli in the system, the filament can exhibits four modes of
deformation. (i) In-plane buckling, which occurs at high shear constant ks and
where the buckling wavelength is set by the ratio of the bending modulus κ and
the stiffness of the adherent springs kh. Mode (ii) and (iii) corresponds to the de-
formation where the flexible filament either fully curls around the solid substrate
(ii): ks = 0 or partially (iii): low ks (θ mode). In this mode, the substrate does not
stretch and the wavelength of buckling is set by a ratio of the bending modulus
κ and the shear modulus ks. Mode (iii), where the filaments curls around its own
axis (φ-mode), occurs at intermediate values of ks, kh and κ and corresponds to a
mode where the the adherent springs both stretch/compress and shear.

In Section 6.3.1 we explore these three modes of deformation and in Section
6.3.2 we present a phase diagram, indicating under which conditions (ks, κ and
kh) these various modes occur. Section 6.3.3 we extend this model and allow the
subtrate to deform, subject to the growth of the filament. This will give rise to a
wealth of shapes of the filament and the adhered substrate.

6.3.1 Modes of deformation

r mode

The first mode that we explore is the "classical" in-plane buckling of the filament.
This mode occurs when the shear modulus is much larger than the bending mod-
ulus of the filament and the stretching of the adherent springs and the buckling
occurs in the r-plane (See Fig. 50 for a sequence of shapes subsequent to growth).
Here, the deformation is, similarly as in two dimensions be dictated by ratio of
the bending modulus and the stretching modulus of the adherent springs. This
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Figure 49: (a) Initial setting of the filament adhered to a solid substrate. (b), (c) and (d): the
various growth model of a filament where (b) the filament curls around the solid filament,
(c) in and out of plane buckling of the adherent springs occurs and (d) the filament curls
around the axis of the adherent springs.

type of buckling is in fact identical to two dimensional Winkler buckling. In Fig.
50 we show that the bending energy Eb and the stretching/compression of the
adherent springs Eh are the two relevant energies in the system and in Fig. 50(b)
we show, that identical to the Winkler foundation, the wavelength of the buckling
will be set by the ratio of κ and ka and that λ ∼ (κ/kh)

1/4.

θ mode

The second mode we consider here is the growth of a filament, with a low shear
modulus ks. To showcase a typical sequence of growth in this limit, we have
depicted the configuration, for various values of growth Γ in Fig 51(a) for zero
ks and ks = 0.005 in (b). In this specific example, the bending modulus is set to
κ = 0.1 and the spring constant of the adherent springs kh = 0.1. For ks = 0, the
filament initially stretches in plane and above a certain value of Γ, the filament
curls around the solid filament and continue to do so by (i) increasing the number
of windings and (ii) increasing the radius of the curl. The radius of the curl is set
by the ratio of the bending modulus of the filament and the stretching modulus of
the adherent springs κ/kh. To show this we have measured (i) the average radial
displacement r as function of Γ and (ii) the angle θ of the topmost adhesive spring.
(i) is a measure for the radius of the curl and the number of peaks in (ii) measures
the number of winding of the filament. In Fig. 51 we find that |r| is, initially
decreasing. This corresponds to in plane stretching (θ is constant). Subsequent
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Figure 50: (a) Growth sequence of the filament. Since ks � κ, kh, the filament will buckle
in the r-plane (See Fig. 49). (b) Distance to substrate r and angle θ as function of the height
x. (c) Eb, Es and Eh as function of Γ. (d) Wavelength λ ∼ (κ/kh)

1/4 for kh = 0.1 and 0.01 ().
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to this in-plane motion, the filament starts to curl around the substrate. Here we
clearly see that for large κ and hence low ks/κ the average radius of the curls is
large and the number of windings, at a given growth Γ is low.

The example we show in Fig. 51(a) is the limit of ks = 0. For non-zero, yet small
values of the shear constant ks we show in Fig. 51(b) that, in stead of spiraling
around the axis of the solid substrate (ks = 0), the filament will initially buckle
perpendicular to the r-axis and subsequently start to shear the adhesive springs.
As a result of this, the filament will bend around the solid filament, but unlike
the ks = 0-mode, it will only penetrate a fraction of the θ-space as can be seen
in Fig. 51 (b) and (c). This mode of deformation is an interplay between bending
of the filament and shear of the adherent spring as we demonstrate in Fig. 51

(d) by depicting the various energetic contributions as function of growth Γ. For
sufficiently high values of kh, the length of the adherent springs remain a fixed
length (See Fig. 51 (c)). Similarly to what we found for the r-mode, the wavelength
of the buckling will be set by the ratio of κ and ks and that λ ∼ (κ/ks)

1/4.

φ mode

For intermediate values of the shear and stretch modulus of the adherent springs
we discover an intermidiate state where growth results in deformations both is
shearing and stretching of the adherent springs. In Fig. 52 (a) we show the state
of the filament for various values of growth Γ. Here, the filament will start to curl
around its own axis by slightly shearing the adhesive contacts. The number of
windings as well as the average radius with respect to growth Γ will depend on
κ, ks and kh. In Fig. 52 (b) we show the average radius u and angle φ with respect
to the filaments axis of rotation. This figures shows that the windings are not
perfectly circular, but rather ellipsoidal, as can also be observed in the top view
of 52 (a).

6.3.2 Phase diagram

To summarize the various modes of deformation we will outline the phase dia-
gram as function of the shear modulus ks and the bending modulus of the fila-
ment κ (fixed kh). With this phase diagram we indicate what mode will come up
first upon growth of the filament, depending on the shear modulus ks and the
bending modulus of the filament κ. For simplicity we have fixed the stretching
modulus of the adherent springs kh. In Fig. 53 we show the phase diagram for a
filament with N = 20 adherent springs and a stretching modulus of the adherent
springs of kh = 0.1. Note that here the filament can be considered in-extensible
since k f � kh.
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contributions (Eb: bending, Es: shear and Eh:Stretch) and (e) show that wavelength of
buckling λ ∼ (κ/ks)

1/4 for ks = 0.5 and 0.05 (fixed kh = 1).



130 growth of an adherent filament

Γ

x

φ

r

(a) (b)

Top view

0 5 10 15 20
0

1

2

3

4

Figure 52: (a) A sequence of shapes for intermediate ks and kh. (b) The average radius u
and angle φ with respect to the filaments axis of rotation (κ = 0.1, kh = 0.1 and ks = 0.1)
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κ indicting the various modes of deformation (r, θ and the intermediate φ-mode). Here
we have fixed the modulus of the adherent springs kh = 0.1.
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6.4 conclusions and outlook

In this Chapter we have found that for the growth of a flexible filament, connected
to a solid substrate, depending on the various elastic moduli in the system, a
wealth of interesting patterns occur, both in two and three dimensions. In two
dimensions we found that uniform growth of the filament induces localization
of strain (localized state) along the filament. While the shear modulus does not
alter the buckling wavelength, it sets the size of the localized state. Lowering the
shear modulus of the substrate decreases the size of the localization. For a shear
modulus of infinity we recover homogeneous buckling (infinite localization size).
We show that for sufficiently low shear modulus this localized state has a lower
total elastic energy compared to the homogeneous state.

When introducing clamped boundaries to the filament we found that for small
values of growth, the localized state occurs in the center of the filament while
for increasing growth the energetic minimum shifts to the edges of the system.
Setting the boundaries free and allow the adherent springs to hinge outward fol-
lowing growth introduces another type of localization; a localized state occurs at
the edges of the system and travels inwards with increasing growth. To rational-
ize the occurrence of localization, we have written down the continuous ODEs
that correspond to the discrete rod model. While solving these full non-linear
equations has yet to be done, we did observe localized states for a closely related
problem of for a system of a compressed sheet, adhered to an elastic substrate, a
system that closely resembles that of an adhered filament.

We foresee another potential consequence of the occurrence of localized struc-
tures. Growth in biological systems is not necessarily homogeneous but rather
regulated by biochemical or mechanical cues. Examples of where mechanical cues
such as stress regulate the amount of growth are, e.g., bone tissue. Our discrete
rod model allows us to take into account this feedback mechanism where the
amount of growth is coupled to the mechanical state of the system, that is to
say the local tangential compressive stress. Here, we will briefly explore how this
stress regulated growth, where the local amount of growth per segment is not
fixed but rather depends on the tangential stress in that segment, impacts pattern
formation in a growing adherent filament. We consider a grow rate of the filament
which depends on the the tangential compressive stress in the filament,

dΓ
dt

= Γ0 − ε
dE
dΓ

, (69)

where Γ0 equals the grow rate without feedback, ε the magnitude of the feedback
and dE

dΓ the tangential stress in the filament. An increasing stress either slow down
growth (ε > 0) or enhances growth (ε < 0).

For ks � 1, i.e., uniform growth we find that growth either completely shuts
down growth, below the critical Γ∗ (below the buckling transition) or slows down
growth above this threshold. No stationary states are observed above this value.
For localized buckling however, stress is strongly non-homogeneously distributed
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along the filament which provides us some very interesting behavior. Same holds
for the system with free edges where we observe stationary states. Further re-
search will be required to further explore this concept.

In the second part of this Section we have elaborated on the growth of an ad-
hered filament in three dimensions. We found that, depending on the various
elastic moduli in the system, the filament exhibits various modes of deformation,
ranging from curling patterning around the solid filament for low shear modu-
lus, a spiraling mode for intermediate values of the shear modulus and classical
Winkler buckling for high shear modulus. We have outlined how, depending on
the shear modulus, bending modulus and stretching modulus of the substrate,
these various modes arise in the system.



Part IV

C R O W D I N G I N D U C E D C L U S T E R I N G





Chapter 7

Clustering of driven particles
under confinement

In driven flows, particles are generally not alike. The collective motion in mix-
tures of driven and nondriven, or of differentially driven, particles has been the
the focus of numerous studies. Examples arise in flows through random media
[192, 193], in lattice gases of oppositely charged particles under uniform exter-
nal driving [147, 187] and in mixtures of driven and non-driven colloids [136].
Mixtures of oppositely charged colloids driven by an external field [47, 171, 138]
resemble situations encountered in pedestrian flows [61, 37] that obey similar
basic laws, and show similar behaviors. Yet another way to realize differential
driving is to have mixtures of various mass, which differently sediment under the
influence of gravity [5, 194, 2]. In each of these cases, heterogeneous driving - i.e.,
different forces on different subsets of member particles - gives rise to nontrivial
collective behavior, and prompts some degree of spatial nonunifomity, either in
the distribution of velocities or in the distribution of the particles themselves. The
behavior becomes even richer when such systems are considered at high volume
fractions. A common phenomenon in such systems is the occurence of aggregation
of the driven particles. In the case of oppositely driven subsets, this generically
manifests itself as a laning transition, where the driven particles organize sponta-
neously into filamentous aggregates, aligned along the direction of the driving. In
mixtures of driven and non-driven particles, one tends to find small clusters in the
bulk, a phenomenon that has been interpreted in terms of an effective attraction
mediated by the surrounding, non-driven particles [136].

In this Chapter, we ask the question what happens after this initial aggregation
stage in confined systems. In many of the larger, bulk systems small clusters do
not interact, and even when they do they do not encounter each other to any sig-
nificant extent. When we confine our systems, we find that doing so prompts an
unexpected nonlinear, late stage regime in the spatial organization of driven/non-
driven mixtures: Our central finding is that, determined by the driving force,

The content of this Chapter is available on Arxiv as R.P.T. Kusters and C. Storm, Crowding induced
clustering under confinement, Arxiv 2015
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Figure 54: (a) Snapshots of the clustering of the driven particles (Red indicates a driven
particle). The initial configurations consists of Nd = 50 driven and Np = 450 passive
partcles.
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Figure 55: Figure (b) and (c) display the density-driving force (φ− Fd at T = 1) and the
density-temperature (φ− T at Fd = 1) regime diagram, respectively. The colors indicate
the asymptotic state of the system. It is clustered when σ > 0.9 (green), partial clustered
when 0.9 > σ > 0.4 (orange) and there is no significant clustering for σ < 0.4 (red). (b)
and (c) contain Np = 900, Nd = 100 particles.

density, composition and temperature the driven particles very generically form
a wall-to-wall pluglike cluster, phase separating from the passive particles. This
late-stage behavior is very different from laning, as it involves organization per-
pendicular to the direction of driving rather than parallel to it. The appearance
of this system-spanning aggregate has profound consequences for the further
evolution of these systems: we show that it will completely dominate the global
transport properties of the driven/non-driven mixture.

The basic effect is simple enough: As anyone who has ever attempted to guide
a group of people through an otherwise stationary crowd can attest, those in
front do all the work. The driven particles, on average, collide with more passive
particles in front than at their rear. The momentum loss slows them down, but
accelerates the passive particles in front. Further ahead of the driven particle, the
average velocity is lower because the excess momentum is dissipated. As a result,
there is a velocity gradient ahead of the particle which implies the accumulation of
particles. This is indeed what is seen: a denser region in front of a driven particle
develops. The excess particles in this denser zone must come from somewhere,
and it cannot be the region ahead because this has not yet been affected by the
driven particle. Therefore, the denser zone in front must be compensated for by a
rarified zone in the wake of the driven particle. Other driven particles moving in
this wake are slowed down less by collisions. This allows those in the rear to catch
up to the frontmost particles. In bulk systems, this leads to small clusters of driven
particles. In confined systems, however, under the right dynamical conditions, the
aggregation continues, ultimately resulting in a stable cluster of driven particles,
pushing a growing zone of jammed particles in front of it.
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Using the molecular dynamics package LAMMPS [130], we perform Langevin
dynamics simulations with a damping time of τ = 0.1 Lennard-Jones time units.
In the remainder of this Chapter, all results are presented in Lennard-Jones units
- allowing us to focus on the basic principles underlying the observed behavior.
After an initial equilibration run with a soft repulsive potential between all parti-
cles, the interaction potential is replaced by the repulsive part of a 6-12 Lennard-
Jonnes potential, where we cut off the potential at one Lennard-Jones length unit.
We have verified that the results presented here are qualitatively independent of
the precise choice of interaction potential (for details, we refer to the Appendix I).
A constant force Fd is exerted on each of the driven particles, superimposed upon
their Brownian motion.

7.1 cluster mechanism

We illustrate the phase separation in a two-dimensional channel with periodic
boundaries at the four edges of the system (see Fig. 54). We have performed
simulations in two and three dimensions, for both doubly periodic and fixed
walls, and have in each case found completely analogous behavior (see Appendix
I). For clarity, we will present only the 2D doubly periodic images here but the
phenomenon is very robust. The length of the system, which is the direction
of forcing, is significantly larger than the width of the channel (length l = 100
and width w = 6, in LJ units). The system is initialized such that the driven
particles (of which there are Nd = 50) are homogeneously distributed through
the disordered background of Nc = 450 Brownian particles (Stage I). The initial
aggregation of particles (Stage II and III) is induced by cooperative behavior of
the driven particles in a background of Brownian particles, an effect also seen in
[50, 136]. Under our confined conditions however, and at sufficiently high driving
force and overall density, however, these small clusters can continue to grow as
the density of the passive particles rises in front of them (Stages V and VI). In
these final stages of the evolution of this system - only seen under confinement -
very generically, a single large plug develops. As it pushes against the particles
in front, it densifies them and we can see the front edge of the compressed zone
extending further and further into the system.

This is the general scenario: cluster initiation, maturation and subsequent den-
sification of the passive particles ahead of it. In the following, we determine the
critical conditions for cluster formation and then discuss the later stage dynamics
of the densificaton front. In particular, we show that there is a growing length-
scale λ, associated with the size of the compressed region in front of the cluster,
and a characteristic velocity of the driven particles v̄, similar to those observed
in the dynamic jamming fronts induced by uni-axial compression of a nearly
jammed particle packing [189].
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Figure 56: (a) Snapshots of the clustering of an enriched region of containing 50 driven
particles randomly distributed in a subdomain of size −50 < z < 50 (here we show
a fraction of the system, total system size is (length l = 4640, width w = 6 and Nc =
19950). (b) The clustering parameter σ as function of time for various forces. Within this
timeframe no clustering occurs for F = 0.25, 0.5. Note that σ becomes negative since we
started with a enriched region of particles. (c) Time-evolution of the center of mass of
the driven particles xd indicating the two distict regimes. (d) Time τ to reach a cluster as
function of Fd. xd as function of Fd for various time intervals. (e) Travelled distance of the
center of mass as function of Fd.
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7.1.1 Critical conditions for cluster formation

Whether or not the cluster forms depends on composition (Nd and Nc), driving
force Fd, density of the background φ and temperature T. To quantify this we
measure the variance in z-position (parallel to the driving axis) of the driven par-
ticles, normalized to that of the initial configuration, and construct the following
parameter:

σ(t) = 1−∑
Nd

(xi(t)− x̄(t))2 /∑
Np

(xi(0)− x̄(0))2 , (70)

which approaches unity if a cluster is random closed packed and zero when there
is no correlation present between the driven particles. In Fig. 55 (b) and (c) we
display the density-driving force (φ, Fd) and the density-temperature (φ, T) regime
diagram respectively. In both cases the composition is Nd = 100 and Nc = 900.
We use the order parameter σ to distinguish various degrees of clustering of the
system: fully clustered when σ > 0.9, partially clustered when 0.9 > σ > 0.4 and
not significantly clustered when σ < 0.4. Qualitatively we find that at high Fd or
low T, clustering occurs at lower φ. At low Fd and high T we generally observe
intermittent clustering: a region with high density of driven particles is generally
observed to form and dissolve repeatedly. In this state, the thermal motion of
both the passive and the driven particles is sufficient to prevent the formation of
a single stable compact cluster.

7.1.2 Formation and growth of the jammed front

Although the driven particles no longer evolve beyond the single cluster state, the
presence of this single cluster becomes increasingly dominant for the behavior of
the entire system. As the cluster progresses through the system, it continues to
sweep up passive particles. The passive particles in front of the driven particles
become jammed and fully immobilized. This jammed zone, in turn, acts as a
plunger propagating through the system. To explore the formation and growth
of this jammed front, we turn to larger system sizes. This ensures the system
has sufficient space and time to develop, and that there is no direct interaction
between the compressed zone, and the wake behind the cluster (see also Fig.
56). We distribute 50 particles randomly in the subdomain −50 < z < 50, and
immersed them in 19950 passive particles which are randomly distributed in the
full system with size −2320 < z < 2320. The system width remains 6. A section
of the full system is shown in Fig. 56 (a)). This large system allows us to study
the formation of the jammed front, eliminating the effects of the boundary at the
end of the tube (either periodic or solid). First, we report the time evolution of the
order parameter σ for various driving force Fd (see Fig. 56 (a)). Initially, the driven
particles move individually through the passive particles until, at some point, the
region in front of the driven particles is so densified that it becomes jammed.
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This prompts the formation of the cluster of driven particles. Subsequently, the
region with elevated density in front of the cluster increases in size λ (see Fig.
57 (a)). That the compressed zone should grow over time is to be expected: since
the jammed particles are no longer able to move by diffusive motion, they act in
unison with the driven cluster, and - even though they are not themselves driven
- continue to sweep up nondriven particles in front. The evolution of the width
of this front can thus be understood by means of a simple argument. Assuming
that the cluster, and the jammed zone, move at some velocity v f , and that this
velocity results from a driving force Fd. This defines an effective friction coefficient
ξ = Fd/v f . The coefficient ξ should scale with the number of particles n that the
front is pushing. On the other hand, a front moving at velocity v f sweeps up a
number ∆n ∼ v f ∆t per time interval ∆t, and these are added to the front. Thus
we have two relations for the velocity: v f ∼ Fd/n and v f ∼ dn/dt. From this, we
see that dn/dt ∼ Fd/n which means that n(t) ∼

√
Fdt. Since the width is constant,

this result means that the length of the compressed zone should scale as t1/2. Fig.
57 (b) confirms that indeed, for various forces, the size of the jammed front grows
as the square root of time.

7.1.3 Dynamics of the driven particles

Driving in dense dispersions is typically applied to effect transport. A natural
question to ask is how efficiently the driven particles may be transported in this
manner. Does clustering help, or hinder, their passage through the background
phase? When we measure the velocity vd of the driven particles upon clustering
we find that the average velocity at which the individual particles move through
the passive particles is higher than when the particles have clustered. So, in gen-
eral, fully clustered states are non-optimal for transport. Clearly, however, no
driving at all is also not optimal as then, no transport occurs. The question then
arises: is there an optimal driving force for the transport of driven particles. We
now measure the time-evolution of the center of mass of the driven particles, at a
fixed density φ and various forces Fd. Fig. 56 (c) shows that the velocity evolves
with time very differently before and after the clustering. Before clustering, the
velocity is constant confirming an effective friction coefficient that is independent
of time. After clustering occurs, the velocity drops to a different curve and scales
as t−1/2, pointing to an effective friction coefficient that grows as the square root
of time - in agreement with the prediction from the argument we presented be-
fore. The time at which the cluster forms depends inversely on Fd (See Fig. 56 (d)).
This permits us to extract the optimal force for transport: transport of the driven
particles is most effective at a force just prior to clustering, where they still travel
efficiently through the medium but do not perturb it sufficiently to cluster and
compress it (see Fig. 56 (e)).
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Figure 57: (a) Density of the passive particles ρ as function of the position, relative to the
center of mass of the driven particles. An increasing length scale λ occurs which signifies
the size of the jammed front. (b) The time evolution of λ, confirming the λ ∼
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The same setup was used as in Fig. 56.

7.2 conclusions

To summarize, we report that, depending on the driving force Fd, the density φ,
the composition Nd/Nc and the temperature T a dynamically induced cluster-
ing occurs in mixtures of driven and passive particles. A late times, the resulting
system-spanning cluster dominates the global transport properties of the mixture.
This effect is generic, and we hypothesize it to occur in a wide range of differ-
entially driven, dense systems. One specific application that we foresee is to use
the clustering mechanism to separate colloidal particles by mass. Fig. 58 shows
the basic idea and operating principle: a random mixture of light (green) and
heavy (red) particles is poured into the top of a sedimentation column filled with
density-matched colloids. Since both the light and the heavy particles are driven
differently from the background, both phase separate into tight clusters. The clus-
ter itself, however, is also inhomogeneous in the sense that very quickly, the light
particles are at the back and the heavy ones in front. This way, gravity can dy-
namically phase separate the various populations of particles by mass: colloidal
chromatography. Whether or not clustering will occur in this case will similarly
depend on density, mass and composition.
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Figure 58: (left) Sedimentation of particles with mass 0.5 (green) and 2, randomly dis-
tributed in a subdomain 100 < z < 950, where a reflecting wall is placed at the top and
bottom of the system (T = 1, l = 1000 and w = 6)
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appendix i

In this Appendix we showcase the robustness of the crowding induced clustering
by (i) using a soft potential Vi,j = A

(
1 + cos πr

R
)

in a double periodic two dimen-
sional setup (see Fig. 59) and (ii) show that in three dimension we find completely
analogous behavior as reported in the Chapter (see Fig. 60) .

Soft potential

Figure 59: Snapshots of the clustering of soft particles with coefficient A = 100 and R = 1.1
where 100 driven particles Fd = 1 are randomly distributed in 900 passive particles (T = 1,
width w = 6 and length 240).
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Figure 60: A cylinderical tube with diameter of d = 6 and length l = 400 with passive
particles (the boundaries of the cylinder, the top and botton are reflective boundaries).
The driven, repulsive Lennard-Jones, particles are randomly distributed in a subdomain
of 350 < z < 400 at the top of the cylinder. A force Fd = 2 (right) and Fd = 0.5 (left) is
exerted downwards and we find that for Fd = 0.5 no clustering occurs and for Fd = 2.0,
the driven particles cluster (φ = 0.37, T = 1).





Chapter 8

Final Conclusions and Outlook

8.1 summary of the aims

The central aim of this thesis was to use theoretical modeling to answer two
questions that are at the heart of synaptic strength regulation in the brain, i.e.,

1. What physical mechanisms regulate the morphogenesis of dendritic spines?
(Part I)

2. How does the shape of the dendritic spine regulate the strength of a synapse?
(Part II)

Along the way of answering these two spine related questions, several, more
generic soft-matter projects were initiated and have formed the base for Part III
and IV of this thesis. The study of dendritic spine morphogenesis turned out to
be related to other biological relevant growth mechanisms. A common motif for
pattern formation in biological systems that we discussed in Part III of this thesis
is that of constrained growth, where surfaces or filaments are constrained by their
surrounding medium. We take as a general model for this process here the growth
of a flexible filament which is adhered to a second filament, either solid or flexible,
by a discrete number of Hookean springs. The central aim here was to come up
with a minimal model to reproduce experimentally and numerically observed localized
states in the uniform growth of an adherent filament and to quantify the role of shear
in this process. A second spin-off project was initiated from studying diffusion
in highly crowded and confined systems. The goal of Part IV was to explore the
mechanisms that drive this cluster formation, and determine the critical conditions for
phase separation.

8.2 conclusions and outlook

8.2.1 Part I: Growth of dendritic spines

Conclusions: In this part of the thesis we have modeled the role of the modulation
of actin dynamics in the plasticity of dendritic spine. Although the importance of
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actin remodeling as well as the synaptic signaling mechanisms involved in struc-
tural synaptic plasticity are well established [81, 69, 123], a general framework to
correlate the state of the actin cytoskeleton to spine shape is lacking. Our models
attribute a fundamental role to actin remodeling in the process of spine forma-
tion and maturation. This finding supports earlier claims in the literature, and our
model suggests novel experiments to further pin down the basic principles that
control the structural plasticity of the brain. In particular, we analyze the inter-
play of the plasma membrane with the underlying actin cytoskeleton to quantify
the forces that are required to prompt the initial formation of the spine, and its
subsequent outward growth. We find that the forces generated by actin poly-
merization are sufficient for it to drive filopodium formation, and that the result-
ing dimensioning (quantified, for instance, by the ratio (protrusion width)/length)
closely resembles those reported in experiments. A related theoretical model tak-
ing into account the interplay of the spine membrane with the actin cytoskeleton
allows us, in addition, to compute the forces and energies required for spine
head formation. It shows that the simultaneous presence of both branched actin
filaments and bundled/aligned actin is required, and sufficient, to produce the
typical mushroom-like spine morphology. Finally, our model also highlights the
important role of additional physical processes in stabilizing the morphological
features of mature spines.

Outlook: More experimental evidence is required to verify to what extend the re-
modeling of the actin cytoskeleton shapes the dendritic spine. While the signaling
mechanisms and the actin remodeling that induce structural synaptic plasticity
are fairly well described [108, 123] little is known about the cellular mechanisms
controlling the actual remodeling of the spine. Recent studies have examined the
spatiotemporal changes in synaptic morphology, composition and underlying sig-
naling mechanisms during synaptic plasticity [110, 13] These studies, which apply
time-lapse two-photon imaging of synaptic marker proteins, reveal details of the
step-by-step sequence by which new proteins are incorporated in the growing
spine and postsynaptic density. Further experimental effort is however required
to identify the molecular composition of the dendritic spine and to complete our
understanding of spine function and synaptic plasticity. From a modeling side
this information can be included to develop an even more accurate model for
spine initiation and maturation and help in determining the role of the differ-
ent components. This will provide a predictive framework to study their role in
dysfunctions of the morphodynamics, associated with a host of neurological dis-
orders such as schizophrenia [42], Alzheimer’s disease [150] and autism [46].

8.2.2 Part II: Determinants of synaptic strength regulation

Conclusions: In Part II of this thesis we have elaborated on various mechanisms
that regulate the synaptic strength by controlling the concentration of glutamate
receptors at the synapse. In Chapter III we analyzed how the morphology of a
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membrane, within which particles diffuse, regulates timescales and fluxes through
the boundaries of domains for some biologically relevant geometries. In general,
these microdomains serve to retain gradients in particle concentrations for in-
creased timescales. By quantifying the dynamics of particles escaping through a
narrow neck we have found a general power law dependence for both the equili-
bration timescale of a population of particles and the single-particle characteristic
timescales of escape through the boundary of a domain such as Mean First Pas-
sage Time and the escape time. These diffusive timescales depend, in general, on
the neck radius and the length of the neck following a power law over several
decades: τeq ∼ (neck radius)−λ and τeq ∼ (neck length)η, where the (positive)
exponents λ and η reflect the precise geometry of the system.

In the second part of Chapter III we developed a quantitative model integrat-
ing the morphological variability of realistic spine geometries into mechanisms
that control AMPAR trafficking at postsynaptic sites. We report that two trapping
mechanisms - anchoring at the PSD and diffusion on specific curved geometries -
work together to control the number and spatial distribution of AMPARs in order
to regulate synaptic strength. The model demonstrates that AMPAR trafficking
is a coordinated action between surface diffusion, local exocytosis and trapping
at the PSD within the geometric restrictions of individual dendritic spines. Our
simulations demonstrate that the timescale for an AMPAR entering the spine and
ending up at the PSD, may be up to an order of magnitude faster than the time
of the reverse process, when a receptor is leaving the PSD and exiting the spine
through the neck. The specific shape of the spine directly induces this asymmet-
ric trafficking. Moreover, local exocytosis results in effective and rapid capture
of AMPARs, particularly at curved geometries such as in mushroom-like spines.
The model reveals that increasing the number of AMPAR at synapses is most
effectively achieved through active transport of AMPAR containing vesicles and
subsequent release at local exocytotic site in the spine head. The strong impact
of morphology on receptor diffusion implies that in the interpretation of Single-
Particle Tracking (SPT) and Fluorescence Recovery After Photobleaching (FRAP)
experiments, the shape of the spine must be explicitly included.

In Chaper IV we have addressed the question of how the lateral diffusion of
densely packed particles, confined to a curved surface, is affected by the shape of
the substrate and the packing fraction. We find that the shape of the substrate, in
combination with crowding, induces a spatial anisotropy in diffusion coefficient.
We find that, for a cylinderical surface, diffusion is increasingly hindered upon
decreasing the radius of the tube and it does this so in a non-monotonic fashion.
The extrema of the anisotropy coincide with an ordered packing of discs in a
triangular lattice and its affinely rotated structure. These skewed patterns promote
collective motion in the circumferential direction. Our work reveals that diffusive
motion of discs along the surface of a narrow, crowded tube is hindered by an
interplay between local geometry and crowding. Diffusivity in highly crowded
systems is dominated by the collective motion of clusters and the size of these
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clusters may, especially at high coverage, become comparable to the local radii
of curvature of the system. Though we have focused on diffusion on cylindrical
surfaces here of discs with radii comparable to the typical radius of curvature of
the substrate, even the diffusion of discs or particles that are small compared to
the local radius of curvature may very well be sensitively affected by the curvature
of the substrate; not by their proper size, but through the size of the cage through
which they diffuse. This length-scale may, especially at high densities, become
comparable in size to the local radius of curvature.

In Chapter V we raised the question whether typical cellular force levels are
sufficient to effect translocation of glutamate rich endosomes through the neck
of the dendritic spine, and if it is feasible for a cell to switch between pass and
stuck of the vesicle by controlling the force that is exerted on the endosome. Our
simple theoretical analysis shows, that the range of forces necessary to transport
this container through a typical dendritic spine neck, which has a radius of be-
tween 0.2− 0.6 µm, is on the order of a few to tens of pN. A typical myosin motor
can exert forces of 5-6 pN [41, 80]. The dimensions of the dendritic neck - a very
typical channel motif in cells - thus require one to a few motors to translocate
vesicle-bound cargo, confirming that motors are eminently capable of produc-
ing the requisite forces to selectively translocate or immobilize vesicles in the
neck, and to switch quickly between these modes. We will note that although
the translocation is dominated by a competition between deformation energy and
forcing, it cannot be expected from this simple model to accurately capture the
exact forcing involved in motor transport - indeed, pulling by motors bound to
cytoskeletal polymers arranged mostly close to the cell membrane in the neck is
likely to affect the shape of the endosome. Moreover we have explored the ef-
fect of spine morphology, that is to say, the effect of having a blind end at the
end of the constriction. We found that, compared to a periodic constriction, the
speed at which the translocation occurs is much lower for a closed constriction.
Future studies will be required for a further quantitative analysis. We expect our
quantitative results to depend on the precise driving mechanism and the precise
geometry of the problem.

Taken together, modeling these various mechanisms of regulation indicate that
mushroom-like shaped spines with local exocytotic sites adjacent to the PSD are
privileged over others, because they can rapidly and efficiently regulate their
synaptic AMPAR levels. The specific and high affinity AMPAR/scaffold interac-
tions within the PSD, in combination with the geometric shape of the mushroom-
like spines and local exocytosis within the spine head, allow direct and rapid
control over the amount of AMPARs at synaptic sites. In this way, each individual
spine presents an isolated and asymmetric, but adaptive structure, which pro-
vides dendrites with a complex palette of regulatory options to efficiently control
synaptic AMPAR level. The precise role of the endosomal transport and the ener-
getic costs of transportation still remain elusive and requires more experimental
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analysis of the deformations of both vesicles and the spine neck during spine
entry.

Outlook: While our studies have identified the role of the spine-morphology in
restricting the passive lateral transport and regulating the active receptor trans-
port in intracellular vesicles, increasing evidence has been found of specific molec-
ular barrier to diffusion in spines. An example of this is that recent super-resolution
imaging studies have shown restricted lateral diffusion of glutamate receptors in
the dendritic spine neck, associated with an altered local organisation of the F-
actin cytoskeleton, that in turn restricts the diffusion of membrane proteins with
large intracellular domains through the spine neck [190]. Another recent advance
is the observation of complexes of septin cytoskeletal GTPases localized at the
base of the spine neck which regulate the diffusion across the spine neck [39].
These studies show that, while shape itself has a considerable effect on the diffu-
sive dynamics, the spine has a complex palette of regulatory options to efficiently
control synaptic AMPAR level and that future work will have to shed light on
the relative contributions of the different mechanisms. This will require quanti-
tative measurements of (i) the forces and deformations involved in endosomal
transport and (ii) measurements of the lateral diffusion at the synapse. While at
present these studies have not been performed, recent advances in optogenetic
control of endosomal transport [184] will allow a study of the positioning and de-
formations involved in the endosomal regulation in dendritic spines. And for the
study of the lateral diffusion we expect that Single Particle Tracking experiments
will soon map out the diffusive properties of receptors at the synapse

8.2.3 Part III: Growth of an adherent filament

Conclusions: In Part III of this thesis we have studied the growth of an adhered
flexible filament. We show that growth, depending on the various elastic mod-
uli in the system, induces a wealth of interesting patterns, both in two and three
dimensions. A key observation for the two-dimensional system is that homoge-
neous growth of the filament induces localization of strain (localized buckling)
in the filament. The width of the localized state is dictated by the shear modu-
lus of the filament, where lowering the shear modulus increases the localization
of strain. By increasing the shear modulus we recover homogeneous buckling.
Depending on the boundary conditions we find that for periodic edges a local-
ized strain mode arises that can freely translate along the filament. For clamped
boundaries we found that for sufficient growth the localization is attracted by the
edges of the system and for free edges we observed that buckling of the filament
is initiated at the edges of the system and the perturbation travels inwards upon
further growth. While a solid theoretical framework for the occurrence of this
localization in this particular system is still lacking we have recovered localized
structures in strongly related setting of the compression of a laminated surface.
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Further research will be required to provide direct insights in the relation between
these two systems.

Outlook: Localized pattern formation originates from otherwise homogeneous
growth can potentially serve to create patterns in a laminated structure both in
biology and in technological applications. An potential example of this localized
patterning is "mechanical" typing, where localized structures can be imposed in
quasi ideal laminated surfaces (3D) or arrays (2D). By applying small defects or
local strain it would be possible to encode a localized state on a predescribed
location of an otherwise homogeneous surface.

Another potentially relevant example where this localization might lead to even
more localized pattern formation is stress regulated growth. Here, the local amount
of growth per segment is not fixed but rather depends on the tangential stress
in that segment. This impacts pattern formation in a growing adherent filament.
This is inspired from the observation that growth in biological systems is not
necessarily homogeneous but rather regulated by biochemical or mechanical cues.
Biological examples where mechanical cues such as stress regulate the amount of
growth are, e.g., bone tissue.

8.2.4 Part IV: Crowding induced clustering

Conclusions: In the last Part of this thesis we have presented Langevin dynam-
ics simulations to study the collective behavior of driven particles embedded in
a densely packed background consisting of passive particles. Our main conclu-
sions is that, depending on the driving force, the densities of driven and pas-
sive particles, and the temperature we observed a dynamical phase separation of
the driven particles, which cluster together in tight bands. We have explored the
mechanisms driving this cluster formation, and determined the critical conditions
for such phase separation. A simple physical picture explains the formation and
subsequent growth of a jammed zone developing in front of the driven cluster.
Our simple model correctly captures the observed scaling with time. Moreover we
have analyzed the implications of this clustering transition for the driven trans-
port in dense particulate flows, which due to a non-monotonic dependence on
the applied driving force is not straightforwardly optimized.

Outlook: One specific application that we foresee is to use the clustering mech-
anism to separate colloidal particles by mass or shape. The basic operating prin-
ciple we have in mind in the following: a random mixture of light and heavy
particles is poured into the top of a sedimentation column filled with density-
matched colloids. Since both the light and the heavy particles are driven differ-
ently from the background, both phase separate into tight clusters. The cluster
itself, however, is also inhomogeneous in the sense that very quickly, the light
particles are at the back and the heavy ones in front. This way, gravity can dy-
namically phase separate the various populations of particles by mass: colloidal
chromatography. Moreover we expect that anisotropy of particles may also serve
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as separating mechanism. Whether or not clustering will occur in this case will
similarly depend on amount of anisotropy, density, mass and composition. Pre-
liminary simulations show that the mass separation continues to work for much
broader polydisperse mass distributions, and in future work we will explore the
concept of the colloidal chromatograph in much greater detail. Sedimentation
experiments will be required to validate the simulations and confirm the operat-
ing principle. Experiments, as well as fluid dynamic simulations may also shed
light on the role of hydrodynamics in this phase separation, i.e. hydrodynamic
backflow can potentially quantitatively alter the observed results. We expect the
mechanism itself remains unalterted.
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Samenvatting

Het menselijk brein bevat miljarden neuronen, zenuwcellen die met elkaar ver-
bonden zijn in één groot netwerk. De plaats waar twee neuronen verbinding met
elkaar maken noemt men een synaps. Deze synaps is de plek waar een elektrisch
signaal in de presynaps (de kant van het zendende neuron) omgezet wordt in een
chemisch signaal (de afgifte van neurotransmitters), dat op zijn beurt receptoren
in de postsynaps (de kant het ontvangende neuron) kan activeren. Wanneer die
geactiveerd zijn, kan het elektrische signaal verder langs het ontvangende neu-
ron reizen. Tijdens het herhaaldelijk stimuleren van dezelfde synaps vormt de
aanvankelijk vlakke postsynaps een kleine uitstulping. Deze wordt vervolgens
uitgerekt zodat de postsynaps en de presynaps steeds dichter bij elkaar komen.
Deze uitstulping noemt men de ’dendritische stekel’, een structuur die beter bek-
end is onder zijn Engelse naam spine. Depositie van membraanmateriaal aan de
bovenkant van spines zorgt er, in combinatie met krachten uitgeoefend door het
cytoskelet, voor dat de vorm van de spine verandert van een uitgerekte uitstulp-
ing naar een brede paddenstoelvorm met een dun nekje. In het eerste deel van dit
proefschrift bestuderen we de initiatie en verdere groei van dendritische spines.
Hiervoor hebben we een theoretisch model ontwikkeld dat de groei beschrijft
en ons helpt te bepalen welke rol actine, een eiwit dat de belangrijkste com-
ponent is van het onderliggende cytoskelet, en de elastische eigenschappen van
het membraan spelen in de groei en stabilisatie van paddenstoelvormige spines.
Onze studie laat zien dat de typische krachten zoals uitgeoefend door het ac-
tine cytoskelet voldoende zijn om de initiatie van de spines te verklaren. Tijdens
de verdere ontwikkeling zorgen structuurveranderingen in het actine (van lin-
eair naar een meer vertakte structuur) ervoor dat volwassen, paddenstoelvormige
spines ontstaan en stabiliseren. Dit inzicht werpt een nieuw licht op de rol van
actine in de vorming en groei van dendritische spines, en suggereert een centrale
rol voor direct fysische krachten en mechanismen in de morfogenese- het ontstaan
en de verdere ontwikkeling van de vorm- van dendritische spines.

In het tweede deel van dit proefschrift ligt de focus op de fysische processen die
de sterkte van de signaaltransmissie in de synaps regelen. Deze sterkte wordt met
name bepaald door de hoeveelheid receptoren die aanwezig is op de spine. Mo-
menteel zijn er drie mechanismen bekend die de concentratie van deze receptoren
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kunnen beïnvloeden. Deze zijn (1) het hechten van receptoren aan ankereiwitten
die de receptoren binden aan het onderliggend cytoskelet, (2) het actief bijpompen
van receptoren met behulp van endosomen (kleine vesikels die receptoren trans-
porteren) die fuseren met het postsynaptisch membraan en (3) de geometrie van
de dendritische spine zelf. Onze theoretische en numerieke modellen laten zien
dat er twee kanten aan dit proces zitten: aan de ene kant zorgt de geometrie - en
dan met name de dunne nek van de spine - van de synaps ervoor dat de laterale
diffusie van receptoren uit de synaps verhinderd wordt. Aan de andere kant, zorgt
datzelfde nekje ervoor dat actief transport van receptoren door de nek bemoeilijkt
wordt. Een dunner wordend nekje zorgt dus voor een langere retentie van recep-
toren, maar daarnaast leidt het er ook toe dat een groter aantal moleculaire mo-
toren nodig is om endosomen door de nek te trekken. Alles bij elkaar genomen
ondersteunen onze resultaten de conclusie dat paddenstoelvormige spines een
zeer efficiënte en dynamische omgeving bieden om op korte tijdschalen het aan-
tal receptoren in de synaps, en daarmee de transmissiesterkte van de synaps, te
reguleren. Daarmee wordt de vorm van de spine een bepalende, en controleer-
bare, factor om de ’paden’ in het neuronale netwerk te leggen en te verleggen. In
het derde deel van het proefschrift richten we onze aandacht opnieuw op het pro-
ces van groei, maar nu in de context van een filament dat verbonden is met een
elastische, maar niet meegroeiende, ’ondergrond’. Het probleem is geïnspireerd
op de evolutie van de neuromusculaire overgang; een structuur die veel lijkt op
de dendritische spine maar waar nu een neuron en een spiercel contact maken.
We modelleren zowel het groeiende filament als de ondergrond - het substraat -
met behulp van simpele veertjes. We ontwikkelen analytische en numerieke mod-
ellen om de patroonvorming te bestuderen die optreedt als gevolg van de groei
van het filament. Deze modellen laten zien dat, voor filamenten met een eindige
afschuifspanning, uniforme groei leidt tot een gelokaliseerde vervorming van het
filament. Deze observatie is belangrijk in de context van spanningsgereguleerde
groei in biologische materialen, maar meer algemeen ook mogelijk van nut in
de ontwikkeling van programmeerbare synthetische oppervlakken. In het laatste
deel van dit proefschrift - geïnspireerd door de combinatie van actieve en passieve
processen in de dichtgepakte membraanomgeving van de dendritische spine - on-
twikkelen we numerieke Langevin dynamica simulaties om het collectieve gedrag
van gedreven deeltjes te bestuderen. Deze deeltjes zijn verdeeld in een kanaal
met passieve deeltjes. Onze simulaties laten zien dat in veel gevallen de gedreven
deeltjes spontaan een cluster vormen die de hele breedte van het kanaal opspant.
Het ontstaan van deze clusters blijkt sterk afhankelijk te zijn van dichtheid, aan-
drijvingskracht, temperatuur en verhouding van gedreven/passieve deeltjes. Dit
effect, dat niet eerder waargenomen is, heeft mogelijk toepassingen in de scheid-
ing van deeltjes in dichte, gedreven deeltjesstromen.
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