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Ch_apter 1 

Preliminaries 

Prologue The interaction of electromagnetic waves with matter is 
a fascinating subject of study. Coherent electromagnetic 
waves from micro-watts to Tera-watts ancl from X-rays to 
mm-waves have wide ranging applications. A.s matter in 
the universe is mostly in plasma state, the study of electro
ma.gnetic waves in plasmas is of importance in many fielcls 
of physics. For example, the heating of magnetica11y con
fined plasmas to higher temperature with high-power elec
tromagnetic waves and using strong electromagnetic fielcls 
in laser fusion [17 revealed ex ei ting physics. 
A.t present, sourees of coherent racliation operate hom mi
crowaves to the ultraviolet region. In this thesis, the ernis
sion of high-power, electromagnetic radiation by relativis
tic electrans is considered. A free-electron maser is a free
electron laser in the millimeter range. The actual FEAJ 
that is stuclied in this thesis is being built at Rijnhuizen. 
This device employs a high density electron beam, there
fore, it bas pla.sma-like behaviour. The microwave power 
can, for example, be used for heating magnetisecl plasmas. 
The speetral behaviour of the microwave racliation that is 
generated by the [ree-electron maser is quite complicatecl. 
The temporal behaviour of the frequency spectrum of the 
generated radiation is in vestigated in this thesis. 
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1.1 General Introduetion 

A Pree-Electron Laser (FEL) [2, 3] is a souree of intense, tunable, coherent 
radiation. Since Madey and co-workers built and operated a free-electron 
laser device at infrared wavelengths in 1975 [4, 5], lasing has been achieved 
from near ultra-violet [6] to microwave frequencies [7]. The active medium 
of a free-electron laser is a high-energy electron beam, instead of an atomie, 
molecular or crystal system. The employed electron beams have energy from 
hundreds of kilo-electronvolts to giga-electronvolts. Si nee the radiation wave
length depends among others on the electron energy, the free-electron laser 
has the capacity to operate in the frequency range from microwaves to X-rays. 

The ingredients of a free-electron laser are an electron gun, an accelera
tor and an undulator. When the amplification factor (gain) of the radiation 
field is smal! an oscillator setup, which uses a cavity, is required. A typical 
oscillator free-electron laser is shown in Fig. 1.1. An electron gun and an ac
celerator provide an electron beam at the desired energy. The electron beam 
is coupled to the co-propagating electromagnetic wave by a spatially periodic 
magnetic structure, the undulator, that can be of various type and geometry. 
The planar magnetostatic undulator, that is shown in the figure, consists of 
two rows of magnets with alternating magnetisation such that a linearly po
larised, periodic, magnetic field is available on the axis of symmetry. Each 
pass, the radiation field interacts with newly injected electrons. The elec
tron beam is separated from the radiation field at the end of the undulator 
and a fraction of the generated radiation field is coupled out of the cavity 
[8, 9]. At successive passes through the cavity, the radiation field grows until 
saturation is reached. The operating frequency of the system that we wil! in
vestigate wil! be tuneable over a large frequency range. The tunability of the 
operating frequency requires a broadband reflecting structure. ThP intensity 
of the intra-cavity field builds up initially from spontaneous radiation and 
grows when the gain of the radiation field is larger than the cavity lot>ses. 
The steady state is determined by the condition that the saturated gain just 
balances the cavity losses. 

When the gain is very large, the free-electron laser saturates within the 
interaction length of a single pass. In that case, no cavity is needeeL The 
free-electron laser operates as an amplifier vvhen a seed field is providecl by 
an external source. The FEL operates in SASE (Self Amplified Spontaneons 
Emission) when there is no externally applied seed field. 

The standard periodic structure that deflects the electron beam is an 
undulator. However, the periodic acceleration of the electron beam can have 
several origins. For example, when a periodic axial force is applied on the 
electrons or the dielectric constant for the co-propagating electromagnetic 
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electron accelerator 

Figure 1.1: Basic layou t of an oscillator [ree-electron laser. Each pass, newly 
injected electrons perform an undulating motion in a spatially periodic mag
netic field, which causes the electrans to radiate. The radiation is coherently 
amplified in the undulator during successive passes through the cavity. 

wave is changed periodically, the electrans can also radiate in a coherent way. 
The free-electron laser is closely related to the Smith-Purcell FEL [10], where 
the electrans radiate while passing over a grating. The Cherenkov FEL [11] 
produces coherent radiation from electrans moving superluminously through 
a periadie medium. These kinds of free-electron lasers are characterised 
by the interaction of the electrans with the longitudinal component of the 
electric field. High-power electromagnetic waves [12]- [14] or periadie plasma 
structures [15] can be used as undulators with extremely short wavelengths. 
However, only free-electron lasers with planar magnetostatic undulators are 
discussed in this thesis. 

In this thesis the Free-Electron Maser (FEM) [16]-[18] that is under con
struction at the FOM-Institute for Plasma Physics 'Rijnhuizen' is considered. 
An FEM is a free-electron laser that operates in the millimeter regime. The 
FEM is designed to provide continuous millimeter radiation in the range from 
130 GHz to 260 GHz with high output power. The high power mierovvave ra
diation at these high frequencies wiJl have new applications, for example, 
the radiation can be used for heating of magnetised (tokamak) plasmas. An 
overview of the FEM is presented in Chapter 3. 
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1.2 Principlesof the FEL operation 

In the free-electron laser, a high-energy electron beam is injected into a pe
riodic magnetic structure, the undulator. This field is the predominant con
tribution to the electromagnetic field that acts upon the electrons. It farces 
an oscillatory motion on the electrans that is perpendicular to the direction 
of propagation. The electrans that perfarm a transversely wiggling motion 
produce dipole radiation. This 'spontaneous' radiation [19, 20] is emitted in 
a small forward cone. The spontaneous radiation is incoherent and weak, 
but it fulfils an important role in the startup of the free-electron laser. This 
radiation field provides the seed field for the interaction. 

The radiation field has the same polarisation as the undulator field. These 
fields combine to form the so-called ponderomotive wave. The frequency of 
this wave is the same as the one of the electromagnetic field ( w) and its 
wavenumber is the sum of the wavenumbers of the electromagnetic ( k) and 
undulator (ku) fields. The ponderomotive wave has a lower phase velocity 
than light in vacua and is in synchronism with electrans with axial velocity 
Vz that satisfies 

w 
Vz = k + ku. (1.1) 

In first instance, electrons with axial velocity vz are in resonance with the 
ponderomotive wave and experience a nearly constant force in the direction of 
the bottorn of the ponderomotive potential well. This axial Lorentz force per
turbs the electron beam density and causes bunches. The transverse current 
density is determined by the velocity that is induced by the undulator field 
times the charge density. The averaged charge density does not contribute 
to the current density because initially the electrans are evenly distributed 
in the ponderomotive potential. The perturbed charge density, on the other 
hand, is periodically perturbed with wavenumber k + ku and frequency w. In 
combination with the undulator induced velocity, the perturbed density gen
erates a transverse current with wavenumber and frequency equal to ( w, k). 
This is the souree for transversely polarised, coherent radiation [21]-[23] that 
is in phase with the existing radiation. In the case of low electron beam den
sities, the coherent radiation spectrum is strongly peaked for frequency and 
wavenumber ( w, k) that satisfy both the dispersion relation for electron 
beam wave w vz(k + ku) and the electromagnetic wave w = ck. Therefore, 
the resonant wavelength À is 

1 + la2 
À 2 u 
u{3(1+B) 2 ' z . z "( 

(1.2) 



1.2. Principles of the FEL operation 5 

where the pump parameter au eBu/(mecku) is proportional to the max
imum amplitude of the undulator field on axis Bu and Àu = 2rr / ku is the 
undulator period. The averaged normalised axial velocity .Bz = vz/ c is close 
to unity. \Vhen all electrans start at the resonant energy, an equal number 
of electrous is decelerated as is accelerated, and on average, there is no am
plification of radiation. Electrans in near resonance with the ponderomotive 
wave lose energy to the wave if their velocity is slightly larger than the phase 
velocity of the wave, and gain energy at the expense of the wave in the op
posite case. When, on average, the electrans initially have slightly higher 
energies than the resonant energy, the interaction leads to spatial growth of 
the radiation field. The growth rateis proportional toa power of the coupling 
constant between the two waves. 

1.2.1 Effects of the Density 

In the outline of the free-electron laser interaction in the previous Section, 
Coulomb forces between the electrous are assumed to be negligibly small. 
The larger the charge and current density and the lower the energy r of the 
employed electron beam, the more pronounced the effects of Coulomb forces 
are, as will be shown later. The axially perturbed beam density is a souree 
for Poisson's equation and starts to play a role when it is sufficiently large. 
When the electron beam is bunched, this leads to repulsive Coulomb forces 
within these bunches. Then the free-electron laser operation is different than 
described above. The Coulomb forces lead to wave-like disturbances in the 
electron beam: these are called space-charge or plasma waves. The dispersion 
relation for the electron beam wave is split into a positive and negative-energy 
space-charge wave. It turns out that the negative-energy space-charge wave 
is unstable and lasing interaction takes place when the electromagnetic wave 
interacts with that branch. The coupling between these waves is determined 
by a number of undulator and beam parameters. The value of the coupling 
parameter determines the growth rate of the radiation field. Two operating 
regimes are distinguished, depending on whether the interaction between the 
electrans is negligible or not. 

When the Coulomb forces between the electrans are negligibly small, the 
electrous can be treated as single particles and the free-electron laser operates 
in the single-partiele regime as is described in Section 1.2. An operates 
in this regime when the ponderomotive potential dominates the space-charge 
potential (see Section 2.3), 

(1.3) 
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where the plasma frequency in the frame of reference moving with the elec
trans w; = n0e2 /(Eome) is proportional to the electron beam density no. 
Free-electron lasers operatingin this regime generally apply high-energy elec
tron beams and usually operate at wavelengtbs from the infrared down to 
the visible. This regime is also called the strong-pump regime, which is ob
vious from the condition (1.3). The interaction can also be viewed at as a 
scattering process. The electrans experience the undulator as a backvvard 
propagating wave, that can scatter off a forward propagating electromagne
tic wave. When the radiation field is scattered of single electrons, the FEL 
operates in the so-called Compton regime. In the case the density is so high 
that the gain of the radiation is exponential, the FEL is said to operate in 
the high-gain Campton regime. 

When the density is so high that the electrastatic potential due to the 
electron beam space-charge wave is dominant over the ponderomotive poten
tial, 

w Î '2 
_ __,P __ » _ z_ a 2 

cku"fz,JY 16"(2 u > 
(1.4) 

the electron beam behaves as a collecti ve electron plasma. The space-chargP. 
fields result in electrastatic waves that co-propagate with the electron beam. 
Radiation is no langer scattered from single electrans as in the high-gain 
Campton regime, but rather from plasma waves. T he interaction results 
from a stimulated three-wave scattering process. The electrans experience thc 
undulator as a backward propagating wave, that can scatter off the negative
energy space-charge wave to produce a forward propagating electromagnetic 
wave. The resulting operating wavelength is 

(1.5) 

which is red shifted with respect to the operating wavelength in the Compton 
regime (1.2). In analogy with a tomie Raman scattering [24], this regime 
is called the Raman regime. Free-electron lasers operating in this regime 
usually apply a low-energy electron beam and operate at long wavelengths. 
The Raman regime is also referred at as weak-pump regime. The second 
term in parentheses in the denominator we wil! refer at as Raman frequency 
shift. 

There are generally two additional criteria [25] to determine whether the 
free-electron laser operates in the Raman regime. One criterium requirecl 
for space-charge effects to be important is t hat the Raman frequency shift 
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must exceed the line width due to the finite number of undulator periods. 
The physical interpretation of this criterium is that the undulator must be 
long enough for several plasma oscillations to occur during the course of the 
interaction. Another criterium is that the Landau damping of the space
charge waves due to the thermal spread of the electron beam must be smal!. 
When the wavelength of the space-charge wave is of the order of the Debye 
length, the wave is strongly damped. The Debye length [26] is the longitu
dinal distance a thermal electron travels with respect to the (high) average 
axial velocity within the time w;1 and is determined from the energy spread 
and emittance of the electron beam. 

Between the high-gain Campton regime and Raman regime there is an 
intermediate regime, where the space-charge potential is of the same order as 
the ponderomotive potential. In the intermediate regime, unstable interac
tion occurs at the intersectien of the negative-energy space-charge wave and 
the electromagnetic wave in the dispersion diagram. As the axial bunching of 
the electrons in the ponderomotive potential well grows, the radiation field 
is amplified and, accordingly, the conesponding longitudinal space-charge 
field grows. The space-charge field counteracts the bunching process of the 
free-electron laser interaction and reduces the growth rate. 

The FEM, to be described in this thesis, employs an electron beam that 
has an energy of 1.75 Me V and a current of 12 A. With these parameters the 
space-charge potential is of the same order as the ponderomotive potential. 
Therefore, the FEM operates in the regime between the high-gain Campton 
and the Raman regime. The Raman frequency shift exceeds the line width of 
the microwave field. The wavelength of the space-charge wave is more than 
10 times larger than the Debye length. This means that the negative-energy 
space-charge wave is not strongly damped. The conesponding space-charge 
forces strongly infl.uence the interaction, resulting in a strong reduction of 
the gain. This intermediate regime is investigated in this thesis. 

At start-up, in the absence of radiation, the growth of the radiation field 
is determined by the spontaneous emission. This field is the seed field for 
the stimulated emission of radiation , that at first grows due to interference. 
The power of the radiation field increases as the cube of distance z [27]. 
This complicated phase of the interaction is determined by the power level 
of the spontaneous emission and the gain of the device. T he exponentially 
growing part of the stimulated emission quickly dominates the interaction in 
the device that is considered here. 
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1.2.2 The Step-Tapered Undulator 

The extraction efficiency is the ratio of the energy transferred to the mi
crowave field and the initia! electron energy. The maximum extraction effi
ciency is reached when all electrans have travelled to the bottorn of the poten
tial wel!. In order to amplify the radiation field again with these electrons, the 
potential welt must be deepened, or equivalently, the resonant energy must be 
reduced. This can be achieved by so-called 'tapering' of the undulator, which 
can be produced in several ways. In the FEM, the step-tapered undulator 
consists of two planar magnetostatic ondulators. The undulator field of the 
second section is smaller. This way, the electrons, while emitting radiation , 
experience a deepened potential well in the second section and the efficiency 
of the microwave generation is improved. This is illustrated in Fig. 1.2, where 
the positions of the electrans in phase space are plotted at the end of the 
first and second section of the undulator, respectively. These results are ob
tained from the code MFF that is described in Chapter 3. The energy of 
the electrans is given as a function of the relative position of the electrans 
in the ponderomotive well, the ponderomotive phase. The resonant energies 
for both sections are indicated by Î'rl and 'Yr2 · The upper plot of Fig. 1.2 
shows the electron distribution in phase space at the end of the first section. 
The microwave field has been amplified and , on average, the electrans are 
at lower energies. When the undulator would be Jonger, the electrons, that 
are trapped in the ponderomotive potential wel!, would rebound and gain 
energy at the expense of the microwave field. Like a pendulum, the trapped 
electrans loose and gain energy as they rise and fall in the stabie area. In 
the second section a potential wel! is generated with lower resonant energy 
hr2 < 'Yrd . As is shown in the middle plot of Fig. 1.2, the electrans again 
lose energy and amplify the microwave beam further. Thus, the seconcl sec
tion increases the extraction efficiency. Correspondingly, the output power is 
increased. This is indicated in the third plot of Fig. 1.2, where the extraction 
efficiency (thick line) is given as a function of t he axial position in the un
dulator. It shows the saturation of the radiation field at the end of the first 
section. The second section amplifies the radiation field further and the radi
ation field saturates again at higher energy. For the step-tapered undulator 
that is considered in this thesis and is described in Chapter 3, the following 
numbers apply. The first sectien of this step-tapered undulator eperating 
as a single-seetion undulator can achieve a maximum extraction efficiency 
at saturation of approximately 2.7%. This is shown in Section 6.2.1. The 
electron efficiency at saturation of the step-tapered undulator exceeds 6%. 

The phase-space plots of the electrans in F ig. 1.2 visualise the forma
tion of bunches. The longitudinal electric field that is associated with these 
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Figure 1.2: In the up per figures, snap shots of the evolution of the electrans in 
phase space are plotted at the end of the first and second sec ti on of the step
tapered undulator employed in the FEM, respectively. The ponderomotive 
phase is a measure for the position of the electrans in the ponderomotive 
potential well. The separatrix, that separates the trapped and untrapped 
electrons, is indicated by the dasbed line for the first sec ti on of the undulator, 
and by the solid line for the second. At the end of the first section, the 
electrans have minimum kinetic energy. The resonant energy in the second 
section is lower than the corresponding one in the first section . This means 
that the electrans can loose energy again so that the microwave field can 
be amplified again. In the lower figure, the extraction efficiency is shown 
by the thick line, which is proportional to the output power and is strongly 
increased in the second section. Also the undulator field strength (thin line) 
as a function of the axial position is indicated. 
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bunches induces a repulsive force within these bunches. Therefore these fields 
counteract the bunching process, reducing t he growth of the radiation field. 

1.3 Speetral Dynarnics of the FEM 

An important question that is addressed in this thesis is whether the free
electron maser can generate microwave power within a smal! bandwidth. In 
the previous outline of the free-electron laser mechanism we silently adopted 
a single-frequency approach. However, this is a dangerous approach because 
the speetral evolution of the radiation is complicated. There are a numbPr 
of reasons why a multi-frequency treatment is required. The spontaneous 
emission from a step-tapered undulator is emitted at two wavelengtbs and 
several interference peaks (see Section 4.2). After a while, the stimulated 
emission dominates the spontaneous emission. During the start-up of the 
interaction, the field amplitude is low. Then the bunching of the electrans is 
small and the gain of each frequency component of the field is independent 
of the initia! power. That determines a linear gain curve. The maximum 
value is large; the undulator is a few number of gainlengths long. Tht> dif
ferent undulator field strengtbs result in different resonant frequencies for 
both sections. Additionally, the field-free gap between the two sections of 
the step-tapered undulator introduces a change in the relative phase of the 
electromagnetic field and the undulator. As a result, the small-signal gain 
curve exhibits multiple peaks as wil! be shown in Chapter 5. These peaks are 
wel! separated. The FEM has an oscillator setup and the value of the peaks 
in the gain curve can be larger than the inverse of the reftection coefficient. 
The peak in the linear gain curve corresponding to the resonant position of 
the first section is the largest and grows fastest over the passes through the 
cavity. The width of this peak in the linear gain curve is several percent of 
the central frequency. We would like to address mode competition. Although 
the frequency components that we use to describe the microwave field are not 
'pure' modes of operation, the competition between the various microwave 
frequency componentsis called mode competition . In the small-signal regime 
there is no mode competition and in this regime, the growth of each compo
nent is exponential and independent of its initia! power and the power in the 
other frequency components. 

The FEM has a low-quality cavity that reftects less than a third of the 
intra-cavity power. This power is used as input field for the next pass through 
the undulator. Hence, in order to compensate for the outcoupled power, the 
gain remains large in the stationary regime. The consequence of a low-quality 
cavity is that the cavity hardly impraves t he selection of a specific cavity 
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mode. Accordingly, because of the low-quality cavity one would expect the 
microwave power to be generated in a braad spectrum. 

At the onset of saturation, the gain of all frequency components start to 
level off. As the field grows in amplitude, the interaction process becomes 
highly nonlinear and the field grows to saturation. In this nonlinear regime, 
mode competition occurs and the second section of the undulator behaves 
more and more as an amplifier of the microwave field generated in the first 
section. This modifies the speetral characteristics of the gain. The deter
mination of the frequency to which the radiation field evolves after multiple 
passes through the system is a non-trivia! problem. The peak in the linear 
gain spectrum and in the nonlinear gain spectrum are at different frequen
cies. Although the system starts at the frequency of maximum linear gain, 
it turns out that the system evolves toward lower operating frequency. This 
shift of the operating frequency goeshand in hand with competition between 
the various frequency components of the microwave field. 

As is sketched in the foregoing, the speetral behaviour of the free-electron 
maser is rather complicated. The FEM operates with a large gain both in the 
linear and in the nonlinear regime; therefore, when complicating instabilities 
occur, they may grow rapidly. The investigation of the speetral dynamics of 
the free-electron maser is interesting and necessary for the final performance. 
The stabie operation in a narrow frequency band is a crucial requirement for 
the success of the FEM. In Ref. [28], it was pointed out that in multi-mode 
calculations there is the possibility of unstable operation. In Ref. [29] it is 
shown that, when space-charge fields are included, multimode excitation can 
be avoided by properly adjusting the system parameters. Important param
eters that infiuence the speetral behaviour are the length of the field-free 
gap and the refiection coefficient. These calculations are one-dimensional. In 
this thesis, calculations of the speetral dynamics of the FEM are done with 
a newly developed numerical code, that is called the multi-frequency FEM 
(MFF) code and is described in Chapter 3. The electron orbits are calculated 
three-dimensionally and the electromagnetic fields are calculated two dimen
sionally. The AC-space-charge fields as wel! as the DC-space-charge fields 
are included in the code. The equations are not averaged over an undulator 
period. The slippage of the electrans with respect to the microwave field is 
included in the code through the setup of the model. Different portions in the 
microwave beam at different longitudinal positions are abl' to communicate 
with one another through this process of slippage. 

We will show in Chapter 5 and 6, that the generated spectrum evolves 
generally toward a very smal! bandwidth, that is smaller than one would 
expect from the previous considerations. The power in the frequency com
ponents around the resonant frequency of the second section is effectively 
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suppressed by the interaction. This is a nonlinear process and occurs at 
an early stage. The behaviour of the generated spectrum as the interaction 
evolves from the small-signal (linear) to the large-signa! (nonlinear) regime 
is quite complicated. The numerically observed speetral behaviour cannot 
be predicted by single frequency calculations. Furthermore, it wiJl be shown 
that three-dimensional effects, like the oscillations of the electron beam ra
dius (see Section 2.2.1), have large influence on the speetral behaviour. 

The mode competition bas been stuclied analytically for long pulse FELs 
[30, 31]. In these Refs. the mode-competition is determined by an artificial , 
ad-hoc coupling parameter between the frequency components and single 
frequency operation of a long-pulse FEL is predicted. As we wil! show in 
this thesis, this description is far from complete and various mechanisms wiJl 
complicate the evolution of the frequency components of the microwave field. 
The conditions under which a FEL operates in a 'single-moded' spectrum 
is addressed by various other authors. In Refs. [33, 34] a one-dimensional 
model is used to parameterise the regime where single-mode operabon in a 
low-gain oscillator is possible. Extensive multi-frequency studies are reported 
in Refs. [35]-[37], where perturbation expansions in the radiation field as well 
as in the density is taken . An oscillator setup is described in the Compton 
limit. The latter Refs. describe an oscillator setup in the Campton limit and 
similar characteristics of the evolution of the power spectrum is found as is 
reported in this thesis. 

In this thesis a multi-frequency description is presented t hat describes 
the power spectrum in the small-signal as in the large-signa! regimes. The 
microwave field may vary considerably over the interaction lengt h and space
charge forces are included . The coupling between the various frequency 
components of the radiation field is self-consistently incorpora ted throug;h 
the electron motion, that is calculated in the six-dimensional phase-space. 
A microwave field that consists of various frequency components is time
dependent. Therefore, the region in time that is described in the code is 
large and slippage of the electrons with respect to the microwave field is 
important. 

1.4 Outline of the Thesis 

In the next Chapter, the basic equations are given that govern the [ree
electron laser interaction. The discussion is restricted to the system with the 
magnetostatic undulator with a planar configuration. All fields tha t influence 
the free-electron laser interaction are discussed and special attention is paid 
to the effects of the electron beam density. The related space-charge waves 
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lead to the effects that are descri bed in Section 1. 2.1. The dispersion relation 
gives the conditions for operabon in the different regimes. The phase-space 
evolution is discussed in order to derive the saturation efficiencies and to 
show the effects of tapering. Finally, the multi-frequency description of the 
free-electron laser interaction is presented. The microwave field is expanded 
into transverse waveguide modes and into longitudinal cavity modes. The 
latter expansion is valid near a central cavity mode. The longitudinal space
charge field has a large effect on the interaction. This field is generated and 
amplified as the bunching of the electrans develops. This field counteracts 
the bunching process, as is described before. 

The numerical free-electron maser is described in Chapter 3. The speetral 
dynamics of the free-electron maser for fusion applications is calculated with 
the numerical code MFF. The various components of this FEM are shortly 
discussed. A key element of the FEM is the step-tapered ondulator. The code 
:\!IFF includes the various frequency components of the microwave field that 
interact with the negative-energy space-charge waves of the electron beam. 
Bath the AC and the DC-space-charge fields are self-consistently included in 
the code. 

In Chapter 4, the evolution of the spectrum of a step-tapered undulator in 
the Campton limit is investigated. This way, the highly nonlinear evaJution 
is stuclied without the complicating effects of the longitudinal space-charge 
fields. Since the space-charge fields are disregarded, the linear gain is quite 
large. The large signa! regime is quickly reached and the speetral behaviour 
exhibits heavy mode competition. lt is found that the sideband at lower fre
quencies than the frequency of the main peak in the power spectrum actually 
impraves the extraction efficiency by acting as an intermediary in phase-space 
between the potential wells corresponding to the first and second section of 
the undulator. An investigation of the sideband behaviour is presented . The 
spontaneous emission spectrum of the step-tapered undulator is derived that 
is valid for low-energy electron beams. 

The results of numerical calculations with the MFF code, including all 
space-charge fields are presented in Chapter 5. The fast-oscillating longitudi
nal (AC) space-charge farces counteract the bunching process and the slowly
varying equilibrium (DC) space-charge farces enlarge the electron beam ra
dius. The linear gain spectrum exhibits multiple peaks. The actually mea
sured frequency profile of the reftection coefficient is used in this Chapter. 
The speetral evaJution is calculated in the ranges of 130, 200, and 250 GHz. 
It is found that after a complicated phase with mode-competition , narrow 
single-peaked power spectra are excited. The widtb of tbe power spectrum is 
a few GHz. In order to reach maximum output power, the maximum value 
of the reftection coefficient should be positioned where !:::..1 h is maximum, 
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which is a few GHz below the frequency corresponding to maximum linear 
gain. The fast tunability of the operating frequency of the FEM, keeping the 
profile of the reftection coefficient fixed, is investigated. 

In Chapter 6, the evolution of the power spectrum is investigatecl for 
a flat profile of the reftection coefficient. As the microwave field grows in 
successive rouneltrips through the cavity, the the response of the system at 
the resonant frequency of the second section elisappears and the main peak 
shifts toward the frequency in the spectrum where maximum extraction effi
ciency occurs. A multi-peaked power spectrum is generated. By camparing 
these results with the results obtained with a narrow profile of the reftection 
coefficient as are shown in Chapter 5, the inftuence of the frequency profile 
of the reftection coefficient is investigated. The role of the fast asciilating 
longitudinal space-charge fields on the speetral dynamics is investigated by 
camparing the speetral evatution when all space-charge farces are disregarded 
(see Chapter 4) with the case that the DC-f01·ces are negleeteel and only tbe 
fast oscillating longitudinal space-charge fields are taken into account. It is 
found that the DC-forces have a large effect on the speetral evolution. 
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Chapter 2 

Theoretica! Framework 

Abstract A short survey is presentedof the theory of the {ree-electron 
laser. The assumptions and approximations that are made 
to describe the fields and the electron beam in the [ree
electron laser are introduced. The effects of focussing and 
self-fields on the electron motion in the absence of radia
tion are discussed. Subsequently, the equations are derived 
that describe the {ree-electron laser interaction. The elec
tron beam density modifies the dispersion relation for the 
electromagnetic wave and the electron beam wave. Th e 
generation of stimulated coherent radiation as a function 
of the electron beam density is discussed. The beam den
sity largely determines the operating regime with its spe
cific growth rate of the radiation field. A step-tapered un
dulator is considered which has a complicated linear gain 
spectrum. This undulator enhances the final efficiency at 
saturation. The radiation is generated in a broad spec
trum and the gain is high in the small-signal and large
signa] regime. The speetral dynamics of the {ree-electron 
maser are studied. The multi-frequency formalism of the 
[ree-electron laser interaction is presented. In this formal
ism, the microwave field is represented as a sum over cavity 
modes that satisfy the paraxial wave-equation. 
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2.1 Intrad uction 

The free-electron laser is a device that amplifies coherent radiation by a 
beam of relativistic electrans passing through a periodic transverse mag
netic field [1]-[6]. The radiation souree is continuously tuneable in operation 
frequency. The free-electron laser was first envisioned by Motz [7, 8] who 
showed analytically that an electron beam wiggling through a magnetic un
dulator will amplify coherent radiation. The amplification process that he 
described became the physical basis for the free-electron laser mechanism. 
In 1960, Phillips [9, 10] first demonstrateel the ubitron (Undulating Beam 
Interaction), a microwave souree based on this mechanism. However, one of 
the problems with these devices was the quality of the electron beam and the 
full poten ti al of the free-electron laser was not recognised. It was only in 1970 
that the quanturn description of the free-electron laser interaction by Macley 
[11, 12] placed the free-electron laser in the spotlight. Quanturn mechanics 
of the free-electron laser have been stuclied since then [13]- [16]. For most 
applications of practical interest, quanturn mechanica! effects are negligible 
and the free-electron laser is well described by classica! electrodynamics [17]. 
In this thesis the description of the interaction in the free-electron laser is 
described with Maxwell's equations and classica! mechanics. In 1975, Macley 
and co-workers built and operateel a device at infrared wavelengtbs [18, 19], 
that they called a free-electron laser. Since then, interest in free-electron 
lasers grew and lasing bas been achieved from visible to microwave frequen
cies [20, 21]. 

Pursuing the formalism of a multi-frequency treatment of the free-electron 
maser interaction, the following subjects are addressed in this Chapter. The 
basic equations that govern the free-electron laser interaction are presented. 
The important contributions to the electromagnet ic field are discussed. These 
fields are solutions of Maxwell 's equations and the souree terms are deter
mined by the electron dynamics, described with Hamiltonian equations of 
motion. The equations of motion in the absence of radiation [22]- [24] reveal 
the effects of slowly-varying self-fields and the effects of the inhomogeneous 
undulator field . This periadie motion is the souree for spontaneous radia
tien [25]- [30] in a narrow forward cone of angular width 1h . This relatively 
weak incoherent radiation often is the seed field for the coherent free-electron 
laser mechanism. The stimulated emission of free-electron lasers is analysecl 
by investigating the dispersion relation. The dispersion relation reveals the 
characteristics for the various operating regimes. When the electron energy 
is high and the current density is low, the free-electron laser operates in the 
low-gain Compton regime, that is well described by a penelulurn equation 
[31, 32]. According to Madey's theorem [27], the gain in an FEL is propor-
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tional to the derivative of the spontaneous emission spectrum with respect 
to the electron energy and, therefore, with respect to the radiation frequency 
of the spontaneous emission. When high-current electron beams are em
ployed, the free-electron laser operates in the exponential gain regime. The 
free-electron laser operates in the high-gain Campton regime [33] when the 
ponderomotive potential dominates the space-charge potential. In that case, 
collective effects can be neglected. When the current density is larger and 
the electron energy lower, the effects of the Coulomb farces are larger. \iVhen 
the space-charge potential dominates the ponderomotive potential, the [ree
electron laser operates in the Raman regime [34]--[37]. In this regime, the 
unstable space-charge wave modifies the interaction to a three-wave interac
tion. The charge and current density have their effect on the propagation 
of electromagnetic and the space-charge waves through the electron beam. 
Linear theory [37]-[39] reveals the behaviour of the density perturbation as 
the electrans experience a force due to the ponderomotive potential well. 
This leads to a dispersion relation that is a tooi to distinguish the oper
ating regimes of the free-electron laser. In these regimes, the growth rates 
and the maximum efficiency at saturation can be determined for a standard 
undulator. 

However, the maximum efficiency at saturation can be enhanced in sev
eral ways. For example, one can decrease the undulator field along the beam , 
while keeping the undulator period fixed [40, 41]. This thesis considers the 
step-tapered undulator, consisting of two sections with equal periodicity and 
polarisation. The undulator amplitude of the second section is smaller than 
the amplitude of the first. This introduces a taper in one step that consider
ably enhances the efficiency. The two sections of the step-tapered undulator 
have different resonant frequencies, therefore, the linear gain curve has multi
ple peaks. This makes the evolution of the spectrum an interesting object of 
investigation. The nonlinear evolution towards higher power in a low-quality 
cavity, that reflects only 30% of the power at the end of the interaction length 
can lead to fast growing instabilities, such as the sideband instability. An 
intrinsic property of the free-electron laser interaction is that the frequency 
at which there is maximum linear gain and the frequency at which there 
is maximum extraction efficiency at saturation are different. Shifting the 
operating frequency from highest linear gain to highest extraction efficiency 
is accompanied by mode-competition. Any other speetral phenomena, like 
sidebands go tagether with increased mode-competition. The investigation 
of the speetral dynamics of the free-electron maser is therefore interesting 
and necessary. A number of studies considering the behaviour of speetral 
dynamics of free-electron Jasers have been performed in [42]-[45]. 
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2.2 Basic Equations 

We describe the partiele motion with a Hamiltonian formalism. The sum 
over all partiele positions and veloeities give the souree terms that describe 
the process of stimulated emission of the free-electron laser in Maxwell 's 
equations. In this thesis the electron beam propagates in the positive z
direction. The wave equations for the normalised electromagnetic potentials 
are 

(\71_ +a;- a~t) a 

('Vl_ +a;- a~~) <P 

e 
---J 

Eomec3 ' 
e 

---p 
Eomec2 ' 

(2.1) 

(2.2) 

where (in cartesian coordinates) the transverse gradient is \l1_ = êxàx + êyay , 
Eo is the vacuum dielectric constant, e = lel is the electron charge, me is the 
electron mass and c is the speed of light. The scalar and vector potentials 
<P and a are normalised to mec2 je and m ee/ e, respectively. The normalised 
electric field is e = eE j mec2 = -\7 <P - à a j act and the normalised magnetic 
induction field is b = eB /mee = 'V x a. The potentials <P and a are rC'latecl 
by the Lorentz gauge equation 

'V · a + àct<P = 0, (2.3) 

where 'V = 'V 1_ + êzàz. The electric charge and current densities pand J are 
obtained by adding all contributions of the electrans 

Np Np 

p(r, t) =- L eó(r- rj(t)), J(r , t) =-cL e{316(r- r j (t)), (2.4) 
j=l j =l 

where NP is the number of electrons, cf3j is the velocity and rj(t) the position 
of the jth electron. The electric charge and current densities are related 
through the equation of continuity 

atP + 'V · J = 0. (2.5) 

The relativistic relation between energy E (normalised to mec2) and ca
nonical momenturn p = "(Vjc- a (normalised to m ee) of an electron in 
the presence of a normalised electromagnetic field described by the vector 
potential a and scalar potential <fJ, is given by 

"( = E + <P = J (p + a) 2 + 1. (2.6) 

It is convenient to use the axial position z instead of the time t as the in
dependent variabie along the partiele orbits. This is allowed since z(t) is an 
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invertible function. Then the Hamiltonian is 1l( r1., ct, PJ.., -Eiz) = -Pz· The 
conjugate variables are (rJ..,ct,p.L, -E), where r.l and P1. are the transverse 
components of position r and canonical momenturn p. The equations of 
motion are 

oH dct oH dp.L 
3pl.' dz 3(-E)' dz 

BH 
arl. ' 

d( -E) =_BH. (2_7) 
dz act 

The explicit expression ofthe Hamiltonian H(rJ.. ,ct,p.L,-Eiz) is 

H(rJ.., ct, PJ.., -Eiz) = az- rf3z 
az- V,-(E_+_'P--=-)2--- 1---(p_.l_+_ a_1._)2. (2.8) 

The explicit differential equations descrihing the electron orbits (2 .7) are 

(2.9) 

(2.10) 

(2.11) 

(2 .12) 

The scalar and vector potentials in the equations of motion contain con
tributions that have different origins. The scalar potential 'P is induced by 
the averaged charge density of the electron beam and by the perturbed charge 
density generated by the interaction with the high-frequency field . The scalar 
potential can therefore be split into a potential 'Pr that is fast asciilating in 
space-time and a slowly-varying potential '.p" 

'P = 'Pr + 'Ps· (2.13) 

Inside the undulator, the electromagnetic potential consists of three contri
butions, the undulator field a,., the radiation field ar and the slowly-varying 
self-field a s that is associated with the averaged beam current, 

(2.14) 

The magnetostatic field of the undulator is the predominant contribution 
to the electromagnetic field, laul » larl-lasl· lt is a salution of the wave 
equation in vacuum: \72a,. = 0. The undulator field is a periodic function 
of z and depends only weakly on transverse coordinates. The period of the 
undulator field is À,.. The wavelength of the amplified electromagnetic wave 
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À that is determined by the resonance condition (1.2) is smal! compared to 
the ondulator period, 

(2.15) 

where Lu = NuÀu is the total length of the ondulator. 
The electron beams that are employed in free-electron lasers have a small 

emittance which implies that the perpendicular veloeities are smal!. There
fore, the electrans have a smal! canonical momenturn P1. when entering the 
ondulator. The electron beam is injected close to the axis of symmetry of 
the ondulator. We assume that this injection is adiabatic such that the per
pendicular momenturn is conserved. This implies IP1.I « laul so that the 
amplitude of the wiggle motion to leading order is 

(2.16) 

The leading order contribution to the transverse beam current is the contri
bution of the ondulator field: J1. ~ cpauh· The longitudinal beam current 
is to leading order J, ~ pv,0 , where Vzo is the longitudinal velocity of the 
electron beam inside the undulator that is averaged over an undulator pe
riod. The axial velocity Vzo is smaller than the axial velocity of the electrans 
before injection because of the finite transverse component. 

The transverse excursions from the teading motion (2.16) are small and 
the important (longitudinal) equations of motion are (2.11) and (2. 12). The 
largest contri bution to the fast oscillating field a r is the radiation field ar..:..· 

To teading order Eq. (2.11) and (2.12) are 

dê 1 1 
-d = actaz- -(3 Oct'P + - (3 au· actar1. , 

z z 1 z 
l 

dct = ( 1 _ 1 + a~ + 2au ·ar 1. ) - 2 

dz 1 2 
(2.17) 

The ponderomotive potential corresponds to au · ar 1.. Note that only the 
component of the radiation field parallel to the undulator field plays a role in 
the ponderomotive potential. The motion of the electrans in this potential 
leads to bunches. The perturbed density gives aresonant contribution to the 
transverse beam cm-rent . This contribution tci the souree term in Maxwell's 
equation (2.1) amplifies the radiation field at the same wavenumber and 
frequency as the initia! field arl. · This wil! be discussed in Section 2.3. The 
amplified radiation field then induces a larger ponderomotive potential that 
perturbs the beam density even more. Ultimately, most electroos are trapped 
within the potential wel! and the wave amplification saturates. 



2.2. Basic Equations 23 

2.2.1 Electron Motion in the Absence of Radiation 

In this Section, the unperturbed electron beam that performs a wiggle motion 
due to the undulator field is considered. The presence of a co-propagating 
electromagnetic field is disregarded. Besides the homogeneaus undulator 
field, there are forces related with the finite size of the beam and the de
pendence of the undulator field on the transverse spatial dimensions x and 
y. Another force is the total Lorentz force associated with the beam cur
rent and charge density. It is assumed that the response of the electrans to 
these forces is slowly-varying and has smal! amplitude such that the electron 
energy 1mec2 can be considered constant. 

Slowly- Varying Self-Fields 

The slowly-varying self-fields (as, 'Ps) are induced by the slowly-varying 
charge and current density. The self-fields are generally very smal! for the 
electron beams employed in free-electron lasers. We consider an initially 
cylindrically symmetrical electron beam with radius rb and with uniform 
radial density profile n = n0, (r = Jx2 + y2 ~ rb)· The undulator motion 
is smal! and can be neglected in the present calculation. The slowly-varying 
fields consist of the radial electric and azimuthal magnetic field , that are 
solutions of Maxwell's equations (2.1), (2.2). With Jz ~ VzoPo, where p0 = 
- en0 is the unperturbed averaged charge density, these self-fields are, 

(2.18) 

where Vzo is the average longitudinal electron velocity (2.22) inside the un
dulator and the plasma frequency wP is defined as 

2 
2 e no 

w = --
p Eome. (2.19) 

Outside the electron beam (r > rb) , the fields decay as 1/r. At relativistic 
energies, the forces due to the radial electric and azimuthal magnetic field 
almost cancel, and yield a net radially outward Lorentz force on the electron 
beam. The total force is 

(2.20) 

This force is very small for the electron beams used for free-electron lasers. 
The wiggle motion induces small perturbations in the density, that lead to 
smal! corrections to (2.20). 
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In the cases of interest, the transverse forces due to the transverse de
pendence of the undulator field are larger than the self forces (2.20). The 
corrections to the slowly-varying self-fields due to the perturbed beam density 
can be neglected. These self-fields are constant in time and do not contribute 
to the ponderomotive potential. 

Electron Motion in a Single Undulator 

The undulator field is a solution of Maxwell 's equation (2.1 ) in vacuum 
\72 au = 0, with boundary conditions that the field has periodicity in z with 
Àu and has even symmetry in x and y. We assume that the undulator has 
a large number of periods, Nu » 1 and that end effects may be neglected. 
The undulator field is written as: 

(2 .21 ) 

where au = eBu/(mecku), Bu is the on-axis undulator amplit ude and k" = 
21r / Àu = Jk~ + k~ is the undulator wavenumber. On axis, the magnetic field 
of the unclulator is directed purely in the y-direction. The wiggle motion 
is in the x-z plane. According to Eq. (2.16) the t ransverse velocity is vx = 
eau cos(kuz)h. This modulates the longitudinal velocity, 

Vzo = C (2.22) 

The planar undulator field near the axis (kxx, kyy « 1) is 

(2 .23) 

Off-axis, the undulator field has a component directed in the z-direction that 
induces a transverse force on the electron beam, which leads to focussing in 
both transverse directions [24] . In the inhomogeneous undulator field (2.23). 
small deviations from the on-axis wiggle motion lead to betatron oscillations. 

T he orbits of the electrans in the combined fields of the undulator field 
(2.23) and the self-fields (2.18), near t he axis, a re determined by the equa
tion of motion for the momenturn (2.9) . The right-hand side (RHS) of this 
equation is approximated with the use of the teading order wiggle motion 
Eq. (2.16). It follows that 

x;= x,y. (2.24) 
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We take that k; = k; = k~/2, so that in this linear approximation a cir
cular electron beam will remain so in time. Then the slowly-varying self
fields asz and cp5 are described by equations (2.18). The orbit equations are 
expanded around the teading order solution for the on-axis motion (2.16), 
x= eau sin(kuz)j(kurVzo) + 6x, y = oy. The displacements from t he axis of 
the electron beam ox and oy are so smal! that lkubx l, lkuOYI « 1. To lowest 
order, ox and 8y satisfy 

d2ox, k~a; 8 w~ ( 1 2)8 
dz2 = - 4f3;12 x, + 2c2 f3;r3 1 + 2 au X i , 

oxi = ox, oy. (2.25) 

The equations are averagedover an undulator period and the approximation 
1- !3; = (1 + a;.j2)fr2 has been made. The first term on the right-hand side 
of equation (2.25) originates from the inhomogeneity of the undulator field. 
This is an oscillatory contribution to the electron motion. The second term 
originates from the defocussing force of the slowly-varying self-fields. The 
ratio of these terms is M 2 , 

2 k2 2 
M2= auruC 

2w2 (1 + la2 ) · p 2 u 

(2.26) 

The ratio M 2 is dependent on the beam density through the plasma fre
quency. No te that the terms on the right-hand si de of equation (2.25) have 
opposite signs. Therefore, the forces due to the self-fields decrease t he effect 
of betatron oscillations. In the case of M 2 » 1 the forces due to the slowly
varying self-fields can be neglected. Such a beam is called an emittance 

· dominated electron beam. The periodic solutions are the betatron oscil
lations and the corresponding betatron wavenumber is k130 = kuau/(2rf3z)· 
The amplitude of the betatron oscillations depends on the initia! velocity and 
displacement from the axis of symmetry. In the combined fieldsof the undu
lator and the slowly-varying self-fields, the (modified) betatron wavenumber 
is k13 = k130 ( 1 - 1 j M 2 ) 112 . N ear the Brillouin densi ty limit , M 2 = 1, the forces 
of the self-fields are equal to the forces due to the inhomogeneous undulator 
field. Such a beam is called a space-charge dominated electron beam. It is 
clear that electron beam equilibria do not exist for densities above the Bril
louin density limit (or M 2 < 1), because then the defocussing space-charge 
force is too large. 

The FEM design has an electron beam current of I= 12 A with a circular 
cross-section with radius of rb = 1.3 mm, as is given in Table 3.1. With these 
parameters, M 2 is of order 10 and the force due to t he inhomogeneity of the 
undulator is the dominant one. The ratio M 2 becomes of the order of one 
when rb = 0.35 mm. 
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Figure 2.1: The radius of the electron beam while interacting with the mi
crowave field is plotted. The electron beam interacts with the step-tapered 
undulator, of which the field amplitude is plotted. The electrans experience 
radial farces due to the inhamogeneaus undulator field and the self-fields. 
The radius of the electron beam is depicted by the solid line. The dashed 
Jine is the radius of the electron beam when the self-fields are disregarded. 

The effect of the inhomogeneous undulator field and the slowly-varying 
self-fields on the electron beam radius is depicted in Fig. 2.1 (solid line). 
There the radius of the electron beam with respect to the wiggling centre of 
the beam is plotted. The radius is calculated in the preserree of radiation 
with the numerical code MFF that is described in Chapter 3. The undulator 
is the step-tapered undulator (see Chapter 3). The period of the betatron 
oscillation is kf3. The second section, that has lower field amplitude a11 , has 
Jonger betatron wavelength than the first section. The dasbed line is the 
radius in the case without the self-fields. 

2.3 Stimulated Emission 

In Chapter 1, a global explanation of the free-electron laser mechanism has 
been given. In the present Section we will explain the physics in more detail 
and in particular we will analyse the inftuence of density effects with the use 
of an one-dimensional approach. 

The electron beam can support two distinct types of fast waves. Let the 
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electric field E be a monochromatic plane wave, exp[i(k · r- wt)], that is a 
solution of Maxwell 's equations and assume that the field is weak enough to 
neglect nonlinear effects. The two types of waves are classified according to 
the direction of the field E with respect to the direction of the propagation 
vector k. 

Electromagnetic (EM) waves are characterised by E · k = 0. Hence, ac
cording to Poisson, these waves do not perturb the density in the longitudinal 
direction. The dispersion relation is 

(2 .27) 

where kc is the cutoff wavenumber of the waveguide and F is the ratio of the 
cross-sectionat areas of the electron beam and the radiation field . The last 
term under the square root is smal! in standard free-electron lasers and also 
in the cases considered in this thesis. According to the dispersion relation 
(2.27), the phase velocity of these waves is larger than c and consequently, 
these waves cannot couple directly to the electron beam. 

Longitudinal or electrostatic (ES) waves are characterised by the fact that 
E is parallel to k . The dispersion relation for these space-charge waves is 

(2 .28) 

where "fz = 1/ J1- f3; . In the limit wP --t 0, the two electron beam space
charge waves coincide. Two waves can be distinguished; the positive-energy, 
fast space-charge wave w_.. , with phase velocity that is larger than the one of 
the beat wave Vpon = wj(kz + ku) , and the negative-energy, slow space-charge 
wave w _, wi th phase veloei ty that is smaller than V pon. The first is stabie 
and the other is unstable. 

Their response to smal! disturbances is quite different . This ca.n be shown 
by investiga.ting the energy density of electrostatic waves, that is proportional 
to w8wcr [47] . The dielectric constant is cr = 1- w;Jh;"f(w- (k z + ku)vz) 2 ) 

and from cr ~ 0 the space-charge waves (2.28) are obtained. The space
charge wave with the negative sign w_ has w8wcr < 0, therefore it is a 
negative-energy wave. Asthespace-charge wave feeds energy to the radiation 
field its energy decreases, teading to simultaneous growth of the beam space
charge wave and the radiation field. 

The interaction in a free-electron laser occurs at the intersections of the 
electromagnetic wave (2.27) and the unstable, slow space-charge wave (2 .28) 
in the dispersion diagram. The intersections of the two dispersion relations 
determine the frequency and wavenumber (w , kz) of the radiation field . The 
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ponderomotive potential is determined by the undulator field and the radi
ation field au· ar.L, as in Eq. (2.17). The motion of the electronsin this 
potential leads to longitudinal bunching. This leads to an amplification the 
radiation field . 

The fast longitudinal charge and current oscillations due to the bunching 
process also give another contribution to the electromagnetic potentials, a 
longitudinal electric field. The one-dimensional, linear model of the free
electron laser [33, 48] is a nice tool to reveal the response of the charge and 
current density on the free-electron laser interaction. 

We start wi th the radiation field a r .L that has the same polarisation as 
the undulator field au so that a ponderomotive potential is generated. The 
radiation field lar.LI « lau I is guided in a waveguide with cutoff wavenumber 
kc and satisfies Maxwell's equation (2.1) , 

(2 .29) 

where J .L is the induced transverse current density and F = a6j ar is the 
filling factor associated with the radiation field that is defined as the ratio 
of the cross-sectional areas of the electron beam ab and radiat ion field ar· 

In the present case ar is approximately equal to the cross-sectional area of 
the waveguide. Assume again that the transverse canonical momenturn P.L 
remains smal!. Then the transverse velocity is induced by the undulator field 
and the radiation field. The t ransverse current density is given by 

(2.30) 

where n 0 is t he averaged beam density and ón is the perturbed beam den
sity. The perturbed beam density is generated by the electron motion in the 
ponderomotive potential well. Only terms that have the same phase as the 
high-frequency field, ( noar.L +ónau), play a role in the coherent amplification. 
The small term ónar leads to a low level of higher harmonies. Substituting 
the transverse current density in the wave equation leads to 

(2.31) 

Since ón is perturbed at the beat wave frequency and wavenumber, ónau is 
a non-vanishing contribution to the transverse current density that has the 
same wavelength and wavenumber as the driving field ar.L . Therefore, the 
radiation field is driven by the undulator field a" and the per turbed beam 
density ón. 
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The axial electric field e. = -Oz'P- Octaz is associated with the bunching 
process. It is a solution of Poisson's equation, that is equivalent to Eq. (2.2). 
This field is confined within the electron beam and perpendicular dependen
cies play no role, therefore, 

w2 on 
a.ez = -f-. 

c n0 
(2.32) 

The perturbed density on can be found from the continuity equation (2.5) , 
e81on = a.óJ., where the longitudinal current density is written as l zo + oJ •. 
The perturbed axial beam current density is óJz(z , t) = - e(noÓVz + VzoOn), 
where Vzo is the unperturbed and Ovz is the perturbed axial ve]ocity. This 
leads to the following expression for the perturbed beam density 

dón __ no 0 óv 
dz - Vzo z z· 

(2.33) 

We assume that the spread in transverse momenturn and the spread in energy 
are smal!. In that case, the equations of motion in the fluid model are formally 
identical to those in the partiele model. The perturbed axial velocity óvz is 
found from dpz/dz = -8z H. Keeping terms to first order in the radiation 
field and using Eq. (2.16), we find, 

dóvz = _ __:!__ (oz1J + Octaz) _ Vzo dO"J' _ c2a1. azal.. 
dz "J'Vzo "/' dz "J'2Vzo 

(2.34) 

Combining Eq. (2.33) and Eq. (2.34) and using Eq. (2.17) for dó"!'/dz leads 
to an expression for the evolution of the perturbed charge density, 

d2ón W~ noc2 0 ( a Vzo a) 
-d 2 + - 2--2fm = --2--::;- -:::! + - 2 -;- <I>pon(z, t), 

Z VzOÎ'Î'z Vzo'"Y UZ uz C ut 
(2.35) 

where <I>pan(z, t) is called the (effect ive) ponderomotive potential, that is given 
by 

1 
<I>pon(z, t) =--au. a r l.· 

'"Y 
(2.36) 

The perturbed density and the undulator induced velocity lead to a reso
nant contribution to the transverse beam current. This contribution to the 
souree term in Maxwell's equation amplifies the radiation field at the same 
frequency as the radiation field a rl.· The planar undulator field is specified 
by Eq. (2.23). For simplicity we take that the radiation field is represented 
by a single frequency component (w , kz), 

(2.37) 
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Only the resonant contribution to the ponderomotive potentia l is relevant 
and the explicit expression is 

n-. "-' _ _!_a a ei[(k, +ku)z-wtJ + cc 
'±'pon - 21 u r · · (2.38) 

The neglected contribution corresponds to a pha.se velocity t.hat is larger 
than c. The perturbed density modulation is driven by the oscillatory mo
tion of the electrans in the ponderomotive potential (2.38) and has a similar 
dependenee in the time-asymptotic limit, 

on(z , t) = Miei[(k, +ku)z-wtJ + e.c. (2.39) 

After substitution of the ponderomotive potential <I>pon (2.38) in Eq . (2.35), 
this equation can be solved for on. When these explicit expressions are 
substituted in the wave equation (2.31), one obtains a dispersion relation, 

(w2 - c2 k; - c2k~ - F~) { [w - vzo(kz + ku)r -~~~ } = 

F 2 2 2 
wpcau(· • ( · • VzoW) 
213 kz + ku) kz + ku - 7 . (2 .40) 

The coupling constant in the RHS of the dispersion relation (2.40) is smal! 
compared to w4 and provides t he coupling between the electromagnetic and 
the space-charge waves. T he coupling constant is only nonzero within the 
undulator. The first term (in pa rentheses) in the dispersion relation repre
sents two uncoupled electromagnetic waves in an underdense electron beam , 
that are guided in a waveguide with cutoff wavenumber kc· The second term 
(in braces) in the dispersion relation (2.40) represents the two uncoupled 
electron beam space-charge waves. The coupling constant of the waves plays 
only a role in the dispersion relat ion close to the intersection of the uncoupled 
waves, as is indicated in Fig. 2.2. The intersection of the electromagnetic w,. 
and the negative-energy space-charge w_ waves at high frequency is the rel
evant solution. This intersection is indicated by t he star in Fig. 2.2 . Solving 
Wr = w_, the corresponding frequency w is 

(2.41) 

The Campton regime is a single-partiele scattering regime, where the pon
deromotive potential dominates the space-charge potential. In this regime, 
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the linear terms in wP in Eq. (2.41) are negligibly small. In the collective 
regime these terms are large and modify the operating frequency with re
spect to the Campton regime. Since the operating frequency is changed, this 
regime is called the Raman regime, in analogy vvith atomie Raman scattering 
[49]. In this regime, the radiation field is not amplified by single electrons, 
but by the collective behaviour. In the case the cross sectionat areas of the 
electron and radiation beam coincide, for example, when the optica! guiding 
of the radiation field by the electron beam is very strong, then F = 1 ancl 
the last term in Eq. (2.41) vanishes. For FEM parameters, this term is the 
smallest. The factor F is not important for the determination of kz and w, 
since it is always a small term in the dispersion relation for the electramag
netic waves. However, it is an important factor in the coupling constant and 
therefore equally important for the imaginary part of kz, that corresponds to 
growth. The cutoff wavenumber of the waveguide is responsible for the term 
k~l(f3;k~'Y;), which, for FEM parameters, is the largest contribution besides 
1 in the root. 

Although we are interesteel in the intersectien markeel by the star in 
Fig. 2.2, there is another intersectien of the waves. This intersectien of the 
waves at low frequency can lead to a forward propagating (wlkz > 0) or a 
backward propagating (w I kz < 0) wave. The frequency of this wave is quite 
different from the actual operating frequency. The forward propagating wave 
initially interacts with an unperturbed electron beam. The wave conespond
ing to the salution indicated with the star has larger growth rate and wil! 
dominate the interaction. The boundary condition for the backward propa
gating wave is quite different, because in the presence of the forward prop
agating radiation indicated with the star, the electrans are bunched at the 
exit of the undulator. Output of the backward propagating wave can be gen
erateel even in the absence of any input. This is referred to as backwarcl-wave 
instability. Since this wave may modify the electron beam at the entrance, 
it is a parasite that must be carefully avoided. 

Both the intersections of the negative-energy electron beam line and the 
electromagnetic wave have positive phase veloeities (wIk. > 0) when 

2k2 FwP k Wp 
C c + -- > V zo u - --

'Y 'Yzyf} 
(2.42) 

For a rectangular waveguide, with height a, the fundamental waveguide mode 
has cutoff wavenumber kc = 1r I a, which means that the con di ti on imposes 
an upper limit on the waveguide size a < f3zkul1r. In the case of intersect
ing electromagnetic and electron beam lines at positive phase velocities, the 
dispersion relation is approximated to 

(k z - Kem) (kz - K_) (kz - K+) = - a 2 , (2.43) 
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where the electromagnetic wavenumber Kem and the wavenumbers of the 
positive and negative-energy space-charge wave K± are given by 

Kem = (2.44) 

The coupling coefficient a 2 is 

F 2 2 F 2k 2 
2 Wpau ( VzoW ) WP uau 

C\' = 2 3 (kz + ku) kz + ku- - 2- ~ 2 3 · 
4KemVzo'Y C 2V,o'Y 

(2.45) 

which is approximated with the use of w ~ ckz ~ Vzo(k z + ku) » ck," such 
that (kz + ku)(kz + ku- VzoW/c2 ) ~ 2kukz and Kem ~ k,. 

Fig. 2.3 shows the stabie and unstable solutions of the dispersion relation 
(2.43) in the neighbourhood of the star in Fig. 2.2 . The coupling between t.he 
electromagnetic wave and the negative-energy Plect ron beam space-cl1arge 
wave leadsto a solution with imaginary part, of which the negative imaginary 
part for k, corresponds to spatia.l (exponential) growth of the radiation field. 
In terms of ók, where ók = kz - "'-, the dispersion relation is 

(ók- 6.) (ók) (ok+ 2wp ) = -o2 , 
Vzo'Yzfi 

(2.46) 

where 6. = Kem - "'- is the mismatch of the wavenumbers ; ók is in general 
complex and lr5kl « kz. 

2.3.1 Pree-Electron Laser Operating Regimes 

In order to distinguish the different opera.ting regimes, it is convenient to 
normalise ók in the dispersion relation (2.46) to 2wP/bzfiv,o ). 

In the high-gain Compton regime, the effect of t he ponderomotive poten
bal dominates that of the space-charge potential. The con esponding condi-

. . 2/ 3 2 /( Fj ) . twn IS C\' >> Wp 'Yz y 'YVzo , I.e. 

w Fa2 "y2 

--~~p--= << ~· 
Vzoku'Yzfi 16--y 

(2 .47) 

A high energy, low density electron beam satisfies this relation. Tbe wiggier 
amplitude must be strong, therefore t his regime is also called the strong
pump regime. In t his regime, the dispersion relation (2.46) may be written as 
(ók- 6.) (ók) 2 = -a2 . Maximum growth occurs at exact frequency matching 
(6. = 0). Then the root of the dispersion relation with negative imaginary 
part is 

(2.48) 
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Figure 2.2: Intersection of the electron beam line w = (kz + ku)Vzo and the 
guided electromagnetic wave w = ( c2 k; + c2 k;) 112 in the Compton regime. 
The star marks the intersection where maximum growth occurs. 
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Figure 2.3: Stabie and unstable solutions of the FEL dispersion relation 
(2.43). The unstable coupling occurs between the electromagnetic wave and 
the negative-energy electron beam spa.ce-cha.rge wa.ve. The dotted line in
dica.tes the ( enla.rged) imaginary part of the wavenumber, corresponding to 
spatial growth, that is zero outside the unstable region. The dots indicate 
the approxima.ted sets (w1, kz1) (see Section 2.4) that have the sa.me pha.se 
veloei ties. 
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The negative imaginary root indicates spatial growth -Im[ok]. 
In the Raman regime, the space-charge potential dominates the pondero

rnative potential, a213 « 2wr!bZ\rrvzo), i.e. , 

F 2 2 
Wp au"fz -----'-- » --. 

cku'Yz.J'( 16"(2 
(2.49) 

This regime is also called the weak-pump regime. In this regime, the disper
sion relation (2.46) reduces to a quadratic equation in ok, (ok-~) (ok) = 

-'Yz.J'(VzoCi.2 /(2wp)· The solution ok at maximum negative imaginary part 
(~ = 0) is 

1 2 2 .J'("fzVzo 
ok=-- a . 

2 Wp 
(2.50) 

There are generally two extra criteria [46] that determine whether the [ree
electron laser operates in this regime. The normalised Raman frequency shift 
must exceed the line-width due to finite undulator length , 

Wp Àu 
r:vk(J >-L' 'Yzy'YC u z u 

(2.51) 

where Lu = NuÀu is the length of the undulator. The physical interpretation 
of this criterium is that the undulator is long enough for several plasma 
oscillations to occur during the course of the interaction. The other criterium 
is that Landau damping of the space-charge waves due to thermal spread of 
the electron beam must be smal!. The space-charge wave is strongly damped 
if its wavelength is less or of the order of the Debye length. In the electron 
reference frame [17] the Debye length is Ào = 2nvth/(wr/hz.JY)) . The Debye 
length can be understood as the longitudinal distance electrons move vvith 
thermal speed Vth, given by the energy spread in the beam, within the typical 
time of the plasma oscillation w; 1 . 

The regime in between the Compton and Raman regime is of interest 
in this thesis. In this intermediate regime, there is competition between the 
ponderomotive and space-charge potential. The resulting effect is a reduction 
of the gain of the radiation field. In this intermediate regime, maximum 
growth corresponds to a small, finite detuning. T his is shown in Fig. 2.4, 
where the detuning normalised to bp = 2wp/ ( Vzo'Yz.J'() that con·esponds to 
maximum growth rate is plotted as a function of the coupling parameter 
normalised to b~. The function goes linearly to zero for a 2 J b~ --+ 0 and grows 
asymptotically to ~ for large values of a 2 Jb~. Note that the value of a 2 Jb~ 
determines t he operating regimes. It follows that in the high-gain Compton 
regime ( a 2 Jb~ --+ oo), maximum growth corresponds to zero det uning ~ ê::::' 
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Figure 2.4: The detuning -6./bp at maximum growth ra.te is plotted as a. 
function of the coupling parameter o:2 jb~. The Ra.ma.n regime is determined 
by o:2 jb~ --+ 0 and the high-gain Compton regime by o:2 jb~ --+ oo . 

- bp/2 = 0. In the Raman regime (o:2 jb~ --+ 0), maximum growth occurs at 
zero detuning 6. --+ 0. In the intermediate regime, the value of o:2 jb~ is in 
the order of one. Here, the detuning conesponding to maximum growth rate 
can be found from Fig. 2.4 

2.3.2 Evolution m Phase Space and Extraction Effi
ciency 

In order to get insight in the interaction between the beam electrans and the 
ponderomotive wave, the Eq. (2.17) is simplified t o a pendulum equation. 
The previous definition for the undulator field (2.23) is applied and for sim
plicity the electromagnetic fi eld in the single-frequency approximation (2.37) 
is taken. We assume that all transverse effects can be disregarded and that 
the interaction is well described by Eq. (2.17) . We linearise this equat ion and 
assume that the self-fields can be neglected and 1h 2 is smal!. The resulting 
equation is averaged over an undulator period , 

d 'l/1 ;3phkz ( a~ ( 
-d = ku - --2 1 +- + auar COS 1/1) 2.52) 

z 2"( 2 

where 1/1 = (kz + ku) z - wt is the phase in the ponderomotive pot entia l 
and d'l/1 / dz is a me as ure of the electron streaming velocity that describes the 
electron velocity as a function of the phase of the ponderomotive wave. After 
differentiation a pendulum equation remains that can once be integrated, 

1 (d'l/1 ) 
2 

2 '2 dz - K cos 1/1 = E, (2.53) 
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where E is the total energy of the system, the 'oscillator' energy and the 
penelulurn constant is K 2 = f3;hk;auar/(f3z"f2--y;) . The electron trajectories 
through the wiggler, therefore, are expressed as 

(2.54) 

The separatrix (the energy Eis equal to the potential K 2 ) describes the tran
sition between two classes of electron trajectories; trappeel and untrapped 
orbits. The separatrix is given by a pair of curves (d1)jdz = 0) in the phase 
space (elw/elz, w). Free-streaming, untrappeel orbits are characteriseel by 
E > IK2 1 anel are outsiele the separatrix in phase space. The free-streaming 
electrans pass over many crests of the poneleromotive wave. Trappeel orbits 
are those for which E < IK2 1 anel are within the bounels of the separatrix. 
The evolution in phase space (dw/dz, w) is inelicated in Fig. 2.5. Plotteel are 
the positions of the electrans in phase space that are the solutions of the set 
of equations (2.9)-(2 .12) as are implementeel in the numerical code and are 
explicitly given in Section 2.4 and 2.6. The radiation field is taken in the 
single-frequency limit, anel the exact equations for the electrons are solved. 

The saturation mechanism is tbe partiele trapping in the combined pon
deromotive anel space-charge potentials. The height of the separatrix (1(2 ) 

increases as the raeliation field ar .i grows and more electrans become trappeel 
within the separatrix. Approximately all electrons are trappeel when the 
height of the separatrix reaches the initia! phase space positions of the elec
trons. The trappeel electrans perform a rotation . The growth of the wave 
continues until the electrans reach the bottorn of the stabie area. At that 
point the electrans start to absorb energy from the wave. Saturation is 
reached when the energy absorption of the leading electrans is balanced by 
the emission of the trailing electrans in the rotation. 

With the foregoing description of the FEM interaction, we can make an 
ad hoc estimate of the extraction efficiency at saturation. The extraction 
efficiency is defined as the percentage of energy the electrans transfer to the 
microwave field with respect to their initia! energy. The electrons initially 
have a velocity v.0 and the trapping potential propagates with phase velocity 
Vph = wj(ku + Re[k]), where the real part of the wavenumber depends on the 
operating regime, as we have seen in the previous Section. At saturation, 
the electrans have lost on average an amount of energy that corresponds to 
twice the difference in axial velocity b.v ~ Vzo- Vph, 

(2.35) 

where --y; = 1/(1 - v;0 /c2 ). The extraction efficiency, that is defined as the 
ratio of the energy lost by the electrans to the initia! electron kinetic energy 
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Figure 2.5: The longitudinal phase space ( d?.j; j dz, ?.jJ) of the beam electrans 
for different axial positions z in the undulator are plotted. The positions are 
the solutions of the set of equations (2.9) -(2.12) as are implemented in the 
numerical code and are explicitly given in Section 2.4 and 2.6. The radiation 
field (bere taken in the single-frequency limit) is strongly amplined during 
the interaction. 
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is 

2')'~Vzo.6.v 
T)-::::: bz- l)c2 . 

(2.56) 

The velocity difference can be determined as follows. In the expression for 
the phase velocity, the real part of the wavenumber occurs. The wavenumber 
is given by Eq. (2.44). In termsof bk the wavenumber is 

w w 
Re[k] =-- ku + P + Re[ók]. 

Vzo Vzo'"YzV1 
(2.57) 

This yields an expression for v ph and thus for .6.v . It follows that, with the 
approximated value of w, determined by Eq. (2.41) , the efficiency can be 
written as 

(2.58) 

In the high-gain Compton and Raman regime, 6k is given by the solutions 
(2.48) and (2.50), respectively. The phase velocity at the frequency of zero 
mismatch .6. = 0 results in a saturation efficiency in the high-gain Campton 
regime of 

(2 .59) 

and in the collective Raman regime of 

2 Î'z VzQWp 

TJR '::::: (1 + Vzo/c) ('"Yz - 1) c2ku'"YzV1. 
(2.60) 

Note that in the high-gain Campton regime, the real part of bk is a func
tion of the mismatch parameter .6.. The real part of 6k grows toa maximum 
value Re[ók] = (2a2 ) 113 when .6. = ~(2a2 ) 1 13 . For this value of the detuning 
the growth rate vanishes. The maximum value of Re[6k] corresponds to the 
maximum extraction efficiency at saturation, see Eq. (2.58) . 

2.4 The Multi-Frequency Microwave Field 

The basic equations, the boundary conditions, the approximations and the 
physical mechanism of the free-electron maser interaction have been discussed 
in the previous sections. In the previous Section, the one-climensional model 
is used, in the following a rigourous three-dimensional approach is consicl
ered . There are fundamental reasons why a single-frequency approach is not 
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sufficient for the description of the microwave generation in the FEM. The 
physical dynamics can only be described with a multi-frequency model. In 
the remaining sections, the multi-frequency aspectsof the free-electron maser 
interaction are addressed and the final equations that are implemented in the 
numerical code are derived. 

Transverse Structure of the Microwave Field 

The natura! distance over which a Gaussian wave beam with wavelength À 

di verges is the Rayleigh length 1rw6/ À, where w0 is t he size of the waist. Th is 
effect becomes more important for long wavelengths, as in the FEM. This 
free-space diffraction wiJl diverge the beam away from the co-propagating 
electron beam. Therefore, in a practical device, the millimeter wave is con
fined around the electron beam by means of a waveguide. 

The electromagnetic field is described as a sum over vacuum waveguide 
modes, each of which satisfies the boundary conditions. The electron beam 
is injected on-axis and only waveguide modes that have a transverse electric 
field with a maximum on-axis contribute to the interaction. 

Optica[ guiding is the effect of amplification of the radiation field within 
the narrow electron beam with the result that the cross-section of the radi
ation field becomes smaller. This results in a redistribution of the radiation 
power over waveguide modes. In the cases that are considered in this t hesis, 
optica! guiding is a marginal effect and will be neglected. We assume that a 
single mode representation is a good description of the transverse profile of 
the microwave field. The boundary conditions of the corrugated waveguide 
are such that the HE11-eigenmode exists, 

, (7fX) (1ry) ar.l(x, y, z , t) = exa(z, t) cos b cos ~ , (2.61) 

where a and b are the dimensions of the rectangular waveguide. For future 
reference wedefine au(x, y) =cos (1rxjb) cos (1ryja). 

Longitudinal Structure of the Microwave Field 

The electromagnetic field has a complicated axial and temporal behav
iour. Th is behaviour is contained in the z and t dependenee of a( z , t) . Th is 
amplitude is expressed as a discrete sum over contributions with fixed fre
quencies w1 = (1 + ljN)w0 , where N determines the resolution w0 jN and l 
labels the mode ( l « N), 

a(z, t) = L al(z)ei(l+{;- )(k,o z -wot) + e.c. , 
l « N 

(2 .62) 
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where (w0 , kzo) satisfy the real part of the dispersion relation (2.43). The cor
responding phase factors are chosen such that t hey are equal, Vph = wL/ kzl = 
w0 /kzo· The conesponding wavenumbers kzl = (1 + l/N)kzo lead to wave
Iengths that fit N + l times in the cavity. The choice of equal phase factors is 
allowed since the solutions of the full dispersion relation (2.43) correspond
ing to the frequencies w1 are all on a line, with only smal! deviat ions from 
Vph = w0 / kzo · This is depicted in Fig. 2.3, where the dots indicate the ap
proximated sets (w1, kz1). For FEM parameters, the difference in the phase 
factors conesponding to the solutions (w, kz) of Eq. (2.43) and the approxi
mated phase factor is smaller than 0.05% for variations in the frequency as 
large as 10%. This difference in phase velocity corresponds to a shift of less 
than a wavelength over the undulator region. 

In genera!, the slowly-varying amplitudes a1(z) are complex quantities. 
We can describe growth of the microwave field by keeping the z-clependence 
of a1(z). Smal! deviations from the wavenumbers k41 are described by the real 
part of the phase of a1(z). Note that the amplitude a1(z) is independent of 
t, therefore the frequencies are fixed. The time-dependenee is scanned with 
l points with a resolution of w0/N. The amplitudes a1(z) are assumed to 
be slowly-varying in z, i.e., iozaL(z) I « ikztaL(z ) I, which is allowed since the 
spatial growth occurs at the system size, that is a few orders of magnitude 
larger than the wavelength of the microwave field (see Eq. (2.15)). On the 
basis of this inequality, the higher order derivative wil! be negleeteel in the 
wave equation. 

The approximated sets (w1, kz1) are very close to the electromagnetic
wave solution of the dispersion relation near the relevant intersection , that is 
markeel by the star in Fig. 2.3. Each set (w1, kz1) satisfies the dispersion rela
tion (2.43) upto order 0 (lk; /(k;0N)). For parameters of the Free-Electron 
Maser that is described in the next Chapter, t he factor k;/(k;0 ) is of order 
4.10- 3 and l/N is smaller than w- 1. 

The multi-frequency field may drastically change the phase space for the 
electrans with respect to the single frequency case. This is shown in Fig. 2.6. 
In the figure on the left, the partiele motion is shown in the single frequency 
case. In that case, phase space is periodic with the ponderomotive wavelength 
Àpon = À zo + Àu. Trappeel electrans are confined in the local potential vvells 
(buckets). The multi-frequency case is represented on the right . In that 
case, the power of the microwave field is distributed over several frequency 
components. On the right in Fig. 2.6 the separatrix ( dasheel line) is plotteel 
in the multi-frequency case, where N = 5 and the frequency components 
l = ± 1 have twenty percent of power of the l = 0-component. The overall 
ponderomotive potential is not split in separate buckets of a ponderomotive 
wavelength. The structure of the phase space is larger, consisting of N 
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Figure 2.6: Plotted is the electron energy ry against ?/Jo. The dasbed line 
in the figure on the left side is the separatrix for a single frequency case. 
The dasbed line in the figure on the right side is the same separatrix, but 
disturbed by the microwave field of two neighbouring frequency components 
(N = 5, l = 0, ±1). 

ponderomotive wavelengths, for the case that the difference between two 
frequencies is a multiple of w0 j N. It is clear that in general not all electrons 
wil! be confined to oscillating trajectories as in the single frequency case. 
When the contributions of other frequency components are larger, less and 
less electrons wil! be confined to local buckets and more and more electrans 
wil! move through the whole periodic region in phase space. 

The Wave-Equation 

The souree in the wave-equation (2.1) for the radiation field is the trans
verse current density that consists of a sum of the contributions of all elec
trons. The transverse momenturn is assumed to be smal! and the transverse 
velocity for each electron is approximated to be the undulator inducecl ve
locity (2.16). The field of the planar magnetostatic undulator is described 
by au(x, y, z) = êxau(x, y, z) cos(ku z ), where 

( ) _ eBu(z) ( k?,x2 k?,y2 ) 
au x' y' z - k 1 + + . 

mee u 4 4 
(2 .63) 

The actual form of Bu(z) is discussed in the next Chapter. When we substi
tute the corresponding transverse velocity (2 .16) in Eq. (2.4) , the transverse 



42 Chapter 2. Theoretica] Framework 

current density is 

(2.64) 

We substitute the transverse current density (2.64) and the explicit expres
sion for themaserfield (2.62) into Manvell's equation (2.1) . After multiply
ing the resulting expression with a11 (x, y) (see below Eq. (2.61)) and integrat
ing over the t ransverse coordinates, we obtain the paraxial wave equation: 

(2.65) 

Termsof order 0 ( (1 - f3;h)k;0 t2 j N 2 ) and the second order derivative of the 
slowly-varying amplitude a1(z) are neglected in the wave operator. The nor
malising factor is the electron beam current I , defined as I /NP= evph/N Àzo , 

where NP is the total number of electrans in the device. 

2.5 The Longitudinal Space-Charge Field 

The longitudinal space-charge field results from the motion of the electrans 
in the ponderomotive potential well. This motion leads to bunching and thus 
to space-charge farces. The longitudinal space-charge field is solved from 

(2.66) 

The continuity equation (2.5) gives a relation between the charge and cur
rent density, OtP = -ozJz, when IV'1.·Jl.l « lozJzl· The latter approxima
tion is justified since in a planar undulator the t ransverse current density is 
J x = ecónauh· In the focussing forces of the undulator field and assuming 
that the density of the electron beam is n(r) = n0 (1 -r2 Jr;), it is found that 
l8xlx/8zlzl ~ (k; + ljr;}rau/(kz + kuh « 1. The beam density pis per
tmbed because of the motion of the electrans in the ponderomotive potential 
well. In the multi-frequency approach adopted in the previous Section, the 
beam density may be written as p = 2::1 PL cos kuz exp(i[kztZ - Wt t]), where PL 
is slowly-varying in temporal position t and spatial position z. This expan
sion is in agreement with the souree of the wave-equation for t he radiation 
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field (2.65). The longitudinal space-charge field Ez is expandec\1 accordingly, 

Ez(x, y , z, t) = eikuz L Ezt(X, y, z)ei(I+l/ N)(kzoz - wot) +e.c. 
l 

(2.67) 

Substituting the expansions for Ez and pin the wave equation for the longitu
dinal space-charge field (2 .66) yields an equation in termsof Ez1 and Pt· With 
the inverse of the expansion for Pt =I /NP I: ó(x- Xj )ó(y- yj) exp( -i[kztZ + 
ku]z- w1t), the wave-equation for each mode Ez1 is 

{\72 [Wf _ (k k )2]} E =_i_ (kzt + ku) 2 - wffc2 

_1_ + 2 zl + u zl k + k 
C Eo zl u 

I Np e-i([k.t+ku]Z-Wtt) 

- L 5(x- xj)ó(y- yj) . 
NP j=t cf3zj 

(2.68) 

This equation can be numerically solveel on a radial griel [51] or solveel ana
lytically, assuming a density profile of the electron beam [52] . For the latter 
approach, we assume that the longitudinal space-charge field Ez is limitecl to 
the electron beam and that the electron charge density p has a radial density 
profile n(r) = n0(1- r2frn, where rb is the beam radius. The longitudinal 
space-charge field is determined by the density and is assumed that it can be 
written as Ezt(x, y, z) = Êz1(z)w(r ). Simplifying this calculation, a circular 
cross section for the conducting wal! of the waveguide at r = a is considered, 
where rb « a, and the effect of the waveguide wal! on the space-charge field 
is very small. With boundary conditions of an infinitely conducting wave
guide wal! and of continuity of the electric field across the beam boundary, 
the space-charge field is solveel as 

+ e.c., (2.69) 

where k~1 = (kzl + ku) 2 - wl/c2 , In are the nth order modified Bessel and Kn 
are the nth order modified Neumann functions. When a » rb the last term 

1 As a basis for expansion of the space-charge field, we are looking for a phase that can 
represent all harmonies of 1/;. Intuitively, one is tempted to try a double sum and try to 
expand E. as E z = L mt Ez,mt(z ) expmV;, , where 1/Jt = (1 + l/ N)(kzoZ- wat) + k.., z . This 
expansion has no inverse transformation, which is needed to have an expression for Pml , 
that comes about in the conesponding expansion for the charge density p. 
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may be approximated to I0 (k~1r)K2 (k~1 rb), which is much smaller than 0110 

for r < rb in the case of the FEM. 
It is illustrative to contrast the methad of solving Eq. (2.66) in the single 

frequency approach. In the single frequency case, the bucket is split into 
identical buckets, that are one ponderomotive wavelength long as is shown in 
Fig. 2.6. In that case, the longitudinal field Ez is expanded into harmonies 
of this lengthscale [50]-[51]. The higher space-charge harmonies are only 
important for large amplitudes of the microwave field when the electrans start 
oscillating in the wel!. In the multi-frequency case, electrans may travel over 
several ponderomotive wavelengtbs in phase space. Therefore, the higher 
harmonies in the ponderomotive phase 'Ij; are less important for thc proper 
description of the microwave field. 

2.6 Electron Motion in the Presence of Ra
diation 

The electron motion in phase space is given by a Hamiltonian system (2.7). 
Substituting the representations for au (2.63) and ar.L (2 .61) , (2.62), respec
tively, in the Hamiltonian and using the approximation a;.L «a~, vve find 

"!f3z = { "(2 - [ l. + p; + p; + 2pxau COS kuz +~a~ (1 +COS 2kuz ) 

1 

-2aucoskuz Re (l(an(x,y)a1(z)ei(kdz-w1t))]} 2 , (2.70) 

The corresponding equations of motion for an electron interacting with the 
microwave beam are 

dp .L 1 oa~ ( ) oasz 1 Oi.p8 -- = ----- 1 +cos2kuz - -- + ---
dz 4"!/3z OT .L OT .L /3z OT .L 

Px oau 1 oau + - 13 ~ cos kuz + - 13 ~ 2 COS kuz 
"/ zUT.L "f z UT.L 

Re (l(an(x,y)at(z)ei(kz~z-wit))' 

dx Px - au cos kuz dy Py 
dz "'~ dz "!~' 

(2. 71) 

(2. 72) 

(2.73) 
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(2 .74) 

The slowly-varying self-fields c/Js and asz are determined by Eq. (2.18). In 
the cases that are considered, the field amplitudes vary quite strongly over 
an undulator period, due to the large gain of the system as wel! in the 
smal! signa! as in large signa! regimes. In the latter case, besides the large 
variation of the microwave field during one pass, also the electron energy 
varies strongly. Therefore, the standard procedure of averaging the equations 
of motion over an undulator period is dangerous and wil! not be employee\ . 

The phase velocity of the microwave field is higher than the velocity of 
the electrons. As a consequence, the electrans stay behind approximately one 
wavelength per undulator period. This effect is called slippage and is taken 
fully into account in our description. The system, consisting of the equa
tions of motion for the electrans (2.71) -(2.74) and the two wave-equations 
Eq. (2.65) and Eq. (2.69), is solveel numerically. The multi-frequency code 
that solves this system is described in the next Chapter. 
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Chapter 3 

The Numerical 
Free-Electron Maser 

Abstract The [ree-electron maser, that is being constructed at the 
FOM Institute for plasma physics 'Rijnhuizen ', is described 
in this Chapter. This device is a souree of high-power, tune
able microwave radiation that wiJl be used for heating of 
magnetised (tokamak) plasmas. A crucial part of the !ree
electron maser is the step-tapered undulator that consists 
of two sections with equal periodicity and polarisation. The 
magnetic field amplitude of the second section is lower, so 
that the electrans stay in resonance while amplifying the 
microwave field. This undulator impraves the efficiency. 
The undulator is embedded in a low-quality cavity, and the 
microwave field is guided in a rectangular corrugated wave
guide. The complex dynamics of the speetral behaviour of 
this [ree-electron maser is analysed. This requires numer
ical calculations. The description of the multi-frequency 
code MFF is presented. This code treats the microwave 
beam as a sum over discrete cavity modes in the paraxial 
approximation. The trajectories of the electrans are cal
culated in the six dimensional phase space. The electron 
density is so high that the space-charge farces are impor
tant. The [ree-electron maser operates in the intermediate 
regime between the high-gain Campton and the Raman 
regime. The relevant space-charge fields are included in 
the numerical code. 
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3.1 Introduetion 

The Pree-Electron Maser (FEM) is a souree of continuous, high-power, tune
able, coherent radiation with wavelengths in the millimeter range. A free
electron maser [1]-[5] is under construction at the FOM-Institute for Plasma 
Physics 'Rijnhuizen' in the Netherlands. This device must demonstrate the 
feasibility of the free-electron maser in the frequency interval 130-260 GHz. 
We note that, theoretically, there is no limit on the frequency. A souree that 
generates microwave radiation with high power at these high frequencies will 
have new applications. Tunability of the operating frequency gives further 
advantages. 

One of the applications of high-power microwave radiation is electron 
cyclotron plasma heating in next generation experimental magnetic confine
ment reactors for thermonuclear fusion, for example, the international toka
mak ITER. It is foreseen that in these reactors the microwave beam will be 
applied among others for plasma start-up assist, heating, current drive and 
disruption controL At present, the designed heating power on ITER in the 
electron cyclotron range is expected to be 50 MW. This requires megawatt 
power units. 

Microwave radiation is absorbed by the electron population of thermonu
clear plasmas if the frequency of the applied microwave beam is in resonance 
with a harmonie of the electron cyclotron frequency fee 

eB 
fee=--~ 28B (T) GHz. 

21fme 
(3.1) 

Reviews in this field are Refs. [6, 7]. Note that in a tokamak, the magnetic 
field is inversely dependent on the radius B (r ) "' 1/r, therefore the power 
deposition is at a specific radial position. In ITER, heating with EC-power 
at start-up is expected to require heating power with a frequcncy of 90-
135 GHz [8]. Off-axis heating requires 130- 220 GHz. Furthermore, current 
drive is achieved with frequencies ranging from 220-260 GHz. 

The advantage of the FEM over other sourees in this domain are tunabil
ity, higher frequencies and higher power. The generated microwave power in 
a free-electron maser can in principle be pushed to higher levels continuous 
power than in its nearest competitor, the gyrotron. This is mainly because 
the interaction region in the free-electron maser is a few orders of magnitude 
larger. 

The fast tunability of the operating frequency is achieved by adjusting 
the beam energy. The profile of the reflection coefficient is smal!, therefore, 
for large shifts of the frequency, the reflecting st ructure must be adjusted at 
the same time. The latter is mechanical, therefore, the operating frequency 
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is changed over a large frequency interval on a timescale of a minute. The 
frequency can fast be adjusted over 5% when the reflecting structure is fixed. 

The tunability allows one souree of microwave power to cover the desired 
frequency range. The frequency can be tuned within a minute from the 
frequency that is used at start-up, i.e. 90-135 GHz, to a frequency that is 
required for heating or current drive at the desired position in the plasma. 

Applications of the fast adjustable frequency over 5% are control of the 
temperature and current profile in tokamaks and disruption controL The 
place where the power is deposited can continuously be adapted at a position 
in the plasma depending on current penetration. The power deposition must 
be localised in order to satisfy the conditions at which the temperature and 
current profile can be controlled and hence it is required that the microwave 
power is emitted in a narrow frequency profile. In the next chapters, we wil! 
show that the FEM indeed lases in a narrow frequency profile. 

The control of disruptions is of major concern in the design of the next 
generation magnetic confinement reactors. Due to the damage of the large 
forces on the vessel, the tokamak can tolerate a smal! number of disruptions. 
Control and prevention of disruptions by heating or current drive in and 
around magnetic islands can be clone in feedback mode to track the position 
of the islands in space. Another method to prevent disruptions in these 
future tokamaks relies on the control of the current profile by local ECCD 
[9] at the magnetic surface with magnetic winding number of the field lines 
q = 2. The power deposition should follow the q = 2 surface and, t herefore, 
this requires a fast adaptable frequency over 5% and microwave power in 
a narrow frequency profile. Recent experimental results on control of the 
current profile by local heat ing are eneauraging [10]. 

3.2 The FOM Free-Electron Maser 

The FOM-FEM is under construction at the FOM-Institute for Plasma Phys
ics 'Rijnhuizen' in the Netherlands. This device wil! demonstrate its ability 
for heating and current drive on the Rijnhuizen tokamak RTP. The param
eters of the FEM are given in Table 3.1. The free-electron maser employs a 
continuous electron beam that is generated by a gun and accelerated upto 
t he desired energy. A planar undulator gives a periadie deflection on the elec
t ron beam. The generated microwave beam is guided by a waveguide a nd is 
contained in a low-quality cavity. In order to generate power in frequencies 
from 130 GHz to 260 GHz, an electron beam with energies between 1.35 Me V 
and 2 Me V is needed. The electron extraction efficiency is around 6%, there
fore , the high output power is reached with an electron current of 12 A. The 
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electron beam voltage ('y) 
microwave frequency 
microwave power 
pulse length 
electron beam current (I) 
electron beam loss current 
normalised electron beam emittance 
electron beam radius (at entrance) 
Peak undulator field insection 1 (Bul) 
Peak undulator field in section 2 (Bu2) 
number of undulator periods insection 1 (N1 ) 

number of undulator periods in section 2 (N2) 

undulator period (Àu) 
length of the gap between the undulators 
waveguide mode 
waveguide dimensions (a x b) 
refl.ection coefficient of microwave system 

1.35-2 Me V 
130-260GHz 
>1MW 
100ms 
12A 
< 20mA 
50 1r mmmrad 
1.3 mm 
0.20T 
0.16T 
20 
14 
4.0cm 
6.0 cm (adjustable) 
HE u 
20 x 15 mm 
0.29 (adjustable) 

Table 3.1: Parameters of the FOM Pree-Electron Maser. 

FEM employs an electron beam with high current density so that the FEM 
operates in the intermediate regime between the high-gain Compton and the 
Raman regime. This implies that collective effects play an important role in 
the interaction. 

Initially, the energy spread of the electron beam is very smal!. After 
interaction with the microwave beam, the electron beam still has high energy. 
The energy distribution at the exit of the undulator is calculated with the 
numerical code MFF and is plotted in Fig. 3.1. In this figure, the initia! 
electron distribution is indicated by the dashed line. The initia! energy is 
'Y = 4.425 and the energy spread of the electron beam is about 0.5%. After 
interaction with the microwave beam, there are three peaks in the energy 
distribution for the electrons. The peak at the highest energy consists of 
electrons that are accelerated in the first section. The electrons in thP peak 
at the lowest energy have amplified the radiation field in both the first ancl 
the second undulator section. The electrons at intermediate energies are 
decelerated in the first ancl accelerated in the second section. 

An efficient recovery of the unspent electron beam leads to high overall 
efficiency. For this purpose the free-electron maser is equipped with a decel
erator and a depressed collector. The decelerator slows down the electrons to 
low axial velocity. The beam is deflected off-axis by a rotating magnetic field , 
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Figure 3.1 : The numerically calculated energy dis tribution of the electron 
beam after interaction with the high-power microwave beam at saturation 
with operating frequ ency of 195 GHz. The initia] energy distribution is indi
cated by the dasbed line. 

to prevent the power deposition of the beam at one particular spot. Three 
collector plates at different voltages decelerate the electrans backwarcis and 
guide them away from the axis. With this setup, the energy of the secondary 
electrans is low and therefore, these electrans cannot escape. Three collector 
plates are necessary in order to efficiently reeover t he charge and energy of 
the electrons, as each plate reeovers a peak in the energy distribution (see 
Fig. 3.1) . 

3.2.1 The Step-Tapered Undulator 

A key element of the present design is a st ep-tapered undulator [11] which is 
essential in order to provide simultaneously a high gain and a high efficiency. 
A step-tapered undulator consists of two planar hybrid magnet ondulators 
with different lengtbs and field-strengths. The two sections have the same 
undulator period and polarisation. The first section consists of 20 periods 
of 4 cm and with peak magnetic field of 0.2 T . The second section is slightly 
shorter and consists of 14 periods and a peak magnetic field of 0.16 T. The 
second section has lower undulator field so that the electrans stay in reso
nance while amplifying the microwave field. The ondulator provides a large 
linear gain in the small-signal regime, providing a fast start-up of the mi
crowave power. At high microwave power, the second section wil! act as an 
amplifier of the microwave power generated in the first section. 

The electron beam line is straight from catbode to anode and starts with 
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E 

Figure 3.2: Sketch ofthe profile ofthe magnetic field amplitude Bu(z ) ofthe 
step-tapered undulator. Matching cells at both ends of the sections ensure 
the electron beam to wiggle symmetrical with respect to the undulator axis. 

an electron gun and an electrastatic accelerator. The cross section of the 
generateel electron beam is supposedly circular and the density profile is a 
step-function. The electron beam radius is kept large outsiele the unclulator 
(10-15 mm) in order to recluce radial space-charge farces. At the entrance of 
the undulator, the electron beam cross section is circular and is an image of 
the cathode [12]. There, the radius is in the order of 1-1.3 mm. 

In order to keep the beam centered, each undulator has matching cells at 
both encls. These cel is have lengths of halfan undulator period and strengtbs 
of~ and ~ of the central part of the section. Side arrays of correction magnets 
provide additional adjustable focussing farces on the electron beam, so that 
there are focussing farces in both transverse directions. These farces shape 
the undulator field such that via a combination of sextupole ancl quadrupale 
fields the focussing strength is equal in both transverse directions. The un
dulator field is given by Eq. (2.63), where the on-axis field strengtbs of the 
two sections and their matching cells are 

5 

Bu(z) BulL J; (h( z - z;)- h(z- Zi+I)) + 
i=l 

5 

Bu2 L J; (h( z - Z;+6)- h(z - Zi+7 )) , (3.2) 
i= l 

where Bu1 and Bu2 are the peak magnetic vviggler fields of the separate 
sections, as are given in Table 3.1, h(z) is the heaviside function and h = 
j5 = ~, h = j4 = ~, and h = 1. The pos i ti ons z; along the z-axis are 
indicated in Fig. 3.2. The two sections are separated by a gap without 
undulator field. For the FEM, the gap has variabie length of about 1- 2 
undulator periods. 



3.2. The FOM Free-Electron Maser 55 

Figure 3.3: Sketch of the cavity consisting of a waveguide and refiecting 
structures. Steps in the waveguide split the waveguide mode into two off
axis modes, that are refiected by off-axis mirrors. The shift in axial position 
of the mirrors determines the part of the microwave power that is coupled 
out. 

3.2.2 The Microwave Cavity 

The low-quality cavity consists of a waveguide with mirrors formed by par
tially reflecting structures. The cavity must handle circulating microwave 
power over 1 MW. 

The microwave beam is guided by an oversized, rectangular waveguide 
with internal dimensions of 15 mm x 20 mm, that has corrugated vertical 
sides, that are perpendicular to the high-frequency field and parallel to the 
magnetic field of the undulator. The conesponding waveguide modes are the 
plane polarised HEmn modes. The odd modes have a maximum amplitude 
on-axis, which is required for good coupling between the electron beam and 
the microwave beam. Numerical simulations [13, 14] show that the funda
mental waveguide mode HE11 , see Eq. (2.61) , is the dominant contribution. 
The higher order modes only appear in the small-signal regime and their 
power reaches a maximum of 10 

The reflection and outcoupling structures in the waveguide consist of 
special mirrors such that the microwave beam is coupled out sideways. The 
cross section of the waveguide changes step-wise from 15 mm x 20 mm to 
astep x 20 mm just outside the undulator. This is schematically depicted in 
Fig. 3.3. The step in the waveguide dimensions leads, after a distance of L = 
a;tep/(2.\), to the separation of the microwave beam in two off-axis beams [3, 
15]. The two beams are reflected by off-axis mirrors. This setup separates the 
outcoupling of the electron and microwave beam, teaving the electron beam 
undisturbed. Downstream, the mirrors have different axial positions which 
induces a phase difference between the two reflected beams. For a phase 
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Figure 3.4: The experimentally measured refiection coefficient of the mirror 
is indicated by the line. The dots indica.te the va.lues tha.t are included in the 
numerical code MFF. 

difference between 0 and 1r, one on-axis beam and two off-axis beams are 
formed while propagating backwards. The two off-axis microwave beams are 
coupled out. The reflection coefficient can be varied between 0- 100% of the 
power, but is typical of the order of 30%. In the upstream structure there is 
recombination in a single reflected beam and, therefore, total reflection of the 
power. Note that the height astep is determined by the operating wavelength. 
This means that adjusting the eperation frequency from 130 GHz to 260 GHz 
requires besides adjusting the electron energy also adjusting the step astep = 
V2J:L, where L is the length of the electron beamjmicrowave splitter. 

In the stationary regime the low reflection coefficient is accompanied by 
a large gain (one over the reflection coefficient) . Therefore, the intra-cavity 
power is at moderate level so that gas breakdown and high Ohmic losses are 
avoided. An example of the reftection profile is plotted in Fig. 3.4, where 
the solid line is the experimentally measured reftection coefficient [22]. The 
reflection profile has 7 GHz half-width. The reflection profile allows a change 
in frequency over a few percent by changing t he electron energy only. 

3.3 Speetral Evolution of the FEM 

From a physical point of view, the evolution of t he speetral power of the FEM 
is an interesting problem. The distribution of the outcoupled microwave 
power over the spectrum may change from pass to pass. The dynami~s of 
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this distribution over the passes, we wil! refer at as speetral evolution. The 
question is if the spectrum of the free-electron maser evolves toward a narrow 
band. Furthermore, its stability is of importance. 

The speetral evolution of the longitudinal modes is infiuenced by different 
factors. The cavity is a low-quality cavity, that couples out more than 70% 
of the intra-cavity power. This requires a large linear gain in the small
signal regime as well as a large non-linear gain in the stationary regime. The 
low-quality cavity is expected to generate a broad spectrum. In addition, the 
different undulator strengtbs of the two sections of the step-tapered undulator 
lead to different resonance conditions. The field-free gap between the two 
sections induces a shift in the relative phase of the microwave field and the 
undulator field. These effects lead to multiple peaks in the linear-gain curve. 
Eventually, the microwave power is so high that the FEM is in the nonlinear 
regime. In this regime, heavy mode competition occurs. The high gain makes 
the mode-competition vigorous since 'smal!' perturbations can rapidly grow. 
Furthermore, it turns out that sidebands are generated. When sidebands are 
excited, the spectrum may become chaotic and the power of the FEM may 
be distributed over a wide frequency domain. In that case, the maximum 
efficiency may vary significantly [16, 17], which is not desirabie regarding the 
design requirements. Hence, the speetral evolution is a complex problem, 
that is exclusively solveel with a multi-frequency treatment. 

3.4 The Multi-Frequency FEM Code 'MFF' 

As we have seen in the previous Section, investigation of the speetral be
haviour of the FEM is required. Multi-frequency numerical calculations are 
necessary to investigate the complex longitudinal behaviour of the FE:VI. The 
numerical code MFF (Multi-.Erequency E.EM) calculates the speetral dynam
ics of the generateel microwave beam. In this code, the system of equations 
for the individual electron trajectories and the evolution of the electromagne
tic fields is solveel self-consistently. The code permits the inclusion of many 
physical effects like non-uniform undulators and non-ideal electron beams. 
Basically, the FEM is a continuous device. Hence, the electron beam as wel! 
as the radiation field are treated in the continuous beam limit. The velocity 
of the electrons is lower than the velocity of the radiation field. As a result, 
the electrons slip approximately one wavelength per undulator period behincl 
the microwave field during their transit through the undulator. This is an 
important effect, since in the multi-frequency approach the radiation field 
varies in time t. 

The equations that are solveel in the numerical code are the wave equation 
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for the microwave field (2.65), the wave equation for the longitudinal elec
tric field (2.69) and the equations of motion (2.71)-(2.74) for NP electrons. 
The 6Np partiele equations are solved with the Runge-Kutta metbod [23]. 
The 3D treatment of the electrans is important for the proper description 
of the large transverse excursions that the electrans make in the FEM. The 
sourees for the wave equations consist of the contributions of all electrons. 
This set of equations is supplemented with initia! conditions on the phase 
space variables (1, t,px,X , py , y) at the undulator entrance and on the ini
tia! electromagnetic field. The undulator field (2.63) is implementeel in the 
numerical code. The z-dependence of the on-axis maximum magnetic field 
Bu(z) is given by Eq. (3.2). The numerical code is written for an oscilla
tor configuration, which means that multiple rouneltrips through the cavity 
are calculated. Fresh electroos are injected continuously. Outsiele the step
tapered undulator region the microwave propagates in vacuum and the phase 
veloeities of all frequency components are equal. The evolution of the field 
in this region is integrated in one step by multiplying the field at the end of 
the undulator by a mere reftection coefficient. The resulting field is the ini
tia! field for the next roundtrip. The reftection coefficient for the microwave 
beam is frequency dependent. Different profiles for the reftection coefficient 
will be considered. The actual measured reftect ion profile is implementeel in 
the numerical code, which is plotteel in Fig. 3.4. 

Initia! Conditions 

The initia! conditions at the entrance of the undulator at z = 0 are 
given in termsof the electron distribution function :F(--y, t,px, x , py, y) in the 
6 dimensional phase space. It is assumed that the distribution :F can be 
written as :Ft(t)F.r('Y):F4 (px,X, py,y) , where :F1(t) is evenly distributed over 
a fixed number (typically 4N) of positions in the interval [0, 211"Njw0] int
space. The initia! electron energy distribution :F,(--y) is Gaussian in 'Y· The 
distribution :F4(px , x,py, y) is a 4-D ellipsoid with minor axes 6.px, rbx, 6.py 
and rby that is filled with the Hammersley sequence [24]. The electron beam 
radius is determined by rbx and rby. The maxima of the distributions for Px 
and Py are determined by the emittance of the beam, Ó.Px,y = Enx,ny/rbx,by, 
where Enx,ny is the normalised emittance in both radial directions. 

T he initia! power and phase of each contribution to the microwave field 
is defined at t he undulator entrance before the first pass. The initia! longitu
dinal electric field vanishes, since the axial electron distribution is uniform. 

Integration 

The integration of the wave equation is clone with a first order forward 
difference scheme. The z-axis is discretised in intervals with end points at 
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Zn-I and Zn = Zn_ 1 + D.z. The centre point of each interval is defined as 
Zn- l/2 = (zn + Zn-1)/2. The partiele phase space variables are known at 
positions Zn_ 1 and the electromagnetic fields (radiation field and self-fields) 
at positions Zn-1; 2 . Using the solut ion of the electromagnetic fields at Zn-I/2 , 

the particles are advanced from z,.,_ 1 to Zn. Subsequently, the Maxwell sourees 
are constructed from the new partiele variables at Zn . With the new IVIaxwell 
sourees at Zn, the radiation field at Zn- l / 2 is advanced to Zn+l / 2 . In this way 
the eentering of z of the wave equation discretisation is assured. 

The DC-space-charge farces 

The DC-space-charge forces (Eq. 2.20 in Section 2.2.1) are implemented 
in the code. This is a radially outward force on the electron beam. In the 
calculation of these forces, a density profile for the electron beam is consid
ered . The DC-forces are used to calculate the trajectories of the individual 
electrons. The undulating motion of the electron beam is large with respect 
to the beam dimensions, see Fig. 3.5, therefore, each integration step the 
centre and radius of the electron beam is calculated. 

Electron beam radius 

Center of the 
electron beam 

Axis of symmetry 

Figure 3.5: Each integration step the radius of the electron beam is calculated 
from the centre of the electron beam. 

Typical parameters of the calculations 

The parameters that are used to obtain the results that are presented in 
the following Chapters are carefully determined. With these parameters, the 
numerical errors are minimal and the calculations are stable. The typical 
parameters are N = 200, which gives a frequency spacing (w0/N) of about 
1 GHz, vvith the central frequency (wo) at 200 GHz. The number of modeslis 
such that the total gain curve is descri bed, which is typically 60. The number 
of particles is about NP = 40N. T he number of steps in the longitudinal 
direction is typically 20 identical steps per undulator period. The parameters 
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of the physics, i.e. electron energy, undulator strength etc. , are those of the 
design of the FOM FEM for Fusion applications that are given in Table 3.1. 

3.5 Wiggle-Averaged Results 

In genera!, t he electron equations and Maxwell 's equations may be averaged 
over the period of the undulator oscillation [25] when the radia.tion field 
varies little over an undulator period. In the FEM, the undulator is a few 
gainlengths long. Therefore, the amplitude of the electromagnetic fi eld may 
not be considered constant during one pass and also not over an undulator 
period. This means that for FEM parameters averaging over an undulator 
period is questionable. 

Nevertheless, it is worthwhile to show the effect of averaging the equations 
over an undulator period . The averaging is partial. In the equations of 
motion, only the undulator field is averaged . In the souree term for the 
microwave field (2.65), the oscillation with twice the undulator period is 
averaged. The electromagnetic fields of the radiation and space-charge may 
vary over the undulator period , therefore, the z-dependence of these field:; are 
kept. In the simulations, these fields vary significantly and in order to have 
the same numerical accuracy, the step-size in the averaged and non-averaged 
simulations are about the same. 
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Figure 3.6: Comparison of averaged and non-averaged calculations in the 
small-gain regime. On the left, two gaincurves are plotted as a function 
of the longitudinal position z ; a smooth curve and a curve that contains 
fast oscillations. In addition the bars indicate the salution of the averaged 
equations, where the microwave field is constant over an undulator period. 
On the right, the real part of the transverse current density is depicted. 
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Figure 3.7: Comparison of averaged and non-averaged calculations at satu
ration. On the left , the power in the microwave beam is plottedas a function 
of the longitudinal position z. On the right, the real part of the transverse 
current density is given. 

Figure 3.6 applies to the small-signal Compton regime. The figure on the 
left shows two local gain curves that are defined as the ratio of the microwave 
power at longitudinal position z over the microwave power at the entrance 
of the undulator z = 0. The smooth one is the solution of the averaged 
equations and the other the salution of the nonaveraged equations. In the 
figure on the right we show the current density. There is a large difference 
between the solution of the averaged and nonaveraged equations. The latter 
oscillates with twice the undulator period, see Eq. (2.65). In Fig. 3.7 the 
same is shown as in Fig. 3.6, but in the saturated regime. In addition , the 
bars in Fig. 3.6 indicate the local gain in the case the microwave field and 
the space-charge fields are constant over an undulator period. 

lt is clear that the wiggle motion has only a small influence on the power 
and gain. The solution of the averaged equations are almost indistinguishable 
from the solutions of the non-averaged equations for these quantities. For 
parameters of the FEM, the difference between the solutions of the averaged 
and non-averaged equations is less than 10%. For the transverse current 
density, the salution of the averaged equations is almost the same as the 
averaged salution of the non-averaged equations. Although the differences 
are smal!, they might lead to large differences due to the nonlinear effects. 
Therefore, it is important to solve the non-averaged equations. 

In camparing Fig. 3.6 and Fig. 3.7, we see that the behaviour of the radi
ation field and current density in the second section is quite different in the 
smal! signa! regime and in the large-signa! regime. In the small signa! regime, 
the microwave field oscillates in the second section, while at saturation, the 
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second section amplifies the microwave field . 
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Chapter 4 

Speetral Dynamics of a 
Step-Tapered U 11d uiator 

Abstract The time evaJution of the power spectrum of the step
tapered undulator is investigated. The purpose of this un
dulator is to enhance the efficiency at high output power. 
The evaJution is analysed with the multi-frequency code 
MFF. In this Chapter, space-charge farces are disregarded 
and the results that are obtained wiJl be used as a beneh
mark for the interpretation in the next Chapters. 
In the small-signal regime, the gain curve of the step
tapered undulator is quite different from the gain curve 
of each of the two single undulators and of their sum. In 
the small-signal regime, the gain per pass is so high that 
the gain as a function of frequency is nat the derivative 
of the spontaneous emission with respect to the frequency. 
Nonlinear interaction occurs already aftera few passes. At 
saturation the gain remains high because each pass the out
coupled power bas to be compensa.ted in the low-quality 
cavity. The power spectrum evolves towards a state in 
which the power at the resonant wavelength of the second 
undulator section is suppressed. In a rather braad param
eter regime, the microwave field evolves toward a stabie 
power spectrum consisting of two peaks. The main peak is 
related to the resonant frequency of the first section, while 
the second peak is a lower sideband. The influence of the 
gap length, the rela.tive pola.risation of bath sections and 
the reflection coefficient on the speetral behaviour is inves
tigated. 
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4.1 Introduetion 

The FOM Free Electron Maser (FEYI) is described in Chapter 3. A key 
element of the design is a step-tapered undulator which is essential in order 
to provide simultaneously a high gain in the small-signal regime and a high 
efficiency at high output power. This undulator is described inSection 3.2.1. 
In the small-signal regime, the fieldfree gap between the two sections induces 
a phase shift between the electrans and the ponderomotive potential well. 
This shift modifles the linear gain curve with respect to the sum of the linear 
gain curves of the two sections. The linear gain is high so that saturation is 
reached quickly. Then the second section of the undulator is an amplifier of 
the field that is generated in the first section. We reeall that the low quality 
cavity consists of a waveguide with mirrors formed by partially refl.ecting 
structures that are described inSection 3.2.2. The dominant transverse mode 
in the oversized, rectangular , corrugated waveguide is the BEu-mode. 

An important problem is the evolution of the spectrum of the FEM with 
a step-tapered undulator. The speetral dynamics of the generated microwave 
beam is numerically analysed with the code MFF that is described in Chap
ter 3. We reeall that space-charge forces play an important role in the physics 
of the FEM. These fields and there effects are discussed in Chapter 2. As 
a benchmark, the evolution of the spectrum of a step-tapered undulator is 
investigated in the Compton limit. In this limit the space-charge forces are 
negligible and the electrans interact in a potential formed by the undulator 
and microwave field. The parameters of the FEM that are used in this Chap
ter are given in Table 3.1, with one modification: since also the DC-forces 
are disregarded, the electron beam cross section is on average smaller and we 
wil! take an initia! electron beam radius of rb = lmm. The results of this case 
will be used for the interpretation of the results including all space-charge 
fields in the following Chapters. The dynamics of the frequency spectrum, 
starting from noise, is analysed as it grows into the nonlinear regime. In the 
small-signal regime, the gain of the total system is appreciably larger than 
the cumulative gain of theseparate sections. Although the main peak is still 
related to the fundamental resonance of the first undulator, it is strongly 
modified by the preserree of the second section . 

The gain is so high that the large-signa! regime is reached within few 
passes. In this regime the peak of the fundamental resonance in t he first un
dulator grows strongly, while the peaks at higher frequencies are suppressed. 
When the power grows beyond a certain value a sideband is generated at 
the lower frequency side of the surviving peak. No sideband is generated at 
higher frequencies. It will be shown that the gain distribution of the first 
section determines the power spectrum of the step-tapered undulator, while 



4.2. Linear Gain 67 

the second section operates as an amplifier of the field that is generated in 
the first section. The presence of a variabie drift section between the two 
sections of the undulator enables the experiment to modify the interaction 
in the second undulator section and modify the speetral dynamics. It wil! be 
shown that the speetral behaviour can range from coherent to chaotic. 

This Chapter is organised as follows. In the next Section, the spontaneous 
emission and the linear gain that are generated in a step-tapered undulator 
are calculated. The effect of the length of the fieldfree gap on the sponta
neous emission spectrum and the linear gain is analysed. In Section 4.3, the 
evolution of the power spectrum is analysed numerically. The profile of the 
reflection coefficient is taken to be wavelength independent. In tbe inter
esting parameter region, a stabie spectrum is generated that consists of two 
peaks. The evaJution of the main peak and the sideband in the spectrum 
is discussed and a comparison is made with spectra generated with a single 
undulator. We note that all presented results in this Chapter refer to the 
power spectra just befare reflection at the adjustable mirror (see Fig. 3.3). 

In Section 4.4 the influence of several parameters on the spectrum is 
investigated. The influence of a wavelength dependent reflection coefficient 
is investigated. When the frequency profile of the reflection coefficient is 
narrow enough the sidebands at both sides of t.he main peak are suppressed. 
The important effect of the suppression of the sidebands is the drop of power 
of the main peak in the frequency spectrum. The gap length is varied and 
the relative polarisation of both sections is changed. It is shown that for 
different gap lengths the spectra can go from stabie to chaotic. Even in the 
chaotic case, the sidebands at higher frequencies are suppressed. 

4.2 Linear Gain 

At start-up, an electron beam is injected into the undulator in the absence 
of a co-propagating microwave field. The electrans that perfarm an oscilla
tory motion produce dipole radiation. This 'spontaneous' radiation [1, 2] is 
emitted in a small forward cone with angular opening of the order of 1/'y 
with respect to the direction of propagation of the electron beam. The FEM 
employs an electron beam with low energy --y. With these low energies the 
usual expressions for the undulator radiation that keep contributions upto 
0(1/'y2 ) are not correct. The derivation of the speetral brightness that keeps 
contributions upto 0(1/'y3) is shown in the Appendix A. In contrast to the 
equations in FEL-literature where angles smaller than 1/r are considered, in 
our derivation angles smaller than a rv 1/'y2 around a = 0, which is parallel 
to the z-axis are considered. For these angles, terms of order 0 (1/r4 ) are 
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240 

Frequency (GHz) 

Figure 4.1: The on-axis spontaneous emission spectrum at the end of the 
step-tapered undulator as a function of frequency and of gap length. Only 
the spectrum around the first harmonie of the radiation is depicted. The gap 
length is given in units of undulator periods. 

neglected . In Appendix A, the spontaneous brightness is given for a gen
eral undulator by Eq. ( 4.7). In the case of the step-tapered undulator, the 
speetral brightness is 

~~~~ = ( d~dn) (section I)+ ( d~2:n) (section II ) + 

e2w2 00 00 ( sin ~m (f3z)(1) v~l) ( sin ~n (f3z)(2) VA2)) 

4Jr2c .2: .2: 1 \!3 ) (1) (1) 1 \!3 ) (2) (2) m=1n=1 2m z Vm 2n z Vn 

e7r~~1)) e7r~2) ) ~~)12 + IS~1 ) 1 2 VISA"2)1 2 + ISA"2)12 

2 (~ 1[3 )(1) (1) _ 1[3 )(2) (2) (~ + JV~l) + Ngap )) cos m \ z vm n \ z vn (2) , 
2 2 JVu 

(4.1) 

where Ngap = Lgap/ Àu is t he length of the fieldfree gap in undulator periods 
and superscript (l) and <2l refer to values conesponding to the first and second 
section , respectively. The equation for the spontaneous emission spectrum of 
a single-seetion undulator (d21/dwd0) (section {I, II} ) is given by Eq. (4.7) . 
The on-axis spontaneous emission for the step-tapered undulator of the [ree
electron maser with parameters from Table 3.1 is plotted in Fig . 4.1 as a 
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Figure 4.2: The linear gain as a function of frequency. The solid line is the 
linear gain of the step-tapered undulator with bath sec ti ons and an 1 ~ Àu gap 
length. The dashed line is the gain curve of the firs t sec ti on acting as a single 
undulator and the dotted Jine the one of the second section acting as a single 
undulator. 

function of the frequency and the gaplength. Only the first harmonie of 
the spontaneous emission is depicted in the figure. It is concluded that the 
spontaneous emission spectrum is weakly dependent of the gaplength. 

During the first passes, the power in the microwave beam is relatively 
small and the FEM operates in the small-signal regime. The equations that 
describe the free-electron laser interaction are basically nonlinear. However, 
when the radiation field is weak , the electron beam is only little disturbed by 
the interaction with the radiation field and the equations may be linearised. 
Then the microwave power at the end of the undulator is proportional to 
the power of the initia! microwave field. The ratio of the output power to 
the input power in the small-signal regime is called the linear gain. The 
gain as a function of the frequency in the small-signal regime determines a 
linear gain curve. Since the gain is linear in the small-signal regime, there 
the gain resulting from single-frequency calculations must be identical to the 
gain resulting from a multi-frequency calculation. The linear gain curves 
of the two sections separately are shown in Fig. 4.2 tagether with the gain 
curve of the full system. The dashed line shows the linear gain curve of the 
first section acting as a single undulator and the dotted line shows the linear 
gain curve of the second section also acting as a single undulator. The wel! 
separated peaks in these linear gain curves have frequencies of 203 GHz and 
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0 

Figure 4.3: The linear gain of the step-tapered undulator as a function of 
frequency and gapleng th. The gaplength is plot ted in units of undulator 
p eriods Àu . 

220 GHz, with values 30 and 4.5 respectively. The actual spectrum of the 
composite undulator, the soliel line in Fig. 4.2 , clearly differs from the sum of 
the spectra of the independent oscillators. This shows that t he prebunching 
of the electrons, as seen by the second section, is a major effect. The two 
peaks of the gain curve with t he lowest frequencies (200 GHz and 208 GHz) 
result from the peak of the first undulator, modified by the gap and the 
second undulator. Clearly, in the composite case the gain is enhanced and 
the peak of the first section is split. The peak at 220 GHz is generateel 
by the second undulator. lts gain is enhanced due to the prebunching of 
the electrans in the first section. lt can be concluded that the st ep-tapereel 
undulator is not the sum of two separate systems, but operates as a single 
system with a significant klystron effect [3]. The effect of the gaplength on 
the linear gain curve is shown in Fig. 4.3. In this figure the gain is plotteel 
as a function of frequency and gap length. The length of the gap is given in 
undulator periods Àu . A separate study of the linear gain curve as a function 
of the gaplength in the absence of space-charge tielels and in the 10, small 
signa!, small-gain regime is presenteel in Ref. [4]. 

The FEM operates in the high-gain regime, where the gain is larger than 
one. Therefore, the results for t he small-gain regime do not apply and, for 
example, Madey's theorem is not applicable to the present case. The latter 
means that the linear gain curve is not the derivative of the spontaneous 
emission with respect to the frequency. 
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Figure 4.4: Power spectrum at the end of the second (solid line) and of the 
third ( dashed line) pass. 

4.3 Evolution of the Power Spectrum 

From the single pass gain curve one might expect that the spectrum evolves 
toward a discrete spectrum with three well distinguished lines with about 
10 GHz spacing. However, this is not the case as wil! be discussed in the 
following. The power spectra at the end of the second and third pass, just 
before the reflection , are plotted in Fig. 4.4. We wil! call the 'end of the pass' 
the longitudinal position just before the reflection at the adjustable mirror 
(see Fig. 3.3). The interaction region has been passed, but there has not 
been a full roundtrip from the position where the electrans are injected in 
the system. Fig. 4.4 shows that the power spectra change drastically during 
the two passes. At the end of pass two the three peaks in the linear curve of 
Fig. 4.2 are evidently sti ll present, but the first peak is already dominant over 
the other peaks. This peak represents the resonance in the first section. One 
pass later, the microwave field at the resonant frequency of the second sec ti on 
has less gain than the field at the resonant frequency of the first section and, 
therefore, is relatively suppressed , as is shown by the dashed line in Fig. 4.4. 

The system has a high linear gain so that already after a few passes 
the power in the microwave beam becomes large. At this stage the electroos 
become strongly bunched and the step-tapered undulator begins to operate as 
a nonlinear system. In this regime the power is reordered over the spectrum, 
and the total power starts to level off. These nonlinear effects are already 
observed after a few passes, wel! befare the power of the stationary state is 
reached. In this nonlinear phase the bunching of the electroos in the first 
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Figure 4.5: The evolution of the power spectrum during the first 60 passes 
fora step-tapered undulator with q>-u gap length. 

section is so strong that the second section is an amplifier of the main peak. 
The transition from linear to nonlinear interaction between the electrans 

and microwave beam is presented in Fig. 4.5, where the evolution of the 
spectrum is shown during the first 60 passes. Vve mention that the numerical 
calculation involves the speetral width from 170 GHz to 230 GHz, which is 
only partial depicted in the figure. We reeall that with the adopted reflection 
coefficient, 71% of the power in each frequency is coupled out per pass. A 
number of conclusions can be drawn from Fig. 4.5. After about 10 passes, 
two peaks in the spectrum survive at the positions of the largest peaks in the 
linear gain spectrum. The power at the position of the resonant frequency of 
the second section is orders of magnitude smaller. At a certain power level, 
one main peak grows from a relatively broad power spectrum. The position 
of this peak corresponds to the resonant frequency of the first section. The 
higher frequencies that are generated during the first passes are suppressed 
during the further evolution of the spectrum. This important effect is ob
served in all cases. During the first twenty passes, the power is transferred 
to the lower frequencies. This nonlinear process finally results in t he gener-



4.3. EvaJution of the Power Spectrum 73 

0.6 107 

~ 
0.5 

~ 0.4 
Q; 
3: 
0 0.3 a. 
~ 
ü 0.2 Q) 
Cl. 
(j) 

J 0.1 

fi 0.0 

[ 106 

Q; 
105 3: 

0 
a. 
~ 104 
ü 
Q) 
Cl. 
(j) 

103 

102 

170 180 190 200 210 220 230 170 180 190 200 210 220 
frequency (GHz) frequency (GHz) 

Figure 4.6: The power spectrum at the end of the 130th pass (Figure on the 
left) and at the end of the 300th pass (Figure on the right) fora step-tapered 
undulator with 1 P.u gap length . No te the Jogarithmic scale in the latter 
figure. 

ation of a single, lower frequency sideband. Calculations show that dm·ing 
the following passes the sideband exchanges energy with the main signa!. 

The profile of the power at the end of the 130th pass is plotted in the 
figure on the left in Fig. 4.6. At that time the system has acquired a double 
peaked spectrum with the main peak at 199 GHz and a sideband at 188 GHz. 
The main peak has 1.2 MW power within a 4 GHz frequency band, while the 
sideband has 0.4 MW power within a 5 GHz frequency band. These peaks 
continue to narrow in frequency in the following passes. 

After 200 passes, the system enters a regime, where the speetral structure 
of the millimeter wave beam stays stabie in the sense that the power in the 
frequency-spectrum at the end of each pass does not change during a t least 
the next 200 passes. To this regime we wil! refer as t he stabie regime. The 
speetral power at the end of the 300th pass is plotted in the figure on the 
right in Fig 4.6. The main peak of the spectrum has a power of 1.3 MW 
contained within an 1 GHz frequency band. The conesponding siclebancl is 
generateel at 187 GHz and has a power of 0.5 MW within an 1 GHz band. 
The total power, i.e. the sum of the power in all frequencies, is 1.92 MW, of 
which 68% in the main peak ancl 26% in the sideband. The remaining 6% of 
the total power is in other frequencies, mainly at the lower frequency sicle of 
the main peak. 

It is illustrative to compare the previous case with the case where only 
the first sec ti on of the step-tapered undulator is present. The evolu ti on of 
the spectrum during the first 150 passes is plotteel in Fig. 4.7. The figure 
shows that the system evolves quickly into a stabie regime. The main peak 
is of course determined by the resonance condition and a quite large and well 
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Figure 4.7: The evaJution of the power spectrum during the first 150 passes. 
The undulator consists of only the first section of the FEM. 

separated sideband is present. Also in this case sidebm1d generat ion occurs 
only at the lower frequency side of the main peak. At the end of pass 150, the 
power of the main peak at 201 GHz is 0.85 MW within an 1 GHz frequency 
band. The sideband at 190 GHz has a power of 0 .3 MW within an 1 GHz 
frequency band. 

It is evident that although t heir t ime history is different, the spectrum of 
the single undulator (Fig. 4.7) is marginally different from the spect rum of t he 
step-tapered undulator ( the right figure in Fig. 4.6). However, their power 
distributions are different. This illustrates again that the second section acts 
like an amplifier. The spectrum generated by the step-tapered undulator 
contains more power because amplification of the second section enhances 
both the power in the main signa! and in t he sideband. The gain in t he 
stabie regime of the main signa! and the sideband a re compared in the first 
and second section separately. The gain in the fi rst section is 5 to 20 times 
larger so this section dominates the speetral distribution. In t he first section 
the gain of the main signa! is larger than the gain of the sideband , while in 
the second section the gain of the sideband is la rger than t he gain of the 
main signa!. 



4.3. Evolution of the Power Spectrum 75 

~ 
25 

~ 
...... 20 
Q) 

3:: 
0 

0.... 15 
~ ...... 
(.) 

10 Q) 
0.. 

Cf) 

5 

0 ~~~~~~~~~~~~~~--~ 
180 185 1 90 195 200 205 21 0 215 220 

frequency (GHz) 

Figure 4.8: Power spectrum of a single section undulator. The undulator has 
30 periods and its parameters are the same as those of the first section of the 
FEM as given in Table 3.1. 

The sideband corresponds to a nonlinear resonance in the system. This 
resonance is due to the oscillation of the electroos in the potential wel! gen
erated by the nonlinear interaction between the electroos and the microwave 
beam. The position of the sideband in the spectrum can be estimated analyt
ically by assuming a monochromatic maser field as and a stationary electron 
distribution. The sideband is t hen incorporated as a perturbation . When the 
initia! electron distribution is peaked at the bottorn of the stabie phase space 
area (see Chapter 2), the deeply trapped electroos bounce in the ponderomo
tive potential with frequency Dsyn· T his gives rise to sideband-growth [5, 6]. 
\Nhen applying the resonance condition for a low energy electron beam, one 
finds that the position of the sideband is approximately given by 

6 k ~ ± (kzo + k,J Dsyn ~ ± 2(kzo + ku) ...;o:;;a;, 
ku c f3z)l +a~ 

(4.2) 

where au is the normalised undulator field and as is the monochromatic maser 
field of the main peak with wavenumber kzo· 

Multi-frequency calculations are performed for a somewhat Jonger single
seetion undulator than used in the calculations in Fig. 4. 7. The undulator has 
the same parameters as the first section in the FEM, but here 30 undulator 
periods are t aken in order to get overbunching faster. T herefore , the sideband 
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behaviour is shown more pronounced. The other parameters are the same 
as in the previous cases. The speetral power of the microwave field after the 
third pass is plotted in Fig. 4.8. Two sidebands are generated next toa main 
peak. The estimate for the position of the sidebands, given by Eq. ( 4.2), is 
6.v-:::= ±5 GHz, which agrees with the positions in the figure. Obviously, the 
growth rates of the sidebands plotteel in Fig. 4.8 are rather different. 

Returning to Figs. 4.5, 4.6, and 4.7, the most striking result is that the 
sideband only grows at frequencies lower than the frequency of the main peak. 
The estimate for the frequency shift of the sideband, given by Eq. (4.2) , 
is very close to the observed values in these Figures. This is remarkable, 
since this estimate is obtained from the argument that the electrans perfarm 
several synchrotron oscillations in the potential wel!. Since the electrans 
perfarm about half a synchrotron asciilation during their pass through thr 
undulator, the frequency shift is basecl on qualitative arguments. 

We will now give a tentative explanation why only the lower frequency 
sideband is present without having to take rude assumptions. Usually, these 
assumptions are infinite undulators, the low-gain limit, the Campton limit 
and treating the sideband as a small perturbation. Obviously, these assump
tions are strongly violated in the present case of the FEM. When the FE\1 
saturates, the electrans have performed about half a synchrotron asciilation 
in the ponderomotive wel!. The lower-frequency sideband has lower resonant 
energy than the one of the main frequency component and can still extract 
energy from the electrans that are at the bottorn of the wel! of the main 
mode. The opposite holcis for t he higher-frequency sideband, that has higher 
resonant energy. This is schematically depicted in the left tigure in Fig. 4.9. 
Two separatrices are depicted, one of the main component and the other 
of the lower-frequency sideband. It is obvious that the phase-space is mon~ 
complicated than is depicted on the left in Fig. 4.9. A more realistic tigure 
of the phase space is depicted in Fig. 2.6. 

The generation of the lower-frequency sideband is also explained in the 
presence of slippage of the electrans with respect to the microwave field [7]. 
The microwave field, that consists of a main frequency component and a 
lower-frequency sideband has a field strength as is indicated in the right tig
ure in Fig. 4.9. Due to the sideband, the field is amplitude and frequency 
modulated. For a lower-frequency sideband, the frequency in the peaks of 
the field envelope is lower than in the troughs of the field envelope. Electrans 
entering the undulator at the position conesponding to a trough in the field 
envelope, emit radiation and slip toward the peak in the field envelope. Dur
ing this slippage, the frequency decreases and the electrans will stay (more 
or less) in resonance and emit more radiation than they would emit in the 
case that no sidebands were present. For electrans starting near the peak 
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Figure 4.9: On the left, a schematic plot of the phase-space is given. The 
soliel line corresponds to the separatrix of the main frequency component and 
the dasheel line to the one of the lower-frequency sideband. On the right, 
the field strength is plotted. Its amplitude and frequency are moeluiateel by 
a lower-frequency sideband that bas ~ of the power of the main mode. The 
single-frequency reEerenee signa] of the main mode is depicted by the dasheel 
line. 

in the field envelope, the opposite holds: when they slip toward the trough 
in the field, they experience an increasing frequency and therefore wil! emit 
less radiation in the higher frequency region than they would do wi t hout 
sideband. The effect of frequency modulated fields is that the amplitude 
grows in regions with lower frequency and decreases in regions with higher 
frequencies. This leads to the generation of the lower frequency sideband 
and to the suppression of field components with higher frequency. The latter 
occurs since the higher-frequency sideband modulates the field strength such 
that the frequency is higher in the peaks of the field envelope and lower in 
the troughs. 

4.4 Suppressing the Lower Sideband 

An ideal FEM would operate such that all power is confined in a narrow fre
quency band. Results presented in the previous Section have shown that the 
spectrum involves a sideband, which amplification may lead to an undesired 
transfer of energy. Therefore, in this Section possible means of suppressing 
this lower sideband wil! be investigated. The output power and its distribu
t ion over the spectrum is scanned as a function of the value of the reftection 
coefficient, its profile, the gap length and the relative polarisation of the 
undulator sections. 
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Figure 4.10: Model for the profile of the reflection coefficient of the FEM. The 
centre of the curve is at vc, which can be chosen freely. The dots represent 
the 2l frequencies of the Fourier modes. 

4.4.1 Wavelength Selective Reftection 

In the present design of the FEtvi, the reflection coefficient is frequency depen
dent, with a half width in frequency of approximately 7 GHz. The posit ion of 
the maximum of the profile is variable. We model this profile by a parabalie 
shape shown in Fig. 4.10. 

This profile is used to calculate the evolution of the spectrum for a step
tapered undulator with q Àu gap length. On the basis of prcvious results 
(Fig. 4.6), the maximum value of the reflection coefficient is chosen to be at 
vc = 199 GHz. The power spectrum at the end of the 100th pass is plotted in 
Fig. 4.11. At this stage the system is in the stabie regime, which is reached 
much faster than in the case of a constant reflection coefficient. Due to 
the narrow profile of the reflection coefficient the sideband is suppressed. 
Compared to the results in Fig. 4.6, the peak in the power distribution is 
slightly shifted towards higher frequencies. When the centre of the reflection 
coefficient (Fig. 4.10) is sit uated at different positions in t he spectrum, t he 
sideband can be more or less suppressed. 

An important drawback of the suppression of the sideband by means of a 
frequency selective reflection coefficient is the drop in power of the main peak 
In the case of Fig. 4.11, the total power is only 0.9 MW, while in the case 
represented in t he figure on the right in Fig. 4.6, the total power is 1.9 MW 
with 1.3 MW in the main peak. Hence, not only the power in the main peak, 
but also t he efficiency decreases considerably. It can be concluded that t he 
nonlinear interaction is such that the presence of a sideband enhances the 
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Figure 4.11 : Power spectrum aft er the 1 OOth pass for a gap length of 1 ~À u 

and the profile of the reflection coeflicient. The maximum of the reflection 
coeflicient curve is at 199 GHz. 

power in the fundamental mode. Calculations with other maximum values 
for the peak value of the reflection coefficient in the range from .2 to .4 show 
that the total power in the steady state regime changes by not more than 
10%. The history of the stabie regime depends strongly on the reflection 
coefficient, but the final power that is reached is about the same. 

A tentative physical model explaining the reduction in power of the main 
peak is the following: analysis shows that in the case of a suppressed side
band, the electrans are overbunched at the end of the first section. Because 
of this suppression the electrans are not able to cascade into the trapping 
well at the (lower) resonance energy of the second section . Consequently, 
at the beginning of the second section the electrans are too far in energy 
from the trapping well conesponding to the second section and , therefore, 
the amplification of the microwave field in the second section is smaller in 
the steady state, which has been observed in the numerical simulations. 

In this perspective, the sideband at the lower frequency-side of the main 
peak can strongly enhance both the total output power as the power of 
the main peak. This sideband has a lower resonant energy and acts as an 
intermediate: it serves as a connecting region in phase space between the 
trapping well of the first section and the lower energy trapping well of the 
second section, providing a proper electron energy cascade throughout the 
step-tapered undulator. 
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4.4.2 Variation of the Reft.ection Coefficient 

We have also investigated cases in which the reflection coefficient is Pither 
very large or very smal!. The profiles of the reflection coefficient are frequency 
independent and the gaplength is fixed at 1! À11 

The first section is considered as an independent undulator in two extreme 
cases. In the case that the reftection coefficient is small, 0.05, the main peak 
in the spectrum at 203 GHz develops rather slowly. The power saturates 
around 500 kW at the 300th pass. No sideband is developed. In the seconcl 
case, the reflection coefficient is large, 0.9. Then the generated spectrum 
becomes broad. This broadening occurs mainly at lower frequencies than 
the resonant frequency. 

Table 4.1 summarises the results for the step-tapered undulator for a 
number of reftection coefficients. We find that increasing the reflection coef
ficient enlarges the power in the stabie regime in the main peak as wel! as 
in the sideband. The higher frequencies are still suppressed . In all cases of 
Table 4.1, a large main peak is generated together with a large sidebancl at 
the position given by Eq. (4.2). For the reflection coefficient of 0.32 the total 
speetral power is 2.1 MW and the conesponding electron efficiency is 6.9%. 
At the end of the first section 5.2% of the initia! electron energy is trans
ferred into microwave energy. The power in the sideband as a percentage of 
the total power increases with increasing reflection coefficient. 

reflection coefficient main peak power sideband power 
R=0.23 1.15MW 0.35MW 
R=0.26 1.2MW 0.4MW 
R=0.29 1.3MW 0.5 :vrw 
R=ü.32 [ 1.37MW 0.54MW 

Table 4.1: Power of the main peak the sideband in the steady state regime 
for different reflection coefficients. 

4.4.3 Variation of the Gap Lengtbs 

In this Section the effect of different gap lengths on the spectrum is inves
tigated. For cases with parameters of Table 3.1 with rb = lmm and a flat 
profile of the reftection coefficient, gap lengtbs of 1 Pu, 1 i À11 and 1À11 are 
considered. It is clear that the linear gain curves depend on the gap length 
and the conesponding spectra in the nonlinear regime for the various gap 
lengtbs are quite diverse. 
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Figure 4.12: Evolution of the power spectrum during pass 500 to pass 560. 
The two sections of the undulator are separated by a gap of 1Àu length. 

In all cases the frequencies larger than the main frequency are suppressed. 
The stabie regimes in the cases of 1 ~ Àu and 1 ~ Àu gap length have the same 
speetral distributions, which consist of a large main peak and a pronounced 
sideband. The difl'erence is that the system with a gap length of 1 ~ Àu reaches 
the stabie regime at higher pass numbers than the system with a gap length 
of l~Àu· 

In the case of a gap with lÀu length, the evolution of the spect rum, 
however, is much less smooth than in the other cases: there are more peaks 
in the spectrum and the power in the various peaks can be larger than the 
power in the main peak. The power distribution can change considerably 
over a few passes. This chaotic speetral behaviour is observed already from 
an early stage and seems to remain chaotic at least to the lOOOth pass. As an 
illustration of the chaotic speetral behaviour, the evolution of the spectrum 
between pass 500 to pass 560 is plotted in Fig. 4.12. Even in this chaotic 
case the higher frequencies remain efficiently suppressed, but at the lower 
frequency side of the main peak strong mode competition occurs and even 
the power in the main peak can occasionally almast vanish. 
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4.4.4 Opposite Polarisation of the Second Section 

The power spectrum after 150 passes is plotted in Fig. 4.13 for the case where 
the two undulator sections have the same polarisation. This means that in 
Eq. (3.2) the sign of Bu2 is changed. The system is in the stabie regime 
and the microwave power at higher frequencies than the main peak are again 
efficiently suppressed. As compared to the case indicated in Fig. 4.6, the 
power in the main peak as well as in the sideband is much smaller. 
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Figure 4.13: Power spectrum at the end ofthe 150th pass with a gap oflPu 
Jength and opposite polarisation of the second section . 

4.5 Conclusions 

The linear as wel! as the nonlinear behaviour of the step-tapered undula
tor and the evolution of its spectrum has been studied. The step-tapered 
undulator operates as a single system with a significant klystron effect. In 
most cases, the frequency spectrum evolves into a stabie regime, in which it 
hardly changes from pass to pass. In the stabie regime a narrow main peak 
is generated at the resonant frequency of the first section of the undulator. 
The major part of the total power is confined in this peak. In all cases that 
are investigated, the speetral power at the resonant frequency of t he second 
section of the undulator is efficiently suppressed. In the nonlinear regime the 
first section plays a major role in the evolution of the frequency spectrum and 
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the second section acts like an amplifier of the radiation field generated in 
the first section. When the power in the main frequency is sufficiently high, 
a strong sideband is generated at the lower frequency side of the main peak . 
The behaviour of the spectrum, in particular t he behaviour of the sideband, 
as a function of the value of the refiection coefficient, its profile, the gap 
length and the relative polarisation of the undulator sections is investigated . 
Except for the case with a step-tapered undulator with a gap length of lÀu , 

the sideband is quite narrow, and contains a substantial part of the total RF 
power. A reflection coefficient with a sufficiently narrow profile wil! suppress 
the sideband, but, as a consequence, the power in t he main peak will de
crease. In the case of a step-tapered undulator with an lÀu gap length, the 
stabie regime is not reached and the spectrum is quite broad. The power is 
confined in a 20 GHzinterval below the resonant frequency of the first section 
and behaves chaotically. 

Appendix A. Spontaneous Emission 

In this section, the undulator radiation brightness for the linear undulator 
is described. The undulator radiation, or spontaneous radiation, is the syn
chrotron radiation caused by the periadie deflection of the electrans in the 
undulator. Since the undulator radiation is at virtually the same frequency 
as the resonant frequency for stimulated interaction, it provides the seed 
field for the stimulated radiation. The speetral properties of the undulator 
radiation are derived most easily from the Lienard-Wiechert potentials [9], 

d2 I e2w21Joo 12 
dwdSl = 47f2 C - oo n x (n x /3) exp [iw(t- n · r/c)]dt , (4.3) 

where fund is the far field radiation intensity emitted in the frequency range 
dw and in a solid angle dSl around the direction of observation n, which in 
spherical coordinates is given by 

n = êx cos e sin ex+ êy sine cos ex+ êz cos ex. (4.4) 

Since spontaneous emission is quite weak, the spectrum can be calculated 
from the unperturbed electron dynamics in the external fields. Betatron 
oscillations are omitted in the following. The electron dynamics, neglecting 
terms of 0( l/'rA), is characterised by 

( 4.5) 
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(4.6) 

where W u = cf3zoku and f3z o = Vzol c. Usually, the speetral bright ness is 
derived for angles smaller than a "' lh and terms of order O(lh2) are 
neglected. However, in the case of the FEM, the electron energy r is low. In 
contrast to the equations in FEL-literature, in t he present derivation of the 
speetral brightness, angles smaller than a "' lh 2 around a = 0, which is 
parallel to the z-axis are considered. Forthese angles, termsof order 0(1 h 4 ) 

are negleeted. In that case, the speetral brightness is 

d2 I 2 2 oo 

dw~~ = :7r~C f 11Hm(11m)l2 [IS~I 2 + IS,';. I2], (4.7) 

where the funetion Hm(llm) is defined as the integral 
region of the oseillating part of the integral, 

over the interaction 

Hm(llm) = fo2
1rNu/wu dt exp (-im11m 2;';vu t) 

2n Nu sin ~mllm ( 1 . ) = -- 1 exp --1m11m . 
Wu 2m11m 2 

The funetions S~,1r) are defined as 

s~l = f3zoaeos8Jm(mZ, - mO 
au { -- lm+l(mZ, -mÇ) + lm-l(mZ, -mÇ)}, 

' s;:l = f3zoa sin 8Jm ( mZ, -mO , 

(4.8) 

(4.9) 

(4 .10) 

where Jn(x, y) is the generalised Bessel function [10] . For large Nu, the 
spectrum consists of a series of sharp peaks eentered at wm = mw1 . The fun
damental frequency w1 and the frequeney deviat ion from the mth harmonie 
llm are given by 

wl = j3 l j3 2' 1- zO+ 2 zoa 
(4.11) 

Note that for r » 1 the usual approximation for resonant frequency w111 » 1 = 

wu2r2 1(1 + a~/2 + 1 2a 2) holds. The frequeney dependenee of t he emitted 
light is determined by the function (sin 11 I 11) 2. The speetral wid th is therefore 
the same for all harmonies, 8w ~ w I Nu. The parameters Ç and Z that have 
been introdueed are, 

z = auacose 
r( l - f3zo + ~ f3zoa2 ) . 

(4.12) 
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Figure 4.14: Undulator radiation from a Jin ear undulator with 5 undulator 
periods. The power at a specific frequency at angle "'r2o: is plotted. The odd 
harmonies are emitted on-axis. 

In Fig . 4.14 the brightness produced in an undulator of 5 periods with au = 
0.75 is shown. The energy of the electrans is "Y = 4.4. With these low energies, 
the usual expressions for the undulator radiation that keep contribut ions 
upto 0(1h2), are not correct. The equations that are presented here keep 
contributions upto O(lh4 ). The first harmonie is at 210 GHz. In the figure 
a lso the second and third harmonie are plotted. Only the odd harmonies are 
emitted on-axis. 

The derivation of the spontaneous emission was based upon the emission 
of a single particle. The effect of the real structure of the electron beam, such 
as finite energy spread and emittance has not been considered. According to 
Eq. ( 4.11), the resonant frequency depends on the electron energy, o bserva
tion angle and undulator field. Hence, the presence of fini te energy spread 
will lead to line broadening of the emitted radiation. From Eq. ( 4.11), the 
frequency shift of an electron moving with energy slightly different from the 
nomina! value can directly be evaluated. Fora Gaussian energy distribution 
with RMS aE, the RMS frequency shift over the electron beam distribution 
is 

(4 .13) 
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neglecting terms of order O((óry) 2 h 2 ). This will deerease the peak inten
sity and inerease the speetral width of the emitted radiation .The two other 
sourees of inhamogeneaus broadening are the natura! beam d ivergenee and 
the transverse dimension of the electron beam. For Gaussian angular and 
spatial distributions, with RMS values ao:x,y and ax,y, respeetively, the con
tributions to the inhamogeneaus broadening is 

(4.14) 

(4.15) 
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Chapter 5 

Speetral Dynamics of the 
FOM Free Electron Maser 

Abstract In this Chapter we will discuss the actual case of the FOM 
Free Electron Maser. This FEM is presently under con
struction at the FOM-Institute for Plasma Physics 'Rijn
huizen' in the Netherlands. 
The nonlinear speetral dynamics is investigated with the 
numerical code MFF that is described in Chapter 3. The 
design parameters of the FOM FEM will be used. Space
charge f01·ces are included in the calculations. These farces 
play a role because the FEM operates in between the high
gain Campton and Raman regime. The fast-oscillating lon
gitudinal space-charge farces counteract the bunching pro
cess and the slowly-varying equilibriumspace-charge farces 
enlarge the electron beam radius. The experimentally mea
sured profile of the reAeetion coefflcient is used. The spec
tral evaJution is calculated in the ranges of 130, 200, and 
250 G Hz. The gaplength is fixed at q À u. I t is found that 
single-peaked power spectra are excited and that the power 
is emitted in a narrow frequency bandwidth. In order to 
reach maximum output power, the maximum value of the 
reAeetion coefflcient should be positioned a few GHz be
low the frequency corresponding to maximum linear gain. 
The [ast tunability of the operating frequency of the FEM, 
keeping the profile of the reAeetion coefficient fixed, is in
vestigated. 
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5.1 Intrad uction 

In this Chapter the speetral dynamics of the FOM Free Electron Maser 
(FEM) is investigated. This FEM [1] --[5] is described in Chapter 3 and is 
under construction at the FOM-Institute for Plasma Physics 'Rijnhuizen ' in 
the :'-Jetherlands. We reeall that the power of the generated cw microwave 
field must be at least 1 MW which must be emitted within a smal! speetral 
range. The operating frequency is tuneable from 130 to 260 GHz within a 
minute and over several percent on a much faster timescale. In this Chapter 
the evolution of the power spectrum is investigated for the FEM with the ac
tual design parameters. These parameters are given in Table 3.1. The length 
of the fieldfree gap is fixed at 1 Pu and the experimentally determined profile 
(Fig. 3.4) for the reflection coefficient is used in the calculations. 

The stable, coherent operation in a narrow frequency band is a crucial 
requirement for the success of the FEM. One dimensional calculations have 
shown that multimode excitation can be avoided by properly adjusting the 
system parameters [6, 7]. An important parameter is the length of the field
free gap. 

In this Chapter we report about the three-dimensional calculations in
cluding all space-charge fields. In Chapter 2 it is discussed that the fast 
oscillating longitudinal space-charge field modifles the ponderomotive poten
tial such that the elect ron bunching is counteracted. This results in a lower 
gain. The DC-space-charge forces that are associated with t he equilibrium 
beam density are included in the calculations. The latter forces lead to a 
larger electron beam cross-section. 

The results, that wil! be presented in this Chapter are the state-of-the
art prediebons of the speetral dynamics of the FOM FEM. The evolution of 
the power spectrum is investigated in the 130, 200, and 250 GHz regions. In 
order to operate at these different frequencies, t he initia! electron energy and 
the position of the profile of the reflection coefficient must be adaptecl. 

It is shown that the FEM can have stabie eperation in the entire fre
quency domain from 130 GHz upto 250 GHz. The stabie operation can only 
be reached when the position of the maximum value of the reflection coeffi
cient is carefully chosen. Over the entire frequency range the microwave field 
evolves toward a single peaked power spectrum, that couples out more than 
1 MW per pass. The power is contained within a maximum frequency range 
of 4 GHz. The fast tunability is investigatecl by changing the electron energy 
over a few percent. In the 200 GHz range, the system can be tuned over a 
few percent in frequency. 
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Figure 5.1: In the tigure on the left , the solid line indicates the linear gain 
curve for the step-tapered undulator and the dasbed and dotted lines are the 
linear gain curves for the tirst and second section separately, respectively. 
The electron energy is 'Y = 4.425. The result may be compared with Fig. 4.2, 
where the gain curve is shown disregarding all space-charge farces . In the 
tigure on the right, the gain is shown as a function of the gaplength in Àu . 

5.2 Gain in the Small-Signal Regime 

The (linear) gain of the step-tapered undulator in the small-signal regime 
as a function of the frequency is shown by the solid line in Fig. 5.1 and t he 
dasbed and dotted lines indicate the gain curves for the first and second 
section separately, respectively. The maxima for these linear gain curves are 
6.4 at 198 GHz and 2.4 at 216 GHz, respectively. The initia! electron energy 
is 'Y = 4.425. lt is verified that the gain curves that are calculated with 
the multi-frequency code are identical to the gain curves that are obtained 
from single-frequency calculations. The linear gain curve for the step-tapered 
undulator has a maximum value of 6.4 at 198 GHz. By camparing Fig. 5.1 
and Fig. 4.2, it is shown that space-charge forces reduce the maximum gain 
from 40 to 6.4 and shift the peak in the gain curve to lower frequencies by 
4GHz. 

The initia! electron energy is in the range from 'Y = 3.71 to 'Y = 4.912, 
in order to operate from 130 GHz to 250 GHz, respectively. In addition, the 
central frequency of the profile of the reftection coefficient is adapted. The 
linear gain curves conesponding tothese energies are given in Fig. 5.2. In t he 
130 GHz range, the maximum linear gainis 13.5, which is considerably larger 
than the one in Fig. 5.1. In the 250 GHz range, the maximum linear gain has 
dropped to 6.0. The linear gain decreases with increasing eperating frequency 
and it takes more passes to reach high power levels and final saturation. 
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Figure 5.2: The solid Jin es indicate the linear gain curves of the step-tapered 
undulator around 130 GHz and 250 GHz. The initia] electron energies are 
'"Y = 3.71 and '"Y = 4.912, respectively. The dasbed and dotted lines indicate 
the linear gain curves for the first and second section separately, respectively. 

lt is clear that in all cases, the linear gain of the step-tapered unclula
tor differs from the sum of the gain of the separate sections. However, the 
maximum linear gain is determined by the first section. In a single-seetion 
undulator, the electrans remain in the same phase with respect to the pon
deromotive potential wel!. In the field-free gap, the electrans propagate vvith 
different velocity than the phase velocity of the microwave field . Therefore, 
the phase of the electrans in the local potential well in the second section is 
determined by the length of the gap. The effect of the gaplength on the gain 
is shown in right figure of Fig. 5.1. In this figure, the linear gain is shown as 
function of the gaplength that is measured in undulator periods. 

5.3 Speetral Evolution 

In the small-signal regime, the various frequency components of the mi
crowave field grow independently. The growth rates of the frequency com
ponents of the microwave field depend on the linear gain and the refl.ection 
coefficient. A peak in the power spectrum grows at the position where the 
linear gain times the refl.ection coefficient has a maximum. When the power 
increases, nonlinear effects become important. These nonlinear effects occur 
wel! before saturation. The evolution of the power spectrum is calculated 
for three values of the electron energy, '"Y = 3.71, '"Y = 4.425, and '"Y = 4.912. 
The corresponding linear gain curves are plotteel in Fig. 5.1 and Fig. 5.2 , 
respectively. 

The long term evolution of the power spectra for these cases are depicted 
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'Y 3.71 4.425 4.912 
, frequency at maximum linear gain 131 GHz 198 GHz 251 GHz 

maximum linear gain 13.5 6.4 6.0 
eperating frequency 131 GHz 195 GHz 246GHz 

saturated power 1.14 MW 1.50MW 1.58 :vrw 

Table 5.1: The frequencies of ma..;'(imum Jinear gain, the maximum Jinear 
gain are given for three values of the initia] electron energy --y . The operating 
frequency to which the microwave field evolves as well as the outcoupled 
power per pass are give. 

in the upper figures in Fig. 5.3 , Fig. 5.4 and Fig. 5.5, respectively. In these 
figures, the outcoupled power is plotted versus pass number and frequency. 
In the lower figures , the total integrated outcoupled power is plotted as a 
function of pass number. Also the outcoupled power at the final pass to
gether with the profile of the reftection coefficient is shown. The position 
for the frequency with maximum reftection coefficient is in all these cases 
(roughly) optimised to reach maximum outcoupled power. Note that this 
maximum and also the generated peak in the power spectrum is downshifted 
with respect to the frequency conesponding to maximum linear gain. 

In all cases, the following evolution of the power spectrum takes place. 
In t he small-signal regime, the microwave power grows with different growth 
rates for these cases, therefore, starting at the same initia! power , t he satu
rated regime is reached at different pass numbers. This is easiest observed 
in the figures depicting the outcoupled power as a function of pass number. 
All cases show the tendency that although nonlinear effects are important , a 
peak is generated at the frequency of maximum linear gain times reftection 
coefficient. Due to nonlinear processes, in a ll cases this peak is suppressed 
in favour of other frequency components. As a consequence, the power spec
t rum is broadened. During a number of passes mode-competit ion occurs 
and a peak in the power spectrum is generated at the frequency compo
nent with maximum nonlinear growth. In all cases, this nonlinear peak is at 
lower frequencies than the frequency of maximum linear growth. This shift 
in frequency is larger for higher eperating frequency. This is summarised in 
Table 5.1. Due to further nonlinear processes this peaks narrows during the 
succeeding passes. 

The power spectrum in the quasi-stationary regime changes hardly from 
pass to pass. According to the figures, there is suppression of the components 
of the microwave field at the resonant frequency of second section r ight from 
the beginning. Then, the total outcoupled power per pass is depicted in the 
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Figure 5.3: In the upper tigure the evolution of the power spectrum is shown 
for operation at 130GHz during the first 100 passes. The profile of the 
reflection coefficient is depicted by the dashed Jine in the lower right figure 
and the length of the fieldfree gap is 1 ~ Àu . The total outcoupled power 
is shown in the lower left figure. The outcoupled power as a fun ction of 
frequency at the end of the 100th pass is shown by the solid line in the lower 
right figure. 
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Figure 5.4: In the upper tigure the evolution of the power spectrum is shown 
for operation at 200 GHz during the first 145 passes. The profile of the 
refiection coefficient is depicted by the dashed line in the lower right tigure 
and the length of the fieldfree gap is 1 Pu· The total outcoupled power 
is shown in the lower left figure . The outcoupled power as a function of 
frequency at the end of the 145th pass is shown by the solid line in the lower 
right figure. 
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Figure 5.5: In the upper figure the evolu tion of the power spectrum is slwwn 
for operation at 250 GHz during the first 100 passes. The profile of the 
reflection coefficient is depicted by the dashed line in the lower right figure 
and the length of the fieldfree gap is 1 Pu· The total outcoupled power 
is shown in the lower left figure. The outcoupled power as a fun ction of 
frequen cy at the end of the lOOth pass is shown by the solid line in the /ower 
right figure . 
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Figure 5.6: In these figures, the evaJution of the power spectrum is shown for 
half the frequency spacing of the previous cases, i.e. N = 400. The evaJution 
must be compared with the evaJution that is shown in Fig. 5.4. 

lower right figures of Fig. 5.3, Fig. 5.4, and Fig. 5.5. 

For operation at 130 GHz the power spectrum evolves toward a single 
narrow peak, centered around 131 GHz, that has 1.12 MW within 3 GHz 
bandwidth. The total outcoupled power is 1.14 ~W, therefore 98% of the 
outcoupled power is contained in the narrow peak. For operation at 200 GHz, 
the total outcoupled power is 1.5 MW and the peak in the spectrum couples 
out 1.4 MW per pass within a frequency band of 4 GHz. For operation at 
250 GHz the total outcoupled power at the end of the 100th pass is 1.58 MW 
of which the peak contains 1.53 MW within 4 GHz bandwidth. So, note that 
the outcoupled power becomes maximal in the final single-peak operation. 
In all cases considered, the power spectrum remains stabie during (at least) 
the next 50 to 100 passes. In Fig. 5.6, it is shown t hat the calculations are 
stabie for the choice of N, that determines the spacing between the frequency 
components. In this figure , the speetral evolution is shown for 'Y = 4.425 with 
frequency spacing that is half of that in Fig. 5.4. The values of N for these 
figures are N = 400 and N = 200, respectively. The outcoupled power at 
the 100th pass is shownon the right in Fig. 5.6. The total outcoupled power 
is 1.45 MW, of which 1.44 MW is contained within a narrow peak centered 
around 195 GHz. 

We conclude that in the operating regime, 'Y = 3.71 to 'Y = 4.912, the mi
crowave field evolves toward a stabie single-peaked power spectrum if the re
flection coefficient is properly adapted. The sideband modes are suppressed . 
T he total outcoupled power is well above the 1 MW. For increasing oper-
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ating frequency, the shift between the frequency of maximum linear growth 
and the final operating frequency increases. This is the reason t hat it takes 
more passes for the system to settie down. The increasing shift in frequency 
between the frequency of maximum linear gain and the final operating fre
quency increases for increasing frequency contradiets the predictions that arf' 
obtained by the analysis of the maximum extraction efficiency in Chapter 2. 

5.4 Fast Tuning of the Operation Frequency 

In this Section, the tunability of the operating frequency over a few percent is 
investigated. The maximum value for the profile of the reflection coefficient 
wil! be kept fixed and only the electron energy is changed. This is invest i
ga ted for the 'Yo = 4.425 (200 GHz) case described in the previous Section. 
There the outcoupled power was optimised around 195 GHz. In this Sect.ion, 
the electron energy is chosen at 1 = 'Yo + 6.1, where 6.')' is given in Ta
bie 3.2. The relationship between 6.-y and the frequency of maximum linear 
gain is given in Table 5.2. Again, we consider the growth of the radiation 
from start-up. When 6.')' = +0.065, there is no effective amplification of mi
crowave power. In this case, the maximum of the linear gain times reflection 
coefficient is equal to one. The 'Y = 'Yo - 0.05 , 'Y = 'Yo + 0.05 , 'Y = 'Yo + 0.10, 
and 'Y = ro + 0.15 are given in Fig. 5.7 and Fig. 5.8, where the evolution 
of the outcoupled power is depicted. Changing the energy 6.')' has the ten
dency to shift the peak outward the profile of the reflection coefficient. In a ll 
cases, the microwave power evolves toward a peak, that may be rather broad 
but contains reasanabie large power. The numbers that correspond to t hese 
figures are given in Ta ble 5.2, where for each value of 6.1 the frequency of 
maximum linear gain, the operating frequency to which the microwave field 
evolves and the total outcoupled power per pass are given. In addition , in 
the lower rows the outcoupled power of the peak in the power spectrum and 
its speetral width are given . 

The Table shows that 6.')' = 0 is the optimised case. Fast tu ning of the 
frequency of the generated microwave power, wit hout adj usting the profile 
of the reflection coefficient leads to a large drop in efficiency. With the 
current profi le of the reflection coefficient, a change of t he electron energy 
of 2!% leads to a drop in the outcoupled power of 20%. The figures show 
that for elect ron energies other than the optimised, it takes Jonger for the 
power spectrum to settie down toa narrow power spectrum that couples out 
high power. The limit on the tunability to higher frequencies is a direct result 
from the nonlinear shift of the operating frequency in the large-signa! regime. 
Given the electron energy, where the power can grow in the small-signa l 
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Figure 5.7: The evolution of the power spectrum and the total outcoupled 
power is shown for the operation at 195 GHz that is shown in Fig. 5.4, but 
we have changed the initial electron energy "/o. The left and right figures 
correspond to electron energies oh = "/o+0.05 and Î ' = "/o-0.05, respectively. 
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Figure 5.8: The evaJution of the power spectrum and the total outcoupled 
power is shown for the operation at 195 GHz that is shown in Fig. 5.4, but 
we have changed the initia} electron energy 'Yo · The left and right figures 
correspond to electron energies oh= 'Yo-0.10 and 'Y = "(0 -0.15, respectively. 
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/:::.."( +0.05 0 -0.05 -0.10 -0.15 
frequency of maximum 
linear gain (GHz) 203.0 198.5 194.0 189.5 185.0 
operating 
frequency (GHz) 197.9 194.1 191 188.2 184.3 
total outcoupled power (MW) 1.27 1.53 1.31 1.28 0.90 
outcoupled power in peak (MW) 1.19 1.39 1.15 1.05 0.76 
width of the peak (GHz) 3 4 4 5 3 

Table 5.2: The frequencies of maximum linear gain are given for each value 
of!:::.."(. The operating frequency to which the microwave field evolves as well 
as the total outcoupled power per pass are given. The lower rows denote the 
outcoupled power in the peak in the power spectrum and its speetral width. 

regime, the peak at saturation shifts to lower frequencies. This means that a 
peak at the higher frequency side of the profile of the refl.ection coefficient can 
only be reached when the small-signal regime is circumvented. T his can be 
accomplished by first generating power at lower frequency and then changing 
the electron energy such that the desired wavelength is reached. However, 
the corresponding drop in the efficiency is still present. 

5.5 The influence of the gap length 

The speetral behaviour of the step-tapered undulator depends on the length 
of the field-free gap between the two sections. This has been stuclied in 
Refs. [7]- [8]. The gaplength wil! in particular infiuence the role of the second 
section of the undulator in the interaction. We reeall that the length of the 
gap determines the phase of t he electrons in the local potential wel! of the 
second section. The immediate effect is a change of the gain in the small
signal regime. The infiuence of the gaplength is investigated for operation 
with electron energy 'Y = 4.424, i.e. an operating frequency around 200 GHz, 
and with the profile of the refl.ection coefficient. The evolution of the power 
spectrum with gaplengthof 1~Àu and l.Àu is shown in Fig. 5.9 and Fig. 5.10, 
respectively. The evolution may be compared with the evolution in Fig. 5.4. 
In both cases the total outcoupled power is 1.36 MW within a narrow speetral 
bandwidth. The temporal evolution of the power spectrum in these cases 
is less stabie than for a gaplength of q Àu and the fin al bandwidth of the 
generated power is broader. 



100 Cbapter 5. Speetral Dynamics of tbe FOM Free Electron IV!aser 

Outcoupled Powér (MW) 

~ 0.8 
~ 
~ 
~ 

Q. 

0.6 

~ 0.4 a_ 

~ 
6 0.2 

200 190 
0 

Frequency (GHz) 180 

Frequency (GHz) 

Figure 5.9: Tbe evolution of tbe power spectrum is shown on tbe left with a 
gaplengtb of 1 ~ Àu . The frequency dependent reffection coeffi cient is shown in 
tbe lower rigbt tigure by tbe dasbed line togetber with the outcoupled power 
at the lOOth pass. The total outcoupled power as a function of passnumber 
is sbown in tbe upper rigbt tigure. 

Frequency (GHz) 

0111coupled Power (MW) 

~ 
~ 

~ 
Q. 

u 
ID 

î s 
0 

1.4 

1.2 

0.8 

0.8 

0.4 

0.2 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
180 

0.3 

;;; 
0.2 ~ g· 

() 

lil 
0.1 " i• 
0 

210 

Frequency (GHz) 

Figure 5.10: Tbe evaJution of tbe power spectrum is sbown on the left with a 
gaplengtb of lÀu. Tbe frequency dependent reffection coefficient is sbown in 
tbe lower rigbt tigure by tbe dasbed fine together with tbe outcoupled power 
at tbe lOOtb pass. Tbe total outcoupled power as a function of passnumber 
is sbown in tbe upper rigbt tigure. 



5.6. Conclusions 101 

5.6 Conclusions 

The calculations that are presented in this Chapter conclusively predict that 
the FEM has a stabie mode of operation, in which power is emitted in a 
narrow, single-peaked spectrum. The central frequency of the profile of 
the reftection coefficient must be carefully chosen in order to reach maxi
mum output power and most stable operation. This value is slightly below 
the frequency corresponding to maximum linear gain. The stable, coherent 
operation of the FEM is predicted to hold in the entire frequency domain 
from 130 GHz upto 250 GHz. This frequency range can be reached by solely 
changing the electron energy and the position of the profile of t he reftec
tion coefficient. Over the whole frequency range from 130 GHz to 250 GHz, 
the microwave power evolves toward a single peaked power spectrum, that 
couples out more than 1 MW per pass. The power is contained within a max
imum frequency range of 4 GHz. lt would be excellent when the FEM would 
meet these predicted results . The fast tunability is investigated. lt is found 
that behaviour of the power spectrum depends critically on the posit ion of 
the profile of the reftection coefficient. With a fixed position and value of the 
reftection coefficient, the operating frequency can be changed by adjusting 
the electron energy. In this way, a shift of operating frequency by 2 ~% leads 
to a drop in efficiency of 20%. 
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Chapter 6 

On the Reileetion Coefficient 
and on the Gap Length 

Abstract In the previous Chapter, it is found that the fast tunabil
ity is limited by the narrow profile for the reileetion coeffi
cient. In this Chapter, a frequency independent reileetion 
coefficient is considered and the resulting evolution of the 
power spectrum is compared with the results of the previ
ous Chapter. It is found that the iniluence of the shape of 
the reileetion coefficient on the speetral behaviour is quite 
large. In the present case, the outcoupled power exceeds 
the 1 MW level and is generated within a broad frequency 
bandwidth. The power spectra consist of multiple peaks. 
This behaviour is observed for operation in the entire range 
from 130 GHz to 250 GHz. The effect of changing the reilee
tion coefficient or the gap length on the speetral dynamics 
is reported. 
The role of the fast oscillating longitudinal space-charge 
fields on the speetral dynamics is investigated by campar
ing the speetral evolution when all space-charge forces are 
disregarded (see Chapter 4) with the speetral behaviour in
cluding only the fast oscillating longitudinal space-charge 
fields. Since the AC-space-charge forces counteract the 
bunching process, these forces reduce the gain and sta
bilise the spectrum. It is shown that the iniluence of the 
DC-forces on the speetral behaviour is large by campar
ing numerical calculations including these DC-forces and 
disregarding these DC-forces. 
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6.1 Introduetion 

In the previous Chapter we predicted that the FOM Free Electron .VIaser 
(see Chapter 3) is capable of generating high cw microwave power in the 
frequency range from 130 GHz to 250 GHz. At least 1 MW of microwave 
power is generated within a narrow speetral range. The small bandwiclth 
of the generateel microwave racliation is, among others, determined by the 
profile of the reftection coefficient. In the present Chapter, we wiJl investigate 
the FEM with the parameters that are given in Table 3.1. In contrast to the 
previous Chapter, here the reflection coefficient is frequency independent. 

A broael profile of the reftection coefficient modifles the evolut ion of the 
microwave power with respect to the one that is presenteel in t he previous 
Chapter. The question is whether the power spectrum remains single peakecl 
in the case the reftection profile is broadened. We wil! show that the power 
spectrum in the present case strongly differs from those presenteel in the pre
vious Chapter. This holels in the entire frequency domain between 130 GHz 
and 250 GHz. Although a narrow main peak in the spectrum is sti ll gener
atecl, we will show that sidebanels are also generated. These sidebands only 
appear at frequencies below the frequency of the main peak. The inftuence of 
the reftection coefficient and the length of the gap between the two sections 
of the step-tapered undulator on the speetral behaviour is analyseel. As a. 
comparison, the speetral dyna.mics of the first section operating as a single 
undulator is investigated . With the single sectien undulator, the electrons 
perferm less than half a synchrotron oscillation in the potential well ancl no 
sideband is generated. 

Another issue that is aelelressed in this Chapter is the inftuence of the 
DC-forces on the speetral behaviour. We call the DC-forces the effective 
equilibrium Lorentz force on the electron beam, which is discussecl in Sec
tion 2.2.1. The implementation of the DC-forces in the numerical code is 
discussed in Chapter 3. These forces cause the electron beam radius to be 
broader on average and cause large oscillations on the beam radius. By cam
paring the results of calculations where only the fast oscillating space-charge 
forces are included with the results of Chapter 4, the effects of these fast 
oscillating space-charge forces on the generateel spectrum are investigated . 
The role of the DC-forces is important as the comparison wil! show between 
the results of calculations where only the fast asciilating space-charge forces 
are included and the results including all space-charge forces. 



6.2. Frequency Independent Reileetion Coefficient 105 

6.2 Frequency Independent Reflection Coef
ficient 

In this Section, the evolution of the power spectrum is investigated when the 
FEM is operating with initia! electron energies 'Y = 3.71, 'Y = 4.424, and 
'Y = 4.912. For these energies, the FEM operates near 130 GHz, 200 GHz, 
and 250 GHz, respectively. i\ote that these frequencies have also been con
sidered in Chapter 5. In this Section, we consider a frequency independent 
refl.ection coefficient. That way, the evolution of the power spectrum may 
be quite different. Power may be generated in a broader frequency range, 
since the profile of the refl.ection coefficient that is considered in the previous 
Chapter rapidly decreases from the central frequency. Of course, t he gain 
per pass does not depend on the refl.ection, however, the gain over many 
passes is strongly infl.uenced by the magnitude and profile of the refl.ection 
coefficient. The linear gain curves of the step-tapered ondulator for initia! 
electron energies 'Y = 3.71, 'Y = 4.424, and 'Y = 4.912 are shown in Fig. 5.1 
and Fig. 5.2. 

For the aforementioned initia! electron energies, the evolution of thP power 
spectrum is shown in Fig. 6.1, Fig. 6.2, and Fig. 6.3, respectively. In these 
figures the outcoupled power (per pass) is shown as a function of frequency 
and pass number. In the lower left figures the outcoupled power integrated 
over frequency is plotted and in the lower right figures the outcoupled power 
at the end of the 200th pass is shown. In all cases, the power spectrum 
evolves quickly toward a broad spectrum with a dominant peak. In the first 
phase of t he evolution, this peak is at the frequency of maximum linear 
gain. At a later stage, this peak shifts nonlinearly toward lower frequencies. 
Upon camparing these results with t hose presented in Fig. 5.3, Fig. 5.4, and 
Fig. 5.5, it is seen that the speetral evolution depends quite strongly on the 
shape of the refl.ection coefficient. 

Although there is heavy mode competition and generation of power over a 
broad frequency interval, the power at frequencies higher than the main peak 
are effectively suppressed in all cases. It is seen that in the nonlinear regime, 
at the onset of overbunching at the end of the firs t section as wel! as at the end 
of the second section, sidebands appear. These sidebands appear on the lower 
frequency side of the main peak in the spectrum. We reeall that overbunching 
means that the electrons reach the bottorn of the potential wel! before the end 
of the ondulator and start to absorb energy from the microwave field. The 
electrans perform between one half and a complete synchrotron oscillation in 
the ponderomotive potential. As soon as the bunches start to absorb energy 
from the microwave field sidebands appear in the spectrum. The distance 
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Figure 6.1: The speetral evolution for an electron energy of r = 3.71 
(130 GHz). The first 200 passes are shown for a step-tapered undulator 
with 1pu gap length. In the lower left figure the total outcoupled power is 
plotted as a function of pass number. The outcoupled power as a function of 
frequency at the end of the 200th pass is shown in the lower right figure . 
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Figure 6.2: The speetral evaJution for an electron energy of "Y = 4.424 
(200 GHz). The first 200 passes are shown for a step-tapered undulator 
with 1 ~ Àu gap length. In the lower left tigure the total outcoupled power is 
plotted as a fun ction of pass number. The outcoupled power as a function of 
frequency at the end of the 200th pass is shown in the lower right figure. 
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Figure 6.3: The speetral evaJution for an electron energy of 1 = 4.912 
{250 GHz). The first 200 passes are shown for a step-tapered undulator 
with 1 ~ Àu gap length. In the lower Jeft tigure the total outcoupled power is 
plotted as a function of pass number. The outcoupled power as a function of 
frequency at the end of the 200th pass is shown in the lower right figure . 
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electron energy 'Y 3.71 4.424 4.912 
frequency at maximum linear gain 131 GHz I 198 GHz 251 GHz 

frequency of main peak 129.5 GHz 195.7,GHz 247.7GHz 
saturated outcoupled power 1.27MW 1.20MW 1.30MW 
outcoupled power main peak 0.73MW 0.55MW 1.00MW 

Table 6.1: The frequencies of maximum linear gain, the frequency of the main 
peak to which the microwave field evolves as well as the total outcoupled 
power and the outcoupled power in the main peak per pass are given. The 
numbers that are shown correspond to the Fig. 6.1, Fig. 6.2, and Fig. 6.3. 

in frequency between the main peak and the sideband corresponds to the 
~nergy asciilation in the potential wel!. The higher frequency sideband is 
energetically unfavourable and is not generated. 

The frequency of maximum linear gain, the frequency of the main peak 
to which the microwave field evolves as well as the total outcoupled power 
and the outcoupled power in the main peak are given in Table 6.1. When 
the FEM operates around 130 GHz, the power spectrum keeps ftuctuating. 
An appreciable part of the power is in h-vo sidebands. These peaks are 
equally spaeed at 6 GHz in the spectrum. In literature [l.]-[3], the larger 
peak is attributed to a sideband, while the other is said to be generated 
by the so-called 'frequency doubling mechanism' . These numerical results in 
these Refs. are obtained with long undulators, in which the electrons perform 
many synchrotron oscillations. In the FEM, however, the electrans perfarm 
less than a full synchrotron oscillation. 

When the FE\11 operates around 200 GHz, see Fig. 6.2, the spectrum 
has similar characteristics as for operation around 130 GHz. For operation 
around 250 GHz, see Fig. 6.3, the power spectrum setties down towarcl a 
spectrum that consists of two quasi-stabie narrow peaks. Note that during 
pass 180 to pass 200, the main peak shifts towards a lower frequency. The 
visual effect of this shift in the figure is that it appears as if the power drops. 
The sideband follows this behaviour and the frequency spacing between the 
main peak and the sideband peak is kept constant. 

Upon camparing the present results with the results of simulations em
ploying a narrow profile of the reftection coefficient as are shown in Chapter 5, 
the following observations are made. The power spectrum is slightly less sta
bie and has a multi-peaked spectrum. Also these peaks are braader and the 
total outcoupled power may be changed. In the 130 GHz case, more power 
is coupled out as compared to the single-peaked spectrum of Fig. 5.3. For 
operation around 200 GHz and 250 GHz it is shown that distributing the 
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speetral power over a wide speetral domain decreases the total outcoupled 
power by 20% and 15% with respect to the single-peaked spect ra of Fig. 5.4 
and Fig. 5.5, respectively. The frequencies of the main peak in the power 
spectrum are about the same. We conclude that the narrow profi le of the re
ftection coefficient stabilises the power spectrum and confines the microwaVf' 
power within a single peaked spectrum. 
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Figure 6.4: Tbe (nonlinear) gain is indicated by tbe solid line. Tbe initia] 
power for tbe microwave field is for all frequency components 0.2 i\1W. Note 
that tbe nonlinear gain is depending on tbe initia] radiation power. The 
dasbed fiat line indicates the inverse reftection coefficient. Tbe outcoupled 
power at tbe end of tbe 200tb pass is indicated by tbe dasbed fine. 

We consider the initia! electron energy of 'Y = 4.424, i.e. operation around 
200 GHz. The solid line in Fig. 6.4 indicates the gain in the large-signa! 
regime, where we have taken as initia! power 0.2 MW. In this regime, the 
gain depends on the initia! power of the radiation field. The curve in Fig. 6.4 
is pointwise calculated in the single-frequency limit . The maximum in the 
gain curve is unchanged when the initia! power is increased. The horizontal 
dashed line is the inverse of the reftection coefficient. It is clear that in the 
single-frequency limit, the microwave field for frequencies that have larger 
gain than 3.4 saturates at higher power than 0.68 MW (3.4 x 0.2 MW) , and 
others at lower power. For example, the component at 190 GHz couples out 
only 4 kW after 10 passes. From Fig. 6.4 it is concluded that the peak in the 
power spectrum is not at the frequency of maximum linear gain and not at 
the frequency of maximum nonlinear gain. It bas shifted to 1 GHz below the 
frequency of maximum nonlinear gain. A result that is revealed only by the 
use of a multi-frequency code. Furthermore, the frequency components at the 
lower frequencies than 192 G Hz would never grow to the present power levels 
in the single-frequency limit. T he power at these frequencies ( <192 GHz) 
only grow because of nonlinear feeding of the main peak. 
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6.2.1 Single-Seetion Undulator 

The speetral evolution of the microwave field generated by the first section 
of the undulator alone is represented on the right in Fig. 6.3. The dasheel 
line represents the gain as a function of frequency in the small-signal regime. 
The linear gain has a maximum of 6.4 at 198 GHz. The total outcoupled 
power per pass grows quickly to a maximum around pass 40. Then the 
outcoupled power is 0.70 MW per pass and remains unchangecl. Tlw power 
spectrum narrows toward a peak positioned at the frequency of maximum 
linear gain. This process continues in time. The electrans do not overbunch 
and no sidebancl is generated. The outcoupled power at the end of thP 150th 
pass is indicated by the soliel line. Almost all power is in the main peak. 
The efficiency, i.e. the ratio of generated power over initia! power of the 
electrons, is 2.75% at saturation. This value is close to the estimated value 
in Section 2.3.2. 
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Figure 6.5: In the figure on the le ft, the linear gain curve of the first section 
acting as a undulator is indicated by the dasbed line. The outcoupled power 
after 150 roundtrips is indicated by the solid line. In the figure on the right, 
the outcoupled power per pass during the first 150 roundtrips is plotted. 

Also in the case of a single section undulator, upon camparing Fig. 6.5 
and Fig. 4.8, it is concluded that the space-charge fields reduce the gain. 
In the case the space-charge forces are disregarded (Fig. 4.8), the electrons 
overbunch at the end of the undulator and a large sideband is generated . On 
the other hand, adding the second section, see Fig. 6.2, also increases the 
gain with the result that the power spectrum is less stabie and a sideband is 
generated. 
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Figure 6.6: The solid line is the linear gain curve of the step-tapered undula
tor. The dashed and dotted lines are the linear gain curves for the first and 
second section separately, respectively. 

6.3 The influence of DC-forces 

In this Sect ion, we present results of simulations disregarding the DC-forces 
in the case of a frequency-independent profile of the reflection coefficient . 
What we cal! DC-forces are the effective equilibrium Lorentz forces as are 
described in Section 2.2.1. These radial forces play no direct role in the 
generation of the ponderomotive wel!. However, indirectly they do influence 
the interaction because the betatron oscillation and the radius of the electron 
beam are modified. Since in the presence of these DC-forces the electron 
beam is on average larger, the radius of the electron beam is chosen to be 
smaller, 0.92 mm. The effect of the DC-forces on the electron beam radius 
and the betatron oscillation is shown in Fig. 2.1. 

The solid line in Fig 6.6 is the linear gain curve in the absence of DC
forces. The dasbed and dotted lines are the linear gain curves for the first 
and second section separately, respectively. The main peak is dominated 
by the first section. As compared to the linear gain curve where also the 
fast asciilating space-charge fields are disregarded, see Fig. 4.2, t he gain has 
dropped from 40 to 7.5. As compared with the linear gain curve including 
the DC-forces (see Fig. 5.1) , the maximum linear gainis a little larger. 

The temporal evolution of t he power spectrum is shown in Fig. 6.7. The 
outcoupled power at the end of each pass is plotted from pass 10 to 90. Be
cause of the high linear gain, the system quickly reaches high power levels. 
The power spectrum of the microwave beam evolves towards a single, pro
nounced peak. At the end of the 90th pass, this peak couples out 1.0 MW 
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Figure 6.7: The evolution of the power spectrum, from pass 10 to 90 in the 
case the longitudinal space-charge fields are included and the DG-force is dis
regarded. The reflection coefficient is wavelength independent; the gaplength 
is 1 ~ Àu. In the tigure on the right , the outcoupled power alter 90 passes is 
shown as a function of frequency for the cases the DC-forces are whether or 
not disregarded. 

within a 4 GHz frequency interval. The corresponding electron efficiency is 
5.5%. At the end of the first section 3.7% of the init ia! electron energy is 
transferred into microwave energy. 

The single peaked spectrum is in contrast with t he one when also the 
fast oscillating space-charge forces are omitted, see Fig. 4.4. In the latter 
case, a substantial sideband is generated at the lower frequency side. This 
shows that the longitudinal space-charge forces counteract the bunching pro
cess and, hence, reduce the gain. The reduction of the gain is favourable 
for the generation of single-peaked power spectra. T he design parameters 
are such that with fast oscillating space-charge forces, the local growth of 
the microwave power in the first as in the second section leads to half a 
synchrotron oscillation of the electrons, while in the case where these space
charge fields are disregarded t he electrans tend to perfarm more than half a 
synchrotron oscillation in the potential well, see Fig. 4.4. The latter is always 
accompanied by sideband generation. 

In the figure on the right in Fig. 6.7, the spectra generated with and 
without the DC-forces are shown after the lOOth pass. The total outcou
pled power is approximately the same in both cases, 1.20 MW and 1.26 MW, 
respectively, and the main peaks in the power spectra are generated at the 
same frequency. 
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6.4 Discussion 

In this Chapter it is shown that the amplitude and shape of t he profile of 
the refiection coefficient have large infiuence on the power spectrum. With a 
broad profile, the power spectrum is less stabie and evolves toward a multi
peaked spectrum. The profile of the refiection coefficient stabilises t he power 
spectrum and suppresses the sidebands, provided that the maximum reflec
tion is placed at the proper frequency. Employing a broad reftection profile, 
the output power exceeds the 1 MW level and the width in frequency of th<' 
signa! is of the order of 15-20 GHz, which is a power spectrum consisting of 
multiple narrow peaks. These peaks appear at lm-ver frequencies than tlw 
one of the main peak in the power spectrum. At higher frequenc ies than the 
frequency of the main peak , the power spectrum is completely suppressecl. 
It has been discussed that the sideband is associated with the overbunching 
of the electrons. This suggests that a reduction of the refiection coefficient 
wil! prevent sidebands to appear. Incleed, numerical simulations have shovvn 
that for operation between 200 GHz and 250 GHz the sidebancl does not ap
pear when the frequency independent reftection coefficient is 25% or less. 
For example, for operation around 200 GHz, the generateel spectrum with 
lower refiection coefficient generates a narrow, single-peaked power spectrum 
that couples out 1.1 MW at 25% refiection and 0.85 MW at 20% refiection . 
The same behaviour of the power spectrum is observecl for operation near 
250 GHz. For operation around 130 GHz, the frequency independent reflec
tion coefficient must decrease to 15% in order to confine the power spectrum 
to a single peak. 

Another suggestion to stabilise the generateel power spectrum while us
ing a frequency independent reflection coefficient is to vary the length of the 
fieldfree gap between the two sections of the step-tapered unclulator. The 
gain depends on the length of the gap, and, generally, the value of the max
imum gain decreases when the length differs from 1 Pu· The effect of the 
lower gain is indeed a stabilising influence on the power spectrum. In this 
context, we would like to show a final result, where the FEM operates arouncl 
130 GHz with a frequency independent reflection coefficient and a gaplength 
of l~Àu. This case may be compared with Fig. 6.1. The power spectrum is 
quasi-stable: the power spectrum hardly changes from pass to pass (like in 
Fig. 6.3), and there are multiple narrow peaks. This would be an example of 
stabie three-colour operation. 

In this Chapter we have also analysed the infiuence of the two types of 
space-charge forces, the fast oscillating space-charge force and the DC-force . 
The fast oscillating space-charge fields counteract the bunching process and 
reduce the gain. This has a stabilising effect on the power spectrum. At 
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Figure 6.8: The quasi-stabie power spectrum for a frequency independent 
refiection coefficient and a gaplength of 1 ~ Àu. The initia] electron energy is 
"'(=3.71. 

saturation, the electrans are less overbunched at the end of the first section 
as wel! as at the end of the second section, so that the generation of sidebands 
is reduced. On average, the DC-forces lead to a larger radius for the electron 
beam. Also the betatron asciilation is modifi.ed by these farces. These DC
forces do not modify the ponderomotive potential well, but they have quite 
an infl.uence on the power spectrum. Although the outcoupled power and the 
position of the main peak change marginally, the generated spectrum when 
disregarding these farces is much narrower with respect to the full simulation. 

We mention here that when the frequency dependent reflection coeffi
cient is considered and the DC-forces are disregarded, the power spectrum 
converges quickly towards a stabie single peak. The maximum of the pro
file of the refl.ection coefficient must coincide with the position of the main 
peak in Fig. 6.7. The power spectrum in the stabie regime couples ou t ap
proximately the same power as was found including all space-charge farces , 
see Fig. 5.4. The single peak in the spectrum couples out 1.4 Ylv\' per pass 
within a frequency interval of 5 GHz. 
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Summary 

The Free-Electron Maser (FEM) is a souree of intense, tuneable, mi
crowave radiation . The active medium of a free-electron maser is a high
energy electron beam, that is deftected by the periadie force of an undulator. 
The periadie magnetic field of the undulator tagether with the microwave 
field generate a periadie potential wel! for the electrons. In this potential wel! 
the electrans are trapped. As the electrans emit radiation and loose energy, 
they become localised toward the bottorn of the potential wel!. As a result, 
the electron beam density is periodically perturbed. This 'bunching' causes 
the emitted radiation to approximately add in phase. This process leads to 
the stimulated emission of radiation. When the density of the electron beam 
is large, the interaction becomes more complicated. The conesponding lon
gitudinal space-charge field has the largest effect on the interaction. This 
field causes an outward force on the electrans in the bunches. Therefore, this 
field counteracts the bunching process. Another effect of the density is the 
DC-force that is associated with the equilibrium current density. This force 
causes the cross section of the electron beam to be larger on average and 
modifles the betatron oscillations. 

The first FEM is currently being constructed at the FOM-Institute for 
plasma physics 'Rijnhuizen' . The generated microwave radiation wil! be usecl 
for heating of magnetised plasmas. For the FEM to be a success, generation 
of high power microwave radiation within a smal! frequency bandwidth is 
crucial. There are many reasans why an investigation of the speetral be
haviour of the FEM is necessary. An important reason is that the FEM 
is equipped with a step-tapered undulator, consisting of two sections with 
different strengths and lengths that are separated by a field free gap. This 
undulator can provide high efficiency at high output power, but the different 
resonance conditions in the two sections might lead to multi-pea.ked power 
spectra. The FEM is equipped with a low-quality cavity for the microwave 
field, that couples out 71% of the microwave power each roundtrip. 

We have developed a multi-frequency model of the FE.tvl. The salution 
is numerically determined by means of a newly developed Multi-Frequency 
FEM code that is called MFF. This code calculates the elect ron trajectories 
in the six-dimensional phase-space in the presence of the microwave field and 
all relevant space-charge fields. The latter fields consist of the longitudinal, 
fast asciilating space-charge fields that counteract the bunching process and 
the DC-forces associated with the equilibrium electron beam density. The 
equations are not averaged over an undulator period and slippage of the 
electrans with respect to the microwave field is included. 

The operating frequency of the microwave radiation can be acljusted over 
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the entire frequency range from 130 GHz to 250 GHz. This is accomplished 
by changing the electron energy and simultaneously adjusting the centre fre
quency of the profile of the reflection coefficient. :"Jumerical calculations of 
the FEM with the experimentally determined (narrow) profile of the refl.ec
tion coefficient are clone in the entire frequency range. lt is found that the 
power spectrum depends critically on the centre frequency of the profile of 
the refl.ection coefficient. In order to have most stabie operation with highest 
outcoupled power, this centre frequency must be put a few GHz below the 
frequency that corresponds to maximum linear gain. The generateel power 

· exceeds the 1 MW and the power is generated within a frequency range of 
a few percent of the central frequency. When the central frequency and the 
amplitude of the reflection coefficient is fixed, the operating frequency can 
be changed over a few percent by changing the electron energy. Experimen
tally, this can be clone within a few milliseconds. We have investigated the 
evaJution of the power spectrum when the electron energy is slight ly changed 
and the reflection coefficient is fixed. lt is found that a shift of the opPrating 
frequency by 2~% leads toa drop in efficiency of 20%. The outcoupled must 
remain more than 1 MW, this way, the operating frequency may be changed 
over 5%. 

The dynamics of the power spectrum generateel in the FEM is stuclied 
with and without the effects of the space-charge fields and with a frequency 
independent refl.ection coeffi.cient. In the small-signal regime, the microwavr 
radiation is generateel over a broad spectrum and the linear growth rate of 
the microwave power as a function of frequency has several peaks. The gain 
is quite large and the large-signa! regime is quickly reached. During t he 
transition from the small-signal to the large-signa! regime mode-competition 
occurs. At first, a peak is generateel in the power spectrum at the frequency 
of maximum linear gain. When the system enters the saturated regime, this 
peak shifts toward a lower frequency that is located around the frequency 
conesponding to maximum nonlinear gain. In the large-signa! regime, the 
power spectrum at frequencies larger than the one of the main peak is com
pletely suppressed in all cases. lt is observed that as soon as the electrans 
start to overbunch, i.e. the electrans start to absorb energy from the mi
crowave field, a large sideband is generated at the lower frequency side of 
the main peak. The behaviour of the multi-peaked power spectrum is inves
tigated as a function of some parameters, such as the reflection coefficient 
and the length of the gap between the two undulator sections. Reducing the 
refiection coefficient reduces the generation of the sidebands and stabilises 
the evolution of the power spectrum. 
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Spectraal Gedrag van Vrije-Electronen Masers 

In dit proefschrift worden aspecten van de vrije-electrenen maser (FEM) 
beschreven. Dit is een laser die millimeter straling maakt met een hoog 
vermogen. De straling wordt gemaakt door een bundel electronen door een 
periodieke magnet ische structuur, de undulator, te sturen. De electronen 
hebben zo'n hoge energie dat ze bijna met de lichtsnelheid bewegen . Hier
door kunnen de electronen even snel bewegen als de potentiaal put, die is 
gevormd door de gecombineerde velden van de undulator en de millimeter 
straling. Als de electronen door de versnelde beweging stralen, verliezen ze 
energie en vallen naar de bodem van de potentiaalput. De hiermee samen
hangende klontering van de electrenen zorgt ervoor dat de fase van de door 
de individuele electronen uitgezonden straling ongeveer dezelfde is . Dit leidt 
tot 'gestimuleerde' emissie. Als de electrenen dichtheid groot is , treden er 
complicerende effecten op. De grootste invloed op de interactie is van het 
longitudina le ruimteladings veld . De hiermee samenhangende kracht drijft 
de geklonterde electrenen uit elkaar. De vorming van straling wordt dus 
tegengewerkt. Een andere invloed van de dichtheid is de DC-kracht, die 
samenhangt met de evenwichtsdichtheid van de electron bundel. Deze DC
kracht maakt de electronbundel gemiddeld breder. 

De eerste FEM wordt gebouwd op het FOM-Instituut voor Plasmafysica 
' Rijnhuizen '. De straling zal worden gebruikt voor de verhitting van mag
netisch opgesloten plasma's. Hiertoe is het belangrijk dat de straling van 
de FEM in een nauwe frequentie bandbreedte wordt geëmiteerd . Er zijn 
redenen om aan te nemen dat de FEM wel eens een breed spectrum zou 
kunnen genereren. Zo wordt bijvoorbeeld in de FEM een undulator gebruikt 
die bestaat uit twee losse undulatoren met verschillende sterkte en lengte, 
welke zijn gescheiden door een gat zonder magneetveld. De twee delen van 
de undulator hebben verschillende resonantiefrequent ies, waardoor een spec
trum zou kunnen worden gemaakt bestaande uit meerdere pieken. Om de 
evolutie van het vermogensspectrum te bestuderen hebben wij een multifre
quentie model gemaakt. De oplossing van dit model wordt numeriek bepaald 
door middel van een simulatieprogramma dat door ons is ontwikkeld . Dit 
programma berekent de gegenereerde electromagnetische velden en de ba
nen die de electrenen beschrijven in de driedimensionale ruimte. De velden 
bestaan uit zowel het stralingsveld als uit alle relevante ruimteladingsvelden. 

Het spectrale gedrag van de vrije electrenen maser is bestudeerd met 
een frequentie-onafhankelijke reflectiecoëfficiënt. In het laagvermogen regime 
wordt st raling gegenereerd over een breed spectrum. De lineaire groeisnel
heid van het microgolfvermogen als funct ie van de frequentie heeft meerdere 
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pieken. Bij hoger vermogen wordt de groei niet-lineair en treedt er heftige 
competitie tussen de diverse frequentie componenten op. Bij het opstarten 
van de FEM wordt eerst een piek in het vermogensspectrum gegenereerd bij 
de frequentie met maximale lineaire groei . Bij hoog vermogen verschuift deze 
piek naar lagere frequenties. Zodra de electronen de maximale energie hebben 
afgegeven en dan weer energie van het stralingsveld gaan absorberen, wordt er 
naast de nauwe piek in het spectrale vermogen ook een zijband gegenereerd . 
Het vermogen in deze parasitaire piek kan groeien tot een kwart van het to
tale vermogen. Er is onderzocht hoe deze parasitaire piek zou kunnen worden 
onderdrukt. Dit kan bijvoorbeeld worden gedaan door de reflectiecoëfficiënt 
te verlagen. 

De frequentie waarop de FEM werkt kan worden gevarieerd in het fre
quentie interval van 130 GHz -250 GHz. Hiertoe moet zovvel de energie van de 
electronen als de centrale frequentie van het profiel van de reflectiecoëfficiënt 
worden aangepast. Er zijn simulaties gedaan die het experimenteel gemeten 
profiel voor de reflectiecoëfficiënt gebruiken. Deze simulaties voorspellen dat 
de FEM in het hele domein van 130 GHztot 250 GHzstraling genereert in een 
nauwe, enkele piek in het vermogensspectrum. Het uitgekoppelde vermogen 
komt ruim boven de 1 MW. Als de FE:\1 inderdaad dit vermogensspectrum 
gaat genereren zou dat een zeer succesvolle werking van het apparaat zijn. 
De positie van het profiel voor de reflectiecoëfficiënt is kritisch voor een sta
biele en optimale werking van de FEM. De centrale frequentie van het profiel 
moet een paar GHz lager worden geplaatst dan de frequentie waarbij maxi
male lineaire groei optreedt. Experimenteel kan een zeer snelle verandering 
van de frequentie binnen millisecondes worden bereikt door alleen de electron 
energie te varieren. Op deze manier blijft de reflectiecoëfficiënt onveranderd 
en kan de frequentie waarop de FEJ\t[ werkt. worden versteld. Dit gaat wel ten 
koste van het uitgekoppelde vermogen, want een verandering van frequent ie 
van 2~% leidt tot een afname van het uitgekoppelde vermogen met 20%. Als 
wordt verlangd dat de FEM meer dan 1 MW moet blijven leveren, kan de 
frequentie op deze manier met maximaal 5% worden veranderd. 
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-I-

De tweede sectie van de undulator van de FOM-FEM is belangrijk als ver
sterker van de straling die is gegenereerd in de eerste sectie. In verzadiging 
wordt het spectrale vermogen nabij de resonante frequentie van de tweede 
sectie altijd onderdrukt door de interactie. In tegenstelling tot beweringen 
van A.A. Varfolomeev and T.V. Yarovoi zijn de pieken in de lineaire gain 
kromme nabij deze frequentie niet van belang voor het spectrale gedrag bij 
verzadiging. 

A.A. Varfolomeev and T .V. Yarovoi, FEL grun as a function ofphase displacement induced 
by undulator intersection gaps Nucl. Instr. and Meth. A 375 (1996) 352; 

Dit proefschrift, hoofdstukken 4, 5 en 6. 

-II-

Als het spectrale gedrag van de FOM-FEM overeenkomt met de voorspel
lingen die zijn beschreven in dit proefschrift , betekent dit een gezamenlijk 
succes voor dit proefschrift en voor de FOM-FEM. 

Dit proefschrift. 

-III-

De FOM-FEM werkt in een gebied tussen de Campton en de Raman limiet. 
Er is een verschil tussen de frequenties corresponderend met maximale groei 
in het laag-vermogen gebied en maximale groei in het hoog-vermogen gebied 
van de FEM. Dit verschil neemt toe wanneer de frequentie waarmee de FOM
FEM werkt hoger wordt. In de Campton limiet zou dit andersom zijn. De 
verklaring voor dit effect kan worden toegeschreven aan de mate waarin de 
ruimteladingskrachten belangrijk zijn. 

Dit proefschrift, hoofdstukken 2 en 5. 

-IV-

Het nauwe frequentieprofiel van de reflectiecoefficient van de FOM-FEM is 
essentieel voor het opwekken van straling binnen een enkele, nauwe piek 
in het vermogensspectrum. Dit profiel is tevens de oorzaak dat de snelle 
verstembaarheid van de FOM-FEM (binnen microsecondes) is beperkt t.ot 
5% van de werkfrequentie. 

Dit proefschrift, hoofdstuk 5. 



-V-

Het computersysteem van het Regionaal Bureau voor de Arbeidsvoorziening 
kan niet worden beveiligd tegen oneigenlijk gebruik zolang een werknemer 
van het RBA onder de ogen van (toekomstige) uitkeringsgerechtigden zijn 
naam en wachtwoord invoert. 

-VI-

Resultaten van numerieke berekeningen die vanwege vertrouwelijkheid van 
het computerprogramma en het onderliggende model niet nagerekend kun
nen worden door derden dienen te worden afgewezen voor wetenschappelijke 
publicatie. 

-VII-

Eerbiediging van de persoonlijke levenssfeer is een grondrecht. Het is niet zo 
zeer de voortgaande technische ontwikkeling die een gevaar vormt voor depri
vacy van sommige in Nederland verblijvende personen, als wel de wetgeving 
die steeds meer een inbreuk op de privacy mogelijk maakt. 

-VIII-

Het streven van banken om 'global players' te worden leidt tot het veronacht
zamen van de wensen van de individuele cliënt en speelt derhalve gespe
cialiseerde banken in de kaart. 

P. Jagersma, TI-ouw, 14-9-1995 

-IX-

Het openbaar ministerie is bereid grote sommen geld te betalen aan kroon
getuigen in strafzaken. Als reactie hierop is inmiddels ook een verdachte 
hiertoe bereid. Los van het feit dat het betalen van getuigen tot meineed zou 
kunnen leiden werkt deze ontwikkeling klassejustitie in de hand. 

-X-

Eigen waarneming heeft bevestigd dat in de Amsterdam Arena de kwaliteit 
van de grasmat en de aanmoedigingen van de supporters benedenmaats 
zijn. Opzwepend enthousiasme van het publiek zal de voetbalspelers vleugels 
geven. Dit zal de grasmat ten goede komen. 




