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This paper presents a probabilistic assessment model for linear elastic fracture mechanics (LEFM). The
model allows the determination of the failure probability of a structure subjected to fatigue loading.
The distributions of the random variables for civil engineering structures are provided, and the relative
importance of these random variables is determined. An example of a bridge detail is provided in order
to show the application of the model. Partial factors are derived for the case of fatigue of welded joints in
civil engineering structures. The failure probability appears to be relatively insensitive to the failure cri-
terion (attainment of a through-thickness crack or fracture) when considering the total fatigue life.
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1. Introduction

Since its introduction by Irwin and its application to fatigue by
Paris, linear elastic fracture mechanics (LEFM) is a widespread
technique used to determine the (residual) life of a structure or
component subjected to fluctuating stresses. The method is pro-
vided in standards [1,2] and others. In most design procedures, a
deterministic approach is applied where the mean value or the
mean minus or plus a number of standard deviations is used for
the variables such as the crack dimensions and the fatigue crack
growth curve. Partial factors are introduced in order to arrive at
the required reliability level. These factors are sometimes esti-
mated based on practical experience from the past, or best-guess
value are applied. Due to this procedure, the value of the reliability
index b in LEFM is unknown in many cases.

Burkedin and Hamour [3,4] have derived partial factors for frac-
ture associated with certain values of b. These partial factors have
been incorporated in [1]. However, the standard does not provide
partial factors for fatigue. In many other standards for fatigue –
notably standards based on S–N curves such as the EN 1993 series
[5,6] – the relationship between failure and fracture is not explic-
itly accounted for, other than providing a minimum Charpy value
or a maximum thickness value. This raises the question as to
ll rights reserved.

).
whether or not the fracture characteristics have a significant influ-
ence on the failure probability of a fatigue loaded structure.

Various studies into probabilistic fatigue assessment using
LEFM have been conducted. The effects of uncertainties in loading,
initial crack width and other factors were assessed in [7]. Probabi-
listic LEFM was applied to determine the inspection interval of cov-
er plates in bridges in the USA in [8]. A comprehensive overview of
more recent probabilistic fatigue assessment models for welded
steel structures is provided in [9]. One study, [10], is of special
interest, in that it gives a complete overview of the influence of al-
most all relevant random variables on the failure probability. How-
ever, the study is dedicated to stress analysis by measurements for
a detail in a specific bridge, so uncertainty factors in models for
determining stresses were not considered. Other important differ-
ences are the choice of the stress ranges (constant, equivalent
range in [10] versus variable amplitude loading in this paper)
and the application of statistical methods within the model (used
to determine the relative importance of variables in [10] versus
used to derive partial factors in this paper).

The study reported in this paper is a follow-up of the earlier
probabilistic LEFM studies for fatigue and fatigue followed by
fracture. Contrarily to the previous models – the model in [10] as
well as all other models described in [9] – it considers the fact that
a large stress cycle that can cause fracture, can occur at any mo-
ment in time. Thus, the failure probability of the fatigue loaded
structure is a combination of the failure probabilities for all time
intervals. The LEFM model is based on BS 7910 [1]. For practical

http://dx.doi.org/10.1016/j.ijfatigue.2011.11.008
mailto:johan.maljaars@tno.nl
http://dx.doi.org/10.1016/j.ijfatigue.2011.11.008
http://www.sciencedirect.com/science/journal/01421123
http://www.elsevier.com/locate/ijfatigue


Nomenclature

a depth of a semi-elliptical crack [mm]
c half-width at the plate surface of a semi-elliptical crack

[mm]
f(�) probability density function [–]
g(�) limit state function [–]
m Paris Law exponent [–]
p thickness exponent [–]
t time [s]
u, v, w independent standard Gauss variables, representing the

physical variables X in a FORM analysis
A Paris Law parameter (N, mm)
B plate thickness [mm]
C model uncertainty [–]
E[ ] expectation operator [–]
F() cumulative distribution function [–]
K elastic stress intensity factor [N/mm3/2]
Kmat material fracture toughness [N/mm3/2]
Kr fracture ratio [–]
L node length [mm]
Lr plastic collapse ratio [–]
N number of stress cycles [–]
P probability [–]
R failure resistance [–]
T operating temperature [�C]
T0 temperature for a median toughness of 3162 N/mm3/2

or 100 MPa m1/2 [�C]
Tk temperature term that describes the scatter in the Char-

py versus fracture toughness correlation [�C]
V coefficient of variation [–]
W plate width [mm]
X random variable vector [–]
Y stress intensity correction factor [–]
a FORM sensitivity factor [–]
b reliability index [–]
cfat partial factor for fatigue [–]

l mean value
r stress, including stress concentrations due to the joint

geometry [N/mm2]
ry yield stress [N/mm2]
ru ultimate tensile strength [N/mm2]
rr standard deviation of the stress process [N/mm2]
k Weibull shape parameter [N/mm2]
q plasticity correction factor or correlation coefficient [–]
/ Cumulative distribution function of the standardised

Gauss distribution [–]
D range operator [–]

Subscripts
0 threshold value
a in depth direction of a semi-elliptical crack
b bending
c in width direction of a semi-elliptical crack
d design value
cr critical value
f failure value
glob global stress analysis
k interval operator or characteristic value
m membrane
nom nominal value
o initial value
p primary (primary stresses are stresses that could con-

tribute to plastic collapse)
ref reference value
res residual
s secondary (secondary stresses are self-equilibrating

stresses necessary to satisfy compatibility)
scf stress concentration factor
sif stress intensity factor
tr transition value
I tension (mode I)
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purposes, partial factors are derived with the model for welded
joints in civil engineering steel structures with the following
characteristics:

– The spectrum of highway traffic loads, railway traffic loads,
wind loads and wave loads can usually be approximated by a
Weibull or closely related distribution – refer to [11–14],
respectively. Thus, the fluctuating stress spectrum is approxi-
mated as a Weibull distribution.

– The fluctuating stresses are randomly distributed.
– The fluctuating part of the stress is relatively large: its charac-

teristic value is at least of the same magnitude as the perma-
nent stress, e.g. due to the self-weight [15].

– Post welding treatments are not applied.
– Only Charpy-V values are available to assess the material prop-

erties for fracture.
– The temperature difference between the minimum operating

temperature and the Charpy transition temperature at 27 J is
sufficiently large, so that the structure is in the transition range
or upper-shelf range.

The existing deterministic model for fatigue in [1] is briefly pre-
sented in Section 2.1, and the applied fracture criterion is presented
in Section 2.2. After that, the probabilistic theoretical model and the
distribution functions for all relevant random variables are pre-
sented, Section 3. The application of the model is illustrated by an
example, Section 4. Partial factors are derived in Section 5.
2. Deterministic model in BS 7910

2.1. Fatigue crack growth model

The stress intensity factor K for a certain applied stress r is gi-
ven as

K ¼ rY
ffiffiffiffiffiffi
pa
p

¼ ðrmYm þ rbYbÞ
ffiffiffiffiffiffi
pa
p

ð1Þ

The membrane and bending stress components, rm and rb, are
determined from the applied loading at the crack location. They in-
clude the stress concentration resulting from the global geometry
of the joint but do not include the stress concentration due to
the crack or the geometry of the weld. The influence of the crack,
plate and weld geometry are included in the stress intensity cor-
rection factors Y, which can be determined with the finite element
(FE) method for any geometry. Various reference books provide
equations that give an approximation of Y for standard details,
such as [16]. In this paper, the equations in [1] are used for Y. In
the case of a semi-elliptical surface crack, the crack shape is char-
acterised by two variables, being the depth, a, and the half-width at
the surface, c (Fig. 1).

For each principal direction of crack growth, a Paris type expres-
sion may be formulated

da
dN ¼ AðDKaÞm for DKa > DK0

dc
dN ¼ AðDKcÞm for DKc > DK0

ð2Þ



Fig. 1. A semi-elliptical crack in a steel plate at/near the weld toe.
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where the first expression relates to point A and growth in the
depth direction. The second expression relates to point C and
growth in the width direction (Fig. 1). The stress intensity factor
ranges DKa and DKc are given by

DKa ¼ ðDrmYma þ DrbYbaÞ
ffiffiffiffiffiffi
pa
p

DKc ¼ ðDrmYmc þ DrbYbcÞ
ffiffiffiffiffiffi
pa
p ð3Þ

where Dr is the applied stress range, and Ya and Yc are stress inten-
sity correction factors for points A and C, respectively. The bi-linear
version of the fatigue crack growth model by Paris and Erdogan [17]
is considered (Fig. 2).

da
dN
¼

0 for DK 6 DK0

A1ðDKÞm1 for DK0 < DK 6 DKtr

A2ðDKÞm2 for DK > DKtr

8><
>: ð4Þ

A pair of coupled differential equations is obtained by substitu-
tion of Eq. (3) in Eq. (2). With the exception of the material param-
eters (A,m) and the applied stress range Dr, all other terms are a
function of the crack size (a,c). The equations are evaluated
through an incremental numerical procedure, resulting in the rela-
tionships between the number of cycles, N, and the crack dimen-
sions, a and c. Starting values are the initial defect dimensions, ao

and co, and the number of cycles up to crack initiation, No. Since
No is usually small for welded connections, its value is set to 0 in
this paper.
Fig. 2. Schematic representation of typical crack growth rates with linear and bi-
linear approximations.
2.2. Fracture model

In some cases – notably pipelines – failure may be associated
with the attainment of a through-thickness crack. In other cases,
it is associated with the integrity of the cross-section. In the latter
cases, failure occurs when a load cycle exceeds the load bearing
capacity of the remaining ligament. This remaining load bearing
capacity depends on the actual crack size and the interaction be-
tween plastic collapse and fracture. The maximum crack depth that
can be sustained by the component is called the critical crack
depth, acr, and it depends on the material’s yield stress and fracture
toughness, Kmat. Several alternatives for the failure assessment
curve are provided in [1]. The equations representing the failure
assessment line of the often applied method 2A in [1] can be for-
mulated as:

Kr;f ¼
0 for Lr > Lrmax

ð1� 0:14L2
r Þð0:3þ 0:7 expð�0:65L6

r ÞÞ for Lr 6 Lrmax

�
ð5Þ

An alternative for Eq. (5) based on the results of large-scale tests
is provided by [18]:

Kr;f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � L2

r

q
ð6Þ

Failure is expected when a load cycle causes Kr > Kr,f. Fig. 3 pre-
sents both failure assessment diagrams together with the results of
large-scale tests.

Variable R is a normalised resistance parameter, usually taken
as 1.0 in deterministic design calculations. Fig. 3 shows that 1.0
is a safe value in most cases, and the mean value is 1.7. Quantities
Kr, Lr and Lr,max are defined as follows:

Kr ¼
KI

Kmat
þ q and Lr ¼

rref

ry
and Lr;max ¼

ry þ ru

2ry
ð7Þ

where Kmat is the material toughness measured by stress intensity
factor (Eq. (8)); KI is the stress intensity factor:
KI ¼ ðYprp þ YsrsÞ

ffiffiffiffiffiffi
pa
p

; q is the plasticity correction factor (refer
to [1]); and rref is the reference stress, which is a function of the pri-
mary stress rp (refer to [1])

In the absence of crack tip opening displacement (CTOD) or J-
integral tests, the material thoughness, Kmat, may be estimated
from Charpy V tests (units N, mm and �C):

Kmat¼632þ 348þ2435 �exp
T�T0�Tk

52

� �� �
25
B

� �1=4

ln
1

1�P

� �� �1=4

ð8Þ

where T is the operating temperature, T0 is the temperature for a
median toughness of 3162 N/mm3/2, or 100 MPa m1/2, (which is ta-
ken equal to T27J – 18 �C, where T27J is the Charpy transition temper-



Fig. 3. Kr–Lr interaction curves according to [1] (Eq. (5)) and [18] (Eq. (6)), with test failure data on mild steel large scale specimens from [18].
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ature at 27 J), Tk is the temperature term that describes the scatter
in the Charpy versus fracture toughness correlation (which is 25 �C
for a standard deviation of 15 �C and 90% confidence level) and P is
the probability of Kmat being less than estimated (BS 7910 recom-
mends the use of P = 0.05 in the absence of experiments that prove
otherwise).

3. Probabilistic LEFM model

3.1. Fatigue crack growth

The stress ranges are randomly distributed. Assuming that for
Dr, a sufficiently mixing (ergodic) process, we may use the expec-
tation of the stress range to find the expectation of da/dN

E
da
dN

� �
¼ A1E Drm1½ �Drtr

Drth
� Bnom

B

� �p

CloadCglobCscf Csif Ya

ffiffiffiffiffiffi
pa
p� �m1

� � �

þ A2E Drm2½ �1Drtr
� Bnom

B

� �p

CloadCglobCscf Csif Ya

ffiffiffiffiffiffi
pa
p� �m2

ð9Þ

and

E Drm½ �s2
s1
¼
Z s2

s1

smfDrðsÞds ð10Þ

For the crack width evaluation (direction c), a similar equation
as Eq. (9) is applied. The factors C represent model uncertainties
for the fluctuating load model and for various stress calculations
(loading, stress analysis of the entire structure, e.g. by the FE mod-
el, stress concentration factor and stress intensity factor), and
fDr(s) is the probability density function of the stress ranges,
Dr. The parameter Bnom is the plate thickness applied in the calcu-
lation of the stress – usually taken as the average plate thickness.
Thickness exponent p addresses the dependency of the stress on
the plate thickness. Its value depends on the type of loading. For
bending stress, p is equal to 2. For membrane stress, p ranges be-
tween 0 and 1 – depending on the geometry – and is often close
to 1. As an example, p is equal to 1 in the case of a single plate
in tension, and p is approximately 0.8 in the case of a flange of
an I section loaded in bending. Other overall dimensions such as
the plate width are considered deterministic because the variation
in these other overall dimensions is usually small compared to the
variation in plate thickness.

Eq. (10) can be solved numerically using small stress range
steps, s. Alternatively, the expectation of the mth moment of the
stress distribution, Eq. (10), can be derived directly depending on
the stress spectrum. Three options are detailed here:

1. If the stress process is Gaussian and has a narrow banded spec-
trum, it can be shown that the peaks of the stress process – and
hence the stress ranges – follow a Rayleigh distribution. For this
case, the mth moment of the stress range density function can
be obtained as

E½Drm� ¼ ð2rr

ffiffiffi
2
p
ÞmC

m
2
þ 1

� 	
ð11Þ

where rr is the standard deviation of the Gaussian stress process,
and C(�) is the Gamma function. For a crack growth curve consisting
of two slopes Eq. (11) is replaced by:

E Drm½ �rtr
rth
¼ 2rr

ffiffiffi
2
p� 	m1

C
m1

2
þ 1;

rtr

2rr

ffiffiffi
2
p

� �2
 !

E Drm½ �1rtr
¼ 2rr

ffiffiffi
2
p� 	m2

C0
m2

2
þ 1;

rtr

2rr

ffiffiffi
2
p

� �2
 ! ð12Þ

where C(a;b) denotes the incomplete Gamma function and
C0(a;b) = C(a) � C(a;b) the complementary Gamma function.
2. If the stress has a narrow banded spectrum and the peaks fol-

low a Weibull distribution

FDrðsÞ ¼ 1� exp � s
rr

� �k
 !

ð13Þ

the mth moment of the stress range density function is equal to

E Drm½ � ¼ rm
r C

m
k
þ 1

� 	
ð14Þ

and for two slopes

E Drm½ �rtr
rth
¼ rm1

r C
m1

k
þ 1;

rtr

rr

� �k
 !

E Drm½ �1rtr
¼ rm2

r C0
m2

k
þ 1;

rtr

rr

� �k
 ! ð15Þ

Note that a Weibull distribution with k = 2 is equal to the Ray-
leigh distribution.
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3. If the stress spectrum is broad-banded, the stress cycles cannot
be easily distinguished. In this case, a convention is required for
defining stress cycles. There are two approaches available for
the modelling of stress cycles of a broad-banded stress process:

– Cycle counting methods. The time history of the stress process
can be summarised using rain flow counting [19]. In the case
of a crack growth curve with one slope, the stress expectations
are equal to:
E½Drm� ¼
X

i

NiP
i

Ni
ðDrm

i Þ

0
B@

1
CA ð16Þ
where Ni is the number of cycles corresponding to rain flow stress
range Dri and Ni is the total number of cycles. For a two-slope crack
growth curve, Eq. (10) may be used.
– Empirically derived semi-analytical probability distributions for

stress ranges of a wide banded stress process such as the 5-
parameter mixed Weibull distribution by Zhao and Baker [20].

3.2. Limit state function

Two limit state functions are detailed here:

– g1: Failure is associated with the attainment of a certain crack
depth, e.g. a through-thickness crack.

– g2: Failure is associated with fracture.

The limit state function for failure associated with a critical
crack depth acr can be formulated as

g1ðX; tÞ ¼ acr � aðtÞ ð17Þ

or, alternatively,

g1ðX; tÞ ¼ Ncr � NðtÞ ð18Þ

where N is the number of cycles at time t, corresponding with a
crack depth a. Ncr is the number of cycles up to the attainment of
the critical crack depth acr. For calculation purposes, the crack depth
increase may be divided into, e.g. 1000 intervals k: Dak = (acr � a0)/
1000. For every crack depth interval Dak, the number of cycles,
DNcr,k, and the crack width interval, Dck, are determined. Summa-
tion of DNcr,k gives Ncr. The failure probability is denoted as

Pf ¼ P½g1ðX; tÞ 6 0� ð19Þ

and it can be calculated directly using a Monte Carlo analysis, a First
Order Reliability Method (FORM) or other suitable techniques.

In case failure is associated with fracture, the limit state func-
tion may be formulated as:

g2ðX; tÞ ¼ R2 � K2
r � L2

r ð20Þ

Or, alternatively,

g2ðX; tÞ ¼ Nf � NðtÞ ð21Þ

where Nf is the number of cycles at fracture, i.e. when R2 ¼ K2
r þ L2

r .
Parameter Kr depends on KI and Kmat (Eq. (7)). The value of KI is
determined in each interval k

KI;k ¼ rpk �
Bnom

B

� �p

CloadCglobCscf Csif Yp

ffiffiffiffiffiffi
pa
p

þ rs � C�globCsif Ys

ffiffiffiffiffiffi
pa
p

ð22Þ

where C�glob is equal to either 1.0 or Cglob, depending on the deriva-
tion of the secondary stress. Due to the fact that the stress peaks
are independent in time, the distribution function of the maximum
primary stress level in interval k – called rpk – is equal to:

FrpkðsÞ ¼ ½FrpðsÞ�DNfk ð23Þ
where DNfk is the number of cycles calculated for interval k, and
Frp(s) is the cumulative distribution function of the primary stress,
i.e. the sum of the permanent and the fluctuating stress.

A three-parameter Weibull distribution is proposed to describe
the fracture toughness Kmat by [3,10] (units N, mm, �C)

FKmat ðxÞ ¼ 1� exp � x� 632
K�m � 632

� �k
" #

ð24Þ

K�m ¼ 632þ 348þ 2435 � exp
T � T0 � Tk

52

� �� �
25
B

� �1=4

ð25Þ

where k is the shape parameter, taken as 4 on the basis of experi-
ments by Wallin [21].

The failure probability associated with limit state function g2

can be approximated by one of the two following procedures:

– A lower bound of the failure probability is obtained by assum-
ing that the maximum primary stress level, rpk, remains unal-
tered during crack growth. The evaluation is similar to that of
limit state function g1.

– An upper bound of the failure probability is obtained by: (a) Con-
sidering n time intervals for the total number of cycles N(t). The
number of cycles considered for crack growth in each time inter-
val is i � N(t)/n with i 1 . . . n. (b) Determine the crack dimensions
at the end of each time interval for all i � N(t)/n cycles and the
failure probability for the final 1/n � N(t) cycles of that time inter-
val. (c) Determine the failure probability of the entire system
using the method of Hohenbichler [22], in which all variables
are fully correlated between the fractions except for rp, which
is fully uncorrelated (refer to the Appendix A).

This upper bound approximation approaches the actual failure
probability if many time intervals are considered.

The two approximations are visualised in Fig. 4. The black curve
represents the stress level at the limit state. This value is decreas-
ing due to the increasing crack growth. The grey line indicates the
maximum primary stress level rpk.

3.3. Distribution functions of the random variables

The distribution functions for the random variables in Table 1
are taken from literature. Expert opinion values are used when
the distributions are not available in literature. The table also pro-
vides characteristic values Xk that can be used in deterministic
calculations.
4. Example of a cover plate on a bridge girder

4.1. Description of the geometry and load model

The example described here is a transverse weld in a cover plate
detail, located in a main girder of a three span bridge as indicated
in Fig. 5. The crack is growing from the weld toe into the girder
flange. The part of the stress intensity correction factor, Y, consid-
ering the effect of the weld is taken as the 2-dimensional approx-
imation by Maddox and Andrews, incorporated in [27,1].

The fluctuating part of the global stress r is modelled as a sta-
tionary zero mean Gaussian process with a standard deviation rr

(Fig. 6). The peak values r
_

are assumed to follow a Rayleigh distri-
bution with a mean value lr ¼ rrCð1þ 1=2Þ ¼ rr

ffiffiffiffiffiffiffiffiffi
p=2

p
¼ 1:25rr .

fr̂ðxÞ ¼
x
r2

r
exp � x2

2r2
r

� �
ð26Þ



Fig. 4. Visualisation of the lower bound and the upper bound approximations for g2 in case of n equally divided fractions of N(t) (a) Lower bound for Pf, (b) Upper bound for Pf.

Table 1
Distribution functions for random variables (units: mm, N, �C).

Variable Distribution l V Ref. Xk

A1 (air)a Paris Law parameter of stage I Lognormal 4.80 � 10�18 1.70 [1] _l(1 + 2V)
A2 (air)a Paris Law parameter of stage II Lognormal 5.86 � 10�13 0.60 [1] _l(1 + 2V)
m1 (air) Slope value of stage I Deterministic 5.10 – [1] l
m2 (air) Slope value of stage II Deterministic 2.88 – [1] l
DK0 (air) Threshold value for DK Lognormal 140 0.40 [23] _l(1–2V)
A1 (marine)a Paris Law parameter of stage I Lognormal 5.37 � 10�14 1.10 [1] _l(1 + 2V)
A2 (marine)a Paris Law parameter of stage II Lognormal 5.67 � 10�7 0.16 [1] _l(1 + 2V)
m1 (marine) Slope value of stage I Deterministic 3.42 – [1] l
m2 (marine) Slope value of stage II Deterministic 1.11 – [1] l
DK0 (marine) Threshold value for DK Deterministic 0.0 – [1] l
ao Initial crack depthd Lognormal 0.15 0.66 [24,25] l
ao/co Initial aspect ratiod Lognormal 0.62 0.40 [24,25] l
B Plate thickness Uniform _l(1 ± 0.05) [26] l
rres Residual stressesc Lognormal 300 0.20 EOf l
ry Yield stressc Lognormal 381 0.07 [26] 355
R Resistance fracture toughness Lognormal 1.7 0.18 [18] 1
Kmat Fracture toughness Weibull Eqs. (24) + (25) [21] Eq. (8) with P = 0.05
Tk Scatter in the Charpy versus fracture toughness correlation Normal 0 r = 15 [21] 25
Cload MU fluctuating load modelb Lognormal 1.0 –e EO l
Cglob MU global stress model Lognormal 1.0 0.10 EO l
Cscf MU stress concentration Lognormal 1.0 0.20 EO l
Csif MU stress intensity factor (hand calculation or 2D-FEM) Lognormal 1.0 0.20 EO l
Csif MU stress intensity factor (3D-FEM) Lognormal 1.0 0.07 EO l
T Operating temperature Normal –e –e _l(1–2V)

r
_ Maximum value of the fluctuating stress Weibull –e –e _l(1 + 2V)

a Stress ratio rmin/rmax P 0.5.
b MU = Model Uncertainty.
c Values are provided for S355.
d Values are for an as-welded structure.
e Case-dependent value.
f EO = Expert Opinion.
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The stress ranges Dr (double amplitude) follow a Rayleigh dis-
tribution with a mean of 2.5rr. The probability density function
may be written as

fDrðxÞ ¼
x

4r2
r

exp � x2

8r2
r

� �
ð27Þ

The values for the case-specific parameters considered in this
example are listed in Table 2.

4.2. Fatigue life and fracture calculation

Fig. 7 presents the crack growth and the failure assessment dia-
gram determined with a deterministic approach. Two cases are
considered: one with mean values for all random variables and
one with a ‘design set’ of random variables, defined according to
the 4th and 7th column of Table 1, respectively. The thick curves
in the left-hand graph are valid for failure associated with fracture,
and the dashed curves are valid for acr = B. The figure shows that
the number of cycles to failure, Ncr, in case of fracture is almost
equal to Ncr of a through-thickness crack in the case of the average
set of variables. For this case, the difference in Ncr between the two
failure criteria is less than 2%. Thus, Ncr appears to be insensitive to
the failure criterion (either a through-thickness crack or fracture)
in the case of the average set of variables. On the contrary, the fig-
ure shows that the failure criterion is important in the case of the
‘design set’ of variables.

The probabilistic model is programmed in Fortran, using FORM
to determine the reliability index b (Ref. Appendix A), where

Pf ¼ Uð�bÞ ð28Þ

Five cases are considered: the critical crack depth assumed to
be: (1) equal to B; (2) equal to 0.5 B; (3) equal to 0.2 B; (4) associ-
ated with fracture applying the lower bound solution (lb); (5) asso-
ciated with fracture applying the upper bound solution (ub). The
value of the crack depth at fracture in the 4th case appears to be
approximately af � 0.6 B. In all cases, the Paris law parameters A



Fig. 5. Geometry considered in the example.

Fig. 6. Fatigue load model.

Table 2
Values for case-specific parameters considered in the example (units: mm, N, �C).

Parameter Value

B Plate thickness 40
W Plate width 800
L Node length 2000
p Thickness exponent 0.80
lr Mean value of the Gaussian stress process 50
rr Standard deviation of Gaussian stress process 40
rperm Permanent stress 100

Steel grade S355
T27J Temperature corresponding to a CVN of 27 J �50
lT Mean value of the operating temperature (Gauss distribution) 10
rT Standard deviation of the operating temperature (Gauss distribution) 8
VCload Coefficient of variation of the uncertainty with respect to the load model 0.10

Fig. 7. Result of the deterministic calculation (a) Crack growth, (b) Failure assessment diagram.
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and model uncertainties C are considered to be fully correlated in
depth and in width direction. Fig. 8 presents the resulting value
of b as a function of the number of cycles.

The figure indicates that the lower bound and the upper bound
solutions of the fracture criterion give the same failure probability.
A larger parametric study with other values for T27J, T, rr and rperm
has been carried out. In all cases, the difference in b between the
lower and upper bound solutions was negligible. Hence, it is suffi-
cient to only consider the lower bound solution – which is consid-
erably easier to program than the upper bound solution.

Further, the figure shows that the failure criterion has almost no
effect on b. This is attributed to the progressive crack growth



Fig. 8. b as a function of N for various failure criteria.

Table 3
Geometric variables considered for deriving partial factors for fatigue LEFM.

Variable Values

B 10 mm, 25 mm, 40 mm
W 800 mm
L 25 mm, 40 mm, 60 mm, 2000 mm
h 45�

Fig. 9. Probability density functions of load spectra considered for deriving partial
factors for fatigue LEFM.
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(Fig. 7) where the number of cycles between a = 0.2 B and a = B is
only 20 % of the total number of cycles between a = a0 and a = 0.2
B. Based on the parametric study with other values for T27J, T, Dr
and rperm, the relative insensitivity to the failure criterion appears
to be typical for the entire fatigue life of a welded joint, provided
that the critical crack depth at fracture is larger than approxi-
mately 0.2B. This is generally the case if the following conditions
are satisfied:

– The fluctuating stress is relatively large (we considered cases
with rr P 10 N/mm2).

– The permanent stress is not larger than half the yield stress, in
agreement with the findings in [15].

– The temperature difference between the minimum operating
temperature Tmin and the Charpy transition temperature at
27 J is sufficiently large, so that the structure is in the transition
range or upper-shelf range. The required temperature differ-
ence is: (Td � T27J) P 40 �C for 40 mm < B 6 100 mm and
(Td � T27J) P 20 �C for B 6 40 mm.

These conditions are satisfied for most civil engineering struc-
tures. For these conditions, and for these conditions only, a reason-
able estimate of the failure probability is obtained by considering
the criterion acr = B. If these conditions are not met, the fracture cri-
terion needs to be considered in determining the failure
probability.

The FORM sensitivity factors a resulting from the analysis indi-
cate the relative importance of the random variables at the design
point (Ref. Appendix A). The crack growth parameter A and the
model uncertainties C appear to be the most important variables.
The sensitivity factors for A, Cload, Cglob, Cscf and Csif are a = 0.5, 0.3,
0.3, 0.5 and 0.5, respectively.

The relationship between b and N in Fig. 8 can be compared
with the number of cycles to failure according to the deterministic
sets of random variables (vertical lines in Fig. 8) in order to deter-
mine the failure probability for these deterministic sets. As an
example, the deterministic analyses with the average variables
gives a failure probability of Pf = 0.38. The reason that the average
set does not result in Pf = 0.5 is due to the fact that not all random
variables have a Gauss distribution.

Partial factors are introduced which allow the designer to assess
the structure with the deterministic model while meeting the re-
quired reliability index. The partial factors are seen as reflecting
both the level of uncertainty in a calculation as well as the level
of consequences of failure. The procedure followed in this article
allows for calibrating partial factors. The partial factor for fatigue
cfat is derived with which Eq. (3) should be multiplied:

DKa ¼ cfat � DrmYma þ DrbYbað Þ
ffiffiffiffiffiffi
pa
p

DKc ¼ cfat � ðDrmYmc þ DrbYbcÞ
ffiffiffiffiffiffi
pa
p ð29Þ
Note that separate partial factors are usually defined for the
load and for the resistance side. For simplicity, only one overall
partial factor cfat is used here which covers scatter in the load
and in the resistance. The values for the partial factor in Eq. (29)
are determined with the deterministic model using the ‘design
set’ of variables and applying the failure criterion acr = B. The num-
ber of load cycles to failure for the case cfat = 1.0 according to this
deterministic model is Ncr = 1.4 � 105 (Fig. 7). Fig. 8 indicates that
the corresponding reliability index is equal to b = 1.1. A determin-
istic calculation can be made with a certain value for cfat, resulting
in a certain value for Ncr. Subsequently, the reliability index corre-
sponding with this value can be subtracted from Fig. 8. This allows
for establishing the partial factor for a certain required reliability
index. As an example, analyses with the model for the geometry
and loading parameters in this chapter result in cfat = 1.2, 2.0, 2.6
and 3.1 for b = 1.5, 3.1, 3.8 and 4.3, respectively.
5. Partial factors for fatigue LEFM

Failure probabilities and partial factors for fatigue of welded de-
tails are derived with the procedure described in Section 4.2. The
applied failure criterion is the attainment of a through-thickness
crack acr = B. The values for cfat should be applied according to
Eq. (29). The values for cfat are only valid for an initial weld defect
in an as-welded structure – with distributions for the defect size
according to Table 1 – and design values for all variables. In total,
48 combinations of geometries and load spectra are considered
according to Table 3 and Fig. 9. The combinations considered are
expected to cover most welded details in civil engineering
structures.

For structures in reliability class 2, the European standard EN
1990 recommends a target value of b for the entire fatigue life
ranging from 1.5 to 3.8, depending on the degree of inspectability,
repairability and damage tolerance.

The number of cycles to failure varies considerably between the
considered cases. However, the variation in partial factors for all
combinations of geometry and load spectrum appears to be small:
V is between 0.01 and 0.04. This means that the partial factor is



Table 4
Partial factors cfat for fatigue LEFM for as-welded structures (distributions according
to Table 1, deterministic values according to Table 3) as a function of the reliability
index for the entire fatigue life.

b 1.5 3.1 3.8 4.3
Pf 7 � 10�2 10�3 7 � 10�5 10�5

VCload VCglob VCscf VCsif

0.0 0.1 0.2 0.2 1.1 2.0 2.6 3.1
0.0 0.1 0.2 0.07 1.0 1.7 2.1 2.5
0.0 0.1 0.1 0.07 1.0 1.5 1.8 2.0
0.1 0.1 0.2 0.2 1.1 2.1 2.7 3.3
0.1 0.1 0.2 0.07 1.1 1.8 2.3 2.7
0.1 0.1 0.1 0.07 1.0 1.5 1.9 2.2
0.2 0.1 0.2 0.2 1.2 2.3 3.1 3.9
0.2 0.1 0.2 0.07 1.2 2.1 2.7 3.2
0.2 0.1 0.1 0.07 1.1 1.9 2.3 2.7
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relatively independent of the geometry and load spectrum. Since
the considered geometries and load spectra differ significantly, it
is expected that the derived partial factors are generally applicable.
The resulting partial factors as a function of b are provided in Ta-
ble 4, for various sets of coefficients of variations for the model
uncertainties. These factors serve as an example: In the authors’
view, the main contribution of this paper is the probabilistic model
that allows for deriving partial factors. The model can also used be
to determine separate partial factors for the load and resistance
side, to determine the inspection interval, and to determine the
partial factors in case of the residual fatigue life of structures after
inspection. In the latter case, the average value and coefficient of
variation of the initial crack dimensions ao and co should be based
on the probability of detection curve of the inspection technique.
Note that the failure criterion – either acr = B or fracture – may
influence the residual life in that case and should thus be incorpo-
rated into the model as shown in Sections 3 and 4.
6. Conclusions

This paper presents a probabilistic linear elastic fracture
mechanics model to be used for fatigue loaded civil engineering
structures. The application of the model on a bridge detail is pre-
sented, and partial factors are derived. The following conclusions
result from the work:
1. Model uncertainty factors appear to be important in the assess-

ment of the failure probability. Thus, it is important to account
for model uncertainties. In addition, the design life can be
increased if it can be demonstrated that the model uncertainties
are smaller than assumed in this paper.

2. A lower bound and an upper bound solution are provided for
the failure probability in case of fatigue crack growth followed
by fracture. These solutions give almost equal failure probabil-
ities for the distribution functions of variables considered in this
paper. Hence, it is sufficient to only consider the lower bound
solution – which is considerably easier to program.

3. The failure probability is relatively insensitive to the failure cri-
terion (acr = B or acr is associated with fracture) for the entire
fatigue life of most civil engineering structures. This justifies
the fact that the fracture criterion is not explicitly accounted
for in standards based on S–N curves.

4. For civil engineering structures, a partial factor P 1.0 needs to
be applied in order to meet the required reliability for fatigue
of a civil engineering structure for all values of the reliability
index b recommended in EN 1990.

5. Partial factors for fatigue LEFM are derived for various values of
b. These partial factors appear to be insensitive to the detail
geometry and the load spectrum.
Appendix A. The system analysis by Hohenbichler and Rackwitz
[22]

In the First Order Reliability Method (FORM), the limit state
function is linearised in the design point. This design point is the
point on the curve g(X) = 0 with the highest probability density.
The design point is determined using a numerical iteration proce-
dure. FORM uses a set of independent standard Gauss variables u.
The physical variables X are obtained by transformation

X ¼ lX þ urX ð30Þ

FXðxÞ ¼ UðuÞ ð31Þ

The linearised limit state function can be written as

gL ¼ Bþ A1u1 þ A2u2 þ � � � ð32Þ

Since lðgLÞ ¼ B and rðgLÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiP

iA
2
i

q
, the reliability index and

failure probability can be obtained through

b ¼ lðgLÞ
rðgLÞ

¼ BffiffiffiffiffiffiffiffiffiffiffiffiP
iA

2
i

q ð33Þ

Pðg < 0Þ � PðgL < 0Þ ¼ Uð�bÞ ð34Þ

Dividing gL by
ffiffiffiffiffiffiffiffiffiffiffiffiP

iA
2
i

q
gives

g�L ¼ bþ a1u1 þ a2u2 þ � � � ð35Þ

where ai ¼ AiffiffiffiffiffiffiffiffiffiffiP
i
A2

i

p .

The design point values for the random variables are

ud;i ¼ �aib ð36Þ

Xd;i ¼ F�1Uðud;iÞ ¼ F�1Uð�aibÞ ð37Þ

The method of Hohenbichler is used in this paper to determine
the failure probability of a system consisting of two limit state
functions. In the case of a series system

PðFÞ ¼ Pfga < 0 [ gb < 0g ð38Þ

where we assume that ga and gb are Gauss distributed. The failure
probability is rewritten according to

PðFÞ ¼ Pfga < 0g þ Pfgb < 0g � Pfga < 0g � Pfgb < 0jga

< 0g ð39Þ

For the derivation below, ga and gb should be selected such that
ba > bb. The problem is reduced to determining the conditional
probability P{gb < 0|ga < 0}. This conditional probability depends
on ba, bb and correlation coefficient qab.

qab ¼
Xn

i¼1

aai � abi � qabi ð40Þ

where aai is a of Xi in ga; abi is a of Xi in gb and qabi is the correlation
of variable Xi in element ga and the same variable in element gb. Val-
ues for ba, bb, aai, abi follow from the FORM analysis. Limit state
functions ga and gb are now written as

ga ¼ ba � u ð41Þ

gb ¼ bb � v ð42Þ

where u and v are standard Gauss distributed. Since ba and bb are
constant: q(uv) = qab. Let us replace the dependent Gauss variables
u and v by independent Gauss variables u and w. Limit state func-
tion gb can then be written as

gb ¼ bb � qabu�w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

ab

q
ð43Þ
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The conditional probability is written as

Pfgb < 0jga < 0g

¼ P bb � qabu�w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

ab

q
< 0jba � u < 0

� 

ð44Þ

Hohenbichler proposed replacing this conditional probability by
the following unconditional probability

Pfgb < 0jga < 0g ¼ Pðg0b < 0Þ

¼ P bb � qabu0 �w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

ab

q
< 0

� 

ð45Þ

where u0 is the original variable u in which is considered that u > ba.

u0 ¼ U�1f1� p �UðuÞg ð46Þ

p ¼ Pfu > b1g ð47Þ

The limit state function g0b can now be written as:

g0b ¼ bb � q �U�1 1� p �UðuÞf g �w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

ab

q
ð48Þ

The failure probability Pfg0b < 0g can be determined using the
standard FORM.

In this paper, we have used the method of Hohenbichler to
determine the failure probability in the case of a series system of
more than two elements. As an example, in the case of a series sys-
tem with three elements ga, gb and gc, the following steps are car-
ried out:
– Determine the combined failure probability of the first two ele-

ments ga and gb using the procedure of Hohenbichler described
above.

– Determine the values for ai and b of the combined limit state
function.

– Use the procedure of Hohenbichler to determine the combined
failure probability of the two elements (ga and gb) and gc.
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