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TROPICALLY UNIRATIONAL VARIETIES

JAN DRAISMA AND BART FRENK

Abstract. We introduce tropically unirational varieties, which are subvari-

eties of tori that admit dominant rational maps whose tropicalisation is surjec-

tive. The central (and unresolved) question is whether all unirational varieties
are tropically unirational. We present several techniques for proving tropical

unirationality, along with various examples.

1. Tropical Unirationality

Tropical geometry has proved useful for implicitisation, i.e., for determining
equations for the image of a given polynomial or rational map [10, 11, 12]. The
fundamental underlying observation is that tropicalising the map in a naive manner
gives a piecewise linear map whose image is contained in the tropical variety of the
image of the original map. Typically, this containment is strict, and for polynomial
maps with generic coefficients the difference between the two sets was determined
in [12]. Polynomial or rational maps arising from applications are typically highly
non-generic, and yet it would be great if those maps could be tropicalised to deter-
mine the tropical variety of their image. Rather than realising that ambitious goal,
this paper identifies a concrete research problem and presents several useful tools
for attacking it.

Thus let K be an algebraically closed field with a non-Archimedean valuation
v : K → R ∪ {∞}. We explicitly allow v to be trivial. Write T = K∗ for the
one-dimensional torus over K and Tn for the n-dimensional torus. For a non-zero
polynomial f =

∑
α cαx

α ∈ K[x1, . . . , xm] we write Trop(f) for the tropicalisation
of f , i.e., for the function Rm → R defined by

Trop(f)(ξ) := min
α

(v(cα) + x · α), ξ ∈ Rm;

here · stands for the standard dot product on Rm. Throughout this paper we will
use greek letters to stand for tropical variables.

Strictly speaking, one should distinguish between a tropical polynomial and the
function that it defines, but in this paper we will only need the latter. By Gauss’s
Lemma, we have Trop(fg) = Trop(f) + Trop(g) for non-zero polynomials f, g, and
this implies that we can extend the operator Trop to rational functions by setting
Trop(f/h) = Trop(f) − Trop(h). We further extend this definition to rational
maps ϕ = (f1, . . . , fn) : Tm 99K Tn by setting Tropϕ := (Trop(f1), . . . ,Trop(fn)) :
Rm → Rn.
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Figure 1. Outside the lines, Trop(ψ) is linear and of the indicated form.

If X is a subvariety of Tn, then we write Trop(X) for the tropicalisation of X,
i.e., for the intersection of the corner loci of all Trop(f) as f ranges through the
ideal of X in K[x±11 , . . . , x±1n ].

Definition 1.1. A subvariety X of Tn is called tropically unirational if there exists
a natural number p and a dominant rational map ϕ : T p 99K X such that the image
im Trop(ϕ) equals Trop(X). The map ϕ is then called tropically surjective.

We recall that the inclusion im Trop(ϕ) ⊆ Trop(X) always holds [4]. The follow-
ing example shows that this inclusion is typically strict, but that ϕ can sometimes
be modified (at the expense of increasing p) so as to make the inclusion into an
equality.

Example 1.2. Let X ⊆ T 2 be the line defined by y = x+ 1, with the well-known
tripod as its tropical variety. Then the rational map ϕ : T 1 99K T 2, t 7→ (t, t + 1)
is dominant, but the image of its tropicalisation only contains two of the rays
of the tripod, so ϕ is not tropically surjective. However, the map ψ : T 2 99K
X ⊆ T 2, (s, u) 7→ ( 1+s

u−s ,
1+u
u−s ) is tropically surjective. Indeed, see Figure 1: under

Trop(ψ), the north-west and south-east quadrants cover the arms of the tripod in
the north and east directions, respectively, and any of the two halfs of the north-
east quadrant covers the arm of the tripod in the south-west direction. So X is
tropically unirational. There is no tropically surjective rational map into X with
p = 1.

The central question that interests us is the following.

Question 1.3. Is every unirational variety tropically unirational?

This paper is organised as follows. In Section 2 we review the known fact that
(affine-)linear spaces and rational curves are tropically unirational. In Section 3 we
prove that, at least for rational varieties, our central question above is equivalent
to the apparently weaker question of whether Trop(X) is the union of finitely many
images im Trop(ϕi), i = 1, . . . , N with each ϕi a rational map T pi 99K X. This
involves the concept of reparameterisations: precompositions ϕ ◦ α of a dominant
rational map ϕ into X with other rational maps α; since tropicalisation does not
commute with composition, Trop(ϕ ◦ α) may hit points of Trop(X) that are not
hit by Trop(ϕ). In Section 4 we introduce a somewhat ad-hoc technique for finding
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suitable (re)parameterisations. Together with tools from preceding sections this
technique allows us, for example, to prove that the hypersurface of singular n× n-
matrices is tropically unirational for every n. In Section 5 we prove that for X
unirational, every sufficiently generic point on Trop(X) has a dim(X)-dimensional
neighbourhood that is covered by Trop(ϕ) for suitable ϕ; here we require that K
has characteristic zero. Combining reparameterisations, we find that there exist
dominant maps into X whose tropicalisation hit full-dimensional subsets of all full-
dimensional polyhedra in the polyhedral complex Trop(X). But more sophisticated
methods, possibly from geometric tropicalisation, will probably be required to give
a definitive answer to our central question.

Acknowledgements
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Castryck, Filip Cools, Anders Jensen, Frank Sottile, Bernd Sturmfels, and Josephine
Yu. We thank all of them for their input! The final version of this paper was written
while the second author was visiting Eva Maria Feichtner’s group at the University
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2. Linear spaces, toric varieties, homogenisation, curves

We start with some elementary constructions of tropically unirational subvari-
eties of tori.

Lemma 2.1. If X is a tropically unirational subvariety of Tn, then so is its image
Luπ(X) under any torus homomorphism π : Tn → T q followed by left multiplication
Lu with u ∈ T q.
Proof. If ϕ : Tm 99K X is tropically surjective, then we claim that so is Lu ◦ π ◦ϕ :
Tm 99K Y := π(X). Indeed, since φ is a monomial map and Lu is just componen-
twise multiplication with non-zero scalars, we have Trop(Lu ◦ π ◦ ϕ) = Trop(Lu) ◦
Trop(π) ◦ Trop(ϕ). Here the first map is a translation over the componentwise
valuation v(u) of u, and the second map is an ordinary linear map. The claim
follows from the known fact that Trop(Lu) Trop(π) Trop(X) = Trop(Y ), which is
a consequence of the main theorem of tropical geometry [2] �

The following is a consequence of a theorem by Yu and Yuster [15].

Proposition 2.2. If X is the intersection with Tn of a linear subspace of Kn, then
X is tropically unirational.

Proof. Let V be the closure of X in Kn, by assumption a linear subspace. The
support of an element v ∈ V is the set of i such that vi 6= 0. Choose non-zero
vectors v1, . . . , vp ∈ V such that the support of each vector in V contains the
support of some vi. Let A ∈ Kn×p be the matrix with columns v1, . . . , vp, and let
v(A) ∈ (R ∪ {∞})n×p be the image of A under coordinate-wise valuation. Then
Yu-Yuster’s theorem states that Trop(V ) ⊆ (R ∪ {∞})n is equal to the image of
(R ∪ {∞})p under tropical matrix multiplication with v(A). This implies that the
rational map T p 99K Tn, v 7→ Av is tropically surjective. �

Another argument for the tropical unirationality of linear spaces will be given in
Section 4.
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Lemma 2.3. Let X ⊆ Tn be a closed subvariety, and write X̃ for the the cone
{(t, tp) | t ∈ K∗} over X in Tn+1. Then X̃ is tropically unirational if and only if
X is.

Proof. If X is tropically unirational, then so is T × X ⊆ Tn+1, and hence by
Lemma 2.1 so is the image X̃ of the latter variety under the torus homomorphism
(t, p) 7→ (t, tp). Conversely, if X̃ is tropically unirational, then so is its image X
under the torus homomorphism (t, p) 7→ t−1p. �

Note that Trop(X̃) = {0}×Trop(X) +R(1, . . . , 1); we will use this in Section 3.
We can now list a few classes of tropically unirational varieties.

Corollary 2.4. Intersections with Tn of affine subspaces of Kn are tropically uni-
rational.

Proof. If X the intersection with Tn of an affine subspace of Kn, then the cone
X̃ is the intersection with Tn+1 of a linear subspace of Kn+1. Thus the corollary
follows from Proposition 2.2 and Lemma 2.3. �

The following corollary has been known at least since Speyer’s thesis [9].

Corollary 2.5. Rational curves are unirational.

Proof. Let ϕ = (f1, . . . , fn) : T 99K Tn be a rational map, and let Y be the rational
curve parameterised by it. Let S ⊆ K be a finite set containing all roots and poles
of the fi, so that we can write

fi(x) = ci
∏
s∈S

(x− s)eis .

where the ci are non-zero elements of K and the eis are integer exponents. Let
X ⊆ TS be the image of the affine-linear linear map T 99K TS given by x 7→
(x− s)s∈S . Then X is tropically unirational by Corollary 2.4. Let π : TS → Tn be
the torus homomorphism mapping (zs)s∈S to (

∏
s∈S z

eis
s )i, and let u = (ci)i ∈ Tn.

Then the curve Y is the image of X under Lu ◦ π, and the corollary follows from
Lemma 2.1. �

Corollary 2.6. The variety in Tm×n of m × n-matrices of rank at most 2 is
tropically unirational.

Proof. Let ϕ : Tm × Tm × Tn × Tn 99K Tm×n be the rational map defined by

ϕ : (u, x, v, y) 7→ diag(u)(x1t + 1yt) diag(v),

where diag(u),diag(v) are diagonal matrices with the entries of u, v along the di-
agonals; 1t,1 are the 1 × n and the m × 1 row vectors with all ones; and x, y are
interpreted as column vectors. Elementary linear algebra shows that ϕ is domi-
nant into the variety Y of rank-at-most-2 matrices. Moreover, ϕ is the composition
of the linear map (u, x, y, v) 7→ (u, x1t + 1yt, v) with the torus homomorphism
(u, z, v) 7→ (diag(u)z diag(v)). Hence Y is tropically unirational by Proposition 2.2
and Lemma 2.1. �

Corollary 2.7. The affine cone over the Grassmannian of two-dimensional vector

subspaces of an n-dimensional space (or more precisely its part in T (n
2) with non-

zero Plücker coordinates) is tropically unirational.
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Proof. The proof is identical to the proof of Corollary 2.6, using the rational map

Tn × Tn 7→ T (n
2), (u, x) 7→ (uiuj(xi − xj))i<j .

�

Interestingly, Grassmannians of two-spaces and varieties of rank-two matrices
are among the few infinite families of varieties for which tropical bases are known
[1]. It would be nice to have a direct link between this fact and the fact, used in the
preceding proofs, that they are obtained by smearing around a linear space with a
torus action.

Corollary 2.8. The varieties defined by A-discriminants are tropically unirational.

Proof. Like in the previous two cases, these varieties are obtained from a linear
variety by smearing around with a torus action; this is the celebrated Horn Uni-
formisation [5, 6]. �

In fact, this linear-by-toric description of A-discriminants was used in [3] to give
an efficient way to compute the Newton polytopes of these discriminants in the hy-
persurface case. A relatively expensive step in this computation is the computation
of the tropicalisation of the kernel of A; the state of the art for this computation is
[8].

3. Combining reparameterisations

A fundamental method for constructing tropically surjective maps into a unira-
tional variety X ⊆ Tn is precomposing one dominant map into X with suitable
rational maps.

Definition 3.1. Given a rational dominant map ϕ : Tm 99K X ⊆ Tn, a repa-
rameterisation of ϕ is a rational map of the form ϕ ◦ α where α : T p 99K Tm is a
dominant rational map and p is some natural number.

The point is that, in general, Trop(ϕ ◦ α) is not equal to Trop(ϕ) ◦ Trop(α). So
the former tropical map has a chance of being surjective onto Trop(X) even if the
latter is not.

Example 3.2. In Example 1.2, the map ψ : (s, t) 7→ ( 1+s
u−s ,

1+u
u−s ) is obtained from

ϕ : t 7→ (t, t + 1) by precomposing with the rational map α sending (s, u) to 1+s
u−s .

Hence ψ is a tropically surjective reparameterisation of the non-tropically surjective
rational map ϕ.

This leads to the following sharpening of our Question 1.3.

Question 3.3. Does every dominant rational map ϕ into a unirational variety
X ⊆ Tn have a tropically surjective reparameterisation?

Note that if X is rational and ϕ : Tm 99K X ⊆ Tn is birational, then every
dominant rational map ψ : T p → X factors into the dominant rational map (ϕ−1 ◦
ψ) : T p 99K Tm and the map ϕ. So for such pairs (X,ϕ), the preceding question is
equivalent to the question whether X is tropically unirational.

We will now show how to combine reparameterisations at the expense of en-
larging the parameterising space T p. For this we need a variant of Lemma 2.3.
Let ϕ = ( f1g , . . . ,

fn
g ) : Tm 99K X ⊆ Tn be a dominant rational map where
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g, f1, . . . , fn ∈ K[x1, . . . , xm]. Let d > 0 be a natural number greater than or
equal to max{deg(g),deg(f1), . . . ,deg(fn)}, and define the homogenisations

g̃ := xd0g(
x1
x0
, . . . ,

xn
x0

) and f̃i := xd0fi(
x1
x0
, . . . ,

xn
x0

), i = 1, . . . , n.

These are homogeneous polynomials of positive degree d in n+1 variables x0, . . . , xn.
The map ϕ̃ : Tm+1 99K Tn+1 with components (g̃, f̃1, . . . , f̃n) is called a degree-d
homogenisation of ϕ. The components of one degree-d homogenisation of ϕ dif-
fer from those of another by a common factor, which is a rational function with
numerator and denominator homogeneous of the same degree. Any degree-d ho-
momgenisation of φ is dominant into the cone X̃ in Tn+1 over X. Recall that
Trop(X̃) = {0} × Trop(X) + R(1, . . . , 1). The following lemma is the analogue of
this statement for im Trop(ϕ̃).

Lemma 3.4. Let ϕ̃ be any degree-d homogenisation of ϕ. Then the image of
Trop(ϕ̃) equals {0} × (im Trop(ϕ)) + R(1, . . . , 1).

Proof. For the inclusion ⊇, let ξ ∈ Rm and let γ ∈ R. Setting ξ̃ := (0, x) +
γ
d (1, . . . , 1) ∈ Rm+1 and using that g̃ is homogeneous of degree d we find that

Trop(g̃)(ξ̃) = Trop(g̃)(0, ξ) + γ = Trop(g)(ξ) + γ;

and similarly for the f̃i. This proves that

Trop(ϕ̃)(ξ̃) = Trop(ϕ)(ξ) + γ(1, . . . , 1),

from which the inclusion ⊇ follows. For the inclusion ⊆ let ξ̃ = (ξ̃0, . . . , ξ̃m) ∈ Rm+1

and set ξi := ξ̃i − ξ̃0, i = 1, . . . ,m. Again by homogeneity we find

Trop(g̃)(ξ̃) = Trop(g̃)(0, ξ) + dξ̃0 = Trop(g)(ξ) + dξ̃0

and similarly for the f̃i. This implies

Trop(ϕ̃)(ξ̃) = Trop(ϕ)(ξ) + dξ̃0(1, . . . , 1),

which concludes the proof of ⊆. �

Lemma 3.5 (Combination Lemma). Let ϕ : Tm 99K X ⊆ Tn and αi : T pi 99K Tm

for i = 1, 2 be dominant rational maps. Then there exists a dominant rational map
α : T p1+p2+1 99K Tm such that im Trop(ϕ ◦ α) contains both im Trop(ϕ ◦ α1) and
im Trop(ϕ ◦ α2).

Proof. Consider a degree-d homogenisation ϕ̃ : Tm+1 99K X̃ ⊆ Tn+1 and degree-e
homogenisations α̃1 : T p1+1 99K Tm+1, α̃2 : T p2+1 99K Tm+1 of α1, α2, respectively.
Define α̃ : T p1+1 × T p2+1 99K Tm+1 by

α(ũ, ṽ) = α̃1(ũ) + α̃2(ṽ).

We claim that

im Trop(ϕ̃ ◦ α̃) ⊇ im Trop(ϕ̃ ◦ α̃i) for i = 1, 2.

Indeed, since ϕ̃ has polynomial components and since α̃2 is homogeneous of positive
degree e, we have

ϕ̃(α̃1(ũ) + α2(ṽ)) = ϕ̃(α̃1(ũ)) + terms divisible by at least one variable ṽj .

As a consequence, for (µ̃, ν̃) ∈ Rp1+1 × Rp2+1 we have

Trop(ϕ̃ ◦ α̃)(µ̃, ν̃) = min{Trop(ϕ̃ ◦ α̃1)(µ̃), terms containing at least one ν̃j}.
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Hence if µ̃ is fixed first and ν̃ is then chosen to have sufficiently large (positive)
entries, then we find

Trop(ϕ̃ ◦ α̃)(µ̃, ν̃) = Trop(ϕ̃ ◦ α̃1)(ν̃).

This proves that im Trop(φ̃ ◦ α̃1) ⊆ im Trop(φ̃ ◦ α̃). Repeating the argument with
the roles of 1 and 2 reversed proves the claim.

Now we carefully de-homogenise as follows. First, a straightforward computation
shows that ϕ̃ ◦ α̃i is a degree-de homogenisation of ϕ ◦ αi for i = 1, 2, hence by
Lemma 3.4 we have

im(Trop(ϕ̃ ◦ α̃i)) = {0} × im Trop(ϕ ◦ αi) + R(1, . . . , 1).

Similarly, writing α̃ = (a0, . . . , am) : T p1+1+p2+1 99K Tm for the components of α̃
we define α : T p1+p2+1 99K Tm as the de-homogenisation of α̃ given by

α(u, ṽ) =

(
a1(1, u, ṽ)

a0(1, u, ṽ)
, . . . ,

am(1, u, ṽ)

a0(1, u, ṽ)

)
.

A straightforward computation shows that φ̃ ◦ α̃ is a degree-de homogenisation of
φ ◦ α. Hence by Lemma 3.4 we have

im(Trop(ϕ̃ ◦ α̃)) = {0} × im Trop(ϕ ◦ α) + R(1, . . . , 1).

Now the desired containment

im Trop(φ ◦ α) ⊇ im Trop(φ ◦ αi) for i = 1, 2

follows from

{0} × im Trop(φ ◦ α) = ({0} × Rn) ∩ im Trop(φ̃ ◦ α̃)

⊇ ({0} × Rn) ∩ im Trop(φ̃ ◦ α̃i)
= {0} × im Trop(φ ◦ αi)

�

4. Birational projections

In this section we show that rational subvarieties of Tn that have sufficiently
many birational toric projections are tropically unirational. Here is a first observa-
tion.

Lemma 4.1. Let X ⊆ Tn be an algebraic variety and π : Tn → T d a torus
homomorphism whose restriction to X is birational, with rational inverse ϕ. Then
Trop(π) ◦ Trop(ϕ) is the identify on Rd.

Proof. Let η ∈ Rd be a point where Trop(ϕ) is (affine-)linear. Such points form
the complement of a codimension-1 subset and are therefore dense in Rd. Hence
it suffices to prove that Trop(ϕ)(η) maps to η under Trop(π). Let y ∈ T d be a
point with v(y) = η where ϕ is defined and such that x := ϕ(y) ∈ X satisfies
π(x) = y. Such points exist because v−1(η) is Zariski-dense in T d. Now ξ := v(x)
equals Trop(ϕ)(η) by linearity of Trop(ϕ) at η and Trop(π)ξ = η by linearity of
Trop(π). �

For our criterion we need the following terminology.

Definition 4.2. Let P ⊆ Rn be a d-dimensional polyhedron and let A : Rn → Rd
be a linear map. Then P is called A-horizontal if dimAP = d.
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Proposition 4.3. Let X ⊆ Tn be an algebraic variety and π : Tn → T d a torus
homomorphism whose restriction to X is birational, with rational inverse ϕ. Using
the Bieri-Groves theorem, write Trop(X) =

⋃
i Pi where the Pi are finitely many

d-dimensional polyhedra. Then im Trop(ϕ) is the union of all Trop(π)-horizontal
polyhedra Pi.

Proof. Let Pi be a Trop(π)-horizontal polyhedron. We want to prove that Trop(ϕ)◦
Trop(π) is the identity on Pi. To this end, let ξ ∈ Pi be such that Trop(ϕ) is affine-
linear at η := Trop(π)ξ. The fact that Pi is Trop(π)-horizontal implies that such
ξ are dense in Pi. To prove that Trop(ϕ)(η) equals ξ let x ∈ X be a point with
v(x) = ξ such that ϕ is defined at y := π(x) and satisfies ϕ(y) = x. The existence of
such a point follows from birationality and the density of fibers in X of the valuation
map [7]. Now η equals v(y) by linearity of Trop(π) and ξ = v(x) = v(ϕ(y)) equals
Trop(ϕ)(η) by linearity of Trop(ϕ) at η. Hence Trop(ϕ) ◦ Trop(π) is the identity
on Pi, as claimed. Thus im Trop(ϕ) contains Pi. Since the projections of Trop(π)-
horizontal polyhedra Pi together form all of Rd, we also find that im Trop(ϕ) does
not contain any points outside those polyhedra. �

Corollary 4.4. Let X ⊆ Tn be a birational variety and write Trop(X) =
⋃
i Pi as

in Proposition 4.3. If for each Pi there exists a torus homomorphism π : Tn → T d

that is birational on X and for which Pi is Trop(π)-horizontal, then X is tropically
unirational.

Proof. In that case, there exist finitely many homomorphisms π1, . . . , πN : Tn →
T d, birational when restricted to X, such that each Pi is Trop(πj)-horizontal for at
least one j. Then Proposition 4.3 shows that the rational inverse ϕj of πj satisfies
Pi ⊆ im Trop(ϕj). Now use the Combination Lemma 3.5. �

In particular, when all coordinate projections to tori of dimension dimX are
birational the variety X is tropically unirational. This is the case in the following
statement.

Corollary 4.5. For any natural number n the variety of singular n × n-matrices
is tropically unirational.

Proof. A matrix entry mij of a singular matrix can be expressed as a rational
function of all other n2 − 1 entries (with denominator equal to the corresponding

(n−1)×(n−1)-subdeterminant). This shows that the map Tn
2 → Tn

2−1 forgetting

mij is birational. Any (m2 − 1)-dimensional polyhedron in Rm2

is horizontal with

respect to some coordinate projection Rn2 → Rn2−1, and this holds a fortiori for
the cones of tropically singular matrices. Now apply Corollary 4.4. �

Corollary 4.4 also gives an alternative proof of Corollary 2.4 stating that tropi-
calisations of affine-linear spaces are tropically unirational.

Second proof of Corollary 2.4. LetX be the intersection with Tn of a d-dimensional
linear space in Kn. For each polyhedron Pi of Trop(X) there exists a coordinate
projection π : Tn → T I , with I some cardinality-d subset of the coordinates, such
that Pi is Trop(πI)-horizontal. Here we have not yet used that X is affine-linear.
Then the restriction πI : X → T I is dominant, and since X is affine-linear, it is
also birational. Now apply Corollary 4.4. �
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We continue with an example of a determinantal variety of codimension larger
than one whose unirationality is a consequence of Corollary 4.4.

Example 4.6. Let V ⊆M4×5(K) be the variety of matrices of rank smaller than
or equal to 3. The ideal of V contains all maximal minors and the dimension of
V equals 18. One way to see the latter statement is to write a matrix in V in the
following form,(

A B
C D

)
, A ∈M3×3, B ∈M3×2, C ∈M1×3, D ∈M1×2.

There are no conditions on A, B and C, while D is uniquely determined by the
choice of A,B and C. The dimension thus equals 3 · 3 + 3 · 2 + 1 · 3 = 18.

Let (mij) denote the standard coordinate functions on M4×5. We aim to show
that the projection into any subset of X of size 18 is birational. Let z1 = mi,j and
z2 = ml,k be the indices of the coordinate functions left out of the projection. Note
that if z1 appears in a maximal minor, in which z2 doesn’t, then z1 is a rational
function of the coordinate functions in the maximal minor. In particular, if z1 and
z2 are in different columns, there exist such maximal minors for z1 and z2 and hence
both are rational in the remaining 18 coordinate function.

The case that z1 and z2 are in the same column requires some calculation. Sup-
pose without loss of generality that z1 = m3,4 and z2 = m4,5. Then,

0 = m35 detM124,234 +m45 detM123,234 +m15 detM234,234 +m25 detM124,234,

0 = m35 detM124,134 +m45 detM123,134 +m15 detM234,134 +m25 detM134,134

by cofactor expansion of the determinants of the matrices M1234,2345 and M1234,1345.
The set of equations has a unique solution for m35 and m45 when

detM124,134 detM123,134 6= detM124,234 detM123,134,

showing that the projection is birational.

We conclude this section with a beautiful example, suggested to us by Filip Cools
and Bernd Sturmfels, and worked out in collaboration with Wouter Castryck and
Filip Cools.

Example 4.7. Let Y ⊆ T 5 be parameterised by (s4, s3t, . . . , t4), (s, t) ∈ T 2, the
affine cone over the rational normal quartic. Write X := Y + Y ⊆ T 5, the first
secant variety. Writing z0, . . . , z4 for the coordinates on T 5, X is the hyperplane
defined by

det

z0 z1 z2
z1 z2 z3
z2 z3 z4


= z0z2z4 + 2z1z2z3 − z21z4 − z0z23 − z32
= a+ 2b− c− d− e.

This polynomial is homogeneous both with respect to the ordinary grading of
K[z0, . . . , z4] and with respect to the grading where zi gets degree i. Hence its
Newton polygon is three-dimensional; see Figure 2. Modulo its two-dimensional
lineality space the tropical variety Trop(X) is two-dimensional. Intersecting with
a sphere yields Figure 3.

Now set I := {1, 2, 3, 4} and J := {0, 1, 2, 3}. Then the coordinate projections
πI : T 5 → T I , πJ := T 5 → T I are birational, since z0 and z4 appear only linearly
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x0

x4

x2

a

b

c

d

e

Figure 2. The Newton polytope of the Hankel determinant. Only
the exponents of z0, z2, z4 have been drawn.

Trop(πI)-horizontal

Trop(πJ)-horizontal

neither

e a
c

b
d

Figure 3. The tropical variety of the Hankel determinant. Two-
dimensional regions correspond to the monomials a, b, c, d, e.

in the Hankel determinant. Let P be a full-dimensional cone in Trop(X), and let
{α, β} be the corresponding edge in the Newton polygon. Then P is Trop(πI)-
horizontal if and only if α0 6= β0 and Trop(πJ)-horizontal if and only if α4 6=
β4. Figure 3 shows that all but one of the cones are, indeed, horizontal with
respect to one of these projections. Let P denote the cone corresponding to the
edge between the monomials b = z1z2z3 and e = z32 . By Proposition 4.3 and
the Combination Lemma 3.5, there exists a rational parameterisation of X whose
tropicalisation covers all cones of Trop(X) except, possibly, P . We now set out to
find a parameterisation whose tropicalisation covers P .

Let ζ ∈ P . By Lemma 3.4 we may assume that ζ is of the form (ζ0, ζ1, 2ζ1, 3ζ1, ζ2).
We aim to show that there exist two reparametrisations of φ : T 4 → X, where

φ(u0, u1, v0, v1) = (u0 + v1, u0v0 + u1v1, u0v
2
0 + u1v

2
1 , u0v

3
0 + u1v

3
1 , u0v

4
0 + u1v

4
1).

such that ζ is in the image of at least one of them. Note that from the defining
inequalities of P it follows that ζ0 ≥ 0 and ζ2 ≥ 4ζ1. Let i ∈ K be a fourth root of
unity and consider the map ψ : T 3 → T 4 defined by

ψ(x0, x1, x2) =
(
1 + x0,−1, ix1,−x1(1 + x2x

−4
1 )
)
.

A short computation shows that the restriction of the tropicalisation of φ ◦ ψ to
the cone defined by ξ0 ≥ 0, ξ2 ≥ 4ξ1 and ξ2 ≤ ξ0 + 4ξ1 is the linear function
(ξ0, ξ1, ξ2) 7→ (ξ0, ξ1, 2ξ2, 3ξ1, ξ2). If ζ satisfies ζ2 ≤ ζ0 + 4ζ1 then the image of
(ζ0, ζ1, ζ2) under this tropicalisation is exactly ζ.

If ζ satisfies ζ2 ≥ ζ0 + 4ζ1 it is in the image of the tropicalisation of φ ◦ ψ ◦ ι,
where

ι(x0, x1, x2) = (x−10 , x−11 , x−12 ).

The tropicalisation is linear on the cone 0 ≥ ξ0, 4ξ1 ≥ ξ2 and ξ2 ≥ ξ0 +ξ1 and maps
−(ζ0, ζ1, ζ2) to ζ.
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5. Very local reparameterisations

Let X ⊆ Tn be a d-dimensional rational variety that is the closure of the image of
a rational map ϕ : Tm 99K Tn. Suppose without loss of generality that X is defined
over a valued field (K, v) such that v(K∗) is a finite dimensional vector space over
Q. Write ξ̄ for the image of ξ ∈ R under the canonical projection R → R/v(K∗).
We can now state the main result of this section and its corollary.

Theorem 5.1. Assume that the field K has characteristic zero. Let ξ ∈ Trop(X)
and set d to be the dimension of the Q-vectorspace spanned by ξ̄1, . . . , ξ̄n. There
exists a rational map α : T d 99K Tm and an open subset U ⊆ Rd such that the re-
striction of Trop(ϕ◦α) to U is an injective affine linear map, whose image contains
ξ.

Corollary 5.2. Assume that K has characteristic zero. Let {C1, . . . , Ck} be a
finite set of v(K∗)-rational polyhedra of dimension dimX such that

Trop(X) =

k⋃
i=1

Ci.

There exist a natural number p and a rational map α : T p 99K Tm such that the
image of Trop(ϕ ◦ α) intersects each Ci in a dimX-dimensional subset.

Proof. By the theorem, for each cone Ci there exists a reparametrisation αi such
that the tropicalization of ϕ ◦ αi hits Ci in a full dimensional subset. They can be
combined using the Combination Lemma. �

The main step in the proof of the theorem is Proposition 5.5, which is a valuation
theoretic result.

Let ξ be a point of Rn. Such a point defines a valuation vξ on the field of rational
functions L = K(y1, . . . , yn) of Tn by

vξ(h) = Trop(h)(ξ), h ∈ L

Let Lξ denote the completion of L with respect to vξ and denote its algebraic closure

by Lξ. That closure is equipped with the unique valuation whose restriction to Lξ
equals vξ [13, §144]. Denote by K[yQ1 , . . . , y

Q
n ] the subring of Lξ generated by all

roots of the elements y1, . . . , yn.
The next lemmata deal with the case n = 1. They allow us to prove Proposi-

tion 5.5 below by means of induction on the number of variables.

Lemma 5.3. Let ξ ∈ R such that ξ is not in the Q-vectorspace spanned by v(K∗).
Then K[t−1, t] is dense in K(t)ξ

Proof. Let p/q ∈ K(t). If q is a monomial we are done. Suppose it isn’t. The
valuation on q is of the form vξ(q) = mini v(pi) + iξ. Moreover, the minimum is
attained exactly once since otherwise ξ would be a Q-multiple of some element of
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v(K∗). Say it is attained at j. Compute,

p

q
=

p

ajtj + (q − ajtj)

= ajt
j p

1 + (q − ajtj)/(ajtj)

= ajt
jp

∞∑
n=0

( (q − ajtj)
ajtj

)n
The convergence of the power series with respect to w is a consequence of w(q −
ajt

j) > w(ajt
j). The limit is easily seen to to coincide with p/q. This completes

the proof. �

Lemma 5.4. Suppose K is algebraically closed of characteristic 0. Then K[tQ] is

dense in K(t)ξ,

Proof. Denote the residue field of K(t)ξ by k. Note that it is also the residue field
of K(t) under ξ, by the conditions on ξ.

We prove by induction on d that all zeroes in K(t)ξ of a polynomial of degree d
over K(t)ξ can be approximated arbitrarily well with elements of K[tQ]. For d = 1
this is the content of Lemma 5.3. Assume that the statement is true for all degrees
lower than d. We follow the proof of [14, §14, Satz].

Let P (S) = Sd + ad−1S
d−1 + . . . + a0 ∈ K(t)ξ[S]. After a coordinate change

replacing S by S − 1
dad−1 we may assume that ad−1 = 0. Indeed, a root s of the

original polynomial can be approximated well by elements of K[tQ] if and only if
the root s+ 1

dad−1 can be approximated well, since ad−1 itself can be approximated
well.

If now all ai are zero, then we are done. Otherwise, let the minimum among the
numbers v(ad−i)/i be ω + qτ , where ω ∈ v(K∗) and q ∈ Q, and let c be a constant
in K with valuation ω. Setting S = ctqU transforms P into

cdtdq(Ud + bd−2U
d−2 + . . .+ b0),

where each bi is an element of K(t1/p)ξ of valuation at least zero, with p the
denominator of q. Moreover, some bi has valuation zero. Let Q(U) denote the
polynomial in the brackets. The image of Q(U) in the polynomial ring k[U ] over
the residue field is neither Ud as bi has non-zero image in L, nor a d-th power of
an other linear form as the coefficient of Ud−1 is zero. Hence the image of Q(U) in
k[U ] has at least two distinct roots in the algebraically closed residue field k, and
therefore factors over k into two relatively prime polynomials. By Hensel’s lemma
[14, §144], Q itself factors over K(t1/p)ξ into two polynomials of positive degree.
By induction the roots of these polynomials can be approximated arbitrarily well
by elements of K[tQ], hence so can the roots of Q and of P . �

Proposition 5.5. Let (K, v) be an algebraically closed field of characteristic 0 with
valuation v and ξ ∈ Rn whose entries are Q-linearly independent over R/v(K∗).

Then K[yQ1 , . . . , y
Q
n ] is dense in Lξ.

Proof. Follows from Lemma 5.4 by induction on the number of variables. �

We are now ready to prove the main result.
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Proof of Theorem 5.1. Choose τ1, . . . , τd ∈ R such that their projections in R/v(K∗)
form a basis of the Q-vectorspace spanned by ξ̄1, . . . , ξ̄n. Let t1, . . . , tn be variables
and denote by L the field K(t1, . . . , tn) equipped with the unique valuation w that
extends v and satisfies w(ti) = τi.

There exists a point x′ ∈ Tm(Lξ) such that w(ϕ(x′)) = ξ. By Proposition 5.5

there exists an approximation x ∈ Tm(K[tQ1 , . . . , t
Q
d ]) of x′ that satisfies w(ϕ(x)) =

ξ. Choose e ∈ N such that every coefficient of x is already in K[t
±1/e
1 , . . . , t

±1/e
d ]

and set si = t
1/e
i . Thus, x ∈ Tm(K[s±1 , . . . , s

±
d ]), and hence defines a rational

map T d → Tm. Denote this map α. We show that there exists a neighbourhood
of σ = 1

e (τ1, . . . , τd) such that the restriction of Trop(ϕ ◦ α) to U satisfies the
conclusions of the theorem.

First, note that, by construction of α, Trop(ϕ ◦ α)(σ) = ξ. Every component
ϕi(x) = ϕi(α(s1, . . . , sd)) of ϕ is a Laurent polynomial over K in the sj with a

unique term zis
bi,1
1 · · · sbi,dd of minimal valuation ξi = v(zi) +

∑d
j=1 bi,jσj . If we let

σ vary in a small neighbourhood and change the valuations of the si accordingly,
then for each i the same term of ϕi has the minimal valuation. Hence T (ϕ ◦ α)
is linear at σ with differential the matrix (bij). Finally, as the numbers η1, . . . , ηn
span the same Q-space as σ1, . . . , σd modulo v(K∗), the matrix (bij) has full rank
d. This completes the proof. �

6. Concluding remarks

The concept of tropical surjectivity of a rational map seems natural and concrete,
and, as far as we know, not to have been studied before. This paper presented
some methods of determining whether a rational map is tropically surjective, and
aims to be a starting point for further study. In particular, the question whether
every unirational variety is tropically unirational is still open. It seems likely that
tehniques from geometric tropicalisation will prove useful in making further progress
on this question.
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