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Implicit-IMOR method for index-1 and index-2

linear constant DAEs

N. Banagaaya∗, G. Al̀ı†, W. H. A. Schilders ‡

Abstract

The index-aware model order reduction (IMOR) method for differential-
algebraic equations (DAEs) is based on the decomposition of a DAE
into differential and algebraic parts, depending on its tractability index.
Then, the differential part is reduced by using existing MOR methods
for ODE, and this reduction induces a reduction on the algebraic part,
which can be further enhanced. However the IMOR method involves
matrix inversions which may limit its practicability in some real-life
examples. In this paper a modified IMOR method is presented, which
does not involve matrix inversion.

1 Introduction

We consider a control problem of the form:

Ex′(t) = Ax(t) +Bu(t), x(0) = x0, (1.1a)

y(t) = CTx(t), (1.1b)

where E,A ∈ Rn,n, B ∈ Rn,m and C ∈ Rn,`. x(t) ∈ Rn is the state vector or
unknown variables, u(t) ∈ Rm is the input vector and y(t) ∈ R` is the desired
output vector. If E is nonsingular, (1.1a) is a system of ordinary differential
equations (ODEs), otherwise it is a system of differential algebraic equations
(DAEs). We assume that E is singular, thus x0 ∈ Rn must be a consistent
initial value and the matrix pencil λE −A must be regular for at least one
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λ ∈ C in-order to guarantee uniqueness and existence of solutions to the
DAE.

In practice, the number of equations, n, is very large, and one is usually
interested in a small number of outputs, `. This is an attractive feature to
apply model-order reduction (MOR).

Model order reduction has been widely applied to the fast numerical
simulation of large scale problems [8]. The most commonly used methods
are the moment-matching or Krylov-subspace-based methods, which include
PRIMA [11] and SPRIM [12]. These methods are able to reduce very large
systems. However they do not always lead to good reduced-order models for
index greater than 1 [2]. ODE MOR methods which have been extended to
reduce DAEs are the Balanced truncation method [19] and the interpolatory
projection method [17]. The modification of these methods is based on using
the spectral projections proposed in [16] which are numerically infeasible for
general DAEs. However these methods can be applied on DAEs with special
structures.

In the MOR community, it is assumed that x0 = 0, which leads to a
transfer function H(s) = CT (sE − A)−1B if and only if the matrix pencil
sE − A is regular [8]. Then this transfer function is used to approximate
the reduced-order model. Unfortunately for the case of DAEs the initial
condition x0 cannot always be chosen arbitrarily. According to [17] the
transfer function of the DAE can be decomposed as H(s) = Hsp(s) + P (s),
where Hsp(s) and P (s) denote, respectively, the strictly proper part and
the polynomial part of H(s). Since most of the conventional MOR methods
were designed to approximate transfer function of ODE systems, thus they
just approximate the strictly proper part and leave the polynomial part
not approximated. This implies that the conventional moment-matching
methods do not always approximate the complete solution space.

This motivated us to propose a new MOR technique for DAEs called
index-aware MOR (IMOR) method which eliminates this inconvenience.
This method was first introduced in [1]. In this technique, before apply-
ing MOR we first split the DAE (1.1) into differential and algebraic parts
using the matrix and projector chains introduced by März [4] in 1996. We
then use the existing MOR techniques such as the conventional moment-
matching methods on the differential part and develop new techniques for
the algebraic part. This ensures a good approximation both of the strictly
proper part and of the polynomial part of the transfer function. In this
paper the strictly proper and polynomial part of the transfer function is
what we call the transfer function of the differential and algebraic part of
the transfer function H(s).
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To define the tractability index of (1.1a), we define iteratively the follow-
ing projector and matrix chains: setting E0 := E ,A0 := A, then Ej+1 :=
Ej − AjQj , Aj+1 := AjPj , j ≥ 0, where Qj is a projector chosen so that
ImQj = KerEj and Pj = In −Qj is its complementary projector. The pro-
cess is terminated if there exists a nonsingular Eµ while all Ej are singular
for all 0 ≤ j < µ−1. Then µ is called the tractability index of the DAE (1.1).
We note that the tractability index coincides with other index concepts such
as differentiation index for the case of LTI systems. In order to decompose
higher index systems (µ > 1), März [4] suggested an additional constraint
QjQi = 0, j > i, on the projector construction. Using these chains we can
rewrite Equation (1.1), of index-µ, as [4]:

Pµ−1 · · ·P0x
′ +Q0x+ · · ·+Qµ−1x = E−1µ (Aµx+Bu) . (1.2)

Then Equation (1.2) can be decomposed into 1 differential and µ algebraic
parts. However, the März decomposition leads to a decoupled system of
dimension (µ + 1)n. Moreover it does not preserve the spectrum of the
DAE. This motivated us to modify the März decomposition using special
basis vectors as presented in papers [1, 2] for the case of index-1 and index-
2, respectively. The modified decomposition leads to a decoupled system
of the same dimension as that of the original DAE while preserving also
its stability. Then we apply Krylov methods on the differential part and
construct subspaces to reduce the algebraic parts.

The decoupling procedure, we presented in [1, 2] lead to an explicit
differential and algebraic part. This is due to the fact that we used (1.2)
as our starting system which involves inversion of non-singular matrix Eµ.
This inversion may be computationally expensive to some practical problems
such as electric networks and problems from fluid dynamics. In this paper,
we propose a strategy of decoupling (1.1) which does not involve inversion
of Eµ. Thus, this time our starting system is written in the equivalent form

Eµ
(
Pµ−1 · · ·P0x

′ +Q0x+ · · ·+Qµ−1x
)

= Aµx+Bu. (1.3)

This equation leads to an MOR procedure which yields implicit differential
and algebraic parts.

The paper is organized as follows. In section 2 we present the decompo-
sition procedure we adopt for DAEs. For clarity of exposition, we consider
separately the application to index-1 and index-2 equations. Once these two
cases are understood, the extension to higher-index equations is relatively
simple. In section 3 we expound the implicit index-aware MOR method for
DAEs. We conclude the paper with a section with numerical experiments,
which show the computational advantage of the proposed method.
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2 Implicit decoupling of DAEs

In this section, we expound a decomposition procedure based on the sys-
tematic use of projectors, starting from the work of März [4]. For the sake
of clarity, we consider separately index-1 and index-2 systems of the form
(1.1), written in the equivalent form (1.3).

2.1 Implicit decoupling of index-1 systems

First we assume that (1.1) is an index-1 system, that is, µ = 1. Thus, (1.1a)
can be written in the equivalent form (1.3), with µ = 1, that is,

E1

(
P0x

′ +Q0x
)

= A1x+Bu, (2.4)

where E1 = E − AQ0 and A1 = AP0 and Q0 is a projector chosen such
that ImQ0 = KerE and P0 = I − Q0 is its complementary projector. In
[1], we showed that for the case of index-1 systems, x can be decomposed

as x =
(
p0 q0

)(ξp
ξq

)
, where p0 ∈ Rn,np and q0 ∈ Rn,nq are the linearly

independent columns of projectors P0 and Q0, respectively. ξp ∈ Rnp and
ξq ∈ Rnq are the projected differential and algebraic variables, respectively,
and n = np+nq. We note that np is equal to the rank of the singular matrix
E. Using the decomposition of x and simplifying, (2.4) becomes

(
E1p0 0

)(ξp
ξq

)′
=
(
A1p0 −E1q0

)(ξp
ξq

)
+Bu. (2.5)

In order to decouple (2.5), we construct full column rank matrices p̂T0 ∈ Rnp,n

and q̂T0 ∈ Rnq ,n such that span(p̂0) = Ker qT0 E
T
1 and span(q̂0) = Ker pT0E

T
1 ,

that is, p̂T0E1q0 = −p̂T0Aq0 = 0 and q̂T0 E1p0 = q̂T0 Ep0 = 0. This implies
that span(p̂0) = Ker qT0 A

T and span(q̂0) = KerET . This is due to the
fact that KerET ⊂ Ker pT0E

T ⊂ KerP T0 E
T . We note that q̂0 = q0 if E

is symmetric. Finally, left multiplying (2.5) by

(
p̂0
T

q̂0
T

)
∈ Rn, leads to the

decoupled system of (1.1a) given by

Epξ
′
p = Apξp +Bpu, (2.6a)

Eqξq = Aqξp +Bqu, (2.6b)

y = CTp ξp + CTq ξq, (2.6c)

where Ep = p̂T0Ep0 ∈ Rnp,np , Ap = p̂T0Ap0 ∈ Rnp,np , Bp = p̂T0B ∈ Rnp,m,
Eq = −q̂T0 Aq0 ∈ Rnq ,nq , Aq = q̂T0 Ap0 ∈ Rnq ,np , Bq = q̂T0 B ∈ Rnq ,m and
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Cp = pT0 C ∈ Rnp,`, Cq = qT0 C ∈ Rnq ,`. The implicit differential and algebraic
part of (1.1), that is, of (2.5), are (2.6a) and (2.6b), respectively. The desired
output solution (1.1) can be obtained using (2.6c).

It can be easily proved that σ(Ep, Ap) = σf (E,A). Thus the differential
part inherits the stability of the undecoupled DAE (1.1). We note that if we
rewrite (2.6a) and (2.6b) explicitly, they coincide with those presented in [1].
The decoupling procedure for index-1 system is illustrated in the Example
1 below.

Example 1 Consider a semi-explicit index-1 DAE with the following sys-
tem matrices:

E =

(
E11 E12

0 0

)
, A =

(
A11 A12

A21 A22

)
, B =

(
B1

B2

)
, C =

(
C1

C2

)
. (2.7)

We assume E11 ∈ Rn1,n1 and A21E
−1
11 E12 − A22 ∈ Rn2,n2 are non-singular

blocks due to index-1 property and n = n1 + n2 is the dimension of the

DAE. We can choose projectors Q0 =

(
0 −Q12

0 I

)
and P0 =

(
I Q12

0 0

)
,

where Q12 = E−111 E12 . Next, we compute E1 = E0 −A0Q0 given by:

E1 =

(
E11 (I +A11E

−1
11 )E12 −A12

0 A21Q12 −A22

)
.

Since E1 is nonsingular, this DAE is indeed an index-1 system. The bases
of the projectors P0 and Q0, and their respective inverses are given by

p0 =

(
I
0

)
∈ Rn,n1 , q0 =

(
−Q12

I

)
∈ Rn,n2 , and

p∗T0 =
(
I Q12

)
∈ Rn1,n, q∗T0 =

(
0 I

)
∈ Rn2,n. (2.8)

Then we can construct decoupling bases p̂0 and q̂0 such that span(p̂0) =
Ker qT0 A

T and span(q̂0) = KerET , given by

p̂T0 =
(
I −(A12 −A11Q12)(A22 −A21Q12)

−1) , q̂T0 =
(
0 I

)
. (2.9)

Substituting (2.7)–(2.9) into (2.6), we obtain an implicit decoupled system
given by

E11ξ
′
p = (A11 − (A12 −A11Q12)(A22 −A21Q12)

−1A21)ξp

+ (B1 − (A12 −A11Q12)(A22 −A21Q12)
−1B2)u,

(A21Q12 −A22)ξq =A21ξp +B2u,

y =CT1 ξp + (CT2 − CT1 Q12)ξq.
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2.2 Implicit decoupling of index-2 systems

Next, we assume that (1.1) is an index-2 system, that is, µ = 2. Thus (1.1)
can be written in the equivalent projected form (1.3), with µ = 2, that is,

E2

(
P1P0x

′ +Q0x+Q1x
)

= A2x+Bu, (2.10)

where E2 = E1 − A1Q1 is a non-singular matrix and A2 = A1P1. The
matrices Q0, P0, E1 and A1 are as defined in the previous subsection. The
projector Q1 is chosen such that ImQ1 = KerE1 and P1 = I − Q1 is its
complementary projector. In order to ensure that the projector products
are also projectors, we enforce that Q1Q0 = 0 holds [4, 7].

In [2], we discussed that for higher-index DAEs there is a possibility of
obtaining a purely algebraic decoupled system depending on the nature of
the spectrum of the matrix pencil σ(E,A) = σf (E,A) ∪ σ∞(E,A), where
σf (E,A) and σ∞(E,A) is the set of the finite and infinite eigenvalues, re-
spectively. We get a purely algebraic system when the matrix spectrum has
only infinite eigenvalues, i.e., σf (E,A) = ∅. For higher-index DAEs two
cases may occur, as described in the following two subsections.

2.2.1 Index-2 systems with a differential part

In the first case, we assume that the matrix pencil (E,A) of (1.1) has at
least one finite eigenvalue, i.e., σf (E,A) 6= ∅. We can construct a matrix
of basis vectors (p0, q0) in Rn with inverse (p0, q0)

−1 = (p∗0, q
∗
0)T, for the

projectors P0 and Q0 respectively, where p0 ∈ Rn,n0 , q0 ∈ Rn,k0 , p∗T0 ∈ Rn0,n

and q∗T0 ∈ Rk0,n. This leads to the following theorem [2].

Theorem 1 Let P01 = p∗T0 P1p0, Q01 = p∗T0 Q1p0, then P01, Q01 ∈ Rn0,n0

are projectors in Rn0 provided the constraint condition Q1Q0 = 0 holds.

Next, we construct another basis matrix (p01, q01) in Rn0 made of np inde-
pendent columns of projector P01 and k1 independent columns of its com-
plementary projector Q01 such that n0 = np + k1 . According to [2], the
dependent variable x can be decomposed as

x =
(
p0p01 p0q01 q0

) ξp
ξq,1
ξq,0

 , (2.11)
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where ξp ∈ Rnp , ξq,1 ∈ Rk1 , ξq,0 ∈ Rk0 and n = np + k1 + k0. Using this
decomposition in (2.10) and simplifying, we obtain:

(
E2p0p01 −E2Q0Q1p0q01 0

) ξp
ξq1
ξq0

′

=
(
A2p0p01 −E2Q1p0q01 −E2q0

) ξp
ξq,1
ξq,0

+Bu. (2.12)

We first construct p̂T0 ∈ Rn0,n, q̂T0 ∈ Rk0,n, such that p̂T0E2q0 = 0 and
q̂T0 E2p0 = 0. This implies that span p̂0 = Ker qT0 E

T
2 and span q̂0 = Ker pT0E

T
2 .

We then construct p̂T01 ∈ Rk1,n0 , q̂T01 ∈ Rk0,n0 , such that p̂T01p̂
T
0E2p0q01 = 0

and q̂T01p̂
T
0E2p0p01 = 0. This implies that span p̂01 = Ker (p̂T0E2p0q01)

T and

span q̂01 = Ker(p̂T0E2p0p01)
T . Multiplying (2.12) by

(
p̂0p̂01 p̂0q̂01 q̂0

)T
and simplifying, we obtain the decoupled version of (1.1), given by:

Epξ
′
p = Apξp +Bpu, (2.13a)

Eq,1ξq,1 = Aq,1ξp +Bq,1u, (2.13b)

Eq,0ξq,0 = Aq,0ξp +Bq,0u+Aq0,1

[
ξ′q,1 − ξq,1

]
, (2.13c)

y = CTpξp + CTq,1ξq,1 + CTq,0ξq,0, (2.13d)

where

Ep = p̂T01p̂
T
0Ep0p01 ∈ Rnp,np , Ap = p̂T01p̂

T
0Ap0p01 ∈ Rnp,np ,

Bp = p̂T01p̂
T
0B ∈ Rnp,m, Eq,1 = −q̂T01p̂T0Ap0q01 ∈ Rk1,k1 ,

Aq,1 = q̂T01p̂
T
0Ap0p01 ∈ Rk1,np , Bq,1 = q̂T01p̂

T
0B ∈ Rk1,m,

Eq,0 = −q̂T0 Aq0 ∈ Rk0,k0 , Aq,0 = q̂T0 Ap0p01 ∈ Rk0,np ,

Bq,0 = q̂TB ∈ Rk0,m, Aq0,1 = −q̂T0 Ap0q01 ∈ Rk0,k1 ,
Cp = pT01p

T
0 C ∈ Rnp,`, Cq,1 = qT01p

T
0 C ∈ Rk1,` andCq,0 = qT0 C ∈ Rk0,`.

Equations (2.13a), (2.13b) and (2.13c) are of dimension np, k1 and k0
respectively, where n = np + k1 + k0 is the dimension of DAE (1.1a). We
observe that np and k1 + k0 is the number of differential and algebraic
equations, respectively. Thus system (2.13) preserves the dimension and
stability of the DAE (1.1) since it can also be easily proved that σ(Ep, Ap) =
σf (E,A).
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2.2.2 Index-2 systems without a differential part

In the second case, we assume that the matrix pencil (E,A) of (1.1) has no
finite eigenvalues, i.e., σf (E,A) = ∅. This happens when P0P1 = 0, thus
(2.10) simplifies to

E2

(
P1P0x

′ +Q0x+Q1x
)

= Bu, (2.14)

since A2 = A0P0P1 = 0. Thus x can be decomposed as

x =
(
p0 q0

)(ξq,1
ξq,0

)
, (2.15)

where p0 and q0 form a matrix of basis vectors (p0, q0) in Rn with inverse
(p0, q0)

−1 = (p∗0, q
∗
0)T, for the projectors P0Q1 = P0 and Q0 respectively,

where p0 ∈ Rn,n0 , q0 ∈ Rn,k0 , p∗T0 ∈ Rn0,n and q∗T0 ∈ Rk0,n. Then substitut-
ing (2.15) into (2.14) and simplifying, we obtain:

(
E2P1p0 0

)(ξq,1
ξq,0

)′
= −

(
E2Q1p0 E2q0

)(ξq,1
ξq,0

)
+Bu. (2.16)

We then introduce p̂T0 ∈ Rn0,n, q̂T0 ∈ Rk0,n, such that p̂T0E2q0 = 0 and
q̂T0 E2Q1p0 = 0. This implies that span p̂0 = Ker qT0 E

T
2 and span q̂0 =

Ker pT0Q
T
1E

T
2 . Multiplying (2.16) by

(
p̂0 q̂0

)T
, leads to an implicit de-

coupled system, equivalent to (1.1), given by:

Eq,1ξq,1 = Bq,1u, (2.17a)

Eq,0ξq,0 = Bq,0u+Aq0,1ξ
′
q,1, (2.17b)

y = CTq,1ξq,1 + CTq,0ξq,0. (2.17c)

where Eq,1 = p̂T0E2Q1p0 ∈ Rn0,n0 , Bq,1 = p̂T0B ∈ Rn0,m, Eq,0 = q̂T0 E2q0 ∈
Rk0,k0 , Bq,0 = q̂T0 B ∈ Rk0,m, Aq0,1 = −q̂T0 E2P1p0 ∈ Rk0,n0 , Cq,1 = pT0 C ∈
Rn0,` and Cq,0 = qT0 C ∈ Rk0,`. Here, n = n0 + k0 is the dimension of the
DAE (1.1a).

Example 2 Consider a semi-explicit index-2 DAE with the following sys-
tem matrices:

E =

(
E11 0
0 0

)
, A =

(
A11 A12

AT12 0

)
, B =

(
B1

B2

)
and C =

(
C1

C2

)
.

(2.18)
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We assume E11 ∈ Rn1,n1 and AT12E
−1
11 A12 ∈ Rn2,n2 are non-singular blocks

in order to satisfy the index-2 property and n = n1 +n2 is the dimension of
the DAE. Since the matrix pencil (E,A) is regular, we can choose projectors

Q0 =

(
0 0
0 I

)
and Q1 =

(
E−111 A12(A

T
12E

−1
11 A12)

−1AT12 0

(AT12E
−1
11 A12)

−1AT12 0

)
(2.19)

such that Q1Q0 = 0 and their respective complementary projectors are given
by Pi = I−Qi, i = 0, 1. The final matrix chain is given by

E2 =

(
E11 −A11E

−1
11 A12(A

T
12E

−1
11 A12)

−1AT12 −A12

−AT12E
−1
11 A12(A

T
12E

−1
11 A12)

−1AT12 0

)
, (2.20)

since E2 is non-singular thus, this DAE is indeed an index-2 system.

We have discussed how index-2 systems can be decoupled in two ways, at
variance with the spectrum of the matrix pencil (E,A). Therefore we shall
consider both cases for this example. We have already seen that P0P1 = 0
if and only if the spectrum of the matrix pencil has only infinite spectrum,
otherwise it has both finite and infinite spectrum. For the case of system
(2.18), P0P1 = 0 if and only if A12(A

T
12E

−1
11 A12)

−1AT12 = E11. In order to
decouple (2.18), we need to first construct the basis vectors for projector Q0

and its complementary projector P0 with their respective inverses given by

q0 = q∗0 =
(
0 I

)T
and p0 = p∗0 =

(
I 0

)T
. (2.21)

We decouple the system (1.1a), with matrices (2.18), in the following two
possible cases:

(a) System with both differential and algebraic parts. In this case we
assume that A12(A

T
12E

−1
11 A12)

−1AT12 6= E11. Using (2.19), (2.21) and
Theorem 1, we obtain:

Q01 = E−111 A12(A
T
12E

−1
11 A12)

−1AT12, P01 = I−Q01. (2.22)

It can be easily proved that Q01 and P01 are indeed projectors as
expected. Then, we can obtain their respective vector bases given by
q01 and p01, respectively. Following the procedure discussed in section
2.2.1, we obtain the decoupling basis vectors given by

span p̂0 = Ker qT0 E
T
2 and span q̂0 = Ker pT0E

T
2 . (2.23)

Then finally we can obtain the decoupling projectors using span p̂01 =
Ker (p̂T0E2p0q01)

T and span q̂01 = Ker(p̂T0E2p0p01)
T . Hence substitut-

ing (2.18) -(2.23) into (2.13), we obtain the decoupled system of DAE
(2.18) with a differential and algebraic part.
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(b) System with only algebraic parts. This time, we assume the equality
A12(A

T
12E

−1
11 A12)

−1AT12 = E11, and (2.20) simplifies to

E2 =

(
E11 −A11 −A12

−AT12 0

)
. (2.24)

In this case we just need the decoupling basis vector p̂0 and q̂0 which
can be deduced from the previous case:

p̂0 =

(
p̂1
0

)
, p̂1 = ker(AT12) and q̂0 =

(
0
q̂2

)
, q̂2 = ker(A12).

(2.25)

Hence substituting system (2.18) , (2.24) and 2.25 into (2.17), we
obtain the decoupled system of DAEs (2.18) with only a algebraic
part.

3 Implicit IMOR method for DAEs

In this section, we describe what we call the Implicit IMOR method which
we can abbreviate as IIMOR method. This reduction follows the same proce-
dure as the IMOR method which we proposed in [1, 2]. The main difference
is in the splitting since the IIMOR method leads to implicit systems while
the IMOR method leads to explicit systems. The IIMOR has the compu-
tational advantage that it does not involve matrix inversions which may be
expensive for some practical problems. The IIMOR method can be derived
as follows.

We can observe that the decoupled systems (2.6) and (2.13) can be
rewritten as:

Epξ
′
p = Apξp +Bpu (3.26a)

−Lξ′q = Aqξp − Lqξq +Bqu, (3.26b)

y = CTpξp + CTq ξq, (3.26c)

where L is a nilpotent matrix of index µ = 1 and µ = 2 for (2.6) and
(2.13), respectively, and Lq is a non-singular lower block-triangular matrix,
for µ > 1. In this paper we consider index-1 and -2 systems, but also
higher-index DAEs have the same structure (3.26).

For the case of index-1 systems, we have ξq ∈ Rnq , Aq ∈ Rnq ,np , Bq ∈
Rnq ,m, Cq ∈ Rnq ,`, L = 0 ∈ Rnq ,nq (nilpotent matrix of index 1) and Lq :=
Eq ∈ Rnq ,nq .

10



For the case of index-2 systems, posing nq = k0 + k1, we have ξq :=
(ξTq,1, ξ

T
q,0)

T ∈ Rnq , Aq := (ATq,1, A
T
q,0)

T ∈ Rnq ,np , Bq := (BT
q,1, B

T
q,0)

T ∈
Rnq ,m, Cq := (CTq,1, C

T
q,0)

T ∈ Rnq ,`, and

L :=

(
0 0

Aq,01 0

)
∈ Rnq ,nq , Lq :=

(
Eq,1 0
Aq,01 Eq,0

)
∈ Rnq ,nq . (3.27)

For comparison with (1.1), we can rewrite Equation (3.26) in descriptor
form:

Ẽξ′ = Ãξ + B̃u, ξ(0) = ξ0, (3.28a)

y = C̃T ξ, (3.28b)

where Ẽ :=

(
Ep 0
0 −L

)
, Ã :=

(
Ap 0
Aq −Lq

)
, B̃ :=

(
Bp
Bq

)
, C̃ :=

(
Cp
Cq

)
and

ξ :=

(
ξp
ξq

)
. It can be easily proved that (1.1) and (3.28) are equivalent.

Thus their solutions coincide, although the latter is easier to solve and to
reduce than the former, since it reveals the interconnection of the DAEs.

We take the Laplace transform of (3.28), using capital letters for the
Laplace transform of variables with corresponding small letters, and set
ξp(0) = 0, since it can be chosen arbitrarily. Then we can compute explicitly
the transform of the output, Y (s), at variance with the transform of the
input, U(s):

Y (s) = H(s)U(s) + Y0(s). (3.29)

H(s) is known as the transfer function of the system, and Y0(s) is a term
which is usually neglected, because it does not occur for systems with index
less than 2. In details, H(s) = Hp(s) +Hq(s), where

Hp(s) := CTp hp(s), with hp(s) := (sEp −Ap)−1Bp, (3.30)

is the differential component, and

Hq(s) := CTq (Lq − sL)−1 [Aqhp(s) +Bq] (3.31)

the algebraic component of the transfer function. We note that this transfer
function coincides with that of system (1.1). As for the additional term
Y0(s), we have

Y0(s) = −CTq (Lq − sL)−1Lξq(0). (3.32)

11



From (3.29), we observe that for index-1 systems, we can always predict
the input-output behavior of the DAE if we know the transfer function H(s),
since L = 0, thus Y0(s) = 0. This is not true for index-2 systems, unless
Lξq(0) = 0, which implies that Y0(s) = 0. The initial data ξq(0) cannot be
imposed arbitrarily, but they are given by the algebraic part of the system.
A bit of algebra yields Lξq(0) = LL−1q Bqu(0) (see (3.38) below), so the most
critical matrix is LL−1q Bq. This explains the failure of conventional MOR
methods when this matrix is not zero. This is well discussed in [2] in the
context of IMOR, with Lq = I. For this reason instead of using the transfer
function H(s) as the validity tool for accuracy of reduced-order model for
DAEs, we need to use (3.29) written as Y (s) = H(s)U(s) + Y0(s), which
we call the output-transfer function. This output-transfer function idea was
proposed in [3].

3.1 Reduction procedure

Systems of DAEs contain interconnected subsystems and these subsystems
have to be reduced separately. As in the IMOR method [1, 2], also in this
approach we first split (3.26) into:

Epξ
′
p = Apξp +Bpu, (3.33a)

yp = CTpξp, (3.33b)

and

−Lξ′q = Aqξp − Lqξq +Bqu, (3.34a)

yq = CTq ξq, (3.34b)

where (3.33) and (3.34) are the differential and algebraic subsystems of the
control problem (1.1). Then the output equation can be reconstructed using:

y = yp + yq. (3.35)

Next, we reduce the differential and algebraic parts separately.

3.1.1 Reduction of the differential part

Consider the subsystem (3.33). We can use the conventional MOR methods
as follows: choose an expansion point s0 ∈ C \σ(Ep, Ap) and then construct
an order-r Krylov subspace generated by Mp and Rp given by:

Vp := Kr(Mp, Rp) = span{Rp,MpRp, . . . ,M
r−1
p Rp}, r ≤ np,

12



where Mp := (s0Ep − Ap)−1Ep, Rp := (s0Ep − Ap)−1Bp. Then, Vp ∈ Rnp,r

denotes the orthonormal basis matrix of the above Krylov subspace, so that
V T
p Vp = I. The reduced-order subsystem is obtained by using the approxi-

mation ξp = Vpξ̂p, leading to a reduced-order subsystem:

Êpξ̂
′
p = Âpξ̂p + B̂pu, (3.36a)

ŷp = ĈTp ξ̂p, (3.36b)

where Êp = V T
p EpVp, Âp = V T

p ApVp ∈ Rr×r, B̂p = V T
p Bp ∈ Rr×m and

Ĉp = V T
p Cp ∈ Rr×p. ξ̂p ∈ Rr is the reduced state vector, ŷp ∈ Rp is

the approximated output. Thus the dimension of the differential part is
reduced to r ≤ np. The transfer function of this reduced-order model of the
differential part (3.33) is given by

Ĥp(s) = ĈTp ĥp(s), with ĥp(s) = (sÊp − Âp)−1B̂p. (3.37)

We can observe that the differential part of the DAE is reduced but the
order of the algebraic part is still unchanged.

3.1.2 Reduction of the algebraic part

We now intend to show that the reduction on the differential part induces
a reduction on the algebraic part, obtained by (3.34). We start from this
equation, which we write as

Lqξq = NqLqξ
′
q + bq := (LL−1q )Lqξ

′
q + (Aqξp +Bqu).

The matrix Nq is nilpotent with the same index µ of L, so we obtain recur-
sively

Lqξq = Nq(NqLqξ
′
q + bq)

′ + bq = · · · =
µ−1∑
k=0

Nk
q b

(k)
q

=

µ−1∑
k=0

Nk
q (Aqξ

(k)
p +Bqu

(k)). (3.38)

Recalling the reduction of the differential part of the system, which confines

ξp to the subspace Vp, spanned by Vp, then also ξ
(k)
p , k = 1, . . . , µ − 1,

belongs to the same subspace. Thus, for the algebraic variable ξq we have
the restriction

Lqξq ∈ Wµ(Nq, Rq), (3.39)
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with Rq =
(
AqVp Bq

)
∈ Rnq ,r+m. Since Nq = LL−1q , it follows that

ξq ∈ Vq = L−1q Wq = Kµ(L−1q L,L−1q Rq). (3.40)

We denote by Vq an orthonormal basis of Vq, so that V T
q Vq = I, and we

write ξq = Vq ξ̂q. Then, the reduced algebraic system is:

−L̂ξ̂′q = Âq ξ̂p − L̂q ξ̂q + B̂qu, (3.41a)

ŷq = ĈTq ξ̂q, (3.41b)

with L̂q = V T
q LqVq, L̂ = V T

q LVq, Âq = V T
q AqVp, B̂q = V T

q Bq and Ĉq =

V T
q Cq. The transfer function of this reduced-order model of the algebraic

part (3.34) is defined by the relation

Ŷq(s) = Ĥq(s)U(s) + Ŷ0(s), (3.42)

with

Ĥq(s) := ĈTq (L̂q − sL̂)−1(Âqĥp(s) + B̂q), (3.43)

Ŷ0(s) := −ĈTq (L̂q − sL̂)−1L̂ξ̂q(0). (3.44)

Remark 1 The main difference between the IMOR and IIMOR methods
is that IMOR method leads to explicit decoupled reduced-order models while
IIMOR method leads to implicit decoupled reduced-order models. We note
that these two methods coincide if and only if Ep = I and Lq = I in (3.26).
The IIMOR method is computationally cheaper than the IMOR method since
its decoupling procedure does not involve matrix inversions as discussed in
section 2. Although the IMOR models are sparser than the IIMOR models.
Hence we need to trade off between sparsity and computational cost.

If we combine the reduced-order subsystems (3.36) and (3.41), we can
obtain the reduced model of the decoupled system (3.28). We observe that
the projected state space solution is approximated by ξ = V ξ̂, where V =(
Vp 0
0 Vq

)
. Hence substituting ξ = V ξ̂ into (3.28) and left multiplying by

V T , we obtain the IIMOR model for DAE (1.1) given by :

Êξ̂′ = Âξ̂ + B̂u (3.45a)

ŷ = ĈTξ̂, (3.45b)
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where Ê = V T ẼV, Â = V T ÃV, B̂ = V T B̃ and Ĉ = V T C̃. As expected,
its output-transfer function can be written as:

Ŷ (s) = Ĥ(s)U(s) + Ŷ0(s), (3.46)

where Ĥq(s) = Ĥp(s) + Ĥq(s). Thus the reduced-order model is accurate if
and only if approximation error in the output transfer function ‖Y − Ŷ ‖ is
very small in the suitable norm. This can be written as

‖Y (s)− Ŷ (s)‖ ≤ ‖H(s)− Ĥ(s)‖‖U(s)‖+ ‖Y0(s)− Ŷ0(s)‖. (3.47)

In [3], it is proposed that the output-transfer function of the IMOR reduced-
order model has a small approximation error if and only if
(a) ‖H − Ĥ‖ is very small
(b) and ‖Y0(s)− Ŷ0(s)‖ is also very small.
The above same conditions have to be satisfied by the IIMOR reduced-order
model. We note that for the case of index-1 systems the reduced-order
models just need to satisfy condition (a) since Y0(s) = 0 always. As we
show in the next subsection, this is also true for the case of index-2 system,
if we choose r ≥ 2, which is reasonable.

3.2 Properties of the implicit IMOR method

The IIMOR method possesses many key MOR properties, such as stabil-
ity and moment-matching properties, as it did its counterpart the IMOR
method. The theoretical prove for these properties can be done as for the
case of IMOR method in [3]. In this paper, we restrict ourselves to the
moment matching property. This can be done as follows.

By construction, the first r moments of the differential part of the trans-
fer function, Hp(s), are preserved. To see this, we write the expansions

Hp(s) = CTp

∞∑
k=0

hp,k(s0)(s−s0)k, Ĥp(s) = ĈTp

∞∑
k=0

ĥp,k(s0)(s−s0)k, (3.48)

hp,k(s0) = (−1)kMk
pRp, ĥp,k(s0) = (−1)kM̂k

p R̂p, (3.49)

with M̂p := (s0Êp − Âp)−1Êp, R̂p := (s0Êp − Âp)−1B̂p.

Theorem 2

ĈTp ĥp,k(s0) = CTp hp,k(s0), k = 0, 1, . . . , r − 1. (3.50)
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Proof. We only give a sketch of the proof, since it can be found in literature
[11]. It is possible to prove that

ĥp,k = V T
p hp,k, (3.51)

and by construction, since hp,k ∈ Vp for k = 0, 1, . . . , r − 1, we have

VpV
T
p hp,k = hp,k, k = 0, 1, . . . , r − 1, (3.52)

which implies (3.50). tu
Next, we need to show that the first moments of the transfer function

Ĥq(s) around s0 of the approximated system (3.41) are equal to the first
moments of the transfer function Hq(s) given by (3.31).

First, we need to write explicitly the moments of Ĥq(s) and Hq(s) around
s = s0. The two computations follow along the same line, since the original
and reduced system have the same structure.

To write explicitly the moments of Hq(s) around s = s0, we start from
the definition (3.31), and use the expansion of (sEp − Ap)

−1Bp found in
(3.48)-(3.49), and the identity

(Lq − sL)−1 = L−1q (I − sNq)
−1 = L−1q

µ−1∑
j=0

N j
q s
j . (3.53)

In this way we find

Hq(s) = CTq L
−1
q

µ−1∑
j=0

N j
q s
j

(
Aq

∞∑
k=0

hp,k(s0)(s− s0)k +Bq

)
. (3.54)

Finally, expanding sj = (s0 + (s− s0))j , we obtain

Hq(s) = CTq L
−1
q

µ−1∑
j=0

N j
q

j∑
i=0

(
j

i

)
si0(s−s0)j−i

(
Aq

∞∑
k=0

hp,k(s0)(s− s0)k +Bq

)
,

which gives

Hq(s) =

∞∑
`=0

Hq,`(s0)(s− s0)`, (3.55)
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with

Hq,`(s0) = CTq hq,`(s0) = CTq (h′q,`(s0) + h′′q,`(s0)), (3.56)

h′q,`(s0) =
∑

k+j−i=`
0≤i≤j≤µ−1

(
j

i

)
si0L

−1
q N j

qAqhp,k(s0) (3.57)

h′′q,`(s0) =


∑
j−i=`

0≤i≤j≤µ−1

(
j

i

)
si0L

−1
q N j

qBq, if ` ≤ µ− 1,

0, otherwise.

(3.58)

For the reduced algebraic system (3.41) we get a similar expression for
the moments of the algebraic part of the transfer function, with the matrices
replaced by their hatted counterpart. Thus the moments of the reduced
algebraic system are

Ĥq,`(s0) = ĈTq ĥq,`(s0) = ĈTq (ĥ′q,`(s0) + ĥ′′q,`(s0)), (3.59)

ĥ′q,`(s0) =
∑

k+j−i=`
0≤i≤j≤µ−1

(
j

i

)
si0L̂

−1
q N̂ j

q Âqĥp,k(s0) (3.60)

ĥ′′q,`(s0) =


∑
j−i=`

0≤i≤j≤µ−1

(
j

i

)
si0L̂

−1
q N̂ j

q B̂q, if ` ≤ µ− 1,

0, otherwise.

(3.61)

As for the differential part, we can prove that the moments of the algebraic
part of the transfer function are preserved.

Theorem 3

Ĥq,`(s0) = Hq,`(s0), ` = 0, 1, . . . , r − 1. (3.62)

Proof. It is possible to show that

ĥq,`(s0) = V T
q hq,`(s0), ` = 0, 1, . . . , r − 1. (3.63)

Then, observing that hq,`(s0) ∈ Vq, for ` = 0, 1, . . . , r − 1, we have by
construction

VqV
T
q hq,`(s0) = hq,`(s0), ` = 0, 1, . . . , r − 1, (3.64)

which, together with (3.63), implies (3.62).
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To prove (3.63), we need to consider separately h′q,`(s0) and h′′q,`(s0). We
observe that (3.64), implies that

VqV
T
q L
−1
q N j

qAqhp,k(s0) = L−1q N j
qAqhp,k(s0), k + j ≤ r − 1, (3.65)

VqV
T
q L
−1
q N j

qBq = L−1q N j
qBq, j ≤ µ− 1. (3.66)

First we show that

L̂−1q N̂ j
q Âqĥp,k(s0) = V T

q L
−1
q N j

qAqhp,k(s0). (3.67)

The above equality is equivalent to

N̂ j
q Âqĥp,k(s0) = L̂qV

T
q L
−1
q N j

qAqhp,k(s0),

that is, using (3.65), equivalent to

L̂L̂−1q N̂ j−1
q Âqĥp,k(s0) = V T

q LqVqV
T
q L
−1
q N j

qAqhp,k(s0)

= V T
q LqL

−1
q N j

qAqhp,k(s0)

= V T
q LL

−1
q N j−1

q Aqhp,k(s0).

Then, by induction, (3.67) holds for arbitrary j (provided the limitations
for the validity of (3.65)), if it holds for j = 0. The induction basis is thus

L̂−1q Âqĥp,k(s0) = V T
q L
−1
q Aqhp,k(s0), (3.68)

which is equivalent to

Âqĥp,k(s0) = L̂qV
T
q L
−1
q Aqhp,k(s0)

= V T
q LqVqV

T
q L
−1
q Aqhp,k(s0)

= V T
q Aqhp,k(s0),

which is satisfied due to (3.51). This concludes the proof of (3.67), which
implies

ĥ′q,`(s0) = V T
q h
′
q,`(s0), ` = 0, 1, . . . , r − 1. (3.69)

Proceeding in a similar way it is possible to prove

ĥ′′q,`(s0) = V T
q h
′′
q,`(s0), ` = 0, 1, . . . , r − 1, (3.70)

and thus (3.63). tu
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As a byproduct of the decomposition of the algebraic part, we get also
a control of the output-transfer function, including the term Y0(s). We find

Y0(s) = −CTq (Lq − sL)−1NqBqu(0)

= −CTq
µ−2∑
j=0

j∑
i=0

(
j

i

)
si0L

−1
q N j+1

q Bq(s− s0)j−iu(0), (3.71)

and in a similar way

Ŷ0(s) = −ĈTq
µ−2∑
j=0

j∑
i=0

(
j

i

)
si0L̂

−1
q N̂ j+1

q B̂q(s− s0)j−iu(0), (3.72)

Corollary 1 If r ≥ µ, we have

Ŷ0(s) = Y0(s). (3.73)

4 Numerical experiments

In this section, we numerically compare the IMOR method and newly pro-
posed IIMOR method which is an implicit version of the IMOR method
previously proposed in [1, 2]. We use the PRIMA method to reduce the
differential part, thus both methods can have the same order of the dif-
ferential part but different reduced order of the algebraic part. We tested
these methods using the index-1 Example 3 and the index-2 Example 4 be-
low. Both examples originate from the computational fluid dynamics (CFD)
community.

Example 3 (Active control of a supersonic engine inlet.)
Consider the Euler equations modelling the unsteady flow through a su-

personic diffuser as described in [18]. Linearization around a steady-state
solution and spatial discretization using a finite volume method leads to a
semi-explicit descriptor system of the form (2.7) of dimension n = 11730
and the CFD model had 3078 grid points. This is an index-1 system of
m = 2 inputs and ` = 1 output. According to [18], the reduced-order model
must capture the dynamics of the output: the average Mach number at the
diffuser throat in response to two inputs: the incoming flow disturbance and
the bleed actuation. According to [18], are two transfer functions of interest
in this problem. Thus the problem can be viewed as 2 single input single
output (SIS0) subsystems and the frequencies of practical interest lie in the
range f

f0
= 0 to f

f0
= 2, where f0 = a0

h , a0 is the freestream speed of sound
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and h is the height of the diffuser. We decoupled this subsystems system
into np = 11323 differential equations and nq = 407 algebraic equations us-
ing both implicit decoupling method discussed in section 2.1 and the explicit
decoupling method presented in [1]. We note the decoupled systems of this
DAE subsystems takes the form (2.6) since they have the same matrix pencil
(E,A). We observed that the implicit decoupling procedure is computation-
ally cheaper than it counter part because it does not involves computing the
inverse of E1 which is computationally very expensive. Figure 1 and 2 show
the sparsity of the matrix pencil of the implicit and explicit decoupled sys-
tem in descriptor form. We observe that the implicit decoupling procedure
leads to a sparser matrix Ã than the matrix Â of the explicit decoupling
procedure.

Next we compared the IMOR, IIMOR and PRIMA method on these
two subsystems, in both case we used s0 = 0 as the expansion point. We
reduced both subsystems into 15 differential and 16 algebraic equations ,
using IMOR and IIMOR methods. Thus the DAEs were reduced from 11730
to 31 dimension. We then compared these reduced-order models with the
PRIMA reduced-order models reduced to 15 dimensions.

Figure 1: Sparsity of matrix pencil (Ê, Â)

In Figure 3, we compare the magnitude of the transfer function and its
approximation error from bleed actuation to average throat Mach number for
supersonic diffuser. We observed that all reduced-order models are accurate
in the desired frequencies but the IIMOR and PRIMA reduced-order models
are more accurate than the IMOR method.

In Figure 5, we compare the magnitude of the transfer function and its
approximation error from the incoming flow disturbance to average throat
Mach number for supersonic diffuser. We also observed that all the reduced-
order models are accurate in the desired low frequencies. The IIMOR
method is still slightly more accurate than the IMOR methods but the
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Figure 2: Sparsity of matrix pencil (Ẽ, Ã)

Figure 3: Transfer function from bleed actuation to average throat Mach
number for supersonic diffuser.

Figure 4: Approximation error of the Transfer function from bleed actuation
to average throat Mach number for supersonic diffuser.
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PRIMA method is the most accurate for this example. However the PRIMA
method leads to ODE reduced-order models, thus it does not always preserve
the index of the DAEs. The IIMOR and IMOR methods always preserves
the index of the DAE, thus we can always guarantee the accuracy of the
reduced-order models.

Figure 5: Transfer function from incoming flow disturbance to average throat
Mach number for supersonic diffuser.

Figure 6: Approximation error of the Transfer function from incoming flow
disturbance to average throat Mach number for supersonic diffuser.
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Example 4 In this example, we apply the IMOR and IIMOR methods
on the Semidiscretized Stokes problem as described in [19]. Consider the
instationary stokes equation describing the flow of an incompressible fluid

∂υ

∂t
= ∆υ −∇ρ+ f , (ζ, t) ∈ Ω× (0,T)

0 = divυ,
(4.74)

with appropriate initial condition and boundary condition. Here υ(ζ, t) ∈ Rd
is the velocity vector (d = 2 or 3 is the dimension of the spatial domain),
ρ(ζ, t) ∈ R is the pressure, f(ζ, t) ∈ R is the vector of external forces, Ω ∈ Rd
is a bounded open domain and T > 0 is the endpoint of the time interval.
The spatial discretization of the Stokes equation (4.74) by either the finite
difference or finite element methods on a uniform staggered grid leads to a
DAE of the form

υh(t)′ = A11υh(t) +A12ρh(t) +B1u(t),

0 = AT12υh(t) +B2u(t),

y = CT1 υh(t) + CT2 ρh(t),

(4.75)

where υh ∈ Rn1 and ρh ∈ Rn2 are the semidiscretized vectors of velocity
and pressure, respectively, see [19]. We can observe that if we write (4.75)
in descriptor form, it takes that form (2.18), where E11 = I ∈ Rn1,n1 , A11 ∈
Rn1,n1 is the discrete Laplace operator, −A12 ∈ Rn1,n2 and −AT12 ∈ Rn2,n1

are, the discrete gradient and divergence operators, respectively. Due to the
non-uniqueness of the pressure, the matrix A12 has a rank defect one. In
this case, instead of A12 we can take a full column rank matrix obtained
from A12 by discarding the last column. Therefore, in the following we
will assume without loss of generality that A12 has full column rank. In
this case system with matrix coefficients (4.75) is of index-2. The matrices
B1 ∈ Rn1,m, B2 ∈ Rn2,m and the control input u(t) ∈ Rm are the resulting
from the boundary condition and external forces, the output y(t) ∈ R` is the
vector of interest. The order n = n1 + n2 of system (4.75) depends on the
level of refinement of the discretization and is usually very large, whereas
the number m of inputs and the number ` of outputs are typically small.

We performed a spatial discretization of the Stokes equation (4.74) on a
square domain Ω =

[
0, 1
]
×
[
0, 1
]

by the finite volume method on a uniform
staggered grid. In order to compare the computational cost of the implicit
and explicit decoupling methods, we carried out experiments on different
grid sizes as shown in Table 1. From Table 1, we observe that as the mesh
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becomes finer the larger the problem becomes and hence solving the prob-
lem becomes computationally more expensive. We can also observe that
both methods were able to decouple the problem but the implicit method is
computationally cheaper than the explicit method as expected since it does
not involve matrix inversion of matrix E2.

Table 1: Comparison of the computational cost
Grid Order Decoupled model Computational cost

n np k1 k2 Implicit method Explicit method

64× 64 12159 3969 4095 4095 5521.2 -

60× 60 10679 3481 3599 3599 3667.6 30653.3

56× 56 9295 3025 3135 3135 5937.8 8604.0

52× 52 8007 2601 2703 2703 1574.9 5569.7

We then reduced the decoupled Stokes problems using the IMOR and
IIMOR methods. We applied the IMOR and IIMOR method, at the explicit
and implicit decoupled problems, respectively as shown in Table 2. We used
the PRIMA method and using s0 = 0 as expansion point to reduced the
differential part. The differential and algebraic equations are reduced to
order r and τ , respectively and r + τ is the order of the reduced -order
DAE. We observe that the IMOR method takes less time than the IIMOR
method this is due to the inversion of Lq but this is small compared to the
time it takes to generate the explicit decoupled system. We used the system

Table 2: Comparison of the IMOR methods
Grid Order Decoupled model IIMOR model IMOR model

n np nq r τ Time(s) r τ Time(s)

64× 64 12159 3969 8190 11 12 63.3 - - -

60× 60 10679 3481 7198 11 12 48.8 11 12 13.1

56× 56 9295 3025 6270 32 33 28.8 32 33 11.7

52× 52 8007 5406 3599 22 23 19.3 22 23 6.3

matrices from grid 52× 52 to compare the transfer function and the phase
angle of the IMOR model and IIMOR model with that of the original as
shown in Figure 7. We can observe that the transfer function and phase
angle of the IMOR, IIMOR and original models coincides. However the
IMOR model is more accurate than the IIMOR model as shown by the
approximation error plot in Figure 9.
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Figure 7: Comparison of the transfer function and phase angle.

Figure 8: Comparison of the approximation error.

We finally compared the solutions of the reduced-order models with that
of the original model. From Figure 9, we observe that the solutions of the
reduced-order models coincides with that of the original model with a small
approximation error as shown in Figure 10. Both reduced model took 10
seconds while the original model took 148 seconds. Thus the decoupling
techniques also makes solving much cheaper.
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Figure 9: Comparison Output solution y(t), u(t) = sin(πt).

Figure 10: Output solution.

5 Conclusion

In conclusion, the IIMOR method is computationally cheaper than the
IMOR method. However it is less accurate than the IMOR method. Hence
one has to trade off between accuracy and computational cost.
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