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Introduction
To perform large-scale Computational Fluid Dynamics simu-
lations e.g. in complex patient-specific anatomies of arterial
systems, fast and accurate numerical methods are required.
Nowadays, various finite element formulations are available
to solve the Navier-Stokes equations:




ρ
(

∂u
∂t

+ u · ∇u
)
− ∇ · 2ηD + ∇p = 0

∇ · u = 0
(1)

Objective
To compare various elements (see figure 1) in terms of accu-
racy and computational costs.
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Figure 1: Evaluated types and shapes of elements with continuous pressure

(Taylor-Hood) and discontinuous (Crouzeix-Raviart) approximation : Taylor-

Hood quadrilaterals (QQ-TH) and triangles (QT-TH) and Crouzeix-Raviart

quadrilaterals (QQ-CR) and triangles (QT-CR).

Methods
The elements are tested on their ability to reproduce an ana-
lytical solution of eq. (1), the 2D Beltrami flow (see figure 2),
presented by:

u =−cos(πx)sin(πy)e−2π2νt

v = sin(πx)cos(πy)e−2π2νt

p =− cos(2πx)+cos(2πy)
4 e−4π2νt

(2)

An integrated method with an Euler-Implicit time integra-
tion scheme in SEPRAN was used to solve (u,v,p) on domain
[−1, 1]×[−1, 1]. �v was prescribed at the domain edges, while
p is prescribed in one point. The accuracy at t = 0.1 [s] was
evaluated as a function of number of timesteps and elements
along an one edge.
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Figure 2: Visualization of the Beltrami solution at t=0.1 [s]: velocity (Left)

and pressure (Right).

Results
The results are graphically displayed in figure 3. At least
128 timesteps are necesarry to obtain convergence. In fig-
ure 4 the CPU-costs for allowed errors εv = O(10−2) and
εv = O(10−3).
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Figure 3: Velocity (-) and pressure (· · · ) errors for 16 (�), 128 (�) and 1024

(◦) steps for various meshsizes and shapes.

Discussion & Conclusion
Quadrilaterals are more efficient than triangles. The QQ-TH
and QQ-CR perform similar, while the continuous triangles
(QT-TH) are better than QT-CR elements. It is remarkable that
a lot of timesteps are necessary for this relatively simple
problem.
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Figure 4: CPU-time consumption for predefined errors.

Future work
� Investigate reduction of CPU-costs by applying a

Pressure-Correction and Operator-Splitting method.
� Extend studies to 3D space and more complex geome-

tries.


