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SUMMARY 

The propagation of monochromatic, linearly polarized, plane electromagnetic waves in a cold electron 

plasma is studied theoretically. The direction of propagation is taken perpendicular to a static magnetic field. 

The first part of this study is devoted to stratified plasmas, The density is assumed to be proportional to 

1 + tanh Ç (where Ç is proportional to one of the Cartesiancoordinates). Wave equations for both the ordinary 

and extraordinary wave modes are derived by linearization. from a non-zero temperature conditions 

are evaluated under which its effect ma y be neglected. for that purpose the equations are supplemented with 

anadiabatic equation of state. Subsequently, both wave equations are solved exactly, thus leading to full wave solu

tions. The equation for the ordinary wave mode reduces to the hypergeometrie equation in accordance with 

the classica! Epstein theory. Reflection and transmission coefficients are given for both directionsof propaga

tion of the incident wave. The wave equation for the extraordinary wave mode reduces for normal incidence 

to Heun's equation. This case includes the possibility of a local resonance somewhere in the density profile, 

i.e. the case of Budden tunneling. Again exact reflection and transmission coefficients are given for both direc

tions of propagation of the incident wave. These coefficients are expressed in terms of Heun's functions. Some 

features of the theory of Heun's equation are presented in an appendix. 

The second part of the study is devoted to wave propagation in a homogeneous plasma. Starring from the 

non-linear cold plasma equations expressions are derived for the lowest order corrections to the well-known 

solution of the linearized equations. The non-linear terms are treated as perturbations. The appearance of secular 

beha vîour is discussed. The corrections are presenred in the form of forced waves. Expressions are evaluated for 

forced waves due to the interaction of two ordinary waves, to the interaction of an ordinary and an extraordinary 

wave, and for the forced wave due to an extraordinary wave alone. These expressions then serveto solve a 

boundary value problem up to the considered order taking into account the longitudinal componentsof extra

ordinary waves involved. The problem we shall discuss concerns the reflection and refraction of a wave of 

arbitrary polarization obliquely incident on a plasma half space. Hence, the problem is solved including the 

second -harmonie waves due to the non-linear response of the medium. finally a remark is made on the index 

matching technique in a magnetoplasma. 

1 



CHAPTER 1 

INTRODUCTION 

1.1 GENERAL INTRODUCTION 

Wave phenomena in a plasma medium seem to constitute an inexhaustible domain 

of research. Some fifteen years ago the ionosphere and the gaseous dicharge were 

the main sourees of inspiration. Nowadays, thermonuclear research has joined them 

and given rise to new and broad interest. 

The objective of this thesis is to give account of an investigation into a very 

limited part of the entire domain, namely the cold plasma theory. Our inquiry concerns 

the reflection and transmission of monochromatic electromagnetic plane waves, which 

are linearly polarized and propagating perpendicular to a static magnetic field. In 

the language of reserach of the ionosphere the type of propagation is called transverse 

propagation. 

In this thesis two different parts may be distinguished. The chapters 2, 3, and 

4 are devoted to the exact solution of a propagation problem in a stratified plasma. The solu

tion is found from linearized equations. It is a so-called full wave solution. The 

problem is an extension of the Epstein theory, the generalization being the inclusion 

of a static magnetic field. Although the plasma is inhomogeneous, two uncoupled 

characteristic wave modes can still be distinguished, viz the ordinary and the extra

ordinary wave mode. The former is influenced by the static magnetic field; the latter 

is not. Restricting ourselves to normal incidence, wave equations are derived for 

both wave modes. Also in chapter 2 the question is answered what is meant by a 

cold plasma in as far as the neglect of the compressibility is concerned. 

The essence of the Epstein theory is the possibility of the rednetion of the wave 

equation to the hypergeometrie equation after the introduetion of a certain, well 

defined, plasma density profile. We will be dealing with a transitional Epstein profile 

giving a smooth and monotonic density change from vacuum to a homogeneons plasma. 

In chapter 3 it is shown that the ordinary wave mode problem is similar to the 

classica! Epstein problem. Hence, the reflection and transmission coefficients for 

both directions of propagation of the incident wave can be presented in terms of 

r -functions. 

The introduetion of the transitional Epstein profile into the wave equation for the 

extraordinary wave mode, however, appears to lead to an equation that is slightly 

more complicated than the hypergeometrie one. The complication consistsof the 

appearance of a fourth singular point into the equation, which is otherwise, just like 
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the hypergeometrie one, of the Fuchsian type. The new singular point is related to a 

local resonance that may be experienced by the extraordinary wave mode. When this 

is the case, the profile also has alocal cutoff and the equation describes the so-called 

Budden tunneling. Again, the reflection and transmission coefficients for all possible 

cases and both directionsof propagation of the incident wave are derived, but now in 

terms of solutions of Reun's equation. 

This concludes chapter 4 and with that the first part. Some features of the theory 

of Reun's equation in as far as they are relevant to our problem, are presented in an 

appendix. 

In the second part of this thesis the starting point is formed by the full, i.e. 

non-linear, cold plasma equations. The aim is to solvethem approximately in order 

to obtain non-linear corrections to the classical reflection and transmission of a 

monochromatic wave, that is obliquely incident from vacuum upon a plasma half space. 

The static magnetic field is perpendicular to the plane 'of incidence. 

For this purpose the equations are first solved for a wave in a homogeneaus 

plasma using a straightforward perturbation technique, which is basedon the assump

tion that the non-linear response of the plasma is mild. The perturbation scheme is dis

cussed at length. In this way we first derive expressions for both the sum and difference 

frequency waves, as wellas theseconct-harmonie waves that are forced into the plasma 

by two monochromatic waves. Subsequently, we derive expressions for both sum and 

difference frequency waves due to an ordinary and an extraordinary wave, and finally 

the second-harmonic wave due to one extraordinary wave. This concludes chapter 5. 

Inthelast chapter the thus obtained forced waves serveto solve the reflection 

and transmission problem up to the considered order of perturbation .. In this way we 

find the second-harmonic counterparts of Snel's* law and Fresnel 's formulae. 

Chapter 6 is concluded with a discussion of the so-called index or phase matching. 

In the remaining part of this chapter the plasma model on which all our arguments 

are based, is described. We also give a short outline of the derivation of the classica! 

forms of Snel's law and Fresnel's formulae in as far as they are useful for later refer-

ence. 
Some of the work that is presented in this thesis, has been publisbed previously. 

1 2** This is the case with some of the results obtained in chapter 4 ' , and also some 

of those obtained in chapters 5 and 6 a, 4 • 

• Many authors write "Snell" insteadof "Snel", However, Snel's law is due to Willebrord Snel (1580?-1626). 
According to the u sage of the scientific world of his days he la tinized his name to Snellius. This is probably 
the origin of the fa ct tha t English writing authors al most alw ays put "Snell's law". 

""'The upper numbers refer to references listed at the end of each chapter. 
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1.2 THE BASIC EQUATIONS 

The starting point of our discussion is formed by the fluid dynamics equations 

for an electron gas. Quasi-neutrality will be assumed to be secured by infinitely 

heavy positive i ons. The assumption of infinite heaviness is close to physical reality 

as long as the frequencies of the applied a. c. fields are not too low. Neither neutrals 

nornegative ions are supposed to be present. For the time being we will take into 

account a finite temperature, albeit a low temperature. The equations of motion then 

read, applying m. k. s. -units ( cf. , e.g. , ref. 5 and 6; especially ref. 6 .gives exten

sive bibliographical notes), 

nV' .... .... .... 
Nm Dt =-Ne (E +v xB) -\lp. (1. 2.1) 

For the sake of simplicity we assume the pressure p to be isotropic; vis the velocity 

of the electron gas, Ê the electric field, B the magnetic field, -e the charge of an 

electron, m its mass, N the electron partiele density, and t the time. 

The equation of continuity of the electron gas reads 

DN -• 
Dt + N'il. v = 0. (1. 2. 2) 

The special equation of state which we assume to hold in the electron gas, is 

formulated as follows: 

D { -x.} Dt p (Nm) = 0, (1. 2. 3) 

where x. is the ratio of the specific heats at constant pressure and at constant volume. 

By choosing this strictly adiabatic 7 equation of state we assume the interaction of 

electrans and i ons to be negligible. In the above equations we introduced the material 

derivative D/Dt, which is defined by 

These equations have to be solved together with Maxwell's equations, which we 
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formulate as follows: 

.... 
.... oB 

'V XE-- (1. 2. 4) 

.... 
1 .... '::l.li" 

-'V x B = eo~ +f; 
f1o o 

(1. 2. 5) 

e is the dieleetrio constant of vacuum and LL the magnetic permeability of vacuum. 
0 0 

The other Maxwell relations are redundant in our presentation. They may be consid-

ered as initial conditions: once fulfilled they are preserved by equations (1. 2.4) and 

(1.2.5). 

The effect of induced currents is accounted for in the current density f, in our 

model given by 

1 =- Nev. (1. 2. 6) 

Our tormulation is based upon the previously made assumption of quasi-neutrality and 

on the fact that the relative magnetic permeability of the electron gas equals unity, 

since the magnetic susceptibility has no meaning for the frequency region we are 

interested in 8• Apart from this, the susceptibility is al ready negligibly small at zero 
9 10 

frequency ' • 

The set of equations thus formulated cannot, in general, be solved exactly. One 

of the possible approaches consists of simplifying the set until its remainder can be 

solved exactly. This procedure will be foliowed in the problem we want to tackle in 

chapters 2 to 4. In the second problem we simplify the equations to a lesser extent, 

but then we necessarily arrive at approximate solutions for the ultimate set. 

1. 3 THE LINEARIZATION OF THE BASIC EQUATIONS FORA HOMOGENEOUS PLASMA 

For later reference we shall quote in this and following sections some known 

results of the linearized theory of wave propagation in a homogeneaus plasma per

pendicular toa static magnetic field (cf., e.g., ref. 5, 6, 11, 12, or 13). 

First we eliminate f from equations (1. 2. 5) and (1. 2. 6) yielding 

.... 
oE N .... "'-- ev "'oot • (1. 3.1) 

We linearize equations (1. 2.1) to (1. 2.4) and (1. 3.1) in the usual way, i.e. we assume 
.... 

that B, N, andphave a time and space independent part, viz the static magnetic field 
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..... 
B , the uniform electron partiele density N , and the unperturbed pressure of the 

0 0 

electron gas p • Then we are left with the following set: 
0 

ov e ..... ..... ..... 2 vN 
-:::::- -(E +v xB ) - v , at m 0 s 

1 

1-Lo 

..... 
..... oB 

vxE::::-ar-, 

..... ..... oE ..... v x B::::: e - N ev 
0 0 

We introduced the sound speed for the electron gas defined by 

2 Po 
vs=){Nm' 

0 

and replaced vp with the help of the equation of state (1. 2. 3) according to 

2 vp=vmvN. s 

(1. 3. 2) 

(1. 3. 3) 

(1.3.4) 

(1. 3. 5) 

(1. 3. 6) 

(1. 3. 7) 

This relation implies the assumption of a uniform temperature and, hence, of a con

stant v . s 

1.4 THE ORDINARY AND EXTRAORDINARY WAVE MODES 

..... 
Being interested only in the propagation of waves perpendicular toB , we choose 

..... 0 
a Cartesian coordinate system of which the x-axis is alongB • The propagation is 

0 

then supposed to take place parallel to the y, z-plane. Without loss of generality the 

direction of propagation can be taken along the z-axis. Consequently, oX 0~ = o. 
We introduce the electron plasma frequency w defined by 

p 

N e2 

Ul
2 0 
P e m (1.4.1) 

0 

and the electron cyclotron frequency 0 I 0 I defined by 
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e ..... 0 =- -B . m o (1. 4. 2) 

Looking for monochromatic plane wave solutions of equations (1. 3. 2) to (1. 3. 5) we 

suppose all dependent variables proportional to exp( -iwt), w being the angular frequency. 

Finally we eliminate all dependent variables from equations (1. 3. 2) to (1. 3. 5) 
..... 

except the x-, y-, and z-components of E, denoted byE , E , and E , respectively. x y z 
This leaves us with the following set: 

2 2 2 d E w -w 
x ---.-----'P.._E =0 

dz2 - c2 x ' 

2 2 2 
d E w -w 
--...=Y-+ PE +i~E =0 
dz2 c2 Y c.:; z ' 

where c2= (e: 1-1 ) -
1• 

0 0 

(1.4. 3a) 

(1.4. 3b) 

(1.4. 3c) 

As a matter of fact we ought to change tne notation in order to discriminate 

between the time dependent quantities of the previous equations and the time indepen

dent ones of equations (1.4. 3). However, we shall not do so, because we trust the 

reader will not be confused. 

The first equation of set (1.4. 3) is independent of the other two. It represents the 

wave equation for the ordinary wave mode 11 , i.e. the wave mode which is polarized 

such, that its electric field is parallel toB • The other two govern the extraordinary 11 
0 

wave mode, i.e. the wave mode that is polarized such, that its magnetic field is 
~ 

parallel to B 
0

• 

The ordinary wave mode solution propagating in the direction of positive z is 

given by 

... • 0 
E = E exp 1 (k z - wt), x x 

0 

B =~~ exp i tk0 z - wt), 
y UJ x 

the head indicating an amplitude. 

(1.4.4) 

(1.4.t)) 

The magnitic field expression is found from equation (1. 3.4). The wave number 
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for the ordinary wave k0 is found from the dispersion relation 

where k is the wave number in vacuum, defined by 
0 

w 
k =-. 

0 c 

(1.4. 6) 

(1.4. 7) 

It should be noted that bere and henceforth only the real parts of the expressions 

for the fields are meant. If confusion is likely, we shall write the re al parts explicitly. 

This occurs in chapter 5. 

The extraordinary wave mode salution propagating in the positive z-direction 

reads 

" e E = E exp i (k z -wt), y y 

e 
k " e B = -- E exp i (k z - wt). 

x w y 

The wave number for the extraordinary wave mode ke is given by 

Assuming the temperature not too high, i.e. 

this relation reduces to 

v2 
s 

-2 ~ 1, 
c 

(1.4. Sa) 

(1.4. Sb) 

(1.4. 9) 

(1.4.10) 

(1.4.11) 

(1.4.12) 
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Fora fixed w equation (1.4.12) constitutes a quadratic equation in (ke) 2. The equation 

has two roots which read 

Ji 

2 2 2 2 w -w -o · v 
=- p [1+11+4_!_ 

2 -l 2 
2v c s 

2 2 2. 2 
Ul 

2 2 2 
Ul -UJ -0 p 

w ( w -w ~' l 
{ 1 - 2 p2 2 p ~ J ~ 1' 

w (w -w -0 
p 

the square root may be expanded. The minus-sign solution then reads 

(1.4.13) 

(1.4.14) 

(1.4.15) 

which is the well-4mown dispersion relation for the extraordinary wave mode in a cold 
11 

plasma • 

The other root is related to the Bemstein modes 14 • lts phase velocity is of the 

order of v , except in the neighbourhood of the (upper) hybrid frequencyw
2

==w 2 +o
2

• s p 
Our model is not sophisticated enough to give a proper account of this mode and it 

shall be disregarded. 

The dispersion relation (1.4.15) inserted into the expression for the longitudinal 

component of the electric field (1.4. Sb) yields 

UJ20 
E -. p 
z- 1 2 2 2 

w(w -wp-0 ) 

"' e E exp i (k z-wt). y 
(1.4.16) 

This expression together with equations (1.4. Sa) and (1.4. 9) and the dispersion rela

tion (1.4.15) constitute the extraordinary wave mode, provided conditions (1.4.11) 

and (1. 4.14) hold. 

1. 5 SNEVS LAW AND FRESNEL'S FORMULAE 

The results obtained in the previous section now serve in finding the solution 

of the reileetion and refraction problem of a plane monochromatic, linearly polarized, 

electromagnetic wave, incident on a plasma half space. The direction of propagation 
-+ 

is again perpendicular toB • · To fix our ideas we again adopt a Cartesian coordinate 
0 -> 

system of which the x-axis is directed alongB • The direction of propagation 9 therefore, 
0 
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is parallel to the y, z-plane, which, as a matter of fact, constitutes the plane of in

cidence. The plasma halfspace is supposed to be z > o. 
A generallinearly polarized wave, incident from the negative z-direction, i.e. 

from vacuum, can be thought to be composed out of two linearly polarized waves, 

one polarized normal to the plane of incidence and one polarized parallel to it, the 

polarization defined by the electric field. The former gives rise to a refracted wave 

which is of the ordinary type, the latter to one which is of the extraordinary type. 

For this reason we suppose the incident wave to be decomposed in this way right 

from the beginning. 

Let the wave giving rise to an ordinary refracted wave be given by 

..... 0 A 0-:;t • - ..... 
E . = E. e exp 1 ( k .. r - wt), 

1 1 x 1 
(1.5.1) 

(1. 5. 2) 

ê being the unit vector in the x-direction, and Ê?the scalar amplitude. The wave vector 
.... x 1 
k. has the components (O,k sine., k cos e .) where e. is the angle of incldence. This 

1 0 1 0 1 1 

wave gives rise to a reflected wave given by 

-o "O'""" ..... 
Er = E ê exp i (k .r- wt), r x r (1. 5. 3) 

(1. 5.4) 

..... 
The wave vectork has the components (O,k sine , k cos e ). r o r o r 

In principle the reflected, ordinary, wave is given by equations (1.4.4) and (1.4.5). 

Generalized for a direction of propagation making an angle of retraction e 0 with the 

positive z-axis, they read 

(1. 5. 5) 

(1. 5. 6) 

The wave vectork~has the components (O,k0 sine 0 , k
0 

cos e 0), k0 being given by the 

dispersion relation (1.4.6) for the ordinary wave mode. Just likeÊ?, bothÊ0 andËt0 

1 r 
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have, as a matter of fact, an x-component only. 

Analogous expressions for the remaining part, Ë~, of the incident wave and the 
1 

(extraordinary) refracted and reflected waves due to it, can be given. The wave 

vector~ of the refracted wave has the components ( 0, ke sin e e, ke cos e e), ke being 

given by the dispersion relation (1.4.15) for the extraordinary wave mode. The angle 

e e is the angle of refraction in this case. The magnetic fields involved have now 

x-components only. 

Application of Maxwell's equations (1. 2.4) and (1. 2. 5) in integral form to the 

boundary z=O provides us in the usual way 15 with the necessary boundary conditions, 

i.e. the simultaneons continuity at the interface of the tangential components of both 

the electric and magnetic fields (tangential meant with reference to the interface). From 

the requirement that these conditions should hold for alltand all y at z = 0 we con

clude that the argumentsof the exponential functions of the different waves involved 

should be identical. This leaves us with the well-known Snel's law 15• Snel's law 

reads in both cases distinguished 

. . o . o e . e 
sm e. = sm e = n sm e = n sm e ' 

1 r 
(1. 5. 7) 

where we introduced the refractive indices n ° and n e for both modes defined respectively 

by 

(1. 5. 8} 

and 

(1. 5. 9) 

From the direction of propagation of the reflected wave we conclude cos e s: 0 and, 
r 

consequently, 

e =n-e .• r 1 
(1. 5.10) 

The boundary conditions are now reduced to the requirement of the continuity 

of the tangential components of the amplitudes of the fields. In the case leading to the 

refracted wave of the ordinary type this requirement easily yields the Fresnel for

mulae 15 for this case: 

12 

R 
0 

0 0 
cos e . - n cos 9 

1 

0 0 ' cos e . + n cos e 
1 

(1. 5.11) 



T 
0 

=--= 
2cos e. 

1 (1. 5.12) 

Ê? 
1 

0 0 
cos e . + n cos e 

1 

The reileetion coefficient R and the transmission one T refer to the amplitudes. 
0 0 

The case of the electric field of the incident wave parallel to the plane of incidence 

is somewhat more complicated. This wave gives rise to the extraordinary wave mode. 

The complication is due to the fact that the electric field of the extraordinary wave 

mode has a longitudinal component. This longitudinal component is given by equation 

(1.4.16). The total electric field therefore reads 16 (cf. equation (1.4.8a)) 

(1. 5.13) 

with the unit vector êt ha ving the components ( 0, cos e e, - sin e e), thus obeying 

(1. 5.14) 

The function c:t(w) is defined by 

(1. 5.15) 

The amplitude Ê: is the amplitude of the transverse component of the wave. Taking 

the longitudinal component into consideration the application of the boundary condi

tions leaves us with a complex Ê :. Consequently the reileetion and transmission 

coefficients, which read, respectively, 

Êe 
R =_!..._= 

e "e 

necos e -cos ee- ic:t(w)sin ee 

necos e. +cos ee + ic:t(w)sin ee 
1 

(1. 5.16) 
E. 

1 

(1. 5.17) 

are complex. Thus they also account for the phase shift with respect to the incident 

wave. 

13 



REFERENCES 

1. F. W. Sluijter, Proc. 7th Int. Conf. Phys. Ionized Gases Beograd 1965, Grade
vinska Knjiga Publ. , Belgrade (1966) p. 264. 

2. F. W. Sluijter in J. Brown, ed., Electromagnetic wave theory, Pergamon Press, 
OXford (1966) p. 112. 

3. F. W. Sluijter, Physica 30 (1964) 1817. 

4. F. W. Sluijter and M. P. H. Weenink, 7ième Congres Int. Phys. Semiconducteur, 2 
Effect de plasma dans les solides, Paris 1964, Dunod, Paris (1965) p. 53. 

5. L. Oster, Rev. Mod. Phys. 32 (1960) 141. 

6. I.B. Bernstein and S.K. Trehan, Nuclear Fusion!_ (1960) 3. 

7. R. von Mises, Mathematica! theory of compressible fluid flow, Academie Press, 
New York (1958). 

8. L.D. Landau and E.M. Lifshitz, Electrodynamics of continuous media, Pergamon 
Press, Oxford (1960). 

9. H.J. van Leeuwen, Thesis, Leiden {1919). 

10. J. H. van Vleck, The theory of electric and magnetic susceptibilities, Oxford 
University Press, London (1932) .• 

11. T.H. Stix, The theory of plasma waves, McGraw-Hill, New York (1962). 

12. K. G. Budden, Radio waves in the ionosphere, University Press, Cambridge (1961). 

13. V. L. Ginzburg, The propagation of electromagnetic waves in plasmas, Pergamon 
Press, Oxford (1964). 

14. I. B. Bernstein, Phys. Rev. 109 (1958) 10. 

15. M. Born and E. Wolf, Principlesof opties, 2nd edition, Pergamon Press, Oxford 
(1964). 

16. F. W. Sluijter, Physics Letters 9 (1964) 22. 

14 



CHAPTER 2 

THE WAVE EQUATIONS FOR THE STRATIFIED PLASMA 

2.1 FORMULA TION OF THE PROBLEM 

We wlll now focus our attention on the problem of wave propagation thr<>ugh a 

stratified inhamogeneaus plasma. Probieros of wave propagation through inhamoge

neaus media are treated adequately in many cases by the WKB-method. Even when 

the wave equation in question has a singular point, the WKB-procedure can be extend

ed in a proper way. The procedure then consists of approximating the wave equation 

in the neighbourhood of the point where the WKB-conditions are not fulfllled, by 

another equation having the salient features of the wave equation at the singular point, 

but which is solvable exactly. One then matches this salution and the WKB-solution at 

some distance from the singular point. These solutions all show either total reflection 

or no reflection at all. 

The evaluation of partlal reflection against the plasma density gradient, how

ever, is much more difficult from the W.KB-methods. Bremmer l-a and later 

Broer4 have developed solutions in the form of a series, of which the first terros 

repreaent the orthodox W.KB-solution. 

Another approach to this type of probieros is possible by prescrihing a density 

profile of a special type. Forsome classes of density distributions the resulting wave 

equation can be transformed into an equation of a known type which can be solved 

exacUy. In the li te rature one finds solutions for linear, exponential, parabalie, etc. 

profiles (cf., e.g., ref. 5, 6, or 7). Usually problems are investigated in terros of 

Cartesian coordinates. The density then is assumed todependon one of them only, 

say the z-coordinate. But this is by no means essential. One can formulate the same 

type of problems in another coordinate systems as well. It is only essential that the 

problem reduces to the evaluation of solutions of known second order ordinary 

differentlal equations (cf. , e.g. , ref. 8 to 10). 

The quantities we are interested in whlle solving these wave propagation probieros, 

arethereflectionandtransmissioncoefficients. If weconsider, as we wlll do, the wave 

propagation through some transitional region in between two regions with a uniform 

plasma density • we known that the solutions to be derived should reduce to plane 

waves in those two homogeneaus regions, provided the incident wave was a plane 

wave. The procedure is thus as follows: we firstformulate the differential equation for 

some field component of the wave, then wedetermine a salution that reduces to an 

outward going plane wave in the limit far beyond the transition region. This plane 
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wave is to be identified with the transmitted wave. Next we establish formulae for 

the analytic continuatien of this solution to the region far in front of the transition 

region from where the wave is incident. The asymptotic form of this solution for 

large distauces is the sum of two plane waves which then represent the incident 

and reflected waves. In this way we find the reflection and transmission 

coefficient. 

An example of this type of solution is to be found in the so-called Epstein 

theory11
-
12. The known second order differential equation in this theory is the 

hypergeometrie equation. Epstein11 solved the problem of wave propagation 

through a stratified plasma medium in the absence of a static magnetic field by 

introducing a special density distribution. This dis tribution was such, that the 

wave equation was transformabie into the hypergeometrie equation. Eckart12 

considered another physical problem leading to the same formalism. 

The density profile that Epstein considered is a linear combination of the 

following functions, where N is the (zeroth order) electron partiele density of the 
0 

plasma: 

-2 z N
0 

....... cosh 21 . 

(2.1.1) 

(2.1.2) 

The length 1 characterizes the width of the region in which the density changes 

considerably. 

The first expression (2.1.1) is sametimes referred to as the transitional 

Epstein profile. It gives a smooth and uniform transition from one constant N to 
0 

another (see Fig. 2.1). For obvious reasons the second one is sametimes called the 

symmetrie Epstein profile (see Fig. 2. 2). 

Some authors have reversed the problem. They start from the hypergeome

trie equation and transferm it into the wave equation. In this way they deduce a 

whole class of density profiles that enable us to perform the transformation of 

the wave equation into the hypergeometrie one (cf., e.g., ref. 13). 

To the knowledge of the author all studies in Epstein theory concern the wave 

propagation in the absence of a static magnetic field. But we are investigating a prob

lem in which the propagation is perpendicular to a static magnetic field. On the 

other hand we confine our discussion to the case of the transitional Epstein profile. 

The problem we have in mind concerns the determination of the reflection and 

transmission of a monochromatic electromagnetic wave, which is linearly 

polarized and incident on a plasma half space. The transition from vacuum to plasma 

is not sudden but smooth. A rather realistic approximation of such a transition is 

16 



-4 -3 -2 -1 1 2 3 4 

- Z/21 

Fig. 2.1 The transitional Epstein profile 

-4 -3 -2 _, 0 1 2 3 4 

- z/2L 

Fig. 2. 2 The symmetrie Epstein profile 

offered by the transitional Epstein profile. 

We think of the plasma as being confined by a static magnetic field. We choose 

a Cartesian coordinate system. We consider the case in which the magnetic field is 

also perpendicular to the density gradient. Choosing the direction of the static m.agnetic 
.... 

field which we denote with.:B , as the x-direction and the direction of v N as the 
0 0 

z-direction, the y, z-plane constitutes the plane of incidence of the wave. The con-
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figuration is sketched in fig 2. 3. 

z 

r-------Y 

x 

Fig. 2. 3 The configuration 

2. 2 THE EQUILffiRIUM 

hl the equilibrium solution we only admit time independent quantities. We will 

denote them by the subscript o. We assume that there is no static electric field. 

Wethen find from equation {1. 2.1) 

-+ -+ -+ -+ 

V'p + N ev x B =- N mv . V'v 
0 00 0 0 0 0 

(2. 2. 1) 

and from equations (1. 2. 5) and (1. 2. 6) 

1 ~ .... 
V'X.J:j =-N ev 

~J. 0 o o o' 
(2. 2. 2) 

If we assume that B , directed along the x-axis, depends on z only, it follows from 
0 

equation (2. 2. 2) that v has a y-component only: 
0 

"""" 1 """" dBO 
V=- ê --

0 N e!J. y dz ' 
0 0 

(2. 2. 3) 

(êy being the unit vector in the y-direction) and that this y-component, too, depends 

on z only. Thus 

(2.2.4) 

Further we infer that 

18 



With the help of these relations we find from equations (2. 2.1) and (2. 2. 2) 

or, after integration with respect to z, 

B2 
0 p +--= 

0 21J. 
0 

2~-J. 
0 

(2. 2. 5) 

(2.2.6a) 

(2.2.6b) 

where B (p =0) is the magnetic field in vacuum. Equations (2. 2. 6) represent the soo 0 
called pressure balance. From equation (2. 2. 6b) it also follows that p

0 
depends on z 

only. 

Let us assume the electron temperature to be uniform and constant. Then we 

have a uniform and constant velocity of sound according to 

2 Po 
V = '11 --· s N m 

0 

(1. 3. 6) 

This equation together with equation (2. 2. 6b) supplies us with two relations between 

the three variables p (z), N (z) and B (z), and the constant B (p =0). lf the vacuum 
0 0 0 0 0 

field B
0

(p
0 

=0) and the density distribution N
0

(z) are given, p
0

(z) and B
0

(z) are 

determined. 

In the following discussion we eliminate N in favour of the electron plasma 

frequency w and B in favour of the electron c;clotron frequency 0 = I :Ö I according 
p 0 

to equations (1.4.1) and (1.4.2), respectively. In contrast with the discussionin 

the course of which we introduced w and 0 for the first time, both quantities are 
p 

now z-depending. The cyclotron frequency with respecttoB (p =0) will be denoted 
0 0 

with 0 . Thus, the observation of the preceding paragraph now reads: w (z) and 0 
0 p 0 

being given, p (z) and O(z) are determined. 
0 

The explicit dependenee of 0 on w2 and 0 is found from the pressure balance 
p 0 

(2. 2. 6) which reads after elimination of p with the help of equation (1. 3. 6) and 
0 

introduetion of the definitions (1. 4.1) and (1.4. 2) 

2 
~V S Ul2 + o2 = 02 (2. 2. 7) 
K 2 p o· 

c 

19 



Differentiation of this equation yields 

(2. 2. 8) 

For later reference we also express v in termsof u? and 0 . Denoting the 
.... 0 p 0 

only non-zero component'of v , i.e. the y-component, with v , elimination of N 
0 0 0 

and B from equation (2. 2. 3) yields 
0 

(2. 2. 9) 

2. 3 THE LINEARIZA TION OF THE BASIC EQUA TI ONS FOR AN INHOMOGENEOUS 

PLASMA 

The next step is the linearization of thenon-linear set of equations (1. 2.1) to 

(1. 2. 6). The difference with section 1. 3 stems from the fact that we now have to do 

with an inhomogeneons plasma. Therefore we must take into account the existence 
.... 

of the stationary, but space depending quantities B , p and N and, because of 
0 0 0 

equation (2. 2. 3), of a non-zero v 
0

. 

We denote the x-, y-, and z-components of v by u, v, and w, respectively. 

We further note that none of the quantities involved depend on x, due to our chosen 

configuration. First order quantities are denoted by the subscript 1. A second 

subscript refers to the component we are dealing with. As v bas a y-component 
0 

only (see equation (2. 2. 3)) the equations of motion (1. 2. 1) give: 

e (E + v B ) 
m lx o lz ' 

(2. 3. la) 

(2. 3. lb) 

oWl oWl e ( ) Nle 1 opl 
--+v --=- E -v B -v B +--v B ---èlt o èly m lz o lx 1 o N m o o N m d'Z' 

0 0 

(2. 3. lc) 

The equation of continuity (1. 2. 2) reduces to 
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(2. 3. 2) 

From the adiabatic equation of state (1. 2. 3) we find with the help of equation (2. 2. 7) 

(2. 3. 3) 

provided we reassume a uniform zeroth order temperatu.re, so that v is a constant. 
8 

From equations (1. 2.4) to (1. 2. 6) we find 

(2.3.4a) 

(2. 3.4b) 

(2. 3. 4c) 

and 

__!_(oBlz- oBly) = e 
~o ay oz o 

(2. 3. 5a) 

JJ.o oZ 
(2. 3. 5b) 

(2. 3. 5c) 

The set of equations (2. 3. 1) to (2. 3. 5) divides into two independent sets. One set is 

formed by equations (2. 3.1a), (2. 3. 4b), (2. 3. 4c), and (2. 3. 5a), the other by the re

maining equations. The dependent variables of the first set are all quantities 

connected with a wave polarized so, that the electric field of the wave is parallel to 

the static magnetic field. Apparently this set governs the propagation of the ordinary 

wave mode. The other set refers toa wave of which the magnetic field is parallel 

21 



to the static magnetic field. Clearly this is the extraordinary wave mode. 
Summarizing, we observe that, although we are dealing with an inhomogeneons 

medium, there is no coupling up to the considered order between the ordinary and 

extraordinary mode, due to the chosen configuration. 

2. 4 REDUCTION TO ORDINARY DIFFERENTlAL EQUATIONS 

For the sake of simplicity we restriet ourselves to monochromatic waves. 

The solutions given below then apply to every Fourier component of a non-harmonie 

wave. We observe that all coefficients in both sets of equations included in (2. 3.1) 

to (2. 3. 5) are independent of y. This enables us to apply a Fourier transform with 

respect to y. Performing this transform we are left with Snel' s law and two sets of 

ordinary differential equations 5. 

However, we will confine ourselves to the case of normal incidence with 

respect to the stratification, i.e. oloy 0 and o/oz d/dz. In view of our 

restrietion to monochromatic waves we suppose all our dependent variables to be 

proportional to exp(-imt) (cf. section 1.4). 

Elimination of all dependent variables but Elx from the first set leaves us 

with the wave equation for the ordinary wave mode: 

(2. 4. 1) 

where k(z) is the local wave number given by 

(2.4. 2) 

The wave number in vacuum k is defined by equation (1. 4. 7), m by equation 
0 p 

(1.4. 1). Equation (2.4. 2) has the same form as the dispersion relation for the 

ordinary mode in a homogeneons plasma (1.4. 6), but now w2 is z-depending. 
p 

Elimination of all dependent variables but E1y and Elz from thesetof 

equations for the extraordinary mode leaves us with the following set of two 

coupled second order differential equations: 
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=0, (2. 4. 3) 

2 2 2 
d Ely + w -wp E + iw d ( E ) + . wO E - 0 

dz2 c2 ly 7 dz v o lz 
1 -;t: lz - · 

(2. 4. 4) 

The cyclotron frequency 0 is defined as the absolute value of (j (see equation 

(2. 2. 8)). In gene ral, the elimination leading to an equation for one of the components 

of the wave involves a fourth order differential equation. 

2. 5 REDUCTION OF THE EQUATIONS FOR THE EXTRAORDINARY WAVE MODE 

FORA SLOWLY VARYING DENSITY PROFILE 

In the preceding section we showedamong other things that the wave equation 

for the ordinary mode in our inhomogeneous case is the same as the one in the 

homogeneous case, except that w is z-dependent. It seems therefore worthwhile to 
p 

investigate whether there exist sufficiently general conditions under which the same 

is true for the extraordinary wave mode. 

We observe from equation (2. 2. 9) that at zero temperature, i.e. v = 0, s 
v 

0 
= 0. Under these circumstances the set of equations (1. 4. 3b) and (1. 4. 3c) and 

the set (2. 4. 3) and (2. 4. 4) both reduce to the same form. Apparently v = 0 is the s 
condition sought. However, this condition is too stringent. Thus the question rises 

how small should v be in order to obtain a reasonable approximation of the solution s 
of the rigorous equations (2. 4. 3) and (2. 4. 4) by solving these equations with v s = 0. 

It is the objective of this section to evàluate a set of mutually compatible conditions 

which, if respected, allow for this procedure in the case of a density which varies 

slowly in space. The case of a sudden density changeinspace will be postponed to 

the next section. 

For this investigation it is useful to specify completely the density profile to 

be considered. In accordance with what has been stated in the first section of this 

chapter, we base our treatment on the transitional Epstein profile. The latter can 

be specified by 

(2. 5. 1) 
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(cf. Fig. 2. 1). The transition thus takes place between vacuum at z-+ -<X) and a 

homogeneous plasma, with plasma frequency w , at z .... +co. Our condition of a po 
slowly varying density can now be specified: 

k1 )> 1, (2. 5. 2) 

where k is the local wave number. The condition implies that we are justified in 

making the following estimate: 

l:zl ~k. (2. 5. 3) 

The terms of equation (2. 4. 3) that may be neglected under conditions to be 

evaluated, are the second and fifth term. The omission of the latter lowers the 

order of the fourth order differential equation in E1y which is equivalent to the set 

of simultaneous equation (2. 4. 3) and (2. 4. 4). Of equation (2. 4. 4) the third term 

may be neglected. The omission of part of this last term lowers the order even 

further toa second order equation. This lowering of order means the disregard of 

certain modes. These modes constitute the inhomogeneous counterpart of the 

modes we disregarded in the homogeneous case. Hence, they are related to the 

generalized Bernstein or Buchsbaum-Hasegawa 14
-

16 modes. As in the 

homogeneous case, our model is notadequatefora proper treatment of these 

modes. 

The procedure is now as follows. We compare each of the terms that may be 

neglected with one other, adequately chosen, term of the equation in question. If 

we succeed in finding a condition under which the former is small compared with 

the latter for all z, we have foWld a sufficient condition. Our ambition does not go 

further. 

The comparison terms will be chosen on the basis of their independenee of k 

and the ease with which they can be compared. In equation (2. 4. 3) we first compare 

the sixth with the fourth term, next the second with the third one and then the fifth 

with the fourth term. Finally, in equation (2.4.4) the third term will be compared 

with the fourth one. 

The fifth term in equation (2. 4. 3) may be neglected provided for all z 

2 d2E 
vs lz 
-2 2 <Ck El ' 
c dz 0 z 

(2. 5. 4) 
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or, in view of the estimate (2. 5. 3), 

(2. 5. 5) 

For later reference we make here the observation that this disregard under 

this condition has very much in common with the situation we encountered in the 

last paragraphs of section 1. 4 for the homogeneous case. There we were left with 

relation (1. 4. 16) between the longitudinal and the transverse part of the electric 

field. Hence, we feel justified in stating that arelation of that type should also 

hold locally in the inhomogeneous case, at least in a first approximation. We 

therefore put 

2 
E 1 = w A, z p 

(2. 5. 6) 

where A is insome way proportional to E1Y. 

The second term in equation (2.4. 3) may be neglected provided for all z 

(2. 5. 7) 

Introduetion of equation (2. 2. 9) and the density profile (2. 5.1) leaves us with 

-2 z 
cosh 21 (2.5.8) 

for all z. This condition is certainly satisfied if, for all z, 

(2.5.9) 

The fifth term in equation (2. 4. 3) may be neglected provided for all z 
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d(OvE) 
dz o 1z (2. 5. 10) 

Invoking the ansatz (2. 5. 6) this condition falls apart into two separate conditions 

that should be satisfied simultaneously and for all z: 

(2. 5. lla) 

I 
dAl 2 I I (x-1) nv0 dz j4 w A (2. 5. 11b) 

With the help of equation (2. 2. 9), the density profile (2. 5. 1), and the estimate 

(2. 5. 3), these conditions read, respectively, 

( 1 + tanh ~) cosh
2 if 

z tanh 21 

C z) 2 z 1 + tanh 
21 

cosh · 
21 

(2. 5. 12a) 

(2. 5. 12b) 

for all z. In view of condition (2. 5. 2) these two conditions are certainly satisfied if, 

for all z, 

(2. 5. 13) 

The third term in equation 2. 4.4 may be neglected provided for all z 

(2. 5. 14) 

From an argument.quite similar to the one in the preceding paragraph, we find that 

this condition is certainly satisfied if, for all z, 
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(2. 5. 15) 

Conditions (2. 5.13) and (2. 5. 15) are of the same type. If r? /w2 < 1, condition 
0 

(2. 5. 15) includes (2. 5. 13); if not, then condition (2. 5. 13) is the decisive one. 

In these calculations we have estimated factors 0 by factors 0
0

. From 

equations (2. 2. 7) and (2. 5. 1) we see that 

2 2 

{ 
2 vs wpo ( 

0=0 1---- 1 +tanh 
o x. c2 02 

0 

Therefore 0 may be replaced by o
0

, if, for all z, 

2 
V 

~~ 
2 

c 

This condition is certainly satisfied if 

1 

1 + tanh ..z.. 
21 

(2. 5. 16) 

(2. 5. 17) 

(2. 5. 18) 

In contrast to the other conditions evaluated in this section this last condition is 

independent of I. Thus, under the same condition the same estimate for 0 will hold 

even for a sharp boundary. 

Summarizing we remark that we are justified to think of the plasma being 

confined by a magnetic field and still neglect all effects due to the finite compress

ibility and the diamagnetic effect of a confined plasma, provided the temperature 

is low enough to fulfil the conditions stated above. Conditions (2. 5. 5), (2. 5. 9), 

(2. 5.18), and (2. 5.15) are violated in the neighbourhood of alocal resonance, i.e. 

k-o <Xl, 

A discussion of the usefulness of the approximate solution if there is a local 

resonance in the profile, and consequently, conditions (2. 5. 5), (2. 5. 9), (2. 5.13), 

and (2. 5. 15) are locally violated, may be postponed until we have evaluated that 

solution. 
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Equations (2. 4. 3) and (2.4.4) readunder the above stated conditions and after 

introduetion of the density profile (2. 5. 1), respectively, 

(2. 5. 19) 

d
2

E 
2 

0 
dziy + k2o { 1 - w2wpo2 ( 1 + tanh z ) } E + . k2 o E - 0 21 ly 1 o w lz - • (2. 5. 20) 

Elimination of Elz from this set leaves us with one second order differential 

equation in E
1

y. This equation may be indicated in the following way: 

2 
dEl 2 
---,.

2
-"-Y + k (z) E

1 
= 0 , 

dz Y 
(2. 5. 21) 

where k (z) is to be identified with the local wave number we have already introduced 

in the inequality (2. 5. 2). It is found from 

(2. 5. 22) 

which is in fact the same as equation (1. 4.15). However, w is nota constant any
P 

more, but is determined by the density profile according to equation (2. 5. 1). 

2. 6 REDUCTION OF THE EQUATIONS FOR BOTH WAVE MODES IN THE CASE 

OF A SHARP BOUNDARY BETWEEN THE VACUUM AND THE PLASMA 

In this section we derived the forms to which the equations for both 

characteristic modes reduce in the case of a sharp boundary, consirlering this case 

as the limit 1 _, 0 of the smooth transition from vacuum to plasma as represented 

by equation (2. 5. 1). In this limit equation (2. 5. 1) reduces to 

2 2 
w = w U(z) , P po 

(2. 6. 1) 
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where U(z) is the Heaviside unit function (cf. ref. 17, p. 56) . 
.... 

In zeroth order there is a surface current j'
0 

in this limit, giving account of 

the difference between the magnetic field inside and outside the plasma. It is easily 

found in the following way 

.... e m 2 
j 1. N ..... o 1' ..... m =- 1m ev =---Imw v =-
o 1 .... 0 o o e l....O p o xe~-~o0 

2 2 
vs wpo 
2oö(z) • 
c 0 

(2.6.2) 

where Ö(z) is the Dirac 8-fu.nction (cf. ref. 17, p. 59). In order to arrive at this 

result we made use of equations (1.4. 1), (2. 2. 9), and (2. 6.1). 

From equations (2. 4.1) and (2. 4. 2) we find by simply inserting equation 

(2. 6. 1) the equation for the ordinary wave mode in the limit 1 .... 0 

(2. 6. 3) 

This equation does not contain terms proportional toa 8-function nor to its 

derivative 8 '(z). The appearance of terms of the former type would mean some 

surface current, that of the latter some dipole layer at the surface. Both would 

have effected the solution because they should have been taken into account while 

applying the boundary conditions. As they are absent the solution is exactly the one we 

presented already in section 1. 5 for this mode. 

With the extraordinary mode matters are less simple. As we shall see, the 

terms of equations (2. 4. 3) and (2. 4. 4) that could be neglected under certain con

ditio:rc;;, as we showed in the preceding section, reduce in the limit 1 ..... 0 to terms pro

portional to Ö(z) and 8 '(z). Consequently, these terms effect the solution as sketched 

for this mode in section 1. 5, at least in principle. It is the aim of the remainder of 

this section and the following one to show that this effect is negligible under similar 

conditions as the ones found in the preceding section for the smooth transition case. 

Before calculating the limit for 1 .... 0 of the different terms we remember 

equation (1.4.16) for the homogeneaus case, which holds under condition (1.4.14): 

E =i 1z (2. 6. 4) 

where w and 0 are translated into the language of section 2. 6. It is easily verified 
p 
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from equations (2. 4. 3) and (2. 4. 4) that in vaeuum E1z = 0: electromagnetic waves in 

vacuum are purely transverse. This suggests that we might satisfy equations 

(2. 4. 3) and (2. 4. 4) in the limit 1....0 with the ansatz 

i 
u:P 0 U(z) 

po o 
{2. 6. 5) 

Studying now the unwanted termsof equation {2. 4. 3) we first investigate the 

seeond term on the leftof this equation. With the help of equation (2. 2. 9) we find 

{2. 6. 6) 

Substitution of the Epstein profile (2. 5. 1) and of equation {2. 5.16) yields 

{2. 6. 7) 

Taking now the limit 1--0 and ehanging the order of taking the limit and the deriv

ative yields (cf. ref. 18, p. 18, definition 6) 

2 
lim wpv o _ 1 

1->0 -2--- 2 
oe 

We have already made the restrietion 

Thus, we finally find 
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2 2 2 
• W V V W 

hm p o = 1 ~ po ö (z) . 
1-+0 ~ K c2 r? 

0 

(2. 6. 9) 

From our ansatz (2. 6. 5) it follows that 

d2E 2 0 dE d
2

E 
--;::.1=z = i wpo 0 { ö '(z) E (0) + ö(z)f 1Y\ + U(z) 1Y} . 

dz2 w(w2-w2 -02) 1y \: dz :/z=O dz2 
po o 

(2.6.10) 

It should be borne in mind that, if the sifting property of the ê -function selects 

a point corresponding with a discontinuity of the function in question, the mean 

value at that point has to be taken, i.e. 

J ö(z)f(z)dz 

(cf. ref. 17, p.67). 

f(+O) + f(-0) 
2 (2. 6. 11) 

Focussing our attention on the fifth term of the left hand memher of equation, 

(2. 4. 3) we find, with the help of equations (2. 2. 9), (2. 6. 1), (2. 6. 5), and an 

argument·similar to that leading to equation (2.5.6), 

(2. 6.12) 

In the same way we find 

2 2 
V W 

iw lim d (v E ) = _ _!__~ po ö'(z)El (0). 
2 1 .... 0 dz o 1z x 2 2 2 02 Y 
c c w IDpo- 0 

(2. 6. 13) 

Introduetion ofexpressions (2.6.1), (2.6.9), (2.6.10), (2.6.12), and (2.6.13) into 

equations (2. 4. 3) and (2. 4. 4) yields, respectively, 

dE 
ê(z)( ly~ + 

\:: dz -;z=O 



2 w2 ~E vs po {1 , 1y~ 
2 2 2 2 -;zó (z)E1 (0) + 6 (z) dz + U(z) 

c w -w -a Y z=O po o 

(2. 6. 14) 

(2. 6.15) 

where ne is defined by equation (1. 5. 9). In the notation of this chapter we find with 

the help of equation (1.4. 15) 

2 2 2 
e 2 wpo(w -wpo) 

(n ) - 1 = - 2( 2 2 2 ) 
w w -w -n po o 

(2. 6. 16) 

In order to end up with equations (2. 6. 14) and (2. 6.15) we did nottry to be 

completely rigorous. Because our aim does not go beyond obtaining equations that 

are correct under conditions that may be as stringent as the conditions evaluated 

in the preceding section, we made use of those conditions insome places. For 

instance, the ansatz (2. 6. 5) implies the neglect of Bernstein modes (cf. sections 

1. 4 and 2. 5). Hence, for consistency, we should neglect the last term between the 

curly brackets on the leftof equation (2. 6. 14). 

2. 7 THE EXTRAORDINARY WAVE MODE IN THE CASE OF A SHARP BOUNDARY 

Confining ourselves to waves propagating to the right, a restrietion which is 

by no means essential for our argument, the solution of both equations (2. 6. 14) and 

(2. 6. 15) is supposed to be of the form 

ik z -ik z in~ z 
E 1y =(e 0 +Ree 0 

) U(-z) +Tee 0 U(z). (2. 7.1) 

The amplitude of the incident wave has been normalized to unity; hence, R and T e e 
are the reflection and transmission coefficients as defined in section 1. 5. 

We find from equation (2. 7. 1) , successively, 

1 + R + T 
E (0) = e e 

ly 2 (2. 7. 2) 
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where we applied the ru1e (2. 6. 11); equation (2. 7. 1) further yields 

d
2

E 1 2 ( ik z -ik z ) 2 2 in ek z 
-~2Y"--- k e 0 + R e 0 U(-z)-k (ne) T e 0 U(z) + 

dz o e o e 

/ " /' ) + ik 1 -1 + R + neT ) 6 (z) - l 1 + R -T ó '(z) • 
o"'- e e ""- e e 

After insertion of these expressions in equation (2. 6. 1) we require the 

vanishing of the coefficients of 5 (z) and 6 '(z) and are left with, respectively, 

e 2 2 "'2 
(1 - Re) - n Te == 1 v s wpo ( 1 ~'o \ 

e - 2 2 ,..,2 \._ -;z+ 2 2 r.2 ") 
(1 - Re) + n Te c H w -w - .. 

1 + R - T e e _ 
1+R +T-

e e 

o po o 

2 2 
_1.l v s wpo 

2 x 2 2 2 r'\2 c w -w -.& po o 

Elimination of R gives, taking into account condition (2. 5. 18), 
e 

(2. 7. 3) 

(2. 7. 4) 

(2. 7. 5) 

(2.7.6) 

(2. 7. 7) 

Remembering condition (2. 5. 5) in conneetion with equation (2. 5. 22), or con

dition (1. 4.4), it is clear that 

2 2 2 2 
vs w -wp0 -00 
-2 ~ ·-~2-- (2.7.8) 

c wpo 

is not a new condition which is difficult to satisfy. Hence, the relevant part of 
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equation (2. 7. 7) reads 

which is indeed equation (1. 5. 17) for e. = o. 
1 

(2. 7. 9) 

Performing the same calculation on the basis of equation (2. 6. 15) we find 

T =------=-------e 
e 1 n + 1 ---

it c2 2 2 2 w -w -0 po o 

Respecting condition (2. 7. 8) this also yields equation (2. 7. 9). 

(2. 7. 10) 

It is not astonishing that equations (2. 7. 7) and (2. 7. 10) are different. The 

solution was based upon an ansatz which, on its turn, was conjectured from the 

solution for the homogeneaus case. Consequently, the two representations are only 

seemingly different. Their difference is without significanee in view of condition 

(1. 4. 14) that underlies the ansatz (2. 6. 5). Condition (1. 4. 14) indeed implies 

condition (2. 7. 8). 

2. 8 CONCLUSION 

Let us first sum.marize the evaluated conditions. When inequality (2. 5. 2) 

holds, i.e. the smooth transition case, we found conditions (2. 5. 5), (2. 5. 9), 

(2. 5. 13), and (2. 5. 15). In the sharp boundary case we found the extra condition 

(2. 7. 8) and we had already condition (1.4.14). In both cases condition (2. 5.18) 

should hold. When these conditions are respected we can do without the much dis

cussed terros of equations (2. 4. 3) and (2. 4. 4) in both the smooth transition case 

and the sharp boundary one. 

If the following condition holds: 

(2. 8. 1) 

the conditions given above are not difficult to satisfy and are very well compatible, 

except for a limited region in the neighbourhood of alocal resonance. 

Under these conditions we may neglect the influence of the finite compress-
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ibtlity and the diamagnetic effect of a confined plasma in both extreme cases, 

k1 ~ 1 and 1-+0. Therefore it seems quite safe to cönclude that these conditions 

make the reduced form of the equations valid for alll, with a possible local ex

ception. 

Because we ended up with Fresnel' s formula in section 2. 7, we also know 

that the expressions we are going to derive from the exact solution of the reduced 

equations will tend to Fresnel's formulae in the limit 1 .... 0. 

We conclude this chapter by repeating the wave equation for the extraordinary 

mode. We write this equation down in the form we will use in the succeeding 

chapters. This form is found by elimination of the local wave number from 

equations (2. 5. 21) and (2. 5. 22) and reads 

2( 2 2) wp w -wp } _ 
2( 2 2 2) E1y- O ' w w -w -o p 0 

(2. 8. 2) 

where wp is z-depending, according to equation (2. 5. 1). 
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CHAPTER 3 

SOLUTION FOR THE ORDINARY WAVE MODE 

3.1 REDUCTION TO THE HYPERGEOMETRie EQUATION 

The method of solving equation (2. 4. 1) with equation (2. 4. 2) for an Epstein 

profile is well-known in the literature1- 6 (cf. also ref. 7). Recently, a new ap

proach has been developed based upon an integral transformation of the wave 

equation 8. We will base our treatment on the older method, however, as this 

method is suited better for the extension to the extraordinary mode. 

We repeat the wave equation for the ordinary mode which reads after 

elimination of k 

(3.1. 1) 

Inserting the Epstein profile (2. 5. 1) gives 

(3. 1. 2) 

Transformation of the independent variabie by means of 

(3. 1. 3) 

yields 

(3.1. 4) 

which is the hypergeometrie equation. It can be brought into its standard form by a 

transformation of the dependent variabie: 

3'1 



ikl ikz 
0 0 E = (-11) u= e u, 

1x 
(3. 1. 5) 

where we note that -TJ is a positive quantity. The standard form reads 

d
2
u + (::L+ 1 +a+a-Y ~ du + O'S = 0 d112 '- TJ TJ-1 ) d1l 11(11-1) u . 

(3. 1. 6) 

We choose this representation because of its resemblance with equation (A. 1. 1) 

(the A refers to the Appendix). 

In our problem the parameters are given by 

Of il(k +k), 
0 (X) 

=il(k -k) 
0 (X) ' 

y = 1 + 2ilk . 
0 

The wave number k is defined by equation (2. 4. 2) in the limit z,... +oo: ro 

(3. 1. 7a) 

(3. 1. 7b) 

(3. 1. 7c) 

(3. 1. 8) 

i.e. the dispersion relation for the ordinary wave mode far in the plasma (cf. 

equation (1. 4. 6) ). 

3. 2 RELEVANT THEORY AND SOLUTIONS OF THE HYPERGEOMETRie 

EQUATION 

The hypergeometrie equation is of the Fuchsian type 9• It has three regular sin

gular points, two in the finite complex 1)-plane: 11=0, 1, and another at infinity. The 

corresponding values of z are, respectively, -oo, .:tin, +ro. The salution is charac

terized by the following Riemann P-symbol which lists the singular points tagether 

38 



witb tbe ex:ponents relative to them: 

0 1 00 

p 0 0 (3.2.1) 

1-y Y-a-a 

As the equation is of the second order, it has two independent solutions. Therefore, 

there are two exponents relative to each singular point. 

With the help of the so-called homograpbic transformations, i.e. trans

formations that transform the equation into another hypergeometrie equation with 

singular points again at Tl = 0,1 and 'fl ..... oo, we can find four different solutions 

relative to a particular singular point and belonging to a particular exponent. 

Formally one can even double the number of 24 solutions obtained in that way by 

observing that equation (3. 1. 6) is symmetrie in 0t and ~. The 24 solutions were 

first considered by Kummer10. There exists a complete list of them by Erdélyi 

e.a. (ref. 11, p. 105 ff). We cite here those solutions relative to the singular points 

0 and oo, that we shall need later on: 

0 -Ot ( Tl ) u1 = (1- Tl) F\.. Ot,y-a; Y; 
11

_1 , (3. 2. 2) 

u~ Tl I-y (1-Tl) Y-a-1 F ( 1+a-Y, 1-a; 2-y; T1~1) ' (3.2.3) 

(3. 2.4) 

(3. 2. 5) 

The superscripts refer to the singular points. 

The symbol F stands for the hypergeometrie function. It is defined by the 

power series 

. . _ ~ Ot(ar+1)~(S+1) 2 
F(0t,\3, y, Tl)- 1 + 1!y'fl+ 2!y(y+1) Tl+··· (3. 2. 6) 
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It is the solution relative to the singularity 11 = 0 with exponent o. If e1 and e are differ

ent from O, -1, -2, •••• the series converges for all values 1111 < 1. In the case 

Y = O, -1, -2, •••• the series becomes meaningless. Then other definitions are avall

able. 

The region of convergence of the power series defining the hypergeometrie 

functions in equations (3. 2. 2) and (3. 2. 3) is I T}/ (11-1) I < 1, or 

Rei]< i. (3. 2. 7) 

That of the power series defining the F's in equations (3. 2.4) and (3. 2. 5) is 

111 (1-T}) I < 1, or outside a circle with centre at 1 and 0 on its circumference. 

This means that they converge anyway for 

Rel}< 0. (3.2.8) 

Because the hypergeometrie equation is of second order, a linear relation 

with constant coefficients exists between any three different solutions. These rela

tions are evaluated in the common region of convergence of the defining power 

series. All possible relations have been tabulated too11
. They may be used for the 

analytic continuation of any of Kummer' s solutions outside the region of convergence 

of the power series defining the hypergeometrie function involved. 

From Erdélyi' s list we shall need only items 39 and 42: 

r (1-Y) r (1 +era) 
r (1-<1) r (1 +(3-Y) 

uo _ r(Y)f(1-Y)f(1+a-o) 
1 r (2-Y) r (y-e1) r <s> 

ÎTT (Y-1) 0 e u
2 

, 

3.3 SOLUTION FOR PROPAGATION TOWARDS THE PLASMA 

(3. 2. 9) 

(3. 2. 10) 

As remarked in passing in section 3. 1, i1 is always negative for real z (cf. 

equation (3. 1. 3) ) . z .... -co corresponds to 11= 0 and z .... +co to z- -co. It is therefore 

clear that we need in the first place the solutions of equation (3. 1. 6) relative to 

both i1 = 0 and il .... -O'l. In view of the convergence of the associated series it is 

possible toselect out of Kummer's solutions some that have a direct meaning all 

along the negative real ï]-axis. Equations (3. 2. 7) and (3. 2. 8) teach us that the 

solutions (3. 2. 2) to (3. 2. 5) have that property. 
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We confine ourselves to propagation from vacuum to the plasma, i.e. to in

cidence from the left. Then, for z ..... oo(T]- -oo), the solution should behave asymp

toticallyas aplasmawavepropagating to the right. Hence, we should have 

ikz ikl 
00 00 

E1x ....., e = (-T]) (3. 3. 1) 

The sign of the exponent is connected with the convention about the time dependenee 

made in section 1. 4. The asymptotic behaviour of u should therefore be, as we see 

from equation (3. 1. 5), 

-il (k
0 
-~) -s 

u ,.., (-T]) = (-T]) (3.3.2) 

where we made use of equation (3. 1. 7b). 

From our selection of solutions (3. 2. 2) to (3. 2. 5) the last one, u~, has this 

required asymptotic behaviour. Hence, this is the solution we are looking for. 

A similar argument leads to the identification of u~ and eiTI(y-l)u~ (equations 

(3. 2. 2) and (3. 2. 3) with the incident and reflected waves. 

Normalizing the amplitude of the incident wave to unity as insection 2. 7 we 

can write equation (3. 2. 9) also as 

(3. 3. 3) 

where T and R are again the transmission and reflection coefficients based upon 

the amplitudes of the waves. A comparison of equations (3. 2. 9) and (3. 3. 3), while 

inserting the parameter values (3. 1. 7), yields 

r (1 + 2ilk ) r { 1 - u (k + k > }r { -u (k +k > } 
R=- o o oo o oo 

r (1 - 2ilk ) r { 1 + u (k - k ) } r { u (k -k > } ' 
0 0 00 0 00 

(3. 3.4) 

r { 1 - il (k
0 

+ ~)} r{ -il (k
0 

+ ~)} 
T = r (-2ilk > r (1-2ilk > · 

0 00 

(3. 3. 5) 

With the help of the recurrence relation for the r-functions applied to those 

factors which become singular at 1 = 0, we find for the limit 1 ..... 0 the Fresnel 

formulae: 
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k - k 
. 0 (X) 

hmR =k +k 
1 ... o o (X) 

2k 
lim T = k +ok 
1--0 0 (X) 

(3. 3. 6) 

2 (3. 3. 7) 

where an index of refraction n ° for the ordinary mode in a homogeneous plasma has 

been introduced, as we did before (cf. equation (1. 5. 8) ). It is defined by 

2 2 
o 2 k(X) wpo 

(n ) =-= 1 --2-. (3. 3. 8) 
k

2 
w 

0 

If we are only interested in the absolute value of R and T we find from equations 

(3. 3. 4) and (3. 3. 5), with the help of the recurrence relation and the following 

identity for f-functions with a purely imaginary argument
12 

r (iq) r < -iq) 2 = TT (3. 3. 9) 
qsinh nq ' 

(q being real) 

sinhnl (k - k ) 0 (X) 
(3. 3.10) sinhnl (k + k ) 0 (X) 

= 
2 
~0 j sinh 2nlk0 . sinh 2nlk(X) 

k sinhnl (k + k ) (X) 0 (X) 
(3. 3. 11) 

3.4 SOLUTION FOR PROPAGATION OUT OF THE PLASMA 

Drawing our attention to incidence from the right, i. e from the plasma to 

vacuum, we observe, that the required asymptotic behaviour then preelucles the 

solution behaving asymptotically (for z_,- (X)) as a plane wave propagating to the 

right. The solution behaving as 

42 

-ik z -ik 1 
El ,...., e o =(-Tl) o 

.Y 
(3.4.1) 



in the limit Z-+ -cc is the right one. As before this leads with equations (3.1. 5) and 

(3.1. 7c) to 

-2ik 1 1-y 
0 u ,.... (-'fl) =(-Tl) (3. 4. 2) 

for Tl__. 0. The solution having this behaviour is e in( y-l)u~ (equation (3. 2. 3) ). As 

before we can write 

(3. 4. 3) 

because u~ and u; can be easily identified with the incident and the reflected wave, 

respectively. 

A comparison with equation (3. 2. 10) yields after insertion of the parameter 

values (3. 1. 7) 

(3. 4.4) 

(3. 4. 5) 

In the limit 1 __. 0 these expressions again reduce to the relevant Fresnel' s formulae, 

i.e. 

lim R = 
1 .... o 

(3. 4. 6) 

and for lim T the same expression as before (equation (3. 3. 7) ). 
1....0 

Determination of the absolute value invokes expressions identical with those 

derived before, with the only exception that in the expression (3. 3. 11) for T the 
1 

factor (k /k )2 has to be replaced by its inverse. 
0 co 
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CHAPTER 4 

SOLUTION FOR THE EXTRAORDINARY WAVE MODE 

4.1 REDUCTION TO HEUN'S EQUATION 

The metbod of the preceding chapter can be applied aimost completeiy un

changed to the wave equation for the extraordinary mode. This wave equation reads 

after eliminatien of k from equations (2. 5. 21) and (2. 5. 22) 

2 2 2 2. 
d El 2 { Ul (Ul -W~) I 
- ----,="Y'- + k 1 - P P j. E - 0 2 2 2 ly- . 

dz 
0 

w (w -w 2-o~ 
p 0 

Introduetion of the transitional Epstein profile 

2 1 2 ( tanh z) wp = 2 wpo 1 + 21 

and transformation of the independent variabie according to 

yieids 

with 

2 2 
w -o 

- 0 
a- 2 2 2 

Ul -w -0 po o 

(4.1.1) 

(2. 5.1) 

(3. 1. 3) 

(4. 1. 2) 

(4. 1. 3) 

This is an equation of the Fuchsian type 1 with four singular points. It can be 

brought into standard form by a transformation of the dependent variabie of the 

same type as before (equation (3. 1. 5) ), viz: 
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E = (-Tl) 1y 

yielding 

ik 1 
0 

u = e 
ik z 

0 u, (4.1.4) 

(4. 1. 5) 

This equation is a special form of Reun's equation. Some features of its theory have 

been summarized in the Appendix, in as far as this theory is relevant to our problem. 

Reun's equation reads quite generally 

(A.I. 1) 

By comparing this equation with equation (4.1. 5) it follows that in our problem the 

values of the main parameters are given by 

il (k +k ) ' 
0 CD 

(4. 1. 6a) 

(4. 1. 6b) 

y = 1+2ilk
0

, (4. 1. 6c) 

8 = 1 +a+s -v = o , (4. 1. 6d) 

and that of the accessory parameter b by 

(4.1. 7) 

We introducedas an abbreviation the wave numberk connectedwiththelimit-
CD 

ing homogeneous plasma region z .... CD, It is indeed the wave number we would find 

from equation ( 2 .. 5. 22) in the limit z .... CD. This equation reads for that limit 
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2(2 2"\ 
- wpo w -wpo) .. } 

2( 2 2 2) w w -w -o po o 

(4. 1. 8) 

It is in fact the same expression as the one given by equation (1.4. 15) or (2. 6. 16). 

4. 2 THE CMA-DIAGRAM AND THE PHYSICAL INTERPRETATION OF THE 

FOURTH SINGULAR POINT 

Without any doubt the most elegant way of presenting the salient properties of 

wave propagation in a plasma is the Clemmow-Mullaly-Allis diagram
2

. We are only 

interested in that part of the complete CMA -diagram that is relevant to the prop

agationoftheextraordinary wave mode. Therefore we refer the readers to Stix's 

textbook2 for the complete CMA -diagram for the two-component cold plasma. Here 

we sketched the incomplete diagram for the extraordinary mode, assuming the ions 

infinitely heavy (Fig. 4. 1). 

In this diagram we have a parameter plane with a coordinate system where the 

abscissa is proportional to w2 /w 2 andthe ordinate to o2 /w 2
• We drawlinea thatdivide 

p 
the parameter plane into regions where the sign of the square of the local wave 

number, k
2

, remains unchanged. The lines are found from the dispersion relation 

(2. 5. 22). The parabola 

constitutes the locus k2 = 0; the straight line 

2 2 2 w -w -0 p 

(4. 2. 1) 

0 (4.2.2) 

the locus k2 ... co. The former is called a cutoff, the latter a resonance. In the bound

ed area in between those two loci k2 is negative, i.e. the wave is evanescent. 

This is also the case in the area on the right of the parabola. In the remaining part 

of the parameter plane k2 is positive. 

For our problem another division into areas is appropriate. In Fig. 4. 1 we 

marked this division with different hatchings in the way indicated. 

To facilitate the comparison with Stix's 2 denomination of the different regions 

in the complete two-component cold plasma CMA -diagram we give the correspon-
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0 
0 0.5 1 1.5 2 w2 p 

w2 

W1 region (a )1) I region 111 (a(O) 

~~ region 11 (O(a(1) k2(0 

Fig. 4.1 TheClemmow-Mullaly-Allis diagram for the extraordinary wave mode. 

dence between our division and Stix's regions. Region I (w~+n2 < w2
) corresponds 

to Stix's regions 1 and 2; region II (w
2 < o2

) to 6a, 7, and 8a; region III 

(r} < w2 <w 
2 

+ o2 
), finally, to Stix's regions 3, 4, and Sa. 

p 
Proceeding from vacuum, where the magnetic field has a certain value, 

through the density transition to the limiting homogeneous plasma, where, at least 

in principle, the value of the field has slightly changed, means traveling along some 

path in the CMA-diagram. The starting point is a point somewhere on the ordinate. 

The end point is the point in the CMA-diagram determined by the plasma parameters, w 
po 

and 0
0

, beyond the densitytransition. Jnourproblem we confined ourselves to the case 
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in which we may neglect the diamagnetic effect of a confined plasma. Consequently, 

this path is a straight line parallel to the abscissa. 

The fourth singular point, a, of equation (4. 1. 5) plays an essential role in our 

discussion. lts presence causes the difference between the present discussion and 

that of the preceding chapter. From its definition it is clear that a may, in prin

ciple, have any real value. 

In Fig. 4.1 we sketched some broken lines. They represent loci of parameter 

values w and 0 that give some prescribed constant value of a. It is now easy to po o 
see that we chose the regions I, II, and III such, that w and 0 determining a po o 
point in region I means 1 < a < co, in region II 0 < a< 1, and in region m -co < a < o. 

As transformation (3.1. 3) maps the spatial variabie z on the negative real11-

axis of the complex 11-plane, 11 =a corresponds toa meaningful z only if -co< a< 0, 

i.e. if w and 0 determine a point in region m. Then the propagation through the po o 
profile involves the passing of the line k2 .... co in the parameter plane, i.e. the pro-

file has a local resonance. Indeed, as is readily seen from the dispersion relation 

(2. 5. 22) with the help of the profile (2. 5.1), 11 =a means k2 .... oo: it corresponds ex

actly with the coordinate of the local resonance. 

The wave first reaches alocal cutoff, then passes through an evanescent 

region until it attains the local resonance. Then it travels again in a transparent 

region until it may reach again the parabola where it experiences again a cutoff. 

Thus our theory gives a description of the "tunneling" of the wave through the 

evanescent region in between the first cutoff and the resonance. This type of tun

neling is known as Budden tunneling2- 4. However, Budden 3• 4 uses a highly idealized 

wave equation, which has the characteristic feature of an infinity and a zero of the 

square of the local wave number, while our treatment is based upon a more realis

tic density profile. 

The two remaining regions represent two cases that are not essentially dif

ferent. The profile doesnothave alocal resonance, but may have a cutoff. 

However, as we will see, the fact that a lies in between 1 and oo in one case, and in 

between 0 and 1 in the other, forces us to proceed in different ways. This justifies 

the distinction between the two. 

4. 3 THE ASYMPTOTIC BEHA VIOUR OF THE SOLUTIONS 

As in the preceding chapter, the sol ut ion is completely determined by the re

quired asymptotic behaviour of the solution and by the amplitude of the incident 

wave. We normalize this amplitude to unity. 

In the case of propagation from vacuum to plasma, i. e. to the right, there 
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exist in vacuum the incident and the reflected wave; in the plasma we find the trans

mitted wave with the following asym.ptotic behaviour at z .... - co ('Tl == 0) (cf. section 

3. 3): 

ik z -ik z 
E == e 

0 
+Re 

0 

1y (4. 3. 1) 

With the help of equations (3. 1. 3) and (4. 1. 4) this mayalso be represented by 

-2ik 1 
0 

u = 1 + R(-11) 

For z .... +co ('Tl .... - co) we similarly find 

ik z co 
Te , 

or 

·-il(k -k ) 
0 co 

u = T (-'f1) 

(4. 3. 2) 

(4. 3. 3) 

(4. 3. 4) 

For propagation in the opposite direction, i.e. from the plasma to vacuum, we 

derive for z -- co ('Tl = 0) 

-ik z 
E =Te 0 

1y 
(4. 3. 5) 

or -2ik 1 
u T (-'f1) 0 (4.3.6) 

and for z .... +co ('Tl-- co) 

-ik z ik z co co 
+ Re , (4. 3. 7) 

or -il (k +k ) -il (k -k ) 
u (-'Tl) o co +R(-'Tl) o co (4. 3. 8) 
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4.4 JUSTIFICATION OF THE CHOICE OF THE SOLUTION OUT OF THE COMPLETE 

SET OF SOLUTIONS 

Finding analytic expressions for the reiLeetion and transmission coefficients 

is again reduced to a matter of establishing formulae for analytic continuation of 

suitable solutions of Heun's equation. From what we have seen in the preceding 

chapter it is clear that we are in the first place interested in the solutions relative 

to the singular points of the equation Tl = 0 and Tl .... - oo. 

Let us first consicter the solutions relative to Tl = 0. Out of the total set of 

homographictransformations (cf. sectionA. 3 oftheAppendix) wefirst select those that 

map11 = 0 into Tl' = 0, where Tl' (11) denotes the transformation. We learn by inspee

tion that two of these transformations give solutions with a Heun function of an ar

gument such, that the associated series converge all along the negative real 11-axis, 

provided the absolute value of the fourth singular point of those Heun functions 

exceeds unity (cf. section A. 2). These transformations, and as a matter of fact, 

the argumentsof the resulting Heun functions are 11'= 11/(11-1) and Tl'= 11/<11-a). 

The fourth singular point belonging to the former is a/ (a-1) and to the latter 

1/ (1-a). 

For 1 <a< co it is clear that a/ (a-1) > 1, and therefore the solutions suitable 

for this case are given by expressions (A.4.1) and (A.4.2). For 0 <a< 1 1/(1-a) 

> 1 and suitable solutions in this case are given by (A.4. 4) and (A. 4. 5). 

Considerations ofthe sametype lead tothe choice ofthe solution(A.4.17) and (A.4.18) 

in the former case and of (A.4.13) and (A.4.14) in the latter case for the solutions 

relative to 11 ..... -co. This justifies our choice of solutions in the sections 4. 5 and4. 6. 

4. 5 FREQUENCY OF THE WAVE ABOVE THE CYCLOTRON FREQUENCY; NO 

LOCAL RESONANCE 

In this and the following section analytic expressions for the reiLeetion coef

ficient Rand the transmission coefficient T are evaluated in terms of Heun 

functions. For various cases when a> 0, i.e., when there is no local resonance. 

We first consider the case 1 <a< co. In the preceding section we inferred 

that the solutions involved were given by equations (A.4.1), (A.4.2), (A.4.17), and 

(A.4. 18). After introduetion of the parameter values (4.1. 6) and partly of (4. 1. 3) 

these read 
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-il (k +k ) 
u~ = (1-11) o co 

1+il (k +k ), 1+2ilk O· _]_ "': = 
o co o' ' 11-1 / 

-il (k +kJ 
= (1-11) 

0 H~( 11~1)' 

u (k -k ) -2ilk 
0 0 co 0 

u
2 

= (1-11) (-11) 

2 1""12 
,..W -u 

Hf- 0 b0 'l(k k) 1 il(k k) 1-2ilk o· - 11-) = . \._ 2 ' 2; -I 0- tri ' - 0- tri ' 0' ' 11-1 
wpo 

il (k -k ) -2ilk 0 'Tl 
0 CXI 0 ( 'I ) = (1-11) ( -11) H2 1)-1 ' 

-il (k +k ) 
tri 0 co 

u1 = (a-1)) 

1 +il (k +k ) , 1 +2ilk , 0; a 'Tl) = o co o:~ a-, 1 

-il (k +k ) 
o co co( a \ = (a-l)) H3 a-11) ' 

-il (k -k \ o 'af co( a) 
= (a-11) H4 a-11. ' 

with the accessory parameters 
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(4. 5. 2) 

(4. 5. 3) 

(4. 5. 4) 



2 2 
w -o 
--=-2- 0

- il (k
0 

+k
00
)(l +2ilk

0
) , 

wpo 

(4. 5. 5) 

(4. 5. 6) 

(4. 5. 7) 

(4. 5. 8) 

The quantities entering he re are readily found from equations (A .4. 1), (A. 4. 3), 

(A.4.19), and (A.4. 20). We introduced in the indicated way abbreviations for the 

Heun functions involved. 

We discuss separately the two cases of propagation in opposite directions. 

4. 5.a PROPAGATION TOWARDS THE PLASMA 

The first case wetreatin detail is the case of incidence from vacuum to the 

plasma, i.e. from the left. The required asymptotic behaviour for Tl .... -ro is given 

by equation (4. 3. 4). With the help of equation (4. 1. 6b) we verify from expression 

(A. 4. 22) that u; has this asymptotic behaviour. In this case u~ is precluded. 

Just as in the preceding chapter our problem is now reduced to the establish

ment of a linear relationship between u~ on one side and u~ and u~ on the other side. It 

is a relationship which we may find directly, because the defining series of the three 

solutions have a common region of convergence that contains the negative real '\l-axis, 

the solutions being chosen accordingly. We compare the required asymptotic behaviour 

of the solution for Tl-- 0, given by equation (4. 3. 2), with ex:pressions (A.4. 7) and (A.4. 8). 

With the help of equation (4.1. 6c) we find that u~ has to be identüied with the incident 

wave and u~ with the reflected one. 

The relationship to be derived may therefore be represented by 

(4. 5. 9) 
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According to condition (A. 2. 6) the Heun series in question, unfortunately, do not 

converge when their respective arguments equal unity. For finding analytic ex

pressions for R and T we are obliged to write down equation (4. 5. 9) for two values 

of Tl in the common region of convergence, say Tl= -1 and Tl= -a. This leaves us, 

respectively, with 

-ilk 
2 o Hol (-21) Ho (1) R + 2 2. 

-il (k -k ) 
0 <X> oo( a \ 

= (2a+2) H4 \_ a+l )· T, (4. 5. 10) 

2ilk ilk ilk 

Ho( a "\ ( 1 +a"\ o Hoc a "\ R= ( l+aa "\ o (2a+2a2) oo Hoo (1) T 
1 a+l) + -a-) 2 a+l /' · ) 4 2 · · 

(4. 5. 11) 

From these two equations the reileetion coefficient Rand the transmission coeffi

cient T may be evalueted. 

4. 5. b PROPAGATION OUT OF THE PLASMA 

We now turn our attention to incidence from the plasma to vacuum, i.e. from 

the right, for the, otherwise, similar problem. The required asymptotic behaviour 

for Tl .... 0 is given by equation (4. 3. 6). With the help of equation (4. 1. 6c) we infer 

from expression (A. 4. 8) that u~ has this asymptotic behaviour. 

Proceeding as before, we now have to establish the linear relationship between 

u~ on the one hand and u~ and u; on the other. By comparison of equation (4. 3. 8) 

and expressions (A. 4. 21) and (A.4. 22) we learn with the help of equations (4. 1. 6a) 

and (4. 1. 6b) that u~ may be identified with the incident wave and u; with the reflec

ted one. Consequently we write 

0 = Tu
2

. (4. 5. 12) 

As mentioned, the Heun series do not converge fortheir argument equal to unity. 

For this reason we again substitute the points Tl= -1 and Tl= -a into equation (4. 5. 12) 

obtaining consecutively, with the aid of equations (4. 5. 2), (4. 5. 3), and (4. 5.4), 

2ilk ilk ilk 
~c a \ + (a+l) oo Hoo ( ~ \ R= (2a+2) oe a+l "\ ooHo (l) T 

3 a+l 7 · 4 \. a+l) · 2 /' 2 2 
• ' 

(4. 5. 13) 
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2 ilk ilk . ilk 
Hc:o(.l) + (2 ) c:o Hoo(.l) R :::(2a+2) oe~) . oo Ho( a '\ T 

3 2 a 4 2 • \.. a _ a+l 2\.:a+l:J· · (4. 5. 14) 

From these equations R and T may be evaluated. 

4.6 FREQUENCY OF THE WAVE BELOW THE CYCLOTRON FREQUENCY; 

NO LOCAL RESONANCE (w 
2 < o2

) 
0 

We now proceed to the case 0 < a< 1. The relevant solutions are given, as 

noted in section 4. 4, by equations (A. 4. 4), (A. 4. 5), (A. 4. 13), and (A. 4. 14), which 

read with the parameter values (4. 1. 6) and also (4. 1. 3) 

= 

-il (k +k ) 
0 (X) =( 1 _JL) H0 ( T' ~ 

a 3\: 1)-a) ' 
(4. 6. 1) 

il (k +k ) il (k -k ) -2ilk 
0 Ooo Ooo 0 

u2 = a (a-1)) (-Tl) 

b4°; -il (k -k ) l-il (k -k ) 1-2ilk '0; }--) = o oo ' o oo ' o ,
1
-a 

0 CXl 0 CXl 0 0 'I 
il (k +k ) il (k -k ) -2ilk ( 'Ti ) 

= a (a--ij (-1)) H4 n-a • (4.6.2) 
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with 

-il (k +k ) 
u~ = (1-11) 0 eo 

bco
1

; il (k +k ) , 1+il (k +k ) , 1+2ilk , 0; 
1

1
11

:\ = 
0 co 0 co Q) -") 

il)k +k > r 1 ) 
= (1-11) o co H~ \.. 1-11 ' 

-il (k -k ) 
Q) 0 Q) 

~ = (1-'Jl) 

2 2 w -a 
. H( 1- 2 o 

wpo 
bco2; il (k -k ) ' 1 +il (k -k ) ' 1-2ilk '0; 1

1
"' = Oco Oco eo -J 

-il (k -k ) 
= (1-Tl) 0 0) H;( 1:11) ' 

2 2 w-o 
b~ = 12

k! + ( 1 - 2 ° )n (k
0 
-ko:~) (1 +2ilk

0
) • 

wpo 

(4. 6. 3) 

(4.6.4) 

(4. 6. 5) 

(4. 6. 6) 

(4. 6. 7) 

(4.6.8) 

The latter expressions are obtained from equation (A.4.4), (A.4. 6), (A.4.15), and 

(A.4.16). We have introduced the sametype of abbreviations for the Heun functions 

as before. We again consider both directionsof propagation in succession. 
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4.6.a PROPAGATION TOWARDS THE PLASMA 

As in the preceding section, the problem consists of finding the relation be

tween the solutions u; on one side and u~ and u~ on the other. Following the same 

procedure as before and taking the same reference points 'Tl= -1 and 'Tl = -a, we find 

the following two relations, respectively: 

-2ilk ilko il~ 
Ho(_l_) + (a+l) Cl) Hoc_!_'\. R = ca+l ::\ ( 2a+2 ::\ HO) (-1·). T 

3\. a+l 4 a+l) 2a ) a ) 2 2 ' 

(4. 6. 9) 

(4. 6. 10) 

from which relations R and T may easily be evaluated. 

4. 6. b PROPAGATION OUT OF THE PLASMA 

As noticed in section 4. 5 we again need the relation between the solutions u~ 
on the one hand and u~ and u; on the other. In the same way as before we find the 

relations 

2ilk 2 ilk c 2 ) il~ ( 1 ) 1 co co 1 _ o a o 
~ (2 ) + 2 H2 (2)· R- (2a +a) a+l H4 a+l . T, (4. 6.11) 

C 1 
) 

2ilk " 1 j ilk c +1 ) ilkco 0 Cl) co cor _ o a 1 
H1 a+l +(a+l) H2 \.:a+l .R-(2a+a) - 2- H4 (2 ).T, (4.6.12) 

from which RandT may be evaluated for this case. 

4. 7 FREQUENCY OF THE WAVE ABOVE THE CYCLOTRON FREQUENCY; THE 

PROFILE HAS A LOCAL RESONANCE (0~ < w 
2 < w~0 + 0~) 

This situations we encountered in the two preceding sections allowed a direct 
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evaluation of the linear relationship between an adequate salution relative to, say, 

11 = 0 with two adequate independent solutions relative to Ti-+ -a> (or vice versa, as 

the case may be}. This possibilityexisted because the Heun functions in question 

were defined by series that had a region of convergence in common. However, the 

profile contains a local resonance if- a> < a < 0: we find the fourth singular point 

somewhere on the negative real11axis. Then there is no common region of conver

gence. It appears to be impossible to remove this difficulty by means of one of the 

homograpbic substitutions. 

To obtain the analytic continuation of a solution relative to 11 = 0 into the region where 

solutions relative to 11 - - oo have a direct meaning, it is necessary to make use of the solu

tions relative to 11 = a. Fortunately, it is not difficult to find solutions relative to 11 = a of 

which the series expansions have a common region of convergence both with those of the so

lutions relative to 11 = o, as wellas with those of the solutions relative to 11 - - a:>. 

Confrontation of equation (4.1. 6d) with theRiemannP-symbol ofHeun's equation (A.1.2) 

informs us that the exponents relative to 11 = a are 0 and 1. This is the case of integer dif

ference between the exponents. It is the logarithme case and it is described insection A. 5 of 

the Appendix. 

In order to obtain the same convergence criterion for all negative values of a we select 

out of the subset of homograpbic transforma ti ons that vanish with 11 =a, those leading to a 

fourthsingularpointa'largerthan unity. These are11 '=(11-a)/Ti and 11 '=(a-11)/a. We choose 

the first one. 

The solutions in question are given by equations (A.4. 9) and (A.4.10). Introdue

tion of the parameter values (4.1. 6) and (4.1. 3) in the latter yields 

with 
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ua = ( Tl '\ o oo Tja 

2 ,a) T\ 

2 

( 
-wpo 

.H 2 2 2' 
w -w -o po o 

-il (k +k ) 
0 a) 

= ( ~ J T]~a H~( T]~a ) , 

2 

ba = 12 (k2 -k2) + wpo (l .Ik )2 
2 Oro 22 2 +Ioo' 

w -w -0 po o 

(4. 7.1) 

(4. 7. 2) 



where we introduced an abbreviation for the Heun function of the same type as be

fore. Due to the integer difference in the exponents, (A. 4. 9) does not yield a solu

tion here. In order to construct a second independent solution we use equation 

(A. 5. 15) and obtain: 

a 
u = 1 

1+il (k -k ) 
0 00 

(a-1]) (;) H~~ 1J~a j I (1]) (4. 7. 3) 

where 

(4. 7 .4) 

This last integral contains a logarithmic term. To make this logarithm unambig

uous we have to introduce a branchcut into the complex 1]-plane from 1] =a to, say, 

î\ _.. i co. Physically this amounts to a wave which is analytica! everywhere, except at 

the resonance. 

The other solutions involved have been chosen in such a way that their series 

expansions converge along the relevant part of the negative real1]-axis, i.e. for 

the solutions relative to 1] = 0 in the interval a< 1]< 0, and for solutions relative to 

1] -...-co in the interval -oo < 1] <a. They are given by equations (4:5. 1), (4. 5. 2), 

(4. 6. 3), and (4. 6. 4). The discuesion of the convergence of the associated series 

is to be found in section A.4. 

4. 7. a PROPAGA TION TOWARDS THE PLASMA 

The results of the foregoing are now applied to a wave incident from vacuum 

to the plasma, i.e. propagation to the right for z- co. From section 4. 5 we know 

that our problem amounts to the determination of a linear relationship between u; 
on one side and u~ and u~ on the other. The relation may be written as 

(4.5.9) 

Between any three series with a common region of convergence there exists a 

linear relationship. First we establish this relationship between u~, u~, and u~ 
and also between u~, u~, and u~, according to 
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(4.7.5) 

(4.7.6) 

P 1 and P 2 are determined by choosing two points in the common region of conver

genee ofthe series associated with u~, u;, u~. and u~, i.e. a< Rei]<ia, e.g., 

11 = : a and Tl= ~ a. This gives, after the introduetion of equations (4. 5. 1), (4. 5. 2), 

and (4. 7. 3) into equation (4. 7. 5), 

-il(k
0 

+k ) -2ilk 
-( 5 ) al I o( 5a ~ ( 5a ~ 0 

o( 5a \ p ~ 
- 1 -Sa l Hl 5a-8 ..J. P 1 + 5a-8 ~ H2 5a-8 :r 2 J ' (4.7.7) 

(4.7.8) 

From these equations P 1 and P 2 may be evaluated. The coefficients Q
1 

and Q2 can 

be derived in a corresponding way. Wethen put 

(4.7.9) 

Now we choose two points in the common region of convergence of the series as

sociated with u~, u~, and u;, i.e. -oo< ReTj< a, e.g., Tj= 2a and 11= 3a. After 

insertion of equations (4. 6.4), (4. 7. 1), and (4. 7. 3) we get: 
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l+ilk ( ilk -ilk 1 
==(-2

1 ) 0 Ha(1 ) ' 2 (X)l(2 ) R + 2 er> R I. 2 2 l -a. a · 1 · 2 J (4.7.10) 

(4. 7.11) 

From these equations R1 and R2 may be evaluated. The coefficients P 1, P2, Q
1

, 

Q2 , R1, and R
2 

now being known u~ and u~ can be eliminated from equations 

(4. 7. 5), (4. 7. 6), and (4. 7. 9). The result reads 

(4. 7. 12) 

A comparison with equation (4. 5. 9) leads to the final result: 

(4. 7. 13) 

and 

(4.7.14) 

4. 7. b PROPAGA TION OUT OF THE PLASMA 

For the opposite direction of incidence, i.e. from the plasma to vacuum the 

same problem has to be solved but now on the basis of equation (4. 5. 12): 

(4. 5. 12) 

Proceeding as before we put 

(4. 7. 15) 
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(4. 7. 16) 

(4.7.17) 

The coefficients in equations (4. 7.15) to (4. 7.17) are determined in the same way 

as above. We insert for u~ and u; equations (4. 6. 3) and (4. 6. 4), respectively, for 

u~ and u~ (4. 7. 3) and (4. 7 .1), respectively, and for u~ equation (4. 5. 2). The sub

stitution into equations (4. 7. 15) and (4. 7. 16) of two T]-values, both in the common 

region of convergence of the series involved, yields four equations determining Pi 
P 2, Qi, and Q2. N ext working out equation (4. 7. 17) for two val u es of T1 both in the 

common region of convergence of the series then involved, determines Ri and R2. 
The final results are again found by elimination of u~ and u~ from the set of 

equations (4. 7.15) to (4. 7.17) and read 

4. 8 CONCLUSION 

R 
R 'P' + R'Q' 

1 2 2 2 
R'P' + R'Q' 

1 1 2 1 

1 
T = R'P' + R'Q" 

1 1 2 1 

(4. 7.18) 

(4. 7.19) 

In the sections 4. 5 and 4. 6 we arrived at expressions of the reileetion and 

transmission coefficients. The formulae are exact in the sense that they are exact 

solutions of the wave equation for the extraordinary mode (4. 1. 1). They have this 

feature in common with the results of chapter 3 with respect to the wave equation 

for the ordinary mode (3.1.1). The solutions do notconflict with the conditions 

that are given in chapter 2. 

The situation is different for the solutions presented in section 4. 7. Many 

times in chapter 2 we had to exclude alocal resonance, a condition completely dis

regarcled in the last section. However, it is quite clear that our model does break 

down near a local resonance. Moreover, we should realize that at the resonance 

the linearization process applied to the equations insection 2. 3 may not be reliable. 

A lso it seems inconsisted to linearize but to keep the terms obviated in view of the 

considerations of section 2. 5. 
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However, our procedure could be justified more or less by the following argu

ment. In the vicinity of a local resonance the square of the local wave number, k2 , 

as a function of some quantity s proportional to z is represented by the full line of 

Figure 4. 2, which is discussed by Budden 3 ' 4 . 

------------------------~------------------------5 

-
I 
I 
I 
I 

Fig. 4. 2 Profile of the square of the loc al wave nurnber near a resonance 

However, a little damping, always present in practice, will change the situa

tion decisively. For instance, a damping term of the form -Nm\lv, v being a colli

sion frequency, could be added to the right hand memher of the equation of motion 

(1. 2. 1). The fourth singular point a would then get an imaginary partand would 

move off the real1)-axis. This suggests the possibility of finding again a common 

region of convergence for the power series associated with the Heun functions en

tering into equations (4. 5. 9) and (4. 5. 12) as used in section 4. 7. 

The real part of k2 , with some damping present is given by the broken curve 

in figure 4. 2. The infinity has disappeared and therefore the conditions of section 

2. 5 are not necessarily violated. Thus we believe that our solutions, which repre

sent exact solutions of the reduced wave equation, should be useful as a first at

tempt for an analysis of experimental results in the local resonance case. 

63 



RE FE RENCES 

1. E. L. Ince, Ordinary differential equations, Longmans, Green and Co., London 

(1926) (reprinted by Dover Publ., Inc., New York (1956)}. 

2. T.H. Stix, The theory of plasma waves, McGraw-Hill, New York (1962). 

3. K.G. Budden in Physics of the ionosphere: Report of Phys. Soc. Conf. 

Cavendish Lab., Physical Society, London (1955) p. 320. 

4. K. G. Budden, Radiowaves in the ionosphere, University Press, Cambridge 

(1961). 

64 



CHAPTER 5 

ON NON-LINEAR MAGNETO-OPTICAL EFFECTS IN A COLD PLASMA 

5.1 INTRODUCTION 

In recent years many authors have contributed to the knowledge of non-linear 

effects in plasmas. Yet the first experimental and theoretica! studies on the non

linear behaviour of a plasma dates back as far as the early thirties. These early 

investigations concerned the so-called "Luxemburg effectn. 

The first pubHeation about the experimental investigation of the Luxemburg 

effect dates from 1933 and is the workof Tellegen1. He suggests that it has its root 

insome non-linear effect in the transmission of the radio wave. The first theoretica! 

explanation was by Bailey and Martyn 2. At the same time Van der Pol and Van der 

Mark 3' 4 confirmed experimentally the non-linear character of the effect. 

In the explanation of the Luxemburg effect the appearance of the collision fre

quency is essential. In fact the Luxemburg effect is the firstly studied non-linear 

effect of a vast class of non-linearities caused by the fact that the presence of a wave 

heats up the plasma and thus changes its permittivity. A review with an extensive 

bibliography on this type of non-linear effects has been written by Ginzburg and 

Gurevich 5. 

However, we are concerned with the non-linearities arising from the me re fact 

that the cold plasma equations themselves are non-linear. Between 1961 and 1964 

Whitmer and Barrett 6 ' 7, later joined by Tetenbaum S, 9, publisbed a number of 

papers in which they developed a theory for the interaction of an electromagnetic 

wave with a cold plasma slab. They included the effect of a static magnetic field. 

The non-linearities they considered are the non-linear inertial term v. vv in the 

equation of motion (cf. equation (1. 2.1)), the Lorentz force term v x B in the same 

equation and the non-linear term in both the equation of motion and Maxwell 's equations 

due to the density fluctuations caused by the longitudinal component of the extraordi

narywavemode(cf. equations (1.4. Sa) and (1.4.16)). Their theory is based upon a 

straightforward perturbation technique in which they expand all dependent variables 

into Fourier series. 

The development of lasers has given rise to new interest in non-linear optical 

effects ( cf. ref. 1 0) and these effects have ceased to be of purely academie interest. 

The first observation of a non-linear effect in opties concerned second-harmonic 

generation and was done by Franken e. a. 11 . They we re soon foliowed by others 

(cf., e.g., ref. 12, 13, 14). 
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As the plasma equations are non-linear it seems quite natural to apply the new tool 

to solid state plasmas and because the plasma frequency is in the optical range, one 

can expect interesting results. Lax, Mavroides, and Edwards 15 werethefirst to 

realize this. They we re foliowed by Kronig and Boukema 16, the occasion being the 

non-linear coherent scattering of a wave on free electrons. Their classical approach 

bas been justified by Hung Cheng and Milier 17, who, like the author 18, showed ex

plicitly the resonance behaviour of the second-harmonic wave. 

In the meantime Bloembergen and Persban 19 considered the non-linear boundary 

value problem of the reflection and transmission on a half space. Independently Kleinman 20 

presented a solution of this problem with special reference to the second harmonie. 

His theory is inspired by the elegant theory of cristal opties. Kronig and Boukema 16 

also considered the boundary value problem. A monograph by Bloembergen 21 gives 

a rather up to date survey of the state of affairs in non-linear opties. 

Finally the work of Rydbeck 22' 23 bas to be mentioned. His work bas special 

reference to the ionosphere. Taking into account the sametype of non-linearities as 

Whitmer e. a. 6- 9 he studied the influence of density fluctuations caused by a strong 

transmitter on other waves passing through that region. 

The problem we shall study is the non-linear reflection and refraction of linearly 

polarized plane electromagnetic waves on a plasma half space taking into account the 

effect of a static magnetic field perpendicular to the direction of propagation. The 

plasma model is the one presented in section 1. 2. The pressure term in the equation 

of motion will be neglected right away. This is justified provided conditions (1.4.11) 

and (1.4.14) hold. 

From the basic equations one can derive a wave equation for one of the field 

components. The permittivity tensor is implicitly given by the equations. The wave 

equation may be written so, that the left hand side is equivalent to a linear, dispersive 

wave equation of the Klein-Gordon type. On the right we find the usually neglected 

non-linear terms. Due to our starting equations the right hand side of the wave equa

tion contains products of only two of the quantities v, B, and N only. 

The perturbation technique we shall apply runs as follows. We expand all depen

dent variables in powersoftheir amplitudes. We allow fora zerothorder magnetic field and 

a ditto electron partiele density. Hence, we arrive at a chain of equations of which the 

first order ones are equivalent to the well-known linearized equations (1. 3. 2) to (1. 3. 5). 

The introduetion of the solution of this first order set into the second order equations 

leaves us with and inhomogeneous set of which the homogeneaus part is of the same 

form as the first order equations. Consequently, the general solution of these second 

order equations is the sum of a particular solution of the set and the general solution 

of its homogenous part, the latter being of the same form as the first order solution. 

The boundary value problem we will meet in the next chapter is based upon a 
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monochromatic plane wave incident on a plasma half space. Therefore we consider in 

this chapter monochromatic waves as solutions of the first order equations. Let there 

be two of those present with frequencies w and w '. 

The introduetion of these first order solutions into the inhomogeneous second 

order equations gives rise to right hand memhers that are linear combinations of 

terms with different periodicities. The different frequencies we find are 2'J), 2w ', 

w+w ', and w -w' (we tacitly assumed w > w '). Consiclering the inhomogeneous set as 

the equations of a forced oscillator, those four frequencies are to be interpreted as 

four forcing frequencies. Hence, it is quite natural to look for a particular solution that 

is itself a linear combination of waves with those frequencies, and to refer to those 

waves as forced ones. The general solution of the homogeneaus part supplies us 

then with the free waves. The final form of the solution, i.e. a linear combination 

of forced and free waves, has to be found from boundary conditions and the required 

asymptotic behaviour. 

In principle this procedure can be continued. However, it is inconsistent to neglect 

relativistic effects from third order onwards 24 . Instead of equation (1. 2.1) the anal

ysis should be based upon a relativistic equation of motion: 

D_. ..... .... ..... nf = -e (E +V X B), (5.1.1) 

.... 
where pis the electron partiele momenturn and is given by 

_. 

p = .I 2 2 • 
'V1-v/c 

mv (5.1. 2) 

Wethen find extra non-linear termsof which the leading term is proportional to 

I v 13• Thus these terms enter into the discussion starting from the third order. 

In the remainder of this chapter thesecondorder forced waves are considered. 

The perturbation technique to be used is discussed in the next section. Section 5. 3 is 

devoted to the derivation of the full second order equations which are to be solved in 

the subsequent sections for three characteristic cases. 

5. 2 DISCUSSION OF THE PERTURBATION TECHNIQUE 

The validity of a perturbation technique applied to a set of non-linear equations 

is by no means obvious. In the linear treatment of an electromagnetic wave in a 

dielectric medium one can, in general, distinguish between various wave modes, 

each propagating independently of each other. The superposition principle holds: the 

total effect of the combined electromagnetic field on the medium can be decomposed 
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into the partial effects of the partial electromagnetic fields of the composing wave 

modes. 

However, if the non-linear response of the medium is very strong and the in

tensity of the electromagnetic field very high, it is no longer reasonable to speak 

of düferent wave modes. Then the non-linear wave equation to which the problem 

may be reduced, has to be solved and this is, in genera!, extremely difficult, ü 

not impossible. 

In non-linear opties Broer and Sarluy 25 ' 26 have developed an exact solution 

fora non-linear medium in termsof a simplewave solution. Unfortunately this appeared 

to be impossible ü the effect of dispersion was included. 

If dispersion is essential, as is the case with a plasma medium, the only way 

out is offered by the fact that the non-linear response is very mild. Then we can still 

sensibly distinguish between the various modes which result from the linear treat

ment, though due to the non-linearities they couple and thus perturb each other. This, 

in fact, is the attitude taken by Whitmer e.a. 6- 9. 

Unfortunately the straightforward perturbation technique is notwithout its dü

ficulties either. It leads, in genera!, to growing terms and, hence, the approxima

tion is not unüormly valid. The düficulty is a classic one and arose first in celes

tial mechanics. Details on the early history of the problem are to be found in Poin

caré's famous monograph on celestial mechanics 27 . 

The cold plasma equations, which are used by Whitmer e.a. 6- 9, exhibit this 

so-called secular behaviour, as is clearly shown by Montgomery and Tidman 28• 

This feature is completely ignored by Whitmer e.a. intheir problem. They neglect 

lower harmonies generated by higher ones, and, in so doing, neglect just those 

terms that give rise to the first secular terms we encounter in the solution. 

In the preceding section we stated that thesecondorder wave equation has a 

right hand side which contains only terms proportional to the product of two first 

order quantities. If, for the sake of simplicity, the first order quantities are sup

posed to be harmonie in time with frequency ~ the right hand side of the second 

order wave equation contains terms proportional to sin2wt, cos2wt and sin w t cos wt. 

The Fourier spectrum of these terms, therefore, does not contain terms propor

tional to sin wt or cos wt and this is exactly the condition for the absence of secular 

terms. In the next order, however, this is no longer true. The results of Whitmer 

are therefore to be considered as incorrect beyond the second order. 

In the case of ordinary düferential equations the technique to progress without 

getting secular terms is well established. The methods are to be found in the litera

ture under düferent headings, e.g., the Poincaré-Lighthill-Kuo method, which con

sists of expansions of the dependentand the independent variabie as wellas the period 

of the unperturbed solution combined with a boundary layer technique where necessary 
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(cf., e.g., ref. 29). 

Essentially the same method, but then with special reference to wave type 

equations is known as the Krylov-Bogoliubov-Mitropolsky method. There the period 

and the amplitude of the unperturbed solution are expanded (cf., e.g., ref. 30). 

The method of Krylov-Bogoliubov-Mitropolsky, originally designed for ordinary 

differential equations, has been generalized for application to partial differential 

equations. A rigorous mathematica! justification of the recipe in this case does not 

exist. To the knowledge of the author Jackson 31 was the first to apply it to a partial 

differential equation, later foliowed by Frieman 32 and Engelmann, Feix, Minardi, 

and Oxenius 
33

• The perturbation scheme used by Engelmann e.a. is exactly the same 

as the one applied by Montgomery and Tidman 28 to the cold plasma equations. 

A far less complicated way of obtaining a secular-term-free expansion has been 

developed by Broer 34- 36• This method, as Broer clearly shows, does not work 

in all cases. It is still an open question whether the approach by Engelmann e.a. is 

more general than Broer's. 

We dwelt rather a long time on the question of secular behaviour although it will 

not play an important role in what is to follow. However, we feel that it is all too often 

ignored. As a result authors, erroneously, suggest that the perturbation technique can 

be continued when they do not encounter secular behaviour right away. 

5.3 THE EQUATIONS AND THE FffiST ORDER SOLUTIONS 

As was stated in section 5.1 the plasma model we use in this chapter is the same 

as that described in section 1. 2, but now without a pressure term. The equation of 

motion (1. 2.1) then reads 

~ ~ ~ av + e 
at m 

~ ..... __, e ..... 
( E +v X B ) :::: -v .\/V --v X B, o m (5.3.1) 

..... 
where we separated the magnetic field into a static part B and a time- and spaceo ..... 
depending part B. We now do the same with the electron partiele density which we 

separate into, thenowuniform, N
0 

and N. The equation of continuity (1. 2. 2) then reads 

(5. 3. 2) 

These two equations have to be complemented with Maxwell's equations. From equa

tions (1.2.4) to (1.2.6) we find 
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(5.3.3) 

The set is complete if we add equation (1. 2.4): 

.... on 
'V x E +at= 0. (5.3.4) 

In formulating equations (5. 3.1) to (5. 3.4) we took care to write the non-linear terms 

on the right. 
.... 

These four equations determine a wave equation for E which was referred to in 

section 6. 1. 

To find the second order forced waves, i.e. a second order particular solution, 

we first have to solve equations (5. 3.1) to (5. 3. 4) up to that order for an infinite, 
.... 

homogeneaus plasma. To that order we again suppose that B lies along the x-rods 
0 

of a Cartesian coordinate system. As we want to study wave propagation across the 

static magnetic field we confine ourselves to waves propagating in the y, z-plane. 

The first order equations are given by equations (5. 3.1) to (5. 3.4) provided 

that all the right hand memhers are put equal to zero. We give all dependent vari

ables the subscript 1. Afterthe introduetion ofthe cyclotronfrequency 0 defined by equa

tion (2. 2. 9), the duferenee between the static field inside and outside the plasma 

being neglected, they read 
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__ 1 +~E 
at m lx 

oV1 e 
--+-E +ow at m 1y 1 

oW1 e 
+-E -ov o m 1z 1 

= 0, 

0, 

= 0, 

oN1 + N (àv1 + ow1~ = O 
o t o oY oz .J ' 

(5.3.5a) 

(5. 3. 5b) 

(5.3.5c) 

(5. 3. 6) 



2 
2(0 Elx 

c 2 
àY 

2 
2(0 Elz 

c 2 
àY 

(5. 3. 7a) 

(5. 3. 7b) 

(5. 3. 7c) 

The linear equation (5.3.4} remains unaltered except for the subscript 1. As before, 

u, v, and w are the components of v; a second subscript refers to the component 

meant. 

The harmonie wave salution of equations (5. 3.4) and (5. 3. 5) to (5. 3. 7} is well

known. The set consists of two independent sets; one for the quantities u1, Elx' Bly' 

and B1z and one for v1, w1, Ely' Elz' Blx' andN1• The farmer set constitutes the 

ordinary wave mode, the latter one the extraordinary mode ( cf. section 1.4). 

The ordinary wave mode salution for a plane wave with angular frequency w and 

wave vector K'0 , the angle between k 0 and the z-axis being e, reads 

u e "0 . 
1 =- E SID<p , mw o 

(5. 3. 8) 

~ E
1 

= E cos cp , x 0 
(5. 3. 9) 

n cos e 0 0 ... 
B

1 
= E cos cp , y c 0 

(5. 3.10a} 

n sine 
0 "Ü B 1 = - E cos cp , z c 0 

(5. 3.10b) 

with 
.... 0 .... 

cp =k r -wt 0 • ' (5. 3.11} 

rbeing the position radius vector. The amplitude Ê0 is defined by equation (5. 3. 9). 

We again introduced a wave number k0 =Ik 0 1, which is related to the plasma para

meters through the dispers ion relation for the ordinary mode ( 1. 4. 6). It reads, 

introducing a refractive index, 

0 2 2 w2 
(n o) 2 = (k ) c = 1 _ E , 

w2 
Ul 

(5.3.12) 
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the plasma frequency being defined by equation (2. 2. 8). 

In the same way we find the first order extraordinary wave mode solution, the 

wave vector as in section 1. 4 being denoted by ke. It reads 

2 2 e m m "'e . e v = - - P E cos e sm qJ + - 0 "'e 
2 2 2 E sine cos C{Je' 

1 m ( 2 2 f'"'\2) e m m m -m - ~ • p U) -ill -0 
p 

w =-
1 

2 2 
m -m e P 

m 2 2 i m( m -m -o p 

.-.e 
E cos e cos qJ . e 

ke ""e B = --.1:!; COS rn 1x m ~e' 

with 

.-.e e 0 ... e 
E sine sin qJ + m 2 2 2 E cosecos C{Je' 

e m -m - 0 p 

2 2 2 
m ( m -m -0 ) p 

"'e E cos e sin qJ , e 

(5. 3.13a) 

(5. 3.13b) 

(5. 3.14a) 

(5. 3.14b) 

(5.3..15) 

(5. 3.16) 

(5. 3.17) 

The amplitude Êe is the amplitude of the transveraal part of the electric field. The 

wave number ke Ik' el is related to the plasma parameters through the dispersion 

relation for the extraordinary mode (1. 4.14). This relation reads, introducing a 

refractive index, 
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Finally, we have to establish the second order equations. The left hand memhers 

are, as a matter of fact, identical with the left hand memhers of equations (5. 3. 5) to 

(5. 3. 7), apart from the subscript 1 that has to be changed into 2. The right hand 

memhers are found from the corresponding right hand memhers of equations (5. 3.1) 

to (5. 3. 3) by appending to all dependent variables the subscript 1. It should be noted 

that the subscript 1 refers to the complete first order solution as that one is deter

mined by the boundary conditions of the boundary value problem ( cf. section 1. 5). In 

general, it will consist of a number of solutions of the types given by equations (5. 3. 8) 

to (5.3.10) and (5.3.13) to (5.3.16). 

The second order equations read 

o
2
E 

2 
2x 2 ro E2x 

- c \.: + 
ot

2 
oY

2 

o
2

E 
2 

2y 2 ro E2y 
- c ' 

at
2 \._ oz2 

2 2 
o E2z 2 ( 0 E2z 

ot
2 - c \._ 2 

ay 

= -V 
1 

2 
o E2x~ 

oz
2 ) 

a
2

E 
2z) 

oYoZ 

2 
o E2y"\ 

ayoz J 

- w 1 

N
0

e ou2 e o --- = -e: - äf (N 1 u1)' 
€:0 0 

Ne 
0 av2 = e o 

e:
0 

ot (N1v1)' 
€:0 

Ne 
0 e o --- e:

0 
ot (N1w1). 

€:0 

(5.3.19a) 

(5. 3.19b) 

(5. 3.19c) 

(5. 3. 20) 

(5.3.21a) 

(5. 3. 21b) 

(5. 3. 21c) 

The right hand memhers being known, these equations give the second order inhomog

eneous wave equation that was meant in section 5.1. 
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Consirlering equations (5. 3.19) to (5. 3. 21) we observe that, justas in the homog

eneous first order equations, thesetof equations is composed of two mutually in

dependent subsets: one being of the ordinary wave type, the other of the extraordina

ry type. Hence, their solution may be thought to be built up of those two different 

types. The next sections are devoted to the determination of those ordinary or extra

ordinary forced waves in a number of definite cases. 

5.4 THESECONDORDER FORCED WAVES GENERATED BY TWO ORDINARY 

WAVES 

In this section we study the forced waves due to the interaction of two ordinary 
_, 

waves, both propagating acrossB • Withoutlossof generality the direction of propo 
agation of one of the waves can betaken along the z-axis. Let this be the wave with wave 

~0 ->0 0 vector K and frequency w , k thus ha ving the components ( 0, 0, k ) • Then the 
0 --o' -o' other wave has the wave vector k and frequency w ~ and the angle between k and the 

-o' o' o' z-axis is e, k thus having the components ( O, k sin e, k cos e). Further let w > w '. 
0 0 

The total first orderfields and veloeities are then found to be the sum of two solutions of 

thetype givenbyequations (5. 3. 8) to (5. 3.10). Labellingthe solution belongingto w' with 
0 

primes, the relevant non-vanishing componentsof the first order fields and veloei-

ties are 

B + B' · B' ·u +u'. 
1Y 1y' 1z' 1 1 

(5.4.1) 

We took into account that e == 0 for the solution belonging to w • Once this is known we 
0 

reconsider the second order equations (5. 3.19) to (5. 3. 21). We observe that in our 

case the only non-vanishing right hand memhers are to be found on the right of equa

tions (5. 3.19b) and (5. 3.19c). These equations belong to the subset of the extraor

dinary wave type. Consequently the forced waves to which this case gives rise are 
_, 

polarized so, that their magnetic field is parallel to B • 
0 

From equations (5. 3. 8) and (5. 3 .10} we find the relevant part of the first order 

solution for our case: 
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with 

=- -E smm +-E smm' e ( 1 "'o . 1 ... o' . ) 
m ill To ill 1 To ' 

0 0 

o o' k -Ao + k cos e ... o' 
B1y + B' =-~ coscp , E coscp

0
', 

1y {I) 0 0 {I) 0 

B' 1z 

o' k sine ... o' = - ---r--E cos cp', 
{I) 0 

0 

cpo == k0 z - {l)ot+x, 

cp~ 
-o' .... -{l)'t == k .r 0 • 

(5.4. 2) 

(5.4. 3a) 

(5. 4. 3b) 

(5. 4.4) 

(5.4. 5) 

For generality a phase duferenee term x has been introduced into equation ( 5. 4. 4). 

Inserting equations ( 5 .4. 2) and ( 5. 4. 3) into the second order equations ( 5. 3. 19) 

and (5. 3. 21) leaves us with equations of which the right hand memhers consist of 

termsof three different types: one type due only to the first wave, another due to the 

second wave only and a third type due to the mixing of the two. For the present we 

restriet ourselves to this last type. 

The thus reduced second order equations (5.3.19b), (5~3.19c), (5.3.21b), and 

(5. 3. 21c) now read 

(5.4.6a) 

oW2 +~E 
ot m 2z - ov 2 == 
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2 
2 co E2y 

c 2 
oZ 

= 0, 

a2
E N

0
e aw2 __ 2=-y) - -e-~ = 0, 

oYàZ 0 

witb 

w = cp +cp' s 0 0 

..... ..... 
k .r - w t + x , s s 

..... ..... 
The sum and difference wave vectorsk

8 
andkd are defined by 

_. ..... o ..... o' 
k =k +k ' s 

..... -+o ..... o' 
k =k -k 

d ' 

and the corresponding frequencies by 

(1) = (1) + (1) ' s 0 0' 

(5. 4. 7a) 

(5.4. 7b) 

(5.4. 8) 

(5.4. 9) 

(5. 4.10) 

(5.4.11) 

(5.4.12) 

(5.4.13) 

From equations (5.4.10) and (5.4.11) it follows that tbe angle e between k and tbe 
..... s s 

z-axis and ed between kd and tbe z-axis are given by 

o' k sine tg e = ---:.:..---s 0 0 t 
k + k cos e 

(5.4.14) 

o' _ -k sine 
tg ed - o 0' • 

k - k cose 
(5.4.15) 

In order to avoid needless complexity in tbe expressions to be derived we do not give 

the y- and z-components of thesecondorder forced waves, but we give tbe velocity 

vector and tbe electric field vector. 
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.... s 
v2 

4'>-.o ... o' 
~ E exp iw , s (5. 4.16) 

2r .... 2 2 2 2-l 
w i k w Oê -i(k c -w +w )k J pl ss s s s p s 4',0 ... 0 f 

~ E exp iljr , s 
(5.4.17) 

and, as follows immediately from Maxwell's equation (5.3.4), 
.... 

.... s ks ->s 
B =- xE

2
• 2 UJ 

(5.4.18) 
s 

.... 
The unit vector ês has the components (O,cos es' -sin es) thus obeying 

.... .... .... 
k ê x ê =k • 

s x s s (5.4.19) 

We went over again to the complex notation. The convention made at the end of section 

1. 4 applies. 

The wave number ks =I ks I is related to the plasma parameters through the dis

persion relation of the forced wave. This dispersion relation is implicitly given by 

equation (5.4.10) and the dispersion relations of the generating waves, i.e. equation 

( 5. 3. 12) for w= w and for w = w • • 
0 0 

The forced wave at the difference frequency has the samegeneral form. How-

ever, all expressions have the opposite sign and, as a matter of fact, the suffix s 

has to be changedintod everywhere it occurs. The expressions for this wave make 

sense only as long as wd is high enough to be compatible with our plasma model 

(cf. section 1. 2), or, to be more specific, with our notion of infinitely heavy ions. 

Some aspects of the problem when this assumption is violated have been discussed 

by Wilhelmsson 37• Montgomery 
38 

stuclied the case wd wp in the absence of a 

magnetic field. For us it is important to note that, within the framework of our 

model, the fields and veloeities at the differencefrequency vanish for w = 0 and s 
e = o. 

The limit w = w' and e #- 0 does not simplify equations ( 5. 4. 16) to ( 5. 4. 18) 
0 0 

greatly. The dispersion relation, however, is much simpler and reads explicitly 

2 2 2 2. k c = 2(w -w_)(1 +cos e ). s 0 p 
(5. 4. 20) 
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If we additionally go over in this salution to the limit e = 0 and also put Ê0 = ~o' 
we do not find the complete interaction of two identical waves. Due to the previously 

made restrietion we only find the mutual interaction, which is only half the total 

effect. The situation is then identical to that created by considering one wave with 

amplitude 2 Ê0 interacting with itself, provided we put x= o. To find the effect 

of one wave with amplitude Ê0 interacting with itself we must multiply our expressions 

by a factor of 1/4. The forced wave which is only due to the ordinary wave which was 

travelling along the z-axis thus proves to be given in complex notation by 

2 2ik0 0 ê -3k0w ê 
"'Û 2 0 .... s e y 0 z 

v2 = 2 (E ) exp 2i (k z-w t), 
2 2 2 ~ m w (12w - 3w -4 0 0 
0 0 p 

(5.4. 21) 

0 .... ~ 
-s e k (2w 0 ê + 3iw ) 

(t
0

) 
2 exp 2i (k0 z-w t), 

0 y p z 
E = -- 2 2 2 ~ 2 m 2rn ( 12rn - 3w - 40 0 

0 0 p 
(5.4. 22) 

k0 ê -s z -s 
B = x E

2
, 2 tl) 

0 
(5.4. 23) 

where ê and ê are the unit veetors in the y- and z-direction, respectively. y z 
The salution has to be completed with the forced wave due to the ordinary wave 

only which was travelling in a direction making an angle 8 with the z-axis. This 

wave is given by expressions found from equations (5.4. 21) to (5.4. 23) by rotation 

of the coordinate system around the x-axis over that angle e. 
From these last solutions we see most clearly the nature of the forced waves. 

They are forcedintoa direction determined by the first order wave or waves. Their 

dispersion is also solely determined by the generating wave or waves. 

5.5 THESECONDORDER FORCED WAVE GENERATED BY THE INTERACTION OF 

AN ORDINARY AND AN EXTRAORDINARY WAVE 

Essentially in the same way as in the preceding section we will now focus our 

attention on the forced waves generated by the interaction of an ordinary wave and an 

extraordinary one. The ordinary wave mode is assumed to propagate along the z-axis, 

the extraordinary one m the y, z-plane in a direction making an angle e with the 

z-axis. In first order the components of the fields and the veloeities with respect 

to the ordinary wave mode are then E 1x' B 1y' and u1 ( cf. equations ( 5. 3. 8) to ( 5. 3. 1 0)). 

Those with respect to the extraordinary wave mode are E1y' E1z' B1x' v1, and w1; 

for this mode there is also a first order density fluctuation N1 (cf. equations (5. 3.13) 
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to ( 5. 3. 17)). U pon consideration of the right hand si des of equations ( 5. 3. 19) to ( 5. 3. 21) 

we conclude that the only possible coupling is through the terms on the right of equa

tion (5.3.19a) and (5.3.21a). However, the right hand side of equation (5.3.19a) is 

al ready zero independently of the values of v 1 and w 1 as we see after insertion of 

equations (5. 3. 8) and (5. 3.10) into it. Therefore the only coupling that takes place 

is due to the term on the right of equation (5. 3. 21a). This equation belongs to the 

ordinary type subset. Thus we conclude that the forced waves generated by the inter

action of the two modes are of the ordinary type, i.e. they are polarized so, that their 

electric field is parallel to B , Further we conclude that the coupling is merely 
0 

due to the fact that the ordinary wave is propagating in a region where the density 

is modulated by the extraordinary wave. Therefore this case seems to be an example 

of a general case consideredbyWilhelmsson 39 concerning the scattering of electro

magnetic waves by an anisotropic medium with a harmonically time-varying dielectric 

tensor. However, in our casethereis question of both space and time dependence. 

The part of the first order solution which is relevant to our problem reads after 

the introduetion of a notation of the same type as in the preceding section 

with 

u == 
1 

Ne 

e 
mw 

0 

"'0 
E sincp

0
, 

N = _o_ ___;;_~~";---....,.-
1 m 

"'e E cos cpe, 

0 
cpo = kz-wt, 

0 

"""'e -
cpe == k .r-wt+x e 

(5.5.1) 

(5. 5. 2) 

(5. 5. 3a) 

(5. 5. 3b) 

-e e e The wave vector k has the components ( 0, k sin e, k cos 8). We assume w > w • e o 
Introduetion of this solution on the right of equations (5. 3.19a) and (5. 3. 21a) yields 

79 



2 o u2 e 
-- + -E == 0 
ot2 m 2x ' 

(5. 5.4) 

:::::- (5. 5. 5) 

with 

'~~s 
.... s .... 

(5. 5. 6) ::::: k • r -w t +x , s 

.... d .... 
(5. 5. 7) '~~d ::::: k .r-wdt+x, 

ws = w +w (5. 5. 8) e o ' 

Uld ::::: Ul -w (5. 5. 9) 
e 0 

.... 
ke+ ko k == (5. 5.10) s 

.... -+e -o 
kd ::::: k - k . (5. 5.11) 

The forced wave solution of equations (5.5.4) and (5.5.5) consistsof the sum of 

two forced waves: one with frequencyw
8 

and one with frequencywd. The sum frequency 

forced wave solution reads in complex notation 

2 ke 20~ 
1 -s e Ulp x .Î:oÊe . (5. 5.12) v2 = ---2 

2 2 ~ 2 2 2 2 exp IW , 
2m w0 we(we -wp -0 w (k2c -w +w ) s 

s s p 

ke 2oê Ul -s e Ulp x s o .... e 
E2 ::::: 

- 2m 2 2 ~ 2 2 2 2 ~ E exp iw , (5. 5.13) 
k c -w +w s 

w0 we(we -wp -0 s s p 
..... 
k -s 

-
8
- x E~. (5.5.14) B2 = 

ws 
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As before, we do not give y- or z-components but the transverse one instead. The 

forced wave is propagating into a direction given by equation (5. 5.10), which yields 
.... 

for the angle e between k and the z-axis s s 

ke . 
tg 8 = sm 8 

s o e 
(5. 5.15) 

k +k cos 8 

For the difference frequency solution we find similar expressions; however, the 

subscript s has to be changed into d and the forms have the opposite sign. The direc-
.... 

ti on of propagation is given by equation ( 5. 5 .11); the angle 8 d between kd and the 

z-axis by 

t 8 = kesin 8 
g d o e (5. 5.16) 

-k +k cos 8 

The dispersion relations for both forced waves are implicitly given by equations 

(5. 5. 8) to (5. 5.11) apd the dispersion relations of the generating waves (5. 3.12) and 

(5. 3.18). 

In the limit w =w the right hand memher of equation ( 5. 5. 5) has no difference 
o e 

frequency part anymore. Consequently, only the sum frequency forced wave is left, given 

by equations (5. 5.12) to (5. 5.14) with w = w = !w • 
o e s 

5.6 THESECONDORDER FORCED WAVE GENERATED BY AN EXTRAORDINARY 

WAVE 

In section 5. 4 we evaluated expressions for all second order forced waves 

generated by two ordinary wave modes. As the corresponding problem for two extra

ordinary waves is not essentially different from the former one we restriet ourselves 

here to the forced wave generated by a single extraordinary wave in a plasma medium. 

The first order solution is given by equations (5. 3.13a) to (5. 3.16). Without 

loss of generality we may put 8 =0. The components of the first order veloeities and 

fields are v1, w1, E
1
y' E 1z' and B1x. Justas insection 5.4 the non-zero right hand 

sides of equations (5. 3.19) to (5. 3. 21) are only to be found on the right of equations 

belonging to the subset of equations of the extraordinary type. The relevant part of 

the first order solution reads 
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v1 = 

w1 = 

B1x = 

N1 = 

with the abbreviations 

<t>e 

2 2 
e we -wp ... e 

E sin c.pe m 2 
wen 

e 0 Êe cos c.pe 
n2 ' m 

ke 
~ecos c.pe ' we 

Ne keO 0 

= 

= 

... e 
E cos c.p , 

e 

e k z-w t +X e e 

(5.6.1) 

(5. 6. 2) 

(5. 6. 3) 

(5.6.4) 

(5. 6. 5) 

(5. 6. 6) 

The phase angle x has been introduced for generality. The dispersion relation is 
e 

given by equation (5. 3.18). 

Inserting this first order solution into equations (5. 3.19b), (5. 3.19c), (5. 3. 21b), 

and (5. 3. 21c) yields 

(5. 6. 7) 

(5.6.8) 

2 
o

2
E N

0
e e 2 2 ~ 

~-c2 2y oV2 e k wpO(w e-w "'e 2 

oz
2 --- (E ) cos 2cp , 

eo c;t m e c;t w n 
e 

(5. 6. 9) 

2 
Ne àw2 

ke 20 2 
à E2z 0 e wp (Êe)2 . 2 

ot
2 --- 4 sm cp 

eo n e (5. 6.10) 

82 



After some algebraic juggling we find a solution of the same form as in section 

5.4. This second order solution reads when the components are given in complex 

nota ti on 

2 . e 
V = -1----;r 

2 m 

2 2.3 2 2. 2 2. 2 2 2. 4 2(w -w _) -(w -w_)( 4w -w_,o -(2w -w_,o 2 e p e p e p e p ... e . 
. 2 :} 2 :} 2 2 (E ) exp 2rcp e ' 

ke 
B =-- E 

2x (l) 2y ' e 

( w -w ( 4w -w +w u e p e p p 

2 2+02 w -w e p ... e 2 
___,2~-=-2.-~2~2.::----=2-2,....... (E ) exp 2icpe' 
(w -w_)(4w -w_) +w 0 e p e p p 

2 23 2 2. 2 ~2 24 (w -w ) -(w -w_)(4w -w 0 -w 0 2 e p e p e e ... e . 
2 5 2 2.. 2 2 (E ) exp 2rcp e' 

( w -w ( 4 w -w _) +w 0 e p e p p 

the last equation following from Maxwell's equation (5. 3.4). 

(5. 6.11a) 

(5. 6.11b) 

(5. 6.12a) 

(5. 6.12b) 

(5.6.13) 

It should be noted that we find a non-zero ( w 2) , where the brackets stand for 

"the average over a full period of". We could call this ad. c. part. The existence 

of this d. c. velocity in the direction of the wave vector suggests the existence of a 

direct current in that direction. If we calculate this electric current up to the consid

ered order we find 

(5. 6.14) 

With equations (5.6.2) and (5.6.4) and the value of (w
2
) from equation(5.6.11b)this 

appears to be zero. The meaning of this is that the transport of electrons given by 

(w2) is exactly balanced by an opposite transport caused by the density fluctuations. 
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In a boundary value problem a non-z·ero d. c. velocity across the boundary will there

fore not cause any trouble as long as it does not give rise to a net electron transfer, 

and this is the case in our problem. 
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CHAPTER 6 

ON SECOND-HARMONIC REFLECTION AND REFRACTION ON A 

MAGNETOPLASMA 

6.1 INTRODUCTION 

The expressions for some second order forced waves evaluated in the preceding 

chapter are used in this chapter to solve a boundary value problem. The problem we 

have in mind is the one for which we sketched the salution of the linearized equations 

in section 1. 5. The inclusion in that salution of the secoud-harmonie generation due 

to the non-linear response of the plasma is the objective of this chapter. 

As befare we shall adopt a Cartesian coordinate system of which the x-axis 

points along B . Again we consider a monochromatic, linearly polarized plane wave 
0 

with frequency w, obliquely incident from vacuum on the plasma half spacez > 0. The 

plane of incidence is constituted by the y, z-plane. The direction of polarization is 

arbitrary. 
_. 

The, fundamental, incident wave has the wave vector k., the frequency w, and an 
~ 1 

angle of incidence e .• The wave vector k. has the components (0, k sine., k cos e .) . 
1 1 0 1 0 1 

This wave gives rise to a reflected fundamental wave and, the plasma being double 

refracting, to two refracted waves of the fundamental frequency. The reflected wave 
~ 

has the wave vector k which has according to Snel' s law ( 1. 5. 7) the components 
r 

(0, k sine., -k cos e .). One of the refracted fundamental waves is a wave of which 
0 1 0~ 1 -+ 

the electric field E0t is parallel to B and, consequently, perpendicular to the plane 
0 -+ 

of incidence. It is the ordinary wave mode. Its wave vector is k ~, with components 

( 0, k~ sin e ~, k~ cos e ~), e ~ being the angle of refraction of this mode. The wave 

number k~ is to be found from the dispersion relation (5. 3.12) and e ~ from Snel's 

law (1. 5. 7). 

The other refracted wave with wave vector k~ of which the electric field Ë~ is 
.... 

perpendicular to B and, consequently, parallel to the plane of incidence, constitutes 
0 -e e e e e the extraordinary mode. The wave vector k 1 has the components (0, k1 sin e 1, k

1 
cos e1), 

e ~ being the angle of refraction for this mode. 

In general these two waves transmitted into the plasma give rise to three secoud

harmonie forced waves. One forced wave is due tö the ordinary fundamental alone. 

The theory of this phenomena is presented in section 5. 4. The electric field of this 

forced wave, for which we use from now on the symbol Ë 00
, is parellel to the plane 

of incidence: the wave is of the extraordinary type. Its w:ve vector k0~s related to 
-o s 
k 1 through 
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(6.1.1) 

Another second-harmonic forced wave is generated by the ex:traordinary wave 

mode alone, conform the theory presented insection 5. 6. This wave is again of the 

extraordinary type because its electric field Ê ee is also parallel to the plane of 

· · d lts t kee · · b s mc1 ence. wave vee or s IS g1ven y 

(6.1. 2) 

A third second-harmonic forced wave is generated by the interaction of the two 

fundamental modes, conform the theory of section 5. 5. This wave is of the ordinary 

type: its electric field Ê oe is normalto the plane of incidence. lts wave vector k0
e 

s s 
is given by 

(6.1. 3) 

We denote the angle between k0 e and the z-axis with e oe. 
s1 s 

Bloembergen and Persban have shown that the boundary conditions have to be 

satisfied by every frequency component, separately and simultaneously. The funda

mental frequency waves satisfy these conditions because they are determined that 

way (cf. section 1. 5). Hence, we have to solve now a simtlar problem for the second

harmonic. The role of the incident wave is taken over by the forced waves. In order 

to be able to satisfy the boundary conditions there must be second-harmonic waves 

in the plasma and in the vacuum. The former is one of the free-wave solutions of 

the second-order wave equations. The solution is then further completely determined 

by the requirement that the direction of propagation of the waves is away from the 

boundary. 

In this way every second-harmonic forced wave gives rise to a second-harmonic 

free wave traveling into the plasmaand a second-harmonic wave traveling back 

into the vacuum. As a matter of fact the direction of polarization of these last waves 

is that of the forced wave involved. Hence, a forced wave of the extraordinary type 

gives rise to a free wave of that type, and a forced one of the ordinary type to a free 

one of that type. 

Let us denote the electric fields of the second-harmonic free waves in the 

plasma with Ê ~0, Ê ~e, and Ê ~e, the related second-harmonic waves in vacuum with 
..... oo -ee ..... oe 
E , E , and E , respectively. The superscripts refer to the correspondence with r r r 
the related forced waves having those superscripts. The wave veetors of the two kinds 

of waves are denoted in the same way with k~0, etc. and k~0, etc. , respectively. Also 
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we denote the angles between the wave veetors and the positive z-ax:is in this way with 
00 

at ' etc. 
__, oo -->oo -->ee 

As the forced waves involved are of the extraordinary type, Et , Er , Et , and 

Ëee are parallel to the plane of incidence. Hence, 
r 

(6.1.4) 

where k~ is the wave number of an extraordinary wave mode with frequency 2w. It has 

to be found from the dispersion relation for the mode in question (5. 3.18). Introducing 

simultaneously the refractive index at the double frequency n~ we write 

(6.1. 5) 

-oe ->oe 
The remaining forced wave being of the ordinary type, Et and Er are perpen-

diewar to the plane of incidence. Hence, 

(6.1. 6} 

where k~ is the wave number of an ordinary wave mode with frequency 2w • It is to be 

found from the dispersion rela.tion (5. 3.12). We write 

koe w2 
(no)2 = (~)2 = 1 _ ____E_ 

2 ~ 2w 4w2 

The vacuum sbowing no dispersion we have finally 

6.2 THE SECOND-HARMONIC FORCED WAVES 

2k. 
0 

(6.1. 7} 

(6.1. 8} 

... 
Let the incident wave be polarized such, that its electric field E. makes an angle 

1 

9 with the y, z-plane which is the plane of incidence. Tben the amplitude of the elec-

tric field of that part of the wave that gives rise to the ordinary fundamental in the 
"0 plasma, denoted with E., is given by 

1 

AO A 

E. = E. sine 
1 1 

(6. 2.1) 
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and the amplitude of the other, so to say extraordinary, part 

"e "' E. = E. cos e 
1 1 

(6. 2. 2) 

The amplitude of the electric field of that ordinary wave belonging to the former part, 
AO 

denoted with Et' is given by 

Ê0 T Ê. sin@ 
t 0 1 

and the same belonging to the latter part 

(6. 2. 3) 

(6. 2.4) 

The transmission coefficients T and T are given by equations (1. 5.12) and (1. 5.17), o e 
respectively; T is complex. 

e 
The extraordinary type forced wavescan be indicated by the following expressions: 

-o 
k 

~ -o 1 ) "'o 2 -+o .... 
== 13 ê + iy -- (Et) exp 2i (k1• r-wt), 

0 s o ko 
1 

-e 
k T=fee ( -;;te . 1 

.r.; = 8 e +1 s \.. e s 'Ye e 
k1 

-e 
k -ee 1 -ee 

B =-XE s w s • 

(6.2.5) 

(6.2.6) 

(6. 2. 7) 

(6. 2. 8) 

We invoked both the relations (6.1.1) and (6.1. 2). The unit vector ê 0 
has the compo-. s 

nents (0, cos e~, -sine~), ê: the components (0, cose~, -sine~). Hence, the 

following equations hold: 

ko1ê x ~o = ko 
x s 1 ' 

(6. 2. 9) 

(6. 2.10) 

90 



Comparison of equation ( 6. 2. 5) with ( 5. 4. 22) yields 

(6. 2.11) 

(6. 2.12) 

Comparison of equation (6. 2. 7) with equations (5. 6.12) yields - if we assume x = 0 e 
in equation (5.6.6) for the time being-

where 

2 2 2 
w -w +0 

p 
2 2. 2 2. 2 2 

(w -w ~J(4w -w~) + w 0 p p p 

2 2.3 2 2. 2 2. 2 2 4 
(w -w ~> -(w -w ~J(4w -w _)0 -w 0 p p p 

2 2. 2 2. 2 2 
(w -w_)(4w -w _J + w 0 p p p 

2 2 2 2 
TI ==w -w -o . 

p 

(6. 2.13) 

(6. 2.14) 

(6.2.15) 

These two forced waves are, so to speak, riding on the back of the fundamentals with 

which they are connected. 

The ordinary type second-harmonic forced wave can be indicated by the following 

expressions: 

..... oe :;;+ "' o "' e . -.oe _. 
E === óe Et. Et exp 1(k • r-2wt), s x s 

Comparison of equation (6. 2.16) with (5. 5.13) yields 

kew 2o 
5 

_ e 1 p 

- -m w(w2-w2-o~ 
p 

1 

(6.2.16) 

(6. 2.17) 

(6. 2.18) 
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The wave vector k0 e is given by equation (6.1.3). Hence, it has the components 
B 

(0, k~ sine~+ k~ sine~, k~ cos e~ + k~ cos e~) and e~e is given by, involking Snel's 

law, 

(6. 2.19) 

We added to the refractive indices n~ and n~ the subscript 1 to distinguish them from 

the double-frequency indices given by equations (6.1. 7) and (6.1. 5). The indices meant 

here are the ones given by expressions (5. 3.12) and (5. 3.18), respectively. 

6.3 THE SECOND-HARMONIC COUNTERPART OF SNEL'S LAW 

The boundary conditions to be satisfied by the second-harmonic fields are the 

same ones as in section 1. 5, i.e. the continuity of the tangential components of both 

electric and magnetic field across the boundary z = 0. The conditions have to be 

satisfied for alltand all y at z = 0. Hence, the phases of the different waves have 

to be equal for z = 0. Consequently, 

(6.3.1) 

(6. 3. 2) 

(6. 3. 3) 

We defined the different symbols already insection 6.1. 

With equations (6.1.1), (6.1.2), (6.1.4), and (6.1.8) equations (6.3.1) and 

(6. 3. 3) yield 

2ko. o ke. oo 2k. oo 
1 sm e1 = 2 smet = 

0 
sm er , 

2ke . e ke . ee 2k . ee 
1 sm e 1 = 2 sm et = 

0 
sm er • 

(6.3.4) 

(6. 3. 5) 

From these equations we conclude with the help of Snel's law (1. 5. 7) and the requirement 
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about the direction of propagation of the second-harmonic waves in the vacuum 

(6. 3. 6) 

Going over to refractive indices we conclude further 

(6. 3. 7) 

Hence, both second-harmonic free waves of the extraordinary type travel in the same 

direction. This direction follows from the angle of incidence e . and the index of re-
l 

fraction of that mode n~ through Snel's law. Wedefine therefore one angle of refrac-

tion for the second-harmonic extraordinary wave mode through 

(6. 3. 8) 

Because of equation (6.1.4) we arealso able to introduce one wave vectork~ 
according to 

with components (0, k~sin8 ~' k~ cos e ~). 
Mutatis mutandis we derive from equation (6. 3. 3) 

ko . o ke . e ko . oe 2k . oe 
1 smet+ 1 smet = 2 smet = 

0 
sm er , 

which leaves us with 

Again we put per definition 

e o = eoe 
2 t t 

(6.3.9) 

(6. 3.10) 

(6.3.11) 

(6. 3.12) 

(6. 3.13) 

(6. 3.14) 
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Our condusion in this case is that the second-harmonic ordinary free wave also 

travelsin a direction determined from ei and n~ through Snel's law. 

In order to enable a quick survey of the waves with their wave veetors we listed 

the results obtained so far in table I. We have also given the unit veetors which deter

mine the directions of the transveraal parts of the electric fields of the different 

waves. 

E-field frequency 
of wave 

wave vector transversal unit vector 

-> -E. Ul k.(O,k sine.,k cose.) 
1 1 0 1 0 1 

-> k E Ul (O, k sine., - k cos e.) r r o 1 o 1 
->o ->o o o -> 
Et Ul k 1 (O, k0 sin ei, k1 cos e

1
) ê x 

->e ->e e e -> e -sine~) Et Ul k 1 (O, k0 sin ei' k1 cos e 1) êt(O, cose 1, 

-oo 2w 2k0 ë0(0 0 -sine~ Es 1 s ' 
cos e

1
, 

->ee 2w 2ke êe(O e -sine~) Es 1 s ' 
cos e1, 

->oe k_Oe(O . o o e e -> 
Es 2w 2k0 sm ei' k1 cos e1 + k1 cos e1) ê 

s ' x 
.... 00 .... -> 
E 2w 2kr ê (0, -cos e ., -sine.) r r 1 1 

--ee -> -+ 
E 2w 2k ê (0, -cos e., -sine.) r r r 1 1 

--oe 2k -+ 
E 2w ê r r x 
->00 
Et 2w 

-+e 
k2 (0, 

e e 
2k

0 
sin ei' k2 cos e 2) 

->e 
ê2(0, 

e 
cos e2' -sin ei 

->ee 
Et 2w 

->e 
k2 (0, 2k0 sin ei' k~ cos ei 

->e 
ê2(0, 

e cos e 2, -sine~ 
->oe -o 

2k0 sin ei' k~ cos ei -> 
Et 2w k2 (0, ê x 

Tabel I. Wave quantities of the waves involved in a boundary value problem. 

The relations between the various wave veetors are also illustrated in fig. 6.1. 

We worked out an example where all possibly occurring wave veetors are real. Hence, 

the plasma is transparent for the ordinary and the extraordinary wave mode at the 

fundamental frequency as wellas at the second-harmonic one. Furthermore we have 

chosen the angle of incidence smaller than the Brewster angle for the ordinary funda-
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-z 080 

2k~ 
plasma 

vacuum 

2kr 

2 2 2 2 
Fig. 6. 1 Sketch of different wave veetors for sine. = o. 60 and plasma parameters (1) /w = o. 60 and 0 Iw = 1. so. 

1 p 

mental, which, in our case, happened to be the one with the smallest index of re

fraction. Thus all the waves that might occur up to the considered order, are indeed 

present. The plasma parameters in this example were w 2 /w 2 = 0. 60 and o2 /w 2 = 1. 80. 
p 

The angle of incidence was such, that sine.= 0. 60. 
1 

6. 4 THESE COND-HARMONIC COUNTERPART OF FRESNE L'S FORMULAE FOR WAVES 

WHICHHA VE THEffi ELECTRIC FIELDPARALLELTOTHE PLANE OF INCIDENCE 

-oo - ee -•oe 
As the second-harmonic forced waves E and E on one side and E on the 

s s s 
other are of different polarizations two different characteristic situations arise in 

95 



our boundary value problem. This state of affairs is similar to the one in the classical 

Fresnel problem. We first consider the forced waves Ê00 and Êee and the second-s s . 
harmonie waves coupled to them, i.e. those waves of which the electric fields are 

parallel to the plane of incidence. 

We start the discuesion from the forced wave Ê00
, given by equation (6. 2. 5) and 

s 
(6. 2. 6). At the boundary this wave couples with a second-harmonic free wave in the 

plasma and a similar wave in vacuum, both traveling away from the plasma. The 

former is ofthe type given by equations (5. 3.14) and (5. 3.15). They read in the notation 

we have adopted here 

ke 
2 } "oo -e _, ia(2w) ke Et exp i (k 2• r - 2wt) , 

2 

(6.4.1) 

(6.4. 2) 

where a is defined as a function of the frequency by equation ( 1. 5. 15). 

The latter wave, a second-harmonic vacuum wave, is given by 

-+oo oo .... .... -E = Ê ê exp 2i(k . r - wt) , r r r r 
(6. 4. 3) 

-+ 
k ->oo r -+oo 

B =-XE r w r (6.4.4) 

The requirement of continuity of the tangential electric field across the boundary 

z = 0, i.e. the continuity of the y-components, leaves us, after invocation of the data 

of tabel I, with 

Êoo 
- cos a .. r 1 

(6. 4. 5) 

The same requirement with respect to the magnetic field leaves us with 

oe (Êo)2 + eE"' oo = E" oo 
nl.., o t n2 t r • (6.4. 6) 

From these two relations we obtain 
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(6.4. 7) 

(6.4. 8) 

The refractive index n~ is given by dispersion relation (5. 3.12), n~ by (6.1. 5), 13
0 

and 

y
0 

by equations (6.2.11)and(6.2.12), respectively, and Ê~ by equation (6.2.3). 

In the same way we find starting from equations (6. 2. 7) and (6. 2. 8) 

A a (cos eel + ne
1 

cos e.) + iy sin ee
1 Eee=- e 1 e (Ê~)2, 

t cos e~ + n~ cos ei+ ia(2w) sine~ 
(6.4. 9) 

( e o e e . (2 ) e . e) . e . e 

E
"ee = _ ae n2 cos e 1 - n1 cos e 2 - 1a w n1 sm e 2 + 1yen2 sm e 1 (E"'et) 2 . 

(6.4.10) 
r e e . (2 ) . e cos e 2 + n

2 
cos e i + 1 a w sm e 

2 

The refractive index nel is given by the dispersion relation (5. 3.18), 6 and y by 
e e 

equations (6. 2.13) and (6. 2.14), respectively, and Ê~ by equation (6. 2.4). 

One is tempted to add expressions (6.4. 7) and (6.4. 9) on the one hand and (6.4. 8) 

and (6.4.10) on the other in order to obtain the total effect of both fundamental modes. 

This is indeed correct. The phase difference between Ê~ and Ë~ for y z = 0 is ac

counted for by the fact that Ê~ or better Te is complex ( cf. equation (1. 5. 17)). The 

phase difference of the fundamentals, which is exactly the angle x that we introduced e 
for generality in equation ( 5. 6. 6), is given by 

where 

with both T' and T" real. 
e e 

T" e tg x. =
e T' 

e 

T = T' + iT" e e e 

(6. 4.11) 

(6.4.12) 

From equations (5. 6.11) to (5. 6.13) we know that the phase difference between 

the forced waves is 2X. and e 
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2T"T' 
tg 2x = e e 

e (T' )2 _ (T")2 
e e 

(6.4.11) 

Thus the phase difference 2x is equivalent to the complex factor (T )
2

• Conse-
e -oo -ee e 

quently the phase difference between Et and Et is accounted for by the complex 

nature of the factor (Ê:)
2 

in the expression (6.4. 9). The same is, of course, true for 
--oo -ee 
E and E in expression (6.4.10). 

r r 
We conclude this section with the expressions fornormal incidence, i.e. e. = o. 

1 

Then allangles are equal to zero and cosines become unity and sines zero. With 

the help of equations (6. 2. 3), (6. 2.4), (1. 5.11), (1. 5.12), (1. 5.16), and (1. 5.17) we 

find the following expression for the sum of equations (6.4. 7) and (6.4. 9): 

2 
Se cos e ,, 

e n
1 

+ 1 
(6.4.14) 

and for the sum of equations (6.4. 8) and (6.4.10) 

o e .2 e e 2 
A A 4 {s (n1 - n'".:'\ sm e s (n1 - n2) cos e} A 2 
Eoo + Eee = o 2' + e (E .) • 

r r n~ + 1 (n~ + 1) 
2 (n~ + 1) 

2 1 
(6.4.15) 

6. 5 THE SECOND-HARMONIC COUNTERPART OF FRESNEL 'S FORMULAE FOR WAVES 

WHICH HAVE THEIR ELECTRIC FIELD PERPENDICULAR TO THE PLANE OF INCI

DENCE 

The remaining case is the one based upon Ë0 e. This forced wave is given by s 
equations (6. 2.16) and (6. 2.17). The free wave in the plasma to which it couples is 

a wave of the type given by equations (5. 3. 9) and (5. 3.10). It reads in our present 

nota ti on 

(6.5.1) 

(6. 5. 2) 

The second-harmonic vacuum wave to which they couple reads 
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'""'Oe "oe.... .... .... 
E = E ê exp 2i(k .r -wt), 

r r x r 
(6. 5. 3) 

(6.5.4) 

The requirement of continuity of the tangential components of the electric field 

across the boundary z = 0 yields 

(6.5.5) 

The requirement of continuity of the tangential components of the magnetic field across 

the boundary yields, with the help of the data of table I, 

(6. 5. 6) 

From these two relations we obtain 

o o e e 
2 cos ei + n1 cos e 1 + n1 cos e 1 0 

.... e 
E" oe - .! s:. *' E t -- 2 u 0 0 J:!.,t t 

n2 cos e 2 + cos ei 
(6. 5. 7) 

o o o o e e 
2n2 cos e 2 - n1 cos e 1 - n1 cos e 1 ..... 

0 
e 

Ê~e = lo o o Et tt . 
n2 cos e

2 
+ cos ei 

(6. 5. 8) 

Th'3 refractive indices n~, n~, and n~ are given by the dispersion relations (5.3.12), 

(5. 3.18), and (6.1. 7), respectively, o by equation (6. 2.18) and Ê~ and ~; by (6. 2. 3) 

and (6.2.4), respectively. The fact that Ê: is complex accounts for the phase difference 

at z == y = 0 between these secoud-harmonie waves and the incident fundamentaL 

Invoking equations (6. 3. 4), (6. 2. 4), (1. 5. 12), and (1. 5.17) equation (6. 5. 7) reduces 

for normal incidence to 

"oe o(2 + n~ + n~ sin 2® (""'.)2 
E = - -;::-----=---~;::---- .!:!.. 

t (n~ + 1) (n~ + 1) ( n~ + 1) 1 
(6. 5. 9) 

and equation ( 6. 5. 8) to 

Êoe = _o_(2n_~_-_n~_-_n_~_s_in_2_e_ (Ê.) 2 

r (n~ + 1) (n~ + 1) ( n~ + 1) 1 
(6. 5.10) 
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In conclusion we observe that if a static magnetic field perpendicular to the plane 

of incidence is taken into account then there are usually refracted and refracted secoud

harmonie waves of both charaderistic states of polarization. Without such a field 

Kronig and Boukema 2 arrived at the conclusion that the second-harmonic waves were 

polarized in such a way, that their electric fields we re parallel to the plane of inciden

ce, whatever the state of polarization of the incident wave. Now this is only true for 

the two extreme states of polarization, i.e. El = 0 and El = n/2. For intermediate cases 

there also are second-harmonic waves polarized such, that their electric fields are 

perpendicular to the plane of incidence. 

6. 6 A REMARK CONCERNING INDEX MATCHING 

The second-harmonic free waves that we discussed in the preceding sections are 

due to a boundary effect. The secoud-harmonie forced waves form the volume effect. 

The question may arise whether this volume effect may lead to more direct observable 

waves. 

The second-harmonic forced waves can be looked upon as governing the spatial 

and phase distribution of dipoles radiating at the double frequency. In general this 

radiation generated by the dipoles travels in a medium with a refractive index that 

differs from the one experienced by the forced waves. As these are fellow travelers 

of the fundamentals, they propagate with phase veloeities determined by the funda

mental-frequency indices of refraction. Consequently, the second-harmonic radiation 

coming from one dipole is very soon extinguished by radiation originating from other 

dipoles. This effect has been demonstrated most clearly and very strikingly by Maker, 

Terhune, Nisenoff, and Savage 3• 

When the double-frequency index of refraction comes nearer and nearer to the 

fundamental-frequency index the destructive interterenee of radiation originating from 

more or less neighbouring dipoles becomes less and less effective and a considerable 

conversion into second-harmonic radiation may take place. This so-called index match

ing or phase matching has been demonstrated by Giordmaine 
4

, Maker e.a. 
3

, and 

Terhune, Maker, and Sa vage 5• Kleinman 6 discussed this phenomenon theoretically 

for uniaxial crystals consictering beams of finite aperture rather than plane waves. 

In accordance with Bloembergen and Persban 1 our theory proves to break down at in

dex matching conditions. 

Let us first examine the conditions for index matching for the different forced 

waves of our problem. Index matching for the wave given by equations (6. 2. 5) and 

(6. 2. 6) is obtained if 

(6.6.1) 
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or, as we infer from the dispersion relations ( 5. 3 .12) and ( 6. 1. 5), 

2 2 2 12Ul - 3Ul - 4 0 = 0 
p ' 

(6. 6. 2) 

which is a factor of the denominator of both 13
0 

and 'Yo (equations (6. 2.11) and (6. 2.12)). 

With the help of Snel's law and equation (6. 3. 7) we conclude that condition (6. 6.1) 

implies 

(6. 6. 3) 

In the same way we find the following equivalent conditions for index matching for 

the forced wave given by equations (6. 2. 7) and (6. 2. 8) 

(6.6.4) 

(6. 6. 5) 

(6. 6. 6) 

Equation (6. 6. 5) makes the denominator of 13 and 'Y (equation (6. 2.13) and (6. 2.14)) 
e e 

to be equal to zero. 

The condition for index matching for the mixed forced wave given by equations 

(6. 2.16) and (6. 2.17) reads 

(6.6.7) 

This condition implies 

(6. 6. 8) 

and it also makes the denominator of ö (equation (6. 2.18)) equal to zero. With the help 

of Snel's law and the data from tabel I condition (6. 6. 8) can be written in terros of 

refractive indices and angles in the following way 

(6.6.9) 
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For the sake of completeness we give the expressions for the reflected second

harmonic waves, which, in accordance with Bloembergen and Persban 1, remain 

finite for index matching conditions. Equation (6.4. 8) reads for n~ = n~ 

.... oo e 
E =-

r me 

where Ê~ is given by equation (6.2.3). Equation (6.4.10) reads for n~ = n~ 

"ee e E =-
r me 2 4 • 

4w Il 

(6.6.10) 

3 2 2 2 e ·{ 2 2 2 2. 2 2. 2 2 } . e 6w O(w -wp+O ) cos 2e1+1 w 0 (16w -7wp_)-(w -wp_)(4UJ -wp) sm 2e
1 

2 
(Ête) ' 2 2 2. e e 2 e . 2 . e 

4w(4w -wp -0 )(n1 cos ei cos e1 + cos e1) + lUJPO sm 2e l 

(6. 6.11) 

where Ê~ is given by equation (6. 2.4). Finally equation (6. 5. 8) reads for l:k~e~ c/2w= n~ 

(6. 6.12) 

The index matching teclmique is a very difficult one because in crystals the index 

matching conditions can only be satisfied in a very specific direction. In a magnetoplas

ma, however, index matching may be achieved in all directions in a plane perpendien

lar to the static magnetic field. Moreover, the refractive indices are tosome extent 

tunable, because the magnetic field influences the refractive indices of the extraordi

nary waves. This suggests the use of a magnatoplasma for second-harmonic genera

tion experiments. Fora theoretica! basis Kleinman's theory 6 should be modilied to 

include our case. 
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APPENDIX 

ON HEUN'S EQUATION 

A. 1 GENERAL REMARKS 

A differential equation of the Fuchsian type is defined as an ordinary linear 

equation in which every singular point, the point at infinity included, is a regular 

singular point (cf., e.g., ref. 1, p. 370). The hypergeometrie equation has three 

regular singular points. A natural generalization of this equation is therefore a 

second order equation of the Fuchsian type with one additional regular singularity. 

This equation has been studied by a number of authors2- 7. The equation is known 

as Heun's equation, after the first author2 who discussed it. The equation is re

lated to Lamé's equation6 • 
7

. We follow Snow's6 notation and write the equation in 

the following form, to which any second order Fuchsian equation with four singulari

ties can be reduced: 

d
2 ,/ 1 J:. d b 

rm u2 + (-* + +a;E;v-v + _6_) __!!:. + ctS'!]+ = 0 
.... ,

1 
'-.., 1 11-a dTI 'fl(Tj-l)('fl-a)u · 

(A. 1. 1) 

According to the theory of Fuchsian differential equations1 the coefficients of 

an n thorder equation with u regular singular points contain altogether-! n(n+l). 

(u-2) + n independent parameters. As the sum of the exponentsis a fixed number, 

these exponents account for (nu-l) parameters. Therefore, there remain -!<n-1). 

(nu-2n-2) parameters which cannot be expressed in the exponents. These are known 

as accessory parameters. 

In the case of the hypergeometrie equation n 2 and u= 3; consequently, the 

number of accessory parameters is zero. But for Heun 's equation, where n = 2 and 

u= 4, this number becomes one. This one accessory parameter is b. The solution 

of Heun's equation is characterized by this band the following Riemann P-symbol 

which lists the singular points and the exponents relative to them: 

0 1 a 

p 0 0 0 
(A. 1. 2) 

1-y 1-6 
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The singular points in the finite plane thus are Tj= 0, 1 and a. 

A. 2 THE SOLUTIONS RELATNE TO THE POINT Tl 0 

The solution of Heun's equation may be presented either in terms of power 

expansions2• 6 or in the form of series of hypergeometrie functions3- 5. We confine 

ourselves to the former series. The exponents relative to the singular point 0 can 

be read off from the Riemann P-symbol (A. 1. 2), viz 0 and 1-y. Two independent 

solutions relative to 0 may then be indicated as follows: 

0 
u 1 =H(a, b;a,13,y,ö;Tj), (A. 2. 1) 

0 1-y u2 =Tl H(a,b2; 1+a-y, 1+(3-y, 2-y,ö;Tj), (A. 2. 2) 

with 

b2 = b- (1-y){ ö + a(1+a+a-y-5)}. (A. 2. 3) 

The symbol H represents a function which we, again following Snow6
, shall name 

Heun's function. Between the brackets we findalistof symbols indicating, respec

tively, the fourth singular point, the accessory parameter, the other parameters, 

and the argument of Heun's function. The function H is defined by: 

(X) 

H ( b Q c. Tl) 1 -~11 + \) a, ;a, P• y, u; 'I = ya '-' 
U=2 

u 
c Tl 

u 

where the cu' s are to be determined from the recurrence relation 

(u+2) (u+1+y) a cu+2= [ (s+1)
2 

(a+1) + (s+1) { y+5-1+(a+j3-ö)a} -b J cu+1 + 

(A. 2. 4) 

- (u+a) (u+l3) Cu• (A.2. 5) 
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The first two terms on the right of equation (A. 2. 4) determine the initia! conditions 

when consiclering the recurrence relation as a difference equation. 

The series (A. 2. 1) and (A. 2. 2) converge inside a circle in the complex Tj

plane with its centre at the origin and as radius min ( I a I , 1), i. e. the di stance 

from the origin to the nearer of the two singularities a and 1. If I al> 1 the series 

prove to converge for Tl = 1, provided 

Re (y+5-Q'-~) > 0 . (A. 2. 6) 

In this discussion it is tacitly assumed that the two solutions (A. 2. 1) and 

(A. 2. 2) are meaningful and linearly independent. If, e.g., y = 1 we see at once 

that both solutions are identical and if y = 0 the series in equation (A. 2. 1) looses 

its sen se. This situation is analogous to the hypergeometrie equation with y = 0 
(see equation (3. 1. 6) ). These difficulties always occur when the exponents belong

ing to the singular point in question differ by an integer. With the help of the Wron

skian determinant 1' 8 

0 0 
u1 u2 

W= (A. 2. 7) 

0 du1 
0 du2 

dTJ cm 

it is, however, possible to evaluate a second, independent, solution in terms of a 

single known solution. As this second solution contains, in genera!, a logarithmic 

term, this case is often referred to as the logarithmic case. It will be considered 

in more detail in section A. 5. 

A. 3 THE COUNTERPART OF KUMMER'S SOLUTIONS 

The hypergeometrie equation admits Kummer's set of 24 solutions. These 

are connected by a group of six bilinear transformations of the independent variable. 

They transform the equation into another one with again the singular points 0, 1, 

and co. Sometimes it appears necessary to apply a subsequent transformation of the 

dependent variabie in order to bring the equation again into the standard form of the 

hypergeometrie equation. These transformations of the independent variabie are 

sometimes referred to as homograpbic transforma ti ons. 

In the case of Reun's equation there exists an analogous set of transformations. 
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They are homograpbic in the sense that they transfarm the equation into another 

Heun equation with singular points 0, 1, co, and a', which is, in genera!, not the 

transfarm of a. Since four points can be arranged in 4! different ways, there are 

24 of those transformations. The homograpbic transformations, that are of 

interest to us, are: 

11' _1L._.Il_.~._1_. a 
11-1 ' 11-a ' 11 ' 1-11 ' 

6 For the complete set we refer the reader to Snow . 

Just as in the case of the hypergeometrie equation it often appears necessary 

to apply an additional transformation of the dependent variabie to reeover the 

standard form of the equation. Moreover, it is always necessary to determine the 

new accessory parameter by explicit calculation. 

With the help of the complete set of homograpbic transformations we find the 

Heun counterpart of Kummer's 24 solutions. Their number is 96. By observing 

that equation (A. 1.1) is unaffected by an interchange of cx and e, Whittaker and 
9 

Watson count even 192, but only 48 solutions out of them have different parameters 

and arguments. 

A.4 SOMERELEVANT SOLUTIONS 

Substituting 11' = 11/(11-1) and u' = (1-11)0!u into equation (A.l.l) we find, with the 

help of equations (A.2.1) to (A.2.3), 

o -cx ( a _ oya+b . 11 "" 
ul = (1-11) H a-1' a-1 'et, -e+y+o,y, ê; 11-1) , (A. 4. 1) 

(A. 4. 2) 

where 

b o = - aya+b - (1 ) { ê + 
2 a-1 -y (1 +cx-8)} . (A. 4. 3) 

If I a/ (a-1) I > 1, i.e. Re a> i, the Heun function expansions are convergent 

for \111(11-1)1 < 1, i.e. Re11<i. If I a/(a-1)1 < 1, i.e. Re a< i, the series are 
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convergent for !TII(Tl-1)1 < !al(a-1)1 , i.e. within a circle in the complexTj-plane 

with its centre at Tl a2 I (-2a+1) and a on its circumference. We assume henceforth 

that a is real. 

With the help of the substitutions T\' =Til (TJ-a) and u' (1-T!Iafu we find: 

(A. 4. 4) 

(A. 4. 5) 

with 

ho=- b+y6+1+ot-S-y - (1-y) (1-tot+Q-y-5) . 
4 1-a '"' 

(A.4. 6) 

The region of convergence of the series is given by I Til (Tt-a) I < 1, i.e. ReTj 

<~a, provided !11(1-a) I> 1, i.e. 0< a< 2. 

The asymptotic hehaviour for Tl ... 0 is, as a matter of fact, the same for both 

expressions (A.4. 1) and (A. 4. 4) for u~ and for the two expressions (A. 4. 2) and 

(A.4. 5) for u~. It is given by 

(A. 4. 7) 

(A.4.8) 

With the help of a third set of substitutions Tl' = (T\-a)ITI and u' = (Tjla)O'u we 

find 

(A.4. 9) 

Tj-a) , 1 +Q'+e -v-ö ; ---a- , (A.4. 10) 
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with 

a b1 =- (b+crö) - aa(S-5) , (A.4.11) 

b~ =- (b-h:l6)- aa(S-ö)- (1-&){ 2+2a-y-8-a(1-+a-a>}. (A.4.12) 

The region of convergence for the series is given by I ("fl-a)/111 < 1, i.e. Re11 

<i a, provided a< 0 or a> 2. 

A fourth set of substitutions 11' = (1-11) - 1 and u' = (1-11)0' u yields: 

co (1-11)-Q'H(-1- beo 1 1 \ u1 \.1-a' 1; a, -s+y+o, +a-e, &; 1-11 ")' (A. 4. 13) 

co -s ( 1 u2 = (1-11) H (A. 4. 14) 

with 
CO b+NV 

b1 =-~+ a(S-&) , (A. 4. 15) 

co b+Sy b = - + Q (a-8) . 2 1-a IJ 
(A. 4. 16) 

The region of convergence of the series is now given by j1/ (1-11) I < 1, i.e. 

outside a circle with 1 as its centre and the origin on its circumference, provided 

111 (1-a) I > 1, i.e. a inside that circle. If a is outside the circle, i.e., e.g., 

for a> 0, the region of convergence is given by 111 (1-11) I < 111 (1-a) I , i.e. 

outside a circle with 1 as centre and a on its circumference. 

The substitutions 11' =a/ (a-11) and u' = (a-11)au yield: 

(A.4.17) 

00 -s c a co a "\ u2 = (a-11) H a-1 , b4 ; f3, 1+s-&. 1+f3-a, 1+a+S-y-5; a-
11

) , (A.4.18) 
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with 

(A. 4.19) 

biXl = - b+By - c(c-&+1) . 
4 a-1 P ~-' 

(A. 4. 20), 

The region of convergence for the series is given by I a/ (a-11) I < 1, i.e. out

side a circle with centre at Tl =a and the origin on its circumference, provided 

!a/(a-1)1 > 1, i.e. a>!. 
The asymptotic behaviour for Tl ... co to be derived from equations (A. 4. 17) and 

(A.4. 18) is given for u~ by 

(A. 4. 21 

and for u; by 

00 -e u2 .... (-Tl) . (A. 4. 22) 

A. 5 THE SOL UT ION IN THE LOGARITHMIC CASE 

We shall now study the logarithmic case of the solution relative to a. The 

substitution Tl' = ('fl-a)/Tl in the original differential equation (A. 1. 1) leads to 

2 
d u + ( .l_+ 1-0!-13 + 1+a+e:v-o) du + -b(]' -i>+aea u = o. 
d'fl'

2 
Tl' Tl'-1 Tl' - (1-a) d'fl' Tl' (Tl'-1) ('fl'-1+a) 

(A. 5. 1) 

The Wronskian determinant of two independent solutions u~(Tl ') and u;(Tl ') of this 

equation reads 
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a a 
u1 u2 

W(Tl') (A. 5. 2) 

a du1 
a du2 

d'fl' dil' 

Introduetion of du~/dll' and du;/dll' from the differential equation and substraction, 

after multiplication by a proper factor, of the first row from the second yields 

W(ll') 

or 

-1 
= - c_Q_ + 1-a-s + 1+crt~-y-ó) 

ll' ll'-1 ll'-(1-a) 

Integration gives 

(A. 5. 3) 

(A. 5. 4) 

const. (A. 5. 5) 

Fr om equations (A. 4. 9) and (A. 4. 1 0) we infer, re membering the homographic 

substitution in question 

(A. 5. 6) 

(A. 5. 7 

with b~ and b~ determined by equations (A. 4. 11) and (A.4. 12). 

Suppose 0 < ö < 1. From equations (A. 5. 6) and (A. 5. 7) wededuce the follow

ing asymptotic behaviour of W(1\'), as given by equation (A. 5. 2), for 11' .... 0 
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(T] .... a): 

W(11' ... 0) - 1-8 -Trf. (A. 5. 8) 

Since W, as deduced from equation (A. 5. 5), should have the same asymptotic be

haviour, we conclude 

(A. 5. 9) 

Suppose now 6 = o. Then equation (A. 5. 6) looses its sence. Only equation (A. 5. 7) 

remains a meaningful solution of equation (A. 5.1). For simpHeity's sake we suppose 

also 1 +ex+ e - y = O. Equation (A. 5.1) then reads 

d
2
u 1-a_:JL du -b<:n' -1) + ~ _ 

--2 +-·-1 -, + 2 u- 0, 
d11' 11 d11 Tl' (T\' -1) ('f\ 1-1+a) 

(A. 5.10) 

with the Wronskian 

1 
w <11 '> = 1-a-e 

(1-'f\ ') 
(A. 5. 11) 

One solution is known (equation (A. 5. 7) ) and reads 

u~(11') = (1-11 ')0' 11'H(1-a, b~; 1+ot, 2+cx-y. 2, 0; Tl') 

(A. 5.12) 

where Ha(T\') is shorthand for the Heun function. 

The Wronskian8 (A. 5. 2) can also be written as 

(A. 5.13) 

where u~ (11 ') constitutes a, still unknown, second solution of equation (A. 5. 10), 
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linearly independent of u~. Introduetion of equations (A. 5. 11) and (A. 5.12) into e

quation (A. 5. 13) and integration yields 

(A. 5. 14) 

We now expand the integrand into a power series. The latter will contain, in gener

al, a term proportional to (11') -
1

. This term gives rise toa logarithmic contribu

tion in u~(11'). 
Passing to 11 again, we finally find 

(A. 5.15) 

(A. 5.16) 

In this section we considered the logarithmic case of the solutions relative to 

the singular point 11 =a. Of course the sameprocedure applies to the öther singular 

points when their exponents differ by an integer. However, this does not arise in 

our physical problem and we have restricted ourselves to the case treated above. 
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SAMENVATTING 

Het onderwerp van dit proefschrift behoort tot de theorie van de voortplanting 

van elektromagnetische golven in een koud plasma van elektronen. Beschouwd wordt 

een monochromatische, lineair gepolarizeerde, vlakke golf. De voortplantingsrich

ting is loodrecht op de richting van een statisch magneetveld gekozen. 

Het eerste gedeelte van het proefschrift is gewijd aan gelaagde plasma's. De 

dichtheid wordt evenredig verondersteld met 1 + tanh ç ( r, is evenredig met een der 

rechthoekige koördinaten). Golfvergelijkingen voor zowel de gewone als de buiten

gewone golf worden afgeleid. Door een ogenblik de temperatuur van nul verschillend 

te veronderstellen worden voorwaarden gevonden voor de verwaarlozing ervan. Daar

toe wordt aan de vergelijkingen een adiabatische toestandsvergelijking toegevoegd. 

Vervolgens worden de golfvergelijkingen exact opgelost. De. vergelijking voor de ge

wone golf leidt in overeenstemming met de klassieke theorie van Epstein tot de hyper

geometrische differentiaalvergelijking. Voor beide mogelijke voortplantingsriëhtingen 

van de invallende golf worden de terugkaatsings- en doorlatingsfaktoren gegeven. De 

golfvergelijking voor de buitengewone golf kan voor loodrechte inval tot de differenti

aalvergelijking van Hèun herleid worden. Voor deze golf kan in het dichtheidsprofiel 

een resonantie voorkomen. Dit geval beschrijft het tunneleffekt van Budden. Weer 

worden voor beide voortplantingsrichtingen van de invallende golf exacte uitdrukkingen 

voor de terugkaatsings- en doorlatingsfaktoren afgeleid. Deze faktoren zijn uitdruk

kingen in funkties van Heun. Enkele punten uit de theorie van de vergelijking van Heun 

zijn in een aanhangsel samengevat. 

Het tweede deel is gewijd aan de golfvoortplanting in een homogeen plasma. Uit

gaande van de niet-lineaire vergelijkingen voor een koud plasma worden uitdrukkingen 

afgeleid voor de korrekties van laagste orde op de bekende oplossing van de gelineari

seerde vergelijkingen. De niet-lineaire termen worden dan als storingstermen opge

vat. De mogelijkheid dat seculair gedrag optreedt wordt besproken. Uitdrukkingen 

worden afgeleid voor gedwongen golven opgewekt door de wisselwerking van twee ge

wone golven, voor die opgewekt door die van een gewone en een buitengewone golf, en 
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tenslotte voor de gedwongen golf veroorzaakt door een buitengewone golf alleen. Ver

volgens worden deze uitdrukkingen gebruikt om een grenswaardeprobleem op te los

sen tot in de beschouwde orde. De longitudinale komponenten van de buitengewone 

golven die daarbij betrokken zijn worden mede in aanmerking genomen. Het bedoelde 

probleem betreft de terugkaatsing en breking van een golf van willekeurige polarizatie 

die scheef invalt op een met plasma gevulde halfruimte. Op deze wijze worden de 

tweede harmonischen, veroorzaakt door het niet-lineaire gedrag van het medium, in 

de beschouwing betrokken. Tenslotte wordt een opmerking gemaakt over de index

evenaring in een magnetoplasma (omstandigheid waarin de brekingsindex in een dis

persief medium dezelfde waarde heeft voor zowel de grondfrekwentie als een harmo

nische). 
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STELLINGEN 

I 

Wtllebrord Snel van Royen, zich noemende Snellius, werd niet zoals Korringa 

vermeldt in 1591 geboren. De oudst bekende officUUe vermelding van zijn naam dateert 

van september 1581. Het betreffende stuk bevindt zich in het Leids gemeentearchief. 

Hij is dus in of voor dit jaar geboren. De besliste vermelding van 1580 als geboortè

jaar door De Waard berust op overlevering. 
J. Korringa in R. Kronig, red., Leerboek der natuurkunde, Amsterdam (1966}. 
c. de Waard in Nieuw Ned. Biogr. Woordenboek, deel 7, Leiden (1927). 

II 

Volgens de Archieven van Senaat en Faculteiten der Leidsche Universiteit, Invent. 

no. 7 (Vol. Inscriptionem 1575-1618 no. 1), werd Snellius in september 1590 reeds 

ingeschreven als "stud. litt. ". Of de juiste datum 1 dan wel10 september is blijkt 

geenszins uit deze inschrijving. 
Album Studiosarurn Academiae Lugduno Batavae MOLXXV ·MDCCCLXXV, 's-Gravenhage (1875). 

m 

Om de laagste thermische korrektie op de dispersierelatie voor de buitengewone 

golf in een homogeen plasma af te leiden met behulp van de z. g. momentenmethode is 

het voldoende de hogere momenten vanaf het derde te verwaarlozen. Om echter tevens 

de dispersierelatie voor de Bernstemgolven te vinden dient ook het derde moment in 

de afleiding te worden betrokken. De nummering der momenten is hier zo gekozen, 

dat het nulde moment de kontinui'teitsvergelijking oplevert. 
J.C. Nihoul en P.E. Vandenplas, Plasma Physics etc. (J. Nucl. Energy, partC).l(1965) 341. 
I. B. Bernstein, Phys. Rev. 109 (1958) 10. 



IV 

De voorwaarden afgeleid door Cheng Lu voor de mogelijkheid van een strenge 

beschrijving van golfvoortplanting in gevallen met cilindersymmetrie door middel 

van stralen is onvolledig. De door hem gebruikte uitdrukkingen voor een konische 

golf voldoen niet aan de golfvergelijking. Het zijn slechts asymptotische formules die 

het gedrag van de golf ver van de as van de kegel beschrijven. 

Cheng Lu, Acta Physica Sinica 1!_ (1965) 414 (Engelse vertaling verkrijgbaar bij American Institute of 
Physics). 

V 

De golfvergelijking die de voortplanting beschrijft van elektromagnetische golven 

in een inhomogeen koud plasma van elektronen, heeft dezelfde gedaante als die voor de 

voortplanting in een overigens eender, homogeen plasma. De brekingsindex is in het 

eerste geval echter afhankelijk van de plaats. De veronderstelling van Miller, dat 

hiertoe de dichtheid een langzaam veranderlijke funktie van de plaats dient te zijn, 

is overbodig. 

G.F. Miller, III, Phys. Fluids.&_ (1962) 899. 

VI 

De stelling van De Hoop, dat de door hem gevonden oplossing van het Epstein

probleem door middel van een Laplacetransformatie van de grondvergelijking "aanmer

kelijk eenvoudiger is dan de gebruikelijke behandeling van het probleem met behulp 

van hypergeometrische funkties", is aanvechtbaar. 

A. T. de Hoop, Appl. Sci. Res. B 12 (1965) 74. 
A. Erdélyi e.a., ed., Higher transeendental functions, vol. 1, New York (1953) pp. 105-108. 

VII 

In de theorie der Landaudemping wordt als asymptotische ontwikkeling van de 

Hilberttransformatie van een verdelingsfunctie f(t) wel gebruikt 

+co +co +co 

fH(x) - P J ;~tl dt = ! J f(t)dt + ~ J tf(t)dt + ••••• 
-co -co -co 

Dit is in zijn algemeenheid onjuist. Er kunnen ook gedempte oscillerende termen op

treden. 

M. A. Uman, Introduetion to plasma physics, New York (1964). 
R. W. B. Best, Rijnhuizen Report 66·30 (1966). 



vm 

Uitgaande van de vergelijking van Vlasov wordt de volgende uitdrukking gevonden 

voor de afschermingalengte À(X) van een statisch elektrisch veld in een gas bestaande 

uit geladen deeltjes: 

-2 
À = -4n 

(q. is de lading, f. de verdelingsfunktie en e. de energie van de deeltjes van de soort i; 
1 1 1 

v is de snelheid). De uitdrukking is geldig voor iedere verdelingsfunktie fi( ei) en 

iedere statistische wet. 

E. Minardi, Physica g {1965) 585. 

IX 

De benaming "Larmorstraal", zoals die door vele auteurs van plasmafysische 

publikaties wordt gebruikt, is misleidend, omdat de bedoelde grootheid niets te maken 

heeft met het werk van Larmor. Aan de benaming cyclotronstraal dient derhalve de 

voorkeur te worden gegeven. 

x 

Bij de verklaring van het mechanisme van de emissie van de oxydekathode door 

Fendt en Tischer wordt ondermeer de voorwaarde voor elektrische neutraliteit onjuist 

toegepast. 
H. w. fendt enK. M. Tischer, Die TelefunkenrOhre 11:,(1964) 173. 
f. A. KrOger, The chemistry of imperfect crystals, Amsterdam (1964). 

XI 

De reflektiehinder in verkeerstorenkoepels op vliegvelden kan, althans voor de 

verkeersleider, afdoende bestreden worden door donkergekleurde schotten aan te 

brengen die de spiegeling van een ruit in een andere onmogelijk maken. De schotten 

dienen zo geplaatst te worden, dat zij liggen in vlakken bepaald door de sponningen, 

die de beschrijvende ribben vormen van de koepel, en de plaats van de verkeersleider. 

K. Hempenius en f. W. Sluijter, Rapport DM 4-95, Directoraat Materieel Luchtmacht, 's-Gravenhage (1961). 



xn 

Bij verwijzing naar een vertaling van een tijdschriftartikel dient in de eerste 

plaats naar de oorspronkelijke publikatie verwezen te worden, daar in het land van 

herkomst en de invloedsfeer ervan de vertaling niet of slechts zeer moeilijk toeganke

lijk is. 

xm 

Telefonisch uitleenverkeer draagt in belangrijke mate bij tot de toegankelijkheid 

en daarmee tot de rentabiliteit van het boekenbezit van een bibliotheek. Dit inzicht 

wordt door de bibliotheken der Nederlandse technische en economische hogescholen 

in de praktijk gebracht. De universiteitsbibliotheken zijn in dit opzicht onderontwikkeld. 

XIV 

De stelling van Alfrink, dat er geen tegenspraak kan zijn tussen een "vaststaand 

resultaat van dè wetenschap" en iets behorend tot de geloofsschat van de Rooms-Katho

lieke Kerk omdat beide de "waarheid" zouden uitdrukken, is onhoudbaar, daar hij dan 

het begrip "waarheid" in verschillende betekenissen gebruikt zonder deze vaagheid van 

begrip in zijn beschouwing te betrekken. 

B. J. Alf rink, Analecta voor het aartsbisdom Utrecht 37, fase. 1 (1964) 12. 
c. H. Townes, Think ~· fase. 2 (1966) 2. 

XV 

Het verdient aanbeveling een onderzoek in te stellen naar het rendement van de 

inspanningen ter bevordering van het studierendement. 

Frans W. Sluijter 

25 oktober 1966 


