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4.4 The limit of a Plücker variety . . . . . . . . . . . 105
4.5 Pfaffians on the dual infinite wedge . . . . . . . . 107
4.6 Equivariant Noetherianity . . . . . . . . . . . . . 111
4.7 Back to finite-dimensional instances . . . . . . . 119
4.8 Discussion . . . . . . . . . . . . . . . . . . . . . . 123

5 Tree models 127
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . 127
5.2 Tensor formulation . . . . . . . . . . . . . . . . . 136
5.3 Tensors and flattening . . . . . . . . . . . . . . . 140
5.4 The flattening variety . . . . . . . . . . . . . . . 154
5.5 Equivariant Noetherianity . . . . . . . . . . . . . 161
5.6 Proofs of the main theorems . . . . . . . . . . . . 166

Acknowledgements 189

Summary 191

Curriculum Vitae 193



Notation

N {0, 1, 2, . . .}
Z {. . . ,−2,−1, 0, 1, 2, . . .}
[m] {0, 1, . . . ,m− 1}
KS {α : S → K} for S a set and K a field
Km K [m] for m ∈ N
K[xs | s ∈ S] Polynomial ring over K in invariates xs indexed by S
Sym(m) The group of permutations of [m]
Sym(N)

⋃
m∈N Sym(m); the group of finitary permutations of N

Inc(N) The monoid of strictly increasing maps N→ N
IΠ The smallest Π-stable ideal containing I
GL(V ) The group of invertible linear maps V → V
GLA(V ) The subgroup of A-equivariant elements of GL(V )
GLm GL(Km) for m ∈ N
GL∞

⋃
m∈N GLm

iii
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Chapter 1

Introduction

Discrete families of varieties arise in various areas of mathemat-
ics. One very easy example of such a family of varieties is the
following.

Example 1.0.1. For a pair of discrete parameters m,n ∈ Z>0,
let Matm,n,1 be the variety of matrices of rank at most 1 in the
space Matm,n of m× n matrices (over some field K). It is well
known that testing whether a matrix has rank at most 1 can be
done by testing whether all of its 2 × 2 sub-determinants van-
ish. This means that the ideal I(Matm,n,1) of Matm,n,1 equals
(xi,jxk,l − xk,jxi,l | i, k ∈ [m], j, l ∈ [n], i 6= k, j 6= l). It lives in
the polynomial ring K[xi,j | (i, j) ∈ [m] × [n]], the coordinate
ring of Matm,n. ♦

In the above example, we note that while there are many

1



2 CHAPTER 1. INTRODUCTION

equations needed to generate the ideal, all elements of the set of
generators given look similar. We can make this more precise.
Observe that the variety Matm,n,1 is stable under the action of
the group Sym(m) × Sym(n), where Sym(m) acts by row per-
mutations and Sym(n) acts by column permutations. Of course,
the action of Sym(m) × Sym(n) on Matm,n induces an action
on the coordinate ring of Matm,n as well. Under this action,
I(Matm,n,1) is the ideal generated by the Sym(m) × Sym(n)-
orbit of x0,0x1,1 − x0,1x1,0, provided that m,n ≥ 2 (other-
wise x0,0x1,1 − x0,1x1,0 is not an element of the coordinate ring
of Matm,n, and I(Matm,n,1) = (0)). The family of varieties
Matm,n,1 stabilizes in this way.

There are many other situations in which we would be inter-
ested in similar stabilization properties. Among other things,
we can find interesting examples in commutative algebra, com-
binatorics, algebraic geometry, and statistics. To highlight a
few examples, in commutative algebra one may consider twisted
commutative algebras [SS12b], Segre embeddings [Sno13], and
toric varieties [DEKL13]; in algebraic geometry one may con-
sider tensor rank [DK14] and secants of Grassmannians [DE14b];
and in statistics, one may consider phylogenetic tree models
[AR08, DK09, DE14a, PS05]. In this thesis, we consider and
prove results regarding stabilization for several of these families
of varieties.

Roadmap to this thesis: The remainder of this chapter
will contain an introduction to infinite-dimensional algebraic ge-
ometry, an introduction to the concept of Π-Noetherianity with
some examples based on well-partial-orderings, and some infor-
mation about the limits we will be using later on. Chapter 2
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will focus on toric varieties acted upon by the monoids Sym(N)
and Inc(N). It is based on [DEKL13], which is a joint article
with Jan Draisma, Robert Krone, and Anton Leykin. Chap-
ter 3, based on [Egg14] will focus on matrix tuples acted upon
by the group GL∞. Chapter 4, based on [DE14b] (written to-
gether with Jan Draisma), will focus on the space of alternating
tensors, and Chapter 5, based on [DE14a] (also together with
Jan), will focus on phylogenetic tree models, arising from bi-
ological models. In both of these chapters, we will see some
more intricate groups, to be defined later. Chapter 4 uses the
main result from Chapter 3, but aside from that, all chapters
are self-contained provided that one understands the definitions
introduced in this chapter.

1.1 Infinite-dimensional algebraic
geometry

Throughout this thesis, we almost always assume that K is an
infinite field. In this section, one reason to take K infinite is so
that we can say that, for example, the coordinate ring of KS

(to be defined momentarily) is simply a polynomial ring rather
than a polynomial ring if K is infinite and a polynomial ring
modulo elements of the form fq − f if K has cardinality q.

Let S be an index set. Consider the polynomial ring K[xs |
s ∈ S]. Let KS = {α : S → K} be the set of maps from S to
K. We write α for (αs)s∈S := (α(s))s∈S when convenient. If
f ∈ K[xs | s ∈ S], a zero of f is an element α ∈ KS such that
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f(α) = 0.
We can make KS into a topological space by letting the

closed sets be the common zero sets of collections of polynomials.
The topology we get is simply the Zariski topology, possibly
defined on an infinite-dimensional affine space.

Many of the standard results for algebraic geometry also
hold in this more general setting. For J ⊆ K[xs | s ∈ S], we
let Z(J) := {α ∈ KS | ∀f ∈ J : f(α) = 0} be the common
zero set of the elements of J , and for Y ⊆ KS , we let I(Y ) :=
{f ∈ K[xs | s ∈ S] | ∀α ∈ Y : f(α) = 0} be the collection of
polynomials in K[xs | s ∈ S] that vanish on Y . Note that I(Y )
is an ideal in K[xs | s ∈ S]. We state some properties without
proof.

Proposition 1.1.1. Let Y ⊆ KS, and let J ⊆ K[xs | s ∈ S].
Then the following hold:

1 The closed set Z(I(Y )) is the Zariski closure of Y ;

2 The set I(Z(J)) is an ideal of K[xs | s ∈ S] containing J ;

3 If Y ′ ⊆ Y , then I(Y ′) ⊇ I(Y );

4 If J ′ ⊆ J , then Z(J ′) ⊇ Z(J);

5 We have I(Z(I(Y ))) = I(Y );

6 We have Z(I(Z(J))) = Z(J).

Definition 1.1.2. An (affine) variety is a closed subset Z of
KS for some set S. If we want to stress that Z lives in KS , we
say that Z is a subvariety of KS .
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If Z ⊆ KS is an affine variety, the coordinate ring of Z is
K[Z] := K[xs | s ∈ S]/I(Z).

Note that because we assume K to be infinite, the coordinate
ring of KS is simply K[xs | s ∈ S].

Hilbert’s Nullstellensatz does not generalize to all index sets
S, but Lang proved a version of the following theorem in [Lan52].

Theorem 1.1.3 (Lang, 1952). Suppose K is algebraically closed
and suppose the cardinality of K is strictly larger than the car-
dinality of S. Then the following hold:

1 For all ideals I ⊆ K[xs | s ∈ S], we have I(Z(I)) =
√
I;

2 If I ⊆ K[xs | s ∈ S] is an ideal that is not the full ring, then
Z(I) 6= ∅.

Our main application of the above theorem is to give a con-
nection between chains of ideals and chains of topological spaces.
We use this in Corollary 3.2.4 to draw conclusions about ascend-
ing chains of radical ideals.

1.2 Equivariant Noetherianity

In Example 1.0.1, we mentioned that I(Matm,n,1) is the ideal
generated by the Sym(m)× Sym(n)-orbit of x0,0x1,1 − x0,1x1,0.
We can take this even further, by looking at the variety of rank
at most one matrices in the space Mat∞,∞ = KN×N of N×N ma-
trices with entries in K, and with action by Sym(N)× Sym(N).
Here too, we find that I(Mat∞,∞,1) is the ideal generated by
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the Sym(N)×Sym(N)-orbit of x0,0x1,1−x0,1x1,0. This property
follows from the property we have at a finite level.

More interestingly, if we had known in advance that the
Sym(N) × Sym(N)-orbit of a single polynomial is enough to
cut out the variety Mat∞,∞,1 (in the sense that Mat∞,∞,1 is
the common zero set of the elements of this orbit), we would
have been able to draw a similar conclusion for Matm,n,1 for
m,n large enough, as will be described in more detail later. It
is therefore interesting to find out which varieties in Mat∞,∞
(or more generally, a large vector space over K) are defined
by finitely many Sym(N) × Sym(N)-orbits (or more generally,
Π-orbits for some monoid Π) of equations.

This leads to the notion of equivariant Noetherianity, or Π-
Noetherianity. An introduction to this topic can also be found
in [Dra14]. The current section is also an introduction to the
topic, and we include some technical lemmas that are not found
in [Dra14]. We will make use of these lemmas later on.

Definition 1.2.1. Let Π be a monoid, let X,X ′ be topological
spaces, and let R,R′ be commutative rings (with 1).

1 A left (respectively right) action of Π on X is a monoid ho-
momorphism (respectively monoid anti-homomorphism)
Π → End(X), where the latter is the space of (contin-
uous) endomorphisms of X. If π ∈ Π, we also denote its
image by π. For left actions, we write π ·x := π(x) and for
right actions, we write x · π := π(x) for π ∈ Π and x ∈ X.

2 If Π acts on X, and if Y ⊆ X, the set Y is called Π-stable if
for all π ∈ Π and all α ∈ Y , we have π(α) ∈ Y .
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3 If Π acts onX andX ′, and if ϕ : X → X ′ is a continuous map,
we say ϕ is equivariant with respect to Π, or Π-equivariant,
if for all α ∈ X,π ∈ Π, we have ϕ(π(α)) = π(ϕ(α)).

4 A left (respectively right) action of Π on R is a monoid ho-
momorphism (respectively monoid anti-homomorphism)
Π → End(R), where the latter is the space of (ring) en-
domorphisms of R. If π ∈ Π, we also denote its image by
π. For left actions, we write π · f := π(f) and for right
actions, we write f · π := π(f) for π ∈ Π and f ∈ X.

5 If Π acts on R, and if I ⊆ R is an ideal, I is called Π-stable
if for all π ∈ Π and all f ∈ I, we have π(f) ∈ I.

If I ⊆ R is an ideal, we let IΠ denote the smallest Π-stable
ideal of R containing I.

6 If Π acts on R and R′, and if ϕ : R→ R′ is a homomorphism,
we say ϕ is equivariant with respect to Π, or Π-equivariant,
if for all f ∈ R, π ∈ Π, we have ϕ(π(f)) = π(ϕ(f)).

Remark 1.2.2. An action is assumed to be a left action unless
noted otherwise.

Definition 1.2.3. Let Π be a monoid, and let X be a topologi-
cal space acted upon by Π. Then X is Π-Noetherian, or equivari-
antly Noetherian (with respect to Π), if every strictly descending
chain of closed, Π-stable subsets of X has finite length.

Definition 1.2.4. Let Π be a monoid, and let R be a com-
mutative ring acted upon by Π. Then R is Π-Noetherian, or
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equivariantly Noetherian (with respect to Π), if every strictly
ascending chain of Π-stable ideals of R has finite length.

Note that these definitions mimic the usual definitions of
Noetherianity for topological spaces and rings. In particular, if a
Noetherian topological space or a Noetherian ring is acted upon
by Π, then this space or ring is also Π-Noetherian. Moreover, a
space or ring is Noetherian in the usual sense if and only if it is
equivariantly Noetherian with respect to the trivial group {1}.
Example 1.2.5. Consider the space Mat∞,∞ = KN×N of N×N
matrices with entries in K, and with actions by the group Π
generated by elementary row operations and elementary column
operations. The rank of a matrix in Mat∞,∞ is the cardinality of
a maximal subset of linearly independent columns (equivalently,
it is the cardinality of a maximal subset of linearly independent
rows).

One may verify that for all r ∈ N∪ {∞}, the Zariski closure
of the Π-orbit of any matrix of rank r contains all matrices
of rank at most r. This means that the only Π-stable closed
subsets of Mat∞,∞ are ∅,Mat∞,∞, and the varieties Mat∞,∞,r
of matrices of rank at most r for r ∈ N. We conclude that any
strictly descending chain of Π-stable closed subsets of Mat∞,∞
has finite length, and hence Mat∞,∞ is Π-Noetherian. ♦

Here are four properties of Π-Noetherian topological spaces,
all obtained from [Dra10].

Lemma 1.2.6. If X is a Π-Noetherian topological space, then
any Π-stable subset X ′ of X is Π-Noetherian with respect to the
induced topology.
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Proof. Suppose X ′ is not Π-Noetherian. Then there is a strictly
descending chain Y ′0 ) Y ′1 ) . . . of Π-stable closed subsets of X ′.
We can write Y ′i = Yi ∩X ′ for all i, with Yi the closure of Y ′i in
X. Note that Yi ) Yi+1 for all i since Y ′i ) Y ′i+1 for all i.

For all π ∈ Π, we have πY ′i ⊆ Y ′i . Since π acts continuously,
the set π−1Yi is a closed set containing Y ′i , and hence it contains
Yi as well. This means that πYi ⊆ Yi for all π ∈ Π, and hence
each Yi is Π-stable. We conclude that Y0 ) Y0 ) . . . is a strictly
descending chain of Π-stable closed subsets of X, and hence X
is not Π-Noetherian, a contradiction.

Lemma 1.2.7. Suppose Π acts on a topological space X. Sup-
pose moreover that X0, X1 ⊆ X are Π-stable sets that are Π-
Noetherian with respect to the induced topology. Then X0 ∪X1

is Π-Noetherian.

Proof. This lemma follows from the fact that any descending
chain Y0 ⊇ Y1 ⊇ . . . of Π-stable closed subsets of X0 ∪X1 gives
rise to a descending chain Y0 ∩Xj ⊇ Y1 ∩Xj ⊇ . . . of Π-stable
closed subsets of Xj for j ∈ [2]. Since Yi ∩Xj = Yi+1 ∩Xj for i
sufficiently large, we conclude that Yi = (Yi ∩X0)∪ (Yi ∩X1) =
(Yi+1 ∩X0) ∪ (Yi+1 ∩X1) = Yi+1 for i sufficiently large.

Lemma 1.2.8. Suppose Π acts on topological spaces X,X ′, and
suppose that ϕ : X → X ′ is a Π-equivariant continuous map. If
X is Π-Noetherian, then the image of X in X ′ is Π-Noetherian
with respect to the induced topology.

Proof. Any strictly descending chain of Π-stable closed subsets
of ϕ(X) gives rise to a strictly descending chain of Π-stable
closed subsets of X.
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Lemma 1.2.9. Let Π be a group, and suppose Π′ ⊆ Π is a
subgroup acting on a topological space X ′. Suppose also that X ′

is Π′-Noetherian. Then the orbit space X := (Π ×X ′)/Π′ is a
Π-Noetherian topological space.

Here, Π′ acts on X by g′ · (g, α) = (g(g′)−1, g′α), the space
Π×X ′ has the product topology of the discrete topology on Π
and the topology on X ′, and X has the quotient topology. The
group Π acts on X by g · (h, α) = (gh, α); one easily checks that
this action is well-defined and that all multiplication maps are
continuous.

Proof. Suppose X is not Π-Noetherian. Then by Lemma 1.2.8,
neither is Π ×X ′. So there is a strictly descending chain Y0 )
Y1 ) . . . of Π-stable closed subsets of Π × X ′. By the action
of Π, for g ∈ Π, α ∈ X ′, we have (g, α) ∈ Yi if and only if
(h, α) ∈ Yi for all h ∈ Π. It follows that for all i, we can write
Yi = Π×Y ′i for some Y ′i ⊆ X ′. Since Y0 ) Y1 ) . . ., we conclude
that Y ′0 ) Y ′1 ) . . .. Moreover, the Y ′i are Π′-stable and closed,
and hence X ′ is not Π-Noetherian.

In the next section, we will give our first real example (and
some non-examples) of a Π-Noetherian ring. In proving that
this example is indeed equivariantly Noetherian, we will use the
following property.

Lemma 1.2.10. Let R be a ring, and suppose Π acts on R.
Then R is Π-Noetherian if and only if any Π-stable ideal I ⊆ R
is generated by finitely many Π-orbits of elements of R.
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Proof. Assume R is Π-Noetherian, and suppose I ⊆ R is a Π-
stable ideal. Let I0 = {0}. Inductively, if I \ Ij 6= ∅, let fj ∈
I \ Ij , where Ij := (f0, . . . , fj−1)Π is the ideal generated by
the Π-orbits of f0, . . . , fj−1. This process must terminate, since
otherwise, we get a strictly ascending chain of Π-stable ideals
I0 ( I1 ( . . ., which would contradict the Π-Noetherianity of
R.

Conversely, assume any ideal I ⊆ R is generated by finitely
many Π-orbits of elements of R, and let I0 ⊆ I1 ⊆ . . . be any
ascending chain of Π-stable ideals in R. Let I be the union
of the Ij , and observe that it is a Π-stable ideal. Hence it
is generated by finitely many Π-orbits of elements of R, say
f0, . . . , fn−1. Each fi must occur in some Iji , and in particular,
for j sufficiently large, Ij contains f0, . . . , fn−1, and hence Ij =
I. We conclude that there is no strictly ascending chain of Π-
stable ideals in R.

We make a link between the previous section and this one.
If a Π-Noetherian ring happens to be a quotient of a polynomial
ring with Π-action modulo a Π-stable ideal, it is the coordinate
ring of a variety. We end this section by showing that this
variety will also be Π-Noetherian.

Let S be a set, let K be a field, and suppose Π has a right
(respectively left) action on K[xs | s ∈ S]. Note that any α ∈
KS can be extended to a homomorphism ϕα : K[xs | s ∈ S]→
K by defining ϕα(xs) = αs for all s ∈ S. The right (respectively
left) action of Π on K[xs | s ∈ S] induces a left (respectively
right) action on KS by π(α) = α′ where α′ = (ϕα(π(xs)))s∈S .
Note that the map α 7→ π(α) is indeed continuous. Conversely,
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if Π has a left (respectively right) action on KS , it induces a
right (respectively left) action on K[xs | s ∈ S].

Note that in this case, we prefer right actions on K[xs | s ∈
S], since this allows us to write (f · π)(α) = f(π · α).

Lemma 1.2.11. Let Z be an affine variety in KS. Suppose Π
acts on K[xs | s ∈ S], and suppose I(Z) is Π-stable. Then if
K[xs | s ∈ S]/I(Z) is Π-Noetherian, then the variety Z with
induced action by Π is Π-Noetherian in the Zariski topology.

Proof. Suppose we have a strictly descending chain Y0 ) Y1 )
. . . of Π-stable closed subsets of Z. Then we have a strictly
ascending chain I(Y0) ( I(Y1) ( . . . of ideals in K[Z]. These
ideals are Π-stable, since for all f ∈ I(Yi) and all π ∈ Π, we
have (f · π)(α) = f(π · α) = 0 for all α ∈ Yi because π · α ∈ Yi
for all α ∈ Yi.

1.3 Well-partial-orderings

This section will focus on the monoid Inc(N) of all strictly in-
creasing maps N → N. We will sketch a proof for the Inc(N)-
Noetherianity of the ring K[xi,j | (i, j) ∈ [l] × N] for given
l ∈ Z>0, following along the lines of the proof by Hillar and
Sullivant in [HS12], and give some examples of rings that are
not Inc(N)-Noetherian. The first result will be of use in Chap-
ter 5, and the non-examples can be used to illustrate some of
the limitations in the main theorem of Chapter 2.

Definition 1.3.1. A well-partial-order, or wpo, on a set S is
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a partial order � on S such that for every infinite sequence of
elements s0, s1, . . . in S, there are i < j such that si � sj .

There are some equivalent definitions of wpo’s, see for ex-
ample [Kru72]. The following lemma gives one equivalent defi-
nition.

Lemma 1.3.2. A partial order � on a set S is a wpo if and
only if for every infinite sequence of elements s0, s1, . . . in S,
there is an infinite strictly increasing sequence i0 < i1 < . . . of
natural numbers such that si0 � si1 � . . ..

Proof. The if part of the lemma is trivial. To show the only if
part, suppose � is a wpo, and let s0, s1, . . . be a sequence of
elements in S. We claim that there is i0 such that there are
infinitely many i > i0 such that si0 � si. Suppose there is not.
Then for all i, there is ji > i such that for all j ≥ ji, we have
si 6� sj . But if that is the case, then for j0 := 0, j1 := jj0 , j2 :=
jj1 , . . ., the sequence sj0 , sj1 , sj2 , . . . does not contain k < l such
that sjk � sjl , a contradiction.

We start our infinite increasing subsequence with si0 . Since
the set sj with j > i0 is infinite, by the same argument, there
is i1 in this set such that there are infinitely many j > i1 with
si1 � j. We now have a chain si0 � si1 . Repeating this process,
we find an infinite chain si0 � si1 � . . .. This proves the only if
part.

Corollary 1.3.3. Let �,�′ be wpos on sets S, S′ respectively,
and define v on S × S′ by (s, s′) v (t, t′) if and only if s � t
and s′ � t′. Then v is a wpo.
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Proof. It is easily verified that v is indeed a partial order. Let
(s0, s

′
0), (s1, s

′
1), . . . be a sequence of elements in S × S′. By the

previous lemma, since � is a wpo, there is a strictly increasing
sequence i0 < i1 < . . . of natural numbers such that si0 �
si1 � . . .. Now, consider the sequence s′i0 , s

′
i1
, . . .. Since �′

is a wpo, there are j < k such that s′ij �′ s′ik . This means

(sij , s
′
ij

) v (sik , s
′
ik

). This concludes the proof.

Many nice results are known about well-partial-orderings.
One result we will prove is Higman’s lemma. Let ≤ be a partial
order on S. Consider the set S∗ of finite sequences of elements in
S, and order S∗ by (s0, . . . , sn−1) � (t0, . . . , tm−1) if and only if
there is an increasing map π : [n]→ [m] such that for all i ∈ [n],
we have si ≤ tπ(i). We call an element w = (s0, . . . , sn−1) ∈ S∗
a word, the entries si are the letters of w, and n is the length of
w.

Lemma 1.3.4 (Higman, 1952, [Hig52]). If ≤ is a wpo on S,
then � is a wpo on S∗.

Proof. We follow along the lines of [Nas63]. We call a sequence
of elements w0, w1, . . . in S∗ bad if there are no i < j such that
wi � wj . We aim to show that S∗ does not contain any bad
sequence.

Assume the contrary. Then in the collection of bad sequences
in S∗, there is a bad sequence such that its first word w0 is of
minimal length. Given w0 like this, there is a bad sequence such
that its first word is w0 and such that its second word w1 is of
minimal length. Inductively, there is a bad sequence w0, w1, . . .
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in S∗ such that for all i, the word wi is of minimal length in the
collection of bad sequences starting with w0, . . . , wi−1.

Since this sequence is bad, no wi is empty, because ∅ � w
for any word w. Let si be the first letter of wi for all i. Since S
is well-partially-ordered by ≤, there are natural numbers i0 <
i1 < . . . such that si0 ≤ si1 ≤ . . .. Let vj be the word wij with
sij removed. Abusing notation, we write wij = (sij , vj).

Now, consider the sequence w0, w1, . . . , wi0−1, v0, v1, . . .. The
length of v0 is strictly smaller than the length of wi0 , so by con-
struction, this sequence is not bad. Note that if wi � vj for
some i < i0, j ∈ N, then also wi � wij = (sij , vj), which is
impossible since we assumed that w0, w1, . . . is bad. This means
that there are j < k such that vj � vk. However, since we
also have sij < sik , this means wij � wij , which again gives a
contradiction.

Higman’s lemma is the key to proving that the polynomial
ring K[xi,j | (i, j) ∈ [l]× N] is Inc(N)-Noetherian.

We let Inc(N) act on K[xi,j | (i, j) ∈ [l] × N] by π(xi,j) =
xi,π(j), and define a partial order on the set of monomials by
M �Inc(N) N if and only if there is π ∈ Inc(N) such that π(M)
divides N . In [HS12], this is called the Inc(N)-divisibility order.
One may verify that �Inc(N) is indeed a partial order. The fol-
lowing theorem is also due to Hillar and Sullivant, who proved
a more general result in [HS12, Theorem 3.1]. We will see this
result in Chapter 2.

Theorem 1.3.5. Suppose �Inc(N) is a wpo on the set of mono-
mials in R = K[xi,j | (i, j) ∈ [l] × N]. Then R is Inc(N)-
Noetherian.
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Proof. This proof is similar to the proof of Hilbert’s basis the-
orem. Order [l] × N by (i, j) ≤ (i′, j′) if and only if j < j′ or
j = j′ and i ≤ i′. This induces an ordering on the variables
xi,j in R. This means we can order the set of monomials in R
lexicographically. Note that the lexicographic ordering is a total
order.

If I ⊆ R is an ideal, let lm(I) be the set of leading monomials
of elements of I. By the leading monomial of a polynomial f ,
we mean the largest monomial occurring in f with non-zero
coefficient with respect to the lexicographic ordering. Observe
that if M is lexicographically larger than N , then also π(M)
is lexicographically larger than π(N) for any π ∈ Inc(N). This
means that the action of Inc(N) preserves leading monomials.

We show that any ideal in R is generated by finitely many
Inc(N)-orbits of polynomials. Let I ⊆ R be an ideal. Since
�Inc(N) is a wpo, the set lm(I) contains only finitely many min-
imal elements, i.e. elements M such that for all N ∈ lm(I), we
have N 6�Inc(N) M . Indeed, an infinite set of minimal elements
would give rise to a bad sequence. Say M0, . . . ,Mn−1 are the
minimal monomials in lm(I). For i ∈ [n], let fi ∈ I such that
fi has leading monomial Mi. We claim that the Inc(N)-orbits
of the fi generate I, so in other words, I = (f0, . . . , fn−1)Inc(N).
Suppose not. Then there is f ∈ I \ (f0, . . . , fn−1)Inc(N) with
minimal leading monomial M . However, there is i ∈ [n] such
that Mi �Inc(N) M , and hence there is π ∈ Inc(N), a mono-
mial N , and a constant c ∈ K such that the leading mono-
mial of g = f − cπ(f)N is strictly smaller than M . But then
g ∈ (f0, . . . , fn−1)Inc(N), and hence so is f = g + cπ(f)N , a
contradiction.
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So indeed, any Inc(N)-stable ideal inR is generated by finitely
many Inc(N)-orbits of polynomials. By Lemma 1.2.10, this
means R is Inc(N)-Noetherian.

It remains to show that �Inc(N) is a wpo on the set of mono-
mials in R = K[xi,j | (i, j) ∈ [l] × N]. We will sketch the proof
below, without going into many technical details.

Recall that S∗ denotes the set of finite words with letters in
S. Observe that a monomial in K[xi,j | (i, j) ∈ [l] × N] gives
rise to a word in ([l] × N)∗, and the set [l] × N is well-partially
ordered by letting (i, j) ≤ (i′, j′) if and only if i = i′ and j ≤ j′
(a special case of Higman’s lemma, also known as Dickson’s
lemma [Dic13]). By Higman’s lemma, ([l]×N)∗ is well-partially-
ordered by the partial order � given by s0 . . . sn−1 � t0 . . . tm−1

if and only if there is an increasing map π : [n] → [m] such
that for all i ∈ [n], we have si ≤ tπ(i). Finally, one verifies
that if there were a bad sequence of monomials with respect
to the Inc(N)-divisibility order, then there would also be a bad
sequence of words in ([l]×N)∗ with respect to �, a contradiction.
We conclude the following.

Corollary 1.3.6 ([Coh67, HS12]). The ring K[xi,j | (i, j) ∈
[l]× N] is Inc(N)-Noetherian.

Using a trick that we will also apply in Chapter 2, we con-
clude the following as well.

Corollary 1.3.7. The ring R = K[xi,j | (i, j) ∈ [l] × N] is
Sym(N)-Noetherian with respect to the action σxi,j = xi,σ(j).
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Proof. We claim that for all f ∈ R, we have Sym(N)f ⊇ Inc(N)f .
Let f ∈ R. Since f is a polynomial, it contains only finitely
many monomials with non-zero coefficients. Let k ∈ N such
that for all i ∈ [l], j ≥ k, xi,j does not divide any monomial
occurring in f with non-zero coefficient. Effectively, this means
that for all σ, τ ∈ Sym(N) such that σ(j) = τ(j) for all j ∈ [k],
we have σ(f) = τ(f).

Let π ∈ Inc(N), and pick any σ ∈ Sym(N) such that σ(j) =
π(j) for all j ∈ [k]. Such σ exists, and we easily see that
σ(f) = π(f), so indeed Sym(N)f ⊇ Inc(N)f . In particular, any
Sym(N)-stable ideal is also Inc(N)-stable. Since R is Inc(N)-
Noetherian, it must also be Sym(N)-Noetherian.

We end this section with some non-examples.

Example 1.3.8. Let R = K[xi,j | (i, j) ∈ N × N], and let
Sym(N) act on it by defining σxi,j = xσ(i),σ(j) and extending
this definition to an endomorphism for all σ ∈ Sym(N). We
claim this ring is not Sym(N)-Noetherian.

We will prove this claim by means of graph theory. Define
a map from the set of monomials to the set of directed graphs
with vertex set N by mapping

∏
i,j x

ei,j
i,j to the graph in which

edge (i, j) occurs with multiplicity ei,j . Observe that Sym(N)
acts equivariantly with respect to this map; if Γ(M) is the graph
corresponding to the monomial M , then σ(Γ(M)) = Γ(σ(M))
for all σ ∈ Sym(N).

For i ∈ N, define Mi = xi,0
∏i−1
j=0 xj,j+1. Note that the graph

Γi corresponding to Mi is an (i+ 1)-cycle.
For i ∈ N, let Ii = (M0, . . . ,Mi−1)Sym(N). We claim that
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for all i ∈ N, we have Ii ( Ii+1. Indeed, any element in
Ii can be written as

∑i−1
j=0

∑
k σj,k(Mj)fj,k for certain σj,k ∈

Sym(N), fj,k ∈ R. Observe that any monomial M occurring in
this sum with non-zero component must be divisible by some
σj,k(Mj), so in other words, there is j ∈ [i] such that σ(Mj)
divides M . This implies that the graph corresponding to such
a monomial M must contain a (j + 1)-cycle for some j ∈ [i].
Since the graph corresponding to Mi is an (i + 1)-cycle, which
does not contain a (j+1)-cycle for any j ∈ [i], there is no j ∈ [i]
and σ ∈ Sym(N) such that σ(Mj) divides Mi. We conclude
Mi 6∈ Ii for any i, and hence we have an infinite strictly ascend-
ing chain I0 ( I1 ( . . . of Sym(N)-stable ideals. Hence R is not
Sym(N)-Noetherian. ♦

Example 1.3.9 (Krasilnikov). Let R ⊆ K[xi,j | (i, j) ∈ [2]×N]
be the subring generated by the monomials x0,ix1,j with i, j ∈
N, i < j. It is stable under Inc(N), and we know that K[xi,j |
(i, j) ∈ [2]×N] is Inc(N)-Noetherian by Corollary 1.3.6. Despite
this, we claim that R is not Inc(N)-Noetherian, even though it
is generated by a single Inc(N)-orbit of monomials, namely the
orbit of x0,0x1,1.

Again, we use graph theory. A monomial M in R gives rise
to a bipartite graph Γ on [2]

∐
N that can be written as a union

of graphs with two edges (0, i), (1, j) with i < j. For n ≥ 0, we
consider the monomial Mn = x0,0x1,n+1

∏n
i=0 x0,ix1,i+1 with

corresponding graph Γn. As in the previous example, we can
show that if Mn ∈ (M0, . . . ,Mn−1)Inc(N), there must be some
k ∈ [n] and some π ∈ Inc(N) such that π(Mk) divides Mn in R.
If this is the case, then the complement of the graph π(Γk) of
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π(Mk) in the graph Γn of Mn can be expressed as a union of
graphs with two edges (0, i), (1, j) with i < j.

Suppose such k and π exist. Observe that Γn only has two
edges of multiplicity greater than one, namely (0, 0) and (1, n+
1). This means π(0) = 0 and π(i + 1) = n + 1. Since k < n,
we find that π([k + 1]) is strictly contained in [n + 1]. Let j′

be minimal in [n + 1] such that j′ is not in the image of π.
Observe that Γn \ π(Γk) contains an edge (1, j′), and hence it
must contain some edge (0, i) for some i < j′, otherwise it cannot
be written as a union of graphs with two edges (0, i), (1, j) with
i < j. This gives a contradiction, because π(Γk) contains all
edges (0, i) with i < j′ with the same multiplicity as Γn, so
Γn \ π(Γk) does not contain any edge (0, i) with i < j′.

We conclude that R is not Inc(N)-Noetherian. ♦

1.4 Limits

We introduce what we mean by a discrete family of varieties.
Let K be an infinite field.

Definition 1.4.1. Let (I,�) be a directed set, which is to say a
partially ordered set such that for all i, j ∈ I, there is k ∈ I such
that i � k and j � k. Suppose that we also have a collection of
sets (Si)i∈I such that Si ⊆ Sj whenever i � j. We simply write
S = (Si)i∈I .

We denote by ιj,i the natural inclusion KSi → KSj defined
by

(ιj,i(α))(s) =

{
α(s) if s ∈ Si
0 otherwise
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and we denote by πi,j the natural projection KSj → KSi defined
by

(πi,j(α))(s) = α(s) for s ∈ Si .

Note that πi,j ◦ ιj,i = idKSi .

1 An (I, S)-family of varieties is a set X = (Xi)i∈I with Xi a
variety in KSi such that for all i � j, we have ιj,i(Xi) ⊆ Xj

and πi,j(Xj) ⊆ Xi.

2 Let G be a functor from (I,�) to the category in which the
objects are groups and the morphisms are injective group
homomorphisms. For i ∈ I, we let Gi denote the object
associated to i by G, and if i � j, we write the associated
injection by Gi ⊆ Gj (in other words, we view any element
of Gi as an element of Gj as well). Suppose also that for
all i ∈ I, the group Gi acts K-linearly on KSi , and that
whenever i � j, for all g ∈ Gi, α ∈ KSi ⊆ KSj , and
α′ ∈ KSj\Si ⊆ KSj , we have g(α+α′) = g(α) +α′ (where
on the left hand side, we view g as an element of Gj , and
on the right hand side, we view g as an element of Gi).

Then an (I, S)-family of varieties X is G-stable if for all
i ∈ I, the variety Xi is Gi-stable.

3 The direct limit (over I) of (Si)i∈I is the union of the Si,
making use of the inclusions Si ⊆ Sj for i � j. Abusing
notation, we denote it by S. For i ∈ I, we denote by πi the
projection from KS to KSi and by ιi the inclusion from
KSi to KS .
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4 If X is an (I, S)-family of varieties, the projective limit (over
(I, S)) of X is the set X∞ := {α ∈ KS | ∀i ∈ I : πi(α) ∈
Xi}. It is also denoted as lim←−

i∈I
Xi.

5 If G is a functor as above, the direct limit (over (I, S)) of G
is the group G∞ =

⋃
i∈I Gi, making use of the inclusions

Gi ⊆ Gj for i � j.

Remark 1.4.2. The last three items of the preceding definition
are special cases of the more general notions of projective and
direct limits. These slightly less formal definitions will suffice
for our purposes.

Example 1.4.3. Let I and S be as in the definition. Take
Xi = KSi . Then X is a (I, S)-family of varieties. Its projective
limit is simply KS , and it has coordinate ring K[xs | s ∈ S].
Note that the coordinate ring itself can be seen as the union
(or in a slightly more general setting, as the direct limit) of the
coordinate rings of the KSi .

We observe that the inclusions and projections induce pro-
jections and inclusions on the respective coordinate rings. For
example, ιi : KSi → KS induces a projection K[xs | s ∈ S] →
K[xs | s ∈ Si] defined by sending xs to 0 if s 6∈ Si and to xs oth-
erwise. We abuse notation and denote this projection as πi (and
do the same for all other induced projections and inclusions). ♦

Let X be an (I, S)-family of varieties. We make a few ob-
servations. The projective limit over I of X is a variety in KS ,
and its ideal in K[xs | s ∈ S] is the union of the ideals of the Xi
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(which is itself an ideal since I is directed). Note also that the
maps πi and ιi map X∞ to Xi and Xi to X∞ respectively.

Observe that by these properties, if we have aG-stable (I, S)-
family of varieties X, then the direct limit of G acts on KS (like
in the fourth part of Definition 1.4.1, if g ∈ Gi, α ∈ KSi , and
α′ ∈ KS\Si , then g(α+α′) = g(α)+α′), and X∞ is stable under
this action.

The following lemma gives a reason to study limits of (I, S)-
families of varieties. Namely, knowledge of the equations defin-
ing the limit also gives information about the equations defining
the Xi.

Lemma 1.4.4. Suppose X∞ is defined by the G∞-orbits of
f0, . . . , fn−1 ∈ K[xs | s ∈ S]. Then for all i ∈ I, the set Xi

is defined by equations of the form πi(fk · g) with k ∈ [n] and
g ∈ G∞. In particular, there is d ∈ N such that Xi is defined by
polynomials of degree at most d, where d does not depend on i.

Proof. Let ω ∈ KSi , and write ω = ιi(ω) ∈ KS . We have
ω ∈ Xi if and only if ω ∈ X∞. Since X∞ is defined by the
G∞-orbits of f0, . . . , fn−1, we have ω ∈ X∞ if and only if for
all g ∈ G∞ and all k ∈ [n], we have (fk · g)(ω) = 0. But this
is the case if and only if for all g ∈ G∞ and all k ∈ [n], we
have (πi(fk ·g))(ω) = 0. Note that all of these polynomials have
degree bounded above by the maximum of the degrees of the
fk, and this degree bound does not depend on i.

One specific application of this lemma is the following. Sup-
pose Y is a G∞-stable closed subset of KS that is defined by
finitely manyG∞-orbits of equations and that isG∞-Noetherian.
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Then if X∞ ⊆ Y , there is d such that for all i ∈ I, Xi is defined
by polynomials of degree at most d. We will see examples of
this in Chapters 4 and 5.



Chapter 2

Monomial maps

2.1 Introduction and main result

Recall that in the introduction, we mentioned that it is natural
to ask whether discrete families of algebraic varieties stabilize
as some of the combinatorial data tend to infinity. A recently
established technique for proving such stabilization is passing
to an infinite-dimensional limit of the family, giving some equa-
tions for that limit, and showing that those equations cut out
a suitably Noetherian space. This then implies that the limit
itself is given by finitely many further equations, and that the
family stabilizes. This technique is applied, for instance, in the
proof of the Independent Set Theorem [HS12], and in Draisma’s
work on the Gaussian k-factor model, chirality varieties, and

25
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tensors of bounded rank [Dra10, DK14].
In this chapter, we follow a similar approach, utilizing the

new concept of a matching monoid to prove that stabilization
happens for a large class of toric varieties. Our main theo-
rem provides one-step proofs for several existing results that
were established in a rather less general context; and it settles
conjectures and questions from [AH07, HS12, HdC13]. There
is a list of three such consequences at the end of this intro-
duction. Moreover, we show Noetherianity in a constructive
manner by complementing the main theorem with an algorithm
that produces a finite set of equations whose orbits define the
infinite-dimensional toric variety under consideration. Instead
of working with inverse systems of affine varieties, we work di-
rectly with direct limits of their coordinate rings. In fact, we
formulate our main theorem directly in the infinite-dimensional
setting, as going back to families of finite-dimensional coordi-
nate rings of toric varieties is fairly straightforward.

We recall some notation and definitions. Throughout, N
denotes {0, 1, 2, 3, . . .}, and for k ∈ N we write [k] := {0, . . . , k−
1}. We write Sym(N) for the group of all finitary permutations
of N, and Inc(N) for the monoid of all strictly increasing maps
N → N. One may wish to reread Section 1.3 for a basic yet
non-trivial example of an Inc(N)-Noetherian polynomial ring.

Let Y be a set equipped with an action of Sym(N). We
require that the action has the following property: for each y ∈
Y there exists a ky ∈ N such that y is fixed by all of Sym(N\[ky]),
i.e., by all elements of Sym(N) that fix [ky] element-wise. In this
setting, Inc(N) also acts on Y, as follows: for π ∈ Inc(N) and
y ∈ Y, choose a π′ ∈ Sym(N) that agrees with π on [ky], set
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πy := π′y, and observe that this does not depend on the choice
of π′. Observe that for each y ∈ Y the Inc(N)-orbit Inc(N)y is
contained in Sym(N)y, and that the latter is in fact equal to the
orbit of y under the countable subgroup of Sym(N) consisting of
permutations fixing all but finitely many natural numbers. See
also [HS12, Section 5].

Let R be a Noetherian ring (commutative, with 1), and let
R[Y ] be the commutative R-algebra of polynomials in which
the elements of Y are the variables and the coefficients come
from R. The group Sym(N) acts by R-algebra automorphisms
on R[Y ] by permuting the variables. Furthermore, let k be a
natural number, and let X = {xij | i ∈ [k], j ∈ N} be a second
set of variables, with a Sym(N)-action given by πxij = xiπ(j).
Extend this action to an action by R-algebra automorphisms of
R[X]. Note that the Sym(N)-actions on R[Y ], X,R[X] all have
the property required of the action on Y . Hence they also yield
Inc(N)-actions, by means of injective R-algebra endomorphisms
in the case of R[Y ] and R[X].

Theorem 2.1.1 (Main Theorem). Assume that Sym(N) has
only finitely many orbits on Y . Let ϕ : R[Y ] → R[X] be a
Sym(N)-equivariant homomorphism that maps each y ∈ Y to a
monomial in the xij. Then kerϕ is generated by finitely many
Inc(N)-orbits of binomials, and imϕ ∼= R[Y ]/ kerϕ is an Inc(N)-
Noetherian ring.

If an ideal is Sym(N)-stable, then it is certainly Inc(N)-
stable, so the last statement implies that R[Y ]/ kerϕ is Sym(N)-
Noetherian. The conditions in the theorem are sharp in the
following senses.
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1. The ring R[Y ] itself is typically not Sym(N)-Noetherian,
let alone Inc(N)-Noetherian. Take, for instance, Y = {yij |
(i, j) ∈ N × N} with Sym(N) acting diagonally on both
indices, and take any R with 1 6= 0. Example 1.3.8 shows
that this ring is not Sym(N)-Noetherian.

2. While theR-algebraR[X] is Sym(N)-Noetherian, and even
Inc(N)-Noetherian [Coh87, HS12] (this is the special case
of our theorem where Y = X and ϕ is the identity),
Sym(N)-stable subalgebras ofR[X] need not be, even when
generated by finitely many Sym(N)-orbits of polynomi-
als. For instance, an (as yet) unpublished theorem due to
Krasilnikov says that in characteristic 2, the ring gener-
ated by all 2 × 2-minors of a 2 × N-matrix of variables is
not Sym(N)-Noetherian. Put differently, we do not know
if the finite generatedness of kerϕ in Theorem 2.1.1 con-
tinues to hold if ϕ is an arbitrary Sym(N)-equivariant ho-
momorphism, but certainly the quotient is not, in general,
Sym(N)-Noetherian.

3. Moreover, subalgebras of R[X] generated by finitely many
Inc(N)-orbits of monomials need not be Inc(N)-Noetherian;
see Example 1.3.9. However, our main theorem implies
that subalgebras of R[X] that are generated by finitely
many Sym(N)-orbits of monomials are Inc(N)-Noetherian.

Our main theorem applies to many problems on Markov
bases of families of point sets. In such applications, the fol-
lowing strengthening is sometimes useful.
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Corollary 2.1.2. Assume that Sym(N) has only finitely many
orbits on Y, and let S be an R-algebra with trivial Sym(N)-
action. Let ϕ : R[Y ]→ S[X] be a Sym(N)-equivariant R-algebra
homomorphism that maps each y ∈ Y to an element of S times
a monomial in the xij. Then kerϕ is generated by finitely many
Inc(N)-orbits of binomials, and imϕ ∼= R[Y ]/ kerϕ is an Inc(N)-
Noetherian ring.

Proof of the Corollary given the main theorem. Let yp, p ∈ [N ]
be representatives of the Sym(N)-orbits on Y. Then for all p ∈
[N ] and π ∈ Sym(N) we have ϕ(πyp) = spπup for some mono-
mial up in the xij and some sp in S. Apply the main theorem to
Y ′ := Y ×N and X ∪X ′ with X ′ := {x′p,j | p ∈ [N ], j ∈ N} and
ϕ′ the map that sends the variable (πyp, j) to x′p,jπup. Consider
the commutative diagram

R[Y ′]
ϕ′ //

ρ:(y,j)7→y
��

R[X ∪X ′]
ψ:x′pj 7→sp
��

R[Y ]
ϕ // S[X]

of Sym(N)-equivariant R-algebra homomorphisms. By the main
theorem, imϕ′ is Inc(N)-Noetherian, hence so is its image under
ψ; and this image equals imϕ because ρ is surjective. Similarly,
ker(ψ ◦ϕ′) is generated by finitely many Inc(N)-orbits (because
this is the case for both kerϕ′ and kerψ|imϕ′), hence so is its
image under ρ; and this image is kerϕ because ρ is surjective.

Here are some consequences of our main theorem.
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1. Our main theorem implies [AH07, Conjecture 5.10] that
chains of ideals arising as kernels of monomial maps of the
form yi1,...,ik 7→ xa1i1 · · ·x

ak
ik

, where the indices i1, . . . , ik are
required to be distinct, stabilize. In [AH07] this is proved
in the squarefree case, where the aj are equal to 1. In the
Laurent polynomial setting more is known [HdC13].

2. A consequence of [dLST95] is that for any n ≥ 4 the vertex
set {vij := ei+ej | i 6= j} ⊆ Rn of the (n−1)-dimensional
second hypersimplex has a Markov basis corresponding to
the relations vij = vji and vij + vkl = vil + vkj . Here is
a qualitative generalisation of this fact. Let m and k be
fixed natural numbers. For every n ∈ N consider a finite
set Pn ⊆ Zm×Zk×n. Let Sym(n) act trivially on Zm and
by permuting columns on Zk×n. Assume that there exists
an n0 such that Sym(n)Pn0 = Pn for n ≥ n0; here we
think of Zk×n0 as the subset of Zk×n where the last n−n0

columns are zero. Then Corollary 2.1.2 implies that there
exists an n1 such that for any Markov basis Mn1

for the
relations among the points in Pn1 , Sym(n)Mn1 is a Markov
basis for Pn for all n ≥ n1. For the second hypersimplex,
n0 equals 2 and n1 equals 4.

3. A special case of the previous consequence is the Inde-
pendent Set Theorem of [HS12]. We briefly illustrate
how to derive it directly from Corollary 2.1.2. Let m
be a natural number and let F be a family of subsets
of a finite set [m]. Let T be a subset of [m] and assume
that each F ∈ F contains at most one element of T . In
other words, T is an independent set in the hypergraph
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determined by F . For t ∈ [m] \ T let rt be a natural
number. Set Y := {yα | α ∈ NT × ∏t∈[m]\T [rt]} and

X := {xF,α | F ∈ F , α ∈ NF∩T × ∏F\T [rt]}, and let

ϕ be the homomorphism Z[Y ] → Z[X] that maps yα to∏
F∈F xF,α|F , where α|F is the restriction of α from [m]

to F . Then ϕ is equivariant with respect to the action of
Sym(N) on the variables induced by the diagonal action
of Sym(N) on NT , and (a strong form of) the Indepen-
dent Set Theorem boils down to the statement that kerϕ
is generated by finitely many Sym(N)-orbits of binomials.
By the condition that T is an independent set, each x-
variable has at most one index running through all of N.
Setting S to be Z[xF,α | F ∩T = ∅], we find that Y, S, the
remaining xF,α-variables, with |F ∩T | = 1, and the map ϕ
satisfy the conditions of the corollary. The conclusion of
the corollary now implies the Independent Set Theorem.

The remainder of the chapter is organized as follows: In
Section 2.2 we reduce the main theorem to a particular class
of maps ϕ related to matching monoids of complete bipartite
graphs. In Section 2.3, we describe the image of ϕ. Finite gen-
eration of the kernel follows from recent results on the Birkhoff
model [YOT14]; we will also mention this in Section 2.3. In
Section 2.4 we prove Noetherianity of imϕ, still for our special
ϕ, in the case where Sym(N) acts transitively on Y ; and in Sec-
tion 2.5 we indicate the (mostly technical) extension to the case
where Sym(N) has more orbits on Y . As in [Coh87, HS12], the
strategy in Sections 2.4 and 2.5 is to prove that a partial order
on certain monoids is a well-partial-order; in our case, these are
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said matching monoids. Finally, in Section 2.6 we establish that
a finite Inc(N)-generating set of kerϕ is (at least theoretically)
computable, and we conclude this chapter with a computational
example in Section 2.7.

2.2 Reduction to matching monoids

We retain the setting of the main theorem. Let N be the num-
ber of Sym(N)-orbits on Y and let yp, p ∈ [N ] be represen-
tatives of the orbits. Set kp := kyp for p ∈ [N ], so that πyp
depends only on the restriction of π ∈ Sym(N) to [kp]. First,
introduce a new set Y ′ of variables y′p,J where p ∈ [N ] and

J = (jl)l∈[kp] ∈ N[kp] is a kp-tuple of distinct natural num-
bers, and let ψ : R[Y ′] → R[Y ] be the homomorphism de-
fined by sending y′p,J to πyp for any π ∈ Sym(N) satisfying
π(l) = jl, l ∈ [kp]. This homomorphism is Sym(N)-equivariant
if we let π act on yp,J by πyp,J = yp,(π(jl))l∈[kp]

. The composi-

tion ϕ′ := ϕ ◦ ψ : R[Y ′] → R[X] satisfies the conditions of the
main theorem, and the conclusion of the main theorem for ϕ
follows from that of ϕ′. Hence it suffices to prove the main the-
orem for ϕ′. We now drop the accents and assume that Y itself
consists of variables yp,J with p ∈ [N ] and J ∈ N[kp] consisting
of distinct natural numbers, with the Sym(N)-action on R[Y ] as
above.

Second, let X ′ be a set of variables x′p,l,j with p ∈ [N ], l ∈
[kp], j ∈ N and let Sym(N) act on X ′ by its action on the
last index. Then we claim that the map ϕ : R[Y ] → R[X]
factors through the map ϕ′ : R[Y ] → R[X ′] sending yp,J to
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∏
l∈[kp] x

′
p,l,jl

.

Write ϕ(yp,J) =
∏
i∈[k],j∈N x

dp,i,j
i,j . Observe that dp,i,j = 0

whenever j 6∈ J , using the fact that any permutation that fixes
J also fixes yp,J , and hence must also fix ϕ(yp,J) by Sym(N)-
equivariance. Now define ψ : R[X ′] → R[X] by ψ(x′p,l,j) =
∏
i∈[k] x

dp,i,j
i,j . It is now easily verified that ψ◦ϕ′ = ϕ as claimed.

Again, the map ϕ′ satisfies the conditions of the theorem
(with k replaced by

∑
p kp), and the conclusion of the theorem

for ϕ′ implies that for ϕ, so it suffices to prove the theorem for
ϕ′. We drop the accents and assume that X consists of variables
xp,l,j with p ∈ [N ], l ∈ [kp], j ∈ N and Sym(N) acting on the last
variable, and that the map ϕ is given by

ϕ : yp,J 7→
∏

l∈[kp]

xp,l,jl . (2.1)

We denote monomials in the xp,l,j by xA where A = (Ap)p∈[N ] ∈∏
p∈[N ] N[kp]×N is an [N ]-tuple of finite-by-infinite matrices Ap.

Note that ϕ(yp,J) equals xA where A has all row sums equal to
1, all column sums labelled by J equal to 1, and all other column
sums equal to 0. Thus A can be thought of as the adjacency
matrix of a matching of the maximal size kp in the complete
bipartite graph with bipartition [kp]

⊔
N. Thus the monomials

in imϕ form the Abelian monoid generated by such matchings
(with p varying). We call a monoid like this a matching monoid.
In the next section we characterize these monomials among all
monomials in the xp,l,j , and find a bound on the relations among
the ϕ(yp,J).
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0 1

0 1 2 3 4 5

· · ·

0 1

0 1 2 3 4 5

· · ·

0 1

0 1 2 3 4 5

· · ·

x

[
1 0 1 0 0 0 · · ·
0 1 0 0 1 0 · · ·

]

p

φ(yp,(0,1)yp,(2,4))

φ(yp,(0,4)yp,(2,1))

Figure 2.1: A bipartite graph on [2]
⊔

N and its correspond-

ing monomial x
Ap
p (top). This graph can be decomposed into

matchings in two different ways (middle and bottom). Each de-

composition represents a monomial in the preimage ϕ−1(x
Ap
p ).

2.3 Relations among matchings

We retain the setting at the end of the previous section: Y is the
set of variables yp,J with p running through [N ] and J ∈ N[kp]

running through the [kp]-tuples of distinct natural numbers; X
is the set of variables xp,l,j with p ∈ [N ], l ∈ [kp], j ∈ N, and
ϕ is the map in (2.1). In this section we describe both the
kernel and the image of ϕ. Note that if some kp is zero, then
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the corresponding (single) variable yp,() is mapped by ϕ to 1.
The image of ϕ does not change if we disregard those p, and
the kernel changes only in that we forget about the generators
yp,() − 1. Hence we may and will assume that all kp are strictly
positive. The following lemma gives a complete characterization
of the xA in the image of ϕ.

Proposition 2.3.1. For an [N ]-tuple A ∈ ∏p∈[N ] N[kp]×N the

monomial xA lies in the image of ϕ if and only if for all p ∈ [N ]
the matrix Ap ∈ N[kp]×N has all row sums equal to a number
dp ∈ N and all column sums less than or equal to dp.

We call such A good. Note that dp is unique since all kp are
strictly positive. We call the vector (dp)p the multi-degree of A
and of xA.

Proof. Let xp denote the vector of variables xp,l,j for l ∈ [kp]
and j ∈ N. By definition of ϕ, the monomial xA lies in imϕ if

and only if the monomial x
Ap
p lies in imϕ for all p ∈ [N ]. Thus

it suffices to prove that x
Ap
p lies in imϕ if and only if all row

sums of Ap are equal, say to d ∈ N, and all column sums of Ap
are at most d. The “only if” part is clear, since every variable
yp,J is mapped to a monomial xBp where B ∈ N[kp]×N has all
row sums 1 and all column sums at most 1. For the “if” part we
proceed by induction on d: assume that the statement holds for
d − 1, and consider a matrix Ap with row sums d and column
sums ≤ d, where d is at least 1. Clearly, the “if” part is true in
the case d = 0.

Think of Ap as the adjacency matrix of a bipartite graph Γ
(with multiple edges) with bipartition [kp]

⊔
N (see Figure 2.1).
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With this viewpoint in mind, we will invoke some standard re-
sults from combinatorics, and refer to [Sch03, Chapter 16]. The
first observation is that Γ contains a matching that covers all
vertices in [kp]. Indeed, otherwise, by Hall’s marriage theorem,
after permuting rows and columns, Ap has the block structure

Ap =

[
A11 0
A12 A22

]

with A11 ∈ N[l]×[l−1] for some l, 1 ≤ l ≤ kp. But then the entries
of A11 added row-wise add up to ld, and added column-wise
add up to at most (l − 1)d, a contradiction. Hence Γ contains
a matching that covers all of [kp]. Next, let S ⊆ N be the set
of column indices where Ap has column sum equal to the upper
bound d. We claim that Γ contains a matching that covers all of
S. Indeed, otherwise, again by Hall’s theorem, after permuting
rows and columns Ap has the structure

Ap =

[
A11 A12

0 A22

]

with A11 ∈ N[l−1]×[l] for some l, 1 ≤ l ≤ |S|; here the first
l columns correspond to a subset of the original S. Now the
entries of A11 added columnwise yield ld, while the entries of
A11 added rowwise yield at most (l − 1)d, a contradiction.

Finally, we invoke a standard result in matching theory (see
[Sch03, Theorem 16.8]), namely that since Γ contains a matching
that covers all of [kp] and a matching that covers all of S, it also
contains a matching that covers both. Let B be the adjacency
matrix of this matching, so that B has all row sums 1 and all
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column sums ≤ 1, with equality at least in the columns labelled
by S. Then A′p := Ap − B satisfies the induction hypothesis

for d − 1, so x
A′p
p ∈ imϕ. Also, xBp = ϕ(yp,J), where ja ∈ N is

the neighbour of a ∈ [kp] in the matching given by B. Hence,

x
Ap
p = x

A′p
p xBp ∈ imϕ as claimed.

This concludes the description of the image of ϕ. For the
kernel, we quote the following result.

Proposition 2.3.2. [Theorem 2.1 of [YOT14]] The kernel of
ϕ from (2.1) is generated by binomials in the yp,J of degree at
most 3.

Indeed, for each fixed p, and replacing N by some [n] with
n ≥ kp, the monomial map (2.1) captures precisely the gener-
alization of the Birkhoff model studied in [YOT14], where each
voter choses kp among n candidates. Then their Theorem 2.1
yields that the kernel is generated in degrees 2 and 3. Since
this holds for each n ≥ kp, it also holds for N instead of [n].
Moreover, taking the union over all p of sets of generators for
each individual p yields a set of generators for the kernel of ϕ.
A straightforward consequence of the theorem is the following.

Corollary 2.3.3. The kernel of ϕ from (2.1) is generated by
finitely many Inc(N)-orbits of binomials.
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2.4 Noetherianity of matching monoid
rings for N = 1

By Corollary 2.3.3 and the reduction to matching monoids in
Section 2.2, the main theorem follows from the following propo-
sition.

Proposition 2.4.1. The ring R[xA | A ∈∏p∈[N ] N[kp]×N good]

is Inc(N)-Noetherian.

In this section we establish this proposition in the case where
N = 1 for simplicity. The more general proof is given in Sec-
tion 2.5 and follows the same ideas but with some modifications.

We write S = [xA | A ∈ ∏p∈[N ] N[kp]×N good]. Fixing

k = k0, let G ⊂ N[k]×N be the set of good matrices, so the mono-
mials of S are precisely xA for A ∈ G. The monoids Sym(N)
and Inc(N) act on G by permuting or shifting columns, so we
have that πxA = xπA. Let dA denote the multi-degree of A,
which consists of just a single degree since N = 1. To prove
Noetherianity we will define a partial order � on G and prove
that � is a well-partial-order. Some basic results on wpo’s can
be found in Section 1.3.

Our interest in well-partial-orders stems from the follow-
ing generalization of Theorem 1.3.5. Consider a commutative
monoid M acted upon by a (typically non-commutative) monoid
Π by means of monoid endomorphisms. We suggestively call
the elements of M monomials. Assume that we have a Π-
compatible monomial order ≤ on M, i.e., a well-order that satis-
fies a < b⇒ ac < bc and a < b⇒ πa < πb for all a, b, c ∈ M and
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π ∈ Π. Then it follows that the divisibility relation | defined by
a|b if there exists a c ∈ M with ac = b is a partial order, and
also that a ≤ πa for all a ∈ M. Define a third partial order, the
Π-divisibility order, � on M by a � b if there exists a π ∈ Π
and a c ∈ M such that cπa = b. A straightforward computation
shows that � is, indeed, a partial order—antisymmetry follows
using a ≤ π(a).

Proposition 2.4.2. If � is a well-partial-order, then for any
Noetherian ring R, the R-algebra R[M] is Π-Noetherian.

Observe that this proposition is a more general version of
Theorem 1.3.5, and it can be proved in a similar way. A proof
can be found in [HS12] for the case where R is a field. The
more general case can be proved with the same argument by
incorporating work done in [AH07].

Note that the monoid {xA | A ∈ G} that we are considering
here can easily be given a monomial order which respects the
Inc(N)-action. For example, take the lexicographic order, where
the variables xp,i,j are ordered by their indices: xp,i,j < xp′,i′,j′

if and only if p < p′; or p = p′ and j < j′; or p = p′, j = j′ and
i < i′.

The Inc(N)-divisibility order gives a partial order � on the
set G of good matrices by A � B if and only if there is a
monomial xC ∈ S and π ∈ Inc(N) such that xCπ(xA) = xB , or
equivalently there is π ∈ Inc(N) such that B − πA ∈ G. Note
that A � B not only implies there is some π ∈ Inc(N) such
that all Ai,j ≤ Bi,π(j), but additionally that all column sums of
B − πA are at most dB − dA. This prevents us from applying
Higman’s Lemma directly to (G,�). To encode this condition
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on column sums, for any A ∈ G, let Ã ∈ N[k+1]×N be the matrix
whose first k rows are equal to A, but with an extra row that
makes all column sums equal to dA.

Ãi,j =

{
Ai,j for i < k

dA −
∑k−1
l=0 Al,j for i = k

.

Let G̃ be the set of matrices of the form Ã with A ∈ G. Since
A ∈ G has only finite non-zero columns, Ã will have all but
finitely many columns equal to (0, . . . , 0, dA)T . Such columns
will be called trivial. The jth column of Ã will be denoted Ã·j .

The action of Inc(N) on G induces an action of Inc(N) on G̃ that
commutes with mapping A to Ã. Note that for any j /∈ im(π),
the column (πÃ)·j is trivial, rather than uniformly zero.

Proposition 2.4.3. For A,B ∈ G, A � B if and only if there
is π ∈ Inc(N) such that πÃ ≤ B̃ entry-wise.

Proof. The condition that (πÃ)i,j ≤ B̃i,j for all i < k and all
j ∈ N is equivalent to the condition that B−πA is non-negative.
Using the fact that

B̃k,j − (πÃ)k,j = (dB − dA)−
k−1∑

i=0

(B − πA)i,j ,

the condition that B̃k,j − (πÃ)k,j ≥ 0 for all j ∈ N is equivalent
to the condition that every column sum of B − πA is less than
or equal to dB − dA. Therefore πÃ ≤ B̃ if and only if B−πA ∈
G.
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Example 2.4.4. Let A and B be the following good matrices
in N[2]×N:

A =

[
3 0 0 0 0 · · ·
0 1 1 1 0 · · ·

]
, B =

[
3 1 0 0 0 · · ·
0 2 1 1 0 · · ·

]
.

Note that πA ≤ B when π is the identity, however A 6� B.
Consider

Ã =




3 0 0 0 0 · · ·
0 1 1 1 0 · · ·
0 2 2 2 3 · · ·


 , B̃ =




3 1 0 0 0 · · ·
0 2 1 1 0 · · ·
1 1 3 3 4 · · ·


 ,

and note that there is no π ∈ Inc(N) such that πÃ ≤ B̃. ♦
We will work with finite truncations of matrices in G̃. Let

H be the set of matrices A ∈ ⋃∞`=0 N[k+1]×[`] with a number dA
such that all column sums of A are equal to dA and the first
k row sums are at most dA; we call dA the degree of A. Note
that the condition on row sums is relaxed, which will allow us
to freely remove columns from matrices while still remaining in
the set H. For A ∈ H the number of columns of A is called
the length of A and denoted `A. We give H the partial order �
defined as follows. For A,B ∈ H, A � B if and only if there is a
strictly increasing map ρ : [`A] → [`B ] such that ρA ≤ B. Just
as in G̃, here ρA is defined by (ρA)·j = A·ρ−1(j) for j ∈ im(ρ),
and (ρA)·j trivial for j ∈ [`B ] \ im(ρ). For a matrix A and a set
J ⊂ N, let A·J denote the matrix obtained from A by taking
only the columns A·j with j ∈ J .

Some care must be taken in the definition of H since we allow
matrices with 0 columns. In all other cases, the degree of A ∈ H
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is uniquely determined by its entries. However for the length 0
case the degree is arbitrary, so we will consider H as having a
distinct length 0 element Zd with degree d for each d ∈ N, and
we define Zd � A if and only if d ≤ dA. Additionally, define
A·∅ = ZdA .

Definition 2.4.5. For A ∈ H, the jth column of A is bad if
Ak,j ≤ dA/2. We will call j a bad index of A. Let Ht denote the
set of matrices in H with exactly t bad indices.

We will use induction on t to show that (Ht,�) is well-
partially ordered for all t ∈ N. This will in turn be used to
prove that (H,�) and then (G̃,�) are well-partially ordered.
First we prove the base case:

Proposition 2.4.6. (H0,�) is well-partially ordered.

Proof. Define the partial order v on H0 by A v B if and only
if there exists strictly increasing ρ : [`A]→ [`B ] such that A·j ≤
B·ρ(j) for all j ∈ [`A]. By Higman’s Lemma (Lemma 1.3.4), v
is a wpo.

Let A(1), A(2), . . . be any infinite sequence in H0. First sup-
pose the degree of the sequence is bounded by d. The number
of non-trivial columns in any A(r) is bounded by dk. Then
there is a subsequence B(1), B(2), . . . such that every element
has the same degree and same number of non-trivial columns.
There exists r < s such that B(r) v B(s) witnessed by some
strictly increasing map ρ. Since B(r) and B(s) have the same

degree, B
(r)
·j ≤ B

(s)
·ρ(j) impliesB

(r)
·j = B

(s)
·ρ(j), so ρmaps non-trivial

columns of B(r) to non-trivial columns of B(s). The number of



2.4. EQUIVARIANT NOETHERIANITY FOR N = 1 43

non-trivial columns in B(r) and B(s) are equal, so B
(s)
·j is trivial

for all j /∈ im(ρ). It follows that (ρB(r))·j = B
(s)
·j . Therefore

ρB(r) = B(s), so B(r) � B(s).
On the other hand, suppose the degree is not bounded, in

which case A(1), A(2), . . . has a subsequence with strictly increas-
ing degree and moreover a subsequence B(1), B(2), . . . with the
property that dB(s+1) ≥ 2dB(s) for all s ∈ N. There exists r < s
such that B(r) v B(s) witnessed by some strictly increasing map
ρ. For j /∈ im(ρ), (ρB(r))·j is trivial, and since B(s) has no bad
columns, we have

B
(s)
k,j >

1

2
dB(s) ≥ dB(r) = (ρB(r))k,j .

It follows that (ρB(r))·j ≤ B
(s)
·j . Therefore ρB(r) ≤ B(s), so

B(r) � B(s).

Proposition 2.4.7. (Ht,�) is well-partially ordered for all t ∈
N.

Proof. The base case, t = 0, is given by Proposition 2.4.6. For
t > 0, assume by induction that (Ht−1,�) is well-partially or-
dered. For any A ∈ Ht, let jA be the index of the last bad
column in A. Then A can be decomposed into three parts: the
matrix of all columns before jA, the jAth column, and the ma-
trix of all columns after jA. This decomposition is represented
by the map

δ : Ht → Ht−1×N[k+1] ×H0

A 7→ (A·{0,...,jA−1}, A·jA , A·{jA+1,...,`A−1}).
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Let the partial order v on Ht−1×N[k+1] × H0 be the product
order of the wpos (Ht−1,�), (N[k+1],≤) and (H0,�). Note that
the product order of any finite number of wpos is also a wpo.
Suppose for some A,B ∈ Ht that δ(A) v δ(B). This implies
that A·jA ≤ B·jB and that there exist strictly increasing maps
ρ and σ such that ρ(A·[jA]) ≤ B·[jB ] and σ(A·{jA+1,...,`A−1}) ≤
B·{jB+1,...,`B−1}. We combine these into a single strictly increas-
ing map τ : [`A]→ [`B ] defined by

τ(j) =





ρ(j) for 0 ≤ j < jA
jB for j = jA
σ(j − jA − 1) + jB + 1 for jA < j < `A

,

illustrated in Figure 2.2. Then τA ≤ B so A � B. Since v is a
wpo, (Ht,�) is also a wpo.

B

A

τA

A,j
A

A,j
A

B,j
B

A,{0,...,j
A
-1}

ρA,{0,...,j
A
-1}

B,{0,...,j
B
-1}

A,{j
A
+1,...,l

A
-1}

σA,{j
A
+1,...,l

A
-1}

B,{j
B
+1,...,l

B
-1}

≤ ≤ ≤

σρ

Figure 2.2: δ(A) v δ(B) implies A � B.

Proposition 2.4.8. (H,�) is well-partially ordered.
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Proof. For any A ∈ H, if j is a bad index of A, then dA/2 ≤∑
i∈[k]Ai,j . Letting J ⊂ N be the set of bad indices of A,

|J |dA
2
≤
∑

j∈J

∑

i∈[k]

Ai,j ≤
∑

i∈[k]

∑

j∈N
Ai,j ≤ kdA

with the last inequality due to the row sum condition on A.
Therefore |J | ≤ 2k.

Let A(1), A(2), . . . be any infinite sequence in H. Since the
numbers of bad columns of elements of H are bounded by 2k,
there exists a subsequence which is contained in Ht for some
0 ≤ t ≤ 2k. By Proposition 2.4.7 there is r < s with A(r) �
A(s).

Proposition 2.4.9. (G,�) is well-partially ordered.

Proof. Let A(1), A(2), . . . be any infinite sequence in G. Each

A(r) has some jr > 0 such that all columns A
(r)
·m are zero for

m ≥ jr. Consider the sequence Ã
(1)
·[j1], Ã

(2)
·[j2], . . . in H obtained

by truncating each Ã(r) to the first jr columns. By Proposi-
tion 2.4.8 there is some r < s and ρ : [jr] → [js] such that

ρÃ
(r)
·[jr] ≤ Ã

(s)
·[js]. Note that this implies dA(r) ≤ dA(s) . Extend ρ

to some π ∈ Inc(N) so then

(πÃ(r))·[js] = ρ(Ã
(r)
·[jr]) ≤ Ã

(s)
·[js].

The remaining columns of πÃ(r) and Ã(s) are trivial, so πÃ(r) ≤
Ã(s) follows from the fact that dA(r) ≤ dA(s) . Therefore A(r) �
A(s) by Proposition 2.4.3.
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Applying Proposition 2.4.2 to the monoid {xA | A ∈ G}
proves that the ring R[xA | A ∈ G] is Inc(N)-Noetherian. This
concludes the proof of Proposition 2.4.1 in the case whereN = 1.

2.5 Noetherianity of matching monoid
rings for general N

In this section, we prove Proposition 2.4.1 for generalN . Most of
the proofs will mirror those in Section 2.4, and we will therefore
give fewer details.

We let G ⊂ ∏N−1
p=0 N[kp]×[N] be the set of (tuples of) good

matrices. For A = (Ap)p ∈ G, let Ã = (Ãp)p ∈
∏N−1
p=0 N[kp+1]×N

where each Ãp is defined as in the previous section. We let

G̃ = {Ã | A ∈ G}. For j ∈ N and A ∈ G̃, we denote A··j =
((ap,i,j)i∈[kp+1])p∈[N ] ∈

∏
pN[kp+1].

Let H be the set of matrices A ∈ ⋃∞`=0

∏
pN[kp+1]×[`] such

that for all p, all column sums of Ap are equal to some dA,p and
the first kp row sums of Ap are bounded above by dA,p. We
call dA = (dA,p)p ∈ N[N ] the multi-degree of A. The number of
columns of A ∈ H will be called the length of A and be denoted
`A. We call j ∈ N a trivial index of A if for all p ∈ [N ], the j-th
column of Ãp is trivial.

For A,B ∈ H, we define A � B if and only if there is a
strictly increasing map ρ : [`A]→ [`B ] such that ρA ≤ B, where
ρA is essentially defined as in the previous section. In the length
0 case, we consider H as having a distinct length 0 element Zd

with multi-degree d for each d ∈ N[N ], and declare that Zd � A
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if and only if d ≤ dA.
For J ⊂ N, let A··J ∈ H denote the product of matrices

obtained from A by taking the A··j with j ∈ J (and j ≤ `A). If
J = ∅, we define A··∅ = ZdA .

Definition 2.5.1. For A ∈ H and j ∈ N, we call j a bad index
of A if it is a bad index for some Ap. Let Ht denote the set of
elements of H with exactly t bad indices.

As before, we will use induction on t to show that � is a
wpo on Ht for all t ∈ N, and therefore on H.

Proposition 2.5.2. The partial order � is a wpo on H0.

Proof. Define v on H0 by A v B if and only if there exists a
strictly increasing ρ : [`A] → [`B ] such that for all j ∈ [`A] we
have ρA··j ≤ B··ρj . By Higman’s Lemma, v is a wpo.

Let A(1), A(2), . . . be any infinite sequence in H0. We can
find a subsequence B(1), B(2), . . . such that for all p, one of the
following two statements holds.

1 Both d
B

(s)
p

and the number of non-trivial columns in Bp are

constant.

2 We have d
B

(s+1)
p

≥ 2d
B

(s)
p

for all s.

Since (H0,v) is well-partially ordered, there exists r < s such
that B(r) v B(s), witnessed by some ρ. As in Proposition 2.4.6,
such ρ is also a witness for B(r) � B(s), which finishes the
proof.
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Proposition 2.5.3. For all t ∈ N, � is a wpo on Ht.

Proof. The case t = 0 is Proposition 2.5.2. Assume t > 0 and
assume � is a wpo on Ht−1. As in Proposition 2.4.7, for A ∈ Ht

we let jA be the last bad index of A. We define δ : Ht →
Ht−1×

∏
p N[kp+1] × H0 by A 7→ (A··[jA], A··jA , A··[`A]−[jA+1]).

We let v be the product order of the wpos (Ht−1,�), (H0,�),
and (

∏
pN[kp+1],≤). As before, observe that δA v δB implies

A � B. Now use the fact that v is a well-partial-order.

Proposition 2.5.4. The partial order � is a wpo on H.

Proof. Note that any infinite sequence of elements of H has an
infinite subsequence of elements of some Ht because the number
of bad indices of A is bounded above by 2

∑
p kp. Together with

Proposition 2.5.3, this immediately gives the desired result.

Proposition 2.5.4 implies that � is a wpo on G. Applying
Proposition 2.4.2 concludes the proof of Proposition 2.4.1.

2.6 Buchberger’s algorithm for
matching monoid algebras

Assume the general setting of Proposition 2.4.2: M is a monoid
with Π-action and Π-compatible monomial order ≤. Addition-
ally assume that the Π-divisibility order � is wpo, and fix a field
K. For a polynomial f and an ideal I in K[M ], we can define
lm(f), lc(f), in(I), division with remainder, and the concept
of equivariant Gröbner basis from [BD11]; all relative to the
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monomial order ≤. In the case where K[M ] is Π-Noetherian,
not only is every Π-stable ideal Π-finitely generated, but it also
has a finite Π-Gröbner basis. We now derive a version of Buch-
berger’s algorithm for computing such a Gröbner basis, under
an additional assumption. For a, b ∈ M we define the set of
least common multiples

lcm(a, b) = min{l ∈M | a and b divide l},

where monomials are compared according to the divisibility or-
der |. We require the following variant of conditions EGB3 and
EGB4 from [BD11]:

EGB34. For all f, g ∈ K[M ], the set of triples in
M ×Πf ×Πg defined by

Tf,g = {(l′, f ′, g′) | l′ ∈ lcm(lm(f ′), lm(g′))},

is a union of a finite number of Π-orbits:

Tf,g =
⋃

i

Π(li, fi, gi), i ∈ [r].

In particular, EGB34 implies that for all a, b ∈ M and π ∈
Π, we have π lcm(a, b) ⊆ lcm(πa, πb). (This is what condition
EGB3 of [BD11] looks like when a lowest common multiple is
not unique.)

We denote a finite set of orbit generators above by

Of,g = {(li, fi, gi) | i ∈ [r]}.
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If the Π-divisibility order is wpo, which is the case for a matching
monoid, we can choose to be more specific and define Of,g to
be the set of minimal orbit generators.

Proposition 2.6.1. Let M be a submonoid of N[k]×N that (con-
sists of matrices with finitely many non-zero entries and) is gen-
erated by the Sym(N)-orbits of a finite number of matrices. For
Π = Inc(N), the monoid algebra K[M ] satisfies EGB34.

Proof. Any such K[M ] is the image of some map ϕ as in the
main theorem (with R = K), and so is Inc(N)-Noetherian. Sim-
ilarly K[M3] is Inc(N)-Noetherian. For any a, b ∈M , the mono-
mial ideal 〈Ta,b〉 ⊆ K[M3] is Inc(N)-stable. Let L ⊆ Ta,b be a
finite Inc(N)-generating set of 〈Ta,b〉.

For any (l, πa, σb) ∈ Ta,b, there is some (m, a′, b′) ∈ L and
τ ∈ Inc(N) such that τ(m, a′, b′)|(l, πa, σb). It is clear that τa′ =
πa and τb′ = σb. Since a′ and b′ divide m, πa and σb must
divide τm, and in turn τm divides l. But l ∈ lcm(πa, σb) by
assumption, so l = τm. Therefore (l, πa, σb) = τ(m, a′, b′). This
shows that Ta,b is the union of the Inc(N)-orbits of the elements
of Oa,b := L.

To establish the same fact for a general pair f, g ∈ K[M ]
we first determine Oa,b where a = lm(f) and b = lm(g). For
any (l, πf, σg) ∈ Tf,g, the triple (l, πa, σb) ∈ Ta,b is in the orbit
of some (m, a′, b′) ∈ Oa,b. This implies a′ = τa for some τ ∈
Inc(N), but τ is not unique. Define

Λa,a′ := {τ ∈ Inc(N) | a′ = τa; and n ∈ im τ for all n > `a′}.

Here `a′ denotes the length of a′ as in Sections 2.4 and 2.5, the
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maximum index value among all non-zero columns of a′. Note
that Λa,a′ is a finite set.

Since πa is in the orbit of a′, π factors through some τ ∈
Λa,a′ . So (l, πf, σg) = (γm,ατ1f, βτ2g) for some γ, α, β ∈ Inc(N),
τ1 ∈ Λa,a′ and τ2 ∈ Λb,b′ . Therefore

Tf,g ⊆
⋃

(m,f ′,g′)∈Uf,g

Πm×Πf ′ ×Πg′

where

Uf,g =
⋃

(m,a′,b′)∈Ta,b

{(m, τ1f, τ2g) | τ1 ∈ Λa,a′ , τ2 ∈ Λb,b′}.

For each (m, f ′, g′), the set Πm×Πf ′×Πg′ is the union of a finite
number of Inc(N)-orbits. To prove this one can follow closely the
proof of [BD11] Lemma 3.4. From the finite set of generators we
select only those (γm,αf ′, βg′) with γm ∈ lcm(αf ′, βg′), and
call this set O(m,f ′,g′). Then

Of,g =
⋃

(m,f ′,g′)∈Uf,g

O(m,f ′,g′).

Definition 2.6.2. For monic f, g ∈ K[M ] (replace by f
lc f

and g
lc g if not monic) define the set Sf,g of corresponding S-

polynomials to be

{af ′−bg′ | (l′, f ′, g′) ∈ Of,g; a, b ∈M : a lm(f ′) = b lm(g′) = l′}.
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We also define Π-reduction of a polynomial f with respect
to a set G ⊆ K[M ]. If π lm(g)| lm(f) for some g ∈ G and π ∈ Π,
let

f ′ = f − lc(f) lm(f)

lc(g)π lm(g)
πg.

and then repeat this process with f ′ replacing f until a polyno-
mial f ′ is obtained which cannot be further reduced.

Theorem 2.6.3 (Buchberger’s criterion). Let K[M ] satisfy all
assumptions above. Let G ⊂ K[M ] be a set with the property
that for every f, g ∈ G all S-polynomials in Sf,g are Π-reduced
to zero by G. Then G is a Π-Gröbner basis of the Π-stable ideal
generated by G.

The following proof follows closely standard proofs of the
Buchberger’s original criterion.

Proof. Without loss of generality we may assume that the ele-
ments of G are monic. We aim to show that f ∈ 〈G〉Π implies
lm(f) ∈ 〈lm(G)〉Π. To this end, write

f =
∑

a,α,g

c(a,α,g)aαg, (2.2)

where a runs through M , α through Π, g through G, and where
only finitely many of the coefficients c(a,α,g) ∈ K are non-zero.
Choose the c(a,α,g) such that, first, the top monomial

L = max
c(a,α,g) 6=0

lm(aαg) = max
c(a,α,g) 6=0

aα lm(g).
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is smallest possible in the monomial order, and second, the num-
ber

N = #{(a, α, g) | aα lm(g) = L, c(a,α,g) 6= 0}.
of summands attaining L is minimal given L.

We want to prove that lm(f) = L, and for this it suf-
fices to prove that N = 1. Suppose otherwise, i.e., there are
a1, a2 ∈M, α1, α2 ∈ Π, and g1, g2 ∈ G, such that a1α1 lm(g1) =
a2α2 lm(g2) = L and ca1,α1,g1 , ca2,α2,g2 both non-zero. Accord-
ing to EGB34 we can find elements α, β1, β2 ∈ Π and an element
l ∈ lcm(lm(β1g1), lm(β2g2)) such that

(l, β1g1, β2g2) ∈ Of,g, αβ1g1 = α1g1, αβ2g2 = α2g2, and αl|L.

Let b1, b2,m ∈ M be such that bi lm(βigi) = l and mαl = L.
We claim that mαbi = ai. Indeed, this follows from

(mαbi) · (αi lm(gi)) = (mαbi) · lm(αβigi) = mα(bi lm(βigi))

= mαl = L = ai · (αi lm(gi))

and the fact that K[M ] has no zero divisors.
The S-polynomial that corresponds to (l, β1g1, β2g2) is Π-

reduced to zero by G, and hence can be written as a finite sum

b1(β1g1)− b2(β2g2) =
∑

t∈M,τ∈Π,g∈G
c′(t,τ,g)tτg ,

with tτ lm(g) < l if c′(t,τ,g) 6= 0. We now rewrite (2.2) by sub-

tracting c(a1,α1,g1)mα
(
b1(β1g1)− b2(β2g2)−∑ c′(t,τ,g)tτg

)
from

f =
∑
c(a,α,g)aαg.
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We have mα(bi(βigi)) = aiαigi for i = 1, 2 by the computa-
tion above. Hence the term c(a1,α1,g1)a1α1g1 in the expression∑
c(a,α,g)aαg and the first term of the rest cancel each other

out, and c(a1,α1,g1) is added to the coefficient of a2α2g2. The
sum with coefficients c′t,τ,g has leading monomials mαtτ lm(g) <
mαl < L. Therefore, we find an expression for f with at least
one fewer term contributing to the top monomial, a contra-
diction. We conclude that N = 1, and hence lm(f) = L ∈
〈lm(G)〉.

The following generalization of Buchberger’s algorithm pro-
duces an equivariant Gröbner basis if it terminates. The termi-
nation is guaranteed if the algebra K[M ] is Π-Noetherian.

Algorithm 2.6.4. G = Buchberger(F )

Require: F is a finite set of monic elements in K[M ], the al-
gebra of a monoid M equipped with a Π-action, satisfying
the assumptions above and the condition EGB34.

Ensure: G is an equivariant Gröbner basis of 〈F 〉.
1: G← F
2: S ← ⋃

f,g∈G Sf,g{in particular, compute Of,g needed in Def-
inition 2.6.2}

3: while S 6= ∅ do
4: pick f ∈ S
5: S ← S \ {f}
6: h← the Π-reduction of f with respect to G
7: if h 6= 0 then
8: G← G ∪ {g}
9: S ← S ∪

(⋃
g∈G Sg,h

)
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10: end if
11: end while

This algorithm has been implemented for the particular case
where K[M ] is a polynomial ring and Π = Inc(N) (i.e. the algo-
rithm described in [BD11]) in the package EquivariantGB [Kro]
for the computer algebra system Macaulay2 [GS02].

We now turn our attention to the task of computing a finite
Inc(N)-generating set of binomials of a general toric map as in
the main theorem. The reduction in Section 2.2 leads to the
following analysis of this task.

Problem 2.6.5. Fix the names of algebras and maps in the
following diagram

R[Y ]
ϕ−→ R[X]

ψ−→ R[Z]. (2.3)

Here ϕ is the map defined by (2.1), whose image is the R-
algebra spanned by the matching monoid, and ψ is any Sym(N)-
equivariant monomial map from R[X] to R[zij | i ∈ [k], j ∈ N].

For ker(ψ ◦ ϕ), how does one compute a finite

(a) set of generators up to Inc(N)-symmetry?

(b) Inc(N)-Gröbner basis with respect to some given Inc(N)-
compatible monomial order on K[Y ]?

Considering Inc(N) action instead of that of Sym(N) is natu-
ral in algorithmic questions. Since we are interested in the kernel
of the composition ψ ◦ϕ, we may replace the middle term in the
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diagram (2.3) with the matching monoid algebra: let R[X] refer
to R[xA | A good].

The procedure outlined here solves Problem 2.6.5(a).

Algorithm 2.6.6. T = toricIdeal(ϕ)

Require: ϕ : R[Y ] → R[Z] is a monomial map as in the main
theorem.

Ensure: T is a finite set of generators of kerϕ as Inc(N)-stable
ideal.

1: Replace ϕ with the composition of two maps ϕ and ψ in
diagram (2.3).

2: Consider the defining ideal Iψ ⊂ R[X][Z] =: R[X,Z] of the
graph of ψ, where the ring is equipped with a monomial
order eliminating variables Z and respecting the action of
Inc(N). Note that the ideal Iψ can be generated by the finite
set F of binomials ψ(xA)−xA, where A ∈∏p∈[N ] N[kp]×N is

good of multi-degree d ∈ {(1, 0, . . . , 0), . . . , (0, 0, 0, . . . , 1)} ⊆
N[N ] and �-minimal, since the Inc(N)-orbits of such mono-
mials xA generate R[X].

3: Run Algorithm 2.6.4 for the input F to get a Gröbner basis
G (note that [X,Z] is a matching monoid as well). Standard
elimination theory implies that G′ = G ∩R[X] generates

Iψ ∩R[X] = kerψ ∩ imϕ.

4: Let T consist of preimages of elements in G′ (one per ele-
ment) and the finite number of binomials generating kerϕ
(see Proposition 2.3.2).
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Remark 2.6.7. We can execute Algorithm 2.6.6 for any coeffi-
cient ring R (not necessarily a field), since all polynomials that
appear in computation are binomials with coefficients ±1.

In the following two remarks we comment on two major sub-
routines not spelled out in the sketch of the algorithm above.

Remark 2.6.8. Unlike in the usual Buchberger algorithm, the
task of computing S-polynomials in Algorithm 2.6.4 is far from
being trivial. To accomplish that, one needs to compute the
set Of,g, which can be done following the lines of the proof of
Proposition 2.6.1. While this procedure is effective, by no means
it is efficient.

Remark 2.6.9. In the last step of Algorithm 2.6.6 a preimage
ϕ−1(g) of an element g ∈ G can be computed by reducing the
problem to one of computing maximal matchings of bipartite
graphs, a well studied problem in combinatorics. Any monomial
xA ∈ imϕ can be considered as a collection ofN bipartite graphs
with adjacency matrices A0, . . . , AN−1 as in Section 2.3, where
each Ap has bipartition [kp] t N. Fixing Ap, let S ⊂ N be the
set of vertices in the second partition with degree dAp (i.e. the
indices of the columns of Ap with column sum equal to dAp).
A matching B covering [kp] and S can be computed using the
Hungarian method or other algorithms for computing weighted
bipartite matchings (see [Sch03] Chapter 17 for more details).
The matching B directly corresponds to a variable yp,J ∈ Y
with ϕ(yp,J) = xB . Since B covers S, it follows that Ap − B is
a good matrix. Therefore xAp/ϕ(yp,J) is also in imϕ and can
be decomposed further by repeating the process.
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Algorithm 2.6.6 has an important theoretical consequence,
a solution to Problem 2.6.5(a): a finite Inc(N)-generating set of
the toric ideals in the main theorem is computable. However,
in view of Remark 2.6.8 and a more elementary approach given
in the following section that solves a harder Problem 2.6.5(b)
for small examples, we postpone a practical implementation of
Algorithm 2.6.6. It remains to be seen if this algorithm, de-
spite being more involved theoretically, can outperform a more
elementary approach in some cases.

2.7 An example, and a more näıve
implementation

A more elementary approach to Problem 2.6.5—indeed, to the
hardest variant—is, for a given order on [Y,Z], to directly apply
the algorithm of [BD11] to the graph of the entire map ψ ◦ ϕ,
rather than computing generators for the kernels of ψ and ϕ sep-
arately as in Algorithm 2.6.6. The advantages of this approach
are that it is simpler to implement, and that it produces not
just a generating set, but an Inc(N)-equivariant Gröbner basis.
The disadvantage is that we do not know whether the proce-
dure is guaranteed to terminate. We now set up a version of the
usual equivariant Buchberger algorithm that is particularly easy
to implement, and conclude with one nontrivial computational
example.

For convenience let ω = ψ ◦ ϕ. Let Iω ⊂ R[Y,Z] be the
ideal corresponding to the graph of ω, so Iω is generated by the
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binomials of the form y−ω(y) for each variable y ∈ Y . Choosing
a representative yp = yp,(0,...,kp−1) of each Sym(N)-orbit in Y,
the ideal is Inc(N)-generated by the finite set

F := {σyp − ω(σyp) | p ∈ [N ], σ ∈ Sym([kp])}.

Choose an Inc(N)-compatible monomial order ≤ on R[Y,Z] that
eliminates Z. Then apply to F the equivariant Gröbner basis
algorithm from [BD11] (which is essentially Algorithm 2.6.4).
Note that since we are working in a polynomial ring R[Y, Z],
rather than a more complicated monoid ring R[X,Z], every pair
of monomials has only one lcm, which is is straightforward to
compute. If the procedure terminates with output G, then G ∩
R[Y ] is an Inc(N)-equivariant Gröbner basis of Iω ∩ R[Y ] =
kerω.

This procedure can be adapted to make use of existing, fast
implementations of traditional Gröbner basis algorithms. For
each n ∈ N truncate to the first n index values by defining
Yn := {yp,J | J ∈ [n]kp}, Zn := {zi,j ∈ Z | j ∈ [n]}, and
Fn := {y − ω(y) | y ∈ Yn}. Let In be the ideal in R[Yn, Zn]
generated by Fn. Note that each In is Sym([n])-stable and that⋃
n∈N In = Iω. Let Inc(m,n) denote the set of all strictly in-

creasing maps [m]→ [n], and equip K[Yn, Zn] with the restric-
tion of the Inc(N)-monomial order ≤.

Algorithm 2.7.1. G = truncatedBuchberger(ω)

Require: ϕ : R[Y ] → R[Z] is a monomial map in the main
theorem.

Ensure: G is an Inc(N)-equivariant Gröbner basis of kerϕ.
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n← maxp∈[N ] kp
while true do
Fn ← {y − ω(y) | y ∈ Yn}
Gn ← GröbnerBasis(Fn)
m← b(n+ 1)/2c
if m ≥ maxp∈[N ] kp and Gn = Inc(m,n)Gm then
G← Gm ∩R[Y ]
return G

end if
n← n+ 1

end while

Here GröbnerBasis denotes any algorithm to compute a
traditional Gröbner basis. If truncatedBuchberger(ω) ter-
minates, this implies that there is some m ≥ maxp∈[N ] kp such
that Inc(m,n)Gm satisfies Buchberger’s criterion for some n ≥
2m− 1. Then Gm satisfies the equivariant Buchberger criterion
given in Theorem 2.6.3, so Gm is an equivariant Gröbner basis.
Because we require that m ≥ maxp∈[N ] kp, the set Gm generates
Iω up to Inc(N)-action. Finally G = Gm∩R[Y ] is an equivariant
Gröbner basis for kerω.

Example 2.7.2. Set Y := {yj0,j1 | j0, j1 ∈ N, j0 6= j1} and
Z := {zi | i ∈ N}, each consisting of a single Sym(N)-orbit, and
define the monomial map ω : R[Y ]→ R[Z] by

ω : yj0,j1 7→ z2
j0zj1 .

Whether kerω is finitely generated was posed as an open ques-
tion in [HdC13] (Remark 1.6). This is answered in the affir-
mative by Theorem 2.1.1, but by applying Algorithm 2.7.1 we
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have also explicitly computed an Inc(N)-equivariant Gröbner
basis. The Gröbner basis computations were carried out using
the software package 4ti2 [HHM08], which features algorithms
specifically designed for computing Gröbner bases of toric ide-
als. The monomial order on Y is lexicographic, where variables
are ordered by yi,j < yi′,j′ if i < i′, or i = i′ and j < j′. The
result, listed at the end of this chapter, consists of 51 generators
with indices from {0, 1, 2, 3, 4, 5} and degrees up to 5. A min-
imal generating set, a Markov basis, is much smaller than the
set in the table. For instance, the (Sym(N)-orbits of the) five
highlighted monomials form a Markov basis. ♦
Remark 2.7.3. The technique laid out in this chapter does not
settle the question whether the finite generatedness of kerϕ in
the main theorem persists when Inc(N) acts with finitely many
orbits on Y and the monomial map ϕ is required to be merely
Inc(N)-equivariant (though we do know that imϕ needs not be
Inc(N)-Noetherian in this case).

However, a näıve elimination procedure terminates, for in-
stance, for the Inc(N)-analogue of Example 2.7.2, i.e., for the
same map, but with the smaller set of variables

Y := {yj0,j1 | j0, j1 ∈ N, j0>j1}.
A computation that can be carried out with EquivariantGB [Kro]
produces a finite number of generators of the kernel:

{y3,1y2,0−y3,0y2,1, y
2
3,2y1,0−y3,1y3,0y2,1, y4,2y3,2y1,0−y4,0y3,1y2,1}.

We end this chapter with an Inc(N)-equivariant Gröbner ba-
sis for the kernel of ω in Example 2.7.2. The (Sym(N)-orbits of
the) five highlighted monomials form a Markov basis.
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degree 3

/ y1,2y
2
0,1 − y2

1,0y0,2 .
/ y2,0y

2
0,1 − y1,0y

2
0,2 .

y2,1y
2
0,2 − y2

2,0y0,1

/ y2,1y1,0y0,2 − y2,0y1,2y0,1 .
y2,1y

2
1,0 − y2

1,2y0,1

y2
2,1y0,2 − y2

2,0y1,2

y2
2,1y1,0 − y2,0y

2
1,2

y2,1y1,0y0,3 − y2,0y1,3y0,1

y2
2,1y0,3 − y2

2,0y1,3

y2,3y1,2y0,2 − y2
2,0y1,3

y3,0y1,2y0,2 − y2,0y1,3y0,3

y3,0y
2
1,2 − y2,0y

2
1,3

y3,0y
2
2,1 − y2,3y2,0y1,3

y3,1y
2
0,2 − y2,1y

2
0,3

y3,1y1,0y0,2 − y3,0y1,2y0,1

y3,1y1,2y0,2 − y2,1y1,3y0,3

y3,1y2,3y0,3 − y2
3,0y2,1

y2
3,1y0,2 − y2

3,0y1,2

y3,2y1,3y0,3 − y2
3,0y1,2

y3,2y2,0y1,3 − y3,0y2,3y1,2

y3,2y2,0y1,4 − y3,0y2,4y1,2

y3,2y2,1y0,3 − y3,1y2,3y0,2

y3,2y2,1y0,4 − y3,1y2,4y0,2

y4,0y2,3y1,3 − y3,0y2,4y1,4

y4,1y2,3y0,3 − y3,1y2,4y0,4

y4,2y1,3y0,3 − y3,2y1,4y0,4

y4,2y2,0y1,3 − y4,0y2,3y1,2

y4,2y2,1y0,3 − y4,1y2,3y0,2

degree 2

/ y1,3y0,2 − y1,2y0,3 .
/ y2,0y1,0 − y1,2y0,2 .
y2,1y0,1 − y1,2y0,2

y2,3y0,1 − y2,1y0,3

y2,3y1,0 − y2,0y1,3

y3,1y2,0 − y3,0y2,1

y3,2y0,1 − y3,1y0,2

y3,2y1,0 − y3,0y1,2

degree 4

y2,1y1,2y0,3y0,2 − y2
2,0y1,3y0,1

y3,1y2,3y1,3y0,4 − y2
3,0y2,1y1,4

y3,1y
2
2,3y0,4 − y2

3,0y2,4y2,1

y3,2y2,3y1,3y0,4 − y2
3,0y2,4y1,2

y4,1y2,3y1,4y0,4 − y2
4,0y2,1y1,3

y4,1y3,2y1,4y0,4 − y2
4,0y3,1y1,2

y4,1y3,4y2,4y0,5 − y2
4,0y3,1y2,5

degree 5

y2,1y
2
1,2y

2
0,3 − y2

2,0y
2
1,3y0,1

y2,1y
2
1,2y0,4y0,3 − y2

2,0y1,4y1,3y0,1

y3,2y
2
2,3y1,4y0,4 − y2

3,0y
2
2,4y1,2

y3,2y
2
2,3y1,4y0,5 − y2

3,0y2,5y2,4y1,2

y4,1y2,3y
2
1,4y0,5 − y2

4,0y2,1y1,5y1,3

y4,1y3,2y
2
1,4y0,5 − y2

4,0y3,1y1,5y1,2

y4,3y
2
4,0y3,2y3,1 − y4,2y4,1y

2
3,4y0,3

y5,1y4,2y
2
3,5y0,3 − y2

5,0y4,3y3,2y3,1



Chapter 3

Matrix tuples

3.1 Introduction

In this chapter, we again work in the infinite-dimensional set-
ting, although some results follow from results proven in the
finite-dimensional setting. Let K be a field (which for once,
we do not assume to be infinite). We consider the spaces X∞
of infinite-by-infinite symmetric matrices and Y∞ of infinite-
by-infinite skew-symmetric matrices over some field K (in this
chapter, we do not always assume K is infinite). The group
GL∞ =

⋃
m∈N GLm acts on these spaces by simultaneous row

and column operations. That is to say, we have g ·M = gMgT

for g ∈ GL∞ and M an element of X∞ or of Y∞.
A (weak) version of our main theorem is the following.
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Theorem 3.1.1. If K is an infinite field of characteristic not
equal to 2, then for all p, q ∈ N, the space Xp

∞ × Y q∞ is GL∞-
Noetherian.

This theorem follows immediately from Corollary 3.2.2, which
describes our main result, valid for any infinite field K of char-
acteristic not equal to 2. This corollary in turn follows from the
main theorem of this chapter, Theorem 3.2.1, which is valid for
algebraically closed fields of characteristic not equal to 2.

In Chapter 4, we show that secants of Grassmannians are
defined in bounded degree. One of the main auxiliary results in
said chapter is that the space (MatN,N)s of s-tuples of infinite-by-
infinite matrices is set-theoretically Noetherian under the action
of two copies of GL∞, one acting by means of row operations,
and one acting by means of column operations. In characteristic
not equal to 2, this result follows from Theorem 3.1.1. In fact,
this corollary implies set-theoretical Noetherianity of (MatN,N)s

under simultaneous row and column operations.

The results in this chapter also have some implications in
the ring-theoretic section. The spaces X∞ and Y∞ are closely
related to the representation theory of O∞-modules and Sp∞-
modules, as seen in [SS13]. Results from [Abe80a] and [AF80]
can be used to show that the coordinate rings of X∞ and Y∞
are weakly Noetherian (see [NSS15]). However, it is not known
whether the coordinate ring of Xp

∞ × Y q∞ is weakly Noetherian
when p + q > 0. Theorem 3.1.1 implies that any strictly as-
cending chain of GL∞-stable radical ideals in this coordinate
ring must be of finite length. This is the strongest finiteness
property known about this ring when p+ q > 1.
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Theorem 3.1.1 may seem surprising from an intuitive point
of view. After all, for any l ∈ N, the dimension of Xp

l , the space
of p-tuples of symmetric l × l matrices, is pl(l + 1)/2, while
the dimension of GLl = GL(Kl) is only l2. So for p > 1, one
would expect the space Xp

∞ not to be Noetherian under GL∞,
as the dimension of the quotient space increases as l grows.
Indeed, if a pair of matrices (Id,M) is in the same GL∞-orbit
of (Id,M ′), then there must be an orthogonal matrix O ∈ GL∞
such that OMOT = M ′, which is not the case generically. In
fact, let M,M ′ be diagonal matrices with entries λ0, λ1, . . . and
λ′0, λ

′
1, . . .. If at least one of the λi is not equal to any of the λ′j ,

then (Id,M) and (Id,M ′) have distinct orbits under GL∞.
The above intuition is incorrect however. In the above ex-

ample, if the diagonal matrix M contains an infinite subset of
pairwise distinct entries, then the GL∞-orbit of (Id,M) will in
fact be dense in X2

∞. In particular, even though the orbits of
(Id,M) and (Id,M ′) are distinct, one can show that in this case,
(Id,M ′) is contained in the closure of the orbit of (Id,M).

The reason for this is that in the Zariski topology, each poly-
nomial is only defined on a finite part of the matrix. This means
that it suffices to show that for each l, there is g ∈ GL∞ such
that the first l× l blocks of g · (Id,M) equal the first l× l blocks
of (Id,M ′). The latter statement seems plausible if M is suffi-
ciently generic, and we will prove our main theorem by proving
comparable statements.

On a side note, one may wonder why we do not use the
action g ·M = gMg−1, rather than g ·M = gMgT . One reason
for this is that the former action does not preserve symmetric
and skew-symmetric matrices, which are some of our objects of
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interest. In fact, knowledge of the (closures of the) orbits of
symmetric and skew-symmetric matrices, and its relation to the
rank of said matrices, is essential for our proofs. We don’t have
such knowledge for g ·M = gMg−1, and there is more to the
orbits than merely the rank of a matrix. For example, the orbit
of the identity matrix consists of a single point. Furthermore,
at some point in our proof, we work with limits of elements of
GL∞. While this is not a problem when working with g ·M =
gMgT , as this definition works for any matrix g rather than
just an invertible matrix, it can be a problem if we work with
g ·M = gMg−1.

The above reasons notwithstanding, we do not know whether
a similar result to Theorem 3.1.1 holds if we work with g ·M =
gMg−1.

We hope that the results described in this chapter will even-
tually have applications similar to those mentioned in [DE14b].
Moreover, we hope that the method of proof might be of use in
the study of symmetric and skew-symmetric 3-tensors, for which
no results are known regarding Noetherianity.

3.2 Main Theorem

Let K be a field. Let K(N) =
⋃
m∈NK

m, and let C∞ = KN =
MatN,1. Note that we may view C∞ both as a vector space
and as an infinite-dimensional affine space (with coordinate ring
K[xi | i ∈ N]). We consider the space MatN,N := KN×N = {M =
(mi,j)i,j∈N | ∀i, j : mi,j ∈ K} ∼= Hom(K(N), C∞).

Let GL∞ =
⋃
m∈N GL(Km). It acts on C∞ and K(N) by
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left multiplication (viewing elements of these spaces as column
matrices), and on MatN,N by g ·M = gMgT .

An element M of MatN,N can be seen as a pair ((M+MT )/2,
(M −MT )/2) ∈ X∞ × Y∞, where X∞ is the subspace of sym-
metric matrices in MatN,N, and Y∞ is the subspace of skew-
symmetric matrices in MatN,N. In characteristic not equal to
2, this gives a natural decomposition MatN,N = X∞ × Y∞,
which is respected by the action of GL∞. Note that the spaces
MatN,N, X∞, and Y∞ are all infinite-dimensional affine spaces.
Namely, R = K[xi,j : (i, j) ∈ N × N] is the coordinate ring of
MatN,N, we have I(X∞) = (xi,j − xj,i | i, j ∈ N) ⊆ R, and
I(Y∞) = (xi,j + xj,i | i, j ∈ N) ⊆ R.

We can now state our main theorem for this chapter.

Theorem 3.2.1 (Main Theorem). Suppose K is algebraically
closed of characteristic not equal to 2. Let p, q, n,m ∈ N. Then
the space Xp

∞ × Y q∞ × Cn∞ ×Km is GL∞-Noetherian.

Note that when p = q = 0, the main theorem is true, and
[HS12] shows a stronger result: The coordinate ring of the space
Cn∞×Km is Noetherian under the action of the symmetric group,
a much smaller group than GL∞. We will not need this result
in our proof though.

Corollary 3.2.2. Suppose K is infinite and has characteristic
not equal to 2. Let p, q, n,m ∈ N. Then the space Xp

∞ × Y q∞ ×
Cn∞ ×Km is GL∞-Noetherian.

Proof. Let Kalg denote the algebraic closure of K. We note
that GL∞ is dense in GLalg

∞ :=
⋃
m∈N GL((Kalg)m), and hence
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we find that the closure of any GL∞-orbit GL∞ x in Xp
∞ ×

Y q∞ × Cn∞ × Km is equal to GLalg
∞ x ∩ Xp

∞ × Y q∞ × Cn∞ × Km.
But then any strictly descending chain in Xp

∞×Y q∞×Cn∞×Km

corresponds to a strictly descending chain in (Xp
∞×Y q∞×Cn∞×

Km)alg, and no such chain exists in the latter.

Note that in the above proof, we need K to be infinite, since
otherwise, GL∞ is not dense in GLalg

∞ .

Corollary 3.2.3. Suppose K is infinite and has characteristic
not equal to 2. Then for all s ∈ N, the space (MatN,N)s is GL∞-
Noetherian.

Proof. The space (MatN,N)s is isomorphic to Xs
∞×Y s∞ by means

of a GL∞-equivariant linear map.

Corollary 3.2.4. Any strictly ascending chain of GL∞-stable
radical ideals in the coordinate ring of Xp

∞ × Y q∞ × Cn∞ × Km

must be of finite length.

Proof. The corollary follows from the fact that any GL∞-stable
radical ideal in the coordinate ring of Xp

∞ × Y q∞ × Cn∞ × Km

corresponds to a GL∞-stable closed subspace of Xp
∞ × Y q∞ ×

Cn∞ ×Km by means of an inclusion-reversing bijection.

Corollary 3.2.5. Any GL∞-stable closed subspace Z of Xp
∞ ×

Y q∞ × Cn∞ ×Km is cut out by the GL∞-orbits of finitely many
equations.

Proof. The ideal I of Z is defined by GL∞-orbits of equations.
Let Z0 = Xp

∞ × Y q∞ × Cn∞ × Km. Suppose we have a chain
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Z0 ) Z1 ) . . . ) Zk−1 ⊇ Z, where Zi is cut out by the GL∞-
orbits of i equations. If Zk−1 6= Z, there is f ∈ I that does
not vanish on Zk−1. Let Zk be the set of elements in Zk−1 on
which GL∞ f vanishes. Then we have Zk−1 ) Zk ⊇ Z, and Zk
is cut out by the GL∞-orbits of k equations. By construction,
each of the Zi is GL∞-stable and closed, and since we cannot
get an infinite strictly descending chain like this, we must have
Zk = Z for some k.

Note that this last corollary does not imply that the ideal of
Z is defined by the GL∞-orbits of finitely many equations.

3.3 Proof of the main theorem

The rank of a linear map V → W is a well-defined element of
N ∪ {∞}. It is invariant under the action of GL(V ) × GL(W ).
We now introduce the concept of the rank of a tuple of linear
maps.

Definition 3.3.1. Let V,W be vector spaces over K, and let
M = (M0, . . . ,Ms−1) ∈ Hom(V,W )s. Then the rank of M is

the infimum of rk(
∑s−1
i=0 λiMi), where λ = (λ0, . . . , λs−1) runs

over all non-zero elements of Ks.

We denote the rank of a tuple of linear maps M by rk(M).
Since N ∪ {∞} is discrete, there is (λ0, . . . , λs−1) ∈ Ks \ {0}
such that rk(

∑s−1
i=0 λiMi) = rk(M), provided s > 0. If s = 0, we

have rk(M) =∞ since we are taking the infimum of the empty
set. It is easily seen that the rank of a tuple of linear maps is
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invariant under the action of GL(V ) × GL(W ). In particular,
the rank of M ∈ (MatN,N)s (viewing MatN,N as Hom(K(N), C∞))
is invariant under the action of GL∞.

For convenience, we write T = Tp,q,n,m = Xp
∞× Y q∞×Cn∞×

Km. The following lemma will motivate our definition of rank
of a matrix tuple.

Lemma 3.3.2. Suppose K is algebraically closed of charac-
teristic 0. Let (p, q, n,m) ∈ N4, and suppose the main theo-
rem is true for all (p′, q′, n′,m′) with (p′, q′, n′) lexicographically
smaller than (p, q, n). Then for all r ∈ N, the following sets are
GL∞-Noetherian:

• Sr = {x = (xsym, xalt, xcol, xfin) ∈ Tp,q,n,m | rk(xsym) ≤
r};

• {x ∈ Tp,q,n,m | rk(xalt) ≤ r};

• {x ∈ Tp,q,n,m | rk(xcol) < n}.

Proof. We merely prove that Sr is GL∞-Noetherian; the other
sets can be shown to be GL∞-Noetherian by an analogous proof.

If p = 0, we have Sr = ∅, which is GL∞-Noetherian. Suppose
p > 0. We consider the map ϕ : Tp−1,0,r,p2 → Tp,0,0,0 defined as
follows. Let x ∈ Tp−1,0,r,p2 , and write x = (xsym, xcol, xfin) with

xsym ∈ Xp−1
∞ , xcol ∈ Cr∞, and xfin = (λi,j)

p−1
i,j=0 ∈ Kp2 . Now

define ϕ(x) ∈ Xp
∞ by ϕ(x)i =

∑p−2
j=0 λi,j(xsym)j+λi,pxcol(xcol)

T

for i ∈ [p]. Note that this map is GL∞-equivariant, and its im-
age consists of all elements in Xp

∞ of rank at most r. We extend
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ϕ to a map Tp−1,q,n+r,m+p2 → Tp,q,n,m, and observe that its im-
age is Sr. Since (p − 1, q, n + r) is lexicographically smaller
than (p, q, n), the space Tp−1,q,n+r,m+p2 is GL∞-Noetherian,
and hence so is Sr.

The upshot of this lemma is that if Z ⊆ T is a closed GL∞-
stable subset that only contains elements x with rk(xsym) < r,
rk(xalt) < r, or rk(xcol) < n, then it is GL∞-Noetherian. In
particular, if there would be an infinite strictly descending chain
of closed GL∞-stable subsets of T , then for each element Z of
this chain and for all r ∈ N, there must be x ∈ Z such that
rk(xsym) ≥ r, rk(xalt) ≥ r, and rk(xcol) = n.

For l ∈ N, let Xl, respectively Yl be the space of symmetric,
respectively skew-symmetric, l × l matrices, and let Cl = Kl.
Our main proposition will be the following.

Proposition 3.3.3. Suppose K is algebraically closed of char-
acteristic not equal to 2. Let l ∈ N. Then for any element x =
(xsym, xalt, xcol) ∈ Tp,q,n,0 = Xp

∞×Y q∞×Cn∞ with rk(xsym)� 0,
rk(xalt) � 0, and rk(xcol) = n, the projection of GL∞ x to
Xp
l × Y

q
l × Cnl is dominant.

The reason we assume that K is algebraically closed of char-
acteristic not equal to 2 is based on the following lemma. We
note however that with some minor changes, we can in prin-
ciple prove our main theorem in characteristic 2 as well if we
consider only those skew-symmetric matrices with all diagonal
entries equal to 0.

Lemma 3.3.4. 1 Suppose K is a field of characteristic not
equal to 2. Suppose M is a skew-symmetric N×N -matric
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of rank 2r. Then there is g ∈ GLN such that gMgT is
equal to the block diagonal matrix for which the first r di-
agonal blocks are equal to

[
0 1
−1 0

]
and for which all other

entries are equal to 0.

2 Suppose K is an algebraically closed field of characteristic not
equal to 2. Suppose M is a symmetric N × N -matric of
rank r. Then there is g ∈ GLN such that gMgT is equal
to the diagonal matrix with first r diagonal entries equal
to 1 and all other entries equal to 0.

Proof. Assume the characteristic ofK is not equal to 2. We view
M as a bilinear form on KN with standard basis e0, . . . , eN−1,
and we apply induction to N .

For the first case, we assume M is skew-symmetric. Note
that for all v ∈ KN , we have vTMv = −vTMv by taking the
transpose, and since 2 6= 0, we can conclude that vTMv = 0 for
all v ∈ KN .

If M = 0, we are done. Otherwise, there is v ∈ KN such that
vTM 6= 0, and hence there is w ∈ KN such that vTMw 6= 0.
Note that v and w must be linearly independent by the fact
that vTMv = 0. Without loss of generality, we may assume
vTMw = 1. The kernels of vTM and wTM have dimension
N−1 and intersect in an N−2-dimensional space V (the kernels
cannot be equal since v is in the first kernel but not in the
second). Let g ∈ GLN such that gT e0 = v, gT e1 = w, and such
that gT 〈e2, . . . , eN−1〉 = V . Observe that gMgT has a block
diagonal form with the first 2 × 2-block equal to

[
0 1
−1 0

]
and

all other entries in the first two rows and columns equal to 0.
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Moreover, the second block can be viewed as an (N−2)×(N−2)-
matrix of rank two less than the rank of M . Now apply the
induction assumption.

For the second case, we assume M is symmetric. If M = 0,
we are done. This means that there are w, u ∈ KN such that
wTMu 6= 0. Note that 0 6= 2wTMu = (w + u)TM(w + u) −
wTMw− uTMu, and hence at least one of (w + u)TM(w + u),
wTMw, and uTMu is non-zero. So there is v ∈ KN such that
vTMv 6= 0. By scaling v, we may assume vTMv = 1. Here, we
use the fact that every element of K has a square root. Now,
let g ∈ GLN such that gT e0 = v and such that gT 〈e1, . . . , eN−1〉
equals the kernel of vTM , and apply induction as in the skew-
symmetric case.

An immediate consequence of this lemma is that for K al-
gebraically closed and of characteristic not equal to 2, any pair
of symmetric, respectively skew-symmetric, N ×N -matrices of
the same rank lie in the same GLN -orbit. Note that this lemma
is not true in characteristic 2. For example, in characteristic 2
the matrices [ 1 0

0 1 ] and [ 0 1
1 0 ] are both symmetric and skew sym-

metric of the same rank, but do not lie in the same GL2 orbit.
However, the lemma is still true when we restrict ourselves to
the skew-symmetric matrices for which the diagonal entries are
0 (or more naturally, the space of bilinear forms M on KN sat-
isfying vTMv = 0 for all v ∈ KN ). Things are a bit more tricky
if we do not restrict ourselves to this case

An immediate corollary of Proposition 3.3.3 is that if Z is any
closed GL∞-stable subset of T = Tp,q,n,0 such that Z contains,
for all r ∈ N, an element x with rk(xsym) ≥ r, rk(xalt) ≥ r,
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and rk(xcol) = n, then we have Z = T . Indeed, any polynomial
that vanishes on T is defined over some Xp

l × Y
q
l × Cnl . Since

Z contains x such that GL∞ x projects dominantly to this set,
such a polynomial must vanish identically on a dense subset of
Xp
l × Y

q
l × Cnl , and hence must be the zero polynomial. More

importantly, this proposition also implies our main theorem.

Proof of the main theorem. Assume Proposition 3.3.3 holds. We
prove Theorem 3.2.1 by applying induction to the triples (p, q, n),
using lexicographic ordering. When (p, q, n,m) = (0, 0, 0,m),
the theorem is true, as this means T = Km. Now, fix (p, q, n) ∈
N3, and assume the theorem is true for all (p′, q′, n′,m′) with
(p′, q′, n′) lexicographically smaller than (p, q, n).

Let Z0 ⊇ Z1 ⊇ . . . be a descending chain of GL∞-stable
closed subsets of T = Tp,q,n,m. We want to show that there
exists Z ⊆ T such that Zi = Z for all i � 0. For i ∈ N, let
Ui = {x ∈ Zi | rk(xsym) > i, rk(xalt) > i, rk(xcol) = n}. Note
that the Ui are open and GL∞-stable. We claim that it suffices
to prove that there exists U such that Ur = U for all r � 0. If

this is the case namely, then for r � 0, the sets Vr = Zr \ Ur
form a descending chain of closed, GL∞-stable subsets in a space
that is GL∞-Noetherian by Lemma 3.3.2, and hence there is V
such that for i� r, we have Vi = V . Since Zi = Ui ∪ Vi for all
i, we conclude that Zi = U ∪ V for i� 0. So indeed, it suffices
to prove that there exists U such that Ur = U for all r � 0.

Let π, π′ be the projections from Tp,q,n,m to Tp,q,n,0 and Km

respectively. Since Km is Noetherian, there are D ⊆ Km and
R ∈ N such that for all r ≥ R, we have π′(Ur) = D.

Let f be a polynomial defined on Tp,q,n,m that vanishes on
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UR. Then f is defined on Xp
l × Y

q
l × Cnl ×Km for some l. We

write f =
∑
fi ⊗ hi with all fi defined on Xp

l × Y
q
l ×Cnl , all hi

defined on Km, and such that the fi are linearly independent.
For a fixed element xfin of Km, we can view f as a polynomial
fxfin

defined on Xp
l × Y

q
l × Cnl . By linear independence, fxfin

vanishes on Xp
l × Y ql × Cnl precisely if all hi(xfin) are 0. We

proceed to show that all hi vanish on D.
Let r � 0, and let x be any element of Ur. Write xfin =

π′(x) ∈ D, and note that for any g ∈ GL∞, we have f(gx) =∑
fi(gπ(x))hi(xfin). By the above, fxfin

vanishes on Xp
l ×Y

q
l ×

Cnl precisely if all hi(xfin) are 0. By Proposition 3.3.3, the pro-
jection of GL∞ π(x) to this set is dense inXp

l ×Y
q
l ×Cnl , and fxfin

vanishes on this projection (because f vanishes on GL∞ x ⊆ Ur).
We conclude that fxfin

vanishes on Xp
l × Y

q
l × Cnl , and hence

hi(xfin) = 0 for all i. This means that hi(π
′(x)) is 0 for all i and

all x ∈ Ur. Since the projection of Ur is dense in D, we conclude
all hi vanish on D, and hence f vanishes on Xp

∞×Y q∞×Cn∞×D.
We conclude Ur = Xp

∞×Y q∞×Cn∞×D for all r � 0. This con-
cludes the proof. It remains to prove Proposition 3.3.3.

The main work will be to prove Proposition 3.3.3. To do
this, we first prove a few lemmas.

Lemma 3.3.5. Let V,W be vector spaces, let M ∈ Hom(V,W )s,
and suppose M has rank at least r ∈ N. Then there is a finite-
dimensional subspace U ⊆ V such that (M0|U , . . . ,Ms−1|U ) has
rank at least r.

Proof. If V ′ is a finite-dimensional subspace of V , let πV ′ be
the restriction Hom(V,W )s → Hom(V ′,W )s, and let DV ′ =
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{(d0 : . . . : ds−1) ∈ Ps−1 | rk(πV ′(
∑
diMi)) < r}. Note that

each DV ′ is closed. Suppose that (d0 : . . . : ds−1) ∈ DV ′ . Then
there is a V ′ ⊆ V ′′ ⊆ V with V ′′ of finite dimension such that
(d0 : . . . : ds−1) 6∈ DV ′′ . In particular, this implies DV ′ ) DV ′′ .
Using Noetherianity of Ps−1, we conclude that there is a finite-
dimensional subspace U of V such that DU = ∅ (if not, we would
be able to construct a strictly decreasing chain of closed subsets
of Ps−1 of infinite length), which means πU (M) has rank at least
r.

Lemma 3.3.6. Let V,W be vector spaces, let M ∈ Hom(V,W )s,
and suppose M has rank at least s. Then there is v ∈ V such
that Mv = 〈M0v, . . . ,Ms−1v〉 ⊆W has dimension s.

Proof. We prove this lemma for K an infinite field. The proof
for K a finite field follows by replacing the statements about di-
mension and codimension by their corresponding combinatorial
statements.

By the previous lemma, we may assume that V is finite-
dimensional without loss of generality. We let Z := {(v, d) ∈
V × Ps−1 |∑ diMiv = 0}. For each d ∈ Ps−1, the codimension
of the fiber above d in Z is at least s since rk(M) ≥ s, and hence
the codimension of Z in V ×Ps−1 is at least s. This implies that
the projection of Z to V has dimension at most dim(V )−1, and
hence there is v ∈ V such that

∑
diMiv 6= 0 for any d ∈ Ps−1.

This means Mv has dimension s, as was to be shown.

An immediate corollary is the following.
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Corollary 3.3.7. Let M ∈ Hom(V,W )s, let l ∈ N, and suppose
M has rank at least ls. Then there is V ′ ⊆ V of dimension l
such that MV ′ = M0V

′ + . . .+Ms−1V
′ has dimension ls.

Proof. The corollary is clearly true for l = 0, and the case l = 1
is Lemma 3.3.6. Assume inductively that there is V ′′ ⊆ K(N) of
dimension l − 1 such that MV ′′ has dimension (l − 1)s. Let M
be the projection of M to Hom(V/V ′′,W/MV ′′)s, and observe
that M has rank at least s, since modding out MV ′′ reduces
the rank of M by (l− 1)s, and since V ′′ simply maps to 0 after-
wards, modding out V ′′ does not reduce the rank any further.
Now by Lemma 3.3.6, there is v + V ′′ ∈ V/V ′′ such that Mv
has dimension s. Then clearly V ′ = 〈v, V ′′〉 is a l-dimensional
subspace of V such that MV ′ has dimension ls, as was to be
shown.

Intuitively, the previous corollary allows us to play with the
respective images of the Mi without interfering with the other
images. However, since GL∞ acts on (MatN,N)s by g · Mi =
gMig

T rather than g ·Mi = gMig
−1, we are not able to freely

choose bases, even if we restrict ourselves to GLN acting on
(MatN,N )s for some N .

We do have some freedom though, as shown in the following
lemma. In this lemma, we make use of the fact that we assume
K to be algebraically closed of characteristic not equal to 2, and
this is the only place in which we require K to be algebraically
closed. Even then, the requirement is implicit; we make use of
Lemma 3.3.4, the fact that all symmetric (respectively skew-
symmetric) matrices of rank r over an algebraically closed field
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of characteristic not equal to 2 lie in the same GLN -orbit. This
lemma is not true for general fields, nor is it true in characteristic
2.

Lemma 3.3.8. Suppose K is algebraically closed of character-
istic not equal to 2. Let M ∈ Xp

N × Y qN , let s = p + q, and
suppose there is V ⊆ KN of dimension 2sl such that MV has
dimension s2sl. Then there is g ∈ GLN such that g ·M is of
the form






0l ∗l,N−l
Idl ∗l,N−l
0l ∗l,N−l
...

...
0l ∗l,N−l

0N−(s+1)l,l ∗N−(s+1)l,N−l


 ,




0l ∗
0l ∗
Idl ∗
...

...
0l ∗

0N−(s+1)l,l ∗


 , . . . ,




0l ∗
0l ∗
0l ∗
...

...
Idl ∗

0N−(s+1)l,l ∗





 .

Here, ∗i,j indicates an i × j matrix, 0l indicates the l × l zero
matrix, and Idl indicates the l × l identity matrix.

Proof. We work in steps. First of all, we may assume V =
〈e0, . . . , e2sl−1〉 by applying some h ∈ GLN such that hT maps
〈e0, . . . , e2sl−1〉 to V . The first 2sl × 2sl blocks of M are of the
form M ′i with M ′i either symmetric or skew-symmetric. If we
now apply h ∈ GL2sl = GL(V ), the space (h·M)V simply equals
h(MV ), and therefore still has dimension s2sl. With regards
to the first 2sl × 2sl blocks of M , such h acts by (h ·M)′i =
hM ′ih

T . Note that for all r ∈ {0, . . . , 2sl}, there is a symmetric
(respectively skew-symmetric) 2sl × 2sl matrix of rank r with
the first 2s−1l×2s−1l block equal to 0. Since any two symmetric
(respectively skew-symmetric) matrices of the same rank lie in
the same orbit under GL(V ) by Lemma 3.3.4, we may assume
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the first 2s−1l × 2s−1l block of Ms is 0 after applying some h.
Since any h ∈ GL2s−1l fixes this block, we can apply induction
to s, and in doing so, we may assume that the first l × l block
of each Mi is 0l.

We have now reduced the problem to the case where each

Mi is of the form
[

0l ∗l,N−l
∗N−l,l ∗N−l,N−l

]
. Moreover, since W =

〈e0, . . . , el−1〉 ⊆ V , we find MW has dimension sl, which means
the first l columns of the s matrices are linearly independent.

Let W ′ = 〈el, . . . , eN−1〉. We apply h ∈ GL(W ′). Note that
we have hMi =[

Idl 0l,N−l
0N−l,l hN−l,N−l

] [
0l ∗l,N−l

∗N−l,l ∗N−l,N−l

] [
Idl 0l,N−l

0N−l,l h
T
N−l,N−l

]
, and we ob-

serve that this changes the first l columns of Mi from
[

0l
∗N−l,l

]

to
[

0l
hN−l,N−l∗N−l,l

]
. In other words, we can apply arbitrary row

operations to the first l columns of Mi (as long as we apply
them to all Mi simultaneously). Since the first l columns of the
s matrices are all linearly independent, it is now easily verified
that we may indeed assume that M has the desired form after
applying some g ∈ GLN .

For the remainder of this chapter, we assume that K is al-
gebraically closed of characteristic not equal to 2.

Corollary 3.3.9. Let M ∈ Xp
N×Y qN , let s = p+q, and suppose

there is V ⊆ KN of dimension 2sl such that MV has dimension
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s2sl. Then the closure of GLN M contains







0l ∗l,N−l
Idl 0l,N−l
0l 0l,N−l

...
...

0l 0l,N−l
0N−(s+1)l,l 0N−(s+1)l,N−l


 ,




0l ∗
0l 0
Idl 0

...
...

0l 0
0N−(s+1)l,l 0


 , . . . ,




0l ∗
0l 0

...
...

Idl 0
0N−(s+1)l,l 0





 .

Proof. By Lemma 3.3.8, we may assume the first l rows and
columns of each Mi have the desired form. Multiply M with[

1
λ Idl 0

0 λIdN−l

]
for λ 6= 0. It maps any matrix of the form

[
0l Bl,N−l

CN−l,l DN−l,N−l

]
to
[

0l Bl,N−l
CN−l,l λ

2DN−l,N−l

]
. Since K is infinite,

and since all Mi are of this form, the closure of GLN M con-
tains the required element.

We are now at the point where we can prove Proposition 3.3.3.
Since the proof becomes rather technical, we first prove a weaker
version of the proposition. We only prove this lemma in order
to get a feeling for what is happening. We will not use it in the
actual proof of Proposition 3.3.3.

Lemma 3.3.10. Let l ∈ N. Then for any M ∈ Xp
∞ such that

rk(M) ≥ p2pl, the projection of GL∞M to Xp
l is dominant.

Proof. Let M ∈ Xp
∞ such that rk(M) ≥ 2plp. By Corol-

lary 3.3.7, there is V ′ ⊆ K(N) of dimension 2pl such that MV ′

has dimension p2pl. Note that it suffices to show that the GL∞-
orbit of something in the closure of GL∞M projects dominantly
to Xp

l .
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By Corollary 3.3.9, we may assume that (after projecting
down to some KN with N sufficiently large and taking an ele-
ment in the closure), we have M =






0l ∗l,N−l
Idl 0l,N−l
0l 0l,N−l

...
...

0l 0l,N−l
0N−(p+1)l,l 0N−(p+1)l,N−l


 ,




0l ∗
0l 0
Idl 0

...
...

0l 0
0N−(p+1)l,l 0


 , . . . ,




0l ∗
0l 0
0l 0

...
...

Idl 0
0N−(p+1)l,l 0





 .

We project down to K(p+1)l, and restrict ourselves to the
action of GL(p+1)l. We can now write Mi = (M j,k

i )pj,k=0 where

each M j,k
i is an l × l matrix. By the choices we made, we

have M0,0
i = 0 for all i, and we have M j+1,0

i = δi,j · Idl for

all i, j ∈ [p]. Finally, we have M j,k
i = 0 for j, k ≥ 1. Since all

Mi are symmetric, we also have M0,j+1
i = δi,j · Idl for all i, j.

Let M ′0, . . . ,M
′
p−1 ∈ Xp

l . Let

g = Id +

[
0l

1
2M
′
0

1
2M
′
1 ... 1

2M
′
p−1

0pl,(p+1)l

]
.

By direct computation, we find that the first l × l block of
gMig

T is 1
2M

′
i + 1

2 (M ′i)
T , which equals M ′i because M ′i is sym-

metric. We conclude that M ′ lies in the closure of the projection
of GL(p+1)lM to Xp

l . This concludes the proof.

An analogous proof can be used for Y q∞, and for Xp
∞ × Y q∞.

We now prove our main proposition.

Proof of Proposition 3.3.3. Write s = p+ q, write t = (s+ 1)n,
and let r = s2sl+2t. Let x = (xsym, xalt, xcol) ∈ Xp

∞×Y q∞×Cn∞
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with rk(xsym), rk(xalt) ≥ 2r, and rk(xcol) = n. Observe that
xma = (xsym, xalt) has rank at least r. If not namely, let λi ∈ K
such that M =

∑
λi(xma)i has rank smaller than r. Then both

M + MT and M −MT have rank smaller than 2r. However,
since at least one λi is non-zero, at least one of these is a non-
trivial linear combination of the xsym or xalt, and hence should
have rank at least 2r, a contradiction.

Project x to Xp
N × Y qN ×CnN with N large enough such that

the projection of x (which we also denote by x for convenience)
still satisfies rk(xsym), rk(xalt) ≥ 2r and rk(xcol) = n. Write
xma = (xsym, xalt); it has rank at least r. By applying some
g ∈ GL∞, we may assume the span of xcol, and (xma)ixcol for
i ∈ [s] is contained in 〈eN−t, . . . , eN−1〉. Moreover, we may
assume xcol = [ 0n,N−n Idn ].

In particular, any (xma)i has the form
[
∗N−t,N−t 0N−t,t

0t,N−t ∗t,t

]
.

Here, we implicitly use the fact that any (xma)i is either sym-
metric or skew-symmetric.

The projection xma of xma to Xp
N−t×Y qN−t×CnN−t has rank

at least r − 2t = s2sl (because we remove t rows and columns),
and hence there is V ⊆ KN−t of dimension 2sl such that xmaV
has dimension s2sl. But then the same is true for xma, and we
have xmaV ⊆ KN−t.

By Lemma 3.3.8, and after permuting coordinates and pro-
jecting down to Xp

(s+1)l+n × Y
q
(s+1)l+n ×Cn(s+1)l+n we may now
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assume that we have

xma =







0l ∗l,sl+n
Idl ∗l,sl+n
0l ∗l,sl+n
...

...
0l ∗l,sl+n

0n,l ∗n,n


 ,




0l ∗
0l ∗
Idl ∗
...

...
0l ∗

0n,l ∗


 , . . . ,




0l ∗
0l ∗
0l ∗
...

...
Idl ∗
0n,l ∗





 ,

that xcol = [ 0n,(s+1)l,Idn ], and that the last n rows of each (xma)i
are of the form [ 0n,(s+1)l ∗n,n ]. Since each of the (xma)i is sym-
metric or skew-symmetric, we have similar properties for the
first l rows and the last n columns of each (xma)i. Using a proof
similar to the proof of Corollary 3.3.9, we may assume without
loss of generality that the j, k-th entry of (xma)i is zero for all
j, k ∈ {l, . . . , (s+ 1)l − 1}.

Let M ′ ∈ Xp
l ×Y

q
l , and let c′ ∈ Cnl . Let M̃i be the final n×n

block of (xma)i, and write M ′′i = c′M̃i(c
′)T . We now define

g = Id +
[

0l
1
2 (M ′0−M

′′
0 ) 1

2 (M ′1−M
′′
1 ) ... 1

2 (M ′s−1−M
′′
s−1) c′

0n−l,n

]
.

One now verifies by direct computation that the first n× l block
of gxcol equals c′, and that the first l × l block of g(xma)ig

T

equals M ′i . This concludes the proof.

Note that we do not prove that the bound r ≥ s2sl + 2t
is sharp. In fact, one can use simple arguments to reduce the
bound to r ≥ s2sl + t. Even then, in the case s = 1, n = 0
for example, one can easily see that to get a dense orbit in the
space of l× l symmetric or skew-symmetric matrices, it suffices
to take r ≥ l rather than r ≥ 2l.
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Chapter 4

Plücker varieties

4.1 Introduction and main results

Among the first embedded varieties one encounters in algebraic
geometry are Grassmannians in their Plücker embeddings. In
this chapter, we prove a few theorems about secants of these
varieties. We go from a finite-dimensional setting to an infinite-
dimensional setting, prove equivariant Noetherianity with re-
spect to the group G∞, to be defined later, and use this result
to prove some theorems in the finite-dimensional setting.

For a natural number p and a vector space V over a field
K, the Grassmannian of p-dimensional subspaces of V lives in
the projective space associated to the p-th exterior power

∧p
V

of V . Let Gr(p, V ) ⊆ ∧p
V denote the affine cone over that

85



86 CHAPTER 4. PLÜCKER VARIETIES

Grassmannian. It consists of all pure tensors, i.e., those of the
form v1 ∧ · · · ∧ vp with each vi ∈ V .

As p and V vary, the varieties Gr(p, V ) satisfy two fundamen-
tal axioms. First, if f : V →W is a linear map, then the induced
linear map

∧p
f :
∧p
V → ∧p

W maps Gr(p, V ) into Gr(p,W ).
In particular, Gr(p, V ) is stable under linear automorphisms of
V . Second, if V has dimension p + n with p, n ≥ 0, then the
natural linear isomorphism

∧p
V → ∧n

V ∗ (natural, that is, up
to a scalar) maps Gr(p, V ) into Gr(n, V ∗). Indeed, its projec-
tivisation maps a point in the first Grassmannian, representing
a p-dimensional subspace U of V , to the point in the second
Grassmannian that represents the annihilator U0 of U in V ∗.

In this chapter, we consider a general family {Xp(V ) ⊆∧p
V }p,V of subvarieties of exterior powers satisfying the same

two axioms. We call such a family a Plücker variety; see Sec-
tion 4.2 for a formal definition. Thus a Plücker variety is not
a single variety but rather a rule X that assigns to a number p
and a finite-dimensional K-vector space V a subvariety Xp(V )
of
∧p

V , satisfying the axioms above. A Plücker variety is called

bounded if X2(V ) (
∧2

V for at least some finite-dimensional
vector space V (and hence, as we will see, for all V of sufficiently
high dimension).

To avoid the anomaly that the Zariski topology becomes
discrete, we will assume throughout that the field K is infinite.
Our main theorem is then as follows.

Theorem 4.1.1 (Main Theorem). For any bounded Plücker
variety X there exists a p0 ∈ N and a finite-dimensional vec-
tor space V0 such that all instances Xp(V ) of X are defined
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set-theoretically by polynomial equations obtained from those of
Xp0(V0) by pulling back along sequences of linear maps of the
two types above. In particular, Xp(V ) is defined set-theoretically
by equations of bounded degree.

For instance, consider the Grassmannian. It is well known
that Gr(p, V ) is defined by certain equations of degree two called
Plücker relations. Less known is that, in fact, up to coordinate
changes a single Plücker relation suffices. Indeed, a set of defin-
ing equations for Gr(p, V ) can be found simply by taking pull-
backs of the Klein quadric defining Gr(2,K4); see [KPRS08].
This means that one can in test membership of Gr(p, V ) using a
single type of equation. A similar algorithmic consequence holds
in general. Do note that in general, the pullbacks of the Klein
quadric do not generate the full ideal of the Grassmannian.

Theorem 4.1.2. For any bounded Plücker variety X there ex-
ists a polynomial-time algorithm that on input d, p ∈ N and
ω ∈ ∧pKd tests whether ω ∈ Xp(K

d).

Here ω is given in a non-sparse encoding, and polynomial-
time refers to the number of arithmetic operations over the field
generated by the entries of ω (which, unlike K, may be finite).
Moreover, if that field is the rational numbers or a more general
number field, then even the bit-complexity of the algorithm is
polynomial.

This chapter is motivated by two main goals. The first is to
understand varieties built up from Grassmannians by operations
such as joins, secant varieties, and tangential varieties. All of
these are examples of bounded Plücker varieties. For instance,
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if X,Y are bounded Plücker varieties, then the rule X +Y that
assigns to p, V the Zariski closure of {x + y | x ∈ Xp(V ), y ∈
Yp(V )} ⊆ ∧pV is again a bounded Plücker variety, called the
join of X and Y, to which our theorem applies. In the special
case where Y = X, the join is called the secant variety of X,
and higher secant varieties are obtained by repeatedly taking
the join with X. Our main theorem implies that for each fixed
k, the k-th higher secant variety of any Grassmannian Gr(p, V )
is defined by polynomials of bounded degree uniformly in p and
V . This statement is new for all k, except for the Grassmannian
itself (see [KPRS08]).

The second goal is to develop an exterior-power analogue of
Snowden’s theory of ∆-varieties [Sno13]. That theory concerns
varieties (or schemes) of ordinary tensors, rather than alternat-
ing tensors. For ordinary tensors, the analogues of our results
are established in [DK14]. Also, for ordinary tensors, many
more concrete results are known for the first few higher secant
varieties [Str83, LM04, Rai12, Qi13].

The proofs of both theorems are non-constructive. In par-
ticular, we do not find new equations for secant or tangential
varieties of Grassmannians other than pullbacks of Pfaffians.
Finding explicit equations is an art that involves sophisticated
techniques from representation theory [LO13, MM14]. Instead,
we will establish the fundamental fact that up to symmetry,
finitely many equations suffice.

We describe the main auxiliary result we will use to prove
equivariant Noetherianity in the infinite-dimensional setting. Re-
call that MatN,N denote the (uncountably dimensional) space of
all N×N-matrices over K. Similarly, for n,m ∈ N define MatN,n
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and Matm,N. Consider the group GL∞ :=
⋃
m∈N GLm of all in-

vertible matrices having zeroes almost everywhere outside the
diagonal (i.e. everywhere outside the diagonal except in a fi-
nite number of positions) and ones almost everywhere on the
diagonal. One copy of this group acts by left multiplication on
MatN,N and MatN,n and trivially on Matm,N, and one copy acts
by right multiplication on MatN,N and Matm,N and trivially on
MatN,n. Both copies act trivially on Kd. For any p, d ∈ N,
consider the Cartesian product

Ap,n,m,d := (MatN,N)p ×MatN,n ×Matm,N ×Kd,

equipped with the Zariski topology. Let GL∞×GL∞ act diag-
onally on this product. The following is a corollary of Corol-
lary 3.2.2.

Corollary 4.1.3. For any p, n,m, d ∈ N, the topological space
Ap,n,m,d is equivariantly Noetherian with respect to GL∞×GL∞.
In other words, every GL∞×GL∞-stable closed subset can be
characterized as the common zero set of a finite number of orbits
of polynomial equations under the action of GL∞×GL∞.

Proof. The space Xp
∞ × Y p∞ × Cn+m

∞ × Cd is GL∞-Noetherian
by Theorem 3.2.1, and Xp

∞ × Y p∞ is isomorphic to (MatN,N)p

by means of an GL∞-equivariant isomorphism. This means the
space Ap,n,m,d is GL∞-Noetherian. Note that g ∈ GL∞ acts like
(g, g) ∈ GL∞×GL∞, and this means that the GL∞×GL∞-
orbits of any element of Ap,n,m,d contain the GL∞-orbit of this
element. The GL∞-Noetherianity of Ap,n,m,d now implies the
GL∞×GL∞-Noetherianity of Ap,n,m,d.
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Technically speaking, we only proved Corollary 3.2.2 in the
case of characteristic not equal to 2. However, the above corol-
lary also holds in characteristic 2. The more general proof is
very similar to the proof we use in Chapter 3; see [DE14b] for
details.

We do not know whether the corresponding ideal-theoretic
statement also holds, i.e., whether each GL∞×GL∞-stable ideal
in the coordinate ring of the variety in the theorem is generated
by finitely many orbits of polynomials. We return to this ques-
tion in Section 4.8.

The remainder of this chapter is organized as follows. In Sec-
tion 4.2, we give a formal definition of Plücker varieties and dis-
cuss the boundedness condition. In Section 4.3 we introduce the
infinite wedge (or rather, its charge-zero part), and in Section 4.4
we construct, for any Plücker variety, a limit object in the space
dual to the infinite wedge. In the case of the Grassmannian, this
limit is known as (the charge-zero part of) Sato’s Grassmannian
[SS83, SW85, VMP98]. For a general bounded Plücker variety,
the limit lies in the variety defined by certain Pfaffians, which
we describe in Section 4.5. Then, in Section 4.6 we show that
these Pfaffian varieties are equivariantly Noetherian with re-
spect to a group that preserves the limit of any Plücker variety.
In particular, this shows that the limit is defined by finitely
many equations under that group. In Section 4.7, we go back to
finite-dimensional instances of a Plücker variety and complete
the proof of Theorems 4.1.1 and 4.1.2. Finally, in Section 4.8,
we discuss a number of open questions.
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4.2 Plücker varieties and boundedness

Throughout this chapter, we work over an infinite field K. If
V is a vector space with basis v0, . . . , vm−1, then

∧p
V has a

basis consisting of the vectors vI := vi0 ∧ · · · ∧ vip−1
where I =

{i0 < . . . < ip−1} runs over all p-subsets of [m]. We will call
this the standard basis of

∧p
V relative to the given basis {vi}i.

We always identify (
∧p
V )∗ with

∧p
(V ∗) via the map from the

latter space to the former that sends x0∧· · ·∧xp−1 to the linear
function determined by

v0 ∧ · · · ∧ vp−1 7→
∑

π∈Sym(p)

sgn(π)

p−1∏

i=0

xi(vπ(i)).

Given a vector space V of dimension p + n with p, n ∈ N, and
choosing an isomorphism ψ :

∧p+n
V → K, we obtain an isomor-

phism ? :
∧p
V → ∧n

V ∗ defined by ?(ω)(ω′) = ψ(ω ∧ ω′). The
map ? is well-defined up to choice of ψ. We call such a map a
Hodge dual. Classically, Hodge duals go one step further in iden-
tifying

∧n
V ∗ with

∧n
V by means of a symmetric bilinear form

on V , but we will not do this. Note that if ? :
∧p
V → ∧n

V ∗ is
a Hodge dual, then so is its inverse ?−1 :

∧n
V ∗ → ∧p

V and its
dual ?∗ :

∧n
V → ∧p

V ∗.

Definition 4.2.1. Consider a sequence X = (
∧p
,Xp)p∈N of

functors from the category of finite-dimensional vector spaces
to the category of pairs (W,X) with X a variety in W . Write
(
∧p
V,Xp(V )) for (

∧p
,Xp)(V ) = (

∧p
V,Xp(V )).

Then X is a Plücker variety if it satisfies the following ax-
ioms:
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1. For all vector spaces V and for all p ∈ N, the composition
of (
∧p
,Xp) with the forgetful functor from pairs (W,X)

to vector spaces W is the functor
∧p

.

2. For all p ∈ N and for all linear maps ϕ : V →W , the map
(
∧p
,Xp)(ϕ) is the pair of maps (

∧p
ϕ,
∧p
ϕ|Xp(V )).

3. If V is a vector space of dimension n+p with n, p ∈ N, and
? :
∧p
V → ∧n

V ∗ is a Hodge dual, then ? maps Xp(V )
into Xn(V ∗).

Given a Plücker variety X, a variety of the form Xp(V ) for a
specific choice of p and V is called an instance of the Plücker
variety X.

Remark 4.2.2. For our purposes, the only relevant part of a
Plücker variety X is Xp, and we view the (Xp)p∈N as the actual
Plücker variety. It should always be understood implicitly that
Xp(V ) lives in

∧p
V , and henceforth, we will simply write X =

(Xp)p∈N rather than X = (
∧p
,Xp)p∈N.

Example 4.2.3. The following constructions give a rich source
of Plücker varieties.

1. Xp(V ) :=
∧p

V , Xp(V ) := ∅, Xp(V ) := {0} are Plücker
varieties.

2. Xp(V ) := Gr(p, V ) is the (cone over the) Grassmannian;
we will see that this is the smallest Plücker variety that is
non-zero and non-empty.
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3. Given Plücker varieties X and Y, the rules X∩Y and
X∪Y defined in the obvious manner are Plücker varieties;
and

4. Similarly, the join X +Y defined by

(X +Y)p(V ) := {x+ y | x ∈ Xp(V ), y ∈ Yp(V )}

and the tangential variety τ X defined by

(τ X)p(V ) := {x | x ∈ ` for some line ` tangent to Xp(V )

at a smooth point} are Plücker varieties. ♦

The second axiom implies that for any Plücker variety, any
p ∈ N and any V , the instance Xp(V ) is stable under the ac-
tion of GL(V ). Moreover, it is stable under multiplication with
scalars: if ? :

∧p
V → ∧n

V ∗ is a Hodge dual, then for any scalar
t ∈ K, we have tXp(V ) = (t?−1) ? Xp(V ) ⊆ Xp(V ), because
t?−1 is a Hodge dual, as well. Hence, provided that it is non-
empty, Xp(X) is the affine cone over a projective variety. To
avoid having to deal with rational maps, we work with the cone
rather than the projective variety.

When combined, the axioms for Plücker varieties give further
maps connecting instances of X. The following lemmas extract
two fundamental types of such maps.

Lemma 4.2.4 (Tensoring). Let W be a finite-dimensional vec-
tor space, let V be a codimension-one subspace of W , and write
W = V ⊕ 〈w〉. Then for any Plücker variety X and any p ∈ N
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with p ≤ dimV the map

∧p
V →

∧p+1
W, ω 7→ ω ∧ w

maps Xp(V ) into Xp+1(W ).

Proof. Set n := dimV − p. The map in the lemma is the com-
position

∧p
V

?0 // ∧n V ∗
∧nϕ // ∧nW ∗ ?1 // ∧p+1

W (4.1)

where ?0, ?1 are suitable Hodge duals and ϕ : V ∗ → W ∗ is the
map that extends a linear function by zero on 〈w〉.

Lemma 4.2.5 (Contraction). In the setting of the previous
lemma, let ι denote the embedding V → W , so that ι∗ : W ∗ →
V ∗ is restriction of linear functions. Then the linear map de-
termined by

∧p+1
W ∗ →

∧p
V ∗

x0 ∧ · · · ∧ xp 7→
p∑

i=0

(−1)p−ixi(w) · (
∧p

ι∗)(x0 ∧ · · · x̂i−1 · · · ∧ xp)

maps Xp+1(W ∗) into Xp(V
∗).

Proof. First, we claim that this map is the dual of the map
in the previous lemma. Indeed, evaluating x0 ∧ · · · ∧ xp on
v0 ∧ · · · ∧ vp−1 ∧w yields the same as evaluating the right-hand
side above on v0 ∧ · · · ∧ vp−1. Now the desired result follows by
taking the dual maps in Diagram (4.1).
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Here is a first illustration of how a single instance of a Plücker
variety may determine all of it.

Lemma 4.2.6. Let X be a Plücker variety. Then X0(K) = {0}
if and only if Xp(V ) = {0} for all p and V .

Proof. The implication⇐ is immediate. For the implication⇒,
pick a non-zero vector ω ∈ Xp(V ), let v0, . . . , vp−1 be a basis
of V , and assume that the coefficient in ω of the standard basis
vector vi0 ∧ · · · ∧ vip−1

is non-zero. Set W := 〈vi0 , . . . , vip−1
〉

and let π : V →W be the projection along the remaining basis
vectors. Then ω′ := (

∧p
π)ω is a non-zero element of Xp(W ).

Next, apply ? :
∧p

W → ∧0
W ∗ to ω′ to obtain a non-zero

ω′′ ∈ X0(W ∗). Finally, the zeroth exterior power of any linear
map W ∗ → K is an isomorphism and maps ω′′ to a non-zero
element of X0(K).

It follows that if X0(V ) = {0} for some V , then the full
Plücker variety is zero. Moreover, since the only subvarieties of
V that are GL(V )-stable are V and {0}, we find that if X1(V ) 6=
V for some V , then X1(V ) = {0} and consequently, the full
Plücker variety is zero. So only Plücker varieties with X1(V ) =
V for all V are of interest to us.

Next, GL(V ) has exactly bdimV
2 c orbits on

∧2
V . Indeed,

any ω in this space is of the form v0∧ v1 + . . .+ v2r ∧ v2r−1 with
v0, . . . , v2r−1 linearly independent, so that 2r ≤ dimV . The
number r is called the rank of ω, denoted rkω. It is half the
rank of the skew-symmetric matrix ((xi∧xj)(ω))i,j where xi, xj
range over a basis of V ∗. For r in this range, define

Y r(V ) := {ω | rk(ω) ≤ r}.
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Because K is infinite, the Y r(V ) are the only Zariski-closed,
GL(V )-stable subsets (in other words, the only GL(V )-stable

subvarieties) of
∧2

V .

Lemma 4.2.7. Let X be a Plücker variety. Suppose that there
exists a (finite-dimensional) vector space V such that we have

X2(V ) = Y r(V ) 6= ∧2
V . Then for all vector spaces W , we have

X2(W ) = Y r(W ).

Proof. Suppose that X2(W ) contains ωs with rank strictly ex-
ceeding r. Since it is closed and GL(W )-stable, it contains an ω
of rank equal to r+1. Write ω = w0∧w1+. . .+w2r∧w2r+1. Note
that V has dimension at least 2r + 2, because Y r(V ) 6= ∧2

V .
Let ϕ : W → V be a linear map that maps w0, . . . , w2r+1 to lin-
early independent elements. Then

∧2
ϕ(ω) has rank r+ 1. This

gives a contradiction, since
∧2
ϕ(ω) ∈ X2(V ). We conclude

X2(W ) ⊆ Y r(W ).
Conversely, let ω ∈ Y r(W ) and write ω = w0 ∧ w1 + . . . +

w2r′−2 ∧ w2r′−1 for some r′ ≤ r, with w0, . . . , w2r′−1 linearly
independent. Let v0, . . . , v2r′−1 ∈ V be linearly independent,
and let ϕ : V →W be a linear map that maps vi to wi. We have
v0∧v1 + . . .+v2r′−2∧v2r′−1 ∈ X2(V ), and its image under

∧2
ϕ

is ω, hence ω ∈ X2(W ). We conclude X2(W ) = Y r(W ).

Dually, define Y r,?(V ) := ?Y r(V ∗) ⊆ ∧dimV−2
V . Note

that Y r,?(V ) is independent of choice of Hodge dual. By taking

Hodge duals, we get matching statements in
∧dimV−2

V for each
V . Again, the Y r,?(V ) are the only Zariski-closed, GL(V )-stable

subsets of
∧dimV−2

V . Moreover, we get the following analogue
of Lemma 4.2.7.
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Lemma 4.2.8. Let X be a Plücker variety. Suppose that there
exists a (finite-dimensional) vector space V such that we have

XdimV−2(V ) = Y r,?(V ) 6= ∧dimV−2
V . Then for all vector

spaces W , we have XdimW−2(W ) = Y r,?(W ).

Definition 4.2.9. A Plücker variety X is called bounded if there
exists some V for which X2(V ) 6= ∧2

V . In this case, there exists
a unique r such that X2(V ) = Y r(V ) for all V , called the rank
of the Plücker variety.

By the above, the rank also satisfies XdimV−2(V ) = Y r,?(V )
for all V of dimension at least 2. Note that the Grassmannian
is a bounded Plücker variety of rank 1, and that the construc-
tions in Example 4.2.3 all preserve the class of bounded Plücker
varieties. For example, the rank of the join X +Y is at most
(and in fact equal to) the sum of the ranks of X and Y, and the
rank of the tangential variety τ X, being contained in the secant
variety X + X, is at most twice the rank of X. This shows that
all Plücker varieties of direct interest to us are bounded.

4.3 The infinite wedge and its dual

In this section we introduce the infinite wedge. We start with a
countable-dimensional vector space

V∞ = 〈. . . , x−3, x−2, x−1, x0, x1, x2, . . .〉

in which the xi, i ∈ Z = −Z>0 ∪ N are a basis. In the lit-
erature on the infinite wedge, a more symmetric definition is
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achieved by labelling with half-integers, and in decreasing order
[BO00, RZ13]. Formulas from representation theory and inte-
grable systems depend on this convention. But we will not need
any of those formulas, so we take the liberty to simplify the
notation and label with Z instead.

For any n ∈ N (for “negative”) and p ∈ N (for “positive”
(technically non-negative)) let Vn,p be the (n + p)-dimensional
subspace

Vn,p := 〈x−n, . . . , x−2, x−1, x0, x1, . . . , xp−1〉.

We arrange the exterior powers
∧p
Vn,p into a two-dimensional

commutative diagram as follows.

∧0
V0,0
� � //

� _

��

∧1
V0,1
� � //

� _

��

∧2
V0,2
� � //

� _

��

. . .

∧0
V1,0
� � //

� _

��

∧1
V1,1
� � //

� _

��

∧2
V1,2
� � //

� _

��

. . .

∧0
V2,0
� � //

� _

��

∧1
V2,1
� � //

� _

��

∧2
V2,2
� � //

� _

��

. . .

...
...

...

(4.2)

Here the vertical maps
∧p

Vn,p →
∧p

Vn+1,p are just the p-
th exterior powers of the embeddings Vn,p → Vn+1,p, and the

horizontal maps
∧p

Vn,p →
∧p+1

Vn,p+1 are given by ω 7→ ω ∧
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xp+1. Note that both of these maps are injective. We will always

identify
∧p

Vn,p with a subspace of
∧p′

Vn′,p′ for any n′ ≥ n and
p′ ≥ p by means of the appropriate sequence of these maps.

If xI = xi0∧· · ·∧xip−1
is a standard basis element of

∧p
Vn,p,

then the subset I = {i0 < . . . < ip−1} ⊆ {−n,−n+1, . . . , p−1}
has the property that the number of negative elements of I
equals p minus the number of non-negative elements of I. Under
the vertical map this property is preserved. Under the horizontal
map, xI is identified with xI′ with I ′ = I∪{p}, and I ′ again has
the property that its number of negative elements equals p+ 1
minus its number of non-negative elements.

Definition 4.3.1. The infinite wedge is defined as

∧∞
2
V∞ := lim−→

p,n

∧p
Vn,p =

⋃

p,n

∧p
Vn,p,

where the limit is taken of the directed system above. It comes
with a standard basis consisting of elements xI = xi0 ∧xi1 ∧ · · ·
where I = {i0 < i1 < . . .} ⊆ Z has the property that ik = k for

k � 0; this element is the image in
∧∞

2 V∞ of xi0 ∧ · · · ∧xip−1
∈∧p

(Vn,p) for any choice of n ≥ −i0 and of p such that ik = k
for k ≥ p.

In fact, in the existing literature on the infinite wedge, this
limit is called the charge zero part of the infinite wedge. The full
infinite wedge then arises by allowing k− ik to be any constant
for k � 0, and this constant is called the charge of xI . We will
restrict ourselves to the charge-zero part.
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Remark 4.3.2. Note that if one wants to use the notions intro-
duced in Section 1.4, this is possible here. For given p, n ∈ N,
let Sp,n be the set containing precisely those I of charge zero
that do not contain −m for any m > n and do contain m for
all m ≥ p. One may now identify

∧p
V ∗n,p with KSp,n . Indeed,

whenever p′ ≥ p and n′ ≥ n, we have ip,n ⊆ ip′,n′ , and the union
of all ip,n is the collection of sets of charge zero.

The basis vectors xI of
∧∞

2 V∞ are in one-to-one correspon-
dence with the set of all Young diagrams, and this will be a
useful visual aid later on. This correspondence is well known;
see for instance the discussion of Maya diagrams and parti-
tions in [RZ13]. To find the Young diagram corresponding to
I = {i0 < i1 < . . .}, proceed as follows. Draw the first quadrant
R2
≥0 with horizontal axis subdivided into unit intervals labelled

by N and vertical axis subdivided into unit intervals labelled by
−Z>0. Subdivide the quadrant into diagonal strips labelled by
Z running from the corresponding (horizontal or vertical) inter-
vals in northeasterly direction. Now draw the lattice path that
starts high north on the vertical axis and goes south in a strip
corresponding to an i 6∈ I and east in a strip corresponding to
an i ∈ I. The fact that ik = k for k � 0 ensures that the path
ends up on the horizontal axis. The region below the lattice
path is a Young diagram, which uniquely determines the lattice
path and the set I. For an example see Figure 4.1.

The basis vectors xI have a natural partial order defined by
xI � xJ if and only if ik ≤ jk for all k. This is equivalent to the
condition that the Young diagram corresponding to I contains
the Young diagram corresponding to J . The unique largest
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−1

−2

−3

−4

0 1 2 3 4 5 6

Figure 4.1: Lattice path and Young diagram corresponding to
I = {−3,−2, 0, 1, 3, 5, 6, 7, . . .}.

element has I = {0, 1, 2, . . .}, and the partial order does not
have infinite strictly increasing chains. In fact, a much stronger
statement holds: the opposite partial order is a well-partial-
order on the variables xI (and a similar statement holds for
higher-dimensional partitions; see, e.g., [Mac01]), but we will
not need this stronger statement.

Despite its apparent dependence on the choice of coordi-
nates, the infinite wedge has a large symmetry group acting
on it. Indeed, denote Gn,p := GL(Vn,p) and embed Gn,p into
Gn+1,p and Gn,p+1 by fixing the standard basis vector x−(n+1)

and xp, respectively. Each of the two arrows emanating from∧p
Vn,p is Gn,p-equivariant. As a consequence, the group G∞ =⋃

n,pGn,p acts on
∧∞

2 V∞. More explicitly, if an element g ∈
Gn′,p′ is to act on an element ω ∈ ∧p Vn′′,p′′ , then one sets
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n := max{n′, n′′}, p := max{p′, p′′}, sees g as an element of
Gn,p and ω as an element in

∧p
Vn,p, and performs the action

there.

Example 4.3.3. We note two consequences of the G∞-action
on
∧∞

2 V∞ that will become important later on. First, embed-
ding the symmetric group Sn+p = Sym([−n, . . . , p−1]) by means
of permutation matrices into Gn,p, we find that the group of all
finitary permutations of −Z, i.e., those that fix all but a finite
number of integers, acts on

∧∞
2 V∞. A finitary permutation π

sends the basis vector xI to ±xπ(I), where the sign depends
on the number of pairs i, j ∈ I with i < j but π(i) > π(j). All
signed basis vectors are contained in a single orbit under finitary
permutations.

Second, the action of G∞ induces an action of its Lie al-
gebra by taking derivatives. This Lie algebra is spanned by
the derivations ∂kl := xk · ∂

∂xl
as k, l vary over Z. The action

of this derivation on a basis vector xI is obtained by writing
xI = xi0 ∧ xi1 ∧ · · · and formally applying Leibniz’ rule. In
other words,

∂klxI =





xI if k = l and k ∈ I,

±xI\{l}∪{k} if k 6∈ I and l ∈ I, and

0 otherwise,

with sign determined by the number of elements of I strictly
between k and l. ♦
Remark 4.3.4. The symmetric algebra generated by the infi-
nite wedge has an action of G∞ by automorphisms. Since G∞ is
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isomorphic to the infinite general linear group, one might think
that this symmetric algebra is a twisted commutative algebra
(tca) in the sense of [SS12a, SS12b]. But this is not the case,

since
∧∞

2 V∞ is not a subquotient of any finite tensor power of
the countably-dimensional standard representation of the infi-
nite general linear group. If one restricts the attention to those
xI with I ⊇ {p, p+ 1, . . .} for some fixed p ∈ N, acted on by the
stabilizer in G∞ of all xi for i ≥ p, then one does obtain a tca.
However, such a tca is too small for our purposes. For instance,
it does not allow for proving statements about all Grassmanni-
ans Gr(p, V ) with both p and V varying.

In the following sections, we will be concerned with the dual
infinite wedge (

∧∞
2 V∞)∗. This uncountably-dimensional vector

space arises as the projective limit lim←−
n,p

∧p
V ∗n,p of the diagram

obtained from Diagram (4.2) by taking duals of all arrows:

∧0
V ∗0,0

∧1
V ∗0,1oooo ∧2

V ∗0,2oooo . . .oooo

∧0
V ∗1,0

OOOO

∧1
V ∗1,1oooo

OOOO

∧2
V ∗1,2oooo

OOOO

. . .oooo

∧0
V ∗2,0

OOOO

∧1
V ∗2,1oooo

OOOO

∧2
V ∗2,2oooo

OOOO

. . .oooo

...

OOOO

...

OOOO

...

OOOO

(4.3)
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The symmetric algebra generated by
∧∞

2 V∞, which is the poly-
nomial ring in the xI , serves as coordinate ring of the dual infi-
nite wedge. The dual infinite wedge carries the Zariski topology,
in which the subvarieties are those characterized by the vanish-
ing of a collection of polynomials in the xI .

We will also need arrows going in the opposite direction.
For this, denote the basis of V ∗n,p dual to the standard basis by
e−n, . . . , ep−1. Take the p-th exterior power of the embedding
V ∗n,p → V ∗n+1,p, ei 7→ ei as vertical maps and the map

∧p
V ∗n,p →

∧p+1
V ∗n,p+1, ω 7→ ω ∧ ep

as horizontal map. These maps are right inverses (sections) of
the corresponding projections in Diagram (4.3), and they fit into
the commutative diagram

∧0
V ∗0,0
� � //

� _

��

∧1
V ∗0,1
� � //

� _

��

∧2
V ∗0,2
� � //

� _

��

. . .

∧0
V ∗1,0
� � //

� _

��

∧1
V ∗1,1
� � //

� _

��

∧2
V ∗1,2
� � //

� _

��

. . .

∧0
V ∗2,0
� � //

� _

��

∧1
V ∗2,1
� � //

� _

��

∧2
V ∗2,2
� � //

� _

��

. . .

...
...

...

(4.4)

In particular, this diagram allows us to lift an element of
∧p

V ∗n,p
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to an element in the dual infinite wedge. We will return to this
fact in Section 4.7.

4.4 The limit of a Plücker variety

Let X be a Plücker variety, and evaluate Xn,p := Xp(V
∗
n,p).

By the Plücker variety axioms, the embedded variety Xn,p ⊆∧p
V ∗n,p is the image of the embedded variety Xp(V ) ⊆ ∧p V for

any (n+ p)-dimensional vector space V under any isomorphism
V → V ∗n,p. Hence, the Xn,p determine the Plücker variety and
they are stable under Gn,p = GL(Vn,p).

Next, the Xn,p fit into two commutative diagrams

X0,0 X0,1
oooo X0,2

oooo . . .oooo

X1,0

OOOO

X1,1
oooo

OOOO

X1,2
oooo

OOOO

. . .oooo

X2,0

OOOO

X2,1
oooo

OOOO

X2,2
oooo

OOOO

. . .oooo

...

OOOO

...

OOOO

...

OOOO

(4.5)
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X0,0
� � //
� _

��

X0,1
� � //
� _

��

X0,2
� � //
� _

��

. . .

X1,0
� � //
� _

��

X1,1
� � //
� _

��

X1,2
� � //
� _

��

. . .

X2,0
� � //
� _

��

X2,1
� � //
� _

��

X2,2
� � //
� _

��

. . .

...
...

...

where the maps in the first diagram are those from Diagram 4.3
and those in the second diagram are those from Diagram 4.4.
The horizontal maps preserve instances of Plücker varieties be-
cause of Lemmas 4.2.5 and 4.2.4, respectively. The vertical maps
preserve instances by Definition 4.2.1(2).

We let X∞ := lim
←−

Xn,p ⊆ (
∧∞

2 V∞)∗ be the projective limit

of X, translating along the lines of Remark 4.3.2. More pre-
cisely, it is the subset of the dual infinite wedge consisting of
all ω with the property that for each n, p the image of ω in∧p

V ∗n,p lies in Xn,p. Equivalently, it is the zero set of the union
of all ideals of the Xn,p in the polynomial ring in the variables

xI ∈
∧∞

2 V∞. Since each Xn,p is Gn,p-stable, X∞ is a G∞-stable

subvariety of (
∧∞

2 V∞)∗.

Example 4.4.1. For the Grassmannian Xp(V ) := Gr(p, V ),
the limit X∞ is (the charge zero part of) Sato’s Grassmannian
[SS83, SW85]; for a more algebraic treatment see [VMP98]. It
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is the common zero set in (
∧∞

2 V∞)∗ of all polynomials of the
form

∞∑

k=0

(−1)kxI\{ik}(xik ∧ xJ)

where I = {i0 < i1 < . . .} is a subset of Z with k−ik = 1 for k �
0 (charge 1) and J = {j0 < j1 < . . .} is a subset with k−jk = −1
for k � 0 (charge −1) and where xik∧xJ equals ±xJ∪{ik} if ik 6∈
J (sign depending on the parity of the position of ik among the
jl) and zero otherwise. Note that this is, indeed, a polynomial,
since ik ∈ J for k � 0. In characteristic zero, these Plücker
relations generate the ideal of X∞; for positive characteristic
see [Abe80b, BC03]. The simplest Plücker relation comes from
X2(V2,2) and reads

x−2,−1,2,...x0,1,2,... − x−2,0,2,...x−1,1,2,... + x−2,1,2,...x−1,0,2,...,

or, in the Young diagram notation:

− +· · ·

♦

4.5 Pfaffians on the dual infinite wedge

To test whether an element ω of
∧2
V has rank less than r, one

can use Pfaffians. We recall the definition.

Definition 4.5.1. Let A = (ai,j)
2r−1
i,j=0 be a skew-symmetric
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matrix. Then the Pfaffian of A is defined as

Pf(A) =
1

2rr!

∑

σ∈Sym(2r)

sign(σ)

r−1∏

i=0

aσ(2i)σ(2i+1).

Its square is the determinant of A.

If we write the Pfaffian of A as a polynomial in Q[ai,j ],
then its coefficients are integers. In fact, if σ ∈ Sym(2r), then

the monomial
∏r−1
i=0 aσ(2i)σ(2i+1) has coefficient sgn(σ) in Pf(A).

Hence the definition of Pf makes sense over fields of positive
characteristic, as well.

For a choice of linearly independent x0, . . . , x2r−1 ∈ V ∗ we
can form the matrix A = (xi ∧ xj)i,j of linear functions on∧2

V , and its Pfaffian Pf(A) is a degree-r polynomial function

on
∧2

(A). A polynomial obtained like this is called an order-r

sub-Pfaffian on
∧2

V . The square of an order-r sub-Pfaffian is

an order-2r sub-determinant on
∧2

V , and ω has rank less than
r if and only if all order-r sub-Pfaffians vanish on it. In other
words, the variety Y r(V ) is the common zero set of all (r+1)-th

sub-Pfaffians on
∧2

V . Note that the (r + 1)-th sub-Pfaffians
form a single GL(V )-orbit.

Returning to the Vn,2 from the definition of the infinite

wedge, observe that
∧2
V ∗n,2 has coordinates xi,j := xi ∧ xj =

−xi,j with i, j ∈ {−n, . . . ,−1, 0, 1}. We take n = 2r and define

Pfr+1 := Pf((xi,j)i,j∈{−2r,...,−1,0,1}).

This is a polynomial function on
∧2
V ∗n,2 and hence, by Dia-

gram (4.2), on the dual infinite wedge. These specific Pfaf-
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fians satisfy the following recursion that will be exploited in
Section 4.6.

Lemma 4.5.2. Assume that r + 1 ≥ 2. Among the variables
xI appearing in the Pfaffian Pfr+1, there is a unique �-minimal
one, namely, x−2r,−2r+1 = x−2r,−2r+1,2,3,.... Moreover, we have
the recursion

Pfr+1 = x−2r,−2r+1 · Pfr + Qr+1

where Qr+1 is a polynomial of degree r + 1 in the variables xI
with xI � x−2r,−2r+1,2,3,....

Proof. The first statement is obvious, since all variables are of
the form xi ∧ xj with −2r ≤ i < j ≤ 1 and therefore −2r ≤ i
and −2r + 1 ≤ j. For the second statement, note that any
monomial occurring in Pfr+1 containing x−2r,−2r+1 is of the
form x−2r,−2r+1Mr with Mr a monomial occurring in Pfr, and
the coefficient of Mr in Pfr is the coefficient of x−2r,−2r+1Mr

in Pfr+1 (namely, it is the sign of the permutation used to form
Mr). This shows that the coefficient of x−2r,−2r+1 in Pfr+1 is,
indeed, Pfr.

Dually, the pullback of Pfr+1 under a Hodge dual
∧2r

V2r,2 →∧2
V ∗2r,2 is the equation for the hypersurface Y r,?(V2r,2). Pulling

back further along the exterior power of an isomorphism V ∗2,2r →
V2r,2, we find the dual Pfaffian Pf?r+1, which is the polynomial

function on
∧2r

V ∗2,2r whose vanishing characterizes elements
that are not of full rank. Again, we can regard Pf?r+1 as a
polynomial on the dual infinite wedge. If we choose the scaling
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correctly, then we have the following analogue of the previous
lemma.

Lemma 4.5.3. Assume that r + 1 ≥ 2. Among the variables
xI appearing in the Pfaffian Pf?r+1, there is a unique �-minimal
one, namely, x−2,−1,0,...,2r−3 = x−2,−1,0,...,2r−3,2r,2r+1,.... More-
over, we have the recursion

Pf?r+1 = x−2,−1,0,1,...,2r−3 · Pf?r + Q?r+1

where Q?r+1 is a polynomial of degree r + 1 in the variables xI
with xI � x−2,−1,0,...,2r−3,2r,2r+1,....

For later use, we observe that the Young diagram of the
smallest variable in Pfr+1 is a rectangle of width 2 and height
2r, while the Young diagram of the smallest variable in Pf?r+1

is a rectangle of height 2 and width 2r:

2r

2r

All other variables have Young diagrams strictly contained in
these rectangles.

Example 4.5.4. For r = 1 we have

Pf1 = x0,1 = Pf?1 .
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For r = 2 we have

Pf2 = x−2,−1x0,1 − x−2,0x−1,1 + x−2,1x−1,0 = Pf?2 .

However, for r = 3 we have

Pf3 =x−4,−3x−2,−1x0,1 − . . .+ x−4,1x−3,0x−2,−1 and

Pf?3 =x−2,−1,0,1x−2,−1,2,3x0,1,2,3 − . . .
+ x−1,0,1,2x−2,0,1,3x−2,−1,2,3.

These polynomials are essentially different even when both are
viewed as polynomials on

∧4
V ∗4,4, which is the smallest

∧p
V ∗n,p

on which both are defined. ♦

4.6 Equivariant Noetherianity of
Pfaffian varieties

This section contains the heart of our proof of Theorems 4.1.1
and 4.1.2. It deals with the following subvarieties of the dual
infinite wedge.

Definition 4.6.1. For r, s ∈ N, we define Y r,s∞ to be the set

{ω ∈ (
∧∞

2
V∞)∗ | ∀g ∈ G∞ : Pfr+1(gω) = Pf?s+1(gω) = 0}.

We call Y r,s∞ a Pfaffian variety.

By construction, Y r,s∞ is a G∞-stable subvariety of the dual
infinite wedge. The main result of this section is as follows.
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Theorem 4.6.2. For all r, s ∈ N, the variety Y r,s∞ is G∞-
Noetherian.

We will need the following lemma on the complement of
Pfaffian varieties.

Lemma 4.6.3. Let ω ∈ (
∧∞

2 V∞)∗ and suppose that there exist
g0, g1 ∈ G∞ such that Pfr(g0ω) 6= 0 and Pf?s(g1ω) 6= 0. Then
there exists a g ∈ G∞ such that both Pfr(gω) 6= 0 and Pf?s(gω) 6=
0.

Proof. Consider g = λg0 + µg1, where λ, µ ∈ K. Expand
Pfr(gω) as a formal polynomial in λ, µ. Observe that the co-
efficient at λr is Pfr(g0ω) 6= 0. Similarly, observe that the
coefficient at µs of Pf?s(gω) is Pf?s(g1ω) 6= 0. So the formal
polynomials obtained are both non-zero, and hence the set

{(λ, µ) ∈ K2 | g 6∈ G∞ ∨ Pfr(gω) = 0 ∨ Pf?s(gω) = 0}

is a proper subvariety of K2 (using the fact that K is infinite).
So there exist λ, µ ∈ K such that g ∈ G∞, Pfr(gω) 6= 0, and
Pf?s(gω) 6= 0.

To prove Theorem 4.6.2 we proceed by induction. First, if
either r = 0 or s = 0, then the Pfaffian Pf1 = x0,1 = Pf?1 van-
ishes on Y r,s∞ . But then so do all polynomials in the G∞-orbit of
x0,1 = x0,1,2,..., which contains all xI . Hence then Y r,s consists
of the single point 0 and is certainly equivariantly Noetherian.
In the induction step, we may therefore assume that r, s ≥ 1.
We then write

Y r,s∞ = Y r−1,s
∞ ∪ Y r,s−1

∞ ∪ Z ′,
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where Z ′ is the subset of ω ∈ Y r,s∞ for which there exist g0, g1 ∈
G∞ such that Pfr(g0ω),Pf?s(g1ω) are both non-zero. By induc-
tion we know that the first two terms are G∞-Noetherian, so
it suffices to prove that Z ′ is. By the previous lemma, we have
Z ′ = G∞Z where

Z := {ω ∈ Y r,s∞ | Pfr(ω) 6= 0 and Pf?s(ω) 6= 0}.

We now set out to prove that Z is equivariantly Noetherian
under a suitable subgroup H of G∞. To define this group, let
G−∞,−2r+1 denote the subgroup of G∞ of all maps that fix all
xi ∈ V∞ with i ≥ −2r + 2. By Lemma 4.5.2 with r replaced
by r − 1, this group fixes Pfr (and also Pf?s by Lemma 4.5.3).
Similarly, let G2s−2,∞ denote the group of all maps that fix all
xi with i ≤ 2s − 3. By Lemma 4.5.3 with r replaced by s − 1,
each variable xI in Pf?s has {2s− 2, 2s− 1, 2s, . . .} ⊆ I, so that
an element g ∈ G2s−2,∞ scales xI by det(g) and hence Pf?s by
det(g)s (and scales Pfr by det(g)r). We conclude that the open
subset Z of Y r,s∞ is stable under the group

H := G−∞,−2r+1 ×G2s−2,∞ ⊆ G∞.

Observe that H is isomorphic to GL∞×GL∞.

To prove that Z is H-Noetherian, we will embed it into a
space of the type in Theorem 4.1.3 by means of an H-equivariant
map. To do so, we will use the equations of Y r,s∞ to show that
a point ω ∈ Z is in fact determined uniquely by a subset of its
coordinates xI(ω). These are the coordinates with I as in the
following definition.
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2s− 2

2r − 2

j

i

Figure 4.2: The lattice path corresponding to a good I.

Definition 4.6.4. Let I ⊆ Z be a set of charge 0. We call I (or
xI) good if both I ∩ Z≤−2r+1 and Ic ∩ Z≥2s−2 have cardinality
at most 1.

A good I corresponds to a lattice path that goes east at
most once to the north of the diagonal strip corresponding to
−2r+2 and south at most once to the east of the diagonal strip
corresponding to 2s− 1, see Figure 4.2.

We let (
∧∞

2 V∞)g be the subspace of
∧∞

2 V∞ spanned by the

good coordinates xI , and let (
∧∞

2 V∞)∗g be its dual. Observe
that H acts on these spaces, and that the natural projection
(
∧∞

2 V∞)∗ → (
∧∞

2 V∞)∗g is H-equivariant.



4.6. EQUIVARIANT NOETHERIANITY 115

Lemma 4.6.5. The topological space (
∧∞

2 V∞)∗g with the Zariski
topology is H-Noetherian.

Proof. A coordinate xI on (
∧∞

2 V∞)∗g can be one of four pos-
sible types, depending on |I ∩ Z≤−2r+1| ∈ {0, 1} and |Ic ∩
Z≥2s−2| ∈ {0, 1}. The coordinates with |I ∩ Z≤−2r+1| = |Ic ∩
Z≥2s−2| = 0 form a finite set, say of size d. The coordinates
with |I ∩ Z≤−2r+1| = 1 and |Ic ∩ Z≥2s−2| = 0 can be organized
in finitely many, say n, columns with row index equal to the
unique element of I ∩ Z≤−2r+1. These columns are acted upon
byG−∞,−2r+1. Similarly, the coordinates with |I∩Z≤−2r+1| = 0
and |Ic ∩Z≥2s−2| = 1 can be organized in finitely many, say m,
rows, acted upon by G2s−2,∞. Finally, the coordinates with
|I ∩ Z≤−2r+1| = |Ic ∩ Z≥2s−2| = 1 can be organized in finitely
many, say p, infinite-by-infinite matrices, on which G−∞,−2r+1

acts by row operations, and on which G2s−2,∞ acts by column
operations. The row and column index of the good xI in Fig-
ure 4.2, for instance, equals −2r + 2− i and 2s− 3 + j.

Thus, after relabelling the column and row indices to take
values in N (so replacing −2r+2− i by i and 2s−3+j by j), an

element of (
∧∞

2 V∞)∗g can be seen as a tuple of a vector in Kd,

an element of KN×n, and element of Km×N, and an element of
(KN×N)p, and the action ofH corresponds to the diagonal action
of GL∞×GL∞ on this space. Now Theorem 4.1.3 implies the
lemma.

Before we continue with the proof that Z is H-Noetherian,
we recall that the coordinates xI are partially ordered by �,
which corresponds to opposite containment of Young diagrams.
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This order is compatible with the “upper triangular” derivations
∂k,l, k < l from Example 4.3.3 in the following sense: first, if
∂k,lxI is non-zero, then it equals ±XJ with J ≺ I. Second, if
also ∂k,lxK = ±XL is non-zero and if I ≺ K, then J ≺ L.

We now consider the projection Z → (
∧∞

2 V∞)∗g that takes
a point ω and forgets all its coordinates except for the good
ones. We claim that this map is injective, and in fact a closed
embedding into the open subset of (

∧∞
2 V∞)∗g where both Pfr

and Pf?s are non-zero. For this it suffices to show that, on Z,
each coordinate xI can be expressed as a rational function in
the good coordinates, whose denominator only has factors Pfr
and Pf?s. If I is good, then xI itself is such an expression. Now
we proceed by induction relative to the partial order �. So let
I be not good, and assume that for all J � I such a rational
expression exists for xJ . Since I is not good, one of the following
two cases applies.

First, suppose |I ∩ Z≤−2r+1| > 1. Then I � {−2r,−2r +
1, 2, 3, . . .}. On Y r,s∞ we have

0 = Pfr+1 = x−2r,−2r+1,2,3,... Pfr +Qr+1

by Lemma 4.5.2, where both Pfr and Qr+1 contain only vari-
ables xJ with J � {−2r,−2r+1, 2, 3, . . .}. Write I = {i0 < i1 <
. . .} and let k ≥ 2 be the maximal index for which ik−1 < k−1.
Consider the differential operator

D := ∂ik−1,k−1 ◦ ∂ik−2,k−2 ◦ · · · ◦ ∂i2,2 ◦ ∂i1,−2r+1 ◦ ∂i0,−2r

which is chosen such that Dx−2r,−2r+1,2,3,... = xI . We stress the
order: first ∂i0,−2r has the effect of replacing −2r by i0, then
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−2r+1 is replaced by i1, etc. Since Y r,s∞ is G∞-stable, the ideal
of polynomials vanishing on it is stable under D. Applying D
to the equation above, and using the Leibniz rule, we find that

0 = xI Pfr +P +DQr+1

holds on Y r,s∞ , where P is obtained from x−2r,−2r+1,2,3,... ·Pfr by
letting at least one of the factors of D act on Pfr and the remain-
ing factors act on x−2r,−2r+1,2,3,.... By the discussion above, the
variables appearing in P and in DQr+1 are all strictly greater
than xI , so for those variables a rational expression exists as
desired by the induction hypothesis. But then also for

xI = (−P −DQr+1)/Pfr

such an expression exists.
Second, otherwise we have |Ic ∩Z≥2s−2| > 1. Then we have

I � {−2,−1, 0, 1, . . . , 2s− 3, 2s, 2s+ 1, . . .}.

On Y r,s∞ we have

0 = Pf?s+1 = x−2,−1,0,1,...,2s−3 · Pf?s + Q?s+1

where all variables in Pf?s and Q?s+1 are strictly larger than
x−2,−1,0,1,...,2s−3. Again, write I = {i0 < i1 < . . .}, let k ≥ 2s
be maximal with ik−1 < k−1 and apply the differential operator

D = ∂ik−1,k−1 ◦ · · · ◦ ∂i2s,2s ◦ ∂i2s−1,2s−3 · · · ◦ ∂i2,0 ◦ ∂i1,−1 ◦ ∂i0,−2

to the equation above to find an expression for xI .
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We conclude that the topological space Z is isomorphic to
an H-stable locally closed subset of (

∧∞
2 V∞)∗g with the induced

topology. Since the latter space is H-Noetherian, so is Z. A ba-
sic observation on equivariant Noetherianity is that when the H-
Noetherian space Z is smeared out by the larger group G∞ ⊇ H,
then the resulting topological space is G∞Z ⊆ (

∧∞
2 V∞)∗ is G∞-

Noetherian (see Lemma 1.2.9). Moreover, by Lemma 1.2.7 the
union of finitely many G∞-Noetherian spaces is G∞-Noetherian,
hence in particular so is

Y r,s∞ = Y r−1,s
∞ ∪ Y r,s−1

∞ ∪G∞Z.

This concludes the proof of Theorem 4.6.2. A direct consequence
of that theorem is the following.

Corollary 4.6.6. Let X be a bounded Plücker variety. Then
its limit X∞ is defined in (

∧∞
2 V∞)∗ by the G∞-orbits of finitely

many polynomial equations.

Proof. The limit X∞ is a closed, G∞-stable subset of Y r,r∞ , where
r is the rank of the bounded Plücker variety. Since Y r,r∞ is
G∞-Noetherian, X∞ is defined within Y r,r∞ by the G∞-orbits of
finitely many equations (using the fact that the topology is the
Zariski-topology). Adding the G∞-orbits of the equations Pfr
and Pf?r , the corollary follows.
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4.7 Back to finite-dimensional
instances

We have now proved a fundamental result, Corollary 4.6.6, on
the limit of a bounded Plücker variety X. This is a projective
limit of all instances of the Plücker variety, hence projects to
all of them. To draw conclusions for these instances themselves,
however, we need to be able to lift them back into the limit. For
this we make use of Diagram (4.4). This diagram allows us to
extend a single ωn1,p1 ∈

∧p1 V ∗n1,p1 to a point ω = (ωn,p)n,p∈N
in the dual infinite wedge. By the right-most diagram in (4.5),
this point ω lies in X∞ if and only if ωn1,p1 lies in Xn1,p1 . We
can now easily prove the main theorem, using Remark 4.3.2 to
translate to the situation of Section 1.4.

Proof of Theorem 4.1.1. By Corollary 4.6.6 there exist n0, p0

such that the G∞-orbits of the equations of Xn0,p0 define X∞.
The remainder of the theorem follows from Lemma 1.4.4.

This proof is slightly unsatisfactory in that we seem to have
no control over the elements of the group we need to use. A
priori, they may have to be chosen from Gn′,p′ with n′, p′ much
larger than the relevant n, n0, p, p0. Our next goal is to show
that this is not the case. After the gi are under control, also
Theorem 4.1.2 follows.

From now on, we write πn0,p0ω for the image in
∧p0 V ∗n0,p0

of a point ω in the dual infinite wedge. We will use the same
notation when ω lies in some finite

∧p
V ∗n,p. Then it is under-

stood that ω is first lifted to the dual infinite wedge and then
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projected.

Lemma 4.7.1. Let X be a Plücker variety, n, p ∈ N, and
ω ∈ ∧pV ∗n,p. Let n0, p0, n

′, p′ ∈ N with n′ ≥ max{n, n0} and
p′ ≥ max{p, p0} and suppose that there exists a g ∈ Gn′,p′ such
that πn0,p0g(ω) 6∈ Xn0,p0 . Then the following hold.

1. If p′ > p and p′ > p0, then there exists g′ ∈ Gn′,p′−1 such
that πn0,p0g

′(ω) 6∈ Xn0,p0 .

2. If p′ > p and p′ = p0, then there exists g′ ∈ Gn′,p′−1 such
that πn0,p0−1g(ω) 6∈ Xn0,p0−1.

3. If n′ > n and n′ > n0, then there exists g′ ∈ Gn′−1,p′ such
that πn0,p0g(ω) 6∈ Xn0,p0 .

4. If n′ > n and n′ = n0, then there exists g′ ∈ Gn′−1,p′ such
that πn0−1,p0g

′(ω) 6∈ Xn0−1,p0 .

Proof. The first part and the third part of the lemma are dual
to each other, and so are the second part and the fourth part.
Therefore, it suffices to prove only the first two parts. Moreover,
the condition πn0,p0g(ω) 6∈ Xn0,p0 holds for g in a non-empty and
open, hence dense, subset of Gn′,p′ , so we may assume that g
from the statement of the lemma is sufficiently general. Recall
that V ∗n′,p′ = 〈ei〉−n′≤i≤p′,i6=0, with corresponding coordinates
xi.

Suppose that p′ > p. We may assume that xp′(gep′) 6= 0.
We define the linear map g′ on V ∗n′,p′−1 by

g′v = gv − xp′(gv)

xp′(gep′)
gep′ , v ∈ V ∗n′,p′−1.
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In other words, g′ equals the composition of g|V ∗
n′,p′−1

: V ∗n′,p′−1 →
V ∗n′,p′ and the projection V ∗n′,p′ → V ∗n′,p′−1 along gep′ . We
view g′ as an element of Gn′,p′ by inclusion, i.e., fixing ep′ . In∧p′

V ∗n′,p′ we compute

g′πn′,p′−1(ω)∧gep′ = gπn′,p′−1(ω)∧gep′ = g(πn′,p′−1(ω)∧ep′) =

g(πn′,p′(ω)). Here the first equality follows from basic properties
of alternating tensors and the last equality follows from p′ >
p, which means that to go from ω to πn′,p′ω one tensors with
p′ − p > 0 factors on the right, and then follows the inclusion∧p′

V ∗n,p′ →
∧p′

V ∗n′,p′ . Contracting both sides with xp′ yields

xp′(gep′) · g′πn′,p′−1(ω) = πn′,p′−1(gω). (4.6)

Now if p′ > p0, then we can further down and find

πn0,p0g
′(ω) =

1

xp′(gep′)
πn0,p0g(ω) 6∈ Xn0,p0 .

If p′ = p0, then wedging the right-hand side of (4.6) with gep0
one obtains πn′,p0(gω), which projects to πn0,p0(gω) 6∈ Xn0,p0 .
This element is also obtained from the left-hand side by applying
πn0,p0−1 and then wedging with the projection of gep0 to V ∗n0,p0 .
Hence the element πn0,p0−1g

′ω does not lie in Xn0,p0−1.

Corollary 4.7.2. Let X be a bounded Plücker variety. Then
there exist n0, p0 ∈ N such that for all n, p ∈ N, and all ω ∈∧p
V ∗n,p, the following are equivalent:

1. ω 6∈ Xn,p.



122 CHAPTER 4. PLÜCKER VARIETIES

2. There exists g ∈ Gn,p such that πmin(n,n0),min(p,p0)(gω) 6∈
Xmin(n,n0),min(p,p0).

Proof. By Corollary 4.6.6, there exist n0, p0 such that for all
n, p and ω ∈ ∧pV ∗n,p we have ω 6∈ Xn,p if and only if there exists
g ∈ G∞ such that πn0,p0(gω) 6∈ Xn0,p0 . Now apply Lemma 4.7.1
repeatedly to get g down to Gn,p.

We conclude this section with the proof of Theorem 4.1.2.

Proof of Theorem 4.1.2. Let n0, p0 be as in the previous corol-
lary, and let f0, . . . , fN−1 be defining equations for Xn0,p0 .

Let (d, p, ω ∈ ∧pKd) be the input to the algorithm. We first
give a randomized algorithm for testing wether ω ∈ Xp(K

d).
First, if p > d, then ω = 0 and the output is yes if X is not the
empty Plücker variety and no if it is. Otherwise, set n := d− p,
pick a random linear isomorphism g : Kd → V ∗n,p, and return
the answer to the question whether fk(πn0,p0

∧p
g(ω)) = 0 for

all k = 0, . . . , N − 1.
If ω lies in Xp(K

d), then the output will always be yes.
If ω does not lie in Xp(K

d), then by Corollary 4.7.2 an open
and dense set of choices for g will yield the correct output no.
Clearly, the number of arithmetic operations over K is polyno-
mially bounded. Moreover, since the fk are fixed polynomials,
no super-polynomial coefficient blow-up can happen if one works
over Q or a more general number field.

To make this algorithm deterministic, one can take the ma-
trix entries gi,j of g to be variables rather than elements of K,
and output yes if all fk(πn0,p0

∧p
g(ω)) are zero as polynomials

in those variables. Now the arithmetic operations take place in
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the polynomial ring K[gi,j ], but (again since the fi are fixed)
they still reduce to polynomially many operations over K, and
to an algorithm of polynomial bit-complexity over Q or number
fields.

4.8 Discussion

We have introduced the natural notion of Plücker variety, which
is a family of subvarieties of exterior powers that, like Grass-
mannians, are functorial and behave well under duals. For the
bounded ones among these, we have established that they are de-
fined by polynomial equations of bounded degree, independently
of the particular instance of the Plücker variety. This result is
new already for the first secant variety of the Grassmannian,
and for the tangential variety of the Grassmannian.

Before turning to several open questions that result from our
work, let us explain the second part of the title of this chapter.
In Section 4.4 we have seen that the projective limit of all (cones
over) Grassmannians is (the cone over) Sato’s Grassmannian.
Higher secant varieties of any Plücker variety are again Plücker
varieties, of which one can take the limit. But, in fact, passing
to the limit commutes with taking joins, and in particular with
taking secant varieties. In other words, for Plücker varieties X
and Y the limit of X +Y as defined in Section 4.4 equals the
closure of the set of all points of the form x + y with x ∈ X∞
and y ∈ Y∞, where the addition takes place in the dual infinite
wedge vector space (

∧∞
2 V∞)∗. To see this one uses the right-

hand side of Diagram 4.5, which lifts all instances of X to a
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dense subset of X∞. Thus a special case of our main theorem is
that higher secant varieties of Sato’s Grassmannian are defined
set-theoretically by finitely many G∞-orbits of equations.

Another result that one easily derives from the Noetherianity
of matrix tuples is that, for any number p, the Cartesian product
of p copies of Sato’s Grassmannian, with the Zariski-topology,
is equivariantly Noetherian with respect to a single copy of G∞
acting diagonally.

We conclude this chapter with a number of open problems.

1. Is there an ideal-theoretic analogue of our main theorem?
This is a very interesting, but apparently also very difficult
question. It is not true that the ideal of the limit of ev-
ery bounded Plücker variety is generated by finitely many
G∞-orbits of equations. Indeed, using the fact that the
ideal of the finite-dimensional Grassmannian in

∧p
V is

generated by a number of GL(V )-modules in the symmet-
ric power S2

∧p
V ∗ that is unbounded as p and dimV − p

grow, one can show that the ideal of Sato’s Grassman-
nian is not generated by any finite number of G∞-orbits
of polynomials. Thus any progress on this question would
require entirely new ideas. This is different from the sit-
uation for ordinary tensors, where at least a conjectural
ideal-theoretic analogue of our theorems exists [DK14]. A
closely related question is how to generalize Snowden’s
∆-modules [Sno13] to modules of syzygies for Plücker va-
rieties.

2. Most Plücker varieties of interest to us are constructed
from Grassmannians by operations such as joins an tan-
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gential varieties. These are all bounded. Nevertheless, the
restriction to bounded Plücker varieties in Theorems 4.1.1
and 4.1.2 seems somewhat ad hoc. Are these theorems
true for unbounded Plücker varieties, as well? Our proof
in Section 4.6 uses the recursive nature of Pfaffians in Sec-
tion 4.5 in a fundamental manner. It is conceivable that,
for general Plücker varieties, this structure can be replaced
with techniques like prolongation that produce equations
for higher secant varieties given equations for lower secant
varieties [SS09, CJ96]. A second important ingredient in
the proofs is the Noetherianity of matrix tuples, Theo-
rem 4.1.3. We may need an analogue of this for higher-
dimensional tensors to deal with general Plücker varieties.

3. Is the ideal-theoretic version of Theorem 4.1.3 true? This
question seems easier than the preceding questions, and
we conjecture that the answer is positive. This question is
essentially a question about two-variable tca’s in the sense
of [SS12a, SS12b].
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Chapter 5

Tree models

5.1 Introduction

Tree models are families of probability distributions used in
modelling the evolution of a number of currently existing species
from a common ancestor. Here species can refer to actual bio-
logical species, but tree models have also been applied to other
forms of evolution, e.g. of languages. The hypothesis underly-
ing tree models is that DNA-sequences of those extant species,
arranged and suitably aligned in a table with one row for each
species, can be meaningfully read off column-wise. Indeed, these
columns (or sites) are assumed to be independent draws from
one and the same probability distribution belonging to the model.

To describe that model, one fixes a finite rooted tree T whose

127
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leaves correspond to the species and whose root r corresponds to
the common ancestor. One also fixes a finite alphabet B. The
case where B = {A,C,G, T} is the alphabet of nucleotides is of
most interest in biology, but the theory developed here works
for arbitrary finite B. Associated to each vertex of the tree is
a copy of B. To r one attaches a probability distribution π on
B, and to each edge q → q′, directed away from r, one attaches
a B × B-matrix Aqq′ of real non-negative numbers whose row
sums equal 1. Its entry Aqq′(b, b

′) at position (b, b′) records the
probability that the letter b at vertex q mutates into the letter
b′ at vertex q′. The random process modelling evolution of the
nucleotide at a single position consists of drawing a letter b ∈ B
from the distribution π and mutating it along the edges with
the probabilities given by the matrices Aqq′ . The probability
that this leads to a given word b ∈ Bleaf(T ) equals

P (b) =
∑

b′∈Bvert(T ) extending b

π(b′r) ·
∏

q→q′∈edge(T )

Aqq′(b
′
q, b
′
q′),

Now as the root distribution π and the transition matrices Aqq′

vary, the set of all probability distributions P ∈ R(Bleaf(T )) thus
obtained is called the model. The fact that the entries of P are
polynomial functions of the parameters has led to an extensive
study of the algebraic variety swept out by this parameterisa-

tion, by which we mean the Zariski closure in R(Bleaf(T )) (or

even C(Bleaf(T ))) of the model [PS05, Chapter 4]; see also the ex-
pository paper [Cip07]. This chapter also concerns that Zariski
closure.

The model without further restrictions on the root distribu-
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tions π or the transition matrices Aqq′ is known as the general
Markov model for the tree T and the alphabet B. In applica-
tions the number of parameters is often reduced by imposing
further symmetry, reflecting additional biological (or, say, lin-
guistic) structure. This is often1 done by choosing a finite group
A acting by permutations on the set B, requiring that π be an
A-invariant distribution (which when A acts transitively means
that it is the uniform distribution), and requiring that each tran-
sition matrix Aqq′ satisfies Aqq′(ab, ab

′) = Aqq′(b, b
′) for all let-

ters b, b′ ∈ B and all a ∈ A. The resulting model, which is a

subset of R(Bleaf(T )) contained in the general Markov model, has
been dubbed the equivariant tree model for the triple (T,B,A)
[DK09]; here we implicitly mean that the action of A on B is
also fixed. The special case where A is Abelian and B = A
with the left action of A on itself is called a group-based model.
Our first two main theorems concern the class of equivariant
tree models for which A is Abelian, but does not necessarily act
transitively on B. This class includes the general Markov model
(with A = {1}) as well as group-based models.

Theorem 5.1.1 (Main Theorem I). For any action of an Abelian
group A on a finite alphabet B, there exists a uniform bound
D = D(B,A) such that for any finite tree T the Zariski closure
of the equivariant tree model for (T,B,A) is defined by polyno-
mial equations of degree at most D.

1But not always! Most notably, the general time-reversible Markov
model, where the only restriction on the transition matrices is that they
be symmetric, is not of this form for |B| > 2. We have not tried to gener-
alize our results to this case.
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In fact, we will prove the stronger statement that finitely
many types of equations suffice to define the Zariski closures of
the equivariant tree models for all T . For the general Markov
model, this result first appeared in [DK14]. For group-based
models, where the Zariski closure of (the cone over) the tree
model for (T,B,A) is a toric variety, a much stronger conjec-
ture was put forward in [SS05], namely, that for any tree T the
ideal of that toric variety is generated by binomials of degree at
most |A|. This would imply that D(B,A) = |A| suffices when
A acts transitively on B. Our result is weaker in that we do not
prove the existence of a degree bound for polynomials generating
the ideal—our result is set-theoretic rather than ideal-theoretic—
and that we do not find an explicit bound. Nevertheless, Main
Theorem I is the first general finiteness result even for the re-
stricted class of group-based models, though for group-based
models more recent work by Michalek [Mic13] gives finiteness
results at the level of projective schemes, which are somewhere
between set-theoretic and ideal-theoretic results.

Theorem 5.1.2 (Main Theorem II). For any action of a finite
group A on a finite alphabet B, there exists a polynomial-time
algorithm that, on input a tree T and a probability distribution
P on Bleaf(T ) determines if P lies in the Zariski closure of the
equivariant tree model for (T,B,A).

We hasten to say that our proofs are non-constructive. In
particular, they do not yield an explicit bound D(B,A) and
they do not give an explicit algorithm—though the overall struc-
ture of that algorithm is clear, see Section 5.6. This situation
is reminiscent of Robertson-Seymour’s non-constructive proof
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that any minor-closed property of finite graphs can be tested
in polynomial time [RS95, RS04]. In Main Theorem II, the
notion of polynomial-time algorithm depends on the (machine)
representation of the entries of P . If they are rational num-
bers, then we mean polynomial-time in the bit-size of P (in a
non-sparse representation, i.e., zero entries count). If they are
abstract real numbers, then we mean a Blum-Shub-Smale ma-
chine [BSS89] whose number of arithmetic operations on real
numbers is bounded by some polynomial in |B||leaf(T )|.

Our Main Theorems I and II do not require that the trees
T be trivalent. Indeed, for the class of trivalent trees, or indeed
for the class of trees with any fixed upper bound on the valency
of internal vertices, Main Theorems I and II are relatively easy
consequences of known results from [AR08, CS05, SS05, DK09],
which express the ideal of equations of an equivariant tree model
in terms of ideals of equivariant tree models of star trees. Bound-
ing the degree of polynomial equations for large star models and
the complexity of testing membership of their Zariski closures
is the real challenge in this chapter. We stress that this leaves
open the question of actually finding (practical) algorithms for
testing membership of (Zariski closures of) tree models. Our re-
sults should be interpreted as a theoretical contribution to the
algebraic statistics of tree models.

However, we do believe that some of the techniques that go
into the proofs of our Main Theorems I and II can be of prac-
tical use. In particular, one crucial observation in our proofs is
the following. Consider the equivariant star model for the triple
(T,A, B), where T is a star and where A need not be Abelian.
Label the leaves of T with 0, . . . ,m − 1, so that Bleaf(T ) can
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be identified with Bm. Fix a natural number n0 ≤ m and any
probability distribution Q on Bn0 that is invariant with respect
to the diagonal A-action on Bn0 . Then for any probability dis-
tribution P on Bm we can define a probability distribution PQ
on Bm−n0 by

PQ(b) =

∑
b′∈Bn0 P (b,b′)Q(b′)

Z

where P (b,b′) is the probability of observing b at positions
0, . . . ,m − n0 − 1 and b′ at positions m − n0, . . . ,m − 1. Here
Z is a normalising factor, and a condition for this to be well-
defined is that Z is non-zero. Let T ′ be the tree obtained from
T by deleting the last n0 leaves. Our elementary but useful
observation is that, for any fixed A-invariant Q, the (partially
defined) map P 7→ PQ maps the equivariant model for (T,A, B)
into the equivariant model for (T ′,A, B). As a consequence,
equations for the latter model pull back to equations for the
former model, and a necessary condition for P to be in (the
Zariski closure of) the former model is that for all A-invariant
Q the distribution PQ lies in the latter model.

In the course of proving Main Theorems I and II we show
that for some suitable n0, chosen after fixing A and its action on
B, and for some suitably chosen set of A-invariant probability
distributions Q on Bn0 , the converse also holds: if a probability
distribution P on Bm with m � n0 has the property that PQ
lies in the star model with m − n0 leaves for all chosen Q on
all cardinality-n0 subsets of the leaves, then P lies in the star
model with m leaves. We do this by constructing an infinite-
dimensional limit of all m-star models for the pair (A, B)—or
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rather n0 of these limits, one for each congruence class of m
modulo n0—and showing that this limit lies in some infinite-
dimensional flattening variety that is equivariantly Noetherian
with respect to its natural symmetries. This is also the tech-
nique followed in [DK14] for the case where A = {1}; there
n0 can be taken 1. We simplify some of the arguments from
that paper, but our present, more general results are more sub-
tle since they really require the use of jumps by some carefully
chosen n0 > 1.

This chapter is organized as follows. In Section 5.2 we briefly
recall the well-known tensorification of the set-up above (see,
e.g. [AR08, DK09]) and state two theorems for this setting.
Then in Section 5.3 we give some properties of tensors in finite-
dimensional A-representations that will motivate the use of flat-
tenings and our choice for n0.

In Section 5.4, after fixing any value for n0, we introduce
an infinite-dimensional ambient space (again, n0 of these, one
for each congruence class modulo n0), containing an infinite-
dimensional limit of the equivariant models for finite stars; we
dub this the infinite star model. In this section we define the
flattening variety as well, a variety containing the infinite star
model. This variety is defined by determinantal equations of
bounded degree, roughly corresponding to the coarser star mod-
els where the leaves of a tree are partitioned into two subsets.
We prove that the flattening variety is defined by finitely many
orbits of determinantal equations under the natural symmetry
group of the infinite tree model. Then in Section 5.5 we prove
that the flattening variety is Noetherian under this symmetry
group. Finally, our main theorems are derived from this in Sec-
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tion 5.6, and it is only here that we need the infinite star model
mentioned before.

We conclude this introduction with a list recording values of
our uniform bound D(B,A) that are known to us.

Binary general Markov model Here A = {1} and B has
cardinality two, and results from [LM04] imply that the
bound D(B,A) can be taken equal to 3; apart from linear
equations expressing that probabilities sum up to 1, the
degree-3 equations are the determinantal equations defin-
ing the flattening variety (see Section 5.4). The paper
[Rai12] proves the stronger statement, previously known
as the GSS-conjecture [GSS05], that these equations gen-
erate the ideal of (the cone over) the general Markov model.

Binary Jukes-Cantor model This is the group-based model
with A = B = Z/2Z, and results from [SS05] show that
D(B,A) can be taken equal to 2. The non-linear, quadratic
equations are determinantal equations defining the finer

flattening variety Y
≤(kχ)χ
[m] from Remark 5.3.7, item 5, and

these generate the ideal of the cone over the model. The
algebra and geometry of this model for varying trees is
further studied in [BW07].

Kimura 3-parameter model This is the group-based model
with A = B = Z/2Z × Z/2Z, and results from [Mic13]
show that D(B,A) can be taken equal to 4. The degree-4
equations were known from [SS05], where it was conjec-
tured that they generate the ideal. The result of [Mic13]
is slightly weaker than that but stronger than the purely
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set-theoretic statements that we are after. The geometry
of this model is also studied in [CFS08, Mic14].

If one restricts oneself to trivalent trees, then more is known
for other models, as well, such as the strand-symmetric model
[CS05] or the all-important 4-state general Markov model [AR08,
FG12, BO11] or further group-based models with small groups
A [SS05].

One might wonder where the restriction to Abelian A comes
from; after all, tree models for which A is not Abelian are used
in practice. At this point, before going through the proofs,
all we can say is that they break down at the point where we
prove that the infinite-dimensional flattening variety is defined
by finitely many orbits of equations; see also Remark 5.5.5.

Finally, a word of self-criticism is in order here: it is unclear
whether the degree bound and the algorithm from our main the-
orems will be useful in phylogenetic practice, even if they are
made explicit. In phylogenetic reconstruction, certain determi-
nantal equations coming from edges often suffice to distinguish
the model for one tree from the model for another tree (with A
and B fixed) [CFS11]. On the other hand, our characterisation
of general Abelian tree models using contractions and flattenings
gives more insight into the geometry of these models, and our
infinite-dimensional methods will likely apply to other models
from algebraic statistics.
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5.2 Tensor formulation of the main
results

Before we recall the tensorification of the model mentioned in
the introduction of this chapter, we introduce some notation
that will be used throughout this chapter. Let A be a finite
Abelian group. For us, an A-representation over a field K
will be assumed to be finite-dimensional, unless explicitly men-
tioned otherwise. Let K be an infinite field such that every A-
representation overK splits into a direct sum of one-dimensional
representations. For this it suffices, for instance, that K is alge-
braically closed and that charK does not divide |A|. For m ∈ N,
set [m] := {0, . . . ,m − 1}. If Vi is an A-representation over K
for each i ∈ [m] and if I ⊆ [m], then we write VI :=

⊗
i∈I Vi for

the tensor product of the Vi with i ∈ I. The rank of a tensor
ω in VI is the minimal number of terms in any expression of ω
as a sum of pure tensors

⊗
i∈I vi with vi ∈ Vi. A tensor ω has

border rank at most k if it lies in the Zariski closure of the set
of tensors of rank at most k.

Given an m-tuple of linear maps ϕi : Vi → Ui, where Ui is
also a vector space over K for each i ∈ [m], we write ϕ[m] :=⊗

i∈[m] ϕi for the linear map V[m] → U[m] determined by map-

ping
⊗

i∈[m] vi to
⊗

i∈[m] ϕi(vi). Clearly rkϕ[m]ω ≤ rkω for any
ω ∈ V[m], and this inequality carries over to the border rank.

If I ⊆ [m] and ξ ∈ ⊗i∈I V
∗
i , then the tensor ξ induces a

linear map V[m] → V[m]−I . We call this map the contraction
along the tensor ξ; except for a normalising factor, it is the
tensorial analogue of the map P 7→ PQ from the introduction
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of this chapter. This map is A-equivariant if and only if ξ is A-
invariant; moreover, it does not increase the rank or the border
rank of any element of V[m]. We can now state our third main
theorem.

Theorem 5.2.1 (Main Theorem III). For all k ∈ N there exists
M such that for all m > M and for all A-modules Vi over K
with i ∈ [m], a tensor ω ∈ V[m] has border rank at most k if and
only if for all µ ≤M , all its contractions in m−µ factors along
A-invariant tensors have border rank at most k.

The novelty in this theorem, compared to the results in
[DK14], is that it suffices to contract along A-invariant ten-
sors rather than general tensors, at the cost of increasing the
dimension of those tensors to be contracted with. While not
strictly necessary for our other main results, Main Theorem III
illustrates the general approach taken in this chapter, which is
to replace “baby steps” for A = 1 with “giant steps” for general
Abelian A. Our fourth main theorem, which generalizes our
first main theorem, requires a bit more work to formulate.

Definition 5.2.2. An A-spaced tree is a tree T together with
for each vertex q an A-module Vq, a distinguished basis Bq of Vq
such that A acts on Bq and a non-degenerate symmetric bilinear
form (.|.)q defined by the property that Bq is an orthonormal
basis with respect to (.|.). For vertices q, q′, we say q ∼ q′

if and only if (q, q′) is an edge of T . We denote by vert(T ),
int(T ), respectively leaf(T ), the set of vertices, internal vertices,
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respectively leaves, of T . We define

L(T ) :=
⊗

q∈leaf(T )

Vq and R(T ) :=
⊗

q∈vert(T )

V ⊗{q
′∼q}

q .

Let T be an A-spaced tree. An A-representation of T is a col-
lection (Aq′q)q′∼q of A-invariant elements of Vq′ ⊗ Vq such that
for any q′ ∼ q, the tensor Aq′q maps to Aqq′ via the natural
isomorphism Vq′ ⊗ Vq → Vq ⊗ Vq′ . The set of A-representations
of T is denoted repG(T ).

Note that in the set-up of the introduction, each vertex of
the tree has the same space attached; in other words, there is
some A-representation V with some fixed basis B, some fixed
symmetric bilinear form (.|.) (and some fixed action of A) such
that Vq = V , Bq = B and (.|.)q = (.|.) for any vertex q of
the tree. In this setting, we can view a probability distribution

P ∈ CBleaf(T )

as an element of L(T ); namely, we can identify P
with ∑

b=(bq)q∈leaf(T )∈Bleaf(T )

P (b) ·
⊗

q∈leaf(T )

bq.

This is the tensorification of the set-up of the introduction of this
chapter. For our purposes, we will need to use the more flexible
setting of Definition 5.2.2, as we will want to apply theorems
proved in [DK09]. Usually however, it will suffice to consider
trees for which each vertex has the same space attached; see for
example Lemma 5.6.6.

There is a canonical isomorphism repG(T )→ R(T ), defined
by the embedding of elements in the tensor product of the Vq′⊗
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Vq ranging over the unordened pairs of edges {q′ ∼ q, q ∼ q′}
into R(T ). We denote by Ψ (or sometimes ΨT to indicate which
tree we are talking about) the composition of this map with
the contraction R(T ) → L(T ) along the (A-invariant) tensor⊗

q′∈int(T )

∑
b∈Bq′

(b | . )⊗{q∼q
′}.

Definition 5.2.3. The equivarant model CV(T ) associated to
a tree T is the Zariski closure Ψ(repG(T )) of the image of Ψ.

Note the slight discrepancy with the introduction of this
chapter, where the term equivariant model was used for the
image of Ψ on stochastically meaningful parameters. But the
present definition is the one used in [DK09], from which we will
use some results. While there the group A was allowed to be
arbitrary, we stress once again that in this chapter we only con-
sider Abelian A. We can now state our fourth main theorem.

Theorem 5.2.4 (Main Theorem IV). If K is algebraically closed
and of characteristic zero, then for all k ∈ N, there exists a
D ∈ N such that for each A-spaced tree T such that |Bq| ≤ k for
each q ∈ int(T ), the variety CV(T ) is defined by the vanishing
of a number of polynomials of degree at most D.

Main Theorem I is a direct corollary of this theorem; the
details for passing from the case of unrooted trees without the
restriction that row sums of transition matrices are 1 to the case
of rooted trees with that additional restriction can be found in
Section 3 of [DK09].
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5.3 Tensors and flattening

In the proofs of our main theorems, in addition to contractions,
we will use a second operation on tensors, namely, flattening.
Suppose that I, J form a partition of [m] into two parts. Then
there is a natural isomorphism [ = [I,J : V[m] → VI ⊗ VJ . The
image [ω is a 2-tensor called a flattening of ω. Its rank (as a
2-tensor) is a lower bound on the border rank of ω. The first
step in our proof below is a reduction to the case where all Vi are
isomorphic as A-representations. Here, i can either be viewed
as an element of [m] (in Main Theorem III) or as an element of
leaf(T ) (in Main Theorem IV).

We have the following lemma, in which K[A] stands for the
regular representation of A.

Lemma 5.3.1. Let m, k, n be natural numbers with n ≥ k +
1, and let V0, . . . , Vm−1 be A-representations over K. Then a
tensor ω ∈ V[m] has rank (respectively, border rank) at most k if
and only if for all m-tuples of A-linear maps ϕi : Vi → K[A]n

the tensor ϕ[m](ω) has rank (respectively, border rank) at most
k.

Moreover, if ω ∈ V[m] has border rank at most k, then there

exist A-linear maps ϕi : Vi → K[A]k and ψi : K[A]k → Vi (i =
1, . . . ,m), such that ψ[m](ϕ[m](ω)) = ω.

This lemma holds at the scheme-theoretical level, but we will
not need that. For A the trivial group, the lemma reduces to
[AR08, Theorem 11].

Proof. The “only if” part follows from the fact that ϕ[m] does
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not increase rank or border rank. For the “if” part assume that
ω has rank strictly larger than k, and we argue that there exist
ϕ0, . . . , ϕm−1 such that ϕ[m](ω) still has rank larger than k. It
suffices to show how to find ϕ0; the remaining ϕi are found in
the same manner. Let U0 be the image of ω regarded as a linear
map from the dual space V ∗[m]−{0} to V0. Set

U ′0 := K[A]U0 =

{∑

a∈A
caau | ca ∈ K,u ∈ U0

}
.

For each irreducible A-representation χ, let kχ be the multiplic-
ity of χ in U ′0. If kχ is at most n for each χ, then by elementary
linear algebra and the fact that K[A] is the sum of all irreducible
representations of A there exist A-linear maps ϕ0 : V0 → K[A]n

and ψ0 : K[A]n → V0 such that ψ0 ◦ ϕ0 is the identity map on
U ′0, and hence on U0. Set ω′ := (ϕ0 ⊗ (

⊗
i>0 idVi))(ω), so that

by construction ω itself equals (ψ0 ⊗ (
⊗

i>0 idVi))(ω
′). By the

discussion above, we have the inequalities rkω ≥ rkω′ ≥ rkω,
so that both ranks are equal and larger than k, and we are
done. If, on the other hand, there is χ such that kχ > n, then
let ϕ0 : V0 → K[A]n be any A-linear map that maps the χ-
component of U ′0 surjectively onto the χ-component of K[A]n

for each χ with kχ > n. Then the image of U0 must have rank
at least n. Defining ω′ as before, we find that the image of ω′

regarded as a linear map V ∗[m]−{0} → K[A]n has rank at least

n. In other words, the flattening [{0},[m]−{0}ω
′ has rank at least

n > k. This implies that ω′ itself has rank larger than k. A
similar argument applies to border rank.

For the second part, suppose ω has border rank at most k.
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Note that ω viewed as a linear map from V ∗[m]−{0} to V0 has

rank at most k (since this is a closed condition that is satisfied
by all tensors of rank at most k). Then as above, one finds
there are ϕ0, ψ0 such that ω equals (ψ0 ⊗ (

⊗
i>0 idVi))((ϕ0 ⊗

(
⊗

i>0 idVm))(ω)); the second part follows by repeatedly apply-
ing this.

Remark 5.3.2. Note that if ω is A-invariant, then all Ui will
be A-stable and hence Ui = U ′i .

Moreover, note that we can refine Lemma 5.3.1 in the fol-
lowing way: an element ω of V[m] has (border) rank at most k if

and only if there are m-tuples of A-linear maps ϕi : Vi → K[A]k

and ψi : K[A]k → Vi such that ψ[m](ϕ[m](ω)) = ω and such that
ϕ[m](ω) has (border) rank at most k.

Observe that finding m-tuples of A-linear maps as required
(or finding that such m-tuples do not exist) is easily done by
linear algebra. In essence, this means that the problem of finding
whether the (border) rank of a tensor in some tensor product
exceeds k be reduced to the problem of finding whether the
(border) rank of a tensor in the m-fold tensor product of the
space V = K[A]k exceeds k.

Example 5.3.3. Consider the group A = Z/2Z = {1, a} and
the 8-dimensional A-module V0 = V1 = K[A]⊗[3]. Use short-
hand notation such as [11a] := 1⊗ 1⊗ a ∈ V0. The tensor

ω := [111]⊗ [111] + [aaa]⊗ [11a] ∈ V0 ⊗ V1

has rank equal to 2. It can be regarded as a linear map from
V ∗1 to V0, and as such it has image U0 := 〈[111], [aaa]〉. This
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subspace is already A-stable, so that

U ′0 = K[A]U0 = 〈[111] + [aaa], [111]− [aaa]〉,

where the two latter vectors correspond to the two different char-
acters of A. Define ϕ0 : V0 → K[A]2 by [111] 7→ (1, 0), [aaa] 7→
(a, 0) and by sending all other three-letter words over A to zero.
This map is A-equivariant. Conversely, define ψ0 : K[A]2 → V0

by ψ0(1, 0) = [111], ψ0(a, 0) = [aaa] and ψ0(0,K[A]) = {0}.
This ψ0 is A-equivariant. We used only one copy of K[A] as
both characters have multiplicity one in U ′0.

Next, consider ω as a linear map from V ∗0 to V1, and let
U1 = 〈[111], [11a]〉 be the image of that linear map. We find

U ′1 = 〈[111] + [aaa], [111]− [aaa], [11a] + [aa1], [11a]− [aa1]〉.

Each character has multiplicity two in U ′1, and we will need the
second factor K[A]. Define ϕ1 : V1 → K[A]2 by

[111] 7→ (1, 0), [aaa] 7→ (a, 0), [11a] 7→ (0, 1), [aa1] 7→ (0, a)

and by mapping all other words to zero. This map is surjective
and A-equivariant. Let ψ1 : K[A]2 → V1 be the unique map
such that ψ1 ◦ ϕ1 restricts to the identity on U ′1. Now we find
that

ψ[2](ϕ[2]ω) = (ψ0 ⊗ ψ1)(ϕ0 ⊗ ϕ1)ω = ω

as stated in the lemma. ♦

Let V be an A-representation. Let y0, . . . , yd−1 be a basis
of V ∗. Let m ∈ N and denote by Om the coordinate ring of
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the affine space V ⊗[m]. Let u = (u0, . . . , um−1) be an element
of [d]m, i.e., a word over the alphabet [d] of length m. Then
Om can be viewed as the polynomial ring in the coordinates
ξu = ⊗i∈[m]yui .

Several groups act naturally on V ⊗[m] in an A-equivariant
way. First of all, denoting by GLA(V ) the group of invertible
A-equivariant automorphisms of V , observe that GLA(V )m acts
linearly on V ⊗[m] by

(ϕ0, . . . , ϕm−1)(v0 ⊗ · · · ⊗ vm−1) = (ϕ0v0 ⊗ · · · ⊗ ϕm−1vm−1),

and this action gives a right action on (V ∗)⊗[m] by

(z0⊗· · ·⊗zm−1)(ϕ0, . . . , ϕm−1) = ((z0◦ϕ0)⊗· · ·⊗(zm−1◦ϕm−1)).

Second, the group Sym(m) of permutations of [m] acts by

π(v0 ⊗ · · · ⊗ vm−1) = vπ−1(0) ⊗ · · · ⊗ vπ−1(m−1).

This leads to the contragredient action of Sym(m) on the dual
space (V ∗)⊗[m] by

π(z0 ⊗ · · · ⊗ zm−1) = zπ−1(0) ⊗ · · · ⊗ zπ−1(m−1).

Both of these extend to an action on all of Om by means of
algebra automorphisms. Denote by Gm the group generated by
Sym(m) and GLA(V )m in their representations on V ⊗[m].

Let k ∈ N. Given any partition of [m] into I, J we have
the flattening V ⊗[m] → V ⊗I ⊗ V ⊗J . Composing this flattening
with a (k + 1) × (k + 1)-subdeterminant of the resulting two-
tensor gives a degree-(k+1) polynomial in Om. The linear span
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of all these equations for all possible partitions I, J is an Gm-
submodule of Om. Let Y ≤k[m] (or more generally Y ≤kI′ for a finite

set I ′) denote the subvariety of V ⊗[m] (or more generally V ⊗I
′
)

defined by this submodule. This is an Gm-stable variety, which
will be very useful later on. Note that any contraction from
V ⊗[m] → V ⊗[m]−I maps Y ≤k[m] to Y ≤k[m]−I .

The following convention will be used in the remainder of
this chapter. Let m ∈ N and let n ∈ [m]. If ξ ∈ (V ∗)⊗n,
then when we speak of the contraction from V ⊗[m] → V ⊗[m−n]

along ξ, we mean the contraction along the tensor ξ viewed as an
element of (V ∗)⊗[m]−[m−n] in the natural way; abusing notation,
we will usually denote this contraction by ξ. We can now state
the following crucial lemma.

Lemma 5.3.4. Let V be an A-representation. Then there an
exists n0 ∈ Z>0 and an A-invariant tensor ξ0 ∈ (V ∗)⊗n0 such

that for all k ∈ N and m � k, a tensor ω ∈ V ⊗[m] lies in Y ≤k[m]

if (and only if) ξ(σ(ω)) lies in Y ≤k[m−n0] for all σ ∈ Sym(m) and

for all A-equivariant contractions V ⊗[m] → V ⊗[m−n0] along a
tensor ξ of the form ϕ(ξ0) with ϕ ∈ GLA(V )n0 .

In this lemma, m� k means that m > M for some function
M = M(k) of k, which we will determine below. The lemma fol-
lows from the following lemma about contractions of subspaces
of tensor powers.

Lemma 5.3.5. Let V be an A-representation and set n1 := |A|.
There exists an A-invariant tensor ξ0 ∈ (V ∗)⊗n1 such that for
all k ∈ N and all m � k and all subspaces W ⊆ V ⊗[m] the
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following holds: if the dimension of ξ(σ(W )) is at most k for
all σ ∈ Sym(m) and for all tensors ξ ∈ (V ∗)⊗n1 with ξ = ϕ(ξ0)
for some ϕ ∈ GLA(V )n1 , then dimW itself is at most k.

Again, m � k means that m > M1 for some function
M1 = M1(k) of k, which we will determine below. To prove
this lemma, we will make use of the following combinatorial
lemma concerning words over a finite alphabet.

Lemma 5.3.6. Let k, l ∈ N and let A be a finite alphabet. Let
w0, . . . , wk ∈ A[l] be words of length l over A, written down as
a [k + 1]× [l]-array of letters from A. For a ∈ A[k] write

Ja := {j ∈ [l] | ∀i ∈ [k + 1] : (wi)j = ai}

for the set of positions j where the array has column a, and for
J ⊆ [l] write (wi)J ∈ AJ for the restriction of the word wi to
the positions in J . The following two statements hold.

1 There exists an a ∈ A[k+1] for which |Ja| ≥ d l
|A|k+1 e.

2 If w0, . . . , wk are pairwise distinct, then there exists a subset
J ⊆ [l] of cardinality at most k such that (w0)J , . . . , (wk)J
are pairwise distinct.

Proof. The first statement follows from immediately from the
equality

∑
a∈A[k+1] |Ja| = l. The second statement is proved by

induction. It is clearly true for k = 0, with J = ∅. Suppose
k > 0. By induction, we may assume that there is J ′ ⊆ [l]
of cardinality at most k − 1 such that (w0)J′ , . . . , (wk−1)J′ are
pairwise distinct. In particular, (wk)J′ can be equal to at most
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one (wi)J′ with i < k. If it is not equal to any of these, then
take J = J ′. If it is equal to some (wi)J′ , i < k, then take j ∈ [l]
such that (wk)j 6= (wi)j for this i and take J := J ′ ∪ {j}.

Proof of Lemma 5.3.5. Let Â be the group of characters of A.
Note that we have V =

⊕
χ∈Â Vχ where Vχ = {v ∈ V | ∀a ∈

A : av = χ(v)v}. Fix a basis of V of common A-eigenvectors,
say e0, . . . , ed−1, and let x0, . . . , xd−1 be the dual basis. Such
a basis exists since V splits in irreducible A-representations of
dimension 1. Observe that each ei is an element of Vχ for some
character χ. Similarly, each xi is an element of some V ∗χ . For
each character χ, let xχ =

∑
{i∈[d]|xi∈V ∗χ }

xi. Note that xχ can

in principle be any non-zero element of V ∗χ , provided V ∗χ 6= {0}.
Indeed, we only choose a basis for technical reasons. Observe
that xχ0

⊗ . . .⊗xχµ−1
is A-invariant if the product of the corre-

sponding characters is the trivial character. Since Â has cardi-
nality |A| = n1, the n1-fold product of any element of Â is the
trivial character, and therefore

ξ0 :=
∑

χ∈Â

x⊗n1
χ ∈ (V ∗)⊗n1

is an A-invariant tensor. Let k ∈ N. We will show that M1 =
k + |A|k+2 − |A|k+1 works for this ξ0.

Let Gr(f, V ⊗[m]) denote the Grassmannian of f -dimensional
subspaces of V ⊗[m], which is a projective algebraic variety over
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K. Let Z(f, k) be the set

{W ∈ Gr(f, V ⊗[m]) |dim ξ(σ(W )) ≤ k for all ξ = ϕ(ξ0),

ϕ ∈ GLA(V )n1 , σ ∈ Sym(m)}.

Then Z(f, k) is a closed subvariety of Gr(f, V ⊗[m]). The asser-
tion of the lemma is equivalent to the statement that the set of
K-points of Z(f, k) is empty if f > k and m > M1. So sup-
pose the set of K-points of Z(f, k) is nonempty for some f > k,
m > M1. We will use that it is stable under GLA(V )m ⊆ Gm.

Let D ⊆ GLA(V ) denote the subset of diagonal matrices
with respect to the basis e0, . . . , ed−1. Then Dm is a connected,
solvable algebraic group and hence by Borel’s Fixed Point The-
orem ([Bor91], Theorem 15.2), Dm must have a fixed point W
on the projective algebraic variety Z(f, k). Then also σ(W )
is a fixed point of Dm for any σ ∈ Sym(m), so we can rear-
range factors if necessary. Any Dm-stable subspace is spanned
by common eigenvectors for Dm (any algebraic representation
of Dm is diagonalisable). Now ω ∈ V ⊗[m] is a Dm-eigenvector
if and only if ω = ei0 ⊗ ei1 ⊗ · · · ⊗ eim−1

(up to a non-zero
scalar) for some i0, . . . , im−1 with ij ∈ [d] for each j ∈ [m]. Say
ω0, . . . , ωf−1 form a basis of W of common Dm-eigenvectors and
say ωj = ej,0⊗ej,1⊗· · ·⊗ej,m−1 (with each ej,i equal to some el).
For a contradiction, it suffices to show that there exists a tensor
ξ in the GLA(V )n1-orbit of ξ0 and an element σ ∈ Sym(m) as
above such that ξ(σ(ω0)), . . . , ξ(σ(ωk)) are linearly independent.
Thus we will no longer need ωk+1, . . . , ωf−1.

By the second part of Lemma 5.3.6 there exists a subset
J ⊆ [m] of cardinality at most k such that the tensors ωj,J :=
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⊗
l∈J ej,l for j ∈ [k+1] are pairwise distinct (and hence linearly

independent). Rearranging factors we may assume that J ⊆ [k].
We will contract the ωi in n1 positions that all lie beyond the
first k positions. If those contractions are non-zero, then they
are automatically linearly independent since their parts in the
first k positions are.

We now set out to find those n1 positions. For each j ∈
[k + 1], consider the word wj ∈ Â[m]−[k] of length m − k with
letter χ at position i if ej,i ∈ Vχ (so we basically consider ωj
with the first k factors ej,i removed, and map the remaining
factors to their corresponding characters). By the first part of

Lemma 5.3.6, there exists a χ = (χj)j∈[k+1] ∈ Â[k+1] such that

Jχ ⊆ [m]− [k] as in the lemma has cardinality at least d m−k
|Â|k+1

e.
The latter expression is at least equal to |A| by choice of M1.

Now, pick a single such χ and take I ⊆ Jχ of cardinality
|A| = n1 as above; by applying some σ2 if necessary, we may
assume I = [m]− [m− n1]. Note that I ∩ [k] = ∅ as promised.
For each j ∈ [k + 1] and l ∈ I, we have ej,l ∈ Vχj and we
observe that ξ0(ωj,I) = 1 for all j. One easily verifies that
ξ(ωj) = ωj,[m−n1] for each j ∈ [k + 1], and these k + 1 tensors
are linearly independent by the fact that J ⊆ [k]. This concludes
the proof.

Proof of Lemma 5.3.4. Let n0 = n1 = |A| and let ξ0 be as in the
proof of the previous lemma. Let k ∈ N and let M = 2M1 =
2(k + |A|k+2 − |A|k+1). Let m > M and let ω ∈ V ⊗[m] be
an element such that for all σ ∈ Sym(m), the image of σ(ω)
under any A-equivariant contraction V ⊗[m] → V ⊗[m−n0] along
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a tensor ξ = ϕ(ξ0) for some ϕ ∈ GLA(V )n0 is an element of

Y ≤k[m−n0].

Let [m] = I ∪ J be any partition and consider the corre-
sponding flattening

[ : V ⊗[m] → V ⊗I ⊗ V ⊗J .

Replacing ω by σ1(ω) for some σ1 ∈ Sym(m) if necessary, we
may assume J = [m] − [µ] and I = [µ] for some µ such that
m− µ > M1 without loss of generality. The statement that all
(k + 1) × (k + 1)-subdeterminants on [ω are zero is equivalent
to the statement that [ω has rank at most k when regarded as
a linear map from (V ∗)⊗I to V ⊗J , or, in other words, that the
image W ⊆ V ⊗[m]−[µ] of this map has dimension at most k.
Identify V ⊗[m]−[µ] with V ⊗[m−µ] in the natural way.

Since |J | = m′ > M1 we may apply Lemma 5.3.5 to W . In-
deed, all contractions along tensors ξ ∈ (V ∗)⊗n0 of the form
ϕ(ξ0) for some ϕ ∈ GLA(V )n0 map σ′(W ) to subspaces of
V ⊗[(m−µ)−n0] of dimension at most k for all σ′ ∈ Sym(m − µ).
This follows from the fact that this subspace is equal to the
image W ′ of the map (V ⊗I)∗ → V ⊗[m−µ−n0] obtained by first
applying [ω and then contracting along ξ. This, on the other
hand, is nothing but the map [′(ω′) where ω′ is the image of
ω under the same contraction but applied to V ⊗[m], and [′ is
the flattening of [m− n0] along [µ], [m− µ− n0]. Since ω′ gives
rise to a map of rank at most k by assumption, dimW ′ ≤ k as
claimed. Now this holds for all contractions and all factors and
we may conclude that, indeed, dimW ≤ k, and [ω has rank at
most k.
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Note that in both lemmas we do not need to compute ξ(σ(ω))
for all σ ∈ Sym(m); it suffices to use one σ for each subset of [m]
of cardinality n0 to ensure the right factors are being contracted.

Remark 5.3.7. 1 Since A is Abelian, there is a natural bi-
jection between Â and the set of isomorphism classes of
irreducible A-representations. For this reason, we use the
letter χ both for irreducible A-representations and for el-
ements of Â.

2 It is easily seen that the rank of ξ0 as in Lemma 5.3.5 is
bounded above by the number N of distinct characters
that are represented by common A-eigenvectors in V ∗;
in particular, the rank can generally be bounded above
by |A|. Moreover, observe that for any n ∈ Z>0, the
elements x⊗nχ (with χ ranging over those characters with
V ∗χ 6= {0}) are linearly independent. Hence clearly, any
flattening of ξ0 (other than the flattenings I = ∅, J = [|A|]
and I = [|A|], J = ∅) of the ξ0 we constructed has rank
equal to N . Therefore, ξ0 has rank N as well.

3 Potentially, one may do better than n0 = |A|; one may take
for n0 the least common multiple of all orders of elements
in A (i.e. the exponent of A), and may reduce M corre-
spondingly. For example, for the Klein 4-group, one may
take n0 = 2 and M1 = k + 4k+1 instead of n0 = 4 and
M1 = k + 4k+2 − 4k+1.

4 IfA is non-trivial, then we can also take M1 = |A|k+2−|A|k+1

instead of k + |A|k+2 − |A|k+1, or even take n0 to be the
exponent expA of A and M1 = (n0 − 1)|A|k+1.
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5 If we restrict ourselves to A-stable subspaces W of V ⊗[m],
then instead of considering merely the dimension of W ,
we can consider the |A|-tuple of multiplicities of the char-
acters that are represented by a common A-eigenvector
in W . Using the same n1 and ξ0 as in Lemma 5.3.5,
for each tuple (kχ)χ∈Â there is an M1 such that if for
all contractions as in the lemma the multiplicity of χ in
ξ(σ(W )) is at most kχ for each χ, then the multiplic-
ity of χ in W is at most kχ. In this case, we can take

M1 = (n0−1)|A|maxχ(kχ)+1. Denoting by Y
≤(kχ)χ
[m] the set

of A-invariant tensors ω in V ⊗[m] such that for each flat-
tening, the multiplicity of χ in the image of ω is at most
kχ for each χ, we can prove an analogue of Lemma 5.3.4

for Y
≤(kχ)χ
[m] as well. This will be particularly useful in the

case of the A-equivariant tree model later on.

6 In general, there may be many possible choices for ξ0, (in
fact, nearly all A-invariant tensors can be used, as the
set of tensors such that the lemma is not satisfied is a
closed set that is not equal to the set of A-invariant ele-
ments of (V ∗)⊗n1). For example, we could have taken ξ0 =∑
χ1,...,χn1

∈Â|χ1·...·χn1
=1⊗

n1
j=1xχj ∈ (V ∗)⊗n1 . In the spe-

cific case V = K[A], this yields ξ0 =
∑
a∈A x

⊗n1
a (for some

proper choice of a basis of A-eigenvectors of V ), where
{xa} is a basis dual to the basis {a} of K[A]. Compare
this to our original choice ξ0 =

∑
a1,...,an|a1·...·an=1 xa1 ⊗

. . .⊗ xan .
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7 In Lemma 5.3.1, if we restrict ourselves to A-invariant ten-
sors, then we can formulate the following refinement. Let

(kχ)χ∈Â ∈ NÂ and let k = maxχ(kχ).

Let m,n be natural numbers with n ≥ k + 1, and let
V0, . . . , Vm−1 be A-representations over K. Let ω ∈ V[m]

be A-invariant. Then the multiplicity of χ in the image of
[ω is at most kχ for each χ and each flattening [ if and only
if there are m-tuples of A-linear maps ϕi : Vi → K[A]k

and ψi : K[A]k → Vi such that ψ[m](ϕ[m](ω)) = ω and

ϕ[m](ω) ∈ Y ≤(kχ)χ
[m] .

8 In this lemma, we explicitly make use of the fact that A is
Abelian. Indeed, if A is non-Abelian, then the lemma is
false. Suppose namely that A is non-Abelian, and let V
be an irreducible A-representation of dimension d > 1; ob-
serve that GLA(V ) ∼= K∗. For n ∈ Z>0, let ξ ∈ (V ∗)⊗n be
an A-invariant tensor. Let m ∈ Z>0 with m ≥ n and con-
sider the set of Sym(m)-invariant tensors in V ⊗[m]. This is
an
(
m+d−1
d−1

)
-dimensional subspace of V ⊗[m]. The elements

in this space that contract to 0 along ξ are the elements
of the (non-trivial) kernel W of a set of

(
m−n+d−1

d−1

)
lin-

ear equations. The actions of GLA(V )n and Sym(m) do
not give any additional linearly independent equations, so
we have ϕ(ξ)(σ(W )) = {0} for any ϕ ∈ GLA(V )n and
σ ∈ Sym(m), while W 6= {0}. So Lemma 5.3.5 does not
hold in this case. Likewise, Lemma 5.3.4 does not hold if
A is non-Abelian.

Example 5.3.8. For A = Z/2Z, k = 2 and V = K[A]2, the
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proof of the lemma combined with the remark shows we may
use n0 = n1 = 2, M1 = 16 − 8 = 8 and M = 16; taking basis
(1 + a, 0), (0, 1 + a), (1 − a, 0), (0, 1 − a) of V , with dual basis
x0, x1, x2, x3 we could take ξ0 = (x0 + x1) ⊗ (x0 + x1) + (x2 +
x3)⊗ (x2 + x3).

In the case V = K[A] and (k1, k−1) = (1, 1), where we write

Â = {1,−1}, we may use M1 = 4 and M = 8. ♦

5.4 Infinite-dimensional tensors and
the flattening variety

From now on, fix k ∈ N, and let V be an A-representation.
Let d = dimV be the dimension of V . For each character χ
with V ∗χ 6= {0}, fix xχ ∈ V ∗χ − {0} and let xχ = 0 for all other
characters. Let n0 = |A| and define

ξ0 =
∑

χ∈Â

x⊗n0
χ ∈ (V ∗)⊗n0

as in Section 5.3. For m ∈ N, we denote by ξ0 the contraction
from V ⊗[m+n0] → V ⊗[m] along the tensor ξ0. More specifically,
we have

ξ0(v0 ⊗ . . .⊗ vm−1 ⊗ vm ⊗ . . .⊗ vm+n0−1) =

ξ0(vm ⊗ . . .⊗ vm+n0−1) · v0 ⊗ . . .⊗ vm−1.

Dually, this surjective map gives rise to the injective linear map

(V ∗)⊗[m] → (V ∗)⊗[m+n0], ξ 7→ ξ ⊗ ξ0.
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Let Om be the coordinate ring of V ⊗[m]. We identify Om
with the symmetric algebra S((V ∗)⊗[m]) generated by the space
(V ∗)⊗[m], and embed Om into Om+n0

by means of the linear
inclusion (V ∗)⊗[m] → (V ∗)⊗[m+n0] above.

From now on, fix m0 ∈ [n0] and define the projective limit

A∞ := lim←−
m∈m0+n0N

V ⊗[m]

along the surjective linear contraction maps ξ0. This is, in the
first place, an uncountable-dimensional A-representation over
K (unless d = 1, in which case it is one-dimensional). But it
is also the dual of the countable-dimensional direct limit of the
(V ∗)⊗[m] along the inclusion maps. As a consequence, A∞ is
canonically isomorphic to the set of K-algebra homomorphisms
O∞ → K, where O∞ is the union

⋃
m∈m0+n0NOm. This gives

A∞ a Zariski topology, with closed sets given by the vanishing of
subsets of O∞. Since we are only concerned with set-theoretic
statements, we do not need to worry about points of O∞ over
K-algebras other than K; the topological space A∞ suffices for
our purposes. The same applies to closed subsets (subvarieties)
of A∞ featuring below.

At a crucial step in our arguments we will use the follow-
ing more concrete description of O∞. Extend ξ0 to a basis
ξ0, ξ1, . . . , ξdn0−1 of (V ∗)⊗n0 of A-eigenvectors. Moreover, let
y0, . . . , yd−1 be any basis of V ∗ (not necessarily consisting of
A-eigenvectors). Let m be an element of m0 + n0N. Then for
any p ∈ N, (V ∗)⊗[m+pn0] has a basis in bijection with the pairs
(u,w) with u a word in [d]m and w = (i0, . . . , ip−1) a word of
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length p over the alphabet [dn0 ], namely,

ζm,u,w := yu0 ⊗ yu1 ⊗ . . .⊗ yum−1 ⊗ ξi0 ⊗ · · · ⊗ ξip−1 .

The algebra Om+pn0
is the polynomial algebra in the vari-

ables ζm,u,w with w running over all words of length p and u
running over all words in [d]m. In O∞, the coordinate ζm,u,w
is identified with the variable ζm,u,w′ where w′ is obtained from
w by appending an infinite string of zeros at the end of w. If
w = 0, then we also write ζm,u = ζm,u,w.

We conclude thatO∞ is a polynomial ring in countably many
variables that are (for fixed m ∈ m0 + n0N) in bijective corre-
spondence with triples (m,u, (i0, i1, . . .)) in which all but finitely
many ij are 0. The finite set of positions j with ij 6= 0 is called
the support of the word (i1, i2, . . .); likewise, the set of positions
j with uj 6= 0 is called the support of u. Note that this gives a
different set of variables for each m ∈ m0 + n0N; we will gen-
erally use the set of variables that is most convenient for our
purposes.

Remark 5.4.1. Here too, we can apply the formalism from
Section 1.4. There are some subtleties involved with the inclu-
sions and projections, so we will not give the precise translation
here.

Observe that for each m ∈ N we have natural embeddings
GLA(V )m → GLA(V )m+n0 , which render the contraction maps
V ⊗[m+n0] → V ⊗[m] equivariant with respect to GLA(V )m. The
union of GLA(V )m for all m ∈ m0 + n0N therefore acts on A∞
and O∞ by passing to the limit.
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We can view Sym(N) as the union
⋃
m∈m0+n0N Sym(m). Here

Sym(m) is embedded in Sym(m + n0) as the subgroup fixing
{m, . . . ,m+n0− 1}. This means that Sym(N) acts on A∞ and
on O∞ by passing to the limit.

The action of Sym(N) on O∞ has the following fundamental
property: for each f ∈ O∞ there exists an m ∈ m0 + n0N such
that whenever σ, τ ∈ Sym(N) agree on the initial segment [m]
we have σ(f) = τ(f). Indeed, we may take m equal to m0 + (n0

times (1 plus the maximum of the union of the supports of words
w for which ζm0,u,w appears in f)). In this situation, there is
a natural left action of the increasing monoid Inc(N) = {π :
N → N | π(0) < π(1) < . . .} by means of injective algebra
endomorphisms on O∞; see [HS12, Section 5]. The action is
defined as follows: for f ∈ O∞, let m be as above. Then to
define πf for π ∈ Inc(N) take any σ ∈ Sym(N) that agrees with
π on the interval [m] (such a σ exists) and set π(f) := σ(f).

By construction, the Inc(N)-orbit of any f ∈ O∞ is con-
tained in the Sym(N)-orbit of f . Note that the left action of
Inc(N) on O∞ gives rise to a right action of Inc(N) by means
of surjective linear maps A∞ → A∞; see the paragraph just
before Lemma 1.2.11 for the definition of this action. A crucial
argument in Section 5.5 uses a map that is not equivariant with
respect to Sym(N) but is equivariant relative to Inc(N).

Recall that Gm is the group generated by the groups Sym(m)
and GLA(V )m. We can now define

G∞ :=
⋃

m∈m0+n0N
Gm.

This group acts on A∞ and O∞ by passing to the limit.
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Now we get back to flattenings. Recall that ξ0 : V ⊗[m+n0] →
V ⊗[m] maps Y ≤k[m+n0] to Y ≤k[m] ; this means we can define a variety

Y ≤k∞ := lim←−
m∈m0+n0N

Y ≤k[m] ⊆ A∞.

We describe the determinants of flattenings in more con-
crete terms in the coordinates ζm,u,w. Let u = (u0, . . . , uk) be
a (k + 1)-tuple of pairwise distinct words in [d]m. Let u′ :=
(u′0, . . . , u

′
k) be another such (k + 1)-tuple. Suppose that the

support of each ui is disjoint from that of each u′j . In this case,
it makes sense to speak of ui+u′j , which is again a word in [d]m.
We let ζ[u; u′] = ζm[u; u′] be the (k + 1)× (k + 1) matrix with
(i, j)-entry equal to ζm,ui+u′j . For each m ∈ m0 +n0N, the vari-

ety Y ≤k[m] is defined by the determinants of all matrices ζ[u; u′].

Then the variety Y ≤k∞ is defined by the determinants of all ma-
trices ζ[u; u′] (viewed as elements of O∞) with m ∈ m0 + n0N.

Moreover, if w = (w0, . . . , wk) and w′ = (w′0, . . . , w
′
k) are

k + 1-tuples of pairwise distinct infinite words with letters in
[dn0 ] with finite support, if u and u′ are as above, and if the
support of each wi is disjoint of that of each w′j for all i, j ∈ [k],
then we can define a (k + 1) × (k + 1)-matrix ζ[u,w; u′,w′] in
a way analogous to the above.

We now have the following important proposition.

Proposition 5.4.2. The flattening variety Y ≤k∞ is the com-
mon zero set of finitely many G∞-orbits of (k + 1) × (k + 1)-
determinants det ζ[u; u′] with u,u′ as above.
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Proof of Proposition 5.4.2. Let M be a natural number such
that Lemma 5.3.4 holds for the triple (M,n0, ξ0). Let f0, f1, . . . ,
fN−1 ∈ Oµ be finitely many (k+ 1)× (k+ 1)-determinants that

define Y ≤k[µ] , where µ is the largest element of m0 + n0N that

satisfies µ ≤ M . Of course, in the inclusion Oµ ⊂ O∞, each fi
may be assumed to be one of the det ζ[u; u′] for u,u′ each lists
of k + 1 words supported in [µ].

We will now show that ω ∈ A∞ is an element of Y ≤k∞ if and
only if fi(g(ω)) = 0 for all i and all g ∈ G∞. Note that fi(g(ω))
is equal to fi((g(ω))µ) where (g(ω))µ is the image of g(ω) in
V ⊗[µ] under the canonical projection A∞ → V ⊗[µ]. Now if
ω ∈ Y ≤k∞ , then obviously so is g(ω) for each g ∈ G∞, and hence

(g(ω))µ is an element of Y ≤k[µ] . This shows the only if part.

For the converse, suppose that fi(g(ω)) = 0 for all i and
all g ∈ G∞. We need to show that ω ∈ Y ≤k∞ . Equivalently,
we need to show that for all m ≥ µ (and m ∈ m0 + n0N), the

image ωm ∈ V ⊗[m] of ω lies in Y ≤k[m] . Suppose m = µ + pn0

with p ∈ N. Recall that fi ∈ Oµ is identified in Oµ+pn0
with

fi precomposed with the contraction ξ of the last pn0 factors V
along ξ = ξ⊗p0 . This means fi(ξ((gω)m)) = 0 for all i ∈ [N ] and

all g ∈ G∞ and hence ξ((gω)m) ∈ Y ≤k[µ] for all g ∈ G∞. Hence

in particular, ξ((gω)m) ∈ Y ≤k[µ] for all g ∈ Gm of the form ϕ ◦ σ
with ϕ ∈ GLA(V )[m]−[µ] and σ ∈ Sym(m).

Note that for such g, one has (gω)m = g(ω)m and moreover,
the element ξ((gω)m) can be obtained by performing consecutive
contractions of σ(ωm) along tensors of the form ϕ′(ξ0) (and in
fact, all contractions of this form can be obtained in this way



160 CHAPTER 5. TREE MODELS

using some suitable g). By repeatedly applying Lemma 5.3.4

this means that ωm ∈ Y ≤k[m] , and we are done.

Remark 5.4.3. Again, this proof can be extended to a proof

for Y
≤(kχ)χ∈Â
∞ .

Example 5.4.4. For A = Z/2Z, k = 2, m0 = 0 and V =
K[A]3, we have M = 16, hence µ = 16. Following the proof of
the proposition, we find Y ≤2

∞ is defined by the G∞-orbits of the

equations that determine Y ≤2
[16]. Let y0, y1, y2, y3, y4, y5 ∈ V ∗ be a

basis dual to the basis (1, 0, 0), (a, 0, 0), (0, 1, 0), (0, a, 0), (0, 0, a),
(0, 0, 1) of V . For i ∈ [6] and I ⊆ [20], let ui,I ∈ [6]I be the
word of which each letter is an i. It is now an easy exercise
to show that Y ≤2

∞ is defined by the G∞-orbits of the equations
det(ζ[(u0,[n], u2,[n], u4,[n]); (u0,[16]−[n], u2,[16]−[n], u4,[16]−[n])]) for
n ∈ {1, 2, . . . , 8}. Here, we make use of the fact that the
GLA(V )-orbit of any triple of elements v0, v1, v2 ∈ V is dense in
V provided that their projections to the common A-eigenspaces
of V are linearly independent as well. This holds in a some-
what larger generality as well for general k and (k + 1)-tuples
of elements in V .

For A = Z/2Z and (k1, k−1) = (1, 1), things are somewhat
more subtle. Let V = K[A] and m0 = 0. We have M = 8;
let y0, y1 ∈ V ∗ be a basis dual to the basis 1 + a, 1 − a of
V . Using the proof in [SS05] that the group-based model for
A = Z/2Z is defined by linear and quadratic polynomials, we

can show that Y
≤(1,1)
∞ is defined by the G∞-orbits of ζ8,u where

the cardinality of {i ∈ [8] | ui = 1} is odd and by the G∞-orbits
of ζ8,u0ζ8,u1 − ζ8,u2ζ8,u3 such that:
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a For each i ∈ [8], the multiset {(u0)i, (u1)i} equals the multiset
{(u2)i, (u3)i}.

b For each j ∈ {1, 2, 3, 4}, the cardinality of {i ∈ [8] | (uj)i = 1}
is even.

We will give some more details about this in Example 5.6.10.
♦

5.5 Equivariantly Noetherian rings
and spaces

We proceed to prove the main result of this section, namely,
that Y ≤k∞ is G∞-Noetherian (Theorem 5.5.2). It might be use-
ful to reread Section 1.2, particularly some of the lemmas on
properties of G∞-Noetherian topological spaces.

The following theorem is a slightly stronger version of Corol-
lary 1.3.6. It will be crucial in what follows.

Theorem 5.5.1 ([Coh67, HS12]). For any Noetherian ring Q
and any l ∈ N, the ring Q[xi,j | i = 0, . . . , l−1; j = 0, 1, 2, 3, . . .]
is equivariantly Noetherian with respect to the action of Inc(N)
by πxij = xiπ(j).

Main Theorems III and IV will be derived from the following
theorem, whose proof needs the rest of this section.

Theorem 5.5.2. For every natural number k the variety Y ≤k∞
is an G∞-Noetherian topological space.
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We will proceed by induction on k. For k = 0 the variety
Y ≤k∞ consists of a single point, the zero tensor, and the theorem
trivially holds. Now assume that the theorem holds for k − 1.
By Proposition 5.4.2 there exists m ∈ m0 +n0N and there exist
k-tuples u0, . . . ,uN−1,u

′
0, . . . ,u

′
N−1 of words in [d]m, such that

ζ[ui; u
′
i] is defined for all i ∈ [N ] (i.e., the supports of the words

in ui are disjoint from the supports of the words in in u′i) and
such that Y ≤k−1

∞ is the common zero set of the polynomials in⋃N−1
b=0 G∞ det(ζ[ub; u

′
b]). For each b ∈ [N ] let Zb denote the

open subset of Y ≤k∞ where not all elements of G∞ det(ζ[ub; u
′
b])

vanish; hence we have

Y ≤k∞ = Y ≤k−1
∞ ∪ Z0 ∪ . . . ∪ ZN−1.

We will show that each Zb, b ∈ [N ] is an G∞-Noetherian
topological space, with the topology induced from the Zariski
topology on A∞. Together with the induction hypothesis and
Lemmas 1.2.7 and 1.2.8, this then proves that Y ≤k∞ is G∞-
Noetherian, as claimed.

To prove that Z := Zb is G∞-Noetherian, consider u :=
ub = (u0, . . . , uk−1) and u′ := u′b = (u′0, . . . , u

′
k−1) with all

ui, u
′
j ∈ [d]m. Let Z ′ denote the open subset of Y ≤k∞ where

det(ζ[u; u′]) is non-zero. This subset is stable under the group
Sym(N)′ of all permutations σ in Sym(N) that restrict to the
identity on [m] and such that there is τ ∈ Sym(N) such that
σ(m+pn0 +i) = m+τ(p)n0 +i for any p ∈ N and i ∈ [n0]. Note
that for such σ, one has σ(ζm,u,w) = ζm,u,τ(w) where τ(w)p =
wτ−1(p). More explicitly, Sym(N)′ consists of all permutations
in Sym(N) that restrict to the identity on [m] and that permute
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the set of blocks of the form [m + (p + 1)n0] − [m + pn0] with
p ∈ N.

Lemma 5.5.3. The open subset Z ′ ⊆ Y ≤k∞ is an Sym(N)′-
Noetherian topological space.

Proof. We will prove that it is Inc(N)′-Noetherian, where Inc(N)′

is the set of all increasing maps π ∈ Inc(N) that restrict to the
identity on [m] and such that there is τ ∈ Inc(N) such that
π(m + pn0 + i) = m + τ(p)n0 + i for any i ∈ [n0]. Since the
Inc(N)′-orbit of an equation is contained in the corresponding
Sym(N)′-orbit, this will imply that Z ′ is Sym(N)′-Noetherian.

We start with the polynomial ring R in the variables ζm,u,w,
where w runs over all infinite words over the alphabet [dn0 ] with
the property that the support of w has cardinality at most 1.
Among these variables there are dm for which w = 0, namely the
ζm,u with u ∈ [d]m, and the remaining variables are labelled by
[d]m×([dn0 ]−{0})×N, where the element of [dn0 ]−{0} denotes
the non-zero letter of w and the element of N denotes the posi-
tion at which this non-zero letter occurs. On these variables acts
Inc(N)′, fixing the first dm variables and acting only on the last
(position) index of the last set of variables. By Theorem 5.5.1
with Q the ring in the first dm variables and l = dm× (dn0 − 1),
the ring R is Inc(N)′-Noetherian. Let S = R[det(ζ[u; u′])−1] be
the localisation of R at the determinant det ζ[u,u′]; again, S
is Inc(N)′-Noetherian. We will construct an Inc(N)′-equivariant
map ϕ from the set of K-valued points of S to A∞ whose im-
age contains Z ′. We do this, dually, by means of an Inc(N)′-
equivariant homomorphism Φ from O∞ to S.
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To define Φ recursively, we first fix a partition I, J of [m] such
that the support of each ui is contained in I and the support
of each u′j is contained in J . Now if ζm,u,w ∈ O∞ is one of the
variables in R, then we set Φ(ζm,u,w) := ζm,u,w. Suppose that
we have already defined Φ on variables ζm,u,w such that supp(w)
has cardinality at most b, let w be a word for which supp(w)
has cardinality b+ 1 and let u be a word in [d]m. We will define
the image of ζm,u,w. Let p be the maximum of the support of w,
and write w = wk +w′k, where the support of w′k is {p} and the
support of wk is contained in [p]. Likewise, write u = uk + u′k
where the support of uk is contained in I and the support of u′k
is contained in J . Consider the determinant of the matrix

ζ[(u0, . . . , uk), (w0, . . . , wk); (u′0, . . . , u
′
k), (w′0, . . . , w

′
k)],

where w0, . . . , wk−1 and w′0, . . . , w
′
k−1 are all equal to the infi-

nite word over [dn0 ] consisting of zeroes only. This determinant
equals

det(ζ[(u0, . . . , uk−1); (u′0, . . . , u
′
k−1)]) · ζm,u,w − f,

where f ∈ O∞ is a polynomial in variables that are of the form
ζm,ui+u′j ,wi+w′j with i, j ≤ k but not both equal to k. All of these

wi + w′j have support of cardinality at most b (since only wk
and w′k have non-empty support and moreover, these two words
have support of cardinality at most b), so Φ(f) has already been
defined. Then we set

Φ(ζm,u,w) := det(ζ[u,u′])−1Φ(f).

The map Φ is Inc(N)′-equivariant by construction.
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The set Z ′ ⊆ Y ≤k∞ is contained in the image of the map ϕ.
Indeed, this follows directly from the fact that the determinant
of the matrix

ζ[(u0, . . . , uk), (w0, . . . , wk); (u′0, . . . , u
′
k), (w′0, . . . , w

′
k)].

vanishes on Z ′ while det(ζ[u,u′]) does not. More precisely, Z ′

equals the intersection of Y ≤k∞ with imϕ, and hence by Lem-
mas 1.2.8 and 1.2.6 it is Inc(N)′-Noetherian. We already pointed
out that this implies that Z ′ is Sym(N)′-Noetherian.

Now that Z ′ is Sym(N)′-Noetherian, Lemma 1.2.9 implies
that the G∞-space (G∞×Z ′)/ Sym(N) is G∞-Noetherian. The
map from this space to A∞ sending (g, z′) to gz′ is continuous
and G∞-equivariant, and its image is the open set Z ⊆ Y ≤k∞ .
It follows from Lemma 1.2.8 that Z is Sym(N)-Noetherian. We
conclude that, in addition to the closed subset Y ≤k−1

∞ ⊆ Y ≤k∞ ,
also the open subsets Z0, . . . , ZN−1 are Sym(N)-Noetherian. As
mentioned before, this implies that Y ≤k∞ = Y ≤k−1

∞ ∪ Z0 ∪ . . . ∪
ZN−1 is Sym(N)-Noetherian, as claimed in Theorem 5.5.2.

Remark 5.5.4. Since Y
≤(kχ)χ
∞ is an G-stable closed subset of

Y
≤
∑
χ kχ

∞ , it is an G∞-Noetherian topological space as well.

Remark 5.5.5. A natural question regarding our main theo-
rems is why we restrict to Abelian groups A. Do our results
carry over to general A, so that they apply to other phyloge-
netic models? Frankly, we do not know. Certainly the fact that
A is Abelian is used in the proof of Lemma 5.3.5. This is used in
Proposition 5.4.2 to prove that Y ≤k∞ is defined by finitely many
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polynomials up to symmetry, which in turn is used in the in-
duction proof in this section that Y ≤k∞ is Noetherian. In the
non-Abelian case, we have no idea whether (a suitable variant
of) Y ≤k∞ is defined by finitely many orbits of equations; and (a
variant of) A∞ seems simply too large to work with directly. On
the other hand, in the case where A has a normal Abelian sub-
group that acts transitively on B, finiteness results are proved
in [Mic14].

5.6 Proofs of the main theorems

Recall that in Section 5.4, we fixed a positive integer n0, an
A-representation V , a tensor ξ0 (viewed as a contraction ξ0 :
V ⊗[m+n0] → V ⊗[m] for each m ∈ N) and a k ∈ N. Moreover,
for each m0 ∈ [n0] we defined the flattening variety Y ≤k∞ which
implicitly depends on all of these. In this section, n0 and ξ0
are still defined as before; however, we wish to stress that some
of the theorems that follow hold for any k ∈ N and any m0 ∈
[n0]; in these cases, we explicitly mention them in the statement
of the theorems. If we do not mention them, then they will
be defined implicitly as above. Finally, we will sometimes use
specific A-representations V in our theorems.

Here are a few theorems that follow from Theorem 5.5.2.

Theorem 5.6.1. For any fixed natural number k, any closed
G∞-stable subset Z∞ of Y ≤k∞ is the common zero set in A∞ of
finitely many G∞-orbits of polynomials in O∞.

Proof. As Z∞ is a closed G∞-stable subsets of Y ≤k∞ , and as Y ≤k∞
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is an G∞-Noetherian topological space (Theorem 5.5.2), Z∞
is cut out from Y ≤k∞ by finitely many G∞-orbits of equations.
Moreover, Y ≤k∞ itself is cut out from A∞ by finitely many G∞-
orbits of Equations (Proposition 5.4.2), and hence the same is
true for Z∞.

Theorem 5.6.2. Let Z∞ be the projective limit in A∞ of cer-
tain Gm-stable closed subsets Zm ⊆ Y ≤k[m] for m running through

m0 + n0N that satisfy ξ0(Zm+n0
) ⊆ Zm for any m ∈ m0 + n0N.

Suppose moreover that there exists a tensor ε0 ∈ V ⊗[n0] such
that the inclusion maps ι : V ⊗[m] → V ⊗[m+n0], ω 7→ ω⊗ ε0 map
Zm into Zm+n0 and such that ξ0 ◦ ι = idV ⊗[m] (i.e. ξ0(ε0) = 1).

Then there exists D ∈ N such that for all m ∈ m0 + n0N,
Zm is defined by the vanishing of a number of polynomials of
degree at most D.

Proof. By Theorem 5.6.1 there exists a D such that Z∞ is de-
fined in A∞ by polynomials of degree at most D; we prove that
the same D suffices in Theorem 5.6.2. Indeed, this is simply
an application of Lemma 1.4.4, after showing that Z forms a
(m0 + n0N, S)-family of varieties for a certain S. Indeed, ob-

serve that the required inclusions ιm′,m are the maps ι
m′−m
n0

for m′ > m, and the projections πm,m′ are contractions along

ξ
⊗m
′−m
n0

0 . One may now verify that this gives a (m0 + n0N, S)-
family of varieties for a certain S (we do not explicitly con-
struct S to avoid unnecessary technical details). Now apply
Lemma 1.4.4.

The next theorem will be rather more subtle than the pre-
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vious ones, as it involves contractions along A-invariant tensors
that are not necessarily of length pn0. For this reason, we will as-
sume the existence of closed subsets Zm of Y ≤k[m] for each m ∈ N,

rather than just for each m ∈ m0 + n0N.

Theorem 5.6.3. For each m ∈ N, let Zm ⊆ Y ≤k[m] be an Gm-

stable closed subset. Suppose that all contractions V ⊗[m] →
V ⊗[µ] along A-invariant tensors in (V ∗)⊗m−µ map Zm to Zµ.

Suppose moreover that there exists an A-invariant vector
e0 ∈ V such that the inclusion maps ι : V ⊗[m] → V ⊗[m+1], ω 7→
ω ⊗ e0 map Zm into Zm+1 for each m ∈ N and such that
ξ0 ◦ ιn0 = idV ⊗[m] for each m ∈ N.

Then there exists M ∈ m0 + n0N such that for all m ∈
M + n0Z>0 and for all ω ∈ V ⊗[m] the following are equivalent:

1 For all σ ∈ Sym(m), and all contractions ξ : V ⊗[m] → V ⊗[µ]

along A-invariant tensors in (V ∗)⊗m−µ with µ ≤M , one
has ξ(σ(ω)) ∈ Zµ.

2 One has ω ∈ Zm.

Proof. The implication 2 ⇒ 1 is trivial; we will show the im-
plication 1 ⇒ 2. Let Z∞ be the projective limit in Y ≤k∞ of Zm
for m ∈ m0 + n0N. By Theorem 5.6.1, Z∞ is defined (in A∞)
by finitely many G∞-orbits of polynomials in O∞. This implies
that there exists an M ∈ m0 + n0N such that the G∞-orbits of
the equations of ZM define Z∞. We claim that this value of M
suffices for Theorem 5.6.3, as well.

Indeed, suppose that ω ∈ V ⊗[m] with m ∈ M + n0Z>0 has
the property that (for any rearrangement of its terms) all its
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A-equivariant contractions along tensors to V ⊗[µ] lie in Zµ and
construct ω∞ ∈ A∞ as in the proof of Theorem 5.6.2 (using
ιn0 instead of ι). We claim that ω∞ lies in Z∞. For this it
suffices to show that for each f in the ideal of ZM and each
g ∈ G∞ the polynomial gf vanishes on ω∞. Let g ∈ G∞ and
let m′ = M + pn0 = m+ p′n0 ∈ m+n0N be such that g ∈ Gm′ .
By construction, f ∈ OM is identified with the function in Om′
obtained by precomposing f with the contraction V ⊗[m′] →
V ⊗[M ] along the tensor ξ⊗p0 on the last m′ −M factors. Hence

gf is the same as contraction V ⊗[m′] → V ⊗[M ] along some A-
invariant tensor (in some of the factors), followed by g′f for
some g′ ∈ GM . Evaluating gf at the tensor ω∞ is the same as
evaluating it at

ω ⊗ (e0)⊗p
′n0 ,

and boils down to contracting some, say l, of the factors e0 and
m′−M − l of the remaining factors V along a tensor in (V ∗)⊗I

(with |I| = m′ −M), and evaluating g′f at the result.
But this is the same thing as first applying some σ ∈ Sym(m)

to ω (to ensure the right factors of ω will be contracted), then
contracting σ(ω)⊗e⊗l0 ∈ V ⊗[m+l] to an element ω′ ∈ V ⊗[µ] along
some A-invariant tensor ξ′ in (V ∗)⊗m+l−µ (where m− µ = |J |)
and evaluating g′f at σ′(ω′ ⊗ e⊗M−µ0 ) for some σ′ ∈ Sym(M).
Note that σ and σ′ are merely used to reorganize the terms of
ω and ω′ ⊗ e⊗M−µ0 to avoid some cumbersome notation.

Viewing e⊗l0 as a contraction from (V ∗)⊗m+l−µ → (V ∗)⊗m−µ

in the natural way, we have ξ̃ := e⊗l0 (ξ′) ∈ (V ∗)⊗m−µ. Observe
that ω′ = ξ̃(σ(ω)) and that ξ̃ is A-invariant since both ξ′ and
e0 are A-invariant.
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Now by assumption ω′ lies in Zµ (since µ ≤M), hence ω′ ⊗
e⊗M−µ0 lies in ZM and hence we have σ′(ω′ ⊗ e⊗M−µ0 ) ∈ ZM as
well. This proves that g′f vanishes on it, so that gf vanishes
on ω∞, as claimed. Hence ω∞ lies in Z∞. But the projection
A∞ → V ⊗[m] sends ω∞ to ω and Z∞ to Zm. Hence ω lies in
Zm, as required.

With these results, we can now prove our main theorems.

Proof of Main Theorem III. By Lemma 5.3.1 it suffices to show
that for fixed k ∈ N and for V = K[A]n for some fixed n ∈ N
with n > k, there exist M,n0 such that a tensor in V ⊗[m], m ≥
M , m ∈ m0 + n0N is of border rank at most k as soon as all its
A-equivariant contractions along m − µ-tensors to V ⊗[µ] have
border rank at most k (possibly after rearranging terms).

Recall that we defined ξ0 using xχ ∈ V ∗χ . Denoting the trivial
character as 0, note that V ∗0 is non-trivial since the sum of all
basis elements of V is A-invariant, so x0 6= 0. Moreover, x0

vanishes outside of V0, hence there must be an element e0 ∈ V0

such that x0(e0) = 1. For such e0, observe that ξ0(e⊗n0
0 ) = 1

and that e0 is A-invariant because V0 is the set of A-invariant
elements of V . Now apply Theorem 5.6.3.

Our fourth main theorem requires a bit more work. We
define an A-spaced star to be an A-spaced tree for which the
underlying tree structure is that of a star.

Lemma 5.6.4. Let T be an A-spaced star with center r and
leaves [m]. Let I ( [m] and let T ′ be the A-spaced star with
center r and leaves [m] − I (and the same spaces attached to
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each vertex it shares with T ). Let ξ be an A-invariant ten-
sor in ⊗q∈IV ∗i . Then the map ξ : L(T ) → L(T ′) defined by
⊗q∈[m]vq 7→ ξ(⊗q∈Ivq) · ⊗q∈[m]−Ivq maps CV(T ) to CV(T ′).

Proof. We show that ξ(Ψ(T )) ⊆ Ψ(T ′). Assume without loss
of generality that I = {µ, . . . ,m − 1}. Let A = (Arq)q∼r ∈
repG(T ). Write Arq =

∑
b∈Br b⊗ vb,q for any q ∈ leaf(T ). Note

that aArq =
∑
b∈Br (ab)⊗ (avb,q) =

∑
b∈Br b⊗ (ava−1b,q). Since

Arq is A-invariant, we find that a−1vb,q = va−1b,q for any b ∈ Br,
a ∈ A and q ∈ leaf(T ).

Then we have ξ(ΨT (A)) =
∑
b∈Br ξ(⊗p∈Ivb,q) · ⊗q∈[µ]vb,q.

Let cb := ξ(⊗q∈Ivb,q). Observe that for any a ∈ A, we now
have cb = (aξ)(⊗q∈Ivb,q) = ξ(a−1⊗p∈I vb,q) = ξ(⊗q∈Iva−1b,q) =
ca−1b.

For q ∈ [µ−1], define A′rq = Arq and define A′rµ =
∑
b∈Br b⊗

cbvb,µ. Observe that A′rq is A-invariant for each each q ∈ [µ],
using a−1cbvb,µ = cbva−1b,µ = ca−1bva−1b,µ for any a ∈ A, b ∈
Br. This means A′ := repG(T ′). We now easily see that
ΨT ′(A

′) = ξ(ΨT (A)), which after taking the closure concludes
the proof.

Suppose V has a distinguished basis B such that A acts on
B. It is easily seen that for an A-spaced star T with center r,
leaves [m] and such that Vq = V for each q ∈ [m], one has CV(T )
is Gm-stable. From now on, assume that V has a distinguished
basis B such that A acts on B.

Now, for m ∈ N, let Tm be an A-spaced star with center
r with space Vr and base Br of cardinality k, leaves [m], and
such that Vq = V for each q ∈ [m]. Denote CVm = CV(Tm).
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Observe that CVm consists of tensors of rank at most k, hence
CVm ⊆ Y ≤k[m] . Fix m0 ∈ N. We can now define CV∞ ⊆ Y ≤k∞ ⊆
A∞ as the projective limit of the CVm with m ∈ m0 + n0N.
This is the infinite star model alluded to in the introduction of
this chapter.

Proposition 5.6.5. For any fixed space Vr with basis Br, the
set CV∞ is the common zero sets of finitely many G∞-orbits of
polynomials in O∞.

Proof. As CV∞ is a closed G∞-stable subset of Y ≤k∞ (with k =
|Br|) one can apply Theorem 5.6.1.

Now, we will see how we can reduce from a star with arbi-
trary spaces attached to the leaves to a star for which each leaf
has space V attached. This is the analogue of Lemma 5.3.1 for
star models.

Lemma 5.6.6. Let m ∈ N and suppose T is an A-spaced star
with center r, with space Vr and base Br of cardinality k, and
leaves [m], with spaces Vq for each q ∈ [m]. Let V = K[A]n for
some n ∈ N with n > k and let B = {afi | a ∈ A, fi is the i-th
standard basis vector of K[A]n viewed as a K[A]-module}. If
CVm is defined by polynomials of degree at most D, then so is
CV(T ).

Proof. We have CV(T ) is contained in L(T ) =
⊗

q∈[m] Vq and

CVm is contained in L(Tm) =
⊗

q∈[m] V . Recall that CV(T )

is the Zariski closure of Ψ(T ) and CVm is the closure of the
image of Ψ(Tm). A generic element of Ψ(T ) is of the form
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∑
b∈Br ⊗q∈[m]vq,b with

∑
b∈Br b⊗vq,b an A-invariant element of

Vr ⊗ Vq for each leaf q. From this, we can easily conclude that
any element of CV(T ) has border rank at most k. Likewise, any
element of CVm has border rank at most k.

Suppose ω ∈ L(T ) − CV(T ). We show that there is an
m-tuple of A-linear maps ϕq : Vq → V such that ϕ[m](ω) 6∈
CVm. Note that such a ϕ[m] maps CV(T ) to CVm. If this
is the case, then we can immediately conclude that there is
f ∈ OL(Tm) of degree at most D that vanishes on CVm but
not on ϕ[m](ω), hence ϕ∗[m](f) ∈ OL(T ) has degree at most D,

vanishes on CV(T ) and does not vanish on ω. Hence CV(T ) is
defined by polynomials of degree at most D.

If ω has border rank at most k, then by Lemma 5.3.1, we can
find m-tuples of A-linear maps ϕq : Vq → V and ψq : V → Vq
such that ψ[m](ϕ[m](ω)) = ω. Since ψ[m](ϕ[m](ω)) 6∈ CV(T ) by
assumption (and ψ[m](CVm) ⊆ CV(T )), we can conclude that
ϕ[m](ω) 6∈ CVm.

If ω has border rank exceeding k, then by Lemma 5.3.1, there
is an m-tuple of A-linear maps ϕi : Vi → V such that ϕ[m](ω)
has border rank exceeding k, which implies ϕ[m](ω) 6∈ CVm.

Remark 5.6.7. 1 We may in fact assume n = k; in this case,
we first test whether some flattening of ω has rank exceed-
ing k; this can be done by equations of degree k+1. If not,
then we can find m-tuples of A-linear maps ϕq : Vq → V
and ψq : V → Vq such that ψ[m](ϕ[m](ω)) = ω and proceed
with the proof as above.

2 If Vr has multiplicity kχ for each irreducible representation
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χ, then we may use V = K[A]maxχ{kχ} instead of K[A]n.
In fact, we may use V = Vr, using the fact that because
of the given basis of V , we have kχ = kχ−1 for each χ.

Moreover, observe that we have CVm ⊆ Y ≤(kχ)χ
[m] .

Example 5.6.8. If B = A, then we have K[A] ∼=
⊕

χ∈Â χ

(identifying characters and irreducible representations in the
natural way), and hence if Vr = K[A], then we have CVm ⊆
Y
≤(1)χ
[m] . ♦

We now show that the (Zariski closure of the) equivariant
model for an A-spaced star is defined in bounded degree, given
a bound on the cardinality of the basis of the center of the star.
After we show this, we can finally prove Main Theorem IV.

Theorem 5.6.9. Let Vr be an A-module with basis Br of cardi-
nality k ∈ N. Then there exists D ∈ N such that for each m ∈ N
and each A-spaced star T with center r with leaves [m], one has
CV(T ) is defined by the vanishing of a number of polynomials
of degree at most D.

Proof. By Lemma 5.6.6 it suffices to prove that for fixed k ∈ N
and V = K[A]n with n > k, there exists a D ∈ N such that
for all m0 ∈ [n0] and for all m ∈ m0 + n0N the variety CVm is
defined in V ⊗[m] by polynomials of degree at most D.

As in the proof of Main Theorem III, observe that there
is some A-invariant element e0 such that ξ0(e⊗n0

0 ) = 1. Let
ε0 = e⊗n0

0 .
Consider the inclusion maps

ι : V ⊗m → V ⊗m+n0 , ω 7→ ω ⊗ ε0.
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Observe that ι(ΨTm(A)) = ΨTm+n0
(A′) where A′rq := Arq if

q ∈ [m] and A′rq = (
∑
b∈Br b) ⊗ e0 otherwise. Moreover, each

A′rq is A-invariant.

Hence this map sends CVm into CVm+n0 and we easily see
that it satisfies ξ0 ◦ ι = idV ⊗[m] .

Thus we can apply Theorem 5.6.2.

Example 5.6.10. Let B = A = Z/2Z and let T be anA-spaced
tree with m leaves with space V = K[A] attached to each node.
Let y0, y1 ∈ V ∗ be a basis dual to the basis 1 + a, 1− a of V .

Using the proof in [SS05] that the group-based model for
Z/2Z is defined by linear and quadratic polynomials, we can
show that CVm is defined by the G∞-orbits of ζm,u where the
cardinality of {i ∈ [m] | ui = 1} is odd and by the G∞-orbits of
ζm,u0

ζm,u1
− ζm,u2

ζm,u3
such that:

a For each i ∈ [m], the multiset {(u0)i, (u1)i} equals the multi-
set {(u2)i, (u3)i}.

b For each j ∈ {1, 2, 3, 4}, the cardinality of {i ∈ [m] | (uj)i =
1} is even.

Note the similarity with Example 5.4.4. Indeed, these equa-

tions all vanish on Y
≤(1,1)
[m] , hence we have Y

≤(1,1)
[m] ⊆ CVm and

therefore Y
≤(1,1)
[m] is in fact equal to CVm in this specific case.

By Example 5.4.4, we find that we can take M = 8 in Theo-
rem 5.6.3. A more precise examination shows that we may take
M = 5 in this case. ♦
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Proof of Main Theorem IV. Let T be an A-spaced tree (over
an algebraically closed field of characteristic 0) satisfying the
conditions of the theorem. By Theorem 1.7 in [DK09], one has
I(CV(T )) =

∑
r∈vert(T ) I(CV([rT )) where [rT is an A-spaced

star with center r. From this, we can easily conclude that if
CV([rT ) is defined by polynomials of degree at most D for each
r, then so is CV(T ). Now apply Theorem 5.6.9.

Remark 5.6.11. The proof of this theorem, along with the
previous remark, shows that to describe the equations that de-
fine the equivariant model for any A-spaced tree, it suffices to
describe the equations that define the equivariant model for any
A-spaced star for which all nodes have the same space attached.

Proof of Main Theorem I. For the field K = C, by Main The-
orem IV there is D ∈ N depending on A and k = |B| such
that CV(T ) is defined by polynomials of degree at most D. The
tensorification of the model in the introduction is the closure of
the set tensors of the form Ψ(A) with A ∈ repG(T ) such that
A satisfies an additional set of linear equalities and inequalities
(certain sums must be equal to 1 and certain coefficients must be
non-negative). Since Ψ is linear, these translate to linear equal-
ities and inequalities for Ψ(A). Then clearly, the closure of the
set of tensors of the form Ψ(A) with A ∈ repG(T ) such that A
satisfies the linear equalities mentioned is defined by polynomials
of degree at most max(D, 1), since linear equalities can be tested
by linear polynomials. The latter however equals the closure of
the set of tensors of the form Ψ(A) with A ∈ repG(T ) such that
A satisfies both the linear equalities and the inequalities. Hence
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the tensorification of the model in the introduction is defined by
polynomial equations of degree at most max(D, 1).

Proof of Main Theorem II. Let ω ∈ L(T ). We will first test
whether ω ∈ CV(T ); after that, we can verify whether ω satisfies
the additional linear equalities mentioned in Main Theorem I.
For each vertex r, view ω as an element of [r(T ); say [r(T ) has
leaves [m] and space Vq for each q ∈ [m]. Use the construction of
Lemma 5.3.1 to produce ϕ[m], ψ[m] such that ψ[m](ϕ[m](ω)) =

ω, where ϕq : Vq → V = K[A]|B|+1. If some flattening of ω
occuring in the construction has image of rank exceeding k =
|B|, then conclude that ω 6∈ CV(T ).

Consider ω′ = ϕ[m](ω). Take M as in Theorem 5.6.3. Let
I be a subset of [m] of cardinality pn0 with m− pn0 ≤ M ; the
number of such subsets is polynomial in m (it is O(mM )).

Take a basis ξ0, . . . , ξN−1 of A-invariant tensors in (V ∗)⊗I ;
let f0,. . . ,fN ′−1 be a set of polynomials that defines CV(T[m]−I).
We can symbolically describe the composition of a contraction
of ω′ along the formal linear combination

∑
xiξi with some fj

as a polynomial and test whether this polynomial is identically
0. If the latter is true for all I and for all flattenings, then
conclude that ω lies in CV(T ) because of Theorem 5.6.3.

The set-up of our algorithm (given M) starting from Tm is
as follows. In the deterministic setting:

Precomputation Compute, once and for all, a set Eµ of equa-
tions for CVµ for all µ ≤M .

Input ω ∈ V ⊗[m].



178 CHAPTER 5. TREE MODELS

Output True or false (the answer to the question whether ω ∈
CVm).

Algorithm For each I ⊆ [m] with |I| ≥ m−M , check whether
the composition of the equations in Em−|I| with the formal
contraction of ω along a general A-invariant element of
(V ∗)⊗I is identically 0. If this is the case for all I, then
output ‘true’, else output ‘false’.

The number of scalar arithmetic operations in this algorithm
is bounded by a polynomial in dm, where the degree of that
polynomial depends on the degrees of the equations found in
the pre-computation step. Observe that running with I over all
sufficiently large subsets of [m] contributes only a factorO(mM ),
which is poly-logarithmic in dm. In the probabilistic setting:

Precomputation Compute, once and for all, a set Eµ of equa-
tions for CVµ for all µ ≤M .

Input ω ∈ V ⊗[m].

Output True or false (the (probable) answer to the question
ω ∈ CVm?).

Algorithm For each I ⊆ [m] with |I| ≥ m − M , generate
a random element ξ of (V ∗)⊗I and compute whether all
equations in Em−|I| vanish on ξ(ω) (with ξ viewed as a

contraction V ⊗[m] → V ⊗[m]−I). If this is the case for all
I, then output ‘true’, else output ‘false’.

The number of scalar arithmetic operations in this case is
linear in dm ·mM .
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Gröbner bases in infinite dimensional polynomial
rings and applications. Adv. Math., 229(1):1–25, 2012.

[KPRS08] Alex Kasman, Kathryn Pedings, Amy Reiszl, and
Takahiro Shiota. Universality of rank 6 Plücker re-
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for showing me around on my first day as a PhD student, Maxim
for giving me the opportunity to work on an interesting prob-
lem quite unlike the topic of my thesis, Yael for allowing me to
confuse others by having bilingual conversations, Emil for intro-
ducing me to the Transylvanian cuisine, and Guus for sharing
many tidbits of wisdom from his Murphy’s law calendar. Of
course, I also thank all of them for the many other joys we have
shared.

189



190 ACKNOWLEDGEMENTS

I am grateful to all my co-authors, starting with Jan Draisma
for being a co-author on no less than three of my articles, but
also to Maxim Hendriks, Emil Horobeţ, Robert Krone, Kaie
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Finiteness properties
of varieties with large
group actions

Finding equations for and testing membership of a variety are
two important problems in algebraic geometry. Generally, the
larger the dimension of a given affine space, the more difficult
is to solve these problems for varieties in this space. There
are however many cases in which one is interested in discrete
families of varieties for which the dimension can be arbitrarily
large.

For example, one may consider the variety of matrices of
rank bounded by a fixed natural number. This variety can be
defined regardless of the number of rows and columns of the
matrices involved. One quickly notices that the variety is stable
under the group generated by row and column operations, and
in fact, under the action of this group, the orbit of a specific

191



192 SUMMARY

equation suffices to define the variety, regardless of the number
of rows and columns. Moreover, if the number of rows and
columns increases even further, the orbit of the same equation
(now under the action of a larger group) still defines the variety.
The only requirement in this is that the number of rows and
columns is large enough for the equation mentioned (in this case,
a sub-determinant) to be defined. This means that even though
the number of equations needed to define the variety grows, we
can still describe the variety by means of one equation up to
symmetry.

In this thesis, we describe properties like this in greater gen-
erality. The first chapter introduces some concepts necessary to
describe finiteness properties like the above in greater general-
ity. The remaining chapters focus on the application of these
concepts in various settings. The second chapter focuses on the
setting of toric varieties (more specifically, it focuses on poly-
nomial rings and ring homomorphisms that map monomials to
monomials). The third chapter focuses on the setting of matrix
tuples, and the results of this chapter are used in the fourth
chapter, which focuses on secants of Grassmannians (and sim-
ilar families of varieties). Finally, the fifth chapter focuses on
the setting of Abelian tree models, a concept arising from the
field of phylogenetics.
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