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SAMENVATTING 

In dit proefschrift worden enige aspecten belicht van de lineaire 

en niet-lineaire golfvoortplanting en golfomzetting in een inhomogeen. 

ongemagnetiseerd, verliesvrij plasma met een resonantie, 

Na de algemene inleiding in hoofdstuk I wordt in hoofdstuk 2 een 

oneindig lange draadantenne in een inhomogeen, koud plasma met een 

resonantie bestudeerd. Het singuliere gedrag van het uitgestraalde elektro

magnetische veld alsmede de absorptie ervan in de resonantielaag vormen de 

aanleiding om in hoofdstuk 3 een meer realistisch plasma te beschouwen. 

In hoofdstuk 3 wordt dan een theorie ontwikkeld van de lineaire 

mode conversie in een vlak gelaagd, warm plasma met een resonantie welke 

gebaseerd is op een twee-fluÏdum model voor het plasma. 

In hoofdstuk 4 worden de belangrijkste resultaten van hoofdstuk 3 

met behulp van een kinetische aanpak van het probleem van de lineaire 

mode conversie teruggevonden als een limietgeval voor lage temperaturen. 

In hoofdstuk 5 tenslotte wordt de modificatie van het elektronen

dichtheidsprofiel door een niet-lineaire kracht beschreven. Een nieuw 

type modulatie instabiliteit wordt geanalyseerd en de voortplanting van 

solitonen en cavitonen nabij de resonantie wordt bestudeerd. 

ABSTRACT 

In this thesis some aspects of linear and nonlinear wave propaga

tion and wave conversion in an inhomogeneous, unmagnetized, lossless 

plasma with a resonance are elucidated. 

After the general introduetion in chapter l, in chapter 2 an infi

nitely long, cylindrical antenna immersed in an inhomogeneous, cold 

plasma with a resonance is studied. In order to understand better the 

singular behaviour of the radiated electromagnetic field and its absorp

tion in the resonance layer, in chapter 3 a more realistic plasma is 

considered. 

In chapter 3 a theory is developed of linear mode conversion in a 

planarly stratified, warm plasma with a resonance that is based on a two

fluid model for the plasma. 

In chapter 4 the main results of chapter 3 are rediscovered in the 

limit of low temperatures by means of a kinetic approach to the problem 
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of linear mode conversion. 

In chapter 5 finally the modification is described of the electron

density profile by a force of nonlinear origin. A new type of modulation

al instability is analyzed and the propagation of solitons and cavitons 

in the resonance region is studied. 
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CHAPTER I ----
GENERAL INTRODUCTION AND SUMMARY 

In the last thirty years a great many investigations on the pro

pagation and absorption of,various kinds of waves in a plasma have been 

performed. The majority of ~hese studies dealt with homogeneo~s plasmas. 

The importsnee of the inhomogeneity on the propagation of electromagnetic 

waves in ionospheric plasmas, however, had already been noted in the thir

ties. Most of the publications on ionospheric plasmas were restricted to 

a geometrie optical description of the propagation. 

One important incentive to the research on wave propagation in 

inhamogeneaus plasmas after the war was the explosive development of 

satellites and rackets. But also in thermonuclear research, both the 

magnetic and inertial confinement possibility, the need for a better 

understanding of the propagation and absarptien of waves became evident. 

Furthermore also in astrophysical research the theory of wave propagation 

and wave absarptien in inhamogeneaus plasmas may be relevant for the ex

planation of various phenomena such as for example the saturnian myria

metric radiation tJones, 1983]. 

In the following four chapters attention will be paid to some topics 

of wave propagation and absorption in an inhamogeneaus plasma in which 

somewhere the local eigenfrequency of the electron gas, that is to say 

the plasma frequency, is equal to the wave frequency. This point (or line 

or plane) in the plasma is called a resonance. In chapter 2 first of all 

an infinitely long, cylindrical antenna immersed in an inhomogeneous, 

unmagnetized, cold plasma with such a resonance is considered. In chapter 

3 some peculiar results,of chapter 2 are analyzed, but now fora plane 

geometry, in the linear regime, for a more realistic plasma. In chapter 4 

the main results of chapter 3 are checked by means of a so-called kinetic 

approach in which the individual partiele aspects within the plasma are 

incorporated. In chapter 5 finally the linear analysis of chapter 3 is 

extended into the nonlinear regime. 

It has been known for a long time that when an antenna is immersed 

in a plasma, an inhamogeneaus plasma sheath develops around it. This is 

caused by the effect that the antenna will absorb some of the electrens 
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from its neighbourhood. As a result a positive space-charge is formed. 

This so-called ion sheath acts like a coating of the antenna. An inte

resting situation, which is also very important to the field of thermo

nuclear research, arises when somewhere in this ion sheath the local plas

ma frequency is equal to the driving frequency of the antenna. 

Such a resonance seems to give rise to energy absorption by the 

plasma although it is lossless. This paradox is also known from the the

ory of lossless circuits and from the theory of a condenser filled with 

an inhomogeneous plasma. For the latter case it is also called the Her

lofsen paradox [Crawford and Harker, 1972]. The absorption is in fact 

no real absorption but caused by the fact that most of the energy that is 

radiated from the antenna into the plasma is accumulated in the local 

oscillator at the resonance ad infinitum. This implies that if the ini

tial value problem for the antenna in the inhomogeneous plasma with a 

resonance is considered, it is impossible to attain a linear steady-state 

situation; the absorbed energy is used for the build-up of the electro

magnetic field in the resonance. Mathematically speaking this means that 

the known solutions of the wave equation are not integrable quadrati~ 

cally and thus do not possess a Fourier transform. 

With respect to the above-mentioned apparent absorption of electro

magnetic energy, there seems to exist a mathematica! analogy between the 

absorption and the in plasma physics well-known absorption of a plasma 

wave due to phase mixing of singular van Kampen modes in velocity space. 

Now, however, the absorption may be regarded as a result of phase mixing 

in real space. See in this conneetion also e.g. Tataronis and Grossmann 

[1973], Tataronis [1975] and Abels-van Maanen and Weenink [1979]. 

In many theoretica! trestmentsof antenna~ in plasma, the influence 

of the inhomogeneous plasma sheath is simply neglected or just replaced 

by a vacuum sheath. In these models, however, resonant energy absorptión 

has been neglected because there is no resonance present in the plasma. 

Therefore these models are only correct for frequencies above the plasma 

frequency. It is to be expected that especially a resonance in the ion sheath 

will strongly influence the radiation properties of the antenna. The in

vestigation of these radiation properties (radiation pattern, antenna 

impedance) is very important if the antenna is intended as a wave injec

~ton facility or as a diagnostic tool. Balmain [1966] and Meyer-Vernet 

et al. [1977; 1978] were among the first whohave calculated the impe

dance of an
1

antenna surrounded by an ion sheath. 
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Iochapter 2 an infinitely long, cylindrical antenna immersed in an 

inhomogeneous, unmagnetized, cold plasma with a resonance is considered. 

Theantennais driven harmonically with a frequency w. Furthermore the 

profile of the ion sheath bywhich the antenna is coated, is prescribed. 

It seems impossible to solve exactly the relevant differential e

quations that describe the various field components in the plasma. There

fore these equations, which are derived from a hydrodynamic model for 

the plasma with immobile ions, are solved approximately in various ways. 

It turns out that the electric field and also the magnetic field decay 

exponentially in the region beyoud the resonance (w>wpe) which is hence

forth called the overdense region. In this overdense region propagation 

is no longer possible; it supports only electrostatic oscillatîons which 

are nonpropagating [Rae, 1982]. So all radiation is obviously confined 

to the region between the antenna and the resonance, Furthermore it is 

shown that the resonant interaction of the electric field component that 

is parallel to the gradient of the inhomogeneity with the electrous at 

the resonance causes the electric field to become (at least in principle) 

infinite. As bas been argued previously, this is a consequence of the 

continuous accumulation of energy in the resonance. 

By means of the Poynting vector it is shown that all the energy 

that is radiated from the antenna into the plasma is, in the linear stea

dy-state, apparently absorbed totally in the resonance plane. If the free

space wavelength is assumed to be much larger than the sheath thickness, 

which is a good assumption for ionospheric plasmas, it is furthermore pos

sibie to calculate the real part of theadmittanceof the antenna as a 

function of the driving frequency, the radius of the antenna and the plas

ma frequency far away from the antenna. One of the main conclusions, es

pecially important if the antenna is used as a diagnostic tool, is that 

a measurement of the real part of the admittance at only one frequency 

is, in general not sufficient to determine uniquely the plasma frequency 

and thus the electron density far away from the antenna. At least two 

measurements at two different frequencies or with two antennas with dif

ferent radii are therefore necessary. 

The above-mentioned singular behaviour of the electric field in the 

resonance can be avoided in several ways. For example by allowing for 

nonlinearities or by taking into accqunt losses due to collisions. 
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Another possibility is to take into account relativistic effects [Dragila, 

198Ib]. With respect to these relativistic effects it can also be referred 

to Bourdier [1983]. Finally it is also possible to avoid the singular 

behaviour by taking into account the thermal motion of the electrons. 

As will be shown in chapter 3 the inclusion of the thermal motion of the 

electrens offers the possibility that the energy that is accumulated in 

the resonance is carried away by a new mode that can propagate only in 

the warm plasma and not in the cold plasma. 

In the literature on resonant absorption of electromagnetic energy 

in such a warm plasma some shortcomings are apparent. An overview of these 

shortcomings can be found in chapter 3. A more general objection that can 

be put forward, especially with respect to the methods applied in the 

research on resonant absorption in a magnetized plasma is that many inves

tigators deduce the relevant differential equations from the local disper

sion relations for the relevant modes by simply replacing the wavenumber 

by a differential operator. Other authors determine the resonant absorp

tion coefficient by integrating the imaginary part of the wavevector of the 

absorbed mode over the resonance layer. In view of the fact that such a 

WKB-approach to the problem breaks down near the resonance, it is doubtful 

whether such a metbod leads to correct results. 

The literature on resonant absorption in an unmagnetized plasma is 

described in chapter 3. See furthermore Denisov [1958], Gil 1denburg [1964], 

Baldwin [J9n9], Baldwin and Ignat [1969], Zharov et al. [1977], Hammerling 

[]977] and Kull [J979; 1980] for the analytica! approach and to Forslund 

et al. [1976], De Neef and De Groot [1977], Forslund et al. (1977], Ladrach 

and Balmer [1979], Bezzerides et al. [1980] and Kovrizhnykh and Sakharov 

[1979] for the numerical approach. Because the magnetized plasma can 

contain several resonances (upper-hybrid resonance, lower-hybrid resonance, 

electron-cyclotron resonance, ion-eyclotron resonance, Alfvén-frequency 

resonance, two-ion hybrid resonance etc.) there is a host of literature on 

this subject which is, however, outside the scope of the present work. 

Tbe problem of wave propagation and resonant absorption of electro

magnetic energy is stuclied in chapter 3 for a planarly stratified, unmag

netized, lukewarm plasma with a resonance layer. For the sake of simplicity 

not the full,excitation problem with an antenna is solved but a plane, 

TM-polarized, electromagnetic wave is considered which is obliquely in-
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cident upon the plasma. The TM-mode is chosen because only this mode gives 

rise to resonant energy absorption contrary to the TE-mode which does not 

have an electric field component that is parallel to the gradient of 

the inhomogeneity. 

By means of singular perturbation methods or more specifically 

internal-boundary-layer-theory, full-wave solutions for the relevant field 

components are derived that are not subjected to the shortcoming of the 

previously-mentioned WKB-approach. In the regions far away from the reson

ance the plasma behaves in a first approximation as a cold plasma and the 

relevant equations are there solved approximately by means of Langer's 

metbod (see appendix C and Hirsch and Shmoys [1965] and Hirsch [1966]). 

The full-wave solutions thus obtained clarify the paradox of the ap

parent resonant energy absorption by the lossless plaama. It turns out 

that a part of the incoming electromagnetic energy is, in the boundary 

layer (i.e. a narrow layer around the resonance plane), converted, via 

the processof linear mode conversion, into a new mode, viz., the quasia

eaustic electron plasma-wave that propagates towards the lower-density 

side of the plasma. For low temperatures this conversion is virtually 

independent of the temperature provided that the plasma is weakly inhomo

geneous. Experimental evidence for this generation of a plasma wave by 

the process of linear mode conversion has already been given by Stenzel et 

al. [1973] for incident microwaves (wavelength in freespace ~ 0.15m) and 

lateralso by Maaswinkel [1980] for laser-produced plasmas (wavelength of 

laser light in freespace ~ 10-ó m). 

It is furthermore shown that the energy flux of the generated plasma 

mode is larger than the difference of the energy fluxes of the in- and out

coming electromagnetic mode. It is shown in the last chapter that this 

discrepancy is due to forces of nonlinear origin that transport the plasma 

in the direction of the gradient of the inhomogeneity. As a consequence 

the absorption coefficient defined as the ratio of the energy fluxes of 

the plasma mode and the incoming e1ectromagnetic mode is larger than 

the results presented in the literature that are based on the reflection 

coefficient for the incoming electromagnetic mode. 

Finally higher order approximationsfor the various field components 

are derived by the systematic use of internal-boundary-layer-theory. These 

higher order approximations reveal that the plasma mode possesses, contrary 

to the case of a homogeneaus plasma, a small magnetic field component which 
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implies that this plasma wave is not purely longitudinal. Furthermore a 

more refined expression for the absorption coefficient is deduced from the 

higher order approximations of the quasilongitudinal plasma wave. 

In spite of the limitations of a WKB-approach several attempts have 

recently been presented in the literature that try to give a general theory 

of mode conversion in a weakly inhomogeneous plasma on the basis of a local 

dispersion relation for the relevant modes [Fuchs et al., 1981; Cairus and 

Lashmore-Davies, 1983; Gambier and Schmitt, 1983]. 

Numerical as well as analytica! calculations suggest that for a 

weakly inhamogeneaus plasma the reflection coefficient for the incoming 

electromagnetic wave is at least 0.5. There is, however, some experimental 

evidence that a reflection coefficient smaller than 0,5 is possible [Brod

skii et al., 1976]. Theoretica! investigations show that for example elec

tron-density profiles with a density plateau in front of a steep density 

jump in the vicinity of the resonance can lead to absorption coefficients 

that exceed the typical value 0.5 [Kindel et al., 1975; Aliev et al., 1977; 

Mayer et al., 1978; Maki and Niu 1978; Zharov et al., 1979; Kull, 1983]. 

For plasmas with a higher temperature, the individual partiele as

pects become more important with respect totheir colleotive properties. It 

is then no langer justified to use a hydrodynamic or fluid model for the 

plasma; a kinetic approach becomes then necessary. In chapter 4 the main 

results o·f chapter 3 are re-confirmed by means of such a kinetic approach. 

Furthermore the ions are taken into account which leads to a shift of 

the resonance towards the lower-density side of the plasma. The metbod 

presented in chapter 4 provides also the possibility to give a more re

fined description of the plasma mode that is generated in the resonance 

region. Finally it should also be possible to include Landau damping 

of the plasma mode in order to demonstrata an effective heat production. 

In the last chapter, i.e. chapter 5, the modification of the ini

tially unperturbed electron-density profile by a force of nonlinear origin 

and the propagation of solitons and cavitons in the resonance region are 

considered. Starting point is an idea of Zakharov[l972]who stated that 

in the problem of profile modification and soliton propagation a distinc

tion is possible between slow (ion) timescales on which the profile modi

fication takE\S place and fast (electron) timescales on which the various 

wave quantit~es vary. Although the problem of profile modiHeation .. and 
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soliton propagation in the resonance region has already been investigated 

quite extensively ( see the introduetion of chapter 5), there exists a 

time interval which was not investigated before. 

In the first part of chapter 5 this time interval after the souree 

of the incoming electromagnetic wave has been switched on, is considered. 

In this time interval the ions can still be taken immobile which implies 

that tlie·re is no quasineutrality on the slow timescale in this time in

terval as is always assumed in the literature. If furthermore the ampli

tude of the incoming electromagnetic wave is not toolarge, the modi

fication of the electron-density profile remains small enough in order to 

ensure that the results ot" the linear theory (chapter 3) for an unpertur

bed electron-density profile are still applicable. This assumption is of 

course violated as soon as the ions start to move due to the spacecharge 

that is formed during the above-mentioned time interval. 

With the metbod of Zakharov mentioned above it is possible to cal

culate e.g. the slow-timescale part of the electron velocity. Thus it is 

found that there is transport of plasma in the direction of the gradient 

of the inhomogeneity. This plasma transport results in an additional 

energy flux that accounts for the fact that the plasma-mode energy 

flux is larger than the difference between the in- and outcoming electro

magnetic-mode energy. In the overdense region, thetransport of plasma be

comes exponentially small and consequently the modification of th.e elec

tron-density profile is mainly restricted to the underdense region. 

It is furthermore shown that in the above-mentioned time interval the 

initially unperturbed electron-density profile is módulated quasiharmoni

cally in the underdense region by the so-called ponderomotive force which 

results mainly from the interaction of the high frequency electromagnetic 

mode and the high frequency plasma mode. Since the local wavelength of this 

modulation far enough away from the resonance is approximately equal to 

the local wavelength of the plasma mode, this modulation and also the plasma 

mode itself become spatially unstable without a threshold. It turns out that 

the plasma mode "digs itself into the plasma" during its propagation. 

Finally it is shown that, through the interaction of the plasma mode 

and the profile modulation, the plasma wave is modulated. 

The above-described phenomena such as plasma transport and profile mo

dification are, in the first part of chapter 5, calculated by means of an 

iterative procedure which is inherently not self-consistent. Therefore it 
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is not possible to obtain the long-time behaviour of the nonlinear mode 

conversion in the resonance region. Thiswas not necessary in the first part 

of chapter 5 in view of the special time interval under cons1deration 

there. 

In the second part of chapter 5 the modification of the electron

density profile by the ponderomotive force and also the quasistatic mag

netic field that is well-known from laser-plasma interaction are incor

porated in the relevant differential equations in a self-consistent way. 

The equations thus obtained are the so-called driven generalized Zakharov 

equations. 

In :he last part of chapter 5 special solutions of these equations 

will be considered that can emerge from the asymptotic long-time beha

viour of the nonlinear mode conversion, viz., the solitons and cavitons. 

Most investigators presurne quasineutrality on the slow (ion) timescale 

on which the profile modification takes place. In the last part of chap

ter 5 the consequences of this assumption are investigated. In the strongly 

nonlinear regime the formation of the above-mentioned cavitons, which 

are in fact density troughs in which the electric field is concentrated, 

can lead to a strong steepening of the electron-density profile near 

the resonance. This effect is especially important to the field of laser

plasma interaction. 

Besides profile modification andplasma transport there are several 

other kinds of nonlinear effectsthatcan berelevant for the investiga

tion of wave propagation in inhomogeneous plasmas with a resonance. 

In addition to the effects mentioned in chapter 5 it is furthermore 

worth mentioning the effect of a (randomly) rippled critical surface 

(where w•w ) which can lead to resonant absorption even for normally 
pe 

incident radiation [Cairns, 1978; Dragila, 1981a; Shen Wen-da and Zhu 

Shi-tong, 1981; Dragila, 1983]. See in this context also Sauer [1978] 

who also described a nonlinear mechanism by whicb resonant absorption 

occurs even for normally incident radiation. 

With respect to the host of nonlinear effects that may be of import

ance naar the resonance, it is as yet unknown which are the dominant nonli

near effects under given plasma conditions. 
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CHAPTER 2 ----
ON THE INFINITELY LONG CYLINDRICAL ANTENNA IMMERSED IN AN INHOMOGENEOUS, 

UNMAGNETIZED, COLD PLASMA WITH A RESONANCE 

An antenna immersed in a plasma is generally surrounded by an ion 

sheath. The cause of this ion sheath, which acts like a coating of the 

antenna, is the fact that the antenna will absorb some of the electrons 

from its neighbourhood •. This effect gives rise to a positive spacecharge 

close to the antenna. Far away its influence will diminish and therel·the 

plasma becomes homogeneous. 

A recent survey of the influence of plasma boundaries such as sheaths 

can be found in a paper by Crawford and Harker [1979J • 

Whenever the driving frequency of the antenna is equal to the plasma 

frequency, ~omewhere in the sheath, all the energy which is radiated from 

the antenna is resonantly absorbed there. This anomalous absorption of 

radiation in the sheath cannot be explained by a simple vacuum-sheath model 

as used by Balmain [1979] and by Beeckman and Weenink (1983] • The absorp

tion mechanism is the same that causes the impedance of a condenser, filled 

with a lossless, inhomogeneous plasma, to have a real part whenever the 

driving frequency of the condenser equals the plasma frequency somewhere 

in the condenser (i.e. the so-called Herlofson paradox). See e.g. Crawford 

and Harker [ 1972] • 

The majority of publications dealing with antennas in a plasma ignores 

the presence of a sheath or just replaces it by a vacuum. In many cases of 

practical interest, however, the influence of the sheath on the performance 

of an antenna can byno meansbe neglected. It will not only change the 

radiation pattem but also the radiation impedance. A recent impravement 

in dealing theoretically with the antenna sheath has been given by 

Weenink [ 1982] • 

In this chapter a perfectly conducting, infinitely long, cylindrical antenna 

will be considered. The antenna of radius r0, is oriented in such a way 

that its axis coincides with the z-axis of a cylindrical coordinate system 

r.~ and z ( see Fig.!). 
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Is is proposed to consider only the linear steady-state problem with a 

harmonie time dependenee rather than the transient response which would 

be much more complicated. 

The antenna is driven at its centre by a voltage V applied uniformly 

around an infinitesimally thin, circumferential gap. This idealized 

generator is specified by: 

E ( . ~ ) v•(-)eiwt 
I r = r ''~''z' t = u ~ z 0 (2.1) 

where o(z) is the Dirac deltafunction, El is the electrical field in the . z 
z-direction and w is the driving frequency. This excitation is known as the 

deltatunetion excitation, [King, 1956] • 

The antenna is coated tbraughout its length by a sheath with an increasing 

electron density. The plasma frequency w (r) is assumed to be zero on the pe 
surface of the antenna, in particular: 

(2. 2) 

where noe is the equilibrium electron density, 

-e is the electron charge, 

e:o is the permittivity of free space, 

m is the electron mass. 
e 

The resonance is 
I 

determined by: 
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w (r ) = w (oo) I - - = W 2 2 [ ro J 2 
pe res pe rres 

where r is the location of the resonance (see Fig.2) res 

So, rres is given by: 

where 

À 
w 

W (oo) 
pe 

Fig.2 

(2. 3) 

(2.4) 

(2.5) 

The plasma is furthermore assumed to be cold, unmagnetized and quasi

neutraL Losses due to collisions are neglected. Finally the driving 

frequency w is assumed to be high enough in order to neglect the ion motion. 

In the next sections, after deriving the relevant equations, the various 

field quantities will be calculated in various approximations. Next it will 

be shown that all the energy radiated from the antenna is absorbed in the 

inhomogeneous sheath whenever w < w (oo). Finally the real part of the pe 
adm}ttance of the antenna will be calculated as a function of the driving 

frequency, the plasma frequency and the radius of the antenna. The real 

part of the admittance will be furthermore compared with the real part of 

the admittance of the same antenna without a plasma, i.e. in free space. 

The latter has already been calculated by Papas [1949] , however, only in 

the limit of long wavelengtbs with respect to the radius of the antenna. 
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The fields excited by {2.1) are obviously independent of~ and since 

~nly a longitudinal current can be generated by (2.1), the axial and radial 

components of the magnetic field vector !t and the circumferential component 

of the electric field vector ! 1 are identically zero. That is: 

(2.6) 

where E
1
r' Elz and H 1 ~ are the radial electric field component, the axial 

electric field component and the circumferential magnetic field component 

respectively. 

The linearized single-fluid continuum theory of plasma dynamics is used 

which means that it is assumed that the plasma can be described by the 

linearized, ideal, macroscopie electron-equations of motion and continuity 

and Maxwell's equations, that is to say: 

avl - e -e 
~- ~1 o me 

an 
at ).e + 'i/. (noe y·le) = O, 

'V x !, 

where v is the electron-velocity perturbation, 
~te 

n 1e is the electron-density perturbation, 

~O i• tb& permeability of free space. 

(2. 7) 



-17-

The various quantities are subjected to a Fourier transform according to: 

"*"" F(r;w,k }exp(iwt) .,_I_ J F(r,z,t)exp(ik z) dz 
z '\,[2;;' -oo z 

(2. 8) 

where F stands for Elr' Elz' Hl$ etc. The Fourier inversion transform is 

given by: 

I "*""-
F(r,z,t)exp(-iwt) =-- r F(r;w,k )exp(-ik z) dk • 

,r;::,. . z z z 
'V -""-oo 

(2.9) 

It is now ra!her =asy to ~erive from (2.7) the following differential 

equations for Eli', Elz and H1<P: 

d [r r dr 

2 2 w (r) - w pe 
r 

A 

.!_ [ 2 2} dElr] r{wpe (r) - w --
dr dr 

2 -w 
+.!_ 

2 
r 

2 w (r) pe 
2 w (r) pe 

- w
2 J dÊ lz 

2 2 2 --
- w + k c dr z 

dH1$J d [ r 
dr w2 (r) 2 dr -w pe 

- ~: 2 d{w
2 

(r)} J 
w (r) Ee - w 

+.!_ dr + pe + 2 2 r{w2 (r) - w2} c r pe 
Hl<P = 0 

(2.10a) 

,. 
Elz = 0, 

(2.10b) 

(2.10c) 
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where c is the velocity of light in free space. When (2.2) is substituted 

into these equations, it is found that: 

where: 

r - r res 

-
dEir [ 2 r --- - k __ ...;..+ 
dr P r 2 ]!:Ir = 0 • I J -

(r-rres) (2.11a) 

+~I + ----'--r r - r res 

dÊlz 2< r -- k. . __ ....;.. 
a:;- p r Elz = 0, 

(2. llb) 

W (oo) 
k -~ 

00 - c ' 

k2 
00 

rt .. k2 r,o ' 
p 

(2.12a) 

(2. 12b) 

(2.12c} 

w 
À = W (oo) ' (2. 12d) 

pe 

W (oo)r 
y= pee 0 = k

00
r

0
• (2.12e) 

The point r = rt is what in the classical WKB-theory is called the turning 

point of the differentiàl equation. 

The solutions of these differential equations are all interrelated in the 

following way: 



E = lz 

ik 
z 

Elr = k2 
p 
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( d!! r + r - r Ê 1 r ) ' 
res 

r 

r - r res 
r 

r - r res 

r - r res 

(2.13a) 

(2.13b) 

(2. 13c) 

(2. 13d) 

(2.13e) 

The solutions are also subjected to the following boundary conditions: 

Êlr(r; w, kz) 

Êl z (r; w, kz) +0 if r + oo 

(2.14) 

A 

H14>(r; w, kz) 

Êlz(ro; w,kz) 
V =--

121? 

Finally, for later use, it is useful to transfarm the differential equation 

for û 1 ~ into its normal form; 

where 

d~ - [kp2 
dr2 

r - r 
___ t + 

r 
H=O (2. 15) 

(2. 16) 
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A 

The differential equations forElrand Hl$ , see (2.11), contain each, 

three different singular points. The resonance r = rres and the origin r • 0 

are two regular singular points. The point at infinity, however, is an 

irregular singular point. The differential equation for Ê1z contains even 

a third regular singular point, viz., r • rt • 

Differential equations of these types with two or even three regular 

singular points and an irregular singular point at infinity are in general 

not exactly solvable in terms of the special functions of mathematica! 

physics (see appendix A). It is for this reason that in the next sections 

various approximate solutions of thesetof differntial equations (2.11) will 

be derived. 

2.3.1 r s r << r 
t res 

If this condition is satisfied, it is allowed to neglect rres with 

respecttor in equation (2.15). It is, however, not permitted to neglect 

rt with respect to r because that would lead to the wrong asymptotic behaviour 

of the corresponding solutions. 

Hence the neglect of rres with respecttor in (2.15) yields: 

H = 0. (2. 17) 

This equation can be solved in terms of the confluent hypergeometrie functions, 

in particular the Kummerfunctions and by making use of (2.12c) and (2.12e); 

H(r w, kz) = [ c1(w,kz} MÜ(3- k~), 3, 2kp1 

+~c2 (w,kz) uü(3- k;~0 ), 3, 2kpr}] 

r 3/ 2 exp(-k r) 
p 

(2. I 8) 

where M(a,b,~) and U(a,b,z) are the Kummerfunctions of the first and second 

kind respect~vely [Abramowitz and Stegun, 1965] • Since M(a,b,z)exp(-lz) 
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grows exponentially for z + oo, c1(w,k) = 0. With (2.16) it is thus 
- z 

found that if r >> rres' H 1 ~ is given by: 

where c
2 

is an unknown constant to be determined by the 

condition. Ê1r and Êlz can be obtained by making use of 

respectively. It is found that: 

k 
E1r(r; w, k ) = - c2(w,k ) z z z we:0 

• e:<p(-k r). 
p 

r exp(-k r) {2.19) 
p 

appropriate boundary 

(2.13c) and (2.13d) 

(2.20) 

(2.21) 

The asymptotic behaviour of these field components can be obtained from 

the asymptotic expansions of the Kummerfunctions [Abramowitz and Stegun, 

1965]. If r >> rres and kpr >> 1 then: 

( 
2 ) -! 3- ...:J__ 

c
2

(w, k )(2k) kPrO 
z p 

(2.22) 
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(2.23) 

(2.24) 

2.3.2 

In the neighbourhood of the singular point r = r the metbod 
res 

of Frobenius [!nee, 1956] can be applied. Take 

and substitute this into the differential equation for Elr' see (2.11). 

The indicia! equation turns out to be given by: 

(ll - I }(J.l - 2) = 0. (2.26) 

Since the difference of the two roots of this equation is an integer, one 

of the two ·independent solutions of the differential equation for Ê
1
r 

constructed by the metbod of Frobenius can have a logarithmic singularity 

at r = r (Ince, 1956] • Take a0 = I and J.l = I then: res 
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(2.27) 

This third order difference equation is generally not exactly solvable. 

A first solution is thus given by: 

E(I)(r w k) 
r • • z 

r-r res 
r res 

(
r-r )

4 
res 

+ a3 (w,kz) -r--
res 

+ ••• 

2 = (1-À ) 
r-r res 
ro 

I (l-À2)2 y2 + ï5 

[ 
I 2 2 

I + -
8 

k (r-r ) z res 

( •:: re')' ' ... J 

(2.28) 
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A seeond independent salution can be obtained by using the "Ansatz" 

E(II)(r· w k) f(r• w k) E(l)(r• w, kz) where fis an unknown function. r • • z • • z r • 
It turns out that E~II) is given by: 

E (II) (r· w, kz) 
r • 

(
r-r ) 3 J • ro res + ••• 

r-r. } res 
ro 

r-r res 
(2.29) 

The total salution is now a linear combination of the two independent 
solutions E(I) and E(II) 

r r 

(2.30) 

where c1 and c2 are unknown constants to be determined by the appropriate - -boundary conditions. Elz and Hl<j> can be obtained by making use of (2.J3a) 

and (2.13c) respectively. It is found that: 

C (,,, k) E(I)(r· '·' k) I ~. z z ' w, z (2.31) 

+ c2 (w,kz) E(II)(r· 
z ' 

w, k ), 
z 

ii1<1>1(r; w, kz) c1(w,kz) H(I) (r• 
<P • w, kz) (2.32) 

+ c2 (w,kz) H(Il)( • 
<P r, w, k ) 

z 
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E(I) (r• k ) = 2 I-À
2 

[1 +! k 2 (r-r ) 2 + !(l-À2) 2y 2 (2.33) z ' w, z 4 z res 6 
ikzrO 

H(II)(r· w k) 
<I> • ' z 

( 
r-r ) 3 J • r~es + ••• 

r-r res 

2 (r-r ) 2 
res 

r 

+ • ·.J 

[ 
1 2 2 l 222 

• I + B kz (r-rres) + T5 (1-À ) y 

(
r-r ) 3 J • r~es + •••• 

[ 
I 2 2 I 222 

• I + -
8 

k (r-r ) + -
3

(1-À ) y z res 

(~)3 J . ro + ••• 

(2.34) 

(2.35) 

(2.36) 
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As appears from these results, for r + r res 

(2.37) 

0{1} • 

Among the first workers who studied the behaviour of an electromagnetic 

wave in the neighbourhood of a zero of the index of refraction of a cold, 

unmagnetized plasma, is FÖsterling [1949] . Although he considered planar 

geometry, he also found the same kind of singular behaviour of the various 

field components. 

As iswell-known[Ince, 1956] , the convergence region of a Frobenius 

serie is determined by the relative position of the singular points of the 

differential equation. In the present case this means that the series for 
A 

Elr' E1z and H 1 ~ are convergent for 0 

series·converge, however, very slowly 

only useful in the very neighbourhood 

form. 

< r < 2r • Since these Frobenius res 
far away from the resonance, they are 

of the resonance and in the truncated 

This condition can be written in the following form by making use 

of (2.12a) and (2.12c): 
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It is assumed that this condition is satisfiéd.if 

the differential equation (2.llb) for Elz reduces to: 

I +---r-r res 

dE 2-
_!=_- k E = 0. 

dr p lz 

This equation can be solved in terms of the modified Besselfunctions; 

(2.38) 

(2.39) 

c
1
(ü,l,k) r

0
{k (r-r )} + c2(w,k) K

0
{k (r-r )} z p res z p res 

(2.40) 

where lo(z) and io(z) are the modified Besselfunctions of zeroth orderand 

of the first and second kind respectively [Abramowitz and Stegun, 1965) 

Since lo(z) grows exponentially for z + oo, c1(w,kz) • 0. To apply the secend 

boundary condition, see (2.14), the Besselfunction has to be continued analyti

cally for negative argument (r
0 

< r ). Strictly speaking, the only justified res 
way to determine in which manner the Besselfunction bas to be continued 

analytically, is to consider the initial value problem. Solving this initial 

value problem would, however, be much to complicated. For this reasen a 

physical instead of a mathematica! reasoning is used to find out how the 

analytica! cuntinuation has to be performed. 

If there were losses due to collisions, rres would become complex. 

In the present case this means that r would possess a small negative res 
imaginary part. Consequently the Besselfunction must be continued analytically 

via the complex upper-halfplane if r < rres' e.g. r = r0 ; 

"1T 
TL {k (r

0
-r )} = KO {k (r - r0 )e~ } -u p res p res 

(2.41) 

.. K fk r L).- 1Tii {k r .L} 
0 lp 0 1-)..2 0 p 0 1-)..2 • 

see e.g. Abramowitz and Stegun [ 1965 ] • Thus, if k2 ~ k2 • and r > z m~n - ro• 
Elz is given by: 
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5l {k (r-r ) } p res 
(2.42) 

Elr and Hl$ can be obtained by making use of (2.13b) and (2.13c) respectively. 

It is found that: 

ik z 
K

1 
{k (r-r ) } 

--------~-4p~~r~e~s~----------,(2.43) 

kp K fk r À\} -7T i I {k r 
ot Po t-À o Po 

r-r res 
r 

K1 {k (r-r )} p res 

K
0
{kr

0 
À\l.J -'!Til 

p 1-À 0 
k r --{ 

À2} 
P 0 I-À2 

~~:2} 

(2.44) 

where K
1

(z) is the modified Besselfunction of the first orderand of the 

second kind [Abramowitz and Stegun, 1965] • 

The behaviour of the modified Besselfunctions in the neighbourhood 

of the resonance, that is to say r ~ rres' is in accordance with the results 

previously found, see (2.37). 

2.3.4 

If w > w (~) , there is no resonance anymore. Mathematically pe 
speaking this means that r in the equations has become negative. In this res 
case the derivations given below are valid under the less stringent 

condition: 



2 
c 
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(2.45) 

If k = O(or k2 « (À2-I)k2 for w > w (=)) then rt r and the z z = pe res 
differential equation (2.11h) for Êlz reduces to: 

2~ ~ 

d E I z I dE I z r-r 
-- +- -- - (I-À2) ~ Ê o. (2.46) 

dr2 r dr r lz 

This equation can he solved in terms of the Kummer:Çunctions; 

(2. 4 7) 

. M~(1 - b), I, 2\Á7 kèo1 
+ c2 (w, kz)U~ (1 --b), I, 2~ k00r} 

. expf~k=r} 
where M(a,h,z) and U(a,h,z) are the Kummerfunctions of the first and second 

kind respectively [Ahramowitz and Stegun, 1965]. Since M(a,h,z) exp(-!z) 
' grows exponentially for z + =, c1(w,kz) = 0. The constant c2 can he ohtained 

from the second houndary condition, see (2.14). Thus, if kz = 0 and 

r :Z r
0

, Elz is given hy: 

u~ ( 1- b), 1, 2vQy !;} 
u~(~-~), 1, 2~1 

(2.48) 

Elr and H 1 ~ can he ohtained hy making use of (2.13h) and (2.13c) respectively. 

It is found that: 

0 (2.49) 
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H1q,(r; w, k O) = ~ 'ft-À2• (2.50) z llo À 

[ u{!(l- _L_ ). I • 2~y!.} "\[H! ro 

uf(t- \} :"2:). I ' ~r} 

+ (~-n) 

u~ (3- Vt:À 2')' 2, ~Yr~ 
I, ~y}r u~ (t- Y ). 

~ 

expfR r(~0 - t)} 

It turns out that the singular behaviour of Elz and Elr according to 

(2.37) disappears if k = 0. Since E1 = 0 if k = 0, this electromagnetic z r z 
wave is purely transversal. This is, however, not the case if k ~ 0, 

z 
because then the electromagnetic wave has a longitudinal component which 

in the resonance will strongly interact with the electrons. As a consequence 

of this resonant interaction, the various field components may become 

very large in the resonance. 

The asymptotic behaviour of Elz' Elr and H
1

q, can be obtained 

from the asymptotic expansion of the Kummerfunctions [Abramowitz and 

Stegun 1965]. If kz "' 0 and 2~y r/r
0 

» I then: 

.fPY~(g- ') 
E1z(r; w, k =0)-~ lL 

z u~ (1-p) , 1 , 2-J;:;}'yj 
(2.51) 

expt~ r(~0 - 1)} , 

(2.52) 
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H ,~,(r;w,k 
I~' z 

(2.53) 

For w>w (00) , that is to say À2 > I, ~must be replaced .. f""7"l pe \}J-A 
by iVÀ--1 because of the radiation condition. This is in agreement with 

the fact that if there were losses due to collisions, 1-À
2 

would get a 

small positive imaginary part. 

It seems interesting to consider also the asymptotic behaviour 

of Elz and H1<P for rres+ ~ i.e. À
2 

t lbecause then the argument of the 

Kumm~rfunction becomes very small whereas the parameter 112(; - y/~) 
becomes very large. The study of the Kummerfunctions under these 

conditions involves some knowledge of the connections between the Kummer

functions and the Besselfunctions [ Abramowitz and Stegun, 1965] • As a 

result it is found that for k = 0 and r + oo: 
z res 

V 
0) =-=v21f 

sin(a 1 )J0(a2~) - cos(a 1 )Y0 (a2~) 
sin(a

1
)J

0
(a

2
) - cos(a

1
)Y

0
(a

2
) 

(2.54) 

' 



where: 

a-~ 1 - 2\/1-À.. • 

a
2 

• 2Y • 
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cos(a 1)Yo(an}f
0

) 

cos(a
1 
)Y

0 
(et

2
) 

J
0

(z) and Y
0
(z) are the Besselfunctions of zerothorder and of the 

first and second kind respectively and J
1
(z) and Y

1
(z) are the 

Besselfunctions of the first order and of the first and second kind 

respectively [Abramowitz and Stegun, l965] • 

2.3.5 

(2.55) 

(2.56) 

Since the point r = r is a singular point of the differential 
... t 

equation (2.llb) for E
1
. , is seems interesting to investigate the 

- z 
behaviour of E

1
z in the neighbourhood of this point. Once more the metbod 

of Frobenius [Ince, 1956] is applied. Take 

~ (r-r \n+Jl 
E (r; w, k ) = ~ a (w, kz) ~) 

z z n=O n res 
(2.57) 

and substitute this into the equation for Elz' i.e. (2.11b). The indicia! 
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equations turns out to be given by: 

jJ(jJ - 2) - 0 • 

After some cumhersome algebra the following two independent solutions 

are found: 

E(I) (r· w k ) • (r-r ) 2 [I + !(t-À2) {(i-À2)k;, 
z ' ' z t 3 k2 

z 

2 
I kz} r-rt 2 2 

---- --+ ~(1-À) 

.f:~::)~·! :· .; (2.58) 

k4 k2 
z "" 

(II) 8 2 2 koo I kz 
Ez \r; w, kz) +-(I-À ) (1-À ) -- ---

3 k2 I-À2 k2 

ro 2 k2 3 
z 

+ .!(~-À2)2 fl-:2) k.: (_!...!. 

2) 2( (2.59) 2 koo 1 kz IJ 
• (I-À)-+ I +- - -

k2 h\2 k'2 3 

1 k;z ) 16l(r-r:)2 

I-À2 k.: ·~ I - 3" r;- + • • • 

The total solution is. a linear combination of th.e two independent 
solutions E(I) and E(II). 

z z • 

(2.60) 
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+ c
2

<···, k )E(II)(r· ,,, k ) 
w z z , ...... z 

where c
1 

and c2 are unknown constants to be determined by the appropriate 

boundary conditions. 

It is clear that although r = r is a regular singular point of 
A t A 

the differential equation (2.1Ib) for Elz' the solution Elz itself is 

analytica! in this point. Obviou!ly the point r = rt is an apparent 

sin~ularityAof the equation for E
1
z [Ince, 1965] • Since the behaviour 

of Elr and H 1 ~ in the neighbourhood of r = rt is not very interesting 

anymore, these field components will not be elaborated. 

2.3.6 

i.e. 

y << I, r ~ r
0 

and resonance close to the antenna 

Consider the differential equation for H 1 ~in its normal form, 

(2.15). If the resonance is close enough to the antenna, it is 

conceivable that the singularity r = r has a much greater influence res 
on the solutions in the neighbourhood of the antenna then the singularity 

r = o. This would mean that: 

3 
4 r 

2 >> k2 __!. 
' r 2: ro 

(r-rres) 
P r 

(2.61a) 

(2.6lb) 

If these condition~ are satisfied, the differential equation 

(2. 15) for H = r!iJr-rre; H 1 ~ could be written in the following form: 

::~ - [k! + (r-f; )2] H 0 . (2.62) 
res 

The solution of this equation which satisfies the boundary condition 

at infinity is given by: 

H(r; w, k) = c
2

(w, k )"rr=r--'K
1

{k (r-r )} z z v· ~res p res (2.63) 

where K1 (z) is the modified Besselfunction of the first order and the 

second kind [Abramowitz and Stegun, 1965]. Of course condition (2.6Ia) 
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cannot he valid for all values of r; if r becomes very large, it will 

certainly be violated. Far enough away from the antenna, particularly 

if r >> r , it is possible to neclect r with respect to r in res res 
equation (2.15). This case has already been considered insection 2.3.1. 

Since it is assumed that y << I, which is a rather good assumption for 

e.g. ionospheric plasmas, there is an overlap of the two regions 

determined by (2.6la) and the condition r » r • Th.is can be seen as res 
follows. The two conditions (2.6la) and r >> r can he written in the res 
following form by making use of (2.4), (2.12c) and (2.12e): 

« 1!. • r <: ro 4 r
0 

(2.64) 

The overlap region is determined by those values of r for which both 

conditions are satisfied. It turns out that these values of r are given 

by: 

(2.65) 

2 For X small enough (resonance close to the antenna) and y << I there is 

indeed an overlap region. 

As is well-known from section 2.3.1, the salution of the reduced 

equation for the case r >> rres can be expressed in terms of the Kummer

functions with argument 2k r. These Kummerfunctions can be replaced by 
p 

their asymptotic expression if 

2k r 2: ~ k r = 2~ y .!. » I ( 2 , 6 6) 
p ro ~ 

Consider now the region where both (2.65) and (2.66) are valid, i.e.: 

. ~l« 
1-À :J (2 .67) 
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In this region the asymptotic behaviour of (2.62) as well as the 

asymptotic behaviour of the Kummerfunctions (see sectien 2.3.1) is 

applicable. The only difference between them is the factor 
2 

y /2k ro 2 
r P • This factor depends only weakly on r because y /2kprO << I. 

Therefore the following approximate solution valid for all values of 

r ~ ro is proposed: 

2 
__::r__ 
2k r 

k )r P 0 -..fr:=r--' K
1
{k (r-r )} • 

z V res p res (2.68) 

This salution can be regarded as a kind of WKB-solution where the 

fast-r-dependent part is represented by the squareroot expression and 

the modified Besselfunction and the slow-r-dependent part is the rest. 

H 1 ~ can be found by means of (2.16); 

• K
1 
{k ( r-r ) } • 

p res 

Elz is obtained by making use of (2.13d); 

(r-r ) 
res 

2 __::r__ 
À2 2k ro 
--k r P 
1-;\2 p 

K
0

{k (r-r )} 
p res 

(2.69) 

(2.70) 

where K0(z) is the modified Besselfunction of zeroth order and of the 

secoud kind. [Abramowitz and Stegun, 1965]. To apply the secoud boundary 

condition, see (2.14), the Besselfunction has to be continued analytically 

for negative argument_(r
0 

< r. ) via the complex upper-halfplane (see _ res 
section 2.3.3). Thus Elz on the antenna can found by means of (2,41); 
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(2. 71) 

A positive constant ö1 < 1 is now introduced. This constant is 

assumed to be small enough in order to ensure the existence of the 

overlap region (2.67) if À
2 As ö1• n.!.us, if y << 1, 0 S. À

2 
S ö1 <I, 

k; >> k~(t-À2) and r ~ r 0 , H 1 ~ and Elz are given by: 

Ie 
1 
{k ( r-r ) } 

K
0
{k (r-r )} 

Finally E1 is obtained bv making use of (2.13c), Thus, if y << l, 

0 s À
2 

s ö: < I, k; » k:(l-~) and r 2: r
0

, ilr is given by: 

(2.72) 

(2.73) 

(2.74) 
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Kt{k (r-:r ) } p res 

It can be ve:rified very easily that these solutions have the correct 

asymptotic behaviour and furthermore the singular behaviour of the 

various fieldcomponentsis in accordance with (2.37). 

Although the expressions (2.72), (2.73) and (2.74) arevalideven 

for À = 0, which means w = 0, they are not significant for very low 

frequencies. The reason for this is the fact that for very low frequencies 

the ion motion is not negligfble anymore; the model of the plasma is in 

this case no longer applicable. 

2.3.7 y << I, r <: r
0 

and resonance far away from antenna 

The differential equation (2.I5) for H can be written in the 

following form: 

where: 

d2
H ~ 2 kp dr2 -

r 
rl= -r--· 

res 

lf(r ) I ---+ :r-r res 
0 (2.75) 

(2.76) 

2 Since rres >> r
0

, y f{r 1(r)} is a slowly varying function of r. This 

suggests to consid~r f(r 1) in the first instanee to be a constant. Under 

this assumption it is possibl~ to solve (2.75) in terms of the Kunnner

functions. It turns out that Hl$ is given by: 

A 

a
1
A-(r; w, k) =~rr=r--' /rH 
'I' z '\1- -res 

(2. 77) 
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rCI (w, kz) M { K, 3, 2k (r-r ) } l p res 

+ c2(w, kz) U {K, 3, 2k (r-r )~ 
p res J 

(r-r ) 2 
res 

r 
exp{-k (r-r )} 

p res 

where M(a, b, z) and U(a, b, z) are the Kummerfunctions of the first 

and second kind respectively [Abramowitz and Stegun, 1965] and; 

K=l-
2 

2 y f(r
1
) 

2kprO 
(2.78) 

Since M(a, b, z) exp(-!z) grows exponentially for z + ~. c1(w, kz) 0. 

Elz is obtained by making use of (2.13d); 

U{K 2 2k (r-r )}- l 1 
' p res 2 

(2.79) 

U{K-1, I, 2k (r-r )~ exp{-k (r-r )} • 
p res J p res 

To apply the second boundary condition, see (2.14), the Kummerfunctions 

have to be continued analytically for negative argument (r 0 < r ) via res 
the complexupper-halfplane(see section 2.3.3). For the details of the 

analytica! continuation of the Kummerfunctions see appendix B. As a 

result it is found that: 

where: 

exp {-k (r - r )} 
p res 0 

( 2. 80) 
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( 2. 81) 

tan('ff.Kr} 

(2.82) 

and I'(z) is the Gammafunction [Abramowitz and Stegun, 1965] • 

A positive constant ó2 > 0 is now introduced. This constant is 

assumed to be large enough in order to justify the assumption that f(r
1

) 

is a constant in the first instanee i! À
2 ~ ó

2
• Thus, if y << 1, 

0 < ó2 s À2 s I and r ~· r 0 , H 1 ~ and Elz are given by: 

-v 1_À2 sin(~K0) f(K0-J) 

Hl~(r; w, kz) ., 727f1WEO 7 1f Al+iBI (2.83) 

(r-r )2 
• U{t<;, 3, 2k (r-r )} _ __::r.:::.e=-8 -

P res r 

exp{-k (r+r0-2r )}, p res 

. sin(nK0) f(K0-1) 

Elz(r; w, kz) ., m 1f ---" A1+iB 1 
(2.84) 

. [cl- K)U{K 2 2k (r-r )} 2 ' ' p res 

.., -;;U2
1 

{K-1, I, 2k (r-r )~ 
p res J 

• exp{-k (r+r
0
-2r )} . p res 
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· 11 E is obtained by making use of (2.13c). Thus, if Y <<I, FLna y 
12 

_ 
0 < o

2 
$ À s I and r ~ r

0
, Elr is given by: 

sin(nK0) f(K0-I) 
Elr(r; oo, kz) ~ ~kz TI Al+iBI 

U{K, 3, 2k (r-r )}(r-rres) p res 
(2.85) 

• exp{-k (r+r
0
-2r )} • p res 

As can be verified very easi1y, these so1utions re-confirm once more the 

singular behaviour given by (2.37). 

2.3.8 Conclusions 

Since the differential equations for Elr' Elz and Hl$' i.e. 

(2. !la), (2.11b) and {2.llc) respectively, cannot be solved exactly in 

terms of the special functions of mathematica! physics, various approxi

mate solutions have been derived in the preceding sections. It seems 

that all the approximations can be divided into two groups. 

The first group èonsistsof approximations for all values of 

r ~ r
0 

and for all values of k but where À ~ wlw (~) and y = w (~)r0/c z pe pe 
are restricted to certain domains. The resu1ts of these approximations 

can be found insection 2.3.7. In this section it is assumed that 

y << I and 0 < o
2 

s À
2 s 1. If the thickness of the sheath is given by 

2r
0 

(note that w2 (2r
0

) = l/2w2 (00)) then this assumption implies that: 
~ ~ 

sheath thickness = 2r0 = yÀ 
00 

<< 2c 
w 

I =-
TI 

(wavelength in free space) 

To solve the excitation prob1em tota1ly, the various field compo

nents have to be known as functions of r, z and t. The so1utions belonging 

to the first group are va1id for all values of kz and therefore they can, 

at least in principle, be subjected to the Fourier inversion transform 

according to (2.9). As a resu1t, the z-dependence of the field components 

is known and e.g. the radiation pattem or the antenna admittance could 
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be determined. The latter will be done insection 2.5. 

The second group represents the approximations for all values 

of À = wlw (oo) and y = w (oo)r /c but for certain values of r and/or k pe pe 0 z 
The results of the approximations of this group can be found in the 

sections 2.3.1 up to and including 2.3.5. The approximations of the 

second group are illustrated in Figure 3. The areas were approximate 

solutions have been found have been shaded. 2.3.6 has also been indicated. 

2.3.4 
I 

Fig.3 
r 

It is emphasized that Figure 3 gives only a qualitative description of 

the areas in the kz-r-plane where solutions have been obtained; e.g. the 

boundaries of the shaded areas are not as sharp as the figure suggests. 

It is clear that the solutions belonging to this second group cannot 

be subjected to the Fourier inversion transforl)l according to (2.9). 

As can be seen from almost all the approximate solutions, the 

field components Elr' Elz' and H 1 ~decay exponentially whenever r > rres 

(i.e. the overdense region). As a consequence all the radiation is 

confined to the region between r
0 

and r (i.e. the underdense region). res 
Finally it is remarked that also almost all the solutions 

belonging to both groups show the typical singular behaviour in the 

resonance according to (2.37). This singular behaviour is essentially 

the result of the interaction of the longitudinal component of the 

electromagnetic field with the electrons which are thus locally excited 

with their eigenfrequency. Since the plasma is assumed to be cold, the 

electric fielq becomes in principle infinite. In a more realistic model 
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the electric field strength would be limited either by nonlinear effects 

such as second harmonie generation or profile modification or by thermal 

motion of the electrons. The latter case will bé considered in the next 

chapter. 
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In order to determine how much energy is radiated fram the gap in 

the antenna into the plasma and to find out what happens with this energy, 

it is useful to consider an imaginary cylinder whose axis coincides with 

the axis of the antenna, i.e. the z-axis. This imaginary cylinder is 

assumed to have a radius r • Both far ends of it lie symmetrically with c 
respect to the plane z = 0; their positions are given by z = ze and 

z = -ze. The energy flux through this cylinder can be split into two parts, 

viz. , the energy flux through the cylinder wall at r = r c and the energy 

flux through both far ends at z = ze and z = -ze 

The energy flux p
1 

through the cylinder wall is given by: 

(2.86) 

where "Re" means: "Real part of ••••• " and the asterisk means the complex 

conjugate • Since the antenna and the plasma extend from z = -oo te 

z = +oo, p
1 

is calculated in the limit ze=~. By making use of Parseval's 

theorem and the fact that the field components do not depend on ~. p
1 

can be written as follows: 

+oo 

2rrrc I -Ê 1z(rc; w, kz)H:~(rc; w, kz)dkz • (2.87) 

-<» 

In the previous sections the field components have been calculated in 

various approximations. Consid:r e.g. :he results of section 2.3.6. By 

means of the field components E and H m' which are given by (2.73) and 
1 z I"' 

(2.72) respeçtively, it is possible to study the behaviour of the r-com-

ponent of the complex Poynting vector, that is to say: 
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By making use o:l; (2.72) and (2.73) this can be rewritten in the 

following way: 

2 

(r-r ) (.!_)V. -
res ro 

K
0

{k (r-r )}K*
1 

{k (r-r ) } 
p res p res 

(2.88) 

(2.89) 

In deriving this result, there has been made use of the Wronskian of the 

modified Besselfunctions, see e.g. Abramowitz and Stegun [1965]. 

If r > r • expression (2.89) is purely imaginary and conse
c res 

quently: 

p
1 
(re > r ) = 0 res (2.90) 

It turns out that no radiative energy can penetrate into the overdense 

region. 

lf r 0 < r < r • the modified Besselfunctions have to be - c res 
continued analytically for negative argument (r < r ) via the complex c res 
upper-halfplane (see sectien 2.3.3). It turns out that now: 

(2.91) 

2 

r P ( )
&. -1 

{r -r) - '1T 
res r 0 ~p (r res -r) 

+ iK
0

{k (r -r)}K
1 
{k (r -r)} p res · p res 
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-1T2ir
0

{k (r -r)}I
1
{k (r -r)}l 

p res p res j 

Since Y
2/(kpr

0
) << 1, it can be neglected with respect to I if 

r
0 

s r < r . Thus it turns out that for r
0 

s; r < r the real part of res c res 
the r-component of the complex Poynting vector at r = r and multiplied by 

c 
21Tr is given by: 

c 

k ) } 21Tr 
z c 

• constant (independent of r ). 
c 

(2.92) 

Hence, the energy flux through the wall of the cylinder does not depend 

on re anymore 

fact that the 

form which is 

if r
0 

s: r < r • Essentially this is a result of the c res 
plasma is lossless. P

1 
can be written in the following 

valid for all re ~ ro: 

P
0
U(r -re) (2.93) res 

where U(z) is the unit-step function of Heaviside and P
0 

is the total 

energy radiated from the antenna. This behaviour of P
1 

as a function 

of r is typical for the case of resonant absorption in a cold plasma 
c 

at the resonance and can be re-confirmed by using ether approximate 

solutions given in sectien 2.3. 

Although there is no energy flux through the wall of the cylinder 

whenever r > r , there could be still an energy flux through both far 
c res 

ends of it in the limit z = oo. This energy flux is given by: 
c 

p =21imRe 
2 

z+oo 
c 

z • 
c' 

(2.94) 
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<XI 

4ïrlim Re I Etr(r, z • w)H
141

(r, z . w)rdr z+oo c' c' 
c 

ro 

This integral can be split into three parts in the following way: 

P2 4ïr (I i +I
2 
+I

3
) (2.95) 

where: 

r (J-o) 
res 

It lim Re I E1/r, z ; w)H;<I>(r, z • w)rdr 
Z+oo c c' 
c ro 

r (l+ó) res 

12 lim Re I Elr(r, z • w)H;q,<r, z . w)rdr 
z+oo c' c' 
c r ( 1-6) res 

(2.96) 

+co 

I3 lim Re J Elr(r, z . w)H~ 4> (r, z . w)rdr 
z+oo c' c' 

c r (l+ó) res 

6 « ). (2. 97) 

In the integration interval of the integrals I
1 

and r3 the inte

grand is an analytical function of r2:r0 • Since the integrals I1 and 13 
exist and r

3 
is even absolute convergent, the theorem of Riemann-Lebesque 

can be applied [Whittaker and Watson 1902]. Thus it is found that: 

I = 0 
3 

In or~er to d~termine I 2 , the parameter o is assumed to be so small 

that Elr and H 141 can be written in the following form for 

r (1-ó)sr<r (1+6): res - res 

~r-r ~ w, k )(r-r )ln ~ z res r res · 

(2.98) 
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{
r-r ~ 2 "· res 

w, k )(r-r ) 1 ---z res r:: res 

EI' EII' BI and H11 are subjected to the Fourier inversion transform 

according to (2.9) with z = ze. Thus 12 is given by: 

rres(l+o) 
r 

I 2 = lim Re J E1(r , 
..,.. "" res 

ze r (J-o) 
res 

r (I +o) 
res 

+ lim Re J E1(r • 
+ 00 res 

ze r (hS) 
res 

r (1+6) 
res 

+ lim Re f E11 (r , 
+ 00 res 

~c r (J-ö) 
res 

z • 
c' 

* w)H
1
(r , 

res 
z ; w) 

c 

3 \l"'"rres) .(r-r ) ln - rdr res r res 

* z ; w)H
11

(r , z ; w) 
c res c 

(
r-r ) 

.(r-r )ln ~ rdr 
res r res 

* z ; w)H
1

(r , 
c res z • w) c' 

• (I"'"r )ln (l"'"r:res) rdr 
res r res 

I 
r-r res 

rdr. 

(2.99) 

(2.100) 

(2.101) 
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The first three integrals in this expression exist and thus, by applying 

Riemann-Lebesque's theorem, it can be shown that the first three 

contributions to 12 are zero. Hence: 

r (I +o) 
res 

lim Re J E (r Il res' 
ze+"' (1-Ö) 

z ; w) 
c 

. {1 + r ___J2__ + 1Tir o(r-r >} dr res r-r res res 
res 

=- 2Ór res 

0 - 1rir res 

z ; 
c 

lim {E11(r , 
z + ." res 

c 

z ; 
c 

(2.102} 

where "P" means: "principal value" and ö(z) is the Dirac deltafunction. 

After applying Riemann-Lebesque's theorem once more, it turns out that 

12 = 0 and consequently: 

P2 = o (2.103) 

From (2.93) and (2.103) it can heseen that the total energy 
\ 

flux through the imaginary cylinder is nil whenever the radius of the 

cylinder exceeds r • Hence, if w < w (co), the radiation is confined res pe 
to the sheath region and gradually absorbed in the singular layer where 

the frequency of the radiation matches the local plasma frequency. 

In other words all the energy radiated from the antenna is absorbed 

by the plasma although it has been assumed that this plasma is loss

less, This conclusion bas also been given in a paper by Weenink [1982]. 

for the case of planar geometry and a different sheath profile. 

I~ particular it can he seen from (2.93) that the total energy 

absorption takes place in an infinitesimally thin layer around the 

resonance. To find out what happens with the energy, at least in the 

linear regime, the thermal motion of the electrans has to be taken 

into account; this will be done in the next chapter. 
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In order to calculate the antenna admittance, the relevant field 

components have to be known for r = r
0 

and for all values of k • The 
A A Z 

only solutions of the differential equations for H ~ and E that 
Jo/ lz 

satisfy these requirements are the ones given insection 2.3.7. In 

this section it bas been assumed that y << I and therefore in the next 

sections the admittance of the antenna will be calculated under the 

assumption y <<I and for 0 < ó
2 

s À
2 < oo.For 0 < À

2 s ó
2 

the admit

tance of the antenna will be calculated numerically. 

In this section only the real part of the admittance of the 

antenna will be calculated because the imaginary part of it turns out 

to be infinite. This singular behaviour is essentially a consequence 

of the assumption of a steady-state situation in which the plasma, 

after an infinitely long period, is filled with an infinite amount of 

electric and magnetic energy but with a finite amount of radiative 

energy. 

Furthermore, the real part of the admittance of the same antenna 

immersed in a homogeneaus plasma will be calculated. 

Finally, the real part of the admittance of the antenna in the 

inhomogeneous plasma will be compared with the real part of the 

admittance of the same antenna in free space. 

2.5.1 Basic formulas 

The energy which is radiated from the gap in the antenna into 

the plasma can be calculated by making use of the r-component of the 

complexPoyntingvector at r = r
0

. The total radiated energy is given 

by: 

-~ 
P = Re I f 

~o 

By making use of (2.1), (2.9) and the fact that the field components 

do not depend on $, this can be rewritten in the following way: 

(2.104) 
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+00 

p -21rr R 
0 e I Vó (z)H~<I> (r0 , z; w)dz 

....00 

-27Tr0VRe{H;<I>(r0 , z=O; w)} (2.105) 

+00 

-121Tr VRe 
0 

I -* Hl<l>(ro; w, k )dk 
z z 

-oo 

If the real part of the admittance is defined by Re(Y) 2 P/V then it is 

found that: 
+co 

Re(Y) 
ro 

I ~~<l><ro; k )dk (2. 106} -121T- Re w, 
V z z 

....00 

Just for aesthetical reasons this real part of the admittance of the 

antenna is normalized by the radiation admittance of a plane wave in free 

space; 

+00 

~0 Re I ~;<!> (r0 ; w, kz)dkz (2.107) 

-oo 

where 

(2.108} 

2.5.2 Admittance of antenna in homogeneaus plasma 

In the case of a homogeneaus plasma, the differential equation for 

H1 Ij> can be obtained from (2. lOc) ; 

where: 

2 w 
<"= _ __.E!,_ O<C"< 
c.. 2 ' c.. 

w 

0 (2 .109} 

(2.110 a) 
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k = .!!! 
e c (2.ll0b) 

This equation can be solved in terms of the Hankelfunctions; 

~ ) C ( .. k )H(l)[/k2"- k2\ r} 
llldl(r; w, kz = I til, z l \.IJ e"' z 

(2.111) 

where H~l) (z) and H~ 2) (z) are the Hankelfunctions of the first order 

[Abramowitz and Stegun, 1965]. In order to satisfy the radiation condition, 

c1(w, kz) = 0. The tangential electric field on the antenna eau be obtained 

by means of (2.13d); 

(2.112) 

where H~2)(z~ is a Hankelfunction of zerothorder [Abramowitz and Stegun, 

1965]. Thus H
1

<P on the antenna is given by: 

(2. 113) 

The real part of the admittauce can now be obtained by means of (2.107); 

(2. I 14) 
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where Yh is the admittance of the antenna in the ~omogeneous plasma. 

In order to make the squareroot expression as well as the Hankel

functions single valued. there have been made two branch cuts in the 

complex kz-plane as can be seen in Figure 4. 

Im 

~R Re 
e 

Fig.4 

The kz-integration in (2.114) has to be performed along the contour 

indicated in Figure 4. This contour is furthermore closed via the complex 

upper-halfplane (see Fig.S). 

\ 

Fig.S 

The real part of Yh/Y0 can now be rewritten in the following way: 

'integrand'dk z 

= keEr0Re [zni lim E(residues of 'integrand' within 

R~ semi-circle) 



where 

i 'integrand' = 
~k!E- 2ç;; 

k z 
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- lim J 'integrand'dk 
R-+oo • z 

sem~-

circle 

-I 'integrand'dkz 

upper side 
left branch 
cut 

-I 'integra:nd"dkz] 
lower side 
left branch 
cut 

H~Z)~k!E 2' * 
- k ro z 

H(2) -Jk2E - 2' r
0
} * k 

0 e z 

(2.115) 

(2. 116) 

Contribution of the residues within the semi-circle: 

The zerosof the Hankelfunction Ha2)(z) lie in the second 

quadrant of the principal branch of the complex~fzE- k
21 

-plane VKe z 
[DÖring, 1966]. As a result of the choice of both branch cuts 

(see Fig. 4) the image of kz under the transformation kz+ 

l/ 2 z\ 
k E - k l~es in the complex right-halfplane if k lies within 

e z z 
the semi-circle. Consequently, the contribution of the residues 

of 'integrand' is zero. 

Contribution of the integration along the semi-circle: 

If the radius R of the semi-eirele is very large, the Hankel

functions can be replaced by their asymptotic expressions. So if 

I z 1-- and -1r < arg(z) < 1T then: 

.1f 
~2 

e 
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see e.g. Abramowitz and Stegun [1965]. Take furthermore k 
z 

ie Re then.: 

lim I 'integrand • dk 
~ . z 

'ITJ . i(6- .'!!:.) 
1

• l 2 
1m Re 

a--sellll.- o 
circle 

.. -j 0 2i6 
e 

0 

Contribution of the integration along the upper side of the left branch 

cut: 

~ 2 2' ~ 2 2 ' il!. Take k = -k~($ - k IE} + iO, then k E - k = k - k E é 2 
z '~ e e z r e 

The Hankelfunctions can now be rewritten [Abramowitz and Stegun, 

1965] and the result is: 

I 'integrand'dkz 

upper side 
left branch 
cut 

2 \ 
- k E e 

(2. 11 7) 

Contribution of the integration along the lower side of the left branch 

cut: 

.TI 

Take k -k (5 - k IE)-iO then-/k2
E -kt =-'k2r- k2~ e-

1
2 

z r e ·• ''te z V e 
The Hankelfunctions are rewritten once more [Aóramowitz and Stegun, 

1965] and now the result is: 

I'integrand'dkz 

lower side 
left branch 
cut 

-too 

i I -;=;;::=::.==;;:::;- -:....r~==i=;"""li'f- dk 

k 
·;;: ;jkzr k2t' r • 

e"'t; e (2.118) 
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K
0

(z) and K1(z) are the modified Besselfunctions of the second kind 

and of zeroth and first order respectively and r
0

(z) and I 1(z) are the 

modified Besselfunctions of the first kind and of zeroth and first order 

respectively [Abramowitz and Stegun, 1965] 

The real part of Yh/Y0 is thus given by: 

Re(;:) 
+oo 

= 1fk E f 2 2 e k - k E 
k R r e e (2. 119) 

dk 
r 

K~fjk;- 2 i J kee: rO. + 1r 2I~{~k; 2 i J. 
- kee: ro 

In deriving this result, there bas been made use of the Wronskian of 

the modified Besselfunctions, see e,g. Abramowitz and Stegun [1965]. 

By introducing the variable x =lik!- k!e:' r0 , expression (2.119) can 

be written as fellows: 

"J'2 x x 
. 2 

+ k e:r 
e 0 

dx 
(2.120} 

There are two interesting borderline cases, viz., ke/Er0>>1 

and kel!2r0 << I. If ke/Er0 >> I, the integral in (2.120) can be split 

into two parts; 

+oo 

I 
dx 

0 

dx (2. 121) 
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dx 

where I << xi << ke~r0 • Since xi >> I, the last integral in this expression 

is negligible due to the behaviour of the modified Besselfunction 

I 0(x) for x>> I. Hence, if kei!Sr0 >> I, then: 

dx 
x K

0
2(x) 2 2( ) + 'TT r

0 
x 

This last integral bas been calculated by Belevitch and Boersma [1979]. 

It is finally found that if ke~r0 >> I , 

In the other case, if k ~!Sr << I, it can be proved that: 
e 0 

'ITIË' 

When the antenna is in free space, i.e. E=I, this result agrees with 

Papas'result [I949]. 

(2.122) 

(2. 123) 

(2.124) 

In the intermediate region, where neither ke/Er0<<I nor ke/Er0>>I 

is satisfied, the only possible manner to perform the integral in (2.I20) 

seems to be a numerical approach. This bas been done 9n the Burroughs 7700 

computer. In Figure 6 the real part of the admittance of the antenna 

immersedin a homogeneous plasma and normalized by Y
0 

bas been plotted as a 
2 2 2 -8 -7 

function of wr
0
/c for w = 0 (i.e. free space) and w r

0
/c = JO , IO , 

-6 -s -4 E) pe 
10 , JO , JO and IO . Papas'result [I949] for wr

0
/c<<l bas also been 

plotted. 
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Re(~) 

r= 7C 
T 

..... 

1,1 

1,0 

o,t 

o;l 

Fig.6 
As can be seen from this figure, if w becomes smaller than w , the real pe 
part of the admittance becomes zero. This is caused by the fact that for 

w ~ w it is not possible anymore to radiate energy into the plasma 
pe 

because there is no propagation of electromagnetic waves possible in 

that case. 

It turns out that Papas'asymptotic expression (2.124) is passable 

for wro/c ~ 10-2• 

Furthermore it can be seen that for w ~ 8w the influence of the 
pe 

plasma on the admittance is negligible; for w ~ 8w the real part of the pe 
admittance of the antenna irnmersed in the plasma is approximately the 

same as the real part of the same antenna in free space. 

2.5.3 Admittance of antenna in inhomogeneous plasma with y << 1 

The calculation of the admittance of the antenna immersed in the 

inhomogeneous plasma will be performed in four stages: firstly for 

0 < À
2 so

2 
~ 1, secondly for 0 < o

2 
S: À

2 s: I (see sectien 2.3.7), thirdly 
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for l s À
2 s J+o

2 
<"" and fourthly for À

2 » I. 

If 0 < À
2 s o

2 
< I, the real part of the admittance bas been 

-4 -5 -6 -7 -8 calculated numerically for y = JO _ , JO , JO , JO and 10 • For 
A 

various values of kz the differential equation for H 1 ~ bas been integra-

ted numerically after wbicb tbe integral (2.107) bas been performed also 

numerically. 

It turns out tbat for À
2 + O(i.e. w + 0): 

(2.125) 

wbere Y. is the admittance of the antenna in the !nbomogeneous plasma. 
1 

Tbis result can be verified also analytically by means of tbe solutions 

of sectien 2.3.6. 

If 0 < o
2 

s À
2 s 1, the results of sectien 2.3.7 can be used. In order 

to know the magnetic field on the antenna, the Kummerfunction in the numer

ator of (2.83) has to be continued analytically for negative argument 

(r
0 

< r ) via the complex upper-halfplane (see section 2.3.3). For the res 
details of the analytical continuatien of the Kummerfunctions see appendix 

B. It is found that: 

K -2 
0 

(2.126) 

where K0 is given by (2.82). The real part of Yi/Y
0 

can now be obtained 

from (2.83) and (2.107); 

+"" 
3 I-À2 I 1 K o-2 • 2 

= 41f ke-2- z K-=ï Sln (1fK 0) 
À k 0 ...oop 

(2.127) 

{ 2} dk 
• exp 2k r 0 ~ TI 

p J-À A +B 
I 1 
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where A1 and B1 are given by (2.81). ln deriving this result, there has 

been made use of (2.126) and the Wronskian of the Kummerfunctions, see 

e.g. Abramowitz and Stegun [1965]. By introducing the variabie 

k = k /(k ~),expression (2.127) can be written as follows: z o:> 

(2.128) 

{ 
À

2
} dk • exp 2k ro --2 22 

p I-À A +B 
1 1 

where 

(2.129) 

From the asymptotic behaviour of the Kummerfunctions for large argument 

[Abramowitz and Stegun, 1965], it can be deduced that for lkl + 00 : 

Hence, the real part of Yi/Y
0 

can also, in a gpod approximation, be 

written as fellows: 

•exp {2Y~ .l:l} A~:B2 
l I 

(2.130) 

(2. 131) 

where L » 1. It should be noted that L does not depend on À but may 

depend on y ·llf À
2 

t l, i.e. r + ""• then: res 

! 
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(2.132) 

provided that kis bounded; lkl s L. Since KO + ~ if À
2 

t I, the 

parameter a in the Kummerfunctions ~1(a,b,z) and U(a,b,z) goes. to -oo, see 

expression (2.81). The behaviour of the Kummerfunctions fora+~ can 

be found in e.g. the hook of Abramowitz and Stegun [1965]: 

cos { '\)2bz-4az' -~1T + -br} , 
(2. 133) 

• cos { .V2bz - 4ai - ~1T + a'IT + -br} 

where f(z) is the Gammafunction. By making use of this behaviour, it can 

be proved that the cain contribution toA~+ BÎ• if À
2 

t I, is given by: 

exp {2yR:7 iJ~>} 
(2.134) 

<::: ..!__I_ • 2(~K ) 
4'1T YÀ 2 1 Sln " 0 

• exp ~YR:? A ~:t} 

where KO is given by (2.132). Hence if À
2 

t 1, the real part of Yi/Y0 , 

as given by (2.131), can be rewritten in the following way: 
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• exp{2Y~ ;:l} 

exp {-2y~ ;:Àz} dk 

+L 

:::: 3yÀH J dk 6tyÀQ' 

-L 

where h(y) is a provisionally 1mknown function of Y. 

(2.135) 

If I s À
2 s 1 + o

2 
< ~. once more the results of section 2.3.7 

can be used. Consider Elz according to (2.79). To impose the second bound

ary condition, on the antenna, see (2.14), it is not necessary to continue 

the Kummerfunctions analytically for negative argument because now r is 
res 

negative. Hence: 

Elz<ro; k ) 
À2 [( t- K0) w, 

I-À2 z 

U {K0 ,2,2k r 0 ;
2 

} _.!_ 
2 p À -1 

(2.136) 

u{K0-J,I,2k r 0 ;
2 

}] 
p À -1 

• exp {-k r 0 ;
2 

} 
p À -1 

Since c
1

(w,kz) = 0 and c2(w,kz) is known from expression (2.136), the 

magnetic field on the antenna can be obtained from (2.77): 
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(2.137) 

The real part of the admittance can now be obtained by means of (2.107); 

+oo 

-r ~Re iJ 
0 À2-l 

-= 

u* rK ,3,2k r À
2

2 
} 

~ 0 p 0 À -) dk ~2. 138) 

{ 2} { 2} z ( 3 *) * À I * À \Ï - KO U K0 ,2,2k r
0 

-
2
- - zu KO -J,J,2k r 0 -

2
-

p À -1 p À -1 

· .I 2 2 i 
In order to make k ="k -(À -l)k as well as the Kurnmerfunctions p z 00 

single-valued, there have been made two branch cuts in the complex 

k -plane as can be seen in Figure 7. 
z 

Im 
kz-plane 

Re 

Fig.7 

The k -integration in (2. 138) has to be performed along the contour indi
z 

cated in Figure 7. This contour is furthermore closed via the complex 

upper-halfplane (see Fig. 8), 
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Im 

kz-plane 

+km (lQ 

Fig.S 

The real part of Yi/Y0 can now be rewritten in the following way: 

+oo 

yÀ3 I -r ----Re i 'integrand'dkz 
0 À2-l 

-oo 

lim ~(residues of 'integrand' 

R~ within semi-circle) 

-lim J 'integrand'dkz 

semi
eirele 

- J ·'integrand 1dkz 

upper side 
right branch 
cut 

- I 'integrand'dkz] 

lower side 
right branch 
cut 

Re 

(2. 139) 
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where 

'integrand' 

(2. 140) 

Contribution of the residues within the semi-eirele: 

If it is assumed that there are no zeros of the denumerator of 

'integrand' lying within the semi-eirele then consequently the 

contribution of the residues of 'integrand' is zero. 

Contribution of the integration along the semi-eircle: 

If the radius R of the semi-eirele is very large, the Kummer

functions ean be replaeed by their asymptotie expressions. So if 

z + "" and -d.rr < arg(z) < d.rr then: 
2 2 

-K 
0 z 

-K I 1-KO 
z 

(1- Ko)z o ,2 - 2z 

see e.g. Abramowitz and Stegun [1965]. Take furthermore k ReiS 
z 

3 . f then KO-+ 2 1 R...., and thus: 

lim 
R+"" 

I 'integrand 1 dkz 

semi-
eirele 

1T 

1 . J I-À2 
I i6.R i6de 1m ---- e 1 e 

R+oo ,2 R 
0 ro" 

1T 

i I-À~ J e2i6de = o 
roÀ 0 

Contribution of the integration along the upper side of the right branch 

cut: 

Take k = k (~ k ~) + iO, 
~ 2; 2 ~ 2100 iO = kr -(À -l)k00 e • Thus: 

then k 
p 
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upper side 
right branch 
cut 

where: 
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+oo 

. I 2 2 2' ft.
2 

z = 2'V k -(A -I) k r --
1 r: 00 0 !.2-t 

(2.142a} 

(2.142b) 

Contribution of the integration along the lower side of the right branch 

cut: 

Take k = k ( ;;::k ~)-iO, then k =''k
2
-(À

2
-t)k2' 

z r "" p V 1 
z oo 

~ I. 2 2 2' i 7r . 
= VKr-(À -J)k

00 
e • The Kummerfunctlons can now be rewritten. For 

the details of this analytical continuation see appendix B. As a 

result it is found that: 

I 'integrand'dkz 

lower side 
right branch 
cut 

where: 

+<x> 
r 

=-i J {r<~2)u(3-K2 ,3,z 1 ) 
kxq 

00 

I 
+ Ï cos(7rK

2
)M(3-K

2
,3,z

1
} 

+ tisin(7rK2)M(3-K2 ,3,z 1 ~ 
K2-2 

·--.- dk A
2
-lB

2 
r 

(2. 143) 

(2.144a) 

(2.144b) 
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(2.144b) 

f(z) is the Gammafunction [Abramowitz and Stegun, 1965]. 

The real part of Y/Yo is thus given by: 

.f:-oo 

3 À 
2 
-I I I "2 -2 

• 2 = -4 k -2- 2 ~ln (7TK2) 
TI e À k 2 

k~ 
00 

(2.145) 

In deriving this result, there has been made use of the Wronskians of 

the Kummerfunctions, see e.g. Abramowitz and Stegun [1965]. By intro

ducing the variablek = k /(k ~), expression (2.145) can be written 
r oo 

as follows: 

3 .{'2:'? 7 I K2 .. 2 . 2 
= -4 -À- I -2- --=rnn (mc2) 

rr J k -1 K2 

: exp ~y~ J:_a 
where 

2 .. l 
K = l + ~(À2-I) 2 • 

2 2 zA/-i 

dk 

A2+B2 
2 2 

(2.146) 

(2.147) 

From the asymptotic behaviour of the Kummerfunctions for large argument 

[Abramowitz and Stegun, 1965], it can be deduced that for j'kl-+eo: 

- 2
1 

2 = 0 [__!_3 expf.2y Ik 'JÀ ~ J~ 
A +B ikl l À -1'1 2 2 

(2.148) 
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Hence, the real part of Yi/Y
0 

can also, in a good approximation, be 

written as follows: 

/'?\ +L 
3 /À--1 J 1 K2-2 . 2 
-4 -À- -2- --=Tsl.n (1rK2) 

1f I k -1 K2 

.exp0y~~} ~k 2 VÀ--1 A
2

+B
2 

(2.149) 

where L >> I. It should be noted that L does notdepend on À but may 
2 

depend on y. If À fl, i.e. rres+-oo' then: 

(2.150) 

provided that kis bounded; Is k s L. Since K2~ if À
2+1, the parameter a 

in the Kummerfunctions M(a,b,z) and U(a,b,z) goes to -oo, see expression 

(2.144). By making use of the behaviour of the Kummerfunctions fora+-®, 

see (2.133), it can be proved that the main contribution to A;+B;, for 

À
2+J, is given by: 

I I • 2 ( ) 
--2 --r-sl.n 1fK2 
yÀ k -1 

• expéy~~} 

where K
2 

is given by (2.150). Hence, if À
2+1, the real part of Yi/Y

0
, as 

given by (2.149), can be rewritten in the following way: 

(2.152) 
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exp ~y~ /À;:l1} 

47TYÀ2 k2-J 

sin2
(7fK2) 

exp {-2y~ 1À;:) dk 

3(L-l)yÀ~ 

;)2 2 ' g(y) À (À -1) 

where g(y) is a provisionally unknown function of Y· 

If À
2 

>> I, it is conceivable that the admittance of the antenna 

in the inhomogeneous plasma is approximately the same as the admittance 

of the same antenna in a homogeneaus plasma of which the plasma frequency 

is equal to the plasma frequency of the inhomogeneous plasma at infinity, 

i.e. w = w (oo), In this case the results of section 2.5.2 are applicable 
pe pe 

with: 

(2.153) 

Hence, the real part of Yi/Y
0 

is given by: 

(2.154) 

There are two interesting borderline cases, viz., ~>> I and 

y~« t. If y~ » I, it has been found {see (2.123)) that: 

Re(:~)~ ~{ ~ z~ (2.155) 

If Y~<< I, it has been found (see(2.124)) that: 

(2. 156) 

If there exist values of ÀZ where both (2.152) and (2.156} are valid, then 
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it is possible todetermine the unknown function g(y) in (2.152). For 

that purpose (2.156) must be rewritten in the following way: 

t.hn<r~l 
TT."{2(À2-I)' "" 

t.2 lln(y)+ln;rz:?l 

(2.157) 

Hence, a first approximation of g(y) is given by: 

g(y) TT (2.158) lln<r>l 

The integral (2.154) for À
2 

>> 1 has been calculated on the Burroughs 
2 -4 -5 -6 -7 -8 7700 computer for y = JO ,10 ,10 ,10 and JO . In Figure 9 the 

real part of the admittance of the antenna in the inhomogeneous plasma 

normalized by the real part of the admittance of the same antènna in 

vacuum (which has been calculated in sectien 2.5.2), that is to say 

Re(Yi/Y
0

)/Re(Yh(E=I)/Y0), has beenplottedas a function of wr
0
/c for 

the above-mentioned values of y
2• By making use of the specific behaviour 

2 of the real part of the admittance in the neighbourhood of À= I, see 

(2.135) and (2.152), a smooth transition bas been realized from >.2 close 

to zero to >.2= I and from À
2= I to À

2= ~ (see next page). 
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2.5.4 Conclusions 

In the preceding sections the real part of the admittance of a 

perfectly conducting, infinitely long, cylindrical antenna immersed in 

a homogeneaus or in an inhomogeneous plasma bas been calculated as a 

function of wr
0
/c with E = 1~2 /w

2 
as a parameter in the case of a pe 

homogeneaus plasma and with w (ro)r
0
/c as a parameter in the case of an pe 

inhomogeneous plasma. It has been assumed that the parameter w (oo)r
0
/c pe 

is very small which means that the free-space wavelength is much larger 

than the sheath thickness. This is a rather good assumption for iono

spheric plasmas. 

As can beseen from (2.123) and (2.155), in the case that wis 

much larger than the plasma frequency of the inhomogeneous plasma at 

infinity, there is no difference anymore between the real part of the 

admittance of the antenna immersed in a homogeneaus plasma with 

w = w (w) or in an inhomogeneous plasma. It turns out that for the pe pe 
latter case if w ~ 8w (00) (see Fig. 9) the influence of the plasma pe 
on the real part of the admittance is almost negligible. This is of 

course the result of the electron inertia which for high frequencies 

will cause the electrous to become immobile. As a result, for w ~ 8w (oo) 
pe 

the plasma behaves almost like free space. 

From Figure 9 it can be seen that for two real different fre

quencies, of which one frequency is above the plasma frequency at 

infinity and the other is below the plasma frequency at infinity, one 

and the same value of the r~al part of the admittance of the antenna in 

the inhomogeneous plasma can be measured. The reason for this is that 

although the frequencies, at which the real part of the admittance is 

measured, are different, yet at both frequencies the same amount of 

energy is radiated from the antenna. For the lower frequency, which is 

actually beneath the plasma frequency at inifinity, the energy is 

resonantly absorbed at the resonance whereas at the higher freqeuncy, 

•'hich is above the plasma frequency at infinity, the energy just radiates 

outwards, towards infinity. 

Furthermore i t can be inferred from Figure 9 that a measurement of 

the real part of the admittance of the antenna at only one frequency, 

is, in general, not sufficient to determine uniquely the plasma frequency 

far away frqm the antenna. It turns out that at least two measurements at 

two differeJt frequencies or with two antennas with different radii 
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are necessary in order to determine uniquely the electron density far 

away from the antenna. 

Finally, it is remarked that for the considered range of values 

of the parameter w (oo)r
0
/c, the real part of the admittance of the pe 

antenna in the inhomogeneous plasma turns out to be virtually independent 

of oh.; (co). This conclusion bas also been given in a paper by Weenink 
pe 

[1982] for the case of planar geometry and a different sheath profile. 

If w (00)r
0
/c is not very small, the previous calculations are not pe 

valid anymore. To determine the real part of the admittance in that case, 

it seems unsuperable to calculate the various field components and the 

real part of the a4mittance numerically. 

Although all the calculations in this chapter are based on a 

special sheath profile, it is to be expected that other profiles will 

yield about the sawe results as long as there is a resonance present in 

the sheath. 

Several problems, however, still remain to be solved. It is to say 

that the problem can be generalized in three different ways. In the 

first place by taking into account finite electron temperature effects. 

Especially in the neighbourhood of the resonance this will lead to a 

more refined description of the various field components and thus also 

of the admittance of the antenna. From the results of the next chapter 

it can be seen that the amount of energy absorption is almost independent 

of the electron temperature as long as the thermal electron velocity is much 

smaller than the velocity of light in free space. Consequently it is to 

be expected that also the admittance of the antenna is almost independent 

of the electron temperature in that case. 

Since the effect of collisions, as a damping mechanism in the neigh

bourhood of the resonance, is virtually the same as the finite electron 

temperature effect, the admittance of the antenna is expected to be also 

almost independent of the colllsion frequency [Crawford and Harker, 1972]. 

In the secend place the problem can be generalized by taking into 

account the effect of nonlinearities • At present the nonlinear theory 

of wave propagation in inhomogeneous plasmas with a resonance is still 

in its infancy. There is, however, a large number of papers dealing with 

nonlinearities in the neighbourhood of the resonance as there are the 

parametrie decay instabi lity [\Vbite et al., l973], the Langmuir modulational 
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instability [Thornhill and ter Haar, 1978], the oscillating two-stream 

instability [Perkins and Flick, 1971], the generation of higher harmonies 

[Auer et al., 1979], the generation of solitons and cavitons [Hsing-

Hen Chen and Chuan-Sheng Liu, 1977; Laedke and Spatschek, 1980] and last 

but not least the modification of the electron-density profile due to 

ponderomotive forces [Gil'denburg and Fral.man, 1976]. This last topic may 

not only be relevant in the neighbourhood of the resonance but is also 

important in the neighbourhood of the gap in the antenna because there 

the field strength is also very large [Lavergnat et al., 1980]. As a 

result of various kinds of analytica'! and numerical studies (presented 

in the literature) of the modification of the electron-density profile 

in the neighbourhood of the resonance, it turns out that this profile 

modification tends to quench the energy absorption which is tantamount 

to a decrease of the admittance of the antenna, see e.g. Gradov and Stenfl~ 

[1980]. Which of the above-mentioned nonlinearities is the most important 

one and under which conditions is still a problem to be tackled. 

Finally, the problem can be generalized in a third manner, viz., 

by starting from a more realistic antenna. The infinitely long cylindrical 

antenna with a de1tafunction excitation should be only a first 'Ansatz'. 

Further investigations may be done on the influence of finite length 

of the antenna and also on the influence of a finite gap rather than the 

infinitesimally thin one. Also the consistent treatment of the coupling

problem of the antenna to a waveguide is a further research topic. 
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CHAPTER3 ----
ON THE PROPAGATION OF ELECTROMAGNETIC WAVES IN A PLANARLY STRATIFIED, 

UNMAGNETIZED, WARM PLASMA WITH A RESONANCE LAYER 

Several workers have investigated the propagation of an electro

magnetic wave in an inhomogeneous plasma, especially in the neighbourhood 

of the resonance plane where the wave frequency matches, the local plasma 

frequency. 

In a cold plasma the energy of the electromagnetic wave, which 

is assumed to have an electric field component parallel to the density 

gradient, is partially absorbed in the resonance plane. In this case the 

eiectric field components become, at least in the linear regime, singular 

at the position of the resonance, (see chapter 2). 

In a warm plasma the electric field strengtbs remain finite but may, 

for a low temperature plasma, become large in a narrow layer around the 

resonance plane. In this case the incoming electromagnetic wave is partial

ly converted into a quasilorigitudinal plasma wave which travels towards 

the lower-density side of the plasma as will be shown. 

So far, however, this problem has been attacked either by numerical 

methods [Freidberg et al., 1972; Forslund et al., 1975; Estabrook et al., 

1975] or analytically with special assumptions or restrictions or just 

faulty. 

Denisov [I'J57Jand Ginzburg [1961] were among the first investigators 

who have given a qualitative description of the quasilongitudinal plasma 

wave that is generated in the resonance region by linear conversion of 

the incoming electromagnetic wave. 

Piliya L1966] bas studied the problem of linear wave conversion 

in the resonance layer for large angles of incidence of the incoming 

electromagnetic wave. He, however, bas given neither a proper description 

of the excited quasilongitudinal plasma wave nor of the incoming electro

magnetic wave far away from the resonance region. As a consequence bis 

absorption coefficient as a function of the angle of incidence is much 

lower than the results of later studies by Speziale and Catto [1977] and 

Pert [1978 ]. 
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Omel'chenko and Stepanov (1967] have also investigated the_problem 

of linear wave conversion but for small angles of incidence of the incoming 

electromagnetic wave. They, however, used a special electron-density 

profile. 

Ting-wei Tang [1970] has also given an analytica! treatment of the 

problem for large angles of incidence. He too used a special electron

density profile. Moreover he matebed his solution in the resonance layer 

with the wrong solution away from the resonance region. As a result of 

this he did not find the tendency to singular behaviour of the electric 

field in the resonance layer when the electron temperature becomes zero, 

and besides the conversion rate from electromagnetic wave into quasi

longitudinal plasma wave is wrong. 

Speziale and Catto [1977] and Pert [1978] , whohave reviewed the 

analytica! theory of resonant absorption, also used a special electron

density profile. 

Kriegsmann [1981] considered the problem of linear wave conversion 

from a more mathematica! point of view. His solutions, however, are not 

valid for small values of the angle of incidence. Owing to the fact that 

he did not continue analytically the logarithmic term in the Frobenius 

series as a solution of the electromagnetic wave, he has found the wrong 

conversion rate. Like all of the above-mentioned authors, Kriegsmann 

[1981] has ignored the equilibrium electric field which is aresult of 

the fact that the plasma is warm and inhomogeneous. The ioclusion of this 

equilibrium electric field is,however, essential in matching the solutions 

in the resonance region properly with the solutions far away from the 

resonance region as will be shown. At the plasma-free space boundary it 

is also essential to take the equilibrium electric field into account and 

to use an adiabatic approach instead of an isothermal one as Kriegsmann 

[1981] did. As a result, the reflection coefficient found by Kriegsmann 

[1981] and all of the authors mentioned above is unreliable. 

In this chapter all of the above-mentioned assumptions and restrie

tion will be dropped and the errors will be removed. An analytica! method 

will be developed based on singular perturbation techniques (internal

boundary-layer-theory), [Nayfeh, 1973; Benderand Orszag, 1978], Langer's 

method (see appendix C and Nayfeh [1973]) and the metbod of multiple 

scales [Nayfeh, 1973; Bender and Orszag, 1978] that is applicable to 
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weakly inhomogeneous warm plasmas. The plasma frequency is assumed to be 

a monotonous not deseending but otherwise arbitrary function which 

depends weakly upon only one space-coordinate. 

For small as well as large augles of incidence of the incoming 

electromagnetic wave explicit expressions will be derived for all the 

field components and the pressure perturbation in the whole region of 

interest. 

Many of the above-mentioned authors have used the fact that in a 

warm plasma in the neighbourhood of the resonance the magnetic field does 

not change very much. So they replaced the magnetic field strength by its 

value in tbe resonance point for the case of a cold plasma. In this 

chapter the assumption of the constancy of the magnetic field strengtb 

in the resonance layer of a warm plasma will be dropped. Through the 

determination of higher order approximations it will be shown how the 

magnetic field in the resonance layer changes. 

It is furthermore demonstrated that it is essential to take the 

equilibrium electric field into account in order to determine properly 

higher order corrections to tbe solutions in the neighbourhood of the 

resonance. 

Several authors, mentioned above, did nat give a proper descrip

tion of the quasilongitudinal plasma wave far away farm the resonance 

region. By making use of the metbod of mutiple scales [Nayfeb, 1973; 

Bender and Orszag, 1978] a proper description of the quasilongitudinal 

plasma wave will be given. 

By means of Langer's metbod [Nayfeh, 1973] a far better descrip

tion of the incoming electromagnetic wave will be given tban by the 

truncated Frobenius series used by Pert [1978] and Kriegsmann [1981]. 

In the next sections after the problem bas been posed and the 

description of the equilibrium, the various field quantities as well as 

the pressure perturbation will be calculated. It will be demonstrated 

that the incoming electromagnetic wave is partially converted into a 

quasilongitudinal plasma wave which propagates towards the lower-density 

side of the plasma. There will also be paid some attention to the 

appropriate boundary conditions. For an incoming plane electromagnetic 

wave the reflection and absarptien coefficients will be calculated for 

small as well as large angles of incidence of this wave, Furthermore 
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an energy consideration will be given and finally, higher order approxi

mations of the solutions in the neighbourhood of the resonance will be 

elaborated. It will be shown that these higher order approximations give 

rise to a transversal component of the generated plasma mode which is 

tantamount to the emersion of a magnetic field component of the plasma 

mode in these higher order approximations. Through the determination 

of higher order approximations of the plasma mode far away from the 

resonance, it will be tried to give a l:>etter approximation of the plasma

wave energy flux. 
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Consider a planarly stratified, unmagnetized, collisionless plasma 

of which the plasma frequency depends weakly only upon the z-coordinate 

of a right-handed cartesian coordinate system. This plasma frequency is 

assumed to be monotonically not deereasing for increasing z (see Fig. 1). 

I plaama f<equency 

z 

Fig. I 

The electron temperature is taken constant throughout the whole plasma. 

The ions are assumed to be immobile because of the high frequency which 

is of the order of the plasma frequency. In equilibrium the plasma is 

assumed to he quasineutral. 

Just as in chapter 2 it is proposed to consider only the linear 

steady-state problem with a harmonie time dependenee rather than a trau

sient response which would be much more complicated. 

For the obliquely incoming plane electromagnetic wave, whieh is 

assumed to propagate in the positive z-direction, is the so-called 

TM-wave taken (see Fig. 2) because only the TM-mode gives, in contrast 

with the so-ealled TE-mode, rise to resonant absorption of the electro

magnetic-wave energy. It is furthermore assumed that the TM-wave is 

harmonie in the x-direction with wave number k , which does not depend 
x 

on z. 
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Tbe only relevant quantities are the electric field component 

in the x-direction, i.e. Elx' the electric field component in the z

direction, i.e. Elz' the magnetic field component in the y-direction, 

i.e. H1y and finally theelectronpressure perturbation Ple (see Fig. 2). 

z 

x 

Fig.2 

The gradient of the equilibrium electron density is in the positive z

direction. A quantity F(x, y, z, t), where F stands for Elx' Elz' Hly' 

P1e etc. can now be written as follows: 

F(x, y, z, t) F(z; w, k )exp{i(wt-k x)} • 
x x (3.1) 

The quantity F actually is independent of y. This is a consequence of 

the special choice of the coordinate system (see Fig. 2). 

To describe the warm plasma, the linearized single-fluid continuurn 

theory of plasma dynamics is used which means that it-is assumed that the 

plasma can be described by the linearized, ideal, macroscopie electron

equations of motion and continuity, the adiabatic law for the electron 

pressure and Maxwell's equations, that is to say: 
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()~Ie 
n -

Oe Clt 

'ii'x !:1 

'ii'x !!I 
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noe is 

!o is 
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m is e 
-e is 

y is 

]..1 is 
0 

E: is 
0 

'ii'.(no vl ) e- e 

()~I 
-noee~le + E:o at 

0 

the electron-velocity perturbation, 

the electron-density perturbation, 

the electron-pressure perturbation, 

the equilibrium electron density, 

the equilibrium electric field, 

the equilibrium electron pressure, 

the electron rest mass, 

the electron charge, 

the specific heat ratio, 

the permeability of free space,. 

the permittivity of free space. 

0 (3.2) 

The other quantities have their usual meaning. Since the ions are assumed 

to be cold, the ion pressure is zero. 

by: 

The equations which are relevant for the TM-mode are thus given 
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(3.3b) 
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-iW\J H 
0 ty 

~)" 
t:(z)-1 ~lz 

(l-€)v 
-te e 

2 ~ 
W V 
pe-le 

, i.e. the plasma frequency squared, 

rK.:T 
=\)Y~ m 

e 
i.e. the electron thermal velocity; 

Te is the electron temperature and KB 

is Boltzmann's constant, 

€(z) I -

(3.3c) 

(3.3d) 

(3.3e) 

(3.3f) 

(3.3g) 

(3.4a) 

(3.4b) 

(3.4c) 

(3.4d) 

Since the resonance is the point where the wave frequency matches 

the local plasma frequency, this resonance is determined by: 

w2 
(z ) 

pe res 
w2 

0 . (3.4e) 

In what follows it will be assumed that the thermal electron 

velocity is much smaller than the velocity of light in free space, V << c. 
e 
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For very high temperatures, if V becomes comparable with c, the hydrody
e 

namic model of the plasma is not applicable anymore. A kinetic approach 

will then be necessary. 

Finally it is remarked that the various quantities in the equations 

(3.3) must become zero for z + oo, (z >> z ). 
res 
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Since the plasma is warm and inhamogeneaus in the z-direction, 

there exists an equilibrium electric field Eoz in the z-direction. 

The zeroth order equation of motion for the electrens reads: 

dP 
0 =-en E - ~ 

Oe Oz dz 

where POe is given by: 

1 2 
- m n

0 
(z)V 

'( e e e 

From these two equations it is found that EOz is given by: 

-m v2 dn 
~--~ 

ey n 0e dz 

(3. 5) 

(3.6) 

(3. 7) 

In what fellows this zeroth order electric field will be neglected unless 

otherwise indicated. 

Finally it is mentioned that the plasma is static which means 

that the various equilibrium quantities do not depend on t; moreover 

it is assumed that .!oe = Q. 
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From the relevant :quations (3.3) the following fourth order 

differential equation for Hly can be derived: 

where: 
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c 

(3.8) 

(3.9) 

(3. 10) 
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As bas been mentioned earlier, it is assumed that 0 << 1. Similar differ

ential equations can of course be derived for the other field components 

and the pressure perturbation. 

The fourth order differential equation (3.8) for Hly can be solved 

approximately by means of boundary-layer-theory and Langer's metbod 

[Nayfeh, 1973; Benderand Orszag, 1978]. The singular perturbation metbod 

is based on the small parameter o= V /c. This implies that there bas to 
e 

be made a distinction between two so-called outer regions and one inner 

region. The ou:er regions are characterized byÀthe !bsence o! rapid 
.. -, tt ttt ,,, ' 

variations in H1y. In these reg1ons Hly' Hly, Hly' Hly and Hly remain 

finite if V /c 7 0. As will be shown later, this is not the case in the 
e 

nei~hbourhood of the resonance where a narrow region with rapid variations 

in H
1
y will develop if the electron temperature tends to zero. Hence, 

the inner region is a neighbourhood of the resonance and the outer regions 

are both regions to the left and to the right of the resonance and far 

enough away from it. 

3.4.1 Outer solutions 

For the solutions in the outer regions the following outer 

expansion is proposed: 

(3.11) 

This expansion is substituded into (3.8). The resulting equation for 

;outer is given by: 
tyo 

d~outer 
tyo 

--- + dz 
~outer 

1yo 
0 . (3.12) 

Similar cold plasma equations can be derived for the other quantities. 

This result means that to the lowest order, the outer regions behave like 

a cold plasma. 
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Fo~ an arbitrary profile s(z) the differential equation (3.12) 

can be solved approximately by means of Langer's method (see appendix C 

and Nayfeh tl973]). For that purpose, equation (3.12) is transformed 

into its normal form; 

0 (3. 13) 

where 

~outer( • w, k ) ="' r;{';)' H(z; w, k ) tyo z, x v~\ZJ x (3. 14) 

It is assumed that the plasma is weakly inhomogeneous. This means 

e = s(z/\) where À is a large parameter. After setting w = z/À, it is 

found that: 

d
2
H +[À2

q(w) + r(wQ H = 0 
dw

2 

where: 

q(w) k
2
e 

2 (w) - k 
e x 

e" (w) 2 
r(w) -l(s'(w)) 

2E(w) 4 E(w) 

In the neighbourhood of the resonance, that is to say z 

the functions q and r can be written as follows: 

q(w) -k2 { 1 + O(w - w}} • x res 
W-+W 

res 

r(w) -3 -2 w)} =- (w - w) { 1 + O(w - • 4 res res 

(3.15} 

(3. 16) 

z ' res 

(3.17) 
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where w = z /À. The application of Langer's method to equation (3.15) res res· 
where q and rare given by (3.17) gives the first term in a 1/X-expansion of 

~outer around z = z 
Iy0 res 

where z < z and; 
res 

~outer,right(z; 
1Yoo 

w. 

z 

E(z) J~k~E(z') z' 
- k dz' 

x 

. [c_ 1Y(oo, 

C 
2 

(w, + - y 

E (z) 

z 
res 

k,)H~{f -,/k;<(,') 
res 

•.>H~'{J .J.;,(,') 
res 

z 

J ~k~E(z') 2 I 
dz' - k 

x 
z res 

k ) 

~k; E(z) 
x 2' 

k 
x 

·p~'{j ~k;<(,') • C 
1 

(w, 
+ y 

res 

- k 
2' 
x 

- k 
2' 
x 

- k 2' 
x 

where z > z • The indices 'OO' indicate that these are the first 

(3. 18) 

d'} 

d,}] 

(3. 19) 

d'} 
res 

termsin bothouter expansion and 1/X-expansion. H~l)(z) and H~ 2)(z) 
are the Hankelfunctions of the first order [Abramowitz and Stegun, 

1965]. The salution invalving Hi 1)(z) in the right outer region has 

been discarded in order to satisfy the boundary condition at infinity, i.e. 
~outer-+ 0 

IYoo 
lf. 2 2' if z -+ 00 (note that the squareroot Vk E(z) - k has to be 

e x 

continued analytically via the complex upper-halfplane, see sec ti on 2. 3. 3 of 

chapter 2). The solutions (3.18) and (3.19) are only valid provided that: 
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(3. 20) 

where z is the turning point of the electromagnetic wave in WKB-sense 
2 t 2 

(k s(zt) - k = 0). Notice that the position of this turning point 
e x 

depends on k • If k = 0 then z = z • It should also be mentioned 
x x t res 

that the asymptotic expansions of· (3. 13) and (3. 19) are essentially the 

WKB-solutions of (3.15) intheir regionsof validity. 

In the neighbourhood of the turning point, that is to say z zt' 

the functions q and r can be written as fellows: 

q(w) -k
2s'(w)(w-w) {I +O(w-w)} 
e t t t 

(3.21) 

r(w) 

where w = z /À. The application of Langer's metbod to equation (3.15) 
t t 

where q and r are given by (3.21) gives the first term in a 1/À -expansion 

Of H-outer d 
aroun z = zt: 1Yo z ~ 

}Jk!s(z') - k!' dz' 

~outer,left (z; w, k ) =-t:;::;;=z=t==:::;;-----~ 
IYoo x _4/ 2 2' 

Vkedz) - kx 

(3.22) 

. [c_31 (w, k,>•}:{ 1 ~k!dz') - k~' dz} 
zt 

+ c_41<w, k.J•i{f, ~k!c<•') - k;' ••}] 
where H~~~(z) and Hi~~(z) are the Hankelfunctions of order 1/3 [Abramowitz 

and Stegun, 1965] • This soiution is only valid in a region determined by: 
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I e;''(z) 3 (~)21 « k2 
2E(z) - 4 s;(z) x 

(3. 23) 

z < zres· 

It is now assumed that the points z and z are well separated. 
t res 

This means that it is assumed that the points z and z lie so far 
t res 

apart that there is a region between them where both asymptotic expansions 

of (3.18) and (3.22) are applicable. It then becomes possible to match 

both solutions (3.18) and (3.22) intheir common region of validity by 

identifying their asymptotic behaviour in this region. For that purpose 

it is necessary to continue the Hankelfunctions and also the various 

squareroot expressionsin (3.18) and (3.22) analytically for negative 

argument. This analytica! continuatien has to be performed via the complex 

upper-halfplane for the same reasons as given in section 2.3.3 of chapter 2. 

Consequently, in order to make the squareroot expressions as well as the 

Hankelfunctions in (3.18), (3.19) and (3.22) single valued, there are made 

two branch cuts in the lower half of the complex z-plane. One branch cut 

from zt towards zt-i"" and one branch cut from z towards z -ioo. res res 
As a result of this matching it is found that: 

c 
3 

(w, k ) 
- y x 

where A is given by: 

à(w, k ) 
x 

,'lf 
-l-

-e 3 exp{-A(w, k )} 
x 

{c 
2 

(w, k ) - c 
1 

(w, k ) } 
-y x -y x 

z 
t 

,'lf ~ -13 
-e exp{-A(w, k )} C 2 (w, k ) 

x - y x 

I 

2 2 
- k I dz' x 

(3.24) 

(3.25) 

Fora linear profil (E(z) ~ a(zres-z), where a is a positive constant) 
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this result is identical with that of Ting-wei Tang [1970]. For the 

matching of the various solutions at the boundaries of their regions of 

validity, Tang determihed a Stokes constant in a rather complicated 

manner. This is~however, not necessary because through the analytica! 

continuatien of the Hahkelfunctions an asymptotically subdominant term 

is generated automatically (as it should be) [Eender and Orszag, 1978]. 

In order to determine the conditions under which the obtained 

solutions for Hly' i.e. (3.18), (3.19) and {3.22) are valid, condition 

(3.23} is rewritten in the following way: 

ls"(z) _1_(s'(z))
2
1 

2s(z) 4 s(z) 
::; 2 max fis"(z)l 1(~)2\. « k2 

1[2s(z) '4 s(z) J x 
.(3.26) 

If Js"(z)j/{2E:(z)} < 3{E'(z)}2/{2S(z)l 2 then combination of (3.20) and 

(3.26) gives the region where both {3.18) and (3.22) are valid; 

/3J t:' (z) J « .e:(z) 
2k 

k2 
x 

« 2 ' 
k x 

e 

To ensure the existance of such a region of common validity, it is 

thus necessary that in this case: 

ik I » x 

I 

3 -6 
4 

3 k2 I s' (z) J "" 3 k2 I '(z) I e max e s max 

If Je:"(z)j/{2t:(z)} > 3{s'(z)} 2/{2dz)} 2 then the region of common 

validity of (3.18) and (3.22) is given by: 

I e:"<z> I · · « dz) « 
2k

2 
x 

To satisfy this condition, it is necessary that: 

k2 Je:"(z)l \F:2 ' 
e max "" k IE" (z) I 2 e max 

(3.27) 

(3.28) 

(3.29) 

(3.30) 
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Thus a necessary condition to justify the asymptotic matching of (3.18) 

and (3.22) in the region between z and z is: 
t res 

(3. 31) 

This means that the points z and z have to be well separated. It is 
t res 

thus found that the range of the independent variable z has to be divided 

into two intervals (see Fig. 3). The two regions are z ~ z
1 

and z ~ z
1 

where z
1 

is determined througb the combination of condition (3.27) and 

(3.29); 

k2 
x << -2-. 

k 
e 

·(3.32) 

ef.---~-----------, 
2 

KxjK2..----------""'" e 

Fig.3 

-z 

Solution (3.18) is thus valid for z ~ z
1 

and solution (3.22) is valid for 

z ~ z
1 

• 

Witb the same metbod the following expressions are obtained for 

E-outer,left( • k ) 
I 

z, w. 
xoo x e:(z) 

C ( k )H(l)[Jz- fk2c-(z')-k
21 

-3y w. x 2/3 V e" x 

zt 

(3. 33) 
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f
:...}2 .2. 

k e:(z ')-k dz' 
z .e x 

where z s z
1 

and; 

{/ 2 2' - k e:(z)-k 
w k ) = e. x 

• x l.WE: 
res 

e;(z) 

• [ c-ty(w, 

+ c 
2 

(w. 
- y 

where zt < z < zres and; 

where z > z 
res 

. c 
1 

(w. 
+ y 

0 

, )H(I)n~(.·)-k, ··} x 0 e x 
z res 

k )H(2){ ht k 2
<(•')-k

2
' ··}] x 0 e x 

z res 

z 

-\/
2 2' 

- k e:(z)-k 
e x 

e:(z) 

k )H(
2)f fVk

2
e:(z')-k

2 
1 

dz'} x 0 e x 

zres 

iouter(z· w, k ) can be obtained by making use of (3.3b) and 
!zoo • x 

(3.3g): 

(3.34) 

(3.35) 

(3.36) 

By making use of the equations (3.3), the following inhomogeneous 

second order differential equation for the pressure perturbation in the 

outer regions can be obtained: 

_d_2_;_~:..;~;;....t_e_r _ [~ + .!J. LJ ~~~ter 
dz 2 e: y 1-e: dz 

;outer 
Ie 

(3. 37) 
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e x .!:..X et + ~ ;outer -m k w t J 
e Y E: ly 

For the pressure perturbation the following outer expansion is proposed: 

;outer 
Ie (3. 38) 

This expansion is substituted into (3.37). Hence, ;outer is given by: 
te

1 

;outer(z; w, k ) = 
te

10 
x 

1-Y[_Lhl + 
Y s(z) 

(3.39) 

In the case of smalt k • the above-mentioned results do not hold 
x 

because then z and z are not well separated anymore. It is, however, 
t res 

possible now to apply the results of Omel'chenko and Stepanov [1967] 

in a slightly different way. They have solved the cold plasma equation 

(3.12) by dividing the range of the independent variabie z occupied by the 

plasma into five intervals as shown in Figure 4. 

t----1-----....... --
z 

--t---5----

ln the regions I and 5 the WKB-solutions can be applied; 
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~outer ,left: ( • w, k ) 1 z. Yo x 
4 k2e:(z)-k2 

e x (3.40) 

{ •-s~<w, "x)oxp f•i, z 

dz} Jvk!e:<z '>-k!' 

res 

dz] k,)•xp {-i JVk;, (z' )-k; K 
6 

(w, 
- y 

res 

wbere 0 < z < z
2 

and; 

~outer,right( . w, k ) 
1{W 

I z, 
i/k2E(z)-k2 ' 

Yo x 

e x (3.41) 

k,).xp{ -i, z 

dzJ • K+4y(t!J, Jvk!e:<z' >-k!' 

res 

where z > z
5

• T~e second independent salution in tbis region bas been 

omitted in order to satisfy the boundary condition at infinity, i.e. 

H~uter,right ~ 0 if z ~ oo(note that the squarerootVk2e:(z)-k2 • bas to be 
Yoo e x 

continued analytically via tbe complex upper-halfplane, see section 

2.3.3 of chapter 2). 

In the regions 2 and 4, k2 is negligible with respect to 
x 

k2e: + e:"/2e:- 3/4(e:'/e:) 2 (see equation (3.13)), that is to say: 
e 

(3.42) 

for z
2 

< z < z
3 

and z
4 

< z < z
5

, This means that: as to the solutions 

in these regions the difference between the turning point zt and the 

resonance z is notrelevant anymore. In these regions Omel'chenko and 
res 

Stepanov [1967] used a linear profile. It is, however, not difficult 

to generalize their results to a weakly inhomogeneous but otherwise 

arbitrary profile. If k is negligible in (3.13), then this equation can x 
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be solved in terms of the Hankelfunctions. Thus the following solutions 
f r Houter are found: 

o tyo 

z 
Houter ,left ( , 

I z, Yo 
w. k ) ~J~ x 

dz' (3. 43) 

z res 

• [•-;y<oo. k)H~)~ {k. J~ ~} 
res 

~}] f., z 

+ K 
4 

(w, k )H (2) J~ - y x 2/3 

res 

where z
2 

< z < z
3 

and; 

z 
Router, right ( • w, k ) ~J~ dz' ly z. 

0 x 

zres 
(3. 44) 

•K+Jy(w, k)·m[k.)~ .,} 
res 

where z
4 

< z < z
5

• The second independent solution in this region has 

been omitted in order to satisfy the matching conditions at z = z
5

, 

Hi~~ and H~~~(z) are the Hankelfunctions of order 2/3 [Abramowitz 

and Stegun, 1965] • 

In region 3 Omel 'chenko and Stepanov [ 1967] obtained a salution 

through successive approximations; it is, however, also possible t-n 

apply the metbod of Frobenius [Ince, 1956] to equation (3.12} with a 

linear profile, s(z} = ls'(z >l<z -z). This linearization is res res 
allowed if the points z

3 
and z

4 
lie close enough to z • If it is 

res 
assumed that in the region between z3 and z

4 
only the first terms of 

the Frobenius series are the most important ones, then H~uter in this 
Yo 

region is ,given by: 
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It is assumed that k is small enough in order to ensure that the 
x 

turning point zt is incorporated in these solutions. 

Finally it is assumed that all the above-mentioned conditions 

with respect to the smallness of k are satisfied if: 
x 

ik I « k x max. (3.47) 

By making use of the asymptotic behaviour of the Hankelfunctions 

in (3.43) and (3.44) for small as well as large argument, all the 

above-mentioned solutions can be matebed at the boundaries of the five 

regions. The result of this matching is: 

K 
-5y 

2 lï2 ,1T ( 

-:;re e 

i 71T 
K = l e 12 K 

-6y 1T -4y 

K -3y 

K 
. -4y 

K + K ) 
-3y -4y 

( 
i1T 2 I ) J -k -- K 
2A2 x A1 -2y 

(3.48) 

.71T 
l-

= 1 e 12K 
1T +3y 
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(3.49) 

and r (z) is the Gammafunction [Abramowitz and Stegun, 1965] • The. W, 

k -dependence of K 
6 

, .•. , K 
4 

has been omitted. 
x - y + y 

In the same manner the following expressions are obtained for 
iouter: 

txoo :elk!<- (z) - k; \ 
Wt.o-fW 

[
K_51(w, kx)exp {:i v{;,(e ') 

res 

-K -óy (w, kx) exp { :1-v'k!< (e') 

res 

2' 
- k 

x 

2' 
- k x 

where 0 < z < z
2 

and; 
z 

~ dz' 

. fil0
0 

.....;.._z ... r::.:e::.:s~----
~~ f;;J;J 

Êouter,left( ) 
!x z; w' kx 

0 

[k.)~ ··J 
res 

{\[~ ···~ 
.'IT 

-13 k )H(2) 
+ e K-4y(w, x 1/3 

(3.50) 

(3.51) 



where z
2 

where: 

z
3 

< z < 

< z < z
3 

and; 

i;outer,left( • 
I z, 
xo 

;outer,right 
Jx

0 
(z; 

(I) 
E (z; w, k ) 

x 

E(II) (z; w, k ) 
x 

z
4 

and; 
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k ) ~ K_,y<w. w. x 

+ K 
2 

(w, - y 

k ) = K+ly(w, w. x 

+ K+Zy(w, 

-2itûllo 

le:'(z >I ' 
r~s 

k ) E(I) (z; w, k ) 
x x 

k ) E(II)(z; w. k) 
' x x 

k ) 
(I) 

E (z; w, k ) 
x x 

k ) E(II) (z; w, k ) 
x x 

Ip dz' 
·1T z -1-;;outer, right(z; ·~ k ) r~:ai e 3 w. l-

~ 1x
0 

where z
4 

< z < z
5 

and; 

where z > z
5 

x e:o 

• K+3y(w, kx)H~;~ {k•) ~ dz} 
res 

• K+4y(w, k,)exp ~·,l"V'k;,(z') 
res 

2' 
- k 

x 

(3.52) 

(3. 53) 

(3.54) 

(3.55) 
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i~~ter(z; w, kx) can be obtained from (3.36) and P~~;er(z; w, kx) 

can be obtained from (3.39). 

In order to be able to match the solutions in the outer regions 

with the solutions in the inner region, it is necessary to obtain 

expressions for the various quantities for z ~ z • By making use of 
res 

the behaviour of the Hankelfunctions for small ~gument [Abramowitz and 

Stegun, 1965] it1"s found that for Ik I» max (k
2
1e:'(z)l ) 113, 

2 1 x e max 
(k I " ( z) I ) I 4 : e e: max 

H-outer,left( k ) V res " k ) 2 '"' 'Ie:' (z ) I' { 
tyoo z; w, x ~ 'lfÎ I kxl c-Jy'w, x (3.56) 

~outer,right(z; w, k ) 
Jyoo x 

k ) 
x 

, zfz 
res , (3.57) 

E-outer,left( • k ) 
I 

z, w, 
xoo x 

2lk I · [ { ~ x L c < k) 
iwe:o"Jle:'(z >f 'lfi -ly w, x 

res 

(3. 58) 

-c 
2 

(w, k )t ln {-
2
1

1 k I (z -zf 
- y xj( x res ~ 

+ ~ fc 
1 

(w, k ) - c 
2 

(w, k )\. 
'lf1 \.:- y x - y xj 

- C 
2 

(w, k ~ , ztz 
- y x~ res 

-zlk I ~ 
Êouter,right(z; w, kx) _ x I C (W k ) 

I x , fJ I' 'lfi + ly ' x oo iwe:OV e:'(zres) 
(3.59) 
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ln {-2
1 Ik l<z-z ~ + YJ , ztz 

x res)' J res 

-c 
2 

(w, k )\. - 1- -, ztz 
- Y xjr zres-z res 

iouter,right(z; w, k ) ~ 
1z

00 
x 

----'-- , z +z z-z res res 

2m k v2 

k ) 
x 

k ) ~ e x e ~ ( 71.1 1Ti -l y w, 
x ewlk IVIE'(z ) I' 

k ) 
x 

x res 

- C 
2 

(w, k ~ --'----::- , ztz 
- Y x~ (z -z) res 

res 

-2m k 
~outer, right (z; W:• k )- e x 

leJO x ewlk r'IE'(z ) I' 
x 1YI res 

( z-z ) 
res 

where y* is Euler's constant. It turns out that: 

~outer, 
tyoo (z, w, k ) 

x 
0{ I} , z -+ z 

res 

, z+z res 

(3.60) 

(3.61) 

(3.62) 

(3.63) 
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;outer(z; w, k) = 0 tx00 x 
z .. z 

res 

z -+ z 
res 

(3.64) 

These results are similar to those of chapter 2 (see 2.37). Similar 

results can be obtained for Ik I << k x max 
The point z = z is an ordinary point of the differential res 

equation (3.8). Hence the various field components should be analyti-

cal functions in z•z • This is, howeve~not the case as can beseen 
res 

from (3.64). Obviously the outer expansion breaks down near z 

the outer solutions are not uniformly valid. 

3.4.2 Inner solutions 

z ; 
res 

If V Ie + 0, the 
e 

solutions of the warm plasma equation {3.8) 

develop a narrow region around z = z of rapid variations. 
res 

the thickness of 

a boundary-layer 

this region approaches zero if V /c + 0, it 
e 

(Bender and Orszag, 1978]. In this internal 

Since 

is called 

boundary-

layer around z , it is no longer allowed to neglect the fourth and 
res 

third derivative in (3.8); the complete fourth order differential equa-

tion has to be used. In order to determine the region of nonuniformi-

ty, of the outer expansion, a stretching of the z-coordinate is applied 

according to ~ = Öv(z-z ) with 
res 

V >0 {Ö = V /c), 
e 

If V _. 0, which is tantamount to T + 0, the resulting equa-
e e 

tion depends on the value of v. By applying the metbod of dominant 

balance [Bender and Orszag, 1978] it ls found that the only accept

able limit is the so-called distinguished limit. With this metbod of 

dominant balance it is found that V = 2/3. Only this limit gives a 

nontrivial boundary-layer structure around the resonance z 

which_is asymptotically matchable to the outer solutions. 

z res 

For the inner solutions the following inner expansion is 

proposed: 



~inner 
ly 

2 
ûinner + 03 ~inner 

Iyo IyJ 
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4 

+ 0 3 ~inner + ••• 
ly2 

It is furthermore assumed that near the resonance z €(z) can be res' 
linearized; 

dz) l€'(z >l<z -z) res res 

(3.65) 

(3.66) 

The inner expansion and the linearized profile are substituded into 

(3.8). Hence, the resulting equation for ~~;ner is the following re

duced fourth order differential equation: 0 

d4~inner [ d2~inner d~inner] 
Iyo Iyo Iyo 

A ç 0 (3.67) 
d~4 dç2 dÇ 

where 

A (3.68) 

This equation can be solved in terros of 

H-inner( • k.) 
Iyo ç. w. x 

(3.69) 

where ç = 0(1) if ö + 0. Ai(z) and Bi(z) are the Airyfunctions of 
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the first and second kind respectively [Abramowitz and Stegun, 1965]. 

In the same manner the following solutions can be obtained for 

the first terms of the inner expansioys of the other field components: 

E~inner( • k ) 
I x

0 
I;;' w, x 

PAinner( • k ) 
Ie

0 
~;;, w, x 

A3!;; 

c2x + c3x J Gi(t)dt 

0 

1 

A3!;; 

J Ai(t)dt + C 
Sx 

0 

I 1 

+ c4zAi(A3
1;;) + c5zBi(A3

1;;) 

I 

+ c
4
Ai'(A31;;) + c

5
Bi'(A31;;) 

where, [Abramowitz and Stegun, 1965] , 

Gi(z) I 
1f 

00 

I I 3 
sin(tz "'3 t )dt 

0 

(3.70) 

(3. 71) 

(3. 72) 

(3.73) 

Since the terms in these solutions with Bi(z) grow exponentially for 

ç 7 w, c
5

Y = c
5

x = c
5

z = c
5 

= 0. It should be borne in mind that all 

coefficients in these solutions (C2y' c3y' c4y' c2x' C3xetc.) may 

depend on w and kx. 

In order to match the above-mentioned inner solutions with the 

outer solutions of sections 3.4.1, it is necessary to consider the 

asymptotic behaviour of the functions Ai(z), Bi(z) and Gi(z). The 
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asymptotic expressions for Ai(z) and Bi(z) can be found in Abramowitz 

and Stegun[l965]. The asymptotic expressions for Gi(z), its derivative 

and its integral are given by, [Rothman, 1954]: 

Gi (z) I 
~- _,. oo, • z 

1TZ 

I I 3 -] --z -4 (2 2 
Gi(z) ~:;r;f +·n lzl cos 3lzl 

z * 

f Gi ( t) d t ~ =-2y.._· --::+~l n::;,;(""3"'-) 
31T 

0 

-1 Gi'(z) ~ - 2 
1fZ 

z+oo 

1 
+ ~ ln(z), z + oo , 

I I 3 

Gi'(z) ~ -~ + 1T-
21z14 sin(~lziÏ + *) , z + -ro. 

1fZ 

(3. 74) 

The asymptotic expressions for Gi'(z) are not in agreement with those 

given by Abramowitz and Stegun [1965]. Their asymptotic expressions are 

wrong as can be shown. 

In the outer solutions only electromagnetic waves are considered 

in the lowest order of the o2-expansion (outer expansion). In the inner 

solutions the effect of finite temperature is already present in the 

1 . 'f' d f h 10213 • (' • ) owest s1gn1 1cant or er o t e u -expanslon 1nner expans1on • 

Hence, the longitudinal plasma waves are incorporated in the inner 

solutions (3,69), (3.70), (3.71) and (3.72). It is, however, impossible 

to distinguish between the plasma mode and the electromagnetic mode. 

Only in the limit I;+::!: oo a distinction becomes possible due to the 

significant difference in wavelength between both kinds of waves 

for large ç,. 
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3.4.3 Matching procedure 

For the matching of the inner and outer solutions, only the 

electromagnetic part of the full-wave solution in the inner region is 

used. This electroma~etic part of the inner solution is matebed with 

the electromagnetic outer solutions. The form of matching is essential

ly that of Prandtl [Nayfeh, 1973] ; 

f.outer,left(z; 
~. 

lim w, k ) = lim F~nner(l;(z); w, k ) 
x x 

ztzres l; ~-co 
(3.75) 

lim ;:outer, righ t (z; w. k ) lim f.~nner ( Ç(z) ; w, k ) 

z+zres 
x I;-++<» x 

where f.inner stands for the asymptotically distinguishable electro-
e ....... ..... -· ...... 

t . t f E~nner E~nner H~nner p~nner magne ~c par o 
1 

, 
1 

, 
1 

, or 
1 xo zo Yo el 

Th . . f EAinner b b . d f (3 74) e asymptot~c express~ons or lx can e o ta~ne rom . 

and the asymptotic expressions for the Ai~functions CAbramowitz and 

Stegun, 1965] • As aresult it is found that: 

* + ln(3) Êinner ( 1;; w, k ) ~ c + c {2y 
1x

0 
x 2x 3x 3Tf (3. 76) 

1 3 
I ln (A 31 Ç I) -Tf-2 :4 1;-4 +-

1T 

1 3 e 2 2 Tf)} + c {-~ sin3A lçl +4 4x 3 

1 1 3 1 3 

+ ;ï A-4 !1;Î4cos(}A
2

1çl
2 +i)} ' 

1:; .... .....". 

.... * E1.nner( • w, k ) -c + c {zx + ln(3} 
I x ç' x 2x 3x 31T 

0 
(3. 77) 
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The termsin (3.76) with sin(z) and cos(z) represent the quasilongi

tudinal plasma-wave part of the solution. This can be seen as fellows. 

From the asymptotic expression (3.76) and those of the inner solutions 

of the other field components, a local wavenumber k for the plasma-
z 

wave component can be obtained. Tagether with k a local wavevector 
'){ 

1 can be defined. The electric field of the plasma mode as defined 

above, turns out to be parallel tok as it should be for a plasma 

wave which is longitudinal. 

By identifying (3.58) with (3.76) and (3.59) with (3.77), the 

constants C 
1 

, C 
2 

, c
2 

, c
3 

and e
4 

can all be interrelated in the 
-y -y x '){ '){ 

following way: 

i1T + 

.e_2y 

Zlk I ~ 
s __ x- I € I (z ) I e 2 , c4x 

ws0 res - y 
= •ie 

3x 

I I 

for!.k I» max {(k
2 is'<z)l )3, (k

2!s"(z)l )4}. x e max e max 
In the same manner the other constants can be interrelated; 

-ie 
3z 

(3.78a) 

(3. 78b) 
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c R -ie 
4 3 

If Ik I << k , similar interrelations can be obtained; x max 

c = 
2x 

-~__;--.......1 2k K + - k - + ~'lf - 2y 2 I 2{ 3 . * 
e -Jy 3 x 2 

+ ln( 
2 

v!k; Jl K 
2 

] 
3w IE'(zres) IJ.J - y 

-~ _ _!. 2 

C2z = 0, C = _rriE'(z >i 3 kw 3 V 3 K 
3z Eo res x e -2y 

_ _!. 2 
-1Tm __ e 

e IE'(z >I 3 k w3 v3 K res x e -2y 

-Furthermore it turns out that: 

c = c c = 0 -2y +Jy • -]y 

K =K K =K ,-Jy +ly. -2y +2y 

(3.79) 

(2.80) 
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Thus this matching procedure leads to the matching of the first 

terms in both inner and outer e~pansions and consequently the quasi

longitudinal plasma mode is completely determined in the inner region. 

The electromagnetic part of the inner solutions joins smoothly ~nto 

the electromagnetic part of the outer solutions. 

Ting-wei Tang [1970] has applied a similar procedure but he 

matebed with the wrong outer solution. As a result of this error, his 

warm plasma salution does not show the tendency to singular behaviour 

of the electric field, the velocity and the pressure in z • z if res 
Te becomes zero. 

The inner and outer solutions can be combined into a single, 

uniform appr~imation F 'f' which is valid for z $ z < ~ if 
2 um. l/3 2 l/4} 

lkxl » max (keie:'(z)imax) ,(keie:"(z)lmax) and for z3 s z ~ z4 

if Ik I « k (see Fig. I and Fig.2). A suitable expression is given x max 
by: 

Funif 
;outer + ;inner _ lim ;outer 

z-+z res 

where F stands for Elx' Elz' Hly or P1 

3.4.4 Quasilongitudinal plasma wavès 

On the lower-density side there propagates, in addition to 

the electromagnetic wave, a quasilongitudinal plasma wave. 

x e max e max 

{3.81) 

If ik I >>maxtk21e'(z)l )l/3,(k2ie:"(z)l )1/,., the 

following asymptotic ex ressions for this plasma mode can e obtained 

from (3.69), (3.70), (3.71) and (3.72) and the interrelations (3.78): 

iP (z• w, k ) 
lx ' x 

.'!1 

• ~ e-l.4 
E:o 
I 

v2 (z -
e res 

I 

• exp {- ~ i ~eI e:' (zres) I Ï(zres 

(3.82a) 
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.1T I _.!_ k _.!_ 
iP (z· 2i 

-~-

-2\e' (z )\ w, k ) = e 41T 4_x_w2 
I z ' x E: res 

~x I 0 
(3.82b) 

_ _.!_ _ _.!_ 

V 2 (z 
e res 

- z) 4 C 
-2y 

I 3 

exp {- 1 i ~Ie:' (z )I 2 (z z)2}• 3 V res res 
e 

.1T -- .!. k . .!. ;P (z· 
2m -~4 

w, k ) =-e e 1f 2 le•(z >I 4 _x_ w2 
Je • x e res I kx I (3.82c) 

I 

v2 (z 4 - z) C 
e res -2y 

{ 
2. 

• exp - 3 ~ 
I 3 

Ie• (z >I 2 (z - z)2} , 
res res 

~P (z• w k ) 
ly • ' x 0 (3.832d) 

If l k I << k , the asymptotic expressions for t:he plasma mode x max 
can be obtained from (3.69), (3.70), (3.71) and (3.72) and the interrela-

tions (3. 79); 

iP (z• w k ) 
lx • ' x 

,1! 
-~-

-1 4 
=- e 

EO 
l 

v2 
e 

..1 
- z) 4 K 

-2y 

• exp{-13 i Vw I e:'(z >lt(z - z)1}' res res 
e 

_l _ _! 

V 2 
(z - z) 4 K 

e res -2y 

1 

{ 
2 w 2 

exp -3 i Ve le:'(zres>l (zres 

3 z)2} , 

(3.83a) 

(3.83b) 
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-im -i.'!!. 1 _ _!_ 1 
__ ee 4 1f21s'(z >I 4ku? 

e res x 

v2 (z - z) 4 
e res 

t% 
3 

• exp i !!L_Is'(z >12< -z)2} ' V res 2 res e . 

0 

(3.83c) 

(3.83d) 

Notice that these asymptotic expressions are only valid in the left 

inner region. 
i rut Since the time dependenee bas been chosen according to e , 

the quasilongitudinal plasma wave indeed propagates towards the lower

density side of the plasma as can beseen from (3.82) and (3.83). 

From the argument of the exponentials in (3.82) and (3.83), it 

is easy to derive the following local wavenumber klocal 
z 

Tagether with the other wavenumber k and the expressions for the 
x 

(3.84) 

electric field of the plasma wave, i.e. (3.82a) and (3.82b) or (3.83a) 

and (3.83b), it can be verified that 

k local( ) EAP( • "' k ) = {kzlocal(z) EAP1x(z•, w' kx) - z x -t z, w, x 

- k iP
1 

(z; w • k )l e 
x z x'j-y 

(3. 85) 

0 = ;P (z · w k ) e 
1Y ' ' x -y 

where e is the unit vector in the y-direction. Hence, the generated 
-y 

plasma wave is, up to this order in the approximations, indeed longi-

tudinal and it is thus not surprising that HP = 0 • 
ly 
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The ray trajectories of the generated plasma mode in the left 

part of the inner region can now be obtained from the wavenumbers k 

and klocal. It turns out that these ray trajectories are given by: x 
z 

2k V I 

x = 
x e 2 

C - (zres - z) 
r w~'l€'{z >i' V res 

(3.86) 

where c
1 

is an arbitrary constant. The wave fronts of the generaeed 

plasma mode are the orthogonal trajectories of the ray trajectories; 

3 

x= C + ~,ll€'(z )! 1 
(z - z) 2 

2 3k V V res res 
x e 

(3.87) 

where c
2 

is an arbitrary constant. In Figure 5 the ray trajectories 

and the wave fronts of the plasma mode have been plotted in the x-z

plane for various values of the constauts c
1 

and c
2 

z __... 

Fig.5 

The proces of linear mode conversion, through which the quasi

longitudinal plasma wave is generated, can be also looked at in another 

way. Consider the local dispersion relation of the relevant waves, 

that is to say the electromagnetic mode and the plasma mode far enough 



away from the resonance; 

where; 

k 
e 

k 
p 

(à 

c 

!!L 
V 

e 
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0 (3.88) 

(3.89) 

This local dispersion relation defines a many-valued mapping of the 

complex spatial variable w = z + iu onto the complex wavenumber plane 

k = k + ik. 
r l. 

k f(w) (3.90) 

where f represents the many-valued mapping. There are saddle and branch 

points, ks and wB respectively, associated with such a mapping. In the 

present case, the branch point of this mapping is the resonance z 
res 

and the saddle point is the crigin of the k -k.-plane. In Figure 6 the 
r l. 

event of two real modes (the electromagnetic mode and the plasma mode) 

merging at wB = z or k = 0 to become a complex conjugate pair, that res 
is to say the mode coupling, has been visualized on the one hand by 

means of k as a function of z and on the other hand by means of a k -
r r 

k.-plot. 
l. 

FÏ.g.6 
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In order to describe the plasma mode properly in the left outer 

region, it has to be assumed that k is negligible with respect to 
x 

w/V /s(zY in the left outer region. This means that as to the plasma 
e 

mode, the difference between the point z and the point where 

w2tv2s = k2 (i.e. the turning point ofr~~e plasma mode) is not rel-
e x -

evant anymore. The plasma-wave part of the pressure Ple is, in the outer 

regions, determined by the following differential equation: 

d2 ;p 

-[~· l.:..Y s'J 
dpP 2 

pP Ie + ~ + !Ls 
~ y 1- €: dz i Ie 

e (3.91) 

-mk w [17 e:! + !] --JL..L HP 0 e Jy 

By means of the metbod of multiple scales [Nayfeh, 1973; Bender and 

Orszag, 1978] it is possible to obtain the following WKB-solutions for 

the left outer region: 

pP (z• w, k ) 
Ie ' x 

I 

{s(z)}4 {J-s(z)} 

i~- J ~dz'} 
e z 

res 

(3.92) 

This WKB-solution is only valid far enough away from the plasma-free 

space boundary (w2 (z) is not too close to zero). The matching of this 
pe 

salution with the plasma-wave part of the inner solution, i.e. (3.82c), 

yields for Ik I» max{{k
2

jt::'{z)l )
113 , (k

2
js"(z)j )

114}: x e max e max 

.1T I I l 2m -1- -- k - -
a= ~ e 4 1T 2 _x_ w2 v2 c • 8 = 0 {3.93) 

e jk I e -2y 
x 
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Kriegsmann [1981] took y = I which means that·he bas chosen for 

an isothermal rather than an adiabatic approach. At the plasma-free 

space boundary, however, the value of y is essential as can be seen 

from (3.91). Additionally, in the neighbourhood of w 0 the pe 
propagation of the plasma wave will be strongly influenced by the equi-

librium electric field which Kriegsmann [1981] did nottake into account. 

In the adiabatic case (y r I) the WKB-approximation for the 

plasma mode is invalid in the neighbourhood of the plasma-free space 

boundary. In this region a full-wave solution of equation (3.91) has 

to be found. This full-wave solution has then to be matebed with the 

WKB-solution far enough away from the plasma-free space boundary. 

Tbe plasma-wave parts of the otber field components in the 

left outer region are given by: 

ÊP (z• w, k ) 
lx ' x 

;P (z• w, k ) 
lz ' x 

.7f _! -1 ! 
-2i - 14 2 2 2 

=- e 7f Ik Iw V 
8 0 x e 

-1 y-1 

{8(z)} 4 {l-8(z)} 2Y C 
-2y 

• •x{ i~e) {,(,') ••'} 
res 

-i.! _..!. k I I 
e 4 7f 2 x w 2 V 2 

80 lkx] e 

_..!. x:! 
{E(z)} 4 {1-E(z)} 2Y C 

2 - y 

'~.) .w> ··'} 
res 

If Ik I << k then the plasma-wave part of the various field x max 
components and the pressure in the left outer region are given by: 

(3.94) 

(3.95) 
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-118-

-im -i1!. l _l I I 
__ e e 4 7f2 le:'(z >I 2 k w2 v2 

e res x e 

l :r:l 
• {e:(z)1 4 {1-e:(z)} 2Y K 2 - y 

.... [· ~. )"'(•')' .,J . 
res 

_1_ y-J 

{e:(z)} 4 {1-e:(z)} 2Y K -2y 

z 

i~ J-ve:<z'>' 
e z res 

_! :r:l 
.{e:(z)} 4 {1-e:(z)} 2Y K_2Y 

.... [· '~. }.t.cd•,·} 
res 

(3.96) 

(3.97) 

(3.98) 
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As to the boundary conditions in the left outer region, there 

are two possibilities. Firstly, it may be assumed that the weakly inha

mogeneaus plasma becomes quasihomogeneous for z +-ro(e.g. a transi

tional Epstein profile) and that a plane electromagnetic wave impings 

upon the plasma from z =~. Secondly it is possible to assume that 

there is a plane plate antenna immersed in the plasma. 

As to the first possibility, consider a plane electromagnetic 

wave impinging upon the plasma from z ~ - ooat an angle eo with respect 

to the normal to the stratum. This angle e
0 

is related to the wave

number k in the following way : 
x 

sin ( 3. 99) 

The electric field vector of this incoming plane wave is assumed to be 

polarized in the x-z-plane whereas the magnetic field vector is in the 

y-direction (i.e. TM-polarization) •. Let furthermore zh be some point 

in the quasihomogeneous region with zh < zt (see Fig. 7); zh may be 

taken equal to -"" • In this point zh, the amplitude H
0 

and the phase <Po 
of the magnetic field component of the incoming electromagnetic wave 

ei (see Fig. 7) are prescribed. Thus, to H
1
y(x,z,t) of this incoming 

wave applies: 

(3. 100) 
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where z s zh, 
As a result of reflection and mode conversion, there exist a 

reflected electromagnetic wave e and a quasilongitudinal plasma wave p, 
r 

which is generated in the resonance region (see Fig. 7). Moreover it is 

assumed that there is no quasilongitudinal plasma wave propagating to

wards the resonance region. 

Zh Zt zres Z 
Fig.7 

C 'd h . f' ld -outer, left d" (3 22) ons1 er t e magnet1c 1e Hly accor 1ng to • • 

If z < z , the argument of the HankelfRRctions has to be continued 
t 

analytically via the complex upper-halfplane. By making use of this 

apalytical continuatien and the asymptotic behaviour of the Hankel

functions for z << zt [Abramowitz and Stegun, 1965] it is found that: 

• 'll' 

~outer.left(z; k ) -~ YiW ,c 
-112 

ûlt e 
IYoo x 1T {jk2t.(z)-k2 -4y 

e x 

[i (1- ~-3y e-i~) 
-4y 

z 

• exp {-i 

t 

dzJ J~ 2 2
1 

ke e:(z 1 )-kx 

z 

+ exp {+i 

zt 

dz}] • J--Jk;e:(z' )-k;
1 

z 

By making use of (3.24) and (3.80), this asymptotic behaviour of 

~outer,left for z << zt can be written as fellows: 
1Yoo 

(3.101) 
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• 1T 

~outer,left( . w 
I z, , 
Yoo 

-~-

c e 12 
-4y 

{ ... [-i [~k;,(,')-k! .,} 

+ex+ !~k!dz')-k~' d,] 

R = i 
I'J. I -A I . , -I'J. e - - e + - ~IJ e 

2 2 
I'J. I -1:1 I . -I'J. 

e + - e + - ~13' e 
2 2 

(3.102) 

(3.103) 

Ais given by (3.25). If z s zh, it is allowed to consider this expression 

for R to be the reflection coefficient for the incoming electromagnetic 

wave [Sluijter, 1970] . 

By making use of (3.24) it is furthermore possible to relate H
0 

and ~O in (3.100) to c_2y. This may be done by identifying the real 

part of the second term in (3.102) for z near zh with (3.100). As a 

result it is found that: 

e 
z 

,'l'f 
+~-

3 

• 71 
+~

e 12 

exp -i I ~E(z')-k~ 
[ 

t 

zh 

(3.104) 

where I'J. is given by (3.25). The expression for R, i.e. (3. 103), and the 

relation between c_
2
y and H

0 
and ~0 , i.e. (3.104), are only valid if: 

2 2 
(IJ - W (-oo) pe 

2 
c 

(3.105) 
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pe 
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Thelil, kx-dependence of the various coefficients has been 

omitted. 

If Ik I« k , expression (3.40} for Houter,Left can be written 
x max Jy 

in the following form by making use of (3.48). (g.49) and (3.80): 

where: 

iouter,left( • lil 
I z, ' Yo 

R i p-2+ii'J p 
p+2-ill'3' p 

k ) Vc. 1zt K x 
~k2E(z)-k2 ' 

-6y 

e x 

{ ·~{·' z 

··} hJk!E(z')-k!
1 

z res 

+ ···{-i 
z ·J] J--J 2 2

1 

ké(z' )-kx 

z res 

This expression for R may be identified with the reflection coef

ficient for the incoming wave whenever z ~ zh [Sluijter, 1970] . 

(3.106) 

(3.107) 

Once more it is possible now to identify the real part of the 

second term of (3.!06) with (3.100) and thus relating K 
1 

and K 
2 

to 
- y - y 

H
0 

and $
0 

in (3.100) by making use of (3.48) and (3.80); 

K 
-Jy (3.108) 
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I 

I IE:'(z >1 6 (I !,.,)v;t;j 
res - 2"' E (zh) n!> 3 

{ 
. ( 1 r::-. I ~.y 2 2' exp H -;;PY3- -n k e:(z )-k 

2 4 e h x 

If a linear profile between z and z is ass~d with 
t res 

le:'(z >I (z -z), then the turning point zt is given by: res res 

z res 

The absorption coefficient is now defined by: 

(3. I 09) 

A= 1-IRI
2 

(3.111) 

l I 

If Ik I» max{(k
2

1e:'(z)l )3, (k21€:"(z)l )4}, this absorption x e max e max 
coefficient can be obtained from (3.103) by making use of (3.110}; 
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A = 2 

exp (~ 3) + exp (-1 3) I + 

(3. 112) 

where 2 2 

-cE.:: ) ,)' 
k2 3 

x 
( ) E:(-«>)sin2

(e0) u 
~ I €' (z ) I 

res ' e res 

(3. 113) 

For \k 1 << k , the absorption coefficient can be obtained from x max 
(3.107) and (3.111) and by making use of (3.113): 

A 
Zg. u (3. 114) 2 2 

ex u + au + 

where 

ex = I, 32 (3.115) 

In Figure 8 the absorption coefficient has been plotted as a function of 

u. The dasbed curve is the one valid for small u, i.e. (3.114), the 

dashed-dotted curve is the one valid for large u, i.e. (3.112) and the 

dotted curve is the result of a numerical calculation of the absorption 

coefficient for low temperatures done by Forslund et al. [1975] • 

cAf,~~-----------------------------------------. 
----:(3.114) 

o,g 

t -·-··: (3.112) 

o.a • • • • • • : Forslund et al. (1975] 
0.7 -·-·-·-·-· 1'!.-----------o.e ,."............ - ......... _ 

,, •-.... ~- ----- ... -... , .. .. . . . . . """•--. -'···· ··... ·,. .. ---· 
,.'.· .... '·, 

.c· •••••• ' .... 
ftll!) t . .•. • .._ 
...,... " . . . . .... .. . . . ..., 
~1 • • .......... .... ,- ••••••• •.-:-.•.7., 
o'---l.\2~---~~--~o~~--o.a~---w~--,~~----,,r4--~~----~~~~~~~2~~~~2~~~ 

..JL.,.. 
Fig.8 
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As can be seen from this Figure, there is no overlap of the 

k -domains determined by (3.25) and (3.31) on the one hand and (3.47) 
x 

on the other hand. It seems that the only possible way to determine 

the various field components and thus the absorption coefficient for 

the intermediate values of k is a numerical calculation as bas been 
x 

done by e.g. Forslund et al. [1975]. 

A striking property of the absorption coefficient thus found 

is the fact that it is independent of the temperature as can be seen 

from (3.112), (3.113), (3.114) and (3.115). Obviously the absorption 

coefficient for a warm plasma with a resonance is, at least to this 

order in the approximations, the same as fora cold plasma with a 

resonance. This result is in agreement with the numerical calculations 

of Forslund et al. [1975] 

If the angle of incidence of the incoming electromagnetic wave 

becomes zero, the absorption becomes zero too as can beseen from (3.114). 

The cause of this is that for small angles of incidence, the longitudi

nal component of the incoming electromagnetic wave, which resonantly 

interacts with the electrens in the resonance, also becomes small. 

For large angles of incidence it is the large distance between the 

turning point,z and the resonance z which causes the absorption 
t res 

to become small. The incoming wave has to tunnel through this large 

overdense region between z and z before it reaches the resonance. 
t res 

The longitudinal field component is then, however, too much weakened 

to interact effectively with the electroos in the resonance. 

Hence there should be an angle for which the absorption reaches 

a maximum value. The curve obtained by Forslund et al. (see Fig. 8) 

suggests that this optimum angle of incidence is approximately given 

by u = 0,5. The optimum angle of incidence is then given by: 

1 

Hle:'(z >1)
3_f0:5'} 

80 max ~ arcsin ~· k:es V~ (3.116) 

If it is assumed that <le:'(z )1/k ) 3 ~ 0,2 and e:(~) • I (free space) 
res e 

then: 

e0 max ~ 8 degrees (3.117) 



-126-

Many numerical as well as analytica! studies of the absorption 

coefficient for a cold or lukewarm plasma with a resonance suggest 

that the resonant energy absorption can never exceed 50%. There is, 

however, no direct reason or physical argument why this should be so. 

Further inves tigations on e.g. the dep.endence of the ab sorption coe f

ficient on the shape of the electron-density p.rofile should be under

taken in order to settle this question. 

Instead of prescrihing an incoming plane electromagnetic wave 

according to (3.100) as a boundary condition in the left outer region, 

there is another possibility. This second possibility is to assume that 

there is a plane plate antenna with a long narrow slit immersed in the 

plasma (see Fig. 9). If the long narrow slit in the antenna coincides 

with the y-axis of a right-handed cartesian coordinate system then, 

for an infinitesimally thin gap at x = z = 0, the boundary conditions 

are given by: 

w, k ) 
x 

0 or 

V 
=12TI' 

v
1
e (z=O; w, 

z 

w, k ) 
x 

k ) 
x 

(3.118) 

0 

where o(x) is the Dirac deltafunction and V is voltage applied uniformly 

along the gap 

z 

Fig.9 
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It is clear that this antenna radiates electromagnetic waves 

with -co< k < '*""• Therefore the full boundary-value problem has to be 
x 

solved. As a consequence of this it is no longer allowed to ignore 

longitudinal plasma waves propagating towards the resonance since they 

are also radiated by this antenna as can be shown. An additional diffi

culty is the reflection of the plasma wave that is generated in the 

resonance region. 

With this model as a starting point it will be found that: 

C I ." 0, K I - y - y 
." K K' 1 K +ly' . -2y +2y (3.119) 

To find the various fieldcomponentsas functions of x and t (and z), 

they have to be subjected to the Fourier inversion transform according 

to: 

+oo 

F(x,z,t) = Jh JF<z; uh kx) exp {i(wt-kxx)} dkx (3.120) 

"""" 

where F stands for Elx' Elz' Hly' Ple etc. Since the solution of this 

boundary-value problem does not yield an essentially new aspect of the 

resonant .absorption of electromagnetic waves, this solution will not be 

elaborated. 

Finally a last remark on the transition from plasma into free 

space. If there is a smooth transition from plasma (e < l) into free 

space (e = I) then not only the WKB-solution for the longitudinal 

plasma waves in the left outer region will become invalid near E = 
but also the condition of charge neutrality will be violated. This can 

beseen as follows. From (3.7) and Poisson's equation it is found that: 

2 d {-meVe 
V·~ = dz --;::;- I d ( 2 >} -2- dz wpe 

w pe 

e -<no.-no > EO 1 e 
(3.121) 

where n
0

i is the equilibrium ion density. Hence the condition for charge 

neutrality is given by: 
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1-E:(z) I.!L {~}I << 1 dz 1-e:(z) 

If w + 0, which is tantamount to e: +I, this condition will be 
pe 

violated. 

(3.122) 
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Besides the reflection and absorption coefficients, it is perhaps 

also interesting to consider the various energy fluxes in the z-direc

tion contained in the incoming and reflected electromagnetic wave and 

the generated longitudinal plasma wave for the case that the incoming 

plane electromagnetic wave is prescribed according to (3.100). 

After averaging over the relatively short wavelength of the 

plasma mode, the energy flux through the plane z = zh (see Fig. 7), 

contained in the electromagnetic waves is, in its complex form, given 

by: 

(3. 123) 

where the index "e" indicates the electromagnetic-wave part of the 

field components concemed and the asterisk means the complex conjugate. 

In the same manner the energy flux through the plane z = zh' contained 

in the longitudinal plasma wave is, in its complex form, given by 

[SchmiÇt, 1979] : 

A * 
w, kx) v;e (zh; w. kx) 

z 

(3. 124) 

where the index "p" indicates the longitudinal-plasma-wave part of the 

pressure perturbation and the electron-velocity perturbation. 

The other contribution to Pe(zh), that is to say y/(y-1) 
~ ~* . 

•P1e(zh; w, kx)v 1e (zh; w, kx)• is zero because this term tums out to be 

of a higher orderzin the o2
-expansion (outer expansion) than (3.123). 

The secend contribution to PP(zh), that is to say ~P (z; w, k) 
A * A lx h X 

If Ik I » max (k 21 e: ' ( z) I ) 1/3 • (k 21 e:" ( z) I ) I I 4 • 
x e max e max 

·H;y(zh; w, k), is zertbecause H;y<zh; w, k) 0. } 

the magnetic field of the incoming electromagnetic wave according to 

(3.100) is, in its complex form, given by: 

~~Y(z; w. kx) = H0 exp~i(vfk!e:(zh)-k!'<z-zh) -~~~ (3.125) 

where z ~ zh. The total magnetic field for z s zh of the incoming and 

reflected electromagnetic wave is given by: 
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x 
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(3.126) 

where Ris given by (3.103). Since the outer regions behave, at least 

to the lowest order in the outer expansion, like a cold plasma, the 

electric field in the x-direction can be obtained by means of (3.3a) 

and (3. 3f); 
A 

-I 
dHe

1 
(z; w, k ) 

y x 
dz 

• Exp {-itJk!e:(zh)-k;• (z-zh)-<p0 )} 

- R exp {+i(Vk!e:(zh)-k; (z-zh)+<1>0)}] 

(3.127) 

where z s z. • Thus if Ik\» max~k2 \s'(z)\ ) 1
/

3
, (k

2 \e:"(z}\ ) 114\., 
n x le max e max j 

the incoming electromagnetic-wave energy flux is given by: 

e \Hol
2 ~ 2 2' 

P. (zh) = e: E:( ) k E:(zh)-k 1n w 0 zh e x 

and the reflected electromagnetic-wave energy flux is given by: 

2 2 
-\Ho\ \R\ _/2 2' 

=· ( ) Vk e(zh)-k • we:0s zb e x 

(3.128) 

(3.129) 

In order to determine the longitudinal-plasma-wave energy flux, P~e 
and ;~e have to be known for z s zh. The plasma-wave part of the 

z 
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pressure can be obtained from (3.92) and (3.93) and by making use of 

(3.104), (3.103) and (3.111); 

m k .!.. -.!.. 
P~e(z; w, kx) = -iHO ee lD ~i v! A·2 {e:(zh)} 4 

x 

(3.130) 

where z S zh. A is determined by (3.111) and (3.103) with 6 >> 1 • 

The longitudinal-plasma-wave part of the electron velocity for z s zh 

can be obtained from (3.95) and by making use of (3.104), (3.103), 

(3. lil), (3.3g), (3.4a) and the fact that ~~y = 0; 

~e (z; k ) 1 iP (z· w, k ) w, x û.Jil 1-E(zh) lz ' x z e 

k 3 I 

= iHO 
e x ;2 v-2Az 

e:Ome lD e 
x 

(3.131) 

• exp 

J
zt J 2 z' 

- lJkee:(z')-kx dz' 

zh 

where z 5 zh and f:, » 1. lf Ik x I » max {<k! IE' (z) lmax) 113 
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( k
2

1E:"(z) I )114
}, the longitudinal-plasma-wave energy flux is given e max 

by: 

pP (zh) 
out 

This result is only va lid if E: is not too close to I (free space). 

(3.132) 

It turns out that the energy contained in the plasma mode is, at least 

to this order in the approximations, independent of the temperature. 

Consider now the sum of the three energy fluxes: 

P~ (zh) + Pe (zh) + pP (zh) ~ (1-IRI2) IHol2 
1n out out ooE:0E:(zh) 

V 2 2' A \Ho\2 _J_ 
• keE(zh)-k., - ( ) I ..,. we:0E: zh y-

By making use of (3.111} this can be written as follows: 

pe (z ) + Pe (z ) + pP (Z ) ~ rl - ...::L { 1-E(z )}-~] 
in h out h out h L y-1 h 

lH 1
2 ~ I 2 2' 

• A 0 V k E (zh) -k 
WE: OE (zh) e x 

It is remarkable that this sum is nat equal to zero; if y > I and 

0 ~ E:(zh) < I then this sum is negative. 

(3. 133) 

(3.134) 

This discrepancy with a correct energy balance, where the total 

sum of energy fluxes would be zero because the plasma is lossless and 

statie, is caused by the fact that there is a fourth energy flux in the 

positive z-direction due to plasma transport on a slow timescale in the 

positive z-direction. This energy flux is determined by the term 

Y I (y-2)P0e <' v2e > where POe is the equilibrium electron pressut"e and 

<v
28

> is t~e s~cond order electron velocity averaged over the fast 
z i 
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timescale on which the various wave quantities vary. The determina

tion of this nonlinear tenn <v
2
e > will be performed in chapter 5. 

It will be shown then that the i~clusion of the above-mentioned extra 

energy flux makes the total sum of energy fluxes equal to zero. 

The above-mentioned results are only valid for large angles of 

incidence of the incoming electroroagnetic wave. In exactly the same 

manner as for these large angles of incidence it is possible to deter

mine the sum of the three energy fluxes for Ik I << k • that is to 
x max 

say for small angles of incidence of the incoming electromagnetic wave. 

The result is exactly the same as given by (3.134). 

By means of (3.132) it is possible to define an absorption 

coefficient which differs from (3.111), viz., in the following way: 

Ä= 

I 

= y~ 1 {1-E::(zh)} -y A>A (3.135) 

for y >tand 0 $ E(zh) < 1. Hence, if the plasma mode is absorbed by 

the plasma through Landau damping and thus converted into heat then 

this heating mechanism may be more effective than the classical pre

dictions which are based on the absorption coefficient defined by 

(3.110), that is to say on the difference between in- and outcoming 

electromagnetic-wave energy. As will be shown in chapter 5, this 

increased absorption A is essentially a result of plasma transport in 

the direction of the gradient of the equilibrium electron density. This 

transport of plasma is caused by ponderomotive forces or more specifi

cally by the radiation pressure acting in the positive z-direction. 
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3.7.1 Higher order inner solutions 

From (3.69), (3.70), (3.71), (3.72), (3.78)_ and (3.79) it fellows 

that the various field components as well as the pressure and d~nsity 

perturbations behave as fellows in the inner region if T~O: 
e 

_l 
iïnner( • k ) 

Jyo r,;, w. x 
Ainner 3 

0 (I) , E 
1 

(1:;; w, k ) = 0 ( ó ) , 

EAinner( , k ) 
1x

0 
r,;, w, x 

zo x 

O{ln(ö)}, pinner(r,;; 
Jeo 

2 

w, k ) == O(o 3) 
x 

4 

Ainner (r• k ) = _)_pinner( . w k ) = 
nl e "' w, x 2 Ie r;, ' x O(ê 3) 

0 m V 0 
e e 

(3.136) 

This behaviour suggests that, in order to determine higher order approxi

mations, the following improved inner expansions have to be used instead 

of (3.65): 

2 
}Ïinner( . 

Jy ç, w, k ) = H(O)+ ê)ln(ê)H(I)+ 
x 4 4 

+ ê3ln(ê)H( 3)+ ê)H(4)+ . . . ' 
2 

6-)E(O)+ ln(ê)E(I)+ E( 2) 
z z 

iinner(r,;• w, k ) 
lz ' x 

2 2 

+ a3 ln(Ö)E(3)+ ó)E(4)+ 
z z 

2 

iinner(r,;• k ) = ln(ö)E(O)+ E(l)+ Ö3ln(o)E(2) 
lx ' w, x x x x 

(3.137) 

2 4 

+ 6)E( 3)+ o31n(ó)E(4)+ x x ... ' 
2 4 4 

P~:ner(r,;; w, kx) = ê3P(O)+ o3 ln(ê)P(I)+ ö)P(2) 

6 6 

+Ö3ln(6)P(3)+6)P(4)+ ••• , 

~inner(,... w, k ) 
Je "' ~x 

4 2 2 
6-ln(O)+ ö-3ln(ó)n(l)+ o-3n(2) 

+ ln(6)n(3)+ n(4)+ 
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Notice that Hy(O), Ez(O), E(O) E(l), P(O) and n(Q) are already known: 
x ' x 

2 

~3P(O) = ;inner(r' k ) 
u leo ~· m, x ' 

k ) 
x 

(3. 138) 

It is furthermore assumed that in the inner region E is a linear function 

of z: 

le:'(z >l<z -z) res res 

2 

-le:'(z >ló3z; res 
(3.139) 

From thesetof equations (3.3), it is rather easy to obtain the 

following set of equations for the various quantities ("inner" has been 

omitted): 

• A e 
-lk E - --n 

x lx e:
0 

Ie 

_1_ dE 
o 3 x = -im].l H - ik E 

0 ly x lz 

-! dP 
0 3 

(3. 140a) 

(3.140b) 

(3. 140c) 

(3. 140d) 
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2 
m c 2 _e_ö 

e 

1t'{z ) I 1 res 
2 

l+lt'(z >iö\ res 

(ikx~1y+ iwE:élJ. 

(3. 14Qe) 

In (3.140d) the influence of the zerothorder electric field~ is 

incorporated by means of the last term. The inner expansions (3.137) 

are now substituted into these equations and terms of equal order in ó 

are equated; 

dH(O) dH(I) dH(2) 
~=~=dÇ 

dHd;
3

) = iwE lt'(z ) lr.;E(O) 
" 0 res x ' 

dE(!) -ik E(O) ' 
~= xz 
I 

dE(Z) 
_x_= -ik E(l) 

dl;; x z 

= 0 ' (3.141) 

(3. 142) 

(3.143) 

(3. 144) 

(3.145) 

(3.146) 

(3.147) 

(3. 14S) 

(3.149) 

(3. 150} 



dE(3) 
~x-= 

dl;; 

dP(O) ~ 
~-

dP(I) "' 

dl;; 

dP( 2) 
--= 

dl;; 

• + 

e 

e 

e 

y 
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2 wEm 
H(O)_ ~IE'(z ) \çE(O) 

e res z 

2 
wEm 

H(l)_ ~IE'(z ) \çE(I) 
e res z 

2 
WEID 

H( 2)- ~\E:'(z )\ÇE(2) 
e res z 

E 1 (z ) \n(O) 
res 

2 (0) = m c n , 
e 

2 (I) ==men , 
e 

etc. 

(3.151) 

(3.152) 

(3.153) 

(3.154) 

(3. 155) 

(3.156) 

(3.157) 

It is already known that H(O) does not depend on ç which is in 

agreement with (3.141). Furthermore it turns out that: 

From (3.145), (3.147), (3.154), (3.157) and (3. 158) the following 

differential equation for E( 2) can be obtained: 
z 

(3. 158) 

(3.159) 

where A is given by (3.68). Disregarding the term in (3.J40d) which 

represents the influence of the equilibrium electric field, i.e. the last 

term in (3.140d), would have ledtoa different and thus wrong equation 
for E(Z); 

z 

(3.160) 
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From (3.146), (3.153) and (3.156) it can be easily deduced that: 

(3.161) 

Furthermore it turns out that also: 

0 • (3.162) 

After having transformed the variabie ~ into the variable z ~ z + 0213~ 
,res ' 

it can be proved that a particular solution of (3.159) is given by: 

(3. 163) 

The parameters w and k on which the various quantities in this expression 
x 

depend, have been omitted. E(3) can now be obtained by means of (3.151); 
x 

-!{ iek -· ik
2 

-· } E(3)(z) = 0 3 x P~nnti) _ ~ (z-z ) H~nner 
x 2w2t:Ome leo WEO res Jyo 

can be obtained from (3.145), (3.147), (3.155) and (3.163); 

!{t: - IE'(z >I n(2)(z) = -63 _Qit:'(z >IEinnth- __ _"_re:;.:s~. 
Ze res tz0 Zm v2 

e e 

P(Z) is obtained from (3.157) and (3.165); 

P(2) (z) ;innU> 
lz

0 

II I -inner} +-
2 

t:'(z ) (z-z )P
1 

~z) 
res res e0 

H(6) is now obtained from (3.144) and (3.164) and (3.166): 

H(6)(z) = 6-2{lk2it:'(z >l<z-z )3.}iinner 
3 e res res ty

0 
z 

+ Y-2 t:Okxit:'Cz >lv2 J ~innH')dz} 
2Y w res e lz0 

zres 

(3.164) 

(3.165) 

(3.166) 

{3.167) 
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Finally H( 3) and H( 4) can be obtained from (3.142), (3.143), (3.145) 

and (3.155); 

4 

o3{iwe::0 1t: • <z >I res 
z 

J(z'-z )Êinnt~')dz' 
res Jx0 

(3. 168) 
z res 

It is now possible to obtain the following improved approximation 

of the magnetic field in the inner region: 

z 

iWE
0

1t:'(z >!J<z'-z )Ê1

1
·nnU')dz' 

res res x
0 z res 

I 21 I 3 +- k t:'{z ) (z-z ) 
3 e res res 

z 

• JiinnU')dz'+ o{ö\n(ö)} 
1z

0 
zres 

(3.169) 

As can be seen from this expression, ~inner is only to the lowest order 
1y 

independent of z. As a result of the fact that many investigators (Piliya, 

1966; Speziale and Catto, 1977; Pert, 1978] neglected the ç-dependence 

of ~~;ner, they did nat find the longitudinal-plasma-wave part of the 

magnetic field in the inner region. This longitudinal-plasma-wave part is, 

however, present in (3.169) as appears from the asymptotic evaluation of 

(3.169) (see the next section, 3.7.2). It is this longitudinal-plasma-wave 

part which makes the plasma mode quasilongitudinal and not purely longi

tudinal. 

The improved approximations for the other field components as 

well as the pressure and density perturbation in the inner region are 

given by: 



... inner) 
nle I.Z 
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= f, + _211 €:. <z ) I <z-z >} i1t·nnu> l( res res z0 
2 

+ o { 631n(o)} 

iinnU> + --::-"-'--- ;inntb 
tx0 te

0 
4 

+ o { o31n(o)} 

{ 
I 1 • } -inner I + -
2 

t: (z ) 1 (z-z ) P
1 

~z) res res e0 

m v
2 

-· 
+ y-z ~ s I t:' (z ) I E1nnU> 

2y e 0 res tz0 

II I } -inner + -
2 

t:'(z ) (z-z ) P
1 

I.Z) 
res res e

0 

+ o { ln(o)} 

(3. 170) 

(3.171) 

(3. 172) 

(3.173) 

Up to these orders, m is the electron rest mass. For even higher 
e 

order terms in the inner expansion, the relativistic velocity dependenee 

of the electron mass, m (o), has to be included. 
e 

Through the asymptotic evaluation of these improved inner solutions, 

it can be shown that they match better with the outer solutions than the 

previously found inner solutions (3.69), (3.70), (3.71) and (3.72). From 

a more mathematica! point of view this means that more terms of the 

evaluations of the outer solutions match properly with the inner solutions 

than formerly. 

It turns out that the inclusion of the zeroth order electric field 

is essential. Disregarding !o would have led to inner solutions which 

differ from (3.170), (3.171), (3.172) and (3.173) and, consequently, these 

different inner solutions would not match properly with the outer solutions. 
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3.7.2 Higher order approximations of the plasma mode and of the 

absorption coefficient. 

In order to determine thermal corrections to the longitudinal

plasma-wave energy flux as given by (3.132), it is necessary to consider 

higher order approximations of the plasma mode. The behaviour of the 

plasma-wave parts of the asymptotic expansions of the improved inner 

solutions (3.169}, {3.170), (3.171), (3.172) and (3.173) forT +0 suggests 
e 

the following expansions for the plasma mode: 

~P (z• w, k ) 
ly ' x 

.. .] 

. "'{ ~ e) ~' ( ,oi '' } 
res 

.. ] 

"'{:·J "*'>'u} 
res 

• exp {i~ezj.JE{z'J dz} 

res 
(3. 174) 

pP (z• k ) 
Ie ' W• x 

"'{>) -/d,.; ,, } 
res 
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... ] 

··{:·) ~dd .,] 
res 

The asymptotically distinguishable plasma-wave parts of the improved 

inner solutions can be continued very easily into the left outer region 

where the profile is not a linear function of z anymore. By re-consider

ing the derivation of the improved inner solutions (3.169) up to and 

including (3.173) for an arbitrary but still weakly inhomogeneous profile 

E: = c:(l/Àz.), it is found that in the left outer region: 

(3.175) 

(3.176) 

(3. 177) 

(3. 178) 



1 :r:.! 
e:'e: 4(1-e:) 2y c 

i =-e 
e 
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(3. 179) 

-2y • 

(3.180) 

(3.181) 

where fk I» max {<k2
1e:'(z)l >11\ (k2

1e:"(z)l >114
}. In deriving 

:x e max e max 
these results, contributions of the order À-n, where n ~ 2, have been 

neglected. If Ik I << k , it is found that: 
x max 

.'Ir I I 

= 1.::.?. ie-
14 i!e:'(z )!-2 k 2 w 

2Y res x 

-1 -y-1 

e:'e: 4{1-e:) 2y K 2 • 
- y 

(3. 182) 

(3.183) 

(3.184) 
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(3. 185) 

(3. 186) 

.1T I I 
(0) -l- - -- -

e 4 1T21e'(z >I 2 k w2 2 (3.187) n c p e res x 

• {I .!. .L! 
+ tln(l-e)} e4(J-e) 2Y K-2y ' 

.1T I _J.. I I 
-l- -

(1) 
= J.._ e 4 

1r
2 le'(z >I 2 kw 2 2 (3. 188) n c p 2e res x 

I :r::!. 
e'e 4 (1-e) "( K -2y 

-n Once more contributions of the order À , where n ~ 2, have been 

neglected. 

By making use of the set of equations (3.3) it is possible to 

determine still higher ordertermsof the expansions (3.174). Consider 

for example the combination of (3.3b) and (3.3g) and eliminate EOz by 

means of (3.7). Thus it is found that: 

dP
1 

• 2 , 2-
__ e +· 1ec L _., n ik Hl = -iwE EE + u x y 0 lz wme dz yw 1-e Ie 

By combining (3.3f) and (3.3a) it is found that: 

dB I 
--lX • -iwe eE + P

1
e dz 0 1x oom 

e 

(3. 189) 

(3. 190) 

If the expansions fo~ the plasma-wave parts of Hty' E13 , Elx' Ple and 

n1e as given by (3.174) are substituted into these equations and termsof 

equal order in ö are equated, it is found that: 



iws sE ( O) 
0 zp 

I 
iw 2 H(O) 
-E: 
c p 
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I 
-e 2 p(O) = - E: 
mee p 

d (O) 

~-
wme dz 

(I) ek (I) 
- iwe:

0
sE + ____!. P 

xp wme p 

iec2 
E:' (0) 

+----n 
yw 1-e: p ' 

(3.191) 

(3. 192) 

(3.193) 

Equation (3.191) does not yield any new result because E(O) and P(O) 
(I) zp P 

are 

already known. E can now be determined by means of (3.192); 
zp 

.'Ir 1 k _} ! 
( I) _ I -1.4 -2 x 2 2 

E --e TI 11..""Tw cc f 
zp e:o lkxl -2y 

where 

If Ik 1 « k , x max 
E(l) . . b 1.s g1ven y: 

zp 
• TI I I 3 I 

- 14 2 -2 -2 2 
e 'Ir le:'(z )j kw c K 

2 
f res x - y 

E(l) can be determined by (3.193). It turns out that: 
xp 

for large as well as small values of kx. 

(3.194) 

(3.195) 

(3.196) 

(3. 197) 

Consider now once more the longitudinal-plasma-wave energy flux. 

Por that purpose the plasma-wave part of the electron velocity is needed. 

From (3.3g) and the expansions (3.174) it fellows that: 
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;p (z; w, k ) 
Ie x 

(3.198) 
z 

where: 

(O) ie E(O) (3. 199) V ., -
zp Uln 1-e: zp e 

(I) = _l_ E(l) (3.200) V zp . Wm t-e: zp 
e 

. 
The longitudinal-plasma-wave energy flux is, in its complex form, given 

by [Schmidt, 1979]: 

(3.201) 

By making use of the expansions (3.174) this energy flux can he expanded 

in the following way: 

(3.202) 

The first term on the right-hand side of this expression can be written as 

follows by means of (3.199): 

.:r_ Re [P(O)v(O)*} = =t.._ ~ - 1- Re {iP(O)E(O)*} 
y-1 lp zp y-1· wme 1-e: p zp 

I 

= .:L.-4----Ic 12 {1 + lln(l-e:}} 2(1-e:}-:y 
y-l,~we:0 -2y 2 

(3.203) 

I I f 2 1/3 2 1/4} where k » max (k ie:'(z)l ) , (k-:.le:"(z)l ) x . e max e max 
If Ik I << k , this first term is given by: 

x .max 
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(3.204) 

lc_2yi
2 

in (3.203) and IK_2yi
2 

in (3.204) can be expressed in H0 and ~O 
by means of (3.104} and (3.109} respectively. As aresult it is found 

that for large as well as small values of k the longitudinal-plasma-
x 

wave energy flux is given by: 

(3. 205) 

where A is given by (3.111) and (3.103) if b.>> I and by (3.111) and (3.107} 

if p << 1. Since the second term on the right-hand side of (3.202) is 

zero, because the expression between the braces is purely imaginary, the 

above-mentioned result for pP (zh) is correct up to O(ó2). out 
It turns out that through the determination of higher order 

approximations of the plasma mode a more refined expression for the longi

tudinal-plasma-wave energy flux has been found than the previously 

obtained result, i.e. (3.132). The absorption coefficient A as defined 

by (3.135) is now given by: 

A = y~ 1 [1 + ~ln {1-E(zh)}] 

2 

0-E(zh~ -f A>A 

for y > I and 0 s E(zh) < I and for large and small angles of 

of the incoming electromagnetic wave. It has furthermore been 
~ 2 

thermal corrections toA are at least O(ó ). 

(3.206) 

incidence 

shown that 
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It bas been shown that for the case of oblique incidence of a plane 

electromagnetic wave upon a warm, planarly stratified plasma, a part of 

the electromagnetic-wave energy is converted into a quasilongitudinal 

plasma wave in the resonance layer. This quasilongitudinal plasma wave 

propagates towards the lower-density side of the plasma where it is 

likely to be Landau damped in practical situations. Explicit expressions 

for this linear mode conversion of the incoming electromagnetic wave 

into a plasma mode have been given for large and small angles of 

incidence and for a monotonous not decreasing but otherwise arbitrary 

electron density which is assumed to depend weakly upon only one space

coordinate. It turns out that only far enough away from the resonance 

layer a clear distinction between the two kinds of waves becomes possible. 

As a result of the boundary-layer-theory, it has been found that 

the electric field component that is parallel to the density gradient, 

i.e. E; , in the resonance layer depends on the temperature according 

to T-l ~. Moreover the explicit temperature dependenee of the other 
e 

field components as well as the pressure and density perturbations bas 

been found in terros of the parameters of the electron-density profile 

and the incoming electromagnetic wave. 

It bas been shown that although Ting-wei Tang [1970] bas also solved 

approximately the warm plasma equations (3.3) (fora linear profile and 

largek ), he did not get explicit expressions for the various field 
x 

quantities. Moreover Ting-wei Tang [1970] did not find the tendency to 

singular behaviour for T ~ because his matching procedure is wrong. In 
e 

contrast to Kriegsmann [1981], there has been chosen for an adiabatic 

instead of an isothermal approach. The importance of this choice bas been 

discussed especially in relation to a correct description of the various 

field components as well as the pressure and density perturbations at the 

plasma-free space boundary 

For small and large angles of incidence of the plane electro

magnetic wave, the reflection and absorption coefficients have been 

determined. It turns out that the absorption is largest for an angle of 

incidence of the order of ten degrees with respect to the normal to the 

stratum. This seems to be typical for resonant absorption of electro

magnetic e'l:\ergy in a warm, but not hot, plasma [Pert, 1978; Malone and 
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Morse, 1978]. For larger angles of incidence the absorption decreases 

because then the distance between the turning point of the incoming 

electromagnetic wave and the resonance becomes too large for the 

incoming electromagnetic wave to tunnel effectively through this region. 

For smaller angles of incidence the absorption decreases because then 

the electric field component that is parallel to the density gradient 

and which is responsible for the resonant interaction with the electrons, 

becomes too small to give rise to significant absorption. 

An energy consideration shows that, due to effective transport of 

plasma in the direction of the gradient of the electron density, the 

effective absorption may be larger than the classical results in the 

literature (see e.g. Pert [1978]) which are based on a comparison of in

and outcoming electromagnetic-wave energy. Furthermore it has been shown 

that the plasma-wave energy is, to the lowest order in the approximations, 

independent of the temperature. The reflection and absorption coefficients 

are likewise independent of the temperature in a lukewarm plasma. Therefore 

these coefficients are essentially determined by the steepness of the 

electron-density profile in the resonance and the angle of incidence of 

the incoming electromagnetic wave. 

With the inclusion of the equilibrium electric field higher order 

approximations of the solutions in the inner region have been given. It 

bas been shown that this ioclusion of the zeroth order electrjc field 

is essential in order to match the inner and outer solutions correctly. 

In this connection, the logarithmic term present in the outer solutions 

has been continued analytically in a proper way, in contrast with 

Kriegsmann [1981]. 

As can beseen from (3.71) in combination with (3.78) and (3.79), 

whenever T -.o, a Dirac deltafunction emerges in the resonance z = z 
e res 

which represents the resonant absorption of the electromagnetic-wave 

energy in the infinitely thin layer at the resonance z = z (see in this 
res 

context also section 2.4 of chapter 2). 

When the temperature decreases, the local wavelength, as well as 

the phase velocity, of the longitudinal plasma wave decreases so that the 

frequency of the plasma mode remains constant. In the limit T 0 both 
e 

the local wavelength of the plasma mode and the phase velocity of it 

become zero; the plasma mode shrinks tagether like a concertina. 
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By means of the higher order approximations of the magnetic 

field in the resonance layer, it has been demonstrated that this field 

component is only to the lewest significant order in the inner expansion, 

independent of z. Through the determination of higher order approximations 

of the plasma mode it has been shown that this plasma mode possesses a 

magnetic field component which is in fact a consequence of the plasma 

inhomogeneity. By means of these higher order approximations it turns 

out to be possible to determine a better approximation of the longitudi

nal-plasma-wave energy flux than the one given in sectien 3.6. Finally 

it bas been found that thermal corrections to the absorption coefficient 

of the incoming electromagnetic wave are at least O(o
2
). 

Several problems still remain, however, to be solved. In the first 

place it would be useful to obtain expressions for the absorption coef-

ficient for the intermediate values of kx where neither the approxi

mations for small k 
x 

nor the approximations for large k are applicable. 
x . 

It seems that only by means of a numerical approach the absorption coef-

ficient for these intermediate values of k can be obtained. It has 
x 

already been discussed in section 3.5 that it is important to obtain 

expressions for the maximum absorption which is attainable in the plasma 

under consideraticn. 

In the second place it is interesting to study the propagation and 

resonant absorption of the incoming electromagnetic wave in a more 

realistic plasma. for example the plasma could be taken hot which necessi

tates a kinetic approach of the whole problem. Other generalizations are 

the inclusion of collisions and the inclusion of a zeroth order magnetic . 
field which results in ether kinds of resonances e.g. electron-cyclotron 

resonances or upper-hybrid resonanc~. 

Last but not least it is relevant to study the effect of nonlin

earities in the neighbourhood of the resonance. The importance of this 

has already been discussed in chapter 2. It is desirabie to find a 

criterion for nonlinear effects to be negligible. In such a criterion the 

temperature would be of great importance because the various field 

strengtbs become very large for low temperature. 



-151-

Abramowitz, M., and J.A. Stegun (1965), Handbook of Mathematica! 

Functions, Dover, New York. 

Bender, C.M., and S.A. Orszag (1978), Advanced Mathematica! Methods 

for Scientists and Engineers, McGraw-Hill, New York. 

Denisov, N.G. (1957), On a singularity of the field of an electromagnetic 

wave propagated in an inhomogeneous plasma, Sov. Phys.-JETP, ~ (4), 

544-553. 

Estabrook, K.G., E.J. Valeo, and W.L. Kruer (1975), Two-dimensional 

relativistic simulations of resonance absorption, Phys. Fluids, 

(9), 1151-1159. 

Forslund, D.W., J.M. Kindel, K.Lee, E.L. Lindman, and R.L. Morse (1975), 

Theory and simulation of resonant absorption in a hot plasma, 

Phys. Rev. A,!! (2), 679-683. 

Freidberg, J.P., R.W. Mitchell, R.L. Morse, and L.I. Rudsinski (1972), 

Resonant absorption of laser light by plasma targets, Phys. Rev. 

Lett., 28 (13), 795-799. 

Ginzburg, V.L. (1961), Propagation of Electromagnetic Waves in Plasmas, 

Gordon and Breach, New York. 

Ince, E.L. (1956), Ordinary Differential Equations, Dover, New York. 

Kriegsmann, G.A. (1981), Linear wave conversion in a warm, unmagnetized, 

collisionless plasma, J. Math. Phys., ~2 (11), 2692~2698. 

Malone, R.C., and R.L. Morse (1978), Resonant absorption in plasma 

density profiles produced by laser heating, heat flow,_and hydro

dynamics, Phys. Fluids, 1.! (1), 143-144. 

Nayfeh, A.H. (1973), Perturbation Methods, Wiley,New York. 

Omel 1chenko, A.Ya., and K.N. Stepanov (1967), Ukrainskii Fizicheskii 

Zhurnal, (9), 1445-1453. 

Pert, G.J. (1978), The analytic theory of linear resonant absorption, 

J. Plama Phys., 20, 175-188. 

Piliya, A.D. (1966), Wave conversion in an inhomogeneons plasma, Sov. 

Phys. Tech. Phys., l! (5), 609-614. 



-152-

Rothman, M. (1954), Tables of the integrals and differential coefficients 

of Gi(+x) and Hi(-x), Quart. J. Mech. and Appl. Math., 

l (3), 379-380. 

Schmidt, G. (1979), Physics of High Temperature Plasmas, Academie Press, 

New York. 

Sluijter, F.W. (1970), Arbitrariness of dividing the total field in an 

optically inhomogeneous medium into direct and reversed waves, 

J. Opt. Soc. America, 60 (1), 8-JO. 

Speziale, T., and P.J. Catto (1977), Linear wave conversion in a 

unmagnetized, collisionless plasma, Phys. Fluids, 20 (6), 990-997. 

Tang, T.W. (1970), Propagation of oblique E-waves in a warm plane 

stratified plasma, Radio Sci., 5 (1), 111-119. 



-153-

CHAPTER 4 ----
ON A KINETIC APPROACH FOR THE PROBLEM OF WAVE PROPAGATION IN A 

PLANARLY STRATIFIED, UNMAGNETIZED, WARM PLAS~1A 

4. I INTRODUCTION 

The theory which bas been developed in the preceding chapter bas 

been entirely based upon the assumption that the plasma can be regarcled 

as a conductive fluid which can be described by the set of macroscopie 

equations (see section 2 of chapter 3). It is well-known that this is 

a good approximation as long as the collective partiele aspects in the 

plasma dominate the individual partiele aspects. For the propagation 

of waves in such a plasma this means that the local wavelength bas to 

be much larger than the Debye length of the plasma. For very high 

temperatures and/or very short wavelengths, the individual partiele 

aspects become important and then the results of chapter 3 are not valid 

anymore. In that case, it is no longer allowed to consider the plasma as 

a macroscopie entity; under certain conditions a kinetic approach is 

then appropriate e.g. by means of the collisionleas Boltzmann equation 

which is also known as the Vlasov eqqation. 

It is the aim of this chapter to present a metbod by which it is 

possible to study the problem of wave propagation in a stratified, unmag

netized, warm plasma with a resonance, starting from a microscopie 

description of the plasma. With this metbod it will turn out to be poss

ibie to check the main results of chapter 3 and, in doing so, these 

results will also be generalized by taking into account the influence of 

the ions. 

Startinspoint will be a planarly stratified, unmagnetized, two

temperature plasma consisting of electrans and ions. In this chapter the 

same geometry and the same type of incoming electromagnetic wave will be 

considered as in chapter 3 (see section 2 of chapter 3). In the neigh

bourhood of the resonance, however, the electron density wil] not be 

linearized as in chapter 3 but, for mathematica! simplicity, an 

exponential electron-density profile will be chosen. 
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After the equilibrium has been described, Ohm's law for the plasma 

under consideration will be derived by means of the Vlasov equations for 

the ions and the electrons. Furthermore Ohm's law will be Fourier 

transformed both in space and time variables. This turns out to be poss

ibie although the plasma is inhomogeneous in one direction. 

Since it seems impossible to solve the set of equations consisting 

of the Fourier transfarm of Ohm's law and Maxwell's equations, the so

called low-temperature approximation will be used. This means that it 

will be assumed that the plasma is lukewarm so that the phase veloeities 

of the relevant modes in the plasma under consideration are much larger 

than the ion and electron thermal velocities. With this assumption it 

turns out to be possible to transform Ohm's law into a differential form 

of infinite order for the current density in terms of the electric field. 

The truncated form of this differential expression will then be combined 

with Maxwell's equations and thus a fourth order differential equation 

will be obtained. By making use of the boundary-layer-theory [Nayfeh, 

1973; Bender and Orszag, 1978] it will be shown that the approximate 

solutions of this fourth order differential equation are identical with 

those of chapter 3 when the ions are assumed to be cold and immobile. 

A similar treatment of the problem of wave propagation in an 

inhomogeneous,warm plasma has been given by Sivasubramanian and Ting-wei 

Tang [1972]. They, however, considered a fairly strong magnetized plasma 

in which the direction of wave propagation was parallel to the electron

density gradient. In their theory it is not allowed to take the magnetic 

field stength equal to zero and thus to obtain the unmagnetized case which 

will be treated in this chapter. 
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Consider an inhomogeneous, unmagnetized, collisionless, warm plasma. 

The electron and ion temperature are taken constant throughout the whole 

plasma. The assumption of chapter 3 that the ions are immobile, which 

is tantamount to mi = ""• where mi is the ion mass-, will be released in 

this chapter. Furthermore it is assumed that the plasma is quasineutral 

and that the magnitudes of the electron and ion charge are equal. This 

latter assumption is, however, not essential; it is just intended for 

simplifying the forthcoming analysis. 

To describe the propagation of the relevant waves, i.e. the electro

magnetic mode and the plasma mode, in the plasma, the kinetic theory is 

used which means that it is assumed that the plasma can be described by 

the Vlasov equations fortheions and the electrens and Maxwell's equa

tions, that is to say: 

where f. 
1 

f e 

v. 
-1 

V -e 

m. 
1 

()f. 
~-1 + 
()t • 'i/f. + ~ [E + v.xBJ 

1 m. - "-'1 -
1 

dJ. f. v. 1 
"-'1 

0 • 

+ V • Vf - ~ [E + V xBJ . 'ifv f 
-e e me - -e - -e e 0 • 

'i/X~ = - ()§_ 
()t 

'i/x]! = Jlo:! + 
{)E_ 

1t 

is the ion-velocity distribution function, 

is the electron-velocity distribution function, 

is the velocity vector of an unperturbed ion, 

is the velocity vector of an unperturbed electron, 

is the ion rest mass, 

m is the electron rest mass, 
e 

e is the magnitude of the ion charge and also of the electron 

charge, 

(4. I a) 

C'•. I b) 

(4. 2) 

(4.3) 
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! is the electric field vector, 

B is the magnetic induction vector, 

J is the current-density vector, 

llo is the permeability of free space, 

c is the velocity of light in free space, 

èf èf 
'i/f means Cl.! and 'i/;/ means 3y , E. and ~ have their usual meaning. 

The total current density J can be written as follows: 

where: 

n. 
l. 

n 
e 

+oo 

n. (r,t) 
l.-

-I 3 - f. (r,v. ,t)d v., 
l. --]. l. 

-oo 

ion density, 
+OO 

n (r, t) 
e- = J f (r,v ,t)d3v , e --e e 

-oo 

electron density, 

+<» 

i.e. the 

i.e. the 

u. = u. (r t) = 
--:1. -1. -· 

(I ) I v.f.(r,v.,t)d3v., n. r,t --:1. 1. - --:1. 1. 
l.-

-oo 

macroscopie ion velocity, 

+oo 

macroscopie 

macroscopie 

i.e. the 

=u (r,t) = (I t) Ivf (r,v ,t)d3v, i.e. the 
-e - ne !.• --e e - --e e 

-oo 

macroscopie electron velocity, 

+oo +oo+oo+oo 

J .... d3
v means IJ J .... dvxdvydvz, i.e. an 

integration over the whole velocity space. 

r and t have their usual meaning. 

(4.4) 

(4.5a) 

(4.5b) 

(4.6a) 

(4.6b) 

Just as in the preceding chapters it is proposed to consider only 

the linear steady-state problem for a static plasma rather than a transi

ent response which would be much more complicated. It is assumed that the 

various qu~ntities can be expanded with respect to their magnitude in the 

following way: 
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{4. 7a} 

(4.7b) 

{4.8) 

(4.9) 

(4.10) 

The higher order (nonlinear) terms have been omitted. The zeroth order 

electric field is a consequence of the fact that the plasma is warm 

and inhamogeneaus and static (~. = ~ = 0). 
- v~ ve -

It is furthermore assumed that the zeroth order velocity distrihu-

tien functions are given by the normalized, isotropic, Maxwellian velocity 

di stributions for the ions and the electrons; 

where: 

f
0

.(v.) 
~-:L 

f
0 

(v ) 
e -e 

3 

ex{ v; ) exp(- v; ) . ( ,:.;)' = B. 
zv~ ~ zv~ 

~ ~ 

3 

exp (- v! ) oxp(- v~ ) ·( 2~:)' B 
zv2 e 2V2 

e e 

i.e. the ion thermal velocity; 

T. is the ion temperature and 
~ 

~ is Boltzmann's constant, 

Ve =%. , i.e. the electron thermal velocity; 

e T is the electron temperature, 
_l e 

Bi = (zmri) 2 
, 

-1 
B = (z'lfVz) z 

e · e ' 

{4.Jla) 

(4. 1 lb) 

(4.12a) 

(4.12b} 

(4.13a) 

(4.13b) 

(4. 14} 
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Notice that the definition of V differs from the one given in chapter 3 
e 

(see (3.4c)). The derivatives of these Maxwellian distribution functions 

with respect to v. and v are given by: -._ -e 

-I 
'\1 f

0 
. (V. ) = - 2 V. fO. (V. ) , 

v. 1.-.. -:1. 1. -J_ 

-:~. vi 
(4.15a) 

'\1 t
0 

(v ) = .:.! v f (v ) 
~ e -e v2 -e Oe -e 

(4.15b) 

e 

Consider now the zeroth order Vlasov equation for the electrons. 

By making use of (4.7b) and (4.15b) and the fact that fOe does notdepend 

on t, it can be deduced tbat: 

(4. 16) 

Hence: 

2 
m V vn

0 
(r) e e e -

- -e- noe(!) ( 4. I 7) 

This is a well-known result from sectien 3.3 of chapter 3. 

If expression (4.17) for the equilibrium electric field is inserted 

into the zeroth order Vlasov equation for the ions, it is found that: 

nOi J + JJ.P- 'i7n
0 

.v.f
0

. 
noe e -.. 1. 

0 (4. 18) 

where: 

m 

IJ = J 
m. 

(4. 19) 
1. 

T 
p = J 

T. 
(4.20) 

1. 

Since the plasma is assumed to be quasineutral and the magnitude of the 

ion charge is equal toe, n0i '::! n0e and therefore equation (4.18) can be 

written as· follows: 

0 . (4.21) 
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To satisfy this equation, it can be assumed that n0ifOi varies on a slow 

ion timescale where slow means slow with respect to the fast electron 

timescale on which the first order quantities are assumed to vary. 

Consequently the equilibrium electron density will also change on the 

slow ion timescale. It is, however, not necessary to include this time 

dependenee of n
0

efOe in the zeroth order Vlasov equation for the electrous 

because the ~mporal variations of n0i and thus also of n0e are 

0 {<m /m.) 112 as can be seen from (4.21). Analytica! as well as numerical 
e :L 

investigations on the modification of the electron-density profile on the 

slow ion timescale are presented by e.g. Gurevich et al. [ 1966], 

Gurevich et al. [1968], Mason [1971], Denavit [1979] and Sack and Schamel 

[1983]. 

Another possibility is to assume that n0ifOi does not depend on t 

and that the plasma is not quasineutral. If e.g. the electron-density 

profile is caused by an antenna immersed in the plasma, a stationary 

state is attained in which the ion sheath around the antenna does not 

change anymore. The only possible manner to maintain such a stationary 

ion sheath seems to be to assume that n0i ; nOe' especially close to the 

antenna. For an extensive study of the formation and maintainarice of 

such an ion sheath see e.g. Riemann [1980] and raferences in it. 

Consider once more the complete zeroth order Vlasov equations for 

the ions and the electrons: 

n .e 
+ _,..Q!_ E .V f . 

m. ..::0 v. O:t 
:L -:L 

D. 
= o~<noifoi) = 0 • 

n e 
a < f ) '"'< f ) - ...lliL E .'<7 f ät noe Oe + ~. V noe Oe m ..::0 V V Oe 

e -e 
D 

., ~(n f ) ., 0 
Dt Oe Oe 

( 4. 22a) 

(4.22b) 

The total derivatives on the left-hand side of these equations repreaent 

the time derivative along the unperturbed orbit of an ion and an electron 

respectively. Since fOi and fOe are assumed to be Maxwellian distribution 

functions, these equations imply that: 
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+ ln(ainOi)} = 0 , 

+ ln(a,n0,l} 0 

where a. and a are arbitrary constants. Obviously, the expressions 
~ e 

(4. 23a) 

(4. 23b) 

between the braces are constants of motiov of the unperturbed particles. 

This should not be surprising because (4.23a) and (4.23b) express that 

the sum of the potential energy, which can be found from (4.17) and the 

kinetic energy of an unperturbed ion and an unperturbed electron respec

tively, remains constant. Moreover it can be remarked that n0ifOi and 

n0efOe are constants of motion of an unperturbed ion and an unperturbed 

electron respectively. 

The first order Vlasov equations for the ions and the electrens 

are given by: 

(}f • 
_J.!_ 'ï/f "t + v.. . 

a J. I~ 

(}fle 
--+V .'ï/f 

3t -e Ie 

+ !:.__ E .'ï/ f . 
m. -Q v. h 
~ --]_ 

= - !:.__ n 0 • {!1+ v.x ~J m. ~ --J. ·-
~ 

- !:.__ E .1/ f 
m .:::.0 v Ie e -e 

= + !:.__ n {E + v x B } m Oe -I -e -I 
e 

.'ï/ fo. ' v. ~ 
--]_ 

.'ï/ f 
v Oe 
-e 

(4. 24a) 

(4.24b) 

By making use of (4.15) these equations can be written as fellows: 

D.f
1

• 
____!:___.!:_ 

Dt 

D f. 
~= 

Dt 

If it is as~umed that the electric field ! 1 vanishes at t 

(4. 25a) 

(4.25b) 

-oo and corre-
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spondingly fli ~ fle = 0 at t ~. the solutions of (4.25) are given by: 

e +--
2 m.V. 

~ ~ 

.v.(t')f0 .{v.(t'~ dt', -~ ~-.. J 

(4. 26a) 

(4.26b) 

where the integrals have to be performed along the past history of the 

unperturbed-particle trajectory. 

Similar expressions for fli and fle can be obtained for zeroth 

order velocity distributions which differ from the Maxwellian one, pro

vided that these zeroth order ion and electron velocity distributions 

depend only up on the energy of the unperturbed ion and the unperturbed 

electron respectively. This means that: 

foi fo.<lv.l> 
~ "J_ 

(4.27a) 

foe f Oe ( l.:y_e I ) . (4.27b) 

Hence: 
' • f 0 . ( lv.l> 

v f
0

. foi<lv.I)V lv.l 
1. "J_ 

fv.l 
v. v. l "J. V • "J. -l 

-1. -1. -l. 

(4.28a) 

• 
f 0 <lv I> 

v f
0 

e -e 
lv I V v e -e -e -e 

(4.28b) 

The dependenee of fOi and fOe on the slow ion timescale has been omitted 

because in this chapter only the fast variations of fli and fle will be 

considered. Variatiens of n
0

i and n
0
e on the slow ion timescale due to 

the nonlinear interaction of first order fast quantities will be considered 

in the next chapter. 
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The perturbed current density ~I can now be obtained from (4.6), (4.10) 

and (4.26): 

(4.29) 

In fact this is Ohm's law for an inhomogeneous, unmagnetized, hot plasma 

with a Maxwellian velocity distribution function for the ions as well as 

the electrons. Note that this is a nonlocal relation between the current 

density and the electric field. 
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In order to relate the problems and the results of this chapter 

to the problems and the results of the preceding chapter, the same 

assumptions and restrictions as given in sectien 3.2 of chapter 3 are 

proposed with respect to the plasma and with respect to the incoming 

electromagnetic wave. There is,however, one difference and that is that 

in the neighbourhood of the resonance z the equilibrium electron den-
res 

sity is approximated by: 

(4.30) 

where N is the electron density at the critical layer where the wave 
c 

frequency matches the local plasma frequency and 1 is an arbitrary, 

positive constant. N is given by: 
c 

where s
0 

is the permittivity of free space, 

w is the wave frequency. 

(4.31) 

The equilibrium electric field~ can now be found from (4.17); 

m v2 

!1-,(z} =-~ 
v el (4.32) 

where ~ is the unit vector in the. z-direction. Since obviously ~ does 

notdepend on z, the application of Poisson's law gives: 

noe(z) • (4.33) 

Just as in chapter 3 only the TM-polarization for the electromagnetic 

mode will be considered and if the coordinate system is chosen in the 

same way as in chapter 3, the only relevant independent space variables 

are x and z <ty = 0, see Fig. 2 of chapter 3). 

A Fourier transfarm both in space and time variables is nqw defined 

in the following way: 
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+""+""+"" 

j
1 

(k ,k ,w) 
- x z f I I .:!1 (x,z,t) exp {-i(wt-kxx-kzz~ dxdzdt • (4.34) 

-<:O-<lO-OO 

The Fourier inversion transform is then given by: 

+""+""-+<" 

.:!
1 
(x,z,t) 1 r J f -• -

3 
J .:!

1 
(k ,k ,w) 

81f x z 
-oo-oo-oo 

.dk dk dw • (4.35) 
x z 

It should be remarked that the Fourier transform (4.34) has to be inter

preted as a generalized Fourier transform if necessary in what follows. 

The Fourier transform of the perturbed current density as given 

by (4.29) now reads: 

(4.36) 

In deri ving this re sult there has been made use of the convolution 

theorem for Fourier transfarms [Sneddon. 1972]. As has been mentioned 
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earlier, the t'-integration in (4.36) bas to be performed along the 

unperturbed ion and electron trajectories i.e. x.(t), z.(t) and 
l l 

x ( t). 
e 

z (t) respectively. These unperturbed trajectories can be found 
e 

in the 

following way. Consider the equations of motion for the unperturbed 

ions and 

Hence: 

the unperturbed electrons: 

i:'lv. 
-,.= 

i:'lt 

Clv -e 
ät = 

V. (t) 
lX 

v. (t) 
LY 

V, (t) 
l.Z 

V {t) 
ex 

V (t) 
ey 

V (t) 
ez 

x. (t} 
l 

y. (t} 
l. 

z. (t) 
l 

x (t) 
e 

v2 V~ 
l + ~E 

m. -o -]..! ~ e 
1 -z 

-p- e 
1 -z 

l 

v2 
- ~E 

m ""0 
+~ e 

1 -z e 

=· V. (t 1 ) 
lX 

constant 
' 

V. (t') constant ' lY 

V~ 
l (t-t')+v. (t') -p -1-

l.Z 

V {t 1 ) constant • ex 

v (t') constant , 
ey 
v2 

+...-!2. (t-t')+v {t') 
1 ez 

v. (t-t'}+x. {t') 
l.X l. 

V. (t-t 1 )+y. (t 1
} 

1.y l 

2 

' 

V. 2 
= -p _,!. (t-t') +v. (t')(t-t')+z.(t') 

21 lZ l. 

v (t-t 1)+x (t') 
ex e 

y (t) V (t-t 1 }+y (t 1 ) 
e ey e 

v2 
z (t) = + 

2
e
1 

(t-t') 2+v (t')(t-t')+z (t') 
e ez e 

(4.37a} 

(4.37b) 

(4. 38a) 

(4.38b) 

{4. 39a) 

(4.39b) 
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The generalized Fourier transform of the equilibrium ion and electron 

density, i.e. ~0 .(k -K) and ~O (k -K) respectively, are given by: 
~ z e z 

+00 

J n0e(z)exp ~i(kz-K}~ dz 
-ro 

~0 . (k -K) 
1. z ~O (k -K) e z 

Ne exp (-
1 

21TNc exp (- z~es) 8 ( K-kz + t) 

(4.40) 

where o(z) is the Dirac deltafunction. It is now rather easy to perform 

the K-integration in (4.36); 

J
1 

(k ,k ,w) 
- x z 

.v. {t ')exp {ik (x. (t)-x. (t')\ 
-1. x ~ ~ ~ 

. e res 
{ } 

2 ( z ) 
exp 1.(0-W)t dtdO + 2.1Tm VZ Ncexp - - 1-

e e 

. [J i,1 ( kx,kz- t•a).ye (t')exp ~ik x ( xe (t)-xe (t')) 
..(lO 

• exp ~i(a-w)t} dtdcr .• 

(4.41) 
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Due to the special choice of the coordinate system (see 2 of 

chapter 3), J1y; 0. jlx and jlz can be obtained by making use of (4.11), 

(4.38), (4.39) and (4.41) and by means of a new variable T = t-t'; 

(4. 42) 

(4.43) 

+ _L N exp (- zres) B 
21Tm v2 c 1 e 

e e 
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L e L 
{ 

. v2 • ~ 
+ I (k k - - 0)- - I (k k - - 0) 

11 x' z 1' 1 12 x' z 1' 

(4.44a) 

i 
g. (v. ,v. ,v. (t) ,T~k ,k- -

1
,o)dv. dv. dv. (t)d-r , 

L LX 1Y LZ X Z lX 1Y 1Z 

+<x> +<x>+<»+«> 

r J f f V, V. ( t) J lX 1Z 
(4.44b) 

0 ,....oo-co-oo 

i g,(v. ,v. ,v. (t),,;k ,k- -
1

,o)dv. dv. dv. (t)dT, 
1 1X 1Y lZ X Z 1X ly 1Z 

+oo+ro+oo+<x> 

13(kx,kz- t,o) =I I IJ vixT (4.44c} 
0 -oo-."..00 

i 
g. (v. ,v. ,v. (t} ,T;k ,k - -

1
,o}dv. dv. dv. (t)dT ~ 

1 1X 1Y lZ x Z 1X lY 1Z 

+«>+<»+«>+<x> 

I I J I v!x 
(4.44d) 

0 -""'""""'"" 
i • g (v ,v ,v (t) ,T;k ,k - -
1

,o)dv dv dv (t)dT , 
e ex ey ez x z ex ey ez 

+<»+«>~ 

I f I f vexvez(t) (4.44e) 
0-oo-oo-oo 

i g (v ,v ,v (t) •r;k ,k - -
1

,o)dv dv dv (t)dT , 
e ex ey ez x z ex ey ez 

(4.44f) 

i g (v ,v ,v (t), T;k ,k - -
1

,0)dv dv dv (t)dT , 
e ex ey ez x z ex ey ez 

(4.44g) 

+«>+<»+«>400 

I I J I viz {t) (4.44h) 
0 -oo-oo-oo 

i 
g. (v. ,v. ,v. (t) ,-r;k ,k - -

1
,o)dv. dv. dv. (t)dT , 

l lX lY lZ X Z lX lY lZ 
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+OO-t=+"" +<X> 

Ig(kx,kz- t,cr) ~I I I I viz(t)T (4. 44i) 

0 -oo--<X>-OO 

i 
g.(v. ,v. ,v. (t),T;k ,k- -

1
,cr)dv. dv. dv. (t)dT , 

1 1X lY lZ X Z 1X lY 1Z 

i 
(k ,k - -

1
,cr) , 

x z 
(4.44j) 

(4.44k) 

i 
g ( ,v ,v (t) ,T;k ,k - -

1
,q)dv dv dv (t)dT , 

e ex ey ez x z ex ey ez 

tootootootoo 

(4.441) 

i g (v ,v ,v (t),T;k ,k- -
1

,cr)dv dv dv (t)dT 
e ex ey ez x z ex ey ez 

g.(v. ,v. ,v. (t),T,k ,k 2:.
1
.,cr) 

1 1X lY 1Z x Z 

V. 
lX 

( 

2 

exp --+ 
zv: 

1. 

ik v. 1"\exp (- ~) 
x 1X J ZV. 

1 

{ 

2 } V. (t) I 
exp -~2 +(ik + -) v. (t)T 

ZV. z 1 1Z 
1 

exp {- (ik + 1.) p V~ c
2 
-i OT} z 1 21 ' 

i 
g (v ,v ,v (t),T,k ,k- -

1
,0) 

e ex ey ez x z 

V 

( 

2 

exp - ~ + 
2V

2 
e 

ik v T) exp (- ~) x ex 2V 
e 

{ ~ (~ } 
exp -~ + (ik + 1.) v (t)T 

2v z 1 ez 
e 

(4.45a) 

(4.4Sb) 
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The integration over the velocity space can be performed by 

making use of the following standard integrals: 

+= 

I exp(-ai+2bx)dx =J"f exp(:
2
), 

+= 

J xexp(-ax
2

+2bx)dx = ~ J![ exp(!
2
), 

+OO 

I 2 2 x exp(-ax +2bx)dx = 

(4.46) 

for Re(a) > 0 ("Re" means:"Real part of ••••. ") and b=lblexp(i$) with 

-w<q,<+n. By making use of these integrals it ~urns out that: 

( 
I k2V2 2 . ) d exp- 2 i iT -10T T, 

3 += 

2 7 i J 2 -(2TI) Vikx(kz- )) T 

0 

exp(- t k~vi<2-ia<) 

0 

(4. 47a) 

(4. 47b) 

(4.47c) 

(4.47d) 

(4.47e) 
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0 

3 

(2-rr) 2 V~ (ik + -
1
1) 

1 z 

exp(- l k
2
V

2
T

2
-ioT) 2 e e 

3 +00 

(2-rr)2 vs(ik + l) J T2 
e z 1 

0 

dT, 

dT, 

dT, 

(
I 222.) • exp -2 keVeT -10T dT, 

2 2 2 ik 
k. k +k +(p-2) _z + (p-1) 

1 x z 1 

(4.47f) 

(4.47g) 

(4.47h) 

(4.47i) 

(4.47j) 

(4.47k) 

(4.471) 

{4.48a) 

(4.48b) 

These integrals can be expressed in terms of the Parabolic Cylinder 

functions by making use of the integral representations of these special 

functions (see e.g. Erdélyi et al. [1953]; Volume II of Higher 
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Transeendental Functions); 

• exp (~--uDn_3 <üi> • 
3 

( 2 2. · -3 ( I ~2) -2 2'1T) V.~k k. exp. -
4 

u. D 
3

(u.) 
~x~ ~- ~ 

3 
2 4 -3 (I ~2) 

(2'1T) Veke exp 4 ue 

~ 2 - 2 (- } • kD
1
(u)-2kD

3
u) , 

e - e x - e 

3 
2 4 i -3 = -2(2n) V k (k - -)k 

e x z 1 e 

exp(-!; u!)o_
3
(ue) • 

3 

I 6 (kx,kz- t,cr) = 2(2n)
2 

v!ikxk:
3
exp (i u!)n_3(ue) 

(4.49a) 

(4.49b) 

(4.49c) 

(4.49d) 

(4.49e) 

(4.49f) 

(4.49g) 

(4.49h) 

(4.49i) 
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~ 2 - i 
2 

. k D (u )-2(k - -) 
e -1 e z 1 

3 

2(2~)2 v2(ik + !)k-3 
e z 1 e 

io 
• k. V. ' 

1 1 

u -e 

D_
1

(z) and n_
3

(z) are Parabolic Cylinder functions in Whittaker's 

notation [Erdélyi et al., 1953; Abramowitz and Stegun, 1965] . 

(4.49j) 

(4.49k) 

(4.491) 

(4.50a) 

(4.50b) 

There are now still two integrations leftin (4.42) and (4.43). 

Since the t-integration yields a Dirac deltafunction, viz.:2~~(o-w), the 
A 

a-integration is very easy to perform. Finally it is found that Jlx and 

Jlz are given by: 

N e2 z 
3

1 
(k ,k ,w) • ~V exp (- ~) k~3exp(! u~) 

x x z m. • 1 1 4 1 
(4.51) 

1 1 

[f 2 2 }A i k D 
1
(u )-2k D 

3
(u ) E

1 
(k ,k- -

1
,w) 

e - e x - e x x z 

- i J -2k k D 
3

(u )E
1 

{k ,k - -
1

,w) , 
x z - e z x z 



J
1 

(k ,k ,w) 
z x z 
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N e2 
z 

c ( res) -3 ( 1 2) = ---- exp - ---- k. exp - u. 
m.V. 1 ~ 4 ~ 

l ~ 

[
-2k (k- ~l·)D 

3
(u.)Ê

1 
(k ,k- ~l· ,w) 

x z - l x x z 

+ {k~D_ 1 (ui)-2(k!-(p+2) i:z -(p+l) ~ 2 )} 

• 0-3(ui)Êiz(kx,kz- t•w~ 
N e 2 z 

+ _c_ exp (- res) k-3exp(..!. u2) 
mV 1 e 4 e e e 

[ 
i ~ i 

-2k (k - -
1

)D 
3

(u )E
1 

(k ,k - -
1

,w) 
x z - e x x z 

(4.52) 

~ 2 i }- i ~ + k D 
1 
(u )-2k (k- -

1
)D 

3
(u ) E

1 
(k ,k- -

1
,w) 

e - e z z - e z x z 

where: 

u ., .iw = 
e kV 

e e 

2 2 ~ I 
k +k +(p-2)-Z +(p-1)- V. 

x z . 1 12 ~ 

(4.53a) 

(4.53b) 

In fact this is the Fourier transform of Ohm's law both in space and time 

variables for an unmagnetized, hot plasma with an exponential eleètron

density profile and a Maxwellian velocity distribution for the ions as 

well as the electrons. The variabie k is the wavenumber in the x-direction. 
x 

The variabie k , however, may only far enough away from the resonance be 
z 

identified with a local wavenumber in the z-direction. Far enough away 

from the resonance means in this case that: 

k -z 

for all values of k • 
x 

1 
»ï (4.54) 
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Note that the expressions for Jlx and J 1z fora homogeneaus 

plasma can be easily obtained from (4.51) and (4.52) respectively by 

taking the limit 1 ~ oo with N exp(-z /1) = N
0 

= constant. 
c res 

In the theory of linearized waves ar oscillations in a hot plasma, 

withor without a magnetic field, a certain function of complex argument, 

which is often called the plasma dispersion function, occurs repeatedly 

whenever the unperturbed velocity distribution is taken to be Maxwellian. 

This function may be defined by: 

+oo 2 
. I f I -t 

Z (1:;) = '"'7if t-t;; e dt (4.55) 

for Im(t;;) > O("Im" means "Imaginary part of .••• ") and by the analytica! 

continuatien of this for Im(t;;)::; 0 (see e.g. Fried and Conte [1961]). 

The Parabalie Cylinder functions in (4.51) and (4.52) can be expressed 

in terms of this plasma dispersion function. By making use of the Error 

function and the recurrence relations for the Parabalie Cylinder 

functions, it can be shown that (see e.g. Abramowitz and Stegun [1965]): 

1 2 -i ( iu ) exp(-
4 

u )D_
1

(u} = ï!liz Z ~ v:t. v2 • 
(4.56) 

I 2 I 2 I 2 I 
exp(4 u )D_

3
(u) = 2(u +l)exp(4 u )D_

1 
(u)- 2u (4.57) 

-i 2 ( iu) 1 = 272'(u +l)Z /"! - zu. 
Finally, for the sake of completeness, the Fourier transfarm of 

Haxwell' s equations· should be added ta Ohm' s law, i.e. ( 4. 51) and, 

(4.52); 

~ 

-ik Ê
1 

(k ,k ,w)+ik Ê
1 

(k ,k ,w) = -iwl.J
0
H1 (k ,k .w) , z x x z x z x z y x z 

ik ii
1 

(k ,k ,w) z y x z 

-ik ii
1 

(k ,k ,w) 
x y x z 

jl (k ,k ,w)+iwe:0Ê1 (k ,k .w) x x z x x z 

1
1 

(k ,k ,w)+iwe
0
Ê

1 
(k ,k ,w) 

z x z z x z 

(4.58) 

(4.59) 

(4.60) 

where Hly is tbe magnetic field. Tagether with (4.51) and (4.52) t~ese 

equations are a complete set of equations fram which Elx' Ê1z and Hly 

can, at least in principle, be solved. 
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Since the expressions for Jlx and Jlz' i.e. (4.51) and (4.52) 

contain the complicated Parabolic Cylinder functions, it is usually not 

possible to invert these expressions from k -space to z-space in closed 
z 

form. Therefore the following approach is proposed. 

It is assumed that the phase veloeities of the relevant modes 

which can propagate in the plasma under consideration, are much larger 

than the ion and electron thermal velocities. This is tantamount to the 

assumption that the ion and electron thermal veloeities are small 

enough in order to ensure that: 

(4.61) 

This is the so-called long-wavelength approximation. Thus the plasma is 

assumed to be lukewarm and the phase veloeities of the relevant modes 

(the electromagnetic one and the plasma one) are in the tails of the 

unperturbed ion and electron velocity distribution functions. It is, 

however, possible tolook for an additional frequency domain, viz., a 

frequency domain for which the phase veloeities of the relevant modes 

are in the tails of the ion velocity distribution and near the value 

where the electron velocity distribution reaches its maximum. This 

intermediate-frequency domain would be determined by: 

V. 
= ...1:. << _w_ <<I 

V k V • (4.62) 
e e e 

The relevant modes in this frequency domain are the electromagnetic one 

and an ion-acoustic one. By making use of the dispersion relations of 

both kinds of waves it can be shown that there is no linear mode conver

sion possible from the electromagnetic mode into an ion-acoustic mode 

near the resonance. 

If condition (4.61) is satisfied, the argument of the Parabolic 

Cylinder functions is very large. Therefore it is allowed to replace these 

functions by their asymptotic expansions which are given by (see e.g. 

Fried and Conte [1961]): 
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I { 6 } I _ [ffl, 2 I 2 ~ u3 1- u2 + . • • + zsv-z<u +J)exp(2 u ) 

o = 0 if Re(u) > 0 , 

o I if Re(u) 0 

o = 2 if Re(u) < 0 
} 

(4.63) 

(4. 64) 

The terms in (4.63) with o are responsible for the Landau damping of the 

plasma mode as can be shown for e.g. a homogeneaus plasma [Ichimaru, 

1973]. For the sake of symplicity these terms and thus the Landau 

damping will be neglected in what follows (the Landau term in (4.63) is 

exponentially small). 
A A 

Hence, in the long-wavelength domain, Jlx and J
1
z can be written 

as follows by making use of (4.63): 

N e
2 

z 
j

1 
(k ,kw) :::: ~ exp (- ~) 

x x z 1Wffi. 1 
(4.65) 

1 

[ {t+(ki+2k;):~}Êix(kx,K,W) 
i V~ A ~ +2k (K-Pi)z El (k ,K,W) 

x w z x 

N e 2 z 
c ( res) + iWm exp - -1-

e 



1
1 

(k ,k ,w) 
z x z 

where 

K k -i 
z 1 
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(4.67) 
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These expressions for the current density can now he inverted 

from kz-space to z-space. This inversion can he performed very easily 

by making use of the following property of the Fourier inversion trans

ferm: 

I +Joo n 
- K 
27T 

Ê
1
(k ,K,w)exp(-ik z)dk 

x z z 
(4.68) 

-oo 

A A A 

where E
1 

stands for Elx or E
1
z. Thus it is possible to associate each 

power in K(or k ) with a definite differential operator without 
z 

amhiguity and without the restrictions of a WKB-approach where the 

replacement of K hy a differential operator is only allowed if K is 

large enough (the local wavelength has to he very small with respect to 

the gradient lengthof the inhomogeneity). The following approximate 

expressions for Jlx 

J 
1 

(z;w,k ) 
x x 

and J
1
z are now obtained: 

2 
nOee -

: iwm. Elx 
1 

2 2- A 

n e {d E1 dE 
-~ __ x+.e. 

iwm. d 2 1 
1 z 

2 - 2 2 
no e {dE I A } V. 'llo e e . z 1 e -+ -;---· 21k --- .2. E - + -.-- E 
1wm. x dz 1 lz 2 1Wm lx 

1 w e 

2 2- -
_ n Oe e f d EI x + .!. dE 

iwm l d 2 1 e z 

2 
no e + __ e_. 
iwm 

e 
{

dÊ } v
2 

2ik ~ +.! Ê ~ + 
x dz 1 lz 2 . w 

2 2 -
nnee 2 V dE 

- -.--(1+)1 )~.! ~ 
1wm 2 1 dz 

e w 

(4.69) 
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v2 2ik 2 
no e 

+-e
iwm 

2 e x -(l-J.l )- -- E 
2 1 I z 

e w 

2 - 2 2 
Do e dEl V. no e -

"' ~ 2ik __ x_ ....!. + _!L,_ E 
1.Wmi x dz u12 iWmi I z 

2~ 
d E dEl _.:e_ __ z_ 

1 dz 

2 - 2 2 
n0 e dEix Ve nOee _ 

+ ~ 2ik -- - + - -- E 
1.wm x dz 2 iWm lz 

e w e 

2 
noee { 

--.-- 3 
l.WDl 

e 

3 dÊlz 
+ ----

1 dz 

- 2 dE
1 

n
0 

e 

2 
- noee 

iWm 
e 

2ik __ x + ___ e __ 
x dz iWm 

e 

E
1 

(z;w,k ) 
z x 

(4.70) 
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4.5 SOLUTIONS ---------

Both equations (4.69) and (4.70) for the current density, can be 

combined with Maxwell's equations which are given by: 

dEl x 
ik Ê - iw~ H (4.71) --+ 

dz x lz 0 Iy 

dH 
~ _ __j_y= J + iwEOElx ' (4.72) 

dz I x 

- ik H x Iy 
J + 

Iz iWEOElz (4. 73) 

After having eliminated H1 , Jlx and J 1 , the following two, coupled, 
Y z~ ~ 

second order differential equations for Elx and E
1
z are obtained: 

where: 

2~ ~ 

~ ( 
~2 ) o2 J d El x I+i 2 dEl x + I+ - -( 1-E) -- - -- ó EI --
p 1+~ dz2 I+~ dz 

dE 2 
~- 2i I-~ o2k E'E 

dz I+~ x lz 

[
w2 ~ 1+~2 2 } 2] ~ + -E- I+-.- Ó (I-E) k E 2 I+~ x lz 
c 

-ik [1-2 1+~2 Ó2(1-E)l dEix 
x I+~ ~ dz 

2 2 
w (z)+w . (z) 2 w (z) 

E E(z) 
_ pe pl 

2 
-~(I+~) 

2 
w w 

(4.74) 

(4.75) 

(4. 76) 
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2 res 
( 

z-z ) 
]JW exp ---

1
--- , 

These two differential.equations can be combined to give a single 

differential equation for e.g. E 
lz 

For a cold plasma (o=O) the resulting equation for E
1
z is the 

well-known second order differential equation for the TM-mode in an 

inhomogeneous, unmagnetized, cold plasma, that is to say: 

0 • 

It turns out that the singular point of this equation and thus the 

resonance is now determined by: 

E(; ) 
res 

Thus z is given by: 
res 

z res 
z + lln (--1 -)~ z -]11 
res I+]J res 

z -z ( ~ ) 
1 _ (l+]J)exp res

1 
res 

z 
res I E'(~ ) I · res 

( 4. 77) 

(4.78) 

(4.79) 

(4.80) 

o. (4.81) 

(4.82) 

Obviously the resonance is, due to the mobility of the ions, shifted 

towards the lower-density side of the plasma. 

For a lukewarm plasma (0#0) the resulting equation for Elz is a 

fourth order differential equation. Approximate solutions of this equa

tion in the neighbourhood of the resonance z=zres can now be obtained 

in the same manner as in chapter 3, viz., by means of the boundary

layer-theory [Nayfeh, 1973; Bender and Orszag, 1978], Hence a stretching 

of the z-coordinate is applied according to: 

-2 

(z-z ) o3 
res (4. 83) 
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Furthermore E(z) is lin~arized near z and written as follows: res 

2 2 

E (z) Ie:'<; >lo3ç = _lt o3ç 
res (4.84) 

The reduced fourth order differential equation for the first term in 

the inner expansion of Elz can now be shown to be given by: 

where 

- 1 A=-
3 

I+ 
p 

2 
w -
2le:'(z >I c res 

m.T m.+m 2 
= 1.3 e 2 l. ~ w2 IE'(; ) I . 

m.T +m T. c res 
1. e e 1. 

The four independent solutions of this equation are given by: 

ç. 

Ai { 
2 - (,-; >} w le:'(z >I res res 

Bi{ 2 ~ (,_; >} w le:'(z >I res res 

Gi { 
mi+me 2 ~ (,-; >} 3 2 2 w le:'(z >I 

m.V +mV. res res 
l. e e l. 

(4.85) 

(4.86) 

(4.87) 

where Ai(z) and Bi(z) are the Airyfunctions of the first and secoud kind 

respectively [Abramowitz and Stegun, 1965] and Gi(z) is determined by 

[Abramowitz and Stegun, 1965]: 

+co 

Gi(z) =+I sin(tz +it
3
)dt • 

-oe 

For a plasma with cold and immobile ions. that is to say V.= 0 and 
l. 

(4.88) 

mi= ""• these solutions are identical with those of chapter 3 provided 
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that y which is the ratio of the specific heats at constant pressure 

and at constant volume is taken equal to 3. This special value for y 

is a consequence of the fact that collisions are assumed to be rare so 

that there is no exchange of energy between the three independent 

dimensions [Chandrasekhar, 1962] 

As is well-known by now, far enough away from the resonance zres 

a clear distinction between the electromagnetic mode and the plasma 

mode becomes possible. By making use of the asymptotic behaviour of the 

Airyfunctions, it can be shown very easily that the local wavenumber 

for the plasma mode, in the z-direction is determined by: 

2 
~ 
3 

m.+m 
l. e 
2 2 e::(z) 

m.V +mV. 
1. e e 1. 

(4.89) 

Thus the following local dispersion relation for the plasma mode far 

enough away from the resonance is obtained: 

2 2 
m.V +mV. { l l} 2 + 3 1. e e 1. k oca 

m.+m z 
l. e 

(4.90) 

Finally it should be mentioned that the influence of the fact 

that the ions are lukewarm and mobile, on the absorption coefficient for 

the incoming electromagnetic wave is always very small and of the order 

of m /m .• As has been mentioned earlier a linear mode conversion from 
e l. 

an incoming electromagnetic mode into a ion-acoustic mode is not 

possible; only the linear conversion into an electron-acoustic mode, i.e. 

the plasma mode is relevant. 
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In the preceding sections a kinetic approach has been presented 

for the problem of wave propagation in an unmagnetized, warm plasma 

with an exponential electron-density profile. Also the ions in the 

plasma are assumed to be warm and mobile. 

Starting from the Vlasov equation and a Maxwellian distribution 

of the unperturbed veloeities of the ions and the electrons, the 

equilibrium electric field and Ohm's law have been derived. By means of 

the techniques of the Fourier transform, it turns out to be possible, 

for the exponential electron-density profile, to carry out the velocity 

integrations in Ohm's law in their entirety and thus to obtain the 

Fourier transform of Ohm's law both in space and time variables although 

the plasma is inhomogeneous in one direction (i.e. the z-direction). 

A macroscopie description of the plasma becomes possible in the so

called long-wavelength approximation. In that case, for a lukewarm plasma 

the expressions for Ohm's law can, by means of a straightforward 

asymptotic expansion in K, be transformed into the familiar differential 

expressions of infinite order for the current density in terms of the 

electric field. By combining these differential expressions (truncated 

and up to O(V4)) for the current density with Maxwell's equations and by 
e 

applying the internal-boundary-layer-theory, a reduced fourth order 

differential equation for the electric field component parallel to the 

density gradient has been obtained. The solutions of this reduced fourth 

order differential equation are for cold and immobile ions identical 

with those of chapter 3 provided that the ratio of the specific heats 

at constant pressure and at constant volume is taken equal to 3. 

With the metbod described in this chapter it turns out to be 

possible to check the main results of chapter 3 via a kinetic approach 

in which the equilibrium electric field is incorporated. The results 

of chapter 3 are even generalized by taking into account the ions. 

By taking into account more terros of the asymptotic expansion in K 

(up to O(Vn) where n~4) it should be possible to give a more refined 
e 

description of the plasma mode which is generated in the resonance 

region. It could also be possible to include the Landau damping of this 

plasma mode by taking o;o in (4.63). The resulting equation for e.g.Eiz 
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would then be an integro-differential equation of the fourth order. 

As has been mentioned earlier in this chapter, it is also 

possible to apply the metbod for velocity distributions which differ 

from the Maxwellian one provided that they satisfy the Vlasov equation. 

Thus it becomes possible to study the problem of resonant absorption 

of an incoming electromagnetic wave for other kinds of plasmas. 

It bas been mentioned that the choice of an exponential electron

density profile was only for mathematica! simplicity. It is, however, 

possible to generalize the metbod for an arbitrary electron-density 

profile. 

Last but not least it is also possible to include an equilibrium 

magnetic field. In that case the small parameters to which the current 

density is expanded are the ion and electron Larmor radii (see e.g. 

Sivasubramanian and Ting-wei Tang [1972]). 
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CHAPTER 5 

ON ELECTRON-DENSITY PROFILE MODIFICATION AND SOLITON GENERATION 

FOR RESONANT ABSORPTION 

5. 1 INTRODUCTION ------------

In the present chapter the transport of plasma and the resulting 

modification of the initially unperturbed electron-density profile due 

to a force of nonlinear origin will be studied in two different time 

regimes. For that purpose both the geometry and the kind of plasma will 

be considered to be the same as in chapter 3 (see section 3.2 of chapter 

3). At present, however, nota linear steady-state situation will be 

presumed. 

In the first part of the present chapter a special, intermediate 

time interval will be considered after the souree of the incoming TM

polarized plane electromagnetic wave has been switched on. In this time 

interval the ions can be taken immobile just like in chapter 3. It will 

be shown that the electron-density profile is modulated quasiharmonically 

by the so-called ponderomotive force and that this modulation leads to 

a spatial type of modulational instability. Furthermore the rate of 

transport of plasma will be determined and it will be shown that this 

plasma transport accounts for the missing fourth energy flux of chapter 3 

(see section 3.6 of chapter 3). 

In the second part of the present chapter the modification of the 

initially unperturbed electron-density profile will be studied in a self

consistent way in contrast to the investigations presented in the above

mentioned first part. For that purpose a set of nonlinear equations, 

which are called the (generalized) Zakharov equations, will be derived. 

Contrary to chapter 3 the ions are now assumed to be mobile which means 

that a two-fluid model for the plasma will be used. In solving these 

(generalized) Zakharov equations, the attention will be restricted to 

special solutions that can emerge from the long-time behaviour of the 

mode conversion, viz., the so-called soliton and caviton solutions. 

It is well-known by now that the above-mentioned profile modifica

tion is caused by a low frequency force of nonlinear origin that is induced 
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by the high frequency fields. This so-called ponderomotive force was 

firstly studied by Landau and Lifshitz [1960]. Other authors whohave 

investigated this ponderomotive force are Pitaevskii [1961], Hora 

[1969], Lindl and Kaw [1971], Washimi and Karpman [1976], Mora and 

Pellat [1979], Skorié [1981] and Statham and ter Haar [1982]. This 

ponderomotive force maximizes near the resonance and is thus responsible 

for a streng modification of the electron-density profile in the .reson

ance region. It has been shown that this modification can lead to a 

streng steepening of the electron-density profile near the resonance 

[Gil'denburg, 1964; Estabrook et al., 1974; Gil'deburg and Fraïman; 1976; 

Baumgärtel and Sauer, 1979; Sanmartin and Montaües, 1980; Sack and Schamel, 

1982]. 

All of the above-mentioned authors have analyzed the long-time 

behaviour of the pDnderomotive force and the resulting profile modification. 

Furthermore they always presumed that the plasma was quasineutral with 

respect to these low frequency phenomena. In the present chapter these 

assumptions will be relaxed. 

Besides the ponderomotive force and the resulting profile modifi

cation there are plenty other nonlinear effects that can be relevant in . 
the resonance region, viz., generation of a quasistatic magnetic field 

[Thomson et al., 1975; Nishihara et al., 1976; Bezzerides et al., 1977; 

Kruer and Estabrook, 1977; Tsytovich, 1978; Mora and Pellat, 1978; Speziale 

and Catto, 1978; Mora and Pellat, 1979; Kono et al., 1980], parametrie 

decay instability [White et al., 1973], oscillating two-stream instability 

[Perkins and Flick, 1971; Morales et al., 1974], harmonie generation 

[Erokhin et al., 1969; Vinogradov and Pustovalov, 1973; Erokhin et al., 

1974; Auer et al., 1979; Gradov and Stenfl~, 1980; Andreev et al., 1981], 

wavebreaking [Coffey, 1971; Albritton and Koch, 1975; Speziale and Catto, 

1979], instability of the critica! surface [Valeo and Estabrook, 1975] 

and finally the modulational instability [Thornhill and ter Haar, 1978]. 

The ponderomotive force and the resulting profile modification 

will also change the absorption and reflection coefficients and also the 

mode conversion efficiency for the incoming electromagnetic wave. For a 

magnetized plasma these effects have been studied by Shoucri and Kuehl 

[1980] for the upper-hybrid resonance and by Petr!ilka et al. [1983] for 

the lower-hybrid resonance. 
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As can be inferred from the foregoing, in the present chapter 

the attention will be restricted to "only" one of the host of nonlinear 

effects that may occur in the resonance region, viz., the ponderomotive 

force and the resulting profile modification. The reasou for doing so 

is twofold. 

On the one hand it seems that there is an apparent shortcoming 

in the literature on the above-mentioned subject in the sense that most 

investigators are unaware of the special intermediate time interval 

described insection 5.2.1. In this time interval a modulational instabil

ity develops. 

On the other hand all investigators of profile modification and 

soliton and caviton generation in the resonance region presurne quasineu

trality on the timescale on which the profile modification takes place, 

i.e. on the slow (ion) timescale. In the last part of the present chapter 

this assumption will be relaxed and its impact will be studied. 

An important problem still remains to be solved, namely the question 

which of all of the above-mentioned nonlinearities is the most important 

for resonant absorption in an inhomogeneous, unmagnetized, warm plasma 

and under which conditions. The answering of this question is certainly 

not easy but nevertheless very important and an interesting prospective 

research topic. 
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5.2 ~1~~t~-!~~~~Q~!-~Q-~QQ!!!2~!!Q~_Q!_~~-~~~~!Q~~Q-~~~Ç!gQ~: 

Q~~~!IX_~~Qr!b~_Qy~_!Q_~~-2Q:2~1b~Q-~Q~~~Q~Q!!yg_EQg2~ 

In chapter 3 it has already been argued tbat the total energy flux 

in the z-direction bas to be zero (the plasma is lossless and static in 

tbe unperturbed state) and tbat tbis can only be acbieved by assuming 

tbat tbere exists, besides tbe electromagnetic- and tbe longitudinal

plasma-wave energy fluxes, a fourth energy flux in tbe positive z-direc

tion. This energy flux is determined by tbe termy/f;:(-2)POe<v2;: , wbere 
z 

yis tbe specific heat ratio, POe is tbe equilibrium electron pressure 

and < v
2
e > is the second order electron velocity averaged over the fast 

timescal~ on wbicb tbe various wave quantities vary. 

In this section tbis term< v
2
e > wbich results in electron trans

port in tbe z-direction, will he det~rmined by means of a metbod for tbe 

first time introduced by Zakharov [1972]. Fortbat purpose, special 

attention will be paid to the response of the plasma immediately after 

the souree of the incoming electromagnetic wave bas been switched on. 

A time interval will be considered in wbich tbe ions can be taken 

immobile. In this time interval Hsing -Hen Chen and Cbuan-Sheng Liu 

[1977] neglected rigbtly tbe influence of the so-called ponderomotive 

force on tbe ion motion. They, bowever, also neglected tbe influence 

of tbis force of nonlinear origin on tbe electr~n motion. In tbis 

section it will he showrl tbat tbis latter assumption is not correct. The 

ioclusion of tbe influence of tbe ponderomotive force on the electron 

motion leads to electron transport in the positive z-direction and to 

a quasiharmonical modulation of tbe initially unperturbed electron

density profile. It will be shown furthermore that this modulation may 

result in a spatially unstable plasma mode mucb before the ions start 

to quench this instability by their spacecharge-induced motion. 

5.2.1 Parameter regime 

Consider the electromagnetic wave obliquely incident upon tbe 

planarly stratified, unmagnetized, warm plasma. It is assumed that the 

souree of this incoming wave is switched on at t = 0. Initially, the 

generation of plasma-mode energy by linear mode conversion is of minor 

importance witb respect to tbe energy accumulation in the resonance 
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region through the increasing wave amplitude which grows linearly in 

time in this resonance region. A steady state is attained when this 

linear growth is balanced by the conveetien of the plasma mode out of 

the resonance region. 

Hsing- Hen Chen and Chuan-Sheng Liu [ 1977] have shown that, in the 

linear theory, the thermal convection of the plasma mode and its subse

quent Landau damping provides the saturation of the wave amplitude in 

the resonance region after a time t which is given by: 
2 c 

where: 

where: 

(5.1) 

w (z) i.e. the electron plasma frequency, (5.2a) 
pe €:Ome 

noe is the equilibrium electron density, 

-e is the electron charge, 

EO is the permittivity of free space, 

m is the electron mass, 
e 

L is the electron density scale length, 

ÀDe(z) • i.e. the Debye length, (5.2b) 

-~ Ve -'J-m:- , i.e. the electron thermal velocity; Te is the 

e electron tempersture and ~ is Boltzmann's (5.2c) 

constant. 

Throughout this whole section it will now be assumed that: 

2 

wpi t c « l or ( :; ) 2 ( ~De ) 3 « I 

•·• (z) - rm: w (z) i e the ion plasma frequency, wpi -~~ pe ' • • 

' 
m. is the ion mass. 

1. 

(5. 3) 

(5. 4) 
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This means that saturation of the wave amplitude in the resonance region 

takes place much before the ions start to move by the ponderomotive force. 

On the other hand it is assumed that the steady state and thus the 

saturation of the wave amplitude in the resonance region is attained after 

several electron plasma periods, that is to say: 

l.û t pe c » l or ( ~ ) 
De 

2 
3 

>> I • (5.5) 

This condition also ensures that the unperturbed plasma is quasineutral 

(see chapter 3, condition (3.122)). 

Consider now the following parameter regime: 

l.û .t << l << l.û t 
p~ c pe c 

_1_ << t <<_I_ 
l.û w. pe p1 

t <! t 
c 

This parameter regime can also be represented as follows: 

w .t < w .t << I , 
p1 c p~ 

w t > w t >> I . 
pe pe c 

(5.6) 

(5. 7) 

In this time interval, the steady state for the electrous is already 

attained and the ions can still be taken immobile. Hsing-Hen Chen and 

Chuan-Sheng Liu [1977] incorrectly stated that in this time interval 

the equation for the propagation of the plasma mode is linear and that 

only after several ion plasma periods the ponderomotive force on the ions 

and the electrous begins to play a role in changing the initia! electron

density profile and thus gives rise to an equation with a cubic non

linearity. The electrons, however, do certainly well start to move 

already in the above-mentioned time interval by the ponderomotive force. 

This shortcoming in the work of Hsing-Hen Chen and Chuan-Sheng Liu 

[1977] is essentially aresult of the fact that they have assumed 

quasineutrality from the beginning which is, in the above-mentioned 

regime, certainly not correct. 
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5.2.2 Multiple timescale metbod 

The metbod for studying the transport of plasma and the modifica

tion of the electron-density profile by·tpe so-called ponderomotive 

force is priucipally basedon the original idea of Zakharov [1972] 

who stated that in the problem a distinction is possible between well

separated slow (ion) timescales and fast (electron) timescales. Thus it 

is assumed that an arbitrary quantity F, where F stands for the magnetic 

field component or the electric field component or the electron velocity 

etc., can be split into terms corresponding tothese different timescales; 

(5. 8) 

where F with index s varies on the slow timescale and F with index f 

varies on the fast timescale. 

The following expansion for the slow quantity F is now proposed: 
s 

F (x,z,t) 
s 

(5.9) 

where FOs(z) is the equilibrium value of F corresponding to the situation 

wbere there are no waves or perturbations of other kinds present in the 

plasma 6 is a dimensionless quantity that is proportional to the wave 

amplitude and it is assumed that 8 <<I; t
1
,t

2
,t

3
, ••• represent the slow 

timescales and it is furthermore assumed that t = ~t. Since the plasma 
n 

in the unperturbed state is taken to be static and inhomogeneous in the 

z-direction only, the equilibrium quantity F
0

s does only depend upon z 

and not upon x and t. As can beseen from (5.9) there are no first order 

slow quantities. This is a consequence of the fact that the slow quan

tities are caused by the interaction of at least two first order fast 

quantities. 

For the fast quantity Ff the following combined amplitude and 

frequency expansion is proposed: 
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where e.c. stands for the complex conjugate part. 

Due to the simple choice of t = 8nt, it is very well possible 
n 

that the expresslons for F2s' Fls' Flf' F2f etc. showsecular behaviour 

for large t
1
,t

2
,t

3 
etc. This shortcoming canthen only be overcome if 

the various timescales are synchronized in the right way (see e.g. Nayfeh 

[1973]). On the other hand, this shortcoming may be not as serious as it 

seems because the whole theory which will be developed in this section, 

is only valid for a finite time interval as bas been argued in section 

5.2.1. Another possibility to avoid secular behaviour is, not to expand 

the slowand fast quantities according to (5.9) and (5.10) respectively 

but to solve the relevant equations, which are actually the generalized 

Zakharov equations [Skorié, 1981], in a self-consistent way. An attempt 

to do soshall be undertaken in the sections 5.3 and 5.4. 

Finally it should be remarked t.hat the first order fast quantities 

are already known; they have been derived and their properties have been 

described extensively in chapter 3. 

5.2.3 Calculation of the slow quant.it.ies 

In order to calculate the various second order slow quantities 

from the known first order fast quantities, the equations which are 

relevant for the TM-mode (see chapter 3) have to be known. These 

equations are the equations of motion and continuity for the electrons 

Poisson's law, the law for the electron pressure and Maxwell's equations, 

that is to say: 

av av 
<lvex) e e -e n x x 

eat + n (v a;z- + V (lz =- n E 
e e e m e x 

x z e 
(5. 11) 

e]Jo óP 
+ -- n v H - _!_~ 

m e e z y m llx e e 

av av 
(lvez) e e -e 

n 
__ z 

+ n ( v 
__ z_ + 

V =- n E 
e 3t e e ()x e az m e z 

x z e 
(5. 12) 
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0 ' (5. 13) 

(5. 14) 

0 ' (5. IS) 

é!E aH 
____.! - -J.lo ....J. 
az ()x at 

(5. 16) 

aH ()E 
- ....J. -n ev + x 

()z e e e:o at 
x 

(5. 17) 

()H ()E 
__:j_ = z -n ev + e:o ät (),c e e 

z 
(5. 18) 

where n is the electron density, 
e 

V is the electron velocity in the x-di reetion, 
e x 

V is the electron velocity in the z-direction, 
e z 

Ex is the electric field component in the x-direction, 

E is the electric 
z 

field component in the z-direction, 

H is the magnet ie field component in the y-direction, 
y 

p is the electron pressure, 
e 

uo is the pern~ability of free space, 

'( is the specific heat ratio. 

The other quantities have their usual meaning. As has been mentioned 

earlier in the introduetion the precise geometry in the problem, the 

relevant quantities with respect to the incoming electromagnetic 

TM-wave, the plasma model, etc. are exactly the same as in chapter 3. 

The slow and fast timescale expansions represented by (5.9) and 

(5.10) respectively and combined by means of (5.8) are now inserted into 

the above-mentioned equations. Furthermore equal orders in 8 are collected 

and finally, after having averaged over the fast (electron) timescale, 
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the following equations for the various second order slow quantities 

are found: 

I ( -* --iwnv-
4 le Ie x 

e.c.) 
()vle 
__ x+ 
dZ 

=- n E -e { 
m Oe Zx 

I(-* A +- n E + 
4 Ie Ix 

e.c.)} 
e s 

d { ) (A* A - n v +- n v + 
()x Oe Ze 4 Ie Ie 

XS X 

3Ezx ()E2z 
s +--s- -e = -n 

()X ()z EO Ze
5 

PZe 
z m V n2 e e e s s 

ClE2x ()E2z 
s s 

()z x = 0 • 

()P2e 
__ s 

m 3x 
e 

-e { =- n E 
m Oe 2z e s 

e.c.)} 

e.c.) 

e.c.) 

(5. 19) 

(5.20) 

(lP Ze 
___ s 

m 3z 
e 

(5.21) 

(5.22) 

(5. 23) 

(5.24) 
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(5.25) 

(5. 26) 

where e.c. as well as the asterisks mean complex conjugate. Note that 

the equilibrium electric field EOz is incorporated in the equation (5.20). 

Equation (5.20) can be rewritten in the following way. Firstly 

P2e in (5.20) is expressed in n2e by means of (5.23). Then, 

divfded (5.20) by noe it is differ~ntiated with respect to z. 

E2z is eliminated by means of (5.22). Thus it is 
s 2 

[ dn J dn2e 
a n2 

v2~- V2 I Oe e E s 
e ()z2 e n0e ~ - me Oz ~ 

where the souree term S is given by: 

S (x,z) 
z 

z ~ ~ 

-I. () e Ie 

( 

n*1 v -c. c. ) 
=-:-:!.Wil - z 

4 Oe dZ nOe 

no e + __ e_ 
m e 

The equation ~or n2e can be simplified to: 
s 

S (x,z) 2 S (x,z) 
....!!z'---::--- = _e __ -~z'----::-

fi ,} w4t.Ome (I-E) 2 
Oe pe 

found that: 

S (x,z) 
z 

after having 

Finally 

(5.2ï) 

(5.28) 

(5.29) 



where 

N 
e 
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(5. 30) 

Since the product of a first order fast quantity and a complex conjugate 

first order fast quantity is independent of x, the various second order 

slow quantities are also independent of x. Hence the last contribution 

on the right-hand side of (5.28) is zero and thus S does not depend on x. 
z 

Note that the omission of the equilibrium electric field E0z in 

the equation of motion for the electrens would have led to a much more 

complicated differential equation then (5.29). 

By making use of the relations between the various first order fast 

quantities as given by (3.3) and (3.4) of chapter 3 it can be shown that 

(5.19) reduces to: 

-e 
-n E 
m Oe 2x e s 

Hence: 

0 . 

()P 
2e 

s 
m~ 

e 

-e 
-n E ~o. 
m Oe 2x 

(5. 31) 
e s 

(5.32) 

This means that there is, at least to this order in the approximations, 

no electric field generated in the x-direction. This salution for E
2

x 

is also consistent with equation (5.24). s 

The slow-timescale part of the electron velocity in the x-direction 

is zero at t=O. Since the slow-timescale part of the electric field in 

the x-direction is zero and there are no other forces of nonlinear 

crigin acting in the x-direction, this slow-timescale part of the electron 

velocity in the x-direction remains zero for t > 0. Hence: 

v2e (z) 
XS 

0 . (5. 33) 

Thus there is at least to this order in the approximations, no plasma 

transport in the x-direction. The slow-timescale part of the electron 

velocity in the z-direction can be found from (5.26); 

(5.34) 
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This result is also consistent with equation (5.21). Since v2e = 0 
xs 

and the slow quantities do not depend on x, the equations (5.22) and 

(5.25) reduce to: 

(5.35) 

dH2 
~ 
dz e.c.) ( 5. 36) 

In order to calculate now the various second order slow quantities 

from the known first~order fast quantities (see chapter 3), it is ~seful 

to express v1e and v1e in terms of the more familiar quantities Etx' 
.... ....x z 

Elz' P
1
e and Hly This can be done by means of (5.11) and (5.18)(see also 

(3.3a) and (3.3g) of chapter 3): 

(5.37) 

( s. 38) 

It is possible now to rewrite the equations (5.28), (5.34) and (5.36); 

(5. 39) 

e I+E A* ~ 
+ -

4
- ---

2 
E' (n

1 
E

1 
+e.c.) 

me (1-E) e z 



dz 

ik s
0 +-x-

4m 
e 

ek 
x 

ek2 
x 

--42 2 
wm e 
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t' 
1-E 

(1-E) L {-1
- i* i } 

dz2 (l-e:)2 lz lz 

k __ x_ 

4u.m 
e 

-e.c.) 
y 

I ~* A 

(n P +e.c.) 
1-E Je Je 

(5.40) 

(5. 41) 



where: 

k 
e 

I -
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(5.42) 

.c is the velocity of light in free space. (5.43) 

In the following two sections these slow quantities will be stuclied 

in two different regions. viz., firstly,in sectien 5.2.4, near the 

resonance, i.e. the inner region where the electromagnetic mode and the 

plasma mode are entaugled and secondly, in sectien 5.2.5, far enough 

away from the resonance wbere a clear distinction between both kinds of 

modes becomes possible. 

5.2.4 Slow quantities in the inner region 

As is well-known from chapter 3, in the inner region the various 

first order fast quantities show the following behaviour for low tempera

tures (to the lowest order in the inner expansion): 

El x o{ ln(o)} 

2 

Elz oco 3) 

2 

p oco 3) T ... 0 
Ie e (5.44) 

Hly 0(1) 
' 

_!!_ 

nle oco 3) 

where 

0 (5.45) 
c 

It is also known from chapter 3 that in the inner region: 

-~ 
d oco 3> dz 

(5.46a) 

2 

E: oco 3) .(5.46b) 
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With this behaviour in mind it is rather easy to determine the most 

important contribution to the souree term S in the inner region for 
z 

low temperatures; 

2 -w e 
(5. 47) 

=--0 
4/ 

where U is given by: pond.z 

u pond.z lz 

U is the so-called ponderomotfve potential where the term 
pond.z 

(5. 48) 

"ponderomotive" refers to a nonlinear, low frequency phenomenon induced 

by a high frequency field. Among the first authors who studied this 

nonlinear low frequency potential were Landau and Lifshitz [1960]. After 

them this ponderomotive potential and the resulting ponderomotive force 

has been studied in great detail; see e.g. the references given in the 

introduction. In the above-given derivations of the various second order 

slow quantities this ponderomotive potential appears in the first term 

of an inner e~pansion (see section 3.7.1 of chapter 3) of the souree 

term S • Thus it is possible to determine higher order appro~imations of 
z 

S by means of the various inner e~pansions of the first order fast 
z 

quantities (see section 3.7.1 of chapter 3) which then results in a more 

refined description of the ponderomotive force. 

Since the spatial variations in N in the inner region are on length-
e 

scales that are much larger than the Debye length ÀDe' it is justified to 

drop the first term on the left-hand side of equation (5.29). This is 

consistent with the fact that the present considerations are entirely 

based upon a hydrodynamic model for the plasma. Thus the following 

expression for n
2

e near the resonance is found: 
s 

n2e (z) = n
0 

(z)N (z) 
s e e 

-s (z) 

~-t-= 
w (z) 
pe 

-2 
+ O{ó ln(ó)} • 

(5.49) 
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By means of (5.40) and (5.44) it can be seen that the most 

important contribution to v2e is given by: 

v2e (z) = 
zs 

zs 

(5.50) 

In the same way it is found that the most important contribution to the 

derivative of H
2 

in the inner region is given by: 
ys 

(5.51) 

Note that E
1 

in this expression is the very first term of the inner x_ 
expansion of E1x as given by (3.137) of chapter 3. This very first term 

of the inner expansion of i
1 

(i.e. ln(o)E(O) in the notation of chapter 
x x 

3) does not depend on z. 

can be obtained from (5.35) and (5.49); 

4 

E2z (z) 
s 

= ~ .!!__ ci;zÊiz) + O{o 3ln(ê)} • 4im dz 
e 

(5.52) 

In order to calculate now these various slow quantities, it is 
- A -

useful to rewrite the inner solutions for Elx' Elz' Ple' H1y and nle' 

which have been obtained in chapter 3, that is to say (3.70), (3.71), 

(3.72), (3.69) and (3.136) respectively, by making use of the conneetion 

formulas (3.78) an~ (3.79) of chapter 3; 

E
1 

(z;w,k ) 
x x 

---,--k-:-=~c;.-__..,.,. ln ( y ~c2!-) 
3wt:

0 
IE' (z ) I res 

(5.53) 

2 I I' 

E
1 

(z;w,k ) = 1L k IE' (z ) 1-3 ;\yv2)-3 
z x Eo x res e 

(5.54) 

• H
0

{Gi(u)-iAi(u)} , 

-'ITlll 

ple(z;w,kx) = __ e k IE'(z ) I 3 
e x res (5.55) 

. H0{Gi'(u)-iAi'(u)} , 
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l A 

~I (z;w,k ) = --2 P
1 

(z;w,k ) 
e x m yV e x 

e e 

1 

IE:' (zres) I}: (z-z ) 
res 

0(1), T + 0 
e 

(5.56) 

(5.57) 

(5.58) 

For a description of the other symbols and special functions involved 

in these inner solutions see chapter 3. 

With these inner solutions the following expressions for the secoud 

order slow quantities are obtained from (5.49), (5.50), (5.51) and (5.52): 

where: 

n2e (z) 
s 

= N GGi'(u)}
2 

+ {Ai'(u)}
2 

+ u{Gi(u)}
2 

+ u{Ai(u) }
2 

- ~ Gi(u) J + O{ó-
2

ln(o)} , 

v2e (z) 
zs 

• V [1- ÏAi(<)d< J + O{! ~ln(!)) , 

0 

_1 
H

2 
(z) = HAi(u) + O(ó 3) , 

Ys 

E2zs (z) = E [Gi(u)Gi'(u) + Ai(u)Ai'(u) J _fi 
+ o{o 3ln{o)} 

{5.59) 

(5.60) 

(5.61) 

(5.62) 

(5.63) 

(5.64) 

(5.65) 
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2 2 2 
2s

0
m w IE'(z )iyv e res e 

(5.66) 

Finally, the ponderomotive potential U d is obtained from (5.48): pon .z 

where 

U d (z) =U r{Gi(u)}
2 

+ {Ai(u)}
2J 

pon .z l 

u 

(5. 6 7) 

(5.68) 

The quantities n2e /N, v
2 

/V, H
2 

/H, E
2 

/E and U d /U have been 
s ezs ys zs pon .z 

plotted in the Figures I, 2, 3, 4 and 5 respectively, as functions of 

the stretched coordinate u. 

As can be ÎPxerred from Figure 1, the slope of the electron-density 

profile near the resonance (u::::: 0) will increase which results in a steeper 

electron-density profile near the resonance. This steeperring of the 

electron-density profile is meanwhile a quite familiar phenomenon in the 

theory of interactions of intense radiation with nonuniform plasmas; 

see e.g. the references given in the introduction. Furthermore it can be 

seen from Figure I that not only the gradient of the electron density 

will increase near the resonance but also the electron density itself. 

This causes the resonance to be shifted in the first instanee towards 

the underdense region. Many investigations presented in the literature 

indicate, however, that the resonance will be shifted towards the 

overdense region; see e.g. the references given in the introduction. 

The reason for this discrepancy is that in these investigations the 

long-time evolution of the electron-density profile is studied. That is 

to say after several ion plasma periods which is certainly not the case 

in the present context. 

From the asymptotic behaviour of n
2
e, as given by (5.59), it 

s 
turns out thqt in the underdense inner region far enough away from the 

resonance (u<<O) the electron-density profile is modulated quasiharmoni

cally. This modulation is also shown in Figure I. The local wavelength 

of this modul1ation can be shown to be identical with the local wavelength 
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of the generated plasma mode. The consequence of the modulation for 

the propagation of the plasma mode itself will be considered in the 

next section. 

It should be noted that not only the electron-density profile is 

modulated quasiharmonically but also all other slow quantities show this 

quasiharmonical behaviour in the underdense inner region far enough 

away from the resonance. In the next section it will be shown that the 

modulation is essentially caused by the nonlinear interaction of the 

quasitransversal electromagnetic mode and the quasilongitudinal plasma 

mode. 

From Figure 2 it can be seen that there is plasma transport in 

the positive z-direction, that is to say towards the overdense region. 

In this overdense region this plasma transport becomes exponentially 

small. Now also the missing fourth energy flux, which bas been discussed 

already in chapter 3, is known; it is the term y/(y-I)P
0 

v
2 

which 
e es 

does account for this fourth energy flux in the positive z-dlrection. 

The generation of a dc-magnetic field (see Fig. 3) which maximizes 

near the resonance, is also a quite familiar phenomenon in laser-plasma 

interactions; see e.g. the references given in the introduction. It 

turns out that in the present model also a quasistatic electric field is 

generated near the resonance (see Fig. 4). 

Finally it should be stressed that N and E, as given by (5.63) 

and (5.66) respectively, must be small enough in order to ensure that 
""2 
ö ; O(n2e /nOe) 

s 

5.2.5 Spatial modulational instability far enough away from the 

resonance 

In the preceding section it has been shown that in the underdense 

inner region far enough away from the resonance the electron-density 

profile is modulated quasiharmonically. In this sectien it will be shown 

thát this modulation also appears in the left outer region where a clear 

distinction between the electromagnetic mode and the plasma mode becomes 

possible. Furthermore the consequence of this modulation for the propa

gation of the plasma mode will be studied. 

In chapter 3 it has been found that the various first order fast 

quantities in the left outer region show the following behaviour for low 



-210-

temperatures (to the lowest order in the outer expansion): 

E
1 

(z;w,k ) 
x x 

E
1 

(z;w,k ) 
z x 

P 
1 

(z;w,k ) 
e x 

H
1 

(z;w,k ) 
y x 

n
1 

(z;w,k ) 
e x 

;e + pP ;e 
Ie Je' Ie 

He + HP ~e 
Jy Jy' Jy 

l 

0(1), iP = O(ö 2) , 
I x 

0( I ) , iP 
lz 

0(1)' HP 
ly 

-e ., 0(1), ~p 
nle Ie 

where the index "e" indicates the electromagnetic-wave part of the 

field components concerned and the index "p" indicates the quasilongi

tudinal-plasma-wave part of the field components concerned. Furthermore 

it can be easily shown that the derivatives of these quantities (in WKB 

sense) with respect to z show the following temperature dependenee (see 

chapter 3): 

0 ( 1), 

0(1). 

rliie 
___!.x .. O(l)' 

dz1 

Ae, 
dnle 

0(1). dZ 

dÊP 
___ll 

dz 

<!HP 
____!.X 

dz 

Ap 
dnle 
dz 

T-+ 0 
e (5.70) 
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Now it is possible to determine the most important contribution 

to the souree term S , given by (5.39), for low temperatures. It can be 
z 

easily shown that this most important contribution to S is contained 
z 

in the first, the third, the fourteenth and the fifteenth term on the 

right-hand side of (5.39). Hence: 
Ap 

ek 1 ( A * dn 1 
Sz(z) 

__ x___ He __ e + 
4W€0me 1-E ly dz e.c.) 

-p 
e E (A * dn 1 e.c. ) + ---- Ee __ e + 

4m 1-E lz dz e (5. 71) 

EO _1_ 
( A * + e.c.) - Ee 

4m 1-E lz e 

k 
3 

( A * + e.c. ) + O(ó 2) - __ x_ He 
4Wm I-E Jy 

e 

This expression can be simplified by means of Poisson's law which yields 

the following relation between the lowest order ÊP and the lowest order 
lz 

~p : 
Ie 

diP 
__ l_z 

dz 

By making use of this 

S (z) 
e 

z 

Ap 
n • 

Ie 

relation S can be written as fellows: 
z 

[ {<l+E)i~: + :~~ ~~:} d:!e + c.c] 

(5. 72) 

(5.73) 

This expression for S can 
z 

be simplified once more by making use of the 

following relation between the lewest 
Ae -e 

order Elz and the lowest order Hly 

which results from the combination of the linearized version of equation 

(5.12) and equation (5.18): 

By making use of this relation the following expression for S is 
z 

finally found: 

(5.74) 
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S (z) = _.!__ 
z 4m 

e 
+ e.c.) (5.75) 

Since in the left outer region the spatial variations in N are on 
e 

lengthscales that are much larger than the Debye length, it is justified 

todrop the first term on the left-hand side of equation (5.29). Thus 

the following expression for the modification of the initially unperturbed 

electron-density profile is obtained: 

n2e (z) 
s· 

-s (z) 
n

0 
(z)N (z) ~ -

2
z __ 

e e w (z) 

( 

p:p ) 
-e Ae* dnle 

::: --::2_.;:::_ __ Elz ~+e.c. 
4w m (H;:) 

e 

(5. 76) 

Note that this result is only valid, on the one hand, far enough away 

from the resonance .because the electromagnetic mode and the plasma mode 

have to be distinguishable and, on the other hand, far enough away from 

the plasma-free space boundary because the Debye length ÀDe has to be 

small enough. Moreover the expressions for the plasma mode, as given in 

chapter 3, are only valid far enough away from the plasma-free space 

boundary. The result (5. 76) makes clear that the modiHeation of the 

electron-density profile is mainly caused by the nonlinear interaction 

of the electromagnetic mode and the plasma mode. 

In order to calculate n2e , it is useful to rewrite ~~e' which 

has been obtained in chapter 3, 5 by making use of (3.92), (3.93), (3.96) 

and the connect~on formulas (3.78) and (3.79) of chapter 3 and (5.69): 

where 

l l _} 
;p (z;w,k )= ~2 1e'(z )j 2 k w2 (yv2

) 4 
Je x e res x e 

1jl(z) 

z 
res 

(5.77) 

(5. 78) 
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H
0 

~s given by the lowest significant order of the inner expansion 

of Hl (see chapter 3 and (5.56)). It will also turn out that it is 
Y Ae 

useful to write Elz in the following form: 

where: -e 
E (z;w,k ) 

Iz x 

Ho 
G G(z;w,k ) 

x 

( i7 (z;w,k ) ) 
$ = $(z;w,k ) = argument of z x 

x H
0 

Thus the following expression for 

n2e (z) 
s 

3 y+I 

.GE4(1-E)-
2
Y cos(1P-$- *) · 

(5.80a) 

(5.80b) 

(5. 81) 

Obviously also in the left outer regi011 or rather as soon as a distinc

tion between the. electromagnetic mode and the plasma mode becomes 

possible, the initially unperturbed electron-density profile \vill be 

modulated quasiharmonically through the nonlinear interaction of both 

kinds of waves. Since $'(z) << W'(z), the local wavelengthof this 

modulation is approximately equal to the local wavelength of the original 

plasma mode. 

In order to study the feedback of this modulation on the propagation 

of the quasilongitudinal plasma wave, it is necessary to introduce the 

following improved dielectric function: 

È(z) = I - ____;:_ {n (z) + n (z)} 
2 Oe 2e 

w Eome s 

= e:(z) {I + K(z)cos(p-cp- ~)} 
(5. 82) 

where: 

K(z) 
(5. 83) 
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I _ y+l 

•IH
0

1
2Ge:-4 (I-E) 2Y 

2 
noe (z)e 

2 
w e:0me 

I - i.e. the initially unperturbed (5. 84) E(z) 

electron-density profile. 

The problem of the interaction of longitudinal plasma waves with 

density perturbations has already been studied earlier for an initially 

homogeneous plasma by e.g. Kaw et al. [ 1973]. They have ·Shown that the 

interaction of the longitudinal plasma wave with a p~riodic density 

perturbation leads to the conversion of the plasma mode into shorter 

wavelength modes. This conversion can be considered as a quasiresonant 

interaction of finite amplitude plasma waves and the modulation. 

Buchelnikova and Matochkin [1981] have stuclied the same problem. They, 

however, have done numerical experiments (particle simulation) on the 

interaction of longitudinal plasma waves with sinusoidal density 

perturbations in a plasma with immobile ions. 

Consider now the differential equation that governs the propagation 

of the plasma mode in the left outer region with the improved electron

density profile given by (5.82) (see also equation (3.91) of chapter 3): 

[ 
~· 1-y ë:• J - +-- --
~ y 1-8 

0 . (5.85) 

This differential equation can be transformed into its normal form, which 

is given by: 

where: 

iP [ 
2 J dz2 + ~ s + A P = 0 

e 

Y-1 
PAP (z,·w k. ) = -z - 2Y ) Ie , x E (1-E) P(z;w,kx , 

A = A(z) = - 1( 'i') 2 + 1:.! {<È ') 2 - 1Y::!(2) 2 
4 '€ 2Y E 2Y 1-E 

E" 
+- + 

28 

(5.86) 

(5.87) 

(5.88) 
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If 2 is not too close to zero and not too close to one, that is to say 

far enough away from the resonance and far enough away from the plasma

free space boundary respectively, it is allowed to neglect A with 
2 2 ~ h. • h h 1 • d b respect to (!J 1 (YV )s. T 1s 1s t e more so as t e p asma lS assume to e 

e 
weakly inhomogeneous and lukewarm. The substitution of (5.82) in 

(5.86) now gives the following Mathieu type of equation [Bender and 

Orszag, 1978] for P: 

0 . (5. 89) 

This seems to be a very complicated equation. It is, however, 

possible to obtain approximate solutions by means of the so-called 

multiple-scale technique [Nayfeh, 1973; Bender and Orszag, 1978]. For 

that purpose it is assumed that K << 1. Now it is possible to introduce 

three well-distinguishable lengthscales, viz.: 

(5.90) 

The formal procedure consists now of seeking solutions of (5.89) that 

are functions of these three variables z
0

, z
1 

and z
2 

treated as 

independent variables {which they are ultimately not) and of assuming a 

perturbation expansion of the form: 

By means of the chain rule for partial differentiation it is possible 

to compute derivatives of P: 

dP 
dz (5.92a) 
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2 a P . .,2 ) 
{lz

0
Clz

2 
(5.92b) 

In cemputing this secend derivative of P, the derivative of K with 

respect to z
0 

has been neglected with respect te the derivative of the 

short-lengthscale part of P (i.e. the WKB-Ansatz). If it is assumed that 

the lengthscale on which the electron density and thus alse K varies, is 

much longer than z
0

, z 1 and z
2

, then this seems te be a goed assumption. 

New (5.91) and (5.92b) are substituted into the differential 

equation (5.89) for P and then equal powers in K are collected. This 

gives: 

0 ' 

2 
- .!!L 

2 yv 
e 

The general WKB-solution of (5.93) is given by: 

I 

E-4 {c
0

cz
1 
,z

2
)exp(-il/J) 

(5. 93) 

(5.95) 

(5.96) 

Note that the "constants" c
0 

and c
1 

still may depend on z 1 and z2• The 

substitution of this solution on the right-hand side of equation (5.94) 

gives: 
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(5. 97) 

To avoid secular behaviour of the solutions for P
1

, the"constants" c
0 

and Cl have to be ebasen independent af z
1

; 

0 . (5.98) 

The salution of the inhamogeneaus differential equation (5.97) can now 

be found by means of the metbod of the variation of the constants 

[Ince, 1956]. As a result it is found that: 

i s--1; ~ c
0

(z
2

)exp {-i(zw-~- i)} 

- c0 (z2)exp {-i(<P+ *-)} 
+~Cl (z2)exp {+i(2l)J-<jl- i)} 
- c1 (z2)exp {+i($+ i)}] 

(5.99) 

The substitution of this solution and of (5.96) on the right-hand side 

of equation (5.95) gives: 

I 
8 

(5. 100) 
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1 
2w 4 {· del ---e: ~--

flve dz 2 

I 

l 
l w 2 

+---~e: c 
12 /YV I 

e 

-i ).?ve e:2 ic0exp(-2i~)Jr exp(+i$) 

If it is assumed now that the lengthscale on which c
0 

and c
1 

vary, is 

much shorter than the lengthscale on which the electromagnetic mode, 

that is to say exp(+i~), varies and thus also much shorter than the 

lengthscale on which the equilibrium electron density varies then 

secular behaviour of the solutions for P
2 

can only be avoided if the 

"constants" c
0 

and c
1 

satisfy the following differential equations: 

iw 
= 8/?V 

e 
(S.IOla) 

(S.IOlb) 

The eliminstion of e.g. c
0 

now gives the following second order differen

tial equation for cl: 

(5. 102) 

The solution of this equation is given by: 

(5.103) 

where 

(5. 104) 

a.
1 

and a.
2 

are as yet unknown constants. 'J'he "constant" c
0 

can now be 

obtained by means of equation (5.101b); 

(5.105) 
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where 

q, 0 = -arctan (t IS') . (5.106) 

The lowest order contribution (in the K-expansion) to the longitudinal
~P 

plasma-wave part of the electron density perturbation n
1
e can now be 

obtained from (5.96) and by means of (5.69), (5.87), (5.103) and (5.105); 

y-1 

(1-e:>"ZY 

+ {a 1exp(+sK
2

(z-zd)-iq,0) - a2exp(-sK
2

(z-zd)+i$0)} 

• exp(-i1}1+2i$J 

(5. 107) 

where zd is ebasen so that for z ~ zd < z a clear distinction between , res 
the electromagnetic mode and the plasma mode becomes possible. The first 

part on the right-hand side of this expression represents a longitudinal 

plasma wave that propagates towards the lower-density side of the plasma 

whereas the second part represents a longitudinal plasma wave that 

propagates towards the resonance. The constant a
1 

and a
2 

can now be de

termined by identifying expression (5. 107) for K = 0, that is to say 

if nonlinear effects are negligible, with the expression for the ~fe 
previously found in chapter 3; see (5.77). As aresult it is found that: 

I I I 1 

a
1 

= -me)_15ile:'(z >-12 k i (yV2)'4 
e 10 res x e 

{5.108) 

2 

Hence ~~e is finally found to be given by: 

I I 

~PI (z; ,w,k ) 
e x 

3
10 /Sile:'(z >1 2

kw
2 

e res x 
(5.109) 
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[ {exp(+sK
2 

(z-zd>) -exp(•BK
2 

(z-z d>)} 

exp{-i(l/1-24>+ ~ » + {exp(+SK
2 

(z-zd}+i<P0) 

+ exp (-sK
2

(z-zd)-i4>0)} expfi(w- *)}] 

_y+1 

(1-e:) y 

(5. 110} 

Now the salution for ~)e bas been obtained, it is possible to verify 

the main assumptions that have been made previously. In the first place 

it has been assumed that: 

(5. lil} 

From (5.83) it can be seen that for a weakly inhomogeneous, lukewarm 

plasma: 

where 

dK 
dz 

L 

5 I 
o( o-2 L-2 ;sz> (5. 112) 

E 
Ë.' » I , 6....0, 6....0 (5. 113) 

On the other hand it can beseen from (5.83), (5.96), (5.78), (5.103) 

and (5.105) that: 

_J.. I 

o(6 2 
12 62), L >> 1. 6~o. ~o. (5.114) 

When (5.112) is compared with (5.114) it is clear that (5.111) is iudeed 
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justified for low temperatures and for a weakly inhomogeneous plasma. In 

the second place it has been assumed that the lengthscale on which the 

"constants" c
0 

and c
1 

vary, is much shorter than the lengthscale on which 

the electromagnetic mode, i.e. exp(+i~), varies and thus also very much 

shorter than the lengthscale on which the equilibrium electron density 

varies. The lengthscale on which the electromagnetic mode varies, is 

determined by: 

0(1), L >>I, o+O, o+O (5. 115) 

The lengthscale on which the equilibrium electron density varies, is 

determined by: 

dnOe 
-----

dz 
O(L- 1), L >> I, o+O, o+O (5. 116) 

The lengthscale on which c
0 

and c
1 

vary, is determined by: 

(5. 117) 

Now it is clear that: 

L <<•L << L • 
3 I 2 

(5. 118) 

Hence the above-mentioned assumption is also justified. In the third place 

it has been assumed that the lengthscale on which the plasma mode varies 

(in the linear case, i.e. with K = 0) is much shorter than the length

scale on which the "constants" c
0 

and c
1 

vary. The lengthscale on which 

the plasma mode varies, is determined by: 

-I 
O(o ), L >>I, o+O, Ö+O. (5. 119) 

Hence the above-mentioned third assumptions is justified if: 

(5. 120) 
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This condition can only be satisfied if 6 is small enough, so if the 

amplitude of the incoming electromagnetic wave is small enough. 

Since the "constants" c
0 

and c
1 

are known now, it is also possible 

to write down the next term in the K-expansion of ~P · 
Ie' 

Àp 
n

1 
(z;w,k ) 

e x 

5.2.6 Conclusions 

l y-t 

Kt:2( )-E)2y . (5.121) 

Insection 5.2.1 it has been argued that there exists a time 

interval, after the souree of the incoming electromagnetic wave has been 

switched on, in which the steady state of linear mode conversion is 

attained and the ions can still be taken immobile. 

By means of the metbod discussed in section 5.2.2, which is 

based upon the idea that a clear distinction is possible between a slow 

(ion) timescale and a fast (electron) timescale, it is possible to study 

the effect of the nonlinear interaction of the relevant modes and the 

equilibrium electron density. 

It turns out that through this nonlinear interaction of the electro

magnetic mode and the plasma mbde, which is generated by linear mode 

conversion, the initially unperturbed electron-density profile is modulated 

quasiharmonically with a local wavelength that is almest identical with the 

local wavelengthof the plasma mode because ~'(z) <~ ~'(z) for z < z 
res 

This modulation is already present in the inner region as soon as a clear 

distinction between the electromagnetic mode and the plasma mode becomes 

possible and it continues in the left outer region. 

The effect of this modulation on the propagation of the plasma mode 

has been analyzed in section 5.2.5. It has been shown that the plasma mode 

and thus also the modulation may become spatially {not temporally) unstable 

without a threshold for. the amplitude of the incoming electromagnetic wave. 

The quasilongitudinal plasma wave digs itself into the plasma. 

In the strong nonlinear case, when the amplitude of the incoming 

electromagnetic wave becomes large (e.g. in the case of laser-plasma 

interaction) it is to be expected that this type of spatial modulational 
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instability leads to the localization of the electric field in density 

cavities and to the formation of envelope-soliton-like strutures. 

This bas already been demonstrated by means of numerical experiments 

(particle simulation) e.g. by Buchelnikova and Matochkin (1981]. 

Furthermore it bas been shown in section 5.2.5 that the inter

action of the plasma mode and the quasiharmonical density perturbation 

leadstoa modulation of the plasma mode (see (5.109)). 

The determination of higher order terms in the K-expansion would 

show that these higher order terms are in fact shorter wavelength 

corrections to the original plasma mode. The shorter waveleneth 

corrections cause a deformation of the plasma mode which thus Jeeomes 

anharmonic. 

The typical nonlinear phenomena that become apparent in the very 

neighbourhood of the resonance (plasma transport, profile steepening, 

generation of a dc-magnetic and a dc-electric field etc.) have already 

been discussed at the end of sectien 5.2.4. 

The solutions that have been found in this sectien are not self

consistent. Actually they have been obtained through an iterative 

procedure bY, which the solutions of the linear steady-state problem with 

an initially unperturbed electron-density profile are used to calculate 

the nonlinear corrections to the electron-density perturbation (i.e. 

profile modification), to the magnetie-field perturbation (i.e. generation 

of a dc-magnetic field), etc. An attempt to obtain self-consistent sol

utions for these quantities shall be made in the next two sections. 
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In order to investigate the long-time evolution of the spatial 

type of modulational instability that has been stuclied for a finite time 

interval in the preceding section, it is necessary to treat the nonlinear 

evolution of this type of instability and also, more generally, of the 

mode conversion near the resonance nat in an iterative manner, as has 

been done in the preceding section, but in a self-consistent way and 

with ions that are mobile on the slow timescale. 

The development of the modulational instability in an unmagnetized 

plasma bas been described, among others, by Zakharov [1972] in such a 

self-consistent way. For that purpose Zakharov [1972] derived a set of 

equations starting from the assumption that there exist well-separated 

slow (ion) timescales and fast (electron) timescales. This set of 

equations, which are meanwhile known as the Zakharov equations, loses 

its validity when the field intensities hecome too large, e.g. near 

the resonance. 

Insection 5.3.1 a set of so-called generalized Zakharov equations 

will he derived ••hich are valid at higher field strengtbs and which will 

he used in section 5.4. to look for self-consistent solutions of the 

prohlem of mode conversion near the resonance in the sense that in that 

section the possible generation of solitary waves will be investigated. 

Furthermore it will be allowed that the quasineutrality on the slow 

timescale may be violated [Skoriê, 1981]. 

In section 5.3.2 the generalized Zakharov equations will be con

sidered for the more special case of a TM-polarized incident electramag

netic wave and the special geometry described in chapter 3. 

5.3.1 Derivation of the generalized Zakharov equations 

In order to derive the generalized Zakharov equations, the various 

relevant quantities are split into terros corresponding to different 

timescales in the following way: 

(5.122) 

where F stands for the electron density n or the electron velocity v or 
e -e 
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the electric field E etc. F
0 

is the equilibrium value of F (if present). 

Fs is that part of F that varies on the slow timescale. F
1 

is that 

part of F that is of the first order in an amplitude expansion of F and 

furthermore it is assumed that F 1 varies on the w-timescale. F
2 

is of 

the secoud order in the amplitude expansion of F and it is assumed that 

F
2 

varies on the 2w-timescale and so on. In what fellows it will be 

assumed that F
8 

is small with respect to F
0

, though sametimes comparable 

with F
0

. 

For the derivation of the generalized Zakharov equations the two

fluid continuurn theory of plasma dynamics is used. Consider first of 

all the following linearized equations of Maxwell: 

V':Jf!l 
Cl! I 

-Jlo ät (5.123) 

()E 

V'x!!l J + E: -=!_ (5.124) 
-Je 0 Clt 

where J
1 

is the electron-current density (the ions are assumed to be 
- e 

immobile onthefast timescale). These equations may be combined to give: 

2 
1 a !.1 

+ --- + Jlo 
2 " 2 C ot 

0 . (5.125) 

It is assumed now that the electron-current density ~Ie is given by: 

• -e(n +n )v 
Oe es -Ie 

where n ::i;s the slow-timescale part of the el~ctron density. 
es 

Hence: 

• -e 2_ {(n +n )v } 
êJt Oe es -Je 

êJv 
~ -e(n +n ) -Je 

Oe es Clt 

(5.126) 

(5. 127) 

This expression can be elaborated further by making use of the equation 

for the electrans which is assumed to be given by: 
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(lv 

(no +n )"-Ie -e {( + )E + B } 'VP e es at = ;;- nOe nes -I noe.!le x -s - m Ie 
e e 

(5.I28) 

where B is the slow-timescale part of the magnetic field. The combination 
--s 

of (5.I25) with (5.127) and (5.128) now gives: 

2 2 
I a ~~ ]..loe 

+ 2 J +-;- { (noe +nes)~! 
C at e 

Vx(VJ<:!
1
) (5.129) 

+ n v x B } + VP = 0 • 
Oe-Je -s m Ie 

e 

The linearized version of the adiabatic law for the electron pressure 

is given by: 

(5.130) 

It is assumed that for the weakly inhomogeneous, lukewarm plasma under 

consideration the term on the right-hand side of this equation is negli

gible. Hence: 

(5.131) 

In order to express .!Je in equation (5.129) and n 1e in equation (5.131) 

in terms of ~I the following equations are used: 

il!:le -e 
-;;-t z-E 

a m -1 
, i.e. the equation of motion for the (5.132) 

e 

-e =r 
0 

electrens in a cold, unmagnetized plasma, 

n , i.e. Poisson's law. 
Je 

Equation (5.132) is reasonable if the plasma is not too warm 

(5.133) 

Since the various fast quantities are assumed to possess a quasi

harmonie time dependence, it is convenient to write: 

(5.134) 



-227-

where F
1 

may still vary on the slow timescale. 

Hence: 

<< w . (5.135) 

Now it is possible to write the equations (5.129), (5.131), {5.132) 

and (5.133) as fellows by means of (5. 134): 

where 

2 ~ 2iw 
17x(Vx;!

1
) - k EE + -

2 e -J 

V = -Je 
-e ~ 

--E iwm -J 
e 

-e 
=-n 

EQ Ie 

E = E(.!.) 1 -

c 

2 w (r) 
pe-

2 
(!) 

+ V X .!L) -Je a 
(5.136) 

(5.137) 

(5.138) 

(5.139) 

1 - (5.140) 

The second derivative of E
1 

with ~espect :o t has been neglected in (5.136) 

justas the first derivatives of P
1 

and n
1 

with respecttot in (5.137). 
A ~ e e 

The elimination of v 1 and P
1 

in (5.136) by means of (5.138), (5.137) -e e 
and (5.139) finally gives the following partial differential equation for 

E : 
Ie 

2 -
+ k (1-E)N E 

e e-1 

" ek"" 
~ (1-e:)E x B = 0 
lû.Jile -I --s 

(5.141) 
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e 

-228-

Consider now the slow-timescale equation of motion for the 

electrons: 

e 
4m 

e 

+ c.c} 

where v is the slow-timescale part of the electron velocity, -es 

E is the slow-timescale part of the electric field, 
-s 

p is the slow-timescale part of the electron pressure. 
es 

(5.142) 

(5.143) 

Since heat conduction in the plasma is not entirely negligible, it is in 

all probability justified to consider the various processes on the slow 
I 

timescale to be isothermal instead of adiabatic. This implies that: 

p 
es 

(5.144) 

Furthermore it is assumed that the derivative of the slow-timescale p~rt 

of the electron velocity with respect to t is negligible. With these two 

assumptions the following expression for E is obtained from (5.143): 
-s 

E 
-s 

iwm ___ e 

4e 
(5.145) 
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By means of Poisson's law it is possible now to interrelate the 

slow-timescaleparts of the electron density and the ion density, that is 

to say nes and nis; 

V'•E = ~ (n. - n ) 
-es s 0 1s es 

The combination of (5.145) and (5.146) now gives: 

where 

n es n. + V'•( -
1

- E n ) 
1s e n 0e =o es 

-I . ( ~7~1e- e.c.) S=-1wn V'• 
4 Oe n0e 

s 
2 w pe 

(5. 146) 

(5. 147) 

{5.148) 

This expressionforS can be rewritten by making use of (5.138). (5.139) 

and the following equation of Maxwell: 

(5.149) 

As a result it is found that: 

(5.150) 
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(5.151) 

The equilibrium electric field in (5.147) has already been determined 

in chapter 4. There it was found that (see (4.17) of chapter 4): 

E = 
"'{) 

-m v2 Vn
0 ____!L.!. __ e_ 

e 
(5. 152) 

With this and by making use of (5.150), equation (5.147) can be finally 

written as follows: 

- N. 
1 

(5.153) 

=- ( -t-) 2 
2w me 

v2 
( 1i 12

) 1-S -1 
- N. 

1 

where 

N. 
1 

Campare this result with }5.29) and note 

The equation that interrelates nis 

Consider the slow-timescale equations of 

ions: 

an . 
..--2:.!. + ,.., ( ) at v. noi~s 0, 

(5.154) 

the resemblance for N. = 0 • 
1 

and !
1 

can he obtained as follows. 

continuity and motion for the 

(5.155) 

(5.156) 

where n0i is the equilibrium ion density, 

v. is the slow-timescale part of the ion velocity, 
-1S 

P. is 1 the slow-timescale part of the ion pressure. 
1S 

Since the various processes on the slow timescale are assumed to be 

isothermal, the slow-timescale part of the ion pressure is given by: 



where 

P. 
l.S 

2 m.V.n. 
l. l. l.S 
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i.e. the ion thermal velocity; 

T. is the ion temperature. 
]. 

(5. 157) 

(5. 158) 

After having differentiated equation (5.155) with respect tot, the slow 

quantities v. , P. and E2 in (5.155), (5.156) and (5.157) can be 
-:LS l.S - S 

eliminated by means of (5.156), (5.157) and (5.145) respectively provided 

that terms with ~ are negligible. Thus the following so-called driven 

ion-acoustic wave equation is found: 

where 

c 
s 

KB(T +T.) e l. 

m. 
]. 

(5.159) 

i.e. the ion-acoustic velocity. (5.160) 

To complete thesetof equations for the slow quantities !
1

, n , 
es 

n. and B , a fourth equation is needed. This fourth equation will be 
l.S -s 

a differential equation for B • Consider the following, compared to 
-s 

(5.143), improved version of the slow-timescale equation of motion for 

the electrans [Kuznetsov, 1976; Skoriê, 1981]: 

(5.161) 

1 { ~* ~ } + -
4 

n
0 

(v ·V)v
1 

+ e.c. 
e -Je - e 

l ~ "' } I + -
4 

n
0 

(v
1 

xB.
1
+ e.c.) -- VP • e- e- m es 

e 

If it is assumed now that the terms in this equation with !n and P are 
-v es 

negligible (cold plasma approximation) then this equation of motion can 
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be written as follows by making use of (5.138) and (5.139): 

av -es -e 
--=-E at m -s 

e 

lf the ion contribution (which is O(m /m.)) to the total slow-timescale 
e ~ 

current density and also the slow-timescale displacement-current density 

are neglected then the slow-timescale law of Ampère becomes by means 

of (5.138) and (5.139): 

IJxB = -ll e [n v +__:]____{cv i'*>i - c c}] -s 0 Oe-es 4iWme '-1 -] • ' 
(5.163) 

This equation is divided by n
0
e. Furthermore it is differentiated with 

respecttot and finally (5.162) is used. Thus the following equation is 

obtained: 

(5. 164) 

Now the curl of this equation is taken and the following slow-timescale 

equation of Maxwell is used: 

IJxE 
-s 

()B 
- --=:.!!. at 

The resulting equation is finally integrated with respect to t and 

furthermore w is assumed to be approximately equal to w . Thus the pe 
following differential equation for B is finally obtained: 

-s 

IJx(IJ"ldl ) + 
-s 

2 
x (IJxB ) + k (1-s)B 

-s e -s 

(5.165) 

(5.166) 
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Thus the equations (5.141), (5.153), (5.159) and (5. 166) constitute 

the set of so-called generalized Zakharov equations. These equations deter-
A 

mine the 

electron 

nonlinear evolution of the electric field strength !
1

, the slow 

density n , the slow ion density n. and the slow magnetic 
es LS 

field B -s in a weakly inhomogeneous, unmagnetized, lukewarm plasma in the 

neighbourhood of the resonance. 

Throughout the derivation of the above-mentioned generalized 

Zakharov equations there has been no quasineutrality assumed on the slow 

timescale (see (5.153)). If, however, quasineutrality would be assumed 

also on the slow timescale then n es nis and the generalized Zakharov 

equations would become: 

B 
-s 

2 A 

+ k {l-E:)N E -
e e-1 

-e 
. 2 

4Lûlll C 
e 

x i* 
-1 

2iw 3!1 +----
2 élt 

c 

J-E:)E xB = 0 
-1 -s 

{5.167) 

(5. 168) 

(5. 169) 

In the next section the generalized Zakharov equations will be 

considered for the special case of a TM-polariied incident electromagnetic 

wave in order to be able to study the problem of mode conversion and wave 

propagation near the resonance in a self-consistent way and in the non

linear regime where profile modification and magnetic field generation 

become important. 

5.3.2 The generalized Zakharov equations for TM polarization 

In this section the special geometry as used in chapter 3 will be 

considered again. Furthermore the same assumptions and restrictions as 

well as the same kind of plasma as in chapter 3 will be considered. 

Now, however, it will not be premised that a linear steady-state 

situation is attained and it will also be assumed that the ions are 

mobile on the slow timescale. 
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Starting point for the derivation of the equations that describe 

the nonlinear evolution of the mode conversion near the resonance are 

once more the fast-timescale equations of Maxwell. These are, for a 

TM-polarized incident electromagnetic wave and the special geometry 

as used in cbapter 3, given by: 

(5.170) 

(5.171) 

<JE z (5.172) 

The electron-current density is again assumed to he given by (see also 

(5. 126)): 

Jl = -e(no +n )vl • - e e es- e 

The z-component of the equation of motion for the electrans is now 

assumed to be given by (see also (5.128)): 

(5.173) 

(5.174) 

Finally the adiabatic law for the electron pressure and Poisson's law 

are needed (see also (5.131) and (5.133)): 

(5.175) 

(5.176) 

Equation (5.172) is now differentiated with respecttot and then (5.174) 

is used. ThUs the following equation is obtained: 
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• (5. 177) 

Since the various quantities are assumed to be quasiharmonie with respect 

tot and x (see also chapter 3}, it is again convenient to write: 

+ c. c.J (5.178) 

where F1 stands for E1x or v1e etc. Witb this the equations (5.177), 

(5.175} and (5.176) become: x 

Wk Hl s0w~e ( 1 + ) x y noe 
A 

óP 2· e Ie +----
m Óz 

EWE 
e 

;JE 
-ik E + ~ 

x 1x óz 

0 lz 

-e • = -n 
EO Je 

(E 1 +;I B ) 
z ex sy 

(5.179) 

óÊ 
+ 2·ws ~ 

l. 0 dt 

(5.180) 

(5.181) 

The secoud derivative of E with respect to t is once more neglected 
lz • 

just as the first derivatives of P
1
e and n

1
e with respect to t. The 

combination of (5.179), (5.180) and (5.181) now gives: 

( 
w2 2 E -

yv 
e 

óE 
-2i ~ 

i y e 

-wk • = __ x_ R 

E yV2 ly 
0 e 

(5.182} 

Because of the longitudinal character of the waves near the resonance, 

it is justified to neglect k2 with respect to a21az2
. Furthermore is, 

x 
in the neighbourhood of the resonance, w approximately equal to w and 

pe 
the magnetic field strength Hly approximately constant (at least in the 

linear regime). Hence: 

z )=H
0

• 
res (5.183) 
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For such a constant magneti~ field :trength near the resonance the 

following relation between Elx and Elz is valid: 

aE 
-1 lx 

Elz:::: ik ~ 
x 

(5. 184) 

This relation can also be considered as a consequence of t~e mainly 

longitudinal character of the waves near the resonance (Vx!
1 

~ 0). The 

fast electron velocity v
1
e in (5.182) is by approximation given by (see 

also (5.132)): x 

-e = -.-- E 
l.WIIl )X 

(5. 185) 
e 

Now it is possible totransfarm the differential equation~(5.182) for 

Elz into the following partial differential equation for Elx by making 

use of (5.183), (5.184) and (5.185): 

2 
e 

élE 
I x 

0 es -a;-

The equation for n can be obtained from (5.153). If a
2
;ax

2 

(5.186) 

es 2 2 
is negligib le wi th respect to 3 /élz near the resonance, w ~ wpe, deri va-

tives of n with respect to z are also negligible and finally near the 
Oe A 

resonance IÊ I >> IE I then the following differential equation for 
lz lx 

n is found from (5.153) and by making use of (5.184): 
es 
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n es ( I '~!x I') - n. 
~s 

The equation for n. can be obtained from (5.159). 
~s 

assumptions are made as previously for the derivation of 

following partial differential equation for n. is found 
~s 

by making use of (5.184): 

(5.187) 

If the same 

(5. 187) then the 

from (5.159) and 

(5.188) 

If furthermore T >> 
e 

[Skoric, 1981] then this equation can also be 

written as follows: 

2 
a nis 
--2-- m. 

é)t l 

2 
2 a 0 is 8 0 a2 
V--=--

e 2 2 
é)z 4m.k 

~ x 
(I':! x I') (5.189) 

Finally the equation for B can be obtained from (5.166). Once sy 
more the above-mentioned assumption concerning the derivation of (5.187) 

are made. Thus the following differential equation for B is found from sy 
(5.166) and by making use of (5.184): 

-e 
2 

4uk m c 
x e 

(5. 190) 

In order to write the equations for Elx' nes' nis and Bsy' i.e. 

(5.186), (5.187), (5.189) and (5.190) respectively, in dimensionless farm, 

the electron density is linearized near the resonance and the following 

transformations of the independent and the dependent variables are intro

duced: 
I 

ls'(z >1}
3

<z-z ), res res (5. 191) 

2 

e:(z) le:'(z >l<z -z) =-{~ res res 
ûl 

is•(z >1
2}s 

res (5.192) 
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I 

'I ={yv! lt:'<z ) 12}3 w2t • 
w2 res 

(5. 193) 

(5. 194) 

(5.195) 

(5. 196) 

With these transformations the equations (5.186), (5.187), (5. 189) and 

(5.190) can be written in the following dimensionless form: 

where: 

l 

*{Y(ÀDele:'(zres) 1>2 }3 ' 

(5.197) 

(5.198) 

(5.199) 

(5.200) 

(5.201) 

(5.202) 

(5. 203) 

{5. 204) 



2 
)1 

2 

k }3 
IE:' (ze ) I 

res 
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(5.205) 

Since À le::'(z )I is very small, the parameter À is also very 
De res 

small. It turns out that for low temperatures: 

p O(À-12) 

l q O(À-2) 
T .... 0 (5.206) 2 O(À+2) e 

\) 

i. O(À+4) )1 

If the slow-timescale parts of the ion density .and of the magnetic 

field are negligible, so if N. = 0 and B = 0, if furthermore the derivative 
1 

of A with respect to T is also negligible and if finally it is assumed 

that the spatial variations in N are on lengthscales that are much larger 
e 

than the Debye length ÀDe' then the equation (5.197) and (5.198) become: 

where 

A 
dÄ 
dl; 

(5.207) 

(5.208) 

(5.209) 

In section 5.2 these equations have been solved approximately by means of 

an iterative procedure. In fact the following expansions for A and N 
e 

have been used in section 5.2: 

N 
e 

+ ••• 

+ ••• 

(5.210) 

(5. 211) 

If these expansions are inserted in (5.207) and (5.208), the following 

equations are found: 

d2 A (O) I;A (O) 
~- I , (5.212) 
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(5.213) 

(5.214) 

(5.215) 

The first of these equations has been studied extensively in chapter 3. 

The second one (5.213) and the third one (5.214), have been studied in 

this chapter, in section 5.2. 

It should be clear that with such an iterative approach, which is 

actually not self-consistent, it is not possible to examine the long-time 

behaviour of A and to look for possible solitary-wave solutions. 

5.3.3 Conclusions 

In the two preceding sections a set of nonlinear equations has 

been derived that describe the nonlinear evolution of the mode conversion 

and the wave propagation near the resonance where the electron plasma 

frequency matches the driving frequency. The equations are actually non

linear because of the inclusion of two nonlinear effects, viz., the 

modification of the electron-density profile in the neighbourhood of the 

resonance by the so-called ponderomotive force and the generation of 

a dc-magnetic field. Both effects are meanwhile quite familiar especially 

with respect to laser-plasma interactions where the field strength of 

the incoming electromagnetic wave can become rather high. For the 

parameters p and q this means that for incident laser light !H
0
! can 

become rather large. 

The underlying idea for the derivation of the nonlinear equations 

is that it is possible to distinguish between two well-separated time

scales, viz., the slow ion-timescale and_the fast electron-timescale, 

and furthermore that the amplitude expansion and the fast timescale 

expansion are coupled in the sense that the n.:.th order in the amplitude 

expansion is assumed to vary only on the nw-timescale (and on the slow 

timescale). 
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The above-mentioned set of nonlinear equations is called the set 

of generalized Zakharov equations. These equations are generalized 

with respect to the original equations of Zakharov in three ways. First 

of all they are valid for higher field strengths. Secondly the possible 

breakdown of the quasineutrality on the slow timescale has been taken 

into account. Finally the generation of a dc-magnetic field has been 

included. 

Insection 5.3.1 these generalized Zakharov equations have been 

considered for an arbitrary geometry whereas in section 5.3.2 the 

special case of a TM-polarized incident electromagnetic wave has been 

considered. The equations for this special case have been furthermore 

brought into a aimensionless form which will turn out to be convenient 

in the next section. 

Judging from (5.206), the modification of the electron-density 

profile in the neighbourhood of the resonance and which is represented 

in (5. 197) by the term with the parameter p, seems to be the most 

pronounced nonlinear effect for low temperatures in the present case., 

The generation of the dc-magnetic field near the resonance appears to be 

less significant. Therefore in the next sectien this dc-magnetic field 

will be neglected. 
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In section 5.2 the problem of the modification of the electron

density profile by the transport of plasma due to the ponderomotive force 

bas been stuclied in an iterative manner. The solutions thus obtained 

are not self-consistent. Therefore in tbe preceding section a set of 

so-called generalized Zakharov equations bas been derived by which it is 

possible to study the above-mentioned problem in a self-consistent way. 

Since tbe generation of a dc-magnetic field in the neighbourhood 

of the resonance seems to be of minor importance wit.h respect to the 

more pronounced nonlinear profile modification, this dc-magnetic field 

will be neglected in the present section. Furthermore the attention 

will be restricted to special solutions, viz., solitons and cavitons 

[Scott et al., 1973], which can emerge out of the asymptotic long-time 

behaviour of the mode conversion. These solitons and cavitons (i.e. 

density-depressions, see e.g. Wong [1977]) can never be found by means 

of the above-mentioned iterative procedure. It should be remarked that 

the concept of solitons and cavitons is dealt witb in the present 

section in the sense of solitary wave structures that not necessarily 

possess the characteristic amplitude-width symmetry and the collisional 

invariance property [Scott et al. , 1973]. 

The problem of soliton generation and propagation near the resonance 

in an inhomogeneous, unmagnetized, warm plasma has already been investi

gated in the literature by many authors. Starting point of these 

authors is always the set of (generalized) Zakharov equations in which 

the modification of the electron-density profile is incorporated self

consistently. Furthermore all investigators presûme quasineutrality on 

the slow timescale. This latter condition will be relaxed in the present 

section. It seems that the results presented in the literature can be 

split into three groups. 

Firstly there is the so-called quasistatic approach which means 

that the ion inertia in equation (5.199) is neglected, sou= 0 in 

(5.199). Tbis appears to be a good assumption as long as the velocity 

of tbe solitons and cavitons in tbe plasma remains small witb respect 

to tbe ion-acoustic velocity, i.e. for subsonic solitons and cavitons. 

The second group consists of those studies that include tbe ion 

inertia ànd thus allow, at least in principle, for supersonic solitons 

and cavitons
1

• Such supersonic solitons are, however, not excited in the 
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present case. 

The third group finally is concerned with the study of the 

stability of solitons and cavitons for example against transverse pertur

bations. 

The first group 

If, locally, the group velocity of the high frequency fields is 

much smaller than the ion-acoustic velocity, it is justified to neglect 

the ion inertia. The resulting equation for the electric field is then 

the so-called driven nonlinear SchrÖdinger equation (DNLS-equation) for 

an inhomogeneous, unmagnetized, warm plasma. Morales and Lee [1974; 1977] 

were among the first who stuclied this DNLS-equation numerically and thus 

provided the basis for more detailed studies. Hsing-Hen Chen and Chuan

Sheng Liu [1976; 1977; 1978] have stuclied the propagation of solitons and 

cavitons in the resonance region quite extensively. They have shown that 

far enough away from the resonance (i.e. the driver) the driving term 

may be neglected. The resulting (undriven) nonlinear SchrÖdinger equation 

(NLS-equation) for an inhomogeneous plasma with a linear electron-density 

profile can be transformed into the NLS-equation for a homogeneaus plasma 

by introducing an accelerated frame. This NLS-equation for a homogeneous 

plasma can then be solved exactly by means of the inverse scattering 

transform [zakharov and Shabat, 1972; Satsuma and Yajima, 1974; Ablowitz 

et al., 1974]. Thus it turns out that the NLS-equation yields soliton 

solutions. These solitons (and cavitons) that are thus generated in the 

resonance region are accelerated towards the lower-density side of the 

plasma. Hsing-Hen Chen and Chuan-Sheng Liu [1977] also calculated the 

perturbations due to the driving term in the DNLS-equation. Adam et al. 

[1982] finally analyzed the DNLS-equation by means of numerical techniques. 

The secoud group 

If, locally, the group velocity of the high frequency fields is 

comparable with the ion-acoustic velocity, it is no longer justified to 

neglect the ion inertia. In that case the DNLS-equation has to be solved 

in combination with the driven ion-acoustic wave equation. Chukbar and 

Yan'kov [1977] stuclied the dynamics of solitons in an inhomogeneous, 

unmagnetized, warm plasma by means of the above-mentioned coupled 
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differential equations. They neglected, however, the driving term in the 

DNLS-equation. Laedke and Spatschek [1980a] and Spatschek and Laedke 

[1982] have generalized the results of Chukbar and Yan'kov [)977] such 

that they have included this driving term and then solved the equations 

approximately by means of the momenturn metbod [Hsing-Hen Chen and Chuan

Sheng Liu, 1977]. Kovrizhnykh and Sakharov [1980] have also analyzed the 

formation of cavitons near the resonance with inclusion of the driving 

term. Adam et al. [1982] finally studied the above-mentioned coupled 

differential equations by means of numerical techniques. Kaw et al. [1982] 

and Murusidze et al. [1982] stressed the partiele aspect of the soliton. 

They have shown that the accelerated soliton, which is a special solution 

of the NLS-equation for an inhomogeneous plasma, can radiate ion-sound 

waves just like an accelerated charged partiele radiates electromagnetic 

waves. 

The third group 

The stability of solitons and cavitons in an inhomogeneous plasma 

can be stuclied by means of the NLS-equation for a homogeneaus plasma 

provided that the electron-density profile is linear near the resonance 

and that the ion-inertia is negligible. Zakharov and Rubenchik [1974] are 

among the first who analyzed the two-dimensional stability of the soliton 

solution of the NLS-equation. Yajima [1974] also studied analytically the 

two-dimensional stability of the soliton solution of the NLS-equation 

whereas Denavit et al. [1974] applied a numerical technique. These 

studies indicate that one-dimensional soliton solutions of the NLS

equation are stable but two-dimensional soliton solutions of the NLS

equation are unstable against transverse perturbations. Schmidt [1975] 

treated the two-dimensional instability of the soliton salution of the 

NLS-equation as a special case of the filamentation instability, Laedke 

andSpatschek[1980b] and Spatschek and Laedke [1980] have generalized 

the results of the preceding authors by making use of the Liapunov 

metbod [Zubov, 1964]. Further research on the nonlinear evolution of 

the above-mentioned transverse instability of plane soliton solutions of 

the NLS-equation with exclusion of the ion inertia has been done by 

Janssen [1981] and Janasen and Rasmussen [1983]. The stability of two

dimensionallsoliton solutions of the NLS-equation with inclusion of the 

ion inertia has been analyzed by Bondeson [1980] and Pereira and Morales 

[1981]. 
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The effect of damping and absorption of the solitons bas been 

considered by Nicholson and Goldman [1976] and Bujarbarua [1982]. 

For the relevanee of solitons and cavitons for ionospheric plasmas 

see e.g. Dysthe et al. [1982]. 

As has been mentioned earlier, all of the above-mentioned authors 

have presumed quasineutrality on the slow timescale. In the next section 

it will be analyzed whether the generalized Zakharov equations with B = 0 
s 

and with no preconceived quasineutrality on the slow timescale still 

may lead to solitary wave structures like the NLS-equation does. 

5.4.1 Solitons and cavitons in the resonance region withno 

quasineutrality on the slow timescale 

As has already been mentioned in the preceding introduction, the 

generation of a quasistatic magnetic field will be neglected in what 

follows. Furthermore it will be presumed that, locally, the group velocity 

of the high frequency fields is small with respect to the ion-aconstic 

velocity. Mathematically speaking this means that the ion inertia and 

thus the ion mass is negligible. HenceU= 0 in (5.199) and thus: 

N. 
1 

where A is determined by (5.209). Since the spatial variations in N 

(5.216) 

e 
are on lengthscales that are much larger than the Debye length, it is 

justified todrop the last term on the right-hand side of equation (5.198). 

Thus N is given by: 
e 

N 
e 

(5.217) 

The last term on the right-hand side of this equation signifies the 

nonquasineutrality on the slow timescale. If the plasma would be quasi

neutral on the slow timescale then this last term wou~d be zero and the 

familiar result for the electron-density profile modification, as used 

by most investigators, is obtained. 

Far enough away from the resonance it is allowed to neglect the 

driving term on the right-hand side of equation (~.197). Thus the follow

ing partial differential equation forA is obtained by means of (5.217)): 
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0 . 

Consider now the following transformations of the independent 

variables ~ and T and the dependent variable A: 

(5.218) 

(5.219) 

where n
0 

is an, as yet, unknown constant (n
0 

~ 0) to be determined by the 

appropriate initial conditions. The transformations of the independent 

variables signify that an accelerated frame is introduced in which A(or y) 

will be analyzed. The resulting equation for y is found to be given by: 

a
2 

[ { 2 2 ~- Q - p IYI - À -2 0 a x 

.lx_ 
y - ~ dt - 0 . (5.220) 

Finally the following frame is introduced: 

(5.221) 

Also y is transformed according to: 

A { I I :t y(x, t) - y.(x)exp - 2iv(x + zvt>; (5. 222) 

where v is an, as yet, unknown constant to be determined by the appropriate 
A 

initial conditions and y is henceforth assumed to be independent of t. The 
A 

equation for y now becomes: 

(5.223) 

In what follows it will turn out to be possible to construct real sol-
A 

utions for y. Hence: 

(5.224) 
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Since in this equation the independent variabie x does not 

appear explicitly, it is called an autonomous equation [Eender and 

Orszag, 1978]. Such asecondorder autonomous differential equation can 

always be replaced by a first order nonautonomous differential equation 

by means of the following transformation: 

~ 

u(y) - .2! - dx 

With this transformation equation (5.224) becomes: 

(5.225) 

{5.226) 

Now it is rather easy to determine the following implicit solution of 

(5.224): 

yjx) 2A 2 
_ l-2pÀ y' 
- I ~ 4 A 2 ~- -py' +~ y' -c 
A 2 0 y(xo 

dy' (5.227) 

where C is an arbitrary constant. 

In order to relate this "solution" to the soliton solution for 

À = 0, it is necessary to consider the case for which the constant C is 

zero [Scott et ~1., 1973]. The "solution" (5.227) then becomes: 
y 

x = 2À I dy ' • 0 $ y ::; y I 

provided that 

0 

y
2 

~ y
1 

> 0 where: 

=~, 
I 

Àm 

(5. 228) 

(5.229) 

After the integration in (5.228) bas been performed, the following implicit 

solution of (5.224) is obtained: 



/ITQX = k ln ( ~ ) 
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2 
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(5. 230) 

where k, which could be called the quasineutrality parameter, is given by: 

I 

k = : ~ = 2 V~ = 0 ( À~e ) (5.23I) 

If k 0, which denotes quasineutrality on the slow timescale, then 

expression (5.230) can be inverted and thus the following solution is 

found: 

A -- ~Pno y(x) \)--:-
cosh(~x) 

(5.232) 

By making use of (5.2I9), (5.22I) and (5.222) the following expression 

for A is obtained: 

-- ~Pno A(Ç,T) \} ---p=-

. exp [ + 

cosh ( ~(r;-vT+T2)) 

itr;-no+ tr2h (5. 233) 

This is a so-called envelope soliton. The velocity of the envelope is, 

in dimensionless form, given by: 

dl;) 
dT env 

v-2T • (5. 234) 
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The phase velocity of the carrier wave (inside the envelope) is, in 

dimensionless form, given by: 

dç) 4 2 
dt ph= J V- 3 t (5. 235) 

As has been mentioned earlier, v and also the amplitude "200/p
1 

of 

the envelope soliton have to be determined by means of the appropriate 

initial conditions. In this conneetion see e.g. Hsing-Hen Chen and 

Chuan-Sheng Liu [1977]. The above-mentioned veloeities can also be 

written as follows by making use of (5.191) and (5.192): 

I 2 I 

V 2w-3(yV2)3 IE'(z >13 V- ~21 v21s'(z >lt 
env e res e res 

I 
=-:::'\! + 

3 env 

I 2 

2w-3(yV~)3 
lil 
I 

(5. 236) 

(5. 237) 

Thus it turns out that the envelope soliton is accelerated towards the 

lower-density side of the plasma. The propagation direction of the soli

ton is parallel to the electron-density gradient. 

Since it has been assumed that, locally, the group velocity of the 

high frequency fields is small with respect to the ion-acoustic velocity, 

the envelope velocity has to satisfy the following condition: 

lv I= 12;~(yv2>11s'(z >I~ v- -2
1
yv

2 
ls'(z >lt I env e res e res 

I 2 I 

", 2w-\rv2>31s'(z >1 3 lvl -hv2 ls'(z >lt e res + 2 e res (5. 238) 

<< C .. _ge V • 
s m. e 

~ 

He nee the above-givifticonsiderations 

z.v;; 
t < < --,::,~,-!--"-----: 

we IE' (z ) I res 

are only valid as long as: 

(5. 239) 
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With a more refined calculation in which the ion inertia is not neglected, 

it is to be expected that the envelope velocity of the soliton would 

asymptotically (t + 00) reach the ion-acoustic velocity [Chukbar and 

Yan'kov, 1977]. 

Although the above-given calculations with quasineutrality on the 

slow timescale are intended to be applicable to the inner region where 

the electron-density profile is approximately linear and the coordinate 

is stretched according to (5.191), the main characteristics of the envelope 

solitons are preserved in the outer region provided that the plasma in 

this outer region is considered to be warm. The acceleration of the 

envelope solitons in this outer region would, however, not be constant 

anymore because the electron-density profile may not be linear in the 

outer region. Hsing-Hen Chen and Chuan-Shen~~Liu [1978] and also Gianino 

and Bendow [1980] have analyzed the propagation of solitonsin media with 

arbitrary inhomogeneities. 

It should be remarked that n
0 

in (5.233) may not become too large 

because in that case A would become too large and other nonlinear effects 

may become important. Furhermore if n
0 

is large, the "red shift" due to 

the term%< in the argument of the function "exp" in (5.233) wi11 become 

so large that there is no clear distinction possible anymore between the 

low frequency (slow) quantities and the (too much) red shifted "high" 

frequency (fast) quantities. 

For the sake of completeness the accompanying density depression, 

i.e. the caviton, belonging to (5.233} is also given: 

N = N. 
e J. 

(5.240) 

The quasineutrality parameter k, as given by (5.231), is closely 

related to the width of the soliton (5.233) measured in Debye lengths. 

Tnis can be seen as fellows. The width d of the soliton can be defined 

by making use of (5.232), (5.221), (5.219) and (5.191): 

. I 

y [{IE'(;res) I} 3 ~ J 
YÀ])e 

=I~. 
zv~ (5.241) 
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Hence: I 

[
I {Ie:' <z >I }3 J cosh 2 ~ 2res d 

yÀDe 
2 • (5. 242) 

Thus: 
2 _!_ 

d = ln)&"/3) { YÀDe } 3 
n0 le:'(z >I • res 

(5. 243) 

In order to ensure that the macroscopie deseription of the plasma is 

justified and the collective partiele aspeets dominate the individual 

partiele aspeets, the width d of the soliton bas to be much larger than 

the Debye length ~e· Hence: 

Thus: 

I 

a= \e = ln~/3) { \ele:'1zres) I} 3 » I . 

2 

na « ln2 (2+/3) { ÀDe I €: ·tzres) I } 3 

(5.244) 

(5.245) 

The quasineutrality parameter k can be written as follows by making use 

of (5.231) and (5.203): 1 

{
>. Ie:· <z > I } 3 

k 2À~ = 2 De y res , ~ • (5.246) 

The relation between the soliton width measured in Debye lengths, i.e. 

a and the quasineutrality parameter k is thus given by: 

k= ln(7+4/3) _ 2,63 
a - a 

Since a >> 1 , k << I. 

(5.247) 

If k # 0, it seems to be impossible to invert expression (5.230) 

in order to obtain y as a funetion of x. In Figure 6 the normalized 

envelope of A, i.e. y/y
1 

has been plotted as a function of ~x for k=O 

(quasineutrality on the slow timescale), for k=O,S (d/ÀDe~ 5,26) and for 

k=0,9 (d/ÀDe~ 2,92). 
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Fig.6 

As can be seen from Vigure 6, the soliton width decreases when 

the quasineutrality parameter k increases. Since the above-given 

considerations are only valid for small values of k, it is clear that 

the shape of the envelope is only slightly modified for nonquasineutral

ity on the slow timescale. 



-253-

Ablowitz, M.J., D.J. Kaup, A.C. Newell, and H. Segur (1974), The 

inverse scattering transform-Fourier analysis for nonlinear 

problems, Studies in Applied Mathematics, (4), 249-315, 

Adam, J.C., A. Gourdin Serveniere,and G. Laval (1982), Efficiency of 

resonant absorption of electromagnetic waves in an inhomogeneous 

plasma, Phys. Fluids, 25 (2), 376-383. 

Albritton, J., and P. Koch (1975), Cold plasma wavebreaking: Production 

of energetic electrons, Phys. Fluids, ~ (9), 1136-1139. 

Andreev, N.E., G. Auer, K. Baumgärtel, and K. Sauer (1981), Temperature 

effects on harmonie generation in laser-irradiated plasmas, Phys. 

Fluids, 24 (8), 1492-1498. 

Auer, G., K. Sauer, and K. Baumgärtel (1979), Second~harmonic emission 

at resonance absorption, Phys. Rev. Lett., 42 (26), 1744-1746. 

Baumgär~el, K., and K. Sauer. (1979), A hydrodynamic model for profile 

steepening at resonance absorption, Phys. Lett., 70A (2), 107-109. 

Bender, C.M.,and S.A. Orszag (1978), Advanced Mathematica! Methods for 

Scientists and Engineers, Me Graw-Hill, New York, 

Bezzerides, B., D.F. Du Bois, D.W. Forslund, and E.L. Lindman (1977), 

Magnetic field generation in resonance absorption of light, Phys. 

Rev. Lett., 38 (9), 495-497. 

Bondeson, A. (1980), Perturbation analysis of single Langmuir solitons, 

Phys. Fluids, 23 (4), 746-754. 

Buchelnikova, N.S., and E.P. Matochkin (1981), The conversion of 

Langmuir waves in the inhomogeneous plasma, Physica Scripta, 24, 

566-574. 

Bujarbarua, S. ( 1982), Motion of damped Langmuir solitons in inhamo

geneaus plasmas, Proc. Int. Conf. on Plasma Physics, 242, GÖteborg, 

Sweden. 

Chen, H.H., and C.S. Liu (1976), Solitonsin nonuniform media, Phys. 

Rev. Lett., ]I (IJ), 693-697. 



-254-

Chen, H.H., and C.S. L~u (1977), Soliton generation at resonance and 

density modificaJion in laser-irradiated plasma, Phys. Rev. 

Lett., 12. (18), IJ47-115J. 

Chen, H.H., and C.S. Lilu (1978), Nonlinear wave and soliton propagation 

in media with arbitrary inhomogeneities, Phys. Fluids, 11 (3), 

377-380. 1 

Chukbar, K. V., and V. v. Yan 'kov ( 1977), Langmuir solitons in an 

inhomogeneous pla~ma, Sov. J. Plasma Phys., 3 (6), 780-782. 

Coffey, T.P. (1971), Br~aking of large amplitude plasma oscillations, 

Phys. Fluids, ~ (7), 1402-1406. 

Denavit, J., N.R. Pereifa, and R.N. Sudan (1974), Two-dimensional 

stabilitv of Lan~uir solitons, Phys. Rev. Lett., (24), 1435-

1438. I 

Dysthe, K.B., E. Mj~lhus, B. Pêcseli, and K. Rypdal (1982), Thermal 
' cavitons, PhysicaiScripta, (2). 548-559. 

Erokhin, N.S., V.E. Zak~arov, and S.S. Moiseev (1969), Second harmonie 

generation by an ~lectromagnetic wave incident on inhomogeneous 

plasma, Sov. Physl-JETP, 29 (1), 101-104. 
I -

Erokhin, N.S., S.S. Moi~eev, and V.V. Mukhin (1974), Theory of second

harmonic generation in an inhomogeneous hot plasma, Nuclear 

Fusion, ~. 333-3t9. 

Estabrook, K.G., E. Val4o, and W.L. Kruer (1974), Plasma heating and 

gradient modification by resonant absorption, Phys. Lett., 49A 

(2), 109-llO. 

Gianino, P.D., and B. Bendow (1980), Simplified formulae for solitons 

in media with slowly varying inhomogeneity, Pbys. Fluids, 23 

(1), 220-221· 

Gil'denburg, V.B. (1964), Nonlinear effects in an inhomogeneous plasma, 

Sov. Phys.-JETP, J2 (6), 1456-1461. 

Gil'denburg, V.B., and G.M. Fra1nan (1976), Deformation of plasma 

resonance region in a strong high-frequency field, Sov. Phys.

JETP,~42 (5), 816-818. 

Gradov, O.M., and L. Stenfl~ (1980), Nonlinear subharmonie generation 
I 

\ in nónuniform plasmas, Plasma Phys., (3), 727-732. 



-255-

Hora, H. (1969), Nonlinear confining and deconfining forces associated 

with the interaction of laser radiation with plasma, Phys. Fluids, 

11. ( l ) • 182-19 I. 

Ince, E.L. (1956), Ordinary Differential Equations, Dover, New York. 

Janssen, P.A.E.M. (1981), Modulational instability and the Fermi-Pasta

Ulam recurrence, Phys. Fluids, 24 (1), 23-26. 

Janssen, P.A.E.M., and J.J. Rasmussen (1983), Nonlinear evolution of 

the transverse instability of plane-envelope solitons, Phys. 

Fluids, 26 (5), 1279-1287. 

Kaw, P.K., A.T. Lin, and J.M. Dawson (1973), Quasiresonant mode coupling 

of electron plasma waves, Phys. Fluids, ~ (11), 1967-1975, 

Kaw, P.K., N.L. Tsintsadze, and D.D. Tskhakaya (1982), Radiation of 

ionacoustic waves by Langmuir soliton due to its acceleration, 

Proc. Int. Conf. on Plasma Physics, 225, GÖteborg, Sweden. 

Kono, M., M.M. ~korié, and D. ter Haar (1980), The kinetic theory of 

magnetie-field generation in a Langmuir plasma, Phys. Lett., 77A 

(I)' 27-29. 

Kovrizhnykh, L.M., and A.S. Sakharov (1980), Caviton formation in a 

plasma-resonance region, Sov. J. Plasma Phys., ~ (1), 84-89. 

Kruer, W.L., and K.G. Estabrook (1977), Laser light absorption due 

to self-generated magnetic fields, Phys. Fluids, 20 (10), 

1688-1691. 

Kuznetsov, E.A. (1976), Average description of plasma waves, Sov. J. 

Plasma Phys., ~ (2), 178-181. 

Laedke, E.W., and K.H. Spatscbek (1980a), Dynamics of cavitons at 

critica! density, Phys. Rev. Lett., (12), 993-996. 

Laedke, E.W., and K.H. Spatschek (1980b), Liapunov stability of gener

alized Langmuir solitons, Phys. Fluids, ~ (1), 44-51. 

Landau, L.D., and E.M •. Lifshitz (1960), Electrodynamics of Continuous 

Media, Pergamon, Oxford • 

Lindl, J.D., and P.K. Kaw (1971), Ponder9motive force on laser-produced 

plasmas, Phys. Fluids, ~ (2), 371-377. 



-256-

Mora, P., and R. Pellat (1978), Renormalized theory of magnetic 

field generation in resonance absorption, Phys. Lett., 66A (1), 

28-30. 

Mora, P., and R. Pellat (1979), Ponderomotive effects and magnetic 

field generation in radiation plasma interaction, Phys. Flu~ds, 

22 (12), 2408-2417. 

Morales, G.J., Y.c. Lee, and R.B. White (1974), Nonlinear SchrÖdinger

equation model of the oscillating two-stream instability, Phys. 

Rev. Lett., (9), 457-460. 

Morales, G.J., and Y.C. Lee (1974), Ponderomotive-force effects in a 

nonuniform plasma, Phys. Rev. Lett., 33 (17), 1016-1019. 

Morales, G.J., and Y.C. Lee (1977), Generation of density cavities and 

localized electric fields in a nonuniform plasma, Phys. Fluids, 

20 (7). 1135-1147. 

Murusidze, Y., D.D. Tskhakaya, S. Kuhn, and G. Auer (1982), Ion

acoustic radiation from a pulsating soliton, Proc. Int. Conf. on 

Plasma Physics, 225, GÖteborg, Sweden. 

Nayfeh, A.H. (1973), Perturbation Methods, Wiley, New York. 

Nicholson, D.R., and M.V. Goldman (1976), Damped nonlinear SchrÖdinger 

equation, Phys. Fluids, ]1 (10), 1621-1625. 

Nishihara, K., Y. Ohsawa, K. Mima, and T. Tange (1976), Magnetic field 

generation due to resonance absorption, Phys. Fluids, ~ (11), 

1833-1834. 

Pereira, N.R., and G.J. Morales (1981), Generation and collapse of 

Langmuir solitons in a nonuniform plasma, Phys. Fluids, 24 (10), 

1812-1817. 

Perkins, F.W., and J. Flick (1971), Parametrie instahilities in 

inhomogeneous plasmas, Phys. Fluids, .!!!. (9} , 20.12-2018 • 

Petr~ilka, V.A., R. Klîma, and P. Pavlo (1983}, Nonlinear variations of 

the reflexion coefficient for lower-hybrid heating, J. Plasma 

Phys., 30 (2}, 211-221 • 
i-

Pitaevskii, L.P. (1961), Electr~ forcesin a transparent dispersive 

medium, Sov. Phys.~JETP, g (5), 1008-1013. 



-257-

Sack, Ch., and H. Schamel (1982), SUNION, an algorithm for one

dimensional laser-plasma interaction, Report Ruhr-Universität 

Bochum, Institut fÜr Theoretische Physik. 

Sanmartin, J.R., and J.L. Montafies (1980), Profile modification by light 

pressure in plasmas expanding with uniform, time-dependent tempera

ture, Phys. Fluids, 23 (12), 2413-2416. 

Satsuma, J., and N. Yajima (1974), Initial value problems of one

dimensional self-modulation of nonlinear waves in dispersive media, 

Suppl. of Progr. of Theor. Phys., 55, 284-306. 

Schmidt, G. (1975), Stability of envelope solitons, Phys. Rev. Lett., 

34 (12), 724-726. 

Scott, A.C., F.Y.F. Chu, and D.W. McLaughlin (1973), The soliton: 

A new concept in applied science, Proc. IEEE,~ (10), 1443-1483, 

Shoucri, M., and H.H. Kuehl (1980), Nonlinear effect on the mode conver-

sion of upper-hybrid waves, Phys. Fluids, (12), 2461-2471. 

§koriê, M.M. (1981), Topics in strong Langmuir turbulence, Ph.D. Thesis, 

Utrecht, 

Spatschek, K.H., and E.W. Laedke (1980), Propagation and stability of 

solitary waves in plasmas, Proc. Int. Conf. on Plasma Physics, 

Vol. II, 154-163, Nagoya, Japan, 

Spatschek, K.H., and E.W. Laedke (1982), Soliton generation at critical 

density, Proc. Int. Conf. on Plasma Physics, 398, GÖteborg, Sweden, 

Speziale, T., and P.J. Catto (1978), Magnetic field generation via 

resonant absorption, Phys. Fluids, !!_ (11), 2063-2071. 

Speziale, T., and P.J. Catto (1979), Cold plasma wavebreaking in the 

presence of an electromagnetic driver, Phys. Fluids, 

685. 

(4). 681-

Statham, G., and D. ter Haar (1982), Strong turbulence of a magnetized 

plasma: The ponderomotive force, Report University of Oxford, 

Department of T~eoretical Physics. 

Thomson, J.J., C.E. Max, and K.G. Estabrook (1975), Hagnetic fields 

due to resonance absorption of laser light, Phys. Rev. Lett., 35 

(10), 663-667· 



-258-

Thornhill, S.G., and D. ter Haar (1978), Langmuir turbulence and 

modulational instability, Phys. Rep. (Section C of Phys. Lett.), 

43 (2), 43-99. 

Tsytovich, V. (1978), Magnetic- field generation in collisionless 

plasmas, Comm. Plasma Phys. Cont. Fusion,~ (3), 81-89. 

Valeo, ~.J., and K.G. Estabrook (1975), Stability of the critical 

surface in irradiated plasma, Phys. Rev. Lett., (16), 1008-

1011. 

Vinogradov, A.V., and V.V. Pustovalov (1973), Secoud-harmonie generation 

in an inhomogeneous laser plasma, Sov. Phys.-JETP, 36 (3), 492-497. 

Washimi, H., and V.I. Karpman (1976), The ponderomotive force of a high

frequency electromagnetic field in a dispersive medium, Sov. Phys.

JETP, 44 {3), 528-531 • 

White, R.B., C.S. Liu, and M.N. Rosenbluth (1973), Parametrie decay of 

obliquely incident radiation, Phys. Rev. Lett., 31 (8), 520-523. 

Wong, A.Y. (1977), Cavitons, J. Physique, C-6 (suppl. au 12), 27-33, 

Yajima, N. (1974), Stability of envelope soliton,Progr. of Theor. 

Phys., 52, 1066-1067. 

Zakharov, V.E., and A.B. Shabat (1972), Exact theory of two-dimensional 

self-focusing and one-dimensional self-modulation of waves in 

nonlinear media, Sov. Phys.-JETP, 34 (1), 62-69. 

Zakharov, V.E. (1972), Collapse of Langmuir waves, Sov. Phys.-JETP, 35 

(5). 908-914. 

Zakharov, V.E., and A.M. Rubenchik (1974), Instability of waveguides 

and solitonsin nonlinear media, Sov. Phys.-JETP, 38 (3), 494-

500. 

Zubov, V.I. (1964), Methods of A.M. Liapunov and their application, 

Noordhoff, Groningen. 



-259-

Consider once more the differential equations for the radial 

electric field component Elr and the circumferential magnetic field 

component H 1 ~ of an infinitely long, cylindrical antenna immersed in 

an inhomogeneous, cold plasma. These differential equations, which 

have been derived in chapter 2 (see (2.11a) and (2.11c) of chapter 2), 

are given by: 

where 

2-
d Elr I dE1r 
--+----
du2 u du 

r-r 
res u=--r 

res 

0 , (A. I) 

(A. 3) 

The solutions of these differential equations can be characterized 

by the following so-called Riemann P-symbols which list the singular 

points of the differential equations and their exponents, that is to say 

the roots of the indicial equations [Ince, 1956]: 

C' 
0 

:) P_ 0 - 1 for the differential equation for Elr with 

Elr +I + 1 the singular.points u= -1, u = 0 and u = 00 , 

:) 
(A.4) 

C' 
0 

P- 0 0 , for the differential equation for Hl$ with 

Hl$ +I +2 the singular points u= -1, u = 0 and u = ""· 

(A.S) 
The asterisks denote that the singularity at infinity is an irregular one. 

Consider now the following so-called generalized Lamé equation with 

eight regular singular points !Ince, 1956]: 



+ 

where 

[ u~a 1 
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l I +--+--+ 
u-a2 u-a3 

2 3 4 5 A
0

+A u+A
2

u +A
3

u +A
4

u +A
5

u 
------' 

+ 

(u-a
1
)(u-a

2
)(u-a

3
)(u-a

4
)(u-a

5
)(u-a

6
)(u-a

7
) 

3 
2. 

I +--
u-a6 

(A.6) 

(A.7) 

The eight singular points of this differential equation are given by: 

u=a
1

, u=a
2

, u=a
3

, u=a
4

, u=a
5

, u=a
6

, u=a
7 

and u=~ Since the exponent

differences relative to these eight singular points are all equal to 

J/2, these singular points are called elementary singular points 

[Ince, 1956]. It is well-known [Ince, 1956] that the difference of the 

exponents relative to an elementary singular point of the above-mentioned 

generalized Lamé equation can only be altered hy the coalescence of two 

elementary singular points and by a special choice for the constauts A
0

, 

A1, A2 , A
3 

and A
4 
.. If three or more elementary singular points of the 

generalized Lamé equation coalesce, the resulting singular point will 

be an irregular one, such as the point at infinity of the differential 
~ ~ 

equations fur E1r and H 1 ~ i.e. (A.I) and (A.2) respectively. 

Consider now the following choice for the constauts A
0

, A
1

, A
2

, 

A
3 

and A
4 

and the constauts al and a
3

: 

Ao = a5a6 a7 A3 (k2 + k2)r2 A 
z p res 0 

3 2 2 
(A.8) Al = 2 Ao ' A = k r A

0 
, 

4 p res 

A2 (k2r2 + l)A 
z res 4 0 a = 

1 
0, a3 = -t 

Furthermore the singular points u = 0 and u = a
2 

are assumed to coalesce. 

Also the singular points u .. -J and u = a
4 

on the one hand and u = oo, 

u= a
5

, u ~6 and u= a
7 

on the other hand are assumed to coalesce. 
i 
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The generalized Lamé equation now becomes: 

Now the following transformation is introduced: 

I 
2 ~ 

L(u) "' (u+ I) L(u) 

The resulting equation for L is now given by: 

0 . 

2 2 Consider the following relation between k and k (see chapter 2, 
z p 

relation (2.12a) and (2.12c) in combination with (2.4)): 

(A.9) 

(A. 10) 

(A. 11) 

(A. J 2) 

By making use of this relation it can be shown that equation (A. I!) is 

exactly the differential equation (A.I) for Elr. 

Now insteadof (A.IO) the following transformation is introduced: 

I 

L(u) = (u+J) 2 u-I L(u) (A. 13) 

The resulting equation for L is now given by: 

22 3 22 2 
d2~1 [ 2 IJ dL~ k r u +k r u +u ___ + ___ _ _ __ _ p res z res L _ 
di u+l u du (u+l)u2 -

0 . (A. 14) 

By making use of (A.I2) it can be shown that this equation is exactly the 

differential equation (A.2) for H 1 ~. 
It turns out that the differential equations for E1r and H 1 ~can be 

derived from the so-called generalized Lamé equation with eight 
A 

elementary singular points. The differential equation for Elr (see (2.llb) 
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of chapter 2) originates even from a generalized Lamé equation with ten 

elementary singular points. It should be clear that it is ~robably imposs

ible to solve the differential equations for Elr' h 1 ~ and Elz exactly 

in terms of the special functions of mathematica! physics because the 

chief linear differential equations which arise out of problems of 

mathematica! physics can be derived from a single generalized Lamé equa

tion with five distinct regular singular points in which the difference 

between the two exponents relativa to each singular point is 1/2 

[Bêcher, 1894; Klein, 1914]. 

Bêcher, M. (1894), Über die Reihenentwickelungen der Potentialtheorie, 

Leipzig. 

Klein, F. (1914), Uber lineare Differentialgleichungen der zweiten 

Ordnung, GÖttingen. 
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APPENDIX B 

The analytical continuatien of the Kummerfunction U(a,b,z) for 

negative zand b = n + 1, where nis a positive integer, can be deter

mined as follows. Consider b to be given by: 

b n + 1 + o, o << 1 (B. 1) 

The Kummerfunction U(a,b,ze±in) can be written as follows [Abramowitz 

and Stegun, 1965]: 

z +i'IT 
e U(a,b,ze- ) n [ M(b-a,b,z) 

sin(nb) f(1+a-b)f(b) (B.2) 

. 1-b M(J-a,2-b,z)J 
- exp{±~n(l-b)}z f(a)r(Z-b) 

where M(a,b,z) is the other Kummerfunction and f(z) is the Gammafunction 

[ b . 9 J • ( ±i 1T A ramow~tz and Stegun, I 65 • It ~s assumed now that U a,b,ze ) can 

also be written as fellows: 

z ±hr 
e U(a,b,ze ) AU(b-a,b,z) + BM(b-a,b,z) (B. 3) 

where A and B are, as yet, unknown constants. (B.3) can also be written 

as fellows [Abramowitz and Stegun, 1965]: 

z +i'll' 
e U(a,b,ze- ) = . ( b) 

s~n n 

[{ro-a~r(b) + B} M(b-a,b,z) 

+ zl-b f(b-a~f(2-b) M(l-a,2-b,z) J 

(B. 4) 

If (B.4) is compared with (B.2) and (B.I) is used, then it can be proved 

that: 



where 
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(- 1 )n1f (1-a)n 
A • -.-( -) -2~- + 0(1)) , 

Sl.D 7ra f (a) 

B 
1f 1 

sin{(n+1+0)1f} r(n+1+ 0) 

{ 
1 

- exp{+i 1f(n+o)} 
• f(a-n-ö) 

f(n+l+o-a}} 
f(l-a)r(a) 

(-l)n+l 

f(n+l+ö) 
I [{ I n 6 f(a-n) - (-I} 

{
f'(a-n) n f'(n+I-a) 

+ - (-1) 
r2(a-n) f(l-a)f(a) 

r(n+l-a) } 
f( 1-a) f(a) 

. n f(n+l-a) } 2J 
+1.1r(~ 1 ) f(l-a)f(a) 0 + O(ö ~ 

(-l)n+l I 2 
n! f(a-n) {1jJ(a-n)-1jJ(n+1-a);!:i7f} + 0(6 ) 

( -1 )n I • 2 ~--'-''-- __,.,~-,..- e + ura + 0 ( o ) 
sin(1fa) n!f(a-n) 

(1-a) • (l-a)(2-a)(3-a)• .... •(n-a) • 
n 

(B.5) 

(B. 6) 

(B. 7) 

1jJ(z) is the Psifunction [Abramowitz and Stegun, 1965]. Furthermore the 

reflection formulas for the Gammafunction and the Psifunction [Abramowitz 

and Stegun, 1965] and also the following formula have been used in deri

ving (B.6): 

f(n+l-a)f{a-n) = (-J)n • 
f(l-a)f(a) 

Finally the following formula for the analytica! continuatien of 

U(a,n+l,z) for negative z is obtained from (B.3), (B.S) and (B.6) 

with o+O: 
Ji1f 1f (1-a)n 

U(a,n+l ,ze ) ---
sin(1fa) f(a) 

{
J.:.!ln I +i1fa } 

• f(a) U(a,n+l,z)- n! e M(a,n+l,z) 
-z 

e 

Abramowitz, M., and J.A. Stegun {1965), Handhook of Mathematica! 

Functions, Dover, New York. 

(B. 8) 

(B.9) 
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APPENDIX C 

Consider the following linear differential equation: 

(C. 1) 

where À >> l and where q(x) possesses a zero of the first order and q(x) 

and r(x) are of the same order. It is possible to obtain approximate 

solutions of this equation by means of the well-known WKB-method. The 

WKB-solutions thus obtained are, however, only valid far enough away 

from the zero of q(x). It turns out then that the approximate salution 

for y is oscillatory on one side of the zero of q(x) while it is expo

nential on the other side provided that r{x) is negligible with respect 

to À
2
q(x). Such a zero is called a turning point because when the 

above-given equation is considered in the context of classica! mechanics 

it is the point at which the kinetic energy of an incident partiele is 

equal to its potential energy and the partiele therefore reverses 

direction. If r(x) is singular at the turning point, it is called a 

singular turning point, otherwise it is called regular. 

A powerful technique of treating turning point problems by which 

it is possible to find, in contrast to the WKB-approximation, a single 

approximation uniformly valid for all x including the turning point, 

originated from Langer [1931; 1934]. The gis~ of Langer's approach is 

that approximately identical linear differential equations have 

approximately identical solutions. 

As an example a turning point problem about a singularity is 

analyzed. For that purpose equation (C.l) is considered with q(x) and r(x) 

given by: 

(C.2) 

r(x) 

where ais a parameter that may be negative. As x~ x
0

, equation (C.l) 

then tends to: 

0 . (C. 3) 



-266-

Therefore the following so-called related equation, which is approxi

mately identical with the original equation (C.l), is chosen: 

(C.4) 

The solutions of this equation can be expressed in the following form: 

~(z) IZL Uz') (C.S) 

where: 

ay ., À , 

a - Q.+2 
2 

(C. 6) 

u - \) l-4r
0
' 

a+2 

and Lu(t) is a Besselfunction of order u and of the first, secend or 

third kindor a linear éombination of them [Abramowitz and Stegun, 1965]. 

The decisive step in Langer's approach is now to introduce a 

transformation of the dependent and the independent variables of the 

following form: 

z 

V 

<I>(x), 

w(x)y(x) 

Equation (C.l) now transfarms into: 

2 
d V+ _1_ 

d 
2 ,2 

z <I> 

I --;z 
<I> 

The middle term vanishes if: 

(C. 7) 

(C.S) 

V = 0 . 

(C.9) 
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In order that the leaving equation is approximately equal to the 

related equation (C.4), it is required that: 

Hence ~ is given by: 

a+2 
_2_ {<P(x)} 2 
a+2 

xo 
With this choice for ~ equation (C.8) becomes: 

[ 
2 ro] À za + ~ v = F(z)v 

where ro I [ F(z) =--- r{x(z)} + 2 
<!12 4l'2 

If x -+ x
0 

then: 

a+2 
_2_ {il>(x)} 2 + 
a+2 

Hence as x + x
0 

then: 

1 

Thus: 

iP -+ q~+Z (x-x
0

) , 

I 
, a+2 

<I> .... qo , 
I 

'!' = w-.. q2<a.+2) 
0 

F(x) = 0 (-
1 
-) , x + x0 • x-x
0 

(C. I 0) 

(C. I I) 

(C.I2) 

(C.l3) 

(C.l4) 

(C. 15) 

(C.16) 

It turns out that F on the right-hand side of (C.J2) is less singular 
2 at x= x

0 
than r

0
/z on the left-hand side of (C.I2). Hence a first 

approximation to vis given by (C.4) whose solution is given by (C.S). 

Therefore y is approximately given by: 
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y(x) <>< (C.J7) 

where u is given by (C.6). 

Thus an uniformly valid approximation for y bas been obtained. 

It can be shown very easily that the asymptotic evaluation of this 

solution gives exactly the WKB-solution of (C.I) for x far enough away 

from the turning point x
0

• 

The above-described metbod of Langer is also applicable to problems 

with two turning points, so with q(x) in (C,J) given by: 

q(x} (x-x
0
)(x

1
-x)f(x) (C. 18) 

where: 

XI > xo • 
(C. 19) 

f(x) > 0 . 

see e.g. Nayfeh [1973]. 

Also inhomogeneous turning point problems of the following kind 

can be tackled by means of Langer's method: 

d
2 ~2 :1 2 dx~ + l: q(x)+r(x~y • À g(x} 

where À >> I and: 

q(x) 

r(x) 

q0 (x-x/::t~+O ( (x-x
0

)
2 

)} 

ro(x-xo)-
2 

{1+0 ( (x-xo>
2
)} 

(C. 20) 

(C. 21) 

where a>-2. For the details and for the determination of higher order 

approximations see Steele [1965] and Nayfeh [1973]. 

Abramowitz, M~, and J.A. Stegun (1965), Handhook of Mathematica! 
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Functions, Dover, New York. 

Langer, R.E. (1931), On the asymptotic solutions of differential equa

tions, with an application to the Bessel functions of large 

complex order, Trans. Am. Math. Soc., 33, 23-64. 

Langer, R.E. (1934), The asymptotic solutions of certain linear ordinary 

differential equations of the second order, Trans. Am. Math. Soc., 

36, 90-106. 

Nayfeh, A.H. (1973), Perturbation Methods, Wiley, New York. 

Steele, C.R. (1965), On the asymptotic solution of nonhomogeneous 

ordinary differential equations with a large parameter, Quart. 

Appl. Math., 23, 193-201. 
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I 

De keuze voor een bepaalde definitie van de absorptie coëfficiënt1voor 

op een inhomogeen plasma met resonantie ingastraalde elektromagnetische 

golven kan afhankelijk zijn van de interesse van de betreffende onder

zoeker. 

I) Dit proefschrift, hoofdstuk 3. 

II 

De bewering van Hsing-Hen Chen en Chuan-Sheng Liu 1dat al~ w .t <<l{w . 
p~ c p~ 

is de ionen plasma-frequentie en tcis de insteltijd voor de stationaire 

lineaire mode conversie) de niet-lineaire evolutie van de mode conver

sie behandeld mag worden als een beginwaardeprobleem met als begin

waarde de stationaire lineaire mode conversie is incorrect~ 

I) H.H. Chen en C.S. Liu, Phys. Rev. Lett., 39(18), (1977), 1147-1151. 

2) Dit proefschrift, hoofdstuk 5. 

III 

I De door Chakraborty beschreven conversie van longitudinale golven in 

elektromagnetische straling door een inhomogeen plasma is slechts 

schijn en getuigt van een algemeen misverstand dat bestaat ten aanzien 

van de correcte betekenis van lineaire mode conversie. 

I) B. Chakraborty, Appl. Sci. Res., 28, (1973), 466-476. 

IV 

De door vele onderzoekers gevolgde weg om de lineaire mode conversie 

in een inhomogeen plasma met resonantie te onderzoeken door middel 

van een numerieke analyse van de lokale dispersierelatie voor·de rele

vante modes dient beter te worden gefundeerd gezien de beperkingen 

van een dergelijke WKB-achtige aanpak. Zie bijvoorbeeld Oya! 

I} H. Oya, Radio Sci., ~(12), (1971), 1131-1141. 



V 

Omdat kwantiseringsruis, oversturingsruis en korrelruis in transmissie

systemen gebaseerd op,pulscodemodulatie of a-modulatie geen echte 

ruis zijn in fysische zin maar "man-made" ruis, verdient het aanbe

veling het woord "ruis" in dit verband te vervangen door het woord 

"fouten". 

VI 

De in ditproefschriftontwikkelde theorie ten aanzien van de lineaire 

mode conversie in een ongemagnetiseerd plasma kan ook worden toege

past in geval van een gemagnetiseerd plasma. Het is aldus mogelijk 

na te gaan in hoeverre de resultaten verkregen door sommige auteurs 1• 2 

met behulp van de WKB-benadering, die in het conversiepunt(resonantie) 

niet meer geldt, correct zijn. 

1) M. Bornatici, Plasma Phys., 24(6), ( 1982), 629-638. 

2) M. Bornatici en F. Engelmann, Radio Sci., li(2), (1979), 309-317. 

VII 

In de leerboeken over thermodynamica wordt te weinig aandacht besteed 

aan het bepalen van irreversibele toestandsveranderingen via een re

versibel proces met dezelfde begin- en eindtoestand als het irreversibele 

proces. 

VIII 

Het verval van Boltzmann tot een subjectieve interpretatie van de 

richting van de tijd 1in die zin dat de tweede hoofdwet van de thermo

dynamica een tautologie wordt, moet niet worden gezien als een serieuze 

wetenschappelijke reactie op de bezwaren van Zermelo2en Loschmidt(res

pectievelijk het recurrentiebezwaar en het reversibiliteitsbezwaar) op 

de fysische interpretatie van zijn H-theorema. Dit verval en ook de 

navolgende tragedie moeten veeleer worden gezien in het licht(of in 

het duister) van de door Mach met succes gepropageerde positivistische 

kijk op de natuur. 

1) L. Boltzmann, Annalen der Physik, 60, (1897), 392-398. 

2) E. Zermelo, Annalen der Physik, 57, (1896), 485-494. 



IX 

Er wordt tijdens de opleiding tot elektrotechnisch ingenieur te weinig 

aandacht besteed aan asymptotische technieken. Deze technieken zijn 

niettemin zeer belangrijk in de latere beroepspraktijk van een elek

trotechnisch ingenieur. 

x 

De eisen dat de promovendus enerzijds in ee~ tijdsbestek van vier 

jaren onderzoek moet verrichten dat een voldoend hoog wetenschappelijk 

niveau bezit en anderzijds via de bij het proefschrift behorende stel

lingen, aan een aantal onderwerpen moet demonstreren dat zijn weten

schappelijke kennis een zekere breedheid heeft, kunnen met elkaar in 

strijd zijn. 




