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Summary
Direct Numerical Simulation
of Dense Gas-Solid Flows

Dense gas-solid flows are encountered in many different processes

in the chemical industry, electricity industry or the steel and iron

producing industry. A major challenge in modelling these flows

are the wide range of length scales involved: the characteristic size

of process equipment, such as a fluidized bed reactor, is typically

of the order 1 - 10 meters. Yet,the large scale flow phenomena

are directly influenced by particle-particle and particle-gas inter-

action, which happens on the scale of the size of the particles,

which is in the range of 1 - 0.1 mm. This thesis is concerned with

the modelling of dense gas-particle flow at the most detailed level,

which is usually termed Direct Numerical Simulation (DNS). By

this we mean simulations with models that resolve the flow on a

scale smaller than the particles immersed in the fluid, and where

the fluid-solid interactions are dictated by the no-slip boundary

condition on the particles surface. Note that DNS does not im-

ply that the smallest turbulent length scales are resolved by the

spatial discretisation, as is common in the studies of turbulent

flows.

With the current computer resources it is possible to perform

DNS simulation of systems that contain nor more than say 20000
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SUMMARY

particles. Although this number will increase in the coming years

due to the expected advancements in computer resources, fully re-

solved simulation of even laboratory scale equipment will remain

impossible for the foreseeable future. For this reason, one has to

adopt a multi-scale modelling approach, were the insights on the

detailed scale are used to develop and test “coarse-grained” mod-

els appropriate for larger-scale simulations. A key input in those

larger-scale models is the averaged gas-solid interaction or drag

force, which will be a recurring theme in this thesis.

In the DNS simulation model, a finite difference discretisation

of the Navier-Stokes equation is used to compute the fluid flow.

In order to satisfy the constraint of stick boundary conditions at

the surface of the particle, two different immersed-boundary (IB)

methods have been developed and implemented in this work. The

concept of an effective hydrodynamic diameter is introduced by

comparing the simulation results for the drag force in a dilute

simple cubic arrays of particles with the exact solution by Hasi-

moto. This is different from other works which introduce the ef-

fective diameter in an ad-hoc manner. With the use of such an

effective diameter, the IB simulation results are found to be in

good agreement with available theoretical and simulation data for

dense regular and random arrays.

A artificial test of the newly developed method is whether it can

adequately model the hydrodynamic interaction force between two

spheres. The results are compared with exact solutions that were

obtained by a multipole-expansion solution to the Stokes equation

and simulation results obtained with the well-established lattice-

Boltzmann (LB) code Susp3D by Anthony Ladd. It is found that

error in both IB- and LB-method are comparable for the same

spatial resolution. Also it is established that even with a relatively

vi



low spatial resolution of the individual particles, a reasonably ac-

curate prediction of the hydrodynamic force can be obtained.

After these basic tests, the IB method is applied to model the

slow flow past spherocylindrical particles, which are the first of

these kind. The flow around single particles and static random

arrays of particles is analysed and the results are found to be

consistent with experimental data and theoretical results from lit-

erature.

In chapter 5 the drag force on particle in random arrays of

spheres is analysed in detail,this time by the use of the lattice-

Boltzmann method. The data of extensive simulations have been

analysed to study the fluctuations of the gas-solid force in homo-

geneous arrays of particles. This is of particular interest since

in the larger-scale (DPM) models these fluctuations are not ac-

counted for, since only the mean drag is parameterised. The root-

mean-square deviation of these fluctuations is found to be about

10% of the mean force, and the maximum deviation is found to be

up to 40%. The fluctuations do not only depend on the local mi-

crostructure (characterized by a local porosity), but also strongly

depend on the local flow field and changes in the microstructure

of the particle assembly within a distance of 2 to 3 particle diam-

eters.

Finally a comparison of fully-resolved simulations of small gas-

fluidized beds with O(1000) particles, using the IB method, with

unresolved simulations, using the discrete particle model with the

standard drag and a modified drag model based on chapter 5, is

done. Since the focus is on the influence of the gas-solid interac-

tion, only fully-elastic, frictionless particles are considered. Pres-

sure drop, granular temperature and mean bed height are found

to be larger in the IB simulations compared to the larger scale
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SUMMARY

(DPM) simulation results obtained with the standard drag model,

and lower compared to the DPM simulation results obtained with

the modified drag model. Also, for each particle a drag force is

computed that would follow from a correlation, i.e. the drag force

that it would feel in a DPM simulation. On average this force is

found to be about 30% smaller than the “true” DNS value. Appar-

ently the drag force in beds with moving particles (in other words

with a granular temperature) is higher than in static arrays, from

which the commonly used closure relation for the drag force are

derived.
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CHAPTER 1
Multiscale modelling of

gas-solid flows

Abstract

In this chapter the concept of multiscale modelling of gas-solid flows is

described. In the multiscale modelling approach more detailed models are

used as learning models in order to improve our general understanding of

gas-solid flows and to derive closure relations (such as for the drag force)

needed in less-detailed, coarser models which allow for the simulation of

larger problems. A short introduction to three different levels of descrip-

tion – fully resolved simulation, discrete particle models and continuum

models – is given.
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1. MULTISCALE MODELLING OF GAS-SOLID FLOWS

FIGURE 1.1: Schematic drawing of a gas-fluidized bed.

1.1 Introduction

Solid particles are encountered in many different types of indus-

try, such as the chemical industry, electricity industry or iron and

steel producing industry. A widely used type of process equip-

ment for efficient gas-solid contacting is the gas-solid fluidized

bed, a technology developed in the 1920’s. The basic principle of

a fluidized bed appears quite simple, as illustrated in figure 1.1.

Particles contained in a vessel are subjected to gas flow entering

through a distributor at the bottom. At sufficiently high gas flow

rates the drag exerted by the gas on the particles phase balances

their weight, hence the particles float (i.e. they are in the fluidized

state) and have a high mobility, which lead to largely increased

heat and mass transfer coefficients compared to a packed bed

(Brauer, 1971). Notwithstanding the wide application of fluidized

beds in process industries and the huge amount of research done,

2



1.1. Introduction

there still is a lack of understanding of the fundamentals of dense

gas-solid flows. Consequently no models exist for the quantitative

prediction of the behaviour of industrial scale fluidized bed reac-

tors, and design and scale-up of such reactors are mainly based

on laboratory and pilot scale experiments as well as experience.

A major challenge in developing models for fluidized beds are the

different length scales involved: whereas the size of the dispersed

particles typically is of order O(1mm) or smaller, the size of the

process equipment is in O(1m) or larger. The large scale motion

of gas- and solids-phase emerge as a direct consequence of the

physics on the particle scale such as particle-particle collisions

and gas-particle interaction. However, accurate prediction of the

large scale motion is essential for reliable and efficient design of

fluidized beds.

Detailed simulations of fluidized beds that resolve all length

scales of the flow are far from possible, which the following rough

calculation demonstrates. Consider a gas-fluidized bed of diame-

ter 1m and height 1m consisting of particles with diameter 1mm

and a solids volume fraction of 0.6. Such a bed comprises of almost

1 billion particles, which even for dry granular flow (that means

without considering the gas) is (far) beyond the capacity of current

computers to calculate the motion of all particles in a determinis-

tic manner within the time frame that typically exist in industrial

processes. If one would also want to compute the flow around all

particles, the computational power that is needed would even in-

crease further. Thus unresolved models, which do not predict all

details of the flow, have to be used for the design of fluidized beds

and accurate closure relations are needed that account for the

effect of the physical processes on the unresolved length scales

onto the macroscopic behaviour of the fluidized beds. This leads

3



1. MULTISCALE MODELLING OF GAS-SOLID FLOWS

FIGURE 1.2: Multi-Scale modelling strategy.

quite naturally to the multiscale modelling strategy depicted in

figure 1.2. On the most detailed level, the fully resolved (FRS)

or direct numerical simulation (DNS), the flow around individ-

ual particles is solved. Models on this scale can be used to de-

rive closures for the gas-solid interaction (e.g. momentum-, heat-

and mass transfer). These closures can than be employed in the

coarser models, those are the discrete particle (DP) model and the

two-fluid model (TFM). In discrete particle models all particles are

tracked individually but averaged equations of motion and conti-

nuity are solved for the gas phase, thus particle-particle interac-

tion is still modelled directly. In the two-fluid model both phases,

solids and gas, are treated as interpenetrating continua, thus in

addition to closures for the gas-solid interaction also closures for

the effective particle-particle interaction are required. More de-

4



1.2. Fully resolved simulation

tailed descriptions will be given in the following three sections.

1.2 Fully resolved simulation

As already mentioned in fully resolved simulations, the flow field

of the gas around the individual particles is calculated, thus

boundary conditions on the surface of the particles are enforced

and the gas-solid interaction emerges as a result of the computa-

tion. In figure 1.3 it is shown that also the motion of the gas phase

can be described on different levels. Within this work only prob-

lems are considered with a particle Knudsen number Kn =
λg

dP
≪ 1,

in other words the particle diameter dP is much larger than the

mean free path of the gas λg. In that case there is no need for a

description that includes thermal noise such as molecular dynam-

ics and fluid flow is well described by the Navier-Stokes equation

and the equation of continuity:

∂

∂t
ρgu + ∇ · ρguu = −∇P − ∇ · S, (1.1a)

∂

∂t
ρg + ∇ · ρgu = 0, (1.1b)

with density ρg, velocity u, pressure P = p − ρgg · x and the vis-

cous stress tensor S. As boundary condition on the surface Γi of

an immersed particle i the fluid velocity u has to be equal to the

particle’s surface velocity, in other words it has to satisfy no-slip:

u(x) = vi +ωi × (x − ri ) ∀ {x ∈ Γi} , (1.2)

The hydrodynamic force Fg→s and torque Tg→s are obtained as part

of the numerical solution of equations (1.1) and (1.2) and can then

be used to calculate the trajectories of all particles from Newton’s

equations of motions. For spherical particles with volume VP,i,

5



1. MULTISCALE MODELLING OF GAS-SOLID FLOWS

Level of
description

Fluid Phase
variable(s)

Basic Equation

of motion
Finite-difference

Model
Fluid-Solid
Interaction

Molecular
r1(t), .., rn(t)

v1(t), ..,vn(t)

Newton’s
equation

mr̈i(t) = Fi

Lattice Gas
(LG)

Model

Elastic
Collisions

at boundary

FLGdrag

with thermal
fluctuations

-

?

Ensemble averaging∫∫
f n(rn,vn)drn−1dvn−1

?

Kinetic

Single particle

distr. function
f (r, v, t)

Boltzmann
Equation
∂
∂t
f+v·∇ f =C

Lattice
Boltzmann (LB)

Model

Bounce
Back (BB)

at boundary

FLBdrag
-

?

Moments
∫
dv,
∫
vdv

+ Chapman-Enskog
?

Hydrodynamic

Density and

velocity field

ρ(r, t),u(r, t)

Navier-Stokes
equation, and
∂
∂t
ρ+∇·(ρu)=0

Computational

Fluid Dynamics

(CFD)

Immersed
Boundary (IB)

Method

FCFDdrag
-

?
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chapter 3

FIGURE 1.3: Three levels of description for the fluid phase for

flow through particulate systems. The kinetic level and the hydro-

dynamic level are very close: taking the moments
∫
dv and

∫
vdv of

f (r, v, t) yields the hydrodynamics fields, and taking the same mo-

ments of the Boltzmann equation yields the Navier-Stokes equation

and the mass conservation equation. The difference between the

LB model and the CFD method is thus that they represent a finite

difference representation at the kinetic level and the hydrodynamic

level, respectively. Note that the immersed boundary method can

also be used in combination with the lattice Boltzmann method. In

this work, the drag force arising from the CFD-IB method is com-

pared with the result from the more traditional LB-BB model.

moment of inertia ΘP,i and density ρP these equations are:

VP,iρP,i
d

dt
vi =

∑

j,i

Fc, j→i + VP,i

(
ρP,i − ρg

)
g + Fg→s,i , (1.3a)

ΘP,i
d

dt
ωi =

∑

j,i

Tc, j→i + Tg→s,i. (1.3b)

In this work the kinetic and the hydrodynamic level of descrip-

tion are used: the lattice-Boltzmann (LB) model and a direct finite

difference discretisation of the Navier-Stokes equations (CFD). A

6



1.2. Fully resolved simulation

ci

FIGURE 1.4: Schematic drawing of the computational grid and the

representation of immersed objects with the halfway bounce-back

boundary condition for 2-D lattice-Boltzmann model (D2Q9).

detailed description of the CFD method used within this work will

be given in chapter 2, therefore only a summary of the lattice-

Boltzmann method will be given. A more detailed introduction to

lattice-Boltzmann methods can for example be found in the books

by Succi (2001) or by Wolf-Gladrow (2000).

1.2.1 Lattice-Boltzmann method

The lattice-Boltzmann method was initially developed to overcome

the thermal fluctuation and thus the need for massive averag-

ing inherent in lattice-gas cellular-automata (LGCA) (McNamara

& Zanetti, 1988). Later it was shown, that it can also be inter-

preted as a special discretisation of the Boltzmann equation in

phase space (Sterling & Chen, 1996).

In LB methods a kinetic equation is solved, the so-called

7



1. MULTISCALE MODELLING OF GAS-SOLID FLOWS

lattice-Boltzmann equation:

fi(t + ∆t, x + ci∆t) − fi(t, x) = Ci
(
f (x, t)

)
. (1.4)

fi is the single particle distribution function for velocity direction

ci and Ci is the collision operator. To bring out the ancestry from

LGCA, one can imagine equation (1.4) as particles moving in di-

rection of the discrete velocities ci on a discrete lattice as shown

in figure 1.4 and each particle “carries” the corresponding infor-

mation on the single particle distribution function fi. Density ρg

and velocity u of the fluid can be computed from the zeroth and

first moment of the single particle distribution function fi with the

discrete lattice velocities ci:

ρg =
∑

i

fi and ρgu =
∑

i

fici (1.5)

The collision operator is typically modelled as a relaxation towards

local equilibrium:

Ci(f ) = −
∑

j

Ai j

(
f j − f

eq

j

)
, (1.6)

with the equilibrium distribution function f
eq

i
a function of the

local density ρg and velocity u. The simplest form is Bhatnagar-

Gross-Krook (LBGK) collision operator with a single-relaxation-

time τ:

Ci(f ) = −
1

τ

(
fi − f

eq

i

)
, (1.7)

however in the recent years multiple-relaxation-time (MRT) colli-

sion operators (see e.g. D’Humières et al., 2002) have been devel-

oped. MRT models show an increased stability compared to LBGK

models and also allow for the application of the lattice-Boltzmann

8



1.3. Discrete particle model

method to a wider range of fluid flow and thermal problems (Aidun

& Clausen, 2010). To enforce the no-slip boundary condition on

the particle surface the halfway bounce-back boundary condition

pioneered by Ladd (1994a,b) is used, which gives a staircase ap-

proximation of the particles surface (see on the right in figure 1.4).

1.3 Discrete particle model

Discrete particle (DP) models of fluidized beds were pioneered by

Tsuji et al. (1993) and Hoomans et al. (1996). They coupled a dis-

crete element or distinct element method (DEM), originally devel-

oped for dry granular flow (e.g. Cundall & Strack, 1979; Campbell

& Brennen, 1985), with a CFD model to describe the gas phase.

Similar to fully resolved simulations the trajectories of all indi-

vidual particles are computed from Newton’s equation of motion:

VP,iρP,i
d

dt
vi =

∑

j,i

Fc, j→i + VP,i

(
ρP,i − ρg

)
g + F f,i , (1.8a)

ΘP,i
d

dt
ωi =

∑

j,i

Tc, j→i. (1.8b)

However other than in FRS a correlation for the fluid-particle

force needs to be provided as part of the model, therefore it is

denoted F f,i in equation (1.8a) and not Fg→s,i as in (1.3a). By con-

trast, particle-particle or particle-wall collisions are still computed

for individual particles through appropriate models for the terms

Fc, j→i and Tc, j→i in equations (1.8). In fact, direct computation

of particle collisions was one of the main motivations to develop

these models, as it avoids the need of modelling the rheology of the

solids phase on a continuum scale (Tsuji et al., 1993). Determin-

istic computation of the particle-particle interaction can be done

9



1. MULTISCALE MODELLING OF GAS-SOLID FLOWS

FIGURE 1.5: 2D sketch to illustrate the computational grid typically

used in discrete particle simulations. Other than in fully resolved

simulations the equations of motion for the fluid phase are typically

discretised on grid that has a grid size h of the order of a few particle

diameters dP.

in two fundamentally different ways: the hard-sphere approach

or the soft-sphere approach.

In the hard-sphere approach, used e.g. by Campbell & Bren-

nen (1985) and Hoomans et al. (1996), the particles are assumed

perfectly rigid and particles exchange momentum through binary,

instantaneous collisions. Since the collision times can be cal-

culated analytically for any pair of particles and in between the

particles have “free flight”, the system can “jump” from collision

event to collision event . For this reason it is called event-driven

10



1.3. Discrete particle model

scheme. Energy dissipation is typically included through three

parameters, the coefficient of normal restitution, the coefficient of

tangential restitution and a friction coefficient.

Soft-sphere approaches on the other hand allow for a small

overlap of different particles and the amount of overlap as well

as the relative velocity of both particles are then used to compute

the collision force. Most used is the linear-spring-dashpot model

introduced by Cundall & Strack (1979) owing to it’s simplicity.

This model is analogue to the Kelvin-Voigt material known from

the theory of linear viscoelasticity. Other than with a hard-sphere

approach, simultaneous contact of multiple particles can be com-

puted with a soft-sphere model, thus it can also be used in static

resp. quasi-static systems for example if defluidisation occurs.

Since now the collision is modelled via forces, the update involves

numerically invoking integrating Newton’s equation (1.8a), which

is done for small time steps. Therefore, this is called a time-driven

scheme.

The equations solved to calculate the motion of the fluid phase

are:

∂

∂t
ερg = ∇ ·

(
ερgu

)
(1.9a)

∂

∂t

(
ερgu

)
+ ∇ ·

(
ερguu

)
= −∇p − ∇ · (εS) + ερgg − f f,s . (1.9b)

(1.9) is the same set of equations also used in two-fluid type con-

tinuum models (see next section 1.4) and the equations can be

obtained from averaging (1.1) either using spatial averaging (e.g.

Anderson & Jackson, 1967) or ensemble averaging (e.g Zhang &

Prosperetti, 1997). Note that in these averaging procedures it is

assumed that the particle radius rP is much smaller than the char-

acteristic length scale of the macroscopic flow problem, that is

there is a separation of scales rP ≪ L f . A computational grid with

11



1. MULTISCALE MODELLING OF GAS-SOLID FLOWS

a grid size h of a few particle diameters is typically used to solve

equations (1.9) as illustrated in figure 1.5. Through the averag-

ing procedure the porosity ε and the effective fluid-particle inter-

action force f f,s enter the equations of motion of the fluid phase

(1.9). Both quantities ε and f f,s are by definition continuous field

quantities and are therefore defined on the background grid used

to solve (1.9), however, they have to be computed from the known

position ri, volume VP,i and fluid-particle force F f,i of the discrete

particles. This “mapping” can be cast in the form:

ε(x) =

∑
iD(x − ri)VP,i(ri)

l3c
, (1.10a)

f f,s(x) =

∑
iD(x − ri)F f,i

l3c
, (1.10b)

with D(x − ri) being the “mapping function” and lc the length about

which the mapping takes place, that is, D(x − ri) = 0 if |x − ri| >
lc. The mapping function D(x − ri) is by no means unique and

different functions have been used. The simplest one, used by

Tsuji et al. (1993) to calculate the porosity, is to set D = 1 if the

center of mass of a particle is inside a computational cell and

zero otherwise, in other words they chose lc equal to the size of

the computational grid h. A general way of defining a mapping

function D(x − ri) such that the grid size h and the length lc are

decoupled and such that ε and f f,s change smoothly if a particle

move from one grid cell to the other can be found in Kitagawa et al.

(2001).

1.4 Two-fluid model

In continuum models of the two-fluid (TFM) type solid and fluid

phase are modeled as interpenetrating continua. The equations

12



1.4. Two-fluid model

that describe mass and momentum conservation of the gas-phase

are the same as for the DP model:

∂

∂t
ερg = ∇ ·

(
ερgu

)
(1.11a)

∂

∂t

(
ερgu

)
+ ∇ ·

(
ερguu

)
= −∇p − ∇ · (εS) + ερgg − f f,s . (1.11b)

Continuity and momentum equation for the solid phase are ob-

tained by averaging the equations of motion for the single particle

(1.3) using either spatial averaging (see e.g. Jackson, 2000) or en-

semble averaging (see e.g. Zhang & Prosperetti, 1997). The deriva-

tion through ensemble averaging is performed along the same

lines of statistical mechanics used to derive continuum equations

for molecular systems as can be seen in figure 1.6.

The resulting equations read:

∂

∂t
φρs = ∇ ·

(
φρsus

)
(1.12a)

∂

∂t

(
φρsus

)
+ ∇ ·

(
φρsusus

)
= −∇ps − ∇ ·

(
φSs

)
+ φρsg + f f,s, (1.12b)

with ρs the solid density, φ the solids volume fraction, us the spa-

tially averaged solids velocity. Inherent to the averaging proce-

dure is that only the effective particle-particle interaction enters

the equation of motion (1.12) via the effective solid’s pressure ps

and the effective solids phase stress tensor Ss, hence closures are

needed for ps and Ss in order to describe the solids phase rheology.

The solid phase stress tensor Ss is assumed to take the form of

that of a Newtonian fluid, thus the closure problem is reduced to

specifying a solid phase shear viscosity ηs. Initially empirically de-

fined closures for ps and ηs were used (e.g. Tsuo & Gidaspow, 1990;

Kuipers et al., 1992), however current state-of-the-art closures are

based on the so-called kinetic theory of granular flow (KTGF) in-

troduced by Jenkins & Savage (1983) and Lun et al. (1984). The

13
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Level of
description

Solid Phase
variable(s)

Basic Equation

of motion
Finite-difference

Model
Fluid-Solid
Interaction

Discrete Particle
R1(t), ..,Rn(t)

V1(t), ..,Vn(t)

Newton’s
equation

MiR̈i(t) = F
tot
i

Soft-Sphere

& Hard-Sphere

Model

IB method
or drag force

correlations

?
Ensemble averaging

?

Kinetic

Single particle

distr. function
fs(R,V, t)

Boltzmann
Equation

∂
∂t
fs+V·∇ fs=C

Not
available

?

Kinetic Theory

of Granular Flow
?

Hydrodynamic

Density and

velocity field

ρs(r, t), v(r, t)

Navier-Stokes
equation, and
∂
∂t
ρs+∇·(ρsv)=0

Computational

Fluid Dynamics

(CFD)

Drag force

correlations

FIGURE 1.6: Three levels of description for the solid phase for

fluid-particle systems. In principle the procedures to get from the

discrete particle level to the kinetic level and the hydrodynamic

level are the same as for the fluid phase. However, the force on the

discrete particles contains contributions which are absent for fluid

particles, such as drag, friction and dissipation. This means that

formally the framework of statistical mechanics is not valid any-

more, and thereby also the averaging procedures. In that sence,

the hydrodynamic equations for the solid phase should be consid-

ered as ”pragmatic”, and lacking the rigorous basis of the fluid hy-

drodynamic equations. State-of-the-art closures for the solid phase

viscosity follow from the Kinetic Theory of Granular Flow, where it

is assumed that the particles have hard-sphere interactions (with

energy dissipation), and that no other forces act on the particles

(such as fluid drag and friction).
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1.5. Introduction to the thesis

KTGF provides a sound theoretical framework to derive constitu-

tive relations for the effective solids phase pressure and effective

solids phase stress tensor from the physics at the level of individ-

ual particle-particle interaction. In KTGF solid’s pressure ps and

solid’s viscosity ηs are described as functions of the solids volume

fraction φ, the coefficient of normal restitution e and the granular

temperature θ. The granular temperature θ = 〈∆v·∆v〉3 is a measure

for the kinetic energy contained in the fluctuation ∆vi = vi − us of

the velocity of the individual particles vi with respect to the aver-

aged solids velocity us. A separate transport equation that describe

the time evolution of the granular temperature needs to be solved

and is given by (van der Hoef et al., 2008):

3

2

[
∂

∂t

(
φρsθ

)
+ ∇ ·

(
φρsθus

)]
= − ps∇ · us

− φSs : ∇us − ∇ ·
(
φqs

)
− 3βθ − γ.

(1.13)

where qs is the kinetic energy flux, γ is the dissipation of kinetic

energy due to inelastic particle collisions and 3βθ is the energy

dissipation due to fluid-particle interaction. In addition to the as-

sumption of a separation of scales rP ≪ L f , which is also assumed

in DP models (see previous section), in KTGF it is also assumed

that the distribution of the velocities of individual particles vi is

close to a Maxwellian distribution (Goldschmidt et al., 2002). Also

the inclusion frictional contact of particles and rotation of parti-

cles into KTGF based closures is the topic of ongoing research.

1.5 Introduction to the thesis

The focus of this thesis is on the fully resolved simulation of

gas-particle flows, in other words on the most detailed level of

15



1. MULTISCALE MODELLING OF GAS-SOLID FLOWS

the description of gas-solid flows in the framework of multiscale-

modelling.

In chapter 2 a detailed description of two different finite-

difference immersed boundary methods is given that were devel-

oped as a part of this PhD work. The concept of an effective hydro-

dynamic diameter, that is also used in lattice-Boltzmann models

for gas-solid flows, is introduced and shown to allow for reason-

able accurate computation of the hydrodynamic force acting on

the particles also for a low number of grid points per particle di-

ameter.

In chapter 3 the immersed boundary methods described in

chapter 2 are used to computer different low-Reynolds number

flow problems. The results are compared to the outcome of lattice-

Boltzmann method simulations and to exact data obtained by

multipole-expansion solution of the Stokes equation. It is found

that the accuracy of both methods, lattice-Boltzmann and finite-

difference immersed boundary, is comparable when the same spa-

tial resolution is used, and even for a relatively low number of grid

points per particle diameter of dP

h ≈ 10 a reasonable to good match

with the exact data is found.

In chapter 4 some first simulations of the flow in systems with

non-spherical, sphero-cylindrical particles are reported. First

the immersed boundary method is used to simulate the flow in

simple-cubic, periodic arrays. The computed gas-solid force is

compared to theoretical and experimental data from literature.

Then the flow in dense random, periodic arrays is analysed in

the Carman-Kozeny framework. The Kozeny constant is found to

be almost independent of the aspect ratio of the sphero-cylinder,

but about 10 % larger than the usual value of k = 5

In chapter 5 the fluctuations in the gas-solid force on indi-

16



1.5. Introduction to the thesis

vidual particles in periodic static random arrays of monodisperse

particles is studied using the lattice-Boltzmann method. These

fluctuations are not considered in current closures for the drag

force in DP or TFM type of models. The maximum of the fluctu-

ations is found to be about 40% of the mean drag and the RMS

average is typically about 10%. Furthermore it is shown that the

hydrodynamic force that a particle experiences does not only de-

pend on its direct neighbours but on changes in the local micro-

structure within a distance of at least 2 times the particle diame-

ter.

In chapter 6 results are presented of fully resolved simulations

of small fluidized beds containing a few thousand particles. Char-

acteristic quantities such as the bed expansion, granular temper-

ature and pressure drop are compared to simulations of exactly

the same systems using a standard discrete particle model, and

using a discrete particle model in which the drag closure was mod-

ified by adding a stochastic fluctuation to the drag force based on

the results of chapter 5. Further a DP-type drag force is computed

for each particle in the fully resolved simulations and compared to

the “true” value of the gas-solid force. It is found that on average

the DP-type drag force is lower the the “exact” value from the fully

resolved simulation, which e.g. leads to a lower bed expansion in

the DP simulations compared to the IB simulations.

17





CHAPTER 2
Immersed boundary

method

Abstract

Direct numerical or fully resolved simulation of particulate flows has be-

come increasingly popular in the recent years due to the increasing com-

puter power. Although DNS of industrial size systems is still far from

reachable, the study of small system has proven a valuable tool to eval-

uate coarsened models and to amend closure relations that are used in

those models. One class of methods for the fully resolved simulation of

particulate flows are the so-called immersed boundary methods (IB). Two

implementations of those methods will be described in this chapter.
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2. IMMERSED BOUNDARY METHOD

2.1 Introduction

The problem at hand is the flow of an incompressible Newto-

nian fluid with spherical particles immersed in it. The mean free

path of gases at ambient conditions is typically of λg ≈ O
(
10−7 m

)

(Kuchling, 1996) and the particles to be modelled are larger than

dP = O
(
10−4 m

)
, thus the Knudsen number is Kn =

λg

dP
≪ 1. In other

words, rarefaction effects (e.g. Brownian motion) do not play a role

and a continuum description of the fluid suffices. The equations

of motion of a fluid with constant density read:

ρg
∂

∂t
u + ρg∇ · uu = −∇P − ∇ · S, (2.1a)

with density ρg, velocity u, pressure P = p − ρgg · x and the stress

tensor of a Newtonian fluid:

S = −η
(
∇u + (∇u)T

)
. (2.1b)

For an incompressible fluid the continuity equation reduces to the

constraint that the velocity field must be solenoidal:

∇ · u = 0. (2.1c)

The motion of a rigid spherical particle can be described by

Newton’s equation of motion, thus the particles translational ve-

locity vi evolves according to:

mP,i
d

dt
vi =

(
ρP,i − ρg

)
VP,i g + Fg→s,i +

∑

j,i

Fc, j→i, (2.2a)

with mP,i, ρP,i, VP,i the mass, density and Volume of particle i, re-

spectively. The terms on the right hand side are gravity reduced

by buoyancy, the hydrodynamic force Fg→s,i and the total force that

stems from collision with other particles or the wall. The change

20



2.1. Introduction

particle i

surface Γi

x − ri

FIGURE 2.1: Particles immersed in a Newtonian Fluid

in angular momentum of the particle and thus in its rotational

velocity ωi is calculated from:

ΘP,i
d

dt
ωi = Tg→s,i +

∑

j,i

Tc, j→i, (2.2b)

with the moment of inertia ΘP,i =
1
10mP,i d

2
P,i

for spherical particles,

hydrodynamic torque Tg→s and collisional torque Tc. The expres-

sions for the hydrodynamic force Fg→s,i and torque Tg→s,i the fluid
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2. IMMERSED BOUNDARY METHOD

exerts on a particle are:

Fg→s,i = −
∮

Γi

(PI + S) · ndσ, (2.3a)

Tg→s,i = −
∮

Γi

((x − ri) × (S · n)) dσ, (2.3b)

where x− ri is the vector from the center of mass ri of particle i to a

point x on its surface Γi. On the surface Γi of an immersed particle

i the velocity field u has to satisfy the no-slip boundary condition:

u(x) = vi +ωi × (x − ri ) ∀ {x ∈ Γi} , (2.4)

the velocity of the fluid has to equal the velocity of the particle at

its surface.

2.2 Discretisation of the Navier-Stokes

equations

First the method to obtain the numerical solution of the Navier-

Stokes equation for single phase flow (that means without im-

mersed particles) is presented.

2.2.1 Spatial discretisation

Finite differences on a fully-staggered Cartesian grid are used to

discretise equations (2.1a) together with (2.1c) in space. A uni-

form Cartesian grid with grid size h is utilized. The variable ar-

rangement for the 2D case is shown in figure 2.2, where the

pressure is defined at the center of a computational cell, while

the normal velocity components are defined at the corresponding

cell face, and thus also on the boundaries of the computational

domain. In other words the discrete values of the pressure Pi jk
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2.2. Discretisation of the Navier-Stokes equations

FIGURE 2.2: 2D sketch of the staggered arrangement of the vari-

ables. The pressure is defined at the cell center . The velocity

components are defined at the cell faces that they are normal to,

e.g. denotes uz and denotes ux. The boundaries of the compu-

tational domain correspond with cell faces, thus the normal velocity

is defined on the boundary.

are defined grid points xi jk = h
[(
i − 1

2

)
· ex +

(
j − 1

2

)
· ey +

(
k − 1

2

)
· ez

]

and, for example, the x-velocity ux,i jk at discrete points xi jk =

h
[
i · ex +

(
j + 1

2

)
· ey +

(
k + 1

2

)
· ez

]
. Except for the convective terms

C = ρg∇ · uu, which are discretised by a second-order flux-limited

method according to Barton (Centrella & Wilson, 1984), all spatial
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2. IMMERSED BOUNDARY METHOD

derivatives are approximated by central differences.

The viscous stress term (eq. 2.1b) is split in a part Si which

will be treated implicitly in time discretisation (see next section):

∇ · Si = −η∆u,

and a part Se, which will be treated explicitly:

∇ · Se = −η∇ (∇ · u) .

Spatial discretisation of ∇ · Si gives:

∇ · Si

∣∣∣∣
i jk
≈ −

η

h2
Lu

∣∣∣∣
i jk

= −
η

h2

(
ui−1, j,k + ui, j−1,k + ui, j,k−1 − 6ui, j,k + ui+1, j,k + ui, j+1,k + ui, j,k+1

)
,

with L the symbol of the operator of the spatial discretisation

Laplacian ∆.

2.2.2 Time discretisation

The convective terms C = ρg∇ · uu in the momentum equation are

discretised in time by an explicit second-order Adams-Bashforth

method:

Cn+ 1
2 ≈ 3

2
Cn − 1

2
Cn−1

∇ · Si is discretised in time using the Crank-Nicholson scheme:

−η [∆u]n+ 1
2 ≈ −1

2

η

h2
L

(
un+1 − un

)

For ∇ ·Se simple explicit time discretisation is used. Note that ∇ ·Se

is exactly zero for an incompressible fluid, thus it is expected to be
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2.2. Discretisation of the Navier-Stokes equations

almost zero in the numerical approximation. In symbolic notation

the time discretised Navier-Stokes equation now reads:

ρg
un+1 − un

∆t
= −∇Pn+1

+
1

2
ηL

(
un+1 − un

)
− ∇ · Sn

e

−
(
3

2
C
n − 1

2
C
n−1

)
.

(2.5)

Time is advanced using a fractional-step method, which yields the

following algorithm to obtain the flow field without the presence of

particles:

Calculate intermediate velocity field û:

(
I − 1

2

∆tη

ρg
L

)
û = un +

∆t

ρg

(
− ∇Pn − 1

2
ηLun

−∇ · Sn
e −

(
3

2
C
n − 1

2
C
n−1

))
.

(2.6a)

Solve Poisson equation for pressure correction

Φn+1:

∇
2
Φ

n+1
=
ρg

∆t
∇ · û (2.6b)

Correct pressure and velocity :

un+1 = û − ∆t
ρg
· ∇Φn+1

Pn+1
= Pn

+ Φ
n+1

(2.6c)

Hence every time step 3 systems of linear equations stemming

from equation (2.6a) and one linear system that arises from equa-

tion (2.6b) must be solved. A incomplete-Cholesky-conjugate-

gradient method is used to solve these equations. Additionally a

geometric multigrid solver has been developed to solve the sparse

system that arises from equation (2.6b).
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2. IMMERSED BOUNDARY METHOD

2.3 Coupling of fluid and solid – Immersed

boundary methods

The no-slip boundary condtion on the surface of immersed parti-

cles (2.4) could be enforced directly by use of a body fitted mesh

and then the integrals to obtain the hydrodynamic force (2.3a) and

torque (2.3b) could be solved by numerical quadrature. However

in gas-solid flows that contain multiple moving immersed parti-

cles, creation of a body fitted mesh is far from trivial and remesh-

ing is necessary every time step (Mittal & Iaccarino, 2005).

A different approach is adopted in the so-called immersed

boundary methods (IB). In these methods a forcing term f IB is

added to the momentum equation (2.1a) to account for the pres-

ence of immersed particles and fulfil equation (2.4) in an indirect

manner:

ρg
∂

∂t
u + ρg∇ · uu = −∇P − ∇ · S + f IB, (2.7)

IB methods differ in the way the immersed object is represented

and in the way the force density f IB is calculated. Numerous meth-

ods have been proposed in recent years, see e.g. Peskin (2002),

Höfler & Schwarzer (2000), Fadlun et al. (2000), Uhlmann (2005)

and Taira & Colonius (2007). In this thesis two different meth-

ods for calculating f IB are proposed. The first method, described

in 2.3.1, follows closely the ideas of Uhlmann (2005); the second

method, described in 2.3.2, is an extension of Uhlmann’s method,

in order to fulfil the no-slip conditions more accurately.

First some general concepts applicable for both methods are

given. The immersed object is specified by a number of marker

or forcing points that are “attached” to its surface as shown in

figure 2.3. The points are uniformly distributed about the surface

of the sphere and a volume ∆Vm is assigned to each marker point
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2.3. Coupling of fluid and solid

∆Vm

Xmri

FIGURE 2.3: Representation of an immersed body on a Cartesian

grid using an immersed boundary method. A number of marker

points are attached to the surface of the objects. These points are

used to obtain a forcing term for the momentum equations such that

the no-slip boundary condition is fulfilled.

m, such that the sum of these volumes forms a spherical shell

with a width equal to the grid size h of the Eulerian grid, where

the marker points are located on the central sphere. The volume

assigned to each marker therefore is:

∆Vm =
π

3
h3

(
3
(
dP

h

)2
+ 1

)
(2.8)

Note that for a circle an “even” distribution of points is trivial, how-

ever a uniform distribution of points on the surface of a sphere is

an open question in geometry (Saff & Kuijlaars, 1997). In this

work the points are distributed according to the recursive zonal

equal area partition algorithm of Leopardi (2006) which divides

the surface of a sphere into zones of equal area. The center points

of these zones are used as marker points. An alternative would be
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2. IMMERSED BOUNDARY METHOD

to define a potential energy

E =
1

2

N∑

i=1

N∑

j=1

1∣∣∣Xi − X j

∣∣∣
(2.9)

and distribute the N points on the sphere surface such that global

minimum of (2.9) is obtained (Saff & Kuijlaars, 1997).

It is evident from figure 2.3 that the location of the marker

points will not coincide with those locations on the background

grid at which the components of the fluid velocity are defined.

In fact even if the location of a marker point coincides with the

location of one velocity component (say ux), the location for the

other two components (uy,uz) of the fluid velocity are still different

due to the staggered arrangement of variables on the grid used to

solve equation (2.7). The goal of the IB method is to enforce the no-

slip boundary condition (2.4) at the location of the marker points

Xm, however the IB force density f IB is needed on the Eulerian

grid. A so-called discrete or regularized delta function D(x − X) is

used to extrapolate information from the markers to the Cartesian

grid respectively to interpolate physical quantities at the location

of the marker points. It is usually defined as a product of one-

dimensional delta functions,e.g. in 3D:

D
(
x − X

h

)
= δ

(
x − X

h

)
· δ

(
y − Y

h

)
· δ

(
z − Z

h

)
(2.10)

The fluid velocity Um at the location of the marker points is then

obtained from the Eulerian velocity field ui, j,k via:

Um =

∑

i

∑

j

∑

k

δ
(
xi − Xm

h

)
δ

(
yi − Ym

h

)
δ
(
zk − Zm

h

)
· ui, j,k. (2.11)

By contrast, the Eulerian force density f IB is required at the Eule-

rian grid position, which requires the reverse operation. That is,
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2.3. Coupling of fluid and solid

h

j − 2 j − 1 j j + 1 j + 2

FIGURE 2.4: Example of a discrete delta function used to interpo-

late quantities from and to spread quantities to the grid.

once the IB force density FIB is calculated for the marker points, it

is spread to the Eulerian grid by:

f IBi, j,k =
∑

m

δ
(
xi − Xm

h

)
δ

(
yi − Ym

h

)
δ
(
zk − Zm

h

)
· FIB

m ·
∆Vm

h3
, (2.12)

with ∆Vm being the volume that belongs to marker point XM as

shown in figure 2.3. These mapping procedures are illustrated in

figure 2.4. The function δ(s) is nonzero only for values of a few

times the grid size h, thus the velocity Um at a marker is interpo-

lated from those values ui, j,k of the fluid velocity that are within a

small square respectively a cube in 3D of Xm. Note that due to the

staggered arrangement of the variables the interpolation kernel is

different for all three components of the velocity. Similar the Eu-

lerian force density f IBi, j,k that acts onto the fluid at a grid point xi, j,k

is obtained from the force FIB
m of all marker points within a small

square resp. cube around xi, j,k.
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2. IMMERSED BOUNDARY METHOD

There is no unique regularized delta function and different

types have been proposed in literature. The simplest form of the

regularized delta function is linear weighing, which was amongst

others used by Höfler & Schwarzer (2000):

δ(s) =



1 − |s| ∀ |s| ≤ 1.0

0 else.
(2.13)

In 3D the use of this function corresponds to volume weighing.

Advantages of this function are its simplicity and its compact sup-

port (2 grid points in each direction), so that the interface remains

relatively sharp as the force is spread only to the nearest points

around each force point. However when using this type of func-

tion, one finds that the IB force shows unphysical oscillations,

which have recently been attributed to the lack of continuity in

the first derivative (Yang et al., 2009).

A different function has been by Peskin (Peskin, 2002), which

uses a wider support:

δ(s) =



1
8

(
3 − 2 |s| +

√
1 + 4 |s| − 4s2

)
∀ |s| ≤ 1.0

1
8

(
5 − 2 |s| −

√
−7 + 12 |s| − 4s2

)
∀ 1.0 < |s| ≤ 2.0

0 else

(2.14)

With this function the oscillations are greatly reduced (Uhlmann,

2005), however at the cost of computationally more expensive

function. Also the increased support of the regularized delta func-

tion leads to a larger interpolation kernel of 64 grid points instead

of 8 for the linear function.

A smaller support has the function that was introduced by
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2.3. Coupling of fluid and solid

Roma et al. (1999):

δ(s) =



1
3

(
1 +
√
1 − 3s2

)
∀ |s| ≤ 0.5

1
6

(
5 − 3 |s| −

√
1 − 3 (1 − |s|)2

)
∀ 0.5 < |s| ≤ 1.5

0 else.

(2.15)

It uses only 3 grid points in each direction for interpolation and

also the IB force is spread over a fewer cells compared to (2.14).

Darmana et al. (2007) used a polynomial function for inter-

polation and spreading in their implementation of an immersed

boundary method for mass transfer in DNS of bubbly flows.

Adopting the notation of the previously defined functions (2.13)

- (2.15) and a support of three times the grid size h, their function

becomes:

δ(s) =



15
16

(
s4 − 3

2s
2 +

406
480

)
∀ |s| ≤ 0.5

15
16

(
− 1

5 |s|
5
+

1
2s

4 +
1
6 |s|

3 − 3
4s

2 − 9
16 |s| +

459
480

)
∀ 0.5 < |s| ≤ 1.5

0 else.

(2.16)

The four different regularized delta functions (2.13) - (2.16) are

shown in figure 2.5. The effect of δ(s) on the results was tested

for the drag force acting on a particle in a simple cubic array. No

sizeable differences can be seen (see fig. 2.6) in the results for

the different discrete delta functions. Thus the function of Dar-

mana et.al. (2.16) is chosen since it has a smaller support than

(2.14) and is computationally cheaper than the function proposed

by Roma et.al. (2.15). Having presented some general charac-

teristics of the immersed boundary method, now a description of

the algorithm to calculate the immersed boundary force and to

update the flow and pressure field is given. Tow different imple-
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FIGURE 2.5: Different types of regularized delta functions accord-

ing to equations (2.13), (2.14), (2.15) and (2.16).

mentations were developed, which are discussed in the next two

sections.

2.3.1 Determining the IB force density based on

Uhlmann’s method

The first way of determining the IB force closely follows the ideas

of Uhlmann (2005). The tentative velocity field at the location of

the marker point m, as calculated from the discretised momentum
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FIGURE 2.6: Preleminary results obtained with different weighing

functions for the low Reynolds number flow through periodic simple

cubic arrays of particles. The drag force normalized with the Stokes

drag is shown for different values of the solids volume fraction φ.

33



2. IMMERSED BOUNDARY METHOD

equation (2.7) is:

Ûm = Un
m +
∆t

ρg
·
(
−∇ · Sn

m −
(
3

2
Cn
m −

1

2
Cn−1
m

)
− ∇Pn

m

)
+
∆t

ρg
FIB
m (2.17)

where, other than in equation (2.6a) the viscous stresses are

treated explicitly, which saves the cost of solving the three linear

systems of equations. Implicit calculation of this tentative velocity

field has been tested and no differences in the results were found.

Equation (2.17) can be written as:

Ûm = Û
0
m +
∆t

ρg
FIB
m (2.18)

where Û
0
m is the velocity at the marker points that follows from

an update without the forcing. No-slip boundary conditions now

dictate that Ûm
!
= V̂m, the local velocity on the surface of the sphere

at the marker point location. Hence the forcing should be:

FIB
m =

ρg

∆t

(
V̂m − Û

0
m

)
(2.19)

The implementation of this method into the single-phase CFD

scheme goes as follows (see flowchart in figure 2.7). First a ve-

locity field û0 is calculated that one would obtain if no particles

were present, for the Eulerian grid:

û0 = un +
∆t

ρg
·
(
−∇ · Sn −

(
3

2
Cn − 1

2
Cn−1

)
− ∇Pn

)
. (2.20)

After interpolation to the position Xm of a marker point using

expression (2.11) and calculation of the particle velocity at the

marker point:

Vm = vi +ωi × (Xm − ri ) ,
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2.3. Coupling of fluid and solid

û0 = un + ∆tρg ·
(
−∇ · Sn −

(
3
2C

n − 1
2C

n−1
)
− ∇pn

)

Û
p
m =

∑
i, j,k

D
(
xi, j,k−Xm

h

)
· ûp

i, j,k

F
IB,p+1
m = F

IB,p
m + ρg

Vm−Û
p
m

∆t

f
IB,p+1

i, j,k
=

∑
m
D
(
xi, j,k−Xm

h

)
· FIB,p+1

m · ∆Vm

h3

(
I − 1

2
ν∆t
h2

L

)
ûp+1 = un + ∆tρg ·

(
− 1

2∇ · Sn −
(
3
2C

n − 1
2C

n−1
)
− ∇pn + f IB,p+1

)

∣∣∣∣Û
p+1
m − Vm

∣∣∣∣ < ǫ ‖ p ≥ maxIte

∇
2
Φn+1 =

ρg
∆t∇ · û

p+1

un+1 = ûp+1 − ∆tρg · ∇Φ
n+1, pn+1 = pn + Φn+1

p = 0

p = p + 1

false

true

FIGURE 2.7: Flow diagram of the immersed boundary method fol-

lowing the ideas of Uhlmann (2005) to calculate flow field and f IB

during one time step.
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2. IMMERSED BOUNDARY METHOD

the force at each marker point is calculated as:

F
IB,p+1
m = F

IB,p
m + ρg ·

Vm − Û
p
m

∆t
. (2.21)

p is the iteration counter of the loop shown in figure 2.7, where

FIB,0
m is equal to zero.

Subsequently the marker point forces F
IB,p+1
m are mapped onto

the Eulerian grid to obtain the Eulerian force density according to

equation (2.12) and the new flow field is calculated, this time with

the IB force added:

(
I − 1

2

ν∆t

h2
L

)
ûp+1 = un +

∆t

ρg
·
(
−1
2
∇ · Sn −

(
3

2
Cn − 1

2
Cn−1

)

−∇Pn
+ f IB,p+1

) (2.22)

If the no-slip boundary condition at the particle surface is not

fulfilled up to the specified level of accuracy then an iterative pro-

cedure is started, similar as in Wang et al. (2008). Once the mean

difference of the interpolated fluid velocity at the marker points

and the particle velocity at the marker points becomes smaller

than the defined bound

1

NFP

∑

NFP

∣∣∣∣Û
p+1
m − Vm

∣∣∣∣ < ε (2.23)

the pressure update is calculated according to (2.6b):

∇
2
Φ

n+1
=
ρg

∆t
∇ · ûp+1,

and then pressure and velocity are updated to yield the new ve-

locity field un+1 and pressure field Pn+1. Note that this pressure

correction changes the velocity field so that in principle condition

(2.23) would not hold any more when Û
p+1
m is calculated from ûn+1.

One could consider to include the pressure correction into the
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FIGURE 2.8: Average deviation
〈
∆Um,rel

〉
=

∑
m
|Um−Vm |

Vm
(left) and di-

mensionless drag (right) as a function of the number of iterations for

low Re flow in a periodic simple cubic array of particles with solids

volume fraction of φ ≈ 0.3. MDF denotes iteration of the momentum

equation only (thus as shown in figure 2.7), LP denotes an iteration

loop over momentum and pressure poisson equation.

iteration loop, however the results from preliminary simulations

indicate (see figure 2.8), that these differences are small which

confirms the theoretical prediction that the velocity correction is

of O(∆t2) for the pure fluid solver. Only after sudden changes of

the velocity of a particle, such as occur after collisions, the pres-

sure correction can be large and consequently it takes a few time

steps for the pressure field to adapt to the changes in the IB force

field f IB. Also, as evident from figure 2.9, the solution of equation

(2.6b) is computationally expensive and therefore the exclusion

of the pressure correction from the iterative procedure to satisfy

no-slip at the marker points saves a lot of computation time.
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FIGURE 2.9: Increase in computation time with increasing number

of iterations. MDF denotes iteration of the momentum equation only

(thus as shown in figure 2.7), LP denotes an iteration loop over mo-

mentum and pressure poisson equation.

2.3.2 Exact no slip without iterations: the IB-Matrix

method.

In Uhlmann’s method, the force density FIB
m is constructed such

(see eq. (2.18) that the fluid velocity Um at the marker point is

exactly equal to the marker point velocity Vm. Why is it then

that a difference is found, and an iterative procedure is required?

The answer lies in the Eulerian-Lagrangian and the Lagrangian-

Eulerian mapping, as is shown in figure 2.10. The shaded squares

indicate the “mapping window” of 2 marker points. Clearly these

squares overlap, which means that different marker points use

the same points on the Eulerian grid to interpolate the fluid ve-
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2.3. Coupling of fluid and solid

FIGURE 2.10: Schematic drawing showing the source of the need

for iterations in the IB method presented in section 2.3.1. The “map-

ping window” of neighbouring marker points overlaps, thus they

influence each other which has to be taken into account when one

calculates the force.

locity to their location and to distribute the force of the immersed

boundary method back to the grid. Thus the force calculated for a

marker point is not independent of the other marker points in its

vicinity, which should also be reflected in the method to calculate

the forcing of the IB method. In order to express this observation

in equation form, one has to start with the fundamental condi-

tion which has to be fulfilled, namely no-slip at the location of the
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2. IMMERSED BOUNDARY METHOD

marker points in an interpolated sense:

Ûm =

∑

i, j,k

D

(
xi, j,k − Xm

h

)
· ûi, j,k

!
= Vm. (2.24)

where ûi, j,k is an intermediate velocity field before the pressure

correction is applied but including the effect of the IB method.

This is achieved by adding a force f IB to the governing equations

of motions of the fluid. Thus the Eulerian velocity field ûi, j,k is

calculated from:

ûi, j,k = û0
i, j,k +

∆t

ρg
f IBi, j,k, (2.25)

with û0
i, j,k

being the velocity field one obtains from solution of equa-

tion (2.6a). The Eulerian force density f IBi, j,k and the Lagrangian

force density at the marker points FIB
m are connected by equation

(2.12):

f IBi, j,k =
∑

v

D

(
xi, j,k − Xv

h

)
· FIB

v ·
∆Vm

h3
,

If one inserts (2.25) into (2.24), one gets for a marker point at

location Xm:

Ûm = Û
0
m +

∑

i, j,k

D

(
xi, j,k − Xm

h

)
∆t

ρg
f IBi, j,k

!
= Vm, (2.26)

where Û
0
m is the velocity at Xm calculated from û0

i, j,k
. Replacing

the Eulerian force density f IBi, j,k by equation (2.12) and rearranging

gives:

∑

v

Amv F
IB
v = ρg

Vm − Û
0
m

∆t
, (2.27)
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2.4. Solution of the equation of motion of the particles

defining the symmetric Matrix A, that depends on the location of

the particle with respect to the grid and the number of marker

points:

Amv =
∆Vm

h3

∑

i, j,k

D

(
xi, j,k − Xm

h

)
D

(
xi, j,k − Xv

h

)
. (2.28)

The coefficients Amv are non-zero only if two marker points at Xm

and Xv use at least one commont point xi, j,k on the Eulerian grid

to interpolate the fluid velocity resp. spread the force FIB to that

point, in other words, it expresses the fact that their “mapping

window” overlaps. If one uses (2.27) to calculate the IB forcing,

one obtains no-slip at the marker points before the pressure cor-

rection without the need for iteration, however at the cost of solv-

ing a (small) matrix problem.

The flowchart to calculate the IB forcing with equation (2.27)

and update the fluid velocity is shown in figure 2.11. The govern-

ing equations are solved in a fractional step way. First equation

(2.6a) is solved, the flow field û0
i, j,k

is interpolated to the location

of the marker points to obtain Û
0
m. Subsequently FIB

m is calculated

from 2.27 and mapped onto the Eulerian grid. The flow field is

updated by use of equation (2.25). As final step a divergence free

velocity field is obtained by solution of the pressure Poisson equa-

tion (2.6b).

2.4 Solution of the equation of motion of the

particles

So far only the numerical solution of the equations of motion of

the fluid and the implementation of immersed boundary methods

have been discussed. In this section the numerical solution to
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(
I − 0.5ν∆t

h2
L

)
û0 = un + ∆tρg ·

(
−0.5 · ∇ · Sn −

(
3
2C

n − 1
2C

n−1
)
− ∇pn

)

Û
0
m =

∑
i, j,k

D
(
xi, j,k−Xm

h

)
· û0

i, j,k

AmvF
IB
v = ρg

Vm−Û
0
m

∆t

f IBi, j,k =
∑
m
D
(
xi, j,k−Xm

h

)
· FIB

m · ∆Vm

h3

û = û0 + ∆tρg · f
IB

∇
2
Φn+1 =

ρg
∆t∇ · û

un+1 = û − ∆tρg · ∇Φ
n+1, pn+1 = pn + Φn+1

FIGURE 2.11: Flow diagram of the IB-Matrix-CFD solver for one

time step.

the equations of motion of the particles (2.2) will be discussed.

First the computation of Fg→s,i will be established. Obviously, the

force Fg→s,i and torque Tg→s,i the gas exerts on a particle could in

principle be calculated from numerical quadrature of the surface

integrals in (2.3a) and (2.3b), however the immersed boundary

methods described in section 2.3 allow for an easier evaluation

of these forces using the IB force density FIB. A balance of the
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2.4. Solution of the equation of motion of the particles

linear momentum for the artificial fluid that covers the volume of

a particle gives (Uhlmann, 2005):

d

dt

∫

VP,i

ρgudΩ = −
∮

Γi

(PI + S) · ndσ +
∫

VP,i

f IBdΩ. (2.29)

The last term in (2.29) is easily calculated by summation of the

force density FIB acting on the marker points and the second term

is by definition (see eq. (2.3a) the hydrodynamic force acting on

the particle, thus:

Fg→s,i = −
(∑

m

FIB
m · ∆Vm −

d

dt

∫

VP,i

ρgudΩ.

)
. (2.30)

Note that the inertia of the artificial fluid inside the volume oc-

cupied by a particle also contributes to the force density FIB and

therefore has to be subtracted in order to get the correct hydrody-

namic force Fg→s,i. However it can be shown (Uhlmann, 2005) that

the last term in equation (2.30) is equal to the change of linear

momentum of the center of mass of the artificial fluid:

d

dt

∫

VP,i

ρgudΩ = ρgVP,i
d

dt
vi. (2.31)

If one combines equation (2.31) with (2.30) and subsequently re-

places Fg→s,i in the equation of motion for the particle (2.2a), one

gets:

(
ρP,i − ρg

)
VP,i

d

dt
vi =

(
ρP,i − ρg

)
VP,i g−

∑

m

FIB
m ·∆Vm+

∑

j,i

Fc, j→i, (2.32a)

The same equation has also been derived by Höfler & Schwarzer

(2000) from different reasoning. By the same arguments a similar

relationship can be derived for the hydrodynamic torque acting on

a particle (Uhlmann, 2005) and eq. (2.2b) becomes:

(
ρP,i − ρg

) ΘP,i

ρP,i

d

dt
ωi = −

∑

m

(Xm − ri)× FIB
m ·∆Vm +

∑

j,i

Tc, j→i, (2.32b)
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The equations of motions of the particles (2.32) are discretised

by simple explicit Euler discretisation in time:

vn+1i =vni + ∆t


−

1
(
ρP,i − ρg

)
VP,i

∑

m

FIB
m∆Vm + g


 (2.33a)

ω
n+1
i =ω

n
i + ∆t


−

ρP,i(
ρP,i − ρg

)
ΘP,i

∑

m

(Xm − ri) × FIB
m · ∆Vm


 . (2.33b)

No collisional forces appear in these equations because an event-

driven hard sphere algorithm (Hoomans et al., 1996) is applied to

update the particle positions and prevent particles from overlap-

ping. For the intended application of the method to gas-solid flows

the density of the particulate phase is much larger than the den-

sity of the fluid, typically
ρP

ρg
= O(1000). In that case it is possible to

neglect the inertia of the artificial fluid covering the volume of the

particle as well as the buoyancy force in equations (2.32).

The coupled algorithm to advance one time-step is shown in

figure 2.12.

2.5 Results

2.5.1 Iterative immersed boundary method

In order to validate the method, simulations of the flow through

periodic cubic arrays of particles at low Reynolds number (Re < 0.1)

have been done. Exact solutions of the drag on particles for Stokes

flow through simple cubic (SC), body centred cubic (BCC) and face

centred cubic (FCC) arrays have been given by Sangani & Acrivos

(1982) as well as by Zick & Homsy (1982). A single unit cell was

used as computational domain with periodic boundary condtions

at all boundaries, thus the drag force on 1 particle (SC), 2 parti-

cles (BCC) resp. 4 particles (FCC) was calculated. Some tests were
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old timestep: un, Pn, vn
i
, ωn

i
, rn

i
, FIB,n,

update particle velocities and rotational velocities

use hardsphere algorithm to update particle positions

calculate new IB force and update flowfield

next timestep: un+1, Pn+1, vn+1
i

, ωn+1
i

, rn+1
i

, FIB,n+1

FIGURE 2.12: Coupled algorithm to solve equations of motion for

the immersed particles and the equation of motion for the fluid.

also done in which the flow in multiple unit cells was simulated.

As expected the same force was found in those cases compared

with the single unit cell, which shows that the periodic boundary

conditions are correctly implemented for particles and fluid. In

the simulations the particles moved with a constant velocity and

therefore a homogenous body force was added to the equations of

motion of the fluid to balance the momentum added by the par-

ticles such that the net velocity in the computational domain was

zero. Tests where done in which the particles were stationary and

the fluid flow was driven by a body force. Essentially the same

drag force was found as in the simulations with moving particles.

Note that the simulations with moving particles provide a conve-
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2. IMMERSED BOUNDARY METHOD

nient way to account for the small dependency of the drag on the

position of the particle with respect to the computational grid by

time averaging the force obtained from the simulations.

In figure 2.13 the normalized hydrodynamic force

F =

∣∣∣Fg→s

∣∣∣
FStokes

=

∣∣∣Fg→s

∣∣∣
3πµdP |U|

, (2.34)

with superificial velocity U, is shown for different solids volume

fraction and diameter to grid size ratios d0
h . A huge increase in

the error of the drag obtained from the simulations is found with

increasing solids volume fraction for all resolutions d0
h . The force

from the immersed boundary method is spread over a few grid

cells surrounding the surface of the particle, thus one can imag-

ine that the fluid “feels” a slightly larger particle than specified

by the diameter about which the marker points are distributed.

As the drag shows a strong non-linear dependence on the solids

volume fraction especially in dense systems, small errors in φ can

lead to strong deviations of the simulation results and the exact

solutions. This can be remedied by adopting the concept of an

effective or hydrodynamic diameter of the particle as suggested by

Ladd (1994b) for the lattice Boltzmann method. For dilute arrays,

thus in the limit φ → 0, an exact result for the drag force on a

particle in simple cubic arrays of particles is given by Hasimoto

(1959):

Fd =
3πµdU

1 − 1.7601φ
1
3 + φ − 1.5593φ2

. (2.35)

Using the drag force obtained from simulations for arrays with a

domain over particle diameter ratio of L
d0
= 4, the effective diame-

ter was calculated from equation (2.35) by an iterative procedure

using Newton’s Method. The results are shown in figure 2.14. A
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FIGURE 2.13: Drag force obtained for IB simulations of low

Reynolds number flow through a periodic cubic array of particle

for different solids volume fraction φ compared with exact results

from literature (Sangani & Acrivos, 1982; Zick & Homsy, 1982). The

numbers 10,20 and 30 in the legend refer to the particle diameter in

units of the grid size h.
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fit to the data is given by:

∆dP

h
=

dP − d0
h

= 0.456 + 2.6913 ·
(
d0
h

)−1.1319
, (2.36)

with dP the effective diameter and d0 the diameter that specifies

the location of the marker points and h the grid size. Note that

in contrast to the lattice-Boltzmann method one finds that ∆dP

h

is independent of the kinematic viscosity ν (or rather the mesh

Fourier number FoM =
ν∆t
h2

). We will come back to this in the next

section. Also note that the effective diameter dP is used as the

actual diameter of the particle in simulations, whereas the smaller

diameter d0 = dP − ∆dP is only used to calculate the location of the

marker points.

If one uses the effective diameter defined by equation (2.36),

a far better agreement of the simulation data for the drag force

and the exact results of Sangani & Acrivos (1982) and of Zick &

Homsy (1982) is found. As depicted in figure 2.15 even for a low

number of grid points per particle diameter the drag from the IB

simulations fits the exact results reasonably well.

2.5.2 Iteration-free method

Figure 2.16 shows the results for the drag force acting on a par-

ticle in a dilute periodic simple cubic array obtained with the

method described in section 2.3.2. In the simulations no effec-

tive hydrodynamic diameter was used, thus the particle diameter

dP was equal to the diameter d0 used to compute the location of

the marker points. For low Reynolds number the dimensionless

drag F =
Fd

FStokes
is a function of the solids volume fraction only,

which allows for variation of the mesh Fourier number FoM =
ν∆t
h2

and the resolution of the particle
d0
h while keeping the Courant
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h as a function of the

input diameter d0. The hydrodynamic diameter dP is obtained from

comparison of results for the drag force in dilute simple cubic arrays

with the exact analytical expression given by Hasimoto (1959).

number
|v|∆t
h constant such that Re < 0.1. The ratio of size of the

computational domain and particle diameter was set to L
d0
= 4, the

resolution of the particle was varied d0
h ∈ {8, 10, 12.5, 15, 17.5, 20, 30}

and FoM was altered between 0.1 and 1.0. As expected the simu-

lation results converge towards the exact results with increasing

resolution. But surprisingly the results depend strongly on FoM,

thus if kinematic viscosity ν and grid size h are kept constant it

depends on the time step, which was not observed using the it-

erative method described in section 2.3.1. It is also interesting

to note that for all resolutions
d0
h the error in the drag force is
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Reynolds number flow through a periodic cubic array of particle for

different solids volume fraction φ compared with exact results from

literature (Sangani & Acrivos, 1982; Zick & Homsy, 1982), where
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FIGURE 2.16: Drag force obtained for IB simulations of low

Reynolds number flow through a periodic simple cubic array of par-

ticles with solids volume fraction of φ ≈ 0.008 ( Ld0 = 4). The method

presented in section 2.3.2 is used and no effective diameter is em-

ployed, in other words dP = d0. The deviation with the exact results

(Hasimoto, 1959) is given for different ratios of diameter and grid

size
d0
h ∈ {8, 10, 12.5, 15, 17.5, 20, 30} and different values of the mesh

Fourier number FoM =
ν∆t
h2

. Interestingly the force at steady state

does not only depend on the spatial resolution of the particle but

also on FoM, thus on the time step. 51



2. IMMERSED BOUNDARY METHOD

approximately zero for FoM ≈ 0.7. In principle again a calibration

procedure can be followed, which define a diameter such that the

deviations depicted in figure 2.16 vanish. Clearly this would yield

a hydrodynamic diameter that depends on the mesh Fourier num-

ber as in lattice-Boltzmann (Ladd, 1994b). Comparing figures 2.7

and 2.11 one readily identifies the likely source of the FoM depen-

dency. In figure 2.11 the IB force f IB is added as a fractional step

(as also done e.g. in Sharma & Patankar (2005)), thus equation

(2.6a) is solved once before the f IB is added, whereas in figure 2.7

f IB is added to the right hand side of equation (2.6a) during the

iterative procedure (as in Uhlmann (2005)).

In order to confirm this hypothesis modified versions of the al-

gorithms shown in figures 2.7 and 2.11 have been implemented.

Figure 2.17 shows a modification to figure 2.7. Here the IB force

is taken into account as an additional fractional step in the com-

putation of the new velocity field un+1 as it is also done in the

matrix method (compare figure 2.11). Likewise figure 2.18 shows

a modification of the matrix method. The force is not included

as a fractional step but rather added to the right hand side of

the linear system stemming from the discretisation of the Navier-

Stokes equation, in other words similar as in the iterative proce-

dure shown in figure 2.7. Results for the drag on a particle in

a dilute simple cubic array, that were obtained with all four ver-

sions, are given figure 2.19, where UhlImpl,UhlFrac,NewImpl and

NewFrac denote the algorithms shown in figure 2.7, 2.17, 2.11

and 2.18, respectively.

Clearly the graph on the right in figure 2.19 for FoM = 0.75

shows that if f IB is added in the same way to the equations of mo-

tion of the fluid, similar results are found. The iterative method

gives a slightly smaller force, which is attributed to the fact that
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Û
p
m =

∑
i, j,k

D
(
xi, j,k−Xm

h

)
· ûp
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FIGURE 2.17: Modified implementation of the method shown in

figure 2.7). Other than in figure 2.7 the IB force is added as an

fractional step similar as in the matrix method (see figure 2.11)
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FIGURE 2.18: Flow diagram of the modified IB-Matrix-CFD solver

for one time step. The force is added to the right-hand side of the

discretised Navier-Stokes equations which is subsequently solved

(compare figure 2.7).
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the iterations are stopped at a certain level of accuracy for the no-

slip boundary condition on the particle surface. One also sees,

that for a small mesh Fourier number of FoM = 0.1 the differ-

ences of all variants are much less pronounced. This is to be

expected as for small FoM the central coefficient in the problem

(2.6a) dominates thus the difference with the fractional step (“ex-

plicit”) method vanishes with decreasing FoM.

2.6 Conclusions

In this chapter two implementations of immersed boundary meth-

ods have been described. It was shown that due to smeared in-

terface of the particle, which results from the spreading of the IB

force term f IB onto the Eulerian grid, the effective or hydrodynamic

diameter is slightly larger than the diameter specified to place the

marker points. Reasonable accuracy in predicting the hydrody-

namic force acting on particles can be obtained with relatively low

resolution if the hydrodynamic diameter is used. The results that

were given also make it clear that a small error produced in the

hydrodynamic force for a dilute system, such as the typical case

of one single particle in a large domain, does not imply that the

error is small in the case of dense systems. Further it was shown

that both methods of calculating the force on the marker points

described in sections 2.3.1 and 2.3.2 give equivalent results if for

both methods the Eulerian force density f IB is included either as

a fractional step (see figures 2.17 and 2.11) or as additional term

on the right hand side in the numerical solution of momentum

equation of the liquid (see figures 2.7 and 2.18). The iterative

procedure converges towards the matrix method.
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FIGURE 2.19: Drag force obtained for IB simulations of low

Reynolds number flow through a periodic simple cubic array of par-

ticles with solids volume fraction of φ ≈ 0.008 ( Ld0 = 4). The devia-

tion of from the exact results (Hasimoto, 1959) is given for different

ratios of diameter and grid size
d0
h . UhlImpl denotes the method

presented in section 2.3.1 and NewFrac the method presented in

section 2.3.2. Additionally results are given with the IB force calcu-

lated by an iterative procedure as in section 2.3.1 but added as an

fractional step to the momentum equations (UhlFrac) and with the

IB force calculated as in described in section 2.3.2, however now

added to the rhs of the momentum equation and then the Helmholtz

type problem is solved (NewImpl).
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CHAPTER 3
A comparison of a

lattice-Boltzmann method

and a finite-difference

immersed boundary

method

Abstract

In this chapter results for the hydrodynamic force acting on spherical par-

ticles in different low-Reynolds number flows are presented. The simula-

tions were performed with a finite-difference immersed boundary method

and the results are compared to exact solutions of the the Stokes equa-

tion, as well as to results obtained from the lattice-Boltzmann simulations.

The deviation of the results, obtained by immersed boundary and lattice-
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3. COMPARISON OF A LB AND A IB METHOD

Boltzmann simulations, from the exact results is found to be comparable

in magnitude, with the immersed boundary results typically smaller than

the exact value and the lattice-Boltzmann result being typically too large.

3.1 Introduction

In this chapter a detailed comparison of the immersed bound-

ary method described in the previous chapter with the lattice-

Boltzmann method (Verberg & Ladd, 2001) will be done. The ap-

plication of lattice-Boltzmann simulations to particulate flows has

been pioneered by Ladd in the early 1990’s (Ladd, 1994a) and has

since then been applied to a wide variety of flow problems such as

sedimentation of particles (Nguyen & Ladd, 2005), liquid fluidisa-

tion (Derksen & Sundaresan, 2007) or the drag coefficient of clus-

ter of spheres (Beetstra et al., 2006). In lattice-Boltzmann meth-

ods the Navier-Stokes equation is not solved directly, but rather

an underlying kinetic equation – the lattice-Boltzmann equation

– is solved (see e.g. Succi, 2001; Wolf-Gladrow, 2000). By using

the well-known Chapman-Enskog expansion it can be shown that

the lattice-Boltzmann method models the Navier-Stokes equation.

The boundary condition on the particles surface is typically en-

forced using the so-called bounce-back boundary condition. This

leads to a stair-case approximation of the particle surface. On

the other hand in the immersed boundary methods, described

in detail in chapter 2, the Navier-Stokes equation are solved di-

rectly using finite difference approximation of the partial deriva-

tives. The presence of particles is accounted for by adding a force

density term to the Navier-Stokes equation which enforces the no-

slip boundary condition on the particle surface in an interpolated

sense.
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3.2. Hydrodynamic interaction of 2 Particles

The comparison study is limited to low-Reynolds number flows.

For those flows exact values of the hydrodynamic force and torque

the fluid exerts on the particles can be computed by a multipole-

expansion solution to the Stokes equation.

3.2 Hydrodynamic interaction of 2 Particles

The first problem that is studied is the hydrodynamic interaction

of 2 particles as drawn schematically in figure 3.1. The particles

of diameter dP are placed within the same plane (with the z-axis

as normal direction) in a cubic periodic domain width edge length

L = 6dP. Computations are performed for three different angles

α = ∠ (r12, x − axis) ∈ {0◦, 30◦, 45◦} that the vector r12 = |r2 − r1|, which

connects the center of both particles, has with the x-axis. The

flow is driven by assigning velocities that are equal in magnitude

|v| but opposite in direction to both particles, with the magnitude

chosen such that the Reynolds number Re = |v|dP

ν is much smaller

than 1. Similar to the particle positions, the velocity vectors are

embedded in the x-y plane, in other words the z-component vz

is zero. The velocity vectors are inclined by an angle of 45◦ with

respect to the line that passes through the center of mass of the

particles. In the simulations the particles are numerically kept

at their positions to allow for a steady state flow field to develop.

That is, the velocity of the particle is only used to induce the flow

field, and not to actually move the particle.

The hydrodynamic force Fg→s acting on both particles is “mea-

sured” for different distances

s

dP

=
|r12| − dP

dP

∈ {0.005; 0.01; 0.025; 0.05; 0.1; 0.15; 0.2; 0.25; 0.3; 0.35;

0.4; 0.45; 0.5; 0.6; 0.7; 0.8; 0.9; 1.0; 1.25; 1.5; 2.0}.
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α

−v

v
45◦

ZparaZperp

s

6dP

6dP

FIGURE 3.1: Hydrodynamic interaction of 2 particles. The particles

are placed in a cubic periodic domain with a size that is 6 times the

particle diameter dP.
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3.2. Hydrodynamic interaction of 2 Particles

FIGURE 3.2: Flow field for 2 particles placed at distance s = dP. A

slice of the x-y plane through the center of both particles is shown

for a resolution of dP

h = 17.0

Note that the symmetry of the problem implies that both parti-

cles experience a force with the same magnitude but in opposite

directions and that no force acts in the the z-direction. For each

simulation the components of the hydrodynamic force the parti-

cles experience parallel to the direction of r12:

Fpara =
1

2
·
(
Fg→s,1 − Fg→s,2

)
· n (3.1)

and perpendicular to this direction

Fperp =
1

2
·
(
Fg→s,1 − Fg→s,2

)
· t (3.2)

are calculated, with the parallel direction n = (cosα, sinα, 0)⊺ and

the perpendicular direction t = (− sinα, cosα, 0)⊺ (see figure 3.1).
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3. COMPARISON OF A LB AND A IB METHOD

In order to compare the simulation results obtained with the

lattice-Boltzmann method, the finite-difference immersed bound-

ary method and the exact solutions, the forces Fpara and Fperp are

made non-dimensional:

Zpara =

∣∣∣Fpara
∣∣∣

3πdPµ
∣∣∣vr,para

∣∣∣
(3.3)

Zperp =

∣∣∣Fperp
∣∣∣

3πdPµ
∣∣∣vr,perp

∣∣∣
, (3.4)

where vr,para and vr,perp are the relative velocity of the particles in

direction of n and t respectively.

In the numerical approximation of the problem the hydrody-

namic force is mildly dependent on the particles position with

respect to the computational grid one uses to compute the flow

field, therefore 10 different calculations were carried out for all

distances s and a random shift was added to the position of the

particles in each of these simulations. The forces Zpara and Zperp

computed from those 10 simulations were averaged to compare

them with the exact results. The iterative immersed boundary

method as presented in chapter 2, section 2.3.1 was used to ob-

tain the results presented in this section. Note that, unless the

particles were very close (s < O(2h)), the RMS deviation of the force

was virtually zero for the IB method and also for lattice Boltzmann

the RMS deviation was less than 1% of its mean.

Results obtained for Zpara as a function of the distance s at an

angle α = 0◦ are displayed in the upper graph of figure 3.3 for dif-

ferent resolutions dP

h ∈ {9.0; 17.0}. The results from LB and IB nicely

follow the exact solution up to a certain distance sc; for IB this

distance sc,IB is about 3 times the grid size h and for LB sc,LB is of

about 2 times the grid size h. This can be more clearly seen in

the lower graph of figure 3.3, which shows the relative error in the
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FIGURE 3.3: Hydrodynamic force Zpara acting on both particles in

the direction parallel to the line through their center of mass (top), for

α = 0 (see figure 3.1). The force is normalized with the Stokes drag

ZStokes = 3πdPµ
∣∣∣vr,para

∣∣∣; the line denotes an exact solution obtained

from a multipole expansion solution of the Stokes equation. Re-

sults are shown for different resolutions of the particle dP

h ∈ {9.0, 17.0}
that were obtained with the lattice Boltzmann method (LB) and with

modified IB method of Uhlmann (IB). In the lower graph the relative

error ∆Zpara,rel =
Zpara−Zexact

Zexact
is shown.
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FIGURE 3.4: As in figure 3.3, but now for the force in the perpen-

dicular direction.
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3.2. Hydrodynamic interaction of 2 Particles

results. For both methods, LB and IB, the relative error ∆Zpara,rel

is quite independent of the distance up to that critical distance

sc and smaller than 2% for both resolutions dP

h ∈ {9.0; 17.0}. Fig-

ure 3.2 shows the normalized force Zperp and relative error ∆Zperp,rel

in direction perpendicular to r12. The same trends as for Zpara

are found. Whereas the force obtained with lattice-Boltzmann is

slightly larger than the exact solution, the results from the im-

mersed boundary simulations predict a force that is too small.

For the low resolution of dP

h = 9.0 the error is a little smaller than

for the IB method. At the higher resolution of dP

h = 17.0 the error

in the results from the immersed boundary method greatly de-

creases whereas almost no effect on the error can be observed in

the lattice-Boltzmann results, thus now the immersed boundary

methods is closer to the exact solutions. Interestingly the error in

the force Zperp in direction perpendicular to r12 is a little smaller

than in the force Zpara parallel to r12. Figures 3.5 and 3.6 show

the deviation from the exact results for different inclination an-

gles α ∈ {0◦; 30◦; 45◦}. No large differences are observed in the error

∆Zpara,rel and ∆Zperp,rel for distances s that exceed than sc.

It remains to be explained why the error in the results obtained

with the immersed boundary method changes for s / 3h. For this,

it should be recalled that the particle is represented by a number

of points on its surface which are used to calculate a force that

enforces the no-slip boundary condition for the fluid in an inter-

polated sense: the IB force is added to those grid points which

are within a distance 1.5h of the particle surface and iterations are

used to ensure no-slip. As long as the distance of the particles is

larger than sc,IB the number of iterations needed for convergence

stays constant, however if they are closer than sc.IB, the number of

iterations increases. Eventually the methods fails to converge at
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FIGURE 3.5: Relative error ∆Zpara,rel =
Zpara−Zexact

Zexact
and ∆Zperp,rel =

Zperp−Zexact

Zexact
in the force acting parallel (top) resp. perpendicular (bot-

tom) to the line through the particles center. The forces were cal-

culates using the lattice Boltzmann method (LB) and the modified

immersed boundary method of Uhlmann (IB). Results are shown for

a resolution dP

h = 9.0 and different angles α ∈ {0, 30, 45}. The data for

α = 0 is the same as in figures 3.3 and 3.4.
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FIGURE 3.6: As in figure 3.5, but now for a resolution dP

h = 17.0.
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3. COMPARISON OF A LB AND A IB METHOD

all, because the IB force calculated for different particles is added

to the same grid points of the background grid on which the fluid

equations of motion are solved using the finite-differece method.

With every iteration step the force grows and thus the steep in-

crease in the force for distances smaller than sc,IB. Note that this

problem might be overcome by using the matrix method (see chap-

ter 2,section 2.3.2) which includes the Lagrangian points of both

particles in a single matrix. While for two particle this would still

be manageable, for many particle systems with multiple close en-

counters this procedure would become very expensive, where in

the worst case one would have to solve the no-slip condition for all

the marker points of all particles simultaneously. For this reason

no attempts were made to implement this, and a deviation of the

order of 4% when the particles are within 2 grid spaces of each

other was accepted.

3.3 Hydrodynamic interaction of 108

Particles

The results in the previous section involve the hydrodynamic in-

teraction of only 2 particles, however within the framework of

multi-scale modelling (see chapter 1) one is interested in fully re-

solved simulations of larger assemblies of particles (say O(100)-

O(1000) particles), therefore in this section the hydrodynamic in-

teraction of 108 particles in a periodic domain will be studied.

Similar as in section 3.2 the particles are fixed at their position. A

different random velocity vi and rotational velocity ωi is assigned

to each particle to induce flow. Those random translational veloc-

ities and rotational velocities are assigned such that the mean is
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3.3. Hydrodynamic interaction of 108 Particles

zero:

〈vi〉 =
1

NP

NP∑

i=1

vi
!
= 0 (3.5)

〈ωi〉 =
1

NP

NP∑

i=1

ωi
!
= 0, (3.6)

and the root mean square deviation is equal to a specified value:

√〈
|vi|2

〉
=

√√√
1

NP

NP∑

i=1

(vi · vi)
!
= V (3.7)

√〈
|ωi|2

〉
=

√√√
1

NP

NP∑

i=1

(ωi ·ωi)
!
=

V

0.5dP

. (3.8)

V is chosen such that the Reynolds number Re = VdP

ν is much

smaller than 1. The drag force acting on an isolated sphere moving

in an infinite medium with velocity
〈
|vi|2

〉
:

F0 = 3πµdP

√〈
|vi|2

〉
(3.9)

is used to normalize the hydrodynamic force one computes in the

simulations:

Fi =
Fg→s,i

F0
. (3.10)

Analogue the torque acting on a slowly rotating sphere in an infi-

nite medium:

T0 = 2πµd3P

√〈
|ωi|2

〉
(3.11)

is used to normalize the hydrodynamic torque one gets from the

simulations:

Ti =
Tg→s,i

T0
. (3.12)
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3. COMPARISON OF A LB AND A IB METHOD

3.3.1 Face-centred cubic array of particles

First the force and torque computed in simulations in which the

particles are arranged in an ordered structure, namely on a face-

centred cubic (FCC) lattice, are given. Two different sizes of the

computational domain (L ∈ {5dP , 10dP}) were used, corresponding to

a volume fraction of φ ≈ 0.452 and φ ≈ 0.056 respectively. Again (see

section 3.2) simulation results were obtained with the iterative

immersed boundary method (see chapter 2, section 2.3.1) and the

lattice-Boltzmann method (Verberg & Ladd, 2001).

The deviation ∆F of x-,y- resp. z-component of the normal-

ized force F =
(
Fx, Fy, Fz

)⊺
and also the deviation ∆T of x-,y- resp.

z-component of the normalized force T =
(
Tx,Ty,Tz

)⊺
from exact

results is displayed in figures 3.7 for a resolution of dP

h = 17.0.

The 2 graphs on top show on the right the deviation ∆F of the

force and on the left the deviation ∆T of the torque for a domain

size of L = 10dP, hence in this case the smallest distance of 2

neighbouring particles is
smin

h ≈ {23.1}. The absolute value of the

maximum deviation ∆F from the exact results one finds from the

LB simulations and the IB simulations are comparable for both

resolutions. The maximum deviation one gets with the immersed

boundary method is slightly smaller than the maximum deviation

obtained from lattice-Boltzmann simulations. However, similar as

for the hydrodynamic interaction of 2 particles, the force F one

computes with the immersed boundary method tends to be lower

than the exact value of F, whereas the force one predicts with the

lattice Boltzmann method tends to be higher. For the deviation

∆T of torque T the same trends hold as for the force F, one com-

putes a torque T which tends smaller than the exact solution in

the immersed boundary simulations, whereas one gets a too high

value with the lattice-Boltzmann method. Simulations were also
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FIGURE 3.7: Hydrodynamic interaction of 108 particles in an struc-

tured FCC array. All particles are fixed to their position and a ran-

dom velocity and rotational velocity is assigned to each particle,

such that the mean is zero and the Reynolds number based on the

root mean square deviation is small. The figure shows histograms

of the differences ∆F (left) and ∆T (right) between the exact mul-

tipole expansion force respectively torque and the simulation data

(both LB and IB) for dP

h = 17.0. Both graphs on the top are for a solids

volume fraction of φ ≈ 0.056 and the bottom graphs are for φ ≈ 0.45.
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3. COMPARISON OF A LB AND A IB METHOD

done with a lower resolution of dP

h = 9.0. For these simulations

the deviations of force and torque are slightly larger in magnitude

compared to dP

h = 17.0, however the comparison of the LB results

with the IB results lead to the same conclusions that were drawn

from the simulations results obtained with dP

h = 17.0. The only dif-

ference is that at the lower resolution of dP

h = 9.0 the deviation in

the torque ∆T that is found in IB is slightly higher in magnitude

than the deviation ∆T one sees in the LB results.

At a solids volume fraction φ ≈ 0.452 (domain size L = 5dP) the

smallest distance of neighbouring particles is smin

h ≈ {1.6; 3.0} for
dP

h = 9.0 respectively dP

h = 17.0. In the immersed boundary method,

the force that is calculated to enforce the no-slip boundary condi-

tion, is mapped onto all grid points within a cube of edge length 3h,

therefore the mapping of different particles overlaps in this case.

Note that smin is the distance for those neighbour particles which

are not aligned with the coordinate axis but inclined by 45◦. As

discussed in section 3.2, the iterative immersed boundary method

does not converge in this case. Therefore the maximum number

of iterations was restricted to the number of iterations that were

needed for convergence in the dilute systems (L = 10dP). On the

bottom left graph of figure 3.7 histograms of the deviation ∆F of

the components of the force from the exact solution are plotted

for dP

h = 17.0. For both methods the deviation of the force is of the

same order of magnitude and akin to the results for φ ≈ 0.056, the

force predicted with the immersed boundary methods is smaller

than the exact results. This is again in contrast to the lattice-

Boltzmann simulation results, which tend to predict a force that is

too large. Also the magnitude of the maximum deviations ∆F from

the exact results obtained with the lattice-Boltzmann method is

larger than the IB maximum deviation one computes from the IB
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3.3. Hydrodynamic interaction of 108 Particles

simulation results. At a lower resolution of dP

h = 9.0 (not shown

here) the opposite picture is found, now the deviation is larger in

the results obtained with the immersed boundary method com-

pared to the lattice-Boltzmann simulation results.

The deviation ∆T of the x-,y- and z-component of the torque is

shown in figure 3.7 on the bottom right. Again only the results for
dP

h = 17.0 are shown as the results from the simulations at a lower
dP

h = 9.0 are similar. One finds that the magnitude of the deviation

∆T is comparable for both numerical methods used, LB and IB.

The IB results predict a torque that tends to be to small and the

LB results tend to be larger than the exact solution.

Finally in figure 3.8 the hydrodynamic force and torque com-

puted in simulations with the IB-matrix method (see chapter 2,

section 2.3.2) is compared with the same lattice-Boltzmann sim-

ulation results that are shown in figure 3.7. Essentially the same

conclusions as for the iterative immersed boundary method can

be reached. The deviation ∆F of the force computed with both

methods, lattice Boltzmann and IB-matrix, from the exact force

are of the same magnitude. The force obtained from the IB-matrix

simulations is too low compared to the exact results and a force

that is too large is computed in the lattic-Boltzmann simulations.

Similar the torque obtained with the IB-matrix simulations with
dP

h = 17.0 as well as force and torque computed with IB-matrix at

lower resolution dP

h = 9.0 (not plotted in figure 3.8) show the same

deviations from the exact results that were also seen in the corre-

sponding results that were computed with the iterative immersed

boundary method.
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FIGURE 3.8: Same as in figure 3.7, however the IB-Matrix method

(see chapter 2, section 2.3.2) was used to calculate the immersed

boundary force.
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3.3. Hydrodynamic interaction of 108 Particles

FIGURE 3.9: Random array of 108 particles used in the simula-

tions. The size of the periodic box is L = 10dP.

3.3.2 Random array of particles

In addition to the simulations presented in the previous section,

where the particles were arranged on a FCC lattice, also simula-

tions have been carried out for a random array of particles. To this

end the particles were initially placed in an ordered FCC array and

subsequently a standard hard sphere Monte-Carlo procedure was

applied to create the random array which as an example is shown

in figure 3.9. One sees that there are now a few particles which

are in close contact. At those close distances the force acting on

the particles becomes very large, in fact for the case of 2 parti-

cles the analytical solution diverges (see section 3.2). Fixed grid
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3. COMPARISON OF A LB AND A IB METHOD

methods, such as the lattice-Boltzmann and the finite-difference

immersed boundary methods used in this work, are not able to

capture the flow in sufficient detail to give the correct force acting

on the particles if the distance of those particles is of the order h.

As a fix, the lattice-Boltmann method has been supplemented

with an analytical correction in order to correctly predict the dy-

namics of particles which are in close contact (Nguyen & Ladd,

2002). However no such correction has yet been implemented

in the finite-difference immersed boundary methods described in

chapter 2. Therefore the results shown in figures 3.10 only con-

cern those particles which have a nearest-neighbour at a distance

larger than smin

h = 1.0.
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FIGURE 3.10: Hydrodynamic interaction of 108 particles arranged

in a random array. The figure shows histograms of the differences

∆F (left) and ∆T (right) between the exact multipole expansion force

respectively torque and the simulation data (both LB and IB) for
dP

h = 17.0. The solids volume fraction φ ≈ 0.056.

The deviation of the force ∆F and the devation of the torque ∆T
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from the exact results are shown in figure 3.10 for dP

h = 17.0. The

difference of force and torque computed in the IB and LB simu-

lation with the exact solution is comparable in magnitude. The

largest deviation seen in the lattice-Boltzmann results is a little

smaller than the largest deviation one sees in the IB results. The

force computed with IB is typically a too low compared to the ex-

act value of force and torque whereas force and torque computed

with LB are typically large compared to the exact result, which

was also found for the regular FCC arrays (see section 3.3.1)

3.4 Mean hydrodynamic force in

monodisperse random arrays

In this section the mean hydrodynamic force particles experience

in static random periodic arrays is computed using the itera-

tive immersed boundary method (see chapter 2, section 2.3.1).

Only low-Reynolds number flow is considered, thus in the sim-

ulations the Reynolds number based on the superficial velocity

U = (1 − φ) · (〈u〉 − 〈vi〉) was equal to Re =
ρgdP |U|
µ = 0.1. Simula-

tions of similar systems have recently been done by van der Hoef

et al. (2005) using the lattice-Boltzmann method. Based on their

results, they proposed a correlation for the normalized mean hy-

drodynamic force F in the limit of zero Reynolds number:

F(φ, 0) =
10φ

(
1 − φ

)3 +
(
1 − φ

) (
1 + 1.5

√
φ
)
. (3.13)

F is mean force the particles experience in direction of the mean

flow normalized with the Stokes drag based on the superficial ve-

locity U:

F =
Fg→s · U

|U|
3πµdP |U|

, (3.14)

77



3. COMPARISON OF A LB AND A IB METHOD

with Fg→s the mean hydrodynamic force that the particle expe-

rience. The random arrays were created using a standard hard

sphere Monte-Carlo algorithm, and for each solids volume frac-

tion NC = 10 different configurations with NP = 54 particles were

made. The mean force Fg→s was then calculated by averaging the

force F̄g→s,i acting on all particles in all 10 configurations:

Fg→s =

NC∑

j=1

NP∑

i=1

(
F̄
j

g→s,i

)
(3.15)

The flow is driven in the same way as done in van der Hoef et al.

(2005). All particles are set into motion with the same velocity v

and retain that velocity in the course of the simulations. In order

to balance the force the particle exert on the fluid, a uniform force

density is added to the fluid such that superficial velocity U is

equal to the negative of the particle velocity v (see also van der

Hoef et al., 2005).

The hydrodynamic force F obtained from the IB simulations

with 2 different resolutions of the particles dP

h ∈ {10.0, 20.0} are plot-

tet in figure 3.11. For both values of dP

h the IB simulations results

nicely follow the correlation proposed by van der Hoef et al. (2005)

based on their lattice-Boltzmann results. However at higher vol-

ume fraction the deviation from the correlation (3.13) slightly in-

creases.

3.5 Summary and conclusions

Simulations of low Reynolds number flow for multiple particle sys-

tems were performed using the finite-difference immersed bound-

ary method described in chapter 2.
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FIGURE 3.11: Normalized mean hydrodynamic force F in static

random periodic arrays as a function of the solids volume fraction

φ. The force was computed from simulations results obtained with

the iterative immersed boundary method for low-Reynolds number

(Re ≈ 0.1) flow with 2 different resolutions dP

h ∈ {10; 20}. The cor-

relation (3.13) was obtained by van der Hoef et al. (2005) based

on lattice-Boltzmann simulations of flow in random static arrays of

particles.
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First the hydrodynamic interaction of 2 particles as well as

the multi-particle interaction in arrays of 108 particles were stud-

ied. Hydrodynamic force and torque obtained with immersed

boundary method were compared with exact solutions, computed

from an exact solution of the Stokes equation, and to the re-

sults obtained from lattice-Boltzmann simulations. The magni-

tude of the deviation of the force obtained with IB and LB from

the exact results was found to be similar as long as the dis-

tance of the particles is larger than approximately the size h of

a single grid cell. The hydrodynamic force and torque computed

with the immersed boundary method are usually smaller than the

exact value, whereas force and torque one obtains from lattice-

Boltzmann simulations tend to be larger than the exact values,

however the magnitude of the deviations are similar and less than

5%.

One has to be careful when the distance of neighbouring parti-

cles is closer than the distance about which the immersed bound-

ary force is extrapolated to the background grid used to solve the

fluid equations of motion. In that case the iterative boundary

method fails to converge, which means that locally no-slip is not

exactly fulfilled. However if one carefully chooses the maximum

number of iterations, namely if one sets this value to the number

of iterations needed for convergence when the particles are at a

large distance, one can still predict the hydrodynamic force with

reasonable accuracy up to a distance of about h.

Finally the mean drag acting on particles in static random ar-

rays of particles has been computed for solids volume fraction in

the range φ = {0.1 . . . 0.5}. The results were found to agree well

with a correlation proposed by van der Hoef et al. (2005) based on

the drag obtained from lattice-Boltzmann simulations of random
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static arrays.

In the lattice-Boltzmann method an analytical “lubrication cor-

rection” is employed in the computation of the hydrodynamic force

when distance of particles is less than the grid size h. As future

work one should develop such a correction for the finite-difference

IB method along the same lines and assess the effect of this cor-

rection on quantities like the mean drag or the macroscopic flow

pattern.

The general conclusion is that when a similar grid resolution is

used, the CFD-IB method is at least as accurate for fluid-particle

flows as the well-established lattice-Boltzmann method. An in-

teresting question is of course how the two methods compare in

terms of stability and computational efficiency, which will also be

addressed in future studies.
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CHAPTER 4
Drag force on cylindrical

particles

Abstract

Fully resolved simulations using an immersed boundary method are per-

formed for the flows with non-spherical particles. First the gas-solid force

acting on a single (sphero-) cylindrical particle in a periodic domain is stud-

ied and then results for random arrays of the same particles are given.
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4. DRAG FORCE ON CYLINDRICAL PARTICLES

4.1 Drag on a single (sphero)-cylinder

4.1.1 Definitions

A flow (superficial velocity U) in the direction parallel to the orien-

tation of the (sphero-)cylinder is considered. The (sphero-)cylinder

has a diameter D and length L (in case of a sphero-cylinder mea-

sured from the top of the sphere caps). The lowest-order estimate

of the drag is that of a volume-equivalent sphere: 3πµdU, with d

such that 1
6πd

3 = volume of the (sphero-)cylinder.

L

DU

FIGURE 4.1: 2D sketch of the (sphero-)cylinder. The (sphero-

)cylinder has diameter D and length L. The superficial velocity U
is in direction parallel to the orientation of the (sphero-)cylinder.

Therefore the dimensioneless drag force F is defined as the total

gas-solid interaction force divided by the Stokes drag of a volume-

equivalent sphere, viz.

F =
Fg→s

3πµdU
, d = diameter volume-equivalent sphere (4.1)

Note that in literature it is custom to use a K = 1/F. It is convenient

to define the ratios

x =
L

D
, ξ =

d

D
(4.2)
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4.1. Drag on a single (sphero)-cylinder

It can be readily evaluated that

ξ =



(
3
2x

)1/3
for cylinders

(
3
2x−

1
2

)1/3
for sphero-cylinders

(4.3)

Another useful quantity is the sphericity ψ of a particle, defined

as

ψ =
Surface area volume-equivalent sphere

Surface area object
(4.4)

The surface area of both the cylinder and the spherocylinder is

equal to πDL. Hence

ψ =
πd2

πDL
=

(
d2

D2

) (
D

L

)
=
ξ2

x
(4.5)

4.1.2 Results from theory and experiment

Unfortunately there are no theoretical results for finite cylinders in

finite systems, only for infinitely long cylinders in finite systems,

and finite cylinders in unbounded systems. Happel & Brenner

(1983) have derived the following expression for the drag force on

an infinitely long cylinder in a dilute square array, where the flow

is parallel to the cylinder:

FL =
Fg→s

4πµUL
=

1

− lnφ − 1.5 + 2φ − 1
2φ

2
(4.6)

with φ the volume fraction. This force thus diverges for an un-

bounded fluid. Note that Drummond & Tahir (1984) adjusted

the coefficient from 1.5 to 1.476336. Gluckman et al. (1972) and

Youngren & Acrivos (1975) have formulated the problem of slow

flow past finite-length cylinders in an unbounded fluid in terms
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4. DRAG FORCE ON CYLINDRICAL PARTICLES

of linear integral equations, the solution of which is then obtained

numerically by reducing the equations to a systems of linear alge-

braic equations. The results are given in table 4.2.

Experimental correlations are usually constructed for very gen-

eral systems, aimed to fit a wide range of non-spherical parti-

cles (discs, cylinders, plates, spheroids) and general flow direc-

tion (cross-wise and length-wise). For Stokes flow, Heiss & Coull

(1952) have given the following empirical relation:

logF =
0.27 (ξ − 1)

ξ0.345ψ1/2
− log

(
ξψ1/2

)
(4.7)

Hölzer & Sommerfeld (2008) have recently suggested the following

correlation, which also holds for inertial flow:

F = Fo+F1Re
1/2
+F2Re with

Fo =
2
3
1
ψ +

1
3

1
ψ⊥

F1 =
1
8

1
ψ3/4

F2 =
0.0175
ψ⊥

100.4(− logψ)
2

(4.8)

with ψ⊥ ratio of the projected cross-section areas of the volume-

equivalent sphere and of the particle, projected on the plane

perpendicular to the flow. The Reynolds number is defined as

Re = ρdu/µ. The general accuracy of such correlations is not high:

the average accuracy of (4.8) is in the range of 20%, while the

maximum deviation is around 70%. However, one should keep in

mind that they are applicable to a wide range of particles.

4.1.3 Simulation of the drag force on cylinders using

the IB method

The set-up of the simulations is very similar to that of the simple

cubic arrays of spheres reported in chapter 2. The flow around

a single (sphero-) cylinder in a periodic box is computed, so that
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4.1. Drag on a single (sphero)-cylinder

effectively an infinite regular array is simulated. The box was

nearly rectangular, the dimension in the length-wise direction of

the cylinder being slightly larger. Details are given in table 4.1.

Although it is custom to work in dimensionless units for these

type of simulations, the basic quantities were set in SI units, and

equal to those of air: fluid viscosity µ = 1.5 · 10−5 Pa.s, fluid density

ρ = 1 kg/m3. The time step and grid size of the fluid solver were

set to ∆t = 10−5s, h = 5 · 10−5m. The effect of the time step has been

tested for two systems (L/D = 2 and L/D = 4 at a solid volume frac-

tion of φ = 0.0201716). Reducing the time step by a factor of 2 gave

results that were around 1% larger, which is below the general

margin of error of the method. With respect to the grid size, it is

not the absolute value that is relevant, but rather the value rela-

tive to the particle size, i.e. the resolution that is used to solve the

flow around the object. Computations have been performed with

two resolutions: D′ = 10 grid cells, and D′ = 20 grid cells, where

D′ is the diameter that is used to set the marker point for the

IB method. The resolution for the length scales accordingly, i.e.

when L/D = 4 then D′ = 10 grid cells implies that L′ = 40 grid cells.

Since it was found for spheres that the true diameter was typically

half a lattice spacing larger than the one that was used to set the

marker points, it is assumed that the same was true for cylinders.

Hence, the actual diameter D and length L, which are the ones

that are used in all subsequent analysis (calculation of volume

equivalent sphere diameter d, volume fraction φ) was chosen to be

half a lattice spacing larger, i.e. D = D′ + 0.5h, L = L′ + 0.5h; Note

that the true x is then equal to the ratio L/D = (L′+0.5h)/(D′ +0.5h),

however x = L′/D′ is taken (which take the precice values 2, 4,

and 10); the differences are of the order of a 2-4 % for the lowest

resolution, and 1-2 % for the highest resolution. It will be seen
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4. DRAG FORCE ON CYLINDRICAL PARTICLES

later that the differences in the drag force for high and low reso-

lution are small, so this slight difference is not an issue. Finally,

the superficial velocity U at which the particles are moving into

the length-wise direction was set such that the particle Reynolds

number (calculated with D) was equal to 0.1, i.e. the Stokes flow

regime.

The results for the normalized drag force FSC from the IB simu-

lations for different L/D ratios, grid resolutions and domain sizes

are given in table 4.1.

box size particle size φ FSC

Lx x Ly x Lz D L

L/D = 2 :

40 x 40 x 55 10.5 20.5 0.020172 2.0602

80 x 80 x 110 20.5 40.5 0.018988 2.0074

50 x 50 x 60 10.5 20.5 0.011834 1.7719

55 x 55 x 70 10.5 20.5 0.008383 1.6634

110 x 110 x 140 20.5 40.5 0.007891 1.6324

60 x 60 x 75 10.5 20.5 0.006574 1.6098

67 x 67 x 80 10.5 20.5 0.004943 1.5091

156 x 156 x 160 20.5 40.5 0.004870 1.4788
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box size particle size φ FSC

Lx x Ly x Lz D L

L/D = 4 :

40 x 40 x 110 10.5 40.5 0.019926 2.5482

80 x 80 x 220 20.5 80.5 0.018871 2.5169

50 x 50 x 120 10.5 40.5 0.011690 2.1496

55 x 55 x 140 10.5 40.5 0.008281 1.9828

110 x 110 x 280 20.5 80.5 0.007842 1.9681

60 x 60 x 150 10.5 40.5 0.006494 1.9021

67 x 67 x 160 10.5 40.5 0.004883 1.7855

L/D = 10 :

40 x 40 x 275 10.5 100.5 0.019778 3.9462

80 x 80 x 550 20.5 200.5 0.018800 3.8608

50 x 50 x 300 10.5 100.5 0.011603 3.1936

55 x 55 x 350 10.5 100.5 0.008219 2.9559

110 x 110 x 700 20.5 200.5 0.007813 2.9131

60 x 60 x 375 10.5 100.5 0.006446 2.7700

67 x 67 x 400 10.5 100.5 0.004846 2.5689

Table 4.1: Simulation results for the normalized gas-

fluid drag force FSC in a (nearly) simple cubic periodic

domain. The box and particle dimensions are given in

units of the grid length. The solid volume fraction is

calculated as φ = π
4LD

2/(LxLyLz).

4.1.4 Comparison of the simulation data with results

from theory and experiment

In order to compare with the theoretical result for an infinite do-

main by Gluckman et al. and Youngren & Acrivos, the data has
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4. DRAG FORCE ON CYLINDRICAL PARTICLES

to be extrapolated to φ = 0. For spheres, the relation between

the drag force FSC in a dilute SC array, and the drag force F∞ in

an unbounded fluid is given by Hasimoto’s expression (Hasimoto,

1959):

FSC =
F∞

1 − 1.7601φ1/3 + φ − 1.5593φ2 + ...

(Note that for spheres the normalized drag force F∞ = 1 by con-

struction). As an ad hoc assumption let this functional form, to

order φ, hold for all particles which have a moderate aspect ratio.

That is, one assumes that for a cylinder in a periodic domain, the

relation between FSC and F∞ is given by

FSC =
F∞

1 + αφ1/3 + φ...
(4.9)

with α an unknown parameter. Equation (4.9) can be written as

1

FSC(1+φ)
=

1

F∞
+
α

F∞
·
φ1/3

1+φ

So when plotting the data of table 4.1 as (FSC(1+φ))
−1 vs. φ1/3/(1+φ),

the data should fall on a straight line, where the intersection with

the y-axis is equal to 1/F∞. In figure 4.2 the data is shown in this

representation. From the figure it is clear that there is no effect of

the grid-size resolution.

The values F∞ that follow from a linear fit through the data are

given in table 4.2, together with the theoretical data by Gluckman

et al. (1972) and Youngren & Acrivos (1975), and the experimen-

tal results by Heiss & Coull (1952). Excellent agreement with the

theoretical result by Youngren & Acrivos for L/D = 2 is found, how-

ever not so for the higher aspect ratios. This is understandable,

because the corrections that were made for the effect of the peri-

odic images was “borrowed” from the Hasimoto expression valid
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FIGURE 4.2: Simulation data for the drag force for different aspect

ratios in a periodic array. In this representation, the intersection

of the linear fit with the y-axis provides an estimate for the inverse

of the normalized drag force for a single cylinder in an unbounded

system.

for spheres. Since for infinitely long cylinders the correction actu-

ally diverges as φ→ 0 (see equation (4.6)), one may expect that the

convergence will go slower as L/D gets larger, and that the leading

order term in the denominator of equation (4.9) will be different

from φ1/3. It would be more appropriate for L/D = 10 to compare

the result for FL = Fg→s/4πµLU (which is the force per unit length,

non-dimensionalized by 4πU) with expression (4.6) for an infinitely

long cylinder. Note that in that case, one should use the 2-D solid
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L/D Simulation Theory Experiment

This work Youngren Gluckman Heiss Hölzer &

(fig. 1) & Acrivos et al & Coull Sommerfeld

2 1.021 1.0235 1.0142 0.786 0.801

4 1.171 1.0730 1.0764 0.946 0.909

10 1.618 1.2690 1.1947 1.852 1.151

TABLE 4.2: Predictions for the normalized drag force F on a cylinder

in an unbounded fluid from simulation, theory and experiment.

volume fraction φ2D =
1
4πD

2/(LxLy) in (4.6). The simulation results

for FL as a function of φ2D are shown in figure 4.3, together with

the prediction from (4.6). It can be seen that indeed the data ap-

proaches the theoretical result for the infinite cylinder as L/D gets

larger, and that in particular the dependence on φ is very similar.

An ad hoc fit to the simulation data is given by

FL =
1

− ln(φ + 1/(10x)) − 1.5 + 2φ
(4.10)

Interestingly, for an unbounded fluid (φ = 0), expression (4.10)

reduces to FL = 1/(ln(10x) − 1.5). For x = 10 this gives FL = 0.322,

which corresponds to F = 1.31, which is within 3% of the Youngren

& Acrivos result (see table 4.2) for a cylinder with L/D = 10 in an

unbounded fluid.
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FIGURE 4.3: Simulation data for the force on a single cylinder at

different aspect ratios in a periodic array. The drag force is normal-

ized by 4πµLU, so that FL represents the non-dimensionalized force

per unit length. The solid line is the theoretical result for a cylin-

der of infinite length, given by equation (4.6). The dashed lines are

calculated from equation (4.10).

4.2 Drag for dense arrays of randomly

oriented cylinders

For dense arrays, such as shown in figure 4.4, it is useful to make

the connection between the drag force and the pressure drop,
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FIGURE 4.4: Example of a random periodic array of 100 sphero-

cylinders with an aspect ratio x = L
D = 3.

since the latter can be directly measured in experiments of packed

beds, and can also be estimated from a Carman-Kozeny analysis.

It can be readily shown that for flow past an array of identical par-

ticles, the relation between the average gas-solid interaction force

on a particle Fg→s and the pressure drop ∇P is

Fg→s = −
1

φ
V∇P

with V the volume of the particle. For (sphero)-cylinders V = πd3/6,

hence one gets the following relation between the average normal-

ized drag force F as defined by (4.1) and the pressure drop:

F = − 1
φ

d2

18µU
· ∇P (4.11)
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4.2. Drag for dense arrays of randomly oriented cylinders

4.2.1 Carman-Kozeny analysis

The Carman-Kozeny analysis gives that the pressure drop for flow

through a porous medium is set by the hydraulic radius rh, de-

fined as the ratio of the free volume in the pores to the “wet”

surface area. For a system of N identical, but arbitrary shaped

particles with volume V and surface area S, rh is equal to

rh =
Vtot −NV

NS
=

(1−φ)
φ

V

S
=

1 − φ
φ
·
1
6πd

3

S
=

1 − φ
6φ
· πd

2

S
d =

1 − φ
6φ
·ψd

with ψ defined by (4.4). When using a Kozeny constant of 5, the

permeability becomes

κ =
(1−φ)r2

h

5
=

(1−φ)3

180φ2
(ψd)2 (4.12)

so that the pressure drop is:

−∇P = 1

κ
µu = 180 ·

φ2

(1−φ)3
µu

(ψd)2
(4.13)

which is the well-known Carman equation, only with a diameter

ψd instead of the usual diameter of the sphere. Inserting this

into (4.13), and using the relation (4.11) between the normalized

average drag force and the pressure drop, yields

F = 10
φ

(1−φ)3 ·
1

ψ2
(4.14)

with ψ the sphericity, given by (4.5). So the normalized drag force

is modified by a factor ψ−2 compared to the drag force for a dense

array of spheres at the same packing.

4.2.2 Experimental results

Nemec & Levec (2005) have measured the pressure drop for par-

ticles of different shape to a generalized Ergun equation, which
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ψ x Exp. (4.16)

0.874 1.0 200 183

0.874 1.0 180 183

0.866 1.33 210 186

0.835 1.91 210 196

0.782 2.94 240 217

0.722 3.81 230 244

0.672 5.77 250 272

TABLE 4.3: Value for the Ergun coefficient A (rounded values) as

obtained from experiments, and calculated from expression (4.16).

already takes the non-sphericity into account by using a diameter

ψd as follows from the Carman-Kozeny theory (e.g. see (4.13)):

−∇P = A ·
φ2

(1−φ)3
µu

(ψd)2
+ B ·

φ

(1−φ)3
ρu2

(ψd)
(4.15)

The original Ergun coefficients A and B take the values 150 and

1.75, whereas the Carman-Kozeny analysis using a Kozeny con-

stant of 5 gives A = 180. Nemec & Levec have fitted the pressure

drop data for cylinders to (4.15), where the results for A are shown

in table 4.3 1: It can be seen that for higher x, the data deviates

significantly from both 150 and 180, indicating the use of a diame-

ter ψd in the Ergun or Carman equation is not sufficient to capture

the effect of having non-spherical particles; in other words, ac-

cording to the experiments, the Carman-Kozeny assumption that

for Stokes flow rh is solely determining the permeability seems to

break down, and an additional correction is required. Nemec &

Levec have fitted the data to the following functional form, using

1Note Nemec & Levec define ψ3 = 36πV2/S3, with V the volume and S surface

area of the object. This is equivalent to definition (4.4).
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4.2. Drag for dense arrays of randomly oriented cylinders

the coefficients 150 and 1.75 as a basis:

A =
150

ψ3/2
, B =

1.75

ψ4/3
. (4.16)

4.2.3 Simulation results

The set-up of the simulations is identical as described in section

3.4 for spheres, but now for spherocylinders with random orien-

tation. In order to create the configurations, a Monte-Carlo algo-

rithm with overlap detection for spherocylinders was used. The

systems contained 100 or 300 particles, and the L/D ratios of 2,

3 and 4. Periodic boundary conditions are used. A resolution

of 10 grid cells was used for the diameter of the cylinder. As in

the case of a single cylinder, the actual dimensions of the cylin-

der were taken half a lattice spacing larger (see section 4.1.3).

To increase the statistical accuracy, the drag force was evaluated

x-z plane y-z plane

FIGURE 4.5: Slices through the central x-z plane and y-z plane of

the particle bed shown in figure 4.4. The fluid velocity flow field

and the particles are shown.
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system parameters simulation result

x ψ N φ F ∆F A ∆A

2 0.921 100 0.7004 338.3 9.3 198.3 5.4

2 0.921 300 0.7005 337.9 3.3 197.9 1.9

3 0.840 100 0.6713 299.2 11.0 201.0 7.4

3 0.840 300 0.6729 297.8 6.9 196.7 4.6

4 0.779 100 0.6422 226.7 14.0 176.6 10.9

4 0.779 300 0.6501 269.8 9.4 194.2 6.8

TABLE 4.4: Results for the average normalized gas-solid force F
for a dense, random array of sphero cylinders. The coefficient A is

defined by (4.17).

for 10 different configurations of each system, and the value for

F as presented below is the calculated as the average over these

10 results, where the error in the results is estimated from the

standard deviation. The results are given in table 4.4.

In order to compare with the experimental data, the results for

the coefficient A are shown, which is defined by the relation:

F =
A

18

φ

(1−φ)3 ·
1

ψ2
(4.17)

In the Carman-Kozeny approximation (see (4.14)), A = 180; the

Ergun equation predicts A = 150, whereas Nemec & Levec predict

that A = 150
ψ3/2 . In figure 4.6 the various results for A are com-

pared. The simulation data shows that the value of A is nearly

constant, which implies Carman-Kozeny type behavior, that is,

the drag force varies with 1
ψ2 . Only the coefficient is about 10 %

larger than the “standard” value of 180. The experimental value

is slightly larger, and seems to increase with L/D.
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FIGURE 4.6: Results for A from experiment (cylinders) and simu-

lations (spherocylinders), compared with the predictions from the

Carman-Kozeny theory, the Ergun equation, and the modified Er-

gun equation (Nemec & Levec, see (4.16)).

4.3 Conclusions

In this chapter some first results for drag force on spherocylin-

ders from fully resolved simulations were presented, in the limit

of Stokes flow. Comparison of the simulation data for a single

cylinder with available theoretical results is not straightforward.

In the simulations both the system and the cylinder are finite,

while the theoretical results are for an infinitely long cylinder in a

finite system, or for a finite-length cylinder in an infinite system.

Increasing the box size in the simulation and extrapolating the

result to infinite dilution is hindered by the fact that for higher
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aspect ratios the convergence gets slower, and the precise func-

tional form is not know as in the case of spheres. However, the

analysis suggests that the simulation results are consistent with

the available theoretical predictions.

For dense systems of randomly oriented spherocylinders the

simulation data indicates that a Carman-Kozeny description,

where the drag force is determined solely by the hydraulic radius,

is still valid, only with a Kozeny constant that is slightly larger (∼
10%) than the usual value of k = 5; for lower aspect ratios this

is consistent with the experimental data; for higher aspect ratios,

the experiments predict a drag force that is typically 20 % larger

compared to the data. It has to be stressed that these results

are preliminary, and that much more extensive simulations have

to be performed in order to come to any definite conclusions. In

future work, also the effect of fluid inertia on the drag force will

be considered. Of particular interest is also the deviation of the

drag force on an individual cylinder with the average drag such

as follows from a Carman-Kozeny analysis. One may expect that

there will be a spreading in the force similar to what was found

for spheres chapter 5. However, in addition one may also antic-

ipate a dependency of the individual force on the orientation of

the cylinder with respect to the flow. If this could be adequately

parametrised, it could mean a significant step forward in the mod-

elling of gas-particle drag in DP-type simulations of non-spherical

particles.
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packed spherocylinders.
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CHAPTER 5
Drag force in discrete

particle models –

Continuum or particle

Scale?

Abstract

Coupled models using a Lagrangian method for the particle phase (DP)

and a Eulerian description for the gas phase (CFD) have become increas-

ingly popular in the last years. In DP all particles are tracked and thus

collisional interaction of the individual particles can be modelled directly,

contrary to continuum models for the solids phase, which commonly use

closures derived from kinetic theory. Modelling fluid-solid interaction is

not so straightforward however, since in DP models the fluid flow is mod-

elled on a larger length scale (a few particle diameters). In principle one
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5. DRAG FORCE IN DISCRETE PARTICLE MODELS

would like to have the hydrodynamic force acting on each individual par-

ticle, but the existing closures typically characterize the mean interaction

in a homogeneous assembly of particles. An analysis is done of the fluc-

tuations of the drag on individual particles of an homogeneous random

array of particles obtained from fully resolved simulations using a lattice

Boltzmann method. It is found, that the drag on individual particles in the

array can differ up to 40% from the mean, thus from the drag that would

be calculated in DP type simulations. Ad hoc modification by employing a

local porosity leads to a larger disagreement between the DNS result and

DP drag correlation. Finally it is shown that the drag on an individual

particles depends strongly on all its surrounding neighbours within a dis-

tance of at least 2 particle diameters. Hence any model of the gas-solid

interaction for individual particles in DP type simulations needs to take

into account information of all surrounding particles within a window with

a size of at least four particle diameters

5.1 Introduction

Gas-solid flows appear in many processes within the process in-

dustries. A widely used type of process equipment for efficient

gas- solid contacting are fluidized beds. Although fluidized bed

technology was established about eighty years ago, quantitative

predictions of their behaviour using numerical calculations still

remains a challenge due to very different time and length scales

present in fluidized beds. Fully resolved simulation of large in-

dustrial equipment is not feasible due to the limited computa-

tional power available and time constraints typically imposed on

projects conducted in industry. Consequently continuum mod-

els, such as two-fluid models (TFM), are employed to predict the

macroscopic flow patterns. These models can be obtained from
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local volume-averaging of the momentum equation describing the

particle motion resp. the fluid motion in full detail. As the de-

tails of the flow on the scale of a few particle diameters are av-

eraged out, closures are needed to account for particle-particle

interaction and gas-particle interaction (Jackson, 2000). These

closures can be obtained from theory, experiment, or simulations

of smaller systems which allow to resolve smaller length scales of

the flow problem at hand (van der Hoef et al., 2008).

In recent years, discrete particle models (DP) have become in-

creasingly popular. In these models, the continuum description

for the solid phase is replaced by a discrete representation where

the Newtonian equations of motion for each particle. Collisions

between individual particles are explicitly resolved, implying that

DP allows for a much more accurate description of the particle-

particle interactions. Ideally, one would like a similar situation for

the gas-particle interactions, where the flow between the particles

is fully resolved, and the interaction is modelled at the level off the

particle’s surface (for instance by no-slip boundary conditions).

However, even for small system sizes (20 000 particles), such sim-

ulations are prohibitively expensive due to the large number of

CFD grid points that are required. For this reason, in DP models

the gas flow is resolved at a scale that is larger than the particle

size, just like in the TFM model, where closures for the gas-solid

interaction force Fg→s,i are therefore required.

Closures currently available were obtained for systems consid-

ered to be homogeneous and only the mean drag is characterised

as a function of the average porosity and slip velocity at length

scales of a few particle diameters. In other words, these drag clo-

sures readily fit into TFM modelling of fluidized beds, at least in

homogeneous regions of a fluidized bed. In discrete particle mod-
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els however, the equation of motion for each particle is solved and

thus the forces acting on each individual particle must be com-

puted. This force depends however on the local flow field around

the particle, thus on information that is not available. Therefore

usually the same closures as in TFM models are used and porosity

and slip velocity are obtained by interpolating Eulerian quantities

(flow velocity u and porosity ε) to the position of the particle. If

one is consistent with the way the drag correlations are derived,

one should use the cell-average slip velocity u − v to compute the

drag force (v being the cell-average solid velocity); however, in DP

models it is common practice to use the individual slip velocity

u−vi, so that each particle feels a different drag force, which would

seem more realistic than a uniform drag force. But, even for static

systems, the true drag force on each particle will not be uniform

across the cell, due to variations in the local microstructure, in

other words, due to local heterogeneities. The goal of this chap-

ter is to investigate in detail how large these variations are. To

this end, results obtained from DNS simulations at low Reynolds

number flow in static, random arrays of spheres are presented.

The drag acting on individual particles obtained from these sim-

ulations will be compared to the drag as one would calculate for

these particles in a DP simulation.

It turns out that even for systems where the distribution of

the solid phase would be considered as homogeneous, that the

fluctuations can be substantial - which means that the drag force

as calculated in the current class of DP models with a cell-average

porosity, can be quite different from the true drag force, even when

the most accurate and suitable drag correlations are used. This

raises the question if any improvement can be made by using in-

formation on the local microstructure of a particle, which is avail-
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able since in a DP simulation all particle positions are known.

In particular, the concept of using an individual porosity (via a

Voronoi tesselation) to improve the estimate of the drag force on

particles is investigated, just like one uses the individual particle

velocity instead of the cell-average. Interestingly, it turns out that

the disagreement with the DNS results even gets worse. The rea-

son is that variations in the local structure will lead to variations

in the local flow field, which cannot be accounted for in a discrete

particle model framework. This flow field is influenced not only

by the nearest neighbours but also by distant particles as will be

shown in section 5.3.3. The final conclusion is that the drag force

as calculated in DP simulations of homogeneous gas-solid sys-

tems, deviates on average 10% from the true drag force, and that

there is no simple solution to improve on this. The precise effect

of these deviations on larger-scale phenomena such as the onset

of bubbling in fluidized beds remains to be foreseen.

5.2 Models and method

5.2.1 Fluid-particle force in discrete particle models

In this chapter the fluid-particle force as obtained from DNS is

compared to a fluid-particle force that would be calculated in a

discrete particle model using closures. The DP model has already

been introduced in chapter 1, however here the basic equations of

the model are shortly reintroduced to clarify the notation. Aver-

aged equations of continuity and motion are used to describe the
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fluid phase:

∂

∂t
ερg = ∇ ·

(
ερgu

)
(5.1)

∂

∂t

(
ερgu

)
+ ∇ ·

(
ερguu

)
= −∇p − ∇ · (ετ) + ερgg − f f,s , (5.2)

with u being the fluid velocity, ρ f the density, p the pressure, τ

the viscous stress tensor, g the gravity and ε the porosity and f f,s
the force density arising from the interaction with the solid parti-

cles (to be discussed later). Equations (5.1) and (5.2) are usually

solved on a computational grid with a grid size h of a few particle

diameters as illustrated in figure 5.1. The particles are usually

modelled as spheres and Newton’s equation of motion is solved

for each particle i:

Viρp,i
d

dt
vi = Viρp,ig + Fc,i + F f,i , (5.3)

where ρi and Vi are the density and volume of particle i, and Fc,i is

the collision force due to contact with other solid objects.

Both equations are coupled by the porosity ε(x) and the fluid-

particle force F f,i and the fluid-solid force density f f,s. The porosity

entering equation (5.2) is readily calculated from the known parti-

cle positions ri and particle volumes Vp,i by averaging over a length

lc which is typically comparable to the grid size h used to solve the

partial differential equations (5.2):

ε(x) =

∑
iD(x − ri)Vp,i(ri)

l3c
. (5.4)

D(x − ri) is a Eulerian-Lagrangian mapping function (see e.g.

Kitagawa et al., 2001), that has a finite support (D(x − ri) =

0, if |x − ri| > lc).
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FIGURE 5.1: Illustration of a computational grid used in DP simu-

lations.

If the fluid-particle force F f,i is known, then the Eulerian force

density f f,s can in principle be obtained by a similar procedure:

f f,s(x) = −
∑

iD(x − ri)F f,i

l3c
. (5.5)

As already mentioned, the drag force exerted on an individual

particle is calculated using closures which were obtained in the

framework of continuum description of the solids phase. There-

fore the drag is typically calculated from equations like:

F f,i = F(εi,Rei) · 3πµ fdp(ui − vi), (5.6)

that is, a dimensionless coefficient F times the Stokes drag, which

is estimated from a drag correlation. The over-bar and subscript i

indicate that this quantity is first calculated on the Eulerian grid

and then interpolated to the Lagrangian particle position xi. Typ-

ically tri-linear interpolation is used to calculate the porosity εi,
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the fluid velocity ui and the mean solid velocity vi. The Reynolds

number Rei is then calculated from these interpolated quantities.

Note that in most DP codes the individual particle velocity vi is

used instead of vi, as an ad hoc modification.

As only low Reynolds number flows are considered in this

work, a correlation for the dimensionless drag force F recently

derived by van der Hoef et al. (2005) is used:

F(ε, 0) =
10 (1 − ε)

ε3
+ ε

(
1 + 1.5

√
1 − ε

)
, (5.7)

Note that in this chapter the results are presented for the total

gas-solid interaction force, and not the drag force, which differ

a factor of ε for monodisperse systems (see van der Hoef et al.

(2005)).

5.2.2 Simulation method

The flow field was solved using the SUSP3D lattice Boltzmann

code, which is described in detail in Ladd (1994a) and some re-

cent updates in Verberg & Ladd (2001). The computational do-

main was fully periodic and a simple bounce-back rule was ap-

plied to enforce no-slip on the particle surface. The random arrays

of spheres were obtained by a standard Monte-Carlo procedure.

First they were placed in an ordered cubic structure and then a

Monte-Carlo algorithm for hard-spheres was applied. A typical

result of this procedure is shown in figure 5.2

All particles move with the same velocity v and a uniform force

is applied to the gas phase to ensure a zero net momentum flux

into the system. By that the mean superficial velocity in a frame

of reference moving with the particles is:

U = ε · (u − v) = −v. (5.8)
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FIGURE 5.2: Example of an configuration with 54 particles used in

the simulations.

For the results presented in sections 5.3.1 and 5.3.2 typically 10-

20 independent simulations with 54 particles were done for each

porosity such that the total particle Number Np was between 540

– 1080. Also the direction of the velocity was chosen randomly in

these simulations. More details can be found in van der Hoef et al.

(2005).

The result for the total gas-solid interaction force acting on

each particle as obtained from the DNS calculation will be com-

pared with the force that would be computed in a discrete particle

model simulation, from eqn. (5.6). In that case, the total domain

(for example see fig. 5.2) is in fact represented as a single CFD

cell. The slip velocity ūi − vi is then equal to −v/ε for each particle,
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so that

F f,i = −F(εi, 0) · 3πµ fdPv

where it is assumed that the Reynolds number could be set to

zero. In a standard DP simulation, the porosity εi is calculated

from an interpolation of the nearest computational CFD cells. In

this case, these would be periodic images, and for each particle

the value ε would be obtained, so

FI
f = −F(ε, 0) · 3πµ fdPv (5.9)

that is, the same for each particle in the domain (so the subscript

i is dropped). A comparison of the result if the true, local porosity

εi of each particle i would be used (see next section) will also be

given:

FII
f,i = −F(εi, 0) · 3πµ fdPv (5.10)

which will yield a different force on each particles due to the vari-

ation in the local porosity. To distinguish between the two “DP”-

fluid-particle forces, a superscript I and II has been added.

5.2.3 Local porosity and Voronoi tessellation

In DP models information on the micro-structure of the particle

ensemble is explicitly available because the position of all parti-

cles is known. One can therefore introduce a local porosity εi for

each particle i based on the concept of Voronoi tessellation. The

Voronoi tessellation divides the computational domain in a set of

volumes Vvor
i

, such that each point within the volume is closer to

surface of the particle i than to any neighbouring particle j , i. In

this way a unique decomposition of space is obtained, a 2D ex-

ample of which is shown in figure 5.3. For monodisperse systems
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FIGURE 5.3: Voronoi diagram in 2-D periodic array of monodisperse

spheres.

one obtains a set of polyhedra but in the more general case of

polydisperse particle system one has volumes with curved edges

and surfaces (Luchnikov et al., 1999).

The difference of the Voronoi volume Vvor
i

and the volume Vi of

particle i can be considered as the “free” volume that each particle

feels and the local porosity εi for each particle is defined as:

εi =
Vvor
i
− Vi

Vvor
i

(5.11)

5.3 Results

5.3.1 The drag on individual particles and deviations

from correlations

In this section the deviation of the “true” fluid-particle force on an

individual particle (as obtained from DNS simulations) from the
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force predicted in DP simulations is quantified. To this end, two

adaptions have to be made to the raw DNS data in order to make

a clean comparison:

(i) By definition F f,i is in the direction of flow, however the di-

rection of the fluid-particle force FLB
i as calculated by the lattice

Boltzmann method may deviate from U. Therefore FI
f
and FII

f,i
are

compared with the component of FLB
i in the direction of flow, de-

fined by

FLB
f,i =

(
FLB
i ·U

)
U

U ·U . (5.12)

Since FI
f
, FII

f,i
and FLB

f,i
are now all in the same direction, one can

just compare the absolute values FI
f
, FII

f,i
and FLB

f,i
.

ii) The goal is to show the fluctuations and not systematic de-

viations between DNS results and drag force correlations, hence

the average DNS drag force in the computational domain is en-

forced to be equal to the drag calculated from equations (5.9) and

(5.7) using the average porosity and slip velocity, by adding (or

subtracting) a small amount to each FLB
f,i

so that is satisfies:

〈FLB
f 〉 =

1

Np

N∑

i=1

FLB
f,i = FIf

Note that equation (5.7) was obtained from similar type of com-

putational data, and this correction was in all cases of O(1%) or

smaller.

In figure 5.4 the distribution of the relative difference:

∆FLB,I
i
=

FLB
f,i
− FI

f

〈FLB
f
〉

(5.13)

of the drag obtained from DNS with the drag calculated using

equation (5.9) and 5.7 for different mean porosities is shown.
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FIGURE 5.4: Distribution of the deviation ∆FLB,I
i
=

FLB
f ,i
−FI

f

〈FLB
f
〉 of the drag

force on individual particles from the mean for different porosities.

Since by construction the predicted drag FI
f
is equal to the mean

of FLB
f,i
, this figure can also be regarded as the fluctuation of the

actual drag FLB
f,i

for each particle with respect to the mean drag
〈
FLB
f

〉
. One sees that the actual drag acting on individual an parti-

cle differs up to about 40% from the predicted drag using average

values for porosity and slip-velocity.
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FIGURE 5.5: Mean relative deviation sI (5.14) of the drag force on

an individual particle and the average drag, as a function of the

mean porosity.

Figure 5.5 shows the mean relative deviation sI

sI =

√√√√√√NP∑
i=1

(∆FLB,I
i

)2

NP − 1
(5.14)

normalized by the mean drag as a function of the porosity. For

a low porosity of ε ≈ 0.4 the mean deviation is about 10% and

increases to about 20% for a porosity of ε ≈ 0.9. In other words,

even for these systems which are considered homogeneous and
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FIGURE 5.6: Number frequency
∆Np,i

Np
fo the angle α between the

measured force FLB
i and the superficial velocity U.

in the creeping flow regime, the drag forces on individual particles

predicted in DP simulations will differ on average at least 10% from

the true drag force.

In general, the “true” force FLB
i as measured in a DNS simula-

tion will not be exactly in the direction of the the relative superfi-

cial velocity U, but inclined by some angle

α = ∠
(
FLB
i ,U

)
(5.15)

with the relative superficial velocity U, and thus with the drag

force FI
f
. The distribution of this angle is shown in figure 5.6.
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5. DRAG FORCE IN DISCRETE PARTICLE MODELS

Surprisingly for all porosities a similar distribution is found. The

mode is at about 6◦ and the maximum about 20◦. For most par-

ticles, the gas-solid interaction force is only slightly inclined with

respect to the mean flow direction. The difference in the absolute

value of drag and total force can be calculated from:

∣∣∣∣∣
∣∣∣FLB

i

∣∣∣ −
∣∣∣∣FLB

f,i

∣∣∣∣
∣∣∣∣∣

∣∣∣FLB
i

∣∣∣
=

∣∣∣∣∣∣∣∣∣



1 −

∣∣∣∣FLB
f,i

∣∣∣∣
∣∣∣FLB

i

∣∣∣




∣∣∣∣∣∣∣∣∣
= (1 − cos (α)) . (5.16)

Using the values for α as shown in figure 5.6, one sees that on av-

erage the projected force FLB
f,i

differs by less than O(1%) or less from

the true force FLB
i

and the maximum difference is 10%. Hence the

fluctuations of the drag on individual particles FLB
f,i

with respect to

the mean are larger than difference between FLB
f,i

and FLB
i . Thus

it is the magnitude of the gas-solid interaction which differs from

particle to particle and the fluctuations do not stem from the pro-

jection of the gas-solid interaction force onto the direction of the

mean flow U.

5.3.2 Prediction of the drag force using a Voronoi

tessellation based local porosity

In DP simulations information on the local micro-structure of all

particles is known, due to the Lagrangian description of the par-

ticles and local quantities, such as a local porosity εi (see (5.11)),

can be calculated for each individual particle. The distribution of

the local porosity with respect to the mean porosity for the sys-

tems studied is shown figure 5.7. For all mean porosities the local

porosities are evenly distributed around the mean with a maxi-

mum deviation up to 15%. Since also the drag is evenly distributed

around its mean (figure 5.5), one might be tempted to use a local
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FIGURE 5.7: Distribution of the local porosities εi for different mean

porosities ε.

porosity to improve agreement of DNS results and DP representa-

tion of the drag. If one assumes that εi suffices to characterize the

local micro-structure, and furthermore that the local flow field is

sufficiently characterized by the mean superficial velocity U, and

that equation (5.7) is valid up to the scale of single particle, then

one can calculate the drag on a single particle in a straightforward

way via Eq. (5.10). The distribution of the difference:

∆FLB,II
i
=

FLB
f,i
− FII

f,i

〈FLB
f
〉

(5.17)
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FIGURE 5.8: Deviation predicted drag force on individual particles

using the local porosity from simulation results.

of the “true” drag obtained from simulations and the one calcu-

lated from equation (5.10) is shown in figure 5.8. One sees that

the maximum deviation is larger compared to results shown in

figure 5.4, hence the agreement of DNS results and DP prediction

deteriorates. Also, the fluctuations are not evenly distributed. For

more particles the predicted force based on the local porosity is

larger than the DNS result, leading to a negative ∆FLB,II
i

.
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FIGURE 5.9: Standard deviation sII of the difference of predicted

drag force on individual particles using the local porosity from sim-

ulation results.

Figure 5.9 shows the mean relative deviation sII

sII =

√√√√√√NP∑
i=1

(∆FLB,II
i

)2

NP − 1
(5.18)

for different porosities. As in figure 5.5 an increase of the stan-

dard deviation with porosity is observed, however the standard

deviation is larger than in figure 5.5.

The fluctuations of the drag on individual particles with respect

to the mean is obviously not fully characterized by changes in the
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5. DRAG FORCE IN DISCRETE PARTICLE MODELS

local porosity based on Voronoi tessellation and more information

has to be included than just the local free volume. Firstly, the

relative position of each particle and its neighbours with respect

to the flow direction will have a strong influence. The simple pic-

ture of two particles arranged perpendicular or parallel to the flow

illustrates this very well. Arranged parallel to the mean flow, the

trailing particle feels a reduced drag as compared to perpendicu-

lar arrangement. Also if it is closer to the leading particle, the drag

is reduced. Secondly, the distribution of the flow within the array

of particles also has to be considered. In principle, more fluid will

flow through regions of higher porosity than through regions of

lower porosity. Thus the drag reduction for particles in regions

of high porosity will be less pronounced, because the change in

porosity is partly compensated by a higher velocity, whereas for

regions of low porosity, the opposite applies.

5.3.3 Influence of distant particles on the individual

fluid-particle force

From the previous sections it is clear that more accurate predic-

tions of the fluid-particle force on individual particles is only pos-

sible if the drag model takes into account some measure of the

micro-structure and the local flow field for each particle. However,

the gas phase is described by the volume-averaged Navier-Stokes

equations and thus by construction describes the average flow on

a length scale much larger than the particle diameter. Therefore

one has to reconstruct the “local” flow field from the detailed infor-

mation on the particle phase and averaged gas phase information

in a certain volume surrounding the particle in question, if one

wants better prediction of the fluid-particle interaction on individ-

ual particles. This is demonstrated most clearly in figure 5.10,
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which shows the flow field in a cross-section of the bed for a static

configuration. The difference between the top and the image is

that only one particle is slightly displaced (20% of its diameter). It

can be seen that the flow field is quite different, not only locally

but also at a position away from the particle. Next a quantifica-

tion is given over what range fluctuations in the particle config-

uration will influence the flow field and hence the fluid-particle

force. Or in other words, up to what distance do changes in the

micro-structure of a particle assembly influence the fluid-particle

force on an individual particle, if the immediate surroundings are

unchanged?

To this end the size of the computational domain was fixed to

be 10 times the particle diameter dP. A configuration was cre-

ated in the same way as described in section 5.2.2. As shown in

figure 5.11, one test particle (with label i = 1) was selected and

the whole configuration was shifted such that this particle was in

the center of the domain. Subsequently additional configurations

were created from this initial one by changing only the positions

of those particles which had a distance to the marked particle

|xi − xm| greater than a certain value Rc. Thus in figure 5.11, new

configurations are created by displacing only those particles that

are outside the circle with radius Rc. Unlike in the previous two

sections now the direction of the velocity was the same for all sim-

ulations. The radii that were chosen correspond to the minima of

the radial distribution function of a hard sphere gas at a porosity

of 0.5.

Figure 5.12 shows the mean relative deviation sR

sR =

√√√√√√√ Nc∑
n=1

(
FLB,n
f ,1
−〈FLB

f ,1
〉

〈FLB
f ,1
〉

)2

Nc − 1
(5.19)
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5. DRAG FORCE IN DISCRETE PARTICLE MODELS

FIGURE 5.10: Slice through the 3-D array, showing the steady-

state fluid flow field between the particles. The difference between

top and bottom snapshot is that the black solid particle is slightly

displaced (20% of its diameter). Note that the particles are monodis-

perse; the apparent polydispersity is an effect of taking the cross

section.
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FIGURE 5.11: Schematic illustration of the creation of different ran-

dom arrays with the micro-structure fixed up to a certain distance

from a marked particle. All particles within the grey circle are kept

at their current position whereas the Monte-Carlo hard sphere al-

gorithm is applied on the particles outside the circle to create new

random arrays.

where FLB,n
f,1

is the DNS fluid-solid force on the test particle 1 (pro-

jected on the direction of the flow) for a particular configuration

n. Note that the average is now over the different configurations

(Nc in total), and not over the particles in the domain. For Rc = 0.0

the standard deviation is, as expected, the same as in figure 5.5.

An increase of the distance Rc at which the micro-structure of

the particle arrays is changed, yields a lower standard deviation

and levels of at a distance of about 2 times the particle diameter

dP. This is clearly seen for the dense arrays with a porosity of

ε = 0.5 and ε = 0.45, where it drops from about 0.1 to about 0.03.

For higher porosities the standard deviation levels off at a higher

value of about 0.1. The conclusion is that any type of closure for
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FIGURE 5.12: Standard deviation sR (5.19) of the fluid-particle force

on the test particle for different porosities as a function of the Radius

Rc at which the structure of the assemblies was changed.

the drag on individual particles in DP type simulations needs to

take into account the micro-structure of the particle assembly in

the neighbourhood of the particle up to at least 2 times its diam-

eter.
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5.4 Conclusion

In this chapter of the effect of local heterogeneities on the drag

force has been studied, which is essentially different from other

studies in literature on the effect heterogeneous structures and

related approaches to account for this by filtering or application

of the EMMS method (Igci et al., 2008; Wang & Li, 2007). These

latter methods assume that there exists a uniform drag force on

the particles within a cell; it is only the magnitude of this aver-

age force which is modified due to the presence of heterogeneous

structures. Moreover this approach still neglects the fact that

when there are heterogeneous structures within a cell, two parti-

cles within the same cell may feel a very different drag force, which

is the subject of this study.

The fluctuations of the drag force on individual particles with

respect to the mean drag in random static arrays of monodisperse

particles were analysed. It was found, that the drag on individual

particles can differ considerably (up to 40%) from the mean. Since

the drag force calculated for individual particles in DP is actually

the mean drag in an random ensemble, this force thus differs sub-

stantially from the “true” drag (that is, the drag one would find in

fully resolved simulations) even for systems which are considered

homogeneous.

As in DP simulations the particle positions are explicitly

known, one might be tempted to use a local porosity to get a better

prediction of the drag force. However it is found, that by employ-

ing a Voronoi tessellation based local porosity the the difference of

DNS result and drag model on average increases. Compared to the

deviations one finds by using mean values of the porosity, a too

large drag is calculated for more particles and also the maximum

difference is larger. This can qualitatively be understood by con-
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sidering that a flowing fluid will minimize it resistance and thus

less fluid will flow through regions with a locally lower porosity.

As the effects of lower local porosity and lower local velocity are

opposite to each other, by using the local porosity without consid-

ering variations in the local velocity, a too high drag is calculated.

Unfortunately, the variations in the local velocity are influenced

not only by the nearest surroundings but also by changes in the

micro-structure at larger distances from the particle of which one

seeks to calculate the drag. Whereas for dense systems (mean

porosity of about 0.5 or lower) larger influence can only be seen for

variations in the particle phase micro-structure at a distance of

less than 2 particle diameters, for “dilute” systems (ε ≥ 0.6) the root

mean square deviation of the drag on a individual particles from

its mean is about 10% even for changes in the micro-structure

at distances larger than 4 particles diameters. The conclusion is

therefore that it is unlikely that one can construct a deterministic

closure which accurately (say within 5%) predicts the drag force on

individual particles in DP models that is less expensive in terms

of computational time than a fully resolved simulation. Rather

one should consider the drag force as still being modelled on the

length scale used to describe the fluid, in other words on a TFM

scale. What effect the difference in the DP drag and the true (DNS)

drag will have on large scale phenomena, such as the dynamics

of fluidized beds, is still not clear. For this, a one-to-one fully re-

solved and unresolved simulation should be compared, which will

be addressed in chapter 6 and future studies.
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CHAPTER 6
Fully resolved simulations

of fluidized systems

Abstract

In this chapter results obtained from fully resolved simulations of small

fluidized beds consisting of O(1000) particles are compared to simulation

results of exactly the same system using discrete particle model. Addition-

ally, similar as done in chapter 5, a DP-type gas-solid force is computed

from the DNS simulations results and compared to the “true” value that

was obtained in the simulations.

129



6. FULLY RESOLVED SIMULATION OF FLUIDIZED BEDS

6.1 Introduction

Simulations of small fluidized-bed reactors with O(1000) particles

have been performed with a fully resolved model and with the

unresolved discrete-particle (DP) model. The immersed boundary

method described in chapter 2 is used, specifically the iterative

IB-method (see section 2.3.1). To our knowledge this is the first

attempt to directly compare fully resolved and unresolved simula-

tions of fluidized beds.

A sketch of the computational setup is shown in figure 6.1.

Width W and depth D of the fluidized bed are chosen as W ≈ 14.8 dP

and D ≈ 5.6 dP, whereas the height H was set depending on the

number of particles NP. A depth of D = 5.6dP ensures that the

particles do not get stuck between front and back walls, which

would lead to a breakdown of the hard sphere algorithm used in

the CFD-IB model (Hoomans, 2000, chap. 4). The physical prop-

erties of air are used for the density ρ f and the dynamic viscosity

η f , while particle diameter dP and particle density ρP are set to

dP = 1mm and ρP = 1000
kg

m3 . In the Geldart classification this cor-

responds to B-type particles.

Particle-particle and particle-wall collisions are considered to

be fully elastic and frictionless, thus the coefficient of normal

restitution is set to en = 1.0 and the coefficient of sliding friction

is set to µ = 0.0. By this only energy dissipation due to the drag

can lead to formation of heterogeneous structures, which other-

wise would emerge in the simulation as effect of energy dissipation

during the collisions (see e.g.: Laverman, 2010, chap. 3).

The superficial gas velocity U0 was set to two times the mini-

mum fluidisation velocity Umf . Minimum fluidisation is the state

at which the pressure drop over the bed just equals the buoyant
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H

W
D

FIGURE 6.1: Sketch of the computational setup of the fluidized bed.

Width and depth are chosen as W ≈ 14.8 dP and D ≈ 5.6 dP, whereas

the height depend on the number of particles.

weight of the particles that comprise the bed:

∆pd =
(
ρp − ρ f

)
g
(
1 − εmf

)
Hmf , (6.1)

with Hmf the height of the bed and εmf the porosity at minimum

fluidisation. The pressure drop ∆pd follows from the gas-solid in-

teraction and can be calculated if the dimensionless total gas-solid

force F(Re, ε) is known:

∆pd = 18
(
1 − εmf

) η fUmfHmf

d2
P

F
(
Remf , εmf

)
, (6.2)

where it is assumed that F is given as a function of the porosity ε

and the Reynolds number Remf =
dPUmf

ν f
. Combining equation (6.1)
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dP [m] ρP
[
kg

m3

]
η f [Pas] ρ f

[
kg

m3

]
U0

[
m
s

]
en [−] µ [−]

1 · 10−3 1000 1.8 · 10−5 1.2 0.53 1.0 0.0

TABLE 6.1: Physical input parameters used in both DP-model and

CFD-IB-method simulations

and equation (6.2) gives:

1

18
Ar = F

(
Remf , εmf

)
Remf , (6.3)

with Archimedes number Ar =
ρP−ρ f

ρ f

gd3
P

ν2
f

. If the void fraction εmf

at minimum fluidisation is known and a correlation for the di-

mensionless drag force is given, one can calculate the minimum

fluidisation velocity Umf from (6.3). εmf should in principle be de-

termined experimentally, as it depends in particular on the shape

of the particles (Brauer, 1971, chap.9). For perfect monodisperse

spheres, as in our simulations, the value of εmf = 0.40 of the ran-

dom loose packing state proves to be a good estimate (see e.g.:

Kunii & Levenspiel 1991, chap. 3; Brauer 1971, chap. 9). The

total gas-solid force correlation proposed by Beetstra et al. (2007):

F(ε,Re) =
10 (1 − ε)

ε3
+ ε

(
1 + 1.5

√
1 − ε

)

+
0.413Re

24ε3

[
ε−1 + 3ε (1 − ε) + 8.4Re−0.343

1 + 103(1−ε)Re−
1+4(1−ε)

2

] (6.4)

is then employed to estimate the minimum fluidisation velocity

from equation (6.3). As mentioned, an inlet velocity of U0 = 2Umf

is used as boundary condition at the bottom of the computational

domain. The value computed for U0 as well as other important

physical properties of particles are summarized in table 6.1.
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6.2 Fully resolved IB-simulations and

unresolved DP-simulations

6.2.1 Immersed boundary simulations

Immersed boundary simulations were done for beds consisting

of NP = 1000 and NP = 2000 particles, where two different ratios

of the particle diameter dP and grid size h were used: dP
h = 6.45

and dP
h = 10. The time step was set to ∆t = 1 · 10−5 s. No-slip

boundary conditions were used for the side walls of the compu-

tational domain. The inflow velocity was specified at the bottom,

while a constant pressure outflow boundary condition was used

at the top. Relatively homogeneous fluidisation was observed with

a wave-like expansion behaviour of the particle bed.

In order to analyse the dynamic behaviour of the bed, the av-

erage height of all particles 〈rz(t)〉, the pressure drop ∆P(t) and the

root mean square (RMS) deviation of the particle velocity ∆
RMS

v(t) as

a function of time were computed. The average particle height can

be readily computed from the known position rz,i of the particles:

〈rz(t)〉 =
1

NP

NP∑

i=1

rz,i(t) (6.5)

The pressure drop is computed by first averaging the pressure in

the bottom plane z0 = 0.5 · h and the top plane z1 = L − 0.5h over the

horizontal cells, viz.:

〈P(z, t)〉 =

∑nx
i

∑ny
j
Φi, jPi, j(z, t)

∑nx
i

∑ny
j
Φi, j

. (6.6)

with

Φi, j =



0 if xc ∈ solid
1 if xc ∈ f luid
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that is, computational cells which have their centre xc inside a

solid particle are excluded. The pressure drop is then computed

as the difference:

∆P = 〈P(z0, t)〉 − 〈P(z1, t)〉 . (6.7)

The RMS deviation of the particle velocity, in other words the

square root of the granular temperature, is evaluated as:

∆
RMS

v(t) =
√
θT =

√√√
1

3NP

NP∑

n=1

[
vn(t) · vn(t)

]
− 〈v(t)〉2, (6.8)

with the mean solids velocity:

〈v(t)〉 = 1

NP

NP∑

n=1

vn(t) . (6.9)

The data for the average particle height 〈rz〉, pressure drop ∆P and

∆
RMS

v as a function of time are shown in the top graphs of figure 6.2.

It can be seen that both resolutions (dPh = 6.45 and dP
h = 10) give very

similar results: 〈rz〉 and ∆P fluctuate around the same mean value

and also the amplitude of the oscillations is quite similar. The time

average of ∆
RMS

v is slightly higher for dP
h = 6.45, and the same is true

for the amplitude of the fluctuations. In the frequency spectra,

given in the bottom plots of figure 6.2, one also finds the same

characteristic frequency of the fluctuations for both resolutions.

For NP = 1000 particles one finds a characteristic frequency of

f IB
1
= 9.7 ± 0.3 s−1, while for NP = 2000 one finds f IB

2
= 6.7 ± 0.3 s−1.

Using a simple mechanical model for the oscillations of the

pressure in shallow fluidized beds, Verloop & Heertjes (1974) de-

rived the following relation for the characteristic frequency:

f = C(g, ε)

√
1

HB
, (6.10)
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FIGURE 6.2: Mean (normalized) z-position of the particles 〈rz〉, pres-
sure drop ∆P and the root of the granular temperature ∆

RMS
v obtained

from the IB simulations results. The graphs on the left show the

signal fluctuating in time, those on the right show the magnitude

magY = |Y| of the complex Fourier coefficients Y. 135
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with gravity g, porosity ε and bed height HB. This equation is valid

for:

2000
kg

m3 ≤ ρP ≤ 8000
kg

m3

0.2mm ≤ dP ≤ 2mm

1.1 ≤ U
Umf

≤ 2.6

HB ≤ HB,c =
400πεmfUmf

(2−εmf )U0
dP ≈ 160 dP.

(6.11)

In our simulations the particle density ρP was somewhat too low

(ρP = 1000
kg

m3 ), however the fluidization velocity U and particle di-

ameter dP are within the bounds given by (6.11). The bed height

HB,2 for NP = 2000 particles is about 2 times of the bed height HB,1

for NP = 1000 particles, hence the frequency ratio:

f1

f2
∝

√
HB,2

HB,1
≈
√
2 ≈ 1.41. (6.12)

From the IB simulation results, one finds

f IB
1

f IB
2

≈ 9.7 ± 0.3

6.7 ± 0.3
≈ 1.34 ∼ 1.56

which agrees reasonably well with the theoretical model (6.12).

6.2.2 Discrete particle simulations

Simulations of exactly the same systems that were simulated with

the immersed boundary method (see previous section), were also

performed using an unresolved discrete particle method. The

equations of motion that describe the gas phase were solved with

the same time step ∆t = 1 · 10−5 s as used in the fully resolved sim-

ulations. The grid sizes ∆x, ∆y and ∆z in x-,y- and z-direction were

chosen such that they are approximately three times the particle

diameter dP:
(
∆x, ∆y, ∆z

)
=

(
2.96 · 10−3 m, 2.8 · 10−3 m, 2.65 · 10−3 m

)
.
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IB

DP

FIGURE 6.3: Snapshots from the IB and DP simulations of a flu-

idized bed with NP = 2000 particles to illustrate the dynamics of the

particle bed for a period of T ≈ 2· 1
f IB
2

≈ 0.3 s. A slice trough the central

plane within the regions marked by the black rectangle is given in

figure 6.4.

The inflow velocity was specified at the bottom and a constant

pressure outflow boundary condition was used at the top. Free-

slip boundary conditions were used on all side walls of the compu-

tational domain. Preliminary simulations using no-slip boundary
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IB DP

FIGURE 6.4: Slices through the centre plane of the regions marked

by the black rectangle in figure 6.3 showing the fluid velocity vec-

tors and particles. In the IB simulations (left plot) the flow between

the particles is resolved, whereas an averaged flow field is com-

puted in the DP simulations (right) on the scale of a few particle

diameters. Note that the particle bed is monodisperse, the appar-

ent polydispersity stems from particles with their centre points out

of plane.

conditions showed a layer of particles moving downwards along

the side wall, which was not observed in the IB simulations and

with free-slip boundary conditions in the DP simulations.

In the DP simulations a soft-sphere algorithm was used to han-

dle particle collisions, for which a time step ∆tDP and a spring

stiffness kDP needs to be specified. Unless otherwise mentioned

the spring stiffness was set to kDP = 104 N
m and the DP time step

was ∆tDP = 2.5 · 10−6 s. In order to test the influence of ∆tDP and kDP

on the results, simulations were performed with a time step that

was a factor 2 smaller and the same spring stiffness kDP, as well

as with a spring stiffness that was a factor 2.5 larger using a time
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step of ∆tDP = 1.0 · 10−6 s. No noticeable differences were found in

the results.

To illustrate the dynamical behaviour of the simulated sys-

tems, snapshots of the particle beds with NP = 2000 particles from

IB and DP simulations are shown in figure 6.3 for a time span

of T = 0.3s (about 2 times the reciprocal of the characteristic fre-

quency f IB
2
). Slices through the central plane of the regions en-

closed by the black rectangle in figure 6.3 are displayed in figure

6.4. The fluid velocity vectors and the particles are shown in this

figure, which very clearly bring out the differences in the detail of

modelling in IB and DP simulations; the flow field in between the

particles is computed in the IB simulations, whereas this small

scale fluctuations are not computed in DP simulations in which

only a flow field is computed that specifies the average velocity on

the scale of a few particle diameters.

In addition to the simulations with the standard DP model, in

which the hydrodynamic force acting on a particle is computed as

described in chapter 5:

F f,i = F(εi,Rei) · 3πµ fdp(ui − vi), (5.6)

also computations with a modified drag force Fmod based on the

results of chapter 5 were conducted:

Fmod = (1 + σF) · F, (6.13)

where σF is a random number taken from a Gaussian distribution

with a standard deviation sI and zero mean. sI is computed based

on the results for the standard deviation sI given in chapter 5 and

additional data that was obtained for higher Reynolds numbers

Re. The influence of Re on sI was found to be small, in particular

for dense systems. Hence a fit depending only on the porosity ε is
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used:

sI =
1

ε−2.09 + 2.59
. (6.14)

In figure 6.5 the average particle height 〈rz〉, pressure drop ∆P

and RMS deviation of the particle velocity ∆
RMS

v are shown, for both

drag models. Whereas the time-average value of the pressure drop

∆P is similar for both simulations with modified and unmodified

drag model, the mean average particle height 〈rz〉 and RMS devia-

tion of the velocity ∆
RMS

v are higher when a fluctuating component

is added to the drag. Compared to the IB simulations, presented

in figure 6.2, one finds that the pressure drop in the DP simu-

lations is only slightly smaller. In contrast, sizeable differences

can be seen in the bed expansion, characterized by 〈rz〉. In the

IB simulations one finds a higher value compared to the standard

DP model and a lower value compared to the simulation results

obtained with the modified drag model. A similar picture holds

for ∆
RMS

v. It is interesting to note that Goldschmidt et al. (2004),

who compared experimental observations in a fluidized bed with

DP and TFM simulation, found a higher bed expansion in their

experimental results.

On the right in figure 6.5 the frequency spectra obtained from

Fourier analysis are given. The shift in the main characteristic

frequency f that was observed in the IB simulation results and

also predicted by the theory of Verloop & Heertjes (1974) is not

found in the outcome of the standard DP simulations. The highest

peak is at φ ≈ 12 s−1, however an additional, much smaller peak is

visible at f ≈ 5.5 ± 0.5 s−1 in the results for NP = 2000 particles.

The DP simulation results with a fluctuating component added

to the drag show a different picture. In the data for the pressure

drop ∆P in 6.5 a clear peak is seen for NP = 1000 particles at a

frequency of f ≈ 9.5 ± 0.5 s−1 and a smaller peak at f ≈ 5 s−1. With
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FIGURE 6.5: Mean (normalized) z-position of the particles 〈rz〉, pres-
sure drop ∆P and the root of the granular temperature ∆
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v obtained

from the discrete particle simulations results using a drag model

(DP) and modified drag model (fl). Like in figure 6.2 the graphs on

the left show the signal fluctuating in time, those on the right show

magnitude magY of the Fourier coefficients Y. 141
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the higher number of particles NP = 2000 the peak at the higher

frequency has disappeared, however characteristic frequencies

around approx f ≈ 4.7 ± 0.3 s−1 can still be seen. Similar results

are found for the mean particle position and the RMS of the par-

ticle velocity. Thus the ratio of the characteristic frequencies from

the DP simuluations with modified drag is:

f
f l

1

f
f l

2

≈ 9.5 ± 0.5

4.7 ± 0.3
≈ 1.8 ∼ 2.2,

which is much higher than the value of 1.41 predicted with the

model of Verloop & Heertjes (1974).

6.3 How well do DP type gas-solid force

models predict the actual force acting on

a particle?

Let us now readdress the basic question that was put forward in

chapter 4: how well do DP-type gas-solid force models predict the

actual force acting on a particle? Or in other words: what is the

deviation of the actual force FIB
i

acting on particle i as computed

in a fully resolved simulation from the force FDP
i

(
Rei, εi, dPi

, · · · ) one
would compute from a DP type correlation? While in chapter 5

this was analysed for an “ideal” system (static particles, periodic

boundary conditions, homogeneous arrays), in this chapter the

same is done for an actual fluidized bed system.

The total gas-solid force FDP
i

in DP models is commonly com-

puted from an equation like:

FDP
i = F(Rei, εi) 3πη fdP,iεi (ūi − vi) . (6.15)
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The overbar denotes interpolation of Eulerian continuum quan-

tities to the Lagrangian position of the particle: fluid velocity u,

pressure gradient ∇P and porosity ε. The particle Reynoldsnum-

ber Rei is formed with the superficial velocity Ui = εi (ūi − vi):

Rei =
ρ fdP,iεi (ūi − vi)

η f
. (6.16)

Note that no actual DP simulations are performed; Rather, at any

point in time of the DNS simulation, a gas-solid force is computed

for each particle as if it were a DP simulation. For this, the detailed

scale information on the flow field of the DNS simulations needs

to be transformed to a coarse scale flow field and a porosity field

as available in a DP-type simulation. To this end first a coarser

grid with grid sizes ∆X, ∆Y and ∆Z of about 3dP (which is typically

used in DP simulations) is defined over the computational domain.

Here the same grid size is used that was also used in the DP

simulations results presented in the previous section.

The averaged fluid velocity is computed directly from the values

velocity stored on the computational grid used in the IB simula-

tions. The average fi, j,k of a property f inside the DP grid cell with

its center at xi. j.k can be readily evaluated from the IB cells with

their center xm,n,o inside the fluid phase by the following averaging

procedure:

fi, j,k =

∑
m,n,o

(
ϕm,n,oV

IB
cell
Φm,n,o f

IB
m,n,o

)

∑
m,n,o λm,n,oV

IB
cell
Φm,n,o

, (6.17)

with f being one of the components of the fluid velocity uIB, and

Φ is a phase indicator, that is, Φm,n,o = 1 only if the corresponding

discrete position xm,n,o at which the property f is defined is within

the fluid phase, and Φm,n,o = 0 otherwise. The cells of the grid used

in the IB simulations do not necessarily align with the DP-cells,
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therefore λm,n,o is the fraction of the IB computational cell that is

within a DP grid cell with its center at xi, j,k. Note that due to the

staggered grid, equation (6.17) has to be evaluated separately for

the pressure and the components of the velocity. In principle the

porosity can also evaluated from a average like (6.17):

εvoxeli, j,k =

∑
m,n,o

(
λm,n,oVIB

cell
Φm,n,o

)

∆X · ∆Y · ∆Z , (6.18)

however in DP models the porosity is usually evaluated from the

known positions and volumes of the particles. In this work the

ideas of Link et al. (2005), Godlieb (2010) and Darmana et al.

(2006) are used: The particle volume is distributed to all DP cells

within a certain mapping window of size Lmw = 5dP using a tem-

plate function D
(
x − Xp,i

)
. By this a smooth porosity field is com-

puted which is almost independent of the size of underlying DP

grid cells. The porous cube method of Link et al. (2005) implies

a function D
(
x − Xp,i

)
which is constant if x − Xp,i < Lmw. For a

homogenous grid with ∆X = ∆Y = ∆Z and Lmw = ∆X this method

corresponds to volume weighing or trilinear interpolation. Godlieb

(2010) used a linear function and Darmana et al. (2006) a fourth

order polynomial. The porosity ε
map

i, j,k
has been computed with all

three methods and the discrete (voxel) method (6.18). All meth-

ods give the same trend, however some slight differences can be

observed.

In general FIB
i

and FDP
i

will not differ only in magnitude but also

in direction; with this in mind the following quantities have been

computed:

1. The difference ∆F
p

i
between the force FDP

i , which is projected
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onto the direction of FIB
i
, and

∣∣∣FIB
i

∣∣∣, viz.:

∆F
p

i
=

FDP
i
· FIB

i∣∣∣FIB
i

∣∣∣
−

∣∣∣FIB
i

∣∣∣ . (6.19)

2. The difference between the magnitude of FIB
i and FDP

i , viz:

∆Fabsi =

∣∣∣FDP
i

∣∣∣ −
∣∣∣FIB

i

∣∣∣ . (6.20)

3. The angle between FIB
i and FDP

i , viz.:

αi = arccos




FIB
i · F

DP
i∣∣∣FDP

i

∣∣∣ ·
∣∣∣FIB

i

∣∣∣


 . (6.21)

Histograms for ∆F
p

i
, ∆Fabs

i
and αi were calculated from N = 60000

“samples” for FIB
i

and FDP
i

in the IB simulations. The samples are

the data for Fi for each of the 1000 particles at 60 different time

steps, each separated by an interval of 2000 time steps. For the

2000 particles simulation data from 30 different time steps was

used. Changing theses numbers, or starting the sampling at a

different time did not change the results. Also the four different

methods of computing the porosity ε to compute FDP
i

did not lead

to any significant differences in the results, therefore only the data

obtained with the porosity computed with the method of Darmana

et al. (2006) is shown. Note that the abscissa in figure 6.6 and 6.7

are normalized by the buoyant weight of one particle:

Fg − Fb =
π

6
d3P

(
ρP − ρ f

)
g. (6.22)

In figure 6.6 the deviation ∆F
p

i
of the projection of FDP (eq.

(6.19)) is shown. For both numbers of fluidized particles, NP = 1000

and NP = 2000, the results are very similar. For most parti-

cles the computed DP-type drag force is lower than the “true”
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FIGURE 6.6: Histogram of the difference ∆F
p

i
=

FDP
i
·FIB

i

|FIB
i |
−

∣∣∣FIB
i

∣∣∣ com-

puted from the fully resolved simulations of the small fluidized beds

with NP = 1000 and NP = 2000 particles. N = 60000 data points from

different time steps were used to compute the histograms.
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FIGURE 6.7: Same as in figure 6.6, but now the difference

∆Fabs
i
=

∣∣∣FDP
i

∣∣∣ −
∣∣∣FIB

i

∣∣∣ is shown.

force obtained from the IB simulations, the mean value as well

as the mode of the distribution of of ∆F
p

i
(shown in figure 6.6)

are smaller than zero. The largest positive deviation is about

∆F
p

i,max
≈ 0.5

(
Fg − Fb

)
,the largest negative deviation is about ∆F

p

i,min
≈

−2.4
(
Fg − Fb

)
and the RMS deviation ∆

RMS
F
p

i,max
≈ 0.45

(
Fg − Fb

)
.

Essentially the same results are found for the deviation ∆Fabs
i

of the absolute value of the force (see figure 6.7). This is not sur-

prising, since the histogram (fig. 6.8) of the angles αi show that for

most particle FIB
i and FDP

i are inclined by less than 20◦, the mode of
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FIGURE 6.8: Distribution of the angle α = ∠
(
FIB
i
, FDP

)
for the same

data also used in figure 6.6 and 6.7.

the histogram being at approximately 9◦. Consequently

∣∣∣∣∣F
DP
i
· FIB

i

|FIBi |

∣∣∣∣∣
and

∣∣∣FDP
∣∣∣ typically differ by less than 6%, which explains the little

differences of figure 6.6 and 6.7. It is interesting to note, that a

very similar distribution of the α was found in the analysis of the

static arrays 5 (see figure 5.6), although in that case on average

the inclination α was somewhat smaller.
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6.4 Discussion and conclusions

Fully resolved simulations of small fluidized beds with NP = 1000

and NP = 2000 particles were performed with the immersed bound-

ary method and compared with the unresolved DP simulations of

the systems. Mean particle height 〈rz〉, pressure drop ∆P and RMS

deviation of the particle velocity ∆
RMS

v were found to be higher in

the results calculated from the IB simulation data: 〈rz〉 was about

12% higher, ∆P was about 18% and ∆
RMS

v was about 27% higher for

NP = 1000, and 〈rz〉 was about 11% higher, ∆P was about 17% and

∆
RMS

v was about 10% higher for NP = 2000. Introduction of a ran-

dom fluctuation on top of the drag force into the DP model, based

on the outcome of chapter 5, led to values of 〈rz〉, ∆P and ∆
RMS

v

which were too high compared to the IB simulation. Considering

that this approach was introduced rather in an ad hoc manner,

this is not too surprising. Nevertheless it confirmed that the lo-

cal fluctuations of the gas-solid force, which are not captured by

DP-type drag models, do influence macroscopic properties such

as bed expansion, pressure drop and granular temperature.

The histograms computed in section 6.3 show that the DP-type

gas-solid force FDP
i

computed for individual particles in an IB sim-

ulation was significantly smaller than the “true” force FIB
i . While

the average force
〈∣∣∣FIB

∣∣∣
〉
is about equal to the buoyant weight of the

particles
〈∣∣∣FIB

∣∣∣
〉
≈ Fg − Fb, the average value of the computed DP-

type drag force
〈∣∣∣FDP

∣∣∣
〉
is much smaller than the buoyant weight:〈∣∣∣FDP

∣∣∣
〉
≈ 0.65

(
Fg − Fb

)
. Considering that typical DP-type drag force

correlations are obtained from simulations or experiments with

beds of stationary particles, this suggests that the mean gas-solid

force in systems with a granular temperature, such as fluidised

beds, is higher than for a particle bed with the same porosity and
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stationary particles. An increase of the dimensionless drag with

the granular temperature have also been reported by Whylie et al.

(2003), although for a different kind of system with a porosity of

ε = 0.8.

These findings are consistent with the simulation results of

section 6.2, where the same resolved IB simulation is compared

with an actual DP simulation of the same system. In both these

simulations, the mean gas-solid drag in the vertical direction is

the same, since they balance the same buoyant weight. However

the bed height, and thus also the mean porosity, is lower in the

DP-simulation. Since the drag force is a (non-linear) decreasing

function of the porosity, this means that at the same porosity (as

in the simulations of section 6.3), the DP-force will be lower. A

rough quantitative comparision between the results of section 6.2

and 6.3 can be made as follows. The porosity ε can be estimated

from the mean particle position ˜〈rz〉 by:

ε ≈
NP · π6 d3P

WBed ·DBed · 2 ˜〈rz〉
. (6.23)

This gives the following results for the porosities εDP and εIB for

the simulations of section 6.2:

NP
˜〈rz〉

IB

dP

˜〈rz〉
DP

dP
εIB εDP

1000 7.34 6.57 0.569 0.519

2000 14.48 13.10 0.563 0.517

The Reynols number can be estimated as

Re =
ρ fdP ·U0

η f
≈ 35.3, (6.24)
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One can now use equation (6.4) to get a measure of the reduction

of the DP force when the porosity is changed from εIB to εDP:

F(0.519, 35.3) − F(0.569, 35.3)

F(0.569, 35.3)
= 0.30 (Np = 1000)

F(0.517, 35.3) − F(0.563, 35.3)

F(0.563, 35.3)
= 0.27 (Np = 2000)

which compares reasonably well with difference of 35 % found

between
〈∣∣∣FDP

∣∣∣
〉
and

〈∣∣∣FIB
∣∣∣
〉
in section 6.3.

It is important to stress that the previous discussion only con-

cerns the average force on the particles in fluidized beds. The

scatter of the force on individual particles with respect to the av-

erage force, as studied in chapter 5, and whether these fluctua-

tions are reasonably well predicted by DP simulations, should be

subject to future studies. However first the effect of granular tem-

perature needs to be included in DP-type drag models to obtain

the correct mean gas-solid force by studying small model systems

like those of chapter 5.
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