
 

Numerical simulations of aggregate breakup in bounded and
unbounded turbulent flows
Citation for published version (APA):
Babler, M. U., Biferale, L., Brandt, L., Feudel, U., Guseva, K., Lanotte, A. S., Marchioli, C., Picano, F., Sardina,
G., Soldati, A., & Toschi, F. (2014). Numerical simulations of aggregate breakup in bounded and unbounded
turbulent flows. (arXiv; Vol. 1406.2842 [physics.flu-dyn]). s.n.

Document status and date:
Published: 01/01/2014

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/e4c06ceb-fd64-4e1d-aac7-64878d5f7fba


ar
X

iv
:1

40
6.

28
42

v1
  [

ph
ys

ic
s.

fl
u-

dy
n]

  1
1 

Ju
n 

20
14

Numerical simulations of aggregate breakup in bounded

and unbounded turbulent flows

Matthaus U. Babler,1, ∗ Luca Biferale,2 Luca Brandt,3 Ulrike Feudel,4 Ksenia Guseva,4 Alessandra S.

Lanotte,5 Cristian Marchioli,6 Francesco Picano,3 Gaetano Sardina,3 Alfredo Soldati,7 and Federico Toschi8

1Department of Chemical Engineering and Technology,
KTH Royal Institute of Technology, SE-10044 Stockholm, Sweden
2Dept. of Physics and INFN, University of Rome Tor Vergata,

Via della Ricerca Scientifica 1, 00133 Roma, Italy
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Breakup of small aggregates in fully developed turbulence is studied by means of direct numerical
simulations in a series of typical bounded and unbounded flow configurations, such as a turbu-
lent channel flow, a developing boundary layer, and homogeneous isotropic turbulence. Aggregate
breakup occurs when the local hydrodynamic stress σ ∼ ε1/2, where ε is the energy dissipation at the
position of the aggregate, overcomes a given threshold σcr, characteristic for a given type of aggre-
gates. Results show that the breakup rate decreases with increasing threshold. For small thresholds,
it develops a universal scaling among the different flows. For high thresholds, the breakup rates
show strong differences among the different flow configurations, highlighting the importance of non-
universal mean-flow properties. To further assess the effects of flow inhomogeneity and turbulent
fluctuations, results are compared with those obtained in a smooth stochastic flow. Furthermore,
we discuss limitations and applicability of a set of independent proxies.

INTRODUCTION

Particles in the colloidal and micrometer size range
have a strong tendency to stick together and form ag-
gregates that, depending on the type of particles and
the environment, might undergo further transformations
such as coalescence or sintering to form compact struc-
tures. Turbulence in the suspending fluid has a distinct
influence on the aggregation process: It leads to an en-
hancement of the rate at which aggregates grow, i.e. by
facilitating collisions among particles [1, 2, 3, 4], and
it induces breakup of the formed aggregates [5, 6, 7, 8].
Breakup is an important phenomenon in aggregation pro-
cesses [9, 10, 11], as it is one of the two main mecha-
nisms that can interrupt aggregate growth in a destabi-
lized suspension of infinite extent (the other mechanism
is sedimentation which removes large aggregates from the
suspension). This is experimentally evidenced by moni-
toring the evolution of the aggregate size in a stirred sus-
pension of destabilized particles [12, 13]. Starting from
primary particles, the aggregate size first undergoes a
rapid increase before leveling off to a plateau, where ag-
gregation and breakup balance each other. Increasing at
this point the stirring increases the magnitude of breakup
which results in a rapid relaxation of the aggregate size
to a new plateau at a lower size.

Breakup of aggregates has attracted considerable at-
tention in the literature [14, 15, 16, 17]. The aggregate
strength is experimentally measured by immersing pre-
prepared aggregates into a sufficiently diluted flow and
measuring the size and structure of the fragments that
do not undergo further breakup [6, 18, 19, 20]. Assum-
ing that the largest fragments are the remainder of the
original clusters, it allows for interpreting the measured
fragment size as the aggregate strength. From such ex-
periments it was found that the typical aggregate size
that can withstand breakup decreases as a power law
with the applied hydrodynamic stress, or put the other
way around, the aggregate strength decreases with in-
creasing the size. However, the strength per se gives no
information on the rate of breakup, i.e. how fast the num-
ber of aggregates decays in time. The rate of breakup is
a crucial quantity regarding the dynamics of aggregation
processes since it influences restructuring [21] and cru-
cially controls the steady state cluster size distribution
[22]. Moreover, it is an important quantity for modeling
aggregation processes by means of population balance
equations, where breakup typically is described as a rate
process [5, 23, 24].

Early models relating the breakup rate to the ag-
gregate strength were presented by Delichatsios [25]
and Loginov [26] (for the conceptual equivalent case of
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breakup of sub-Kolmogorov droplets), followed by the
exponential model of Kusters [27] and the engulfment
model of Babler et al. [28]. The basic principle is that an
aggregate suspended in a turbulent flow is subject to a
fluctuating hydrodynamic stress that only intermittently
overcomes the critical stress required to break the aggre-
gate. The breakup rate is then derived from the time it
takes for an aggregate to experience such stress.

Describing how long it takes for an aggregate to ex-
perience a breaking stress is not an easy task, as the
fluctuations in the stress experienced by an aggregate
are not only controlled by turbulent fluctuations but also
by the way the moving aggregate samples these fluctua-
tions. Accordingly, predicted breakup rates vary strongly
among the different models and even lead to contradic-
tory results: in the limit of very weak aggregates the
exponential model of Kusters [27] predicts a constant
breakup rate, while the engulfment model leads to a
diverging breakup rate [28]. In Babler et al. [29], di-
rect numerical simulations (DNS) were used to obtain
Lagrangian trajectories of point-like aggregates released
into homogeneous and isotropic turbulence (HIT): tra-
jectories were followed until the aggregates experienced
a stress that is able to break them. The breakup rate
measured in this study showed some characteristic prop-
erties that were only partially captured by earlier models.
In particular, for small values of the aggregate strength,
the breakup rate follows a power law, while in the oppo-
site limit of the aggregate strength becoming large, the
breakup rate decreases with a sharp super-exponential
cut off. While the behavior at large aggregate strength
was well captured by the engulfment model, the power
law behavior was overestimated by both the engulfment
and exponential model. More recently, a similar analy-
sis [30] was performed by combining data obtained from
a DNS of HIT with discrete element methods based on
Stokesian dynamics, that models in detail the internal
stresses while the aggregates are moving in the turbulent
field. This more detailed analysis confirmed the power
law behavior of the breakup rate in the limit of small
aggregate strength, while in the opposite limit of large
strength, a slightly slower drop off was observed, due to
the role of internal stresses and aggregate orientation in
the flow.

Most of the works presented so far considered aggre-
gate dynamics in homogeneous and isotropic turbulence,
which for real turbulent flows only holds on a sufficiently
small length-scale and for distances far enough from the
walls. The question thus arises to which extent results
from homogeneous flows apply to real flows, which are
strongly influenced by their boundary conditions. To this
aim, in this work we investigate breakup of aggregates in
wall-bounded flows, namely a developing boundary layer
flow and a channel flow. Aggregate breakup is studied by
means of numerical experiments using the same method-
ology as in our previous work [29]. Specifically, the ag-

gregates are assumed small with respect to the viscous
length scale of the flow, and their inertia is negligible.
Furthermore, their concentration is assumed low such
that the properties of the flow are not altered due to
the presence of the aggregates. Breakup is assumed to
occur whenever the hydrodynamic stress, taken as the
local energy dissipation at the position of the aggregate,
exceeds a predefined threshold representing the aggre-
gate strength. In future works, this assumption might
be refined by introducing some internal dynamics lead-
ing to stretching-relaxation dynamics similar as for the
case of droplet deformation/breakup and the polymer
coil/stretch transition in turbulent flows [31, 32, 33].
For both flows, we consider the situations where ag-

gregates are released close to the wall and far away from
it. Despite the strong non-homogeneity and the pres-
ence of a mean shear in wall-bounded flows, the mea-
sured breakup rate in each of these cases shows some
remarkable similarities to the breakup rate in homoge-
neous turbulence. To corroborate and better understand
this behavior, we additionally consider a synthetic turbu-
lent flow obtained by stochastically evolving the Fourier
modes of a random velocity field. Measuring the breakup
rate in this flow leads to similar power law behavior sug-
gesting that the latter is caused by weak turbulent fluctu-
ations, well represented by Gaussian statistics and there-
fore only weakly influenced by the flow’s boundary condi-
tion. The breakup rate of strong aggregates, on the other
hand, is substantially larger in wall-bounded flows, when
compared with homogeneous turbulence where only rare
intermittent burst can break strong aggregates.

NUMERICAL EXPERIMENTS

Aggregate breakup in turbulent flows

As in Babler et al. [29], we consider a situation where
preformed aggregates are released at a given location into
a stationary flow containing otherwise no particles. The
flow is assumed to be diluted such that its statistical
properties are not affected by the presence of the aggre-
gates (one-way coupling between the fluid and the par-
ticulate phase). Furthermore, the aggregate density is
assumed to be close to the fluid density, and their size is
small with respect to the dissipative length scale of the
flow but large enough for Brownian motion to be negli-
gible. The aggregate Stokes time τp = (2ρp + ρ)r2/(9ρν)
where ρ is the fluid density, ρp is the aggregate density, ν
is the kinematic viscosity, and r is the aggregate radius, is
thus small with respect to the fastest turbulent timescale.
On the one hand, this implies that the aggregates have
negligible inertia and their motion can be treated as if
they were tracers. On the other hand, it identifies the
breakup mechanism to be due to hydrodynamic stress
acting on the aggregate.
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We define breakup as a singular event in time, i.e.
there is an exact moment in time when an aggregate
turns from being intact into being broken. We assume
that this happens when the local stress acting on the ag-
gregate exceeds a critical stress σcr [28, 29]. The latter
is a characteristic of the considered aggregate, i.e. σcr

is a function of the aggregate properties such as size,
structure, type of the constituting particles, and chemi-
cal environment. Among these variables, the size of the
aggregate is most crucial. A large body of experimental
[18, 19, 20], numerical [17, 34, 35, 36], and theoretical
studies [14] suggest a power law dependency of the form

σcr ∼ r−q, respectively σcr ∼ ξ−q/df , (1)

where ξ ∼ rdf is the number of primary particles consti-
tuting the aggregate, df is the aggregate fractal dimen-
sion, and q is a scaling exponent that depends on the
aggregate structure. For dense but non-compact aggre-
gates, Zaccone et al. [14] give q = [9.2(3 − df ) + 1]/2 in
good agreement with experiments [20, 37].
The hydrodynamic stress acting on an aggregate is σ ∼

µ(ε/ν)1/2, where µ is the dynamic viscosity and ε is the
local energy dissipation rate defined as:

ε = 2νsijsij , (2)

where sij =
1
2 (∂ui/∂xj+∂uj/∂xi). Thus, strong fluctua-

tions of ε control the fluctuations of the stress and there-
fore the occurrence of breakup events. This translates
into a picture where an aggregate upon release moves
through the flow until the local dissipation exceeds a
threshold value εcr ∼ [σcr(ξ)]

2 causing it to break up.
Hence, it is crucial to control the typical time the ag-
gregate experiences a local stress below the critical one,
what we call the exit-time. In figure 1(a) we schemati-
cally show the way we propose to estimate the breakup
rate, using a real example taken from the evolution of
one aggregate. In the figure, we show the time series of
kinetic energy dissipation along an aggregate trajectory
and the methodology followed to define the exit-time. An
aggregate released at a time t0 moves with the flow for
a time τεcr after which the local dissipation exceeds for
the first time the critical threshold εcr (indicated by the
dashed line in figure 1(a)) where the aggregate breaks
up. The first crossing of εcr thus defines the exit-time,
τεcr , which is the basic quantity for determining breakup
rates.
For measuring the exit-time of aggregates, the follow-

ing protocol is applied [29]: (i) At a time t0 a given num-
ber of aggregates is released at a random location within
a domain Ω of a stationary flow. (ii) Aggregates released
at a point where the local dissipation exceeds εcr are ig-
nored as breakup would have already occurred before the
aggregate could have reached that point. (iii) The re-
maining aggregates are followed in time until the local
dissipation exceeds the critical dissipation εcr. The time
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FIG. 1: Definition of the exit-time, τεcr (see text) for two
typical trajectories in a homogeneous and isotropic flow: (a)
Time series of energy dissipation along an aggregate trajec-
tory for a low-turbulent intensity trajectory; (b) the same but
for a strongly turbulent burst. The dashed line indicates the
critical dissipation. (c) A typical evolution of the energy dissi-
pation for an aggregate evolving in a synthetic turbulent flow
(STF). Notice the absence of strong fluctuations in the latter
case. The horizontal axis is normalized by the Kolmogorov
time scale τη = (ν/〈ε〉)1/2.

lag from release until the breakup defines the exit-time
τεcr . The breakup rate for the given threshold and do-
main of release is then given by the inverse of the mean of
the exit-time, given by the ensemble average over many
time histories:

fεcr =
1

〈τεcr〉
. (3)

Equation (3) provides a valid definition of the breakup
rate that is applicable to both homogeneous and non-
homogeneous flows. However, it is important to notice
that its implementation requires to observe the particles
for a sufficiently long time in order to confidently esti-
mate the mean exit-time. This might be very challeng-
ing for measurements made in the field or in a labora-
tory, and for large values of εcr that occur only rarely.
Hence, approximations to the breakup rate given by (3)
are desirable. One of such approximation applicable to
homogeneous flows is obtained by considering the diving-
time, defined as the time lag in between two consecutive
crossings of the critical dissipation [26]. The important
difference obtained by using the diving-time is that in ho-
mogeneous flows the mean diving time can be obtained
using the Rice theorem for the mean number of cross-
ings per unit time of a differentiable stochastic process,
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leading to the following proxy for the breakup rate [29]:

f (E)
εcr =

∫

∞

0 dε̇ ε̇p2(εcr, ε̇)
∫ εcr
0 dε p(ε)

, (4)

where p2(ε, ε̇) is the joint probability density function
(PDF) of the dissipation and its time derivate, p(ε) is the
PDF of ε, and the superscript (E) stands for ’Eulerian’,
indicating the fragmentation rate estimated without the
need of Lagrangian properties.
Another important and potentially useful approxima-

tion can be derived by considering the evolution of the
number of particles. In the case where breakup is driven
by an uncorrelated force field, the breakup rate can be
written as:

f (N)
εcr = −

d lnNεcr(t)

dt
, (5)

where Nεcr(t) is the number of aggregates at a time t
after their release. The latter is simply related to the
exit-time measurements described above by the relation,

Nεcr(t)/Nεcr(0) = 1−

∫ t

0

dτ pεcr(τ) , (6)

where Nεcr(0) is the number of aggregates successfully
released into the flow and pεcr(τ) is the PDF of the exit-
time for a threshold εcr.

Flow fields

Boundary layer flow

We consider a zero-pressure-gradient flow, i.e. the case
of a thin flat plate immersed in a uniform steady stream
of viscous fluid with undisturbed characteristic velocity
U0. No-slip boundary condition is applied on the flat
plate. The viscous stresses generated by the flat plate
retard the fluid elements close to the wall, so that the
fluid zone close to the flat plate has a velocity lower than
the free stream value U0. The resulting flow is known
as boundary layer flow (BLF). A sketch of the flow con-
figuration is displayed in figure 2. A typical measure of
the boundary layer thickness is the so called geometri-
cal thickness δ, defined as the distance perpendicular to
the wall where the flow reaches 99% of the undisturbed
free-stream velocity. It is known from experiments and
from simple dimensional arguments that the geometrical
thickness increases when moving downstream along the
flat plate, implying that the BLF is a spatially evolving
flow with a strong inhomogeneity in the wall normal di-
rection and a weaker evolution in the wall parallel direc-
tions. Different, though somehow equivalent measures of
the characteristic boundary layer thickness exist such as
the displacement thickness δ∗ and the momentum thick-
ness θ that take in account the mass and the momentum
loss inside the boundary layer [38].

o

U0

δ
0

δ
0

δ
δ

δ

0
0

60

500
2500

(x)

y

x

Ω

Ωi

FIG. 2: Schematic of the BLF. The two different seeding re-
gions are labeled as Ωi for the aggregates released inside the
boundary layer, and Ωo for aggregates released outside the
boundary layer region. δ(x) represents the geometric bound-
ary layer thickness where the mean velocity is 99% of the free
stream velocity U0; δ0 denotes the boundary layer thickness in
the inlet section of the computational domain. x and y denote
the streamwise and wall-normal coordinate, respectively.

A DNS of the BLF was performed using the pseudo-
spectral Navier-Stokes solver SIMSON [39]. The compu-
tational domain has a size of (3000δ0)×(100δ0)×(120δ0)
in streamwise, wall-normal, and spanwise directions, with
δ0 denoting the geometrical boundary layer thickness at
the inlet section of the computational domain. The nu-
merical resolution is 4096 × 384 Fourier modes in the
wall-parallel plane and 301 Chebishev modes in the wall-
normal direction. A localized forcing, random in time
and spanwise direction, close to the inlet is used to in-
duce the laminar-turbulent transition. The characteris-
tic Reynolds number of the flow, based on the momen-
tum thickness θ, ranges from Reθ = 200 at the inlet to
Reθ = 2500 at the end of the domain. The resulting
turbulent flow is analogous to the one described in Sar-
dina et al. [40, 41], where the transport and dispersion of
inertial particles in boundary layers is studied.

Aggregates are released in two regions: inside the
boundary layer (labeled Ωi in figure 2) and outside the
boundary layer (labeled Ωo in figure 2). The release re-
gions span the streamwise interval from 500δ0 to 2500δ0
such as to avoid interferences due to the tripping forcing
promoting transition to turbulence. The height of the
total release region is 60δ0 and the difference between Ωi

and Ωo is determined by the local geometrical thickness
of the boundary layer. The latter ranges from 15δ0 at
the beginning of the release region to 45δ0 at the end of
the release region. A total number of 2 × 106 tracer ag-
gregates is released into the flow. Aggregate trajectories
are obtained by integrating the velocity field:

dx(t)

dt
= u(x(t), t) . (7)
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TABLE I: Parameters of the numerical experiments. ε0 and
τ0 are the characteristic energy dissipation and the timescale
used to normalize the data. In the BLF and CF aggregates are
released in two regions: In the BLF, aggregates are released
inside the boundary layer Ωi = {500 < x/δ0 < 2500, y <
δ(x)}, and outside the boundary layer Ωo = {500 < x/δ0 <
2500, δ(x) < y < 60δ0}, where δ(x) and δ0 are the boundary
layer thickness and the boundary layer thickness at the en-
trance to the computational domain, respectively. In the CF,
aggregates are released in the center-plane Ωc = {y/h = 0}
and in the wall region Ωw = {0.933 < |y/h| < 1} where y is
the wall normal coordinate and h is the half channel height.

Flow Release region ε0 τ0

BLF Reθ = 2500 Ωi, Ωo 〈ε|x ∈ Ωi〉 (ν/ε0)
1/2

CF Reτ = 150 Ωc, Ωw 〈ε〉 (ν/ε0)
1/2

HIT Reλ ≃ 400 whole domain 〈ε〉 (ν/ε0)
1/2

STF Reσ = 300 whole domain 〈ε〉 tη

The fluid velocity and its spatial derivatives at the posi-
tion of the aggregate are quantified by means of a fourth
order spatial interpolation, while a second order Adams-
Bashforth scheme is used for integration of (7). Fur-
ther details about the numerics of the Lagrangian track-
ing solver can be found in Sardina et al. [40, 42]. The
characteristic energy dissipation ε0 used to normalize the
breakup rate is taken as the volume average over the in-
ner release region Ωi. A summary of the properties of
this flow is given in table I.

Channel flow

The flow domain consists of two infinite flat parallel
plates, a distance 2h apart. The origin of the coordinate
system is located at the center of the channel and x, y and
z axes represent streamwise, wall-normal, and spanwise
directions, respectively. Periodic boundary conditions
are imposed on the fluid velocity field in homogeneous
directions (x and z) while no-slip boundary conditions
are imposed at the walls. The size of the computational
domain is Lx×Lz×Ly = 4πh×2πh×2h. The flow is non-
reactive, isothermal and incompressible (low Mach num-
ber). The shear Reynolds number is Reτ = uτh/ν = 150
[43], where uτ =

√

τw/ρ is the shear velocity based on
the mean wall shear stress. The flow solver is based on
the Fourier-Galerkin method in the streamwise and span-
wise directions, and on a Chebishev-collocation method
in the wall-normal direction. This solver provides the
spatial derivatives required to calculate fluid dissipation
along the aggregate trajectory according to (2) with spec-
tral accuracy. A Lagrangian tracking code coupled with
the flow solver is used to calculate the path of each ag-
gregate in the flow. The aggregate equation of motion
(7) is solved using a fourth-order Runge-Kutta scheme
for time integration. Fluid velocity and velocity deriva-

FIG. 3: Schematic of the CF. The two different seeding re-
gions are labeled as Ωc for aggregates released in the center-
plane and Ωw for aggregates released near the wall. On the
left and right side are shown the mean profiles of turbulent
and viscous stresses, and the mean velocity profile, respec-
tively. h denotes the half channel height.

tives at aggregate position are obtained using sixth-order
Lagrangian polynomials; at the wall, the interpolation
scheme switches to one-sided. Further details on the nu-
merical methodology can be found in Marchioli et al. [43]
and Soldati and Marchioli [44]. A schematic of the flow
is shown in figure 3.
Following Pitton et al. [45] the flow domain is phe-

nomenologically divided in three regions, i.e. wall region,
intermediate region, and bulk region (see figure 3). The
wall region comprises a fluid slab with a thickness of 10
wall units. In this region, the viscous stress (represent-
ing the mean fluid shear) is maximum while the turbulent
stress is close to zero. The intermediate region extends
up to 50 wall units from the wall and is characterized
by the peak of the fluid Reynolds stresses. The bulk re-
gion covers the central part of the channel where all wall
stress contributions drop to zero and turbulence is closer
to homogeneous and isotropic. Breakup experiments are
performed by releasing aggregates in the wall region and
at the center-plane of the bulk region. The two release
regions are labeled Ωw and Ωc in figure 3. Within each
of these release regions, 105 aggregates are released and
their trajectories are tracked and breakup events are de-
tected. The characteristic energy dissipation ε0 used to
normalize the breakup rate is taken as the volume aver-
age over the whole flow domain, see table I.

Homogeneous turbulence

A DNS of three-dimensional incompressible Navier-
Stokes turbulence was performed on a triply periodic cu-
bic box, with large scale statistically homogeneous and
isotropic forcing. The external forcing injects energy in
the first low wavenumber shells, by keeping their spec-
tral content constant [46]. The kinematic viscosity is
such that the Kolmogorov length-scale is comparable to
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the grid spacing; this choice ensures a good resolution
of the small-scale velocity dynamics. The Navier-Stokes
equations are solved on a regular grid, 2π periodic, by
means of standard pseudo-sprectal methods, with time
stepping due to a second-order Adams-Bashforth algo-
rithm. The grid has 20483 points and the Taylor scale
based Reynolds number is Reλ ≃ 400. Lagrangian par-
ticle velocities are obtained by a tri-linear interpolation.
Details on the numerical integration can be found in Bec
et al. [47]. The database for this study counts approxi-
mately 2× 105 tracer trajectories. The the characteristic
dissipation for normalizing the breakup rate, ε0, is taken
as mean dissipation, see table I.

Synthetic Flow

In order to better assess the importance of strong inter-
mittent bursts in the statistics of the energy dissipation
felt by the aggregates, it appears useful to study also the
dynamical evolution in a synthetic turbulent flow (STF),
whose statistics can be controlled a priori. This flow is
built to mimic properties of stationary, homogeneous and
isotropic turbulence, however with an important and cru-
cial difference: with Gaussian statistics for the velocity
field. The STF is realized in a three dimensional periodic
box of size L = 2π with the velocity field written as a
Fourier series:

u(x, t) =
∑

k

û
′

k
(t)eikx . (8)

The Fourier coefficients obey û
′

−k
= û

′∗

k
; the star in-

dicates the complex conjugate. The summation in (8)
goes over K = 1, . . .Kmax shells, each containing NK

uniformly distributed wave vectors of length |k| = K.
Incompressibility of u(x, t) is ensured by taking û

′

k
as

the projection of a different vector ûk on a plane per-
pendicular to k. The vector ûk is evolved by a second
order stochastic process, originally proposed by Sawford
[48] to model Lagrangian dispersion. Evolving ûk by a
second order stochastic process results in a velocity field
that is differentiable in time, which is a crucial property
for measuring temporal statistics such as the exit-time.
In the second order process, the spectral acceleration âk

is given by the following stochastic differential equation:

dâk = −
âk

tη
dt−

ûk

tηtL
dt+

√

2σ2
k

t2ηtL
dW , (9)

where dW is an incremental Wiener process, tη and tL
are the timescales of acceleration and velocity, respec-
tively, and σ2

k
is the variance of a component of ûk. Due

to the isotropy of the flow field, σ2
k
depends only on the

modulus of k, i.e. σ2
k
= σ2

K , such that the energy car-
ried by all wave vectors of modulus K is EK = 3

2NKσ2
K ,

and the total energy is E = 3
2 〈u

2〉 =
∑Kmax

K=1 EK . The
spectral velocity ûk is simply:

dûk = âkdt . (10)

In the present simulations, we set Kmax = 1 [49, 50]
and take the mean velocity 〈u2〉1/2 small with respect
to L/tL. For this choice of parameters, the Lagrangian
properties are fully determined by the evolution of the
spectral coefficients. Following Sawford [48], the spec-
tral acceleration decorrelates with ∼ tη while the integral
scale of the spectral velocity is equal to tL. This allows
for interpreting tη as the equivalent of the dissipative
time scale in turbulence, and furthermore, it motivates
to estimate a small-scale Reynolds number for the STF,
denoted as Reσ, as [48]:

Reσ ∼ tL/tη , (11)

In this work, we set Reσ = 300 and use tη as the charac-
teristic time scale for normalizing the breakup rate; the
characteristic dissipation ε0 is taken as the mean dissi-
pation (table I). Like in the other flows, the aggregate
trajectory is obtained by integrating the velocity field,
(8), while the local dissipation is obtained from (2), set-
ting the value of the viscosity equal to unity. For mea-
suring breakup rates, several very long trajectories were
simulated from which we then measured diving- times.
From the diving-time, the mean exit-time was obtained
from an exact relation derived in Babler et al. [29]. The
breakup rate determined this way corresponds to the case
were aggregates are released homogeneously in the whole
domain. The statistical database is as large as 1.5× 106

diving events.
Before concluding this section, it is worthwhile stress-

ing the main differences between the STF presented here
and a realistic turbulent flow. First, even though we can
identify two different time scales in the STF, the dissipa-
tion along an aggregate trajectory in STF will not possess
any anomalous and intermittent scaling, see e.g. Biferale
et al. [51]. Second, the spatial configuration of the STF
is smooth and does not exhibit a Kolmogorov-like −5/3
spectrum. The former is particularly relevant and will
be discussed later in connection to the small efficiency of
the STF to break strong aggregates.

RESULTS

Properties of energy dissipation

Energy dissipation plays a decisive role in the breakup
of small aggregates. In this section we therefore first
explore the Lagrangian and Eulerian properties of energy
dissipation in the considered flows.
Figure 4 shows typical trajectories of tracer-like ag-

gregates in the BLF. Panel (a) shows time series of the
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wall normal distance while panel (b) shows the corre-
sponding local dissipation. Among the three trajectories
shown, A and B are cases of aggregates released inside
the boundary layer, while C is a case of an aggregate re-
leased outside the boundary layer. Within the observed
time lag, aggregate A is subject to strong fluctuations
in dissipation that increase as it moves downstream and
as the aggregate comes closer to the wall. On the other
hand, aggregate B is first repelled from the boundary
layer and moves away from the wall. Accordingly, the dis-
sipation decreases and fluctuations are rarer. Later, the
aggregate is re-entrained into the boundary layer, which
causes dissipation to increase both in magnitude and am-
plitude of fluctuations. The trajectory of aggregate B in
this later stage is thus similar to aggregate C that is en-
trained into the boundary layer after moving downstream
for a certain distance. From these apparently ad-hoc ex-
amples it becomes clear that in the presence of a mean
flow, breakup events will be controlled by an interplay
between the mean flow properties and the relative fluctu-
ations around it. For some aggregate histories the mean
profile will control the breakup process, while for others,
breakup is controlled by intense fluctuations of the local
energy dissipation around its mean value. As seen be-
low, the balance between the two strongly depends on
the geometry of the flow configuration, the intensity of
the turbulent fluctuations, and also on where the aggre-
gates are released.

The above discussion can be quantified by looking at
the time-averaged profiles of the energy dissipation in the
BLF measured at three downstream distances as shown
by figure 5, for the mean flow and the fluctuating com-
ponents. Close to the wall, dissipation assumes large
values that are dominated by the mean flow, as shown
by the solid curves in figure 5. Dissipation due to turbu-
lent velocity fluctuations (dashed curves) exhibits a flat-
ter profile that expands well beyond the boundary layer
thickness δ∗. The decrease of dissipation in the stream-
wise direction is small, as shown in the inset of figure 5
where we plot the time averaged dissipation at the wall as
a function of Reθ. This explains the relatively constant
high magnitude of energy dissipation seen by an aggre-
gate moving within the boundary layer (i.e. trajectory A
in figure 4).

Figures 6 and 7 show analogue data for the CF. Here,
aggregate A and B are released in the center-plane of the
channel while aggregate C and D are released in the wall
region. The aggregates released in the center-plane grad-
ually get entrained by turbulent eddies which transport
them to the walls. The entrainment and transport to the
wall causes an increase in the magnitude of dissipation
seen by the aggregate while fluctuations remain persis-
tent. Once they reach the wall, the aggregates have the
tendency to stay there for a relatively long time before
being re-ejected into the bulk flow. This is seen also for
aggregates released close to the wall where aggregate D
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FIG. 4: Time series of (a) wall normal distance and (b) en-
ergy dissipation along typical aggregate trajectories in BLF.
Trajectory A and B refer to aggregates released in Ωi, while
trajectory C refers to an aggregate released in Ωo (see figure
2). Axis are normalized by ε0 and τ0 given in table I.
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trajectory C and D refer to aggregates released in Ωw (see
figure 3). Axis are normalized by ε0 and τ0 given in table I.

stays close to the wall while aggregate C is ejected into
the bulk flow. As it appears in figure 7, where we plot
the mean dissipation conditioned on the wall normal dis-
tance, aggregates are subject to high fluctuations of the
kinetic energy dissipation even when staying in the bulk
flow (i.e. away from the walls). Likewise to the BLF,
dissipation assumes high values close to the walls while
fluctuations in dissipation, indicated by error bars, are
intense throughout the channel.

We now consider homogeneous flows. Let us go back
to the time series of dissipation along tracer trajecto-
ries in HIT shown in figure 1. Panel (a) shows a calm

trajectory, i.e. a time interval during which dissipation
undergoes moderate fluctuations around the mean. On
the other hand, panel (b) shows a trajectory that expe-
riences strong intermittency, i.e. the dissipation under-
goes sudden bursts during which its value for a short
time exceeds the average dissipation by several standard
deviations [52]. Such bursts in dissipation are caused
by trapping of particles in intense but short lived vortex
structures [51], which create very high velocity gradients
and which, as shown bellow, have a distinct influence on
the breakup of strong aggregates.

Panel (c) in figure 1 reports the behavior of the dis-
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FIG. 7: Mean energy dissipation conditioned on the wall nor-
mal distance in the CF. Error bars indicate the root-mean-
square of the conditioned dissipation. The vertical axis is
normalized by ε0 given in table I.

sipation along a tracer trajectory in STF. The panel
shows the dissipation over a time interval of 2000 × tη,
from which it is seen that the signal is controlled by two
timescales, namely tη that controls the fast fluctuations
and tL that controls the slow fluctuations. Magnifying
the time series, as done in the inset of panel (c), high-
lights the correspondence of the fast fluctuations in the
smooth flow to the fine scale fluctuations in the homoge-
neous and isotropic turbulent flow. Also, the time series
of dissipation in the synthetic flow describes a much more
regular signal when compared to turbulence, i.e. inter-
mittent bursts and strong deviations from the mean are
absent in this flow. As shown in the next section, this
limits the capability of the STF to break strong aggre-
gates.

Finally, the Eulerian PDF of the energy dissipation
of the homogenous flows are shown in figure 8, together
with the dissipation PDF of the CF. In agreement with
other studies [53, 54], the dissipation PDF of the HIT
for the given Reynolds number exhibits a left tail that
is close to log-normal and a peak value that is slightly
smaller than the mean dissipation. In comparison, the
dissipation PDF of the STF is much narrower. Lastly, the
dissipation PDF of the CF is very wide as a consequence
of the non-homogeneity of the flow. The PDF indeed
exhibits two pronounced shoulders corresponding to the
values of ε in the bulk (left shoulder) and in the wall
regions (right shoulder).

Breakup rate measurements

We now have all the ingredients to measure and ratio-
nalize the breakup rates in turbulent flow at changing the
turbulent intensity and the mean flow configuration. Re-
sults are summarized in figure 9 which marks the major
result of this work. In figure 9 we report the measured
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breakup rates at changing the flow configuration, the re-
lease region, and the method used to estimate fεcr . We
stress that to the best of our knowledge this is the first
attempt to perform such comprehensive compilation on
such a wide set of flow configurations. Additionally, we
also report results from independent predictions, namely
the estimate obtained from quasi-Eulerian measurements
given in (4) or the approximation based on an exponential
fit given in (5). As expected, the breakup rate generally
decreases with increasing aggregate strength, confirm-
ing earlier results that large aggregates break faster than
small ones. Remarkably, except data from the BLF where
aggregates were released outside the boundary layer re-
gion, the breakup rates of the different flows are very
close to each other for small threshold values. We stress
that this is not due to a rescaling of the axis, but instead
a consequence of using the characteristic dissipation ε0
and its corresponding timescale for normalizing the axis.

Furthermore, for small εcr the breakup rate shows a
power-law like behavior that is similar among the differ-
ent datasets. To explore this further, in the inset of figure
9 we show the compensated breakup rate fεcr/[ε

−χ
cr ] using

a scaling exponent χ = 0.42. The latter corresponds to a
fit of the right tail of the quasi-Eulerian proxy (4) which
well describes breakup in HIT, as shown by the solid
curve in figure 9. A clear plateau can be observed for
aggregates released close the wall and for aggregates in
homogeneous flows. Deviations from the plateau are only
seen for aggregates released in the centerline of channel
and for aggregates released outside the boundary layer
for which the breakup rate for small εcr has a slightly
larger scaling exponent. For these release regions, the
aggregates first get entrained by turbulent eddies that

transport them to the wall. During this entrainment the
aggregates gradually experience stronger stress (cf. tra-
jectory A in figure 5). Weak aggregates therefore, on
average, will suffer breakup earlier than stronger ones,
which causes the breakup rate for these release regions
to decrease faster with increasing εcr.
For larger thresholds values, a leveling-off in the de-

crease of the breakup rate is observed for the wall-
bounded flows and fεcr is found to bend upwards. This is
in contrast to the homogenous flows for which fεcr shows
a strong drop-off at large εcr [29]. The higher breakup
rates for wall-bounded flows are due to the high mean
shear close to the wall which causes aggregates coming
close to the wall to rapidly breakup. In the homogenous
flows, strong aggregates are only broken by the rare ex-
cursions of dissipation from the mean caused by intermit-
tency. As these events are rare, the breakup rate exhibits
a super-exponential drop-off for large dissipation. In the
STF, where strong and intermittent excursions from the
mean are absent, the drop-off of the breakup rate occurs
at much smaller thresholds values than in the case of
HIT. The differences for high threshold values between
the STF and real homogeneous and isotropic turbulence
reflects the intriguing dynamics of turbulent fluctuations
and the difficulty of modeling them. Indeed, only for
these two cases the statistics of aggregate breakup is
high enough to allow us to assess the super-exponential
drop-off and thus to see the importance of turbulence:
extremely robust aggregates break only due to the oc-
currence of corresponding extremely intense fluctuations,
typical of the intermittent nature of small-scale turbulent
flows. Any stochastic surrogate failing to possess this
critical features would strongly overpredict the breakup
rate, as it is the case for the STF analyzed here.
For very large threshold values, a drop-off in the

breakup rate is also seen for the channel flow where the
aggregates are released close the wall. It represents the
case where the aggregates are too strong to be broken by
the mean shear, and only intense but rare turbulent fluc-
tuations within the near wall region are able to overcome
the aggregate strength. A similar drop-off is likely to oc-
cur also for the other cases if trajectories were followed
long enough. Exploring this region of high threshold val-
ues presents a problem for future work. In addition, fig-
ure 9 shows the breakup rate of the exponential model
of Kusters [27] (dashed curve). This model is based on a
simple dimensional assumption that breakup is ruled by
Gaussian energy dissipation fluctuations:

f (K)
εcr =

(4/15π)1/2

(ν/〈ε〉)1/2
exp(−15/2 εcr/〈ε〉). (12)

The exponential model predicts a very sharp drop-off
at intermediate threshold values and a constant breakup
rate for small threshold values in strong disagreement to
the breakup rate found in the simulations. The discrep-
ancy originates mainly from the simplified assumption of
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a Gaussian dissipation.

The observation made in figure 9 suggest that weak
aggregates in the wall-bounded flows are broken by tur-
bulent fluctuations shortly after their release, while on
the other hand, strong aggregates survive for a longer
time during which they move further downstream where
they eventually suffer breakup due to the mean shear.
To explore this further, we examined the spatial loca-
tion at which breakup occurs in the wall-bounded flows.
Two cases are considered: aggregates released inside the
boundary layer of the BLF (figure 10) and aggregates re-
leased in the center-plane of the CF (figure 11). Figure
10 shows the average streamwise and wall normal coordi-
nates at which breakup occurs for different threshold val-
ues. As it can be seen, with increasing threshold the ag-
gregates on average move further downstream and come
closer to the wall before suffering breakup. The aver-
age breakup location of weak aggregates thereby is close
to the average location of where the aggregates were re-
leased. Figure 11 shows the PDF of the breakup location
in the CF for three different threshold values. As it can
be seen, weak aggregates predominantly break in the bulk
of the channel close to the point of release, while strong
aggregates move further downstream and predominantly
break close to the wall. This observation is important for
applications, and might open a way to tailor turbulent fil-
ters with different selecting properties depending on the
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FIG. 10: Average (x, y)-coordinates of the breakup position
for different threshold values of aggregates released in Ωi in
the BLF (see figure 2).

spatially evolving intensity of the turbulent background.

Evolution of the number of aggregates

Strong aggregates can move away from the point of re-
lease towards the high shear zones close to the walls: this
fact has a clear influence on the breakup behavior, and
leads to the high breakup rates at large threshold values
in wall bounded flows (cf. figure 9). This preferential
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breakup in specific regions of the flow is also reflected in
the time evolution of the number of aggregates, Nεcr(t),
present in the suspension. From (6), it is understood
that Nεcr(t) is proportional to the cumulative exit-time
distribution. As in the previous section, we limit the dis-
cussion to three cases, namely aggregates released inside
the boundary layer in the BLF, aggregates released in the
center-plane in the CF, and aggregates released in HIT.
Not shown is the time evolution in the STF for which
the time evolution of the number of aggregates shows
the expected result of a Poisson process.

In figure 12(a), the evolution of the number of aggre-
gates released inside the boundary layer in the BLF is
reported. The figure shows Nεcr(t) in semi-logarithmic
coordinates, with the different curves referring to differ-
ent threshold values. It is clear that for small threshold
values (lower curves in figure 12(a) the number of aggre-

gates decays exponentially as Nεcr(t) ≃ N0 exp(−f
(N)
εcr t),

while deviations from the exponential decay observed at
late times are due to statistical noise as the number of
aggregates is already very small. The slope f

(N)
εcr , as sug-

gested by (5), provides an estimate of the breakup rate.
The exponential decay represents the case where the ag-
gregates are broken by uncorrelated turbulent fluctua-
tions in the vicinity of the point of release. On the other
hand, for large threshold values (upper curves in figure
12(a), the evolution of the number of aggregates shows
a different pattern: after an exponential decay at short
times, a relaxation sets in at intermediate times which
eventually turns into an abrupt decrease at later times.
Among these three stages, the relaxation stage following
the exponential decay of Nεcr(t) is caused by aggregates
surviving early breakup and moving away from the point
of release. However, later, when these aggregates come

close to wall they suffer abrupt breakup as represented
by the third stage.

The good news here is that despite such non trivial
time evolution, estimating the breakup rate from the lin-
ear segments of lnNεcr(t) provides a reasonable approxi-
mation. This is shown in the inset of figure 12(a) where
we compare the breakup rate measured by the mean exit-
time, as plotted in figure 9, with the estimation from the
linear segments. The latter is very close to the former,
which implies that for the considered threshold values
the rate of breakup in the BLF is controlled by the early
breakup events in the vicinity of the point of release of
the aggregates.

The evolution of the number of aggregates released in
the center-plane of the CF is shown in figure 12(b). As
in the case for the BLF, for small threshold values (lower
curves in figure 12(b)) the number of aggregates decays
exponentially, implying that the aggregates are broken by
short-time correlated turbulent fluctuations in the vicin-
ity of the point of release. On the other hand, for large
threshold values (upper curves in figure 12(b)), the evo-
lution of Nεcr(t) is delayed and its decay only sets in after
the aggregates have been in the flow for a certain time.
This delay reflects the time it takes for the aggregates to
get entrained into turbulent eddies which transport them
to the higher shear regions close to the wall, where they
eventually suffer breakup. The breakup rate estimated
from fitting the linear segments of lnNεcr(t) is shown in
the inset of figure 12(b), together with the exact breakup
rate from exit-time measurements as plotted in figure 9.
A good agreement with the exact breakup rate is ob-
served also in this case.

Lastly, the evolution of the number of aggregates in
HIT is shown in figure 12(c). In contrast to the wall
bounded flows, no qualitative difference in the decay of
Nεcr(t) for different threshold values is seen, and for all
threshold values an exponential decay is observed, as in-
dicated by the dashed lines. The breakup rate estimated
from this initial decay is shown in the inset of figure 12(c),
together with the exact breakup rate from figure 9. The
latter is available up to threshold values εcr/〈ε〉 ∼ 5; be-
yond this value, exit-times are large compared with the
duration of our numerical simulation which precludes ex-
act measurements of the breakup rate. As it can be
seen from the inset, for threshold values smaller than
εcr/〈ε〉 ∼ 5 the approximated breakup rate is very close
to the exact breakup rate, while for larger threshold val-
ues it is in good agreement with the quasi-Eulerian proxy
shown by the solid curve. This close agreement indicates
that breakup in HIT resembles breakup in short-time cor-
related force field which justifies modeling breakup as a
first order rate process.
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normalized by the slope f
(N)
εcr of the pure exponential de-

cay. For clarity, the curves are shifted upwards by a fixed
increment such that εcr increases from bottom to top. The

dashed lines indicate the linear regions used to fit f
(N)
εcr . In-

set: Breakup rate as a function of critical dissipation obtained
from exit-time measurements (solid symbols) and linear fits
to lnNεcr (t) (open symbols). The former is the same as data
plotted in figure 9. The solid line in inset (c) shows the quasi-
Eulerian proxy (4).

CONCLUSIONS

We reported the first systematic study concerning the
estimation of the breakup rate of small aggregates in fully
developed turbulence at changing both the flow configu-
ration (bounded and unbounded) and the injection region
(relevant only for the bounded-flow cases). Also, we dis-
cussed theoretical and phenomenological ideas concern-
ing the definition of the breakup rate in terms of the so-
called exit-times measured along the trajectories of all ag-
gregates, or in terms of other proxies, e.g. breakup rates
defined in terms of fully Eulerian quantities or using a
fast-decorrelation hypothesis along Lagrangian trajecto-
ries. Our main approximations are the assumption that
breakup occurs instantaneously once the dissipation at
the position of the aggregate exceeds a predefined thresh-
old value, and that only one-way coupling is considered
(no feedback on the flow). In future work, the former re-
striction could be overcome by considering certain time-
relaxation properties of the aggregate backbone.

We found that breakup is typically the results of two
competing effects: a systematic influence of the mean
turbulent profile, overlaid by intermittent and bursty
events induced by turbulent fluctuations. In turbulent
regions dominated by small dissipation events, important
for large and easy-to-break aggregates, the breakup rate
shows a similar pattern in all considered flows. In partic-
ular we found that the breakup rate in the different flows
exhibits a qualitative similar power law scaling. This is
explained by noticing that weak aggregates are broken
by turbulent fluctuations in the vicinity of the point of
release. As the local properties of turbulence at the in-
jection point are expected to be similar, in dimensionless
units, the breakup rate assumes similar values.

On the other hand, breakup rates driven by large dis-
sipation events are significantly different among the four
flows. Compared to homogeneous isotropic turbulence,
the bounded flows lead to much higher breakup rates
for large values of the threshold dissipation. This is due
to the fact that in non-homogeneous flows, aggregates
might be broken also by the mean flow if they travel
enough to reach regions close to the boundary. On the
contrary, the synthetic turbulent flow shows very small
breakup rates for large threshold dissipations due to the
absence of both a mean profile and intense intermittent
fluctuations, characteristic of realistic homogeneous and
isotropic turbulent flows.

The study presented here can be seen as the first
step towards the systematic development of models for
aggregation kernels and breakup rates to be used in spa-
tially distributed population balances and compartment
models.
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