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Summary 

Gas-solid fluidization is an important operation in many industrial processes. A good 

understanding of the underlying phenomena in the fluidized beds can help in the optimal 

design, operation and scale-up of these processes. Although laboratory experiments can in 

principle be performed to study these processes, the experiments can be prohibitively 

expensive and key parameters can be very difficult to measure. Moreover, tremendous 

challenges are encountered in scaling up the results in laboratory experiments and pilot 

plants. Computational Fluid Dynamics can serve as a veritable tool for the design, 

optimization and scale-up of fluidized beds.  

In order to improve the simulation of engineering scale fluidized beds, a detailed Discrete 

Element Method (DEM) and some recently developed continuum-based models have 

been used to study the fluidization dynamics in several unary, binary and ternary pseudo 

2-dimensional beds. Furthermore, a new Digital Image Analysis experimental technique 

has been developed for studying pseudo 2-dimensional fluidization. The modeling and 

experimental studies  have focused on the bubbling and segregation dynamics in beds 

containing relatively large and dense particles that fall within the Geldart Group D.   

A recently developed continuum-based Multi-Fluid Model has been tested by making an 

extensive comparison with the results obtained from a more established Two-Fluid Model 

(TFM) and the DEM. In the analyses, the MFM model gave quite similar trends and 

values for the average particle height. It was also demonstrated that the MFM give similar 

granular temperatures when the parameter of the maximum packing fraction, max

s ,  in the 

bed was set to 0.60.  Furthermore, the sensitivities of the new MFM to key simulation 

parameters such as the restitution coefficient, fluidization velocity, max

s , and some drag 

relations have been examined. By assessing the average particle heights and axial 

segregation in simulated beds, the MFM was found to be sensitive to max

s , a key input 

for the radial distribution function, and which is unknown a priori. DEM simulations 

show that the maximum packing fraction is dependent on the local mixture composition. 

New schemes were implemented in an attempt to address the strong dependence of the 

bed dynamics in the MFM on max

s  by setting the maximum packing states in the Eulerian 

cells of the MFM as a function of the local mixture composition. However, this 

implementation resulted in segregation rates that were below experimental values. 



 

Bubbles are often found in different areas of fluidized beds. The dynamics of these voids 

are responsible for the solids agitation and the accompanying favorable heat and mass 

transfer characteristics of fluidized beds, and therefore it is necessary that the dynamics 

are well understood.  A systematic theoretical study has been conducted to study the 

effect of particle size and injection rate on the bubble growth process in incipiently 

fluidized beds. Theoretical results obtained for DEM simulations of pseudo-2D beds were 

compared with predictions from approximate models reported in the literature, the TFM 

and laboratory experiments. The Caram and Hsu model, which is an approximate model, 

gave a fairly good description of the trend of bubble size and the superficial gas velocities 

with time when the change in bubble boundary (defined by the gas voidage) with 

injection rate was taken into account. The DEM bubble size was found to be sensitive to 

the value of the gas void fraction defining the contour of the bubble boundary. Higher 

injection rates gave larger bubbles and a small change in leakage rate. The detachment 

time for the DEM bubbles seemed independent of particle size and injection rate when the 

bed width was small and predictions from the DEM were consistent with those from the 

TFM. 

In addition to information on the behavior of bubbles, the dynamics of mixing and 

segregation is often required because of its importance in describing physical and 

chemical processes involving fluidized suspensions. The enhanced capacities of state-of-

the-art photographic instruments have been adopted in a new Digital Image Analysis 

(DIA) technique for the evaluation of local compositions and degrees of segregation in 

lab-scale pseudo-2D gas-solid fluidized beds on the basis of the distinct color the particles 

represent in pixels. The newly developed technique permits the simultaneous evaluation 

of bed height and bubble size and position, and the reproducibility of test measurements 

was found to be satisfactory. Furthermore, the extents of segregation in snapshots from 

Discrete Element Method (DEM) simulations, evaluated using the new technique, were 

found to be in good agreement with exact values calculated from the individual particle 

positions in the DEM.  

A set of new fluidization experiments have been carried out using the newly developed 

DIA technique for some binary and ternary mixtures of solid glass particles. A (mean) 

height index has also been introduced to augment an established axial segregation index, 

providing more details about the segregation dynamics of ternary systems. Experiments 

reveal that while the binary systems could segregate slightly at fluidization velocities 

exceeding the incipient velocities of the individual components, the ternary mixture 

becomes well mixed at velocities even well below the incipient velocity of the largest 

particles. 



 

   

Finally, from extensive comparisons between results from experiments and the 

hydrodynamic models, it was concluded that the DEM was found to predict reliably the 

segregation rates for some bed conditions, particularly for low beds, when an appropriate 

gas-particle drag relation, which accounts for the effect of polydispersity, was 

implemented. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 



 

   

Samenvatting 

Dynamica van Pseudo-2D wervelbedden: een experimentele en modeleringsstudie 

Gas-vast fluïdisatie is een belangrijke operatie in veel industriële processen en een goed 

begrip van de onderliggende verschijnselen in wervelbedden kan helpen om te komen tot 

een optimaal ontwerp, operatie en opschaling van deze processen. Hoewel experimenten 

in principe uitgevoerd kunnen worden om deze processen te bestuderen, kunnen deze erg 

duur worden en daarnaast zijn sommige belangrijke parameters moeilijk te meten. 

Belangrijker nog zijn de moeilijkheden die gepaard gaan met het opschalen van resultaten 

uit het lab naar pilot plants. Numerieke modellen kunnen simulatie dienen als een handvat 

voor ontwerp, optimalisatie en opschaling van wervelbedden. 

Om de simulatie van wervelbedden te verbeteren is er gebruik gemaakt van een 

gedetailleerde discrete elementen methode (DEM) en een recent ontwikkeld 

continuümmodel. Deze modellen zijn gebruikt om de dynamica te bestuderen van unaire, 

binaire en ternaire pseudo tweedimensionale wervelbedden. Verder is een nieuwe digitale 

beeldanalyse techniek ontwikkeld voor het bestuderen van pseudo tweedimensionale 

fluïdisatie. Deze studie is gericht op het bellen- en ontmenggedrag in wervelbedden met 

relatief grote en compacte deeltjes uit Geldart klasse D. 

Een recent ontwikkeld “Multi-Fluid Model” (MFM), gebaseerd op continuümmodellen, is 

getest aan de hand van een uitgebreide vergelijking met resultaten van het conventionele 

“Two Fluid Model” (TFM) en DEM. Het MFM gaf vergelijkbare resultaten voor de 

gemiddelde bed hoogte. Ook is aangetoond dat het MFM een vergelijkbare granulaire 

temperatuur levert voor een maximum pakking fractie van het bed van ε
max

 = 0.60. De 

gevoeligheid van het nieuwe MFM voor belangrijke simulatieparameters zoals 

restitutiecoëfficiënt, fluïdisatiesnelheid,  ε
max

 en verscheidene vergelijkingen voor de 

luchtweerstand zijn onderzocht. Uit analyse van de gemiddelde bedhoogte en axiale 

ontmenging in de gesimuleerde wervelbedden blijkt dat het MFM gevoelig is voor ε
max

, 

welke van te voren onbekend is en belangrijk is voor de radiale distributie functie. DEM 

simulaties laten zien dat de maximale pakking fractie afhankelijk is van de lokale 

compositie van het mengsel. Nieuwe schema’s zijn ingevoerd om de sterke 

afhankelijkheid van het MFM van ε
max

 te incorporeren, door de maximum pakking fractie 

in de Euleriaanse cellen van het MFM afhankelijk te maken van de lokale compositie van 

het mengsel. Dit heeft echter tot lagere ontmengingssnelheden geleid dan in de 

experimenten. 



 

Bellen worden op heel verschillende locaties in het bed gevonden. De dynamica van deze 

bellen is verantwoordelijk voor de menging van de deeltjes en de bijbehorende gunstige 

warmte- en stofoverdrachtskarakteristieken in wervelbedden. Het is daarom noodzakelijk 

om de dynamica goed te begrijpen. Een systematische en theoretische studie van de 

effecten van deeltjesgrootte en belinjectiesnelheid op het groeiproces van de bellen in 

wervelbedden is uitgevoerd. De resultaten verkregen met de DEM simulaties van pseudo-

2D bedden zijn vergeleken met voorspellingen van benaderende modellen uit de 

literatuur, het TFM en experimenten. Het Caram en Hsu model, een benaderend model, 

gaf een vrij goede beschrijving van de trend van bellengrootte versus superficiële 

gassnelheid als functie van de tijd, wanneer de verandering van het bellen-interface 

(gedefinieerd door de gasfractie) met injectie snelheid in acht werd genomen. De 

belgrootte in het DEM is gevoelig voor de drempelwaarde van de gasfractie die wordt 

gekozen als definitie voor het bel-interface. Hogere belinjectiesnelheden resulteerden in 

een grotere bel en een kleine verandering in de leksnelheid. De tijd van loslating voor 

bellen in het DEM lijkt onafhankelijk van de deeltjesgrootte en injectiesnelheid wanneer 

de breedte van het bed klein is. De voorspelling van het DEM zijn consistent met de 

voorspelling van het TFM.  

Naast de informatie over bellengedrag, is kennis van de dynamica van menging en 

ontmenging vaak nodig, vanwege het belang bij de beschrijving van fysische en 

chemische processen waarin gefluïdiseerde suspensies worden gebruikt. De verbeterde 

mogelijkheden van state-of-the-art digitale camera’s zijn gebruikt in de nieuwe digitale 

beeldanalyse (DIA) techniek voor de evaluatie van de lokale samenstelling en mate van 

ontmenging in een lab-schaal pseudo-2D gas-vast wervelbed op basis van de 

kenmerkende kleuren van deeltjes, weergegeven op pixelniveau. Deze nieuw ontwikkelde 

techniek laat de simultane studie toe van bedhoogte, belgrootte en -posities. De 

reproduceerbaarheid van de testmetingen bleek toereikend te zijn. Verder werd gevonden 

dat evaluatie van snapshots van de DEM simulaties, geanalyseerd met deze techniek, 

sterk overeenkomen met de exacte waarden berekend uit de individuele posities van de 

deeltjes in het DEM. 

Een nieuwe set fluïdisatie experimenten is uitgevoerd met de nieuwe DIA techniek voor 

een aantal binaire en ternaire mengsels van glasdeeltjes. Een (gemiddelde) hoogte index is 

geïntroduceerd om de segregatie index te verbeteren, om meer inzicht te krijgen in de 

ontmengingsdynamica van ternaire systemen. De experimenten laten zien dat hoewel 

binaire systemen in staat zijn om licht te ontmengen bij fluïdisatiesnelheden boven de 

minimale fluïdisatiesnelheid van de individuele componenten, ternaire systemen goed 

gemengd zijn bij snelheden onder de minimale fluïdisatiesnelheid van de grootste 

deeltjes. 



 

   

Uit uitgebreide vergelijking tussen de resultaten van de experimenten en de 

hydrodynamische modellen is gebleken dat het DEM de ontmengingssnelheid 

betrouwbaar voorspelt, voornamelijk voor lage bedden, zolang een correcte 

luchtweerstandsvergelijking die de polydisperse effecten meeneemt gebruikt wordt. 
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General Introduction 

 

In the modeling of industrial scale fluidized beds, a multi-scale modeling strategy is often 

adopted. In principle, fundamental models can be used to study small-scale phenomena which can 

then be represented by closure equations in large-scale models. This thesis focuses on the use of 

detailed Discrete Element Models and continuum-based models for the simulation of fluidization, 

and the development of novel experimental techniques for probing pseudo 2-dimensional 

fluidization. The overview of the project is presented and the chapter is concluded with an outline 

of the thesis. 

 



 Introduction 

 

2 

1.1  Introduction 

Gas fluidization is a phenomenon in which an aggregate of solid particles is transformed 

into a fluid-like state through suspension in a gas. 

When gas is passed upwards at a low flow rate through a bed of particles, the fluid travels 

through a network of channels formed by the void spaces around the stationary particles 

in what is commonly referred to as a fixed bed. When the gas flow rate is increased, the 

particles move apart, with some vibrating and even moving in restricted regions, in what 

can be termed as an expanded bed. As the flow rate is increased further, a state in reached 

where all the particles are just suspended by the upward-flowing gas. The gas velocity at 

this point is known as the minimum or incipient fluidization velocity, and it is at this 

point that the drag force between the particle and the fluid just counteracts the weight of 

the particles. In this condition, the pressure drop through any section of the bed at this 

state becomes equal to the weight of the fluid and the particles in that section. 

When the gas flow rate is increased beyond what is required for minimum fluidization, 

instabilities in the bed may occur in the form of bubbles and channels. Increasing the gas 

rate further result in the formation of slugs, followed by a fast fluidization regime in 

which particle entrainment becomes pronounced, thus necessitating the use of cyclone for 

the recovery of the entrained particles. Some of the major bed states are illustrated 

schematically in Figure 1.1. 

 

 

Figure 1.1:  Fluidization regimes: (a.) homogeneous expansion (b.) bubbling (c.) slugging (d.) fast 
fluidization. 
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There are various types of fluidized beds depending on the mode of contacting in the bed. 

The major categories are: 

 Stationary or bubbling bed where low gas velocities are used with comparatively 

less agitation of the solids. 

 Circulating fluidized bed where higher velocities are used and entrained particles 

are collected and re-circulated. 

 Vibratory bed where, in addition to gas fluidization, the particles are further 

agitated with the aid of mechanical vibrators. 

 Flash reactor where the particles approach the velocity of gas. 

 Spouted bed where a jet of gas punches through the solids and thus transports 

particles to the top of the bed. 

These modes of contacting have some interesting features that are put to beneficial uses in 

many processes, which include the well-known Fluidized Catalytic Cracking (FCC) of oil 

in a riser reactor, granulation for powder production, and gas-phase polymerization of 

olefins. Fluidized beds offer a very high specific contact area between fluid and solid, and 

excellent solids mixing characteristics. Consequently, fluidized beds possess high heat 

and mass transfer rates when compared with other modes of contacting. The fluid-like 

flow of particles in the beds permits continuous operations that can be easily handled with 

automations. Hence, the beds are suitable for large-scale operations. 

However, fluidized bed operations are not without some drawbacks. The rapid mixing of 

particles in the bed can lead to large variance in the residence times of the solids in a 

reactor which can result in non-uniform products. Furthermore, some of the particles used 

in the bed are pulverized and carried away with the gas, and the particles in the bed may 

erode the walls of pipes and their containing vessels. Nevertheless, in many industrial 

processes, fluidized operations offer considerably better return on investments when its 

drawbacks are well understood and are overcome.     

 

1.2  Fluidization Dynamics 

The dynamics in a fluidized bed depends on the densities and sizes of its constituent 

particles. Large particles with high densities are more difficult to fluidize than smaller, 

less dense ones. Furthermore, for small particles, the particle-particle interaction forces 

play greater roles than in beds with mostly large particles. Geldart (1972) made an 

attempt to predict the behavior of fluidized beds by grouping particles on the basis of 
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solid-fluid density difference and particle size. Fluidization units can then be classified on 

the basis of the grouping. The systems studied in this thesis involve relatively large and 

dense particles that fall in the Geldart Group D.   

Deep beds containing Group D particles are well-known to fluidize with difficulty and to 

behave erratically. Food grains, coal and some metal ores are typical examples. Other 

main features of the beds containing Geldart group D particles include (Kunii et al., 

1991): 

 bubbles coalesce rapidly and grow to large size. 

 bubbles rise more slowly than the gas percolating through the surrounding 

emulsion phase. 

 the dense phase has a low voidage. 

 slugs are observed when bubble size approaches bed diameter. 

 they spout easily. 

Although they are undesirable in some physical and chemical processes because of 

handling problems, Group D particles are unavoidable in many operations involving 

agricultural products, chemical agglomerates and composite pellets.  

In order to improve the performance of the processes in actual systems, detailed 

knowledge about the distribution of the different solid species throughout the bed in 

different operations is required. The mechanism for bubble formation, bubble growth and 

particle segregations in fluidized beds are not well understood.  

While the basics of fluidization are simple, however, the dynamics of fluidization can be 

very intricate thus making it difficult to quantitatively predict bed performance. Process 

engineers have faced significant challenges in the design and scale-up of fluidized 

operations. Hence, the development of hydrodynamic models that reliably predicts the 

performance of fluidized beds will, no doubt, aid in the scale-up, design and optimization 

of many industrial processes. 

 

1.3  Hydrodynamic Models 

The fundamentals of the behavior of particulate materials in chemical process industries 

are not well understood. The use of computational methods based on first principles (that 

is, the fundamental physics of particle-particle and particle-gas interation) is an approach 

that is being explored to improve the knowledge of the underlying phenomena. With the 

increasing capacities of computer processors, which permits the implementation of more 
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and more details in simulation models, the virtual designs of complex multiphase systems 

is increasingly becoming more realistic. 

One of the key simulation tools is the Discrete Element Method (DEM). The DEM is a 

numerical technique introduced by Cundall et al. (1979) to study conditions in rock 

mechanics, but it has found wide applications in other fields involving granular materials.  

Newton’s laws of motion form the theoretical basis for the DEM. In the DEM, the total 

force acting on individual grains or particles in a granular medium is evaluated and the 

accelerations, velocities and positions that results from this force are tracked over a period 

of time. This is done without the use of meshes within the boundaries of the system which 

may or may not be stationary. Unlike in molecular dynamics, finite particle collisions and 

rotations are predominant in the DEM. The particle-particle collisions are modeled as 

either an event-driven hard sphere model or a time-step driven soft sphere model. 

Furthermore, unlike in continuum models, constitutive laws describing relationships 

between stresses and strains are not required in the DEM; in principle, the constitutive 

laws can even result from the DEM model. Consequently, the DEM is computationally 

intensive and thus require long times to simulate systems with a large number of particles. 

In order to study fluid-particle systems like fluidized beds, in which both the granular and 

fluid phases contribute significantly to the flow dynamics, the DEM is coupled with 

Computational Flow Dynamics (CFD) in what is commonly known as the Eulerian-

Lagrangian method. In this approach, the solid particles are modeled with DEM and the 

gas-phase is modeled with the CFD. A two-way coupling is then embedded to account for 

the effects of both phases on one another because of the comparatively high solid 

concentrations in the dense gas-solid beds. Although in principle there are three kinds of 

coupling (mass, momentum and energy coupling), only momentum coupling has been 

considered in the models used in this thesis because all the systems examined were 

isothermal without phase changes. 

The DEM is able to provide information on several parameters and properties of fluidized 

systems, such as [Bharadwaj, 2012]: the flow pattern, flow rates, velocity profiles, impact 

(and abrasive) forces, dead zones, mixing and segregation. 

Although DEM is clearly a useful tool for simulation of fluidized bed systems, it has 

considerable challenges in addition to its inherent computational limitations. In the DEM, 

particles are commonly represented as perfect spheres for simplicity and computational 

efficiency. However, studies have shown that the interlocking of non-spherical particles 

of arbitrary edges influences significantly the behavior of granular systems. Another 

concern is the assumption that the macro patterns in granular medium can be represented 

by various input parameters when the model is calibrated. It is often necessary to 
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ascertain the factors that are directly responsible for observed pattern since various 

combinations of parameters can results in similar observations. Furthermore, a specific 

combination of parameters might not work for all processes. Yet another concern is the 

validation of model results. Generally, model results are compared with experiments in 

terms of qualitative visualizations of flow patterns and quantitative representations of 

macroscopic features. In this approach, the sensitivity of the model results to input 

parameters like the coefficient of friction and restitution, and particle size, shape and 

densities are examined.  

Continuum models, such as the Two-Fluid Model (TFM) and the Multi-Fluid Model 

(MFM), serve as another powerful tool for simulation gas-solid systems. In the continuum 

models, the solid particles are considered as a separate continuum, like the gas phase, and 

the motion of particle is averaged out. The rheology of the solid phase is described by 

relations from Kinetic Theory of Granular Flow (KTGF) which is essentially an extension 

of the kinetic theory of dense gases to particulate systems, but unlike the kinetic theory of 

gases, particle-particle collisions can be inelastic. In the continuum models, the flow field 

is divided into a number of Eulerian cells which are larger than the particle size but small 

enough to resolve flow structures. Since the particles are not treated discretely, continuum 

models are more suitable for large systems compared to the DEM. 

Generally, in the design process for fluidized systems, a range of simulation models has 

to be deployed in a multi scale approach owing to the large separation of scales involved. 

For instance, the flow structures that have to be determined can be several orders of 

magnitude larger than the detailed particle-particle and particle-gas interactions on which 

the flow structures depend. Details like the closures describing the gas-particle interaction 

can be obtained from micro-scale models like Direct Numerical Simulation (DNS).  The 

relations from DNS can be used in models like the DEM and MFM which are on a larger 

scale. Similarly, effective particle-particle interactions can be sourced from the DEM for 

use in the MFM. On an even larger scale are phenomenological models which describe 

the particulate and bubble phases as a cascade of stirred tanks. Although more easily 

applied to industrial scale systems, the phenomenological models are mostly based on 

empirical data and thus face scaling challenges. Some key hydrodynamic models in the 

multi-scale approach are illustrated schematically in Figure 1.2. 

In this thesis, the focus has been on the development and application of DEM, TFM and 

MFM in the study of fluidized beds. These models are computationally less expensive 

than the DNS and they give much more details than the phenomenological models.  
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Figure 1.2:  Overview of hydrodynamic models for gas-solid fluidized beds, Left to Right: Direct 
Numerical Simulation, Discrete Element Method, Two-Fluid Model and Phenomenological Model 
(de Jong, 2012). 

 

1.4  Experimental Techniques 

For the models developed to be adjudged reliable, it is essential that they are subjected to 

a thorough verification and validation process in which the model results are compared 

with real systems. Generally, models are validated by comparing qualitative 

visualizations and the quantitative measurement of some macroscopic parameters with 

what is obtained in experiments. The experimental techniques fall into two broad 

categories: the intrusive techniques which can to some extent interfere with bed 

dynamics, and the non-intrusive ones which do not influence the bed behavior. In the 

experiments in this work, we make use of the non-intrusive techniques. For this, a new 

Digital Image Analysis technique, employing state-of-the-art photographic 

instrumentation, has been developed and used. Consequently, the beds studied in this 

thesis are pseudo 2-Dimensional (2D) for adequate visual access to the bed particles.  

  

1.5  Research objective 

The objective of this project is to develop, evaluate and use experiments and 

hydrodynamic models to study bubble formation, particle mixing and segregation, and 
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macro circulation patterns in fluidized beds, with particular focus on polydisperse 

systems. These are all aspects which are essential in the development of reliable models 

for industrial-scale fluidized bed reactors. 

Bubbles are found from time to time in different regions of fluidized beds. Because the 

dynamics of these voids are responsible for the solids agitation and the accompanying 

favorable heat and mass transfer characteristics of fluidized beds, it is necessary they are 

well understood. Detailed knowledge of bubble formation at an orifice in these beds will 

therefore help to develop reliable hydrodynamic models that can support the design and 

optimization of new processes and the improvement of existing ones.  

Towards the successful simulation of engineering scale fluidized beds, a recently 

developed continuum MFM is evaluated and characterized. Deficiencies in the model are 

identified and attempts are made to address them where possible. 

Furthermore, an improved Digital Image Analysis (DIA) experimental technique has been 

developed and utilized to study segregation in fluidized binary and ternary mixtures. In 

addition to getting more information about the segregation behavior of mixtures, these 

experiments are required because of the dearth of experimental data for the validation of 

the hydrodynamic models. Subsequently, the abilities of the DEM and MFM to predict 

the experimental bed behavior are examined.  

 

1.6  Thesis Outline 

This thesis contains: a detailed report of the activities that have been embarked upon in 

the utilization and development of the hydrodynamic models; and a comprehensive report 

on the experiments that have been conducted for the verification and validation of the 

models, and the understanding of fluidization behavior in general. The results obtained 

from the studies have been analyzed critically and logical conclusions have been arrived 

at from cogent reasoning. 

The next two chapters focus on the fundamentals of the modeling and experimental 

studies. In Chapter 2, key details of the DEM and the MFM (recently developed by van 

Sint Annaland et al., 2009), which have been used in subsequent chapters, is presented. 

However, this presentation is by no means exhaustive as focus has been on the details 

most relevant to the analyses in this thesis. The MFM has been characterized by checking 

its sensitivity to key simulation parameters such as the restitution coefficient, fluidization 

velocity, drag closure relations and the maximum packing fraction set for the radial 

distribution function.  Chapter 3 provides comprehensive information about the Digital 
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Image Analysis technique, which was newly developed from state-of-the-art 

instrumentation, for the study of bed dynamics in pseudo-2D beds. The extensive 

verification and validation procedure the technique was subjected to has also been 

presented. 

With the hydrodynamic models and experimental techniques necessary for the 

fluidization studies adequately discussed, the following Chapter 4 proceeds to examine 

the mechanism of bubble formation, a key feature in the dynamics of fluidization. This 

segment compares the bubble predictions from experiments with the DEM, TFM and 

some approximate models. 

Chapter 5 examines the capacities of the DEM and MFM in the prediction of segregation 

dynamics in fluidized beds containing binary mixtures. In the study, detailed comparison 

is made between the experimental results obtained by Goldschmidt et al. (2003) and the 

model results with special focus on the DEM. Furthermore, this chapter also examines the 

performance of the hydrodynamic models with regard to predicting the dynamics 

observed in some newly conducted binary experiments. Full details of the new 

experiments and the results analysis are presented in the following Chapter 6. This 

section contains results from studies conducted on binary and ternary mixtures. The 

results in Chapter 6 serve to address the dearth in experimental data for model validation.  

In general, to characterize the fluidization behavior of mixtures throughout the thesis, 

emphasis has been made on the extents of axial segregation and the index introduced by 

Goldschmidt et al. (2003) for segregation in binary systems has been used. For ternary 

systems (in Chapter 6), the index had to be redefined to account for the presence of the 

additional specie. 

It is the intent that this thesis is concise without the loss of relevant details. Suitable 

references have been provided regarding items that are not too critical to the 

understanding of the results and their analyses. 
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Characterization of a Multi-Fluid Model for 

Dense Gas-Solid Beds  

 

The continuum-based Multi-Fluid Model (MFM) recently developed by van Sint Annaland et al. 

(2009) has been compared with a more established Two-Fluid Model (TFM) and the Discrete 

Element Method (DEM). The MFM was found to give roughly the same values for the average 

particle height. It was also demonstrated that the model gave similar granular temperatures when 

the maximum packing fraction in the bed is 0.60.  

Furthermore, the sensitivity of the new MFM to restitution coefficient, fluidization velocity, 

maximum packing fraction, and some drag relations have been examined. The MFM was found to 

be quite sensitive to the maximum packing fraction, prescribed for the radial distribution 

function, a parameter which is not known a priori. DEM simulations show that the maximum 

packing fraction is in turn dependent on the local mixture composition. Simulations of bidisperse 

beds in which the maximum packing fraction in the Eulerian cells of the MFM were made a 

function of the local mixture composition gave extents of segregation that were below 

experimental values. 
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Notation 

a Sonine coefficient 

b Sonine coefficient 

c particle velocity, m/s 

Lc  volume fraction of large particle, dimensionless 

C  random fluctuating velocity of particle specie, m/s 

d  Sonine coefficient, diffusion force, N 

DEM Discrete Particle Model or Discrete Element Method 

e  coefficient of restitution, dimensionless 

f  particle velocity distribution function, s
3
/m

6
 

npf  pair distribution function, s
6
/m

12
 

F  force, N 

contactF  sum of all particle-particle forces, N 

externalF  sum of gravitational force, drag force and force resulting from pressure gradient, 

N 

g  acceleration due to gravity, m/s
2 

og  radial distribution function for monodisperse system, dimensionless 

npg  radial distribution function for mixture, dimensionless 

h  Sonine coefficient 

h  height, m 

ph   average height of component particles of  type p,  m 

I  unit tensor, dimensionless 

I  moment of inertia, kg m
2 

J  diffusion flux, kg/(m
2
s) 



Characterization of MFM 

 

13 

k  spring stiffness 

m  mass, kg 

MFM Multi-Fluid Model 

n  number of particles per unit volume, m
-3

; normal vector 

Ncells  number of Eulerian cells, dimensionless 

NP  number of phase components, dimensionless 

Npart  number of particles in bed, dimensionless 

,part k
N  total number of particles in cell k, dimensionless 

P  pressure, N/m
2
 

q  granular energy flux, kg/(ms) 

r  position, m 

R  radius, m 

s  extent of segregation, dimensionless  

S  Saturation, or actual degree of segregation, dimensionless 

maxS  maximum degree of segregation, dimensionless 

Sp  source term that describes the momentum exchange with the solid particles  

t  time, s 

T  torque, Nm 

TFM Two-Fluid Model 

u  continuum velocity vector, m/s 

su  ensemble average particle velocity, m/s 

Ubg fluidization (background) velocity, m/s 

V  volume, m
3
 

x   mass fraction of the particle, dimensionless 
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LX   mole fraction of large spheres, dimensionless 

Greek letters 

  inter-phase momentum transfer coefficient, kg/m
3
s 

np  collisional source 

  displacement, m 

g  volume fraction of the gas phase, dimensionless 

n  volume fraction of the solid phase, species n only, dimensionless 

s  volume fraction of the solid phase, dimensionless 

max

s  maximum particle fraction for radial distribution function, dimensionless 

  particle property 

rcp  random close packing fraction, dimensionless 

m  packing fraction in monodisperse system, dimensionless 

  dissipation of granular energy due to inelastic particle–particle collisions, 

kg/(ms3)  

  damping coefficient 

  pseudo-thermal conductivity, kg/m s 

  bulk viscosity, Pa.s;  large to small particle diameter ratio, dimensionless 

  shear viscosity, Pa.s 

f  coefficient of friction 

v  velocity, m/s 

  granular temperature, kg m
2
/s

2
 or m

2
/s

2
 

np  collisional flux 

  density, kg/m
3
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  particle diameter, m 

  stress tensor, Pa 

  angular velocity, rad/s 

  gradient of void fraction, dimensionless 

Subscripts 

g  gas 

large larger particle type 

n  normal, particle specie 

p  particle 

s  solid 

small  smaller particle type 

t tangential 

Superscript 

(1)  second approximation in Chapman-Enskog solution procedure 
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2.1  Introduction 

A reliable model for the dynamics of poly-disperse gas fluidized beds is essential to the 

design, development and optimization of many of their applications. These models should 

give an insight into the role of particle-fluid and particle-particle interaction in the 

fluidization behavior. Several attempts have been made to predict the dynamics of mono-

disperse and  bi-disperse gas fluidized bed using the Discrete Element Method (DEM), 

the Two Fluid Model (TFM) (for only monodisperse beds) and the Multi-Fluid Model 

(MFM). However, a comprehensive comparison of the granular temperatures, bed 

expansion, and the mixing and segregation rates in beds simulated with the models, have 

not yet been reported. The Multi Fluid Model (MFM), a continuum approach, is the most 

promising model for industrial-scale simulations, due to the computational limitations of 

the (in principle) more reliable and detailed DEM. In the MFM, which is basically an 

extension of the TFM (which consists of only one particulate phase), both the gas and 

particulate phases are treated as interpenetrating continua, with the rheology of the 

particulate phases described by closures derived from the Kinetic Theory of Granular 

Flow (KTGF). 

Several studies on the mixing and segregation behavior of bidisperse beds have been 

reported (Rowe and Nienow, 1976; Formisani et al., 2001; Goldschmidt et al., 2003). 

Marzocella et al. (2000) observed a defluidized bottom layer in their experiments on the 

segregation phenomenon and the transient fluidization of binary mixtures in a bubbling, 

segmented, fluidization column; also, Sun et al.  (2005) studied the distribution of mass 

fraction of rice husk along the height of a biomass fluidized bed containing rice husk-sand 

mixture. 

Increasing capacity of computers enabled the Eulerian-Langrangian simulation studies of 

segregation in bidisperse gas fluidized beds such as research conducted by Hoomans et al. 

(2000) and Bokkers et al. (2004). In their model, also known as the Discrete Element 

Model, Newton’s second law of motion is used for tracking the particles individually and 

the gas phase is solved using volume-averaged Navier-Stokes equations. Huilin et al. 

(2003) developed an Euler-Euler model to simulate the segregation patterns of a binary 

mixture differing in particle size but with the same density. In their model, both the gas 

and solid phases were treated as inter-penetrating continua. Distinct transport equations 

were used for each particle class with an allowance for interaction between the classes. 

Van Sint Annaland et al. (2009b), using a new set of closures in their MFM, were able to 

reproduce key phenomena in the bidisperse fluidization experiments conducted by 

Goldschmidt et al. (2003). However, due to the neglect of frictional stresses associated 

with long-term multiple-particle contacts, their model overestimated the mobility of the 

emulsion phase. 
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Since the particles in most industrial fluidized beds have continuous size distributions, 

rather than just a binary one, it is imperative to also conduct experiments that describe the 

hydrodynamics of such beds. Hoffmann and Romp (1991) performed experiments in a 

gas-solid fluidized bed with a continuous Particle Size Distribution (PSD). Wormsbecker 

et al. (2005) observed both vertical and horizontal segregation in their study of bimodal 

PSD of pharmaceutical granulate mixtures in a conical fluidized bed. 

Similarly, a few simulation studies on beds with continuous PSD have been reported. 

Using an Euler-Euler model and assuming a PSD can be represented as fixed discrete 

particle sizes, Mathiesen et al. (2000) studied the flow dynamics in a circulating fluidized 

bed. Also, Dahl and Hrenya (2005) used the hard-sphere DEM to investigate the 

segregation behavior in gas-solid fluidized beds with continuous size distribution. Fan 

and Fox (2008) used an Euler-Euler approach and the direct quadrature method of 

moments to investigate the segregation and mixing phenomena in binary systems and 

systems with continuous PSD. In their work, they were able to reproduce the segregation 

and mixing phenomena reported in the experiments conducted by Goldschmidt et al. 

(2003). Furthermore, in the comparison of their simulation results for continuous PSD 

with the work of Dahl and Hrenya (2005), they showed that their  MFM could reproduce 

the vertical segregation but not the horizontal segregation in the DEM.  

Recently, van Sint Annaland et al. (2009a) derived a new set of closure equations for the 

rheologic properties of dense gas-particle flows. Closure equations for a multi-component 

mixture of slightly inelastic spheres were derived to third-order accuracy using a 

Chapman-Enskog solution procedure of successive approximations. In the derivation, the 

particle velocity distribution of all species was assumed to be nearly Maxwellian around 

the particle mixture velocity with the particle mixture granular temperature. In the theory, 

differences in the mean velocities and granular temperatures of the particle species result 

from higher-order perturbation functions. A special effort was made to ensure 

thermodynamic consistency between the radial distribution function and the chemical 

potential of a hard sphere particle specie appearing in the diffusion driving force when 

applying the revised Enskog theory.  In the resulting closure equations, the rheologic 

properties of the particle mixture are explicitly described in terms of the particle mixture 

velocity and granular temperature, and the diffusion velocity and granular temperature of 

the individual particle phases are computed from the mixture properties. This was a major 

advantage in the numerical implementation of the model. 

In this work, the performance of the recently developed MFM with respect to the well 

established TFM (van der Hoef et al., 2006) has been studied, and the results from the 

MFM, TFM and DEM have been compared with one another for mono-disperse beds. 

The sensitivity of the MFM to restitution coefficients, fluidization velocity and maximum 
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packing fraction in relation to the TFM has also been examined. In addition, the influence 

of drag closure relations on the segregation and the granular temperature of the solid 

phases in bidisperse beds are reported. Furthermore, the solid phase expansion and 

granular temperatures in DEM simulations of bidisperse beds have been studied, and, 

more pertinently, the equi-partitioning of energy between the granular phases on a local 

scale in a fluidized bed, a key assumption in the MFM, has been demonstrated with the 

DEM. Finally, the effect of making the maximum packing fraction, in the Eulerian cells 

of the MFM, a function of cell composition is presented. 

 

2.2  The Discrete Element Method (DEM) 

The Discrete Element Method, also known as the Discrete Particle Model, is essentially 

an Euler-Lagrange model in which the gas phase is treated as a continuum and the 

particles are tracked individually by solving their Newtonian equations of motion with the 

incorporation of a collision model that accounts for the non-ideal particle-particle and/or 

particle-wall interactions. The major advantages of this model include the relative ease of 

incorporating an arbitrary distribution of particle properties and detailed particle-particle 

interaction models. However, the limitation in CPU capacity resource restricts the number 

of particles, and, consequently, system size, that can be simulated with the DEM.  

2.2.1 Gas Phase 

The gas phase in the DEM is described by a continuity Equation (2.1) and a volume-

averaged Navier-Stokes Equation (2.2). 
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      (2.2) 

where g , g , gP  and  g  are the porosity, density and pressure of the gas phase, and the 

gravitational acceleration respectively. The gas phase density is determined from the 

equation of state of an ideal gas. The source term, Sp , incorporating the momentum 

exchange between the gas and the particles is given by: 
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      (2.3) 

where the  -function ensures that the reaction force acts as a point force at the positions 

of the particles in the system.  
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The gas phase viscous stress tensor, g , is assumed to obey the Newtonian form (Bird et 

al., 1960) and is given by:   

   
2

3

T

g g g g gu u I u 
 

       
 

      (2.4) 

where g  is the shear viscosity of gas phase and I the unit tensor.  

2.2.2 Particle Dynamics 

The position and velocities of each particle in the DEM is computed using Newton’s 

second law of motion: 

p

p grav press drag contact

dv
m F F F F

dt
          (2.5) 

where pm and pv  denote the particle mass and velocity. The forces that act on the particle 

include the gravitational force, grav pF m g  , the force due to the gas phase pressure 

gradient, press p gF V P    , and the drag force exerted by the gas phase on the particle, 

  / (1 )drag p g p gF V u v    , where   represents the inter-phase momentum exchange 

coefficient. Note that the same parameter was also used in the source term of the Navier 

Stokes equation, and has to be specified by drag correlations. In literature, the drag 

correlation is often specified for the dimensionless drag force 

 / 3 ( )d g p g g pF F d u v          (2.6) 

 Thus in terms of F ,   becomes  

  218 1 /g g g pF d            (2.7)  

Finally, in Equation (2.5) the contact force, contactF , is the sum of  all individual contact 

forces exerted by all particles in contact with a specific particle under consideration . The 

contact force has been defined in this work by a time-step driven soft-sphere model rather 

than an event-driven hard-sphere model because of the frequent particle-particle 

collisions in the dense beds. In this model, which is based on the linear spring/ dash-pot 

model proposed by Cundall et al. (1979), the particles may overlap slightly and are 

displaced simultaneously and allow for multi-particle collisions. The contact forces are 

calculated from the amount of overlap between the particles and their relative velocities. 

For a given particle, a , under consideration, the contact force with respect to other b  

particles in contact with a  is given by: 

 , , ,contact a n ab t ab

b

F F F         (2.8) 

where ,n abF  and ,t abF  are the normal and tangential components of the contact forces.  
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In the soft-sphere model, in addition to the equation for translational motion (Equation 

2.5), the equation for rotational motion has to be solved: 

d
I T

dt


          (2.9) 

where I ,   and T are the moment of inertia, the angular velocity and the torque acting 

on the particle: 

22

5
p pI m R          (2.10) 

The torque is related to the tangential component of the contact force via: 

 ,a a ab t ab

b

T R n F          (2.11) 

Other key equations required to compute the contact forces between two colliding 

particles are listed in Table 2.1.  

Five parameters have to be predetermined in order to calculate the total contact force: the 

spring stiffness in the normal and tangential directions ( nk  and tk ), the coefficient of 

restitution in the normal and tangential directions ( ne  and te ) and the coefficient of 

friction, f (a parameter in the expression for contact force). The exact values of  

coefficients of restitution and friction, which account for energy dissipation, are 

determined from direct impact experiments while the appropriate values for the spring 

stiffness are evaluated from them (Table 2.1). It is important to realize that the spring 

stiffness is not a parameter related to the physical properties of the particles, but rather a 

model parameter so that some slight overlap is allowed. For computational reasons it 

should be set as low as possible. To reduce the simulation, neighbor lists are used for the 

collision detection. 

Table 2.1: Soft sphere model equations for contact force. 

Parameter Equation 

Normal displacement  n a b a bR R r r                               (T1-1) 

Tangential displacement 
  ,

o

t

t ab t

t
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Tangential damping coefficient 

2 2

2
2ln

7
0

ln
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2 0
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Normal vector unit 
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Tangential vector unit 
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Relative velocity between particles a and b     ab a b a a b b abv v v R R n     
    

(T1-8) 

Normal component of relative velocity  ,ab n ab ab abv v n n 
                               

(T1-9) 

Tangential component of relative velocity 
, ,ab t ab ab nv v v                                        (T1-10) 

Tangential spring stiffness 
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Normal contact time 
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Tangential contact time 
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B1, B2 7 1 1 1 1
,

2 a b a bm m m m

   
    

                        

(T1-14) 

Normal contact force 
, ,n ab n n ab n ab nF k n v                         (T1-15) 

Tangential contact forces  

       Sticking , ,t ab f n abF F  , ,t ab t t t ab tF k v                                 (T1-16)  

       Sliding   , ,t ab f n abF F  , ,t ab f n ab abF F t                               (T1-17) 
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2.3  The Multi-Fluid Model (MFM) 

The Multi-Fluid Model is essentially an Euler-Euler model in which both the gas phase 

and the solid phases are represented by Navier-Stokes equations. The closures for the 

pressure and viscosity of the solid phase follow from the Kinetic Theory of Granular 

Flow (KTGF) which is an extension of the standard kinetic theory of dense elastic 

spheres, taking into account that the kinetic energy in a granular medium is dissipated via 

inelastic particle-particle collisions. The effects of particle rotation and the Coulomb-type 

friction experienced during particle-particle contact as well as the effect of the 

surrounding gas are not included in the KTGF used in the MFM employed in this work. 

2.3.1 The Kinetic Theory Approach 

Ever since Bagnold (1954) applied the kinetic theory approach to granular flow, 

tremendous progress has been made by other researchers (Gidaspow, 1994). Ogawa, 

Umemura and Oshima (1980) suggested that the mechanical energy of granular flow is 

first transformed into random particle motion and then dissipated as internal energy. 

Savage et al. (1981) then discovered that the standard kinetic theory for dense system, as 

outlined in for example Chapman and Cowling (1970), could be applied after relating the 

fluctuating velocity of the random particle motion to the absolute value of the shear 

gradient.  Further development in the kinetic theory approach was made by Jenkins and 

Savage (1983), Shahinpour and Ahmadi (1983), Lun et al. (1984) and Johnson and 

Jackson (1987) where the effect of the restitution coefficient was introduced in the 

Boltzmann transport equation for dense gases. Subsequently, a number of investigators 

tried to include the drag into these equations to generalize the approach to multiphase 

flow (Syamlal, 1987; Ding et al., 1990).  

2.3.2 Model Equations 

The continuum models for granular systems were derived on the basis of the assumption 

that, like gases, the velocity distribution of the particles is nearly Maxwellian around its 

own mean velocity and granular temperature (Manger, 1996; Mathiesen, 1997; Huilin et 

al., 2000, 2001,  2003, 2007; Rahaman et al., 2003). 

In the Kinetic Theory of Granular Flow, the distribution of velocities of individual 

particle species n  in a multi-component mixture is a function of time, t , position, r , and 

instantaneous velocity, nc : 

 , ,n n nf f c r t            (2.12) 

Therefore the number of particles per unit volume, nn , is given by:  
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 , , dn n n nn f c r t c





          (2.13) 

The mean value of a property n  is defined to be: 
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          (2.14) 

Hence, for instance, the mean velocity, nc , of the particles of specie n  is given by: 
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         (2.15) 

Denoting the mean velocities of particle species n  as nu  instead of  nc , the mass 

weighted average solid mixture velocity is then given by: 
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       (2.18) 

The actual velocity, nc , can be expressed as: 

n s nc u C           (2.19) 

which defines nC  is the random fluctuating velocity of particle specie n . 

Savage et al. (1981) defined the granular temperature in order to quantify the random 

fluctuating velocities of particle species: 

21

3
n n nm C           (2.20) 

The mixture granular temperature, s , and particle density, sn , are defined by: 

1

1 NP

s n n

ns

n
n

 


   , 
1

NP

s n

n

n n


        (2.21) 

The diffusion velocity of specie n, which is essentially the average velocity of the 

particular specie relative to the average velocity of the mixture, is defined as: 

n n n s n sv C c u u u            (2.22) 

Consequently, combining Equations (2.16), (2.18) and (2.22) gives: 

1 1 1

0
NP NP NP

n n n n n n n n s

n n n

v u u     
  

           (2.23) 
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With those definitions, the Maxwellian distribution of velocity nc  in 3 dimensions, which 

is essentially a normal distribution of velocities, can be expressed as: 

3/2
2

(0) ( )
exp

2 2

n n n s
n n

n n

m m c u
f n

 

   
    

   
      (2.24) 

In the KTGF, the conservation equations are derived from the Maxwell transport 

equation, which is obtained by simply multiplying the well-known Boltzmann equation 

(generally used to derive transport properties in non-equilibrium statistical mechanics) by 

a given conserved quantity, n , and integrating the product over the velocity space. The 

Maxwell equation is given as: 
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           (2.25) 

where ( )np n   is defined as the collisional source and ( )np n  is defined as the collisional 

flux which are both functions of a pair distribution function.  

For n nm  , the mass of the particle, the species continuity equation is obtained:  
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       (2.26) 

and the mixture continuity equation is obtained by summing (2.26) over all species: 
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s s su
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       (2.27) 

Similarly, the mixture momentum equation and the mixture granular temperature 

equation are obtained from Equation (2.25) with n n nm c  and 21

2
n n nm c  , respectively, 

and then summing up individual balances. This results in 

 The mixture momentum equation 
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  (2.28) 

where  
1 1
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      (2.29) 

 The mixture granular temperature equation 
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and 2

1 1

1

2

NP NP

s np n n

n p

m c 
 

 
   

 
        (2.32) 

Clearly, the mixture momentum equation has a term with the collisional source, and the 

mixture granular temperature equation contains both the collisional source and flux terms 

which must all be defined. These collisional terms are functions of the collisional pair 

distribution function, 
(2)

npf , which is defined such that 
(2)

1 2 1 2d d d dnp n pf r r c c represents the 

probability of finding a pair of particles in the volume  1 2d dr r centered on points 1 2,r r  and 

having velocities  within 1 1 1[ , d ]n n nc c c and 2 2 2[ , d ]p p pc c c .  

Assuming binary interactions and molecular chaos, the pair distribution function is 

approximately the product of the individual particle velocity distribution functions and 

the radial distribution function at contact npg  (Chapman et al., 1970). That is: 

(2)

np np n pf g f f          (2.33) 

The radial distribution function at contact, npg , which is unity in the limit of infinite 

dilution and increases with increasing density (becoming infinite for medium approaching 

the maximum possible packing), essentially serves to correct the probability of collision 

for the effect of the volume occupied by the particles. The radial distribution function, 

used in this work for mixtures, is derived from the compressibility of a single-component 

hard sphere system (Santos et al., 1999): 
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where the Sauter mean diameter,  , is defined as 
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and the radial distribution function for a mono-disperse hard-sphere fluid is 

approximately given by: 
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        (2.36) 

The Chapman-Enskog solution method of successive approximations is used in solving 

the particle velocity distribution of species n , nf , from a generalized Boltzmann 

equation. In the MFM, terms up to the second approximation are taken into account as the 

contributions from higher order approximations are assumed to be negligible. Hence: 

(0) (1) (2) (0) (1)...
n n n n nnf f f f f f            (2.37) 

The first approximation is assumed to be essentially a non-dissipative system at 

equilibrium in which the particles are not subjected to external forces and where there 

exists frequent particle-particle interactions. This, according to Chapman et al. (1970) 

should satisfy a Maxwellian distribution, hence the first approximation is given by 

Equation (2.24). 

The second approximation is solved, again, using the generalized Boltzmann equation. In 

the second approximation, the effects of spatial gradients and energy dissipation are taken 

into account by the coefficients of normal restitution and a perturbation function. 

With the velocity distribution functions defined, the constitutive equations for the 

transport quantities can be evaluated up to first order in the gradients. Details of the 

derivation can be found in van Sint Annaland et al. (2009a). In Table 2.2 we give an 

overview of the final expressions. 

 

Table 2.2: Constitutive equations of the Multi-Fluid Model. 

________________________________________________________________________ 
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Diffusion velocity of phase n : 
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Granular temperature of phase n : 
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Solids phase pressure: 
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Solids phase stress tensor: 
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Solids phase shear viscosity: 
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Solids phase bulk viscosity: 
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Granular energy dissipation: 
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Granular energy flux: 
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Pseudo-thermal conductivity: 

 

1/2

(1) 3 ( ) 4

12
1 1 1 1

1 2 15 24 4
1

4 15 2 3 2

NP NP NP NP
n p np n p s n p npn

s p np np n np np

n p n ps n p n p
n p

m m e m m n n e
n g n a g

n m m m mm m

 
  

   

    
            

  
  (T2-10) 

Number of collisions per unit volume and time: 
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________________________________________________________________________                                                                                                                                                  

In the derivation, the particle velocity distribution of all species has been assumed to be 

nearly Maxwellian around the particle mixture velocity with a width according to the 

particle mixture granular temperature. In the theory, differences in the mean velocities 

and granular temperatures of the particle species result from higher-order perturbation 

functions. A special effort was made to ensure thermodynamic consistency between radial 
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distribution function and the chemical potential of a hard-sphere particle specie appearing 

in the diffusion driving force when applying the revised Enskog theory. The rheologic 

properties of the particle mixture are explicitly described in terms of the particle mixture 

velocity and granular temperature, the diffusion velocity and granular temperature of the 

individual particle phases are computed from the mixture properties. This is a major 

advantage in the numerical implementation of the model. 

 

2.4  Key Characterization Quantities 

It is essential to evaluate the performances of the models with respect to some of the key 

quantities which characterize a fluidized bed. These quantities include the bed solid phase 

expansion, the extents of segregation and the granular temperature. Before discussing the 

results obtained from the simulations, it is necessary to first clearly define these 

quantities. 

2.4.1 Bed Expansion 

In fluidized beds, the bed expansion dynamics, which is an index of the average porosity 

in the bed, is characterized by the average height of all particles in the bed. In the DEM, 

the average height of the discrete particles is given by: 

Npart

i

i

h

h
Npart




         (2.38) 

where Npart represents the number of solid particle in the bed and hi represents the height 

of particle i. In the DEM, the average height can be directly evaluated, since all particle 

positions are known. 

In the MFM, the concept of traceable particles has disappeared and the average bed 

height is evaluated from: 
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        (2.39) 

Ncells is the number of cells across the bed. hk represents the height of cell k, and ,s k is 

the volume fraction of solids in cell k. 

2.4.2 Segregation Index 

For a model to be valid, not only must it predict adequately the bubbling characteristics 

and porosity distribution in a multi-component system but also the degree and trend of 
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mixing and segregation. A key parameter for evaluating the mixing and segregation 

phenomena in a fluidized bidisperse bed is the rate of segregation. Here, the relative 

segregation, s , for a binary mixture is defined as (Goldschmidt et al., 2003): 
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max   (2.40) 

where ih  is the average height of particles of type i, and smallx is the volume fraction of 

the small particles. The axial segregation is 0 when the particles are well mixed and 1 

when they are fully separated. 

2.4.3 Granular Temperatures 

Essentially the continuum models are based on the concept that if molecules of gases are 

replaced by macroscopic particles, one can use all the tools and concepts pertaining to 

molecular assemblies to obtain similar properties, although on a larger spatial and time 

scales.  The granular temperature in dense gas-solid systems, defined in a similar fashion 

as that for gases, is a measure of the velocity fluctuations in the system and is defined by 

Equation (2.20). 

In the MFM, the granular temperature for a particulate phase in a cell is calculated using 

the constitutive equation of the MultiFluid Model. Equation T2-3 is used when the 

fraction of total solids in the cell is greater than the minimum solid fraction for particle-

particle interaction, 0.01%. When the total solid fraction is less, the granular temperature 

is set to zero (however, in the code it is set to a very low number to avoid singularities). 

The bed-averaged volume weighted granular temperature for a particulate phase is given 

by: 
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        (2.41) 

where Ncells is the number of cells in the bed. ,k j  is the granular temperature of  solid 

phase j in cell k, and ,j k is the volume fraction of phase j in cell k. 

In the DEM, the bed-averaged, volume-weighted granular temperature (with respect to 

local velocity fluctuation) is calculated in the code in the following manner. For each cell 

the total momenta in the x, y and z directions are evaluated. 

,

1

M
part kN

k i

i

m


  , 
,

, ,

1

P
part kN

k x i i x

i

m c


  ,  
,

, ,

1

P
part kN

k y i i y

i

m c


  ,  
,

, ,

1

P
part kN

k z i i z

i

m c


    (2.42) 
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where ,part k
N  is the total number of particles in cell k. From Equation (2.42), the weighted 

average velocity components are evaluated as: 

, ,v P / Mk x k x k , , ,v P / Mk y k y k , , ,v P / Mk z k z k      (2.43) 

These steps averaging are done for all the particles in the cell irrespective of their type. 

Then for each cell, a component specific granular temperature is calculated from: 
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        (2.44) 

Lastly, the bed-averaged volume-weighted granular temperature is calculated from 

Equation (2.41). 

In addition, a ‘global' granular temperature has also been examined in some of the DEM 

results of bidisperse beds in this work. The global granular temperature is essentially the 

bed-averaged volume-weighted granular temperature described above when the number 

of cells is one, that is, the whole bed is treated as a single cell. It is necessary to mention 

here that the term granular temperature in this work generally refers to the local granular 

temperature ,k j  described above unless otherwise stated. 

 

2.5  The Comparison of MFM with TFM 

Since the MFM is basically an extension of the TFM, the closure equations should 

become identical to those of the TFM in the case the physical properties of all particle 

species are the same. Trial simulations were carried out, with the MFM, to simulate a 2D 

mono-disperse bed in the bi-disperse mode, that is, the bed was set to consist of two 

particulate phases of exactly the same size and density. Results from these simulations 

have been compared with simulations of exactly the same system using the traditional 

TFM.  

The main parameters used in the simulations are summarized in the Table 2.3. Although 

Wang et al. (2010) reported that the wall conditions have negligible effect on bed 

dynamics, the boundary conditions for both models were set to be essentially the same in 

all the simulations.  A no slip wall condition was applied for the gas phase and a free slip 

wall for the particle phase on the left and right boundary walls, while no slip for gas and 

particle phases was applied to the front and rear walls. At the bed bottom, the pressure 

and velocity of the gas are fixed, and at the top the pressure was specified as atmospheric. 

In the MFM, the initial solid fractions were set for a static bed height corresponding to the 

height used in the experiment. Simulations using the MFM and TFM do not require initial 

mixing of the particles by fluidizing at high velocity since in the continuum description of 



Characterization of MFM 

 

31 

the solid phase, a fully mixed state can be specified as initial condition. In order to mimic 

the gas inlet flow conditions in experiments, a random fluctuation of 5% was applied to 

the inlet gas velocity. 

The bed-averaged granular temperatures and the average particle height predicted by the 

simulations are shown in Figures 2.1-2.3.  

Figure 2.1 shows that the granular temperature profiles in both models are similar: the 

intensity and frequency of the fluctuations are comparable with a striking similarity for 

the first two seconds of the simulation. Note that the profile for the two particulate phases 

in the MFM simulations were the same, hence only one phase is indicated here. In Figure 

2.2, where the restitution coefficient was set to 1.0, the fluctuation in the granular 

temperature of the TFM is slightly more pronounced though both models exhibit a 

somewhat smooth profile, resulting from homogeneous fluidization (Goldschmidt et al., 

2002), at virtually the same level after 4 s. When the fluidization velocity was changed to 

1.05 m/s (Figure 2.3) both models also gave similar results.  

An examination of the bed expansion dynamics clearly revealed that the average particle 

height profiles from both models are very similar in intensity and frequency of 

fluctuations. The similarity was sustained even when changes were made to the normal 

restitution coefficient and background velocity. Thus, the performance of MFM in 

comparison with the TFM is satisfactory.  

 

Table 2.3: General configuration of pseudo-bidisperse and bidisperse beds in continuum-based 
models. 

Particle type glass Column height *# 0.40 m (120) 

Particle density 2526 kg/m3 Column width * 0.15 m (45) 

Particle shape spherical Initial bed height 0.15 m 

Gas type air time step 10-5 s 

Maximum packing 

fraction 

0.60 Drag correlations Ergun (1952) and Wen 

et al. (1966); 

Coefficient of 

restitution  

0.97, 1.00 MFM particle 

composition 

1.5 mm (25%); 1.5 

mm (75%) 

Injection velocity 1.05, 1.20 m/s TFM particle 

composition 

1.5 mm (100%) 

 *The number of fixed Eulerian cells are given between brackets. 
# The bed height includes the emulsion phase and the freeboard. 
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Figure 2.1: Bed-averaged granular temperature and average particle height in TFM and MFM 

simulations of monodisperse beds containing 1.5 mm particles (e=0.97, 
max

s =0.60, Ubg=1.20 

m/s). 

 
Figure 2.2: Bed-averaged granular temperature and average particle height in TFM and MFM 

simulations of monodisperse beds containing 1.5 mm particles (e=1.00, 
max

s =0.60, Ubg=1.20 

m/s). 
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Figure 2.3: Bed-averaged granular temperature and average particle height in TFM and MFM 

simulations of monodisperse beds containing 1.5 mm particles (e=0.97, 
max

s =0.60, Ubg=1.05 

m/s). 
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segregation profiles was largely as a result of the dynamics of the 1.5 mm particles. The 

expansion/contraction of the 2.5 mm particle-phase was comparatively steady. 

An examination of the kinetic energies in the beds (Figure 2.6) confirmed that beds with 

higher restitution coefficients, and, consequently, less energy losses in particle-particle 

interactions, had more energetic particles. 

Table 2.4: Configuration of bidisperse beds. 

Particle type glass Column height *# 0.40 m (120) 

Particle density 2526 kg/m3 Column width * 0.15 m (45) 

Particle shape spherical Initial bed height 0.15 m 

Gas type air time step 10-6 s 

Maximum packing 
fraction 

0.60 Drag correlations Ergun (1952) and Wen 
et al. (1966); 

Coefficient of 
restitution  

0.85, 0.93, 0.97 MFM particle 
composition 

1.5 mm (25%); 2.5 
mm (75%) 

Injection velocity 1.20 m/s   

 *The number of fixed Eulerian cells are given between brackets. 
# The bed height includes the emulsion phase and the freeboard. 

 

Figure 2.4:  Average particle height in MFM simulations of bidisperse beds containing 25% 1.5 

mm particles and 75% 2.5 mm particles at various restitution coefficients(
max

s =0.60, Ubg=1.20 

m/s). 
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Figure 2.5:  Degree of segregation in MFM simulations of bidisperse beds containing 25% 1.5 mm 

particles and 75% 2.5 mm particles at various restitution coefficients(
max

s =0.60, Ubg=1.20 m/s). 

 

 
Figure 2.6:  Bed-averaged volume-weighted granular temperature in MFM simulations of 
bidisperse beds containing 25% 1.5 mm particles and 75% 2.5 mm particles at various restitution 

coefficients(
max

s =0.60, Ubg=1.20 m/s). 
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2.7  The Effect of Drag Closure 

The relation that defines the fluid-particle interaction is a key input that influences the 

results obtained from fluidized bed simulations. Earlier works have used a combination of 

the drag model introduced by Ergun (1952) and Wen et al. (1966); however, in recent 

times, other drag relations have been used. It is interesting to examine the effect of some 

various drag relations on the results obtained from the MFM.  

Figure 2.7 shows the results obtained from MFM simulations conducted with various 

drag closures. The pattern observed is consistent with the magnitude of the drag forces at 

this particular fluidization velocity.  

 

Figure 2.7:  Experimental result versus MFM simulations, with various drag closure relations, of 
bidisperse beds containing 25% 1.5 mm particles and 75% 2.5 mm particles (Ubg=1.20 m/s). 
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the profile resulting from the Foscolo et al. (1983).  The trend observed with the 

combined Ergun (1952) and Wen et al. (1966) relations is consistent with the 

observations in Goldschmidt et al. (2004) where the drag forces in this combination are 

between values obtained from Foscolo et al. (1983) and Garside et al. (1977). Generally, 

the observations suggest that the trends seen in the segregation behaviour of the MFM is 

consistent with the DEM. 

 

2.8  The maximum packing fraction specified for the radial 
distribution function in the MFM 

In the expression for the compressibility of a single-component hard-sphere system 

(Equation 2.36), the coefficients, given by Song et al. (1988), require that the maximum 

packing fraction for the radial distribution function be equivalent to the value at random 

closest packing, that is, 
max

s =0.64356 . However, van Sint Annaland et al. (2009b) 

observed that, at this value, the minimum fluidisation velocity predicted by the MFM is 

far below the values predicted by the DEM and laboratory experiments. In their work, the 

maximum packing fraction under fluidisation condition was chosen instead (
max

s =0.60) 

for adequate prediction of the minimum fluidization velocity.  

An appropriate parameter for evaluating the sensitivity of the MFM to the maximum 

packing fraction is the rate of segregation in bidisperse beds.  Figure 2.8 shows the 

extents of segregation at various settings of  maximum packing fraction, 
max

s . It can be 

seen that the mean extent of segregation for 
max

s   at  0.68 and 0.70 appear to be more or 

less the same. The segregation fluctuates around a somewhat constant level with the 

amplitude of oscillation somewhat less at
max

s = 0.70. However, as the maximum packing 

fraction is reduced slightly to 0.65, a significant increase is observed in the extent of 

segregation. When 
max

s  was reduced further from 0.65 to 0.60, the segregation profile 

remained rather similar. However, a further, but slight, reduction in 
max

s  to 0.59, resulted 

in a drastic increase in segregation in the later stages.  The general trend is to be expected 

since an increase in 
max

s  will enable the particles pack more closely which reduces the 

bed expansion and, possibly, the ease with which the smaller particles can separate. 

Furthermore, knowledge of the behaviour of the MFM, compared with the TFM and the 

DEM, in relation to the maximum packing state of the solid is also desirable. In this case, 

the granular temperature is evaluated since the TFM is only applied to monodisperse 

systems for which the segregation is not relevant.  The details of the simulations are given 

in Tables 2.5 and 2.6. 
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Figure 2.8:  The extents of segregation in  MFM simulations of bidisperse beds containing 25% 
1.5 mm particles and 75% 2.5 mm particles at various fixed, single maximum packing fraction, 

max

s  (Ubg=1.20 m/s). 

 
Table 2.5: General settings for parameters used in the DEM simulations corresponding in the 

DEM. 

Particle type Glass Column height*# 0.40 m (100) 

Particle diameter  1.5 mm  Column width (m)* 0.15 (45) 

Particle density 2526 kg/m3 Column depth* 1.0 cm (1) 

Particle shape Spherical Contact time 2.9 x 10-6 s 

Number of  particles 76140 Flow solver time step 1.0 × 10-4 s 

Normal Spring stiffness 9,000 N/m Drag correlation 
Ergun (1952) and Wen 
et al. (1966) 

Tangential Spring 
stiffness 

2,891 N/m Gas type Air 

Coefficient of 
restitution 

Normal, 0.97 tangential, 
1.00 

fluidization velocity 1.20 m/s 

Coefficient of friction 0 Incipient fluidization 
velocity+ 

0.84 m/s 

* The number of fixed CFD cells are given in parentheses. 
# The column height includes freeboard. 
+calculated from Ergun (1952) relation. 
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Table 2.6: General configuration of pseudo-bidisperse and bidisperse beds in continuum-based 
models. 

Particle type glass Column height *# 0.40 m (120) 

Particle density 2526 kg/m3 Column width * 0.15 m (45) 

Particle shape spherical Initial bed height 0.15 m 

Gas type air time step 10-5 s (TFM) 
10-6 s (MFM) 

Maximum packing 

fraction 

0.54 – 0.70 Drag correlations Ergun (1952) and Wen 

et al. (1966); 

Coefficient of 

restitution  

0.97 MFM particle 

composition 

1.5 mm (50%); 1.5 

mm (50%) 

Injection velocity 1.20 m/s TFM particle 

composition 

1.5 mm (100%) 

 *The number of fixed Eulerian cells are given between brackets. 
# The bed height includes the emulsion phase and the freeboard. 

In the MFM, two solid phases of same particle diameter and density and in the same 

proportion (50%, 50%) were used so that effectively, a monodisperse system was 

simulated. Furthermore, the simulation was carried out for systems in which the 
max

s   

ranged from 0.60 to 0.70. For the TFM, one phase was used and the 
max

s  ranged from 

0.54 to 0.70.  In the TFM and MFM, the left and right walls of the bed were prescribed a 

no-slip for gas and free slip for the particles, whereas for the front and back wall a no-slip 

condition was defined for both the gas and particles. 

To mimic the continuum models, the tangential coefficient of restitution in the DEM was 

set to 1.00 and the coefficient of friction to 0.0 since friction is not included the 

TFM/MFM. Furthermore, the particle-particle and particle-wall collisions were inelastic 

with a normal coefficient of restitution of 0.97 like in the KTGF-based models. The wall 

boundary conditions were the same in both the TFM and the MFM. The background 

velocities in all models were also the same. 

In order to have a suitable quantitative comparison of the granular temperature profiles of 

the various models a mean of the granular temperature values in specific time intervals 

has been calculated by a time average that is given by: 

 
max

max

min

min

t

t max min

t

t

t t
j

j t dt









       (2.46) 
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The sensitivity of the mean granular temperatures to 
max

s  is shown in Figure 2.9 where 

the ratios of the granular temperatures of the TFM and MFM with the DEM are plotted 

against the maximum packing fraction defined for the radial distribution function. The 

time, tmin, was set at 3 s, after which the profiles seem fairly stable and independent of the 

initial state of the bed.  Figure 2.9 shows that, as far as the bed configurations are 

concerned, the MFM outperforms the TFM in the comparison with the DEM. The TFM 

granular temperatures roughly matches the DEM’s when the 
max

s =0.58. Also, within the 

range of investigation for the MFM, its granular temperature is closest to that of the DEM 

when 
max

s =0.60, the minimum value studied.  Both the MFM and TFM exhibited the 

same granular temperature when 
max

s  = 0.70. It is not understood why the trend in 

sensitivity for the TFM seem to be linear from 
max

s  =0.54 to 0.60 but quite chaotic 

afterwards. The trend for the MFM was more or less linear from 0.60 – 0.70. 

Conceptually, the increase in granular temperature with increase in the maximum packing 

state is not surprising since a more compact cell will have a higher interstitial velocity, 

and, consequently, a higher drag which will increase the kinetic energy of the particles. 

On the other hand, a higher 
max

s will increase the frequency of collisions which will 

increase the energy losses resulting from the inelastic collisions, however, with inter-

particle frictional interaction set to zero, the increasing trend in Figure 2.9 suggests that 

the latter effect is less pronounced.   

 
Figure 2.9:  The ratios of the granular temperatures in the continuum model results with the 

granular temperatures in the DEM at various maximum packing fraction,
max

s . 
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Figure 2.10:  The profiles of granular temperature in the DEM, TFM and MFM simulations of beds 

in Tables 2.5 and 2.6 (
max

s =0.60). 

 

 

 

 

 

 

 

 

 

Figure 2.11:  Snapshots, after 5 s, of the monodisperse beds simulated with the DEM (left), and 

the TFM (middle) and MFM (right) at
max

s = 0.60. 

Figure 2.10 shows the granular temperature profiles of the DEM, TFM and MFM using 

the bed settings given in Tables 2.5 and 2.6, when the maximum packing fraction is set to 

0.60. From the figure, it can be seen that the granular temperatures of all the models are 

very similar. Note that the global granular temperature is about a factor 10 higher than the 

bed-averaged local granular temperature. The bed visualizations, after 5 s of fluidization 

in the various models, are shown in Figure 2.11. 
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The spectral signals, resulting from the DEM, TFM and MFM simulations of 

monodisperse fluidized bed, were decomposed into component sinusoidal functions in 

order to further examine similarities in patterns and to look at the possibility of relating 

some bed parameters to the component functions in future work. Earlier studies 

conducted by Link et al. (2005) and Godlieb et al. (2011) have demonstrated that the 

spectral analysis of key quantities (i.e. pressure) in a fluidized medium can provide useful 

information.  The decomposition of the spectral signals in this work was done by carrying 

out a Fourier analysis of the results using the n-point Fast Fourier Transform (FFT) tool 

for discrete Fourier transform in MATLAB. The Fourier transform was done at 2 sample 

rates (0.1 s and 0.001 s intervals) from 3 s because it was expected that if at all there were 

any component signals in the pressure drop fluctuations and the granular temperature 

profiles they would be more clearly identifiable in the region where the profiles look 

more regular. 

The analysis revealed that distinct peaks exist in FFT of the pressure drop fluctuations of 

the DEM, TFM and MFM when the beds were fluidized at 3.5 m/s. The frequency of the 

dominant peak was between 3 and 3.25 Hz with similar amplitude in the three models 

although with a slightly larger value for the DEM.  

The pattern observed in the FFT of the granular temperature signals was a little less 

distinct. The FFTs for the MFM and TFM seem to show some clusters around 1 and 3 Hz 

with the highest peak occurring in both cases at around 3 Hz. When the background 

velocity was set to the incipient fluidization velocity in the beds as predicted from the 

Ergun (1952) relation, the largest peaks become more distinct although they occurred at a 

lower frequency of 2.75 Hz. For this case, the observation in the DEM was consistent 

with the continuum models in the granular temperature signals as well as in the pressure 

drop fluctuation signals, that is, the peaks in all the models and for all the signals at the 

minimum fluidization velocity occurred around 2.75 Hz. These findings suggest that all 

the models show more or less similar behavior. 

 

2.9  The maximum packing fraction from the DEM 

The MFM has been shown to be sensitive to some key parameters like the maximum 

packing fraction, which is unknown a priori. In the continuum equations for the MFM, 

the mixture granular temperature equation is a strong function of the stress tensor and the 

solids pressure. These terms are dependent on the radial distribution function which is a 

function of the maximum packing fraction of the solids phase. In the MFM, the radial 

distribution function for the multi-component hard-sphere mixture (Equation 2.34) is 

given in terms of the radial distribution function for a mono-disperse hard sphere fluid 
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(Equation 2.36) which depends on 
max

s , the random closest packing density at which 

value the radial distribution function diverges. However, for polydisperse systems, the 

maximum packing will in general be higher, and the question is therefore if we should 

adjust 
max

s in the monodisperse radial distribution function, so that the polydisperse 

radial distribution function diverges at a lower value of s as it should. We first start by 

examining how 
max

s depends on composition for binary system which we can examine in 

DEM. 

Several researchers have looked into the packing behaviour of binary mixtures although 

the scope of their investigations has been rather limited. Kansal et al. (2002) presents a 

number of these investigations in which the packing fractions of binary systems are 

predicted or observed using a number of approaches. The work of Kansal et al. (2002) 

involved only binary mixtures in which the total volume of large spheres amounted to 3 

times the total volume of the small spheres. They investigated the dependence of the 

packing fraction on the sphere size ratios and not the dependence of the packing fraction 

on the ratios of the components of the mixtures. Clarke et al. (1987) and He et al. (1999) 

developed Monte Carlo methods for packing spheres based on minimizing overlaps in a 

system in which the sphere centers were initially uncorrelated. Yerazunis et al. (1965) 

generated experimental packing of binary mixtures for a variety of different sphere sizes.  

Figure 2.12 shows the packing fractions of binary sphere mixtures, obtained through 

various methods including some DEM simulations conducted in this work, as a function 

of the volume ratio between large and small spheres. The solid orange circular marker 

represents the amorphous (or random) packing that is formed in the vibrated beds, and 

this point appears to correlate well with the Monte Carlo results from He et al. (1999). Of 

primary interest, however, is the solid orange square marker point which represents the 

random close packing that is formed in the pseudo-2D DEM simulations of fluidized 

beds. It is strange that this marker point falls below the 0.64 line that indicates the 

assumed density of an amorphous monodisperse packing. This anomaly could be partly as 

a result of the wall effect since the packing fraction can be quite low near to the wall.  

Some empirical correlations predicting the packing behaviour of binary mixtures have 

been reported in literature. Mangelsdorf et al. (1960) examined the packing of bimodal 

mixes. They carried out random close packing experiments with series of bidisperse 

mixtures in which the diameter ratios ranged from 1.16 – 1.6.  It follows from their work 

that the random close packing  can be approximated by (Brouwers, 2007): 

3( , ) 4 (1 )(1 ) ( 1)rcp L m m m L LX X X              (2.47) 
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Figure 2.12:  Packing fraction in bidisperse mixtures of spheres as a function of the volume ratio 
of large to small spheres. The results in ‘This Work’ were obtained from pseudo-2D beds. 

LX  represents the mole fraction of large spheres (approximately the volume fraction of 

large spheres in the vicinity of single-sized mix). The factor  constitutes the gradient of 

the void fraction in the direction ( 1, 0.5LX   ) and it taken as 0.20 and m = 0.64. 

Furthermore, an expression for the void fraction of bimodal mixes is given by  Brouwers 

(2006) based on the works of Furnas (1929) and Redlich et al. (1949) for size ratios of up 

to 2.5.  Based on their works, the packing fraction is derived as: 

 1.7( , ) 1 4 (1 )(1 ) ( 1)[1 0.08( 1) (1 2 )]rcp L m m m L L Lc c c c                (2.48) 

It is interesting to know how the maximum packing fraction in the DEM compares with 

Equation (2.48) and to see how the fraction varies with the composition of the particles. 

In this work, the maximum packing fraction in the Eulerian cells is presented for separate 

simulation conditions in which bidisperse beds have been fluidized in pseudo-2D and 3D 

beds. In the investigations, several DEM simulations of various configurations of the base 

case (mixtures of 1.5 and 2.5 mm particles) were studied. Due to the fact that the 

simulations of a pseudo-2D bed could present a slightly lower packing fraction, because 

of the effect of the wall, the simulations were also conducted in 3D beds. In the 

simulations, the particles were fluidized at a high velocity for some time, after which the 
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gas drag on the particles is shut off abruptly. The packing fraction was then evaluated 

after the particles have settled, and a static bed is obtained. 

The DEM pseudo-2D and 3D bed simulation packings are compared with the empirical 

relations in Figures 2.13. The values that are shown for the pseudo-2D beds represent the 

average packing fraction in the Eulerian cells and the most probable packing defined as 

the peak of probability density function. The results for the 3D beds represent the average 

packing in the Eulerian cells. 

From Figure 2.13, it can be seen that the packing fraction profile is not exactly 

symmetrical but slightly skewed towards the large particle. As a matter of fact, the 

monodispersed beds containing 2.5 mm particles show a consistent, slightly denser 

random packing state. Furthermore, the relation by Brouwers (2006) appear to represent 

the trend observed in the DEM simulation rather well. The black crosses represent the 

Brouwers (2006) relation where a constant value was subtracted such that the  

monodispersed packing fraction in the relation was equal to 0.62. Figure 2.14 shows some 

sample snapshots of the pseudo-2D and 3D beds after fluidization. 

 

 

Figure 2.13:  Packing fraction in bidisperse mixtures of spheres containing 1.5 mm and 2.5 mm 
particles at various compositions. 
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MFM simulations in which the 
max

s was made dependent on cell mixture composition 

have been carried out. Note that also in the diffusion driving force in the MFM, the 
max

s

is an input, which is also made dependent on the cell composition (see van Sint Annaland, 

2009a). For these, Equation (2.48) has been used for the base case. It is important to note 

that the bed configurations used were quite similar to the beds in Table 2.4, except that 

the normal restitution coefficient was fixed at 0.97 and the 1.5 and 2.5 mm particles were 

present in the same volumetric proportions.  

Figure 2.15 shows the results obtained from simulations with variable 
max

s . Note that the 

simulations in the figure have been identified by the value of  
max

s  in a cell containing 

equal amounts of the component particles. From the results, it is observed that the extents 

of segregation in the beds fall below experimental values. However, the segregation trend 

at 
max (0.5) 0.60s  , with fluidization at 1.10 m/s, was relatively smooth, unlike the wavy 

pattern that had hitherto been observed in simulations conducted by van Sint Annaland et 

al. (2009b) with the MFM. Our conclusion is that the 
max

s should be viewed more as an 

adjustable parameter rather than one which has a physical meaning (similar to the spring 

stiffness in the DEM). 

 

  

Figure 2.14:  Visualizations of 2D (left) and 3D (right) of DEM simulations of beds containing 50% 
1.5 mm particles and 50% 2.5 mm particles in maximum packing experiments. 
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Figure 2.15:  The effects of variable maximum packing fraction on the extents of segregation in a 
bidisperse bed containing 50% 1.5 mm particles and 50% 2.5 mm particles. Initial bed height = 15 

cm. Bed width = 15 cm. 
max (0.5)s  indicates the maximum packing fraction in a CFD cell with 

50% 1.5 mm particles and 50% 2.5 mm particles. 

 

2.10  The partition of granular temperature in fluidized beds 

The equi-partitioning of kinetic energy is a key assumption in the development of the 

MFM for fluidized beds. Due to the frequent particle-particle interactions in dense beds, 

the particle velocity distribution of all species is assumed to be nearly Maxwellian around 

the particle mixture velocity. Moreover, it is assumed that the frequent collisions in the 

beds equalize the granular temperatures of the component phases. This assumption can be 

easily verified with the DEM since all the details of the simulation can be obtained. 

Some DEM simulations have been conducted for a bidisperse bed containing  50% 2.5 

mm particles and 50% 3.5 mm particles. The results of the investigations are given in 

Figure 2.16 for simulations conducted with Beetstra et al. (2007) drag relation and the 

standard relation: combined Ergun (1952) and Wen et al. (1966) drag relations. It shows 

that the bed-averaged volume-weighted granular temperatures for both solid types are 

very close.  
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Figure 2.16:  Granular temperatures in bidisperse beds containing 50% 2.5 mm particles and 50% 
3.5 mm particles fluidized at 2.00 m/s. DEM Simulations with Beetstra et al. (2007) drag relation 
is compared with DEM simulations using both Ergun (1952) and Wen et al. (1966) drag relations. 
 

2.11  Conclusion 

Understanding of mixing and segregation phenomena in gas-fluidized beds is of 

paramount importance for their optimal design, operation and scale-up. Consequently, 

fluidized beds have been studied using a recently developed Multi-Fluid Model (van Sint 

Annaland, 2009a), a continuum model in which both gas and solid phases are described 

as interpenetrating continua with the solid phase rheology described by the Kinetic 

Theory of Granular Flow. In the resulting closure equations in the model, the rheologic 

properties of the particle mixture are explicitly described in terms of the particle mixture 

velocity and granular temperature, and the diffusion velocity and granular temperature of 

the individual particle phases are computed from the mixture properties, a major 

advantage with respect to the numerical implementation. Simulation results from the 

recent MFM have been compared with the Two-Fluid Model (TFM), the Discrete 

Element Model (DEM) and the experiments reported by Goldschmidt et al. (2003). 

In addition, the sensitivities of the MFM to key parameters including the restitution 

coefficient, drag closure relations and the maximum packing fraction has been examined.  

It was found that the extents of axial segregation in the bidisperse beds simulated with the 

MFM were only slightly sensitive to the restitution coefficients, whereas studies 

conducted with different drag closures showed sensitivities that seemed consistent with 

DEM simulations. Investigations on the influence of the maximum packing fraction 
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revealed that while the extents of segregation in bidisperse mixtures seemed similar when 

the maximum packing fraction was set to 0.60, the extents of segregation in other 

maximum packing states were significantly different.  

The MFM was compared to the TFM and the DEM in terms of the maximum packing 

states of the solid phase by evaluating the granular temperatures in the model simulations. 

In the comparison between the MFM and the TFM, both models gave fairly the same 

trend and values of average particle height. It was also demonstrated that both models 

give similar granular temperatures to one another and the DEM when the maximum 

packing fraction in the bed equals 0.60.  

The effect of the composition on the maximum packing fraction in bidisperse mixtures 

has also been identified. Although there has not been a remarkable improvement on the 

results obtained after introducing a compositional dependency on the 
max

s , the results 

could help future work on continuum models to offset excessive overestimation of 

segregation rates. 

Finally, the equi-partitioning of granular temperature in fluidized mixtures, a key 

assumption in the derivation of the MFM, has been shown with the DEM. In the studies, a 

linear relationship was found between the granular temperatures and fluidization velocity. 

Generally, when the parameters in the MFM are set to corresponding configurations in the 

TFM and the DEM, the MFM is produces results that are similar to the other models. 

However, the MFM fails to predict satisfactorily the time evolution of the extents of 

segregation in experiments conducted with bidisperse beds. Adequate implementation of 

frictional stresses in the framework of the kinetic theory of granular flow is necessary to 

improve the continuum model for poly-disperse systems. Also, non-intrusive laboratory 

experiments that provide granular temperature data are required for validating the models.  
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3 
 Improved Digital Image Analysis 

Technique for the Evaluation of 

Segregation in Pseudo-2D Beds 

 

 

In addition to information on the behavior of bubbles, the dynamics of mixing and segregation is 

often required because of its importance in describing physical and chemical processes involving 

fluidized suspensions. In this work, the enhanced capacities of state-of-the-art photographic 

instruments have been adopted in a new Digital Image Analysis (DIA) technique for the 

evaluation of local compositions and degrees of segregation in lab-scale pseudo-2D gas-solid 

fluidized beds. Furthermore, the newly developed image analysis technique permits the 

simultaneous evaluation of bed height and bubble size and position.  The extent of mixing and 

segregation for polydisperse systems can be determined more accurately when the different 

particle species are classified by distinct colors. The reproducibility of lab measurements was 

found to be satisfactory, and the extents of segregation in snapshots of a Discrete Element Method 

(DEM) simulation, evaluated using the new technique, were found to be in good agreement with 

exact values calculated from individual particle positions in the DEM.  
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Notation 

a          fit parameter 

b          fit parameter 

( )B    sensitivity function for blue sensor 

c   fit parameter 

( )G    sensitivity function for green sensor 

GPH    number of pixels in the horizontal direction of a cell 

GPV   number of pixels in the vertical direction of a cell 

ph   average height of component particles of  type p,  m 

H  Hue 

i, I column index 

j, J row index 

    integration boundaries corresponding to the visible part of the light spectrum 

NGH   number of cells in the horizontal direction 

NGV   number of cells in the vertical direction 

p particle  type 

( )R    sensitivity function for red sensor 

s  extent of segregation  

S  Saturation, or actual degree of segregation 

maxS  maximum degree of segregation 

( )S    visible part of the light spectrum 

Umf minimum fluidization velocity, m/s 

V   Value, or the total index volume of particles in a cell (Equations 3.19 and 3.20) 

,actpx     actual fractional composition of particle type p in the mixture, dimensionless   

,apppx    apparent fractional composition (in the bed snaphots) of the particle type p in the 

mixture, dimensionless                                                                            

smallx   mass fraction of the smaller particle type, dimensionless 
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Symbol 

  wavelength of signal, nm 

, ,1i j    Hue attribute in pixel (i,j) 

, ,2i j   Saturation attribute in pixel (i,j) 

, ,3i j   Value attribute in pixel (i,j) 
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3.1  Introduction 

In the past couple of decades, there has been a dramatic increase in the capacity of 

computer processors making it possible to successfully simulate complex systems.  

However, in order to fully validate the models used in these simulations there is the 

increasing need to get accurate and detailed quantitative experimental data. 

Over the years, different techniques for probing the dynamics of fluidized bed have been 

developed. These techniques generally fall into one of two main categories: intrusive or 

non-intrusive techniques. The intrusive techniques are largely based on resistance, 

impedance, inductance, piezoelectric or thermal probes while the non-intrusive 

techniques are mostly based on photographic, X-ray, light scattering or laser techniques 

(Busciglio et al., 2008). The intrusive techniques, to some extent, however, interfere with 

the dynamics of beds, unlike the non-intrusive techniques.  

In recent years, the advances in digital imaging systems and processing have led to an 

increase in the application of photography in the study of lab-scale fluidized beds. It is 

particularly suitable for pseudo-2D gas-solid systems where the inter-phase boundary is 

easy to detect and the effect of bed depth is minimal.     

Caicedo et al. (2003) used data collected from a CCD camera to determine the influence 

of reduced velocity on the shape factor and aspect ratio of bubbles formed in a 2D 

fluidized bed.  Lim et al. [1990] investigated the distributions of bubble pierced length as 

well as some other bubble size measures, experimentally, by employing Digital Image 

Analysis methods.  Hull et al. [1999] developed semi-empirical correlations for the 

average size and rise velocity of bubbles in a 2D-bubbling fluidized bed, with and without 

simulated horizontal tube bundles, using digitized images captured with a CCD camera.     

Goldschmidt et al. (2003) developed a whole-field, non-intrusive, Digital Image Analysis 

technique to study the dynamics and segregation rates in pseudo-2D dense gas-fluidised 

beds. In their work, a 3-CCD colour camera was used to demonstrate that, using binary 

mixture of particles, the local mixture composition could be determined within 10% 

accuracy. Furthermore, they showed that even small bubbles and voidage waves could be 

detected with their technique. Shen et al. (2004), using the image processing toolbox of 

Matlab achieved a high level of automation in the acquisition, processing and analysis of 

digitized images of two-dimensional bubbling fluidized beds captured with a digital video 

camera. They used the time-average data from the images to obtain bubble diameter, 

velocity, bubble number density and gas throughflow.    Bokkers et al. (2004) substituted 

the fluid seeds in PIV with bed particles to obtain particle velocity fields in 2D fluidized 

bed experiments monitored with a monochrome high-speed digital camera.  An image 

analysis technique, based on the computation of the cross correlation of bubble images 
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with multiple spatial resolutions, was proposed by Cheng et al. (2005) for measuring the 

bubble velocity fields at high bubble number density in two dimensional swarms. In their 

work, the PIV algorithm gave better results, compared to several PTV schemes, because 

of its robustness in measuring the optical and dynamic characteristics of bubbles.   

Some works have extended the application of photography to 3D beds. Zhu et al (2005) 

determined the size distribution of nano-particle agglomerates at the top of a cylindrical 

fluidized bed after analyzing the images captured with a CCD camera.  Also, Wang et al. 

(2006) used laser-based planar imaging, with the aid of a high-resolution digital CCD 

camera, to determine the shape and size of aggregates in nano-particle fluidization 

experiment carried out in a column with rectangular cross-section.       

In addition to information on the dynamics of bubbles, the dynamics of mixing and 

segregation is often desired.  In this work, the non-intrusive Digital Image Analysis (DIA) 

technique implemented by Goldschmidt et al. (2003) was  improved by utilizing a state-

of-the-art photographic apparatus and a new image processing procedures to measure in-

situ the degrees of segregation in polydisperse systems, particularly in binary and ternary 

systems.    

 

3.2  Experimental Set-Up 

The experimental set-up consists of a pseudo-2D bed of dimension 30 (width) by 1.5 

(depth) by 80 (height) cm.  The design was customized particularly to achieve pseudo-2D 

fluidization of glass SiLibeads particles with sizes ranging from 1 – 3.5 mm in several 

unary, binary and ternary formulations such that the background velocity can be to up to 

2.5 times of the minimum fluidization velocity of the largest (3.5 mm) particles.  

Details of the set-up are illustrated in Figures 3.1 and 3.2. Pipelines (purple, blue and 

green in Figure 3.1) are required to convey air from laboratory utility streams. The green 

line is to supply gas to (most areas of) the 10 m distribution plate, which provides 

sufficient pressure drop for homogeneous flow of gas through the plate into the bed.   
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Figure 3.2: Actual Bed (left); bed, camera and lighting arrangement (top-right); bed dimension 
(middle – right), distribution plate (bottom-right). 

 

 

Air Net

30 cm

1.5 cm

1 cm



Improved DIA Technique 

 

62 

In most operating conditions the purple line will supply air at a desired flow rate to a 1 by 

1.5 cm orifice at the bottom of the column. When bubble injection is desired, the stream 

can be switched to the blue line through which air at the bubble injection rate is flowing. 

A system of valves, represented as V04, in the diagram is deployed to achieve a swift 

switch. However, the bubble injection mechanism was not used in this work. The flow 

rates in all the pipelines are regulated with mass flow controllers via the desktop PC and 

the pressure fluctuations in the bed over time are measured with a pressure transducer 

(PI402) and recorded by the PC. The temperature and pressure of the inlet gases into the 

column are merely observed. 

To obviate the electrostatic effect associated with the particle glass interface the back wall 

of the column is made of anodized aluminum. However, a standby steam generation is 

optionally available in case the anodized aluminum fails to satisfactorily reduce the 

electrostatic effect. 

The dynamics of the bed is captured in real time, through the transparent front glass wall, 

using a mounted digital camera, whereas the images are streamed to a desktop PC. To 

obtain a clear, representative, visual record of the dynamics of the particles, the bed is 

illuminated with 2 adjustable LED lamps. 

 

3.3  Digital Image Processing Technique 

A state-of-the-art digital color camera, AT-200GE, which makes use of the RGB color 

space, an additive color system based on tri-chromatic theory, was used in this work. The 

camera is a 3 Charge-Coupled Device (3CCD) camera equipped with prism optics for 

filtering a light source into the component red, green and blue color signals. Some signal 

processing can then be carried out in 16 bits before the signal is converted to a 30- or 24-

bit RGB pixel format via GigE Vision interface. Figure 3.3 (Manual, AT-200GE) shows 

the schematics of the signal processing. Its ability to take colored non-interlaced full 

frame shots of 1624 by 1236 pixels with a minimum exposure time of 69 ms makes it 

suitable for use in detecting the position of moving particles without motion blur. This it 

does at up to 15 frames per second (fps). 

3.3.1 RGB color space 

In the RGB color space, the component color signals are defined by the sum of the 

respective sensitivity functions and the incoming light: 
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Figure 3.3: Signal processing schematic depicting the separation of blue, green and red color 
signals from a light source by 3CCD (Manual, AT-200GE). 

Red,   ( ) ( )R S R d  


         (3.1) 

Green,   ( ) ( )G S G d  


         (3.2) 

Blue,  ( ) ( )B S B d  


         (3.3) 

where  is the wavelength of signal and ( )S   the visible part of the light spectrum, 

whereas ( )R  , ( )G  and ( )B  are the sensitivity functions for the R, G and B sensors 

respectively.   denotes the integration boundaries corresponding to the visible part of the 

light spectrum. 

The transformation from the spectral power distribution to a 3-dimensional vector 

compresses the signal information by a factor greater than 10 (Tkalcic et al, 2003). 

Furthermore, the RGB values from the equations depend on the sensitivity function of the 

capturing device thus making this color space device dependent, however there exist 

calibration techniques for transforming the RGB space into a linear perceptually uniform 

color space.  

Though RGB representation in space is easy to implement, it is non-linear with visual 

perception, has a high correlation between its components and its color specification is 

semi-intuitive (Ford, 1998). The RGB color histograms of some sample particles are 
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shown in Figure 3.4. The color histogram is essentially a histogram of the intensities of 

the colors in the images. Ordinarily, a picture is divided into many tiny boxes called 

pixels and each pixel has three values of intensities, one each for the Red, Green and Blue 

color. For each color, the intensities vary from 0 to 255. The red color histogram is 

essentially a histogram of the number of pixels with particular color intensity. On the 

vertical axis of the color histogram is the number of pixels and on the horizontal axis is 

the color intensity. For easier detection of the particles it is required that the color 

intensity peaks in the color histogram are well separated. This can be adjusted to some 

extent by the strength of illumination of the particles. Clearly, Figure 3.4 shows that there 

is a slight, but significant, overlap of peaks. This implies that the RGB color space would 

have to be transformed with some other parameter, involving mathematical expressions 

relating the intensities to reliably distinguish the particle types in a fluidized bed.  

3.3.2 Hue Saturation Value  

One linear transformation of the RGB color space that allows a user to better intuitively 

specify colors is the Hue Saturation Value (HSV) color space because it corresponds 

better to how people represent colors.  The HSV color space (Travis) is computed from 

normalized RGB values as follows (Ford, 1998).  

Saturation, 
max( , , ) min( , , )

max( , , )

R G B R G B
S

R G B




     

(3.4)

 

  

 

Value, max( , , )V R G B         (3.5) 

To calculate the Hue attribute, first some intermediate parameters are evaluated: 

max( , , )

max( , , ) min( , , )

R G B R
R

R G B R G B


 


      (3.6) 

max( , , )

max( , , ) min( , , )

R G B G
G

R G B R G B


 


      (3.7) 

max( , , )

max( , , ) min( , , )

R G B B
B

R G B R G B


 


      (3.8)

 

If S=0 then the Hue is undefined, otherwise 

5H B   when max( , , ), min( , , )R R G B G R G B     (3.9) 

1H G   when max( , , ), min( , , )R R G B G R G B     (3.10) 
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1H R   when max( , , ), min( , , )G R G B B R G B     (3.11) 

3H B   when max( , , ), min( , , )G R G B B R G B     (3.12) 

3H G   when max( , , )B R G B       (3.13) 

5H R   otherwise        (3.14) 

The HSV color space is essentially a cylindrical-coordinate representation of an RGB 

color cube where the Value axis represents the main diagonal from the origin (

0, 0, 0R G B   ) in the RGB cube. The Hue represents the angular position of a 

nominal color point around the main diagonal, and the Saturation represents the length of 

the perpendicular from the main diagonal to the color point. There is usually a 

discontinuity in the Hue attribute around 360
o
 making it difficult to perform arithmetic 

operations. 

The HSV color histogram for some colored particles is shown in Figure 3.5. Clearly the 

particles are even more easily distinguished using the Hue parameter alone. Thus, by 

simply defining a range for the Hue in the pixel a particle of unique color can be 

identified. More criteria are then set in the Saturation and/or the Value range to 

differentiate particles and background when their Hues overlap. 

When the AT-200GE digital camera is used at full frame rate, the maximum resolution of 

1624 (horizontal) x 1236 (vertical) translates to the pixel radial densities estimated in 

Table 3.1. Note that the camera is turned sideways to make effective use of its image 

resolution orientation in relation to bed aspect ratio.  

 

Table 3.1: Pixel density in particles. 

 
Particle diameter (mm) 1.0 1.5 2.5 3.5 

Maximum  number of pixels 
in the radial direction 

4  6 10 14 
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These pixel densities should be adequate to distinctively identify the type and position of 

particles in snapshots of the bed.  Generally, the raw snapshots can be treated as a 3-

dimensional matrix whose rows (i)  and columns (j) correspond to the position of the 

pixel in the bed, and whose first, second and third layers (k) correspond to the Hue, 

Saturation and Value attributes (Figure 3.6). Thus, a program script can be written to run 

through all the pixel cells (that is, for all i and j) to check if the local H, S and V attribute 

combinations there suggest that the pixel be classified to constitute parts of either a red, 

blue or green particle, or the bed background. Clearly some errors could result from this 

technique because the pixels are square unlike the spherical particles and because the 

edge of a particle may cut across a single pixel. Generally, these errors should not affect 

the evaluation of the average height of a particle type if the effect is consistent for that 

particle type in all areas of the bed. Nevertheless, the technique has been subjected to 

rigorous verification and validation measures.  
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Figure 3.6: Schematic of bed image pixel matrix. 

3.3.3 Bubble detection 

The images captured with the digital camera have to be pre-processed before the particle 

analysis can be conducted. The first step is to identify the relatively large gas voids in the 

images. This can on one hand aid in evaluating bubble size distribution in the bed and on 

the other hand remove areas in the images that are likely to pose problems during particle 

analysis. In the pre-processing, the bubbles, which although contain some particles, can 

be removed because the amount of particles they contain is negligible.   

The bubble detection is carried out by a Matlab script written specifically for that 

purpose. In the script the images are first cropped to remove the bed bottom compartment 
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and side walls [Figure 3.7 (a)]. The image is then filtered to remove the background 

scatter by setting a threshold for the Saturation attribute of the HSV color space. 

Thereafter, some thresholds are set for both the Hue and Saturation attributes to detect the 

particles in the images without making distinctions among the particle species. At this 

step, a fixed, same color is assigned to all the particles identified, hence the image is 

converted to a gray scale [Figure 3.7 (b)] by discarding the Hue and Saturation 

information while retaining the Value. By setting a threshold for the Value attribute, the 

voids are made distinct from particle positions. Furthermore, the Sobel edge-emphasizing 

filter is used to make the edges of the particles more distinct [Figure 3.7 (c)].  

However, the voids obtainable at this stage do not necessarily constitute a bubble because 

some voids are just too small to be classified as one, hence the need to more distinctly 

identify larger pockets of gas voids as bubbles. To achieve this, a very coarse imaging 

filter is applied to smear the edges of the voids and a threshold is set on the Value 

attribute to carve out large voids as bubbles [Figure 3.7 (d)]. The areas identified as 

bubbles [Figure 3.7 (e)] are then subtracted from the original image by rendering them as 

black. Figure 3.7 (f) shows an example of the final image that is obtained after the 

bubbles have been detected, and the particle species identified by simply setting unique 

thresholds for the Hue and Saturation attributes of the each distinct particle specie in the 

original, cropped image in Figure 3.7 (a). 

3.3.4 Calibration 

When spherical particles of different sizes are randomly packed in a pseudo-2D fluidized 

bed, the smaller particles tend to appear in a proportion which is more than their actual 

composition when the bed is viewed from the side. The smaller particles more readily fit 

into the void spaces between the larger particles and this effect is even more pronounced 

when the diameter ratios of the particles are higher. In order to more accurately determine 

the particle compositions in various areas of the bed, on which several parameters 

defining bed behavior depend, calibration under actual conditions is crucial.  

Once again, to demonstrate the calibration technique, the procedure and results for a 

bidisperse mixture of particles containing various compositions of the 1.5 mm and 2.5 

mm species are presented. In the calibration conducted by Goldschmidt et al. (2003), a 

bed with a known composition was first fluidized at a velocity well above that required 

from incipient fluidization, to thoroughly mix the particles, before the flow was stopped 

abruptly. The image of the bed is then taken and analysed for the calibration. In this  

work, in addition to static bed measurements, ‘in-situ’ calibration using images captured 

in fluidized states were conducted. This was possible because even at relatively large 
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particle velocities the enhanced capacity of the image capturing apparatus deployed in 

this work eliminates motion-blur effects. 

 

 

Figure 3.7: Bubble detection in a fluidized bed containing 50% 1.5 mm particles (green) and 50% 
2.5 mm particles (blue) at a fluidization velocity of 1.09 m/s. (a.) Original, cropped snapshot. (b.) 
Grayscale representation.  (c.) Edges enhanced.  (d.)  Smearing with coarse filter. (e.) Bubbles 
identified. (f.) Bubbles subtracted and particles identified. 
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Figure 3.8 compares the calibration profile of the static measurements (taken after 

vigorous fluidization) with the profiles for measurements taken during fluidization at 1.09 

m/s and 1.37 m/s. These velocities are 1.2 and 1.5 times the incipient velocity, Umf, of a 

mixture containing 50% 2.5 mm particles. 
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Figure 3.8: Calibration chart profiling actual 2.5 mm particle fractions (set prior to 
measurements) against the apparent 2.5 mm particle fractions obtained from the images 
captured from bidisperse mixtures containing various proportions of 1.5 mm and 2.5 mm 
spherical particle species.  

For the ‘in-situ’ calibration measurements, the apparent segregation (using apparent 

compositions) in each snapshot was evaluated and only images in which the segregation 

was less than 10% were considered. As a matter of fact, this criterion was necessary only 

for the 1.09 m/s fluidization experiments because all the images captured during the 1.37 

m/s experiments fell below the 10% segregation limit. The similarity of the 3 sets of 

measurements in Figure 3.8 implies that the calibration could be more quickly and easily 

done at an appropriate fluidized state because it excludes the time-consuming and less-

convenient stop-start sequence involved in the static measurements. 

Generally, for a bidisperse mixture, the calibration profile of the larger specie can be 

represented by: 

,app

,act ,app(1 ) (1 )
c
pbx

p px a x a e         (3.15) 

where: 
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,actpx  is the actual fractional composition of particle type p in the mixture.                                           

,apppx  is the apparent fractional composition (in the bed snaphots) of the particle type p in 

the mixture, and  a, b and c are the fit parameters. 

Typical values for the fit parameters are a = 0.45, b = -5.97, c = 0.8 (for the trend line in 

Figure 3.8). The parameter a represents the linear component of the fit relation  and it 

corresponds to the intersection of the  tangent drawn at x2.5 mm,app = 100% (monodisperse 

bed with 2.5 mm particles only) with the vertical axis at x2.5 mm,app = 0%. Note that the fit 

parameters are unique to each specie pair. The calibration profiles change with particle 

sizes and colors, because of slight differences (even as low as 4%) in densities, and the 

susceptibility of the particles to static effects.  

Furthermore, ordinarily, the calibration profiles would be expected to exhibit a high 

degree of symmetry about the axis orthogonal to the ideal relation at the middle of the 

chart but this is not the case. The deviation from the ideal relation is found to be more 

pronounced when the larger 2.5 mm particles are present at relatively low volumetric 

fraction in the bed. This behavior is somewhat analogous to the trend seen in the packing 

fractions of FCC-ordered binary mixtures where the deviation from the monodisperse 

packing fraction is more when the larger particle is less in proportion (Brouwers 2007). 

A parity plot of the calculated mass percentage of the 2.5 mm particles, evaluated solely 

from the images captured and the calibration fit, against the mass percentage that was 

actually present in the bed was prepared as a verification measure (Figure 3.9). To 

calculate the mass percentage from the images, the bed was divided into many cells in 

both the horizontal and vertical directions and the composition in each cell was evaluated 

with the calibration fit. The average composition in the bed was then computed by taking 

the average of the composition in all cells while weighing each cell with the amount of 

particles (pixels) detected in them.   

Figure 3.9 also includes the error bar for each measurement point. As can be observed in 

the chart, the fit performs better at higher (greater than 70%) 2.5 mm particle fractions. 

Above 70% composition the average error margin was  1.0% with a minimum margin 

of  0.52% observed at 95% composition.  

However, since the smaller particles more often than not appear more in the grids this 

region of the fit is not really of paramount importance. More cells fall in the range below 

70% composition. The largest error margin obtained in this region was  1.92 at 40% 

composition and the average error margin was  1.64%. In terms of deviation from the 

ideal relation, a similar trend is observed with the percentage deviation which is slightly 
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higher in the region below 70% composition. Generally, the fit can be said to be very 

accurate. 
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Figure 3.9: Accuracy of the Digital Image Analysis technique checked for binary mixtures with 
known compositions of the constituent 1.5 and 2.5 mm particles.  

3.3.5 Segregation Experiments 

With the calibration of the mixture completed satisfactorily, the next step is to evaluate 

the time profile of the degree of segregation in typical situations.  

The extent of segregation for binary mixtures is defined here (as in Goldschmidt et al., 

2003) by: 

max

1

1

S
s

S





         (3.16)

 
where the actual degree of segregation, S , is given as: 

arg

small

l e

h
S

h
          (3.17) 

and the maximum degree of segregation, maxS , when the packing densities of both fully 

separated zones of the small and large particles are equal, is obtained from: 
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max

2

1

small

small

x
S

x





        (3.18)

 

where the smallx  is the mass fraction of the smaller particle type.  

To quantify the extent of segregation from each snapshot of a fluidized bed, the average 

heights of the component particles have to be evaluated. For a particle type p the average 

height, ph , is given as: 

 

 

,act ,
1 1

,act ,
1 1
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x h V

h

x V

 

 

 








      (3.19) 

where NGH and NGV represent the number of cells in the horizontal and vertical directions 

respectively. V represents the total index volume of particles in a cell and is given by: 

,

1 1

VH GPGP

i j

i j

V 
 

           (3.20) 

where 
, 1i j   when  , ,1 , ,2 , ,3, ,i j i j i j    1 2P P ; otherwise 

, 0i j     

GPH and GPV are the numbers of pixels in the horizontal and vertical directions of a cell. 

, ,1i j , 
, ,2i j and 

, ,3i j are, respectively, the Hue, Saturation and Value attributes in the 

pixel (i,j). P1 and P2 each represents the Hue, Saturation and Value attributes that define 

the particle species p1 and p2 respectively.   

One phenomenon that was deliberately omitted, for simplicity, in the evaluation of the 

volume index, is the 2D-3D correlation in cell porosities. Past investigations have shown 

that this correlation of porosities in fluidized bed is affected by the intensity distribution, 

which affects slightly mostly the dilute regions, and the bed depth. All the correlations 

known were developed from monodisperse systems. The influence of the diameter ratios 

in multi-component systems has not been reported. However, it is reckoned that this 

omission has a negligible effect, and the 2D-3D porosity effect is even to a large extent 

embedded in the calibration fit which has been obtained also under fluidized conditions.   

The 
,actpx in Equation 3.19 is calculated for each cell from the calibration fit in Equation 

3.15 by using the apparent fraction,
,apppx , computed for each cell. The apparent fraction 

for a particle type P1 is given by: 
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        (3.21) 

where 
, 1i j   when 

, ,1 , ,2,i j i j   1P ; otherwise 
, 0i j  . 

 Similar relations can be written for systems with arbitrary number of particle types  p2, p3 

…etc. The cell and pixel framework of the bed is illustrated in Figure 3.10. 

A comprehensive Matlab program script was written to automate all the sequences in the 

image analysis. The newly developed DIA technique was then deployed to characterize 

the fluidization behavior of a binary mixture containing 50% 1.5 mm particles and 50% 

2.5 mm particles. The amount of particles poured into the bed at the start of the 

experiments was such that they were just enough to render the bed height-width ratio 1. 

Several runs were taken to check the degree of reproducibility of the results. Before each 

run, the bed was vigorously fluidized with air to get the medium to be well mixed. 

Thereafter, the gas flow was stopped abruptly.  Subsequently, the gas velocity was set to 

just below the incipient velocity of the flotsam, with the whole bed remaining static, and 

then increased abruptly to the desired fluidization velocity of 1.09 m/s, which is 1.2 times 

the incipient fluidization velocity of the mixture. This procedure was undertaken to 

minimize the response lag between the mass flow controller and the bed. The mixture 

minimum fluidization velocity, Umf , was determined from experiments via the standard 

pressure drop-fluidization velocity chart. The values of the HSV attributes that were 

adequate in detecting the particle types are provided in Table 3.2. 

Table 3.2: HSV attributes for particle specie detection. 

 

Figure 3.11 shows the results of the  fluidization experiments. The 3 runs presented in 

Figure 3.11 (a) reveal a linear increase of the segregation index, s , in time with a slope 

ranging from 0.55-0.56. In previous studies, a similar degree of deviation was found 

between successive experiments. Figure 3.11 (b) shows the trend of the mean of the 3 

runs with time, together with the standard deviation. From this figure, it can be seen that 

Particle color red blue green 
bed 

background 

Hue attribute ( , ,1i j ) 
0 – 0.2  

0.85 – 1.0 
0.5 – 0.85 0.2 -0.5 0 – 1.0 

Saturation attribute ( , ,2i j ) 0.5 – 1.0 0.3 – 1.0 0.4 – 1.0 0 – 0.3 
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after 10 s the standard deviation increases. It then drops around 35 s only to increase 

again from 40 s. This suggests some form of periodicity in the segregation dynamics. 
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I = 1 2 3 NGH-1 NGH
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3

Figure 3.10: Bed framework for digital image processing. Left,  bed grid framework; right/inset, 

grid pixel framework. 

 

Once again, it is interesting to access the reliability of the calibration fit in determining 

the particle compositions in various zones in the bed. Figure 3.12 suggests that to a large 

extent (for time exceeding 10 s) the technique successfully predicted the overall particle 

fraction of the 2.5 mm particle to within  2.5%. However, a shortcoming seems to exist 

at the start of the experiment when the particles are well-mixed. This observation might 

be related to the fact that, in relative terms, too many of the cells at that time fall within 

the left portion of the calibration chart, which exhibits a slightly lower accuracy (see 

Figure 3.9). Normally, at the start of the experiments with a well-mixed bed, the 2.5 mm 
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particle specie appears much less in comparison with the actual composition, that is, it 

appears much less than 50% (Figure 3.13). It is expected that as segregation progresses 

the 2.5 mm particles will gradually be seen more in proportion with perhaps less 1.5 mm 

particles to obscure its view. However, at 0 seconds the amount of 2.5 mm calculated 

exceeds 50%. The starting point coupled with the gradual and consistent decrease in the 

amount of the 2.5 mm specie seen in Figure 3.12 suggests that there has been a slight 

over-correction in the particle proportion distortion.  

 

 

 

 

          (a.) 

 

 

 

 

 

 

 

 

 

         (b.) 

 

 

 

 

 

Figure 3.11: The time profile of the extent of segregation for a bidisperse mixture, containing 
50% 1.5 mm particles and 50% 2.5 mm particles, that was fluidized at 1.09 m/s (1.2Umf). [a.] 
Actual measurements [b.] mean segregation with error margin. 
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Figure 3.12: Time profile of the mass fraction calculated from bed snapshots for a bidisperse 
mixture, containing 50% 1.5 mm particles and 50% 2.5 mm particles, that was fluidized at 1.09 
m/s (1.2Umf). 

 

 

Figure 3.13: Actual bed snapshots at 0, 20, 40 and 60 seconds respectively of a bidisperse 
mixture, containing 50% 1.5 mm particles (green) and 50% 2.5 mm particles (blue), that was 
fluidized at 1.09 m/s (1.2Umf). 
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Furthermore, at the start of the experiments, there are relatively less voids in the bed. 

Larger voids form as the segregation increases because the fluidization velocity 

increasingly exceeds the incipient velocity of the top strata of the bed. Hence, the packing 

fraction of the bed is a bit higher in the first 10 s. This is when the slope of the 2D-3D 

correlation of gas porosities exceeds 1 (de Jong et al., 2012).  This could in principle 

introduce some errors in the evaluation of the average particle height. Nevertheless, the 

4% accuracy of the calibration fit is within acceptable limits. 

In Figure 3.13, some images of the bed at various times are presented. From the bed 

snapshots, it was observed that some clusters of the smaller 1.5 mm particles were 

trapped by the jetsam at the wall, even at relatively high extents of segregation, thus 

further complicating the image analysis.  

 

3.4  Verification with Discrete Element Model 

Although series of segregation experiments can be carried out in the lab for different 

polydisperse systems with a variety of fluidization conditions, it is very hard, if not 

impossible, to compare the segregation results obtained via the DIA technique with the 

“exact” conditions inside the bed. One alternative is the use of simulation models like the 

Discrete Element Model (DEM) which provides exact information about the size and 

position of every particle in the bed. It is important to note that the robustness of the flow 

solver and the flow-particle coupling is not of much relevance here. The major 

requirements are some degree of randomness in the particle positions, a variety of 

segregation scenarios and availability of a realistic visualization tool. In addition, it is 

desirable that the collision parameters be such that the extent of overlap is reduced to the 

barest minimum.  

For verification and validation, the newly developed DIA technique was used to evaluate 

the time evolution of segregation in the visualizations of some DEM simulations that was 

conducted prior to this study. Pertinent details of the DEM simulation conditions and 

parameters are presented in Table 3.3. The DEM contact time and spring stiffness were 

adequate in keeping maximum and mean particle overlap below 1 and 0.05% 

respectively.  

For a realistic visual representation of the DEM data, an Open VIsualisation TOol, The 

OVITO (Stukowski, 2010), was used. The visualization software, by employing a 

powerful concept of data processing pipeline, produces a meaningful depiction of the 

particle based simulation data. In the algorithm, ambient lighting calculations and shading 
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of atoms are implemented so that the images produced can as close as possible, mimic 

camera snapshots of actual fluidized beds. 

An adequate calibration profile of the binary mixture is essential in the implementation of 

the DIA technique for the evaluation of segregation profiles. Simulation runs that mimic 

the steps conducted hitherto, for lab experiments, would require lots of computational 

time and resource, hence a calibration chart was sought from the available simulation 

series.  

Table 3.3: Conditions and parameters used in the DEM simulation. 

Particle type glass  Column height *# 1.000 m (300) 

Particle diameter 1.5, 2.5 mm   Column width * 0.150 m (45) 

Particle density 2526 kg/m3  Column depth * 0.015 m (1) 

Particle shape spherical  Contact time ~ 10-6 s 

Normal Spring 
stiffness 

9,000 N/m  Gas type air 

Coefficient of 
restitution 

normal, 0.97; 
tangential, 0.33 

 Coefficient of friction 0.1  

Fluidization velocities 
(m/s) 

1.30 (Case A)    
1.10 (Case B)  

Static bed height (cm) 
15 (Cases A and 

B) 

Particle size (mm)  1.5 2.5 

                                   Case A 

Percentage (%)  25 75 

Number of particles  27,720 17,940 

                                 Case B 

Percentage (%)  50 50 

Number of particles  55,430 11,960 

* The number of fixed CFD cells is given in parentheses.                                                                                        
# The column height includes freeboard. 

The DEM code was adapted to provide directly the number of each particle type with 

their centers of mass in the Eulerian cells. Since the Eulerian cell size is only 1.32 times 

the size of the 2.5 mm particle, the grid was enlarged to 3 Eulerian cells in the vertical 

and horizontal directions. Hence, initially, a 10 10 mm grid was used in the DEM image 

analysis. However, this grid size was found to be too small because of the fuzziness in the 
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profile it generated in its calibration chart, consequently, the grid size had to be increased 

even further. A 30 30 mm grid was found to be adequate for generating a calibration 

chart which, as shown in Figure 3.14, provides a distinct trend. Hence, it is proposed that 

the grid size used in the image analysis should be up to 10 times the largest particle 

diameter to obtain a meaningful calibration fit. 

With the calibration fit defined, the next step was to run the image processing script on 

the images generated from the visualization. Figures 3.15 (a) and (b) compare the 

evolution of the extent of segregation in the DEM data with those obtained via 

visualization processing, with and without calibration-fit correction, for Cases A and B 

respectively. Note that the calculations without the calibration fit simply assume an ideal 

relation where the actual fractions of the species in a cell are equal their apparent 

counterparts.  

Clearly, when the smaller 1.5 mm particle was 25% by volume [Figure 3.15 (a)], the three 

schemes for describing the segregation were very similar. In fact, the sets of data have a 

mean standard deviation of 2%. Expectedly, the distortive effect of the fewer 1.5 mm 

particles was less, and as illustrated in Figure 3.15 (c), the calculated fraction of the 2.5 

mm particle hovers consistently just under 0.5. Although far less obvious, a statistical F-

test revealed that there is an improvement in the segregation profile obtained via the 

calibration fit. The F-test value for the calibrated fit was 0.19, which is an improvement 

over the 0.02 obtained from the apparent segregation, when comparisons are made with 

the actual segregation profile.  

However, when the small particle proportion is increased to 50% its distortive effect 

becomes pronounced, as observed in Figure 3.15 (b), and the improvement in the results 

from the DIA technique becomes evident. The calibration fit reduced the mean deviation 

from 9.3% to 3.7%. In fact, the fit segregation profile followed the rising trend of the 

actual segregation in the first 25 s, but subsequently, it seemed to have experienced some 

difficulty in receding after each peak. This phenomenon probably has to do with the 

particle-wall frictional interaction. Furthermore, it is interesting to note that the DIA 

technique was able to make accurate predictions regarding the frequency of fluctuations 

of the segregation profiles. A Fourier analysis of the DEM data revealed a frequency of 

2.5 Hz while the visualization produced a peak at 2.6 Hz. Figures 3.15 (c) and (d) show 

that an increase in the extent of segregation did not have much influence on the apparent 

fractions in the simulations.  

It is important to mention here that a comparison between the experimental results in 

Figure 3.11 and the simulation results in Figure 3.15 (b) would be inappropriate, in spite 

of their similarity in composition, because of the differences in their bed widths.  



Improved DIA Technique 

 

82 

0 20 40 60 80 100
0

20

40

60

80

100

 

 

x
2.5 mm,app

 [%] 

x
2
.5

 m
m

,a
c
t [

%
] 

Figure 3.14: Calibration chart profiling the actual 2.5 mm particle fractions against the apparent 
2.5 mm particle fractions in DEM simulations of  bidisperse mixtures, containing 50% 1.5 mm 
particles and 50% 2.5 mm particles, for fluidization at 1.10 m/s (1.2Umf).Grid size = 30×30 mm. 

Figure 3.16 shows samples of the image visualizations, produced by OVITO, processed 

by the DIA program script. Initially, at 0 s, the particles in the bed were arranged 

randomly in a face-centered cubic lattice such that the distances between their centers of 

mass were equal irrespective of the particle types in the neighborhood.  

3.5  Polydisperse Systems 

The treatment done in this work for binary systems can be readily extended to ternary and 

general multi-component systems. In the evaluation of calibration profiles for multi-

component systems, a multi-variate calibration equation dependent on all component 

fractions is required for each component. Some of these equations can be simplified such 

that they are dependent on just one component. However, a higher number of components 

in the mixture generally results in a reduction of the accuracy of the calibration fit. As for 

the extent of segregation in multi-component mixtures, this can be defined for each 

component specie with respect to the component(s) that is least likely to fluidize. 
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Figure 3.15: The time profile of the extent of segregation and component mass fractions for  
bidisperse mixtures, containing: (a.) and (c.) 25% 1.5 mm particles and 75% 2.5 mm particles, for 
fluidization  at 1.30 m/s; (b.) and (d.) 50% 1.5 mm particles and 50% 2.5 mm particles, for 
fluidization  at 1.09 m/s. 
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0 s                       10 s          20 s 

 

30 s   40 s       50 s 

Figure 3.16: Bed visualizations of DEM simulations at 0, 10, 20, 30, 40 and 50 seconds 
respectively of a bidisperse mixture, containing 50% 1.5 mm particles (blue) and 50% 2.5 mm 
particles (red), that was fluidized at 1.10 m/s. 

 

3.6  Conclusions 

In this work, the enhanced capacities of state-of-the-art photographic instruments have 

been utilized in developing a Digital Image Analysis technique for the identification of 

bubbles and the evaluation of local compositions and degrees of segregation in lab-scale 

pseudo-2D gas-solid fluidized beds.  

The extent of segregation for binary systems has been determined to up to 5% accuracy in 

first 50 s of fluidization by: 

 identifying colored particle species in bed image snapshots through the unique 

HSV color space attributes that they present in pixels. 
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 the determination of their actual composition in grids drawn across the bed from 

the apparent composition of the species in those cells by the use of a reliable 

calibration fit 

 and the substitution of the average particle heights evaluated from the cell 

compositions in the segregation relation introduced by Goldschmidt et al. (2003). 

Experiments conducted to determine the calibration fit suggests that the composition of 

particle species in cells drawn across the bed can be determined reliably when the cell 

size is at least 10 times the diameter of the largest particle in the system. 

The capability of the technique was demonstrated in the analyses of fluidized bed 

simulation results. In those analyses, the extents of segregation in snapshots of the DEM 

simulations were found to be in good agreement with exact values calculated from 

individual particle positions in the DEM. The technique was also found to be sensitive 

enough to detect the frequency of fluctuations in the segregation profile. The DEM probe 

seems to suggest that, for some binary mixtures of certain diameter ratios, the time 

evolution of segregation could be evaluated quite accurately, without recourse to the 

tedious calibration procedure, when the smaller specie is present in a much smaller 

overall proportion. 

Furthermore, the newly developed image analysis technique permits the simultaneous 

evaluation of bed height, and bubble size and position by making use of robust in-built 

algorithms in Matlab.  
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4 
 Bubble Formation at a Single Orifice in a 

2D Gas-Fluidized Bed 

 

 

An earlier developed Discrete Element Model (DEM) for simulating dense gas-solid two-phase 

flow has been used to study the formation of bubbles at a single orifice. A systematic theoretical 

study was conducted to study the effect of particle size and injection rate on the bubble growth 

process for Geldart type D particles. Theoretical results obtained for pseudo-2D beds were 

compared with predictions from approximate models reported in the literature, the Two-Fluid 

Model (TFM) and laboratory experiments. The Caram and Hsu model, an approximate model, 

gives a fairly good description of the trend of bubble size and the superficial gas velocities with 

time when the change in bubble boundary (defined by the gas voidage) with injection rate is taken 

into account. The DEM bubble size was found to be sensitive to the value of the gas void fraction 

defining the contour of the bubble boundary. The bubble behavior is influenced by minimum 

fluidization velocity, as defined by gas and particle properties, and the injection rate. Higher 

injection rates give larger bubbles and a small change in leakage rate.  The detachment time for 

the DEM bubbles seem independent of particle size and injection rate when the bed width is 

small. Predictions from the DEM were consistent with the TFM. 

 

 

 

 



Bubble Formation at a Single Orifice 

 

90 

Notation 

oC   virtual mass coefficient, dimensionless 

Fcontact,a sum of individual contact forces exerted by all other particles in contact 

with particle a, N 

Fext,a  sum of gravitational force, drag force and force resulting from pressure 

gradient, N 

Fpp,a  sum of all other particle-particle forces e.g. short-range cohesive forces, N 

g, g   acceleration due to gravity, m/s
2
 

I   moment of inertia, kg m
2 

I   unit tensor vectors 

m   mass, kg/m
3 

n   normal direction 

Npart  number of particles 

P   pressure, N/m
2
 

Q   gas rate, m
3
 

r   position vector, m 

R   radius, m 

S      distance between orifice and bubble center, m 

pS   source term that describes the momentum exchange with the solid particles 

present in the  control volume 

t   time, s 

T  torque, Nm 

u   velocity vector, m/s 

U   gas velocity, m/s 

v   velocity vector, m/s 



Bubble Formation at a Single Orifice 

 

91 

V   local volume of a computational cell, m
3
 

aV   volume of particle a, m
3
 

x   horizontal Cartesian direction 

y   vertical Cartesian direction 

   momentum transfer coefficient 

   bed depth, m. Note that  has a different meaning in Equation T1-4 

   gas porosity, dimensionless 

   gas phase bulk viscosity, Pa.s 

   gas phase shear viscosity, Pa.s 

   angle of inclination 

   density, kg/m
3
 

   angular velocity, rad/s 

Subscripts 

a  particle 

b   bubble 

BS  bubble surface 

em   emulsion phase 

ex   exchange 

mf   minimum fluidization 

z   direction 

 

 

 



Bubble Formation at a Single Orifice 

 

92 

4.1  Introduction 

Gas fluidized beds play an important role in the process industries. Bubbles often exist in 

these beds and their dynamics are responsible for the solids agitation and the 

accompanying favorable heat and mass transfer characteristics of fluidized beds. The 

bubbles formed at the distributor plate affect the spatial and size distribution of bubbles in 

the bed. A good understanding of bubbles formed at an orifice in these beds is therefore 

necessary to develop reliable hydrodynamic models that can support the design and 

optimization of new processes and the improvement of existing ones.  

Once a bed of solid particles has been fluidized it starts to exhibit fluid-like behaviors. On 

this basis, Harrison and Leung (1961) adopted the Davidson and Schüler (1960) model, 

originally developed for the formation of a spherical bubble at a single orifice in an 

inviscid liquid, for the formation of gas bubbles in fluidized beds under similar 

conditions. The adaptation from the Davidson and Schüler model produces the bubble 

volume at detachment and the time for bubble formation. One of the major shortcomings 

of the Harrison and Leung model is that it neglects the gas leakage through the bubble 

surface into the emulsion phase. Nguyen and Leung (1972) demonstrated that no less than 

47% of the air injected through an orifice into an incipiently fluidized two-dimensional 

bed of alumina particles leaked to the emulsion phase during the process of bubble 

formation. Also, Rowe et al. (1979), in their experiments using X-ray cine-photography, 

showed that visible bubble flow accounted for approximately 50% of gas injected into the 

bed. Yang et al. (1984) tried to improve earlier models by developing a model that 

accounted for the leakage of gas through the bubble surface. In this model, a 

hemispherical bubble is formed at the orifice where bubble gas leaks out through the 

bubble boundary at a superficial velocity which is assumed to be equivalent to the 

minimum fluidization velocity, as was suggested by Zenz (1968). From the model, Yang 

et al. came up with equations for evaluating the time for bubble formation and the 

corresponding bubble diameter, and obtained satisfactory agreement between model 

predictions and experimental data. However, a major drawback of the model is that the 

bubble frequency is required as an input, which has to be obtained from experiments. This 

empirical input can be avoided, as suggested by Caram and Hsu (1986), by solving 

simultaneously both the mass and momentum balances during the bubble formation 

process. Caram and Hsu derived an expression that estimates the superficial exchange 

velocity from the pressure difference between the bubble and the surrounding emulsion 

phase. 

More recent investigations into the formation of bubbles at a single orifice largely 

involved modeling of two-phase flows in which both phases are considered to be 

continuous and fully interpenetrating. Kuipers et al. (1991) used an earlier developed 
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Two-Fluid Model (TFM) of gas-fluidized beds to satisfactorily predict the formation of 

bubbles at a single orifice in a two-dimensional bed. Pierrat and Caram (1992) developed 

a model by solving reduced TFM equations, for solid phase mass and momentum 

conservation, in one dimension assuming spherical bubbles. A major drawback of the 

Pierrat and Caram model is its inability to predict bubble detachment times because the 

equation of motion for the bubble was excluded. Huttenhuis et al. (1996), using also the 

TFM, studied both experimentally and theoretically the effect of gas-phase density on 

bubble formation at a single orifice in a 2D gas-fluidized bed. Nieuwland et al. (1996) 

also used a detailed hydrodynamic model describing dense gas-solid phase flow to 

describe the effect of particle diameter and density on the bubble growth process for 

Geldart type B powders. The model was able to predict detachment times which seemed 

to be independent of particle size. 

Nevertheless, some researchers have their reservations with respect to the TFM. Gera et 

al. (1998), using a comparative study of TFM and Discrete Element Models (DEM), 

argued that the TFM-based simulations were very sensitive to inter-particle friction, 

incorporated through solid’s pressure and viscosity, which could obscure observation of 

true bubbling characteristics of fluidized beds. Mikami et al. (1998) used the DEM 

simulation to study cohesive powder behavior; however, they were unable to simulate a 

single bubble in the cohesive fluidized bed. Pandit et al. (2007), working with Geldart 

Group B powders, used the DEM simulation to study the effect of inter-particle force on 

spontaneous bubble formation and characteristics. The objective of our work is to 

compare the bubble predictions from the various approximate models with those from the 

detailed DEM. It is also desirable to know how the DEM compares with the TFM and 

laboratory experiments in induced bubble prediction.      

    

4.2  Approximate Models 

In the approximate models tested in this work, the volumetric rate of injection of gas, Q , 

into the cylindrical bubble through the orifice is assumed to be constant throughout the 

bubble formation process and the superficial exchange velocity, exU , is assumed to be 

uniform over the bubble surface. Moreover, the emulsion phase surrounding the bubble is 

considered to comprise an incompressible, inviscid fluid with no surface tension. Thus, 

neglecting viscous drag, the bubble formation process can be described by an equation of 

motion and a gas mass balance represented by [Kuipers et al (1991)]:  
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where S is the distance between the bubble centre and the orifice, bR  is the bubble radius, 

  is the thickness of the quasi two-dimensional bed and oC  is the virtual mass 

coefficient. The bubble formation process ends when bRS   leading to the detachment 

of the bubble which then rises up the bed.  

Three special cases will be used for the approximate models in this work. 

Case 1. 0exU ; no net exchange of gas across bubble surface  (Harrison and Leung 

model).  

Case 2. mfex UU  ; that is, the net superficial gas exchange velocity is equal to the 

minimum fluidization velocity (Zenz assumption). 

Case 3. 
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ex  [Nieuwland et al. (1996)]; that is, the net 

superficial gas exchange velocity depends on the difference in pressure between the 

bubble and the surrounding emulsion phase (Caram and Hsu model). 

 

This study tests the validity of these various models by DEM simulations, which has the 

advantage over TFM simulations in that the solid phase is modeled much more 

accurately, in particular with respect to friction.  

 

4.3  Discrete Element Model 

The Discrete Element Model, also known as the Discrete Particle Model, was developed 

by Cundall and Strack (1979) for soil rheology by employing concepts of molecular 

dynamics.  In their model, instead of using a complicated detailed model, contact 

mechanics forces were calculated from a simple mechanical analog involving a spring, 

dash-pot and friction slider as schematically represented in Figure 4.1. It has however 

been found to be applicable to many other systems involving granular materials, such as 

gas-fluidized beds. 

The Discrete Element Model (DEM) is essentially the Euler-Lagrange model in which the 

gas phase is treated as a continuum and the particles are tracked individually by solving 
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the Newtonian equations of motion with a collision model to account for the non-ideal 

particle-particle and/or particle-wall interactions. The advantages of this model include 

the relative ease of incorporating an arbitrary distribution of particle properties, like size 

and density, and the possibility of incorporating detailed particle-particle interaction 

models. However, one major drawback in the use of the DEM is the limitation of the 

number of particles resulting from CPU requirements. It is therefore expensive to apply 

the discrete particle simulation to the case of fine powders. It can however be deployed in 

this work since relatively large Geldart D particles (1 – 3 mm, spherical glass) are 

investigated. However, also for these particles the system sizes remain limited, and 

therefore the effect of the system size is also investigated in this study. 

friction slider

spring

dash-pot

 

Figure 4.1: Mechanical analog for contact forces involving a spring, dash-pot and friction slider. 

In the previously developed Discrete Element Model used in this study, the particles are 

tracked individually using Newton’s second law of motion where a time-step driven soft 

particle model is used instead of an event-driven hard particle model, which is far less 

efficient for dense systems like in this work. In the soft particle model, in addition to 

binary collisions, simultaneous multiple collisions between particles are also considered. 

It is better suited for fluidized beds and dense and quasi static granular flows in which 

there is high frequency of collisions.  The main equations of the model are given in Table 

4.1. More details about the DEM model used in this work can be found in van der Hoef et 

al. (2006). 

A pseudo-2D bed was studied in this work and its parameters were varied depending on 

the mode of investigation. Figure 4.2 shows the schematics of the bed and Tables 4.2 and 

4.3 give the specific details of the dimension and properties of the simulation runs for 1, 2 

and 3 mm – particle beds. All the side walls were assumed to consist of impermeable free 

slip boundaries. The bottom boundary was defined as a prescribed inflow boundary 

whereas at the top boundary a prescribed pressure was imposed. 
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Figure 4.2: Schematic representation of the bed and the imposed boundary conditions. 

A spring stiffness of 7000, 10000 and 19000 N/m was used for 1, 2 and 3 mm particles 

respectively. These are the values at which the average particle-particle overlap is less 

than 0.1%. It is convenient that the spring stiffness can be set to a value as low as possible 

to reduce the time step required to calculate contact forces without compromising the 

reliability of the results. The values used here are sufficiently high enough compared with 

the 800 N/m reported for 0.5 – 4 mm particles by Pandit et al. (2007), Tsuji et al. (1993), 

Mikami et al. (1998) and Rhodes et al. (2001). Also, Bokkers (2005) reported that the 

normal spring stiffness of 5000 N/m is sufficiently high to obtain accurate and consistent 

results. The values used for the normal and tangential coefficients of restitution and 

coefficients of friction are those reported by Bokkers et al. (2004).  

From Table 4.3 it can be seen that the grid sizes used in all the simulations exceed the 

particle sizes but are much smaller than the anticipated bubble sizes. These grid sizes are 

in the order of magnitude reported by Bokkers et al. (2006).   
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Table 4.1: DEM model equations in vector notation. 

Equations of motion for particle: 
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Table 4.2: General settings for parameters used in the DEM simulations. 

Particle type Glass 
Coefficient of 
restitution 

Normal, 0.97±0.01; 
tangential, 0.33±0.05 

Particle diameter 1 – 3 mm  Contact time ~ 10-6 s 

Particle density 2526 kg/m3 Gas type Air 

Particle shape Spherical Injection velocity 10, 15, 20 m/s 

Number of particles 45,000 – 800,000 Flow solver time step 2.5 × 10-5 s 

Normal Spring 
stiffness 

7,000 – 19,000 N/m Orifice width 14 mm 

Coefficient of friction 0, 0.1±0.01   Drag correlation Ergun; Wen and Yu 
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Table 4.3: Settings for DEM simulations. 

 1 mm 2 mm 3 mm 
Normal spring stiffness, N/m 7,000 10,000 19,000 

Tangential spring stiffness, N/m 2248.9 3212.7 6104.1 

Background velocity, m/s 0.58 1.07 1.40 

 small bed 

Bed height, m  0.60 (80) 0.60 (80) 0.60 (40) 

Bed width, m 0.21 (30) 0.21 (30) 0.21 (15) 

Bed depth, m 0.010 (1) 0.015 (1) 0.018 (1) 

Number of particles 550,000 100,000 45,000 

 wide bed 

Bed height, m  - 0.60 (80) - 

Bed width, m - 0.63 (90) - 

Bed depth, m - 0.015 (1) - 

Number of particles - 300,000 - 

  

 large bed 

Bed height, m  - 1.20 (160) 1.20 (100) 

Bed width, m - 0.63 (90) 0.63 (45) 

Bed depth, m - 0.015 (1) 0.020 (1) 

Number of particles - 800,000 300,000 
(The number of fixed Eulerian cells are given between brackets; The bed height includes the emulsion phase, with an initial height of 
0.23 m for both the small and wide bed and 0.61 m for the large bed, and the freeboard). 

 

In the simulations, the background velocity in the bed is set by fixing the velocity of air in 

each of the bottom boundary cells which do not contain particles. In the first 1 – 2.5 s of 

the simulation, the background velocity is set to the minimum fluidization velocity. To 

induce the bubble, the velocity in the central cell(s) of the bottom boundary row is 

switched from the minimum fluidization velocity to the desired bubble injection velocity 

for about 0.2 s before it is switched back to its original value. The gas was injected at the 

same velocity and through the same orifice width as in the approximate model. 

 

4.4  Two-Fluid Model 

The Two-Fluid Model is essentially an Euler-Euler model where both the gas and solid 

phases are treated as interpenetrating continua using a generalized Navier-Stokes equation 

for interacting fluids. This approach is especially useful and more computationally 

advantageous when the volume fractions of the phases are comparable, or when the 

interaction within and between phases plays a significant role in determining the 

hydrodynamics of the system. In the TFM, the Kinetic Theory of Granular Flow is used 

to express the isotropic and deviatoric components of the solid stress tensor, that is, solid 

pressure and solid shear rate, as a function of the granular temperature. More details about 
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the TFM are given in van der Hoef et al. (2006). The governing equations for the TFM 

are presented in Table 4.4 and the parameter settings in Table 4.5. 

Table 4.4: Two-Fluid Model governing equations. 

Continuity equations: 

             . 0g g g g g
t
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Momentum equations: 
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Granular temperature equation: 
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Table 4.5: Settings for TFM simulations. 

Particle type Glass  

Gas type Air  

Particle density 2526 kg/m3  

Injection velocity 10, 15, 20 m/s  

Flow solver time step 10-5 s  

Drag correlation Ergun; Wen and Yu  

 1.5 mm 2 mm 2.5 mm 

Background velocity, m/s 0.85 1.07 1.25 

  

 small bed 

Bed height, m  0.45 (90) 0.60 (170) 0.45 (90) 

Bed width, m 0.15 (30) 0.21 (60) 0.15 (30) 

Orifice width, mm 10 14 10 
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Initial bed height, m 0.18 0.23 0.18 

  

 wide bed 

Bed height, m  - 0.60 (170) - 

Bed width, m - 0.63 (180) - 

Initial bed height, m - 0.23 - 

  

 large bed 

Bed height, m  - 1.20 (300) -  

Bed width, m - 0.63 (180) -  

Initial bed height, m - 0.61 - 

(The number of fixed Eulerian cells are given between brackets; The bed height includes the emulsion phase and the freeboard). 

 

4.5  Laboratory Experiments 

It is desirable to examine how the models compare with laboratory experiments. 

Simulations of the fluidised bed experiments conducted previously by Bokkers (2005) 

were carried out. In those experiments, the evolution of the bubble size and shape in time 

of a single bubble injected via a central jet in a bed of mono disperse particles kept at 

minimum fluidizing condition was recorded with a high-speed digital camera. Bubble 

formation in beds of spherical particles of 1.5 and 2.5 mm diameter, with known normal 

and tangential coefficients of restitution and coefficients of friction, were investigated. 

Steam was added to keep the humidity of the inlet air at 60% to avoid build-up of static 

electricity and the bed was illuminated with two halogen lamps on each side to provide 

uniform lighting. Snapshots from the experiments were processed with a standard Digital 

Image Analysis code to detect and evaluate the bubble sizes. 

 

4.6  Results and Discussion 

Several DEM simulations were conducted for pulse injection of air at 10, 15 and 20 m/s 

in each of the bed configurations given in Table 4.3. However, only selected results are 

presented here for brevity. One main contention was the definition of the bubble 

boundary. Particles have been observed inside the bubbles in both computer simulations 

and laboratory experiments so it is not realistic to use the ideal gas void fraction of 1.0; 

however, definite criteria for defining bubble boundary have not yet been established, and 

various authors specify the threshold gas void fraction for defining the bubble boundary 

at their own discretion. In this work, the bubble boundary was initially defined as the 
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surface, at which the gas voidage equals 0.8, which is just about double the theoretical 

voidage at minimum fluidization, encapsulating the macro gas void that makes up the 

bubble. The contour defining the bubble boundary was obtained by spatial interpolation 

using the void fraction values in the CFD cells, and the bubble size was characterized by 

the diameter of a circle whose area is equal to the area circumscribed by the contour. A 

rough estimate showed that the volume occupied by the particles in the bubbles is less 

than 2%.  

While Case 1 of the approximate models could be solved analytically, Cases 2 and 3 do 

not permit analytical solution, so a fourth order Runge-Kutta method was used. Figure 4.3 

shows the result of the approximate models compared with the DEM for 15 m/s gas 

injection into a small 2 mm particle bed. Clearly, the Caram and Hsu model gives a much 

better prediction of the bubble formation process than the other two approximate models, 

though it fails to satisfactorily predict the bubble detachment time in the small bed. The 

assumption that no gas leakage from the bubble results in a significantly larger bubble, 

while the assumption that the gas leakage is equivalent to the minimum fluidization 

velocity leads to an unrealistic shrinking of the bubble size and the amount of time the 

bubble spends at the orifice. The bubble detachment time for Case 3 was slightly longer 

than that of Case 1 and much longer than that of Case 2.  The performance of the 

approximate models (Cases 1 and 2) for 1 – 3 mm particles was very poor compared to 

earlier work on 0.5 mm particles by Kuipers et al. (1991) because the gas leakage is a 

strong function of the minimum fluidization velocity. Therefore, for much smaller 

particles the minimum fluidization velocity is much smaller and so also is the gas 

leakage. Consequently, all the three cases tend to converge for much smaller and lighter 

particles, that is, particles with a low minimum fluidization velocity.  

Figures 4.4 – 4.7 show the effects of gas injection velocity and particle size on the bubble 

formed for the Caram and Hsu model from the start of gas injection till the time of bubble 

detachment. These figures show that the bubble size increases with injection velocity. 

This is consistent with the expression for the bubble mass balance. The reduction in 

bubble size with increasing particle diameter is also consistent with the strong 

dependency of the exchange velocity on the minimum fluidization velocity which 

generally increases with increasing particle diameter. Also, larger bubbles appear to stay 

longer at the orifice; however, a reduction in particle size does not translate to a 

substantial increase in the detachment time. Clearly, as expected, the injection velocity 

constitutes a stronger factor on the bubble dimensions than the particle size. 
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Figure 4.3: Bubble size for 15 m/s gas injection in 2 mm particle bed. 

 

0.00 0.05 0.10 0.15 0.20 0.25
0.00

0.05

0.10

0.15

0.20

0.25

 

 

e
q

u
iv

a
le

n
t 
d

ia
m

e
te

r 
[m

]

time [s]

 1 mm particles

 2 mm particles

 3 mm particles

 

Figure 4.4: Effect of particle size on bubble formation for 15 m/s gas injection velocity with the 
Caram and Hsu model. 
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Figure 4.5: Caram and Hsu model compared with DEM for the small, 1 mm particle bed with 
0.8   defining the bubble boundary. 
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Figure 4.6: Caram and Hsu model compared with DEM for the small, 2 mm particle bed with 

0.8   defining the bubble boundary. 
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Figure 4.7: Caram and Hsu model compared with DEM for the small, 3 mm particle bed with 

0.8   defining the bubble boundary. 

Figures 4.5 –4.7 show how well the Caram and Hsu model is able to predict the DEM 

bubble size when the bubble boundary is defined as a surface with a gas void fraction of 

0.8. The agreement is fairly good for the 1 mm and 2 mm particle beds but less 

satisfactory for the 10 and 15 m/s gas injection of the 3 mm particles. For the 1 and 2 mm 

particle beds, a close examination reveals that the agreement is best at the 15 m/s gas 

injection and that a lower and a higher bubble boundary voidage produces a better 

agreement for the 10 m/s and 20 m/s gas injection, respectively. This apparent change in 

bubble boundary voidage is corroborated by Figure 4.8 where the particles at the edges of 

the bubble at 20 m/s gas injection are seen to be more tightly packed than the one formed 

at 15 m/s injection which in turn is more tightly packed than the one formed at 10 m/s. An 

interesting observation is that the void fractions at which the bubbles best match the 

Caram and Hsu model is consistent for the 1 and 2 mm particle bed (see Table 4.6). For 

the 3 mm particle bed the values for the voidage are clearly different, for which we have 

no explanation; the trend, however, is the same as in the 1 and 2 mm case. The effect of 

grid size was studied for the 3 mm particles in the small bed. The change in bubble 

dimensions between simulation runs carried out with both 30 × 80 and 15 × 40 grid 

numbers was insignificant.  

The amount of time the bubble spends at the orifice in the small bed of the DEM was 

quite different from the Caram and Hsu model results. The bubble detachment time in 

most cases was about 0.18 s unlike in the approximate model where it ranged from 0.20 s 

to 0.26 s (Table 4.7).   
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Figure 4.8: DEM bubbles 0.18 s after injection of gas at 10 m/s (left), 15 m/s (middle) and 20 m/s 
(right) in 2 mm particle bed. 
 
Table 4.6: Bubble boundary void fraction. 

Injection 

velocity (m/s) 

Voidage in 1 mm 

particle bed 

Voidage in 2 mm 

particle bed 

Voidage in 3 mm 

particle bed 10 0.71 0.68 0.65 

15 0.81 0.80 0.70 

20 0.91 0.92 0.78 

 

Table 4.7: Bubble detachment times in seconds based on bubble surface gas voidage of 0.8. 

 Caram 

 1 mm particle 2 mm particle 3 mm particle 

10 m/s injection 0.21 0.20 0.19 

15 m/s injection 0.24 0.23 0.22 

20 m/s injection 0.26 0.26 0.25 

    

 DEM: small bed 

 1 mm particle 2 mm particle 3 mm particle 

10 m/s injection 0.18 0.19 0.16 

15 m/s injection 0.18 0.19 0.17 

20 m/s injection 0.18 0.19 0.18 

    

 15 m/s injection in 2 mm particle bed 

 DEM TFM 

Small bed 0.19 0.17 

Wide bed 0.24 0.20 

Large bed 0.22* 0.19 

(* particle-wall friction set to zero) 
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4.6.1  Effect of Bed Enlargement 

Additional simulations were carried out to investigate the effect of the bed size on the 

properties of the bubbles formed. First, the effect of the bed width was studied by 

widening the bed to three times the small bed width while keeping the bed height 

constant. Subsequently, the effect of bed height was studied by increasing the height of 

particles to 2.7 times the height of the particles in the wide bed before injection. 

Ordinarily, two main effects are at play as the bed dimension is widened: the bubble can 

expand more easily with time with more room and ease for expansion, or it can shrink 

since less hindrance can also lead to a reduced pressure build-up in the vicinity of the 

bubble which can ultimately result in more gas leakage from the bubble.  Figure 4.9 

suggests that latter effect prevails. This is supported by the analysis of the results from the 

DEM simulation in Figure 4.10, which shows the profile of the surface-averaged pressure 

drop in the normal direction at the bubble surface, /P n . To evaluate this, the partial 

derivatives of the pressure in the vertical and horizontal directions at the bubble boundary 

were resolved to the normal direction at each of the contour points that defines the bubble 

boundary, and then the length/surface average of these values was calculated. The 

pressure drop at the bubble boundary is nearly the same for all bed dimensions at the 

early stages of the injection. However, as the bubble grows larger, the bubble surface 

pressure drop for the small bed decreases from that of the wide and large bed, both of 

which remains nearly the same throughout. This deviation increases with time because of 

the increasing side-wall influence in the small bed as the bubble grows larger.   
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Figure 4.9: Effect of Bed enlargement on 15 m/s injection in 2 mm particle bed (bubble boundary 
gas void fraction: 0.7). 
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Figure 4.10: Average pressure drop at bubble boundary for 15 m/s gas injection into emulsion 
phase. 
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Figure 4.11: DEM bubbles 15 m/s gas injection in 2 mm particle bed (L-R: small, wide, large). 

 

With the effect of the side walls minimized, the effect of bed particle height was 

investigated. Ordinarily, for a bed that is sufficiently fluidized, the net weight of the 

emulsion phase should not weigh down on the bubbles, however, during the formation of 

the bubble the emulsion phase in the bed is displaced in a very short time (< 0.25 s), 

during which the emulsion phase rises in the bed. The wall surface in contact with the 

emulsion phase in the large bed is roughly three times the surface in the wide bed such 

that the front-and-rear wall effect becomes more pronounced in the large bed (see Figure 

4.9). To minimize these wall effects, thereby making it easier for the bed to be displaced, 

the particle-wall friction was set to zero. This gave a result that more closely resembles 

that from the wide bed. The effect of zero particle-wall friction on the bubble dimension 

in the small and wide bed was insignificant. Furthermore, since one of the main 

assumptions in the Caram and Hsu model is the incompressibility of the emulsion phase, 

it was interesting to study the effect of gas compressibility on the bubble formation, 

which can only be done in a simulation. In order to do so, the gas density was fixed at 1.2 

kg/m
3
, while its derivative with respect to pressure (for an ideal gas) was set to zero. A 

comparison of the bubbles formed from the compressible and incompressible mode 

revealed that the effect is indeed negligible in both the small and wide bed with and 

without particle-wall friction. 

Figure 4.11 shows the geometrical effect of the bed enlargement. The bubble formed in 

the relatively confined small bed was elongated. The widening of the bed resulted in a 

more circular bubble, although with a somewhat triangular shape at the top which can be 

attributed to the vertical inclination of the jet stream. The bubble detachment time (Table 
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4.7) in both the wide and large bed for the 15 m/s gas injection into the 2 mm particle bed 

was 0.24±0.01 s and 0.22±0.01 s respectively which is closer to the 0.23 s from the 

approximate model. Therefore, the shorter bubble detachment time observed in the 

smaller bed must be as a result of the relatively confined space. 

 4.6.2  Model Comparison 

It is interesting to know how the bubble formations in the models compare with one 

another.  Figure 4.12 shows the results of the DEM simulations of bubble injection at 15 

m/s in the 2 mm particle, small bed (Figure 4.6) compared with the TFM simulations of 

small, wide and large beds of same particle type and injection rate. Both TFM and DEM 

predict similar bubble shape and sizes. Furthermore, the same trend was observed in the 

DEM and the TFM when the bed is enlarged. In the TFM, when the bed width was 

increased to 3 times the small bed width, a slight reduction in bubble size was observed 

throughout the bubble formation for the 10 m/s injection. However, for the 15 and 20 m/s 

injection, though the bubble size in the wide bed was slightly less for a large part of the 

duration of the bubble formation, the size exceeded that in the small bed in the later stage. 

Similar effect as in the DEM was also observed when the initial bed height was increased 

to 2.7 times. This resulted in a slight reduction in the size of the bubble throughout the 

formation time for all injection velocities investigated.  

One consistent but slight disparity between the TFM and the DEM bubbles is in the 

bubble detachment time. The detachment time of the bubbles in the DEM is somewhat 

larger than that of the TFM (Table 4.7) for all bed dimensions. Furthermore, in both the 

TFM and the DEM, the detachment time in the wide bed is larger than the time in the 

large bed which in turn is larger than the time in the small bed. This trend was consistent 

in the simulations with all the injection velocities in the TFM. 

Results from the simulation models are compared with the experiments conducted by 

Bokkers (2005) in Figures 4.13 and 4.14. Clearly both models satisfactorily predict the 

bubble size with time for the 1.5 mm particle bed in Figure 4.13. Figure 4.14 shows a 

deviation in profiles between the models and the experiment. Though the detachment 

time in the TFM is again smaller than that of the DEM, a conclusive observation could 

not be made from the experiments since duration of injection was fixed at 150 ms. 
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Figure 4.12: DEM (small bed), TFM and Caram and Hsu model bubbles for 15 m/s injection in 2 
mm particle bed. Bubble boundary void fraction set at 0.8 (See also Figure 4.6). 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.13: Laboratory experiment compared with the DEM and TFM for bubble injection at 15 

m/s in 15 cm-width, 1.5 mm particle bed, with 0.8   defining the bubble boundary. 
 



Bubble Formation at a Single Orifice 

 

111 

0.00 0.05 0.10 0.15
0.00

0.05

0.10

0.15

e
q

u
iv

a
le

n
t 
d

ia
m

e
te

r 
[m

]

time [s]

 Bokkers (2005)

 TFM

 DEM

 

Figure 4.14: Laboratory experiment compared with the DEM and TFM for bubble injection at 20 

m/s in 15 cm-width, 2.5 mm particle bed, with 0.8   defining the bubble boundary. 
 

4.7  Conclusion 

The formation of cylindrical bubbles in monodispersed pseudo-2D bed of Geldart type D 

particles of different sizes has been studied using DEM and TFM simulations and 

approximate models. The size of the bubble formed in the DEM simulations is found to 

be sensitive to the void fraction defined for the bubble boundary.  

The Caram and Hsu model, an approximate model, is found to predict bubble size 

satisfactorily when the change in voidage at bubble boundary with gas injection velocity 

is considered, a critical observation that has not been reported by earlier works.  The good 

agreement is not surprising because key assumptions in the Caram and Hsu model, like 

the incompressibility of the emulsion phase and the dependence of gas leak rate on the 

difference in pressure between the bubble and the emulsion phase, are established to be 

valid at standard conditions. Also, the sizes and detachment times of the bubbles are 

sensitive to gas injection velocity and particle size as predicted by the Caram and Hsu 

model. However, unlike observations from the DEM and TFM where the bubble 

transforms from an initial dome shape to a circular shape, the Caram and Hsu model 

inadequately assumed the bubble to be circular throughout the formation.   

A study of the effect of bed dimension on the bubble size with the DEM revealed that an 

increase in bed width resulted in a slight reduction in bubble size, largely as a result of an 
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increase in pressure gradient at bubble boundary. Subsequent increase in bed height led to 

negligible change in bubble size when particle-wall friction effect is eliminated. The 

particle size and injection velocity were observed to have less influence on the bubble 

detachment time in the small bed than in the large bed. Bed dimension in relation to 

bubble size was also demonstrated to have a significant effect on the bubble shape. 

Similar observations were made with the TFM. Generally, bubble formation in the wide 

bed was more representative of the conditions assumed in the approximate model because 

the influence of front, rear and side walls were minimal.  

The DEM and TFM satisfactorily predicted the shape and size of bubble with time for 

bubbles induced in a 15 cm bed packed with 1.5 mm particles. Both models were 

somewhat less successful with a larger particle of 2.5 mm diameter.  
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Simulation of Particle Mixing and 

Segregation in Bidisperse Gas Fluidized 

Beds 

 

The mixing and segregation of particles of various types in gas-solid fluidized beds is a common 

phenomenon that is observed in experimental investigations. Generally, it is necessary to 

understand the phenomenon of mixing and segregation in gas-fluidized beds for the optimal 

design operation and scale-up of many industrial processes. To gain more insight into these, bed 

dynamics have been studied using the Discrete Element Method (DEM), in which the particles are 

tracked individually using Newton’s law of motion, and a newly developed continuum-based 

Multi-Fluid Model [MFM, van Sint Annaland et al. (2009a)]. Rigorous comparisons have been 

made between results from laboratory experiments and the DEM and MFM. The DEM was found 

to reliably predict  the segregation rates in some bed conditions, particularly in low beds, when 

an appropriate gas-particle drag relation, which accounts for the effect of polydispersity, was 

implemented. 
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Notation 

c  number of species present in the system 

id  diameter of particle specie i, m 

d   Sauter mean diameter, m 

Fcontact,a sum of individual contact forces exerted by all other particles in contact 

with particle a, N 

Fext,a sum of gravitational force, drag force and force resulting from pressure 

gradient, N 

Fpp,a sum of all other particle-particle forces e.g. short-range cohesive forces, N 

g, g   acceleration due to gravity, m/s
2 

ih   average height of specie i, m 

I   moment of inertia, kg m
2 

I   unit tensor vectors 

m   mass, kg/m
3 

iN    number of particles of specie i   

Npart  number of particles 

P   pressure, N/m
2 

r   position vector, m 

Re  Reynolds number, dimensionless 

s   extent of segregation, dimensionless 

S   actual segregation, dimensionless 

maxS   maximum extent of segregation, dimensionless 

pS  source term that describes the momentum exchange with the solid particles 

present in the  control volume 

t   time, s 
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T  torque, Nm 

u   velocity vector, m/s 

Ubg  fluidization/background velocity, m/s 

Umf  incipient fluidization velocity, m/s 

v   velocity vector, m/s 

V   local volume of a computational cell, m
3 

aV   volume of particle a, m
3 

w  bed width, m (Figure 5.8) 

ix   mass fraction of specie i, dimensionless 

   momentum transfer coefficient 

   vector function 

   gas void fraction, dimensionless 

   solid fraction, dimensionless 

   gas phase bulk viscosity, Pa.s 

   gas phase shear viscosity, Pa.s 

   density, kg/m
3 

   angular velocity, rad/s 

Subscripts 

a  particle 

small  small particle specie 

large  large particle specie 
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5.1  Introduction 

In the past 20 years, the use of simulation models in the study of gas-solid fluidized 

systems has become increasingly popular. Initially, models in which the gas and solid 

phases were treated as interpenetrating continua were developed. These models 

incorporate the kinetic theory of granular flow, which is essentially an extension of the 

kinetic theory of dense gases to that of inelastic particles. Though the continuum models  

have been applied to multi-component mixtures, difficulties are encountered due to the 

large sets of equations that must be solved and more research on the description of the 

frictional stresses is required to improve the prediction of the model (van Sint Annaland 

et al. 2009a).  

However, in more recent times, with increasing capacity of computational resources, the 

more detailed Discrete Element Method (DEM) was developed. Although limited in scale 

due to yet some computational limitations, the DEM can be deployed for systems in 

which the total number of particles in the system are up to a few millions. The DEM is 

essentially an Euler-Lagrangian  model in which the solid particles are treated 

individually with their motion and interactions tracked over time. Tsuji et al. (1993) 

extended the work of Cundall and Strack’s (1979) to 2D gas-fluidized bed by developing 

a  soft-sphere discrete particle model in which the particle are allowed to overlap slightly 

from which the contact forces are calculated. Kawaguchi et al. (1998) compared the 

results from 3D motion of particles to 2D motion in which the particles do not move in 

the depth direction. Hoomans et al. (1996) used a hard-sphere based DEM  to study 

bubble and slug formation in a 2D gas-fluidised bed. Mikami (1998) studied cohesive 

powder behavior using an extension of the work of Tsuji et al. (1993). Thereafter, several 

researchers used the DEM to investigate the segregation behavior of beds with mixtures.  

Hoomans et al. (1998) further extended an earlier model (Hoomans et al., 1996) to 

simulate segregation in beds consisting of particles of equal density, but different sizes as 

well as for systems consisting of particles of equal size, but different densities. Bokkers et 

al. (2004) successfully predicted experimentally measured segregation rates in their DEM 

simulation of bidisperse bed. Feng et al. (2004) developed a DEM-CFD model to study 

the segregation and mixing of binary mixtures in a gas-fluidized bed of large thickness 

using periodic boundary conditions for the front and rear walls. More recently, Tagami et 

al. (2009) used the DEM to simulate monodisperse, binary and ternary systems. 

Furthermore, Farzaneh et al. (2011) used a novel Lagrangian particle tracking method to 

study fuel particle mixing in fluidized beds and  Norouzi et al. (2012) used the DEM to 

investigate the influence of fines in the segregation behavior of binary mixtures. 

Although some of the earlier works did make some comparisons between the DEM and 

experiments their scope was rather limited. For a model to be valid, not only must it 
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predict adequately the bubbling characteristics and porosity distribution in a multi-

component system but also the degree and rate of mixing and segregation.  It is desirable 

to assess how well the model performs when tested against laboratory experiments with 

changing bed conditions. In this work, a soft-sphere DEM has been used to study the 

dynamics of segregation in the bidisperse fluidized beds. The DEM bed conditions were 

set equal to those in the experiments of Goldschmidt et al. (2003) and Olaofe et al. 

(2013). In addition, we also performed additional simulations with a recently developed 

Multi-Fluid Model (MFM). Detailed comparisons have been made between the 

simulation and experimental results in this study. 

 

5.2  DEM 

The Discrete Element Method (DEM) is essentially the Euler– Lagrange model in which 

the gas phase is treated as a continuum and the particles are tracked individually by 

solving the Newtonian equations of motion with a collision model to account for the non-

ideal particle–particle and/or particle–wall interactions. Among the advantages of this 

model are the relative ease of incorporating an arbitrary distribution of particle properties, 

like size and density, and the possibility of incorporating detailed particle– particle 

interaction models. However, one major drawback in the use of the DEM is the limitation 

of the number of particles resulting from CPU requirements. In the previously developed 

DEM (van der Hoef et al., 2006) used in this study the particle-particle interaction are 

based on the time-step driven soft particle model. The main equations of the model are 

given in Table 5.1.  

Table 5.1: DEM model equations in vector notation. 

Equations of motion for particle 
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5.3  The DEM Simulation Settings 

First, some simulations run were carried out to ascertain the ability of DEM to predict the 

segregation dynamics of the experimental beds in Goldschmidt et al. (2003). Thereafter 

more simulation runs were conducted to study the capabilities of the Euler-langrange 

model with respect to reproducing the results reported by Olaofe et al. (2013). In this 

section, details of the simulation bed settings are given. 

5.3.1 Goldschmidt et al. (2003) Beds (Cases A –C) 

The fluidized beds simulated in this work were set to mimic as closely as possible the 

conditions reported in the experiments by Goldschmidt et al. (2003). The fluidization 

experiments were conducted in a bed that was 15 cm wide, 1.5 cm deep and 70 cm high. 

The bed was made of glass material, and air, to which steam was added to mitigate 

electrostatic effect in the bed, was applied as the fluidization gas.   A schematic 

representation of the bed in Goldschmidt et al. (2003) is shown in Figure 5.1.  Colored 

glass beads of the same density (2526 kg/m
3
) but different sizes (1.5 and 2.5 mm) were 

used in the segregation experiments. The illuminated bed motion was recorded with a 

color digital video camera at a frame rate of 25 frames per second. The dynamics of 

segregation was then determined from the aggregate evolution of local mixture 

compositions, determined via digital image anaylsis, with time.  

Details of the DEM parameters and the various bed configurations are given in Tables 5.2 

and 5.3 respectively.  In the DEM simulation of bidisperse beds the size of the 

computational cell has to conform to two contrasting requirements. One is that the cell 

should be large enough to give the appropriate estimates of the local void fraction, 

necessary for calculation of fluid-particle drag, around particles. On the other hand the 

cell should be fine enough to solve accurately the governing equations and provide highly 

resolved details about the flow. If the cell size is chosen solely on the basis of the large  

particles, then the size of the cell could become unnecessarily large resulting in a 

reduction in the accuracy of the flow. More so, in the Lagrangian model, particles are 

approximated as point-force components, hence the size of the cells used to resolve the 

continuum cannot be less than those used for the discrete phase. In this work a cell size of 

3.33   3.33    15 mm was used as a compromise between these two requirements. Note 
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that this dimension is consistent with the values used by van Sint Annaland et al. (2009b) 

for similar simulations. It is reckoned that a fixed cell is adequate because the diameter 

ratio of the mixture components is not too high. The diameter ratio is within the limits for 

Similar Size Mixture (SSM), that is, between 0.15 and 10/, which can be modeled well 

by DEM/CFD formulations (Tagami et al., 2009).    
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Figure 5.1: Schematic of the experimental fluidized bed used by Goldschmidt et al. (2003). 

The coefficients of friction and the normal and tangential coefficients of restitution were 

set to the same values reported from direct impact experiments in van Sint Annaland et al. 

(2009b). The permissible contact time was determined from the equation of motion for 

the soft-model spring and mass system (van der Hoef et al., 2006) with the normal and 

tangential spring stiffness set to values that keep particle-particle overlap mostly under 

1%. 
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All the side walls (right, left, front and back) were assumed to be impermeable, free-slip, 

symmetry boundaries. At the bottom wall, an inflow boundary was prescribed while at 

the top wall a fixed atmospheric pressure was imposed. At the start of the simulations, the 

small and large particles were placed randomly in a lattice structure and then allowed to 

settle under gravity. Hence, the initial values of the degree of segregation depended on the 

degree of randomness in the initial positioning of the particles.  

Table 5.2: General settings for the parameters used in the DEM simulations. 

Particle type glass Column height *# 1.000 m (300) 

Particle diameter 1.5, 2.5 mm  Column width * 0.150 m (45) 

Particle density 2526 kg/m3 Column depth * 0.015 m (1) 

Particle shape spherical Contact time ~ 10-6 s 

Number of particles 33,690 – 101,080 Flow solver time step 10-4  - 10-5 s 

Normal Spring 

stiffness 

9,000 N/m Drag correlations Ergun (1952) and Wen 

et al. (1966);  

Beetstra et al. (2007) 

Coefficient of 

restitution 

normal, 0.97; 

tangential, 0.33 

Gas type air 

Coefficient of friction 0.1    

* The number of fixed CFD cells are given in parentheses. 
# 
The column height includes freeboard. 

 

Table 5.3: Bed configurations. 

Case A 

Particle size (mm) 1.5  2.5 

Percentage (%) 25 75 

Number of particles 27,720 17,940 

Combined approximate static bed 
height, h (cm) 

15  

Fluidization velocities (m/s) 1.15 - 1.40 

Case B 

Particle size (mm) 1.5  2.5 
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Percentage (%) 50 50 

 

B1 

B2 

B3 

 

27,710 

55,430 

83,140 

Number of particles 

5,980 

11,960 

17,940 

Combined approximate static bed 
height, h (cm) 

7.5 (B1), 15(B2), 22.5(B3) 

Fluidization velocities (m/s) 1.00 - 1.25 

Case C 

Particle size (mm) 1.5  2.5 

Percentage (%) 75 25 

Number of particles 83,150 5,980 

Combined approximate static bed 
height, h (cm) 

15  

Fluidization velocities (m/s) 0.95 - 1.15 

 

5.3.2 Olaofe et al. (2013) Beds (Case D) 

In addition to the simulation studies on the 1.5 – 2.5 mm mixtures reported in the work of 

Goldschmidt et al. (2013), some 2.5 – 3.5 mm mixtures in the newly conducted 

experiments by Olaofe et al. (2013) were also investigated. Furthermore, several 

additional simulations were conducted for the investigation of the influence of bed width 

on the time evolution of the segregation index. Key parameters of the DEM settings used 

are given in Table 5.4. The wall conditions and bed initialization used here were as in the 

simulations conducted for the Goldschmidt et al. (2003) experiments.  

Table 5.4: General settings for parameters used in the DEM simulations corresponding to Case D. 

Particle type Glass Column height*# 1.5 m (150) 

Particle diameter  2.5, 3.5 mm  Column width (m)* 
0.15 (15), 0.21 (21), 
0.26 (25), 0.30 (30) 

Particle density 2.5 x 103  kg/m3 Column depth* 1.5 cm (1) 

Particle shape Spherical Contact time ~ 6 x 10-6 s 

Number of  2.5 mm 
particles 

24,712 – 49,504 Flow solver time step 1.0 × 10-5 s 
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Number of  3.5 mm 
particles 

9,061 – 18,041  Drag correlation Beetstra et al. (2007) 

Normal Spring 
stiffness 

5,000 N/m Gas type Air 

Coefficient of 
restitution 

Normal, 0.97±0.01; 
tangential, 0.33±0.05 

fluidization velocity 1.72, 2.57 m/s 

Coefficient of friction 0, 0.1±0.01   Initial bed height 30 cm 

* The number of fixed CFD cells are given in parentheses. 
# The column height includes freeboard. 

 

5.3.3 Drag Closures 

The Ergun (1952) and Wen and Yu (1966) drag correlation in their basic forms are the 

most widely used  for perfectly monodispersed systems. When the particle volume 

fraction exceeds 0.2, the Ergun (1952) relation is used, and is given in terms of the 

dimensionless drag force by: 

2 2

150 1.75Re
( ,Re)

18(1 ) 18(1 )
F




 
 

 
      (5.1) 

When the particle volume fraction is less than 0.2, the Wen and Yu (1966) relation is 

used. The relation is given in term of dimensionless drag force by: 

 3.65 0.687( ,Re) (1 ) 1 0.15ReF           (5.2) 

Studies have shown that the Ergun (1952) relation is more applicable to dense 

monodisperse regimes. A study conducted by Bokkers et al. (2004) reported that bubble 

formation in DEM simulations of fluidized beds were in better agreement with 

experimental observations when the drag relations derived from lattice-Boltzmann 

simulations were used. Hence, to check for the effect of polydispersity on the gas-particle 

drag in fluidized systems, the correction obtained by Beetstra et al. (2007) from lattice-

Boltzmann simulations, was applied to the Ergun (1952) correlation in some simulation 

runs. The correction from Beetstra et al. (2007) is given by: 

i
i

d
y

d
          (5.3) 

where id  is the diameter of particle type i, and the Sauter mean diameter, d  , is given 

by: 
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where iN  represents the number of particles of type i.  c represents the number of species 

present in the system and ix represents the fractional composition of type i. 

Furthermore, separate simulations were conducted using both the correction for 

polydispersity and the drag force for monodisperse systems presented by Beetstra et al. 

(2007). The dimensionless drag force, for monodisperse systems, from the lattice 

Boltzmann simulations conducted by Beetstra et al. (2007) is given by: 
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These DNS derived relations have been demonstrated to be accurate for systems 

containing particles with diameter ratios of up to 10 (Sarkar et al., 2009). The various 

states of the drag relations are compared in this work to examine their influence on the 

segregation dynamics in fludized systems. 

 

5.4  Segregation 

The extent of segregation is defined in Goldschmidt et al. (2003) as: 

max
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        (5.6)  

where S is the actual degree of segregation: 
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and maxS is the maximum possible degree of segregation, when the packing densities of 

the small and large particles are the same: 
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The extent of segregation, s , equals 0 when the particles are perfectly mixed and 1 when 

the components are completely separated with equal packing densities in both phases. 

 

5.5  Results and Discussion 

Several simulation runs of the bed particle configurations in Cases A – C were carried out 

with the various drag closures. Furthermore some selected bed configurations were 

simulated with the newly developed Multi-Fluid Model (MFM) of van Sint Annaland et 

al. (2009a). Detailed comparisons are made between the segregation dynamics of the 

various model and experimental results. Before discussing the results it is necessary to 

state clearly what the terms used to designate the implemented drag relations refer to. 

 DEM with basic Ergun (1952) drag 

This designation implies that the fluid-particle drag implemented in the DEM were the 

Ergun (1952)  relation in Equation (5.1), when the particle fraction in the CFD cell was 

greater than 0.2, and the Wen and Yu (1966) relation in Equation (5.2), when the particle 

fraction in the CFD cell was less than 0.2. 

 

 DEM with modified Ergun (1952) drag 

This term indicates that the fluid-particle drag used in the DEM was obtained as follows: 

a) when the particle fraction in a computational cell exceeds 0.2, the Ergun (1952) 

relation in Equation (5.1) is multiplied by the relation proposed by Beetstra et al. 

(2007) in Equation (5.3) to correct for the effect of polydispersity. This gives 

2 2

150 1.75Re
( ,Re)

18(1 ) 18(1 )
iF y




 

 
  

  
     (5.9) 

b) when the particle fraction in a computational cell was less than 0.2, the Wen and Yu 

(1966) in Equation (5.2) was used without any modifications.  

 

 DEM with Beetstra et al. (2007) drag 

This designation denotes that the drag force on each particle was computed by the 

polydisperse form of the relation proposed by Beetstra et al. (2007), that is 
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5.4.1 Case A 

The results obtained for the simulations conducted for beds containing 25% 1.5 mm 

particles and 75% 2.5 mm particles are presented in Figure 5.2. Clearly the Beetstra et al. 

(2007) relation produces the best results when the fluidization velocity ranges from 1.15 

to 1.30 m/s, where it can also be seen that the correction applied to the Ergun (1952) drag 

resulted in over- correction of the drag on the particles. However, from 1.15 to 1.25 m/s, 

it can be seen that the segregation profile of the corrected Ergun (1952) drag is closer to 

that of the Beetstra et al. (2007) relation than the uncorrected Ergun (1952) drag. From 

1.30 m/s, the modified Ergun (1952) predicted a mixed bed, unlike the Beetstra et al. 

(2007) relation which produces a better prediction.  
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Figure 5.2: Comparison between DEM simulation (incorporating various drag closures)  and 
experimental profiles of axial segregation for bidisperse mixtures containing 25% 1.5 mm 
particles and 75% 2.5 mm particles (Case A; initial bed height, h = 15 cm). The respective beds 
were fluidized at the indicated background velocities, Ubg. 

 

At fluidization velocities of 1.35 and 1.40 m/s, the basic Ergun (1952) relation performs 

quite well. It is interesting to note that this was when the fluidization velocity appreciably 

exceeded the incipient velocities of the species present in the mixture. At the lower 
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velocities, the deviation was as reported in previous works (e.g. van Sint Annaland et al., 

2009b). 

An interesting observation is that the segregation rates from all the drag models peaked at 

the same fluidization velocity of 1.25 m/s. Furthermore, it is interesting to observe that 

below 1.35 m/s the sequence of the initial rates of segregation exhibited by the various 

drag models remain rather consistent. The rate of the segregation of basic Ergun (1952) 

drag was greater than the rate measured in the experiments, which were greater than the 

rates produced by the Beetstra et al. (2007) relation. The rates computed with the Beetstra 

et al. (2007) drag were in turn greater than those that resulted from simulations with the 

modified Ergun (1952) relation. This sequence, for the simulations, is not surprising 

because the ratios of the dimensional drag forces on the 1.5 and 2.5 mm particles follow 

the same sequence. The ratio of the dimensionless drag force on the 1.5 mm particle to 

the dimensionless drag force on the 2.5 mm particle is highest with the basic Ergun 

(1952) drag at this range of fluidization, hence it is expected that its initial rates of 

segregation would also be highest. 

5.4.2 Case B 

The results obtained for the simulations conducted for the 7.5 cm beds containing 50% 

1.5 mm particles and 50% 2.5 mm particles are presented in Figure 5.3. Again, the 

Beetstra et al. (2007) relation performs most satisfactory. The basic Ergun (1952) relation 

over-predicted the segregation rates for all the velocities examined while the modified 

Ergun (1952) relation substantially under-predicted the extents of segregation in most 

cases. Also, the modified Ergun (1952) relation wrongly predicted the fluidization 

velocity at which the mixture in the bed remains mixed. 

For the low beds, the initial rate of segregation for the basic Ergun (1952) drag was 

remarkably fast. The 1.5 mm particles rose very quickly to the top to attain their ‘peak’ 

extent of segregation. Thereafter, the extent of segregation merely fluctuates around some 

mean value. At 1.10 m/s the Beestra et al. (2007) relation clearly under-predicts the 

experimental segregation rate, however, at the higher velocities of 1.15 and 1.20 m/s it 

performs remarkably well. 

As in Case A, the modified Ergun (1952) drag kept the system in the mixed state at higher 

fluidization velocities. Furthermore, the sequence in initial segregation rates observed in 

Case A was to some extent observed in Case B1. That is, the segregation rates of the 

basic Ergun(1952)  relation exceeded the experimental rates, which in turn exceeded 

those of the Beetstra et al. (2007) relation, which also in turn exceeded those of the 

modified Ergun (1952) relation. It is also interesting to note that for all three fluidization 

velocities investigated the maximum extent of segregation in the basic Ergun (1952) 
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relation was somewhat similar to the maximum extent of segregation  in the simulations 

with the  Beetstra et al. (2007) drag. 
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Figure 5.3: Comparison between DEM simulation (incorporating various drag closures) and  the 
experimental profiles of axial segregation for bidisperse mixtures containing 50% 1.5 mm 
particles and 50% 2.5 mm particles (Case B1; initial bed height, h = 7.5 cm). The fluidization was 
conducted at the indicated background velocities, Ubg. 

 

When the initial bed height was increased to 15 cm (Case B2, Figure 5.4) the Beetstra et 

al. (2007) relation was less successful.  In fact, from 1.00 – 1.10 m/s, the rate of 

segregation obtained with the Beetstra et al. (2007) relation was consistently less than the 

rate of segregation in the experiment. Also, while the segregation profile in the 

experiment was somewhat smooth at 1.10 m/s, the Beetstra et al. (2007) relation gave a 

profile with some fluctuations as a result of the bubbling activities in the bed. It is 

interesting to note however that the Beetstra et al. (2007) relation still managed to 

correctly identify the velocity at which peak segregation rate occurs (that is, 1.10 m/s).  

However, it failed to identify the fluidization velocity at which the mixture remains 

mixed. Surprising, the modified Ergun (1952) relation, which had hitherto been less 

reliable in this respect, correctly  identified the critical velocity required to keep the 

mixture well mixed. It is important to note that the profiles from the basic Ergun (1952) 

drag failed to even closely match the experimental segregation profiles at all the 

fluidization velocities examined. Furthermore, in addition to making the segregation rate 

slower, the increase in bed height delayed  the attainment of the maximum extent of 

segregation  in both the experiments and the simulations with the Beetstra et al. (2007) 

relation. However, the extents of segregation obtained with the basic Ergun (1952) 

relation still managed to rise very quickly to attain the maximum value around which the 

segregation profile fluctuates.  
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The visualizations of the beds in the DEM model after 30 s of fluidization are compared 

with the snapshot of the experimental bed in Figure 5.5. The experimental bed seemed to 

compose of three pseudo-layers: a top layer of the 1.5 mm particles, a middle layer that is 

somewhat mixed, and a bottom layer with large regions of a comparatively high 2.5 mm 

particle concentration.  The DEM results with the Beetstra et al. (2007)  relation gave a 

different scenario with mostly 2 distinct layers: a top layer which is larger than the top 

layer in the experimental bed, and a lower layer where the contents seemed uniformly 

mixed throughout. It is interesting to note however that the Beetstra et al. (2007) relation 

did not predict the rather pronounced concentration of the 2.5 mm  particles at the side 

walls of the top layer as seen in the simulations with the basic Ergun (1952) relation.  

When the initial bed height was increased to 22.5 cm, both the basic Ergun (1952) and 

Beetstra et al. (2007) could not reproduce the experimental results at the fluidization 

velocities investigated (Figure 5.6). Note that most studies on axial segregation were 

conducted for relatively low bed heights  (e.g. Norouzi et al., 2012). 
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Figure 5.4: Comparison between DEM simulation (incorporating various drag closures)  and 
experimental profiles of axial segregation for bidisperse mixtures containing 50% 1.5 mm 
particles and 50% 2.5 mm particles (Case B2; initial bed height, h = 15 cm). The fluidization was 
conducted at the indicated background velocities, Ubg. 
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Figure 5.5: Snapshot of experimental bed, left; the visualization of a DEM simulation using the 
drag closures presented by Beetstra et al. (2007), middle; and the visualization of DEM 
simulation using the basic form of the drag closure presented by Ergun (1952) equation, right.  All 
images shows the bed states for Case B2 after 30 s of fluidization. The 1.5 mm particles are 
yellowish and the 2.5 mm particles are reddish brown. 
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Figure 5.6: Comparison between DEM simulation (incorporating various drag closures)  and 
experimental profiles of axial segregation for bidisperse mixtures containing 50% 1.5 mm 
particles and 50% 2.5 mm particles (Case B3; initial bed height, h = 22.5 cm). The fluidization was 
conducted at the indicated background velocities, Ubg. 
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5.4.3 Case C 

Figure 5.7 shows the extents of segregation when the mixture contains 75% 1.5 mm 

particles. It can be seen that the segregation profiles of the Beetstra et al. (2007) relation 

at 0.95 and 1.00 m/s are in good agreement with the experimental results. It is necessary 

to mention here that, in this case, the rates of segregation (i.e. the slope of the profiles) are 

more relevant than the precise values of the extents of segregation because of the 

differences in the initial states of the bed. The deviation seen between the experimental 

and the Beetstra et al. (2007) profile in Figure 5.7 (a) and (b)  is more as a result of the 

differences in the degree of mixedness at the initial states of the beds. The mean slopes of 

both profiles were similar throughout the observed time. 

The Beetstra et al. (2007) relation was less successful at higher velocities. The extents of 

segregation predicted by the models were less than the experimental values for 

fluidization at 1.05 and 1.15 m/s. Furthermore, this time around the model did not 

distinctively capture the fluidization velocity at which the peak segregation rate occurred. 
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Figure 5.7: Comparison between DEM simulation (incorporating various drag closures)  and 
experimental profiles of axial segregation for bidisperse mixtures containing 75% 1.5 mm 
particles and 25% 2.5 mm particles (Case C; initial bed height, h = 15 cm). The fluidization was 
conducted at the indicated background velocities, Ubg. 
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5.4.4 Case D 

Figure 5.8 compares the experimental results of the fluidization experiments of the 2.5 – 

3.5 mm mixture, with the Discrete Element Method simulations of similar beds but of 

various bed widths ranging from 0.15 (50%) – 0.30 (100%) m. The initial bed height for 

all cases was 0.3 m. Figure 5.8 (a) shows that even though the DEM simulations started at 

a different segregation index, the segregation rates seem somewhat similar to those of the 

experiments conducted at 1.72 m/s (1.2Umf).  
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Figure 5.8: The DEM and experimental time profiles of the extent of segregation for bidisperse 
mixtures, containing 50% 2.5 mm particles and 50% 3.5 mm particles, which were fluidized at (a.) 
1.72 m/s  (1.2Umf) and (b.) 2.57 m/s (1.8Umf); where the bed width is denoted by w. 
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The mean segregation rate for the experimental run was 0.0013 s
-1

, while the segregation 

rates for 70 – 100% bed width ranged from 0.0012 to 0.0016 s
-1

. However, at 50% bed 

width the segregation rate was reduced to about half, 0.0006 s
-1

. It is again important to 

note that, while not necessarily always the case, the time-averaged mean rates of 

segregation in most fluidization experiments conducted by Goldschmidt et al. (2003) 

remained rather constant until a ‘maximum’ extent of segregation is approached after 

which the index fluctuates about a fixed  mean value. In view of consistency in 

segregation rates irrespective of the extents of segregation makes it reasonable to compare 

the experimental results with the simulation results even though they both started at 

different initial rates of segregation. Figure 5.8 (b) shows the segregation profiles when 

the fluidization velocity was increased to 2.57 m/s (1.8 Umf). Clearly, both the DEM and 

the experiments showed some sort of layer inversion, as indicated by the negative values 

of the extents of segregation, in which the average heights of the jetsam (3.5 mm 

particles) exceeded that of the flotsam (2.5 mm particles). In all cases, the mean time-

averaged segregation rates were more or less similar and constant. Again, the initial 

segregation index in the simulations was much higher, however, the extent of segregation 

resolves rapidly to the quasi-steady state value.   

5.4.5 The Multi Fluid Model Predictions 

The ability of a continuum-based model to predict the segregation dynamics of binary 

mixtures has also been examined. For this, the newly developed Multi-Fluid Model 

(MFM) by van Sint Annaland et al. (2009a) has been used. In their closure equations, the 

rheologic properties of the particle mixture are explicitly described in terms of the particle 

mixture velocity and granular temperature, and the diffusion velocity and granular 

temperature of the individual particle phases are computed from the mixture properties, a 

major advantage with respect to the numerical implementation. From their studies, van 

Sint Annaland et al. (2009b) reported that the segregation rates they computed with the 

MFM were in much better agreement with the experiments compared to other MFMs in 

use. They also reported, however, that at longer times the segregation rates is 

underestimated by the model, unlike in other types of MFM where it is significantly 

overestimated.    

Key parameters set in the MFM simulation carried out in this work are shown in Table 

5.5. The maximum packing for the radial distribution function was set to 0.60. This was 

done because the MFM, as reported by van Sint Annaland et al. (2009b), is only able to 

correctly predict the minimum fluidization velocities at this value. To account for the 

dissipation of granular energy due to particle-particle friction, an effective coefficient of 

restitution of 0.88 was used. The traditional Ergun (1952) and Wen and Yu (1966) drag 

relations were used for the MFM. 
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Table 5.5: General settings of parameters for MFM simulations. 

Particle type glass Column height *# 0.40 m (120) 

Particle diameter 1.5, 2.5 mm  Column width * 0.15 m (45) 

Particle density 2526 kg/m3 Initial bed height 0.15 m 

Particle shape spherical time step 10-5 s 

Maximum packing 
fraction 

0.60 Mass deficits relative 
accuracy 

10-5 s 

Coefficient of 
restitution (effective) 

0.88 Drag correlations Ergun (1952) and Wen 
et al. (1966); 

Injection velocity 1.10, 1.15, 1.20 m/s Gas type air 

 *The number of fixed Eulerian cells are given between brackets. 
# The bed height includes the emulsion phase and the freeboard. 

The results of the simulations are presented in Figure 5.9.  The MFM failed to correctly 

predict the segregation dynamics when the 1.5 mm particle fraction was 25%. While the 

experiment showed a smooth increase in the extent of segregation, the MFM showed 

some fluctuations with no noticeable consistent increase.  A somewhat similar scenario 

was also observed when the 50 % 1.5 mm particle mixture was fluidized at 1.10 m/s. 

However, at the higher fluidization velocity of 1.15 and 1.20 m/s with the 50% mixture, 

the performance of MFM seemed to improve.  As a matter of fact, the MFM correctly 

predicted the initial rate of segregation, the occurrence of the maximum extent of 

segregation and the trend after the maximum for the 1.20 m/s fluidization.  However, 

while the MFM seemed to predict correctly the initial rate of segregation  at 1.15 m/s, it 

failed in its prediction of the segregation dynamics after the peak. 

The DEM bed visualizations are compared with one another and the MFM visualizations 

in Figures 5.10 and 5.11. Clearly, the MFM predicted the bottom strata with a high 

concentration of the 2.5 mm particles even though it predicted a smaller dimension. It 

also predicted a mixed middle region with a relatively higher concentration of the 2.5 mm 

particle, and a top layer of mostly the 1.5 mm particle. This observation seems to match 

the experimental snapshot in Figure 5.5 (for a taller bed!) where the bed also had a small 

top layer, a mixed middle region and a small bottom layer. Furthermore, it was interesting 

to see the MFM predict the trends in peaks and troughs of the boundary of the 2.5 mm 

particle-rich bottom strata of the DEM with the basic Ergun (1952) drag (Figure 5.11). 

Clearly, the MFM results match more closely the DEM simulations with the Ergun (1952) 

drag than the other DEM results in Figure 5.10. Consequently, even better agreement with 

the experiments could be achieved with the implementation of the more successful 

Beetstra et al. (2007) relation. 
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Figure 5.9: Comparison between DEM and MFM simulations and the experimental profiles of 
axial segregation for selected  bidisperse mixtures. (a.) xsmall = 25%, Ubg = 1.15 m/s, h = 15 cm  (b.) 

xsmall = 50%, Ubg = 1.10 m/s, h = 7.5 cm (c.) xsmall = 50%, Ubg = 1.15 m/s, h = 7.5 cm (d.) xsmall = 50%, 

Ubg = 1.20 m/s, h = 7.5 cm. 

 

Figure 5.10: DEM bed visualizations at 15, 30, 45 and 60 s respectively for simulation using: (a.) 
top, the drag closure from Beetstra et al. (2007) (b.) middle, drag closure from Ergun (1952) 
equation and (c.) bottom, drag closure from Ergun (1952) corrected for the effects of 
polydispersity with the relation presented by Beetstra et al. (2007).  The 1.5 mm particles are 
yellowish and the 2.5 mm particles are reddish brown. 
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Figure 5.11: Bed simulation results visualizations at 15, 30, 45 and 60 s respectively for: (a.) top, 
DEM (b.) middle, small particle fractions in the MFM (c.) bottom, gas porosities in the MFM. All 
results were obtained using the basic form of the Ergun (1952) drag.   

 

5.6  Conclusions 

 

State-of-the-art hydrodynamic models, the Euler-Lagrange based DEM and and the 

Euler-Euler based MFM, have been used to study the segregation of binary mixtures of 

Geldart group D particles in order to evaluate their abilities to predict the axial 

segregation dynamics in such systems. Investigations have been limited to rather low 

fluidization velocities during which the segregation behavior of binary systems is 

expected to be pronounced, and special focus has been on the role/mode of drag relations 

in the performance of the hydrodynamic models. 

The DEM was found to predict, reliably, the segregation rates in some binary bed 

conditions when the DNS derived drag relation proposed by Beetstra et al. (2007), which 

specifically addresses the effect of polydispersity, was implemented. More particularly, it 



Particle Mixing and Segregation in Bidisperse Beds 

 

138 

was observed that the DEM is able to reliably predict the segregation dynamics at some 

fluidization velocities for beds with an aspect ratio of 1 and below. However, the DEM 

made less reliable predictions when the bed height exceeded the bed width. Hence, any 

variants of hydrodynamic models must be subjected to tests with tall beds in any 

verification and validation process. Furthermore, the experimental results of the 2.5 – 3.5 

mm binary mixture gave trends that were consistent with DEM simulations. Rates of 

segregation obtained with the DEM were in agreement with the experiments carried out at 

the fluidization velocities of 1.2 and 1.8Umf, and a slight layer inversion observed in the 

experiments at 1.8Umf was also reproduced in the DEM. 

Although the MFM, with the traditional Ergun (1952) and Wen and Yu (1966) drag 

relation, was able to very accurately predict the segregation dynamics in the 50%-50% 

1.5 – 2.5 mm mixture for fluidization at 1.20 m/s, generally, simulations executed with 

the MFM were less successful compared with the DEM.  This re-emphasizes the need to 

implement frictional stresses associated with long-term multiple-particle contacts as 

reported by van Sint Annaland et al. (2009b). 
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Segregation dynamics in dense 

polydisperse gas-fluidized beds 

 

New fluidization experiments have been carried out with: a binary mixture containing 2.5 and 3.5 

mm particles in equal proportions, some binary mixtures containing 1.5 and 2.5 mm particles in 

several proportions, and a ternary mixture containing 1.5, 2.5 and 3.5 mm particles in equal 

proportions. The segregation behavior of the mixtures was studied in a pseudo two-dimensional 

laboratory scale gas-fluidized bed with the aid of a newly developed non-intrusive Digital Image 

Analysis technique.  

The segregation index introduced by Goldschmidt et al. (2003) has been used to quantify the 

segregation dynamics in binary mixtures, and two adapted forms of it have been used to study the 

segregation dynamics of the ternary mixture. Furthermore, a (mean) height index was introduced 

to provide more details about the dynamics of the ternary system. Our experiments reveal that 

while the binary systems could segregate slightly at fluidization velocities exceeding the incipient 

velocities of the individual components, the ternary mixture becomes well mixed at velocities even 

well below the incipient fluidization velocity of the large, 3.5 mm particle. 

 

 

 



Segregation in Polydisperse Beds 

 

142 

Notation 

a         fit parameter 

b         fit parameter 

c   fit parameter 

ph   average height of component particles of  type p,  m 

Ncells number of cells, dimensionless 

p particle  type 

s  extent of segregation  

S  saturation; or actual degree of segregation 

maxS  maximum degree of segregation 

t time, s 

U fluidization velocity, m/s 

V  volume of particles, m
3 

x  fractional composition, dimensionless 

,actpx     actual fractional composition of particle type p in the mixture, dimensionless   

,apppx    apparent fractional composition (in the bed snaphots) of the particle type p in the 

mixture, dimensionless                                                                            

Subscript 

act actual 

app apparent 

mf minimum fluidization 

bg background 

small small particle 

large large particle 

Symbol 

,p t   mean height index of the particle type p at time t 
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6.1  Introduction 

The mixing and segregation of particles of various types in gas-solid fluidized beds is a 

common phenomenon that has been observed in experimental investigations 

(Goldschmidt et al., 2003; Mathiesen et al., 2000; Garcia-Ochoa et al., 1989; Hoffmann et 

al., 1991; Rowe et al., 1976; etc), where the importance of understanding the dynamics of 

this phenomenon cannot be overemphasized. Mixing and segregation behavior of systems 

with different particulate species affect the particle distribution in such systems and this 

in turn influences the heat and mass transfer rates, bed expansion and chemical 

conversion rates in the systems.   

There are many examples of systems where detailed understanding of this phenomenon is 

important. An example of a process in which mixing is important is the combustion of 

biomass and coal. A detailed knowledge of the dynamics of mixing of the fuel particles is 

crucial to minimize the number of fuel feeding ports as well as lowering the excess air in 

the combustion of the solid fuels (Farzaneh et al., 2011). The production of some 

crystalline chemicals is another example. In order to meet powder specifications, fine 

crystalline chemicals or their intermediates are often dried or blended with other 

components. Furthermore, in spray granulation, the degree of mixing at the surface is 

important (Schaafsma et al., 2006); and in fluidized bed drying operations encountered in 

the pharmaceutical industry, it is necessary that small drug particles are uniformly 

blended with larger particles, avoiding separation (Muzzio et al., 2002). There are also 

processes in which the enhancement of segregation is desirable. In fluidized beds for the 

incineration of sewage sludge or other waste materials, segregation of the larger fuel 

particles is desirable because the vertical location of fuel particles influences the in-bed 

combustion efficiency of volatile matter (Wirsum et al., 2001).  Furthermore, in gas-solid 

olefin polymerization reactors, the segregation of the larger product particles to the 

bottom of the bed is desirable for separation purposes (van Sint Annaland et al., 2009). In 

these reactors, a concurrent mixing of polymer particles is even necessary to avoid hot 

spots. Generally speaking, segregation is more desirable when fluidized beds are used as 

separation units and less desirable when they are used as reaction units. Segregation 

enhances the performance of processes in which the physical separation of solid particles 

in columns is desirable and diminishes the efficiency of chemical processes where a well-

mixed heterogeneous system is desirable. In essence, a detailed understanding of the 

behavior of polydisperse beds will help in improving the performance of these processes 

and the efficient design and operation of new ones. 

In a mixture with particles of different densities, the denser particles tend to act as the 

sinking component (jetsam) with a decreasing degree of segregation as the fluidization 

velocity increases (Rowe et al., 1976), and for mixtures containing particles of same 
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densities, the larger particles tend to act as the sinking component. However, it is 

important to note here that exceptions do exist. Under some very constrained conditions 

of limited direct practical value, layer inversion, in which the flotsam and jetsam switch 

roles as gas velocity increases, has been reported by Rasul et al. (1999). 

Numerous experiments have been conducted in attempts to quantify the 

mixing/segregation dynamics of binary mixtures in gas-fluidized beds in terms of 

fluidization conditions and particle properties. Rowe et al. (1972) investigated the 

fluidization behavior of six binary combinations of particles that differed in size, in 

density and in both ways. They observed that three different mechanisms, which were all 

associated with bubble motion as suggested by Zenz et al. (1960) for fine particles, 

describe the mixing and segregation behavior of mixtures in cylindrical or two 

dimensional beds. While mixtures differing in densities were more easily segregated, the 

ones differing in size alone were more easily mixed.  Gibilaro and Rowe (1974) derived a 

model to quantify the equilibrium segregation profiles in binary mixtures, but their model 

involved some parameters which were rather difficult to evaluate. Chiba et al. (1980) 

introduced a simple concept of segregation maps to predict which of the particle classes 

in a binary mixture will become the flotsam or jetsam or whether the whole bed will be 

well mixed. The prediction is based on the sizes, densities and minimum fluidization 

velocities of the two solids. Geldart et al. (1981), from experiments they conducted in 

cylindrical beds, posited that segregation by size increases with increasing difference in 

the sizes of the particles, an increase in their mean size, and as the fluidization velocity in 

the medium approaches the incipient fluidization velocity of the smaller particles.  Horio 

et al. (1982) classified the behavior of binary beds based on the diameter ratios of their 

contents (Tagami et al., 2009). After conducting experiments in rectangular beds, Tanaka 

et al. (1996) presented the optimum operating conditions for the separation of mixtures 

containing two different-sized glass beads from experimental studies. Focusing on the 

need for detailed experimental conditions and results for validation of fundamental 

hydrodynamic models, Goldschmidt et al. (2003) carried out some fluidization 

experiments using binary mixtures in pseudo-2D beds. More recently, Joseph et al. (2007) 

investigated the segregation behavior of glass polystyrene mixtures of different sizes and 

densities in cylindrical columns, and Gao et al. (2009) investigated the hydrodynamics of 

binary mixtures in turbulent fluidized bed in cylindrical columns. Furthermore, Zhang et 

al. (2009) evaluated the mixing and segregation behavior of biomass-sand mixtures, in 

rectangular columns, in terms of flow patterns, solids concentration profile and mixing 

index; and Rao et al. (2011), from the studies they conducted in cylindrical columns, 

categorized the behavior of binary mixtures in a map by using the ratio of the minimum 

fluidization velocities of the components which they computed from density and size 

ratios. Following successful quantitative verification based on earlier works, Di Maio et 
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al. (2012) developed a model for predicting the flotsam and jetsam in binary mixtures in 

which the diameter difference of the two solid components contrasts with the density 

difference. Their model had size and diameter ratio, voidage and bed composition as 

inputs and addresses only initial segregation direction without any information on rates of 

segregation. Most of the aforementioned works, with the exception of Goldschmidt et al. 

(2003), do not give detailed information on the time evolution of the extents of 

segregation in the systems they investigated. 

Some studies have gone ahead to study experimental ternary mixtures specifically 

although with rather limited scope. San Jose et al. (1994) looked at the segregation 

behavior of glass spheres in conical spouted beds. To describe the segregation profile in 

the bed, they measured the radial and axial distribution of the Sauter diameter of the 

mixture at various positions in the bed. Furthermore, they adopted a mixing index that is 

not durable for describing the time evolution of segregation.  San Jena et al. (2008) 

measured the bed voidage, fixed bed pressure drop and the minimum fluidization 

velocities of ternary mixtures in square beds without looking at the segregation behavior 

of the individual components. Sahoo et al. (2011) investigated the fluidization behavior of 

ternary mixtures of equi-density particles in a cylindrical column. In their work, they 

developed a correlation for the mixing index that was not very sensitive to the segregation 

pattern in the bed. None of these works studied the fluidization of ternary mixtures in 

pseudo-2D fluidized beds. 

Tremendous research efforts are ongoing to improve the predictive capabilities of 

fundamental hydrodynamic models. For a model to be valid, not only must it predict 

adequately the bubbling characteristics and porosity distribution in a multi-component 

system but also the degree, rates and trend of mixing and segregation. This work serves to 

address the dearth in detailed experimental results for the validation of these models. A 

newly developed non-intrusive digital image analysis technique (Olaofe et al., 2013), that 

exploits the advancements in photography, has been deployed to provide reliable ‘in situ’ 

experimental data to augment the results from the binary experiments conducted by 

Goldschmidt et al. (2003). In addition new fluidization experiments have been carried out 

to investigate the segregation behavior of a ternary system. Consequently, deeper insights 

into the dynamics of segregation of binary and ternary mixtures are elucidated. 

 

6.2  Experimental Set-Up 

Full details of our novel experimental technique are given in Olaofe et al. (2013), but for 

clarity and convenience a brief description is given here.  In our technique, new 

improvements in the capabilities of state-of-the–art photographic equipments are used for 
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the identification of bubbles, determination of local compositions and the extents of 

segregation at small time intervals. Digital frame shots of the fluidized bed are taken at 15 

fps, and the images obtained are processed by a program script that identifies the colored 

particles on basis of the unique HSV color space attributes that they express in pixels. 

This processing is done after the bubble void areas have been removed. After the bubble 

removal and particle detection, cells are drawn across the bed and the actual compositions 

in these cells are evaluated using a calibration fit that takes into account the disproportion 

in the representation of particles of different sizes at the wall. The actual compositions, 

together with their positions, are then substituted in the relations introduced by 

Goldschmidt et al. (2003) for the evaluation of extents of segregation.  

In this work, the fluidization experiments were carried out for unary, binary and ternary 

mixtures in a pseudo-2D fluidized bed with a width of 30 cm, a height of 80 cm and a 

depth of 1.5 cm, and pressurised utility air is applied as the fluidisation gas. Initially, the 

required amount of particles of the various types were weighed and then poured into the 

bed. Thereafter, the mixture was fluidized vigorously for thorough mixing and then 

stopped abruptly for the bed to collapse. The mass flow controllers were then set to values 

just below the flow rate required for fluidization with the bed remaining static. 

Subsequently, the velocity was switched abruptly to the desired value. This was done to 

minimize effect due to the response time of the mass flow controllers.   

A schematic of the set-up is illustrated in Figure 6.1, and the properties of the matted, 

opaque, solid-colored SiLibead Type P particles used are given in Table 6.1. Matted glass 

particles were specifically chosen for the experiments conducted in order to minimize the 

reflection of the white light from the LED lamps used for illumination. Whitish 

reflections from the surfaces of the various particle types are hardly distinct irrespective 

of the particle colors and this serves as an impediment for the particle detection algorithm 

in the image processing. While the HSV attributes of the pixels expressing the whitish 

reflections can in principle be changed to those of their non-whitish neighbours, a 

satisfactory visual comparison of the images reproduced by the image processing, after 

the detection of the matted particles, with the original bed snapshot made such corrections 

unnecessary.  

Table 6.1: Properties of spherical particles used in the fluidization experiments. 

 

Size 
(+/- 0.02, mm) 

1.5 1.5 2.5 2.5 3.5 

Color red green blue red green 

Density 
(+/- 10, kg/m3) 

2620 2525 2530 2575 2510 
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Figure 6.1: Fluidized bed schematic of segregation experiments. The bed width, height and depth 

are 30 cm, 80 cm and 1.5 cm respectively. 

 

6.3  Binary Experiments 

As mentioned earlier, most of the earlier works did not provide detailed experimental data 

suited for thorough validation of simulation models. To study binary mixtures, the 1.5 – 

2.5 mm system studied by Goldschmidt et al. (2003) has again been re-examined because 

this combination has been shown to segregate well. It is also interesting to see how the 

results in this study compares with their work. In addition, the investigations on binary 

systems in this work have been expanded to include a 2.5 – 3.5 mm mixture. Details of all 

the mixtures used in this study are given in Table 6.2.  

 



Segregation in Polydisperse Beds 

 

148 

Table 6.2: Mixtures studied in segregation experiments. 

   Umf is minimum (or incipient) fluidization velocity 

# Umf Predicted was calculated from Ergun (1952) equation and a correlation from Cheung et al. (1974)  

* Umf Predicted was calculated from Ergun (1952) equation and Obata et al. (1982) 

 The critical voidage was set at 0.40 to predict Umf 

   Initial static bed height was 30 cm.  

   The measured Umf  of the 1.5 (green), 2.5 (blue) and 3.5 (blue) mm particles are 0.77, 1.21 and 1.63 m/s respectively. 

 

The axial extent of segregation for a fluidized binary mixture is defined here as in 

Goldschmidt et al. (2003)  by: 

max

1

1

S
s
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         (6.1)  

where the maximum possible degree of segregation, when the packing densities of the 

small and large particles are the same, is given as: 
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        (6.2) 

and the  actual degree of segregation: 

arg

small

l e

h
S

h
          (6.3) 

Mixture Component colour Amount 
Umf 

measured 
(m/s) 

Umf
 

Predicted 
(m/s) 

Fluidization velocities 
(x Umf measured) 

Case I 
1.5 mm green 50% 

0.91 0.92# 1.10, 1.20, 1.30, 1.40, 
1.50 2.5 mm blue 50% 

       

Case II 
1.5 mm green 25% 

1.03 1.04# 
1.05, 1.10, 1.15, 1.20, 
1.25, 1.30 2.5 mm blue 75% 

       

Case III 
1.5 mm green 75% 

0.87 0.86# 1.05, 1.10, 1.20, 1.40 
2.5 mm blue 25% 

       

Case IV 
2.5 mm red 50% 

1.41 1.30# 1.20, 1.80 
3.5 mm green 50% 

       

Case V 
2.5 mm red 25% 

1.51 1.39# 
1.05, 1.10, 1.15, 1.20, 
1.25, 1.30 3.5 mm green 75% 

       

Case VI 

1.5 mm red 33% 

1.02 1.17* 
1.10, 1.20, 1.30, 1.40, 
1.50 

2.5 mm blue 33% 

3.5 mm green 33% 
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smallx  represents the pre-determined fraction of small particles calculated in the mixture, 

and ph is the mean height of the particles of type p and is given by: 
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       (6.4) 

where: 

Ncells is the number of cells drawn across the bed. 

hp represents the height of the interrogation cell k.  

,p actx  represents the actual fraction of particles of type p in cell k, calculated from a 

calibration fitand V represents the volume of particles in cell k. 

Generally, for a binay mixture, the calibration fit of the larger specie can be represented 

by (Olaofe et al., 2013): 

,app

,act ,app(1 ) (1 )
c
pbx

p px a x a e          (6.5) 

where: 

,actpx  is the actual fractional composition of particle type p in the mixture (ranging from 0 

to 1). 
,apppx  is the apparent fractional composition (in the bed snaphots) of the particle 

type p in the mixture, and  a, b and c are the fit parameters. 

The fit parameters for the 1.5 – 2.5 mm mixture in Equation (6.5) are a = 0.45, b = -5.97, 

c = 0.8. The extent of segregation, s , equals 0 when the particles are perfectly mixed and 

1 when the components are completely separated with equal packing densities in both 

phases. 

Figure 6.2 shows the time evolution of the extents of segregation when the Case I mixture 

is fluidized at several velocities, Ubg. To obtain each profile in the chart, 5 different sets 

of measurements conducted at each of the indicated fluidization velocities were averaged. 

When the fluidization velocity was increased from 1.1 Umf to 1.2 Umf, the rate of 

segregation also increased. Thereafter, a further increase only led to a smaller segregation 

rate, and clearly, any increase above 1.5 Umf will only succeed in keeping the particles 

evenly distributed. It is interesting to note that the segregation trend was rather smooth 

between 1.1 to 1.3 Umf. However, at 1.4 Umf, fluctuations in the segregation profile 

become more visible, and even larger fluctuations occur at 1.5 Umf. These fluctuations 

were caused by the bubbling action in the bed which becomes more pronounced at higher 

velocities. The occurrence of a peak segregation rate in the fluidization of binary mixtures 

when the fluidization velocities is between the incipient fluidization velocities of the 
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flotsam and jetsam has  not been distinctively identified by most of the earlier studies. 

Previous studies only report that the extents of segregation increases as the fluidization 

velocity approaches that of the flotsam without specifically characterizing the trend. It is 

also interesting to note that the slopes of the segregation profiles remained more or less 

constant throughout the observation time.  
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Figure 6.2: The evolution in time of the extent of segregation for a bidisperse mixture, containing 
50% 1.5 mm particles and 50% 2.5 mm particles, at various fluidization velocities, Ubg, where Umf 
= 0.91. 
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                     (a.) Initial state              (b.) 1.1 Umf         (c.) 1.2 Umf 

 

                         (d.) 1.3 Umf          (e.) 1.4 Umf         (f.) 1.5 Umf 

Figure 6.3: Bidisperse mixtures, containing 50% 1.5 mm particles (green) and 50% 2.5 mm 
particles (blue):  (a.) shows the bed snapshot at initial state while (b.) (c.) (d.) (e.) and (f.) are 
actual bed snapshots after 40 seconds of fluidization at indicated velocities. 
 

Figure 6.3 shows the bed snapshots for Case I after 40 s of fluidization at various 

velocities.  Even though Figure 6.2 suggests that the segregation rates at 1.1 and 1.3 Umf 

were both similar, Figure 6.3 (b) and (d) shows that the segregation behavior was 

somewhat different. While fluidization at 1.1 Umf resulted in the formation of a distinct 

layer of the green 1.5 mm particles (flotsam) at the top of the bed, without much de-

mixing of blue 2.5 mm particles (jetsam) at the bottom, the opposite was the case for 

fluidization at 1.3 Umf. At 1.3 Umf, a distinct stratum of the jetsam, whose size was nearly 

of the same dimension as the layer of flotsam in Figure 6.3 (b), was formed at the bottom 

of the bed. Also, at 1.3 Umf, the top layer remained rather mixed. At 1.1 Umf, though the 

fluidization velocity exceeded the incipient velocity of the flotsam, it was still much 

lower than that of the jetsam. The jetsam was therefore in a somewhat pseudo-static bed 

state which kept much of the flotsam trapped. However, gradually, at the top layers of the 
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bed, some flotsam escaped the grip of the jetsam and those below them subsequently 

followed and moved up. This way, the top strata of flotsam was gradually built up. At 1.3 

Umf, the fluidization velocity became almost equal to the incipient velocity of the jetsam, 

thus imparting the jetsam with more energy for mobility. The ability of the jetsam to 

move only aided in the quick escape of the flotsam that would have been trapped right 

from below. The flotsam escaped on a relatively large scale right from the bottom such 

that it was a bit more difficult for the jetsam at the upper layers to move down because of 

the collisions they experienced with the energized flotsam moving up. This dynamics 

resulted in rather mixed top and middle layers, a de-mixed bottom stratum, and a 

somewhat higher concentration of flotsam just above the de-mixed stratum [Figure 

6.3(d)]. Furthermore, with the fluidization velocity now well above the incipient velocity 

of the mixture, the bubbles present at 1.3 Umf were larger than those seen at 1.1 Umf. The 

bubbles, formed just above the de-mixed bottom stratum, and their dynamics in entraining 

a large amount of particles of all types in their wakes further served as an impediment 

towards the de-mixing of the upper layers. 

The dynamics of segregation at 1.1 and 1.3 Umf were combined in the fluidization at 1.2 

Umf. Hence, both the top layer of flotsam and the bottom stratum of jetsam can be seen in 

Figure 6.3 (c). Consequently, the combined effects resulted in a higher rate of 

segregation. At 1.4 Umf, the bubbles started forming at a lower position and became much 

larger with greater ability to entrain even more particles in their wake. The entrainment 

scenario is fortuitously glaring in Figure 6.3 (e). These bubbles carried more and more of 

the jetsam from the bottom and kept the middle and top layers of the bed well-mixed. 

Therefore, the extents of segregation observed with time, at 1.4 Umf, were lower than 

those observed at 1.3 Umf. At 1.5 Umf, the fluidization velocities now sufficiently 

exceeded the incipient fluidization velocities of both the flotsam and jetsam. 

Consequently, the bed started to approach slugging fluidization and thus keeping most 

areas of the bed well mixed [Figure 6.3(f)]. However, some clusters containing mostly of 

either the flotsam or the jetsam were seen from time to time at various areas of the bed. 

The relative heights of these chaotic clusters determined whether or not the axial 

segregation index seen in Figure 6.2 was positive or negative. 

It is also interesting to examine the segregation behavior of the mixture when the jetsam 

is present in a larger volumetric proportion than the flotsam (Case II). Figure 6.4 

illustrates the segregation behavior of the bed containing 25% 1.5 mm particles and 75% 

2.5 mm particles. Again, as expected the 1.5 mm particle remained the flotsam and the 

2.5 mm particle was the jetsam. Between 1.05 Umf and 1.15 Umf, the segregation profile 

was rather smooth because of the relatively mild bubbling action in the bed. As the 

fluidization velocity was increased further, the fluctuations in the segregation profile 

became more pronounced. It is interesting to note that while the maximum segregation of 
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25% was obtained at 1.2 Umf in Case I after 45 s, similar extent of segregation was 

obtained in Case II at 1.1 Umf after the same time interval. The velocities in both cases 

corresponded to about 1.1 m/s.  
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Figure 6.4: Evolution in time of the extent of segregation for a bidisperse mixture, containing 
25% 1.5 mm particles and 75% 2.5 mm particles, at various fluidization velocities (Umf = 1.03 
m/s). 

Further inspection of the trends in Figure 6.4 shows that the profiles at 1.05, 1.10 and 

1.15 Umf are very similar within limits of experimental accuracy. However, a closer 

inspection of the data revealed that while the segregation at 1.05 Umf resulted mostly from 

the formation of a top layer of flotsam, with the bottom strata remaining more or less 

static, the segregation behavior at 1.10 and 1.15 Umf was established more by de-mixing 

of the jetsam at the bottom. In similarity with Case I, the mixture became mostly well-

mixed only when the fluidization velocity exceeded the incipient velocity of the jetsam. 

When the flotsam is present in a considerably larger amount (Case III), it becomes 

comparatively more difficult to segregate the mixture (Figure 6.5). In fact, a maximum 

segregation of 10% could only be achieved at 1.1 Umf of all the fluidization velocities 

investigated, whereas up to 25% could be achieved in Case I and even above 30% in Case 

II.  Also, large changes in excess gas rates resulted in relatively small changes in extents 

of segregation. This behavior is because, for Case III, the segregation resulted from a 

more difficult de-mixing process of the jetsam. The larger jetsam, now in far less 
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proportion, experiences even more collisions, from the numerous energized flotsams, on 

their way to the bottom of the bed. This increase in the number of collisions further 

hinders segregation. Furthermore, the series of measurements taken at 1.1 Umf showed a 

unique initial inversion in segregation direction in which the flotsam and jetsam switched 

roles. This anomaly, which could not be explained, occurred between 0 to 15 s and was 

consistent for the series of measurements taken at this velocity. Subsequently, after 10 s, 

the segregation rates increased and remained rather consistent. At the other fluidization 

velocities (1.05, 1.20 and 1.40 Umf),  lower rates of segregation were observed. Some 

slugs and larger bubbles were observed at 1.40 Umf. 
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Figure 6.5: Evolution in time of the extent of segregation for a bidisperse mixture, containing 
75% 1.5 mm particles and 25% 2.5 mm particles, at various fluidization velocities (Umf = 0.87 
m/s). 
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(a.) 50% 2.5 mm particles

 

Figure 6.6: Evolution in time of the extent of segregation for a bidisperse mixture, containing 2.5 
and 3.5 mm particles at various fluidization velocities: (a.) Case IV, 50% 2.5 mm particles (b.) 
Case V, 25% 2.5 mm particles. 

In addition to the studies on the 1.5 – 2.5 mm mixtures, some binary mixtures containing 

only 2.5 and 3.5 mm particles were also investigated. An examination of such mixtures 

(Cases IV and V) can reveal the behavior of the bed when the size ratio of the mixture 

components decreases. Figure 6.6 shows the extents of segregation for the mixtures in 

Cases IV and V at various gas velocities.  

Figure 6.6 (a) shows the time evolution of the extents of segregation when Case IV is 

fluidized at 1.2 and 1.8 Umf. From the figure, it can be seen that while the 2.5 and 3.5 mm 

particles were expectedly the flotsam and jetsam respectively for fluidization at 1.2 Umf, 
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there was instead a slight layer inversion at 1.8 Umf. This observation seems to support the 

findings of Rasul et al. (1999) that layer inversion occurs under certain fluidization 

conditions. However, there was no layer inversion in the range of fluidization velocities 

investigated when the flotsam was 25% in proportion [Figure 6.6 (b)]. Expectedly, with 

the size ratio now less, the rates of segregation in Case V were less than the 

corresponding rates observed in Case II. At 1.05 Umf the rate observed in Case V was 

almost half of the rate in Case II. However, as the excess gas rates increases, the two 

cases became closer and were even similar at 1.2 Umf where the ratio of segregation rates 

was 0.9. However, subsequent increases in excess gas velocity resulted in more deviation 

between the two with Case II retaining higher rates throughout.  

Figure 6.7 shows several snapshots of the fluidization experiment conducted for Case V 

when the  fluidization velocity was 1.1 Umf. From the figure, it can be seen that the 

segregation dynamics in the bed, at this condition, results more from the formation of a 

layer of flotsam at the top rather than from the de-mixing of a bottom strata. 

 
Figure 6.7: Bed snapshots of the binary mixture containing 25% 2.5 mm particles (red) and 75% 
3.5 mm particles (green) after 15, 30, 45 and 60 s (respectively) of fluidization at 1.1 Umf. 
 
6.3.1 Influence of Bed Width  

Since the only major difference between the Case I of this work and some of the results 

reported by Goldschmidt et al. (2003) is the difference in bed width, a comparison of both 

studies should in principle give information on the influence of bed width on the 

segregation dynamics. Figure 6.8 compares the results from this work with the results 

from Goldschmidt et al. (2003). For clarity, both works involved the investigation of a 

binary mixture containing equal amounts of 1.5 and 2.5 mm particles in a bed with an 

initial height of 0.30 m, however, the width (0.30 m) of the bed in this work is double the 

width (0.15 m) of the bed used by Goldschmidt et al. (2003). Figure 6.8 reveals that at 1.2 

Umf (1.1 m/s), both studies present very similar rates and extents of segregation. An 
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increase of the fluidization velocity from 1.2 to 1.3 Umf led to a decrease in the extent of 

segregation in the larger bed whereas the extent of segregation in the smaller bed 

remained similar (Figure 6.8).  
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Figure 6.8: The influence of bed width on the segregation for bidisperse mixtures, containing 50% 
1.5 mm particles and 50% 2.5 mm particles, at various fluidization velocities. The static bed 
height for all mixtures was 0.30 m. The bed width in Goldschmidt et al. (2003) and this work are 
0.15 and 0.30 m respectively. 
 

A major effect at play, when the bed width changes, is the particle-wall frictional 

interaction. When the bed width is small, more particles in the bed experience more 

interactions with the wall compared with the large bed. Frictional and collision 

interactions between the large particles and the side walls could lead to more energy 

losses in comparison to a situation in which such interactions take place with the small 

particles. Such dissimilar changes in the kinetic energies of the mixture components 

would invariably lead to an increase in the rates of segregation. Hence, the results from 

Goldschmidt et al. (2003) where there are relatively more interactions between the 

particles and the wall showed a higher rate of segregation at 1.3 Umf. This effect should be 

less pronounced when the kinetic energy of the particles is less; therefore, it is not entirely 

surprising that both studies produced similar results at 1.2 Umf.  

6.3.2 Influence of Bed Composition  

The relationship between bed composition and extent of segregation is shown in Figures 

6.9 and 6.10. 
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From Figure 6.9 (a) and (b), it is observed that mixtures containing 25% and 50% of the 

flotsam segregate more rapidly compared to the mixture containing 75% flotsam when all 

the mixtures have the same initial bed height and all are fluidized at the same velocity. 

Goldschmidt et al. (2003) made a similar observation. It is likely that when the flotsam is 

present in much larger proportion, they now exert sufficient drag on the larger jetsam 

thereby carrying them along in the course of their migration upwards and thus impeding 

segregation. However, it seems that when the jetsam is in larger or commensurate 

volumetric proportion as the flotsam, the smaller flotsam can more readily follow the part 

of other migrating flotsam above them with relatively less impediment from the jetsam.  

In both fluidization experiments at 1 and 1.2 m/s the observation remained somewhat 

consistent.  
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Figure 6.9: The influence of bed composition on the segregation for bidisperse mixtures 
containing 1.5 mm particles and 2.5 mm particles at selected fluidization velocities. 

Figure 6.10 indicates the effect of bed composition on the extents of segregation in 

relation to the excess gas velocity. Figure 6.10 (a) shows a decrease in the rate of 

segregation when the proportion of the flotsam is increased. Here, since the fluidization 

velocities fall well below the incipient fluidization velocity of the jetsam, the dynamics of 

the segregation is more dependent on the amount of the flotsam the excess gas conveys 

upwards. At 25% flotsam the excess gas has fewer particles to convey to effect a specific 

extent of segregation, hence the segregation rate is relatively rapid. Similar phenomenon 

can explain the trend at 50% and 75% flotsam. However, when the fluidization velocity in 

the bed approached the incipient fluidization velocity of the jetsam in Figure 6.10 (b), the 

segregation rate at 25% flotsam dropped below the rate at 50% flotsam. This is not 
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surprising because a more mobile jetsam, which is in much larger proportion, would play 

greater role in the bed dynamics compared with when the jetsam is less in proportion.  

6.3.3 Overview of segregation rates in relation to bed composition 

The pace at which the segregation occurs in the various mixtures in relation to the gas 

velocity is more explicitly and comprehensively presented in Figures 6.11 and 6.12. 

Figure 6.11 compares the mean rates of segregation of the various mixtures of the 1.5 and 

2.5 mm particles at various fluidization velocities. The mean rates of segregation were 

evaluated by taking the slopes of the lines of best fit for the segregation profiles of each 

mixture at the indicated velocities. It is important to note here that, while not necessarily 

always the case, the time-averaged mean rates of segregation in most fluidization 

experiments conducted by Goldschmidt et al. (2003) remained somewhat constant until a 

‘maximum’ extent of segregation is approached after which the index fluctuates about a 

fixed mean value. All the experiments reported in this work were of relatively high bed 

height, hence the ‘maximum’ extent of segregation was not observed within the time 

frame (60 s) investigated, however, similar consistencies in the rates of segregation were 

observed.  

Figure 6.11 shows that for each mixture composition there exists a distinct fluidization 

velocity at which there is a maximum rate of segregation. Similar observations were made 

in the study conducted by Goldschmidt et al. (2003). An increase in the jetsam proportion 

led to an increase in the fluidization velocity at which the peak segregation rate occurs 

and to some extent the magnitude at the peak rate. 

Furthermore, the relationship between the rates of segregation of the various mixtures at 

different ratios of excess gas velocity is shown in Figure 6.12. Though the magnitude of 

the peak rates at 25 and 75% flotsam are remarkably different it is interesting to observe 

that both profiles are sync in phase. This is not surprising because previous studies (e.g. 

Brouwers, 2006) on the maximum packing fraction in mixtures show that both the 25 and 

75% flotsam have the same packing fraction; hence a similar amount of excess gas in 

both cases should create the necessary voids for peak segregation rates. At 50% flotsam, 

more excess gas is required to attain the peak segregation rate. This effect can also be 

related to the packing density in the bed. Studies have shown that when spherical particles 

which are not too different in size are randomly mixed in equal proportions, they form a 

mixture of densest packing. Hence, slightly more excess gas is required to attain similar 

bed expansion obtainable in less dense mixtures. Generally speaking, this perspective 

suggests that the segregation rate trend is closely related to the distribution of gas voids in 

the bed. 
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It is necessary to mention here that the term ‘peak’ used here is mostly characteristic. The 

limitations in the precision of the measurements hindered the determination of the exact 

velocities at which the peak segregation rates occurred.  

0 10 20 30 40 50

0

10

20

30

40

(a.) U
bg

=1.1 U
mf

 

 
s
e

g
re

g
a

ti
o

n
, 

s
 [

%
]

time [s]

 25% 1.5 mm particles

 50% 1.5 mm particles

 75% 1.5 mm particles

0 10 20 30 40 50

(b.) U
bg

=1.2 U
mf

 

 

 

time [s]  

Figure 6.10: The influence of bed composition on the segregation for bidisperse mixtures 
containing 1.5 mm particles and 2.5 mm particles at selected excess gas velocities. 
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Figure 6.11: The influence of fluidization velocity on the initial rate of segregation for bidisperse 
mixtures containing 1.5 mm particles and 2.5 mm particles. The vertical dashed line indicates the 
incipient fluidization velocity of the jetsam. 
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Figure 6.12: The influence of excess gas on the initial rate of segregation for bidisperse mixtures 
containing 1.5 mm particles and 2.5 mm particles. The vertical dashed lines indicate the incipient 
fluidization velocity of the jetsam in the mixtures with corresponding colors. 

 

6.4  Ternary Experiments 

Generally, the ultimate aim in the development of simulation models is to be able to 

generate results that adequately describe typical polydisperse systems in which the 

component particles vary widely both in sizes and proportions. Consequently, a next 

logical step, after satisfactory validation and verification of the simulation models with 

binary systems, would be a detailed comparison of the model results with ternary 

mixtures. In this section, the results from experiments specifically designed for the 

evaluation of simulation models are presented.  

In this work, the ternary system investigated (Case VI) contained equal amounts of 1.5, 

2.5 and 3.5 mm particles. Once again, because particles of different sizes are perceived, in 

bed snapshots, in proportions different from their actual compositions, a calibration of the 

mixture was necessary. The data points used for the calibration of mixture composition is 

shown on the ternary map in Figure 6.13.  For each data point in the map, the apparent 

fraction of each of the mixture component is determined experimentally. For example, to 

calibrate data point A, the required amounts of each of the particle types were poured into 

the bed to form a mixture containing 20% 1.5 mm particles (red), 20% 2.5 mm particles 

(blue) and 60% 3.5 mm particles (green). The bed contents were then fluidized vigorously 

for thorough mixing before the gas supply was stopped abruptly. The overall fraction of 

the color of a particle in the areas of the bed snapshot containing only particles of the bed 
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was then taken as the apparent fraction of each particle in the mixture. Thereafter, 

calibration fits that best describes the relationship between the actual and apparent 

fractions were determined.   

The calibration fit for the 1.5 mm particles is: 

 
  0.8

2 1.5 ,1

1.5 , 1 1.5 , 11
mm app

mm act mm app

c x
x c x c e


       (6.6) 

where: 

3 2.5 ,1 mm appc x           (6.7)

 

and 1 0.50c  , 2 14.5c   , and 3 0.57c    

Similarly, the composition of the 3.5 mm particles was defined by: 
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3.5 , 1 3.5 , 11 1
mm app

mm act mm app

c x
x c x c e


        (6.8) 

where:  

1 0.37c  , 2 9.16c   , and 3 0.055c     

,actpx  is the actual fractional composition of particle type p in the mixture.                                            

,apppx  is the apparent fractional composition of the particle type p obtained from the bed 

snapshots and c1, c2 and c3 are the fit parameters. 

The 3-dimensional ternary calibration charts for the 1.5 mm and 3.5 mm particles are 

shown in Figures 6.14 and 6.15 respectively. In the figures, the surfaces in the charts 

represent the calibration fits while the hollow circles   indicate the measured data points. 

The accuracy of the fit and different perspectives of the measured data points are 

presented in Figures A.1 – A.4 in the Appendix.  

In order to make a quantitative description of the extents of segregation in the ternary 

mixture, the segregation index introduced by Goldschmidt et al. (2003) had to be re-

defined. Here, two segregation indices are introduced. One is a segregation index 

describing the extents of segregation of the small particle with respect to both the large 

and medium-sized particle. The other is an index which describes the extents of 

segregation of a combination of both the small and medium-sized particle with respect to 

the large particle. 
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Figure 6.13: Mixture compositions for calibration of ternary mixture containing 1.5, 2.5 and 3.5 
mm particles. 
 

 
 
Figure 6.14: Actual 1.5 mm particle fraction (set prior to measurements) versus the corresponding 
apparent fraction of all components (1.5, 2.5 and 3.5 mm particles) in the ternary mixture. 
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Figure 6.15: Actual 3.5 mm particle fraction (set prior to measurements)  versus the 
corresponding apparent fraction of all components (1.5, 2.5 and 3.5 mm particles) in the ternary 
mixture. 
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Figure 6.16: Definitions of the maximum degree of segregation for ternary mixtures. (a.) the 
maximum segregation of the 1.5 mm particles relative to both the 2.5 and 3.5 mm particles. (b.) 
the maximum segregation of a combination of the 1.5 and 2.5 mm particles relative to the 3.5 
mm particles. 

The segregation index of the small particles with respect to the others is defined as: 
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 where the actual degree of segregation, AS , is given by: 

arg

small

A

l e medium

h
S

h h



        (6.10) 



Segregation in Polydisperse Beds 

 

165 

and the maximum degree of segregation, max,AS , is given by (Figure 6.16a): 

max,
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x
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x





        (6.11) 

Note that As  is 0 when all the particles are well mixed and 1 when the small particles are 

completely separated from a stratum containing both the large and medium-sized particles 

which may or may not be completely mixed. 

The segregation index of a combination of the small and medium-sized particles with 

respect to the large particles is defined as:
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 where the actual degree of segregation, BS , is given by: 
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and the maximum degree of segregation, max,BS , is given by (Figure 6.16b): 

max,

arg
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l e

S
x

          (6.14)

  

Figure 6.17 shows the extents of segregation of the small particles at various fluidization 

velocities. It can be seen that the rates of segregation of the small particles remained 

somewhat similar when the fluidization velocities (1.1 Umf and 1.2 Umf) were in between 

the incipient fluidization velocity of the  mixture and incipient fluidization velocity of the 

medium-sized particles. However, inspection of the bed snapshots in Figure 6.18 (a.) and 

(b.) revealed that the similarity is partly as a result of the characterization of the 

segregation index by ratio of mean heights. At 1.1 Umf, a distinct top layer was formed 

and the 1.5 mm particles were more or less well distributed in the other areas of the bed. 

At 1.2 Umf, the top layer was not as distinct but instead contained more 2.5 and 3.5 mm 

particles compared with fluidization at 1.1 Umf, and there were far less 1.5 mm particles at 

the bottom of the bed. It is important to mention here that these causal deductions made 

from the visual perceptions of the bed snapshots are more likely related to apparent 

segregation index and not necessarily the actual segregation index presented in Figure 

6.17. The actual segregation index presented for the ternary mixture nevertheless seem 

durable, consistent and to a large extent sensitive to the dynamics of the segregation. 

After increasing the velocity beyond the incipient velocity of the medium-sized particle, 

the rates of segregation started decreasing, and at 1.5 Umf, the mixture stayed mostly well 



Segregation in Polydisperse Beds 

 

166 

mixed. Also, the dynamics of gas voids is evident in the amount of scatter in the plots 

observed at higher fluidization.  
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Figure 6.17: Evolution of the extent of segregation of the 1.5 mm particles with respect to a lump 
of the 2.5 and 3.5 mm particles in a ternary mixture containing equal amounts of all components 
(Umf = 1.02 m/s). 

A height index of the particles in the bed is presented in Figure 6.19 to more 

quantitatively distinguish the segregation behavior for the fluidization at 1.1 and 1.2 Umf. 

The height index, which is essentially a measure of position of the average height of 

particles of a particular type relative to the initial average height of all the particles, is 

given by: 

,

arg arg0 0 0

1
p t

p t

small small medium medium l e l et t t

h

x h x h x h
  

  
 

  (6.15) 

where: 

,p t is the mean height index of the particle type p at time t 

and  p t
h  is the mean height of particle type p at time t.  

It can be seen from the time evolution of the height index in Figure 6.19 that the 

fluidization behavior at 1.1 Umf is clearly distinct from that at 1.2 Umf. The height indices 

for the small particles were higher at 1.2 Umf. Also, there was a downward trend in the 

indices for the medium-sized particles. 
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      (a.) 1.1 Umf              (b.) 1.2 Umf 

               

(c.) 1.3 Umf             (d.) 1.5 Umf  

Figure 6.18: Ternary mixture containing 33% 1.5 mm particles (red), 33% 2.5 mm particles (blue) 
and 33% 3.5 mm particles (green) showing  the bed snapshots after 60 seconds of fluidization at 
indicated velocities. 
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Figure 6.19: The influence of excess gas velocity on the initial rate of segregation for a ternary 
mixture containing equal amounts of 1.5, 2.5 and 3.5 mm particles. 
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Figure 6.20: Evolution of the extent of segregation of both the 1.5 and 2.5 mm particles with 
respect to the 3.5 mm particles in a ternary mixture containing equal amounts of all components 
(Umf = 1.02 m/s). 
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Figure 6.21: Bed snapshots of the ternary mixture containing 33% 1.5 mm particles (red), 33% 
2.5 mm particles (blue) and 33% 3.5 mm particles (green) after 0, 15, 30 and 60 s (respectively) of 
fluidization at 1.2 Umf. 
 

The extent of segregation of a combination of the small and medium-sized particles is 

presented in Figure 6.20. Clearly the trends were somewhat similar to the trends in the 

segregation of the small particles. It was interesting to observe that the extent of 

segregation was appreciable even when the fluidization velocity was less than the 

incipient velocity of the medium-sized particles. This suggests that the segregation was 

mostly as a result of the momentum exchange between the small and medium-sized 

particles. One notable characteristic of this ternary mixture is that it stays well mixed with 

virtually zero mean rate of segregation even at fluidization velocities well below the 

incipient velocity of the large particles. 

Bed snapshots of the ternary mixture at various times are shown in Figure 6.21. In the 

images, the sequential de-mixing of a combination of 1.5 and 2.5 mm particles can be 

clearly recognized. The images and the segregation indices can be compared to future 

simulation results from hydrodynamic models. 

 

6.5  Conclusions 

A newly developed non-intrusive Digital Image Analysis technique, in which state-of-

the-art instrumentation and procedures are utilized, has been used to study the rates and 

extents of segregation of binary and ternary mixtures in pseudo two-dimensional dense 

gas-fluidized beds. The binary mixtures investigated were: several mixtures of 1.5 and 2.5 

mm particles, and a mixture of 2.5 and 3.5 mm particle in equal volumetric amounts. The 

ternary mixture contained a mixture of 1.5, 2.5 and 3.5 mm particles in equal volumes. 

Detailed descriptions of the qualitative and quantitative dynamics of segregation and 

mixing have been presented. In the analyses, the effects of particle size ratio, bed width 
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and composition on the dynamics of segregation in binary mixtures have been examined. 

Results show that while the binary systems could segregate however slightly at 

fluidization velocities just exceeding the incipient velocities of all the individual 

components, the ternary mixture becomes well mixed at velocities even well below the 

incipient velocity of the large, 3.5 mm particles. 

Adequate calibration fits that correlate the apparent local compositions perceived from 

bed snapshots with actual compositions have been presented for binary and ternary 

mixtures. Furthermore, distinctive peak rates of segregation in the binary mixtures have 

been identified and characterized. When evaluated in terms of excess fluidization gas, the 

trend in occurrence of peak segregation rates in the 1.5 – 2.5 mm mixture seemed related 

to the packing fractions of the mixtures.  

The segregation indices used in describing the bed dynamics were robust, consistent and 

to a large extent sensitive to the changes in the bed. Although there were instances in 

which the visual perceptions slightly differed from the quantitative representations, these 

instances were more likely related to the differences between the apparent and actual 

dynamics of axial segregation. However, a height index has been introduced to further 

characterize experiments that seemed identical in their regular segregation indices. 
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APPENDIX A: Calibration Charts 
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Figure A.1: Calibration profile of actual 1.5 mm particle fractions (set prior to measurements)  
versus the apparent 1.5 mm particle fractions obtained from the snapshots of ternary mixtures 
containing various amounts of 1.5, 2.5 and 3.5 mm particles. 
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Figure A.2: Calibration profile of actual 2.5 mm particle fractions (set prior to measurements)  
versus the apparent 2.5 mm particle fractions obtained from the snapshots of ternary mixtures 
containing various amounts of 1.5, 2.5 and 3.5 mm particles. 
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Figure A.3: Calibration profile of actual 3.5 mm particle fractions (set prior to measurements)  
versus the apparent 3.5 mm particle fractions obtained from the snapshots of ternary mixtures 
containing various amounts of 1.5, 2.5 and 3.5 mm particles. 
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Figure A.4: Accuracy of Digital Image Analysis technique checked for the 3.5 mm particles in 
ternary mixture. 
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