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Summary

Game-Theoretic Solution Concept for Complete Vehicle Energy Manage-

ment

Fuel economy and emission legislation play a dominant role in the development process

of heavy-duty vehicles. To satisfy future requirements on fuel consumption and exhaust

gas emissions, new technologies emerge in these vehicles. Clear examples are energy

efficient auxiliaries, hybrid electric powertrains, brake energy recuperation and waste-

heat recovery from the exhaust gas. To facilitate integration of many subsystems while

complying to economy and emission legislations, a suitable energy management system

is needed together with the development of techniques for optimal energy management

performance.

This research aims at the development, implementation and verification of complete

vehicle energy management for commercial vehicles. The desired energy management

strategy is required to be flexible in structure so as to enable plug and play for adding/re-

moving auxiliaries and reduce the associated development time. Besides, the energy

management strategy should also achieve global efficiency for the operation of the aux-

iliaries. In this thesis, a game-theoretic solution concept for complete vehicle energy

management is developed. For off-line evaluation, complete vehicle energy management

is considered as a multi-player non-cooperative game where each auxiliary is a player

minimizing its own cost. This game aims to establish a Nash equilibrium among all the

auxiliaries which corresponds to local or global optima of the global cost function. To

generate an online implementable energy management strategy, the driver is introduced

as an additional player resulting in a single-leader multi-follower game model. In this

framework, the driver is considered as the leader who makes its decision first and all

the auxiliaries are the followers who react on the leader’s decision. This game model

consists of a two-level game where off-line optimization is performed for auxiliaries and

the outcomes are stored in look-up tables. Next, all the auxiliaries and a central unit are

involved in an online iterative procedure to find an approximation of a Nash equilibrium.
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Besides the basic game-theoretic solution concept, the following refinements are also

proposed:

• It is recognized that different driving scenarios can influence the behavior of the en-

ergy management strategy. To enhance the robustness of the energy management

strategy against different driving behavior, two adaptive concepts are proposed:

– The first concept is based on pattern recognition as an extension to the single-

leader multi-follower approach. The adaptive game-theoretic strategy demon-

strates a more robust performance in terms of fuel economy compared to the

non-adaptive strategy on multiple drive-cycles.

– The second concept originates from the classical Equivalent Consumption

Minimization Strategy (ECMS) where a set-theoretic method is developed to

identify the equivalence factor. The proposed method avoids the excessive

tuning effort of the traditional ECMS and still shows a robust performance

on several drive-cycles.

• A novel energy management strategy is designed for on/off controlled auxiliaries.

A novel design approach is proposed that trades off fuel economy and switching

frequency.

Finally, two simulation environments (one simplified and one dynamic) of a prototype

DAF hybrid truck have been built for testing the game-theoretic solution concept. It

is observed in both simulation environments that a fuel reduction between 0.5 ∼ 1 %

can be achieved by considering the energy management for the auxiliaries in the truck

excluding the high-voltage battery.
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Chapter 1

Introduction

1.1 Research motivation

Over decades, people are searching for efficient, safe and environmental friendly mobility

as transportation connects the world and helps the economic growth of the society.

For the heavy-duty truck industry, fuel efficiency is among the top priorities from the

customer point of view owing to its major impact on the total operational cost. European

freight transport on roads is characterized by high fuel prices, high weights and volumes

and relatively long distances [49]. It is estimated that fuel cost accounts for 30 % of

the total operational cost for a 40-tonne tractor-semitrailer combination (see Figure 1.1

[49]). Therefore, European freight transport will benefit significantly from improved fuel

efficiency of the truck. On the other hand, the combustion of fossil fuels (coal, natural

gas, and oil) for energy and transportation results in the emission of carbon dioxide

(CO2) and CO2 is the primary greenhouse gas emitted through human activities. It

is reported by the United States Environmental Protection Agency (EPA) that 31 %

of the emitted CO2 emerges from transportation as shown in Figure 1.2 [27]. Since

the emission of CO2 is closely linked to the combustion of fuel, limiting the amount

of fuel consumption contributes to building an environmental-friendly society. Besides,

it is clear that fossil fuels are not inexhaustible and technology developments towards

reduced fuel consumption is definitely favored for an energy sustainable society.

Reducing the fuel consumption for heavy-duty trucks is not only desirable from an

economical perspective but also from an environmental perspective. It is illustrated in

Figure 1.3 that most of the energy contained in the fuel is wasted as heat, which indicates

the potential for energy efficiency improvement. The hybridization of the powertrain in

heavy-duty trucks is a viable solution to improve the fuel economy. Significant research

on energy management for hybrid heavy-duty trucks can be found in [69] and [91] where
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1.1. Research motivation

Depreciatio 10%
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Fuel 30% 30%

Repair & M 5%

Wages 26% 26%
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2%
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30%
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40‐tonne Tractor  Semi‐trailer Combination

Depreciation 10%

Road Tax 2%

Vehicle Insurance 6%

Interest 2%

Overhead 18%

Tyres 1%

Fuel 30%

Repair & Maintenance 5%

Wages 26%

Figure 1.1: Overview of the total operational cost for a 40-tonne tractor-semitrailer
combination [49].

promising results are shown. Besides hybridization of the powertrain, energy recovery

(e.g. waste heat recovery), grid connection and (programmable) electrified auxiliaries

will help to reduce the fuel consumption of the vehicle. Energy management for all these

advanced systems is required to achieve global vehicle efficiency. Besides, especially for

heavy-duty trucks, different vehicles are equipped with different auxiliaries for different

applications. Developing a new energy management strategy every time the vehicle

configuration modifies is very inefficient and expensive. It is foreseen that traditional

energy management strategies will face limitations to handle future vehicle complexity

and flexibility while having a relatively low algorithm complexity [40]. Therefore, a novel

approach is needed which will be the main contribution of this thesis: a game-theoretic

approach for Complete Vehicle Energy Management (CVEM).

Electricity 3 37%

Transporta 31%

Industry 15 15%

Residential 10%

Other (Non 6%

37%

31%

15%

10%

6%

Electricity 37%

Transportation 31%

Industry 15%

Residential & Commercial
10%

Other (Non‐Fossil Fuel
Combustion) 6%

Figure 1.2: Estimation of carbon dioxide emissions from different sources [27].
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Rolling Resistance 4,2%

Inertia 5.8%

Figure 1.3: Percentage of various energy losses in a conventional vehicle [100].

1.2 Complete vehicle energy management

An underlying assumption for energy management is the availability of energy buffers

and/or flexible energy supply/demand [40]. Modern vehicles, especially trucks, entail

various auxiliaries with energy storage elements in different physical domains, which

makes energy management attractive. For example, consider a parallel hybrid DAF XF

prototype truck shown in Figure 1.4. The topology of the vehicle powertrain with electric

board net is depicted in Figure 1.5. The signals in Figure 1.5 are defined according to

Table 1.1.

Figure 1.4: Parallel hybrid DAF XF prototype.

There exist auxiliaries with energy buffers from the chemical domain (batteries), the me-

chanical domain (air supply) and the thermal domain (HVAC, refrigerated semi-trailer)

in the powernet. These energy buffers create opportunities for energy management.

With the help of the motor/generator and the alternator, power flows are converted

3
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Figure 1.5: Overview of vehicle topology. Note that arrows define the directions of
positive powerflows.

Table 1.1: Definition of the symbols in Fig. 1.5.

Symbol Unit Definition

ṁfuel [g/sec] Internal Combustion Engine (ICE) fuel mass flow
Pice [W] ICE mechanical power
PD [W] Propulsion power requested by driver
PEM m [W] Motor/generator mechanical power
PEM e [W] Motor/generator electrical power
PBHV [W] High-voltage battery terminal power
PsHV [W] High-voltage battery net stored power
EsHV [J] High-voltage battery energy
Prs [W] Refrigerated semi-trailer electrical power consumption
Prs cool [W] Refrigerated semi-trailer cooling power
Tair [K] Air temperature in refrigerated semi-trailer
Pas [W] Air supply electrical power consumption
ṁcomp [kg/sec] Air mass flow into air tank
pas [Pa] Air pressure in air tank

Pac [W]
Heating Ventilation Air Conditioning (HVAC)
mechanical power consumption

Pac cool [W] HVAC cooling power
Tw [K] Evaporator temperature of HVAC
Palt m [W] Alternator mechanical power
Palt e [W] Alternator electrical power
PBLV [W] Low-voltage battery terminal power
PsLV [W] Low-voltage battery net stored power
EsLV [J] Low-voltage battery energy
PconsLV [W] Low-voltage electrical power

from one physical domain to another and can be stored in different energy buffers. Al-

though energy appears in different physical forms in energy buffers, it is observed that

power can be used as a universal characteristic for all the subsystems, e.g., the ICE

4



Chapter 1. Introduction

produces power, batteries store/release power and the alternator converts mechanical

power to electrical power. Therefore, we divide all the subsystems into four categories

as shown in Table 1.2: suppliers, converters, consumers and buffers.

Table 1.2: Universal characterization of vehicle components.

Power flow Definition Categorized subsystems

Converter outlet powerinlet power

dissipated power

Supplier outlet power

dissipated power

Energy 
sink

outlet power

dissipated power

inlet power

Energy 
sink

net inlet power

Buffer
Consumerinlet power

dissipated power

Suppliers supply all the
energy in the system

ICE

Converter outlet powerinlet power

dissipated power

Supplier outlet power

dissipated power

Energy 
sink

outlet power

dissipated power

inlet power

Energy 
sink

net inlet power

Buffer
Consumerinlet power

dissipated power

Converters are devices
which transform energy
from one domain to
another

Alternator;
motor/generatorConverter outlet powerinlet power

dissipated power

Supplier outlet power

dissipated power

Energy 
sink

outlet power

dissipated power

inlet power

Energy 
sink

net inlet power

Buffer
Consumerinlet power

dissipated power Consumers are passive
devices which can only
dissipate power

Low-voltage consumersConverter outlet powerinlet power

dissipated power

Supplier outlet power

dissipated power

Energy 
sink

outlet power

dissipated power

inlet power

Energy 
sink

net inlet power

Auxiliary
Consumerinlet power

dissipated power
Buffer

Buffers store a certain
amount of energy as a
result of the net inlet
power

HVAC system;
low-voltage battery;
high-voltage battery;
refrigerated semi-trailer;
air supply system

To ensure fuel efficient operation of the complete vehicle, energy management should

optimize all the power flows by exploiting the energy buffers in the vehicle. For example,

to maintain the temperature of the cargo load at a certain value, the air temperature

in the semi-trailer is typically controlled to vary around the desired load temperature.

This temperature variation creates room for energy management, e.g., the cooling can

be postponed or advanced to more favorable moments for fuel economy. During braking

events, the free energy can be stored in all the energy buffers and in case the available

braking energy is not sufficient to cover all the power requests, the energy manage-

ment strategy will prioritize the power flows for better fuel economy. Besides, each

component in the vehicle incorporates specific technical specifications, constraints and

static/dynamic physical behavior. Designing an energy management strategy that op-

timizes fuel economy while taking into account the constraints, technical specifications

and dynamics of each component is already a very challenging task, not to mention that
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1.3. Research objective

a certain degree of simplicity and flexibility of such a strategy is also envisioned. In the

next section, we will elaborate on this research problem.

1.3 Research objective

The main goal of this thesis is to develop a novel energy management solution concept

for CVEM, while taking into account the requirements on the optimality, flexibility and

relevant constraints. Particularly, the research goal can be divided into the following

sub problems.

• Flexibility and optimality: to keep the development and integration time short,

a plug and play design philosophy is desired which means that an auxiliary can

be added or removed without changing (or having knowledge of) the rest of the

system. This approach is especially favored by premium vehicles and commercial

vehicles that appear in many different configurations. Owing to the plug and play

feature, the product development time can be significantly reduced because the

development and calibration of each subsystem can be done in parallel. Besides,

the complexity of the energy management algorithm should not increase as the

number of components increases. In principle, the energy management puts no

limitation to adding new components to the vehicle. Besides flexibility, global op-

timal performance in terms of energy efficiency is desired. Typically, this objective

is translated into the minimization of the accumulated fuel consumption through-

out a drive-cycle. Generally speaking, a centralized control structure yields the

global optimal solution. However, centralized control allows for limited flexibility

and its complexity scales with an increasing number of variables to be optimized.

Finding a suitable control structure that balances the optimality and flexibility is

a major research point in this thesis.

• Robust performance with unknown future drive-cycle: it is clear that

different driving behavior can influence the decision of an energy management

strategy. Because of the dynamics of the components, a sequence of drive-cycle

information is required to make the optimal decision instead of the instantaneous

value. For example, anticipating on a future braking opportunity, the battery can

be first discharged to create extra space for storing regenerative energy. But how

deep and when the battery needs to be discharged relies on an accurate knowledge

of the future driving request which, is limited available in real time applications.

There exist energy management strategies [4, 65, 77] which utilize the predicted

driving request based on, e.g., the GPS system. Nevertheless, the success of these

6



Chapter 1. Introduction

energy management strategies depends on the quality and length of the prediction

horizon and extra effort and hardware is needed for making the prediction. In this

thesis, the focus is on developing energy management strategies that use only past

and present information about the driving request. Research is required to ensure

robust performance for various driving scenarios without using future information.

• Energy management for on/off controlled auxiliaries: concerning energy

management for on/off controlled auxiliaries (which can be switched either on or

off), not only the global fuel efficiency should be respected but also the switching

frequency of the control command needs to be kept below a reasonable number.

Currently, thermostat control is the common practice for on/off controlled auxil-

iaries in the vehicle. However, such an operation ignores the fuel efficiency. An

integrated design is required to make the trade-off between fuel economy and

switching frequency.

In the next section, we will briefly review the literature in the field of energy management

and subsequently, the contributions of this thesis will be presented in response to the

research objectives listed in this section.

1.4 Literature review

In recent years, energy management has attracted a lot of research attention concerning

hybrid vehicles with energy buffers. Excellent surveys of energy management for hybrid

vehicles are provided in [54, 81]. In Hybrid Electric Vehicles (HEVs), an ICE and an

electric machine are installed and a battery is present where energy can be stored and

retrieved. Although there exist various configurations for HEV topology, i.e., series,

parallel and series/parallel HEVs, the essential research question of energy management

amounts to minimize the fuel consumption of the ICE by optimizing the power balance

in the vehicle. More specifically, the battery is exploited as an electric energy buffer to

store free braking energy or shift the engine operating point for fuel benefit. A significant

amount of research has been dedicated to this research topic. Various heuristic strategies

have been proposed by using rule-based strategies [16, 34, 35, 94], neural networks [48, 95]

or fuzzy logic [5, 80]. The advantage of heuristic strategies is the simplicity that enables

real world implementation and the significant improvement in fuel economy. However,

these strategies do not guarantee an optimal solution.

To find the optimal solution, the research is extended by using optimization theory such

as linear programming [86], quadratic programming [75, 85] and dynamic programming

[2, 4, 44, 52, 88]. It is attractive that these techniques provide the optimal solution
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1.4. Literature review

which can be used as a benchmark solution to evaluate the performance of other energy

management strategies or deriving rule-based strategies. However, the major drawback

lies in the fact that the knowledge of the complete drive-cycle is required when applying

these techniques. This implies that the obtained solution is non-causal and thus prevents

online implementation.

To overcome this issue, the stream of research is oriented to investigate causal solutions

based on optimization techniques. One popular approach is to consider the stochastic

driving behavior instead of a deterministic drive-cycle [24, 42, 46, 47, 51]. In general,

these techniques perform the optimization off-line resulting in state feedback strategies

that are stored in a look-up table for online evaluation. The advantage of using look-up

tables for energy management is that it is easy to implement and requires little compu-

tation power. For energy management strategies based on stochastic assumptions on the

driving behavior, it is a considerable challenge whether and how the real world driving

can be viewed as the realization of one stochastic behavior with known probability dis-

tribution functions. Possible solutions are proposed by recognizing the driving pattern

online and switching to different strategies for different driving behavior [36, 99].

Another line of research on energy management follows from applying the Pontryagin

Minimum Principle [28] which results in a cost function containing an extra weighting

factor. This factor is known as the fuel equivalence factor which weights the battery

power together with the fuel consumption. A very intuitive interpretation for this factor

is that it translates the battery power into an equivalent consumption or contribution

to fuel. Hence, this method is normally referred to as the Equivalent Consumption

Minimization Strategy (ECMS) [66, 67]. The difficulty of this approach is to estimate

the optimal value for the equivalence factor and various approaches have been proposed

for estimating this equivalence factor [14, 31, 38, 39, 43, 45, 53, 59]. Theoretically, the

optimal equivalence factor can be computed analytically [19] or by a sort of shooting

algorithm [92]. However, both of these two approaches require the knowledge of the

complete drive-cycle and thus it is difficult for online implementation.

With the presence of an on-board GPS system, energy management strategies can be

(practically) based on estimating the future driving power request. The authors in [82]

describe a refined ECMS approach that uses the predicted driving request to estimate

the equivalence factor. Alternatively, one can also follow the Model Predictive Control

(MPC) framework such that the optimization takes the predicted future driving requests

into account [4, 65, 77]. The length of the prediction horizon and the quality of the

prediction are crucial elements that determine the performance of the strategy. As

suggested by [18], choosing a suitable prediction length is already a delicate research

question.
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Chapter 1. Introduction

Recent developments in energy management start to incorporate additional objectives

in the optimization. Energy management strategies that balance NOx emission and

operational cost are studied in [24, 41, 96]. Another interesting line of research focuses

on minimizing the fuel consumption while respecting the preservation of battery lifetime,

see e.g., [25, 70, 71, 84]. Concerning engine thermal management, interesting results are

presented in [17, 60] where it is shown that the decreased heat up time and fuel reduction

can be achieved by actively controlling the cooling system.

The concept of Complete Vehicle Energy Management (CVEM) is first introduced in [40]

where it is proposed that all power flows and auxiliaries with energy buffers in the vehicle

should be taken into account in the energy management algorithm to avoid inefficient

operation at (sub)system level. It is recognized that traditional techniques for vehicle

energy management will face limitations in handling future vehicle complexity in terms

of development time and cost. As a result, an alternative approach is needed which

enables CVEM targeting at optimizing the global vehicle efficiency. At the same time,

the energy management algorithm should have a flexible structure such that plug and

play and easy scaling-up can be achieved [40]. In [63, 64, 75, 76], distributed optimization

is investigated to solve CVEM where the focus is put on seeking the optimal solution

where a convex structure of the model or problem is assumed and the complete drive-

cycle is known. These methods can be used for off-line bench-marking. However, we are

searching for online implementable energy management strategy without explicit need

for preview information. In the next section, we will explain the choice of methodology

in this thesis.

1.5 Choice of methodology

It is explained above that CVEM deals with energy management for every auxiliary with

energy buffer in the vehicle and each auxiliary introduces dynamics and constraints. To

ensure a flexible architecture, a decentralized control structure is favored over a central-

ized one. This implies optimization (decision making) is distributed to each auxiliary

instead of being performed centrally. For this reason, game theory is deemed as a suit-

able design philosophy for CVEM since it provides perfect concepts and equilibrium

notions to describe and analyze the multi-agent decision making situation where mutual

conflicts are involved. More importantly, game theory is broad in the sense that it is not

one optimization technique but rather a philosophy where various optimization tools

can be utilized to come to a desired equilibrium solution. This is attractive because

all the above mentioned energy management algorithms are then candidate tools for

CVEM. A successful combination of game theory and optimal control, perceived as the
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1.6. Outline of the thesis

child of the two subjects by the authors of [87], results in dynamic game theory where

differential games play an important role. Other techniques such as learning algorithms,

see e.g., [29, 55, 56], are also regularly adopted for game-theoretic approaches. Simply

speaking, game theory formulates a game for the concerned multi-agent decision mak-

ing situation. Depending on the way players act (cooperative or non-cooperative), the

order of the player’s action (sequential or simultaneous), the information each player

posses (open loop or feedback, perfect or imperfect state information) and other rel-

evant characteristics, game theory provides corresponding equilibrium notions for the

formulated game. Next, optimization tools or algorithms can be borrowed from other

fields, e.g., optimal control, to arrive at this equilibrium. In this thesis, a game-theoretic

approach is proposed for CVEM. Distinguished from the game-theoretic approach pro-

posed in [62] which assumes the future driving request to be known and utilizes an MPC

framework for computation, this thesis focuses on developing causal energy management

strategies. The proposed approach is based on a decentralized control structure where

each auxiliary has its cost function and makes its own decision. The decentralized cost

function allows each auxiliary to consider both the fuel efficiency as well as the design

specifications at the component level separately, e.g., the switching frequency of the

on/off controlled auxiliaries. Moreover, the shared information among auxiliaries and

algorithm complexity does not scale up when the number of component increases. The

decentralized control structure and limited information sharing enables the plug and

play functionality. Besides, the implication of the outcome of the decentralized opti-

mization, known as the Nash equilibrium in game theory, is explained in terms of the

global cost function when the future drive-cycle is given. When the future drive-cycle is

not known, causal energy management strategies can be obtained via a two-level game

play, which generates an approximation of a Nash equilibrium at each sample instant

online. Furthermore, in the absence of future driving request, adaptive concepts based

on game theory as well as ECMS are developed to enhance the robustness of the en-

ergy management strategy for different driving behaviors. Integrated design for on/off

controlled auxiliaries to incorporate both fuel economy and switching frequency is also

proposed in this thesis.

1.6 Outline of the thesis

The chapters in the thesis are organized as follows. Chapter 2 describes the vehicle

models and simulation environments. The major theoretical contributions of this thesis

are contained in Chapter 3, 4 and 5. The structure of the content in Chapter 3, 4 and

5 is illustrated in Figure 1.6 and the main contributions of these three chapters are

described below.
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Chapter 1. Introduction

Chapter 3 
N player non-cooperative simultaneous game 

Chapter 3 
Single-leader multi-follower game model 

Chapter 4 
Adaptive concepts 

Chapter 5 
Energy management for on/off controlled auxiliaries 

Drive-cycle known Drive-cycle unknown 

Figure 1.6: Chapter structure of the thesis.

• Chapter 3: As shown in Figure 1.6, Chapter 3 is divided into an off-line part

where the complete drive-cycle is known and an online part where the future

drive-cycle is unknown. For off-line evaluation, CVEM is formulated as an N

player non-cooperative game by considering each auxiliary as a player minimizing

its own cost which results in a Nash equilibrium solution. The Nash equilibrium is

further shown to be the local or global optimum of the global cost function, which

is the overall fuel consumption. Next, to derive online implementable strategies,

the driver is modeled as an additional player and a single-leader multi-follower

game model is proposed. This game is solved in a two-level fashion. In the first

level of the game, the optimization is performed off-line for each of the auxiliaries

in parallel and the outcome is stored in a look-up table per auxiliary. Next, in

the second level of the game, all the auxiliaries participate in an online iterative

procedure by communicating to a central unit called the Energy Management

System Operator (EMSO) at each sample instant. The iteration results in an

approximation of the Nash equilibrium strategies among the auxiliaries, which are

implemented at that instant.

• Chapter 4: This chapter presents two adaptive approaches to enhance the ro-

bustness of causal energy management strategies for different driving scenarios.

The first approach is based on the idea of pattern recognition and is generally ap-

plicable to all the auxiliaries. First, game-theoretic energy management strategies

optimized for different drive patterns are developed off-line and stored in look-up

tables. After that, an online algorithm is developed to classify the driving his-

tory into one of the drive patterns and the corresponding strategy is employed.

Significant improvement compared to the non-adaptive game-theoretic strategy

is demonstrated in simulation on multiple drive-cycles. The second adaptive ap-

proach is built on the classical Equivalent Consumption Minimization Strategy

(ECMS) and is dedicated to the control of the high-voltage battery. The advan-

tage of this approach is that it requires no tuning of any control parameter and

still shows a robust performance over different drive-cycles.
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1.6. Outline of the thesis

• Chapter 5: Energy management for on/off controlled auxiliaries is studied in

Chapter 5 where both fuel economy and switching frequency are considered in the

design objective. A cost function design is proposed where an artificial state is

introduced. The performance of this method is evaluated off-line on a drive-cycle

and close to Pareto optimal performance is observed. To handle unknown future

driving behavior, online energy management strategies can be derived by using,

e.g., game theory. Adaptations to alleviate the influence of a limited prediction

horizon is also discussed.

Chapter 6 provides the simulation results and analysis in two simulation environments

using the game-theoretic solution concept proposed in this thesis for CVEM. Finally, an

overview of the conclusions from this thesis are included in Chapter 7 and this chapter

ends with some recommendations for future research directions.
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Chapter 2

System modeling

This chapter describes the modeling of components concerning the vehicle topology

shown in Figure 1.5. The models can be used for model-based energy management

development and simulation.

Energy Management

Control 
model

Simplified 
simulation 

environment

Dynamic
simulation 

environment

Figure 2.1: Evaluation of energy management strategy with either simplified simula-
tion environment or the dynamic simulation environment.

We refer to the models for energy management development as control-oriented models.

Typically, a quasi-static modeling approach is adopted where fast dynamics of electrical

and mechanical systems are neglected and only the dynamical behavior of the energy

states of the auxiliaries are included. Such a modeling approach is also applied to con-

struct the simplified simulation environment. This model can be used as a first validation

of the developed energy management strategy (see Figure 2.1). Next, a more advanced

dynamic simulation environment is constructed [57] where more details and dynamics of

the truck components are included in the modeling. This dynamic environment is more
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2.1. Internal combustion engine

realistic than the simplified environment, which can be used for more detailed simulation

study and validation of the developed energy management strategy. The settings of the

two simulation environments will be detailed in Section 2.9. The simulation studies in

both the simplified and dynamic simulation environments of the the developed energy

management strategy will be discussed in Chapter 6.

2.1 Internal combustion engine

2.1.1 Engine fuel map

The modeling of the internal combustion engine (ICE) focuses on describing the fuel rate

as a function of the engine operating point. This operating point is defined by the engine

torque τice [Nm] and engine speed ωice [rad/sec]. First, measurements are taken where

the engine runs steadily at several fixed operating conditions. These measurements result

in a static fuel map ṁdata
fuel(ωice, τice) [g/sec] which maps the engine speed and torque to

the engine fuel rate as an output. Since the measurements are taken only when the

engine has been running at a specific operating point for sufficiently long time, the

transient dynamical behavior of the fuel rate, i.e., when the engine operating condition

switches from one torque-speed combination to another is thus excluded. Figure 2.2

shows the fuel map of a PACCAR MX11 engine as an example. It should be mentioned

that sensitive information in Figure 2.2 (as well as in the other figures in this chapter)

is removed for confidentiality. For energy management strategy design, the fuel map

shown in Figure 2.2 can be adopted.

2.1.2 Engine polynomial model

Alternatively, one can also fit a polynomial model to the fuel map. In this case, a

quadratic model is fitted to the fuel map shown in Figure 2.2:

ṁfuel(ωice, Pice) = max(0, α2(ωice)P
2
ice + α1(ωice)Pice + α0(ωice)), (2.1)

where α2, α1 and α0 are coefficients dependent on the engine speed ωice and the engine

power Pice [W] is equal to the product of ωice and τice, i.e., Pice = ωiceτice. Assume the

engine fuel map is stored at grid points of τice and ωice, which are τ g,iice ,i = 1, . . . , I and

ωg,jice , j = 1, . . . , J . At a given engine speed ωg,jice , we minimize

min
α2,α1,α0

I∑
i=1

(
α2 · (ωg,jiceτ

g,i
ice)

2 + α1 · (ωg,jiceτ
g,i
ice) + α0 − ṁdata

fuel(ω
g,j
ice , τ

g,i
ice)
)2
. (2.2)
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Chapter 2. System modeling

rotational speed [rad/sec]
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maximum torque line

Figure 2.2: Engine fuel map.

(2.2) can be rewritten as

min
α
‖f–Aα‖2,

where α =
(
α2 α1 α0

)T
is the vector of decision variables and where, for j = 1, . . . , J ,

we define

f =


ṁ(ωg,jice , τ

g,1
ice )

...

ṁ(ωg,jice , τ
g,I
ice )


and

A =


(ωg,jiceτ

g,1
ice )2 (ωg,jiceτ

g,1
ice )1 1

...
...

...

(ωg,jiceτ
g,I
ice )2 (ωg,jiceτ

g,I
ice )1 1

 .

The vector of optimal coefficients then depends on ωg,jice and is given by

α∗(ωg,jice) = (ATA)−1AT f,

where the inverse exist assuming that the data is sufficiently rich. Performing the above

optimization for all j = 1, . . . , J results in the optimization parameters α∗2(ωg,jice), α
∗
1(ωg,jice)

and α∗0(ωg,jice), j = 1, . . . , J . Given an arbitrary engine speed ωice, the coefficients α2,

α1 and α0 in the model (2.1) are interpolated (extrapolated) from α∗2(ωg,jice), α
∗
1(ωg,jice)
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2.2. Motor/generator

and α∗0(ωg,jice). The fitted and measured fuel rate corresponding to different values of the

engine power at different engine speeds are plotted in Figure 2.3. Moreover, the point-

wise relative fitting errors between the measured and fitted fuel rate at the measured

τice and ωice combinations

|ṁfuel(ωice, Pice)− ṁdata
fuel(ωice,

Pice
ωice

)|
ṁdata
fuel(ωice,

Pice
ωice

)
· 100%

is illustrated in Figure 2.3 as well. It is observed that the fuel rate is not zero even when

the engine is not providing any mechanical power.
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Figure 2.3: Engine fuel lines for different engine speed and the relative fitting error
|ṁfuel−ṁdata

fuel |
ṁdata

fuel

· 100%.

2.2 Motor/generator

The motor/generator is an electric machine which can run in either the motor mode

or generator mode. It consumes mechanical (electrical) power and delivers electrical

(mechanical) power when it is running in the generator (motor) mode. The model of

the motor/generator relates the operating condition on the electrical side of the electric

16



Chapter 2. System modeling

machine to the operating condition on the mechanical side of the electric machine. As

a starting point, the measurement data of the electrical power P dataEM e(ωEM , τEM ) [W] is

stored in a look-up table corresponding to multiple motor/generator torque τEM [Nm]

and speed ωEM [rad/sec] pairs similar to the ICE (see Figure 2.4 for an example of a

120 kW motor/generator). As for the sign convention, we define both the electrical and

mechanical power to be positive (negative) valued, when the electric machine is running

in generator (motor) mode.

rotational speed [rad/sec]
50 100 150 200 250 300

=
E

M
 [

N
m

]

P
EM_e

 [W]

maximum torque line
minimum torque line

Figure 2.4: Motor/Generator power map.

For energy management strategy design, a model needs to be built that maps the power

at the electrical side PEM e [W] to the power at the mechanical side PEM m [W]. This

model can be constructed in two ways which will be discussed next.

2.2.1 Motor/generator polynomial model

Similar to the internal combustion engine, a polynomial model with speed-dependent

parameters can be fitted to the measurement data shown in Figure 2.4. For the mea-

surements shown in Figure 2.4, a 3rd-order polynomial is used. Hence, we have

PEM m = a3(ωEM )P 3
EM e + a2(ωEM )P 2

EM e + a1(ωEM )PEM e + a0(ωEM ), (2.3)

where ωEM [rad/sec] is the rotational speed of the electric machine; a3, a2, a1 and a0

are speed-dependent coefficients. The coefficients a3, a2, a1 and a0 are obtained by
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Figure 2.5: Motor/Generator power curves and the fitting error |PEM m−ωEM ·τdataEM |.

minimizing the least square error between the estimation of the model and the measure-

ment similar to the way that the coefficients of the engine polynomial model (2.1) are

obtained. Furthermore, this model also imposes speed-dependent power limitations on

the electrical power given by

PEM e(ωEM ) ≤ PEM e ≤ PEM e(ωEM ),

where PEM e and PEM e denote the lower and the upper bounds of PEM e, respectively.

The power curves are visualized in the upper plot of Figure 2.5. The lower plot of

Figure 2.5 shows the point-wise fitting errors between the estimation given by (2.3) and

the measurements at the measured τEM and ωEM combinations

|PEM m(ωEM , PEM e)− ωEM · τdataEM (ωEM , PEM e)|,

where τdataEM (ωEM , PEM e) is a reverse map of the measurement data visualized in Figure

2.4. The term ‘reverse’ means that the mapping from τEM (and ωEM ) to PEM e is

reversed and thus becomes from PEM e (and ωEM ) to τEM . This reverse map can also

be used as a control model for the motor/generator which will be explained in the next
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Chapter 2. System modeling

section. It is seen that the fitting error is always below 0.4 kW within a power range of

-120 kW to 120 kW for PEM e.

2.2.2 Motor/generator torque map

Alternatively, by reversing the input-output relation of the measurement data illustrated

in Figure 2.4, one can directly construct a torque map which takes PEM e and ωEM as

inputs and outputs τEM . At the operating points where measurements are taken, this

map results in exact measurement data. Otherwise, linear interpolation (extrapolation)

is applied. This torque map is illustrated in Figure 2.6 where the corresponding torque

of the electric machine τEM can be obtained for a combination of electrical power PEM e

and rotational speed ωEM . Then, the mechanical power PEM m can be found by

PEM m = τEMωEM .

rotational speed [rad/sec]
50 100 150 200 250 300

P
E

M
_e

 [
W

]

torque [Nm]

Figure 2.6: Torque map of the motor/generator.

The advantage of the torque map is that it directly relies on the measurement data

such that modeling error caused by, e.g., fitting a curve to the measurement data, is

avoided. But the estimation of the torque corresponding to any combination of PEM e

and ωEM that is not present in the measurement data set still relies on linear interpola-

tion (extrapolation). Moreover, since the torque map is implemented as a look-up table
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2.3. Alternator

rather than a smooth function, extra limitation is imposed on the choice of optimization

techniques for the development of energy management strategies.

2.3 Alternator

Similar to the motor/generator and the internal combustion engine, the measurement

data of the alternator describing the static alternator efficiency ηdataalt (Ialt, ωalt) [%] at

some combinations of the alternator speed ωalt [rad/sec] and current Ialt [A] is stored

in a look-up table. Figure 2.7 shows an example of the measurement data for a 28V

alternator. The alternator efficiency ηdataalt denotes the ratio between the alternator

electrical power Palt e [W] and the alternator mechanical power Palt m [W]:

ηdataalt =
Palt e
Palt m

· 100%.

Again, two types of control models that maps Palt e to Palt m are proposed for the

alternator.

I
alt

 [A]
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na

l s
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c]

alternator efficiency [%]

Figure 2.7: Alternator efficiency map.

2.3.1 Alternator polynomial model

One option to describe the mapping from Palt e to Palt m is by fitting a 2nd-order poly-

nomial model to the measurement data shown in Figure 2.7:
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Chapter 2. System modeling

Palt m = b2(ωalt)P
2
alt e + b1(ωalt)Palt e + b0(ωalt),

where ωalt [rad/sec] is the rotational speed of the alternator; b2, b1 and b0 are speed-

dependent coefficients. Again, the coefficients b2, b1 and b0 are found by minimizing the

least square error between the model estimation and the measurements similar to the

way that the coefficients of the model (2.1) are obtained. The speed-dependent power

limitations of the electrical power are represented as

P alt e(ωalt) ≤ Palt e ≤ P alt e(ωalt),

where P alt e and P alt e denote the lower and the upper bounds of Palt e, respectively.

0 500 1000 1500 2000 2500 3000 3500 4000

P
al

t_
m

 [
W

]

fitted P
alt_m

measured P
alt_m

P
alt_e

 [W]
0 500 1000 1500 2000 2500 3000 3500 4000

er
ro

r 
[W

]

0

10

20

30

40

Figure 2.8: Alternator power curves and the fitting error |Palt m − 100ValtIalt

ηdata
alt

|.

The point-wise fitting errors

|Palt m(ωalt, Palt e)− 100
Palt e

ηdataalt (Ialt, ωalt)
|,

at the measured ωalt and Ialt combinations are illustrated in the lower plot of Figure 2.8

where we use Palt e = ValtIalt to find Palt e with Valt [V] being the alternator voltage.
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2.4. Heating ventilation air conditioning (HVAC) system

It is seen that the maximum error between the measurement and the estimated value

given by the model is always below 40 W.

2.3.2 Alternator power map

As an alternative to the polynomial model, a numerical map can also be adopted for

energy management design. By using Palt m = 100
Palt e

ηdataalt

and Palt e = ValtIalt, the

measurements shown in Figure 2.7 can be converted to a mapping which outputs Palt m

corresponding to an arbitrary combination of ωalt and Palt e. On the measured operating

conditions, this map (see Figure 2.9) outputs exact measurement data and relies on linear

interpolation (extrapolation) otherwise.
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P
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Figure 2.9: Mechanical power map of the alternator.

2.4 Heating ventilation air conditioning (HVAC) system

As illustrated in Figure 2.10, the Heating ventilation air conditioning (HVAC) system

contains two thermal processes before the cooled air is released into the cabin: a cooling

process through the evaporator in the Air Conditioning (AC) circuit and a heating

process where outlet air from the evaporator is reheated by the engine heat.

It is shown in Figure 2.11 that the AC circuit consists of an evaporator, a compressor,

a condenser and an expansion valve. The heat exchange between the AC circuit and
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Chapter 2. System modeling

Evaporator Heat exchanger
AC inlet air AC outlet air Cooled air into 

the cabin

Engine heat

Figure 2.10: Heating Ventilation and Air Conditioning (HVAC) system.

evaporator

condenser

compressor

expansion valve
,

Figure 2.11: Overview of the AC circuit.

the inlet air takes place at the evaporator where the heat from the inlet air is sucked

out by the refrigerant in the AC circuit. The refrigerant after the evaporator becomes

vaporized. With the help of the compressor, the refrigerant circulates in the AC circuit

and becomes cold liquid again after the condenser and the expansion valve. The freedom

for energy management in the HVAC system lies in the temperature of the outlet air

from the AC circuit, which is required to be kept between certain bounds. For the design

of an energy management strategy, a model that describes the thermal dynamics of the

evaporator is built [90]:

CwṪw = Ta−Tw
Ro

+ Tr−Tw
Ri

+Qlatent(Ta,in, Ta,out,Φa,in,Φa,out)

CrṪr = −Pac cool + Tw−Tr
Ri

,
(2.4)

where Cw [J/K] and Cr [J/K] denote the thermal capacities of the evaporator wall and

refrigerant, respectively; Ri [K/W] and Ro [K/W] are the thermal resistances between

the refrigerant and the wall and between the wall and the ambient air, respectively;

Pac cool ≥ 0 [W] is the cooling power provided by the compressor and Qlatent [W] is

the heat generated when the inlet air is condensed, which is dependent on the inlet air
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2.4. Heating ventilation air conditioning (HVAC) system

temperature Ta,in [K] and humidity Φa,in [%] and the outlet air temperature Ta,out [K]

and humidity Φa,out [%]; Tr [K] and Tw [K] are the refrigerant temperature and the wall

temperature of the evaporator, respectively. In [73], the averaged temperature along

the evaporator Ta [K] is modeled as the third state variable whereas in this thesis, Ta is

approximated by the mid value of Ta,in and Ta,out for model simplicity:

Ta =
Ta,in + Ta,out

2
.

Finally, the outlet air temperature Ta,out is assumed to be equal to Tw. As a summary,

the model for the evaporator can be written in the following state space form

(
Ṫw

Ṫr

)
=

(
− 1

2RoCw
− 1

RiCw

1
CwRi

1
RiCr

− 1
RiCr

)(
Tw

Tr

)
+

(
1

2RoCw

1
Cw

0

0 0 − 1
Cr

)
Ta,in

Qlatent

Pac cool


Ta,out = Tw.

Typically, Ta,out is allowed to vary within a specified temperature interval. Thus, energy

management can exploit this temperature window as an energy buffer.

The compressor in the AC circuit can only be turned on or off. When the AC circuit

is turned on, it provides a cooling power Pac cool whose magnitude depends on the

inlet/outlet pressure ratio of the compressor and the compressor speed. The inlet/outlet

pressure ratio is significantly influenced by the ambient temperature. As a result, we

illustrate Pac cool with dependency on the ambient temperature and the compressor speed

in Figure 2.13. Similarly, the corresponding mechanical power consumption Pac [W] is

shown in Figure 2.12 with dependency on the ambient temperature and the compressor

speed. Interested readers are referred to [68, 90, 97] for more details on the physical

modeling of the compressor.
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Figure 2.12: Mechanical power
Pac.
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Figure 2.13: Cooling power
Pac cool.
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Chapter 2. System modeling

2.5 Refrigerated semi-trailer (reefer)

The dynamics of the reefer are modeled based on the thermal dynamics in the reefer.

The reefer model describes the air temperature inside the semi-trailer and takes into

account the heat exchanges between the inside air and the load, the heat conduction

through the walls, the heat exchange between the inside air and the environment due

to ventilation and the heat extraction by the cooling unit as illustrated in Figure 2.14.

The following equation describes the above mentioned thermal dynamics

CeqṪair = Qwall(Tamb, Tair) +Qload(Tload, Tair) +Qleak(Tamb, Tair)− Prs cool, (2.5)

where Ceq [J/K] is the equivalent thermal capacity of the air inside the reefer; Tload

[K] is the temperature of the cargo load, Tamb [K] is the ambient temperature and Tair

[K] is the temperature of the air inside the reefer, respectively; Qwall [W] denotes the

accumulated heat conduction through all the walls; Qleak [W] is the heat exchange due

to ventilation with air from outside; Prs cool [W] is the cooling power provided by the

cooling unit of the reefer. (2.5) can be rewritten in the general state space representation

as

Ṫair =
1

Ceq
(Qwall(Tamb, Tair) +Qload(Tload, Tair) +Qleak(Tamb, Tair)− Prs cool).

For typical refrigeration applications, the air temperature Tair in the reefer is required

to be kept within a specified temperature interval. Depending on the size of the tem-

perature interval, Tair can be used as an energy buffer for energy management.

𝑃𝑟𝑟_𝑐𝑐𝑐𝑐 

𝑄𝑐𝑙𝑙𝑙 
𝑇𝑙𝑎𝑟  

𝑇𝑐𝑐𝑙𝑙 
𝑄𝑐𝑐𝑙𝑙 

𝑄𝑤𝑙𝑐𝑐  

Figure 2.14: Reefer model.

The cooling unit can be turned on and off and the associated electrical power consump-

tion Prs [W] when the cooling unit is on consists of two parts: cooling and ventilation

power. The information of power consumption is summarized in Table 2.1. Note that

even when the cooling unit is switched off, the ventilation fans still consume electrical

power. When the cooling unit is turned on, the thermal cooling power is related to the
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2.6. Battery model

Table 2.1: Cooling unit electric power consumption.

Value Remark

Pe cool [kW] 10 electric cooling power
Pefan on [kW] 1.6 ventilation power (cooling on)
Pefan off [kW] 1.0 ventilation power (cooling off)

electric cooling power by

Prs cool = ηCOP · Pe cool,

where ηCOP [-] stands for the Coefficient Of Performance of the cooling unit which is

dependent on the ambient temperature and the air temperature inside the reefer. As a

summary, the switching mechanism for the total electrical power consumption Prs and

the cooling power Prs cool can be described as

Prs =

Pe cool + Pefan on if cooling on

Pefan off if cooling off
(2.6)

Prs cool =

ηCOP · Pe cool if cooling on

0 if cooling off.
(2.7)

For more details on this model, the readers are referred to [93].

2.6 Battery model

2.6.1 Control-oriented model

The vehicle is equipped with a high-voltage (HV) Lithium-ion battery with a peak power

of 120 kW and a low-voltage (LV) lead-acid battery. For energy management strategy

design and online implementation, a control-oriented model is needed which captures

the critical parameters while having a relatively simple structure. In this thesis, both

the high-voltage and the low-voltage battery use the same type of modeling for energy

management strategy design. Such a modeling approach describes the battery static

efficiency as well as the dynamic energy storage (see Figure 2.15). The battery internal

storage energy Es [J] is modeled as an integration of the battery storage power Ps:

Ės = Ps. (2.8)

Typically, Es is used to compute the State of Energy (SOE) of the battery as an indicator

of the remaining energy content: Es
Ebat
· 100 % where Ebat [J] is the total energy capacity

of the battery.
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static dynamic

Figure 2.15: Control-oriented battery model.

static dynamic

Figure 2.16: Equivalent circuit model for battery static efficiency.

The battery static efficiency is modeled based on the equivalent circuit shown in Figure

2.16. In Figure 2.16, Uoc [V] and UB [V] denote the battery open-circuit voltage and

terminal voltage, respectively; Ri [Ω] denotes the battery internal resistance and IB [A]

denotes the battery current. From Kirchhoff’s law, we have

− UB + IBRi + Uoc = 0. (2.9)

Multiplying IB to both sides of (2.9) and substituting IB with Ps
Uoc

yield,

− PB +

(
Ps
Uoc

)2

Ri + Ps = 0. (2.10)

Resorting (2.10) and let βbat = Ri
U2
oc

lead to

PB = βbatP
2
s + Ps, (2.11)

where βbatP
2
s characterizes the quadratic power loss. Furthermore, bounds on the bat-

tery terminal power PB are also imposed:

PB ≤ PB ≤ PB,

where PB and PB denote the lower and the upper bounds of PB, respectively.
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2.6. Battery model

2.6.2 Dynamic model

2.6.2.1 Model for low-voltage battery

The low-voltage battery is in fact a combination of two 12 V lead-acid batteries connected

in series. The equivalent circuit model for each 12 V lead-acid battery is depicted in

Figure 2.17. Compared to the static efficiency model shown in Figure 2.16, this dynamic

model has one set of resistance-capacitance combination (R1, C1) to describe the first

order dynamical behavior of the battery.

Figure 2.17: Equivalent circuit for dynamic low-voltage battery model.

2.6.2.2 Model for high-voltage battery

The high-voltage battery is a 650V Lithium-ion battery. The dynamic battery model

takes the battery temperature [◦C] and the terminal power [kW] as inputs and the

outputs of the model are the battery current [A], the battery capacity [Ah], the battery

SOC [%], the terminal voltage [V], the open circuit voltage [V], the terminal voltage [V]

and the power loss [kW]. Unfortunately, the detailed modeling is not obtained by the

author of this thesis and thus will not be discussed.
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Figure 2.18: Dynamic high-voltage battery model.
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2.7 Air supply system

efficiency

compressor air tank

Figure 2.19: Air supply system.

The air supply system consists of a compressor and an air tank as shown in Figure 2.19.

The compressor can be turned on resulting in an air mass flow ṁcomp [kg/sec] into the

air tank. Moreover, the compressor can operate in the reverse direction which creates a

regeneration flow ṁreg [kg/sec] that releases the air from the dryer before the air tank

in order to remove the water quantity. The outlet mass flow ṁout [kg/sec] is the mass

flow consumed by performing actions such as gear shifting and braking. The pressure

in the air tank pas [Pa] needs to be maintained within a specified interval and thus is

considered as an energy buffer for energy management.

2.7.1 Control-oriented model

For designing energy management strategies, a simple model describing the dynamics of

the pressure inside the air tank is built. The ideal gas law is used as a starting point

pas =
masTasR

Vas
, (2.12)

where mas [kg] is the mass of the air inside the tank, Vas [m3] is the tank volume and

R [J/(kgK)] is the specific gas constant. Next, we take the derivative on both sides of

(2.12) which yields

ṗas =
˙(masTas)R

Vas
. (2.13)

Furthermore, (2.13) is approximated by

ṗas =
R

V
(ṁcompTcomp − ṁregTreg − ṁoutTout), (2.14)

where Tcomp [K], Treg [K] and Tout [K] denote the inlet air temperature, the regeneration

air temperature and the outlet air temperature; R [J/(kgK)] is the specific gas constant

and V [m3] is the volume of the vessel. Moreover, (2.14) can be rewritten in the general
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2.8. Transmission and vehicle dynamics

state space form as

ṗas =
(
RTcomp

V
RTreg
V

RTout
V

)
ṁcomp

ṁreg

ṁout

 , (2.15)

2.7.2 Dynamic model

Instead of modeling the dynamics of pas directly, the thermal dynamics of the air tem-

perature Tas [K] inside the air tank is modeled by considering the inlet heat flow Qas,in

[W], the outlet heat flow Qas,out [W] and the heat exchange between the air tank and

the ambient air. This thermal model is given by

CasṪas =
Tamb − Tas

Ras
+Qas,in(Tcomp)−Qas,out(Tas), (2.16)

where Cas [J/K] is the equivalent thermal capacity of the air inside the tank, Tamb [K] is

the ambient temperature and Ras [K/W] is the thermal resistance between the air tank

and the ambient. Next, pas can be found by using the ideal gas law (2.12). Combining

(2.16) and (2.12), the complete model for pas can be written in the state space form as

follows

Ṫas =− 1

RasCas
Tas +

(
1
Cas

− 1
Cas

1
RasCas

)
Qas,in

Qas,out

Tamb

 (2.17)

pas =
masR

Vas
Tas. (2.18)

The efficiency of the compressor ηcomp varies with pas. Typically, the compressor can

generate air flow more efficiently when pas is low. The variation of the electrical power

consumption Pas [W] with respect to the pressure in the tank is illustrated in Figure

2.20.

2.8 Transmission and vehicle dynamics

The transmission contains a 12-speed ZF gearbox and is followed by a differential. The

measurement data provided by the manufacturer is used to compute the torque losses

for these two components. Besides, a brake system is also included which consists of the

regenerative brake and the friction brake. It should be mentioned that brake integration

is out of scope of this thesis. The vehicle dynamics describe the vehicle speed vveh taking
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Figure 2.20: Air supply system electrical power consumption.

into account the vehicle propulsion force Fprop, the braking force Fbrake, the air drag

Fdrag, the rolling resistance Froll and possibly the climbing force due to road inclination

Fclimb:

v̇veh =
Fprop − Fbrake − Froll − Fdrag − Fclimb

meq
.

The equivalent mass of the truck is usedmeq [kg] in the computation here. It is calculated

by

meq = mtractor +mtrailer +mpayload +
Jsum
r2
w

,

where mtractor [kg], mtrailer [kg] and mpayload [kg] are the tractor mass, the trailer mass

and the payload mass, respectively; Jsum [kg m2] denotes the aggregation of all the

inertia of the axles in the vehicle and rw [m] is the wheel radius.
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2.9. Simulation environment

2.9 Simulation environment

In this thesis, two simulation environments are developed: a backward looking simplified

simulation model and a forward looking dynamic simulation model. It is illustrated in

Figure 2.21 that the backward looking simulation model uses a given driving power pro-

file PD to calculate the corresponding engine power. Typically, the transient dynamical

behavior of each component in the vehicle is not modeled in the backward simulation

model, which implies that the backward simulation is computationally efficient. On the

other hand, the forward looking simulation environment starts from the throttle posi-

tion and based on the engine operating point, a certain vehicle speed is realized (see

Figure 2.21). Typically, a driver model is required which models the driving behavior.

This driver model monitors the difference between the reference vehicle speed and the

measured vehicle speed and reacts on it by changing the throttle and brake position.

In other words, the driver model can be viewed as a tracking controller which drives

the vehicle speed to the reference value by controlling the pedal position. The forward

looking environment includes all the dynamical behavior of the components and thus it

is more accurate and is more computationally demanding. Table 2.2 and 2.3 summarize

the models used for Energy Management Strategy (EMS) design and for simulation in

different simulation environments.

Backward looking 
vehicle model

icePDP

Vehicle modelDriver model
vehv,veh spv

Backward simulation model

Forward simulation model

Figure 2.21: Backward looking and forward looking simulation environment.
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Table 2.2: Simplified simulation environment.

Component
Simplified simulation environment

EMS design Simulation model

ICE polynomial, Section 2.1.2 polynomial, Section 2.1.2

motor/generator polynomial, Section 2.2.1 polynomial, Section 2.2.1

alternator polynomial, Section 2.3.1 polynomial, Section 2.3.1

HV and LV batteries Section 2.6.1 Section 2.6.1

reefer Section 2.5, simplified Section 2.5, simplified

HVAC Section 2.4, simplified Section 2.4, simplified

air supply system Section 2.7.1 Section 2.7.1
transmission

and
vehicle dynamics

N.A. given driving profile

Table 2.3: Dynamic simulation environment.

Component
Dynamic simulation environment

EMS design Simulation model

ICE map, Figure 2.2 Figure 2.2+dynamic model

motor/generator map, Figure 2.6 Figure 2.4+dynamic model

alternator map, Figure 2.9 Figure 2.7+dynamic model

HV and LV batteries Section 2.6.1 Section 2.6.2

reefer Section 2.5, simplified Section 2.5

HVAC Section 2.4, simplified Section 2.4

air supply Section 2.7.1 Section 2.7.2
transmission

and
vehicle dynamics

N.A. Section 2.8
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Chapter 3

Game-theoretic solution concept

3.1 Introduction

Hybrid Electric Vehicles (HEVs) have attracted attention in the automotive industry for

their fuel saving potential. To exploit this potential, careful design is required involving

aspects such as the choice of energy sources, drivetrain topology, component size and

control strategy [19]. Energy management for HEVs is an important research topic in

the automotive industry. Generally speaking, the objective in energy management is

to minimize the overall operational cost along a route while satisfying certain bound-

ary conditions. Substantial research has been done on optimally spliting the driving

power demand between the combustion engine and the electric motor (see e.g., [20],

[59]). Popular techniques for solving this problem include dynamic programming (DP)

[6], Pontryagin’s Minimum Principle [28], and Equivalent-Consumption Minimization

Strategies (ECMS) ([32], [66],[67] and [59]). Many papers provide comparative studies

or surveys on energy management for HEVs, see, e.g., [81], [72], [83], [54].

Complete Vehicle Energy Management (CVEM) is recently introduced in [40]. In

CVEM, all powerflows in the vehicle and auxiliaries with energy buffers are taken into ac-

count in the energy management algorithm, so that inefficient operation at (sub)system

level is avoided. It is recognized that traditional techniques for vehicle energy manage-

ment will face limitations in handling future vehicle complexity in terms of development

time and cost. As a result, an alternative approach is needed which enables CVEM

targeting at optimizing the global vehicle efficiency. At the same time, the energy man-

agement algorithm should have a flexible structure such that plug and play and easy up

scaling can be achieved [40].

The focus of this chapter is to present a game-theoretic (GT) solution concept for CVEM.

It is divided into two parts where in the first part, the drive-cycle is assumed to be known
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and in the second part, the drive-cycle is assumed to be unknown. When the drive-cycle

is known, a Nash equilibrium [26, 87] solution is proposed and its implications on the

performance are discussed. When the drive-cycle is unknown, a single-leader multi-

follower game model is proposed where the driver is considered as the leader and all

the auxiliaries are considered as followers. In this part, we also show how such a game-

theoretic model can be applied to generate online energy management strategies for

CVEM through a two-level game play. This part of content has been published in [9].

3.2 Problem formulation

ICE

𝑢1 𝑢𝑖 𝑢𝑁

… …𝑥1 𝑥𝑖 𝑥𝑁

𝑤

driver

Figure 3.1: Simplified topology.

Consider the simplified topology of power flows in the vehicle powertrain as illustrated

in Figure 3.1. Assuming there are N auxiliaries in the vehicle, let every auxiliary select

its control variable ui [W] from an admissible set Ui. Physically, the control variable ui

for the ith auxiliary is the requested power and typically, it is constrained by an upper

and lower bound, i.e., Ui = {ui | ui ≤ ui ≤ ui} where ui and ui are the minimum and

the maximum power limits of the ith auxiliary. The ith auxiliary has a corresponding

state xi with dynamics described by a discrete time model

xi,k+1 = gi(xi,k, ui,k), (3.1)

where k is the discrete time sampling index and gi : Xi×Ui → Xi is a state evolution map.

The state xi varies within the state space which is typically Xi = {xi | xi ≤ xi ≤ xi}. If

xi, xi and xi are vectors, the inequality sign ≤ is interpreted element-wise. Let w = (τ, ω)
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be the pair where τ [Nm] and ω [rad/sec] denote the torque and angular speed needed

for driving, respectively. For an arbitrary cycle, we assume w ∈W where

W = {(τ, ω) | τ ≤ τ ≤ τ , ω ≤ ω ≤ ω},

with τ , ω and τ , ω denoting the minimum and the maximum limits for τ and ω, re-

spectively. In general, the control freedom lies in managing the power request from the

auxiliaries ui, i = 1, . . . , N and w is prescribed by the driver and cannot be negotiated.

If we omit the power conversion losses in the powertrain, we can express the engine

power Pice as

Pice =
N∑
i=1

ui + τω. (3.2)

The loss-less assumption is needed for the simplicity in the presentation of the concept.

Towards real world implementations, the power losses need to be added to the right-

hand side of (3.2). This will be discussed in Section 3.4.3. Because the fuel mass rate

ṁfuel [g/sec] is directly related to the speed ω and Pice according to the model presented

in Chapter 2, we can define a fuel rate function

Fuel(u1, . . . , uN , w) : U1 × U2 × . . .× UN ×W → R,

that represents ṁfuel by expressing Pice with ui, i = 1, . . . , N and w as shown in

(3.2). The objective of energy management is to minimize the overall fuel usage over

an arbitrary drive-cycle with length kfh with h [sec] being the sampling time for some

kf ∈ N, while satisfying several constraints. For any given sequence wk, k = 0, . . . kf −1,

this can be formulated by the following optimization problem in discrete time

min
{ui,·}Ni=1

kf−1∑
k=0

Fuel(u1,k, . . . , uN,k, wk) (3.3)

subject to (3.1) and

ui,k ∈ Ui for all i ∈ {1, . . . , N}, (3.4)

xi,k ∈ Xi for all i ∈ {1, . . . , N}, (3.5)

xi,0 = xi,kf for all i ∈ {1, . . . , N}. (3.6)

Note that ui,· denotes the sequence [ui,0, . . . , ui,kf−1]. Constraints (3.4) and (3.5) impose

the power limits and the state boundary constraints of all the auxiliaries. Constraint

(3.6) ensures an energy-sustaining system by requiring that the state value of every

auxiliary should return to its initial value at the end of the drive-cycle. Since we are

looking for a solution concept with a flexible control structure, we will distribute the
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centralized optimization problem (3.3) to each auxiliary. It is observed from equation

(3.2) that the power Pice is determined by the summation of the power request from all

the auxiliaries. This motivates us to define a decentralized fuel rate function

Fueli(ui, u−i, w) : Ui × U−i ×W → R

for the ith auxiliary where

u−i =
N∑

j=1,j 6=i
uj

represents the summation of power request from all the auxiliaries except the ith aux-

iliary and U−i is the admissible set for u−i. The function Fueli(ui, u−i, w) produces the

same outcome (the same engine fuel rate) as the function Fuel(u1, . . . , uN , w) when they

are evaluated with the same selection for (u1, . . . , uN , w). Mathematically, this property

is formulated as

Fuel(u1, . . . , uN , w) = Fueli(ui, u−i, w), (3.7)

for all i ∈ {1, . . . , N}, all u1 ∈ U1, . . . , uN ∈ UN and all w ∈W . We refer to (3.7) as the

aggregation property. By using the function Fueli in the decentralized cost function, the

ith auxiliary is made only aware of the total power request of the other auxiliaries rather

than all their individual power demands, which can result in significant reduction in the

communication load. Besides, such a cost function ensures a flexible control structure as

it is independent of the total number of auxiliaries, i.e., the control of the ith auxiliary

does not need to be modified when there is another auxiliary removed from or added to

the vehicle.

Remark Finally, note that we do not decompose the centralized fuel function to in-

cremental fuel functions for all the auxiliaries. If that would be the case, the balance

equation reads as

Fuel(u1, . . . , uN , w) =

N∑
i=1

Fueldi (ui, u−i, w), (3.8)

where Fueldi is the decomposed incremental fuel function for the ith auxiliary. However,

it is not straight forward to directly decompose the total fuel rate into fuel rates for

individual auxiliaries in a linear fashion as shown in (3.8) as typically fuel rate is a

nonlinear function of the engine power. Besides, it is difficult to ensure optimal global

performance if each individual auxiliary minimized its local fuel rate function Fueli from

(3.8). Therefore, we adopt (3.7) instead of (3.8) in this thesis.
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3.3 Game-theoretic solution for known drive-cycle

3.3.1 The Nash equilibrium

In this section, we assume that the information of the complete drive-cycle is available.

For any given wk, k = 0, . . . , kf−1, we formulate the decentralized optimization problem

for the ith auxiliary,

min
ui,·

kf−1∑
k=0

Fueli(ui,k, u−i,k, wk) (3.9)

subject to (3.1) and

ui,k ∈ Ui, (3.10)

xi,k ∈ Xi, (3.11)

xi,0 = xi,kf . (3.12)

From (3.9), it can be seen that for every auxiliary, the optimization is dependent on the

decisions of all other auxiliaries. We consider all the auxiliaries to be players who make

their decisions simultaneously without knowing each others’ decision in advance. Such

interdependence of decisions gives rises to the negotiation among all the auxiliaries to

reach a mutual agreement. Let us define function Ji: Ui ×U−i ×W → R

Ji(ui, u−i, w) =

kf−1∑
k=0

Fueli(ui,k, u−i,k, wk), (3.13)

where the sets of sequences W , Ui and U−i, i = 1, . . . , N , are defined below

W ={w : Z ∩ [0, kf )→W}

Ui ={ui : Z ∩ [0, kf )→ Ui | (3.1)(3.11)(3.12) hold}

U−i ={
N∑

j=1,j 6=i
uj : Z ∩ [0, kf )→ U−i | uj ∈ Uj}.

It is seen that ui, u−i and w are used to denote both scalars and sequences. However,

the precise usage will always be clear from the context so that no ambiguity will arise.

Let us now consider a non-cooperative simultaneous game where players are constituted

by N auxiliaries represented by the set A = {1, 2, . . . , N}. The ith player has a cost

function Ji defined according to (3.13), which it tries to minimize by selecting from its

set of strategies Ui. We denote this game as

Γ(A, {Ui}i∈A, {Ji}i∈A) (3.14)
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and the centralized cost function as J : U1 ×U2 × . . .×UN ×W → R

J(u1, . . . , uN , w) =

kf−1∑
k=0

Fuel(u1,k, . . . , uN,k, wk).

To start the discussion, let us provide the definition of a Nash equilibrium and the

definition of a potential game.

Definition 3.1. An N -tuple of strategies (ue1, . . . , u
e
N ) ∈ U1× . . .×UN is called a Nash

equilibrium of Γ if it satisfies

Ji(u
e
i , u

e
−i, w) ≤ Ji(ui, ue−i, w),

for all i ∈ {1, . . . , N}, all ui ∈ Ui and all w ∈ W .

Definition 3.2. A game Γ is a potential game if there exists a function P : U1 ×U2 ×
. . .×UN ×W → R such that

Ji(ui, u−i, w)− Ji(u
′
i, u−i, w)

=P (u1, . . . , ui, . . . , uN , w)− P (u1, . . . , ui−1, u
′
i, ui+1, . . . , uN , w), (3.15)

for all i ∈ {1, . . . , N}, all u1 ∈ U1, . . . , uN ∈ UN , all u
′
i ∈ Ui and all w ∈ W . Any such

function P is called an exact potential function (or in short, a potential function) for Γ

and Γ is called an exact potential game (or in short, a potential game).

With the notions of Nash equilibrium and potential game defined, we claim

Theorem 3.3. Consider the N player game Γ. If the strategies sets Ui, i = 1, 2, . . . , N

are all compact sets and Ji, i = 1, . . . , N are continuous functions, then the existence of

a pure Nash equilibrium (ue1, . . . , u
e
N ) is always ensured and satisfies

Ji(u
e
i , u

e
−i, w) ≤ Ji(ui, ue−i, w),

for all i ∈ {1, . . . , N}, all ui ∈ Ui and all w ∈ W .

Proof. Because of the aggregation property (3.7), we have

J(u1, . . . , uN , w) = Ji(ui, u−i, w), (3.16)

for all i ∈ {1, . . . , N}, all u1 ∈ U1, . . . , uN ∈ UN and all w ∈ W . Hence,

Ji(ui, u−i, w)− Ji(u
′
i, u−i, w)

=J(u1, . . . , ui, . . . , uN , w)− J(u1, . . . , ui−1, u
′
i, ui+1, . . . , uN , w),
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for all i ∈ {1, . . . , N}, all u1 ∈ U1, . . . , uN ∈ UN , all u
′
i ∈ Ui and all w ∈ W . Therefore,

under this assumption, J is a potential function for the game Γ. As a result, if (3.7)

holds, the game Γ is a potential game with the potential function J .

Furthermore, a game is called a continuous game if the strategy sets are topological

spaces [1, 8] and the cost functions are continuous. It is shown in [58] that every

continuous potential game with compact strategy sets possesses a Nash equilibrium.

Therefore, we conclude that Γ posseses a Nash equilibrium if the strategy sets Ui,

i = 1, 2, . . . , N are compact sets and Ji, i = 1, . . . , N are continuous. Thus, Theorem

3.3 is proved.

It should be noted that the proof of Theorem 3.3 shows the following Corollary.

Corollary 3.4. If (3.7) holds, the game Γ is a potential game with the potential function

J .

Remark Note that Theorem 3.3 guarantees the existence of at least one Nash equi-

librium of the game Γ. However, this existence is not always unique as there can be

multiple Nash equilibria.

3.3.2 The implication of the Nash equilibrium - trapping points

In the previous section, it is argued that by distributing the optimization to each auxil-

iary, a Nash equilibrium can be obtained. In this section, we will analyze the implication

of the Nash equilibrium. First of all, let us define trapping points (ut1, . . . , u
t
N ).

Definition 3.5. For any given w ∈ W , the N -tuple of strategies (ut1, . . . , u
t
N ) ∈ U1 ×

. . .×UN is called a trapping point of the cost function J if it satisfies

J(ut1, . . . , u
t
N , w) ≤ J(ut1, . . . , u

t
i−1, ui, u

t
i+1, . . . , u

t
N , w), (3.17)

for all i ∈ {1, . . . , N}, all ui ∈ Ui and all w ∈ W .

Basically, a trapping point suggests that any change of a single player i, i.e., any uni-

lateral change of ui, can not improve the performance in terms of the cost function J .

This is visualized in Figure 3.2 where we take N = 2 as an example where two trapping

points denoted as TP 1 and TP 2 are identified. Note that the axes in Figure 3.2 are

not scalar values of u1 or u2 at a certain instant k but the entire control sequences u1,k

and u2,k, k = 0, . . . , kf − 1. The interpretation of a trapping point is also illustrated in

Figure 3.2: it is not possible to further minimize the cost function J by moving along

the dashed lines that cross the corresponding trapping point. Furthermore, we claim
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Theorem 3.6. Every trapping point (ut1, . . . , u
t
N ) of the cost function J is a Nash equi-

librium of the game Γ.

Proof. because of (3.16), replacing J with Ji in (3.17) implies immediately that a trap-

ping point is a Nash equilibrium.

It is recognized that the global minimum of the cost function J is a trapping point.

However, as it is also suggested in Figure 3.2, there can be multiple trapping points and

thus a Nash equilibrium can result in the globally optimal solution but it is not always

guaranteed. Since J is also a potential function of the game Γ, a Nash equilibrium of Γ

is also a local or global minimum of the potential function. Moreover, according to the

Definition 3.17, the gradient at a trapping point (Nash equilibrium) should vanish, i.e.,

∂J

∂ui
(ut1, . . . , u

t
N , w) = 0,

for all i ∈ {1, . . . , N}. A convexity condition of the cost function (potential function)

J is needed for a trapping point (Nash equilibrium) to be the global minimum of J .

Interested readers are referred to [61] and [89] for more studies on the relation between

a Nash equilibrium and the global optimum of the potential function.

𝑢1 

𝑢2 

𝐽(𝑢1,𝑢2,𝑤) 

TP 1 

TP 2 

Figure 3.2: Illustrative example of traping points.
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3.4 Game-theoretic solution for unknown drive-cycle

3.4.1 Single-leader multi-follower game structure

In this section, we assume that the drive-cycle information is not known in advance

and propose a single-leader multi-follower game model where the driver is introduced

as another player. We provide first the solution concept and then the implementation

details.

It is argued in [47] that feedback Stackelberg equilibria [87] may provide a suitable

framework for formulating and solving non-cooperative game problems that are relevant

to powertrain control applications. Before we proceed, let us review the notion of a

Stackelberg equilibrium in static games.

Stackelberg equilibrium in static games

Consider a static game with two players identified with their strategies sets u ∈ U and

w ∈W , respectively. Player u wants to minimize a cost function Ju(u,w) and player w

wants to maximize another cost function Jw(u,w). It is assumed that player w always

makes its decision first without knowing the decision of u and announces its decision to

player u. Next, player u reacts on player w’s decision. The set of rational responses of

player u is

Û(w) = {û ∈ U | û = arg min
u∈U

Ju(u,w)}.

Typically, player w assumes the worst case reaction from player u. Therefore, player w

selects the strategy w∗ that satisfies

Jw(û(w∗), w∗) = max
w∈W

min
û∈Û

Jw(û, w).

The two players are distinguished by the sequential order of their decision making and in

this sense, player w is referred to as the leader and player u is referred to as the follower.

The pair (w∗, u∗) where u∗ = û(w∗) is called a Stackelberg equilibrium pair and w∗ and

û(w) are Stackelberg strategies of the leader and the follower, respectively. In the special

case where the leader and the follower have a common cost function Jc = Ju = Jw, we

have

Jc(û(w∗), w∗) = max
w∈W

min
u∈U

Jc(u,w), (3.18)

where û(w) and w∗ are the minimizers and the maximizers of (3.18), respectively.

In the single-leader single-follower framework related to the HEV application, the driver

is considered as the leader and the powertrain is considered as the follower. In this

thesis, we extend the framwork of [24] towards CVEM to control all the auxiliaries. To
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do so, we propose a single-leader multi-follower game model where the driver is selected

as a leader and each auxiliary is selected as a follower. The solution concept of the

single-leader multi-follower game model consists of two levels of games. The first level

consists of N multi-stage sequential games between the leader and each follower. In the

second level, all the followers are involved in a simultaneous game. The two-level game

will be explained in the following paragraphs.

3.4.1.1 The Stackelberg equilibrium

To model the real world driving behavior as a player in a game, let us define the function

G(w), as introduced by the authors in [24]. G(w) is a probability distribution function

for a typical drive-cycle where the probability corresponding to a driving condition w

(i.e., a torque and angular speed pair), is proportional to the time spent on this oper-

ating condition for the considered drive-cycle. By maximizing the function G(w), i.e.,

maxwG(w), the driver selects the maximum likelihood of his/her driving behavior. It

should be noted that although G(w) is introduced as a probability distribution function,

the discussion does not involve any statistical or stochastic behavior. This means the

decisions of the players in the game-theoretic framework are completely deterministic.

Similar to [24], we augment the cost function (3.13) with G(w) and convert the charge

sustaining constraint (3.12) to a quadratic soft constraint. As a result, the modified Ji

is given by

Ji(ui, u−i, w, xi,0) =

kf−1∑
k=0

{Fueli(ui,k, u−i,k, wk) + βiG(wk)}+ ‖ xi,0 − xi,kf ‖
2
µi (3.19)

where βi ≥ 0 is a weighting parameter and

‖ xi,0 − xi,kf ‖
2
µi= (xi,0 − xi,kf )Tµi(xi,0 − xi,kf )

with µi = µTi ≥ 0 being a weighting matrix. Suppose the driver tries to maximize Ji by

selecting wk and the ith auxiliary tries to minimize Ji by selecting ui,k. By varying βi

from infinity to zero, the incremental cost of (3.19) varies from

G(wk)

to

Fueli(ui,k, u−i,k, wk).

This observation suggests that the higher we select βi, the more confidence we put in

the function G(w). On the contrary, a choice of zero for βi indicates that we have no
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information about the driving behavior and a worst-case driver is assumed, i.e., a driver

who maximizes the fuel consumption.

Now consider a two-player multi-stage sequential game between the leader and the ith

follower with the common cost function Ji. The leader tries to maximize Ji and the

follower tries to minimize it. Starting from any stage k ∈ {0, . . . , kf − 1} of the game,

given the information of the state xi,k and the knowledge of u−i from the stage k till

the final stage kf − 1, i.e., {u−i,l}
kf−1
l=k , the leader selects wk first assuming the game

continues till the final stage kf − 1. With the knowledge of xi,k, wk and {u−i,l}
kf−1
l=k , the

ith follower reacts by selecting ui,k also assuming that the game continues till the final

stage kf − 1. The state xi then evolves according to xi,k+1 = gi(xi,k, ui,k) and xi,k+1

is passed to the next stage of the game. This is repeated until the game ends at the

final stage kf − 1. By playing this dynamic game, we obtain a pair of sequences (w∗i , u
∗
i )

known as the feedback Stackelberg equilibrium. This idea is formalized in the following

definition. Before we proceed, let us introduce the symbol ∧ to denote the concatenation

of two sequences. For example, given two sequences {ak}k1k=0 and {bk}k2k=k1+1, we define

the concatenation a ∧ b as

(a ∧ b)k =

ak 0 ≤ k ≤ k1

bk k1 < k ≤ k2

.

Definition 3.7. A pair of sequences (w∗i , u
∗
i ) constitutes a feedback Stackelberg equi-

librium pair in the dynamic game with player w as the leader and player ui as the

follower associated to the cost function Ji defined in (3.19), if the following is satisfied

subsequently for k = kf − 1, . . . , 0

Ji(u
past
i ∧ u∗i,k ∧ u

future
i , u−i, w

past ∧ w∗i,k ∧ w
future
i , xi,0) =

max
wk∈W

min
ui,k∈Ui

Ji(u
past
i ∧ ui,k ∧ ufuturei , u−i, w

past ∧ wk ∧ wfuturei , xi,0), (3.20)

where

upasti =[ui,0, . . . , ui,k−1]

ufuturei =[u∗i,k+1, . . . , u
∗
i,kf−1]

wpast =[w0, . . . , wk−1]

wfuturei =[w∗i,k+1, . . . , w
∗
i,kf−1],

for all u−i ∈ U
kf
−i , all upasti ∈ Uki , all wpast ∈W k and all xi,0 ∈ Xi.
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Let us denote the incremental cost of (3.19) as Li, i.e.,

Li = Fueli(ui, u−i, w) + βiG(w).

Next, with k fixed in 0 ≤ k ≤ kf −1, we split Ji into the past and the present and future

costs:

Ji =
k−1∑
l1=0

Li(ui,l1 , u−i,l1 , wl1)︸ ︷︷ ︸
past cost

+ Li(ui,k, u−i,k, wk) +

kf−1∑
l2=k+1

Li(ui,l2 , u−i,l2 , wl2)+ ‖ xi,0 − xi,kf (xi,k, {ui,l}
kf−1
l=k ) ‖2µi︸ ︷︷ ︸

present and future cost

.

It is observed that the past cost is not influenced by ui,k or wk owing to the underlying

causality of the system dynamics. In other words, the past is only relevant in the sense

that it determines xi,k. Hence, for a given xi,0 ∈ Xi, we formulate the multi-stage

dynamic game with the optimal cost-to-go function Vi,k({u−i,l}
kf−1
l=k , xi,k) defined as

Vi,kf (∅, xi,kf ) =‖ xi,0 − xi,kf ‖
2
µi

for k = kf and, for k = kf − 1, . . . , 0,

Vi,k({u−i,l}
kf−1
l=k , xi,k) = max

wk∈W
min
ui,k∈Ui

· · · max
wkf−1∈W

min
ui,kf−1∈Ui

{
kf−1∑
l=k

Li(ui,l, u−i,l, wl)

+ ‖ xi,0 − xi,kf (xi,k, {ui,l}
kf−1
l=k ) ‖2µi},

for all u−i,l, l = k, . . . , kf − 1 and all xi,k ∈ Xi. Here, Vi,k is defined subsequently for

k = kf , . . . , 0. It is seen that Vi,k satisfies the following recursive law

Vi,k({u−i,l}
kf−1
l=k , xi,k) = max

wk∈W
min
ui,k∈Ui

{Li(wk, ui,k, u−i,k) + Vi,k+1({u−i,l}
kf−1
l=k+1, xi,k+1)}.

(3.21)

Once xi,0 and {u−i,l}
kf−1
l=0 are given, (3.21) provides the feedback Stackelberg equilibrium

pair (w∗i , u
∗
i ) where w∗i and u∗i are the maximizers and minimizers of (3.21), respectively.

The Stackelberg strategy is interpreted as the follower tries to optimize its future cost

under the assumption that the Stackelberg equilibrium pair will be played by the leader

and the follower in the future. It is observed that the Stackelberg strategy does not

need the exact information of decisions from other followers but the summation of them

owing to the aggregation property (3.7). This observation is crucial for the plug and

play feature because no variables need to be added or removed to the strategy if an
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auxiliary is added to or removed from the vehicle.

3.4.1.2 The Nash equilibrium

Now we have seen how to derive the Stackelberg strategy for any follower given any

profile of {u−i,l}
kf−1
l=0 . Next we assume all the followers play their Stackelberg strategies.

At stage k, because of the interdependence on each other’s decision, all the followers need

to negotiate over their decisions and try to reach a mutual agreement. This negotiation

leads to the second-level simultaneous game among all the followers resulting in an N

tuple of equilibrium strategies {ue1,k, ue2,k, · · · , ueN,k}. When every follower is playing its

equilibrium strategy, (3.21) becomes

Vi,k = max
wk∈W

min
ui,k∈Ui

{Li(wk, ui,k, ue−i,k) + Vi,k+1({ue−i,l}
kf−1
l=k+1, gi(xi,k, ui,k))}, (3.22)

where ue−i,k =
∑N

j=1,j 6=i u
e
j,k. These equilibrium strategies satisfy

uei,k = arg min
ui,k∈Ui

{Li(wk, ui,k, ue−i,k) + Vi,k+1({ue−i,l}
kf−1
l=k+1, gi(xi,k, ui,k))}, (3.23)

for all i ∈ {1, ..., N}. From (3.23), we can further conclude

Ji(u
past
i ∧ uei,k ∧ u

future
i , upast−i ∧ u

e
−i,k ∧ u

future
−i , wpast ∧ wk ∧ wfuturei )

≤ Ji(upasti ∧ ui,k ∧ ufuturei , upast−i ∧ u
e
−i,k ∧ u

future
−i , wpast ∧ wk ∧ wfuturei ),

for all i ∈ {1, ..., N} (3.24)

where

upasti =[ui,0, . . . , ui,k−1]

ufuturei =[uei,k+1, . . . , u
e
i,kf−1]

upast−i =[u−i,0, . . . , u−i,k−1]

ufuture−i =[ue−i,k+1, . . . , u
e
−i,kf−1]

wpast =[w0, . . . , wk−1]

wfuturei =[w∗i,k+1, . . . , w
∗
i,kf−1],

for all upasti ∈ Uki , all upast−i ∈ Uk−i and all wpast ∈ W k where w∗i,k are the maximizers of

(3.22). Note that the superscript ‘e’ only appears on future sequences but not the past

sequences. Besides, (3.24) suggests that the strategy set {ue1,k, ue2,k, · · · , ueN,k} is in fact

a Nash equilibrium. The objective now is to efficiently solve (3.23). We will propose an

approximate solution in Section 3.4.2 that uses an additional assumption.
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3.4.2 Online implementable strategies

Considering the limitations of online computational power in vehicles, we cannot im-

plement the entire two-level game in real time at each time instance. Towards online

implementable strategy design, the computation length is reduced from kf (the length of

the entire drive-cycle) to a shorter prediction horizon kp. Consequently, (3.19) becomes

Ji =

kp−1∑
k̂=0

{Fueli(ui,k̂, u−i,k̂, wk̂) + βiG(wk̂)}+ ‖ xi,0 − xi,kp ‖
2
µi , (3.25)

where k̂ denotes the sample instant within the reduced prediction horizon. To obtain

online implementable strategies, we make the assumption for each follower that the equi-

librium strategies from other followers remain constant within the prediction horizon,

i.e.,

ue−i,0 = ue−i,1 = · · · = ue−i,kp−1.

As a result, to compute the Stackelberg strategy of the ith follower, we only need the first

element of {ue−i,l}
kp−1
l=0 rather than the entire sequence of it. Therefore, (3.22) simplifies

to

V̂i,k̂(u
e
−i,0, xi,k) = max

wk∈W
min
ui,k∈Ui

{Li(wk, ui,k, ue−i,0) + V̂i,k̂+1(ue−i,0, gi(xi,k, ui,k))}, (3.26)

for k̂ = kp − 1, . . . , 0. Since we will adopt a receding horizon principle for the online

energy management strategy, the equilibrium strategies {ue1,0, ue2,0, · · · , ueN,0} at the first

instant of the prediction horizon need to be found. The following algorithm provides

one possible way of finding the Nash equilibrium, if convergence is achieved.

Algorithm 1 Iterative algorithm for finding the Nash equilibrium.

m = 0 . m: iteration number
for i = 1 to N do

ûm−i = uo−i . uo−i is the initial guesses for ue−i,0
end for
repeat

m = m+ 1
for i = 1 to N do

ûmi = arg minui,0∈Ui{Li(w0, ui,0, û
m−1
−i ) + V̂i,1(ûm−1

−i , gi(xi,0, ui,0)))}
end for

until ûmi ≈ û
m−1
i for all i ∈ {1, ..., N}

uei,0 = ûmi .
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In the above algorithm, ûmi is the estimate for uei,0 at the mth iteration. To further

reduce the online computational burden, we split the two-level game into an off-line

and an online part. The first level sequential game is played off-line where we grid the

admissible spaces W , Xi and U−i. This yields the gridded spaces W g, Xg
i and Ug−i that

consists of a finite number of elements in W , Xi and U−i, respectively. Specifically,

W g ={w1, . . . , wNw} ⊂W

Xg
i ={x1

i , . . . , x
Ni
i } ⊂ Xi

Ug−i ={u1
−i, . . . , u

N−i

−i } ⊂ U−i,

whereNw, Ni andN−i are grid sizes forW , Xi and U−i. On each grid point (w0, u−i,0, xi,0) ∈
W g × Ug−i × X

g
i , we compute the Stackelberg strategy for the ith follower at the first

step of the prediction horizon given by,

ûi,0(w0, u−i,0, xi,0) = arg min
ui,0∈Ui

{Li(w0, ui,0, u−i,0) + V̂i,1(u−i,0, gi(xi,0, ui,0))}. (3.27)

By performing the above optimization (3.27) on each grid point (w0, u−i,0, xi,0) ∈W g ×
Ug−i ×X

g
i , we obtain a mapping

T̂i : W g × Ug−i ×X
g
i → Ui

defined by (3.27). Next, T̂i can be extended to

Ti : W × U−i ×Xi → Ui

by using proper interpolation and/or extrapolation, which is implemented as a look-up

table. This is done for all i ∈ {1, . . . , N}. Once every follower gets its own look-up

table, the second level simultaneous game takes place online where a receding horizon

principle is adopted. At each sample instant, Algorithm 1 is carried out. Because (3.27)

is already stored in a look-up table for every follower, the optimization boils down to

finding values in the look-up tables corresponding to the given w0, xi,0 and the estimate

for ue−i,0 at m− 1 iteration, i.e., ûm−1
−i . Figure 3.3 illustrates the online iterative process

using look-up tables and a central unit called the Energy Management System Operator

(EMSO).

In Figure 3.3, Look-up Table Ti contains the Stackelberg strategy ûi,0 obtained off-

line for the ith follower. At each time instant k, every follower is informed of the

current value of w and xi. With this information, it proposes its strategy û1
i by making

an initial guess of û0
−i . This information is gathered by the EMSO. After collecting

decisions from all the followers, the EMSO sends û1
−i back to each follower. Based
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EMSO

Look-up 
Table T1

Look-up 
Table TN

Look-up 
Table T2

...

Figure 3.3: Online simultaneous game.

on the updated information of û1
−i, each follower then updates its decision û2

i . If it is

possible, this procedure is repeated until an equilibrium is reached such that ûmi ≈ û
m−1
i

for all i ∈ {1, ..., N}. Otherwise, the algorithm terminates after M iterations where M

is a positive integer. The equilibrium strategies are implemented for all the followers

at that time instant k. At the next sample instant, this iterative process is repeated

again with the updated information of w and xi at the next sample instant. Due to the

fact that the assumption ue−i,0 = ue−i,1 = · · · = ue−i,kp−1 may not always be valid, the

equilibrium strategies implemented at each sample time are just approximations of the

Nash equilibrium described in Section 3.4.1.2. In the above discussion, we start from a

completely centralized off-line optimization and finally arrive at an online implementable

decentralized energy management system which strikes a balance between optimality and

flexibility/simplicity. As a summary, Figure 3.4 illustrates the key factors that enable

the transition from optimal/non-flexible/complicated to suboptimal/flexible/simple.

3.4.3 Including power conversion loss

Until now, the assumption was made that power conversion takes place without energy

loss. In fact, it is also possible to include power conversion losses in this approach with

small adaptations to the function Fueli. As an example, consider the extended topology

of power flows in the vehicle powertrain shown in Figure 3.5. In this powertrain, there

are Nn sub powernets connected to one upper powernet via Nn power conversion devices

with power conversion maps η1, . . . , ηNn , respectively. Define
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optimality

flexibility
/simplicity

Centralized optimization; known drive-cycle 

• Decentralized optimization (Nash)
• Unknown drive-cycle (Stackelberg)

• Fixed within the prediction horizon
• Limited iteration number and convergence

• Strategies stored in look-up tables

• Limited prediction horizon

Figure 3.4: Key factors that enable the transition from optimal/non-
flexible/complicated to suboptimal/flexible/simple.

Sub powernetSub powernet jSub powernet 1

Upper powernet

ICE

driver

… …

… …

Figure 3.5: Extended vehicle powernet.

• p0: the aggregated power requests of all the sub powernets, i.e.,

p0 = η1(p1) + . . .+ ηNn(pNn).

• pj : the aggregated power requests of auxiliaries in the jth sub powernet, j =

1, . . . , Nn.
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The engine power can now be expressed by

Pice = p0 + τω = η1(p1) + . . .+ ηNn(pNn) + τω. (3.28)

Using (3.28), one can formulate the centralized fuel rate function Fuel(u1, . . . , uN , w).

Without loss of generality, let us consider the ith auxiliary located in the jth sub pow-

ernet. For any i ∈ {1, . . . , N} and any j ∈ {1, . . . , Nn}, we can rewrite (3.28) as

Pice = τω + u
n−j

−i + ηj(ui + u
nj

−i), (3.29)

where u
n−j

−i is the aggregated power requests of all but the jth sub powernet, i.e.,

u
n−j

−i = η1(p1) + . . .+ ηj−1(pj−1) + ηj+1(pj+1) + . . .+ ηNn(pNn),

and u
nj

−i is the aggregated power requests of the other auxiliaries in the jth sub power-

net. Different from the loss-less case, we now need more information than the aggregated

power requests of all the other auxiliaries to formulate the decentralized fuel rate func-

tion. Using (3.29), one can define the decentralized fuel rate function Fueli that depends

on w, ui, u
n−j

−i and u
nj

−i, i.e., Fueli(ui, u
n−j

−i , u
nj

−i, w). Similar to the loss-less situation, the

function Fueli has aggregation property such that

Fuel(u1, . . . , uN , w) = Fueli(ui, u
n−j

−i , u
nj

−i, w),

for all i ∈ {1, . . . , N}, all j ∈ {1, . . . , Nn}, all u1 ∈ U1, . . . , uN ∈ UN and all w ∈ W .

Hence, the same discussion in the loss-less situation can be mirrored into the loss-

included situation using the adapted decentralized fuel rate function Fueli(ui, u
n−j

−i , u
nj

−i, w).

It should be noted that in order to maintain the uniform structure of the communica-

tion between the EMSO and the auxiliaries shown in Figure 3.3. It is beneficial to treat

p0, . . . , pNn as node prices that will be shared between the EMSO and the auxiliaries.

In this way, the EMSO is only responsible for computing p0, . . . , pNn and broadcasting

uniform messages to every auxiliary, e.g., p0 and pj to the ith auxiliary in the jth sub

powernet. Locally, the ith auxiliary can translate the node prices to u
n−j

−i and u
nj

−i by

u
n−j

−i = p0 − ηj(pj), u
nj

−i = pj − ui.

3.5 Conclusions

This chapter is divided into two parts. For off-line evaluation, an game-theoretic solution

for CVEM is discussed where the complete drive-cycle is known. In this framework,

CVEM is formulated as an N player non-cooperative game by considering each auxiliary
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as a player resulting in a Nash equilibrium solution. The Nash equilibrium is further

shown to be the local or global optimum of the global cost function. Next, to derive

online implementable strategies, the driver is modeled as an additional player and a

single-leader multi-follower game model consisting of two levels of game play is proposed.

In the first level of the game, a sequential game is performed off-line for each of the

auxiliaries and the resulting Stackelberg strategy is stored in a look-up table. Next,

in the second level of the game, all the auxiliaries participate in an online iterative

procedure by communicating to a central unit called the Energy Management System

Operator (EMSO) at each sample instant. The iteration results in an approximation of

a Nash equilibrium among the auxiliaries. The strategies are then implemented at the

current instant.
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Chapter 4

Adaptive concepts for energy

management

This chapter is devoted to adaptive concepts for handling unknown driving scenarios in

the vehicle energy management strategy design. The content of this chapter is divided

into two parts: firstly, a pattern recognition concept is proposed as an extension to

the single-leader multi-follower approach discussed in Chapter 3. This adaptive concept

demonstrates improved fuel economy performance in various drive-cycles. Besides, it

is applicable to all auxiliaries. Secondly, a set-theoretic method originating from the

classical Equivalent Consumption Minimization Strategy (ECMS) ([32], [66],[67] and

[59]) is discussed. This method is applied to control the high-voltage battery, i.e. the

power split problem. It can be extended to other batteries in the vehicle. The proposed

method avoids tuning of any parameter for different drive-cycles and shows a robust

performance. This method significantly reduces the calibration time and effort. The

content discussed in this chapter is published in [11] (Section 4.1) and [10] (Section 4.2).

4.1 Pattern recognition based adaptive approach

4.1.1 Introduction

In the previous chapters, the concept of CVEM has been discussed where all auxiliaries

with energy buffers are taken into account in the energy management algorithm. More-

over, a single-leader multi-follower game model is proposed to generate online energy

management strategies where the driver is considered as the leader and each auxiliary is

considered as a follower. A common cost function is formulated between the leader and
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the follower where the fuel mass flow is weighted together with a probability distribu-

tion function, G, that characterizes the likelihood of the driving behavior in terms of the

torque and speed over a drive-cycle. Up to now, the use of one G function in the game-

theoretic setting has been explored in [24], [23], [22] and [9]. It should be noted that

G functions may vary significantly for different drive-cycles and drivers. Consequently,

the use of only one G function in the optimization criterion for an energy management

system may not produce robust results when varying over different drive-cycles and

different drivers. To improve the robustness over different drive-cycles, the possibility

of adapting the game-theoretic approach is explored. The main contributions of this

section are as follows.

• Adaptability.

The optimal strategies in the energy management system are computed on the

basis of a cost function that changes with different driving behavior. As such, the

energy management strategy is made adaptive to the driver and the drive-cycle.

• Robust performance.

If the optimization criterion adapts itself to the real driving behavior, the un-

certainty in the drive pattern represented by G can be reduced. This leads to

potential performance improvement in terms of extra fuel savings.

We will show the merits of such an approach in the first part of this chapter: Section

4.1.2 formulates the addressed problem and provides an outline of the proposed adaptive

approach. Section 4.1.3 and Section 4.1.4 describe the design of the game-theoretic

strategy and the online classification technique in detail, respectively. A case study is

presented in Section 4.1.5 and the conclusions are given in Section 4.1.6.

4.1.2 Problem formulation and proposed solution

4.1.2.1 Problem formulation

The objective of energy management is to minimize the overall fuel usage over an arbi-

trary drive-cycle, while satisfying several constraints. In general, solving this problem

requires the complete information of the drive-cycle. Consequently, an optimal control

strategy that uses the drive-cycle will be non-causal as it depends on future information

of the drive-cycle. In order to have a strategy that does not depend on future drive-

cycle information, we defined the cost function (3.25) in Chapter 3, which is given below
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again:

Ji(ui, u−i, w, xi,0) =

kp−1∑
k̂=0

{Fueli(ui,k̂, u−i,k̂, wk̂) + βiG(wk̂)}+ ‖ xi,0 − xi,kp ‖
2
µi . (4.1)

Ji involves the driving torque and speed w = (τ, ω), the auxiliaries’ power request ui

and u−i and a static probability distribution function G depending on w to describe a

certain driving scenario. A similar approach is also used in [23], [22], [47], [24] and [9]).

However, there are a few shortcomings with this approach:

• Non-robustness against different driving behaviors

As explained in Section 3.4, the driver maximizes (4.1). Hence, the term G(w)

in (4.1) encourages w to be selected as a powertrain operating condition that has

large probability density over a specific drive-cycle. However, different drive-cycles

and different drivers lead to different driving behavior. It is therefore not logical

to fix G in (4.1) to one representative function. Whether one G is representative

enough to cover all possible real world driving scenarios remains an open question.

As a result, the choice of G is rather critical and a particular choice might produce

a poor description of the real driving behavior.

• Tuning of βi and µi

It is seen in (4.1) that G is weighted by a factor βi ≥ 0 against the fuel. By choosing

different values for βi, the weight of G becomes more or less dominant. That is,

a different level of confidence is placed on how much the real-world drive-cycle

mimics the drive pattern captured by G. In the extreme case βi = 0 where one

has no confidence in G. As a result, a worst-case w, maximizing fuel consumption,

is assumed. This assumption might lead to conservative results in terms of fuel

economy. Similar reasoning also holds for the tuning of µi in (4.1). Consider the

high-voltage (HV) battery as an example. For hilly driving, the variation of the

battery energy should be penalized less as we would like to fully use the battery

storage capacity to store braking energy. On the other hand, for highway driving

where the braking events are limited, the variation of the battery storage energy is

less preferred as charging or discharging the battery induces undesired losses. In

general, the tuning of βi and µi is difficult and differences in real driving behavior

can imply different preferred values.

4.1.2.2 Proposed solution - an adaptive approach

In this section, we will present an adaptive game-theoretic approach to tackle the chal-

lenges formulated in the previous section. The basic structure of such an adaptive
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approach can be summarized in three steps:

1. Select Nw representative drive-cycles and construct a corresponding probability dis-

tribution function Gj(w), j = 1, 2, ..., Nw for each of them.

2. Design game-theoretic strategies off-line where full confidence is placed on Gj(w) by

decomposing the cost function (4.1) defined for the ith auxiliary. The role of βi in (4.1)

is eliminated in this step. More details are provided in Section 4.1.3.

3. Develop an online algorithm that periodically evaluates and classifies the recent

driving history and selects one out of Nw drive patterns represented by Gj . The game-

theoretic strategy corresponding to the identified drive pattern is adopted until the next

time instance of the classification. More details are provided in Section 4.1.4.

4.1.3 Design of Stackelberg strategy with adaptive cost function

4.1.3.1 Decomposing the cost function

In Chapter 3, we have proposed a single-leader multi-follower game model for CVEM.

For deriving online implementable energy management strategies, the cost function (4.1)

is defined. To solve the non-robustness problem described in Section 4.1.2, we seek an

adaptive cost function that incorporates different G functions. Hence, we replace G in

(4.1) by an adaptable element Gj that belongs to a finite set of Nw representative drive

patterns. Define for each i ∈ {1, . . . , N} and for each j ∈ {1, . . . , Nw} the cost function

Jij(ui, u−i, w, xi,0) =

kp−1∑
k̂=0

{Fueli(ui,k̂, u−i,k̂, wk̂) + βiGj(wk̂)}+ µTij(xi,0 − xi,kp). (4.2)

It is also observed that the quadratic terminal constraint is now replaced by a linear one

µTij(xi,0 − xi,kp) where µij is a weighting vector. Such a linear terminal cost penalizes

the increase (or decrease) of state variation from xi,0 and encourages the decrease (or

increase) of xi,kp from xi,0 depending on the sign of µij . In this way, the aggregated

stage costs and the terminal cost are counter acting each other in the sense that their

preferences for operating xi are contradicting. For example, considering the high-voltage

battery where ui is the battery power and xi is the battery energy. If we select a positive

µij and minimize (4.2) over ui, the aggregated stage cost
∑kp−1

k̂=0
{Fueli(ui,k̂, u−i,k̂, wk̂) +

βiGj(wk̂)} discourages xi,kp to go above xi,0 and encourages xi,kp to go below xi,0 for

fuel economy while the terminal cost encourages xi,kp to go above xi,0 and discourages

xi,kp to go below xi,0 for charge sustaining. Such a balancing effect is not achievable

with a squared or absolute valued terminal cost since it penalizes the operation in both
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directions, which is restrictive for the operation of xi especially when the prediction

horizon is short. The above reasoning motives the selection of a linear terminal cost as

shown in (4.2).

As mentioned in Section 4.1.2, by choosing different values for βi, we place a different

level of confidence on how much the drive patterns represented by Gj mimics the real

world. We propose an approach that adapts itself to the real driving behavior and remove

the uncertainty in Gj by decomposing (4.2) into two cost functions JLj and JFij . These

costs are assigned to the leader and the follower, respectively where the superscripts L

and F denote the leader and the follower, respectively. That is, define

JLj (w) =

kp−1∑
k̂=0

Gj(wk̂) (4.3)

JFij (ui, u−i, w, xi,0) =

kp−1∑
k̂=0

LFi (ui,k̂, u−i,k̂, wk̂) + µTij(xi,0 − xi,kp), (4.4)

where LFi = Fueli(ui, u−i, w) is the stage cost of the ith follower, i ∈ {1, . . . , N}, j ∈
{1, . . . , Nw}. Clearly, we have:

Jij = βiJ
L
j + JFij . (4.5)

By assigning different cost functions for the leader and the follower, we separate the

interests of the driver and the auxiliary because typically, a driver drives the vehicle

according to personal habits without explicitly thinking about fuel economy while the

auxiliary is controlled for optimizing fuel economy. Although we focus our discussion on

fuel economy in this thesis, this method is capable of including other design specifications

such as battery degradation, emission management, etc. by adding extra terms to the

cost function (4.4), similar to what is done in [24]. Note that the cost functions (4.3)

and (4.4) are coupled through the driving behavior represented in the variable w. More

precisely, JLj only depends on w while JFij depends on ui, u−i, xi,0 and w.

4.1.3.2 Formulating the sequential game problem

Consider a two-player multi-stage sequential game between the leader with cost function

JLj and the ith follower with the cost function JFij . The leader is trying to maximize

JLj and the follower tries to minimize JFij . Starting from any stage k̂ ∈ {0, . . . , kp − 1},
the leader selects wk̂ first assuming the game continues till the final stage kp − 1. Next,

the follower with the knowledge of wk̂, {u−i,l}
kp−1

l=k̂
and xi,k̂ selects ui,k̂ also assuming

the game continues till the final stage kp − 1. Then xi,k̂ evolves according to xk̂+1 =

gi(xi,k̂, ui,k̂). This is repeated until the game ends at the final stage kp − 1. By playing

such a game, we arrive at the feedback Stackelberg equilibrium in the situation where
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the leader and the follower are assigned different cost functions, which will be defined

next. By inspecting (4.3), it is observed that the leader’s interest is decoupled from

the follower’s action, i.e., the cost function (4.3) is not dependent on ui. Therefore, we

propose a simplified version of Definition 3.29 in [87] where the leader’s cost involves the

follower’s action.

Definition 4.1. A pair of sequences (w∗j ,u
∗
ij) constitute a feedback Stackelberg equilib-

rium pair in the dynamic game with player w as the leader associated to the cost (4.3)

and player ui as the follower associated to the cost (4.4) if the following are satisfied

subsequently for k̂ = kp − 1, . . . , 0

(i)

JLj (wpastj ∧ w∗
j,k̂
∧ wfuturej ) = max

wk̂∈W
JLj (wpastj ∧ wk̂ ∧ w

future
j ), (4.6)

where

wpast =[w0, . . . , wk̂−1]

wfuturej =[w∗
j,k̂+1

, . . . , w∗j,kp−1],

for all wpast ∈W k̂.

(ii)

JFij (upasti ∧ u∗
ij,k̂
∧ ufutureij , u−i, w

past ∧ w∗
j,k̂
∧ wfuturej , xi,0) =

min
ui,k̂∈Ui

JFij (upasti ∧ ui,k̂ ∧ u
future
ij , u−i, w

past ∧ w∗
j,k̂
∧ wfuturej , xi,0), (4.7)

where

upasti =[ui,0, . . . , ui,k̂−1]

ufutureij =[u∗
ij,k̂+1

, . . . , u∗ij,kp−1]

wpast =[w0, . . . , wk̂−1]

wfuturej =[w∗
j,k̂+1

, . . . , w∗j,kp−1],

for all upasti ∈ U k̂i , all wpast ∈W k̂, all u−i ∈ U
kp
−i and all xi,0 ∈ Xi.
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Note that (4.6) and (4.7) are subsequently solved, starting at k̂ = kp−1 with k̂ decreasing

from kp − 1 till 0. From (i), we have

w∗
j,k̂

= arg max
wk̂∈W

{
k̂−1∑
l1=0

Gj(wl1) +Gj(wk̂) +

kp−1∑
l2=k̂+1

Gj(w
∗
j,l2)}

= arg max
wk̂∈W

{Gj(wk̂)}

=w∗j , (4.8)

for all k̂ = kp−1, . . . , 0 and w∗
j,k̂

= w∗j , k̂ = 0, . . . , kp−1 are referred to as the Stackelberg

strategies of the leader. Moreover, it is observed that the leader’s strategy does not vary

over time. Next, we split JFij into the past and the present and future cost:

JFij =

k̂−1∑
l1=0

LFi (ui,l1 , u−i,l1 , wl1) + µTij(xi,0 − xi,k̂)︸ ︷︷ ︸
past cost

+ LFi (ui,k̂, u−i,k̂, wk̂) +

kp−1∑
l2=k̂+1

LFi (ui,l2 , u−i,l2 , wk̂) + µTij(xi,k̂ − xi,kp)

︸ ︷︷ ︸
present and future cost

.

It is observed that the past cost is not influenced by ui,k̂ owing to the underlying causality

of the system dynamics. In other words, the past is only relevant in the sense that it

determines xi,k̂. Next, we use the property that w∗
j,k̂

= w∗j , k̂ = 0, . . . , kp−1 and for this

Stackelberg strategy w∗j of the leader, we formulate the game of the follower by defining

the optimal cost-to-go function V F
ij,k̂

({u−i,l}
kp−1

l=k̂
, wk̂, xi,k̂) associated to JFij given below,

V F
ij,kp(∅, ∅, xi,kp) = 0

for k̂ = kp and, for k̂ = kp − 1, . . . , 0,

V F
ij,k̂

({u−i,l}
kp−1

l=k̂
, wk̂, xi,k̂) = min

{ui,l}
kp−1

l=k̂
∈Ukp−k̂

i

{LFi (ui,k̂, u−i,k̂, wk̂) +

kp−1∑
l=k̂+1

LFi (ui,l, u−i,l, w
∗
j )

+µTij(xi,k̂ − xi,kp)} (4.9)
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for all xi,k̂ ∈ Xi, all u−i,l ∈ U−i, l = k̂, . . . , kp − 1 and all wk̂ ∈ W . Next, we rewrite

(4.9) as

V F
ij,k̂

({u−i,l}
kp−1

l=k̂
, wk̂, xi,k̂) = min

{ui,l}
kp−1

l=k̂
∈Ukp−k̂

i

{LFi (ui,k̂, u−i,k̂, wk̂) +

kp−1∑
l=k̂+1

LFi (ui,l, u−i,l, w
∗
j )

+µTij(xi,k̂ − xi,k̂+1 + . . .+ xi,kp−1 − xi,kp)}

= min
{ui,l}

kp−1

l=k̂
∈Ukp−k̂

i

{LFi (ui,k̂, u−i,k̂, wk̂) + µTij(xi,k̂ − xi,k̂+1)

+

kp−1∑
l=k̂+1

{LFi (ui,l, u−i,l, w
∗
j ) + µTij(xi,l − xi,l+1)}},

It is seen that the cost-to-go function V F
ij,k̂

satisfies the following recursive law

V F
ij,k̂

= min
ui,k̂∈Ui

{LFi (ui,k̂, u−i,k̂, wk̂) + µij(xi,k̂ − xi,k̂+1)

+V F
ij,k̂+1

({u−i,l}
kp−1

l=k̂+1
, w∗j , xi,k̂+1(xi,k̂, ui,k̂))}, (4.10)

for k̂ = kp − 1, . . . , 0. The Stackelberg strategies of the follower

ûij,k̂({u−i,l}
kp−1

l=k̂
, wk̂, xi,k̂)

are the minimizers of (4.10). If the leader selects its Stackelberg strategy (4.8), the

strategy pair

(w∗j , ûij,k̂({u−i,l}
kp−1

l=k̂
, w∗j , xi,k̂))

is a Stackelberg equilibrium pair according to Definition 4.1. Next, we employ the

receding horizon principle. As a result, the time invariant game-theoretic strategy taken

by the follower is the Stackelberg strategy at k̂ = 0 as given below

ûij,0({u−i,l}
kp−1
l=0 , w0, xi,0) = arg min

ui,0∈Ui

{LFi (ui,0, u−i,0, w0)

+V F
ij,1({u−i,l}

kp−1
l=1 , w∗j , xi,1(xi,0, ui,0))}. (4.11)

The Stackelberg strategies (4.11) of the ith follower corresponding to each Gj are com-

puted off-line. Next, we assume u−i,0 = u−i,1 = · · · = u−i,kp−1. Similar to the way

we implement (3.27) in Section 3.4.2 in Chapter 3, we perform (4.11) over the gridded

spaces of u−i,0 ∈ U−i, w0 ∈ W and xi,0 ∈ Xi. The resulting strategy is implemented as

a look-up table Ti : U−i ×W ×Xi → Ui.
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Figure 4.1: Online classification of the driving history.

4.1.4 Online classification of the driving history

4.1.4.1 Method overview

After we have designed the game-theoretic strategy for different drive patterns, an online

algorithm is needed to classify the driving history as a selection out of Nw drive patterns

represented by Gj . This online classification procedure is illustrated in Figure 4.1.

Denoting the sampling time to be h and tk = kh to be the kth discrete time sample, a

probability distribution function Gol(w, tk) of w, based on the driving history recorded

in a sliding window of length tw, is constructed online. This sliding window evolves with

time in a receding horizon framework as shown in Figure 4.1. After every time interval

tpd, an algorithm classifies Gol into one of Nw classes of drive patterns represented by

Gj . Once Gol is classified, the corresponding game-theoretic strategy is employed over

the next time interval of length tpd. This procedure is repeated throughout the drive-

cycle. The time periods tpd and tw are parameters and in general should be in the

scale of minutes since a sufficient amount of data is needed to construct a meaningful

Gol. Besides, such a choice also gives the ECU (Electronic Control Unit) in the vehicle

sufficient time to run the online classification algorithm which will be discussed next.

4.1.4.2 Classification algorithm

With reference to Figure 4.1, we aim to make a classification of the function Gol at

every multiple of tpd. Let tpd = kpdh be a fixed period where kpd ∈ N. We make the

classification of Gol(w, tk) only at time instance tk satisfying

tk = ntpd

for some integer n ∈ N. It is seen in Section 4.1.3 that the leader focuses on maximizing

(4.3) where w = (τ, ω) ∈ W . When designing the game-theoretic strategy described in

Section 4.1.3, we adopt a short prediction horizon tp = kph. Owing to the large inertia
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of the truck, we assume ω does not change within the short prediction horizon. As

a result, for a given ω, the decision space for the driver reduces to one dimension as

Wω = {(τ, ω) | τ ≤ τ ≤ τ , ω} where τ and τ denote the minimum and the maximum

values of τ . This means that the leader is maximizing (4.3) by selecting τ . Then it

is logical to consider the torque requests corresponding to the maximum values of a G

function at different values of ω as important characteristics of this G function. For this,

we define

τmaxj (ω) = arg max
τ≤τ≤τ

Gj((τ, ω))

τmaxol (ω, n) = arg max
τ≤τ≤τ

Gol((τ, ω), ntpd),

where n ∈ N and j ∈ {1, . . . , Nw}. The classification algorithm now requires minimizing

the cost

C(j, n) =

∫ ω

ω

(
τmaxj (ω)− τmaxol (ω, n)

τ

)2

·Gol((τmaxol (ω, n), ω), ntpd)dω (4.12)

over j ∈ {1, 2, ..., Nw} where ω and ω denote the minimum and the maximum values of

ω. The classified drive pattern at time instant ntpd is now defined as Gj∗n where

j∗n = arg min
j∈{1,2,...,Nw}

C(j, n),

where n ∈ N. The algorithm penalizes the difference between torque values correspond-

ing to the maximum values of Gj and Gol at different values of ω. This difference is also

weighted by Gol((τ
max
ol (ω, n), ω), ntpd) so that the difference at operating points that

occurred more frequently in the driving history receive higher penalty.

4.1.5 Case study

In this case study, we evaluate the robustness of the adaptive game-theoretic approach

together with the non-adaptive one over different drive-cycles. The results will be com-

pared in the simulation environment described below.

4.1.5.1 Vehicle topology for simulation

The type of vehicle we consider is a parallel hybrid heavy-duty truck. Its power net

consists of a high-voltage battery and additional auxiliaries with electric power demand

Pelec (Figure 4.3). In this case study, we focus on the control of the high-voltage battery

for energy management. The drive train block contains all the drive line components

from the transmission to the wheels. The goal of the energy management strategy is
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Figure 4.2: G functions.

ICE Drive Train

Electric Motor/
Generator

Battery 
Efficiency

Auxiliaries

Figure 4.3: Vehicle topology for the simulation.

to control the battery power PB such that the fuel consumption is minimized. Besides,

PB is constrained within [PB, PB] where PB and PB denote the minimum and the

maximum power limits of the battery, respectively. It is assumed that the drivability is

not influenced when different energy management strategies are applied. This implies

that the vehicle speed, the gear ratio, and the drive train torque remain fixed. A

polynomial model as discussed in Section 2.1.2 in Chapter 2 is used for the engine:

ṁfuel = max(0, α2(ω)P 2
ice + α1(ω)Pice + α0(ω)), (4.13)
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where α2, α1 and α0 are speed-dependent coefficients, Pice is the engine power and ṁfuel

[g/sec] denotes the engine fuel rate. The power loss in the motor/generator is omitted

for simplicity, i.e., PM = PE = PB + Pelec where PM and PE denote the mechanical

power and the electrical power of the motor/generator, respectively. Hence, the power

balance in the powertrain yields,

Pice = PM + PD = PB + Pelec + PD,

where PD denotes the driving power. (2.11) and the discrete version of (2.8) are adopted

to describe the battery power loss as well as its internal energy dynamics according to,

PB =βbatP
2
s + Ps (4.14)

Es,k+1 =Es,k + Psh, (4.15)

where βbat is a constant and Ps and Es denote the battery storage power and storage

energy, respectively. Table 4.1 summarizes the parameters used for the simulations in

this case study where we denote total energy capacity of the battery as Ebat. In all

simulations, the end value of Es gets close to the initial value such that no correction is

needed for the fuel consumption result.

Table 4.1: Simulation parameters.

Name Value Name Value

PB [kW] -88 PB [kW] 110

Es
Ebat

[-] 0.3
ES
Ebat

[-] 0.7

βbat [W−1] 1.12× 10−6 βi [-] [0.278, 278, 2.78 ×105, 2.78 ×107]

µi [-] 0 tw [min] 10

tpd [min] 10 µij [-]
[4.72, 4.75, 4.89, 4.75,
4.83, 4.47, 4.61, 4.69,
4.33]×10−5

Nw [-] 9 Pelec [kW] 2.1

4.1.5.2 Typical drive-cycles for constructing Gj

In total, we utilize Nw = 9 typical drive-cycles which cover different types of driving

behaviors, e.g., city flat, secondary flat, etc. These drive-cycles contain information
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about τ and ω which are necessary for the construction of Gj . Table 4.2 provides the

information of the average values throughout the drive-cycles.

Table 4.2: Typical drive-cycles overview.

cycle type average τ [Nm] average ω [rad/sec]

j = 1: city flat 464.2 116.4

j = 2: secondary flat 884.0 115.0

j = 3: highway flat 942.8 130.1

j = 4: city hilly 620.7 131.2

j = 5: secondary hilly 841.2 131.3

j = 6: highway hilly 929.6 136.5

j = 7: city mountainous 591.0 131.2

j = 8: secondary mountainous 832.0 147.5

j = 9: highway mountainous 984.8 143.7

4.1.5.3 Drive-cycles for evaluating the strategies

We take in total four drive-cycles for evaluating the strategies. They consist of three

drive-cycles for long haul application and one drive-cycle for the application of urban

delivery. The descriptions of these cycles can be found in Table 4.3.

Table 4.3: Drive-cycles for evaluating the strategies.

cycle name cycle description

Ardennen a route through Belgium
Ancona Giessen a route pan Europe
ACEA LH long haul cycle proposed by ACEA
ACEA UD urban delivery cycle proposed by ACEA

The G function for each of these drive-cyles is shown in Figure 4.2. It is seen that the

G function of Ardennen and Ancona Giessen looks similar: for these long-haul cycles,

the majority of the operating points are concentrated around cruising on the highway

which results in high peaks in the G function at τ = 900 Nm, ω = 132 rad/sec. Some

similarities can also be observed in the G function of ACEA LH. But the G function of

ACEA UD, on the contrary, shows few similarities.

4.1.5.4 Strategies for comparison

In this case study, we give a constant power profile for Pelec and design the following

strategies for comparison:
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• Baseline: non-hybrid mode where the battery is not utilized, i.e., the battery is

never charged nor discharged.

• GT: the game-theoretic approach based on the single-leader multi-follower game

model, where one G function is considered, is used to determine the battery power

Ps (see Chapter 3 and [9] for details). Then, PB can be found by using (4.14). The

long haul drive-cycle Ancona Giessen is selected to design the G function as three

out of four drive-cycles that we consider are for long haul application. The fuel

reduction results compared to the baseline for different tuning of βi in (4.1) are

summarized in Table 4.4. It is seen that GT shows almost identical performance

when βi is chosen as 0.278 and 278 while the performance is worsened when βi is

increased to excessively large values. As a result, GT is evaluated with βi selected

as 0.278 for further analysis of the fuel reduction results.

Table 4.4: Fuel reduction [%] for different tuning of βi.

βi Ardennen Ancona Giessen ACEA UD ACEA LH

0.278 3.44 2.14 6.33 3.79

278 3.44 2.14 6.27 3.79

2.78 ×105 3.47 2.15 6.13 3.85

2.78 ×107 3.23 1.90 5.15 3.63

• Adaptive GT: the proposed adaptive game-theoretic approach from Section

4.1.2.2 is adopted to determine the battery power Ps and then PB is found by

using (4.14). The drive-cycles from Table 4.2 are used to generate Gj and con-

struct the Stackelberg strategy (4.11) as discussed in Section 4.1.3. Then, the

classification technique discussed in Section 4.1.4 selects the corresponding Stack-

elberg strategies online. Because the lumped additional auxiliaries always request

constant power in this case study, the equilibrium strategies can be found by the

second level simultaneous game described in Chapter 3 without iteration.

• Dynamic Programming (DP): optimal solution for the battery power PB is

obtained using dynamic programming where the complete drive-cycle is known.

In all simulations, the end value of Es gets close to the initial value such that no correc-

tion is needed for the fuel consumption result.
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4.1.5.5 Simulation results

The fuel reduction of different strategies with respect to the baseline strategy are shown

in Table 4.5. It is observed that Adaptive GT achieves better fuel economy in all drive-

cycles compared to GT. Besides, the Adaptive GT is reducing the gap between the

performance of GT and DP. When we compare the fuel reduction for different cycles,

Adaptive GT outperforms GT up to 0.9 % in fuel reduction. Adaptive GT shows

significantly more benefits on the urban delivery cycle compared to the other long haul

cycles. It is concluded that the GT approach designed with fixed tuning parameters

and a G function concerning a certain type of vehicle application shows reasonable

performance for such application. But it will lose performance if a different type of

application is considered. On the contrary, the Adaptive GT approach eliminates the

dependency of the strategy on types of application. Instead, it recognizes the drive

pattern and employs the corresponding strategy. As a result, the Adaptive GT strategy

shows a robust performance on different drive-cycles.

Table 4.5: Fuel reduction overview.

Ardennen Ancona Giessen ACEA UD ACEA LH

GT [%] 3.44 2.14 6.33 3.79

Adaptive GT [%] 3.61 2.23 7.19 4.06

DP [%] 4.06 2.55 7.52 4.60

4.1.6 Conclusions

A pattern recognition based adaptive concept is proposed as an extension for the single-

leader multi-follower approach discussed in Chapter 3. This adaptive concept first uti-

lizes several typical drive-cycles to generate and store the corresponding game-theoretic

strategies of auxiliaries in look-up tables off-line. Next, an algorithm classifies the recent

driving history into one of the typical drive patterns periodically. As a result, the game-

theoretic strategies corresponding to the identified drive pattern are adopted until the

next time instance of classification. In the case study, multiple strategies are simulated

on a model of a parallel hybrid heavy-duty truck with a battery and additional aux-

iliaries. The adaptive game-theoretic strategy shows a more robust performance over

different drive-cycles compared to the non-adaptive game-theoretic strategy in terms of

fuel economy.
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4.2 Adaptive ECMS: a causal set-theoretic method

4.2.1 Introduction

In the first half of this chapter, we have presented a pattern recognition based adaptive

concept that is suitable for all the auxiliaries. In the second half of this chapter, we

will treat the classical power split problem. A novel set-theoretic method is proposed

for estimating the equivalence factor in the ECMS. Moreover, this approach has also

potential to be extended to other batteries in the vehicle. Unlike the traditional ECMS,

we will also show that the proposed method is integrated in the CVEM by incorporating

decisions from other auxiliaries in the cost function.

Let us consider the parallel hybrid truck topology shown in Figure 4.3 in the remain-

der of this chapter. Controlling the battery power in this topology gives rise to the

popular optimal power split problem. This problem involves distributing the requested

propulsion power between the combustion engine and the electric motor, in a sense of

optimal fuel efficiency and/or emission reduction. Concerning the optimal power split

problem, ECMS is among the most popular techniques that has attracted worldwide

attention [81]. The main challenge of this approach involves the online estimation of

the equivalence factor for compensating the usage of battery energy. Much research

has been carried out in this area which ranges from predictive control using predicted

future driving conditions (see e.g. [59] and [82]) to feedback control which adjusts the

value of the equivalence factor by monitoring the battery energy level (only past and

current information is required, see [39]). There are two key problems with many of the

existing ECMS approaches. On the one hand, an approach that uses future information

of the drive-cycle requires extra efforts for real world implementation and thus can not

be easily applied. On the other hand, a challenging fact for designing a causal energy

management strategy is to guarantee robust performance for various driving behavior

without modifying the control parameters of the strategy. In this thesis, we propose an

online implementable method for numerically estimating the equivalence factor using

measurement data. The energy management strategy is obtained from this estimation.

The major advantages of this method are

• drive-cycle independence

In principle, this method works for various driving scenarios requiring no control

parameter to be supplied or changed. The adaptability of this method to different

driving conditions is demonstrated later where a more robust performance in terms

of fuel economy over different drive-cycles is observed when compared to the ECMS

approach using a PI controller with specific parameters.
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• Causal approach with attracting property

The proposed method does not depend on any future information of the drive-cycle

for calculating the energy management strategy. In principle, this method relies

only on the online measurements to locate the interval containing the key control

parameter, the equivalence factor. Under suitable assumptions, this interval is

non-increasing as time evolves. Such a property and the associated assumptions

provide insightful practical implications on the performance of this approach.

The remainder of this chapter is structured as follows: Section 4.2.2 formulates the

addressed problem. Section 4.2.3 describes the proposed set-theoretic estimation method

followed by a case study in Section 4.2.4. Finally, the conclusions are given in Section

4.2.5.

4.2.2 Problem formulation

Consider the parallel heavy-duty truck with the topology illustrated in Figure 4.3. In

the remainder of this chapter, let u = Ps and ue = Pelec denote the storage power of

the high-voltage battery and the aggregated power of the other auxiliaries, respectively.

Let U denote the admissible set of storage power that is defined as

U = {u | u ≤ u ≤ u},

where u and u denote the maximum and minimum values of the storage power Ps.

Moreover, denote the battery storage energy as Es, which is constrained between the

interval [Es, Es] where Es and Es denote the minimum and the maximum battery energy

limits, respectively. The power balance shown in Figure 4.3 yields

Pice = PM + PD. (4.16)

Next, PM can be expressed as a function of PE = PB+ue using e.g., a polynomial model

(2.3) for the motor/generator:

PM = a3(ωEM )(PB + ue)
3 + a2(ωEM )(PB + ue)

2 + a1(ωEM )(PB + ue) + a0(ωEM ),

where ωEM is the rotational speed of the motor/generator and a3, a2, a1 and a0 are

speed-dependent coefficients. For simplicity, one can instead assume an ideal situation

where the motor/generator is loss-less and hence PM = PE = PB + ue. In this case, the

engine power Pice is in fact a function of u, ue and w = (τ, ω) given by

Pice(u, ue, w) = βbatu
2 + u+ ue + τω, (4.17)
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where (4.14) is used to relate PB to u. As a result, we define a function Fuel(u, ue, w)

to describe the fuel rate ṁfuel in terms of u, ue and w by substituting (4.17) in (4.13),

which yields

Fuel(u, ue, w) = max(0,

2∑
j=0

αj(ω)[βbatu
2 + u+ ue + τω]j).

Next, we formulate the energy management problem which aims at minimizing the over-

all fuel usage over an arbitrary drive-cycle, while satisfying several constraints. Specifi-

cally, given {wk}
kf−1
k=0 and {ue,k}

kf−1
k=0 , we formulate the following optimization problem:

min
{uk}

kf−1

k=0

kf−1∑
k=0

Fuel(uk, ue,k, wk) (4.18)

for some kf ∈ N and subject to

u ≤ uk ≤ u, (4.19)

Es ≤ Es,k ≤ Es, (4.20)

Es,kf = Es,0. (4.21)

Note that (4.21) dictates that the battery is charge-sustaining such that the energy stored

in the battery at the end of the drive-cycle is the same as its initial value. Constraint

(4.19) imposes power limits on the battery and constraint (4.20) restrains the operating

range of the battery. The battery dynamic model

Es,k+1 = Es,k + Ps,k,

implies that (4.21) is equivalent to

kf−1∑
k=0

uk = 0.

Similar to what is done in [39], one can formulate the following Lagrange function

associated to the optimization problem (4.18) if only constraint (4.21) is considered:

L(u, ue, w, λ) =

kf−1∑
k=0

Fuel(uk, ue,k, wk)− λ
kf−1∑
k=0

uk, (4.22)

where λ ∈ R is the Lagrange multiplier. The necessary conditions for optimality require

∂L

∂uk
= 0 and

∂L

∂λ
= 0.
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The above equations are necessary conditions for the optimal value λ∗ and u∗ that solve

max
λ

min
u
L(u, ue, w, λ). (4.23)

Researchers familiar with ECMS and the underlying Hamiltonian formulation will rec-

ognize λ∗ as the equivalence factor (see e.g., [81]). It should be noted that by including

the summation of power request from other auxiliaries ue in the cost function, ECMS

is integrated into the CVEM framework. Therefore, it is compatible with the online

iterative scheme shown in Figure 3.3 for seeking an equilibrium solution among all the

auxiliaries.

In general, λ∗ can be found analytically off-line if the drive-cycle and the profile of

ue are completely known. However, this is not possible for online implementation and

hence various methods have been proposed to enable online implementation so as to

estimate λ∗. This typically involves the estimation of the equivalence factor (see [81]

and [54] for surveys of different variations of the ECMS approach). Popular approaches

for estimating the equivalence factor using only past and present information include

• feedback control where the estimate of the equivalence factor is adjusted according

to the deviation of the battery energy status using PID controllers. See e.g., [45]

and [39].

• the equivalence factor is estimated as the gradient of fuel power with respect to

battery power (possibly with a regulation factor to enforce the control of battery

energy level). See [38].

• a pattern recognition algorithm is used to categorize the driving history into one of

the typical driving scenarios prepared in advance. The equivalence factor is then

selected accordingly. See [31].

Alternatively in this chapter, we propose a set-theoretic approach that provides bounds

on the equivalence factor for the scenarios where constraint (4.20) is excluded and for

scenarios where constraint (4.20) is included. From these bounds, we derive an estimate

of the equivalence factor. Moreover, it will be shown that the equivalence factor behaves

as a piecewise constant function over time when constraint (4.20) is considered. This

property is currently missing from the existing real time ECMS approaches whereas it

can be preserved by the proposed set-theoretic method.
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4.2.3 Set-theoretic estimation method

In this section, we will present the set-theoretic estimation method together with possible

adaptation of the proposed method for real time implementation. The explanation of

the set-theoretic estimation method is separated into two parts: the state unconstrained

energy management problem when constraint (4.20) is not considered and the state

constrained energy management problem when constraint (4.20) is included.

4.2.3.1 State unconstrained energy management problem

We will start with a simple example to highlight the idea of estimating λ∗ in (4.23).

Assume the power capabilities of the electric motor/generator and the battery are large

enough such that the engine operating point can always be moved to the optimal location

and thus constraint (4.19) is not relevant and has no effect on the optimal solution. Thus,

we keep the Lagrange function (4.22) and the optimality condition
∂L

∂uk
= 0 results in

λ∗ =
∂Fuel

∂u
(u∗k, ue,k, wk), (4.24)

where u∗k is the optimal input at instant k. Now suppose that at a certain sample instant

κ1, the engine operating point is shifted between two blue lines by varying u (see Figure

4.4 where we confine the engine operating point between two blue lines at instant κ1).

For clearness during the illustration, we assume the motor/generator and the battery in

Figure 4.3 to be loss-less in this simple example. The power balance (4.16) then leads

to

Pice = u+ ue + PD

and hence, a variation in u is equivalent to the same variation in Pice as well as their

effects on the fuel rate. Therefore, the value of
∂Fuel

∂u
at instant κ1 is bounded by the

minimum and maximum gradient of the fuel line between the two blue lines. From

(4.24), we then conclude

Observation 1

λ∗ lies between the minimum and maximum gradient of the fuel line ṁfuel(Pice) in

Figure 4.4 when ranging Pice between the two blue lines.

Similarly, at another sample instant κ2, we can again construct two black lines which

bound the value of
∂Fuel

∂u
at instant κ2. And we again have

Observation 2

λ∗ lies between the minimum and maximum gradient of the fuel line ṁfuel(Pice) in

Figure 4.4 when ranging Pice between the two black lines.
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engine operating point

fuel line

, ,, ,

Figure 4.4: Plot of ṁfuel versus Pice.

Combining Observations 1 and 2 and the fact that λ∗ is constant, one can further infer

that λ∗ actually lies between the minimum and maximum gradient of the fuel line in

the intersected area of the intervals created by the blue and black lines, respectively

(illustrated as the shaded zone in Figure 4.4). If we include more instants to do the

intersection, we are able to further narrow down our scope which contains the parameter

λ∗.

Define λmax,k and λmin,k by:

λmin,0 = min
u0∈U

∂Fuel

∂u
(0) (4.25)

λmax,0 = max
u0∈U

∂Fuel

∂u
(0) (4.26)

λmin,k = max(λmin,k−1, min
uk∈U

∂Fuel

∂u
(k)) (4.27)

λmax,k = min(λmax,k−1, max
uk∈U

∂Fuel

∂u
(k)), (4.28)

where we use the abbreviated notation
∂Fuel

∂u
(k) for

∂Fuel

∂u
(uk, ue,k, wk). It can be proven

that λ∗ always falls in the interval [λmin,k, λmax,k] and this interval is non-increasing

as time evolves as long as (4.24) is satisfied. The formal statement is formulated as the

following theorem.

Theorem 4.2. Consider the energy management problem (4.18) subject to (4.21) and

the associated Lagrange function (4.22) where the optimal values λ∗ and u∗k satisfy (4.24)

for all k = 0, . . . , kf − 1. Define λmax,k and λmin,k by (4.25), (4.26), (4.27) and (4.28).

Then, we have the following properties:

1. λ∗ ∈ [λmin,k, λmax,k] for all k ∈ {0, . . . , kf − 1}
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2. [λmin,k, λmax,k] ⊆ [λmin,k−1, λmax,k−1] for all k ∈ {1, . . . , kf − 1}.

Proof. From (4.24), we can conclude that

λ∗ ∈ [ min
uk∈U

∂Fuel

∂u
(k), max

uk∈U

∂Fuel

∂u
(k)], (4.29)

for all k = 0, . . . , kf − 1. Define sets

Sk = {sk | min
uk∈U

∂Fuel

∂u
(k) ≤ sk ≤ max

uk∈U

∂Fuel

∂u
(k)}. (4.30)

Since (4.29) is satisfied for all k = 0, . . . , kf − 1, we can infer that λ∗ falls in the

intersection of Sk, k = 0, . . . , kf − 1. In other words,

λ∗ ∈ S0 ∩ · · · ∩ Skf−1. (4.31)

This further implies that for all k = 0, . . . , kf − 1,

λ∗ ∈ S0 ∩ · · · ∩ Sk. (4.32)

The above result suggests that an interval which contains λ∗ can be located by inter-

secting Sk and this interval is not growing as the time evolves. It is recognized that

(4.25)-(4.28) are actually performing the intersection S0 ∩ · · · ∩ Sk. Hence, the theorem

is proven.

With Theorem 4.2, an estimate of λ∗ can be computed at every sample instant by the

midpoint of this interval:

λest,k =
λmax,k + λmin,k

2
. (4.33)

The estimation procedure is illustrated in Figure 4.5. At each sample instant, the set

Sk can be constructed using the current measurements of wk and ue,k. Meanwhile,

the bounds λmax,k and λmin,k (dashed lines) update according to (4.25)-(4.28). Conse-

quently, the control strategy ûk is

ûk = arg min
uk∈U

|∂Fuel

∂u
(k)− λest,k|. (4.34)

This method is referred to as the set-theoretic estimation (STE) method. Next, we
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consider constraint (4.19) and augment (4.22) as

L =

kf−1∑
k=0

Fuel(uk, ue,k, wk)− λ
kf−1∑
k=0

uk

+

kf−1∑
k=0

λk(u− uk) +

kf−1∑
k=0

λk(uk − u), (4.35)

where λk and λk are the additional Lagrange multipliers associated to constraint (4.19).

We will further refer to uk = u or uk = u as uk activates constraint (4.19). The

optimality condition
∂L

∂uk
= 0 leads to,

λ∗ =
∂Fuel

∂u
(u∗k, ue,k, wk) + (λ

∗
k − λ∗k), (4.36)

where λ∗, λ∗k ≥ 0 and λ
∗
k ≥ 0 denote the corresponding optimal values for the Lagrange

multipliers. According to the KKT complementary slackness conditions (see [7]),

λ∗k(u− u∗k) = 0, λ
∗
k(u
∗
k − u) = 0.

Furthermore, if constraint (4.19) is not active at instant k, we have λ∗k = λ
∗
k = 0

and thus (4.36) boils down to (4.24). This observation suggests that we can still use

the STE method if we only select sample instants when the optimal input does not

activate constraint (4.19) for updating the estimation. However, which sample instants

are to be selected is in general unknown in advance. Possible adaptation for real world

implementation will be discussed in Section 4.2.3.3.

Fuel max
Fuel

0 	

min
Fuel

0 	

,

,

,

,

,

,

∗

,

,
,

Figure 4.5: Illustration of online estimating λ∗.
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4.2.3.2 State constrained energy management problem

In this section, we will further include constraint (4.20) in the Lagrange formulation and

augment (4.35) as

L =

kf−1∑
k=0

Fuel(uk, ue,k, wk)− λ
kf−1∑
k=0

uk

+

kf−1∑
k=0

λk(u− uk) +

kf−1∑
k=0

λk(uk − u)

+

kf∑
k=1

µ
k
(∆Es −

k−1∑
l=0

ul) +

kf∑
k=1

µk(
k−1∑
l=0

ul −∆Es), (4.37)

where ∆Es = Es − Es,0 and ∆Es = Es − Es,0; µ
k

and µk are the additional Lagrange

multipliers associated to constraint (4.20). Again, we take the derivative of (4.37) with

respect to uk and set it to zero. This yields

λ∗ =
∂Fuel

∂u
(u∗k, ue,k, wk) + (λ

∗
k − λ∗k)

+ (

kf∑
l=k+1

µ∗l −
kf∑

l=k+1

µ∗
l
), (4.38)

where λ∗, λ∗k ≥ 0, λ
∗
k ≥ 0, µ∗l ≥ 0 and µ∗

l
≥ 0 are the corresponding optimal values for

the Lagrange multipliers; u∗k is the optimal input at instant k. We can rewrite (4.38) as

λ∗ −
kf∑

l=k+1

µ∗l +

kf∑
l=k+1

µ∗
l

=
∂Fuel

∂u
(u∗k, ue,k, wk) + (λ

∗
k − λ∗k). (4.39)

Furthermore, denote the optimal state trajectory as E∗s and define sets

A ={k ∈ Z+ | E∗s (k) = Es, k ≤ kf}

A ={k ∈ Z+ | E∗s (k) = Es, k ≤ kf}.

We refer to any k ∈ A ∪A as a contact point. Let

λk = λ∗ −
kf∑

l=k+1

µ∗l +

kf∑
l=k+1

µ∗
l
. (4.40)
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Assuming there are in total q contact points, it can be proven that λk in (4.40) actually

results in q + 1 constant variables separated by contact points. In other words, λk only

changes its value when a contact point is reached. This observation is similar to the

result from [92]. The authors in [92] formulate a Hamiltonian function

H = Fuel(u, ue, w)− p · u, (4.41)

rather than a Lagrange function (4.22) and view the state constrained optimization as a

combination of several state unconstrained optimization where the adjoint state p makes

a jump when the state constraint is hit. The formal statement is given as the following

theorem.

Theorem 4.3. Consider the energy management problem (4.18) subject to (4.19)-(4.21)

and the Lagrange function (4.37) associated to it. Define λk according to (4.40). We

have, for all k = 1, . . . , kf ,

λk =


λk−1 if k 6∈ A ∪A

λk−1 + µ∗k if k ∈ A

λk−1 − µ∗k if k ∈ A

. (4.42)

Proof. According to the KKT complementary slackness conditions,

kf∑
k=1

µ∗
k
(∆Es −

k−1∑
l=0

u∗l ) = 0

and
kf∑
k=1

µ∗k(
k−1∑
l=0

u∗l −∆Es) = 0.

Besides, µ∗l = 0 if E∗s,l < Es and µ∗
l

= 0 if E∗s,l > Es. Hence,
∑kf

l=k+1 µ
∗
l and

∑kf
l=k+1 µ

∗
l

can be written as

kf∑
l=k+1

µ∗l =
∑
q∈Qk

µ∗q + 0 + . . .+ 0 (4.43)

kf∑
l=k+1

µ∗
l

=
∑
q∈Q

k

µ∗
q

+ 0 + . . .+ 0, (4.44)
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where Qk and Q
k

are collections of contact points within the interval [k + 1, kf ], which

are defined as

Qk =A ∩ [k + 1, kf ]

Q
k

=A ∩ [k + 1, kf ].

It can then be concluded that for all k = 1, . . . , kf , we have

Qk =

Qk−1 if k 6∈ A

Qk−1/{k} if k ∈ A
(4.45)

and

Q
k

=

Qk−1
if k 6∈ A

Q
k−1

/{k} if k ∈ A
. (4.46)

Using (4.43) and (4.44), we rewrite (4.40) as

λk = λ∗ −
∑
q∈Qk

µ∗q +
∑
q∈Q

k

µ∗
q
.

(4.45) and (4.46) then imply that λk only changes value when the instant k is a contact

point where one item of
∑

q∈Q
k
µ∗
q

or
∑

q∈Q
k
µ∗
q

drops out of the summation compared

to the sample instant k − 1. This observation further implies (4.42).

Remark Since µ∗k ≥ 0 and µ∗
k
≥ 0, it can be inferred from Theorem 4.3 that λk tends

to increase its value when the optimal state trajectory hits the upper bound and vice

versa if it hits the lower bound, i.e.

λk ≥ λk−1 if k ∈ A

λk ≤ λk−1 if k ∈ A.

Now consider the complete length of the drive-cycle

K = [0, kf ] ∩ Z

as a combination of q + 1 intervals separated by q contact points such that

K = K1 ∪ . . . ∪Kq+1 (4.47)
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where

Kn =

[kn, kn+1) ∩ Z, n = 1, . . . , q

[kq+1, kq+2] ∩ Z, n = q + 1
. (4.48)

And kn are elements from a sequence {kn}q+2
n=1 consisting of elements from A∪A∪{0, kf}

sorted in ascending order. For all k ∈ Kn, λk remains constant according to Theorem

4.3. Thus, we assign a constant λn for every Kn and write (4.39) as

λn =
∂Fuel

∂u
(u∗k, ue,k, wk) + (λ

∗
k − λ∗k), k ∈ Kn. (4.49)

Comparing (4.49) to (4.36), one can recognize that λn redefines the equivalence factor in

the state constrained case instead of λ∗. Hence, one can infer that the STE method also

applies to the state constrained energy management problem where an optimal value

λn is to be estimated for each segment of the optimal trajectory. This statement is

formulated as the following theorem.

Theorem 4.4. Consider the energy management problem (4.18) subject to (4.19)-(4.21)

and the Lagrange function (4.37) associated to it. Suppose there are q contact points

within the interval [1, kf ] on the optimal state trajectory E∗s and partition the complete

length of the drive-cycle according to (4.47) and (4.48) where (4.49) is satisfied for all

k ∈ Kn, n = 1, . . . , q + 1. Suppose the optimal input u∗k satisfies u < u∗k < u for all

k ∈ Kn. Define λnmax,k and λnmin,k by:

λnmin,kn = min
ukn∈U

∂Fuel

∂u
(kn) (4.50)

λnmax,kn = max
ukn∈U

∂Fuel

∂u
(kn) (4.51)

λnmin,k = max(λmin,k−1, min
uk∈U

∂Fuel

∂u
(k)) (4.52)

λnmax,k = min(λmax,k−1, max
uk∈U

∂Fuel

∂u
(k)). (4.53)

Then, we have the following properties:

1. λn ∈ [λnmin,k, λ
n
max,k] for all k ∈ Kn,

2. if |Kn| ≥ 2, [λnmin,k, λ
n
max,k] ⊆ [λnmin,k−1, λ

n
max,k−1] for all k ∈ {kn + 1, kn +

2, . . . , kn+1 − 1}.

Proof. From the assumption that the optimal input u∗k satisfies u < u∗k < u for all

k ∈ Kn, (4.49) boils down to

λn =
∂Fuel

∂u
(u∗k, ue,k, wk), k ∈ Kn. (4.54)
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4.2. Adaptive ECMS: a causal set-theoretic method

Observing the similarities between (4.54) and (4.24); (4.50)-(4.53) and (4.25)-(4.28), one

can recognize that Theorem 4.4 is a natural result by using Theorem 4.2 within every

segment Kn.

Theorem 4.4 can be interpreted in the sense that the estimation of the equivalence factor

needs to be refreshed in the state constrained case when a contact point is reached. This

implies that the length of the segment Kn and the convergence speed of the estimation

determine the performance of the STE method.

4.2.3.3 Adaptation for real time implementation

In this section, we will propose adaptations for the STE method for real time implemen-

tation.

time [sec]
0 500 1000 1500

u k*  [k
W

]

-100

-50

0

50

100

Figure 4.6: u∗k activates constraint (4.19) between 1200 and 1400 seconds.

Using a specific drive-cycle, we start with a simple simulation where the optimal strategy

u∗k activates constraint (4.19) between 1200 and 1400 seconds (see Figure 4.6). We apply

(4.25)-(4.28), (4.33) and (4.34) for estimating λ∗ and computing the strategy ûk at every

instant. The simulation result is shown in Figure 4.7 where it can be seen that λ∗ is

excluded from the interval [λmin,k, λmax,k] when we include instant when u∗k = u in our

estimation around 1200 seconds. It is also observed that SOE drops below zero since

constraint (4.20) is not explicitly imposed by the STE method. Thus, for real time

implementation, the STE method needs some adaptation. Consequently, we augment

(4.25)-(4.28) with the following refreshing mechanism:

λmin,k = min
uk∈U

∂Fuel

∂u
(k) (4.55)

λmax,k = max
uk∈U

∂Fuel

∂u
(k), (4.56)
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when

1. λmin,k ≥ λmax,k: the STE method relies on the assumption that we only take

sample instants when the optimal input does not activate constraint (4.19). But

these instants are unknown in advance. Hence, we simply include every instant and

make a correction if we detect we have probably included wrong sample instants,

e.g., when [λmin,k, λmax,k] is empty or singleton .

2. Es,k ≥ Es or Es,k ≤ Es: note that Theorem 4.4 suggests that the equivalence

factor should make a jump when the optimal trajectory hits the state constraint

whereas we refresh the estimation based on the measured Es,k. This is a prac-

tical adaptation since we do not have the information about the contact points

associated to the optimal state trajectory.

Finally, in order to keep Es,k within bounds (4.20), (4.34) is modified as

ũk =


min(0, ûk) If Es,k ≥ Es

ûk If Es ≤ Es,k ≤ Es

max(0, ûk) If Es,k ≤ Es

, (4.57)

where ûk = arg minuk∈U |
∂Fuel

∂u
(k) − λest,k|. Now we return to the simple example at

the beginning of this section and redo the simulation with the STE method using the

adaptations presented above. The simulation result is shown in Figure 4.8 where it can

be seen that the SOE is maintained between boundaries. Besides, several refreshments

of λmax,k and λmin,k can also be observed.

4.2.4 Case study

In this section, we will simulate the proposed STE method and compare fuel consumption

results between multiple alternative strategies over different drive-cycles concerning the

vehicle topology shown in Figure 4.3. The same simulation environment described in

Section 4.1.5.1 is used for the simulations in this section except that different coefficients

for the engine polynomial model are used.

4.2.4.1 Drive-cycles for comparison

We select five drive-cycles for the simulation: highway flat (HW flat); city mountain-

ous (CI mount); highway mountainous (HW mount); ACEA longhaul (ACEA LH) and

ACEA urban delivery (ACEA UD).
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Figure 4.7: λ∗ is excluded from [λmin,k, λmax,k] after 1200 seconds.
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Figure 4.8: SOE is kept within boundaries (30% to 70%) with the adapted STE
method.

4.2.4.2 Strategies for comparison

In all the simulation cases above, Pelec in Figure 5.2 is given as constant.

• Baseline: non-hybrid mode where the battery is never used.

• Dynamic programming (DP): dynamic programming is applied to compute

the optimal battery power u∗k to the problem (4.18). PB is then found by (2.11)

as well as for the following other strategies.
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• Set-theoretic Estimation (STE) method: (4.25)-(4.28), (4.55), (4.56), (4.33)

and (4.57) are computed numerically to find ũk.

• ECMS: The ECMS approach is used where we numerically minimize the Hamilto-

nian function (4.41) at each instant to determine uk. Using the drive-cycle highway

flat, p is tuned such that Es starts and ends both at
Emax

2
. The same p is used

for the simulation in all the rest of the drive-cycles.

• ECMS-PI: The same Hamiltonian function (4.41) is used in this case while p is

changed with a PI controller similar to what is implemented in [39]. Using the

cycle city mountainous, the parameters of the PI controller are tuned so that Es

starts and ends at the same value. And this value is equal to the initial and end

value of Es when the STE method is applied for this cycle.

It should be noted that ECMS and ECMS-PI give no guarantee that the state constraint

(4.20) is never violated. In case the state constraint does get violated, it is handled in a

similar way as with STE method through (4.57).

4.2.4.3 Simulation results

The simulation results of the fuel reduction with respect to the baseline for various sce-

narios are summarized in Table 4.6. Besides, the deviation of the State of Energy (SOE)

of the battery at the end of the drive-cycle from its initial value is also included. It is

seen that by tuning the value of p, ECMS can achieve the same optimal result as DP for

HW flat since the state trajectory always stay within bounds in this cycle. However, the

same value of p does not guarantee optimality for the other drive-cycles as STE outper-

forms ECMS in all the rest of the drive-cycles. With a PI controller, the performance of

the ECMS approach can be improved for CI mount, HW mount and ACEA UD while it

loses much performance for ACEA LH. It can then be concluded that one set of control

parameters for ECMS-PI is not sufficient to maintain robust performance in different

driving scenarios. On the other hand, the STE method demonstrates a more robust

performance over different driving scenarios by showing a better performance in 3 out

of 5 drive-cycles compared to ECMS-PI and 4 out of 5 drive-cycles compared to ECMS.

4.2.4.4 Some practical implications

It can be inferred that a more dynamic driving power request helps the converging speed

of the STE method, since the intersection S0 ∩ . . . ,∩Sk in (4.32) will be smaller if the

engine is operating at completely different conditions at different instants. But on the

85



4.2. Adaptive ECMS: a causal set-theoretic method

Table 4.6: Fuel reduction overview.

DP STE ECMS ECMS-PI

HW flat
Fuel reduction [%] 0.34 0.29 0.34 0.29

∆ SOE [%] 0 0 0 0

CI mount
Fuel reduction [%] 10.31 7.37 5.87 6.59

∆ SOE [%] 0 0 0 0

HW mount
Fuel reduction [%] 7.77 6.13 5.50 5.82

∆ SOE [%] 0 +20 +20 +20

ACEA LH
Fuel reduction [%] 4.53 3.58 3.08 1.45

∆ SOE [%] 0 0 0 0

ACEA UD
Fuel reduction [%] 7.09 6.23 4.11 6.94

∆ SOE [%] 0 0 0 0

contrary, such a driving profile might also imply that the optimal way to operate the

battery is to constantly apply its maximum power (imagine an extremely mountainous

road where the most economical way to use the battery is discharging with maximum

power during uphill period and charging with maximum power during downhill period).

Consequently, the STE method makes an error in updating λmax,k or λmin,k which leads

to a frequent refreshing of the estimation and loss of performance (see Figure 4.9 for

the simulation on cycle ACEA UD where lots of refreshing can be observed and STE

performs worse than ECMS-PI as shown in Table 4.6). Naturally, a battery with higher

power capability would help to avoid activation of constraint (4.19). But one can also

see the drawback of choosing a battery with a larger power range because it can lead to

an expansion of Sk. As a result, the method might not converge fast enough to provide

an accurate estimate. Furthermore, it is pointed out by Theorem 4.4 that the estimation

needs to be refreshed when the state constraint (4.20) is hit by the optimal trajectory

implying a battery with larger energy size can help to improve the performance of the

STE method as it reduces the possibility of hitting the state boundary constraint. It

should be mentioned that the set-theoretic method exploits the constant or piece-wise

constant property of the equivalence factor. The possibility of extending this method

towards situations where the equivalence factor has different dynamics (not piece-wise

constant) is an interesting research question. However, it is not so straight forward

to adapt the current formulation of the set-theoretic method to estimating equivalence

factors with non piece-wise constant behavior.

4.2.5 Conclusions

A causal set-theoretic method is proposed for estimating the so called equivalence factor

in the standard ECMS approach. The energy management strategy can then be ob-

tained from the estimation of the equivalence factor. In principle, this method does not
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Figure 4.9: Lots of refreshing of λmax,k and λmin,k are observed.

require supplying or tuning of any parameter but relies on the online measurements of

the driving power demand and the power requests from other auxiliaries. The robust-

ness of this method against different driving behaviors is demonstrated by simulations

over different drive-cycles with comparison to multiple strategies including the standard

ECMS approach with a PI controller.
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Chapter 5

Energy mangement strategy

design for on/off controlled

auxiliaries

5.1 Introduction

Modern heavy-duty vehicles are equipped with a significant number of auxiliaries. Many

of them can only be switched on or off and do not support operation in partial load.

This holds specifically for auxiliaries that make use of a mechanical clutch. For these

auxiliaries, fuel economy is not the only concern but also frequent on/off switching should

be avoided to prevent excessive hardware degradation. In various situations, these two

objectives are in conflict: consider the refrigerated semi-trailer as an example. For fuel

economy, it is wise to keep the air temperature inside the semi-trailer on its boundary

and minimize the energy leakage to the environment. This implies a large number of

switching events if the temperature is to be controlled tightly around the boundary.

On the contrary, for the protection of the hardware, the number of switching events is

preferred to be limited.

Hybrid optimal control is investigated in [79] and [74] to deal with on/off controlled

refrigeration systems. But the high computation demand prevents this technique from

being implemented in real time. On the other hand, owing to its simplicity, a significant

amount of research has been devoted to thermostat control approaches in e.g., [50], [37]

and [21]. These approaches focus on optimizing the hysteresis setting of the thermostat

control for certain performance indices like tracking performance, energy consumption

and durability of the clutch assuming a steady environmental condition like the ambient

temperature without other external disturbances. In the automotive industry, energy
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management for on/off controlled auxiliaries faces additional challenges because the

driver’s behavior now acts as a disturbance with fast dynamics, which is crucial for

fuel economy. Consider again the refrigerated semi-trailer as an example. Suppose

the temperature in the semi-trailer is cycling between a maximum and a minimum

temperature bound as illustrated in Figure 5.1. When a braking moment comes, energy

management decides whether to follow the original temperature trajectory (solid line)

or performing one extra switch to capture the free braking energy (dashed line).

Attempts to develop vehicle energy management for on/off controlled auxiliaries have

been made, for instance, in [33], [78] and [98]. In [33], a heuristic control is proposed to

control the compressor clutch of an air conditioning system by monitoring the accelera-

tion pedal position. The vehicle kinetic energy is used to power the compressor during

vehicle coasting and braking, which results in a significant reduced energy consumption

of the air conditioning system. The authors of [78] and [98] focus on designing an energy

management strategy for an air conditioning system in the vehicle that trades off fuel

consumption, tracking performance and the switching frequency. The Pareto optimal

solution is first obtained via dynamic programming [6] off-line to extract a rule-based

strategy in [78] and facilitate a sub-optimal off-line solution using optimal control theory.

This chapter presents an integrated approach that deals with the trade-off between fuel

economy and the switching frequency and can lead to simple online implementable en-

ergy management strategies. The content of this chapter is published in [12] and [13]. By

interpreting the goal of minimizing the number of switching events to the desire of using

the maximum temperature interval, a cost function that combines the fuel consumption

and the desire to use the maximum temperature interval is proposed. This cost function

can be used to develop energy management strategies by following any cost function

based method. In this chapter, a game-theoretic approach is adopted to derive a causal

energy management strategy, which is stored in a look-up table. The overall control

1/28 

Introduction 

\department of electrical engineering 25-2-2016 

braking moment 

time 
 
 
 

temperature 

Figure 5.1: Temperature trajectories: not turning on the cooling during braking (solid
line) and turning on the cooling during braking (dashed line).
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ePTO Cooling 
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Refrigerated 
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ICE Drive Train

Figure 5.2: Power flows within the vehicle simulation model.

scheme consists of this look-up table and a supervisory block. The simple structure of

the control scheme makes it attractive for online implementation. Besides game theory,

the design philosophy can also be applied to other existing cost function based energy

management strategies such as equivalent consumption minimization strategy (ECMS)

([32], [66],[67] and [59]).

The remainder of the chapter is structured as follows: Section 5.2 describes the modeling

of the components in the simulation environment used in this chapter. Section 5.3

formulates the problem addressed in this work. Section 5.4 explains the implication of

minimizing a lower bound for the total number of switching events over a drive-cycle

and Section 5.5 presents the integrated approach which uses the implication described

in Section 5.4 to combine two design objectives into one cost function. A case study is

described in Section 5.6 where the performance of the off-line solution of the integrated

approach, the online game-theoretic strategy and the optimal solution are compared.

Moreover, some adaptations of the online game-theoretic strategy design are included to

overcome the limited prediction horizon. In the end, the conclusions are given in Section

5.7.

5.2 Component modeling

The type of vehicle we consider in this chapter is a heavy-duty truck with an electric

power take-off (ePTO) connected to a refrigerated semi-trailer. The semi-trailer can

be seen as an auxiliary with a thermal buffer. To produce cooling power, it consumes

electric power Pelec (Figure 5.2). The drive train block contains all the drive line com-

ponents from the transmission to the wheels. It is assumed that the drivability is not

influenced when different energy management strategies are applied. This implies that

the vehicle speed, the gear ratio, and the drive train torque are independent of the en-

ergy management strategies. The models describing various components of the vehicle

under consideration are given below.
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5.2.1 Internal combustion engine

The internal combustion engine is represented by its fuel consumption ṁfuel [g/sec] as

a function of the requested power Pice [W] and its rotational speed ω [rad/sec]. As

described in Section 2.1.2 in Chapter 2, it is given by the following quadratic function

which is obtained by approximating a mean-value static fuel consumption map,

ṁfuel = max(α2(ω)P 2
ice + α1(ω)Pice + α0(ω), 0), (5.1)

where α2, α1 and α0 are speed-dependent coefficients. From the power balance indicated

in Figure 5.2, we have Pice = PD + PM . Here, PD and PM represent the driving power

and the power of the ePTO on the mechanical side, respectively. For simplicity, we

assume a loss-less ePTO, i.e., PM = Pelec. Using this assumption and again the power

balances in Figure 5.2, we have

Pice = PD + Pelec. (5.2)

5.2.2 Refrigerated semi-trailer

The dynamics of the semi-trailer are modeled based on thermodynamics in the semi-

trailer as described in Section 2.5 in Chapter 2. The semi-trailer model takes into account

the following heat exchange (illustrated in Figure 5.3)

CeqṪair = Qwall(Tamb, Tair) +Qload(Tload, Tair) +Qleak(Tamb, Tair)− Pcool, (5.3)

where Ceq [J/K] is the equivalent thermal capacity of the air inside the semi-trailer; Tload

[K] is the temperature of the cargo load, Tamb [K] is the outside ambient temperature

and Tair [K] is the temperature of the air inside the semi-trailer, respectively; Qwall

[W] denotes the accumulated heat conduction through all the walls; Qleak is the heat

exchange due to ventilation with air from outside; Pcool is the cooling power provided

by the cooling unit. With a sampling time h [sec], the discrete time version of (5.3) is

given as

Tair,k+1 = Tair,k +
h(Qwall +Qload +Qleak − Pcool)

Ceq
, (5.4)

where k is the discrete time sampling index.

5.2.3 On/off control of the cooling unit

The cooling unit can be turned on and off using the switch shown in Figure 5.2. The

electrical power Pelec consists of two parts, i.e., the electrical power consumption Pe cool
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Figure 5.3: Reefer model.

for cooling purposes and the electrical power consumption Pefan on or Pefan off for

operating the ventilation fans. The information of power consumption is summarized

in Table 5.1. Note that even when the cooling unit is switched off, the ventilation fans

Table 5.1: Cooling unit electric power consumption.

Value Remark

Pe cool [kW] 10 electric cooling power
Pefan on [kW] 1.6 ventilation power (cooling on)
Pefan off [kW] 1.0 ventilation power (cooling off)

still consume 1 kW of electrical power. When the cooling unit is turned on, the actual

cooling power is related to the electric cooling power Pe cool by

Pcool = ηCOP · Pe cool,

where ηCOP [-] stands for the Coefficient Of Performance of the cooling unit which is

dependent on the ambient temperature and the air temperature inside the reefer. For

simplification, ηCOP is chosen as the averaged value over a typical duty-cycle of the

cooling unit. As a summary, the switching mechanism for the total electrical power

consumption Pelec [kW] and the cooling power Pcool [kW] can be described as

Pelec =

Pe cool + Pefan on if on

Pefan off if off
(5.5)

Pcool =

ηCOP · Pe cool if on

0 if off
. (5.6)

5.3 Problem formulation

The objective of energy management is to minimize the overall fuel usage over an arbi-

trary drive-cycle while satisfying several constraints. Since the cooling unit can only be

switched on or off, a limited switching frequency is desired for hardware protection. As
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a result, we propose the following two design specifications for energy management of

the refrigerated semi-trailer:

• Fuel reduction [%] The refrigerated semi-trailer can be described as a thermal

buffer where energy can be stored. In the typical application, the requirement is

that the air temperature inside this semi-trailer is controlled within boundaries:

T air ≤ Tair,k ≤ T air, for all k, (5.7)

where T air and T air denote the minimum and the maximum temperature bounds,

respectively. Such a temperature window can be utilized to improve the fuel econ-

omy, e.g., the free kinetic energy during braking can be stored in this thermal

buffer (regenerative braking) and the cooling power can be scheduled according to

the power demand in the powertrain. To evaluate an energy management strategy

in this aspect, we compare its fuel reduction result over a drive-cycle to the situa-

tion where the buffer capacity of the semi-trailer is not optimized for fuel economy.

For example, a thermostat control of the temperature. The following performance

index is considered

Ifuel = (1− F

FBL
)× 100%, (5.8)

where F and FBL denote the fuel consumption over the complete drive-cycle of

length tf = kfh for some kf ∈ N corresponding to the evaluated strategy and

the baseline strategy, respectively. The fuel consumption result is subject to the

constraint

Tair,0 = Tair,kf . (5.9)

We prefer energy management strategies having a higher potential in fuel reduc-

tion when compared to the baseline strategy. Hence, our feasible design space is

formulated as

S1 = {Pelec,k, k = 0, 1, . . . , kf − 1 | γ1 ≤ Ifuel ≤ 100%},

where γ1 ≥ 0 is the minimum value for fuel reduction that is acceptable.

• Switching period [km/switch] For the protection of the hardware, we would

like to minimize the total number of switching events over the entire drive-cycle.

Hence, we define the following criterion to quantify the normalized switching period

with respect to the driving distance

Iswitch =
d

Nswitch
, (5.10)
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where d denotes the total distance of the considered drive-cycle and Nswitch stands

for the number of switching events performed throughout the drive-cycle. Define

the counting function δ(Pelec,k−1, Pelec,k)

δ =

1 if Pelec,k 6= Pelec,k−1

0 if Pelec,k = Pelec,k−1

. (5.11)

The number of switching events Nswitch can then be computed according to

Nswitch =

kf−1∑
k=1

δ(Pelec,k−1, Pelec,k). (5.12)

It is seen that (5.10) increases when Nswitch decreases. As we prefer a minimum

number of Nswitch, the feasible design lies in the following control set:

S2 = {Pelec,k, k = 0, 1, . . . , kf − 1 | γ2 ≤ Iswitch},

where γ2 > 0 is the minimum acceptable switching period.

Combining the above two design aspects, we are facing a multi-objective problem aiming

at finding the energy management strategy Pelec which satisfies Pelec ∈ S1 ∩ S2. The

challenge here is to develop a systematic approach where different trade-offs can be made

between the two objectives, which will be the topic of the following sections. To begin

with, we will present the implication of a minimum lower bound for the total number of

switching events in the following section.

5.4 Maximum temperature interval to reach minimum num-

ber of switching events

To start the discussion, we assume that the temperature for the cargo load Tload and

the ambient temperature Tambient are constant. First, we introduce the definition of a

temperature cycle of the air in the refrigerated semi-trailer.

Definition 5.1. A temperature cycle is a temperature trajectory

Tair,k, . . . , Tair,k+∆k

for which

• Tair,l ∈ [T air, T air], ∀l ∈ [k, k + ∆k];
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• Tair,k = Tair,k+∆k;

•
∑k+∆k−1

l=k+1 δ(Pelec,l−1, Pelec,l) = 1.

As illustrated in Figure 5.4, a temperature profile that starts and ends at the same value

can be decomposed into an aggregation of a number of temperature cycles: the ‘large’

ones that utilize the full window constrained by (5.7) and the ‘small’ ones that do not

utilize the full window. Since we allow only one switching event in each temperature

cycle, we relate the number of temperature cycles Ncycle directly to a number of switching

events. This number of switching events is a lower bound for the total number of

switching events over the drive-cycle because we neglect the switching events between

temperature cycles. With this observation, we define the lower bound of the switching

events to be the number of temperature cycles, i.e., Ncycle ≤ Nswitch. Furthermore, we

claim

Theorem 5.2. Consider all the possible state trajectories of Tair that start and end at

the same temperature value. Minimizing the lower bound Ncycle for the total number of

switching events Nswitch is equivalent to maximizing the average cycle time
tf

Ncycle
.

Proof. Proof for ‘if’:

The definition of the average cycle time ∆tavg =
tf

Ncycle
leads to

Ncycle =
tf

∆tavg
. (5.13)

From (5.13), we conclude if ∆tavg is maximized, Ncycle (lower bound for Nswitch) is

minimized.

Proof for ‘only if’:

We prove by contradiction. Suppose we operate Tair in such a way that we achieve a

minimum number of temperature cycles Nmin but the average cycle time ∆tavg is not

maximum. Then, we can operate Tair in a different way such that the average time per

temperature cycle ∆t
′
avg is larger, i.e., ∆t

′
avg > ∆tavg. From (5.13), we then conclude

Figure 5.4: Temperature profile of the semi-trailer can be decomposed into several
small cycles.
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Ncycle < Nmin which contradicts our assumption that Nmin is minimum. Hence, we

conclude that minimum Ncycle (lower bound for Nswitch) leads to maximum average

cycle time and thus completes the proof.

It is illustrated in Figure 5.5 that, a temperature cycle utilizing the full temperature

window from (5.7) always results in the maximum cycle time. We can infer that a

temperature profile consisting of only ‘large’ cycles will result in the maximum average

time spent per temperature cycle. By using Theorem 5.2, this implies that Ncycle, as

the lower bound for the number of switching events over the complete drive-cycle, is

minimized.

…

∆
∆ ∆

∆ ∆

time

Figure 5.5: Cycling between T air and T air results in maximum cycle time.

Remark Until now, we focus on a temperature profile that starts and ends at the

same value. However, it is also possible to extend the discussion to scenarios where the

end value for Tair does not match its initial value. Consider the temperature profile

A in Figure 5.6 which starts at Tair,0 and ends at T air over the complete drive-cycle.

It is observed that by augmenting A with C, Tair returns to Tair,0 and thus we are

able to decompose the augmented temperature profile A + C into two ‘large’ cycles.

Therefore, we conclude that the average cycle time for the augmented temperature profile

is maximum since it only contains ‘large’ cycles. Then by using Theorem 5.2, we infer

that A+C results in the minimum Ncycle within the extended length. Furthermore, one

can conclude that the temperature profile A is also optimal among all the temperature

trajectories that ends at T air at the end of the complete drive-cycle. Because if A is

not optimal, one can find a better trajectory B within the length of the drive-cycle such

that B +C is better than A+C in the extended time length. This contradicts the fact

that A+ C is the optimal trajectory, which implies that B does not exist.
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,

length of the drive-cycle

A

C

Figure 5.6: Augmenting the temperature profile.

5.5 Integrated approach combining fuel consumption and

the use of maximum temperature interval

5.5.1 Proposed cost function

In the remainder of this chapter let wk = (τk, ωk) denote the torque [Nm] and rotational

speed [rad/sec] at the input shaft of the gearbox at time instant tk = kh for an arbitrary

drive-cycle. Subsequently, define the control input uk = Pelec,k and the state variable

xk = Tair,k. The admissible sets of uk and wk are denoted as U and W , respectively and

they are given as

U = {uon, uoff}, W = {(τ, ω)|τ ≤ τ ≤ τ , ω ≤ ω ≤ ω},

where uon and uoff denote the power consumption corresponding to switching on and

off the cooling unit, respectively; τ , ω and τ , ω denote the minimum and the maximum

limits for τ and ω, respectively. In the ideal situation where energy conversion in the

ePTO takes place without losses, the engine power Pice satisfies

Pice = PD + Pelec = u+ τω. (5.14)

Furthermore, by substituting (5.14) into (5.1), ṁfuel can be expressed in terms of u and

w resulting in a fuel rate function Fuel(u,w),

Fuel(u,w) = max(α2(ω)(u+ τω)2 + α1(ω)(u+ τω) + α0(ω), 0). (5.15)

As described in the previous section, a temperature trajectory consisting of only temper-

ature cycles that utilize the full temperature window constrained by (5.7) results in the

maximum average cycle time and hence a minimum lower bound for Nswitch. Using this

observation, we introduce an artificial binary-valued state xaim to describe the target

temperature if the full temperature window is to be used in the temperature cycling.

That is, if the cooling unit is switched on, we aim at cooling down the temperature to the

lower bound and vice versa. The dynamics of the target temperature can be described
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by

xaim,k+1 =

T air if xk ≤ T air
T air if uk = uoff and T air < xk < T air

T air if uk = uon and T air < xk < T air

T air if xk ≥ T air

. (5.16)

With the dynamics of xaim defined according to (5.16), we propose the following cost

function where fuel consumption is weighted against the desire to cycle Tair using the

largest allowable window

JT =Σ
kf−1
k=0 {Fuel(uk, wk) + µ ·D(xk, xaim,k) ·∆X(uk)},

=Σ
kf−1
k=0 LT (uk, wk, xk, xaim,k), (5.17)

where

D(x, xaim) =

+1 if x ≥ xaim

−1 if x < xaim

(5.18)

and

∆X(u) =

+1 if u = uoff

−1 if u = uon

. (5.19)

Functions ∆X and D are introduced to express the desire to use the full temperature

window. ∆X is the uni-modulus change of the state x resulting from different values

for u, i.e., x increases by 1 if the cooling unit is switched off (u = uoff ) and decreases

by 1 if the cooling unit is switched on (u = uon). D is the dynamic weighting factor

which encourages the state x to follow xaim. Using (5.18) and (5.19), a truth table can

be created as shown in Table 5.2. Following from Table 5.2, a truth table for µD∆X is

shown in Table 5.3. By inspecting Table 5.3, one can conclude that if x evolves towards

xaim, the term µD∆X becomes −µ and otherwise µ. Therefore, if the cost function

(5.17) is to be minimized, the desire to follow xaim is weighted against minimization of

fuel consumption in the cost function (5.17). As xaim is designed according to (5.16),

this further implies the desire to cycle Tair using the full temperature window is weighted

against the minimization of the fuel consumption.
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Table 5.2: truth table for (D,∆X).

x < xaim x ≥ xaim
on (-1,-1) (1,-1)

off (-1,1) (1,1)

Table 5.3: truth table for µD∆X.

x < xaim x ≥ xaim
on µ -µ

off -µ µ

5.5.2 Off-line solution

By assuming the complete drive-cycle is known, the performance of the objective function

(5.17) can be evaluated off-line. First, for any given x0 ∈ {x | T air ≤ x ≤ T air}, define

the optimal cost-to-go function VT,k({wl}
kf−1
l=k , xk, xaim,k) associated to (5.17) as

VT,kf =

0 if xkf = x0

∞ if xkf 6= x0

for k = kf and, for k = kf − 1, . . . , 0,

VT,k = min
{ul}

kf−1

l=k ∈U
kf−k

{LT (uk, wk, xk, xaim,k) +

kf−1∑
l=k+1

LT (ul, wl, xl, xaim,l)},

for all xk ∈ {x | T air ≤ x ≤ T air}, all wl ∈ W , l = k, . . . , kf − 1 and all xaim,k ∈
{T air, T air}. Moreover, VT,k satisfies the following recursive law

VT,k({wl}
kf−1
l=k , xk, xaim,k) = min

uk∈U
{LT (uk, wk, xk, xaim,k)

+ VT,k+1({wl}
kf−1
l=k+1, xk+1, xaim,k+1)}, (5.20)

for k = kf − 1, ..., 0. Given any sequence {wk}
kf−1
k=0 ∈ W

kf , by applying a sufficiently

dense grid over the admissible space of x, one can evaluate (5.20) at each grid point of

x for k = kf − 1, . . . , 0, xaim = T air and xaim = T air. The resulting three-dimensional

cost-to-go matrix for VT,k is illustrated in Figure 5.7. Given any initial state x0, the

optimal sequence uk, k = 0, . . . , kf − 1 can be found by using

u∗k({wl}
kf−1
l=k , xk, xaim,k) = arg min

uk∈U
{LT + VT,k+1} (5.21)
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and the state dynamics (5.4) for x and (5.16) for xaim. As illustrated in Figure 5.7, the

evolution of xaim depends on (5.16), i.e., if x is not on the boundaries, switching on (off)

brings you to a grid point on the lower (upper) layer of the three-dimensional cost-to-go

matrix at instant k + 1.

,

off

on

a grid point at instant 

Figure 5.7: Three-dimensional cost-to-go matrix for VT,k.

5.5.3 Online implementable strategy design using game theory

Since the drive-cycle represented by w is unknown in the future, solving (5.17) in an

online application is challenging. In order to derive a causal strategy, we follow a game-

theoretic approach similar to Section 4.1.3.2 in Chapter 4 which results in a time invari-

ant energy management strategy that can be stored in a look-up table for further real

time implementation. Note that besides using game-theoretic control, it is also possible

to apply the design philosophy described in the previous section to other existing energy

management strategies which rely on a performance index, e.g., model predictive control

or ECMS.

In the game-theoretic approach, the driver and the refrigerated semi-trailer are consid-

ered as players. Moreover, the driver and the semi-trailer are identified as a leader and

a follower, respectively. The following cost function is designed for the leader

Jw(w) =

kp−1∑
k̂=0

G(wk̂), (5.22)
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where k̂ is the discrete sample step within the prediction horizon kph for some kp ∈ N;

G(w) is a probability distribution function that describes the likelihood of a certain

driving behavior in terms of the torque and speed at the input side of the gearbox (see

also Section 5.6.1). Furthermore, we assign the cost function (5.17) to the follower (the

refrigerated semi-trailer).

Now consider a two-player multi-stage sequential game between the leader (driver) with

cost function Jw given by (5.22) and the follower (semi-trailer) with the cost function JT

given by (5.17). The leader is trying to maximize Jw and the follower tries to minimize

JT . Starting from any stage k̂ ∈ {0, . . . , kp − 1}, the leader selects wk̂ first assuming

the game continues till the final stage kp − 1. Next, the follower with the knowledge of

wk̂, xk̂ and xaim,k̂ selects uk̂ also assuming the game continues till the final stage kp− 1.

Then xk̂ and xaim,k̂ evolves according to (5.4) and (5.16), respectively. This is repeated

until the game ends at the final stage kp − 1. By playing such a game, we arrive at the

feedback Stackelberg equilibrium which will be defined next.

Definition 5.3. A pair of sequences (w∗,u∗) constitute a feedback Stackelberg equilib-

rium pair in the dynamic game with player w as the leader associated to the cost (5.22)

and player u as the follower associated to the cost (5.17) if the following conditions are

satisfied subsequently for k̂ = kp − 1, . . . , 0

(i)

J(wpast ∧ w∗
k̂
∧ wfuture) = max

wk̂∈W
J(wpast ∧ wk̂ ∧ w

future), (5.23)

where

wpast =[w0, . . . , wk̂−1]

wfuture =[w∗
k̂+1

, . . . , w∗kp−1],

for all wpast ∈W k̂.

(ii)

JT (upast ∧ u∗
k̂
∧ ufuture, wpast ∧ w∗

k̂
∧ wfuture, x, xaim)

=

min
uk̂∈U

JT (upast ∧ uk̂ ∧ u
future, wpast ∧ w∗

k̂
∧ wfuture, x, xaim), (5.24)
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where

upast =[u0, . . . , uk̂−1]

ufuture =[u∗
k̂+1

, . . . , u∗kp−1]

wpast =[w0, . . . , wk̂−1]

wfuture =[w∗
k̂+1

, . . . , w∗kp−1]

x =[x0, . . . , xkp−1]

xaim =[xaim,0, . . . , xaim,kp−1],

for all upast ∈ U k̂, all wpast ∈ W k̂, all x0 ∈ {x | T air ≤ x ≤ T air} and all xaim,0 ∈
{T air, T air}.

From (i), we have

w∗
k̂

= arg max
wk̂∈W

{
k̂−1∑
l1=0

G(wl1) +G(wk̂) +

kp−1∑
l2=k̂+1

G(w∗j,l2)}

= arg max
wk̂∈W

{G(wk̂)}

=w∗, (5.25)

for all k̂ = kp−1, . . . , 0 and w∗
k̂

= w∗, k̂ = 0, . . . , kp−1 are referred to as the Stackelberg

strategies of the leader. Moreover, it is observed that the leader’s strategy does not

vary over time. Next, to obtain the Stackelberg strategies of the follower in response

to the Stackelberg strategy of the leader w∗, we define the optimal cost-to-go function

V F
T,k̂

(wk̂, xk̂, xaim,k̂) as

V F
T,kp(∅, xkp , xaim,kp) = 0

for k̂ = kp and, for k̂ = kp − 1, . . . , 0,

V F
T,k̂

(wk̂, xk̂, xaim,k̂) = min
{ul}

kp−1

l=k̂
∈Ukp−k̂

{LT (uk̂, wk̂, xk̂, xaim,k̂)

+

kp−1∑
l=k̂+1

LT (ul, w
∗, xl, xaim,l)},

for all xk̂ ∈ {x | T air ≤ x ≤ T air}, all wk̂ ∈ W and all xaim,k̂ ∈ {T air, T air}. Moreover,

VT,k̂ satisfies the following recursive law

V F
T,k̂

= min
uk̂∈U
{LT (uk̂, wk̂, xk̂, xaim,k̂) + V F

T,k̂+1
(w∗, xk̂+1, xaim,k̂+1)}, (5.26)
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for k̂ = kp − 1, . . . , 0. The Stackelberg strategies of the follower

ûk̂(wk̂, xk̂, xaim,k̂)

are the minimizers of (5.26). If the leader selects its Stackelberg strategy (5.25), the

strategy pair

(w∗, ûk̂(w
∗, xk̂, xaim,k̂))

is a Stackelberg equilibrium pair according to Definition 5.3. Next, we employ the

receding horizon principle. As a result, the time invariant game-theoretic strategy taken

by the follower is the Stackelberg strategy at k̂ = 0 as given below

û0(w0, x0, xaim,0) = arg min
u0∈U
{LT (u0, w0, x0, xaim,0)

+V F
T (w∗, x1, xaim,1)}. (5.27)

Next, similar to the way we implement (3.27) in Section 3.4.2 in Chapter 3, the game-

theoretic strategy (5.27) can be computed over the gridded spaces of x0, w0 and xaim,0.

The resulting strategy is implemented as a look-up table. When designing the game-

theoretic strategy, we use a short prediction horizon (two seconds) and hence assume

that ω does not change within the prediction horizon owing to the large inertia of the

truck. As a result, for a given ω, the decision space for the driver within the prediction

horizon is

Wω = {(τ, ω)|τ ≤ τ ≤ τ , ω}.

Moreover, the xaim is also fixed within the prediction horizon to simplify the calculation

and the evolution of xaim is performed in real time.

5.5.4 Complete control scheme

The complete control scheme is shown in Figure 5.8. The block Supervisory Control

outputs xaim based on the current measurement x and control strategy û as defined by

(5.16). Once xaim has been determined, it is fed together with the measured w and x

to the look-up table that outputs û in (5.27). Next, the translator block converts û into

the on/off control signal, i.e., turning on or off the cooling unit if û = uon or û = uoff .

5.6 Case study

In this case study, we will demonstrate the validity of the proposed integrated ap-

proach by designing an energy management strategy for the refrigerated semi-trailer in
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ePTO Cooling 
Unit

Refrigerated 
Semi-trailer

Game-theoretic 
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Control
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Figure 5.8: Overall control scheme.
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Figure 5.9: Probability distribution function G(w).

a simulation environment concerning the vehicle topology shown in Figure 5.2. In all

simulations, T air and T air are chosen as 4.4 and 5.6 ◦C, respectively (this temperature

range is typically used for supermarket deliveries).

5.6.1 Drive-cycle used for simulation

A typical long haul drive-cycle is used for all the simulation studies in this chapter.

Besides, this drive-cycle is also utilized to construct the probability distribution function

G(w) from (5.22) for the game-theoretic strategy design. Figure 5.9 illustrates the shape

of G(w) where the horizontal axes correspond to the requested driving torque τ and

speed ω at the input shaft of the transmission. The value of G(w) at a certain operating

condition w indicates the static probability of the occurrence of that operating condition

w in the considered long haul drive-cycle.
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5.6.2 Simulation overview

1. Thermostat Control

A simple thermostat controller is developed that regulates Tair between T air and T air

periodically:

Pelec,k =


Pe cool + Pefan on if Tair,k ≥ T air

Pelec,k−1 if T air < Tair,k < T air

Pefan off if Tair,k ≤ T air

. (5.28)

2. Pareto Optimal Solution A solution u∗k, k = 0, . . . , kf −1 is called Pareto optimal

[26] if there does not exist any strategy uk, k = 0, . . . , kf − 1 such that at least one of

the following two inequalities is strict:

Ifuel(uk) ≥Ifuel(u∗k)

Iswitch(uk) ≥Iswitch(u∗k).

This means neither Ifuel or Iswitch can be improved from the Pareto optimal solutions

without deteriorating the other one. Indeed, the Pareto optimal solutions provide a

bound for the feasible design space S1 ∩ S2 in terms of the performance indices Ifuel

and Iswitch. The Pareto optimal solutions are obtained by considering the minimization

of the number of switching events (design specification Iswitch) directly instead of using

the implication discussed in Section 5.4. Putting Nswitch and fuel consumption together

in one cost function yields

JP (u,w) =

kf−1∑
k=0

Fuel(uk, wk) + µNswitch, (5.29)

where µ is a tuning parameter. Given a complete profile of {wk}
kf−1
k=0 , we formulate

min
u∈Ukf

JP (u,w) (5.30)

The optimization (5.30) is solved using dynamic programming [6] for different selections

of µ in (5.29) subject to the constraints (5.9) and (5.7). The solutions are the Pareto

optimal solutions, which are illustrated in Figure 5.10 in terms of the performance index

(5.8) and (5.10). A trade-off between the two performance indices is clearly observed,

i.e., a higher switching period [km/switch] leads to a lower fuel reduction [%] and vice

versa. Besides, the optimal trajectories for Tair are plotted in Figure 5.11. It is seen that

as µ increases, more weight is put on reducing Nswitch which drives Tair to vary in a larger
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temperature window. On the other hand, smaller values of µ lead to more switching

events and Tair operates in a limited temperature window. Furthermore, it is interesting

to observe that Tair always tends to cycle close to the upper bound T air. Physically, this

means the system loses less energy to the environment as it stays closer to the ambient

temperature. As a result, cycling in a higher temperature interval contributes to better

fuel economy.
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Figure 5.10: Pareto optimal: fuel reduction vs. switching period.

time [h]
0 0.5 1 1.5 2 2.5

T
ai

r [
de

g]

4.4

4.6

4.8

5

5.2

5.4

5.6

7=0.56
7=1.67

7=2.22
7=11.11

Figure 5.11: Optimal trajectories of Tair for different values of µ.

3. Integrated Approach: Off-line Solution

The off-line solution of the integrated approach is computed according to Section 5.5.2.

Again, we visualize the trade-off curve achieved by the off-line solution for different

choices of µ together with the Pareto optimal solutions (see Figure 5.12). It is seen

that the off-line solution provides a close approximation for the Pareto optimal solution.

107



5.6. Case study

Besides, Figure 5.13 illustrates the trajectories of Tair corresponding to the integrated

approach and the Pareto optimal solution when µ for both strategies is selected as 0.83

and 5.56. One can observe that although the trade-off curves are close to each other, the

trajectory of Tair can show different behavior compared to the Pareto optimal solution

when µ is selected relatively small.
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Figure 5.12: Comparison between the integrated approach and the Pareto optimal.
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Figure 5.13: Trajectories of Tair for µ = 0.83 (upper plot) and µ = 5.56 (lower plot).

4. Integrated Approach: Online Strategy

The online game-theoretic energy management strategy is designed according to Section

5.5.3 and the control scheme shown in Section 5.5.4 is used. Compared to the off-line

solution described in the previous section, the game-theoretic solution uses no future

driving information and the complete prediction horizon is shortened from hours to sec-

onds with receding horizon principle. Figure 5.14 illustrates the trade-off curve obtained
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using this online strategy. A performance gap is observed between the online strategy

and the Pareto optimal solution. This is mainly because of the limited length of the

prediction horizon and the absence of the future driving information for developing the

online strategy. The main draw back can be summarized in the following two aspects:

• The decision to switch on the cooling unit when the driver is braking is a trade-off

considering both the magnitude and length of the braking sequence as well as the

occurrence of more braking opportunities before the lower temperature bound is

hit (the cooling unit has to be switched off again). Similarly, whether to switch

off the cooling unit when the driver is requesting significant acceleration power

should also take into account the duration of this acceleration. Due to the limited

prediction horizon, the game-theoretic strategy focuses on the short term fuel

benefit and thus can decide to do excessive switchings for a marginal increase in

fuel economy.

• As it is suggested by the Pareto optimal solution, cycling the temperature in

a smaller interval closer to the temperature upper bound also brings fuel benefit.

This phenomenon cannot be captured with a short prediction horizon if the thermal

dynamics of the semi-trailer have substantially larger time scales.
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Figure 5.14: Trade-off curve generated using game-theoretic (GT) online strategy.
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5.6.3 Adaptations of the online game-theoretic strategy design

To overcome the drawback of a limited prediction horizon, we propose a heuristic adap-

tation of the cost function (5.17) which is dedicated to the follower (refrigerated semi-

trailer) in the game-theoretic strategy design:

JGT =Σ
kf−1
k=0 [(G(wk) > ε) · Fuel(uk, wk)

+ µ
xk − x
x− x

D(xk, xaim,k) ·∆X(uk)], (5.31)

where ε is a non-negative constant; x and x denote T air and T air, respectively. The

factor G(wk) > ε in (5.31) puts a threshold on when to take the fuel consumption into

account. The intuitive explanation for this adaptation is that if an operating condition

wk does not occur with a probability larger than ε, then it is not advantageous to do

switching for the fuel benefit it brings. Besides, an adaptive weighting xk−x
x−x is augmented

to the second term of the cost function. By doing so, we deliberately put bias on the

weighting of tracking xaim when x is at different locations in the temperature interval:

the lower the temperature becomes, the less advantageous it is to steer to lower values.

In this way, we incorporate the idea of ‘cycling in a higher temperature interval for fuel

economy’ in the second term of the cost function. With these two adaptations, the

trade-off curve is illustrated in Figure 5.15 where an improvement in the performance of

the game-theoretic approach can be observed. However, a gap still exists between the

performance of the online strategy and the Pareto optimal. The performance might be

further improved if prediction of the future driving condition can be obtained by using

a GPS system.

5.7 Conclusions

In this chapter, an integrated approach is presented for designing an energy manage-

ment strategy that deals with the fuel economy and switching frequency for auxiliaries

with on/off control. This approach is based on a cost function design using the impli-

cation of a minimum lower bound for the total number of switching events. Using this

cost function, game theory is employed to obtain a causal energy management strategy

which can be stored in a look-up table. The complete control scheme consists of such

a look-up table and a supervisory block. The simple control structure is attractive for

online implementation. The validity of this methodology is demonstrated with a case

study on a heavy-duty truck model where the off-line and online performance of the in-

tegrated approach are evaluated and compared to Pareto optimal solutions. Moreover, a
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Figure 5.15: Trade-off curve generated using adapted game-theoretic (GT) online
strategy.

possible adaptation of the cost function to enhance the performance of the online energy

management strategy is proposed.
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Chapter 6

Simulation results

In this chapter, we will present the simulation results concerning the hybrid heavy-duty

truck. The vehicle topology under consideration is visualized in Figure 6.1 in a similar

fashion as Figure 3.5. The signals in Figure 6.1 are defined according to Table 1.1. Two

ICE

Alternator Motor/
Generator

driver

LV consumer LV battery HVAC HV battery Refrigerated 
semi-trailer

Air supply

_ _

-

Figure 6.1: Vehicle powertrain divided into three powernets: the mechanical power-
net; the high-voltage powernet and the low-voltage powernet.

simulation environments are considered in this chapter: a simplified simulation and a

dynamic simulation environment. More details of these two simulation environments

are discussed in Chapter 2. In the simulation studies in this chapter, the single-leader

multi-follower game model presented in Chapter 3 is used as the fundamental framework

to design energy management strategies. The results from Chapter 5 are used to handle

on/off controlled auxiliaries, i.e., the refrigerated semi-trailer (reefer), the air supply
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6.1. Simplified simulation environment

and the HVAC. It is recognized that the complete vehicle powertrain consists of three

powernets: the mechanical powernet; the high-voltage powernet and the low-voltage

powernet. Consequently, we define three node prices for the three powernets (see Figure

6.1):

pm =Palt m + Pac + PEM m (6.1)

pHV =PBHV + Prs + Pas (6.2)

pLV =PconsLV + PBLV . (6.3)

These node prices will then be shared among auxiliaries in the second-level simultaneous

game via the central unit EMSO as discussed in Chapter 3. More details on the cost

functions used to apply the game-theoretic energy management strategy are included in

Appendix A.

6.1 Simplified simulation environment

6.1.1 Scenarios for comparison

We simulate four scenarios for comparison: Baseline (BL) 1, Baseline (BL) 2, Hybrid

and CVEM. The information of control strategies implemented in these scenarios is

summarized in Table 6.1 where we use SOEHV and SOELV to denote the State of

Energy (SOE) of the high-voltage (HV) and the low-voltage (LV) battery, respectively.

• BL 1: constant SOE control and thermostat control within the specified state

bounds are employed for the batteries and the on/off controlled auxiliaries, re-

spectively.

• BL 2: compared to BL 1, higher temperature bounds are imposed for the HVAC

in BL 2. This modification is considered based on the mechanical design of the

HVAC system in the vehicle as shown in Figure 2.10. It is seen that the inlet air is

first cooled by the AC circuit to a lower temperature and then heated again before

it is blown in the cabin, which results in a waste of energy. Hence, starting from an

energy efficient point of view, it is preferred to raise the outlet air temperature from

the AC circuit such that less cooling is needed and still the cooling performance

in the cabin is satisfied.

• Hybrid: the Game-Theoretic (GT) strategy is only applied to the control of the

HV battery while the control of the rest of the auxiliaries remains the same as

BL 1.
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• CVEM: GT strategies are applied to all the auxiliaries in the vehicle. Besides,

the state bounds of the auxiliaries are allowed to be extended during braking to

capture extra braking energy, e.g., Tw can go below its lower bound to capture

extra braking energy.

The simulations are all done with an ambient temperature of 20 ◦C and the low-voltage

consumption PconsLV is 0.5 kW. The drive-cycle adopted for conducting the simulations

is a 2-hour round trip from Aachen to Cologne, which is referred to as Aachen-Cologne-

Aachen (ACA).

Table 6.1: Overview of simulated scenarios in the simplified simulation environment.

BL 1 BL 2 Hybrid CVEM

HV battery SOE control SOE control GT GT
SOEHV bounds [%] - - [30 70] [30 70]

LV battery SOE control SOE control SOE control GT
SOELV bounds [%] - - [80 85] [80 85]

Reefer thermostat thermostat thermostat GT
Tair bounds [◦C] [4.5 5.5] [4.5 5.5] [4.5 5.5] [4.5 5.5]

Air supply thermostat thermostat thermostat GT
pas bounds [bar] [9.6 11.1] [9.6 11.1] [9.6 11.1] [9.6 11.1]

HVAC thermostat thermostat thermostat GT
Tw bounds [◦C] [5.5 7] [12 13.5] [5.5 7] [12 13.5]

6.1.2 Simulation results

In this section, we will present the simulation results obtained from the simplified sim-

ulation environment. Five auxiliaries are considered for energy management: the HV

battery, the LV battery, the HVAC, the air supply and the reefer. Before we present the

simulation results, let us first recall how energy management can improve fuel economy.

Consider the artificial fuel line illustrated in Figure 6.2. In general, energy management

achieves fuel reduction in the following two ways:

• Reduce the engine average power P ice: The engine average power P ice over

a certain drive-cycle with length kf is defined as below

P ice =

∑kf−1
k=0 max(Pcutoff (ωk), Pice,k)

kf
, (6.4)

where Pcutoff is the maximum engine power with zero fuel consumption at different

values of ω. More specifically,

Pcutoff (ω) = max{Pice(ω) | ṁfuel = 0}.
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6.1. Simplified simulation environment

Since fuel consumption increases as engine power increases (see Figure 6.2), reduc-

ing the engine power will result in less fuel consumption. This can be realized by,

e.g., capturing the free regenerative braking energy in all the energy buffers in the

vehicle, engine stop/start and reducing the energy consumption and losses of the

components.

• Keep the engine operating point steady: in Figure 6.2, we consider two blue

engine operating points and two black engine operating points. Let us assume

both cases (blue and black) result in the same average engine power P ice defined

according to (6.4). It is observed that the average fuel rate in the two cases differs.

In view of Figure 6.2, the average fuel rate is ṁblue
fuel and ṁblack

fuel for the blue and

the black case, respectively. Note that ṁblue
fuel > ṁblack

fuel . Ultimately, it is most

economical to keep the engine operating steadily at P ice for all time. To achieve

this aspect of fuel saving, energy management utilizes the energy buffers in the

vehicle to do load shifting, e.g., charging the battery when the driver is braking and

release this energy when high driving power is requested. Note that the curvature

of the fuel line is exploited here to improve fuel economy. This means for linear

fuel lines, such operation will not reduce fuel consumption.
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Figure 6.2: Artificial fuel line.

Based on the above discussion, let us analyze the fuel reduction results summarized

in Table 6.2 where we introduce the symbol ∆ to denote the deviation of the state

variable from its initial value. It is seen from Table 6.2 that CVEM achieves 9.17 %

fuel reduction compared to BL 1. The state trajectories of the auxiliaries in these

two scenarios are plotted in Figure 6.3. This fuel saving comes from, e.g., storing free

braking energy in all the energy buffers (as shown in the upper left plot of Figure 6.4)

and minimizing the energy consumption of auxiliaries (as shown in the upper right plot

of Figure 6.4). It is observed in the upper left plot of Figure 6.4 that different auxiliaries
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demonstrate different capabilities of capturing braking energy. This difference is mainly

determined by the buffer size of the auxiliaries (both in terms of power and energy).

In general, the power consumption and energy storage capacities of the HVAC and air

supply system are relatively small compared to the reefer. On the other hand, the LV

battery entails sufficient energy capacity but is constrained by the power capability of

the alternator. This also explains why the operating range of SOELV is rather limited as

shown in Figure 6.3. As a result, the reefer demonstrates higher potential for capturing

regenerative braking energy than the LV battery, the air supply and the HVAC. The

upper right plot in Figure 6.4 shows that the energy consumption of different auxiliaries

on component level. It is seen that CVEM reduces the energy consumption of the reefer,

the HVAC and the air supply compared to BL 1. To reduce the energy consumption, the

air temperature Tair in the reefer cycles closer to the upper temperature bound and thus

induces less energy loss to the environment. In this way, the system operates the reefer

with less energy but such operation also implies a higher on/off switching frequency.

On the other hand, the air pressure pas in the air supply is operated closer to the lower

bound. Such operation reduces the energy consumption of the air supply because the air

compressor has a higher efficiency at lower pressure. However, as indicated in Figure 6.4,

the reduction is marginal. It is observed that the energy consumption of the batteries

increases when the game-theoretic strategy is applied (in Hybrid and CVEM). This is

because charging and discharging the batteries naturally induces losses. As shown in

Table 6.2, the overall fuel consumption still decreases while the energy consumption of

the batteries increase at a local level. As illustrated in the lower left plot of Figure 6.4,

the fuel reduction is typically obtained at an expense of a higher switching frequency

except for the HVAC. For the HVAC, the operating temperature range of the outlet

temperature Tw is raised by CVEM and BL 2 as shown in Table 6.1. Consequently, Tw

heats up much slower as it gets closer to the ambient temperature. On the other hand,

the cooling of Tw can still be done very quickly owing to the over-sized compressor

of the HVAC. Hence, the cycling time of Tw is prolonged. This can be verified by

observing that the HVAC shows a lower switching frequency in BL 2 compared to BL 1.

Moreover, CVEM allows Tw to go lower during braking opportunities to capture extra

braking energy. This implies a longer cycling time of Tw during braking. Owing to the

aforementioned two aspects, the switching frequency of the HVAC appears to be the

lowest for CVEM. In general, CVEM reduces the average engine power consumption

P ice as well as the variance

σ = |
max(Pcutoff (ωk), Pice,k)− P ice

P ice
|

around this average power. This observation corresponds to the previous analysis that

energy management strategies reduce fuel consumption by decreasing P ice and keeping
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the engine operating point steady. By comparing BL 1, Hybrid and CVEM, it is recog-

nized that the HV battery and the rest of the auxiliaries account for 8.60 % and 0.57 %

of the fuel reduction, respectively. Furthermore, if we compare CVEM to BL 2 where all

the auxiliaries have the same operating bounds, a fuel reduction of 0.43 % is attributed

to auxiliaries excluding the HV battery.
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Figure 6.3: State trajectories from the simplified simulation environment.

Table 6.2: Simulation results from the simplified simulation environment.

BL 1 BL 2 Hybrid CVEM

fuel reduction [%] 0 0.14 8.60 9.17
∆ SOE HV [%] 0 0 0 0
∆ SOE LV [%] 0 0 0 +0.01

∆Tair [K] +0.05 +0.05 +0.05 +0.06
∆Tw [K] 0 +0.03 0 -0.05

∆pas [bar] +0.05 +0.05 +0.05 0
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Figure 6.4: Regenerative braking energy captured by auxiliaries (upper left plot);
energy consumption of auxiliaries (upper right plot); switching number of on/off aux-

iliaries (lower left plot); ICE average power and variance (lower right plot).

6.2 Dynamic simulation environment

6.2.1 Scenarios for comparison

In the dynamic simulation environment, we develop energy management strategies for

the low-voltage battery, the reefer, the air supply and the HVAC. The HV battery is

excluded because it is integrated with a local energy management strategy supplied

by an external partner. As a result, the HV battery is treated as a controlled HV

battery and hence will not be discussed in the remainder of this chapter. Two scenarios

are simulated in the dynamic simulation environment: Baseline (BL) and CVEM. The

baseline scenario where the HVAC incorporates higher temperature bounds is excluded

because it is already demonstrated as BL 2 in the simplified simulation environment

where the extra fuel reduction is observed to be marginal.

The implemented control strategies in the two scenarios are summarized in Table 6.3.

In the dynamic simulation environment, the State of Charge (SOC) instead of the State
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Table 6.3: Overview of simulated scenarios in the dynamic simulation environment.

BL CVEM

LV battery
Strategy constant voltage control GT

SOCLV bounds [%] - [80 85]

Reefer
Strategy thermostat GT

Tair bounds [◦C] [4.5 5.5] [4.5 5.5]

Air supply
Strategy EURO 5 GT

pas bounds [bar] [9.6 11.1] [9.6 11.1]

HVAC
Strategy thermostat GT

Tw bounds [◦C] [5.5 7] [12 13.5]

of Energy (SOE) is chosen to describe the energy level of the LV battery because it is

related to the battery current and voltage which the dynamic model is based on. For

BL, the alternator voltage is controlled to be the initial open circuit voltage of the LV

battery, which is considered to be an accurate indicator for the battery SOC [3]. In all the

simulations, the ambient temperature is 20 ◦C and the low-voltage consumption is 1.5

kW. Two drive-cycles are adopted to perform the simulations: Aachen-Cologne-Aachen

(ACA) and a 15-hour long haul trip from Germany to Italy including the Brenner pass

(Brenner).

6.2.2 Simulation results

Table 6.4 summarizes the simulation results in different scenarios and the state trajec-

tories are plotted in Figure 6.5. It is shown that CVEM achieves 0.63% and 0.62 % fuel

reduction in ACA and Brenner, respectively. Note that we do not include correction

factors in the fuel consumption results because the impact of the state deviation on fuel

consumption is negligible, especially when the drive-cycle is sufficiently long. Figure 6.6

illustrates the performance of CVEM in terms of the energy captured during braking, the

energy consumption and the switching frequencies of the on/off controlled auxiliaries. In

general, CVEM shows similar behavior in the dynamic simulation environment as in the

simplified simulation environment except the air supply. It is observed that with CVEM,

the energy consumption and switching frequency of the air supply are both greatly re-

duced compared to BL. This is because BL uses the EURO 5 control that releases the

pressure from the air tank frequently to prevent a high water volume in the dryer before

the air tank. In fact, such a high frequency of pressure release is unnecessary because

water volume in the air tank builds up much slower. As a result, the air compressor also

needs to be turned on frequently to refill the pressure in the air tank. This excessive

pressure release is avoided in CVEM where the pressure release is controlled based on

the estimation of the water volume, i.e., activate the pressure release only when the
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estimated water volume reaches the upper limit. In this way, both the energy consump-

tion and the switching frequency of the air supply are significantly reduced. It is also

observed that the energy consumption of the LV battery becomes negative in BL, which

indicates that the LV battery is supplying instead of consuming energy. This is because

the open-circuit voltage corresponding to the initial SOC of the LV battery is constantly

applied if possible to maintain the SOC of the LV battery. With such a constant voltage

control, the charging of the battery typically happens slowly when the SOC level is close

to the initial SOC (see Figure 6.5). Therefore, at the end of the drive-cycle, the energy

taken from the LV battery is not fully compensated.
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Figure 6.5: State trajectories from the dynamic simulation environment on drive-cycle
ACA.

As a design freedom, CVEM allows different trade-offs to be made between switching

frequency of an on/off controlled component and the fuel economy. Table 6.5 summarizes

the simulation results where a different tuning is chosen for the reefer and simulation
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Table 6.4: Simulation results from the dynamic simulation environment (tuning 1 for
the reefer).

ACA Brenner
BL CVEM BL CVEM

Fuel reduction [%] 0 0.63 0 0.62
∆ SOCLV [%] -0.86 +0.15 -1.89 +0.51
∆ SOCHV [%] -7.20 -7.31 +15.36 +10.21

∆Tair [◦C] -0.22 +0.40 +0.22 -0.50
∆Tw [◦C] -1.18 +5.45 -0.66 +4.96
∆pas [◦C] +0.44 +0.14 +0.31 +1.78

plots similar to those in Figure 6.6 are depicted in Figure 6.7. In this case, CVEM

achieves an extra fuel reduction of 0.18 % and 0.07 % on ACA and Brenner, respectively,

compared to the results presented in Table 6.4. This additional fuel saving is obtained

with an increase in the switching frequency of the reefer by 5.5 and 5.9 times on ACA

and Brenner, respectively. In general, different auxiliaries might favor different trade-offs

and it is up to the strategy developer to make the choice. It is also recognized that the

influence of applying different designs for the reefer on fuel economy is relatively lower on

Brenner compared to ACA. This is because Brenner is about 8 times longer than ACA

and includes driving in mountainous areas where significant propulsion power is required.

As a result, the driving energy consumed on Brenner is much larger compared to ACA

and thus the influence of different control of the reefer on the total fuel consumption is

less observable for Brenner.

Table 6.5: Simulation results from the dynamic simulation environment (tuning 2 for
the reefer).

ACA Brenner
BL CVEM BL CVEM

Fuel reduction [%] 0 0.81 0 0.69
∆ SOCLV [%] -0.86 +0.15 -1.89 +0.50
∆ SOCHV [%] -7.20 -7.15 +15.36 +10.24

∆Tair [◦C] -0.22 +0.48 +0.22 -0.44
∆Tw [◦C] -1.18 +5.74 -0.66 +5.81
∆pas [◦C] +0.44 +0.48 +0.31 +1.91

Besides one lumped total fuel saving from energy management for all the auxiliaries, it

is also interesting to analyze the potential for each individual auxiliary. This analysis

can be done by simulating over one drive-cycle iteratively where the energy management

for only one auxiliary is enabled at each iteration. The drive-cycle chosen to perform

this simulation is Brenner for its long duration. In this way, the impact of deviation in

auxiliary final energy levels from their initial values on fuel consumption is minimized.

As illustrated in Figure 6.8, the HVAC and the air supply account for similar amount of

fuel reduction whereas the LV battery and the reefer show relatively lower potential. The
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Figure 6.6: Tuning 1 for the reefer: plots of captured regenerative energy, energy
consumption and switching frequency; left column: drive-cycle ACA, right column:

drive-cycle Brenner.

major fuel benefits of the HVAC and the air supply come from the significant reduction

in energy consumption as illustrated in Figure 6.6 and Figure 6.7. As mentioned before,

although the LV battery posses abundant energy capacity, its fuel reduction potential

is mainly undermined by the limited power capability of the alternator such that the

energy capacity can not be exploited to its full potential to store braking energy or shift

the engine operating point. Hence, increasing the power capability of the LV battery

and the alternator seems to be a viable approach to improve the performance of the LV

battery. As for the reefer, the bottle neck of the performance comes from the fact that
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Figure 6.7: Tuning 2 for the reefer: plots of captured regenerative energy, energy
consumption and switching frequency; left column: drive-cycle ACA, right column:

drive-cycle Brenner.

a very short prediction horizon and no preview information of the future driving power

request is used for energy management. Higher fuel reduction potential is possible if

sufficiently long preview information can be incorporated in the strategy design.
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Figure 6.8: Fuel savings per auxiliary for Brenner evaluated for two different tunings
for the reefer.

6.3 Conclusions

In this chapter, the game-theoretic approach for CVEM is implemented and tested

in two simulation environments: a simplified and a dynamic simulation environment.

The game-theoretic energy management strategies are implemented for the HV battery,

the LV battery, the reefer, the air supply and the HVAC in the simplified simulation

environment. A round trip from Aachen to Cologne is used to perform the simulation

and it is shown that the HV battery and the other auxiliaries contribute 8.6 % and

0.57 % to the fuel reduction, respectively. In the dynamic simulation environment, the

game-theoretic energy management strategies are implemented for the LV battery, the

reefer, the air supply and the HVAC and the control of the HV battery is done by an

external energy management strategy. The round trip from Aachen to Cologne and a

15-hour long haul trip from Germany to Italy are used to conduct the simulation. The

fuel reduction is found to be 0.63 ∼ 0.81 % and 0.62 ∼ 0.69 % on the two drive-cycles

where two different tunings are applied for the strategy of the reefer. The simulation

results show that CVEM utilizes the energy buffers of all auxiliaries to store regenerative

braking energy. The amount of captured free energy in each auxiliary depends on the

buffer size both in terms of power and energy. It is discovered that the performance

of the LV battery is mainly limited by its power capability. Moreover, the HVAC and

the air supply can reduce their energy consumption by operating the temperature at a

higher range and avoiding excessive pressure release, respectively.
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Chapter 7

Conclusions and

recommendations

7.1 Conclusions

The aim of this thesis is to develop, analyze and implement a CVEM system for a

parallel hybrid heavy-duty truck. Such a system needs to comply to a number of specific

requirements:

• Flexibility and optimality: an energy management solution concept is needed

that ensures both flexibility in design and optimality in fuel economy.

• Robust performance with unknown future drive-cycle: without the knowl-

edge of the future drive-cycle, the energy management strategy needs to maintain

robust performance in terms of fuel economy for different driving scenarios.

• Energy management for on/off controlled auxiliaries: both the switching

frequency and the fuel economy need to be incorporated into the energy manage-

ment system for the on/off controlled auxiliaries.

Corresponding to the research objectives discussed in Chapter 1, this thesis presents the

following results:

• To ensure a flexible structure of the energy management strategy, a game-theoretic

solution concept for CVEM is proposed by considering a non-cooperative game

where each auxiliary, as a player, minimizes its own cost function. By carefully

designing the cost function, this approach limits the information shared among the
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auxiliaries and the information structure does not change when an auxiliary is re-

moved or added. This enables a plug and play interface, which meets the flexibility

requirement. It is shown that when the drive-cycle is completely known, this game

results in a Nash equilibrium. Further analysis shows that the Nash equilibrium

corresponds to the local or global optimum of the centralized cost function, which

is the overall fuel consumption. To further derive online implementable strategies

that do not use future knowledge, the driver is introduced as another player and a

single-leader multi-follower game model is proposed. In this framework, the driver

is considered as the leader who makes its decision first and all the auxiliaries are

considered as followers who react on the leader’s decision. The solution concept

of the single-leader multi-follower game model consists of two levels of game play.

Firstly, a sequential game is performed off-line for each auxiliary and the resulting

Stackelberg strategy is stored in a look-up table. Next, at each sample instant,

all the auxiliaries are involved in an online iterative procedure by communicat-

ing to a central unit called the Energy Management System Operator (EMSO)

which determines an approximation of a Nash equilibrium. We proved that this

game-theoretic methodology ensures flexibility and optimality, allows for online

implementation and does not rely on future information of the drive-cycle.

• To improve the robustness of the energy management strategy with respect to dif-

ferent driving scenarios without using future drive-cycle information, two adaptive

concepts are proposed. The first adaptive concept is an extension of the single-

leader multi-follower and is based on the philosophy of pattern recognition. First,

the off-line Stackelberg strategies are optimized for several typical drive patterns

and they are stored in look-up tables. Next, an online algorithm is developed to

classify the driving history into one of the typical drive patterns and subsequently

selects the corresponding strategy. This approach is validated in simulation con-

cerning the control of the high-voltage battery of a 40-ton hybrid truck using

multiple drive-cycles. Compared to the non-adaptive game-theoretic strategy, the

adaptive strategy achieves up to 0.9 % more fuel reduction with respect to a

conventional truck. This fuel reduction is relevant for the heavy-duty truck long

haul application. Suppose a conventional long haul truck consumes on average 33

liters/100km and travels an average mileage of 150000 km/year [69]. With a diesel

price of 1.2 [e/ liter], the extra fuel cost reduction amounts to 535 [e] per truck

per year.

The second adaptive concept is devoted to a set-theoretic estimation (STE) method

to automatically identify the equivalence factor in the Equivalent Consumption

Minimization Strategy (ECMS) by using the driving history. Unlike the traditional

ECMS, the proposed method is integrated in the CVEM by incorporating the
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decisions from other auxiliaries in the cost function. The set-theoretic method is

discussed in the state unconstrained and the state constrained case. The advantage

of this method is that tedious tuning can be avoided and still a robust performance

can be obtained by simulation over different drive-cycles. Compared to the ECMS

with a PI controller of fixed parameters, the STE method achieves up to 2.13 %

more fuel reduction with respect to a conventional truck. It is also pointed out

that the battery power and energy capacity as well as the dynamics of the driving

power profile influence the performance of this method.

• An integrated approach is proposed to design energy management strategies that

can make an optimal trade-off between fuel economy and switching frequency of

the on/off controlled auxiliaries. This approach introduces an artificial binary

state in the cost function to express the desire of cycling the auxiliary state within

the maximum allowable window. This design approach shows close to Pareto op-

timal performance on a drive-cycle where we assume the complete drive-cycle to

be known. Furthermore, a causal energy management strategy can be obtained

by using the game-theoretic leader-follower framework to eliminate future driving

request dependency. Due to a limited prediction horizon, a gap between the perfor-

mance of the online strategy and Pareto optimal solution is observed. To overcome

this drawback, an adaptation of the cost function is proposed which brings sig-

nificant improvement of the performance of the online strategy as illustrated in

Figure 5.15.

The game-theoretic approach for CVEM is implemented and tested in a simplified and

a dynamic simulation environment. In principle, the implementation only involves soft-

ware without extra investment in hardware. In the simplified simulation environment,

the HV battery, the LV battery, the reefer, the air supply and the HVAC are included

in the energy management system. It is found out that the HV battery and the other

auxiliaries contribute 8.6 % and 0.57 % to the fuel reduction, respectively. A similar fuel

reduction result is also observed in the dynamic simulation environment where 0.63 ∼
0.81 % and 0.62 ∼ 0.69 % of fuel reduction are obtained on two drive-cycles by control-

ling the LV battery, the reefer, the air supply and the HVAC. In the simulation studies,

it is shown that CVEM utilizes the energy buffers of all auxiliaries to store regenerative

braking energy. The amount of captured free energy in each auxiliary depends on the

buffer size both in terms of power and energy. It is discovered that the performance

of the LV battery is mainly limited by its power capability. Moreover, the HVAC and

the air supply can reduce their energy consumption by operating the temperature at a

higher range and avoiding excessive pressure release, respectively.
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7.2 Recommendations

In this thesis, a game-theoretic solution concept for designing autonomous energy man-

agement strategies for auxiliaries in heavy-duty trucks is proposed and validated by

simulation. A natural direction for further research is to test the strategies in a real

prototype truck.

Furthermore, this thesis focuses on developing energy management strategies that do

not rely on preview information of the future driving power request using an on-board

GPS system. It would be logical to further include the preview information in energy

management strategies. This is especially beneficial for the on/off controlled auxiliaries

with slow dynamics, e.g., the reefer. For these auxiliaries, energy management involves

minimization of energy losses and maximization of captured regenerative braking energy

with a limited number of switching events at the right moment, which is very challenging

if preview information is not available. Moreover, with the preview information, the

implementation of the Nash equilibrium discussed in Section 3.3.1 in Chapter 3 is made

possible (if online computation power and communication capability allows) using a

receding horizon principle.

As a follow up research question, it is interesting to investigate the algorithms that

guarantee convergence to the Nash equilibrium. Many algorithms exist that ensures

convergence with different assumptions and iteration schemes, see [30] for an exam-

ple. Besides, with the game formulation when the drive-cycle is known as discussed in

Chapter 3, the Nash equilibria correspond to the trapping points of the centralized cost

function. It is intriguing to study the conditions needed for the Nash equilibrium to be

the global optimum of the centralized cost function, which can be used for computing

the off-line bench marking solution of CVEM.

The energy management strategies can be further refined by specifically taking other

practical criteria into account. So far, we have not considered battery wear in the

thesis. It is pointed out in [69] that intensive charge and discharge of the battery by

energy management can lead to faster battery degradation. To prevent excess use of

the battery, the effects of battery wear can be included in the modeling and/or the

optimization as an extra cost. Besides, charge acceptance can be incorporated in the

modeling. Especially for lead-acid batteries which are notorious for their limited charge

acceptance [15], estimation of the charge acceptance for a given voltage set point is

relevant for maximizing the efficiency of the regenerative braking, e.g., the battery can

be operated in a way such that good charge acceptance appears during braking events.

Moreover, the possibility of extending the game-theoretic solution concept to include
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the optimization for plug-in charging. For this purpose, the electricity cost becomes the

optimization criterion instead of the fuel consumption.

The set-theoretic estimation method is demonstrated for controlling the HV battery

in this thesis. The same idea can be extended to the control of other batteries in the

vehicle, e.g., LV battery. Due to the limited power range of the LV battery, the optimal

power trajectory will probably reach its boundaries frequently. Hence, it is foreseen that

adaptation is needed because constant refreshing of the original algorithm is expected,

which deteriorates the performance.

Optimal component sizing and vehicle topology configuration are not discussed in this

thesis. However, CVEM can provide insights for component sizing. For example, it is

discovered that the performance of the LV battery is limited by the power capabilities

of the alternator and the battery itself. Whether to select a larger alternator and/or

a larger battery is a decision in which the consideration of the resulting operational

cost and the component cost are combined. Using CVEM, similar energy management

oriented component sizing can be done for various components in the vehicle.
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Appendix A

Cost functions used in Chapter 6

The cost functions used to design game-theoretic strategies in Chapter 6 are summarized

below where we utilize the notation defined in Table 1.1 and illustrated in Figure 1.5. The

decentralized fuel functions for the auxiliaries FuelHV , FuelLV , Fuelac, Fuelas and Fuelrs

are formulated according to the power balance in the vehicle powertrain as discussed in

Section 3.4.3 in Chapter 3. The node prices for the three powernets pm, pHV and pLV are

defined according to (6.1), (6.2) and (6.3), respectively. Moreover, the power request

from the low-voltage powernet is neglected when the decentralized fuel functions for

the auxiliaries in the high-voltage powernet are formulated. This is because the power

request from the low-voltage powernet is much smaller compared to the driving power

and the power request from the high-voltage powernet.

• Leader:

– Driver

Jw =

kp−1∑
k̂=0

G(wk̂), (A.1)

where G(w) is the probability distribution function of the driving torque and

speed. This function is constructed using the simulated drive-cycle.

• Followers:

– High-Voltage battery

JHV =

kp−1∑
k̂=0

FuelHV (PsHV,k̂, P
HV
−HV,k̂, wk̂) + µHV (EsHV,0 − EsHV,kp), (A.2)

where PHV−HV = pHV − PBHV and µHV is a weighting parameter.
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– Low-Voltage battery

JLV =

kp−1∑
k̂=0

FuelLV (PsLV,k̂, P
LV
−LV,k̂, P

m
−alt,k̂, wk̂) + µHV (EsLV,0 − EsLV,kp),

(A.3)

where PLV−LV = pLV − PBLV , Pm−alt,k̂ = pm − Palt m and µHV is a weighting

parameter.

– HVAC system

Jac =

kp−1∑
k̂=0

{Fuelac(Pac,k̂, P
m
−ac,k̂, wk̂) + µacDac(Tw,k̂, T

ac
aim,k̂

)∆X̄ac(Pac,k̂)},

(A.4)

where µac is a weighting parameter, Pm−ac = pm − Pac,

T acaim,k+1 =



T̄w if Tw,k̂ ≤ Tw
T̄w if Pac is off and Tw < Tw,k̂ < T̄w

Tw if Pac is on and Tw < Tw,k̂ < T̄w

Tw if Tw,k̂ ≥ T̄w

,

Dac(Tw, T
ac
aim) =

+1 if Tw ≥ T acaim
−1 if Tw < T acaim

,

and

∆X̄ac(Pac) =

+1 if Pac = Pac,off

−1 if Pac = Pac,on

,

where Pac,off and Pac,on denote the power consumed when the compressor of

the HVAC is switched off and on, respectively.

– Air supply system

Jas =

kp−1∑
k̂=0

{(G(wk̂) ≥ εas) · Fuelas(Pas,k̂, P
HV
−as,k̂, wk̂)

+ µas
p̄as − pas
p̄as − pas

Das(pas,k̂, p
as
aim,k̂

)∆X̄as(Pas,k̂)}, (A.5)
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where µas and εas are weighting parameters, PHV−as = pHV − Pas,

pasaim,k+1 =



p̄as if pas,k̂ ≤ pas
p̄as if Pas is on and p

as
< pas,k̂ < p̄as

p
as

if Pas is off and p
as
< pas,k̂ < p̄as

p
as

if pas,k̂ ≥ p̄as

,

Das(pas, p
as
aim) =

+1 if pas ≥ pasaim
−1 if pas < pasaim

,

and

∆X̄as(Pas) =

−1 if Pas = Pas,off

+1 if Pas = Pas,on

,

where Pas,off and Pas,on denote the power consumed when the compressor of

the air supply is switched off and on, respectively.

– Refrigerated semi-trailer

Jrs =

kp−1∑
k̂=0

{(G(wk̂) ≥ εrs) · Fuelrs(Prs,k̂, P
HV
−rs,k̂, wk̂)

+ µrs
Tair − T air
T̄air − T air

Drs(Tair,k̂, T
rs
aim,k̂

)∆X̄as(Prs,k̂)}, (A.6)

where µrs and εrs are weighting parameters, PHV−rs = pHV − Prs,

T rsaim,k+1 =



T̄air if Tair,k̂ ≤ T air
T̄air if Prs is off and T air < Tair,k̂ < T̄air

T air if Prs is on and T air < Tair,k̂ < T̄air

T air if Tair,k̂ ≥ T̄air

,

Drs(Tair, T
rs
aim) =

+1 if Tair ≥ T rsaim
−1 if Tair < T rsaim

,

and

∆X̄rs(Prs) =

+1 if Prs = Prs,off

−1 if Prs = Prs,on

,

where Prs,off and Prs,on denote the power consumed when the cooling unit

of the refrigerated semi-trailer is switched off and on, respectively.
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Using the above defined cost functions, the Stackelberg strategies of the continuously

controlled auxiliaries and on/off controlled auxiliaries are computed according to Sec-

tion 4.1.3.2 and Section 5.5.3, respectively. The parameters used for performing the

simulations in Chapter 6 are summarized in Table A.1.

Table A.1: Simulation parameters

Environment Cycle µHV µLV µac εas µas εrs µrs
Simplified ACA 4.61 ×10−5 0 0.13 0.001 0.14 0.001 0.56

Dynamic

ACA - 0 0.13 0.001 0.14 0.001 0.56
Brenner - 0 0.13 0.001 0.14 0.001 0.56

ACA - 0 0.13 0.001 0.14 0.001 0.14
Brenner - 0 0.13 0.001 0.14 0.001 0.14
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[87] T. Başar and G. J. Olsder. Dynamic Noncooperative Game Theory. SIAM,

Philadelphia, PA, USA, 1982.

144



Bibliography 145

[88] O. Sundström, L. Guzzella, and P. Soltic. Optimal hybridization in two parallel

hybrid electric vehicles using dynamic programming. In Proc. of the 17th IFAC

World Congress, pages 4642–4647, 2008.

[89] T. Ui. Discrete concavity for potential games. International Game Theory Review

(IGTR), 10(01):137–143, 2008.

[90] N.H. van der Sanden. Model identification of DAF’s EURO-6 air-conditioning

system applied in an optimal control study. Master’s thesis, Eindhoven University

of Technology, 2014.

[91] T. van Keulen. Fuel Optimal Control of Hybrid Vehicles. PhD thesis, Eindhoven

University of Technology, 2011.

[92] T. van Keulen, J. Gillot, B. de Jager, and M. Steinbuch. Solution for state con-

strained optimal control problems applied to power split control for hybrid vehicles.

Automatica, 50(1):187 – 192, 2014.

[93] D. van Leeuwen. A model-based simulation tool for optimal component sizing for

heavy-duty hybrid trucks. Master’s thesis, Eindhoven University of Technology,

2011.

[94] H. Wallentowitz and R. Ludes. System control application for hybrid vehicles.

In Proc. of the Third IEEE Conference on Control Applications, volume 1, pages

639–650, Aug 1994.

[95] R. Wang and S.M. Lukic. Review of driving conditions prediction and driving

style recognition based control algorithms for hybrid electric vehicles. In Vehicle

Power and Propulsion Conference (VPPC), 2011 IEEE, pages 1–7, Sept 2011.

[96] F.P.T. Willems, F. Kupper, and R. Cloudt. Integrated powertrain control for

optimal CO2-NOx tradeoff in an Euro-VI diesel engine with waste heat recovery

system. In Proc. of the American Control Conference, pages 1296–1301, June

2012.

[97] Y. Yao, M. Huang, and J. Chen. State-space model for dynamic behavior of vapor

compression liquid chiller. International Journal of Refrigeration, 36(8):2128 –

2147, 2013.

[98] Q. Zhang, S. Stockar, and M. Canova. Energy-optimal control of an automotive air

conditioning system for ancillary load reduction. IEEE Transactions on Control

Systems Technology, 24(1):67–80, Jan 2016.

145



Bibliography 146

[99] S. Zhang and R. Xiong. Adaptive energy management of a plug-in hybrid electric

vehicle based on driving pattern recognition and dynamic programming. Applied

Energy, 155:68 – 78, 2015.

[100] X. Zhang and C. Mi. Vehicle Power Management Modeling, Control and Opti-

mization. Springer, 2011.

146



Acknowledgments

John, Siep, 
Tijs, Will

Udo, Barbara, Diana, Thinh, 
Constantijn, Henrik, Koen, 
Michel, Pepijn, Rian, Tuan, 
Veaceslav, Mohammed, Mohsin, 
Andelko, Mircea, Edwin and …

Prof. Babuska, Prof. Slootweg, 
Prof. Steinbuch,
Prof. Wikander, Prof. Smolders

林宇，陈荔群，姜一
以及广大群众

“腾云驾雾”：The 
Chinese dragon rides
the clouds. Flying
would have been 
impossible without 
these people in the 
clouds…

147





Curriculum Vitae

Handian Chen was born on 29th December, 1987 in Putian, China. He received his

Bachelor degree from Zhejiang University in 2010 majoring in control science and engi-

neering. After that, he followed the master program in systems and control at Technische

Universiteit Eindhoven. His master project was on battery charging control based on

charge acceptance estimation, which was a joint project between Ford Forschungszen-

trum Aachen and the Control System Group at Technische Universiteit Eindhoven. In

2012, he obtained his master degree and was appointed as a PhD student in the Con-

trol Systems group at Technische Universiteit Eindhoven in the same year. His PhD

research involves developing autonomous energy management strategies for the auxil-

iaries in a hybrid heavy-duty truck. The research is carried out as part of the Euro-

pean Union project “COmplete Vehicle Energy-saving Technologies for Heavy-Trucks

(CONVENIENT)”. The research conducted is presented in this thesis. During his PhD,

Handian obtained the DISC certificate by successfully completing the program.

149


	Summary
	Contents
	Abbreviations
	1 Introduction
	1.1 Research motivation
	1.2 Complete vehicle energy management
	1.3 Research objective
	1.4 Literature review
	1.5 Choice of methodology
	1.6 Outline of the thesis

	2 System modeling
	2.1 Internal combustion engine
	2.2 Motor/generator
	2.3 Alternator
	2.4 Heating ventilation air conditioning (HVAC) system
	2.5 Refrigerated semi-trailer (reefer)
	2.6 Battery model
	2.7 Air supply system
	2.8 Transmission and vehicle dynamics
	2.9 Simulation environment

	3 Game-theoretic solution concept
	3.1 Introduction
	3.2 Problem formulation
	3.3 Game-theoretic solution for known drive-cycle
	3.4 Game-theoretic solution for unknown drive-cycle
	3.5 Conclusions

	4 Adaptive concepts for energy management
	4.1 Pattern recognition based adaptive approach
	4.2 Adaptive ECMS: a causal set-theoretic method

	5 Energy mangement strategy design for on/off controlled auxiliaries
	5.1 Introduction
	5.2 Component modeling
	5.3 Problem formulation
	5.4 Maximum temperature interval to reach minimum number of switching events
	5.5 Integrated approach combining fuel consumption and the use of maximum temperature interval
	5.6 Case study
	5.7 Conclusions

	6 Simulation results
	6.1 Simplified simulation environment
	6.2 Dynamic simulation environment
	6.3 Conclusions

	7 Conclusions and recommendations
	7.1 Conclusions
	7.2 Recommendations

	A Cost functions used in Chapter 6
	Bibliography
	Acknowledgments
	Curriculum Vitae

