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Chapter 1

Introduction

How, then, can what is be going to be in the future? Or how could it come
into being? If it came into being, it is not; nor is it if it is going to be in
the future. Thus is becoming extinguished and passing away not to be heard
of. Nor is it divisible, since it is all alike, and there is no more of it in one
place than in another, to hinder it from holding together, nor less of it, but
everything is full of what is. Wherefore it is wholly continuous; for what is, is
in contact with what is.

–Parmenides, around 550 B.C. [Bur20].

1.1 Preview
Dear reader, please allow me to start with a number of bold statements:

1. Physical laws on the observable scale should be derivable from models on the particle
scale;

2. Wasserstein gradient flows are crucial in understanding non-equilibrium thermody-
namics;

3. Wasserstein gradient flows can be derived from particle systems via their large-
deviation behaviour.

In this introduction chapter I will make a case for these statements, and explain what
they mean as we move along. The third statement is the main theme of this thesis; I will
explain the main idea of the derivation, but the real work is done in the other chapters.

1.2 Why derive a law from particle systems?
The influence of the quoted poem above on western thought can hardly be overestimated.
It marked the principles of rationalism, holism - that is, considering reality as a whole,

1



2 CHAPTER 1. INTRODUCTION

and what would later be known as Plato’s World of Ideas. Even Parmenides’ adversary
Democritus accepted that there must be something unchanging in the ever-changing
physical world. According to Democritus, the unchanging elements are tiny indivisible
particles where all matter is made of, called “atoms”. The atoms could move around
through the void, which explained the changing behaviour of matter that can be seen
with the naked eye.

More than a century later, Aristotle rejected Democritus’ theory of particles by an old
argument of Parmenides: “the non-being is not”, meaning that the void can not exist.
Hence there can be no void between particles, and matter must be continuous. Mainly due
to the authority of Aristotle, as well as the lack of empirical means to settle the question,
western scientists considered matter to be continuous for more than two millennia.

While the seventeenth century brought with it a renewed interest in atomistic theories,
Newton based his mechanics on continuous matter. From here on the two directions
diverged. Due to the work of Dalton and Rutherford, among others, we now know that
matter indeed consists of particles. Yet many of the physical laws that are available today
still assume continuous matter (see [Dij96] for a comprehensive overview of the history of
atomism).

Of course, this does not mean that all continuum laws are wrong. Even Democritus
and his followers realised that the number of particles in an observable object must be so
large that the effect of individual particles can not be observed. But it does mean that
two theories that explain the same phenomenon on different scales can only be viable if
they are somehow consistent with each other. This poses an interesting mathematical
challenge: to bridge the scales between the particle description and the continuum.

1.3 Scale bridging in thermodynamics

Scale bridging is a major focus of modern mathematics. Applications are found in a broad
variety of problems, like climate predictions [SATS07], the flow of liquids through porous
media [BLP78, CD99, RMK12], modelling tumor growth [CL10, Cha11], large crowd
behaviour [HM95, MRCS10] or animal flocks [CFRT09], and material science [Bal98,
DKMO00, CDMF03, BCP06]. All these problems have in common that one tries to
derive the behaviour of the system on a larger, observable scale, called the macroscopic
scale, from properties of the system at a relatively very small scale, called the microscopic
scale.

In the list above I have omitted the classical examples from statistical mechanics. The
reason is that the current research builds upon these classical examples, and I would like
to discuss two such examples in more detail.

Example 1: from particles to concentrations. Consider a microscopic system of n
particles on a lattice (1, . . . , L) that are indendepent and identically distributed with
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probability µ ∈ P(1, . . . , L), i.e. for all 1 ≤ x ≤ L

Prob(X1 = x) = Prob(X2 = x) = . . . = µx.

The macroscopic concentration profile that is observed is the weighted number of particles
at each lattice site x:

x 7→ 1
n

∑
i=1

1Xi(x) = 1
n

#{i = 1, . . . , n : Xi = x}. (1.1)

Note that the resulting vector can be identified with a measure with total mass 1, and
that it is itself a random object, depending on X1, . . . , Xn. This object is called the
empirical measure (see Figure 1.1).

1 2 . . .
L− 1 L

Figure 1.1: The empirical measure counts the weighted number of particles at each site.

If the number of particles is large, the microscopic fluctuations will be averaged out by
a Law of Large Numbers. Indeed, in Chapter 2 we will see that in the many-particle limit,
the empirical measure converges with probability 1 to the probability we started with:

Prob
(

1
n

n∑
i=1

1Xi
n→∞−−−−→ ρ

)
=
{

1, if ρ = µ,

0, otherwise.
(1.2)

The same result is true if the particles live on Rd, independent and identically distrib-
uted by some probability law µ ∈ P(Rd). The empirical measure is then defined as
1
n

∑n
i=1 δXi , which converges with probability 1 to the measure µ, in the narrow topology

(see Sections A.1 and 2.3).

Example 2: from particles to entropy. The concept of entropy was originally invented
by Clausius and Carnot to explain irreversibility in the macroscopic theory of thermody-
namics. Boltzmann introduced an ingenious microscopic interpretation of the entropy of
a macroscopic state, through his famous formula k log |Ω|, where k is the Boltzmann con-
stant and Ω is the set of microscopic configurations that correspond to the macroscopic
state1.

The following argument shows that one is often more interested in the entropy per
1By simply counting the number of configurations, Boltzmann implicitly assumed that each configur-

ation has equal probability. Gibbs generalised the formula to systems with state-dependent probabilities;
I will not be concerned with such systems.
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particle. Consider a system of n particles on a lattice x = 1, . . . , L that are independent
and identically distributed with uniform probability µx = 1/L, x = 1, . . . L, and, as before,
take the empirical measure (1.1) as a macroscopic state. The set of all microscopic states
that yield a given macroscopic empirical measure ρ is

Ω :=
{

(x1, . . . , xn) ∈ {1, . . . , L}n : 1
n

n∑
i=1

1xi(x) = ρx for all x ∈ {1, . . . , L}
}
.

Then |Ω| = n!∏
x
(nρx)!

, and the Boltzmann entropy becomes

k log n!∏L
x=1(nρx)!

.

By Stirling’s formula [Fel68, Ch. II.9, p.52], for large n the entropy can be approximated
by −kn

∑L
x=1 ρx log ρx. From this it is clear that the entropy blows up when n → ∞,

unless it is scaled by 1/n. This scaling yields the limit of the average entropy per particle
(this is called a thermodynamic limit):

k

n
log |Ω| → −k

∑
x

ρx log ρx as n→∞. (1.3)

The question remains how to interpret this entropy per particle, and how it relates
to probability2. Here, Sanov’s Large-Deviation Theorem provides an answer [DZ87,
Th. 2.1.10]. If the particles are identically and uniformly distributed on the lattice with
probability 1/L, then, formally written (see Appendix A.3 for the precise meaning)

Prob
(

1
n

n∑
i=1

1Xi ≈ ρ

)
∼ exp

(
−n

L∑
x=1

ρx log ρx − n logL
)

as n→∞. (1.4)

It follows from the many-particle limit (1.2) that the probability on the left-hand side of
(1.4) converges to 0 whenever ρ 6= µ; the expression

∑
x ρx log ρx + logL > 0 is the

exponential rate of this convergence. On the other hand, if ρ = µ = (1/L, . . . , 1/L) then∑
x ρx log ρx + logL = 0 and the probability converges to 1. Hence in the many-particle

limit, the macroscopic system must be in the state for which
∑
x ρx log ρx is minimal.

In the mathematics literature it is common to omit the factor −k and simply call∑
x ρx log ρx the entropy; the continuous version is the functional S, defined on non-

2Boltzmann considered the entropy as a measure for the probability of a macrostate, or at least some
form of likeliness [Bru83, Ch. 1.11].
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negative finite Borel measuresM(Rd) with

S(ρ) :=


∫
ρ(x) log ρ(x) dx, if ρ(dx) = ρ(x) dx, (by a small abuse of notation)

∞, otherwise.
(1.5)

In Chapter 3 we will see that the expression
∑
x ρx log ρx + logL should in fact be

interpreted as the Helmholtz free energy per particle.

1.4 Who cares about Wasserstein gradient flows?
In the last example there were no dynamics involved; it models a system in (macroscopic)
equilibrium. The example illustrates that a system is in equilibrium if its entropy is
maximal. This is consistent with the Second Law of Thermodynamics, which says that
the entropy of an isolated system can not decrease over time. In mathematics, such
quantity is called a Lyapunov functional. Actually, there seems to be a stronger principle
hidden in our tacit knowledge of non-equilibrium thermodynamics, namely that entropy is
the driving force behind thermodynamic processes. The precise meaning of such a driving
force, however, is often left to intuition (see for example [DB02, Ch. 7]).

The interpretation of entropy as a driving force became more clear with the math-
ematical discovery that the diffusion equation, a typical thermodynamic process, is the
gradient flow of entropy with respect to the Wasserstein metric [JKO98, Ott01]. This
result has sparked a large amount of research, showing that, with some adaptations, many
other equations are gradient flows of entropy as well, e.g. [Ott98, Ott01, GO01, Gla03,
CMV03, Agu05, GST09, MMS09, PP10, FG10, Mie11b, Lis09, LMS12]. A gradient flow
of some entropy functional not only determines the direction of the process, as in the
Second Law of Thermodynamics, but fully captures the dynamics through the entropy
functional. In this sense the entropy as a driving force becomes a mathematically rigorous
statement, complying with physical intuition3.

So far, I have only discussed the driving force of a gradient flow; the second ingredient
is the dissipation mechanism, which prescribes how much entropy is dissipated while the
system moves towards a new state. The novelty of the work in [JKO98] is to take the
Wasserstein metric as a dissipation mechanism. The resulting diffusion equation is rather
surprising, since the Wasserstein metric comes from the theory of optimal transport, which
at first sight has little to do with entropy and diffusion. I will introduce the Wasserstein
metric in section 1.6.

Before I do so, it is important to note that the Wasserstein space is a genuine metric
space without a vector space structure, so that a thorough generalisation of the traditional
notion of gradient flow is needed. I explain this generalisation in the next section.

3Naturally, gradient flows are not only interesting from a physical point of view. In many cases,
for example, they can be used to prove existence and uniquess of solutions, or to produce numerical
approximation schemes.
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1.5 Gradient flows in metric spaces

The classic notion of a gradient flow (also known as a steepest descent, or gradient flux)
is defined by a function f ∈ C1(Rd) and an ordinary differential equation of the form4

∂txt = −∇f(xt). (1.6)

Here f can be interpreted as a driving force, in the sense that the evolution xt moves
towards lower values of f .

Things become more complicated if the gradient flow is defined on an abstract topo-
logical vector space U rather than Rd, and the driving force is a functional F : U → R.
A naive approach would be to replace f ′ by the Fréchet derivative F ′. The problem is
that the directional derivative U∗〈F ′(u), v〉U depends on both position u and direction v,
so that we can not equate the two in a straight-forward way, like in (1.6):

∂tut
?'−F ′(ut). (1.7)

If U is a Hilbert space with inner product ( , )U , then this problem can be overcome
by use of a Representation Theorem: there exists a unique element v ∈ U such that for
all w ∈ U there holds

U∗〈F ′(u), w〉U = (v, w)U .

The element v is called the gradient of F and will henceforth be denoted as gradU F .
With this definition the evolution equation

∂tut = − gradU F(ut) (1.8)

is sound. A typical example to keep in mind is the case where U = L2(Rd) and F(u) =∫
f(u(x)) dx for some differentiable function f . Then the derivative is U∗〈F ′(u), v〉U =∫
f ′(u(x)) v(x) dx and the gradient is gradL2 F(u) = f ′(u). The theory of gradient flows

in Hilbert spaces is treated extensively in [Bre73].
The next step is to define gradient flows if U is a metric space without a vector space

structure, so that derivatives can not be defined in a straight-forward way. In the past
years a number of possible concepts for gradient flows have been developed; I discuss the
most relevant ones here.

Minimising movements. Consider the gradient flow of a functional F in L2(R), as
defined above. The backward Euler approximation of (1.8) is

u
(τ)
k − u

(τ)
k−1

τ
= − gradL2 F(u(τ)

k ),

4An index t will denote the time-slice at time t; partial time derivatives are written as ∂t.
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where τ > 0 is the time step of the approximation. Clearly this is the Euler-Lagrange
equation for the minimisation problem

u
(τ)
k ∈ arg min

u∈L2
F(u) + 1

2τ ‖u− u
(τ)
k−1‖

2
L2(Rd).

This observation inspires the definition in a general metric space (U , d) via the approxim-
ation scheme5

u
(τ)
k ∈ arg min

u∈U
Kτ (u|u(τ)

k−1), Kτ (u|u0) := F(u) + 1
2τ d(u0, u)2. (1.9)

If we fix an initial condition u(τ)
0 := u0, define the sequence {u(τ)

k } by (1.9), and create
the interpolation u(τ)(t) := u

(τ)
bt/τc, then a curve u is a minimising movement of F with

respect to the metric d if u(τ) → u as τ → 0 in some suitable topology. This idea was first
proposed by De Georgi in [DG92, DG06], and further developed in [JKO98] and [AGS08,
Ch. 2].

Riemannian geometry and GENERIC. Assume that the metric of the gradient flow
is a Riemanian metric, that can be written in the form

d(u, v)2 = inf
{∫ 1

0
(∂tut, ∂tut)ut dt : u(·) ∈ C1([0, 1];U) and u0 = u, u1 = v

}
(1.10)

where the inner product on the tangent space is (q1, q2)u := Tan∗u〈G(u)q1, q2〉Tanu . Then
the metric tensor G(u) : Tanu → Tan∗u can be used directly to make sense of (1.7):

G(ut) ∂tut = −F ′(ut), (1.11)

which is now an equation in the cotangent space.
In many cases, the inverse K(u) := G(u)−1 : Tan∗u → Tanu exists, and one can also

describe a gradient flow by an equation in the tangent space:

∂tut = −K(ut)F ′(ut). (1.12)

This is the standard form of a dissipative system in the GENERIC framework [Mor86,
GÖ97, ÖG97, Ött05, Mie11a]; the functional K is then called an Onsager structure. A
typical example of an Onsager structure is again the case where U is a Hilbert space: the
structure K then maps the Fréchet derivative to the gradient, as in (1.8). But even if U
is not Hilbert, the gradient of a functional can still be defined by setting

gradU F(u) := K(u)F ′(u). (1.13)

With this definition, equation (1.12) can again be written as (1.8).
5Other powers of d are also possible, see [AGS08, Rem. 2.0.7].
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Convex dual formulations. If the metric tensor G(u) in (1.11) is symmetric, then
one can define a convex dissipation potential Ψ(u, q) := 1

2 Tan∗u〈G(u)q, q〉Tanu so that
G(u)q = DqΨ(u, q). In that case the Legendre-Fenchel transform of Ψ in q has the
property that DpΨ∗(u, p) = G(u)−1(p) = K(u)p and the equations (1.11) and (1.12)
can be reformulated as:

DqΨ(ut, ∂tut) = −F ′(ut) and ∂tut = DpΨ∗(ut,−F ′(ut)) (1.14)

respectively. By convex analysis both statements are equivalent to

Ψ(ut, ∂tut) + Ψ∗(ut,−F ′(ut)) ≤ Tan∗ut
〈−F ′(ut), ∂tut〉Tanut = −∂tF(ut). (1.15)

For obvious reasons this equation is called a Ψ-Ψ∗-formulation. Observe that, by definition
of the Legendre transform, the left-hand side is always larger or equal than the right-hand
side, so that it suffices to require less or equal. Therefore (1.15) can be seen as a varational
formulation, where the difference between the left-hand and right-hand side is minimised.
The defining equation (1.15) is often written in integrated form, which is then called the
entropy-dissipation inequality :∫ T

0
Ψ(ut, ∂tut) dt+

∫ T

0
Ψ∗(ut,−F ′(ut)) dt+ F(uT )−F(u0) ≤ 0. (1.16)

I briefly mention that if Ψ and F are convex but non-differentiable, then the first
formulation of (1.14) can still be used if the derivatives are replaced by subdifferentials
[MRS12]:

∂Ψ(ut, ∂tut) + ∂F(ut) 3 0.

Naturally, because of the inclusion, uniquess is often not guaranteed.

Now that we have seen how gradient flows in general metric spaces can be defined, the
question remains how these formulation apply to the Wasserstein space, or in particular:
how gradients of the form (1.13) look like. But let me first introduce the Wasserstein
metric itself.

1.6 The Wasserstein metric

The Wasserstein metric between two measures is a concept from the theory of optimal
transport. This theory focuses on the problem of how to transport all mass from one
measure to another. There are two common ways to describe how mass is transported
between measures ρ0 and ρ on Rd: by a transport map T : Rd → Rd such that T#ρ0 :=



1.7. GRADIENT FLOWS IN WASSERSTEIN SPACE 9

ρ0 ◦ T−1 = ρ, and by a transport plan in the set (see Figure 1.2)

Γ (ρ0, ρ) :=
{
γ ∈ P(Rd × Rd) : γ(B × Rd) = ρ0(B) and γ(Rd ×B) = ρ(B)

for all Borel B ⊂ Rd
}
, (1.17)

Observe that a transport plan is more general: it allows to split mass at one position and
transport it to different positions. Moreover, the set Γ (ρ0, ρ) is always non-empty and
tight; properties that the set of transport maps may lack. Therefore, it is more useful to
consider transport maps. In special cases, the transport map is induced by a transport
plan.

If the cost to transport mass from x to y is |y − x|2, then the minimal total cost to
transport the measure ρ0 to ρ is

inf
γ∈Γ (ρ0,ρ)

∫∫
|y − x|2 γ(dx dy) =: d(ρ0, ρ)2. (1.18)

This minimal cost defines a metric d, called the Wasserstein metric 6, on the space of
probability measures with finite second moment

P2(Rd) :=
{
ρ ∈ P(Rd) :

∫
|x|2 dρ <∞

}
.

The Wasserstein metric has many interesting properties that we will encounter through-
out this thesis. Let me mention here that convergence of measures in the Wasserstein
metric coincides with narrow convergence (defined in Section A.1) plus convergence of
second moments [Ott01, Lem. 1], [Vil03, Th. 7.12], i.e.

d(ρn, ρ) −−−−→
n→∞

0 ⇐⇒ ρn−−⇀
n→∞

ρ and
∫
|x|2 ρn(dx) −−−−→

n→∞

∫
|x|2 ρ(dx).

1.7 Gradient flows in Wasserstein space
In Section 1.5 we saw how gradient flows can be defined in general metric spaces; now
we see how these ideas apply to the space P2(Rd) with the Wasserstein metric. In
the original formulation of [JKO98], the gradient flow of entropy with respect to the
Wasserstein metric was posed as a minimising movement scheme (1.9) in P2(Rd), with

Kτ (ρ|ρ0) := S(ρ) + 1
2τ d(ρ0, ρ)2, (1.19)

where d is the Wasserstein metric (1.18) and S : P(Rd) → R ∪ {∞} is the entropy
functional (1.5). Jordan, Kinderlehrer and Otto proved that for all T > 0 the interpolation

6The Wasserstein distance is easily extended to non-negative finite Borel measures of equal mass; this
will be used throughout this thesis.
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ρ0

x

T

ρ

T (x)

(a) Transport map

ρ0

dx

γ(dx dy)

ρ

T (x) dy

(b) Transport plan

Figure 1.2: Two ways of describing the transport of one measure to another.

ρ(τ)(t) := ρ
(τ)
bt/τc of the thus defined sequence converges in L1((0, T )×Rd) to the solution

of the diffusion equation
∂tρt = ∆ρt. (1.20)

In [Ott01], Otto proved that this gradient flow can formally be stated in the Rieman-
nian framework7. In particular, for an absolutely continuous curve ρ(·) (see Chapter B.3)
there always exists a Borel velocity field vt in the set

V (ρt) := {∇p : p ∈ C∞0 (Rd)}
L2(ρt)

such that the continuity equation

∂tρt + div ρtvt = 0

holds in the distributional sense [AGS08, Th. 8.3.1]. This motivates the identification of
the tangent space of P2(Rd) at ρ with8

Tanρ := {distributions s : ∃v ∈ V such that s+ div ρv = 0}.

In order to comply with the Wasserstein metric, the required inner product in (1.10) must
be taken [Ott01]:

(s1, s2)−1,ρ :=
∫
v1 · v2 dρ,

7As Giuseppe Savaré explained to me in a personal communication, the proposed structure is not a
true Riemannian manifold. For example, the tangent spaces at different points is not isomorphic to a
fixed Hilbert space.

8Some authors take V (ρ) as the tangent space.
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where v1, v2 are the velocity fields in V (ρ) that satisfy the continuity equations

s1 + div ρv1 = 0 and s2 + div ρv2 = 0

such that ‖v1‖L2(ρ) and ‖v2‖L2(ρ) are minimal.
If this is substituted into (1.10), a different formulation of the Wasserstein metric is

obtained, known as the Benamou-Brenier formula [BB00]:

d(ρ0, ρ)2 = min
{∫ 1

0
‖∂tµt‖2−1,µtdt : abs. cont. curves µ(·) : [0, 1]→ P2(Rd)

with µ0 = ρ0, µ1 = ρ

}
.

The Wasserstein gradient (1.13) of a functional F , if it exists, is often written formally
as

gradP2 F(ρ) := −div ρ∇gradL2 F(ρ)

where gradL2 is the usual Fréchet derivative. Hence indeed, for the entropy functional:

gradP2 S(ρ) = −div ρ∇(log ρ+ 1) = −∆ρ.

1.8 Microscopic interpretation of gradient flows
The gradient flow of entropy with respect to the Wasserstein metric can be seen as another
macroscopic model for diffusion. In light of the discussion in the beginning of this chapter,
I like to know whether this model is somehow consistent with certain microscopic models.
A connection with microscopic models will also shed light on the following issues:

1. We have seen that the entropy of a macroscopic system can be interpreted as a
measure for microscopic information and likelihood, as a large-deviation rate of the
microscopic system. Therefore, from a physical point of view, it is not suprising
that diffusion is driven by entropy. But how about the metric? In the modelling of
gradient flows, the metric is usually interpreted as the dissipation of energy, entropy,
or whatever functional drives the system. Why would the dissipation of entropy be
described by the Wasserstein metric?

2. Moreover, the time-discrete minimising movement scheme (1.19) shows that the
combination of energy (or entropy) and metric has a clear interpretation: it models
(for each approximation step) the net energy that is lost in the system by moving
from the old to the new state. Can the combination of entropy and Wasserstein
metric be interpreted in a similar fashion?

Inspired by Sanov’s Theorem for systems in equilibrium, I seek the answers in the
large deviations of microscopic particle systems, but now for systems that are away from
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equilibrium. Therefore, a large-deviation principle is needed that somehow captures the
dynamics of the microscopic fluctuations. Then, the corresponding large-deviation rate
functional will be minimal whenever all microscopic fluctuations are averaged out, which
coincides with the (deterministic) many-particle limit. In this sense, a large-deviation rate
can serve as a variational formulation for the deterministic behaviour. The central idea of
this thesis is to relate such variational formulations to variational formulations of gradient
flows.

Of all the different formulations of gradient flow that we have seen in Section 1.5, two
involve a variational principle: the minimising movement scheme (1.9) and the entropy-
dissipation inequality (1.16). Recall that the minimising movement scheme yields a
discrete-time approximation, while the entropy-dissipation inequality holds in continu-
ous time. To match these two formats I will use two different types of large deviations,
which I call discrete-time large deviations, and continuous-time large deviations.

Before studying these large-deviation principles, there is an important choice to be
made, namely: which particle system will serve as a microscopic model? It must be
emphasised that there can be many different microscopic systems that yield the same
macroscopic equation in the many-particle limit. For example, for the diffusion equation
one could choose a system of independent Brownian particles, a system of independent
random walks on a scaled lattice9, or exclusion models where each lattice site is occupied
by at most one particle10. Although all these microscopic models yield the diffusion
equation in the limit, their large-deviation behaviour may differ significantly. Below in
(1.25), we will see by a formal calculation that a system of independent Brownian particles
is the right choice if one wants to couple it to the Wasserstein gradient flow formulation
of the diffusion equation.

With this goal in mind, I choose a system of independent Brownian particlesX1(t), X2(t), . . .
in Rd with transition probability density

θt(y, x) := 1
(4πt)d/2

e−
|y−x|2

4t , (1.21)

and assume that at t = 0 the particles are independently distributed with law ρ0 ∈ P2(Rd).
Then, similarly to Example 1 in Section 1.3, the empirical measure at time t ≥ 0 will
converge to the average in the many-particle limit (see Corollary 2.3.2 for the precise
version), i.e.

Ln(t) := 1
n

n∑
i=1

δXi(t) → ρ0 ∗ θt as n→∞, (1.22)

with (ρ0 ∗ θt)(dy) :=
∫
θt(y − x)ρ0(dx) dy. This shows that the chosen particle system

is indeed a microscopic interpretation of the diffusion equation, in the sense that the
many-particle limit ρ0 ∗ θt solves the diffusion equation with initial condition ρ0.

9Limits of these systems are known as the hydrodynamic limits. See for example [KL99, DMP91].
10See for example [BDSG+03].
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In the next two sections, I use this Brownian particle system as a leading example to
explain the two large-deviation principles and their connections to gradient flows.

1.9 From discrete-time large deviations to gradient flows

Both large-deviation principles that are central in this thesis quantify the microscopic fluc-
tuations of the empirical measure (1.22) around the average. In the discrete-time setting,
the rate functional is coupled to one iteration of the minimising movement scheme (1.19).
Therefore I consider the transition from an arbitrary initial state ρ0 ∈ P(Rd) to the new
state ρ after a time-step τ > 0. Since the scheme minimises over the new state, any
microscopic fluctuations that may occur around the initial state ρ0 have to be ruled out.
The resulting discrete-time large-deviation principle can be written formally as (I postpone
the exact definition to Chapter 2)

Prob(Ln(τ) ≈ ρ |Ln(0) ≈ ρ0) ∼ exp
(
−nJ Df

τ (ρ|ρ0)
)

as n→∞.

In Corollary 2.4.4 it is proven that this principle holds, with rate functional (the superscript
stands for ‘diffusion equation’)

J Df
τ (ρ|ρ0) := inf

γ∈Γ (ρ0,ρ)
H(γ|ρ0 θτ ), (1.23)

where Γ (ρ0, ρ) is defined by (1.17), the measure (ρ0 θτ )(dx dy) := ρ0(dx) θτ (y, x) dx dy,
and H is the relative entropy :

H(γ|β) :=


∫∫

log
(
dγ

dβ
(x, y)

)
γ(dx dy), if γ � β,

∞, otherwise.
(1.24)

Indeed, J Df
τ (ρ|ρ0) = 0 if and only if ρ = ρ0 ∗ θτ , so that the functional J Df

τ provides a
variational scheme for the diffusion equation, similar to the minimising movement scheme
(1.19). The minimising movement scheme however, yields approximations to the diffusion
equation only, which shows that a relation between the two schemes can only be true in
the limit as τ → 0.

The work presented in this thesis is largely inspired by [ADPZ11], where the following
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formal calculation is made rigorous:

J Df
τ (ρ|ρ0 θτ ) = inf

γ∈Γ (ρ0,ρ)

∫∫
γ(x, y) log γ(x, y) dx dy︸ ︷︷ ︸
≈ 1

2S(ρ)+ 1
2S(ρ0)

−
∫∫

γ(x, y) log ρ0(x) dx dy︸ ︷︷ ︸
=S(ρ0)

−
∫∫

γ(x, y) log θτ (y, x) dx dy

≈ 1
2S(ρ)− 1

2S(ρ0) + inf
γ∈Γ (ρ0,ρ)

1
4τ

∫∫
|y − x|2 γ( dx dy) + d

2 log 4πτ

≈ 1
2S(ρ)− 1

2S(ρ0) + 1
4τ d(ρ0, ρ)2.

(1.25)

Observe that the factor 1/2 and the term −S(ρ0) were not present in (1.19), but they
do not alter the minimisers.

In the precise version of (1.25), we will see that the right-hand side is in fact a
special asymptotic expansion of J Df

τ for small τ . Such expansion requires a concept of
convergence for functionals, for which I use a slight generalisation of Mosco convergence,
denoted as M−→ (see Sections B.1 and B.2 in the Appendix). The first term in the
development of J Df

τ (or actually of τJ Df
τ ) is then given by [Léo07]:

τJ Df
τ ( · |ρ0) M−−−→

τ→0

1
4d(ρ0, · )2, (1.26)

and the next-order terms are given by the following Mosco convergence, which I pose as
a conjecture:

Conjecture 1.9.1. For any fixed ρ0 ∈ PS2 (Rd) (i.e. with bounded entropy S(ρ0)) there
holds

J Df
τ ( · |ρ0)− 1

4τ d(ρ0, · )2 M−−−→
τ→0

1
2S(·)− 1

2S(ρ0) (1.27)

Together, (1.26) and (1.27) form the precise version of (1.25). It should be noted that
(1.26) is a direct consequence of (1.27); I shall therefore focus on statements of the type
(1.27).

The convergence (1.27) was first proven in [ADPZ11] under the restriction that both
ρ0 and ρ are sufficiently close to uniform distributions on a bounded interval in R. In
[DLZ12], the conjecture was proven in R, when ρ0 and ρ are both Gaussian measures.
In Chapter 4, I will show that the conjecture is true in one dimension, under very mild
restrictions:

Theorem 4.4.1. Assume that ρ0 ∈ PS2 (R) such that the density is bounded from below
by a positive constant in every compact set, and the Fisher information I(ρ0) (defined in
Section 4.3) is finite. Then Conjecture 1.9.1 is true.

Remark 1.9.2. In Chapter 8 I take a closer look at the asymptotic development, and
discuss other options to relate rate functionals to large deviations.
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1.10 From continuous-time large deviations to gradient
flows

Analogously to the discrete-time case, assume that there are initially no significant mi-
croscopic fluctuations around a fixed ρ0; this guarantees that ρ0 is really the initial state
of the macroscopic system. Now consider the probability that a macroscopic trajectory
t 7→ ρt up to time T deviates from the expected trajectory, leading to a large-deviation
principle in the space of trajectories:

Prob
(
(Ln(t))Tt=0 ≈ (ρt)Tt=0|Ln(0) ≈ ρ0

)
∼ exp

(
−nJ̃ Df

T

(
(ρt)Tt=0|ρ0

))
as n→∞.

I shall abbreviate J̃ Df
T

(
ρ(·)
)

= J̃ Df
T

(
(ρt)Tt=0|ρ0

)
, since T is fixed and all information about

the initial state is included in the information about the trajectory ρ(·).
Continuous-time large deviations are closely related to discrete-time large deviations.

On one hand, all information about fluctuations of the system at time τ is also included
in the continuous-time rate functional. Therefore, taking T = τ , the discrete-time large
deviations can be regained from the continuous-time large deviations by the Contraction
Principle [DZ87, Th. 4.2.1]:

J Df
τ (ρ|ρ0) = inf

{
J̃ Df
τ (ρ(·)) : curves ρ(·) connecting ρ0 to ρ

}
.

This provides an alternative formulation of the discrete-time large deviations11, which can
then be used to connect to minimising movement schemes, as described in the previous
section. This is the approach taken in Chapter 4.

On the other hand, if the discrete-time large deviations are known for all 0 ≤ τ ≤ T ,
this should also characterise the fluctuations in the space of trajectories, so that one
can move back to the continuous-time large deviations. This is indeed the case, as the
following formal argument shows. Since the particle system is Markovian, the fluctuations
of a discrete-time sequence (Ln(τ), . . . , Ln(Kτ)) for Kτ ≤ T can be written as

− 1
n

log Prob(Ln(τ) ≈ ρ1, . . . , Ln(Kτ) ≈ ρK |Ln(0) ≈ ρ0)

= − 1
n

log
K∏
k=1

Prob(Ln(kτ) ≈ ρk|Ln((k − 1)τ) ≈ ρk−1)

=
K∑
k=1
− 1
n

log Prob(Ln(kτ) ≈ ρk|Ln((k − 1)τ) ≈ ρk−1)

→
K∑
k=1
J Df
τ (ρk|ρk−1) as n→∞, (1.28)

11This alternative form can be non-trivial. For the case of the diffusion equation or the Fokker-Planck
equation, I do not know how to prove equality of the two formulations by purely functional-analytic
techniques.
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where J Df
τ is the discrete-time large-deviation rate for one time step. To move back to

the continuous time, take K = bT/τc, and let τ → 0 (see for example [FK06, Th. 4.28]).
The form (1.28) suggests that the resulting limit will consist of an integral over [0, T ],
where the integrand only depends on ρt and ∂tρt, i.e.

− 1
n

log Prob
(
{Ln(t)}Tt≥0 ≈ {ρt}Tt≥0|Ln(0) ≈ ρ0

)
∼
∫ T

0
A(ρt, ∂tρt) dt as n→∞,

for some action function A. In many cases, continuous-time Markov processes indeed
yield a large-deviation rate of this form.

In some special cases, such continuous-time large deviations can be used to derive an
entropy-dissipation inequality. We will see such connection in Chapter 7 on finite-state
Markov chains.

1.11 Overview
Although this research requires a combination of techniques from various fields of math-
ematics, these techniques will be used to built upon a probabilistic foundation. This
foundation, consisting of large deviations of stochastic particle systems, is laid in
Chapter 2. It serves mainly as a background chapter, where the probabilistic concepts
and results are introduced in such generality that they apply to all systems in this thesis.
We will see how the empirical process, constructed from a finite number of Markovian
particles, can itself be considered as a Markov process. Moreover, it contains the proof of
the many-particle limit, which is the rigorous and general version of (1.2), and the proof
of the discrete-time large-deviation principle, as discussed in Section 1.9.

With the discrete-time large-deviation rate at hand, a logical first step would be to
try to prove Conjecture 1.9.1 for the diffusion equation in a more general setting, thus
improving the result of [ADPZ11]. However, it turns out that the discrete-time large-
deviation rate (1.23), derived in Chapter 2, is not the appropriate form to prove such
Mosco convergence. What can be obtained with this form are relative results of the type:
under the assumption that Conjecture 1.9.1 holds true for the diffusion equation, then a
similar Mosco-convergence result holds true for different equations, using different particle
systems, different large-deviation rates and different gradient-flow structures.

The first equation that is studied in this way is the Fokker-Planck equation

∂tρt = ∆ρt + div(ρt∇Φ), (1.29)

for some sufficiently regular potential Φ. For this equation, a minimising movement
scheme of the form (1.9) was already introduced in [JKO98], defined by the functional
(the superscript stands for ‘Fokker-Planck’):

KFP
τ (ρ|ρ0) := 1

2S(ρ) + 1
2E(ρ)− 1

2S(ρ0)− 1
2E(ρ0) + 1

4τ d(ρ0, ρ)2,
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where E(ρ) :=
∫

Φ(x) ρ(dx). In Chapter 3 this functional is coupled to the discrete-time
large-deviation rate J FP

τ , for a system of particles whose probability evolves according
to (1.29). Indeed, it is proven that, if the assumption that Conjecture 1.9.1 is true, then

J FP
τ ( · |ρ0)− 1

4τ d(ρ0, · )2 M−−−→
τ→0

1
2S( · ) + 1

2E( · )− 1
2S(ρ0)− 1

2E(ρ0). (1.30)

In Chapter 4, the same particle system is studied by a different approach. This
approach starts with the continuous-time large-deviations, which is then transformed into
an alternative expression of the discrete-time rate functional, as explained in Section 1.10.
With this alternative formulation, the Mosco convergence (1.30) will be proven in one
dimension, without requiring Conjecture 1.9.1 as a hypothesis.

Chapter 5 deals with two equations: the diffusion equation with decay:

∂tρt = ∆ρt − λρt, λ ≥ 0, (1.31)

and a system of reaction-diffusion equations:

∂tρt = ∆ρt − λ1ρt + λ2µt,

∂tµt = ∆µt − λ2µt + λ1ρt, λ1, λ2 ≥ 0. (1.32)

In order to transform (1.31) into a mass-conserving equation, all decayed mass is added
to the system, but in a different form. Naturally, this yields exactly (1.32) with λ2 = 0.
Therefore, both equations (1.31) and (1.32) can be treated in a very similar way; for ease
of calculations the focus lies on (1.31). Here, a connection with large deviations provides
an extra opportunity, since this connection can be exploited to derive Wasserstein-like
gradient flows for (1.31) and (1.32) that were not known beforehand. To this aim, a
suitable microscopic particle system is introduced, the corresponding discrete-time large-
deviation rate J DfDc

τ is calculated, and it is proven, the assumption that Conjecture 1.9.1
holds, the rate J DfDc

τ has the asymptotic development for small τ > 0:

KDfDc
τ (ρ|ρ0) := inf

ρND :|ρ+ρND |=|ρ0|
− 1

2S(ρ+ ρND)− 1
2S(ρ0) + 1

4τ d(ρ+ ρND , ρ0)2

+ S(ρ) + S(ρND) + λτ |ρ| − |ρND | log(1− e−λτ ),

where |ρ| := ρ(Rd), and the infimum ranges over the decayed part ρND ∈ M(Rd). It
should be noted that this functional can not be interpreted as the minimising movement
scheme of a gradient flow (cf. (1.9)): firstly, because of the infimum, and secondly because
of the last term, which is of the order − log τ . Nevertheless, the functional KDfDc

τ can
still be used to define a discrete-time approximation scheme; it is proven that this scheme
indeed converges to solutions of (1.31).

All systems discussed so far were defined on Rd. When considering diffusion on
bounded domains, boundary effects should be taken into account. Chapter 6 deals with
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the diffusion equation with Dirichlet boundary conditions, on the interval (0, 1):{
∂tρt = ∂xxρt

ρt(0) = ρt(1) = 0.
(1.33)

As before, equation (1.33) is transformed into a mass-conserving evolution by adding the
mass that is lost at the boundaries back to the system. This construction leads naturally
to a microscopic system of Brownian particles with ‘sticking boundaries’. For this particle
system, the discrete-time large-deviation rate is calculated. The asymptotic development
of the rate is still a work in progress; I prove lower and upper bounds, but these bounds
are still separated by a bounded term. The resulting functional - that is, if the upper
bound can be improved - has the form

KDir
τ (ρ|ρ0) = inf

ρul,0 +ρuu,0 +ρur,0 =ρ0
|ρuu,0 |=|ρ|

{
1
2S(ρ) + S(ρul,0 ) + 1

2S(ρuu,0 ) + S(ρur,0 )− S(ρ0)

+ 1
4τ d̂

Dir(ρul,0 , ρuu,0 , ρur,0 , ρ)2
}
,

where the infimum is taken over the parts ρul,0 and ρur,0 of ρ0 that will be lost at the bound-
aries in time-step τ , and dDir is closely related to the metric that was proposed [FG10].

The results for the diffusion equation with decay (1.31) suggest that particle systems
with discrete jumps (in that case from non-decayed to decayed) can lead to − log τ -terms
in the asymptotic development. In Chapter 7 this principle is studied in more depth,
by considering the simplest systems with discrete jumps: finite-state continuous-time
Markov chains. The macroscopic equation is then a linear system of ordinary differential
equations

∂tρt = QT ρt, (1.34)

where ρt are considered as vectors, and Q is a generator matrix. The system (1.34)
is studied in discrete time as well as in continuous time. First, the discrete-time large-
deviation rate JMk

τ is calculated for a system of Markovian particles, for a two-state
Markov chain. The small-τ asymptotic development of JMk

τ leads to a functional of the
form:

KMk
τ (ρ|ρ0) := FMk(ρ|ρ0) + dMk(ρ0, ρ) log 1

τ
.

In this case, the driving force FMk can not be split into an entropy difference like before,
and the dissipation indeed appears with the order − log τ .

Secondly, the system of Markovian particles is studied in continuous time. The
continuous-time large-deviation rate J̃Mk

T is derived formally; the rigorous derivation is
work in progress. We will see that this rate functional can be coupled directly to an
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entropy-dissipation inequality, i.e.

0 ≤ J̃Mk
T (ρ(·)) =

∫ T

0
Ψ(ρt, ∂tρt) dt+

∫ T

0
Ψ∗(ρt,− 1

2DS(ρt)) dt+ 1
2S(ρT )− 1

2S(ρ0)

(1.35)
for some Ψ and its Legendre transform Ψ∗. Here, the discrete-space entropy is defined
by S(ρ) :=

∑J
i=1 ρi log ρi

πi
, where π is the invariant measure for (1.34), and DS(ρ) can

be identified with the usual gradient. Naturally, for the trajectory ρ(·) that solves (1.34)
the rate functional J̃Mk

T is 0, so that (1.35) indeed becomes (1.16).

In the study of evolution equations (1.29), (1.31), (1.32), (1.33) and (1.34) in the
discrete-time setting, the same approach is used: to find a suitable transition probabil-
ity, calculate the discrete-time large-deviation rate, and take the small-τ Mosco limit of
the rate after subtracting singular terms. This approach will be reviewed in the closing
Chapter 8, to search for universal principles that apply to the general case. We will
see that a generalised version of the detailed balance condition can determine a priori
whether the approach yields a genuine entropic gradient flow or not. Moreover, we will
see that the asymptotic development by Mosco convergence as used in this research is
by no means the only concept that can be used for such development. More research is
needed to determine the most appropriate concept.

In the last chapter of this thesis, I extract lessons learned from the studies and res-
ults of the various evolution equations. In particular, I review the general discrete-time
and continuous-time approaches that are used to connect stochastic particle systems to
gradient-flow-like structures for the limit equation.
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Chapter 2

Many-particle limits and large
deviations

2.1 Introduction

Since this thesis is to a large extent concerned with large deviations, it is important to
understand what these large deviations are about. Typically, the large-deviation principles
in this study are all associated to many-particle limits, in the sense that the empirical
measure of many individual particle positions converges to a macroscopic deterministic
limit as the number of particles goes to infinity (see the first example in Section 1.3).

Limits of this type have been known at least since the work of Einstein [Ein05] and
Smoluchowski [Smo06] (although the intuitive ideas may be much older, and the math-
ematically rigorous results newer). They studied the diffusion of a solute, consisting of
large particles in a solvent, consisting of smaller particles. The large particles are continu-
ously bombarded by a large number of smaller particles, which causes the large particles
to move around like a Brownian motion. If the large solute particles are rare compared
to the solvent particles, then the collisions between solute particles can be ignored. This
argument suggests that, on the microscale, the solute can be considered as a system of
independent Brownian particles. Indeed, in the limit, as the number of particles goes to
infinity, the empirical measure solves the diffusion equation, connecting the microscopic
model to the macroscopic model1.

Additional information about the many-particle limit is captured by a large-deviation
principle. For example, if the number of particles is large but finite, the large-deviation rate
can be used to approximate the probability of observing fluctuations on the macroscopic

This chapter serves as background; although it has little scientific novelties, I include it to explain
the probabilistic ideas that are central to thesis.

1An interesting historical side-note is that the atomistic world view was not yet fully accepted at that
time; the results in these papers helped to convince the scientific community that the world does consist
of particles.
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scale (i.e. in the empirical measure). In this thesis, the information captured by large-
deviation rates will be used to derive and explain gradient flows for the macroscopic
evolution.

This chapter is organised as follows. In Section 2.2 I discuss the switch from a de-
scription of a particle system in terms of individual particle positions to the empirical
measure, and calculate the generator of the newly obtained Markov process. This sec-
tion aims to stress the loss of information due to this switch, and to provide a means
to calculate the generator, which can be useful to calculate large-deviations of trajector-
ies. Section 2.3 provides the proof of the many-particle limit for independent identically
distributed particles in compact state spaces; this result is the rigorous version of (1.2).
In Section 2.4 I discuss several Sanov-type large deviations, and prove the discrete-time
large-deviation principle of the type (1.9), which plays an essential role throughout this
thesis. The chapter is closed with a brief discussion of the results, and how they relate to
the following chapters.

2.2 The empirical process

Before going into limits of the empirical measure where the number of particles goes to
infinity, the empirical measure is studied for a finite number of particles. Below I derive an
explicit expression for the generator of the empirical process, in terms of the generator of
individual particles. Due to time constraints I was not able to prove the Markov property of
the empirical process (this may require Martingale methods). Therefore, the calculations
in this section are formal, and under the assumption that the Markovian property holds.

The first step is to calculate the generator of the process of n particles in Un/Sn,
where Sn is the symmetry group of permutations of Un. All generator and semigroup
operators are defined on a subset of Cb(U); at some points it will be convenient to use
the adjoint operators on P(U), defined by 〈Aφ, ρ〉 = 〈φ,AT ρ〉.

Lemma 2.2.1. Let X1(t), . . . , Xn(t) be a sequence of independent Markov processes in
a topological space U with identical generator Q : D(Q)→ Cb(U). The generator of the
process (X1(t), . . . , Xn(t)) in Un/Sn is

Q(n) : D(Q(n))→ Cb(Un/Sn),

(Q(n)φ)(x1, . . . , xn) =
n∑
j=1

(Qjφ)(x1, . . . , xn),

where D(Q(n)) = {φ ∈ Cb(Un/Sn) : xj 7→ φ(x1, . . . , xj , . . . , xn) ∈ D(Q), j = 1, . . . n}
and Qj is the operator Q applied to xj 7→ f(x1, . . . , xn).

Proof. Let×denote the product measure. The semigroup operator for (X1(t), . . . , Xn(t))
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is:
(P (n)
t φ)(x1, . . . , xn) = 〈φ, P (n)∗

t δ(x1,...,xn)〉 =
〈
φ,

n×
i=1

PTt δxi

〉
,

if {Pt}t≥0 is the semigroup operator generated by Q. Then, for the generator of

(Q(n)φ)(x) = ∂t〈φ,
n×
i=1

PTt δxi〉
∣∣
t↓0

=
〈
φ,

n∑
j=1

(
∂tP

T
t δxj

)
×

n×
i=1
i6=j

PTt δxi

〉∣∣∣
t↓0

=
〈
φ,

n∑
j=1

(
QT δxj

)
×

n×
i=1
i 6=j

δxi

〉

=
n∑
j=1

(Qjφ)(x1, . . . , xn).

Since the permutations are already dealt with in the previous lemma, one can switch
to the empirical measure without losing information. This can be seen as follows. Define
the empirical measure ηn : Un/Sn → En as

ηn(x1, . . . , xn) := 1
n

n∑
i=1

δxi

with En := {ηn(x1, . . . , xn) : (x1, . . . , xn) ∈ Un/Sn} ⊂ P(U). Then ηn is a bijection,
so that for any probability measure µ ∈ P(En), the pull-back µ ◦ ηn is again a probability
measure on Un/Sn.

Theorem 2.2.2. Let X1(t), . . . , Xn(t) be a sequence of independent Markov processes
in U with identical generator Q : D(Q)→ Cb(U). For any ρ ∈ En, choose (y1, . . . , yn) ∈
η−1
n ({ρ}). The generator of the process ηn(X1(t), . . . , Xn(t)) is

Q̄(n) : D(Q̄(n))→ Cb(En), (Q̄(n)φ)(ρ) =
n∑
j=1

Qj(φ ◦ ηn)(y1, . . . , yn),

with D(Q̄(n)) = {φ ∈ Cb(En) : φ ◦ ηn ∈ D(Q(n))}.

Proof. The semigroup operator for ηn(X1, . . . , Xn) is:

(P̄ (n)
t φ)(ρ) = 〈φ, P̄ (n)∗

t δρ〉

= 〈φ, ηn#(P (n)∗
t (δρ ◦ ηn))〉

= 〈P (n)
t (φ ◦ ηn), δρ ◦ ηn〉,
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where {P (n)
t }t≥0 is the semigroup operator of (X1(t), . . . , Xn(t)) in Un/Sn from the

previous lemma. Since φ ◦ ηn is permutation invariant, it follows from Lemma 2.2.1

(Q̄(n)φ)(ρ) = 〈Q(n)(φ ◦ ηn), δρ ◦ ηn〉
= Q(n)(φ ◦ ηn)(y1, . . . yn)

=
n∑
i=1

Qj(φ ◦ ηn)(y1, . . . , yn).

Remark 2.2.3. Once the generator Q̄(n) of the process η(X1(t), . . . , Xn(t)) is known,
one can sometimes calculate the pointwise limit of that generator. The convergence to a
limit generator then guarantees that the semigroup also converges, by the Trotter-Kurtz
Theorem [Lig85, Th. I.2.12].

2.3 The many-particle limit

As promised in Section 1.3, I show that the empirical measure of a sequence of inde-
pendent, identically distributed particles converges to the probability distribution of the
particles. This proof was suggested to me by Frank Redig. Although I haven’t been able
to find it in the literature, it is surely not a new result; I include it here anyway since it
is quite elegant and does not require much background. The proof is valid in compact
metric spaces, but the theorem still holds in any (possibly non-compact) separable metric
space; for that result I refer to [Dud89, Th. 11.4.1]. As a consequence, a similar limit
holds for particles that are initially independent and identically distributed, and whose
probabilities evolve in time by the same transition probability. Such limits are related to
the discrete-time large deviation principle. However, as we will see in the next chapter,
such large deviations require a slightly different initial condition for the particle system.
Therefore, I end this section with a many-particle limit for particle systems with this
special initial condition.

For ease of calculations, first assume that the random variables do not depend on
time. The result will be extended to time-dependent random processes in Corollary 2.3.2.

Theorem 2.3.1. Let X1, X2, . . . be independent random variables in a compact metric
space U , that are identically distributed with probability ρ0 ∈ P(U). Define the empirical
measure by

Ln := 1
n

n∑
i=1

δXi . (2.1)

Then, as n→∞
Ln

a.s.−⇀ρ0, (2.2)
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in P(U), equipped with the narrow topology (see the Section A.1 for the notion of almost
sure convergence).

Proof. In this proof I make explicit use of the probability space (Ω,A,Prob) that underly
the random variables. For all φ ∈ Cb(U) and ω ∈ Ω:

〈φ,Ln(ω)〉 = 1
n

n∑
i=1
〈φ, δXi(ω)〉 = 1

n

n∑
i=1

φ(Xi(ω)). (2.3)

Since 〈φ, ρ0〉 ≤ ‖φ‖∞ <∞, the Strong Law of Large Numbers [Str93, Th. 1.4.11] applies
to (2.3), so that

∀φ ∈ Cb(U) Prob (〈φ,Ln〉 → 〈φ, ρ0〉) = 1. (2.4)

Observe that if we can get the “∀φ” inside the probability then we are done.
Since Cb(U) is separable [Str93, Lem. 3.1.4], there exists a countable dense subset

K ⊂ Cb(U), so that any φ ∈ Cb(U) can be approximated by a sequence (φm)m≥1 in
K. Therefore, if for some ω ∈ Ω and for all φm, there holds 〈φm, Ln(ω)〉 → 〈φm, ρ0〉 as
n→∞, then this also holds for any φ ∈ Cb(U), since:

|〈φ,Ln(ω)〉 − 〈φ, ρ0〉| ≤ |〈φ− φm, Ln(ω)〉|+ |〈φm, Ln(ω)− ρ0〉|+ |〈φ− φm, ρ0〉|
≤ ‖φ− φm‖∞ + |〈φm, Ln(ω)− ρ0〉|+ ‖φ− φm‖∞
→ 0 as n→∞ and m→∞.

It follows that

Prob(〈φ,Ln〉 → 〈φ, ρ0〉 ∀φ ∈ Cb(U)) = Prob(〈φ,Ln〉 → 〈φ, ρ0〉 ∀φ ∈ K)

= Prob
( ⋂
φ∈K

{ω ∈ Ω : 〈φ,Ln(ω)〉 → 〈φ, ρ0〉}︸ ︷︷ ︸
:=Aφ

)
.

Now for two arbitrary φ, ψ ∈ K, we know by (2.4) that Prob(Aφ) = Prob(Aψ) = 1.
Therefore

1 ≥ Prob(Aφ ∪Aψ) = Prob(Aφ) + Prob(Aψ)−Prob(Aφ ∩Aψ) = 2−Prob(Aφ ∩Aψ),

so that Prob(Aφ ∩Aψ) = 1. Since K is countable, it follows by induction and (2.4) that

Prob(∀φ ∈ Cb(U) 〈φ,Ln〉 → 〈φ, ρ0〉) = Prob
( ⋂
φ∈K

Aφ

)
= 1.

As a direct consequence, the above many-particle limit can also be applied to particle
systems with simple Markovian dynamics:
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Corollary 2.3.2. Let t 7→ X1(t), X2(t), . . . be random processes in a separable metric
space U with transition probability pt(x, dy) := Prob(Xi(t) ∈ dy|Xi(0) = x), i ≥ 1,
and assume that the initial positions X1(0), X2(0), . . . are independent and identically
distributed with probability ρ0. Define the time-dependent empirical measure by

Ln(t) := 1
n

n∑
i=1

δXi(t). (2.5)

Then for all t ≥ 0, as n→∞
Ln(t) a.s.−⇀ρ0 ∗ pt, (2.6)

where
(ρ0 ∗ pt)(dy) :=

∫
pt(x, dy) ρ0(dx).

Proof. This follows from the fact thatX1(t), X2(t), . . . are again independent and identic-
ally distributed with probability ρ0 ∗ pt.

In the corollary above, the initial positions X1(0), X2(0), . . . are assumed to be in-
dependent and identically distributed. The discrete-time large deviations, considered in
the next section, require a slightly different initial condition. Here I prove that, with this
initial condition, the many-particle limit still holds, at least weakly (see Section A.2 in the
Appendix).

Theorem 2.3.3. Let U be a Radon space (see Section A.4 in the Appendix). Fix
a ρ0 ∈ P(U), and set the initial positions deterministically to X1(0) = x1, X2(0) =
x2, . . . in U such that Ln(0)⇀ρ0 as n → ∞, almost surely. Let the random processes
X1(t), X2(t), . . . evolve according to a transition probability pt(x, dy), which is continuous
in x with respect to the narrow topology of P(U), i.e. Prob(Xi(t) ∈ dy) = pt(xi, dy).
Then

Ln(t)⇀ρ0 ∗ pt weakly for any t > 0.

Proof. Observe that I claim weak convergence of Ln(t) in the narrow topology. By the
Portmanteau Theorem A.2.3, this is equivalent to:

lim sup
n→∞

Prob(Ln(t) ∈ G) ≤
{

1, ρ0 ∗ pt ∈ G,
0, ρ0 ∗ pt /∈ G.

(2.7)

for all narrowly closed sets G ⊂ U .
This statement is trivial for closed G 3 ρ0 ∗ pt. Now, take an arbitrary closed set

G 63 ρ0 ∗ pt. Below, in Corollary 2.4.4 we will see that the hypotheses imply a large-
deviation principle, with rate functional (2.15), which is always non-negative, and zero
if and only if ρ = ρ0 ∗ pt. Therefore, by definition of the large-deviation principle (see
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Section A.3 in the Appendix), for closed G 63 ρ0 ∗ pt

lim sup
n→∞

1
n

log Prob(Ln ∈ G) ≤ −C,

where C > 0 only depends on G. This implies that

lim sup
n→∞

(Prob(Ln ∈ G))1/n ≤ e−C ,

so that, for any convergent subsequence (not relabeled), and for an abritrary small ε > 0
there exists a N ≥ 1 such that for all n ≥ N

0 ≤ Prob(Ln ∈ G) ≤ (e−C + ε)n −−−−→
n→∞

0,

which proves (2.7).

2.4 Large deviations of many-particle limits

As briefly mentioned in the introduction of this chapter, large-deviation principles are
associated to some stochastic limit (see Section A.3 in the Appendix for the definition
of the large-deviation principle). I am specifically interested in the large-deviation beha-
viour of many-particle limits of the type discussed in the previous section. Three different
large-deviation principles are discussed in this section. The first one is Sanov’s Theorem,
which can be interpreted as a characterisation of fluctuations in a system without dy-
namics (e.g. a system in macroscopic equilibrium). The second one is an application of
Sanov’s Theorem to particle systems where the dynamics are described by a transition
probability. The third large-deviation principle can be seen as the conditional version of
Sanov’s Theorem. This last form will be used extensively throughout this thesis.

To start with, consider a system without dynamics, such as in the beginning of the
previous section. The rate with which the empirical measure converges to ρ0 in the many-
particle limit (2.2) is described by the following theorem (this is the general version of the
discrete form (1.4).)

Theorem 2.4.1 (Sanov, [DZ87, Th. 6.2.10]). LetX1, X2, . . . be independent and identic-
ally distributed in a Polish space U (See Section A.4 in the Appendix) with probability ρ0.
Then the empirical measure Ln (defined by (2.1)) satisfies the large-deviation principle
in P(U), equipped with the narrow topology, with good rate functional

ρ 7→ H(ρ|ρ0) :=


∫

log
(
dρ

dρ0
(x)
)
ρ(dx), if ρ� ρ0,

∞, otherwise.

Clearly this result also applies to the system of Markovian particles from Corollary 2.3.2:
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Corollary 2.4.2. Let t 7→ X1(t), X2(t), . . . be time-homogeneous Markov processes in a
Polish space U with identical transition probability pt(x, dy) := Prob(Xi(t) ∈ dy|Xi(0) =
x), i ≥ 1. If the initial positions X1(0), X2(0), . . . are independent and identically dis-
tributed with probability ρ0, then for all t > 0 the empirical measure Ln(t) (defined by
(2.5)) satisfies the large-deviation principle in P(U) with good rate functional

ρ 7→ H(ρ|ρ0 ∗ pt).

Although the corollary above yields a meaningful functional that is minimised by func-
tions of the form ρ0 ∗ pt, it still allows for microscopic fluctuations of Ln(0) around the
initial state ρ0; fluctuations that may have non-trivial large-deviation behaviour. In order
to couple large deviations to gradient flows as described in Section 1.8, an initial condition
is needed that completely rules out initial fluctuations, which leads to a large-deviation
principle of the form

Prob
(
Ln(t) ≈ ρ

∣∣∣Ln(0) ≈ ρ0

)
∼ exp (−nJt(ρ|ρ0)) as n→∞. (2.8)

Observe that the events {Ln(0) = ρ0} typically have zero probability. One way to deal
with this is to condition on small neighbourhoods of ρ0 of size δ instead, calculate the
large-deviation rate functional for these conditional probabilities, and then take the limit
for δ → 0 (this is the approach taken in [ADPZ11]). Because the limits n→∞ and δ → 0
can not be interchanged a priori, this approach does not yield a large-deviation principle
in the rigorous sense. In the approach that I adopt from [Léo07], the initial positions are
assumed to be deterministic so that there is no need to define the conditional probabilities
above (this is sometimes called a quenched large-deviation principle). Therefore (2.8)
should be understood formally.

First the large-deviation principle will be proven for the pair empirical measure, defined
by

Mn := 1
n

n∑
i=1

δ(xi,Yi),

where xi are fixed initial positions, and Yi are as the random positions of the particles after
a fixed time t. Since t is fixed, I omit the time dependence in the transition probability and
write p(x)(dy) := pt(x, dy). The proof is mainly due to Léonard [Léo07, Prop. 3.2], but I
include the full proof here in a language that is more suited to the general audience. From
this result the large-deviation principle of the form (2.8) follows easily by a contraction.

Theorem 2.4.3. Let U be a Radon space (see Section A.4 in the Appendix). Fix a
ρ0 ∈ P(U) and let {xi}i≥1 ⊂ U be so that

Ln(0) := 1
n

n∑
i=1

δxi −⇀ρ0 as n→∞. (2.9)
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Let p : U → P(U) be continuous with respect to the narrow topology2 of P(U), and let
each random variable Yi in U be distributed by p(xi). Then the pair empirical measure
Mn satisfies the large-deviation principle in P(U2) with good rate functional

γ 7→

{
H(γ|ρ0 p), if γ(dx× U) = ρ0(dx),
∞, otherwise,

(2.10)

with (ρ0 p)(dx dy) := p(x)(dy)ρ0(dx).

Proof. First, the large-deviation principle is proven in the algebraic dual Cb(U2)′, i.e. all
linear (not necessarily continuous) functionals on Cb(U2). This space is equipped with the
topology defined by duality with Cb(U2). Next, the large-deviation principle is restricted
to the topological dual Cb(U2)∗, again equipped with the weak-* topology, and finally, to
P(U2), which is a subset of Cb(U2)∗ since U is Radon (see Section A.4 in the Appendix).
Note, however, that Cb(U2)∗ is closed, while P(U2) is not; in order to restrict to P(U2)
it needs to be checked explicitly that the rate functional blows up when γ /∈ P(U2).

Now considerMn as random variables in Cb(U2)′. For an arbitrary number of functions
φ1, . . . , φd in Cb(U2), define the new random variables:

Zφ1,...,φd;n := (〈φ1,Mn〉, . . . , 〈φd,Mn〉)

=
(

1
n

n∑
i=1
〈φ1, δ(xi,Yi)〉, . . . , 1

n

n∑
i=1
〈φd, δ(xi,Yi)〉

)

=
(

1
n

n∑
i=1

φ1(xi, Yi), . . . , 1
n

n∑
i=1

φd(xi, Yi)
)
.

First, the large-deviation principle of Law(Zφ1,...,φd;n) in Rd, is proven by the Gärtner-Ellis
Theorem. For any λ ∈ Rd:

Λφ1,...,φd;n(λ) := 1
n log (E exp(nλ · Zφ1,...,φd;n))

= 1
n log

E exp

 d∑
j=1

n∑
i=1

λjφj(xi, Yi)


(∗)= 1

n log

 n∏
i=1
E exp

 d∑
j=1

λjφj(xi, Yi)


= 1

n

n∑
i=1

log

∫ exp

 d∑
j=1

λjφj(xi, y)

 p(xi)(dy)


=
∫

1
n

n∑
i=1

log

∫ exp

 d∑
j=1

λjφj(x, y)

 p(x)(dy)

 δxi(dx)

2In probabilistic literature this condition is sometimes called Feller continuity.
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=
∫

log

∫ exp

 d∑
j=1

λjφj(x, y)

 p(x)(dy)

Ln(0)(dx)

=
∫

log〈eλ·φ
(x)
, p(x)〉Ln(0)(dx), (2.11)

using the notation φ(x) : y 7→ (φ1(x, y), . . . , φd(x, y)). In (∗) the independence of (xi, Yi)
is used to take the sum out of the expectation.

In order to use (2.9) to pass to the limit n → ∞ in (2.11), its needs to be shown
that x 7→ log〈eλ·φ(x)

, p(x)〉 is a bounded and continuous function. The boundedness
follows directly from the fact that all φj are bounded. To prove continuity, take any
convergent sequence xm → x. Since p(x) is continuous as a function from x ∈ U to
P(U), Prokhorov’s Theorem gives tightness of the sequence p(xm), that is, for each ε > 0
there exists a compact set Kε ⊆ U such that:

p(xm)(U\Kε) < ε for all m ≥ 1.

Using the fact that the sequence of functions y 7→ eλ·φ
(xm)(y) converges uniformly on

compact sets as m→∞, there holds:

|〈eλ·φ
(xm)

, p(xm)〉 − 〈eλ·φ
(x)
, p(x)〉| = |〈eλ·φ

(xm)
− eλ·φ

(x)
, p(xm)〉+ 〈eλ·φ

(x)
, p(x) − p(xm)〉|

≤
∫
U\Kε

∣∣eλ·φ(xm)(y) − eλ·φ
(x)(y)∣∣ p(xm)(dy) +

∫
Kε

∣∣eλ·φ(xm)(y) − eλ·φ
(x)(y)∣∣ p(xm)(dy)

+
∣∣〈eλ·φ(x)

, p(x) − p(xm)〉
∣∣

≤ (‖eλ·φ
(xm)
‖L∞(U) + ‖eλ·φ

(x)
‖L∞(U)) p(xm)(U\Kε)︸ ︷︷ ︸

<ε

+ ‖eλ·φ
(xm)
− eλ·φ

(x)
‖L∞(Kε) +

∣∣〈eλ·φ(x)
, p(x) − p(xm)〉

∣∣
m→∞−−−−→ 2 ε ‖eλ·φ

(x)
‖L∞(U)

for arbitrary small ε. Hence indeed 〈eλ·φ(x)
, p(x)〉 is continuous in x, so that (2.9) can be

applied to find the limit:

Λφ1,...,φd(λ) := lim
n→∞

Λφ1,...,φd;n(λ) =
∫

log〈eλ·φ
(x)
, p(x)〉ρ0(dx).

Since this function is continuously differentiable and finite throughout its whole domain
(Rd), the conditions of the Gärtner-Ellis Theorem [DZ87, Th. 2.3.6c] are met, so that
Zφ1,...,φd;n satisfies the large-deviation principle in Rd with rate n and rate function
Λ∗φ1,...,φd

, the Fenchel-Legendre transform of Λφ1,...,φd .

By the Dawson-Gärtner Theorem [DZ87, Th. 4.6.9], the sequence {Mn}n satisfies the
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large-deviation principle in Cb(U2)′ with rate n and rate functional:

I(γ) := sup
d≥1

sup
φ1,...φd∈Cb(U2)

Λ∗φ1,...,φd
((〈φ1, γ〉, . . . , 〈φd, γ〉))

= sup
d≥1

sup
φ1,...φd∈Cb(U2)

sup
λ∈Rd

λ · (〈φ1, γ〉, . . . , 〈φd, γ〉)− Λφ1,...,φd(λ)

= sup
φ∈Cb(U2)

〈φ, γ〉 −
∫

log〈eφ
(x)
, p(x)〉ρ0(dx),

with the notation φ(x) : y 7→ φ(x, y).
Now it is shown that this rate functional is indeed (2.10). Since Cb(U2)∗ is a closed

subset of Cb(U2)′ containing P(U2), there holds I = ∞ on Cb(U2)′\Cb(U2)∗ [DZ87,
Th. 4.1.5]. Therefore, only γ ∈ C∗b (U2) need to be considered. For such γ (identified
with a finitely additive measure), write π1γ(B) := γ(B × U) for any Borel set B.

• First, it is shown that I(γ) =∞ whenever γ ∈ C∗b (U2) with first marginal π1γ 6= ρ0.
This can be seen by restricting the supremum to φ’s that depend on the first variable
only:

I(γ) ≥ sup
φ∈Cb(U)

〈φ, γ〉 −
∫

log〈eφ
(x)
, p(x)〉ρ0(dx)

= sup
φ∈Cb(U)

〈φ, π1γ〉 − 〈φ, ρ0〉

=
{

0, if π1γ = ρ0,

+∞, otherwise.

• Next, it is shown that I(γ) = ∞ for any γ ∈ Cb(U2)∗ that is finitely, but not
countably additive. By the argument above, only non-negative finitely additive
measures with γ(U2) = 1 need to be considered. For such γ, there exists a sequence
of disjoint measurable sets Ai ⊂ U2 such that

δ := γ

( ∞⋃
i=1

Ai

)
−
∞∑
i=1

γ(Ai) > 0.

Without loss of generality, assume that
⋃∞
i=1Ai = U2. Since γ and ρ0 p are regular,

one can find for any k ≥ 1, sequences of sets Ki ⊂ Ai ⊂ Oi with Ki compact and
Oi open, such that:

∞∑
i=1

γ(Oi) ≤ 1− 1
2δ and

∞∑
i=1

(ρ0 p)(Ai\Ki) ≤ e−k. (2.12)

Then for each k, n ≥ 1 there exist a continuous function φkn : U2 → [−k, 0] such
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that

φkn(x, y) =
{
−k, on

⋃n
i=1Ki,

0, on U2\
⋃n
i=1Oi.

For these functions, on one hand (as Oi might not be disjoint)

〈φkn, γ〉 ≥ −k γ
( n⋃
i=1

Oi

)
≥ −k

n∑
i=1

γ(Oi), (2.13)

and on the other hand

〈eφ
(x)
kn, p(x)〉 ≤

∫ (
e−k1⋃n

i=1
Ki

(x, y) + 1U2\
⋃n

i=1
Ki

(x, y)
)
p(x)(dy),

so that∫
log〈eφ

(x)
kn , p(x)〉ρ0(dx)

≤
∫ (
−k + log

∫ (
1⋃n

i=1
Ki

+ ek1U2\
⋃n

i=1
Ki

)
p(x)

)
ρ0(dx)

Jensen
≤ −k + log

(
(ρ0 p)

(
n⋃
i=1

Ki

)
+ ek(ρ0 p)

(
U2\

n⋃
i=1

Ki

))
. (2.14)

Using (2.13) and (2.14), it follows that for the rate functional:

I(γ) ≥ lim sup
k→∞

lim sup
n→∞

〈φkn, γ〉 −
∫

log〈eφ
(x)
kn , p(x)〉ρ0(dx)

≥ lim sup
k→∞

lim sup
n→∞

−k
n∑
i=1

γ(Oi) + k

− log
(

(ρ0 p)
(

n⋃
i=1

Ki

)
+ ek (ρ0 p)

(
U2\

n⋃
i=1

Ki

))

= lim sup
k→∞

−k
∞∑
i=1

γ(Oi) + k

− log
(

(ρ0 p)
( ∞⋃
i=1

Ki

)
+ ek (ρ0 p)

(
U2\

∞⋃
i=1

Ki

))
≥ lim sup

k→∞
−k (1− 1

2δ) + k − log 2 (by (2.12))

= lim sup
k→∞

1
2δ k − log 2 =∞.

• Now assume that γ ∈ P(U2) such that π1γ = ρ0. The Disintegration Theorem
then allows to write

γ(dx dy) = ρ0(dx)γ(x)(dy)



2.5. DISCUSSION 33

for some family of measures {γ(x) : x ∈ U}. In this case:

I(γ) = sup
φ∈Cb(U2)

∫ (
〈φ(x), γ(x)〉 − log〈eφ

(x)
, p(x)〉

)
ρ0(dx)

≤
∫

sup
φ(x)∈Cb(U)

{〈φ(x), γ(x)〉 − log〈eφ
(x)
, p(x)〉}ρ0(dx)

=
∫
H(γ(x)|p(x)ρ0(dx)

=


∫∫ (

log d(ρ0γ
(x))

d(ρ0 p(x))
(x, y)

)
ρ0(dx)γ(x)(dy), if ρ0γ

(x) � ρ0 p
(x),

∞, otherwise

= H(γ|ρ0 p).

• To conclude, the inequality in the other direction is proven. Observe that I is the
Fenchel-Legendre transform of

Λ : φ 7→
∫

log〈eφ
(x)
, p(x)〉ρ0(dx) ≤ log

∫
〈eφ

(x)
, p(x)〉ρ0(dx) = log〈eφ, ρ0 p〉,

where the bound follows from Jensen’s inequality. Hence:

I(γ) = Λ∗(γ) ≥ sup
φ∈C(U2)

{〈φ, γ〉 − log〈eφ, ρ0 p〉} = H(γ|ρ0 p).

Since the large-deviation principle holds in Cb(U2)∗ with DI ⊂ P(U2), it also holds in
P(U2) with the same rate functional (i.e. restricted to P(U2)) [DZ87, Th. 4.1.5].

Finally, the following corollary follows immediately from the Contraction Principle
[DZ87, Th. 4.2.1]:

Corollary 2.4.4 (The discrete-time large-deviation principle). Let U be a Radon space,
and fix a ρ0 ∈ P(U) and {xi}i≥1 ⊂ U so that (2.9) holds. Let p : U → P(U) be
continuous with respect to the narrow topology on P(U), and let each random variable
Yi in U be distributed by p(xi). Then the empirical measure Ln = 1

n

∑n
i=1 δYi satisfies

the large-deviation principle in P(U) with good rate functional

ρ 7→ inf
γ∈Γ (ρ0,ρ)

H(γ|ρ0 p). (2.15)

2.5 Discussion
The discrete-time large-deviation principle that is proved above is the main object of
study in this thesis; this result will be used explicitly in all chapters but one. Naturally,
the space U and the transition probability p depends on the particle system. Whatever
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particle system is studied, from (2.15) it is already clear that an explicit expression of the
transition probability is desirable.

When studying large deviations, it is good to keep in mind which specific limit the
large-deviation principle is associated with. In this thesis, this limit will always be a many-
particle limit, i.e. a limit of the empirical measure as the number of particles goes to
infinity. This limit is the basis for the underlying philosophy of this thesis; it guarantees
that the particle system is a valid microscopic interpretation of the macroscopic evolution.
In Section 2.3 I proved convergence of the many-particle limit for very specific particle
systems, where the particles all have the same transition probability. Different types of
particles systems (e.g. with interaction) are beyond the scope of this thesis.

As a precursor to the many-particle limit, I started this chapter with the study of the
empirical process for a finite number of particles in Section 2.2. In fact, as mentioned in
Remark 2.2.3, this approach can be used as an alternative way to prove the many-particle
limit. I will come back to this when studying finite-state Markov chains in Chapter 7. It
turns out that for finite-state Markov chains, it is easier to calculate the finite- particle
generator by hand, and for other systems in this thesis, these calculations are already
known; hence the result of Section 2.2 will not be used explicitly. I nevertheless included
this section for two reasons. Firstly, because it is an interesting calculation in its own, and
it can certainly be helpful in calculating generators of related systems that are not in this
thesis. Secondly, to stress that the object of this study does not consist of the particle
positions themselves, but of the empirical measure of the positions. This has crucial
consequences. If one would track the positions of all individual particles, then each such
state (in Un for n particles) would correspond to exactly one microscopic configuration, so
that the Boltzmann entropy k log |Ω| would always be 0. By switching to a description of
the system in terms of the empirical measure, information is lost; this loss of information
is quantified by the (now non-trivial) entropy. In addition, as time passes, even more
information will be lost, so that the entropy increases (or decreases, depending on the
definition) over time. This shows that the shift from particle positions to the empirical
measure is responsible for the shift from reversible systems to irreversible systems.



Chapter 3

The Fokker-Planck equation,
part I

3.1 Introduction

In Chapter 1 we have seen that the diffusion equation is the gradient flow of entropy in
the Wasserstein metric. This chapter and the following are devoted to understanding a
similar gradient-flow structure for the Fokker-Planck equation1

∂tρt = ∆ρt + div(ρt∇Φ), in Rd × (0,∞) (3.1)

for a sufficiently regular potential Φ. It was proved in the original paper [JKO98] that
equation (3.1) is still a Wasserstein gradient flow, but now of the functional

F(ρ) := S(ρ) + E(ρ),

where

S(ρ) := H(ρ|Ld) =


∫

log
(
dρ

dLd
(x)
)
ρ(dx), if ρ� Ld

∞, otherwise.
(3.2)

E(ρ) :=
∫

Φ(x) ρ(dx).

From a physical point of view, it is very plausible that F is a Lyapunov functional for
(3.1), as can be seen as follows. If kTΦ(x) is the energy for one particle at position x,

The results in this chapter and Chapter 5 are submitted for publication in Communications in Con-
temporary Mathematics [PRV11].

1In the physics literature, this equation is only called the Fokker-Planck equation if it models the
probability distribution of particle momenta rather than particle positions.

35
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then the total internal energy of a system with n particles is nkTE(ρ). The Helmholtz
free energy of the particle system is then given by

Internal energy− TEntropy ≈ nkTE(ρ) + nkTS(ρ) for large n,

using the thermodynamic limit (1.3) from Section 1.3. Hence F is actually the Helmholtz
free energy per particle, scaled with temperature and the Boltzmann constant.

From a mathematical point of view, F is also a natural Lyapunov functional, by
the following argument. Observe that the entropy functional (3.2) is defined by Radon-
Nikodym derivatives against the Lebesgue measure, i.e. S(ρ) = H(ρ|Ld). In a more
general setting, entropy should always be defined against a reference measure π ∈ P(U).
If one takes the invariant measure π of the process, if there exists one, then the relative
entropyH(ρ|π) will have a clear meaning provided by Sanov’s Theorem 2.4.1: it quantifies
the large deviations around the equilibrium π. For example, in the case of the particles
on a lattice 1, . . . , L from Section 1.3, the equilibrium distribution is πx = 1/L for
all x = 1, . . . , L, so that the empirical measure has a large-deviation rate H(ρ|π) =∑
x ρx log

(
ρx

1/L

)
(cf. equation (1.4)). Another example is the diffusion equation, which

is special in the sense that there is no invariant measure π with π(Rd) = 1. However,
if invariant measures that are not necessarily probability measures are allowed, then one
can take the Lebesgue measure π = Ld, which explains why S(ρ) = H(ρ|Ld). For the
Fokker-Planck equation (3.1), the equilibrium measure is

π(dx) = e−Φ(x)

Z
dx, where Z =

∫
e−Φ(x) dx,

if the integral exists. Hence the random fluctuations around the equilibrium π are given
by Sanov’s Theorem:

H(ρ|π) = H(ρ|L) +
∫

Φ(x) ρ(dx) +
∫

logZ ρ(dx) = S(ρ) + E(ρ)︸ ︷︷ ︸
=:F(ρ)

+ logZ︸︷︷︸
constant

.

As the system moves towards the equilibrium, the fluctuations around the equilibrium
decrease, which explains why F can be expected to be a Lyapunov functional for (3.1).

Although F is a natural Lyapunov functional for the Fokker-Planck equation, it is not
trivial that it is also a driving force, in the sense of Wasserstein gradient flows. In fact,
it was widely believed that the Fokker-Planck equation does not possess any gradient-
flow structure, until the work of Jordan, Otto and Kinderlehrer [JKO98]. They proved
convergence of the minimising movement scheme

ρ
(τ)
i ∈ arg min

ρ∈P2(Rd)
KFP
τ (ρ|ρ(τ)

i−1), with KFP
τ (ρ|ρ0) := 1

2F(ρ)− 1
2F(ρ0) + 1

4τ d(ρ0, ρ)2

(3.3)
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to the solution of the Fokker-Plank equation (3.1). Note that, compared to (1.9), I
have added the factor 1

2 and the term F(ρ0), which do not influence the minimisers. In
this chapter I prove that this functional KFP

τ above is closely related to the discrete-time
large-deviation rate J FP

τ of a suitable particle system, in the following sense

Theorem 3.1.1. Assume that Conjecture 1.9.1 holds, and that Φ ∈ C2
b (Rd). Then for

any ρ0 ∈ PS2 (Rd)

J FP
τ ( · |ρ0)− 1

4τ d(ρ0, · )2 M−−−→
τ→0

1
2S(·)− 1

2S(ρ0) + 1
2E(·)− 1

2E(ρ0). (3.4)

This chapter is organised as follows. First, an appropriate microscopic particle system
is chosen in Section 3.2. This choice is motivated by the formal calculation in Section 1.9,
where the diffusion kernel was chosen as a transition probability to model the diffusion
equation. The same argument implies that one should now choose the fundamental
solution of the Fokker-Planck equation. With this setup, the results from Chapter 2 can
be used directly to calculate the discrete-time rate functional. However, the expression of
the rate functional includes the fundamental solution, which in general can not be written
explicitly. In Section 3.3 I prove a small-time estimate for this fundamental solution, which
suffices to prove Theorem 3.1.1. The chapter ends with a brief discussion on the used
methods and achieved results.

3.2 Microscopic particle system

Now I devise a microscopic particle system for which the macroscopic equivalent is the
Fokker-Planck equation with some fixed initial condition ρ0 ∈ P(Rd). The initial condition
of the particle system is implemented as in Corollary 2.4.4: let {xi}i≥1 ⊂ Rd be such
that

Ln(0) := 1
n

n∑
i=1

δxi −⇀ρ0 as n→∞.

Then set the positions of all particles deterministically to X1(0) = x1, X2(0) = x2, . . ..
The next step is to define the random processes X1(t), X2(t), . . . through a suitable

transition probability pt(x, dy). Theorem 2.3.3 then implies that, weakly for any t ≥ 0

Ln(t) := 1
n

n∑
i=1

δXi(t)−⇀ρ0 ∗ pt as n→∞.

Therefore, it suffices to choose the transition probability such that ρ0∗pt solves the Fokker-
Planck equation with initial condition ρ0. Then the particle system will certainly be a
microscopic model for (3.1). Naturally, this amounts to choosing for pt the fundamental
solution of that equation. I use the following definition:
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Definition 3.2.1. A mapping η : Rd × [0,∞)→ P(Rd) is a fundamental solution of the
Fokker-Planck equation (3.1) if

1. η(x)
t (B) is measurable in x ∈ Rd and t ∈ [0,∞) for all fixed Borel sets B ⊂ Rd,

2. for all φ ∈ C2,1
b (Rd × [0,∞)) and (x, T ) ∈ Rd × [0,∞) there holds:∫ T

0

∫
(∂tφ+ ∆φ−∇Φ · ∇φ) η(x)

t (dy) dt =
∫
φ(y, T ) η(x)

T (dy)− φ(x, 0).

If one assumes that Φ ∈ C2
b (Rd), that is Φ ∈ C2(Rd) and |Φ|, | ∇Φ|, and |∆Φ| are all

bounded, then there exists an absolutely continuous fundamental solution with a density
in C2,1(Rd × (0,∞)) [Fri64, Th. 1.10]. One can thus identify this fundamental solution
η

(x)
t with its density ηt(x, · ).

3.3 Mosco convergence of the rate functional

Naturally, the particle system in the previous section is constructed in such a way that
the discrete-time large deviations are directly given by Corollary 2.4.4. It follows that
the empirical measure Ln(τ) satisfies the large-deviation principle in P(U) with rate (the
superscript stands for ‘Fokker-Planck’)

J FP
τ (ρ|ρ0) = inf

γ∈Γ (ρ0,ρ)
H(γ|ρ0 ητ ). (3.5)

Theorem 3.1.1 shows that the small-time asymptotic development of J FP
τ indeed coincides

with the minimising movement functional KFP
τ .

The proof of the theorem relies heavily on an estimate of the fundamental solution
ητ . To explain this estimate heuristically, observe that if Φ is affine, i.e. Φ(x) = c · x,
then the force field ∇Φ is homogeneous, leading to constant drift c. In this simple case,
the fundamental solution can be written explicitly:

ηt(x, y) = 1√
4πt

e−|y−(x−ct)|2/4t = θt(y − x)e−
1
2 c·y+ 1

2 c·x−
1
4 |c|

2t, (3.6)

where θt is again the diffusion kernel (1.21). Although for an arbitrary Φ an analytic
expression for the fundamental solution is generally difficult to find, the expression (3.6)
above suggests that it can be estimated by something similar for small times. Below we
see that this is indeed the case. I expect that this estimate is not a new result, but since I
haven’t been able to find it in the literature it is included here for completeness2. Observe
that the factors 1/2 in the exponent of (3.7) correspond to the factors 1/2 of the energy
in expression (3.3).

2See for example [Aro67] for a similar, but not strong enough result.
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Lemma 3.3.1. Assume Φ ∈ C2
b (Rd), and let η be the fundamental solution from Defin-

ition 3.2.1. Then there are β0, β1 ∈ R such that for every t > 0:

θt(y − x)e−
1
2 Φ(y)+ 1

2 Φ(x)+β0t ≤ ηt(x, y) ≤ θt(y − x)e−
1
2 Φ(y)+ 1

2 Φ(x)+β1t (3.7)

for almost every x, y ∈ Rd.

Proof. For brevity, assume that x = 0 and Φ(0) ≡ 0, and omit the dependence on x. For
β ∈ R define:

ζβ(y, t) := ηt(y)− θt(y)e−
1
2 Φ(y)+βt.

A partial integration yields for all 0 < ε < T and φ ∈ C2,1
b (Rd × [ε, T ]):

∫ T

ε

∫
(∂tφ(y, t) + ∆φ(y, t)−∇Φ(y) · ∇φ(y, t)) ζβ(y, t) dy dt

=
∫ T

ε

∫
φ(y, t)fβ(y, t) dy dt+

∫
φ(y, T )ζβ(y, T ) dy −

∫
φ(y, ε)ζβ(y, ε) dy (3.8)

with:
fβ(y, t) :=

(
− 1

2 ∆Φ(y) + 1
4 | ∇Φ(y)|2 + β

)
θt(y)e−

1
2 Φ(y)+βt.

Because ∇Φ and ∆Φ are bounded, there are β0, β1 ∈ R such that:

fβ0(y, t) ≤ 0 ≤ fβ1(y, t). (3.9)

First exploit this inequality for β1. Let φ be the solution of the adjoint problem:

−∂tφ = ∆φ−∇Φ · ∇φ (3.10)

with end condition:
φ(T )(y) := H(ζβ1(y, T )),

where H is the Heaviside function. Again by [Fri64, Th. 1.10] there exists a positive
fundamental solution η̂ and hence a positive bounded solution φ ∈ C2,1(Rd × [0, T )) to
(3.10). However, (3.8) requires the test functions to be in C2,1

b (Rd× (0, T ]). To this aim,
approximate φ in the following way. First, let φ(T )

n be a sequence in C∞0 (Rd) such that

φ(T )
n → φ(T ) weakly-∗ in L∞(Rd).

Next, let φn ∈ C2,1
b (Rd×[0, T ]) be the solution of (3.10) with approximated end condition
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φ
(T )
n . For this sequence (3.8) becomes:

0 =
∫ T

ε

∫
φn(y, t)fβ1(y, t) dy dt+

∫
φ(T )
n (y)ζβ1(y, T ) dy −

∫
φn(y, ε)ζβ1(y, ε) dy

(i)−−−→
ε→0

∫ T

0

∫
φn(y, t)fβ1(y, t) dy dt+

∫
φ(T )
n (y)ζβ1(y, T ) dy

(ii)−−−−→
n→∞

∫ T

0

∫
φ(y, t)fβ1(y, t) dy dt+

∫
H(ζβ1(y, T )) ζβ1(y, T ) dy, (3.11)

using properties (i) and (ii) that will be proven below. From this it follows for the positive
part of ζβ1 :

0 ≤
∫
ζ+
β1

(y, T ) dy (3.11)= −
∫ T

0

∫
φ(y, t)︸ ︷︷ ︸
≥0

fβ1(y, t)︸ ︷︷ ︸
≥0

dy dt ≤ 0.

Analogously for the other inequality from (3.9), so that for all T > 0:

ζβ1(y, T ) ≤ 0 ≤ ζβ0(y, T ) for almost every y ∈ Rd,

which proves the statement.
I still owe the reader the proof of the two limits in (3.11).

(i) The argument follows from ζβ1(x, ε)→ 0 weakly in L1(Rd) as ε→ 0. Then for any
fixed n:

∣∣∣∣∫ (φn(y, ε)− φn(y, 0)) ζβ1(y, ε) dy
∣∣∣∣ =

∣∣∣∣∣∣
∫ ε∫

0

∂tφn(y, t) dt ζβ1(y, ε) dy

∣∣∣∣∣∣
≤ ε︸︷︷︸
→0

‖∂tφn‖L∞(Rd×[0,T ])︸ ︷︷ ︸
bounded

∣∣∣∣∫ ζβ1(y, ε) dy
∣∣∣∣︸ ︷︷ ︸

→0

−−−→
ε→0

0.

Hence:∫
φn(y, ε)ζβ1(y, ε) dy

=
∫

(φn(y, ε)− φn(y, 0)) ζβ1(y, ε) dy +
∫
φn(y, 0)ζβ1(y, ε) −−−→

ε→0
0.

(ii) For the second convergence in (3.11), one can assume that the approximation of
the end condition satisfies:

0 ≤ φ(T )
n (y) ≤ φ(T )(y) for all y ∈ Rd.
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Therefore:∣∣φn(y, t)fβ1(y, t)
∣∣ ≤ ∣∣φ(y, t)fβ1(y, t)

∣∣ ≤ ‖φ(T )‖L∞(Rd)
∣∣fβ1(y, t)

∣∣︸ ︷︷ ︸
∈L1(Rd×(0,T ))

.

Since for the fundamental solution η̂ of the adjoint problem (3.10) there holds
z 7→ η̂t(y, z) ∈ L1(Rd):

φn(y, t) =
∫
η̂t(y, z)φ(T )

n (z) dz −−−−→
n→∞

∫
η̂t(y, z)φ(T )(z) dz = φ(y, t)

pointwise. The Dominated Convergence Theorem then gives

φnfβ1
L1

−−−−→
n→∞

φfβ1 .

With Lemma 3.3.1, the proof of Theorem 3.1.1 becomes almost trivial:

Proof of Theorem 3.1.1. To prove the lower bound, take any sequence ρ(τ)⇀ρ in PS2 (Rd)
and calculate

lim inf
τ→0

J FP
τ (ρ(τ)|ρ0)− 1

4τ d(ρ0, ρ
(τ))2

(3.5)= lim inf
τ→0

inf
q∈Γ (ρ0,ρ(τ))

H(q|ρ0 ητ )− 1
4τ d(ρ0, ρ

(τ))2

(3.7)
≥ lim inf

τ→0
inf

q∈Γ (ρ0,ρ(τ))
H(q|ρ0 θτ )

−
∫∫ (

− 1
2Φ(y) + 1

2Φ(x) + β1τ
)
q(dx dy)− 1

4τ d(ρ0, ρ
(τ))2

= lim inf
τ→0

inf
q∈Γ (ρ0,ρ(τ))

H(q|ρ0 θτ )− 1
4τ d(ρ0, ρ

(τ))2 + 1
2E(ρ(τ))− 1

2E(ρ0)− β1τ

≥ 1
2S(ρ)− 1

2S(ρ0) + 1
2E(ρ)− 1

2E(ρ0),

where the last inequality follows from Conjecture 1.9.1 and the (narrow) continuity of
ρ 7→ E(ρ).

To construct a recovery sequence, fix a ρ ∈ PS2 (Rd) and take a recovery sequence
ρ(τ) → ρ from Conjecture 1.9.1, in the strong topology of PS2 (Rd). Then similarly:

lim sup
τ→0

J FP
τ (ρ(τ)|ρ0)− 1

4τ d(ρ0, ρ
(τ))2 (3.5)= lim sup

τ→0
inf

q∈Γ (ρ0,ρ(τ))
H(q|ρ0 ητ )− 1

4τ d(ρ0, ρ
(τ))2

(3.7)
≤ lim sup

τ→0
inf

q∈Γ (ρ0,ρ(τ))
H(q|ρ0 θτ )− 1

4τ d(ρ0, ρ
(τ))2 + 1

2E(ρ(τ))− 1
2E(ρ0)− β0τ

≤ 1
2S(ρ)− 1

2S(ρ0) + 1
2E(ρ)− 1

2E(ρ0).
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3.4 Discussion
The approach of this chapter is based on formula 3.5 for the discrete-time large-deviations,
which involves the fundamental solution ητ . The required properties of ητ depend heavily
on the fact that the potential Φ lies in C2

b (Rd). It is not clear whether the regularity of
Φ can be relaxed by the method of this chapter. First of all, because the derivation of
estimate (3.7) explicitly uses the boundedness of ∇Φ and ∆Φ. Secondly, because the
fundamental solution η(x)

τ (dy) may fail to be an absolutely continuous measure - at least,
I was not able to find a stronger result for the existence of the fundamental solution in
a classical sense. This suggests that for different types of potentials, formula (3.5) may
not be the right form to study. Indeed, in the next chapter, a similar Mosco-convergence
result will be proven via an alternative formulation of the rate functional.

It should be stressed that the Mosco-convergence Theorem 3.1.1 is a conditional
statement, that is: under the assumption that Conjecture 1.9.1 is true. As we will see
in the next chapter, the conjecture is valid under mild conditions of the initial state ρ0,
and in one dimension. Therefore, with the current state of the art, Theorem 3.1.1 is also
restricted to one dimension.



Chapter 4

The Fokker-Planck equation,
part II

4.1 Introduction
In this chapter I pursue the study of the Fokker-Planck equation

∂tρt = ∆ρt + div(ρt∇Φ), in Rd × (0,∞), (4.1)

but with a different approach. In Chapter 3 we saw that if

J Df
τ ( · |ρ0)− 1

4τ d(ρ0, · )2 M−−−→
τ→0

1
2S( · )− 1

2S(ρ0) (4.2)

for the rate functional J Df
τ , then also for the rate functional J FP

τ corresponding to (4.1):

J FP
τ ( · |ρ0)− 1

4τ d(ρ0, · )2 M−−−→
τ→0

1
2F( · )− 1

2F(ρ0). (4.3)

In the main result of this chapter, Theorem 4.4.1, I will prove (4.3) without having to
assume (4.2) as a conjecture. Naturally, this also proves (4.2) since one can choose Φ ≡ 0,
so that F = S + E = S. Apart from the fact that the conjecture is actually proven, the
result of this chapter also differs from the main result of Chapter 3 in that a different
class of potentials is allowed.

This chapter follows the discussion in Section 1.10, where two approaches are ex-
plained. I focus on the first approach: to start from continuous-time large deviations,
then derive an alternative formulation of the discrete-time large-deviation rate via a con-
traction principle, and then prove the Mosco convergence result (4.3) use of this alternative

This chapter is based on joint work with Manh Hong Duong and Vaios Laschos, accepted for public-
ation in ESAIM: Control, Optimisation and Calculus of Variations [DLR12]. The idea of the lower bound
was suggested by Nicholas Dirr, Mark Peletier and Johannes Zimmer.

43
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formulation. I will now explain this approach - and the outline of this chapter - in more
detail.

In Section 4.2 I discuss two important continuous-time large-deviation results from the
literature. The first is the notable paper [DG87], where the Dawson-Gärtner Theorem for
projective limits was proved, and applied to the empirical process of a system of particles
evolving according to the Fokker-Planck equation. The second result is from [FK06],
where non-linear semigroup theory is used to derive the same large-deviation principle1.
Their result holds in a different topology and for a different class of potentials than the
earlier result by Dawson and Gärtner. To extend the class of admissable potentials, I use
both results.

We will see in Section 4.3 that, after a contraction, the discrete-time large-deviation
rate has the form (see Section B.4 for the definition of the ‖ · ‖−1,ρt-norm)

J FP
τ (ρ|ρ0) = inf 1

4

∫ τ

0
‖∂tρt −∆ρt − div(ρt∇Φ)‖2−1,ρt dt, (4.4)

where the infimum is over sufficiently regular curves ρ(·), starting in ρ0 and ending in
ρ. Here the regularity of the curves depends on the topology of the continuous-time
large deviations, which depends on whether the result of Dawson and Gärtner or Feng
and Kurtz is used, which in turn depends on the properties of the potential Φ. As I will
prove, for either case, it suffices to take the infimum over Wasserstein-continuous curves,
denoted as CW2(ρ0, ρ). After dealing with some technicalities, we will see that the rate
functional (4.4) can be written as

inf
ρ(·)∈CW2 (ρ0,ρ)

1
4τ

∫ 1

0
‖∂tρt‖2−1,ρt dt+

1
2F(ρ)−1

2F(ρ0)+τ

4

∫ 1

0
‖∆ρt + div(ρt∇Φ)‖2−1,ρt dt.

(4.5)
The main result (4.3) is proven in Sections 4.4 and 4.5. Using formulation (4.5) of

the discrete-time rate functional, the Mosco lower-bound has become almost trivial: if
one discards the right term in (4.5), then the first term becomes the Benamou-Brenier
formulation of the Wasserstein distance. The existence of the recovery sequence is proven
in Section 4.5 by a special density argument, by which the transport of mass between
the tails of ρ and ρ0 can be neglected. Then a recovery sequence is constructed that
approximates ρ in the strong topology.

A crucial step in the proof is to show that the integrand on the right of (4.5) can be
bounded uniformly in τ , so that this term vanishes as τ → 0. I was only able to prove this
in one dimension; therefore the central Mosco-convergence result is restricted to PS2 (R).

After proving the connection between the discrete-time large deviations and the min-
imising movement scheme, I briefly discuss how the continuous-time large-deviation rate
is related to an energy-dissipation inequality. I end the chapter with a discussion of the

1Both [DG87] and [FK06] consider the Fokker-Planck equation with an additional interaction potential.
I assume this interaction potential is zero.
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results in Section 4.7.

4.2 Continuous-time large deviations
Here I describe the two continuous-time large-deviation results for the Fokker-Planck
equation that will be used. To this aim, one needs to distinguish between two different
classes of potentials Φ. In the next section these continuous-time large deviations are
transformed back to discrete-time large deviations.

The first class of potentials Φ is defined by combination of assumptions that were
taken from [FK06] and [FN11]:

Assumption 4.2.1 (The superquadratic case). Let Φ ∈ C4(Rd) such that:

1. Φ is λ-convex for some λ ∈ R (see [Vil03, Sect. 2.1.3, 10]),

2. lim|x|→∞ Φ(x)
|x|2 =∞ (this implies

∫
Φ(x)e−2Φ(x) dx <∞),

3. There exists an ω ∈ C([0,∞)) with ω(0) = 0 and an α such that limx→∞
ω(x)
xα → 0,

and for all x, y ∈ Rd

Φ(y)− Φ(x) ≤ ω(|y − x|)(1 + Φ(x)),
| ∇Φ(y)−∇Φ(x)|2 ≤ ω(|y − x|)(1 + | ∇Φ(x)|2 + Φ(x)),

4. 2 ∆Φ ≤ A| ∇Φ|2 +B for some 0 < A < 1 and B > 0,

5. For ζ := | ∇Φ|2 − 2 ∆Φ there holds lim|x|→∞ ζ(x)
|x|2 = +∞,

6. ζ is λ-convex for some λ ∈ R.

Consider again the microscopic particle system from Section 3.2, where the potential
Φ satisfies the assumptions above. Then by [FK06, Th. 13.37] the empirical process
{LN (t)}0≤t≤τ satisfies the large-deviation principle in the space of Wasserstein-continuous
curves C([0, τ ];P2(Rd)) with good rate functional

J̃ FP
τ (ρ(·)) := 1

4

∫ τ

0
‖∂tρt −∆ρt − div(ρt∇Φ)‖2−1,ρt dt. (4.6)

In (4.6) I implicitly set the integral to ∞ if the curve ρ(·) is not absolutely continuous in
distributional sense (see Section B.3).

The second type of potentials is defined as:

Assumption 4.2.2 (The subquadratic case). Let Φ ∈ C2(Rd) such that

1. Φ is bounded from below,

2. there is a C0 > 0 such that |x| · |∇Φ(x)| ≤ C0(1 + |x|2) for all x ∈ Rd,
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3. Φ is λ-convex for some λ ∈ R,

4. there exists constants 0 ≤ C1 <
1
4 and C2, C3 ∈ R+ such that

|∆Φ(x)| ≤ C1| ∇Φ(x)|2 + C2Φ(x) + C3.

Remark 4.2.3. Note that the second assumption indeed implies |Φ(x)| ≤ C0(1 + |x|2).
The first assumption guarantees that the functional E : P(Rd) → (−∞,∞] is well-
defined. The last two assumptions are not needed for the large-deviation principle; these
will be needed in the sequel.

Analogously to the superquadratic case, consider the microscopic particle system from
Section 3.2 with a potential Φ that satisfies Assumption 4.2.2. Then by [DG87, Th. 4.5]
the empirical process {LN (t)}0≤t≤τ satisfies a large-deviation principle in the space of
narrowly continuous curves C([0, τ ];P(Rd)) with good rate functional (4.6).

Remark 4.2.4. Observe that in the superquadratic case, the large-deviation principle
holds in the space of Wasserstein-continuous curves C([0, τ ];P2(Rd)). I do not know
whether this is also true for the subquadratic case. Even if would be true, the rate
functional can not be good since J̃ FP

τ does not have Wasserstein-compact sub-level sets
Φ is subquadratic.

4.3 Back to discrete-time large deviations
In what follows, I shall write C(ρ0, ρ) for the space of narrowly continuous curves in
P(Rd) that connect ρ0 to ρ and CW2(ρ0, ρ) for connecting curves in P2(Rd) that are
continuous in the Wasserstein topology. From the large deviations in the previous section,
it follows from the Contraction Principle [DZ87, Th. 4.2.1] that at any fixed τ > 0, the
empirical measure Ln(τ) satisfies a discrete-time large-deviation principle (in the sense of
Corollary 2.4.4), with good rate functional (after a change of variables t 7→ t/τ)

J FP
τ (ρ|ρ0) = inf

ρ(·)∈CW2 (ρ0,ρ)

1
4τ

∫ 1

0
‖∂tρt − τ(∆ρt + div(ρt∇Φ))‖2−1,ρt dt (4.7)

in the superquadratic case, and

J FP
τ (ρ|ρ0) = inf

ρ(·)∈C(ρ0,ρ)

1
4τ

∫ 1

0
‖∂tρt − τ(∆ρt + div(ρt∇Φ))‖2−1,ρt dt (4.8)

in the subquadratic case. Since rate functions are unique, this expression must be equal
to the rate functional (3.5) from Chapter 3.

Indeed, in the superquadratic case (4.7) the infimum is taken over Wasserstein-
continuous curves, while in the subquadratic case (4.8) the infimum is over narrowly
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continuous curves. In this section I prove that under the extra assumption that ρ0 ∈
P2(Rd) and F(ρ0) is finite, even in the subquadratic case the infimum can be taken
over CW2(ρ0, ρ). Actually, I will prove something stronger, that is needed in the sequel,
namely:

Proposition 4.3.1. Let Φ ∈ C2(Rd) satisfy Assumption 4.2.2. Let ρ0 ∈ P2(Rd) with
F(ρ0) <∞ and assume ρ(·) ∈ C(ρ0, ρ) with J̃ FP

τ (ρ(·)) finite. Then

1. ρt ∈ P2(Rd) for every t ∈ [0, 1],

2. the curve ρ(·) is absolutely continuous in the Wasserstein sense (see Section B.3),

3. F(ρt) is absolutely continuous in t,

4. J̃ FP
τ (ρ(·)) =

1
4τ

∫ 1

0
‖∂tρt‖2−1,ρt dt+ 1

2F(ρ1)− 1
2F(ρ0) + τ

4

∫ 1

0
‖∆ρt + div(ρt∇Φ)‖2−1,ρt dt.

The proof of this proposition is based on three lemmas that are proven below. A
crucial role is played by the Fisher information functional, defined by

I(ρ) :=


∫
Rd
|∇ρ(x)|2
ρ(x) dx if ρ(dx) = ρ(x) dx and √ρ ∈ H1(Rd),

∞ otherwise,
(4.9)

for ρ ∈ M(Rd). By the definition of the −1-norm (see Section B.4 in the Appendix),
it follows that ‖∆ρ‖2−1,ρ ≤ I(ρ), where equality holds when the right-hand is finite.
Moreover, as a consequence of the HWI inequality [Vil09, Cor. 20.13], if ρ ∈ P2(Rd) and
I(ρ) <∞ then S(ρ) <∞.

The first lemma that is needed is a chain rule for the free energy F on absolutely
continuous curves:

Lemma 4.3.2 (Chain rule). Let Φ ∈ C2(Rd) be λ-convex for some λ ∈ R and bounded
from below. Assume that ρ(·) : [0, τ ] → P2(Rd) is a Wasserstein-absolutely-continuous
curve that satisfies the conditions E(ρt),S(ρt) <∞ for all t ∈ [0, τ ], and∫ τ

0

(∫
| ∇Φ(x)|2ρt(x) dx+ I(ρt) + ‖∂tρt‖2−1,ρt

)
dt <∞. (4.10)

Then F(ρt) is absolutely continuous in t, and for a.e t ∈ [0, τ ] there holds

d

dt
F(ρt) = − (∆ρt + div(ρt∇Φ), ∂tρt)−1,ρt .

Proof. This lemma is a direct consequence of [AGS08, Th. 10.3.18]. All conditions of this
theorem are easily checked; the only non-trivial condition may be

∫ τ
0 |∂F|(ρt) |ρ̇t| dt <∞,
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where |∂F|(ρt) is the metric slope and |ρ̇t| is the metric derivative (see [AGS08, Sect. 1.1
and 1.2]). This is true, since by [AGS08, Th. 10.4.13 and Th. 8.3.1] and (4.10):∫ τ

0
|∂F|(ρt) |ρ̇t| dt ≤

1
2

∫ τ

0
|∂F|2(ρt) dt+ 1

2

∫ τ

0
|ρ̇t|2 dt

≤ 1
2

∫ τ

0

∫ ∣∣∣∇Φ(x) + ∇ρt(x)
ρt(x)

∣∣∣2 ρt(x) dx dt+ 1
2

∫ τ

0
‖∂tρt‖2−1,ρt dt

≤
∫ τ

0

∫
|∇Φ(x)|2 ρt(x) dx dt+

∫ τ

0
I(ρt) dt+ 1

2

∫ τ

0
‖∂tρt‖2−1,ρt dt <∞.

Observe that the Chain Rule Lemma above requires the curve to be absolutely con-
tinuous in the Wasserstein sense, which will be obtained by an approximation argument,
together with Lemma (B.3.3) in the Appendix. In order to apply this lemma to the ap-
proximated curve, a bound is needed on the Fisher information I of approximated curves.

Lemma 4.3.3. Let ε > 0 and ρ(x) dx ∈ P(Rd) be given. Denote by θε(x) the Gaussian
density (1.21), and define ρε := ρ ∗ θε. Then I(ρε) < 2ε−3.

Proof. First, observe that

∇ρε(x) = (ρ ∗ ∇θε)(x) =
∫
ρ(x− y)∇θε(y) dy = −ε−2

∫
ρ(x− y)yθε(y) dy.

Secondly,

| ∇ρε(x)|2 ≤ ε−4
∫
ρ(x−y)|y|2θε(y) dy

∫
ρ(x−y)θε(y) dy ≤ ε−4ρε(x)

∫
ρ(x−y)|y|2θε(y) dy.

Therefore

I(ρε) =
∫
| ∇ρε(x)|2

ρε(x) dx ≤ ε−4
∫ ∫

ρ(x− y)|y|2θε(y) dy dx

= ε−4
∫ ∫

ρ(x− y) dx |y|2θε(y) dy

≤ ε−4
∫
|y|2θε(y) dy = 2ε−3.

The third lemma shows that the first part of condition (4.10) is satisfied.

Lemma 4.3.4. Let Φ ∈ C2(Rd) satisfy Assumption 4.2.2. Let ρ0 ∈ P(Rd) with E(ρ0) <
∞ and assume ρ(·) ∈ C(ρ0, ρ) with J̃ FP

τ (ρ(·)) finite. Then∫ τ

0

∫
| ∇Φ(x)|2ρt(dx) dt <∞. (4.11)



4.3. BACK TO DISCRETE-TIME LARGE DEVIATIONS 49

Proof. For simplicity, take τ = 1. I will prove the following statement: there exist
0 < δ ≤ 1 and α, β > 0 that depend only on Φ such that

α sup
t∈[0,δ]

∫
|Φ| dρt + β

∫ δ

0

∫
| ∇Φ|2 dρt dt ≤ 8J̃ FP

1 (ρ(·)) + 4 | inf Φ|+ 2
∫

Φ dρ0 + 2δC3.

(4.12)
Obviously (4.11) follows from (4.12) by repeating it 1/δ times.

By [DG87, Lem. 4.8], for any 0 ≤ s ≤ 1:

4J̃ FP
1 (ρ(·)) ≥ 4J̃ FP

s (ρ(·))

= sup
f∈C2

c (Rd)

∫
f dρs −

∫
f dρ0 −

∫ s

0

∫ (
∆f −∇Φ · ∇f + 1

2 | ∇f |
2
)
dρt dt. (4.13)

Observe that in the above equality, the supremum is taken over C2
c (Rd) instead of D; I

will use two approximations of Φ so that it can be chosen as a test function f in (4.13).
The first approximation is used to show that this inequality still holds if C2

c (Rd) is replaced
by

A :=
{
f ∈ C2(Rd) : f,∇f,∆f, xf, | ∇f | · |x| are all bounded

}
. (4.14)

Take an arbitrary f ∈ A. Define the bump function

ζ(x) :=

exp
(

1− 1
1−|x|2

)
, |x| < 1,

0, |x| ≥ 1,

and set ζk(x) := ζ(x/k). Then surely ζkf ∈ C2
c (Rd). It is easy to check that

|ζk(x)| ≤ 1, | ∇ζk(x)| ≤ 1
k

and |∆ζk(x)| ≤ 1
k2 . (4.15)

By the Dominated Convergence Theorem, as k →∞∫
ζkf dρs →

∫
f dρs,∫

ζkf dρ0 →
∫
f dρ0,∫ s

0

∫
∆(ζkf) dρt dt =

∫ s

0

∫
(f∆ζk + 2∇ζk · ∇f + ζk∆f) dρt dt→

∫ s

0

∫
∆f dρt dt,∫ s

0

∫
∇Φ · ∇(ζkf) dρt dt =

∫ s

0

∫
∇Φ · (f ∇ζk + ζk∇f) dρt dt→

∫ s

0

∫
∇Φ · ∇f dρt dt,∫ s

0

∫
| ∇(ζkf)|2 dρt dt =

∫ s

0

∫
|f ∇ζk + ζk∇f |2 dρt dt→

∫ s

0

∫
| ∇f |2 dρt dt,

where the absolute finiteness of the right-hand integrals is guaranteed by the properties
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of the set A. Therefore (4.13) indeed becomes

4J̃ FP
1 (ρ(·)) ≥ sup

f∈A

∫
f dρs −

∫
f dρ0 −

∫ s

0

∫ (
∆f −∇Φ · ∇f + 1

2 | ∇f |
2
)
dρt dt.

(4.16)

For the second approximation, take

η(x) := exp
(

1−
√

1 + |x|2
)
,

and set ηk(x) := η(x/k). Then the following estimates hold

|ηk(x)| ≤ 1, | ∇ηk(x)| ≤ 1
k
ηk(x) and |∆ηk(x)| ≤ 1

k2 ηk(x). (4.17)

Since ηkΦ ∈ A by the subquadratic Assumption 4.2.2, ηkΦ can be substituted in (4.16):

4J̃ FP
1 (ρ(·)) ≥

∫
ηkΦ dρs −

∫
ηkΦ dρ0 −

∫ s

0

∫
∆(ηkΦ) dρt dt

+
∫ s

0

∫ (
∇Φ · ∇(ηkΦ)− 1

2 | ∇(ηkΦ)|2
)
dρt dt. (4.18)

for any k ∈ N and s ∈ [0, 1].

I now estimate each term in the right-hand side of (4.18). For the first two terms:∫
ηkΦ dρs −

∫
ηkΦ dρ0 ≥

∫
ηk|Φ| dρs − 2 | inf Φ| −

∫
ηkΦ dρ0. (4.19)

For the third term of (4.18):

−
∫ s

0

∫
∆(ηkΦ) dρt dt = −

∫ s

0

∫
(Φ∆ηk + 2∇ηk · ∇Φ + ηk∆Φ) dρt dt

≥ −
∫ s

0

∫ (
|∆ηk| |Φ|+ | ∇ηk| (| ∇Φ|2 + 1) + ηk|∆Φ|

)
dρt dt

≥ −
∫ s

0

∫ ( 1
k2 ηkΦ + ηk

k
(| ∇Φ|2 + 1) + ηk|∆Φ|

)
dρt dt (by (4.17))

≥ −
∫ s

0

∫ ( 1
k2 ηkΦ + ηk

k
(| ∇Φ|2 + 1) + ηk

(
C1| ∇Φ|2 + C2|Φ|+ C3

))
dρt dt

≥ −s
(

1
k2 + C2

)
sup
t∈[0,s]

∫
ηk|Φ| dρt −

(
1
k

+ C1

)∫ s

0

∫
ηk| ∇Φ|2 dρt dt−

s

k
− sC3.

(4.20)
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Finally, for the last part of (4.18)∫ s

0

∫ (
∇Φ · ∇(ηkΦ)− 1

2 | ∇(ηkΦ)|2
)
dρt dt

=
∫ s

0

∫ (
−1

2 | ∇ηk|
2Φ2 + (1− ηk)∇ηk · Φ∇Φ + (1− 1

2ηk)ηk| ∇Φ|2
)
dρt dt

≥
∫ s

0

∫ (
− 1

2k2 ηkΦ2 − 2ηk
∣∣1
k

Φ
∣∣ ∣∣1

2 ∇Φ
∣∣+ 3

4ηk| ∇Φ|2
)
dρt dt

≥
∫ s

0

∫ (
− 3

2k2 ηkΦ2 +
(

3
4 −

1
4

)
ηk| ∇Φ|2

)
dρt dt

≥
∫ s

0

∫ (
−3C0(1 + k2)

2k2 ηk|Φ|+
1
2ηk| ∇Φ|2

)
dρt dt

≥ −3sC0(1 + k2)
2k2 sup

t∈[0,s]

∫
ηk|Φ| dρt +

∫ s

0

∫ (1
2ηk| ∇Φ|2

)
dρt dt, (4.21)

where the fourth line follows from Young’s inequality, and the fifth line follows from
subquadratic Assumption 4.2.2(2). Substituting (4.19), (4.20) and (4.21) into (4.18)
yields∫

ηk|Φ| dρs+
∫ s

0

∫ 1
2ηk| ∇Φ|2 dρt dt ≤ 4J̃ FP

1 (ρ(·))+2 | inf Φ|+
∫
ηkΦ dρ0 + s

k
+sC3

+ s

(
1
k2 + C2 + 3C0(1 + k2)

2k2

)
sup
t∈[0,s]

∫
ηk|Φ| dρt+

(
1
k

+ C1

)∫ s

0

∫
ηk| ∇Φ|2 dρt dt.

If one first discards the first term on the left-hand side and maximises the equation over
s ∈ [0, δ] for some 0 < δ ≤ 1, and then discards the second term and maximises, then
the sum of the inequalities can be written as

(
1− 2δ

(
1
k2 + C2 + 3C0(1 + k2)

2k2

))
sup
t∈[0,δ]

∫
ηk|Φ| dρt+

( 1
2 −

2
k − 2C1

)∫ δ

0

∫
| ∇Φ|2 dρt dt

≤ 8J̃ FP
1 (ρ(·)) + 4 | inf Φ|+ 2

∫
ηkΦ dρ0 + 2δ

k
+ 2δC3.

For δ such that 1 > 2δ
(
C2 + 3C0

2
)
, there holds 1 > 2δ

(
1
k2 + C2 + 3C0(1+k2)

2k2

)
for

suffiently large k, and therefore, by Fatou’s Lemma

α sup
t∈[0,δ]

∫
|Φ| dρt + β

∫ δ

0

∫
| ∇Φ|2 dρt dt ≤ 8J̃ FP

1 (ρ(·)) + 4 | inf Φ|+ 2
∫

Φ dρ0 + 2δC3,

with α := 1− 2δ(C2 + 3C0
2 ) > 0 and β := 1

2 − 2C1. The latter is positive by Assumption
4.2.2(4).

Finally, using the three lemmas above, the main theorem of this section is proven.
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Proof of Proposition 4.3.1. Let ρ(·) satisfy the assumptions (of Proposition 4.3.1). It
follows from Lemma 4.3.4 that ∫ 1

0

∫
| ∇Φ|2 dρt dt <∞

and therefore

1
4τ

∫ 1

0
‖∂tρt − τ∆ρt‖2−1,ρt dt ≤

1
2τ

∫ 1

0
‖∂tρt − τ(∆ρt + div(ρt∇Φ))‖2−1,ρt dt︸ ︷︷ ︸

=2J̃ FP
τ (ρ(·))<∞

+ τ

2

∫ 1

0

∫
| ∇Φ|2 dρt dt <∞. (4.22)

Because of (4.22), it follows that ‖∂tρt− τ∆ρt‖2−1,ρt <∞ for almost every t. By [FK06,
Lem. D.34] there is a vt ∈ L2(ρt) such that

∂tρt − τ∆ρt = −div(ρt vt)

in distributional sense. I first prove the central statements for a smoothed curve. Take
the Gaussian θε(x) as in Lemma 4.3.3, and set

ρt,ε := ρt ∗ θε, vt,ε := (ρt vt) ∗ θε
ρt,ε

.

Then also, in distributional sense,

∂tρt,ε − τ∆ρt,ε = − div(ρt,ε vt,ε).

By [AGS08, Th. 8.1.9] there holds, for any 0 < s ≤ 1:

1
4τ

∫ s

0
‖∂tρt,ε − τ∆ρt,ε‖2−1,ρt dt ≤

1
4τ

∫ s

0
‖vt,ε‖2L2(ρt,ε) dt ≤

1
4τ

∫ s

0
‖vt‖2L2(ρt) dt =

1
4τ

∫ s

0
‖∂tρt − τ∆ρt‖2−1,ρt dt, (4.23)

which is finite according to (4.22). Furthermore by Lemma 4.3.3∫ s

0
‖∆ρt,ε‖2−1,ρt,ε dt =

∫ s

0
I(ρt,ε) dt ≤ Cε. (4.24)

It follows from (4.23), (4.24) and Young’s inequality that∫ s

0
‖∂tρt,ε‖2−1,ρt,ε dt ≤ 2

∫ s

0
‖∂tρt,ε − τ ∆ρt,ε‖2−1,ρt,ε dt+ 2τ2

∫ s

0
‖∆ρt,ε‖2−1,ρt,ε dt <∞.

(4.25)
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By Lemma B.3.3, it follows from (4.25) and ρ0 ∈ P2(Rd) that the curve t 7→ ρt,ε is
absolutely continuous in P2(Rd). In addition, it is straightforward that S(ρt,ε) is finite
for every 0 < t ≤ s. Therefore, the Chain Rule Lemma 4.3.2 applies, so that S(ρt,ε) is
absolutely continuous with respect to t, and

∞ >
1
4τ

∫ 1

0
‖∂tρt − τ∆ρt‖2−1,ρtdt

(4.23)
≥ 1

4τ

∫ s

0
‖∂tρt,ε − τ∆ρt,ε‖2−1,ρtdt

= 1
4τ

∫ s

0
‖∂tρt,ε‖2−1,ρtdt−

1
2

∫ s

0
(∆ρt,ε, ∂tρt,ε)−1,ρt dt+ τ

4

∫ s

0
‖∆ρt,ε‖2−1,ρtdt

= 1
4τ

∫ s

0
‖∂tρt,ε‖2−1,ρtdt+ 1

2S(ρs,ε)−
1
2S(ρ0,ε) + τ

4

∫ s

0
‖∆ρt,ε‖2−1,ρt .

Now letting ε go to zero and by the lower semicontinuity of the entropy and the Fisher
information functionals, it follows that S(ρs) < ∞ and

∫ s
0 ‖∆ρt‖

2
−1,ρt dt < ∞ for all s.

Now repeat calculation (4.25) for the curve ρ(·):∫ s

0
‖∂tρt‖2−1,ρtdt ≤ 2

∫ s

0
‖∂tρt − τ∆ρt‖2−1,ρtdt+ 2τ2

∫ s

0
‖∆ρt‖2−1,ρt dt <∞.

This bound permits the use of Lemma B.3.3, so that the curve ρ(·) is indeed absolutely
continuous in the Wasserstein sense.

Finally, the chain rule Lemma 4.3.2 can again be applied (to the curve ρ(·)), which
yields the absolute continuity of t 7→ F(ρt) and

1
4τ

∫ 1

0
‖∂tρt − τ(∆ρt + div(ρt∇Φ))‖2−1,ρt dt

= 1
4τ

∫ 1

0
‖∂tρt‖2−1,ρt dt+ 1

2F(ρ1)− 1
2F(ρ0) + τ

4

∫ 1

0
‖∆ρt + div(ρt∇Φ))‖2−1,ρt dt.

Now the following holds for both cases:

Corollary 4.3.5. Let ρ0 ∈ P2(Rd) with F(ρ0) < ∞. If Φ ∈ C2(Rd) satisfies either
Assumption 4.2.2 or 4.2.1, then

J FP
τ (ρ|ρ0) = inf

ρ(·)∈CW2 (ρ0,ρ)

1
4τ

∫ 1

0
‖∂tρt − τ(∆ρt + div(ρt∇Φ))‖2−1,ρt dt

= inf
ρ(·)∈CW2 (ρ0,ρ)

1
4τ

∫ 1

0
‖∂tρt‖2−1,ρt dt+ 1

2F(ρ)− 1
2F(ρ0)

+ τ

4

∫ 1

0
‖∆ρt + div(ρt∇Φ)‖2−1,ρt dt.

(4.26)
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Proof. For the subquadratic case, this is a direct consequence of Proposition 4.3.1. For
the superquadratic case, the same result is proven in [FN11, Lem. 2.6].

4.4 Mosco convergence of the rate functional
With the alternative formulation (4.26) of the discrete-time rate functional at hand, Con-
jecture 1.9.1 can be proven in the following setting (as mentioned in the introduction of
this chapter, this theorem is restricted to one dimension).

Theorem 4.4.1. Assume that ρ0 ∈ PS2 (R) such that the density is bounded from below
by a positive constant in every compact set, and E(ρ0),

∫
|Φ′|2 dρ0 and I(ρ0) are all finite.

If Φ ∈ C2(R) satisfies either Assumption 4.2.2 or 4.2.1 then

J FP
τ ( · |ρ0)− 1

4τ d
2(ρ0, · )

M−−−→
τ→0

1
2F( · )− 1

2F(ρ0). (4.27)

I postpone the proof of the recovery sequence to the next section. The proof of the
lower bound follows almost immediately from the form (4.26), since the first term can be
recognised as the Benamou-Brenier formulation of the Wasserstein metric.

Proof of the lower bound. Take any narrowly converging sequence ρ(τ)⇀ρ in PS2 (R).
One only needs to consider those ρ(τ) for which J FP

τ (ρ(τ)|ρ0) <∞. For each such ρ(τ),
by the definition of infimum there exists a curve ρ(τ)

(·) ∈ C(ρ0, ρ
(τ)) satisfying

J̃ FP
τ (ρ(τ)

(·) ) ≤ J FP
τ (ρ(τ)|ρ0) + τ <∞.

By Corollary 4.3.5

J FP
τ (ρ(τ)|ρ0) + τ ≥ 1

4τ

∫ 1

0

∥∥∂tρ(τ)
t

∥∥2
−1,ρ(τ)

t

dt+ 1
2F(ρ(τ))− 1

2F(ρ0)

+ τ

4

∫ 1

0
‖∂xxρ(τ)

t + ∂x(ρ(τ)
t Φ′)‖2

−1,ρ(τ)
t

dt

≥ 1
4τ

∫ 1

0

∥∥∂tρ(τ)
t

∥∥2
−1,ρ(τ)

t

dt+ 1
2F(ρ(τ))− 1

2F(ρ0)

≥ 1
4τ d

2(ρ0, ρ
(τ)) + 1

2F(ρ(τ))−F(ρ0).

(4.28)

The last inequality above follows from the Benamou-Brenier formula (B.27) for the
Wasserstein distance. Finally, using ρ(τ) ⇀ ρ with the narrow lower semicontinuity of F

lim inf
τ→0

J FP
τ (ρ(τ)|ρ0)− 1

4τ d
2(ρ0, ρ

(τ)) ≥ 1
2F(ρ)− 1

2F(ρ0). (4.29)
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4.5 Proof of the recovery sequence

In this section I prove the upper bound of the Mosco convergence (4.27), in the strong
topology of PS2 (R). The proof is based on the following density argument2:

Proposition 4.5.1. Let (U , d) be a metric space and let V be a dense subset of U .
Assume that Fn, F∞ : U → R for n ≥ 1 are such that:

(a) Fn(v)→ F∞(v) for all v ∈ V,

(b) for every u ∈ U there exists a sequence vn ∈ V with vn → u and F∞(vn)→ F∞(u).

Then for every u ∈ U there exists a sequence wn ∈ V, with wn → u such that Fn(wn)→
F∞(u).

Proof. The proof is by a diagonal argument. Take any u ∈ U and take the corresponding
sequence vn → u such that F∞(vn)→ F∞(u). By assumption, for any v ∈ V and L > 0
there exists a nL,v such that for any n ≥ nL,v there holds d(Fn(v), F∞(v)) < 1/L.
Define

ln :=


1, 1 ≤ n < n2,v2 ,

2, n2,v2 ≤ n < max{n2,v2 , n3,v3},
. . .

Take the subsequence wn := vln . Observe that ln → ∞ as n → ∞ such that indeed
vln → u, and:

d(Fn(vln), F∞(u)) ≤ d(Fn(vln), F∞(vln))︸ ︷︷ ︸
≤ 1
ln

+d(F∞(vln), F∞(u))→ 0.

For a fixed ρ0 satisfying the assumptions of Theorem 4.4.1, I will apply Proposi-

2A similar idea can be found in [Bra02, Rem 1.29]; Proposition 4.5.1 is slightly stronger in that one
does not need to show the upper bound where Fn and ρn converge simultaneously. I thank the CASA
group at TU Eindhoven for their help with this proof during a fruitful ‘Wednesday morning session’.



56 CHAPTER 4. THE FOKKER-PLANCK EQUATION, PART II

tion 4.5.1 to the situation where

U := PS2 (R),

V := V(ρ0) =
{
ρ(x) dx ∈ PS2 (R) : inf

x∈K
ρ(x) > 0 for all compact K ⊂ R,

I(ρ) <∞,
∫
|Φ′|2 dρ <∞, and

there exists a M > 0 such that ρ0(x) = ρ(x) for all |x| > M
}
,

F1/τ (ρ) := J FP
τ (ρ |ρ0)− 1

4τ d(ρ0, ρ)2

F∞(ρ) := 1
2F(ρ)− 1

2F(ρ0).

First I prove the pointwise convergence assumption (a) of Proposition 4.5.1, i.e.

Proposition 4.5.2. Assume that ρ0 ∈ PS2 (R) such that the density is bounded from
below by a positive constant in every compact set, and E(ρ0),

∫
|Φ′|2 dρ0 and I(ρ0) are

all finite. If Φ ∈ C2(R) satisfies either Assumption 4.2.2 or 4.2.1, then for every fixed
ρ ∈ V(ρ0)

J FP
τ (ρ |ρ0)− 1

4τ d(ρ0, ρ)2 −−−→
τ→0

1
2F(ρ)− 1

2F(ρ0).

Proof. Take ρ ∈ V(ρ0) and let ρ(·) be the geodesic that connects ρ0 and ρ. Below it will
be proven that I(ρt) and

∫ 1
0 |Φ

′|2 dρt are uniformly bounded in t, so that for this curve

J̃ FP
τ (ρ(·)) = 1

4τ

∫ 1

0
‖∂tρt − τ(∂xxρt + ∂x(ρtΦ′))‖

2
−1,ρt dt

≤ 3
4τ

∫ 1

0
‖∂tρt‖2−1,ρt dt+ 3τ

4

∫ 1

0
‖∂xxρt‖2−1,ρt dt+ 3τ

4

∫ 1

0
‖∂x(ρtΦ′)‖2−1,ρt dt

≤ 3
4τ d(ρ0, ρ)2 + 3τ

4

∫ 1

0
I(ρt) dt+ 3τ

4

∫ 1

0

∫
|Φ′|2 dρt dt <∞,

which follows from the Benamou-Brenier formula (B.27) together with the definition of
the ‖ · ‖−1,ρt -norm. By applying Corollary 4.3.5 and Young’s inequality

lim
τ→0
J FP
τ (ρ|ρ0)− 1

4τ d(ρ0, ρ)2

≤ lim
τ→0

1
2F(ρ)− 1

2F(ρ0) + τ

2

∫ 1

0
I(ρt) dt+ τ

2

∫ 1

0

∫
|Φ′|2 dρt dt

= 1
2F(ρ)− 1

2F(ρ0).

The pointwise convergence then follows from this together with the lower bound (4.29).
I now prove the uniform bounds on I(ρt) and

∫
|Φ′|2 dρt. Let T : R → R be the

Wasserstein-optimal map that transports ρ0 to ρ. On the real line, the map T can be
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determined via cumulative distribution functions as follows [Vil03, Sect. 2.2]). Let F and
G the cumulative distribution functions of ρ0 and ρ, i.e.

F (x) :=
∫ x

−∞
ρ0(x) dx and G(x) :=

∫ x

−∞
ρ(x) dx.

Then
T = G−1 ◦ F (4.30)

The geodesic that connects ρ0 and ρ is then given by

ρt(x) := Tt#ρ0(x), with Tt(x) := (1− t)x+ tT (x).

First I prove that I(ρt) is uniformly bounded with respect to t. Observe that, since
the densities ρ0, ρ are absolutely continuous (by assumption), the functions F and G are
differentiable everywhere with G′(x) = ρ(x) > 0. This implies that T has a classical
derivative everywhere. Rewrite (4.30) as G(T (x)) = F (x); differentiation yields obtain
the Monge-Ampère equation:

ρ0(x) = ρ(T (x))T ′(x),

or equivalently (recall that ρ(x) > 0),

T ′(x) = ρ0(x)
ρ(T (x)) . (4.31)

First consider this equation for |x| ≥ M . Recall that ρ ∈ V(ρ0) implies that there is
a M > 0 such that ρ0(x) = ρ(x) for all |x| > M . Consequently, for all |x| > M , there
holds F (x) = G(x), so that T (x) = (G−1 ◦ F )(x) = x, and T ′(x) ≡ 1.

Now consider (4.31), restricted to the interval [−M,M ]. Because ρ0(x) and ρ(T (x))
are absolutely continuous (on a bounded interval), (4.31) implies that T ′(x) is also abso-
lutely continuous and strictly positive. Therefore that the derivative of T ′ exists almost
everywhere; this derivative T ′′ will be used in the following. Moreover |T ′(x)| is bounded,
which is essential in the estimates below.

Since ρ(·) is the geodesic between ρ0 and ρ, the following Monge-Ampère equation
holds for 0 ≤ t ≤ 1

ρt(x) = ρ(T1−t(x))T ′1−t(x), (4.32)

Because ρ(T1−t(x)) and T ′1−t(x) are both absolutely continuous in x, the function ρt(x)
is also absolutely continuous in x, and the ρ′t in I(ρt) =

∫
|ρ′t|2/ρt dt is the classical
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derivative. Substituting (4.32) in the Fisher information:

I(ρt) =
∫ (ρ′t(x))2

ρt(x) dx

=
∫ [(ρ(T1−t(x))T ′1−t(x)

)′]2
ρ(T1−t(x))T ′1−t(x) dx

=
∫ [

ρ′(T1−t(x))T ′1−t(x)2 + ρ(T1−t(x))T ′′1−t(x)
]2

ρ(T1−t(x))T ′1−t(x) dx

≤ 2
∫ (ρ′(T1−t(x)))2 (T ′1−t(x))4

ρ(T1−t(x))T ′1−t(x) dx+ 2
∫ (ρ(T1−t(x)))2 (T ′′1−t(x))2

ρ(T1−t(x))T ′1−t(x) dx

= 2
∫ (ρ′(T1−t(x)))2

ρ(T1−t(x)) (T ′1−t(x))3 dx+ 2
∫
ρ(T1−t(x))

(T ′′1−t(x))2

T ′1−t(x) dx. (4.33)

Note that in the inequality above follows from (a+ b)2 ≤ 2(a2 + b2).

To proceed I will estimate each term in the right-hand side of (4.33) using the fact
that |T ′(x)| is bounded and I(ρ0), I(ρ) <∞. For the first part∫ (ρ′(T1−t(x)))2

ρ(T1−t(x)) (T ′1−t(x))3 dx =
∫ (ρ′(T1−t(x)))2

ρ(T1−t(x)) (T ′1−t(x))(T ′1−t(x))2 dx

≤ C2
∫ (ρ′(T1−t(x)))2

ρ(T1−t(x)) (T ′1−t(x)) dx

= C2
∫ (ρ′(x))2

ρ(x) dx

= C2I(ρ). (4.34)

Since T ′′(x) = 0 for all |x| > M the calculation for the second part of (4.33) can be
restricted to the interval [−M,M ]:∫

ρ(T1−t(x))
(T ′′1−t(x))2

T ′1−t(x) dx =
∫ M

−M
ρ(T1−t(x))

(T ′′1−t(x))2

T ′1−t(x) dx

=
∫ M

−M
ρ(T1−t(x)) ((1− t)T ′′(x))2

T ′1−t(x) dx

=
∫ M

−M
ρ(T1−t(x))T ′1−t(x)

(
T ′(x)(1− t)
T ′1−t(x)

)2(
T ′′(x)
T ′(x)

)2
dx

(4.35)
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Observe that for x ∈ [−M,M ]

T ′′(x)
T ′(x) = (log(T ′(x)))′

= (log(ρ0(x))− log(ρ(T (x)))′

= ρ′0(x)
ρ0(x) −

ρ′(T (x))T ′(x)
ρ(T (x)) .

Substituting this into (4.35), and again using (a+ b)2 ≤ 2(a2 + b2) yields∫
ρ(T1−t(x))

(T ′′1−t(x))2

T ′1−t(x) dx ≤ 2
∫ M

−M
ρ(T1−t(x))T ′1−t(x)

(
ρ′0(x)
ρ0(x)

)2
dx

+ 2
∫ M

−M
ρ(T1−t(x))T ′1−t(x)

(
ρ′(T (x))T ′(x)

ρ(T (x))

)2
dx

= 2
∫ M

−M

ρ(T1−t(x))T ′1−t(x)
ρ0(x) · (ρ′0(x))2

ρ0(x) dx

+ 2
∫ M

−M

ρ(T1−t(x))T ′1−t(x)T ′(x)
ρ(T (x)) · (ρ′(T (x)))2

ρ(T (x)) T ′(x) dx

≤ C

(∫ M

−M

(ρ′0(x))2

ρ0(x) dx+
∫ M

−M

(ρ′(T (x)))2

ρ(T (x)) T ′(x) dx
)

≤ C(I(ρ0) + I(ρ)). (4.36)

The uniform boundedness of the Fisher information then follows from (4.33), (4.34) and
(4.36):

I(ρt) =
∫ (ρ′t(x))2

ρt(x) dx ≤ C(I(ρ0) + I(ρ)).

To prove that
∫
|Φ′|2 dρt is uniformly bounded, observe that ρt(x) = ρ(x) for |x| > M ,

so that ∫
|Φ′(x)|2ρt(x) dx =

∫ M

−M
|Φ′(x)|2ρt(x) dx+

∫
|x|>M

|Φ′(x)|2ρt(x) dx

=
∫ M

−M
|Φ′(x)|2ρt(x) dx+

∫
|x|>M

|Φ′(x)|2ρ(x) dx

≤ C
∫ M

−M
ρt(x) dx+

∫
|x|>M

|Φ′(x)|2ρ(x) dx

≤ C +
∫
|Φ′(x)|2ρ(x) dx <∞.

Finally, I prove assumption (b) of Proposition 4.5.1, which concludes the proof of the
recovery sequence in Theorem 4.4.1.
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Lemma 4.5.3. Assume that ρ0 ∈ PS2 (R) such that the density is bounded from below by
a positive constant in every compact set, and E(ρ0),

∫
|Φ′|2 dρ0 and I(ρ0) are all finite.

Let Φ ∈ C2(R) satisfy either Assumption 4.2.2 or 4.2.1. Then for any ρ ∈ PS2 (R) there
exists a sequence ρ(τ) in V(ρ0) such that ρ(τ) → ρ in the strong PS2 (R)-topology, and
F(ρ(τ))→ F(ρ).

The proof is by a special cut-and-glue argument (see Figure 4.1). For a given measure
ρ ∈ P2(R), another measure is constructed that is in some sense nice and close to ρ in
a compact set, and equal to ρ0 outside of it. To do so, I first find an interval such that
the contribution of both measures ρ0, ρ to the functionals S and E is small outside that
interval. Then cut out the part of ρ0 that lies outside the interval, mollify it to ensure both
positivity and smoothness, and then add a quadratic decay to keep the Fisher information
finite (a linear decay is not sufficient.). For ρ0, keep the tails and add a quadratic decay.
The approximating probability measure is then produced by a linear combination of the
above constructed measures.

Proof. Take a ρ1 ∈ PS2 (R) with E(ρ1) < ∞ (otherwise the construction is trivial).
First observe that, because

∫
x2ρ1(dx),

∫
x2ρ0(dx) and S(ρ0),S(ρ1) are all finite, the

integrals
∫
|ρ1 log ρ1|,

∫
|ρ0 log ρ0| are also finite [JKO98, Eq. (15)]. Secondly,

∫
|Φ| dρ1

and
∫
|Φ| dρ0 are also finite since Φ is bounded from below in both Assumptions 4.2.2

and 4.2.1. Therefore, for any τ > 0 there exist Lebesgue points M−τ < −1 and M+
τ > 1

of ρ1 such that (to ease notation I assume that −M−τ = M+
τ =: Mτ )

ρ0(−Mτ ), ρ1(−Mτ ) < min
{

τ

|Φ(−Mτ )| ,
τ

M2
τ

}
and

ρ0(Mτ ), ρ1(Mτ ) < min
{

τ

|Φ(Mτ )| ,
τ

M2
τ

}
(4.37a)∫

|x|>Mτ

(
ρ0 + |ρ0 log ρ0|+ x2ρ0 + |Φ|ρ0

)
< τ, (4.37b)∫

|x|>Mτ

(
ρ1 + |ρ1 log ρ1|+ x2ρ1 + |Φ|ρ1

)
< τ. (4.37c)

Define a new density by cutting the tails of ρ1, and mollifying it by the Gaussian θt
from Lemma 4.3.3:

µ(τ) := (ρ1 1[−Mτ ,Mτ ]) ∗ θtτ , (4.38)
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where tτ is chosen sufficiently small such that∫ Mτ

−Mτ

|µ(τ) − ρ1| < τ, (4.39a)∫ Mτ

−Mτ

|Φµ(τ) − Φρ1| < τ and
∫ Mτ

−Mτ

|x2µ(τ) − x2ρ1| < τ, (4.39b)∣∣∣∣ ∫ Mτ

−Mτ

(
µ(τ) logµ(τ) − ρ1 log ρ1

)∣∣∣∣ < τ, (4.39c)

µ(τ)(−Mτ ) < min
{

τ
|Φ(−Mτ )| ,

τ
M2
τ

}
and µ(τ)(Mτ ) < min

{
τ

|Φ(Mτ )| ,
τ
M2
τ

}
,

(4.39d)
µ(τ)(x) > 0 whenever |x| ≤Mτ . (4.39e)

Observe that property (4.39d) is feasible, because −Mτ and Mτ are Lebesgue points of
ρ1 and

µ(τ)(Mτ ) ≤ (ρ1 ∗ θtτ )(Mτ ) and µ(τ)(−Mτ ) ≤ (ρ1 ∗ θtτ )(−Mτ ).

In order to construct a suitable approximating sequence for ρ1, small intervals around
−Mτ andMτ are needed where bounds of the type (4.37a) and (4.39d) still hold. Indeed,
because of (4.39d) and the continuity of Φ, there exists 0 < aτ < 1 such that for all
x ∈ [−Mτ − aτ ,−Mτ + aτ ]:

ρ0(x) < τ, and ρ0(−Mτ ) < min
{

τ

|Φ(x)| ,
τ

x2

}
, (4.40a)

µ(τ)(x) < τ, and µ(τ)(−Mτ ) < min
{

τ

|Φ(x)| ,
τ

x2

}
, (4.40b)

and for all x ∈ [Mτ − aτ ,Mτ + aτ ]:

ρ0(x) < τ, and ρ0(Mτ ) < min
{

τ

|Φ(x)| ,
τ

x2

}
, (4.40c)

µ(τ)(x) < τ, and µ(τ)(Mτ ) < min
{

τ

|Φ(x)| ,
τ

x2

}
. (4.40d)

Note that by assumption Mτ > 1, so that the two intervals can not overlap.

Now, using these intervals, replace the tails of µ(τ), which were introduced by the
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mollification, by quadratically decaying tails (see Figure 4.1)

ν(τ)(x) =



µ(τ)(x), |x| ≤Mτ ,(
x−Mτ−aτ

aτ

)2
µ(τ)(Mτ ), Mτ < x < Mτ + aτ ,(

x+Mτ+aτ
aτ

)2
µ(τ)(−Mτ ), −Mτ − aτ < x < −Mτ ,

0, |x| ≥Mτ + aτ .

On the other hand, the approximation sequence for ρ1 requires the same tails as ρ0; these
tails are captured by (see Figure 4.1)

ν
(τ)
0 (x) =



0, |x| ≤Mτ − aτ ,(
x−Mτ+aτ

aτ

)2
ρ0(Mτ ), Mτ − aτ < x < Mτ ,(

x−aτ+Mτ

aτ

)2
ρ0(−Mτ ), −Mτ < x < −Mτ + aτ ,

ρ0(x), |x| ≥Mτ .

Finally, the approximating sequence is defined as a normalised sum of ν and ν0:

ρ(τ)(x) := ατ ν
(τ)(x) + ν

(τ)
0 (x), (4.41)

where ‖ · ‖1 abbreviates the L1(R) norm, and ατ := 1−‖ν(τ)
0 ‖1

‖ν(τ)‖1
.

ν(τ)

µ(τ)

−Mτ Mτ

(a) Cut the tails, add quadratic decay.

ρ0

ν
(τ)
0

−Mτ Mτ

(b) Crop the tails, add quadratic decay.

Figure 4.1: The construction of ν(τ) and ν(τ)
0 .

Now I check that the sequence ρ(τ) indeed lies in Q(ρ0). By construction, ρ(τ) has
the same tails as ρ0, and it is bounded from below a positive constant on compact sets.
Moreover, it is straight-forward that

∫
x2 dν

(τ)
0 ,

∫
x2 ν(τ),

∫
|Φ′|2 dν(τ)

0 ,
∫
|Φ′|2 dν(τ) and,

I(ν(τ)
0 ) are all finite; I(ν(τ)) is finite by Lemma 4.3.3. Then the functionals

∫
x2 dρ(τ),
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|Φ′|2 dρ(τ) are also finite. To check that the Fisher information remains finite:

I(ρ(τ)) =
∫ (

ατ ν
(τ)′ + ν

(τ)
0
′)2

ατ ν(τ) + ν
(τ)
0

dx

≤ 2
∫ (

ατ ν
(τ)′
)2

ατ ν(τ) + ν
(τ)
0

dx+ 2
∫ (

ν
(τ)
0
′)2

ατ ν(τ) + ν
(τ)
0

dx

≤ 2
∫ (

ατ ν
(τ)′
)2

ατ ν(τ) dx+ 2
∫ (

ν
(τ)
0
′)2

ν
(τ)
0

dx

= 2ατI(ν(τ)) + 2I(ν(τ)
0 ) <∞.

The finiteness of the Fisher information and the HWI inequality [Vil09, Cor. 20.13] imply
that also S(ρ(τ)) <∞, so that indeed ρ(τ) ∈ Q(ρ0).

Next, the convergence properties of the sequence ρ(τ) are checked. First I show that
ρ(τ) → ρ1 in L1(R). Since ‖ν(τ)

0 ‖1 → 0 and ‖ν(τ)‖1 → 1, the normalisation constant
also converges: ατ → 1. Therefore,∫
|ρ(τ) − ρ1| =

∫ ∣∣∣ατν(τ) + ν
(τ)
0 − ρ1

∣∣∣
≤
∫ Mτ

−Mτ

∣∣∣ατµ(τ) − µ(τ)
∣∣∣+
∫ Mτ

−Mτ

|µτ − ρ1|+
∫
|x|>Mτ

ατν
(τ) +

∫
|x|>Mτ

ρ1 +
∫
ν

(τ)
0

≤
∫ Mτ

−Mτ

∣∣∣ατµ(τ) − µ(τ)
∣∣∣+
∫ Mτ

−Mτ

|µτ − ρ1|+ ατµ
(τ)(−Mτ )

∫ −Mτ

−Mτ−aτ

(
x+Mτ+aτ

aτ

)2

+ ατµ
(τ)(Mτ )

∫ Mτ+aτ

Mτ

(
x−Mτ−aτ

aτ

)2
+
∫
|x|>Mτ

ρ1 + ‖ν(τ)
0 ‖1

≤ |ατ − 1|
∫ Mτ

−Mτ

µ(τ) +
∫ Mτ

−Mτ

|µτ − ρ1|+ ατaτ µ
(τ)(−Mτ ) + ατaτ µ

(τ)(Mτ )

+
∫
|x|>Mτ

ρ1 + ‖ν(τ)
0 ‖1

≤ |ατ − 1|+ τ + ατµ
(τ)(−Mτ ) + ατµ

(τ)(Mτ ) + τ + ‖ν(τ)
0 ‖1 −−−→

τ→0
0, (4.42)

where the last line follows from aτ < 1 together with (4.39a) and (4.37c).

Secondly, I check the convergence of the second moments
∫
x2ρ(τ) →

∫
x2ρ1. Observe

that there is a uniform bound on∫ Mτ

−Mτ

x2µ(τ) ≤
∫ Mτ

−Mτ

∣∣∣x2µ(τ) − x2ρ1

∣∣∣+∫ Mτ

−Mτ

x2ρ1
(4.39b)
< τ+

∫
x2ρ1 ≤ 1+

∫
x2ρ1 (4.43)
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for τ ≤ 1. Moreover, for the right-side quadratic tail of ν(τ):

∫ Mτ+aτ

Mτ

x2ν(τ) =
∫ Mτ+aτ

Mτ

x2
(
x−Mτ − aτ

aτ

)2
µ(τ)(Mτ ) dx

≤
∫ Mτ+aτ

Mτ

x2 µ(τ)(Mτ ) dx
(4.40d)
< τ aτ ≤ τ, (4.44)

and similarly for the other quadratically decaying parts of ν(τ) and ν(τ)
0 . Therefore∫

|x2ρ(τ) − x2ρ1| ≤
∫
|ατx2ντ − x2ν(τ)|+

∫
|x2ν(τ) − x2ρ1|+

∫
x2ν

(τ)
0

≤ |ατ − 1|
∫ Mτ

−Mτ

x2µ(τ) + |ατ − 1|
∫
|x|>Mτ

x2ν(τ) +
∫ Mτ

−Mτ

|x2µ(τ) − x2ρ1|

+
∫
|x|>Mτ

x2ν(τ) +
∫
|x|>Mτ

x2ρ1 +
∫ Mτ

−Mτ

x2ν
(τ)
0 +

∫
|x|>Mτ

x2ρ0

≤ |ατ − 1|
(

1 +
∫
x2ρ1 + 2τ

)
+ 7τ → 0

as τ → 0, where the last line follows from (4.43), (4.44), (4.37b), (4.37c) and (4.39b).
Since the sequence ρ(τ) converges strongly in L1(R) to ρ1 by (4.42), it also converges
narrowly. Together with the convergence of the second moments, this implies convergence
in the Wasserstein distance [Vil03, Th. 7.12], which was to be shown.

Thirdly, it needs to be checked that E(ρ(τ))→ E(ρ1); this is proven in the same way
as the convergence of the second moments above, where x2 is replaced by the potential
Φ(x).

Finally, I prove the convergence of the entropies S(ρ(τ))→ S(ρ1). Because of

|S(ρ(τ))− S(ρ1)| ≤ |S(ν(τ))− S(ρ1)|+ |S(ρ(τ))− S(ν(τ))|, (4.45)

it suffices to show that both differences on the right-hand side vanish. For the first
difference:

S(ν(τ)) =
∫ Mτ

−Mτ

(
ν(τ) log ν(τ)−ρ1 log ρ1

)
+
∫ Mτ

−Mτ

ρ1 log ρ1+
∫
Mτ<|x|<Mτ+aτ

ν(τ) log ν(τ)

→ S(ρ1).

Here, the first term vanishes by (4.39c), and the third term, containing the quadratic-
ally decaying tails, vanishes because µ(τ)(−Mτ ) and µ(τ)(Mτ ) vanish. For the second
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difference in (4.45):

|S(ρ(τ))− S(ν(τ))| ≤
∫ Mτ−aτ

−Mτ+aτ

∣∣∣ατµ(τ) logατµ(τ) − µ(τ) logµ(τ)
∣∣∣︸ ︷︷ ︸

(I)

+
∫
Mτ−aτ≤|x|≤Mτ+aτ

∣∣∣ρ(τ) log ρ(τ) − ν(τ) log ν(τ)
∣∣∣︸ ︷︷ ︸

(II)

+
∫
|x|>Mτ+aτ

|ρ0 log ρ0|︸ ︷︷ ︸
(III)

.

It will now be shown that each of the three parts convergence to 0 as τ → 0. For the
first part, because of (4.39c),

(I) =
∫ Mτ−aτ

−Mτ+aτ

∣∣∣ατµ(τ) log
(
ατµ

(τ)
)
− µ(τ) logµ(τ)

∣∣∣
≤ |ατ − 1|

∫ Mτ−aτ

−Mτ+aτ

∣∣∣µ(τ) logµ(τ)
∣∣∣+ ατ logατ

∫ Mτ−aτ

−Mτ+aτ
|µ(τ)| → 0.

For the second part, observe that by assumptions (4.40a),(4.40b),(4.40c),(4.40b), there
holds for Mτ − aτ ≤ |x| ≤Mτ :

ν
(τ)
0 (x) ≤ ρ0(Mτ ) < τ, ν(τ)(x) = µ(τ)(x) < τ,

and for Mτ ≤ |x| ≤Mτ + aτ :

ν
(τ)
0 (x) = ρ0(x) < τ, ν(τ)(x) ≤ µ(τ)(Mτ ) < τ.

Therefore, since aτ < 1:

(II) ≤
∫
Mτ−aτ≤|x|≤Mτ+aτ

(
|ρ(τ) log ρ(τ)|+ |ν(τ) log ν(τ)|

)
=
∫
Mτ−aτ≤|x|≤Mτ+aτ

∣∣∣(ατν(τ) + ν
(τ)
0 ) log(ατν(τ) + ν

(τ)
0 )
∣∣∣

+
∫
Mτ−aτ≤|x|≤Mτ+aτ

|ν(τ) log ν(τ)|

→ 0.

Finally, part (III) converges to 0 by assumption (4.37b).
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4.6 From large deviations to entropy-dissipation inequal-
ity

In the last sections, I have focused on connecting discrete-time large-deviations to the
minimising movement scheme. I mention here that a stronger result can be achieved in
the continuous-time setting, by coupling the continuous-time rate J̃ FP

τ to an entropy-
dissipation inequality. This connection is described in [ADPZ12, Sect 4.2]; it is possible
that this was known before, but I haven’t been able to find earlier explicit mention of it.

To explain this connection, assume Φ satisfies either Assumption 4.2.2 or 4.2.1. For
any fixed T > 0, let ρ(·) : [0, T ]→ P2(Rd) be a Wasserstein-continuous curve such that
F(ρ0) < ∞ and J̃T (ρ(·)) < ∞. Then by Proposition 4.3.1 and [FN11, Lem. 2.1], the
rate functional can be written as:

4J̃ FP
T (ρ(·)) =

∫ T

0
‖∂tρt‖2−1,ρt dt+

∫ T

0
‖∆ρt + div(ρt∇Φ)‖2−1,ρt dt+ 2F(ρ1)− 2F(ρ0).

This motivates the definition

Ψ(ρ, q) := ‖q‖2−1,ρt and Ψ∗(ρ, p) = 1
4

∫
| ∇p|2 dρ

which are, at least formally, convex duals by the definition of the norm (see Section B.4 in
the Appendix). Identifying the functional derivative F ′(ρ) with its gradient gradL2 F(ρ) =
log ρ+ 1 + Ψ, the rate functional can be rewritten as:

4J̃ FP
T (ρ(·)) =

∫ T

0
Ψ(ρt, ∂tρt) dt+

∫ T

0
Ψ∗(ρt,−2F ′(ρt)) dt+ 2F(ρ1)− 2F(ρ0).

Clearly, J̃ FP
T (ρ(·)) = 0 if the curve ρ(·) solves the Fokker-Planck equation (4.1). On the

other hand, the right-hand side is 0 if the curve ρ(·) is a gradient flow, in the sense of the
entropy-dissipation inequality (1.16).

4.7 Discussion

We have seen that the discrete-time large deviations can be expressed in terms of the
continuous-time large-deviations by taking an infimum over Wasserstein-continuous curves.
Moreover, the chain rule can be applied to such curves, which results in Corollary 4.3.5.
From this result, the lower bound of the Mosco-Convergence Theorem follows almost
immediately. By special density argument, it sufficed to prove pointwise convergence
and convergence of the limit functional for the recovery sequence. Finally, we have seen
that, using the results that are derived earlier in this chapter, the continuous-time large-
deviations define an entropy-dissipation inequality.

The main result, Theorem 4.4.1 moves beyond the previous chapter in two important
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ways. First of all, this result is absolute, in the sense that it does not depend on a
Conjecture. Secondly, the potential Φ does not need to lie in C2

b (R). Nevertheless, the
sub- or superquadratic classes considered in this Chapter do not include the entire space
C2
b (R). By combining the results of Chapters 3 and 4, the result is actually true for any

potential Φ = Φs + Φb, where Φs is either from the sub- or superquadratic class, and
Φb ∈ C2

b (R).
It is not a coincidence that the finiteness of the Fisher information plays a crucial role in

this chapter. The form (4.26) suggests that, if one would extend the Mosco-convergence
result to a higher order, the next (order τ -) term should be∫ 1

0
‖∆ρt + div(ρt∇Φ)‖2−1,ρt dt,

for some connecting curve between ρ0 and ρ. As was used in the beginning of the proof
of 4.5.2, this is bounded by the functionals I(ρt) and

∫
|∇Φ|2 dρt.

Let me also comment on the fact that the recovery sequence of Section 4.5 could only
be constructed in one dimension. The critical point where the argument fails in higher
dimensions is the proof of Proposition 4.5.2, for a number of reasons:

1. In order to prove that the optimal transport map T between two measures with equal
tails leaves the tails unchanged, I used an explicit formula of optimal transport maps
in terms of cumulative distribution functions, which only works in one dimension.

2. In order to bound a higher-dimensional version of (4.33), one would need to justify
the use of second derivatives of T , and obtain global estimates of the first and
second derivatives. In his book from 2003, Villani notes the lack of results in this
direction [Vil03, p. 141]. Today, much more is known about regularity of transport
maps, but I haven’t been able to find any results that match this case (see for
example [Vil09, Ch. 12] and [FK10]). Moreover, most known results assume that
the two marginals of the transport problem are supported in a compact set, and
bounded from below in that set; for such measures the Fisher information would be
infinity.

3. The higher-dimensional version of (4.33) involves the factor ∇detDT1−t. Even if
the above-mentioned global estimates would exist, it is not straight-forward how to
bound this factor in terms of bounds on derivatives of T .

Finally, there are apparently two ways to couple large deviations to gradient flows: in
discrete time and in continuous time. At this stage, it is unclear how the two connections,
that seem to be equivalent, can be related. This will be further discussed in Chapter 8.
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Chapter 5

Diffusion with decay or reactions

5.1 Introduction
In this chapter I explore the connection between large deviations and gradient flows for
two related evolution equations, namely, the diffusion equation with decay:

∂tρt = ∆ρt − λρt in Rd × (0,∞), (5.1)

for some λ > 0, and a system of reaction-diffusion equations:

∂tρ1,t = ∆ρ1,t − λ1ρ1,t + λ2ρ2,t in Rd × (0,∞),
∂tρ2,t = ∆ρ2,t + λ1ρ1,t − λ2ρ2,t in Rd × (0,∞). (5.2)

for some λ1, λ2 > 0. Observe that the second evolution is mass-conserving, while the
first is not. In order to apply the techniques from Chapter 2 to (5.1), I will add the
decayed mass back to the system, but in a different form. This results in system (5.2)
with λ2 = 0. The decayed, or ‘dark’ matter that was added to the system can be ignored
later on, which brings us back to the diffusion equation with decay (5.1). Therefore, (5.1)
and (5.2) can be dealt with by the same method; the focus will be on the first.

The method in this chapter follows the lines of Section 1.9, but with a twist. In
Section 5.3, I construct a suitable microscopic particle system for (5.2) with λ2 = 0. Next,
in Section 5.4, I calculate the discrete-time large-deviation rate for this particle system,
and prove a small-time asymptotic development of the rate by Mosco convergence in
Section 5.5. It turns out that the resulting functional does not define a minimising
movement scheme of the form (1.9), since it includes terms of the order 1, − log t and
1/t. Nevertheless, it can be interpreted as a more general variational iteration scheme;
this interpretation is explained formally in Section 5.2 below. It is proven in Section 5.6

This chapter is based on joint work with Mark Peletier. The results in this chapter and Chapter 3
are submitted for publication in Communications in Contemporary Mathematics [PRV11].
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that the variational scheme indeed convergences to the solution of (5.2) with λ2 = 0.
After this, in Section 5.7, I discuss how these results can be adapted to apply to the
diffusion equation with decay (5.1), general systems of reaction-diffusion equations (5.2),
and the Fokker-Planck equation with decay. Finally, I reflect upon the used methods and
results of this chapter in Section 5.8.

5.2 The variational iteration scheme

The variational schemes for (5.1) and (5.2) are similar to the minimising movement
scheme:

u
(τ)
k ∈ arg min

u∈U
Kτ (u|u(τ)

k−1), (5.3)

with the difference (cf. (1.9)) that the functional Kτ (u|u0) can not be written as F(u) +
1
2τ d(u0, u)2 for some entropy F and distance d. Strictly speaking, this means that the
resulting variational scheme can no longer be seen as an approximation of a true gradient
flow. Nevertheless, schemes of the more general form (5.3) can still be meaningful con-
cepts, and, as we will see, they can arise naturally from the fluctuations of microscopic
particle systems. The following examples illustrate the main ideas.

Example 1: Wasserstein gradient flow. Recall from Section 1.7 that solutions of the
diffusion equation are gradient flows of entropy S with respect to the Wasserstein metric
d, in the sense of minimising movements. For this construction, one should chose for the
minimising functional in (5.3) (the superscript stands for ‘Diffusion equation’):

KDf
τ (ρ|ρ0) := 1

2S(ρ)− 1
2S(ρ0) + 1

4τ d(ρ0, ρ)2, (5.4)

and for the space, U = P2(Rd). Fix an ρ(τ)
0 = ρ0 ∈ P2(Rd), and define the sequence ρ(τ)

k

iteratively through (5.3). Then the piecewise constant approximation ρ(τ)
bt/τc converges

in L1(Rd × (0, T )) to the solution ρt of the diffusion equation ∂tρt = ∆ρt with initial
condition ρ0 [JKO98].

Example 2: exponential decay. As in some other cases [ATW93, LS95], it will be
useful to consider more general time-discrete constructions, namely of the form

Kτ (a|a0) = F(a; a0) + dτ (a0, a). (5.5)

In this example, fix some 0 < rτ < 1 and let the state space be U = R+. Take for F a
mixing entropy with parameter a0,

F(a; a0) := a log a+ (a0 − a) log(a0 − a) for 0 < a < a0, (5.6)
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and for fτ the expression

dτ (a0, a) := −a log e−λτ − (a0 − a) log(1− e−λτ ). (5.7)

Then, the sequence of (unique) minimisers of the variational scheme (5.3) are given by

a
(τ)
k = a

(τ)
k−1e

−λτ = a
(τ)
0 e−λτk.

Therefore, if a(τ)
0 = a0 is fixed, and τ → 0, the piecewise constant interpolation t 7→

a
(τ)
bt/τc = a0e

−λτbt/τc converges in time to a0e
−λt, which is the solution of the decay

equation
∂tat = −λat

with initial condition a0 ∈ R.
While this construction may appear to be a convoluted way of arriving at this result,

it appears naturally in the context of a specific stochastic system of particles1. Below I
will consider this construction in integrated form (the superscript Dc stands for ‘Decay
equation’):

KDc
τ (ρ|ρ0) := −S(ρ0) + S(ρ) + S(ρ0−ρ)−

∣∣ρ∣∣ log e−λτ −
∣∣ρ0−ρ

∣∣ log(1− e−λτ )

on the space of non-negative finite Borel measuresM(Rd) with the total variation norm
|ρ| := ρ(Rd). Observe that compared to (5.5–5.7), there is an additional term −S(ρ0).
This term does not influence the minimiser, but it ensures that the minimum is 0, which
will be needed below.

Synthesis of examples 1 and 2. In this chapter, the last two examples are merged in
a single variational scheme. In the case of the diffusion equation with decay (5.1), for
instance, the discrete algorithm approximating (5.1) becomes

ρ
(τ)
k ∈ arg min

ρ∈M+
2 (Rd)

Kτ (ρ|ρ(τ)
k−1),

where

Kτ (ρ|ρ0) := inf
ρND:|ρ+ρND|=|ρ0|

− 1
2S(ρ+ ρND)− 1

2S(ρ0) + 1
4τ d(ρ+ ρND, ρ0)2

+ S(ρ) + S(ρND)− |ρ| log e−λτ − |ρND| log(1− e−λτ )
(5.8)

1As suggested by one of the referees of our article, this particular form arises as the quenched
large-deviation rate of a system of independent exponentially distributed decay processes, with a =
1
n

#{non-decayed Xi(τ)} and a0 = 1
n

#{non-decayed Xi(0)}.
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andM+
2 (Rd) is the space of non-negative measures of finite second moment. To interpret

the formula above, one should realise that the infimum over the measure ρND in the
formula above represents a choice: in each time step, the system designates a portion
ρND ≥ 0 for decay (the index ND stands for ‘Normal to Decayed’), while the other part
ρ ≥ 0 remains ‘normal’.

The terms inside the infimum can be written as KDf
τ (ρ+ ρND|ρ0) +KDc

τ (ρ|ρ+ ρND),
and one can understand the structure of (5.8) through this splitting. The functional
KDf
τ (ρ+ ρND|ρ0) characterises a single time-step of diffusion of ρ0, according Example 1

above. Decay is left out of this step, since the joint mass ρ+ ρND is independent of the
distribution over normal (ρ) and decayed matter (ρND). In a second step, given a choice
for ρ+ ρND, the second functional KDc

τ (ρ|ρ+ ρND) describes how the total mass ρ+ ρND
is divided over ρ and ρND, as we have seen in Example 2 above. As such, ρ + ρND can
be interpreted as an intermediate state between ρ0 and ρ.

Indeed, I will prove in Section 5.6 that the sequence defined by (5.8) converges to the
solution of (5.1). First, in Sections 5.5 and 5.4, I prove that the functional (5.8) can be
derived from the large-deviation rate of a microscopic particle system; this particle system
is introduced in the next section.

5.3 Microscopic particle system

As briefly mentioned in the introduction of this chapter, the diffusion equation with de-
cay (5.1) is not mass-conserving, which leads to a number of complications. For instance,
the large-deviation results from Chapter 2 can not be applied directly, and the Wasser-
stein distance between two time instances of a solution is not defined. To overcome this,
I assume that all decayed matter continues to exist after its decay, but in a different form.
I thus distinguish between normal, non-decayed matter, denoted by N , and decayed or
dark matter, denoted by D, so that (5.1) transforms into{

∂tρN,t = ∆ρN,t − λρN,t, Rd × (0,∞),
∂tρD,t = ∆ρD,t + λρN,t, Rd × (0,∞).

(5.9)

I now construct a microscopic particle model for system (5.9). The particles are
described by independent random processes (X1(t),M1(t)), (X2(t),M2(t)), . . . in Rd ×
{N,D}. The initial positions and states of the particles are chosen deterministically to
match the conditions of the discrete-time large deviations, i.e. (Xi(0),Mi(0)) = (xi, µi)
for all i ≥ 1, such that n−1∑N

i=1 δ(xi,µi)⇀ρ0 as n → ∞ for a given ρ0 ∈ P(Rd ×
{N,D}). This condition is equivalent to

1
n

n∑
i=1
µi=N

δxi( · )⇀ρN,0( · ) := ρ0( · × {N}) and 1
n

n∑
i=1
µi=D

δxi( · )⇀ρD,0( · ) := ρ0( · × {D}).
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The motion of all particles in Rd is assumed to be independent of their motion in {N,D}
(this construction will yield separate terms for each process in the rate functional). The
motion in Rd is chosen to be Brownian, i.e. governed by the Gausian transition probability
θt, defined by (1.21). For the motion in {N,D}, the time after which a particle changes
from N to D is taken to be exponentially distributed with rate λ. Since decay is a one-way
street, the probability for a particle to change back from D to N must be zero. This
results in a probability for a particle to change from state µ to ν, during time t > 0, of

r(t)
µν :=


e−λt, µν = NN,

1− e−λt, µν = ND,

0, µν = DN,

1, µν = DD.

Denote Ln(t) := n−1∑n
i=1 δ(Xi(t),Mi(t)), where Xi(t) ∈ Rd and Mi(t) ∈ {N,D} are

the random position and state of the ith particle after time t > 0. By Theorem 2.3.3,
Ln(t) indeed converges (weakly) to the solution at time t of the system (5.9) with initial
condition (ρN,0, ρD,0). In this sense, the thus defined particle system is a valid microscopic
interpretation of the diffusion-decay equation (5.1) (if the dark matter is ignored).

5.4 Large deviations

I will now calculate the large-deviation rate for the above defined particle system. While
the focus in this chapter lies on the diffusion equation with decay (5.1), the above defined
particle system suggests to consider not only (5.1) but also the augmented system of
equations (5.9). Moreover, in contrast to the previous chapters, the special structure of
the decay process forces to keep track of more information: not only of the total amount
of dark matter, but of both the pre-existing dark matter and the normal matter that is
converted to dark matter in the present time step, separately2. All required information
is now captured in the triple empirical measure in P({N,D} × Rd × {N,D})

L̂n(t) := 1
n

n∑
i=1

δ(µi,Xi(t),Mi(t)).

The large-deviation rate for L̂n(t) is easily calculated by first calculating the large-deviation
rate for the ‘full’ empirical measure in P(Rd×{N,D}×Rd×{N,D}), and then applying
a contraction to the first marginal.

Indeed, by Theorem 2.4.3, the measure n−1∑n
i=1 δ(xi,µi,Xi(t),Mi(t)) satisfies the large-

2It turns out that if one does not keep track of which part of the decayed matter was normal in the
previous time-step, then the asymptotic development of that discrete-time rate functional will allow for
decayed matter to turn back into normal matter.
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deviation principle in P(Rd × {N,D} × Rd × {N,D}) with good rate functional
∑

µ=N,D
ν=N,D

H(qµν |ρµ,0 r(t)
µν θt), if q( · × {N} × Rd × {N,D}) = ρN,0(·)

and q( · × {D} × Rd × {N,D}) = ρD,0(·),

∞, otherwise,

(5.10)

writing qµν(dx dy) = q(dx × {µ} × dy × {ν}). Note that definitions (1.5) and (1.24)
indeed allow for non-negative finite Borel measures that are not necessarily probability
measures.

It follows from (5.10) and the Contraction Principle [DZ87, Th. 4.2.1] that the triple
empirical measure L̂n(t) satisfies the large-deviation principle in P({N,D}×Rd×{N,D})
with good rate functional (the superscript stands for ‘Diffusion equation with Decay’)

Ĵ DfDc
t (ρNN , ρND, ρDD|ρN,0, ρD,0) :=

inf
{ ∑
µν=NN,ND,DD

inf
qµν∈Γ (ρµν,0,ρµν)

H
(
qµν |ρµ,0 r(t)

µν θt

)
:

ρNN,0, ρND,0 ∈M+(Rd) such that ρNN,0 + ρND,0 = ρN,0

}
. (5.11)

Here ρµν is the final-time matter of type ν that was initially of type µ, and similarly
ρµν,0 is that part of the initial distribution ρµ,0 that will become of type ν after time t
(see Figure 5.1). Observe that the term H(qDN |0) is zero if and only if qDN ≡ 0 almost
everywhere, and ∞ otherwise; indeed no mass is allowed to change from D to N . Hence
the dependency on ρDN can be omitted.

ρN,0

ρD,0

ρN

ρD

ρNN,0

ρND,0

ρDD,0

qNN

qND

qDD

ρNN

ρND

ρDD

Figure 5.1: Notation for the various measures in the diffusion-decay equation. The meas-
ures qµν are pair (coupled) measures, with first and second marginals indicated to the
left and right of the arrows. The various marginals ρµν,0 and ρµν combine as indicated to
form the observed normal (ρN,0 and ρN ) and dark matter (ρD,0 and ρD) at the initial and
final times.
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5.5 Mosco convergence of the rate functional

We are now ready to calculate the asymptotic development of the rate functional Ĵ DfDc
τ ,

for τ → 0. The resulting functional is given by

KDfDc
τ (ρNN , ρND, ρDD|ρN,0, ρD,0) := 1

2S(ρDD)− 1
2S(ρD,0) + 1

4τ d(ρD,0, ρDD)2

− 1
2S(ρNN+ρND)− 1

2S(ρN,0) + 1
4τ d(ρN,0, ρNN+ρND)2

+ S(ρNN ) + S(ρND)− |ρNN | log r(τ)
NN − |ρND| log r(τ)

ND.

(5.12)

Observe that r(τ)
ND = 1−e−λτ , so that, contrary to the case of the diffusion equation (5.4)

or the Fokker-Planck equation (3.3), this functional KDfDc
τ includes an extra term of the

order − log τ . Moreover, since r(τ)
NN = e−λτ , there is also an order τ -term, which could

have been neglected in the asymptotic development as τ → 0; I chose not to for reasons
of symmetry, and to simplify calculations (cf. Example 2 in Section 5.2).

Below it is proven that Ĵ DfDc
τ ≈ KDfDc

τ as τ → 0, in the sense of Mosco convergence.
For this convergence, the admissible sets are defined as

E0 :=
{

(ρN,0, ρD,0) ∈M+(Rd)2 : ρN,0 + ρD,0 ∈ PS2 (Rd)
}

;
E(ρN,0, ρD,0) :=

{
(ρNN , ρND, ρDD) ∈M+(Rd)3 : 1

|ρN,0| (ρNN + ρND) ∈ PS2 (Rd)

and 1
|ρD,0|ρDD ∈ P

S
2 (Rd)

}
,

equipped with the product of the weak or strong topologies of P2(Rd) (see Section B.2
in the Appendix). I remark that (ρNN , ρND, ρDD) ∈ E(ρN,0, ρD,0) implies that |ρN,0| =
|ρNN + ρND| and |ρD,0| = |ρDD|.

Theorem 5.5.1. Assume that Conjecture 1.9.1 holds. Then for all (ρN,0, ρD,0) ∈ E0

Ĵ DfDc
τ ( ·NN , ·ND, ·DD|ρN,0, ρD,0)− 1

4τ d(ρN,0 , ·NN + ·ND)2 − 1
4τ d(ρD,0 , ·DD)2

+ | · ND| log r(τ)
ND + | · NN | log r(τ)

NN

M−−−→
τ→0

− 1
2S( ·NN + ·ND)− 1

2S(ρN,0) + 1
2S( ·DD)− 1

2S(ρD,0) + S( ·NN ) + S( ·ND).

(5.13)

in E(ρN,0, ρD,0).

Proof. To reduce clutter I abbreviate ρNT := ρNN + ρND and qNT := qNN + qND. The
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sum over µν = NN,ND in Ĵ DfDc
τ can be rewritten as:

inf
ρNN,0+ρND,0=ρN,0

∑
ν=N,D

inf
qNν∈Γ (ρNν,0,ρNν)

H
(
qNν |ρN,0 r(τ)

Nν θτ

)

= inf
ρNN,0+ρND,0=ρN,0

∑
ν

inf
qNν∈Γ (ρNν,0,ρNν)

∫∫
log
(

dqNT
dρN,0θτ

· dρNν
dρNT

· 1
r

(τ)
Nν

· dqNν
dρNν
dρNT

dqNT

)
qNν

= inf
qNT∈Γ (ρN,0,ρNT )

H(qNT |ρN,0 θτ ) + S(ρNN ) + S(ρND)− S(ρNT )− |ρNN | log r(τ)
NN

− |ρND| log r(τ)
ND + inf

ρNN,0+ρND,0=ρN,0
inf

qNN+qND=qNT
qNN∈Γ (ρNN,0,ρNN )

∑
ν

H
(
qNν

∣∣∣ dρNν
dρNT

qNT

)
.

(5.14)

I now show that the last sum vanishes under the infima. Since |qNν | = |ρNν | = | dρNνdρNT
qNT |,

Gibbs’ inequality can be applied for each ν = N,D:

H
(
qNν

∣∣∣ dρNν
dρNT

qNT

)
≥ 0.

On the other hand, for any given qNT , the measures

q̃NN := dρNN
dρNT

qNT , q̃ND := dρND
dρNT

qNT

and their first marginals ρNN,0( · ) = q̃NN ( · × Rd) and ρND,0( · ) = q̃ND( · × Rd) are
admissible in the infima. It follows that

inf
ρNN,0+ρND,0=ρN,0

inf
qNN+qND=qNT

qNN∈Γ (ρNN,0,ρNN )

∑
ν

H
(
qNν

∣∣∣ dρNν
dρNT

qNT

)
≤
∑
ν

H
(
q̃Nν

∣∣∣ dρNν
dρNT

qNT

)
= 0.

(5.15)

Hence the rate functional, consisting of (5.14) plus the relative entropy over µν = DD,
can be written as

Ĵ DfDc
τ (ρNN , ρND, ρDD|ρN,0, ρD,0) =

inf
qNT∈Γ (ρN,0,ρNT )

H(qNT |ρN,0θτ ) + inf
qDD∈Γ (ρD,0,ρDD)

H(qDD|ρD,0θτ )

+ S(ρNN ) + S(ρND)− S(ρNT )− |ρNN | log r(τ)
NN − |ρND| log r(τ)

ND. (5.16)

Lower Bound. To prove the lower bound of the Mosco convergence, fix (ρN,0, ρD,0) ∈ E0

and take any narrowly convergent sequence

(ρ(τ)
NN , ρ

(τ)
ND, ρ

(τ)
DD)⇀(ρNN , ρND, ρDD) in E(ρN,0, ρD,0).
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Again, I write ρ(τ)
NT = ρ

(τ)
NN + ρ

(τ)
ND. Combining (5.11), (5.13), and (5.16), it needs to be

proven that

lim inf
τ→0

inf
qNT∈Γ (ρN,0,ρ(τ)

NT
)
H(qNT |ρN,0 θτ )− 1

4τ d(ρN,0, ρ(τ)
NT )2

+ inf
qDD∈Γ (ρD,0,ρ(τ)

DD
)
H(qDD|ρD,0 θτ )− 1

4τ d(ρD,0, ρ(τ)
DD)2 + S(ρ(τ)

NN ) + S(ρ(τ)
ND)− S(ρ(τ)

NT )

≥ − 1
2S(ρNT )− 1

2S(ρN,0) + 1
2S(ρDD)− 1

2S(ρD,0) + S(ρNN ) + S(ρND).
(5.17)

The lower bound is now proven for a number of terms separately.

• By assumption, |ρN,0|−1ρ
(τ)
NT lies in PS2 (Rd). If Conjecture 1.9.1 is true for probability

measures, it also holds for measures of different mass, so that:

lim inf
τ→0

inf
qNT∈Γ (ρN,0,ρ(τ)

NT
)
H(qNT |ρN,0 θτ )− 1

4τ d(ρN,0, ρ(τ)
NT )2 ≥ 1

2S(ρNT )− 1
2S(ρN,0).

(5.18)
Similarly, |ρD,0|−1ρ

(τ)
DD ∈ PS2 (Rd) and so:

lim inf
τ→0

inf
qDD∈Γ (ρD,0,ρ(τ)

DD
)
H(qDD|ρD,0 θτ )− 1

4τ d(ρD,0, ρ(τ)
DD)2 ≥ 1

2S(ρDD)− 1
2S(ρD,0).

(5.19)

• Since the function (x, y) 7→ x log x + y log y − (x + y) log(x + y) is convex, the
functional

F : (ρNN , ρND) 7→ S(ρNN ) + S(ρND)− S(ρNN + ρND)

is also convex, and lower semicontinuous in E(ρN,0, ρD,0) with the narrow topology
[Giu03, Th. 4.3]:

lim inf
τ→0

S(ρ(τ)
NN ) + S(ρ(τ)

ND)− S(ρ(τ)
NT ) ≥ S(ρNN ) + S(ρND)− S(ρNT ). (5.20)

The required lower bound (5.17) then follows from (5.18), (5.19) and (5.20).

Recovery Sequence. Fix (ρN,0, ρD,0) ∈ E0 and (ρNN , ρND, ρDD) ∈ E(ρN,0, ρD,0). To
construct a recovery sequence (ρ(τ)

NN , ρ
(τ)
ND, ρ

(τ)
DD)⇀(ρNN , ρND, ρDD), first take two recovery

sequences ρ(τ)
DD → ρDD and ρ(τ)

NT → ρNN+ρND in the strong topology from Conjecture 1.9.1
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such that

lim sup
τ→0

inf
qDD∈Γ (ρD,0,ρ(τ)

DD
)
H(qDD|ρD,0θτ )− 1

4τ d(ρD,0, ρ(τ)
DD)2 = 1

2S(ρDD)− 1
2S(ρD,0),

(5.21)

lim sup
τ→0

inf
qNT∈Γ (ρN,0,ρ(τ)

NT
)
H(qNT |ρN,0θτ )− 1

4τ d(ρN,0, ρ(τ)
NT )2 = 1

2S(ρNN + ρND)− 1
2S(ρN,0).

(5.22)

Contrary to the case of the lower bound, I define ρ(τ)
NN and ρ(τ)

ND in terms of ρ(τ)
NT :

ρ
(τ)
NN := dρNN

d(ρNN + ρND)ρ
(τ)
NT ρ

(τ)
ND := dρND

d(ρNN + ρND)ρ
(τ)
NT .

Here the Radon-Nikodym derivatives are set to 1 on null sets of ρNN +ρND. Observe that
by definition of the strong topology S(ρ(τ)

NT ) → S(ρNN + ρND). By Lemma B.2.1 in the
Appendix, this implies that ρ(τ)

NT → ρNN +ρND and ρ(τ)
NT log ρ(τ)

NT → (ρNN +ρND) log(ρNN +
ρND) strongly in L1(Rd), if the sequence is redefined by its convergent subsequence.
Therefore, with 0 ≤ α(x) := dρNN

d(ρNN+ρND) (x) ≤ 1

|S(ρ(τ)
NN )− S(ρNN )| =

∣∣∣∣∫ αρ(τ)
NT logαρ(τ)

NT −
∫
α · (ρNN + ρND) logα · (ρNN + ρND)

∣∣∣∣
≤
∣∣∣∣∫ αρ(τ)

NT log ρ(τ)
NT −

∫
α(ρNN + ρND) log(ρNN + ρND)

∣∣∣∣
+
∣∣∣∣∫ ρ(τ)

NT α logα−
∫

(ρNN + ρND)α logα
∣∣∣∣

≤
∫ ∣∣∣ρ(τ)

NT log ρ(τ)
NT − (ρNN + ρND) log(ρNN + ρND)

∣∣∣
+ 1
e

∫ ∣∣∣ρ(τ)
NT − (ρNN − ρND)

∣∣∣
→ 0,

and analogously for ρ(τ)
ND. Collecting the convergence results:

S(ρ(τ)
NN )→ S(ρNN ), S(ρ(τ)

ND)→ S(ρND) and S(ρ(τ)
NT )→ S(ρNN + ρND). (5.23)
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Then it follows from (5.21), (5.22), and (5.23) that (ρ(τ)
NN , ρ

(τ)
ND, ρ

(τ)
DD) is a recovery se-

quence, i.e.

lim sup
τ→0

inf
qNT∈Γ (ρN,0,ρ(τ)

NT
)
H(qNT |ρN,0θτ )− 1

4τ d(ρN,0, ρ(τ)
NT )2

+ inf
qDD∈Γ (ρD,0,ρ(τ)

DD
)
H(qDD|ρD,0θτ )− 1

4τ d(ρD,0, ρ(τ)
DD)2 + S(ρ(τ)

NN ) + S(ρ(τ)
ND)− S(ρ(τ)

NT )

≤ − 1
2S(ρNN + ρND)− 1

2S(ρN,0) + 1
2S(ρDD)− 1

2S(ρD,0) + S(ρNN ) + S(ρND).

This concludes the proof of Theorem 5.5.1.

5.6 Convergence of the variational scheme
Finally, I show that the functional KDfDc

τ in (5.12) indeed defines a variational formulation
of the diffusion-decay equation (5.1). In view of completeness, and of generalisations to
diffusion-reaction equations that I will discuss in Section 5.7, I prove convergence of the
full scheme, including the dark matter, to the system of equations (5.9). I then derive
the corresponding result for the single diffusion-decay equation (5.1) by minimising over
the dark matter (see Section 5.7), a procedure essentially the same as the contraction
principle in the theory of large deviations. Note that, to keep track of the dark matter,
the matter that decays in each time step should be added to the dark matter already
present from the previous iteration.

Theorem 5.6.1. Let ρ0 ∈ PS2 (Rd) and define the sequence {(ρ(τ)
N,k, ρ

(τ)
D,k)}k≥0 by:

(ρ(τ)
N,0, ρ

(τ)
D,0) = (ρ0, 0),

and for k ≥ 1:

(ρ(τ)
NN,k, ρ

(τ)
ND,k, ρ

(τ)
DD,k) ∈ arg min

ρNN+ρND+ρDD∈PS2 (Rd)
KDfDc
τ (ρNN , ρND, ρDD|ρ(τ)

N,k−1, ρ
(τ)
D,k−1),

(5.24a)

(ρ(τ)
N,k, ρ

(τ)
D,k) = (ρ(τ)

NN,k, ρ
(τ)
ND,k + ρ

(τ)
DD,k). (5.24b)

These minimisers exist uniquely, and as τ → 0 the pair (ρ(τ)
N,bt/τc, ρ

(τ)
D,bt/τc) converges

weakly in L1(Rd × (0, T ))× L1(Rd × (0, T )) for all T > 0 to the solution of (5.9) with
initial condition (ρ0, 0).

The proof of this theorem is based on [JKO98]. Note that when λ→ 0, then |ρND| should
vanish in (5.12) to prevent blow-up; indeed, in that case

KDfDc
τ (ρNN , 0, ρDD|ρ(τ)

N,k−1, ρ
(τ)
D,k−1) = KDf

τ (ρNN |ρ(τ)
N,k−1) +KDf

τ (ρDD|ρ(τ)
D,k−1).
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Proof. The theorem contains two main statements: existence and uniqueness of min-
imisers, and the convergence of time-discrete solutions. I first discuss the existence
and uniqueness of minimisers. By slightly rewriting (5.24a) one can minimise, for fixed
(ρ(τ)
N,k−1, ρ

(τ)
D,k−1) ∈ PS2 (Rd), the functional

(ρNN , ρNT , ρDD) 7→ KDfDc
τ (ρNN , ρNT − ρNN , ρDD|ρ(τ)

N,k−1, ρ
(τ)
D,k−1)

=− 1
2S(ρNT )− 1

2S(ρ(τ)
N,k−1) + 1

4τ d(ρ(τ)
N,k−1, ρNT )2

+ 1
2S(ρDD)− 1

2S(ρ(τ)
D,k−1) + 1

4τ d(ρ(τ)
D,k−1, ρDD)2

+ S(ρNN ) + S(ρNT − ρNN )− |ρNN | log r(τ)
NN − |ρNT − ρNN | log r(τ)

ND.

(5.25)

The negative sign of the term − 1
2S(ρNT ) makes this minimisation problem slightly non-

trivial; I will therefore proceed in steps. For fixed ρNT , the functional

Fτ (ρNN ) := S(ρNN ) + S(ρNT − ρNN )− |ρNN | log r(τ)
NN − |ρNT − ρNN | log r(τ)

ND

is convex and has a unique stationary point that satisfies

0 = log ρNN − log(ρNT − ρNN )− log r(τ)
NN + log r(τ)

ND,

implying that ρNN := r
(τ)
NNρNT is the unique global minimiser of F . Therefore, at every

step k (see Figure 5.1)

ρ
(τ)
N,k = ρ

(τ)
NN,k = r

(τ)
NNρ

(τ)
NT,k and ρ

(τ)
ND,k = r

(τ)
NDρ

(τ)
NT,k. (5.26)

The problem of minimising (5.25) can now be reduced to the minimisation of

(ρNT , ρDD) 7→KDfDc
τ (r(τ)

NNρNT , r
(τ)
NDρNT , ρDD|ρ

(τ)
N,k−1, ρ

(τ)
D,k−1)

= 1
2S(ρNT )− 1

2S(ρ(τ)
N,k−1) + 1

4τ d(ρ(τ)
N,k−1, ρNT )2

+ 1
2S(ρDD)− 1

2S(ρ(τ)
D,k−1) + 1

4τ d(ρ(τ)
D,k−1, ρDD)2, (5.27)

which consists of two decoupled minimisation problems, for which existence and unique-
ness of minimisers are proved in [JKO98, Prop. 4.1].

The compactness of the sequence (ρ(τ)
N,bt/τc, ρ

(τ)
D,bt/τc) is based on the same principle

as in [JKO98], but with a twist. The central observation is again that (ρ(τ)
N,k−1, ρ

(τ)
D,k−1) is

admissible in (5.27), leading to the estimate

1
2τ d(ρ(τ)

N,k−1, ρ
(τ)
NT,k)2+ 1

2τ d(ρ(τ)
D,k−1, ρ

(τ)
DD,k)2 ≤ −S(ρ(τ)

NT,k)+S(ρ(τ)
N,k−1)−S(ρ(τ)

DD,k)+S(ρ(τ)
D,k−1).
(5.28)

However, the migration of mass from normal to dark matter means that upon summing
this estimate over k, terms in the right-hand side do not cancel. Below I establish the a
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priori estimates

M2(ρ(τ)
N,k + ρ

(τ)
D,k) :=

∫
|x|2d(ρ(τ)

N,k + ρ
(τ)
D,k) ≤ C (5.29)

bT/τc∑
k=1

d(ρ(τ)
N,k−1, ρ

(τ)
NT,k)2 + d(ρ(τ)

D,k−1, ρ
(τ)
DD,k)2 ≤ Cτ, (5.30)

where the constant C only depends on the initial data and on the maximal time T . As
in [JKO98] these provide the appropriate tightness in space (by (5.29)) and continuity in
time (by (5.30)) to conclude that there exists a subsequence such that (ρ(τ)

N,bt/τc, ρ
(τ)
D,bt/τc)→

(uN , uD), weakly in L1(Rd × (0, T ))× L1(Rd × (0, T )).

I now prove (5.29) and (5.30). Recall from [JKO98] the estimates

−S(ρ) ≤ C (M2(ρ) + 1)α for some 0 < α < 1 and for all ρ ∈M+(Rd),
(5.31)

M2(ρ1) ≤ 2M2(ρ0) + 2d(ρ0, ρ1)2 for all ρ0, ρ1 ∈M+(Rd) with |ρ0| = |ρ1|.

Therefore, for any n ∈ N such that nτ ≤ T ,

M2(ρ(τ)
N,n + ρ

(τ)
D,n) ≤ 2M2(ρN,0 + ρD,0) + 2d(ρ(τ)

N,n + ρ
(τ)
D,n, ρN,0 + ρD,0)2. (5.32)

The second term above is then estimated by

d(ρ(τ)
N,n + ρ

(τ)
D,n, ρN,0 + ρD,0)2 ≤

[ n∑
k=1

d(ρ(τ)
N,k + ρ

(τ)
D,k, ρ

(τ)
N,k−1 + ρ

(τ)
D,k−1)

]2

≤ n

n∑
k=1

d(ρ(τ)
N,k + ρ

(τ)
D,k, ρ

(τ)
N,k−1 + ρ

(τ)
D,k−1)2

= n

n∑
k=1

d(ρ(τ)
NT,k + ρ

(τ)
DD,k, ρ

(τ)
N,k−1 + ρ

(τ)
D,k−1)2

≤ n

n∑
k=1

d(ρ(τ)
NT,k, ρ

(τ)
N,k−1)2 + d(ρ(τ)

DD,k, ρ
(τ)
D,k−1)2, (5.33)

where the last line follows from the definition of the Wasserstein metric (1.18).

Some properties of the entropy S are also needed:

S(αρ+ βρ) = S(αρ) + S(βρ)− α|ρ| log α

α+ β
− β|ρ| β

α+ β
,

for all α, β > 0 and ρ ∈M+(Rd),
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and in general

S(ρ1 + ρ2) ≤ S(ρ1) + S(ρ2)− |ρ1| log |ρ1|
|ρ1 + ρ2|

− |ρ2| log |ρ2|
|ρ1 + ρ2|

for any ρ1, ρ2 ∈M+(Rd).

The first follows from simple calculation, and the second can be proved by writing ρ1+ρ2 =
λ(ρ1/λ) + (1− λ)(ρ2/(1− λ)), applying the convexity of S, and optimising with respect
to λ. Combining these with (5.26) yields

S(ρ(τ)
NT,k) = S(ρ(τ)

NN,k) + S(ρ(τ)
ND,k)− |ρ(τ)

NN,k| log r(τ)
NN − |ρ

(τ)
ND,k| log r(τ)

ND, and (5.34)

S(ρ(τ)
D,k) ≤ S(ρ(τ)

ND,k) + S(ρ(τ)
DD,k)− |ρ(τ)

ND,k| log
|ρ(τ)
ND,k|

|ρ(τ)
D,k|

− |ρ(τ)
DD,k| log

|ρ(τ)
DD,k|

|ρ(τ)
D,k|

. (5.35)

Now, putting the ingredients together:

M2(ρ(τ)
N,n + ρ

(τ)
D,n)

(5.32)
≤ 2M2(ρN,0 + ρD,0) + 2d(ρ(τ)

N,n + ρ
(τ)
D,n, ρN,0 + ρD,0)2

(5.33)
≤ C + 2n

n∑
k=1

d(ρ(τ)
N,k−1, ρ

(τ)
NT,k)2 + d(ρ(τ)

D,k−1, ρ
(τ)
DD,k)2

(5.28)
≤ C + 4nτ

n∑
k=1
S(ρ(τ)

N,k−1)− S(ρ(τ)
NT,k) + S(ρ(τ)

D,k−1)− S(ρ(τ)
DD,k)

(5.34),(5.35)
≤ C + 4T

n∑
k=1
S(ρ(τ)

N,k−1)− S(ρ(τ)
N,k) + S(ρ(τ)

D,k−1)− S(ρ(τ)
D,k) + |ρ(τ)

NN,k| log r(τ)
NN

+ |ρ(τ)
ND,k| log r(τ)

ND − |ρ
(τ)
ND,k| log

|ρ(τ)
ND,k|

|ρ(τ)
D,k|

− |ρ(τ)
DD,k| log

|ρ(τ)
DD,k|

|ρ(τ)
D,k|

(5.36)
≤ C + 4T

n∑
k=1
S(ρ(τ)

N,k−1)− S(ρ(τ)
N,k) + S(ρ(τ)

D,k−1)− S(ρ(τ)
D,k)

(5.31)
≤ C + 4T

[
S(ρN,0) + S(ρD,0) + C(M2(ρ(τ)

N,n) + 1)α + C(M2(ρ(τ)
D,n) + 1)α

]
≤ C + 4T

[
S(ρN,0) + S(ρD,0) + 2αC(M2(ρ(τ)

N,n + ρ
(τ)
D,n) + 2)α

]
,

where (5.36) is proven below. Therefore M2(ρ(τ)
N,n + ρ

(τ)
D,n) is bounded on finite time inter-

vals, which proves (5.29), and the boundedness of the second line above implies (5.30).

Now to prove (5.36): setting r := r
(τ)
NN , and therefore by (5.26), there holds

|ρ(τ)
N,k| = rk, |ρ(τ)

D,k| = 1− rk, |ρ(τ)
ND,k| = rk − rk−1, and |ρ(τ)

DD,k| = 1− rk−1.
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Then
n∑
k=1
|ρ(τ)
NN,k| log r(τ)

NN + |ρ(τ)
ND,k| log r(τ)

ND − |ρ
(τ)
ND,k| log

|ρ(τ)
ND,k|

|ρ(τ)
D,k|

− |ρ(τ)
DD,k| log

|ρ(τ)
DD,k|

|ρ(τ)
D,k|

=
n∑
k=1

rk log r + (rk−1 − rk) log(1− r)− (rk−1 − rk) log r
k−1 − rk

1− rk

− (1− rk−1) log 1− rk−1

1− rk

=
n∑
k=1

rk log rk − rk−1 log rk−1 + (1− rk) log(1− rk)− (1− rk−1) log(1− rk−1)

= rn log rn + (1− rn) log(1− rn) ≤ 0. (5.36)

This concludes the proof of the compactness and therefore the convergence of a sub-
sequence.

I now determine the equation satisfied by the time-discrete minimisers, using the
method introduced in [JKO98]. After perturbing the minimisers ρ(τ)

NT,k and ρ
(τ)
DD,k by a

push-forward, we find that for all ξ ∈ C∞0 (Rd;Rd),∫∫
(y − x) · ξ(y) qNT (dx dy)− τ

∫
div ξ(y) ρ(τ)

NT,k(y) dy = 0,∫∫
(y − x) · ξ(y) qDD(dx dy)− τ

∫
div ξ(y) ρ(τ)

DD,k(y) dy = 0, (5.37)

where qNT and qDD are the optimal transport plans in d(ρ(τ)
N,k−1, ρ

(τ)
NT,k) and d(ρ(τ)

D,k−1, ρ
(τ)
DD,k).

Using ρ(τ)
N,k = ρ

(τ)
NN,k = r

(τ)
NNρ

(τ)
NT,k and ρ(τ)

D,k = r
(τ)
NDρ

(τ)
NT,k + ρ

(τ)
DD,k as prescribed by (5.24b)

and (5.26), and adding up the equations above to find for all ξ:∫∫
(y − x) · ξ(y) r(τ)

NNqNT (dx dy)− τ
∫

div ξ(y) ρ(τ)
N,k(y) dy = 0,∫∫

(y − x) · ξ(y) (r(τ)
NDqNT + qDD)(dx dy)− τ

∫
div ξ(y) ρ(τ)

D,k(y) dy = 0. (5.38)

As r(τ)
NNqNT ∈ Γ (r(τ)

NNρ
(τ)
N,k−1, ρ

(τ)
N,k) and r

(τ)
NDqNT + qDD ∈ Γ (r(τ)

NDρ
(τ)
N,k−1 + ρ

(τ)
D,k−1, ρ

(τ)
D,k),

(although the second may not be optimal) we have the following bounds for any ζ ∈
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C∞0 (Rd): ∣∣∣∣∫ (ρ(τ)
N,k − r

(τ)
NNρ

(τ)
N,k−1

)
ζ −

∫∫
(y − x) · ∇ζ(y) r(τ)

NNqNT (dx dy)
∣∣∣∣

=
∣∣∣∣∫∫ (ζ(y)− ζ(x) + (x− y) · ∇ζ(y)) r(τ)

NNqNT (dx dy)
∣∣∣∣

≤ 1
2‖∆ζ‖∞ r

(τ)
NN

∫∫
|y − x|2 qNT (dx dy)

= 1
2‖∆ζ‖∞ d(ρ(τ)

N,k−1, ρ
(τ)
NT,k)2,

and similarly,∣∣∣∣∫ (ρ(τ)
D,k − (r(τ)

NDρ
(τ)
N,k−1 + ρ

(τ)
D,k−1)

)
ζ −

∫∫
(y − x) · ∇ζ(y) (r(τ)

NDqNT + qDD)(dx dy)
∣∣∣∣

≤ 1
2‖∆ζ‖∞

(
d(ρ(τ)

N,k−1, ρ
(τ)
NT,k)2 + d(ρ(τ)

D,k−1, ρ
(τ)
DD,k)2

)
.

Applying these bounds to the equations (5.38), with ξ = ∇ζ, yields for all ζ:∣∣∣∣∫ ( 1
τ (ρ(τ)

N,k − r
(τ)
NNρ

(τ)
N,k−1) ζ − ρ(τ)

N,k ∆ζ
)
dy

∣∣∣∣ ≤ 1
2τ ‖∆ζ‖∞ d(ρ(τ)

N,k−1, ρ
(τ)
NT,k)2,

and∣∣∣∣∫ ( 1
τ (ρ(τ)

D,k − r
(τ)
NDρ

(τ)
N,k−1 − ρ

(τ)
D,k−1) ζ − ρ(τ)

D,k ∆ζ
)
dy

∣∣∣∣
≤ 1

2τ ‖∆ζ‖∞
(
d(ρ(τ)

N,k−1, ρ
(τ)
NT,k)2 + d(ρ(τ)

D,k−1, ρ
(τ)
DD,k)2

)
.

Using the weak convergence in L1(Rd× (0, T ))×L1(Rd× (0, T )) of a subsequence (not
relabeled) (ρ(τ)

N,bt/τc, ρ
(τ)
D,bt/τc) to some (uN , uD), we find that for all ζ ∈ C∞0 (Rd× [0, T ]),∣∣∣∣∣

∫ T

0

∫
uN

(
−∂tζ +

(
lim
τ→0

1−r(τ)
NN

τ

)
ζ −∆ζ

)
dy dt

∣∣∣∣∣
0←τ←−−−

∣∣∣∣∣
∫ T

0

∫ (
1
τ

(
ρ

(τ)
N,bt/τc − ρ

(τ)
N,bt/τc−1

)
ζ + 1−r(τ)

NN

τ ρ
(τ)
N,bt/τc−1 ζ − ρ

(τ)
N,bt/τc ∆ζ

)
dx dt

∣∣∣∣∣
≤
bT/τc∑
k=1

1
2‖∆

∫ T
0 ζ‖∞ d(ρ(τ)

N,k−1, ρ
(τ)
NT,k)2

(5.30)
≤ Cτ

τ→0−−−→ 0,
(5.39)
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and for the dark matter:∣∣∣∣∣
∫ T

0

∫ (
−uD ∂tζ −

(
lim
τ→0

rhND
τ

)
uN ζ − uD ∆ζ

)
dy dt

∣∣∣∣∣
0←τ←−−−

∣∣∣∣∣
∫ T

0

∫ (
1
τ

(
ρ

(τ)
D,bt/τc − ρ

(τ)
D,bt/τc−1

)
ζ − r

(τ)
ND

τ ρ
(τ)
N,bt/τc−1 ζ − ρ

(τ)
D,bt/τc ∆ζ

)
dx dt

∣∣∣∣∣
≤
bT/τc∑
k=1

1
2‖∆

∫ T
0 ζ‖∞

(
d(ρ(τ)

N,k−1, ρ
(τ)
NT,k)2 + d(ρ(τ)

D,k−1, ρ
(τ)
DD,k)2

)
(5.30)
≤ Cτ

τ→0−−−→ 0.
(5.40)

From this we see that the limit (uN , uD) indeed solves (5.9) (weakly in L1(Rd× (0, T ))).
This concludes the proof of Theorem 5.6.1.

5.7 Diffusion with decay, reactions or drift

The results of the previous sections are all with regard to the system (5.9). I will now
explain how these results can be applied to the diffusion equation with decay (5.1) and
systems of reaction-diffusion equations (5.2). In addition, I discuss how these results can
be combined with an additional drift term.

Diffusion with decay. The discrete-time rate functional Ĵ DfDc
τ from (5.11) captures the

fluctuations in both the normal and the dark matter. Another contraction can be used
to ignore the dark matter; the initial dark matter can then be ignored as well. By the
Contraction Principle [DZ87, Th. 4.2.1], the empirical measure 1

n

∑n
i=1 : Mi(τ)=N δXi(τ)

satisfies the large-deviation principle with good rate functional

J DfDc
τ (ρN |ρN,0) = inf

0≤ρNN,0≤ρN,0
|ρNN,0|=|ρN |

inf
q∈Γ (ρNN,0,ρN )

H(qNN |ρNN,0 r(τ)
NN θτ ).

The corresponding functional in the variational scheme (5.3) then becomes:

KDfDc
τ (ρN |ρN,0) = inf

ρND:|ρN+ρND|=|ρN,0|
− 1

2S(ρN+ρND)− 1
2S(ρN,0)+ 1

4τ d(ρN,0, ρN+ρND)2

+ S(ρN) + S(ρND)− |ρN | log r(τ)
NN − |ρND| log r(τ)

ND, (5.41)

which matches the minimisation problem (5.8). The corresponding version of The-
orem 5.6.1 is

Theorem 5.7.1. Let ρ0 ∈ PS2 (Rd) and define the sequence {ρ(τ)
N,k}k≥0 by ρ(τ)

N,0 = ρ0 and
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for k ≥ 1
ρ

(τ)
N,k ∈ arg min

ρ∈M(Rd)
KDfDc
τ (ρ|ρ(τ)

N,k−1).

These minimisers exist uniquely, and as τ → 0 the function ρ(τ)
N,bt/τc converges weakly in

L1(Rd × (0, T )) for all T > 0 to the solution of (5.1) with initial condition ρ0.

Remark 5.7.2. By restricting to measures of mass |ρN | = r
(τ)
NN |ρN,0|, thereby excluding

possible fluctuations in the decay process, (5.41) further reduces to

ρN 7→ 1
2S
(

1
r

(τ)
NN

ρN

)
− 1

2S(ρN,0) + 1
4τ d

(
ρN,0,

1
r

(τ)
NN

ρN

)2
.

A similar scheme to deal with decaying mass can be found in [KW99].

Reaction-diffusion equations. With a slight modification, the results in this chapter
can also be used for a system of reaction-diffusion equations of the form:

∂tρ1,t = ∆ρ1,t − λ1ρ1,t + λ2ρ2,t in Rd × (0,∞),
∂tρ2,t = ∆ρ2,t + λ1ρ1,t − λ2ρ2,t in Rd × (0,∞). (5.2)

There is some choice in the microscopic transition probabilities r(τ)
µν , as long as

lim
τ→0

r
(τ)
12
τ

= λ1, r
(τ)
11 + r

(τ)
12 = 1 and lim

τ→0

r
(τ)
21
τ

= λ2, r
(τ)
22 + r

(τ)
21 = 1.

This suffices to prove convergence of the corresponding variational scheme, similar to
calculations (5.39) and (5.40). The discrete-time large-deviation rate for this microscopic
model is:

(ρ11, ρ12, ρ21, ρ22|ρ1,0, ρ2,0) 7→∑
µ=1,2

inf
ρµ1,0+ρµ2,0=ρµ,0

∑
ν=1,2

inf
γµν∈Γ (ρµν,0,ρµν)

H
(
γµν |ρµ,0 r(τ)

µν θτ

)
,

which Mosco-converges, after subtracting singular terms, to the functional:∑
µ=1,2

[
− 1

2S
(
ρµ1 + ρµ2

)
− 1

2S(ρµ,0) + 1
4τ d
(
ρµ,0, ρµ1 + ρµ2

)2
+
∑
ν=1,2

(
S(ρµν)− |ρµν | log r(τ)

µν

) ]
. (5.42)

In the same way as in Theorem 5.6.1, this functional defines a variational formulation for
the system of diffusion-reaction equations (5.2).
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Diffusion with drift and decay. The results of this chapter can be easily combined
with the results of Chapters 3 and 4, to{

∂tρN,t = ∆ρN,t + div(ρN,t∇Φ)− λρN,t
∂tρD,t = ∆ρD,t + div(ρD,t∇Φ) + λρN,t,

(5.43)

for some potential Φ ∈ C2(Rd). A microscopic model for this system is obtained by
replacing the spatial transition probability θτ in the micro model from Section 5.3 by the
fundamental solution ητ of the Fokker-Planck equation from Definition 3.2.1. The corres-
ponding large-deviation rate functional then simply becomes (5.11) with that transition
probability. By the same arguments of Theorems 3.1.1, 4.4.1 and 5.5.1, the large-deviation
rate functional is related to a variational scheme, defined by the functional:

KFPDc
τ (ρNN , ρND , ρDD |ρN,0, ρD,0) := − 1

2S(ρNN + ρND)− 1
2S(ρN,0) + 1

4τ d(ρN,0, ρNN + ρND)2

+ 1
2S(ρDD)− 1

2S(ρD,,0) + 1
4τ d(ρD,0, ρDD)2

+ S(ρNN) + S(ρND)− |ρNN | log r(τ)
NN − |ρND | log r(τ)

ND

+ 1
2E(ρNN + ρND + ρDD)− 1

2E(ρN,0 + ρD,0).
(5.44)

The convergence of this variational scheme can be proven by a slight adaptation of The-
orem 5.6.1, with the observation that after perturbing with a push-forward, the continuity
equations (5.37) include the additional terms τ

∫
(ξ · ∇Φ) ρ(τ)

NT,k and τ
∫

(ξ · ∇Φ) ρ(τ)
DD,k for

the potential energy. Following the proof of Theorem 5.6.1, these extra terms will result
in the drift terms in (5.43).

5.8 Discussion

In the previous Chapters 3 and 4 we saw that, for the Fokker-Planck equation, the Wasser-
stein minimising movement scheme is closely related to the discrete-time large deviations
of a microscopic particle system. In this chapter, I have exploited such connection to derive
a previously unknown variational iteration scheme from the large deviations of a suitable
microscopic system. Therefore, the novelty of this chapter lies in both the variational
scheme, and in its connection to the microscopic system.

The structure of the variational iteration schemes for the diffusion-decay equation (5.41)
and for reaction-diffusion equations (5.42) has some features that are essentially different
than the minimising movement scheme for the Fokker-Planck equation (3.3):

• The iteration defined in Theorem 5.6.1 is special in that the minimisation is taken
over pairs (ρNN , ρND), and the result is added to the dark matter of the previous
time step. Of course, when ignoring the dark matter, as in (5.41), this step is not
visible in the corresponding iteration scheme of Theorem 5.7.1. In that case, the



88 CHAPTER 5. DIFFUSION WITH DECAY OR REACTIONS

minimising functional has an infimum over ρND , so that the additional minimisation
over ρND is still required in the iteration scheme.

• For the Fokker-Planck equation, it was sufficient to couple the diffusive force and
the external force with one dissipation mechanism, namely the Wasserstein metric.
This is no longer possible in the variational schemes (5.12), (5.41) and (5.42) in this
chapter. Typically, the diffusive forces are coupled to the Wasserstein metric, that
appears with the order τ−1, whereas the decay or reaction processes are coupled to
− log τ -order terms. Indeed, pursuing the analogy with the diffusion step, and with
metric-space gradient flows, one might interpret S(ρNN) + S(ρNT − ρNN) − S(ρNT )
as the as the driving energy behind the decay, by which the dissipation would then
become the (linear!) terms −|ρNN | log r(τ)

NN −|ρND | log r(τ)
ND . Because of these different

orders of τ it is not possible to interpret the variational schemes in this chapter as
minimising movement schemes of some gradient flow.

• The discussion in Section 5.2 and the proof of Theorem 5.6.1 suggest to split the
minimising functional into three parts; two parts that represent the diffusion steps
for normal and decayed matter, and a third part for the decay step. The fact that
the operator can be split into terms for each driving force is related to the indepence
of the processes in the micro model, so that the transition probability is a product
of two probabilities, which can then be split according to calculation (5.14).

It should be noted that the Mosco convergence Theorem 5.5.1 includes Conjecture 1.9.1
as a hypothesis. As we have seen in Chapter 4, this conjecture holds at least in one
dimension, if the initial measure has finite entropy, energy and Fisher information. I
did not include this result in Theorem 5.5.1 in favour of generality and to separate the
arguments. Observe that the finite Fisher information poses an extra technicality: it
is certainly possible to split a measure ρ0 with finite Fisher information into two parts
ρNN,0 + ρND,0 = ρ0 such that both parts have infinite Fisher information.

Finally, let me elaborate on the general approach of this chapter. The Mosco-
convergence Theorem 5.5.1 shows that the discrete-time large-deviation functional Ĵ DfDc

τ

can be approximated by the functional KDfDc
τ for small time steps τ . Although Mosco

convergence is specifically well-suited to prove convergence of minimisers, the used asymp-
totic development of Ĵ DfDc

τ by Mosco convergence does not imply the convergence of the
variational scheme, defined by KDfDc

τ (as far as I am aware). Therefore, this convergence
had to be proven separately, in Theorem 5.6.1. Ideally, one would like to use a suitable
concept that relates Ĵ DfDc

τ to KDfDc
τ for small steps τ , in such a way that the convergence

of the variational scheme follows immediately. Alternative concepts to connect sequences
of functionals are discussed in Chapter 8. Which of these connections is strong enough
to imply convergence of the variational scheme? At this stage I have no idea.



Chapter 6

Diffusion on bounded domains

6.1 Introduction

So far, we have seen gradient flows for parabolic equations on unbounded domains. In
order to extend the ideas of the previous chapters to bounded domains, the boundary
conditions have to be taken into account. The introduction of Wasserstein gradient
flows in [JKO98] has sparked a large amount of research, including how to incorporate
boundary conditions in the entropy-Wasserstein framework. Since the entropy functional
is well-defined on a bounded domain, one would expect that it is mainly the metric that
needs to be adapted. In [DNS09],[FGY11], a number of variations to the Wasserstein
distance are introduced, and used in the study of parabolic equations with Neumann
boundary conditions. Although these variations are sometimes not real distances, they
can still be used as a dissipation mechanism in gradient flows. However, they can only
compare two measures of equal mass. Naturally, there is no need to consider measures of
unequal mass, because the diffusion equation with Neumann boundary conditions is mass-
conserving. To model Dirichlet boundary conditions, another variation to the Wasserstein
distance is proposed in [FG10]. This concept is a real distance on the space of positive
measures with finite second moment, which does compare measures of unequal mass.
The authors prove that the minimising movement scheme, derived from a scaled entropy
functional and this special distance, converges to the diffusion equation with constant
positive Dirichlet boundary conditions.

In light of the work in this thesis, the question arises whether the structure proposed
by Figalli and Gigli is related to the large-deviations behaviour of a microscopic particle
system. With this goal in mind, I study a slightly simpler equation: the diffusion equation

This chapter represents a work in progress.
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with homogeneous Dirichlet boundary conditions1{
∂tρt = ∂yyρt, in (0, 1)× (0,∞),
ρt(0+) = ρt(1−) = 0, for t > 0.

(6.1)

In this form, the Dirichlet boundary conditions should be interpreted in a classical sense,
e.g in C2,1((0, 1)×(0,∞)), or in a trace sense, e.g. in C((0,∞);H2(0, 1)). It will be more
convenient to switch to a measure-theoretic version of (6.1), given by (see Theorem 6.2.2
below)

∂t

∫
(0,1)

φdρt =
∫

(0,1)
φ′′ dρt for all φ ∈ C2

b (0, 1) with φ′(0+) = φ′(1−) = 0. (6.2)

From a probabilistic point of view, (6.2) describes a diffusion process with killing bound-
aries.

Because (6.1) and (6.2) are not mass-conserving, the methods from Chapter 2 can not
be applied directly. To deal with this, I use the same idea as in the previous chapter: first
construct a different system by adding the lost matter back to the system (the additional
mass will be neglected later on). In this case, all matter will remain at the boundary
points once it hits the boundary; this process is called diffusion with sticking boundaries.
In Section 6.2 I describe the measure-theoretic formulation of this process and its fun-
damental solution, and construct a microscopic particle system for this process, taking
the fundamental solution as the transition probability. Since the process with sticking
boundaries is mass-conserving, the discrete-time large-deviation rate is easily calculated
by the method of Chapter 2; this is done in Section 6.3. Analogous to the approach of
Chapter 5, more information will be taken into acount then just the fluctuations in the
empirical measure after a small time-step.

In order to relate the large deviations of this particle system to a gradient-flow-like
structure, and compare this to the structure proposed in [FG10], I study the small-time
asymptotic development of the large-deviation rate. Similar to the method of Chapter 3,
the proof of such development relies heavily on small-time estimates of the fundamental
solution, that I derive in Section 6.4. We will see that the transition probability of the
particle system can be written as an infinite sum over reflections at the boundaries; the
estimates essentially show that for small times, the contribution of these reflections can
be neglected.

Using these estimates and the additional information that was included in the rate
functional, I calculate a small-time development of the rate functional by Γ -convergece
in Section 6.5. In Section 6.6 I elaborate on how this result might be used to construct a
variational iteration scheme for the diffusion equation with Dirichlet boundary conditions;

1The case of non-homogeneous Dirichlet conditions is much harder to fit in the framework of this
thesis, since for independent particles, the rate with which particles are introduced into the domain will
depend on the amount of particles outside the domain.
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this part is still a work in progress. We will see that one possible iteration scheme includes
a term that very much resembles the metric that was introduced in [FG10]. This part is
still work in progress; I have not yet proven the convergence of such schemes. At the end
of the chapter, in Section 6.7, I elaborate more on the results and their interpretation.

6.2 Diffusion with sticking boundaries
The goal of this section is to describe the diffusion process where the lost mass is added
to the boundaries, and to construct a particle system that serves as a microscopic model.
The measure-theoretic formulation of the diffusion process with sticking boundaries is (see
[KT81, Th. 12.1] and [Tai04, Sect. 3.3]):

∂t

∫
[0,1]

φdρt =
∫

[0,1]
φ′′ dρt for all φ ∈ C2[0, 1] with φ′′(0) = 0 = φ′′(1). (6.3)

Remark 6.2.1. For ease of notation, I will sometimes write partial derivatives with respect
to spatial coordinates by the usual ′. Moreover, because of the regularising effect of
diffusion, it can be assumed that solutions consist of an absolutely continuous part and
two atomic parts at the boundaries (see Figure 6.1); this observation motivates to identify
a measure with its density with respect to the measure δ0 + L|(0,1) + δ1.

t = 0 t = 1 t = 2

Figure 6.1: A measure-valued solution of (6.3) with mass added to the boundaries.

Since it may not be immediately clear that (6.3) is indeed the correct formulation with
sticking boundaries, I provide the proof here.

Theorem 6.2.2. Let ρt(dy) = ρt(0) δ0(dy) + ρt(y) dy + ρt(1) δ1(dy), where ρt|(0,1) ∈
C2,1((0, 1)× (0,∞)) for all t > 0. If ρt satisfies (6.3) for all t > 0 then

1. ρt|(0,1) satisfies (6.1) for all t > 0,

2. ∂tρt(0) = ρ′t(0+),

3. ∂tρt(1) = −ρ′t(1−).

Proof. Take any t > 0. First choose an arbitrary φ ∈ C2
c (0, 1). Then (6.3) becomes:

∂t

∫
(0,1)

φ(y)ρt(y) dy =
∫

(0,1)
ρt(y)φ′′(y) dy =

∫
(0,1)

φ(y)ρ′′t (y) dy,
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which proves that ∂tρt = ρ′′t inside (0, 1). Secondly, for an arbitrary φ ∈ C2[0, 1] with
φ′′(0) = 0 = φ′′(1), (6.3) becomes:

∂tφ(0)ρt(0) + ∂t

∫
(0,1)

φρt + ∂tφ(1)ρt(1) = ∂t

∫
[0,1]

φdρt =
∫

[0,1]
φ′′ dρt =

= ρt(0)φ′′(0)︸ ︷︷ ︸
=0

+
∫

(0,1)
ρtφ
′′ + ρt(1)φ′′(1)︸ ︷︷ ︸

=0

=
∫

(0,1)
φρ′′t + ρt(1−)φ′(1)− ρt(0+)φ′(0)− φ(1)ρ′t(1−) + φ(0)ρ′t(0+).

This implies that, because ∂t
∫

(0,1)φρt =
∫

(0,1) φρ
′′
t

∂tφ(0)ρt(0) + ∂tφ(1)ρt(1) = ρt(1−)φ′(1)− ρt(0+)φ′(0)− φ(1)ρ′t(1−) + φ(0)ρ′t(0+).

By choosing appropriate test functions, it then follows that

ρt(0+) = 0, ρt(1−) = 0, ∂tρt(0) = ρ′t(0+), and ∂tρt(1) = −ρ′t(1−).

Remark 6.2.3. Properties 2. and 3. in the theorem above represent the choice where the
mass is stored once it hits the boundary. This particular choice arises naturally from the
fact that the test functions in (6.3) need to be continuous in 0 and 1 to exclude possible
jumps throughout the domain. Of course, properties 2. and 3. are instantiations of Fick’s
Law, which is consistent with diffusion in the interior of the domain.

Similarly to the previous chapters, it will be convenient to have an explicit expression
for the transition probability. Again, I take the transition probability to be the funda-
mental solution of (6.3). This transition probability is given by (see for example [Tai04,
Sect. 3.2]):

ζt(x, dy) := gt(x)δ0(dy) + ζt(x, y) dy + gt(1− x)δ1(dy) (6.4)

with (see Figure 6.2)

ζt(x, y) :=
∞∑

k=−∞
θt(x− y − 2k)− θt(x+ y − 2k),

gt(x) :=
∞∑

k=−∞
ft(x− 2k),

ft(x) := 2
∫ ∞
x

θt(y) dy − 2H(−x) = erfc
(

x√
4t

)
− 2H(−x),

where θt(x) is the Gaussian (1.21) and H(x) =
{

1, x > 0
0, x ≤ 0.

.
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0 1
y

x

ζt(y, x)

t→ 0

0 1
x

1

gt(x)

t→ 0

Figure 6.2: Two subprobability measures: ζt(x, y) is the probability density from x to y
within (0, 1), and gt(x) is the probability to hit the boundary at 0, starting from x.

This transition probability can be derived by the method of reflections2 in the interior
(0, 1). The implementation of Fick’s Law at the left boundary (property 2. of Th. 6.2.2)
then gives ∂tgt(x) = ∂yζt(x, 0+) =

∑
k −2θ′t(x − 2k), which, after a partial integration

yields gt(x) above. It can easily be checked by hand that ζt above indeed solves (6.3),
and that ζt(x, dy)⇀δx(dy) as t→ 0.

Finally, the microscopic particle system can be constructed as follows. Fix the initial
positions X1(0) = x1, X2(0) = x2 etc. such that

Ln(0) := 1
n

n∑
i=1

δxi⇀ρ0 as n→∞

for some arbitrary ρ0 ∈ P([0, 1]) (recall that this initial condition is required to calcu-
late discrete-time large deviations). The dynamics of the particles are described by the
transition probability (6.4), i.e.

Prob(Xi(t) ∈ dy|Xt(0) = x) = ζt(x, dy) for all i ≥ 1.

Again, by Theorem 2.3.3, the empirical measure Ln(t) := 1
n

∑n
i=1 δXi(t)⇀ρ0 ∗ ζt weakly

for akk t > 0. In this sense the particle system is a valid microscopic model for diffusion
with sticking boundaries (6.3), or, when ignoring the mass at the boundaries, for diffusion
with killing boundaries (6.2) or (6.1).

6.3 Large deviations for sticking and killing boundaries
I will now calculate the discrete-time large-deviation rate for the process with sticking
boundaries. The rate for the process with killing boundaries then follows from a constrac-
tion. Observe that the conditions of Theorem 2.4.3 are surely satisfied by the process with
sticking boundaries: the evolution conserves mass, and the transition probability ζt(x, dy)

2The method of reflections is based on the fact that odd functions remain odd under the diffusion
operator. See for example [Str92, Ch. 3].
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is narrowly continuous in x, as a consequence of properties 2. and 3. from Theorem 6.2.2.
Therefore, the pair empirical measure 1/n

∑n
i=1 δ(Xi(0),Xi(t)) satisfies the large-deviation

principle inM([0, 1]× [0, 1]) (with the narrow topology) with good rate functional

γ 7→

{
H(γ|ρ0 ζt), if γ(B × [0, 1]) = ρ0(B) for all Borel B ⊂ [0, 1],
∞, otherwise.

(6.5)

Analogously to the ‘splitting of matter’ in Section 5.4 of the previous chapter, it does not
suffice to contract to the second marginal; more information about the origin of the matter
must be taken into account. This information is captured in (the second coordinate is
added only for ease of notation later on)

L̂n(t) := 1
n


n∑
i=1

Xi(0)∈(0,1)
Xi(t)=0

δXi(0),

n∑
i=1

Xi(0)∈(0,1)
Xi(t)∈(0,1)

δXi(0),

n∑
i=1

Xi(0)∈(0,1)
Xi(t)=1

δXi(0),

n∑
i=1

Xi(t)∈(0,1)

δXi(t)

 .

It follows from the Contraction Principle [DZ87, Th.4.2.1], that L̂n(t) satisfies the large-
deviation principle with good rate functional (the superscript stands for ‘Dirichlet’):

Ĵ Dir
t (ρul,0 , ρuu,0 , ρur,0 , ρ|ρ0) :=

∫
(0,1)

ρul,0 (x) log ρul,0 (x)
ρ0(x)gt(x) dx+ inf

γ∈Γ (ρuu,0 ,ρ)
H(γ|ρ0 ζt)

+
∫

(0,1)
ρur,0 (x) log ρur,0 (x)

ρ0(x)gt(1− x) dx, (6.6)

in the setM(0, 1)4 with the vague topology (see Section A.1 in the Appendix), restricted
to ρul,0 + ρuu,0 + ρur,0 = ρ0 and |ρuu,0 | = |ρ|; otherwise the rate Ĵ Dir

t is implicitly set to
∞. Here, the measures ρul,0 , ρuu,0 , ρur,0 represent the parts of ρ0 that are transported from
the interior (u = (0, 1)) to the left boundary (l = {0}), to the interior u, or to the right
boundary (r = {1}) respectively. The expression (6.6) is found from (6.5) by splitting the
integration domain [0, 1]× [0, 1] inside H into (0, 1)×{0}, (0, 1)× (0, 1) and (0, 1)×{1}.
Because there can be no randomness in the amount of mass that stays at the boundary,
the integrals over {0} × {0} and {1} × {1} are zero unless ρ0({0}) > ρ({0}), in which
case the rate functional is implicitly set to ∞. All other domains are neglected because
the transition probability ζt does not allow such transitions.

An additional Contraction Principle shows that the large-deviation rate functional for
the ‘usual’ empirical measure Ln(t) := n−1∑n

i=1:Xi(t)∈(0,1) δXi(t) is given by

J Dir
t (ρ|ρ0) := inf

ρul,0 ,ρuu,0 ,ρur,0∈M(0,1)
ρul,0 +ρuu,0 +ρur,0 =ρ0
|ρuu,0 |=|ρ|

Ĵ Dir
t (ρul,0 , ρuu,0 , ρur,0 , ρ|ρ0). (6.7)
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This rate functional quantifies the fluctuations in the transition from ρ0 to ρ for the particle
system with killing boundaries. However, as was the case in Chapter 5, the additional
information in the rate functional Ĵ Dir

t is needed in Section 6.5, when calculating the
Γ -limit.

6.4 Estimates for the fundamental solution

Similar to the method used in Chapter 3, I derive estimates for the fundamental solution,
which are needed to prove small-time approximations of the rate functional. The estimates
are collected in the Lemma below.

Lemma 6.4.1. For x, y ∈ (0, 1):

θt(y − x)− θt(y + x)− θt(y + x− 2) ≤ ζt(x, y) ≤ θt(y − x). (6.8)

For any x ∈ (0, 1), and t > 0:

gt(x) ≤

1, 0 < x < 2
√
t/π,

2
√
t

x
√
π
e−

x2
4t , 2

√
t/π ≤ x < 1,

(6.9)

gt(x) ≥


e−2π+2−2

√
π2−2π, 0 < x <

√
πt+

√
πt− 2t,

x+2t/x√
4πt e

− x2
4t ,

√
πt+

√
πt− 2t ≤ x < 1

2 + 1
2
√

1− 4t,
2−x√

4πte
− x2

4t , 1
2 + 1

2
√

1− 4t ≤ x < 1.

(6.10)

Proof. Observe that for x, y ∈ (0, 1) there always holds θt(y − x) ≥ θt(y − x − 1) ≥
θt(y − x− 2) etc. By re-arranging the sum, it follows that

ζt(x, y) =
∑
k

θt(y − x− 2k)− θt(y + x− 2k)

= θt(y − x)

+
∑
k≥1
−θt(y+x−2k) + θt(y−x−2k)︸ ︷︷ ︸

≤0

+
∑
k≥1
−θt(y+x+2(k−1)) + θt(y−x+2k)︸ ︷︷ ︸

≤0

= θt(y − x)− θt(y + x)− θt(y + x− 2)

+
∑
k≥1

θt(y−x−2k)− θt(y+x−2(k+1))︸ ︷︷ ︸
≥0

+
∑
k≥1

θt(y−x+2k)− θt(y+x+2k)︸ ︷︷ ︸
≥0

,

which proves estimate (6.8).
To prove estimates (6.9) and (6.10), first observe that ft(x) is odd in x, and strictly
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decreasing for positive x. Therefore, again by re-arranging the sum

gt(x) =
∑
k

ft(x− 2k)

= ft(x)− ft(2− x) +
∑
k≥1

ft(x+ 2k)− ft(2− x− 2k)︸ ︷︷ ︸
≥0

(6.11)

= ft(x) +
∑
k≥1

ft(x+ 2k)− ft(2k − x)︸ ︷︷ ︸
≤0

. (6.12)

The upper bound (6.9) then follows from a well-known expansion of the complementary
error function, which can be proven as follows:

gt(x)
(6.12)
≤ ft(x) = 1√

π

∫ ∞
x/
√

4t
2yey

2
· 1
y
dy

= 1√
π

[
−e−y

2
· 1
y

]∞
x/
√

4t
− 1√

π

∫ ∞
x/
√

4t
e−y

2 1
y2 dy︸ ︷︷ ︸

≥0

≤ 2
√
t

x
√
π
e−

x2
4t .

In addition, gt(x) ≤ 1 is true for any x ∈ [0, 1].

For the lower bound, the condition x ≥
√
πt +

√
πt− 2t ≥

√
2t guarantees that the

Gaussian θt(y) is convex for all y ≥ x. In that case (see Figure 6.3)

gt(x)
(6.11)
≥ ft(x)− ft(2− x)

= 2
∫ 2−x

x

θt(y) dy

≥ 2
∫ 2−x

x

[θt(x) + (y − x)θ′t(x)]+ dy

= θt(x) min
{
x+ 2t

x , 2− x
}

=


(2− x)θt(x), 0 < x < 1

2 −
1
2
√

1− 4t,
(x+ 2t

x )θt(x), 1
2 −

1
2
√

1− 4t ≤ x < 1
2 + 1

2
√

1− 4t,
(2− x)θt(x), 1

2 + 1
2
√

1− 4t ≤ x < 1,

=
{

(x+ 2t
x )θt(x),

√
πt+

√
πt− 2t ≤ x < 1

2 + 1
2
√

1− 4t,
(2− x)θt(x), 1

2 + 1
2
√

1− 4t ≤ x < 1.
(6.13)

Finally, assume 0 < x <
√
πt+

√
πt− 2t. In this interval, because gt(x) is decreasing
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θt(x)

√
2t x 2− x

x+ 2t
x

Figure 6.3: Bound the integral between x and 2− x from below by a triangle.

in x:

gt(x) > gt(
√
πt+

√
πt− 2t)

(6.13)
≥ x+ t/x√

4πt
e−x

2/4t
∣∣∣
x=
√
πt+
√
πt−2t

= 1 · e−(
√
πt+
√
πt−2t)2/4t = e−2π+2−2

√
π2−2π.

Remark 6.4.2. For the upper bound in (6.8), I believe that a much stronger bound is
also true, namely ζt(x, y) ≤ min{θt(y − x) − θt(y + x), θt(y − x) − θt(y + x − 2). I
haven’t been able to prove this, but the upper bound (6.8) is already strong enough to
prove Γ -convergence of the rate functional.

6.5 Gamma convergence of the rate functional
In this section I prove that the rate functional Ĵ Dir

τ is related, in a Γ -convergence sense,
to the functional

K̂Dir
τ (ρul,0 , ρuu,0 , ρur,0 , ρ) := 1

2S(ρ) + S(ρul,0 ) + 1
2S(ρuu,0 ) + S(ρur,0 )− S(ρ0)

+ d̂Dir(ρul,0 , ρuu,0 , ρur,0 , ρ)2, (6.14)

where

d̂Dir(ρul,0 , ρuu,0 , ρur,0 , ρ)2 :=
∫ 1

0
x2 ρul,0 (dx) + d(ρuu,0 , ρ)2 +

∫ 1

0
(1− x)2 ρur,0 (dx), (6.15)

and d is the Wasserstein metric (1.18).
Before proving any limits, I have to choose a suitable topology on the state space.

Analogous to the previous chapters, I will assume finite entropy as well; the state space
is thus, for any fixed ρ0 ∈M(0, 1):

ES(ρ0) :=
{

(ρul,0 , ρuu,0 , ρur,0 , ρ) ∈M(0, 1)4 : ρul,0 + ρuu,0 + ρur,0 = ρ0, |ρuu,0 | = |ρ| and
S(ρul,0 ),S(ρuu,0 ),S(ρur,0 ),S(ρ) <∞

}
.
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(Note that all finite measures on a bounded domain have finite second moments). One
topology on this space is already suggested by the topology of the large-deviation prin-
ciple (6.6): the vague topology for each coordinate (see Section A.1 in the Appendix),
restricted to the subspace ES(ρ0). At this stage, I have not yet found a suitable stronger
topology for ES(ρ0). To avoid complicating things more than needed, I will use only one
topology on ES(ρ0) only, thereby proving Γ -convergence rather than Mosco convergence
(see Remark B.1.2 in the Appendix).

The precise statement of the relation between Ĵ Dir
τ and K̂Dir

τ is

Theorem 6.5.1. Assume ρ0 ∈MS(0, 1). Then, in ES(ρ0):

Ĵ Dir
τ ( ·ul,0, ·uu,0, ·ur,0, · |ρ0)− 1

4τ d̂
Dir( ·ul,0, ·uu,0, ·ur,0, · )2

Γ−−−→
τ→0

1
2S( · ) + S( ·ul,0) + 1

2S( ·uu,0) + S( ·ur,0)− S(ρ0). (6.16)

Proof. Fix a ρ0 ∈M(0, 1), and rewrite the rate functional (6.6) as

Ĵ Dir
τ (ρul,0 , ρuu,0 , ρur,0 , ρ|ρ0)

= S(ρul,0 )−
∫ 1

0
ρul,0 log ρ0 −

∫ 1

0
ρul,0 log gτ (x) + inf

γ∈Γ (ρuu,0 ,ρ)
H(γ|ρuu,0 ζτ )

+
∫ 1

0

∫ 1

0
γ︸︷︷︸

=ρuu,0

log ρuu,0
ρ0

+ S(ρur,0 )−
∫ 1

0
ρur,0 log ρ0 −

∫ 1

0
ρur,0 log gτ (1− x)

= S(ρul,0 ) + S(ρuu,0 ) + S(ρur,0 )− S(ρ0) + inf
γ∈Γ (ρuu,0 ,ρ)

H(γ|ρuu,0 ζτ )

−
∫ 1

0
ρul,0 log gτ (x)−

∫ 1

0
ρur,0 log gτ (1− x), (6.17)

Lower bound. To prove the lower bound for (6.16), take a convergent sequence
(ρ(τ)

ul,0 , ρ
(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ))→ (ρul,0 , ρuu,0 , ρur,0 , ρ) in ES(ρ0). Then, using (6.17)

lim inf
τ→0

Ĵ Dir
τ (ρ(τ)

ul,0 , ρ
(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ)|ρ0)− 1
4τ d̂

Dir(ρ(τ)
ul,0 , ρ

(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ))2

= lim inf
τ→0

S(ρ(τ)
ul,0 ) + S(ρ(τ)

uu,0 ) + S(ρ(τ)
ur,0 )− S(ρ0)

+ inf
γ∈Γ (ρ(τ)

uu,0 ,ρ
(τ))
H(γ|ρ(τ)

uu,0 ζτ )− 1
4τ d(ρ(τ)

uu,0 , ρ
(τ))2

−
∫ 1

0

(
x2

4τ + log gτ (x)
)
ρ

(τ)
ul,0 (dx)−

∫ 1

0

(
(1−x)2

4τ + log gτ (1− x)
)
ρ

(τ)
ur,0 (dx).

(6.18)
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I now show, in reverse order, that each line in (6.18) is bounded in the limit as τ → 0.
For the last line, there holds, due to estimate (6.9):

−
∫ 1

0

(
x2

4τ + log gτ (x)
)
ρ

(τ)
ul,0 (dx) ≥ −

∫ 2
√
τ/π

0

x2

4τ ρ
(τ)
ul,0 (dx)−

∫ 1

2
√
τ/π

log 2
√
τ

x
√
π
ρ

(τ)
ul,0 (dx)

≥ −
∫ 2
√
τ/π

0

x2

4τ ρ0(dx) ≥ − 1
π

∫ 2
√
τ/π

0
ρ0(dx)→ 0

(6.19)

as τ → 0 since the measure ρ0 is finite and regular. The same argument holds for the
right boundary-terms. For the middle line of (6.18), first apply estimate (6.8), so that

inf
γ∈Γ (ρ(τ)

uu,0 ,ρ
(τ))
H(γ|ρ(τ)

uu,0 ζτ ) ≥ inf
γ∈Γ (ρ(τ)

uu,0 ,ρ
(τ))
H(γ|ρ(τ)

uu,0 θτ ) = J Df
τ (ρ(τ)|ρ(τ)

uu,0 ),

where J Df
τ is the discrete-time large-deviation rate (1.23) for a system of Brownian

particles (up to a normalisation factor, since ρ(τ)
uu,0 and ρ(τ) may not be probability meas-

ures, but they do have equal mass). Naturally, this is also the same for a Fokker-Planck
particle system with a trivial potential (Φ ≡ 0). Therefore, since S(ρ(τ)

uu,0 ) < ∞ by as-
sumption, estimate (4.28) gives:

inf
γ∈Γ (ρ(τ)

uu,0 ,ρ
(τ))
H(γ|ρ(τ)

uu,0 ζτ )− 1
4τ d(ρ(τ)

uu,0 , ρ
(τ))2 ≥ 1

2S(ρ(τ))− 1
2S(ρ(τ)

uu,0 )− τ. (6.20)

For the first line of (6.18), note that, up to subsequences (see, e.g. [AL06, Probl. 9.4] or
[Fre03, Cor. 437L])

1
|ρ(τ)

ul,0 |
ρ

(τ)
ul,0 ⇀

1
|ρul,0 |ρul,0 ,

1
|ρ(τ)

uu,0 |
ρ

(τ)
uu,0 ⇀

1
|ρuu,0 |ρuu,0 ,

1
|ρ(τ)

ur,0 |
ρ

(τ)
ur,0 ⇀

1
|ρur,0 |ρur,0 ,

so that, by the narrow lower semicontinuity of S:

lim inf
τ→0

S(ρ(τ)
ul,0 ) ≥ S(ρul,0 ), lim inf

τ→0
S(ρ(τ)

uu,0 ) ≥ S(ρuu,0 ), lim inf
τ→0

S(ρur,0 ) ≥ S(ρur,0 ).

(6.21)

The lower bound then follows from (6.18) with (6.19), (6.20) and (6.21):

lim inf
τ→0

Ĵ Dir
τ (ρ(τ)

ul,0 , ρ
(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ)|ρ0)− 1
4τ d̂

Dir(ρ(τ), ρ
(τ)
ul,0 , ρ

(τ)
uu,0 , ρ

(τ)
ur,0 )2

≥ lim inf
τ→0

1
2S(ρ(τ)) + S(ρ(τ)

ul,0 ) + 1
2S(ρ(τ)

uu,0 ) + S(ρ(τ)
ur,0 )− S(ρ0)

≥ 1
2S(ρ) + S(ρul,0 ) + 1

2S(ρuu,0 ) + S(ρur,0 )− S(ρ0).
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Recovery sequence. To prove the existence of a recovery sequence for (6.16), first take
a (ρ, ρul,0 , ρuu,0 , ρur,0 ) ∈ ES(ρ0) for which there is a ε > 0 such that

• the measures ρuu,0 and ρ are supported in [2ε, 1− 2ε],

• the measures ρul,0 and ρur,0 are supported in (0, 1− ε] and [ε, 1) respectively,

• the measure ρuu,0 has finite Fisher information, and its density is bounded from
below by ε,

By a slight adaption of Theorem 4.4.1, there exists a recovery sequence ρ(τ) with support
in [ε, 1 − ε] such that (one only needs to approximate to compensate for the lack of
regularity, and to bound the Fisher information)

|ρ(τ)| = |ρ| = |ρuu,0 |, S(ρ(τ))→ S(ρ), d(ρ(τ), ρ)2 → 0

and

lim sup
τ→0

inf
γ∈Γ (ρuu,0 ,ρ(τ))

H(γ|ρuu,0 θτ )− 1
4τ d(ρuu,0 , ρ)2 ≥ 1

2S(ρ)− 1
2S(ρuu,0 ).

I claim that the sequence (ρ(τ)
ul,0 , ρ

(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ)) := (ρul,0 , ρuu,0 , ρur,0 , ρ
(τ)) is a recovery

sequence for (6.16). Similarly to (6.18)

lim sup
τ→0

Ĵ Dir
τ (ρ(τ)

ul,0 , ρ
(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ)|ρ0)− 1
4τ d̂

Dir(ρ(τ)
ul,0 , ρ

(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ))2

= lim sup
τ→0

S(ρul,0 ) + S(ρuu,0 ) + S(ρur,0 )− S(ρ0)

+ inf
γ∈Γ (ρuu,0 ,ρ(τ))

H(γ|ρuu,0 ζτ )− 1
4τ d(ρuu,0 , ρ

(τ))2

−
∫ 1

0

(
x2

4τ + log gτ (x)
)
ρul,0 (dx)−

∫ 1

0

(
(1−x)2

4τ + log gτ (1− x)
)
ρur,0 (dx).

(6.22)

Note that the first line after the equality is constant in τ . I will bound the last two lines
separately.

Let γ(τ) ∈ Γ (ρuu,0 , ρ
(τ)) be minimal in H(γ(τ)|ρuu,0 θτ ). Then γ(τ) is suppported in

[ε, 1− ε]× [ε, 1− ε], so that for all x, y ∈ [ε, 1− ε] and τ > 0 small enough:

0 < θτ (y − x)− θτ (y + x)− θτ (y + x− 2)
θτ (y − x) = 1− 1√

4πτ

(
e−

xy
τ + e−

(1−x)(1−y)
τ

)
−−−→
τ→0

1,

(6.23)
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uniformly in x, y ∈ [ε, 1 − ε]. Therefore, using estimate (6.8) and (6.23) together with
the fact that ρ(τ) is a recovery sequence from Theorem 4.4.1:

inf
γ∈Γ (ρuu,0 ,ρ(τ))

H(γ|ρuu,0 ζτ )− 1
4τ d(ρul,0 , ρ

(τ))2

≤ H(γ(τ)|ρuu,0 ζτ )− 1
4τ d(ρuu,0 , ρ

(τ))2

≤ H(γ(τ)|ρuu,0 θτ )− 1
4τ d(ρuu,0 , ρ

(τ))2

−
∫ 1−ε

ε

∫ 1−ε

ε

log
(
θτ (y − x)− θτ (y + x)− θτ (y + x− 2)

θτ (y − x)

)
γ(dx dy)

−−−→
τ→0

1
2S(ρ)− 1

2S(ρuu,0 ). (6.24)

For the last line in (6.22), for sufficiently small τ > 0, estimate (6.10) gives:

−
∫ 1

0

(
x2

4τ + log gτ (x)
)
ρul,0 (dx)

≤ −
∫ √πτ+

√
πτ−2τ

0

(
x2

4τ − 2π + 2− 2
√
π2 − 2π

)
ρul,0 (dx)

−
∫ 1−ε

√
πτ+
√
πτ−2τ

(
x2

4τ + log x+ τ/x√
4πτ

e−
x2
4τ

)
ρul,0 (dx)

≤
(

2π − 2 + 2
√
π2 − 2π

)
ρul,0
((

0,
√
πτ +

√
πτ − 2τ

))
−
(

log x+ τ/x√
4πτ︸ ︷︷ ︸
=1

)
x=
√
πτ+
√
πτ−2τ

ρul,0
(
[
√
πτ +

√
πτ − 2τ , 1− ε)

)
→ 0 (6.25)

as τ → 0, since ρul,0 is a finite regular measure. The same arguments holds for the right
boundary terms. With (6.24) and (6.25), (6.22) gives the required upper bound

lim sup
τ→0

Ĵ Dir
τ (ρ(τ)

ul,0 , ρ
(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ)|ρ0)− 1
4τ d̂

Dir(ρ(τ)
ul,0 , ρ

(τ)
uu,0 , ρ

(τ)
ur,0 , ρ

(τ))2

≤ 1
2S(ρ) + S(ρul,0 ) + 1

2S(ρuu,0 ) + S(ρur,0 )− S(ρ0).

By the density argument [Bra02, Rem 1.29] (a weaker version of Proposition 4.5.1), I
conclude that a recovery sequence exists for any (ρ, ρul,0 , ρuu,0 , ρur,0 ) (not necessarily having
compact support, finite Fisher information or being bounded from below).

Remark 6.5.2. The result above implies Γ -convergence for the lower-order term in the
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small-τ expansion Ĵ Dir
τ , i.e.

τ Ĵ Dir
τ ( ·ul,0 , ·uu,0 , ·ur,0 , · |ρ0) Γ−−−→

τ→0
4 d̂Dir( ·ul,0 , ·uu,0 , ·ur,0 , · )2 in ES(ρ0).

6.6 Variational formulations of the Dirichlet problem

Recall that this chapter is essentially about the diffusion equation with Dirichlet boundary
conditions (6.1) (or its measure-valued version (6.2)). So far, the strategy has been to in-
clude additional information in the large-deviation rate so that the small-time Γ -expansion
could be calculated. In order to couple this expansion (6.14) to the diffusion equation
with Dirichlet boundaries, the additional information ρul,0 , ρuu,0 , ρur,0 can be ignored again.
I do not have any hard results in this direction yet, but let me point out that there are
two options here.

The first option is to define a new functional by minimising over the splitting, similar
to the contraction principle for (6.7):

KDir
τ (ρ|ρ0) := inf

ρul,0 +ρuu,0 +ρur,0 =ρ0
|ρuu,0 |=|ρ|

K̂Dir
τ (ρul,0 , ρuu,0 , ρur,0 , ρ|ρ0)

= inf
ρul,0 +ρuu,0 +ρur,0 =ρ0
|ρuu,0 |=|ρ|

{
1
2S(ρ) + S(ρul,0 ) + 1

2S(ρuu,0 ) + S(ρur,0 )− S(ρ0)

+ 1
4τ d̂

Dir(ρul,0 , ρuu,0 , ρur,0 , ρ)2
}
. (6.26)

This is the same approach as in Chapter 5, when I transformed a variational formulation
for a system of reaction-diffusion equations to one diffusion equation with decay. From
this functional, one can build a variational formulation, similar to a minimising movement
scheme:

ρ
(τ)
k ∈ arg min

ρ∈M(0,1)
KDir
τ (ρ|ρ(τ)

k−1). (6.27)

I expect that the minimisers are unique, and that the piecewise constant interpolation
ρ

(τ)
bt/τc converges to the solution of the diffusion equation with Dirichlet boundary condi-

tions.
The other option is to begin with the contracted rate functional

J Dir
τ (ρ|ρ0) := inf

ρul,0 +ρuu,0 +ρur,0 =ρ0
|ρuu,0 |=|ρ|

Ĵ Dir
t (ρul,0 , ρuu,0 , ρur,0 , ρ|ρ0)

right away. Although I am not confident that a matching recovery sequence exists, the
following Γ -lower bound follows immediately from Theorem 6.5.1:

Corollary 6.6.1. Fix ρ0 ∈M(0, 1). For any sequence ρ(τ) vague−−−→
τ→0

ρ inM(0, 1) with finite
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entropy S

lim inf
τ→0

J Dir
τ (ρ|ρ0)− 1

4τ d
Dir(ρ0, ρ

(τ))2

≥ inf
ρul,0+ρuu,0+ρur,0=ρ0
|ρuu,0|=|ρ|

1
2S(ρ) + S(ρul,0) + 1

2S(ρuu,0) + S(ρur,0)− S(ρ0),

where

dDir(ρ0, ρ)2 := inf
ρul,0+ρuu,0+ρur,0=ρ0
|ρuu,0|=|ρ|

∫ 1

0
x2 ρul,0(dx) + d(ρuu,0, ρ)2 +

∫ 1

0
(1− x)2 ρur,0(dx).

If a corresponding recovery sequence does exist, this would motivate the definition of

KDir
τ (ρ|ρ0) := inf

ρul,0 +ρuu,0 +ρur,0 =ρ0
|ρuu,0 |=|ρ|

{
1
2S(ρ) + S(ρul,0 ) + 1

2S(ρuu,0 ) + S(ρur,0 )− S(ρ0)
}

+ 1
4τ d

Dir(ρ0, ρ)2, (6.28)

and to construct a variational scheme like (6.27) from the newly defined KDir
τ . One

difference between KDir
τ and KDir

τ is that the latter has the form of a minimising movement
scheme (cf. (1.9) in the Introduction).

In fact, I expect that dDir(ρ0, ρ) is a non-symmetric distance on M(0, 1), for the
following reason. It can be rewritten as

dDir(ρ0, ρ)2 = inf
γ∈Γ+(ρ0,ρ)

∫∫
[0,1]×[0,1]

|y − x|2 γ(dx dy), (6.29)

where

Γ+(ρ0, ρ) :=
{
γ ∈M([0, 1]× [0, 1]) : γ({0, 1} × (0, 1)) = 0

γ( · × [0, 1])|(0,1) = ρ0( · ), and γ([0, 1]× · )|(0,1) = ρ( · )
}
.

Note that an arbitrary amount of mass is allowed to move from the interior (0, 1) to the
boundary {0, 1}, as long as the transportation cost is paid. This object is very similar to
the metric proposed by Figalli and Gigli; the only difference is that their metric, intended
to model non-homogeneous boundary conditions, also allows the transport of mass from
the boundary to the interior. In that case, the object is a real metric [FG10, Th. 2.2].
With all due reserves, I believe that the restriction to the set Γ+ does not affect the metric
properties other than the symmetry.

The fact that dDir(ρ0, ρ) is not symmetric should not pose a real problem here; see
for example [CRZ09] for an exposition about gradient flows with non-symmetric dis-
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tances. The question is, however, which equation is described by the variational scheme
from (6.28).

6.7 Discussion
Although this chapter represents a ‘research in progress’, some parts could be proven rig-
orously, and some parts point into interesting directions. To compensate for the fact that
solutions of the diffusion equation with homogeneous Dirichlet boundary conditions (6.1)
are not mass-conserving, I extended the system by book-keeping the amount of lost
mass at the boundaries, leading to a ‘diffusion with sticky boundaries’ process. For this
process I described the fundamental solution, which could then be used to define the
(mass-conserving) microscopic particle system. For this particle system, two discrete-time
large-deviation principles were discussed: one that measures the microscopic fluctuations
in the end state (6.7), and the other that also measures fluctuations in the ‘mass splitting’,
i.e. which parts of the initial measure ends up at the boundaries (6.6). Next, I proved
lower and upper bounds for the fundamental solution, and used this bounds to prove a
Γ -development of the discrete-time rate functional, with the additional information about
the mass splitting. Finally, I discussed two possible variational schemes (without proves).

The convergence of the iteration scheme (5.8) in the previous chapter seem to suggest
that (6.26) defines a variational formulation for (6.1). However, this scheme is essentially
a two-step minimisation scheme, i.e. first minimise over ρul,0 + ρuu,0 + ρur,0 = ρ0 for all
ρ, and then over the new states ρ. In this sense, the scheme can not be interpreted as a
genuine minimising movement scheme.

Alternatively, if the additional information about the mass splitting is already neglected
in the large-deviation principle, a Γ -lower bound of the contracted rate functional (6.6)
suggests that (6.28) could be a variational formulation might also be a variational for-
mulation for the equation (6.1). Even though I have some doubts about this second
variational schemes, it does have a striking resemblence with the metric that was intro-
duced in by Figalli and Gigli. Of course, they constructed a minimising movement for a
different equation (positive Dirichlet conditions), but the construction of dDir above seems
to model exactly the homogeneous-boundary-condition version of that Figalli-Gigli metric.

Even if I could prove convergence of one of the two variational schemes to the solution
of (6.1), this would still leave one question unanswered: why does this method via large-
deviations yield different entropy terms than the scheme of Figalli and Gigli (they use
S(ρ) − |ρ|)? This difference can mean two things. One possibility is that the full Γ -
convergence in the sense of Corollary 6.6.1 has the limit S(ρ) − |ρ| (up to constants),
which would show that the Figalli-Gigli scheme indeed originates from the large deviations
of a microscopic particle system. The other option is that that Γ -limit yields something
else, which can be approximated by S(ρ) − |ρ|, up to constants. In that case, this
Γ -limit could define a more accurate variational approximation scheme than the Figalli-
Gigli scheme. This might just be the missing ingredient that stopped the authors from
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proving λ-convexity along solutions. Naturally, more research is needed to clear up these
uncertainties.
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Chapter 7

Finite-state Markov chains

7.1 Introduction

In the construction of the particle system of Chapter 5, I coupled a Brownian motion in
Rd together with a Markov chain in the discrete set {N,D}. From this I concluded that
the two processes operate at different rates, leading to an additional − log τ -term in the
variational scheme. This fact triggers questions about the nature of Markov processes.
Is this typical order − log τ the result of the coupling of different processes, or is this
order inherent to discrete-space Markov chains? Can one find a gradient-flow structure
for Markov chains through a large-deviation principle?

This last question has become even more relevant by the recent results of [Maa11]
and [Mie12]. Both authors have (independently) discovered a gradient flow structure for
Markov chains, driven by entropy. The paper of Maas has a stronger focus on a discrete
counterpart of the Wasserstein metric, while the paper of Mielke has a stronger focus on
the inverse metric tensor from a GENERIC-point of view. Although both papers include
rigorous results about the gradient flow, the derivation of the required metric or metric
tensor are heuristic. A natural question to ask from the perspective of this thesis is then:
does this gradient flow arise from the large deviations of a Markovian particle system,
and, if it does not, which variational structure can be related to large deviations?

To answer these questions, I study a system of linear ordinary differential equations

∂tρt = QT ρt, (7.1)

in the set E :=
{
ρ ∈ RJ : ρ ≥ 0 and

∑J
j=1 ρj = 1

}
∼ P({1, . . . , J}). Here Q ∈ RJ×J

Results of the first part of this chapter is joint work with Mark Peletier and Olena Filatova, and can
be found in [Fil12]. The second part of this chapter is work in progress, together with Mark Peletier and
Alexander Mielke.

107



108 CHAPTER 7. FINITE-STATE MARKOV CHAINS

is a generator matrix of an irreducible Markov chain, i.e.:

Qij > 0, for i 6= j, (7.2a)∑
j

Qij = 0 for all j, (7.2b)

(Pt)ij > 0 for all i, j and t ≥ 0, where Pt := eQt. (7.2c)

By construction, equation (7.1) has a straight-forward microscopic interpretation, namely
a system of Markovian particles on a finite state-space; I describe this system more pre-
cisely in Section 7.2. In Section 7.3 I calculate the discrete-time large-deviation rate and
the asymptotic development in terms of Mosco-convergence. We will see that this method
does not yield a real minimising movement scheme. Therefore I follow a different approach,
via continuous-time large deviations of the same particle system. The corresponding rate
functional will be calculated in Section 7.4. In Section 7.5, the continuous-time rate
functional is related to a gradient flow, in the sense of an entropy-dissipation inequality.
Section 7.6 closes the chapter with a discussion of the results.

7.2 Microscopic particle system
The microscopic particle system that will serve as a model for the macroscopic equa-
tion (7.1) consists of independent Markov chains X1(t), X2(t), . . . in {1, . . . , J} with
identical Markov transition probability Pt. Not that Pt is indeed Markovian under condi-
tions (7.2).

Similarly to the previous chapters, define the finite-state version of the empirical meas-
ure (cf. Example 1 from Section 1.3)

(Ln(t))i := 1
n

∑
k=1

1Xk(t)(i) = 1
n

#
{
k = 1, . . . , n : Xk(t) = i

}
. (7.3)

Theorem 2.3.3 then assures that this particle system is a valid microscopic model for
(7.1), i.e.

(Ln(t))T → ρT0 Pt as n→∞

weakly, if the particles are initially identically distributed with probability ρ0 ∈ E. Here
and in the sequel, E is equipped with the discrete topology; since the state-space is finite,
this is equivalent to the narrow topology on P2({1, . . . , J}).

Some results in this chapter require an additional condition on the Markov chain,
namely:

Definition 7.2.1 (Detailed balance). There exists a π ∈ E such that πTQ = 0 and
πi(Pt)ij = πj(Pt)ji for all 1 ≤ i, j ≤ J .

Observe that conditions (7.2) guarantee uniqueness of the invariant measure π, if it exists.
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We will see in Chapter 8 that the detailed balance condition plays a fundamental role in
the relation between large deviations and gradient flows.

Remark 7.2.2. The counting measure (7.3) is the density of the empirical measure (2.5)
with respect to the delta comb

∑J
j=1 δj . From now on will identify measures with such

densities, i.e. vectors in E.

a b

Figure 7.1: A Markov particle system for J = 2.

7.3 Mosco convergence of the rate functional
To move to the setting of discrete-time large deviations, now assume that the particles
are initially deterministic, i.e. X1(0) = x1, X2(0) = x2, . . ., in a such a way that Ln(0)
converges to some fixed ρ0 as n→∞. Since any transition probability (Pt)ij is continuous
in i ∈ J with the discrete topology, Corollary 2.4.4 can again be used to find the discrete-
time large deviations of Ln(t) for a fixed t > 0 as n→∞. Following Remark 7.2.2, the
corresponding large-deviation rate can be written as (the superscript stands for “Markov”):

JMk
t (ρ|ρ0) := inf

{ J∑
j=1

J∑
i=1

γij log γij
(ρ0)i(Pt)ij

: γ ∈ RJ×J+ such that

∑
i

γij = (ρ0)j for all j and
∑
j

γij = (ρ)i for all i
}
. (7.4)

As we will now see, the small-τ asymptotic development of JMk
τ does not yield a

gradient flow minimising movement functional, but something else. Observe that in
this finite-dimensional case, the optimal transport matrix γ can be calculated explicitly,
although it will generally not be a short expression. For ease of calculations I restrict to
the case J = 2, so that the generator matrix has the form

Q =
[
−λ1 λ1

λ2 −λ2

]
. (7.5)

Theorem 7.3.1 ([Fil12]). As τ → 0

JMk
τ ( · |ρ0) + dMk(ρ0, · ) log 1

τ

M−→ FMk
τ ( · |ρ0) (7.6)
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where, writing ρ0 = (a0, 1− a0) and ρ = (a, 1− a):

dMk(ρ0, ρ) :=


|a− a0|+ |a− a0| log |a−a0|

λ2
, a > a0,

0, a = a0,

|a− a0|+ |a− a0| log |a−a0|
λ1

, a < a0,

FMk(ρ|ρ0) :=


(1− a) log(1− a)− (1− a0) log(1− a0), a > a0,

0, a = a0,

a log a− a0 log a0, a < a0.

Proof. All calculations can be done by hand; I refer to [Fil12, Th. 5.3] for the explicit
forms, where continuous convergence is proven for a 6= a0. For the case a = a0, the
lower bound is automatically satisfied by positiveness of the rate function. As a recov-
ery sequence for a = a0, one can take ρτ := ρ0 Pτ , so that (since dMk(ρ0, ρ) → 0
exponentially)

lim
τ→0
JMk
τ (ρτ |ρ0) + dMk(ρ0, ρ

τ ) log 1
τ

= lim
τ→0

dMk(ρ0, ρ
τ ) log 1

τ
= 0.

This result motivates the definition of

KMk
τ (ρ|ρ0) := FMk(ρ; ρ0) + dMk(ρ0, ρ) log 1

τ
. (7.7)

With this choice of notation I want to stress the similarity with, for example, the minimising
movement functional (3.3) associated to the Fokker-Planck equation, or the more general
form (5.5) from Chapter 5. Observe for example that the τ -dependent term in (7.7) can
be recognised as a (function of) a metric. However, there are also important differences.
In the case of the Fokker-Planck equation, the τ -independent terms could be written
as a difference of free energies 1

2F(ρ) − 1
2F(ρ0), which is not possible1 in (7.7). Most

importantly, the metric in (7.7) now appears as a term of the order − log τ , which makes
it impossible to interpret KMk

τ as a minimising movement in the sense of the scheme (1.9).
Of course, one could still construct a similar variational scheme by setting u

(τ)
k ∈

arg minu∈E KMk
τ (u|u(τ)

k−1), but then, formally, one would expect a discrete-time formula-
tion of the form: (

u
(τ)
k − u

(τ)
k−1

)
log 1

τ
= − gradu(τ)

k ,

where the left-hand side no longer converges to the derivative ∂tρt, but possibly to some
function of the derivative. This suggests that one should look for different formulations

1Alternatively, one could have moved the first term of FMk(ρ|ρ0) into the definition of dMk(ρ0, ρ).
Then the remainder of the free energy can be written as FMk(ρ) − FMk(ρ0), but the corresponding
dissipation dMk will fail to be transitive.
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of gradient flows, like (1.11), (1.14) or (1.16). This is the approach that will be pursued
in the next section.

7.4 Continuous-time large deviations
In this section I calculate the continuous-time large deviations for the particle system
described in Section 7.2, for a general finite state space. I will use the method from
[FK06] to directly calculate the rate functional. However, it can be very difficult to actually
prove the large-deviation principle by this approach; in this respect the calculations in this
section are purely formal2. A similar calculation can be found in [Wan12, Sect. 4.3].

To apply this approach (formally), a number of steps need to followed: (1) calculate
the generator Qn of the n-particle empirical process, (2) calculate the generator Hn of
the non-linear semigroup, and the limit generator Hn → H, which will serve as the
Hamiltonian, (3) calculate the Langrangian action functional A from the Hamiltonian by
a Legendre transform.

Step 1: the n-particle generator. Recall that the generator for each individual particle
is Q ∈ RJ×J . For ease of notation I split Q =

∑J
i,j=1Q

(ij) with

Q(ij) := Qij ei(ej − ei)T =



0 . . . 0 . . . 0
... . . .
0 . . . −Qij Qij 0
... . . .
0 . . . 0 . . . 0


.

Each Q(ij) is then the Markov generator for one particle at i that either stays at i or
jumps to j (see Figure 7.2).

i j
e−Qijt

1− e−Qijt

1

Figure 7.2: The semigroup generated by Q(ij).

Let L(ij)
n (t)(x) = 1

n

∑n
k=1 1X(ij)

k
(t)(x) be the empirical measure of the system where

all particle positions X(ij)
k (t) are generated by Q(ij). This empirical measure is a random

2Another approach to proving the large-deviation principle is to first find a suitable perturbation of
the stochastic system so that the perturbed system will yield the large deviation in the many-particle
limit, and then apply Girsanov’s formula for the ratio between the perturbed probability and the original
probability (see for example [KO90] and [KL99, Ch. 10]). This is work in progress.
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variable in the subspace En := {ρ ∈ E : nρj ∈ N}. Although En can be ordered, such
ordering would be non-trivial; therefore it is more convenient to describe generators on
this space as an operator rather than a matrix. The generator Q(ij)

n : REn → REn of the
process L(ij)

n (t) can now be calculated directly (or by use of the technique in Section 2.2,
which is in this case more difficult)(

Q(ij)
n φ

)
(ρ) = ∂t

∑
µ∈En

Prob
(
L(ij)
n (t) = µ)

∣∣L(ij)
n (t) = ρ

)
φ(µ)

∣∣∣
t→0

= ∂t

nρi∑
k=0

Prob
(
L(ij)
n (t) = ρ− k

nei + k
nej

∣∣L(ij)
n (t) = ρ

)
φ(µ)

∣∣∣
t→0

= ∂t

nρi∑
k=0

(
nρi
k

)(
1− e−Qijt

)k (
e−Qijt

)nρi−k
φ
(
ρ− k

nei + k
nej
) ∣∣∣

t→0

= −nρiQijφ(ρ) + nρiQijφ
(
ρ− 1

nei + 1
nej
)
.

Finally, the generator Qn : REn → REn of the process t 7→ Ln(t) is then

(Qnφ)(ρ) =
J∑

i,j=1
(Q(ij)

n φ)(ρ) = n

J∑
i,j=1

[
−ρiQijφ(ρ) + ρiQijφ

(
ρ− 1

nei + 1
nej
)]
. (7.8)

Remark 7.4.1. Observe that, at least formally, as n → ∞ the generator Qn converges
to Q∞ : C1(E)→ C(E), with

(Q∞φ)(ρ) =
J∑

i,j=1
[ρiQij∂jφ(ρ)− ρiQij∂iφ(ρ)] = ρTQ∇φ(ρ).

Hence the probability measure Prob(L∞(t) ∈ dρ) =: Pt(dρ) of the limit process satisfies
∂t〈φ, Pt〉 = 〈Q∞φ, Pt〉 = 〈ρTQ∇φ, Pt〉 for all φ ∈ C1(E). Under the ansatz that
Pt(dρ) = δρt(dρ) for some curve ρ(·) in E, this implies, for all test functions φ ∈ C1(E):

∂tρ
T
t ∇φ(ρt) = ∂tφ(ρt) = ∂t〈φ, Pt〉 = 〈Q∞φ, Pt〉 = (Q∞φ)(ρt) = ρTt Q∇φ(ρt),

which is equivalent to the original equation (7.1). Indeed, by Remark 2.2.3, convergence
of the generators Qn → Q∞ implies convergence of the semigroups, which is in this case
consistent with the many-particle limit.

Step 2: the non-linear semigroup and the Hamiltonian. The non-linear semigroup
is defined as (see for example [FK06, Th. 2.3])

(Hnφ)(ρ) := 1
n
e−nφ(ρ) (Qnenφ) (ρ) (7.8)=

∑
ij

ρiQij

(
e
nφ

(
ρ− 1

nei+
1
nej

)
−nφ(ρ)

− 1
)
.
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It is plausible to expect the limit of the Hn for n→∞ to converge to H : C1(E)→ C(E)
with

(Hφ)(ρ) :=
J∑

i,j=1
(H(ij)φ)(ρ) =

J∑
i,j=1

ρiQij

(
e∂jφ(ρ)−∂iφ(ρ) − 1

)
. (7.9)

The theorem shows that this is indeed true. The notion of convergence that is required
in [FK06, Cor. 5.19] is the so-called extended limit (see below). To fix the topological
setting: En, E ⊂ [0, 1]J and RJ are equipped with the Euclidean norm, and the spaces of
bounded, or continuous functions B(En), C(En), B(E), C(E) are all equipped with the
supremum norm over En and E.

Theorem 7.4.2. The operator H is the extended limit of Hn, i.e. for all φ ∈ D(H) =
C1(E) there exists a φn ∈ D(Hn) = REn such that

‖φn − φ ◦ idn ‖B(En) + ‖Hnφn − (Hφ) ◦ idn ‖B(En) → 0 as n→∞,

where idn : En → E denotes the canonical embedding.

Proof. Take any φ ∈ C1(E). Since idn is the identity one can simply take φn = φ|En .
Then surely

‖φn − φ ◦ idn ‖B(En) = 0.

To prove convergence of the second term, note that it suffices to prove convergence
for each i, j, since the triangle inequality gives:

‖Hnφn − (Hφ) ◦ idn ‖B(En) =
∥∥∥ J∑
i,j=1

H(ij)
n φn − (H(ij)φ) ◦ idn

∥∥∥
B(En)

≤
J∑

i,j=1

∥∥H(ij)
n φn − (H(ij)φ) ◦ idn

∥∥
B(En).

Now take any i, j = 1, . . . , J . Define ψρ(α) := φ(ρ1, . . . , ρi−α, . . . , ρj +α, . . . , ρJ). By
the Mean Value Theorem there exists an 0 ≤ α ≤ 1/n such that

nφ(ρ− 1
nei+

1
nej)−nφ(ρ) = nψρ(1/n)−nψρ(0) = ψ′ρ(α) −−−−→

n→∞
ψ′ρ(0) = ∂jφ(ρ)−∂iφ(ρ).

(7.10)
The Heine-Cantor Theorem ensures that the convergence is uniform in ρ. Then also

enφ(ρ− 1
nei+

1
nej)−nφ(ρ) −−−−→

n→∞
e∂jφ(ρ)−∂iφ(ρ)
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uniformly in ρ, and∥∥H(ij)
n φn − (H(ij)φ) ◦ idn

∥∥
B(En) = sup

ρ∈En

∣∣(H(ij)
n φn)(ρ)− (H(ij)φ)(ρ)

∣∣
≤ sup
ρ∈E

ρiQij︸ ︷︷ ︸
bounded

∣∣enφ(ρ− 1
nei+

1
nej)−nφ(ρ) − e∂jφ(ρ)−∂iφ(ρ)∣∣→ 0.

Step 3: the Lagrangian. To ease notation, I will now identify (Hφ)(ρ) from (7.9) with
a function H(ρ,∇φ), i.e.

H(ρ, p) :=
J∑

i,j=1
ρiQij

(
epj−pi − 1

)
. (7.11)

The Lagrangian is then defined as the Legendre pre-transform of this function with respect
to p. Since H is convex in p the pre-transform coincides with the Legendre transform, so
that the Lagrangian is given by:

A(ρ, q) := sup
p∈RJ

p · q −H(ρ, p).

In order to use the approach above to actually prove the large-deviation principle,
the so-called range condition needs to be proven. Then, by [FK06, Th. 8.25] the large-
deviation principle holds in the space of cadlag curves ρ(·) : [0, T ]→ E (with the Skorohod
topology), with good rate functional

J̃Mk
T (ρ(·)) :=

∫ T

0
A(ρt, ∂tρt) dt. (7.12)

Unfortunately, this range condition is generally very hard to prove; the rigorous proof of
this large-deviation principle is work in progress.

Remark 7.4.3. For J = 2 and generator matrix (7.5), the Lagrangian takes the explicit
form

A(ρ, q) = q log
(
q +

√
4λ1λ2 ρ1ρ2 + q2

2λ2ρ2

)
−
√

4λ1λ2 ρ1ρ2 + q2 + λ1ρ1 + λ2ρ2. (7.13)

7.5 From large deviations to entropy-dissipation inequal-
ity

We will now see how the continuous-time large-deviation can be related to an entropy-
dissipation inequality. Following the discussion in Section 3.1, the entropy (or free energy)



7.5. FROM LARGE DEVIATIONS TO ENTROPY-DISSIPATION INEQUALITY 115

on a discrete state space should be defined as

S(ρ) := H(ρ|π) =
J∑
i=1

ρi log ρi
πi
,

where π is the invariant measure for (7.1), i.e. QTπ = 0.

Theorem 7.5.1. Define

Ψ∗(ρ, p) :=
J∑

i,j=1

√
ρiρjQijQji

(
cosh

(
pi − pj + 1

2 log πjQji
πiQij

)
− 1
)
. (7.14)

And let Ψ(ρ, q) be its Legendre transform with respect to p. Then, for absolutely con-
tinuous curves ρ(·)

J̃Mk
T (ρ(·)) =

∫ T

0
Ψ(ρt, ∂tρt) dt+

∫ T

0
Ψ∗
(
ρt,− 1

2 ∇S(ρt)
)
dt+ 1

2S(ρT )− 1
2S(ρ0). (7.15)

Proof. Observe that (∇S(ρ))i = log(ρi/πi) + 1. A straight-forward calculation shows
that the Hamiltonian (7.11) can be written as

H(ρ, p) =
J∑

i,j=1
Hij(ρ, p)

=
J∑

i,j=1

1
2Hij(ρ, p) + 1

2Hji(ρ, p)

=
J∑

i,j=1

1
2ρiQij

(
epj−pi − 1

)
+ 1

2ρjQji
(
epi−pj − 1

)
=

J∑
i,j=1

Ψ∗ij
(
ρ, p− 1

2 ∇S(ρ)
)
−Ψ∗ij

(
ρ,− 1

2 ∇S(ρ)
)

= Ψ∗
(
ρ, p− 1

2 ∇S(ρ)
)
−Ψ∗

(
ρ,− 1

2 ∇S(ρ)
)
.

It follows that for the Lagrangian

A(ρ, q) = sup
p∈RJ

p · q −Ψ∗
(
ρ, p− 1

2 ∇S(ρ)
)

+ Ψ∗
(
ρ,− 1

2 ∇S(ρ)
)

= sup
p∈RJ

(
p+ 1

2 ∇S(ρ)
)
· q −Ψ∗(ρ, p) + Ψ∗

(
ρ,− 1

2 ∇S(ρ)
)

= Ψ(ρ, q) + Ψ∗
(
ρ,− 1

2 ∇S(ρ)
)

+ 1
2 ∇S(ρ) · q.
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Hence

J̃Mk
T (ρ(·)) =

∫ T

0
A(ρt, ∂tρt) dt

=
∫ T

0

[
Ψ(ρt, ∂tρt) + Ψ∗

(
ρt,− 1

2 ∇S(ρt)
)

+ 1
2∂tS(ρt)

]
dt,

which proves (7.15) since ρ(·) was assumed to be absolutely continuous.

Theorem 7.5.1 shows a direct relation between the continuous-time large-deviation rate
and a gradient-flow structure in the sense of an entropy-dissipation inequality. Indeed,
since rate functions are always non-negative, the entropy-dissipation inequality∫ T

0
Ψ(ρt, ∂tρt) dt+

∫ T

0
Ψ∗
(
ρt,− 1

2 ∇S(ρt)
)
dt+ 1

2S(ρT )− 1
2S(ρ0) ≤ 0 (7.16)

can only be true for a curve for which J̃Mk
T (ρ(·) is zero. This, in turn, is only true for the

deterministic evolution that solves the macroscopic equation (7.1), that is, when there
are no microscopic fluctuations around the many-particle limit.

It should be stressed that in general, Ψ need not be a dissipation potential in the sense
that Ψ(ρ, 0) = 0. However, this is automatically satisfied if detailed balance holds, as the
following proposition shows:

Proposition 7.5.2. Let Ψ and Ψ∗ be as in Theorem 7.5.1. If detailed balance (Def. 7.2.1)
holds, then Ψ(ρ, 0) = Ψ∗(ρ, 0) = 0.

Proof. From the definition (7.14) it is clear that Ψ∗ ≥ 0, and that Ψ∗(ρ, 0) = 0 if detailed
balance holds. Therefore infp Ψ∗(ρ, p) = 0. Since Ψ is the Legendre transform of Ψ∗,
there also holds

Ψ(ρ, 0) = sup
p∈RJ

0 · q −Ψ∗(ρ, p) = − inf
p

Ψ∗(ρ, p) = 0.

7.6 Discussion

The work of Mielke [Mie12] and Maas [Maa11] has provided a new way to describe
evolutions of the form

∂tρt = QT ρt, (7.1)

namely, as a gradient flow of entropy with respect to a specific metric. In this chapter I
have added two formulations to this list. The first arises as a Mosco-development of the
discrete-time large-deviation rate for a microscopic Markovian particle system. From this
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limit KMk
τ , one can define a iterative minimisation scheme by setting

ρ
(τ)
k ∈ arg min

ρ∈E
KMk
τ (ρ|ρ(τ)

k−1),

Similar to the work of [JKO98] and Theorem 5.6.1, I expect (although I have not proven
this explicitly) that for the sequence of minimisers of the above scheme, the interpolation
ρ

(τ)
bt/τc converges in time to the solution ρt of the continuum equation (7.1). Strictly

speaking, this formulation can not be called a gradient flow in the sense of minimising
movements, but by writing (7.7), we have seen that a slight generalisation does the trick.

The second formulation that is derived in this chapter is the entropy-dissipation in-
equality (7.16), derived from the same particle system as before, but now from the
continuous-time large deviations.

The question remains how these three formulations are related. Both the entropy-
dissipation inequality (7.16) and the Maas-Mielke gradient flow take the entropy function
S as a driving force, and they both describe the same evolution. However, it is not
clear whether the dissipation potential generates a metric3, like in the Benamou-Brenier
formula (B.27) for the Wasserstein metric.

Even if it would generate a metric, this metric can never be the same as the Maas-
Mielke structure, since by (7.13), one expects Ψ(ρ, q) is (more or less) of the order q log q,
while for the Maas-Mielke metric, this term would be quadratic in q.

We have seen that Ψ can only be a dissipation potential if detailed balance is satisfied.
This condition plays an important role in the connection between large deviations and
gradient flow, as we will see in the next chapter.

3As Giuseppe Savaré explained to me, a dissipation potential can only generate a metric if it can be
written as some function of a norm.



118 CHAPTER 7. FINITE-STATE MARKOV CHAINS



Chapter 8

Lessons learned

8.1 Introduction
In this thesis, I have studied a number of evolution equations:

(Fokker-Planck equation) ∂tρt = ∆ρt + div(ρt∇Φ),
(Diffusion with decay) ∂tρt = ∆ρt − λρt,

(Diffusion with reactions)
{
∂tρ1,t = ∆ρ1,t − λ1ρ1,t + λ2ρ2,t,

∂tρ2,t = ∆ρ2,t + λ1ρ1,t − λ2ρ2,t,

(Diffusion with Dirichlet b.c.) ∂tρt = ∂xxρt, ρ(0) = ρ(1) = 0,
(Markov chains) ∂tρt = QT ρt.

The aim of this research was to derive gradient-flow-like variational formulations of these
evolutions in which entropy plays the role of a driving force. By construction, these
variational formulations are derived from and therefore automatically related to the large-
deviation behaviour of underlying microscopic particle systems. In Sections 1.9 and 1.10
in the Introduction chapter, I sketched two possible strategies for this aim.

In the discrete-time approach, I coupled discrete-time large-deviation rates to min-
imising movement schemes or more general variational schemes; in the continuous-time
approach, I coupled continuous-time large-deviation rates to entropy-dissipation inequal-
ities. After having applied these approaches to the above equations as described in the
previous chapters, the question arises what insights have been gained regarding these two
approaches themselves.

In the next section, I review the discrete-time approach. We will see that a slightly
generalised concept of detailed balance plays an important role in this approach. One es-
sential ingredient of the discrete-time approach is the small-time asymptotic development
of rate functionals. Throughout this thesis, a specific development by Mosco convergence
was used. I will review this development, and compare it to other options in Section 8.3.

119
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The continuous-time approach is discussed in Section 8.4. Finally, in Section 8.5 I discuss
the lessons learned from and open challenges for each studied evolution equations, and
for the general approach of this thesis.

8.2 The discrete-time approach

In this section I summerise and review the general approach that I used to derive variational
formulations for each of the evolution equations. I now place myself in the setting of a
general evolution equation of the form

∂tρt = QT ρt in Ω× (0,∞), (8.1)

where Ω is assumed to be a Radon space (see Section A.4 in the Appendix), and QT is
the adjoint of a generator Q : D(Q)→ Cb(Ω) with domain D(Q) ⊂ Cb(Ω), i.e.

∂t〈φ, ρt〉 = 〈Qφ, ρt〉 = 〈φ,QT ρt〉 for all φ ∈ D(Q).

The aim is to derive a minimising movement scheme, or a more general variational for-
mulation, for (8.1).

Step 1: the particle system. Assume that the evolution (8.1) conserves mass (Q1 ≡ 0)
and positivity (φ ≥ 0 ⇒ Qφ ≥ 0); this allows the interpretation of ρt as the probability
of a stochastic process X(t) in Ω. As we have seen in Chapters 5 and 6, systems that
lose mass along solutions can be extended to mass-conserving systems by book-keeping
where the lost mass will go. Later on in the variational formulation, this will lead to a
minimisation over the newly introduced ‘dark matter’.

Furthermore, assume that Q satisfies the Hille-Yosida Theorem, so that there exists a
strongly continuous semigroup (Pt)t≥0 onD(Q) for which Q is the infinitesimal generator:

∂tPtφ = QPtφ = PtQφ and lim
τ→0

Ptφ = φ for all φ ∈ D(Q).

Observe that one can write (Ptφ)(x) = 〈Ptφ, δx〉 = 〈φ, PTt δx〉 for any φ ∈ D(Q) and
x ∈ Ω. From an analytic point of view, the family of measures pt(x, dy) := (PTt δx)(dy)
is the fundamental solution of (8.1). From a probabilistic point of view, pt(x, dy) can be
interpreted as a transition probability for the process X(t).

At this stage, one should chose a microscopic particle system that yields (8.1) in some
many-particle limit. In this thesis, I took the empirical measure

Ln(t) := 1
n

n∑
i=1

δXi(t)

as the bridge between a finite-particle system and a measure-valued evolution, since this
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choice is closely related to entropy (or free energy) through Sanov’s Theorem. We saw that
if the particle positions are initially deterministic X1(0) = x1, X2(0) = x2, . . . such that
Ln(0)⇀ρ0, and they all have the same transition probability Prob(Xi(t) ∈ dy|Xi(0) =
x) = pt(x, dy), where pt is the fundamental solution of (8.1), then by Theorem 2.3.3,
the many-particle limit of the empirical measure gives

Ln(t)−−⇀
n→∞

Law(X1(t))

weakly for all t > 0. In this sense such particle system will be a valid microscopic model
for (8.1).

In the previous chapters, we encountered some particle systems with a specific prop-
erty called detailed balance. This concept is well-known in statistical mechanics, and
plays a crucial role in, for instance, Boltzmann’s H-theorem [Bol64, Part 1, Sect. 1.5].
Detailed balance is usually defined in terms of the unique invariant probability measure
for equation (8.1) (as for example in Definition 7.2.1). I propose a slightly more general
definition that may still hold even if such invariant probability does not exist, or may not
be unique:

Definition 8.2.1. A stochastic process in Ω with transition probability pt satisfies detailed
balance if there exists a locally finite measure π on Ω such that

pt(x, dy)� π(dy),
p̃t(x, y) = p̃t(y, x) for all x, y ∈ Ω, t > 0, (8.2)

where p̃t(x, y) := dpt
dπ (x, y).

What I have in mind here is the following. If it exists, π can be the invariant probability
measure. In that case π̃(x) = dπ/dπ(x) ≡ 1, and (8.2) can be written as π̃(x)p̃t(x, y) =
π̃(y)p̃t(y, x), which is the usual form of detailed balance in terms of densities. However,
if for instance pt is the diffusion kernel on an unbounded domain, the invariant probability
only exist as a content (a set function lacking σ-additivity) that vanishes on compact sets.
In this case one can take the Lebesgue measure on Ω. In any case, condition (8.2) implies
that π is an invariant measure under pt; it just doesn’t need to be a probability measure.
Below we will see an important implication of this condition.

Step 2: the large-deviation principle. If the transition probability pt(x, dy) is narrowly
continuous in x, then by Corollary 2.4.4, the empirical measure Ln(t) after some fixed
time-step t > 0 satisfies a discrete-time large-deviation principle

Prob(Ln(t) ≈ ρ |Ln(t) ≈ ρ0) ∼ exp(−nJt(ρ|ρ0)) as n→∞
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in the narrow topology of P(Ω), with good rate functional

Jt(ρ|ρ0) = inf
γ∈Γ (ρ0,ρ)

H(γ|ρ0pt). (8.3)

The detailed balance condition has important consequences for this rate functional:

Proposition 8.2.2. If detailed balance holds for some reference measure π, and ρ0, ρ� π,
then

Jt(ρ|ρ0) = Jt(ρ0|ρ) +H(ρ|π)−H(ρ0|π). (8.4)

Proof. Assume without loss of generality that the infimum in (8.3) is taken over γ �
ρ0pt � ππ. Hence all densities with respect to π exist, and we can write:

Jt(ρ|ρ0) = inf
γ∈Γ (ρ0,ρ)

∫∫
log
(

γ̃(x, y)
ρ̃0(x) p̃t(x, y)

)
γ(dx dy)

= inf
γ∈Γ (ρ0,ρ)

∫∫
log
(

γ̃(x, y)
ρ̃(y) p̃t(x, y)

)
γ(dx dy) +H(ρ|π)−H(ρ0|π)

= inf
γ∈Γ (ρ0,ρ)

∫∫
log
(

γ̃(x, y)
ρ̃(y) p̃t(y, x)

)
γ(dx dy) +H(ρ|π)−H(ρ0|π)

= inf
γ∈Γ (ρ,ρ0)

∫∫
log
(

γ̃(y, x)
ρ̃(y) p̃t(y, x)

)
γ(dy dx) +H(ρ|π)−H(ρ0|π)

= Jt(ρ0|ρ) +H(ρ|π)−H(ρ0|π).

Philosophically, the rate functional Jt(ρ|ρ0) can be interpreted as the probabilistic cost
of moving from ρ0 to ρ during time t. Proposition 8.2.2 states that the cost difference
between moving forward or backward is given by the free energy difference. This means
that the arrow of time is completely determined by the entropy difference, which is a
well-known principle from statistical mechanics1.

Mathematically, Proposition 8.2.2 implies the following

Corollary 8.2.3. If detailed balance holds for some reference measure π, and ρ0, ρ� π,
then

Rt(ρ0, ρ) := Jt(ρ|ρ0)− 1
2H(ρ|π) + 1

2H(ρ0|π) (8.5)

is non-negative, and symmetric in ρ and ρ0.

1This also shows how macroscopic irreversibility can arise from microscopic reversibility. Indeed, any
microscopic state of the form (X1(t), X2(t), . . .) = (y1, y2, . . .) has zero entropy, so that the microscopic
system is (by definition) reversible. On the other hand, for any macroscopic state ρ ∈ P(Ω) the entropy
H(ρ|π) can be non-trivial, resulting in irreversibility.
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Proof. Because of (8.4):

Rt(ρ0, ρ) = 1
2 (Rt(ρ0, ρ) +Rt(ρ0, ρ))

= 1
2

(
Jt(ρ|ρ0)− 1

2H(ρ|π) + 1
2H(ρ0|π) + Jt(ρ0|ρ) + 1

2H(ρ|π)− 1
2H(ρ0|π)

)
= 1

2Jt(ρ|ρ0) + 1
2Jt(ρ0|ρ) ≥ 0.

Observe that the rate functional now consists of an asymmetric and an symmetric
part, that is

Jt(ρ|ρ0) = 1
2H(ρ|π)− 1

2H(ρ0|π) +Rt(ρ0, ρ). (8.6)

We have seen, for example in (1.26), that Rt can be related to a dissipation mechanism.
In that case, the remainder 1

2H(ρ|π) − 1
2H(ρ0|π) must be interpreted as the system’s

driving force. Indeed, the free energy that is gained by moving forward is 1/2 times the
free energy difference between the forward and the backward process. This explains the
factor 1/2 that showed up in front of free energy terms throughout this thesis.

Remark 8.2.4. In Chapter 4 we have seen that an alternative formulation for the rate
functional Jt could be derived from the continuous-time large deviations.

Step 3: asymptotic development of the rate functional. Recall that the rate func-
tional Jt( · |ρ0) is minimised by ρt := ρ0 ∗pt, the solution of the evolution equation (8.1).
Therefore, if one defines a variational iteration scheme by setting:

ρ
(τ)
k ∈ arg min

ρ∈P(Ω)
Jτ (ρ|ρ(τ)

k−1), (8.7)

then, by the assumed semigroup property, the piecewise constant interpolation gives

ρ
(τ)
bt/τc = ρτbt/τc −−−→

τ→0
ρt.

We now see that, in the form (8.6), this variational scheme (8.7) looks very much like
a minimising movement variational scheme:

ρ
(τ)
k ∈ arg min

ρ∈U
Kτ (ρ|ρ(τ)

k−1), Kτ (ρ|ρ0) = 1
2H(ρ|π)− 1

2H(ρ0|π) + 1
4τ d(ρ0, ρ)2, (8.8)

for some metric d on some set U ⊂ P(Ω). In this minimising movement scheme, one can
recognise a gradient flow of free energy (1/2)H( · |π) with respect to the metric d. In
order to derive a minimising movement approximation scheme, a relation of the form

Jτ (ρ|ρ0) ≈ Kτ (ρ|ρ0) for small τ (8.9)
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needs to be shown. Exactly which relation is needed here is a difficult question, that I
address in the next section.

Remark 8.2.5. In fact, the form (8.6) seems to suggest that, for systems that satisfy the
detailed balance condition (8.2), only a relation of the form

τRt(ρ0, ρ) ≈ 4d(ρ0, ρ)2 for small τ

is sufficient to show (8.9).

Step 4: convergence of the variational scheme. It would be nice to have a specific
relation between Jτ and Kτ that guarantees that the approximation scheme (8.8) con-
verges to the solution ρt of the evolution equation. Without such a strong relation, this
convergence is not a priori known, and needs to be shown case-by-case.

8.3 Asymptotic development of the rate functional
As described above, for any fixed ρ0, the unique minimiser of Jτ ( · |ρ0) will be the solution
of the initial value problem (8.1) after time τ > 0. The idea is to approximate Jτ by
Kτ for small τ such that the minimisers of Kτ remain sufficiently ‘close’ to the exact
solution ρτ ; the resulting approximation Kτ can then serve as the defining functional in
the minimising movement scheme (8.8). I now discuss four different ways to relate Jτ
to Kτ .

A. The ‘naive’ approach. Since Jτ represents a minimisation problem, it is natural
to use Γ -convergence (or Mosco convergence) in the approximation. Observe that the
approximation Kτ should still depend on the parameter τ . Since, at least in the minimising
movement scheme (8.8), Kτ has terms of different orders of τ , one might consider Kτ as
some asymptotic expansion of Jτ .

The precise orders of τ in the approximation will depend on the transition probability
pτ (x, dy) = p̃τ (x, y)π(dy). If − log p̃τ = O(α−1

τ ) for some positive ατ that vanishes as
τ → 0, then Jτ (ρ|ρ0) = infγ∈Γ (ρ0,ρ)H(γ|π) −

∫∫
log p̃t dγ needs to be scaled with ατ

to find a non-trivial limit. The first term in the approximation is then found by

ατ Jτ ( · |ρ0) Γ−−−→
τ→0

J (0)( · |ρ0). (8.10)

This is the general version of (1.26). Actually, if the system satisfies detailed balance,
and the limit in (8.10) is a Mosco-convergence, where the recovery sequence holds in a
stronger topology for which the free energy functional ρ 7→ H(ρ|π) is continuous, then
(8.10) is equivalent to

ατ Rτ ( · |ρ0) Γ−−−→
τ→0

J (0)( · |ρ0),

where Rτ is defined by (8.5).
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Remark 8.3.1. A typical example to keep in mind is the q-Gaussian on a general metric
space (Ω, ν):

p̃τ (x, y) = 1
Zx,τ

exp
(
−ν(x, y)q

τ

)
, Zx,τ =

∫
exp
(
−ν(x, y)q

τ

)
dy.

In this case ατ = τ , and (formally)

τJτ ( · |ρ0) = inf
γ∈Γ (ρ0, · )

τ H(γ|π) +
∫∫

ν(x, y)q γ(dx dy) + τ

∫
logZx,τ ρ0(dx)

Γ−−−→
τ→0

inf
γ∈Γ (ρ0, · )

∫∫
ν(x, y)q γ(dx dy) =: J (0)(ρ|ρ0).

The resulting object is typically an optimal transport cost, with cost function ν(x, y)q. It is
well-known in optimal transportation theory that such objects define a metric J (0)(ρ|ρ0) =:
d(ρ0, ρ)q [GS84].

For the next-order approximation one needs to subtract the singular term from the
first approximation, and then calculate (or, if needed, also subtract other singular terms):

Jτ ( · |ρ0)− 1
ατ
J (0)( · |ρ0) Γ−−−→

τ→0
J (1)( · |ρ0). (8.11)

The small-τ expansion then becomes

Jτ (ρ|ρ0) ≈ Kτ (ρ|ρ0) := J (1)(ρ|ρ0) + 1
ατ
J (0)(ρ|ρ0). (8.12)

A nice feature of expansions of this type is that the lower-order limit (8.10) follows from
the higher-order limit (8.11). A drawback of this type of expansions is that it is hard to
draw meaningful conclusions from (8.11). Indeed, from the Γ -convergence (8.11), one
can infer that the minimisers of the left-hand side convergence to the minimiser of the
right-hand side. The left-hand side of (8.11) however, does not seem to pose a very
meaningful minimisation problem.

B. Γ -development. In order to construct a more meaningful approximation of a se-
quence of minimisation problems, Anzelotti and Baldi proposed a different notion [AB93].
The first term in the development is found in the same way as (8.10). For the next term,
however, one should not subtract the functional J (0)(ρ|ρ0), but only the minimum value
of that functional, i.e.

Jτ ( · |ρ0)− 1
ατ

inf
ρ
J (0)(ρ|ρ0) Γ−−−→

τ→0
J (1)( · |ρ0). (8.13)

Similar to (8.12), the approximation is then set to J (1)(ρ|ρ0)+ 1
ατ
J (0)(ρ|ρ0). The idea is

that the minimisers of this functional will be within the class of minimisers of J (0)( · |ρ0).



126 CHAPTER 8. LESSONS LEARNED

Unfortunately, this principle breaks down if the 1/ατ -order term already has a unique
minimiser, which will certainly be the case if J (0) is related to some metric; this phe-
nomenon is known in the literature as locking. Apparently the first term in the develop-
ment cannot be improved any further in this way. Indeed, if detailed balance is satisfied,
then infρ J (0)(ρ|ρ0) = 0 by Proposition 8.2.2, and the Γ -limit in (8.13) simply becomes

χρ0(ρ) =
{

0, if ρ = ρ0,

∞, otherwise.
(8.14)

C. Γ -equivalence. In order to cope with locking and other complications, a more gen-
eral concept was introduced in [BT07]. For fixed ρ0, two functionals ατ Kτ ( · |ρ0) and
ατ Jτ ( · |ρ0) are said to be Gamma-equivalent at order ατ if there is a sequence (mτ )τ
such that for any sequences for which the Γ -limits exists, there holds

Γ- lim
τ→0

Jτ ( · |ρ0)− mτ

ατ
= Γ- lim

τ→0
Kτ ( · |ρ0)− mτ

ατ
, (8.15)

and these limits do not take −∞ and are not identically ∞. This concept does not
provide a unified method to find suitable approximations, but it does guarantee that the
minimisers of the two functionals are close to each other.

Indeed, it is not difficult to show that, if detailed balance holds, then (8.15) is true
with

Kτ (ρ|ρ0) = 1
2H(ρ|π)− 1

2H(ρ0|π) + 1
ατ
J (0)(ρ|ρ0).

However, both Γ -limits in (8.15) are again the characteristic functional (8.14). This illus-
trates that the minimisers of the two functionals will indeed be close to each other, but
only to the extent that they are both close to ρ0 for small τ . Moreover, such Γ -equivalence
would even hold when we replace 1

2H(ρ|π) by any narrowly lower semicontinuous func-
tional.

D. Change of variables. The real problem with the above described Γ -equivalence is
that the functional Jτ (ρ|ρ0) blows up for any fixed ρ 6= ρ0. However, a suggestion how to
deal with this is also discussed in [BT07, Sect. 5.2]: one should transform the variable ρ to
a new variable that reflects the expected τ -dependency of the minimisers of Jτ . Indeed,
the expected relation between the rate functional Jτ and Wasserstein-like gradient flows
suggest that it is more natural to transform to the tangent space, or the corresponding
velocity fields (see Section B.4 in the Appendix).

Let me explain this idea formally. For a given ρ0 ∈ P(Ω), a velocity field v, and a
τ > 0, let ρτ be the solution of the continuity equation after time τ :{

∂tρt + div(ρtv) = 0,
ρt|t=0 = ρ0.
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Then define the transformed rate functional

J τ (v|ρ0) := Jτ (ρτ |ρ0).

This transformed rate functional on the left does not blow up as τ → 0 for a fixed velocity
v, since the argument ρτ in the right-hand side converges to ρ0. Therefore, a small-time
Γ -development (or Γ -equivalence) could be more meaningful for the transformed rate
functional J τ .

Above I have descibed four possible ways to approximate the sequence of functionals
Jτ by another sequence of functionals Kτ . The naive approach is to some extent unnat-
ural, because it captures the minimisers of a sequence of unnatural minimisation problems.
Even though the concepts of Γ -development and Γ -equivalence are specifically designed
to cope with this issue, they both fail when studying discrete-time large-deviation rate
functionals, due to the highly singular behaviour of such rate functionals. Therefore, I
used the naive approximation in this thesis. These singularities can be taken care of by
transforming the argument in the rate-functional to the tangent space. This last option
seems promising, but I have not been able to pursue this due to time constraints.

8.4 The continuous-time approach

Although I could only apply the continuous-time approach to two cases, one can already
recognise some principles that apply to the general case. First of all, the calculation
that was used in Theorem 7.5.1 to couple continuous-time large deviations for Markov
chains to entropy-dissipation inequalities can easily be generalised. This general principle,
summarised in the proposition below, is based on the fact that continuous-time large
deviations of Markov processes (if they exist) are always of the form (8.16). In the
following I take

Tanρ :=
{
signed Borel measures µ : µ(Ω) = 0 and µ ≥ 0 on ρ-null sets

}
.

Proposition 8.4.1. Assume that the empirical process t 7→ Ln(t) satisfies a continuous-
time large-deviation principle in the space of cadlag functions D([0, T ];P(Ω)) (with the
Skorohod topology) with rate functional

J̃T (ρ(·)) =
{∫ T

0 A(ρt, ∂tρt) dt, if ρ(·) is absolutely continuous,
∞, otherwise,

(8.16)

where the A is convex in the second argument, and infq∈Tanρ A(ρ, q) = 0 for all ρ ∈ P(Ω).
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Let S : P(Ω)→ R ∪ {∞} be Fréchet differentiable. Define

H(ρ, p) := sup
q∈Tanρ

〈q, p〉 −A(ρ, q), (for p ∈ Tan∗ρ )

Ψ∗(ρ, p) := H
(
ρ, p+ 1

2S
′(ρ)
)
,

Ψ(ρ, q) := sup
p∈Tan∗ρ

〈q, p〉 −Ψ∗(ρ, p).

Then, for absolutely continuous curves ρ(·)

J̃T (ρ(·)) =
∫ T

0
Ψ(ρ, ∂tρt) dt+

∫ T

0
Ψ∗
(
ρ,− 1

2S
′(ρ)
)
dt+ 1

2S(ρ)− 1
2S(ρ0). (8.17)

Proof. First observe that

Ψ∗
(
ρ,− 1

2S
′(ρ)
)

= H(ρ, 0) = sup
q∈Tanρ

−A(ρ, q) = 0 (8.18)

by assumption. Calculate

Ψ(ρ, q) = sup
p∈Tan∗ρ

〈q, p〉 −Ψ∗(ρ, p)

= sup
p∈Tan∗ρ

〈q, p〉 −H
(
ρ, p+ 1

2S
′(ρ)
)

= sup
p∈Tan∗ρ

〈q, p− 1
2S
′(ρ)〉 −H

(
ρ, p
)

= 〈q,− 1
2S
′(ρ)〉+A(ρ, q).

The claim (8.17) then follows from (8.18) and the absolute continuity of ρ(·).

This result shows basically that any continuous-time large-deviation rate functional
of a Markov process can be related to an entropy-dissipation inequality with any entropy
functional S. As such, a relation of this type is not very meaningful. However, the
potential Ψ defined above is not necessarily a dissipation potential, i.e. Ψ(ρ, 0) = 0. It
turns out that a sufficient condition is again detailed balance.

To see this, a continuous-time version of Proposition 8.2.2 is needed. This can be
derived analogously to the formal calculation in (1.28).

Proposition 8.4.2. Let Ω be a Polish space. Assume that Q permits a Markovian,
Feller-continuous transition probability pt(x, dy) := (QT δx)(dy). If the continuous-time
large-deviation principle holds (in D([0, T ];P(Ω)) with good rate functional J̃T , and the
detailed balance condition (8.2) is satisfied with reference measure π, then:

J̃T (ρ(·)) = J̃−T (ρ(·)) +H(ρT |π)−H(ρ0|π), (8.19)

where J̃−T (ρ(·)) = J̃T (ρ(T− · )) is the rate of the time-reversed curve.
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Proof. The fact that Ω is Polish implies that P(Ω) (with the narrow topology) is Pol-
ish [AGS08, Rem. 7.1.7], which in turn implies that D([0, T ];P(Ω)) is Polish [Bil99,
Th. 12.2]. Therefore, the goodness of the rate functional is a sufficient condition for
exponential tightness [DZ87, Rem. a., p. 8]. The exponential tightness can be used to
couple continuous-time large-deviations to discrete-time large deviations, in the following
way.

Observe that, due to

Prob(Ln(tK) ∈ AK , Ln(tK−1) ∈ AK−1, . . . , Ln(t1) ∈ A1|Ln(t0) = ρ0)
= Prob(Ln(tK) ∈ AK |Ln(tK−1) ∈ AK−1) . . .Prob(Ln(t1) ∈ A1|Ln(t0) = ρ0),

the sequence (Ln(tk))Kk=0 satisfies a large-deviation principle in P(Ω)K with good rate
functional

Jt0,...,tK (ρt0 , . . . , ρtK ) =
K∑
k=1
Jtk−tk−1(ρtk |ρtk−1),

where the terms on the right-hand side are the discrete-time large-deviations rates.
It then follows from Proposition 8.2.2 and [FK06, Th. 4.28] together with the expo-

nential tightness, that the continuous-time rate can be written as

J̃T (ρ(·)) = sup
0=t0<t1...<tK=T

Jt0,...,tK (ρt0 , . . . , ρtK )

= sup
0=t0<t1...<tK=T

K∑
k=1
Jtk−tk−1(ρtk |ρtk−1)

= sup
0=t0<t1...<tK=T

K∑
k=1
Jtk−tk−1(ρtk−1 |ρtk) +H(ρtk |π)−H(ρtk−1 |π)

= H(ρT |π)−H(ρ0|π) + sup
0=t0<t1...<tK=T

K∑
k=1
Jtk−tk−1(ρtk−1 |ρtk)

= H(ρT |π)−H(ρ0|π) + J̃−T (ρ(·)).

This version is sufficient to prove that Ψ is indeed a dissipation potential:

Corollary 8.4.3. Assume that the detailed balance condition (8.2) is satisfied with ref-
erence measure π. Take S(ρ) := H(ρ|π), and let Ψ be defined as in Proposition 8.4.1.
Then Ψ(ρ, 0) = 0 for all ρ.

Proof. From (8.19), it follows that the rate functional can be rewritten as (this is the
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continuous-time version of (8.6))

J̃T (ρ(·)) = 1
2 J̃T (ρ(·)) + 1

2 J̃T (ρ(·))
(8.19)= 1

2 J̃T (ρ(·)) + 1
2 J̃−T (ρ(·)) + 1

2H(ρT |π)− 1
2H(ρ0|π). (8.20)

On the other hand, according to Proposition 8.4.1 there also holds (since Ψ∗(ρ,− 1
2S
′(ρ)) =

0 by (8.18)) for any absolutely continuous curve

J̃T (ρ(·)) =
∫ T

0
Ψ(ρt, ∂tρt) dt+ 1

2H(ρT |π)− 1
2H(ρ0|π). (8.21)

Comparing expressions (8.20) with (8.21), it becomes clear that, for any absolutely con-
tinuous curve ∫ T

0
Ψ(ρt, ∂tρt) dt =

∫ T

0
Ψ(ρt,−∂tρt) dt.

Since Ψ(ρ, q) is apparently even in q (by arbitrariness of T and ρ(·)) and convex (by
construction), it follows that Ψ(ρ, 0) = 0 for all ρ.

8.5 Discussion
I now discuss the results for the studied evolution equations, and end with a general
discussion.

The Fokker-Planck equation. In Chapters 3 and 4, I studied the Fokker-Planck equa-
tion:

∂tρt = ∆ρt + div(ρt∇Φ). (8.22)

For this equation, the detailed balance condition is always satisfied, as can be seen as
follows. Surely, there exists an invariant (locally finite) measure π(dy) := e−Ψ(y) dy. It is
easily checked that the generator Qφ := ∆φ−∇φ · ∇Φ is self-adjoint in L2(π), i.e.

(Qφ,ψ)L2(π) = (φ,Qψ)L2(φ)

for all φ, ψ ∈ C2
b (Rd). Then, the semigroup operator Pt := etQ = limk→∞(id+ tQ

k )k is
also self-adjoint in L2(π), and one can write for the fundamental solution ηt:∫∫

φ(y)ψ(x)ηt(x, dy)π(dx) = (Ptφ, ψ)L2(π)

= (φ, Ptψ)L2(π) =
∫∫

φ(y)ψ(x)ηt(y, dx)π(dy)

for all φ, ψ ∈ C2
b (Rd). This implies the detailed balance condition (8.2). Therefore,

the rate functional can be rewritten in the form (8.6), which almost has the form of a
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minimising movement.
Indeed, the small-time development of this rate yielded a genuine minimising move-

ment scheme

KFP
τ (ρ|ρ0) := 1

2H(ρ|π)− 1
2H(ρ0|π) + 1

4τ d(ρ0, ρ)2

= 1
2S(ρ) + 1

2E(ρ)− 1
2S(ρ0)− 1

2E(ρ0) + 1
4τ d(ρ0, ρ)2

for quite a general class of potentials Φ. The results in this thesis, Theorems 3.1.1 and
4.4.1, show a strong relation between the Wasserstein gradient flow of free energy on one
hand, and the large deviations of a microscopic particle system. The convergence of the
minimising movement scheme was already proven in [JKO98].

For this equation one can also apply the continuous-time approach [ADPZ12]. Indeed,
the continuous-time large-deviation rate can be rewritten as

4J̃ FP
T (ρ(·)) =

∫ T

0
Ψ(ρt, ∂tρt) dt+

∫ T

0
Ψ∗(ρt,−2F ′(ρt)) dt+ 2F(ρ1)− 2F(ρ0),

where the right-hand side is zero if the large-deviation rate is zero, which only occurs for
curves that solve (8.22). Hence, by requiring the right-hand side to be non-positive, one
obtains an entropy-dissipation inequality for the deterministic evolution.

Diffusion with decay or reactions Chapter 5 addressed the diffusion equation with
decay, which I studied through the the extended mass-conserving system{

∂tρN,t = ∆ρN,t − λρN,t,
∂tρD,t = ∆ρD,t + λρN,t.

(8.23)

Observe that the transition probability for this system can never be absolutely continuous
with respect to invariant measures, which are of the form (πN (dy), πD(dy)) = (0, dy).
Therefore, the detailed balance condition is not satisfied, so that the discrete-time ap-
proach may not yield a minimising movement. Indeed, Theorem 5.12 showed that the
discrete-time rate functional is, in a Mosco-convergence sense, related to

(ρN , ρD|ρN,0, ρD,0) 7→ inf
ρD=ρND+ρDD

− 1
2S(ρNN + ρND)− 1

2S(ρN,0) + 1
4τ d(ρN,0, ρNN + ρND)2

+ 1
2S(ρDD)− 1

2S(ρD,0) + 1
4τ d(ρD,0, ρDD)2

+ S(ρNN ) + S(ρND)− |ρNN | log e−λτ − |ρND| log(1− e−λτ ).
(8.24)

We saw that this functional can be split into two parts, that can be minimised sub-
sequently. One part, consisting of entropies and 1/τ -order Wasserstein distances are



132 CHAPTER 8. LESSONS LEARNED

responsible for the diffusion, while other entropy term together with the order− log τ
terms are responsible for the decay of mass. Based on this operator splitting, I proved
in Theorem 5.6.1 that the minimisers of the above functional converge to the solution
of (8.23). Even though (8.24) does not have the form of a minimising movement scheme,
it would be interesting to see whether this structure can be moulded in the GENERIC
framework, which is specifically meant to couple different processes together.

This approach was extended to a general system of reaction-diffusion equations{
∂tρ1,t = ∆ρ1,t − λ1ρ1,t + λ2ρ2,t,

∂tρ2,t = ∆ρ2,t + λ1ρ1,t − λ2ρ2,t.
(8.25)

If λ1, λ2 > 0, then detailed balance is always satisfied, with invariant (locally finite)
measure (π1(dy), π2(dy)) = (λ2 dy, λ1 dy). In that case the discrete-time rate functional
can be rewritten as (8.6), which suggests that a much more elegant variational formulation
can be found than the formulation that I derived in Section 5.7. An interesting open
question is how the dissipation mechanism for such variational formulation would look
like, and how the two formulations are related.

Diffusion with Dirichlet boundary conditions. Chapter 6 described work in progress,
where I studied the diffusion equation with Dirichlet conditions

∂tρt = ∂yyρt in (0, 1), ρt(0) = ρt(1) = 0. (8.26)

As in the case of diffusion with decay, I studied this evolution through an extended, mass-
conserving system, where all decayed mass is stored in delta-measures at the boundaries.
Observe that for this system with ‘sticking boundaries’, any invariant measure must be
of the form π(dy) = aδ0(dy) + bδ1(dy), so that the transition probability ζt(x, dy) can
never be absolutely continuous with respect to π. Therefore, the system does not satisfy
detailed balance, and one may not expect to find a minimising movement, at least not
of the free energy H(ρ|π). Nevertheless, a true minimising movement for (8.26) was
proposed in [FG10].

I proved a small-time Γ -development of the rate functional, which seem to yield a
variational formulation for (8.26) of the form

KDir
τ (ρ|ρ0) = inf

ρul,0 +ρuu,0 +ρur,0 =ρ0
|ρuu,0 |=|ρ|

{
1
2S(ρ) + S(ρul,0 ) + 1

2S(ρuu,0 ) + S(ρur,0 )− S(ρ0)

+ 1
4τ d̂

Dir(ρul,0 , ρuu,0 , ρur,0 , ρ)2
}
,

where d̂Dir is closely related to the metric proposed in [FG10]. More research is needed to
determine whether this functional really defines a variational scheme for (8.26).
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Markov chains. In Chapter 7 I studied a system of linear equation that describe a
continuous-time Markov chain on a finite state space:

∂tρt = QT ρt. (8.27)

For this evolution, I was able to follow both the discrete-time and the continuous-time
approach. When restricting to a two-state space, the discrete-time large-deviation rate
and its Mosco approximation could be calculated explicitly, leading to the discrete-time
function

KMk
τ (ρ|ρ0) := FMk(ρ; ρ0) + dMk(ρ0, ρ) log 1

τ
. (8.28)

I did not prove convergence of the variational scheme defined by this function; such con-
vergence proof could provide insight in how to generalise minimising movement schemes
with non-polynomial orders of the time-step τ . Such insight could also help in the study
of reaction-diffusion equations of the form (8.25). Observe that, for a two-state system,
detailed balance is satisfied as soon as Q12, Q21 > 0, so that the rate functional can be
rewritten as (8.6). This suggests that a different type of approximation might lead to a
minimising movement scheme with explicit entropy terms 1

2S(ρ) := 1
2H(ρ|π).

For the continuous-time approach, I used a formal calculation of the continuous-time
rate functional. The rigorous calculation is still a work in progress. The continuous-time
rate functional could be rewritten in the form of an entropy-dissipation inequality

J̃Mk
T (ρ(·)) =

∫ T

0
Ψ(ρt, ∂tρt) dt+

∫ T

0
Ψ∗
(
ρt,− 1

2 ∇S(ρt)
)
dt+ 1

2S(ρT )− 1
2S(ρ0) ≤ 0,

where Ψ is a genuine dissipation potential if detailed balance is satisfied. At this stage,
it is not completely clear whether the dissipation potential generates a metric. But, as
discussed in Section 7.6, such metric could never be the same as the one proposed by
[Maa11, Mie12].

General discussion. For all evolution equations, a stochastic particle system was in-
troduced to derive an alternative, gradient-flow-like formulation for the deterministic
evolution. It should be stressed that I chose very specific particle systems: they were
essentially all systems of independent point particles with the fundamental solution of the
evolution equation as their transision probability. This choice was mainly motivated by
the Sanov, that gives rise to entropy-minimisation principles. Naturally, different choices
of microscopic models could lead to different large-deviation behaviour, and different
gradient-flow-like structures for the same evolution equation. As far as I know, very little
is known about such connections today.

In connecting large deviations to gradient flows, I have used two approaches. In the
continuous-time approach, a continuous-time large-deviation rate is rewritten such that
it quantifies the gap in an entropy-dissipation inequality. If such a connection can be
established, it is very exact; there is no approximation involved. So far, I could only
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use this approach for two of the studied evolution equations, which are exactly those
evolutions that satisfy the detailed balance condition. As we have seen in Section 8.4
above, this is no coincidence: one can always rewrite a continuous-time large-deviation
rate of a Markov process in a Ψ-Ψ∗ form, and the potential Ψ is automatically a dissipation
potential if detailed balance is satisfied, in the general sense of (8.2). An interesting open
challenge concerning the continuous-time approach is to understand how and whether the
dissipation potential is related to a dissipation metric.

Concerning the discrete-time approach, this is certainly more broadly applicable than
the continuous-time approach. However, the resulting connection is not as rigid. Indeed,
we saw in this chapter that the specific choice of asymptotic development that is used
to approximate the discrete-time rate is not at all a trivial one. Ideally, one would like
to use a notion of asymptotic development that is strong enough to guarantee that the
development will approximate the evolution equation that one started with. On the other
hand, such a notion needs to be weak enough to be provable in practice. I have briefly
discussed one alternative, based on a variable transformation to the tangent space, that at
least seems to be more natural than the development by Mosco convergence that was used
in this research. This poses an interesting topic of research that, due to time constraints,
lies outside the focus of this thesis.

The notion of detailed balance also plays an important role in the discrete-time ap-
proach. I showed in this chapter that the discrete-time rate functional can be rewritten
in a form that already resembles a minimising movement scheme. The work on reaction-
diffusion equations and finite-state Markov chains showed that different orders of the
time parameter can be expected in the minimising movement scheme. But even for sys-
tems without detailed balance, I found meaningful variational formulations that can be
interpreted as generalisations of the minimising movement scheme. In particular, these
formulations depart from the minimising movement scheme in two ways. Firstly, the de-
rived variational formulations for the diffusion equation with decay, and for the diffusion
equation with Dirichlet boundaries, included an extra minimisation over a larger system to
compensate for the loss of mass in the original evolution. Secondly, the variational formu-
lation for the diffusion equation with decay included terms of different orders of the time
step. I suspect that both generalisations can be described in a GENERIC framework. In
order to do so, more research is needed to unreveal the connection between discrete-time
and continuous-time formulations.



Appendix A

Probability theory

A.1 Convergence of measures

There are various metrics and premetrics in this thesis that define a topology on measures
spaces. An important role is also played by two weaker notions of convergence of measures:
narrow and weak convergence (although narrow convergence is metrisable). They are both
defined by duality with test functions; the test functions are either in Cb(U), the space of
continuous and bounded functions, or in Cc(U), the space of continuous functions with
compact support.

Definition A.1.1. A sequence of measures ρn inM(U) converges narrowly to a measure
ρ as n→∞ (written as ρn⇀ρ) whenever∫

φ(x) ρn(dx)→
∫
φ(x) ρ(dx) for all φ ∈ Cb(U). (A.1)

Definition A.1.2. A sequence of measures ρn inM(U) converges vaguely to a measure
ρ as n→∞ (written as ρn

vague−−−→ ρ) whenever∫
φ(x) ρn(dx)→

∫
φ(x) ρ(dx) for all φ ∈ Cc(U). (A.2)

Naturally, the notions coincide if U is compact. For non-compact U , the most im-
portant difference lies in the fact that narrow convergence conserves mass, i.e.

If ρn(U) = C for all n ≥ 1 and ρn⇀ρ then ρ(U) = C,

whereas this argument may fail for vague convergencing sequences. Therefore, the narrow
topology is more natural for probability measure spaces, while vague convergence is more
natural for general measure spaces.
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A.2 Convergence of random variables
Two notions of convergence of random variables are used in this thesis: weak convergence
and almost sure convergence.

Definition A.2.1. A sequence of random variables X1, X2, . . . in a topological space U
converges almost surely to X∞ (written as Xn

a.s.−−→ X∞) if and only if

Prob(Xn → X∞) = 1.

Definition A.2.2. A sequence of random variables X1, X2, . . . in a topological space U
converges weakly to X∞ (written as Xn⇀X∞) if and only if

LawXn⇀LawX∞ as n→∞. (A.3)

As the name suggests, weak convergence is a weak notion; it is implied by almost
sure convergence. The following well-known theorem provides different characterisations
of weak convergence.

Theorem A.2.3 (Portmanteau [Kal97, Th. 3.25]). If U is a metric space, then the
following statements are equivalent:

1. Xn converges weakly to X∞, in the sense of (A.3);

2. lim infn→∞ Prob(Xn ∈ U) ≥ Prob(X∞ ∈ U) for any open U ⊂ U ;

3. lim supn→∞ Prob(Xn ∈ G) ≤ Prob(X∞ ∈ G) for any closed G ⊂ U ;

4. limn→∞ Prob(Xn ∈ C) = Prob(X∞ ∈ C) for any Borel set C ⊂ U such that
Prob(X∞ ∈ ∂C) = 0.

A.3 The large-deviation principle
It is often encountered that, as for example in Laws of Large Numbers, the weak limit of
a sequence of random variables is deterministic, i.e. LawX∞ = δx0 for some x0 ∈ U . In
that case, the right-hand side in conditions 2, 3 and 4 becomes 0 whenever x0 /∈ U,G,C.
The rate of this convergence to 0 is quantified by a large-deviation principle, which I
sometimes write informally as

Prob(Xn ≈ x) ∼ e−nJ (x).

The precise definition is:

Definition A.3.1. A sequence of random variables Xn in a topological space U satisfies
a large-deviation principle with rate functional J : U → [0,∞] if and only if
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1. lim infn→∞ 1
n log Prob(Xn ∈ U) ≥ − infx∈U J (x) for any open U ⊂ U ;

2. lim supn→∞ 1
n log Prob(Xn ∈ G) ≤ − infx∈G J (x) for any closed G ⊂ U ;

3. J is lower semicontinuous.

Moreover, the rate functional is called good if it has compact sublevel sets.

A number of remarks about this definition need to be made. First of all, note that
the right-hand side in conditions 1 and 2 has the form infx J (x). Indeed, the exponential
convergence is so strong that the limit functional only ‘sees’ the most likely event x in
the set U or G. Secondly, observe that the set function n−1 LawXn is generally not a
measure. Therefore, in contrast to the weak convergence of measures in the Portmanteau
Theorem A.2.3, both the lim inf and the lim sup-inequalities are needed. Thirdly, the
combination with the lower semicontinuity of J guarantees the uniqueness of the rate
functional, (under some assumptions on the topology of U) [DZ87, Lem. 4.1.4]. Finally,
consider again the case where Xn converges weakly to X∞ = δx0 . Then the deterministic
limit minimises the rate functional, i.e. J (x0) = 0.

A.4 Radon and Polish spaces
In this thesis, two types of topological spaces U play an important role for the study of
probability measures on that space

Definition A.4.1. A Radon space is a separable metric (or metrisable) space such that
each probability measure on that space is tight (also called inner regular). A Polish space
is a separable complete metric (or metrisable) space.

A Polish space is also a Radon space. Typically Rd, discrete spaces (with the discrete
topology), and countable products of Polish spaces are all Polish and hence also Radon.

One important implication of U being a Radon space is the following. Let the space of
continuous and bounded functions Cb(U) be endowed with the uniform topology. Then
the dual space Cb(U)∗ can be identified with the space of finite, finitely additive, and
regular signed Borel measures [DS57, Th. IV.6.2]. If U is Radon then any probability
measure is regular, and hence P(U) ⊂ Cb(U)∗. In that case, the narrow topology on
P(U) coincides with the subspace topology of the weak-* topology of Cb(U), since both
are defined by duality against Cb(U). This fact is used explicitly in Section 2.4. It should
be noted, however, that P(U) is generally not closed in the narrow topology.

An important implication of U being a Polish space is that by Prokhorov’s Theorem,
a set of measures in P(U) is relatively compact (in the narrow topology) if and only if it
is tight [AGS08, Th. 5.1.3].
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Appendix B

Functional analysis and
variational calculus

B.1 Mosco convergence
A useful notion of convergence of sequences of minimisation problems is Γ -convergence
(see for example [Bra02, DM93]). In particular, it is often used in the study of large
deviations [ADPZ11, Lem. 2] and gradient flows (cf. [DG06, SS04]). Moreover, in
[Léo07], Gamma-convergence is used to connect large deviations to optimal transport. In
many cases, it is convenient to require that the recovery sequence of the Γ -convergence
exists in a stronger topology (cf. [AGS08, Rem. 2.0.5] or [MRS12]): the resulting notion
of convergence is known as Mosco-convergence [Mos69]. In many cases related to this
work, Mosco-convergence is indeed satisfied (cf. [ADPZ11, Th. 3],[DLR12, Th. 1.1]). In
this sense it provides a natural notion for the purpose of this study. The definition is1

Definition B.1.1. Let U be a space with two first-countable (e.g. metrisable) topologies
w ⊂ s. A sequence of functionals {Fτ}τ on U Mosco-converges to F : U → R∪ {∞} as
τ → 0, written as Fτ

M−→ F , whenever

1. (Lower bound). For any sequence ρτ w−−−→
τ→0

ρ in U there holds

lim inf
τ→0

Fτ (ρτ ) ≥ F(ρ);

2. (Recovery sequence). For all ρ ∈ U there is a sequence ρτ s−−−→
τ→0

ρ in U such that

lim sup
τ→0

Fτ (ρτ ) ≤ F(ρ).

1I slightly generalise the usual concept of Mosco convergence, where U should be a Banach space
where the weak topology is defined by duality with U∗.
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In this thesis I mostly take the two-topology space U = PS2 (Rd), as described in
Section B.2.

Remark B.1.2. If the lower bound and recovery sequence hold in the same topology,
then the sequence is said to Γ -convergence, written as ρ(τ) Γ−→ ρ.

B.2 The space PS2 (Rd)
The space PS2 (Rd) is defined as the subspace of P(Rd) for which the second moment
and the entropy functional S are both finite. On this space, two topologies are defined
so that the concept of Mosco-convergence can be applied. The weak topology (w) is the
narrow topology, characterised by narrow convergence (A.1). The strong topology (s) is
defined as the weakest topology such that all functionals ρ 7→

∫
x2 ρ(dx), ρ 7→ S(ρ) and

ρ 7→
∫
φ(x) ρ(dx) for all φ ∈ Cb(Rd) are continuous. Since this topology is first-countable,

convergence in this topology is fully characterised by convergence in the Wasserstein
topology plus convergence of the entropy functional S.

In fact, it is proven below that convergence in this s-topology implies strong L1-
convergence of the sequence and its entropies. This important fact will be used to prove
the Mosco-convergence Theorem 5.5.1. Let Ld be the d-dimensional Lebesgue measure.

Lemma B.2.1. Let ρ(τ) → ρ in PS2 (Rd) in the strong topology, i.e.:

d(ρ(τ), ρ)→ 0, in the Wasserstein metric, (B.1)
S(ρ(τ))→ S(ρ). (B.2)

Then ρ(τ) and ρ are Ld-absolutely continuous and can be identified with their densities,
i.e. ρ(τ), ρ ∈ L1(Rd), and there is a subsequence such that

ρ(τ) → ρ, (B.3)
ρ(τ) log ρ(τ) → ρ log ρ (B.4)

strongly in L1(Rd).

The proof of this lemma is mainly due to Marco Veneroni; I include it here for complete-
ness. It can also be found in [PRV11].

Proof. Step I - Decomposition of the entropy. To deal with the fact that S is not
bounded from below, I rewrite S in the following way. Define, for any α ∈ R with α > d

c−1 :=
∫
Rd

1
(1 + |x|)α dx, ν(dx) = ν(x) dx = c

(1 + |x|)α dx,

and let H be the relative entropy (1.24). (Note that S(ρ) = H(ρ|Ld).) Then for any
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ρ ∈ PS2 , one can write

S(ρ) =
∫
Rd
ρ log ρ dx =

∫
Rd

ρ

ν
log
(ρ
ν

)
ν dx+

∫
Rd
ρ log(ν) dx

= H(ρ|ν) + log c− α
∫
Rd
ρ log(1 + |x|) dx. (B.5)

By (B.1) and [AGS08, Lem. 5.1.7]∫
Rd
ρ(τ)(x)φ(x) dx→

∫
Rd
ρ(x)φ(x) dx (B.6)

for all continuous functions φ : Rd → R such that |φ(x)| ≤ A+B|x|2 for all x ∈ Rd, for
some A,B ≥ 0. This implies that the last term on the right of (B.5) converges:

α

∫
Rd
ρ(τ)(x) log(1 + |x|) dx→ α

∫
Rd
ρ(x) log(1 + |x|) dx, (B.7)

so that the study of S(ρ(τ)) can be reduced to the study of H(ρ(τ)|ν).

Step II - convergence of the plans. Define the measures γ(τ) ∈ P(Rd × R) by the
push-forward:∫
Rd×R

ψ(x, y) γ(τ)(dx dy) =
∫
Rd
ψ

(
x,
ρ(τ)(x)
ν(x)

)
ν(x) dx for all ψ ∈ Cb(Rd × R).

The marginals π1γ
(τ) and π2γ

(τ) then satisfy∫
Rd
φ(x)π1γ

(τ)(dx) =
∫
Rd
φ(x) ν(x) dx, (B.8)∫

R
ϕ(y)π2γ

(τ)(dy) =
∫
Rd
ϕ

(
ρ(τ)(x)
ν(x)

)
ν(x) dx,

for all φ ∈ Cb(Rd), for all ϕ ∈ Cb(R). I claim that

• there exists γ ∈ P(Rd × R) such that, up to subsequences, γ(τ)⇀γ (narrowly);

• the barycentric projection (B.10) of the limit γ, with respect to ν, is ρ/ν.

In order to prove the first part of the claim, note that by [AGS08, Lem. 5.2.2], if the
marginals of γ(τ) are tight, then γ(τ) is also tight, and thus (by [AGS08, Th. 5.1.3])
relatively compact, with respect to the narrow topology of P(Rd × R). By (B.8) the
first marginal does not depend on h. For the second marginal, the following integral
condition for tightness can be used ([AGS08, Rem. 5.1.5]): “if there exists a function
G : R→ [0,+∞], whose sublevels are compact in R, such that

sup
τ

∫
R
G(y)π2γ

(τ)(dy) < +∞,
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then {π2γ
(τ)} is tight." We can choose, as in [AGS08, Eq. (9.4.2)], the nonnegative,

lower semicontinuous, strictly convex function

G(s) :=


s(log s− 1) + 1 if s > 0,
1 if s = 0,
+∞ if s < 0,

defined on R, and observe that∫
R
G(y)π2γ

(τ)(dy) =
∫
Rd
G

(
ρ(τ)(x)
ν(x)

)
ν(x) dx = H(ρ(τ)|ν).

The last term is bounded, owing to (B.6), (B.5), and (B.7). It follows that γ(τ) is relatively
compact and therefore, up to subsequences, γ(τ) converges to a measure γ ∈ P(Rd×R).

In order to prove the second part of the claim, note that by disintegration of measures
[AGS08, Th. 5.3.1], there exists a family {µx}x∈Rd ⊂ P(R) such that∫

Rd×R
ψ(x, y) γ(dx dy) =

∫
Rd

(∫
R
ψ(x, y)µx(dy)

)
ν(dx) (B.9)

for every Borel map ψ : Rd × R→ [0,+∞]. I want to identify the barycentric projection
of γ with respect to ν, that is, the function

x 7→
∫
R
y µx(dy), (B.10)

with ρ/ν. This can be done if one can choose as test function ψ a function of the form
(x, y)→ φ(x)y, with φ ∈ Cb(Rd). Since such a function is not bounded, it first needs to
be checked that it is uniformly integrable. Since H(ρ(τ)|ν) is bounded, there is a constant
C1 > 0 such that, for all R > 1,

C1 > sup
τ

∫
Rd
G

(
ρ(τ)(x)
ν(x)

)
ν(x) dx

≥ sup
τ

∫
{ρ(τ)>R}

G

(
ρ(τ)(x)
ν(x)

)
ν(x)dx

= sup
τ

∫
{ρ(τ)>R}

ρ(τ)(x) log
(
ρ(τ)(x) (1 + |x|)α

c

)
dx

≥ sup
τ

∫
{ρ(τ)>R}

ρ(τ)(x) logR− ρ(τ) log c+ αρ(τ)(x) log(1 + |x|)dx

≥ log(R) sup
τ

∫
{ρ(τ)>R}

ρ(τ)(x) dx− log c− sup
τ
α

∫
Rd
ρ(τ)(x) log(1 + |x|)dx

(B.7)
≥ log(R) sup

τ

∫
{ρ(τ)>R}

ρ(τ)(x) dx− C2.
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Therefore,
lim
R→∞

sup
τ

∫
{ρ(τ)>R}

ρ(τ)dx ≤ lim
R→∞

C1 + C2

log(R) = 0, (B.11)

i.e., ρ(τ) is uniformly integrable. Since for every φ ∈ Cb(Rd)

lim
R→∞

sup
τ

∫
{φ(x)y≥R}

φ(x)y γ(τ)(dx dy) ≤ lim
R→∞

sup
τ
‖φ‖∞

∫
{|y|≥R/‖φ‖∞}

y γ(τ)(dx dy)

= lim
R→∞

sup
τ
‖φ‖∞

∫
{ρ(τ)≥R/‖φ‖∞}

ρ(τ)(x) dx

(B.11)= 0,

it can be concluded that the function Rd×R 3 (x, y) 7→ φ(x)y ∈ R is uniformly integrable
with respect to the measures {γ(τ)}. Uniform integrability, owing to [AGS08, Lem. 5.1.7],
yields

lim
τ→0

∫
Rd×R

φ(x)y γ(τ)(dx dy) =
∫
Rd×R

φ(x)y γ(dx dy) (B.9)=
∫
Rd
φ(x)

(∫
R
y µx(dy)

)
ν(dx).

On the other hand, (B.2) shows that

lim
τ→0

∫
Rd×R

φ(x)y γ(τ)(dx dy) = lim
τ→0

∫
Rd
φ(x)ρ

(τ)(x)
ν(x) ν(dx) =

∫
Rd
φ(x)ρ(x)

ν(x) ν(dx).

Hence the weak limit of the densities must be equal to the barycentric projection of the
limit plans:

ρ(x)
ν(x) =

∫
R
y µx(dy) for a.e. x ∈ Rd. (B.12)

Step III - pointwise convergence. Compute

lim inf
τ→0

H(ρ(τ)|ν) = lim inf
τ→0

∫
Rd
G

(
ρ(τ)(x)
ν(x)

)
ν(dx)

= lim inf
τ→0

∫
Rd×R

G(y) γ(τ)(dx dy)

≥
∫
Rd×R

G(y) γ(dx dy)

=
∫
Rd

(∫
R
G(y)µx(dy)

)
ν(dx)

≥
∫
Rd
G

(∫
R
y µx(dy)

)
ν(dx) (B.13)

=
∫
Rd
G

(
ρ(x)
ν(x)

)
ν(dx) = H(ρ|ν), (B.14)
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where, in the last three steps, I used (B.9), Jensen’s inequality, and (B.12). Collecting all
the computations, it follows that

H(ρ|ν) (B.5)= S(ρ)− log c+ α

∫
Rd
ρ(x) log(1 + |x|) dx

(B.2),(B.7)= lim
τ→0

{
S(ρ(τ))− log c+ α

∫
Rd
ρ(τ)(x) log(1 + |x|) dx

}
(B.5)= lim inf

τ→0
H(ρ(τ)|ν)

(B.14)
≥ H(ρ|ν).

Therefore, the inequality in (B.13) must be an equality, which, by strict convexity of G,
implies that µx is a Dirac delta concentrated in ρ(x)

ν(x) , for a.e. x ∈ Rd. As a consequence

ρ(τ)(x)
ν(x) → ρ(x)

ν(x) for a.e. x ∈ Rd,

and therefore
ρ(τ)(x)→ ρ(x) for a.e. x ∈ Rd. (B.15)

Step IV - strong convergence. In order to prove (B.3), recall the following result,
which can be found, for example in the Italian version of [Bre86, Th. 19, p. 392 and
Th. 15, p. 387].

If u(τ)⇀u in L1(Rd) and u(τ)(x)→ u(x) for a.e. x ∈ Rd,
then u(τ) → u strongly in L1(Rd). (B.16)

Since by (B.11) {ρ(τ)} is uniformly integrable and by (B.6) it is also tight, by [Bog07,
Th. 4.7.20], it follows that

ρ(τ)⇀ρ weakly in L1(Rd). (B.17)

Therefore, (B.3) follows from (B.15), (B.17), and (B.16).

In order to prove (B.4), let G(τ) :=G
(
ρ(τ)/ν

)
, G(0) :=G (ρ/ν). Since G is continuous

and ρ(τ) → ρ almost everywhere,

G(τ)(x)→ G(0)(x) for a.e. x ∈ Rd. (B.18)

In the next lines, I show that G(τ) converges also weakly in L1(Rd), so that by (B.16) it
converges strongly in L1(Rd).
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From the proof of (B.3), it follows that∫
Rd
G(τ)(x) ν(dx) = H(ρ(τ)|ν)→ H(ρ|ν) =

∫
Rd
G(0)(x) ν(dx). (B.19)

On the other hand, since G ≥ 0, by (B.18) Fatou’s Lemma can be applied, so that

lim inf
τ→0

∫
A

G(τ)(x) ν(dx) ≥
∫
A

G(0)(x) ν(dx) for all measurable A ⊂ Rd. (B.20)

Therefore,∫
Rd
G(0)(x) ν(dx) (B.19)= lim

τ→0

∫
Rd
G(τ)(x) ν(dx)

= lim
τ→0

(∫
A

G(τ)(x) ν(dx) +
∫
Rd\A

G(τ)(x) ν(dx)
)

≥ lim inf
τ→0

∫
A

G(τ)(x) ν(dx) + lim inf
τ→0

∫
Rd\A

G(τ)(x) ν(dx)

(B.20)
≥
∫
A

G(0)(x) ν(dx) +
∫
Rd\A

G(0)(x) ν(dx) =
∫
Rd
G(0)(x) ν(dx).

Since the same inequality (B.20) holds for A and Rd\A, there cannot be any compensa-
tion, so that

lim
τ→0

∫
A

G(τ)(x) ν(dx) =
∫
A

G(0)(x) ν(dx) for all measurable A ⊂ Rd.

Therefore, for any finite disjoint family of measurable sets {Ak} and λk ∈ R, defining

ψ(x) =
∑
k

λkχAk(x),

there holds
lim
τ→0

∫
Rd
G(τ)(x)ψ(x) ν(dx) =

∫
Rd
G(0)(x)ψ(x) ν(dx).

By density of simple functions in L∞(Rd), it is proven that

G(τ)⇀G(0) weakly in L1(Rd),

and thus, owing to (B.16) and (B.18), that

G(τ) → G(0) strongly in L1(Rd). (B.21)
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Finally, observe that

ρ(τ) log ρ(τ) = G(τ)ν + ρ(τ) log(ν) + ρ(τ) − ν
= G(τ)f + ρ(τ)(log(c) + 1)− αρ(τ) log(1 + | · |)− ν.

Because of (B.21) and (B.3), in order to prove (B.4), it only needs to be verified that

ρ(τ) log(1 + | · |)→ ρ log(1 + | · |) strongly in L1(Rd). (B.22)

This follows from the uniform integrability of the first moments of ρ(τ) and from the
strong L1-convergence of ρ(τ). Precisely, since d(ρ(τ), ρ) → 0, then ρ(τ) has uniformly
integrable p-moments for all p ∈ (0, 2). In particular, for every ε > 0 there exists Rε > 0
such that

sup
τ

∫
|x|≥Rε

|x|ρ(τ)(x) dx ≤ ε.

For all ε > 0, estimate∫
Rd

∣∣∣ρ(τ)(x) log(1 + |x|)− ρ(x) log(1 + |x|)
∣∣∣dx ≤ ∫

|x|<Rε

∣∣ρ(τ)(x)− ρ(x)
∣∣ log(1 + |x|) dx

+
∫
|x|≥Rε

|x|ρ(τ)(x) dx+
∫
|x|≥Rε

|x|ρ(x) dx

≤ ‖ρ(τ) − ρ‖L1 log(1 +Rε) + 2ε

and therefore, for all ε > 0

lim
τ→0

∫
Rd

∣∣∣ρ(τ) log(1 + |x|)dx− ρ log(1 + |x|)
∣∣∣dx ≤ 2ε.

Since ε is arbitrary, the strong L1-convergence in (B.22) is proven, which concludes the
proof of the lemma.

B.3 Distributions and absolutely continuous curves

Let D := C∞c (Rd) be the space of distributional test functions with the usual topology
(see [Rud73, Sect. 6.2]), let D∗ be its dual, consisting of the distributions on Rd, and
let 〈 , 〉 be the dual pairing between D∗ and D. I identify a measure ρ ∈ P(Rd) with a
distribution by setting 〈ρ, f〉 :=

∫
f dρ.

I use two different notions of absolutely continuous curves. The first notion is taken
from [DG87, Def. 4.1]:

Definition B.3.1. A curve ρ(·) : [0, 1]→ D∗ is absolutely continuous in the distributional
sense if for each compact set K ⊂ Rd there is a neighborhood UK of 0 in D with support
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in K, and an absolutely continuous function GK : [0, 1]→ R such that

|〈ρt2 , f〉 − 〈ρt1 , f〉| ≤ |GK(t2)−GK(t1)|,

for all 0 < t1, t2 < 1 and f ∈ UK . I denote by AC ([0, 1];D∗) the set of all absolutely
continuous maps in distributional sense.

Note that if a curve ρ(·) : [0, 1]→ D∗ is absolutely continuous then the derivative in the
distributional sense ∂tρt = limτ→0

1
τ (ρt+τ − ρt) exists in D∗ for almost all t ∈ [0, 1].

The second notion of absolute continuity is taken from [AGS08, Def. 1.1.1]:

Definition B.3.2. A curve ρ(·) : [0, 1]→ P2(Rd) is absolutely continuous in the Wasser-
stein sense if the Wasserstein distance is bounded by a g ∈ L1(0, 1) in the following
way:

d(ρt1 , ρt2) ≤
∫ t2

t1

g(t) dt

for all 0 < t1 ≤ t2 < 1. I denote the set of absolutely continuous curves in the Wasserstein
sense as AC([0, 1];P2(Rd)).

Sufficient conditions for absolute continuity in the Wasserstein sense are given by the
following useful lemma:

Lemma B.3.3. Let ρ(·) : [0, 1]→ P(Rd) be a narrowly continuous curve and let v(·) be
a vector field such that the continuity equation holds:

∂tρt + div(ρt vt) = 0 in distributional sense. (B.23)

If
ρ0 ∈ P2(Rd) and

∫ 1

0
‖vt‖2L2(ρt)dt <∞ (B.24)

then ρt ∈ P2(Rd) for all 0 ≤ t ≤ 1 and ρ(·) is absolutely continuous in the Wasserstein
sense.

Proof. The proof can be found in [AGS08, Th. 8.3.1]. In their formulation of the lemma,
the hypothesis requires a priori that ρt always lies in P2(Rd), but the proof actually shows
that this condition and the Wasserstein-absolute continuity of the curve are implied by
condition (B.24).

B.4 The Wasserstein tangent space
For a Wasserstein-absolutely continuous curve ρ(·) there is a unique Borel field vt ∈

V (ρt) := {∇f : f ∈ D}
L2(ρt) such that the continuity equation (B.23) holds [AGS08,

Th. 8.3.1]. This motivates the identification of the tangent space2 of P2(Rd) at ρ with
2In [AGS08] the tangent space is identified with the set of velocity fields V (ρ).
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all s ∈ D∗ for which there exists a v ∈ V (ρ) such that

s+ div(ρ v) = 0 in distributional sense. (B.25)

The following inner product on the tangent space at ρ is the metric tensor corresponding
to the Wasserstein metric [Ott01]

(s1, s2)−1,ρ :=
∫
Rd
v1 · v2 dρ,

where v1 and v2 are associated with s1 and s2 through (B.25). The corresponding norm
coincides with the dual operator norm on D∗

‖s‖2−1,ρ := sup
f∈D

{
2〈s, f〉 −

∫
Rd
|∇f |2dρ

}
. (B.26)

This norm is closely related to the Wasserstein metric through the Benamou-Brenier
formula [BB00]

d(ρ0, ρ1)2 = min
{∫ 1

0
‖∂tρt‖2−1,ρt dt : ρt|t=0 = ρ0 and ρt|t=1 = ρ1

}
. (B.27)
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Summary

Microscopic interpretation of Wasserstein gradient flows

The discovery of Wasserstein gradient flows provided a mathematically precise formulation
for the way in which thermodynamic systems are driven by entropy. Since the entropy of a
system in equilibrium can be related to the large deviations of stochastic particle systems,
the question arises whether a similar relation exists between Wasserstein gradient flows
and stochastic particle systems. In the work presented in this thesis, such relation is
studied for a number of systems.

As explained in the introduction chapter, central to this research is the study of
two types of large deviations for stochastic particle systems. The first type is related
to the probability of the empirical measure of the particle system, after a fixed time
step, conditioned on the initial empirical measure. The large-deviation rate provides
a variational formulation of the transition between two macroscopic measures, in fixed
time. This formulation can then be related to a discrete-time formulation of a gradient
flow, known as minimising movement. To this aim, a specific small-time development of
the rate is used, based on the concept of Mosco- or Gamma-convergence. The other type
of large deviations concerns the probability of the trajectory of the empirical measure in
a time interval. For these large deviations, the rate provides a variational formulation for
the trajectory of macroscopic measures. For some systems, this rate can be related to a
continuous-time formulation of gradient flows, known as an entropy-dissipation inequality.

Chapter 2 serves as background, where a number of results from particle system theory
and large deviations are proven in a general setting. In particular, the generator of the
empirical measure is calculated, the many-particle limit of the empirical measure is proven,
and the discrete-time large deviation principle is proven.

In Chapter 3, the discrete-time large-deviation rate is studied for a system of in-
dependent Brownian particles in a force field, which yields the Fokker-Planck equation
in the many-particle limit. Based on an estimate for the fundamental solution of the
Fokker-Planck equation, it is proven that the small-time development of the rate func-
tional coincides with the minimising movement of the Wasserstein gradient flow, under
the conjecture that a similar relation holds if there is no force field.

The Fokker-Planck equation is studied further in Chapter 4, but with a different tech-
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nique. Here, an alternative formulation of the discrete-time large-deviation rate is derived
from the continuous-time large-deviation rate. With this alternative formulation, the
small-time development is proven in a much more general context, so that the conjecture
of the previous chapter can indeed be dropped. To complete the discussion, it is men-
tioned that the continuous-time large deviations can be coupled to a Wasserstein gradient
flow more directly, via an entropy-dissipation inequality.

Chapter 5 discusses two related systems, whose evolutions are described by a system
of reaction-diffusion equations, and by the diffusion equation with decay. In order to deal
with the fact that the diffusion equation with decay is not mass-conserving, the decayed
mass is added back to the system as decayed matter, which results in a system of reaction-
diffusion equations. This allows for the construction of a system of independent particles
whose probability evolves according to the reaction-diffusion equations. Similar to the
previous chapters, a small-time development of the discrete-time large-deviation rate is
proven. It turns out that in general the resulting functional can not be associated with
a minimising movement formulation of a Wasserstein gradient flow. Nevertheless, it is
proven that this functional defines a variational scheme that approximates the system of
reaction-diffusion equations. As such, the functional, which involves entropy terms and
Wasserstein distances, can be interpreted as a generalisation of a minimising movement.

Chapter 6 is concerned with the effect of trivial Dirichlet boundary conditions on the
discrete-time rate functional and its small-time development. Since the diffusion equation
with trivial Dirichlet boundary conditions loses mass at the boundaries, the system is first
transformed into a mass-conserving system by adding the amount of lost mass back to the
system in two delta measures at the boundaries. This again allows for the construction of
a corresponding microscopic particle system. For this particle system, the discrete-time
large-deviation rate is calculated, and its small-time development is proven. It is still
unclear whether the resulting functional can be used to define an variational approxiation
scheme for the diffusion equation with Dirichlet boundary conditions.

In Chapter 7, general Markov chains on a finite state space are studied. The mac-
roscopic equation is then a linear system of ordinary differential equations, and the mi-
croscopic particle system consists of independent Markovian particles on the finite state
space. First, the discrete-time rate functional for this particle system is calculated, and
its small-time asymptotic development is proven for a two-state system. Although the
resulting function looks like a minimising movement, it is still unknown whether this func-
tion defines a variational formulation for the system of linear differential equations. Next,
the continuous-time rate functional is calculated, at least formally, using the Feng-Kurtz
formalism. It is then shown that the continous-time rate function can be rewritten into an
entropy-dissipation inequality. However, this inequality may imply unphysical behaviour
unless the Markov chain satisfies detailed balance.

Finally, the used methods and techniques and the general results are evaluated in
Chapter 8. It is shown that one can expect to find a gradient-flow structure via large-
deviations of microscopic particle systems, if the macroscopic equation satisfies a gener-
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alised version of the detailed balance condition. Some important implications of detailed
balance are proven for both the discrete-time approach, as well as for the continuous-time
approach. The chapter ends with a discussion of the results for the different systems, and
the general methods that are used in this thesis.



Samenvatting

Microscopische interpretatie van Wasserstein-
gradiëntstromen
De ontdekking van Wasserstein-gradiëntstromen heeft het mogelijk gemaakt om wiskundig
precies te beschrijven hoe thermodynamische systemen door entropie worden gedreven.
Aangezien de entropie van een evenwichtssysteem verband houdt met de grote afwijkingen
van stochastische deeltjessystemen, kan men zich afvragen of een dergelijk verband ook
bestaat voor niet-evenwichtssystemen. In deze dissertatie is dit verband voor een aantal
verschillende systemen onderzocht.

Zoals in het inleidende hoofdstuk wordt uitgelegd, staan twee verschillende soorten
grote afwijkingen voor stochastische deeltjessystemen centraal in dit onderzoek. De eer-
ste soort heeft te maken met de voorwaardelijke kans van de empirische maat van het
deeltjessysteem na een vaste tijdstap, geconditioneerd op de beginwaarde van de empiri-
sche maat. Deze grote afwijkingen vormen een variationele beschrijving van de overgang
tussen twee macroscopische maten in een vaste tijdstap; deze beschrijving kan vervolgens
worden gekoppeld aan een beschrijving van een gradiëntstroom in discrete tijd, welke
bekend staat als een minimaliserende beweging. Om deze koppeling te maken wordt een
specifieke kleine-tijdsontwikkeling gebruikt, gebaseerd op Mosco- of Gamma-convergentie.
De andere soort grote afwijkingen die wordt beschouwd heeft te maken met de kans dat
de empirische maat een gegeven pad volgt in een vast tijdsinterval. Dit soort grote af-
wijkingen geeft een variationele beschrijving van het afgelegde pad van macroscopische
maten. Voor sommige systemen blijkt het mogelijk om zo’n beschrijving te koppelen
aan een formulering van gradiëntstromen in continue tijd; deze formuleringen worden
entropie-dissipatie-ongelijkheden genoemd.

Hoofdstuk 2 dient als achtergrond: er wordt een aantal resultaten met betrekking tot
deeltjessystemen en grote afwijkingen bewezen in een algemene context. Dit hoofdstuk
bevat de berekening van de generator van de empirische maat van een eindig aantal
deeltjes, het bewijs van de limiet van de empirische maat waarbij het aantal deeltjes naar
oneindig gaat, en het bewijs van het bijbehorende grote-afwijkingen-principe in discrete
tijd.

In Hoofdstuk 3 worden de grote afwijkingen van een systeem van onafhankelijke
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Brownse deeltjes in een krachtveld bestudeerd, in discrete tijd. In de veel-deeltjes-limiet
wordt dit systeem beschreven door de Fokker-Planck-vergelijking. Gebaseerd op een af-
schatting van de fundamentele oplossing van deze vergelijking, wordt bewezen dat de
kleine-tijdsontwikkeling van de grote afwijkingen overeenkomt met de minimaliserende
beweging van vrije energie in de Wasserstein-afstand. Voor dit resultaat moet nog wor-
den aangenomen dat een dergelijk verband waar is voor een systeem van Brownse deeltjes
zonder krachtveld.

Het volgende hoofdstuk gaat ook over de Fokker-Planck-vergelijking, maar met gebruik
van een andere methode. Deze methode is gebaseerd op een alternatieve vorm van de
grote afwijkingen in discrete tijd, die kan worden afgeleid van de grote afwijkingen in
continue tijd. Met deze alternatieve vorm kan de ontwikkeling van de grote afwijkingen in
een algemenere context bewezen worden, zodat de aanname uit het vorige hoofdstuk niet
langer nodig is. Om het plaatje compleet te maken wordt er ook een manier behandeld
om grote afwijkingen in continue tijd direct te koppelen aan een gradiëntstroom, middels
een entropie-dissipatie-ongelijkheid.

Hoofdstuk 5 betreft twee sterk aan elkaar gerelateerde systemen, waarbij één evolu-
tie beschreven wordt door een stelsel reactie-diffusievergelijkingen, en de andere door de
diffusievergelijking met verval. Om de diffusievergelijking met verval massabehoudend te
maken, wordt de vervallen materie in een andere vorm weer bij het systeem gevoegd, wat
leidt tot een stelsel reactie-diffusievergelijkingen. Hierdoor kan een systeem van onafhan-
kelijke deeltjes worden geconstrueerd, waarbij de kans van de deeltjes evolueerd volgens de
reactie-diffusievergelijkingen. Net als in de vorige hoofdstukken wordt er een kleine tijds-
ontwikkeling van de grote afwijkingen bewezen. Het blijkt dat de resulterende functionaal
in het algemeen niet met een minimaliserende beweging kan worden geassocieerd. Niet-
temin definieert deze functional een variationeel schema waarmee, zoals in dit hoofdstuk
wordt bewezen, het stelsel reactie-diffusievergelijkingen kan worden benaderd. In die zin
kan de functionaal, die bestaat uit entropietermen en Wassersteinafstanden, beschouwd
worden als een algemenere versie van een minimaliserende beweging.

Hoofdstuk 6 gaat over het effect van nul-Dirichlet-randvoorwaarden op de grote af-
wijkingen in discrete tijd en de bijbehorende ontwikkeling rond kleine tijdstappen. Om
de diffusievergelijking met Dirichlet-randvoorwaarden massabehoudend te maken wordt
de verloren materie opgeslagen in delta-maten aan de randen; hierdoor kan er weer een
bijbehorend stochastisch deeltjessysteem worden geconstrueerd. Voor dit deeltjessysteem
worden de grote afwijkingen in discrete tijd berekend, en wordt een ontwikkeling rond
kleine tijdstappen bewezen. Het is nog niet duidelijk of de resulterende functionaal ook
gebruikt kan worden als een variationeel approximatieschema voor de diffusievergelijking
met Dirichletrandvoorwaarden.

In Hoofdstuk 7 worden algemene Markov-ketens op een eindige toestandsruimte be-
handeld. De macroscopische vergelijking is dan een stelsel lineaire gewone differentiaal-
vergelijkingen, terwijl het microscopische deeltjessysteem uit onafhankelijke Markoviaanse
deeltjes op de eindige toestandsruimte bestaat. Eerst worden de grote afwijkingen in
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discrete tijd berekend, en wordt een asymptotische ontwikkeling voor kleine tijdstappen
bewezen. Het resultaat lijkt in zekere zin op een minimaliserende beweging, maar het
is nog niet bekend of het ook daadwerkelijk gebruikt kan worden om het stelsel diffe-
rentiaalvergelijkingen te benaderen. Hierna worden de grote afwijkingen in continue tijd
berekend, althans formeel, volgens de methode van Feng en Kurtz. Vervolgens wordt
aangetoond dat deze grote afwijkingen herschreven kunnen worden in de vorm van een
entropie-dissipatie-ongelijkheid. Deze constructie blijkt niet-fysisch gedrag te vertonen,
tenzij de Markov-keten reversibel is.

Tenslotte worden de gebruikte methoden en technieken tezamen met de resultaten uit
dit proefschrift nog eens onder de loep genomen in Hoofdstuk 8. Er wordt bewezen dat
men in het algemeen kan verwachten om een gradiëntstroom-structuur te vinden via grote
afwijkingen van microscopische deeltjessystemen, mits de macroscopische vergelijking aan
een gegeneraliseerde reversibiliteitsconditie voldoet. Een aantal belangrijke consequenties
van deze conditie wordt bewezen, zowel voor de aanpak in discrete tijd als voor de aanpak
in continue tijd. Het hoofdstuk eindigt met een discussie van de resultaten voor de
verschillende systemen en de algemene methoden die in deze dissertatie aan bod zijn
gekomen.
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