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Abstract

This thesis studies discrete-to-continuum limits of models for interacting dislocations.
This analysis contributes to the ultimate goal of obtaining a system of equations which
accurately describes plasticity of metals on scales ranging from micrometres to millimetres.

The microscopic models which we consider are described in terms of particle systems,
in which the particles are either one- or two-dimensional. The dynamics of these particle
systems are given by a gradient flow of a discrete energy which includes the non-local and
singular dislocation interactions. A special feature of this gradient flow is that it accounts
for preferred directions of motion, which is typical for dislocation dynamics.

The main novelty of this thesis is the rigorous derivation of the discrete-to-continuum
limit of these gradient flows. The limiting gradient flow describes the evolution of the
dislocation density in terms of a partial differential equation. The related proof tech-
niques of the convergence of the gradient flows rely on variational techniques such as
Γ-convergence of the corresponding energies. Other results in this thesis include: (i)
corrections to the continuum descriptions of the minimizers of the discrete energies by
identifying boundary layers, (ii) a rigorous connection between two seemingly different
models for the dynamics of screw dislocation with several preferred directions of motion,
and (iii) extensive simulations to gain insight in describing dislocation annihilation on a
macroscopic length-scale.

Keywords: Discrete-to-continuum limit, Γ-convergence, gradient flows, dislocations,
multi-scale.
MSC 2010: 49J45; 74C10; 35B27; 74Q10; 82B21; 82D35.
PACS 2010: 02.30.Xx; 02.30.Jr; 45.50.-j; 81.40.Lm.
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Chapter 1

Introduction

1.1 Scope

A large field of ongoing research studies plastic deformation of metals. Plasticity of metal
is an irreversible process, in which permanent changes within the material result in a
macroscopic change of shape. These permanent changes are the collective behaviour of
curve-like defects in the atomic lattice of the metal. Such defects are called dislocations.
It is typical for metals to contain many dislocations (as much as 1000 km of dislocation
curve in a cubic millimeter [HB01, p. 20]). Because of this large amount of dislocations,
there is a general belief that plasticity can be described in terms of upscaled quantities
such as the dislocation density.

This belief has led to several different dislocation density models in the engineering
literature. The discrepancies between these models arise from using different phenomeno-
logical closure assumptions. These assumptions are needed to bridge the gap between
dislocations interacting on the micro-scale and their collective behaviour on the macro-
scale. To have a clear view on the matter, it is highly desired to bridge this gap without
phenomenological assumptions. This brings us to the main question in this thesis:
Which dislocation density models are the discrete-to-continuum limit of the dynamics of
individual dislocations as the number of dislocations tends to infinity?
The main challenge in answering this question lies in controlling the non-local and singu-
lar interactions between dislocations. To gain more insight in the consequence of these
interactions for the limiting dynamics, we study rigorously discrete-to-continuum limits of
several microscopic models in which the dislocations are either points in R2 with orien-
tation ±1, or in which the dislocations from special structures (in our case, dislocation
walls) piling up in a one-dimensional setting. The common feature in these models is that
they are described by particle systems. Such particle systems are governed by a potential
energy defined on the state space of all particle positions. The interaction part of the

1



2 Chapter 1. Introduction

potential energy has the structure

En(x) := 1
2n2

n∑
i=1

n∑
j=1
j 6=i

bibjV (xi − xj). (1.1)

In (1.1), n denotes the number of particles, x = (x1, . . . , xn) lists the positions of all
particles, bi ∈ {−1, 1} denotes the orientation, and V denotes the interaction poten-
tial. Depending on the microscopic model at hand, the positions xi are either one- or
two-dimensional, and V has different qualitative properties which may depend on n. Be-
cause dislocation motion is dominated by dissipation, we are interested in low energy
configurations for En, in particular its minimizer(s).

To capture the dynamics of dislocations, we consider a quadratic dissipation (i.e. con-
stant drag coefficients), which takes into account that dislocations have one or more
preferred glide directions. The dynamics are given by the (generalized) gradient flow

dx

dt
= P

(
−∇En(x)

)
, (1.2)

where the (nonlinear) projection operator P projects the force on a dislocation onto its
nearest glide direction.

The main challenges in proving the convergence of both En (1.1) and the discrete
gradient flow (1.2) as n→∞ are the following:

1. the discrepancy between the discreteness of En and the continuum description of
the limit energy E;

2. the non-locality of the interactions;

3. the singularity of V at 0;

4. different scaling regimes for the particle positions;

5. the anisotropy of the dynamics induced by the glide directions;

6. the heterogeneity of the particle system induced by different orientations (i.e. bi ∈
{−1, 1}).

We face these challenges by relying on variational techniques. We handle the first
point by using the space of measures as the functional framework, which allows us to
compare discrete objects (described by empirical measures) directly with continuum ob-
jects (mostly absolutely continuous measures, but such regularity is not required). We
use Γ-convergence to show that En converges to a limit energy E. When dislocations
of opposite orientation are considered, we regularize the potential V to bound En from
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below. For the evolutionary convergence of the discrete gradient flow (1.2), we use ei-
ther the stability result in [ASZ09, Thm. 6.1] for λ-convex energies, or the framework
developed in [SS04, Ser11].

As these techniques depend on the properties of V rather than the precise expression
of V , we hope that our analysis is valuable in understanding other interacting parti-
cle systems as well. Several examples of such particle systems are: biological aggrega-
tions [MEK99, TBL06], granular media [LT04, CMV06], nano-particles [HP06], molecular
dynamics simulations of (soft) matter [Hai92], swarms [CCH14], and crowd dynamics
[Eve15].

Relying on the variational techniques, we pass to the limit n→∞ in both (1.1) and
(1.2). The next goal is to extend our discrete-to-continuum analysis to discrete models
which provide a more precise description of dislocations. We expect that their continuum
limits can potentially classify and unify existing models in the engineering literature.

1.2 Synopsis of the thesis
This thesis is structured in three parts:

• the motivation of our dislocation models (Chapter 2),

• Γ-convergence of the energies describing these models (Chapters 3 – 5), and

• a study on the dislocation dynamics given by (1.2) and its evolutionary convergence
(Chapters 6 – 9).

All Chapters within these parts are self-consistent.
In Chapter 2 we introduce two types of dislocations: edge dislocations and screw

dislocations. We also describe the models for the interactions between dislocations which
we use in the subsequent chapters.

Chapters 3 – 9 contain all our mathematical results. Table 1.1 provides an overview
of the similarities and differences in the scenarios which are studied in these chapters. We
note that the scenarios in which we consider the particles xi to be one-dimensional are not
covered by the two-dimensional scenarios, since we face the fourth challenge listed above
(i.e. different scaling regimes for the particle positions) in the one-dimensional scenarios
only.

We continue with more detailed descriptions of the contents of Chapters 3 – 9. In
Chapter 3 we describe the position of our work in the context of the existing literature.
The bulk of the chapter concerns an extension of the Γ-convergence result in [GPPS13]
of dislocation walls in 1D to domains of finite size. As the main result of our analysis, we
obtain a classification of macroscopic models in which the size of the domain plays a key
role.
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Chapter time topic xi type orientation
3 static discrete-to-continuum 1D edge single
4 static continuum boundary layer 1D edge single
5 static discrete-to-continuum 2D edge/screw mixed
6 dynamic discrete-to-continuum 1D edge single
7 dynamic time discretization 2D screw mixed
8 dynamic discrete-to-continuum 2D edge single/mixed
9 dynamic simulations 1D edge/screw mixed

Table 1.1: Overview of the chapters containing the mathematical results. The second
column lists whether we study upscaling or properties of either (1.1) (static) or (1.2)
(dynamic). The third column describes the topic of the main result. The fourth column
depicts whether the particle positions are one- or two-dimensional. The fifth column lists
whether edge or screw dislocations are considered, and the last column describes whether
we consider a single orientation (bi = 1) or mixed orientations (bi ∈ {−1, 1}) for the
dislocations.

Chapter 4 addresses the scaling regime in [GPPS13] in which the minimizer of the
discrete energy contains a boundary layer. Starting from a continuum energy Ec modelling
the interactions at the length scale 1/c of the boundary layer, we derive a first-order
approximation of the energy by Γ-development in the limit c → ∞. While the first
term in the expansion (the Γ-limit of Ec) captures the ‘bulk’ profile of the density of
dislocation walls in the pile-up domain, the second-order term is a ‘boundary layer’ energy,
whose (continuous) minimizer matches very well with the boundary layer observed in the
minimizer of the discrete energy En.

We establish in Chapter 5 the Γ-convergence of En describing positive and negative
dislocations in R2. We consider a regularization of the singularity in the interaction
potential V to model the dislocation core. The typical width of the regularization is
chosen to converge to zero as n→∞.

In Chapter 6 we prove evolutionary convergence for the gradient flow (1.2) with respect
to the energy En considered in Chapter 3. The convexity of V guarantees the evolutionary
convergence result [ASZ09, Thm. 6.1] to apply to our setting.

Since screw dislocations have several glide directions, the related projection operator
P in (1.2) is multi-valued. To make sense of the evolution equation (1.2), we prove in
Chapter 7 that it is the limit of a sequence of minimizing-movement schemes when the
time step converges to 0. These schemes restrict dislocations to move during each time
step along a single glide direction from a prescribed, finite set of directions. To prove the
convergence of the minimizing-movement scheme, we generalize the setting in [AGS08,
Chap. 2 and 3] to be applicable to dissipations which cannot be described by a metric.
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In Chapter 8 we establish the evolutionary convergence of the discrete gradient flow
(1.2) of the regularized energy studied in Chapter 5. We consider positive edge dislo-
cations, for which the operator P in (1.2) is the linear projection of the force on each
dislocation onto its first coordinate. Our proof strategy uses the framework developed in
[SS04, Ser11]. We also indicate an attempt to extend the evolutionary convergence to
systems of mixed positive and negative edge dislocations.

To gain more insight in the dynamics of systems of mixed positive and negative edge
dislocations, we perform in Chapter 9 numerical simulations of (1.2) for large n and small
δ > 0, which is the typical width of the regularization of the singularity of V . To rule out
particular choices for the micro-structure of the initial data, we consider many instances
of randomly generated initial data. Based on the statistics of our simulations, we observe
that the microscopic and macroscopic dynamics are sensitive to both the regularization
width δ and quantitative properties of the type of regularization.

In Chapter 10 we summarize the results from Chapters 3 – 9 as a partial answer to
the main question posed at the beginning of Section 1.1. We also list our direct future
research questions which we are currently pursuing. We conclude the thesis with larger
open questions which concern bridging the scales between microscopic dislocation models
and macroscopic dislocation density models.





Chapter 2

Modelling dislocations

To be able to use variational methods to pass to the discrete-to-continuum limit as the
number of dislocations tends to infinity, we require to have the right level of detail for
describing individual dislocations. Starting in Section 2.1 from the atomic description of
dislocations, we motivate in Section 2.2 and Section 2.3 our modelling choices which result
in the description of systems of dislocations in terms of interacting particle systems. In
the subsequent chapters of this thesis we use different scenarios of these particle systems.
We leave the discussion on more detailed and scenario-dependent modelling aspects such
as a rescaling of time and space to the subsequent chapters.

2.1 Dislocations
In the last century a large research field is developed for different models of dislocations on
various space and time scales. Instead of giving an overview, we restrict our attention in
this section to the modelling choices we make from the atomic description of dislocations
to their interaction force and dynamics. More information can be found, for instance, in
the textbooks [HL82, HB01].

A dislocation is a line-defect in a three-dimensional lattice. Figure 2.1 shows a sketch
of a cubic lattice containing such a dislocation curve. The Burgers vector b characterizes
the orientation of the line-defect.

In this thesis we focus on straight dislocation lines. Such dislocations are either of
‘edge’ or ‘screw’ type (see Figure 2.1). Since the atomic structure is periodic along the
direction of the dislocation line, straight dislocations can be characterized by a point in
the two-dimensional plane perpendicular to the dislocation line.

This thesis studies systems of straight dislocations whose line directions are parallel.
By this assumption, all dislocations are characterized by points xi ∈ Ω ⊂ R2 coupled

Our modelling choices are based on discussions with our colleagues in Eindhoven: M. M. W. Dogge,
M. G. D. Geers, M. Hütter, M. Kooiman and R. H. J. Peerlings.

7
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Figure 2.1: Schematic picture of a dislocation curve in a 3D cubic lattice of atoms.
Courtesy of T. Hudson.

with a Burgers vector b ∈ R2 (for edge dislocations) or b = be3 (for screw dislocations),
where e3 denotes the direction of the dislocation line. Therefore, the Burgers vector for
screw dislocations is characterized by its length b ∈ R.

To obtain a tangible expression for the potential energy of a system of dislocations
given by {(xi,bi)}ni=1, we consider the model of dislocations developed by Volterra in
1907. This modelling approach considers dislocations as points xi in a continuum elastic
medium Ω ⊂ R2 at which a particular stress field (depending on bi) is singular. Because of
these stress fields, dislocations exert a force on each other, called the Peach-Köhler force.
Since this force is conservative, we can assign a potential energy V (xi, xj ; bi,bj) to any
dislocation pair, which characterizes the interaction force. If we assume all dislocations to
be edge dislocations with Burgers vectors bi = bie1 with bi ∈ {−1, 1} and the medium
Ω = R2 to be linear elastic and isotropic (such that its properties are characterized by the
shear modulus G and the Poisson’s ratio ν), then the potential energy for this system of
dislocations is given by

E(x1, . . . , xn; b1, . . . , bn) =
n∑
i=1

n∑
j=1
j 6=i

Gbibj
2π(1− ν)V (xi − xj). (2.1)
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The interaction potential V is given by

V (r) = r2
1
|r|2
− log |r|. (2.2)

The interaction potential V and a dimensionless and rescaled version of the energy E
describe the essence of the model for interacting dislocations which we use in many
chapters of this thesis.

It is well-known that Volterra’s model is inaccurate in the region within a few atom
spacings from the dislocation line. This inaccuracy is due to the discreteness of the
atomic lattice. We handle this issue by considering (in Chapters 5, 7, 8 and 9) a class
of regularizations of V around its singularity at 0. From a mathematical point of view,
such a regularization results in the interaction energy to be bounded from below, which is
an essential property for variational methods to be applicable. In Chapter 2 we show by
numerical computations that the precise expression of the regularized potential is relevant
for both the microscopic and macroscopic pattern formation of the dislocation positions.

The assumption Ω = R2 is a significant simplification to the structure of the energy
E as in (2.1). For finite Ω, the energy for the dislocation configuration strongly depends
on the elastic strain in the medium Ω, for which no explicit expression is available. As
a consequence, the interaction between two dislocations depends on their positions in Ω
and on the positions of all other dislocations. We discuss this setting in more detail in
Section 5.3, in which we also show how V (2.2) is related to the linear elastic energy in
the special case Ω = R2.

On the other hand, the main challenge in upscaling E as n → ∞ is to handle the
singularity in V rather than dealing with the finiteness of the domain Ω. Indeed, for finite
Ω, the logarithmic singularity in the interaction potential between two dislocations re-
mains the same, and the only place where additional singularities occur for the dislocation
positions is at ∂Ω. Therefore, if we impose that the dislocations stay within a compact set
in Ω, we expect that the upscaling results of the energy in (2.1) can be applied to upscale
the energy related to finite domains. We comment on this in more detail in Sections 5.6
and 8.5.

2.2 Dislocation walls
In Chapters 3, 4 and 6 we focus on systems of dislocation walls, which are vertically
periodic arrays of edge dislocations. Figure 3.1 illustrates such a system. The role of
Section 3.1.1 is to describe the context of this model of dislocation walls, which has
been developed decades ago, within the current literature. In Appendix A we explain the
modelling of the dislocation walls in more detail, and focus on their effective interaction
potential. We also give a stability result (see Proposition A.3.5) for the dislocations within
such a wall.



10 Chapter 2. Modelling dislocations

With the additional assumption that edge dislocations are arranged in aligned dis-
location walls, the interaction energy is described by a one-dimensional particle system
with a convex interaction potential. Hence, this model provides an excellent test case for
discrete-to-continuum limits as the number of particles n converges to infinity.

On the other hand, the model of dislocation walls has a particular feature which does
not resemble a generic system of dislocations in 2D. A detailed discussion can be found,
for instance, in [ZG11]. The main point is that the 1/r decay of the stress field induced by
single dislocations in the wall cancels out because of the periodic structure. The remaining
stress field decays exponentially fast in r. We prove in Section 3.6 that the passage to
the discrete-to-continuum limit does not require an exponential decay of the stress field.

2.3 Mobility of dislocations

A crude but widely used model for dislocation dynamics is the linear drag law (see
e.g. [HB01, (3.3b)]). It states that dislocations move with a speed linearly proportional
to the force along their glide direction. For edge dislocations, the glide direction is given
by the Burgers vector b = bie1 with bi ∈ {−1, 1}. Screw dislocations have several glide
directions, which are determined by the directions in which the atoms are most densely
packed.

In view of the system of edge dislocations given by {(xi, bie1)}ni=1 with potential
energy given by (2.1), the linear drag law is described by the following (linear) gradient
flow :

dx1
i

dt
= − 1

B

∂

∂x1
i

E(x1, . . . , xn; b1, . . . , bn), t > 0,

dx2
i

dt

∣∣∣∣
t=0

= 0,

 for all i = 1, . . . , n, (2.3)

where x1
i and x2

i are respectively the first and second component of xi. The drag coeffi-
cient B models the mobility of the dislocations in the medium. In Chapters 6, 8 and 9 we
start from a dimensionless rescaled version of (2.3) as the model for dislocation dynamics.

2.4 Notes and Comments

Nonlinear drag law. An interesting question is how dislocation dynamics can be de-
rived from the atomic description of dislocation dynamics. For instance, in [ADLGP14,
ADLGP15] a wiggly energy landscape for the dislocation positions is imposed to account
for the discreteness of the atomic lattice. Although it is known how to pass to the limit
of a Brownian point particle moving on a wiggly energy landscape as the noise and the
length scale of the wiggles converge to 0 [BP14], it is not clear how to extend these ideas
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to obtain an evolution equation of one-dimensional dislocation curves.
Thermal effects. By using Volterra dislocations which evolve by a linear drag law,

we neglect thermal effects. Recently, in [KHG14, KHG15b], a free energy functional is
derived in terms of the temperature, the dislocation density, and an externally applied
load. This functional is obtained by computing the grand-canonical partition function as
a sum over all microscopic states. These microscopic states are given by a dislocation
configuration and an elastic strain field.

In [KHG15a] coarse-graining of discrete dislocation dynamics is performed. By de-
scribing the micro-states as the dislocation positions combined with the lattice temper-
ature, the dynamics can be written into the GENERIC framework [Ött05]. The lattice
temperature accounts for the dissipation of energy by dislocation motion. By using the
coarse-graining techniques in [Ött05, Chap. 6], an evolution equation for the dislocations
density is obtained.

The interesting question here is to quantify in which sense the solutions to the micro-
scopic dynamics converge to a solution to the coarse-grained evolution equation for the
dislocation density at a given non-zero temperature. The work in [Duo14] may provide a
basis for the answer.





Chapter 3

Upscaling of dislocation walls in
finite domains

In this chapter we perform a discrete-to-continuum limit for a simplified dislocation net-
work, which allows our discrete model to be a one-dimensional interacting particle system.
The interactions between the particles (dislocation walls) are singular and non-local.

As a first step towards treating realistic dislocation networks, we focus on finite-size
effects rather than considering an infinite domain as typically discussed in the literature.
We derive effective equations for the dislocation wall density by means of a Γ-convergence
argument in the space of probability measures. As the main result of our analysis, we
obtain a classification of macroscopic models in which the size of the domain plays a key
role.

In Section 3.1 we introduce our main result (Theorem 3.1.1). In Section 3.2 we
motivate our choice of scaling for the discrete model. We prove Theorem 3.1.1 in Section
3.4. This proof requires a detailed description of our setting and several crucial arguments
(Section 3.3). In Section 3.5 we describe two additions to Theorem 3.1.1: (i) upscaling
of different scaling choices in the discrete model, and (ii) properties of the dislocation
wall density in the continuum limit. In Section 3.6 we discuss how Theorem 3.1.1 can be
generalized to different interaction potentials.

3.1 Introduction
In Section 3.1.1 we motivate how our analysis fits into the existing engineering and math-
ematics literature and why it may contribute to the understanding of plasticity. This
overview applies to the other chapters in this thesis as well. In Section 3.1.2 we introduce

Most results in this chapter are reported in [vMMP14] as joint work with A. Muntean and
M. A. Peletier. Sections 3.5.3 and 3.6 contain additional results.

13
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our discrete model. Section 3.1.3 describes the upscaling procedure of the related discrete
energies as well as the main theorem (Theorem 3.1.1). We give in Section 3.1.4 a detailed
description of the implications of Theorem 3.1.1 for the dislocation wall density.

3.1.1 Motivation and literature overview

At scales of millimeters or more, plastic deformation is well described by continuum-
level theories (see e.g. [Cal07, Ch.6]); at scales of 1−100 µm, however, the specimen size,
material grain size, and dislocation distribution scales become comparable, and often these
continuum-level theories break down. At such smaller scales, crystal plasticity models
attempt to capture the interaction between dislocations and grain boundaries by including
additional degrees of freedom representing dislocation densities.

Although more detailed, such (meso-scale) crystal-plasticity models depend on closing
the BBGKY hierarchy of multi-point correlation functions at the two-point or three-point
correlation levels. Current methods commonly postulate a closure assumption involving
certain averages, and estimate these averages from the statistics of smaller-scale models.
see for instance [ZMG01, GCZ03, YGVdG04, DEA07, LVdG08, DEA09].

While this statistical approach makes sense from a practical point of view, the question
remains whether discrete models of dislocations could not be scaled up rigorously, without
ad hoc closure assumptions. Such a rigorous upscaling has been performed for simplified
settings, for instance, for the case of parallel dislocations on a single slip plane, represented
by a ‘queue’ of points on the real line [FG07, FIM08, FIM09, HIM09], for arbitrary planar
dislocations [KO04, GM06, CG09, CGM11], for arbitrary collections of parallel disloca-
tions [CL05, Pon07, GLP10, MPS14], for evolution equations [EHIM09, FIM12, MP12],
and even for the scale of atoms to individual dislocations [HO14, ADLGP14, Hud14].

However, these upscaling techniques fail to capture one of the more intriguing aspects
of interacting dislocations: the cancellation that takes place in pile-ups of edge dislocations
at grain boundaries. Roy et al. pointed out [RPGK08] that the stresses in such pile-ups
are very sensitive to the local stacking of the dislocations, leading to incorrect predictions
if the averaging is not done correctly. This may also be the reason why there are multiple,
mutually contradicting dislocation-density models in the literature (e.g. [Gro97, GCZ03,
EBG04]).

Sparked by this observation, Scardia et al. analyzed the structure of pile-ups in de-
tail [GPPS13, SPPG14], and showed that five different regimes exist, depending on a
local aspect ratio (see also [Hal11] for an analysis of one of these regimes using formal
asymptotics). We describe the results of [GPPS13, SPPG14] in detail below.

The authors of [GPPS13, SPPG14] made several simplifying assumptions, one of which
is to allow the dislocations to move in a half-infinite domain. Since dislocation-density
models aim to describe the cases where grain size and pile-up width are comparable,
working with a finite domain bounded by grain boundaries on both sides is more natural.
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In this chapter, we generalize the results of [GPPS13, SPPG14] by considering any finite
length for the domain in which the dislocations are situated. This brings us to our main
research question:

How do finite domains change the results from [GPPS13, SPPG14]?

3.1.2 Setting of the discrete energy
The starting point is the setting described in [RPGK08], which originates from [Lou63,
Smi64]. In this setting, the dislocations are arranged equidistantly in n+ 1 vertical walls
of dislocations, which are assumed to be infinitely long. Figure 3.1 shows a schematic
picture of this configuration.

x̃0 = 0 Lx̃1 x̃2 x̃3 x̃4 x̃5

σ

σ

h

h

h

Figure 3.1: Configuration of the dislocations in the discrete model for n = 5 dislocation
walls.

In the steady state, we obtain the positions of the dislocation walls, denoted by x̃1 ≤
x̃2 ≤ . . . ≤ x̃n, by minimizing the energy given by

E = E(i) + E(F) + E(L), (3.1)

E(i)(x̃) = K

n∑
k=1

n−k∑
j=0

V

(
π
x̃j+k − x̃j

h

)
,

E(F)(x̃) = σ

n∑
i=1

x̃i,

E(L)(x̃) = χ{x̃n≤L} :=
{

0, if x̃n ≤ L,
∞, otherwise.
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Here, V is the interaction potential between walls, which is defined by

V (r) := r coth r − log |sinh r| − log 2, r ∈ R. (3.2)

This expression for V is motivated in Appendix A. In Appendix A we also show that the
potential V is even, has a logarithmic singularity at the origin, and is strictly convex and
monotonic on (−∞, 0) and (0,∞) (see Figure 3.2 for a plot). The energy E involves five
model parameters:

n, the number of walls (excluding the pinned wall at x̃0 = 0),

h, the distance between two subsequent dislocations in a wall,

σ, a constant external load applied to the system,

L, the position of the right boundary, and

K, a material constant.

r

V (r)

∼ | log r|

∼ re−2r

Figure 3.2: The interaction potential V .

We motivate our model in terms of the expression for E(x̃). The interaction part E(i)

is minimized by spreading the walls far apart in the interval (0,∞). The 0 is due to the
pinned wall at the impenetrable barrier located at x̃0 = 0. Because of the (logarithmic)
singularity of V at 0, none of the other walls will be located at x̃0. The contributions of
the external load E(F) and the right impenetrable barrier E(L) are minimized by putting
the walls close to 0. The unique minimizer (see Proposition 3.3.3) of E balances these
effects. A thorough understanding of this balance will explain how the finiteness of the
domain changes the results from [GPPS13].

3.1.3 Upscaling procedure
The collective behaviour of dislocation walls is obtained by passing to the limit of a
rescaled version of the energy E (3.1). The limit energy E is expressed in terms of the
dislocation density µ. For this limit passage we need to define what it means for µ to be
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‘close to’ a vector x̃ of discrete wall positions. We do this by using the narrow topology.
Setting

µn := 1
n

n∑
j=1

δx̃j ,

we say that µn converges in the narrow topology to µ if and only if
ˆ

[0,∞)
ϕdµn →

ˆ
[0,∞)

ϕdµ for all ϕ ∈ Cb([0,∞)). (3.3)

As V has a logarithmic singularity at 0, the energy landscape of E is singular at n
different hyperplanes. Hence, E is never close to any limiting energy E in any L∞-
topology. Instead, we aim to prove that E Γ-converges to E provided that an appropriate
scaling is applied. With Γ-convergence, we can show that the minimizer of E is close to a
minimizer of E. Furthermore, Γ-convergence is robust to a perturbation by a continuous
functional (which may model another type of external force term, for example). More
details and properties of Γ-convergence can be found in [DM93, Bra02].

We assume that all the parameters (L, h, K, σ) depend on n. To obtain a meaningful
limit we rescale the positions x and the energy E in a specific n-dependent manner. In
Section 3.2 we motivate the following scaling choices in more detail.

There are two natural length scales for the rescaling of x̃; one given by the size Ln
of the domain, and the other one provided by an intrinsic scale arising from the balance
between the load parameter σn and the interaction term E(i). Inspired by the discussions
in [SPPG14] we define the second length scale as

`n = nhn
π
α̂n, (3.4)

where α̂n is a parameter which scales like the aspect ratio between the dislocations in
Figure 3.1, i.e. the typical horizontal distance between walls divided by hn. It depends on
the parameters in the following way:

α̂n := fn

(√
πKn

nσnhn

)
, with (3.5)

fn(a) :=


na2, a <

1
n
,

a,
1
n
≤ a ≤ 1,

log a+ 1, 1 < a.

(3.6)

Figure 3.3 illustrates the typical behaviour of fn. We define the ratio

γn := Ln
`n

(3.7)
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11
n1

1
n2

1
n3

a

Figure 3.3: Plots of fn (see (3.6)) for n1 < n2 < n3.

to characterize the relative size of Ln with respect to `n.

Whenever `n is asymptotically smaller than Ln, i.e. γn � 1, it is natural to rescale
the positions by `n. In this case the scaled energy is given by

En(xn) :=


1

nσn`n
E (`nxn)− 1

2 log e

2nα̂n
, if α̂n � 1/n,

1
nσn`n

E (`nxn) , otherwise.
(3.8)

The Γ-convergence result of En to E is stated in [GPPS13, Thm. 1]. There are five
expressions for the related limiting energy E, depending on which of five scaling regimes
α̂n belongs to. We come back to this while discussing Table 3.1.

On the other hand, when Ln . `n, i.e. γn . 1, we expect that the typical length scale
for x̃ is determined by the barrier at Ln. Hence, we scale x̃ with Ln. The expression for
the aspect ratio then also changes into

αn := πLn
nhn

= γnα̂n. (3.9)



3.1. Introduction 19

In this case (i.e. γn . 1), we scale the energy as follows:

En(xn) :=



γn
nσnLn

E (Lnxn)− 1
2 log e

2nαn
, if αn � 1/n,

exp
(
2αn(1− 1/γn)

)
nσnLn

E (Lnxn) , if αn � 1,

γ2
n

nσnLn
E (Lnxn) , otherwise.

(3.10)

To state the main result we extend En to apply to measures by setting

En(µ) =

 En(xn), if µ = 1
n

n∑
j=1

δxj ,

∞, otherwise.
(3.11)

Theorem 3.1.1 (Γ-convergence of the energy). Let αn and γn be such that they satisfy
any of the criteria as in the first columns of Table 3.1 and Table 3.2 (except for the
case 1 � αn, for which we require in addition that exp

(
2αn(1 − 1/γn)

)
→ ∞). Then

boundedness of En(µn) (as in (3.11)) implies that (µn) is compact in the narrow topology.
Moreover, En Γ-converges with respect to the narrow topology to

E = E(i) + E(F) + E(L),

where the three components in the right-hand side are given in Table 3.1 and Table 3.2.

We comment in Section 3.1.4 on excluding the scaling regime in which 1 � αn and
exp

(
2αn(1− 1/γn)

)
→∞.

The components of the limit energy E in Table 3.2 show our generalization of the
results of [GPPS13] to finite domains. The components in Table 3.1 were obtained in
[GPPS13, Thm. 1]. For a given sequence of parameters (Ln, hn, Kn, σn) indexed by
n, the asymptotic behaviours of `n, α̂n, γn and αn are determined by respectively (3.4),
(3.5), (3.7) and (3.9). Hence, we know a priori which of the expressions for E(i)(µ),
E(F)(µ) and E(L)(µ) appear in the limit energy.

In all cases the limit energy gives rise to a well-posed variational problem: minimiz-
ers exist and are unique (Theorem 3.5.2). By the standard results on Γ-convergence,
minimizers are the limit of the sequence of the finite-n minimizers (Corollary 3.5.3).

3.1.4 Implications of Theorem 3.1.1

We are interested in how the finiteness of the domain affects the results from [GPPS13].
From this viewpoint, we observe the following:
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Regime E(i)(µ) p

αn �
1
n

1
2

ˆ ∞
0

ˆ ∞
0

log 1
|x− y|

dµ(y)dµ(x) 1

nαn → c̃
c̃

2

ˆ ∞
0

ˆ ∞
0

V (c̃(x− y)) dµ(y)dµ(x) 2

1
n
� αn � 1


(ˆ ∞

0
V

)ˆ ∞
0

ρ2, if dµ(x) = ρ(x)dx,
∞, otherwise

3

αn → c̃

 c̃

ˆ ∞
0

Veff

(
c̃

ρ(x)

)
ρ(x) dx, if dµ(x) = ρ(x)dx,

∞, otherwise
4

1� αn

{
2e−21{γ≤1}, if dµ

dL
= ρ ≤ 1 L-a.e.,

∞, otherwise
5

Table 3.1: Expressions for E(i), the interaction part of the limit energy. If γn � 1,
one has to read α̂n instead of αn. γ is defined as the limit of γn. In the fourth row,
Veff(r) :=

∑∞
k=1 V (kr).

Regime E(F)(µ) E(L)(µ) q

γn � 1
ˆ ∞

0
x dµ(x) 0 1

γn → γ C
(
γ; (αn)

) ˆ ∞
0

x dµ(x)
{

0, if suppµ ⊂ [0, 1],
∞, otherwise. 2

γn � 1 0
{

0, if suppµ ⊂ [0, 1],
∞, otherwise. 3

Table 3.2: Expressions for E(F) and E(L), the parts in the limit energy coming from the
external force and the second barrier. The constant C is given by (3.12).
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• If γn � 1 (i.e. Ln � `n), then we recover the same limit energy as in [GPPS13].
This can be considered a consistency check, showing that the results in this chapter
generalize [GPPS13].

• Moving away from the setting in [GPPS13], the case γn � 1 is the simplest: the
finiteness of the domain completely dominates the external forcing. Consequently,
the limit energy is governed by the balance between two effects: the interactions
and the finiteness of the domain.

• The critical case γn → γ is more subtle, as can be recognized e.g. in the constant
that multiplies the force term of the limit energy. This constant is given by

C
(
γ; (αn)

)
:=


γ, if αn � 1/n,
β/2, if αn � 1,
γ2, otherwise,

(3.12)

where β := lim
n→∞

exp
(
2αn(1− 1/γn)

)
. (3.13)

It describes the transition between E(L) � E(F) (i.e. C
(
γ; (αn)

)
=∞), to E(F) �

E(L) (i.e. C
(
γ; (αn)

)
= 0). When C

(
γ; (αn)

)
∈ (0,∞), both terms of the energy

contribute a finite amount. In fact, for these values of C
(
γ; (αn)

)
we also could

have chosen the scaling for x̃ as in (3.8). The Γ-limit would contain just as much
information. Here we focus on the other scaling (3.10) for purely practical reasons.

When αn � 1, the transition is very delicate: C
(
γ; (αn)

)
∈ (0,∞) only if β ∈

(0,∞), which can only occur if γ = 1. If β =∞, it holds that E(F)(µ) =∞, and
hence the scaling of x̃ by Ln does not give a useful limit energy. That is the reason
for the case β =∞ being excluded in Theorem 3.1.1. Instead, the scaling as given
by (3.8) results into a useful limit energy. This is made precise by Theorem 3.5.1,
from which we conclude that E(L) is indeed negligible with respect to E(F) in this
case.

• For αn � 1 and γn bounded such that β 6= ∞, the energy E is degenerate in
the sense that it is only finite at exactly one point, which is given by the measure
µ = L|(0,1). Hence, it only contains information about the minimizer. One way to
obtain more information in the limit energy is by using a logarithmic rescaling of
En. In Theorem 3.5.4 we state

1
2αn

logEn
Γ−→

(
µ 7→ 1−

∥∥∥∥ dµdL
∥∥∥∥−1

∞

)
.

• It is worth noting that the five expressions for E(i)(µ) only depend on γn through the
choice of rescaling with α̂n versus αn. This observation implies that the presence of
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the second barrier does not influence the interaction behaviour of the walls. Indeed,
if one calculates numerically the minimizers of both En and E, one observes that
the qualitative behaviour of the dislocation walls in the bulk is not affected by
the second barrier. Hence, we omit the related plots, and refer to [GPPS13] for
plots of the minimizers without a second barrier. Regarding the behaviour of the
dislocations near the boundaries, we observe the same effect as in [GPPS13] (i.e. the
bulk density is unbounded at the barrier if and only if αn . 1/n), but now at both
barriers.

3.2 Rescaling of the energy E
In this section we give heuristic arguments for the scaling of (3.8) and (3.10); a more
detailed calculation can be found in [SPPG14, Sec. 4].

The crucial step in rescaling the system is the choice of the spatial scale. As the
interaction energy favours spreading while the other two contributions to the energy favour
concentration, we determine the resulting spatial scale by comparing the length scale
generated by the interaction-forcing pair (E(i)-E(F)) in (3.1) with the size L of the finite
domain. Whichever is smaller determines the resulting spatial scale.

We therefore determine the size of structures that arise from the trade-off between E(i)

and E(F). As it turns out, the scaling of this size can be found by simply requiring that
both terms are of the same order, and it even is enough to test this on the special class
of structures that are equispaced, i.e. xni = i∆x/n, for some ∆x. For these structures,
one calculates

E(i) = K

n∑
k=1

n−k∑
j=0

V

(
π
k∆x
h

)
∼ nhK

π∆x

ˆ πn∆x/h

0
V (s) ds, E(F) ∼ σn2∆x, (3.14)

where we assume ∆x/h . 1 for the approximation of the sum by the integral.
We can now recognize the different regimes, by assuming some behaviour of the aspect

ratio ∆/h and deriving the corresponding parameter regime. If n∆x/h & 1, then the
integral above is of order 1, and the two terms are of the same order when

∆x2 ∼ πhK

nσ
, or equivalently ∆x

h
∼
√
πK

nσh
.

This suggests that

• 1
n
.

∆x
h
. 1 implies ∆x

h
∼
√
πK

nσh
.

On the other hand, if n∆x/h� 1, then the integral in (3.14) is of order

n∆x
h

log n∆x
h

.
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It turns out that the logarithm contributes a constant to the energy (see (3.10)1), but
plays no role in the spatial scaling. We therefore find that

• ∆x
h
� 1

n
implies ∆x

h
∼ πK

σh
= n

(√
πK

nσh

)2
.

Finally, when ∆x/h � 1, the approximation by the integral in (3.14) breaks down.
Instead, we obtain

K

n∑
k=1

n−k∑
j=0

V

(
π
k∆x
h

)
∼ Kn∆x

h
e−2∆x/h,

from which we deduce

• ∆x
h
� 1 implies ∆x

h
∼ 1

2 log K

nσh
= log

√
K

nσh
.

This explains the logarithmic behaviour of fn in (3.6).
We aim to use these findings to obtain a useful scaling of x̃. Note that for the

equispaced case the total pile-up length ` equals n∆x, so that by (3.4) and (3.6) we get

∆x
h

= `

nh
∼ α̂ = fn

(√
πKn

nσnhn

)
.

Up to some constants, the three regimes above can now be recognized in the definition
of the function fn in (3.6).

Having determined the typical length of a pile-up `n in the case of unconstrained
positions, we compare this length with the imposed constraint Ln; whichever is smaller
determines the total length, and therefore also the aspect ratio ∆x/h. This mechanism
determines the changeover between α̂n (Ln larger than `n, no effective constraint) and
αn (Ln smaller than `n, the constraint determines the scale) when γn = Ln/`n changes
from larger to smaller than 1.

3.3 Technical preliminaries

3.3.1 Notation
Basic notation

• χ{A} is the characteristic function, which equals 0 if the statement A is true, and
∞ if A is false.

• For ξ ∈ BV (R), we denote the distributional derivative by Dξ. If ξ is at least
weakly differentiable, we use the common notation ξ′ for the real-valued derivative
of ξ.
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• Let X be a metric space and E : X → R. A subset Y ⊂ X is said to be energy
dense if {

(y,E(y))
∣∣ y ∈ Y } ⊂ Y × R is dense in

{
(x,E(x))

∣∣x ∈ X},
or equivalently,

∀x ∈ X ∃(yn) ⊂ Y : yn → x and lim
n→∞

E(yn) = E(x).

The set Y is said to be lower energy dense in X with respect to E if

∀x ∈ X ∃(yn) ⊂ Y : yn → x and lim sup
n→∞

E(yn) ≤ E(x).

Note that energy density is a stronger property than lower energy density. We need
to prove lower energy density of two sets a number of times, but often it is just as
easy to show that they are even energy dense.

• We use the symbols ∼, � and . to precisely denote the different scaling regimes
for γn and α̂n or αn. They are defined as follows. Let (an), (bn) ⊂ R, then

an ∼ bn :⇔ an
bn

converges to some C ∈ (0,∞),

an � bn :⇔ lim sup
n→∞

an
bn

= 0,

an . bn :⇔ an ∼ bn or an � bn.

We similarly define� and &. Two sequences (an), (bn) ⊂ R do not have to satisfy
any of the above criteria. However, these sequences are not important to us, as we
shall argue in Remark 3.3.2.

In the standard asymptotics literature, ∼ typically means an/bn → 1. This is
expressed here by writing an = bn +O(cn), where a sequence cn � bn is specified.

Difference in notation compared to [GPPS13]

We use a slightly different expression for K and V to simplify formulas. To make the
connection clear, we decorate the corresponding quantities in [GPPS13] by a sub- or
superscript GPPS. The connection is given by K = KGPPS/π

2 and

V (r) := π2VGPPS

( r
π

)
.

Remark 3.3.1 (Properties of the interaction potential V ). V as defined by (3.2) satisfies:

(i) V is even,
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(ii) V |(0,∞) is strictly convex,

(iii) V (r) = − log r + 1− log 2 +O(r2) for r � 1,

(iv) V (r) = 2re−2r +O(re−4r) for r � 1.

Scaling regimes

We use the index q ∈ {1, 2, 3} to indicate any of the three scaling regimes for γn in
Table 3.2. We also use q = 0, which corresponds to γn = ∞, to indicate the setting
without second barrier (as in [GPPS13]). We use q to unify the notation for the aspect
ratio: let α(q)

n be defined by

α(0)
n := α(1)

n := α̂n, α(2)
n := α(3)

n := αn. (3.15)

Similarly, we introduce the index p ∈ {1, . . . , 5} to indicate any of the five scaling regimes
for αn in Table 3.1. The following list illustrates how we exploit the indices p and q to
distinguish scaling regimes:

• (p, q): we consider any scaling for α(q)
n and γn at the same time.

• (p, 3): we consider γn � 1, but no restriction on the scaling of α̂n. We also refer
to this by ‘case q = 3’.

• (5, 0): 1� αn and γn =∞.

• (2, q) for q = 2, 3: α(q)
n ∼ 1/n and γn . 1.

• ((2 − 4), q): short-hand notation for (p, q) for p = 2, 3, 4. It means that 1/n .
α

(q)
n . 1 and no restrictions on the scaling of γn.

Not all possible sequences α(q)
n and γn can be characterized by a single value for p or q.

Fortunately, the following remark shows that these sequences can never yield a unique
limit for the related energy functionals.

Remark 3.3.2 (Explanation conditions Theorem 3.1.1). Let α(q)
n or γn be such that

they can not be characterized by a single value for p or q. Then there exist at least two
subsequences that belong to a different class (or converge to a different constant c̃ or γ).
As can be seen from the expression in Table 3.1 and Table 3.2, this would give different
limit energies, depending along which of these subsequences we take the Γ-limit, and
hence the Γ-limit does not exist for such sequences α(q)

n or γn.
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Energies for fixed n

From this point on, we denote the energy as stated in (3.8) and (3.10) by

E(p,q)
n = E(p,q;i)

n + E(p,q;F)
n + E(p,q;L)

n : Ωn → R,

where
Ωn :=

{
(x1, . . . , xn) ∈ [0,∞)n

∣∣x1 ≤ x2 ≤ . . . ≤ xn
}
.

Furthermore, we define x0 := 0 to indicate the pinned dislocation wall at the left barrier.

Now we can explicitly denote all the components of the energies E(p,q)
n in terms of

the two parameters α(q)
n and γn:

E(1,q;i)
n (xn) = 1

n2

n∑
k=1

n−k∑
j=0

V
(
nα(q)

n

(
xnj+k − xnj

))
− 1

2 log e

2nα(q)
n

,

E((2−4),q;i)
n (xn) = α

(q)
n

n

n∑
k=1

n−k∑
j=0

V
(
nα(q)

n

(
xnj+k − xnj

))
,

E(5,q;i)
n (xn) =

exp
(
2
(
α

(q)
n − 1

))
nα

(q)
n

n∑
k=1

n−k∑
j=0

V
(
nα(q)

n

(
xnj+k − xnj

))
,

E(p,(0−1);F)
n (xn) = 1

n

n∑
i=1

xni ,

E(1,(2−3);F)
n (xn) = γn

1
n

n∑
i=1

xni ,

E((2−4),(2−3);F)
n (xn) = γ2

n

1
n

n∑
i=1

xni ,

E(5,(2−3);F)
n (xn) = exp

(
2αn

(
1− 1

γn

))
1
n

n∑
i=1

xni ,

E(p,(0−1);L)
n (xn) = χ{xnn≤γn},

E(p,(2−3);L)
n (xn) = χ{xnn≤1},

The constant in E(1,q;i)
n (xn) is introduced to balance a constant contribution to the

energy for each wall-wall interaction, regardless of their intermediate distance. From the
expressions above and V being strictly convex on (0,∞), it is easy to see that the following
proposition holds:

Proposition 3.3.3. E(p,q)
n : Ωn → R is strictly convex.
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Limit energies

We continue with the notation for the limit energies. Let

E(p,q) : P([0,∞))→ R,
E(p,q)(µ) = E(p,q;i)(µ) + E(p,q;F)(µ) + E(p,q;L)(µ),

of which the expressions for the components are listed in Table 3.1 and Table 3.2. To be
precise, we need to define γ =∞ in case q = 0, 1 and γ = 0 in case q = 3 to make sense
of the expression of E(5,q;i)(µ). Observe that in case p = 5 and q = 2, 3, the expression
for E(p,q)(µ) reduces to

E(5,(2−3))(µ) = 2e−2χ{µ=L|[0,1]} + β

21{γ=1}. (3.16)

In some cases, it is useful to reformulate E(p,q) in terms of elements from

X :=
{
ξ : (0, 1)→ [0,∞)

∣∣ ξ non-decreasing
}
. (3.17)

The elements ξ ∈ X relate to µ ∈ P([0,∞)) by being the inverse of the cumulative
distribution of µ. To state this more precise, we use the following notion of pseudo-
invertibility. Let f : (a, b)→ (c, d) non-decreasing, then we call

f−1(y) := sup{x ∈ (a, b) | f(x) < y}

the pseudo-inverse of f . By using the pseudo-inverse, we can denote the relation between ξ
and µ by

ξ =
(
x 7→ µ([0, x])

)−1
, µ = D

(
ξ−1) , (3.18)

where D stands for the distributional derivative. Later on, in Theorem 3.3.11, we derive
the related metric on X, which allows us to prove Γ-convergence of the energies either
on P([0,∞)) or X.

Before writing out explicitly the components of

E(p,q)(ξ) = E(p,q;i)(ξ) + E(p,q;F)(ξ) + E(p,q;L)(ξ),

for ξ ∈ X, we note that the following equalities follow from (3.18)

max suppµ = sup ξ, ‖ρ‖∞ = 1
inf ξ′ ,

where the second equality only makes sense if ξ ∈W 1,1
incr and if µ is absolutely continuous
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with ρ = dµ/dL. Together with these inequalities, it is easy to see that

E(3,(0−3);i)(ξ) :=
(ˆ ∞

0
V

)ˆ 1

0

1
ξ′
,

E(4,(0−3);i)(ξ) := c̃

ˆ 1

0

( ∞∑
k=1

V (c̃kξ′)
)
,

E(5,(0−3);i)(ξ) :=
{

2e−21{γ≤1}, if ξ′ ≥ 1 a.e.,
∞, otherwise,

E((1−5),(0−1);F)(ξ) :=
ˆ 1

0
ξ,

E((1−5),2;F)(ξ) := C(p)(γ)
ˆ 1

0
ξ,

E((1−5),3;F)(ξ) := 0,
E((1−5),(0−1);L)(ξ) := 0,
E((1−5),(2−3);L)(ξ) := χ{sup ξ≤1},

where C(p)(γ) is the same constant as defined in (3.12) (we have changed the second
argument to p for convenience).

In cases p = 3, 4, 5, it turns out to be convenient to use both descriptions of E(p,q).
The context will specify which of the two descriptions we use.

As in (3.11), we can regard E(p,q)
n as

E(p,q)
n : X → R,

E(p,q)
n (ξ) :=

{
E

(p,q)
n (xn), if ∃xn ∈ Ωn : ξ = ξn in the sense of Definition 3.3.9,
∞, otherwise.

3.3.2 Using density to construct recovery sequences
Lemma 3.3.4 serves as the backbone for the proof of Theorem 3.1.1.

Lemma 3.3.4 (lim sup inequality for a dense subset). LetM be a metric space,M1 ⊂M
dense, Fn, F : M → R. If

(i) ∀v ∈M1 ∃(un) ⊂M : un → v and lim sup
n→∞

Fn(un) ≤ F (v), and

(ii) ∀u ∈M ∃(vn) ⊂M1 : vn → u and lim sup
n→∞

F (vn) ≤ F (u),

then ∀u ∈M ∃(un) ⊂M : un → u and lim sup
n→∞

Fn(un) ≤ F (u).

Remark 3.3.5 (proof Lemma 3.3.4). The proof of Lemma 3.3.4 is based on a diagonal
argument. See e.g. [DLR13, Prop. 6.2] for the proof of a similar statement. Minor,
obvious adjustments to that proof are needed to prove Lemma 3.3.4.
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The following lemma provides a sufficient condition for Lemma 3.3.4.(ii). Since the
proof can be done by a straight-forward diagonal argument, we do not show it here.

Lemma 3.3.6 (Alternative for Lemma 3.3.4.(ii)). Let M be a metric space, M1 ⊂ M

dense, k ∈ {2, 3, . . .}, M1 ⊂M2 ⊂ . . .Mk := M , and Fn, F : M → R. If

∀j ∈ {1, . . . , k − 1} ∀u ∈Mj+1 ∃(vn) ⊂Mj : vn → u and lim sup
n→∞

E(vn) ≤ E(u),

then condition (ii) of Lemma 3.3.4 is satisfied.

3.3.3 A link between P([0,∞)) and X
In (3.18) we have shown how elements from P([0,∞)) relate to those of X (3.17).
Here, we give a topology on X for which Γ-convergence of E(p,q)

n to E(p,q) on X with
respect to that topology, is equivalent to Γ-convergence of E(p,q)

n to E(p,q) on P([0,∞))
with respect to narrow convergence. This statement follows easily from Theorem 3.3.11.
Before stating it, we need two definitions:

Definition 3.3.7. (Topology on X). Let ξn, ξ ∈ X. We say that ξn ⇀ ξ in BVloc(0, 1)
if for all δ ∈ (0, 1) we have that ξn → ξ in L1(0, 1− δ) and Dξn ⇀ Dξ in P((0, 1− δ))
with respect to the narrow topology, where D is the distributional derivative.

Remark 3.3.8. Our motivation for using δ ∈ (0, 1) instead of just taking δ = 0, is
that ξ(s) may go to ∞ if s ↑ 1. This happens when the related µ ∈ P([0,∞)) has
unbounded support.

Definition 3.3.9. (Embedding discrete wall density). For a sequence of (n + 1)-tuples
denoted by

(
(xni )ni=0

)
n∈N+

which satisfy xn0 = 0 and xni−1 ≤ xni for all n ∈ N+ and
all i ∈ {1, . . . , n}, we define (µn) ⊂ P([0,∞)) and (ξn) ⊂W 1,∞(0, 1) by

µn := 1
n

n∑
i=1

δxn
i
, (3.19a)

ξn(s) := xni−1 + n
(
xni − xni−1

) (
s− i− 1

n

)
, for s ∈

( i− 1
n

,
i

n

)
. (3.19b)

Remark 3.3.10. We have made the choice to exclude xn0 from the definition of µn.
A useful interpretation of µn and ξn is as follows. For a Borel set A of X, the fraction

of dislocation walls in A is given by µn(A). ξn uses the property that the walls are ordered
by their position. ξn(i/n) is the position of wall i. All the intermediate values of ξn are
chosen to be convenient in the Γ-convergence proofs.

Theorem 3.3.11 (Link between µ and ξ [GPPS13, Thm. 3]). Let
(
(xni )ni=0

)
n∈N+

, (µn),
(ξn) as in Definition 3.3.9. Then the following two statements are equivalent:
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(i) ξn ⇀ ξ in BVloc(0, 1),

(ii) µn ⇀ µ.

Moreover, if any of the two statements above hold, and ξ−1 ∈W 1,1(0,∞), then

ρ := dµ

dL
=
(
ξ−1)′ .

3.3.4 Properties of the ‘F’ and ‘L’ part of the energies
The energies E(p,q;F)

n and E(p,q;L)
n have properties which are useful in reducing the com-

plexity of the proof of Theorem 3.1.1. Here, we make these properties precise.
Let

C(p)
n (γn, αn) :=


γn, if p = 1,
γ2
n, if p ∈ {2, 3, 4},

exp
(
2αn(1− 1/γn)

)
, if p = 5.

(3.20)

If q = 3, we have C(p)
n (γn, αn) → 0. If q = 2, we obtain C(p)

n (γn, αn) → C(p)(γ). We
require C(p)(γ) to be finite. This means that for p = 1, we have to impose β <∞. Note
that this is exactly what we require in Theorem 3.1.1.

Without violating (3.11), we can regard E(p,q;F)
n , E

(p,q;L)
n : P([0,∞))→ R as

E(p,(0−1);F)
n (µ) := E(p,(0−1);F)(µ) =

ˆ ∞
0

x dµ(x) (3.21a)

E(p,(2−3);F)
n (µ) := C(p)

n (γn, αn)
ˆ ∞

0
x dµ(x) (3.21b)

E(p,(2−3);L)
n (µ) := E(p,(2−3);L)(µ) (3.21c)

The following proposition is a straightforward consequence of the statements above:

Proposition 3.3.12 (Continuous convergence of the force term). For any p ∈ {1, . . . , 5}
and any q ∈ {0, . . . , 3} (except for the case p = 5, q = 2 and β = ∞ (see (3.13))), it
holds that E(p,q;F)

n converges continuously to E(p,q;F) on P([0, 1]), i.e.

E(p,q;F)
n → E(p,q;F) :⇐⇒ ∀µ ∈ P([0, 1]) ∀µn ⇀ µ : E(p,q;F)

n (µn)→ E(p,q;F)(µ).
(3.22)

Proposition 3.3.12 allows us to decouple the force term from the energy in the proof
of Theorem 3.1.1 whenever q = 2, 3. For q = 0, 1 we need additional arguments for this
decoupling, because E(p,q;F)

n does not converge continuously on P([0,∞)). Instead, we
use the following property:

Proposition 3.3.13. E(p,(0−1);F) and E(p,(2−3);L) are lower semicontinuous on P([0,∞))
with respect to the narrow topology.
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Proof. Both E(p,(0−1);F) and E(p,(2−3);L) can be written as integrals over lower semicon-
tinuous functions that are bounded from below. Lower semicontinuity of E(p,(0−1);F) and
E(p,(2−3);L) follows from the Portmanteau Theorem [vdVW96, Thm. 1.3.4].

3.4 Proof of Theorem 3.1.1
Theorem 3.1.1 consists of two statements; a compactness property and Γ-convergence of
the energies. The first can be proved in a few lines, which we do next. After that, we
continue with the proof of the Γ-convergence.

By the compactness property, we mean that if for some (µn) ⊂ P([0,∞)) it holds
that E(p,q)

n (µn) is bounded, then (µn) is compact in the narrow topology. For q = 0 this
is given by [GPPS13, Thm. 1]. For q = 1, we have E(p,1)

n ≥ E
(p,0)
n , so the compactness

property follows easily from the case q = 0. For q = 2, 3, we have E(p,(2−3))
n (µn) ≤ C

implies E(p,(2−3);L)
n (µn) = 0, and hence suppµn ⊂ [0, 1]. This gives tightness of (µn),

and by e.g. Prokhorov’s Theorem the compactness property follows.
We prove Γ-convergence of the energies by establishing the two inequalities

for all µn ⇀ µ, lim inf
n→∞

E(p,q)
n (µn) ≥ E(p,q)(µ), (3.23a)

for all µ there exists µn ⇀ µ such that lim sup
n→∞

E(p,q)
n (µn) ≤ E(p,q)(µ), (3.23b)

for all p = 1, . . . , 5 and q = 0, . . . , 3 (except for the case (p, q) = (5, 2) and β =
∞). Here µn and µ are probability measures on [0,∞). Note that it is sufficient to
prove (3.23b) for all µ with E(p,q)(µ) <∞.

In these inequalities, E(p,q)
n and E(p,q) are sums of three terms

E(p,q)
n = E(p,q;i)

n + E(p,q;F)
n + E(p,q;L)

n , and E(p,q) = E(p,q;i) + E(p,q;F) + E(p,q;L),

which are given in the list starting on page 26 and in Tables 3.1 and 3.2. Since similar
results were proved in [GPPS13] for similar energies without the final (‘L’) term, we use
many results from [GPPS13]. The following lemma lists them. It uses the following
(sub)spaces:

Y :=
{
µ ∈ P([0,∞))

∣∣∣ suppµ bounded, µ� L, and dµ

dL
∈ L∞(0,∞)

}
,

X =
{
ξ : (0, 1)→ [0,∞)

∣∣ ξ non-decreasing
}
,

Y (4) := W 1,1
incr(0, 1),

Y (3) :=
{
ξ ∈ Y (4) ∣∣ ξ′ ≥ ε for some ε > 0

}
,

Ỹ (5) :=
{
ξ ∈ Y (4) ∣∣ ξ piece-wise affine

}
.

The tilde on Ỹ (5) is due to us using another definition for Y (5) in the proof of Theo-
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rem 3.1.1.

Lemma 3.4.1 (Results from [GPPS13]). The following statements hold:

(i) (lim inf inequality). Let µn, µ ∈ P([0,∞)), and µn ⇀ µ. For all p ∈ {1, . . . , 5}
and all q ∈ {0, . . . , 3}, we have

lim inf
n→∞

E(p,q;i)
n (µn) ≥ E(p,q;i)(µ). (3.24)

In addition, for all 0 ≤ I < J ≤ n,

1
n

n∑
k=1

n−k∑
j=0

V (nαn(xj+k − xj)) ≥
1
n

(J − I)V
(
nαn

xJ − xI
J − I

)
. (3.25)

(ii) (lim sup inequality). Let p ∈ {1, . . . , 5}, µ ∈ P([0,∞)). Then there exists µn ⇀ µ

such that
lim sup
n→∞

E(p,0)
n (µn) ≤ E(p,0)(µ). (3.26)

(iii) (Condition (i) of Lemma 3.3.4). Fix p ∈ {1, . . . , 5}. If p ≤ 2, let µ ∈ Y. If p = 3, 4,
let ξ ∈ Y (p); if p = 5, let ξ ∈ Ỹ (5). Let

x
(p),n
i := inf

{
x ∈ [0,∞)

∣∣µ([0, x]) ≥ i/n
}
, for p = 1, 2, (3.27)

x
(p),n
i := ξ

(
i

n

)
, for p = 3, 4, (3.28)

x
(p),n
i := (1 + εn)ξ

(
i

n

)
, for p = 5, (3.29)

for some sequence εn ↓ 0. Let
(
µ

(p)
n

)
be defined as in (3.19a). Then

lim sup
n→∞

E(p,0)
n

(
µ(p)
n

)
≤ E(p,0)(µ(p)), (3.30)

lim sup
n→∞

E(p,0;i)
n

(
µ(p)
n

)
≤ E(p,0;i)(µ(p)), (3.31)

where µ(p) := µ if p ≤ 2, and µ(p) :=
(
ξ−1)′ (as in (3.18)) otherwise.

(iv) (Condition (ii) of Lemma 3.3.4). Fix p ∈ {1, . . . , 5}. If p ≤ 2, let M := P([0,∞))
and M1 := Y, otherwise let M := X and M1 := Y (p). Then condition (ii) of
Lemma 3.3.4 holds for F := E(p,0).

We now continue with proving the two inequalities (3.23).
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3.4.1 The liminf inequality (3.23a)

In cases q = 0, 1 either the domain is [0,∞) (q = 0) or after rescaling the right-hand
bound converges to ∞ (q = 1). Therefore the domain restriction enforced by E(p,q;L)

n

becomes unimportant in the limit n→∞, and for all p we can simply disregard it:

lim inf
n→∞

E(p,q)
n (µn)

(3.24),(3.22)
≥ E(p,q;i)(µ) + E(p,q;F)(µ) + lim inf

n→∞
E(p,q;L)
n (µ)

≥ E(p,q;i)(µ) + E(p,q;F)(µ) = E(p,q)(µ),

which proves (3.23a) for all p and for q = 0, 1.

In cases q = 2, 3, where the rescaled domain is [0, 1], the functional E(p,q;L)
n becomes

important. When q = 2, 3, E(p,q;L)
n is independent of n (see (3.21c)) and lower semi-

continuous with respect to the narrow convergence (see Proposition 3.3.13). We then
calculate for p ∈ {1, . . . , 4} and q = 2, 3,

lim inf
n→∞

E(p,q)
n (µn)

(3.24),(3.22)
≥ E(p,q;i)(µ) + E(p,q;F)(µ) + lim inf

n→∞
E(p,q;L)(µn)

= E(p,q;i)(µ) + E(p,q;F)(µ) + E(p,q;L)(µ) = E(p,q)(µ).

This proves (3.23a) for these cases.

Finally, we discuss the case q = 2, 3 and p = 5. Here the boundedness of the domain
and the exponential behaviour of the tails of V create a behaviour that is different from
that on unbounded domains. We calculate, for any 0 ≤ I < J ≤ n,

E(5,q;i)
n (µn) =

exp
(
2
(
αn − 1

))
nαn

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
(3.25)
≥

exp
(
2
(
αn − 1

))
αn

1
n

(J − I)V
(
nαn

xnJ − xnI
J − I

)
. (3.32)

Taking I = 0 and J = n in this expression, we find that

E(5,q;i)
n (µn) ≥

exp
(
2
(
αn − 1

))
αn

V (αn(xnn − xn0 ))

≥
exp

(
2
(
αn − 1

))
αn

V (αn) since xnn ≤ 1

= 2e−2 +O(e−2αn) by Rem. 3.3.1(iv). (3.33)

Therefore

lim inf
n→∞

E(5,q)
n (µn) ≥ 2e−2 + lim inf

n→∞

[
E(5,q;F)
n (µn) + E(5,q;L)

n (µn)
]
≥ 2e−2.
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To complete the proof, we show that lim infn→∞E
(5,q)
n (µn) = ∞ whenever µ 6=

L|[0,1]. If suppµ * [0, 1], we have that E(5,q;L)
n (µn) =∞ by (3.21c) and Proposition

3.3.13. If suppµ ⊂ [0, 1] and µ 6= L|[0,1], there exists an interval (a, b) ⊂ R such that
δ := (b− a)−1µ

(
(a, b)

)
> 1. Define In and Jn by

xnIn = min
i

{
xni
∣∣xni > a

}
and xnJn = max

i

{
xni
∣∣xni < b

}
.

Using Prokhorov’s characterization of narrow convergence, we calculate

lim sup
n→∞

δ(xnJn−x
n
In) ≤ δ(b−a) = µ

(
(a, b)

)
≤ lim inf

n→∞
µn
(
(a, b)

)
= lim inf

n→∞

1
n

(Jn−In+1),

and therefore
lim sup
n→∞

n
xnJn − x

n
In

Jn − In
≤ 1
δ
.

Continuing from (3.32) we then find

E(5,q;i)
n (µn) ≥

exp
(
2
(
αn − 1

))
αn

1
n

(Jn − In)V (αnδ−1)

≥ 2e−2(b− a) exp
[
2αn(1− δ−1)

](
1 +O(e−2αn/δ)

)
. (3.34)

This converges to +∞ since δ > 1.

3.4.2 The limsup inequality (3.23b)

The case q = 0. When q = 0, (3.23b) is given by Lemma 3.4.1.(ii). However, for the
specific case p = 5, we present an alternative proof to [GPPS13, Thm. 9] which is easier
to extend to the cases in which q 6= 0.

We conclude (3.23b) from Lemma 3.3.4 after showing that its two conditions are
satisfied. We use Lemma 3.3.4 with the subset

Y (5) :=
{
ξ ∈ Y (4) ∣∣ inf ξ′ > 1

}
.

Condition (i). Let ξ ∈ Y (5). We construct ξn by using linear interpolation (see
(3.19b)) with xni := ξ(i/n). Observe that for any i, j ∈ {0, . . . , n} with i > j, we have
the estimate

(
xni − xnj

)
=
∣∣ξ(i/n)− ξ(j/n)

∣∣ =
ˆ i/n

j/n

ξ′ ≥ (inf ξ′) i− j
n

. (3.35)
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Let m := inf ξ′ > 1. We calculate

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
≤

n∑
k=1

n−k∑
j=0

V

(
nαnm

k

n

)
by (3.35) and V decreasing

=
n∑
k=1

(n− k + 1)2mkαne−2mkαn
(
1 +O(e−2mkαn)

)
by Rem. 3.3.1(iv)

≤ 2mnαn
(
1 +O(e−2mαn)

) n∑
k=1

ke−2mkαn

= 2mnαn
(
1 +O(e−2mαn)

)
e−2mαn

(
1 +O(e−2mαn)

)
, (3.36)

from which it follows that

E(5,0;i)
n (ξn) =

exp
(
2
(
αn − 1

))
nαn

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
≤ 2m

e2 e
−2αn(m−1)(1 +O(e−2mαn)

)
→ 0.

It remains to show that the limsup also holds for the force term. As ξ(1) < ∞, it is
allowed to use Proposition 3.3.12 to conclude that E(5,0;F)

n → E(5,0;F) continuously.
Condition (ii). By Lemma 3.3.6 it is enough to show that the following two inclusions

are energy dense:
Y (5) ⊂ Y (4) ⊂ X with respect to E(5,0).

Energy density of the second inclusion is stated by [GPPS13, Thm. 4]. The first inequality
is easy to prove: take ξ ∈ Y (4) with E(5,0)(ξ) <∞. This implies inf ξ′ ≥ 1. Hence ξn :=
(t 7→ ξ(t) + t/n) ∈ Y (5), E(5,0;i)(ξn) = 0 = E(5,0;i)(ξ), and E(5,0;F)(ξn) → E(5,0;F)(ξ).
This completes the proof for case (p, q) = (5, 0).

Case q = 1. Take any µ in any of the five dense subsets as listed on page 31. Then
suppµ is bounded, and by construction the recovery sequence (see Lemma 3.4.1.(iii))
satisfies suppµn ≤ suppµ. Therefore, E(p,1)

n (µn) = E(p,0)(µn) for n large enough, and
thus (3.23b) follows from Lemma 3.4.1.(ii).

Cases q = 2, 3. Here we separate the proof for p ≤ 4 and p = 5. In the latter case,
we have that E(5,q)(µ) can only be finite if µ = L|[0,1], for which the proof requires a
different argument.

We start with p ≤ 4. Note that the energies are much alike for q = 2, 3: we have
E

(p,2)
n = E

(p,3)
n and E(p,2) = E(p,3) + E(p,2;F). Hence we take q ∈ {2, 3} arbitrary.

Since we can restrict ourselves to those µ ∈ P([0,∞)) for which E(p,q;L)(µ) is finite,
we can assume that suppµ ⊂ [0, 1] and E(p,q;L)(µ) = 0. We prove (3.23b) by applying



36 Chapter 3. Upscaling of dislocation walls in finite domains

Lemma 3.3.4 to the following spaces:

X1 :=
{
µ ∈ P([0,∞))

∣∣ suppµ ⊂ [0, 1]
}
, (3.37a)

Y1 :=
{
µ ∈ Y

∣∣ suppµ ⊂ [0, 1]
}
, (3.37b)

X1 :=
{
ξ ∈ X

∣∣ sup ξ ≤ 1
}
, (3.37c)

Y
(p)
1 :=

{
ξ ∈ Y (p) ∣∣ sup ξ ≤ 1

}
, for p = 3, 4. (3.37d)

It remains to show that the two conditions of Lemma 3.3.4 are satisfied:
Condition (i). Let p = 1, 2 and µ ∈ Y1. Let µn as in Lemma 3.4.1.(iii). Observe that

suppµn ⊂ [0, 1], so

lim sup
n→∞

E(p,q)
n (µn)

≤ lim sup
n→∞

E(p,q;i)
n (µn) + lim sup

n→∞
E(p,q;F)
n (µn) + lim sup

n→∞
E(p,q;L)
n (µn)

(3.31),(3.22)
≤ E(p,q;i)(µ) + E(p,q;F)(µ) = E(p,q)(µ)

For p = 3, 4, we can repeat the same argument for ξ ∈ Y (p)
1 .

Condition (ii). As E(p,q;F) is continuous on X1, it is sufficient to prove condition (ii)
for the interaction part. If p = 1, 2, this conditions follows from [GPPS13, Thm. 5]. If
p = 3, 4 we use Lemma 3.3.6 to argue that we can split the proof by showing separately
that the following three inclusions are lower energy dense:

Y
(3)
1

(a)
⊂ Y

(4)
1

(b)
⊂ X1 with respect to E(3,q;i),

Y
(4)
1

(c)
⊂ X1 with respect to E(4,q;i).

Energy density of inclusions (b) and (c) follows from [GPPS13, Thm. 4]1. For inclusion
(a), let ξ ∈ Y (3)

1 and εn ↓ 0. Take ξn(t) := (1 + εn)−1(ξ(t) + εnt
)
. Then

ξ′n = ξ′ + εn
1 + εn

≥ εn
1 + εn

> 0, sup ξn ≤ 1,

and hence (ξn) ⊂ Y (3)
1 . Obviously, ξn ⇀ ξ in BVloc(0, 1), and

lim sup
n→∞

E(3,q;i)(ξn) = ‖V ‖L1(0,∞) lim sup
n→∞

ˆ 1

0

1
ξ′n

≤ ‖V ‖L1(0,∞) lim sup
n→∞

ˆ 1

0

1 + εn
ξ′

= E(3,q;i)(ξ).

Let p = 5. As said before, we only have to regard µ = L|[0,1], because E(5,q)(µ)

1Although [GPPS13, Thm. 4] is stated for γ =∞, its proof applies to the case γ ∈ (0,∞) as well.
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is infinite for any other µ. We take the sequence µn related to xni = i/n. Clearly
µn ⇀ L|[0,1]. We prove (3.23b) by explicitly calculating the lim sup of all three parts of
the energy.

Obviously, E(5,q;L)
n (µn) = 0, and

E(5,q;F)
n (µn) (3.22)−−−→ E(5,q;F)(L|[0,1]

)
= β

2 ,

where β is defined in (3.13). It is exactly here that we need the condition β < ∞
as imposed in Theorem 3.1.1, because we need E(5,q)(L|[0,1]

)
to be finite to obtain a

non-trivial limit energy.
For the limsup of E(5,q;i)

n (µn), we use estimate (3.36) with m = 1 to obtain

E(5,q;i)
n (µn) =

exp
(
2
(
αn − 1

))
nαn

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
≤ 2
e2

(
1 +O(e−2αn)

)
→ 2

e2 .

By gathering the results above, we obtain

lim sup
n→∞

E(5,q)
n (µn) ≤ lim sup

n→∞
E(5,q;i)
n (µn) + lim sup

n→∞
E(5,q;F)
n (µn) + lim sup

n→∞
E(5,q;L)
n (µn)

≤ 2
e2 + β

2 = E(5,q) (L|[0,1]
)
.

3.5 Further results and applications

Although the proof of Theorem 3.1.1 is complete, we still need to treat the special case
(i.e. p = 5, q = 2 and β = ∞ (see (3.13))) which is not covered by Theorem 3.1.1.
Furthermore, we show that E(p,q) has a unique minimizer, which is, moreover, the limit
of the sequence of minimizers of E(p,q)

n .

3.5.1 The particular case p = 5, q = 2 and β =∞

The term coming from the finite domain is negligible with respect to the force term if
p = 5 and β =∞ (see Section 3.1.4). By considering the scaling of E as given by E(5,2)

n ,
the only candidate for the Γ-limit would be ∞ (we do not prove this), which means that
E

(5,2)
n does not contain information in the limit. This is not unexpected, because the

scaling of E is based on balancing the interaction term with the term coming from the
finite domain. Here, we consider the scaling coming from balancing the interaction term
with the force term (see (3.8)). Let Ên := E

(5,1)
n . Since we only consider the specific

case p = 5 and β =∞ in this section, we neither incorporate it in the notation of Ên nor
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in its Γ-limit Ê. Here, Ê is defined by

Ê : P([0,∞))→ R

Ê(µ) := Ê(i)(µ) + Ê(F)(µ) + Ê(L)(µ) (3.38)
Ê(i)(µ) := E(5,0;i)(µ)
Ê(F)(µ) := E(5,1;F)(µ)

Ê(L)(µ) :=
{

0, if suppµ ⊂ [0, γ],
∞, otherwise.

We emphasize that Ê(i)(L|(0,1)) = 0, even when γ = 1. Just as before, we regard Ê as
a mapping from X to R whenever that is more convenient.

Theorem 3.5.1 (Γ-convergence of Ên). Let p = 5, q = 2, and β = ∞. We equip
P([0,∞)) with the narrow topology. If (µn) ⊂ P([0,∞)) is such that Ên(µn) is bounded,
then (µn) is compact. Moreover, Ên Γ-converges to Ê.

Proof of Theorem 3.5.1. The proof is similar to the proof of Theorem 3.1.1. In fact, the
proof for the compactness statement is the same, so we do not repeat it here. The proof
for the Γ-convergence again consists of proving the following two inequalities:

for all µn ⇀ µ, lim inf
n→∞

Ên(µn) ≥ Ê(µ), (3.39a)

for all µ there exists µn ⇀ µ such that lim sup
n→∞

Ên(µn) ≤ Ê(µ). (3.39b)

For (3.39a), note that by (3.24) we have lim infn→∞ Ê
(i)
n (µn) ≥ Ê(i)(µ), and by

(3.21) and Proposition 3.3.13, we have

lim inf
n→∞

Ê(F)
n (µn) ≥ Ê(F)(µ), lim inf

n→∞
Ê(L)
n (µn) ≥ Ê(L)(µ).

The claim (3.39a) follows from these three estimates.
We prove (3.39b) separately for γ > 1 and γ = 1. In the first case, we use Theorem

3.3.11 to prove (3.39b) for non-decreasing functions ξ. We restrict ourselves to proving
(3.39b) only for ξ ∈ Xγ ; for these ξ, Ê(L)(ξ) = 0. The subscript in the notation for
X refers to the upper bound for sup ξ, just as in the spaces defined by (3.37). By
Proposition 3.3.12, this upper bound on ξ implies that the force term is a continuous
perturbation to Ên. Hence, it is enough to prove

for all ξ ∈ Xγ there exists ξn ⇀ ξ in BVloc(0, 1) such that
lim sup
n→∞

Ê(i)
n (ξn) + Ê(L)

n (ξn) ≤ Ê(i)(ξ). (3.40)
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We prove (3.40) by applying Lemma 3.3.4 with the subset

Z(5)
γ :=

{
ξ ∈ Y (5)

γ

∣∣ ξ(1) < γ
}
.

This requires its two conditions to be satisfied:

Condition (i). Let ξ ∈ Z
(5)
γ and take (ξn) ⊂ Xγ as defined by (3.29). Note that

sup ξn → sup ξ < γ, which together with γn → γ implies that indeed (ξn) ⊂ Xγ for all
n large enough. Furthermore, we have sup ξn ≤ γn for all n large enough, which implies
Ê

(L)
n (ξn) = 0. Hence

lim sup
n→∞

Ê(i)
n (ξn) + Ê(L)

n (ξn) = lim sup
n→∞

E(5,0;i)
n (ξn)

(3.31)
≤ E(5,0;i)(ξ).

Condition (ii). By Lemma 3.3.6 it is enough to show that the following three inclusions
are energy dense:

Z(5)
γ ⊂ Y (4)

γ ⊂ Xγ with respect to Ê(i).

Energy density of the second inclusion follows from [GPPS13, Thm. 4]. To show the first
inclusion, we take ξ ∈ Y (4)

γ . This implies that ξ ∈ W 1,1
incr, ξ(1) ≤ γ and inf ξ′ ≥ 1. It is

enough to construct ξn ⇀ ξ in BVloc such that ξn ∈ W 1,1
incr, ξn(1) < γ and inf ξ′n > 1,

because then (ξn) ⊂ Z
(5)
γ and Ê

(i)
n (ξn) + Ê

(L)
n (ξn) = 0. It is easy to see that ξn as

defined by
ξn(t) := 1− εn

1 + εn
(ξ(t) + εnγt) + εnt

for some εn ↓ 0, satisfies all these requirements. Note that the strict inequalities in
the requirements for ξn are obtained solely by using γ > 1. This completes the proof
for (3.39b) under the assumption that γ > 1.

We now turn to the case γ = 1. As the following proof is similar to the proof of
Theorem 3.1.1 in case p = 5 and q = 2, 3 (see page 35), we do this in terms of measures
instead of using non-decreasing functions. Again, we have that Ê(µ) can only be finite
when µ = L|(0,1), but now we take µn as defined by xni := γni/n. This is to ensure that
Ê

(L)
n (µn) = 0. Clearly Ê(F)

n (µn) → 1/2 = Ê(F)(L|(0,1)
)
, so it is only left to prove that

Ê
(i)
n (µn)→ 0. Since xni = γni/n, we get

n∑
k=1

n−k∑
j=0

V
(
nα̂n

(
xnj+k − xnj

)) (3.36)
≤ 2nα̂nγne−2γnα̂n +O

(
e−4γnα̂n

)
,

and hence

Ê(i)
n (µn) =

exp
(
2
(
α̂n − 1

))
nα̂n

n∑
k=1

n−k∑
j=0

V
(
nα̂n

(
xnj+k − xnj

))
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≤ 2
e2 γn

(
e2α̂n(1−γn) +O

(
e−2α̂n

) )
(3.9)
≤ 2

e2 γn
(
e2αn(1/γn−1) +O

(
e−2α̂n

) )
→ 0,

in which the convergence to 0 follows from β =∞.

3.5.2 Existence, uniqueness and convergence of minimizers
The purpose of this section is threefold. We:

(i) prove existence and uniqueness of the minimizer of E(p,q) (Theorem 3.5.2),

(ii) show that these minimizers are the limit of the sequence of the discrete minimizers
of E(p,q)

n (Corollary 3.5.3), and

(iii) show how to compute the minimizer by deriving the Euler-Lagrange equation.

Theorem 3.5.2 is an extension of [GPPS13, Thm. 2]. It is straightforward to extend
its proof since E(p,q;L) is convex and has narrowly compact level sets.

Theorem 3.5.2 (Existence and uniqueness of minimizers). Let p ∈ {1, . . . , 5}, and q ∈
{0, . . . , 3}. The minimization problem

min
µ∈P([0,∞))

E(p,q)(µ)

has a unique minimizer. The energy Ê (as defined in (3.38)) has a unique minimizer as
well.

Corollary 3.5.3 (Convergence of minimizers). For each n ∈ N+, let µ∗n and µ∗ be the
minimizers of respectively E(p,q)

n and E(p,q) (or Ên and Ê whenever p = 5 and β =∞).
Then µ∗n ⇀ µ∗.

Proof of Corollary 3.5.3. The proof is the same for p = 5 and β = ∞ as for the other
cases. Hence we restrict ourselves to the other cases, and so we use the energies E(p,q)

n

and E(p,q).
By Theorem 3.1.1, the sequence (µ∗n) is narrowly compact, and converges along a

subsequence to a limit µ. By standard properties of Γ-convergence, µ is a minimizer
of E(p,q). Since minimizers of E(p,q) are unique by Theorem 3.5.2, the whole sequence
converges.

3.5.3 Euler-Lagrange equations
In this section we compute the Euler-Lagrange equations of E((1−4),q) and solve several
of them explicitly. To obtain the Euler-Lagrange equations, we follow the strategy as
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outlined in the proof of [Ott98, Prop. 2]. We take ϕ ∈ C∞c ([0,∞)) arbitrarily, and define
the flow map Φt as the solution to{

Φ̇t(x) = ϕ
(
Φt(x)

)
, for x ∈ [0,∞), t > 0,

Φ0(x) = x, for x ∈ [0,∞).

We use it to vary µ by the push-forward (Φt)#µ. The Euler-Lagrange equations follow
from

∂

∂t
E(p,q)((Φt)#µ

)∣∣∣∣
t=0

= 0 (3.41)

by exploiting the arbitrariness of ϕ. If µ is absolutely continuous, then we reach locally a
dense subset of the tangent plane at µ by this varying procedure, which implies that the
solution to (3.41) is a critical point of E(p,q), which must be the minimizer by Theorem
3.5.2. If µ has singular parts, then the flow map is not able to split or spread out
this singular part, and hence certain directions in the tangent plane are ignored. As a
consequence, solutions to (3.41) containing a singular part might not be a critical point of
E(p,q). There are other varying methods to solve this issue, but applying them is beyond
our scope.

For the forcing term, (3.41) reads

∂

∂t
E((1−4),(1−2);F)((Φt)#µ

)∣∣∣∣
t=0

= ∂

∂t

ˆ ∞
0

x d(Φt)#µ(x)
∣∣∣∣
t=0

=
ˆ ∞

0
Φ̇t(x) dµ(x)

∣∣∣∣
t=0

=
ˆ ∞

0
ϕ
(
Φt(x)

)
dµ(x)

∣∣∣∣
t=0

=
ˆ ∞

0
ϕ(x) dµ(x) .

For the interaction term, we first rewrite

E(p,q;i)(µ) =


1
2

ˆ ∞
0

ψp ∗ µdµ, p = 1, 2,

1
2

ˆ ∞
0

ψp(ρ) dµ, p = 3, 4,

ψ1(r) = − log |r|, ψ2(r) = c̃V (c̃r),

ψ3(r) = 2
(ˆ ∞

0
V

)
r, ψ4(r) = c̃Veff

(
c̃

r

)
.

For p = 1, 2, the function ψ′p is odd. We compute

∂

∂t
E(p,q;i)((Φt)#µ

)∣∣∣∣
t=0

= ∂

∂t

1
2

ˆ ∞
0

ˆ ∞
0

ψp(x− y) d
(
(Φt)#µ

)
(y)d

(
(Φt)#µ

)
(x)
∣∣∣∣
t=0
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= 1
2
∂

∂t

ˆ ∞
0

ˆ ∞
0

ψp
(
Φt(x)− Φt(y)

)
dµ(y)dµ(x)

∣∣∣∣
t=0

= 1
2

ˆ ∞
0

ˆ ∞
0

ψ′p
(
Φt(x)− Φt(y)

)(
Φ̇t(x)− Φ̇t(y)

)
dµ(y)dµ(x)

∣∣∣∣
t=0

= 1
2

ˆ ∞
0

ˆ ∞
0

ψ′p(x− y)
(
ϕ(x)− ϕ(y)

)
dµ(y)dµ(x)

=
ˆ ∞

0

(ˆ ∞
0

ψ′p(x− y) dµ(y)
)
ϕ(x) dµ(x)

=
ˆ ∞

0
(ψ′p ∗ µ)(x)ϕ(x) dµ(x) .

For p = 3, 4, we use that the density of (Φt)#µ is given by

ρt(x) = ρ(Φ−1
t (x))

Φ′t(Φ−1
t (x))

, (3.42)

and compute

∂

∂t
E(p,q;i)((Φt)#µ

)∣∣∣∣
t=0

= ∂

∂t

ˆ ∞
0

ψp(ρt) d(Φt)#µ

∣∣∣∣
t=0

= ∂

∂t

ˆ ∞
0

ψp
(
ρt(Φt)

)
dµ

∣∣∣∣
t=0

= ∂

∂t

ˆ ∞
0

ψp

(
ρ

Φ′t

)
dµ

∣∣∣∣
t=0

=
ˆ ∞

0
ψ′p

(
ρ

Φ′t

)
−ρ

(Φ′t)
2 Φ̇′t dµ

∣∣∣∣
t=0

= −
ˆ ∞

0
ψ′p

(ρ
1

) ρ

12ϕ
′ρ =

ˆ ∞
0

(
ψ′p (ρ) ρ2)′ϕ

=
ˆ ∞

0

(
ψ′p (ρ) ρ2)′

ρ
ϕ dµ.

Since ϕ was chosen arbitrarily, (3.41) leads to the Euler-Lagrange equations

−
(

1
·
∗ µ
)

(x) = −1, if p = 1

c̃2
(
V ′(c̃ ·) ∗ µ

)
(x) = −1, if p = 2

2
(ˆ ∞

0
V

)
ρ′(x) = −1, if p = 3

c̃3

ρ(x)3V
′′
eff

(
c̃

ρ(x)

)
ρ′(x) = −1, if p = 4


, µ-a.e., q = 1, (3.43)

which are supplemented with the condition
´∞

0 dµ = 1. In the case q = 2, the left-hand
side of the Euler-Lagrange equations is the same. The constant −1 in the right-hand
sides are replaced by the constant −C(p)(γ) (3.12). Because of the presence of the
second barrier, the additional condition suppµ ⊂ [0, 1] needs to be imposed. In case
q = 3 the right-hand sides are replaced by 0.
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In the remainder of this section we seek explicit solutions to the twelve Euler-Lagrange
equations (p = 1, . . . , 4, q = 1, 2, 3). In case p = 3 it is easy to see that the solutions
are given by the piecewise affine functions

ρ(x) =



[
1√
a
− x

2a

]+
, if q = 1,[

γ√
a
− γ2x

2a

]+

, if q = 2, and γ2

4a ≥ 1

1 + γ2

4a (1− 2x), if q = 2, and γ2

4a ≤ 1

1{x∈[0,1]}, if q = 3,


, p = 3, a :=

ˆ ∞
0

V. (3.44)

The additional condition in case q = 2 corresponds to the critical point γ2 = 4a at which
the density ρ is affected by the second barrier.

The Euler-Lagrange equations in cases p = 1, 2 are the differential versions of singular
integral equations, for which we are aware of explicit solutions only for special convolution
kernels. V ′(r) does not fall into this category, but 1/r does. Indeed, in [Mus53] an
inversion theorem is proved for the related integral equation, and in [HL55] this inversion
theorem is used to compute explicit solutions. These solutions are given by

ρ(x) =



1
π

√
2− x
x

, if q = 1,

γ

π

√
2γ−1 − x

x
, if q = 2, and γ ≥ 2

1
π

(
1
4 − x

2
)− 1

2

, if q = 3,


, p = 1. (3.45)

Instead of solving the Euler-Lagrange equation in case (p, q) = (4, 1), we write it
in a simpler form in which the unit mass condition is integrated. To achieve this, we
need to assume that the solution ρ is continuous, and that supp ρ = [0, x0] for some
x0 > 0. Note from (3.43) that ρ′ is negative on [0, x0], and hence it has an inverse
ρ−1 : [0, ρ(0)]→ [0, x0] which is strictly decreasing. We obtain an explicit expression for
ρ−1 by first integrating the fourth equation in (3.43) from 0 to x (with x ≤ x0)

x = c̃2

ρ(x)V
′
eff

(
c̃

ρ(x)

)
− c̃Veff

(
c̃

ρ(x)

)
− c̃2

ρ(0)V
′
eff

(
c̃

ρ(0)

)
+ c̃Veff

(
c̃

ρ(0)

)
=: −g(ρ(x)) + g(ρ(0)), (3.46)

which implies ρ−1(s) = g(ρ(0))− g(s). It remains to find an expression for ρ(0). We do
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this by invoking the unit mass condition

1 =
ˆ x0

0
ρ =
ˆ ρ(0)

0
ρ−1 = ρ(0)g(ρ(0))− c̃ρ(0)Veff

(
c̃

ρ(0)

)
= − c̃2

ρ(0)V
′
eff

(
c̃

ρ(0)

)
.

(3.47)
From (3.46) and (3.47) it follows that ρ(0) has to satisfy

−c̃2V ′eff

(
c̃

ρ(0)

)
= 1.

A similar procedure can be carried out to obtain the solution ρ in case (p, q) = (4, 2),
which we omit here. In case (p, q) = (4, 3) the solution is given by ρ = 1{[0,1]}.

3.5.4 Rescaling E(5,(2−3))
n

As mentioned in Section 3.1.4, the Γ-limit of E(5,(2−3))
n is unsatisfactory, because it only

contains information about the unique minimizer. One way to keep more information in
the limit is to consider a logarithmic scaling. More precisely, we define

En(µn) := 1
2αn

logE(5,(2−3))
n (µn)

and show that En Γ-converges to E. The limit energy E is given by

E(µ) =

 1− 1
M
, if suppµ ⊂ [0, 1],

∞, otherwise,

 , M := sup
a<b

µ
(
(a, b)

)
b− a

.

We can also express E in terms of non-decreasing functions as

E(ξ) =
{

1−mξ, if sup ξ ≤ 1,
∞, otherwise,

}
, mξ := inf

a<b

Dξ
(
(a, b)

)
b− a

,

where Dξ is the distributional derivative of ξ.
Before proving Γ-convergence, we argue why this rescaling of the energy is useful.

First, it implicitly shows that any rescaling of E(5,(2−3))
n by a constant gives the same

degenerate Γ-limit as in Theorem 3.1.1. Second, it shows exactly how this problem can
be solved by a specific non-linear scaling, in our case a logarithmic one. As a result, we
can compare different dislocation wall densities µ by computing E(µ), which gives a finite
value for a large class of densities (as opposed to E(5,(2−3))). Third, it provides a setting
in which upscaling of dislocation wall dynamics may be possible (see Chapter 6). These
dynamics are usually modelled by a linear drag law, i.e.

dxn

dt
= −n∇E(5,(2−3))

n (xn), (3.48)
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where we have used the characterization of µn in terms of xn ∈ Rn as in (3.11). Upscaling
of this gradient flow is not expected to lead to a sensible limit evolution equation, because
E(5,(2−3)) is degenerate. However, one sees from

−∇En(xn) = − ∇E
(5,(2−3))
n (xn)

2αnE(5,(2−3))
n (xn)

= 1
2αnE(5,(2−3))

n (xn)
dxn

dt
,

how to rescale time in order to make the discrete gradient flow with respect to En
consistent with (3.48).

Theorem 3.5.4 (Γ-Convergence of the logarithm of the energy). Let p = 5, q ∈ {2, 3}
and γ < 1, and consider P([0,∞)) equipped with the narrow topology. If (µn) ⊂
P([0,∞)) is such that En(µn) is bounded, then (µn) is precompact. Moreover, En
Γ-converges to E.

Proof of Theorem 3.5.4. The structure of the proof is similar to the Γ-convergence proof
of E(5,(2−3))

n . Compactness follows from the same argument as used for showing com-
pactness for E(5,(2−3))

n , because we still require for any fixed n that E(5,(2−3);L)
n (µn) <∞

in order for En(µn) to be finite.
To show the liminf inequality, we separate three cases: µ = L|(0,1), suppµ * [0, 1],

and all other µ ∈ P([0,∞)).
If µ = L|(0,1), we obtain from (3.33) that for any µn ⇀ µ it holds that

lim inf
n→∞

En(µn) ≥ lim inf
n→∞

1
2αn

log
(
2e−2 +O(e−2αn)

)
= 0.

If suppµ * [0, 1], it follows from lower semi-continuity (see (3.21c) and Proposi-
tion 3.3.13) that E(5,(2−3);L)

n (µn) = ∞ for n large enough for any µn ⇀ µ, so that
En(µn) =∞ as well.

If suppµ ⊂ [0, 1] and µ 6= L|(0,1), we have that 1 < M . As we like to have
explicit values for a, b in the calculation below (rather than the supremum over them
as in the definition of M), we fix 0 < ε < M − 1, and take aε < bε such that (bε −
aε)−1µ

(
(aε, bε)

)
> M − ε =: Mε. We follow the same reasoning as for (3.34) to find

lim inf
n→∞

En(µn)

≥ lim inf
n→∞

1
2αn

log
(

2e−2(bε − aε) exp
(
2αn(1−M−1

ε )
)(

1 +O(e−2αn/Mε)
))

= lim inf
n→∞

(
1− (M − ε)−1 +O(α−1

n )
)

= 1− (M − ε)−1.

Since ε was chosen arbitrarily, we obtain

lim inf
n→∞

En(µn) ≥ 1− 1
M
.
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We continue with the proof of the limsup inequality. We can restrict to ξ ∈ X1,
because otherwise E is infinite. We conclude the limsup inequality from Lemma 3.3.4
after showing that its two conditions are satisfied. We use Lemma 3.3.4 with the subset
X

(5)
1 :=

{
ξ ∈ X1

∣∣mξ > 0
}
.

Condition (i). Let ξ ∈ X
(5)
1 . We construct ξn by using linear interpolation (see

(3.19b)) with xni := supt<i/n ξ(t) (because ξ need not be inW 1,1, it can not be evaluated
at specific values). From Proposition 3.3.12 we conclude that for n large enough it holds

E(5,(2−3);F)
n (ξn) < E(5,(2−3);F)(ξ) + 1 ≤ β

2 + 1.

Observe that for any i, j ∈ {0, . . . , n} with i > j, we have the estimate

(
xni − xnj

)
= Dξ

(
[j/n, i/n)

)
≥ mξ

i− j
n

.

This is a similar estimate as (3.35). This allows us to use (3.36) to derive the following
upper bound

E(5,(2−3);i)
n (ξn) =

exp
(
2
(
αn − 1

))
nαn

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
≤ 2mξ

e2 e2αn(1−mξ)
(
1 +O(e−2mξαn)

)
→ 0.

By combining the estimates on E(5,(2−3);i)
n (ξn) and E(5,(2−3);F)

n (ξn) we obtain

lim sup
n→∞

En(ξn) = lim sup
n→∞

1
2αn

log
(
E(5,(2−3);i)
n (ξn) + E(5,(2−3);F)

n (ξn)
)

≤ lim sup
n→∞

1
2αn

log
(

2mξ

e2 e2αn(1−mξ)
(
1 +O(e−2mξαn)

)
+ β

2 + 1
)

= 1−mξ = E(ξ).

Condition (ii). Let ξ ∈ X1, and define

ξn(t) := ξ(t) + tεn
1 + εn

for some εn ↓ 0. By construction, ξn ∈ X(5)
1 , which follows from

sup ξn = sup ξ + εn
1 + εn

≤ 1, and

mξn = inf
b>a

Dξ
(
(a, b)

)
+ εnL

(
(a, b)

)
b− a

= mξ + εn > 0.
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Clearly ξn ⇀ ξ in BVloc(0, 1), and

E(ξn) = 1−mξn = 1− (mξ + εn)→ E(ξ).

3.6 General interaction potential V

While we have introduced the interaction potential V via the explicit formula (3.2), we
have only used the properties as mentioned in Remark 3.3.1 (i.e. V is even and convex
on [0,∞) with a specific logarithmic singularity and a specific exponential tail). It is
mentioned in [GPPS13, Sec. 1.7] that their proofs apply (modulo minor changes) to
any V which is even, convex on [0,∞), and has a (general) logarithmic singularity and
exponential tail. Note that by these properties, V must be integrable, positive, and
decreasing on [0,∞).

We comment on how to extend this class even further, depending on the scaling regime
indicated by the index p. For convenience we focus solely on the interaction term of the
energy, but the results below are readily applied to Theorem 3.1.1. Hence, we disregard
any dependence on the index q. Specifically, we are interested in Γ-convergence of the
energy

E(p;i)
n (xn) := αn

n

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
(3.49)

for weak requirements on V . We write αn instead of α̂n for convenience.

We first consider p = 4, i.e. αn ∼ 1. A careful check of the proof of [GPPS13,
Thm. 8] reveals that it is enough to have V even, positive, and convex on ([0,∞)) with
an integrable tail (which is allowed to have finite support). Note that the singularity is
allowed to be non-integrable.

Second, we consider p = 2 and set αn = 1/n for simplicity. In the Γ-convergence
proof [GPPS13, Thm. 5] it is only used that the singularity of V is integrable, and that V
is non-negative and decreasing on (0,∞) (no convexity or integrable tails required, and V
does not need to have a singularity). In fact, the class of admissible interaction potentials
is much larger. To see this, we write the interaction potential as

E((2),q;i)
n (xn) = 1

2n2

n∑
i=1

n∑
j=1
j 6=i

V
(
xni − xnj

)
= 1

2

¨
V (x− y) d[µn � µn](x, y),
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where µn � µn is the product measure µn ⊗ µn without the diagonal, i.e.

µn � µn(A) := 1
n2

n∑
i=1

n∑
j=1
j 6=i

δ(xni , xnj )(A). (3.50)

As stated in [GPPS13, Lem. 1], µn ⇀ µ implies µn�µn ⇀ µ⊗µ. Hence, it follows that

Vn(µn) := 1
2

¨
vn(x, y) d[µn � µn](x, y)

is a continuous perturbation to the energy whenever vn → v in Cb(R2). Therefore, we
can relieve the requirement of V being even and decreasing on (0,∞).

In the more general setting nαn → c, the arguments above apply by using the measure
(nαn id)#µn after changing variables in the integrals.

Third, we consider p = 3. Here, we require V to have in addition to the properties
we required in case p = 4 (i.e. integrable tail, positive, even, and convex on [0,∞)), that
it has an integrable singularity at 0. To apply the proof of [GPPS13, Thm. 7], we use a
different regularization of V (see (3.51)). For completeness, we give the complete proof
here, including the different regularization.

Proposition 3.6.1 (Liminf inequality of E(3;i)
n ). Let 1/n � αn � 1, and V ∈ L1(R)

be positive, even, and convex on [0,∞). Then for any µ ∈ P([0,∞)) and any µn =
1
n

∑n
i=1 δxni ⇀ µ, it holds that

lim inf
n→∞

αn
n

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
≥


(ˆ

R
V

)ˆ ∞
0

ρ2, if dµ(x) = ρ(x)dx,

∞, otherwise.

Proof. Let µn ⇀ µ such that E(3;i)
n (µn) is bounded. Let V δ as in Figure 3.4, i.e.

V δ(r) :=


V (r), |r| ≥ δ,

V (δ)− δ2 − r2

2δ V ′(δ), |r| ≤ δ.
(3.51)

As V δ ≤ V with V δ(0) <∞, we can add an subtract the self-interactions to obtain

C ≥ E(3;i)
n (µn) ≥ αn

2n

n∑
i=1

n∑
j=1

V δ
(
nαn

(
xni − xnj

))
− αn

2 V δ(0). (3.52)

As αn � 1, we ignore the second term in the right-hand side.
We continue the estimation by rewriting V δ. Since V̂ δ ≥ 0 (positivity of the Fourier-
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δ

V (δ)

r

V (r)

V δ(r)

Figure 3.4: Regularization V δ of the interaction potential V .

transform follows from evenness and convexity2), we define

W δ := F−1
(√

V̂ δ
)
.

By construction, V δ = W δ ∗W δ. Parseval’s Theorem gives
ˆ
R

(
W δ
)2 =

ˆ
R
Ŵ δ

2
=
ˆ
R
V̂ δ = V δ(0) <∞,

which shows that W δ ∈ L2(R). We continue the estimate (3.52) by writing V δn (r) :=
nαnV

δ(nαnr) and W δ
n analogously. We obtain

C ≥ 1
2

ˆ ∞
0

V δn ∗ µndµn = 1
2

ˆ
R

(
W δ
n ∗ µn

)2
,

where we have used that W δ is even. The estimate implies that (W δ
n ∗ µn) converges

weakly in L2(R) to some f ∈ L2(R).

We identify the limit f in distributional sense. Let ϕ ∈ C∞c (R), and observe that
ˆ
R

(
W δ
n ∗ µn

)
ϕ =
ˆ ∞

0

(
W δ
n ∗ ϕ

)
dµn →

(ˆ
R
W δ

)ˆ ∞
0

ϕdµ =
ˆ ∞

0
fϕ.

The convergence in Cb(R) of (W δ
n ∗ ϕ) to (

´
W δ)ϕ is guaranteed by W δ ∈ L1. As a

2To see that convexity of V implies positivity of V̂ , note that V̂ (ξ) = 2
´∞
0 V (x) cos 2πξx dx =

−(πξ)−1 ´∞
0 V ′(x) sin 2πξx dx. This expression can be seen to be positive by considering each period

of the sine, and using the monotonicity of V ′.
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corollary, µ is absolutely continuous with density ρ ∈ L2(0,∞). We conclude

lim inf
n→∞

E(3,0;i)
n (µn) ≥ lim inf

n→∞

1
2

ˆ
R

(
W δ
n ∗ µn

)2 ≥ (ˆ
R
V δ
)ˆ ∞

0
ρ2,

and complete the proof by taking lim supδ→0.

We do not aim to extend the class of potentials V in cases p = 1, 5. The related
Γ-convergence proofs require detailed information about the singularity (p = 1) or the
tail (p = 5). Also, the rescaling of the energy (Section 3.2) is sensitive to different
asymptotic behaviour of the singularity or the tail. For these reasons we have not found
a general proof which works for a large class of singularities and tails. Nevertheless,
we expect Γ-convergence of the related discrete energies to hold for a large class of
(integrable) singularities and tails, for which the proofs in [GPPS13] should apply after
small adjustments.

Besides trying to weaken the conditions on V , it may be instructive to find out why
certain conditions are necessary. We have not been able to prove that some conditions are
necessary for getting an upscaling result (possibly without using Γ-convergence). Instead,
we give an example in case (p, q) = (3, 0) from which it is apparent that a (weaker
condition of) convexity or positivity of the Fourier-transform is necessary to conserve all
information of V in the limit.

Example 3.6.2 (A different limit energy). Let

En(xn) = E(3,0)
n (xn) = αn

n

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
+ 1
n

n∑
i=1

xni ,

with 1/n � αn � 1 and V be such that: (i) V even, (ii) V (0) = v0, (iii) V |[b,∞) ≡ 0,
and (iv)

V (r) ≥ V0(r) := v0

b

[
b− |r|

]
+,

for some constants v0, b > 0. Figure 3.5 illustrates V0 and some V satisfying conditions
(i)–(iv). We note that V0 = (V |[0,∞))∗∗ (convex envelope).

r
−b

v0

b

V0(r)
V (r)

Figure 3.5: A typical potential V satisfying conditions (i)–(iv) in Example 3.6.2.
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We prove that En Γ-converges to the limit energy

E(ρ) =
(ˆ ∞

0
V0

)ˆ ∞
0

ρ2 +
ˆ ∞

0
xρ(x) dx. (3.53)

The difference between E(ρ) and E(3,0)(ρ) is that
´
R V ≥

´
R V0 = bv0, for which equality

holds only if V = V0 a.e.

We establish the liminf inequality by using (iv) to estimate

En(xn) ≥ αn
n

n∑
k=1

n−k∑
j=0

V0
(
nαn

(
xnj+k − xnj

))
+ 1
n

n∑
i=1

xni ,

from which we conclude the liminf inequality after applying Proposition 3.6.1.

For proving the limsup inequality we invoke Lemma 3.3.4 to construct an explicit
recovery sequence only for ρ ∈ C([0,∞)) with bounded support. The energy density is
proven by repeating the proof of [GPPS13, Thm. 7] (less regularity of ρ is used in that
proof, but the arguments extend easily to our case).

We construct the recovery sequence (µn) for any ρ ∈ C([0,∞)) with bounded support
as follows. Let P := max supp ρ. For any ε > 0, we have by uniform continuity of ρ that
|ρ(x)− ρ(y)| < ε for any x, y ∈ [0, P ] with |x− y| small enough. We discretize [0, P ] by
the equispaced points

yni := i
b

nαn
for i = 0, . . . ,

⌈
Pnαn
b

⌉
.

Then, we distribute the n walls over the discrete set {yni }i as follows. At yni we put mn
i

walls, where {mn
i }i satisfies∣∣∣∣mn

i − n
ˆ yni+1

yn
i

ρ

∣∣∣∣ ≤ 1, and
dPnαn/be∑

i=0
mn
i = n.

The discrete measure of the walls is given by

µn := 1
n

dPnαn/be∑
i=0

mn
i δyni . (3.54)

By construction, we have µn ⇀ ρ as n→∞.

For the limsup inequality, we only focus on the interaction part, as the bound on the
force term follows directly from Proposition 3.3.12. We observe that for any two walls
positioned at yni and ynj with i 6= j, we have that nαn|yni − ynj | ≥ nαnb/(nαn) = b, and
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hence V (nαn(yni − ynj )) = 0. Based on this observation, we compute

E(i)
n (µn) = αn

n

dPnαn/be∑
i=0

mn
i (mn

i − 1)
2 V (0) ≤ αn

2n

dPnαn/be∑
i=0

(mn
i )2

v0

≤ αn
2n

dPnαn/be∑
i=0

(
1 + n

ˆ yni+1

yn
i

ρ

)2
v0

≤ αn
2n

dPnαn/be∑
i=0

[
1 + n

(
ρ(yni ) + ε

) b

nαn

]2
v0

= αn
2n

dPnαn/be∑
i=0

[(
ρ(yni ) + ε

)2 b2
α2
n

+O(α−1
n )
]
v0

= bv0

2
b

nαn

dPnαn/be∑
i=0

[(
ρ(yni ) + ε

)2]+O(αn)

→ bv0

2

ˆ P

0
(ρ+ ε)2,

in which we have recognized the sum as a Riemann-sum while passing to the limit n→∞.
By arbitrariness of ε, we obtain the interaction part of the limit energy as in (3.53), which
completes the proof of the limsup inequality.

We end this example by discussing some limitations of the proof in view of less strict
conditions on V . The requirement on V being bounded is crucial for our ‘clustered’
recovery sequence (defined by (3.54)) to have finite energy. Also, without V ≥ V0, it
would be more difficult to prove the liminf inequality. The Γ-limit E might suggest that
only the convex envelope of V |[0,∞) remains in the limit, but this is hard to show in
general since the interactions are non-local.

3.7 Notes and comments
There are several open problems and connections with the literature which we wish to
mention.

Further generalizations of V . In Section 3.6 we indicate to which class of potentials V
the arguments in both [GPPS13] and this chapter apply to Γ-convergence of the related
energies. In addition, we expect that Γ-convergence holds for even weaker conditions on
V . For instance, integrability of V seems only necessary for the current proof, but not for
the upscaling result. More detailed questions are:

• Can the convexity requirement on V be weakened to V having positive Fourier-
transform in case p = 3 (see the proof of Proposition 3.6.1)?

• How to generalize to less specific singularities or tails in the cases p = 1, 5?
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In particular, our techniques apply to homogeneous V as considered in [HCO10], i.e.

Va(r) :=
{
− log |r|, a = 0,
1/|r|a, a ≥ 0.

The scaling procedure (see Section 3.2) is easier, because the parameters in the argument
of V are easily treated by (−a)-homogeneity of V . Γ-convergence of the related energy
then follows either from the proof of: [GPPS13, Thm. 5] for a ∈ [0, 1), and [GPPS13,
Thm. 8] for a > 1.

Connection with [FG07]. In [FG07] a dislocation pile-up is studied similar to case
(p, q) = (1, 3). The differences with case (p, q) = (1, 3) are that: (i) a single array of
dislocations is considered instead of walls, and (ii) a more detailed microscopic model is
used for describing dislocations. This microscopic model describes the displacement uε
of the linear elastic medium on the horizontal line where the dislocations are at. The
parameter ε models the inter-atomic distance. The main result is the passage to the limit
ε in the related energy Eε. The energy Eε consists of two terms; one favouring uε to
attain values in εZ, and the other penalizing high derivatives. Hence, this is a phase-field
model, in which the minimizer uε consists of smoothed out jumps, the position of which
models the dislocation positions. This model is introduced in [KCO02].

Because of the different microscopic models, it is hard to compare the model in [FG07]
with the one presented in this chapter. However, we show that the continuous limits can
be compared directly. The Γ-limit of Eε is proven [FG07, Thm. 2.4] to be

E(u) =
ˆ 1

0

ˆ 1

0

|u(x)− u(y)|2

|x− y|2
dydx, subject to u(0) = 0, u(1) = 1.

The displacement u acts as the cumulative dislocation density, i.e. u′ = ρ. Performing
integration by parts twice, we obtain

E(u) = 4E(1,3)(ρ) + 2
ˆ 1

0

ˆ 1

0
G(x, y)ρ(x)ρ(y) dydx− C(u),

C(u) := lim
ε→0
| log ε|

(
u(ε)2 +

(
1− u(1− ε)

)2)
,

G(x, y) :=
{

log
[
(1− y)x

]
, x > y,

log
[
(1− x)y

]
, x < y.

Interestingly, E(u) describes a different energy landscape for the wall density than E(1,3)(ρ).
This difference consists of the double-integral term involving G and the constant C(u).
The double integral describes a non-local effect of the boundary on the wall density. The
constant C(u) is zero whenever u is Hölder continuous at {0, 1} (for any positive Hölder
constant).

It is worth to investigate how the difference between E(u) and E(1,3)(ρ) can be ex-
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plained from the modelling choices of the underlying microscopic energies. In any case,
the minimizers of both energies have the same asymptotic behaviour near the barriers
(see (3.45) and [FG07, Rem. 2.6]).

Walls of negative edge dislocations. In case q = 2, 3 (i.e. the parameter regime in
which the forcing term is comparable or negligible with respect to the effect of the finite
domain) it seems unphysical to ignore the effect of negative edge dislocations. One of
the reasons why we do not consider a model with negative edge dislocations, is that
the effect of nucleation and annihilation of dislocations with opposite sign results in an
energy that is not bounded from below. Various methods have been used to circumvent
this issue [Dog14, CAWB06], but each of them have drawbacks. We consider negative
edge dislocations in Chapters 5, 8 and 9.



Chapter 4

Boundary layer analysis of
dislocation pile-ups

In this chapter we analyse the behaviour of a pile-up of dislocation walls at a fixed barrier.
Starting from a continuum energy Ec modelling the interactions at a typical length scale
of 1/c, we derive a first-order approximation of the energy by Γ-development in the limit
c → ∞. While the first term in the expansion (the Γ-limit of Ec) captures the ‘bulk’
profile of the density of dislocation walls in the pile-up domain, the second-order term is
a ‘boundary layer’ energy that captures the profile of the density in the proximity of the
barrier. This study is a first step towards a rigorous understanding of the behaviour of
dislocations at obstacles, defects, and grain boundaries.

This chapter is organized as follows. After describing in Section 4.1 our main result
(Theorem 4.1.1), we introduce preliminary results (Section 4.2) needed for its proof (Sec-
tion 4.3). In Section 4.4 we show numerically that our continuum theory provides a good
description for the boundary layer in the discrete system. In Section 4.5 we show our first
attempts towards proving convergence of the discrete boundary layer profile. We list a
few conjectures and open problems in Section 4.6.

4.1 Introduction
With the techniques introduced in this chapter to describe boundary layers in dislocation
pile-ups, we aim to contribute to the current mathematical understanding of boundary
layers occurring in discrete systems. Asymptotic analysis has proven to be a powerful tool
for describing boundary layers [VCOA07, VCO07, VCMO09, HCO10, Hal11], but often a
rigorous justification of the boundary layer asymptotics is missing.

Sections 4.1 – 4.4 are contained in [GvMPS15]. Sections 4.5 and 4.6 contain work in progress in
collaboration with C. H. Hall (Oxford) and T. Hudson (Paris).

55
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Regarding rigorous methods, boundary layers have been derived in [BL06, BC07,
SSZ11, SSZ12, Hud13, BS14, SS15]. In this case, the discrete system consists of local
interactions (i.e. particles interact with a finite number of neighbours; mostly nearest and
next-to-nearest neighbours only). The mathematical techniques are based on describing
the positions of particles xi as a deformation of a regular lattice.

In this chapter we take a different point of view. We describe the positions of particles
by empirical measures. This description allows for a rigorous handling of a boundary layer
occurring when non-locally interacting particles are pushed towards a barrier.

4.1.1 Motivation and setting

The analysis in this chapter is sparked by the mismatch between the discrete and con-
tinuous density profiles of dislocation walls at equilibrium. This mismatch is displayed
in Figure 4.1. First, we recall from Chapter 3 that the discrete energy for the walls at
positions xn = (xni )ni=0 ∈ [0,∞)n+1 with xn0 = 0 is given by

En(xn) := cn
n2

n∑
k=1

n−k∑
j=0

V
(
cn
(
xnj+k − xnj

))
+ 1
n

n∑
i=1

xni , (4.1)

where 1 � cn � n is a dimensionless parameter. In the setting of Chapter 3 ((3.8)
specifically) this energy corresponds to the scaling regime 1/n � αn � 1 and γn = ∞.
We recall that the interaction potential V (see Figure 3.2) is given by

V (r) := r coth r − log(2 sinh r). (4.2)

In [GPPS13, Thm. 1] (see also Theorem 3.1.1) it is proven that the Γ-limit is given by

E(µ) = a

ˆ ∞
0

ρ(x)2 dx+
ˆ ∞

0
xρ(x) dx, if µ(dx) = ρ(x) dx, a :=

ˆ ∞
0

V. (4.3)

Figure 4.1 shows a comparison between the minimizer xn of the discrete energy En
for cn =

√
n, and the minimizer ρ of the continuum energy E. We recall that

ρ(x) :=
(

1√
a
− x

2a

)+
, E(ρ) = 4

3
√
a. (4.4)

The discrete density ρn is defined in terms of the minimizer xn as

ρn(xni ) := 2/n
xni+1 − xni−1

, i = 1, . . . , n− 1. (4.5)

Figure 4.1 illustrates that the discrete model (En) fits well with the continuum one (E)
in the bulk of the pile-up region. However, it fails to capture the distribution of walls at
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the left end of the domain, where a boundary layer appears.
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Figure 4.1: Minimizers xn and ρ of respectively En and E, for n = 27 and cn =
√
n.

Whereas the right plot illustrates the full pile-up, the left plot depicts a zoom-in of the
boundary layer (the horizontal axis is scaled by a factor 1/10).

The main goal of this chapter is to analyse the boundary layer in the scaling regime
1� cn � n. We do this by studying a Γ-expansion [AS93, BC07, BT08] in terms of the
small parameter 1/cn. The zero-order term of the expansion is the Γ-limit of the energy
(namely E in (4.3)), which describes correctly the bulk behaviour of the minimizer. The
term of order 1/cn in the expansion is a first-order correction which turns out to capture
boundary layer effects.

To capture the main features of the asymptotic expansion by Γ-convergence, and
isolate them from the more technical issues related with the passage from discrete to
continuum, we study the Γ-expansion of a continuum version of En. To motivate this
continuum version, note that the discrete energies En can formally be written in terms of
discrete integrals with respect to the measures µn = 1

n

∑n
i=1 δxni , as

1

En(xn) = 1
2cn
ˆ ∞

0

ˆ ∞
0

V (cn(x− y))µn(dx)µn(dy) +
ˆ ∞

0
xµn(dx). (4.6)

Inspired by (4.6) we define the continuum energy

Ec(µ) := 1
2c
ˆ ∞

0

ˆ ∞
0

V (c(x− y))µ(dx)µ(dy) +
ˆ ∞

0
xµ(dx), (4.7)

which is now considered to be defined for all µ ∈ P([0,∞)) – not only for sums of
Diracs. We recall that Ec is the Γ-limit of En when cn → c (Theorem 3.1.1). This is the

1This expression is formal since V (0) = +∞. To make it rigorous we remove the diagonal i = j from
the product measure µn ⊗ µn = n−2

∑
i,j
δ(xn

i
,xn
j

); see (3.50).
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functional which we study in this chapter in the limit c→∞.

4.1.2 Approximation of Ec by Γ-expansion

Both the discrete energies En in (4.1) and their continuous counterpart Ec in (4.7) have
as Γ-limit the energy E in (4.3) (see Theorem 3.1.1 and Theorem 4.2.1). The limit energy
E is therefore the first term of the approximation of Ec by Γ-convergence in the limit
c → ∞. Following the basic ideas in [AS93], the next term of the expansion would be
the Γ-limit of the rescaled energies

Ec(µ)−minE
1/c = c (Ec(µ)− E(ρ)) , (4.8)

as c → ∞. However, this energy does not seem appropriate for isolating the boundary
layer contribution at the barrier at x = 0. Indeed, it is possible to show that there are
two order-one contributions in (4.8): one is due to the presence of the boundary layer
(namely to the difference between ρ and the minimizer of Ec), and the other one to the
approximation of Ec with E. The latter is actually a constant with respect to the variable
µ (namely c(Ec(ρ)− E(ρ))) and does not affect the behaviour of the minimizers.

To focus on the boundary layer energy contribution only, we analyse the asymptotic
behaviour of the following closely related functional

Fc(µ) := c (Ec(µ)− Ec(ρ)) . (4.9)

The energy in (4.9) has the advantage of measuring the difference between the minimizer
of Ec, which exhibits a boundary layer, and its approximate bulk behaviour ρ, in terms
of the same energy Ec (rather than two different energies as in (4.8)). Since the only
contribution of order one in (4.9) is due to the behaviour at x = 0, we call Fc a ‘boundary
layer energy’.

To capture the boundary layer behaviour, we need to blow up the region next to
x = 0. The scaling factor for the blow up arises naturally from (4.7), since the typical
length scale of cV (c ·) is 1/c. As c → ∞, we have cV (c ·) → (

´
R V )δ0, which connects

to the limiting energy E (4.3). This convergence implies that fluctuations on the length
scale 1/c contribute to the energy difference (4.9), which suggests that the boundary layer
is likely to have the same length scale.

The boundary layer has as length scale 1/c, which agrees with the asymptotic analysis
of Hall’s [Hal11] for the discrete problem with cn =

√
n. Figure 4.2 illustrates this par-

ticular scaling, by showing how spatially-rescaled densities constructed from the discrete
minimizers are similar close to the barrier.

To capture effects on the length scale 1/c, we zoom in to x = 0 by a factor c. Since
we use this rescaling operation many times we introduce a corresponding notation: given
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Figure 4.2: Rescaled discrete densities cρn(cxni ) for cn =
√
n and for different values of

n. Close to the barrier at x = 0, the data points seem to lie on a single curve, confirming
Hall’s result that the length scale of the boundary layer is O(1/

√
n) = O(1/cn).

a measure µ, the rescaled measure c→µ is the measure

c→µ := c (x 7→ cx)#µ, or (c→ρ)(x) := ρ(x/c) (4.10)

if µ is absolutely continuous with density ρ. This transformation zooms in to the origin
at rate c while preserving the amplitude of the (Lebesgue density of) the measure. The
inverse transformation is written as c←µ. Given a measure µ, the appropriate zoomed-in
version of µ is the measure obtained by blowing up the difference µ− ρ,

ν := c→[µ− ρ]. (4.11)

We rewrite (see Section 4.2.3) the energy (4.9) in terms of ν as

Fc(ν) =1
2

ˆ ∞
0

ˆ ∞
0

V (x− y)ν(dx)ν(dy)− 1√
a

ˆ ∞
0

(ˆ ∞
x

V (y)dy
)
ν(dx)

+ 1
2ac

ˆ ∞
0

ˆ ∞
0

[
V
(
y +

(
2c
√
a− x

))
− V (y + x)

]
y dy ν(dx), (4.12)

where a :=
´∞

0 V , and all integrals denote integration over closed intervals.
The main result (see Theorem 4.3.1) is that the first two terms of Fc equal its Γ-limit

as c→∞:

Theorem 4.1.1. Let the potential V satisfy (V1)–(V3) (see Section 4.2.1). Then the
functionals Fc (4.12) Γ-converge as c → ∞, with respect to the vague topology, to the
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energy F defined as

F (ν) := 1
2

ˆ ∞
0

ˆ ∞
0

V (x− y)ν(dx)ν(dy)− 1√
a

ˆ ∞
0

(ˆ ∞
x

V (y)dy
)
ν(dx), (4.13)

provided ν belongs to the admissible class of measures A defined in (4.25). In addition,
a sequence νc with supc Fc(νc) <∞ is compact in the vague topology.

Recall that convergence in the vague topology is defined as convergence against con-
tinuous functions with compact support. We discuss in more detail below why the vague
topology is the natural choice for our problem.

As a consequence of Theorem 4.1.1 the functional F achieves its minimum in A; since
A is convex and F is strictly convex, this minimum is unique.

The Γ-convergence result in Theorem 4.1.1 suggests an improved approximation of
the minimizer of the energy Ec at the left boundary of the pile-up domain, where the bulk
density ρ failed to describe the profile of the discrete density (see Figure 4.1). Defining ν
as the minimizer of F , the profile ρ(0) + ν describes the blown-up boundary layer, which
corresponds to the behaviour of the minimizer of Ec close to the barrier. In view of the
Γ-convergence result, we can therefore define a ‘matched’ continuous density in terms of
the original, unscaled variables, as

ρc := ρ+ c←ν,

as the improved approximation of the minimizer of Ec in (4.7). In fact, this expression
appears also to be a good approximation of the discrete optimal density ρn, as shown
in Figure 4.3. The agreement between ρc and the discrete density is striking, even for a
small number of dislocation walls.

4.1.3 Comments on and implications of Theorem 4.1.1

Theorem 4.1.1 gives a clear description of the boundary layer behaviour of the pile-up at
the barrier through the minimizer of the limit energy. This theorem however only describes
the boundary layer of the continuous energy Ec, while the ‘real’ problem is discrete and
described by En. Still, the predictions we obtain from Theorem 4.1.1 are remarkably
accurate (see Figure 4.3). We now comment on several aspects of the result and proof.

The functional-analytic setting and the vague topology. Since the measure νc (see
(4.11)) is obtained by blowing up probability measures, we cannot expect its total variation
to stay bounded in the limit c → ∞. Indeed, Corollary 4.2.7 and (4.39) guarantee only
local boundedness for sequences νc with bounded energy Fc(νc), and therefore the vague
convergence is the natural choice for compactness.

Conditions on V . The Γ-convergence of En to E is proved in [GPPS13] under the
following assumptions on V : V is even, integrable on R, and decreasing and convex on
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Figure 4.3: Comparison between the discrete pile-up profile ρn in (4.5), the ‘bulk’ density
ρ and the ‘matched’ density ρc = ρ + c←ν, for n = 27 and c =

√
n. Plot (a) shows a

zoom-in (by a factor 10) of the x-axis in plot (b).

the positive real line. As a consequence of these properties, V is non-negative. In this
chapter we do not rely on convexity of V . Instead, we only require the Fourier transform
of V to be non-negative, which is a weaker requirement (see the footnote on page 49).
On the other hand, in addition to the aforementioned properties, we require V to have
finite first moment. This condition is necessary to control the contribution to the energy
difference in (4.9) which is related to the bulk of the full pile-up.

Boundary layers in the discrete system. The ultimate goal of this work is to prove an
analogue of Theorem 4.1.1 for the discrete energy En in the limit n → ∞. The current
results can be seen as a first step towards such a convergence result, in which we tackle
the scaling and compactness issues, but side-step the discreteness. In Section 4.5 we show
our first attempts towards including discreteness into our boundary layer analysis.

Unexpected ‘dip’ in the minimizer ν. Figure 4.4 gives another view on the comparison
between the discrete and continuous densities, showing the boundary layers at both ends
of the pile-up region in the same figure. Note that ν attains negative values in the region
where the boundary layer matches with the bulk density ρ. This ‘dip’ indicates that in
this region the dislocation walls tend to separate slightly farther than predicted by the
bulk density. It is unclear to us why such a ‘dip’ occurs.

4.2 Preliminaries
In preparation of our proof of Theorem 4.1.1, we introduce our setting in more detail in
Section 4.2.1. Then we prove the zero-order Γ-convergence of Ec to E in Section 4.2.2,
and in Section 4.2.3 we derive several auxiliary results. Finally, we establish key estimates
in Section 4.2.4.
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Figure 4.4: Comparison between the discrete density νn and ν for cn =
√
n and for

different values of n. Many data points for νn are omitted to enhance readability.

4.2.1 Assumptions and notation
The expression (4.2) provides the inspiration for conditions (V1)–(V3). Although we
use (4.2) in the numerical calculations, our convergence results hold for all functions V
satisfying:

(V1) V : R → R is even, and decreasing on (0,∞);

(V2) V ∈ L1(R) has finite first moment, i.e.
´
R |x|V (x) dx <∞;

(V3) V has a non-negative Fourier transform, which satisfies√
V̂ ∈W 2,∞(R).

Note that by (V1)–(V3), V is non-negative and ‖V̂ ‖∞ = V̂ (0) =
´
R V (x) dx < ∞.

We need the technical condition (V3) to define the ‘convolutional’ square-root of V (see
Section 4.2.3), which is crucial in the proof of the compactness statement in Theorem
4.1.1. The imposed regularity on V̂ 1/2 is a sufficient condition, which is a natural choice
to us in view of the proof of Lemma 4.2.3.

Here we list some symbols and abbreviations that we use throughout this chapter.

a a =
´∞

0 V ( = π2/6 ≈ 1.64 for V as in (4.2))
A, Ac admissible sets for F and Fc (4.25), (4.15)
c→µ, c←µ transforms of µ by scaling space by c > 0 (4.10)
En discrete energy (4.1)
Ec continuous energy at finite c (4.7)
E (zero-order) limiting energy (4.3)
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ρ minimizer of E (4.4)
f̂ Fourier transform of f ; f̂(ω) :=

´
R f(x)e−2πixω dx

Fc first-order energy at finite c (4.12)
F limiting first-order energy (4.13)
hc auxiliary function in the expression of Fc (4.18)
H1 one-dimensional Hausdorff measure
M ([0,∞)) signed Borel measures on [0,∞)
ν+, ν− positive and negative part of ν ∈M (0,∞)

4.2.2 Zero-order Γ-convergence

We derive the zero-order term of the Γ-expansion, namely the Γ-limit of the energy Ec
in (4.7), as c→∞. Not surprisingly, this turns out to be the same as the Γ-limit of the
discrete energy En in (4.1), namely the continuum energy E defined in (4.3). This is
proved in the following theorem.

Theorem 4.2.1. Let the potential V satisfy (V1)–(V3) (see Section 4.2.1), and a =´∞
0 V . Then the Γ-limit of Ec as c→∞ with respect to the narrow topology is given by

E(µ) = a

ˆ ∞
0

ρ(x)2 dx+
ˆ ∞

0
xρ(x) dx, if µ(dx) = ρ(x) dx.

In addition, sequences with bounded Ec are compact in the narrow topology.

Proof. The compactness is a simple consequence of the inequality Ec(µ) ≥
´∞

0 xµ(dx).
We omit the proof of the liminf inequality, since it can be obtained by slightly modifying
the proof of Proposition 3.6.1.

As for the limsup inequality, we first reduce by density arguments to bounded upper
semicontinuous functions ρ ∈ L2(0,∞) with bounded support. Then we take as recovery
sequence the constant sequence ρc := ρ. Note that Vc(x, y) := cV (c(x − y)) converges
vaguely to 2aH1xD, where D is the diagonal of the first quadrant,

D := {(x, y) ∈ (0,∞)2 |x = y}.

Then we conclude the limsup inequality from

lim sup
c→∞

ˆ ∞
0

ˆ ∞
0

Vc(x, y)ρ(x)ρ(y)dx dy

≤ 2a
ˆ ∞

0

ˆ ∞
0

ρ(x)ρ(y)H1xD(dx dy) = 2a
ˆ ∞

0
ρ2.
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4.2.3 Auxiliary results

Rewriting the energy. In Section 4.1.2 we mentioned that under the blow-up transforma-
tion (4.11), which transforms µ into ν, the energy Ec converts into the expression for Fc
in (4.12). Here we do that calculation explicitly.

Setting µ̃c := c→µ, we write

cEc(µ) = 1
2

ˆ ∞
0

ˆ ∞
0

V (x− y)µ̃c(dx)µ̃c(dy) + 1
c

ˆ ∞
0

xµ̃c(dx) =: Ẽc(µ̃c).

Note that
´∞

0 µ̃c = c. By defining as in (4.11) νc := µ̃c − c→ρ and using Fubini’s
Theorem (see e.g. [Rud87, Thm. 8.8]), we write

Fc(νc) := c (Ec(µ)− Ec(ρ)) = Ẽc(µ̃c)− Ẽc(c→ρ)

= 1
2

ˆ ∞
0

ˆ ∞
0

V (x− y)νc(dx)νc(dy)

+
ˆ ∞

0

(ˆ ∞
0

V (x− y)ρ(y/c)dy + 1
c
x

)
νc(dx). (4.14)

From now on, we omit the superscript c. The measures ν obtained via the rescaling (4.11)
belong to the admissible class Ac defined as

Ac :=
{
ν ∈M ([0,∞)) :

ˆ ∞
0
|ν| ≤ 2c,

ˆ ∞
0

ν = 0, ν ≥ −c→ρ
}
. (4.15)

Note that by (4.15) and (4.4), it holds that

supp ν− ⊂ supp c→ρ = [0, 2c
√
a] for each ν ∈ Ac. (4.16)

As the next step, we rewrite Fc(ν). By using the explicit expression of ρ (4.4) and
the fact that V is even, the integrand of the second term in (4.14) can be cast into
ˆ ∞

0
V (x− y)ρ(y/c)dy + 1

c
x

= 1√
a

ˆ 2c
√
a

0
V (x− y)dy − 1

2ac

ˆ 2c
√
a

0
V (x− y)ydy + 1

2ac

ˆ
R
V (x− y)xdy

= 1√
a

ˆ 2c
√
a

0
V (x− y)dy + 1

2ac

ˆ
R

(x− y)V (x− y)dy + 1
2ac

ˆ
R\(0,2c

√
a)
V (x− y)ydy

= 1√
a

ˆ ∞
0

V (x− y)dy + 1
2ac

ˆ 0

−∞
V (x− y)ydy + 1

2ac

ˆ ∞
2c
√
a

V (x− y)(y − 2c
√
a)dy

= 2
√
a− 1√

a

ˆ ∞
x

V (y)dy + hc(x), (4.17)
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where for all x ∈ R we have set

hc(x) := 1
2acV ∗

(
(x ∧ 0) ∨ (x− 2c

√
a)
)

= 1
2ac

ˆ ∞
0

[
V
(
y +

(
2c
√
a− x

))
− V (y + x)

]
y dy.

(4.18)

Substituting (4.17) in (4.14) and using the fact that
´∞

0 dν = 0 results into

Fc(ν) = 1
2

ˆ ∞
0

(V ∗ ν)(x)ν(dx)−
ˆ ∞

0
g(x)ν(dx) +

ˆ ∞
0

hc(x)ν(dx), (4.19)

where g(x) := 1√
a

ˆ ∞
x

V (y)dy. (4.20)

Note that, because of assumption (V2), the positive function g is integrable on (0,∞).
Moreover, g is decreasing in (0,∞) and g(0) =

√
a; hence it is bounded in (0,∞).

Properties of the auxiliary function hc. Lemma 4.2.2 lists useful estimates on the
behaviour of hc. We illustrate the qualitative behaviour of hc in Figure 4.5.

Lemma 4.2.2. The function hc defined in (4.18) is non-decreasing and satisfies the
bounds

|hc| ≤ C
1
c

in
[
0, 2c
√
a
]
, (4.21)

|hc| ≤
σ(c)
c

in
[√
c, 2c
√
a−
√
c
]
, (4.22)

for some σ(c)→ 0 as c→∞.

x

hc(x)

O(1/c)
o(1/c) O(1/c)

2c
√
a

1
c

Figure 4.5: Qualitative behaviour of hc.

Proof. The function hc is non-decreasing, since it is defined as the convolution of a
non-negative function with a non-decreasing function.
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To prove (4.21) we note that by the monotonicity of hc, for all x ∈ [0, 2c
√
a],

−C 1
c
≤ hc(0) ≤ hc(x) ≤ hc(2c

√
a) ≤ C 1

c
, with C = 1

2a

ˆ ∞
0

V (y)y dy. (4.23)

As for (4.22), we estimate

hc(2c
√
a−
√
c) = −hc(

√
c) ≤ 1

2ac

ˆ ∞
0

V (y +
√
c)y dy ≤ 1

2ac

ˆ ∞
√
c

V (z)z dz,

which, by assumption (V2), implies (4.22).

Definition of the limit energy. We recall from Theorem 4.1.1 that

F (ν) =


1
2

ˆ ∞
0

ˆ ∞
0

V (x− y)ν(dx)ν(dy)−
ˆ ∞

0
g(x)ν(dx), if ν ∈ A,

+∞ otherwise,
(4.24)

where g is defined in (4.20) and

A :=
{
ν ∈M ([0,∞)) : ν ≥ −ρ(0), sup

x≥0
ν+([x, x+ 1]) <∞

}
, (4.25)

where ν+ is the positive part of ν.
While for finite c the set Ac consists of measures with uniformly bounded total vari-

ation, in the limiting set A this bound has vanished, and a priori it is unclear why a
sequence in A could not acquire infinite total variation in the limit. Corollary 4.2.7 be-
low will show that finiteness of F (ν) implies a local bound on |ν|, but no global bound.
Maybe minimising sequences have bounded total variation, but we have not investigated
this. The requirement of ν+ in (4.25) about being uniformly bounded on compact sets
gives enough control on the second term in (4.24).

Writing V = W ∗W . We formally write the interaction potential V as a convolution
V = W ∗W . In [GPPS13, Appendix] it was shown that, for the special case of (4.2),

V̂ (ω) = 1
2ω sinh(π2ω)

(
cosh(π2ω)− π2ω

sinh(π2ω)

)
.

We observe that V̂ ∈ W 2,∞(R) is even, strictly positive on R, and decays to zero at
infinity at rate 1/|ω|. Since the function p(ω) :=

√
V̂ (ω) decays at rate |ω|−1/2, it fails

to be in L2(R); therefore the inverse Fourier transform of p may not be a function W ,
and it is not clear whether there exists any function W : R → R such that V = W ∗W .

In this paper we also want to generalize to any V satisfying conditions (V1)–(V3). We
therefore work around these difficulties by defining ‘convolution with W ’ as an operator
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on a space containing A. We set again p(ω) :=
√
V̂ (ω). We first show in Lemma 4.2.3

that for the function space

X :=
{
f ∈W 1,2(R) :

ˆ
R
x4f(x)2 dx <∞

}
(4.26)

the operator
T : X → X, Tf := F−1(pf̂) (4.27)

is well-defined. Our choice for X is also based on making it as large as possible with the
restriction that A ⊂ X ′, which we prove in Lemma 4.2.4 to hold for X given by (4.26).
Then, we extend T naturally to X ′ by

for ξ ∈ X ′, f ∈ X, X′〈Tξ, f〉X := X′〈ξ, Tf〉X , (4.28)

and conclude in Lemma 4.2.5 with several basic properties of T . Formally, one should
think of Tf as W ∗ f , where V = W ∗W .

Lemma 4.2.3. The operator T defined in (4.27) maps X into itself.

Proof. We recall that the Fourier transform F is an invertible operator from L2(R;C) to
itself, and that

F
(
x 7→ xkf (`)(x)

)
= i`+k(2π)`−k

(
ω 7→ dk

dωk
ω`f̂(ω)

)
for all k, ` ∈ N.

Hence, by extending X to complex-valued functions by

XC :=
{
f ∈W 1,2(R;C) :

ˆ
R
x4|f(x)|2 dx <∞

}
,

the Fourier transform is a linear and invertible operator between XC and

YC :=
{
φ ∈W 2,2(R;C) :

ˆ
R
x2|φ(x)|2 dx <∞

}
.

Therefore, it follows from (4.27) that T (XC) ⊂ XC if pφ ∈ YC for all φ ∈ YC . The latter
condition follows readily from (V3).

To prove that T (X) ⊂ X, we take f ∈ X arbitrary, and show that Tf is real-
valued. We note that f being real-valued is equivalent to f̂(−ω) = f̂(ω). Since p is
real-valued and even, we also have that (pf̂)(−ω) = (pf̂)(ω). Hence, Tf = F−1(pf̂) is
real-valued.

Lemma 4.2.4. Let A as in (4.25) and X as in (4.26). Then A ⊂ X ′.

Proof. Let ν ∈ A arbitrary. We prove that ν ∈ X ′ by showing that
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∣∣∣∣ ˆ f dν

∣∣∣∣ ≤ ˆ |f | dν− +
ˆ
|f | dν+ ≤ C

(
‖x2f(x)‖L2(0,∞) + ‖f ′‖L2(0,∞)

)
for all f ∈ X. (4.29)

Using ν−(dx) ≤ ρ(0)dx, we obtain
ˆ
|f | dν− ≤ ρ(0)

ˆ ∞
0

(1 + |x|)|f(x)| 1
1 + |x| dx

≤ ρ(0)
(ˆ ∞

0
(1 + |x|)2|f(x)|2 dx

)1/2(ˆ ∞
0

1
(1 + |x|)2 dx

)1/2
.

For the second term in (4.29), we use the fact that supx≥0 ν([x, x + 1]) ≤ C to
estimate ˆ

|f | dν+ ≤ C
∞∑
k=0
‖f‖L∞(Ik), (4.30)

where Ik := (k, k + 1). We show that the sequence (‖f‖L∞(Ik)) is in `1(N). Since
f ∈ X ⊂ L∞(R), it is enough to focus on the tail of this sequence.

To obtain a bound for ‖f‖L∞(Ik), we use that the fourth moment of f2 is bounded.
We first define the mean of f on Ik by

f̄k(x) :=
ˆ k+1

k

f.

Then, we estimate
‖f‖L∞(Ik) ≤ f̄k + ‖f − f̄k‖L∞(Ik). (4.31)

Since
∑∞
k=0 |f̄k| ≤ ‖f‖L1(0,∞), it is enough to focus on the second term in the right-

hand side of (4.31). By continuity of f , there exists xk ∈ Ik at which f(xk) − f̄k = 0.
Therefore, by the Fundamental Theorem of Calculus, we obtain

(f − f̄k)2(x) =
ˆ x

xk

(
(f − f̄k)2)′ = 2

ˆ x

xk

(f − f̄k)f ′ for all x ∈ Ik.

Then, by using the Cauchy-Schwarz inequality, we estimate

‖f − f̄k‖2L∞(Ik) ≤ 2‖f − f̄k‖L2(Ik)‖f ′‖L2(Ik) ≤ 2‖f‖L2(Ik)‖f ′‖L2(Ik)

≤ 2 1
k2 ‖x

2f(x)‖L2(Ik)‖f ′‖L2(Ik) ≤
1
k2

(
‖x2f(x)‖2L2(Ik) + ‖f ′‖2L2(Ik)

)
=: bk

k2 .

Note that f ∈ X implies (bk) ⊂ `1(N). We conclude by using the Cauchy-Schwarz
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inequality on sequences:

∞∑
k=1
‖f − f̄k‖L∞(Ik) ≤

∞∑
k=1

1
k

√
bk ≤

[ ∞∑
k=1

1
k2

] 1
2
[ ∞∑
k=1

bk

] 1
2

.

Lemma 4.2.5. The operator T defined in (4.27)-(4.28) enjoys the following properties:

1. T is weakly-∗ continuous on X ′;

2. T is a bounded mapping from L2(R) to L2(R), with operator norm ‖T‖ =
(
´
R V ) 1

2 =
√

2a;

3. T 2ξ = V ∗ ξ for all ξ ∈ X ′.

Proof. The weak-∗ continuity follows directly from the definition: if ξn ∗⇀ ξ, then for any
f ∈ X,

〈Tξn, f〉 = 〈ξn, Tf〉 → 〈ξ, Tf〉 = 〈Tξ, f〉.

The argument in Lemma 4.2.3 shows that T maps L2(R) into itself. The norm of the
operator T on L2 is the L∞-norm of p, which is achieved at ω = 0 with value (

´
R V ) 1

2 .
The fact that T 2f = V ∗ f follows from the property that p2 = V̂ .

4.2.4 Key estimates
The following estimates are central for our arguments.

Lemma 4.2.6. Let η > 0. For any bounded interval [α, β] ⊂ [0,∞) with β−α ≥ η there
exist constants C > 0 and Cη > 0 (decreasing in η) such that for all ν ∈ X ′∩M ([0,∞))
with ν ≥ −ρ(0), the following estimates involving λ := Tν hold

ν+([α, β]) ≤ Cη
(√

β − α‖λ‖L2(R) + β − α
)
, (4.32)ˆ 0

−∞
Tλ =

ˆ 0

−∞
V ∗ ν ≤ C(‖λ‖L2(R) + 1). (4.33)

Proof. We prove the claim only for ν with Tν ∈ L2(R), the bounds (4.32) and (4.33)
being trivial otherwise.

Since V is positive, we obtain
ˆ β

α

V ∗ ν+ =
ˆ β

α

ˆ ∞
0

V (x− y)ν+(dy)dx ≥
ˆ β

α

(ˆ β

α

V (x− y)dx
)
ν+(dy)

≥ C̃η ν+([α, β]),
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where C̃η is a strictly positive constant increasing in η and converging to 0 as η ↘ 0. Since
we assumed that Tν ∈ L2(R), Lemma 4.2.5.(2) implies T 2ν ∈ L2(R) and ‖T 2ν‖2 ≤
C‖Tν‖2. We then get the desired upper bound (4.32) from

C̃ην
+([α, β]) ≤

ˆ β

α

V ∗ ν+ =
ˆ β

α

V ∗ ν +
ˆ β

α

V ∗ ν−

=
ˆ β

α

T 2ν +
ˆ β

α

dx

(ˆ ∞
0

V (x− y)ν−(dy)
)

≤
√
β − α ‖T 2ν‖2 + (β − α)ρ(0)‖V ‖1

≤ C
√
β − α‖Tν‖2 + (β − α)ρ(0)‖V ‖1. (4.34)

For proving the upper bound (4.33), we use (4.32) with β − α = η = 1. Together
with V being increasing on the negative real axis, we estimate

ˆ 0

−∞
V ∗ ν ≤

ˆ 0

−∞

ˆ ∞
0

V (x− y)ν+(dy)dx

≤
ˆ 0

−∞

∞∑
k=0

V (x− k)ν+([k, k + 1])dx

≤ C(‖Tν‖2 + 1)
∞∑
k=0

ˆ ∞
k

V, (4.35)

where the sum in the right-hand side is finite because of assumption (V2).

Corollary 4.2.7. For any ν ∈ X ′ ∩M ([0,∞)) with ν ≥ −ρ(0), we have

F (ν) = 1
2‖λ‖

2
2 −

1√
a

ˆ 0

−∞
Tλ, where λ = Tν. (4.36)

Moreover, if F (ν) is finite, then Tν ∈ L2(R), and ν is finite on any bounded set.

Proof. Since V is even, for ν ∈ X ′ ∩M ([0,∞)) with ν ≥ −ρ(0) we rewrite
ˆ ∞

0
gν = 1√

a

ˆ ∞
0

ˆ ∞
x

V (y) dy ν(dx) = 1√
a

ˆ ∞
0

ˆ −x
−∞

V (y) dy ν(dx)

= 1√
a

ˆ ∞
0

ˆ 0

−∞
V (y − x) dy ν(dx) = 1√

a

ˆ 0

−∞
V ∗ ν = 1√

a

ˆ 0

−∞
T 2ν.

Therefore, setting λ = Tν, we obtain

F (ν) = 1
2

ˆ ∞
0

(V ∗ ν)(x)ν(dx)−
ˆ ∞

0
gν = 1

2

ˆ
R

(Tν)2 − 1√
a

ˆ 0

−∞
T 2ν

= 1
2‖λ‖

2
2 −

1√
a

ˆ 0

−∞
Tλ.
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This proves (4.36).
By (4.33) we can bound F from below by

F (ν) ≥ 1
2‖λ‖

2
2 −

C√
a

(‖λ‖2 + 1) ≥ 1
2

[
‖λ‖2 −

C√
a

]2
− C2

2a −
C√
a
,

therefore finiteness of F implies finiteness of ‖λ‖2. Inequality (4.32) then gives the local
finiteness of ν.

4.3 Proof of Theorem 4.1.1
In this section we prove Theorem 4.3.1, which is a more precise version of our main result
(Theorem 4.1.1).

Theorem 4.3.1. (First-order Γ–convergence). Any sequence (νc) ⊂ Ac with bounded
energies Fc(νc) is pre-compact in the vague topology. Furthermore, Fc Γ-converges to F
as c→∞ with respect to the vague topology, i.e.

for all νc ⇀ ν vaguely, lim inf
c→∞

Fc(νc) ≥ F (ν), (4.37a)

for all ν ∈ A there exists νc ⇀ ν vaguely such that lim sup
c→∞

Fc(νc) ≤ F (ν). (4.37b)

4.3.1 Compactness
Let νc ∈ Ac ⊂ A; combining (4.19) and (4.24) we write

Fc(νc)− F (νc) =
ˆ ∞

0
hcνc. (4.38)

We split the proof into several steps.
Step 1. Lower bound for

´∞
0 hcνc. Since hc is non-decreasing (Lemma 4.2.2) and

by (4.16) supp ν−c ⊆ [0, 2c
√
a], we deduce the bound

ˆ ∞
0

hcνc =
ˆ ∞

0
hcν

+
c −
ˆ 2c

√
a

0
hcν
−
c ≥ hc(0)

ˆ ∞
0

ν+
c − hc(2c

√
a)
ˆ ∞

0
ν−c ≥ −C,

(4.39)
where the last inequality follows from (4.15) and (4.23). From this estimate we conclude
in particular that finiteness of Fc(νc) implies finiteness of F (νc).

Step 2. Convergence of νc and Tνc. Let (νc) ⊂ Ac be a sequence with bounded
energy Fc(νc) ≤ C. Then, by Step 1 we deduce that F (νc) ≤ C, and by Lemma 4.2.6
and (4.36) we have

C ≥ F (νc) = 1
2‖λc‖

2
2 −

1√
a

ˆ 0

−∞
Tλc ≥

1
2‖λc‖

2
2 − C(‖λc‖2 + 1), (4.40)
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where λc := Tνc; hence (λc) is bounded in L2(R).
In addition, νc([α, β]) is uniformly bounded in c for any bounded interval [α, β] ⊂

[0,∞), with a bound that only depends on β−α and supc ‖λc‖2. This follows from Lemma
4.2.6, since −(β − α)ρ(0) ≤ νc([α, β]) ≤ ν+

c ([α, β]). Therefore, along a subsequence,

νc ⇀ ν vaguely, and λc = Tνc ⇀ λ in L2. (4.41)

Step 3. Characterisation of the limits ν and λ. By the basic properties of the vague
topology, ν ∈ M ([0,∞)) satisfies ν ≥ −ρ(0). We claim that νc converges in X ′ to
ν ∈ X ′. If so, the weak continuity of T (Lemma 4.2.5) and (4.41) imply that λ = Tν ∈
L2(R). Consequently, by Lemma 4.2.6, ν ∈ A.

To prove this claim, we take f ∈ X arbitrary and a large M > 0 fixed. We write
ˆ ∞

0
fνc =

ˆ M

0
fνc +

ˆ ∞
M

fνc.

The first term in the right-hand side converges to
´M

0 fν as c→∞ because of the vague
convergence of νc to ν. We now show that the second term is small for largeM , uniformly
in c. By Lemma 4.2.6 we obtain∣∣∣∣ˆ ∞

M

fνc

∣∣∣∣ ≤ ∞∑
k=0

ˆ M+k+1

M+k
|f(x)||νc|(dx) ≤ C

(
‖λc‖2 + 1

) ∞∑
k=0
‖f‖L∞(M+k,M+k+1),

with C independent of c. Since ‖λc‖2 is uniformly bounded in c, it is left to show that the
sum in the right-hand side converges to 0 as M → ∞. This convergence is guaranteed
by the argument leading to the boundedness of the right-hand side in (4.30) in the proof
of Lemma 4.2.4.

4.3.2 The liminf inequality (4.37a)

To prove (4.37a), we see from (4.38) that it is sufficient to show that

lim inf
c→∞

ˆ ∞
0

hcνc ≥ 0, and lim inf
c→∞

F (νc) ≥ F (ν). (4.42)

We start with the first inequality in (4.42). By writing hc = h+
c − h−c and νc = ν+

c − ν−c ,
we obtain

ˆ ∞
0

hcνc ≥ −
ˆ ∞

0
h+
c ν
−
c −
ˆ ∞

0
h−c ν

+
c ,
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since the other terms are non-negative. Therefore, the first inequality in (4.42) follows if
we prove that

lim sup
c→∞

ˆ ∞
0

h+
c ν
−
c = 0, and lim sup

c→∞

ˆ ∞
0

h−c ν
+
c = 0. (4.43)

Since supp ν−c ⊆ [0, 2c
√
a] and ν−c ≤ ρ(0), we obtain

ˆ ∞
0

h+
c ν
−
c =

ˆ 2c
√
a

0
h+
c ν
−
c ≤ ρ(0)

ˆ 2c
√
a

0
h+
c .

The bounds (4.21) and (4.22) on hc imply
ˆ 2c

√
a

0
h+
c =
ˆ √c

0
h+
c +
ˆ 2c

√
a−
√
c

√
c

h+
c +
ˆ 2c

√
a

2c
√
a−
√
c

h+
c ≤

C√
c

+ Cσ(c), (4.44)

which converges to zero as c→∞. By using similar estimates for h−c and consecutively
Lemma 4.2.6, we have

ˆ ∞
0

h−c ν
+
c =

ˆ √c
0

h−c ν
+
c +
ˆ 2c

√
a−
√
c

√
c

h−c ν
+
c +
ˆ 2c

√
a

2c
√
a−
√
c

h−c ν
+
c

≤ C

c

ˆ √c
0

ν+
c + C

σ(c)
c

ˆ 2c
√
a−
√
c

√
c

ν+
c + C

c

ˆ 2c
√
a

2c
√
a−
√
c

ν+
c

≤ C√
c

+ Cσ(c)→ 0 as c→∞. (4.45)

The bounds (4.44) and (4.45) imply (4.43). Hence the first inequality in (4.42) is proven.

We now prove the second inequality in (4.42). By combining (4.13) and (4.36) we
write

F (ν) = 1
2‖Tν‖

2
2 −
ˆ ∞

0
gν.

From (4.41) and Step 3 of the compactness proof, we immediately obtain

lim inf
c→∞

‖Tνc‖22 ≥ ‖Tν‖22. (4.46)

To conclude the proof of the liminf inequality, it is sufficient to show that
ˆ ∞

0
gνc →

ˆ ∞
0

gν as c→∞. (4.47)

By substituting f by g in the argument in Step 3 of the compactness proof, we observe
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that for proving (4.47) it is enough to show that

∞∑
k=M

‖g‖L∞(k,k+1)
M→∞−−−−→ 0,

with M ∈ N for convenience. Since V is non-negative and non-increasing, we obtain

∞∑
k=M

‖g‖L∞(k,k+1) = 1√
a

∞∑
k=M

ˆ ∞
k

V (y) dy

≤ 1√
a

ˆ ∞
M−1

ˆ ∞
x

V (y) dydx = 1√
a

ˆ ∞
M−1

(
y − (M − 1)

)
V (y) dy,

which tends to zero as M → ∞ by assumption (V2). This concludes the proof of the
liminf inequality.

4.3.3 The limsup inequality (4.37b)

Let ν ∈ A with F (ν) <∞. We first prove density results for the limit energy which allow
us to prove (4.37b) for a smaller class of measures.

Step 1. Approximation of ν by smooth truncation. Given ν ∈ A, we first show
that we can approximate ν both in the vague topology and in energy by a modified
measure να which decays at infinity. For this, define for any α > 0 the Gaussian
Gα(x) := exp(−παx2), which approximates the identity for small α. We note that
Ĝα = α−1/2Gα−1 converges distributionally to a delta function at zero as α→ 0.

We now define να(dx) := Gα(x)ν(dx), which converges to ν in the vague topology.
We claim that limα↓0 F (να) = F (ν). Considering the two terms in (4.24), the second
term converges because Gαg converges to g as α→ 0, since g is continuous and bounded
in (0,∞) and ν is fixed. We rewrite the first term in (4.24) as

1
2

ˆ ∞
0

ˆ ∞
0

V (x− y)να(dx)να(dy) = 1
2

ˆ
R
|T (Gαν)|2 = 1

2

ˆ
R
|Ĝα ∗ ν̂|2(ξ)p2(ξ) dξ,

(4.48)
where p2 = V̂ . By Corollary 4.2.7, we have that Tν ∈ L2(R), and thus ν̂ ∈ L2(p2(ξ) dξ).
Hence, the expression in the right-hand side of (4.48) converges as α ↓ 0 to

1
2

ˆ
R
|ν̂|2(ξ)p2(ξ) dξ = 1

2

ˆ ∞
0

ˆ ∞
0

V (x− y)ν(dx)ν(dy).

Therefore, the set ∪α>0GαA is energy-dense in A. Note that for all α > 0 and ν ∈ A,
Lemma 4.2.6 gives exponential decay of ν+

α ([x, x+ 1]) and ν−α ([x, x+ 1]) as x→∞.

Step 2. Hard truncation. We now choose ν ∈ GαA, for some α > 0. Let νn := ν|[0,n].
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We claim that F (νn)→ F (ν) as n→∞, where

F (νn) = 1
2

ˆ n

0

ˆ n

0
V (x− y)ν(dx)ν(dy)−

ˆ n

0
gν. (4.49)

Convergence of the second term in the right-hand side of (4.49) follows from (4.47). We
rewrite the first term of (4.49) as follows, by using ν = ν+ − ν−:

1
2

ˆ n

0

ˆ n

0
V (x− y)ν(dx)ν(dy) = 1

2

ˆ n

0

ˆ n

0
V (x− y)ν+(dx)ν+(dy)

+ 1
2

ˆ n

0

ˆ n

0
V (x− y)ν−(dx)ν−(dy)−

ˆ n

0

ˆ n

0
V (x− y)ν+(dx)ν−(dy). (4.50)

Now we observe that each of the integrals in the right-hand side of (4.50) is of the form
ˆ ∞

0

ˆ ∞
0

V (x− y)χ[0,n]2(x, y)ν±(dx)ν±(dy),

and that
0 ≤ V (x− y)χ[0,n]2(x, y)↗ V (x− y)

pointwise, as n → ∞. By the monotone convergence theorem each of these integrals
converges; since ν±([x, x + 1]) decays exponentially as x → ∞, each of the limiting
integrals is finite. We conclude that

lim
n→∞

1
2

ˆ n

0

ˆ n

0
V (x− y)ν(dx)ν(dy) = 1

2

ˆ ∞
0

ˆ ∞
0

V (x− y)ν(dx)ν(dy),

namely the convergence of the first term in the right-hand side of (4.49) to the corre-
sponding term of F (ν).

Step 3. Approximation of ν with measures with bounded density. By step 2, we can
assume that supp ν is bounded. Let now νn be defined as νn(A) := ν+

n (A)−ν−(A), and
ν+
n (A) := ν+(A) ∧ n|A| for any set A ⊂ [0,∞), where |A| is the Lebesgue measure of
A; since ν has bounded support, now νn also has finite mass. Note that ν−n = ν−. We
are going to prove that

lim sup
n→∞

ˆ ∞
0

(V ∗ νn)νn ≤
ˆ ∞

0
(V ∗ ν)ν and lim

n→∞

ˆ 0

−∞
V ∗ νn =

ˆ 0

−∞
V ∗ ν. (4.51)

From the expression of F given by (4.36), (4.51) directly implies

lim sup
n→∞

F (νn) ≤ F (ν).

The second inequality in (4.51) follows by monotone convergence, since 0 ≤ V ∗ν+
n ↗

V ∗ ν+ pointwise.
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To prove the first inequality in (4.51) we proceed as follows. Writing νn = ν+
n − ν−

and using the fact that V is even, we have
ˆ ∞

0
(V ∗ νn)νn =

ˆ ∞
0

(V ∗ ν+
n )ν+

n +
ˆ ∞

0
(V ∗ ν−)ν− − 2

ˆ ∞
0

(V ∗ ν−)ν+
n

≤
ˆ ∞

0
(V ∗ ν+)ν+ +

ˆ ∞
0

(V ∗ ν−)ν− − 2
ˆ ∞

0
(V ∗ ν−)ν+

n , (4.52)

since ν+
n ≤ ν+, and V ∗ ν+

n ≤ V ∗ ν+. It remains to prove that

lim
n→∞

ˆ ∞
0

(V ∗ ν−)ν+
n =

ˆ ∞
0

(V ∗ ν−)ν+. (4.53)

Since (V ∗ ν−) is non-negative and bounded, and ν+
n ≤ ν+, we have

0 ≤
ˆ ∞

0
(V ∗ ν−)(ν+ − ν+

n ) ≤ C
ˆ ∞

0
(ν+ − ν+

n ) = C(ν+ − ν+
n )(supp ν).

The last term converges to zero as n → ∞ by the definition of νn. This concludes the
proof of the first inequality in (4.51).

In conclusion, by Steps 1-3, we can restrict our attention to ν ∈ A with bounded
support and bounded Lebesgue density. Without loss of generality we can assume in
addition that ν > −ρ(0), by slightly retracting ν if necessary. For such a ν, we take as
recovery sequence

νc := ν − σcρ(·/c), σc := 1
c

ˆ ∞
0

ν. (4.54)

Note that
´∞

0 νc = 0 and that νc ≥ −ρ(·/c) for c sufficiently large. Hence νc ∈ Ac, and
it is an admissible sequence for Fc.

Next we prove that Fc(νc)→ F (ν) as c→∞. We write explicitly

Fc(νc) = 1
2

ˆ ∞
0

ˆ ∞
0

V (x− y)ν(dx)ν(dy)−
ˆ ∞

0

ˆ ∞
0

V (x− y)σcρ(x/c)ν(dy)

+ σ2
c

2

ˆ ∞
0

ˆ ∞
0

V (x− y)ρ(x/c)ρ(y/c)−
ˆ ∞

0
gν

+ σc

ˆ ∞
0

gρ(·/c) +
ˆ ∞

0
hcν − σc

ˆ ∞
0

hcρ(·/c). (4.55)

For the second term in the right-hand side of (4.55), we use ρ ≤ ρ(0) = 1/
√
a and

(ν+ + ν−) having finite mass to obtain∣∣∣∣ˆ ∞
0

ˆ ∞
0

V (x− y)σcρ(x/c)ν(dy)
∣∣∣∣ ≤ 2

√
aσc

ˆ ∞
0

(ν+ + ν−)(dy) ≤ Cσc → 0

as c→∞.
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The third term also converges to zero as c → ∞, since, by supp ρ = [0, 2
√
a] and

ρ ≤ 1/
√
a, we have

σ2
c

2

ˆ ∞
0

ˆ ∞
0

V (x− y)ρ(x/c)ρ(y/c) ≤ σ2
c

2a

ˆ 2c
√
a

0

ˆ
R
V (x− y) dxdy ≤ 2σ2

cc
√
a→ 0.

To show that the fifth term is small, we use that g has finite integral on the positive
real line, which is a consequence of assumption (V2). As g > 0, we obtain by ρ ≤ 1/

√
a∣∣∣∣σc ˆ ∞

0
gρ(·/c)

∣∣∣∣ ≤ σc√
a

ˆ ∞
0

g → 0.

The sixth and seventh term tend to zero thanks to the fact that ν has compact support
together with the bound on hc given in (4.21).

By combining the results above, we can pass to the limit in (4.55) as c→∞, yielding
Fc(νc)→ F (ν). This concludes the proof of the limsup inequality and of the theorem.

4.4 Simulations of the discrete minimizers

In this section we present numerical results which illustrate the scaling properties of the
boundary layer and the degree of fit or misfit between the predictions of the continuum
limit energies E and F , and the minimizers of the discrete energy En. The numerical sim-
ulations presented in this section are all obtained for the specific choice of the interaction
potential V given in (4.2).

4.4.1 Rescaling of the density

The density ν appearing in the boundary layer energy Fc in (4.19) is defined by blowing up
the pile-up domain by a factor c. This behaviour is confirmed by our Γ-convergence result
stated in Theorem 4.1.1. We now illustrate formal calculations and numerical results that
suggest a similar scaling for the discrete densities.

In [Hal11] Hall performs formal asymptotics to obtain a first quantitative estimate
on the size of the boundary layer region at the barrier in the case cn =

√
n. These

asymptotics suggest that the minimizer xn of the discrete energy En (4.1) exhibits a
boundary layer of order 1/

√
n. In Figure 4.2 we illustrate this boundary layer for different

values of n. We obtain an approximation of the discrete minimizer xn by using Newton’s
method to solve ∇En(x) = 0. Since we prefer to plot density rather than position, we
take the corresponding optimal discrete density in original variables cf. (4.5), i.e.

ρn(xni ) = 2/n
xni+1 − xni−1

, i = 1, . . . , n− 1.
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We define the density ρ̃n in the rescaled spatial coordinates by

ρ̃n(x) := ρn(x/cn), x ∈ {cnxni : i = 1, . . . , n− 1} . (4.56)

Figure 4.2 shows the profiles of ρ̃n for cn =
√
n, and different values of n. The rescaled

densities agree well at the left-end of the domain, even for a relatively small number
of particles. This suggests that there is a fixed curve (independent of the choice of n)
describing the boundary layer profile at the barrier, and that 1/

√
n is indeed the right

spatial scaling.
Note however that the slopes of the densities at the right-end of the domain seem to

be different. This is due to the fact that, although the unscaled densities ρn are close to
the same bulk profile ρ away from the boundary layer region, the rescaled densities are
close to the rescaled (and now n- and cn-dependent) profile (cn)→ρ = ρ(·/cn).

For this reason it seems more instructive to compare the densities νn := ρ̃n− (cn)→ρ
for different values of n and different scaling of 1� cn � n (see Figure 4.6). The good
agreement between the profiles of νn suggest that also in the discrete case the density
must be rescaled as in (4.56).
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cn = n3/4

cn =
√
n

cn = n1/4

(a) (b)

Figure 4.6: Plots of the rescaled density νn for (a) cn = n1/4 and various values of n;
(b) n = 28 and various values of cn. The horizontal coordinates of the data points equal
cnx

n
i , i.e. the dislocation wall positions in the rescaled coordinates.

4.4.2 Rescaling of the energy

One could try to infer that also for the discrete energies En in (4.1) the right scaling to
analyse the boundary layer at the barrier is 1/cn, namely that βn := |En(xn)−En(ρn)| ∝
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1/cn. Here, ρn are the discrete dislocation wall positions generated by ρ, i.e.

ρn = 1
n

n∑
i=1

δyn
i
, where yni := 2

√
a

(
1−

√
1− i

n

)
solves

ˆ yni

0
ρ = i

n
.

We investigate how βn depends on cn by means of numerical computations for cn being
a power of n. Assuming a power-law relation also for βn, namely βn ∝ n−p, we try to
determine p by computing

pn := log βn − log β2n

log 2 , for n = 23, 24, . . . , 211, (4.57)

for different expressions of cn. The results are shown in Table 4.2. The data in the first
two columns support our conjecture that pn ≈ logn cn for sufficiently large n, while the
third column seems to contradict it. This disagreement could be due to a much slower
convergence to the correct value, or to the mismatch in the bulk (see Figure 4.4), whose
energy contribution may be of the same order as the contribution of the boundary layer
at the barrier. At this stage we can only guess that this is the reason for the values of pn
in the third column of Table 4.2 to be significantly smaller than 3/4.

logn cn
n 1/4 1/2 3/4

23 0.550 0.901 0.931
24 0.384 0.757 0.833
25 0.299 0.642 0.745
26 0.263 0.567 0.675
27 0.250 0.525 0.625
28 0.247 0.505 0.590
29 0.247 0.496 0.567
210 0.247 0.494 0.552
211 0.248 0.493

Table 4.2: Exponents p in (4.57) for a power law fit of |En(xn) − En(ρn)| ∝ n−p, for
different values of n and cn = n1/4, n1/2, n3/4. The lower-right value is missing because
of memory limitations in MATLAB.

4.4.3 Minimizer of the continuum energy F

In this section we study the minimizer of F , namely we consider the minimization problem:

min
ν∈A

F (ν),
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where F and A are defined in (4.24) and (4.25). We assume in addition that the minimizer
ν satisfies the strict inequality2 inf ν > −ρ(0), and derive a first-order necessary condition
for minimality for ν. We consider variations ν + tµ ∈ A for |t| small and µ ∈M (0,∞)
with bounded support and bounded Lebesgue density. We compute

0 = d

dt
F (ν + tµ)|t=0 =

ˆ ∞
0

(V ∗ ν)µ−
ˆ ∞

0
gµ. (4.58)

Since µ is arbitrary, (4.58) implies that

V ∗ ν = g = 1√
a
V ∗ χ(−∞,0] a.e. on (0,∞). (4.59)

To approximate numerically the solution ν to (4.59), we follow the method in Sec-
tion 10.5 of [Hea01]. We approximate ν by a step function of the form

ν ≈
N∑
i=1

λi1Ii , (4.60)

where λi are the unknowns, while N and the sets Ii are chosen beforehand. Figure 4.6
suggests to take small intervals Ii = (ai−1, ai) close to 0, and larger intervals in the region
x > 1. We choose the intervals Ii so that |Ii| = Cbi, and then tune C, b and N such
that a1 = 3 · 10−5, 200 ∈ IN , and the interval Ij containing the element 1 has length
|Ij | = 0.1. This results in C = 2.727 · 10−5, b = 1.1, and N = 141.

After having fixed ai and N , we substitute the approximation (4.60) in the Euler-
Lagrange equation (4.59). Then, we solve for λi the linear system

N∑
i=1

λi(V ∗ χIi)(yj) = 1√
a

(V ∗ χ(−∞,0])(yj) for yj := aj − aj−1

2 , j = 1, . . . , N.

(4.61)
This amounts to an asymmetric Galerkin (collocation) approximation, in which the solu-
tion space is approximated by piecewise constant functions, and the test space by sums
of delta functions supported on the midpoint of each interval.

Note that we can identify (V ∗ χIi)(yj) =
´ xj−ai−1
xj−ai V , and that we have the explicit

expression ˆ ∞
y

V = Li2(e−2y)− y ln(1− e−2y),

where Li2 is the polylogarithm,

Lis(z) =
∞∑
k=1

zk

ks
.

2Note that the numerically calculated minimizers (Figure 4.4) are consistent with this assumption.
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The solution to the linear system (4.61) results in the profile of ν (4.60) as depicted in
Figure 4.7.
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ν(yi)

ν

Figure 4.7: Numerical approximation of ν (4.60). The intervals Ii are depicted on the
x-axis. The circles indicate the coordinates (yi, ν(yi)), where yi are the midpoints of Ii.

In Figure 4.8 we compare ν to the discrete density νn = ρ̃n − (cn)→ρ constructed
from the minimizer ρn of En. In order to make the figure cleaner, instead of plotting
the (mathematically correct) piecewise-constant version of Figure 4.7, we plot the affine
interpolation of the coordinates (yi, ν(yi)). The figure shows a very good agreement
between νn and ν in the boundary layer region. As we have seen from Figure 4.6, the
profile of νn depends neither on n nor on the scaling of cn. Therefore, together with
Figure 4.8, we conclude that ν is the boundary layer profile of the dislocation density at
the barrier at x = 0.

On the other hand, the agreement between νn and ν is not very good outside of the
boundary layer region, as shown in Figure 4.4, where we plot the densities on (1, 2cn

√
a)

on a logarithmic scale (remember that (0, 2cn
√
a) is the whole of the pile-up domain,

after blowing up the variables by cn). In Figure 4.4 we have left out many data points to
enhance readability. Because of the logarithmic horizontal axis, most data points are left
out at the right-end of the domain.

Our next aim is to quantify this mismatch between νn and ν in the bulk. In Section 4.3
we proved that Fc Γ-converges to F with respect to vague convergence. Hence, minimizers
of the energies Fc converge to ν only on bounded domains. It is therefore not surprising
that the densities νn, the discrete analogue of the minimizer of Fc, do not agree with
ν on the whole pile-up domain. Since

´
dνn = 0 while Figure 4.6 clearly indicates that´ 1

0 dνn → C > 0, it should hold that
´∞

1 dνn → −C. In the unscaled variables, this
means that

´ 2
√
a

1/cn d[µn − ρ] ∼ 1/cn, which indicates that the mismatch between νn and
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Figure 4.8: Comparison between the discrete density νn for n = 212 and cn =
√
n and

the minimizer ν of F . Only the interval (0, 1) is shown, which corresponds to the region
(0, 1/cn) for the unscaled densities.

ν in the bulk should be exposed by cn(ρn − ρ) in the unscaled variable. The related plot
is displayed in Figure 4.9. We observe that the profiles of the bulk for different values of
n are reasonable close to each other. At the right end of the domain another boundary
layer seems to emerge. We expect the profile of this boundary layer to resemble the bulk
behaviour of the optimal discrete density of the energy (4.1) for cn = n. We refer to
[GPPS13, Thm. 8 and Fig. 6] for the analysis of that case. The analysis of the boundary
layer at the free end of the pile-up region is beyond our scope.

Finally, as noted in Section 4.1.3, νn (or ν) curiously attains small negative values
before matching the line y = 0. As this ‘dip’ is present in the numerical approximations of
both νn and ν, it does not appear to be a numerical artefact. We remain with questions
regarding how this ‘dip’ relates to the choice of V . Does every convex decreasing V with
finite first moment have such a ‘dip’? Are there choices of V for which ν is decreasing?
Does V have more than one ‘dip’ (the numerical solutions for νn and ν are too coarse to
give a speculative answer), and how does the answer depend on the choice of V ? The
answers to these questions are beyond the scope of this chapter.

4.5 Boundary layer analysis in the discrete setting

This section entails preliminary work in collaboration with C. L. Hall and T. Hudson.
This work is concerned with the discrete counterpart of Theorem 4.1.1. Although the
computations below are rigorous, we leave the interpretation of them at a formal level.
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Figure 4.9: Discrete profiles (plotted by linearly interpolated curves) of the density differ-
ence cn(ρn − ρ) for cn =

√
n and different values of n. The kink in the profiles near the

right-end are not accurately defined because of the low density of the particles.

Our strategy is to consider the following discrete counterpart of Fc (4.9):

Fn(νn) := cn
(
En(xn)− En(ρ)

)
, (4.62)

where

νn(dx) := (cn)→µn(dx)− ρ(x/cn)dx, with (cn)→µn = cn
n

n∑
i=1

δcnxi .

Although νn is the difference between a discrete and a continuum measure, the techniques
in this chapter apply. This is due to νn being bounded from below by the same absolutely
continuous measure with density ρ.

A similar calculation to (4.17) yields

Fn(νn) = 1
2

¨
V (x− y) d[νn � νn](x, y)− 1√

a

ˆ 0

−∞
(V ∗ νn) + 1

cn

ˆ
hn dνn, (4.63)

which almost equals the continuous counterpart (4.19). The important difference is that
here we use νn � νn (i.e. the product measure without the diagonal; see (3.50)), while
in (4.17) the usual product measure is used. Leaving out the diagonal breaks down the
crucial argument for the proof of the liminf inequality (4.37a) for writing the interaction
term as the square of an L2-norm (see Corollary 4.2.7). Because of the possible singularity
in V at 0, we cannot simply add and subtract the diagonal to solve this issue.

This difficulty is solved in the proof of Proposition 3.6.1 under the additional assump-
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tion that V |(0,∞) is convex. By choosing a regularization V δ ∈ Cb(R) of V which satisfies
in particular V δ ≤ V , the interaction term in (4.1) is bounded from below by the same
expression with V δ instead of V . This argument does not work in (4.63), because νn
attains negative values. Hence, a more sophisticated argument is required to estimate

1
2

¨
V (x− y) d[νn � νn](x, y) ≥ 1

2

¨
V δ(x− y) d[νn � νn](x, y)− Cδn (4.64)

for some Cδn satisfying lim supn→∞ Cδn ≥ 0.
Assume for the moment that (4.64) can be achieved for some ‘suitable’ V δ. Then we

can add and subtract the diagonal in the right-hand side of (4.64) to obtain

1
2

ˆ
V δ ∗ νn dνn − Cδn −

c2n
2nV

δ(0).

If cn �
√
n, then the additional term vanishes in the limit n → 0, and the proof of the

liminf inequality (4.37a) applies to our discrete setting. However, if cn &
√
n, then it

is likely that this proof does not apply because of the loss of information in the discrete
equivalent of (4.46). This prediction is based on the fact that the estimates in the proof of
[GPPS13, Thm. 7] are too coarse to apply to the next scaling regime [GPPS13, Thm. 8].

With these speculations on cn ∼
√
n being critical for a possible Γ-limit of F , we

connect to the numerical findings in Table 4.2. These findings indicate that scaling by
cn in Fn (4.62) might be the right scaling when cn ∼ n1/4 or cn ∼ n1/2, but is likely to
be wrong when cn ∼ n3/4. This connection with Table 4.2 may be meaningless, as the
energy difference related to Table 4.2 is different from the energy difference in Fn (4.62).
In any case, if the scaling of the energy difference by cn is not the right scaling to obtain
information about the boundary layer in the limit, then it is unlikely that the techniques
in this chapter will be of direct use.

4.6 Notes and comments
We have mentioned three conjectures and open questions in Sections 4.4 and 4.5. We
briefly recall them here, and add a further discussion on discrete boundary layers.

Second boundary layer. Figure 4.9 indicates the presence of a boundary layer located
at the free-end of the pile-up. We conjecture that this profile resembles the bulk density
described by the minimum of the energy in the next scaling regime cn ∼ n.

The ‘dip’ in ν. Figure 4.4.(a) shows an unexpected ‘dip’ both in the discrete and in
the continuous description of the boundary layer. We neither understand the origin of
this dip, nor its dependence on specific choices of V that satisfy (V1)–(V3).

Discrete boundary layer. Our main result, Theorem 4.3.1, does not guarantee the
good agreement in Figures 4.6 and 4.8 between the boundary layer in the minimizer xn of
the discrete energy En and the continuum boundary layer profile given by the minimizer ν
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of F . In Section 4.5 we have described a first attempt towards extending Theorem 4.3.1
to hold for the discrete energy En as well. The main challenge at the moment seems to
be establishing the inequality (4.64).

The remainder of this section is devoted to discrete boundary layers consisting of O(1)
particles. This is work in progress in collaboration with C. L. Hall and T. Hudson. Such
boundary layers are quite common. For instance, the discrete energy En in (4.1) exhibits
such a boundary layer when cn = n.

In [Hal10] a description of a discrete boundary layer has been obtained by asymptotic
analysis. The equivalent force balance to [Hal10, (9)] applied to En is given by

∑
j∈N\{i}

−V ′(yi − yj) = 0, i ∈ N+,

yi − C0i− C1 → 0, for i→∞,
(4.65)

where yi predicts the blown-up position nxni when n → ∞. The constants C0 and C1

need to be determined from the bulk behaviour. In [Hal10] the force balance (4.65) is
solved numerically by putting yi = C0i + C1 for i ≥ I for some large fixed I. However,
it is unclear whether this force balance is well-posed.

We aim to validate (4.65) by establishing Γ-convergence of a discrete boundary layer
energy (i.e. a discrete equivalent of Fc (4.12)). We do this for the discrete energy given
by

En(xn) := 1
2n

n∑
i=0

n∑
j=0
j 6=i

V (n(xni − xnj )), 0 = xn0 ≤ xn1 ≤ . . . ≤ xnn = 1. (4.66)

This energy is studied in Chapter 3 (see E(4,3)
n on page 26). Theorem 3.1.1 states Γ-

convergence of En to

E : P([0, 1])→ R, E(ρ) =
ˆ ∞

0
Veff

(
1

ρ(x)

)
ρ(x) dx, Veff(r) :=

∞∑
k=1

V (kr).

The minimizer of E is given by L|(0,1) (see the end of Section 3.5), and E(L|(0,1)) =
Veff(1).

For the boundary layer energy, we consider the energy difference n(En(xn)− Veff(1))
in terms of the variables

εni := n(xni − xni−1)− 1, for i = 1, . . . , n.

We interpret εni as the blown-up perturbation of the interdistance between the dislocation
walls. We note that

∑n
i=1 ε

n
i = 1, and that εn ≡ 0 corresponds to equidistant dislocation



86 Chapter 4. Boundary layer analysis of dislocation pile-ups

walls. With basic manipulations, the boundary layer energy can be written as

Fn(εn) := n
(
En(xn)− Veff(1)

)
=

n∑
k=1

n−k∑
j=0

V

(
k +

k∑
`=1

εnj+`

)
−
∞∑
k=1

V (k). (4.67)

We conjecture that Fn Γ-converges in the weak topology defined by

(ε1, ε2, . . . , εdn/2e, 0, 0, . . .) ⇀ εl in `2(N),
(εn, εn−1, . . . , εdn/2e+1, 0, 0, . . .) ⇀ εr in `2(N),

to the limit energy

F(εl, εr) := F̃(εl) + F̃(εr)−
∞∑
k=1

kV (k), (4.68)

F̃(ε) :=
∞∑
k=1

∞∑
j=0

[
V

(
k +

k∑
`=1

εj+`

)
− V (k)− V ′(k)

k∑
`=1

εj+`

]
+
∞∑
k=1

εk

∞∑
i=1

i
∣∣V ′(i+ k)

∣∣.
We interpret εl and εr as respectively the left and right boundary layers. The splitting in
(4.68) shows that both boundary layers do not influence each other.

Our current proof attempt for Fn Γ−→ F seems to work, but it is too preliminary to
include here. Regarding the conditions on the even potential V , we require:

• enough regularity (V ∈ C2(0,∞)),

• limx↓0 V (x) =∞ and limx→∞ V (x) = 0,

• strict convexity (i.e. V ′′ > 0 with lim infx↓0 V ′′(x) > 0),

• enough control on the tails (i.e. for some a > 3/2 and C > 0 it holds that V ′′(x) ≤
Cx−a−2 for all x > 1).

Our current proof attempt is quite different from the proof of Theorem 4.3.1. We use a
careful reordering of the terms in the sum in (4.67) to exploit the strict convexity of V
and estimate the remaining terms by the imposed decay of the tails of V . Interestingly,
the condition on the decay of V allows for the first moment of V to be infinite.



Chapter 5

Upscaling of positive and
negative dislocations in 2D

We establish a discrete-to-continuum limit for positive and negative edge dislocations in
R2 without assuming any special structure on the positions of the dislocations. We prove
Γ-convergence of the corresponding discrete energies describing regularized interactions
between dislocation, in the framework of signed measures with bounded total variation.
The regularization parameter is modelled to converge to zero as the number of dislocations
tends to infinity. We allow for different types of regularization to address different models
for the dislocation core. Our upscaling techniques apply directly to the analogous energies
which describe systems of positive and negative screw dislocations in 2D.

While the proof of our main result (Theorem 5.2.2) is complete, the application of
Theorem 5.2.2 to systems of dislocations hinges on Conjecture 5.3.1. Because of time
limitations, we did not prove Conjecture 5.3.1. We aim to prove it in a future publication
which will be based on the work done in this chapter.

After introducing the discrete energy (Section 5.1), we describe Theorem 5.2.2 in Sec-
tion 5.2. Before proving it (Section 5.4), we motivate our assumptions on the regularized
potential in Section 5.3. In Section 5.5 we describe proof attempts for the scaling regimes
which are left out in Theorem 5.2.2.

5.1 Discrete model
Our main motivation for contributing to bridge the gap between discrete dislocation mod-
els and continuum descriptions is that their connection is not well-understood. We refer
to Section 3.1.1 for a more detailed description and references. After introducing the ge-

This chapter is intended to be submitted for publication with A. Garroni (Rome), M. A. Peletier
(Eindhoven), and L. Scardia (Bath).
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ometry of our setting we show how our approach fits into the closely related mathematical
literature [GLP10, MPS14].

We consider n straight edge dislocations perpendicular to the plane R2, such that
their positions are characterized by xni ∈ R2. We assume that their Burgers vectors are
given by bni e1 with bni ∈ {−1, 1}. Figure 5.1 and the cover of the thesis illustrate the
basic geometry of our setting.

e2

e1 xni

xnj

Figure 5.1: Setting of the discrete model. Positive (bni = 1) and negative (bnj = −1)
dislocations are respectively denoted by ‘⊥’ and ‘>’. While it is natural to define them as
pairs with the same vertical coordinate, we consider a more general setting.

We consider the following energy for a given configuration of dislocation positions
xn ∈ (R2)n with Burgers vectors bn ∈ {−1, 1}n:

En(xn; bn) = 1
n2

n∑
i=1

n∑
j=1

bibjVδn(xni − xnj ), (5.1)

where Vδn is a regularization of the interaction potential between two dislocations in R2

given by (see (2.2))

V : R2 → (−∞,∞], V (r) := r2
1
|r|2
− log |r|, (5.2)

and δn is a parameter modelling the width of the dislocation core.
We make the following assumptions for when n becomes large. First, we are interested

in the bulk behaviour of interacting dislocations within a large elastic medium. This
motivates us to use the potential V as in (5.2), and to assume that the dislocation
positions xni ∈ R2 are bounded uniformly in i and n. This assumption implies that
V (xni − xnj ) is uniformly bounded from below. Second, we construct Vδn by regularizing
the singularity in V at 0 to account for the dislocation core with width proportional to
δn. As a consequence, En is bounded from below for any n fixed.

We perform upscaling of En for the class of regularizations of Vδn satisfying Assump-
tion 5.2.1. This allows us to connect different regularizations which have been imposed
in the upscaling of related discrete models [GLP10, MPS14], and circumvents using im-
plicitly defined models for the dislocation core (e.g. via the discrete Green’s function of
a lattice [AO05, (137)]). Third, we consider any rate of convergence for the dislocation



5.2. Main upscaling result 89

core width δn → 0 as n→∞ to obtain the dependence of the dislocation core width on
the collective behaviour of the dislocations.

The upscaling of a similar model to (5.1) is performed in [GLP10]. The differences
with our model are that theirs allows for: (i) dislocations to have any Burgers vector in
some finite set S ⊂ S1, and (ii) boundary effects because of the finiteness of the medium;
while our model allows for: (i) dislocations to be closer to each other than some prescribed
length scale `n � δn, and (ii) more types of regularization for the interaction potential.
It is difficult to determine whether the regularization of the interaction potential used in
[GLP10] is covered by Assumption 5.2.1. We describe this regularization in Section 5.3.

The main result in [MPS14] concerns the upscaling of rate-independent dynamics
of positive edge dislocations in 2D in a bounded medium. As an auxiliary result, Γ-
convergence of the discrete energy is proven [MPS14, Thm. 1.1]. The Γ-limit preserves
information about the interactions even in the dilute scaling regimes (i.e. for fast conver-
gence rates of δn → 0 as n→∞). We reflect on to this issue in Section 5.5.

5.2 Main upscaling result

First we prepare the setting for the upscaling of the energy En (5.1). Let (x±1 , . . . , x
±
n±)

be the positions of the n± positive and negative dislocations (previously denoted by xni
and bni ), where n+ + n− = n. The related empirical measures are given by

µ+
n := 1

n

n+∑
i=1

δx+
i
∈M+(R2), µ−n := 1

n

n−∑
i=1

δx−
i
∈M+(R2),

µn := 1
n

n∑
i=1

δxn
i

= µ+
n + µ−n ∈ P(R2), κn := 1

n

n∑
i=1

biδxn
i

= µ+
n − µ−n ∈M(R2),

(5.3)
where M(R2) denotes the space of finite Borel measures on R2, M+(R2) ⊂ M(R2)
the space of non-negative measures, and P(R2) ⊂ M+(R2) the space of probability
measures. We observe from (5.1) that

En(xn) =
ˆ
R2
Vδn ∗ κn dκn = En(κn). (5.4)

In this chapter we consider En as a function of κn with domain

D(En) =
{
κ ∈M(R2)

∣∣∣∣ there exists bi ∈ {−1, 1}, xi ∈ R2 such that κ = 1
n

n∑
i=1

biδxi

}
.

To keep the dislocations confined to an unspecified and bounded domain, we use the
following modification of the narrow topology (see (3.3) for the analogous definition of
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the narrow topology on [0,∞) as opposed to R2):

κn
c
⇀ κ :⇐⇒


κn ⇀ κ, and
∞⋃
n=1

suppκn is bounded.
(5.5)

We motivate Assumption 5.2.1 on the regularized potential Vδ after stating the main
result (Theorem 5.2.2). We motivate in Section 5.3 (Conjecture 5.3.1) that there exist
V0 ∈ C(R2) and N functions Wi ∈ L1(R2) such that

V (r) = V0(r) +
N∑
i=1

(
W̄i ∗Wi

)
(r), (5.6)

where W̄i(r) := Wi(−r).

Assumption 5.2.1 (Properties of Vδ). With V0 and Wi as in (5.6), let (Vδ)δ>0 ⊂ C(R2)
satisfy:

(i) (Uniform convergence in any annulus).
For all ε > 0, Vδ → V in C

(
B(0, 1/ε) \B(0, ε)

)
,

(ii) (Quadratic structure). There exist V δ0 ∈ C(R2) and W δ
i ∈ L1(R2) with i =

1, . . . , N such that:
(a) W δ

i ∗ ϕ→Wi ∗ ϕ in L∞loc(R2) for any ϕ ∈ C∞c (R2),
(b) V δ0 → V0 in L∞loc(R2), and

(c) Vδ(r) = V δ0 (r) +
N∑
i=1

(
W̄ δ
i ∗W δ

i

)
(r),

(iii) (Positivity around 0). There exists ε > 0 such that Vδ > 0 on B(0, ε) for all δ > 0,

(iv) (Dominator). There exists a radially symmetric U in L1
loc ∩ C(R2 \ {0}), non-

increasing in the radial direction, such that U ≥ Vδ for a subsequence δ ↓ 0.

Theorem 5.2.2 (Γ-convergence). Let Vδn satisfy Assumption 5.2.1 with δn → 0 such
that an := 1

nVδn(0)→ 0. Then En Γ-converges in the modified narrow topology (defined
in (5.5)) to the limit energy E defined by

D(E) :=
{
κ ∈M(R2)

∣∣ |κ|(R2) ≤ 1, E(κ) <∞, and suppκ bounded
}
,

E(κ) :=
ˆ
R2
V ∗ κ dκ.

Moreover, for any µ± ∈ M+(R2) with µ+ + µ− ∈ P(R2) and κ := µ+ − µ− ∈ D(E),
there exists a recovery sequence satisfying µ±n

c
⇀ µ±.
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It is worth noting that:

• The main parts of Assumption 5.2.1 are conditions (i) and (ii). While the conver-
gence in condition (i) is chosen because of Cb(R2)∗ ⊃ M(R2) (where the dual is
taken with respect to the norm ‖ · ‖∞), condition (ii) is used to rewrite (5.4) as the
sum of a continuous perturbation and the square of an L2-norm:

En(xn) =
¨
R2×R2

V δn0 (x− y)d(κn ⊗ κn)(x, y) +
N∑
i=1

ˆ
R2

(
W δn
i ∗ κn

)2
. (5.7)

The quadratic structure in (5.7) is an essential ingredient for our proof of Theorem
5.2.2. In Section 5.3 we show how this structure arises naturally from modelling
the medium as a linear elastic body. Conditions (iii) and (iv) in Assumption 5.2.1
are chosen for convenience. They are not very restrictive, and it may be possible to
weaken them.

• Theorem 5.2.2 provides additional structure to recovery sequences. This structure
is required for our evolutionary convergence result (see Chapter 8). Also, it can be
used to distinguish geometrically necessary dislocations (GNDs) from statistically
stored dislocations (SSDs). The continuous GND and SSD densities are respectively
given by |κ| and µ−|κ|. We explain in Section 5.5 how to separate the dislocations
into GNDs and SSDs such that their empirical measures converge to the GND and
SSD densities.

• There is no compactness statement for the Γ-convergence result in Theorem 5.2.2.
This is due to our choice to keep the dislocation configurations confined uniformly
in n within an unspecified and bounded domain by means of the modified narrow
topology (5.5). Alternatively, one can take a specific bounded domain Ω ⊂ R2

or a confining potential to confine the dislocation positions to a bounded domain.
Such choices are just as artificial as the modified narrow topology, and cause tech-
nical difficulties in the proof of Theorem 5.2.2 or in establishing the evolutionary
convergence of the gradient flows related to En which we study in Chapter 8.
We note that the absence of compactness is caused by the fact that boundedness
of En(κn) does not imply that suppκn is uniformly bounded in n. If suppκn
would be uniformly bounded, then compactness follows directly from Prokhorov’s
Theorem. Therefore, the lack of compactness in Theorem 5.2.2 is not an issue if
a more involved energy with a finite linear elastic domain Ω including boundary
conditions is considered.

• Theorem 5.2.2 does not address the case an = Vδn(0)/n & 1, which corresponds
to (very) dilute dislocation densities. Indeed, by V (r) ∼ − log |r| we obtain for a
typical regularization that Vδn(0) ∼ − log δn. Hence, for an & 1, it is necessary to
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have at least δn � n−k for any k > 0. We show in Section 5.5 our current proof
attempts for establishing Γ-convergence in case an & 1.

5.3 The regularized potential
In this section we motivate the quadratic structure of the interaction potentials V and
Vδ (see (5.6) and Assumption 5.2.1.(ii)) and give examples of potentials Vδ which satisfy
Assumption 5.2.1.

Quadratic structure of V . In [CL05] it is shown that, on a simply connected, smooth,
and bounded domain Ω ⊂ R2, the interaction potential between two dislocations at
x, y ∈ Ω with Burgers vector e1 is given by

VΩ(x, y) =
ˆ

Ω
CK(z − x) : K(z − y) dz + Vbdy(x, y), (5.8)

where

• K : R2 → R2×2 is the deformation of the linear elastic medium Ω induced by a
dislocation at x with Burgers vector e1, i.e.{

CurlK = e1δ0, in R2,

DivCK = 0, in R2.
(5.9)

The operators Curl and Div map R2×2-valued functions to R2-valued functions by
taking respectively the curl and div of the rows,

• A : B :=
∑
i,j AijBij is the Frobenius product between matrices,

• CF := λ(trF ) Id +2µ symF is a symmetric positive definite linear operator which
converts deformations into stresses (Hooke’s law for an isotropic medium), in which
λ and µ are the Lamé constants, and

• Vbdy(x, y) is the contribution of the boundary conditions.

An explicit expression for K is given by [CL05, (3.3)], from which we only use that K(r) is
odd and has an integrable singularity at the origin of type K̃(r/|r|)/|r| with K̃ bounded.

In view of the interaction potential V in (5.2), which is computed for the infinite
elastic medium given by R2, the related expression in (5.8) is meaningless, because the
integral is infinite over R2 due to the far-field behaviour of K. On the other hand, it
seems reasonable that the interaction force between two dislocations at x and y would
not be significantly affected by boundary effects if

|x− y| � min
{

dist(x, ∂Ω), dist(y, ∂Ω)
}
.
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Conjecture 5.3.1 (Quadratic structure of V ). Let V be given by (5.2). There exists a
V0 ∈ C(R2) such that

V (r) = V0(r) + π(λ+ 2µ)
µ(λ+ µ)

ˆ
B(x,1)∩B(y,1)

CK(z − x) : K(z − y) dz, (5.10)

where B(x, 1) and B(y, 1) are the balls of radius 1 centred at respectively x and y.

Remark 5.3.2. The constant in front of the integral is implied by [CL05, Prop. 5.2],
which states that

ˆ
Ω
CK(z − x) : K(z − y) dz = µ(λ+ µ)

π(λ+ 2µ) log 1
|x− y|

+O(1)

for any x, y ∈ Ω with Ω a simply connected, smooth, and bounded domain. The statement
of [CL05, Prop. 5.2] is not strong enough to imply Conjecture 5.3.1, because it does not
guarantee the discontinuity in the first term of V (r) given by r2

1/|r|2.

The integration domain in (5.10) is chosen to contain a connected neighbourhood of
x and y for small values of |x − y|. We expect that the statement of Conjecture 5.3.1
also holds if different or more regular cut-offs are chosen, e.g. multiplication of K by the
Gaussian or the usual mollifier.

From Conjecture 5.3.1 we construct explicitly the quadratic structure of V as given
by (5.6). As C is symmetric positive definite, there exists a symmetric linear operator D
such that D2 = C. We use this to rewrite the integral in (5.10) as

ˆ
B(x,1)∩B(y,1)

CK(z − x) : K(z − y) dz

=
ˆ
R2

(
DK1B(0,1)

)
(z − x) :

(
DK1B(0,1)

)
(z − y) dz

=
2∑

i,j=1

((
(DK̄)ij1B(0,1)

)
∗
(
(DK)ij1B(0,1)

))
(x− y)

=: µ(λ+ µ)
π(λ+ 2µ)

4∑
k=1

(
W̄k ∗Wk

)
(x− y), (5.11)

from which the quadratic structure in (5.6) follows.

Quadratic structure of Vδ. It seems reasonable to preserve the quadratic structure
of V given by (5.6) in its regularization Vδ. A natural way to do this is to regularize
V by regularizing K or Wk in (5.10) or (5.11). For instance, in [GLP10, MPS14] the
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regularization Kx
δ is defined as the solution of

CurlKx
δ = 0, in Ω \B(x, δ),

DivCKx
δ = 0, in Ω \B(x, δ),

Kx
δ = 0, in B(x, δ),˛
∂B(x,δ)

Kx
δ · ds = b,

(5.12)

which depends on the domain Ω and the dislocation at x ∈ Ω with Burgers vector b. In
[MPS14], Ω is replaced with R2 in (5.12), which results in Kx

δ being independent of x.
We have not checked whether Assumption 5.2.1 is satisfied for the corresponding Vδ.

Next we construct a class of regularizations Vδ which satisfy Assumption 5.2.1. Inspired
by [GLP10, Rem. 2], this class is of the form

Vδ = V δ0 +
N∑
k=1

W̄ δ
k ∗W δ

k , (5.13)

with V δ0 an L∞loc(R2)-perturbation of V0 (in the sense of Assumption 5.2.1.(ii).(b)) and
W δ
k := Wk ∗ φδ for some mollifier φδ(x) := φ(x/δ)/δ2 for which we state the required

conditions below.
If φ has compact support, then the regularization W δ

k = Wk ∗ φδ is equivalent to
smearing out the dislocation core. Indeed, from (5.11) it follows that the related Kδ

equals K ∗ φδ on B(0, 1/2) if δ is small enough. Therefore,

CurlKδ = φδ ∗ CurlK = φδ ∗ (e1δ0) = φδe1 on B(0, 1/2),

which corresponds to a smeared-out dislocation core in view of (5.9).
We show that Vδ given by (5.13) satisfies Assumption 5.2.1 if the mollifier φδ =

φ(·/δ)/δ2 consists of φ ∈ L1(R2) with compact support such that ψ := φ̄ ∗ φ satisfies
0 ≤ ψ ≤ Ψ for some radially symmetric Ψ ∈ L1(R2). To prove that these conditions are
sufficient, we set suppψ ⊂ B(0, 1) and

´
φ = 1 for convenience.

Assumption 5.2.1.(ii).(b,c) are satisfied by construction. For the remaining properties,
we first observe that

W̄ δ
k ∗W δ

k = (W̄k ∗ φ̄δ) ∗ (Wk ∗ φδ) = (W̄k ∗Wk) ∗ (φ̄δ ∗ φδ) = (W̄k ∗Wk) ∗ ψδ,

where ψδ := ψ(·/δ)/δ2. Assumption 5.2.1.(iii) is satisfied by ψ ≥ 0. As V is uniformly
continuous on any annulus, Assumption 5.2.1.(i) is satisfied. Since Wk ∗ ϕ ∈ C∞(R2) ⊂
C(R2) for any ϕ ∈ C∞c (R2), Assumption 5.2.1.(ii).(a) is satisfied as well.

We require a few arguments to conclude that Assumption 5.2.1.(iv) is also satisfied.
For convenience, we put V δ0 = V0 ∗ ψδ, which implies that Vδ = V ∗ ψδ. By − log | · | ≤
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V ≤ − log | · |+ 1 and Ψδ ≥ ψδ ≥ 0, we estimate

Vδ = V ∗ ψδ ≤ − log | · | ∗Ψδ + 1, on B(0, 1/2).

Next we apply [Bre10, Cor. 4.28] to obtain that − log | · | ∗ Ψδ converges strongly in
L1(B(0, 1)) along a subsequence. Then we apply the Inverse Dominated Convergence
Theorem (see e.g. [Bre10, Thm. 4.9]) which ensures the existence of a dominator U ∈
L1
loc(R2). We can assume U to be radially symmetric since − log | · | ∗ Ψδ is radially

symmetric for all δ > 0. By using that − log | · | is radially symmetric and non-increasing
in the radial direction, we deduce that r 7→ (− log | · | ∗Ψ|r|δ)(r) is non-increasing in the
radial direction. This fact allows us to take U to be non-increasing in the radial direction
as well.

5.4 Proof of Theorem 5.2.2

First we prove that the first term of En in the right-hand side of (5.7) is a continuous
perturbation with respect to the modified narrow topology. This allows us to prove the
liminf and limsup inequality of Γ-convergence of either En or

Fn(κn) :=
N∑
i=1

ˆ
R2

(
W δn
i ∗ κn

)2
, (5.14)

which is the second term of En.

For any κn c
⇀ κ (5.5), let A ⊂ R2 be a compact set such that suppκn ⊂ A for

all n ∈ N+. By Assumption 5.2.1.(ii) it holds that Ṽ δ0 → Ṽ0 in C(A × A), where
Ṽ0 : R2 × R2 → R is defined by Ṽ0(x, y) := V0(x − y) and Ṽ δ0 is defined analogously.
Since κn c

⇀ κ, it also holds that κn ⊗ κn c
⇀ κ⊗ κ, and thus

lim
n→∞

¨
R2×R2

Ṽ δn0 d(κn ⊗ κn) =
¨
R2×R2

Ṽ0 d(κ⊗ κ) =
ˆ
R2
V0 ∗ κ dκ.

The liminf inequality of Fn. Let κn c
⇀ κ such that Fn(κn) is bounded. From (5.14)

we obtain that (W δn
i ∗ κn) is bounded in L2(R2) for all i. Hence, it converges along a

subsequence weakly in L2 to some fi ∈ L2(R2). We characterize fi by computing the
distributional limit of (W δn

i ∗ κn). For any ϕ ∈ C∞c (R2), it follows from Assumption
5.2.1.(ii).(a) that

ˆ (
W δn
i ∗ κn

)
ϕ =
ˆ (

W̄ δn
i ∗ ϕ

)
κn

n→∞−−−−→
ˆ

(W̄i ∗ ϕ)κ =
ˆ

(Wi ∗ κ)ϕ.
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This implies fi = Wi ∗ κ. We conclude

lim inf
n→∞

Fn(κn) =
N∑
i=1

lim inf
n→∞

ˆ
R2

(
W δn
i ∗ κn

)2
≥

N∑
i=1

ˆ
R2

(Wi ∗ κ)2
.

The limsup inequality of En. Let µ± ∈ M+(R2) with µ+ + µ− ∈ P(R2) and
κ := µ+ − µ− ∈ D(E). We recall that |κ| is the GND density and µ − |κ| the SSD
density.

We follow a diagonal argument (Lemma 3.3.4) which allows us to construct an explicit
recovery sequence only for κ belonging to a dense class in D(E) (we do not require any
regularity on µ ∈ P(R2)). After that we show how to extend to any κ ∈ D(E).

We follow the strategy as employed in [MPS14, Thm. 3.3], which requires some
preparation. Let R2 be composed of ε-sized squares, i.e.

Qε := ε
⋃
k,`∈Z

(k, k + 1)× (`, `+ 1) =:
⋃
k,`∈Z

Qk,`. (5.15)

We take κ ∈ D(E) absolutely continuous such that its density is constant on each of the
ε-sized squares Qk,`. We relabel Qk,` such that

suppκ =
L⋃
`=1

Q`.

Next we approximate κ by κ̃n which satisfies, in addition to the same properties as
κ, that its density attains values in {i2/n : i ∈ Z0} and that n(1− |κ̃n(R2)|) is an even
non-negative number. As this set of values becomes ‘dense in R when n → ∞’, we can
choose κ̃n such that κ̃n → κ in L∞(R2).

With these preparations we allocate the GNDs given by κn explicitly. We divide each
square Q` in mn

` := n|κ̃n(Q`)| little squares Qj` of size ε/
√
mn
` , and put a dislocation

with burgers vector bi := sgn(κ̃n(Q`)) and position xni equal to the center of each of the
squares Qj` . As a result of this construction, the dislocations are separated by

min
i,j
|xni − xnj | ≥

ε√
n‖κ̃n‖∞

≥ ε√
n(‖κ‖∞ + ε)

. (5.16)

This leaves out n(1− |κ̃n|(R2)) dislocations, which we will use to approximate the SSD
density µ−|κ|. We take n(1−|κ̃n|(R2))/2 positive dislocations to approximate (µ−|κ|)/2,
and put n(1 − |κ̃n|(R2))/2 negative dislocations at the same positions to create exact
dipoles. As exact dipoles do not contribute to the energy, we leave them out in the
calculations below.

Next we show that the limsup inequality is satisfied for our sequence κn ⇀ κ. Let
Ṽ : R2 × R2 → R be defined by Ṽ (x, y) := V (x − y), and VM := V ∧M for some
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M > 0. Then we split

En(κn)− E(κ) =
¨
R2×R2

(
Ṽδn − ṼMδn

)
d(κn ⊗ κn) (5.17)

+
¨
R2×R2

ṼMδn d(κn ⊗ κn)−
¨
R2×R2

ṼM d(κ⊗ κ) (5.18)

+
¨
R2×R2

(
ṼM − Ṽ

)
d(κ⊗ κ). (5.19)

For fixedM , the expression in (5.18) converges to 0 when n→∞ because of κn ⇀ κ and
uniform convergence of Vδ − V in any annulus (see Assumption 5.2.1.(i)). We estimate
the third term (5.19) in absolute value by

∣∣∣∣¨
R2×R2

(Ṽ − ṼM ) d(κ⊗ κ)
∣∣∣∣ =

∣∣∣∣∣
¨
{Ṽ >M}

(Ṽ −M) d(κ⊗ κ)

∣∣∣∣∣
≤ ‖κ‖2∞| suppκ|

ˆ
{V >M}

V,

which converges to 0 as M → ∞ by V ∈ L1
loc. Next we show that also the first term

(5.17) converges to 0 as M →∞ uniformly in n. It is in absolute value smaller than

|κ̃n|(R2)
n

[
Vδn(0)−M

]
+ +
¨
R2×R2

∣∣Ṽδn − ṼMδn ∣∣ d(|κn|� |κn|), (5.20)

where the product denoted by ‘�’ is defined in (3.50). The first term converges to 0
by an → 0 and |κ̃n|(R2) ≤ 1. We require several arguments to bound the second term
in (5.20). First, by using Assumption 5.2.1.(i), we deduce that for n large enough the
integrand is zero outside

{Ṽ > M − 1} ⊂
{

(x, y) ∈ (suppκ)2 ∣∣ |x− y|∞ < e−(M−1)} =: ∆M .

We invoke Assumption 5.2.1.(iii)–(iv) to approximate the integrand by U∨M . This yields
¨
R2×R2

∣∣Ṽδn − ṼMδn ∣∣ d(|κn|� |κn|) ≤
¨

∆M

(U ∨M) d(|κn|� |κn|)

≤
¨

∆M

U d(|κn|� |κn|) +
¨

∆M

M d(|κn|� |κn|).

We focus only on estimating the integral over U ; the integral over M can be estimated
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similarly. We write the integral as a sum

¨
∆M

U d(|κn|� |κn|) = 1
n2

n|κ̃n|(R2)∑
i=1

∑
j 6=i

xni −x
n
j ∈∆M

U
(
xni − xnj

)
.

We estimate this sum by using radial symmetry of U(r) = u(|r|) with u non-increasing.
We use that xnj is locally placed on a square lattice with interdistance larger or equal to
cε/
√
n (5.16). This allows us to put an ordering yij on the grid given by

xni + cε√
n
Z2 \ {0}, such that

∣∣xni − xnj ∣∣ ≤ ∣∣xni − yij∣∣ .
Finally, we reorder the summation to obtain

1
n2

n|κ̃n|(R2)∑
i=1

∑
j 6=i

xni −x
n
j ∈∆M

U
(
xni − xnj

)
≤ 1
n2

n∑
i=1

∑
j 6=i

xni −x
n
j ∈∆M

U
(
xni − yij

)

≤ 1
n2

n∑
i=1

dc−1
ε

√
ne−Me∑

k=1

∑
j:|xn

i
−yi

j
|∞=kcε/

√
n

u

(
k
cε√
n

)

= 1
n

dc−1
ε

√
ne−Me∑

k=1
8ku

(
k
cε√
n

)

= 8
n

n

c2ε

cε√
n

dc−1
ε

√
ne−Me∑

k=1
k
cε√
n
u

(
k
cε√
n

)
,

in which we recognize a Riemann-sum. Since t 7→ tu(t) is either bounded or decreasing
for small t, we obtain

8
c2ε

cε√
n

dc−1
ε

√
ne−Me∑

k=1
k
cε√
n
u

(
k
cε√
n

)
.

8
c2ε

ˆ 2e−M

0
tu(t) dt,

which converges to 0 as M →∞ uniformly in n. This completes the bound on (5.17).
Combining our estimates (5.17)–(5.19), we obtain

lim
n→∞

|En(κn)− E(κ)| ≤ lim sup
M→∞

CM = 0,

which completes the proof for the limsup inequality for those κ ∈ D(E) which are constant
on the squares Qε (5.15).

We extend our class of admissible densities to κ ∈ D(E) ∩ C∞c (R2) by using the
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diagonal argument (Lemma 3.3.4). Let κε|Q` :≡
ffl
Q`
κ. By construction, κε → κ in

L2(R2) and suppκε uniformly bounded in ε. The required limsup inequality follows
readily from

E(κε)− E(κ) =
ˆ
R2

(V ∗ κε)κε −
ˆ
R2

(V ∗ κ)κ =
ˆ
R2

(
V ∗ (κε + κ)

)
(κε − κ)

≤
∥∥V ∗ (κε + κ)

∥∥
L2(R2)‖κε − κ‖L2(R2) → 0,

where we use [Bre10, Cor. 4.28] and supp(κε+κ) being uniformly bounded to prove that
V ∗ (κε + κ) has uniformly bounded L2-norm.

Now we extend to any κ ∈ D(E). As in (5.7) we have

C ≥ E(κ) =
ˆ
R2
V0 ∗ κ dκ+

N∑
i=1

ˆ
R2

(Wi ∗ κ)2
,

which implies Wi ∗ κ ∈ L2(R2). For ηε the usual mollifier in R2 we take κε := κ ∗ ηε.
We note that κε c

⇀ κ. From V0 ∈ C(R2) and

Wi ∗ κε := Wi ∗ (κ ∗ ηε) = (Wi ∗ κ) ∗ ηε
L2

−−→ (Wi ∗ κ)

we conclude that E(κε)→ E(κ).

5.5 Other scaling regimes

This section contains two conjectures about the two scaling regimes of an which are not
covered by Theorem 5.2.2. We motivate them by our current proof attempts. The parts
of the proofs related to the limsup inequalities are complete.

Conjecture 5.5.1 (Γ-convergence when an → ∞). If an = Vδn(0)/n → ∞, then the
Γ-limit of En/an in the narrow topology is

D(Eself) :=
{
κ ∈M(R2)

∣∣ |κ|(R2) ≤ 1
}
, Eself(κ) :=

ˆ
R2
|κ|. (5.21)

Liminf inequality of Conjecture 5.5.1. Because of the scaling factor 1/an, the first
term in (5.7) vanishes in the limit n→∞, and thus it suffices to focus on either En or Fn
given by (5.14). The argument in the proof of Theorem 5.2.2 for the liminf inequality of
Fn does not apply, because it results in the lower bound 0, which clearly fails to capture
Eself .

Instead, we take any κ ∈ D(Eself) and any κn c
⇀ κ with Fn(κn) < C. We extract

from κn positive and negative GNDs (with empirical measures σ±n ) and SSDs (with
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empirical measures ν±n ), such that

κn = σ+
n + ν+

n − σ−n − ν−n , σ+
n − σ−n

c
⇀ κ, ν+

n − ν−n
c
⇀ 0,

dist
(

suppσ+
n , suppσ−n

)
≥ αn, (5.22)

for any αn → 0. The splitting allows us to expand

Fn(κn) = 1
an

¨
R2×R2

Ṽδn d(κn ⊗ κn)

= 1
an

Vδn(0)
n

(σ+
n + σ−n )(R2) (5.23)

+ 1
an

¨
R2×R2

Ṽδn d
(
(σ+
n − σ−n )� (σ+

n − σ−n )
)

(5.24)

+ 1
an

¨
R2×R2

Ṽδn d
(
(ν+
n − ν−n )⊗ (ν+

n − ν−n )
)

(5.25)

+ 2
an

¨
R2×R2

Ṽδn d
(
(σ+
n − σ−n )⊗ (ν+

n − ν−n )
)
. (5.26)

The term (5.23) describes the self-interactions of the GNDs. It converges to Eself(κ).
The term (5.25) describes the interactions between the SSDs. This term is expected to
be small. Since it is non-negative (cf. Assumption 5.2.1.(ii)), we can bound it from below
by 0.

The interactions between GNDs are described by (5.24). Since we have assumed
(5.22), we can use the freedom in αn to exploit that the GND’s of opposite sign do not
come close. We conjecture that this argument provides enough control to bound (5.24)
from below by zero (even without the prefactor 1/an).

The main challenge in completing the argument for the liminf inequality is to control
(5.26), which describes the interactions between the GNDs and the SSDs. Although we
have ν+

n − ν−n ⇀ 0, the SSD’s can be arbitrarily close to the GND’s, for which we require
information about Vδn around the origin.

Limsup inequality of Conjecture 5.5.1. We argue analogously as in the proof of the limsup
inequality in Theorem 5.2.2. More precisely, we first restrict ourselves again to κ piecewise
constant on the squares given in (5.15), and we build the same recovery sequence κn as
above. We write the energy difference (previously (5.17)) as

1
an
En(κn)− Eself(κ) = 1

an

¨
R2×R2

(
Ṽδn − ṼMδn

)
d(κn ⊗ κn)− |κ|(R2)

+ 1
an

¨
R2×R2

ṼMδn d(κn ⊗ κn)

= 1
an

|κ̃n|(R2)
n

(Vδn(0)−M)− |κ|(R2) (5.27)
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+ 1
an

¨
R2×R2

(
Ṽδn − ṼMδn

)
d(κn � κn) (5.28)

+ 1
an

¨
R2×R2

ṼMδn d(κn � κn), (5.29)

and proceed by showing that the three terms (5.27)–(5.29) are small for large M fixed
after taking the limit n→∞. Indeed, we recall an = Vδn(0)/n→∞, so (5.27) equals

|κ̃n|(R2)− |κ|(R2)− |κ̃n|(R
2)

nan
M.

This expression converges to 0 as n→∞, because κ̃n → κ in L∞(R2) and |κ̃n|(R2) ≤ 1.
The second term (5.28) converges to 0, even without the prefactor 1/an. This is

readily seen by employing the same argument as used for proving that (5.17) converges
to 0 when M →∞ uniformly in n.

For the third term (5.29) we have that
¨
R2×R2

ṼMδn d(κn � κn)→
¨
R2×R2

ṼM d(κ⊗ κ).

We estimate this limit in absolute value from above by
¨
R2×R2

∥∥ṼM∥∥
L∞(suppκ×suppκ) d(κ⊗ κ) ≤M ∨ log(diam(suppκ)).

Hence, by an →∞, the term (5.29) converges to 0 as n→∞.
The argument for energy density is straightforward. For any κ ∈ D(Eself), we define

κε on any square Q` (of size ε) by κε|Q` :≡
ffl
Q`
dκ. Then κε ⇀ κ, and

Eself(κε) =
L∑
`=1
|κε|(Q`) =

L∑
`=1
|κε(Q`)| =

L∑
`=1
|κ(Q`)| ≤

L∑
`=1
|κ|(Q`) = Eself(κ).

Conjecture 5.5.2 (Γ-convergence when an ∼ 1). If an = Vδn(0)/n→ a ∈ (0,∞), then
the Γ-limit of En in the narrow topology is

D(Ea) = D(E), Ea := E + aEself . (5.30)

We conjecture that establishing the liminf inequality is analogous to the argument in
Conjecture 5.5.1.

Limsup inequality of Conjecture 5.5.2. We follow the same lines of proof for the limsup
inequality of Theorem 5.2.2. The only essential difference is that the first term in (5.20)
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does not converge to 0. Instead,

|κ̃n|(R2)
n

(Vδn(0)−M) =
(
an −

M

n

)
|κ̃n|(R2)→ a|κ|(R2),

where the convergence is due to κ̃n → κ in L∞(R2).

5.6 Notes and comments
Screw dislocations. Theorem 5.2.2 also holds for screw dislocations. The difference with
edge dislocations is that the interaction potential is given by − log |r|, which is easier to
control than the interaction potential for edge dislocations given by (5.2).

Boundary effects. In the setting of Theorem 5.2.2 we have assumed the linear elastic
medium to be the whole of R2. This assumption results in the compact and explicit
expression for the potential V as given by (5.2). Here, we mention possibilities on how to
add the effect of having a finite elastic medium to the upscaling result in Theorem 5.2.2.

In the literature boundary effects have been studied by means of variational meth-
ods for interacting dislocations in elastic bodies Ω ⊂ R2 with finite size. In [CL05]
the interaction between dislocations is described by the renormalized elastic energy of
the medium given by Ω. This renormalization corresponds to a specific choice of Vδn
(which does not satisfy Assumption 5.2.1), which is based on the elastic problem given by
(5.12). In [MPS14, (2.13)] this renormalized energy is split into an explicit term describing
dislocation-pair interactions, and a general interaction term Gn which depends implicitly
on all dislocation positions through the elastic strain, which is computed under stress-free
boundary conditions on ∂Ωn. Step 3 in the part of the proof of [MPS14, Thm. 3] which
treats preliminary results shows that Gn can be treated as a continuous perturbation to
the dislocation-dislocation interaction part of the energy as long as the dislocations stay
an arbitrarily small but fixed distance away from ∂Ω.

The upscaling result in Theorem 5.2.2 holds for any continuous perturbation. By
modifying the convergence concept in (5.5) such that suppκn is contained in some Ω̃ ⊂⊂
Ω, we would obtain that En +Gn Γ-converges.

However, it is unclear what this upscaling result would mean. First, we need to correct
the interactions in En for the finiteness of the domain Ω. Second, different regularizations
for the dislocation cores are used in En and Gn. Starting from the approach in this chapter
in which the underlying elasticity problem is hidden in the expression for V (5.2), it is not
obvious how to model the effect of the boundary on the interactions between dislocations.

Upscaling without regularization. If we restrict our setting to positive dislocations only,
then Theorem 5.2.2 also holds for the discrete energy without the regularized potential.
The liminf inequality is a direct consequence of the Portmanteau Theorem, since V is
l.s.c. and bounded from below on bounded sets. The proof of the limsup inequailty is
similar to the one in Section 5.4.
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General Burgers vectors. It may be possible to extend our proof to hold when the
dislocations are allowed to have any Burgers vector in some finite set S ⊂ S1. The reason
for this conjecture is the following. The left-hand side of (5.9) has rotational symmetry
(by our assumption that the elastic medium is isotropic). Therefore, if we replace the
term e1δ0 in the right-hand side of (5.9) by bδ0 for some b ∈ S, then its solution is given
by

Kb := Jb(K ◦ J−1
b )J−1

b ,

where K solves (5.9) and Jb is the rotation mapping which maps e1 to b. The remaining
challenge is to find the quadratic structure of the integral in the corresponding statement
of Conjecture 5.3.1, which is given by

v(x− y; b1, b2) :=
ˆ
B(x,1)∩B(y,1)

CKb1(z − x) : Kb2(z − y) dz.

As a first step, [CL05, Prop. 5.2] states that the logarithmic singularity remains, in the
sense that

v(r; b1, b2) = −b1 · b2
µ(λ+ µ)
π(λ+ 2µ) log |r|+O(1).

An inverse problem. In current experiments, the spatially averaged dislocation density
can be measured in situ (i.e. during the deformation of a metallic specimen over time).
The natural question arising here is how to predict the dislocation positions for a given
density ρ.

In electrostatics an analogous question is studied in [CFP13]. It involves n electrons
with positions xi ∈ R3 which interact via the Coulomb force. The question about the
lowest energy state for the positions of the electrons is stated in the framework of optimal
transport, i.e.

Fn(ρ) :=
(
n

2

)−1
min
γ ρ

ˆ
R3n

∑
i<j

1
|xi − xj |

dγ(x1, . . . , xn),

γ  ρ :⇔ γ ∈ Psym((R3)n) such that all marginals of γ equal ρ.

The optimal plan γopt keeps on getting more ugly and singular when n increases. However,
[CFP13, Thm. 1.2 and Thm. 1.3] states that in the limit of large n, the electron positions
become independent, and γopt = ρ⊗ ρ⊗ . . .. In particular, it holds that

lim
n→∞

Fn(ρ) =
ˆ
R3

ˆ
R3

1
|x− y|

dρ(y) dρ(x). (5.31)

The electrostatics scenario is quite similar to dislocations. Instead of the Coulomb
potential 1/| · | in 3D, we consider a one- or two-dimensional potential V (either for edge
dislocations with the same Burgers vector (5.2), screw dislocations with the same Burgers
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vector − log | · |, or dislocation walls (3.2)). Although [CFP13, Thm. 1.2] is valid for a
class of potentials in any space dimension, it requires the potentials to be continuous and
bounded (the only exception being the Coulomb potential in 3D). It would be interesting
to study whether the proof of [CFP13, Thm. 1.2] can be extended to the potentials V
which we consider in this thesis.



Chapter 6

Upscaling of the dynamics of
dislocation walls

We perform the discrete-to-continuum limit passage for the gradient flow describing the
dynamics of dislocation walls. The convexity of the discrete energies allows for describing
the gradient flow by an evolutionary variational inequality. We use recent theory [ASZ09,
Thm. 6.1] to pass to the limit in this inequality by using Γ-convergence of the discrete
energies (Theorem 6.3.1).

This chapter is organized as follows. We define the discrete and continuous gradient
flows respectively in Sections 6.1 and 6.2. In Section 6.3 we state and prove Theorem
6.3.1 concerning the convergence of these gradient flows. To investigate the rate of
convergence, we perform numerical simulations in Section 6.4. In Section 6.5 we provide
explicit expressions for the continuous gradient flows. Section 6.6 provides a regularization
to these gradient flows.

6.1 Microscopic dynamics of dislocation walls

We consider the energy En(xn) (3.8) describing configurations of dislocation walls at
positions

xn = (xni )ni=1 ∈ Ωn :=
{

(x1, . . . , xn) ∈ (0,∞)n
∣∣x1 < x2 < . . . < xn

}
. (6.1)

The results in this chapter are reported in [vMM14] as joint work with A. Muntean. Section 6.6 is
new.

105
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Figure 3.1 denotes such a setting. We recall that

En(xn) := αn
n

n∑
k=1

n−k∑
j=0

V
(
nαn

(
xnj+k − xnj

))
+ 1
n

n∑
i=1

xni + χ{xnn≤γn}, (6.2)

in which V is the interaction potential (see (3.2) and Figure 3.2), and 1/n . αn . 1 and
γn → ∞ are parameters. The upscaling proof described below holds for any asymptotic
behaviour of the parameters αn and γn. Since the explicit expression for En depends on
the asymptotic behaviour of αn and γn (see Section 3.3.1 for details), we focus on En as
given by (6.2) with 1/n . αn . 1 and γn →∞ for convenience.

The discrete gradient flow is given by
d

dt
xn(t) = −n∇En (xn(t)) , t > 0

xn(0) = xn0 .

(6.3)

Since En ∈ C∞(Ωn) is bounded from below, strictly convex, and has compact level sets
in Ωn, it holds that (6.3) has a unique solution xn ∈ C∞([0,∞); Ωn) for any initial value
in Ωn.

Rigorous upscaling of the dynamics of similar particle systems is performed in [Oel90,
FIM09]. In [Oel90] only the interaction part is considered. Under strong regularity as-
sumptions on V (including boundedness), the upscaling is performed in 1D in the scaling
regime αn ∼ 1, and in more dimensions in the scaling regime 1/n� αn � 1.

The setting in [FIM09] is more similar to ours. The main differences is that the model in
[FIM09] describes an array of single dislocations subjected to a periodic potential (instead
of barriers and an affine potential). The barriers in our model prevent us from applying the
upscaling techniques in [FIM09] involving homogenization in Hamilton-Jacobi equations.
Instead, we apply a different upscaling technique which is robust to the presence of barriers.

Before addressing this upscaling technique, it is convenient to cast (6.3) into a form
(i) without a gradient, and (ii) in P2([0,∞)), i.e. the space of probability measures with
finite second moment. To accomplish (i) we take any y ∈ Rn, multiply both sides of
(6.3) by (xn − y), and exploit the convexity of En to conclude that

1
2
d

dt
‖xn − y‖2 = −n(xn − y)∇En(xn) ≤ n

(
En(y)− En(xn)

)
, for all y ∈ Rn. (6.4)

To satisfy (ii), we define Ẽn : P2([0,∞))→ (−∞,∞] by

Ẽn(µn) =
{

En(x), µn ∈ Dom Ẽn,

∞, otherwise, (6.5)
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where
Dom Ẽn :=

{
µ ∈ P2([0,∞))

∣∣∣∣ ∃ x ∈ Ωn : µn = 1
n

n∑
i=1

δxi

}
. (6.6)

We remove the tildes for ease of notation. It immediately follows from (6.4) that
1
2
d

dt
W 2

2 (µnt , ν) ≤ En(ν)− En(µnt ), for all t > 0, ν ∈ DomEn,

lim
t↓0

W2 (µnt , µn0 ) = 0,
(6.7)

where W2 is the Wasserstein-2 metric (see Definition B.1.2 and e.g. [AGS08] for its basic
properties). Following the terminology from [AGS08], the inequality in (6.7) is called
discrete evolution variational inequality, say (EVIn). [AGS08, Thm. 4.0.4.iii] states the
desired well-posedness (see Lemma 6.3.2 below for the details). The application of such
powerful result requires the underlying metric space to be complete. This is why we are
considering (P2([0,∞)),W2) rather than P([0,∞)) equipped with the narrow topology
(as in Chapter 3).

6.2 Macroscopic dynamics of the dislocation wall den-
sity

Relying on both the EVIn (see (6.7)) and the Γ-convergence result (Theorem 3.1.1), we
expect that the following continuous evolution variational inequality (EVI) arises as the
natural limit when n tends to infinity, viz.

1
2
d

dt
W 2

2 (µt, ν) ≤ E(ν)− E(µt), for all t > 0, ν ∈ DomE,

lim
t↓0

W2 (µt, µ0) = 0,
(6.8)

where µ0 ∈ DomE. The explicit expression for E depends on the scaling regime of the
parameters αn and γn (see Tables 3.1 and 3.2). To show the well-posedness of (6.8)
we use again [AGS08, Thm. 4.0.4.iii] (see Lemma 6.3.2 for the application of the general
result to our precise setting).

6.3 Upscaling procedure. Main result

Our main result states that the evolution of the dislocation wall density is indeed given by
(6.8). Moreover, it specifies the topology in which the dislocation wall density dynamics
is approximated by the discrete dislocation walls dynamics.
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Theorem 6.3.1 (Evolutionary convergence). Let E be the Γ-limit of En (6.2), and
µ0 ∈ DomE. Then for any µn0 ∈ DomEn such that W2 (µn0 , µ0) → 0 as n → ∞, it
holds for the solutions µnt and µt to (6.7) and (6.8) respectively that W2 (µnt , µt) → 0
as n→∞ pointwise for all t > 0.

6.3.1 Proof of Theorem 6.3.1

The interesting feature of the proof is that the standard results [Att84, Thm. 3.74] and
[DS10, Thm. 2.17] do not apply. The reason for this is that we only have compactness
(i.e. En(µn) ≤ C implies that µn converges along a subsequence) in the narrow topology,
while convergence in the Wasserstein-2 metric is required. This issue is repaired by showing
that the gradient flow ‘propagates’ convergence in the Wasserstein-2 metric pointwise in
time along the solution curves µn(t). To ensure that this indeed happens, we require that
En Mosco-converges to E, i.e.

for all µn ⇀ µ narrowly, lim inf
n→∞

En(µn) ≥ E(µ), (6.9a)

for all µ there exists µn W2−−→ µ such that lim sup
n→∞

En(µn) ≤ E(µ). (6.9b)

In the proof of Theorem 6.3.1 given below, we show why (6.9) holds. We refer
to [ASZ09, Thm. 6.1] for the argument leading to ‘propagation of strong convergence’.
Here, we merely state a slightly modified version of [ASZ09, Thm. 6.1] in Lemma 6.3.3.
In Appendix B we show precisely how Lemma 6.3.3 follows from the proof in [ASZ09].
Our proof also relies on the well-posedness result given by [AGS08, Thm. 4.0.4.iii], which
we state in Lemma 6.3.2.

Lemma 6.3.2 (Well-posedness of gradient flows). Let φ : P2([0,∞)) → (−∞,∞] be
proper, l.s.c., bounded from below, and geodesically convex (see Definition B.2.1). Let
u0 ∈ Domφ. Then the EVI (see (6.8) with φ instead of E) has exactly one solution
among all locally absolutely continuous curves in P2([0,∞)).

Lemma 6.3.3 (Stability of gradient flows). Let φn, φ : P2([0,∞)) → (−∞,∞] as in
Lemma 6.3.2. For the initial data, let (un0 ) ⊂ Domφn be a W2-converging sequence with
limit u0 ∈ Domφ. If φn Mosco-converges to φ (see (6.9)), then it holds for the solutions
unt and ut to the related gradient flows that W2 (unt , ut) → 0 as n → ∞ pointwise in
t ∈ [0,∞).

We see that Lemma 6.3.2 applies to both the discrete and continuous energies En and
E (E is convex, because Γ-convergence conserves convexity). Hence, by Lemma 6.3.3,
we are left to show that En Mosco-converges to E.

The liminf inequality (6.9a) and the limsup inequality (6.9b) are given by Theo-
rem 3.1.1 with respect to the narrow topology. The main idea for strengthening the
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limsup inequality to hold in the Wasserstein-2 metric is to consider µn = 1
n

∑n
i=1 δxni

defined by
xni := inf

{
x : µ([0, x]) ≥ i

n+ 1

}
(6.10)

as the recovery sequences. The difference with the recovery sequence in [GPPS13] is that
the number i/n has to be substituted by i/(n + 1). Proving that this strategy applies,
requires some technicalities and computations. They are given in Section 6.3.2.

6.3.2 Details proof limsup inequality
We focus on the details of the proof of the limsup inequality (6.9b). To do so, we modify
the proof of [GPPS13, Thm. 1] for the first four parameter regimes. For the regime
αn � 1 we modify the arguments in Section 3.4.2. For these modifications we require
several preliminaries about relating the narrow topology to the Wasserstein-2 metric:

Definition 6.3.4 (Uniformly integrable second moments). A set A ⊂ P2([0,∞)) has
uniformly integrable second moments if for all ε > 0 there exists an M > 0 such that for
all µ ∈ A it holds that

´∞
M
x2 dµ(x) < ε.

Lemma 6.3.5 ([AGS08, Prop. 7.1.5 and Rem. 7.1.11]). For µn, µ ∈ P2([0,∞)) the
following three statements are equivalent:

(i) W2 (µn, µ)→ 0,
(ii) µn ⇀ µ, and (µn) has uniformly integrable second moments,

(iii) µn ⇀ µ, and
ˆ ∞

0
|x|2 dµn(x)→

ˆ ∞
0
|x|2 dµ(x).

Lemma 6.3.6 (Sufficient condition uniformly integrable second moments). Let A ⊂
P2([0,∞)) and ϕ : [0,∞)→ R non-decreasing with limx→∞ x−2ϕ(x) =∞. If

∃ C > 0 ∀ µ ∈ A :
ˆ
ϕdµ ≤ C,

then A has uniformly integrable second moments.

Now, we establish the limsup inequality. By a diagonal argument (see Lemma 3.3.4),
it is sufficient to show that for some Y ⊂ P2([0,∞)) we have

∀ µ ∈ Y ∃ µn
W2−−→ µ : lim sup

n→∞
En(µn) ≤ E(µ), (6.11a)

∀ µ ∈ P2([0,∞)) ∃ Y 3 νn
W2−−→ µ : lim sup

n→∞
E(νn) ≤ E(µ), (6.11b)

Take Y as in [GPPS13] and µ ∈ Y arbitrary. In particular, this implies that µ is absolutely
continuous with density ρ := dµ

dL ∈ L
1(0,∞). By the same argument as in [GPPS13],
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the sequence µn defined by (6.10) satisfies the limsup inequality (6.11a). To show that
µn converges in W2, we take ϕ as in Lemma 6.3.6 such that

´
ϕdµ ≤ C. Then we put

xnn+1 :=∞ for convenience and observe

n

n+ 1

ˆ ∞
0

ϕdµn = 1
n+ 1

n∑
i=0

ϕ (xni ) =
n∑
i=0

ϕ (xni )
ˆ xni+1

xn
i

ρ

≤
n∑
i=0

ˆ xni+1

xn
i

ϕρ =
ˆ ∞

0
ϕρ. (6.12)

Together with Lemma 6.3.6 and Lemma 6.3.5, the bound in (6.12) implies convergence
of µn with respect to W2. This completes the proof of (6.11a).

To establish (6.11b), we take the same sequence (νn) as in [GPPS13]. By the same
argument as in (6.12) it follows that νn converges with respect to W2.

6.4 Rate of convergence
Theorem 6.3.1 states the convergence of W2 (µnt , µt) to 0. In this section, we illustrate
numerically the expected convergence rate.

We denote by xnk(t) our numerical approximation1 of the solution to (6.3) with
αnk = 1/√nk,

nk :=
⌊
10 · 2k/2

⌋
, k = 0, 1, . . . , 10, (xnk0 )i := 2

√
a
i

nk
, a :=

ˆ ∞
0

V.

We choose αnk = 1/√nk to connect to the setting in [EBG04, Dog14]. We motivated
our choice for the initial condition by the following facts:

• the dislocation walls tend to place themselves locally at a constant interdistance,
and

• the support of the minimizer (3.44) of the continuous energy equals [0, 2
√
a].

Let µnk(t) be the related empirical measure according to (6.6). We are interested in
how fast γnk := W2

(
µ
nk+1
t , µnkt

)
decreases in nk. With the ansatz γnk ∼ Cn−pk , we

estimate p by computing
pnk := − 2

log 2 log
γnk+1

γnk
. (6.13)

Table 6.1 shows the results for t = 2−6, 2−2, 22,∞. By ‘t =∞’ we refer to the numerical
approximation µn∗ of the equilibrium profile, which we obtain by putting the right-hand
side of (6.3) equal to zero and solving with Newton’s method. As the typical time for
the gradient flow to reach the equilibrium state is between 1 and 10 time units, we have

1We use the ‘ode15s’ solver [SR97] in MATLAB, and define xnk (t) by linear interpolation in t.
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chosen the other time instances such that we see what happens: (i) quickly after the
initial configuration, (ii) somewhere halfway in reaching equilibrium, (iii) close to the
equilibrium, and (iv) at equilibrium.

t = 2−6 t = 2−2 t = 22 t =∞
n1 0.936 0.925 0.755 0.758
n2 1.036 1.000 0.827 0.827
n3 0.939 0.920 0.730 0.724
n4 1.040 0.993 0.800 0.806
n5 0.944 0.918 0.664 0.657
n6 1.005 0.962 0.710 0.728
n7 0.985 0.940 0.664 0.650
n8 0.991 0.941 0.644 0.638
n9 0.981 0.916 0.572 0.583

Table 6.1: Values of pnk obtained from the approximation (6.13) for αn = 1/
√
n at

different time instances t. We expect that the decrease of pnk in time and k is due to a
boundary layer being formed at the left-end of the pile-up of the dislocation walls.

The first column suggests that p = 1. This is what we would expect, because for
the initial conditions µnk(0) it is easy to calculate that p = 1. The second and the third
column show that p decreases both in time and in the number of dislocation walls, which
means that the rate of convergence decreases as well. We expect that this decrease is
due to the presence of a boundary layer close to the barrier (see Chapter 4). Indeed,
column 4 shows that, for the equilibrium profiles (obtained by minimizing En), the values
of pnk decrease at a similar rate as nk increases. This suggests that the decrease in p
over time is due to the formation of the boundary layer rather than µn(t) becoming a
worse approximation of the solution to the continuous gradient flow.

To test whether this decrease in the convergence rate is due to the boundary layer, we
consider αn = 1/n. In this parameter regime the boundary layer is expected to consist of
a constant number of dislocation walls. We perform the same numerical simulations as
above, but now with αn = 1/n. The results are shown in Table 6.2. The values of pnk
related to the equilibrium profile (fourth column) are all close to 1, independent of nk.
This suggests that there is no boundary layer consisting of a growing number of dislocation
walls. Indeed, we observe from the first three columns that pnk hardly decreases as time
elapses or nk increases. Furthermore, its value is close to 1, which is the highest possible
value for the convergence rate.

6.5 Explicit expression for the gradient flows
For practical applications of the main result stated in Theorem 6.3.1, it is desired to
describe the EVI (6.8) in terms of an explicit PDE for any expression for the energy
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t = 2−6 t = 2−2 t = 22 t =∞
n1 0.945 0.949 0.846 0.855
n2 1.046 1.038 0.924 0.929
n3 0.946 0.940 0.881 0.882
n4 1.048 1.027 0.946 0.955
n5 0.951 0.940 0.893 0.902
n6 1.018 1.001 0.953 0.950
n7 0.998 0.982 0.942 0.948
n8 1.004 0.994 0.962 0.957
n9 0.995 0.982 0.948 0.960

Table 6.2: Values of pnk obtained from the approximation (6.13) for αn = 1/n at different
time instances t. All these values being close to 1 shows that the rate of convergence is
close to 1/n.

E (see Tables 3.1 and 3.2). Next we formally show how to obtain these PDEs. For
convenience we restrict ourselves to the parameter regime γn → ∞. The arguments
below extend directly to the other parameter regimes.

In [AGS08, Ex. 11.2.7] explicit PDEs are given for the gradient flows corresponding to
energy functionals E : P2([0,∞))→ R of the form

E(µ) :=


ˆ

Φ(ρ) +
ˆ
Fρ+ 1

2

ˆ
ρ(V ∗ ρ) if dµ(x) = ρ(x)dx,

∞ otherwise,
(6.14)

in which Φ,F ,V should satisfy a list of assumptions; see [AGS08, Sec. 10.4.7] for the
details. These gradient flows are given by

∂

∂t
ρt =

(
(LΦ ◦ ρt)′ + ρtF ′ + ρt(V ′ ∗ ρt)

)′ in D′(R × (0,∞)), (6.15)

where LΦ(z) := zΦ′(z) − Φ(z), together with the conditions of mass conservation of
ρt, integrability of LΦ ◦ ρt ∈ L1

loc(R × (0,∞)), ρt having finite second moments, and
W2 (ρtL, µ0) → 0 as t ↘ 0. The unique solution to the gradient flow of E (i.e. the
solution to (6.8)) is equal to the unique solution to the PDE (6.15) with the conditions
stated below it (see [AGS08, Thm. 11.2.8]).

The expressions for E(p) as listed in Table 3.1 and Table 3.2 are almost of the type
(6.14). To see this, we take for any p

F(x) :=
{
∞ x < 0
x x ≥ 0

to account for the externally applied force and the condition that the dislocation walls
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cannot penetrate the barrier at x = 0. For p = 1, 2, we take Φ ≡ 0 and − log | · |
and cV (c ·) respectively for V. This choice for V does not fit into (6.14), because V is
assumed to be convex and differentiable, while our choices result in a singularity at x = 0.
For p = 3, 4, we take V ≡ 0 and respectively az2 and czVeff(c/z) for Φ(z). Both these
choices satisfy all requirements on V and Φ. Case p = 5 is too degenerate for (6.15) to
make sense; it is not clear how to define the related flux. For these reasons, we omit case
p = 5 below.

With these choices for Φ,F ,V we find for p = 1, . . . , 4 respectively the following
effective PDEs

∂

∂t
ρt =

(
ρt + ρt(− log | · | ∗ ρt)′

)′ if αn �
1
n
, (6.16)

∂

∂t
ρt =

(
ρt + ρt(cV (c ·) ∗ ρt)′

)′ if nαn → c, (6.17)
∂

∂t
ρt = (ρt + 2aρtρ′t)

′ if 1
n
� αn � 1, (6.18)

∂

∂t
ρt =

(
ρt + c3

ρ2
t

V ′′eff

( c
ρt

)
ρ′t

)′
if αn → c, (6.19)

with the initial condition satisfying W2 (ρtL, µ0) → 0. The boundary conditions are
obtained from the conditions ensuring the conservation of mass. This yields zero flux at
x = 0. The zero-flux boundary condition only make sense if ρt is regular enough. We
refer to [EHM15] for a rigorous approach for defining such boundary conditions in the
context of measure-valued evolutions.

6.6 Regularization of the barrier

The effect of the barrier at x0 = 0 is the main reason that the techniques in [FIM09]
do not apply. Moreover, it prevents us from proving L∞ bounds on the continuous wall
density, and it results into a zero-flux boundary condition at x0 = 0 which is ill-posed if
the density ρt is not regular enough.

In this section we introduce a discrete model which approximates the barrier at 0,
called the soft barrier, such that it enjoys the aforementioned properties. We have no
physical motivation for this approximation. Instead, we use it to show that Theorem
6.3.1 extends to a setting where the barrier(s) is (are) replaced by a confining potential
V m0 : R → R. We also prove evolutionary convergence (in the sense of Theorem 6.3.1)
from the discrete energy to the continuum energy of the soft barrier model, as well as
evolutionary convergence of the soft barrier energy to the ‘hard’ barrier energy as the
‘softness’ parameter converges.

To introduce the soft barrier, we first rewrite (6.2). We set γn = ∞ and assume
1/n . αn . 1 for convenience. Then, we put the interactions with the wall at x0 in the
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external forcing part

En(xn) := αn
n

n∑
k=1

n−k∑
j=1

V
(
nαn

(
xnj+k − xnj

))
+ 1
n

n∑
i=1

V n0
(
xni
)
, (6.20)

V n0 (r) := αnV
(
nαnr

)
+ r

n→∞−−−−→ χ{r≥0} + r =: V0(r), pointwise for r > 0,

where χ is the characteristic function.
The soft barrier model arises by approximating the external potential V n0 by some

n-independent potential V m0 satisfying

(i) V m0 ∈W 2,∞(R) for fixed m,

(ii) V0 ≤ V m0 ≤ V0 + C on [0,∞) for some m-independent constant C > 0,

(iii) V m0 decreasing on (−∞, 0),

(iv) V m0 (r)→ V0(r) pointwise for all r 6= 0,

(v) V m0 convex.

Although possible, we do not aim to weaken these assumptions, because we have no
physical motivation for the approximation of V0 by V m0 . Since the mapping

r 7→

{
r + e−mr, r ≥ 0,
1− (m− 1)r, r < 0,

satisfies (i)–(v), the class of possible potentials V m0 is not empty. For any V m0 satisfying
(i)–(v), we define the related discrete energy by

Emn (xn) := αn
n

n∑
k=1

n−k∑
j=1

V
(
nαn

(
xnj+k − xnj

))
+ 1
n

n∑
i=1

V m0
(
xni
)
,

in which we allow the positions of the particles to attain negative values.
Condition (i) is important for the following property to be useful in the limit n→∞:

Proposition 6.6.1 (Lower bound on the interdistance between walls [FIM09, Lem. 8.2]).
Let xn(t) be the solution to the gradient flow of Emn starting at xn0 such that the smallest
intermediate distance

dn(t) := nmin
{∣∣xni (t)− xnj (t)

∣∣ ∣∣ i 6= j
}

(6.21)

satisfies dn(0) ≥ c > 0. Then dn(t) ≥ c exp
(
− ‖(V m0 )′′‖∞t

)
.

With minor modifications of the proof of [GPPS13, Thm. 1] and the proof in Section
6.3.2, we obtain that the soft barrier model Mosco-converges:
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Proposition 6.6.2 (Mosco-convergence of Emn ). Boundedness of Emn (µn) implies that
(µn) is compact in the narrow topology. Moreover, Emn Mosco-converges to

Em(µ) := E(i)(µ) +
ˆ
R
V m0 dµ,

where E(i) is the interaction part of the continuous energy (see Table 3.1).

To show the connection between the soft barrier model and the ‘hard’ barrier model,
we prove Mosco-convergence between the related discrete and continuous energies:

Theorem 6.6.3 (Mosco-convergence of Em). Boundedness of Em(µm) implies that
(µm) is compact in the narrow topology. Moreover, Em Γ-converges to E with respect
to any topology stronger than or equal to the narrow topology.

Proof. The argument for showing compactness is straightforward. This is a consequence
of the fact that the forcing term results in a larger energy gain when mass diverges to
infinity than the energy loss in the interaction term. We refer to [GPPS13, Thm. 6] for
the details of this argument.

The liminf inequality. Let µm ⇀ µ with Em(µm) ≤ C. We claim that

lim sup
m→∞

µm((−∞, 0)) = 0. (6.22)

By (6.22) we conclude that µm|[0,∞) ⇀ µ. The liminf equality follows from lower-
semicontinuity of E(i) and condition (ii) on V m0 .

It remains to prove (6.22). We reason by contradiction. Suppose that there exists a
constant c > 0 and a subsequence satisfying µm((−∞, 0)) ≥ c for all m large enough.
Then at least one of the following statements is true:

(a) ∃ b, c1 > 0 ∀m : µm((−∞,−b]) ≥ c1, or

(b) ∃ c2 > 0, bm ↓ 0 ∀m : µm((−bm, 0)) ≥ c2.

If (a) holds, then we have by conditions (iii) and (iv) on V m0 that
ˆ
V m0 dµm ≥ c1V m0 (−b)→∞, as m→∞,

which contradicts Em(µm) ≤ C. If (b) is true, then we show that E(i)(µm) → ∞,
which contradicts Em(µm) ≤ C as well. We prove E(i)(µm)→∞ by separately treating
different expressions of E(i) in Table 3.1, indexed by p = 1, . . . , 5. If p = 5, then
E(i)(µm) =∞ for m large enough.

If p = 3, 4, it holds that

E(i)(µm) ≥ ĉ
ˆ
R
ρ2
m ≥ ĉ

ˆ 0

−bm
ρ2
m, (6.23)
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where ρm is the density of µm (we can assume µm to be absolutely continuous, because
E(i)(µm) = ∞ otherwise). Under the constraint c2 ≤

´ 0
−bm ρm it is easy to see that

the functional in the right-hand side of (6.23) is minimized by ρm ≡ c2/bm. Hence
E(i)(µm) ≥ ĉc22/bm →∞.

Last, if p = 1, 2, we recall from Table 3.1 that

E(i)(µm) = 1
2

ˆ ∞
0

ˆ ∞
0

ψp(x− y) dµm(y)dµm(x),

ψp(r) :=
{
− log |r|, p = 1,
c̃V (c̃r), p = 2.

As ψp is even, decreasing on (0,∞) and ψp(r)→∞ if |r| → 0, we estimate

E(i)(µm) ≥ 1
2

ˆ ∞
0

ˆ ∞
0

ψp(bm) dµm(y)dµm(x) = 1
2c

2
2ψp(bm)→∞.

The limsup inequality. As we can assume that E(µ) is finite, we take µ ∈ P([0,∞)).
We take the constant sequence µm = µ as candidate for the recovery sequence. From
E(i)(µ) <∞ we deduce that µ({0}) = 0. Together with conditions (ii) and (iv) it follows
that the hypotheses of the Dominated Convergence Theorem are satisfied. We conclude

lim
m→∞

ˆ ∞
0

V m0 dµ =
ˆ ∞

0
V0 dµ,

from which the limsup inequality follows directly.

To show Γ-convergence between Emn and En for fixed n, we need to remove the wall
at the barrier. This corresponds to replacing V n0 in (6.20) by V0. Proving Γ-convergence
can be done along the lines of the proof of Theorem 6.6.3. In fact, the proof is less
involved due the the finiteness of the underlying space. We omit to show the details.

Lemma 6.3.3 is powerful enough to apply to both the discrete-to-continuum limit in the
soft barrier model, and to the convergence of the soft barrier energy to the ‘hard’ barrier
energy. The required Mosco-convergence follows from Proposition 6.6.2 and Theorem
6.6.3, and the convexity follows from condition (v) on V m0 . We show the statement while
omitting further details of the proof.

Theorem 6.6.4 (Evolutionary convergence of the soft barrier models). The gradient flows
with respect to Emn converge to the gradient flow with respect to Em as n → ∞ in the
sense of Theorem 6.3.1. Furthermore, the gradient flows with respect to Em converge to
the gradient flow with respect to E as m→∞ in the same fashion.

We end this section with implications of Proposition 6.6.1 and Theorem 6.6.4 to the
solutions of the related gradient flows.
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Corollary 6.6.5 (Gronwall-type estimate for gradient flow of Em). If the initial condition
µ0 ∈ DomEm is absolutely continuous with density ρ0 ∈ L∞(R), then the solution of
the gradient flow of Em is absolutely continuous with density ρt satisfying

|ρt|∞ ≤ |ρ0|∞ exp
(
|(V m0 )′′|∞t

)
, for all t > 0. (6.24)

Proof. Let µ0 ∈ DomEm with density ρ0 ∈ L∞(R), and take µn0 (characterized by
a sequence of n-vectors (xn)) such that W2 (µn0 , µ0) → 0 and dn(0) ≥ 1/|ρ0|∞ (as
in (6.21)) for all n. In terms of ξn0 (i.e. the mapping defined in (3.19b) as the lin-
ear interpolation between the coordinates (i/n, xni )) and ξ0 (the pseudo-inverse of the
cumulative distribution function of µ0 (3.18)) we rewrite the condition on dn(0) as
inf(ξn0 )′ ≥ inf ξ′0 =: c0. Proposition 6.6.1 implies inf(ξnt )′ ≥ c0 exp

(
− |(V m0 )′′|∞t

)
> 0,

and from Theorem 6.6.4 and Theorem 3.3.11 we obtain (ξnt )′ ⇀ ξ′t in the narrow topol-
ogy. Hence, inf ξ′t ≥ c0 exp

(
− |(V m0 )′′|∞t

)
> 0, which implies that µt is absolutely

continuous such that its density satisfies the bound (6.24).

Similar to Section 6.5 we formally derive the following explicit expressions for the
Wasserstein gradient flows of Em on P(R), in which the interaction term depends on the
scaling regime of αn:

∂

∂t
ρt =

(
− ρt(log | · | ∗ ρt)′ + (V m0 )′ρt

)′ if αn �
1
n
,

∂

∂t
ρt =

(
ρtc(V (c ·) ∗ ρt)′ + (V m0 )′ρt

)′ if nαn → c,

∂

∂t
ρt =

(
2
( ˆ ∞

0
V
)
ρtρ
′
t + (V m0 )′ρt

)′
if 1
n
� αn � 1,

∂

∂t
ρt =

(
c3

ρ2
t

V ′′eff

( c
ρt

)
ρ′t + (V m0 )′ρt

)′
if αn → c.

We note that these evolution equations are in divergence form and posed on R.

6.7 Notes and comments
λ-convexity. Our results rely on the geodesic convexity of the energies. It may be possible
to relax this restriction to λ-convex energies (for λ < 0). Indeed, convexity is not always
guaranteed for the generalizations of the interaction potential V (Section 3.6). To allow
for λ-convex energies, we need to consider generalized geodesics [AGS08, Def. 9.2.2] to
satisfy [AGS08, Ass. 4.0.1] which is required for well-posedness of gradient flows [AGS08,
Thm. 4.0.4]. We have not pursued to see whether this works for proving evolutionary
convergence.

Different gradient flow types. Although our continuous gradient flows are stated for
the wall density ρt, in [FIM09] the dynamics is stated for the cumulative wall distribution
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Ft instead. In [BCDFP15] the connection is shown between such two descriptions for a
specific gradient flow, as well as for a third type of description in terms of ξt = F−1

t . One
may be able to prove more properties of the solution to the gradient flows (6.16)–(6.19)
by studying the other types.

Mirror dislocations. Instead of modelling the boundary condition at x0 as an impen-
etrable barrier, the model of ‘mirror’ dislocations can also be used [Hea53]. This model
replaces the barrier by artificial dislocations which are inserted on the opposite side of
the barrier. The model is equivalent to 2n interacting walls under the influence of the
external potential given by V0(r) = |r| with ‘symmetric’ initial conditions. The methods
in Section 6.3 apply for showing evolutionary convergence.

A downside of this model with respect to the soft barrier model is that Proposition
6.6.1 does not guarantee any bound on the interdistance between the walls. This is
due to the discontinuity in V ′0 at r = 0. By regularizing V0 the arguments for showing
evolutionary convergence in Section 6.6 apply with minor modifications.



Chapter 7

Dynamics of screw dislocations

The starting point is the model in [CG99] describing the dynamics of screw dislocations.
While this model takes a finite set of glide directions into account, it still allows for screw
dislocations to move along other directions. We wish to understand how this model is
connected to a time-discrete evolution scheme which confines dislocations to move each
time step along a single glide direction. We prove that the time-continuous model in
[CG99] is the limit of these time-discrete minimizing-movement schemes when the time
step converges to 0. Our analysis is a first step towards a generalization of the setting
in [AGS08, Chap. 2 and 3] that allows for dissipations which cannot be described by a
metric.

We introduce the setting and our result in Section 7.1. We provide an intuitive example
in Section 7.2 to illustrate the dynamics of screw dislocations. In Section 7.3 we define
the precise setting for Theorem 7.4.1 (our main result). Theorem 7.4.1 is stated and
proven in Section 7.4.

7.1 Introduction

We recall from Section 2.3 that the linear drag law states that screw dislocations move
with a speed linearly proportional to the net force along their glide direction. The glide
directions are determined by those directions along which the atoms in the material are
most densely packed. For instance, for a cubic atomic lattice, there are four glide directions
given by {±e1,±e2} ⊂ S1 (ei being the standard basis vectors in R2), and for a body-
centred cubic or face-centred cubic lattice, there are six glide directions which span the
triangular grid of equilateral triangles. In this chapter we consider a more general setting

The contents of this chapter is intended to be submitted for publication with G. A. Bonaschi (Eind-
hoven) and M. Morandotti (Trieste).
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in which the set of N ∈ 2N glide directions is given by

G := {g1, . . . ,gN} ⊂ S1, (7.1)

which satisfies the basic properties

g ∈ G ⇒ −g ∈ G, and spanG = R2. (7.2)

Since the set of glide directions G has at least two glide directions which are not parallel,
we have to add an additional criterion to the linear drag law which states which glide
direction is chosen. Following the maximal-dissipation criterion proposed by [CG99], the
screw dislocations are modelled to move along the glide direction which minimizes the
angle with the force acting on the dislocation. In Example 7.2.1 we illustrate what this
criterion implies for the dislocation trajectories in time. In particular, we observe that
screw dislocations do not necessarily move along one of the prescribed glide directions gi.
The simulations in [BFLM15, Sec. 4] confirm this observation. The motion of dislocations
along a direction different than any of the glide directions is called fine cross-slip. Fine
cross-slip is known as ‘sliding motion’ in the theory of discontinuous differential equations
(see e.g. [dBBCK08]). This leads us to the main question in this chapter:

How does the evolution model in [CG99] connect to a different model which confines
dislocations to move along glide directions only?

Before defining the evolution model which confines dislocations to move along glide
directions only, we introduce the time-continuous model in [CG99] in more detail. Based
on [CG99, (1.10)], in [BFLM15] the following differential inclusion is posed to model the
time-continuous dynamics of screw dislocations:

dzi
dt

(t) ∈ Fi(Z(t)), for all t ≥ 0, i = 1, . . . , n, (7.3)

where Z = (z1, . . . , zn)T ∈ Ωn denotes the positions of n screw dislocations (which can
be positive (bi = 1) or negative (bi = −1)) in a prescribed Lipschitz domain Ω ⊂ R2.
Fi(Z) is a multi-valued function which projects the force fi(Z) on the ith dislocation
onto the nearest glide direction. More precisely, we define the (nonlinear) multi-valued
projection operator PG : R2 → R2 by

PGξ :=
{

(g · ξ)g
∣∣∣g ∈ arg max

g̃∈G
g̃ · ξ

}
.
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Then, Fi(Z) = coPGfi(Z), where co is the convex hull. The force fi(Z) = −∇ziE(Z) is
defined in [BM14, (3.2)], in which E takes the form

E(Z) := ϕ(Z) +
n∑
i=1

n∑
j=1
j 6=i

−bibj log |zi − zj |, (7.4)

where ϕ ∈ C∞(Ωn) (see [BM14, Lem. 5.1]) is bounded from above and satisfies ϕ(Z)→
−∞ as dist(zi, ∂Ω) → 0 for some i ∈ N. The logarithmic interaction potential cor-
responds to the Peach-Köhler force induced by screw dislocations, and ϕ accounts for
the finite domain Ω being bounded with traction-free boundaries. For our purposes it is
enough to have E ∈ C1(Ωn \ S), where the set S of singular points is given by

Z ∈ S := ∂Ωn ∪
{
Z ∈ Ωn

∣∣ ∃ i 6= j : zi = zj
}
. (7.5)

In [BFLM15], local-in-time existence and uniqueness of solutions to (7.3) is proven
for suitable initial conditions. Here, a solution to (7.3) is defined to be an absolutely
continuous curve which satisfies (7.3) for a.e. t > 0. The proof of well-posedness in
[BFLM15] relies on the theory for differential inclusions developed by Filippov [Fil88].

Next we discuss the result in [ADLGP15] in the context of our main question above.
In [ADLGP15] a fully atomistic model is considered to describe the energy for a given
configuration Z as a function of the atom spacing ε. The dynamics are defined by
imposing a dissipation potential which is the square of a norm which is minimal in the
glide directions. The main results concern the derivation of the effective energy in the
limit ε→ 0 (which is also done in [ADLGP14]), and the passage to the limit in the related
minimizing-movement scheme as the time step converges to 0. When the dissipation is
chosen to be the square of the crystalline norm given by

‖x‖ := inf
{
α+ β

∣∣ there exist α, β ≥ 0 and g, g̃ ∈ G such that x = αg + βg̃
}
, (7.6)

then the evolution (7.3) is obtained as a generalized gradient flow (see e.g. [Mie14] or
Definition 7.3.1). While this result connects rigorously a detailed atomic description of the
dynamics of screw dislocations to the time-continuous evolution (7.3), it does not answer
our question above. Indeed, the dissipation in the atomic model is assumed to be derived
from a norm, by which dislocations are not confined to move along glide directions.

To confine screw dislocations to move along glide directions only, we impose a discrete-
in-time evolution model as a minimizing-movement scheme. The special feature of this
scheme is that the related distance is replaced by a ‘quasi-distance’ D given by

d : R2 × R2 → [0,∞], d(x,y) :=
{
|x− y|, if x− y ∈ RG,
∞, otherwise,

(7.7)
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D : (R2)n × (R2)n → [0,∞], D2(X,Y) :=
n∑
i=1

d2(xi,yi). (7.8)

Since d is only finite along glide directions, d and D violate the triangle inequality.
The minimizing-movement scheme does not make sense for the energy E defined in

(7.4), because E is not bounded from below on the set S of singular points (7.5). For this
reason, we define a regularization of E as follows: for any ε > 0, we take Eε ∈ C∞((R2)n)
bounded from below, such that Eε = E on the closed set

Ωε :=
{
Z ∈ Ωn

∣∣ dist(Z, S) ≥ ε
}
.

To define the minimizing-movement scheme, we take τ > 0 as the time step, T > 0 as
the end time, and Z0 ∈ Ωn as the initial condition. A discrete-in-time solution Zkτ ∈ Ωn

at the time points tk = kτ is defined by
Zk+1
τ ∈ arg min

X∈(R2)n
Φ
(
Zkτ ,X, τ

)
, k = 0, . . . , dT/τe − 1,

Z0
τ = Z0,

(7.9)

in which the functional Φ is given by

Φ
(
X,Y, τ

)
:= D2(X,Y)

2τ + Eε(Y).

By the definition of D, dislocations are confined to move along one glide direction only
for each time step.

Our main result is Theorem 7.4.1. It provides an answer to our main question by
stating in what sense discrete-in-time solutions to the minimizing-movement scheme (7.9)
converge to a solution of

dzi
dt

(t) ∈ coPG
(
−∇ziEε(Z(t))

)
, for all t ∈ (0, T ], i = 1, . . . , n,

zi(0) = z0
i ,

(7.10)

as the time step τ → 0. By the definition of the regularization Eε, a solution of (7.10)
satisfies (7.3) on the time interval [0, Tε], where Tε is the time at which Z(t) leaves the
set Ωε, and ε > 0 can be chosen arbitrarily. We note that Tε is non-increasing as a
function of ε.

As a corollary of Theorem 7.4.1, we obtain existence of solutions to (7.3) up to the first
time at which either two dislocations annihilate, or when a dislocation leaves the domain
Ω. This generalizes the local-in-time well-posedness result of [BFLM15]. Theorem 7.4.1
also reveals how (7.3) can be written as a generalized gradient flow (see Section 7.3.2).
This gradient flow structure is also obtained in [ADLGP15, (3.11)].
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Theorem 7.4.1 relies on our model of the maximal-dissipation criterion in terms of the
minimizing-movement scheme (7.9). While the choice for the energy and dissipation are
straightforward, we wish to address a causality issue in our model. At some time step
tk = kτ it may happen that the ith dislocation moves along a different glide direction
than the one(s) which minimize(s) g · ∇ziEε(Zkτ ). This means that our model allows for
dislocation movement along glide directions which do not maximize the dissipation at the
time point tk. From this point of view, it seems reasonable to consider, alternatively to
(7.9), a minimizing-movement scheme which restricts dislocation movement along glide
directions g which maximize g · ∇ziE(Zkτ ). We comment on this in Section 7.5.

Theorem 7.4.1 is proved for all energies E ∈ C1((R2)n)∩W 1,∞((R2)n). To the best
of our knowledge, Theorem 7.4.1 provides the first extension of the theory in [AGS08,
Chap. 2 and 3] to dissipations which are not related to a distance. We wish to comment
on further possible generalizations:

• It seems possible to extend Theorem 7.4.1 to higher dimensions for the particle
positions. The set of glide directions (or, more generally, glide planes of any codi-
mension) becomes more involved, but no serious difficulties are expected. This
extension of Theorem 7.4.1 is work in progress.

• Our proof of Theorem 7.4.1 heavily relies on the regularity of the energy E. In view
of the discontinuities in the projection operator PG , it seems reasonable to require
the force field −∇E to be continuous for (7.3) to be well-posed. Hence, we do not
aim to weaken the conditions on E.

7.2 Illustration of screw dislocation motion
Example 7.2.1 illustrates the evolution defined by (7.3). More involved examples concern-
ing interacting dislocations are given in [BFLM15].

Example 7.2.1. This example is based on [CG99, Figure 1]. We consider a single screw
dislocation in a medium Ω with glide directions given by G = {±e1,±e2} with ei the
standard unit vectors. We impose a continuous force field F : R2 → (0,∞)2. We choose
F such that the set {x ∈ R2 |F (x)//(e1 +e2)} equals the boundary of a bounded domain
F , in which F ·e2 > F ·e1, and outside of which F ·e1 > F ·e2. By (7.3), the dislocation
will move along e2 if it is inside F , and along e1 if it is outside R2. We show trajectories
of the dislocation for several initial conditions in Figure 7.1. We limit our attention here
to the direction of the movement and not its speed.

The interesting part of the dynamics is the behaviour of the dislocation at ∂F . On
∂F the right-hand side of (7.3) is multi-valued. ∂F is called the ambiguity set. We
distinguish the following three types of ambiguity sets: sources (dotted line), cross-slip
(thin line), and fine cross-slip (thick line).
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A

B
e2

e1

Figure 7.1: Typical setting of Example 7.2.1, along with a few trajectories of the screw
dislocation. The closed curve depicts the points x at which F (x) // (e1 + e2).

If the screw dislocation is at a cross-slip set (say at the left-lower part of Figure 7.1)
at t = t1, then it can move in any direction θe1 + (1 − θ)e2 for θ ∈ [0, 1]. Whichever
direction is chosen, at t = t1 + ∆t the dislocation is inside F for any ∆t > 0 small
enough, and hence it will move in direction e2 as soon as it enters F .

Following a similar reasoning at an fine cross-slip set (say at the left-upper corner of
Figure 7.1), we conclude that a dislocation tends to move along an fine cross-slip set. If it
hits the end point A, it is at a cross-slip set again, and hence it will move along direction
e1.

Following a similar reasoning at a source set, we conclude that there the initial-value
problem may not have a unique solution. The word ‘source’ should be understood here
in the sense that time paths will never cross it.

7.3 Preliminaries
After introducing our notation in Section 7.3.1, we define precisely the minimizing-
movement scheme and describe (7.3) in a variational framework in Section 7.3.2. Section
7.3.3 presents a priori estimates which are required for the proof of Theorem 7.4.1.

7.3.1 Notation
Here we list symbols and abbreviations that we use throughout this chapter:

|x| Euclidean norm
‖ · ‖ crystalline norm in R2 with respect to G (7.6)
‖ · ‖∗ dual norm of ‖ · ‖ (7.13)
x // y x is parallel to y, i.e. x/|x| = y/|y|
co convex hull
d̂ metric induced by ‖ · ‖ (7.20)
d ‘quasi-distance’, which is only finite along g ∈ G (7.8)
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D̂ extension of the norm d̂ to (R2)n (7.20)
D extension of the ‘quasi-distance’ d to (R2)n (7.8)
E energy functional on (R2)n

EDI energy-dissipation inequality (7.23)
Φ functional to be minimized in the D-MMS (7.15)
g glide direction in S1

G set of all glide directions (7.2)
Λg cone around g (7.11)
MMS minimizing-movement scheme (7.14)
τ size of the time step; τ > 0
Z particle positions; Z = (z1, . . . , zn)T ∈ (R2)n

Zkτ solution to the D-MMS at the kth time step (7.14)
Zτ step function related to (Zkτ )k; Zτ : [0, T ]→ (R2)n (7.16)
ZΓ
τ De Giorgi interpolant; ZΓ

τ : [0, T ]→ (R2)n (7.18)

In the remainder of this section we show several basic properties of the set of glide
directions G defined in (7.1) satisfying the basic properties (7.2). Figure 7.2 illustrates an
example. As a consequence of (7.2), the number of glide directions N ≥ 4 is even. As
S1 has a cyclic ordering, we assume g1, . . . ,gN to be ordered counter-clockwise, and we
set for convenience g0 := gN and gN+1 := g1. Then, we define the bisectors

g′i := gi + gi+1

|gi + gi+1|
∈ S1, i = 1, . . . , N.

S1

g4 g1

g5

g2

g3

g6
g′4

‖ · ‖ = 1

Λg1

Figure 7.2: Example of a set glide directions G satisfying (7.2). The figure also depicts
several related objects such as: the bisector g′4, the cone Λg1 , and the unit sphere of the
crystalline norm ‖ · ‖.

We define Λgi as the cone spanned by the bisectors g′i−1,g′i surrounding gi, i.e.

Λgi :=
{
αg′i−1 + βg′i

∣∣α, β > 0
}
⊂ R2. (7.11)
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As a consequence,

Λg =
{
x ∈ R2 ∣∣g is the unique maximizer of g̃ · x for all g̃ ∈ G

}
. (7.12)

The set G induces the crystalline norm ‖ · ‖ given by (7.6). The unit ball of ‖ · ‖ is
given by coG. The dual norm reads

‖x‖∗ := max
g∈G

g · x. (7.13)

7.3.2 MMS and EDI

In this section we define the minimizing-movement scheme (MMS) and the energy-
dissipation inequality (EDI) in our setting. More details about the general framework
can be found in e.g. [AGS08, Mie14].

We consider (R2)n as the state space equipped with the ‘quasi-distance’ D defined
in (7.8), and some E ∈ C1((R2)n) ∩W 1,∞((R2)n) as the energy functional. We note
that this class of energy functionals includes the energy Eε introduced in Section 7.1 as
a regularization of the energy E (7.4) which describes the system of screw dislocations.
For a time step τ > 0, an initial condition Z0 ∈ (R2)n, and a set G of N glide directions
satisfying (7.2), we consider the D-MMS given by

Zk+1
τ ∈ arg min

X∈(R2)n
Φ
(
Zkτ ,X, τ

)
, k = 0, . . . , dT/τe − 1,

Z0
τ = Z0,

(7.14)

in which the functional Φ is given by

Φ : (R2)n × (R2)n × (0,∞)→ (−∞,∞], Φ
(
X,Y, τ

)
:= D2(X,Y)

2τ + E(Y).

(7.15)

The only difference with (7.9) is that we use the more general energy functional E.
Existence of a solution (Zkτ )k to (7.14) is guaranteed by E being bounded from below
and lower-semicontinuous. Uniqueness does not hold in general.

For any solution (Zkτ )k to (7.14) we define two interpolation curves as mappings from
[0, T ] to (R2)n. The first one is the piecewise constant interpolant

Zτ (t) := Zkτ for t ∈
(
(k − 1)τ, kτ

]
. (7.16)

The second one is a De Giorgi interpolant ZΓ
τ (t), which is defined as follows. For any

t ∈ [0, T ], let

kτ := dt/τe − 1, and note that t ∈ (τkτ , τ(kτ + 1)]. (7.17)
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Let δ := t− τkτ ∈ (0, τ ], and finally

ZΓ
τ (t) ∈ arg min

X∈(R2)n
Φ(Zkττ ,X, δ). (7.18)

As δ ≤ τ , the following basic property (see the proof of [AGS08, Lem. 3.1.2]) holds

D
(
Zkττ ,ZΓ

τ (t)
)
≤ D

(
Zkττ ,Zτ (t)

)
= D

(
Zkττ ,Zkτ+1

τ

)
. (7.19)

The main challenge in passing to the limit τ → 0 in (7.16) is that D is not a metric.
If it would be a metric, the techniques in [AGS08, Chap. 2 and 3] would apply directly.
For this reason, it is useful to consider the largest metric d̂ which is smaller than d. It
is easy to see that d̂ is induced by the crystalline norm ‖ · ‖ on R2 defined in (7.6). We
further set

d̂(x,y) := ‖x− y‖, D̂2(X,Y) :=
n∑
i=1

d̂2(xi,yi). (7.20)

We define the D̂-MMS, Φ̂, and Ẑkτ analogously to (7.14) and (7.15) by replacing D with
D̂.

Next we introduce the energy-dissipation inequality (EDI). To this aim, we first show
that (7.3) can be written as a (generalized) gradient flow (cf. [Mie14]).

Definition 7.3.1 (Generalized gradient flow). A triple (X , E ,R) is called a generalized
gradient flow if

• the state space X is a smooth manifold;

• the energy functional E : X → (−∞,∞] is smooth enough for the subdifferential
D E(x) ∈ T ∗xX to be well-defined for all x ∈ Dom E ;

• the dissipation potential R : TX → [0,∞] is convex, lower semicontinuous, and
satisfies R(x, 0) = 0 for all x ∈ Dom E .

The related evolution is given by

ẋ ∈ DξR∗
(
x,−D E(x)

)
, in X for a.e. t ∈ (0, T ), (7.21)

where R∗(x, ·) is the Legendre transform of R(x, ·), and Dξ denotes the subdifferential
with respect to the second argument of R∗.

We consider the generalized gradient flow given by the triple ((R2)n, E,Ψ), where Ψ
is defined by its Legendre transform

ψ∗ : R2 → [0,∞), ψ∗(ξ) := 1
2‖ξ‖

2
∗,

Ψ∗ : (R2)n → [0,∞), Ψ∗(ξ) :=
n∑
i=1

ψ∗(ξi).
(7.22)
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With this choice, we obtain (7.3) as the evolution (7.21) of the triple ((R2)n, E,Ψ). This
is easy to see after computing

D Ψ∗(ξ) = Dψ∗(ξ1)× . . .×Dψ∗(ξn) ⊂ (R2)n,

Dψ∗(ξ) =


0, if ξ = 0,{

(g · ξ)g
}
, if g ∈ G the unique maximizer of g · ξ,

co
{

(g′ · ξ)g′, (g′′ · ξ)g′′
}
, if

{
g′,g′′

}
= arg max

g∈G
g · ξ.

By the basic properties of the Legendre transform, we obtain

ψ(ẋ) = 1
2‖ẋ‖

2, Ψ(Ẋ) =
n∑
i=1

ψ(ẋi).

We remark that by the Euclidean structure of (R2)n, we can identify the tangent space
and its dual at any X ∈ (R2)n with (R2)n. On the other hand, we do distinct in our
notation between particle positions X, velocities Ẋ, and forces ξ, because these objects
have a different interpretation. Likewise, we use the metric D̂ to measure the distance
between two particle configurations, ‖ · ‖ to measure velocities, and ‖ · ‖∗ to measure
forces.

The evolution can be written equivalently as a force balance or as a power balance.
An overview of these descriptions is given in [Mie14]. By using that E ∈ C1((R2)n),
[Mie14, Thm. 3.2] provides a fourth equivalent description of (7.21), called the EDI. For
((R2)n, E,Ψ), the EDI reads

E(Z(T ))− E(Z(0)) +
ˆ T

0
Ψ
(
Ż(t)

)
+ Ψ∗

(
−∇E(Z(t))

)
dt ≤ 0. (7.23)

To define a solution concept for curves Z satisfying (7.23), we define the space of
absolutely continuous curves [AGS08, Def. 1.1.1]. For p ∈ [1,∞], we say that X ∈
ACp(0, T ; (R2)n) if there exists an f ∈ Lp(0, T ) such that

∣∣X(s)−X(t)
∣∣
2 ≤
ˆ t

s

f(r) dr, for all 0 < s ≤ t < T. (7.24)

By [AGS08, Rem. 1.1.3], we have for X ∈ ACp(0, T ; (R2)n) that its derivative is defined
almost everywhere.

Definition 7.3.2 (Solution to EDI). A curve Z : (0, T )→ (R2)n is a solution to the EDI
if Z ∈ AC2(0, T ; (R2)n) satisfies (7.23).

The EDI can also be written in terms of the right metric derivative of Z(t) and
metric slope of E(Z(t)) (for the precise definition and basic properties, see e.g. [AGS08,
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Chap. 1]). For our purposes it suffices to define them, with respect to the metric D̂,
respectively as

|Z′|D̂(t) := lim
s↓t

D̂
(
Z(s),Z(t)

)
s− t

, and |∂E|D̂(Z) := lim sup
X→Z

E(Z)− E(X)
D̂(X,Z)

. (7.25)

The right metric derivative and the metric slope with respect to the ‘quasi-distance’ D
are defined analogously.

Lemma 7.3.3 and Lemma 7.3.4 contain the standard relation between Ψ–Ψ∗ and the
metric derivatives and slopes. Together they imply that the EDI (7.23) is equivalent to

E(Z(T ))− E(Z(0)) + 1
2

ˆ T

0
|Z′|2

D̂
(t) + |∂E|2

D̂
(Z(t)) dt ≤ 0. (7.26)

In addition, Lemma 7.3.4 guarantees equality of the slopes with respect to both D and
D̂.

Lemma 7.3.3 (Relation between metric derivative and Ψ).
For any Z ∈ AC2(0, T ; (R2)n

)
, it holds

1
2 |Z

′|2
D̂

(t) = Ψ
(
Ż(t)

)
, for a.e. t ∈ (0, T ).

Proof. Since d̂ is induced by the norm ‖ · ‖, it holds for a.e. t ∈ (0, T ) that

|Z′|2
D̂

(t) = lim
s↓t

n∑
i=1

∥∥zi(s)− zi(t)
∥∥2

(s− t)2 =
n∑
i=1

∥∥żi(t)∥∥2 = 2Ψ
(
Ż(t)

)
.

Lemma 7.3.4 (Equality of slopes). For E ∈ C1((R2)n), it holds

1
2 |∂E|

2
D = 1

2 |∂E|
2
D̂

= Ψ∗(∇E).

Proof. The second equality is given by [AGS08, Cor. 1.4.5]. For the first equality, we have
|∂E|D ≤ |∂E|D̂ by the definition of D and D̂. For the opposite inequality, we observe

|∂E|D(X) = lim sup
Y→X

∇E(X) · (X−Y) + o
(
|X−Y|2

)
D(X,Y) . (7.27)

Next we are going to construct a particular sequence Yε → X as ε→ 0. Let

ḡi ∈ arg max
g∈G

[g · ∇iE(X)] , yεi := xi + ε [ḡi · ∇iE(X)] ḡi i = 1, . . . , n,
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where ∇iE(X) := ∇xiE(X) ∈ R2. We note that, by definition of ‖ · ‖∗,

ḡi · ∇iE(X) = ‖∇iE(X)‖∗ =: ui.

Using the explicit sequence (Yε) in (7.27), we obtain that

|∂E|D(X) ≥ lim sup
ε→0

∑n
i=1
[
εuiḡi · ∇iE(X) + o(εui)

]
ε
(∑n

i=1 u
2
i

)1/2
= lim sup

ε→0

ε|u|22 + o
(
ε|u|2

)
ε|u|2

= |u|2 =
√

2Ψ∗(∇E(X)).

7.3.3 Basic estimates

Lemma 7.3.5 (Estimate on single time step MMS). Let E ∈ C1((R2)n)∩W 1,∞((R2)n).
There exists C > 0 such that for any τ > 0, X ∈ (R2)n, we have

D(X,Y) ≤ Cτ, and D̂(X, Ŷ) ≤ Cτ, (7.28)

where Y, Ŷ ∈ (R2)n are a minimizers of respectively Φ(X, ·, τ) and Φ̂(X, ·, τ).

Proof.

E (X) ≥ inf
Z∈(R2)n

[
D2 (X,Z)

2τ + E(Z)
]

= D2 (X,Y)
2τ + E (Y) .

Hence, by Lipschitz continuity of E, we obtain (7.28) from

D2 (X,Y)
2τ ≤ E (X)− E (Y) ≤ CD (X,Y) .

Since the proof for D̂ is analogous, we omit it.

Lemma 7.3.6 (Bound on directional slope). Let E ∈ C1((R2)n) bounded from below,
X ∈ (R2)n, τ > 0, and Y ∈ arg min Φ(X, ·, τ). Then

D(X,Y)
τ

≥ sup
{

lim
Yε→Y

E(Y)− E(Yε)
D(Y,Yε)

∣∣∣∣ (yεi − xi) // (yi − xi) for all i = 1, . . . , n
}
.

Remark 7.3.7. Lemma 7.3.6 follows directly from the proof of [AGS08, Lem. 3.1.3]. We
interpret the right-hand side of the inequality in Lemma 7.3.6 as a ‘directional slope’. It
is clear from the definition of the slope (7.25) that the directional slope is smaller than
or equal to the ‘standard’ slope |∂E|D(Y).
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In fact, [AGS08, Lem. 3.1.3] states that if D were a metric (i.e. satisfies the triangle
inequality), then a stronger inequality than the one in Lemma 7.3.6 would hold, in which
the right-hand side is replaced by |∂E|D(Y). Such a stronger inequality is required in
[AGS08] to prove convergence of the MMS to the EDI.

Since D is not a metric, we cannot apply this stronger inequality. It is not hard to
construct an example in which |∂E|D(Y) is indeed larger than the ‘directional’ slope. The
bulk of our proof of the main result (Theorem 7.4.1) concerns an alternative argument to
[AGS08, Lem. 3.1.3].

7.4 Main Theorem and its proof

The main result is the following:

Theorem 7.4.1 (Convergence of the D-MMS to the EDI). Let T > 0 be an end time,
Z0 ∈ (R2)n an initial condition, and E ∈ C1((R2)n) be an energy such that E and ∇E
are bounded and uniformly continuous. For any time step τ > 0, let (Zkτ )dT/τek=1 be a
solution to the D-MMS (7.14) and Zτ : [0, T ]→ (R2)n the corresponding step function
(7.16). Then, along a subsequence of τ → 0, the curves Zτ (t) converge pointwise for all
t ∈ [0, T ] to a curve Ẑ ∈ AC2(0, T ; (R2)n

)
which satisfies the EDI (7.26).

Proof. We split the proof in four steps. In Step 1 we use a refined version of Ascoli-
Arzelà to identify a limiting curve Z̃ ∈ AC2(0, T ; (R2)n) for a subsequence of Zτ as
τ → 0. Step 2 is a consequence of Step 1, in which we precisely state in what sense
the interpolants Zτ and ZΓ

τ (7.18) converge. Step 3 is the main novelty of this chapter,
in which we provide an alternative argument to [AGS08, Lem. 3.1.3] which allows us in
Step 4 to pass to the limit in the MMS as τ → 0 to obtain that Z̃ satisfies the EDI.

Step 1: Compactness of the step functions Zτ .
We prove that Zτ converges point-wise in time along a subsequence to some

Z̃ ∈ AC2(0, T ; (R2)n
)
.

[AGS08, Prop. 3.3.1] guarantees the existence of Z̃ ∈ C
(
[0, T ]; (R2)n

)
provided that there

exists a symmetric function ω ∈ [0, T ]2 → [0,∞) satisfying

lim sup
τ→0

D̂
(
Zτ (s),Zτ (t)

)
≤ ω(s, t) |s−t|→0−−−−−→ 0. (7.29)

We prove (7.29) by estimating D̂
(
Zτ (s),Zτ (t)

)
for arbitrary s, t ∈ [0, T ], where s ≤ t

without loss of generality. Let K = ds/τe and L = dt/τe, and note that s ∈ ((K −
1)τ,Kτ ], t ∈ ((L− 1)τ, Lτ ]. Then by the definition of Zτ (7.16), we have Zτ (s) = ZKτ
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and Zτ (t) = ZLτ , and we estimate

D̂
(
Zτ (s),Zτ (t)

)
= D̂

(
ZKτ ,ZLτ

)
≤

L−1∑
k=K

D̂
(
Zkτ ,Zk+1

τ

)
.

We continue the estimate by using Lemma 7.3.5 to obtain

D̂
(
Zτ (s),Zτ (t)

)
≤

L−1∑
k=K

Cτ = C(L−K)τ ≤ Cτ
(
dt/τe − ds/τe

)
≤ Cτ

(
t

τ
− s

τ
+ 1
)

= C(t− s) + Cτ, (7.30)

from which we conclude that (7.29) is satisfied for ω(s, t) = C|t − s|. In the sequel,
we proceed with the subsequence provided by [AGS08, Prop. 3.3.1] without changing
notation.

We prove that Z̃ is absolutely continuous by showing that (7.24) holds for some
constant function f . From Zτ (t)→ Z̃(t) for a.e. t ∈ (0, T ) and (7.30), we deduce that

D̂
(
Z̃(s), Z̃(t)

)
= lim
τ→0

D̂
(
Zτ (s),Zτ (t)

)
≤
ˆ t

s

C, for a.e. 0 < s < t < T. (7.31)

Since Z̃ is continuous, we conclude that (7.31) holds for all 0 ≤ s ≤ t ≤ T .

Step 2: Convergence of the interpolants Zτ and ZΓ
τ (7.18).

We fix t ∈ [0, T ], and let kτ = dt/τe − 1 as in (7.17). The compactness result in Step 1
implies directly that D̂(Zτkτ+1, Z̃(t)) → 0 pointwise in t as τ → 0. Then from Lemma
7.3.5 and (7.19) we also have

D̂
(
Zkττ , Z̃(t)

)
+ D̂

(
ZΓ
τ (t), Z̃(t)

) τ→0−−−→ 0.

As a result of this and ∇E being continuous, we have that ∇E evaluated at Zkττ , Zkτ+1
τ

and ZΓ
τ (t) converge to ∇E(Z̃(t)) as τ → 0.

Step 3: Convergence of the directional derivative to the slope.
We fix t ∈ [0, T ] arbitrary and set kτ as in (7.17). Let

GΓ =
{
gΓ

1 , . . . ,gΓ
n

}
∈ Gn such that gΓ

i //
[
ZΓ
τ (t)−Zkττ

]
i
for all i = 1, . . . , n. (7.32)

We prove in this step that
n∑
i=1

[
gΓ
i · ∇iE(ZΓ

τ (t))
]2 τ→0−−−→ |∂E|2

D̂
(Z̃(t)). (7.33)

From the proof of Lemma 7.3.4 and the definition of Ψ∗ (7.22), it follows that (7.33) is
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implied by the claim[
gΓ
i · ∇iE(ZΓ

τ (t))
]2 τ→0−−−→ max

g∈G

[
g · ∇iE(Z̃(t))

]2
, for all i = 1, . . . , n. (7.34)

For proving (7.34), we set ai := ∇iE(Z̃(t)) and gi as a minimizer of −g · ai. If ai = 0,
then (7.34) follows directly from Step 2.

The main part of the proof of (7.34) for ai 6= 0 is to characterize GΓ. We recall from
(7.18) that

ZΓ
τ (t) ∈ arg min

X∈(R2)n

[
1
2δD

2(Zkττ ,X) + E(X)
]
, (7.35)

where δ := t−τkτ ∈ (0, τ ]. Since D is finite only on RG, we can restrict the minimization
over X = (x1, . . . ,xn)T to xi = zkτi,τ + αigi with αi ≥ 0 and gi ∈ G. Thanks to Lemma
7.3.5 we can assume that αi ≤ Cδ. At the same time, we expand E(X) in a Taylor-series
around Zkττ . By these arguments, we rewrite the minimization problem in 7.35 as

min
gi∈G

min
αi≥0

n∑
i=1

[
1
2δα

2
i + E(Zkττ ) + αigi · ∇iE(Zkττ ) + o(δ)

]
. (7.36)

We recall from (7.35) that gΓ
i is a minimizer of this minimization problem. We characterize

this minimizer by solving (7.36) first under the assumption that o(δ) = 0. Minimizing
(7.36) over αi ≥ 0 yields

−δ2

n∑
i=1

(
min
gi∈G

gi · ∇iE(Zkττ )
)2

+ E(Zkττ ).

We treat the minimization within parentheses for each i = 1, . . . , n separately. For conve-
nience we drop the index i in our notation whenever possible. We split the characterization
of the minimizer in two cases: (i) −g · a has a unique minimizer g, and (ii) −g · a has
exactly two minimizer g1 and g2.

In case (i), it holds that a = ∇iE(Z̃(t)) is an element of the cone Λg (7.11).
Hence, there exists an r > 0 such that B(a, r) ⊂⊂ Λg. Then, by Step 2, it holds
that ∇iE(Zkττ ) ∈ B(a, r) for all τ small enough. Hence, g is also the unique minimizer
of g · ∇iE(Zkττ ), and, furthermore, there exist a c > 0 independent of τ such that(

min
g∈G\{g}

(g− g) · ∇iE(Zkττ )
)
≥ c > 0.

Hence, the minimizer of g ·∇iE(Zkττ ) is stable under perturbations of the form o(1), and
thus gi minimizes the term in square brackets in (7.36). Hence, gΓ

i = gi, from which we
conclude that (7.34) holds in case (i).

In case (ii), it holds that a is an element of the cone Λ spanned by g1 and g2. An
analogous argument as used in case (i) implies that g · ∇iE(Zkττ ) is minimized by g1 or
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g2, and, furthermore, there exist a c > 0 independent of τ such that(
min

g∈G\{g1,g2}
(g− gj) · ∇iE(Zkττ )

)
≥ c > 0, for j = 1, 2.

Hence, either g1 or g2 minimizes the term in square brackets in (7.35). This implies
gΓ ∈ {g1,g2}, and (7.34) follows from the observation that

gj · ∇iE(ZΓ
τ (t)) τ→0−−−→ gj · a = min

g∈G
g · a, for j = 1, 2.

Step 4: Z̃ satisfies the EDI.
To simplify the proof, we assume that Zkτ and ZΓ

τ are uniquely defined by (7.14) and
(7.18). In the general case we should take into account the supremum and the infimum
of D2(ZΓ

τ (t),Zkττ ) over all possible instances of ZΓ
τ (t). This is done in [AGS08, Chap. 3],

in which all equalities below become inequalities.
Following the lines of [AGS08, Thm. 3.1.4], we obtain for a fixed time step τ > 0 that

D2 (Zkτ ,Zk+1
τ

)
2τ +

ˆ τ(k+1)

τk

D2(ZΓ
τ (t),Zkτ

)
2(t− τk)2 dt = E(Zkτ )− E(Zk+1

τ ),

for k = 0, . . . , dT/τe − 1.

Summation over k results in
dT/τe−1∑
k=0

D2(Zkτ ,Zk+1
τ )

2τ +
ˆ dT/τeτ

0

D2(ZΓ
τ (t),Zbt/τcτ

)
2(t− bt/τc τ)2 dt = E(Z0)−E

(
ZdT/τeτ

)
. (7.37)

Next we show how to pass to the limit in the terms of (7.37) as τ → 0. We set
kτ (t) = dt/τe− 1 as in (7.17). By Step 2, the right-hand side of (7.37) converges to the
difference between the energy evaluated at Z̃(T ) and Z0. Regarding the first term in the
left-hand side of (7.37), we use the estimate [AGS08, (3.3.10)] to obtain that

lim inf
τ→0

τ

kτ (T )∑
k=0

D2(Zkτ ,Zk+1
τ )

2τ2 = lim inf
τ→0

ˆ dT/τeτ
0

D2(Zkτ (t)
τ ,Zkτ (t)+1

τ

)
2τ2 dt

≥ 1
2

ˆ T

0

∣∣Z̃′∣∣2
D̂

(t) dt.

We prove the convergence of the second term in the left-hand side of (7.37) as follows.
We fix t ∈ [0, T ] and τ > 0. We set GΓ as in (7.32) and ui := gΓ

i · ∇iE(ZΓ
τ (t)). We

obtain from Lemma 7.3.6 that

D
(
ZΓ
τ (t),Zkτ (t)

τ

)
t− τkτ (t) ≥ lim sup

ε→0

1
|ε|2

n∑
i=1

εigΓ
i · ∇iE(ZΓ

τ (t)) = lim sup
ε→0

ε · u
|ε|2

= |u|2.
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In Step 3 we prove that |u|22 → |∂E|2D̂(Z̃(t)) as τ → 0. Hence, by applying Fatou’s
Lemma, we obtain

lim inf
τ→0

1
2

ˆ T

0

D2(ZΓ
τ (t),Zbt/τcτ

)
(t− bt/τc τ)2 dt ≥ 1

2

ˆ T

0
|∂E|2

D̂

(
Z̃(t)

)
dt.

Combining the results above, we obtain after passing to the limit τ → 0 in (7.37)

1
2

ˆ T

0
|Z̃′|2

D̂
(t) dt+ 1

2

ˆ T

0
|∂E|2

D̂

(
Z̃(t)

)
dt ≤ E(Z0)− E(Z̃(T )),

from which we conclude by Lemma 7.3.3 and Lemma 7.3.4 that Z̃ satisfies the EDI.

7.5 Notes and Comments
We address a possible extension to Theorem 7.4.1 and an open problem.

Explicit glide directions. As mentioned in Section 7.1, our model in terms of the MMS
(7.9) does not take the preferred glide direction(s) at the current time step into account.
This is due to the MMS being an implicit scheme. As a result, a different glide direction
than the one(s) preferred at the current time step might be chosen.

From a modelling point of view, it is therefore interesting to compare (7.9) to a mixed
explicit-implicit scheme given by

Z̃k+1
τ ∈ arg min

X∈(R2)n

{
Φ
(
Z̃kτ ,X, τ

) ∣∣∣∣∀ i :
xi − z̃ki,τ
|xi − z̃ki,τ |

∈ arg min
g∈G

g · ∇iEε(Z̃kτ )
}
, (7.38)

in which the glide direction is chosen such that it maximizes the dissipation at the current
time instance. We conjecture that a solution (Z̃kτ )k converges in the sense of Theorem
7.4.1 as τ → 0 to a solution of (7.3). In fact, we expect that the main part of the proof
(the analogous argument to Step 3 in the proof of Theorem 7.4.1) will be easier, because
(7.38) provides an explicit expression for the glide direction.

Annihilation in a variational framework. By regularizing the energy to prevent the
minimizing-movement scheme in (7.9) to jump in the first time step to a state in which
the energy equals −∞, we remove the possibility for dislocations to annihilate or to be
absorbed at ∂Ω. This regularization of the energy is therefore artificial. In fact, the
evolution defined by (7.3) can easily be modified to allow for annihilation; whenever
two dislocations annihilate (or one dislocation leaves the domain Ω), the evolution can
be restarted by removing the annihilated dislocations from the equation, and taking the
current positions of the other dislocations as the new initial condition. This raises the
following question: is it possible to modify the MMS to describe such dynamics which
allow for annihilation in a variational framework?

In [ADLGP14] the minimum in (7.9) is taken over a τ -independent neighbourhood
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N of Zkτ . With this strategy, the energy does not need to be regularized, but the MMS
breaks down whenever the distance between two dislocations with opposite sign is in N .

One idea to make this approach work, is to make N dependent on τ , such that it
shrinks to a singleton as τ → 0, but at a slower rate than τ (e.g. √τ). The main challenge
is to treat the time step in which annihilation takes place. From the procedure above, it
seems reasonable to restart the MMS with a new energy (consisting of fewer dislocations)
while keeping fixed the positions of the dislocations which were not annihilated. We
expect that passing to the limit τ → 0, if possible, requires serious modifications to the
arguments in [AGS08, Chap. 2 and 3].



Chapter 8

Upscaling of dislocation
dynamics in 2D

We prove evolutionary convergence of regularized discrete gradient flows describing inter-
acting positive edge dislocations in 2D. The limit gradient flow describes the dynamics
of the dislocation density. We use the framework developed in [SS04] to prove the evo-
lutionary convergence. A special feature of our setting is the presence of a dissipation
which confines dislocations to move along their glide direction only. We also present an
attempt to extend the evolutionary convergence to systems of mixed positive and negative
dislocations.

The main result, Theorem 8.3.1, relies on Conjecture 8.2.2 and Conjecture 8.2.10.
Its application to positive edge dislocations hinges on Conjecture 5.3.1. Because of time
limitations, we do not attempt to prove these conjectures. We aim to prove them in a
future publication based on the work done in this chapter.

We describe and discuss the regularized discrete gradient flows and the evolutionary
convergence result (Theorem 8.3.1) in Section 8.1. In Section 8.2 we define the functional
framework for mixed positive and negative dislocations, and prove preliminary estimates.
In Section 8.3 we state and prove Theorem 8.3.1, which concerns the setting of positive
edge dislocations. In Section 8.4 we prove evolutionary convergence for mixed positive
and negative dislocations in the case of a regularized interaction potential. We also pose
an open problem regarding the extension of Theorem 8.3.1 to the dynamics of mixed
positive and negative dislocations.

This chapter is intended to be submitted for publication with A. Garroni (Rome), M. A. Peletier
(Eindhoven), and L. Scardia (Bath).
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8.1 Introduction

We recall from Section 3.1.1 that there are several models for the evolution of the dislo-
cation density. For instance, the models in [ZMG01, GCZ03, YGVdG04, DEA07, LVdG08,
DEA09] apply to the setting of straight and parallel dislocations. As all these models de-
pend on closure assumptions based on statistical averages of smaller-scale models, we wish
to contribute towards a more rigorous understanding of how the dynamics of individual
dislocations is related to the dynamics of the dislocation density.

In [MPS14] the authors prove such a rigorous connection between discrete dislocation
dynamics and dynamics of the dislocation density. The discrete evolution model is given
by rate-independent dynamics of systems of positive edge dislocations, which takes into
account that edge dislocations only move along their glide direction. The limiting evolu-
tion for the dislocation density is found to be rate-independent, and the dynamics remain
confined to the glide direction.

The main result of this chapter is a similar upscaling result for gradient flows (Theorem
8.3.1) instead of rate-independent dynamics. This allows to test the implications of the
linear drag law for individual dislocations to the dynamics of the dislocation density.
While we do not consider any effects of finiteness of the elastic body, we do consider
the setting in Chapter 5 concerning mixed positive and negative dislocations. While our
main upscaling result (Theorem 8.3.1) is stated in the setting of positive dislocations, we
discuss in Section 8.4 the possibilities of extending this result to systems of mixed positive
and negative dislocations.

To introduce gradient flows for systems of mixed positive and negative dislocations,
we recall from Chapter 5 that for a given configuration of n individual dislocations the
energy En (5.1) is given by

En(x; b) = 1
2n2

n∑
i=1

n∑
j=1

bibjVδn(xi − xj), (8.1)

where x = (x1, . . . , xn) lists the positions of the dislocations in R2 (see Figure 5.1 for
a schematic illustration). The parameters bi ∈ {−1, 1}n indicate which dislocations are
positive (bi = 1) and which are negative (bj = −1). The dislocation interactions are
modelled by a regularization Vδn of the potential

V : R2 → (−∞,∞], V (r) := r2
1
|r|2
− log |r|, (8.2)

which is the same potential as the one used in Chapter 5. Assumption 8.2.1 below
describes in detail in which sense Vδn regularizes V .
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The gradient flow of mixed positive and negative dislocations is given by
dx1

dt
(t) = −n ∂

∂x1En(x(t); b), t ∈ (0, T ],

x2(t) = x2(0), t ∈ (0, T ],
x(0) = xinit,

(8.3)

where xinit ∈ (R2)n is the initial condition, x1 := (x1
1, . . . , x

1
n) ∈ Rn lists the first

component of each dislocation position (x2 lists the second components), and ∂/∂x1 :=
(∂/∂x1

1, . . . , ∂/∂x
1
n). The confinement of the dislocation movement to the glide direction

e1 is encoded by imposing x2
i (t) to be constant in time, and describing the evolution of

x1
i by the horizontal component of the force −n∇xiEn(x; b).
For the upscaling technique in [SS04, Ser11] we require an equivalent formulation

of (8.3) in terms of an inequality. Since the energy En is not convex, the strategy in
Chapter 6 does not apply. Instead, we show in Section 8.2 how to write (8.3) as an energy
inequality (8.21) on the space of measures. We use the modified Wasserstein distance d
(see (8.16), which is similar to the distance defined in [MPS14, (1.13)]) to account for
the dislocations moving solely along their glide direction.

In Section 8.3 we state and prove Theorem 8.3.1, which states the convergence of the
dynamics given by (8.3) as n → ∞ for positive dislocations only (i.e. bi = 1 for all i).
The limiting evolution in terms of the dislocation density µ is given by the energy identity
(8.35). Formally, this energy identity is equivalent to the PDE given by

∂

∂t
µ = ∂1(µ∂1V ∗ µ), in R2 × (0, T ), (8.4)

which is defined in duality with C∞c (R2 × (0, T )). The differential operator ∂1 denotes
differentiation with respect to the e1-coordinate. We note that

−∂1V (r) = r1
r2
1 − r2

2
|r|4

(8.5)

is the e1-component of the Peach-Köhler force (see Section 2.1).
A few remarks are in place here:

• Theorem 8.3.1 hinges on Conjectures 8.2.2 and 8.2.10, and its application to V
as in (8.2) relies on Conjecture 5.3.1. We aim at proving all three conjectures
in a forthcoming paper. Because of time limitations we have not found proper
characterizations of the modified Wasserstein distance d (8.16), which are essential
for proving Conjectures 8.2.2 and 8.2.10. Additionally, for Conjecture 8.2.10, we
may require particular properties of ∂1V to control its singularity at the origin. The
only point where we need Conjecture 5.3.1 in our proof of Theorem 8.3.1 is when
we use Theorem 5.2.2 for the Γ-convergence of En.
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• Theorem 8.3.1 is only meaningful for those sequences of initial data for which the
dislocation positions xi(t) remain in an arbitrarily large bounded domain indepen-
dent of n or t ∈ [0, T ]. We expect that many (if not all) sequences of initial data
satisfy this property, but we have no theoretical result to support this claim. This
issue would be solved directly by adding a confining potential to (8.1).

• It is interesting to compare (8.4) with the evolution equations for dislocation walls in
1D (see (6.16)-(6.19)). These evolution equations depend on the parameter regime
for the aspect ratio αn between the typical distance between dislocations in the e1-
direction versus the typical distance in the e2-direction. In terms of the aspect ratio,
(8.4) is similar to (6.19). However, their expressions are not similar. We explain
this by the cancellation of dislocation interactions induced by the periodic structure
of the dislocation walls. Instead, the expression of (8.4) is similar to (6.17), which
corresponds to the scaling regime αn ∼ 1/n.

• Theorem 8.3.1 is a first step in understanding the upscaling of the dynamics of mixed
positive and negative dislocations (see Section 8.4 for our current attempt). We
expect such an upscaling result to give significant insight in the models developed
in the engineering literature cited at the beginning of Section 8.1. On the other
hand, from the simulations in Chapter 9 it is not clear whether a similar upscaling
result as in Theorem 8.3.1 holds for mixed positive and negative dislocations.

8.2 Preliminaries
In Section 8.2.1 we state precisely what we assume on the regularized potential Vδn . In
Section 8.2.2 we introduce the functional framework, and show how to write the evolution
equation (8.3) in Rn as an energy inequality (8.34) on the space of measures equipped
with the modified Wasserstein distance d (8.16). We list several technicalities in the proof
of Theorem 8.3.1 in Section 8.2.3.

8.2.1 The regularized potential

In addition to Assumption 5.2.1, we also require enough regularity of ∂1Vδ for our ar-
guments to hold. Assumption 8.2.1 lists all of these requirements. It relies on the fol-
lowing structure of V (see Conjecture 5.3.1). There exist V0 ∈ C(R2) and N functions
Wi ∈ L1(R2) such that

V (r) = V0(r) +
N∑
i=1

(
W̄i ∗Wi

)
(r), (8.6)

where W̄i(r) := Wi(−r).
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Assumption 8.2.1 (Properties of Vδ). With V0 andWi as in (8.6), let (Vδ)δ>0 : R2 → R
satisfy:

(i) Vδ is even,

(ii) (Regularity). Vδ ∈ C(R2) and ∂1Vδ is Lipschitz continuous,

(iii) (Uniform convergence in any annulus). For all ε > 0, it holds that both Vδ → V

and ∂1Vδ → ∂1V in C
(
B1/ε(0)\Bε(0)

)
, where Bε(0) is the ball of radius ε centred

at 0,

(iv) (Quadratic structure). There exist V δ0 ∈ C(R2) and W δ
i ∈ L1(R2) with i =

1, . . . , N such that:
(a) W δ

i ∗ ϕ→Wi ∗ ϕ in L∞loc(R2) for any ϕ ∈ C∞c (R2),
(b) V δ0 → V0 in L∞loc(R2), and

(c) Vδ(r) = V δ0 (r) +
N∑
i=1

(
W̄ δ
i ∗W δ

i

)
(r),

(v) (Positivity around 0). There exists ε > 0 such that Vδ > 0 on Bε(0) for all δ > 0,

(vi) (Dominator). There exists a radially symmetric V ∈ L1
loc ∩ C(R2 \ {0}), non-

increasing in the radial direction, such that V ≥ Vδ for δ ↓ 0. Furthermore, there
exists a C > 0 such that for all δ > 0 and x ∈ R2 it holds that |∂1Vδ| ≤ C/|x|.

To show that Assumption 8.2.1 is not too restrictive, we give an example of a class
of regularizations Vδ satisfying Assumption 8.2.1. In Section 5.3 we have shown that
Assumption 5.2.1 is satisfied for Vδ = V ∗ ψδ with ψδ(x) := ψ(x/δ)/δ2 satisfying ψ =
φ ∗ φ for some even function φ ∈ L1(R2) with compact support such that the bounds
0 ≤ ψ ≤ Ψ are satisfied for some radially symmetric Ψ ∈ L1(R2). We show that if, in
addition to these assumptions, it holds that ψ ∈ W 1,1(R2) ∩ Lp(R2) and Ψ ∈ Lp(R2)
for some p > 2, then Vδ satisfies Assumption 8.2.1. We need more regularity on ψ only
for Lipschitz continuity of ∂1Vδ and for the bound |∂1Vδ(x)| ≤ C/|x|. In fact, we can do
with slightly less regularity than ψ ∈W 1,1(R2), because it implies that Vδ ∈ C2(R2).

Since many conditions in Assumption 8.2.1 are implied by the same arguments as
given in Section 5.3, we only focus on Assumptions 8.2.1.(i) and 8.2.1.(vi). Evenness of
Vδ follows from evenness of V and ψ. To prove the existence of a dominator C/|x| in
Assumption 8.2.1.(vi), we put

´
Ψ = 1 and suppψ ⊂ B1(0) for convenience. We observe

from (8.5) that |∂1V (x)| ≤ 1/|x| ∈ L1
loc(R2). Hence,

∣∣∂1Vδ(x)
∣∣ ≤ ( 1

| · |
∗Ψδ

)
(x) ≤ sup

δ>0

ˆ
Bδ(x)

Ψδ(x− y)
|y|

dy. (8.7)

We fix x ∈ R2 \ {0} arbitrary. We split the supremum in (8.7) in two parts, depending
on whether δ is larger or smaller than |x|/2. For δ < |x|/2, it holds that 1/|y| ≤ 2/|x|
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for all y ∈ Bδ(x), and thus

sup
0<δ<|x|/2

ˆ
Bδ(x)

Ψδ(x− y)
|y|

dy ≤ sup
0<δ<|x|/2

2
|x|

ˆ
Bδ(x)

Ψδ(x− y) dy = 2
|x|
.

For δ > |x|/2, we change integration coordinates and apply the Hölder inequality (with
q := p/(p− 1) < 2 the Hölder conjugate) to estimate

sup
δ>|x|/2

ˆ
B1(x/δ)

1
δ|z|

Ψ
(
x

δ
− z
)
dz

≤ sup
δ>|x|/2

2
|x|

∥∥∥∥Ψ
(
x

δ
− ·

)∥∥∥∥
Lp(B1(x/δ))

∥∥∥∥ 1
| · |

∥∥∥∥
Lq(B1(x/δ))

≤ 2
|x|
‖Ψ‖Lp(R2)

∥∥| · |−1∥∥
Lq(B1(0)) .

With these two estimates, we conclude from (8.7) that |∂1Vδ(x)| ≤ C/|x|.

8.2.2 The functional framework

Next we write (8.3) explicitly as a gradient flow. By using the fact that the second
coordinates of the dislocation positions are stationary, we interpret the energy (8.1) as

Ẽn( · ;x2, b) : Rn → R, Ẽn(x1;x2, b) := En(x; b),

in which the two vectors of second coordinates of the particles x2 ∈ Rn and Burgers
vectors b ∈ {−1, 1}n are considered parameters. In terms of Ẽn, (8.3) reads as

dx1

dt
(t) = −n∇Ẽn

(
x1(t);x2

init, b
)
, t ∈ (0, T ],

x1(0) = x1
init.

(8.8)

In (8.8) the second coordinates of the initial condition xinit are interpreted as parameters.
By Assumption 8.2.1.(ii), it follows from the standard theory of gradient flows in Rn (see
e.g. [Pel11, Thm. 2.1.1 and Thm. 2.2.1]) that (8.8) admits a solution x1 ∈ C1([0, T ];Rn).
Furthermore, any trajectory x1 ∈ C1([0, T ];Rn) satisfies (8.8) if and only if the following
energy inequality holds

Ẽn
(
x1(T );x2

init, b
)
− Ẽn

(
x1(0);x2

init, b
)

+ 1
2

ˆ T

0

1
n

∣∣∣∣dx1

dt
(t)
∣∣∣∣2 + n

∣∣∇Ẽn(x1(t);x2
init, b

)∣∣2 dt ≤ 0. (8.9)

To cast the evolution equation (8.3) and the energy inequality (8.9) in terms of
empirical measures, we recall the notation introduced in Section 5.2. Let (x±1 , . . . , x

±
n±)
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be the positions of the n± positive and negative dislocations, where n+ + n− = n. As in
(5.3), the related empirical measures are given by

µ+
n := 1

n

n+∑
i=1

δx+
i
∈M+(R2), µ−n := 1

n

n−∑
i=1

δx−
i
∈M+(R2),

µn := 1
n

n∑
i=1

δxi = µ+
n + µ−n ∈ P(R2), κn := 1

n

n∑
i=1

biδxi = µ+
n − µ−n ∈M(R2).

(8.10)
We rewrite the energy in (8.1) as

En(x; b) = 1
2

ˆ
R2
Vδn ∗ κn dκn = En(κn). (8.11)

Next we show how to write (8.3) in terms of empirical measures. For positive dislo-
cations, we use Assumption 8.2.1.(i) to write (8.3) as

dx1,+
i

dt
= v1(x+

i ;κn) := − 1
n

n∑
j=1

bj∂1Vδn(x+
i − xj) = −

(
∂1Vδn ∗ κn

)
(x+
i ),

dx2,+
i

dt
= v2(x+

i ;κn) := 0,

(8.12)

for i = 1, . . . , n+. Let ϕ ∈ C∞c ((0, T )× R2) be a test function. We compute

0 = 1
n

n+∑
i=1

ˆ T

0

d

dt
ϕ
(
t, x+

i (t)
)
dt

= 1
n

n+∑
i=1

ˆ T

0

[
∂ϕ

∂t

(
t, x+

i (t)
)

+∇ϕ
(
t, x+

i (t)
)
· dx

+
i

dt
(t)
]
dt

=
ˆ T

0

ˆ
R2

∂ϕ

∂t
(t, · ) dµ+

n (t) dt+ 1
n

n+∑
i=1

ˆ T

0
∂1ϕ

(
t, x+

i (t)
)
v1(x+

i (t);κn(t)
)
dt

=
ˆ T

0

ˆ
R2

∂ϕ

∂t
dµ+

n dt−
ˆ T

0

ˆ
R2
∂1ϕ

(
∂1Vδn ∗ κn

)
dµ+

n dt. (8.13)

We omit the similar computation for x−i . We write the weak formulation (8.13) in short-
hand notation as

∂t

[
µ+
n

µ−n

]
= ∂1

[
µ+
n ∂1Vδn ∗ κn
−µ−n ∂1Vδn ∗ κn

]
. (8.14)

For the upscaling technique proposed in [SS04] it is convenient to write (8.14) as an
energy inequality similar to (8.9). We do this in the following functional framework. We
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set µn := (µ+
n , µ

−
n )T and define

M(R2) :=
{
µ ∈M+(R2)×M+(R2) : µ+ + µ− ∈ P(R2)

}
(8.15)

as the space in which the solution curve µn to (8.14) lies. The topology onM(R2) should
be chosen to mimic the dissipation. To obtain quadratic dissipation (cf. the linear drag
law) in the e1-direction and infinite dissipation in the e2-direction, we define the following
modified Wasserstein-2 distance (cf. [MPS14, (1.13)])

d
(
µ,ν

)2 := d(µ+, ν+)2 + d(µ−, ν−)2, (8.16)

d(µ, ν)2 := inf
γ∈Γ1(µ,ν)

¨
R2×R2

|x− y|2 dγ(x, y), (8.17)

Γ1(µ, ν) :=
{
γ ∈M+(R2 × R2)

∣∣∣∣ π1
#γ = µ, π2

#γ = ν, and
x2 = y2 for γ-a.e. (x, y) ∈ R2 × R2

}
,

where πi is the projection onto the ith coordinate, and πi# the pushforward. We define
these projections and the pushforward in Appendix B, along with the standard Wasserstein-
2 distanceW2. The difference between the distances d andW2 is that in the definition of d
the minimization is taken over a smaller set of couplings γ ∈ Γ1(µ, ν), which have the ad-
ditional property that they confine mass transport to the e1-direction. As a consequence,
d ≥W2 and d(µ, ν) =∞ if π2

#µ 6= π2
#ν.

Conjecture 8.2.2. (M(R2),d) is a complete metric space.

Remark 8.2.3. First, we expect Conjecture 8.2.2 to be a consequence of (P(R2),W2)
being a complete metric space. Second, we motivate why we call (M(R2),d) a metric
space despite d taking infinite values. We note that d takes finite values on the family
of subspaces with fixed second marginals, i.e.{

µ ∈M(R2)
∣∣π2

#µ
± = ν±

}
, (8.18)

which is parametrized by ν ∈ M(R). Since the second marginals are conserved by the
gradient flows considered in this chapter, the solutions to these gradient flows remain
within a single subspace of the form (8.18). To ease notation, we do not mention this
explicitly, and consider (M(R2),d) as the metric space on which the gradient flows are
defined.

Using the metric d, we define the space of absolutely continuous curves similar to
(7.24), i.e. µ ∈ AC2(0, T ;M(R2)) if there exists an f ∈ L2(0, T ) such that

d
(
µ(s),µ(t)

)
≤
ˆ t

s

f(r) dr, for all 0 < s ≤ t < T. (8.19)

Conjecture 8.2.2 allows us to apply [AGS08, Thm. 1.1.2], which implies that for any
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µ ∈ AC2(0, T ;M(R2)) the metric derivative

|µ′|d(t) := lim
s↓t

d
(
µ(s),µ(t)

)
s− t

(8.20)

is defined for a.e. t ∈ (0, T ). Similarly (see [AGS08, Thm. 1.2.5]), we define the slope for
some functional E : P(R2)→ (−∞,∞] at µ ∈ P(R2) as

|∂E|d(µ) := lim sup
µε→µ

[
E(µ)− E(µε)

]
+

d(µε,µ) .

We show that by Lemma 8.2.4 and Lemma 8.2.5, the energy inequality (8.9) can be
written as

Jn[µn] := En(µn(T ))− En(µn(0)) + 1
2

ˆ T

0
|µ′n|2d + |∂En|2d(µn) dt ≤ 0. (8.21)

We expect these lemmas to be proven in the literature with respect to the standard
Wasserstein-2 distance, but we do not know of a proper reference. The key idea to account
for the metric d is to apply the Disintegration Theorem to rewrite the two-dimensional
optimal transport problem in (8.17) as a sum of independent one-dimensional transport
problems on each glide plane. The glide planes are characterized by the time-independent
set R ×

(
∪ni=1 {x2

i }
)
.

Lemma 8.2.4 (Characterization of the discrete metric derivative). Let b ∈ {−1, 1}n,
x2 ∈ Rn and x1 ∈ AC2(0, T ;Rn). Let µn(t) ∈M(R2) be the related empirical measure.
Then µn ∈ AC2(0, T ;M(R2)) and

|µ′n|2d(t) = 1
n

n∑
i=1

(
dx1

i

dt
(t)
)2
.

Proof. To compute the metric slope from (8.20) we characterize

d
(
µn(s),µn(t)

)2 = d
(
µ+
n (s), µ+

n (t)
)2 + d

(
µ−n (s), µ−n (t)

)2
in terms of x± ∈ Rn± for small values of s − t ≥ 0. From the hypothesis x2,+ ∈ Rn+ ,
we observe that

γ+ := 1
n

n+∑
i=1

δ(x+
i

(s),x+
i

(t)) ∈ Γ1
(
µ+
n (s), µ+

n (t)
)

(8.22)

for all s − t ≥ 0. After applying the Disintegration Theorem on the second coordinates
in (8.17), it is easy to see that (8.22) is the optimal coupling whenever the dislocations
keep the same ordering on each glide plane separately. Treating the case of dislocations
changing their ordering on a glide plane in the time interval (t, s) requires to take s − t



146 Chapter 8. Upscaling of dislocation dynamics in 2D

small enough and use the regularity implied by x1 ∈ AC2(0, t;Rn). We omit to show the
details, and assume the the ordering is kept on each glide plane.

Since γ+ is the optimal coupling, we obtain

d
(
µ+
n (s), µ+

n (t)
)2 =

¨
R2×R2

|x− y|2 dγ+(x, y) = 1
n

n+∑
i=1

(
x1,+
i (s)− x1,+

i (t)
)2
. (8.23)

Next we pass to the limit. By x1 ∈ AC2(0, T ;Rn) we obtain for a.e. t ∈ (0, T ) that

lim
s↓t

d
(
µ+
n (s), µ+

n (t)
)2

(s− t)2 = 1
n

n+∑
i=1

(
lim
s↓t

x1,+
i (s)− x1,+

i (t)
s− t

)2
= 1
n

n+∑
i=1

(
dx1,+

i

dt
(t)
)2
.

By the same argument for the negative dislocations, we obtain for a.e. t ∈ (0, T ) that

lim
s↓t

d
(
µ−n (s), µ−n (t)

)2
(s− t)2 = 1

n

n−∑
i=1

(
dx1,−

i

dt
(t)
)2
.

Combining the results, we obtain

lim
s↓t

d
(
µn(s),µn(t)

)2
(s− t)2 = 1

n

n+∑
i=1

(
dx1,+

i

dt
(t)
)2

+ 1
n

n−∑
i=1

(
dx1,−

i

dt
(t)
)2
,

from which we conclude Lemma 8.2.4.

Lemma 8.2.5 (Characterization of the discrete slope). Let µn ∈M(R2) such that
En(κn) <∞. Then

|∂En|2d(µn) =
ˆ (

∂1Vδn ∗ κn
)2
dµn.

Proof. From the definition of the metric slope, it follows that

|∂En|d(µn) = lim sup
ν→µn

[
En(µn)− En(ν)

]
+

d(ν,µn) ≥ 0. (8.24)

Hence, we seek a sequence ν → µn for which En(ν) ≤ En(µn) and d(ν,µn) bounded.
Since En(κn) <∞ by the hypothesis of Lemma 8.2.5, it follows that κn = 1

n

∑n
i=1 biδxi

for some b ∈ {−1, 1}n and x ∈ (R2)n. From En(ν) ≤ En(µn) we obtain by the same
argument that ν+ − ν− = 1

n

∑n
i=1 b̃iδyi for some b̃ ∈ {−1, 1}n and y ∈ (R2)n. Since we

also impose that d(ν,µn) is bounded, we require, after rearranging indices, that b̃ = b and
equality of all second coordinates, i.e. x2 = y2. Then, by the Disintegration Theorem and
optimal transport in one dimension, it follows that (possibly after a refined rearrangement
of the indices) yi = xi + αie1 and d(ν,µn)2 = 1

n

∑n
i=1 α

2
i = 1

n |α|
2. We compute from
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(8.24)

|∂En|d(µn) = sup
α→0

√
n

|α|
α· ∂
∂x1En(x; b) =

√
n sup
g∈Sn−1

g· ∂
∂x1En(x; b) =

√
n

∣∣∣∣ ∂∂x1En(x; b)
∣∣∣∣.

By using n∂x1
i
En(x; b) = (∂1Vδn ∗ κn)(xi) (cf. (8.12)), we further compute

|∂En|2d(µn) = n

∣∣∣∣ ∂∂x1En(x; b)
∣∣∣∣2 = n

n∑
i=1

(
∂

∂x1
i

En(x; b)
)2

= 1
n

n∑
i=1

(
∂1Vδn ∗ κn

)2(xi) =
ˆ (

∂1Vδn ∗ κn
)2
dµn,

which implies Lemma 8.2.5.

8.2.3 Preliminary results

The following Theorem is a simplified version of [Mun00, Thm. 47.1].

Theorem 8.2.6 (Ascoli-Arzelà). In a compact metric space (X,m), the following are
equivalent for any T > 0:

(i) F ⊂ C
(
[0, T ];X

)
pre-compact,

(ii) ∀ ε > 0 ∃ δ > 0 ∀ f ∈ F ∀ t, s ∈ [0, T ], |t− s| < δ : m
(
f(t), f(s)

)
< ε.

Lemma 8.2.7 (Compactness for trajectories in M(R2)).
Let Ω ⊂ R2 be a domain such that Ω is bounded. Let (µn) ⊂ AC2(0, T ;M(Ω)) such that
En(µn(0)) and Jn[µn] (8.21) are both bounded. Then there exist µ ∈ C

(
[0, T ];M(Ω)

)
and a subsequence such that µnk → µ in C([0, T ];M(Ω)) with respect to the narrow
topology on M(R2).

Proof. By Theorem 8.2.6 it is enough to check thatM(Ω) is compact in the narrow topol-
ogy (this follows from Ω being bounded) and to show that the equi-continuity condition
given by Theorem 8.2.6.(ii) is satisfied.

We observe that |∂En|d ≥ 0 and claim that En is bounded from below. This claim
follows from V0 ∈ C(Ω) and Assumptions 8.2.1.(iv).(b) and 8.2.1.(iv).(c) by the argument
in (5.7). Hence, we have

Jn[µn] = En(µn(T ))− En(µn(0)) + 1
2

ˆ T

0
|µ′n|2d + |∂En|2d(µn) dt

≥ −C − En(µn(0)) + 1
2

ˆ T

0
|µ′n|2d dt.
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Since En(µn(0)) and Jn[µn] are bounded by the hypotheses of Lemma 8.2.7, we obtain

sup
n∈N+

ˆ T

0
|µ′n|2d dt ≤ C.

Equi-continuity of (µn) in the narrow topology follows from the stronger result given by

d
(
µn(t),µn(s)

)
≤
ˆ t

s

|µ′n|d dr ≤
√
t− s

∥∥|µ′n|d∥∥L2(0,T ) = C
√
t− s

for all 0 ≤ s ≤ t ≤ T and all n ∈ N+.

Lemma 8.2.8 (Lower bound on the metric derivatives).
In addition to the statement of Lemma 8.2.7, it holds that µ ∈ AC2(0, T ;M(Ω)) and

lim inf
n→∞

ˆ T

0
|µ′n|2d(t) dt ≥

ˆ T

0
|µ′|2d(t) dt. (8.25)

Proof. We rely on the following characterization of µn ∈ AC2(0, T ;M(Ω)) (see e.g.
[AGS08, Thm. 1.1.2]):

|µ′n|d(t) = sup
k∈N

∣∣(Dk
n)′(t)

∣∣, Dk
n(t) := d

(
µn(tk),µn(t)

)
, for a.e. t ∈ (0, T ), (8.26)

where (tk) ⊂ [0, T ] is dense. We have by Lemma 8.2.7 that for fixed k and for a.e. t ∈
(0, T ) it holds that∣∣Dk

n(t)−Dk(t)
∣∣ n→∞−−−−→ 0, Dk(t) := d

(
µ(tk),µ(t)

)
. (8.27)

Next we show that ‖Dk
n‖H1(0,T ) and ‖Dk‖H1(0,T ) are bounded uniformly in n and k.

By definition of the metric derivative, we have that

Dk
n(t) =

∣∣∣∣ ˆ t

tk

|µ′n|d
∣∣∣∣ ≤ √CT.

Hence, ‖Dk
n‖L2(0,T ) is uniformly bounded. With the characterization of |µ′n|d in (8.26),

we estimate

C ≥
ˆ T

0
|µ′n|2d(t) dt ≥

ˆ T

0

(
(Dk

n)′(t)
)2
dt, for all k ∈ N, (8.28)

and thus ‖Dk
n‖H1(0,T ) is uniformly bounded. Therefore, in view of (8.27), we have

Dk
n ⇀ Dk in H1(0, T ) as n→∞. (8.29)
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By weak lower-semicontinuity of the norm we conclude that

C ≥ lim inf
n→∞

‖Dk
n‖H1(0,T ) ≥ ‖Dk‖H1(0,T ) for all k ∈ N.

To establish (8.25), we require a sharper estimate than (8.28). To this aim, we define
for a large fixed K ∈ N the partition {AKk }Kk=1 consisting of Borel sets of (0, T ) by∣∣(Dk)′(t)

∣∣ = sup
k̃≤K

∣∣(Dk̃)′(t)
∣∣, for a.e. t ∈ AKk , and all k = 1, . . . ,K.

We estimate
ˆ T

0
|µ′n|2d(t) dt ≥

ˆ T

0
sup
k≤K

(
(Dk

n)′(t)
)2
dt ≥

K∑
k=1

ˆ
AK
k

(
(Dk

n)′(t)
)2
dt. (8.30)

By (8.29), it holds that (Dk
n)′ ⇀ (Dk)′ in L2(AKk ). Therefore, taking the liminf in (8.30)

as n→∞ results in

lim inf
n→∞

ˆ T

0
|µ′n|2d(t) dt ≥

K∑
k=1

ˆ
AK
k

(
(Dk)′(t)

)2
dt =

ˆ T

0
sup
k≤K

(
(Dk)′(t)

)2
dt.

By using the Monotone Convergence Theorem, we take the supremum over K ∈ N to
deduce that

lim inf
n→∞

ˆ T

0
|µ′n|2d(t) dt ≥

ˆ T

0
sup
k∈N

(
(Dk)′(t)

)2
dt.

We conclude by using [AGS08, Thm. 1.1.2] to identify supk∈N
(
(Dk)′

)2 by |µ′|2d.

For Lemma 8.2.9 and Theorem 8.3.1 it is convenient to introduce the following nota-
tion. For ε > 0 let

B+(0, ε) :=
{

(x1, x2) ∈ B(0, ε) : x1 > 0
}

be the right part of the ball B(0, ε). We define the left part B−(0, ε) similarly. We define

∆ε :=
{

(x, y) ∈ R2 × R2 : x− y ∈ B(0, ε)
}
,

∆ε
± :=

{
(x, y) ∈ R2 × R2 : x− y ∈ B±(0, ε)

}
, (8.31)

and refer to ∆ε and ∆ε
± as (the right and left part of) the thick diagonal in R2 × R2.

Lemma 8.2.9 (Bound on the mass around the diagonal). Let

D(E) :=
{
κ ∈M(R2)

∣∣ |κ|(R2) ≤ 1, E(κ) <∞, and suppκ bounded
}
,

E(κ) := 1
2

ˆ
R2
V ∗ κ dκ = 1

2

¨
(R2)2

Ṽ d(κ⊗ κ), with Ṽ (x, y) := V (x− y)
(8.32)
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be the Γ-limit of En (cf. Theorem 5.2.2), and µ− = 0 (and thus µ+ = µ = κ). If
µ ∈ D(E), then

(µ⊗ µ)(∆ε) ε→0−−−→ 0.

Proof. By using that V (x) ≥ − log |x| and K = suppµ bounded, we estimate

2E(µ) =
¨

∆ε

Ṽ d(µ⊗ µ) +
¨

(∆ε)c
Ṽ d(µ⊗ µ)

≥
(

inf
B(0,ε)

V
)

(µ⊗ µ)(∆ε) +
(

inf
K×K

Ṽ
)

(µ⊗ µ)
(
(∆ε)c

)
≥ | log ε|(µ⊗ µ)(∆ε)−

[
log diam(K)

]
+.

Hence, we obtain
(µ⊗ µ)(∆ε) ≤ C

| log ε|
ε→0−−−→ 0.

Conjecture 8.2.10 (Characterization of the continuous slope). For E as in (8.32) and
µ ∈ D(E), it holds that

|∂E|2d(µ) =


ˆ (

∂1V ∗ κ
)2
dµ, if

(
∂1V ∗ κ

)
∈ L2(µ),

∞, otherwise.

Remark 8.2.11. Conjecture 8.2.10 is the continuous counterpart of Lemma 8.2.5. In
[AGS08, Thm. 10.4.11] a similar characterization for the slope is proven, but only with
respect to the standard Wasserstein distance and under the additional hypotheses that
the interaction potential V is convex and satisfies the doubling condition given by

V(x− y) ≤ C(1 + V(x) + V(y)), for all x, y ∈ R2.

Although the interaction potential V is not convex and does not satisfy the doubling
condition, we believe that (8.2.10) holds true.

8.3 Main result and proof

Our main result (Theorem 8.3.1) is stated for positive dislocations only, i.e. µ− = 0, and
hence µ+ = µ = κ ∈ P(R2). To simplify notation, we write the energies En (8.11) and
E (8.32) as

En(µn) = 1
2

ˆ
R2
Vδn ∗ µn dµn, E(µ) = 1

2

ˆ
R2
V ∗ µdµ. (8.33)
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We define the space AC2(0, T ;P(R2)) with the modified Wasserstein-2 distance d (8.17)
on P(R2). The discrete energy inequality (8.21) reads

En(µn(T ))− En(µn(0)) + 1
2

ˆ T

0
|µ′n|2d + |∂En|2d(µn) dt ≤ 0. (8.34)

The continuous counterpart of (8.34) is given by

E(µ(T ))− E(µ(0)) + 1
2

ˆ T

0
|µ′|2d + |∂E|2d(µ) dt ≤ 0. (8.35)

We call any µ ∈ AC2(0, T ;P(R2)) satisfying (8.35) a solution to (8.35).
We recall the definition of the modified narrow convergence (5.5):

κn
c
⇀ κ :⇐⇒


κn ⇀ κ, and
∞⋃
n=1

suppκn is bounded.
(8.36)

Theorem 8.3.1 (Evolutionary convergence for positive dislocations). Let V be given by
(8.2) and Vδ be a regularization of V in the sense of Assumption 8.2.1. Let En and E
be the corresponding energies (see (8.33)), and µ0 ∈ P(R2) some initial condition with
E(µ0) < ∞ and suppµ0 bounded. If Conjectures 8.2.2 and 8.2.10 hold and δn → 0
such that Vδn(0)/n → 0, then for any recovery sequence µ0

n ∈ P(R2) for µ0 (in the
sense of Theorem 5.2.2), it holds for the solutions µn to (8.34) with respect to the initial
data µ0

n that there exists a solution µ ∈ AC2(0, T ;P(R2)) to (8.35) such that, along a
subsequence, µn(t) c

⇀ µ(t) pointwise as n→∞ for all t ∈ [0, T ].

Remark 8.3.2. It is not clear whether there exists a T > 0 such that the solutions µn to
(8.34) have bounded support uniformly in n and t ∈ [0, T ]. This is easily guaranteed by
adding a confining potential to the energies En and E. We omit the details, and assume
for simplicity that the support of µn(t) is contained in a compact set K ⊂ R2 for all
t ∈ [0, T ].

Proof of Theorem 8.3.1. We follow the argument outlined in [Ser11, Thm. 2]. If for a
sequence (µn) ⊂ AC2(0, T ;P(R2)) of solutions to the discrete energy inequality (8.34),
there exist a µ ∈ C([0, T ];P(R2)) and a subsequence of (µn) which satisfies

µ±n (t) c
⇀ µ±(t), for all t ∈ [0, T ], (8.37a)

E(µ(T )) ≤ lim inf
n→∞

En(µn(T )), (8.37b)

E(µ(0)) ≥ lim sup
n→∞

En(µn(0)), (8.37c)
ˆ T

0
|µ′|2d ≤ lim inf

n→∞

ˆ T

0
|µ′n|2d, (8.37d)
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ˆ T

0
|∂E|2d(µ) ≤ lim inf

n→∞

ˆ T

0
|∂En|2d(µn), (8.37e)

then µ ∈ AC2(0, T ;P(R2)) is a solution to (8.35) since

E(µ(t))
∣∣T
0 + 1

2

ˆ T

0
|µ′|2d + |∂E|2d(µ) dt

≤ lim inf
n→∞

(
En(µn(t))

∣∣T
0 + 1

2

ˆ T

0
|µ′n|2d + |∂En|2d(µn) dt

)
≤ 0.

By the hypotheses of Theorem 8.3.1 and Remark 8.3.2, it follows that Lemma 8.2.7
applies. It implies the existence of a µ ∈ C([0, T ];P(K)) and a subsequence of (µn) for
which (8.37a) is satisfied. We use this subsequence to show that (8.37b)–(8.37e) are also
satisfied, without changing notation.

By using (8.37a) and the hypothesis in Theorem 8.3.1 on the initial data, it follows
from the Γ-convergence of En to E (by Theorem 5.2.2, which applies since Assumption
8.2.1 is stronger than Assumption 5.2.1) that (8.37b) and (8.37c) are satisfied. Lemma
8.2.8 implies (8.37d).

The remainder of the proof concerns (8.37e). By Fatou’s Lemma it is enough to prove
(8.37e) by showing that

lim inf
n→∞

|∂En|2d(µn(t)) ≥ |∂E|2d(µ(t)) for a.e. t ∈ (0, T ). (8.38)

We fix any t ∈ (0, T ) for which (8.37a) holds, and remove it from our notation. By using
Lemma 8.2.5 and Conjecture 8.2.10 we write (8.38) as

lim inf
n→∞

ˆ
R2

(∂1Vδn ∗ µn)2
dµn ≥

ˆ
R2

(∂1V ∗ µ)2
dµ. (8.39)

By duality in L2(R2), i.e.
ˆ
R2

(∂1V ∗ µ)2
dµ = sup

ϕ∈C∞c (R2)

(
2
ˆ
R2

(∂1V ∗ µ)ϕdµ−
ˆ
R2
ϕ2 dµ

)
,

it is enough to show (8.39) by proving

lim inf
n→∞

ˆ
R2

(∂1Vδn ∗ µn)ϕdµn ≥
ˆ
R2

(∂1V ∗ µ)ϕdµ, for all ϕ ∈ C∞c (R2). (8.40)

To this aim, we define

Un := ∂1Vδn , U(r) := ∂1V (r) = −r1
r2
1 − r2

2
|r|4

.

We note that, by (8.2) and Assumption 8.2.1.(i), U and Un are odd. This implies that
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for any ε > 0 the function

Uε(x) :=
{
U(x), if x ∈ B(0, ε)c,
|x|U(εx/|x|), otherwise,

(8.41)

is odd, Lipschitz continuous, and satisfies

‖Uε‖L∞(R2) = max
∂B(0,ε)

|U | = 1
ε
. (8.42)

We define Uεn analogously to (8.41) with respect to Un.

As in the proof of Theorem 5.2.2 (see (5.17)–(5.19)), we establish (8.40) by showing
that the difference between the left-hand and right-hand side is non-negative in the limit.
We write

ˆ
R2

(Un ∗ µn)ϕdµn −
ˆ
R2

(U ∗ µ)ϕdµ

=
ˆ
R2

(
(Un − Uεn) ∗ µn

)
ϕdµn (8.43)

+
ˆ
R2

(Uεn ∗ µn)ϕdµn −
ˆ
R2

(Uε ∗ µ)ϕdµ (8.44)

+
ˆ
R2

(
(Uε − U) ∗ µ

)
ϕdµ. (8.45)

It follows from Assumption 8.2.1.(iii) that Uεn(x − y)ϕ(x) converges in C(R2 × R2) to
Uε(x− y)ϕ(x). Hence, the term (8.44) converges to zero.

In our treatment of the two terms (8.43) and (8.45) we invoke the oddness of U . Let
uε := Uε − U , and note that it is equal to zero outside the ball B(0, ε). Recalling the
definition in (8.31) of the left and right part of the thick diagonal ∆ε

± ⊂ R2 × R2, we
compute for the term (8.45)

ˆ
R2

ˆ
R2
uε(x− y)ϕ(x) dµ(y)dµ(x)

=
¨

∆ε
+

uε(x− y)ϕ(x) d(µ⊗ µ)(x, y)−
¨

∆ε
−

uε(y − x)ϕ(x) d(µ⊗ µ)(x, y)

=
¨

∆ε
+

uε(x− y)ϕ(x) d(µ⊗ µ)(x, y)−
¨

∆ε
+

uε(x− y)ϕ(y) d(µ⊗ µ)(y, x)

=
¨

∆ε
+

uε(x− y)
(
ϕ(x)− ϕ(y)

)
d(µ⊗ µ)(x, y). (8.46)

Next we estimate (8.46) in absolute value. Let L be the lipschitz constant of ϕ, recall



154 Chapter 8. Upscaling of dislocation dynamics in 2D

the estimate on Uε (8.42), and observe that |U(x)| ≤ 1/|x|. We then bound (8.46) by
¨

∆ε
+

|Uε(x− y)|
∣∣ϕ(x)− ϕ(y)

∣∣ d(µ⊗ µ)(x, y)

+
¨

∆ε
+

|U(x− y)|
∣∣ϕ(x)− ϕ(y)

∣∣ d(µ⊗ µ)(x, y)

≤
¨

∆ε
+

1
ε
L|x− y| d(µ⊗ µ)(x, y) +

¨
∆ε

+

1
|x− y|

L|x− y| d(µ⊗ µ)(x, y)

≤ 2L(µ⊗ µ)(∆ε
+), (8.47)

which converges to 0 when ε→ 0 by Lemma 8.2.9.
We treat the estimation of (8.43) analogously. For the analogous estimation leading

to (8.47), we first deduce from Assumptions 8.2.1.(iii) and 8.2.1.(vi) that ‖Uεn‖∞ ≤ C/ε
and |Un(x)| ≤ C/|x| for n-independent constants. Using these facts, we estimate

¨
∆ε

+

|Uεn(x− y)|
∣∣ϕ(x)− ϕ(y)

∣∣ d(µn ⊗ µn)(x, y)

+
¨

∆ε
+

|Un(x− y)|
∣∣ϕ(x)− ϕ(y)

∣∣ d(µn ⊗ µn)(x, y)

≤
¨

∆ε
+

C

ε
L|x− y| d(µn ⊗ µn)(x, y) +

¨
∆ε

+

C

|x− y|
L|x− y| d(µn ⊗ µn)(x, y)

≤ C(µn ⊗ µn)(∆ε
+). (8.48)

To bound (8.48) in the limit n → ∞, we use that µn ⊗ µn ⇀ µ ⊗ µ. We take a test
function ψ ∈ Cb(R2 × R2) satisfying 0 ≤ ψ ≤ 1, ψ(x, y) = 1 for all (x, y) ∈ ∆ε

+, and
ψ(x, y) = 0 for all (x, y) ∈ (∆2ε)c. We obtain that

(µn ⊗ µn)(∆ε
+) ≤

¨
ψ d(µn ⊗ µn)→

¨
ψ d(µ⊗ µ) ≤ (µ⊗ µ)(∆2ε),

which converges to 0 when ε→ 0 by Lemma 8.2.9.

8.4 Mixed positive and negative dislocations

An important extension of Theorem 8.3.1 would be to allow for mixed positive and neg-
ative dislocations cf. the setting in Section 8.2. However, it turns out to be challenging
to modify the proof in Section 8.3 to hold for systems of mixed positive and negative dis-
locations. In Section 8.4.2 we present the related open problem. First, in Section 8.4.1,
we prove an auxiliary evolutionary convergence result for mixed positive and negative
dislocations for a fixed regularized interaction potential.
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8.4.1 A fixed regularized potential

We fix δ > 0 arbitrary, and let the regularized interaction potential Vδ ∈ C(R2) be even
with ∂1Vδ Lipschitz continuous on R2. These are all the conditions which we need from
Assumption 8.2.1. Recalling the setting introduced in Section 8.2, we define the energy
functionals Eδ, Eδn : M(R2)→ [0,∞] by

D(Eδ) :=
{
µ ∈M(R2)

∣∣ |κ|(R2) ≤ 1, and suppκ bounded
}
,

Eδ(µ) := 1
2

ˆ
R2
Vδ ∗ κ dκ,

Eδn(µn) :=

E
δ(µn) if ∃x± ∈ (R2)n

±
: µ±n = 1

n

n∑
i=1

δx±
i
,

∞, otherwise.

(8.49)

Since Ṽδ ∈ C(R2×R2) (8.32), Eδ is bounded on {µ ∈ D(Eδ) | suppµ ⊂ BR(0)} for any
fixed R > 0. Therefore, we obtain from the definition of the narrow topology that Eδ is
continuous with respect to the modified narrow convergence (8.36). Therefore, it is easy
to see that Eδn Γ-converges to Eδ in the modified narrow topology. As a consequence,
any sequence µn

c
⇀ µ with Eδn(µn) bounded is a recovery sequence.

The setting and preliminary results in Section 8.2 apply to the energies Eδ and Eδn
(except for Lemma 8.2.9). Therefore, the energy identity

Eδn(µn(T ))− Eδn(µn(0)) + 1
2

ˆ T

0
|µ′n|2d + |∂Eδn|2d(µn) dt ≤ 0 (8.50)

has a unique solution µn ∈ AC2(0, T ;M(R2)) for a given initial datum with bounded
energy. Moreover, since ∂1Vδ is continuous on R2 and n-independent, it follows easily
from (8.12) that there exists a T > 0 such that suppµn(t) is bounded uniformly in n
and t ∈ [0, T ] if suppµ0

n is uniformly bounded.
The equivalent of Conjecture 8.2.10 is Conjecture 8.4.1.

Conjecture 8.4.1 (Characterization of the continuous slope). Let Vδ ∈ C(R2) be even
with ∂1Vδ ∈ C(R2). For Eδ as in (8.49), it holds for all µ ∈M(R2) that

|∂Eδ|2d(µ) =
ˆ (

∂1Vδ ∗ κ
)2
dµ.

In Proposition 8.4.2 we show that the solutions µn to (8.50) converge to a solution
µ ∈ AC2(0, T ;M(R2)) of

Eδ(µ(T ))− Eδ(µ(0)) + 1
2

ˆ T

0
|µ′|2d + |∂Eδ|2d(µ) dt ≤ 0. (8.51)
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Proposition 8.4.2 (Evolutionary convergence for fixed and regularized interactions).
Let δ > 0 and Vδ ∈ C(R2) be even with ∂1Vδ Lipschitz continuous on R2. Let Eδ and
Eδn be the corresponding energies (8.49), and µ0 ∈ M(R2) some initial condition. If
Conjectures 8.2.2 and 8.4.1 hold, then for any recovery sequence (µ0

n) ⊂ M(R2) for µ0

in the sense of Theorem 5.2.2, it holds for the solutions µn to (8.50) with respect to the
initial data µ0

n that there exists a solution µ ∈ AC2(0, T ;M(R2)) to (8.51) such that,
along a subsequence, µn(t) c

⇀ µ(t) as n→∞ pointwise for all t ∈ [0, T ].

Proof. The proof strategy is analogous to the proof of Theorem 8.3.1. Instead of (8.37),
we prove that for any sequence (µn) ⊂ AC2(0, T ;M(R2)) of solutions to the energy
inequality (8.50), there exist a µ ∈ AC2(0, T ;M(R2)) and a subsequence of (µn) which
satisfy

µ±n (t) c
⇀ µ±(t), for a.e. t ∈ (0, T ), (8.52a)

Eδ(µ(T )) ≤ lim inf
n→∞

Eδn(µn(T )), (8.52b)

Eδ(µ(0)) ≥ lim sup
n→∞

Eδn(µn(0)), (8.52c)
ˆ T

0
|µ′|2d ≤ lim inf

n→∞

ˆ T

0
|µ′n|2d, (8.52d)

ˆ T

0
|∂Eδ|2d(µ) ≤ lim inf

n→∞

ˆ T

0
|∂Eδn|2d(µn). (8.52e)

By the same argument as in the proof of Theorem 8.3.1, we deduce (8.52a)–(8.52d).
By the same argument leading to (8.40), we obtain by Lemma 8.2.5 and Conjecture 8.2.10
that it is enough to prove (8.52e) by showing that

lim inf
n→∞

ˆ
R2

(∂1Vδ ∗ κn)ϕdµn ≥
ˆ
R2

(∂1Vδ ∗ κ)ϕdµ, for all ϕ ∈ C∞c (R2), (8.53)

for any µ±n ⇀ µ±. In fact, we show that equality holds in (8.53). We write the left-hand
side in (8.53) in more detail as

ˆ
R2

(∂1Vδ ∗ κn)ϕdµn =
¨
R2×R2

∂1Vδ(x− y)ϕ(x) d(κn ⊗ µn)(y, x). (8.54)

By the hypothesis on ∂1Vδ, we have that (x, y) 7→ ∂1Vδ(x − y)ϕ(x) is continuous and
bounded on R2×R2. Also, from µ±n ⇀ µ± we deduce that κn⊗µn ⇀ κ⊗µ. Therefore,
by the definition of narrow convergence, the limit of (8.54) as n→∞ exists and is given
by the right-hand side of (8.53).
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8.4.2 Open problem

We pose Open Problem 8.4.3 as an extension of Theorem 8.3.1 to the case of mixed
positive and negative dislocations. We give a current proof attempt, which results in a
sufficient condition for Open Problem 8.4.3 to hold (in addition to Conjectures 8.2.2 and
8.2.10).

Open Problem 8.4.3 (Evolutionary convergence for signed dislocations).
Let Vδ be a regularization of V in the sense of Assumption 8.2.1. Let E and En be
the corresponding energies ( (8.32) and (8.11)), and µ0 ∈ M(R2) some initial condition
for which µ0,+ − µ0,− ∈ D(E) (8.32). If δn → 0 such that Vδn(0)/n → 0, then for
any recovery sequence µ0

n ∈ M(R2) for µ0 in the sense of Theorem 5.2.2, it holds for
the solutions µn to (8.21) with respect to the initial data µ0

n that there exists a curve
µ ∈ AC2(0, T ;P(R2)) satisfying

E(µ(T ))− E(µ(0)) + 1
2

ˆ T

0
|µ′|2d + |∂E|2d(µ) dt ≤ 0 (8.55)

such that, along a subsequence, µ±n (t) c
⇀ µ±(t) as n→∞ pointwise for all t ∈ [0, T ].

Our proof attempt to Open Problem 8.4.3 is based on the proofs of Theorem 8.3.1
and Proposition 8.4.2. In fact, the same proof technique applies up to the equivalent of
inequality (8.53) given by

lim inf
n→∞

ˆ
R2

(∂1Vδn ∗ κn)ϕdµn ≥
ˆ
R2

(∂1V ∗ κ)ϕdµ, for all ϕ ∈ C∞c (R2). (8.56)

This inequality is not implied by the argument in the proof of Proposition 8.4.2. Indeed,
because of the singularity of ∂1V at the origin, (x, y) 7→ ∂1Vδn(x− y) does not converge
in C(R2 × R2) to ∂1V as n → ∞. Also, the argument in the proof of Theorem 8.3.1 is
not enough to show (8.56). Indeed, in the computation leading to (8.46) we use that the
product measure µ⊗ µ is symmetric, i.e.

d(µ⊗ µ)(x, y) = d(µ⊗ µ)(y, x).

We cannot use the same argument to prove (8.56), because κ⊗µ need not be symmetric.
As an alternative, we split κ ⊗ µ in a sum of a symmetric and an anti-symmetric

product measure, i.e.

κ⊗ µ = µ+ ⊗ µ+ + µ+ ⊗ µ− − µ− ⊗ µ+ − µ− ⊗ µ−

=
[
µ+ ⊗ µ+ − µ− ⊗ µ−

]
+
[
µ+ ⊗ µ− − µ− ⊗ µ+] =: ν + σ.

We observe that ν is symmetric while σ is anti-symmetric. For ν we can repeat the
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argument leading to (8.46). For σ we obtain, similar to (8.46), that
¨

∆ε
+

uε(x− y)
(
ϕ(x) + ϕ(y)

)
dσ(x, y). (8.57)

The main difference with respect to (8.46) is that the sum ϕ(x) + ϕ(y) appears in the
integrand rather than the difference ϕ(x)−ϕ(y). Thus, we cannot use Lipschitz continuity
of ϕ to bound the integrand. Hence, it seems that we require the density of dσ(x, y) to
be bounded by C|x − y|. This requires the densities of µ± to be Lipschitz continuous,
but we do not have an argument for these densities to be Lipschitz continuous (if µ± are
absolutely continuous in the first place). It seems even more difficult to obtain a bound
on the discrete counterpart of (8.57) given by

¨
∆ε

+

uεn(x− y)
(
ϕ(x) + ϕ(y)

)
dσn(x, y). (8.58)

Therefore, we conclude this proof attempt with the following statement:

Let ϕ ∈ C∞c (R2). If the limit superiors of the absolute values of the integrals in (8.57)
and (8.58) as n→∞ are bounded by a constant cε > 0 which satisfies cε → 0 as

ε→ 0, then Open Problem 8.4.3 holds.

The hypothesis in this statement is sufficient but not necessary. We can weaken this
hypothesis by replacing it with the more abstract hypotheses (8.56) or

ˆ T

0
|∂Eδ|2d(µ) ≤ lim inf

n→∞

ˆ T

0
|∂Eδn|2d(µn).

It may be that any of these hypotheses only hold when additional assumptions to As-
sumption 8.2.1 on Vδn are imposed, or when δn → 0 for a rate of convergence which
is slow enough. To gain more insight in Open Problem 8.4.3, we perform in Chapter 9
numerical simulations for specific expressions for the regularized potential Vδ.

8.5 Notes and comments
Boundary effects. The interaction potential V as given by (8.2) is derived from dislocations
in the infinite elastic medium R2. This raises the question whether we can extend Theorem
8.3.1 to an interaction potential VΩ which takes the boundary of a finite elastic medium
Ω ⊂ R2 into account.

We have commented in Section 5.6 on the possibility to extend the Γ-convergence
result of Theorem 5.2.2 to a finite elastic medium with boundary conditions. Here, we
mention the challenges which need to be faced while proving evolutionary convergence,
given that the energies corresponding to a finite elastic medium Γ-converge. Computing
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the slope of the related energy may be challenging because of the additional boundary
term which depends implicitly on the dislocation positions. In addition, proving the lower
bound on the metric slopes (see (8.37e)) requires sufficient regularity of this boundary
term.

Screw dislocations. In Chapter 7 we describe the dynamics of n interacting screw
dislocations in terms of an energy-dissipation inequality (7.23) defined on trajectories
in (R2)n. The challenge in upscaling these dynamics with the techniques used in this
chapter is to find the right distance and its related properties to express (7.23) as an
energy inequality similar to (8.21).





Chapter 9

Simulations of positive and
negative dislocations in 1D

To gain insight in the possibility of a continuum description of the dynamics of mixed
positive and negative dislocations, we perform numerical simulations of their evolution.
We consider dislocations with a regularized dislocation core, which are positioned on the
real line. To rule out particular choices for the micro-structure of the initial data, we
consider many instances of randomly generated initial data. From the statistics of our
simulations we observe that the dynamics are sensitive to the width of the dislocation
core and the manner in which it is regularized.

The simulations are preliminary in the sense that the number of dislocations is limited.
In future work we aim to extend the simulations to a higher number of dislocations to
shed light on the open problem connected to evolutionary convergence of positive and
negative dislocations as stated in Section 8.4.

In Section 9.1 we describe the larger context of our simulations. We motivate in
section 9.2 two choices for regularizing the dislocation cores. After describing in Section
9.3 in detail how the simulations are performed, we list in Section 9.4 and Section 9.5 our
observations on the data. In Section 9.6 we discuss the implications of our observations for
regularizations of the dislocation core and for the possibility of evolutionary convergence.

9.1 Introduction
The starting point of this chapter is the open problem discussed in Section 8.4: Does the
discrete-to-continuum limit of the gradient flow dynamics of mixed positive and negative
dislocations exist in terms of a continuum gradient flow of a positive and negative disloca-

This chapter is intended to be submitted for publication with A. Garroni (Rome), M. A. Peletier
(Eindhoven), and L. Scardia (Bath).
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tion density? We aim to shed light on the answer by performing quantitative simulations
of the discrete gradient flow.

Since the main challenge in this upscaling question originates from the singularity in
the interaction potential, we consider a one-dimensional setting for the dislocations with
position xi and Burgers vector bi ∈ {−1, 1}. The regularized discrete gradient flow is
given by 

dxi
dt

= bi

n∑
j 6=i

bjφ
k
δ (xi − xj), t > 0,

xi(0) = x0
i ,

 for all i = 1, . . . , n, (9.1)

in which φkδ (r) = −(V kδ )′(r) is a regularization of the Peach-Köhler force in one dimension

φ(r) := −V ′(r) = 1
r
, V (r) := − log |r|. (9.2)

The index k = 1, 2 labels the two different regularizations which we consider in this
chapter. We describe them in Section 9.2. We recall from Chapter 8 that (9.1) is a
gradient flow with respect to the energy

En(x; b) = 1
2n2

n∑
i=1

n∑
j=1

bibjV
k
δ (xi − xj). (9.3)

The dynamics in (9.1) are such that dislocations with the same Burgers vector exert a
repelling force on each other, while dislocations of opposite Burgers vector attract each
other. Therefore, we expect that pairs of dislocations with opposite Burgers vector are
formed. We call such pairs dipoles.

In the literature, discrete dislocation dynamics is mostly studied in 2D or, more
recently, in 3D. In the earlier papers [LK87, AG88, GSLL89, WL95] on the 2D set-
ting (see e.g. (8.3)), the focus lies on developing methods which reduce in each time
step the computational complexity of O(n2) caused by the non-local interactions. In
[AG90, GH92, VdGN95] more attention is paid to modelling numerically the annihilation
and nucleation of dislocations as to avoid evaluating the interaction potential near the
singularity. Annihilation of dislocations with opposite Burgers vectors is modelled by re-
moving them from the system if their mutual distance is smaller than some prescribed
value, even if they are not on the same glide plane. In the latter case, this rule for anni-
hilation is explained by dislocation climb (i.e. movement of dislocations perpendicular to
their glide plane, which is observed to happen if the temperature is high enough).

In this chapter we model annihilation in 1D in a different manner. By regularizing the
potential, dislocations are never removed from the system. Moreover, since we choose
the potential Vδ to be even and continuously differentiable, it holds that V ′δ (0) = 0. As
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a consequence, the two dislocations of a dipole separate slightly as response to the force
acting on it. In turn, the dipole induces a small counteracting force field. This effect
is known as screening. It is still unclear how to model screening on a macroscopic level
[GGK06].

Recently, in [CXZ15], the upscaling of an array of dipoles is considered. Instead of
regularizing the interactions, the authors put the negative dislocations on a different glide
plane than the positive dislocations. As a consequence, the interaction of dislocations
of the same type is given by (9.2), while the interaction of dislocations of opposite type
is given by the two-dimensional potential given by (5.2), which can be interpreted as
a regularized interaction potential. By using asymptotic analysis a continuum evolution
equation is derived for the density of positive-negative dislocation pairs. Because of the
different setting, it is unclear what this result implies for (9.1).

In Proposition 8.4.2 we prove evolutionary convergence of (9.1) as n → ∞ for fixed
δ > 0 and for a rescaled time given by τ = t/n. The limiting dynamics are given by the
energy inequality (8.51). Formally, these dynamics are given by the PDE

∂t

[
ρ+

ρ−

]
= − ∂

∂x

[
ρ+(φkδ ∗ (ρ+ − ρ−)

)
−ρ−

(
φkδ ∗ (ρ+ − ρ−)

) ] , (9.4)

in which ρ+ and ρ− denote the positive and negative dislocation density. Extrapolating
the results of Theorem 5.2.2 and Proposition 8.4.2, a candidate for the limiting dynamics
when both n→∞ and δ → 0 is given by the following PDE:

∂t

[
ρ+

ρ−

]
= − ∂

∂x

[
ρ+(φ ∗ (ρ+ − ρ−)

)
−ρ−

(
φ ∗ (ρ+ − ρ−)

) ] . (9.5)

In Section 8.4 we motivate why we do not know whether (9.1) converges to a limiting
gradient flow as n → ∞ and δ → 0. The reason is that we do not know how to control
the annihilation of dislocations while passing to the limit.

To gain more insight on the annihilation of dislocations, we perform simulations on a
carefully chosen test case. We take

ρ+ = ρ− = 1
21(−1/2,1/2) (9.6)

as a stationary solution to both the continuum gradient flow (9.5) and its regularized
version (9.4). This choice enables us to compare the results of the simulations of (9.1)
with (9.4) for fixed δ > 0 (which is guaranteed by Proposition 8.4.2), and, at the same
time, gain insight in the effect of small δ on the dynamics.

It is not straightforward to us how to choose the initial data for the positive dislocations
x0,+ ∈ Rn+ and the negative dislocations x0,− ∈ Rn− as approximations to (9.6). We
choose x0,±

i as independent and identically distributed random variables with law ρ±, and
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solve (9.1) numerically for many realizations of x0,±. By this choice, our simulations
are robust to artificial effects caused by particular choices for the micro-structures in the
initial data. Furthermore, this choice enables us to examine the effect of noise on the
initial data. We note that we do not know of a better alternative than to take x0,±

i to be
distributed independently. We provide a precise description of our simulations in Section
9.3.

We wish to end this section by stating on a high-level our interpretations of the
simulations. The following conclusions are motivated in Section 9.6:

• The choice for the regularization V kδ of the interaction potential can be crucial for
both the micro-structure and the macro-structure for the solution x(t) of (9.1).

• Positivity of the Fourier transform of V kδ seems to be important for all dislocations
to form ‘exact’ dipoles (i.e. x+(t) = x−(t) for t = O(1)).

• For the limit passage of (9.1) for both V 1
δ and V 2

δ as n → ∞ and δ → 0, the
parameter regime n ∼ 1/δ seems critical. If n� 1/δ, then the solution trajectories
x±(t) seem to converge to ρ±(t). If n � 1/δ, then the macro-structure of the
solution trajectories x±(t) seems to depend on the details of its micro-structure,
which would imply that it is impossible to describe its dynamics in terms of the
dislocation density only.

• Proving a discrete-to-continuum limit passage for n → ∞ and δ → 0 such that
δ � 1/n seems to be the least involved for the discrete gradient flow (9.1) with
regularized potentials Vδ that have positive Fourier transform.

9.2 Regularized potentials

In this section we motivate our choices for the regularized interaction potentials V kδ for
k = 1, 2 and prove basic properties of V kδ .

We consider the following two regularized potentials V kδ and the related forces φkδ :=
−(V kδ )′:

V 1
δ (r) :=

− log |r|, |r| > δ,

− log δ − (r + δ)(r − δ)
2δ2 , |r| < δ,

φ1
δ(r) :=

{
1/r, |r| > δ,

r/δ2, |r| < δ,
(9.7)

V 2
δ (r) := − log

√
r2 + δ2, φ2

δ(r) := r

r2 + δ2 . (9.8)

Figure 9.1 illustrates V kδ and φkδ . The first regularization (k = 1) is a natural choice
to us, because we construct it by replacing the (1/x)-singularity of φ on (−δ, δ) by a
linear function. By this construction, V 1

δ equals V outside the interval (−δ, δ), and φ1
δ is
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Lipschitz continuous, which ensures that (9.1) is well-posed for all t ≥ 0 by the Cauchy-
Lipschitz Theorem (see e.g. [Tes12, Thm. 2.2]).

r

V 1
δ

δ

1
2 − log δ

r

V 2
δ

δ

− log δ

r

φ1
δ

δ

1
δ

√
2δ

r

φ2
δ

δ

1
2δ

√
2δ

Figure 9.1: Illustrations of the regularized potentials V kδ and the related forces φkδ .

Our choice for the second regularization (k = 2) has been made after examining several
solution trajectories x(t) of (9.1) for V 1

δ . As we show in Section 9.4, x(t) equilibrates to
a micro-structure in which hardly any dipoles are formed. We expect that dipoles are not
energetically optimal because of the Fourier transform of V 1

δ taking negative values. For
this reason, we have chosen V 2

δ to have positive Fourier transform. Our precise choice of
V 2
δ is inspired by [CAWB06]. To show that V̂ 2

δ ≥ 0, we use

îd = i

2π δ
′
0, F

( 1
�2 + δ2

)
(ξ) = 2π2

δ
e−δ|ξ|,

where δ0 is the Dirac-measure in zero. We then formally compute

V̂ 2
δ (ξ) = i

2πξ φ̂
2
δ(ξ) = i

2πξ

(
îd ∗ F

( 1
�2 + δ2

))
(ξ) = − 1

2δξ

(
δ′0 ∗ e−δ|�|

)
(ξ)

= 1
2ξ

(
δ0 ∗ e−δ|�| sgn�

)
(ξ) = 1

2|ξ|e
−δ|ξ| ≥ 0.

Many properties of V 1
δ and V 2

δ are shared:
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(V1) V kδ is even (and hence φkδ is odd),

(V2) φkδ : R → R is Lipschitz continuous and bounded,

(V3) φkδ (r) = φk1(r/δ)/δ,

(V4) V kδ (0) ∼ − log δ,

(V5) δ = arg max φkδ ,

(V6) φkδ (r) = φkδ (r/2) has two solutions given by r = ±
√

2δ.

By property (V1), it follows from (9.1) that

n∑
i=1

dxi
dt

(t) = 0,

and hence
∑n
i=1 xi(t) is conserved in time. We recall that (V2) implies the existence of

the unique solution to (9.1) for all t ≥ 0. (V3) implies that changing δ is equivalent to
rescaling space and time in (9.1). (V4-5) are convenient for comparing solutions to (9.1).
We observe in Section 9.4 and Section 9.5 that the number

√
2δ in (V6) seems to be the

internal length of the micro-structure observed in many simulations.

9.3 Description of the simulations
In this section we describe in detail the simulations which we have performed. By setting
n+ = n−, there are, besides the initial data, four parameters to be specified: n =
n+ + n− ∈ N, δ > 0, the index k = 1, 2 to specify the regularization of the interaction
potential V , and the end time T . We separate k = 1 from k = 2 by considering them
separately in Section 9.4 and Section 9.5. For n and δ we consider the values in Table
9.1. The values of n are chosen as large as possible with respect to the computation time
for the simulations. The values of δ are based on our observation that the regime n ∼ δ

seems to be critical for the collective behaviour of the solution trajectories to (9.1).

m δm nm

1 1/20 100
2 1/100 200
3 1/500 300

Table 9.1: The values of δ and n that we use in the simulations.

We put as reference values

nref = n1 = 100, δref = δ2 = 1
100 . (9.9)
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We consider different values of n or δ only while keeping the other fixed by its reference
value. A posteriori it seems reasonable to fix T = 103 as the end time. In Section 9.4
and Section 9.5 we observe that the numerical solution to (9.1) has either equilibrated by
that time, or is seemingly not going to converge to a stationary state.

For any set of parameters (n, δ, k) satisfying these constraints, we solve (9.1) for
L := 500 different realizations of the initial data x0. A posteriori we observe that this
value of L is large enough to see clear patterns in the statistical data given by the numerical
solutions of (9.1).

We denote each realization of the initial datum by x0(ω`), where ω` is an element
of the abstract probability space (X,F ,P). For each ` = 1, . . . , L, we use the ‘ode15s’
solver [SR97] in MATLAB to solve (9.1) with initial datum x0(ω`). The computation
time appears to be O(n3). We speculate that O(n3) of computation time is caused by
O(n2) dislocation interactions at each time step, and O(n) ‘annihilation events’ for which
the ‘ode15s’ solver selects very small time step sizes. Because of this estimate for the
computation time, we have chosen relatively small values for n in Table 9.1.

From these simulations we obtain the following data sets:

Ξ(δ, n) :=
{
x±(T ; δ, n, ω`)

∣∣ ` = 1, . . . , L
}
⊂ Rn

±
, L = 500. (9.10)

We do not denote the dependence on k, because the value of k is fixed in Sections 9.4
and 9.5. We also drop the dependence of Ξ on δ or n from our notation whenever the
reference values in (9.9) are used.

In particular we examine the energy values of x±(T ; δ, n, ω`) ∈ Ξ(δ, n). We set

En(δ, ω`) := En
(
x±(T ; δ, ω`)

)
. (9.11)

9.4 Observations for the potential V 1
δ

In Section 9.4.1 we examine the solution trajectories to (9.1) and the data set Ξ (9.10) for
the reference values nref and δref as in (9.9). We examine in Section 9.4.2 the dependence
of δ on these observations by considering the different values of δ listed in Table 9.1. In
Section 9.4.3 we put δ = δref, and vary n in a similar fashion.

9.4.1 The reference values
First we examine the solution trajectories x(t;ω`) = x(t; δref, nref, ω`) to (9.1) for ` =
1, . . . , 12. Figure 9.2 illustrates these trajectories. We have chosen for a logarithmic time
axis (vertical) to see both the the long-time behaviour as well as its emergence from the
initial condition. Since we are mainly interested in the structure of the trajectories, we
only display the labels on the axis of the plots in the figures in this chapter whenever it
adds relevant information.
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Figure 9.2: Each of the twelve plots labelled by ` = 1, . . . , 12 shows the n = nref =
100 trajectories of x+

i (t;ω`) (black) and x−i (t;ω`) (gray) computed from (9.1) with the
regularized potential V 1

δ (9.7) for δ = δref = 1/100. The horizontal axis is x. The time
axis (vertical) runs from 10−6 to 103 on a logarithmic scale.

We observe on the long time scale that the dislocations form a micro-structure of al-
ternately positive and negative dislocations. We observe three different macro-structures:
(i) a single stationary dislocation band of alternately positive and negative dislocations
(see ` ∈ {1, 2, 7, 12}), (ii) three separate stationary bands for ` ∈ {4, 5, 8, 11}, and (iii)
diverging bands for ` ∈ {3, 6, 9, 10}. Next we discuss their predictions for the macroscopic
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density.
The single stationary bands (i) seem to be described by ρ±(t) = (b − a)−11(a,b)

with b− a < 1. Although these density profiles are stationary solutions to both (9.4) and
(9.5), they are different from the initial stationary density ρ±. Also, the time at which this
stationary band is formed differs in the order of a factor 10 between the four realizations.

The three separate stationary bands (ii) seem to be described by

ρ±(t) =
3∑
i=1

αi1(ai,bi)

for three non-overlapping intervals (ai, bi). These bands may consist of a single dislocation
(plots 5 and 11). We also observe that after the formation of these three bands, they
still move during a finite time interval, which suggests that there is a preferred distance
between the intervals. Again, ρ±(t) is a stationary solution, but it resembles the profiles
ρ± even less than the single bands (i).

The diverging bands (iii) seem to be described by ρ±(t) =
∑m
i=1 αi1(ai(t),bi(t)) for

m non-overlapping, time-dependent intervals (ai(t), bi(t)), where m depends on the re-
alization of x0. The bands do not seem to converge to a stable profile. On the other
hand, their speed converges to 0 (which is hard to see from Figure 9.2 because of the
logarithmic time axis).

From Figure 9.2 we observe that at the end time T = 103, the single stationary bands
(i) and the three separate stationary bands (ii) appear to be close to a stable equilibrium
point. In fact, at time points which are orders of magnitude smaller than T these equilibria
are ‘reached’. The diverging bands (iii) have not reached equilibrium at T .

A common feature in all twelve plots is that dislocations tend to cluster together in
bands of alternately positive and negative dislocations. These bands tend to merge with
other bands to form a thicker band. This motivates us to examine further the structure of
bands and the dynamics of merging bands. Figure 9.3 displays several of these phenomena
in more detail. Note that a few dislocations of the same type seem to fuse into a ‘super’
dislocation. This effect can be explained by the concavity of V 1

δ on the interval (−δ, δ).
Next we examine statistical properties of the data set Ξ as defined in (9.10). Figure

9.4 illustrates the empirical distribution of the data points x±i (T ;ω`) in Ξ at the end
time T . It shows a histogram in which the height of each bar is linearly proportional
to the number of data points x±i (T ;ω`) within the horizontal range of the bar for all
i = 1, . . . , n± and all ` = 1, . . . , L. The histogram does not resemble any of the profiles
of x±(T ;ω`) depicted in Figure 9.2. The observation that the density profile of x+

i (T ) is
similar to x−i (T ), agrees with the twelve instances of x±(T ;ω`) depicted in Figure 9.2.
This observation is consistent with the ‘pairing up’ of positive and negative dislocations.



170 Chapter 9. Simulations of positive and negative dislocations in 1D

−0.5 0 0.5
10

−6

10
−3

10
0

10
3

0.05 0.2
5.6

5.75

−0.15 −0.05
10

−2

10
0

0.05 0.15
10

−4

10
−2

Figure 9.3: A plot of x±(t;ω1) (n = 100, δ = 1/100) with three zoom-ins. The lower-left
plot depicts instances of merging dynamics of small dislocation bands. The other two
zoomed-in plots show that at separate time scales, dislocations of the same sign can fuse
into a ‘super’ dislocation. The circles indicate where such a fusion happens.
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Figure 9.4: Histogram of the positions x±i (T ) of the positive (left histogram) and negative
(right histogram) dislocations. The dashed lines indicate the region in which the initial
data x0,±

i are chosen randomly. The horizontal axis runs from −3 to 3.
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To quantify the micro-structures observed in Figure 9.3, we examine the interdistances
between consecutive dislocations in the data set Ξ. To this aim, we relabel the indices
such that x+(T ;ω`) ∈ Rn

+ , x−(T ;ω`) ∈ Rn
− , and x(T ;ω`) ∈ Rn are ordered from left

to right,

x±i (T ;ω`) ≤ x±i+1(T ;ω`), for all i = 1, . . . , n± − 1
xi(T ;ω`) ≤ xi+1(T ;ω`), for all i = 1, . . . , n− 1

}
, for all ` = 1, . . . , L.

Then, we define

d±i (ω`) :=
(
x±i+1 − x

±
i

)
(T ;ω`), for all i = 1, . . . , n± − 1

di(ω`) :=
(
xi+1 − xi

)
(T ;ω`), for all i = 1, . . . , n− 1

}
, for all ` = 1, . . . , L.

(9.12)
Figures 9.5 and 9.6 show the empirical distribution of respectively d±i and di. We make
the following observations:

• The histograms of d+
i (ω`) and d−i (ω`) are similar.

• A specific micro-structure is preferred. Figure 9.5 shows that dislocations of the
same type tend to separate at a distance of approximately

√
2δ. Dislocations of

opposite type tend to separate at a distance of approximately 1
2
√

2δ (see Figure
9.6). There is clearly some variance in the data of d±i and di around these values.

• ‘Super’ dislocations are formed, while hardly any ‘exact’ dipoles occur. The data
show that per instance ω`, roughly 9 positive and 9 negative consecutive dislocations
have zero interdistance (up to machine precision). To find the number of ‘exact’
dipoles, we subtract the number of pairs in di(ω`) which have zero interdistance
from the similar numbers generated for d+

i (ω`) and d−i (ω`). This results in 7
‘exact’ dipoles in the full data set Ξ, which is negligible with respect to the number
of realizations L.

Figure 9.7 illustrates the empirical distribution of the energy values En defined by
(9.11). It is convenient to have a few reference energy values while making observations
on Figure 9.7. We recall that any configuration satisfying x+ = x− (i.e. all dislocations
form exact dipoles) has zero energy. Motivated by our observations of the micro-structure
of x(T ;ω`), we are also interested in the energy value of x̂(T ), which is the solution to
(9.1) at time T for the initial condition given by{

x̂0,+
i :=

√
2δi, i = 1, . . . , n+,

x̂0,−
i :=

√
2δ(i− 1/2), i = 1, . . . , n−.

(9.13)

Figure 9.8 confirms that the regular micro-structure in x̂0 is indeed close to an equilibrium
point. We note that x̂(T ) does not contain ‘super’ dislocations. The related energy value
is En(x̂(T )) ≈ −4.14 · 10−4.
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Figure 9.5: Histograms of the interdistances d±i (ω`) given by (9.12) for the positive (left)
and negative (right) dislocations. The width of the bars is 2

√
2δ/100. The bar at zero

in the left histogram contain 4665 ≈ 9L instances of d+
i (ω`). In the right histogram,

this amount is 4674 ≈ 9L. The left histogram does not show the 850 < 2L instances
of d+

i (ω`) which are larger than 2
√

2δ. Similarly, in the right histogram 877 < 2L data
points are omitted. We motivate the choice for labelling the horizontal axis by (V6).
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Figure 9.6: A histogram of the interdistances di(ω`) given by (9.12). The width of the
bars is 2

√
2δ/100. The bar at zero contains 9346 ≈ 19L instances of d+

i (ω`), and is
therefore not shown in full. The 978 < 2L instances of d+

i (ω`) which are larger than
√

2δ
are not shown.
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Figure 9.7: A histogram of the energy values En(ω`) (9.11) of x±(T ;ω`) for n = 100 and
δ = 1/100. The vertical lines (one dashed, one continuous) correspond to the reference
energy values of respectively En(x̂0) and En(x̂(T )). The horizontal axis runs from −10−3

to 1.5 · 103.
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Figure 9.8: Solution trajectories x̂ of (9.1) for the regular initial data x̂0 given in (9.13).
The fact that hardly any dynamics are visible confirms our expectation that x̂0 is close to
an equilibrium configuration.
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The energy values En(x̂0) and En(x̂(T )) are shown along with the histogram of En
in Figure 9.7. We observe the following:

• Many energy values En(ω`) are negative. This means that a configuration consisting
solely of dipoles (i.e. x+ = x−) is not energetically optimal.

• Several energy values are smaller than En(x̂(T )). This means that the regular
micro-structure of x̂(T ) is not the most energetically favourable configuration. Since
x(T ;ω`) consists of 19 ‘super’ dislocations on average over ω`, we expect that their
presence can lower the energy.

` structure En(ω`) · 104

1 (i) −5.35
2 (i) −4.31
3 (iii) −3.86
4 (ii) −0.85
5 (ii) 1.30
6 (iii) −0.56
7 (i) −4.33
8 (ii) 0.14
9 (iii) 0.53
10 (iii) −3.44
11 (ii) −1.47
12 (i) −4.27

Table 9.2: Energy values En(ω`) (9.11) corresponding to the dislocation positions x(T, ω`)
at the end time of the twelve evolution trajectories displayed in Figure 9.2. The second
column refers to the labelling of the structures introduced in our description of Figure 9.2.

• There are three distinct regions where the energy values En(ω`) concentrate: near
the peak around the vertical lines, around zero, and in a region around 5 · 10−4.
With the help of Table 9.2 we test whether these three regions are related to the
three different structures (i)–(iii) which we have observed from Figure 9.2. While
the four smallest energy values are attained at those x(T ;ω`) which consist of a
single band (i), there does not seem to be a clear connection between the three
structures (i)–(iii) and the three energy regions in Figure 9.7.

9.4.2 Varying δ
Next we examine the influence of different values of δ on our current observations. We
recall from (V3) that different values of δ correspond to a rescaling of space and time in
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the discrete gradient flow (9.1).
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Figure 9.9: Nine plots of the solutions x±(t; δm, ω`) to (9.1) for n = 100, the three
different values of δ in Table 9.1, and three different realizations ω`. The three plots in
each column correspond to the same initial data x0(ω`). The plots in the second row are
also displayed in Figure 9.2. The data x±(t; δm, ω`) are shown for t larger than the first
time step.

In Figure 9.9 we compare for δ ∈ {1/20, 1/100, 1/500} (c.f. Table 9.1) the evolution
of three different realizations for the initial data. We have chosen the three different
realizations ω1, ω4 and ω3, because these are the first realizations at which we have
observed from Figure 9.2 respectively the structures (i), (ii) and (iii). We make the
following observations:

• For δ = δ1 = 1/20, the dislocations equilibrate to a single band, with a width
slightly larger than 1. For the other nine instances of ω` (which are not shown in
Figure 9.9, we observe similar equilibria. The width of the final band varies around 1.
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• For δ = δ3 = 1/500, the dislocations form several diverging, narrow bands. Four of
the other nine instances of ω` (which are not shown in Figure 9.9) show diverging
bands as well. The other five realizations equilibrate to stationary bands. A common
feature of all twelve realizations is that narrow bands are formed, and that there are
on average more than three bands per realization.

• For fixed `, we hardly observe any similarities between x±(t; δ, ω`) for different
values of δ. The only similarity that we note in the evolutions related to δ2 and δ3
is a correlation between the distributions of the bands at time points halfway the
logarithmic time axis.

Next we examine the statistics of the data sets Ξ(δm). Figure 9.10 shows the empirical
distribution of x+

i (T ; δm). The second histogram is the same as the left histogram in
Figure 9.4. Since the corresponding figures for the negative dislocations are similar, we
omit them. We observe that for larger δ, the histogram of x+

i (T ) resembles ρ+. On
the other hand, for smaller δ, the dislocations tend to cluster closer together around 0.
Because of the diverging bands, the tails of the distribution depend on specific properties
of these bands.

−2 −0.5 0 0.5 2

δ1 = 1/20

−3 −0.5 0 0.5 3

δ2 = 1/100

−2 −0.5 0 0.5 2

δ3 = 1/500

Figure 9.10: Histogram of the positions x+
i (T ;ω) in the data sets Ξ(δm) given by (9.10)

for n+ = 50. The vertical, dashed lines indicate the horizontal region in which the initial
data x0,±

i is randomly chosen.

To acquire insight in the micro-structure of x±(T ; δm), we examine the interdistances
d+
i (δm) and di(δm) as defined in (9.12). Figure 9.11 shows the related histograms. Again,

the histograms of d−i (δm) are similar to those of d+
i (δm) (as in Figure 9.6), and thus we

choose not to display them. Table 9.3 lists the number of ‘super’ dislocations and ‘exact’
dipoles. We observe the following as δ becomes smaller:

• The width of the peak in the histogram of d+
i (δm, ω`) becomes higher and narrower.

This means that there is less variance in the micro-structure of the positive (and
negative) dislocations.

• The distribution of di(δm, ω`) splits into two peaks around
√

2δ/2. This suggests
that dislocation pairs of opposite type are forming.
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• The number of ‘super’ dislocations decreases.

• The number of separate bands increases (see the last two columns of Table 9.3). We
note that N+

off(δ2)/N+
off(δ1) is an order of magnitude larger than N+

off(δ3)/N+
off(δ2).

We make an analogous observation for Noff.
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Figure 9.11: Histograms of the interdistances d+
i (δm) (first row) and di(δm) (second row)

given by (9.12) for n = 100. Table 9.3 lists the height of the bars at zero and the number
of data points d+

i (δm, ω`) which are not depicted in the histograms.

Next we examine the differences in the empirical distribution of the energy values
En(δm). We observe from Figure 9.12 that when δ decreases:

• More separate peaks become apparent. We have not found an explanation for this.
Also, it is unclear to us which type of spatial structures of x(T ; δ3, ω`) corresponds
to any of the peaks in the histogram.

• The typical energy values increase.

• The particular configurations x̂0(δm) and x̂(T ; δm) become more energetically fa-
vourable with respect to En(δm, ω`). We have tested that the evolution of x̂(t; δm)
is similar to x̂(t; δ2) as displayed in Figure 9.8.
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δm N++ N−− N N+− N+
off Noff

1/20 17510 17494 35004 0 59 85
1/100 4477 4497 8974 0 850 877
1/500 497 494 993 2 1392 1569

Table 9.3: Additional data to the histograms in Figure 9.11. N++ is the number of
positive ‘super’ dislocations defined as the number of data points for which d+

i (δm, ω`) = 0
(up to machine precision). N−− is defined analogously for negative super dislocations.
N is the number of data points for which di(δm, ω`) = 0 (up to machine precision).
N+− := N − N++ − N−− is an indication of the number of ‘exact’ dipoles. N+

off and
Noff are the numbers of data points which are outside of the domain in Figure 9.11,
i.e. d+

i (δm, ω`) > 2
√

2δm or di(δm, ω`) >
√

2δm.
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Figure 9.12: Histogram of the energy values En(δm, ω`) given by (9.11) for n = 100.
The vertical lines (one dashed, one continuous) correspond to the reference energy values
for the regular dislocation configuration, which are given by respectively En(x̂0) and
En(x̂(T )).

9.4.3 Varying n

Finally, we examine the influence of the different values of n ∈ {100, 200, 300} (cf. Table
9.1) on our current observations related to the reference values. Figure 9.13 displays the
solution trajectories x±(t;n3, ω`) for six different realizations of the initial data. Since
none of the realizations of the initial data is equivalent to those used in Figure 9.2, there
is no meaning in comparing the solutions x±(t;n, ω`) for fixed ` and different values of
n.

We observe a few minor qualitative difference with respect to the trajectories in Fig-
ure 9.2. Except for the realization ω1, the trajectories form diverging bands. In fact,
x±(t;n3, ω6) evolves to a state with four diverging bands. Another remarkable detail is
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the splitting of a band in realization ω3. Seemingly, there are no other bands that the
splitted bands merge with afterwards.
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Figure 9.13: The solutions x±(t;n±3 , ω`) to (9.1) for n+
3 = n−3 = 150, δ = δref = 1/100

and six different realizations ω`.

Next we examine the statistics of the data sets Ξ(nm) (9.10). Figure 9.14 shows the
empirical distribution of x+

i (T ;nm). We observe that for larger n, the variance of the
empirical distribution increases. However, it is not clear what this means, because due to
the diverging bands it is not clear how the time T = 103 relates to n.
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Figure 9.14: Histograms of the positions x+
i (T ;nm) for δ = δref = 1/100. The histograms

consist of 101 bars of equal width with midpoints given by 3k/50 for k = −50, . . . , 50.
The height of the plots is given by 50n+

m. The vertical, dashed lines indicate the horizontal
region in which the initial data x0,±

i is chosen randomly.

Figure 9.15 shows the histograms of the interdistances d+
i (nm) and di(nm) as defined

in (9.12). Table 9.4 lists the number of ‘super’ dislocations and ‘exact’ dipoles. We
observe the following as n increases:

• Both the peak and the density in the histograms of d+
i (nm, ω`) decrease. From

Table 9.4 it is clear that the remaining density is added to the peak at 0. This
means that more ‘super’ dislocations are created.

• A similar effect occurs in the histograms of di(nm, ω`).

nm N++ N−− N N+− N+
off Noff

100 4477 4497 8974 0 850 877
200 20582 20565 41149 2 1419 1665
300 39449 39447 78898 2 1442 1745

Table 9.4: Additional data to the histograms in Figure 9.15 for δ = δref = 1/100. The
different columns are explained in the caption of Table 9.3.

Next we examine the differences in the empirical distribution of the energy values
Enm(ω`). We observe from Figure 9.16 that when n increases:

• The energy values tend to 0.

• The separation of the energy values in different regions disappears.

• The configuration x̂(T ) becomes neither more nor less energetically favourable with
respect to x(T ;nm, ω`). We have tested that the evolution of x̂(t;nm) is similar
to x̂(t;n1) as displayed in Figure 9.8.
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Figure 9.15: Histograms of the interdistances d+
i (nm) (first row) and di(nm) (second

row) given by (9.12) with δ = 1/100. Table 9.4 lists the height of the bars at zero and
the number of data points d+

i (nm, ω`) and di(nm, ω`) which lie outside the domain.
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Figure 9.16: Histograms of the energy values Enm(ω`) given by (9.11) for δ = δref =
1/100. The number of bars and the height of the graphs is the same in all three plots. The
vertical lines (one dashed, one continuous) correspond to the reference energy values at
the regular dislocation configurations (9.13). These energy values are given by respectively
Enm(x̂0(nm)) and Enm(x̂(T ;nm)).
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9.5 Observations for the potential V 2
δ

In Section 9.5.1 we examine the solution trajectories to (9.1) for the reference values
nref and δref as in (9.9), and compare them with the solution trajectories in Figure 9.2
computed for V 1

δ . We examine in Section 9.5.2 the dependence of these observations on
different values of δ as listed in Table 9.1. Because of time limitations we omit varying n.

9.5.1 The reference values

We compare in Figure 9.17 three solution trajectories for the reference values δref = 1/100
and nref = 100 with those from Figure 9.2 that have the same initial data. In the third
column we observe some similarity in the trajectories for small t, but especially the long
term dynamics are different. The trajectories corresponding to V 2

δ equilibrate to exact
dipoles. We do observe similar dislocation bands as in Figure 9.2.
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Figure 9.17: Three instances of the solutions x±(t; k, ω`) to (9.1) for the reference values
n = 100 and δ = 1/100, and for the regularized potentials V kδ for k = 1 (9.7) and k = 2
(9.8). The two plots in each column correspond to the same initial datum x0(ω`).

Next we examine the empirical distribution of the set Ξ (see (9.10)) consisting of the
data points x±i (T ;ω`). We justify T = 103 from Figure 9.17 (and from the nine other
plots for different realizations) by observing that the dislocations tend to equilibrate at
time points which are orders of magnitude smaller than T .

Figure 9.18 shows the empirical distribution of x±(T ). We observe that:
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• There is no visible difference between the empirical distributions of x+(T ) and
x−(T ). We restrict our attention to x+(T ), and only mention x−(T ) if there are
noteworthy differences.

• The distribution does not spread further than the interval (−1/2, 1/2). This means
in particular that the dislocations do not form diverging bands.

• The distribution is not uniform within the interval (−1/2, 1/2). It is not clear
from the histograms in Figure 9.17 whether this distribution resembles individual
realizations of x±(T ;ω`). In any case, the empirical distribution does not resemble
ρ±.

−0.7 −0.5 0 0.5 0.7 −0.7 −0.5 0 0.5 0.7

Figure 9.18: Histogram of the positions x±i (T ) of the positive (left) and negative (right)
dislocations the data Ξ given by (9.10) for the reference values n = 100 and δ = 1/100.
The dashed lines indicate the region in which the initial data x0,±

i is chosen randomly.

To obtain information about possible micro-structures, we display in Figure 9.19 the
interdistances d+

i and di given by (9.12). We observe that:

• The two histograms are very similar, except for the bars at 0, which contain 1 data
point for d+

i and (n+L + 1) data points for di. This implies that all dislocations
form dipoles. The additional data point at zero is due to two dipoles being very
close. In fact, if we reduce the size of the bars in the histograms by half, we obtain
exactly n+L data points at zero in the histogram of di, and zero data points at
zero in the histogram of d±i .

• The histograms shows that dipoles tend to separate by a distance of about
√

2δ/2
or larger.

For the energy values we obtain En(ω`) = 0 up to machine precision for all ` =
1, . . . , L. This agrees with the observation that all dislocations form dipoles.
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Figure 9.19: Histograms of the interdistances d+
i (ω`) and di(ω`) given by (9.12) for the

reference values n = 100 and δ = 1/100. The width of the bars is 4
√

2δ/100. Table
9.5 provides additional information about the number of data points around 0 and the
number of data points that are off the domain.

9.5.2 Varying δ
By observing the solution trajectories x±(t; δ, ω`) for δ ∈ {1/20, 1/100, 1/500} (cf. Table
9.1) and for a few realizations ω`, we do not observe any qualitative difference between
these different realizations. Also, for the solution trajectories related to δ1 and δ2 we
have not noted qualitative differences. On the other hand, the trajectories x±(t; δ3, ω`)
are qualitatively different from the trajectories x±(t; δ2, ω`) shown in Figure 9.17. Figure
9.20 illustrates x±(t; δ3, ω1). As the time t increases, we observe the formation of narrow
dislocation bands. By zooming in on several of these bands, we observe that the bands
which are stationary in time, consist solely of dipoles, whereas the bands that move in time,
have a surplus of one positive or one negative dislocation. From the arc-like structures
in Figure 9.20 (indicated by the six arrows), we observe that mobile bands can merge
with stationary bands, and that mobile bands merge with other mobile bands to form a
stationary band. These dynamics explain localization of the dipole density.

Next we examine the statistics of the data sets Ξ(δm) defined in (9.10). Figure 9.21
shows the empirical distribution of x+

i (T ; δm). We observe that for decreasing δ, the
distribution resembles ρ± less. Instead, dislocations tend to cluster around 0. We made
the same observation on the equivalent plots for V 1

δ (see Figure 9.10). The differences
with those plots are the specific profiles of the density of x+

i (T ; δm), and the dislocations
hardly leaving the interval (−1/2, 1/2) in Figure 9.21.
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Figure 9.20: Solution trajectories x±(t; δ3, ω1) of (9.1) for V 2
δ and n = 100. The arrows

indicate six mobile bands which have a surplus of one negative dislocation. At a certain
time point these bands merge with the other six mobile bands at the right side.
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Figure 9.21: Histogram of the position x+
i (T ; δm, ω`) of the positive dislocations. The

vertical, dashed lines indicate the horizontal region in which the initial data x0,±
i are

chosen randomly.
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Next we examine the interdistances d+
i (δm) and di(δm) as defined in (9.12). Figure

9.22 shows the histograms of d+
i (δm). We observe that:

• For δ = δ1 there is no clear connection between
√

2δ/2 and the peak in the density
of d+

i . There does not seem to be a preferred value for the interdistance between
dipoles.

• For δ ∈ {δ2, δ3} we observe a peak near
√

2δ, and a fat tail. From the last two
columns in Table 9.5 we observe that x(T ; δ3) consists of more separate dipole bands
than x(T ; δ2). We have no explanation for the ‘gap’ in the empirical distribution of
x(T ; δ3) around 2

√
2δ.

• For δ1 we observe that the number of exact dipoles N+− is substantially smaller
than n+L = 25000. We have confirmed that the remaining (25000 −N+−) pairs
consist of a positive and negative dislocation which have an interdistance that is
orders of magnitude smaller than δ, but larger than machine precision.
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Figure 9.22: Histograms of the interdistances d+
i (δm) given by (9.12) for n = 100. Table

9.5 lists the height of the bars at zero and the number of data points d+
i (δm, ω`) which

are not depicted in the histograms.

δm N++ N−− N N+− N+
off Noff

1/20 0 0 19674 19674 0 0
1/100 0 0 24998 24998 216 216
1/500 0 0 24993 24993 1745 1745

Table 9.5: Additional data to the histograms in Figure 9.22 for n = nref = 100. The
different columns are explained in the caption of Table 9.3.
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9.6 Discussion
In this section we discuss the implications of our observations in Section 9.4 and Section
9.5 to the discrete gradient flows (9.1) with initial data x0,±

i ∼ law ρ±. The densities
ρ± defined in (9.6) describe a stationary state of both the continuum gradient flow with
the regularized potential V kδ (9.4) as well as the continuum gradient flow (9.5) with the
singular potential V . Our discussion below motives the conclusions which we draw at the
end of Section 9.1.

Micro-structures

The micro-structure which we observe in Section 9.4 in the dislocation positions x±(T ;ω)
computed from the gradient flow (9.1) with the potential V 1

δ , are clearly different from the
micro-structure which we observe in Section 9.5 for the potential V 2

δ . This is remarkable,
because Figure 9.1 and (V1)–(V6) imply that V 1

δ and V 2
δ are qualitatively similar.

By using V 2
δ , the micro-structure in x±(T ;ω) consists of exact dipoles, i.e. x+(T ; δ;ω)

= x−(T ; δ;ω). Regarding the distribution of the dipoles on R, Figure 9.22 suggests that
they tend to separate by a distance linearly proportional to δ.

The micro-structure related to V 1
δ is completely different. Instead of dipoles, x±(T )

equilibrates to dislocation bands of alternatively positive and negative dislocations, with an
interdistance of approximately

√
2δ/2. Several dislocations in such bands can be ‘super’

dislocations (see for instance Figure 9.3), i.e. several dislocations of the same type at the
same position.

We conjecture that the differences in these micro-structures are caused by V 2
δ having

positive Fourier transform while V̂ 1
δ attains negative values.

Connection between observations for V 2
δ and Proposition 8.4.2

Proposition 8.4.2 implies that, with probability one, µ±n (τ) = 1
n

∑n
i=1 δx±

i
(τ/n) converges

pointwise in τ to a solution to the energy-inequality (8.51) as n → ∞ and δ > 0 fixed.
We recall that the PDE (9.4) is formally derived from (8.51), and that both evolutions
have ρ± as a stationary solution.

For V 2
δ with δ = δref = 1/100, the solutions x(t;ω`) displayed in Figure 9.17 suggest

that µ±n (τ) indeed converges to ρ±. We have made the same observation for δ = 1/20.
For V 2

δ with δ = δ3 = 1/500 the connection between our observations and Proposition
8.4.2 is more subtle. Indeed, Figure 9.20 shows a localization of dipoles, in which µ±n (τ) is
clearly not close to ρ±. To see why our observations do not contradict Proposition 8.4.2,
we extrapolate our findings from the histograms in Figures 9.21 and 9.22. While the
histograms in Figure 9.21 indicate that the dipoles stay within the interval (−1/2, 1/2),
the histograms in Figure 9.22 suggest that dipoles have a preferred micro-structure, in
which they separate at a distance of

√
2δ. When δ1 = 1/20 this micro-structure does not



188 Chapter 9. Simulations of positive and negative dislocations in 1D

form. This exception is to be expected, because not all n+ = 50 dipoles would fit in the
interval (−1/2, 1/2) if they would have interdistance of at least

√
2δ1 ≈ 0.07. Indeed,

Figure 9.22 indicates that the dipoles are closer together. By this reasoning, the value
of
√

2δn seems to determine whether the dipoles tend to spread with an interdistance
of
√

2δ (if
√

2δn < 1), or whether the dipoles tend to be closer together than
√

2δ (if√
2δn > 1). This suggests for the limit n → ∞ with δ fixed, that the dipoles will come

closer together than
√

2δ, which does not contradict with Proposition 8.4.2.
Extrapolating this argument to the limit in which both n→∞ and δ → 0, it appears

that the asymptotics of nδ dictate whether dipoles spread uniformly or whether they form
a micro-structure with internal length scale

√
2δ. This suggests that the limit of the

discrete gradient flow (9.1) exists in the regime δ � 1/n.
In the regime δ � 1/n, we speculate from Figure 9.20 that during the microscopic

dynamics in which dislocations form exact dipoles, other dipoles that have already been
formed can be dragged along. This would imply that the clustering of dipoles depends on
microscopic information, which cannot be captures in terms of a macroscopic evolution
equation for the dislocation density.

Connection between observations for V 1
δ and Proposition 8.4.2

Next we explain why Proposition 8.4.2 does not contradict our observations in Section 9.4
related to V 1

δ . Proposition 8.4.2 implies that the trajectories displayed in Figures 9.2, 9.9
and 9.13 converge as n→∞ with δ > 0 fixed to some solution to the energy-inequality
(8.51). To motivate why other solutions than the stationary densities ρ± are chosen, we
show that ρ± is a saddle point for the continuum energy

Eδ(ρ+, ρ−) (8.49)= 1
2

ˆ
Ω
V 1
δ ∗ (ρ+ − ρ−) d(ρ+ − ρ−),

for which (9.4) is the related gradient flow. We recall from (5.4) that En (9.3) can be
written in terms of µ±n = 1

n

∑n
i=1 δx±

i
as

En(µ+
n , µ

−
n ) = 1

2

ˆ
Ω
V 1
δ ∗ (µ+

n − µ−n ) d(µ+
n − µ−n ) = Eδ(µ+

n , µ
−
n ).

Since Figures 9.12 and 9.16 indicate that En(x±(T ;ω`)) attains negative values for many
realizations ω`, there exist (possibly discrete) ρ̃± ∈ 1

2P(R) for which Eδ(ρ̃+, ρ̃−) < 0.
Then, by considering the convex combination ρ±θ = θρ̃± + (1− θ)ρ±, we observe that

Eδ(ρ+
θ , ρ

−
θ ) = θ2Eδ(ρ̃+, ρ̃−),

from which we conclude that (ρ+, ρ−) is a saddle point of E.
Next we speculate about the limiting behaviour of the discrete gradient flow (9.1)

with regularized potential V 1
δ in the limit n → ∞ and δ → 0. We separate two cases:
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n� 1/δ and n� 1/δ.
If n � 1/δ, then we expect to see similar behaviour as in the first row of plots in

Figure 9.9, i.e. a stationary profile consisting of alternately positive ‘super’ dislocations and
negative ‘super’ dislocations, while hardly any spreading of the dislocations outside the
interval (−1/2, 1/2) occurs. Indeed, Figures 9.11 and 9.15 suggest that the internal length
scale of the micro-structure is linearly proportional to δ and independent of n. Therefore,
we expect that in the limit δ → 0 with n � 1/δ, the micro-structure converges to the
density given by ρ±.

If n � 1/δ, then we observe from Figure 9.9 that the dislocations form bands as
the macro-structure. The micro-structure of such bands consists of alternately positive
and negative dislocations with an interdistance which is linearly proportional to δ and
independent of n. Hence, if n � 1/δ, there is enough space in the interval (−1/2, 1/2)
for the dislocations to form several different bands. By the alternate structure of the
bands, we expect these bands to generate a small force field. This would explain why
certain bands merge while other bands repel each other. It also implies that the dynamics
of these macroscopic bands is dictated by their microscopic structure. This indicates
that the macroscopic gradient flow (9.5) is not able to capture the dynamics of these
bands, and hence, upscaling seems impossible if more detailed information about the
micro-structure is neglected.

9.7 Notes and Comments
External force field. Another interesting test case is to add a constant force F to the
dynamics in (9.1) viz.

dxi
dt

= bi

n∑
j 6=i

bjφ
k
δ (xi − xj) + biF. (9.14)

Figure 9.23 displays the solution trajectories for n = 100, δ = 1/00 and F = 10. We note
that F = ‖φ1

δ‖∞/10 = ‖φ2
δ‖∞/5, which shows that F is not close to the force which is

needed to break a dipole apart. We observe from Figure 9.23 that:

• The trajectories related to V 1
δ and V 2

δ are qualitatively different.

• When V 1
δ is used, five travelling waves are formed for t large enough. In the upper-

left plot, the two left-most bands both have a surplus of 1 negative dislocation, the
middle (stable) band has the same number of positive and negative dislocations, and
the right-most two bands both have a surplus of 1 positive dislocation. By summing
up (9.14) over all dislocations within a band and neglecting the interaction with the
other bands, the wave speed is given by F divided by the number of dislocations
within the band. This explains the different wave speeds of the dislocation bands.

• When V 2
δ is used, we observe that 25 positive and 25 negative dislocations break
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free from the dipole ‘soup’. They continue to diverge with wave speed F . In the
dynamical process of a dislocation breaking free from the dipole soup, a few dipoles
are dragged along until they are slightly separated from the bulk of the dipole soup.

−2 −0.5 0 0.5 2
0

1

2
k = 1

−1 −0.5 0 0.5 1
10

−1

10
1

10
3

k = 1

−2 −0.5 0 0.5 2
0

1

2
k = 2

−1 −0.5 0 0.5 1
10

−1

10
1

10
3

k = 2

Figure 9.23: Solutions x±(t) of (9.14) for n+ = n− = 50, δ = 1/100, F = 10 with
x0(ω1) as initial data. The plots in the i-th row correspond to φiδ. The first column
shows the trajectories on a linear time scale running from 0 to 2, while the time axes in
the second column are running from 10−1 to 103 on a logarithmic scale.

The challenge for including an external force F in the simulations is to design a test
case which can be performed for many realizations of the initial data. We plan to do this
in the near future.

Noise. Since we have speculated that in the regime δ � 1/n, the evolution of the
dislocation density depends on the micro-structure, it is interesting to test whether this
dependence is sensitive to noise. This motivates us to study the SDE related to the
gradient flow (9.1) given by

dXi = bi

n∑
j 6=i

bjφ
k
δ (xi − xj)dt+ biθdWi, (9.15)
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where Wi are independent Wiener processes, and θ ≥ 0 is the intensity of the noise.
The challenge here is to find a meaningful order of magnitude for θ, which likely

depends on δ and n. Indeed, if θ is too large, (9.15) does not resemble (9.1) anymore.
On the other hand, if θ is too small, we do not expect any significant difference between
solutions to (9.15) and (9.1), because the randomness in the initial data excludes the
possibility of obtaining an ‘unstable’ trajectory. Because of time limitations we have not
performed numerical simulation of (9.15). We plan to do this in the near future.





Chapter 10

Conclusion

10.1 Overview of the results
We have used variational techniques to pass to the discrete-to-continuum limit of discrete
dislocation models. Our analysis gives a precise meaning to the approximation of these
discrete models by the limiting continuum model. In more detail:

• In Chapter 3 we have established Γ-convergence of the interaction energies En de-
scribing pile-ups of n dislocation walls. Our analysis extends the work in [GPPS13]
by allowing for finite domains. The main result, Theorem 3.1.1, provides a classifi-
cation of macroscopic models in which the size of the domain plays a key role.

• Chapter 4 addresses a scaling regime for the discrete energy En introduced in
Chapter 3 for which the minimizer of En contains a boundary layer. By the main
result (Theorem 4.1.1) we have characterized this boundary layer by first proving
Γ-convergence of the first-order approximation of a related continuum energy, and
then minimizing its Γ-limit.

• We have established in Chapter 5 the Γ-convergence (Theorem 5.2.2) of systems of
mixed positive and negative edge dislocations in R2. A special feature of the discrete
energy is that we have regularized the singularity in the interaction potential. The
typical width of this regularization is chosen to converge to zero as n→∞.

• In Chapter 6 we have proven the evolutionary convergence for the gradient flow
with respect to the energy En considered in Chapter 3. Our main result (Theorem
6.3.1) provides, for every parameter regime of the energy En, a continuum gradient
flow as the limit of the discrete gradient flows.

• In Chapter 7 we have provided new insight in the multi-valued discrete gradient flow
for screw dislocations. The main result, Theorem 7.4.1, states that this gradient
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flow is the limit of a sequence of minimizing-movement schemes when the time step
converges to 0. These schemes restrict dislocations to move each time step along
a single glide direction from a prescribed, finite set of directions.

• In Chapter 8 we have proven evolutionary convergence of the discrete gradient flow
of the regularized energy for positive edge dislocations studied in Chapter 5. A
special feature of this upscaling result is the restriction of the dynamics to the hori-
zontal glide direction. We have also presented an attempt to extend the evolutionary
convergence to systems of mixed positive and negative edge dislocations.

• We have addressed the open question in Chapter 8 concerning the upscaling of the
dynamics of mixed positive and negative edge dislocations by performing in Chapter
9 numerical simulations of these dynamics in one dimension for a large number of
particles and a small value for the regularization parameter δ > 0. The conclusion
is that the dynamics are sensitive to the value of the regularization parameter δ and
to quantitative properties of the type of regularization.

On a higher level, our upscaling results in one spatial dimension (for dislocation walls)
agree with the suggestion in [GPPS13] that the microscopic arrangement of dislocations
can affect the macroscopic dislocation density. In Chapter 3 we include the effect of a
finite domain on the macroscopic dislocation density. Chapter 6 suggests that also the
dynamics of different microscopic arrangements can affect the dynamics of the dislocation
density.

In two dimensions we focus mainly on the question how the annihilation of positive
and negative dislocations can be described on the macro-scale. In Chapter 5 we show how
we can describe the dislocation density for mixed positive and negative dislocations by
regularizing the dislocation core on a length scale δ which vanishes in the many-particle
limit. The analysis done in Chapters 5 and 8 for connecting the discrete dynamics with
the continuum dynamics does not work if δ is too small with respect to the number of
dislocations or when the regularization fails to satisfy certain properties. In such cases, the
simulations in Chapter 9 show that the macroscopic dynamics of dislocations can indeed
be sensitive to microscopic effects which are not visible at the macro-scale.

10.2 Near-future goals
Our current results provide several guidelines for studying the discrete-to-continuum limit
of more involved discrete models for dislocations and other interacting particle systems.
Chapters 3 – 9 are concluded with notes and comments about further research questions.
We list here those questions which we plan to answer in the near future:

• Although we have found in Chapter 4 a striking agreement between the boundary
layers occurring in the discrete minimizer and in the minimizer of the continuum
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boundary layer energy (see Figure 4.3), our current result (Theorem 4.1.1) does not
guarantee such agreement. We plan to take the discreteness into account to obtain
a theoretical understanding of these numerical results. We believe that the work
in progress with C. H. Hall and T. Hudson on discrete boundary layers will give
valuable insight in the discreteness of the problem. On its own, this work extends
our understanding of discrete structures which are formed at the end of the pile-up.

• One of the motivations to regularize the interaction potential in the discrete energy
En in Chapters 5, 7, 8 and 9 is to control the annihilation of dislocations. By using
a modified minimizing-movement scheme as in [ADLGP14], we plan to see whether
it is possible to describe annihilation of dislocations with variational techniques
without using a regularization.

• In the upscaling results of Chapters 5 and 8 we do not consider the effect of a
bounded elastic medium on the dislocation interactions. Although we expect no
serious problems in extending our results to dislocation configurations in bounded
media, it is still not clear from a modelling point of view how to incorporate this
effect into the discrete model.

• After proving the conjectures in Chapter 8, we aim to gain more insight in the
question whether a continuum limit exists for the dynamics of mixed positive and
negative edge dislocations. We do this by extending our simulations in Chapter 9
by adding an external forcing term and noise.

10.3 Far-future aims
Further important research questions, which are beyond our scope at the moment, are
the following:

• We wish to understand how more involved two-dimensional dislocation models can
be upscaled to continuum models. Such models include mixed edge and screw
dislocations, and edge dislocations with Burgers vectors in several directions.

• Thermal effects are shown in [KHG14, KHG15b, KHG15a] to result in a richer up-
scaled model for the dislocation density than the ones we have derived in this thesis.
It remains unclear in which mathematical framework the evolutionary convergence
can be shown for the related microscopic dynamics. Pioneer research on this ques-
tion is conducted by several researchers including C. Lebris, F. Legoll, T. Hudson,
M. G. Mora, M. A. Peletier, and L. Scardia.

• A major far-future goal is to understand how to upscale systems of dislocation curves
in three dimensions. Currently, numerical methods are developed to simulate these
systems at the level of individual dislocation curves. These simulations show that,
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under loading, localized dislocation structures are formed. They cause plastic de-
formation only on a few two-dimensional cross sections. This observation indicates
that finding a useful meaning to upscaling in the presence of localized structures is
a challenge in itself.



Appendix A

The interaction potential of
dislocation walls

After introducing the setting in Section A.1, we derive in Section A.2 in full detail an
explicit expression for the interaction potential V imposed by a wall of dislocations (in
[HL82, Sec. 19.5] such a derivation is given for the stress field induced by a wall). Addi-
tionally, in Section A.3, we prove several properties of V . In particular, we show that a
wall is a locally stable configuration for dislocations (Proposition A.3.5).

A.1 Setting
We define a dislocation wall to be an infinitely long (vertical) array of equidistant edge
dislocations with Burgers vector be1. We set h > 0 as the distance between two con-
secutive dislocations. Figure A.1 illustrates such a wall, in which the coordinates of the
dislocations are given by (0, nh) ∈ R2 for n ∈ Z.

We recall from (2.2) that the interaction potential (modulo a constant) between two
edge dislocations with Burgers vectors be1 is given by

V0(x, y) := K
x2

x2 + y2 −K log
√
x2 + y2, K := G|b|2

2π(1− ν) . (A.1)

The shear modulus G and the Poisson’s ratio ν are material parameters of the isotropic
linear elastic medium. The related Peach-Köhler force, i.e. the force which a dislocation
at the origin exerts on a dislocation at (x, y) in the e1-direction, is given by

F 1
0 (x, y) := −∂V0

∂x
(x, y) = Kx

x2 − y2

(x2 + y2)2 . (A.2)

The aim of Section A.2 is to calculate the force F (x, y) which a wall as depicted in Figure
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A.1 exerts on a dislocation at (x, y). We denote by V (x, y) the related potential.

x

y

be1

be1

be1

be1

be1
2h

h

−h

−2h

Figure A.1: Five periods of a (vertically periodic) dislocation wall.

A.2 Explicit expression for the potential

Before deriving an explicit expression for the wall potential V , we prove a technical pre-
liminary result (Lemma A.2.1), in which we use the perforated domain

Ω := R2 \
⋃
k∈Z
{(0, kh)}. (A.3)

Lemma A.2.1 (Exchanging order of summation and differentiation). For n ∈ N+, let

fn : Ω→ R, fn(x, y) := log x
2 + (y − nh)2

(nh)2 + log x
2 + (y + nh)2

(nh)2 .

Then for all x, y ∈ Ω, it holds that

∇
∞∑
n=1

fn(x, y) =
∞∑
n=1
∇fn(x, y).

Proof. By [MH93, Cor. 5.3.4] it is sufficient to prove that

∞∑
n=1

fn converges pointwise on Ω, (A.4)

∞∑
n=1
∇fn converges uniformly on Ω. (A.5)
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We start by showing (A.4). Let (x, y) ∈ Ω. By using a Taylor expansion, we obtain

∞∑
n=1

fn(x, y) =
∞∑
n=1

(
log
(

1− 2y
nh

+ x2 + y2

(nh)2

)
+ log

(
1 + 2y

nh
+ x2 + y2

(nh)2

))

=
∞∑
n=1

((
− 2y
nh

+O(n−2)
)

+
(

2y
nh

+O(n−2)
))

=
∞∑
n=1
O(n−2),

from which we conclude (A.4). Note that (x, y) ∈ Ω implies that all terms in the sum
are finite for all n ∈ N+.

We prove (A.5) by showing that for all (x, y) ∈ Ω there exists δ > 0 such that

Bδ(x, y) ⊂ Ω, and
∥∥∥∥ ∞∑
n=N
∇fn

∥∥∥∥
L∞(Bδ(x,y))

N→∞−−−−→ 0. (A.6)

To ensure that Bδ(x, y) ⊂ Ω, we set

δ := min
{

1, 1
2 dist

(
(x, y), ∂Ω

)}
.

We obtain for any (ξ, η) ∈ Bδ(x, y) that∣∣∣∣∣
∞∑
n=N

∂fn
∂ξ

(ξ, η)

∣∣∣∣∣ ≤
∞∑
n=N

∣∣∣∣ 2ξ
ξ2 + (η − nh)2 + 2ξ

ξ2 + (η + nh)2

∣∣∣∣ ≤ ∞∑
n=N

c

n2 = O(N−1)

for N large enough and c = c(x, y). Similarly,∣∣∣∣∣
∞∑
n=N

∂fn
∂η

(ξ, η)

∣∣∣∣∣ ≤ 2
∞∑
n=N

∣∣∣∣ η − nh
ξ2 + (η − nh)2 + η + nh

ξ2 + (η + nh)2

∣∣∣∣ =
∞∑
n=N

p2(nh)
(nh)4 + q3(nh) ,

where the polynomials p2 and q3 have respectively degree 2 and 3, with bounded coef-
ficients depending on ξ and η. Hence, also this term converges to 0 as N → ∞. We
conclude (A.5).

Proposition A.2.2 (Explicit expression for the wall potential). Let Ω be given by (A.3).
The wall potential V : Ω→ R is given by

V (x, y) = K

2

( 2πx
h sinh 2πx

h

cosh 2πx
h − cos 2πy

h

− log
(

cosh 2πx
h
− cos 2πy

h

)
− log 2

)
.

Proof. Let VM for M ∈ N+ be the potential field of a wall of a finite number of disloca-
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tions, i.e.

VM (x, y) :=
M∑

n=−M
V (x, y − nh) + CM , CM := K

M∑
n=1

log(nh)2. (A.7)

We show below that this choice for the constants CM results in a finite value for
limM→∞ VM (x, y) for any (x, y) ∈ Ω. By using (A.1), we write (A.7) as

VM (x, y) = K

M∑
n=−M

x2

x2 + (y − nh)2 −
K

2

M∑
n=−M
n 6=0

log x
2 + (y − nh)2

(nh)2 − K2 log
(
x2 + y2).

(A.8)
(A.8) contains the following two sums:

ΣM1 (x, y) :=
M∑

n=−M

x2

x2 + (y − nh)2 , (A.9)

ΣM2 (x, y) :=
M∑

n=−M
n 6=0

log x
2 + (y − nh)2

(nh)2 . (A.10)

Next, we prove that ΣM1 and ΣM2 converge pointwise as M → ∞. We rely on the
following formulas (respectively [Han75, (6.1.49)] and [HL82, (19–71)])

∑
n∈Z

1
(nα+ β)2 + γ2 = π

αγ

sinh 2πγ
α

cosh 2πγ
α − cos 2πβ

α

, (A.11)

∑
n∈Z

nα+ β

(nα+ β)2 + γ2 = π

α

sin 2πβ
α

cosh 2πγ
α − cos 2πβ

α

, (A.12)

where α, β, γ ∈ R such that the right-hand sides of are well-defined. If we take α = h,
β = −y and γ = x, we obtain:

Σ1(x, y) := lim
M→∞

ΣM1 (x, y) = πx

h

sinh 2πx
h

cosh 2πx
h − cos −2πy

h

. (A.13)

Pointwise convergence of ΣM2 is guaranteed by (A.4):

Σ2(x, y) := lim
M→∞

ΣM2 (x, y) =
∞∑
n=1

(
log x

2 + (y − nh)2

(nh)2 + log x
2 + (y + nh)2

(nh)2

)
.
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By Lemma A.2.1 and (A.13) we obtain

∂Σ2

∂x
(x, y) =

∞∑
n=1

(
2x

x2 + (y − nh)2 + 2x
x2 + (y + nh)2

)

=
(∑
n∈Z

2x
x2 + (y − nh)2

)
− 2x
x2 + y2

= 2
x

Σ1(x, y)− 2x
x2 + y2

= 2π
h

sinh 2πx
h

cosh 2πx
h − cos 2πy

h

− 2x
x2 + y2 . (A.14)

Similarly, we obtain from Lemma A.2.1 and (A.12) that

∂Σ2

∂y
(x, y) = 2

∞∑
n=1

(
y − nh

x2 + (y − nh)2 + y + nh

x2 + (y + nh)2

)

= 2
(∑
n∈Z

nh+ y

(nh+ y)2 + x2

)
− 2y
x2 + y2

= 2π
h

sin 2πy
h

cosh 2πx
h − cos 2πy

h

− 2y
x2 + y2 . (A.15)

From (A.14) and (A.15) we deduce that

Σ2(x, y) = log
(

cosh 2πx
h
− cos 2πy

h

)
− log

(
x2 + y2)+ C (A.16)

for some C ∈ R. We complete the proof by using (A.13) and (A.16) to pass to the limit
M →∞ in (A.8).

We note that the potential V is uniquely defined up to an additive constant. The
expression for V in Proposition A.2.2 has the property that V (x, y)→ 0 as |x| → ∞ (see
Proposition A.3.1).

To ease notation, we introduce the following scaled quantities:

x̃ := 2πx
h
, ỹ := 2πy

h
, Ṽ (x̃, ỹ) := 2

K
V (x, y). (A.17)

Together with Proposition A.2.2 we obtain for the scaled potential Ṽ : Ω̃→ R that

Ω̃ := R2 \ {(0, 2πm) |m ∈ Z}, (A.18)

Ṽ (x̃, ỹ) = x̃ sinh x̃
cosh x̃− cos ỹ − log(cosh x̃− cos ỹ)− log 2. (A.19)
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We also use x̃ := (x̃, ỹ) and

Ṽ0(x̃) := 2 x̃2

|x̃|2 − log |x̃|2. (A.20)

A.3 Properties of the interaction potential
In this section we list several properties of Ṽ . Figure A.2 illustrates Ṽ . From (A.19) we
observe that Ṽ (·, ỹ) is even, and that Ṽ (x̃, ·) is even and 2π-periodic. Hence, it is enough
to study the properties of Ṽ (x̃, ỹ) for x̃ ≥ 0 and ỹ ∈ [0, π).

x̃

− log 4

− log 2

Ṽ (x̃, ỹ)

Figure A.2: Plots of x̃ 7→ Ṽ (x̃, ỹ) for ỹ = 0, π6 ,
π
3 ,

π
2 , π (from top to bottom).

Proposition A.3.1 (Asymptotic behaviour of Ṽ (x̃, ỹ) for x̃� 1).

Ṽ (x̃, ỹ) =
{
−2x̃e−2x̃ +O

(
x̃e−3x̃) if ỹ = (k + 1/2)π for k ∈ Z,

2x̃e−x̃ cos ỹ +O
(
x̃e−2x̃) otherwise.

Proof. We set α := cos ỹ, and expand the building blocks of (A.19) for x̃ � 1. We
observe that

cosh x̃− α = 1
2e

x̃
(
1− 2αe−x̃ + e−2x̃). (A.21)

Likewise, using the Taylor expansion for 1/(1− ξ), we obtain

x̃ sinh x̃
cosh x̃− α = x̃

1− e−2x̃

1− 2αe−x̃ + e−2x̃
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= x̃
(
1− e−2x̃)(1 +

(
2αe−x̃ − e−2x̃)+

(
2αe−x̃ − e−2x̃)2 +O

(
e−3x̃))

= x̃
(
1− e−2x̃)(1 + 2αe−x̃ + (4α2 − 1)e−2x̃ +O

(
e−3x̃))

= x̃+ 2αx̃e−x̃ + 2(2α2 − 1)x̃e−2x̃ +O
(
x̃e−3x̃). (A.22)

For the second term in (A.19), we use the Taylor expansion for log(1 + ξ) to obtain

log(cosh x̃− α) = log
(1

2e
x̃
(
1− 2αe−x̃ + e−2x̃))

= − log 2 + x̃+ log
(

1 +
(
e−2x̃ − 2αe−x̃

))
= − log 2 + x̃+

(
e−2x̃ − 2αe−x̃

)
− 1

2
(
e−2x̃ − 2αe−x̃

)2 +O
(
e−3x̃)

= − log 2 + x̃− 2αe−x̃ + (1− 2α2)e−2x̃ +O
(
e−3x̃). (A.23)

Using (A.22) and (A.23), we rewrite (A.19) as

Ṽ (x̃, ỹ) = 2α(x̃+ 1)e−x̃ + (2α2 − 1)(2x̃− 1)e−2x̃ +O
(
x̃e−3x̃).

The statement of Proposition A.3.1 follows from the fact that α = 0 corresponds to
ỹ = h

4 + h
2k for k ∈ Z.

Proposition A.3.2 (Asymptotic behaviour of Ṽ (x̃, ỹ) for x̃� 1). Let ỹ ∈ R fixed. Then

Ṽ (x̃, ỹ) =


2 log 1

x̃
+ 2 +O(x̃2) if ỹ = 2πk for k ∈ Z,

log 1
1− cos ỹ − log 2 + x̃2

2(1− cos ỹ) +O(x̃4) otherwise.
(A.24)

For |x̃| � 1 and Ṽ0 as in (A.20), it holds

Ṽ (x̃) = Ṽ0(x̃) + |x̃|
2

12 +O(|x̃|4). (A.25)

Proof. We follow the same strategy as in the proof of Proposition A.3.1, but now we use
different expansions. For ỹ ∈ R fixed, we set α := cos ỹ. We observe

cosh x̃− α = 1− α+ x̃2

2 +O(x̃4) = 1− α+ x̃2

2

(
1 + x̃2

12 +O(x̃4)
)
.

We separate two cases: α < 1 and α = 1. For α < 1, we set β := 1/(1−α) ∈ [1/2,∞),
and obtain

x̃ sinh x̃
cosh x̃− α = x̃2 +O(x̃4)

(1− α)
(

1 +O(x̃2)
) = βx̃2 +O(x̃4), (A.26)
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and
log(cosh x̃− α) = log

(
(1− α)

(
1 + x̃2

2(1− α) +O(x̃4)
))

= − log β + β

2 x̃
2 +O(x̃4).

(A.27)

By inserting (A.26) and (A.27) into (A.19), we obtain the second expression in (A.24).
For α = 1, we observe that

x̃ sinh x̃
cosh x̃− α = x̃2 +O(x̃4)

x̃2

2
(
1 +O(x̃2)

) = 2 +O(x̃2),

log(cosh x̃− α) = log
( x̃2

2

(
1 +O(x̃2)

))
= 2 log x̃− log 2 +O(x̃2).

By using these expressions in (A.19), we obtain the first expression in (A.24).
To show (A.25) for |x̃| � 1, we use the next term in the expansion

cosh x̃− cos ỹ = 1 + x̃2

2 + x̃4

24 +O(x̃6)− 1 + ỹ2

2 −
ỹ4

24 +O(ỹ6)

= 1
2 |x̃|

2
(

1 + x̃2 − ỹ2

12 +O(|x̃|4)
)
.

By using analogous expansions to (A.26) and (A.27), we obtain

x̃ sinh x̃
cosh x̃− cos ỹ = 2

|x̃|2
x̃2 + x̃4

6 +O(x̃6)
1 + x̃2−ỹ2

12 +O(|x̃|4)

= 2
|x̃|2

(
x̃2 + x̃4

6

)(
1 + x̃2 − ỹ2

12

)
+O(|x̃|4) = 2 x̃2

|x̃|2 + x̃2

6 +O(|x̃|4),

log(cosh x̃− α) = log |x̃|
2

2 + log
(

1 + x̃2 − ỹ2

12 +O(|x̃|4)
)

= log |x̃|2 − log 2 + x̃2 − ỹ2

12 +O(|x̃|4).

These two expansions together imply (A.25).

Proposition A.3.3. (Smoothness and singularities of Ṽ ). Ṽ ∈ C∞(Ω̃) is bounded from
below.

Proof. Since Ṽ is a composition of smooth functions, it is smooth at all points (x̃, ỹ)
where it is well-defined. It is easily checked that Ω̃ is the set of all such points.

Next we show that Ṽ is bounded from below. Since Ṽ ∈ C∞(Ω̃) is 2π-periodic in the
e2-direction, it is left to check that Ṽ is bounded from below in a neighbourhood of the
origin and for x̃� 1. This follows from Propositions A.3.1 and A.3.2.
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From the potential V , we compute the force by

F = −∇V , F̃ = −∇Ṽ . (A.28)

A brief calculation shows that

F̃(x̃, ỹ) =
(
x̃

cosh x̃ cos ỹ − 1
(cosh x̃− cos ỹ)2 ,

x̃ sinh x̃+ cosh x̃− cos ỹ
(cosh x̃− cos ỹ)2 sin ỹ

)
, (A.29)

which relates to the unscaled coordinates (A.17) by

F(x, y) = π
K

h
F̃(x̃, ỹ). (A.30)

The first component F̃1 is the force which drives the movement of positive edge dislo-
cations along their glide direction. Figure A.3 shows the regions where other positive
dislocations are either attracted or repulsed by the wall. In particular, dislocations are
attracted to align vertically in the wall, provided they are close enough and not on the
same glide plane as any of the dislocations in the wall. This is implied by (A.24), which
shows that Ṽ (·, ỹ) has a local minimum at x̃ = 0 provided ỹ 6= 2πk for all k ∈ Z.

x̃

ỹ

2π

π/2

π

π/2

F̃1 < 0F̃1 > 0

F̃1 > 0F̃1 < 0

Figure A.3: Level sets given by F̃1(x̃, ỹ) = 0. The dislocation wall exerts an attrac-
tive force on other positive edge dislocations if x̃F̃1(x̃, ỹ) < 0, and a repelling force if
x̃F̃1(x̃, ỹ) > 0.

For our applications, we evaluate F̃1 mainly for ỹ ∈ {0, π}. By using the double
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argument formulas, we obtain

F̃1(x̃, 0) = x̃

2 sinh(x̃/2) , F̃1(x̃, π) = − x̃

2 cosh(x̃/2) .

Figure A.2 indicates that Ṽ is not convex. On the other hand, we have

d2Ṽ

dx̃2 (x̃, 0) = −dF̃1

dx̃
(x̃, 0) > 0, for x̃ 6= 0,

which implies Proposition A.3.4.

Proposition A.3.4. Ṽ (·, 0)|(0,∞) is strictly convex.

We end this section by proving that any dislocation wall is locally stable. We say that
a dislocation configuration is locally stable if for any single dislocation, say at x̃ ∈ R2, the
interaction potential induced by all other dislocations has a local minimum at x̃ ∈ R2.

Proposition A.3.5. Any dislocation wall is locally stable.

Proof. Because of the periodicity, it is enough to prove local stability for the dislocation
at the origin. Let V1 be the interaction potential induced by all other dislocations in the
wall. We obtain from Proposition A.3.2 and (A.20) that

Ṽ1(x̃) := Ṽ (x̃)− Ṽ0(x̃) = |x̃|
2

12 +O(|x̃|4),

which has a local minimum at the origin.



Appendix B

Gradient flows in P2([0,∞))

In this appendix we adapt the proof of [ASZ09, Thm. 6.1] about convergence of gradient
flows to account for our setting. This is the core of Section B.2. Section B.1 contains
the technical preliminaries.

B.1 Geodesics in P2([0,∞))
For more information on the objects mentioned in this section, we refer to [AGS08]. We
recall the definition of a pushforward of a measure:

Definition B.1.1 (Pushforward of a measure). Let (X1,Σ1, µ1) and (X2,Σ2) be mea-
surable spaces and f : X1 → X2 µ1-measurable. Then the pushforward of µ1 with
respect to f is defined as the measure f#µ1 =: µ2 on (X2,Σ2) given by

(
f#µ1

)
(A2) :=

µ1
(
f−1(A2)

)
, or equivalently, for any ϕ measurable with respect to f#µ1

ˆ
A2

ϕdf#µ1 =
ˆ
f−1(A2)

ϕ ◦ f dµ1.

If µi are absolutely continuous with densities ρi, then the densities satisfy

ρ2(x2) =
ρ1
(
f−1(x2)

)
f ′
(
f−1(x2)

) , ρ1(x1) = ρ2(f(x1))f ′(x1).

Geodesics in P2([0,∞)) are constructed from an optimal plan between two measures.
From e.g. [AGS08, Thm. 6.0.2] it follows that Definition B.1.2 is well-defined.

Definition B.1.2 (Optimal plans in P2([0,∞)) and the Wasserstein distance). Let µ0, µ1

∈ P2([0,∞)), and

Γ(µ0, µ1) :=
{
γ ∈ P

(
[0,∞)2) ∣∣π1

#γ = µ0, π
2
#γ = µ1

}
207
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be the set of couplings between µ0, µ1, in which πi is the projection on the ith component.
A coupling which minimizes

inf
γ∈Γ(µ0,µ1)

ˆ ∞
0

(x− y)2 dγ(x, y)

is called an optimal plan. The Wasserstein distance is defined as the square root of the
value of this minimum, i.e.

W 2
2 (µ0, µ1) :=

ˆ
R2

(x− y)2 dγ(x, y) =
ˆ 1

0
|ξ0 − ξ1|2 (B.1)

for some optimal plan γ, where ξj is the pseudo-inverse of x 7→ µi([0, x)) for j = 0, 1.

The second equality in (B.1) is well-known; see e.g. [Vil03, Thm. 2.18].

Definition B.1.3 (Constant speed geodesics in P2([0,∞))). A constant speed geodesic
between µ0, µ1 ∈ P2([0,∞)) with respect to the metric W2 is a curve µ : [0, 1] →
P2([0,∞)) satisfying

W 2
2 (µs, µt) = (t− s)W 2

2 (µ0, µ1) , ∀ 0 ≤ s ≤ t ≤ 1.

Proposition B.1.4 (Characterization of constant speed geodesics [AGS08, Thm. 7.2.2]).
For any µ0, µ1 ∈ P2([0,∞)) and γ an optimal plan between µ0 and µ1, the curve

µ : [0, 1]→ P2([0,∞)), µ(t) :=
(
(1− t)π1 + tπ2)

#γ,

is a constant speed geodesic.

Remark B.1.5 (Alternative expressions for geodesics and Wasserstein distance). Be-
cause of our one-dimensional setting, it is useful to express the Wasserstein distance and
geodesics in terms of ξt. An optimal plan between µ0 and µ1 is given by γ = (ξ0×ξ1)#L
(see e.g. [Vil03, (2.52)]). A combination of this equality with (B.1.4) results in the
following expression for the constant speed geodesic

(ξt)#L = µt =
(
(1− t)π1 + tπ2

)
#

(
(ξ0 × ξ1)#L

)
=
(
(1− t)ξ0 + tξ1

)
#L.

B.2 Convergence of gradient flows
In this section we prove a convergence results for a sequence of gradient flows parametrized
by n ∈ N (see Theorem 6.3.1). We adapt the proof of [ASZ09, Thm. 6.1] to account for
our setting. To this end we need a few definitions and preliminaries in order to state and
prove Theorem B.2.3.



B.2. Convergence of gradient flows 209

Definition B.2.1 (geodesically λ-convex). Let (M,d) be a metric space and λ ∈ R. A
proper functional φ : M → (−∞,∞] (i.e. φ 6≡ ∞) is called λ-convex along a curve
x : [0, 1]→M if

φ(xt) ≤ tφ(x0) + (1− t)φ(x1)− λ

2 t(1− t)d
2(φ(x0), φ(x1)). (B.2)

φ is called geodesically λ-convex if for every couple x0, x1 ∈ M there is a geodesic xt
connecting them along which φ is λ-convex. φ is simply called geodesically convex if it
is geodesically 0-convex.

We restrict our attention to geodesically convex φ : P2(X) → (−∞,∞] which are
l.s.c. and bounded from below. We recall from Lemma 6.3.2 that the solution µt to the
related gradient flow is characterized by the unique solution (in the space of absolutely
continuous curves) to the evolutionary variational inequality (EVI) (6.8):

1
2
d

dt
W 2

2 (µt, ν) ≤ φ(ν)− φ(µt), for all t > 0, ν ∈ Domφ,

lim
t↓0

W2 (µt, µ0) = 0.

This gradient flow is defined by an implicit discrete-in-time approximation (see Chapter
7). Since we use this approximation in the proof, we recall here its definition.

Let τ > 0 be the time step. We define µkτ ∈ P2(X) recursively for k ∈ N+ which
is the index for the time steps. By fixing an initial condition µ0

τ ∈ Domφ, we iterate by
defining µkτ as the minimizer ν ∈ P2(X) of

φ(ν) + 1
2τ W

2
2
(
ν, µk−1

τ

)
.

Then we define Sτν as the piecewise constant time path given by

Sτν(t) = µk+1
τ , for t ∈ (kτ, (k + 1)τ ],

in which µ0
τ = ν is taken as initial condition.

The following convergence result plays an essential role in our arguments. We prove
it at the end of this section.

Lemma B.2.2 (From weak (narrow) to strong (Wasserstein) convergence). Let X be a
Hilbert space, and µn, νn, µ, ν ∈ P2(X). Then

W2 (νn, µn)→W2 (ν, µ)
W2 (µn, µ)→ 0

νn ⇀ ν

 =⇒ W2 (νn, ν)→ 0.
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Theorem B.2.3 (Stability of gradient flows). Let X be a Hilbert space, and φn, φ :
P2(X)→ (−∞,∞] be proper, l.s.c., bounded from below, and geodesically convex. For
the initial data, let (µn0 ) ⊂ Domφn be aW2-converging sequence with limit µ0 ∈ Domφ.
If

(i) φn Mosco-converges to φ (see (6.9) for the definition), and

(ii) (φn) equi-coercive in the narrow topology,

then it holds for the solutions µnt and µt to the related gradient flows thatW2 (µnt , µt)→ 0
pointwise in t ∈ [0,∞).

Proof. The bulk of the proof is done under the additional assumption that

φn(µn0 ) ≤ C0, for all n (B.3)

for some C0 > 0. At the end of the proof we show how to extend the proof without this
assumption.

The proof is done at the level of the discrete-in-time approximation of the related
gradient flows. The translation goes via the triangle inequality:

W2 (µnt , µt) ≤W2 (µnt , Snτ µn0 (t)) +W2 (Snτ µn0 (t), Sτµ0(t)) +W2 (Sτµ0(t), µt) , (B.4)

where objects with the superscript n are related to the gradient flow with respect to φn.
Convergence of the first term in (B.4) follows from [ASZ09, Thm. 5.1.(i)]:

W2 (µnt , Snτ µn0 (t)) ≤ C
√
tφn(µn0 ) ≤ C

√
t,

where the constant C does not depend on n, t, or τ . We estimate the third term in (B.4)
similarly.

For proving that the second term in (B.4) is small, we show that

W2
(
µk,nτ , µkτ

)
→ 0, as n→∞ for any k, (B.5)

where µk,nτ , µkτ are the discrete-in-time approximations to µnt and µt for t = kτ . Proving
(B.5) is enough, because for k = dt/τe, we have by the definition of Snτ and Sτ that

W2
(
µk,nτ , µkτ

)
= W2 (Snτ µn0 (t), Sτµ0(t)) .

We prove (B.5) by induction over k ∈ N. The induction statement is: if

W2
(
µk,nτ , µkτ

)
→ 0 as n→∞, and φn(µk,nτ ) ≤ C0, (B.6)

then µk+1,n
τ , µk+1

τ satisfies the two conditions in (B.6) as well. For k = 0, the first
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condition in (B.6) is satisfied by the assumption on the initial data as mentioned in
Theorem B.2.3, and the second condition is satisfied by (B.3).

The structure of the proof for the induction statement is split in three steps:

1. Any subsequence of µk+1,n
τ contains another subsequence converging narrowly to

some µ.

2. We show that
φ(µ) + 1

2τ W
2
2
(
µ, µkτ

)
=: Φτ (µ) ≤ Φτ (ν)

for all ν ∈ P2(X). As φ is geodesically convex, Φτ has a unique minimizer, and
thus µ = µk+1

τ . As this limit is independent of the subsequence chosen in step 1,
we conclude that the full sequence µk+1,n

τ converges to µk+1
τ .

3. By taking ν = µk+1
τ in the inequality in point 2, all the inequalities in its derivation

become equalities, from which we conclude eventually that µk+1,n
τ converges inW2.

Step 1. Let
Φτn(ν) := φn(ν) + 1

2τ W
2
2
(
ν, µk,nτ

)
.

Then by µk+1,n
τ being the argmin of Φτn, we have

φn
(
µk+1,n
τ

)
≤ Φτn

(
µk+1,n
τ

)
≤ Φτn

(
µk,nτ

)
= φn

(
µk,nτ

)
+ 0 ≤ C0.

Together with equi-coercivity of φn, we are guaranteed the existence of a subsequence
converging in the narrow topology, say to µ. For readability we will be imprecise in the
notation of subsequences.

Step 2. By using Mosco-convergence of φn to φ and W2 being l.s.c. with respect to
the narrow topology, we estimate

Φτ (µ) = φ(µ) + 1
2τ W

2
2
(
µ, µkτ

)
≤ lim inf

`→∞
φn`

(
µk+1,n`
τ

)
+ lim inf

`→∞

1
2τ W

2
2
(
µk+1,n`
τ , µk,n`τ

)
≤ lim sup

`→∞
Φτn`

(
µk+1,n`
τ

)
. (B.7)

Take any ν ∈ P2(X), and let νn be a corresponding W2-converging recovery sequence.
Then we continue the estimate

lim sup
`→∞

Φτn`
(
µk+1,n`
τ

)
≤ lim sup

`→∞
Φτn` (νn`)

≤ lim sup
`→∞

φn` (νn`) + lim sup
`→∞

1
2τ W

2
2
(
νn` , µ

k,n`
τ

)
= φ(ν) + 1

2τ W
2
2
(
ν, µkτ

)
= Φτ (ν). (B.8)
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This completes Step 2.
Step 3. By taking ν = µk+1

τ in (B.7) and (B.8), all the inequalities become equalities.
In particular,

lim
`→∞

W 2
2
(
µk+1,n`
τ , µk,n`τ

)
= W 2

2
(
µk+1
τ , µkτ

)
.

Together with µk+1,n`
τ ⇀ µk+1

τ narrowly and µk,n`τ → µkτ inW2, the conditions of Lemma
B.2.2 are met. This concludes the proof of the induction statement.

To complete the proof of Theorem B.2.3, we treat the case in which φn(µn0 ) is not
bounded. The idea is to approximate µn0 by νn0 for which φn(νn0 ) is bounded, and to
translate the induction statement (B.5) for νnt to µnt .

Take t, ε > 0 arbitrarily. As µ0 ∈ Domφ, there exists ν0 ∈ Domφ such that
W2 (µ0, ν0) < ε. Let νn0 be a recovery sequence to ν0, and observe that

W2 (µn0 , νn0 ) ≤W2 (µn0 , µ0) +W2 (µ0, ν0) +W2 (ν0, ν
n
0 ) < 3ε

for n large enough. By the contraction property of the gradient flows with respect to the
convex functions φn and φ, the solutions to these gradient flows satisfy

W2 (µnt , νnt ) +W2 (µt, νt) ≤W2 (µn0 , νn0 ) +W2 (µ0, ν0) < 4ε.

Combining this estimate with W2 (νnt , νt) → 0 and applying the triangle inequality, we
obtain that W2 (µnt , µt) < 5ε for n large enough, which implies Theorem B.2.3.

Proof of Lemma B.2.2. We justify the following convergence statement
ˆ
H

‖x‖2 dνn =
ˆ
H2
‖x− y‖2 dγn + 2

ˆ
H2

(x, y) dγn −
ˆ
H

‖x‖2 dµn (B.9)

→
ˆ
H2
‖x− y‖2 dγ + 2

ˆ
H2

(x, y) dγ −
ˆ
H

‖x‖2 dµ =
ˆ
H

‖x‖2 dν,

from which Lemma B.2.2 follows by Lemma B.2.2. We prove convergence of (B.9) for
each of the three terms separately.

For proving convergence of the third term we use W2 (µn, µ) → 0 (i.e. the second
condition of Lemma B.2.2) and apply Lemma 6.3.5.

Let γn and γ be optimal plans between respectively µn, νn and µ, ν. From the first
condition of Lemma B.2.2 we immediately obtain convergence of the first term in (B.9):

ˆ
H2
‖x− y‖2 dγn = W 2

2 (µn, νn)→W 2
2 (µ, ν) =

ˆ
H2
‖x− y‖2 dγ.

We establish convergence of the second term in (B.9) by first introducing the l.s.c. func-
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tion fε± : H2 → R given by

fε±(x, y) := 1
ε
‖x‖2 ± 2(x, y) + ε‖y‖2

for some arbitrary ε > 0. From the Cauchy-Schwarz inequality it follows that fε± ≥ 0.
Second, we apply the Portmanteau Theorem and γn ⇀ γ (along a subsequence; [AGS08,
Prop. 7.1.3]) to pass to the limit in

1
ε

lim
n→∞

ˆ
H

‖x‖2 dµn + lim inf
n→∞

±2
ˆ
H2

(x, y) dγn + ε lim sup
n→∞

ˆ
H

‖y‖2 dνn (B.10)

≥ lim inf
n→∞

ˆ
H2

fε±(x, y) dγn ≥
ˆ
H2

fε±(x, y) dγ

= 1
ε

ˆ
H

‖x‖2 dµ± 2
ˆ
H2

(x, y) dγ + ε

ˆ
H

‖y‖2 dν. (B.11)

Third, we finally show how convergence of the second term in (B.9) follows from this
estimate. We observe that the first terms in (B.10) and (B.11) are equal. As the third
term in (B.10) is bounded because of√ˆ

H

‖x‖2 dνn = W2 (νn, δ0) ≤W2 (νn, µn) +W2 (µn, δ0)

= W2 (νn, µn) +

√ˆ
H

‖x‖2 dµn ≤ C,

we conclude from the arbitrariness of ε that the third terms in (B.10) and (B.11) can be
neglected. Hence, only the second terms in (B.10) and (B.11) remain, from which we
conclude

lim inf
n→∞

ˆ
H2

(x, y) dγn ≥
ˆ
H2

(x, y) dγ, and

lim sup
n→∞

ˆ
H2

(x, y) dγn = − lim inf
n→∞

−
ˆ
H2

(x, y) dγn ≤
ˆ
H2

(x, y) dγ.

Convergence of the second term in (B.9) follows, which completes the proof.





Summary

Discrete-to-Continuum Limits of Interacting Dislocations

This thesis studies discrete-to-continuum limits arising in plasticity. This analysis con-
tributes to the ultimate goal of obtaining a system of equations which accurately describes
plasticity of metals on scales ranging from micrometres to millimetres.

In the last decades several different models for plasticity have been developed. The
discrepancies between these models originate from the use of different phenomenological
closure assumptions. These assumptions are needed to bridge the gap between many
microscopic defects (called dislocations) moving and interacting on the micro-scale (at
the order of nanometres) on the one hand, and their collective behaviour in terms of
a dislocation density on the larger scale on the other hand. Hence it is highly desired
to bridge this gap without phenomenological assumptions. Our results provide rigorous
connections between these scales for several types of dislocation structures.

The starting point of this thesis is a recent result in which the upscaling of a pile-up
of mutually repelling dislocation walls against a grain boundary under the influence of
an external forcing is performed. Depending on the asymptotic behaviour of the internal
length scale of these wall structures, five different models for the dislocation wall density
are obtained.

Our first result generalizes the findings above to the setting with a second grain
boundary, which introduces an additional length scale into the model. Our contribution
is threefold: (1) we develop a framework which works well for this generalization, (2) we
prove that our setting of two boundaries is consistent with the results above when the
boundaries are far apart, and (3) we made the interplay between the second boundary
with the external forcing precise.

The models for plasticity obtained this way fail to predict the boundary layer occurring
in the solution to the microscopic model. We have identified this boundary layer by a
first order Γ-expansion of the related energy. This result enhances our understanding of
plasticity at hard grain boundaries.

Regarding dynamics of the dislocation walls, we establish the evolutionary convergence
of the related discrete gradient flow to the dynamics of the dislocation density. The
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latter is described by a Wasserstein gradient flow. The main tool for this analysis is
the recently developed theory about the well-posedness and stability of gradient flows for
convex energies in metric spaces.

We also address a modelling question regarding the dynamics of screw dislocations.
Although screw dislocations have a finite set of glide directions in which they can move,
a common model for the dynamics can result in screw dislocations moving along different
directions. We propose a time-discrete model in which screw dislocations are confined to
move along a single glide direction only during a time step. We connect it to the common
time-continuous model by establishing a rigorous convergence result.

Furthermore, we consider upscaling of systems of mixed positive and negative edge
dislocations in R2. To describe annihilation effects we regularize the dislocation cores.
The typical width of this regularization is chosen to converge to zero in the many-particle
limit. We establish a static discrete-to-continuum limit for these systems. For systems of
positive edge dislocations, we prove the evolutionary convergence for the related gradient
flows (1.2). For systems of mixed positive and negative edge dislocations, it is not clear
whether is possible to pass to the many-particle limit because of the annihilation process
between positive and negative dislocations. To gain more insight in the possibility of
such a limit passage, we perform numerical simulations for a large number of dislocations.
Surprisingly, we observe from our simulations that the dynamics of the dislocations on
both the microscopic and macroscopic scale are sensitive to the manner in which the
regularization is done.



Notation

⇀ narrow convergence (3.3) (or weak convergence)
(an) sequence {a1, a2, . . .}
an ∼ bn there exists C ∈ (0,∞) such that an/bn → C

an � bn lim supn→∞ an/bn = 0
an . bn an ∼ bn or an � bn
f̂ Fourier transform of f ; f̂(ξ) :=

´
R f(x)e−2πixξ dx´ b

a
f dµ integration over [a, b] of f with respect to the measure µ

f#µ pushforward of the measure µ by the mapping f (Definition B.1.1)
µ⊗ ν product measure
µn � µn particular product measure for some empirical measure µn (3.50)
1A(x) indicator function (equals 1 if x ∈ A, and 0 if x /∈ A)
C unspecified constant
Cb(Ω) continuous and bounded functions
Cc(Ω) continuous functions with compact support
L Lebesgue measure
M(Ω) finite Borel measures on Ω
M+(Ω) non-negative elements inM(Ω)
P(Ω) space of probability measures
R R ∪ {±∞}
Sn n-dimensional unit sphere in Rn+1

W k,p(Ω) Sobolev space (see e.g. [Eva10, Sec. 5.2.2])
χ{A} characteristic function (equals 0 if A true, and ∞ if A false)
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