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SUMMARY 

This thesis deals with the development of a network simulator called PLANET 

that can be used by advantage in a hierarchical design environment be it 

digital, analogue or mixed analogue/digital. Also some related issues are 

treated. 

The developed simulator is a so-called Piecewise Linear (PL) simulator which 

means that for descrihing non-linear components, PL functions are used. There 

are however several methods to describe PL functions in a compact closed 

form. Therefore, the most important model descriptions are compared and some 

advantages and disadvantages of each description are given. 

In a (mixed-mode) design environment it is necessary to be able to perform 

mixed-level as well as mixed-mode simulations. This implies the need for 

macro models of for example boolean functions or logic networks. To this 

purpose, a method is developed to generate a PL model automatically for an 

arbitrary combinatorial logic function. The models are efficient and compact. 

lf the design environment is hierarchically oriented it is also preferabie to 

use a hierarchical simulator to follow the design flow in a hierarchical 

manner. Such a simulator was developed and is described here. This simulator 

has several features that are convenient in a hierarchical design 

environment. For example, it is easy to modify the topology of the network 

and it is possible to simulate a part of the network without redoing the rest 

of the network. The simulator has shown its suitability in a design package 

for automatic design of operational amplifiers. 

For transient analysis of a network, a numerical integration method is needed 

to solve the circuit equations. In a hierarchical simulator this integration 

method must be chosen such that it matches the hierarchy as well as the other 

features of the simulator. To achieve this, a waveform oriented method is 

used. The resemblance between two well-known integration methods is shown 

which results in a method that allows for time efficient incremental 

simulation. This means that the simulation results of a previous simulation 
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are used in a following simulation which reduces simulation time. These 

incremental simulations occur very often when designing electrooie circuits. 

To preserve the flexibility and the hierarchy, the simulator must be equipped 

with an interface that matches the simulators features. The approach foliowed 

here is that of a network description compiler. 

The result is a simulator that can be used in a broad scope of applications 

and, with its network description compiler, provides a flexible hierarchical 

simulation tooi that can be used advantageously in an automatic hierarchical 

synthesis environment. The macro model generation provides fast and compact 

models of logic functions which are needed to perform mixed-level simulation 

of logic or mixed-mode circuits. 
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SAMENVATTING 

Dit proefschrift beschrijft de ontwikkeling van de netwerk simulator PLANET. 

Deze simulator is bij uitstek geschikt om toe te passen in een hiërarchisch 

georiënteerde automatische ontwerpomgeving van analoge en/of digitale 

circuits. Naast een beschrijving van de simulator worden ook enkele 

aanverwante zaken behandeld. 

De ontwikkelde simulator is een zogenaamde Piecewise Linear (PL) simulator 

wat inhoudt dat de niet-lineaire componenten in een schakeling worden 

gemodelleerd door gebruik te maken van PL functies. Omdat er verschillende 

methoden bestaan om deze functies in een compacte vorm te beschrijven, worden 

eerst de vijf meest gebruikte modelbeschrijvingen met elkaar vergeleken. 

In een mixed-mode ontwerpomgeving is het wenselijk dat de simulator in staat 

is tot mixed-IeveVmode simulaties. Om dergelijke simulaties uit te voeren 

wordt ondermeer gebruik gemaakt van macro-modellen van Booleaanse functies of 

logische netwerken. Er is een methode ontwikkeld die automatisch een compact 

en snel macro model genereert voor een willekeurige gegeven logische functie. 

In een ontwerpomgeving die hiërarchisch georiënteerd is, is het wenselijk dat 

ook de simulator een hiërarchische structuur heeft om de lijn in het synthese 

traject te kunnen volgen. Een dergelijke simulator is ontwikkeld en wordt 

hier beschreven. De simulator heeft verschillende eigenschappen die van 

belang zijn in een automatische ontwerpomgeving. Zo is het bijvoorbeeld 

eenvoudig om de topologie van het netwerk te wijzigen of om simulaties uit te 

voeren op een deel van het netwerk. De simulator heeft zijn bruikbaarheid 

aangetoond in een software pakket dat automatisch operationele versterkers 

ontwerpt. 

Voor het uitvoeren van transiënt simulaties wordt gebruik gemaakt van 

numerieke integratie methoden om de circuit vergelijkingen op te lossen. De 

te kiezen methode moet goed passen bij de structuur en de mogelijkheden van 

de simulator. Om dit te bereiken is gekozen voor een 'waveform oriented' 
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methode. Verder worden twee bekende numerieke integratie methoden met elkaar 

vergeleken wat de mogelijkheid opent voor zogenaamde 'incrementele 

simulaties': de resultaten uit een vorige simulatie worden gebruikt bij een 

volgende simulatie om rekentijd te besparen. 

Om de flexibiliteit van de simulator te kunnen benutten moet deze worden 

voorzien van een flexibele interface. De methode die hier is gekozen is die 

van een 'network description compiler'. 

Het resultaat van het onderzoek is een simulator die kan worden toegepast in 

een breed scala van toepassingen en die samen met de flexibele interface 

gebruikt kan worden in een automatische hiërarchische ontwerpomgeving. De 

automatische macro-model generatie levert compacte en snelle modellen die 

gebruikt kunnen worden bij mixed-IeveVmode simulaties. 
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CHAPTER 1 

INTRODUCTION 

The purpose of simulation of electronic networks is to obtain infonnation on 

the behaviour of a network by computing signal waveforms of the network 

variables e.g. voltages and currents. In the mid-sixties, programs were 

developed that simulated networks at component level. The network was 

represented as an interconnection of low level components such as transistors 

and capacitors. The network was then described by a set of ordinary 

non-linear differential equations that was solved using numerical integration 

methods and iteration methods like Newton-Raphson. This approach evolved into 

current day simulators as SPICE [55,76] and ASTAP [36,77] and is nowadays 

often referred to as circuit level simulation. This kind of simulators is 

still used intensively in industry and universities. 

However, as the size of the networks increased due to the ever decreasing 

minimum sizes of integrated circuits, the circuit simulators started to run 

into problems mainly in the area of the convergence of the mathematica! 

methods used to solve the circuit equations as well as in the increase in CPU 

time needed to obtain the results. This caused research to be aimed at 

reducing the CPU time and at methods having better convergence properties. lt 

also motivated the search for new simulation methods that, for example, do 

not solve the circuit equations in the way it is done in circuit simulators. 

One of the first main results of a new approach was the MOTIS program [13] 

which focused on the simulation of MOS circuits. The reduction in CPU time 

was achieved by utilising the uni-directional nature of MOS circuits. As a 

consequence, the performance deteriorated for circuits that were not 

uni-directional like MOS circuits with pass transistors. Some major 

improvements were carried out resulting in programs like MOTIS-C [27]. 

A next step in the development of network simulators was the observation 

that, to obtain accurate waveforms, it is not necessary to simulate every 

part of the network with the same amount of detail which resulted in the 
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mixed-level concept. Mixed-level simulation is usually done by applying 

several kinds of simulators, one for each level, that are in some way 

connected and synchronised. Especially the synchronisation becomes 

troublesome if there is a lot of feedback between the levels. However, 

mixed-level simulation can provide a speedup of more than an order of 

magnitude. Examples of this approach of mixed-level simulation are DIANA [l] 

and SPLICE [59]. 

A similar idea is the basis of simulators exploiting latency: it is not 

necessary to simulate at every time interval every part of the circuit in 

much detail. Especially in logic circuits, typically large parts of the 

circuit are not active in a certain time interval. This fact can be utilised 

by using simpler, less time consuming simulation methods for these latent 

parts of the network. This approach is used in MACRO [66]. 

Besides the development of new simulation concepts, there was also a lot of 

work done in improving or changing the mathematical methods used in 

conventional circuit simulation. A main achievement in this area is the 

application of relaxation methods [60]. Using this technique on the level of 

the differential equations descrihing the network, the method results in the 

well-known waveform relaxation method [49]. Another example is the 

Gauss-Seidel method for solving a set of linear equations. 

An other way out of some probierus of conventional circuit simulation is to 

describe the roodels using piecewise linear (PL) functions. In principle, PL 

simulation looks much like conventional circuit simulation but because of the 

PL modelling of the components there are a few important differences. First, 

in PL simulation a set of piecewise linear differential equations must be 

solved. It is then possible to use methods which have stronger global 

convergence properties than methods like Newton-Raphson to solve the 

non-linear equations. Secondly, using PL functions it is rather straight 

forward to describe the behaviour of subsystems. This opens the possibility 

to petform mixed-level as well as mixed-mode (mixed analogue/digital 

circuits) simulations by one simulator thus avoiding the problem of 

intetfacing and synchronising several simulators as happens in normal 

mixed-leveUrnode simulation. 

This is important because there is an increasing interest in mixed-mode/level 
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simulators. This is caused by the tendency to implement mixed 

analogue/digital systems on a single chip. In the design of such a chip, 

simulation of the analogue part together with the digital part is still a 

major bottleneck. 

In contrast to using a simulator as a stand-alone tool, it is also possible 

to use it in the feedback path of an automatic synthesis environment. The 

automatic design of integrated circuits becomes more and more important 

because present-day technology allows the designer to implement very large 

systems on a single chip with an allowable design time that decreases 

continuously. 

This thesis focuses on the development of a PL simulator that can be used in 

an automatic design environment be it analogue, digital or mixed 

analogue/digital. For a simulator to be convenient in such a situation it 

must at least possess the following properties: 

- it must be able to handle analogue as well as digital components, 

- it must be able to perform mixed-IeveVmode simulations, 

the simulation algorithm must have good global convergence properties 

in order to avoid the synthesis process to be aborted because of 

convergence problems in the simulator, 

- usually when designing large systems, a hierarchical design method is 

used to be able to handle the size and the complexity of the design. 

In such a case the simulator must be able to follow the design process 

in a hierarchical manner, 

- it must be easy to change the topology of the network because this 

often happens during a design process. 

To explain the above requirements and some related issues, this work is 

organised as follows: 

In chapter 2, some well-known PL model descriptions are compared with respect 

to the class of functions that can be modelled and the ease of finding the 

model parameters. Also some existing PL simulators are compared. 

Chapter 3 deals with the automatic generation of PL models of combinatorial 
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logic functions. These macro models are needed to perform mixed-level 

simulations in the digital domain. The result of this chapter is a method 

that, for a given logic function, automatically generates a static PL model. 

Next. in chapter 4, the newly developed PL simulator PLANET is described. 

Almost every aspect of the simulator is treated ranging from the denvation 

of an efficient update for the PL models over DC and transient analysis to 

the hierarchical organisation of the topological equations. 

In chapter 5 a numerical integration method is given that fits in nicely with 

the hierarchical structure of the simulation tree as treated in chapter 4. 

The simulator is extended by a network description compiler to fumish it 

with a flexible interface which is almost mandatory if the simulator must be 

interfaced with an automatic synthesis unit. This is explained in chapter 6 

by means of descrihing a coupling with the synthesis tooi TOPICS [48]. Also 

some simulation examples are given. 

Finally, in chapter 7, some conclusions about the work are given which 

concludes this thesis. 
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CHAPTER 2 

AN OVERVIEW OF 

PIECEWISE LINEAR MODEL DESCRIPTIONS AND SIMULATORS 

In the literature several methods to store piecewise linear functions in a 

compact closed form were presented, each of them having their own advantages 

and drawbacks. In this chapter we intend to give an overview of five of the 

most farniliar descriptions [44]. It will be shown how to transform the 

descriptions into each other and limitations on the class of functions that 

can be described will be given. Using the model descriptions, various 

PL-simulators were built and reported in literature which will also be 

compared. 

This chapter is organised as follows: in the first section, a general 

discussion about modeHing will be given. This will be foliowed in section 

2.2 by a presentation of the model descriptions preceded by a short overview 

on PL fundamentals, needed to compare the models. In section 2.3 the 

descriptions will be compared with respect to the class of functions that can 

be modelled while in section 2.4 the ease of finding the model parameters 

will be addressed as well as the suitability of the descriptions to build 

simulators. Some conclusions will close this chapter. 

2.1 Modelling 

To be able to simulate non-linear networks with a circuit- or network 

simulator, the non-linear behaviour of the components must be modelled fust. 

In this modelling phase, properties of the component that are not considered 

important for the behaviour of the system may be omitted or simplified. Por 

instance, in the MOSPET model used in SPICE during transient analysis, the 

noise of the MOSPET is not modelled although in the real transistor it is 

always present. 

Another example is found m logic simulators or switch-level simulators: 

although the models of the logic gates are rather simplified as compared to 

the real physical behaviour, the results of the simulations are usually 

satisfactory. 
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If the model is derived, it often may still contain non-linear effects which 

in general can not exactly be represented by familiar analytica! non-linear 

functions which can only be used inside a simulator. The next phase then is 

to approximate the non-linear effect by a known non-linear mathematica! 

function. 

The most obvious method perhaps is to use polynomial functions. In the past, 

a lot of research has been done in the area of approximating non-linear 

functions using polynomials [32] as well as in the field of calculating 

transeendental functions. 

Applying such methods leads to simulators like SPICE [76]. A MOSFET is 

modelled as a conneetion of non-linear branches that are each characterised 

by some polynomial or transeendental function. 

Another way to store a non-linear function is by means of table-look-up. 

Several sample points of a non-linear function are stored in a table. If a 

function value is needed, the entry in the table is used or interpolated. The 

main advantage of this method is the speed of function evaluation which is 

very fast. 

In the SPICE-like simulators, a large part of the simulation time is consumed 

by evaluation of the non-linear functions [60]. In contrast, for 

table-look-up roodels the memory needed to store a model is much larger. lf 

technology changes, all the tables have to be generated again. 

A third kind of non-linear approximation is by using piecewise linear 

functions. In the literature several compact closed form descriptions to 

store these functions we re given [ 6,9, 16,19,31 ,38,39]. These roodels can then 

be used to build PL-simulators [17 ,26,72]. 

One of the advantages of modeHing a non-linear system with PL-functions is 

that it is easier to get insight in the behaviour of these systems. As a 

drawback it can be mentioned that for non-scalar functions there is not 

always a direct way to find the parameters of the PL-mapping algorithmically 

as is the case with e.g. polynomial functions. In practice this problem 

appears to be not very severe. Sometimes it is possible to derive special 

methods to find roodels like the algorithm described in the next chapter. 
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In this chapter several methods for storing PL-mappings in a closed form wiJl 

be compared. One of the first models reported in literature was given by Chua 

c.s. [16,39] and will be referred to as Chual. This description was foliowed 

a few years later by the model presented in [6] of which a modified form was 

given in [9]. These models will be referred to as Bokhl and Bokh2 

respectively. An extension to Chual was recently given in [38] and will be 

called Chua2. The last model that will be treated here [3 U is also an 

extension of Chual but differs from Chua2 and will be referred to as Güzl. 

2.2 Piecewise linear models 

In this section the five model descriptions will be presented. To obtain more 

insight in the mathematica! formulas of the various models, first a review of 

some fundamentals will be given. 

2.2.1 Review of some fundamentals 

This section is organised as follows: 

In the frrst part of this section some properties of PL-mappings will be 

given independent of the way the functîons are described. 

The first part is foliowed by some definitions that are needed when comparing 

the model descriptions. 

• All the piecewise linear (PL) functions to be considered are continuous 

functions, descrihing the mapping 

(2.1) 

Piecewise linear functions approximate the non-linear behaviour of a function 

using a collection of affine mappings. Each mapping is only valid in a 

certain subspace, called a polytope, which is a convex polyhedron in IR". Such 

a polytope is bounded by a set of linear manifolds, called hyperplanes, with 

each hyperplane defined as 

(2.2) 
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where without loss of generality it is assumed that the hyperplane contains 

the origin. 

An important aspect in PL-modelling is the consistent variation property. In 

order to explain this, first the change of the mapping when crossing a 

hyperplane is treated. 

Suppose a function f is defined in four regions R
1

, R
2

, R
3 

and R
4 

with 

Jacobians J 
1

, J 
2

, J 
3 

and J 
4 

respectively (see figure 2.1 ). 

R1 
y=J, x H1 

R2 

y=J4x y=J2x 

R4 

R3 
y=J3x 

figure 2.1 A PL function defined in four regions 

The regions are determined by two hyperplanes H
1 

and H
2

• Since f is 

continuous, the function values have to match at the boundaries H
1 

and H
2

• 

For example, going from R
1 

into R
2 

crossing H
1 

means 

{x e H 1 J x=J x} 
I I 2 

(2.3) 

The normal vector of H
1
, denoted by a

1
, fully defines the boundary. Since 

(2.3) holds for every x e H
1 

it can be proven [21,38] that the following 

constraint is valid 
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1
1 

- J = caT (2.4) 
2 1 

where c is an arbitrary vector. 

Relation (2.4) implies that J
1 

changes with a dyadic vector product into 1
2 

and that it is a valid description throughout the whole boundary. 

This relation (2.4) is in fact exactly the consistent variation property 

[38]. 

Definition 2.1 A continuous PL-function is said to possess the consistent 

variation property if, when crossing a hyperplane H., the 
I 

change in the Jacobian is independent of the place where this 

hyperplane H. is crossed. 
I 

As a consequence it is clear that along a closed path r (see figure 2.1) the 

summation of the jumps, i.e. the changes in the Jacobians, over H
1 

and H
2 

must add up to zero. 

To define the regions, several hyperplanes are needed. An intersection of 

these hyperplanes is called degenerate according to the following definition. 

Definition 2.2 An intersection of (n-1 )-dimensional boundaries in IR0 is 

degenerate if three or more distinct boundaries meet in an 

(n-2)-dimensional manifold. 

This concludes the part on the PL-mappings itself. 

• Next, some definitions to be able to campare the model descriptions are 

given. 

An important operation in the derivations and the model descriptions is 

tak:ing the modulus of a vector which is defined as follows: 

Definition 2.3 Let a E IR", then 1 a 1 is defined as 

lal =(la I· la 1. ···• la I)T 1 2 n 
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Some of the descriptions that will be given use complementary vectors. 

Definition 2.4 Let uj e 11t, then the veetors u and j are called 

complementary if all the entties of u and j are non-negative 

(u ~ 0, j ~ 0) and uT·j = 0 

To be able to compare the model descriptions, they will be transformed into 

the most general form, i.e. a description proposed by van Bokhoven [6] which 

is currently the most general form. This is done using the modulus 

transformation. 

Definition 2.5 Let z ,u j e 11t and let the n-dimensional vector function 

hO be given as h(z) = h(z ) with a strictly increasing 
k k 

h: IR+ -7 IR+ and h(O) 0. The transformation z .. uj defined by 

u = h<l z 1 + z), j = h( 1 z 1 - z) 

is called the modulus transformation. 

lt is important to notice that application of the modulus transformation 

automatically guarantees that u ~ 0, j ~ 0 and u T.j = 0 and thus the veetors 

u and j are complementary. Although the function h(.) can be chosen freely 

except for the restrictions of definition 2.5, the function h(t)=t will be 

chosen for the transformation. For this situation the values of u and j are 

given as u = (I z I + z) and j = (I z 1- z) and the sign of z., the i-th entry of 
I 

z, determines either u. = 0 (i. > 0) or u. > 0 (i. = 0). This property can be 
I l I I 

reformulated as follows: 

Lemma 2.1 The modulus transfarm for h(t)=t is equivalent to the mapping 

uj -7 z satisfying 1 z 1 = (u + j)/2 and z = (u - j)/2, with 
z E IRn and uj e IRn. 

+ 

Finally, piecewise linear model descriptions can be divided into two classes. 

10 

- The first class contains explicit models. For this class of models the 

output vector can be obtained at once (for a given input vector) by 

just substituting the input vector into the model. 



- The second class contains PL-descriptions which are implicit. With 

implicit descriptions, the output vector can not be obtained 

immediately. First an algorithm bas to be performed by which the 

output vector is computed. 

The definitions just given will be used in section 2.3 where all the model 

descriptions will be transformed into the most general form given in (6]. But 

first, in the following paragraph, some explicit model descriptions that were 

reported in literature will be given. 

2.2.2 Explicit PL models 

In this section three of the most important explicit piecewise linear model 

descriptions will be considered which all have a compact global analytical 

form. 

Model Chual 

The formal definition of the canonkal representation of the piecewise linear 

function f: IR
0 ~ IRm, proposed by Chua and Kang [16,39] is given by 

cr 
f(x) =a+ Bx + [ c;la.~x 1\1 

i;} 

(2.5) 

where B e IRmxn, a, c. e IRm, a.. e IR0 and ll e IR1 for ie { l, ... ,cr). This model 
I I I 

will be named Chual. 

The domain space of the function f(.) is divided into a finite number of 

polyhedral regions by cr hyperplanes H of dimension n-1. Hyperplane H is 

expressed by 

(2.6) 

which is also depicted in figure 2.2. Crossing this hyperplane from region R
1 

into R
2

, the Jacobian matrix changes with the amount -2ca.T which is clearly 
I I 

a dyadic change. This variation is independent of where H. is crossed which 
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means that only functions having the consistent varlation property can be 

descri bed. 

figure 2.2 A region boundary 

H· I 

One can prove [39] that a piecewise linear function bas a canonical 

representation like (2.5) if and only if it bas linear partitions (i.e the 

domain space is divided into polytopes using byperplanes of tbe forrn (2.6)) 

and satisfies tbe consistent varia ti on property. For sucb functions the 

representation is unique for fixed a. and ~. of (2.6). 
I I 

Furtherrnore it is important to notice that for each input vector there exists 

a unique output vector and that tbis vector always can be computed. This 

implies tbat only functions in the strict sense can be modelled. In other 

words, the model does not allow to produce different output values for a 

single input vector. 

For one-dimensional functions (xe IIÓ the byperplanes reduce to points and 

hence each byperplane only separates two regions in the domain space. 

Therefore, the consistent varlation property is always satisfied. 

Furtherrnore, tbe one-dimensional hyperplanes are of tbe form (2.6) and hence 

every one-dimensional PL-function can be represented by (2.5). 

For multi-dimensional functions, some geometrical constraints might exist 

when a>l. The consistent varlation property then results in a limited class 

of functions whicb can be described by (2.5). 

As an example a one-dimensional PL-function is given in figure 2.3 for wbicb 

the Chual model is given as f(x) = ~x ~I x-11 + i I x-21. 
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f(x) t 

figure 2.3 A one-dimensional PL function 

Model Güzl 

The second explicit description deals with a larger class of functions than 

Chual and is given by Güzelis in [31]. This description will be called Güzl. 

In Güzl, the hyperplanes defining the polytopes may be piecewise linear 

itself. The description representing the function f(·) is defined as 

cr ~ cr 
f(x) = s + Jx + L b.la:x +~I + L c.IB. +-?x+ L d .. laTx + ~-11 (2.7) 

i-I I I I j-l J J J j;l Jl I 1 

The description allows two kinds of boundaries. First there is a set of cr 

hyperplanes with normal veetors a., ie {l, .. ,cr). Secondly, there is a set of ~ 
l 

piecewise affine (PWA) hyperplanes. The PWA hyperplanes are piecewise linear 

mappings itself, i.e PW A hyperplane j is expressed as 

cr 
&. + y\ + r d la\ + ~I = o 

J J i~~ Jl I I 
(2.8) 

The canonical piecewise linear mapping (2.8) is of the form (2.5) and uses 

the first set of boundaries to define the PL-behaviour of the PWA 

hyperplanes. This is visualized in figure 2.4 where H
1 

and H
2 

denote the 

first set of hyperplanes and C
1 

and C
2 

the PWA hyperplanes resulting in nine 

polytopes. 
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tigure 2.4 Hyperplanes and PW A hyperplanes 

f(x) 

f= -x +2x 
1 2 

f= -x 
1 

l. 

tigure 2.5 An example for Güz1 

1 

In [31] it is proved that the mapping variation for a function must be 

consistent if it has to be written as (2.7) which means that the vector c in 

(2.4) is tixed for a given hyperplane C or H. 

From (2.7) it can be observed that when no PW A hyperplan es are used to 

compose the model, Güz1 will be the same as Chual. Using the PWA hyperplanes 

the model is more general than the one proposed by Chua and Kang. As with 

Chua1, the description only allows to represent one-valued functions. 
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An example is given in figure 2.5. The function representation in Güzl is 

given by f(x) = x + x + 21 x I + l_:x + x + I x I I· 
I 2 I 2 I 2 I 

Model Chua2 

The last explicit description is given by Kahlert and Chua [38] and is an 

extension to Chual. In this chapter this representation will be referred to 

as Chua2. 

The complete canonical representation for PL-functions f: IR
2 ~ IRm with 

arbitrary region boundaries in two dimensions can be given as 

0' T 
f(x) = b + Bx + L c.la.x - lll + cp(X) 

i= I I l I 

(2.9) 

with 

(2.10) 

h b - m "rlrl rl j j I 
w ere , c i, cJ.ik e IR , a;, ajl' aj2 e IR , ~-';' ~-'JI, ~"'j 2 , akjl' ak.i2 e R 
and B E IRmxn. 

In order to get some insight in how this model is built, first assume that 

cp(x) = 0. The model (2.9) then becomes equal to Chual which possesses the 

consistent variation property. It was proven in [21] that if the polytopes in 

the domain space are formed using non-degenerale intersections of 

hyperplanes, every one-valued PL-function in the can be given by this model. 

From this it is clear that trouble can be expected if there is a degenerate 

intersection that does not possess the consistent variation property. 

An example, taken from [38] is given in figure 2.6a. Clearly the intersection 

is degenerate and the consistent variation property is not satisfied so the 

function cp(x) ll! 0 is needed. The first summation of cp(x) ranges over all 

degenerate intersections of the partitioning and in this example can be 
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f(x) t(x) 

f=2x 1 +x2 

a 
b 

figure 2.6 An example of Chua2 

omitted because there is only one intersection. The inner sum ranges, for 

every degenerate intersection, over all the planes causing the degeneracy. In 

the example, this sum contains one element because two planes do not cause 

degeneracy of that intersection. Thus the inner sum can be omitted too and 

the function cp(x) gets a simple form. 

It is now possible to choose a subset of independent normal veetors (in this 

case two). The other normal vector can be formed by a linear combination 

because the intersection is degenerate. In the example a.1 and a.2 are chosen 

to form the independent set and a. = a a. + a a. and a = a = 1. The combination 
3 1 I 2 2 I 2 

a a. - a a. represents the plane 0. By substituting a point from every 
1 1 2 2 

region in cp(x) it is possible to determine the value of cp(x) from (2.9-2.10) 

with p = ö = 1 which results in (figure 2.6b) 
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These terms are added to the consistent variation part of the mapping and 

give just enough freedom to remove this consistent variation constraint. 

If the degeneracy is of a higher degree, several of these contributions have 

to be added which accounts for the inner sum. The influences of all the 

degenerated intersections must also be added which is represented by the 

outer sum. With this model every two dimensional one-valued PL-function can 

be modelled. 

The function depicted in figure 2.6a can be described in Chua2 format as 

f(x) = x+ x+~( jx + x I + !x -x I + llx +x !+x- x 1-lx + x +!x- x 11 ). 
12212 12 12121212 

2.2.3 Implicit PL models 

In this section two implicit PL-models will be treated. These PL-models use 

state variables to determine for which part of the domain space the mapping 

equations are valid. 

Model Bokhl 

In [6] van Bokhoven presented a piecewise linear model using state variables, 

y = Ax + Bu + f 

j = Cx + Du + g 

u::=:o, j:::O, u Tj=O 

(2.11) 

(2.12) 

(2.13) 

to represent the piecewise linear mapping f: IR" -t nr, where A e IRIIWI, 

B e Rmxk, f e IRm, c e nr·. D E IRkxk and g E n{ This form wil! be referred 

to as Bokhl. 

In this model the veetors u and j are called the state vectors. Relation 

(2.13) formulates the linear complementary condition of these veetors u and 

j. The state equation (2.12) describes the boundaries of the polytope and the 

linear mappings are collected in the system equation (2.11). 
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Suppose u=() then relation (2.11) defines the linear mapping y = Ax + f valid 

for the polytope Cx + g ~ 0. 

To obtain the output vector for a certain x , outside this polytope, some 
e 

operations have to be performed. Substituting x into (2.12) leads to 
e 

j = Du + q, u~. j~. u Tj=O, 

with q=Cx +g 
e 

(2.14) 

which description is known in the literature as the linear complementary 

problem (LCP). Solving (2.14) means obtaining a set of u and j with some 

entties zero and other entties non-zero, satisfying propeny (2.13). In the 

literature several methods are discussed to solve the LCP problem 

[6,40,50,61]. 

The vector u is then substituted into (2.11) to obtain the linear mapping 

y = Ax + f, which is valid for x . 
e 

0 1 -+x 

figure 2.7 A hysteresis function 

As an example, a hysteresis function is depicted in figure 2. 7 for which the 

PL-model can be described as 

y = (-1)x + (-1, 1)u + (1) (2.15) 

(2.16) 
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Model Bokh2 

An other implicit PL-model was proposed by van Bokhoven in [9], where the 

mapping f: IR8 ~ IRm is defined as 

0 = ly + Ax + Bu + f 
j = Dy + Cx + Iu + g 

u~, j~, u Tj=O 

(2.17) 

(2.18) 

(2.19) 

In this model, further referred to as Bokh2, relation (2.17) contains the 

mapping equations and relation (2.18) the state equations. 

The special property of this model is the fact that the hyperplanes are not 

only situated in the domain space but also in the co-domain space. Therefore, 

because u is multiplied by I only, the consistent varlation property is 

always satisfied in the (co)-domain space. This unit matrix leads to 

advantages when simulating large systems. 

Using this model, the function of figure 2.7 can be given as 

0 = (l)y + (l)x + (2,-2)u + (-1) (2.20) 

j = [} + [-!]x + Iu + [-:] (2.21) 

In this section three explicit and two implicit model descriptions were 

givenwith for each description a simpte example. In the next section the 

representations wil/ be compared to the form Bokhl. 

2.3 Relations between the modets 

In this section all the above mentioned model descriptions will be considered 

in relation to the impHeit Bokh 1 to be able to order these descriptions with 
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respect to the class of functions that can be represented. This will be done 

by removing the modulus operations in the model descriptions using the 

modulus transformation given in section 2.2.1. 

2.3.1 Chual 

Reformulation of the description Chual given by (2.5) using matrices leads to 

f(x) = y = a + B x + C 1 A x - b 1 
1 I I 1 1 

(2.22) 

where the veetors c.. a. and elements ~- in (2.5) are placed as rows i in C
1
, 

1 1 1 

A
1 

and b
1 

respectively. 

Define z = A
1
x b

1
, then the modulus transformation (see corollary 2.1 ) 

yields, 

1\x - b
1
j =!(u + j) (2.23) 

A x - b = lcu j) (2.24) 
I I 2 

Note that u and j are complementary vectors. Relation (2.22) can be 

reformulated to the form Bokhl by substituting (2.23-2.24) into (2.22) and 

rewriting (2.24) to 

which has the same form as Bokhl with A B
1 

- C
1
A

1
, B = C

1
, f = (a

1 
+ C

1
b

1
), 

C = (-2A
1
), D = I and g = (2b

1
). 

From (2.25-2.26) one can observe that indeed Chual belongs to a sub class of 

the class Bokhl, because D has the special form D = I. Due to the unit 

matrix, the consistent variation property is always satisfied. Also, every 

implicit model in the form of Bokh I with D = I can be transformed into an 

explicit form. 
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2.3.2. Güzl 

The second explicit model, Güzl, defined in (2.7), can be rewritten to obtain 

As before, define for this model 

= !(u + j) 
2 I 1 

(2.28) 

= !(u - j ) 
2 1 1 

(2.29) 

(2.30) 

(2.31) 

then, by substituting (2.28) and (2.30) into (2.27) and solving j from (2.29) 

and (2.31), (2.27) can be transformed into 

(2.33) 

which has the same form as Bokhl. Here is 0 a matrix with entries equal zero. 

This means that there is a one-to-one relation between the coefficients of 

Güz1 and Bokhl. 

Note that the total matrix D has a special form and can not be chosen freely. 

The frrst set of equations (i.e. with u
1 

and j
1
) denotes a set of hyperplanes 

in the strict sense. The second set consists of the PW A planes which indeed 

by the submatrix -20
2 

in (2.33) depends on the first set of planes. 
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Obviously. Güzl belongs to a super class of Chual and belongs to the same 

class if the PWA hyperplanes are excluded, i.e. 0
2 

equals the zero matrix. 

Model Güzl is of a smaller class than Bokh1 and it is not possible to rewrite 

each form Bokh1 into the explicit description Güzl. Consider for instanee the 

hysteresis function (2.15-2.16), which has a full matrix D. 

2.3.3 Chua2 

The last explicit model to be transformed into Bokh 1 is Chua2. To this 

purpose rewrite Chua2 as 

- I E3(A~x - d~) + jF /A~x - d~) lil 
(2. 4) 

where the veetors C,, a. and elements ~. in (2.9) are placed as rows i in C
3

, 
I I I A; and d; respectively. The superscript 1 (2) denotes the information 

belonging to the first (second) independent normal veetors aj
1 

(aj
2

) as 

mentioned in section 2.2.2. 

Using the same technique as for reformuiaring Güzl into Bokhl, this equation 

can be transformed into (2.36). 

- - - - -
+ <c; 1 c~ 1 ~ 1 -C3 1 C3 1 C3 1 -C3)u + (b

3 
+ c;d; + C~d~ + ~d~ -2C3g)(2.35) 

-2A• 2d 8 

-2AI I 3 
2d 1 

-2A~ I 2d~ 
3 I 3 

j = -2E A1 x+ u + 2E d1 

-2F 3A~ 3 I 2F d2 

3 3 -21 I 3 3 
2G -2g 

(2.36) 

-20 -21 I 2g 
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In (2.36) two types of hyperplanes are described. The flrst set contains 

hyperplanes in the strict sense. The last two equations in (2.36) describe 

hyperplanes whose normal veetors are dependent of equations 4 and 5 in 

(2.36). This is conform the theory of the model that for each degenerated 

section two independent normal vector are chosen (stored in equation 4 and 5) 

and the other normal veetors for the section can be formed as a linear 

combination of these veetors (and stored in the last two equations). 

It is obvious from (2.36) that Chua2 is of a larger class than Chual. Cbua2 

is also larger than Güz1 due to tbe fact that in Güzl the PW A hyperplanes can 

not be formed without restrictions as seen in (2.8). In Chua2 there is no 

restrietion in forming the hyperplanes. 

Also this model is a sub class of Bokh l. The matrix in front of the state 

vector u is not a full matrix and for instanee again the hysteresis function 

(2.15-2.16) can not be modelled using this model. 

2.3.4 Bokh2 

Finally tbe last presented model description is Bokh2, whicb also will be 

transformed into Bokhl. To this purpose, only the mapping equation has to be 

substituted into the state equation leading to 

y = -A x - B u - f 
4 4 4 

(2.37) 

j = (C - D A )x + (I - D B )u + (g - D f ) 
4 44 44 4 44 

(2.38) 

wbich bas the same structure as (2.11-2.12) with C = (C
4

- D
4
A

4
), 

D = (I D
4
B

4
) and g = (g

4 
-D/

4
). 

With D
4 

equal to zero, the state equation will have the same form as Chual. 

Tberefore if hyperplanes are taken from the domain space only, Bokh2 is of 

tbe same class as Chual. 

However, if D 
4 

is not equal to zero matrix, this model more is powerlul than 

that of Chual. Consider for example again the hysteresis function (2.20-2.21) 

which bas matrix D ~ 0 and can not be modelled by Chual. In contrast it can 
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be seen that Bokhl can not always be transfonned into Bokh2: if A4, B4 and f4 
are chosen, D 4 must be chosen such that 1-D 4B i" D. The degrees of freedom in 

D
4 

are not always sufficient to do this. 

Compared to Güzl this model is of a different class meaning that there are 

functions that can be represented by Güzl and not by Bokh2 and vice versa. To 

show this let for Bokh2 be given that 

n = [D 41] c = [c 41] g = [g41] B = CB I B ) 4 , 4 , 4 , 4 41 42 
0 42 c42 g42 

Then (2.37-2.38) can be written in the form Bokhl 

y =-A x - (B IB )u - f 
4 41 42 4 

[
j l [C -D A l [1-D B -D B l I = 41 41 4 X + 41 41 4 I 42 U + 
j C -D A -D B I- D B 

2 42 42 4 42 41 4 2 42 
[g4l.D4I~ g -D f 42 42 

which under the conditions D42B41 = D
2

, D
41

B41 = 0, D41 B42 = 0 and D
42

B42 = 0 
can be made identical to (2.32-2.33) which is a representation of Güzl. It 

can be shown that the combined matrix (D 1 D ) T does not necessarily contain 41 42 
enough degrees of freedom to fulfill the conditions just given. This means 

that it is not always possible to transform Güzl into Bokh2. Because Güzl can 

not describe multi-valued functions, the opposite is also true. 

Because Chua2 is of a larger class than Güzl but also can only model 

one-valued functions, the same statements hold for the transformation of 

Chua2 into Bokh2 or the other way around. 

2.3.5 Remarks 

In the previous section all the model descriptions were rewritten to the fonn 

Bokhl using the modulus transformation. This makes it possible to order the 

roodels with respect to the class of functions they can describe. 

Model Chual belongs to the smallest class, only functions with hyperplanes in 

the strict sense can be modelled. Besides this the function must have the 

consistent varlation property. A larger class of functions can be modelled 

with Güzl. In this model the description is extended by means of PW A 
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hyperplanes. A further extension is Chua2, able to model functions which do 

not possess the consistent varlation property. Bokh2 differs from the other 

models by the fact that the hyperplanes are constructed in the (co)-domain 

space. 

It was shown that ChualcGüzlcChua2cBokhl and ChualcBokh2cBokhl with respect 

to the class of functions that can be modelled. Furthermore it was shown that 

the class of functions that can be modelled using Bokh2 is a superset nor a 

subset of the class that can be modelled by Güzl or Chua2. A Venn diagram is 

given in tigure 2.8 to clarify the relations between the tive model 

decriptions. The main difference between the explicit models Chual, Chua2, 

Güzl on one hand and the impHeit representations Bokhl, Bokh2 on the other 

hand is that with the latter two it is possible to describe multi-valued 

functions. It can also be seen that any model Bokh 1 with a triangular D 

matrix with positive diagonal elements can be written as an explicit relation 

which looks like a stacked or recursive Chual model. 

From this it is clear that Bokhl is the most general model description of all 

the descriptions treated in this chapter. Therefore, application of this 

model will be of advantage in deriving theoretica! results on the existence 

and the number of solutions of PL-mappings and for stating general properties 

of PL-mappings in terms of coefficients. 

tigure 2.8 The relation between the tive model descriptions 
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An important property of the Bokhl description is that it is closed under 

substitution, concatenation and inversion which in general is not true for 

any of the other models. 

This concludes the part on the comparison of the descriptions with respect to 

the class of functions that can be model/ed. In the next section the ease of 

finding model parameters is treated as welt as the suitability to build 

simulators with the presenled models. 

2.4. The model comparison 

In the previous section, all the model descriptions were transfonned into the 

most general fonn i.e. Bokhl. This is convenient to compare the models with 

respect to the class of functions that can be modelled using a certain 

description. There are however other aspects by which models may be compared. 

These will be treated in subsequent paragraphs. 

2.4.1 Finding the model parameters 

This section deals with methods to find the model parameters to be used in 

one of the five model descriptions just treated. 

The frrst step in finding one of the model descriptions is to find a 

PL-mapping that approximates a non-linear function for some given error 

criterion. Unfortunately, very few practical methods are known from the 

literature. For scalar functions a Tschebychev approximation can be used [14] 

that can be mapped directly on a PL-function. For multi-dimensional 

functions, no algorithm is known to find the PL-mapping in an algorithmic 

way. A theorem given by Kolmogorov [46] states that it is possible to realise 

a multi-dimensional function using a two level nesting of scalar functions 

and addition but the proof is not constructive and it is not known how these 

scalar functions must be obtained. 

Strange enough, this appears not to be a serious problem in practice. lf 

2-tenninal components are used for circuit level simulation, the Tschebychev 

approximation can be used. Several of these models can then be used to find 

the more complex model of e.g. a MOSFET or bipolar transistor. For macro 

models, the non-linearities are usually not given as polynomials but as some 
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kind of behavioural description that tends to become 'more piecewise linear' 

as the size of the system increases. Moreover, in a lot of applicaûons it is 

sufficient to use linear macro models. In the next chapter a specific 

algorithm is given to find a PL-model for an arbitrary logic funcûon. 

For the roodels Chua1, Chua2 and Güz1 an algorithm is given, in [39], [38] and 

[31] respecûvely, to find the model parameters for a given PL-mapping. In 

previous sections it was shown how these roodels can be transformed into 

Bokhl. This means that if it is possible to find the model parameters for the 

class of functions that can be covered by the first three models, it is also 

possible to find the parameters for Bokhl in an algorithmic way because it 

was shown how to transform the descriptions into one another. For the 

remaining funcûons that can be modelled by Bokhl no algorithm is known yet. 

These roodels are usually found by connecting several roodels and eliminaûng 

the internal variables. For instance, the hysteresis function from figure 2.7 

and the associated model (2.15-2.16) can be found by applying positive 

feedback on an oparop as depicted in figure 2.9a where of course the 

saturating oparop is modelled piecewise linear. An important property of Bokhl 

is that the description is closed under composition and subsûtution. For 

Bokh2 it is straightforward to derive the model if the mappings and the 

partilion in the (co)-domain are given. In figure 2.9b, the hyperplanes and 

the mapping are given from which it is easy to find (2.20-2.21). 

x 
y 

0 b 

figure 2.9 Construction of a hysteresis function using a network 
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2.4.2 Building PL-simulators 

Network- or circuit simulators that use PL-functions to describe the 

non-linearities of the components are called PL-simulators. With all of the 

five models it is possible to build PL-simulators. Of the models Chual and 

Bokhl simulators were built and reported in literature [17], [26,72] 

respectively. A simulator using Bokh2 was also published recently [43] and 

will be treated in chapter 4. The remaining models Güzl and Chua2 are quite 

recent and no results of building simulators using these models were reported 

yet. 

A simulator using Chual 

Chua and Ying report in [17] that a simulator was built using Chual. The 

restrietion of this simulator is that it can only handle networks built from 

(non)-linear controlled sourees and 2-terminal resistors. In practice, this 

appears to be not a very serious limitation if networks at the circuit level 

are to be simulated. However, for larger systems using high level macro 

models this imposes a severe restriction. Furthermore, Chual may describe 

multi-dimensional functions. This means that for 2-terminal devices only a 

limited part of the potential of Chual is used. 

Using one of the conventional circuit analysis methods (cut set, mesh, 

modified nodal, etc.) the circuit equations are transformed into the form of 

Chual where the x contains a set of network variables. The size of x depends 

on the chosen circuit analysis method. As with nonna! network analysis, the 

PL-equations f(x)=O are then solved using a method introduced by Katzenelson. 

The global convergence properties of this method are better than of 

Newton-Raphson's method. With extensions to Katzenelson given in [15], this 

method will always find a solution for x. This is also mainly due to the fact 

that Chual can only model functions in the strict sense. If the hyperplanes 

of the compound model have a special structure (i.e. lattice) a more 

efficient method called breakpoint-hopping can be used [18,20]. 

Simulators using Bokhl 

With Bokhl, two simulators were built reported in [26] and [72]. The implicit 

Bokhl is more powerlul than Chual and its implicitness implies that it needs 
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a powerlul algorithm to find a solution. Although Katzenelson could be used, 

stronger methods are available such as Lemke [50] and Van de Panne [61] which 

are functionally equal. The models that can be used in these simulators are 

not restricted to two terminal devices and this is important if macro models 

must be used. 

Bokh 1 allows to transform a number of connected models into a model of the 

same form without any of the internal variables of the network being present. 

This opens 

which is 

concatenate 

topological 

the possibility to derive compact models of complicated functions 

not possible for Chual. An other possibility is to simply 

several models to form again a model of the form Bokh1 and add 

equations. This is the method used in PLATO [72]: the whole 

network is transformed into one large PL-model that is stored using sparse 

matrix techniques. A solution is then obtained using the Van de Panne 

algorithm. A different approach is foliowed in [26]: the hierarchy in the 

network (if present) is retained by storing a Jacobian for every node in the 

hierarchy tree. 

Both methods suffer from the fact that implicitly, the tableau method is used 

to solve the network equations. This means that all the voltages and currents 

in the network are calculated which is noticeable in the CPU times. 

In the previous sections we have compared several PL-model descriprions. In 

section 2.3 an ordering was given with respect ro rhe class of juncrions rhar 

can be model/ed. ft appeared that the most essential difference was rhat the 

implicit description Bokhl and Bokh2 are able to model multi-valued juncrions 

which is advantageous 1/ one wants to use macro models. As a consequence, it 

is not possible to rewrite these models in an explicit form. ft is however 

possible by applying the modulus transfarm to rewrite Chual, Chua2 and Guzl 

into Bokhl where the latter description in general needs more parameters than 

the fonner three descriptions. 

In section 2.4 the models were compared with respect to finding the model 

parameters. ft turned out that for one-valued functions it is possible to 

derive the models by means of an algorithm if the PL-function is known. ft is 

however nol a trivia/ task to find such a function. 

With the models several simulators were reported in lirerature each one with 

its own advantages and disadvantages. One of the advantages of PL-modelling 
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is the ease of performing mixed-level simulations because simplified macro 

models can be used. On the circuit level it is not likely that PL-simulators 

can ever compete with simulators like SP/CE. To keep PL-simulators as fast as 

possible, it is best to compute as little network variables as necessary. 

ft is clear that no best model can be given. ft depends heavily on the 

application in which the model is to be used. lt is c/ear however that Bokhl 

is the most general form and is therefore best suited to derive theoretica/ 

results about PL-mappings. 

In the next chapter an algorithm wil/ be given to find the model parameters 

for a model to describe an arbitrary combinatorial Jogic function. 
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CHAPTER 3 

PIECEWISE LINEAR MODELS OF COMBINATORIAL LOGIC 

In the previous chapter, several PL model descriptions were given. It was 

mentioned that finding the parameters for the models, especially for more 

dimensional functions, is not straightforward and in general no algorithms 

are k:nown. Although it is sometimes possible to find models by inspeetion 

this is not always the case and one may have to resort to special methods to 

find the models. 

In this chapter a method is derived to find a PL-model of an arbitrary 

combinatorial logic function [42]. It will appear that the model can be 

transformed into all of the model descriptions treated in the previous 

chapter. Because it is possible to model any combinatorial logic function, 

the method is applicable to simple gates as well as higher level building 

blocks such as multiplexers, carry look-ahead circuits et cetera. Using these 

models it then becomes possible to perform a mixed-level simulation using a 

PL-simulator: parts of the circuit that for example are not critical with 

respect to timing can be modelled using high level models while the critical 

path can be modelled at gate level or even at transistor level. 

To derive the models, two concepts are combined: 

- frrst there is the concept of threshold logic gates. Threshold logic 

is a way to realise logic functions. In this chapter it is used as an 

intermediate step from the logic function to the PL-model. Therefore 

in paragraph 3.2 a review of threshold logic is given and the 

resemblance between PL-models and threshold logic is shown. 

- For a given combinatorial logic function the weights and thresholds of 

a threshold gate must be found such that the gate realises this 

function. These calculations come down to solving a set of 

simultaneous inequalities. To this purpose the Tschernikow algorithm 

is used which fincts the total solution space of a set of simultaneous 

inequalities. This method is treated in section 3.3. This results in 

the total solution space of weights and thresholds which differs from 
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methods found in literature e.g. [51] where linear prograrnming 

techniques are used to find the weights and thresholds. 

These two concepts allow to derive a PL-model of any combinatorial logic 

function~ This derivation is treated in section 3.4 where an initia! 

constraint on the logic function to be realised will be relaxed so that 

finally all combinatorial logic functions can be modelled. Also an extension 

for multiple output functions will be given. The final paragraph contains 

examples and some discussion about the speed of the algorithm. Before 

deriving the method, the conditions that must be satisfied are given in 

paragraph 3.1. 

3.1 Combinatorial logic in a single PL-model 

The purpose of this chapter is to derive an algorithm that takes some 

combinatorial logic function as an input and generates a PL-model of this 

logic function as an output. This flow is depicted in figure 3.1. 

combinatorial logic function 

algorithm 

PL-model 

figure 3.1 The purpose of the algorithm treated in this chapter 

The model will only cover the static behaviour of the function. Coarse timing 

32 



information can be added to this static model later on. To allow fast 

simulation of large logic circuits, the model must be compact and easy to 

compute. This means that the amount of computation to find the output vector 

for a given input vector must be small because large circuits will always 

contain several of these models but also various time consuming low level 

models. Therefore it is recommendable to keep the computational effort in the 

macro models limited. 

Not all the model descriptions given m the previous chapter are closed under 

connection. So it is not possible to realise the logic function as an 

arbitrary conneetion of gates and transform these into one large PL-model. 

Another method must be used as will be presented in the following sections. 

3.2 Threshold logic and PL-models 

This section consists of two parts: 

First a review of threshold logic is given and the resemblance between 

threshold logic and PL-models is shown assuming that the weights and 

threshold of the gate are known. 

Secondly, it is shown that a set of linear inequalities must be solved to 

find the weights and thresholds for a given logic function. 

• Threshold logic is a way to realise logic functions [25,35,51]. The basic 

element of this kind of logic is the threshold gate, usually 

[/ 
l 

figure 3.2 A threshold gate 

n 
-+'O·X· L I I 

i=1 

represented by a symbol depicted in figure 3.2 in which a. are called the 
I 
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weights and u and l the upper and lower threshold respectively. The input 

signals x.-.. x n are binary signals taken from { 0,1}. The behavioural 

description of this gate is given by (3.1) which relation is also illustrated 

in figure 3.2 The output is assumed to be valid when it has the value 0 or 1. 

n 
y = 0 if I. a.x. !S: l 

i=1 I I 

n 
y = 1 if I. a.x. ~ u 

i: 1 I I 

n n (3.1) 
1 

y = (u-l) ( I. a.x. - l) if l< I. a.x. <u 
i:1 I I i:1 I I 

u>l 

Realisarlon of a logic function using a single threshold gate however is 

possible for linear separable logic functions only. 

Definition 3.1 A combinatorial logic function with n input variables and one 

output variabie is called linear separable (l.s.) if on the 

boolean hypercube in IR0 the 0 values of y can be separated 

from the 1 values of y using a single hyperplane. 

For l.s. functions it is then also possible to achieve this separation using 

two parallel hyperplanes having non-zero distance. Therefore for an l.s. 

logic function there exists a set of weights a. and thresholds u and l such 
I 

that this threshold gate realises the given l.s. logic function. 

Once a set of weights and thresholds is found, it is possible to defme 

hyperplanes in IR
0 according to (3.2-3.3). 
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I. a.x. - u= 0 

i =1 I I 

n 
I. a.x. - l = 0 

i=1 I I 

(3.2) 

(3.3) 



Looking at these fonnulas from a PL point of view it is clear that these two 

parallel hyperplanes together parrition 11l in three polytopes. According to 

(3.1) there is a linear mapping from x ... x to y for each polytope such that 
I n 

the whole mapping is continuous. These are the hyperplanes and mappings 

defining a PL-model. Thus a PL-model of a t.s. logic function can be found if 

a set of weights and thresholds is known. 

• To realise a given logic function using a threshold gate, one has to 

determine the correct values of weights and thresholds. This can be done by 

solving a set of simultaneons inequalities. 

Therefore consider a t.s. logic function having n input variables. According 

to (3.1) the input words specifying a logic 0 at the output have to satisfy 

(3.4). 

n 0 
L a.x. :::; t 
i=1 I I 

(3.4) 

The input words that specify a logic 1 and the thresholds u and t have to 

satisfy (3.5) and (3.6) respectively. 

n 1 
L a.x. ~u 

i=l I I 

u>t 

(3.5) 

(3.6) 

where the superscripts denote the value of y for that specific input word. 

From this set of 2n + 1 inequalities a solution for the weights a. and 
I 

thresholds u and t has to be calculated. If don 't cares occur in the logic 

function the number of inequalities will be less. 

In this paragraph it was shown that there is a close resemblance between 

threshold logic and PL-models. If the parameters of a threshold gate are 

known they can directly be mapped onto a PL-model which realises the 

behaviour of the thresho/d gate. Furthermore it was shown that for l.s. logic 

Junelions the weights and thresholds of a ·gate can be found by solving a set 

of inequalities. 
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To this purpose, in the next section an algorithm wil/ be given to determine 

the solution space of a set simultaneous inequalities. This can then be used 

to solve (3.4-3.6) for a given logic tunetion thus determining the solution 

space of weights and thresholds of the gate rea/ising the logic function. 

3.3 The Tschernikow algorithm 

This paragraph deals with finding the solution space of a set of simultaneous 

inequalities for which the Tschernikow algorithm is used. A thorough 

treatment and proof of the algorithm is given in [74]. 

To that purpose, consicter the set of homogeneous inequalities given by (3.7). 

AxS:O (3.7) 

There are m inequalities and n variables to be solved. The Tschernikow 

algorithm detennines the cone shaped nonnegative solution space of (3.7) as a 

positive linear combination of a collection of veetors v.. The solution space 
I 

of (3.7) is then given by (3.8). 

k 

x= L pivi 
i= I 

'r/ p~ 0 
iE(I ... I<I i (3.8) 

Below a flow of the metbod to find the minimal set of veetors v. will be 
I 

given. To this purpose, first some definitions will be given foliowed by a 

mathematica! explanation of the method. Finally, a matrix manipulation metbod 

will be treated to find the set of veetors v .. 
I 

3.3.1 Some definitions 

The first definition to be used is given as 

Definition 3.2 Let x and y be veetors in a finite dimensional space, with 

components x; and Y; with respect to a orthonormal basis of 

the Euclidean space, then x ~ y is defined as x.~ Y. for 
I I 

all i. 
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The purpose of the second definition is to define the shape of the solution 

space of (3.7) which is a convex polyhedral cone [71]. 

Definition 3.3 A convex polyhedral cone is , the intersection of a finite 

number of half-spaces whose bounding planes all pass through a 

comrnon point called the vertex of the cone. 

Since (3.7) is a homogeneous set of linear inequalities and x ~ 0 (x e IR
0

) 
+ 

the solution space of (3.7) is a non-negative convex polyhedral cone with its 

vertex at the origin. 

The next definition determines a fundamental solution of a set of 

inequalities. 

Definition 3.4 Let a set of inequalities be given by Ax s; 0, x e IR
0 and let 

rank(A) = n. A solution xt of this set is called a fundamental 

solution if there are n - 1 linearly independent inequalities 

in the set Ax s; 0 that for xt are transformed into equalities. 

Especially in 1R
3 it is easy to see that the fundamental solutions are at the 

corners of the cone shaped solution space. A fundamental solution can not be 

formed as the positive linear combination of other solutions. On the 

contrary, every solution of Ax s; 0 can be described by a positive linear 

combination of fundamental solutions [74,p.85]. This motivates the following 

definition. 

Definition 3.5 The fundamental solution space 1< of Ax s; 0 with fundamental 

solutions V={v ... v } is given as 
I k 

k 

{ x I x = I p v with V p.e IR } 
i = I i i iE {l •... ,k I I + 

In the next section these definitions will be used to sketch a mathematical 

method to find the fundamental solutions of (3.7). 
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3.3.2 The mathematica! description 

The purpose of this section is to sketch the mathematica! background to find 

the fundamental solutions of (3.7) and thus the fundamental solution space. 

The idea hehind the method is to deal with the inequalities of (3.7) one at a 

time. The solution space is then repeatedly updated to satisfy the 

constraints placed upon it by every subsequent inequality. This is done by 

constructing a set of fundamental solutions in every step. First it is 

explained how a set of fundamental solutions can he updated when an 

inequality is added to an existing set of inequalities. 

To this purpose, consider the set of inequalities (3.9). In the iterative 

solution scheme to solve (3.7), the matrix C of (3.9) consists of a subset of 

the rows of A. 

c x ::;; 0, x 2: 0 (3.9) 

The set of fundamental solutions of (3.9) is given as V={v
1
, ... ,v

1
,). Note 

that (3.9) in fact consists of two sets that can also he written as 

(Cj-Ilx ::;; 0 thus forming one combined set of inequalities that only has 

positive solutions. The rank of this combined set is obviously equal to n 

because of the unit matrix. To the set (3.9) the non-trivia! inequality 

cTx ::;; 0 is added and the goal is then to find a fundamental set of solutions 

"Ç'={v
1
, ... ,vk2} for this augmented set of inequalities. It can he proven [74] 

that "Çl can he found from the set { v !' ... ,vu} as follows: 

- all the solutions v. for which cTv.S 0 are a memher of "Ç', (3.10a) 
I I 

- Let the veetors v be given as v = v lcTv I + v lcTv 1 (with 
pq pqp q q p 

p;!!q, cTv /cTv < 0). lf there are n - 2 linearly independent 
q p 

inequalities in Cx ::;; 0, x 2: 0 that for v as well as v are 
p q 

transformed into equalities then v is a memher of "Ç', (3.10b) 
pq 

It will now he shown that the veetors just given are indeed fundamental 

solutions. 
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For the frrst set of veetors given by (3.10a) this is easy to prove: 

because v. is a fundamental solution of (3.9) there are n - 1 linearly 
I 

independent inequalities that turn into equalities for v. and thus v. belongs 
I I 

to "'V. 
- For the second set of veetors v one also has to prove that under the 

pq 

given conditions this is a fundamental solution. By assumption there are 

n - 2 inequalities that change into equalities for v and v so the same is 
p q 

true for v . The added inequality cTx :S: 0 turns into an equality by 
pq 

construction (with cTv /cTv < 0, cTv lcTv 1 + cTv lcTv 1 = 0) which makes a 
q p p q q p 

total of n 1 equalities. It remains to be shown that they are linearly 

independent. If the added inequality would be a linear combination of one of 

the n - 2 inequalities then the added inequality would turn into an equality 

for v and v which is in contradiction with the assumption which completes 
p q 

the proof. 

Now that an update "'V of the set of fundamental solutions V is found, it is 

possible derive a method to find the fundamental solution space of (3.7). 

First the set of inequalities (3.7) is extended by the trivial inequality 

0Tx :S; 0. The set of fundamental solutions for this equation and X ;;:: 0 is 

easily found to be the set of n Cartesian unit vectors. Then the frrst 

inequality from A x :S: 0 is taken and a new fundamental set is found using 

methods explained above. This process ends if all inequalities are treated 

and the fundamental solution space is given by (3.8). If one of the 

inequalities is inconsistent with the others, the solution space will only 

contain the point x = 0. 

This concludes the mathematical part on the Tschernikow algorithm. More 

details can be found in [74]. 

3.3.3 A matrix metbod 

This section deals with a matrix manipulation method to find the a set of 

fundamental solutions of (3.7). The method was derived by Tschernikowa and an 

outline is given in [74]. 
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• First the start tableau is set up as 

where the superscript denotes the iteration count. The 

fundamental solutions which for the start tableau 

fundamental solutions of the set x :?: 0, 0 T x ~ 0. 

(3.11) 

rows of T 
1 

are the 

are equal to the 

• For every iteration step j of the algorithm a column, say c., is chosen in 
J Ttl)· The tableau T0) is constructed as follows: 

• every row of TO-l) with a non-positive entry in c. is copied into Tm. 
J 

This is equivalent to determining the veetors v. for which cTx ~ 0 in the 
I 

previous paragraph. Geometrically these are the veetors that are on the 

correct side of the hyperplane cTx = 0. 

• next, let K be the co Heetion of columns of T 
1 

and the already treated 

columns of T
2

• Funhermore, let S(i), for every row i, be the collection of 

columns in K with a zero in row i and similarly let S(i
1 
,i

2
) be the 

collection of columns in K so that S(i
1
,i

2
) = S(i

1
) n S(i

2
) where the i

1
-th 

and i
2 
-th entry in ei have opposite sign. If for all i, 

S(i ,i ) <t S(i) (i:;~~:i ,i:;~~:i ) then a posttive linear combination of row i 
1 2 1 2 I 

and i
2 

is placed in T0> such that the entry in ei becomes zero. 

This is in fact the construction of the veetors v of the previous 
pq 

paragraph. Geometrically, the construction of the zero entry in c ensures 
J 

that the vector v lies in the hyperplane c .. 
pq J 

The check with S(i) and 

S(i ,i
2
) determines if v is a fundamental solution. 

1 pq 

The process ends if a strictly positive column is found in T
2 

(in which 

case the solution is given as x = 0) or if the tableau T~f) has become 

non-positive where the superscript (f) denotes 'final'. If the rows in T~f) 
are denoted by vT then the total solution space of (3.7) is given by (3.8). 

I 

It can be seen that a column that is made non-positive can never get positive 

entries in a later stage because when treating other columns, only positive 
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linear combinations of rows are placed in the updated tableau. As a 

consequence, each column needs only be treated once which may be done in any 

order. 

An example is given in figure 3.3 where x e 1R3 to allow a 

-x1+ ~- x3 < 0 
-x,+2Xz +2~ < 0 

(
1 0 0,-1-1) 
0 1 0 1 2 
0 0 1 -1 2 

' 

( 

1 o o~-1-1) 0 0 1 -1 2 
1 1 0 0 1 
0 1 1 0 4 

' 

( 
1 0 0,-1-1 ) 
2 0 1 -J 0 
2 1 0 -1 0 

S(1 )=J2,JJ,S(2)=11,3J,S(J)=I1,2J 

S(1,2)=1Jiv ,S(2,J)=I11 v 

S( 1 )-J2,JJ,S(2)-J1,2J,S(J)-J3,4J, 

S(4)=J1,4J 
5(1,2)=121 v ,S(1,J)=IJJ v ,S(1,4)= ~ 

figure 3.3 A geometrical interpretation of the algorithm 

geometrical interpretation. A check mark denotes a vector 

which is a fundamental solution. 

V 
pq 

Every set of inequalities can be rewritten to the form of (3.7) by using 

slack variables, a technique which is well-known in linear programming. The 

slack variables are used for the equations and the variables which allows to 

find the solution space for variables in a specified interval. Furthermore, 

the method allows to solve the solution space of a set of equalities C x = 0 

by solving two sets (i.e. C x :5; 0 and C x ~ 0) simultaneously. 

The method just described can be used to solve the set (3.4-3.6) for a given 

logic function resulting in the solution space of weights and thresholds that 

realise this function. Jf a point is chosen in this space by selecting the 

parameters p., the weights and thresholds become fixed and can immediately be 
I 
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mapped on a PL-model. 

The Tschernikow method wil/ be used in the next paragraph to find a PL-model 

of a combinatorial logic function. lt is then important to remember that the 

Tschernikow method treats one inequality at a time. From the descriptions it 

must be clear that if an inconsistent inequality is found, this inequality 

may be skipped. The solution space found this way applies to the set of 

inequalities where the skipped inequalities are omitted. 

3.4 Non-linear separable functions 

The metbod given in the previous sections only applies to t.s. logic 

functions. The metbod determines all tbe byperplanes tbat separate tbe logic 

O's from the logic l's. If tbere is no sucb byperplane the metbod will find 

x = 0. Unfortunately tbe majority of all logic functions is non-t.s.. For 

instance, of all 65,536 functions of four inputs and one output only 2.87 % 

is t.s. [51] and this number decreases rapidly as the number of inputs 

increases. Tbis means tbat for the majority of tbe logic functions, more than 

one hyperplane is needed to separate the O's from the l's on the boolean 

n-cube. 

The metbod outlined below divides the given boolean function in l.s. parts 

that will all be realised by a separate tbreshold gate. The outputs of the 

gates wilt simply be added to result in a general topology depicted in 

figure 3.4. 

figure 3.4 The general topology to realise a logic function 
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Since the addition of several PL-functions is again a PL-function this 

results in a PL-model of a non-l.s. logic function. Moreover, because the 

resulting function is just a sumrnation of 1-dimensional monotonic functions, 

it can be seen that the resulting function can be represented by all of the 

model descriptions treated in the previous chapter. The models will have a 

short simulation time because all O's are in one polytope and every 1 is 

realised by a single gate. That is why at most two gates can change in output 

value when moving from one vertex of the boolean cube to another. This can be 

illustrated as follows: suppose the output is changing from 0 to 1. Because 

every 1 is realised by one gate only and the PL-functions for every gate are 

monotonie, only the gate that is going to realise the 1 at the output will 

change its output value from 0 to 1. If the output remainsO no gate will 

change its output. The maximum number of gate transitions wiJl occur if the 

output remains 1 but both 1 's are realised by different gates: one gate has 

to move from 1 to 0 and another gate has to move from 0 to 1. All the other 

transitions can be checked in a similar manner resulting in an average of 

less than one gate changing its output for a single output transition for the 

topology depicted in figure 3.4. 

If the Tschemikow algorithm is used for a set of inequalities (3.4-3.6) 

resulting from a non-l.s. function, at some point the solution space becomes 

empty. The actual column (equation) that causes the solution space to become 

empty can be skipped and the other columns can be treated. The solution space 

found this way then applies to the original set in which some inequalities 

are omitted. If a skipped inequality is a member of (3.5) this means that it 

is not possible to place the logic 1 defined by this inequality on the 

correct side of the hyperplane. In this case it will always be possible to 

place it on the other side. With this observation the following method is 

used to find hyperplanes that separate O's from l's for non-l.s. functions. 

For the ease of notation, realising an inequality means updating the solution 

space with respect to this inequality. 

• After reading the truth table, the first step of the method is to calculate 

the frrst gate. This is done by first realising the inequalities (3.4) and 
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(3.6). 

• Next an arbitrary 1-inequality is realised. At this point it is not 

possible for the solution space to be empty because it is always possible to 

define a hyperplane that separates an arbitrary vertex from the rest of the 

boolean cube. 

• Next realise all other 1-inequalities but skip the ones that cause the 

solution space to become empty. The skipped inequalities are 1 's that can not 

be realised by the threshold gate defined by the actual solution space. For 

this gate they have to be mapped to logic O's. 

This way the frrst separation of 0 's and 1 's is determined but not all 1 's 

have been created yet. The skipped l's have to be realised by one of the 

following tlrreshold gates. This concludes the calculation of the first gate. 

The only difference in calculating the next gates is that 1' s realised by 

former gates must now be mapped to O's. Apart from this, the procedure is the 

same. 

The process ends if all 1 's are realised and this will always happen because 

in every step at least one 1 is created. In pseudo Pascal the algorithm can 

be given as in figure 3.5. 

begin 
while (not all 1 's realised) 

do begin 
realise u>t; 
realise O's; 
realise former realised l's as O's; 
realise arbitrary 1; 
realise as many l's as possible; 
realise sk:ipped l's as O's; 
output solution space weights and thresholds; 
end; 

end. 

figure 3.5 Algorithm to find weights and thresholds of the gates 

The result of this procedure is that on the boolean cube the O's are 

separated from the 1 's using several hyperplanes. The outputs of the gates 

defmed by these planes can simply be added to form the logic function as 

44 



depicted in figure 3.3. For every new input word, an average of only one gate 

changes its output value resulting in a computationally efficient model. 

The a/gorithm derived in this section generates a PL-model for any 

combinatorial /ogic function. The resulting model can be described by any of 

the PL model descriptions known this far. The model is computational/y 

efficient because an average of on/y one gate changes its output value for 

every new input word. 

3.5 Multiple output functions 

Multiple output logic functions can also be modelled. It is of course 

possible to model every single output separately. Another way to create a 

model of the tunetion is as follows. First determine the number of different 

output words. This is the number of functions that has to be realised using 

the method outlined above. A subset of these functions is then added to form 

a single output. As an exarnple the tunetion in figure 3.6 will be taken. 

x3x2x1 

0 0 0 
0 0 1 
0 1 0 
0 1 1 
1 0 0 
1 0 1 
1 1 0 
1 1 1 

Y2Y1 
0 0 
1 0 
1 1 
0 0 
0 0 
1 0 
1 0 
1 1 

1 
2 
3 
1 
1 
2 
2 
3 

t1t2t3 

1 0 0 
0 1 0 
0 0 1 
1 0 0 
1 0 0 
0 1 0 
0 1 0 
0 0 1 

tigure 3.6 A multiple output tunetion 

As can be seen there are three different output words resulting in three 

functions t. to be realised. For the function t , all the outputs y. are 
I 1 I 

zero. Therefore this tunetion needs not be realised because a '1' realised by 
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this function t1 will not be used by any output yi" Both t
2 

and t
3 

are 
non-l.s. and need two gates each. The resulting structure is depicted in 

figure 3.6. This method is especially advantageous if the separate outputs 

need a lot of gates to be realised. Gates can be shared using this way of 

modelling. If a lot of outputs have to be realised, the method will usually 

degenerate into realising all minterms of the inputs x separately. However, 

the property remains that independent of the number of input and output 

signals at most two gates can change in output value when travelling from one 

corner of the boolean cube to another. 

It can be seen that figure 3.6 has a strong resemblance with neural nets and 

in fact is a two layer perceptton where the output layer is linear i.e. it 

consists of simply adders. Instead of using the Tschernikow algorithm, it is 

also possible to find the weights and thresholds for the proposed topology 

by methods used to train neural nets e.g. error back propagation [52,67]. The 

main disadvantage is that is not known a priori how many neurons are needed 

for a given logic function although an upperbound can be found to be equal to 

2N + 1 neurons with N the number of inputs [54]. 

3.6 Efficiency and examples 

The core of the metbod given in the previous sections is the Tschernikow 

algorithm. To get an idea about the speed of this algorithm it is possible to 

derive an upper bound on the number of operations that it has to perform. lt 

can be derived (see appendix A) that this worst case value is of the form 

m n 2; 
num.op.= I, 12(m+n-i)(4) (3.12) 

i= I 

where n and m are the number of variables and equations respectively. This 

hyper exponential result is discouraging. However, the speed of the 

Tschernikow algorithm depends heavily on the matrix A of (3.7) and in 

practice it appears that this upper limit is almost never reached. To get a 

more realistic estimate, 50 random truth tables for every number of input 

variables were generated and PL-models of these tables were calculated. The 
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Table 3.1 CPU time and number of gates for 50 random truth tables 

number of CPU- ti me ( s) • > n urnher of gates 

in puts mean I deviation mean I dev i at ion 

1 0.004 0.0003 1.00 0.000 
2 0.009 0.001 1.02 0.141 
3 0.035 0.012 1.34 0.519 
4 0.224 0.083 1.94 0. 912 

5 1 . 956 0.715 3.80 1. 591 
6 2 1. 29 10.40 6.72 3.038 
7 284.5 177.2 13.0 5. 345 

•) 
CPU-time on a HP/Apollo 425. 21.6 MI PS. 2.6MFLOPS 

results are collected in Table 3.1. The mean CPU-time and the standard 

deviation is given as a function of the number of input variables of the 

random logic function. The CPU-times are obtained from a straight forward 

implementation of the algorithm in C [41]. The number of threshold gates to 

model the functions is given too to indicate the size of the resulting 

PL-model. 

To derive statistica! data for logic functions with eight input variables, 

the CPU-time becomes unacceptably long. It is found that for one function the 

CPU-time is in the order of one hour. For larger functions it is often better 

to break up the function in parts and model every part separately because the 

CPU-time to find the models increases rapidly as does the model size. 

It can be seen from these data the CPU-time increases less than hyper 

exponentially as a function of the number of inputs. This is depicted in 

figure 3.7. In (3.12) the worst case order was given as hyper exponential in 

the number of equations. The figure suggests that indeed the practical 

efficiency is much better than the worst case efficiency because on the 

x-axis the number of inputs of the function is given while the number of 

inequalities is clearly exponential in the number of input variables. 
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tigure 3.7 CPU time as a function of the number of inputs 

By preprocessing the logic function, the speed can be increased. 

synthesis methods it is possible to subtract non-overlapping cubes 

logic function. An inequality · determining a cube replaces all 

inequalities of the '1 's in this cube thus reducing the number of 

to be solved. 

By logic 

from the 

the '1' 

equations 

To conclude this section, two examples will be given. The frrst one is some 

artiticial function that determines if a four bit input word is a prime 

number. The second one is a four stage carry look-ahead circuit. 
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In tigure 3.8 the threshold gate replacement circuit for the 

prime number detector is depicted where x
0 

is the LSB and x
3 

the MSB. 

The carry look-ahead circuit is given in tigure 3.9. lt is a 

logic function with nine inputs and tive outputs [63]. Every 

output was modelled as a separate function. The inputs P., G. 
I I 

and C are outputs of four ALU's or adders (carry Propagate and 
n 

carry Generate and frrst carry). The outputs C , C and 
n+x n+y 



C are the anticipated carry signals. The outputs P and G can 
n+z 

be used as an input for another carry look-ahead unit. 

y 

figure 3.8 A four bit prime number detector 

cn+x c n+z G p 

figure 3.9 A four stage carry look-ahead circuit 
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In this chapter, a method was given to derive a PL-model for a given logic 

function. From a theoretica/ point of view it is interesting to note that the 

method applies to any combinatorial logic function. The models are efficient 

when used in a simulator because only an average of one gate changes its 

output value for every new input word. 

Some statistica/ results about the CPU-time and the size of the models were 

obtained by modelling a large number of random truth tab/es. The figures show 

that the method is hyper exponential in the number of input variables for the 

CPU-time. This makes it questionable if the method can be used as a modelling 

tooi in real time applications. Stand-afone the method is useful do derive 

efficient models of combinatorial logic functions. 
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CHAPTER 4 

A HIERARCHICAL PIECEWISE LINEAR SIMULATOR 

In chapter 2 some existing PL-simulators were mentioned that all have their 

own advantages and drawbacks. This chapter describes a new simulator called 

PLANET. New features in contrast to other existing PL-simulators are a 

flexible hierarchical data structure which retains the hierarchy in the 

simulated system. This is 

equations, one for each 

achieved by using several sets of topological 

node in the hierarchy tree. Furthermore, a 

hierarchical implementation of a simplified form of the Katzenelson algorithm 

is used to solve the circuit equations. Because the model descriptions are 

kept separated from the topological equations it is possible to use an 

efficient update of the PL-models. Because of the PL-concept it is possible 

to perfarm full mixed-level and mixed-mode simulations. 

The main reason for preserving the hierarchy in the simulated system is that 

PLANET is to be used as an analysis tooi in an automatic synthesis unit. 

During synthesis, the topology of the network changes frequently because 

macro models are replaced by circuit proposals or vice versa. This makes it 

preferabie to retain the hierarchy because of the gain in setup times as 

compared to simulators that do not retain the hierarchy such as PLA TO [72] 

and SPICE [55,76]. These simulators are of the so called pre-compiling type 

and therefore it is not likely that the simulator PLANET can compete with 

these kind of simulators in pure analysis time. The gain is achieved mainly 

in the setup times because with PLANET there is no need to recompile the 

total network structure when there is a change in the topology. However, it 

is also -possible to exploit the hierarchy, to some extend, during simulation. 

For example, the hierarchy allows to compute changes in the network only 

locally which is more difficult in simulators that store the network without 

hierarchy. 

To explain how the simulator is built, this chapter is divided into two main 

parts: section 4.2 deals with the PL-models itself and the second one 

consists of section 4.3 and treats the topology and the hierarchy. 

51 



Section 4.2 starts with an efficient update algorithm for the model 

descriptions used in the simulator. This is foliowed by a simplified form of 

the Katzenelson algorithm. To be able to model dynamic components, the static 

model description wîll be extended by state variables which concludes the 

frrst part. 

In the second part hierarchy will be treated by extension from a description 

for one level to an arbitrary number of levels. After explaining a metbod to 

find a DC-point in such a hierarchy tree in section 4.3.4, in section 4.3.5 

the simulation algorithms are given which concludes the second part and this 

chapter. 

The frrst part will be preceded by a brief overview on PL-simulation in 

section 4.1 while in section 4.4 some conclusions are drawn. 

4.1 Piecewise linear simulation 

A circuit simulator uses two sets of equations. First there is the set of 

non-linear equations that describe the electrical behaviour of the components 

used to make up the circuit. The second set consists of topological equations 

that describe how the devices are connected. 

In conventional simulators like SPICE [55,76] and ASTAP [36,77] the two sets 

are transformed 

solved, usually 

simulators, the 

resistors et cetera. 

into one large set of non-linear equations that has to be 

by algorithms like Newton-Raphson. In this class of 

devices that are modelled are low level: transistors, 

This leads to the disadvantage that simulation problems with respect to the 

convergence behaviour of the algorithm occur when large circuits must be 

analysed. For circuits containing more then 1000 transistors the CPU-time 

will become unacceptably long. 

An other class of simulators uses piecewise linear approximations to describe 

the non-linear behaviour of the device models and are called piecewise linear 

simulators. Examples of existing PL-simulators are PLA TO [72] and the one 

proposed in [17] which also solve the two sets of equations as one large set, 

where the equations are piecewise linear. To solve such a set, algorithms by 

52 



Van de Panne [61] or Katzenelson [40] can be used which have good global 

convergence properties. 

The advantage of these type of simulators is that simple macro models can be 

used. This allows for full mixed-IeveVmode simulations due to the fact that 

for this class of simulators the models at all the levels use the same data 

structure and the same simulation algorithm. Thus the data structure for a 

digital device, an analog device or a macro model is the same (e.g. a 

multiplier, a transistor or a DA-converter). Using macro models, large 

circuits can be simulated easily. This is in contrast to conventional 

mixed-IeveVmode simulation that in general is achieved by coupling several 

kinds of simulators such as logic, switch-level and circuit simulators. The 

main problem in doing so is the synchronisation of the time axes especially 

when there is a lot of feedback between different levels. 

Although the existing PL simulators are able to do mixed-level simulations 

they do not exploit hierarchy and solve one "flat" set of equations. 

In contrast to other existing PL-simulators the simulator PLANET (Piecewise 

Linear Analyzer of NETworks) which is presented in this chapter, uses another 

approach. The main line of these new features can be described as follows: 

- PLANET uses several sets of topological equations 

these equations are hierarchically organised, retaining hierarchy in 

the simuiared system 

- PLANET uses a simplified form of the Katzenelson algorîthm. 

Combinations of these new features lead to the following advantages with 

respect to other simulation aspects: 

- the choice of the model description and the separation of these 

descriptions from the topological equations allows an efficient update 

of the models and the use of a simplified form of the straightforward 

Katzenelson algorithm. Complex algorithms to find pivot sequences are 

often a drawback of other PL-simulators, 
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- the hierarchical organisation makes it easy to replace a single model 

by a number of interconnected subroodels or vice versa, 

- retaining hierarchy in the topological equations makes it possible to 

exploit latency easily. On detecting that the time derivatives of 

the variables of a particular subnetwork, i.e. a node in the network 

tree, are below a chosen threshold indicating that the variables of 

this complete subnetwork hardly change over the current time step, the 

subnetwork is considered latent and appropriate measures to speed up 

the computation of this subcircuit can be taken. For example, instead 

of a numerical inlegration step, an extrapolation can be computed. 

Combined with numerical integration methods having a variabie 

stepsize, this will keep the simulation time as short as possible. Of 

course it is also possible to use these techniques in non-hierarchical 

simulators; 

- due to the fact that one can detect by simple inspeetion of the nodes 

of a subnetwork if it is dormant or alert during transient simulation, 

event-driven simulation schemes can be implemenled easily. 

The sequel of this chapter deals with the way in which PLANET is built. 

4.2 A single PL-model 

4.2.1 An efficient update algorithm 

In the simulator PLANET the Bokh2 model description will be used as given in 

chapter 2. The model definition is repeated below in (4.1-4.3) 
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{

Iy + Ax + Bu + f = 0 

Dy + Cx + I u + g = j 

uTj = 0 V. u.,j.~ 
I I I 

wi th U ,j E IRI< 
+ 

(4.1) 

(4.2) 
(4.3) 



If u=O, (4.1) defines a Jinear mapping given by Iy+Ax+f=O. Because of (4.3) 

this mapping is only valid for the collection of points for which Dy+Cx+~. 

The subspace described by this collection is the polytope for which interlor 

space the mapping holds. When moving to a boundary of the polytope, some j. 
I 

becomes zero and consequently u. becomes positive: the current polytope is 
I 

then abandoned and as a result Iy+Ax+f=O does not hold anymore. To obtain a 

new expression of the form (4.1-4.3) in which (4.1) again gives the linear 

mapping for u=O, a pivoting operation has to take place. Essentially, this 

means that the matrices of ( 4.1-4.3) are modified, which will be explained 

next 

From an algorithmic point of view, it is preferabie to have the same form of 

the model after the update has taken place. This means that (4.1-4.3) bas to 

be transfonned into a set like (4.4-4.6) where the new mapping is again given 

by (4.4) for u=O. 

{

Iy + Äx + Bu + f = 0 

Dy + Cx + I u + g = j 
u Tj = 0 V u.,j .~0 

1 1 • 

(4.4) 

(4.5) 

(4.6) 

The required update can be done efficiently due to the fact that the state 

vector u in (4.2) is multiplied by a unit-matrix I. Suppose that the i-th 

component of u becomes positive, i.e. u. > 0, j. = 0. The expression for u 
I I 

can be obtained from (4.2) and has to be substituted in (4.1), yielding (4.7) 

u 
.I 

[ 

ui 1 

Iy + Ax + B -(D ... D. )y- (C .... C. )x- g. 
Il Jnt 11 In l 

~i+l 
uk 

Grouping related information together yields 

[
0 . . . 0] [0 . . . 0] tu 1] ~ l (I-B D .... D. )y +(A-B C .... C. )x+ B j. + (f-B g.) = 0 

i 1 1m tl •n 1 1 

0 ... 0 0 ... 0 k 

(4.7) 

(4.8) 
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Define d.=DTe.. c.=CTe., b.=Be., g_=gTe. and e. the i-th Cartesian unit 
l I I I I I t t l 

vector and let u. and j. change names. Then (4.8) can be reformuialed into 
I I 

(I - b.d:)y + (A - b.cT)x + Bu + (f - b.g.) = 0 
I I l I I I 

(4.9) 

To obtain the same expression as (4.1), the inverse of (I - b.d T) must be 
I I 

calculated which can be done explicitly using the well-known 

Shermann-Morrison-Woodhurry relation [70, 78] 

which for (4.4-4.6) finally results in 

- T 
A= S.(A-b.c.) 

I I I 

S.B 
I 

S.( f -b.g.) 
I 1 I 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

the state equation (4.2) has to be updated as well to obtain (4.5). Because 

u. and j. have changed names, the rows i of C, D and g only change sign and 
I I 

one can easily keep track of these changes in some binary vector. 

In chapter 2 it was mentioned that the update of the mapping only consists of 

a dyadic product which is not immediately clear from (4.11). By rewriting the 

expression two veetors a and Jl are derived which determine the dyadic update: 

- - T 
A = A + A - A = A + S.(A - b.c ) - A 

I I I 

= A + S.(A - b_cT • S:1A) 
I I I I 

T T) = A + S.(A - b.c. - (I - b.d. A) 
I I l I I 

=A + (-S.b.).(cT - dTA) 
I l I I 

= A + (-yb.).(cT dTA) = A + a.J)T (4.14) 
l 1 I I 

with a = (-y_b.) and J)T= (c: - d:A) and where S.b. = yb is used. This can 
1 I I I J I i Î 
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be derived as follows using (4.10) 

S.b. = (I + ybd:)b
1
• = b. + ybdTb. 

l I 1 I l I I I l l 

Y. -1 
= b.(1 + ydTb) = b(l + Y·-y1 

) = yb, 
l I I I l I , I I 

I 

(4.15) 

This property of the dyadic update appears to be essenrial during the update 

of the hierarchy tree. 

The derivations shown this far show that updating model (4.1-4.3) to become 

model (4.4-4.6) can be done very efficiently because mainly (dyadic) vector 

multiplications are required. The unit-matrix I neects not to be stored 

because any pivoting operation will leave it as it was. It is important to 

note this is only possible for single models. If the model description is 

mixed with topological equations, the matrix I wiii suffer from fill-in and 

the efficient update method can not be applied anymore. Hence it is important 

to keep the model descriptions separated from the topological equations. How 

this is taken into consideration is shown in section 4.3. 

The update of the revised state model description assumes that, at some 

point, one of the entries of j becomes 0. In the next section it will be 

explained how a correct pivot can be found which is necessary to update a 

model. 

4.2.2 The pivoting strategy 

To detect which state variabie j. has to become zero, a new form of the well 
I 

known Katzenelson algorithm [ 40] is implemented. Suppose that the vector 

x(À.) moves from a value x to x +À.d (09..:5:1). Substitution of (4.1) into (4.2) 
0 0 

now yields within the current polytope 

j = (C - DA)x - Df + g + À.(C - DA)d 
0 

= v + À.w~ 0 (4.16) 
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With v (w ) the m-th element of v (w) it is possible to define A. 
m m m 

V 

A.=-~ .w~O 
m m 

(4.17) 
w 

m 

lf the previous value of A. is denoted by A. , then the pivot number is given 
p 

by 

À..= min(À. ) 1\ A. ~ À..<1 } (4.18) 
I k k p I 

lf there is no such i, it is possible to increase A. until A.=l meaning that 

the endpoint is reached and the process tenninates. If however the i that is 

found is equal to the previous pivotnumber i , a minimal step back must be 
p 

perfonned. This is done by selecting a pivotnumber i according to 

{ i 1 À..= max(A.) 1\ A..~ A. } (4.19) 
I k k I p 

Non-unique indices occur if two or more hyperplanes are crossed in the same 

point This leads to the so called corner problem for which some remedies are 

given in [15]. 

If the pivot number is found, the model must be updated as indicated in the 

previous section to find the mapping valid in the newly entered polytope. 

Once this is done, the whole procedure must be repeated for the next pivot 

The sequence just described is in fact solving an LCP problem which was 

mentioned in chapter 2: find two veetors u and j such that for a given M 

and q 

j =Mu + q 

wi th uTj = 0, 'fl. u.,j. ~ 0 
I I I (4.20) 

and u ,j e IRn 
+ 

where M is a matrix of size (nxn). Besides Katzenelson, there are several 

58 



other algorithms available such as Van de Panne [61] and Lemke [50].The 

latter two are functionally equal and are the strongest methods known up to 

now in the sense that they find a solution for (4.20) for M betonging to a 

large class of matrices [26]. If M and q are such that no zero-pivots occur 

(M .. = 0 if i is the pivot index) then the Katzenelson algorithm equals the 
11 

Van de Panne algorithm. With the model description used here this condition 

is always fulfilled because in (4.2) the vector u is multiplied by I . 

To illustrate the algorithm, consider the following example: a 

hysteresis function (see fig. 4.1) for which the PL-equations 

are initialised in the polytope ~x - y + ~ > 0, 

- !x - y + 1 > 0 2 , 

y + (O)x + (-2,2)u + (0) = 0 

figure 4.1 A hysteresis function 

Let x =-1 and x = 2 then x moves according x = -1 + 3A.. Note 
0 • 

that x
0 

must be in the current polytope. With use of relation 

(4.16) one obtains 

v•[;J M>iw•UJ 
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From section 2.3 it is clear that ~\ = ~ with pivot = 111 

element of j. Using the relations (4.10-4.13) and b
1
= -2, 

c~= + d~= -1 and g
1
= i· the update of the model description 

is given as 

y + (l)x + (2,-2)u + (-1) = 0 

[} + [.j]x +Ju+[!] = j 

The veetors v and w are then computed as 

v=[_;J andw=nl 

This results in the same pivotnumber and A. as in the previous 

step and therefore one searches for the greatest A. smaller than 

\· This way a minimal step back along the line x
0
+A.d is 

performed. We find A.
2
= j and pivot = 2nd element of j. After 

the update the valid PL-model for the next polytope is given by 

y + (0) + (2,2)u + (-1) 0 

which leads to 

From this point it is possible to increase A. to 1 keeping all 

jt > 0 so the polytope in which \ lies is obtained and 



therefore the mapping (value) in x becomes 
e 

y = -Ax - f = 2 • 

In this secdon the Katzenelson algorithm was reformuialed to fit the applied 

PL-model description. In the next section the model will be extended to cover 

dynamic components as well. 

4.2.3 Dynamic PL-models 

To cover dynamic components the model description ( 4.1-4.3) is extended by 

state variables (charges on capacitors and fluxes through coils), defined by 

a vector z and its time derivatives ~ = ~. 

{

I y + Ax + Bu + Hz + J ~ + f = 0 

Ky + Lx + Mz + Nz + r = 0 

Dy + Cx + Iu + g = j 

with uJ ~ 0, u Tj = 0 

(4.21) 

(4.22) 

(4.23} 

where relation (4.3) is still valid. It can be seen that (4.21) and (4.23) 

together describe a PL-function while (4.22) is a linear equation. Therefore 

the static PL-parts will be placed in (4.21}, as well as the PL-descriptions 

of the non-linear relations of the dynamic parts of the modeL In (4.22} the 

linear relations of the time dependent parts are collected. With this 

description it is possible to model any kind of non-linear capacitor, voltage 

or charge controlled, as long as the relations between charge and voltage are 

continuous. A similar statement can be made for non-linear inductors. It is 

even possible to describe a large class of non-linear dynamic systems using 

(4.21-4.23). 

As an example, a non-linear voltage controlled capacitor will be described by 

I = C(v}v 

:::::> I = Q linear, dynamic 

:::::> Q = Q(v) PL 

(in (4.22)) 

(in (4.21)} 

{4.24) 

(4.25) 
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tigure 4.2 Transient analysis on a dynamic PL system 

The set (4.21-4.23) describes a system as depicted in tigure 4.2a where the 

upper box is a static PL-system and the lower box is a set of integrators. 

When perfonning a numerical transient analysis this lower box is replaced by 

an implicit numerical inlegration metbod written as 

z =tl +kz 
n+l n n+l 

(4.26) 

where k and tJ depend on the numerical integration metbod (see also 
n 

chapter 5) as is depicted in tigure 4.2b. Using (4.26) it is possible to 

eliminale :!: from (4.21-4.23) resulting in a time discrete algebraic system 

given by 

j = (D D )[ yn+l I + (C C )[ xn+l I + Iu + g 
1 2 z I 2 V 

n+l n 

with C = C {from (4.23)} 
I 

c = 0 
2 
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D = D {from (4.23)} 
I 

D = 0 
2 

(4.27) 

(4.28) 



The denvation of (4.27-4.28) is lengthy but straightforward and therefore 

given in appendix B. It is clear that y and z are expressed as a n+l o+l 
function of x and !p where the latter can be seen as an independent souree n+l n 
vector resulting from the companion models of the dynamic elements. 

At the end of time step (n+l), z is given by (4.27). With this value it is n+l 
possible to calculate !p 

1 
and start the next time step. The procedure to 

0+ 

find !p 
1 

depends on the integration scheme that is used. Obviously, many 
0+ 

integration formulas presented in the literature [7,33,34,65,69], can easily 

be implemented in this way. For instance, the trapezoidal rule with fixed 

stepsize h, reads 

h • • 
zo+l = -(z + z ) + z 2 n+l n n 

h h • 
hence k = - and !p = z + - z according to (4.26). The value of !p will 

2 n o 2 o o+l 
then be defined by 

n = _n + 2z 
~n+l ~n n+l 

Because (4.27-4.28) have the same fonn as (4.1-4.3), one can still use the 

Katzenelson algorithm to find (y , z ) for a given (x n ) The n+l n+l n+l' ~n · 
excitation vector is in this case described by 

(4.29) 

for which the endpoint is equal to (x ,!p l for À.= l. In the same way as in 
n+l n 

the DC situation veetors v and w can be defined, which produce the correct 

pivots. 

The solution strategy is the same for each time step and for time step 

t - t can be described in pseudo Pascal as given in figure 4.3. 
n n+l 

The last 'while' statement in this algorithm performs the error control of 

the numerical integration method. If the integration has reached a time 

point, say t , the stepsize h to reach the next time point t 
1 

is computed 
n n+ 
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using an a priori error formula: the expected local discretisation error in 

t is expressed as a function of the stepsize h. Imposing a local error n+l 
bound yields a value for h. If, after inlegrating up to t , it appears that 

n+l 

the local d.iscretisation error is small enough, which can be deterrnined using 

an a posteriori error formula, the stepsize from t to t can be computed 
n+l n+2 

one_timestep(tn+I) 

begin 
read(x(A)) 
calc_fl.:.n(integr_method) 

while(A.<l) 
begin 

find_pivot( model) 
update_model(model) 

end 

while(local_discr_err > err_bound) 

{step to timepoint t n+l 

{read Xn+I;X(A) = Xn + A(Xn+I - Xn) 
{compute fln=fl(P.,-t,Zn) 
{do DC sweep with (4.29) as input. 
{This is solving the non-linear 
{ algebraic system using Katzenelson. 
{find a pivot using (4.16-19). 
{update model using (4.11-13). 

begin {At the end of a timestep the error 
reject_curr_timestepO {must be checked. 
reduce_timestepO { if too large, reduce timestep and 
one_timestep(new ln+l) {recompute timestep 

end 
end 

tigure 4.3 Stepsize selection and error control 

thus starting the next time step. If the a posteriori local discretisation 

error appears to be too large, the integration from t to t is rejected 
n n+l 

and repeated for a smaller stepsize. In calculating the new stepsize from t 
n 

to t , information of the a posteriori error is used. This is repeated 
n+l 

until the a posteriori error is small enough. 

In a network, this variabie step scheme can be implemenled locally resulting 

in a different step size for every component of the circuit. Parts of the 

system that change fast get a smaller stepsize than the slow varying parts. 

In d.igital circuits, typically large parts of the circuit can be inactive at 

a certain time which can then be integrated with a large stepsize while the 

active parts must be integrated with a small stepsize. Another example is a 

Phase Locked Loop (PLL): the time constant of the loop is much larger than 

the time constants of the loop oscillator. The oscillator must be integrated 
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with a smaller time step than the loop itself if accurate waveforms inside 

the oscillator must be obtained. 

In this section, the DC-model description was extended by state variables to 

be able to model dynamic components. Using a numerical inlegration method it 

is possible to perform a transient simu/ation on such a model. 

All the sections this far only applied to single models. In practice, 

simulators always deal with a number of conneeled models. Therefore in the 

next sections topological information wilt be added making it possible to 

simulate networks. 

4.3 Connecting Piecewise Linear models 

To be able to simulate larger systems, several PL-models have to be 

connected. The interconnection information of the system is contained in the 

so-called topological equations and the behaviour of the components is 

represented by the PL-models. The presenled simulator keeps the topological 

equations separated from the Piecewise Linear model descriptions. This is in 

contrast to other simulators that use one large and full set of equations. 

Furthermore, the topological equations are hierarchically organised thus 

retaining the hierarchy that might be present in the circuit or system that 

is simulated. These new keypoints will be described in this section. 

First, a mathematical description of one level of topology is presenled which 

is extended to an arbitrary number of levels resulting in a hierarchy tree 

discussed in the subsequent paragraphs. First a number of static models is 

connected foliowed by a generalisation for dynamic models. After the 

structure of the tree is given, algorithms are explained for running 

simulations on such a hierarchy tree. 

4.3.1 One levd of topology 

Suppose a circuit of n components is given and assume that every model 

isbiased inside a polytope. This means that for every model there is a linear 

65 



mapping y = -Ax. according to (4.1) where u=O. The vector f. is omitted for 
l I I 

convenience but without restriction. To simplify the notation the veetors x 

are grouped together in one vector called x: 

The same approach is used for y and A, yielding 

A= such that y=-Ax (4.31) 
'A 

n 

This circuit is excited by a number of signals e and has an output vector r. 

Using Kirchhoff voltage and current laws the topological relations of the 

circuit can be formulated as 

Px-Qy=Re 
c c c 

r=Px-Qv+Re 
' r" ' 

(4.32) 

(4.33) 

where P , Q , R , P , Q and R are matrices of appropriate dimensions having 
c c c r r r 

entries taken from (-1,0,1} only. Eliminating y from (4.32-4.33) using (4.31) 

results in 

Tcx = Ree with Tc = Pc + QcA 
r = T x + Re with T = P + Q A 

r r r r r 

(4.34) 

(4.35) 

Using (4.34-4.35), it is possible to determine r for a given e by flrst 

solving the set of linear equations (4.34) and substituting the resulting x 

in (4.35). The question might arise under what conditions it is possible to 

solve x uniquely from (4.34). From a mathematica! point of view, the matrix 

T must have rank n where n is the size of x. If this is not the case then 
c 

the problem is said to be ill-posed. In practice this occurs if in some sense 

the network is not connected and hence some entries of x cannot be expressed 

as a function of the excitation vector e. As a consequence, if the network is 
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loosely connected, the matrix T becomes almost singular and solving (4.34) 
c 

becomes ill-conditioned. A practical example is a network in which 

almost-ideal switches are used. 

If it is however possible to solve x from (4.34) for a given excitation e as 

is usually the case, it is possible to define a linear mapping A • from e 

to r, 

r = -A·e (4.36) 

In figure 4.4 the hierarchy tree of one level of topology is depicted. The 

ellipse denotes the set of topological equations. 

equotions 

figure 4.4 One level of topology 

By prescribing e(À) it is then possible to determine all x.(À) by solving 
I 

(4.34). It may then happen that one of the veetors xi< enters the exterior of 

its polytope which means that the accompanying model has to be updated by the 

methods presented in section 4.2. It was also shown there that the update of 

A consists of a simple dyadic product. This makes it is possible to write the 

update of the matrix Ak as 

Ä = A +'"' flT 
k k ""k·l·'k 

(4.37) 

If the update of Ak is written like this it can easily be seen by (4.31) that 

the update of A is also dyadic consisting of the same veetors ak and ~~ that 
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are properly extended by zeros. 

T T ~ ~ a = (0 ... 0 ak 0 ... 0), .., = (0 ... 0 ~-'~.: 0 ... 0) (4.38) 

Thus we find 

- T 
A= A+ a.p (4.39) 

The update of A must also be used in (4.34-4.35) to get the correct x(À) and 

r(À) for a given e(À). This results in an update of the mapping A • from e to 

r and a new set of linear equations (4.34) to solve x(À) for a given e(Ä). H 

the update of A is dyadic, the update of T and T is also dyadic and given 
c r 

by 

T = T + a.pT 
c c c 

- T 
T = T + a.p 

r r r 

where a = Q a , a = Q a 
c c r r 

(4.40) 

(4.41) 

It is now shown that for a given excitation e(Ä) the response r(Ä) of a 

circuit can be found by solving the set (4.34-4.35). As an intermediate 

result, the input veetors x.(À) of the component roodels are found that are 
I 

necessary to find pivots in these models. These pivots are needed to perform 

a correct update of the models. After a model has been updated, the set 

(4.34-4.35) has to be updated too, resulting in an update of the mapping A• 

from e to r. The update of (4.34) implies a new LU-decomposition of T 
c 

necessary to solve x. This update can be done efficiently because T changes 
c 

by a dyadic product only [3]. 

It is clear that in this description of the network the component equations 

are kept separated from the topological equations. 

At this point it is important to note that only the x variables are 

calculated. Depending on the way a component is modelled, an x can be a 

voltage or a current. Assume that for all roodels the x' s are chosen to be the 
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voltages when possible, then all the terminal voltages are calculated during 

simulation. lt is clear however that if two or more terminals are connected 

to one node, the voltages of the terminals are equal. This means that when 

solving the vector x from (4.34), the x-entries that correspond to one node. 

of the network must be equal. As a consequence, the size of T can be reduced 
c 

by at least a factor 2 by only calculating the node voltages. This comes down 

to Modified Nodal Analysis (MNA) which is known to be the most efficient 

metbod to describe a network in most cases. 

4.3.2 Hierarchy in topology 

In the previous paragraph it was shown how several components, characterised 

by a linear mapping, can be connected to form a subcircuit that is also 

characterised by a linear mapping A•. A (dyadic) update of one of the 

children's mappings requires an update of A•. 

If it would become possible to write the update of A• as a dyadic product as 

well, it would allow to use a subcircuit as a component, thus introducing 

hierarchy in the topological structure of the system. 

From (4.34-4.35), it is possible to eliminate x to find the mapping A• 

explicitly: 

(4.42) 

Using (4.40-4.41), the updated mapping can be written as 

(4.43) 

Using Shermann-Morrison-Woodbury [70,78] on the inverted matrix the updated 

mapping is given by 

(4.44) 
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with 

r/= (v(f + a .rf)T. 1a - a ) 
r r c c r 

rlrr= (rlTT-IR ) 
c c 

from which it is clear that this update is also a dyadic product. The only 

problem that arises is the inverse of the matrix T that in general is not 
c 

available. There will be however an LU-decomposition of this matrix because 

(4.34) has to be solved several times. This makes it easy to determine T· 1a 
c c 

as the solution p of 

Tp=a 
c c 

(4.45) 

The expression rl TT- 1 is somewhat more complicated: 
c 

(4.46) 

From (4.46) the vector q can easily be determined by solving two triangular 

sets of equations. 

In the previous paragraphs it was shown that the update of the mapping of a 

subcircuit is a dyadic product just like the update of a separate model. This 

means that subcircuits can be used as building blocks · just like separate 

models. In this way hierarchy is introduced. 

It is obvious that the metbod just described can be extended to an arbitrary 

number of levels resulting in a hierarchy tree where the nodes represent 

subcircuits and the leafs are the components. In figure 4.5, a hierarchy tree 

is given where for convenience the ellipses are omitted. Every node has its 

own set of topological equations descrihing the interconnection between the 

children of this node. A child can be a leaf or a node. This is in contrast 

to other simulators which only have one set of topological equations. 

70 



a 

figure 4.5 The hierarchy tree 

In a practical realisation there will be a set of matrices for every model 

and a similar set for every node. The mapping information of a node is 

contained in the set (4.34-4.35). This means that the mapping information of 

the submatrices of (4.31) is stored and not the entire matrix (4.31). 

lf a pivot in a model occurs, the model and the matrices T and T are 
T • •T c r 

updated and the veetors a, ~ , a and ~ are computed along the path from 

the updated model to the root of the tree. lf along the way of computation 

a.~T becomes zero, it is not necessary to continue to the root. This update 

of mappings is followed by a new calculation of all the veetors x(A.) and e(A.) 

in the tree. More details about simulation algorithms are given in 

section 4.3.5. 

4.3.3 Topology and hierarchy for dynamic models 

In section 4.2.3, the PL-model was extended to cover dynamic components by 

introducing state variables and their time derivatives in the model. Applying 

a numerical integration method makes it possible to write the model as 

follows, 
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(4.47) 

j = (D D)[yn+1] + (C C)[xn+1] + Iu + g 
12z 12,:> 

n+l n 

(4.48) 

where the index n counts the time steps. In principle, this defines the 

mapping (4.49) where again the vector f is omitted for convenience. 

(4.49) 

The output z of the model is used as an input for the numerical n+1 
integration method and is not important in the context of topology. 

It was mentioned that the vector !p can be seen as an independent souree 
n 

vector representing the sourees of the companion models of the dynamic 

components. The expression A !p accounts for the influence of these sourees 
12 n 

on the output vector y. This means that a model is excited by an independent 

souree vector x resulting from sourees outside the model and an independent 

souree vector !p resulting from the companion models. To be able to use the 
n 

hierarchical approach, a subcircuit must have the same form. 

Suppose n dynamic components are connected to make up a circuit. For 

convenience it is assumed that by doing so, the number of topological degrees 

of freedom will not be reduced. No degeneracy in the topological structure of 

the network is allowed. 

A DC model is considered to be a special fonn of a dynamic model with the 

width of A
12 

equal zero. The same method as in section 4.6 is used. 

Px -Qy =Re 
c n+l c n+l c n+l 

r =Px -Qv +Re 
n+l r n+l r"" n+l r n+l 

On defining 
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ne -A n 
t' n l2t'n (4.52) 

and eliminaring y using (4.49) this results in 

Tx =Re -Qpe 
c n+l c n+l c n 

where T = P + Q A 
c c c 11 

(4.53) 

r = Tx +Re + Qpe 
n+ l r n+ l r n+ l r n 

where T = P + Q A , 
r r r 11 

(4.54) 

The vector 'j)e , just like e, 
n 

subcircuit It is now possible 

must be seen as an excitation vector of the 

to write the mapping of the subcircuit in a 

fonn comparable to (4.49): 

(4.55) 

• -1 • -1 
where A = -TT R - R and A ::: TT Q - Q 

11 r c c r 12 r c c r 

Since (4.49) and (4.55) have the sarne fonn it is possible to treat a 

subcircuit as a component, hence hierarchy is established. 

Before a transient simulation can be started, first a DC-operating point of 

the circuit has to be calculated. This will be explained in the next 

paragraph. 

4.3.4 Calculating the DC biaspoint 

The components that make up a subcircuit are taken from a library. The morleis 

are biased inside a polytope with which a Katzenelson starting point x. . is 
lnll 

associated. If the morleis are interconnected as they are initialised, the 

Kirchhoff voltage and current laws will be violated. To find the DC bias 

point, the following steps are taken. First all dynamic element morleis are 

removed and replaced by an appropriate circuit ( a capacitor is replaced by 

an open circuit and a coil by a short circuit). To abolish the violation of 
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the Kirchhoff laws, artificial sourees are added. This can be seen from the 

topological equations (4.34) that become 

T x .. =Re+ e 
c mat c 0 art 

where eo is the starting point 

artificial sources. To find the 

artificial sourees are turned 

according to 

e (À.) = e - À.e 
art art art 

of the 

DC bias 

to zero 

(4.56) 

excitation vector and e are the 
art 

point for an input vector 

using the Katzenelson 

e
0

, the 

algorithm 

(4.57) 

If À. moves from 0 to 1, pivots will occur which results in subsequent updates 

of T and new values for x(À.). When À.=l, (4.56) is valid for e = 0 and the 
c ~ 

correct polytopes for the components are found. This results in a subcircuit 

having a Katzenelson starting point e
0 

that can be treated in the same way as 

a component model from which x. . is known. This way it is possible to treat 
mot 

the hierarchy tree bottorn up until at the root the DC bias point for the 

whole circuit is found. The capacitors and coils are reinserted, now that the 

capacitor voltages and coil currents are known. 

4.3.5 Simulation algorithms and discussion 

In the previous paragraphs, it was explained how a hierarchically organised 

system is represented in the new PL simulator retaining the systems hierarchy 

by applying clusters of topological equations. In the hierarchy tree, nodes 

represent subcircuits and the leafs represent the components from which the 

circuit is built. Owing to the PL concept that is used, these components may 

consist of high or low level (macro)models, which allows for mixed-level and 

mixed-mode simulation. 

The basic purpose of simulation is to find the output signals o of a circuit 

or system if it is excited by a number of prescribed sourees s. The hierarchy 

tree of a system is given in figure 4.5. In most applications it is also 

preferabie to determine signals in the system that are not directly specified 
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as an output signal. We will now discuss the steps or algorithms that have to 

be performed to set up and simulate the system of the hierarchy tree. This is 

foliowed by a discussion on the special properties of the hierarchically 

built simulator. 

The frrst step in simulating a system is setting up the hierarchy tree 

meaning that all matrices of the nodes and leafs are calculated or read in. 

Because the leaf model descriptions are read from a library and biased in an 

arbitrary polytope, the Kirchhoff voltage and current laws will be violated 

so the next step will be to calculate the DC bias point after cutting out all 

capacitors and short circuit all coils, taking into account the starting 

value s
0 

of the independent sourees that are going to excite the system. Next 

all capacitors and coils are replaced thus revealing the voltage on 

capacitors and the current through coils. 

Once this is done, all the linear mappings of the nodes and the leafs of the 

tree represent a linear system. Suppose that s(À) = s0 +Àsd is given and for 

every dynarnic leaf p (À) is known. Then the first step is to go bottorn up and 
n 

compute for every node the transient excitation vector pe (À) using (4.52) 
n 

until the root is reached. Next compute for all nodes top down the excitation 

veetors e(À) using (4.53) until at the bottorn for all leafs the x(À) is 

found. Knowing these, it is possible to find the leaf and pivot number that 

has to be updated using the Katzenelson algorithm. This means that the linear 

mapping of the current leaf changes by a dyadic product as shown in (4.39). 

All the nodes on the path from this leaf to the root have to be updated. 

Because the matrices A ~ of this path also change, new values for the pe 's 
l.c. n 

on this path have to be computed which brings us back at the starting point. 

If one of the veetors p changes because for this leaf the end of its 
n 

numerical integration time step is reached, the veetors pe of the path from 
n 

this current leaf to the root have to be computed again foliowed by the top 

down calculation of the e(À) of all the nodes. A change in s(À) is also 

foliowed by the top down calculation of the e(À) of all nodes and leafs. 

In figure 4.5 the dataflow in the tree is depicted. 

In pseudo Pascal the simulation algorithm would look as is given in 
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transient analysis; 

begin 
setup_treeO 
find_dc_biaspoint(root) 
solve_childrens_e' s(root) 
while(not end time interval) 

begin 
while(not end any time step) 

begin 
find_pivot(root) 
update_path(leaf) 
calc _!pen' s_along_path(leaf) 
solve_childrens_e's(root) 
if(new direction s) 

solve_childrens_e's(root) 
end; 

{parse network file 
{ solve (4.56-57) bottorn up 
{ solve (4.34) top down (whole tree) 
{This is the time loop 

{ This is the DC loop, one timestep 

{ find pivot using ( 4.16-19) (all leafs) 
{(4.11-13) for leaf,(4.40) Tc's on path 
{do (4.52) for nodes on path 
{solve (4.34) top down (whole tree) 
{a change in s(À.) causes a change in all 
{e's and x's so solve (4.34) top down 

num_int_step(leaf at end of its time step) 
calc_!pen's_along_path(leaf) {If a leaf gets a new !pn, the !pen's on 
solve_childrens_e's(root) { the path must be changed new x's and 
end {e's must be computed 

end. 

figure 4.6 Algorithm for transient analysis on a hierarchy tree 

figure 4.6. In the comment the most important formulas to perform a specific 

step are given. 

When performing a DC simulation, the applied metbod is the same as the just 

described transient simulation except for the veetors !p and !pe that are 
n n 

omitted. The program will become as given in figure 4. 7. 

de simulation 

begin 
setup_tree() 
find_dc_biaspoint(root) 
solve_childrens_e' s(root) 
while(not end sweep interval) 

end. 

begin 
while(no change in s(À)) 

begin 
find_pivot(root) 
update_path(leaf) 
solve_childrens_e' s(root) 
end 

solve_childrens_e' s(root) 
end 

{parse network file 
{solve (4.56-57) bottorn up 
{solve (4.34) top down (whole tree) 

{when new s(À), then new x's and e's 

{find pivot using (4.16-19) (all leafs) 
{(4.11-13) for leaf,(4.40) Tc's on path 
{update all excitations e, x 

figure 4.7 Algorithm for DC analysis on a hierarchy tree 
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In this section, topology was introduced making it possible to simulate a 

number of connected PL-models. One level of topology was extended to an 

arbitrary number of levels resulting in a hierarchy tree. Furthermore, some 

simu/ation algorithms were given to run a DC- and transient simu/ation on. 

such a tree. 

4.4 Properties and conclusions 

The hierarchically structured PL-simulator has some distinct advantages over 

simulators that do not retain the hierarchy. 

- It is fairly easy to replace circuits by other circuits, higher level 

models by circuits or vice versa. It is shown in the previous 

paragraph that the information of a leaf or a subcircuit from the 

father's point of view is in fact the same. They are both given by a 

linear mapping that might be updated by a dyadic product only. When 

replacing a model or a subcircuit, the rest of the tree remains the 

same. 

- A subcircuit usually has some distinct function that it has to 

perform. By looking at the input and output signals during or after 

simulation, it is easy to determine the behaviour of a specific 

subcircuit The last two properties are especially of advantage in a 

hierarchical and/or automatic design environment. When using a 

hierarchical design strategy, one starts at a high level using coarse 

macromodels for subsystems after which one of the models is designed 

in more detail. This requires the reptacement of a macromodel by a 

subnetwork. Another example is the delay optimisation of a digital 

circuit. Using the hierarchical simulator it simple to determine which 

circuit causes the largest delay. 

- To speed up computation during transient analysis, circuit simulators 

often use numerical integration methods having variabie step size to 

exploit latency in the circuit. In the presented simulator this means 
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that every dynamic leafcell has its own stepsize. 

is reached, the new 1> of the leaf is detennined 
n 

the path from this leaf to the root have to 

If the end of a step 

and all the fle 's on 
n 

be computed. If a 

subcircuit is not active (dormant) no numerical integration but only 

extrapolation is used for this circuit. In the hierarchical simulator 

it is easy to detect dormant circuits. This is also important in an 

event driven environment. 

From a computational point of view there are some other important aspects. 

- Because the models are kept separated from the topological equations, 

it is possible to use the straightforward Katzenelson algorithm to 

find pivots. The models itself allow for an efficient update because 

the matrix I in (4.2) does not suffer from fill-in as would be the 

case when the models where not kept apart from the topological 

equations. If an update in a leaf occurs, only the part of the 

mappings that is affected by the update is recomputed. 

- The hierarchical structure easily allows parallel computation. The 

top-down functions that treat the whole tree can be called 

independently for the separate subtrees. Even functions that only 

handle a path of the tree can sometimes be treated in a parallel 

manner. For example the update veetors a and ~ do not depend on the 

updated matrices T on the path. Therefore is is possible to calculate 
c 

frrst all the veetors a and ~ along a path after which all the 

matrices T along the path can be updated in parallel. 
c 

lt chapter 6 it will be illustrated how these properties are advantageous 

when the simulator is used by an automatic synthesis unit. Next, in chapter 

5, a numerical integration method will be treated that fits in nicely with a 

hierarchical simulator. 
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CHAPTER 5 

NUMERICAL INTEGRATION METHOOS FOR TRANSIENT ANALYSIS 

An important property of electrical networks is tbeir dynamic behaviour. If 

tbe network is linear, ·a complex signal AC analysis is usually sufficient. 

This means tbat the system's differential equations are transformed into an 

algebraic set of equations in complex variables using Fourier or Laplace 

transforms. For every specified frequency point this set of equations is 

solved, resulting in a magnitude and phase for every network variable. 

Because tbe network was assumed to be linear, the results are applicable for 

small as well as large signals. 

For non-linear systems a complex signal AC analysis can also be used if one 

is only interested in the small signal behaviour. To do tbis, the system is 

f1rst linearised in sorne chosen biaspoint after wbicb tbe sarne metbod can be 

used as explained for linear systems. For large signal bebaviour, sucb an AC 

analysis does not suffice and a transient analysis bas to be performed. This 

means tbat a set of non-linear differential equations must be solved using a 

numerical integration method. 

In tbe f1rst paragrapb of tbis cbapter some terminology on tbis subject is 

repeated. In tbe paragrapbs tbat follow some well-known numerical integration 

metbods are treated in brief and some relations between tbe various methods 

are shown. Tbis will be foliowed by an etaboration on a less well-known 

metbod namely tbe Waveform Newton metbod. Relations witb tbe Linear Multi 

Step metbods will be given and it will appear that the metbod fits in nicely 

witb tbe simulator treated in the previous chapter. 

In tbe last section of this chapter a special metbod will be given to obtain 

timing information of a circuit using a DC simulation. 

5.1 Terminology 

Transient analysis in a network simulator is in fact solving a set of 

non-linear ordinary differential equations of a form 
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x = f(x(t),t) , x(O) = x
0 

(5.1) 

This set of equations must be solved using a numerical integration method 

because an analytica! solution is usually not known. These numerical methods 
1\ 

approximate the value of x(t) = x by using a combination of previously 
n n 

calculated values of x and its derivatives. For imp/icit methods this 

approximation depends on i and a non-linear algebraic set of equations must 
n 

be solved by using for example methods like Newton-Raphson. For explicit 

methods x can be found immediately by function evaluation because all the 
n 

values of its approximation are known. 

Among others, there are the following two important aspects related to 

numerical integration methods. 

• First there is the /oca/ truncation error (L TE). This is the difference 

between the calculated x and the exact solution x assuming first that all 
n n 

the previous values of x and x are exact and secondly that solving the 

non-linear algebraic system is exact. In general it is possible to write the 

L TE of a method in a form like 

(5.2) 

where the superscript (p+ 1) denotes the (p+ 1 )-th derivative. In (5.2) p is 

called the order of the method and C the error constant. For example for 
p+l 

the trapezoidal rule the order p = 2 and the constant C = 1/12. For a given 
p+l 

method such an expression can be found by expanding the integration formula 

in a Taylor series [75]. 

• Secondly there is the issue of stabi/ity of the method. For a stabie method 

the cumuialive effect of the L TE's does not grow without bounds. The 

stability of a method is usually defined by means of a linear differential 

equations having solutions of the fonn i·1. In this case the following 

definition can be given. 
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Definition 5.1 A numerical integration method is called stabie if for every n 

it finds a bounded solution for x if applied to a linear 
n 

differential equation of which the exact solution x is 
n 

bounded. 

Associated with a method is a stability region in the complex plane [75]. If 

the poles of (5.1) are not in this region, the method will not give a stabie 

solution. In figure 5.1a the stability region of the Forward Euler metbod is 

depicted for a stepsize h = 1 so that the stability plane coincides with the 

complex plane of the poles. If the stepsize is decreased the poles move 

towards the origin and can thus be pulled inside the stability region 

resulting in a stabie solution. 

It is important to note that L TE and stability are independent properties. 

This means that a method of a high order does not necessarily produce 

accurate results because the method might be unstable. The stability of a 

method indicates how the LTE's propagate to the next solution points and into 

the global discretisation error. 

lm 
X ...,_decreasing h 

unstable 
--~~--~~~~-Re 
-2 

J' 
x 

a 

lm 

stabie 

b 

figure 5.1 Stability regions for Forward and Backward Euler 

• The differential equations descrihing electronk networks are usually stiff 

which means that the ratio of the magnitudes of the poles can be large. This 

results in special problems when numerically solving the equation. 
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Definition 5.2 Let the magnitudes of the poles of a differential equation be 

given by À.. This differential equation is called stiff if the 
I 

ratio 

max(À.) 
I 

m1n(A:.) 
I 

is large. 

In the complex plane this means that there is a group of poles near the 

oeigin and a number of poles far away from the origin. The latter poles are 

usually caused by parasitic effects. If a method with a stability region as 

in figure 5.1a would be used, the stepsize must be made very smal! to get a 

stabie solution while one is usually not interested in the effect of these 

poles. A method is called. stiffly stabie if it can solve a stiff system in a 

stabie manner and sufficiently accurate without decreasing the stepsize. 

An example of a stiffly stabie method is the backward Euler method for which 

the stability region is depicted in figure 5.1b. The method is A-stable. 

Definition 5.3 A numerical integration method is call A-stab/e if the 

stability region contains the left half-plane. 

It is clear that an A-stable method is stiffly stabie and can be used to 

solve stiff systems although A-stability is not a necessary condition. Gear 

[291 derived a set of formulas that are not A-stable but can be used to solve 

stiff systems. 

The limited theory of stability given above is valid only for methods that 

use a fixed stepsize and for linear differentlal equations. If a variabie 

stepsize is used, even A-stable methods can become unstable. In variabie 

stepsize schemes error monitoring is applied to determine and control 

stepsizes [7,69). 

In this section a review was given conceming basic terminology on numerical 

inlegration methods. In the next sections, some we/1-known methods wil/ be 

treated and some relations between the methods wil/ be given·. 
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5.2 Some related multi-step methods 

In this paragraph three related multi-step methods are treated: the Linear 

Multi-Step (LMS) methods, the Waveform Newton (WN) metbod and the One-Leg 

(OL) methods. 

• The Linear Multi-Step methods are probably the most well-known in the area 

of circuit simulation. The time interval over which the solution must be 

found is divided into intervals by selecting its boundary timesteps. For 

every resulting time point t the value of x is calculated using a linear 
n n 

combination of x.'s and i's which can be written as 
J J 

k k • 

L a..(h)x . + h L ~.(h)x . = 0 
j = O J D·J n j = O J D·J 

(5.3) 

where, for the ease of explanation, the vector form is dropped and replaced 

by scalar functions and variables. If ~ = 0, x is not present and the metbod 
0 n 

is explicit. Otherwise, x must be solved and substituted in (5.1). Methods 
n 

with ~0:# 0 are called implicit. Amongst the LMS formulas are the well-known 

Euler formulas and the trapezoidal rule as well as the predietor-corrector 

forrnulas of Adams-Bashforth. A theorem by Dahlquist [22] states that an 

explicit LMS metbod can never be A-stable and for implicit LMS methods this 

is only possible if the order is equal to 2 or less. The method of order 2 

with the smallest error constant C is the trapezoidal rule for which the 

constant is 1/12. 

• The second kind of methods are the WN methods: by looking at how the LMS 

methods are used it can be seen that there is a discretisation phase and a 

linearisation phase: frrst the time axis is discretised to find an expression 

for x . Then this form is substituted into (5.1) and the resulting algebraic 
n 

system is solved using several linearisation steps. It is also possible to 

exchange these steps resulting in the Waveform Newton methods [8] which can 

be seen as an impravement of the Picard method [33,58,64,65]. 

Again the following function must be solved 
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x = f{x{t),t) , x(O) = x
0 

(5.4) 

The frrst step is now to linearise the function around a chosen waveform. As 

an initia! guess a constant wavefarm x<0l(t) A x(O) x
0 

can be chosen where 

the superscript indicates the iteration count. After linearisation (5.4) 

becomes 

{5.5) 

This is a linear differential equation with time dependent coefficients. From 

this equation the wavefarm x(l) can be solved using e.g. an LMS method. These 

steps are rèpeated until some error criterion is met. From a network point of 

view it can be seen that the non-linear time-invariant network is repeatedly 

replaced by a linear time-variant network. More information about WN can be 

found in section 5.4. 

• It is possible to go even further in this exchange of steps. With (5.3) it 

is possible to associate two operators that are traditionally called p and cr 

that contain index shifts and additions such that (5.3) can be written as 

p (x ) + h cr (x ) = p (x ) + h cr (f(x ,t )) = 0 
nn nnn nn nn nn 

(5.6) 

The function description f can be seen as a non-linear operator on the 

arguments x and t and can be exchanged with cr to get 
n n 

p (x ) + h f(cr (x ),cr (t }) = 0 
nn n nnnn 

(5.7) 

which are sametimes called one-leg (OL) methods [23,24,56,57]. They have 

special stability properties: when solving a dissipative differential 

equation with a variabie stepsize it is possible that even methods that are 

A-stable for a fixed stepsize produce an unstable solution. The OL methods 

have stronger stability properties so that for every stepsize sequence the 

methods produce a stabie solution. This property is called contractivity. 
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The three methods just treated all use three kinds of steps: 

- discretisation (d), 

linearisation (1) and 

- the non-linear function evaluation (f). 

Then in principle it is possible to derive 3! methods. The order fdl 

represents the LMS method, fld the WN method and dfl the OL method. The other 

three method are degenerate because the 1 step is done before the f step or 

the last step is f which means that a non-linear set has to be solved 

directly. Thus all the methods just treated can be called (p,o) methods and 

they only differ in the order in which the operators are applied. 

Consequently they have totally different properties. 

5.3 Some one-step methods 

The one-step methods are motivated from the fact that every known value of 

the solution can serve as a boundary value. Then for every step, the last 

calculated value x serves as the initial value for the method to proceed one 
D 

step. In this section two one-step methods will be treated. 

• The one-step methods most widely used are the explicit Runge-Kutta (RK) 

methods [47,68,73]. The general form of this class of methods for a stepsize 

h is given as 

k = hf(x ,t) 
1 D D 

ID · 1 

k = hf(x + I. 13 .k .. t + a h) 
ID n j = 

1 
ID·IJ J D ID·I 

m m 

x = x + I. y.k .. with I. "'(.= 1 
n+l n i:= 1 t 1 i 1 1 

(5.8) 

where the coefficients a;• 13; and 'Y; are chosen such that the order of the 
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metbod is maximal. Some values k. are estimates for the difference between 
I 

x and x (the incremental function [34]). The final formula then adds to 
n+l n 

x a weighted sum of these estimates to find x . Because it is a one-step 
o n+l 

method, it is easy to imptement a variabie stepsize integration based on an 

estimate of the local truncation error. The most familiar explicit RK methods 

are not well suited for circuit simulation because of the shape of the 

stability region. There also are implicit RK methods that have better 

stability properties. 

• The last method that is mentioned here is the method of Bulirsch-Stoer 

[11,73]. It depends on the fact that the calculated solution in a point x + H 
n 

is a function, say s(h), of the stepsize 

starting at x . This function of course is 
n 1\ 

h that is used to reach that point 

not known but is approximated by a 

solutions in x + H for various rational function s(h) obtained from 
n 

stepsizes. The solution ·of the differential equations in x + H is then taken 
n 1\ 

to be s(O). For reasonably smooth functions the stepsize H can be very large. 

This concludes the survey of some well-known numerical integration methods. 

The next sections deal, in some detail, with the Waveform Newton method. 

5.4 The Waveform-Newton metbod 

In this section, the Waveform-Newton (WN) method is treated. As explained in 

section 5.2 the non-linear differential equation is repeatedly linearised 

around the previously calculated waveform. The resulting linear differential 

equation with time dependent coefficients is then solved to produce the next 

waveform in the iteration. To explain how this can be done, this section is 

organised as follows: 
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in section 5.4.1 and 5.4.2 two approaches are given to solve this 

linear equation a so-called direct and indirect method, 

- in section 5.4.3 the two methods are compared, 

- in section 5.4.4 the WN method is treated in relation to solving the 

non-linear equation (5.1) directly using an LMS method, 

- and finally, in section 5.4.5 it is shown that the method fits in 

nicely with a hierarchical simulator treated in the previous chapter. 



5.4.1 Solving the Iinear equation I 

The WN metbod consists of repeatedly solving a set of equations of tbe form 

(5.9). 

x = a(t)x(t) + b(t), x(O) = x
0 

(5.9) 

wbere for tbe ease of explanation scalair functions are assumed. The 

functions aO and bO are known and x(t) must be calculated. Solving this 

equation is only one step in the WN process and in fact for every iteration 

step i+1, (5.9) is an expression of tbe form (5.5) with 

af I a(t) = ax (i) 
x=x 

(5.10) 

b(t) = f(x<il t) - x<il af I 
' ax x=x(i) 

(5.11) 

Maybe tbe most obvious way to solve (5.9) is to directly apply one of tbe 

previously mentioned numerical integration metbods. In the remaining part of 

tbis cbapter tbis will be called a direct method to solve (5.9). The 

iteration scheme to step through the time axis is tben easily derived by 

substituting (5.9) into the numerical integration formula. For instanee using 

the trapezoidal rule 

h • • 
x = x+ -(x+ x ) 

n+l n 2 n n+l 

tbe iteration scheme to solve (5.9) becomes 

1 + ~ a ~ (b + b ) 
X = _ ___,..;;..2 __;;n_ X + 2 n n+ 1 

n+l 1 - a n 1 - a 
n+l 2 n+l 

(5.12) 

The ftrst order Runge-Kutta metbod given by 
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k = h f(x t )· 
1 n' n ' 

k = h f(x + k ,t + h); 
2 n I n 

x = x+ !(k + k) 
n+l n 2 I 2 

yields the following iteration formula 

x = (1 + !h(a +a ) + !h2a a )x + !h(b +b ) + !h2a b 
n+l 2 n n+l 2 n n+l n 2 n n+l 2 n n+l 

(5.13) 

Of course, the stability properties and the L TE of the applied metbod remain 

valid. Such an iteration results in a solution of (5.9) over the specified 

time interval. 

In the next paragraph the fact will be used that the solution of (5.9) is 

known in an analytica! form. 

5.4.2 Solving the linear equation 11 

In this paragraph an indirect method will be given to solve (5.9). First the 

exact solution of (5.9) is derived which is then treated numerically. 

Since the equation (5.9) is linear an analytic expression for the solution 

can be determined. The first method is derived from basic mathematics: frrst 

the homogeneous equation is solved. The solution, with the integration 

constant a function of t, is substituted in (5.9) to find the final solution. 

The solution of the homogeneous part is easily found to be 

X (t) = C eA(I) 
hom 

with A(t)=Ja(t)dt 

0 

(5.14) 

This expression with C = C(t) is then substituted into (5.9) after which C(t) 

can finally be solved to yield 
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x(t) = eA(t) J b(s)e-A<•>ds + x
0
eA(t) 

0 

where the definition of A(t) still holds. 

(5.15) 

A more general denvation in the line of a Picard process, is by starting 

with (5.1). The denvation then proceeds as follows: from (5.1) we can write 

~ _ x af(x,t) = f(x t) _ x af(x,t) 
ax ' ax (5.16) 

On defining 

t 

A(t)=Jaf(x;t)d't so A(t) af(x,t) 
ax ax (5.17) 

0 

and multiplying (5.16) by e·A(tl we obtain 

-A(t). -A(t) A. (t) _ d [ -A(tl ] _ -A(tl[f( t) af(x,t)l e x - e x - at e x - e x, - x ----ex- (5.18) 

lntegrating both sides gives the final resu1t 

X(t) • OA(o) [ [f(X,S) • X Bf~~,S)l,-A(o)<h + VA;) (5.19) 

which is equal to (5.15) regarding (5.10-5.11). For the ease of notation the 

expression (5.15) instead of (5.19) will be used in the rest of this section. 

The purpose of this section is to solve (5. 9) for which the exact solution 

was obtained in (5.15). It is possible to denve an exact iteration scheme 
A 

from (5.15) as follows: suppose the value for x(t) = x is lmown then the 
n n 

value x is given as 
n+l 
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or 

I +h 
A( 1 +h) 

n 
n A(l +h) I b(s)e-A(s)ds + x

0
e " x = e 

n+l 

0 

A( I +h )-A(I ) 

X=e 
0 0

X+ 
n+l n 

with A(t) = I a('t)d't 

0 

I +h 
A( I +h) n 

e n I b(s)e-A(s)ds 

I 
n 

(5.20) 

Note that this iteration scheme is still exact because no approximations were 

made. However, to be a bie to find the sequence {x.}, the integrals in (5.20) 
I 

must be calculated by some numerical integration method. lf, for example, the 

integrals are solved using the trapezoidal rule the iteration becomes 

x = v x + ~(v b + b ) 
n+l n+l n 2 n+l n n+l 

(5.21) 

h 
-(a + a ) 

with v = e2 
" n-l 

n 

It is easily seen that for the equation x = ax with a E c and Re(a) :S; 0 the 

solution of (5.21) is bounded and hence in this sense the metbod is stable. 

In this section the exact salution for (5.9) was derived and an example was 

given how an iteration scheme can be found applying a numerical inlegration 

methad to solve the integrals in the exact iteration scheme. 

5.4.3 Comparison of the methods 

Although the direct and indirect methods treated in the previous sections 

appear to be different, the iteration formulas are similar. This becomes more 

clear if the exponential function in the indirect metbod (5.20) is not 

calculated exactly (which is computationally expensive) but is approximated. 

The frrst way this can be done is by means of a truncated Taylor series. Such 

an approximation is not well suited for stiff equations because of the shape 

of the stability area. In [12] the shapes of these regions are given. Certain 
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one-step methods like Runge-Kutta are identical to the series expansion of 

the exponential function for constant a(t) and b(t) as can be seen in (5.13). 

A better method is to approximate the exponential functions is by using a 

rational function, a Padé approximation, which may result in an A-stable. 

method. In [12] the expressions can be found to approximate e1 up to the) 

power 7 resulting in an A-stable method. The second order approximation is 

identical to the trapezoidal rule for constant a(t) and b(t) as can also be 

seen in (5.12). 

However, since there is no gain in using the indirect methods of section 

5.4.2 with respect to for example accuracy and computational effort, it is 

best to use some familiar stiffly stabie LMS method to solve (5.9). This is 

also motivated by the fact that simulations show that methods like (5.21), 

though A-stable, may suffer from awkward error accumulation when used with 

large step sizes. In the Waveform-Newton process, these errors might cause to 

move the iteration away from the solution. 

5.4.4 Waveform-Newton and LMS methods 

Several methods were given to solve a 

equations one of them being the class of LMS 

Waveform Newton method. In this section 

set of non-linear differential 

methods and an other one the 

it will be shown that the 

calculations to find one new iteration value for a certain time point are 

similar for an LMS method and the WN method. 

• An LMS method solves a set differential equations (5.1) by stepping through 

the time axis and performing at every time point several Newton-Raphson 

iterations. In figure 5.2 the generation order in the time-iteration plane is 

given using arrows, where the first guess for a new time point is the 

solution of the previous time point. The value for the ith iteration for the 

time point t is denoted by x (i). The LMS method is again denoted by 
n n 

x= p<fl + h 
n n-1 n 

(5.21) 
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Note that t'(f) is composed of solutions of x at previous time points where of 
n·l 

course the final iteration values are taken denoted by the superscript (f) . 

..... 

~ t 
2 

1 

0 

0 1 2 3 4 5 -+ 
t 

figure 5.2 Time-iteration plane for an LMS method 

The set of functions that must be solved for x using Newton-Raphson is then 
n 

given by 

x· t'(f)_ k f(x ,t) = 0 
n n-1 n n 

(5.22) 

For the left hand side of the expression, a Jacobian matrix for the iteration 

point x<il must be defined 
n 

af(x,t) I 
J .=1-k n 

n. I ax X=X(i) 

n 

(5.23) 

so that, using Newton-Raphson's fonnula the following expression can be given 
for x(i+ll 

D 

. [ . af(x, t ) I . ) x(•+l) = rl p(f) + k f(x<•>,t) + n .·x(•) 
n D,l D·l D D 8X X=X(I) D 

n 

(5.24) 

This means that the new iteration value for x is found using solutions of x 
n 

at previous time points and the previous iteration of the current time point. 

This is depicted in figure 5.3. 
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t 

figure 5.3 Constructing x(i+Il for an LMS method 
n 

• A similar denvation can be given for the WN process which for every 

iteration step calculates an approximation of the total waveform which is 

depicted in figure 5.4. 

... t Q) 

~ 2 

~: 0 

0 2 3 4 5 -+ 
t 

figure 5.4 Time-iteration plane for the WN method 

First (5.1) is linearised around the last calculated waveform consisring of 

the values x(i). This can be written as 

x = --- x - x(•l + f(x<il t) . af(x,t)l [ ·] 
ax x=x(i) • 

(5.25) 

This equation must be solved for t = tn using an LMS method 
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x= !p(i+l) + h 
n n-l n 

(5.26) 

where !p(i+l) is composed of the best available values of x up to this 
n-l 

iteration at previous time points. Substituting (5.26) into (5.25) yields 

( . ) 1 [ . l) . af(x, t ) I ) 
X i+l = J" , !p(l+ + k f(X( 1 ) ,t ) + 0 

• •X( i) 
n n,l . n-l n n ax x=x(l) n 

n 

(5.27) 

with J . given by (5.23). This is depicted in figure 5.5. 
n~ 

The expressions (5.24) and (5.27) are equal except for the term !p which is 
n-l 

composed of different iteration values. In the latter case, the best possible 

approximations for the solutions at previous time points are not yet 

available so the best values up to that iteration are taken. This shows that 

the calculations that must be done to find a next point in the time-iteration 

plane are similar for both methods. However, with the WN methad this new 

.... 
t Q) 

;!::: (1+1) 
2 • • •-+•-+•-+0 x n 

1 t 
• • • • • • 

0 • • • • • • 

0 1 2 3 4 5 -+ 
t 

figure 5.5 Constructing x (i+ I) for the WN method 
n 

point is calculated using previous values that are not the best possible. 

This way computation time is spent on calculating values of variables using 

inaccurate data which is not recommendable. Nevertheless it is clear that 

using (5.24) or (5.27) it is possible to add layers or points of iterations 

to improve the waveform, also locally if necessary. 

The question arises in which order the time-iteration plane must be filled. 

When solving a set (5.1) it is best to calculate a first approximation of the 
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waveform by using an LMS method on these non-linear equations. The 

convergence of the Newton method in every time point is quadratic because a 

good initial guess for the solution is available in the solution of the 

previous time point. This is in contrast with the WN metbod where the Newton 

process takes place in the waveform domain. Although the convergence of the 

WN method is also quadratic, a good initial guess for the waveform is usually 

not available resulting in a lot of iterations for the Newton process if it 

converges at all. Once a good waveform is found using an LMS metbod on (5.1), 

extra layers of iterations in the time-iteration plane can be added to 

improve the solution. 

This property can be advantageous in the hierarchical simulator treated in 

chapter 4 as will be explained in the following section. 

5.4.5 WN and a hierarchical simulator 

In the previous chapter the hierarchical simulator PLANET was treated. One of 

the features is that the network can be changed easily which is convenient if 

the simulator is used in an automatic synthesis environment. In this 

paragraph it will be explained that a waveform integration method fits in 

nicely with the hierarchical structure. 

Suppose that the hierarchy tree of the simulator is set up and that a 

transient analysis is performed resulting in a waveform for every variabie in 

the network. The next action to be perfonned is to replace one of the 

leafcell models by a network, something that often happens during a top-down 

synthesis process, and to repeat the transient simulation. In a conventional 

scheme this would mean that all the network variables must be calculated 

again. 

It is however, also possible to use the just calculated waveforms at the 

input of the leafcell to be replaced, as an excitation for the newly inserted 

subtree after which this subtree can be simulated separately in stead of the 

whole tree. This is depicted in figure 5.6 where after replacing leafcell 2, 
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only subtree 2 is simulated. Since the new subnetwork will behave only 

slighüy different than the leafcell, it might be necessary to do a few 

iterations over the whole tree after simulating the subtree to adjust all the 

waveforms to the change in the network. This so-called incremental simulation 

wiJl save simulation time because computational effort is concentrated on the 

changes in the network. 

tigure 5.6 Using previously calculated waveforms as an excitation 

S.S Simulating delay formulas 

In this chapter methods were given to determine timing information of a 

circuit using transient analysis which is time consuming especially if the 

circuits become large. In this section we will sketch a method to obtain 

timing information of digital circuits using a DC simulation only. 

The delay of a logic gate can be approximated by a non-linear function of the 

fan-out and the area of this gate in the lay-out [5]. This function can be 

incorporated in the model of a logic gate. Therefore consider the model of a 

gate having two inputs as depicted in figure 5.7. The output of the gate is 

the schedule time of a transition and the sign of this schedule time 

represents the logic value i.e. a negative value denotes a logic '0' and a 

positive value a logic '1'. The function fO denotes the non-linear delay 

function. The 'abs', 'max' and 'sgn' function take the absolute value, the 
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tigure 5.7 Model of a logic gate including a DC delay function 

maximum and the sign of the input value respectively while the lower gate 

symbol represents the logic function of the gate modelled by the method 

explained in chapter 3. The output of this block determines if the output 

signa! must be multiplied by -1. If the input signals consist of the maximum 

schedule times of the logic signa! possibly multiplied by -1 to denote the 

logic value (a schedule time itself is assumed to be positive), the output of 

the gate is equal to its schedule time and its coded logic value. Especially 

if PL modelling is used, the models of the interior functions can be built 

easily. 

If a number of these gate models are connected and a DC analysis is 

perfonned, the result on every net is its maximum schedule time and the coded 

logic value. In this approach, no cycles are allowed. Thus, the method 

produces in one time extensive DC simulation, the logic values and the 

approximate timing of combinatorial logic circuit. As an example a part of a 

ALU circuit is given in figure 5.8 where the numbers in the gate symbols 
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denote the delay of the gate. The timing information obtained by this 

approach can be used to construct approximate waveforms that can be used as 

an initia! guess for the waveform transient analysis explained in the 

previous section. A good initia! guess will reduce the time of the transient 

analysis. 

+0 +7 v.,4 
-0 

+0 +0 

figure 5.8 Determining delay using a DC simulation 

The maximum schedule times are equivalent to the longest PERT path [45] to 

a node. It must be mentioned that in timing verification of logic circuits 

the occurrence of false paths must be checked. Roughly speaking, a false path 

is a path through the network that can never be excitated because of logic 

constraints imposed by the network itself. The longest PERT path is an upper 

bound to the maximum delay of the circuit. More information about false paths 

can be found in [2,3,10,53,62]. 

In this chapter methods to petform transient simulations in a network 

simulator were treated with an emphasis on the WN method. Two methods were 

given to solve the linear dijferential equations with time-varying 

coefficients that turn up during the WN process. ft appeared that the methods 

as to the type and complexity of the operations are in principle the same. 

A comparison between an LMS method directly applied to the non-linear 

equation and the WN method showed that the calculations to find one new 

iteration for a singe time point are the same for both methods. This results 
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in the possibi/ity to step freely through the time-iteration plane. 

In the last section a method was given to obtain timing information of a 

digital circuit using a DC simu/ation only. 

In the next chapter an examp/e wil/ be given how the simulator PI.ANET can be 

coupled with an automatic synthesis unit by means of a network description 

compiler. 
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CHAPTER 6 

ILLUSTRATION AND EXAMPLES 

This chapter will illustrate the advantages of the use of a hierarchically 

oriented circuit simulator when used in an (automatic) hierarchical design 

environment be it analogue, digital or mixed mode. To do so, it will be 

described how the simulator PLANET can be coupled to the automatic design 

package TOPICS [48]. Therefore in section 6.1 a short overview of TOPICS will 

be given foliowed in section 6.2 by a description of the implementation of 

PLANET. The coupling between TOPICS and PLANET is achieved by means of the 

network compiler NDML which is described in section 6.3. In the section that 

follows, the interface between the three tools will be described by tracing 

the design flow dictated by TOPICS. Some simulation examples in section 6.5 

will conclude this chapter. 

6.1 TOPICS 

TOPICS [48] is an automatic design tooi to design operational amplifiers 

(opamps). As an input it accepts a set of specifications and it generates a 

netlist of a sized circuit satisfying the initia! specifications, without any 

interaction with the user. 

TOPICS uses a design method based on a hierarchical partitioning of the 

design, guided by an expert system which consists of a knowledge/rule base 

and an inference engine. On each hierarchical design level a one-level 

decomposition of the design is generaled which on one hand depends on the 

specifications for the current level and on the other hand on information in 

the database of the expert system. For example, at the top level TOPICS can 

propose to built the opamp using two stages and a compensation stage. This 

decomposition goes hierarchically downwards until the transistor level is 

reached. It is important to note that for a chosen topology the total design 

freedom is preserved by using the Tschernikow algorithm (see chapter 3). In 

section 6.4 the design flow of TOPICS is given. 

An other important issue in TOPICS is the fact that at each hierarchical 
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design level, an analysis is performed to guarantee that the design proposal 

is satisfactory for that particular level. As the design process proceeds, 

the topology of the network often changes because macro models are replaced 

by circuit proposals which in turn again may contain macromodels. This 

implies the need for a simulator that can perfarm mixed-level simulations and 

for which it is easy to change the topology. It was explained in chapter 4 

that the simulator PLANET provides these features. 

To be able to couple TOPICS and PLANET, a network description compiler is 

used that will be explained in section 6.3. First a short overview of the 

implementation of PLANET is given. 

6.2 PLANET 

In chapter 4 it was explained how the simulator PLANET was built from a 

mathematica! point of view. To be able to describe the coupling between 

TOPICS and PLANET by means of the network compiler, some explanation on the 

implementation of PLANET is necessary. 

The input for PLANET is a hierarchical netlist file that also contains the 

leaf models. Intemally, PLANET parses this file and resolves the 

hierarchical topologicál information to build a hierarchy tree. A taskfile, 

describing which simulations must be performed must also be provided. After 

parsing this file, simulation can be started. 

As an output, PLANET generates a file containing the signals specified in the 

taskfile that can be read or graphically processed. 

lt is important to note that the netlist file is rather large and also 

contains the leaf model matrices. This makes it tedious and error prone to 

edit this file by hand. Therefore, a network description compiler is provided 

which makes it possible to describe the network in a higher level 

parameterised network description language. This is treated in the next 

section. 

6.3 The network description compiler 

As mentioned before, the input file for PLANET is typically generated by the 

NDML compiler [30,37]. The NDML++ language is a parameterised hierarchical 

network description language. The compiler translates a circuit description 
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in NDML++ format to a netlist that can be read by PLANET. An example of a 

very simple input file for the NDML compiler is given in figure 6.1 and 

consists of a two MOSFET inverter. 

compound inverter (in,out,vss,vdd); 

<<fanout:1..50 default 1>>; 

instanee 

n:nmost<<W:=fanout*4e-6>>; 

p:pmost<<W:=fanout*4e-6>>; 

begin 

n(in,out, vss, vss); 

p(in,out, vdd, vdd); 

end; 

in 

p 

out 

N 

figure 6.1 An example of the network language NDML++ 

The in verter has four terminals and one parameter named 'fanout'. When 

calling the NDML compiler, the parameter must be specified and during 

compilation this value will propagate to the MOSFETs n and p determining 

their width W. The compiler will also search in its library for networks or 

models called nmost and pmost. The result is a complex netlist file 

descrihing the inverter and the MOSFETs where the MOSFETs are properly sized. 

This file is then used as an input file for a network simulator i.e. PLANET. 

It is not clear how many hierarchical levels there are because from figure 

6.1 one can not tell if nmost is a leafcell or a subnetwork itself. This 

information is masked. 

The language is far more powerlul than explained in this example. It can be 

considered as a look-alike of some high level programming language. In the 

begin-end block several constructs such as IF, THEN, ELSE, WHILE, FOR, CASE, 

etc. can be used to direct the compilation. This makes it possible to hide 

several, totally different circuits bebind one interface. The parameters 

allow to choose one of the circuits and to specify it at compile time. In the 

next section it will be seen that this is very convenient in an automatic 

synthesis environment. 
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6.4. A combined CAD tooi 

In the previous sections the separate tools that are combined were discussed. 

In this section the integration of the tools will be treated. 1t will be 

shown that the three tools match nicely preserving all the features of the 

separate tools. 

In figure 6.2 it is depicted how these tools interact TOPICS can activate 

the NDML compiler. This compiler will use its library to produce a netlist 

file asked for by TOPICS. With this file the simulator PLANET can set up a 

hierarchical network tree. TOPICS can then teil PLANET to perform a 

simulation. The results are retumed to TOPICS. 

TOPICS 

El ·U 
/ library 

figure 6.2 The interaction between the tools 

To describe how the tools interact the design flow of the synthesis unit 

TOPICS is foliowed because this part directs the compiler NDML and the 

simulator PLANET. 
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- As an input, TOPICS accepts a set of specifications of the opamp to be 

designed. After parsing, a hierarchical design strategy is followed. 

- As a ftrst step in designing the first hierarchical level, a one-level 

opamp topology proposal is generated by selecting a rule in the rule 

base. With this rule a unique topology parameter is associated, which 



will be used later on. Each possible topology on each level consists 

of several connected macro models that cover only one hierarchical 

level. The choice of a topology depends on the specification and is 

guided by the expert system. For each design level several one-level 

topology proposals are stored in the expert system of TOPICS ranging 

from a complete opamp built from coarse macro models to a single 

MOSFET. 

- To be able to check the proposal and to prepare the synthesis of one 

of the macro models, a hierarchy tree of the circuit proposal must be 

set up in the simulator. This is initiated by TOPICS by calling the 

NDML compiler. At the first level it will always call the NDML file 

that contains the parameterized one-level opamp topologies. By 

choosing the topology parameter mentioned earlier, TOPICS directs the 

NDML compiler to construct the correct one-level opamp topology 

netlist. This result will be written to the netlist file. 

- Next, the simulator PLANET is called to generate the hierarchical 

network tree (only one level, up to this point) after which 

simulations can be performed as well as a computation of the design 

space for the given topology. Furthermore, the design parameters for 

the macro models are generated which act as specifications in the 

synthesis process of these macro models. This concludes the synthesis 

of the first level. 

Next the design of one of the macro models on the second level is started. 

The steps to be taken are almost identical to the steps on the frrst level. 

Assume that the macro model of the first stage is designed in more detail but 

not necessarily down to transistor level. The steps to be taken are: 

depending on the computed design parameters for the frrst stage, TOPICS 

refers to its expert system to find a suitable topology for this stage after 

which the NDML compiler is activated generating a netlist file for the chosen 

topology of the first stage. Next the simulator is called which generates a 

network (sub)tree of this first stage. In the main network tree of the opamp, 

the macro model of the first stage is then replaced by the just generated 

subtree of this stage. It is important to note that the rest of the main tree 

remains unchanged: there is no need to set up a totally new tree which is one 
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of the important features of PLANET. Now that the main tree is updated, 

simulations can be done and the design space can be computed as well as the 

design parameters. At the lowest level these design parameters consist of the 

sizes of the transistors. 

This procedure is repeated for every macro model on every level until at the 

bottorn level the opamp is given as a conneetion of transistors. 

Because the expert system only contains coarse rules, it is possible that the 

design space for a proposed topology becomes empty. For example, it is 

possible that the proposed topology for the first stage can not realise the 

imposed set of design parameters. This means that the expert system must come 

up with a new proposal. In the simulator tree, the old subtree must be 

replaced by the new one. Again there is no need to set up the whole tree. 

From this explanation it can be seen that the simulator PLANET in combination 

with the network compiler NDML can be used advantageous/y by an automatic 

synthesis tooi. This might be an ana/ogue, digital or mixed mode synthesis 

unit. As an examp/e a coup/ing to TOPICS was described. The use of the NDML 

network description compiler results in a flexible interface to the simulator 

PLANET and is a/so wel/ suited to use the simulator stand-afone. When 

coupling the three tools it was important to preserve the hierarchy 

throughout. 

In the next section some simu/ation examp/es wi/1 be given. 

6.5 Some simulation examples 

The simulator PLANET is implemented in C [41] and currently runs on HP/Apollo 

and Sun workstations under UNIX. The programming was done straight forward 

and hardly any optimisations were done yet. The NDML compiler runs as a 

separate package that can be called by the simulator PLANET. For transient 

analysis only backward Euler and the trapezoidal rule are implemented with a 

fixed stepsize. This means that the simulator is still relatively slow. 
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• The flrst example to be discussed is a typical simulation sequence 

generated by TOPICS. It intends to illustrate how the hierarchical structure 

of the simulator can be exploited when it is used in an automatic, 

hierarchical design environment. 

During the synthesis of an OTA (Operational Transconductance Amplifier) 

several simulations must be performed. First, TOPICS proposes a two-stage 

Miller compensated structure which is depicted in flgure 6.4a where the 

network consists of two macro roodels and a capacitor. The model of the flrst 

stage consists of a limiting Voltage Controlled Current Souree (VCCS) 

+ 
V 

't 
15~-&A 

-+-V1 

-15~-&A 

flgure 6.3 Macroroodels used to model the flrst and second stage 

limiting at ±l5J!A and an output resistance of lMQ while the second stage is 

modelled as a Voltage Controlled Voltage Souree (VCVS) and an output 

resistance of 250kQ. The roodels are given in figure 6.3 and the configuration 

in which the OT A is used is depicted in flgure 6.5a. The result of this 

simulation is shown in figure 6.5b where we focus our attention on slewing 

which can best be shown by observing the output current of the flrst stage. 

107 



c 

EJ 
<Dcb~ 

a 
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figure 6.4 Network generated during synthesis and the corresponding tree 

The next step in the synthesis process is expanding the first stage which is 

realised as a differential pair loaded with a current mirror, depicted in 

figure 6.4b. The output current of the first stage is given in figure 6.5c. 

Finally, the second stage is designed using two transistors which completes 

the synthesis process. Again, the output current of the first stage is 

depicted in figure 6.5d which is almost equal to figure 6.5c. 

It is clear that the simulation results differ slightly because the 
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parameters of the macromorleis are only known exactly after complete 

synthesisation of a stage. Ho wever a good guess of these ·parameters can be 

made. 
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figure 6.5 The results of the simulation of the OT A 

3 

• The second example to be given is a digital Phase-Locked Loop (PLL) with 

an analogue loopfilter to illustrate the mixed-mode capabilities of the 
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simulator. The circuit is given in figure 6.6. 

piLin 

piLout 

r·-·-·-·-·-·-·, r·-·-·-·-·-·-·-·-·-·-·-·---, 
iPD . i LF . 

! peLout ! 

. . 
L·-·-·-·-·-·-·J L·-·-·-·-·-· -·-·-·-·-·-·~ 

r·-·-·-·-·-·-·-·-·-·-·-·-·, 
vco i 

I 
I 
I 

! ! 
L·-·-·-·-·-·-·--·-·--·--·--·--·J 

figure 6.6 A digital PLL with an analogue loop filter 

ILout 

It contains a Voltage Controlled Oscillator (VCO), an active loop filter (LF) 

and a phase detector (PD) which is simply an exor-gate. To model every 

separate block, only high level models are used as depicted in the figure. 

For instance, the controlled current souree is a single modeL The lower 

control terminal of this current souree determines the sign of the current 

while the upper control terminal determines the value of the current. 

The simulation results are given in figure 6.7 and illustrate the pull-in 

behaviour of the PLL. The CPU time was 45s for 2000 timepoints and the size 

of the datastructure of the tree is less than 2000 floating point entries. 

The input of the PLL is a 1500Hz square wave. Initially, the VCO runs at a 

frequency of 1000Hz but this is gradually changed to a frequency equal to the 

input frequency by the DC component of the signal at the output of the loop 
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fûter. This example also demonstrates the good global convergence properties 

of the simulator because the given circuit is computationally difficult and 

many network simulators break down on it. 

This concludes the illustrations and examples. In the first part it was 

explained how the simulator PLANET can be coupled to the synthesis tooi 

TOPICS by means of the NDML network compiler resu/ting in a jlexible 

interface. The second part consisted of two simu/ation examples. 

In the next chapter some conclusions will be drawn. 
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CHAPTER 7 

CONCLUSIONS 

In this chapter some conclusions will be drawn on the work described in the 

previous chapters. The last section will contain a list of original 

contributions. 

7.1 Some remarks and discussion 

• The cornerstone of the work presented bere is the hierarchical simulator 

PLANET described in chapter 4. As a result of the way the simulator is built. 

there are several advantages to be mentioned: 

- the PL rnadelling allows for full mixed-level and mixed-mode simulation, 

- due to the hierarchical organisation of the topological equations of the 

network, it is easy to change the network topology which is important in an 

automatic design environment, 

the separation of topological equations and model descriptions allows for 

an efficient update of the models when traversing through a polytope 

boundary, 

- the previous point and the choice of the model descriptions make it 

possible to use a simplified form of the straight forward Katzenelson 

algorithm to solve the circuit equations, 

- the dyadic update of the mapping of a model can be propagated locally 

resulting in an update of the network only at places where there is an 

actual change, 

- the hierarchical formulation allows to run simulations on a subtree without 

removing the rest of the tree, 

hierarchy makes it easy to monitor the behaviour of a specific subcircuit 

and finally, 

- most of the methods used in other network simulators to decrease the 

simulation time, such as variabie step size integration methods and event 

driven approaches, can be formulated to match the hierarchical structure. 
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lt is only fair to mention also some drawbacks of the derived description of 

the network: 

as explained in chapter 2 the applied model description is not the most 

general one available which means that not all PL-functions can be 

described. In practice however this has not appeared to be a severe 

problem; 

- the veetors e and x are fixed in the sense that once an entry of e is 

chosen to be the voltage on a terminal, this can not be changed easily. In 

some situations it might then happen that the problem of solving the 

network variables x is ill-conditioned while this could have been solved by 

choosing the entries in e and x differently. A typical application where 

this situation might occur is when simulating a network containing ideal 

switches. 

• To be able to perform a transient analysis with a simulator, a numerical 

integration metbod must be used. In chapter 5 a method called Waveform-Newton 

was described which can be used by advantage in a hierarchical simulator 

where the topology of the network often changes. lt was shown that the type 

of calculations to obtain a point in the time-iteration plane are the same 

for an LMS method and the WN method which makes it possible to step freely 

through the time-iteration plane. The method is not yet implemented in the 

simulator PLANET. 

• Finally, an other main part of the work consists of a method to derive, 

algorithmically, PL-models of combinatorial logic functions and was described 

in chapter 3. These models are needed to perform mixed-level simulations of 

digital circuits. The derived method takes a truth-table of a combinatorial 

logic function as an input and produces a PL-model of this logic function as 

an output. The practical complexity of the method has shown to be exponential 

in the number of words in the truth table which makes a one level 

implementation applicable to functions of up to eight input variables. 

Despite the mentioned drawbacks the simulator can be used in a broad scope of 

applications and with its network description compiler provides a flexible 
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hierarchical simulation tool that can be used by advantage in an automatic 

hierarchical synthesis environment such as TOPICS but also in a digital or 

mixed analogue/digital design environment. The high level digital macro 

models can be used to perform mixed·level simulation. The waveform oriented 

integration metbod can be combined with the hierarchical structure of the 

simulator. 

7.2 Original contributions 

This section summarises the original contributions of the work. 

The comparison of the five model descriptions and PL simulators in 

chapter 2 has not been done before. The work in section 2.3 was done in 

cooperation with D.M.W. Leenaens [44]. 

- The method to find a static macro model of an arbitrary combinatorial logic 

in chapter 3 is original to this thesis and was publisbed before in [ 42]. 

The relation between a threshold gate and a PL function was known. 

- The description of the hierarchy used in the simulator PLANET as described 

in chapter 4 is original: the idea to keep the topological equations and 

model descriptions separated allows for an efficient update of the models 

and the application of the simplified Katzenelson algorithm. The efficient 

update of a PL model is in fact an elaboration of the ideas presented in 

[9]. This update, as described in section 4.2, was derived in cooperation 

with D.M. W. Leenaerts. The description of the simulator appeared before in 

[43]. 

The comparison between the WN method and an LMS method as given in 

chapter 5 is original. The determination of the longest path using an 

algebrak simulator is also original. 
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APPENDIX A 

In this appendix, the order of the complexity of the Tschernikow algorithm 

will be derived. To that purpose, suppose that the following set of 

inequalities must be solved 

Ax:S:O '<:/. {l } x.~ 0 lE ••• n 1 
(A.l) 

There are m inequalities and n variables to be solved. The matrix AT is 

placed in the right hand part of the Tschernikow matrix from which it is 

clear that this Tschernikow start matrix T0l bas n rows. 

The frrst step in the denvation is to find the maximum number of rows in 

yil where the superscript denotes the iteration count. By looking at the 

description of the algorithm it can be seen that the number of rows varies as 

the algorithm proceeds. 

Assume that yil bas n(il rows and a current column is chosen. The new 

tableau yi+ll is formed by the rows with a negative entry in the current 

column. Furthermore, positive linear combinations of the rows with a positive 

entry in the current column with every row with a negative entry in this 

column are also placed in T(i+ll. The worst case situation appears if the 

number of negative entries in the current column is equal to the number of 

positive entries and all the positive linear combinations are fundamental 

solutions. If the copying of the rows with negative entries is neglected it 

is easy to see that 

Suppose that it is possible to write n(il like 

(i) 1 qi 
n = -p. n 

2' 

(A.2) 

(A.3) 

For 0, p
0
= 0 and ~= 1 this is true. By substituting (A.3) into (A.2) it 
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follows that 

p. 
1
= 2p. + 2 ,p

0
= 0 

!+ I 
(A.4) 

·'lo= I (A.5) 

Solving these recurrent relations yields 

(A.6) 

To find one of the positive linear combinations of rows, 3(m+n-i) FLOPs are 

needed where (m+n) is the size of a row m the tableau and i accounts for the 

columns already treated which are not processed. This results in an 

operadons count of 

m ·2({1) zi m 2i 

num.op. = L 3(m+n-i) 2 n = l: 12(m+n-i)(~) 
i% 1 i= 1 

(A.7) 

This concludes the derivation. 

118 



APPENDIX B 

In this appendix it will be shown how the applied model description, extended 

by state variables, can be transfonned into an algebraic system using a 

numerical integration method that can be written as 

z =\)+kz 
n+l 11 n+1 

where $) accounts for the contribution of previous time points. 
D 

The extended model is given by 

{

Iy + Ax + Bu + Hz+ J~ + f = 0 
Ky + Lx + Mz + Nz + r-= 0 

Dy+ Cx + Iu + g = j 

(B.l) 

(B.2) 

(B.3) 

(B.4) 

If we choose to eliminate i from (B.2-B.4), an expression for i derived 
11+1 11+1 

from (B.l) must be substituted into (B.2-B.3). After rearranging terms this 

yields the following expression 

Iy + Ax + Bu + (H + J•)z - J"\) + f = 0 
n+1 n+1 n+1 n 

Ky + Lx 
11+1 n+1 

+ (M + N•)z - N• p + r = 0 
D+l D 

(B.S) 

(B.6) 

where the the asterisk denotes a multiplication by k'1 from (B.l). The goal 

of this denvation is to write z and y as a function of x and p . 
n+l 11+1 n+1 n 

This is simply solving the set of two linear equations (B.5-B.6) in the two 

variables z and y . By multiplying (B.S) by K and then subtracting it 
11+1 R+1 

from (B.6) the y 
1 

is eliminated which leads to 
n+ 

Oz + (L-KA)x + (KJ"-N.)f) - KBu + (r-Kf) = 0 
n+1 n+1 n 

(B.7) 

where 9 = (M + N• - KH - KJ') 
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Finally, substituting the 

yields 

expression for z 
n+l 

found from (B.7) into 

Y + (A+'If0- 1 (L-KA))x + ('lf0.1(KJ.-N.)-J.)ifl + (B-".A-1KB)u + 
n+l n+l rn •v 

"'e· 1 
(r-Kf) + f = o 

where 'V = -(H + J • ) 

(B.5) 

(B.8) 

Sumrnarising we can state that the set of equations (B.l-B.3) using a 

numerical inlegration metbod that can be written like (B.l) can be 

transformed into the following algebraic set 

0= I [ ::: l + [::: ::] [ ::·· l + [ :: ]· + [ :: l 

with 

A
11 

= A + 'lf0'1(L - KA) 

A = e·1(L - KA) 
21 

B = B - 'lf0'1KB 
I 

f = 'lf0-1(r - Kt) + f 
I 

N• = ~- 1 (h) N 
.J 

0 = (M - KH + N• - Kl) 

C = C {from (B.3)} 
I 

0
1 

= D {from (B.3)} 

(B.9) 

(B.lO) 

The matrices c2 and 02 have to be added to make the model identical to the 

DC-model. 

This concludes the derivation. 
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STELLINGEN 

behorende bij het proefschrift 

PLANET: a hierarchical network simulator 

van T.A.M. Kevenaar 

1. De ACf2 methode als geformuleerd in onderstaand werk is niet 

A-contractie[ 

(M.T. van Stiphout, 'PLATO: A piecewise linear analysis tooi for mixed 

level circuit simulation', Ph.D. Thesis, Technica! University of 

Eindhoven, The Netherlands, 1990) 

2. De opmerking als zouden de model parameters van impliciete PL-modellen 

moeilijker te bepalen zijn dan die van expliciete PL-modellen is in de 

context van onderstaand artikel niet juist. 

(G. Güzelis, I. Göknar, 'A canonical representation for piecewise affine 

maps and its applications to circuit analysis', 

IEEE Trans Circuits and Syst., Vol. 38, no.ll Nov. pp. 1342-1354, 1991) 

3. Ondanks gedegen onderzoek naar expliciete representaties van PL-functies 

(als in onderstaand artikel) blijven deze beschrijvingen minder geschikt 

voor toepassing in simuiatoren en theoretisch onderzoek naar PL-functies 

dan de impliciete beschrijvingen met toestandsvariabelen. 

(C. Kahlert, L.O. Chua, 'The complete canonical piecewise-linear 

representation - Part 1: The geometry of the domain space' 

IEEE Trans Circuits and Syst.-1: Fundamental theory and applications, 

Vol. 39, no.3, March, pp. 222-236, 1992) 

4. Een logische functie met 1 uitgangsvariabele en N ingangs variabelen is 

te realiseren met een multilayer perceptron met 2N-I + 1 neuronen. 

5. Bij het automatiseren van layout generatie voor analoge schakelingen 

zullen wezenlijk andere aspecten een rol spelen dan bij automatische 

digitale layout generatie. 



6. De installatietijd van computer systemen is te vaak gelijk aan de 

levensduur van deze systemen. 

7. Het toevoegen van de zogenaamde 'Fis van Euler' aan de majeur ladder 

levert geen wezenlijke uitbreiding van de harmonie theorie. 

8. De mate waarin de fabricage van een produkt en het produkt zelf het 

milieu belasten zou een factor moeten zijn in het vrije markt mechanisme. 

9. Op grond van de huidige verschillen per regio in de landen van de 

Europese Gemeenschap mag men aannemen dat het gevoel 'Europeaan' zich 

nooit zal manifesteren. 

10. Met de aantasting van de pensioenrechten voor ambtenaren uitsluitend om 

budgettaire redenen ondermijnt de overheid de beginselen van de 

rechtstaat. 

11. Het mediaspektakel rondom de ramp in de Bijlmer toont aan dat het de 

media meer te doen is om het behalen van kijkcijfers dan een zo objectief 

mogelijke berichtgeving. 




