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Summary

Film Blowing Modeling to Enhance Film Property

Prediction

More than half of production of the polyethylene films is by a film blowing process

from polymer granules. These films are used in many applications and depend-

ing on the application satisfy specifications that are put in terms of geometrical,

mechanical, and optical film properties. The film blowing industry wants to determ-

ine which polymer in combination with what process results in film that satisfies

prescribed quality characteristics. Up to date this issue is addressed by a data en-

gineering strategy that results in empirical models solely based on measured data

from polymer material, process conditions, and film properties.

The research question underlying this thesis is whether first principle mod-

eling and empirical modeling can be combined so as to enhance prediction of film

properties from process and material specifications, in comparison to the use of

empirical models only. Answering this research question gives more insight in the

polymer processing relations and thus creates additional value to both polymer man-

ufacturing and polymer processing industries. We particularly address scalability.

Knowledge on scalability is needed, especially if processes on laboratory scale would

replace the production processes at full industrial scale in light of the prediction of

film properties.

In this thesis, we advocate the idea that film property prediction is best

tackled by grey box modeling. We propose a physics-based model that captures

the main fluid dynamical aspects of the film blowing process, in particular, the

geometry of the film in the free surface part of the process, the temperature, stress

and velocity development along the film and with that, indirectly, the polymer

crystallization. Output of the physics-based model is strongly nonlinearly related

to the polymer-material characteristics and process conditions and is expected to

lead to enhanced linear prediction of film property.

In our modeling strategy, we separate the kinematics and the dynamics of
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the process. By doing so we do not satisfy all physics-based balance laws. The result

is two models: kinematic and dynamic. In the kinematic model, we propose a non-

isothermal Newtonian constitutive behavior, where the polymer melt is supposed to

be purely viscous and viscosity depends on temperature. Nowadays, in film blowing

lines, a cooling ring is used. The model incorporates the effect of that cooling ring,

which is located at the part where the polymer leaves the die. The dynamic model is

based solely on the constitutive behavior that relates strain rate tensor to the stress

tensor. Two constitutive models are explored: the multi-mode upper-convected

Maxwell model and the Phan-Thien-Tanner model.

From the kinematic model we obtain two characteristics of the film blow-

ing process, namely, the internal pressure of the air that is contained inside the film,

and the pull up force at the take up rolls. These characteristics are not process set-

tings itself but result of process settings. We show that they have a direct link with

the development of the meridional and parallel stresses.

The kinematic model is a dynamic system from a mathematical perspect-

ive and determining the mentioned characteristics is a parameter identification prob-

lem. To identify these characteristics an optimization scheme is developed that uses

a gradient-based minimum search algorithm. We prove that the dynamic system is

sensitive to the initial conditions imposed, making the identification of parameters

a real mathematical challenge.

In the dynamic model we have to deal with the small and large relax-

ation times in the relaxation spectrum, if we use Maxwell or Phan-Thien-Tanner

constitutive models. For the small relaxation times we prove that Maxwell and

Phan-Thien-Tanner stresses are close to Newton. For the large relaxation times,

relaxation modulus is so small that the effect of these relaxation times is ignored.

The physics-based model results in 35 features added to the 14 input fea-

tures used in practice. We show that these additional features triple the information

content of the original feature set. We consider seven film property. Per film prop-

erty we define the most significant predicting features and we prove that all film

properties can be fitted by a linear regression model that contains no more than 5

predictors with a resulting R2 in the range from 0.6 to 0.9.
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Chapter 1

Introduction

1.1 Background of the research

1.1.1 Context

About 8 million tons of polymer was used to manufacture plastic film in Europe in

2013, according to PlasticsEurope ([36], p.16). The vast majority of polymers are

made from oil and natural gas. In these days, where sustainability is becoming more

and more an issue, it is essential to find ways to reduce the amount of polymer used

in polymer processing industries, in particular, the ones that focus on the production

of polyethylene film. In conclusion there is a tendency to have stronger and thinner

films with a smaller amount of polyethylene needed to get high quality film.

This thesis focuses on one of the most widely used processes by which

polyethylene film is produced, namely, the film blowing process.

Polyethylene films are used in many applications, and from the application

perspective need to satisfy specifications related to geometrical, mechanical, and

optical properties. These properties depend on the polymer and on the fabrication

conditions used to produce the film. Insight in the polymer-processing-structure

relations is relevant for both polymer producers and for polymer processing industry.

Especially, knowledge on how these relations scale from laboratory equipment to

commercial film blowing equipment has high importance.

Driven by competition, the polymer-producing industry aims to produce

polymer granules with such quality that their customers are enabled to produce the

film that satisfies strict specifications. The polymer companies want to provide their

clients with recipes on how to process their granules in order to get the required

quality of the film. Then, the client is not just buying a ”pig in a poke”, but gets

a guarantee that with the bought polymer granules target films can be produced.

Two issues play a role: predictive quality of a lab experiment, and un-
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2 Introduction

known aspects of the process conditions. As an example of first issue, using the

polymer granules we may produce on lab scale film that satisfies the specifications,

the question is how that translates to the industrial scale? The other issue is, for in-

stance, the pressure inside the blowing film is an unknown process condition, which

is known to play an important role in the manufacturing of the film.

The way people tackle the problem of predicting the film properties given

material and process specifications is mostly data driven and thus based on statist-

ical models, which are not able to describe the scalability issue and do not always

possess the predictive power needed. Since data are taken from different types of

film blowing machines with different types of process conditions and different types

of material properties, the statistical model in some cases leads to a cumbersome

forecast, and only has qualitative relevance.

The underlying research question of this thesis is whether a combination

of data-driven modeling and physics-based modeling leads to a better prediction of

film properties from process and material specifications.

1.1.2 Polymer

The materials used in the film blowing process studied here is polyethylene of the

type LLDPE - linear low-density polyethylene. In this subsection, we summar-

ize the general information about polymers and talk about details of the polymer

characteristics such as rheology that is relevant for this study.

Polymer characteristics. LLDPE

Polymers are chain-like molecules made of basic molecules, monomers. The prop-

erties of the polymer depends on the type of the basic monomers that are used, the

way these monomers are connected, and the shape of the connections.

Polyethylene is a collection of molecules dominantly consisting of many

ethylene monomers. Polyethylene is classified into categories based on density,

long-chain branch structure and repetitive pattern in three types: low-density poly-

ethylene (LDPE), linear low-density polyethylene (LLDPE), and high-density poly-

ethylene (HDPE), as illustrated in Figure 1.1. Its mechanical properties depend on

the extent and type of branching, the resulting crystal structure, and the molecular

weight.

LDPE has long and short chain branches, HDPE has only few short chain

branches. In HDPE the molecules are tightly packed and more crystalline. Thus

HDPE is stiffer than LDPE. LLDPE has more short branches than HDPE. Depend-

ing on the subtype, LLDPE has either no or some long branches, but typically a

lot less than LDPE. LLDPE is produced because of its unique stiffness-toughness
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Figure 1.1: Schematic representation of polyethylene microstructure for types: (a)

HDPE, (b) LDPE, (c) LLDPE (Peacock, 2000)
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combination. For that it is typically used in film manufacturing. Our results are

related to LLDPE.

Viscoelastic constitutive behavior

Polymer processing is generally using extrusion, meaning that the polymer is pushed

through an extrusion barrel with a screw that heats up a polymer such that it

becomes a fluid melt. The rheological properties of that melt are generally referred

to as viscoelastic behavior of the polymer, i.e., the relationship between the strain

rate/strain tensor and the stress tensor. The rheological properties of LLDPE are

summarized as ”stiff in shear” and ”soft in extension” (Mathur, Bhardwaj, 2003).

In the film application the LLDPE can be downgauged easily while maintaining

high strength and toughness [48].

In this study we use three types of LLDPE: P1, P2, P3.

To describe the rheological behavior of the polymer melt a large variety

of constitutive models exists. The problem is which constitutive model to take for

which polymer process. There is no model that performs well in all aspects, because

each model focuses on certain aspects of the constitutive behavior, see Larson (1988)

for an overview.

The basic constitutive model is the Newtonian model, which assumes that

stress is linearly proportional to the strain rate. The proportionality parameter is

called is viscosity. The viscosity is dependent on the temperature according to

the Arrhenius law. One of the model simplifications in the isothermal case is the

constant viscosity.

The Maxwell model is next model in the order of complexity in this study,

where the constitutive behavior has a viscous and elastic parts. The viscous part is

determined by the viscosity and the elastic part by the relaxation time and modulus.

Other models are multimode Maxwell, Giesekus, and Phan-Thien-Tanner

models (Macosko, 1994). These models generally contain many model parameters,

and are assumed to fit more characteristics of the rheology of the polymer melt

than the Newtonian model or Maxwell model at the cost of requiring experiments

by which these parameters can be identified, and under the assumption that the

rheology of the polymer in this experiment can be related to the rheology of the

polymer in the process (R.I. Tanner, 1988; P. Tas, 1994).

The stages of material change during the film blowing process are - in

the macro level, cooling and stretching, and in the micro level, crystallization, and

orientation of molecules. We use constitutive models to describe the process at the

macro level.
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1.1.3 Film blowing process

Description of the film blowing process

During the film blowing, the polymer is processed from the granules at the start of

the extruder to the polymer melt at the die, and from the melt at the die to the

thin film at take up. The polyethylene, starting as granules at room temperature,

is heated to a melt with temperature of about 220◦C, due to the screwing motion

inside the extruder. Then the melt is pushed through a circular die to reach the

cooling ring. In the cooling ring the melt is shaped to a conical bubble. At the exit

of the cooling ring the melt has a free surface that exhibits biaxial stretching under

the pull-up force and blow-up pressure. At a certain height the melt crystallizes.

At the freeze line height the free surface has become a solid, a thin film is formed.

Thus, film blowing is a process by which biaxially oriented polyethylene

film is produced from extruded polymer granules, see Figure 1.2.

How does the process work? In Figure 1.2 we present a picture of a real

film blowing device (lab scale) in process. For a schematic representation of the

process see Figure 1.3.

1. The polymer granules at room temperature are put into an extruder, where

the granules are heated and kneaded up to a temperature of about 220◦C due

to the screw motion in the extruder.

2. Then the heated polymer melt is pushed as a viscoelastic fluid through the

die, an annular ring with typical width of few mm and radius in the order of

cm to few dm (see Figure 1.3).

3. In most film blowing devices, the polymer melt enters a cooling ring. It has

a conical shape and it guides the melt along its surface. The height of the

cooling ring and the radius of the exit is in the order of few cm to few dm.

4. Then the melt, cooled down to a temperature of about 170◦C, leaves the

cooling ring to enter its free surface part, where it cools further by blown cool

air, both inside and outside.

5. Under the influence of a pull-up force and pressure due to inflating air, the

melt forms a bubble (as a balloon), increasing its radius and decreasing its

thickness.

6. The additional cooling that takes place in the free surface causes the polymer

melt crystallize.

7. The polymer starts to transform from liquid to solid at the frost line. Above

the frost line, the solid melt bubble keeps its radius and thickness fixed.
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Figure 1.2: Real photo of film blowing process provided by Dow. The lab scale line

with die radius of 10 cm and typical freeze line height of 1 m.

8. At the freeze line height the polymer is completely crystallized, and we can

call it a film. It has become a purely elastic material that does not flow. It

is assumed that the material properties of the film do not change if it passes

the freeze line

9. The film is taken up by guide rolls and nip rolls at the top of the machine at

a certain speed; the guide rolls and nip rolls create a pull up force.

10. The output is two layers of a thin polymer film, as indicated in Figure 1.3

[49].

As a result of the inflating air pressure, the film is stretched in circumfer-
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ential direction. Pulling out the film through guide and nip rolls causes elongation

in the machine direction. For a complete and detailed description of the film blowing

process we refer to [45], Bennett (2008) and Kolarik (2012).

From the above description it is clear that the final product qualities

depend on both process conditions and material characteristics.

Process conditions

As we learn from the previous subsection, typical characteristics of the film blowing

process are

1. Geometry of the machine

2. Process conditions

3. Output characteristics.

Typical geometry characteristics are size of the die, height of the machine,

dimensions of the cooling ring, initial thickness of the film.

As the process conditions we mention the force at which the bubble is

pulled up at the top, the inflating air pressure inside the bubble, the speed by

which the polymer leaves the die, the speed of the guiding rolls at the top, and the

throughput. Other process conditions relate to the cooling conditions, such as the

temperature of the cooling air, and the temperature of the polymer melt at the die

exit. The ratio of the velocity at the top and velocity at the die is abbreviated by

DDR, Draw-Down Ratio. The ratio of the final bubble radius to the die radius is

abbreviated by BUR, Blow-Up Ratio. As output characteristics we mention BUR,

DDR and height of the freeze line.

Some of the process conditions can not be measured, they are parameters

to be identified. In this respect we mention the internal air pressure relative to the

external (atmospheric) pressure, ∆P , and the initial pulling force, F . We expect

that the parameters ∆P and F have a predictive quality for film properties.

Scaling issues

Both producers and converters of the polymers are triggered by a question of film

properties. What kind of polymer in combination with what kind of process can

create a film with the required properties. Producers of polymers can not answer

this question directly in all cases. They typically approach a question by carrying

out lab scale experiments in their laboratories. Modeling can help to answer this

question in the expand range of cases.

In case of film, they blow a film evaluating new types of polymers in a lab

scale environment and then they test the produced film for its properties. Knowing
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the polymer characteristics and the conditions by which they operated the lab scale

device that guarantees the film with desired properties, the claim is that film blown

at industrial scale with that polymer under similar conditions would result in a film

with the same properties.

The problem of scale should not be overlooked; does the lab device plus

settings scale up to an industrial scale? Put differently: is everything scalable? This

question can only be answered by modeling principles. Typically, mathematical

models are equipped to address scalability issues, since mathematical models are

always put in dimensionless terms.

The mathematical models consist of dimensionless parameters related to

force and pressure. If the dimensionless parameters for two different setups are the

same, then in terms of the model these two setups are the same, and thus scalable.

The question to answer is whether the film properties scale with it; at what scale are

the film properties the same? Since the model itself does not contain all information

of the process and the material it should most likely be combined with a statistical

model. The physics-based model is scalable, the statistical model is not.

1.1.4 Film properties

Literature, Experiments, Relationship to the practice (use of film)

Polyethylene films have a large variety of applications: laminating, packaging and

agricultural covering. For each application, the film should have specific properties,

and within each application there are different needs that also lead to different

requirements on film properties. These requirements are met by tuning the process

conditions and the polymer properties. In that sense the process of the polyethylene

film production is similar to cooking. Two persons can buy the same ingredients but

depending on the recipes they use, and other ambient conditions they will create

different dishes.

To evaluate the properties of the film standardized methods are used.

The properties are divided into two groups: mechanical and optical. During one

experiment, related to one property, a number of measurements is carried out on

different parts of the film. From the measurements, a mean value and a standard

deviation are obtained that both define the film property under measurement.

Interesting mechanical properties are in terms of: tear, dart, and punc-

ture; optical properties are in terms of gloss and haze.

1.1.5 Formulation of the problem

The polymer processing companies want to produce film that satisfies the mentioned

properties in certain ranges. The question is what kind of polymer characteristics



1.1. Background of the research 9

in combination with what kind of process conditions give the required film. To

answer this question a model is needed. The model should address the issue of

scalability, process conditions, and material characteristics. As we explain in our

research strategy the model will combine empirical data with first principles, in

short, it is a grey box model.

1.1.6 Review on modeling strategies

Two distinct attempts towards film blowing modeling are presented in literature.

One attempt is to predict film properties from measured or known processing and

material parameters based on empirical data models. The other attempt is to un-

derstand the film blowing as a physics process and its stability within physics-based

modeling and study the behavior of physical quantities such as stresses, strains,

crystallinity, and temperature.

Patel, et al. (1994) correlated film properties such as Elmendorf tear and

dart impact of polyethylene films to combinations of nominal processing conditions

(e.g. blow-up ratio) and experimentally obtained film orientation parameters (e.g.

shrinkage). Borse et al.(2010) followed a similar approach and observed different

trends for different polymers. Complex combinations of amorphous and crystalline

orientation metrics were involved to explain the results. It is one of our goals to use

physics-based modeling to provide us with parameters beyond the nominal fabrica-

tion parameters that correlate more directly to the various orientation metrics and

thus to film performance properties.

Tas (1994), in his thesis investigated the relationship between the physical

quantities of a physics-based model and certain film properties. He represented these

relationships on a one factor - one response basis in terms of cross-correlation. Tas

did not address the multi-factor - multi-response issues that appear in statistical

data models. Also, he did not address the issue of scalability.

The film blowing process can be modeled from basic physical laws using

the thin film approximation (membrane model), where a constitutive equation is

incorporated. Physics-based modeling in this area started with the classical work

of Pearson and Petrie in 1970. Many papers studying the physical aspects of the

film blowing process, in all its details, have been written since then. We refer to

Tas (1994), Bennett (2008) for an overview.

Gamache, Agassant and Demay (2005) compared axial and transverse

stress calculated from birefringence experimental data and received from numerical

calculation. For the modeling part they used a Pearson and Petrie non-isothermal

Newtonian model with variable heat transfer coefficient (Gamache, 2004). They re-

ported that generally the calculated stresses are in agreement with the experimental

values.
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Kolarik, Zatloukal (2011) used an alternative approach for physics-based

modeling of the film blowing process, the minimum energy approach. They based

the model on variational principles and compared predicted stresses with experi-

mental data.

In this thesis, we suggest to extend the set of parameters used in the

empirical models to predict film properties with well-defined output of the physics-

based model. That output can be dimensionless or dimensionful. If dimensionless

parameters have high predictive quality for certain film properties, we have proven

scalability. It means that the lab-scale film blowing machine can predict properties

of the film produced on an operational commercial-scale film blowing machine.

In contrast to the work of Tas (1994), here we do not necessarily aim for

a constitutive equation that fits polymer material properties in great detail. We

want to include relevant rheology models to differentiate the materials and study if

the output of a physics-based model yields higher predictive quality than empirical

models based on material and processing parameters only.



1.1. Background of the research 11

Figure 1.3: Schematic view of the film blowing process. Adapted scheme is taken

from Liu (1991)
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1.2 Research strategy

1.2.1 Modeling philosophy

Before we explain our research strategy some words about model and modeling

philosophy in general.

A model is not reality, but an abstraction of reality, a representation of

a real object or situation. In other words, a model presents a simplified version of

something real. Modeling is done with the purpose to solve a real-world problem

or reveal aspects of reality (Dym, 2004).

The best model would be the simplest one that still serves its purpose,

that is, which is still complex enough to help us understand a real world system or

solve a real world problem.

As Kai Velten (2009) states in his modeling philosophy, the more com-

plicated the model the less freedom it has, and most probably the less its predictive

quality. We want to construct models that on one hand capture main physical

aspects of the film blowing process, and, on the other hand, have a complexity as

small as possible, where complexity is synonym to the number of parameters in-

volved in the model. The reason to have the number of parameters low is that all

model parameters should be identified on the basis of well-defined experiments.

Practice teaches that globally imprecise models often have higher predict-

ive quality than precise ones.

1.2.2 What is a model

Several kind of mathematical models can be distinguished. We talk about white

box models, if they are based on physics. We talk about black box models, if they

are data driven models, i.e., the data is driving the functional relationship between

input and output, and generally not the physics.

In the white box model the equations are usually related to concepts from

a scientific theory. The equations describe a priori matches between real world

observations and mathematical entities that come from conceptual principles based

on experiments and hypothese.

White box models contain parameters that are tunable, so that they can

be fit to well defined experiments. One must find a good set of parameters. The

major problem in this parameter identification process is that the set of parameters

is not unique in general, and that identification is based, partly, on good taste and

intuition. Although equation models are based on scientific theory, the identification

of the ”best” model is related to a finite set of samples that limits its applicability

(Eijndhoven, 2013).

For instance, in choosing the appropriate constitutive equation to describe
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stress development as function of strain rate, many models exist: a purely viscous

Newton model, a viscoelastic Maxwell model, a PTT model, and a Giesekus model.

In all these models the choice of parameters is related to experiments that only

relate to a selection of the polymer melt characteristics as involved in the experiment

(Larson, 1988).

1.2.3 ”Grey box” model

”Grey-box modeling deals with models which are able to integrate the following two

kinds of information: qualitative (expert) knowledge and quantitative (data) know-

ledge, with equal importance” (Hauth, 2008). The qualitative knowledge is related

to concepts and scientific theory, quantitative knowledge is related to experimental

data.

The models that are used to predict film properties from process condi-

tions and polymer characteristic are mainly data driven, black box models. The

models used to understand the film blowing process are white box models that are

not used to predict film properties quantitatively or qualitatively.

In this thesis we develop a white box model that as a soft sensor generates

new input data for a film property prediction model. To a certain level of detail, it

takes into account the process physics and material characteristics.

The output of the soft sensor and the output of the hard sensor that

provide the measured polymer data and the measured process data, respectively,

are applied in a statistical model to predict film properties. For a schematic rep-

resentation of our research strategy see Figure 1.4.

FB
process 

data

Polymer 
data

Film 
property

2

Physics 
model

Data
model

Figure 1.4: Scheme of the grey box strategy
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1.2.4 Physics-based modeling

With the physics-based model we do not intend to generate more understanding

of the film blowing process, thus in contrast to the work of Tas and others, we do

not aim for a constitutive equation that fits the properties of polymer material in

all its detail. We want to include rheological models that are relevant in the sense

that they differentiate materials. Additionally we want to study if the output of the

physics-based model yields a higher predictive quality than purely empirical models

do.

We intend to consider models with increasing complexity, with complexity

applied there, where we think it is needed. We distinguish temperature dependent

and temperature independent models, and different types of constitutive models

such as Newtonian, Maxwell model, multi-mode Maxwell model, and multi-mode

Phan-Thien-Tanner (PTT) model.

We divide the mathematical formulation of the film blowing process in two

parts: one related to the kinematics of the process and one related to the dynamics

of the process, with the focus on the development of the three principal stresses.

For the kinematic formulation we apply a non-isothermal purely viscous

(Newtonian) model, where the viscosity is the only polymer material characteristic.

As a result we have a model with four unknown parameters. The model describes

the shape of the blowing balloon as a curve in a cross sectional symmetry plane, its

curvature, tangential velocity at the surface and its temperature. All are functions

of the arc length.

The model is dimensionalized and scales are introduced so that having

identified the unknown dimensionless parameters, film blowing lines can be com-

pared.

In the next step we integrate the kinematic formulation with the dynamic

formulation. For the dynamic formulation we use Maxwell and PTT constitutive

models. We follow a novel modeling strategy: the results from the kinematic formu-

lation, the velocity and the shape profiles, are directly inserted in the constitutive

relations. The results of the dynamic formulation are three principal stresses: me-

ridional (longitudinal), parallel (transversal) and normal.

For the kinematic part we focus initially on the isothermal Newtonian

model, which assumes a linear stress-strain rate relation with a temperature-independent

viscosity. We use the equations describing the balance of mass and momentum as

presented by Pearson and Petrie (see also Bennett, 2008). Instead of the Cartesian

coordinate system used by Bennett (2008), we apply the curvilinear coordinate

system, as proposed by Demay & Clamond (2011), although they do not use the

dimensionless system as we do.

Then we introduce the non-isothermal Newtonian model incorporating
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the effects of cooling in the model, in particular, the effect of the cooling ring and

the cooling air along the film. Here we felt inspired by the work of Sidiropoulos,

2000, who in his thesis fully describes the cooling aspects of the film blowing pro-

cess, typically inside the cooling ring and along the free surface part. The result

of the non-isothermal Newton model is four identified parameters: temperature de-

velopment, radius development, velocity development, and height development as a

function of arc length.

1.2.5 Implementation

The implementation of the kinematic formulation asks for solving a complex iden-

tification problem, since the formulation is highly sensitive to the partly unknown

initial conditions that specify the system of ordinary differential equations. In the

applied strategy to determine the unknown parameters we found a way to deal with

the mathematical instabilities of the system. We consider the system as a dynamical

system, where the arc length replaces time. In particular, we show that the system

has a ”source” and a ”sink”. The initial conditions of the mathematical problem

are close to the ”source”, where the solution curves are hardly distinguishable.

Having learnt our lessons from the implementation of the kinematic for-

mulation, we expected that we would meet the same kind of issues, of the full

formulation, kinematic and dynamic, the more complex constitutive relations of

Maxwell and PTT. We surely end up with a situation, which is difficult to solve nu-

merically. This is the reason to separate the kinematic formulation and the dynamic

formulation.

In the implementation of the dynamic part the only problem is caused by

small relaxation time.

1.3 Available data from experiments

1.3.1 Experimental setting

Our study is based on 72 experiments, data is provided by Dow. One experiment

is blowing a film in a fixed machine with fixed polymer and fixed processing condi-

tions. Per experiment the processing conditions are fixed, but between experiments

they can vary. Two of the processing conditions were targeted as fixed for all 72

experiments: the time to freeze line and the final film thickness. Fixed processing

conditions mean that first the machine was brought to a stable film blowing process;

we consider the parameters of the stable process, and the film as the result of that

stable film blowing process.

Experiments were carried out on six actual film blowing machines (L1 -
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L6), where L1 - L4 are lab machines, and L5, L6 are industrial. The die gap for

L3, and L4 was varied. The experiments were performed for three different blow up

ratios, BUR = 2.2; 2.5; 3.0. Three types of LLDPE are used in the experiments:

P1, P2, and P3. They have different viscosities, and a different relaxation spectra.

For an overview of data see Figures 1.5 - 1.7.

Figure 1.5: Blow-up ratio versus Draw-down ratio for 72 experiments

Figure 1.6: Reference viscosity versus draw-down ratio

1.3.2 Measurable quantities in the process

The typical characteristics of the film blowing process are the geometry of the

machine and the process conditions. We divide the parameters that describe the

process into four groups: geometrical, process, temperature and output parameters.

Geometrical parameters:

• Initial radius (R0, mm), the annular radius of the die of the film blowing ma-

chine. Each film blowing machine has fixed die size, that cannot be changed.

Die size=2× Initial radius.
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• Die gap (e0, mm), the size of the extruder hole through which the melted

polymer is pressed. It is equal to the initial thickness of the film. The die gap

can vary for one machine and for different machines.

• Total height of the machine (H, m). Various film blowing machines have

different heights. The height can vary from several meters to several dozens

of meters. The amount of the output produced by the machine depends on

the total size of the machine.

• Cooling ring radius (Rc, mm), is the radius of the end of the cooling ring.

Most of the machines nowadays have a cooling ring to cool the film in the

beginning.

• Cooling ring height (Zc, mm), is the height of the cooling ring from die exit

to the end of the ring.

Process parameters:

Process parameters are parameters that can be set during operation. These para-

meters for each machine can be tuned to get a final film with desired properties.

• Extrusion velocity (U0, mm/sec), the velocity with which the melt polymer

leaves the die.

• Inflation pressure (P , Pa), the inflation air pressure, which is blown inside

the bubble and forces the film to expand in transversal direction.

• Volumetric flow rate (Q0, mm3/sec), the flow rate of the melted polymer at

the die exit, Q0 = 2πe0R0U0

• Velocity of take up rolls (Ufl, mm/sec), the line speed.

Temperature parameters:

• Cooling air temperature (Tcool,
◦C.) In different film blowing machines there

are different cooling systems, which accelerate the process of solidification of

the polymer. The film blowing machines at which experiments were carried

out have one or two cooling systems:

1. All, a Cooling Dual-Lip Air Ring system. The cooling ring is a metal

ring, which has a certain height (the height depends on the size of the

machine) and positions exactly above the die.

2. Some, Internal Bubble Cooling. Some film blowing machines have a

metal tube in the middle. Cold air blows from different side holes along

the tube.
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• Temperature of the polymer in the die (T0, ◦C), the temperature at which the

melt polymer leaves the die exit.

• Ambient temperature (Tamb,
◦C), temperature near film blowing machine.

Output parameters:

Output parameters are parameters of the final blown film in the end of the film

blowing process, they cannot be changed directly.

• Height of the frost line (Zfl, mm), the height at which the bubble surface

stops accelerating and at which solidification of the melt starts.

• Final thickness of the film or film gauge (efl, mm). The final thickness of

the film is a predefined parameter. The thickness is controlled by the tuning

process parameters (the inflation pressure and the line speed).

• Final radius of the bubble (Rfl, mm), the radius of the bubble at the frost

line height.

• Blow up ratio (BUR), the ratio of the final radius of the bubble to the die

radius. In each experiment the process parameters are tuned to get the desired

blow up ratio.

• Draw down ratio (DDR), the ratio of the velocity of taking up rolls to the

extrusion velocity.

• Volumetric output (Q1, mm3/sec), the output of the product per volume,

Q1 = (π(Rfl + efl)
2 − πR2

fl)UFL is approximated by Q1 ' 2πeflRflUfl.

The (nominal) model input data refer to the geometrical aspects of the

machine, the conditions at which the polymer is processed, and aspects of the

polymer material. In Table 1.1, we detail the input data that we use; we introduce

their notations, names, SI units and typical ranges for a lab scale film blower and

for an operational film blower as they occur in the data set. All films were targeted

for a 25 micron final thickness.

1.3.3 Polymer characteristics

In the non-isothermal Newtonian model the polymer melt has only one rheological

characteristic - viscosity. The viscosity is temperature dependent by the Arrhenius

law, so the parameters needed to describe the polymer behavior are the temperature

of polymer melt, the reference viscosity of the polymer at that temperature, and

the activation energy of the polymer. The list of typical parameter values is given

in Tables 1.2, 1.3.
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Table 1.1: Two examples of values of parameters of the film blowing process for lab

scale (L1) and industrial scale (L5) film blowing machines from our 72 experiments

Name Symbol Unit L1 (Lab) L5 (Ind.)

Geometrical parameters

Die radius R0 m 0.12 0.15

Die gap e0 mm 2.02 2.286

Cooling ring radius Rc m 0.18 0.25

Cooling ring height Zc m 0.10 0.17

Process parameters

Extrusion velocity U0 m/sec 0.040075 0.051168

Velocity of taking up rolls Ufl m/sec 0.86 1.73

Temperature parameters

Cooling air temperature Tcool
◦C 9.0 -

Die temperature T0
◦C 238.9 213.0

Ambient temperature Tamb
◦C 24.4 27.2

Output parameters

Height of the frost line Zfl m 0.99 1.27

Final thickness of the film efl mm 0.0254 0.0254

Final radius of the bubble Rfl m 0.264 0.33

Blow up ratio BUR − 2.2 2.2

Draw down ratio DDR − 21.46 33.81

Volumetric output Q1 m3/sec 6.38× 10−5 1.12× 10−4

Table 1.2: List of typical values of polymer characteristics for non-isothermal New-

tonian model

Name Symbol Unit Value

Universal gas constant Rg J/(mol K) 8.31

Temperature of the polymer melt

- in the die T0
◦C 223± 22

- at the end of the cooling ring Tc
◦C ≈ 170

- at freeze line height TFL
◦C ≈ 100

In case of the multi-mode Maxwell model the parameters are relaxation

time and relaxation modulus and related to viscoelastic behavior of the polymer,

see Table 1.4. In case of Phan-Thien and Tanner model we have one additional
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Table 1.3: List of typical values of polymer characteristics for constitutive models

Name Symbol Unit P1 P2 P3

Reference viscosity at Tref = 190◦C ηref Pa× s 940 2400 1200

Activation energy Ea kJ/mol 36.90 33.98 30.98

PTT model parameter ε - 0.1 0.3 0.3

parameter ε, which is related to the non-linear viscoelastic property of the polymer

melt. For the polymer characterized in Table 1.4, ε = 0.3.

Table 1.4: Relaxation Spectrum for one LLDPE polymer (P2) taken at reference

temperature 170◦C

index Relaxation modulus in Pa Relaxation time in s

i Gi λi

1 2.12× 105 1.44× 10−3

2 1.57× 105 5.18× 10−3

3 1.08× 105 1.86× 10−2

4 5.42× 104 6.7× 10−2

5 2.02× 104 2.41× 10−1

6 5.92× 103 8.65× 10−1

7 1.26× 103 3.11

8 2.24× 102 1.12× 101

9 3.91× 101 4.01× 101

10 6.82 1.44× 102

1.3.4 Film property data

For each of the 72 experiments, the produced film was measured for properties

related to mechanics and optics, such as gloss, tear, dart, and puncture.

The properties of the produced film are divided into two groups: mechan-

ical and optical. During the experiments, film properties of the produced film were

measured several times. All information is summarized in the form of a mean value

and a standard deviation.

• Dart
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The Dart A and B test methods cover the determination of the energy that

causes plastic film to fail under specified conditions of impact of a free-falling

dart. This energy is expressed in terms of the weight (mass) of the missile

falling from a specified height which would result in 50% failure of specimens

tested. The height from which the dart is dropped is varied to impact the

50 percent failure rate. Type A Dart test uses a 1.5 inches diameter dart

head dropped from a maximum height of 26 inches. Type B Dart test uses a

slightly bigger, 2 inches diameter dart head, dropped from a maximum height

of 60 inches. The results from the two test methods do not directly correlate.

For ASTM standard description see [44].

• Tear

The Elmendorf tear measures the resistance to propagation of a tear of a

plastic film. The initial clamp separation distance is 2.54 mm, with the film

aligned in a direction perpendicular to the oscillation of the pendulum. The

length of the pendulum axis is 102.7 mm, and the angle of the axis of the

pendulum is 27.5 ◦ . The tests were performed under ambient conditions, at

room temperature (23 ◦C), and controlled humidity. The test specimens have

a constant radius. Film samples were tested in both the machine (MD) and

cross (CD) directions.

• Gloss

Gloss is not concerned with the visibility of a body viewed through a sample,

but rather with the quality of the image formed by a reflection on its surface.

It should be noted that transparency is influenced both by the surface and the

interior of the specimen, whereas gloss is a property dominated by the surface

microstructure. Gloss measurements were taken at incident angles of 45◦.

• Haze

Haze is the percentage of transmitted light scattered by the film with an angle

of more than 2.5◦ from the normal incident beam. Haze decomposes as:

Haze = Internal Haze + External Haze.

External haze is the evaluation of specific light-transmitting and wide-angle

scattering properties of transparent polymer film. The transmitted light which

deviates by more than 2.5 ◦C is defined as haze. External haze is influenced

by the sample surface roughness or imperfections.

Internal haze measurement is similar to external haze measurement; however

it eliminates surface roughness and other surface defects. The effect of the

surface defects is eliminated by use of a light coating of mineral oil.

• Profile

Thickness of the film in mils. In all 72 experiments the target thickness of the
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film was 1 mil, but the final blown film has the final thickness with up to 13%

deviation from the target one. Exact thickness is measured.

• Tensile Break stress

The ability to resist breaking under tensile stress is one of the most important

and widely measured properties of materials used in structural applications.

The force per unit area (MPa or psi) required to break a material in such a

manner is the ultimate tensile strength or tensile strength at break. The rate

at which a sample is pulled apart in the test can range from 0.2 to 20 inches

per minute and will influence the results.

• Puncture

The puncture determines the resistances of blown film to the penetration of

a probe. The Dow probe is 0.5 inches in diameter and made of stainless steel.

In our data set is five distinguished puncture properties, such as average break

load (Puncture 1), average elongation at break (Puncture 2), average energy

to break (Puncture 3), average peak load (Puncture 4), and average puncture

(Puncture 5).

In the experimental data all these characteristics are measured and col-

lected.

1.4 Content of the thesis

This thesis is divided into five chapters. The first Chapter is the Introduction,

where we describe the context of the research, a description of the research issues,

the research strategy applied as well as experimental data used in the research.

In Chapter 2, we present physics-based modeling of the film blowing pro-

cess that we developed. The model is separated in a kinematic part and a dynamic

part, and based on the physical concepts of balance of mass and momentum, and

on proposed constitutive relationships between strain rate and stress tensors. First

we describe the kinematic part. We increase the model complexity going from

an isothermal Newtonian model, to a non-isothermal Newtonian model with non-

uniform temperature-dependent viscosity. We present a model of the process that

has two distinctive parts - one for the process inside the cooling ring and one in

the free surface part. Output of the kinematic part is the shape of the free film

surface, the temperature development along this surface, and the principal strain

rates and principal Newtonian stresses. Second we present the models for the dy-

namic part with increasing complexity: Maxwell model, PTT model. The output

of the kinematic model is used as input for the dynamic models. The last section
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of the second chapter describes the dimensionalization applied in both parts of the

modeling: kinematic and dynamic.

In Chapter 3, we analyze the non-linear dynamical system of differential

equations with associated initializing conditions that represent the kinematic for-

mulation of the film blowing model. We describe how such a dynamical system is

obtained from the kinematic model. We perform a thorough bifurcation analysis of

the system with respect to the parameters, where we distinguish local and global

bifurcation analyses related to the change in type of equilibrium points and change

in topology of the phase plane. We prove the existence of a separatrix in the phase

plane that divides the plane in initial points that lie on inflated balloon shaped or-

bits and points that lie on deflated orbits. Thus two types of solution behavior are

distinguished with only one interesting for the film blowing modeling process. The

last section of the third chapter is devoted to the practical aspects of the analysis

and its application to the film blowing process.

In Chapter 4, we describe the implementation of the film blowing model,

presented in Chapter 2. In the first section of this chapter we discuss the imple-

mentation of the kinematic part and present our strategy to identify the unknown

model parameters that are related to the film blowing process. We fully describe

the optimization strategy that we used to identify parameters related to pull up

force and blow up pressure. We also discuss verification and validation issues. In

the second section we describe the implementation of the dynamic part, in par-

ticular, the Maxwell and PTT models. We distinguish uni-mode and multi-mode

model implementations. The numerical problems that appear in Maxwell model

implementation are related to small relaxation times, and the strategy to solve this

problem is presented. The output of the kinematic and dynamic models implement-

ation is described in Chapter 4.

In Chapter 5, we proof that by physics-based modeling, we enriched the

original data set by two additional data sets of predictors. We describe these two

new data sets, where one consists of features from the kinematic model output and

the second one consists of the features from the dynamic model output. In the last

section of Chapter 5 we describe the linear regression models to characterize film

properties by the feature set. We show that for some film properties the goodness of

fit in terms of R2 is improved by the output of more complex physics-based models.
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Figure 1.7: Blow-up ratio versus die radius
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List of notations

Table 1.5: List of notations.

Sign Name Unit

α tangential angle to the bubble curve -

BUR blow up ratio -

DDR draw down ratio -

Cp heat capacity of the polymer J/(gK)

e local thickness of the film m

e0 thickness of the film at the die exit m

efl final thickness of the film at freeze line height m

Ea activation energy of the polymer kJ/mol

εa dimensionless activation energy -

Ė strain rate tensor s−1̂̇E dimensionless strain rate tensor -

F pulling force N

η viscosity Pa× s
ηc viscosity at the cooling ring exit Pa× s
ηref reference viscosity Pa× s
η̂ dimensionless viscosity -

γg ratio between two length scales in the process -

γf dimensionless pulling force -

γh scaled heat transfer coefficient -

γp dimensionless pressure -

G relaxation modulus Pa

hc convective heat transfer coefficient W/(m2K)

h overall heat transfer coefficient W/(m2K)

λ relaxation time s

λprocess process time s

λ̂ dimensionless relaxation time -

∆P relative internal air pressure Pa

∆Pc pressure difference in the cooling ring Pa

Q volumetric flow rate m3/sec

r dimensionless bubble radius -

R bubble radius m
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Table 1.6: List of notations 2, DL - dimensionless.

Sign Name Unit

R0 radius of the die exit m

Rc radius of the cooling ring m

Rfl radius of the bubble at the frost line height m

Rg universal gas constant J/(K ×mol)
R1,2 local radii of curvature of the film surface -

ρ fluid density kg/m3

s DL arc length of the curve -

send DL length of the bubble curve -

scend DL length of the bubble curve in the cooling ring -

S dimensionful arc length of the bubble curve -

Sbubble DL surface of the film -

σii, i = m, p, n total meridional, parallel, normal stress Pa

T temperature of the polymer melt K

T0 temperature of the melt at the die exit K

Tamb ambient temperature during the process K

Tc temperature of the melt at the cooling ring exit K

Tfl temperature of the melt at the freeze line K

T extra stress tensor Pa

T̂ DL extra stress tensor -

τii, i = m, p, n extra meridional, parallel, normal stress Pa

T DL temperature −
θ tangential angle to the dimensionless bubble curve -

u DL velocity of the film -

uc DL velocity at the cooling ring exit -

U velocity of the film m/sec

U0 velocity of the film at the die exit m/sec

Uc velocity of the film at the cooling ring exit m/sec

Ufl velocity of the film at the freeze line m/sec

z DL height -

Z vertical height m

Zc cooling ring height m

Zfl freeze line height m



Chapter 2

Modeling of the film blowing

process

In Chapter 2, we present the physics-based model of the film blowing process.

In the model that we developed, the kinematic part and the dynamic part are

separated. Our model is based on the physical concepts, balance of mass and

balance of momentum, and on constitutive relationships between strain rate and

stress tensors as proposed in literature.

First, we describe the kinematic part. We increase the model complexity

going from an isothermal Newton model, to a non-isothermal one with a temper-

ature dependent viscosity. In the process we distinguish the blowing process inside

the cooling ring and the blowing process in the free surface. In the cooling ring the

shape is prescribed. Output of the kinematic part is the shape of the free film sur-

face. For both the cooling ring and the free surface, the temperature development

and the principal strain rates and principal Newtonian stresses are defined.

Second, we describe the dynamic part, where also the models increase in

complexity. We use the Maxwell constitutive equation and the Phan-Thien Tanner

(PTT) constitutive equation. The output of the kinematic models is the input for

the dynamic models.

Third, we describe the dimensionalization applied in both parts of the

models: kinematic and dynamic.

2.1 Concepts of the film blowing process

The schematic drawing of the film blowing process is presented in Figure 2.1, high-

lighted by the green box. We distinguish the cooling ring and the free surface part.

In the cooling ring the polymer surface is guided by air that blows the film towards

27
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the cooling ring wall fixing the geometry. At the free surface part there is inter-

play between the pressure difference inside and outside and the pull up force, which

determine the shape of the free surface part. Together with the increased velocity

(draw down ratio) it results in decrease of thickness of the film of approximately 80

times. Cooling air blowing along the free surface crystallizes the film, increases its

viscosity and changes its relaxation times according to an Arrhenius law.

Figure 2.1: A: Schematic view of the film blowing process. B: Scheme of the division

of the process on free surface part and cooling ring part

The geometry of the bubble is described by the concepts of radius, height,

curvature and arc length. The arc length in combination with local velocity determ-

ines time to frost line. The radius as function of height determines the meridional

curve describing the surface. A typical characteristic of the meridional curve is its

curvature, directly linked to the meridional stress.

The polymer material is described by mass density, temperature and ac-

tivation energy. To describe constitutive behavior of material in flow we use a con-

stitutive equation. It results in material parameters as viscosity, relaxation modulus

and relaxation time. The material flow is described by the local velocity, strain rate

and stress tensors. The flow satisfies balance of mass, balance of forces and heat
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balance.

Cooling is related to heat transfer processes that take place in the film

blowing process. We consider convection as a main driver of heat transfer that

dominates diffusion. Convection is directly related to the amount of cooling air

blown along the surface.

The concepts that we introduce are represented by physical quantities

that can be measured, or modeled. The physical laws are represented by linear or

nonlinear equations satisfied by these quantities. The equations incorporate physical

parameters that should be defined by dedicated experiment. In the mathematical

model the quantities become variables dependent on time and space coordinates.

In a stationary process there is no dependence on time.

We describe the bubble geometry by one surface, which somehow implies

averaging the inner surface and outer surface of the film. In literature this approach

is called thin film approximation, (see Pearson & Petrie (1970a) for details).

2.2 Kinematics model

The model of the film blowing process is based on two fundamental laws of physics,

thin film approximation (membrane model), and constitutive relationship for stress

and strain rate tensors. Physics-based modeling in this area started with the clas-

sical works of Pearson & Petrie (1970a, 1970b). Many papers have been devoted to

physical aspects of the film blowing process in all its details.

Han & Park (1975 a,b) analyzed heat transfer processes during film blow-

ing and developed a non-isothermal model, where polymer is assumed to behave as

a non-Newtonian power-law fluid.

Phan-Thien (1978) derived a nonlinear constitutive equation for polymer

melts based on network theory and indicated validity of the model for strong flow

regimes.

Luo & Tanner (1985) studied the convected Maxwell and the Leonov

models for non-isothermal flow. They found good agreement of the Maxwell model

with experimental data, but the numerical calculations were highly unstable.

Cao & Campbell (1990) modeled film blowing process through the trans-

ition from liquidlike (modified Maxwell model) to solidlike (modified Hookean model)

behavior at the freeze line, the plastic-elastic transition. The effective relaxation

time, effective viscosity and effective modulus were used. The proposed viscoplastic-

elastic model incorporates a strain hardening phenomenon.

Liu (1991) studied non-isothermal model of film blowing process and in-

cluded effects of crystallization kinetics.

Sidiropoulos (2000) analyzed cooling aspects of the film blowing process,

including the temperature variation along the thickness of the film, study of the
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Venturi and Coanda effects in the modeling of the cooling air rings, as well as the

model for internal bubble cooling.

Muke et al. (2003) developed a non-isothermal viscoelastic Kelvin model,

and found that the non-isothermal Kelvin model predictions agreed much more

closely to the experimentally observed film blowing characteristics of polypropylene

in comparison to the non-isothermal Newtonian model. Muke also presented an

extensive summary of the various rheological constitutive equations described in

literature and their limitations for solving the film blowing problem in table.

Beaulne & Mitsoulis (2007) described the effect of viscoelasticity in the

film blowing process by an integral constitutive equation of the K-BKZ type with

a spectrum of relaxation times.

For the topic of this section, we refer to the thesis of Bennett (2008), and

the paper of Demay & Clamond (2011). They focused on a simple isothermal New-

tonian model. We start with Young’s equations, and continue towards the system

of nonlinear differential equations as proposed by Bennett (2008), with ’height’ as

the independent variable. As a next step we use arc length instead of height as

independent variable and arrive at our basic non-linear dynamical system.

2.2.1 Isothermal Newtonian model

In the isothermal model we consider a cooling ring to be absent.

Free surface geometry

In Figure 2.2 we show the free surface geometry. According to Pearson and Petrie

(1970b) we do not need to regard a bubble as a three dimensional object and we

are allowed to apply a thin film approximation. Further we assume that the surface

is radially symmetric, and we model a surface as a planar curve.

In the description of the geometry we use a cylindrical polar co-ordinate

system with a global orthogonal frame {er, eϕ, ez}. With respect to this frame we

have a global coordinates (R,ϕ,Z), such that Z = 0 and R = R0 describes the die

exit, and Z = Zfl and R = Rfl describes the frost line. The bubble free surface is

the revolution surface described by

{(R(Z), Z, ϕ)| 0 < Z < Zfl, −π < ϕ < π}. (2.1)

Thus we assume an axial symmetry of the free surface about the ez-axis.

We define the tangential angle α = α(Z) by

tanα =
dR

dZ
. (2.2)

During the process the polymer material is moving according to the stream

line of the free surface. In order to introduce the velocity of the melt, we introduce a
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local Lagrangian reference frame, {em, ep, en}, and a corresponding local orthogonal

coordinate system, (ξm, ξp, ξn), where em refers to the meridional direction, ep to

the parallel direction, and en to the normal direction, see Figure 2.2.

Figure 2.2: A: Geometry of the bubble, (em, en) plane; B: Local and global co-

ordinates.

Figure 2.3: Geometry of the bubble, (en, ep) plane

The Lagrangian coordinate system is taken such that the tangent plane at
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each point at the bubble is spanned by em and ep. Thus the tangent em expressed

in the global coordinate system satisfies

em = cosαez + sinαer (2.3)

and the normal en

en = − sinαez + cosαer, (2.4)

see Figure 2.2B. The binormal is equal to

ep = en × em = eϕ. (2.5)

The velocity component, U = U(R,Z), that describes the flow in terms of local

coordinates is given by

U = Umem + Upep + Unen. (2.6)

The velocity component in meridional direction, Um, increases from U0 at the exit

of the die to Ufl at the frost line height.

The independent variable in the model is height, Z, following Bennett

(2008). The dependent variables are the radius, R, the velocity, U , the thickness

of the film, e, and the tangential angle to the bubble curve, α. According to the

described geometry the ranges of the variables in the model are

0 < Z < Zfl, R0 < R < Rfl, U0 < U < Ufl, e0 < e < efl, (2.7)

where e0 is the thickness of the film at the die exit and efl the thickness of the film

at the frost line height. We introduce the process parameters BUR =
Rfl
R0

, blow up

ratio, and DDR called draw down ratio, DDR =
Ufl
U0

. Given a fixed volumetric

flow rate, Q, the balance of mass is formulated as

Q = 2πeRUm. (2.8)

Formulation (2.8) is the first order approximation of a true balance of mass formula,

in correspondence with thin film approximation. In fact mass balance results in

the formulation, Q = (π(R + e)2 − πR2)Um = (2πeR + πe2)Um. Thus we obtain a

relation for the thickness: e(Z) = Q
2πR(Z)Um(Z) . Thus in the thin film approximation

to obtain a desired thickness efl, we set Ufl and Rfl.

Strain-rate tensor

The strain rate tensor is a physical quantity that describes the rate of change of

deformation of a fluid at a certain point and at a certain moment of time. The

strain rate tensor is the derivative of the strain tensor with respect to time, or as
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the symmetric component of the gradient (derivative with respect to position) of

the flow velocity, U. The gradient of the flow velocity is defined by the tensor

∇U =


∂Um
∂ξm

∂Um
∂ξp

∂Um
∂ξn

∂Up
∂ξm

∂Up
∂ξp

∂Up
∂ξn

∂Un
∂ξm

∂Un
∂ξp

∂Un
∂ξn

 . (2.9)

Thus the strain rate is defined by

Ė =
1

2
(∇U +∇UT ). (2.10)

Since in the film blowing process the elongation strains are dominant over shear

strains (Han & Park (1975a)), we assume that the strain rate tensor is diagonal,

Ė =


∂Um
∂ξm

0 0

0
∂Up
∂ξp

0

0 0 ∂Un
∂ξn

 . (2.11)

The local coordinates (ξm, ξp, ξn) are determined by the surface of the bubble. Since

this surface is unknown, we have to use the global coordinates, (R,ϕ,Z).

The definition of strain acting on a volume element of the fluid in each of

the principal directions (logarithmic strain) for the film blowing process is given by

εmm = ln(
Um
U0

), εpp = ln(
R

R0
), εnn = ln(

e

e0
), (2.12)

see Muke, et al. (2003).

Using the assumptions on the strain for the film blowing process presented in (2.11)

and the generic definition of strain rate (2.12), we come to the following conclusion

∂Um
∂ξm

= ε̇mm =
U̇m
Um

,
∂Up
∂ξp

= ε̇pp =
Ṙ

R
,

∂Un
∂ξn

= ε̇nn =
ė

e
. (2.13)

Treating R, U and e as functions of Z, and using ξ̇m = Um > 0 and dZ
dξm

= cosα > 0,

we may replace ˙[ ] by ξ̇m
dZ
dξm

d
dZ , and thus we obtain

ε̇mm =
∂Um
∂ξm

=
dUm
dZ

cosα,

ε̇pp =
∂Up
∂ξp

=
1

R

dR

dZ
Um cosα,

ε̇nn =
∂Un
∂ξn

=
1

E

dE

dZ
Um cosα.

The continuity relation for incompressible material is a result of mass

conservation law (2.8). If we take derivatives of left hand and right hand side of
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Equation (2.8) with respect to the vertical distance, Z, then we obtain the continuity

relation

ε̇mm + ε̇pp + ε̇nn = 0, (2.15)

see Beaulne & Mitsoulis (2007). With use of the continuity relation (2.15) and the

definition of the logarithmic strain (2.14), the strain-rate tensor (2.11) in dimen-

sionful coordinates is

Ė = U cosα

 1
U
dU
dZ 0 0

0 1
R
dR
dZ 0

0 0 −
[

1
U
dU
dZ + 1

R
dR
dZ

]
 . (2.16)

Note: From now on we denote the meridional velocity by U = Um.

In the film blowing the Newtonian constitutive relation is formulated as

a linear relation between extra stress tensor and strain-rate tensor:

T = 2ηĖ, (2.17)

where η is the viscosity. The principal (total) stresses are given by

σii = −p+ τii, for i = m, p, n. (2.18)

The condition that σnn = 0 (relative to atmospheric pressure) at the free surfaces

gives, for the hydrostatic pressure p,

p = τnn = −2η cosα

(
dU

dZ
+
U

R

dR

dZ

)
, (2.19)

see Pearson & Petrie (1970a, b).

Thus as a consequence of Equations (2.16) - (2.19) for purely viscous fluid

the meridional and the parallel stresses are given by

σmm = 2η cosα

(
2
dU

dZ
+
U

R

dR

dZ

)
, (2.20)

σpp = 2η cosα

(
dU

dZ
+ 2

U

R

dR

dZ

)
. (2.21)

Force balances. Pearson Petrie model

Following the approach of Pearson and Petrie (1970b), we derive the model of the

film blowing process. In the force balance model we assume that we can neglect the

effects of gravity, surface tension, air drag and the inertia of the liquid. These are

to some extent formally justified by Pearson and Petrie (1970a).

The meridional stress and the parallel stress are combined in Young’s

equation according to
σmm
R1

+
σpp
R2

=
∆P

e
, (2.22)
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with R1 and R2 the local radii of curvature of the film surface defined by

1

R1
= −d

2R

dZ2
(cosα)3,

1

R2
=

cosα

R
. (2.23)

Equation (2.22) presents the force balance in normal direction.

The force acting on the film in the axial direction following all assumptions

presented in Bennett (2008) (see p. 18) is

F (Z) = F0 + π∆P (R(Z)2 −R2
0). (2.24)

The meridional stress is related to the axial force by

σmm =
F (Z)

2πR(Z)e(Z) cosα
. (2.25)

Combining (2.24) and (2.25) gives us the force balance in the tangential (=axial),

em direction

2πeRσmm cosα = F0 + π∆P (R2 −R2
0). (2.26)

Equations (2.20) - (2.23), (2.26) are the core equations of the model of

the film blowing process, as formulated in terms of the unknown velocity, U , radius

R as function of Z. by Pearson and Petrie (1970b), and followed by Bennett (2008)

and others.

The final equations, as presented here, formulated in terms of U and R,

are the same as described in Bennett (2008). Instead of U and R Pearson & Petrie

(1970 b) used e and R.

The parameters in the model are the internal air pressure measured rel-

ative to the external (atmospheric) pressure, ∆P , and the pulling force, F0. The

only parameter related to the polymer constitutive behavior is the viscosity, η,

which is uniform in an isothermal model. Viscosity is temperature dependent in

the non-isothermal case, which is considered in the next section.

System of ordinary differential equations

The explicit model presented by Bennett (2008, see page 24) is given by

(
2
dU

dZ
+
U

R

dR

dZ

)d2R

dZ2
− 1

R

(dU
dZ

+
2U

R

dR

dZ

)[
1 +

(dR
dZ

)2]
+

+ (
π∆PRU

ηQ
)
[
1 +

(dR
dZ

)2]2
= 0, (2.27i)

2
( 2

U

dU

dZ
+

1

R

dR

dZ

)[
1 +

(dR
dZ

)2]−1

=
F0

ηQ
+

∆Pπ

ηQ
(R2 −R2

0). (2.27ii)
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We reformulate the model as a system of non-linear second order differential equa-

tions,

d2R

dZ2
=

(
1

R

( 1

U

dU

dZ
+

2

R

dR

dZ

)[
1 +

(dR
dZ

)2]
− π∆PR

ηQ

[
1 +

(dR
dZ

)2]2)
·

·
(

2

U

dU

dZ
+

1

R

dR

dZ

)−1

(2.28i)

dU

dZ
=

(
1

4

(
F0

ηQ
+

∆Pπ

ηQ
(R2 −R2

0)

)(
1 +

(dR
dZ

)2
)
− 1

2R

dR

dZ

)
U. (2.28ii)

Model (2.28) is better suited to be replaced by a non-dimensional Lagrangian model.

Since we have a second order derivative of R and a first order derivative

of Z, we need three boundary conditions to get a unique solution of the system.

Two conditions for R = R(Z) and one condition for U = U(Z).

The process parameters ∆P and F are generally not measured and there-

fore unknown. As a side result of the model (2.28) we identify the parameters

∆P and F on basis of additional boundary conditions. In this we assume that the

velocity at the frost line height and the angle at the frost line height are known

and equal to UFL and 0 respectively. Thus we come to a model to which we at-

tach five boundary conditions, three to make a system unique, and two to identify

parameters:

R(0) = R0, U(0) = U0, R(Zfl) = Rfl,
dR

dZ
(Zfl) = 0, U(Zfl) = Ufl, (2.29)

where in our case R0, Rfl, U0 and Ufl are known from the measured data.

Scales and Lagrangian reformulation

The dimensionful model given by Equations (2.28) and boundary conditions (2.29)

is formulated in terms of cylindrical coordinates (R,Z). In the dimensionless for-

mulation we describe the bubble shape by a curve in a dimensionless (r, z) plane.

Since we want to use non-linear system theory in the analysis of the system of

equations (2.28), we reformulate the system by introducing the dimensionless arc

length of the curve, s, as the independent variable in the system, instead of the

dimensionful height Z. We describe the dimensionless bubble curve by (r(s), z(s)),

where 0 < s < send, introducing the unknown send. As initial point of the curve

we take (r(0), z(0)) = (1, 0). By introducing the arc length as the new independent

variable we introduce a right handed orthogonal frame that moves along the bubble,

the Lagrangian frame.

The use of Lagrangian coordinates was suggested by Demay & Clamond

(2011). There is a difference between our formulation and theirs. They use the
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dimensionful arc length as independent variable in the system, while we use a di-

mensionless arc length. It is one of the principles of the mathematical modeling to

scale and make models dimensionless.

We choose the following characteristic scales that relate the dimensionful

and dimensionless variables according to

z =
Z

Zfl
, r =

R

R0
, u =

U

U0
. (2.30)

Further we introduce

η̂ =
η

ηref
, (2.31)

where ηref is a reference viscosity. We introduce the reference viscosity here because

in the non-isothermal model we would like to refer to it.

The dimensionless variables have the following ranges

0 < z < 1, 1 < r < BUR, and 1 < u < DDR.

In this process there are three length scales, namely, Zfl, R0 and e0.

In most of the papers (Pearson & Petrie (1970b), Luo & Tanner (1985), Muke

(2003)) the same scale is used for the radius, R and height Z. We follow Bennett

in choosing two length scales and have reasons for that. First, if we would choose

one length scale, then a scale parameter would be in the boundary condition and

not in the governing equations. Second, we do not have one characteristic time

scale, by introducing two length scales. This gives us the opportunity to make a

choice for a time scale: we choose the height Zfl as a length scale and define the

time scale to be
Zfl
U0

. Third, in this research we are interested in scalability issues,

and for that purpose we rather have dimensionless parameters inside the differential

equations, than in the boundary conditions. The choice of two length scales results

in a dimensionless geometrical parameter γg, which has a significant effect on the

behavior of a dynamical system, see Chapter 3.

Let t denote the tangent along the bubble curve, then for the global

frame t = cos θez + sin θer, and n denotes the normal to the bubble curve, n =

− sin θez + cos θer. The curvature of the dimensionless bubble curve is defined by

the length of dt/ds, κ = |dt/ds|. Thus we use the following relations

dz

ds
= cos θ,

dr

ds
= sin θ,

dθ

ds
= κ. (2.32)

We introduce the following dimensionless parameters

γg =
R0

Zfl
, γf =

F0

ηrefQ/R0
, γp =

π∆PR2
0

ηrefQ/R0
. (2.33)

The dimensionless parameter γg is the ratio between the two length scales in the

process, γf is the ratio of the pulling force and the viscous force, ηrefQ/R0, typically
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in the length direction, γp is the ratio of the pressure force, π∆PR2
0, and the viscous

force, typically in the radial direction. From these dimensionless parameters we

observe that if we rescale the geometry by doubling R0 and Zfl, in order to keep γp
and γf the same, we have to multiply F0 and ∆P with 1/2 and 1/8, respectively.

The parameter γg is known, the parameters γf and γp are unknown and

need to be identified, as well as the parameter send. These parameters are dimen-

sionless characteristics of the process. From send we obtain the derived characteristic

Sbubble = 2π

∫ send

0

r(s)ds,

which is the dimensionless surface of the film. We calculate the wrap function dS
ds ,

dS

ds
= Zfl

√
γ2
g sin2 θ + cos2 θ.

The dimensionful arc length as function of dimensionless arc length is presented in

Figure 2.4 for a real film blowing case.

Figure 2.4: The dimensionful arc length as function of dimensionless arc length for

a real film blowing case.

Dimensionless formulation

The introduced dimensionless variables are related to the dimensionful variables R,

Z, and U by the following relations

1

R

dR

dZ
=

1

Zfl

tan θ

r
, 1 +

(dR
dZ

)2

= 1 + γ2
g tan2 θ, cosα =

(
1 + γ2

g tan2 θ
)− 1

2 ,

(2.34)
dU

dZ
=

U0

Zfl

1

cos θ

du

ds
, (2.35)
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1

U

dU

dZ
+

1

R

dR

dZ
=

1

Zfl

1

cos θ

(
1

u

du

ds
+

sin θ

r

)
, (2.36)

d2R

dZ2
=

γg
Zfl

1

cos3 θ

dθ

ds
. (2.37)

A straightforward calculation shows that the system (2.28) can be rewritten in

dimensionless form as the non-linear dynamical system,

d

ds


z

r

θ

u

 =


cos θ

sin θ

κ(r, θ)

λu(r, θ)u

 , (2.38)

where

κ(r, θ) =
cos3 θ

(
6γg η̂ tan θ + r(γf − γp − 3γpr

2)(1 + γ2
g tan2 θ)

)
2γ2
gr

2(γf + γp(r2 − 1))
, (2.39)

λu(r, θ) =
( 1

4γg

cos θ

η̂
(γf + γp(r

2 − 1))(1 + γ2
g tan2 θ)− sin θ

2r

)
(2.40)

and s ∈ [0, send]. The corresponding boundary conditions are

z(0) = 0, r(0) = 1, u(0) = 1, (2.41i)

z(send) = 1, r(send) = BUR, θ(send) = 0, u(send) = DDR. (2.41ii)

As we pointed out above, the parameters γf , γp, and send should be identified.

Generally, such an identification problem is solved by an optimization procedure,

which is discussed in Chapter 4.

On the two-dimensional sub-system for the state variables r and θ we

perform standard dynamical system analysis techniques and study the bifurcation

behavior in Chapter 3.

Remark:

The choice of the reference viscosity determines dimensionless parameters γf and

γp.

If ηref is replaced by η̃ref , then

η̂ ⇒
(
ηref
η̃ref

)
η̂,

γf ⇒
(
ηref
η̃ref

)
γf , (2.42i)

γp ⇒
(
ηref
η̃ref

)
γp.

If we apply this parameter transformation to equations (2.39), (2.40), we see that

they do not change. Thus we conclude that the dimensionless model (2.38) does

not depend on the choice of reference viscosity.
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2.2.2 Non-isothermal viscous model

In this section we discuss the thermodynamics of the film blowing process.

Temperature effects in the film blowing process are known to be a rel-

evant aspect for the final film properties. Sidiropoulos (2000) has spent his whole

PhD thesis on analyzing cooling aspects of the film blowing process, including the

temperature variation along the thickness of the film, study of the Venturi and

Coanda effects in the modeling of the cooling air rings, as well as the model for

internal bubble cooling. Bennett (2008) and Sidiropoulos (2000) considered cooling

of the film due to the air blown along the film surface. Cooling has a main effect

on the change of the viscosity and the change of the relaxation spectrum, which are

described by an Arrhenius type of equation.

In this section we incorporate the energy balance equation and the cooling

air ring effect in the model. Inspired by Sidiropoulos (2000), we estimate the cooling

effects inside and outside the cooling ring. Butler (2006, 2007) proposed a linear

temperature profile inside the cooling ring as a function of height assuming the final

temperature in the end of the cooling ring.

In this section we present the energy balance equation and describe the

non-isothermal Newton model for the film blowing process in free surface part and

inside the cooling air ring.

(a) Differential form of energy balance equation

Heat transfer in the film is assumed to be purely convective. The energy balance

in the film is presented as

ρCp(U, gradT ) + hc∆T = 0, (2.43)

which means

latent heat of the polymer + convective heat transfer = 0.

The parameters here are ρ, fluid density, Cp, heat capacity of the polymer, and

hc, convective heat transfer coefficient. The variables are T , temperature of the

polymer melt, and U, velocity of the polymer melt. Heat exchange between the

film and the inner surface and the outer surface of the film is subject to an overall

heat transfer boundary condition

λ
dT

dξn
(ξn = −e

2
) = h(T − T inamb),

λ
dT

dξn
(ξn =

e

2
) = h(T − T outamb), (2.44)

where h is the overall heat transfer coefficient, T inamb and T outamb are ambient temper-

atures during the film blowing process. In Equation (2.44) we ignore the radiation
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effect in the heat balance. Sidiropoulos (2000) takes it into account and comes to

the conclusion that radiation is responsible for 20% of the heat transfer. In our

model we keep the heat transfer coefficient h an unknown parameter and fit it on

the assumed temperature of the film at the frost line height. Although we use the

basic heat equation, the model takes into account the various effects of heat transfer.

We consider velocity in the meridional direction U = Uξm only. Thus

(U, gradT ) = U · ∂T
∂ξm

.

The diffusion in em-direction is negligible compared to the convection,

λ|∂
2T

∂ξ2
m

| � |ρCpU
∂T

∂ξm
)|.

Then from Equation (2.43) we get

ρCpU ·
∂T

∂ξm
= −λ∂

2T

∂ξ2
n

. (2.45)

Using the mass conservation law (2.8), we eliminate the meridional velocity, U from

(2.45). Integrating both sides of Equation (2.45) over the thickness of the film, e

with respect to ξn ∈ [− e2 ,
e
2 ] yields:

ρCpQ

2πRe

∂T̄

dξm
= −h

e
(T̄ − Tamb), (2.46)

where T̄ is the temperature of the film averaged over the thickness and Tamb =
1
2 (T inamb + T outamb).

Inside the film bubble there is continuous refreshment of air so that we

may assume that the ambient temperature inside does not depend on time. Outside

the film bubble the medium is assumed so large that by diffusion the ambient

temperature outside is independent of time. We thus may assume that Tamb is

independent on time.

Using dZ
dξm

= cosα, the energy balance equation becomes

ρCpQ

2πR
cosα

∂T̄

dZ
= −h(T̄ − Tamb), (2.47)

see Han & Park (1975b) (formula 28, where they, by the way, included radiation).

(b) Dimensionless form of energy balance

We dimensionalize the energy equation (2.47) with use of the dimensionalization

for bubble radius and distance to the freeze line height from the isothermal Newton

model, see Equations (2.30), (2.34). The dimensionless temperature we define by:

T =
T̄ − Tamb

∆T
, (2.48)
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where ∆T = T0 − Tamb, and T0 is the temperature of the polymer melt at the die

exit. The dimensionless parameter γh is the scaled heat transfer coefficient that is

defined by

γh =
h

href
, (2.49)

where href =
ρCpQ

2πR0Zfl
.

Using dimensionless variables and parameters according to (2.34), (2.49)

we rewrite energy equation (2.47) in Lagrangian coordinates and in dimensionless

form
dT
ds

= −γhr
1√

γ2
g sin2 θ + cos2 θ

T (2.50)

The temperature of the polymer melt in the die is measured, T (s = 0) = T0. Thus

the boundary condition for Equation (2.50) in dimensionless form is

T (0) = 1. (2.51)

We note that the heat transfer coefficient, h, is unknown, and thus the dimensionless

parameter γh is not known. It gives us a possibility to add an additional condition

to equation (2.50). That condition we need, since we want to use the temperature of

the film at the freeze line height, namely T (Z = Zfl) = Tfl, which is approximately

100◦C, see Butler (2006). Thus we introduce one more boundary condition for the

dimensionless model,

T (send) = Tend =
Tfl − Tamb

∆T
. (2.52)

Thus the unknown model parameter γh has to be determined in order to solve the

model.

(c) Viscosity as function of temperature, Arrhenius law

According to literature (Luo & Tanner (1985)), we incorporate the temperature ef-

fects of the cooling on the polymer melt in the Newton model by letting its viscosity

depend on the temperature according to the Arrhenius law:

η(T ) = ηref exp

(
Ea
Rg

(
1

T
− 1

Tref
)

)
, (2.53)

where ηref is the viscosity at reference temperature, Tref , Ea is the activation

energy of the polymer, and where Rg is the universal gas constant.

To incorporate the temperature dependent viscosity in the dimensionless

model we formulate the corresponding dimensionless form of the Arrhenius law,

η(T )

ηref
= η̂(T ) = exp

(
εa

( 1
∆T
Tamb
T + 1

− 1
Tref
Tamb

))
, (2.54)



2.2. Kinematics model 43

where the dimensionless parameter εa is defined by

εa =
Ea

RgTamb
. (2.55)

Remark: The dimensionless Newton model is not directly dependent on the reference

viscosity, see remark on page 37.

We combine the Newtonian model (2.38) - (2.41) with the temperature-

dependent viscosity model (2.54) and the energy balance model (2.50). The result

is a temperature-dependent Newtonian model in curvilinear coordinates that is

a first order system for the state vector (z, r, θ, u), (2.38) and an added fifth state

component T , see Equation (2.50). The boundary conditions are specified by (2.41)

and (2.51) - (2.52).

(d) Introduction to model with cooling ring

The effects of the cooling air ring are incorporated in the model as well as effects

of convective cooling as described in the previous section. Nowadays the real com-

mercial scale lines are equipped with one (or even two) cooling rings to speed up

the cooling of the film. Thus we have to include the cooling ring effects in the

model. Sidiropoulos (2000) in his thesis gives a very extensive explanation of the

effects of the cooling ring. Our incentives are to build a model that has all relevant

aspects of the film blowing process, but not of the cost of increased complexity. We

use ideas of Sidiropoulos (2000) and Butler (2006) and divide the full model of the

film blowing process into two distinguished parts, the division is based on different

physical processes that take place.

The first part is the model of the process related to the blow up in the

cooling air ring, that we refer to as ”forced surface modeling”. The second part is

the model of the blow up of the film in the free space that we refer to as a ”free

surface modeling”, see Figure 2.5. In this thesis we consider the effect of the dual-lip

cooling ring that fixes the bubble geometry in the cooling air ring part, see Dowd

(1986). The temperature decrease of the polymer melt is modeled according to the

equation (2.50), with a heat transfer related to a cooling air ring.

As the name suggests for the free surface part, we need to determine the

shape of the bubble. In contrast to forced surface modeling in the free surface

modeling the surface shape is part of the model and thus the choice of coordinate

system is important. We use a global coordinate system and we use a local Lag-

rangian coordinate system to determine that shape, and we assume a convective

heat transport as reflected by (2.50).
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Figure 2.5: Left: Thermal picture of the film blowing process provided by Dow.

Right: Scheme of the division of the process on free surface part and cooling ring

part
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(e) Free surface modeling

The model of the free surface part is likely similar to the previously described non-

isothermal Newtonian model, we present it first. The model, the first order system,

(2.38), (2.50) is the same. Differences are the scaling and the boundary conditions,

and the viscosity is taken temperature dependent.

We consider the region between the exit of the cooling air ring at height

Z = Zc, and the frost line height, Z = Zfl. The radius of the bubble R varies

between Rc and Rfl = BUR×R0, where Rc is the radius of the cooling ring. The

speed, U , is increasing along the bubble with Uc < U < Ufl, where Uc is the velocity

at the exit of the cooling ring. Since we need to solve the cooling ring model to get

Uc, it is an unknown in the problem. The parameters R0, Rfl, BUR, U0, Ufl are

the same as in Subsection 2.2.1, Formula (2.7).

The system of Equations (2.28) applies to the free surface part with some

differences. First, we consider the temperature dependent viscosity (2.53). The

shape of the differential equation (2.28i) stays the same. Second, in the model with

cooling ring we take as reference force - force at cooling ring exit, F (Zc) = Fc, see

Equation (2.24). Thus the differential equation (2.28ii) is formulated as

dU

dZ
=

(
1

4

(
Fc

η(T )Q
+

π∆P

η(T )Q
(R2 −R2

c)

)(
1 +

(dR
dZ

)2
)
− 1

2R

dR

dZ

)
U. (2.56)

The boundary conditions are

R(Zc) = Rc, R(Zfl) = BUR,
dR

dZ
(Zfl) = 0, U(Zfl) = Ufl. (2.57)

Heat balance is according to Equation (2.47), with boundary conditions:

T (Zc) = Tc and T (Zfl) = Tfl, (2.58)

where the temperature of the polymer melt at the exit of the cooling ring, Tc, is

assumed to be measured. The heat transfer coefficient, h = hFS is unknown and to

be determined with the additional condition (2.58).

Dimensionless formulation

The dimensionless form of the model for the free and forced surface parts intro-

duces the scales for height, radius, velocity, and temperature, that results in the

dimensionless variables, z, r, u and T :

z =
Z − Zc

∆Z
, r =

R

Rc
, u =

U

U0
, T =

T − Tamb
∆Tc

, (2.59)

where ∆Z = Zfl − Zc, and ∆Tc = Tc − Tamb.
Thus the dimensionless variables for the free part have the following ranges

0 < z < 1, 1 < r < BUR2, and uc < u < DDR, 1 > T > Tfl,
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where BUR2 = BUR×R0

Rc
, uc = Uc

U0
, and Tfl =

Tfl−Tamb
∆Tc

.

On the basis of the above scales the following dimensionless parameters

are defined

γg =
Rc
∆Z

, γf =
Fc

ηrefQ/Rc
, γp =

π∆PR2
c

ηrefQ/Rc
, γh =

2πRc∆Z

ρCpQ
h, (2.60)

where Tref = Tc and thus ηref = η(Tc). Here the dimensionless viscosity is defined

according to

η̂(T ) = exp

(
εa

(
1

1 + (Tc − 1)T
− 1

Tc

))
, (2.61)

see Equation (2.53), where Tc = Tc
Tamb

.

The dimensionless free surface is described by a curve in the dimensionless

(r, z) plane, with arc lengths, sc < s < send, with sc defined in Equation (2.70) in

the next subsection. For completeness we recall the first order system (2.38) and

(2.50):

dr

ds
= sin θ, (2.62i)

dz

ds
= cos θ, (2.62ii)

dθ

ds
=

cos3 θ
(
6γg η̂(T ) tan θ + r(γf − γp − 3γpr

2)(1 + γ2
g tan2 θ)

)
2γ2
gr

2(γf + γp(r2 − 1))
, (2.62iii)

du

ds
=
( 1

4γg

cos θ

η̂(T )
(γf + γp(r

2 − 1))(1 + γ2
g tan2 θ)− sin θ

2r

)
u, (2.62iv)

dT
ds

= −γhr
1√

γ2
g sin2 θ + cos2 θ

T . (2.62v)

This five dimensional first order system needs five initializing conditions to determ-

ine unique solution. The dimensionless parameters (γf , γp, γh, send) related to the

free surface are unknown and require four additional conditions. Thus in total we

need 9 conditions:

z(sc) = 0, r(sc) = 1, z(send) = 1, r(send) = BUR2, θ(send) = 0, (2.63i)

T (sc) = 1, T (send) = Tfl, u(send) = DDR. (2.63ii)

The initial conditions are obtained from the data.

There is one condition still missing, namely the one for u(sc) = uc. The

velocity of the film at the exit of the cooling ring is assumed continuous, and that

gives us the additional condition we need. We can only formulate it, when we have

modeled the forced surface.
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(f) Forced surface modeling

The cooling ring starts at the die exit and ends at the exit of the cooling air ring,

so 0 < Z < Zc. For Z in this interval, the ranges for radius and velocity are

R0 < R < Rc, and U0 < U < Uc.

The cooling air ring is a cone and due to Venturi and Coanda effects, the

film is forced to take the shape of the cooling ring, that is why we called this part

the forced surface, see Sidiropoulos (2000). Thus the radius varies linearly with Z,

i.e., dR
dZ is fixed.

We reformulate the force balance equation in the axial direction for the

cooling ring part based on the equations (2.24 - 2.26) as

2πeRσmm cosα = Fc + π∆Pc(R
2 −R2

c). (2.64)

That formulation leads to the differential equation for the velocity, (2.28ii),

1

U

dU

dZ
=

1

4

( Fc
η(T )Q

+
π∆Pc
η(T )Q

(R2 −R2
c)
)[

1 +
(dR
dZ

)2]
− 1

2R

dR

dZ
, (2.65)

where ∆Pc is the pressure difference between the air inside the blown film and the

air that flows in the cooling ring along the film. Due to the mentioned Venturi

and Coanda effects, ∆Pc is higher than ∆P , the pressure difference between the air

inside the blown film and outside in the free space.

We model the Venturi and Coanda effects by proportional increase of

pressure difference ∆Pc relative to pressure difference ∆Pc,

∆Pc
∆P

= (1 + ν). (2.66)

Adequate models of the pressure difference would need use of aerodynamics models

for the air flow in the cooling ring, see Sidiropoulos (2000).

As a default value for ν we take ν = 0.2. The effect of the choice of ν is

examined in the Results Chapter.

Since Formula (2.28i) describes the force balance in parallel direction, this

formula is not needed for the forced surface, because it describes the parallel stress

in free surface part. In case of the forced surface we assume a prescribed geometry.

The heat balance equation determines the temperature (2.47),

ρCpQ

2πR
cosα

∂T̄

dZ
= −hc(T̄ − Tamb), (2.67)

with α fixed, according to tanα = dR
dZ , and hc is the unknown heat transfer in the

cooling ring. The boundary conditions here are

U(Z = 0) = U0, T (Z = 0) = T0, T (Z = Zc) = Tc. (2.68)
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Dimensionless formulation

As indicated, we use the same scales for height, radius, velocity, and temperature

for the forced surface part as presented in (2.59).

Thus we obtain the following ranges for the variables

−zmin < z < 0, rmin < r < 1, 1 < u < uc, T0 > T > 1

where zmin = Zc
Zfl−Zc , rmin = 1

BUR1
, with BUR1 = Rc

R0
, and T0 = T0−Tamb

Tc−Tamb .

Due to our assumptions the variables r, z, and θ satisfy the following

analytical expressions as functions of the arc length s, 0 < s < sc,

r(s) = rmin + s sin θ0, (2.69i)

z(s) = s cos θ0 − zmin, (2.69ii)

θ(s) = θ0, (2.69iii)

where θ0 = arctan( 1−rmin
zmin

), and

sc =
√
z2
min + (1− rmin)2. (2.70)

The variables u and T satisfy the two dimensional system:

du

ds
= gc

(
γg, γ

c
p, γf , θ0; η̂(T ), r(s)

)
u, (2.71i)

dT
ds

= −γhc(rmin + s sin θ0)T , (2.71ii)

where the function

gc =
1

4γg

cos θ0

η̂(T )
(γf + γcp(r(s)

2 − 1))(1 + γ2
g tan2 θ0)− sin θ0

2r(s)
. (2.72)

This system can be integrated analytically.

The dimensionless parameters for the cooling ring part are

γcp =
π∆PcR

3
c

ηrefQ
= γp(1 + ν), γhc =

2πR0Zc

ρCpQ
√
γ2
gsin

2θ0 + cos2θ0

hc, (2.73)

where γhc is unknown. The parameters γg and γf are the same as for the free

surface part, see Equation (2.60). All the dimensionless parameters (2.73) inside

the cooling air ring are known, as soon as γp and γf are known. The boundary

conditions here are

u(0) = 1, T (0) = T0, T (sc) = 1. (2.74)

In the description of the free surface part and cooling ring part, we used the same

notation for the velocity. The velocity at the exit of the cooling ring is continuous.

It leads to the condition that

u|FS(sc) = u|CR(sc),
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where the additional notations |FS , |CR indicate which velocity we refer to.

The unknown parameter γhc in the temperature equation is determined

by the two given boundary conditions for the temperature. We integrate the tem-

perature equation (4.3v),

T (s) = T0 exp(−γhc(rmins+
1

2
sin θ0s

2)). (2.75)

Thus γhc satisfies

γhc =
ln(T0)

rminsc + 1
2 sin θ0s2

c

. (2.76)

The dimensionless viscosity is the same as defined by Equation (2.54).

The reference viscosity here is defined by ηref = η(Tc) = ηc. As soon as we know

the temperature profile as function of s, we know the viscosity as function of s.

Additionally, we get the explicit formulation for the velocity profile. Since

the function gs is known explicitly in that case, we find

u(s) = exp(

∫ s

0

gc(s
′)ds′). (2.77)

Thus, we obtain the velocity profile inside the cooling air ring as a function of the

independent variable s, with parameters γf , γ
c
p. And we know the velocity at the

end of the cooling ring depending on the unknown parameters γf and γp. This is

the additional condition we need for the free surface part.

The detailed description of how we match the models of the forced and

free surface parts is given in Chapter 4.
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2.3 Dynamic model

A constitutive model relates stresses and strain rates in case of viscous behavior and

stresses and strains in case of elastic behavior. We call a fluid Newtonian, if the

stresses are proportional to the strain rates. Similarly, a material is called Hookean

(linear-elastic), if the stresses are proportional to the strains. The proportionality

constants are called viscosity (4-tensor) for purely viscous fluids, and elasticity (4-

tensor) for purely elastic materials. Thus the terms Newtonian fluid and Hookean

material refer to constitutive models that describe (part of) the behavior of the

fluids or materials during their processing. Typically, a Newtonian fluid does not

have memory, where it is known that polymer melts are not memoryless. In order

to include memory aspects, enhanced constitutive models are needed that involve

the upper convected derivative, D
Dt , and the relaxation time, λ, see Rubinstein &

Colby (2003).

2.3.1 Separation between kinematics and dynamics

In Section 2.2, we presented a kinematic formulation of the process, where we

assumed a Newtonian fluid. In this section, we combine that kinematic formulation

with various constitutive polymer models. We refer to these constitutive models as

dynamic formulations.

In contrast to the physics-based models of the film blowing process as

presented in literature (Bennett (2008), Muke et al. (2003), Luo & Tanner (1985),

Cao & Campbell (1990), Beaulne & Mitsoulis (2007)), we separate the physics-based

model into the kinematic formulation, as presented in the previous section, and the

dynamic formulations as presented in this section. We use the outcome from the

kinematic formulation, typically, the Newtonian based strain-rate tensor, see (2.16),

in those dynamic formulations.

With our modeling choice, we satisfy the force balance for a Newtonian

constitutive model. That force balance is not consistent with the chosen constitutive

model in the dynamic formulations. The derivation of the upper convected deriv-

ative in terms of the kinematic variables is given in the first part of this section

for a general class of constitutive models. As constitutive models enhancing the

Newtonian model, we present the multimode Maxwell model and the multimode

Phan-Thien Tanner (PTT) model.

2.3.2 General Constitutive models

In the description of the dynamic formulation, as in the kinematic formulation, we

use the local Lagrangian coordinate frame {em, ep, en}.
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Upper convected derivative

In non-linear viscoelastic constitutive models, that explicitly contain relaxation

time, the upper-convected derivative is used. We denoted it by D
Dt . In this section,

we define this derivative and reformulate it in terms of local and global coordinates.

For the flow field, U, that describes the velocity of the polymer flow in the film

blowing process, the upper-convected derivative is defined by

D

Dt
T =

∂

∂t
T + (U,∇)T− [(∇U)T · T + T · ∇U], (2.78)

where T is a tensor on which D
Dt acts, see Larson (1988). Here (U,∇) indicates the

directional derivative. Because we assume that velocity is meridionally dominated

we have

(U,∇)
.
= Um

∂

∂ξm
. (2.79)

We transfer the description to the coordinates, R, and Z,

Um
∂

∂ξm
= Um

∂

∂Z

∂Z

∂ξm
= Um cosα

∂

∂Z
. (2.80)

The term [(∇U)T · T + T · ∇U] in (2.78) can be reformulated. We apply the

differential vector, ∇, to the velocity field U, (2.9), resulting in a two tensor. Then,

according to the definition of the strain rate, (2.10),

[(∇U)T · T + T · ∇U] = 2ĖT + [T · ∇U−∇U · T]. (2.81)

In the film blowing process we ignore the effect of shear and assume a purely elong-

ational flow. The consequence is that the stress tensor is diagonal,

T =

 τmm 0 0

0 τpp 0

0 0 τnn

 , (2.82)

as well as the strain rate tensor, Ė, see (2.16). Thus [T · ∇U−∇U · T] ≈ 0, and

∇UT · T + T · ∇U ≈ 2ĖT. (2.83)

We consider a stationary process, meaning ∂T
∂t = 0. Thus the convected derivative

(2.78) in terms of the independent variable, Z, is given by

DT

Dt
= U cosα

dT

dZ
− 2ĖT. (2.84)

For the definition of the tangential angle of the dimensionful bubble curve, α in

terms of radius and the distance we refer to (2.2).
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Non-linear viscoelastic constitutive model. General form.

The class of non-linear viscoelastic constitutive models as formulated by Larson

(1988), Peters et al. (1999), and Verbeeten (2001) has the following general form,

DT

Dt
+Hshear(T, Ė) + felong(T)

T

λ
= 2GĖ. (2.85)

In this model, the explicit parameters are the relaxation time, λ, and the relaxation

modulus, G. Implicit parameters are incorporated in the quantity Hshear that is

assumed to have a functional relationship between the stress and the strain rate

tensors. The quantity Hshear has dimension Force
length2·time and refers to the effect of

shear flow. The dimensionless quantity felong is assumed to depend on the stress

tensor only, and refers to the effect of the elongational flow in the polymer process.

2.3.3 Maxwell constitutive model

The Maxwell constitutive model is inspired by the system of the spring and dashpot

in series, with the total external stress σ. The spring has a constant k and the

dashpot a constant η. Then the total displacement ε is the sum of the displacement

of the spring εspring and the displacement of the dashpot εdamper ,

ε = εspring + εdamper, (2.86)

see Figure 2.6. The stresses in the spring and in the damper are

Figure 2.6: Schematic of Maxwell model

σ = kεspring, σ = ηε̇damper. (2.87)

Thus

ε̇ = ε̇spring + ε̇damper,

where ε̇spring = σ̇
k . The result is the first order filter relation

1

k

dσ

dt
+

1

η
σ =

dε

dt

Multiplying by k and using λ = η
k ,

dσ

dt
+

1

λ
σ = k

dε

dt
, (2.88)
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see Roylance, (2001), we get a Newton model by taking k → ∞. Then the only

system with a dashpot remains,

σ = η
dε

dt
. (2.89)

If we compare the above description (2.88) with (2.85), we see a similar relation, if

we assume felong(T) = 1 and Hshear(T, Ė) = 0. We notice that 2G = k and that

the total derivative D
Dt has been replaced by the derivative, d

dt . Thus the Maxwell

model is formulated as

(λ
D

Dt
+ 1)T = 2GλĖ. (2.90)

The product Gλ = η is called the viscosity. If we replace Gλ by η and let λ tend to

zero, which means that we let k go to infinity, taking η fixed, then we obtain the

Newton model, which we applied in our kinematic formulation,

T = 2ηĖ. (2.91)

Multimode Maxwell model

We can rewrite equation (2.88),

σ(t) =

∫ t

−∞
e−

1
λ (t−t′)ε(t′)dt =

∫ t

−∞
G(t− t′)ε̇(t′)dt, (2.92)

where G(t) = ke−
1
λ t.

The generalization of this convolution relationship is obtained by replacing

the filter G(t) by a realizable filter of the form

G(t) =
∑

Gne
− 1
λn
t. (2.93)

We can express the relationship (2.88) also as

q(
d

dt
)σ = p(

d

dt
)ε̇, (2.94)

where the polynomial q is defined by

q(s) = (s+
1

λ1
)...(s+

1

λN
),

and the polynomial p is such that

p (s)

q (s)
=

N∑
n=1

cn
λn

1 + sλn
. (2.95)

The system described by (2.94) can be represented by the Wiechert mech-

anical system consisting of N arms composed of a spring and a dashpot, see Figure
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Figure 2.7: Schematic of MaxwellWiechert model (Roylance, (2001)).

2.7. For each arm a spring constant kn and a dashpot constant ηn satisfy ηn
kn

= λn
and kn = 2Gn, see Roylance, (2001).

Now we are in a position to introduce a multimode Maxwell model. We

simply replace in (2.90) a first order expression ( DDt + 1
λ ) by the polynomial q( DDt )

and the right hand side by p( DDt )ε̇. The result is that

T =

(
q

(
D

Dt

))−1

p

(
D

Dt

)
Ė =

N∑
n=1

2Gnλn

(
λn

D

Dt
+ 1

)−1

Ė. (2.96)

We define the n-th stress mode Tn by

Tn = λncn

(
λn

D

Dt
+ 1

)−1

Ė, (2.97)

or equivalently, (
λn

D

Dt
+ 1

)
Tn = λncnĖ. (2.98)

Then the total stress T, as given in (2.96), is the sum of single mode stresses Tn,

T =

K∑
n=1

Tn. (2.99)

Each single mode stress Tn is related to the relaxation time λn, and the corres-

ponding relaxation modulus Gn = 1
2cn, see (2.90).

With reference to formula (2.84) for the upper-convected derivative, D
Dt =

U cosα d
dZ I − 2Ė, the stress mode Tn satisfies the equation

λn
[
U cosα

d

dZ
I − 2Ė

]
Tn + Tn = 2λnGnĖ. (2.100)
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In the limit case that the spring constants kn →∞, we obtain the Wiech-

ert system of dashpots only, which can be replaced by a system with only one

dashpot, where the dashpot constant η is the sum of dashpot constants ηn := λnGn,

η =
∑

λnGn.

In the Maxwell model there is no viscosity as a parameter. Viscosity is

defined as Gλ. In the kinematic formulation we assumed that the viscosity depends

on temperature according to an Arrhenius law,

η (T ) = ηrefexp

(
Ea
Rg

[
1

T
− 1

Tref

])
, (2.101)

where ηref = η(Tref ) is the viscosity at the reference temperature. Since η = Gλ,

and G is fixed, λ should depend on temperature according to an Arrhenius law,

λ (T ) = λrefexp

(
Ea
Rg

[
1

T
− 1

Tref

])
. (2.102)

For convenience we define

exp

(
Ea
Rg

[
1

T
− 1

Tref

])
= exp

(
−εa

[
1

1− τref
1−T

])
= Arr(T ). (2.103)

Thus we assume that each λn behaves according to the same Arrhenius law, (2.102),

λn (T ) = λncArr(T ). (2.104)

Thus η is

η (T ) =
∑

λncGnArr(T ). (2.105)

Dimensionless Maxwell model

In this section we introduce the scales for the stress, the viscosity, the relaxation

time, the relaxation modulus, and the corresponding dimensionless equations. We

follow the same dimensionalization procedure as in Section 2.2.2.

In order not to overload notation we present the dimensionalization for

the one mode Maxwell model, as presented by

λ
[
U cosα

d

dZ
I − 2Ė

]
T + T = 2GλĖ (2.106)

In the one mode Maxwell model the viscosity, η, is defined by

η(T ) = Gλ(T ). (2.107)

Due to this relation between viscosity, relaxation time and relaxation modulus,

choosing the scales for two leads to the scale for the other. There are two ways to
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dimensionalize the system of equations that describe the one mode Maxwell model.

In the first dimensionalization we use the scale induced by G and fix the scale for

λ, then ηc = Gλc, see Figure 2.8a. In the second dimensionalization we fix the scale

for η and G and get the corresponding scale for λ, λc = ηc
1
G , see Figure 2.8b.

(a) Dimensionalization 1. (b) Dimensionalization 2.

Figure 2.8: Relationship between viscosity, modulus and relaxation time.

We use dimensionalization strategy 1, because we are provided with the

relaxation modulus, and the relaxation time as a result of the experiments.

As a first step in dimensionalization we replace dimensionful independent

variable Z with the dimensionless independent variable s, that is a different variable

for a free surface part and for a cooling ring part. Then we introduce the scale for

velocity, U and scale for height, Z

u =
U

U0
, z =

Z − Zc
∆Z

. (2.108)

We note that scales for velocity and height are taken different for free surface and

cooling ring part. In the cooling ring part we take the velocity at the die exit and

the height of the cooling ring as a scale, and at the free surface part we take velocity

at the cooling ring exit and the distance from the cooling ring exit to the frost line

height as scales. Further in this section we use scales for the free surface part.

We introduce the process time,

λprocess =
∆Z

U0
, (2.109)

Using the relationships between the dimensionful and the dimensionless

variables, see Equations (2.34), (2.36), taking into account scaling used in non-

isothermal model (2.59), we have

U cosα
d

dZ
=

U√
1 +

(
dR
dZ

)2 d

dZ
=

1

λprocess

u

k(s)

d

ds
,
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where k(s) is defined by

k(s) =
√

cos2 θ + γ2
g sin2 θ. (2.110)

The rate of strain tensor, Ė = 1
λprocess

̂̇E, see Equation (2.16) in its dimensionless

form is given by

̂̇E =
u

k

 1
u
du
ds

1
r
dr
ds

−
(

1
u
du
ds + 1

r
dr
ds

)
 . (2.111)

Finally, we scale the stress tensor, (2.82), with as proportionality factor

the relaxation modulus G,

T = GT̂. (2.112)

We scale the relaxation time, λ, with respect to characteristic time, λprocess,

λ = λprocessλ̂.

The consequence of (2.107) is that the viscosity is scaled with the characteristic

viscosity,

η = ηref η̂, ηref = Gλprocess, (2.113)

and
λ̂

η̂
=
Gλprocess
λprocess

λ

η
= 1, (2.114)

in particular, η̂c = λ̂c. According to (2.105), (2.104) the scaled viscosity and relax-

ation time take the form

η̂(s) = η̂cArr(T (s)), (2.115)

and

λ̂(s) = λ̂cArr(T (s)), (2.116)

with η̂c = ηc
ηref

and λ̂c = λc
λprocess

.

The constitutive equation (2.106) in dimensionless form is given by

1

λ̂(s)
T̂ +

u(s)

k(s)

dT̂

ds
− 2̂̇ET̂ = 2̂̇E. (2.117)

If we use expressions (2.111), (2.112), (2.82), we obtain the linear system of differ-

ential equations for the stresses, which is presented explicitly by

1

λ̂(s)
τ̂mm +

u(s)

k(s)

dτ̂mm
ds

−
(

2

k(s)

du

ds

)
τ̂mm =

2

k(s)

du

ds
, (2.118i)

1

λ̂(s)
τ̂pp +

u(s)

k(s)

dτ̂pp
ds
−
(

2u(s)

r(s)k(s)

dr

ds

)
τ̂pp =

2u(s)

r(s)k(s)

dr

ds
, (2.118ii)

1

λ̂(s)
τ̂nn +

u(s)

k(s)

dτ̂nn
ds
− 2u(s)

k(s)

(
1

u(s)

du

ds
+

1

r(s)

dr

ds

)
τ̂nn = −2u(s)

k(s)

(
1

u(s)

du

ds
+

1

r(s)

dr

ds

)
.

(2.118iii)
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This dimensionless system is describing the stress-strain rate relation both

for the free surface part and the cooling ring part, with the only difference in scaling

for the velocity and the height.

Boundary conditions and interface

The dimensionless stress T̂ is described by the stress in the cooling ring part and

the stress in the free surface part. The equations (2.118) describe both parts. First

we solve the stresses in the cooling ring that we initialize by the Newton stresses.

From that we obtain the stresses at the cooling ring exit, and we use these stresses

as initialization for the free surface part. We assume that stresses are continuous

in the exit of the cooling ring.

We consider interval 0 < s < send. To find the unique solution of the

ODE system (2.118), we need 3 boundary conditions either at s = 0 or at s = send.

At s = 0 which is the die exit, the condition is that the stresses are equal to those

obtained from the Newton formulation (if we assign relaxation time to 0, λ = 0),

which explicitly means

τ̂mm(0) = 2λ̂0

( 1

k(0)

du

ds
(0)
)
, (2.119i)

τ̂pp(0) = 2λ̂0

( 1

k(0)
(
u

r
)(0) sin(θ(0))

)
, (2.119ii)

τ̂nn(0) = −2λ̂0
1

k(0)

(
du

ds
(0) + (

u

r
)(0) sin(θ(0))

)
. (2.119iii)

Multimode Maxwell model

In case of multimode formulation we follow the same dimensionalization as in case

of the one mode Maxwell model. To scale the stress T we introduce the same scale

G, for each mode,

T[k] = GT̂[k], (2.120)

such that G =
∑M
k=1Gk, and T̂[k] is the dimensionless stress. We introduce λk =

λprocessλ̂k and Ĝk = Gk
G . Then formulation (2.100) is replaced by

1

λ̂k
T̂[k] +

(
u

k

d

ds
I − 2̂̇E) T̂[k] = 2Ĝk

̂̇E. (2.121)

We use the definition of δ(s)

δ(s) =
k

uArr(T )
, (2.122)

and we use the expression for the relaxation time as function of the dimension-

less temperature, λ̂k = λ̂c,kArr(T ), where λ̂c,k is the constant and Arr(T ) is the
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function of s. The full system of differential equations is

1

λ̂c,k
δ(s)τ̂ [k]

mm +
dτ̂

[k]
mm

ds
−
(

2

u

du

ds

)
τ̂ [k]
mm = 2Ĝk

(
1

u

du

ds

)
, (2.123i)

1

λ̂c,k
δ(s)τ̂ [k]

pp +
dτ̂

[k]
pp

ds
−
(

2

r

dr

ds

)
τ̂ [k]
pp = 2Ĝk

(
1

r

dr

ds

)
, (2.123ii)

1

λ̂c,k
δ(s)τ̂ [k]

nn +
dτ̂

[k]
nn

ds
+ 2

(
1

u

du

ds
+

1

r

dr

ds

)
τ̂ [k]
nn = −2Ĝk

(
1

u

du

ds
+

1

r

dr

ds

)
. (2.123iii)

Newton stress definition for multimode

Given the relaxation times λ̂c,k and the corresponding scaled relaxation moduli Ĝk
such that

M∑
k=1

Ĝk = 1, (2.124)

we define the viscosity scale with respect to the sum of the relaxation moduli by

η̂c =

M∑
k=1

Ĝkλ̂c,k. (2.125)

Then we can imagine that the Newton stress τ̂mm,Newton can be split as

τ̂mm,Newton =

M∑
k=1

Ĝkλ̂c,k
2

δ(s)

(
1

u

du

ds

)
= 2

M∑
k=1

Ĝkλ̂c,k

(
Arr(T )̂ε̇mm

)
. (2.126)

Let the kth component of the Newton stress be defined by

τ̂
[k]
mm,Newton = 2Ĝkλ̂c,kArr(T )̂̇εmm. (2.127)

Similarly

τ̂
[k]
pp,Newton = 2Ĝkλ̂c,kArr(T )̂̇εpp, (2.128)

τ̂
[k]
nn,Newton = 2Ĝkλ̂c,kArr(T )̂̇εnn. (2.129)

Boundary conditions for multimode model

For the system (2.123) the boundary conditions are the Newton stresses:

τ̂ [k]
mm(0) = 2Ĝkλ̂c,k̂̇εmm(0) = 2Ĝkλ̂c,k

(
1

k(0)

du

ds

)
(0), (2.130i)

τ̂ [k]
pp (0) = 2Ĝkλ̂c,k̂̇εpp(0) = 2Ĝkλ̂c,k

( 1

k(0)
(
u

r
)(0) sin(θ(0))

)
, (2.130ii)

τ̂ [k]
nn(0) = 2Ĝkλ̂c,k̂̇εnn(0) = 2Ĝkλ̂c,k

1

k(0)

(
du

ds
(0) + (

u

r
)(0) sin(θ(0))

)
, (2.130iii)

where we used Arr(T (0)) = 1.
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2.3.4 PTT constitutive model

Phan-Thien and Tanner developed their model based on network theory for rubber-

like fluids, see Phan-Thien, (1978). The original model was developed for polymer

processes that exhibit both shear and elongation. The PTT model is the constitutive

model of the form (2.85) where

Hshear(T, Ė) = ξ(Ė · T + T · Ė), felong(T) = exp
( ε
G
tr(T)

)
(2.131)

The parameters ε is related to the elongation in the process. The parameter ξ is

related to shear. In practice these parameters are found by a parameter identifica-

tion method that optimizes the results from well defined experiments as compared

to the results from numerical simulations with use of the PTT constitutive model.

Generally, the parameter ε is in a range from 0.01 to 0.1. Thus if the flow in the

process exhibits mainly the elongation, as in the case of the film blowing process,

we use a one parameter PTT model, taking ξ = 0, and thus

Hshear(T, Ė) = 0. (2.132)

As the result from (2.85), (2.131), (2.132), the one parameter PTT con-

stitutive model is expressed in the form

[
U cosα

d

dZ
I − 2Ė

]
T +

1

λ
exp

( ε
G
tr(T)

)
T = 2GĖ. (2.133)

Multimode PTT model

The multi-mode PTT constitutive model is analogous to the multi-mode Maxwell

model and expressed in the form

[
U cosα

d

dZ
I − 2Ė

]
Ti +

1

λi
exp
( ε
Gi
tr(Ti)

)
Ti = 2GiĖ, (2.134)

where total stress is the sum of the single mode stresses, see Equation (2.99).

Dimensionless PTT model

In Equation (2.133) we express the one mode PTT constitutive formulation. To

obtain a dimensionless PTT model we follow the same strategy as in the case

of the dimensionless Maxwell model. We use the Lagrangian coordinate system,

the dimensionless independent variable, s, and dependent variables r, z, θ, u as

functions of s. We scale the stress by T = GT̂.

Then,

exp
( ε
G
tr(T)

)
= exp(εtr(τ̂)),
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where tr(τ̂) = (τ̂mm + τ̂pp + τ̂nn) is the trace of the dimensionless stress and it is

the first invariant of the stress tensor.

For the Maxwell formulation we obtain the linear system of differential

equations for the stresses (2.118), and for the PTT formulation we obtain the non-

linear system of differential equations

1

λ̂cArr(T )
exp(εtr(τ̂))τ̂mm +

u

k

dτ̂mm
ds

−
(

2

k

du

ds

)
τ̂mm =

2

k

du

ds
, (2.135i)

1

λ̂cArr(T )
exp(εtr(τ̂))τ̂pp +

u

k

dτ̂pp
ds
−
(

2u

rk

dr

ds

)
τ̂pp =

2u

rk

dr

ds
, (2.135ii)

1

λ̂cArr(T )
exp(εtr(τ̂))τ̂nn +

u

k

dτ̂nn
ds

+
2u

k

(
1

u

du

ds
+

1

r

dr

ds

)
τ̂nn = (2.135iii)

= −2u

k

(
1

u

du

ds
+

1

r

dr

ds

)
.

The multimode PTT system of ordinary differential equations in dimensionless form

is

dτ̂
[k]
mm

ds
= − 1

λ̂c,k
δ(s) exp (

ε

Ĝk
tr(τ̂ [k]))τ̂ [k]

mm +

(
2

u

du

ds

)
τ̂ [k]
mm + 2Ĝk

(
1

u

du

ds

)
, (2.136i)

dτ̂
[k]
pp

ds
= − 1

λ̂c,k
δ(s) exp (

ε

Ĝk
tr(τ̂ [k]))τ̂ [k]

pp +

(
2

r

dr

ds

)
τ̂ [k]
pp + 2Ĝk

(
1

r

dr

ds

)
, (2.136ii)

dτ̂
[k]
nn

ds
=

1

λ̂c,k
δ(s) exp (

ε

Ĝk
tr(τ̂ [k]))τ̂ [k]

nn −
1

r

dr

ds
τ̂ [k]
nn − 2Ĝk

(
1

u

du

ds
+

1

r

dr

ds

)
. (2.136iii)

Boundary conditions are the same as the ones for the Maxwell model, for one mode:

Equation (2.119), for multimode: Equation (2.130).
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2.4 Linear viscoelastic data measurements and its

relationship to filters

In the previous section, we discussed the description of the theoretical viscoelastic

models. These models contain parameters. Parameters are determined by experi-

ments. In these experiments we assume a viscoelastic model, and try to explain the

experiment using the model and thus identify the parameters.

2.4.1 Experiment: Oscillatory shear.

The study of linear viscoelastic behavior of polymers on the basis of experiments

is referred to as Dynamic Mechanical Analysis (DMA). In such an experiment, the

material is time-harmonically deformed at a fixed frequency, and the resulting stress

as a function of time is recorded (see Meyers & Chawla, (2009), p. 124.) The process

is repeated for a range of frequencies and thus we obtain a frequency response.

For a purely elastic melt, the resulting stress is a harmonic function with

the same frequency as the strain and zero phase lag. It means that stress and strain

are multiples of each other. Thus the essential information of the experiment is

the ratio of the amplitudes. For a purely viscous melt, the resulting stress is also

harmonic with the same frequency, but there is a phase lag of δ = π
2 . Thus also for

a purely viscous melt the amplitude ratio is the information that we obtain from

the experiment. If we carry out the experiment for a viscoelastic melt, then we

obtain stress, which is harmonic with the same frequency, but with a phase lag, δ,

0 < δ < π
2 . See Figure 2.9. The amplitude ratio and the phase difference are used

in the identification of the frequency response, which in this context is called the

dynamic shear modulus. Of course the assumption is that there is a linear relation

between stress and strain.

In an experiment, for a given set of angular frequencies, {ω1, ..., ωN} we

apply a harmonic strain to a polymer material,

γn(t) = Γn cos(ωnt), (2.137)

where Γn is the amplitude and ωn is the angular frequency. We measure the resulting

stress τn as a function of time. Of course we can not measure continuously; we have

sampled time; there is a finite set of measurements. We calculate the frequency

spectrum, τ̂n(ω) ∈ C. If our model makes sense, we observe a behavior similar to

that in Figure 2.10. We assume the system

τn(t) = Tn cos(ωnt+ δn). (2.138)
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Figure 2.9: Viscoelastic response of material with time lag between stress and strain.

Picture taken from Meyers & Chawla, (2009), page 124.

Figure 2.10: Example of measured stress in frequency domain.
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2.4.2 Filter interpretation of stress —strain rate relation

We assume the existence of a filter, g, and a relationship between stress and strain

rate according to

τ(t) =

∫ t

−∞
g(t− t′)γ̇(t′)dt′, (2.139)

see Macosko, (1994). Here g(t) = 0 for t < 0 (casuality).

We apply Fourier transform, and G(ω) denotes the frequency response of

the filter; thus

G(ω) =

∫ ∞
0

g(t)e−iωtdt. (2.140)

We denote

G1(ω) =

∫ ∞
0

g(t) cos(ωt)dt and G2(ω) =

∫ ∞
0

g(t) sin(ωt)dt,

Then

G(ω) = G1(ω)− iG2(ω).

By taking the inverse transform we obtain

g(t) =
1

2π

∫ ∞
0

G(ω)eiωtdω. (2.141)

g(t) =
1

π

∫ ∞
0

(G1(ω) cosωt+G2(ω) sin(ωt)) dω, (2.142)

and from g(t) = 0 for t < 0,

1

π

∫ ∞
0

G1(ω) cos(ωt)dω =
1

π

∫ ∞
0

G2(ω) sin(ωt)dω. (2.143)

Thus,

g(t) =
2

π

∫ ∞
0

G1(ω) cos(ωt)dω, (2.144)

see Kamath & Mackley, (1989).

2.4.3 Combining theory and experiment

We are still left with the question: how to find g(t) or G1(ω)?

We have the strain rate and the stress (2.137), (2.138) measurements from the

experiments. From the relation (2.139) we conclude that

τ [model]
n (t) =

∫ t

−∞
g(t− t′)(−ωnΓn sin(ωnt

′))dt′ = (2.145)
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= −ωnΓnIm

(∫ t

−∞
g(t− t′)eiωnt

′
dt′
)

= −ωnΓnIm
(
G(ωn)eiωnt

)
=

= ωnΓn (−G1(ωn) sin(ωnt) +G2(ωn) cos(ωnt))

= ωnΓn
(
G1(ωn)2 +G2(ωn)2

) 1
2 cos(ωnt+ δ̂n) = Tn cos(ωnt+ δ̂n),

where

Tn = ωnΓn
(
G1(ωn)2 +G2(ωn)2

) 1
2 , tan δ̂n =

G1(ωn)

G2(ωn)
. (2.147)

Solving (2.147) for G1 and G2 we get

G1(ωn) =
Tn
ωnΓn

sin δ̂n, G2(ωn) =
Tn
ωnΓn

cos δ̂n, (2.148)

G(ωn) =
Tn

iωnΓn
eiδ̂n . (2.149)

2.4.4 Determination of relaxation spectrum

For purposes of comparison and modeling, it is often necessary to fit experimental

relaxation modulus data (2.148) to an analytic function. The objective of the fitting

process is to determine parameter values that in some sense represent the ”best” fit

of the approximating function to the experimental data (see Macosko (1994)).

Instead of continuous cases (2.144) and (2.140), in practice we have a

discrete case with a finite number of time steps and frequencies. In a discrete

case, g(t) is an impulse response of a realizable filter represented by the sum of

exponential functions,

g(t) =

K∑
k=1

ck exp
− t
λk . (2.150)

Then frequency response G(ωn) is represented by

G1(ωn) =

K∑
k=1

ck
λk

1 + ω2
nλ

2
k

, (2.151)

and

G2(ωn) =
K∑
k=1

ck
λ2
kωn

1 + ω2
nλ

2
k

. (2.152)

To find the positive coefficients ck and the delay times λk we need to solve the

nonlinear system of equations (2.151), (2.152), where n = 1, ..., N . We will not

discuss here the way to solve this problem, and refer to Kamath & Mackley, (1989)

and Macosko, (1994) for explanation.

Thus we use for our further modeling for each polymer the relaxation spec-

trum data in form of relaxation times, λk with corresponding relaxation modulus,

Gk.



66 Modeling of the film blowing process

2.5 Analysis of the dynamic model

In the previous section we discuss dimensionalization of the Maxwell constitutive

relation. We concluded with the description of the multimode Maxwell model. Since

we choose to implement the multimode Maxwell model, we analyze it extensively

in this section. We show in this section how we solve the ODE system for applied

dimensionalization. The main idea is that we reduce the system of differential

equations for all three stresses to the simple system of the form

ε
dy

ds
+ δ(s)y = εf(s). (2.153)

This system is solved by applying the integrating factor technique in case ε is not

small. For small ε the approach to the system is extensively discussed in Subsection

2.5.2.

2.5.1 Solving ODE for one mode Maxwell model

We consider the ODE system (2.118) and rewrite it in terms of δ(s) as

1

λ̂c
δ (s) τ̂mm +

dτ̂mm
ds

−
(

2

u

du

ds

)
τ̂mm =

2

u

du

ds
, (2.154i)

1

λ̂c
δ(s)τ̂pp+

dτ̂pp
ds
−
(

2

r

dr

ds

)
τ̂pp =

2

r

dr

ds
, (2.154ii)

1

λ̂c
δ (s) τ̂nn+

dτ̂nn
ds

+ 2

(
1

u

du

ds
+

1

r

dr

ds

)
τ̂nn = −2

(
1

u

du

ds
+

1

r

dr

ds

)
. (2.154iii)

Meridional stress equation

Let us denote the Newtonian stress by

τ̂mm,Newton(s) = 2λ̂cArr(T )̂̇εmm = λ̂c
2

δ(s)

1

u

du

ds
. (2.155)

From the equation (2.154i) for the meridional stress it follows

1

u2
τ̂mm+

λ̂c
δ (s)

1

u2

(
dτ̂mm
ds

− 2

u

du

ds
τ̂mm

)
=λ̂c

1

u2

(
2

δ (s)

1

u

du

ds

)
.

Then(
τ̂mm − τ̂mm,Newton

u2

)
+

λ̂c
δ (s)

d

ds

(
τ̂mm − τ̂mm,Newton

u2

)
= − λ̂c

δ(s)

d

ds

(
τ̂mm,Newton

u2

)
.

We introduce the new variable ymm

ymm =
τ̂mm − τ̂mm,Newton

u2
.
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Then

λ̂c
dymm
ds

+ δ(s)ymm = −λ̂c
d

ds

(
τ̂mm,Newton

u2

)
. (2.156)

Further we show that the other two stresses have the expression in a similar way.

Then the generic expression for the Maxwell stresses in dimensionless formulation

has the following form

ε
dy

ds
+ δ(s)y = εf(s). (2.157)

Parallel stress equation

Similarly, for the parallel stress, see Equation (2.154ii), we have

λ̂c
dypp
ds

+ δ(s)ypp = −λ̂c
d

ds

(τpp,Newton
r2

)
, (2.158)

where we introduce the new variable ypp

ypp =
τpp − τpp,Newton

r2

and denote the Newtonian stress by

τ̂pp,Newton(s) = λ̂c
2

δ(s)

1

r

dr

ds
.

Normal stress equation

Similarly, for the normal stress, see Equation (2.154iii), we have:

λ̂c
dynn
ds

+ δ(s)ynn = −λ̂c
d

ds

(
(u2r2)τnn,Newton

)
(2.159)

where we introduce the new variable ynn

ynn = u2r2(τnn − τnn,Newton)

and denote the Newtonian stress by

τ̂nn,Newton(s) = λ̂c
2

δ(s)

(
1

u

du

ds
+

1

r

dr

ds

)
.

Solving ordinary differential equation using integrating factor

The equations for extra stresses in the dynamical formulation of the Maxwell model,

(2.156), (2.158), (2.159) are of the form

dy

ds
+ α(s)y = β(s). (2.160)



68 Modeling of the film blowing process

The general solution of such an equation is given by

y(s) = e−A(s) ∗
(∫ s

0

β(s′)eA(s′)ds′ + y0

)
= e−A(s)y0 +

∫ s

0

e−
(
A(s)−A(s′)

)
β(s′)ds′

(2.161)

and called integrating factor technique. Here A(s) =
∫ s

0
α(s′)ds′ is the integrating

factor, and y0 = y(s = 0) is the initial condition for the differential equation (2.160).

2.5.2 Analysis of the generic ordinary differential equation

for small relaxation times

Since in the dimensionless Maxwell multimode model dimensionless relaxation times

can be significantly smaller than 1, we spend some additional space in this thesis

on how we analyze the Equations (2.153). We repeat it here with initial condition,

dy

ds
+
δ(s)

ε
y = f(s), y(0) = y0. (2.162)

Thus we are interested in the solution of the Equation (2.162) and its stable calcu-

lation for ε� 1

The solution of Equation (2.162), see (2.161), is

y(s) = y0e
− 1
ε∆(s) +

∫ s

0

e−
1
ε

(
∆(s)−∆(s′)

)
f(s′)ds′, (2.163)

where ∆(s) =
∫ s

0
δ(s′)ds′.

Since we have to deal with a discontinuity of δ(s) and f(s) at the cooling

ring exit, s = sc, we consider the solution in the cooling ring and at the free surface

part separately. First, we solve Equation (2.162) inside the cooling ring, 0 < s < sc.

Second, we take the final value of the solution, y(sc), as initialization for Equation

(2.162), and solve this equation inside the free surface part, sc < s < send.

(1) Let us consider the behavior of the solution y(s) for small s, 0 < s <

σ � sc, where σ = s1 = 0.0043 < tolerance. We introduce the notation

yp(s) =

∫ s

0

e−
1
ε

(
∆(s)−∆(s′)

)
f(s′)ds′

and decompose:

yp(s) =

∫ s

0

e−
1
ε

(
∆(s)−∆(s′)

)
δ(s′)

[
f(s′)

δ(s′)
− f(s)

δ(s)

]
ds′+

f(s)

δ(s)

∫ s

0

e−
1
ε

(
∆(s)−∆(s′)

)
δ(s′)ds′.

(2.164)

We integrate the second term

yp2(s) =

∫ s

0

e−
1
ε

(
∆(s)−∆(s′)

)
δ(s′)ds′ = e−

1
ε∆(s)(εe−

1
ε∆(s′)|s0) = ε(1− e− 1

ε∆(s)).

(2.165)
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In the next step we estimate yp1(s),

yp1(s) =

∫ s

0

e−
1
ε

(
∆(s)−∆(s′)

)
δ(s′)

[
f(s′)

δ(s′)
− f(s)

δ(s)

]
ds′.

We assume that

|f(s′)

δ(s′)
− f(s)

δ(s)
| < tolerance,

thus

|yp1(s)| < tolerance× ε(1− e− 1
ε∆(s)) < tolerance× ε.

So in case of small s, 0 < s < σ, we approximate the solution by

y(s) ≈ y0e
− 1
ε∆(s) + ε(1− e− 1

ε∆(s))
f(s)

δ(s)
. (2.166)

(2) Second, we consider y(s) for s > σ, then∫ s

0

e−
1
ε

(
∆(s)−∆(s′)

)
f(s′)ds′ =

∫ s−σ

0

e−
1
ε

(
∆(s)−∆(s′)

)
f(s′)ds′+

∫ s

s−σ
e−

1
ε

(
∆(s)−∆(s′)

)
f(s′)ds′.

The first integral we can calculate numerically. The second integral we approximate

by

yp3(s) =

∫ s

s−σ
e−

1
ε

(
∆(s)−∆(s′)

)
f(s′)ds′ =

=

[∫ s

s−σ
e−

1
ε

(
∆(s)−∆(s′)

)
δ(s′)

[
f(s′)

δ(s′)
− f(s)

δ(s)

]
ds′
]

+ ε
f(s)

δ(s)
e−

1
ε [∆(s)−∆(s′)]|ss−σ =

= [...] + ε
f(s)

δ(s)

(
1− e− 1

ε [∆(s)−∆(s−σ)]
)
.

We consider [...] to be negligible, so

yp3(s) ≈ εf(s)

δ(s)

(
1− e− 1

ε [∆(s)−∆(s−σ)]
)
.

Then the solution y(s) for s > σ is

y(s) = y0e
− 1
ε∆(s) +

∫ s−σ

0

e−
1
ε

(
∆(s)−∆(s′)

)
f(s′)ds′ + ε

f(s)

δ(s)

(
1− e− 1

ε [∆(s)−∆(s−σ)]
)
.

(2.167)

2.5.3 Maxwell multimode

Meridional stress

Following the same strategy as in the previous subsection, based on the similarity

of the system for multimode Maxwell model (2.123) and the system that we get for
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the one mode Maxwell model, (2.154), the resulting equation for meridional stress

is in the general form

λ̂c,k
dy

[k]
mm

ds
+ δ(s)y[k]

mm = −λ̂c,k
d

ds

(
τ̂

[k]
mm,Newton

u2

)
, (2.168)

where τ̂
[k]
mm,Newton is given by (2.127), and

y[k]
mm =

τ̂
[k]
mm − τ̂ [k]

mm,Newton

u2
. (2.169)

Using the integrating factor technique, (2.161), the solution for y
[k]
mm is

y[k]
mm(s) = −2Ĝkλ̂c,k

(
Arr(T )̂̇εmm

u2

)
(s) + 2Ĝkλ̂c,ke

− 1

λ̂c,k
∆(s)

(
Arr(T )̂̇εmm

u2

)
(0)+

(2.170)

+2Ĝk

∫ s

0

e
− 1

λ̂c,k
(∆(s)−∆(s′))

δ(s′)

(
Arr(T )̂̇εmm

u2

)
(s′)ds′.

Then solution for meridional stress in integral form is

τ [k]
mm(s) = τ̂ [k]

mm(0)
u2(s)

u2(0)
e
− 1

λ̂c,k
∆(s)

+ (2.171)

+2Ĝk

∫ s

0

e
− 1

λ̂c,k
(∆(s)−∆(s′))

δ(s′)

(
u(s)

u(s′)

)2

(Arr(T )̂̇εmm)(s′)ds′,

where

τ [k]
mm(0) = τ

[k]
mm,Newton(0) = 2Ĝkλ̂c,k̂̇εmm(0). (2.172)

The solutions for parallel and normal stresses are derived similarly from

Equations (2.158) and (2.159).

Parallel stress equation

Similarly, for the parallel stress, see Equation (2.154ii), we have

λ̂c,k
dy

[k]
pp

ds
+ δ(s)y[k]

pp = −λ̂c,k
d

ds

(
τ

[k]
pp,Newton

r2

)
, (2.173)

where y
[k]
pp

y[k]
pp =

τ
[k]
pp − τ [k]

pp,Newton

r2
,

and we denote the Newtonian stress by

τ̂
[k]
pp,Newton(s) = 2Ĝkλ̂c,kArr(T )̂̇εpp(s).
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Normal stress equation

Similarly, for the normal stress, see Equation (2.154iii), we have:

λ̂c,k
dy

[k]
nn

ds
+ δ(s)y[k]

nn = −λ̂c,k
d

ds

(
(u2r2)τ

[k]
nn,Newton

)
, (2.174)

where

y[k]
nn = u2r2(τ [k]

nn − τ
[k]
nn,Newton),

and we denote the Newtonian stress by

τ̂
[k]
nn,Newton(s) = 2Ĝkλ̂c,kArr(T )̂̇εnn.

2.5.4 Integral interpretation of Maxwell Multimode solution

After some rewriting the solution for the meridional stress (see Equation 2.171)

reads

τ [k]
mm(s) = [2Ĝkλke

− 1
λk

∆(s)
]
u2(s)

u2(0)
ε̇(0)+ (2.175)

+2Gk

∫ s

0

δ0(s′)e
− 1
λk

(∆(s)−∆(s′))

(
u(s)

u(s′)

)2

ε̇(s′)ds′,

where we remind (2.122)

δ(s) =
k(θ)

uArr(T )
, ∆(s) =

∫ s

0

δ0(s′)ds′, δ0(s) =
k(θ)

u
. (2.176)

The total extra stress is the sum of the stresses for each kth mode,

τmm(s) =

M∑
k=1

τ [k]
mm(s). (2.177)

Then the extra stress as a function of arc length is

τmm(s) = M(∆(s))
u2(s)

u2(0)
ε̇(0) +

∫ s

0

G(∆(s)−∆(s′))δ0(s′)
u2(s)

u2(s′)
ε̇(s′)ds′. (2.178)

Here we denoted

M(t) =

M∑
k=1

2Gkλke
− t
λk , (2.179)

G(t) =

M∑
k=1

2Gke
− t
λk , (2.180)

G = −M ′,

M(t) =

∫ ∞
t

G(t′)dt′.
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Interpretation with time. We introduce the new variable t, such as

t = ∆(s), s = ∆−1(t), dt = δ(s)ds,

0 < s < se, 0 < t < te, ∆′ = δ > 0.

Here t represents ”time”, 1
δ(s) is the local velocity in tangential direction. Then

τ̃mm(t) = τmm(s) = τmm(∆−1(t)) (2.181)

and

˙̃ε(t′; t) = ˙̃εmm(t′; t) =
u2(∆−1(t))

u2(∆−1(t′))
(Arr̂̇εmm)(∆−1(t′)) = u2(∆−1(t))

(
1

u3

du

dt

)
(∆−1(t′)).

(2.182)

Then

τ [k]
mm(∆−1(t)) = τ̂ [k]

mm(0)
u2(∆−1(t))

u2(0)
e
− 1

λ̂c,k
t
+ 2Ĝk

∫ t

0

e
− 1

λ̂c,k
(t−t′)

˙̃ε(t′; t)dt′, (2.183)

τ [k]
mm(∆−1(t)) = 2Ĝkλ̂c,ke

− 1

λ̂c,k
t
˙̃ε(0; t) + 2Ĝk

∫ t

0

e
− 1

λ̂c,k
(t−t′)

˙̃ε(t′; t)dt′. (2.184)

We introduce the function

g1(t) = 2

M∑
k=1

Ĝke
− 1

λ̂c,k
t
, (2.185)

g2(t) = 2

M∑
k=1

Ĝkλ̂c,ke
− 1

λ̂c,k
t
, (2.186)

ġ2(t) = −g1(t), (2.187)

τmm(∆−1(t)) =

M∑
k=1

2Ĝkλ̂c,ke
− 1

λ̂c,k
t
˙̃ε(0; t) +

∫ t

0

M∑
k=1

2Ĝke
− 1

λ̂c,k
(t−t′)

˙̃ε(t′; t)dt′ =

(2.188)

= g2(t) ˙̃ε(0; t) +

∫ t

0

ġ2(t− t′) ˙̃ε(t′; t)dt′ =

= g2(0) ˙̃ε(t; t) +

∫ t

0

g2(t− t′)( ˙̃ε(t′; t))′t′dt
′,

where g2(t) is given by Equation (2.186) and ˙̃ε(t′; t) is given by Equation (2.182).

For parallel and normal stresses we have a similar approach, where

˙̃εpp(t
′; t) =

u2(∆−1(t))

u2(∆−1(t′))
(Arr̂̇εpp)(∆−1(t′)) = u2(∆−1(t))

(
1

u3

du

dt

)
(∆−1(t′))

(2.189)

and

˙̃εnn(t′; t) =
u2(∆−1(t))

u2(∆−1(t′))
(Arr̂̇εnn)(∆−1(t′)) = u2(∆−1(t))

(
1

u3

du

dt

)
(∆−1(t′))

(2.190)



Chapter 3

Analysis of the dynamic

system for isothermal film

blowing model

3.1 Introduction

In this chapter, we present a full analysis of a mathematical model that describes

the film blowing process, where it is assumed that the polymer melt behaves as a

purely viscous (Newtonian) fluid and that the process is isothermal and stationary.

A detailed description of the model of the film blowing process is given in Chapter

2. In Chapter 2 we present three models of the film blowing process with increas-

ing complexity. Apart from the model analyzed in this chapter, we introduce a

non-isothermal model and a model in which the cooling ring is added. In all mod-

els parameters have to be identified on the basis of given, measured or estimated

boundary conditions.

Here we consider the isothermal Newtonian model, which is constructed

based on the concepts of mass balance and force balance. The model is presented in

a dimensionless formulation and uses a curvilinear coordinate system. The model

has the form of a non-linear system of ordinary differential equations with two point

boundary conditions, we approach it as a non-linear dynamical system. Aspects of

the mathematical model and its relationship with process conditions are investigated

in detail in this chapter. We apply the results of this chapter to the parameters

identified for six film blowing lines, as presented and described in Chapter 2. The

result of the analysis is translated into properties of the film blowing process such

as pull up force, internal pressure, and film blowing surface.

73
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Since we are dealing with a two point boundary value problem with para-

meters that have to be identified from boundary conditions, an analysis of the

sensitivity of the model with respect to these parameters is a necessity. The ana-

lysis is novel. Its parameters relate to the unknown process conditions: bubble

pressure and pulling force. For certain conditions of the film blowing process, the

model shows high sensitivity with respect to the initial conditions. Effectively it

was one of the reasons to study the dynamical behavior as suggested by the model.

Thus we perform a bifurcation analysis and obtain a bifurcation diagram.

For each region of the bifurcation diagram, there is a typical topology of the phase

portrait. The process conditions used in practice correspond to that part of the

bifurcation diagram, where one repeller and one attractor equilibrium is present.

The sensitivity of the model for the initial condition is explained by the fact that

the real world film blowing process identifies the parameters such that the initial

condition is close to a repeller equilibrium. With a simple isothermal model we

show why this is the natural consequence of modeling. If we extend the model to

a non-isothermal one, the initial condition is less close to the repeller. Adding the

cooling ring means that we go further from the repeller point.

This chapter is divided in three sections. In Section 3.2 we present the

modeling. In Section 3.3 we do bifurcation analysis, we show the bifurcation dia-

gram, respective isoclines and phase portrait, and we perform the local analysis of

the equilibrium points. In Section 3.4 we relate the results of our analysis to the

practical aspects of the film blowing process.

3.2 Modeling

In Section 3.3 of this chapter we extensively analyze the derived dimensionless

system from a non-linear dynamical system perspective.

3.2.1 Preface

As we pointed out above, the parameters γf , γp, and send should be identified.

Generally, such an identification problem is solved by an optimization procedure.

We choose send, γf , and γp, and we initialize the system by (2.41ii). Then we

integrate backward the equations for r and θ, (2.38), by replacing the function in

the right hand side of the equations by minus that function, until a certain length

L > send. Next we identify the objective function

O(γf , γp, send) = (r(0)− 1)2 + (u(0)− 1)2 + (z(0))2 (3.1)

and we minimize the objective with respect to the γp, γf , and send.
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We implemented this optimization procedure and calculated the response

of the objective function O(γf , γp, send). The detailed description of the imple-

mentation of optimization procedure is given in Subsection 4.1.3 of Chapter 4. We

observed that the response of the objective function is highly sensitive to the para-

meters. It reflects the sensitivity of the system on the initial conditions. It was a

trigger for us to study the subsystem consisting of the equations for r and θ, (2.38).

Sensitivity of the system for the initial conditions is mentioned in literature Bennett

(2008) and Pearson & Petrie (1970b). In this chapter we provide the full analysis

of this phenomenon.

On the two-dimensional sub-system for the state variables r and θ we

perform standard dynamical system analysis techniques and study the bifurcation

behavior. As a result we discovere that for certain combinations of parameters

γf , γp, and send the initial conditions suggested by (2.41i) are close to a repellent

point. Effectively this explains the sensitivity of the system, if the initial condition

(θ0, r0) is close to the repellent point.

3.2.2 Decoupling, from Newtonian model to Dynamical sys-

tem

The dimensionless model (2.38) consists of four equations and four variables. In the

ODE equations for r and θ, the other two variables z and u are not present. Thus

we decouple the system of equations for r and θ, and focus on the analysis of the

decoupled system.

For our analysis we assume that η̂ = 1. We simplify the notations for

parameters and variables to

a = γgeom, b = γp, c =
γf
γp
, x = θ, y = r.

The next step in our research is detailed bifurcation analysis of the dy-

namical system,

dx

ds
=

cosx
(
6a sinx cosx+ by(c− 1− 3y2)(cos2 x+ a2 sin2 x)

)
2a2by2(c− 1 + y2)

, (3.2i)

dy

ds
= sinx. (3.2ii)

We start with the following observation.

The analysis of the system (3.2) is analogous to the analysis of the system (3.3),

dx

ds
= cosx

(
6a sinx cosx+ by(c− 1− 3y2)(cos2 x+ a2 sin2 x)

)
, (3.3i)

dy

ds
= 2a2by2(c− 1 + y2) sinx. (3.3ii)
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Note: Exception is the line y = 0 and y2 = c−1, where the system (3.2) experiences

its singularity.

Replacing system (3.2) by system (3.3), we introduce additional equilibrium points,

typically situated at the x-axis, the axis of singularity for polar coordinates, that

represents the origin. Thus any conclusion relating to the equilibrium point on the

x-axis, if translated to system (3.2), relates to the approach of that equilibrium

point by a solution orbit of system (3.2). If c > 1, y = 0 is the only singularity

removed by replacing (3.2) by (3.3). If c < 1, then additionally we obtain two other

values of y, y = ±
√

1− c, which are the singularities of system (3.2).

3.2.3 Pre-analysis

The vector field v = fex +gey that corresponds to the dynamical system presented

by equations (3.3), is given by

f(x, y) = cosx
(
6a sinx cosx+ by(c− 1− 3y2)(cos2 x+ a2 sin2 x)

)
, (3.4i)

g(x, y) = 2a2by2(c− 1 + y2) sinx. (3.4ii)

Since the vector field is continuously differentiable at any point, the system de-

scribed by system (3.3) has unique solution for any given initial point (x0, y0), as

reference we take the classical book on dynamical systems by Hirsch et al, (2004.)

Theorem 1. The (x, y)-plane can be divided into strips

S+
k = {(x, y)| − π

2
+ kπ < x <

π

2
+ kπ, y > 0},

S−k = {(x, y)| − π

2
+ kπ < x <

π

2
+ kπ, y < 0},

such that in each strip the solution is a copy or a mirrored copy of the solution in

the basic strip

D = {(x, y)| − π

2
< x <

π

2
, y > 0}.

Proof.

1) Let (x(s), y(s)) be a solution for the initial point (x0, y0). Then (x̌, y̌)

defined by

x̌(s) = π − x(s), y̌(s) = y(s)

is a solution for the initial point (π − x0, y0).

2)Let (x(s), y(s)) be a solution for the initial point (x0, y0). Then (x̌, y̌) defined by

x̌(s) = x(s) + 2π, y̌(s) = y(s)
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is a solution for the initial point (x0 + 2π, y0).

3)Let (x(s), y(s)) be a solution for the initial point (x0, y0). Then (x̌, y̌) defined by

x̌(s) = −x(s), y̌(s) = −y(s)

is a solution for the initial point (−x0,−y0).

We note that
dx̌

ds
= −dx

ds
= − cosx[q(x, y)] = cos x̌[q(x̌, y̌)]

and
dy̌

ds
= −dy

ds
= − sinx[p(x, y)] = sin x̌[p(x̌, y̌)].

2

The conclusion is that we only need to analyze the system in the strip D.

We use the following definitions.

1. The vertical isocline is defined by f(x, y) = 0, where the direction of the

vector field on the isocline is determined by the sign of g(x, y).

2. The horizontal isocline is defined by g(x, y) = 0, where the direction of the

vector field on the isocline is determined by the sign of f(x, y).

3. The equilibrium points of the system are the stagnation points, defined by

f = 0 and g = 0. They are the intersections of the vertical and the horizontal

isocline. For an example see Figure 3.1.

Figure 3.1: Isoclines and equilibrium points of the dynamical system for parameter

values a = 0.3, b = 1.8, and c = 4.1.
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The isoclines determine partly the topology of the solution orbits. In

Figure 3.1 we refer to one of the possible topologies that the isoclines exhibit. This

topology depends on the choice of parameters b and c. The known parameter a

is not distinguishing the topologies, but plays a role in the shape of the isocline.

In next subsection we distinguish the various topologies and relate them to the

bifurcation diagram.
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3.3 Bifurcation analysis

To use the model (2.38)-(2.41) to describe the film blowing process, we have to

identify the parameters γf , γp, and send from the given boundary conditions. In

solving this identification problem we discovered that the system is highly sens-

itive to its initial point. The initialization of the model is close to the repellent

equilibrium. Effectively this is the consequence of our analysis of System (3.3) as

a dynamic system with respect to the parameters, a, b, c. In this analysis we do

not consider the parameter send, but it has an indirect effect on the choice of the

parameters b and c.

In our analysis we allow the parameter triple (a, b, c) to be any real

number triple in (0, 1]× (0,∞)× (0,∞), without making the direct link to feasible

parameters. The parameter a is not a bifurcation parameter. In the next section

we show that only a smal part of the (b, c) design space is used in practice, while

we distinguish 5 regions in the (b, c) plane.

Our analysis starts with a bifurcation behavior of the system related to

the parameters b and c. We create the bifurcation diagram. It divides the parameter

space into five regions such that in each region the qualitative characteristics of the

solution orbits of the dynamical system are topologically the same (for bifurcation

definition see Hirsch, Smale, et al (2004)).

We study local and global bifurcations. We talk about a local bifurcation,

if the type of equilibrium points changes, but not their number. We talk about

global bifurcation, if the number of equilibrium points changes and with that the

topology of the solution orbits.

First, we investigate the global bifurcation and characterize vertical and

horizontal isoclines. Second, we perform a local bifurcation analysis, and analyze

the type of the equilibrium points for cases above the line c = 1.

3.3.1 Global bifurcation analysis

First we derive the isoclines. The vertical isocline is given by three sets of points

(x, y)

{(−π/2, y)| y > 0}, (3.5i)

{(π/2, y)| y > 0}, (3.5ii)

{(x, y)| 6a sinx cosx+ by(c− 1− 3y2)(cos2 x+ a2 sin2 x) = 0}. (3.5iii)

The horizontal isocline in case c > 1 is given by the set of points (x, y)

{(0, y)| y > 0}, (3.6i)

{(x, 0)| x ∈ R}. (3.6ii)



80 Analysis of the dynamic system for isothermal film blowing model

In case c < 1, additionally, we get the set of points (x, y)

{(x,
√

1− c)| x ∈ R}. (3.7)

Thus, we find a first global bifurcation line, namely, c = 1. For c > 1 there are

four equilibrium points. For c < 1 there are five or seven equilibrium points, where

five or seven is determined by another bifurcation curve, the purple dashed curve

in Figure 3.5.

Analysis of the vertical isocline

Here we consider the set of points (3.5iii) which is resembled by the curve that is

implicitly determined by

y3 −
(
c− 1

3

)
y − 1

b

2a sinx cosx

cos2 x+ a2 sin2 x
= 0. (3.8)

Since this is a third-order polynomial in y, there are two possibilities: the three

zeros are real, or there is only one real zero.

We introduce β instead of x, according to

sin 2β =
a sin 2x

cos2 x+ a2 sin2 x
. (3.9)

Thus, effectively we take the scaling parameter a equal to 1. The relation between α

and x is homeomorphic. For a graphical representation of this relation for different

values of a we refer to Figure 3.2. In terms of the new variable α, Equation (3.8)

Figure 3.2: Homeomorphic relation between α and x, for a = 0.1 (blue line), a = 0.5

(green dotted line), a = 1.0 (pink dashed line).

becomes

y3 −
(
c− 1

3

)
y − 1

b
sin 2α = 0. (3.10)
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We note that by rescaling x to α we get rid of the parameter a.

In the expressions (3.10), (3.5i, ii), (3.6), (3.7) a is not present. We

conclude that the bifurcation analysis of the system is independent of the parameter

a, and only depends on the parameters b and c.

From the expression (3.10) we see that its y-derivative is given by 3y2 −
( c−1

3 ) = 0. Thus if c > 1 the derivative has two zeros, and if c < 1 the derivative

has no zeros. In case c < 1 the polynomial is monotonously increasing. In case

c > 1 it is monotonously increasing till the point y = −
√
c−1
3 , then it is decreasing

until the point y =
√
c−1
3 , and then it is increasing again.

Analysis of isoclines in case c > 1

Equation (3.10) determines y implicitly as a function of α. We analyze this impli-

citly defined relation between y and α, and from that we draw the corresponding

conclusion for y as a function of x with use of the homeomorphic relation between

α and x, (3.9).

Given the symmetry and periodicity we consider the domain

D1 = {(α, y)| − π

2
< α <

π

2
, −∞ < y <∞}.

Note that for our dynamical system we are only interested in the upper part of the

plane, where y > 0.

1. The intersection points of the curve (3.10) with α-axis and y-axis are

{(0, 0), (0,

√
c− 1

3
), (0,−

√
c− 1

3
), (

π

2
, 0), (−π

2
, 0)}.

2. For (3.10) the differential form is

(9y2 − c+ 1)dy − 6

b
cos 2αdα = 0. (3.11)

When we have a differential form, we obtain the vector field and we can

describe the curve by the parametrization (y(t), α(t)). When the vector field

corresponding to the curve is zero, there is an extremum on the curve. We

find the extremum from dy
du = 0 and dα

du = 0.

3. (a) If dy
du = 0 then α = π/4 or α = −π/4. In each case α = ±π/4, we obtain

y from the corresponding equation

y3 − (
c− 1

3
)y ∓ 1

b
= 0. (3.12)

We see that the equations (3.12) have both one real solution or three real

solutions, depending on the parameters b and c. Thus we have two or
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six extrema at the curve. The bifurcation line is defined by

b =
27

2
(c− 1)−

3
2 , (3.13)

blue dashed-dotted curve in the bifurcation diagram, Figure 3.5. Above

the curve we have 6 extrema and below the curve we have 2 extrema. In

Figure 3.3, y-extrema are marked by green squares.

(a) b < 27
2

(c− 1)−
3
2 (b) b < 27

2
(c− 1)−

3
2

(c) b = 27
2

(c− 1)−
3
2 (d) b > 27

2
(c− 1)−

3
2

Figure 3.3: Vertical isocline topological bifurcation. Parameter values are a = 1.0,

c = 4.0, b is varied. Isocline is shown in domain −π < α < π, except figure (a),

where −π/2 < α < π/2. Green square dots indicate y-extrema and blue square

dots indicate α-extrema of the isocline.

(b) If dα
du = 0 then

y =

√
c− 1

3
or y = −

√
c− 1

3
,

i.e. the zeros of the derivative of (3.10). If y =
√
c−1
3 , then there are two

solutions for α,

α1 = −1

2
arcsin(

2

27
b(c− 1)

3
2 ) and α2 = −π

2
+

1

2
arcsin(

2

27
b(c− 1)

3
2 ).
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Similarly, if y = −
√
c−1
3 , then the solutions for α are

α1 =
1

2
arcsin(

2

27
b(c− 1)

3
2 ) and α2 =

π

2
− 1

2
arcsin(

2

27
b(c− 1)

3
2 ).

Thus we have four α-extrema. In case of b > 27
2 (c − 1)−

3
2 , there are no

α-extrema, because of the definition domain of the arcsin.

In Figure 3.3, the implicitly defined curve (3.10) is presented for different

values of parameter b, while values of the parameters a and c are fixed. Green

square dots indicate y-extrema and blue square dots indicate α-extrema of

the isocline curve.

4. Bifurcation.

If both derivatives, dy
du and dα

du , are equal to zero, we talk about a stagna-

tion point. Stagnation points are determined by intersection of vertical and

horizontal isoclines.

We show the transition from b < 27
2 (c − 1)−

3
2 to b > 27

2 (c − 1)−
3
2 by the

bifurcation line. The blue dashed-dotted curve in the bifurcation diagram,

Figure 3.5. It is topological bifurcation of the isocline. We illustrate it in

Figure 3.3.

Analysis of isoclines in case c < 1

In case c < 1 we have one additional horizontal isocline,

y =
√

1− c. (3.14)

This isocline is intersecting the vertical isocline, (3.10), which is extensively ana-

lyzed above. The intersection point of the horizontal and the vertical isocline is an

equilibrium point.

Depending on the values of b and c there are three different positions of the

horizontal isocline (3.7) with respect to the vertical isocline (3.10). The isoclines

could have five or seven intersection points, which are equilibrium points of the

system, see Figure 3.4. At the bifurcation line we have six equilibrium points.

To find the bifurcation condition on b and c that distinguishes five and

seven equilibria we need to solve the system of two equations, (3.12) and (3.14).

The result is

b =
3

4
(1− c)− 3

2 . (3.15)

Thus we have two cases:

1. b < 3
4 (1− c)− 3

2 , then we have 7 equilibrium points;

2. b > 3
4 (1− c)− 3

2 , then we have 5 equilibrium points, see Figure 3.4.
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(a) 3 equilibrium points, c = 1.

(b) 7 equilibrium points, c = 0.75, b(1−
c)3/2 < 9/16.

(c) 6 equilibrium points. c = 0.27. Bi-

furcation.

(d) 5 equilibrium points, c = 0.07, b(1−
c)3/2 > 9/16

Figure 3.4: Global bifurcation. Case c ≤ 1. Parameter values are a = 1.0, b = 1.2,

c is varied. Isoclines are presented in the domain −π < α < π. Red dots indicate

equilibrium points of the system.

At the bifurcation line, b = 3
4 (1− c)− 3

2 , we have 6 equilibrium points. The equilib-

rium points are indicated by red dots in Figure 3.4.

The α-coordinates of the equilibrium points can be found by solving the

equation

sin 2α =
4

3
(1− c) 3

2 b.

The analysis of the isoclines is similar, if we consider the original isocline

(3.8), where y is an implicit function of x. Both bifurcation conditions (3.13) and

(3.15) are valid and stay the same. The result is the bifurcation diagram in Figure

3.5.
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Figure 3.5: Bifurcation diagram. The (b, c) plane is divided in 5 regions.

3.3.2 Local bifurcation analysis.

In the case c > 1, we refer to a film blowing process condition in which the pressure

difference is smaller than the pulling force. Practically speaking, this is a necessary

condition to blow film. Henceforth we only consider parameter values c > 1. As we

see in Section 3.4, in practice the values of parameter c are concentrating around 4.

In this section we focus on the local bifurcation analysis of System (3.3).

In Figure 3.6 we show the isoclines for our system with the corresponding directions

of the vector field on the isoclines. These directions of the vector field are determ-

ined by the sign of the functions g and f , respectively. Thus we obtain:

g(
π

2
, y) = 2a2by2(c− 1 + y2),

g(−π
2
, y) = −2a2by2(c− 1 + y2),

f(0, y) = by(c− 1− 3y2),

f(x, 0) = 6a sinx cos2 x.

In the phase plane, the isoclines divide the domain into five distinct parts, marked

as I - V in Figure 3.6. In each part according to the direction of the vector field,

we draw the flow lines (see black arrows). The vector field determines the sign of

dx/ds, and dy/ds and with that the direction of the tangent.

The signs of the derivatives in the respective regions are in Table 3.1.

Theorem 2. System (3.3) has the four equilibrium points in the domain D:

(0, 0), (0, ye), (−π/2, 0), and (π/2, 0),
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Figure 3.6: Isoclines, vector fields and division of the domain in 5 parts.

Table 3.1: Signs of derivatives.

I dx
ds > 0 dy

ds < 0

II dx
ds > 0 dy

ds > 0

III dx
ds < 0 dy

ds > 0

IV dx
ds < 0 dy

ds < 0

V dx
ds > 0 dy

ds < 0

where ye =
√

1
3 (c− 1).

We note that the equilibria with y = 0, (x, y) = (0, 0), (x, y) = (−π/2, 0),

and (x, y) = (π/2, 0), in the original description of the film blowing process (see

model (2.38)) refer to the points on the z-axis of that local curvilinear coordinate

system. The equilibrium point (x, y) = (0, ye) is determined by the parameter c

only, the ratio between scaled pulling force and scaled pressure, and not by the

parameters a and b.
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To analyze the type of the equilibrium point of the system, we linearize

the system around the equilibrium point. We use the Jacobian matrix, J ,

J =

(
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

)
.

The partial derivatives ∂f
∂x , ∂f

∂y , ∂g
∂x and ∂g

∂y are

∂f

∂x
= 6a cosx(cos2 x− 2 sin2 x) + by(c− 1− 3y2) sinx

(
(2a2 − 3) cos2 x− a2 sin2 x

)
,

(3.16i)

∂f

∂y
= b(cos2 x+ a2 sin2 x)(c− 1− 9y2) cosx, (3.16ii)

∂g

∂x
= 2a2by2 cosx(c− 1 + y2), (3.16iii)

∂g

∂y
= 4a2by sinx(c− 1 + 2y2). (3.16iv)

Since the Jacobian is zero for the points (0, 0), (−π/2, 0), and (π/2, 0),

for these points we use the analysis based on vector fields. If we examine the phase

plane, we see that the points (0, 0) and (π/2, 0) are saddle points. They are not

stable, since the vector fields are going out of these points, see Figure 3.6.

We apply the second order approximation to find the type of equilibrium

in (−π/2, 0). It indicates that this is an asymptotically stable equilibrium, see

Appendix (A) for detailed derivation. Also in the phase plane analysis we see that

region V is a region of stability, the arrows of vector fields are pointing to the point

(−π/2, 0). Thus the point (−π/2, 0) is an attractor.

The only property to be investigated is the equilibrium at (0, ye). The

Jacobian matrix of the system in equilibrium point (0, ye) is

J(0, ye) =

(
6a −2b(c− 1)

8
9a

2b(c− 1)2 0

)
.

The eigenvalues of matrix J(0, ye) are

λ1,2 = 3a

(
1±

√
1− 16b2

81
(c− 1)3

)
. (3.17)

The conclusion is that the point (0, ye) is unstable. We introduce the local bifurc-

ation curve

b(c− 1)3/2 =
9

4
. (3.18)

1. If b > 9
4 (c− 1)−

3
2 , then both eigenvalues are complex with positive real part,

so we have an outgoing spiral.
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2. If b < 9
4 (c − 1)−

3
2 , then both eigenvalues are real and positive, we have an

unstable node, a source.

We illustrate these two cases in Figure 3.7 for parameter values a = 0.3, c = 0.4,

where b is varied. In Figure 3.7a equilibrium point (0, ye) is unstable node, source,

and in Figure 3.7b equilibrium point (0, ye) is outgoing spiral.

(a) Point (0, ye) is unstable node. (b) Point (0, ye) is outgoing spiral.

Figure 3.7: Local bifurcation, point (0, ye) changes its type, a = 0.3, c = 0.4

Thus local bifurcation analysis give us one more bifurcation line, (3.18),

which is the pink dotted line in the bifurcation diagram, Figure 3.5.

3.3.3 Separatrix

First, we discuss that part of the bifurcation diagram with points

{(b, c)| c > 1 and b(c− 1)3/2 < 9/4}.

In that region the system has a repeller, (0, ye), and an attractor, (−π/2, 0), where

ye =
√

1
3 (c− 1).

In the phase portrait for any initial point in region II, its solution orbit

goes through regions III and IV and connects the repeller, (0, ye), and the attractor,

(−π/2, 0). For initial points in the regions I and IV the situation is different. Both

regions are divided into two parts. In one part the solution orbit passes through

the region II and then through III and IV, to approach the attractor. In the other

part, the solution orbit does not enter the region II, but directly enters the region

IV. These are the orbits that go from IV to I and back to IV and connect repeller

and an attractor.

The orbits that connect repeller to an attractor by IV-I-IV correspond to

deflating bubbles. The solution orbits that go to IV-I-II-III-IV relate to inflating

bubbles, see Figure 3.8. Two regions are distinguished by a separatrix.
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(a) Phase portrait, (θ, r) plane.
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(b) Inflating and deflating bubbles in (r, z).

Figure 3.8: Two solution curves corresponding to the initial conditions: (θ0, r0) =

(−0.55355, 1) blue line (inflating bubble) and (θ0, r0) = (−0.55363, 1) red dashed

line (deflating bubble).

In the construction of the separatrix we consider the half of the isocline

(3.5iii),

I(x, y) = 6a sinx cosx+ by(c− 1− 3y2)(cos2 x+ a2 sin2 x) = 0,

in the left segment −π/2 < x < 0, as we depict in Figure 3.9 by the pink line.

First we consider the point (x1, y1) the point in the negative half segment

of the isocline, for which x is minimal. The solution orbit through the point (x1, y1)

is completely contained in the region IV and connects the repeller (0, ye) with the

attractor (−π/2, 0), see green dotted curve in Figure 3.9.

The line segment {(0, y)| 0 < y < ye} is mapped by reverse flow of the

dynamics on the part of the isocline described by

{(x, y)| I(x, y) = 0, y2 < y < ye}.

Thus the unique point (x2, y2) on the isocline with y2 > y1 is connected to the point

(0, 0). Thus the solution orbit through the point (x2, y2) connects the point (0, 0)

to the point (0, ye), see black dashed curve in Figure 3.9.

The part of the isocline

{(x, y)| I(x, y) = 0, 0 < y < y1}

is mapped by the reverse flow to the part of the isocline

{(x, y)| I(x, y) = 0, y1 < y < y2}.
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Figure 3.9: Approximate sketch of the separatrix. Division of the domain into two

regions - with inflating solution (white area) and deflating solution (shaded area).

The pink curve is the vertical isocline. The green dotted curve is the solution orbit

through the point (x1, y1). The black dashed curve is the solution orbit through

the point (x2, y2). Both black and green curves together form the separatrix. The

red dashed curve is the solution orbit with initial point on the isocline, y > y2,

correspond to inflating bubble.

Thus the orbits going through the point on that segment y1 < y < y2 connect to

the repeller and are bounded by the curves going through the points (x2, y2) and

(x1, y1). We see that the region IV is divided into several parts. The orbits through

the points bounded by the solution orbits through (x1, y1) and (x2, y2) deflate, all

the other points inflate, see Figure 3.9.

The next region in the bifurcation diagram is defined by

{(b, c)| 9/4 < b(c− 1)3/2 < 27/2}.

In this region the repeller is the unstable spiral. The solution orbits show the

spiraling behavior. Thus the curves through the points (x1, y1) and (x2, y2) show

the spiraling behavior in the neighborhood of the repeller, (0, ye). Both orbits are

still determining the region where the solution orbits relate to the deflation. It

means that not only I and IV are divided by the separatrix but also II and III, see
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Figure 3.7b, green line.

In the part of the bifurcation diagram described by

{(b, c)| b(c− 1)3/2 > 27/2},

the topology of the isocline changes. Although this region is not referring to a

realistic film blowing process we can examine the dynamics to fully analyze our

dynamical system of equations. The topology of the isocline changes such that

there is no point (x1, y1) any longer, and thus there is no separatrix.

All curves start at the repeller, spiral in the regions I, II, III, and IV until

they reach the lower isocline segment, the point marked by the blue star, and then

they enter the region V and connect to the attractor.

The consequence is that all curves relate to inflation, see Figure 3.10.

Figure 3.10: Phase portrait for the case b(c − 1)3/2 > 27/2, specifically, a = 0.3,

b = 2.7, and c = 4.2. Isocline is the pink curve. Three solution orbits correspond

to the initial points on the different parts of the isocline - the red, green and blue

curves. Initial points are marked by the green diamonds and blue star.



92 Analysis of the dynamic system for isothermal film blowing model

3.4 Practical aspects of the analysis. Results on

the application

In this section, we interpret the conclusions drawn from the bifurcation analysis as

presented in Section 3.3 in terms of the practical aspects of the film blowing process.

In (2.38) - (2.40) we presented the model for a film blowing process. This

model contains parameters that partly need to be identified on the basis of the

boundary conditions at the die exit, z = 0, and at the freeze line height, z = 1, in

dimensionless form as set by the process, (2.41). In total there are three dimension-

less unknown parameters to be identified, b, c, and send. The mathematical model

is a nonlinear system with a four dimensional state. Thus, to have a unique solu-

tion and a unique identification of these three parameters, we need seven boundary

conditions, see Subsection 2.2.1. In Chapter 4, we indicate how and with what

optimization routine we identify these parameters.

In Section 3.3 we explored the bifurcation behavior of the system with

respect to the parameters b and c. As a result we present a bifurcation diagram, see

Figure 3.11. In this section we formulate facts and findings in terms of the original

dimensionless coordinates, r, z, and θ.

(a) 0 < b < 3 and 0 < c < 8 (b) Zoomed in

Figure 3.11: The bifurcation diagram of Section 3.3 with identified parameters for

the data of true film blowing processes. Data are in the box 0.24 < b < 0.55 and

2.9 < c < 5.1.

We optimized parameters (γp, γf ) for 72 conditions related to six film

blowing lines, and we present the corresponding pairs of (b, c) in Appendix A.2, in

the Tables A.1, A.2, and A.3, we note that b = γp and c =
γf
γp

.
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In Figure 3.11 the bifurcation diagram is presented, where we plotted with

blue circles the pairs (b, c) corresponding to the table. We see that the optimized

parameters (b, c) are bounded by the box of points

{(b, c)| 0.24 < b < 0.55, 2.9 < c < 5.1}.

We observe that the data clusters around the centroid (0.3, 4.0). The

points (b, c) from the industrial film blowing line, Line 6 are marked by green squares

in Figure 3.11b are clear outliers. Thus none of a lab line, marked by blue circles do

not reflect the film blowing properties of the Line 6. Practically, it means that the

Line 6 is operated in a different way than the other film blowing lines for the same

polymer types. Moreover we see that the Line 6 is operated in three conditions

distinguished by a blow up ratio. While the second industrial scale film blowing

line, Line 5, is very well mimicked by the laboratory lines.

3.4.1 Sensitivity of the solution orbit to the choice of the

initial point

From our local bifurcation analysis we deduce that since c is close to 4, re =√
1
3 (c− 1) is close to 1. Therefore the initial point (θ0, 1), is close to the repeller

(0, re), if the initial angle θ0 is close to 0.

If we consider Figure 3.11, then we come to the conclusion that for 86%

of the cases, the film blowing lines are operated in the parameter region, where

the pull up force is 4 times higher than the pressure force, c > 4, according to the

model.

For c > 4, re > 1, the initial angle should be smaller than 0 to reach

the requested height. As we saw, the negative angles that result in a deflating

bubble, are bounded by θ∗, which is a bit smaller than θiso. Here θiso is defined

by the intersection of the isocline and line y = 1, and θ∗ is the intersection of the

separatrix and the line y = 1. To get to the right solution we need to choose the

initial angle in the interval

θ∗ < θ0 < θiso.

Since the separatrix is very close to the isocline, the range for the initial angle θ0 is

very small. Thus the solution becomes highly sensitive to the initial point, (θ0, 1),

as we see from the Figure 3.12.

As the plot suggests θ0 = −6.45322◦, results in inflation, and θ0 =

−6.4538◦ results in deflation, explaining the sensitivity of the model to the initial

angle within a range of O(10−3) degrees.

Due to this dependence of the dynamics on the initial point (θ0, 1), the

model of the process is not robust, and any numerical scheme will suffer from

instability in the identification of the parameters b and c. At this point we would
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(a) Phase portrait, solution curves in

(θ, r) plane.

(b) Inflating and deflating bubbles in

(r, z) plane.

Figure 3.12: Two solution curves corresponding to the initial conditions: (θ0, r0) =

(−0.11263, 1) blue line (inflating bubble), and (θ0, r0) = (−0.11264, 1) red dashed

line(deflating bubble).

like to mention that the exploration and analysis of the dynamical system (3.3),

as we describe in this chapter, in particular the conclusion that we draw on the

sensitivity to the initial point (θ0, 1) is new.

3.4.2 Inflating range

The initial condition for the radius is r0 = 1, and so re > r0, if c > 4, and re < r0,

if c < 4.

(a) Case c > 4 (b) Case c < 4

Figure 3.13: Interval for initial angle θ0, where we can get inflating bubble.

In Figure 3.13 we show the phase planes with isoclines corresponding to
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the cases c > 4, and c < 4, while a = 0.17, b = 0.35 are taken fixed in both figures.

In Figure 3.13a c = 4.62, and in Figure 3.13b c = 3.2.

In Subsection 3.3.3 we introduced the concept of a separatrix, which de-

termines the inflating range and the deflating range.

The inflating range is determined by

{(θ, r)| r = 1, θ > θ∗},

where (θ∗, 1) indicates the point on the separatrix. We prove existence of the

separatrix but can not calculate it analytically. We know that the separatrix is

close to the negative part of the isocline {(θ, r)| I(θ, r) = 0, θ < 0}, and thus

θ∗ is well approximated by the point on the isocline θiso. Thus we can define the

approximate inflating range by the initial angle θ > θiso, where

θiso = arctan

(
1

a

[
1

γ
(1−

√
1− γ2)

])
≈ arctan

( γ
2a

)
(3.19)

and γ = (4−c)b
3 .

For the case 1 < c < 4, the angle θiso is positive, and in case c > 4, angle

θiso is negative.

In practice, to have an inflating solution is not sufficient, the solution

should also satisfy the conditions z|send = 1, u|send = DDR, r|send = BUR. Gener-

ally the consequence of this that for c > 4 the initial condition for θ is θ0 < 0. See

Tables A.1, A.2, and A.3 for optimized initial angles θ0.

3.4.3 Effect of geometrical parameter a

The parameter a is the ratio between the die radius and the freeze line height. The

parameter determines the range of initial angles by which we can draw, see Formula

(3.19).

In Figure 3.14 we show several isoclines for several values of the parameter

a < 1, where we keep the parameters b and c fixed, Figure 3.14a corresponds to the

case c < 4, and Figure 3.14b to the case c > 4.

If c < 4 then decrease of the parameter a decreases the positive range of θ

with which we can blow, see Figure 3.14a. If c > 4, we observe the opposite effect.

If a is closer to 0, then the negative range of θ, with which we can blow, increases.

In Chapter 2 we present a non-isothermal model with a cooling ring. In

that model the parameter a represents the ratio between cooling ring exit and the

adjusted freeze line height. Generally, in the film blowing line with cooling ring, the

geometrical factor a is larger than the geometrical factor a for film blowing lines

without cooling ring, due to the cooling ring dimensions.

Since both velocity and radius increase in the cooling ring segment, both

DDR and BUR for the free surface part become smaller. The effect of smaller
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(a) Case c < 4 (b) Case c > 4

Figure 3.14: Analysis of isocline, changing parameter a, while keeping b and c fixed.

DDR and BUR is that values of the parameter b are larger, see Figure 3.15, and

the starting angle θ is positive. We conclude that a cooling ring leads to a more

robust model than the model for a blowing line without cooling ring.

Figure 3.15: The bifurcation diagram with identified parameters (b, c) for isothermal

model (blue circles), and for non-isothermal model (green stars). The data is given

for true film blowing processes.
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3.4.4 Approximation of non-isothermal model

In this subsection we extend the result of our explorations to the non-isothermal

model. The main aspect of the non-isothermal model is that it takes into account

the increase of the viscosity along the film blowing line due to the decrease of tem-

perature. In the isothermal model we use the reference viscosity, η0. This reference

viscosity is part of the dimensionless parameter b, and not of the dimensionless

parameters a and c. If we replace the temperature dependent viscosity along the

film blowing line in the non-isothermal model by an average viscosity η̂ =
ηaverage

η0
,

with η̂ > 1, then we get the following model for r, z, θ and u,

dz

ds
= cos θ, (3.20i)

dr

ds
= sin θ, (3.20ii)

dθ

ds
=

cos θ
(
6aη̂ sin θ cos θ + bnonr(c− 1− 3y2)(cos2 θ + a2 sin2 θ)

)
2a2bnonr2(c− 1 + r2)

, (3.20iii)

du

ds
=
(bnon

4aη̂
(c− 1 + r2)(cos θ + a2 sin2 θ

cos θ
)− sin θ

2r

)
u. (3.20iv)

We write

bnon = bisoη̂, (3.21)

and in system (3.20) we replace η̂ by 1, to obtain the same system as (2.38). The

conclusion is that we obtain optimized parameters biso, c, and send and thus the

parameter bnon = bisoη̂. In Figure 3.15 we show by green stars the operational

conditions reflected by the pairs (b, c) for the non-isothermal model with cooling

ring.

As we see for the non-isothermal case the values of c cluster at 4 and the

values of b are around 1.3. In the isothermal model we found values of c clustering

around 4 and the values of b clustering around 0.3. Thus the average effect of the

temperature model is increase of viscosity with a factor 13
3 , which is completely

realistic.





Chapter 4

Implementation of the film

blowing model

We separate the full model of the film blowing process into two parts - kinematic

and dynamic. Correspondingly, we have two separate implementations, one for each

part.

The kinematic model is a system of first order non-linear differential equa-

tions with parameters that partly need to be identified on the basis of boundary

conditions. The dynamic model is a system of differential equations, where small

time scales combined with large time scales are the implementation challenge.

The input for a kinematic model is described in Section 4.1.1, and for

validation purposes, that input should be provided from real world applications.

The output of the kinematic model is the radius, velocity, tangent angle, height

profiles, and strain rates in meridional, parallel and normal directions. That output,

combined with additional input parameters, which are related to the viscoelastic

constitutive behavior of the polymer, is the input for the dynamic model. Output of

the model is the development of the elongational stresses in meridional, parallel and

normal directions. The overall implementation strategy of the film blowing model,

developed in this research, is presented in Figure 4.1.

The kinematic implementation consists of four main parts: (1) an optimiz-

ation procedure to estimate force and pressure parameters given a fixed temperature

development, (2) calculation of the heat transfer coefficient and temperature profile

in the free surface part, knowing radius, angle and arc length, (3) an iterative pro-

cedure to estimate the temperature profile, given the heat transfer coefficient, (4)

an iterative procedure to estimate the velocity of the film at the interface between

the cooling ring and the free surface part for a fixed temperature at the cooling

ring exit, assuming that we know all model parameters: pressure, force, and heat

99
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Figure 4.1: Scheme of implementation strategy on general level
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transfer.

The detailed description of kinematic model implementation is given in

Section 4.1. In Chapter 3 we have given a detailed description of the isothermal

model, in this chapter we give a full description of the implementation of the non-

isothermal model. In the implementation of the dynamic part of the model we use

the PTT and the Maxwell constitutive models, as described in details in Section

4.2.

The results of this numerical implementation strategy are discussed in

next chapter. They are related to film properties.

4.1 Implementation of the kinematic model

The kinematic model is a system of first order non-linear differential equations that

contains parameters that partly need to be identified on the basis of boundary

conditions. The model is described in details in Section 2.2.2. Here we present a

summary of the model, Equations (4.1i) - (4.1vi), (4.2i) - (4.2ii) relate to the free

surface part. Formulae (4.3i) - (4.3vi) correspond to the cooling ring part, where

the conditions (4.4) determine the unknown parameters in that formulae.

dr

ds
= sin θ, (4.1i)

dz

ds
= cos θ, (4.1ii)

dθ

ds
=

cos3 θ
(
6γg η̂(T ) tan θ + r(γf − γp − 3γpr

2)(1 + γ2
g tan2 θ)

)
2γ2
gr

2(γf + γp(r2 − 1))
, (4.1iii)

du

ds
=
( 1

4γg

cos θ

η̂(T )
(γf + γp(r

2 − 1))(1 + γ2
g tan2 θ)− sin θ

2r

)
u, (4.1iv)

dT
ds

= −γhr
1√

γ2
g sin2 θ + cos2 θ

T , (4.1v)

η̂(T ) = exp

(
εa

(
1

1 + (Tc − 1)T
− 1

Tc

))
, (4.1vi)

where sc < s < send, and boundary conditions are

z(sc) = 0, r(sc) = 1, z(send) = 1, r(send) = BUR2, θ(send) = 0, (4.2i)

T (sc) = 1, T (send) = Tfl, u(send) = DDR, u(sc) = uc. (4.2ii)
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Cooling ring part

r(s) = rmin + s sin θ0, (4.3i)

z(s) = s cos θ0 − zmin, (4.3ii)

θ(s) = θ0 = arctan

(
1− rmin
zmin

)
, (4.3iii)

u(s) = exp

(∫ s

0

(
cos θ0(1 + γ2

g tan2 θ0)

4γg

(γf + γcp(r(s
′)2 − 1))

η̂(T (s′))
− sin θ0

2r(s′)
)ds′

)
,

(4.3iv)

T (s) = T0 exp

(
−γhc(rmins+

1

2
sin θ0s

2)

)
, (4.3v)

η̂(T ) = exp

(
εa

(
1

1 + (Tc − 1)T
− 1

Tc

))
, (4.3vi)

where 0 < s < sc =
√
z2
min + (1− rmin)2, Tc = Tc

Tamb
, and γhc is from Equation

(2.76). The boundary conditions for cooling ring part are

u(0) = 1, u|CR(sc) = uc, T (0) = T0, T (sc) = 1. (4.4)

We developed three algorithms that on basis of the given input parameters

and the boundary conditions identify the unknown parameters in the kinematic

model (γf , γp, γh, uc, γ
c
p, send), see Figure 4.2. With all parameters known, we

use the model to find the strain rate and the viscosity. Apart from that we find the

geometry of the bubble (of the free surface part) and the temperature profile. Each

of the algorithms requires input and provides output.

Algorithm A needs as input the dimensionless velocity at the cooling ring

exit, the temperature profile of the free surface film, and as output provides us with

an estimation of dimensionless pressure and force parameters, and radius, height,

angle and velocity profiles. Algorithm B needs the output of the Algorithm A as

input, and as output provides heat transfer coefficient and temperature profile of

the free surface film. Algorithm C uses as input the output of algorithms A and B

and provides a cooling ring exit velocity as output.

In the subsequent sections we discuss the input parameters to the kin-

ematic model, the boundary conditions, the numerical algorithms by which we

determine the unknown model parameters, and calculate the state vector. Then we

discuss the verification of each algorithm.

4.1.1 Input to the kinematic model

In Table 4.1 we represent the dimensionful input parameters to the kinematic model,

where we partly repeat the information from Table 1.1.
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Figure 4.2: Kinematic model implementation scheme.
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Table 4.1: List of dimensionful input parameters with values. Film blowing lines:

L1 - lab scale and L5 - industrial scale, polymer P1.

Name Symbol Unit L1 (Lab) L5 (Ind.)

Blow up ratio BUR − 2.2 3.0

Draw down ratio DDR − 21.46 24.58

Height of the frost line Zfl m 0.99 1.14

Die radius R0 m 0.12 0.15

Velocity of taking up rolls Ufl m/sec 0.86 1.27

Volumetric output Q1 m3/sec 6.38× 10−5 1.13× 10−4

Cooling ring radius Rc m 0.18 0.25

Cooling ring height Zc m 0.10 0.17

Activation energy Ea kJ/mol 36.90 36.90

Reference viscosity ηref Pa× s 940 940

Universal gas constant Rg J/(mol ×K) 8.31 8.31

Temperature of the polymer melt

- in the die T0
◦C 239 213

- at the end of the cooling ring Tc
◦C ≈ 170 ≈ 170

- at frost line height Tfl
◦C ≈ 100 ≈ 100

Ambient temperature Tamb
◦C 24.4 26.7

We scale height, radius, velocity and temperature by

z =
Z − Zc

∆Z
, r =

R

Rc
, u =

U

U0
, T =

T − Tamb
∆Tc

, (4.5)

where ∆Z = Zfl − Zc, and ∆Tc = Tc − Tamb.
We implemented the dimensionless model, which requires ratios of the dimensionful

parameters as input. The dimensionless input is described in Table 4.2.

4.1.2 Overall implementation strategy

The implementation scheme (see Figure 4.2) consists of two loops: an inner loop

and an outer loop. In the inner loop we use Algorithm A to calculate the unknown

parameters γf and γp and the state vector (r, z, θ, u). The input is the temperature

profile and the velocity of the cooling ring exit. The output of Algorithm A is used

in Algorithm B to determine a new temperature profile and heat transfer coefficient,

γh. Convergence of the inner loop means that for a given velocity at the cooling ring

exit the state vector and the temperature together with the parameters minimize a

cost function. From the output of Algorithms A and B we obtain a new velocity at
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Table 4.2: List of dimensionless input parameters with values

Name Symbol L1 (Lab scale) Algorithm

Blow up ratio in FS BUR2 1.55 A

Draw down ratio DDR 21.46 A

Geometrical ratio in FS γg 0.20 A

Dimensionless die radius rmin 0.70 C

Dimensionless die height zmin 0.11 C

Pressure ratio between CR and FS parts ν 0.2 C

Dimensionless activation energy εa 14.92 A, B, C

Dimensionless temperature of the polymer melt

- at the die exit T0 1.47 A, B, C

- at the frost line height Tfl 0.52 A, B

- at the cooling ring exit Tc 1.49 A, B, C

the cooling ring exit by applying Algorithm C. That new velocity, uc and the newly

calculated temperature profile set up the next step in the iteration.

4.1.3 Algorithm A. Optimization strategy and its verification

Fixed input to Algorithm A are the given BUR2, DDR, εa and the geometrical

ratio, γg. From the iteration as input we obtain the temperature profile, T (z) and

the velocity at the cooling ring exit, uc. And, effectively, also the parameters γp and

γf , and send from the previous iteration. The numerical scheme needs a step size,

∆s. In its backward integration we fixed a step size beforehand to the dimensionless

value 0.01. To complete the summary of the input to Algorithm A we introduce

Send as a sure upper limit of the true interval of integration, send.

From the input we calculate the conditions at the frost line height, s =

send, and at the cooling ring exit, s = 0, as follows

r(send) = BUR2, z(send) = 1, θ(send) = 0, u(send) = DDR2 =
DDR

uc
,

(4.6)

r(0) = 1, z(0) = 0, u(0) = 1. (4.7)

Backward integration

We decided to use the backward integration approach instead of the forward integ-

ration approach, because, as we conclude in Chapter 3, the problem is sensitive to

the initial conditions, if these conditions indicate an initial state close to the source.
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By backward integration we avoid this problem and we are able to identify the

unknown γp, γf and send by minimizing a cost function related to the conditions

at the cooling ring exit and frost line height.

What does it mean?

We introduce the new independent variable š = send − s and with that the new

state (ř, ž, θ̌, ǔ), satisfying the dynamic system

d

dš


ř

ž

θ̌

ǔ

 = −


sin θ̌

cos θ̌

fθ(ř, θ̌)(
1

4γg
cos θ̌
η̂(T ) (γf + γp(ř

2 − 1))(1 + γ2
g tan2 θ̌)− sin θ̌

2ř

)
ǔ

 , (4.8)

where

fθ(ř, θ̌) =
cos3 θ̌

(
6γg η̂(T ) tan θ̌ + r(γf − γp − 3γpř

2)(1 + γ2
g tan2 θ̌)

)
2γ2
g ř

2(γf + γp(ř2 − 1))
.

We separate the components (ř, ž, θ̌) from the state. These components satisfy

the system

d

dš

řž
θ̌

 = −

 sin θ̌

cos θ̌

fθ(ř, θ̌)

 . (4.9)

For this subsystem the conditions at the frost line height, š = 0, are

ř(0) = BUR2, ž(0) = 1, θ̌(0) = 0. (4.10)

The result of integrating the system (4.9) is (ř, ž, θ̌) as a function of š.

Then we transform the result to the original independent variable s, and integrate

the remaining equation for the velocity u forward, using u(0) = 1 at the cooling

ring exit. Explicitly,

u(s) = exp

(∫ s

0

(
1

4γg

cos θ

η̂(s)
(γf + γp(r

2 − 1))(1 + γ2
g tan2 θ)− sin θ

2r

)
ds

)
. (4.11)

Numerical scheme for backward integration

Numerically it means the following: we discretize the independent variable arc

length

š = [š0, š1, ..., šN1
],

where ši+1 − ši = ∆s, i = 0, ..., N1 − 1 and š0 = 0, šN1
= Send. Backward

integration by applying the Runge-Kutta method with the step size ∆s from š0 to

šN1 yields vectors

ř = [ř0, ř1, ..., řN1
], ž = [ž0, ž1, ..., žN1

], θ̌ = [θ̌0, θ̌1, ..., θ̌N1
].
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Since − cos θ is negative (see Chapter 3), ž is monotonously decreasing,

and thus

1 = ž0 > ž1 > ... > žN1 .

We determine N from the condition

ž(N) > 0, ž(N + 1) < 0,

and estimate send = N∆s.

We now define the vectors r, z, θ in RN+1 by

r = [řN , řN−1, ..., ř0], z = [žN , žN−1, ..., ř0], θ = [θ̌N , θ̌N−1, ..., θ̌0],

and s = [s0, s1, ..., sN ], where si = i∆s. Then we find the axial velocity, u =

[u0, u1, ..., uN ], by numerically integrating the equation (4.1iv) for each point si
from [s0, s2, ..., sN ],

uk = exp

(
1

2
∆s

k−1∑
l=0

Fl + Fl+1

)
, (4.12)

where Fl = Fl(η̂l, rl, θl) =
(

1
4γg

cos θl
η̂l

(γf + γp(r
2
l − 1))(1 + γ2

g tan2 θl)− sin θl
2rl

)
, and

k = 0, ..., N .

So the result of backward-forward integration strategy are the vectors

r, z, θ,u. And by having vector s we have estimated send.

Optimization strategy for pressure and force parameters identification

The next step is the optimization strategy to determine the unknown parameters

γp, γf , and send. For that we introduce a cost function

Cost(γp, γf , N) = (r0 − 1)2 + (
uN

DDR2
− 1)2 + (z0)2. (4.13)

We see that if the cost function is 0, then we solved the problem and obtained the

parameters γp, γf and N , where N is referring to an estimate of the parameter

send.

The steps for the optimization strategy are the following:

1. From the previous iteration we have the initial guess γp,0, γf,0.

2. By backward integration we determine N , observing that N depends on the

step size ∆s. We come back to this choice of ∆s later. And thus we determine

the unknown send.

3. Parameters γp,0, γf,0 are the initial parameters of the standard gradient based

optimization method fminsearch that minimizes the given cost function (4.13).
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The step size ∆s determines the accuracy in our problem, specifically the value of

the cost function. The acceptable value of the cost function in our case is 5× 10−5.

The result of the minimization is the estimated parameters γp, γf , and

send. In this part the fixed given input was γgeom, BUR2, DDR2. The parameters

γp, γf , and send can be considered to be dependent on them. For given values we

can easily calculate the solution of the Newtonian model: radius, angle, height, and

axial velocity as functions of arc length variable, by backward integration.

Verification of algorithm A. Zero check.

In order to verify that the implementation of algorithm A provides meaningful

output, we performed a verification. We choose a reference data set, for which

all the parameter values and boundary conditions are known (see Table 4.3). We

assume fixed velocity at the cooling ring exit, uc, and a linear temperature profile.

The challenging task here is to find a consistent data set. For that we

decided to solve the problem as boundary value problem for this system of equations,

d

ds


r

z

θ

u

 =


sin θ

cos θ

fθ(r, θ)

fu(r, θ)u

 , (4.14)

with boundary conditions

r(0) = 1, z(0) = 0, u(0) = 1, z(send) = 1. (4.15)

Where we fix the parameters γg, γp, and γf . The parameter send is still free, we

calculate send by fitting

θ(send) = θend = 0.

The output is

r(send) = BUR, θ(0) = θ0, u(send) = DDR.

The result of this calculation is presented in the first row of Table 4.3. The second

row of that table refer to the values of the parameters obtained from backward

integration with the same model parameters γg, γp and γf .

We observe that in the ”consistent data set” the value of θend is not zero,

whereas the optimization algorithm starts with θend = 0.0. This is the reason why

the row 1 and row 2 in Table 4.3 are not exactly the same.

In the verification we want to see if the algorithm is capable of retrieving

γf , γp and send. In the first step of verification we use as initial guesses the true

values of γf and γp, and as a result we obtain the true values see Table 4.3, row 3.

A step size chosen here is ∆s = 0.01. Thus we can not expect the calculated results
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Table 4.3: The consistent list of parameter values for the Newtonian model and the

result of the first step of verification for γg = 0.25. By the superscript ∗ we indicated

the calculated values. Here FW - forward, BW - backward, Alg - algorithm.

γp γf send BUR DDR θ0 θend cost

FW 1.0000 4.5000 1.29∗ 1.7796∗ 11.5750∗ 0.429790 0.005502∗ −
BW 1.0000 4.5000 1.29 1.7796 11.5806∗ 0.432100∗ 0.000000 3.2× 10−5

Alg A 0.9999∗ 4.4991∗ 1.29∗ 1.7796 11.5750∗ 0.432100∗ 0.000000 3.3× 10−6

to have a higher accuracy. The result of the optimization algorithm yields γf and

γp optimized with the following accuracy

|γoptimizedf − γtruef | = 1.4× 10−4, |γoptimizedp − γtruep | = 8.6× 10−4,

which is more than satisfactory, see Figure 4.3.

Figure 4.3 shows that the velocity and radius profiles are the same for the

data from Table 4.3. For the radius profiles the differences are not visible in the

presented scale, in fact they are in the order of 10−4 and for the velocity profile the

differences are in the order of 10−3, which is acceptable, see Figure 4.4.

(a) Radius profile. (b) Velocity profile.

Figure 4.3: Forward (blue line) and backward (dashed red line) integration results

calculated for the data from Table 4.3, row 1 and 2. Scaled radius and velocity

profiles as a function of height.

Verification of Algorithm A. Optimization scheme exploration

Cost function

One run of the minimization procedure (fminsearch in Matlab) takes 15-23 seconds
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(a) Radius differences. (b) Velocity differences.

Figure 4.4: Differences in the radius and velocity profiles for forward integration

and backward integration (blue line), and for forward integration and calculations

from the optimization Algorithm A (dashed red line) as a function of arc length.

(Computer: Processor: i5 2.67GHz, 4.0 GB RAM, 64-bit OS). The cost function

convergence is presented in Figure 4.5.

For the optimization algorithm we need an initial guess of the paramet-

ers, which we denote by γp,0, and γf,0. In Figure 4.5a we visualize the case with

initial estimates in the optimization that overestimate the real optimal values of the

parameters γp and γf by (+5%). In Figure 4.5b the initial guess underestimates

the real value of parameters γp and γf by −5%. For the underestimated initial

guess the optimization algorithm gets stuck in the local minimum, where the cost

function is in the order of 10−4. For the overestimate we reach the true value after

12 iterations, where the value of the cost function reaches 10−6, which is acceptable

for our model.

Initial guess

In the second step of the verification process, we use the optimal values of γp and

γf perturbed by 1%, 2%, 5%, 10%, 20% as initial guesses, and explore with what

accuracy the optimization retrieves the optimum parameters γp and γf . The results

of the second step of the verification process are presented in Figures 4.6 - 4.9.

In Figures 4.6 and 4.7 we show the value of the cost function at the final

step of the iteration of the optimization versus initial guesses γp,0 and γf,0. We

observe that underestimation of γp,0 and γf,0 does not lead to an acceptable value

of the cost function.

Another way to show the same effect is visualized in Figures 4.8 and

4.9. In these figures we calculated the cost function values for the fixed γf and γp
(where we did not use optimization). In Figure 4.8, γf was fixed to three values:

4.455, 4.500, and 4.545, where γp was varied in the range [0.8, 1.2]. In Figure 4.9,

γp was fixed to three values: 0.95, 1.00, and 1.05, where γf was varied in the range
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(a) The optimization is initialized by the

parameters +5% from the optimal ones.

(b) The optimization is initialized by the

parameters −5% from the optimal ones.

Figure 4.5: Cost function convergence, where the horizontal axis indicates the num-

ber of iterations and the vertical axis the value of the cost function.

Figure 4.6: Cost function (z-axis) of the final step of the optimization as function

of initial guess γp,0 (x-axis) and γf,0 (y-axis). The initial guess is the optimal value

perturbed by successively 5, 10, 20%.
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[4.25, 4.75].

From Figure 4.8 we see that if we underestimate γp, independently of γf ,

the optimization process gets stuck in the local minimum (”wiggly” behavior of

the cost function). This conclusion is not true for overestimating γp, it leaves the

optimization process to the global minimum.

From the behavior of the cost function as function of γf we see that

an underestimate of γf generally does not lead to the same convergence problems

as an underestimate of γp. An overestimate of more than 2.5% may lead to an

optimization process that gets stuck in the local minimum. Figure 4.9 shows this.

Step size verification

In the third step of the present verification we consider the dependence of γf , γp,

and send on the step size, ∆s. As initial guess for optimization, we took the optimal

parameters γf and γp for step size ∆s = 0.01, and calculate by algorithm A the γf ,

γp, and send as a function of the step size, ∆s. In Figure 4.10 we show results, in

terms of scaled parameters

γ∗f =
γf (∆s)

γf (∆s = 0.01)
, γ∗p =

γp(∆s)

γp(0.01)
, s∗end =

send(∆s)

send(0.01)

where the step size was varied in the range [0.001, 0.05]. In Figure 4.11 we indicate

the corresponding cost function of the optimization. We see that for step size

Figure 4.7: Cost function (z-axis) of the final step of the optimization as function

of initial guess γp,0 (x-axis) and γf,0 (y-axis). The initial guess is the optimal value

perturbed by successively 1, 2, 5%.
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Figure 4.8: Cost function as function of γp, where γf is fixed to three values:

γf = 4.455 (dashed-dotted orange line), γf = 4.500 (blue line), and γf = 4.545

(dashed green line), where γp was varied in the range [0.8, 1.2].
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Figure 4.9: Cost function as function of γf , where γp is fixed to three values:

γp = 0.95 (green line), γp = 1.00 (blue line), and γp = 1.05 (dotted orange line),

where γf was varied in the range [4.25, 4.75].

Figure 4.10: Step size verification. Here x axis is step size, ∆s, and y axis is

relative parameters, γ∗p (blue line with diamond markers), γ∗f (green dashed line

with hexagram markers), and s∗end (orange dashed-dotted line with square markers).
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Figure 4.11: Step size verification, where x axis is step size and y axis is the cost

function of the optimization.

∆s < 0.025 the variation between the final parameters and the ”optimum” ones

(obtained for ∆s = 0.01) is less than 1%, and the corresponding cost function is

cost < 10−4. For the step size smaller than 0.015 the variation in the optimal

parameters becomes less than 0.5%, and the corresponding cost function is smaller

than 2× 10−5, which is acceptable for our model. The conclusion is that the choice

of the step size, ∆s = 0.01, is reasonable, and we can set as an acceptable threshold

for our cost function 2× 10−5, if we want to have results with 0.05% accuracy, and

10−4, if we want to have results with 1% accuracy.

4.1.4 Algorithm B. Iterative technique for the temperature

model and its verification

Input to algorithm B is the discrete state vector (r, z, θ, u), obtained from al-

gorithm A, the parameters γf and γp and the dimensionless temperature of the

frost line height, Tfl and the temperature at the cooling ring exit, T (sc). Output of

algorithm B is the heat transfer coefficient, γh, and the temperature profile of the

film free surface part, T (s), see kinematic model implementation scheme in Figure

4.2.

We start with differential equation (4.1v) for the temperature. When we

know r, θ, and the parameters γg and γh, then we can explicitly find the integral,

which in the continuous case is

T (s) = T (sc) exp(−
∫ s

0

γh
r(s′)

k(s′)
ds′), (4.16)



116 Implementation of the film blowing model

where k(s′) =
√
γ2
g sin2 θ(s′) + cos2 θ(s′), and T (sc) = 1. We discretize this equa-

tion, and find the discrete temperature state T = [T0, T1, ..., TN ] by applying the

trapezoidal method of numerical integration according to

Ti = T (si) = exp

(
−γh

∆s

2

i−1∑
l=0

(
rl
kl

+
rl+1

kl+1

))
, (4.17)

where i = 1, ..., N , and we introduce the vector k = [k0, k1, ..., kN ]. The dimension-

less heat transfer coefficient, γh, we find from the relation

TFL = exp

(
−γh

∆s

2

N−1∑
l=0

(
rl
kl

+
rl+1

kl+1

))
. (4.18)

In the inner loop we combine algorithms A and B as follows. We start with

a suggested temperature profile and an estimated velocity value uc. We calculate the

viscosity profile according to the Arrhenius law using the temperature profile and

use the viscosity profile in algorithm A. On basis of the fixed boundary conditions,

see Table 4.2, we compute by algorithm A the discrete state vector, (r, z, θ, u) and

calculate the unknown γf , γp, and send. By algorithm B we compute the unknown

γh and a new temperature profile described by the discrete temperature state T .

In the second iteration of the loop, this new temperature profile T (1)

replaces the initial temperature profile, T (1), and thus we have a new viscosity

profile as input to Algorithm A. The number of iterations in this loop is determined

by the convergence of the temperature and viscosity profiles. In the applications we

use 2-3 iterations. The convergence of the temperature profile iterates is controlled

by considering the difference between two consecutive iterates, T m − T m−1. If it

is lower than a threshold, convergence is acceptable.

Output of the inner loop are the parameters γp, γf , γh, the dimensionless

arc length, send, and the full discrete state vector (r, z, θ, u, T ), see Figure 4.2

In the next subsection we show the results of our iteration strategy.

Verification of the inner loop

Since we already have verified Algorithm A, we only need to verify the combination

of algorithms A and B, in particular the inner loop convergence. The data for

verification of inner loop convergence is taken from Table 4.1. We show iterate

values of γp, γf and viscosity profile η̂ for 5 iterations. We conclude that after 3

iterations the result stabilizes, see Table 4.4.

We visualized results for 5 iterations in Figures 4.12a and 4.12b. In Figure

4.12a we show the iterate values of γp and γf and how they change in percentage

with respect to the value of γp and γf in the last iteration. In Figure 4.12b we show

the iterative viscosity profiles. From both Figures 4.12a and 4.12b we conclude that

the inner loop converges after 3 iteration steps.
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Table 4.4: Verification of inner loop. Optimized model parameters after each itera-

tion step and their relative change with respect to the last iteration step. Number

of iterations in the inner loop, N = 5.

iterations γp γf γip − γNp in % γif − γNf in %

1 0.8431 3.3914 -0.51% -0.22%

2 0.8407 3.3756 -0.80% -0.69%

3 0.8478 3.3999 0.04% 0.03%

4 0.8475 3.3992 0.01% 0.01%

5 0.8474 3.3989 0.00% 0.00%

(a) Relative differences
γip−γ

N
p

γNp
(blue line)

and
γif−γ

N
f

γN
f

(dashed red line) after each iter-

ation step

(b) Viscosity profile as function of arc

length, η̂(s) after each iteration step.

Figure 4.12: Results for the verification of the inner loop convergence.

4.1.5 Algorithm C. Model with cooling ring and its verifica-

tion.

The input to algorithm C are the parameters γp, γf , γg, ν and the boundary

conditions BUR2, T0, T (sc). Output of the algorithm C is the discrete state

vector (r, z, u, T )CR, with a fixed θCR, in particular the velocity at the end of the

cooling ring, u|CR(sc) = uc.

For a value uc of the velocity at the exit of the cooling ring we obtain the

state (r, z, θ, u, T ) and the parameters γp, γf , γh and send by the iterative technique

described in Section 4.1.4. The parameter γp fixes γcp and we can calculate velocity

u(s) for the defined shape of the cooling ring determined by equations (4.3i), (4.3iii)

and the defined temperature regime, see (4.3v). If u|CR(sc) = uc, the problem is

solved.
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Algorithm of the outer loop simulation (algorithms A, B and C)

We assume a value u0
c of the velocity at the exit of the cooling ring.

1. With the strategy described in the previous Subsection we determine the

unknown parameters γp, γf , γh and send, given the velocity u0
c as a boundary

condition.

2. Knowing γp, we calculate γcp on the basis of our assumptions using relations

(2.73).

3. With the values γf , γcp we simulate the cooling ring part, and calculate the

velocity in the cooling ring part, u(s), where 0 < s < sc. Then we know the

velocity at the end of the cooling ring, u0,CR
c = u(sc, γ

c
p, γf ).

4. We define a new estimate for the cooling ring exit velocity by

u1
c =

u0,CR
c + u0

c

2
(4.19)

Thus we come to the conclusion that we have a solution of the film blowing process

with the cooling ring incorporated if the difference between velocity at the cooling

ring exit at the cooling ring side and at the free surface side is zero,

ui,CRc − uic = 0. (4.20)

Since we have the accuracy of our numerical calculation, we can not expect the

difference 4.20 to be exactly zero. So we consider the accuracy to be acceptable if

the velocity satisfies
ui,CRc −uic

uic
< 0.01.

We iterate a couple of times to find the velocity at the exit of the cooling

ring with acceptable accuracy and with that estimate we determine the unknown

parameters (γp, γf , γh, γcp, send).

Verification of the outer loop

The data for verification of the outer loop is taken from Table 4.1.

We started an iteration of the outer loop by initiating the velocity at the

cooling ring exit, u0
c . In Figure 4.13 we show the relative change of the values ui,CRc

(blue line), γp (dashed green line) and γf (dashed-dotted purple line) per iteration.

The relative change is calculated as follows, we calculate N iterands, and determine

the relative difference of the iterands with respect to the last iterative value, for the

velocity

∆ui =
ui,CRc − uN,CRc

uN,CRc

× 100%, ∆γip =
γip − γNp
γNp

× 100%, ∆γif =
γif − γNf
γNf

× 100%
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The conclusion is that we get an acceptable estimation of parameters γp,

γf and uc after 3 or 4 iterations, with the relative change smaller than 1%. In

Figure 4.14 we show the absolute difference between the velocity at the exit of the

cooling ring at cooling ring side, uCRc , and at free surface side, uFSc ,

diff u = |ui,CRc − ui,FSc |.

The numerical results of the verification strategy are presented in Table 4.5.

Figure 4.13: Verification of outer loop. The relative change in percentage of the

values ui,CRc (blue line), γp (dashed green line) and γf (dashed-dotted purple line)

per iteration.
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Figure 4.14: Verification of outer loop. Horizontal axis is number of iterations,

vertical axis is the absolute difference between velocity at the exit of the cooling

ring at cooling ring side and at free surface side.

Table 4.5: Verification of outer loop. Optimized model parameters after each itera-

tion step and their relative change with respect to the last iteration step. Number

of iterations in the outer loop, N = 11.

iteration ui,CRc γp γf ∆ui ∆γip ∆γif diff u cost

1 3.245 0.9151 3.7839 15.7% 8.7% 11.8% 1.045 1.0E-05

2 2.880 0.8582 3.4600 2.7% 1.9% 2.2% 0.158 7.5E-07

3 2.835 0.8506 3.4169 1.1% 1.0% 0.9% 0.034 2.7E-07

4 2.826 0.8490 3.4078 0.8% 0.8% 0.7% 0.007 2.0E-07

5 2.803 0.8418 3.3844 0.0% 0.0% 0.0% 0.019 4.6E-07

6 2.802 0.8513 3.3877 -0.1% 1.1% 0.1% 0.010 8.9E-05

7 2.832 0.8501 3.4137 1.0% 1.0% 0.8% 0.024 2.4E-07

8 2.804 0.8420 3.3856 0.0% 0.0% 0.0% 0.016 4.7E-07

9 2.803 0.8514 3.3880 0.0% 1.1% 0.1% 0.009 8.9E-05

10 2.832 0.8501 3.4139 1.0% 1.0% 0.8% 0.025 2.4E-07

11 2.804 0.8420 3.3855 0.0% 0.0% 0.0% 0.016 4.8E-07
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4.1.6 Qualitative validation of the overall implementation for

variable cooling ring size

In this qualitative validation we take a typical industrial film blowing set up de-

scribed by the data as indicated in Table 4.1, see data corresponding to line L5. We

gradually decrease the height of the cooling ring according to the description of the

cooling ring in terms of the polar coordinates

r = z tan θ.

We take z = 1.0, 0.8, 0.6, 0.4, 0.3, 0.2, 0.1 0.0. In Figure 4.15 we show the radius

profile of the bubble for z = 1.0 and indicate the position of the exit of the cooling

ring in our modeling experiment by green diamonds. The temperature at the exit

of the cooling ring is also decreased gradually with respect to the corresponding

temperature profile got for z = 1.0, see Table 4.6.

Figure 4.15: Shape of the film for modeling experiment. The positions of the cooling

ring in each experiment are indicated by green diamonds.

The result is the parameters uc, γp, γf , γh, θ(sc) and send, for each

modeling experiment, presented in Table 4.6. In Figure 4.16 we show the relative

differences of parameters.

The conclusion is that these parameters as function of percentage of the

cooling ring size are smoothly (even monotonously) changing in the expected dir-

ection, see Figure 4.16. For instance uc decreases, which is as to be expected.
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Table 4.6: CR verification results

% of CR size Tc,
◦C uc γp γf γh θ0

100 170 3.21 1.00 4.21 0.27 0.5497

80 179 2.54 0.97 4.37 0.24 0.5437

60 189 1.98 0.91 4.34 0.20 0.4751

40 198 1.55 0.82 4.21 0.16 0.3717

30 202 1.38 0.79 4.05 0.14 0.0926

20 206 1.23 0.73 3.89 0.12 0.0146

10 210 1.10 0.66 3.56 0.10 -0.2775

0 214 1.00 0.64 3.32 0.08 -0.4917

Parameters γf and γp have decreasing behavior. It can be explained as follows,

average viscosity in the free surface part increases, and scaled force and pressure

are inversely proportional to the viscosity, so they are expected to decrease.

Figure 4.16: Verification of the cooling ring model.

In Figures 4.17a and 4.17 we present the bubble shape and velocity profiles

obtained from the implementation of the model for cooling ring sizes of 100%, 40%, 10%

and 0%.
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(a) Shape of the film for four modeling ex-

periments.

(b) Velocity of the film for four modeling

experiments.

Figure 4.17: Result of the validation of the model with the cooling ring

4.1.7 Response surface and initial guess estimation

Initial guess estimation and verification

In this section we describe the procedure to obtain the initial guess for the op-

timization procedure (Algorithm A). We note that in this optimization procedure

we determine the missing dimensionless parameters of the kinematic model: scaled

pulling force, γf , scaled pressure force, γp, and velocity at the exit of the cooling

ring see Subsection 4.1.3.

We recall that the input for the optimization routine is BUR, DDR, and

γFSg , and the output of the routine is uc, γf , γp, and send.

For an appropriate initial guess we define a domain for the triple (BUR,

DDR, γg). We discretize this domain and obtain a grid. For that grid we calculate

the optimal values uc, γf , γp and as a result we construct the response surfaces

for all, uc(BUR,DDR, γg), γf (BUR,DDR, γg) and γp(BUR,DDR, γg). Instead

of leaving BUR free, we fix it to the values 2.2, 2.5, and 3.0, because these three

values were considered in the experiments see Chapter 1. We use the following

discretization

BUR ∈ {2.2, 2.5, 3.0},

γg ∈ {0.1534, 0.2033, 0.2500, 0.3012, 0.3521} and DDR ∈ {20, 25, 30, 35, 40}.

From Figure 4.18a we see that for each γg velocity uc depends linearly on
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(a) uc as a function of DDR for five different

γg : {0.1534, 0.2033, 0.2500, 0.3012, 0.3521}.
(b) Velocity uc as a function of DDR for

three different BUR : {2.2, 2.5, 3.0}.

Figure 4.18: -

the DDR, thus we can write the linear formula

uc = a1(γg)DDR+ a0(γg)

and find the corresponding parameters, a0 and a1 for each γg. In Figure 4.19a we

show that a0 and a1 are linear with respect to γg and in Figure 4.19b we show that

a0 and a1 are nearly independent of BUR. As a result of this part we can write the

formula for this case:

uc = a11γgDDR+ a10DDR+ a01γg + a00, (4.21)

where a11 = 0.291, a10 = −0.023, a01 = 3.771, a00 = 1.026.

In Figure 4.21a we observe the response surface for scaled pressure force,

γf . In Figure 4.21b we observe the response surface for scaled pulling force, γp.

The plots indicate that the parameters uc, γf and γp depend smoothly

on BUR, DDR and γg. Based on this observation we are allowed to interpolate,

so that the values of uc, γf and γp can be predicted for any combination of γg and

DDR from the domain [0.1534, 0.35]× [20, 40], given BUR = 2.2, 2.5, 3.0.

The response surfaces (see Figures 4.22 - 4.24 for BUR = 2.2) could

be a good indication of the initialization of the parameters uc, γf and γp for the

optimization procedure.

Possible initializations of the velocity in the end of the cooling ring

One more point that we did not discuss - is how to initialize the velocity at the

end of the cooling ring. To start the simulation algorithm we need to know an
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(a) uc as function of γg for three different

BUR : {2.2, 2.5, 3.0}
(b) uc as function of BUR for five different

γg : {0.1534, 0.2033, 0.2500, 0.3012, 0.3521}.

Figure 4.19: -

(a) a1(γgeom) (b) a0(γgeom)

Figure 4.20: -

(a) γf as a function of DDR for three differ-

ent BUR : {2.2, 2.5, 3.0}
(b) γp as a function of DDR for three differ-

ent BUR : {2.2, 2.5, 3.0}

Figure 4.21: -
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Figure 4.22: Response surface, uc as a function of γg and DDR.

Figure 4.23: Response surface, γp as a function of γg and DDR.
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Figure 4.24: Response surface, γf as a function of γg and DDR.

approximate value of the velocity at the exit of the cooling ring, u0
c . Based on the

analysis above we approximated the initial velocity as function of γg and DDR:

u0
c = uc = 0.291γgDDR− 0.023DDR+ 3.771γg + 1.026.

This formula is based on the given data set of 72 experiments. The formula can be

used for initial guess estimation for uc.

4.1.8 Output of the kinematic model. Shape, velocity, tem-

perature and stress profiles

Scalability aspects. Shape, velocity and stresses for four different set-

tings.

In this section we present the plots of the output variables of the simulation of the

kinematic model, which is the non-isothermal Newtonian model with cooling ring.

In Table 4.7 input parameters for five different film blowing lines are presented. We

fix the polymer, P1, and the blow up ratio, BUR = 2.2 in each simulation case.

The temperature input parameter values are taking from Table 4.1.

Output parameters are summarized in Table 4.8. The plots of radius,

velocity, temperature, viscosity and stresses are presented in Figures 4.25 - 4.30 for



128 Implementation of the film blowing model

Table 4.7: Input parameter values, polymer P1, BUR = 2.2

FB line R0 Rc Ufl DDR Zc Zfl Q1 T0 Tamb

m m m/sec - m m m3/sec ◦C ◦C

L1 0.12 0.18 0.86 21.46 0.10 0.99 6.38E-05 238.9 24.4

L2 0.04 0.06 0.35 28.59 0.06 0.30 5.88E-06 217.0 21.1

L3 0.10 0.15 1.13 25.70 0.10 1.02 4.99E-05 208.4 21.1

L4 0.03 0.05 0.34 37.67 0.03 0.28 4.32E-06 229.4 21.1

L5 0.15 0.25 1.73 33.81 0.17 1.27 1.12E-04 213.3 27.2

all five setups. The meridional and the parallel stresses are graphically presented

only for the free surface part in Figures 4.29 and 4.30.

Table 4.8: Kinematic model output for five different setups.

FB line uc γp γf γf/γp γh F dP tend max(σmm) max(σpp)

- - - - - N Pa s Pa Pa

L1 2.80 0.8513 3.3893 3.98 0.39 1.76 4.45 1.38 3.2E+04 2.1E+04

L2 4.66 0.9490 3.7224 3.92 0.42 0.55 13.79 1.35 4.3E+04 2.6E+04

L3 DG1 2.20 0.8413 3.3799 4.02 0.42 1.60 5.47 1.70 4.7E+04 3.0E+04

L4 DG2 3.53 0.9127 3.6904 4.04 0.42 0.51 19.04 1.31 5.1E+04 3.2E+04

L5 3.48 1.1197 4.4975 4.02 0.51 2.92 3.71 1.26 5.4E+04 3.1E+04

We see that the L1, L3 and L4 line have the same dimensionless geometry,

see Figure 4.26. In Figure 4.27 we observe from the velocity profiles that line L1

behaves completely different from the others. If we look at the temperature in Figure

4.28, we see that the cooling ring position has the main effect on the behavior.
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Figure 4.25: The real scale radius profile as a function of distance for five film

blowing cases.

Figure 4.26: The dimensionless radius profile as a function of distance for five film

blowing cases.
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Figure 4.27: Dimensionless velocity profile

Figure 4.28: Temperature profile
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Figure 4.29: Meridional stress profile

Figure 4.30: Parallel stress profile
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4.2 Implementation of the dynamic model

We recall that our model consists of two parts: kinematic and dynamic. In the

implementation of the dynamic part we need as input the output of the kinematic

model (radius, velocity, tangent angle, height profiles, and strain rates in meridi-

onal, parallel and normal directions) and the parameters, related to the viscoelastic

constitutive behavior of the polymer, such as relaxation time and modulus and

other model parameters.

Output of the dynamic model is the development of the elongational

stresses in meridional, parallel and normal directions. The overall implementa-

tion strategy of the film blowing model, as developed in this research, is presented

in Figure 4.1. In Figure 4.31 part of this scheme is repeated, specifically, the part

concerning the dynamic model implementation.

Figure 4.31: Dynamic model implementation scheme, where DL - dimensionless,

DF - dimensionful

In the implementation of the dynamic part of the model we use the Max-

well and PTT constitutive models. They are described in detail in Sections 2.3 -

2.5.

4.2.1 Input to the dynamic model

In Table 1.3, we present the model parameters related to the Arrhenius law for

the viscosity and relaxation time. For the Maxwell and PTT models, we need to

consider the relaxation spectrum of the polymer. This spectrum is determined by
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the set of relaxation times with corresponding relaxation moduli. We refer to Table

1.4, where the relaxation spectrum for polymer P2 is presented.

For the PTT model we need ε, as an additional parameter. This parameter

fixes the level at which the stresses starts to form a plateau, where the Maxwell

stresses increase exponentially for large relaxation times. For the three polymers

that we considered, we have ε = 0.1, 0.3, 0.3, respectively.

In Figure 4.32a we show the set of relaxation times for three polymers:

P1, P2 and P3 and in Figure 4.32b we show the corresponding relaxation moduli.

The spectra consist of 10 relaxation times. We observe that the polymers P1 and

P2 are similar, and different from the polymer P3.

(a) 10 relaxation times (b) 10 relaxation moduli

Figure 4.32: Relaxation spectrum data for three different polymers, P1 (blue

circles), P2 (green stars) and P3 (orange triangles).

We expect that if the relaxation spectrum would have predictive quality

for film properties, then at least one of these properties would distinguish polymers

P1 and P2 from P3.

4.2.2 Maxwell model. Single mode and multimode.

Maxwell single mode implementation

We take the output of the kinematic model related to the input data as presented

in Table 4.1. That output is input to the dynamic model. We use the Maxwell

single mode constitutive relation to calculate stresses, see Subsection 2.5.1, Equation

(2.154). In Figure 4.33 we show for a fixed relaxation modulus, G = 1.0, and

different relaxation times λ̂c ∈ {0.0002, 0.001, 0.005. 0.01, 0.1, 1.0}, the resulting

stress profiles, τ̂mm(z) in dimensionless scale. As reference we have plotted Newton

stress, see Equation (2.155).
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Figure 4.33: Maxwell meridional stress profiles as function of height, τ̂mm(z) (orange

dotted line) for different values of λ̂c and for G = 1 compared to corresponding

Newton stresses (blue line).

In Figure 4.34 we show the meridional stress profiles for a broader spec-

trum of relaxation times ranging from 2×10−4 to 102. We see that stresses increase

exponentially with relaxation times.

Figure 4.34: Maxwell meridional stress profiles as function of height, τ̂mm(z) for 10

different relaxation times.

The observation from Figure 4.33 is that for small relaxation times there
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is no difference between Newton and Maxwell stresses, and for λ̂c > 0.001 the

difference is starting to be more and more prominent. We note that here we talk

about dimensionless relaxation time, λ̂c = λc
λprocess

, where λprocess =
Zfl−Zc
U0

. So,

λ̂c = 0.1 means that the relaxation time is 10 times smaller than the process time.

Dealing with small relaxation times numerically

In this section we show how our strategy solves the problem of small relaxation

times, λ̂c � λTHR, where we show that λTHR = 10−4. We discussed the modeling

strategy in case of small relaxation times in Section 2.5.2 in detail.

In Figure 4.35 we show that the strategy that we developed in Section

2.5.2 for small relaxation times leads to an acceptable solution for meridional stress.

As a reference we apply the straightforward numerical integration method to solve

Equation (2.162), which results in numerical instabilities. The approximation fails

for λ̂c > 0.002, see Figure 4.36.

Thus we put a threshold for the value of λ̂c. If λ̂c < λTHR, then we

calculate the solution of Equation (2.162) by the strategy, developed in Section

2.5.2. If λ̂c > λTHR then we apply the straightforward numerical integration of

Equation (2.162).

The value of the threshold we choose is λTHR = 10−4, see Figure 4.35.

For τ̂pp and τ̂nn we have a similar approach.

(a) λ̂c = 10−5 (low) and λ̂c = 2×10−5 (high) (b) λ̂c = 5×10−5 (low) and λ̂c = 10−4 (high)

Figure 4.35: Maxwell meridional stress for small relaxation times. Comparison of

the approximation (blue and green lines) and straightforward numerical integration

(dashed-dotted orange and pink lines).
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Figure 4.36: λ̂c = 0.002 (low) and λ̂c = 0.006 (high)

Multimode Maxwell implementation

The Maxwell multimode constitutive model is discussed in Subsection 2.5.3. To

calculate the meridional stress we use Equations (2.168) and (2.169), for parallel

and normal stresses we use Equations (2.173) and (2.174) respectively.

We take the output of the kinematic model related to the input data as

presented in Table 4.1. That output is input to the dynamic model combined with

the relaxation spectrum for polymer P1, as provided by the company DOW (see

Figure 4.32). For each of the relaxation modes we solve the corresponding ordinary

differential equation (2.168) by the standard Matlab routine ode45, which applies a

four-stage Runge-Kutta method, with step size 0.01. As discussed in the previous

subsubsection, for the relaxation times smaller than the threshold, we apply the

developed strategy to calculate stresses.

In Figure 4.37a we show the meridional stress for the Maxwell multimode

constitutive relation, in Figure 4.37b we show corresponding parallel and normal

stresses.

The meridional stress is a factor 40 higher than the parallel stress. The

normal stress is negative.

4.2.3 PTT model. Single mode and multimode.

PTT single mode

As we explain in the beginning of this section, the PTT model extends the Maxwell

model due to the additional parameter, ε. The dimensionless PTT model is presen-
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(a) Meridional stress, τmm (blue line).

(b) Parallel stress τpp (green dashed line)

and normal stress τnn (orange dotted line).

Figure 4.37: Maxwell multimode total stress profiles as a function of height.

ted by the system of equations (2.135). We implemented that system of equations

in Matlab, and solved it with the ode45 numerical integration method.

In Figure 4.38a we show the stress component τ̂mm for the fixed relaxation

time λ̂c = 0.001 and values of ε in the set ε ∈ {0.05, 0.1, 0.15, 0.20, 0.25, 0.30}
in comparison with corresponding Maxwell and Newton stresses. It turns out that

Maxwell, Newton and PTT stresses for this set of parameters coincide.

(a) λ̂c = 0.001 (b) λ̂c = 0.01

Figure 4.38: PTT meridional stress profiles as a function of height, τ̂mm for different

values of ε ∈ {0.0, 0.05, 0.1, 0.15, 0.20, 0.25, 0.30} compared to Maxwell (orange

dotted line) and Newton (blue dashed-dotted line) meridional stresses.

In Figure 4.38b we show the same stress component for the same values

of ε, but for the relaxation time λ̂c = 0.01. Now we can clearly distinguish between
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the PTT model and the Maxwell model for a different values of ε. Finally, in Figure

4.39 we show the same results for the relaxation time λ̂c = 0.1. We see that the

Maxwell stress explodes, whereas the PTT stress is lower with higher ε.

Figure 4.39: PTT meridional stress profiles as a function of height for different

values of ε ∈ {0.0, 0.05, 0.1, 0.15, 0.20, 0.25, 0.30} to Maxwell (orange dotted line)

and Newton (blue dashed-dotted line) meridional stresses. The relaxation time here

is λ̂c = 0.1.

For a higher value of λ̂c, higher ε creates a plateau for the PTT stress,

whereas the Newton stress shows an increase. The maximum value of the Newton

stress is similar to the PTT stress, corresponding to ε = 0.1

The conclusion is the smaller the relaxation times the more all constitutive

models (Newton, Maxwell and PTT) result in the same stress development pattern.

This fact we will use in our PTT multimode calculation.

We explored the effect of relaxation time on meridional stress in the PTT

model with ε fixed, where λ̂c ∈ {0.0002, 0.001, 0.005. 0.01, 0.1, 1.0, 10.0, 100}. In

Figure 4.40 we see that the PTT stress increases with increasing relaxation time,

but when the relaxation time λ̂c > 1 then the PTT stress forms a plateau and does

not go higher than 102, while Maxwell stress continues to increase.

PTT multimode

The PTT multimode constitutive relation in dimensionless form is presented as the

system of equations (2.136). Three parameters are present in multimode PTT case,

ε, λ̂c,k and Ĝk, in contrast to the dimensionless single mode PTT model (Equation

2.135), where only λ̂c and ε were present, since Ĝ = 1. Thus we explore the effect

of the relaxation modulus, Ĝk, on the meridional stresses in this section.

In Figure 4.41a we show the stress component τ̂mm for the fixed relaxation

time λ̂c,k = 0.01 and ε = 0.1 and values of relaxation modulus in the set Ĝk ∈
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Figure 4.40: Meridional stress profiles as a function of height for 8 different relax-

ation times, λ̂c ∈ {0.0002, 0.001, 0.005. 0.01, 0.1, 1.0, 10.0, 100}. PTT stresses

with ε = 0.1 (solid lines) compared to Maxwell stresses (dotted lines).

{10−5, 10−4, 10−3, 5×10−3, 0.01, 0.1, 0.3, 1.0} in comparison to the corresponding

Maxwell stress. For this parameter set, the Maxwell and PTT stresses coincide. We

see that the smaller the relaxation modulus is, the smaller the PTT (and Maxwell)

stresses are. In Figure 4.41b we show the same stress component for the same values

(a) λ̂c = 0.01 (b) λ̂c = 0.1

Figure 4.41: Meridional stress profiles as function of height, τ̂mm for different values

of Ĝk and fixed λ̂c,k. PTT stresses with ε = 0.1 (solid lines) compared to Maxwell

(dotted lines) stresses.

of ε and the same set of Ĝk, but for the relaxation time λ̂c,k = 0.1, and in Figure

4.42 for λ̂c,k = 1.0. In both figures we see that Maxwell stresses are higher than
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the one of the PTT model for all relaxation moduli. For the lowest value of Ĝk
maximum stresses in both cases are about 5 ∗ 10−4, which is very small.

Figure 4.42: Meridional stress profiles as function of height, τ̂mm for 8 different

relaxation moduli with fixed relaxation time λ̂c,k = 1.0. PTT stresses with ε = 0.1

(solid lines) compared to Maxwell stresses (dotted lines).

For all three cases the trend is that, for fixed relaxation time, the smaller

the relaxation modulus is, the smaller is the PTT meridional stress.

For PTT multimode calculation with full spectrum of relaxation times

(real case), we decided to calculate the stresses for each mode as follows: we put

a threshold on the relaxation time, such that for the relaxation times smaller than

that threshold, we use the Newton stresses instead of PTT, and for relaxation times

larger, we apply, the respective PTT modes. We show in the previous subsection

that for small relaxation times, all three models, Newton, Maxwell, and PTT, be-

have identically.

The resulting meridional stress of the PTT multimode model for each of

the 10 modes is given in Figure 4.43. The kinematic input data are taken from

Table 4.1 and the dynamic data are taken for polymer P1, see Figure 4.32.

Dealing with small moduli.

In this section we investigate the PTT multimode model, meaning that we are going

to see the effect of the relaxation times in combination with the relative relaxation

modulus, Ĝk.

In the PTT multimode case for one polymer, P3, we experienced a prob-

lem in calculating results for small relaxation moduli (last one or two modes). Here
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Figure 4.43: PTT meridional stresses as a function of height, τmm for 10 relaxation

times. The kinematic input data are taken from Table 4.1 and dynamic data are

taken for polymer P1, see Figure 4.32.

we recall the part of the ODE system (2.136), for the PTT multimode case:

dτ̂
[k]
mm

ds
= − 1

λ̂c,k
δ(s) exp (

ε

Ĝk
tr(τ̂ [k]))τ̂ [k]

mm +

(
2

u

du

ds

)
τ̂ [k]
mm + 2Ĝk

(
1

u

du

ds

)
. (4.22)

We define εk = ε

Ĝk
For small relaxation moduli, Ĝk, the corresponding

εk can be in the order of 103, or higher. If we analyze Equation 4.22, we see that

the inhomogeneous term for small Ĝk can be ignored. The resulting homogeneous

equations for τ̂
[k]
mm drop to zero almost instantaneously.

In the PTT multimode implementation we did not take into account re-

laxation times with a dimensionless relaxation modulus Ĝk < 10−5.

Output of PTT model for experimental data

We applied our implementation strategy to the data set with 72 experiments. One

of the main characteristics of the output is the meridional, parallel and normal

stress profiles as a function of height. We presente these stress profiles in Figures

4.44 - 4.45b for 3 different polymers, keeping machine and blow up ratio the same.

We see the effect of the choice of polymer on meridional stress profile. We see that

both meridional and parallel stresses are higher for P2 than for P1 and P3.
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Figure 4.44: The meridional stress as a function of height for polymers P1 (blue

dashed line), P2 (purple dashed-dotted line), and P3 (red line).

(a) Parallel stress (b) Normal stress

Figure 4.45: The PTT stress profiles as a function of height for polymers P1 (blue

dashed line), P2 (purple dashed-dotted line), and P3 (red line).
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Figure 4.46 shows the effect of the film blowing lines with different sizes

on the meridional stress profile.

Figure 4.46: The meridional stresses profile as a function of height for the polymer

P3 and the given eight film blowing setups. The stress at the freeze line height

ranges from 10.3× 104 to 14.6× 104 Pa.





Chapter 5

Results

What is typically used for film properties prediction is the nominal fabrication

conditions, which we call the input to our model, such as the geometry of the film

blowing machine, process parameters and polymer characteristics. By physics-based

modeling, we enriched the original data set by two additional data sets of predictors.

One consists of features from the kinematic model output and the other consists

of the features from the dynamic model output. For a schematic representation

of our research strategy see Figure 1.4 of Chapter 1. Our strategy results in a

combined data set consisting of 49 possible predictors for film properties in total.

For a schematic representation of the data flow considered in our research strategy

we refer to Figure 5.1.

Figure 5.1: Scheme of the data flow considered in the research strategy.

In this chapter, we investigate the additional information content obtained

from the kinematic and the dynamic features, if we combine them with input data.

145
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The analysis is based on principal component analysis. We describe methods to fit

the film property data, where we use our enriched data set. In these methods we

try to identify those features that correlate most with the given film property. In

total there are eight distinct film properties. The first method is based on principal

component analysis (PCA) and linear regression. The second method is based on

canonical correlation analysis.

In Section 5.1 we explore the features, we present scatter plots and show

their interdependencies. From 49 features we have 13 input features, 22 kinematic

features and 14 dynamic features. The features are either dimensionless or dimen-

sionful.

In Section 5.2 we describe 11 film properties, show histograms and scatter

plots that show certain dependencies on polymers and machines.

In Section 5.3 we investigate the added information content of the kin-

ematic features and dynamic features respectively. The information content is based

on the amount of variations in the data set. We show that adding kinematic and

dynamic features to input features significantly increases information content of the

data set.

In Section 5.4 we use two different strategies inspired by canonical correl-

ation analysis to distinguish significant features that best predict a film property.

We show results for four film properties, Gloss, Tear CD, Dart and Puncture 4. In

Appendix B we show the results for the other properties.

Prediction of film properties has been a topic for many researchers, we

summarize works of Majumder (2008), Butler (2006) and Tas (1994).

Majumder (2008) studied the effect of die temperature and cooling rate on

film properties, and presented categorical models, indicating for which film property

the temperature effects are significant, and for which are not. Majumder concluded

that high temperature and low cooling rate are favourable for low haze and high

gloss properties, and that he obtained a nonlinear relationship of the film strength

with the cooling rates in blown film process properties.

Tas (1994), in his thesis investigated the relationship between the physical

quantities of a physics-based model (like draw down ratio and meridional stress at

the freeze line) and certain film properties (tensile moduli, tear, dart, gloss and

haze). He represented these relationships on a one factor - one response basis in

terms of cross-correlation. Tas did not address the multi-factor - multi-response

issues that appear in statistical data models.

Butler (2006) suggested that residual stresses can significantly influence

film properties. He built multi-factor statistical models for film properties such

as Elmendorf tear (MD) and dart impact to combinations of nominal processing

conditions (e.g. blow-up ratio, die gap, film thickness and residual stresses). The

models are non-linear and include 13 to 22 factors.
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5.1 Features

The data that we use in our study is obtained from 72 experiments, carried out

in a laboratory environment or in manufacturing (industrial) environment. An

experiment means a fixed film blowing machine, fixed process conditions and fixed

polymer.

Experiments were carried out on six actual film blowing machines (L1 -

L6), where L1 - L4 are lab machines, and L5, L6 are industrial. The die gap for

L3, and L4 was varied. The experiments were performed for three different blow

up ratios, BUR = 2.2; 2.5; 3.0. Three types of LLDPE polymers are used in the

experiments: P1, P2, and P3. We gave a detailed overview of the available data set

in Section 1.3.

5.1.1 Input features

In Table 5.1 we present 13 input features of the film blowing setup that we consider

in our research. Table 5.1 is almost a copy of Table 4.1. We added one additional

characteristic, derived from the input, it is an important parameter in the kinematic

model, namely the geometrical ratio of the free surface part, γg = Rc
Zfl−Zc .

Table 5.1: List of 13 input features of the model.

Number Name Symbol Unit

1 Blow up ratio BUR −
2 Draw down ratio DDR −
3 Geometrical ratio γg −
4 Height of the frost line Zfl m

5 Die radius R0 m

6 Velocity at take up rolls Ufl m/sec

7 Volumetric output Q1 m3/sec

8 Cooling ring radius Rc m

9 Cooling ring height Zc m

10 Activation energy Ea kJ/mol

11 Reference viscosity ηref Pa× s
Temperature of the polymer melt

12 - in the die T0
◦C

13 Ambient temperature Tamb
◦C

Graphical representations of the available data set is presented in Section

1.3 in Figures 1.5 - 1.7.
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We calculated the correlation matrix of the input features to eliminate

those features that are linearly dependent on another one, see Figure 5.2. In Figures

Figure 5.2: Correlation matrix of the input features.

5.3a and 5.3b we see that R0 and Rc, Rc and Zc are linearly dependent. We

thus could eliminate one, namely, Rc. The correlation matrix also suggest linear

dependence between R0 and Zc, we decided to take Zc as a feature and ignore this

dependence. Thus the set of input features for film property fit is reduced to 12

features.

(a) R0 versus Rc (b) Zc versus Rc

Figure 5.3: Scatter plots of input features and suggested linear dependence.

In Figure 5.4 we show scatter plot related to γg versus DDR. From Figure

5.4 we conclude that for low γg DDR is independent of γg, where for high γg there

are suggested linear dependence.
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Figure 5.4: Scatter plot of γg versus DDR

5.1.2 Kinematic features

In this subsection we describe the features resulting from the output of the kinematic

model. Given the input features, the kinematic model identifies its unknown dimen-

sionless parameters and the dimensionless state vector (θ, r, z, u, T ), as a function

of the dimensionless arc length s. By implementing the kinematic model, the kin-

ematic features are calculated on basis of the computed state and the computed

unknown parameters and the given input features. We distinguish 22 dimension-

less and dimensionful features. We present them in Table 5.2. Effectively by the

kinematic model we obtain strongly non-linear relationship between the kinematic

features and the input features.

Description of the kinematic features

Part of the kinematic features is introduced in previous chapters in a different

context. The once, which are not introduced as such, are briefly described in this

subsection, where we indicate their meaning and the way to calculate them.

• Dimensionless features:

Dimensionless features that we distinguish for fit are uc, γp, γf , γh, send, θ0.

• Free surface part forces:

Viscous force,

Fvisco =
Qηref
Rc

.

Pressure force,

Fpressure = π∆PR2
c = γpQηref/Rc

The pulling force at take up rolls,

Fc = γfQηref/Rc.
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Pressure difference, ∆P = γp
Qηref
πR3

c
, see relations 2.60.

• Time characteristics:

Time to frost line,

tend =
∆Z

Uc

∫ send

sc

√
γ2
geomsin

2θFS + cos2θFS

uFS(s)
ds+

Zc
U0

∫ sc

0

1

uCR(s)
ds (5.1)

Butler time calculated from the Butler formula, see Butler, 2006.

tButler =

(
Zc

Uc − U0

)
× log

(
Uc
U0

)
+

(
∆Z

U1 − Uc

)
× log

(
U1

Uc

)
.

Time to θmax. The angle θmax is the maximum tangential angle at the bubble

curve between the cooling ring exit and the frost line height. We distinguish

the time from the position where that angle θmax is reached to the frost line

as the time to θmax:

tθmax =
∆Z

Uc

∫ send

s′

√
γ2
geomsin

2θ + cos2θ

u(s)
ds, (5.2)

where s′ is such that max(θ(s)) = θ(s′).

• Bubble geometry characteristics:

Length of the free surface curve,

Lend = ∆Z

∫ send

0

√
γ2
geomsin

2θ(s′) + cos2θ(s′)ds′. (5.3)

• Dimensionless model features:

Equilibrium radius, re. This radius is related to the equilibrium point of the

system of differential equations for the state (r, θ), see Section 3.3.

re =

√
1

3
(
γf
γp
− 1).

Determinant, Det. It is the determinant of the linearization matrix of the

system of ODE for the state (r, θ),

Det =
8γ2
geom(γf − γp)3

9γp

The determinant is the product of the eigenvalues λ1 and λ2, that are distin-

guished in our mathematical analysis of the kinematic model, see Subsection

3.3. The interesting information from this eigenvalues is the trace, λ1 + λ2,

and the determinant, λ1 × λ2. If the trace is negative and determinant is

positive, then the system is stable. In our exploration we found that the trace

is λ1 + λ2 = 6γg, see (3.17). Thus only the determinant is considered as a

feature.
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• Newtonian stress features:

Butler (Butler, 2006) (for formulas of stresses see page 7), suggested that

residual stresses can significantly influence film properties. Inspired by that

observation we distinguish the following six Newtonian stress characteristics

that can be obtained from the output of the kinematic model, where we use

the Newtonian constitutive relation relating strain rate and stress tensor, see

Equation (2.17).

Total force in meridional direction relative to the viscosity,

TotalFMD =
1

ηref

∫ Zfl

0

2πσmm(Z)R(Z)dZ

Total force in parallel direction relative to the viscosity,

TotalFCD =
1

ηref

∫ Zfl

0

2πσpp(Z)R(Z)dZ

Extra force in meridional direction relative to the viscosity,

ExtraFMD =
1

ηref

∫ Zfl

0

2πτmm(Z)R(Z)dZ

Extra force in parallel direction relative to the viscosity,

ExtraFCD =
1

ηref

∫ Zfl

0

2πτpp(Z)R(Z)dZ (5.4)

Additional to this forces we introduce the features 34 and 35, max(σmm) and

max(σpp).

Scatter plots of the kinematic features

For the kinematic features as for the input features we present the scatter plots and

we calculate the correlation matrix. According to the correlation matrix, see Figure

5.5 the relative forces as introduced are all dependent.

In scatter plots presented in Figures 5.6 - 5.9 we give evidence for linear

dependence/independence for the kinematic features. We distinguish three poly-

mers by marker and color. In Figure 5.6a we show scatter plot of γf versus γp,

which confirms the strong linear dependence between them except outliers. In Fig-

ure 5.6b we show uc versus γp. Although the data are scattered well, some linear

dependence can be observed, but not enough to exclude them.

Figure 5.7a suggest a inverse relationship between Fpressure and ∆P , and

Figure 5.7b a more of a linear relationship between Fvisco and Fpulling.

Figure 5.8a shows the linear relationship between the calculated tend and

the suggested tButler, as Butler time is a rough approximation of tend. There is no

relationship between tθmax and tend, see Figure 5.8b.
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Figure 5.5: Correlation matrix of the kinematic features.

(a) γf vs γp (b) uc vs γp

Figure 5.6: Dimensionless kinematic features for 72 data points, where we denote

data corresponding to the different polymers by: blue circles - P1, green diamonds

- P2, red pentagrams - P3.
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(a) Fpressure versus ∆P (b) Fvisco versus Fpulling

Figure 5.7: Dimensionful kinematic features for 72 data points, where blue circles -

P1, green diamonds - P2, red pentagrams - P3.

(a) tend versus tButler (b) tend versus tθmax

Figure 5.8: Dimensionful kinematic features related to time variables.
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Table 5.2: List of kinematic features from the model output. DL - dimensionless,

CR - cooling ring, FS - free surface, MD - meridional direction, PD - parallel

(circumferential) direction

Number Name Symbol Unit

Dimensionless features

14 DL velocity at CR exit uc −
15 Pressure ratio γp −
16 Pulling force ratio γf −
17 Scaled heat transfer coefficient γh −
18 DL length of the bubble curve send −
19 DL angle of the FS bubble curve at CR exit θ0 −

Dimensionful features

20 Viscous force Fvisco N

21 Pressure force Fpressure N

22 Pulling force Fc N

23 Pressure difference ∆P Pa

24 Time to frost line tend sec

25 Butler time timeButler sec

26 θmax time timeθmax sec

27 Length of the FS curve Lend m

28 Equilibrium radius re −
29 Determinant Det -

Stresses

30 Extra force in MD relative to the viscosity ExtraFMD N

31 Extra force in PD relative to the viscosity ExtraFCD N

32 Total force in MD relative to the viscosity TotalFMD N

33 Total force in PD relative to the viscosity TotalFCD N

34 Maximum value of stress in MD max(σNmm) Pa

35 Maximum value of stress in PD max(σNpp) Pa

From Figure 5.9a we see that TotalFMD and TotalFCD almost linearly

dependent from each other. The same we observe in Figure 5.9b for maximum value

of stress in meridional direction versus parallel direction. In Figure 5.9b we also

observe that the stress values for polymer P2 are significantly higher than the stress

values for P1 and P3.

From the correlation matrix of input and kinematic features together we

found out that Lend is linearly dependent on Zfl, thus we ignore Lend.
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(a) Newton total forces, MD versus CD. (b) max(σmm) versus max(σpp)

Figure 5.9: Kinematic features related to stresses, where blue circles - P1, green

diamonds - P2, red pentagrams - P3.

Our conclusion is that we reduce the set of 22 kinematic features (Table

5.2) to the set of 18 features, where we ignore the features number 27 (Lend), 32

(TotalFMD), 33 (TotalFCD) and 34 (max(σmm)) .

5.1.3 Dynamic features

In this subsection we describe the features that we distinguished from dynamic

model (PTT) output. Given the output of the kinematic model, the kinematic fea-

tures, described in Section 5.1.2, the state vector, and the viscoelastic properties of

the polymers, by implementing the dynamic model we calculate the dynamic out-

put, three principal stresses, developed inside the film, during the blowing process

from the die exit till the frost line height. The dynamic features are representative

characteristics of the calculated PTT stresses. We distinguish 14 features, listed in

Table 5.3. We present the description of the dynamic features and the way they are

calculated.

• Meridional stress characteristics:

The position, in terms of dimensionless height, at which the meridional stress

reaches half of its maximum value, z1/2,m =
Z1/2,m

ZFL
,

τmm(Z1/2,m) = 0.5 max(τmm).

Ratio of the meridional total force until z1/2,m and the total force from z1/2,m

to 1,

ratiom,1 =

∫ Z1/2,m

0
τmm(Z)dZ∫ ZFL

Z1/2,m
τmm(Z)dZ

.
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Ratio of the meridional total force in the cooling ring and the total force in

the free surface part,

ratiom,2 =

∫ Zc
0

τmm(Z)dZ∫ ZFL
Zc

τmm(Z)dZ
.

• Parallel stress characteristics:

Dimensionless position of the maximum of the parallel stress,

zp =
Zp
ZFL

,

where Zp is defined by τpp(Zp) = max(τpp).

Bandwidth of the parallel stress

bwp = zp − z1/2,p,

where z1/2,p is similarly defined as z1/2,m.

Ratio of the total force until Z1/2,p and the total force from Z1/2,p, ratiop,1
defined similarly to ratiom,1 where we replace τmm by τpp.

Ratio of parallel forces inside the cooling ring and in the free surface part,

ratiop,2, defined similarly to ratiom,2.

• Normal stress characteristics:

For the normal stress characteristics we consider −τnn instead of τnn and

consider max(−τnn), zn, bandwidthn, ration,1, and ration,2 similar to the

characteristics defined for the parallel stress.

In Figure 5.10 we introduce the correlation matrix for the 14 dynamic

features. It suggests the linear relationship between features ratiom,2 and ration,2,

and zp and ratiop,1. The other features do not show a significant correlation.

In Figure 5.11a we show the scatter plots of max(τPmm) and max(τPpp).

The conclusion is that there is no linear relationship between maximum stresses

in meridional and parallel directions, where the scatter plot 5.9b shows that for

the Newtonian model maximum stresses in meridional and parallel directions are

linearly related. Further from Figures 5.11a and 5.11b we see that these scatter

plots clearly separate polymer P3 from polymers P1 and P2.

In Figure 5.12a we confirm linear relationship between ratiom,2 and ration,2,

and we decided to ignore the feature ration,2 for film property fit. In Figure 5.12b

zp and bandwithp are linearly related with respect to polymer P3, and we see that

again polymer P3 distinguishes from polymers P1 and P2.

In the overall correlation matrix (see Figure 5.13) of the 49 features we

see that the dynamic features are uncorrelated with the input features and with the

kinematic features.
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Figure 5.10: Correlation matrix of the dynamic features.

(a) max(τPmm) versus max(τPpp) for PTT mul-

timode output. (b) ratiom,1 versus ratiop,1

Figure 5.11: Dynamic stress characteristics, where blue circles - P1, green diamonds

- P2, red pentagrams - P3.
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(a) ratiom,2 versus ration,2 (b) zp versus bwp

Figure 5.12: Dynamic stress characteristics, where blue circles - P1, green diamonds

- P2, red pentagrams - P3.

Figure 5.13: The overall correlation matrix of the input, kinematic and dynamic

features (49).
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Table 5.3: List of dynamic features from the PTT model output. DL - dimension-

less, CR - cooling ring, FS - free surface, MD - meridional direction, PD - parallel

(circumferential) direction, ND - normal direction

Name Symbol Unit

Meridional stress characteristics

36 Maximum value of stress in MD max(τPmm) Pa

37 DL height of the half maximum of the meridional stress z1/2,m -

38 Ratio of the total forces until and after z1/2,m in MD ratiom,1 -

39 Ratio of meridional forces inside CR and in FS part ratiom,2 -

Parallel stress characteristics

40 Maximum value of the stress in PD max(τPpp) Pa

41 DL height of the half max of the stress in PD zp -

42 Bandwidth for parallel stress bwp -

43 Ratio of the total forces until and after Z1/2,p in PD ratiop,1 -

44 Ratio of parallel forces inside CR and in FS part ratiop,2 -

Normal stress characteristics

45 Maximum value of the inverse stress in ND max(−τPnn) Pa

46 DL height of the half max of the inverse stress in ND zn -

47 Bandwidth for normal stress bwn -

48 Ratio of the total forces until and after Z1/2,p in ND ration,1 -

49 Ratio of normal total forces inside CR and in FS part ration,2 -

The overall conclusion is that the total set of features (49) that we ori-

ginally introduce is reduced to the set of 43 features.
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5.2 Film properties

In this section we explore the data set of film properties that were obtained from 72

experiments. We presented the description of the film properties in Section 1.3.4.

In summary we recall that we consider 10 film properties, see Table 5.4.

Table 5.4: List of film properties names. We denote by P - Puncture

1 2 3 4 5 6 7 8 9 10

Dart Gloss Haze P 1 P 2 P 3 P 4 P 5 Tear CD Tear MD

First we calculated the correlation matrix, see Figure 5.14. We observe

that there is a strong linear relationship between Puncture 1 and Puncture 4, and

Puncture 1 and Puncture 3 are also very correlated. These relationships we confirm

by scatter plots. In Figure 5.15a we show the scatter plot of Puncture 1 versus

Puncture 3, and in Figure 5.15b we show the scatter plot of Puncture 1 versus

Puncture 4.

Figure 5.14: Correlation matrix of the film properties.

In Figure 5.16 we show the scatter plot of Gloss versus Haze. They are

not linear related, the scatter plot suggest reciprocal relation, see formula

Haze = 594
1

Gloss
− 1.

In Figure 5.17 we show scatter plots of Puncture 1 versus Puncture 5, and

Tear CD versus Tear MD, where both pairs do not have a linear dependence. We
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(a) Puncture 1 versus Puncture 3 (b) Puncture 1 versus Puncture 4

Figure 5.15: Film properties scatter plots.

observe that Puncture 1 and Puncture 5 do not discriminate the polymers, where

Tear CD and Tear MD does.

Figure 5.16: Gloss vs Haze

Based on interdependencies between film properties confirmed by scatter

plots (Figures 5.15 - 5.17) and correlation matrix (Figure 5.14) we decided to focus

on seven out of ten film properties, namely, Dart, Gloss, Puncture 2, Puncture 4,

Puncture 5, Tear CD, Tear MD.

By the histograms presented in Figures 5.18 and 5.19 we indicate the way

the film properties are distributed in the experiments. We show the histograms
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(a) Puntcture1 vs 5 (b) Tear CD vs MD

Figure 5.17: Film properties scatter plots.

for Dart, Haze, Puncture 2 and Puncture 3. Puncture 3 is normally distributed,

see Figure 5.19b. Whereas Puncture 2 (Figure 5.19a) and Haze (Figure 5.18b) are

strongly skewed distributed. The histogram of Dart shows a uniform distribution

(Figure 5.18a).

(a) Histogram of Dart (b) Histogram of Haze

Figure 5.18: Film properties histograms.
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(a) Histogram of Puncture 2 (b) Histogram of Puncture 3

Figure 5.19: Film properties histograms.

5.3 Analysis of the features. Enrichment of the

initial data set

As part of this PhD research we wanted to proof that input features are enriched by

the kinematic features and the dynamic features because of the strongly nonlinear

relationship between the kinematic, dynamic features and input features. To show

that information content of the features data sets are indeed enriched by the added

features, we apply a principal component analysis. We regard the variation in the

data as a indicator of the information content.

In the next subsection we first consider separately the principal compon-

ents of the input features, the kinematic and the dynamic features. For general

literature about principal component analysis see Jolliffe (2002).

5.3.1 Input features. Principal components

Before we do Principal Component Analysis (PCA) we normalize the data set. If

x is such a feature, then by < x > we denote its average, and by σ(x) the standard

deviation. The normalized feature denoted by [x] is defined by

[x] =
x− < x >

σ(x)
. (5.5)

We distinguish 12 input features. The PCA for the 12 input features

result in an orthogonal decomposition of the total variation in the so called principal

components. The principal components are eigenvectors of the principal component

matrix, where the eigenvalues determine the variance per component. The sum of

the eigenvalues is the total variance. In Figure 5.20 we show the relative contribution
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of each of the principal component to the total variance in data. In formula, if the

eigenvalue of the k-th principal component is lk, the relative contribution of that

component to the total variance is equal to

vk =
lk∑N
k=1 lk

100%,

where N is the number of variables in original data set, see Jolliffe (2002). We

observe that first five principal component contribute to 91.6% of the total variation,

see Figure 5.20.

Figure 5.20: Variation of the input data explained by each PC in %.

The entries of the principal components refer to the features. High coeffi-

cient value shows that that principal component is strongly influenced by the feature

with that high value. In Figure 5.21 we show first five principal components, where

in the horizontal axis we number the features, and in the vertical axis we show the

value of coefficients. We recall that principal components (PCs) are normalized. We

observe that PC 1 (orange line with triangles) is influenced by all features except

1, 9 and 10. While for PC 2 (blue line with circles) typically features 1-4 and 6 are

playing a role that and that feature contribute. PC 3 (light-orange line with stars)

is influenced by almost all features, and PC 4 (purple dashed line with squares) and

5 (green dashed line with diamonds) are mainly influenced by features 9-12.

Kinematic features analysis

The principal components for the kinematic features are treated in the same way.

PCs that contribute to more than 90% of variation (95.6%) are first five PCs, see

Figure 5.22.
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Figure 5.21: Five principal components related to set of 12 input features.

Figure 5.22: Variation of the kinematic data explained by each PC in %.
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In Figure 5.23 we show first five principal components related to the kin-

ematic features data set.

Figure 5.23: Five principal components related to set of 18 kinematic features.

Dynamic features analysis

The principal components for the dynamic features are treated in the same way.

PCs that contribute to more than 90% of variation (93.3%) are first five PCs, see

Figure 5.24. In Figure 5.25 we show first five principal components related to the

Figure 5.24: Variation of the dynamic data explained by each PC in %.

dynamic features data set.
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Figure 5.25: Five principal components related to set of 13 dynamic features.

5.3.2 Enrichment of the initial data set

In this section we answer the question how much information content is added by

the enrichment of the original data set of input by the kinematic features and by

the kinematic and dynamic features.

The strategy is the following. We compare the variance of the 3 data sets

by plotting the variance of principal components for the set of input features, input

+ kinematic features, input + kinematic + dynamic features, see Figure 5.26. The

total variation corresponding to the area of the blue part (for input) is 9.1. The

total variation corresponding to the area of the red part (for input + kinematic) is

23.0. The total variation corresponding to the area of the green part (for input +

kinematic + dynamic) is 34.8.

Increase in variance by adding the kinematic and dynamic data is shown

in Table 5.5.

For the data sets with input features five principal components take care

of more than 90% of the variation, while in two enriched data sets we need 6 PCs

to explain more than 90% of the variation in the data.

In Figures 5.27 - 5.31 we show first five PCs of the 43 features (blue

dashed-dotted line with diamonds). In Figure 5.27 in comparison we present the

PC 1 of input features only (dark-orange line with circles), kinematic features only

(ligth-orange line with stars) and dynamic features only (purple line with squares).

For the PCs 1, 2 and 5 the coefficients of the input features are the same

up to a constant with the coefficients of all features. The coefficient of the PCs

1, 2, 3 and 4 for the kinematic features are up to a constant very similar to the

coefficients of all features. For the dynamic features it seems to be no relationship

of this type.
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Figure 5.26: Significance of the principal components for 3 different data sets. Data

set 1 - only input with 12 parameters is represented by blue line with diamonds.

Data set 2 - input + kinematic features with 30 parameters is represented by orange

line with circles. Data set 3 - input + kinematic + dynamic features with 43

parameters is represented by green line with stars.

Figure 5.27: PC1. All
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Figure 5.28: PC2. All

Figure 5.29: PC3. All

Figure 5.30: PC4. All

Figure 5.31: PC5. All
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Table 5.5: Area below the plot of eigenvalues calculated for Figure 5.26

n i i+k i+k+d

2 3.8 9.3 11.4

3 5.3 13.6 18.4

4 6.6 16.9 23.9

5 7.6 19.3 27.7

6 8.3 20.7 30.3

7 8.8 21.5 32.0

8 9.0 22.1 33.0

9 9.0 22.5 33.8

10 9.1 22.7 34.3

11 9.1 22.9 34.5

12 9.1 23.0 34.8
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5.4 Film property fit

In the previous section, we showed that enrichment of the data set has a significant

effect on its variance. If we regard the data set as a cloud of points in high di-

mensional vector space, enrichment means that the cloud is extended into a higher

dimensional vector space, so that points, which are close could become far away in

distance. This does not necessarily mean that the enriched set is more capable of

predicting a film property, where we regard a film property as a point of that high

dimensional vector space. If such a film property has a direction ”perpendicular”

to the direction in which a cloud has a largest variance, then the feature set may

not have sufficient predictive power. With the data obtained from the experiments

the feature set may not able to distinguish the film property values. In that case

we would rather look for a categorical model, where we have a qualitative view on

the relationship between the features and the film properties.

To show that the data set is indeed enriched we use the principal com-

ponents and its related variances as described in the previous section.

In this section we want to find linear regression models to characterize

film properties by the feature set. Such characterization of film properties requires

a low number of features from a practical perspective. Thus we have to find a way

to distinguish those features that have a high fit power. We call them significant

predictors.

Inspired by aspects of canonical correlation analysis, see Hair et al, 1998,

Clark, 1975, and Press, 2011, we suggest two strategies that lead to a selection

mechanism.

5.4.1 Two strategies to select significant predictors

In this subsection we present two strategies that lead to an ordered list of predictors,

where the ordering reflects significance. In mathematical terms the feature vector

(Fe1, ..., F eN ), where N is the number of features to be considered, is permuted to

a vector

(Fei1 , ..., F eiN ),

such that Feik has more significance than Feik+1
. The permutation is conditioned

by the chosen film property.

Then we choose from the set of features the minimum number of features

that correspond to the desired film property fit quality. As a measure of quality of

the fit we look at R2.
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Strategy 1

In strategy 1 significance is related to the determinant of the correlation matrix

of the normalized predictors, and the determinant of the correlation matrix of the

normalized predictors joined with a distinguished normalized film property. The

first correlation matrix we want to have close to 1, which reveals that the features

are close to orthogonal. The second correlation matrix we want to have close to

0, which reveals that distinguished film property close to linear depending on the

chosen normalized features. In the strategy we include at every step one feature.

The feature selection mechanism ends at the number of features that has to be

selected. Then we regress a film property with respect to selected features. We take

only those features that have a significant non zero coefficients in the regression

formula. At this point we enter the subjective part of the method. We could decide

to extend the number of features in the selection mechanism, knowing that we will

not use all of them in a regression.

Below we present the scheme of the first strategy.

First step in our strategy is to normalize all vectors. We normalize the

features and film properties by subtracting the average and dividing by the standard

deviation, see formula (5.5). Thus for all features and film properties we obtain

normalized features, [Fek] and normalized film properties [Fp]. In the remaining

part of this section we will write Fek instead of [Fek].

The selection mechanism is the following:

1. The initialization of a selection loop. We select the feature Fei1 , with highest

correlation to the film property Fp. It means that we select the feature such

that the correlation matrix of (Fei1 , Fp) has the smallest determinant.

2. To select i2, we consider all feature sets (Fei1 , Fep) such that Fei2 maximizes

the cost function

cost = det(corr(Fei1 , Fep)) + (1− det(corr(Fei1 , F ep, Fp))),

where p ∈ {1, ..., N} \ i1.

3. Thus we can create a loop. Given bvk = (Fei1 , ..., F eik), we select the next

feature Feik+1
that maximizes the cost function,

cost = det(corr(bvk, F ep)) + (1− det(corr(bvk, F ep, Fp))), (5.6)

where p ∈ {1, ..., N} \ {i1, ..., ik}.

At each step in the loop we calculate the corresponding linear regression model that

relates Fp to the feature set (Fei1 , ..., F eik), and get a linear model, Fpfit. Quality
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of fit is described by the value of R2,

R2 = 1−
∑M
i=1 (Fp(i)− Fpfit(i))2∑M
i=1 (Fp(i)− µ(Fp))2

, (5.7)

where M is the number of experiments.

The idea to use the objective (5.6) to be maximized in terms of the de-

terminants of two correlation matrices is based on the fact that the correlation

matrix corr(Fei1 , ..., F eik) is equal to the Gram matrix of the features

(
1√
M
Fei1 , ...,

1√
M
Feik).

Thus the determinant of the correlation matrix expresses the volume spanned by the

vectors (Fei1 , ..., F eik). Since the Euclidean norm of the vectors ( 1√
M
Fei1 , ...,

1√
M
Feik)

is 1, they span the largest volume if they form an orthogonal basis. The determinant

of the Gram matrix of a set of a vectors is zero, if and only if that set is dependent.

Thus the determinant of the correlation (Fei1 , ..., F eik , Fp) is zero, if and only if

Fp is linearly dependent on (Fei1 , ..., F eik). We note that the correlation matrix

is positive and thus has a positive determinant.

The strategy presented above is heuristic. Having selected Fei1 and there-

after Fei2 does not necessarily result in an optimal pair (Fei1 , Fei2) with respect to

the cost function. Of course one can think about a selection mechanism that does

not have a loop (iteration). Optimizing the cost function for a pair of features out of

43 is doable, but for larger number of vectors, (Fei1 , F ei2 , F ei3), it will be already

approximately 12000 permutations, which becomes cumbersome, with respect to

the time needed.

It means that linear regression models that we find are suboptimal models.

Strategy 2

In strategy 2 we also use normalized features (5.5) and the initialization step as in

the previous strategy. The iteration loop is different,

1. We select i1 such that it maximizes |(Fei1 , Fp)| = maxi |(Fei, Fp)|, where

i ∈ {1, ..., N}.

2. We calculate the residual, εFi1 = Fp− (Fei1 , Fp)Fei1

3. We select i2 such that |(Fei2 , εFi1)| = maxi |(Fei, εFi1)|, i ∈ {1, ..., N} \ i1.

4. If i = N then stop, else return to step 2.

Again the routine is suboptimal. Also in this case we let it be followed by

the additional selection step related to the fit quantity of the coefficients.
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In Figure 5.32 we show the permutation caused by the film property Tear

MD of 43 features using strategies 1 and 2. We observe that this is complete scatter,

there is no systematic. In Table 5.6 we show the names of the first 15 significant

features, the corresponding coefficients and the related R2 for both strategies.

Figure 5.32: Comparison of Strategy 1 and Strategy 2 applied to fit of Tear MD

with respect to significant features. The blue stars indicate permutation of features

1 to 43 with respect to strategy 1. The red dots indicate permutation of features 1

to 43 with respect to strategy 2.

5.4.2 Film properties, features, and fit

First we select a film property. Then we use Strategy 1 or 2 to select k significant

features. After that we calculate the coefficients in the linear model,

[Fp] = ck1[Fe1] + ...+ ckk[Fek].

In the models we used normalized features and film properties. If the coefficients

have a significantly small value, then we delete the corresponding feature in our

list and apply the selection mechanism again on the shortened list. In the end we

obtain a linear model by which we fit a film property as a linear combination of

features. In this subsection we show results for four film properties, namely, Gloss,

Tear in the cross direction (CD), Puncture 4 (average peak load), and Dart.

We show that Gloss and Tear CD can be well predicted by input features

only, Puncture 4 needs kinematic data, Dart can be fitted by dynamic features only.
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Table 5.6: Comparison of Strategy 1 and Strategy 2 applied to fit Tear MD with

respect to first 15 significant features. We present their names, corresponding coef-

ficients and R2.

strategy 1 strategy 2

Significant f. coefficient R2 Significant f. coefficient R2

1 max(σNpp) 2.42 0.28 max(σNpp) 1.19 0.28

2 max(−τPnn) -0.29 0.55 Ea -0.22 0.52

3 max(τPmm) -0.59 0.56 Fpressure -0.89 0.59

4 ηref -0.44 0.59 Fvisco 0.62 0.63

5 Ea 0.94 0.59 max(−τPnn) 0.10 0.66

6 max(τPpp) -1.15 0.59 Tamb 0.12 0.67

7 ratiom,1 0.65 0.60 tButler 0.56 0.70

8 z1/2,m -0.05 0.63 z1/2,m -0.26 0.70

9 tButler 0.47 0.63 ExtraFMD -0.50 0.71

10 tend -0.19 0.63 ∆P -0.44 0.71

11 γp -3.27 0.68 ηref 0.03 0.71

12 γg 2.04 0.70 uc 0.35 0.72

13 zp 0.76 0.70 γf -0.46 0.74

14 bwp 0.01 0.71 max(τPpp) -1.18 0.78

15 timeθmax 1.19 0.74 γh -0.67 0.81

In fact, based on the results of our regression strategy we can distinguish

three sets of film properties:

1. Film properties that are already well predicted by nominal input only, for

example, Gloss.

2. Film properties that are better predicted by a combination of the input, kin-

ematic and dynamic features, than by input only, for example, Tear CD and

Puncture 4.

3. Film properties that are hard to predict with desired accuracy either by the

input or by a combination of input + kinematic + dynamic features, but are

restricted to one polymer type yield a good fit, for example, Dart.

In any case three feature models pick out significant features related to the film

property under study and show how qualitatively the feature affects the film prop-

erty.
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Consecutively we describe results for Gloss, Tear CD, Puncture 4 and

Dart. We remind that Puncture 4 is the same as Puncture 1. Linear model can not

distinguish between Puncture 1 and Puncture 3 (see Figure 5.15), and thus we are

left with Puncture 2 and Puncture 4.

Gloss

In Table 5.7, we present the list of three most significant predictors for the film

property Gloss, where we use input features, and input + kinematic features. In

Table 5.7 the notation R2, see equation (5.7), refers to the model with one, the most

significant, two most significant or three most significant predictors. Thus the first

value of R2 means that we predict Gloss with Zfl only, or by ExtraFCD only.

Table 5.7: Fit of Gloss. Three most significant input features and input+kinematic

features with corresponding R2.

input input + kinematic

significant predictor R2 significant predictor R2

Zfl 0.66 ExtraFCD 0.67

Ea 0.79 ηref 0.81

ηref 0.88 Ea 0.86

The linear model of Gloss based on three input predictors: frost line

height, activation energy, and reference viscosity is

[Gloss] = −0.81[Zfl]− 0.31[Ea] + 0.3[ηref ],

see Figure 5.33. The model indicates that the increase of Zfl and Ea decreases

Gloss, while increase of ηref increases Gloss.

The fit model of Gloss based on two input data, reference viscosity and

activation energy, and one kinematic feature, extra force CD (see formula (5.4) for

description), is

[Gloss] = −0.80[ExtraFCD] + 0.33[ηref ]− 0.23[Ea].

The fit model of Gloss based on three input + kinematic + dynamic features is the

same as for three input + kinematic features.

The conclusion is that for Gloss we do not necessarily need the kinematic

and dynamic features. The dynamic features have little effect on Gloss.
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Figure 5.33: Gloss fit with input features: frost line height, activation energy, and

reference viscosity. R2 = 0.88.

Tear CD

The linear model of Tear CD based on four input features: velocity at take up rolls,

reference viscosity, activation energy, and blow up ratio is

[TearCD] = 0.48[Ufl] + 0.47[ηref ]− 0.39[Ea]− 0.26[BUR].

The model has R2 = 0.80. If we look at a linear model of Tear CD based on three

input + kinematic features, we get R2 = 0.83 with three features: viscous force,

activation energy, and heat transfer coefficient. The linear model is given by

[TearCD] = 0.62[Fvisco]− 0.44[Ea] + 0.37[γh].

We conclude that instead of features Ufl, ηref and BUR we better take Fvisco and

γh. We visualize Tear CD in Figure 5.34. The gradual improvement of R2 by

adding more significant predictors is shown in Table 5.8 for the models based on

input features and input + kinematic features. Also for Tear CD dynamic features

do not contribute to the improvement of the fit, therefore we do not include them

in the table.

According to the models, BUR and Ea have negative impact on Tear CD,

while Ufl, ηref , Fvisco and γh have positive impact.
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Table 5.8: Fit of Tear CD

input input, kinematic

significant predictor R2 significant predictor R2

Ufl 0.30 Fvisco 0.49

ηref 0.58 Ea 0.68

Ea 0.73 γh 0.82

BUR 0.80 ∆P 0.83

Tamb 0.80 DDR 0.83

Figure 5.34: Tear CD fit with input and kinematic features

Puncture 4 (average peak load)

In Table 5.9 we indicate the ordered lists of 12 significant features and corresponding

R2, if we use input, input + kinematic and input + kinematic + dynamic features.

We decided to compare models with first four significant features. We see that in

case of a linear model with four features, the input feature model has R2 = 0.66.

That model is improved by input + kinematic features to R2 = 0.74 and model

based on input + kinematic + dynamic features gives R2 = 0.77. If we look at

the most significant feature, max(−τPnn) leads to R2 = 0.44, which suggests that
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increase of max(−τPnn) significantly contributes to Puncture 4.

Table 5.9: Fit of Puncture 4 based on input, kinematic and dynamic features.

Comparison of R2 for the linear fit of data related to 3 sets of predictors.

input input, kinematic input, kinematic, dynamic

Significant basis R2 s. basis R2 s. basis R2

γg 0.19 max(σNpp) 0.35 max(−τPnn) 0.44

ηref 0.42 γg 0.50 uc 0.60

Ea 0.54 ∆P 0.66 re 0.71

Ufl 0.66 Ea 0.74 Zfl 0.77

BUR 0.72 γh 0.78 Ea 0.81

Tamb 0.77 Fvisco 0.78 Det 0.82

Zfl 0.81 Tamb 0.82 Tamb 0.86

T0 0.81 T0 0.82 timeButler 0.87

Q1 0.81 ηref 0.82 ratiop,2 0.88

DDR 0.82 uc 0.84 T0 0.88

R0 0.85 DDR 0.86 ηref 0.89

Zc 0.89 Fpressure 0.86 Fpressure 0.90

The linear model of Puncture 4 based on four input + kinematic + dy-

namic features: maximum negative stress in normal direction, scaled velocity at

cooling ring exit, equilibrium radius and frost line height is given by

[Puncture4] = 0.70[max(−τPnn)]− 0.32[uc] + 0.39[re] + 0.28[Zfl],

see Figure 5.35. The quality of fit of this model is R2 = 0.77.

Dart

The fit model of Dart based on five input + kinematic + dynamic features results

in a linear model with R2 = 0.56. Effectively addition of kinematic and dynamic

features does not increase R2. If we apply dynamic features only, we obtain the

following model

[Dart] = −0.86[ration,1]+0.40[max(τpp)]−0.88[bwn]+0.31[ratiom,2]−0.42[z1/2,m],

which has R2 = 0.59, which is higher than 0.56. This model suggests that ration,1,

bwn and z1/2,m has negative impact on Dart, while max(τpp) and ratiom,2 have

positive impact.
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Figure 5.35: Puncture 4 fit with one input feature (frost line height), two kinematic

(scaled velocity at cooling ring exit and equilibrium radius) and one dynamic feature

(maximum negative stress in normal direction) with R2 = 0.77.
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If we consider the visualization of fitted Dart versus measured Dart on

Figure 5.36a, we see that polymer P3 distinguishes from P1 and P2. Thus we

decided to apply the strategy to obtain a linear model for each polymer (P1, P2,

and P3) separately. The result is three linear models as presented in Figures 5.36b,

5.36c, 5.36d and Table 5.10. The conclusion is that for Dart most likely other

polymer characteristics, than the ones considered, should be taken into account.

The model suggests strong negative correlation with maximum negative stress in

normal direction. In all models it suggests that we should take all maximum PTT

stresses into account.

(a) P1 - P3 (b) P1

(c) P2 (d) P3

Figure 5.36: Dart fit with dynamic features only. Comparison of the model based on

combined data set for 3 polymers, and models based on only data, which correspond

to one polymer. Five features are used for fit.



182 Results

Table 5.10: Fit of Dart based on dynamic features only. Comparison of R2 for the

linear fit of data related to polymers P1, P2, P3 and all combined data sets with

P1-P3.

P1-P3 P1 P2 P3

s. basis R2 s. basis R2 s. basis R2 s. basis R2

ration,1 0.34 ratiom,2 0.08 bwp 0.04 ratiom,1 0.25

max(τpp) 0.38 bwn 0.30 max(−τnn) 0.10 max(τpp) 0.34

bwn 0.44 max(τmm) 0.35 max(τmm) 0.12 bwn 0.44

ratiom,2 0.48 max(−τnn) 0.67 ratiom,2 0.13 max(τmm) ?

z1/2,m 0.59 max(τpp) 0.73 zp 0.50 max(−τnn) 0.63

5.4.3 Conclusion on film property fit

Significant features for each film property

As a final result of this section we demonstrated that from the seven distinguished

film properties one can be well fitted by a linear regression model based on three

or four significant input features with R2 higher than 0.8. Two of the seven film

properties are well fitted by a combination of maximum five significant kinematic

and input features with an R2 higher than 0.7. Four film properties are reasonably

well fitted by a linear regression model based on input, kinematic and dynamic

features, where for one polymer we obtain an R2 higher than 0.7, and for the other

two an R2 higher than 0.6, see Table 5.11.

Table 5.11: Three significant features are defined for each film property. The colors

indicate the origin of the feature. Blue - input, orange - kinematic and green -

dynamic feature. (Here Da - Dart, Glo - Gloss, P. - Puncture, Te - Tear.) The plus

and minus sign in front of the feature indicates the sign of the regression coefficient.

Da Glo P. 2 P. 4 P. 5 Te CD Te MD

−ration,1 −Zfl −Q1 + max(−τnn) + max(τPpp) +Fvisco + max(σNpp)

−zn −Ea +Ea −uc +∆P −Ea −Ea
−T0 +ηref −γh +re +timeButler +γh −Fpressure
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Some remarks about scalability

In Figure 5.37 we show the quality of a linear regression model based on three input

and kinematic features for the film property Tear CD. Similar plots for the other film

properties are presented in Appendix B. The plot shows that the laboratory lines

and the industrial lines are completely mixed. From this we draw the conclusion

that experiments at laboratory scale have high predictive quality for the behavior

of the film blowing process and typically for the film properties at industrial scale.

Figure 5.37: Quality of the model for Tear CD based on one input and two kinematic

features. We see that lab lines and customer lines are completely mixed.





Chapter 6

Conclusions

The research regarding the physics of the film blowing process, its mathematical

modeling, and resulting film properties as described in this thesis concentrates on

two fundamental questions:

1. To what extent does enrichment of the data set, that consists of process in-

put and polymer properties with additional data obtained from models that

describe the physics of that process, enhance the prediction of film properties?

2. To what extent do experiments at laboratory scale predict the process beha-

vior at industrial scale and therewith the resulting film properties?

There is an abundance of literature on the relationship between film properties,

process conditions, geometrical machine properties, and polymer characteristics.

Also there is abundant literature on the physics of the film blowing process. The

approach as presented in this thesis is novel and challenging.

To answer the above questions, we were given an experimental data set

consisting of settings for four laboratory scale film blowing lines and two industrial

lines, where three types of polymers were assessed. It resulted in 72 settings for

each of which the film properties were consistently measured. With this data set as

a point of departure we developed a modeling strategy. We separated the physics

in a kinematic part and a dynamic part, resulting in a kinematic model and a dy-

namic model. From both models we extracted features that were used to enhance

prediction of film properties. In total we obtained 49 features, 13 input features, 22

kinematic features, and 14 dynamic features. We reduced the number of features

considering their correlations, and indicated quantitatively by a principal compon-

ent analysis how much information the kinematic and/or dynamic features added

to the predictor data set. Then we introduced a method to distinguish the most

significant features given a specific film property. The result is linear regression

185
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models based on up to four features that enable to describe the corresponding film

property with an R2 - fit between 0.7 and 0.9.

In our research we had to deal with issues related to the mathematical

modeling of the process, in particular, the balance between a model that is math-

ematically tractable and a model that is sufficiently rich to incorporate the physical

essence of the process. Also, we had to deal with computational issues in the field

of dynamical system theory, nonlinear optimization, and numerical analysis. We

summarize them briefly:

• We model the kinematics of the process assuming a linear relationship between

stress and strain rate according to the Newtonian constitutive relations intro-

ducing the dynamic viscosity, where we assume a non-isothermal process and

thus viscosity depending on temperature according to an Arrhenius law. We

separate the process into two subprocesses, one in the cooling ring attached

to the die exit, where the film shape is fixed, and one for the free surface part

between cooling ring exit and frost line height, where the film stretching is as-

sumed complete. The corresponding submodels are nonlinear systems of first

order differential equations that contain unknown parameters. To identify

these parameters from the boundary and interface conditions we successfully

set up a numerical optimization scheme consisting of an inner loop and an

outer loop. Identification of the parameters is a mathematical challenge seen

the sensitivity of the model for these parameters. To reveal that sensitivity

and define a remedy to overcome it, we analyzed the nonlinear system thor-

oughly. The cause of the parameter sensitivity is the initial state being close

to the source of the system. As one of our findings we mention the balloon

shape that results from the model if we would follow the surface trajectory

not being stopped at the frost line height. To our surprise none of the pa-

pers devoted to the film blowing process modeling reports on this issue and

suggests straightforward mathematical methods to identify parameters.

• In the kinematic model the polymer characteristics are introduced partly dir-

ectly through the activation energy and reference viscosity in the Arrhenius

law and partly indirectly through the process conditions such as frost line

height and cooling behavior in terms of the heat transfer coefficient. In the

dynamic model we use the spectral relaxation behavior of the polymer by

assuming a multimode Phan Tien and Tanner constitutive relation between

stress tensor and strain rate tensor. Also we analyzed the multimode up-

per convective Maxwell constitutive relation. For small relaxation times, the

numerical implementation requires special care. We showed that for the mul-

timode PTT model the stress modes for small relaxation times can best be

replaced by Newtonian stresses.
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Both models are dimensionless and provide a way to address scalability

issues. We found out that five of the six lines show very similar behavior with

respect to the kinematics. The identified parameters are consistently depending

on the given dimensionless conditions. We indicated five parameter regions in the

bifurcation portrait that manifest significantly different behavior of the dynamical

systems. The six lines are operated corresponding to parameters that situate in a

well distinguished domain in one of the regions of the bifurcation diagram. One

line shows somewhat different kinematic behavior. With respect to the dimension-

less dynamic model the stress behavior for the six lines is mutually consistent and

comparable given the three types of polymers that were processed.

From the kinematic model we obtain process conditions that cannot be

measured. In this respect we mention the (relative) pressure difference, the (relative)

take-up force, the heat transfer coefficients, the relative velocity at the exit of the

cooling ring, and the time-to-frost-line. These process characteristics turn out to

be relevant kinematic features.

From the kinematic model we calculate the strain rate tensor and from

that the Newtonian stresses using the temperature dependent viscosity. This way,

the kinematic model introduces dynamic features related to meridional, parallel,

and normal stresses, and total forces. From the dynamic model we obtain the PTT

stresses and from that the other dynamic features, where we typically consider the

characteristics of the stress development curves such as bandwidth of peak stress,

ratio of forces, maximum stresses and their locations.

From the correlation analysis applied to the set of combined features we

reduced the number of features from 49 to 43. With a principal component analysis

strategy we proved that by adding kinematic features to the input features we

doubled the information content, and by adding kinematic and dynamic features

we more than tripled the information content. This does not necessarily mean that

the full feature set has more predictive power with respect to the film properties

than the original data set.

As a final result of our research we demonstrated that from the seven

distinguished film properties one can be well fitted by a linear regression model

based on three or four significant input features with R2 higher than 0.8. Two of

the seven film properties are well fitted by a combination of maximum five significant

kinematic and input features with an R2 higher than 0.7. We note that the features

related to Newtonian stresses are considered to be kinematic features. Four film

properties are reasonably well fitted by a linear regression model based on input,

kinematic and dynamic features, where for one polymer we obtain an R2 higher

than 0.7, and for the other two an R2 higher than 0.6, see Table 5.11.

In Figure 5.37 we show the quality of a linear regression model based on

three input and kinematic features for the film property Tear CD. Similar plots for
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the other film properties are presented in Appendix B. The plot shows that the

laboratory lines and the industrial lines are completely mixed. From this we draw

the conclusion that experiments at laboratory scale have high predictive quality for

the behavior of the film blowing process and typically for the film properties at

industrial scale.

The finding opens a way to a more enhanced validation of the conclu-

sions drawn at the end of this thesis. For future research we propose to set up a

sophisticated design of experiments on laboratory scale, where as many as possible

process characteristics are measured for a large parameter domain, and where film

properties are determined with known precision. With this design of experiments

the models that we developed in this thesis can be validated for practical use, and

their predictive power determined.



Appendix A

Addition to analysis chapter

A.1 Stability analysis of the dynamical system near

the equilibrium point

Here we present more detailed analysis of the dynamical system from Chapter 3.

Stability analysis of the system near the equilibrium point (−π/2, 0) is investigated.

Theorem 3. Fixed point (−π/2, 0) - is equilibrium point of the system (3.3) of the

type - sink. It means that all trajectories of solutions end in that point. This point

is attracting point for the system.

Proof. To find which kind of equilibrium point is the point (−π/2, 0), we

analyse the righthand sides of the differential equations (3.3), functions f and g,

(3.4), we repeat it here

f(x, y) = cosx
(
6a sinx cosx+ by(c− 1− 3y2)(cos2 x+ a2 sin2 x)

)
, (A.1i)

g(x, y) = 2a2by2(c− 1 + y2) sinx. (A.1ii)

First, we calculate partial derivatives ∂f
∂x , ∂f∂y , ∂

2f
∂x2 , ∂

2f
∂y2 , ∂2f

∂x∂y . First order

derivatives were calculated before, see equations (3.16). Second order derivatives

are

∂2f

∂x2
= by(1− c+ 3y2) cosx

(
a2(9 sin2 x− 2) + 3(1− 3 sin2 x)

)
− 6a sinx(9 cos2 x− 2),

∂2f

∂y2
= −18b cosx(cos2 x+ a2 sin2 x)y, (A.2i)

∂2f

∂x∂y
= b(c− 1− 9y2) sinx

(
(2a2 − 3) cos2 x− a2 sin2 x

)
.
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The value of the derivatives in the equilibrium point (−π/2, 0) are

∂f

∂x
(−π

2
, 0) =

∂f

∂y
(−π

2
, 0) = 0, (A.3i)

∂2f

∂y2
(−π

2
, 0) = 0,

∂2f

∂x2
(−π

2
, 0) = −12a,

∂2f

∂x∂y
(−π

2
, 0) = a2b(c− 1). (A.3ii)

So we have only two non-zero derivatives.

Second, we find partial derivatives ∂g
∂x , ∂g

∂y , ∂2g
∂y , ∂2g

∂x2 , ∂2g
∂x∂y . First order

derivatives were calculated before, see equations (3.16). Second order derivatives

are

∂2g

∂x2
= −2a2by2 sinx(c− 1 + y2),

∂2g

∂y2
= 4a2b sinx(c− 1 + 6y2), (A.4i)

∂2g

∂y∂x
= 4a2by cosx(c− 1 + 2y2).

In this case only one derivative is not zero,

∂2g

∂y2
= −4a2b(c− 1).

We want to do stability analysis. For that we write the second order

approximation of the functions f(x, y) and g(x, y). The Taylor series to second

order of the function of two variables in general form writes

P2(x, y) = f(x0, y0) + (x− x0)f ′x(x0, y0) + (y − y0)f ′y(x0, y0)+ (A.5)

+
1

2

(
(x− x0)2f ′′xx + (y − y0)2f ′′yy(x0, y0) + 2(x− x0)(y − y0)f ′′xy

)
.

Then, knowing all derivatives we calculate the second order approximations of

the functions f and g (see righthand side of the equations (3.3)) in the neighborhood

of the point (−π2 , 0)

f2(x, y) = −6a
(
x+

π

2

)2

+ a2b(c− 1)y
(
x+

π

2

)
, (A.6)

g2(x, y) = −2a2b(c− 1)y2. (A.7)

Thus
dx′

dt
= −c1(x′)2 + c2x

′y,
dy

dt
= −2c2y

2, (A.8)

where x′ = x+ π
2 , c1 = 6a, c2 = a2b(c− 1).

A.2 Table. Kinematic model (isothermal Newto-

nian model) results for 72 data points.
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Table A.1: Optimization results for Polymer P2. Here BUR, DDR and a are input

to the optimization. The model parameters b, c and send are output. Since, the

cost function is not exactly zero, the resulting boundary conditions, BURo, DDRo

and zend are not exactly the same as input. The value of θ0 is initial angle at die

exit, feature of the output.

line BUR DDR a b c BURo DDRo θ0 zend send cost

1 L1 2.2 29.1 0.13 0.36 4.06 2.15 29.1 -0.036 1.01 1.8 7.5E-04

2 L1 2.5 25.7 0.14 0.33 4.17 2.50 25.7 -0.083 0.99 2.1 1.5E-04

3 L1 3 21.3 0.16 0.27 4.36 2.99 21.3 -0.105 1.00 2.5 3.1E-05

4 L2 2.2 28.6 0.13 0.36 4.10 2.24 28.6 -0.056 0.98 1.9 7.0E-04

5 L2 2.5 25.2 0.15 0.34 4.27 2.52 25.2 -0.119 0.98 2.1 3.2E-04

6 L2 3 20.9 0.17 0.27 4.45 2.99 20.9 -0.119 1.01 2.4 7.3E-05

7 L3, 1 2.2 24.8 0.10 0.31 4.00 2.24 25.7 0.000 0.91 1.8 9.7E-03

8 L3, 1 2.5 22.4 0.11 0.28 3.99 2.51 22.4 0.005 0.99 2.1 8.1E-05

9 L3, 1 3 18.6 0.13 0.24 4.00 3.02 18.6 0.001 0.98 2.5 3.0E-04

10 L3, 2 2.2 41.5 0.11 0.36 4.05 2.24 41.5 -0.036 0.99 1.9 4.7E-04

11 L3, 2 2.5 35.3 0.12 0.34 4.10 2.46 35.3 -0.056 1.01 2.1 4.4E-04

12 L3, 2 3 29.3 0.14 0.28 4.29 3.00 29.3 -0.106 1.00 2.5 1.3E-05

13 L4, 1 2.2 29.0 0.17 0.41 4.53 2.21 29.0 -0.199 0.99 1.7 3.3E-05

14 L4, 1 2.5 25.9 0.17 0.35 4.62 2.50 25.9 -0.193 1.00 2.0 5.8E-06

15 L4, 1 3 21.6 0.17 0.27 4.56 2.99 21.6 -0.133 1.01 2.4 4.3E-05

16 L4, 2 2.2 37.9 0.17 0.44 4.59 2.19 37.9 -0.240 1.00 1.7 1.4E-05

17 L4, 2 2.5 35.0 0.16 0.37 4.54 2.50 35.0 -0.222 1.00 2.0 1.4E-05

18 L4, 2 3 26.2 0.15 0.27 4.31 3.06 26.2 -0.101 1.03 2.6 1.1E-03

19 L6 2.2 37.6 0.25 0.52 5.08 2.18 37.6 0.491 1.02 1.6 3.3E-04

20 L6 2.5 31.7 0.28 0.49 4.52 2.51 31.7 0.894 0.99 1.9 1.8E-04

21 L6 3 30.4 0.33 0.47 2.94 3.00 30.5 1.216 1.01 2.3 3.7E-05

22 L5 2.2 33.1 0.11 0.33 4.03 2.28 33.5 -0.017 0.97 1.9 2.6E-03

23 L5 2.5 29.4 0.12 0.32 4.04 2.41 29.1 -0.021 1.03 2.1 2.2E-03

24 L5 3 24.9 0.13 0.27 4.15 2.99 24.9 -0.056 1.00 2.5 9.1E-06
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Table A.2: Optimization results for Polymer P1.

line BUR DDR a b c BURo DDRo θ0 zend send cost

25 L1 2.2 21.5 0.13 0.33 4.03 2.18 21.5 -0.016 1.00 1.8 6.2E-05

26 L1 2.5 25.7 0.14 0.33 4.16 2.49 25.7 -0.074 1.00 2.1 3.8E-05

27 L1 3 21.4 0.16 0.27 4.33 2.98 21.4 -0.100 1.02 2.5 3.4E-04

28 L2 2.2 28.6 0.13 0.36 4.06 2.18 28.6 -0.037 1.00 1.8 6.1E-05

29 L2 2.5 25.2 0.13 0.32 4.16 2.55 25.4 -0.073 0.98 2.1 6.8E-04

30 L2 3 20.9 0.15 0.26 4.19 2.98 20.9 -0.063 1.01 2.5 1.0E-04

31 L3, 1 2.2 25.7 0.10 0.32 3.99 2.12 26.3 0.005 0.93 1.7 6.9E-03

32 L3, 1 2.5 22.6 0.11 0.28 3.98 2.45 22.6 0.009 1.02 2.1 7.5E-04

33 L3, 1 3 18.7 0.13 0.24 3.96 2.91 18.1 0.014 1.04 2.5 3.6E-03

34 L3, 2 2.2 40.1 0.11 0.37 4.05 2.15 40.3 -0.034 0.97 1.8 1.2E-03

35 L3, 2 2.5 34.1 0.12 0.34 4.08 2.39 32.8 -0.047 1.02 2.0 3.8E-03

36 L3, 2 3 29.0 0.14 0.27 4.23 3.04 28.7 -0.083 1.03 2.6 1.0E-03

37 L4, 1 2.2 29.3 0.11 0.34 4.02 2.15 29.6 -0.012 0.97 1.8 1.5E-03

38 L4, 1 2.5 25.0 0.12 0.30 4.05 2.51 24.9 -0.026 0.99 2.1 5.4E-05

39 L4, 1 3 22.3 0.13 0.26 4.10 2.98 22.3 -0.037 1.01 2.5 1.6E-04

40 L4, 2 2.2 37.7 0.11 0.35 4.03 2.18 37.7 -0.019 1.00 1.8 6.0E-05

41 L4, 2 2.5 34.2 0.12 0.33 4.09 2.51 34.2 -0.051 1.00 2.1 1.2E-05

42 L4, 2 3 26.9 0.13 0.27 4.21 2.98 27.0 -0.080 0.98 2.5 5.1E-04

43 L6 2.2 38.2 0.25 0.53 5.05 2.20 38.2 0.554 1.00 1.6 1.2E-06

44 L6 2.5 30.0 0.28 0.49 4.58 2.49 30.0 0.854 1.00 1.9 1.5E-05

45 L6 3 25.9 0.32 0.45 2.97 3.00 25.9 1.204 0.99 2.3 6.9E-05

46 L5 2.2 33.8 0.12 0.36 4.06 2.20 33.8 -0.039 1.00 1.8 3.6E-06

47 L5 2.5 29.4 0.12 0.32 4.09 2.52 29.7 -0.048 0.96 2.1 1.4E-03

48 L5 3 24.6 0.13 0.26 4.14 2.99 24.5 -0.053 1.00 2.5 2.8E-05
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Table A.3: Optimization results for polymer P3.

line BUR DDR a b c BURo DDRo θ0 zend send cost

49 L1 2.2 28.7 0.13 0.36 4.06 2.16 28.7 -0.037 1.01 1.8 4.1E-04

50 L1 2.5 25.2 0.14 0.33 4.19 2.50 25.4 -0.090 0.97 2.1 7.8E-04

51 L1 3 21.0 0.16 0.27 4.38 3.01 21.0 -0.108 0.99 2.5 1.1E-04

52 L2 2.2 29.0 0.11 0.33 4.01 2.14 29.4 -0.006 0.96 1.8 2.4E-03

53 L2 2.5 25.2 0.13 0.31 4.09 2.53 25.2 -0.044 0.99 2.1 3.2E-04

54 L2 3 20.9 0.15 0.26 4.18 2.98 20.9 -0.060 1.02 2.5 3.0E-04

55 L3, 1 2.2 24.5 0.10 0.32 3.99 2.09 25.1 0.005 0.91 1.7 1.1E-02

56 L3, 1 2.5 22.8 0.11 0.28 3.99 2.50 22.8 0.004 1.00 2.1 1.3E-05

57 L3, 1 3 22.8 0.13 0.25 4.07 3.01 22.8 -0.025 0.99 2.5 1.0E-04

58 L3, 2 2.2 37.8 0.11 0.35 4.04 2.20 37.9 -0.027 1.00 1.9 1.8E-05

59 L3, 2 2.5 34.5 0.12 0.34 4.09 2.45 34.5 -0.052 1.02 2.1 7.8E-04

60 L3, 2 3 29.8 0.14 0.28 4.31 3.01 29.8 -0.114 0.99 2.5 1.7E-04

61 L4, 1 2.2 30.4 0.11 0.33 4.01 2.17 30.5 -0.007 1.01 1.8 1.8E-04

62 L4, 1 2.5 26.7 0.12 0.31 4.07 2.52 26.7 -0.034 0.99 2.1 1.4E-04

63 L4, 1 3 21.4 0.13 0.26 4.08 2.98 21.4 -0.030 1.02 2.5 3.0E-04

64 L4, 2 2.2 37.5 0.11 0.36 4.04 2.13 37.7 -0.027 0.96 1.8 2.3E-03

65 L4, 2 2.5 32.6 0.12 0.31 4.08 2.58 32.3 -0.043 1.02 2.2 1.3E-03

66 L4, 2 3 27.6 0.13 0.27 4.19 3.00 27.6 -0.072 1.00 2.5 5.5E-06

67 L6 2.2 36.5 0.25 0.52 5.04 2.20 36.5 0.545 1.00 1.6 6.4E-10

68 L6 2.5 28.9 0.28 0.48 4.55 2.50 28.9 0.857 1.00 1.9 1.0E-08

69 L6 3 27.3 0.32 0.45 3.05 3.00 27.3 1.195 1.00 2.3 1.8E-06

70 L5 2.2 33.4 0.11 0.33 4.02 2.23 33.4 -0.010 0.99 1.9 2.5E-04

71 L5 2.5 33.2 0.12 0.33 4.12 2.53 33.6 -0.070 0.94 2.1 3.5E-03

72 L5 3 24.4 0.13 0.26 4.16 3.01 24.4 -0.058 0.99 2.5 1.5E-04
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Film property fit

B.1 Remarks about scalability

In this appendix we present the Figures that corresponds to the film properties fit

based on three to five features. We indicate lab scale linea and industrial scale lines

by different markers and colors. In Figures B.1, B.2, B.3, B.6 and B.5 we see that

points corresponding to lab and industrial lines are mixed. It means that for these

film properties lab scale experiments have predictive power. For Puncture 2, see

Figure B.4, the situation is different.

Figure B.1: Quality of the model for Gloss based on three input features.
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Figure B.2: Quality of the model for Puncture 4 based on one input, two kinematic

and one dynamic feature. We see that lab lines and customer lines are completely

mixed.

Figure B.3: Quality of the model for Dart based on nine features (one input, one

kinematic and seven dynamic.)
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Figure B.4: Quality of the model for Puncture 2 based on five features (four input

and one kinematic.)

Figure B.5: Quality of the model for Puncture 5 based on five features (two input

and three dynamic.)
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Figure B.6: Quality of the model for Tear MD based on five features (one input,

three kinematic and one dynamic.)



Samenvatting

Modellering van het folieblaasproces ter verbete-

ring van de voorspelling van de eigenschappen van

de gefabriceerde folie

Meer dan de helft van de productie van plastic folie wereldwijd geschiedt middels

een folieblaasproces. Folie kent vele toepassingen en voldoet, afhankelijk van de toe-

passing, aan specificaties, die gevat zijn in termen van geometrische, mechanische en

optische eigenschappen. De folie-industrie stelt zich de vraag welke eigenschappen

van het polymeer in combinatie met welke proceskarakteristieken leiden tot folie

van de gewenste kwaliteit. De fabrikant van de polymeerkorrels wil deze korrels de

eigenschappen geven, die tot het gewenste resultaat zullen leiden in het blaasproces.

De strategie die veelal gebruikt wordt is een empirische, die uitgaat van gemeten

data, waarbij de filmeigenschappen en procesinstellingen de invoer vormen van een

op regressie gebaseerd voorspellingsmodel.

De vraag die aan de basis ligt van dit promotieonderzoek is of de voorspel-

ling van de folie-eigenschappen vanuit materiaal- en proceseigenschappen significant

wordt verbeterd door een combinatie van fysisch modelleren en empirisch model-

leren in plaats van gebruik te maken van een louter empirische model. Door deze

vraag te beantwoorden krijgen we inzicht in de onderliggende verbanden en wetma-

tigheden van het polymeerproces en scheppen we toegevoegde waarde voor zowel

de producenten van de polymeerhalffabricaten als voor de polymeerverwerkende

industrie. In het bijzonder besteden we aandacht aan de schaalbaarheid van de

modellen. Kennis van schaalbaarheid is van nut om vast te stellen of resultaten van

processen uitgevoerd op laboratoriumschaal voorspellend zijn voor de resultaten

van de processen op industriele schaal.

In dit proefschrift gaan we uit van de hypothese dat de voorspelling van

folie-eigenschappen het best kan worden uitgevoerd met behulp van ’grey-box’ mo-

dellen. We poneren een model dat op fysische principes is gebaseerd en dat de

voornaamste vloeistofdynamische aspecten beschrijft van het folieblaasproces. Uit-
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komst van het model is de geometrie van de folie in het vrije oppervlakgedeelte van

het proces, de temperatuurverdeling, de spanningen en de snelheid, waarmee de

folie zijn weg vindt vanuit de spuitgietmond tot aan de hoogte waarop de snelheid

niet langer toeneemt. Kristallisatie van de folie wordt slechts indirect in het model

meegenomen.

In onze modelleerstrategie beschouwen we separaat de kinematica en de

dynamica van het blaasproces. Als consequentie van de gekozen strategie voldoen

de fysische grootheden niet aan alle evenwichtsvergelijkingen. Resultaat is twee

modellen: een kinematisch model en een dynamisch model. In het kinematisch

model veronderstellen we dat het gesmolten polymeer een niet-isotherm Newtons

constitutief gedrag heeft, waarbij alleen de viscositeit het gedrag beschrijft van het

polymeer; de viscositeit is temperatuur afhankelijk. In het blaasproces wordt heden

ten dage een koelring gebruikt, die op de spuitgietmond is geplaatst. In het kinema-

tisch model wordt het effect van deze koelring meegenomen. Het dynamisch model

is gebaseerd op de beschrijving van het constitutieve gedrag dat vastligt door de

relatie tussen de reksnelheidstensor en de spanningstensor, waarbij de reksnelheden

worden verkregen uit het kinematisch model. We onderzoeken twee constitutieve

modellen: het multimodaal Maxwell model en het multimodaal Phan-Tien-Tanner

model.

Vanuit het kinematisch model bepalen we twee intrinsieke karakteristie-

ken van het folieblaasproces, namelijk de luchtdruk binnen de folieballon en de

trekkracht opgelegd door de opwindrollen. Deze karakteristieken zijn geen proces-

instellingen maar het resultaat daarvan. We laten zien dat ze een direct verband

hebben met de ontwikkeling van de meridionale en parallelle spanningen.

Vanuit wiskundig oogpunt is het kinematisch model een dynamisch sys-

teem. Het bepalen van de genoemde karakteristieken is in die termen een parameter-

identificatie-probleem. Om de karakteristieken te bepalen hebben we een optimali-

satieprocedure ontwikkeld gebaseerd op een gradientgerelateerd minimum - zoekal-

gorithme. We bewijzen dat het dynamisch systeem zeer gevoelig is voor de opgelegde

beginvoorwaarden, waardoor de parameteridentificatie een uitdaging wordt.

In het dynamisch model, gebaseerd op de Maxwell en Phan-Thien-Tanner

constitutieve modellen, wordt het polymeergedrag beschreven door een spectrum

met korte en lange relaxatietijden. Voor de korte relaxatietijden bewijzen we dat

de spanningen bijna dezelfde zijn als die volgend uit het Newtonse model. Voor

de lange relaxatietijden is de relaxatiemodulus klein, zodat we het effect van deze

relaxatietijden mogen verwaarlozen.

Het uiteindelijke grey-box model resulteert in 35 karakteristieken addi-

tioneel aan de 14 karakteristieken die in de praktijk worden gebruikt. Met de

toevoeging van deze 35 karakteristieken wordt driemaal zoveel informatie verkregen

uit het procesmodel. We beschouwen zeven folie-eigenschappen. Per eigenschap
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bepalen we de karakteristieken die de grootste voorspellende bijdrage leveren. We

laten zien dat alle folie-eigenschappen kunnen worden benaderd door een lineair

regressiemodel met een resulterende nauwkeurigheid in termen van de parameter

R2 tussen 0.6 en 0.9.





Резюме

Моделирование процесса выдувной экструзии
пленок с целью улучшенного прогнозирования их
свойств

Более половины всей полиэтиленовой пленки в мире производится с помощью
процесса выдувной экструзии (изготовления пленки методом экструзии с раз-
дувом рукава). Пленки используются в различных целях и в зависимости от
области применения должны отвечать спецификациям, формулируемым в ви-
де геометрических, механических и оптических свойств пленки. Полимерная
индустрия ставит задачей определить, в результате сочетания какого полиме-
ра с каким процессом получается пленка, обладающая определенными каче-
ственными характеристиками. В настоящее время существует ряд эмпириче-
ских моделей, связывающих свойства полимера, условия процесса выдувания
и свойства пленки.

В данной диссертации изучается возможность улучшения прогнози-
рования свойств пленки используя обьединение физической и эмпирической
моделей. Данное исследование позволяет лучше понять процессы производ-
ства пленки, и его результаты могут быть использованы в промышленности. В
частности мы рассматриваем вопрос масштабирования. Рассматривается при-
менимость модели, построенной на результатах лабораторных экспериментов,
в условиях реального производства в свете предсказания свойств пленки.

В данной диссертации отстаивается идея о том, что применение так
называемой модели "серого ящика"способствует лучшему предсказанию свойств
пленки. Предложена физическая модель, охватывающая основные динамиче-
ские характеристики жидкости в процессе выдувания пленки: в частности, гео-
метрические параметры свободной поверхности пленки, изменение температу-
ры, напряжения и скорости движения пленки и вместе с этим неявно кристал-
лизацию полимера. Результат физической модели нелинейно зависит от харак-
теристик полимерного материала и условий процесса и способствует улучшен-
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ному линейному предсказанию свойств пленки.
В нашей стратегии моделирования кинематика и динамика процесса

рассматриваются раздельно, и поэтому не все физические законы сохранения
выполняются. В результате построены две модели: кинематическая и дина-
мическая. В кинематической модели предполагается неизотермическое ньюто-
новское поведение жидкости: расплавленный полимер ведет себя как вязкая
жидкость и вязкость зависит от температуры. Современные выдувные экстру-
зионные установки оснащены охлаждающим устройством - обдувочным коль-
цом. Оно расположено в той части установки, где полимер покидает головку
экструдера. Воздействие охлаждающего воздушного кольца учитывается в на-
шей модели. Динамическая модель основывается исключительно на поведении
материала и соотносит тензора скорости деформации и напряжения. Иссле-
дуются две модели поведения материалов: обобщенная модель Максвелла с
верхней конвективной производной и модель Фан-Тьен-Таннера.

В кинематической модели выделяются две характеристики процесса
выдувания пленки: давление воздуха внутри рукава и сила тяги тянущих ва-
лов. Эти характеристики являются не входными параметрами процесса выду-
вания пленки, а их результатом. Показано наличие прямой связи между ними
и меридиональным и параллельным напряжениями.

Кинематическая модель - это динамическая система с математической
точки зрения, а определение вышеуказанных характеристик является пробле-
мой идентификации параметров. С целью определения данных характеристик
разработана схема оптимизации, использующая градиентный метод поиска ми-
нимума. В диссертации доказывается факт, что динамическая система чув-
ствительна к начальным условиям и тем самым превращает идентификацию
параметров в сложную математическую задачу.

В динамической модели - в случае использования моделей Максвелла
или Фан-Тьен-Таннера - мы имеем дело с малыми и большими величинами в
спектре времен релаксации. Приведены доказательства того, что в случае ма-
лых времен релаксации напряжения в моделях Максвелла и Фан-Тьен-Таннера
сравнимы с ньютоновским. В случае больших времен релаксации величина мо-
дуля релаксации настолько мала, что их эффект не учитывается.

На основе результатов физической модели выделены 35 дополнитель-
ных параметров помимо 14 входных, используемых на практике. В диссертации
показывается, что эти дополнительные параметры втрое увеличивают объем
информации, заключенной в исходном наборе параметров. Рассматриваются
семь свойств пленки, для каждого из которых определяются наиболее значи-
мые прогнозирующие факторы. Показывается, что все свойства пленки можно
аппроксимировать моделью линейной регрессии с не более чем пятью незави-
симыми факторами и конечным R2 в диапазоне 0.6 - 0.9.
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