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GENERAL INTRODUCTION AND SUMMAR\ 

The equations governing the propagation of waves in layered media 

are for a wide variety of wave ph~nomena reducible to a set of coupled 

ordinary differential equations. It is often possible to find pure 

wave modes, i.e. wave modes that are not coupled by the inhomogeneity 

or otherwise to ether modes. Then reduction to a single secend-order 

differential equation is possible. 

In this thesis we study a number of linear wave equations with 

time harmonie solutions. The waves propagate in a linear, planarly 

stratified medium without dissipation. The wave equations considered 

are reducible to an ordinary differential equation of the type 

v" + pv' + qv = 0, where the prime denotes differentiation with res

pect to the independent variable. The z-axis of a Cartesian coordinate 

system is chosen such that the propagation properties of the medium 

depend on z only. Hence the coefficients p and q of the resulting 

differential equation are functions of z. Since dissipative effects 

are not taken into account, p(z) and q(z) are real. In the chapters 

through 5 we consider equations which are reducible to a differential 

equation of the Fuchsian type. An equation of this type is an ordinary 

linear equation in which every singular point is a regular singularity, 

including a possible singular point at infinity. 

A by now clàssical example of a wave equation that is reducible 

to a Fuchsian equation with three singularities, is the equation for 

the normally incident ordinary mode in a cold collisionless plasma. 

Reduction of this equation to such a Fuchsian equation, known as the 

hypergeometrie equation, is possible when the plasma density varies 

as a general Epstein profile. Such a profile is a linear combination 
-2 of the functions A + tanh s and cosh s, where A is a constant and s 

is proportional to z. Special cases are the transitional Epstein pro

file (proportional toA+ tanh s), and the symmetrie Epstein profile 
-2 (proportional to.A + cosh s). 

In chapter 1 it is shown that for·waves in a cold collisionless 

(magneto)plasma the number of singular points of the resulting 

Fuchsian equation depends on the polarization of the wave, the pre

senee of an external static magnetic field, and the angle of incidence 

with respect to the gradient of the plasma density. We also consider 

the propagation of electromagnetic waves in a planar optica! wave 



guide. The number of regular singular points is different for the TE 

and TM mode when an Epstein-type varlation of the relative permittivi

ty is assumed. Another example is the propagation of internal gravity 

waves in an inviscid, incompressible fluid with a parallel basic flow 

modelled by an Epstein profile. For sueh a varlation of the basic 

flow the Taylor-Goldstein equation, governing the propagation of these 

waves in a Boussinesq fluid, is also reducible to a Fuchsian equation. 

The number of singular points in the resulting Fuehsian equation is al

ways at least three. If the number of singular points is preeisely 

four, one has to do with Heun's equation. A part of the material trea

ted in ehapter 1 has been publisbed previously [1]. 

In the chapters 2 ~and 3 the wave equation governing the propagat

ion of the normally incident extraordinary mode in a cold collision

less magnatoplasma is discussed. The external magnetic field is statie. 

By introducing a transitional Epstein-type variatien of the plasma 

density, the wave equation under consideration is redueible to Heun's 

equation. 

In ehapter 2 a elass of transformations is eonstrueted that trans

ferm Heun's equation into a Helmholtz equation. The latter equation is 

used to model the propagation of the extraordinary mode. In this way, 

wave number profiles aeeommodating a loeal resonance and a local cutoff 

can be generated. The generated wave number profiles are donnected 

with plasma density profiles through the local dispersion relation for 

the extraordinary mode. The thus generated plasma density profiles 

contain a sufficient number of free parameters to allow for adjustment 

to a given profile. A part of the material treated in this ehapter has 

also been publisbed previously [2]. 

In chapter 3 a class of wave number profiles based on Riemann's 

equation has been eonstructed. This is done along similar lines as in 

ehapter 2. The wave number profiles contain one resonance and one eut

off. Riemann's equation is related to the hypergeometrie equation. By 

the use of the known circuit relations between solutions of the hyper

geometrie equation, closed-form expresslons for the reflection and 

transmission coefficients are derived. The results differ from those 

derived by Budden. 

Chapter 4 is devoted to the equation governing the propagation of 

the TM mode in a homogeneaus planar optical wave guide, Ducting of the 

wave takes place for restricted values of the propagation constant. 
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This constant is related to the phase velocity normal to the gradient 

of the dielectric function. So we deal with an eigenv~lue problem in 

this case. When the varlation of the dielectric function is of the 

symmetrie Epstein type, the equation for the TM mode can be transform

ed into Beun's equation. The eigenvalues corresponding to the con

fined modes are determined numerically. The eigenvalues are compared 

with those eerrasponding to the confined TE modes. This comparison is 

of interest because the usual neglect of the term with the first-order 

derivative in the equation for the TM mode reduces this equation to 

that for the TE mode. 

In chapter 5 the propagation of internal gravity waves in a 

planarly stratified fluid with a horizontal parallel shear flow is 

studied. The fluid is assumed to be inviscid and incompressible, and 

the Boussinesq approximation is applied. The equation descrihing the 

propagation of these waves, is known as the Taylor-Goldstein equation. 

It is assumed that there is one critical level and that the Brunt

Väisälä.frequency is a constant. The shear flow is modelled by a 

transitional Epstein profile. Then the Taylor-Goldstein equation is 

reducible to Beun's equation. For large values of the Richardson num

ber at the critical level the Beun equation can be approximated by an 

equation that has solutions in terms of hypergeometrie functions. By 

means of the known circuit relations rather simple expresslons for the 

reflection and transmission coefficients can be derived. 

In the special case when the critical level lies at the inflection 

point of the velocity profile, closed-form expresslons for the re

flection and transmission coefficients can be derived. These special 

results are valuable because they allow a detailed analysis of the 

critical level behaviour. Subsequent discussion eentres on the possi

bility of over-reflection and resonant over-reflection. The results 

differ from a previously-studied vortex-sheet model. A transitional 

Epstein-type variatien of the shear flow does not allow the occurrence 

of re sonant overr-reflection. Moreover, it is shown that over-reflection 

is not possible when the shear flow is stable. Some remarks on the 

neutral stability surface for the shear flow modelled by the transit

ional Epstein profile, conclude this chapter. 

In chapter 6 some general properties of the Taylor-Goldstein 

equation'are discussed. As in chapter 5 it is assumed that there is 

one critical level. The shear flow and the Brunt-Väisälä frequency are 
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smooth functions of height. It is assumed that the Brunt-Väisälä fre

quency does not vanish at the place of the critica! level. By means 

of a Wronskian approach generalizations of previous results derived 

by Miles are obtained. 

1. F.W. Sluijter and C.A. van Duin, Radio Sci. 15 (1980) 11. 

2. C.A. van Duin and F.W. Sluijter, Radio Sci. 15 (1980) 95~ 
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CBAPTER 1 

ON THE RELEVANCE OF FUCHSIAN DIFFERENTlAL Ef?UATIONS FOR WAVES 

IN LAYERED MEDIA 

1.1. INTRODUCTION 

We consider monochromatic waves with frequency w, propagating in 

a linear, planarly stratified medium without dissipation. The z-axis 

of a Cartesian coordinate system is chosen such that the propagation 

properties of the medium depend on z only. The governing wave equa

tions are assumed to be of the form 

= 0 , (1.1.1) 

where L is a linear differential operator. 

In.this situation these equations are invariant under the trans-

lations x' x + IJ.x, y• .. y + t:.y. Consequently, they have solutions of 

the farm 

A = F(z)ei(wt-Sy) - - . (1.1.2) 

where the y-axis is chosen such that the phase velocity of the waves 

is parallel to the y,z-plane. This can, of course, be done without 

any lossof generality. Substitution of (1.1.2) into (1.1.1) leads 

to a set of coupled ordinary differentlal equations for the cornpo

nents of ~(z), of the farm 

L'F = 0 (1.1.3) 

This means that in general we have to do with coupled wave modes. As 

we shall see, there are oircumstances under which decoupling occurs. 

To illustrate our intention, we consider the equations governing 

the propagation of electromagnetic waves in a cold collisionless iso

tropie plasma. The equation for the electric field E of such a wave 

reads [1] 

{172 - VV• + k 2 e: · (w,z)} E = 0 , 
o or 

(1.1.4) 
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where the plasma behaviour is taken into account through a frequency 

and place depending dieleetrio function E
0
r(w,z). For its definition 

in terms of plasma parameters the reader is referred to the next 

section. The symbol k
0 

denotes the usual vacuum wave number. 

The substitution 

(1.1.5) 

yields the following set of equations: 

0 , (1.1.6) 

0, (1.1.7) 

In the derivation of equations (1.1.7) and (1.1.8) the relation 

V•€0~ = 0 plays an essential r8le. Through the substitution (1.1.5) 

this relation reduces to 

(1.1.9) 

and this explains the terros containing the logarithmic derivatives. 

Equations (1.1.6-8) show that we deal with two deccupled waves 

with different polarizations: (1) a wave mode with its electrio field 

normal to the y,z-plane and (2) a wave mode with its electric field 

in this plane. The y,z-plane is the plane of incidence, i.e. the 

plane parallel to which propagation takes place. The first mode is 

governed by equation (1.1.6), for the secend mode thesetof equations 

{1.1.7-8) applies. 

Equation (1.1.6) is of the conventional Helmholtz type: 

0 . (1.1.10) 

A great many linear wave problems can be reduced to such an equation. 

In the sequel we encounter other examples. 
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In the theory of wave propagation in layered media one encounters 

the so-called Epstein- or Epstein-Eckart theory [2 ,3] .- Originally it 

was discovered that the one-dimensional Helmholtz equation can be 

transformed into the hypergeometrie equation if the square of the 

local wave number k(z) depends in a special way on the independent 

variable. The solutions of the Helmholtz equation can then be express

ed in terms of hypergeometrie functions. The reflection and trans

mission coefficient.s are determined with the aid of the well-known 

circuit relations between the different representations of the so

lutions of this equation [4]. The classical Epstein-Eckart theory is 

also applicable to eigenvalue problems, see e.g. Landau and Lifshitz 

[5;p.71]. In this form it plays a röle in a popular example of a 

complete salution of an inverse scattering problem [6]. The hyper

geometrie equation has three singular points and is an example of a 

Fuchsian differential equation, i.e. an equation with only regular 

singular points [7]. 

In the classical Epstein-theory only an Epstein-type variation 

of the square of the local wave number is considered. Then there is a 

relatively simple relation between this local wave number and para

meters of the medium in which the wave propagates. Such a parameter 

is, for instance, the plasma density. The relation between such a 

basic parameter and the local wave number may, however, be more com

plicated when we deal with waves in stratified media with a more 

intricate dispersion relation. In this situation a stratification of 

the Epstein type can lead to a Fuchsian equation with more than three 

singularities. In this chapter we investigate the relevanee of Fuch

sian equations for Epstein-type wave problems of that nature. As we 

have to confine our discussion to second order equations, we are 

forced to limit our discussion to those wave propagation problems for 

which the wave modes decouple. As we shall see later on, interesting 

problems where decoupling takes place, exist. For every occurring 

wave mode a one~dimensional Helmholtz equation can be found. 

For waves in cold plasmas the number of singular points proves 

to depend on polarization, the presence of an external magnetic field, 

and the angle of incidence with respect to the gradient of the plasma 

density. Similar problems are found in the ducting of optical waves 

in inhomogeneous films that one encounters in the theory of optical 

wave guides [8]. Another example is the propagation of internal 
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gravity waves in an inviscid, incompressible, adiabatic fluid [9]. 

Of course there are various other examples, e.g. the ducting of acous

tic gravity waves by the thermosphere, where the introduetion of an 

Epstein-type variatien of the square of the sound speed leads to a 

Fuchsian equation with four singular points [10]. This equation is 

known as Beun's equation [11,12, appendix of this thesis]. However, 

we will restriet ourselves to the examples mentioned above. 

1.2. WAVES IN COLD PLASMAS 

Starting equations for the isotropia plasma 

In this sectien we consider electromagnetic waves propagating in 

a cold plasma with planar stratification. The plasma is thought to 

consist of electrens with a neutralizing background of infinitely 

heavy ions. We have taken the z-axis of a Cartesian coordinate system 

along the plasma density gradient. The y,z-plane is the plane of in

cidence. For the time being the plasma is assumed to be isotropic. 

If the E-field of the wave is along the x-axis, the equation for 

the only nonzero component of this field reads 

0 , 

cf. (1.1.4). 

The dieleetrio function 8 is given by [1] 
or 

The plasma frequency w is defined by 
p 

e 2 N(z) 
mE: 

0 

(1.2.1) 

(1.2.3) 

wherem and -e (e > 0) are the mass and charge of the electron, res

pectively; N is the electron density; E:
0 

is the dieleetrio constant 

of vacuum. Note that w is a real function, reflecting a neglect of 
p 

collisions. 

Let US put 
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E (y,z) F(z)e-iBy I (1.2.4) 

where l3 is a propagation constant. In the case of wave propagation 

in a homogeneaus medium_with constant Eor' B can be expreseed as 
1:! B kosin6oEor' where eo is the.angle of incidence, i.e., the angle 

between the direction of propagation and the z-axis. 

Similarly, in the case of wave propagation in an inhomogeneous medium 

we write 

(1.2.5) 

where the local angle of incidence, S(z), should satisfy Snell's law 

E (z)sin2S(z) = const. or 
(1.2.6) 

Substitution of ( 1. 2. 4) and ( 1. 2. 5) into equation ( 1. 2. 1 l yie lds 

o. (1.2. 7) 

If the B-field of the wave is along the x-axis, the equation for 

the only nonzero component of this field reads [1] 

0 • (1.2.8) 

With 

B(y,z) (1.2.9) 

equation (1.2.8) reduces to 

d 2G 1 
de: or dG ------+ k 2E cos 2e G 0 

dz2 E dz dz o or or 
(1.2.10) 

Equation (1.2. 7) governs the wave mode with its electric field 

normalto the plane of incidence. Equation (1.2.10) governs the mode 

with its magnetic field normal to this plane. The same distinction was 

already mentioned insection 1.1. Comparison of (1.1.7) and (1.1.8) on 

the one hand and (1.2.10) on the other shows a clear advantage of the 

latter equation over the former set. 
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There is a marked difference between the wave modes under 

consideration. Physically, the difference sterns from the fact that 

the electric field has a component in the direction of the plasma 

den si ty gradient if the ~"'field is a'long the x-axis. 

If the dielectric function s vanishes for some value of z, the 
ar 

term with the first-order derivative in (1.2.10) goes to infinity. 

Such an infinity is known as a resonance. The term resonance refers 

to the fact that the of an electromagnetic wave has a loga-

rithmic singularity at such a point. The reader is further referred 

to Stix [13] on this terminology. A cutoff is a zero of the local 

wave number k(z), cf. (1.1.10). The term cutoff sterns from the fact 

that the wave changes from propagating to evanescent at such a point. 

In another context it is also known as a classical turning point [14]. 

Starting equationa for a magnatoplasma 

We introduce a static magnetic field that is perpendicular to 

the plane of incidence. This configuration, indicated in fig. 1.1, 

leads to the deccurling that was mentionedbefore. As we shall see, 

the presence of the external magnetic field introduces anisotropy of 

the plasma. 

y 

x 

Fig. 1.1. Contiguration of the aold magnetopZaema. The y,z-plane 

is the pZane of inaidenae; the statia magnetia field B 
-o 

is perpendiauZar to thia plane. 
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The two wave modes that can'be distinguished bere, are known as 

the ordinary mode and the extraordinary mode [ 15]. Th& ordinary mode 

is the one with the electric field vector of the wave normal to the 

plane of incidence and thus parallel to the external magnetic field. 

This mode is not affected by !o and is therefore identical to the 

same polarization with respect to the y,z-plane but without an ex

ternal,magnetic field. Thence its name. The extraordinary mode is the 

one with the magnetic field of the wave normal to the plane of 

incidence. This mode is highly influenced by !o· Note that the 

present nomenclature should not be confused with the similar one in 

crystal opties [16]. 

The equation for the electric field of the wave reads [13] 

(1.2.11) 

In our special contiguration the form of the dieleetrio tensor 

~(w,zl .reads, in accordance with the Appleton-Hartree model, but 

without dissipation [13]: 

c (w,z) = 

with E: given 
or 

(w,z) 

€: 0 
or 

0 
1 
2<cr +cl) 

0 + ~{E: -E: ) 
2 r 1 

by (1.2.2) and 

w2 (z) 
1 - -:'p"--;:::-;-

w(w-!2 J ' 
0 

w2 (z} 

1 - _w..,.(~"-· +"""!2,....,--} 
0 

0 

i 
--(c -c l 2 r 1 

1 
2<cr +cl} 

The electron cyclotron frequency Q
0 

bas been defined as 

Q = ~ B 
o m o' 

(1.2.12) 

(1.2.13) 

(1.2.14) 

(1.2.15) 

where B
0 

is the magnitude of ~0 • Note that Q
0 

has the sign of B
0

. 
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From the form of the die1ectric tensor {1.2.12) one sees at once 

that the ordinary and extraordinary modes indeed decouple. We now 

consider the extraordinary mode. 

It is convenient to introduce another quantity that has the same 

form as the effective dielectric constant for the extraordinary mode 

in a homogeneaus plasma: 

s ex 

ûl {W2 -ûl} 
1 .. --"'-P __ _..p'---

w2{w2-w2-Q2) 
p 0 

(1.2.16) 

The equation for the only nonzero component B of the magnetic 

field reads 

0 . (1.2.17) 

In the limit Q + 0 S + 
o ex 

and equation (1.2.8} is reecvered at 

once. 

Through the same subsitutien as before, i.e. substitution (1.2.9~ 

equation (1.2.17) reduces to 

Q 
- ~ k s 3

/
2 sin6 w o ex c::::J} G 

where 6(z) satisfies Snell's law 

con st. 

0 , (1.2.18} 

(1.2.19) 

We now consider normally incident waves, i.e. waves propagating 

along the z-axis. The equation for the y-component E of the !-field 

of the wave then bacomes 

0. (1. 2. 20) 
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The local wave number in (1.2.20) vanishes for those values of z for 

which 

(1.2.21) 

A resonance, i.e. an infinity in the wave number, occurs at those z 

for which 

( 1. 2. 22) 

Note that the cutoffs as w~ll as the resonances in (1.2.20) correspond 

to resonances in (1.2.18). 

~quation (1.2.20) will be discussed in chapters 2 and 3. 

1. 3. DUCTING OF OPTICAL WAVES 

In the theory of propagation of waves in planar optical wave 

guides one often introduces the following model (see, e.g., Unger [SJ). 

The dielectric function Er depends on z only. The direction of propa

gation of the waves is along the y-axis: the components of the fields 

of the wave are proportional to exp(-if)y). In order to have propa

gation along the y-axis the propagation constant must be real. A 

Cartesian geometry is understood. The waves are independent of x: 

a;ax = o. The relative magnetic permeability equals unity. 

We distingüish the following polarizations: 

1. The ~-field of the wave is along the x-axis (TE mode). 

The equation for the only nonzero component of the E-field reads 

0 . (1. 3.1) 

2. The B-field of the wave is along the x-axis (TM mode). 

The equation for the only nonzero component of the B-field reads 

0 • (1.3.2) 

The configuration is sketched in fig. 1.2. 

Ducting of the waves takes place if they vanish for z ~ ± 00 • These 

boundary conditions can only be satisfied for a discrete set of 

13 



S-values. In other words, we deal with an eigenvalue problem in this 

case. 

z z 

s 
...J-----·---y 

x x 

TE mode TM mode 

Fig. 1.2. The aonfigupations of the duated waves; S is the wave

veato:r>. 

The wave guide can also be formed by an inhomogeneous cold plas

ma. Resonances may then occur in the equation governing the propagation 

of the TM modes. We return to that situation in chapter 4, 

1.4. INTERNAL GRAVITY WAVES 

In this section we draw the attention of the reader to yet 

another type of wave problem: the propagation of internal gravity 

waves in an inhomogeneous fluid. The model that we introduce here, is 

applicable to the oceans as well as to the atmosphere. For a detailed 

study of these waves, in the atmosphere, we refer to Hines [9]. The 

model is as follows. 

The fluid is assumed to be inviscid, incompressible and adiabatic. 

The undisturbed density p
0 

and pressure p
0 

depend on the height z 

only; increasing z corresponds to increasing height. A Cartesian geo

metry is introduced. The gravitational acceleration ~ has the com

ponents (0,0,-g). The presence of a horizontal background velocity ~' 

the so-called basic flow or mean flow, is the cause of anisotropy in 
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the wave problem to be treated. ~is velocity field is a shear field 

that depends on z only. It is assumed to be directed along the y-axis: 

~ = (O,U(z),O). The wave perturbations inthefluid are time harmonie 

oscillations. The perturbation velocity y has the components (U 1 V1 W); 

p and p are the density and pressure perturbations, respectively. 

We start from the equations of motion and the continuity equat

ion for the total flow of the fluid. These equations are linearized in 

the usual way. Then the resulting equations for the wave perturbations 

are found tobe invariant under translations in the x- or y-directions. 

Therefore the perturbation quantities vary as 

q(x,y,z,t) 
i (wt-13

1 
x-13

2
yJ 

q(z)e 

~le shall now derive the governing equations for the wave modes. 

From the equation of motion the following equations for the 

perturbed quantities follow: 

il31 
i(w-132u)u = ---p 1 

po 

. dU i(32 
i(w-13 U)v +- w = --- p 

2 dz p 1 

0 

Incompressibility of the fluid implies 

dp 
i(w-13

2
u>p + ~w 

dz 0 I 

and reduces the continuity equation to 

-if3 U - i(3 V + ~ = 0 
1 2 dz 

(1.4.1) 

(1.4.2) 

(1.4.3) 

(1. 4.4) 

(1.4.5) 

Now we apply the so-called Boussinesq approximation [17]. 

Conditions for its validity have been discussed by Lighthill [18]. 

Within this approximation we find from (1.4.1-5) the following 

equation for w: 

!32 d 2U 
+------ 0 I (1.4.6) 

w-82u dz 2 
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where wb is the Brunt-Väisälä frequency, defined as 

w~(z) 
dp 

.9:,_ ~ 
p dz 

0 

We now distinguish two wave modes: 

(1.4. 7) 

1. The horizontal phase velocity ~h points in the x-direqtion, 

perpendicular to ~· i.e. 82 = 0. Then the equation for w becomes 

2 

d2w + 82 rwb - 1) w = 0 
dz2 1 \;:;; 

{1.4.8) 

2. The horizontal phase velocity ~h points in the y-direction, 

parallel to ~· i.e. al.= 0. Then equation (1.4.6) reduces to 

82 d 2u + ------ 0 • (1.4.9) 

w-,B
2
u dz 2 

Equation {1_.4. 9) was originally derived by Synge [ 19]. 

We abserve that there is an essential difference between the two 

wave modes. For the secend mode, where v h//U, a resonance occurs at 
-p -

those z for which U(z) = w/,B 2 , i.e. ~ ~h· For the first mode, where 

;,h .L ~· no such a resonance can occur. In fig. 1. 3. the configuration 

is sketched. 

x 

z 

u 
_....lo,,--------",-,...-•-- y 

/ 
/ 

/ 

Fig. 1. 3. Configuration of the stratified [Zuid. U is the basic flow, 

~h is the hoY'izontaZ phase veZoaity. 
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1 • 5. EPSTEIN-TYPE PROBLEMS 

Many wave equations can be reduced to a one-dimensional Helmholtz 

equation, i.e. an equation of the type (1.1.10). It is sometimes 

possibleto choose a physically acceptable functional form for the 

place depending wave number that allows the Helmholtz equation to be 

transformed into an equation with well-known solutions. Then the 

reflection and transmission coefficients can be determined exactly, 

i.e. they can be expressed in well-known special functions too. If 

the resulting equation is a Fuchsian equation with three singular 

points, i.e. a form of the hypergeometrie equation, the reflection 

and transmission coefficients are expressed in r-functions with com

plex arguments. The expresslons for the absolute vàlues of the refléc

tion and transmission coefficients are then relatively simple. 

As far as we know, Eekart [2) and Epstein(3] were the first to 

make use of the hypergeometrie equation for this purpose. Eekart 

studieq a quanturn machanical problem; Epstein studied the problem of 

wave propagation in a stratified absorbing plasma medium. He started 

from an equation of the form 

0, k,p const. (1.5.1} 

and introduced a dieleetrio function E(z) of the form 

z -2 z 
E(z} = c 1 + c 2 tanh 21 + c

3 
cosh 2ï, (1.5.2) 

with arbitrary constants ~· 

For c
3 

= 0 we deal with the so-called transitional Epstein 

profile. For c
2 

= 0 the profile is symmetrie and is referred to as 

the symmetrie Epstein profile. The general Epstein profile (1.5.2} is 

thus a linear combination of the two. Roughly speaking, the parameter 

1 is a measure for the width of the profiles. 

Transformation of the independent variabie of {1.5.1) by means 

of, e.g., 

(1.5.3) 

yields a hypergeometrie equation. The standard form of this equation 
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reads [4,12] 

du ~1a2 
-+---u 
dn n <n-1> 0 . (1.5.4) 

Any Fuchsian equation with three singular points can be reduced 

to an equation of the form (1.5.4), with specific constants ~ [4]. 

In the rest of this section we consider a class of wa~e 

equations for which the Epstein problem leads to Fuchsian equations 

with three or more singular points; The required transformations 

of the independent variable of the wave eq'lations are chosen such 

that the resulting Fuchsian equations always have the "standard" 

singular points 0,1 and 00 • The remaininq singular points we shall 

call the "extra singular points". 

Waves in a aold isotropie plasma 

As we have seen, equation (1.2.7) governs the wave modewithits 

electrie field normal to the plane of incidence. 

Introduetion of the transitional Epstein profile 

(!)2 

w2 (z) = ~ (1 + tanh 
p 2 

or the symmetrie Epstein profile 

-2 
eosh 

(1.5.5} 

(1.5.6) 

and a transformation of the independent variable according to (1.5.3) 

reduces (1.2.7) toa hypergeometrie equation. The same applies to the 

general Epstein profile. 

Transformation (1.5.3) is not the only one that reduces (1.2.7), 

with (1.5.5) or (1.5.6), toa hypergeometrie equation. For instance, 

the transformation 

z 1.:!(1 + tanh 
21

) (1.5. 7) 

also leads to an equation of that type. This can be elucidated as 

fellows. From (1.5.3} and (1.5.7) we deduce 
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n 
n-1 ' n (1.5.8) 

and conclude that {1.5.3) and {1.5.7) are connected by aso-called 

homograpbic transformation. These bilinear transformations inter

change singular points of the hypergeometrie equation [12]. 

We now consider equation (1.2.10), i.e. the equation governing 

the wave mode that has its magnetic field normal to the plane of 

incidence. On introduetion of (1.5.5), followed by transformation 

(1.5.3), this equation yields a Fuchsian equation with the standard 

singular points* 0,1, and mand one extra singular point: Beun's 

equation [11, 12, appendix of this thesis]. The extra singular point, 

the so-called fourth singular point, corresponds to the zeros of s
0

r 

As all zeros of E
0

r in the complex z-plane happen to be transformed 

into this point, the resulting Fuchsian equation has exactly four 

singularities. The fourth singular point is given by 

{1.5.9) 

As has been mentioned before, a zero of s
0

r corresponds to a 

resonance in (1.2.10). If the resonance has physical significance, i.e. 

if it occurs at a real value of z, the fourth singular point is 

situated on the negative n-axis. 

The symmetrie Epstein profile leads to a Fuchsian equation with 

five singular points. The zeros of s
0

r in the complex z-plane now 

group into two points in the complex n-plane. These extra singular 

points of the Fuchsian equation are either both negative or conjugate 

complex. In the latter case there are no resonances with physical 

significance. The general Epstein profile also leads to a Fuchsian 

equation with five singular points. However, due to the lack of sym

metry it is then also possible that only one of the extra singular 

points is situatéd between n ~ ~ and n ~ 0, corresponding to only one 

resonance with physical significance. 

* The significanee of the singular points o.and 1 is evident if we use 
the transformation {1.5.7), with extremes Ç ~ 0 and Ç 1, that 
correspond to the end points z ~ - 00 and z ~, respectively. 
Transformation {1.5.7) also leads to Heun's equation. 
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Waves in a cold magnetoplasma 

As has been mentioned before, the ordinary mode does not differ 

from its counterpart in the isotropie plasma. Thus we can restriet 

ourselves to the extraordinary mode. 

In the case of normal incidence the transitional Epstein profile 

is known to lead to Beun's equation [20,21]. 

Sluijter considered the equation for the transverse component of the 

electric field, i.e. equation (1.2.20). Upon the insertion of the 

transitional Epstein profile and transformation {1.5.3) the fourth 

singular point of tbe resulting Beun equation is given by 

a 
002-w2 -nz 

po o 

(1.5.10) 

-1 
All zeros of Eex in the complex z-plane, corresponding te infinities 

in equation (1.2.20), are transformed into the fourth singular point. 

We now consider the obliquely incident extraordinary mode. 

In this case the mode is most conveniently described by its mag

netic Éield which is normal to the plane of incidence: the govern

ing wave equation is given by (1.2.18). Note that zerosof Eor do 

not correspond to singularities in (1.2.18), cf. (1.2.2) and (1.2.16). 

Introduetion of the transitional Epstein profile into (1.2.18) 

and transformation of the independent variable according ~o {1.5.3) 

results in a Fuchsian equation with six singular points. ~e of the 

extra singular points corresponds to the resonances in (1,2.20) and is 

given by (1.5.10). Theether extra singular points, b
1 

and b
2

, corres

pond to the zeros of Eex· All zeros of Eex in the complex z-plane are 

transformed into these points, given by 

w(w+Q ) 
b1 

0 

~-w2~ 
(1.5.11) 

po 0 

and 

w(w-n ) 
b2 

0 

w2-w2 -wn 
(1.5.12) 

po 0 

Note that the number of extra singular points in the resulting 

Fuchsian equation corresponds to the maximum number of resonances in 

(1.2.18) that may occur in reality, i.e. may occur for real z. 
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This number is in this case threê because we can choose the parameter 

values for n /w and w /w such that n = a, n = b 1 and n = b 2 corres-
o po 

pond to real values of z. 

The full Fuchsian equation is given in sectien 1.7. Its solutions 

will not be discussed. They could be obtained with the aid of 

Frobenius' method which in general leads to a five-term recurrence 

relation [7). By the same standard procedure as in Sluijter [20,21] 

the reflection and transmission coefficients can be determined, at 

least in principle. 

Introduetion of the symmetrie Epstein profile into (1.2.18) leads 

to a Fuchsian equation with nine singular points. The number of extra 

singular points is again equal to the maximum number of physical 

resonances in (1.2.18) as now each resonance that occurs on the rising 

slope of the density profile, occurs again on the deseending slope. 

The number of physical resonances can be easily read off from 

a so-c~lled Clemmow-Mullaly-Allis diagram for the cold plasma under 

consideration, see fig. 1.4. A CMA diagram is a visualization of the 

dispersion relation for waves in a cold plasma. The two-dimensional 

parameter space which has as coordinates essentially the static mag

netic field and the plasma density, is subdivided into different 
-1 

regions by the curves E: or 0, E: ex = 0 and E: ex = 0.. For details the 

. reader is referred to [ 22] • 

1,5 

1 

0 

0 

0 2 

Fi~, 1.4. CZemm~-Mullaly-Allis diagram for the ordinary and extra
ordina:ry modes in a oold plasma against a neutraliz1:n(J back
ground of~nfinitely heavy ions (Aprleton-Hartree model, 
coUisions neglected). 
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The straight lines = 0 and E- 1 
ex 

0 are determined from 

(1.2.2) and (1.2.16) respectively. The curve Eex = 0 is a parabola. 

The left branch of this curve corresponds to the cutoff w2 = w2 -wln j, 
p 0 

the right one corresponds to the other eutoff, ef. (1.2.21). Theactual 

density profile is represented in this diagram by a line segment 

parallel to the horizontal axis. 

To show how this diagram is used to determine the number of physi

eal resonanees, we eonsider equation (1.2.18); the density profile is 

of the transitional Epstein type. The partieular profile (1.5.5) is 

represented in this diagram by a line segment with end points 

(O,Q~/w2 ) and (w~0/w
2 , n~/w2 ). The number of physical resonances is 

equal to the number of interseetions of the line segment that re

presents (1.5.5~ with the curves Eex = 0 and E:~ 0. For the sym

metrie Epstein profile the number of intersections should be counted 

double. 

In conclusion we abserve that the number of singular points in 

the resulting Fuchsian equation depends on the state of polarization 

of the wave, the presence of the static magnetic field normal to the 

plane of incidence, and the angle of incidence with respect to the 

density gradient. In tables 1.1 and 1.2 we give the number of singular 

points. If the magnetic field of the wave is along the x-axis and 

propagation takes place along the density gradient, we start from the 

more simple equation {1.2.20} todetermine the number of singular 

points. Absence of the external magnetic field implies that Eex 

in this equation, cf. (1.2.2} and (1.2.16). 

optiaal ~ave guides 

In sectien 1.3 we introduced a model for the propagation of waves 

in an inhamogeneaus optical strip guide. Equations (1.3.1} and (1.3.2} 

govern the propagation of the TE modes and TM modes respectively. 

A general Epstein-type variatien of the dieleetrio function E (z), 
r 

i.e. a dieleetrio function modelled by a general Epstein profile, 

allows equation {1.3.1) to be transformed into the hypergeometrie 

equation: substitution of {1.5.3) into (1.3.1) yields the hypergeo

metrie equation. Substitution of (1.5.3} into (1.3.2), however,yields 

a Fuehsian equation with five singular points. 
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Table 1.1 Number of singular poirtts for the transitional Epstein 

profile. 

~<mal incidence Obliqua incidence 

Polarization = 0 B F 0 B = 0 B # 0 
0 0 0 0 

~ J. plane of incidence 3 4 4 6 

! J. plane of incidence 3 3 3 3 

The density gradient is in the z-direction; normal incidence 

means propagation along this gradient; oblique incidence means 

propagation in the y,z-plane; the static magnatie field is directed 

along the x-axis. 

Table 1.2 Number of singular points for the symmetrie and general 

Epstein profile. 

Normal incidence Oblique incidence 

Polarization B = 0 B # 0 B = 0 B # 0 
0 0 0 0 

~ J. plane of incidence 3 5 5 9 

! J. plane of incidence 3 3 3 3 

For caption see table 1.1. 

As we shall see in chapter 4, a symmetrie Epstein-type variatien 

of the dielectric function allows the equation governing the TM modes 

to be transformed into Heun's equation. 

InternaZ gravity waves 

As we have indicated in sectien 1.4 , the presence of a basic 

flow in an inviscid, incompressible fluid may lead to the occurrence 

of physical resonances, see equation (1.4.9). This equation will be 

discussed in detail in chapter 5. 

We there assume that the undisturbed density varies exponentially 
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with height. Thè Brunt-Väisälä frequency is then a constant, cf. 

(1.4.7). For the sake of completeness we note that the salution of 

equation (1.4.8) is trivial then. If the basic flow is modelled by 

a transitional Epstein profile, equation (1.4.9) can be transformed 

into Heun's equation (chapter 5). 

1.6. POSSIBLE REDUCTION TO THE HYPERGEOMETRie EQUATION 

For the determination of the reflection and transmission co

efficients the knowledge of the so-called circuit relations or connee

tion formulae between the solutions of the Fuchsian equation around 

the singular points that correspond to z + - 00 and z + +oo, is indis

pensable. In this respect there is an important difference between 

the hypergeometrie equation and Fuchsian equations with four or more 

singular points. 

Substitution of a power-series salution into the hypergeometrie 

equation leads to a two-term recurrence relation between the coeffi

cients of this series, and the coefficients of the circuit relations 

are expressible in terms of more elementary special functions than 

the hypergeometrie function, namely, f-functions. Then the reflection 

and transmission coefficients are explicitly found in terms of r
functions with complex arguments. 

Substitution of a power-series salution into Heun's equation 

leads in general to a three-term recurrence relation. Consequently, 

the circuit relations between the solutions of this equation are not 

known and should be determined numerically. One can choose the para

meters in Heun's equation such that the recurrence relation is of the 

second order. A systematic analysis of the possibilities to reduce 

the order of the recurrence relation can be found in Neff [23]. The 

analysis is based on a general theerem by Scheffé [24] for nth-order 

linear difference equations, A two-term recurrence relation between 

the coefficients of a power-series salution of Heun's equation implies 

that this equation has solutions in terms of hypergeometrie functions. 

Kuiken [25] derived conditions under which the hypergeometrie 

equation can be transformed into Heun's equation. 

An example of a physically interesting problem that can be re

duced to a Heun equation and that leads to a further reduction to the 

hypergeometrie equation with the help of a quadratic transformation 
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aan be found in t:he theory of thè hodograph transformation in gas 

dynamica [26]. Foranother example we refer to chapte~ 5. 

Crowson [27,28] applied Scheffé's theerem to Fuchsian equations 

of second order with five and with n singular points. He derived 

conditions under which these Fuchsian equations can be transformed· 

into the hypergeometrie equation. 

1. 7. APPENDIX 

Any Fuchsian equation of second order with six singular points 

can be reduced to the standard form [7; pp. 320-372] 

where 

d
2

u (y o ê V V ) du + -+--+--+--+---
2 n n-1 n-a n-b n-c dn dn 

y + o + ê + V + V - a - S 1 . 

(1.7.1) 

(1. 7 .2) 

Equation (1.2.18), with (1.5.5) substituted into it, can be 

transformed into an equation of the form (1.7.1). Indeed sub

stitution of the t~ansformations 

n = -ez/1 , G 

il(k2 -S2 l~ 
n ° 0 

u(nl (1. 7 .3) 

into {1.2.18) yields the equation 

+ (r. + _1_ + _1 ____ 1 ___ 1_) du 
an2 n n-t n-a n-b1 n-b2 dn 

(1. 7 .4) 

where a, b
1 

and b
2 

are given by {1.5.10), (1.5.11) and (1.5.12) res

pectively, and 
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y 

with 

6 = k sin8{z){E {~)}~ 
o o ex const., 

see {1.2.19). 

The parameters ck in {1.7.4) are given by 

with 

Note that 

e: + 
ex 

for z + +oo, i.e. w + w 
P po 
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{1.7.5) 

{1.7.6} 

(1. 7. 7) 

(1. 7 .8) 

(1. 7 .9) 

(1. 7 .10) 

(1.7.11) 

(1.7.12) 

(1.7.13) 

(1.7.14) 

{1.7.15) 

(1.7.16) 



~FERENCES 

1. V.L. Ginzburg, The propagation of electromagnetic waves in plasmas 

(Pergamon, New York, 1970). 

2. C. Eckart, Phys. Rev. 35 (1930) 1303. 

3. P.S. Epstein, Proc. Nat. Acad. Sci. u.s. 16 (1930) 627. 

4. A. Erdélyi et al., Higher transeendental functions, vol. 1 

(McGraw-Hill, New York, 1953). 

5. L.O. Landau and E.M. Lifshitz, Quantum mechanics, Non-relativistic 

theory, 2nd ed. (Pergamon, New York, 1965). 

6. C.S. Gardner, J.M. Greene and M.D. Kruskal, Comm. Pure Appl. 

Math. ~ (1974) 97. 

7. E.L. Ince, Ordinary differential equations (Dover, New York, 1956). 

8. H.G. Unger, Planar optical wave guides and fibres (Clarendon Press, 

Oxford, 1977). 

9. e.o. Hines, The upper atmosphere in motion (Am. Geophys. Union, 

Washington, 1974). 

10. G.M. Daniels, Geophys. Fluid Dyn. ~ (1975) 359. 

11. K. Heun, Math. Ann. 33 (1889) 161. 

12. c. Snow, Hypergeometrie and Legendre functions, Nat. Bur. Stand., 

Appl. Math. Ser. 19 (U.S. Government Printing Office, Washington, 

1952). 

13. T.H. Stix,·-The theory of plasma waves (McGraw-Hill, New York, 1962). 

14. W;· Wasow, Asymptotic expansions for ordinary differential 

equations (Interscience, New York, 1965). 

15. K.G. Budden, Radio waves in the ionosphere (Cambridge U.P., 

Cambridge, 1961). 

16. M. Born and E. Wolf, Principles of opties, 5th ed. (Pergamon, 

New York, 1975). 

17. J.T. Houghton, The physics of atmospheres (Cambridge U.P., 

Cambridge, 1977). 

18. M.J. Lighthill, Waves in fluids (Cambridge U.P., Cambridge, 1978). 

19. J.L. Synge, Trans. Roy. Soc. Can. ~ (1933) 9. 

20. F.W. Sluijter, thesis Eindhoven University of Technology, the 

Netherlands, 1966. 

21. F.W. Sluijter, in Electromagnetic wave theory, part 1, edited by 

J. Brown (Pergamon, New York, 1967), pp. 97-108. 

27 



22. W.P. Allis, S.J. Buchsbaum and A. Bers, Waves in anisotropic 

plasmas (MIT Press, Cambridge, 1963). 

23. J.D. Neff, thesis Univ. of Florida, Gainesville, 1956. 

24. H. Scheffé, J. Math. Phys. 21 (1942) 240. 

25. K. Kuiken, SIAM J. Math. Anal. lQ (1979) 655. 

26. R. Sauer, Einführung in die theoretische Gasdynamik(Springer, 

Berlin, 1960). 

27. H.L. Crowson, J. Math. Phys. 

28. H.L. Crowson, J. Math. Phys. 

28 

(1964} 38. 

(1965) 384. 



WAVE NUMBER PROFILES WITB A LOCAL RESONANCE BASED ON HEUll'S EQUATION 

2.1. INTRODUeTION 

In the preceding chapter we pointed out that Fuchsian equations 

with more than three sin~ular points are quite relevant for Epstein

type problems that go beyond the classical Epstein theory. We con

sidered a class of wave equations that can be transformed into 

Fuchsian equations with three or more singular points. If the resul~ 

ting equation has precisely three singular points, one deals with 

the classica! Epstein problem [1]. Epstein considered a class of 

Helmholtz equations that leads to the hypergeometrie equation (sec

tien 1.5). 

Rawer [2] was the first to look at the classica! Epstein 

problem from the inverse point of view. He started from the hyper

geometrie equation and constructed a class of transformations that 

transferm this Fuchsian equation into a Helmholtz equation with a 

physically acceptable wave number profile. In this way he was able to 

generate a class of profiles containing a number of free parameters. 

By proper adjustment of the parameters, some given profile can .he 

approximated by a profile from Rawer's class. Then the exact solution 

of the problem with the adjusted profile may serve as an approximate 

solution of the problem with the given profile. An apnroximate 

solution of this nature is especially valuable in cases where WKB 

or similar solutions fail because of the violatien of the then under

lying condition of relatively small changes of the refractive index 

profile over a wave length. 

The idea of synthesizing wave number profiles through transfor

mation of the t!aditional equations of mathematica! physics, including 

the hypergeometrie equation as the most comolex one, has been oushed 

by Heading [3,4,5] and Westcott [6-10]. However, their intention was 

the generation of wave nuMber profiles containing one or more cutoffs, 

i.e. zeros of the local wave number. The profiles thev considered 

are without sinqularities. As we shall see, our intention is the 

qeneration of wave number profiles that contain at least one local 
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resonance, i.e. a singularity in the profile: 

In this chapter we focus our attention on the problem of wave 

propagation in a stratified inhomogeneous plasma. The plasma model 

we have in mind is the cold magnatoplasma with infinitely heavy ions 

as neutralizing background, also known as the Appleton-Hartree model 

[11]. We wil~ however, neglect dissipation, although its inclusion is 

not difficult: the resonance will occur for a complex value of the 

only remaining space coordinate. We consider the extraordinary mode 

(see sectien 1.2) and assume normal incidence. Equation (1.2.20), with 

(1.2.16), then applies. If one introduces a transitional Epstein-type 

variatien of the plasma density, the Helmholtz equation· under consi

deration can be transformed into Heun's equation {section 1.5). 

We will invert, in the Rawer sense, the Epstein-type problem as 

outlined above. Thus we take as a starting point Heun's equation. 

Then we construct transformations that transferm Heun's equation into 

a Helmholtz equation. The resulting wave number profile should con

tain a sufficient number of free parameters to allow for adjustment 

to a given profile. The Helmholtz equation should have a local reso

nance, and the generated wave number profile should correspond to a 

physically acceptable electron density profile. For the rest our 

procedure is the same as Rawer's except that we include some later 

refinements due to Heading [4], properly generalized to the inverse 

problem under consideration. 

2.2. STATEMENT OF THE PROBLEM 

We consider electromagnetic waves propagating tn a stratified 

inhomogeneous magnetoplasma. We choose a Cartesian coordinate system 

of which the z-axis is along the electron density gradient. Propa

gation takes place along this z-axis. A static magnetic field ~ is 

along the x-axis. The extraordinary mode is considered, i.e. the 

magnatie field of the wave is aligned with ~. The y-component of 

the electric field, denoted by w, then satisfies the Helmholtz 

equation 

(2 .2 .1) 

30 



with the wave number profile 

(2.2.2} 

cf. (1.2.16) and (1.2.20). 

The plasma fr'eq1ency w is defined by ( 1 • 2. 3) ; k is the vacuum 
p 0 

wave number; the electron cyclotron frequency n is defined by 
0 

{1.2.15}. The wave number profile (2.2.2} is sketçhed in fig. 2.1. 

Introduetion of the transitional Epstein profile 

(2.2.3) 

and a tranformation of the independent variable according to 

n (2.2.4) 

reduces (2.2.1) toa Fuchsian equation with four singular points, 

i.e. Heun's equation. T_he singular points of the latter equation are 

located at n = 0,1,00 and a, with a = (w2-Q2 )/w2 • The singularities 
0 po 

n = 0 and n = 1 correspond to the end points z = -oo and z = +00, res-

pectively. The point n = 00 has no physical significance. The singular 

w2 -Q2
• This 

0 
point n =a corresponds to that z for which w2 (z) 

p 
equation has a single salution for real z if w2 > Q2 

0 
and w2 > w2 -Q2

• 
po 0 

These conditions are tantamount to 0 < a < 1 and the singularity 

n = a corresponds to a really occurring resonance in the wave number 

profile (2.2.2). 

The invePse problem 

We now start from Heun's equation, with singular points 0,1,00 and 

a (see appendix of this thesis). A class of transformations of the 

dependentand i~dependentvariablesis constructed that transferm this 

equation into a fHelmholtz equation. 

our requirements are as fellows. 

1 •. The resulting Helmholtz equation should have one local resonance. 

This resonance should correspond to the singular point a of the 

original Beun equation. 

2. The generated plasma density profile should be differentiable 
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and definite positive. 

3. The generated wave number profile should be positive for sufficient

ly large lzl, i.e. thè limitinq homogeneaus regions are tran~ent. 

This requirement is to be modified in an obvious manner if the 

medium is opaque on ene side. 

4. The generated wave number profile should have one cutoff. 

w > Q 
0 

_.. wz 
p 

Fig. 2.1. Relation between k2and w2~ lûith fi:x;e.d wand Q ~ fOT' 
p 0 

the nor"''''r1.lly incident extrao!'dinary mode. The fre-

quenay w is assumed to be larger than the e leotron 

ayalotron frequenay G
0

• The autoffs are given by 

w2 = w2 * wQ . A resonanae ooours at w2 = w2 
- Q2 

p 0 .r o· 

Befere we introduce Heun's equation, it is useful tostart from 

a general second-erder differential equation.We do so in the next 

section. The methods developed there are applicable to Heun's 

equation as well as to second-erder equations of ether types. 
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2.3. THE TRANSFORMATIONS 

Heading [3,4,5] and Westcott [6-10] developed a systemat!c pro

cedure to generate refractive index profiles for which the Helmholtz 

equation has solutions in terms of well-known special functions of 

mathematica! physics. Especially, Reading's procedure based on the 

hypergeometrie equat~on is relevant for our problem. Bis methad can 

be seen as an extension of Rawer's. We will generalize Heading's 

methad somewhat for reasans that were explained in section 2. 1. Like 

Reading [4] we start from an ordinary second-order differential equa

tion of the form 

0 . (2.3.1) 

The symbol ê denotes the free parameters (a
1

, a 2 , ••. , an) in this 

differential equation. 

By means of the substitution 
n 

-1:! f p(.!!:,;l;)di; 
y v(T])e 

equation (2.3.1) is reduced to the form 

0 I 

where 

is the so-called invariant [12] of equation (2.3.1). 

Substitution of the transformations 

Tl "" T](z) v = w(z) (:~)~ 

into (2.3.3) yields an equation of the ferm (2.2.1), namely 

[(ddnz)2 J I(.!!:,;nl + ~{n,z} w 0, 

where 

(2.3.2) 

(2.3.3) 

(2.3.4) 

(2.3.5) 

(2.3 .6) 
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{n,z} = (~~)-
1 

dz 3 
~ [(dn)-1 d2n ]2 

2 dz dzz 
(2.3.7) 

The expression {n, 

derivative [13,14]. 

defined in (2.3.7) is known as the Schwarzian 

The expression between square brackets in (2.3.6) is the in

variant of the differential equation that results after substitution 

of the transformation n(z} into (2.3.3}. 

We restriet ourselves to transformations n(z} that have an 

inverse on ~ < z < +oo. Then we can find a truly explicit form for 

(2.3.6}. This is done as fellows. We make use of an auxiliary 

equation of the form (2.3.1), with ~ replaced by ~, where a is such 

that two linearly independent solutions of this equation are explicit

ly known. Let these solutions be denoted by u
1 
(~;nl and u2 (~;n}. Then 

we take 

where L is a constant to be specified later on. 

From (2.3.7) and {2.3.8} we obtain the relation 

{z,n} 

where the meaning of I(~;nl is evident. 

Cayley's identity [13} reads 

(dn)
2 

{r,z} = dz {r,n} + {n,z} 

for any sufficiently smooth r(z} and n(z). 

From (2.3.9) and (2.3.10) it is easily seen that 

(dn) 2 

{n,z} = -2 dz I(~;nl , 

hence equation (2.3.6) reduces to 

d
2
w + (dn)2 

[I(a;nl - I{a;nll w 
dzz dz - -

0 . 

(2.3.8} 

(2.3.9) 

(2.3.10} 

(2.3.11) 

(2.3.12) 

Heading [3,4] has found similar results. He requires, however, 

that the invariant of equation (2.3.1) is of the form 
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I (a;nl = E f. (a) g. <n> • 
- J- J 

(2.3.13) 

j 

He constructed a class of transfórmations n(z) that satisfy equation 

(2.3.11). To solve this equation he made use of condition (2.3.13), 

see [3]. In the derivation of equation (2.3.12), however, condition 

(2.3.13) is irrelevant. Reading did not recognize this. As we shall 

see in the next section, the irrelevance of condition (2.3.13) just 

enables us to generalize Reading's method. 

2.4. A WORKED-OUT EXAMPLE 

In this sectien we construct a class of wave number nrofiles 

with a local resonance basedon Beun's equation. The standard form 

of this Fuchsian equation reads (appendix of this thesis) 

d~u (y 1+a+S-y-ó ó) du aSn +'b -- + - + + -- - + u = o. 
dn2 n n-1 n-a dn n <n-1> <n-a> 

(2.4.1) 

Equation (2.3.1) will now represent (2.4 • .1), with ~ = (a,b,a,S,y,ó). 

Beun's equation has six free parameters, listed in the symbol a. For 

future reference we give the invariant of eguation (2.4.1)1 

+ 

aSn + b 2v-v2 2E-E2 
~~77~--~+ ~ + ------
n<n-1) <n-al 4n2 4 <n-1)2 

2ó-ó 2 

4(n-ai 2 2n<n-1l 
yó 

2n<n-al 
ÓE 

(2. 4. 2) 
2 <n-1 l <n-al ' 

with E = 1+a+S-y-ó. 

We now construct a class of transformations n(z) with extremes 

n<--00> Oandn(+«>) 1, and 0 < n (z) < 1 for z E m.. The extremes 

n = 0 and n = 1 are singular points of equation (2.4.1). For the 

auxiliary equation we take a special case of Beun's equation, with 

parameter values 

0, b 0 . (2 .4. 3) 

The remaining parameters a,S,·y and o are free and are henceforth 

denoted by a ,S ,y ,and ó , to distinguish them from the parameters 
0 0 0 ' 0 
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in the original Heun equation*. Hence the auxiliary equation takes 

the form 

(2.4.4) 

The general solution of this equation is a linear combination 

of the independent solutions 

-y -1-s +y +o -o 
1,; o(1-Ç) o o o(t,;-a l odÇ I 

0 
(2.4.5) 

In accordance with (2.~.8) we introduce 

n 
z L L J (2.4.6) 

no 
We require that the function z(T)) defined by (2.4.6) is a one-

to-one mapping of the interval 0 < T) < on ..co < z < +"" 1 so that 

n i 0 corresponds to z ~ ..co and T) t 1 to z + +"". As real values of z 

should correspond to real n-values, we are left with the pecessary 

conditions L > 0, 0 < n
0 

< 11 and re al ao,ao1Yo and o 1 with a < 0 
0 0 

or a > 1. To simplify the future calculations, we choose a < 0. 
0 0 

Note that these condit±ons imply that dz/dn > 0 for 0 < n '< 1. 

In addition to the conditions mentioned above, the integral 

(2.4.6) should be divergent for n = 0 and for n to meet our 

requirement. This integral is divergent for n 0 if yo > 1 and for 

T) = 1 if 8
0
-y

0
-o

0 
> 0. 

COROLLARY. The function z(nl, defined by (2.4.6}, bas an inverse on 

the interval 0 < n < 1 if 

a < OI 0 < n < 1, y > 1, a -o > y . o o o o o- o (2.4. 7) 

* Note that condition (2.3.13) would require that the fourth singular 
point a coincides with the singular point a of the original Heun 
equatiog. This is easily recognized o~ comparison of (2.3.13) with 
(2.4.2). 
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The inverse ll(z) satisfies the equation 

an 
dz 

-1 yo 
L n o-n> 

1+S -y -o o 
o o o<n-a ) o 

0 
(2.4.8) 

For L > 0, n<zl is a (s~oth and) monotonically increasing function 

with n {-o::>) 0 and 11{-t-oo) = 1. 

Substitution of (2.4.8) into {2.3.12) yields a Helmholtz equation 

with a wave number profile of the form 

2+28 -2y -2o 2o 
0 0 0

(11-a l 0
[I(a;nl-I(a ;nJ], 

01 - -o K2 {n{z)) 
-2 2Yo 

L n o-n> 
(2.4.9) 

where I(~;nl and I(~;n) = I{a ,O,O,S ,y ,o ;TJ) can be read off from 
~ 0 0 0 0 

{2.4.2). 

We are interested in profiles with a resonance that has physical 

significance, i.e. that should occur at a real value of z. As real 

values of z imply that 0 < T]{z) < 1, this leads to the choice 

0 < a< 1. Since we require this singularity to be a pole of first. 
-2 

order, the term with {n-al in {2.4.2)should drop out. Consequently, 

2o-o 2 = o, i.e., o 0 or o = 2. Also, for physical reasans we want 

0 < lim K2 {z) < <» 

z + :1: co 

(2.4.10) 

This condition means that the medium is transparent for sufficiently 

large lzl. From (2.4.9) and the form of the invariant (2.4.2) the 

requirement (2. 4 .10) implies that y = 1 and B -o 1. Hence a is 
0 0 0 -o 

further restricted to {a ,O,O,l+Ö ,l,o ) • Forthese values of the 
. 0 0 0 

parameters in a , tagether with o = 0 or o = 2 and o ~ 0, the 
-o 0 

wave number profile {2.4.9} takes the form 

K2 {T]{z)) (2.4.11) 

wher ws<n> is a polynomial in n of degree five. This polynomial can 

be calculated. straightforwardly. It can be cast in the form 

{2.4.12) 

or, alternatively, 
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w
5

<n> (2.4.13} 

The coefficients bk,ck and ~ are given in the appendix of this chap~ 

ter. Tha value of ws<n> at n = 0 is given by 

(2.4.14) 

and at n 1 by 

(2.4.15) 

where c = 1+a+B-y-6. 

At the place of the singularity n = a we have 

(2.4.16) 

Requirement (2.4.10) implies that w5 {0} < 0 and w
5

(1) > 0, cf. 

(2.4.11). For real y and 8, however, we have w
5

(0} > 0 and w
5

(1) < 0, 

cf. (2.4.14) and (2.4.15). Consequently, y and 8 should be complex, 

with Re(y) 1 and Re(8) 1 • Thus we take 

y (2.4.17} 

8 = 1 + iJJ2 • (2.4.18} 

In the case 6 = 0 we find from the requirement that the coefficients 

of the polynomial w5 <nl should be real, the following values for aB 
and b: 

{2.4.19) 

(2.4.20} 

(o) (o? 
where 11

3 
and JJ

4 
are notations for the real parts of aB and b; the 

superscript refers to the value of 6. In the case 6 2 we find 

(2.4.21) 
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(2.4.22) 

(2) (2) . 
where v

3 
and v

4 
are notat~ons for the real parts of aB and b. 

The two cases ó = 0 and ó 2 are not really different. One can 

easily see from the form of the coefficients ~ that a certain set of 
(0) (0) . (2) (2) 

bk 's leads to fixed l1
3 

and V 
4 

, and üxed l1
3 

and u
4 

, that are 

related by 

11(2) 
3 

(0) 
ll3 + 2 I 

(0) - 1 • 
114 

(2.4.23) 

(2.4.24) 

In summary, we cbserve that the remaining free parameters in 

Heun's equation are described by the independent set 

0 <a< 1, Im(y), Im(e:), Re(af3), Re(b). (2.4.25) 

The remaining free parameters in the transformation of the indepen

dent variabie of Heun's equation are given by 

L > O, a
0 

< O, 0 < n
0 

< 1, ó
0 

real • 

The function (2.4.6) reduces to 

n 
z = L J 

no 

(2.4.26) 

(2.4.27) 

as fellows from the requirement (2.4.10). The inverse of (2.4.27} is 

of the form 

( 
z-Lzo) n = n a ,ó ; 

0 0 

with arbitrary z
0 

(2.4.28) 

For ö = 0 the number of free parameters in the transformation 
0 

T)(z) reduces to two: 

n (2.4.29) 
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The generated wave number profile is then of the form 

-2 
L 

3 
E 

T1 - a 

The coefficients bk are given in section 2.6. 

2.5. ADJUSTMENT TOA DENSITY PROFILE 

(2.4 .• 30) 

So far we have occupied ourselves.with the generation of 

wave number profiles based on Reun's equation. The next step will 

be the conneetion between the wave number profiles and the plasma 

density profiles. The relation between these profiles is governed 

by (2.2.2). As we are interested in the occurrence of alocal 

resonance forsome real z, we assume w2 > Q2
• The resonance is lo

o 
cated at a position z determined by w2 (z) 

p 
wL-n2• The resonance 

0 

should be a pole of first order in z. 

The cutoffs of the wave number nrofile are located at PO

sitions z determin~d by wp2 (z) w2 +wn and w2 (z) = w2~. Without 
0 p 0 

any lossof generality we take Q > 0. As we require that k 2 (z) > 0 
0 

for z +% oo and that k 2 (z) has one cutoff (section 2.2), this cutoff 

is at that z for which w;(z) w2 -wQ
0

; see fig. 2.1. 

Let us express, in accordance with (2.2.2), the generated wave 

number profile as 

K2 (Tl (z)) k~ {1 - {2. 5 .1) 

We introduced 

(2.5.2) 

as the associated generated density profile (expressed as a plasma 

density profile). Fora physically acceptable density profile, Q2 

p 
has to be a positive and smooth function of z. 

Relation (2.5.1) can be inverted, yielding 
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Q~(n(z)) = ~
2 

[2- K
2

~~(z)) + sgn(n-al•sgn{g(a)}• 

0 

where <n-aJK2 Cnl + g(a) for n +a. 

In this way Q2 is expressible 
p 

basis of the profile K2 (n(z)), see 

(2.5.3) 

in the polynomial that farms the 

( 2 • 4 • 11 ) • For fixed w and Q the 
0 

form of the generated density profile Q2 depends, of course, on the 
p 

parameters in the transformations n (z) and on the parameters in Heun' s 

equation. We note that it is not self-evident that the profile Q2 is -- p 

definite positive for any combination of parameter values. Moreover, 

we should be aware,of the possibility that Q2 has local extremes. 
p 

Finally, we remark that the generated wave number profile may have 

more than one cutoff. The number of cutoffs is necessarily odd, and 

amounts at most five, cf. (2.4.11). 

The parameter adjustment of the generated density profile Q2 can -- p 

be carried out along the following lines. Let us suppose we have a 

certain density profile w~(z). Then we require the generated density 

profile to have the following properties: 

g2 <n < +«>ll p 
g2 (1) 

p 
w2 ( +«>) 

p 
(2. 5 .4a) 

n2 <n c--ooJ > p 
g2(0) 

p 
= w2 (-oo) 

p 
, (2.5.4b) 

Q2 (n(z JJ g2 (a) w2-Q2 (2.5.4c) 
p r p . 0 

rl2 <n<z ll = w2 (z J w2-wn (2.5.4d) p c p c 0 

drl2 ~2 
(d!-)z = d!-)z 

(2.5.4e) 
r r 

These properties mean that l;;:he generated and the given density 

profile have identical behaviour as z + :l: 00 , have the resonance at the 

same place zr, have the one real cutoff at the same place ze and, 

finally, have the same slope at the place of the resonance. 

As we shall see, the parameters in (2.4.25) and (2.4.26)can 

always be chosen such that the above requirements are met in the 
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sense that the generated wave number profile has one of its cutoffs 

at z =ze. If the generated wave number profile has one cutoff, the 

above conditions are fully satisfied. 

The translation of the requirements (2.5.4a-e) in terros of the 

parameters of the generated profile reads, respectively, 

-2 2Ö 
0 112 k2 ( +oo) (2.5.5a) l:iL (1-a ) I 

0 2 

-2 2ö 
0 112 k2(-oo) i:!L (-a

0
) 1 I (2.5.5b) 

n<z ) == a, (2.5.5c) 
r 

5 k 
E dkll (ze) 0 I (2.5.5d) 

k=o 

L-1(~) 5 
~ak 

k2 
E 0 (ûln2-n4 > (2.5.5e) 

dz z 
k=o w2 0 0 

- r 

provided o
0 

i- 0. 

For o 0 the relations (2.5.5d,e) should be replaced by 
0 

0 I (2.5.6a) 

and 

(2.5.6b) 

A certain choice of L, a I 11 nnd o determines the transform-
a o o 

atión n<z). Then the value of a is determined from (2.5.5c) and 11~ and 

and 11~ are determined from (2.5.5a 1b). The two parameters 11
3 

= Re(aSl 

and 114 = Re(b) are then still free. For ö
0 

i- O,they are determined by 

the conditions (2.5.5d 1 e). These two equations forma linear set in 

113 and Jl
4 

which proves to be uniquely solvable. For Ö
0 

= 0 the remarks 

above remain valid. 

The problem stated at the outset of this chapter has been solved 

in the sense that we develooed a procedure to approximate a certain 

given plasma density profile by a profile that belongs to the class 

of profiles generated by Heun's equation. What remains to be done is 

to optimalize the choice of the transformation parameters L, 

and o
0

• 
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2.6. APPENDIX 

The coefficients bk of the polynomial (2.4.12) are given by 

For Ö
0 

# 0 the coefficients ck of this polynomial read 

!:ia (Ö -1) 
0 0 

c
3 

= ~ö (l+Ö +2a l , 
0 0 0 

c 4 = -~~ (2+Ö ) • 
0 0 

(2 .6.1) 

(2.6.2) 

(2.6.3) 

(2 .6.4) 

(2.6.5) 

(2.6.6) 

(2.6. 7) 

(2.6.8) 

(2.6.9) 

Since the two cases ö 0 and ö = 2 are not really different, we 

choose ö = 0 and omit the superscripts of ~~o) and ~~o) in (2.4.19) 

and (2.4.20). Substitution of relations (2.4.17-20) into (2.6.1-4) 

yields 

bo = -~a (1+~2 ) 
1 I (2.6.10) 

bl = -~4+~+~(2a+1)~~+~a~ 1~2 , (2.6.11) 

b2 = ~4-v3-~ca+2l~~-~av~-~Ca+ll~ 1v 2 , (2.6.12) 

b3 = ~3+~(~1+~2) 2 • (2.6.13) 

In order to write down the expressions for the coefficients ~ of the 
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polynomial (2.4.13) in a more concise form, we express the parameters 

~ 3 and ~4 in h 1 and h2 . Then the coefficients ~ read 

(2.6.14) 

(2.6.15) 

(2.6.16) 

+ (2.6.17) 

(2.6.18) 

(2.6.19) 

The value of the polynomial w
5

<n> at n 0 is given by 

at n 1 by 

(2.6.21) 

and at the place of the singularity n = a by 

(2.6.22) 
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CHAPTER 3 

WAVE NUMBER PROFILES WITH A LOCAL RÈSONANCE, EXACT SOLUTIONS 

3.1. INTRODUeTION 

In the preceding chapter we constructed a class of transformatlens 

that transform Heun's equation into a Helmholtz equation. This 

Helmholtz equation was used to model the propagation of the extra

ordinary wave, normally incident on a layered cold magnetoplasma. To 

accommodate the resonance that may occur in such a situation, we were 

led totheuse of Heun~s equation, with the singular points at 

n 0,1,oo and a. The independent variable n is related to the physical 

coordinate z through the transformation n n(z) which induces a one-

to-one mapping of the interval - 00 < z < +00 on 0 < n < 1. Under this 

transformation the singularities n = 0 and n = 1 corresnond to the 

end points z -oo and z = +oo, respectively. Likewise, the singular 

point n =a, with 0 <a< 1, corresponds to the plaoe of the local 

resonance. It was observed that the singular point n = oo has no 

physical significance. 

This observation suggests to investigate the possibility of 

accommodating the local resonance by use of an equation of hypergeo

metrie type, that is, a Fuchsian equation with three finite singular 

points while the point at infinity is an ordinary point. Such an 

equation is known as Riamann's or Papparitz's equation [1,2]. 

Along the lines of the preceding chapter we will construct a 

class of wave number profiles, basedon Riamann's equation. We require 

that these profiles are positive for z + ± oo. Then one has to do with 

a reflection and transmission problem, i.e. the general salution of 

the Helmholtz equation can then be uniquely splitted into waves pro

pagating in opposite directions, cf. [3]. 

An incident wave propagating in the positive z-direction, say, 

gives rise to a reflected wave in the region z + -oo and a transmitted 

wave in the region z + +oo. If the amplitude of the incident wave is 

normalized to unity at z -oo, the amplitudes of the reflected and 

transmitted waves in the limiting homogeneaus regions are the so

called reflection and transmission coefficients. 
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Since Riemann's equation has solutions in terms of hypergeometrie 

functions [1,2], the coefficients in the circuit relat1ons between the 

solutions of this equation around the singular points that correspond 

te the end points z = : 00 , are known. As we shall see, this enables us 

te derive exact expresslons for the reflection and transmission 

coefficients. 

The reflection and transmission problem of a wave incident on an 

inhomogeneous layer containing a single resonance has been studled 

previously by Budden [4; pp. 476-479]. He used a very special wave 

number profile that made it possible to reduce the Helmholtz eouation 

to a confluent hypergeometrie equation. This enabled him to derive 

exact reflection and transmission coefficients for this sneelal profile. 

However, Budden draw rather general conclusions from bis calculations 

for the influence of the presence of a local resonance on the reflect

ion and transmission properties of sucb a medium. We sball see in bow 

far bis conclusions are prompted by the special cbaracter of his 

profile. 

3.2. THE METBOD OF SOLUTION 

The starting point of our discussion is a Fucbsian differentlal 

equation witb three finite singular points. The point at infinity is 

an ordinary ~oint. Such an equation is known as Riemann•s equation 

[1,2]. We take a more or less special form of this equation, given by 

1+a1+a2-a3) du 
_ _;;;__;:_ + - + --=--=----- u 

n-a dn n<n-1> 2 <n-a) 
0, (3.2.1) 

n-1 

whicb has singular points at n = 0,1 and a. The present equation in

volves four free parameters a
1

, a
2

, a
3 

and a. It is well-known [1] 

that Riemann's equation can be reduced te the hypergeometrie equation 

through a homograpbic substitution of the independent variable. In 

tbe present case, tbe substitution 

1-a _!]_ 
a 1-n 

carries the singular points n = 0,1 and a into ~ 

tively, and equation (3.2.1) reduces to 

(3.2.2) 

O,oo and 1, respec-
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0 , (3.2. 3) 

the standard form of the hypergeometrie equation. Thus the solutions 

of equation (3.2.1) around n = 0,1 and a can be exnressed in termsof 
-1 

hypergeometrie functions of argument ~.~ and 1-~, respectively. 

Equation (3.2.1) is brought into its standard form by the trans-

formation 

u<nl 
al 

(1-nl v(nl . (3.2.4) 

This standard form reads 

a 1 (l+a
1
Jn-a

1a 2
-aa

1 
(a

3
-a

2J 
+ V 0 . (3.2.5) 

n <n-ll <n-al 

In contrast with (3.2.1), equation (3.2.5) has four regular singular 

points and is, a special 'èase of Heun's equation (see (2.4.1)). 

In this chapter we will transferm equation (3.2.5) into the 

Helmholtz equation d 2w/dz 2 + K
2 (z)w = 0. We assume the occurrence of 

alocal resonance and require that K2 (zl > 0 for z + ± oo 

As in chapter 2 we construct a class of transformations n<zl with 

extremes n<~J = 0 and n(+oo) = 1. These transformations should have an 

inverse on ~ < z < +oo. The place of the resonance then corresponds to 

n = a, hence 0 < a < 1. We require that the resonance is a pole of 

first order. This requirement implies that l+a
1
+a

2
-a

3 
= 0 or 2 (cf. 

sectien 2.4). We take 

0 . (3.2.6) 

Then equation (3.2.5) can be rewritten as 

(~ + -=-) dv + (y+E-2){(y+E) (n-a)-y+E} V 

n n-1 dn 4n <n-ll <n-al 
0 1 (3.2. 7) 

where 

y (3.2.8) 
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(3.2.9) 

Substitution of the transformations (compare (2.3.2), (2.3.5)) 

n = n<zl, v = w(z)(~~)~ n-Y/
2 

(1-n)-
8

/
2 

(3.2.10) 

into (3.2.7) yields the Helmholtz equation 

d
2

w [(dn)
2 

{ J --- + ~ I(a,y,8;n) + ~ n,z} W 

dz2 dz 
0 • (3.2.11) 

In this equation {n,z} is again the Schwarzian derivative, defined by 

(2.3.7), and I(a,y,8;nl is the invariant of (3.2.7), given by 

I(a,y,8;nl 

where 

b 
0 

-~ay (2-y) , 

b
1 

= ~ay(2-y) + ~(1-a) 8(2-s) • 

The general salution of equation (3.2.11) reads 

where 

w(z) (dn)-~ (1-n) (..!1.-)Y 12 [Au (i;) + Bu2 (i;)'] , 
dz 1-n 1 

1-a n (z) 
~<n<zll = 7 1-n(z) 

(3.2.12) 

(3.2.13) 

(3.2.14) 

(3.2.15) 

(3.2.16) 

A and Bare arbitrary constants; u1 (~) and u2 (~) are linearly indepen

dent solutions of the hypergeometrie equation(3.2.3). 

3.3. A SPECIFIC EXAMPLE 

In this section we first construct a wave number profile with a 

local resonance and one cutoff. The associated density profile turns 

out to be definite positive. Later on we determine the reflection and 

transmission coefficients. 
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We employ the transformation 

n {3. 3 .1) 

invalving the free parameters L and z
0

• Then it is readily seen that 

the wave number profile in the Helmholtz equation {3.2.11) beoomes 

-z 
L 

(b
1
-\ln+b

0 
+a/4 

n-a 

where b
0 

and b
1 

are given by (3.2.13) and (3.2.14). 

Let us define 

K 
0 

lim {K2 (z)} ~ 
z-+-"" 

K
1 

= lim {K2 (z)}~ . 
z-+f-00 

(3.3.2) 

(3.3.3) 

From the behaviour of the profile (3.3.2) as z-+ ± 00 , or equivalently 

n t 1 and T) + 0, wethen find y 1 + 2iLK
0 

and E = 1+2iLK
1

• Through 

(3.2.6), (3.2.8) and (3.2.9) the original parameters of the hyper

geometrie equation (3.2.3) are completely determined now. They are 

given by 

(3. 3.4a) 

(3.3.4b) 

(3.3.4c) 

The profile (3.3.2) can be written as 

{a 
(3.3.5) 

n-a 

It is easy to verify that this wave number profile has one resonance 

and one cutoff, provided K
0 

~ K1• For K
0 

= K1 the profile is constant. 

The conneetion between the wave number profile K2 (z) and the 

associated plasma density profile ~2 (z) is given by (2.5.1}, in 
p 

accordance with (2.2.2). Note that dK2/~2 < 0 (cf. fig. 2.1). The 
p 

derivative of (3.3.5) with respect to z is definite negative if 

K1 > K
0 

and definite positive if K1 < K
0

• Thus the density profile is 

a monotonic function of z. 
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We choose a monotonieally increasing density function, i.e. we 

take K
1 

> K
0

• This funetion is definite positive if ~0 ~k0 (cf. fig. 

2.1). The latter condition should be satisfied in order that the 

density profile is physically acèeptable. The place of the cutoff is 

denoted by ze; that of the resonance by zr. Then zr > ze. The regions 

z < ze and z > zr are transparant; the region ze < z < zr is opaque. 

Let zrc denote the distanee between the cutoff and the resonance, 

and let (d02/dz) be the derivative of the plasma density profile at P r . .. 

the place of the resonance. Then the following relations can be 

derived 

(3.3.6) 

(3.3.7) 

Thus for fixed w, Q , K and K
1

, both z and (<ill2 /dz) only depend o o re p r 
onthefree parameter L. Then z or (<ill2 /dz) may replace Las a re p r -· . 
free parameter, which means that either the distance between the cut-

off and the resonance or the slope of the plasma density profile at 

the place of the resonance can be ehosen free. 

Note that z and (d02 /dz) are independent of the parameter a. re p r · 
This can also be recognized if we express the wave number profile 

(3.3.5) in the variable ~. with 

cf. (3.2.16) and (3.3.1). Wethen find 

(3.3.8) 

Thus a variatien of the parameter a only effects a shifting of the 

scale along the z-axis, without changing the shape of the profile. 

In fact, the shift ean be ineluded in the free parameter z
0 

by re

writing the transformation ~(n(z)} as 

(
z-z ) 

exp T, (3.3.9) 

where zr is the place of the resonance. This means that the two free 
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parameters a and z
0 

may be replaced by the single free parameter zr. 

Determination of re[leetion and transmission eoef[iaients 

The general salution of the Helmholtz equation with the wave 

numher profile (3.3.5) or (3.3.8) reads 

w(z) 
iLK 

c~T)) 0 u(~) , (3.3 .10) 

where n and ~are related to z through (3.3.1) and (3.3.9), and u(~) 

is the general salution of the hypergeometrie equation (3.2.3). 

The singular point ~ = 1 of the latter equation corresponds to 

the place zr of the resonance. To make the solution one-valued around 

the singularity ~ 1, we introduce a branch cut from ~ = 1 to 

~ = 1 - ioo in the complex s-plane. 

TO motivate this choice of the branch cut, we consider the full 

Appleton-Hartree model for the plasma, i.e. the model with dissipation 

due to collisions included. Then the wave number profile for the extra

ordinary mode is given by [4; p. 70] 

(3.3.11) 

where v is the effective cellision frequency of the electrons. 

For sufficiently small v the resonance occurs at 

rl~) (dw~)-1 
w dz 

r 
(3.3.12) 

With the aid of transformation (3.3.9) the reader may convince bim

self that the point ~· = ~(z') is located in the lower half of the .. r 

complex ~-plane. Thus for v + 0, ~· approaches the point ~ = 1 from 

below. Hence the branch cut should be taken downwards. 

The singular points ~ 

pond to the end points z 

0 and ~ = oo of equation (3.2.3) corres-

-"" and z +00 1 res~ctively. Around each 

singularity the general salution of the hypergeometrie equation 

(3.2.3) can be expressed as a linear combination of two independent 

solutions. For later use we present the following pairs of linearly 

independent solutions around the singular points ~ = 0 and ~ = oo, 

quoted from [1, sec. 2.9]: 
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0 = F(a1 ,a2 ;a3 ;~), 1~1 < 1 (3.3.13) u1 (~} , 

1-a 
0 r,· .. · ... 3 

F(l+a1 -a3 ,1+~-a3 ;2-a3 ;t;), I r, I < 1 (3.3.14) u2 (f,) 

00 r, -1 I r, l ul (I;) F(a
1

,1+a
1
-a

3
;1+a

1
-a2 ;f, ), > 1 , (3.3.15) 

-a -1 00 ~ 2 , Ir, I u2(~) F(a
2

,1+a
2
-a

3
;1+a

2
-a

1
;t; ) > 1 . (3.3.16) 

The superscripts o and 00 refer to the pertaining singular points. The 

symbol F stands for the hypergeometrie function. 

We now consider the reflection and transmission of the extra

ordinary wave, normally incident on a layered cold magnetoplasma. 

We first assume the incident wave to be propagating in the positive 

z-direction. The amplitude of the incident wave is normalized to 

unity at z = -ao, Then the total wave described by the function w(z), 

should have the prescribed asymptotic behaviour 

-iK z iK z 
0 + Re 

0 (z + -00) 

- { e -in w(z) (3.3.17) 
Te 1 (z + +00) 

where R and T are the reflection and transmission coefficients based 

upon the amplitudes öf the waves. Note that the incident wave hits 

the opaque region between cutoff and resonance on the cutoff side. 

In view of (3.3.10), the behaviour of w(z) as z + +00 is deter-
oo 00 

mined by the solutions u1 (!;) and u2 (t;). One of these solutions, namely 

u7 (~), induces the asymptotic behaviour of w (z) as prescribed by the 

condition (3.3.17). To show this, wededuce from (3.3.1), (3.3.9) and 

(3.3.15), with a
1 

given by (3.3.4a), 

-iK
1
z 

, (z + +oo) • (3. 3 .18a) 

Likewise, the.behaviour of w(z) as z + - 00 is determined by the solu

tions u~(~) and u~(~). Similar to (3.3.18a), wededuce from (3.3.13) 

and (3.3.14), with a
3 

given by (3.3.4c), 

-iK z iK z 
0 0 0 

~ e e (z + ..co) (3.3.18b) 
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(~)iLK0 1-n 

-iK z 2iK z -iK z 
u~(~) ~ e o oe o re o (z 7 -oo) . (3.3.18c) 

00 

From the above results it is clear that the solution·u
1 

is related to 
0 0 

the transmitted wave, whereas the solutions u
1 

and u
2 

are related to 

the reflected and incident waves, resoectively. The total wave can 

easily be synthesized now and we find 

iK z -2iK z ( )iLK [ 2iK z ] 
e o oe o r 1~n o u~(~)+Re o r u~(~) , 1~1 < 1 

w(z) 

0 0 0 r n 0 1 0 r 00 
iK z -2iK z ( )iLK -i(K -K )z 

e e --- Te u1 (~), 
1-n 1~1 > 1 

(3.3.19) 

which salution has indeed the asymptotic behaviour prescribed in 

(3. 3.17). 

The two representations of w(z) in (3.3.19) should be analytic 

continuations of each ether, and this requirement will determine the 

reflection and transmission coefficients R and T. The solutions 
0 0 00 

u
1 
(~), u2 (~) and ~1(~) of the hypergeometrie equation (3.2.3) can be 

continued analytically into the whole complex ~-plane except for 

branch-points at ~ = 0,1 and oo. To make the continued solutions one

valued, we introduce a branch cut along the negative real axis of the 

~-plane (connectin~ the points ~ = 0 and ~ = oo) , and a branch cut 
i 

from ~ = 1 to ~ = 1-ioo as discussed before. None of these branch cuts 

enters into the upper half-plane Im(~) > 0, hence, the continued 

functions are analytic there. For Im(~) > 0, the analytic solutions 
0 0 00 

u
1 
(~), u2 (~) and u

1 
(~) are connected by the circuit relation 

(3.3.20) 

where the constants A
1 

and A
2 

are obtained from [1; eq. 2.9 (37)], 

viz. 

f(l+a
1
-a

2
)f(l-a

3
) -ina

1 
(3.3.21a) Al r (1-a2) r (l+a1-a3) 

e 

f(l+a
1
-a

2
Jf(a

3
-1) in(a

3
-a

1
) 

(3.3.21b) A2 f(a
3
-a

2
)f(a

1
l e 
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The circuit relation (3.3.20) is now used to identify the two re

presentations of w(z) in (3.3.19). Then we find 

T 

Finally, by substitution of a
1
,a2 and a

3 
from (3.3.4a-c) we obtain the 

following expressions for the reflection and transmission coefficients: 

R 

T 

-2iK z 27fLK f (-2iLK ) f ( l+iL (K
1

+K ) ) f (iL (K
1

+K )) 
0 0 0 o r o 

f(2iLK )f(1+iL(K
1
-K ))f(iL(K

1
-K )) 

0 0 0 

e e 

f(1+iL(K
1

+K
0

))f(iL(K
1

+K
0

)) 

f(2iLK
0

)f(1+2iLK
1

J 

i(K
1
-K

0
)zr -7fL(K

1
-K

0
) 

e e 

(3.3.22) 

(3.3.23) 

By means of the functional equations f(q+1) qf(q), f(q)f(l-q) 

7f/sin(7fq) and the property f(q*J = {f(q)}*, where the asterisk 

denotes the complex conjugate, we obtain for the absolute values of 

the reflection and transmission coefficients: 

sinh 'ITL (K
1
-K

0
) 

e sinh 7fL(K
1

+K
0

) 

21TLK 
0 (3.3.24) 

-7fL(K -K ) {sinh(21TLK
0

) sinh(2nLK1 )}~ (K0)~ 
sinh 1TL(K

1
+K

0
) K

1 

e 1 o (3.3.25) 

Using the property qf(q) + 1 for q + 0, wedetermine the limits 

of R and T as L + 0. Then we obtain the Fresnel formulae {5] 

K -K -2iK z 
limR=~e or 
L+o Ko+Kl 

2k
0 

i(K1-K
0
)zr 

lim T = --- e 
L+o Ko+Kl 

(3.3.26) 

(3.3.27) 

for the reflection and transmission at the wave number profile 

z < z 
r 

z > z 
r 

with a step discontinuity at z = zr. 

(3.3.28) 
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Consequently, for LK << 1 and LK
1 

<< 1, i.e. for small K z and 
o o re 

K
1
zrc (cf. (3.3.6), where zrc is the distance between the cutoff and 

the resonance), the wave number profile (3.3.5) may be approximated 

by (3.3.28), and the. influence of the resonance is negligible. 

For L + 00 , we find that IRI + 1 and T + 0. Thus for sufficiently 

large LK
0 

and LK
1 

the influence of the opaque region is predominant. 

This is not surprising when we remember that the incident wave hits 

the opaque region on the cutoff side. 

Next we consider the reflection and transmission of an incident 

wave propagating in the negative z-direction. The total wave w(z) as 

given by (3.3.10), is now required to have the asymptotic behaviour: 

(z + -"") 

( z ..,. +"") 

where R and T are again the reflection and transmission coefficients. 

The incident wave hits the opaque region ze < z < zr on the resonance 

side. 

Similar to (3.3.19) the wave w(z) can be expressed in terms of 
0 00 00 

the h~rgeometric functions ui(~), ui(~) and u2 C;}, as given by 

(3.3.i3), (3.3.15} and (3.3.16). In view of their asymptotic behaviour 
0 00 00 : 

as z +-"" or z + +"", the functions u1 C;), u1 (~) and u2 (;) are related 

to the transmitted, reflected and incident waves, respectively. The 

relevant circuit relation is now given by 

obtained from [1; eq. 2.9(34}]. 

Proceeding in the same manner as before, we deterinine the reflec'b

ion and transmission coefficients, viz. 

R 

T 
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f(-2iLK
1
)f(iL(K

1
+K

0
))f(1+iL(K

1
+K

0
}} 

f(2iLK
1
)f(-1L(K

1
-K

0
})r(1-iL(K

1
-K

0
)) 

f(iL(K
1

+K
0

))f{1+iL(Ki+K
0

)) 

f(1+2iLK
0

)f(2iLK
1

) 

{3.3.30) 

(3.3.31} 



The absolute values of R and T are easily found to be 

sinh 'ITL(K
1
-K

0
) 

sinh 7rL(K
1

+K
0

) 
(3.3.32) 

{sinh(2'1TLK
0

) sinh(27fLK1 J}~ (Kl)~ 
sinh 'ITL(K

1
+K

0
) K

0 

-7fL(K -K ) 
1 0 

e (3.3.33) 

Taking limits as.L ~ 0, we reeover Fresnel's formulae (3.3.26-27) 

with K
0 

and K1 interchanged and zr replaced by -zr. 

In fig. 3.1 we present some graphical results for the absolute 

values of the reflection and transmission coefficients in the case of 

an incident wave which hits the opaque region on the cutoff side. 

!RI and ITI areplottedas functions of the ratio~ = zrc/À
0 

where 

À = 27f/K is the wave length of the incident wave. The numerical 
0 0 

values of !RI and !Tl have been calculated from (3.3.24) and (3.3.25), 

while ~is determined from (3.3.6); as an example we have taken 

K
1 

= 2K
0

• From fig. 3.1 we note that the reflection already approaches 

total reflection, i.e. !RI = 1, if the distance z between cutoff and 
re 

resonance is of the same order of magnitude as the wave length À • 
0 

For zrc >> À
0 

the transmitted wave energy is negligible, and the inci-

dent wave energy is (almost) fully reflected. 

In the case of an incident wave which hits the opaque region on 

the resonance side, the reflection properties are quite different, as 

can beseen from the graphical results shown in fig. 3.2. Here !RI and 

!Tl areplottedas functions of the ratio Ç = zrc/À
1

, where Àl is the 

wave lengthof the incident wave. The numerical values of IRI and 

!Tl have been calculated from (3.3.32-33); K1 = 2K
0

• For increasing 

zrc/À 1 the reflection is already negligible if zrc is of the same 

order of magnitude as À1• For zrc >> Àl the transmitted wave energy is 

again negligible, as in the previous case. 

REMARK. Thus far we required the medium to be transparent for suffi

ciently large I z I . We now briefly consider the interesting case when 

K2 (~} = -K~ < 0, K2
(+oo} = K~, insteadof (3.3.3). This behaviour of 

the generated wave number profile as z ~ ± oo can be realized by taking 

y = 1-2LK
0 

and E = 1+2iLK
1

, cf. (3.3.2}. It is easy to verify that K
0 

should be replaced by iK
0 

in (3.3.4), (3.3.5), (3.3.7} and (3.3.10). 
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o.s 

OL---~--~-L~Li~~--~--~~-L~~~--~~~~~~~ 

10-3 

Fig. 3.1. Abs9lute values of the Pefleation and tPansmission aoeffi

eients vePsus the rutio 1; = zpa/A
0

; K1 = 2K
0

• The ineidenee 

is on the eutoff side of the opaque Pegion. 

QL---~--~4-~LL~~--~--~-L~LL~L---~---L~~~~ 

10-3 

Fig. 3.2. Absolute values of the Pefleation and tPansmission aoeffi

eients VePsus the Patio 1; = zpalÀ1; K1 = 2K
0

• The inaidenáe 
is on the Pesonanee side of the opaque Pegion. 
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Note that the slope of the generated density profile remains positive 

at the place of the resonance. From (3.3.5), with K
0 

replaced by iK
0

, 

it is readily seen that the medium is opaque for z < zr and trans

parent for z > z • To determine the reflection coefficient for the 
r 

incident wave propagating in the negative z-direction, the circuit 

relation {3.3.29} is relevant and we find 

(3.3.34) 

For fixed w, n , K and K
1 

the reflected energy only deoends on 0 0 .. 

the slope of the plasma density profile at the place of the resonance, 

cf. (3.3.7) and (3.3.34), and increases with increasing slope. 

3. 4. EXT.ENSION OF THE .THEORY 

The approach of the previous section can be extended somewhat to 

allow fÓr a more general class of generated wave number profiles. 

To that purpose we employ, insteadof (3.3.1), the transformation 

n(z} that is given by the inverse of (2.4.27), with 0 < no < 1, ao < o, 
and real ê '# 0. 

0 

Since equation (3.2.7) is a special case of Beun's equation we 

can praeeed in the same way as we did when transforming the latter 

equation into a Helmholtz equation. The generated wave number profile 

is found to be 

where 

4 
Q5 <n> = <n-a

0
)

2 (b
0

+b1nl- <n-a> E cknk 
k=o 

(3. 4.1} 

. . (3.4.2} 

The coefficients b
0 

and b
1 

are given by (3.2.13) and (3.2.14)1 the 

coefficients ck are given in sectien 2.6. 

The value of Q
5

(n) at n = 0 is given by 

(3.4.3) 

and at n 1 by 
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From (3.3.3), (3.4.1), (3.4.3) and (3.4.4) it fellows that 

y 
-'Ö 

1+2iLK (-a ) 0 

0 0 

-ö 
0 

(3.4.4) 

(3.4.5) 

(3.4.6) 

The parameters in the hypergeometrie equation are determined 

from (3.2.6), (3.2.8), (3.2.9), (3.4.5) and (3.4.6). They are qiven 

by 

iL 
+ 112) (3.4. 7a) al z-<lll , 

iL 
- ]l2) (3.4. 7b) a2 = z-<lll , 

a3 1 + iLllt (3.4. 7c) 

We require again that the derivative of the associated density 

profile is positive at the place of the resonance. Then it follows 

from the relation 

(3.4.8) 

that 112 > 111, corresponding to 

. c-a )ê 
Kl 

> 1< __ o_ o 
o -a ' 

0 

(3.4.9) 

cf. (3.4.5-6). 

Condition {3.4.9) is less stringent than the condition K
1 

> K
0 

in the preceding section. The parameters a and Ö in (3.4.9) can be 
.. 0 0 

taken such that the cboice K1 < K
0 

is also possible. 

Substitution of (3.4.5) and the inverse n(z) of (2.4.27) into 

(3.2.15) yields 

(3.4.10) 
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where u(~) is the general soluti~n of the hypergeometrie equation 

(3.2.3) with parameters (3.4.7); the variable ~ = t;{n(z)) is given by 

(3.2.16). 

For the determination of the reileetion and transmission coeffi

cients the behaviour of n(z) as z ~ -00 and of 1-n(z) as z ~ +00 should 

be known. Then the asymptotic behaviour of ~(n(z)) is also known. 

The behaviour of n<z) as z ~ - 00 is determined by rewriting 

(2.4.27) as 

z 
- = 
L 

-6 
~1{ -1 0 Ç (1-Ç) (Ç-a ) -(-a ) 

0 0 

no no 

-6 -6 · · nJ 
(-a ) 0 logn-(-a ) 0 logn + 

0 0 0 

no 
The latter integral is convergent for n 0. By introducing the 

notatien 

z 
0 
-= 
L 

we have 

z-z 

-6 0 

(-a ) 
0

logn + J 
0 0 

-6 
__ o_ = 

(-a ) 
0 

log n + ~(nl ' 
0 L 

where ~lnl ~ 0 as n ~ 0. By inverting the latter result we obtain 

(z + -"'). (3.4.11) 

In a similar manner we derive 

(z + +t») • (3.4.12) 

The determination of the reflection and transmission coefficients 

is now straightforward. We omit the calculation here. 

When the incident wave propagates in the positive z-direction, 

the absolute values of the reflection and transmission coefficients 

R and T are given by 
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sinh(TIL(~2-~ 1 l/2} 
sinh(nL(~ 2+~ 1 )/2} 

{sinh(nL~ 1 lsinh(nL~ 2l}~ (K0)~ 
sinh(nL(~2+~ 1 l/2) K

1 

(3.4.13) 

(3.4.14) 

When the incident wave propagates in the negative z-direction, 

the absolute values of R and T are given by 

sinh(nL(~2-~ 1 l/2l 
sinh(nL(~ 2+~ 1 }/2) 

{sinh(nL~ 1 )sinh(nL~2 )}~ (K1)~ 
sinh{nL(~2+~ 1 l/2) K

0 

where ~ 1 and ~2 are given by (3.4.5-6); ~2 > ~ 1 • 

(3.4.15) 

(3.4.16} 

Note that the absolute values of R and T are given by {3.3.24-25} 

and (3.3.32-33} with the following replacements: in the arguments of 

the hyperbalie and exponential functions K and K1 are to be re-
o ~ 

placed ~y ~ 1/2 and ~2;2, respectively. The factors (K0/K1} and 

(K1/K
0

) in (3.3.25} and (3.3.33} remain unchanged though. 

For ~ 1 = ~2 , the reflection coefficient vanishes for the two 

cases of incidence in the positive or negative z-direction (cf. 

(3.4.13) and (3.4.15)). For this set of parameter values, however, the 

wave nurnber profile (3.4.1) has no singularities. To show this, we 

cbserve that Q
5

(a) = 0 if ~ 1 = ~2 , as fellows from (3.2.13-14}, 

(3.4.2) and (3.4.5-6). 

We now campare our results with those obtained by Budden [4; 

pp. 476-479] for the wave nurnber profile 

z < 0 . 
c 

Note that k 2 {-<»} k 2 (+oo). The resonance occurs at z 

is located at z = z • 
c 

(3.4.17) 

0, the cutoff 

Budden transformed the Helmholtz equation with the wave nurnber 

profile (3.4.17) into a confluent hypergeometrie equation, and hé 

derived exact expressions for the reflection and transmission coeffi

cients. He found that the absolute value of the transmission coeffi-

62 



cient is the same for the two cases of the incident wave propagating 

in the positive or negative z-direction. This result agrees with ours 

(cf. (3.4.14) and (3.4.16), with K
0 

= K1). In Budden's model there is 

no reflection if the incident wave hits the region between cutoff and 

resonance on the resonance side; In our model, however, the reflection 

coefficient is non-zero for any set of parameter values (cf. (3.4.15}). 

In conclusion we cbserve that the wave equation considered by 

Budden is to much restricted to serve as a model for the reflection 

and transmission of the normally incident extraordinary wave in a 

cold magnetoplasma. The re~ults obtained in this chapter are based on 

a more general model equation and provide therefore a more detailed 

picture of this reflection and ~ransmission problem. In addition we 

point out that Budden's wave equation cannot be used to describe the 

propagation of the extraordinary wave through a plasma medium that is 

opaque on one side of the resonance and transparent on the other side 

(cf. the remark at the end of section 3.3). 
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CHAPTER 4 

TBE TM MODE IN A PLANAR OPTICAL WAVE GUIDE WITH A GRADED INDEX OF THE 

SYMMETRIC EPSTEIN TYPE 

4.1. INTRODUeTION 

In the theory of wave propagation in optical wave guides one 

often conaiders a planarly stratified medium. We adhere to the same 

configuration as in sectio~ 1.3, sketched in fig. 1.2. 

One distinguishes two characteristic polarizations: the TE and 

TM mode. The equations (1.3.1) ~nd (1.3.2), respectively, govern the 

propagation of these modes. Ducting of the wave modes takes place if 

the fields vanish for z + %00, These boundary conditions can only be 

,satisfied for a speci.fic set of; values of the propa.gation constant 

a. In general, the spectra of eigenvalues corresponding to the con

fined TE and TM modes consist of a finite number of discrete a-values. 

In the existing literature the term with the first-order deriva

tive in the equation (1.3.2) for the TM mode is often neglected 

[1, 2, 3]. No doubt this is permis~ible when dealing with high-order 

modes, i.e. modes with relatively small wavelengths. For low-order 

modes the underlying assumption of a small change of the refractive 

index over a wave length is violated. In that case the neglect of the 

term with the first-order derivative seems not warranted. 

As has been pointed out in sectien 1.5, the equation (1.3.1) for 

:tlh8 TE "IDQde can be transformed into the hypergeometrie equation if 

the variatien of the dieleetrio function is of Epstein type. We will 

restriet ourselves to the symmetrie Epstein profile for the dieleetrio 

function. Then the equations fortheTE and TM modes, (1.3.1) and 

(1.3.2) respectively, are both symmetrie in the independent variable z. 

Consequently, the eigenfunctions of both equations can be distinguished 

in even and odd, functions. 

The reduction of equation {1.3.1) fortheTE mode toa hypergeo

metrie equation can be accomplished through various transformations 

of the independent variable. The hyperbalie tangent transformation is 

most advantageous for this purpose. Since this transformation is anti

symmetrie, the resulting equation also has solutions which are either 

symmetrie or antisymmetrie in the independent variable. An antisymmetrie 
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transformation preserves the symmetry properties of the problem. 

A similar reasoning applies to equation (1.3.2) for the TM mode. 

Under the hyperbolic tangent transformation this equation proves to 

reduce to a Fuchsian equation with five singular points. Due to the 

symmetry of the problem this Fuchsian equation is reducible to Beun's 

equation by applying a quadratic transformation of the independent 

variable. The possibility of such a reduction is already i~dicated by 

the fact that the coefficients of the power-series solution around the 

ordinary point 0 of the original Fuchsian equation are de.termined by 

a three-term recurrence relation. 

When the first-order-derivative term in the equation (1.3.2) for 

the TM mode is omittec'l, this eigenvalue problem reduces to that for 

the TE modes as governed by equation (1.3.1) and the boundary condi

tions E(z) + 0 for z + :oo. For this reason it is interesting to cam

pare the eigenvalues corresponding to the confined TM modes with those 

corresponding to the confined TE modes. 

4. 2. PORMULATION OF THE EIGENVALUE PROSLEM 

The starting point of our discussion is the equation for the TM 

mode (1.3.2). We repeat that equation here: 

o. (4.2.1) 

The configuration is sketched in fig. 1.2 (section 1.3); Bis the only 

non-zero component (x-component) of the magnetic field; k
0 

is the 

vacuum wave number; 8 is the propagation constant. In order to have 

propagation, 8 must be real. 

Ducting of the wave takes place if the constituent fields vanish 

for z + :00. Thus the boundary conditions to be imposed on the solution 

of equation (4.2.1} are 

B(z) + 0 for z + :oo. (4.2.2) 

With a given dieleetrio function Er we expect the solutions of 

equation (4.2.1) to satisfy the boundary conditions (4.2.2) for cer

tain discrete S-values only. 

The dielectric function is taken as 
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-2 z 
1 + A.cosh 2ï , A > 0. (4.2.3) 

Since the eigenvalue problem thus posed is non-degenerate and symme

trie, the eigenfunctions of equation (4.2.1) are either even or odd 

functions of z. 

The eigenvalue spectrum consists of a continuous and a discrete 

part. Since we deal with an infinite interval (cf. (4.2.2)), it is 

possible that the discrete part of the spectrum has one or more limit 

points. The classical Sturm-Liouville theory is only valid for a 

finite interval, see e.g. [4]. Therefore this theory is not applicable 

for the determination of the nature of the eigenvalue spectrum of the 

TM modes. 

There exists, however, a generalization of the Sturm-Liouville 

theory due to Weyl [5) which is pertinent to our problem. He considers 

the eigenvalue problem 

0, 

[cos a w(z) +sin a p(z) ~=J 
z=O 

0, 

on the interval 0 < z < oo, with p(z) > 0 for z ~ 0. 

(4.2.4a) 

(4.2.4b) 

When p(z) and g(z) are even functions of z, thenpy putting a 0 

·or ala n/2 in the boundary condition (4.2.4b) ,the eigenvalue problem 

(4.2.4a-b) is equivalent to the eigenvalue problem on the interval 

~ < z < +oo, for the'odd and even eigenfunctions. 

Equation (4.2.1) can be brought in the form (4.2.4a), with 

p(z) - 1, (4.2.5a) 

g(z) s~ d2 -~ 
- k 2 (E 1) 1 --E -r 

dz2 r o r (4. 2. 5b) 

À k2 - f32. 
0 

(4.2.5c) 

This is possible by means of the transformation 

B(z) w(z) {s (z) }\ 
r 

(4.2.6) 
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It is easily verified that 

00 

{4.2. 7) 

Weyl proves that under this condition the continuous spectrum 

coincideswithO <À< oo, while the discrete spectrum consistsof 

a finite number of eigenvalues in ....., < À < 0 i[S; p. 264}. Thus the 

boundary conditions (4.2.2) are satisfied for a finite number of B
val.ues, with 

(4.2.8) 

The result (4.2.8) is quite satisfactory because the invariant of 

equation (4.2.1) is negative for sufficiently large lzl if S2 > k 2
• 

0 

This is a necessary condition for ducting of the wave. 

Because the discrete spectrum consists of a finite number of 

eigenvalues À, the spectrum is bounded from below. Hence, there exists 

an upper bound on the permitted values of B~. To determine this upper 

bound, we write equation (4.2.1) in the Sturm-Liouville form 

d (1 dB\ + (k
0
2 _ ~2) B 

dz \'E dz) .. r r 
0, (4.2.9) 

where B is assumed to be an eigenfunction eerrasponding to S2• Equa

tion (4.2.9) is now multiplied by B and integrated over the interval 

~ < z < +oo. After a partial integration we obtain 

00 

E (:Y dz, 
r 

from which it follows that 

00 00 

82 < k~ I B2dz/ I dz. 

-co -oo 

Since E: (z) < 1 +A, we obtain r 

(4.2.10) 

In view of (4.2.8) and (4.2.10) the discrete eigenvalue spectrum 

consists of values for 82
, satisfying the relation 
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(4.2.11) 

Since only this discrete spectrum corresponds to eigenfunctions that 

reprasent the ducted waves, we disregard the continuous part of the 

spectrum. 

Let us denote the eigenvalues eerrasponding to the confined TM 

modes by 13~, with .k• 0,1,2, •• ' •. , arranged such that Bi decreasas with k. 

Then there is a largast eigenvalue 13 2 and a smallest eigenvalue 82
, 

. 0 s 
say. The eigentunetion eerrasponding to 13~, with k = 0,1,2, ••••• ,s, 

has precisely k real zeros [5]. 

When we consider the equation ( 1. 3 .1) for the TE modes, wi th 

(z) given by (4.2.3), we again find by means of Weyl's theory that 

the boundary conditions E{z) + 0 for z + ±00 are satisfied for a finite 

number of 8-values. As for the confined TM modes we find the relation 

k 2 < S2 < k 2 <t +Al. 
0 0 

4.3. REDUCTION TO BEUN'S EQUATION 

Substitution of the transformations 

n tanh (4.3.1) 

and 

B 

1(82 - k2)1:; 

<t - n2 l 
0 ~<n> (4.3.2} 

into (4.2.1), with Er{z) given by (4.2.3), yields the equation 

d2~ + {_2!]_- (2+4pln} d~ + a(q-2p)-{q+2p)n
2 ~ = 0, 

dn2 a:n 2 l-n2 dn (1-n 2 l (a-n2 l 
(4.3.3) 

where 

1 + A a=---
A 

(4.3.4a) 

p (4.3.4b) 

q (4. 3.4c) 
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Note that a> 1, p > 0 and q > 0, in view of (4.2.3) and (4.2.11). 

Equation (4.3.3) is indeed of the Fuchsian type, with singular 

points n = ±1, ± ;-a and 00 • Since the invariant of equation (4.3.3) is 

symmetrie in n, a quadratic transformation of the independent variable 

reduces (4.3.3) to an equation with four singular points. The result

ing equation is again of the Fuchsian type and is therefore a Beun 

equation, with singular points n2 0,1,a and 00 • 

The solutions of (4.3.3) around the (ordinary) point n 

given by 

0 are 

(4.3.5) 

(4.3.6) 

with 

D (4.3. 7) 

The symbol H(a,b;a,S,y,o;~) stands for the power-series solution 

of Beun's equation around the point ~ = 0 (see appendix of this the

sis}. In view of (4.3.2), ~~(nl and ~~(n) correspond to the symmetrie 

and antisymmetrie TM modes, respectively. Since a > 1, the solutions 

~~(n) and W~(n) cqnverge in the domain lnl < 1. According to (4.3.1) 

these solutions are then defined for all real z. 

We now introduce the following solutions of equation (4.3.3) 

around n2 = 1: 

1 1 1 1 
H (1-a,~ (1-a)+2P (l+a) ;-4 (1+D) +p,-4 (1-D) +p, 1+2p,-1; 1-n.2 ) 

1 

(4. 3.8) 
3 1 1 2 ( 1-a}-2P(1-al ;- 4 (1+D} -p,-4 (1-D) -p, 1-2p, -11 1-n ). 

(4.3.9} 

These solutions convergein the domain l1-n2 1 <min (l,a-1) in the 

complex n-plane, see fig. 4.1. If a~ 2, that is, if 0 < A~ 1, the 

domain of convergence consists of two parts that touch at·the origin; 

the boundary of the domain is the lemnisaate lt-n2 1 = 1. If 1 <a< 2, 

corresponding toA > 1, the domain of converganee consists of two 

unconnected domains which interseet the real n-axis along the inter

vals ( -vä', ·-12-=à) and ( 12-a', là') ; the boundary of the domains is 
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formed by the Cassi.n:iam ovals l1-n2
1 = a-1. Note that the points n ±1 

lie within the domain of convergence. 

-/2 

1 < a < 2 

-la la 

Fig. 4.1. Domain of aonvergenae of the eolutions ~1 rnJ and ~2 rnJ. 

Since the points n = ±1 correspond to the end points z = zoo of 

the physical range, the asymptotic behaviour of the solutions of the 

wave equation (4.2.1) is determined by the solutions (4.3.8) and 

(4.3.9). 

We shall now derive explicit conditions under which wave ducting 

is possible. Let us first consider the symmetrie TM modes. Then the 

B-field is given by (4.3.2), with ~(nl = ~~(nl as given by (4.3.5). 

In the common region of convergence the solutions 

~2 <nl are connected by a linear relation: ~~(nl 

0 
~1 <nl, ~1 <nl and 

d 1~1 <nl + d2~2 <n>. 

The constants d
1 

and d
2 

are (unknown) expressions in the parameters 

a, pandq, as given by (4.3.4). The B-field can be represented by 

{4.3.10) 

We investigate the asymptotic behaviour of (4.3.10) for z + +oo, The 

first term on the right of (4.3.10) has the required asymptotic be-
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haviour, viz. exp {-(f32 -k2 )':!z}, with f.$ 2 > k2 (of. (4.2.11)). The 
0 0 

secoud term on the right of (4.3.10) grows exponentially. COnsequently, 

the eigenvalues corresponding to the confined symmetrie TM modes are 

solutions of the transeendental equation d
2

(a,p,q) = 0. If this equa

tion is satisfied, there is a linear relation between the solutions 
0 
~1 <n> and ~1 <nl in their common region of convergence: 

0 
~1 Cn> (4.3.11) 

For the antisymmetrie TM modes arelation similar to (4.3.11) can 

be derived. starting from the relation ~~<nl = sgn(n){d3~1 <nl+d4~2 <n>}, 
where ~~<nl is the odd_solution (4.3.6), we are led to the transeen

dental equation d
4

(a,p,q) = 0 for the eigenvalues. If the latter 
0 

equation is satisfied, the solutions ~2 tnl and ~1 <nl are related 

through 

(4.3.12) 

in their common region of convergence. 

From (4.3.11) and (4.3.12} an important conclusion can be drawn. 

Since the solutions ~~<n>, ~~(nl and ~1 <n> are analytic functions of 

n intheir domain of convergence (cf. (4.3.5), (4.3.6} and {4.3.8)}, 
0 0 

the relations (4.3.11) and (4.3.12) imply that ~1 tnl and ~2 (n) con-

verge in the larger domain lnl < l.ä. In ether words, the eigenvalues 

are determined by the req:uirement that the solutions ~~ <n> resp. 

~~<nl converge in the domain lnl < la. In the next sectien we will 

make use of this conclusion. 

The circuit relations between solutions of Heun's equation are 

not explicitly known. Thus the whole exercise seems quite formal 

because the transeendental equations that we would like to solve in 

order to obtain the conditions for ducting, arenet available. However, 

the algorithm given in the next sectien for obtaining the eigenvalues 

numerically is basedon equations (4.3.11-12). 

REMARK. We briefly discuss the eigenvalue problem when the wave g:uide 

medium consists of a cold collisionless isotropie plasma. Then the 

equation for the TM mode reads 
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1 
E: 
or 

0, (4.3.13) 

where 

(4. 3.14) 

w being the plasma frequency (see also section 1,2). 
p 

A symmetrie elèctron density profile N(z) is chosen such that 

where A1 and A2 are constants and A1 > 0. 

Substitution of the transformations 

n 
z tanh 
21

, B 

into equation (4.3.13), with E:
0

r given by (4.3.14), yields a Fuchsian 

equation of the form (4.3.3) but with a,p and q replaced by b,r and s, 

respectively, where 

If A
1 

> A2 > 0, the presence of the cold plasma gives rise to the 

occurrence of two local resonances (there are two values of z for 

which s
0

r vanishes). Although the resulting Fuchsian equation can 

again be transformed into Heun's equation, the resonances complicate 

the salution of this eigenvalue problem. This can be seen as follows. 

The resulting Fuchsian equation under consideration, denoted by 

I, has the singular points n = ±~, ±1 and 00 , with 0 < b < 1. The 

singularities n = ±lb correspond to the places of the resonances. Let 
0 0 

~ 1 <nJ and ~2 <nl denote theeven resp. odd solutions of equation I 

around the point n 0. These solutions are the counterparts of the 

solutions (4.3.5) and (4.3.6) of equation (4.3.3}. Due to the reso-
o 0 

nances, however, ~ 1 <nl and ~2 <n> convergein the (smaller) domain 

lnl < /b,. The salution ~1 (n) of equation I around n2 = 1, where 

~ 1 <nl is the counterpart of salution (4.3.8) of equation (4.3.3), 

converges in the domain l1-n2
1 < 1-b. Consequently, the series ~~(nl 
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and ~l (n) do not have a common region of convergence. The same applies 
0 

to ~2 <nl and ~l <nl. The eigenvalues corresponding to the confined 

symmetrie TM modes are now determined from the requirement that the 

analytic continuatien of ~~(n) is proportional to ~l <nl. The eigen

values corresponding to the confined antisymmetrie TM modes are deter

mined in a similar manner. We do not pursue this any further. 

4.4. DETERMINATION OF THE EIGENVALUES 

To determine the eigenvalues corresponding to the confined 

symmetrie TM modes numerically, we start from the symmetrie solution 

(4.3.5) of equation (4r3.3). This power-series solution is written as 

0 
q>l <nl 

00 

L: en <n2)n' eo 
n=o 

1. (4.4.1) 

By mul_tiplying equation (4.3.3) with (a-n 2
) (1-n2), and alfter 

substitution of (4.4.1) into the result, we find that the coefficients 

en must satisfy the three-term re.currence relation* 

with the initial conditions 

8 
0 

1, e1 = ~(2p-q). 

0, n = 1,2,3, •••• 

The coefficients bn and en are given by 

a 
n 

b 
n 

c 
n 

a (n+l) (n+~), 

-[ (l+a)n2 + {<~+2p)a- ~} n + ~(2p-q) ], 

where Dis given by (4.3.7). 

(4.4.2) 

(4.4. 3) 

(4.4.4a) 

(4.4.4b) 

(4.4.4c) 

* Since q>~(n) is a solution of Heun's equation, with n 2 as the inde
pendent variable, the coefficients 6 must satisfy a three-term 
recurrence relation (appendix of thi~ thesis). 
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In the preceding sectien we concluded that the eigenvalues are 

determined from the requirement that the series (4.4.1~ should con

verga in the domain lnl < la, with a> 1. In that case d'Alembert's 

criterion implies 

lim 1
6:+1

) 
n..- n a 

(4.4.5) 

under the assumption that the limit exists. 

The recurrence relation (4.4.2) can also be understood as a 

linear second-order difference equation. In section 4.7 we give some 

relevant properties of such an equation. From (4.4.4) we deduce that 

the characteristic polynomial of the differenee equation (4.4.2) is 

given by 

<jl(t) =at2
- (l+a)t + 1, 

which has zeros t
1 

= 1 and 1/a. Since lt1 1 > lt
2

1, equation 

(4.4.2) has a minimal solution fn' satisfying 

1 
=-

a 
(4.4.6) 

provided the eoefficient en in equation (4.4.2) is non-zero for 

n 1,2,3, •••• For the time being we assume that the latter condi

tion is satisfied. 

By oomparing (4,4.5) and (4.4.6) we find that the sequence en 

e 
n 

should be proportional to the minimal solution 

by imposing the initial conditions (4.4.3) , we are led 

eendental equation 

1 
2(2p-q). 

a: fn. Then, 

to the trans-

(4.4. 7) 

We conelude that the eigenvalues corresponding to the confined sym

metrie TM modes are solutions of equation (4.4.7). 

To solve this equation numerically, we introduce the ratios 

r 
n 

fn+l 
-f

n 
n 0,1,2, ••••• 

Sinee fn is a solution of equation (4.4.2}, we find 

(4.4.8) 
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r 
n 

(4.4.9) 

The minimal solution of (4.4.2) can be determined by means of the 

following algorithm [6; sec. 3]. Select an integer N and take 

(4 .4 .10a) 
a 

The ratios r(N) n = N-1, N-2, •••• , 0 are generated through backward 
n 

recursion, 

(N) 
r 

n 
(4.4.10b) 

bn+l + an+1 

cf. (4.4.9). The algorithm (4.4.10) is numerically stable and one can 

prove that [6] 

lim r(N) 
N-""" n 

r • n 

The eigenvalues are now determined from the equation 

(N) 
r 

0 
~(2p-q) 1 

(4.4.11) 

(4.4.12) 

cf. (4.4.7), where Nis chosen such that r~Nl 
desired accuracy. 

r is within the 
0 

The eigenvalues corresponding to the confined antisymmetrie TM 

modescan be determined in a similar manner. The solution (4.3.6), 

corresponding to an antisymmetrie TM mode, is written as 

lP(o) <nl 
2 n I; 

n=o 
1. 

Then the coefficients 8' must satisfy the recurrence relation 
n 

a•e• + b'S' + c'S' n n+l n n n n-1 O, n 

with the initial conditions 

e• 
0 

{2-a(2+6p-ql}. 
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(4.4.13) 

(4.4.14) 

(4.4.15) 



The coefficients a~, b~ and c~ are given by 

b' 
n 

c' 
n 

3 
a~ = a(n+l) (n +zl , 

2 1 3 1 
-[ (l+a)n +{- 2+(2p +:rla}n --;f{2-a(2+6p-q)}], 

1 3 1 3 
(n+p - 4 D - 4) ( n+p + 4 D - 4) • 

(4.4.16a) 

(4.4.16b) 

(4.4.16c) 

For the time being we assume that c~ F 0 for n 1,2,3, •••• The eigen-

values are now determined from the requirement that the sequence e• 
n 

should be proportional to the minimal solution f~ of the differenee 

equation (4.4.14). This leads to the transeendental equation 

fi 1 
-f' = - - {2-a(2+6p-q)} , 6a 

0 

whieh can be solved in a similar manner as equation (4.4.7). 

(4.4.17) 

(N) 
REMARKS. By taking rN 0 insteadof a- 1 the algorithm (4.4.10) be-

comes equivalent to Miller's backward recursion algorithm [7]. Since 

the asymptotie behaviour of the ratio rn is known in advanee, however, 

the choice of the "initial value" (4.4.10a} leads to a slightly faster 

converganee of the algorithm. Besides, the coefficients en and e~ of 

the power-series (4.4.1) and (4.4.13) are then computed more aecurately 

for larger values of n. This is of importance for the computation of 

the eigenfunctions. 

As we have seen, the power-series (4.4.1) and (4.4.13) are solu

tions of a Heun equation, cf. (4.3.5} and (4.3.6). In addition, the 

sequences e and e• should be minimal solutions of (4.4.2) and n n 
(4.4.14}. Sleeman [8] shows that en and 8~ are then of the following 

form: 

e (~)P (;)3 {1 + ~n}, n T const. > 1 (4.4.18a) 

e• (!)~ (~)3 {1 + •} T' const. > 1 
n a · n ~n ' (4.4.18b) 

with 

lim J.ln 0, lim J.l' 0. 
n n-+<» n.._ 

(4. 4 .18c) 
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These expresslons indicate that the series (4.4.1) and (4.4.13) con

verge fast. Thus the computation of the eigenfunctions can be carried 

out by means of standard techniques. 

Eigenvalues corresponding to the TE modes 

with 

The discrete eigenvalues of the equation (1.3.1) fortheTE mode, 

(z) given by (4.2.3), can be determined exactly. The eigen-

values, to be denoted by vn 

with 

V 
n 

0 < n < ~(D- 1), D 

1 2 S~, with n = 0,1,2, •••• , are given by 

(4.4.19a) 

(4.4.19b) 

Even (odd) values of n correspond to symmetrie (antisymmetric) TE 

modes. Note that v
0 

> v 1 > v2 ···• 

For the determination of the eigenvalues we made use of the ana

logy of the equation for the TE mode with the one-dimensional 

Schrödinger equation. When the potential well is modelled by a sym

metrie Epstein profile, the Schrödinger equation is reducible to the 

hypergeometrie equation. The discrete energy levels for the bound 

states can then be determined exactly [9; p. 71]. 

Thus far we assumed that the coefficients c and c' in (4.4.2) and 
n n 

(4.4.14) are non-zero for n = 1,2,3, •••• We now consider the case of 

an eigenvalue from the discrete spectrum of the TM modes, such that 

cm = 0 or ck = 0, where m and k are positive integers. The coeffi

cients en and c~ are given by (4.4.4c) and (4.4.16c), respectively. 

Since p > 0 and D > 1 (cf. (4.2.8), (4.3.4b) and (4.3.7)), the 

coefficient en vanishes for n = m if p and D are such that 

(4.4.20a) 

where (in view of (4.2.11)) 
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(4.4.20b) 

The coefficient c' vanishes for n 
n 

k if p and D are such that 

p .!.o 3 4 + 4- k, (4.4.21a) 

with 

1 3 
1 < k < 4 D + 4 . (4.4.21b) 

The eigenvalues corresponding to the confined TM modes are de

noted by À 1 2 S2
• Let us assume that one of these eigenvalues is 

such that cm = 0 or ck = 0. From (4.4.20) and (4.4.21) it is then 

readily seen that À equals one of the eigenvalues from the spectrum 

(4.4.19) of the confined TE modes. Thus the assumption ene~~ 0 for 

n = 1,2,3, •••• excludes such a possibility. 

4. 5. NUMERICAL RESULTS 

When the first-order-derivative term in equation (4.2.1) is 

omitted, the eigenvalue problem for the TM modes reduces to that for 

the TE modes as governed by equation (1.3.1) and the boundary condi

tions E(z) + 0 for z + ±oo. Therefore it is interesting to compare the 

eigenvalues from the discrete spectra of both modes. 

The eigenvalues corresponding to the confined TE modes are given 

by (4.4.19). They decrease with increasing n, and v
0 

is the largest 

eigenvalue. Note that the eigenvalues only depend on the parameters 

and A. The eigenvalues corresponding to the confined TM modes 

are denoted by À = 1 2 82 , where n 0,1,2, •••• They arealso arranged 
n n 

such that À
0 

decreasas with increasing n. Hence À
0 

is the largest 

eigenválue. It is easily seen that the eigenvalues Àn also depend on 

the parameters l 2k 2 and A only. 
0 

In this sectien the eigenvalues À will be determined numerically. 
n 

An algorithm for the computation has been given in the previous section. 

For fixed 1 2k 2 and A the eigenvalues corresponding to the symmetrie TM 
0 

modes are computed as follows. We choose 1 2 82 such that 

r(N) - ~(2p- q) 0 
0 I 
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cf. (4.4.12), where r~N) is determined from the recursion (4.4.10) and 

N is an integer to be chosen sufficiently large to obtain the desired 

accuracy. Thus these eigenvalues are solutions of equation (4.4.12). 

For the computation of the eigenvalues corresponding to the anti

symmetrie TM modes we simply replace the coefficients an+1 ' bn+1 ' 

cn+1 in (4.4.10b) by a~+ 1 ' b~+l' c~+l as given by (4.4.16). Then these 

eigenvalues are determined as solutions of equation (4.4.17). 

In table 4.1 the eigenvalues corresponding totheTE and TM 

modes are presented for 12 k 2 = 3, A= 2. The integer n also denotes 
0 

the number of zeros of the eigenfunctions of the equations for the TE 

and TM modes. Thus the number of zeros of the eigenfunctions considered 

increases with decrea·sing Vn and Àn. This is in agreement with Weyl's 

theory, see sectien 4.2. 

In table 4. 2 the dependenee of the difference /:; 

parameters 1 2k 2 and A is shown. . 0 

V - À on the 
0 0 

In table 4.3 we present the relative difference a = (V
0

-À
0

)/V
0 

versus 1 2k 2 and A. For fixed 1 2 k 2
, the dependenee of a on the para-o 0 

meter A is rather complicated, at leastforsmaller values of 12 k 2
• 

0 

The results in this table suggest that the first-order-derivative term 

in equation (4.2.1) can be neglected for sufficiently large values of 

l 2k 2 or A, at least if the criterion that the relative difference a 
0 

must be sufficiently smal!, is applied. 

Boersma [personal communication] derived upper and lower bounds 

on the difference vn - Àn of the eigenvalues. He obtained the results 

where 

A < 3/4 

(4.5.1b) 

A > 3/4 • 

From (4.5.1) it fellows that 
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n \1 À \1 - À 
n n n n 

0 7.894 7. 752 + 0.142 

1 5.932 5.845 + 0.087 

2 4.469 4.441 + 0.028 

3 3.507 3.519 - 0.012 

4 3.045 3.058 - 0.013 

Table 4.1. Eigenvalues \1 , À coYTesponding to the confined TE and n n 
TM modes, respectivelyj l 2 k~ ::= 3, A 2. 

12k2 
0 1/15 

A 

2 0.0211 

6 0.106 

30 0.232 

Tahle 4.2. The differenee t:. 
l 2k2 and A 0 • 

12k2 
0 

1/15 
A 

2 0.204 

6 0.420 

30 0.157 

1/5 3 

0.062 0.120 0.142 

0.167 0.199 0.206 

0.238 0.241 0.235 

v - À for various values of 
0 0 

1/5 3 

0.161 0.050 0.018 

0.174 0.034 0.011 

0.047 0.008 0.003 

Table 4.3. The relativè difference o = (v
0

- À
0

)/v
0 

for 

var>ious values of l 2 k~ and A. 
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(4.5.2) 

(4.5.3) 

From (4.4.19) and (4.5.1) wededuce 

A and n fixed. (4.5.4) 

A and n fixed. (4.5.5) 

The values of vn Àn as given in the tables 4.1 and 4.2 lie 

indeed between the upper and lower bounds gi ven by ( 4. 5.1) • This for-

mula indicates that V - À is negative for sufficiently large n (for 
n n 

fixed 1 2 k 2 and 
0 

A). This is also found in table 4.1. The parameters 

v - À and (V - À
0

}/V
0 

in the tables 4.2 and 4.3 approach the 
0 0 0 

limiting valties (4.5.2-5} for large l 2 k 2 (with A fixed) or large A 
0 

(with 1 2k 2 fixed). 
0 

4.6. CONCLUSIONS 

In this chapter we investigated the influence of the first-order

derivative term in equation (4.2 • .1) for the TM mode on the discrete 

eigenvalues corresponding to the confined modes, seen in comparison 

with the easier equivalent problem for the TE mode. We came to the 

conclusion that the neglect of the first-order-derivative term is 

permissible for sufficiently large 1 2k 2 or A. 
0 

For the determination of the eigenvalues corresponding to the TM 

modes we proceeded through Heun's equation. Because of our ignorance 

concerning the circuit relations between solutions of this equation, 

we could not proceed in the way that is open if one has to do with the 

hypergeometrie equation, as is the case with the TE mode. Thus the 

knowledge of having to do with Heun's equation, in fact only tells us 

that Frobenius• method will lead to a three-term recurrence relation. 

The rest of the treatment is based on ~ethods for constructing the 

minimal solution of the related secend-order difference equation. 
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4.7. APPENDIX 

Consider the linear second-order difference equation 

0, n = 1,2,3, ••••• (4. 7.1) 

where gn, hn are given sequences of real or complex numbers. The 

general solution of (4.7.1) can be spanned by any pair of two linearly 

independent solutions. 

We assume that gn and hn have finite limits 

lim g 
n-+<x> n 

g, lim h 
n 

Then the polynomial 

$(t) t 2 + gt + h 

h. (4. 7 .2) 

(4. 7 .3) 

is called the characteristic polynomiai of equation (4.7.1). Further

more we assume that 

n 1,2,3, ••••• (4.7.4) 

PERRON' S THEOREM [ 6] 

If the zeros t 1 and t 2 of the characteristic polynomial (4.7.3) 

of equation (4.7.1) have distinct moduli, with !t1 1 > lt2 !, and 

condition {4.7.4) is satisfied, there exist two linearly independent 

solutions y( 1) and y( 2) of equation (4.7.1) such that 
n n 

y<rl 
lim n(+)l = tr, r = 1 or r 2. (4. 7 .5) 
n-+<x> y r 

n 

The general solution y 
. (1} (2) n 

nat~on of yn and yn : yn 

from (4.7.5) that 

of equation (4.7.1) is a linear combi

k1y~l) + k2y~2 ). For k1 ~ 0 it fellows 
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y 
1

. n+l 
tl J.m-- , 

n-><x> yn 
(4.7.6) 

and 

(2) 
Yn 

0 lim -- = . (4. 7. 7) 
n-><x> yn 

In view of (4.7.7) the solution y( 2) is called a minimal solution of 
n 

the difference equation {4.7.1). 
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CHAPTER 5 

REFLECTION AND STABILITY PROPERTIES OF INTERNAL GRAVITY WAVES INCIDENT 

ON A HYPERBOLIC TANGENT SHEAR LAYER 

5.1. INTRODueTION 

In this chapter we study the propagation of internal gravity 

waves in a planarly stratified fluid with a horizontal background 

velocity. The undisturbed density and pressure depend on the height z 

only; increasing z corresponds to increasing height. The fluid is 

assumed to be inviscid ,_ incompressible, adiabatic and Boussinesq. The 

governing equations for the time harmonie wave perturbationswere de

rived in sectien 1.4 and the general configuration is shown in fig. 

1.3. In the present chapter the horizontal phase velocity is taken 

parallel to_ the background velocity or shear flow U (.Q,U(z) ,0). Then 

the equation for the vertical component w of the perturbation velocity 

reads (cf. {1.4.9)) 

+ (5.1.1) 

The Brunt-Väisälä frequency ~is defined by (1.4.7), where p
0 

is the 

undisturbed density; 8 is the horizontal wave number. Equation (5.1.1), 

the so-called Taylor-Goldstein equation, was originally derived by 

Synge [ 1]. 

An important dimensionless parameter in the theory of internal 

gravity waves is the local Richardson number Ri, defined by 

Ri(z) 2 dU 
( )

-2 
Ulj;(z) dz • (5.1.2) 

As we shall see, this parameter is an important measure for the sta

bility of the fluid. 

A resonance occurs at those values of z for which w-BU(z) 0, 

cf. (5.1.1). The height at which a resonance occurs, is called a cri

tical level. In the sequel we are mainly concerned with the presence 

of one critica! level. The Richardson number at the place of the 

critical level is denoted by Ric. 

The reflection and transmission properties of internal gravity 
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waves incident on a fluid with a shear flow containing a critical 

level are strongly dependent on parameters such as Ric,and LS, where L 

is a characteristic length for the region of shear. A by now classica! 

paper on this subject is that by Boeker and Bratherton [2]. These 

authors have shown that for Ric > \ part of the energy of the incident 

wave is absorbed at the critica! level. For Ric >> \ they have shown 

that the transmitted wave energy is extremely small. The case Ric < \ 

has not been treated by these authors. 

For sufficiently small values of Ric so-called over-reflection 

occurs, which means that the amplitude of the reflected wave is larger 

than that of the incident wave. Generally it is assumed that Ric < \ 

is a necessary condition for over-reflection. This phenomenon has been 

discussed by various authors, e.g. [3,4,5,6]. Acheson [6] studied the 

reflection of hydromagnetic internal gravity waves propagating in a 

stratified, incompressible fluid and of magneto-acoustic waves propa

gating in a compressible fluid. McKenzie [4] and Aèheson [6] made use 

of the so-called vortex-sheet or Helmholtz velocity profile, that is 

a profile of the form 

--{ ~· U(z) 

ul, 

z > 0, 

{5.1.3) 

z < o. 

The vortex-sheet profile allows the occurrence of resonant over

reflection, which means that the basic flow, in the absence of an in

cident wave (or when the souree has been switched off}, spontaneously 

emits outgoing waves. The occurrence of this phenomenon has been dis

cussed by e.g. McKenzie [4] and Lindzen [7]. Also in the weakly non

linear theory of internal gravity waves, for the vortex-sheet profile, 

resonant over-reflection. can occur [8]. A deficiency inherent to this 

profile, however, is that it does not contain a scale for the inhomo

geneity of the medium. 

Eltayeb and McKenzie [5] considered a piecewise linear velocity 

profile with a constant derivative for 0 < z < L, say, while the flow 

is uniform elsewhere. However, as they do observe, the discontinuities 

in the derivative at z = 0 and z L give rise to extra reflected 

enèrgy. We shall show that for large values of Ric a dominant part of 

the reflected energy arises from these discontinuities. 
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In this chapter the shear flow is modelled by a transitional 

Epstein profile, viz. 

U(z) ~0 (1 + tanh ~1). (5. 1.4) 

This smooth profile does not exhibit the deficiencies inherent to 

those mentioned above. The reflection and transmission properties of 

a fluid with a shear flow modelled by a hyperbalie tangent profile 

havebeen studied befare by e.g. Mied and Dugan [9], Grimshaw [10], 

Drazin et al. [ 11] and by Brown and Stewartson [ 12]. The latter authors 

also studied the non-linear case. 

We assume a constant Brunt-Väislilä frequency, whi.ch means that the 

density varies exponentially with height (cf. (1.4.7)). Then the 

Helmholtzequation (5.1.1}, with U(z) given by (5.1.4), is reducible 

to Heun's equation (section 5.2). 

For large values of Ric the Heun equation can be approximated by 

a Fuchsian equation that has solutions in terms of hypergeometrie 

functions (section 5.3) .• Then rather simple expressions for the re

flection and transmission coefficients can be derived. 

In the special case when the horizontal phase velocity component 

cis equal to the mean value of the shear flow (5.1.4), i.e. when 

c = U
0
/2, the reflection and transmission coefficients can be evalu

ated in closed form (section 5.4). Explicit conditions under which 

over-reflection can occur, will be derived. We shall show that reso

nant over-reflection is not possible. Moreover, we shall show that 

over-reflection cannot occur for those values of Ric for which the 

shear flow is stable. In sectien 5.5 the neutral stability surface 

for the shear flow profile (5 .1. 4) will be determined. 

In sectien 5.6 we briefly discuss some relevant topics from the 

linear stability theory of a parallel flow in an inviscid, incompress

ible, Boussinesq fluid. 

5.2. REDUCTION TO HEUN'S EQUATION 

The starting point of our treatment is the Taylor-Goldstein 

equation (5.1.1). Some salient properties of this equation have al

ready been discussed insection 1.4 and in the preceding section. The 

shear flow U(z) is modelled by the profile (5.1.4). It is assumed that 
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the undisturbed density decreases exponentially with height. Then the 

Brunt-Väisälä frequency, defined qy (1.4.7), is a real,constant. 

Substitution of the transformation 

n = ~ (1 + tanh ; 1) 

into (5.1.1}, with U(z) given by (5.1.4), yields the equation 

with 

w c 
a = eu u 

0 0 

where c = w/B is the horizontal phase velocity of the wave. 

(5.2.1) 

(5.2.3) 

Throughout this chapter we assume the existence of one critica! 

level at height z = At this level the shear flow matches the hori-

zontal phase velocity and a resonance occurs, cf. (5.1.1). A critica! 

level exists if U
0 

> c, or 0 < a < 1, cf. (5.1.4) and (5.2.3). 

Equation (5.2.2) is brought into its standard form by the trans

formation 

w(z} (5.2.4) 

where 

w2 :!:! 
a 118 c~- 1) = ia1 , (5.2.5a) 

wz lf V ilB {e2u2<~-alz- i111 , 
0 

(5.2.5b} 

y (5.2.5c) 

The resulting equation reads 

d 2v + (1+2a + 1+2V + 2y ) dv + (A-2)T)+B+1-aC v 
dnz n · n-1 n-a dn n<n-1l <n-al o, (5.2.6) 

with 
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A (a + 1J + y) {1 + a + lJ + y) , (5.2. 7a) 

B (5.2. 7h) 

c (5.2. 7c) 

Equation (5.2.6) is of the Fuchsian type with four singularities, and 

is therefore a special case of Beun's equation (appendix of this the

sis). Note that the singular point n =a corresponds to the place ze 

of the critica! level. To make the salution one-valued around this 

singularity, we introduce a branch cut from n = a ton = a- i 00 in 

the complex n-plane. 

To motivate this choice of the branch cut, we take the frequency 

complex: w wr + iwi. Causality arguments lead to the condition 

wi < 0, see e.g. [2,13]. Then the point n• =a= w/80
0 

is located in 

the lower half of the complex n-plane. Thus for wi + o, n• approaches 

the point n = wr/8U
0 

from below. consequently, the branch cut in the 

complex n-plane should·be taken downwards. 

Expressing equation (5.1.1) in the Helmholtz farm 

d2w/dz 2 + k 2 (z)w 0, wedefine 

{5.2.8) 

We require that k 2 (z) is positive for z + ~. Then the wave numbers k± 

are real (positive), and we have to do with a reflection and trans

mission problem. From (5.1.1), (5.1.4), (5.2.1) and (5.2.3) it follows 

that k± are real if 

{5.2. 9) 

We now consider the reflection and transmission of an incident 

internal gravity wave propagating in the positive z-direction.The am

plitude of the incident wave is normalized to unity at z = -00, In the 

region z + - 00 , where the shear flow vanishes, the z-component of the 

group velocity of the wave and the z-component of the phase velocity 

have opposite signs, as follows from the dispersion relation 
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In the region z + +oo, where the background velocity exceeds the hori

zontal phase velocity c, the ver~ical group velocity and vertical 

phase velocity have the same direction. This is easily deduced from 

the dispersion relation in the region z + +oo. Consequently, the asymp

totic behaviour of the salution of equation (5.1.1) should be pre

scribed according to 

(z + ..co) 

(5.2.10) 

(z + +oo) 

where R and T are the reflection and transmission coefficients. 

In the next section we derive approximate expressions for the 

reflection and transmission coefficients, valid for large values of 

J. Here J denotes the minimum value of the Richardson number as de-

fined in (5.1.2). From (5.1.2) and (5.1.4) we readily find 

1612w2 

J 
b (5.2.11) 

5.3. REFLECTION AND TRANSMISSION COEFFICIENTS FOR LARGE RICHARDSON 

NUMBER 

When the term with d 2U/dz 2 in equation (5.1.1) is omitted, we are 

led to the equation 

o. (5.3.1) 

The latter equation, with U(z) given by (5.1.4), is reducible to the 

hypergeometrie equation. Before we show this, we first establish con

ditions under which the approximation of (5.1.1) by (5.3.1) is per

missible. 

Consider equations (5.1.1) and (5.3.1) in a neighbourhood of the 

point ze, where ze is the place of the critica! level. Using a power

series technique we find that the general solution of equation (5.1.1) 

is a linear combination of the functions 

:1: 
(z - z ) y 

c (5.3.2) 
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:t 
with y ~ :ti(Ric- ~)~ = ~ :t 1y

1
, where Ric is the Richardson 

number at the place of the critical level. The general salution of 

equation (5.3.1) is found to be of the same form with the same expo

nents y:t, however, with different coefficients c~. The solutions w:t(z) 

are linearly independent if Ric ~ ~. We exclude the case Ric = ~. 
we abserve that neglect of the term with d2U/dz2 does not act 

upon the behaviour of the solutions w:t(z) in a small neighbourhood of 

z : the leading terms (z-z ) y:t are the same for both equat,ions (5 .1.1) 
c c 

and (5.3.1). We now introduce the notations k 2 (z) and X2 (z) for the 

coefficients of win equations (5.1.1) and (5.3.1); k2 (z) and X2 (z) 

are also the invariants of the pertaining equations. Since the term 

with d 2U/dz 2 vanishes ~or z + :too, the invariants k2 (z) and X2 (z) have 

identical behaviour as z + :too. Hence the relative difference 

[k2 (z) - X2 (z))/X 2 (z) goes to zero as z + :too, and also vanishes for 

z ze. We now require that the relative difference of the invariants 

be small for all z, i.e. 

l
k2 (z) - x2 (z) I <<: 1, 

Xz(z) 
z € lR. (5.3.3) 

This condition will be our criterion in order that the approximation 

of (5.1.1) by (5.3.1) is permissible. 

Substitution of (5.1.4) and (5.2.1) into (5.3.3) yields 

1

16nO-nl <n-al (2n-ll I << 1, 
J-161 2 S2 <n-al 2 

o~n<t, (5.3.4) 

where a and Jare given by (5.2.3) and {5.2.11). Condition (5.3.3) or, 

equivalently, (5.3.4) can only be satisfied if x2 (z) has no zeros, 

i.e. if 

J 
0 

Note that condition (5.3.5) is equivalent to (5.2.9). 

We define 

m(a) max l16n (1-nl <n-al (2n-1l 1, O~n<L 

Then the condition '(5.3.4) is certainly satisfied if 
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J » J
0 

+ m(a). (5.3.6) 

COndition (5.3.6) indicates that for sufficiently large values of the 

Richardson number equation (5.1.1) can indeed be approximated by 

(5.3.1). 

The order of magnitude of the function m(a) can be judged from 

the estimate m(a) ~ 1.54 max(a,l-a) and from the exact value m(~) = 0.5. 

If we take a~~. corresponding to ~ 0, the condition (5.3.6) 

reduces to J >> 412 S2 + ~ or, equivalently, w~ >> w2 + U~/321 2 • 

Throughout this sectien we assume that condition (5.3.6) is satisfied. 

Now we start from equation (5.3.1), with U{z) given by (5.1.4). 

A transformation of the independent variable according to (5.2.1) re

duces equation (5.3.1) to 

lzu-2wz-1zSz<n-alz 
d 2w 2n-1 dw o b 
--- + -------- + --~--=----------- w 0. (5.3. 7) 

dn2 n<n-1> ctn n2 <n-1l 2 <n-a> 2 

This equation is an approximation to (5.2.2) and the approximation is 

permissible for sufficiently large values of J. 

Equation (5.3.7) has regular singular points at n = 0,1 and a. 

The point at infinity is an ordinary point. Thus equation (5.3.7) is 

a form of Riemann's equation [14]. It is well known that Riemann's 

equation has solutions in terros of hypergeometrie functions. Reduc

tion to the hypergeometrie equation is possible by means of a homo

grapbic transformation of the independent variable [14]. 

The singular points n = 0 and n = 1 of equation (5.3.7) corres-

pond to the end points z :i:<'>; the singular point n a. is associated 

with the place of the critical level. The homograpbic transformation 

(5. 3. 8) 

carries the singular points n 0,1 and a into ~ = 0,00 and 1, respec-

tively. Substitution of the transformation {5.3.8) into the equation 

{5.3.7) reduces this equation toa Fuchsian equation with the singu

lar points ~ = 0,1 and oo. 

At this point it is convenient totransfarm equation (5.3.7) into 

its standard form. This is done by means of the transformation (5. 2. 4), 

with a,~ and y given by (5.2.5). The standard farm reads 
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d
2

v + (t+2a + 1+2J.I + ~) dv + An+B-aC v 

dn2 n n-1 n-a dn n<n-1> <n-al 
0, (5.3.9) 

where A,B and Care given by (5.2.7). 

Equation (5.3.9) is a special form of Heun's equation. The in

variant of the general Heun equation is given by 

r<n> 
2 3 4 a

0
+a

1
n+a

2
n +a3n +a4n 

(5.3.10) 
n2 <n-1l 2 <n-al 2 

In the special case of equation (5.3.7) or (5.3.9) the invariant is 

given by (5.3.10), with a 3 = a4 = 0. It is known that Heun's equation 

with parameters a
3 

tion. 

a4 = 0, can be transformed into Riemann's equa-

Determination of re[Zeation and transmission aoe[[ieients 

Substitution of the transformations (compare {5.3.8)) 

v<nl O-n> -a.-j.l-y u{t;l (5.3.11) 

into equation {5. 3. 9) yields the hypergeometrie equation 

+ (1+2a + ~) du + {U+J.I+Y) (U-j.l+y) u = O. 

d~2 
, ~-1 ds s<s-t> 

{5.3.12) 

Let u1 Ct;l and u2 (s) be linearly independent solutions of equation 

{5.3.12), then the general solution of equation (5.3.1) reads 

w{z) (5.3.13) 

where D and E are arbitrary constants. From (5.2.1) and (5.3.8) it 

fellows that 

(5.3.14) 

The singular points s = 0 and ~ = 00 of equation (5.3.12) corres

pond to the end points z -oo and z = +oo, respectively. The singular 

point s = 1 corresponds to the place z of the critica! level. To make 
c 

the solution one-valued around the singular point s = 1, we introduce 
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a branch cut from ~ = 1 to ~ = 1~ioo in the complex ~-plane. This 

choice of the branch cut corresponds tothebranch cut~from n =a to 

n = a-ioo in the complex n-plane as motivated in sectien 5.2. 

The reflection and transmission coefficients are determined in 

the same manner as in chapter 3. There we derived closed-form ex

pressions for these coefficients by use of the known circuit relations 

between solutions of the hypergeometrie equation (3.2.3). The present 

equation (5.3.12) is identical to (3.2.3), with the parameters~ 

given by 

Cl+)l+y, (5.3.15a) 

(5.3.15b) 

1 + 2cx. (5.3.15c) 

Here Clr )land y are given by (5.2.5), which can be written as 

(5.3.16) 

Solutions of equation (5.3.12) around the singular points ~ = 0 and 

~ = oo are given by (3.3.13-14) and (3.3.15-16), respectively. 

In view of (5.3.13), the behaviour of the salution w(z) (of 

equation (5.3.1)) as z + +00, is determined by the solutions (3.3.15-16) 

of equation (5.3.12), with the parametersak given by (5.3.15) and 

~ = ~(z) given by (5.3.14). In view of (5.2.10), one of these solu-
oo 

tions, namely u1 (~),is related to the transmitted wave. In a similar 

way we find that the solutions (3.3.13) and (3.3.14) are related to 

the incident and reflected waves, respectively. For the determination 

of the reflection and transmission coefficients we therefore make 

use of the circuit relation (3.3.20), with A1 and A2 given by (3.3.21). 

The absolute values of the reflection and transmission coeffi

cients R and T are determined by using some elementary properties of 

the f-function. They are found to be 

2 

lal = { 

cosh uy
1 

+ sinh21l(cxl+)ll)}~ -2'1fa 
e 1 (5.3.17) 

2 . cosh .1ly 1 + sinh2 '1f(a
1
-ll

1
l . 
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f sinh(2n~ 1 )sinh(2nv 1 > }~ (k-)~ -TI{~ 1+u 1 l 
ITI l 

2 
. 

2 
+ e (5.3.18) 

cosh 'lT'Y 1 + s~nh 1T(acull k 

Note that y
1 

= (Ric- ~}~, cf. (5.2.5c). Since Ric ~J, condition 

(5.3.6) implies that y
1 

is real (positive). 

It is of interest to note that for fixed 1, wb and U
0

, implying 

a fixed value of J and a fixed shear flow, the reflection coefficient 

is strongly dependent on the parameter a= w/BU .(This parameter is 
0 

related to the place of the critical level in the shear flpw through 

a= U(zc)/U
0

.)This can beseen as fellows. 

To simplify the calculation, we assume that w2 << w~, i.e. 

J >> 1612 f3 2 a 2 • Then we obtain for large values of J 

(5. 3.19) 

from which it fellows that 

(5 • .3.20) 

Eltayeb and McKenzie [5) considered a piecewise linear shear 

flow profile, with a constant derivative for 0 < z < L, while the 

flow is uniform for z < 0 and z > L. For large values of the Richard

son number and assuming that w2 << ~, they found that the reflection 

coefficient is independent of the place of the critical level in the 

shear flow. This does not agree with our result (5.3.19). 

For fixed ~/w and a = w/6U
0

, the parameters ~ 1 and u1 are pro

portionalto 16, cf. (5.2.5a-b), and J cc 12 62 (cf. (5.2.11)). Then it 

fellows from (5.3.17) and (5.3.18) that 

IRI ~ 2~ e 
-21T.al 

as 113 -+ co, (5.3.21) 

~ (::)~ e 

-1T (Ric) ~ 
I Tl as 16 -+ ""· (5.3.22) 

The asymptotic expresslons (5.3.21-22) are in agreement with those 

obtained by Grimshaw [10]. This author also considered a shear flow 

modelled by a hyperbalie tangent profile. However, he did not apply 

the Boussinesq approximation. The agreement which is nevertheless 
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found between (5.3.21-22) and Grlmshaw's results, provides evidence 

that for sufficiently large lS the Boussinesq approximation is valid. 

Absence of a aritiaaZ ZeveZ 

For u
0 

< c no critica! level exists. If condition (5.3.6) is 

satisfied, with a > 1 in this case, equation (5.1.1) can again be 

approximated by (5.3.1). Equation (5.3.1) remains reducible to the 

hypergeometrie equation and the general solution of (5.3.1) is given 

by {5.3.13), with ~ = ~(z) specified by (5.3.14). Since a> 1 the 

variable ~ is negative. 

The reflection and transmission coefficients can be determined 

in a similar way as before. For the circuit relation that is relevant 

to our problem we refer to Erdélyi [14; eq. 2.9 (39)]. The absolute 

values of the reflection and transmission coefficients are found to be 

2 2 cosh '!ry
1 + cosh

2
1I(a 1 -\.1 1 l}~ (5.3.23) 

2 cosh :ny 
1 

+ cosh .n(a
1 

+\.1
1

) 

(5.3.24) 

From (5.3.23-24) we deduce the relation 

1, (5.3.25) 

which can be interpreted as the balance equation for the wave energy 

flux. 

For fi~ed ~/w and a = w/SU
0 

we obtain from (5.3.23-24) the 

asymptotic expressions 

as 18 + ""• (5.3.26) 

as lS + ""· (5.3.27) 

Expression (5.3.26) is in agreement with the one derived by Grimshaw 

[10; eq. (3.50)] for the hyperbolic tangent profile. 
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5.4. EXACT SOLUTIONS 

As we have seen in section 5.2, the Taylor-Goldstein equation 

{5.1.1), with a shear flow U(z) modelled by the profile {5.1.4), is 

reducible toa Beun equation, viz. equation {5.2.6). Starting from 

the latter equation, it is however not possible to express the reflect

ion and transmission coefficients in terms of known functions of 

mathematica! physics, at least for general values of the parameters 

involved. only in special cases, such as the one considered below, 

closed-form results can be obtained for the reflection and trans

mission coefficients. These special results are valuable because they 

allow a detailed analysis of the critica! level behaviour. 

In this sectien we consider the special case of a shear flow 

U(z) modelled by the profile (5.1.4), which has its critical level at 

z 
c 

0. Then w ~. and the function w-Bu(z) is an odd 

function of z. The invariant of equation (5.1.1) is then an even 

function of z. The resonance occurs at z = 0. Note also that k- k+ 

in this special case, where k± is defined by (5.2.8). 

Substitution of the transformatlens 

w(z) 

z 
tanh 2ï 

into equation (5.1.1), with U(z) given by (5.1.4) and w 

yields the equation 

where 

d
2

u + {2y + 2 (1+20.) z;} 
d/:; 2 z; ~ 2 -1 dl; 

{
8a2 +2a-2-41 2 B2 +2y(1+2a)} u 

z;2-1 

y = t + i(J- ~}~ = t + iyl • 

(5.4.1) 

(5.4.2) 

o, (5.4.3) 

(5 .4 .4a) 

(5.4.4b) 

The singular points z; = ± 1 of equation (5.4.3) correspond to the end 

points z = :ro. The singularity z; = 0 is associated with the place of 

the critical level. The solution around the point z; = 0 is made one-
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valued by introducing a branch cût from ~ 0 to ~ -ioo. This choice 

of the cut has been motivated in section 5.2. 

Equation (5.4.3) is of the Fuchsian type, with singular points 

~ 0, ± 1 and oo, Since the invariant of this equation is an even 

function of s, a quadratic transformation of the independent variable 

reduces the number of singular points to three. The resulting equation 

is of hypergeometrie type. 

Around the point Ç = 0 equation (5.4.3} has the solutions 

lsl < 1 (5.4.5) 

>, lsl<t. (5.4.6) 

The symbol F stands for the hypergeometrie function. 

The solutions (5.4.5-6) are linearly independent for J F ~- In 

the case J = ~ an independent solution, invalving a logarithmic term, 

can be .constructed. However, we will exclude this special value of J. 

As we shall see later, the results to be derived can easily be exten

ded to the case J = \, without recourse to the logarithmic solution. 

For -1 < Ç < 1; the solutions (5.4.5) and (5.4.6) are linear 

combinations of the solutions of (5.4.3) around Ç2 = 1, given by 

(5.4. 7) 

(5.4.8) 

The solutions (5.4.7-8) converge inside the domain I I < 1. Note 

that the intervals -1 < Ç < 0 and 0 < Ç < 1, corresponding to z < 0 

and z > 0, respectively, belong to the common region of convergence 

of the solutions (5.4.5-6) and (5.4.7-8). 

For 0 < Ç < 1 we write 

(5.4.9a) 

(5.4.9b) 

For s < 0 the constants P3 and P4 should be multiplied by a factor 

exp(2ny
1
). The constants P

1 
and P

2 
are independent of the sign of Ç. 
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The constants Pk are obtained from [14; eq. 2.9 (33, (41)}. They 

are given by 

pl (5.4.10a) 
r<-~-a+~Jr(t-a+~Yl 

p2 (5.4.10b) 
r<l+a+~>r<-~+a+~Y> 

p3 (5.4.10c) 
r 

(5.4.10d) 

The general salution of equation (5.1.1) reads 

w(z) (5.4.11) 

where p
1 

and p
2 

are arbitrary constants. 

We again consider the reflection and transmission of an incident 

wave propagating in the positive z-direction. Then the constants p
1 

and p
2 

in (5.4.11) should be taken such that the total wave w(z} 

represents the transmitted wave in the region z ~ +OO, 

Taking p 1 P
4 

and p2 
salution (5.4.11} reads 

-P
2

, the asymptotic behaviour of the 

w (z) "' 
-ia.

1
1og 4 

e 
ik

+ 
- z e (z ~ -"") 

(z ~ +OO) 

as follows from {5.4.1) 1 {5.4.4), (5.4. 7-8) and (5.4.9}. 

(5.4.12) 

Theparameter y
1 

is real (positive} for J > ~ and imaginary for 

J < ~~ cf. (5.4.4b). Wedefine 

J > ~ I 

(5.4.13) 

(l:i - J) ~I J < l:i • 
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A comparison of (5.4.12) with (5.2.10), where k- = k+ in this 

case, immediately yields the expressions for the reflection and trans

mission coefficients RandT. The constants Pk in (5.4.12) are given 

by (5.4.10a-d). A straight-forward calculation yields 

(cosh2 ny
1 

+ sinh2 21Tet 1 l~ -27Tetl 
e J > 1.! 

cosh 1!)'1 

IRI 

(cos 2ny2 + sinh2 2na
1

) l:2 -21Tetl 
e J < ~ 

cos 1ry2 

and 

sinh 2m::.1 -21Ta.l 
e J > ~ 

cosh 1TY1 

I Tl sinh ·. 21Tet -21Tetl 1 e J < \ • 
cos 1ry2 

For J =~we take y 1 
0 and y

2 
= 0 in (5.4.14-15). 

(5.4.14a) 

(5.4.14b) 

(5.4.15a) 

(5.4.15b) 

It is interesting to compare the previous expressions (5.3.17) 

and (5.3.18), which are valid for large values of J, with (5.4.14a) 

and (5.4.15a). After equating a 1 and u1 in (5.3.17), the expressions 

(5.3.17) and (5.4.14a) turn out to be identical although (5.3.17) was 

assumed to be an approximate result only. The same conclusion holds 

for the expressions (5.3.18) and (5.4.15a). Even for J <~these iden

tities hold true. We have not been able to prove this conformity. 

For fixed ~/w, and J >> 1, the expressions (5.4.14a) and 

(5.4.15a) can be simplified to 

{5.4.16a,b) 

We now compare the latter results with those obtained by Eltayeb 

and McKenzie [5]. These authors considered the profile 

{ 
0, z .::. 0, 

U(z) u
0

z/L, 0 < z < L, (5.4.17) 

uo, ·Z > L • 
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For large values of the Richardson number, and U ~ 2w/B, these 
0 

authors derived expresslons for the reflection and transmission coeffi-

cients which, for w2 << w~, depend on J only. Since the case w2 << w; 
corresponds to J >> 412 82

, our expressions (5.4,16 a-b) also depend 

on the parameter J only. 

Taking L = 41 1 the profiles (5.1.4) and (5.4.17) have the same 

slope at the place of the critical level. This ensures that the 

Richardson number at the place of the critical level is the same for 

both profiles. Eltayeb and McKenzie obtained the results, changed to 

our notatien 

.!Tl at exp[-'fTJ~l. (5.4.18a,bl 

The discrepancy between (5.4.16a) and (5.4.18a) is explained by 

the fact that a dominant part of the reflected energy emanates from 

the discontinuities in the derivative of the profile (5.4.17) at z 0 

and z ~ L. For example, substitution of J 16 into (5.4.16a) and 

(5.4.18a) yields !RI at 3,5 x 10-
6 

and !RI at 0.0625, respectively~ The 

discontinuities in the derivative of the profile (5.4.17), the "knees", 

also mask the dependency of the reflection coefficient on the place 

of the critica! level in the shear flow, see sectien 5.3. 

The transmission coefficient, on the other hand, is not fnfluenced 

by the knees, at least for large values of J, cf. (5,4.16b) and 

(5.4.18b}. Apparently, the transmitted wave energy is determined main

ly by the Richardson number at the place of the critical level. For 

smaller values of J other parameters play also a röle. 

Over-ref!ection, stability analysis 

For fixed w/wb we find by taking the limit as 1 + 0 in (5.4,14b) 

o. (5.4.19) 

This means that for sufficiently small values of 1, and consequently 

for sufficiently small J, the absolute value of the reflection coeffi

cient is greater than unity. A necessary condition for this phenomenon, 

called over-reflection, is that J < ~. This fellows from (5.4.14a). 

The reflection and transmission coefficients are fully determined 
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by the parameters J and p = 21!5. tn fig. 5. 1 the domain of over-re flect

ion is sketched in the p,J-plane. Note that condition {5.2.9), with 

a ~. corresponds to J > p 2
• For p << 1, over-reflection occurs if 

J < Ric = 0.132, Ric being the so-called critica! Richardson number. 

It is interesting to compare this value of Ri with the results ob-
c 

tained by others: Ri = 0.115 [3] and Ri = 0.1129 [5]. Fig. 5.2 shows c c 
that for fixed w~jw2 , and for sufficiently small values of p, the 

maximum of the reflection coefficient increases with decreasing p. 

Note that ~/w2 > 1 according to condition (5.2.9). 

As has been mentioned before, over-reflection is possible provided 

J < ~. We will now show that the shear flow considered here is unstable 

forthese values of J. In other words, over-reflection cannot occur 

for values of J for which the shear flow is stable. For definitions of 

stability and instability of the shear flow we refer to section 5.6. 

As we shall see, the parameters p and J can be chosen such that 

equatio~ (5.1.1), with U(z) given by (5.1.4) and U
0 

= 2w/B, has a non

zero solution satisfying the boundary conditions 

w(z) + 0 as z + ~. (5.4.20) 

A neutral stability curve is defined as a set of points (p,J) in the 

p,J-plane for which equation (5.1.1) has a solution that satisfies 

(5.4.20) for real frequencies (see section 5.6). Drazin [15] has shown 

that the curce 

J (5.4.21) 

is indeed a neutral stability curve. Thorpe [16] has shown that the 

curve (5.4.21) is the only neutral stability curve. 

Miles [17] has shown that fora monotonic shear flow profile U(z), 

the flow is staqle when Ri(z) > ~ for all z. Consequently, the shear 

flow (5.1.4) is stable when J > ~. since J is the minimum value of 

the Richardson number. 

Since the curve {5.4.21) is the only neutral stability curve, we 

are left with two possibilities: (a) any mode within the domain G in 

the p,J-plane bounded by J 0 and J = p 2 (1- p 2 ), is stable, or (b) 

any mode within the domain G is unstable. 
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0.25 

unstable 

o~~--------------~~----------------~---
0 o.s --.p 1 

Fig. 5.1. The domain of over-ref'lection ia bounded by the C!Ul'Vea p = 0, 

P1P2 and OP2, where (0,0.132) and F2 = (0.3,0.106). On 

the curves P1P2 and OP2 there ia total reflection. The boun

dary OP2 lies above the curve J = p 2
• The distanae between 

the Zatter C!Ul'VeB inareaaes with inareaaing p. In the domain 

J < p 2 the invariant of (5.1.1) ia negative for lzl ~ oo, The 

dashed ourve is the boundary of the domain of over-trans-

mission. The ourve j (1- p2
) is the neutral atability 

ourve. 

fig. 5. 2. Variation of IRI with wbJu! for different vaZues of p; J < ~. 
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To test whether the neutral ·stability curve (5.4.21) is indeed a 

stability boundary, we refer toa technique described by Howard [18] 

to compute (3c/3p)J and (3c/3J)p on this curve; herecis the horizon

tal phase velocity of the disturbance. Howard derived the following 

expressions: 

1fp 
(5,4.22a) (ac) 

\op J = 
2icos 

n~) (5.4.22b) 
p 

where B is the beta function. 

From the expressions (5.4.22a-b) it is readily seen that c be

comes complex off the neutral stability curve (5.4.21), hence, this 

curve is indeed a stability boundary. Consequently, any mode within 

G is unstable. Because the curve (5.4.21) has a maximum J 

shear flow considered is unstable for J < ~. 

Over-transmission 

~~ the 

For fixed w/~, we find by taking the limit as 1 ~ 0 in (5.4.15b) 

o. (5.4.23) 

Thus for sufficiently small values of J the amplitude of the transmit

ted wave is larger than that of the wave incident on the shear flow. 

Because k- = k+, this means that the transmitted wave energy flux is 

larger than that of the incident wave (for smal! values of J). A 

necessary condition for the occurrence of this phenomenon, which may 

be called over-transmission, is that J <~as fellows from (5.4.15a). 

In fig. 5.1 the domain of over-transmission is sketched. From 

(5.4.14b) and (5.4.15b) wededuce that ITI < IR!. Hence, the domain 

of over-transmission is contained in the domain of over-reflection. 

Resonant over-re{leation 

A special case of over-reElection is resonant over-reflection, in 

which there is no incident wave and the shear flow spontaneously emits 
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outgoing waves. In our model resonant over-reflection occurs if the 

parameters involved satisfy the relation 

cf. (5.4.12), with Pk given by (5,4.10a-d), 

Relation (5.4.24) is satisfied if and only if 

0 1 

-1 
T o. 

(5.4.24) 

(5.4.25) 

Relation (5,4,24) can only be satisfied if J < ~. From (5.4.14b) and 

(5.4.15b) wededuce that resonant over-reflection is possible if 1 0. 

However, because the condition 1 = 0 is physically meaningless, we 

conclude that resonant over-reflection does not occur. 

According to (5,4.19) and (5.4.23), the amplitudes of the reflec

ted and transmitted waves increase to infinity for sufficiently small 

decreasing 1. However, when we remove the source, the generated waves 

vanish: the transition from over-reflection to resonant over-reflect-

ion is not possible at all. 

Although the condition l = 0 for resonant over-reflection is 

meaningless, we note that the profile (5.1.4) has the property 

lim U(z) 
l+o 

2c, z > 0 

z < 0. 

(5.4.26) 

Hence, for sufficiently small values of 1 the transitional Epstein 

profile (5.1.4) approximates the Helmholtz profile, defined by (5.1.3). 

Although the approximation becomes better with decreasing values of 1, 

the transition from the profile (5.1.4) to the Helmholtz profile is 

not uniform. 

McKenzie [4] éitnd Lindzen. [7] have shown that the Helmholtz velo

city profile (5.1.3), with u
1 

= O, does allow the occurrence of re

sonant over-reflection. McKenzie [4] derived the remarkable condition 

that the flow speed u
2 

should equal twice the horizontal velocity: 

u = 2c, which is just the case we consider here. Grimshaw [8] con-
2 

firmed the existence of resonant over-reflection in a similar flow 
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by applying weakly non-linear theory. Mcintyre and Weissman [19] 

derived a temporal development of resonant over-reflection, retaining 

the vortex-sheet idealization. 

It is striking that the Helmholtz velocity profile allows the 

oocurrence of resonant over-reflection while the profile {5.1.4), with 

u
0 

= 2c, inhibits this phenomenon. We may conclude that the example 

discussed in this section clearly shows the subtleness of the existen

ce of resonant over~reflection. It is still an open question whether 

resonant over-reflection can occur for smooth profiles U(z). 

5. 5. THE NEUTRAL STABILITY SURFACE FOR THE SHEAR FLOW PROFILE ( 5. 1. 4) 

The general salution of equation {5.1.1), with U(z) given by 

(5.1.4), is given by (5.2.4), where nis related to z through (5.2.1), 

and v(nl is the general salution of equation (5.2.6); the parameters 

a, V and y are given by {5.2.5a-c). 

Neutral modes are solutions of equation {5.1.1) that satisfy the 

boundary conditions (5.4.20) for real frequencies. These conditions 

can only be met if the invariant of equation (5.1.1) is negative for 

sufficiently large I z 1. Thus we find that the existence of neutral 

modes requires that 

(5.5.1) 

where a = w/130
0

• 

In view of (5.2.5a-b) and (5.5.1) the parameters a and vare 

negative. We now replace a by -a and V by -v in the transformation 

(5.2.4). The resulting Fuchsian equation is then again given by 

(5.2.6), but with a+ -a and v + -v. 
The general salution of equation (5.2.6) around the singularity 

n = 0 is a linear combination of the special solutions v~ <nl and 
0 v2 (nl, say. Since equation (5.2.6) is a special case of Heun's equa-

tion in standard form, one of these functions, v~(n) say, is analytic 

in a neighbourhood of n = 0. Since n = 0 corresponds to the end point 

z = -oo, the boundary conditiOn (5.4.20) requires that (in view of 
0 (5.2.4), with a> 0) v1(nl should be ohosen as the solution of equa-

o 
tion (5.2.6) around n = 0. The salution v1 (nl is given by 
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H(a,B+l-aCI CH].J+y-1, C:t+].J+Y+2, 1+201., 2y; nl , 

(5.5.2) 

lnl < a, 

where the symbol H denotes Heun's power-series (appendix of this 

thesis). 

Since.the singular point n ~ 1 of equation (5.2.6) corresponds 

to the end point z +00, the salution of this equation around n = 1 

should be analytic in a neighbourhood of n = 1 (cf. (5.2.4), with 

11 > 0, and {5.4.20)). 

We now adopt the convention that the salution of Heun's equation 

which is analytic in a neighbourhood of the singular point n = x,where 

x 0,1 or a, is denoted by v~(n). The singularity n =a lies on the 
0 

boundaries of the domains of converganee of the solutions v
1 

<n> and 

v!<nl. The salution v7<nl is analytic in the domain lnl <a; v!<nl is 

analytic in the domain ln-11 < 1-a; remamber that 0 <a< 1. 

Miles [17] has shQwn that, provided dU/dz I 0 for all z and 

Ric <\,a neutral mode must be proportional to either w-(z) or w+(z), 

where the solutions w±{z) of the Taylor-Goldstein equation (5.1.1) 

around the point z z
0 

are given by (5.3.2). 

Now let us assume that 

w(z) cc w+ (z) • (5.5.3) 

In view of (5,2.4), with y given by (5.2.5c), it fellows that the 

salution of equation (5.2.6) around the singular point n = a should 
a . ~ 

be proportional to v1 <nl. Since Ric < \, y is real: y = ~- (\- Ric) • 

If we reverse the sign of y- ~in (5.2.5c), that is, if we set 

Y ~- iy
1

, the assumption 

w(z} ex: w (z) (5.5.4) 

leads to a similar condition. 

THEOREM. Under the assumption Ric < \, the salution of equation (5.1.1), 

with U(z) given by (5.1.4), satisfies the boundary conditions {5.4.20) 

if and only if the salution (5.5.2) of equation {5.2.6) is a polynomi

al in n. 
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PROOF. We first notice that the ~wer-series (5.5.2) should have an 

infinite radius of convergence. Consequently, this power-series de

fines a function which is analytic in the entire complex n-plane. 

Around the point at infinity, equation (5.2.6) has a solution of 

the ferm 

where 

00 

v 1 <nl --r 
n 

00 

n=o 

T Cl.+11+y-1, 

and a solution with a logarithmic term, denoted by v;(n). 

For lnl > 1 we have 

{5.5.5a) 

(5.5.5b) 

0 Since v 
1 

<n> is an entire function of n, we must require that k
2 

: 0 
." 

and that v1 <n> reduces toa power-series in n. This is only possible 
0 

if T -n, with n 0.,1,2,3, •••• , à.nd,consequently, v1 <n> reduces toa 

polynomial in n of degree n. 0 

From this theerem we conclude that the boundary conditions (5.4.20) 

are satisfied for real frequencies if 

a. + 11 + y - 1 -n, n 0,1,2, •••. (5.5.6) 

Thus the neutral stability surface for the shear flow profile (5.1.4) 

is determined from (5.5.6). Since a.> O, 11 > 0 and 1~1 < ~~ only n = 0 

satisfies. 

From (5.5.6) wededuce that for the shear flow profile (5.1.4) 

neutral modes o~ly.exist if Ric < ~. since y must be real. 

We now consider again the case a ~~ for which a. = 11· From 

(5.5.3), together with y- ~ < 0, and (5.5.6) we find 

J ) , (5.5. 7a) 

and from (5.5.4), together with y- ~ > 0, and (5.5.6) 

109 



J < !:<. (5.5.7b) 

Thus in the case a !:< the neutral stability curve (5.4.21) is deter-

mined straightforwardly. 

5.6. APPENDIX 

In this section we discuss some results from the linear stability 

theory of a parallel shear flow in an inviscid, incompressible fluid. 

It is assumed that the Boussinesq approximation is valid and that the 

undisturbed density decreases with height. Such a density distribution 

is statically stable. 

The starting point of our discussion is the Taylor-Goldstein 

equation (5.1.1) which governs the propagation of the vertical velo

city perturbation w(z,t) w(z) exp{i(Wt-Sy)}. For the meaning of the 

symbols used and for a discussion of the physical details we refer to 

section 1.4. 

Neutral modes ar neutral disturbances are solutions of equation 

(5,1.1} that satisfy the boundary conditions 

w(z) + 0 for z + ±oo (5,6.1) 

for real frequencies. 

An unstable mode is a salution of equation (5.1.1) that satis

fies the boundary conditions (5.6.1) fora complex frequency 

w wr + iwi, with wi < 0. Such a disturbance grows exponentially 

with time. A stable mode is a disturbance with wi > 0. Generally it 

is assumed that the existence of unstable modes requires that there 

is a critical level. Miles [17] has shown this for monoton'ic profiles 

U(z). Intherest of this section we assume the presence of a critica! 

level, 

If for all values of the horizontal wave number S the boundary 

conditions (5.6.1.) can only be satisfied for wi ~ 0, the shear flow 

U(z) is stable. In other words, the shear flow is stable if all 

possible disturbances are stable. When unstable modes occur for par

ticular values of S, or when all possible modes are unstab1e, the 

shear flow is unstable. 

Let L be a characteristic length and U a characteristic velocity. 
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Then, assuming that the Brunt-Väisälä frequency is a constant, there 

are three independent dimensionless parameters 1), e.g.-

p* Cl * û) c J* L"' a = SU = Ü' (5.6.2} 

The parameter p* is the normalized horizontal wave number, J* is de

fined as the overall Richardson number. J* and p* are real, a* may be 

complex. 

A neutral stability surface is a set of points in the p*, a*, J*

space corresponding to neutral modes. For fixed a~the neutral modes 

correspond to neutral stability curves. For an example of a neutral 

stability curve we refer to sectien 5.4. This curve was shown to be 

a stability boundary. The question whether a neutral stability surface 

(or -curve) for a given profile U(z), if existing, is a stability 

boundary, cannot be answered in its generality. 

For more comprehensive discussions of the theory described here 

we refer toMiles [17], Drazin and Howard [20] and Lin [21]. 

1l When the Brunt-Väisälä frequency depends on z, there are four inde
pendent dimensionless parameters. 
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CHAPTER 6 

GENERAL PROPERTIES OF THE TAYLOR-GOLDSTEIN EQUATION 

6.1. INTRODUCTION 

Let us consider the Helmholtz equation 

0 , {6.1.1} 

where k2 {z) is real for real values of z. 

We abserve that if w(z) is.a salution of equation (6.1.1), the 

complex conjugate w*{z) is also a salution of this equation. We define 

W{w,w*) -i(w ~ w* - w* ~ w). dz dz 
(6.1.2) 

The expression between brackets is known as the Wronskian of w(z) and 

w*(z). When k 2 (z) is a smooth function of z, the Wronskian is constant. 

Let us assume that equation (6.1.1) is related to a wave equation 

which governs the propagation or ducting of waves in a planarly stra

tified medium, with propagation properties that depend on the Cartesian 

coordinate z only. The wave equation has monochromatic solutions of 

the form f(z,t) = w(z) exp(iwt). Then the assumption of real k2 (z) 

means that dissipative effects are not taken into account. When the 

wave number profile k2 (z) is a continuous function of z, it is poss

ible to interpret W (w ,w*) as the net energy flux [ 1). 

In this chapter we discuss some general properties of the Taylor

Goldstein equation (1.4~9). Foradiscussion of the physical details 

we refer to the sections 1. 4, 5 .1 and 5. 6. It is assumed that one 

resonance occurs. The level at which such a resonance occurs, is call-

ed a critical level. Let us assume that the critical level is situated 

at z = 0. When the shear flow profile U(z) and the Brunt-Väisälä 

frequency wb(z) are smooth functions of z, the "Wronskian" (6.1.2) is 

constant for z < 0 and z > 0. Due to the occurrence of the resonance, 

however, the Wronskian has a discontinuity at z = 0. For sufficiently 

small values of Ric, where Ric is the Richardson number at the criti

cai level, over-reflection may occur; For Ric > ~. however, wave 

amplification is not possible. 
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It will be shown that the Wronskian approach is suitable to 

derive results that are generalizations of results obtained by Miles 

[2]. Although the Wronskian approach can also be applied in cases of 

two or more critica! levels, this will not be worked out here. We 

remark that the methods developed in this chapter are also applicable 

to waves in cold collisionless plasmas (see section 1.2). 

6.2. THE WRONSKIAN APPROACH 

The starting point of our treatment is the Taylor-Goldstein 

equation (1.4.9). Throughout we assume the existence of one critica! 

level at height z = 0. ~t this level the shear flow matches the hori

zontal phase velocity: U(O) = c. It is assumed that the Brunt-Väisälä 

frequency ~(z) and the shear flow profile U(z) are smooth functions 

of z and that (dU/dz) > 0. Moreover we assume that wb(O) ~ 0. 
z=o 

The general salution of equation (1.4.9) in a neighbourhood of 

the point z = 0 is a linear combination of the functions (cf. (5.3.2)) 

(6.2.1) 
:1: 

X (z) ' 

with 

~ :1: i(Ric- ~)~ , (6.2.2) 

where Ric is the Richardson number at the place of the critica! level, 

and Ric ~ ~- To make the solutions (6.2.1) one-valued around z = 0, we 

have to introduce a branch cut from z = 0 to z = -i00 in the complex 

z~plane (section 5. 2) • 

Let us introduce the notatien 

y' • { 
Ric > \ 

(6.2.3) 

Ric < \ 

:1: 
where y 1 and y

2 
are taken positive. The exponents y are complex for 

Ric > ~. with y+ = (y-)*, and real for Ric < ~. The same is true for 
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the functions X±(z) in (6.2.1): tor Ric >~we have X+(z) = {x-<zJ}*; 
± 

for Ric < ~ the functions X (z) are real. It will be convenient to in-
+ w , w2 = w • troduce w

1 
The total wave w(z) is a linear combination of w

1
, 2 (z): 

Let us define 

W{u,v) ·( d d ) -~U- V- V- U 
dz dz ' 

for sufficiently smooth u(z) and v(z). 

From (6.2.4) and (6.2.5) it follows that for z F 0 

W(w,w*) 

For Ric > ~ relation (6.2.6) reduces to 

- A2A~)W(w 1 ,w2 J , z > 0 

W(w,w*) 
2~1 -2~1) 

e - A
1
AÎ e W(w

1
,w2), z < 0 

where 

For Ric < ~ relation {6.2.6) reduces to 

{'•,•l - A2AÎ)W(w1 ,w2l, 
z > 0 

W(w,w*J 
-2i~2 2iTiy2) 

(A2AÎ e - A 1A~ e W(w1,w2J, z < 0 

where 

W(w
1 

,w2) 2iy2 : 

(6.2.4) 

(6. 2. 5) 

(6.2.6} 

(6.2. 7a) 

(6.2. 7b) 

(6.2.8a) 

(6.2.8b) 
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Now we express the Taylor-Goldstein equation (1.4.9) in the Helm

holtz form (6.1.1). If k 2 (-"") < O, k 2 (+"") > 0 o-r ){ 2 (-"") > 6. k 2 (+<») < 0, 

we deal with a reflection problem. If k 2 (-oo) > 0, k 2 (-too) > 0, the 

incident wave is both reflected and transmitted for the two cases of 

incidence in the positive or negative z-direction. If k2
{-00) < 0, 

k 2
(-too) < 0, we have to do with an eigenvalue problem because wethen 

should require that w(z) + 0 for z + ±oo in order that the energy 

content of the wave is finite. We exclude the cases k 2
(±oo) = 0. 

Let the asymptotic behaviour of the total wave w(z) be of the 

form 

± w(z) "'g (z), {z + :too) • 

We suppose that the wave number profile k 2 (z) is such that 

(z + ±oo) • 

(6.2.9) 

(6.2.10) 

So we suppose that differentiation of the asymptotic relation (6.2.9) 

is permissible. Then the values of W(w,w*) for z > 0 and z < 0 are 

simply related to the functions g±{z), i.e. the behaviour of w(z) as 

z + ±oo. 

We introduce the nota ti ons 

k± {k2 (±oo)}l:!, k2 (±oo) > 0 

(6.2.11) 
± 

{-k 2 (±oo) }\ k2 (±oo) < 0 . p 

THEOREM 1. For Ric > ~ over-reflection cannot occur. 

PROOF. We assume the incident wave to be propagating in the positive 

z-direction. This implies that k 2 (-oo) > 0. The amplitude of the 

incident wave is normalized to unity at z - 00 • We first consider the 

case k 2
(+"') > 0. Then the asymptotic behaviour (6.2.9) of w(z) should 

be prescribed according to 

g- (z) + g (z) (6.2.12) 

see (5.2.10). From (6.2.5), .(6.2.10) and (6.2.12) it fellows that 
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{ 

2k +TT* 
1 

W(w 1 w*) = _ 
2k (RR* - 1) I 

z > 0 

(6. 2 .13) 

z < 0. 

By equating (6.2.7) 1 valid for Ric > ~~ and (6.2.13) we obtain 

IA2 1 > IA1 1 and 

(6 .2 .14) 

hence I RI < 1. 

Next we consider the case k 2 (+00) < 0. Then we must require that 
+ 

w(z) vanishes as z + +00 1 i.e. the function g (z) in (6.2.12) must be 
+ proportional to exp (-p z) 1 cf. (6.2.9) and (6.2.11). Consequently 1 

W(w 1w*l = 0 for z > 0 1 from which it fellows that IA1 1 = IA2 1 1 cf. 

(6.2.7ai. By equating (6.2.7) and (6.2.13) for z < 0 1 we obtain 

k (1 - RR*l I (6.2.15) 

hence again !RI < 1. 

When the incident wave propagates in the negative z-direction 1 

the proof is similar. 0 

Neutral modes are solutions of equation (1.4.9) that satisfy the 

boundary conditions w(z) + 0 as z + ±oo for real frequencies (see sec

tien 5.6). These boundary conditions can only be satisfied if k2 (-ao)<O 

and k 2 (+00) < 0. Hence the functions g-(z) and g+(z) must be proper-
- + tional to exp(p z) and exp(-p z) 1 respectively (cf. (6.2 .9) and (6.2..11). 

Thus neutral modes exist provided y 1 or y21 A1 and A2 are such 

that 

W(w 1w*) OI z i' 0. (6. 2.16) 

Then from (6.2 .. 7) it fellows that for Ric > ~ equation (6.2.16) is 

satisfied if sinh(2ny1) = 0. Since y1 > 0 we are ledtoa contra

diction1 and the following theerem has been proven 
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THEOREM 2. For Ric > ~ neutral modes cannot exist. 

By equating (6.2.8) and (6.2.16) we obtain A1A~ sin(2ny2l = 0, 

from which it fellows that A1 = 0 or A
2 

0 because of 0 < y2 < ~. 

In view of (6.2.4) the following theerem has been proven. 

THEOREM 3. For Ric < ~~ a neutral mode, if existing, is proportional 

to either w1 {z) or w
2

(z). 

The theorems 2 and 3 are generalizati'ons of results derived by 

Miles [2] for monotonic shear flow profiles U{z). 

The methods developed in this chapter also apply to cases where 

there exist two or more critical levels. To analyze this problem in 

detail is beyond the scope of this thesis. 

118 



REFERENCES 

1. L.J.F. Broer and J.B. van Vroonhoven, Physica g (1971) 441. 

2. J.W. Miles, J. Fluid Mech. 10 (1961) 496. 

119 



APPENDIX 

SOME REMARKS ON BEUN'S EQUATION 

A differential equation of the Fuchsian type is an ordinary linear 

differential equation in which every singular point is a regular sin

gularity, including a possible singularity at infinity, see e.g. [11 

p. 370]. A second-erder Fuchsian equation with four singular points 

is ~nown as Heun's equation, named after the first author who studied 

it [2]. 

It can be shown that any second-erder Fuchsian equation with 

four singular points can be reduced to an equation of the form {we 

fellow Snow's notatien [3]) 

d
2
u + (Y + l+a+S-y-ó + ~) du + aan+b u = 0 . 

dn2 n n-1 n-a dn n(n-1) (n-a> 
(A.l) 

Here n 0,1,a and oo are the singularities of (A.1). 

Heun's equation {A.1) may be characterized by the Riemann P

symbol 

{ 

0 

p 0 

1-y 

1 

0 

-a-a+y+ö 

a 

0 

1-ö 

D } ' (A.2) 

which lists the location of the singular points and the exponents 

relative to them, as well as the argument [1; p. 372}. 

In contrast to the hypergeometrie equation, or Riamann's equatian, 

the P-symbol (A.2) does not characterize Heun•s equation (A.l) com

pletely: there is one so-called accessory parameter, namely b. The 

exponents are nat expressed in this parameter. 

Around the singular point n = 0, Heun's equation (A.l) has a 

salution of the form 

00 

1 • (A.3) 
n=o 

The coefficients en satisfy the three-term recurrence relatian 
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a(n+2) (n+l+y)c 
2
-[(n+1) 2 (a+1}+(n+1){y+o-1+{a+S-o}a}-b]c 

1 
+ 

n+ n+ 

+ (n+a} (n+t3lcn 0, n = 0,1,2, ••••• (A,4) 

with the initia! conditions 

1' 
b (A.S) c = 1 ya 

The power-series (A.3) is denoted by 

H(a,b;a,t3,y,o;nl • (A.6) 

It converges in the domain lnl <min (1,!all. For lal > 1 this series 

converges for n = 1 provided [3] 

Re(y + o -a- t3l > o . 

The salution (A.6) is not defined for y 

readily seen from (A.4) and (A.S). 

(A. 7) 

0,-1,-2, ••••• , as is 

Another salution of Beun's equation (A.l} around the singular 

point n' = 0 is given by 

1-y n B(a,b';l+a-y,1+t3-y,2-y,ö;nl , (A.8) 

with 

b' = b - o-yl {o + O+a.+t3-y-öJa} • (A.9l 

This solution is meaningful provided y F 2,3,4, ••••• Note that 

u~<nl : u~<nl for y = 1. 

For integer values of y, with y F 1, only one of the solutions 

(A.6) or (A.8) is meaningful. For these values of y an independent so

lution, which in general involves a logarithmic term, can be construc

ted by means o.f the Wronskian determinant [ 4]. This is also the case 

for y = 1. 

Apart from these integer values of the parameter y, the general 

salution of Beun's equation (A.l) around the singular point 11 = 0 is 

a linear combination of the solutions (A.6) and (A.8). 
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For a systematic analysis of conditions under which Beun's 

equation has solutions in terms of hypergeometrie functions, we refer 

the reader to Neff [5] and Kuiken [6]. Solutions of this equation can 

also be expanded in series of hypergeometrie functions [7,8,9]. 

Integral representations for solutions of Beun's equation have been 

given by Sleeman [10]. 

122 



REFERENCES 

1. E.L. Ince, Ordinary differential equations (Dover, New York, 1956). 

2. K, Heun, Math. Ann. 33 (1889) 161. 

3. C. Snow, Hypergeometrie and Legandre functions, 

Nat. Bur. Stand., Appl. Math. Ser. 19 (u.s. Government Printing 

Office, Washington, 1952). 

4. H. Jeffreys and ,a.s. Jeffreys, Methods of mathematica! physics, 

3rd ed. (Cambridge U.P., Cambridge, 1956). 

5. J.D. Neff, thesis Univ: of Florida, Gainesville, 1956. 

6. K. Kuiken, SIAM J. Math. Anal. 10 (1979} 655. 

7. N. Svartholm, Math. Ann. 116 (1939) 413. --. 
a. A. Erd!l!lyi, Duke Math. J. (1942) 48. 

9. A. Erdêlyi, Quart. J. Math. Oxford Ser. 15 (1944) 62. 

10. B.D. Sleeman, Proc. Cambridge Phil. Soc. 65 (1969} 447. 

123 



SAMENVATTING 

In dit proefschrift wordt verslag gedaan van een studie over 

golfvergelijkingen die de voortplanting en geleiding beschrijven van 

monochromatische golven in een vlak gelaa9d medium. Dissipatieve 

effekten worden buiten beschouwing gelaten; de vergelijkingen zijn 

lineair. 

De beschouwde golfvergelijkingen zijn terug te brengen tot 

tweede-orde differentiaalvergelijkingen van het Fuchse type. Deze 

herleiding tot een eenvoudiger type vergelijking is mogelijk indien 

de gelaagdheid van het medium wordt gemodelleerd door een Epstein 

profiel. 

De vergelijking voor de loodrecht invallende buitengewone golf 

in een koud, botsingsloos plasma kan worden herleid tot de,vergelij~ 

king van Beun. Dit is mogelijk indien de elektronendichtheid varieert 

volgens een.overgangs-Epstein profiel. Omgekeerd kan de vergelijking 

van Beun worden getransformeerd naar een Belmholtz•vergelijking die 

kan worden opgevat als de vergelijking die de voortplanting beschrijft 

van de loodrecht invallende buitengewone golf. Op deze wij~e kunnen 

profielen van golfgetallen met een lokale resonantie worden gegene

reerd. De aldus gegenereerde profielen bevatten een voldoend aantal 

vrije parameters om aanpassing aan een gegeven profiel mogelijk te 

maken. Wordt, in plaats van de vergelijking van Beun, de vergelijking 

van Riemann als basis genomen dan kunnen eveneens plasma profielen 

met een lokale resonantie worden gegenereerd. De aanpassing van het 

gegenereerde profiel aan een gegeven profiel is dan minder flexibel. 

In dit geval kunnen echter voor de reflectie- en transmissiecoêffici

ent gesloten uitdrukkingen worden gevonden. 

De vergelijking voor de TM mode in een diëlektrische golfgelei

der met een brekingsindèx die loodrecht op de voortplantingsrichting 

verloopt, kan worden herleid tot een vergelijking van Beun, Dit is 

mogelijk wanneer de relatieve permittiviteit verloopt volgens een 

symmetrisch Epstein profiel. De voorwaarde voor opsluiting van de 

golf leidt dan tot een eigenwaarde proaleem. De eigenwa~rden worden 

numeriek bepaald. Ze worden vergeleken met de eigenwaarden correspon

derend met de opgesloten TE mode. 

Het laatste onderwerp is de Taylor-Goldstein vergelijking. Deze 

vergelijking beschrijft de voortplanting van inwendige zwaartekracht-
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golven in een niet-viskeuze, onsàmendrukbare vloeistof met een even

wijdige achtergrondstroming, waarbij verondersteld wor~t dat de 

Boussinesq benadering van toepassing is. Wordt de achtergrondstroming 

gemodelleerd door een overgangs-Epstein profiel, en is de Brunt

Väisälä frekwentie konstant, dan kunnen voor grote waarden van het 

getal van Richardson benaderde uitdrukkingen voor de reflectie- en 

transmissiecoêfficient worden afgeleid. De aanwezigheid van een 

kritische laag wordt steeds verondersteld. Bevindt de kritische laag 

zich ter plaatse van het buigpunt van het snelheidsprofiel dan is het 

probleem exakt oplosbaar. ~r wordt aangetoond dat resonante over

reflectie niet mogelijk is. OVer-reflectie blijkt alleen mogelijk 

wanneer de stroming instabiel 1~. Het neutrale stabiliteitsoppervlak 

kan exakt worden bepaald. 

Tenslotte worden enkele algemene eigenschappen van de Taylor

.Goldstein vergelijking afgeleid met behulp van methoden die gebaseerd 

zijn op de betekenis van de determinant van Wronski voor de energie

stroom. 

125 



NAWOORD 

Bij de totstandkoming van dit proefschrift waren de hulp en de 

belangstelling van vele anderen van grote waarde. Graag maak ik van 

deze gelegenheid gebruik om enkele namen te noemen. 

De promotoren, prof.dr. F.W. Sluijter en prof.dr. L.J.F. Broer, 

waren voor mij een grote steun. 

De lezers, prof.dr. J. Boersma en prof.dr. M.P.H. Weenink, namen 

het manuscript zorgvuldig door. De hulp en de adviezen van prof. 

Boersma waren zeer waardevol. Hij besteedde veel zorg aan het manus~ 

cript. 

Drs. H. Kelder was direkt betrokken bij de totstandkoming van 

een gedeelte van hoofdstuk 5. Hem wil ik ook bedanken voor de 

prettige samenwerking. 

Marja Rooyakkers verzorgde op een voortreffelijke wijze het 

tyPewerk. 

Dit onderzoek werd mogelijk gemaakt d?or een,subs1die van ZWO. 

Bij de aanvraag van het subsidie was ook het KNMI betrokken. Dit 

instituut speelde tevens een belangrijke rol bij de totstandkoming 

van het programma. De samenwerking bij de uitvoering ervan was prettig. 
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STELLINGEN 



Bij de vergelijking van Heun leidt toepassing van de oplossings

methode van Frobenius tot een drievoudig recurrente betrekking [1]. Om 

voorwaarden af te leiden waaronder deze reduceert tot een tweevoudig 

recurrente, maakte Neff [2] gebruik van een theorema van Scheffé [3]. 

Deze voorwaarden blijken echter aanzienlijk eenvoudiger te kunnen wor

den afgeleid. 

1. K. Heun, Math. Ann. JJ (1889) 161. 

2. J.D. Neff, Pr>oefseh:r>ift, Univ. van Florida, GainesviUe (1956). 

J. H. Seheffé, J. Math. Phys. ~ (1942) 240. 

2 

De absorptie en depolarisatie van een monochromatische elektro

magnetische golf in een zwak-inhomogeen regenmedium kan voor niet te 

hoge frekwenties goed worden beschreven door het z.g. dipool-model. 

Dit model berust op de veronderstelling dat in iedere regendruppel een 

dipoolmoment wordt geïnduceerd. Deze dipoolmomenten worden dan als de 

e~ige bronnen voor het .verstrooide elektrische veld beschouwd. 

c.!A. van Duin, TH-rapport, 79-E-93. 

3 

Voor de beschrijving van de voortplanting van inwendige zwaarte

krachtgolven in de atmosfeer biedt de hydrostatische benadering enkele 

v~ordelen boven die volgens Boussinesq. 
I 

J.F. Holton, An introduetion to dynamie meteorology, 1e ed. 

(Academie Pr>ess, New York, 1972). 

4 

De differentievergelijking 

0, n = 1 ,2, .•.. 

met bn # 0 voorn # N en bN = 0, waarbij Neen positief geheel getal 

is, heeft een oplossing fn met de eigenschap 

f 
n 

0, n N,N + l,N + 2, ...• 



Is f 0 f 1 f 0, dan zijn er twee lineair onafhankelijke oplossingen die 

niet afbreken. 

5 

In een niet-viskeuze, onsamendrukbare vloeistof met n(n ~ 2) kri

tische lagen zijn neutrale verstoringen niet mogelijk wanneer het ge

tal van Richardson ter plaatse van één of meer van deze lagen groter 

is dan ~. Hierbij is aangenomen dat de aanwezigheid van neutrale ver

storingen ènergiestromen in elk vag'de gebieden tussen twee kritische 

lagen uitsluit. 

Dit proefscihPift, hoofdstuk 6. 

6 

De kwantummechanika is een puur fysische theorie. 

G. Zukav, The danaing Wu-Li Masters, an overview of the New Physias 

(W. Mo:r:row and Camp., New York, 1979). 

7 

Beschouw een eigenwaarde-probleem dat wordt beschreven door een 

gewone lineaire differentiaalvergelijking van de tweede orde, waarbij 

de eigenfuncties gerelateerd zijn aan machtreeksoplossingen van deze 

vergelijking. Bovendien wordt verondersteld dat de koëfficiënten van 

deze machtreeksen oplossingen zijn van een differentievergelijking van 

het Poincaré-type. 

Zijn de machtreeksoplossingen van deze vergelijking gehele funk

ties van de onafhankelijke variabele, dan kan over het algemeen mèt 

behulp van het theorema van Poincaré·worden aangetoond dat de desbe

treffende machtreeksen polynomen dienen te zijn. 

L.M. Milne-Thomson, The calculus of finite diffe:renaes 

(MaMillan, Londen, 1951). 

8 

In een artikel van Lindzen c.s. wordt volledig voorbijgegaan aan 

het feit dat de voorwaarden voor over-reflectie van Rossby golven in 

een barotrope stroming wezenlijk verschillen van die voor het optreden 

van over-reflectie van inwendige zwaartekrachtgolven in een gas met 

een evenwijdige achtergrondstromin~ 

H.S. Lindzen, B. Farrell en K.K. Tung, J. Atmos. Sai. 37 (1980) 44. 



9 

Motieven voor het (laten) doen van onderzoek behoeven voor de 

middelenverschaffer niet dezelfde te zijn als voor de onderzoeker. 

6 november 1981 C.A. van Duin 


