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Summary 

When macroscopically ductile polymeric materials are subjected to mechanical experiments in 

the solid state, characteristic common features in the deformation behaviour can be observed, like 

the initial (non-linear) visco-elastic response, the strain rate, temperature and pressure dependent 

plastic yield and the subsequent strain hardening, sometimes preceded by intrinsic softening. The 

development of a (physically based) three-dimensional constitutive model, which includes these 

aspects of polymer behaviour, is a subject of ongoing research. 

The selection of a constitutive model to describe the deformation behaviour of thermoplastics, 

and the quantification of its parameters from experiments and numerical simulations under vari

ous modes of deformation, is the subject of the present thesis. As a constitutive model, a "single

mode" compressible Leonov model with one single relaxation time is selected. This is motivated 

by comparing the influence of different kinematic assumptions regarding the plastic spin on the 

response in a shear test under plane stress conditions. The plastic yield is described according 

to a generalised non-Newtonian viscous flow rule, with an Eyring viscosity accounting for only 

one rate controlled molecular process: the process related to the (amorphous) glass-transition. 

The Eyring viscosity is extended with the influence of regions with elevated values of local free 

volume, which results in an expression for intrinsic softening. The evolution of the softening 

parameter requires an extra constitutive equation. The strain hardening behaviour is modelled 

by a neo-Hookean relation, originating from a Gaussian statistical distribution of the number of 

configurations available to the polymer chain. 

The constitutive model is applied to three different types of ductile polymeric materials: a glassy 

amorphous polymer (polycarbonate ), a semi-crystalline polymer tested below its glass-transition 

temperature (nylon-6) and a semi-crystalline polymer tested above its glass-transition tempera

ture (polypropylene). The material parameters, distinguished by the subsequent stages of defor

mation during which they are dominating the response, are the elastic parameters, the yielding 

parameters, the softening parameters and the hardening parameter, respectively. Parameters rep

resenting thermal behaviour are adopted from available data in the literature. The elastic and 

yielding parameters are quantified during the initially homogeneous stages of deformation in 



viii 

uniaxial extension and compression experiments. The softening parameters of nylon-6 can be 

determined concurrently. From the literature, polypropylene is known not to exhibit intrinsic 

softening. The straightforward determination of the softening parameters for polycarbonate, and 

of the hardening parameter of all polymers under consideration, is hampered by the occurrence 

of strain localisation. The softening parameters .for poly carbonate, and the hardening parame

ter for the semi-crystalline polymers, are determined by comparing experiments and numerical 

simulations of strain localisation by necking in a tensile bar. The hardening parameter of poly

carbonate is uniquely determined at large homogeneous deformations, obtained after elimination 

of intrinsic softening as a cause of strain localisation, using rejuvenation by fixed-end torsion. 

This method is only applicable for polycarbonate, and it is supported by finite element analyses. 

The constitutive model, and the parameters determined, are evaluated by comparing experiments 

and simulations of the fixed-end torsion test, including the second order effect of the axial force. 

The modelling material for this is polycarbonate. 

The most important overall conclusion is that the compressible Leonov model, with neo-Hookean 

strain hardening, gives a fair description of the main aspects of glassy and semi-crystalline poly

mer behaviour. The methods used to determine the material parameters in the constitutive model 

are accurate. This is confirmed by comparing predictions with experimental results on intrinsic 

stress-strain relations of polycarbonate at large deformations, reported in the literature. The the

oretical evaluation of second order effects during shear under plane stress conditions, allows for 

the selection of a proper kinematic assumption, however, the experimental verification of this 

effect is hard to achieve. The attempt to compare the experimental and numerical axial force 

during fixed-end torsion did not supply a satisfactory agreement. Otherwise, the compressible 

Leonov model with neo-Hookean strain hardening provides an accurate description of the global 

constitutive behaviour of ductile glassy and semi-crystalline polymers. The methods proposed 

for the determination of the material parameters are adequate and make the constitutive model 

applicable in finite element simulations of the deformation behaviour of thermoplastics. 
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Chapter 1 

Introduction 

1 .1 General introduction 

In critical load-bearing structural applications polymeric materials are increasingly used in the 

homogeneous state as well as in the matrix phase of advanced composites with improved me

chanical properties like stiffness, strength and toughness. Motivated by the need for a better 

understanding of global product properties and the mechanical behaviour on a local level, de

formation mechanisms in homogeneous and heterogeneous polymers are the subject of ongoing 

research. Knowledge concerning the mechanical behaviour obtained from this research is of con

siderable interest to several topics in polymer physics. The performance of structural applications 

is highly influenced by the ability of polymeric materials to deform plastically in stead of failing 

by immediate fracture. The prediction of global mechanical product properties requires a thor

ough understanding of local material behaviour. In case of heterogeneous polymer systems strain 

localisation occurs on a micro-structural level in the form of microscopic shear bands and crazes, 

which highly determines the macroscopic behaviour of these polymers. Much research has been 

carried out to improve the mechanical properties and to construct new polymer systems with 

tailored mechanical properties. Due to a rather empirical approach, this is an expensive process. 

A better understanding of the micromechanical mechanisms might lead to faster converging and, 

therefore, cheaper procedures. 

Numerical simulations can be a means to extend the comprehension of polymer behaviour, but 

this requires an accurate constitutive model that describes the intrinsic behaviour of the poly

mer. In order to determine directly the material parameters introduced by such a model, experi

ments are needed on homogeneously deforming specimens, however, this is often complicated by 

macroscopic strain localisation at large deformations. Alternatively, by comparing experiments 

and numerical simulations, the inhomogeneous deformations are an excellent means to verify the 

constitutive model. At the same time, this comparison may broaden the understanding of locali-
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sation processes including the influence of deformation histories on these phenomena. 

With the increasing use of polymers for engineering applications, the development of three

dimensional constitutive models to describe their overall deformation behaviour has received 

much attention over the last decade. Polymeric materials are often processed using industrial 

manufacturing techniques involving "cold" deformation in the solid state at large strains. This 

causes the alignment of polymer chains, resulting in strain hardening, and creates an initial ori

entation of macromolecules in the final product, called texture. Besides for strain hardening and 

texture development, three-dimensional constitutive models also have to account for the strain 

rate, pressure and temperature dependence of mechanical properties of polymeric materials, in 

order to obtain reliable simulations of forming processes and the prediction of product proper

ties. To capture the aforementioned effects, constitutive models for polymers usually consider the 

physical structure (morphology) of the material and processes occurring at a submicron leveL 

On a morphological level polymers can be divided into amorphous (glassy) and (semi-)crystalline 

solids. Glassy polymers solely consist of an amorphous phase and most efforts to model polymer 

behaviour have been concerned with this class of polymers. Semi-crystalline polymers contain 

an amorphous and a crystalline phase which mutually interact during deformation, complicat

ing their constitutive description to such an extent, that constitutive models for semi-crystalline 

polymers have not been as successful as those for glassy polymers. However, constitutive mod

els for glassy polymers may capture the characteristics of semi-crystalline polymeric behaviour. 

Therefore, one of the topics of the present thesis will be the phenomenological description of the 

deformation behaviour of semi-crystalline polymers employing a constitutive model for glassy 

polymers. 

A distinction can be made between the visco-elastic response and plastic yielding in polymeric 

materials. Following G' Sell ( 1986), plastic deformation in polymers is called the particular com

ponent of the total deformation that is not recovered after the material has been unloaded during 

a time equivalent to the loading duration. The visco-elastic component of the deformation recov

ers to a major extent under the same conditions. During plastic deformation in polymers, zones 

of localised deformation are commonly observed. Characteristic for this phenomenon is, that a 

smoothly varying deformation pattern suddenly transforms into highly concentrated deforma

tion, observable as necking of a tensile bar or the formation of shear bands under various loading 

conditions. For polymers, the onset of localisation is usually followed by large inhomogeneous 

deformations during which the localisation persists and spreads out over the specimen, caused 

by the specific molecular structure. This is called the continuous mode of plastic deformation 

and is often referred to as shearing or shear yielding in the polymer literature. The discontin

uous mode of irreversible deformation is crazing. Crazes can occur in homogeneous and het

erogeneous polymer systems, and show several adjacent cavities separated by ligaments. These 
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ligaments can be considered as necking bars, which, initially, do not break, and thus do not lead 

directly to coalescence of voids and rupture. The present thesis will be mainly concerned with 

the numerical simulation of the continuous deformation behaviour of homogeneous amorphous 

and semi-crystalline polymeric solids as a means to evaluate a constitutive model and to quantify 

its material parameters. 

1.2 Constitutive aspects of polymer behaviour 

1.2.1 Deformation behaviour 

The first attempts to model the deformation of polymeric materials in complex loading conditions 

were mainly focussed on specific aspects of polymer behaviour, like visco-elasticity, yield and 

plastic flow, and rubber elasticity. These aspects are illustrated in Figure 1.1, which shows typical 

uniaxial compression curves at two different strain rates of an amorphous polymeric material 

(polycarbonate). The first region (A-B), prior to yielding, shows non-linear elastic behaviour and 

is called the visco-elastic region. After the strain rate dependent yield point (B) strain hardening 

sets in (C-D), in this case preceded by intrinsic softening (B-C), characterised by a decrease in 

stress at increasing strain. 

Haward and Thackray (1968) developed a one-dimensional model that accounted for both the 
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Figure 1.1: Typical uniaxial compression curves at two different compressive strain rates of a polymeric 

material (polycarbonate). 
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non-linear dash pot 

linear spring 

hardening spring 

Figure 1.2: Schematic representation of the model proposed by Haward and Thackray ( 1968). The initial 

elastic response is characterised by a linear spring, the yield point is determined by a non-linear dashpot 

and the strain hardening response by a hardening spring. 

strain rate dependence of the yield point as well as the strain hardening due to the alignment of 

polymer chains; this model is depicted in Figure 1.2. The initial elastic response was incorporated 

by a linear (Hookean) spring, the yield point was determined by a non-linear dashpot with a 

stress dependent Eyring viscosity and the strain hardening response was modelled by a so-called 

"Langevin-spring" to account for the finite extensibility of the entanglement network. This model 

was generalised to three dimensions by Boyce et al. ( 1988), and, similar to the original one

dimensional version, visco-elastic behaviour prior to yielding (observed in experiments) was not 

taken into account, since only one stress dependent relaxation time was used (Tervoort, 1996, 

Chapter 1). 

To improve the description of the visco-elastic deformation behaviour, Tervoort (1996) proposed 

the use of a spectrum of relaxation times. This can be envisaged as a number of Maxwell models 

in parallel, each consisting of a linear spring and a non-linear dashpot in series. Tervoort (1996) 

rigorously separated the elastic hydrostatic stress and the visco-elastic deviatoric stress in each 

Maxwell element and named such an element a single "Leonov mode", capable to describe rate 

dependent yield behaviour at finite deformations. Because of the separation of volumetric and 

distortional contributions to stress, this model allows for a "multi-mode" formulation of visco

elastic deformations in polymers. Strain hardening was modelled by defining a hardening spring 

parallel to the Leonov modes, schematically represented in Figure 1.3. 

The central theme of the present thesis is the deformation behaviour of polymeric materials at 

large plastic strains. Compared to these large plastic deformations the small visco-elastic strains 

are of minor importance. Therefore, a constitutive model based on only one Leonov mode with 

a hardening spring in parallel will be selected. The stress in the Leonov mode, activating plastic 
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Figure 1.3: Schematic representation of the multi-mode formulation using a spectrum of Leonov modes 

(relaxation times) to describe visco-elastic behaviour, proposed by Tervoort (1996). 
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Figure 1.4: Simulation of a uniaxial compression test using a single Leonov mode with a hardening spring 

in parallel, showing the contribution of the driving stress and the hardening stress to the total stress. 
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flow (symbolised by the non-linear dashpot), is called the driving stress. The stress caused by 

strain hardening (symbolised by the hardening spring) is called the hardening or back stress. The 

contribution of the driving stress and the hardening stress to the total stress for an amorphous 

polymer (polycarbonate) is shown in Figure 1.4, which depicts the response of the simulation 

of a uniaxial compression test using a single Leonov mode with a hardening spring in parallel. 

Figure 1.4 also illustrates the abrupt, unrealistic (compared to Figure 1.1 ), transition from elastic 

to plastic behaviour resulting from the use of only one single relaxation time (Leonov mode). As 

the attention in this thesis will be focussed on the large strain behaviour, this mismatch is left out 

of consideration. 

1.2.2 Plastic flow 

To describe plastic flow in polymers, different theories have been used to formulate the stress 

dependent viscosity. Here, two of these theories are briefly discussed, namely Argon's "double

kink" model and the. Eyring flow theory. 

In the "double-kink" model formulated by Argon (1973), flow occurs once an energy barrier 

equal to the energy necessary to form two kinks in a molecular chain has been overcome. This 

energy barrier results from the elastic resistance of neighbouring chains. The model was modified 

by Boyce et al. (1988) to include intrinsic softening and pressure dependence. In the Eyring flow 

theory, used for instance by Haward and Thackray (1968) and Tervoort (1996), basic molecular 

processes involving the motion of chain segments (like chain-sliding) occur with a frequency 

dependent on a potential energy barrier, the height of which changes upon stressing. This action 

can increase or decrease the rate of deformation, and can result macroscopically in plastic flow. 

The Argon theory, with plastic flow initiated by stress activated nucleation of kink bands in a 

polymer chain, is called a nucleation controlled process. In the Eyring theory, yield processes are 

always present and stress changes the rate of deformation. Therefore, the Eyring theory is called 

a (deformation) rate controlled process. It has been argued (see e.g. G'Sell, 1986) that at tem

peratures well below the glass-transition temperature, Eyring's theory might give unrealistically 

high yield stresses, while Argon's theory still supplies finite yield stresses at zero Kelvin. At the 

temperatures (and time-scales, due to time-temperature equivalence, see e.g. Ward, 1983, Chap

ter 7) used in the present thesis the two models cannot clearly be distinguished; in the following 

the Eyring flow theory will be employed. 

At the yield point, polymer behaviour changes from linear elastic with a relatively high modulus 

to rubber-like with a low modulus. Since a similar phenomenon is observed at the glass-transition 

temperature, the yield point can be regarded as a stress-induced glass-transition (Tervoort, 1996, 

Chapter 1). Figure 1.5 gives the temperature dependence of the dynamic modulus and the loss 
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Figure 1.5: Temperature dependence of dynamic modulus and loss factor for polycarbonate, with the 

primary glass-transition, a secondary transition and the rubber plateau. 

factor of a typical polymer glass (polycarbonate) revealed from a dynamic experiment. The dy

namic modulus approximately equals the ratio of stress and strain amplitude and the loss factor 

is defined as the tangent of the phase difference between the applied alternating strain and the 

resulting stress, and is a measure for the energy dissipation. At very low temperatures {short time

scales) the response is solid-like with a high modulus. There may be several so-called secondary 

transitions (,8-transitions) involving small changes in modulus and loss factor, attributable to the 

motions of side groups, end groups or restricted motions of the main chain (Ward, 1983, Chapter 

7). At increasing temperatures (longer time-scales) there is one primary transition (a-transition), 

usually called the glass-transition, associated to main chain segmental motion involving a large 

decrease of the modulus and a large increase of the loss factor to rubber-like behaviour. Depen

dent on the molecular weight, the rubber-like behaviour may persist for a certain temperature

interval above the glass-transition temperature, called the rubber plateau. Finally, at the high

est temperatures (longest time-scales) the polymer melts and loses its stress carrying capacity. 

The existence of several transitions, also observed in semi-crystalline polymers where they are 

identified with chain motions in the amorphous and the crystalline phase, implies that actually 

more than one rate controlled process should be considered to describe yield {Roetling, 1966; 

Bauwens-Crowet et al., 1969; Ward, 1983, Chapter ll). However, in the present thesis it is as

sumed that in the range of strain rates (time-scales) and temperatures considered, only one rate 

controlled process occurs: the particular one related to the (amorphous) glass-transition. 
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Intrinsic softening, observed during plastic flow in polymers, is an important aspect of polymer 

behaviour, closely related to "physical aging" and "rejuvenation" (Stroik, 1978; Tervoort, 1996, 

Chapter 6). When a polymer cools down from the melt and solidifies, and the specific volume is 

measured as a function of the temperature, a change of slope is observed near the glass-transition 

temperature. Dependent on the cooling rate the polymer reaches a state of non-equilibrium, called 

the glassy amorphous state. In this state, the specific volume is not constant, but slowly evolves 

to the state of equilibrium, called the "occupied volume", which increases uniformly with tem

perature and consists of the actual molecular volume and the volume associated with vibrational 

motions. This process is called physical aging and is depicted in Figure 1.6. The difference be

tween the current non-equilibrium volume and the occupied volume is called "free volume". 

The effect of aging on the mechanical behaviour of polymeric materials is shown in Figure 1. 7, 

where uniaxial compression curves of an annealed (low cooling rate) and a quenched (high cool

ing rate) sample of polycarbonate are presented. The annealed specimen shows a higher yield 

stress than the quenched specimen, but at the higher strains the stresses develop to approximately 

the same value. The effect of physical aging can be erased by bringing the sample above the glass

transition temperature or by plastic deformation (Hasan et al., 1993; Struik, 1978, Chapter 8). 

Because the erasure of the effect of physical aging by plastic defoi'tllaiion causes an effect op

posite to physical aging, it is called "mechanical rejuvenation". This is visualised in Figure 1.8, 

which shows the result of simple shear tests on virgin polycarbonate and plastically pre-deformed 

polycarbonate, performed by G'Sell (1986). The mechanically rejuvenated specimen no longer 

shows intrinsic softening; moreover, G'Sell (1986) observed localisation phenomena in the vir

gin sample, while the rejuvenated sample deformed homogeneously. A similar phenomenon in 

a different deformation mode was observed by Tervoort ( 1996), who subjected an axisymmetric 

specimen to axial torsion prior to tension. Because of the absence of localisation phenomena 

during tension, this test allowed for the direct determination of the hardening modulus. These 

tests emphasise the role of intrinsic softening in localisation phenomena and will be the subject 

of numerical simulations in the present thesis. 

From the previous it can be concluded that free volume, intrinsic softening, physical aging 

and mechanical rejuvenation are closely related. Some studies fully ascribe plastic yielding to 

changes in mobility by an increase in free volume as a result of the imposed strain (the "free 

volume concept"). It was shown by Tervoort (1996), however, that the assumption that dilatation 

induced by mechanical deformation contributes to the free volume, does not result in intrinsic 

softening in simulations of experiments with a negative dilatation (compression). Moreover, Xie 

et al. ( 1995) measured a decrease of the actual free volume in polycarbonate under compression 

by means of Positron Annihilation Lifetime Spectroscopy (PALS), and from this it was con

cluded that the free volume concept was unable to describe yielding. In PALS-measurements 
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during compression tests on polymethylmethacrylate, however, Hasan et al. (1993), observed an 

increase of the number of areas of local free volume, evolving to a steady value. Based upon these 

observations they postulated a phenomenological law for the evolution of the number of these 

sites and incorporated this in a non-intrinsi<;: softening model, with the result that the model ex

hibited intrinsic softening. This approach is adopted in Chapter 2 to modify the Eyring equation 

to include intrinsic softening. 

1.2.3 Strain hardening 

In studies on the deformation behaviour of glassy polymers, it is common practice to model the 

hardening behaviour like a generalised rubber elastic spring with a finite extensibility, with ref

erence to the similarities between a chemically cross-linked rubber and a physically entangled 

amorphous glassy polymer, leading to the so-called three, eight or full chain (non-Gaussian) 

models in a three-dimensional description (Arruda and Boyce, 1993; Wu and van der Giessen, 

1993b). Haward (1993) showed, assuming the polymer chain does not attain the fully stretched 

condition, that a more simple neo--Hookean (Gaussian) relation was able to describe the strain 

hardening behaviour of a number of semi-crystalline polymeric materials. Because of intrinsic 

softening, Haward ( 1993) was not able to verify this relation for glassy polymers like poly carbon

ate, but it was shown by Tervoort (1996), by means of mechanical rejuvenation by axial torsion 

prior to tension, that neo-Hookean behaviour also applies to glassy polycarbonate. In Section 

2.5, the Gaussian and non-Gaussian approach is discussed in more detail, and the neo-Hookean 

relation will be adoptedtodescribe strain hardening. 

1.3 Scope of the thesis 

In this thesis, the different aspects of the constitutive modelling and numerical simulation of the 

deformation behaviour of solid polymeric materials are examined and experimentally verified as 

an evaluation of a compressible Leonov model. The quantification of the material parameters for 

several polymeric materials, which is hampered by strain localisation, will be extensively dis

cussed. The phenomenon of strain localisation itself, which represents the continuous mode of 

plastic deformation, in polymer literature often referred to as shearing or shear yielding, will be 

considered within a macroscopic framework. 

The first part of the thesis deals with the selection of a constitutive model for polymeric mate

rials. A single Leonov mode model will be compared with two other models currently in use to 

describe the deformation behaviour of polymers: the BPA model, proposed by Boyce, Parks and 
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Argon (1988), and a hypo-elastic rate formulation for the driving stress. A neo-Hookean model 

is used to describe strain hardening. The constitutive model eventually selected is applied to 

three morphologically different types of polymeric materials that show macroscopically ductile 

behaviour: a glassy polymer, a semi-crystalline polymer below its glass-transition temperature 

and a semi-crystalline polymer above its glass-transition temperature. To discriminate between 

the candidate constitutive models, the performance is evaluated for each of the chosen polymers 

under isothermal conditions in homogeneous configurations (tension, shear) in Chapter 2. 

Chapter 3 deals with the determination of material parameters. The yielding parameters are quan

tified by tension and compression tests on each of the chosen polymers. During the tensile tests 

necking is observed. These tensile experiments are also used to verify the numerical simula

tions on a necking tensile bar. Therefore, also the elongation factor in the neck and the stress 

level during neck propagation are measured. From these data, the hardening modulus of the 

semi-crystalline polymers can be determined. To measure the hardening parameter of the glassy 

polymer, the material under consideration has to be mechanically rejuvenated by torsion. Here, 

torsion experiments are compared with simulations for a glassy polymer. 

Subsequently, in Chapter 4 the compressible Leonov model with neo-Hookean strain hardening 

will be evaluated under an inhomogeneous state of deformation, using each of the three chosen 

types of polymeric materials. As an inhomogeneous state of deformation, the "cold-drawing" or 

necking behaviour of these polymers is considered, because this deformation allows for a rel

atively easy experimental verification. Also, the influence of several geometric parameters and 

the influence of temperature are investigated, both numerically and experimentally, based upon 

which a final adjustment of previously determined material parameters will be performed. 

The experiment to determine the type of strain hardening and to quantify the hardening parame

ter, is mechanical rejuvenation by means of axial torsion prior to a tensile test. To prove that the 

hardening parameter of a glassy polymer can actually be quantified using this technique and to 

check the constitutive description with respect to this aspect of polymer behaviour, this experi

ment is analysed in Chapter 5. Furthermore, experiments and numerical simulations of fixed-end 

torsion and finite element analyses of uniaxial extension on rejuvenated samples of polycarbon

ate are compared as an assessment of the constitutive model and the material parameters. 
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Chapter 2 

Modelling of the constitutive behaviour of polymers 

2.1 Introduction 

This chapter deals with the selection of a constitutive model to describe the mechanical be

haviour1 of ductile polymeric materials. To account for the typical characteristics of polymers 

like strain rate, pressure and temperature dependence, and the development of texture due to 

the alignment of polymer chains at large strains, constitutive models for polymers are usually 

founded on the physical structure of the material and processes that occur at a molecular level. 

Polymers can be divided into amorphous and semi-crystalline solids. Both change into rubber

like materials above their glass-transition temperature. In the initially isotropic state, amorphous 

glassy polymers are assumed to consist of a random array of long molecular chains. Points of 

entanglement are formed where these chains intersect, which results in an isotropic network-like 

structure very similar to that of rubber, but with the chemical cross-links replaced by physi

cal entanglements. Plastic flow causes deformation of this rubber-like structure, and the result

ing anisotropic internal resistance is modelled accordingly. Glassy polymers only consist of an 

amorphous phase and most efforts to model polymer behaviour were concerned with this class 

of polymers. Semi-crystalline polymers consist of an amorphous and a crystalline phase, that 

should be considered separately. The lamellar crystallites in semi-crystalline polymers are em

bedded in a matrix of amorphous macromolecules, partly bonded to the crystallites, that act as 

linking molecules. Although deformation of the crystalline phase is fundamentally different from 

the amorphous phase at small strains (yield), at moderate strains deformation mechanisms are 

comparable to those of a rubber network used in amorphous polymers, dependent on the glass

transition temperature of the amorphous phase at the testing time-scale. At very high strains the 

crystalline structure breaks down and molecules unfold, so that rubber network models no longer 

As a thermal constitutive equation Fourier's law of heat conduction for isotropic materials is adopted, to be used 

in Chapters 4 and 5. 
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suffice (Ward and Hadley, 1993, Chapter 11). 

In this thesis, constitutive models originally proposed for glassy, amorphous polymers will be 

applied to a glassy polymer (polycarbonate, PC), a semi-crystalline polymer above its glass-tran

sition temperature (polypropylene, PP) and a semi-crystalline polymer below its glass-transition 

temperature (nylon-6, PA-6). These polymers have been selected, because they show macro

scopically ductile behaviour, which is one of the central themes in this thesis. Modelling the 

mechanical behaviour of semi-crystalline polymers, using constitutive models based on the mi

crostructure of glassy polymers, implies that these models should be considered as phenomeno

logical. 

Constitutive models for glassy polymers describing both (visco-elastic) flow processes as well as 

the deformation of an entangled network of molecular chains, are indicated as glass-rubber mod

els. A particular three-dimensional glass-rubber constitutive model, the BPA model proposed by 

Boyce, Parks and Argon (1988), realistically describes stress-strain curves in the glassy state 

under homogeneous and inhomogeneous deformations (see e.g. Boyce et al., 1994). A slightly 

modified version of the BPA model was used to study large-strain inelastic torsion, shear band 

propagation, and neck propagation in glassy polymers (Wu and van der Giessen, 1993c, 1994, 

1995). The constitutive model used in these studies mainly differed from the original BPA model 

with respect to the response of the rubber-like component. Another model has recently been 

developed by Tervoort (1996). This model separates the (elastic) volume response from the iso

choric distortional deformation (a method adopted in the present thesis, as was discussed in 

Chapter 1), thus allowing for the construction of multi-mode constitutive equations to describe 

the visco-elastic response of polymers (Tervoort, 1996). This model is very similar to the Leonov 

models (Leonov, 1976) discussed for instance by Rubin (1989, 1994a) and Baaijens (1991), and 

is henceforth referred to as the compressible Leonov model. Other three-dimensional constitu

tive models, showing realistic results under uniaxial deformation, have recently been proposed 

by Buckley and Jones (1995) and O'Dowd and Knauss (1995)2
; these models still have to be 

verified under inhomogeneous deformations. 

All models discussed above capture the strain rate, pressure and temperature dependent yield of 

polymeric materials, and, once yield has occurred, strain softening (see footnote 2) and subse

quent strain hardening often observed in polymeric materials. Strain softening is the decrease 

of stress at increasing strain, and is related to the (beneath the glass-transition temperature irre

versible) rise of the number of regions with elevated values of local free volume during plastic 

flow (Hasan et al., 1993), which is described by an internal variable. In classical (metal) plastic-

2 The model proposed by O'Dowd and Knauss (1995) does not describe strain softening in a deformation with a 

negative dilatation (compression) (Tervoort, 1996, Chapter 6). 
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ity, strain hardening is also described by an internal variable. However, in the polymer literature 

strain hardening is considered as an additional (reversible) rubber elastic contribution to the 

stress. Therefore, in this thesis the stress caused by the alignment of polymer chains is called the 

hardening stress, and this stress is modelled without the use of internal variables. 

In this chapter, first several kinematic assumptions are made, which uniquely relate the physical 

deformation state in thermoplastics to mathematical deformation quantities. Next, an expres

sion is derived for plastic deformation in polymers, which accounts for strain rate, pressure and 

temperature dependence and aging effects, followed by a constitutive equation which relates a 

mathematical deformation quantity to a stress measure. The alignment of polymer chains, which 

creates a hardening stress during deformation, is described according to a Gaussian rubber net

work modeL Homogeneous simulations are performed using different kinematic assumptions 

and the results are compared mutually, and with two models proposed in the literature, using 

material parameters for polycarbonate, polypropylene and nylon-6 (quantified later on). The per

formance of the constitutive model is compared also with experimental data from homogeneous 

tests on polycarbonate reported in the literature, with an emphasis on the effect of the description 

of the hardening stress using Gaussian rubber network models. Finally, a specific model will be 

selected for further research in this thesis. 

2.2 Kinematics 

For a representative material volume element (homogenised at a local level) the reference, the 

current and the relaxed configurations are introduced. In the reference configuration, the poly

mer is considered as an isotropic material, consisting of physically entangled randomly oriented 

molecular chains in case of the glassy polymer, and crystalline areas embedded in and connected 

by physically entangled randomly oriented macromolecules in case of the semi-crystalline poly

mer. In the current configuration all individual molecular chains have experienced the same 

macroscopic deformation. This is called an affine deformation scheme, and originates from 

rubber-elasticity (see e.g. Ward, 1983, Chapter 4). The relaxed (stress-free) configuration is de

fined as the state that would instantaneously (to exclude visco-elastic effects) be recovered when 

all loads were removed from the element. For polymers, this state physically addresses the de

gree of actual molecular orientation existing in the material. 

Neglecting thermal expansion (see also Section 4.2), the actual deformation gradient tensor F of 

the current state with respect to the reference state is multiplicatively decomposed in an elastic 

part Fe and a plastic part F P' according to 

(2.1) 
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This decomposition follows naturally from the postulate of the existence of a stress-free plastic 

intermediate configuration. Because this decomposition is not unique with respect to rotational 

contributions, several assumptions are proposed regarding the rotations. The volume change from 

reference to current state is given by 

J = det(F) (2.2) 

From experimental observations it is known, that polymers show no volume deformation during 

plastic flow: the density of a polymer after unloading equals the initial density, expressed by 

Jp = det(Fp) = 1 (2.3) 

This means that a polymer cannot be given a permanent volume change and that all volumetric 

changes are embedded in Fe 

J = Je = det(Fe) 

The velocity gradient tensor is defined by 

(2.4) 

(2.5) 

Substitution of Eq. (2.1) into Eq. (2.5) and a split up of L in an elastic and a plastic part gives 

(2.6) 

The decomposition of the tensors L, Le and Lp in symmetric and skew-symmetric parts, result

ing in the corresponding rate of deformation tensors D and spin tensors W, yields 

1 
D = -(L+Lc) 

2 

De = ~(Le + L~) 

DP =,~(Lp + L;) 

(2.7) 

In Section 2.4, stresses will be related to the elastic deformation gradient Fe· Equations (2.6) 

and (2. 7) supply an evolution equation for Fe 

Fe= L.Fe- (Dp + Wp).Fe (2.8) 

From a given deformation history F, defining L, Fe can be solved from Eq. (2.8) if Dp and Wp 

are known. The plastic rate of deformation Dp is constitutively coupled to the actual stress state 

in the next section. To make the decomposition in Eq. (2.1) unique (simultaneously defining Wp), 

several choices regarding rotations (explicitly formulated or implicitly defined by the elastic and 

plastic spin tensors) proposed by Boyce et al. (1988) and Boyce et al. (1989a), are reviewed. 
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Symmetric elastic deformation gradient tensor 

In this case, the elastic rotation tensor Re, following from the polar decomposition of the elastic 

deformation gradient, is chosen equal to the second order unit tensor I. Consequently, the relaxed 

configuration is obtained from the current configuration by elastic unloading "without rotation". 

This means that Fe = F~, and therefore Fe = F:, from which the following expression can be 

derived through Eq. (2.8) 

(2.9) 

Rearranging this result yields an algebraic equation for the plastic spin tensor 

(2.10) 

With this equation for WP, Fe is formally determined by the differential equation (2.8). 

No elastic spin 

Now, the elastic and plastic spin tensors are defined by the choice 

We=O (2.11) 

No plastic spin 

In this last situation, the elastic and plastic spin tensors are defined by 

We==W (2.12) 

This choice is also employed in the compressible Leonov model (Tervoort, 1996). 

It has been shown by several authors (e.g. Boyce et al., 1989a), that the exact choice regarding 

rotational contributions makes no substantial difference in the overall stress-strain curves. Differ

ences that do occur appear in quantities that are difficult to measure. One of the objectives of this 

chapter is to examine models under homogeneous deformations in the different decompositions 

described above. In the next section the plastic rate of deformation Dp is modelled. 

2.3 The plastic rate of deformation in polymers 

The Cauchy stress tensor 0" is additively decomposed in the driving stress tensor s and the hard

ening stress tensor r 
u==s+r (2.13) 
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according to the mechanical analogue in Figure 1.3 with one Leonov mode. For polymers, plastic 

flow occurs at constant volume, described by a three-dimensional non-Newtonian viscous flow 

rule 

(2.14) 

where the superscript d denotes the deviatoric part of a tensor and TJ is the actual viscosity. 

An expression for the viscosity can be formulated starting from a generalised Eyring equation 

(Tervoort, 1996; Ward, 1983, Chapter 11), according to 

(2.15) 

which does not include pressure dependence and the influence of regions with elevated values of 

local free volume. In this equation A is a time constant and r 0 a characteristic stress, related to 

the activation energy LlH and the shear activation volume V, respectively by 

A= Aoexp [~~] RT 
ro=-

V 
(2.16) 

with A0 a constant pre-exponential factor involving the fundamental vibration frequency, R the 

gas constant and T the absolute temperature. To account for pressure dependence, Ward (1983) 

modified the activation energy LlH based upon an experimentally observed linear increase in the 

activation energy with increasing pressure. The time constant A in Eq. (2.15) is then replaced by 

(2.17) 

with p the hydrostatic component of stress equal to tr(a); {lis the pressure activation volume 

and J1 a pressure coefficient. The material parameters A0 , {l and V can be obtained by standard 

fitting procedures from uniaxial tensile and compression experiments at different strain rates 

(Duckett et al., 1978), LlH can be determined from experiments at different temperatures. Hasan 

et al. (1993) included the influence of regions with elevated values of local free volume in a 

non-intrinsic softening constitutive model. They postulated that in glassy polymers these areas 

with increased free volume may deform plastically and they were able to establish the number 

density D of these areas in a glassy polymer during deformation. During elastic deformation, D 

is constant (material state does not change). During plastic deformation, Devolves to a saturation 

value indicating a maximum amount of regions with elevated values of local free volume, 

which is independent of the strain rate or the thermal history. Including this parameter D in the 
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constitutive model, implies that the model exhibits "intrinsic softening". The generalised Eyring 

equation (2.15) for the viscosity is eventually3 replaced by 

Aps = Aexp [~- v] (2.18) 

The evolution of Dis modelled according to Hasan et al. (1993) as 

(2.19) 

with initially D = 0; h influences the softening slope and "fp is the equivalent plastic strain rate 

defined by 

(2.20) 

In this phenomenological description, D is no longer the number density of regions with elevated 

values of local free volume, but reduces to a scalar internal variable. 

2.4 Driving stress 

The driving stress is calculated from the elastic part of the deformation Fe using the constitutive 

relation for an isotropic Green-elastic material (see e.g. van Wijngaarden, 1988). Assuming small 

volumetric and elastic deformations, Tervoort (1996) proposed the following elastic constitutive 

law 

(2.21) 

with K the bulk modulus, G the shear modulus, and Be the isochoric elastic left Cauchy Green 

deformation tensor 

(2.22) 

The elastic volume deformation is fully decoupled from the isochoric distortional deformation, 

resulting in a hydrostatic and deviatoric driving stress that are fully decoupled. This rigorous 

decoupling of volumetric and isochoric stress responses to deformation, has the advantage above 

3 Hasan et at. (1993) originally included n- 1 in stead of exp(-D) in Eq. (2.18). However, their modification 

is insufficient to describe strain softening in polycarbonate, where the viscosity has to change several orders of 

magnitude in a particular strain interval. 
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the proposal of Anand ( 1979) used by Boyce et al. (1988), that the additional incorporation of 

multi-mode models can be performed in a natural manner (Tervoort, 1996, Chapter 3). Besides, 

in the case of small elastic deformations considered here, the law proposed by Anand ( 1979) and 

Eq. (2.21) are nearly identical. Therefore, the driving stress is described according to Eq. (2.21). 

2.5 Hardening stress 

Because of the similarity of the network structure of rubbers and polymers, strain hardening in 

polymers is described using network models for rubber elasticity. The deformation behaviour 

of a rubber can be modelled according to a Gaussian or a non-Gaussian approach, both starting 

from a calculation of the configurational entropy of a single molecular chain in the network. 

When the entropy of the single chain is known, the next step is the calculation of the entropy of 

the molecular network, related to the strain energy function for that network. In order to calcu

late the strain energy function, assumptions have to be made regarding the representation of the 

underlying molecular network structure of the polymer. 

In the Gaussian approach, the polymer coil is assumed not to attain the fully stretched condition. 

The number of configurations available to the chain, related to its entropy, is proportional to the 

probability of the chain having a particular end-to-end length. This probability can be shown to 

be Gaussian distributed (Ward, 1983, Chapter 4). Taking into account the .finite extensibility of 

the polymer chain means that the Gaussian distribution function is no longer valid. This approach 

is called non-Gaussian and leads to a Langevin-type probability distribution. 

The non-Gaussian approach has led to several expressions describing the large-strain behaviour 

of polymers based on different network structures. In their original model, Boyce et al. (1988) 

used a three chain model. Later, this model was replaced by the so-called eight chain model, 

to enable a better fit of uniaxial and plane strain compression data for polycarbonate and poly

methylmethacrylate (PMMA) (Arruda and Boyce, 1993). Recently, the eight chain model was 

modified by Tomita and Tanaka (1995) to account for the disentanglement and formation of new 

entanglements in the polymer during deformation. Wu and van der Giessen (1993b) proposed 

the full chain model, which described the actual spatial orientation distribution of the molecular 

chains. This model was expressed as a linear combination of the three chain and the eight chain 

model to simplify computations. 

Alternatively, Haward (1993) applied network models employing Gaussian chain statistics to 

experimental uniaxial stress-strain curves, and concluded that some amorphous and most semi

crystalline polymers obeyed this formulation, irrespective of their glass-transition temperature 

and significantly below their melting point. The large strain softening, observed in some glassy 



Modelling of the constitutive beha_v_io_u_r_of-'p'-o_ly'---m_e_r_s _______________ 21 

polymers, prevented the successful application of the Gaussian model to these polymers (poly

carbonate). Although Gaussian chain statistics are only valid if the polymer coil does not attain 

a fully stretched configuration, the uniaxial Gaussian model was reported to be applicable up to 

very high extension ratios. 

It can be shown by means of mechanical rejuvenation, that the Gaussian model is also valid for 

poly carbonate (Tervoort, 1996, Chapter 5). Mechanical rejuvenation occurs for example by axial 

torsion of an axisymmetric tensile bar prior to tension, and will be a subject of numerical simu

lations later on in this thesis. 

Gaussian statistics leads to a neo-Hookean relation for stresses and strains. Generalising to three 

dimensions, and assuming the network to be incompressible, this neo-Hookean relation can be 

written as 
-d 

r=HB (2.23) 

with H the Gaussian hardening modulus (assumed temperature independent). Contrary to the 

statements made by Boyce et al. ( 1988) the hardening stress is not related to the plastic deforma

tion but to the total deformation. This adaptation is introduced because in the present constitutive 

model both elastic and plastic deformations are assumed to decrease the configurational entropy 

of the polymer. In case of small elastic deformations these approaches are nearly identical. 

The neo-Hookean relation (2.23) is used to model the hardening stress. Since constitutive mod

els describing the large strain behaviour of amorphous glassy polymers mainly employ non

Gaussian hardening models, Subsection 2.7.3 of this chapter is concerned with the verification 

of the neo-Hookean model by comparing simulations of homogeneous experiments with experi

mental results of polycarbonate reported in the literature. The behaviour of several non-Gaussian 

hardening models compared to experiments on polycarbonate can be found in Wu and van der 

Giessen {1993b) and Arruda and Boyce (1993). 

2.6 Specification of candidate models 

In the previous sections, constitutive models to describe the mechanical behaviour of thermo

plastics have been reviewed, starting from the kinematics. The plastic rate of deformation was 

described using a three-dimensional non-Newtonian viscous flow rule, with the viscosity formu

lated using a generalised Eyring equation, extended with pressure dependence and the influence 

of regions with elevated values of local free volume. The driving stress depends on the elastic 

deformation gradient and the hardening stress is defined by a three-dimensional neo-Hookean 

relation based on Gaussian statistics. In the kinematic description, three choices regarding the 

plastic spin tensor have been distinguished: 



I. the plastic spin tensor defined by requiring a symmetric elastic deformation gradient, 

II. the plastic spin tensor equal to the total spin tensor, 

III. the plastic spin tensor equal to the null tensor, 

in the following indicated as model I, II and III. Two other models that have been applied success

fully to describe the deformation behaviour of polymeric materials will be adopted here, denoted 

by IV and V: the BPA model (Boyce et al., 1988) and a model with a hypo-elastic rate equation 

for the driving stress (Wu and van der Giessen, 1993c, 1994, 1995}. Although originally defined 

differently, the plastic rate of deformation and the hardening stress in models IV and V and the 

definition of the driving stress in model IV are defined according to the models listed above. 

The BPA model (IV) 

In the kinematic description proposed by Boyce et al. (1988), Lp is defined by Fp.F; 1
, meaning 

that Dp and WP have been related to the relaxed configuration, while the formulation according 

to Eq. (2.6) was defined with respect to the current configuration. Now, the split up of the velocity 

gradient tensor according to Eq. (2.6) yields 

L = Fe.F-; 1 +Fe.(Dp+ Wp).F-; 1 (2.24) 

The plastic spin is algebraically defined by imposing symmetry on the elastic deformation gra

dient tensor through (Boyce et al., 1989a) 

(2.25) 

Any possible differences caused by expressing DP in the relaxed configuration as a function of 

the driving stress sin the current configuration by Eq. (2.14) will be of the order of the elastic 

strains which are assumed to be small (Boyce et al., 1989b). 

Hypo-elastic rate equation for the driving stress (V) 

For their numerical simulations of torsion and strain localisation phenomena in glassy polymers, 

Wu and van der Giessen (1993c, 1994, 1995) proposed for the driving stress a (hypo-elastic) rate 

type constitutive equation according to 

(2.26) 

with s denoting the Jaumann derivative of the driving stress 
0 • 

s=s W.s+s.W (2.27) 

and 4 Le the fourth order isotropic elastic modulus tensor 

4Le (K-jG)ll+2G 41 (2.28) 
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2.7 Simulations for homogeneous configurations 

In this section, the models previously denoted by I, II, III, IV and V are compared by simulations 

of two isothermal (room temperature) homogeneous deformation tests: a uniaxial tensile test and 

a shear test under plane stress conditions (Subsections 2.7 .I and 2. 7 .2), visualised in Figure 2.1. 

The material parameters used for nylon-6, polycarbonate and polypropylene, are listed in Ta

ble 2.1. Information about their determination will be given in the subsequent chapters. 

Next, in Subsection 2.7.3, the result of homogeneous simulations with the proposed models will 

be qualitatively compared to experimental data presented in the literature (G' Sell et al., 1992; 

G'Sell and Gopez, 1985; Arruda and Boyce, 1993). The main objective is to study the perfor

mance of the neo-Hookean hardening stress for polymers. Haward (1993) showed the appro

priateness of the Gaussian approach to model strain hardening for semi-crystalline polymers, 

but was unable to do this for polycarbonate due to the considerable amount of strain softening. 

Therefore, as a challenging material for this particular comparison, polycarbonate is chosen. 
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Figure 2.1: Two homogeneous deformation tests: (a) uniaxial tensile test (a33 = 0 [MPa]), (b) shear test 

under plane stress conditions (a33 = 0 [MPa]). 

parameters 

G K A To J.l Doo h H 
[MPa] [MPa] [s] [MPa] [-] [-] [-] [MPa] 

PA-6 1000 4670 1.3·109 2.3 0.05 1.2 120 16 

materials PC 860 4000 5.3·1026 0.72 0.07 36 200 29 
pp 390 1830 2.9·1010 1.0 0.23 - 0 4 

Table 2.1: Material parameters used in the simulations (T = 295 [K]). 
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2.7.1 Uniaxial tensile test 

Simulations of uniaxial tensile tests have been perfonned at constant logarithmic strain rate ( ~) 
of w-4 [s- 1

] with all models. The true stress-logarithmic strain curves resulting from these 

simulations are displayed in Figure 2.2. All models result in identical responses, which can be 

explained by the absence of rotations in these particular tests. The characteristics of the tensile 

curves are in agreement with data obtained by G'Sell et al. (1992), who measured the behaviour 

under tension for a wide variety of materials by means of a special tensile testing device. The 

tensile curves show that (G'Sell et al., 1992): 

• the semi-crystalline polymer tested below its glass-transition temperature (PA-6) yields 

with a very small stress drop after yield stress, caused by the amorphous phase and some 

slip in the crystalline phase before strain hardening by the rubbery phase can take over, 

• the glassy polymer (PC) shows a yield drop followed by strain hardening, 

• the semi-crystalline polymer tested above the glass-transition temperature (PP) has a pro

gressive elastic limit without a softening effect, because the rubbery phase joining the 

crystallites takes over before chain slip mechanisms occur in the crystallites. 

These tensile curves in Figure 2.2 are based on the parameters in Table 2.1. In the elastic region, 

the materials are described by G and K. The yield stress at the end of the elastic region is deter

mined by the parameters A, To and f.l, where A and To detennine the magnitude of the yield stress 

and the strain rate sensitivity, and f.l detennines the influence of pressure on the yield stress. Once 
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Figure 2.2: True (tensile) stress versus natural strain for all models for PA-6, PC and PP at logarithmic 

strain rate w-4 [s- 1]. All models show an identical response. 
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yield has occurred, Dco determines the amount of strain softening and h the strain at which the 

maximum strain softening is reached. Finally, at the larger strains, the slope of the tensile curves 

is determined by H. 

Plastic flow was assumed to appear at constant volume, and Figure 2.3 shows the elastic vol

ume change factor Je in these simulations. The volume response of the hypo-elastic formulation 

slightly deviates from the responses of models I, IT, Ill and IV, particularly at the larger strains. 

The small difference can be assigned to the deviating description of the elastic behaviour in the 

hypo-elastic simulations. 

At increasing strain rates, G' Sell et al. ( 1992) observed that tensile curves for PC shifted upward. 

This is illustrated in Figure 2.4 by simulations at strain rates 10-4 , 10-2 and 1 [s- 1]. As a mea

sure of strain >.~2 ,!- is taken, which is the component of the deviatoric isochoric left Cauchy 
-"22 

Green deformation tensor il in the load direction e2. The constant slope of the tensile curve at 

the larger strains consequently reflects the value of the hardening parameter H. 

2.7.2 Shear test under plane stress conditions 

In the previous subsection, it has been demonstrated that the five different models gave a nearly 

similar response in uniaxial tension. A possible approach to distinguish the models I, IT, Ill, IV 

and V is provided by a homogeneous shear test. Here, the shear test under plane stress conditions 

is elaborated. 
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Figure 2.6: Relative softening parameter as a 

function of shear/, for all models for PA-6, PC and 

pp at shear rate i' = w-2 [s- 1]. 

The shear tests under plane stress conditions are performed at constant shear rate i' of ·1 o-2 [s-1 ], 

where 1' is defined in Figure 2.1 (b). Figure 2.5 shows the shear stress a-12 as a function of 1' for 

the three materials. Again, all models result in an identical response, which means that the choice 

regarding the rotations has no effect on the overall stress-strain behaviour in shear. This result 

was also found by Boyce et al. (1989a). Figure 2.6 depicts the evolution of the relative softening 

parameter for the three materials. In the elastic region, the softening parameter retains its 

initial value. Plastic flow initiates the increase of the softening parameter, and this result is in 

agreement with the experimental data obtained by Hasan et al. ( 1993). The influence of the value 

of D':., is illustrated by comparing PA-6 with PC: the higher value of ;"" for PA-6 induces a 

more pronounced increase of the softening parameter. It also shows that the softening slope is 

not solely determined by h. 

The different models can be distinguished by consideration of the normal stress responses, as is 

shown in Figure 2.7 for the three materials. The normal stress responses a-11 in direction e1 are 

mainly due to hardening caused by the alignment of molecular chains. Therefore, the level of 

these stresses is larger for PA-6 and PC with a large hardening modulus than for PP, which has 

a relatively low hardening modulus. For models I and II, the normal stress a-11 decreases after 

an initial increase, which cannot be caused by intrinsic softening as this phenomenon is also 

observed in PP. The normal stress responses a-22 in direction ih are in this particular loading case 

hardly affected by strain hardening. In the case of "simple" shear, i.e. shear under plane strain 

conditions, which is often used to assess the adequacy of constitutive models, u22 becomes much 
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Figure 2.7: Normal stresses u 11 and u22 as a function of shear 1 during the shear test under plane stress 

conditions for PA-6, PC and PP for models I, II, III, IV and Vat shear rate i' = w-2 [s-1 ]. 
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larger, however, the current responses suffice for a comparison of the different·models. 

For all materials, models III and IV only deviate at low values of the shear 'I from the hypo

elastic rate formulation of model V. Like models III and IV, the stress responses of models I and 

II are identical, but deviate from the hypo-elastic rate formulation over nearly the entire range of 

7· Specifically, the normal stress a 22 is positive, where models III and IV and the hypo-elastic 

rate model show compressive stresses. 

The volume responses are identical for models I, II, III and IV, and are shown in Figure 2.8 for 

the three materials. This response deviates for the smaller values of shear 7 from model V, shown 

for PC in figure 2.9. 

The only non-trivial values of plastic spin are calculated for models I and IV. For model I this 

value, relative to the applied- shear rate, turned out to be I for all materials, meaning that the 

current configuration is not spinning elastically. After the similarity of models I and II was shown 

previously by the normal stress responses, here it is shown that models I and II are also identical 

with respect to the response of the elastic spin. This is coherent with the definition of the plastic 

spin and the plastic rate of deformation in the current configuration, as can be concluded from 

the calculations of the plastic spin for model IV, to be discussed next. 

In model IV, each material shows a different value of the relative plastic spin, slightly deviating 

from 1, meaning that the relaxed configuration is spinning both elastically and plastically. This 

response is depicted in Figure 2.10 along with the value of the plastic spin for model I. It is noted 

that models Ill and IV show the same behaviour regarding the stresses, where model III shows 
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no plastic spin of the current configuration and model IV shows a plastic spin of the relaxed 

configuration nearly equal to the total spin. 

Summarising, differences between the models are very small but measurements of the normal 

stress responses should provide a means to distinguish between all models, although models III 

and IV hardly differ from model V. The volume response might be better suited to discriminate 

model V from models III and IV. 

2.7.3 Qualitative comparison with experimental data for polycarbonate 

The material parameters used in this section (Table 2.1) are based on experiments under homo

geneous and inhomogeneous deformations. In this subsection, results from homogeneous exper

iments reported in the literature are compared with simulations, as a further assessment of the 

current constitutive model. Assumptions regarding the rotations according to models I, II and III 

are irrelevant here, since in the literature mainly global stress-strain curves are reported, and the 

different models considered in this thesis are identical on this level. 

The constituents of the present model - the kinematic description, the modelling of plastic flow, 

and the hardening stress - were originally formulated for glassy polymers. For this reason, PC 

is chosen as a suitable model material. Simulations and experiments for PC can also establish 

the applicability of the Gaussian approach to model strain hardening in this material. This could 

not be determined by Haward (1993) for PC due to the considerable amount of strain soften

ing. Since the Gaussian approach only applies to polymer chains that do not approach the fully 
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stretched condition, it is expected that simulations deviate at large stretches. 

The aim is mainly a qualitative comparison of experimental data to experiments, and therefore 

no effort is made to fit simulated curves to reported data. This can also be motivated by the fact 

that in each research programme a different type of PC has been used. All experimental data are 

carefully estimated from published stress-strain curves. 

Stress-strain curves from uniaxial tensile experiments have been reported by G'Sell et al. (1992), 

who measured the intrinsic material behaviour of PC at a constant logarithmic strain rate of 1 o-4 

[s-1] by means of a special u;nsile testing device. Figure 2.11 shows the result from a simulation 

at this strain rate and the experimental results. Apart from the relatively low yield stress, the 

simulated curve shows the same tendency as the experimental data. The pronounced upswing of 

the measured data near the end of the test is not completely followed by the simulations, which 

can be explained by the employed Gaussian model for strain hardening. G'Sell et al. (1992) also 

measured the behaviour of PC at various strain rates, and these results are in qualitative agree

ment with the results shown previously in Figure 2.4. 

The intrinsic behaviour of PC in simple shear was published by G'Sell and Gopez (1985). Simple 

shear is defined as a shear test at plane strain, so the condition 0'33 = 0 [MPa] in Figure 2.1(b) 

does not apply to this case. Figure 2.12 shows the simulated response and the experimental data 
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for simple shear with shear rate"( = 1.5 · w-3 [s- 1]. The simulations are qualitatively in good 

agreement with the experimental data. This same comparison was performed by Wu and van der 

Giessen (1993b) as an additional assessment of various non-Gaussian strain hardening models, 

but with considerably Jess agreement between simulations and published data, as is also shown 

in Figure 2.12 using results reported for the non-Gaussian eight chain model. 

Arruda and Boyce (1993) published experimental data for PC under uniaxial and plane strain 

compression, and used these data to establish the validity of different hardening models. Param

eters were determined by fitting the simulation on the uniaxial compression experimental curve, 

and subsequently these parameters were used to simulate plane strain compression and compared 

to the experimental compression curve. This comparison was reconsidered by Wu and van der 

Giessen (1993b) for an additional strain hardening model. From all simulations, the eight chain 

non-Gaussian hardening model was reported to perform best. Figure 2.13 shows the simulations 

with the present models compared to the performance of the eight chain hardening model re

ported by Wu and van der Giessen (l993b) and uniaxial compression data for PC obtained by 

Arruda and Boyce (1993). Figure 2.14 shows plane strain compression simulations compared 

to the performance of the eight chain hardening model (using the same parameters as in the 



32 2 

uniaxial compression simulation) and the experimental plane strain compression data. All sim

ulations were performed at the applied logarithmic strain rate -10-2 [s- 1]. Although no effort 

was made to fit these curves on measured data, the plane strain compression experiment shows 

a reasonable agreement with the simulation. The uniaxial compression simulations deviate from 

the experimental data, especially at larger strains. Fitting simulations on experiments will lead to 

small improvements, but this is not the objective of the present discussion. It is concluded that 

especially at the larger compressive strains the Gaussian approach does not capture the triaxiality 

of the hardening model correctly, and this observation is in agreement with results reported by 

Tervoort ( 1996) for non-rejuvenated samples. An explanation may be (Haward, 1993) that Gaus

sian models only account for deformations where polymer coils do not reach their fully stretched 

condition. 

2.8 Discussion and model selection 

Constitutive models have been introduced to describe the deformation behaviour of polymeric 

materials. In the kinematic description, the plastic rate of deformation tensor Dp and the plastic 

spin tensor Wp were related to the current configuration, and three particular choices regarding 

the plastic spin were proposed, denoted as models I, II and III. Model I considered a symmetric 

elastic deformation gradient tensor implicitly defining the plastic spin tensor. In model II the 

plastic spin tensor was equal to the total spin tensor and in model III the plastic spin tensor was 

equal to the null tensor. These three models were compared with two models proposed in the lit

erature, denoted as models IV and V. Model IV applies a symmetric elastic deformation gradient 

tensor with Dp and Wp related to the relaxed configuration and model V includes a hypo-elastic 

rate equation for the driving stress. 

The global stress-strain responses in uniaxial tension and shear under plane stress conditions 

are identical for the models considered, thus confirming the conclusion of Boyce et al. ( 1989a) 

that the particular choice regarding the plastic spin and the definition of the relaxed configu

ration makes no substantial difference. Differences could be discerned by analysing the normal 

stresses in a shear test under plane stress conditions. Here, models I and II, like models III and IV 

showed a similar response. Model V deviated from models III and IV at small shear strains and 

from models I and II over nearly the entire range of shear strains. Models I and II showed tensile 

stresses in the second normal stress direction, where models III, IV and V predicted compressive 

stresses, which is the response observed in shear flow experiments with polymeric substances 

(Bird et al., 1987, Chapter 3). In the first normal stress direction, after an initial increase an un

realistic decrease of stress was shown, which was not caused by strain softening since it was also 
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observed in PP. 

The similarity of models III and IV is remarkable, since Dp and Wp are related to the current 

and the relaxed configuration, respectively. The plastic spin in model III is defined equal to the 

null tensor and in model IV by imposing symmetry on the elastic deformation gradient tensor, 

resulting in a plastic spin that almost equals the applied shear rate. The relevant component of the 

plastic spin tensor Wp relative to the imposed shear rate in model I is equal to 1. This explains 

the similarity of models I and II. Model V considers no specific choice regarding the plastic spin. 

Although integration of this hypo-elastic rate formulation does not exactly lead to a (reversible) 

hyper-elastic law, the result only slightly deviates from models III and IV. 

Strain hardening caused by the alignment of polymer chains was modelled using the Gaussian 

approach. This was shown from a wide variety of thermoplastics sufficiently below the melt

ing temperature by Haward (1993), but did not apply to PC due to the considerable amount of 

strain softening observed. By comparing numerical simulations with experimental data from ho

mogeneous deformation tests on PC reported in the literature it was shown, that the Gaussian 

approach leads to satisfactory results for uniaxial tensile tests and plane strain simple shear tests. 

The Gaussian approach does not completely capture the triaxiality of strain hardening observed 

in uniaxial and plane strain compression tests, particularly at the larger compressive strains. This 

might be attributed to the fact that hardening models based on Gaussian statistics do not account 

for the finite extensibility of polymer chains. Another reason might be that the underlying as

sumption of affine network deformation no longer holds by slip of the entanglements under large 

compressive strains (Wu and van der Giessen, 1993b), an effect that is not accounted for here. 

Because of the definition of the driving stress in Eq. (2.21 ), the evolution equation for the elastic 

deformation gradient Eq. (2.6) can be expressed in terms of an evolution equation for the elastic 

left Cauchy Green deformation tensor Be. From Be =Fe. F~ and Eq. (2.6) it follows that 

(2.29) 

In Eq. (2.29) Be is expressed in the elastic velocity gradient tensor and therefore Eq. (2.29) can be 

considered as the evolution equation forB e· Since the constitutive equation for the driving stress 

(2.21) consists of a hydrostatic and a deviatoric part to be calculated from Je and Be respectively, 

an evolution equation is formulated for each of these variables. The volume changing left Cauchy 

Green deformation tensor is related to the volume invariant left Cauchy Green deformation tensor 

by 

(2.30) 
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Substitution of Eq. (2.30) into Eq. (2.29) results in a new system of equations, consisting of the 

volume change equation and an evolution equation for Be 

je = Jetr(De) 
.:. d - - d 
Be= (Le).Be + Be.(Le)c 

Substitution of Le = L - LP and Lp = Dp + WP into Eq. (2.32) gives 

"'_d d -- d d c Be- (L - DP- Wp).Be + Be.(L - DP - Wp) 

As Ld = Dd + W = Dd +We + Wp, Eq. (2.33) is rewritten as 

"' -- d d-- d d Be- We.Be +Be. We= (D - DP).Be + Be.(D - DP)c 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

The expressions (2.31) and (2.34) constitute a new system of equations from which the driving 

stress can be calculated. This formulation has the advantage that it can easily be used to construct 

multi-mode constitutive equations because of the separation of volume and distortional deforma

tions (Tervoort, 1996, Chapter 7). It has the disadvantage that it cannot be used when symmetry 

is imposed on the elastic deformation gradient, because this information is lost in Be· Therefore, 

Eq. (2.34) is only suited for models II and III. Because models III and IV give similar responses 

nearly equal to the hypo-elastic rate formulation, and models I and II give an unrealistic response, 

model III is selected. This selection procedure, based on unrealistic stress responses particularly 

in the second normal stress direction, was also pursued by Rubin ( 1994b) to select a proper value 

for the plastic spin in an elastic-visco-plastic material with an anisotropic plastic response. 

Model III (with Wp = 0) is similar to the compressible Leonov model, proposed by Tervoort 

(1996); accordingly the system of equations (2.31) and (2.34) is reformulated. The result is a 

new system of equations, consisting of the volume change equation and an evolution equation 

for Be 

In the next section a summary of the selected model is given. 

2.9 Summary of the compressible Leonov model 

(2.35) 

(2.36) 

The Cauchy stress is additively decomposed in the driving stress s and the hardening stress r, 

according to u = s + r. The driving stress is defined by 

-d 
s = K(Je- 1)1 + GBe (2.37) 
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with G and K the shear modulus and the bulk modulus, respectively, and the elastic volume 

change factor Je and volume invariant left Cauchy Green deformation tensor Be given by 

0 

(2.38) 

(2.39) 

with Be the Jaumann rate of Be· The plastic rate of deformation Dp is expressed in the driving 

stress s by a generalised non-Newtonian Eyring equation including pressure dependence and the 

influence of regions with elevated values of local free volume 

where the viscosity 1] is given by 

~ 
ApsTo ·~ . sd: sd 

smh --,-
2r0 

(2.40) 

Aps = Aexp 
ro 

(2.41) 

In this equation A is a time constant, r 0 a characteristic stress and 11 a pressure coefficient, re

spectively related to the activation energy :1H, the shear activation volume V and the pressure 

activation volume Q, according to 

A= Aoexp [:J RT 
ro=v 

[2 

v (2.42) 

with A0 a constant pre-exponential factor involving the fundamental vibration frequency, R the 

gas constant and T the absolute temperature. In Eq. (2.41) the pressure pis given by -~tr(u) 

and D is an internal variable, related to the number of regions with elevated values of local free 

volume. The evolution of D was phenomenologically modelled according to 

iJ = h ( 1 - :;
00

) "(p (2.43) 

with h the softening slope parameter, Doo the saturation value of D and "(p the equivalent plastic 

strain rate 

-jD ·D -~ - p. p- 27] (2.44) 

The hardening stress is given by an incompressible neo-Hookean relation based on Gaussian 

statistics 

r HBd - -~ 
B = Je 3 F.Fc (2.45) 

with H the hardening modulus, B the left Cauchy Green deformation tensor and F the defor

mation gradient tensor. 





Chapter 3 

Experiments and quantification of material parameters 

3.1 Introduction 

In this chapter, the experiments to determine the material parameters are discussed and the results 

of the parameter identification are presented. Material characterisation of the macroscopically 

tough polymeric materials under consideration (nylon-6, polycarbonate and polypropylene), is 

required to perform simulations of the deformation behaviour in the context of the previous and 

subsequent chapters. Furthermore, some experimental results that will be used in subsequent 

chapters to evaluate numerical simulations will be discussed. 

The material parameters in the compressible Leonov model can be mutually distinguished be

cause they are significant only in a specific part of the deformation. The yielding (or Eyring) 

parameters determine the strain rate, temperature and pressure dependent yield point while the 

softening parameters describe any decrease in stress at increasing strain after reaching this yield 

point and the hardening parameter describes reversible strain hardening at large strains. The 

parameters can be quantified uniquely from the true stress true strain behaviour of the poly

mers, generally requiring the application of large homogeneous deformations. The yielding pa

rameters are determined during the homogeneous stage of uniaxial extension and compression 

experiments at comparatively small strains. At larger plastic strains strain localisation occurs, 

resulting in inhomogeneous deformation. This hampers the quantification of softening and hard

ening parameters in a straightforward manner from these tests. Strain localisation results from 

the interaction of the non-linear yield behaviour, intrinsic softening and strain hardening and the 

applied boundary conditions (Tervoort, 1996, Chapter 4 ). The non-linear yield behaviour causes 

initiation of strain localisation, which may be amplified by intrinsic softening and stabilised by 

strain hardening. Although intrinsic softening is of great influence on strain localisation, it is not 

a prerequisite, as will be explained in more detail in Chapter 4, which focusses on numerical 

simulations of necking of cylindrical tensile bars to examine strain localisation. 
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In the literature, the avoidance of inhomogeneous deformations at larger strains has been 

achieved in several ways. Arruda and Boyce (1993) performed uniaxial and plane strain com

pression tests on amorphous glassy polymers, and prevented the specimens from barrelling by 

means of lubrication. G'Sell eta/. (1992) developed an experimental technique in which a con

stant local strain rate is applied to an axisymmetrical hour-glass shaped section in a tensile bar 

by means of a video controlled tensile testing device, supplying true stress true strain ten

sile curves. Alternative methods to prevent inhomogeneous behaviour in polymeric materials 

are based upon the initial elimination of intrinsic softening by raising the value of the soften

ing parameter D to its saturation value Dco. Cross and Haward (1978) used samples of initially 

quenched polyvinylchloride and observed uniform deformation at low or moderate strain rates 

in a tensile test. Uniformly deforming specimens after mechanical pre-deformation were ob

served in polyvinylchloride after alternated bending by Bauwens (1978) and in polycarbonate 

after one plastic cycle of a simple shear test by G'Sell (1986). Tervoort (1996) also eliminated 

intrinsic softening by mechanical conditioning: axisymmetrical specimens were rejuvenated by 

large-strain inelastic torsion. Tensile tests performed on these rejuvenated specimens resulted in 

homogeneous deformations and thus allowed for the determination of the hardening modulus. 

Although the method described by Tervoort (1996) supplies the hardening parameter for polycar

bonate, only limited information about the softening parameters is obtained: the saturation value 

of D, Dco, may be estimated but the softening slope parameter h can not be determined. As an 

alternative method to determine the softening parameters in polycarbonate, uniaxial compres

sion experiments were performed, but it was observed that even extensive lubrication could not 

prevent the compression specimens from barrelling at large strains. At intermediate strains, how

ever, negligible barrelling of the specimens occurred, which allowed for a comparison of uniaxial 

compression experiments and simulations, leading to a conditional quantification of the softening 

parameters. The softening parameters of polycarbonate will be evaluated and ultimately deter

mined in the next chapter by comparing numerical simulations with experimental data of necking 

polycarbonate tensile bars. 

The semi-crystalline polymers polypropylene and nylon-6 show no, or only small amounts of, in

trinsic softening, respectively (G' Sell et al., 1992), and therefore mechanical conditioning by tor

sion will not alter the deformation in tension from inhomogeneous to homogeneous like in poly

carbonate. For these materials information obtained during necking of a tensile bar will be used to 

determine the hardening parameter, employing an expression derived by Haward (1987), which 

requires the nominal stress during neck propagation and the draw-ratio in the neck. Polypropy

lene has a progressive elastic limit without a softening effect (G' Sell et al., 1992), and for this 

material softening parameters can be considered as irrelevant. Intrinsic softening in nylon-6 oc

curs as a very small stress drop at homogeneous tensile deformation immediately after yield. 
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Since this takes place at homogeneous deformations, the response allows for the determination 

of softening parameters. 

As indicated previously, the polycarbonate tensile bars are mechanically conditioned by means 

of torsion under fixed-end conditions. Recently, Wu and van der Giessen ( l993a,c) studied large

strain inelastic torsion under both fixed-end and free-end conditions by means of numerical sim

ulations. This research revealed, that the adequacy of adopted constitutive equations to describe 

polymer behaviour in general, and strain hardening in particular, can be established from axial 

effects during torsion experiments: axial elongation when one end of the specimen is axially free 

and axial load when the specimen's ends are axially fixed. However, due to insufficient experi

mental data, the proposed procedure could not be pursued. In the present study, fixed-end torsion 

experiments on solid axisyinmetrical bars are performed. These tests are required for mechani

cal rejuvenation, but will serve a second purpose at the same time: the axial force and applied 

torque during torsion will be measured as an assessment of the constitutive model and the mate

rial parameters. The torsion experiments will be numerically simulated using a finite difference 

scheme, necessary because of inhomogeneous deformations in radial direction. The analysis of 

torsion will also be used in Chapter 5 for the numerical simulation of mechanical rejuvenation in 

polycarbonate tensile bars. 

In the next section the experimental procedures are described. Next, the results of the parameter 

identification are given, along with an experimental characterisation of necking that will be used 

in the next chapter to evaluate the numerical simulations. Finally, experiments and simulations 

of fixed-end torsion are compared and discussed. 

3.2 Experiments 

3.2.1 Materials and sample preparation 

Mechanical tests have been performed on nylon-6 (PA-6), polycarbonate (PC) and polypropylene 

(PP). The selection of these particular materials is based upon their microstructure (amorphous 

and semi-crystalline) and their tough behaviour leading to neck formation at large deformations. 

Of the semi-crystalline polymers, nylon-6 is tested below and polypropylene above its glass

transition temperature. Test specimens were manufactured from extruded rods, purchased from 

ERIKS BV (Alkmaar, The Netherlands). The Melt Flow Index, determined according to ASTM 

D 1238-90b, is 7.5 · w-4 [kgmin- 1
] (235/2.16) for nylon-6, 3.9 · I0-4 [kgmin- 1

] (300/1.2) for 

polycarbonate and 0.3 · I o-4 [kg min -J] (230/2.16) for polypropylene. Table 3.1 gives the values 

of the mass density p, the thermal conductivity k, the thermal expansion a, the specific heat c, the 



40 

properties 

p k 0' c Tg G /( 

[kgm-3] [wm-1K- 1] [K-1] [Jkg-IK-1] [K) [MPa] [MPa] 

:§. PA-6 1140 0.28 90·10-6 1700 348 1000 4670 

~ PC 1200 0.21 65·10-6 1200 423 860 4000 

~. pp 910 0.22 160·10-6 1700 291 390 1830 

Table 3.1: Material properties of the polymeric materials at room temperature (295 [K]). 

(a) 

10.4 

P1r 
-$0 

(b) 

3 

Figure 3.1: Geometry of axisymmetrical specimens for (a) uniaxial extension and torsion experiments and 

(b) uniaxial compression experiments. Dimensions in [mm]. 

glass-transition temperature Tg, the shear modulus G and the bulk modulus K. These material 

properties, with the exception of Tg, G and [( were provided by the supplier and are in good 

agreement with values reported in the literature (e.g. Moginger and Fritz, 1991; Koenen, 1992; 

Boyce et al., 1992; van Krevelen, 1990). T9 was determined by Dynamic Mechanical Thermal 

Analysis (DMTA) and G and K were determined from Young's modulus E in the initial stages 

of tensile tests and an approximated Poisson's ratio v of 0.4 for polymeric materials (see for 

polycarbonate Tervoort, 1996). The thermal material parameters will be used in the subsequent 

chapters for thermomechanical analyses of necking in the polymeric materials under considera

tion and the deformation behaviour of rejuvenated polycarbonate. For the uniaxial extension and 

torsion experiments, the test specimens were dog-bone shaped axisymmetrical bars, depicted in 

Figure 3.l(a). For the uniaxial compression experiments, cylindrical test specimens were used, 

with geometry shown in Figure 3.l(b). 

3.2.2 Uniaxial extension 

Uniaxial tensile tests were performed on a FRANK 81565 tensile tester at imposed strain rates 

varying from approximately w-4 to to-2 [s- 1] and at temperatures of 295, 305 and 313 [K]. 
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The true stress at yield, required forthe yielding parameters, was determined by assuming in

compressibility in the visco-elastic area, which introduces an error in the yield stress of approx

imately 2% compared to a compressible approach (consistent with the "compressible" Leonov 

model). 

Neck formation and propagation was recorded by means of two video cameras: one camera ob

served the test specimen, while the other camera monitored the display of the tensile testing 

device. Both images were superimposed with a video editing system and recorded on video tape, 

and were afterwards assimilated by means of the image processing system TIM (TEA Image 

Manager). This procedure was necessary to capture any evolution of the neck. From the images, 

the elongation factor in the neck is calculated from the diameter reduction and the assumption 

of incompressibility. At the end of the tensile test, the neck diameter was measured with the 

specimen still in the test frame as an assessment of the video images. 

3.2.3 Uniaxial compression 

The uniaxial compression experiments were performed at room temperature at strain rates in the 

range of l o-4 to l o-2 (s- 1 ], also on a FRANK 81565 tensile tester. A high performance lubri

cant (HASCO Z260) between the sample and the polished stainless-steel shaft of the compression 

device could not prevent the specimens from barrelling at compressive strains of approximately 

0.20 [-]. Since this occurred at compressive strains beyond the yield point, it is not of influence 

on the measured value of the true stress at the yield point, which is determined by assuming 

incompressibility. The data measured at compressive strains beyond 0.20 H will not be used. 

3.2.4 Torsion 

Torsion experiments were performed on a testing machine consisting of an adjustable rigid sup

port and a rotating clamp. The sample is installed in the machine so that initial axial forces in the 

sample are avoided. In the testing device the length of the sample is fixed during deformation, 

and torque and axial load on the sample are measured during deformation by two different load 

cells in the support. To determine the rotation, the angular displacement of the clamp is mea

sured. As a reference, an axial line was drawn on the specimen, and it appeared that torsion was 

restricted to the gauge section of the sample. Particularly during torsion of polycarbonate, ini

tially narrow circumferential shear bands were observed that broadened with ongoing rotation, a 

phenomenon that was also reported by Wu and Turner ( 1973). This effect became more evident 

at higher rotation rates, and therefore the maximum angular velocity for the experiments was 

limited to approximately 360 degrees per minute. At these angular velocities the deformation is 
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assumed to occur under isothermal conditions (at room temperature). 

In the case of mechanical rejuvenation, the torsion experiments were performed by twisting the 

polycarbonate specimens to and fro over 720 degrees. After reversing the direction of twist, 

the rotation rate was the same as that during loading. Heating of these specimens above the 

glass-transition temperature did not reveal any residual motion, from which it was concluded 

that specimens rejuvenated this way regain isotropy. After mechanical conditioning by torsion, 

tensile tests were performed on a FRANK 81565 tensile tester at a constant nominal strain rate. 

3.3 Results 

3.3.1 Characterisation of the necking process 

During uniaxial tensile tests, the polycarbonate samples showed necking at all strain rates and 

temperatures. In the semi-crystalline polymers strain localisation occurred only at the higher 

strain rates; at lower strain rates and higher temperatures no pronounced necking was observed. 

It was pointed out on several occasions by Haward (1987, 1994, 1995), following an argument 

by Vincent (1960), that for non-intrinsic softening materials the ratio of the true stress at yield 

and the hardening parameter determines whether necking will occur, and this postulate will be 

evaluated in Chapter 4 by numerical simulations. 

Since polycarbonate samples showed necking under all conditions, this polymer is taken as a 

model material to further investigate the necking process and to study some tendencies dur

ing neck propagation. Figure 3.2(a) shows the nominal stress versus nominal strain curve of an 

axisymmetrical polycarbonate tensile bar as an illustration of the necking process (the nominal 

strain is defined with respect to the length of the gauge section of the undeformed specimens). 

During the first part of the tensile test, the specimen deforms homogeneously. At some stage, 

after reaching the yield point, the deformation localises: a neck is formed that stabilises and two 

necking areas or shoulders propagate along the specimen as deformation continues. This neck 

propagation continues at approximately constant nominal stress. Figure 3.2(b) shows the corre

sponding draw-ratio in the neck as measured during the tensile test with the ,image processing 

system (TIM). The error-bars in Figure 3.2(b) show the accuracy of the image manager, which 

depends on the number of pixels that cover the diameter of the tensile bar. The draw-ratio in 

the neck is calculated from the ratio of the original cross-section and the current cross-section 

(which assumes incompressibility) at the position where the neck initiated. The error increases 

with decreasing diameter, but nevertheless, it can be concluded, that during neck propagation the 

draw-ratio in the neck only slowly increases. This observation is qualitatively in full agreement 
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Figure 3.2: (a) Nominal (tensile) stress versus nominal (linear) strain with different stages during defor

mation of a polycarbonate axisymmetrical tensile bar at a nominal strain rate of 2.2 · w-3 [s- 1] at room 

temperature, with indication of necking areas and neck propagation; (b) Corresponding draw-ratio in the 

neck AN versus nominal strain with error-bars indicating the measuring accuracy. 
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with experimental results obtained by for instance Bauwens (1978) and calculated results under 

constant load by Haward ( 1995). Figure 3.3 shows the nominal stress during neck propagation 

near the end of the tensile test as a function of the nominal strain rate at three different tempera

tures. The lines are visual fits with a constant, temperature independent, slope. From this figure it 

can be observed that the nominal stress during neck propagation increases with increasing strain 

rate, and decreases with increasing temperature. Figure 3.4 shows the draw-ratio in the neck near 

the end of the tensile test at different nominal strain rates at room temperature. Data presented 

in this figure were obtained from measurements at the end of the test with the specimens still in 

the test frame. The best fitting line shows an increasing draw-ratio at increasing nominal strain 

rates. Draw-ratios measured at the higher temperatures did not differ significantly from the val

ues in Figure 3.4, which agrees with results of draw-ratios in necked polycarbonate specimens at 

different temperatures reported by Zhou et al. ( 1995). 

As mentioned previously in this subsection, the semi-crystalline polymers only showed pro

nounced necking at the higher strain rates. Figure 3.5(a) shows the nominal stress versus nomi

nal strain curves for nylon-6 at two different strain rates at room temperature. The phenomenon 

observed at the highest strain rate is described in the literature as "double yield'' (see e.g. Lu

cas et al., 1995): the first yield point manifests itself as the beginning of plastic flow, while the 

second yield area is related to secondary transitions or even partial melting of the crystalline 

phase of the semi-crystalline polymer (see e.g. Roetling, 1966; Bauwens-Crowet et al., 1969). In 

Figure 3.6(a) the tensile behaviour of polypropylene is shown. From Figures 3.5(b) and 3.6(b) it 

can be concluded that the second yield point also coincides with neck formation, but in the next 

subsection it will be shown that there is no clear indication that this should be attributed to sec

ondary transitions in the range of strain rates and temperatures considered. In the next chapter, 

this matter will be further discussed after numerical simulations of necking for amorphous and 

semi-crystalline tensile bars. 

3.3.2 Yielding parameters 

The yielding (or Eyring) parameters can be determined by measuring the true stress at the yield 

point during tension and compression experiments as a function of strain rate at different tem

peratures (see e.g. Duckett et al., 1978; Bauwens-Crowet et at., 1969). The strategy is based 

on the application of the incompressible non-Newtonian viscous flow rule (2.40), which can be 

reformulated in direction ez (Figure 3.2(a)) by 

- Srr) (3.1) 
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with Ap, zz the plastic elongation factor and with Szz and Brr the axial and radial components of 

the driving stress tensors, respectively. In a tensile test Szz > Srn while in uniaxial compression 

Szz < Brr· The expression (2.41) for the viscosity rJ can be replaced by 

ry;;;ry(sz.,Brr,p,D,T)= [-pp ] (' _ !) 
exp -- + D sinh IBzz Srr 

To 'ov/3 

(3.2) 

with D the softening parameter, p the pressure and T the absolute temperature. A is a time con

stant, To a characteristic stress and p a pressure coefficient, respectively related to the activation 

energy dH,.the shear activation volume V and the pressure activation volume fl, according to 

· [dH] A.= Aoexp RT 
RT 

To=v (3.3) 

with A0 a constant pre-exponential factor involving the fundamental vibration frequency and R 

the gas constant. 

At yield, the contribution of the hardening stress to the total (Cauchy) stress is assumed neg

ligible, and therefore the components of the driving stress are equal to the components of the 

Cauchy stress. Moreover, the plastic logarithmic strain rate can be made approximately equal to 

the total nominal strain rate In the viscosity function (3.2), only pressure dependence is taken 

into account since at the beginning of plastic flow no intrinsic softening has developed. During 

uniaxial extension and compression, the pressure is given by p = At the yield point the 

argument of the hyperbolic sine in the viscosity function is large, and may be approximated by 

an exponential function. The incorporation of these considerations into the equations (3 .1) and 

(3.2)Jeads to 

l<7;zl = v/3~~ afl (1n [Ao!C:~zl] + ~~ -In [~V3]) a= sign(<7zz) (3.4) 

From this expression it follows that the yielding parameters (A0 , ll, fl and dH) can be deter

mined by linear regression, with yield stress over temperature as a function of the logarithm of 

strain rate. Plots of these functions are called Eyring plots (Tervoort, 1996). 

Figure 3.7 shows the Eyring plots for nylon-6 (PA-6), polycarbonate (PC) and polypropylene 

(PP), where measured data are indicated by different marks and solid lines represent the best fit. 

Experiments by Roetling (1966) and Bauwens-Crowet et al. ( 1969) on polymers like polypropy

lene, polycarbonate and polyvinylchloride revealed that uniaxial data at low temperatures and 

high strain rates exhibit a higher strain rate and temperature dependence than at high tempera

tures and low strain rates. This is related to secondary glass-transitions (Chapter 1) and means 



Experiments and quantification of material parameters 
--------~----------------------------------

47 

0.25 

~ 0.2 
";;j 
0.. 

6 0.15 

~ 0.1 

0.05 

0 
1 . w-s 

0.3 
PC 

0.25 -

~ 0.2 
d 

-
0.. 

6 0.15 1-

~ 0.1 -

0.05 -

0 
1 . w-s 

0.18 

0.15 
pp 

~ 0.12 
";;j 
0.. 

6 0.09 

0.06 

0.03 

0 
1 . w-s 

compression, T = 295 [K]: A 
tension, T = 295 [K]: 0 
tension, T = 305 [K]: <> 
tension, T"' 313 [K]: 0 

1 . w-4 1 . w-3 1 . w-z 1. w- 1 

l&~z I [s-l] 

I I I 

A ,.... 

compression, T = 295 [K]: 
tension, T = 295 [K]: 
tension, T = 305 [K]: 
tension, T = 312 [K]: 

J I I 

1 . w-4 1 . w-3 1 . w-2 

1 . w-4 

it~.l [s- 1
] 

compression, T = 295 [K] 
tension, T ::::: 295 [K] 
tension, T 306 [K] 
tension, T 313 [K] 

1. w-3 

le~.l [s- 1
) 

1 . w-2 

, 

-

-

A -

0 
() -
0 

1. w- 1 

1. w- 1 
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that actually more than one Eyring flow process should be considered. However, as is shown 

by the uniaxial data in Figure 3.7, the range of strain rates and temperatures considered in the 

present study is not so wide that such an approach should be pursued. Table 3.2 gives the val

ues of the yielding (or Eyring) parameters that supply the best fit for each polymer depicted in 

Figure 3.7. These values are in good agreement with the Eyring parameters associated with main 

chain segmental motion (primary glass-transition) obtained in extensive experimental studies by 

Roetling (1966), Bauwens-Crowet et al. (1969) and Duckett et al. (1978). 

yielding parameters 

• Ao v fl !lH I 
[s] [m3 mol- 1

] [m3 mol- 1] [Jmol- 1] 
1 

PA-6 9.1·10-42 1.1·10-3 5.1·10-5 2.8·105 I 

materials PC 3.6·10-25 3.4·10-3 2.4·10-4 2.9·10S 
pp 6.0·10-30 2.4·10- 3 5.5·10-4 2.2·105 • 

Table 3.2: Yielding parameters of the polymeric materials. 

3.3.3 Hardening parameter 

In this subsection, the hardening parameter for the different polymeric materials is determined. 

For polycarbonate, the hardening parameter is determined by a tensile test after mechanical reju

venation by torsion. For polypropylene and nylon-6, the hardening parameter is determined from 

an expression derived by Haward (1987), which relates the hardening parameter, the stress level 

during neck propagation and the elongation factor in the neck. This expression is originally de

rived for a non-intrinsic softening material (like polypropylene), however, it will be also applied 

for nylon-6 assuming that the influence of intrinsic softening is negligible. 

Figure 3.8 shows the true stress versus >.;z (see also Subsection 2. 7.1) for a mechanically 

rejuvenated polycarbonate tensile bar. The hardening parameter H was determined on several 

mechanically rejuvenated specimens, each with the same result: H = 29 [MPa]. 

The semi-crystalline materials show intrinsically no or only a small amount of intrinsic soften

ing, and mechanical rejuvenation of these tensile bars does not lead to homogeneously deforming 

specimens. For a cold-drawing polymeric tensile bar an expression for the hardening parameter 

can be derived, following an argument by Haward (1987) that will be briefly outlined below. In a 

tensile test, the difference s zz Srr in the equations (3.1) and (3.2) for each section of the cold

drawing tensile bar can be replaced by a zz with r zz the axial component of the hardening 

stress tensor r =u-s, reminding that tr(r) = 0. During plastic flow the plastic strain rate 
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is approximately equal to the total strain rate Furthermore, the argument of the hyperbolic 

sine in Eq. (3.2) appears to be much greater than 1. Based upon the above considerations, for the 

total strain rate it can be written 

In [,\zz 2v'3. 3Al = ( J3 + 
Azz expD 3To 

(3.5) 

From the definition of the hardening stress Eq. (2.45) the component of r in axial direction is 

given by Tzz = ~H(>-;z >.;}),and O"zz equals by the assumption of incompressibility. 

Substitution of these relations into Eq. (3.5) leads to 

0 y 
(Jzz = ~ + 

zz 
y 3To In [>-zz 2v'3Al 

+ f.L) >-zz exp D 
(3.6) 

withY the current (strain rate dependent) yield stress. In a tensile test on a non-intrinsic softening 

material (D = 0) under isothermal conditions with a fully established neck at constant nominal 

stress u~z' Eq. (3.6) is valid for each section of the specimen outside the necking area (Figure 

3.2(a)), where deformations are assumed to be uniform. In a part of the specimen about to enter 

the necking area, >-zz is approximately equal to 1~ and fromEq. (3.6) it follows that (J~z = Y(Azz = 
1). When this part enters the necking area, the deformation accelerates and slows down again as 

it leaves the necking area, whereupon the draw-ratio in the neck slowly develops according to Eq. 

(3.6). Haward (1987) assumed that during this process the local strain rates t in the adjacent 
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sections of the necking area are equal. This means that the current yield stresses in the areas 

concerned are equal: Y(Azz = I)= Y(Azz = AD), with AD defined as the natural draw-ratio. By 

substitution into relation (3.6) at Azz =AD, the natural draw-ratio is determined by 

I 
M AD--

(v3+p)a~z Ab 
v'3 H = ----.-, ""-

!-
AD 

(3.7) 

For a non-intrinsic softening material or a material with only a small amount of intrinsic soft

ening under isothermal conditions, Eq. (3.7) allows an approximation of the hardening modulus 

from the natural draw-ratio and the nominal stress during neck propagation. Since in an estab

lished neck the strain rate develops only slowly, the natural draw-ratio AD is assumed to be 

approximately equal to the elongation factnr in the neck AN during neck propagation. Haward 

(1987) evaluated relation (3.7) for several tensile tests reported in the literature, and concluded 

reasonable confirmation. It is remarked that the natural draw-ratio does not exactly equal the 

draw-ratio in the neck, and that the draw-ratio in the neck slowly increases during a tensile test. 

In the next chapter, the applicability ofEq. (3.7) to the semi-crystalline polymers will be verified 

by numerical simulations. 

In Table 3.3 the values of the nominal stress during neck propagation and the elongation fac

tor in the neck, which are used to estimate the hardening parameter, are given for nylon-6 and 

polypropylene. Since the elongation factor in the neck increases as the neck develops, also the 

nominal strain at which this factor is determined is included. For nylon-6 the hardening pa

rameter is rounded off to 13 [MPa], while for polypropylene 3 [MPa] is taken. Haward (1993) 

reported for these semi-crystalline materials 11 and 4 [MPa], respectively. 

5~, €~z AD a~z H 
[s-'] [-] [-] [MPa] [MPa] 

7.5·10-3 0.30 2.5 50.5 13.3 
PA-6 

2.2·10-3 0.33 2.8 52.6 13.0 
materials 

2.2·10-2 0.92 5.6 21.5 3.6 
pp 

7.5·10-2 0.82 6.9 21.6 3.0 

Table 3.3: Detennination of the hardening parameter of the semi-crystalline polymers nylon-6 and 

polypropylene, using Eq. (3.7). 
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3.3.4 Softening parameters 

This subsection deals with the determination of the softening parameters. For polypropylene, the 

conclusion of G' Sell et al. ( 1992) is adopted: semi -crystalline polymers above the glass-transition 

temperature have a progressive elastic limit without a softening effect. For polypropylene soften

ing is irrelevant. The softening parameters for polycarbonate are provisionally determined from 

the compression experiment. They are adjusted in the following chapter by numerical simula

tions of necking tensile bars. As was mentioned before, the uniaxial compression experiments 

showed barrelling of the specimens at compressive strains of approximately 0.2 [-].Figure 3.9 

shows a simulation and an experiment of a uniaxial compression test at room temperature at lin

ear compressive strain rate of w-3 [s- 1]. The difference between the strains at yield originates 

from visco-elastic effects, that are not taken into account in the present thesis (see Tervoort, 1996, 

Chapter 3). The same tendency in the response of the simulated uniaxi!ll compression test after 

the yield point and the experimentally obtained response is observed. The yielding and hardening 

parameters used are previously determined in this chapter, the values of the softening parameters 

which give the simulated response are h = 200 [-]and D00 = 28 [-) (in the next chapter the value 

of Doo will be adjusted to 36 [-]). 

The softening parameters for nylon-6 are obtained from uniaxial tensile tests at room tempera

ture. At the strains where softening occurred, the specimens deformed homogeneously. Figure 
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3.10 shows the nominal stress versus nominal strain curves of experimental and simulated tensile 

curves at two strain rates of nylon-6. This figure clearly shows the difference in hardening be

haviour after softening occurred. At the highest strain rate experiment and simulation are in good 

agreement, however, at the lower strain rates, where necking did not occur, the simulated hard

ening behaviour differs from experimental data. The yielding and hardening parameters used in 

the simulations are previously determined in this chapter, the softening parameters are h = 120 

[-]and D00 = 1.2 [-].Differences in strains at yield are attributed to visco-elastic effects, like in 

the case of polycarbonate. 

3.4 Fixed-end torsion of polycarbonate 

Up to now, material parameters have been determined during the homogeneous and inhomoge

neous deformation stages of uniaxial tension and compression experiments. In the next chapter, 

some parameters will be adjusted based upon a comparison of numerical and experimental re

sults obtained from necking tensile bars. The performance of these material paraineters in the 

constitutive model to describe polymer behaviour in a different mode of deformation has not yet 

been evaluated. 

The torsion experiment may provide additional data concerning the constitutive behaviour of 

elastic-plastic solids up to very large deformations without strain localisation phenomena (Neale 

and Shrivastava, 1990; Wu and van der Giessen, 1993c; van Wijngaarden, 1988, Chapter 4). 

The deformations in the radial direction are inhomogeneous but this inhomogeneity can be cap

tured by means of a numerical analysis. Moreover, axial effects being axial force utider fixed-end 

conditions and axial elongation under free-end conditions deliver the possibility to assess the ad

equacy of the adopted constitutive equations. In polymers, torsion of solid bars and tubes has 

been studied theoretically by Wu and van der Giessen (1993c) under both fixed-end; and free-end 

conditions. At large twists, axial effects were found to be mainly dependent on the adopted de

scription of the hardening stress, but due to insufficient experimental data they were unable to 

verify their simulations. Besides, in the present study, poly carbonate specimens are mechanically 

conditioned by means of torsion, and in Chapter 5 the deformation behaviour of a mechanically 

rejuvenated polycarbonate specimen will be investigated. 

Summarising, fixed-end torsion experiments and simulations are used as an evaluation of ma

terial parameters determined by uniaxial extension and compression experiments in the present 

and subsequent chapter, as an assessment of the constitutive model by measuring axial force 

during fixed-end torsion and as an introduction to the mechanical rejuvenation experiments on 

polycarbonate in Chapter 5. In this section, torsion experiments on solid axisymmetrical bars 
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under fixed-end conditions with measurement of torque and axial force are compared to simula

tions. As a model material polycarbonate is chosen. The problem formulation is in accordance 

with Wu and van der Giessen (1993c), but in their study a finite element procedure was used to 

solve the describing equations while the present study employs a finite difference scheme. As a 

constitutive model, the compressible Leonov model described in Section 2.9 is used. 

3.4.1 Problem formulation and method of solution 

The geometry of the axisymmetrical specimens used in the fixed-end torsion experiment is de

picted in Figure 3.1. The cylindrical surface of the bar is traction-free, and it is assumed that 

end faces and any cross-section of the bar remain plane and perpendicular to the axial direction. 

The twist cp(t), dependent on the timet and defined per unit length of the bar, is applied at low, 

constant, angular velocity <j:J. Therefore, temperature effects have not to be taken into account, 

and simulations are performed under isothermal conditions. The bar is simultaneously subjected 

to the applied twist cp, resulting in a torque M, and an axial force F resulting from the axially 

constrained ends. 

The position of a material point in the reference configuration can be expressed in a spatial cylin-

drical coordinate system with orthonormal base vectors eo and ez (Figure 3.11) by 

(3.8) 

with r0 , (}0 and z0 the initial coordinates. The deformation field is such, that material points with 

position £ 0 in the reference configuration currently have a position x, expressed in the initial 

(} 

Figure 3.11: Torsion specimen with cylindrical coordinate system. 
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coordinates according to 

(3.9) 

with 9(z0 , t) prescribed through ~.p(t). From the traction free cylindrical outer surface of the 

specimen and the prescribed boundary conditions, it follows that the Cauchy stress tensor may 

be written as 

(3.10) 

since a0• = aze and are = aer = arz = azr = 0 throughout the bar. Furthermore, the only, not 

trivially satisfied, equation of equilibrium is 

(3.11) 

On the cylindrical outer surface, at r = Ra with Ra the actual outer radius of the bar, arr(r = 
Ra) = 0 and in the centre of the bar arr(r = 0) = a00(r = 0) and ao.(r = 0) = 0. The resultant 

torque and axial force are given by 

(3.12) 

Given the compressible Leonov model, the equation of equilibrium and the boundary conditions, 

the system that remains to be solved for the deformation field under consideration depends on the 

current radial coordinate and the time t: r( r 0 , t) for r < Ra. For the solution of these quantities, 

the radius is divided into equal parts and derivatives with respect to r are approximated using a 

finite (central) difference scheme. 

3.4.2 Results 

Experiments (and numerical simulations) were carried out at a constant twist rate¢= 8.8 · 1 o-4 

[rad s- 1mm-1) at room temperature. In the experiment the maximum twist 1.p was approximately 

0.42 [rad mm- 1). The yielding and hardening parameters for polycarbonate were those deter

mined previously in this chapter; with regard to the softening parameters, h = 200 [-] is used, 

which was also determined in this chapter by means of a uniaxial compression test, but for Doo 
the value of 36 [-]is taken, which is the value that follows from the tensile experiments on neck

ing tensile bars in the following chapter. Figure 3.12 shows the calculated relevant components of 

the Cauchy stress tensor over the (dimensionless) radius at 1.p = 0.42 [rad mm- 1]. The results in 

this figure are qualitatively in agreement with those obtained by Wu and van der Giessen ( 1993c) 

for torsion on a solid polycarbonate bar. 

Figure 3.13 shows the distribution of the softening parameter over the (dimensionless) radius at 
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Figure 3.12: Stress distribution over the (dimensionless) radius of the relevant components of the Cauchy 

stress tensor in the solid polycarbonate bar at r.p = 0.42 [rad mm- 1]. 
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Figure 3.15: Simulated and experimental curves of (a) torque versus twist per unit length and (b) com

pressive normal force versus twist per unit length for polycarbonate. Also shown are the simulated results 

of the eight chain model with material parameters and constitutive model according to Wu and van der 

Giessen (1993b). 

the end of the simulation. In the elastic area near the centre of the bar, no intrinsic softening has 

occurred yet, while at the outside of the bar the softening parameter is at its saturation value D 00 • 

Figure 3.14 shows the volume change in the bar. This value deviates from I due to compress

ibility of the model material. Therefore, the outer radius of the solid polycarbonate bar slightly 

decreases, but this effect is negligible (approximately 3 · w-3 [mm] at the actual outer radius 

Ra =4 [mm]). 

Figure 3.15(a) compares the simulated and measured torque for the polycarbonate sample. At 

the intermediate twists, the simulated torque differs from the measured torque. However, at yield 

and at the large twists measured and simulated torque are in good agreement. The simulated 

and measured normal force in the polycarbonate sample are depicted in Figure 3.15(b). Up to 

the twist at yield, experiment and simulation are in reasonable agreement, but at larger twists 

the measured compressive normal force first decreases and subsequently increases, while the 

simulated curve increases monotonically after the yield point. For the differences between ex

periments and simulations two explanations can be given. First, the differences in the twist at the 

yield point are attributed to visco-elastic effects, comparable to the visco-elastic effect in a ten

sile bar. Second, at intermediate twists, circumferential shear bands have been reported in torsion 

experiments ofpolycarbonate by Wu and Turner {1973). A reference line on the torsion sample 

did not reveal these shear bands in the particular experiment depicted in Figure 3.15, but in a se-
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quence of experiments performed, circumferential shear bands have been observed, particularly 

at the larger twist rates. They tended to vanish at twists beyond cp 0.25 [rad mm- 1], and it may 

therefore be concluded that at larger twists the experiments satisfy the assumptions regarding the 

deformation field in the simulations of the torsion experiment. Therefore, the deviations between 

measured and simulated torque at the intermediate twists are attributed to these circumferential 

shear bands. At the larger twists, simulations and experiments of torque and normal force using 

a Gaussian hardening model are in better agreement than predictions of several non-Gaussian 

hardening models in this region. To illustrate this, fixed-end torsion results for the eight chain 

model (which has the less pronounced upswing in Wu and van der Giessen, 1993a) are also de

picted in Figures 3.15(a) and (b). The material parameters and the constitutive model for these 

eight chain simulations are according to Wu and van der Giessen (1993b). 

From Figure 3.15(a) it may be concluded, that the determination of the yielding parameters by 

uniaxial tension and compression experiments has been successful. The simulated torque at yield 

nearly equals the experimentally determined value. With respect to the softening parameters, 

the simulated response overestimates the experimentally determined decrease in torque after the 

yield point, which is attributed to circumferential shear bands. At large twists, the experimen

tally determined hardening behaviour is in quantitatively good agreement with the simulated 

behaviour using the Gaussian hardening model. The decrease in compressive axial force mea

sured in the torsion experiment could be predicted by the compressible Leonov model using 

low values of the hardening parameter H ( < 10 [MPa]); at the current value 29 [MPa] of H, 

hardening exceeds the softening effect, and therefore no decrease in compressive axial force is 

calculated. 

3.5 Discussion 

The material parameters of the compressible Leonov model have been determined for nylon-

6, polycarbonate and polypropylene. Table 3.4 summarises the mechanical parameters at room 

temperature as determined in this chapter, with some adaptations with respect to Table 2.1. The 

mechanical and thermal parameter values in Tables 3.4 and 3.1, respectively, are the starting val

ues for the numerical simulations in the next chapter. There, these values will be adjusted after 

numerical simulation of the necking process. 

In the range of temperatures and strain rates under consideration, the Eyring plots for the quan

tification of the yielding parameters did not indicate that more than one rate controlled molecular 

process should be incorporated. The softening parameters were determined during the homoge

neous stages of uniaxial compression and extension experiments, and will be adjusted in the fol-
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parameters 

G K A To f..l Doc h H 

[MPa] [MPa] [s] [MPa] [-] [-] [-] [MPa] 

PA-6 1000 4670 1.3·109 2.3 0.05 1.2 120 13 

materials PC 860 4000 5.3·1026 0.72 0.07 28 200 29 
pp 390 1830 2.9·1010 1.0 0.23 - 0 3 

Table 3.4: Material parameters determined in this chapter (T = 295 [K]). 

lowing chapter. The hardening parameters for the semi-crystalline polymers were estimated from 

experiments on necking tensile bars, by measurement of the elongation factor in the neck and the 

nominal stress during neck propagation. In the next chapter the validity of this approach will 

be investigated by numerical simulations on necking tensile bars. For polycarbonate, the hard

ening parameter was determined by a tensile test on a homogeneously deforming, mechanically 

rejuvenated sample. As an assessment of the constitutive model and the method of determining 

material parameters, a fixed-end torsion experiment on polycarbonate was performed with mea

surement of torque and normal force. Possibly due to circumferential shear bands, the simulated 

results slightly deviated from measurements, but were nevertheless in reasonable qualitative and 

quantitative agreement. 
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Thermomechanical analysis of necking and neck 

propagation in glassy and semi-crystalline polymers 

4.1 Introduction 

In this chapter, the compressible Leonov model with neo-Hookean strain hardening (summarised 

in Section 2.9) is evaluated under large inhomogeneous deformations for a glassy polymer (poly

carbonate, PC), a semi-crystalline polymer above its glass-transition temperature (polypropylene, 

PP) and a semi-crystalline polymer below its glass transition-temperature (nylon-6, PA-6). As 

state of deformation, "cold-drawing" or necking behaviour is considered, becaus.e this deforma

tion allows for an experimental verification. For evaluation purposes, the (finite element) analyses 

are mainly focussed on the nominal stress response and the elongation factor in the neck, as a 

function of nominal strain. In addition, several different influences on necking and neck prop

agation in each intrinsically different polymer are examined. Furthermore, the approximation 

method to determine the hardening parameter of the semi-crystalline polymers (by disregarding 

thermal and intrinsic softening effects used in the previous chapter, Subsection 3.3.3) are numer

ically verified. Finally, numerical and experimental results are compared. An adjustment of the 

saturation value of the softening parameter for polycarbonate, and the hardening parameter for 

the semi-crystalline polymers, proves to be necessary in order to fit the experimental results. 

"Cold-drawing" is used to fabricate fibres and films with improved mechanical properties. Due to 

this commercial interest, "cold-drawing" of polymers has been studied extensively over the last 

decade, usually by examining polymeric specimens under uniaxial extension. The deformation 

history in such experiments is characterised by the onset and development of a localised neck 

and the subsequent propagation of the neck throughout the specimen. In a number of numeri

cal studies on the influence of the strain rate, inertial effects and deformation-induced heating 

on necking and neck propagation in axisymmetrical tensile specimens (Hutchinson and Neale, 
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1983; Neale and Tugcu, 1985; Tugcu and Neale, 1988, 1990; Tomita and Hayashi, 1993), en

tirely phenomenological constitutive models, that did not account for the physical structure of 

the polymer and processes occurring on a molecular level, were employed. The development of a 

physically based multiaxial constitutive model for glassy polymers (the BPA model, proposed by 

Boyce, Parks and Argon, 1988) initiated some more enhanced finite element computations on the 

"cold-drawing" process in glassy polymers. The effect of deformation-induced heating on "cold

drawing" of axisymmetrical amorphous polymeric fibres was studied by Boyce et al. ( 1992) by 

means of a thermomechanically coupled finite element analysis. Wu and van der Giessen (1995) 

used a kinematically slightly modified version of the BPA model to study the effect of initial im

perfections, intrinsic softening, strain hardening, strain rate, specimen geometry and boundary 

conditions on necking and neck propagation of a plane strain test specimen under isothermal con

ditions. As can be concluded from the results of Chapter 2, the distinction between kinematically 

different formulations to describe polymer behaviour can hardly be observed (models IV and V). 

In Boyce et al. ( 1992) and Wu and van der Giessen ( 1995), strain hardening was modelled using 

non-Gaussian network models (the three chain and full chain model, respectively). · 

In the present study, necking and neck propagation is simulated using a compressible Leonov 

model with neo-Hookean or Gaussian strain hardening. Following many of the references men

tioned above, inertial effects are disregarded in the range of strain rates considered and the sim

ulations are performed under quasistatic conditions. In some studies, these relatively low strain 

rates were also used to support the neglect of thermal effects. Maher et al. ( 1980), however, mea

sured temperatures in necking polymers with an infrared camera and observed temperature rises 

up to 15 [K] at nominal strain rates of w- 2 [s- 1] in the necking region of polycarbonate and 

polypropylene samples of approximately the same dimensions as used in the present research. 

From the Eyring plots depicted in Figure 3.7, it can be concluded that particularly for the semi

crystalline polymers such a temperature rise may considerably affect the deformation behaviour. 

Therefore, deformation-induced heating during necking has to be taken into account. 

The effect thereof is first quantified by a comparison of a uniaxial tensile test, under isothermal 

and under adiabatic conditions. Next, mixed intermediate thermal conditions are investigated and 

the problem formulation and method of solution are briefly discussed. Subsequently, necking and 

neck propagation in nylon-6, polycarbonate and polypropylene are simulated. The influence of 

several parameters on the necking process are simulated, including the influence ofdeformation

induced heating. Accordingly, a numerical evaluation of the validity of the method to determine 

the hardening parameter in the semi-crystalline polymers is performed. This chapter is concluded 

with a comparison of simulated and experimental data of the necking process, resulting in a final 

adjustment of material parameters to fit experimental data. As starting values for the simulations 

in the present chapter the thermal and mechanical material parameters determined in the previous 
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chapter (summarised in Tables 3.1 and 3.4, respectively) are used. 

4.2 Deformation-induced heating 

To include deformation-induced heating in the analysis of the necking process, the nature of dissi

pative and reversible components of work in polymeric materials is discussed first. Experiments 

by Adams and Farris ( 1988) revealed that, during "cold-drawing" of poly carbonate at various 

strain rates, 50 to 80 % (dependent on the strain rate) of the work performed on the sample was 

converted into heat. Based on these experiments, Boyce et al. (1992) concluded that heat gener

ation in polycarbonate arrives from the driving stress portion of the total Cauchy stress during 

irreversible deformation and that the rate of heat generation equals 8 : Dp. The other components 

of the total work are stored as elastic energy and change of configurational entropy. Because no 

comparable experimental data on dissipation during "cold-drawing" in semi-crystalline polymers 

are available, the above conclusions are here also adopted for nylon-6 and polypropylene. 

Due to deformation-induced heating, the polymeric material will thermally expand. Considering 

the values of the thermal expansion coefficient a (Table 3.1) and the expected temperature rise, 

thermal expansion, can, however, be neglected with respect to the large deformations which oc

cur in a necking tensile bar. 

The compressible Leonov model with neo-Hookean hardening contains two temperature depen

dent material parameters in the generalised Eyring equation (2.41) for the viscosity. Experiments 

to determine the neo-Hookean hardening modulus H of some glassy and semi-crystalline poly

mers at different temperatures also revealed a slight temperature dependence of H (Haward, 

1993; Tervoort, 1996, Chapter 5), but this minor temperature dependence will not be taken into 

account in the relevant range of temperatures considered here. The influence of thermal effects 

on the tensile true stress true strain curves is the most extreme illustrated in Figure 4.1, which 

shows simulations of a tensile test in the fully isothermal and fully adiabatic case at two different 

strain rates. The temperature rises for the adiabatic cases are shown as well. The material param

eters used for these simulations were determined in Chapter 3 and specified in Tables 3.1 and 

3.4 (the elastic constants G and K are assumed temperature independent). From the responses it 

can be concluded that deformation-induced heating results in thermal softening of the material, 

and that, under the same conditions, this effect is relatively larger for nylon-6 and polypropylene 

than for polycarbonate. At a higher strain rate, a higher temperature is reached, which is caused 

by an increase of the rate of heat generation arriving from an increase of both 8 and Dp. From 

the uniaxial simulations it is clear, that the influence of temperature should not be neglected, 

in particular for the semi-crystalline polymers. In experiments, adiabatic conditions can only be 
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Figure 4.1 : Predicted tensile true stress versus true strain and temperature versus true strain curves for an 

initial temperature of 295 [K] and true strain rates of w-2 and 10-4 [s- 1] for nylon-6, polycarbonate and 

polypropylene under isothermal and adiabatic conditions. 
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approached at very high strain rates such that the generated heat can hardly be removed in the 

time scale of the experiment. Therefore, in the numerical simulations of the experiments carried 

out later on in this chapter, boundary conditions of free convection to air are applied along the 

external surface of the test specimen. 

4.3 Simulation of necking and neck propagation 

For the analysis, an axisymmetrical specimen as used in the tensile tests (depicted in Figure 

3.1) is considered. In the centre of the bar, a Cartesian coordinate system is defined, in which z 

refers to the axial direction and r to the radial direction. Because of symmetry of the material, 

geometry and loading conditions, in Figure 4.2 only one quarter of the longitudinal cross-section 

is considered up to z (initial geometry), where the clamps of the tensile testing device 

are fixed. After clamping, a length Lc of the grip sections was kept free, the length of the gauge 

section is L9 , and Rr is the radius of the transition part from gauge section to grip section. In 

the simulations, near z = 0, a geometric non-uniformity is introduced to initiate necking. This 

imperfection is cosine shaped, defined by 

(4.1) 

with Ri the outer radius over the imperfection, Ro the outer radius of the gauge section of the 

perfect bar, t; the measure of the imperfection, t; = R;(z = 0)/ Ro and (controls the imperfection 

length (Ro. The nominal or engineering stress is defined by Fz/C1rR:f5), with the applied tensile 

force. From the assumption of incompressibility the elongation factor in the neck is calculated 

as the ratio of the original cross-section and the current cross-section: )..N = R5/ R~. with Rathe 

Figure 4.2: Schematical definition of the geometry of one quarter of the longitudinal cross-section of the 

axisymmetrical tensile bar. 
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actual current outer radius at z = 0. In the above, the influence of the imperfection on Ro is not 

taken into account for the comparison of these values with experiments later on. 

Most analyses of necking and neck propagation in polymeric tensile bars (see e.g. Tugcu and 

Neale, 1988; Boyce et al., 1992; Tomita and Hayashi, 1993) only consider the gauge section 

of the tensile bar. This has the disadvantage that, when the neck has travelled along the gauge 

section and reaches the end, thermal and mechanical boundary conditions due to interaction of 

neck and grips are not adequately modelled. Following Wu and van der Giessen (1995), in this 

study the thicker grip sections are also taken into account. The specimen is deformed by impos

ing a constant displacement rate in the z-direction at the clamp without restraining the lateral 

movement (shear free ends)1• For the specimen shape under consideration, it was found during 

the tensile tests that the nominal strain rate in the gauge section could be well approximated by 

vj(Lo- 2Lc). 

Apart from axial conduction, heat generated by visco-plastic work is assumed to be removed by 

free convection to air along the external cylindrical surface. To model this, the surface film (or 

heat transfer) coefficient f is introduced, representing the ratio of the heat flux normal to the 

surface of the material and the difference between the surface temperature and the ambient tem

perature. For a (rectangular) polycarbonate specimen, Koenen (1992) determined the value of f 
by use of an infrared camera as 13.8 [Wm-2K-1

] and this value is adopted here. It is assumed 

that the heat transfer between the bar and the grips can be neglected. 

The finite element mesh is composed of 8-node quadrilateral, reduced integration, coupled tem

perature-displacement axisymmetrical elements (MARC, 1993, element number 55). The results 

for different mesh densities have been compared with various element numbers in radial and ax

ial direction. For each of the polymers under consideration a mesh was selected that provided a 

satisfactory compromise between details of the solutions of stress, strain and temperature fields 

and the computational time needed for the analysis. Mesh sensitivity of the finite element so

lution, often observed in intrinsically softening materials during analyses of strain localisation 

phenomena, was found to be irrelevant in the problem under consideration. This is attributed 

to the strain rate sensitive nature of the constitutive equations that describe polymer behaviour, 

which has a regularising influence on potentially mesh dependent problems (see e.g. Needleman, 

1988; Simo, 1989; Sluys, 1992; Wu and van der Giessen, 1995). 

The compressible Leonov model with neo-Hookean hardening as summarised in Section 2.9 has 

been incorporated into the finite element code MARC (1993). To handle large strains and de

formations, the updated Lagrange method is used. During each increment, the constitutive rate 

Although the assumption of shear free ends is not a realistic one for the actual tensile test where the ends are 

gripped, Wu and van der Giessen (1995) showed that for the specimen shape under consideration the difference 

between shear free or gripped boundary conditions is negligible. 
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equations are integrated, assuming a straight strain path during the increment (Nagtegaal, 1982), 

by means of a fully implicit time integration scheme. To perform the thermomechanical analy

sis, two finite element formulations, formally coupled through visco-plastic work, are decoupled 

at each time step and then solved in tum. The general energy balance equation (thermal finite 

element problem) and the equation of equilibrium (mechanical finite element problem) are al

ternately solved in an iterative way during a small time interval: the temperature resulting from 

the solution of the thermal problem is held constant during solution of the mechanical problem, 

which includes the calculation of the heat generation by visco-plastic work. Provided that the 

time interval is small enough, the solution process is stable and the results are accurate. 

4.4 Numerical results 

4.4.1 Typical results for nylon-6, polycarbonate and polypropylene 

For reference purposes, a tensile test is simulated on a specimen of each of the polymeric materi

als under consideration. The geometry of the specimens is specified with respect to the radius of 

the gauge section Ro = 4 [mm], and corresponds to the geometry of the specimens used in the ex

periments: 1L9 /Ro 5.625, ~Lo/Ro = 8.125, Lc/Ro 0.625, Rr/Ro = 5.75 andRc/Ro = l.3. 

The displacement rate imposed at the free end corresponds with a nominal strain rate in the gauge 

section of7.5 · w-3 [s- 1]. The geometric imperfection is determined by~= 0.9925 and ( = 0.85, 

which is the equivalent of an area reduction of 1.5 % at z = 0. The material parameters used for 

each polymer were previously defined in Tables 3.1 and 3.4. 

The results of the simulations for nylon-6, polycarbonate and polypropylene are shown in Fig

ures 4.3, 4.4 and 4.5, respectively. Depicted are the nominal stress and elongation factor in the 

neck as a function of the nominal strain, together with the deformed meshes at different stages 

of the deformation. During simulation of the necking of the tensile bars, the specimens initially 

deform homogeneously, both in the elastic area and in the first part of the visco-plastic area 

(a-b). In the semi-crystalline polymers (PA-6 and PP), homogeneous visco-plastic deformations 

are maintained over a wider strain range than in the glassy polymer (PC), which is in agreement 

with the experiments. At some stage, the deformation localises and a neck is formed (b-d), which 

propagates along the specimen as deformation continues (d-e):The neck propagation takes place 

under approximately steady state conditions. 

Similar to Wu and van der Giessen (1995), it was found that the neck shape in polycarbonate 

was rather diffuse and the simulations on nylon-6 also showed a diffuse neck. For polypropy

lene, however, the neck profile was quite sharp, and a much more refined mesh was required 
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Figure 4.3: Typical simulated response of a tensile test on nylon-6 in terms of nominal stress CTZz and 

elongation factor in the neck AN versus nominal strain c:~, at nominal strain rate i~z = 7.5 · w-3 [s- 1 ]. 

Also shown are the deformed meshes at different stages of the simulation (a-e). 
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Figure 4.4: JYpical simulated response of a tensile test on polycarbonate in terms of nominal stress CT~z 

and elongation factor in the neck AN versus nominal strain at nominal strain rate i~z = 7.5 · w-3 

[s- 1 ]. Also shown are the deformed meshes at different stages of the simulation (a-e). 
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Figure 4.5: Typical simulated response of a tensile test on polypropylene in terms of nominal stress a~z 

and elongation factor in the neck AN versus nominal strain c~z at nominal strain rate e~z = 7.5 · 10-3 

[s- 1}. Also shown are the deformed meshes at different stages of the simulation (a-e). 

to capture this effect accurately. From calculations of neck profiles at constant nominal stress 

in non-intrinsic softening polymers performed by Haward (1995), it can be concluded that the 

shape of the neck is mainly determined by the Gaussian hardening modulus: increasing values of 

the hardening modulus result in more diffuse neck shapes. The temperature rise during necking 

is another factor that may influence the neck profile, as follows from thermomechanical simula

tions of "cold-drawing" of polymethylmethacrylate at different strain rates performed by Boyce 

et al. (1992). In their simulations the process at very high strain rates was nearly adiabatic and, 

compared to the lower strain rate, a very sharp neck profile was observed, which could be fully 

ascribed to thermal effects. In addition, this sharp profile modifies the pressure field, which in 

turn influences the neck shape due to the pressure dependent nature of yield in polymers. 

The temperature rise in the centre of the tensile bars (at z = 0) is shown in Figure 4.6 with the 

contour plots of the temperature distribution in the bar at one stage during neck propagation for 

each polymer. This figure shows that, during neck formation, the temperature increases rapidly 

due to plastic dissipation. As strain hardening takes over in the necked region, the no longer 

plastically deforming neck starts to propagate. This shifts the heat source from the centre of the 

bar and the temperature decreases due to free convection to air at the external cylindrical sur

face. The contour plots of the temperature rise during neck propagation show this temperature 

decrease on the outside of the tensile bar caused by convection. From these contour plots it can 
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Figure 4.6: Temperature rise in the centre of the tensile bars at the minimum cross-section during the 

deformation. The indications a-c correspond with contour plots of the temperature distribution at one 

stage of deformation for each polymer, equivalent to stage e in Figures 4.3, 4.4 and 4.5. 

be observed that the temperature rise is the highest in the part of the tensile bar that has just 

undergone neck formation. The effect of heat conduction is also clear from these figures: the part 

of the bar that has not yet undergone neck formation is already showing a temperature rise. In 

the case of nylon-6 this part spreads out over the entire gauge section of the bar, which is mainly 

caused by the small region of intrinsic softening immediately after the yield point. The maxi

mum temperature rise that is reached for polycarbonate is approximately half the temperature 

rise of the semi-crystalline polymers nylon-6 and polypropylene. Since the temperature increase 

in nylon-6 and polypropylene is almost equal while these materials show totally different neck 

profiles, it is concluded that for the polymeric materials under consideration the hardening mod

ulus H predominantly determines the neck profile and that the temperature has a minor influence 

on the profile. 

The contour plots of the hydrostatic pressure p = - t tr(u) are shown in Figure 4 .7. The pressure 

illustrates the triaxial nature of the stress state produced in the neck during neck propagation 

by comparison with the nominal pressure in a perfect cylindrical tensile bar. Due to the pressure 

dependence of the Eyring viscosity, the necking process will be influenced by this pressure devel

opment. A negative pressure lowers the effective driving stress required to plastically deform the 

material, and promotes the straining in the shoulder region. From the simulations it is concluded, 

that in the case of polycarbonate and polypropylene a positive pressure region has developed in 

the part of the specimen about to undergo neck formation. This positive pressure region was also 
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Figure 4.7: Pressure contours in the tensile bars for each polymer as an illustration of the triaxiality of the 

stress state. The depicted stages of deformation correspond with stages a-c in Figure 4.6 and stage e in 

Figures 4.3, 4.4 and 4.5. 

found by Boyce et al. ( 1992). 

4.4.2 Influence of the initial imperfection 

For the specimen shape under consideration it was experienced that actually no imperfection 

was required to trigger the necking process, which is also confirmed by similar simulations per

formed by Wu and van der Giessen ( 1995). In the absence of deliberate imperfections, however, 

the present study revealed necking at the end of the gauge section near the transition to the 

grip section. Because of the assumed symmetry of material, geometry and boundary conditions 

(with respect to z = 0), this means that actually two necks are propagating along the specimen. 

Therefore, in this subsection the perfect tensile bar will not be used to compare the influence of 

imperfection dimensions on necking. 

In most of the studies on neck formation and propagation, a geometric imperfection was used to 

trigger the localisation. An alternative method was employed by Wu and van der Giessen (1995), 

who introduced a material defect by a small reduction of the value of the softening parameter in 

the centre of the tensile bar. For both types of imperfection it can be concluded, that the neck

ing behaviour in terms of nominal stress and thickness reduction is slightly influenced by the 

dimensions of the imperfection; the neck profile itself hardly depends on these dimensions. In 

the present study, the influence of the initial imperfection is examined by performing (numer

ical) tensile tests with three different cosine-shaped geometric imperfections at nominal strain 

rate of 7.5 · I o-3 [s- 1 ]: a "reference" imperfection (~ = 0. 9925, ( = 0.85), a "long" imperfection 

(~ = 0.9925, ( = 1.7) and a "deep" imperfection(~= 0.985, ( = 0.85). 
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From the simulations with different imperfection sizes it is concluded, that both the "long" and 

the "deep" imperfection influenced the moment of neck propagation and resulted in an earlier 

neck formation compared to the "reference" imperfection. The nominal yield stress and the nom

inal stress level during neck propagation are hardly affected by the imperfection sizes, but the 

elongation factor in the neck increases as the imperfection becomes "longer" or "deeper". These 

effects are qualitatively the same for the three polymers, but are best visualised in case of nylon-6. 

The influence of the imperfection size is depicted in Figure 4.8 in terms of nominal stress versus 

nominal strain, and in Figure 4.9 for the elongation factor in the neck versus nominal strain. 

4.4.3 Influence of the thermal effects 

The influence of thermal effects on necking and neck propagation is demonstrated by compar

ison of thermomechanically coupled and isothermal analyses. Figure 4.10 shows the predicted 

results in terms of nominal stress versus nominal strain and the elongation factor in the neck ver

sus nominal strain for nylon-6, polycarbonate and polypropylene at an imposed nominal strain 

rate of7.5 · 10-3 [s-1] and an initial temperature of295 [K]. Because the deformation is mainly 

elastic until the yield point, in the thermomechanically coupled analyses the temperature rise in 

the elastic area is negligible and the nominal stress and elongation factor in the neck are indepen

dent of the thermal conditions for all polymers during the first part of the deformation. During 

visco-plastic deformations the temperature increases, which affects the generalised Eyring vis

cosity. Then, in the initial stage of visco-plastic flow and during neck propagation, the nominal 
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Figure 4.10: Nominal stress versus nominal strain and elongation factor in the neck versus nominal strain 

under thermomechanically coupled and isothermal conditions for nylon-6, polycarbonate and polypropy

lene at an imposed nominal strain rate of 7.5 · w-3 [ s -I] and an initial temperature of 295 [K]. 
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stress in the isothermal case is higher than in the thermomechanically coupled analysis for all 

three polymeric materials. In the isothermal case, the semi-crystalline polymer nylon-6 shows no 

pronounced necking, and the necking of polypropylene was delayed compared to the thermome

chanically coupled case. This can also be observed from the elongation factor in the neck, where 

in the isothermal case nylon-6 shows no distinct neck formation. In polycarbonate, the neck is 

formed at the same stage of deformation for both cases and the elongation factor in the neck 

shows initially the same increase, but reaches a lower level during neck propagation compared 

to the thermomechanical case. Under isothermal conditions, polypropylene shows the delay in 

neck formation compared to the thermomechanical analysis followed by a faster increase of )'N 

during neck propagation that ends up at a higher level compared to the coupled case. The fact 

that no pronounced necking is observed in nylon-6 under isothermal conditions indicates the 

importance of thermal effects in the necking of nylon-6. For polycarbonate and polypropylene, 

where necking did occur in both cases, the neck profiles have been compared, but apart from the 

position of the neck in the bar, the shape of the neck was nearly similar for both cases. 

4.4.4 Influence of the strain rate 

The effect of strain rate on neck formation and propagation has been investigated by thermo

mechanical analyses at nominal strain rates of 7.5 · w-5 [s-1] and 7.5 · w-3 [s- 1 ]. Figure 4.11 

shows the predicted results in terms of nominal stress versus nominal strain and elongation factor 

in the neck versus nominal strain. At the lowest strain rate, deformations take place under nearly 

isothermal conditions, due to the fact that at the time scale of the deformation the heat gener

ated by visco-plastic dissipation is nearly totally removed by free convection to air. The nominal 

stress curves clearly show the strain rate dependent yield point that originates from the strain rate 

dependence of the generalised Eyring viscosity. This feature combined with the thermal effects 

causes the different load levels during neck propagation, where it is remarked that nylon-6 shows 

no necking at the lowest strain rate. In polycarbonate, the moment of neck initiation was inde

pendent of the strain rate, but in polypropylene the neck initiated in a later stage at the lowest 

strain rate, which is partly attributed to the absence of temperature rise. 

From the plots of the elongation factor in the neck versus nominal strain, the absence and the de

lay of neck formation in the semi-crystalline polymers nylon-6 and polypropylene, respectively, 

becomes also clear. It is observed that polycarbonate and polypropylene have a higher elongation 

factor in the neck at elevated strain rates, which in case of polycarbonate leads to a later arrival of 

the neck at the end of the gauge section and, correspondingly, to a later upswing of the nominal 

stress compared to the lower strain rate. 
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Figure 4.11: Nominal stress versus nominal strain and elongation factor in the neck versus nominal strain 

under thermomechanically coupled conditions for nylon-6, polycarbonate and polypropylene at imposed 

nominal strain rates of7.5 · w-5 [s-1] and 7.5 · w-3 [s-1] with an initial temperature of295 [K]. 
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4.4.5 Evaluation of a method to determine the hardening parameter for 

semi-crystalline polymers 

Chapter4 

In the previous chapter (Subsection 3.3.3), the hardening parameters for the semi-crystalline 

polymers were determined from a one-dimensional analysis of necking, following an argument 

by Haward (1987). Intrinsic softening and thermal effects were neglected, and it was assumed 

that the rate of deformation in a part of the specimen about to enter the necking area equals the 

rate of deformation in a part of the specimen exiting it. At this strain rate, the associated elonga

tion· factor was defined as the natural draw-ratio Av, which was approximated by the elongation 

factor in the neck AN. Combined with the observation that neck propagation takes place under 

nearly constant nominal stress, Eq. (3.7) allowed for an approximation of the hardening param

eter of the semi-crystalline polymers from the nominal stress during neck propagation and the 

elongation factor in the neck. In this subsection, the validity of this method in the presence of 

thermal and intrinsic softening effects will be briefly evaluated by thermomechanical analyses 

for polypropylene and nylon-6. 

Figure 4.12 shows the distribution of the equivalent strain rate teq, defined by J~ Dd : Dd, in the 

necking tensile bars of nylon-6 and polypropylene. At the locations, adjacent to the necking area, 

the equivalent strain rate has a nearly constant value over the cross-section, which confirms the 

applicability of a one-dimensional modelling. Moreover, areas exist on either side of the necking 

area that have the same equivalent strain rate. With these prerequisites established, the influence 

of thermal effects and intrinsic softening on the determination of the hardening parameter is in-
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Figure 4.12: Equivalent strain rate contours in the tensile bars for the semi-crystalline polymers at an 

applied nominal strain rate £~z = 7.5 · 10- 3 [s- 1] . The depicted stages of deformation correspond with 

stage e in Figures 4.3 and 4.5. 
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.::~, E~z AN u~z H I 
[s-I] [-] H [MPa] [MPa] 

7.5·10-3 0.41 2.9 45.9 11.0 
PA-6 

7.5·10-3 
1 o.66 3.0 45.8 10.9 

materials 
7.5·10-5 0.43 4.5 17.8 3.5 

PP 
7.5·10-3 0.43 5.3 18.4 3.2 

Table 4.1: Reconstruction of the hardening parameters of the semi-crystalline polymers nylon-6 and 

polypropylene from the thermomechanical analyses, using Eq. (3.7). 

vestigated next. 

In Table 4.1 the hardening parameters are reconstructed using Eq. (3.7). The values of the nom

inal stress during neck propagation and the elongation factor in the neck determined by the 

thermomechanical analyses are also given. Since the elongation factor in the neck increases as 

the neck develops, also the nominal strain E~z at which this factor is determined is included. For 

nylon-6 the hardening parameter was reconstructed at the (single) strain rate where pronounced 

necking occurred at two stages of deformation. Since polypropylene showed necking during sim

ulations at 7.5. w-3 and 7.5. w-5 [s- 1], the hardening parameter was evaluated at these two 

strain rates. 

The input hardening parameters for the thermomechanical analyses of nylon-6 and polypropy

lene were 13 and 3 [MPa], respectively. It is therefore concluded that in case of polypropylene the 

hardening parameter is determined quite accurately, despite the neglect of thermal effects. How

ever, for nylon-6 the calculated value of His underestimated with respect to the input parameter 

in the presence of thermal and intrinsic softening effects. In the next section, the experimental 

results of tensile tests on nylon-6 and polypropylene will be compared to simulations, which 

renders the possibility of adjusting H. 

4.5 Comparison of numerical and experimental results 

In this section, the numerical results will be compared with experimental data (obtained in the 

previous chapter), as an evaluation of the compressible Leonov model with neo-Hookean strain 

hardening to describe the deformation behaviour of gla.<>sy and semi-crystalline polymers in an 

inhomogeneous state of deformation. In the previous chapter some of the material parameters 

have been determined provisionally by means of arguable assumptions regarding the state of 

deformation or constitutive aspects. In the present section, these particular parameters will be 
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adjusted by means of the experimental data from necking tensile bars. The parameters concerned 

are the softening parameters for polycarbonate, which were determined assuming homogeneous 

deformation under uniaxial compression, and the hardening parameter for the semi-crystalline 

materials, which were determined by neglect of intrinsic softening and thermal effects. 

In the case of polycarbonate, the softening slope parameter h is assumed to be correct (although 

the actual slope is slightly influenced by the saturation value Doo of the softening parameter), 

and Doo is adjusted. Moreover, the comparison of numerical and experimental results is quite 

extensive for polycarbonate, since all tensile specimens showed necking at different strain rates 

and temperatures. The semi-crystalline polymers did not show pronounced necking in all ex

periments, and the comparison will be restricted to a particular strain rate for which necking 

occurred. 

4.5.1 Results for polycarbonate 

First, the simulated nominal stress levels during neck propagation are compared with the experi

mentally obtained values at room temperature. Figure 4.13 shows the simulated and experimental 

nominal stress at four different nominal strain rates. A straight solid line is fitted through the sim

ulated results, and (although there is no theoretical basis) the picture shows that the straight line 

gives a good fit of the nominal stress level during neck propagation in the range of strain rates 

considered. At all strain rates, the simulated nominal stress exceeds the experimental results, and 

the saturated value D00 of the softening parameter is adjusted to accommodate the experimen

tal data. This is shown in Figure 4.14, where, similar to Figure 4.13, the lines have been fitted 

through simulated nominal stress levels during neck propagation. Each line represents a different 

value of D00 , and it is concluded that Doo = 36 [-]provides the best fit at room temperature. 

To check this value, the simulations were repeated at higher temperatures of 305 ap.d 312 [K] 

with Doo = 36 [-J, and compared to the experimental nominal stress levels at these tempera

tures. Figure 4.15 shows the simulated and experimentally obtained results, again with the lines 

representing a best fit through the simulated results and the different indicators representing the 

experimental values at temperatures of 295, 305 and 312 [K]. A reasonable agreement can be 

observed at all temperatures, but for the highest strain rate at temperatures of 305 and 312 [K] 

the simulated stress levels underestimate the experimentally obtained values. 

Now that the saturation value Doo of the softening parameter has been established, the value of 

the elongation factor in the neck provides an extra assessment of the adopted constitutive model 

and the material parameters. It was found, however, that where the experimental and simulated 

nominal stresses during neck propagation eventually arrive at a constant level, the experimental 

and simulated values of the draw-ratio in the neck continue to increase (see Figure 4.4). The 
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adopted experimental values of the elongation factor in the neck were measured at the end of the 

tensile test with the specimen still in the test frame. The simulated values were obtained during 

the steady state phase of neck propagation in order to avoid deviations caused by the neck reach

ing the end of the gauge section of the specimen. Figure 4.16 shows these experimentally and 

simulated values of the draw-ratio in the neck for Doo = 36 [-] at temperatures of 295, 305 and 

312 [K]. The experimental and simulated values are depicted with different indjcators. During 

the experiments, the draw-ratios in the neck were found to be independent of the temperature. 

This result is confirmed by the simulations, but the actual draw-ratios in the neck during neck 

propagation deviate from the simulated values, particularly at the higher strain rates. As was 

pointed out before, the elongation factor in the neck increases during neck propagation, and a 

more reliable comparison may be based on the development of the elongation factor in the neck 

during the tensile test. This will be performed in the following, but first the simulated and exper

imentally obtained nominal stress - nominal strain curves during the necking of a tensile bar are 

compared. 

Figure 4.17(a) shows the simulated and experimental nominal stress versus nominal strain curve 

at a nominal strain rate of7 .5 · 10-3 [s- 1]. The difference in the strain at the yield point is caused 

by visco-elastic effects in the experiment, which are not taken into account in the single mode 

compressible Leonov model with neo-Hookean hardening and can be accounted for by using 

more than one relaxation time (see Tervoort et al., 1996; Tervoort, 1996, Chapter 3). The dif

ference in the nominal stress at the yield point is also caused by visco-elastic effects: the true 
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stresses required to determine the yielding parameters were calculated at the yield strain in the 

experiment, which for polycarbonate causes a deviation of approximately 2 % in the nominal 

yield stress. The simulated nominal stress level during neck propagation is in good agreement 

with experimental results (see also Figure 4.14), but the experimentally obtained curve shows a 

slight increase while in the simulation a nearly constant nominal stress during neck propagation 

is observed. From Figure 4.17(b) it is clear that the simulated draw-ratio in the neck overes

timates the experimental value during neck formation, but that during neck propagation these 

values tend to agree more closely. In Figure 4.16, the simulated draw-ratio in the neck underesti

mates the experimental value, which seems to be in contradiction with Figure 4.17(b). This may 

be explained by the fact that the values in Figure 4.16 were determined at the end of the experi

ment, after the neck reached the end of the gauge section, while the values in Figure 4.17(b) are 

real-time measurements performed before the neck reaches the end of the gauge section. 

4.5.2 Results for nylon-6 and polypropylene 

In this subsection, the results for the semi-crystalline polymers are discussed. Figure 4.18(a) 

shows the simulated and experimentally determined nominal stress versus nominal strain curves, 

with simulations performed with values of the hardening parameter H of 13, 15 and 16 [MPa] at 

a nominal strain rate of 7.5 · I0-3 [s- 1] at room temperature. These different values for H have 

been selected, since the originally determined value of 13 [MPa] did not supply a correct fit of the 

nominal stress level during neck propagation. A value of H = 16 [MPaJ agrees better. The draw 

ratio in the neck )IN is slightly underestimated at this value of H (Figure 4.18(b)), but shows 

the same characteristics as the experimentally obtained values of >w. Particularly the simulated 

moment of neck formation agrees well with the experimentally observed delay after reaching 

the yield point. However, in the initial visco-plastic stage until the neck starts to propagate at a 

nearly constant nominal stress level, the simulated nominal stress differs from the experiments: 

after the small region of intrinsic softening the measured nominal stress increases where the sim

ulated nominal stress decreases due to the area reduction of the tensile bar after the yield point. 

Figure 4.19( a) shows the simulated and experimental nominal stress versus nominal strain curves 

for polypropylene at room temperature and at a nominal strain rate of 2.25 · w-2 [s-1], again 

at two values for H of 3 and 4 [MPa], since the previously determined value of 3 [MPa] did 

not fit the nominal stress during neck propagation. At 4 [MPa] the draw-ratio in the neck cor

responds with the experimentally obtained values (Figure 4.19(b) ), but the simulated moment 

of neck initiation differs considerably from the experiments. For polypropylene it is observed, 

that the draw-ratio in the neck in the experiments increases much more than in the simulations. 

The simulated nominal stress at the yield point deviates from the experimental value, which is 
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attributed to the visco-elastic effects, like previously in poly carbonate. 

For the semi-crystalline polymers, it is concluded that, although the results of the simulations dif

fer quantitatively from the experimental results, the qualitative behaviour is captured satisfacto

rily, in particular with respect to the observed delay in neck initiation. This behaviour resembles 

"double yield" (Subsection 3.3.1) like behaviour, but is actually simulated without modelling 

secondary glass-transitions or partial melting of the crystalline phase, which has been reported 

(Lucas et al., 1995) to cause this behaviour. Therefore, although "double yield" behaviour and 

neck initiation may occur simultaneously, they should be distinguished carefully. 

4.6 Discussion 

In this chapter, the compressible Leonov model with neo-Hookean strain hardening has been 

evaluated and material parameters have been adjusted by thermomechanical simulations of the 

necking process in polycarbonate, nylon-6 and polypropylene. From the simulations it is clear, 

that particularly for the semi-crystalline polymers the temperature plays a major role in the 

necking process. Considering the assumptions regarding the rate of heat generation in the semi

crystalline polymers (based upon observations in glassy polymers) and the value of the film 

coefficient f representing free convection to air (adopted from measurements on polycarbonate 

in specimens with approximately the same dimensions as the tensile bars under consideration), 

great care should be taken in drawing conclusions from these simulations. 

Nevertheless, most tendencies that were observed in experiments have also been simulated. In 

polycarbonate, the draw-ratio in the neck was found to be nearly independent of temperature, 

which is confirmed by the simulations in Figure 4.16. In nylon-6, no pronounced necking was 

observed at the lower strain rates, which was confirmed by the simulations. An explanation may 

be that at low strain rates the heat is nearly totally removed through free convection to air within 

the time scale of the experiment. Moreover, at low strain rates the yield stress decreases con

siderably in nylon-6, which lowers the rate of heat generation. However, the absence of necking 

in nylon-6 should not be totally attributed to thermal effects, particularly since polypropylene 

did show necking in the simulations at all strain rates. Another explanation may be found in 

Considere's condition for necking as formulated by Haward (1995), who stated that the ratio of 

current yield stress and hardening parameter in a Gauss-Eyring constitutive model should exceed 

3 as a condition for the occurrence of necking. Because of the low value of H in polypropylene, 

necking should occur at all strain rates, like in the simulations, but this was not observed in the ex

periments. In the experiments, polycarbonate showed necking almost immediately after reaching 

the yield point. In the semi-crystalline materials, a delay was observed in necking, confirmed by 
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the simulations. Although the moment of neck initiation in nylon-6 and polypropylene depends 

on thermal effects, it was found that this phenomenon resembles the "double yield" behaviour, 

generally ascribed to secondary glass-transitions and partial melting of the crystalline phase, 

which have not been taken into account in the present simulations. However, the simulated nom

inal stress versus nominal strain response of nylon-6 deviates in the region after the yield point 

until neck propagation, which might be attributed to secondary glass-transitions, although no ev

idence was found in the Eyring plots in the previous chapter to support this statement, or even 

temperature dependence of the hardening modulus. 

The geometric imperfection, used to trigger the necking process, does not influence the nomi

nal stress during neck propagation, but it does affect the draw-ratio in the neck. Therefore, the 

comparison of the results of the simulations to experiments in all polymers was mainly focussed 

on the nominal stress during neck propagation. Quantitatively, for polycarbonate, where neck

ing occurred at all strain rates and temperatures, an extensive comparison of simulated nominal 

stress versus nominal strain and the elongation factor in the neck versus nominal strain curves 

with experiments was possible. By adjusting the saturated value D00 of the softening parameter 

to 36 [-]good agreement was obtained. For the semi-crystalline polymers it was found that the 

value of the hardening parameter had to be adjusted to fit experimental and numerical results. 

The approximate analysis by Haward (1987) to determine the hardening parameter by neglecting 

thermal and intrinsic softening effects in nylon-6 and polypropylene was found to be rather accu

rate, bearing in mind that deviations in simulated and experimental values may also be caused by 

thermal effects. For polycarbonate, the effect of temperature wil1 not be as large as for the semi

crystalline materials, as was shown in Figures 4.1 and 4.10, and the adjustment of Doo should be 

reasonably accurate. 

The conclusions of this chapter are mainly focussed on the qualitative aspects of the numerical 

simulation of neck formation and propagation and the possibility to determine material parame

ters accurately by necking of polymeric tensile bars. For a reliable quantitative comparison either 

an isothermal experiment is required or a good estimate of the film coefficient f. The approxi

mate method proposed by Haward ( 1987) to determine the hardening parameter of non-intrinsic 

softening polymers under isothermal conditions supplies an acceptable estimate of H. In the 

next chapter, the saturated value of the softening parameter determined in this chapter will be 

examined by numerical simulations of mechanical rejuvenation. 



Chapter 5 

Mechanical rejuvenation of polycarbonate and its effect on 
subsequent deformation processes 

5.1 Introduction 

During deformation of polymeric materials strain localisation may occur, which hampers the 

straightforward determination (by comparing experiments and simulations under uniform de

formations) of the hardening and softening parameters of the compressible Leonov model with 

neo-Hook:ean hardening described in Chapter 2. Intrinsic softening is of great influence on strain 

localisation (Tervoort, 1996, Chapter 4) and some methods to avoid inhomogeneous deforma

tions, described in the literature, are based upon the initial elimination of intrinsic softening (e.g. 

rejuvenation). Cross and Haward (1978) used samples of initially quenched polyvinylchloride 

and observed uniform deformation at low or moderate strain rates in a tensile test. Uniformly de

forming specimens after mechanical pre-deformation, were observed in polyvinylchloride after 

alternated bending by Bauwens (1978) and in polycarbonate after one plastic cycle of a simple 

shear test by G' Sell (1986). Tervoort (1996) also eliminated intrinsic softening by mechanical 

conditioning: axisymmetrical specimens were rejuvenated by large-strain inelastic torsion. Ten

sion, compression and torsion experiments performed on these rejuvenated samples resulted in 

homogeneous deformations (which in case of torsion means that no circumferential shear bands 

were observed) and thus allowed for the determination of the hardening parameter. 

In the present thesis, the method described by Tervoort (1996) was used to prove that the harden

ing behaviour of polycarbonate obeyed a neo-Hookean relation, and to determine the associated 

hardening parameter. Axisymmetrical test specimens were mechanically rejuvenated by one cy

cle of fixed-end torsion and, subsequently, subjected to a tensile test (Subsection 3.2.4). Unfortu

nately, this method is not suitable to promote homogeneous deformations in the semi-crystalline 

polymers nylon-6 and polypropylene (these polymers show inhomogeneous deformations with 

little, or none, intrinsic softening) and the present chapter, therefore, focusses exclusively on the 
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mechanical rejuvenation of polycarbonate, and its effect on subsequent deformation processes. 

In the compressible Leonov model with neo-Hookean hardening (summarised in Section 2.9) re

juvenation is defined as the increase in the value of the softening parameter D, until its saturation 

value Doo is reached. This action also lowers the yield stress and provides, when experiments on 

rejuvenated samples are compared to simulations, information on the value of D 00 , which was 

determined by laborious numerical simulations in the previous chapter. The present chapter deals 

with the verification of the previously determined hardening parameter H and the saturated value 

Doo of the softening parameter for polycarbonate, by comparison of numerical simulations and 

experimental results of fixed-end torsion and uniaxial extension on rejuvenated samples. Also, 

as an extra assessment of the adequacy of the adopted constitutive model, the measured and 

simulated axial forces are compared during fixed-end torsion on a rejuvenated sample. Due to 

the absence of circumferential shear bands during fixed-end torsion of rejuvenated samples, the 

assumptions regarding the deformation field described in Section 3.4 are satisfied and the finite 

difference program based upon these assumptions is employed. 

Since the polycarbonate samples are rejuvenated by fixed-end torsion, which takes place un

der inhomogeneous deformations in radial direction, the softening parameter D will not be dis

tributed homogeneously over the radius. In the centre of the bar, which remains elastic, D main

tains its initial valueD = 0. Towards the external cylindrical surface (dependent on the applied 

twist), D will approach its saturation value D00 • The distribution of the softening parameter D 
over the radius after one cycle of fixed-end torsion will be the initial distribution in the simula

tion of the tension and torsion experiment on the rejuvenated samples. The initial distribution of 

the internal variable D is an indication of the deformation the specimen has undergone previ

ously, and acts as such as a history parameter. Besides, residual stresses that remain after plastic 

pre-deformation may influence the deformation behaviour of the rejuvenated sample, through 

the stress dependent viscosity, in subsequent deformation processes. This influence may be ne

glected as will be discussed briefly. 

This chapter starts with the numerical simulation of the fixed-end torsion experiment to rejuve

nate the sample. This simulation results in the distribution of the softening parameter and the 

residual stresses over the radius. Then, fixed-end torsion and uniaxial extension experiments on 

rejuvenated samples will be compared with numerical simulations to evaluate H and Doo for 

polycarbonate. In the case of fixed-end torsion, the simulated and experimental axial forces will 

be compared as an assessment of the adequacy of the adopted constitutive model. The tensile 

tests will be simulated using the finite element method because of the initially inhomogeneous 

distribution of D over the radius; moreover, the absence of necking observed in the experiments 

will be numerically verified. The problem formulation and method of solution of both the fixed

end torsion and the uniaxial extension simulations are according to Subsection 3.4.1 and Section 
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4.3, respectively. The material parameters for polycarbonate used in the simulations are as deter

mined in Chapters 3 and 4 (previously summarised in Table 2.1 ). 

5.2 Mechanical rejuvenation 

The geometry of the axisymmetrical polycarbonate specimens that were preconditioned by one 

cycle of fixed-end torsion is depicted in Figure 3.1. The problem formulation and method of so

lution for fixed-end torsion simulations have been previously described in Subsection 3.4.1. For 

mechanical rejuvenation, the specimens were subjected to one full cycle of large-strain inelastic 

torsion. First, the specimen was deformed up to a maximum twist (defined per unit length) of 

r.p = 0.25 [rad mm- 1 
], which was applied at a low, constant angular velocity of¢ = 9.1 · w-4 

[rad s-1 mm- 1 ]. Then, the direction of twist was reversed, until the twist attained a small negative 

value. By unloading the sample, the initial state of the specimen was approximately regained, 

which was verified during the experiments by monitoring a reference line on the sample. Due to 

the low angular velocity thermal effects are not be taken into account: the simulations are per

formed at room temperature (isothermal). 

Figure 5.l(a) shows the torque during the applied twisting history. Path ABC corresponds to the 

loading stage of the rejuvenation experiment, path CDE to the reversed twisting stage. Path EF 
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[rad s- 1mm- 1) at room temperature T = 295 [K) (a) torque versus twist per unit length and (b) distribution 
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Figure 5.2: Distribution of the relevant components of the Cauchy stress tensor over the (dimensionless) 
radius at stage C and the residual stress distribution after mechanical rejuvenation at stage. F in Figure 

5.1(a) of an axisymmetrical polycarbonate bar. 

represents elastic unloading, during which the specimen regained its original configuration. Fig

ure 5.1(b) shows the distribution of the softening parameter Dover the (dimensionless) radius 

r / Ra (Ra is the actual outer radius) at stages C and Fin Figure 5.1(a). From this picture it can 

be concluded that on path CDE, after the loading stage ABC of the rejuvenation experiment, 

intrinsic softening has nearly vanished. The distribution of the stress components oyer the (di

mensionless) radius at stage C and of the residual stress components at the end of rejuvenation 

by fixed-end torsion at stage F are shown in Figure 5.2. This figure shows that at the end of 

mechanical rejuvenation by fixed-end torsion, the component aoz of the Cauchy stress tensor is 

much larger than the other components. 

The residual stress may affect the deformation behaviour of the rejuvenated sample through the 

stress dependent viscosity. In order to minimise this influence fixed-end torsion and uniaxial 

extension experiments on preconditioned samples were performed 103 - 104 [s] after the rejuve

nation experiment, which was the estimated relaxation time at the highest residual stress level. 

Therefore, residual stresses will not be taken into account in simulations of tension and torsion 

tests on rejuvenated samples. Furthermore, during the relaxation time, the polycarbonate spec

imens were stored at room temperature, and any physical aging that may have occurred during 

this time will not be taken into consideration. Thus, the distribution of the softening parameter 
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Figure 5.3: Simulation of plastic cycling of polycarbonate by means of fixed-end torsion at a twist rate of 

<P 9.1 · 10-4 [rads- 1mm- 1]. 

D over the radius after rejuvenation, depicted by stage F in Figure 5.1 (b), suffices for a reliable 

verification of the values of H and D 00 and will be used in the subsequent section. 

In stead of subjecting the mechanically rejuvenated polycarbonate specimen to a torsion experi

ment some time after rejuvenation, to be performed in the next subsection, an alternative torsion 

experiment can be simulated by simply maintaining the twist rate after the elastic unloading 

stage, EF followed by FGH in Figure 5.3. The resulting torque during this plastic cycling is 

shown as a function of the applied twist at a twist rate of <P = 9.1 · w-4 [rad s-1mm-1 ]. Because 

of a deficiency in the torsion equipment with respect to the controlled reversion of the twist rate, 

an actual experiment of this simulation could not be performed. However, Figure 5.3 is quali· 

tatively in full agreement with experimental results of plastic cycling in simple shear reported 

by G'Sell (1986), who observed that, when the plastically cycled, polycarbonate sample was 

immediately subjected a second time to simple shear: 

i. the onset of plastic How began at a considerably smaller load than for the original material, 

11. no intrinsic softening was observed, 

iii. localisation related phenomena were suppressed, 

iv. ultimately the original load curve was rejoined. 

These observations are well described by the compressible Leonov model with neo-Hookean 

hardening during fixed-end torsion simulations shown in Figure 5.3, and provides an extra assess

ment of this constitutive modeL G'Sell (1986) additionally remarked that the original behaviour 
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of the specimen could be restored by annealing the specimen at a high temperature (just below 

the glass-transition temperature) after plastic cycling. In the model this can only be achieved by 

extension of the evolution equation (2.43) for the softening parameter with a temperature depen

dent contribution, proposed for instance by Hasan et al. (1993). However, such an extension is 

out of the scope of this thesis. 

5.3 Results and discussions 

5.3.1 Fixed-end torsion of rejuvenated polycarbonate 

The fixed-end torsion experiments (and numerical simulations) on rejuvenated samples were per

formed with a constant twist rate of r.p = 8.9 · w-4 [rad s- 1mm-1] at room temperature. In the 

experiment, the maximum twist was approximately <p = 0.40 [radmm-1]. The simulated and 

measured torque for the rejuvenated polycarbonate sample are depicted in Figure 5.4(a) and are 

in good agreement, which is a support of the previously obtained values of Doo = 36 [-]and 

H = 29 [MPa]. The small deviations at lower twist ( <p < 0.05 [rad mm-1]) are attributed to 

visco-elastic effects, which are not adequately taken into account in the present simulations. 

Like in Section 3.4, also the axial normal force during the fixed-end torsion experiment of the 

rejuvenated sample is compared to simulations as an extra assessment of the constitutive model. 

Because of the absence of localisation phenomena in this experiment, the assumptions regard

ing the deformation field of the finite difference program are a good representation of the actual 
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Figure 5.4: Simulated and experimental curves of (a) torque versus twist per unit length and (b) compres

sive normal force versus twist per unit length for rejuvenated polycarbonate. 
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state of deformation in the material. As is shown in Figure 5.4(b), the simulated and experimen

tally obtained axial normal forces deviate rather strongly, although the qualitative agreement at 

large twists is reasonable. Therefore it is concluded, that the present constitutive model is not 

completely accurate with respect to the modelling of these second order effects. 

5.3.2 Uniaxial extension of rejuvenated polycarbonate 

For simulations of uniaxial extension of a rejuvenated sample of polycarbonate, the finite element 

method is employed. The problem formulation, the method of solution, and the geometry of 

the specimen, have been previously described in Section 4.3 and Subsection 4.4.1. In the finite 

element model, the distribution of the softening parameter D over the radius depicted in Figure 

5.1 (b) at stage F is specified as initial condition. This distribution has been restricted to the gauge 

section of the specimen, since torsional deformations were only observed in this part of the 

specimen. In the experiment and in the simulation, the deformation rate imposed at the free end 

of the specimen corresponded with a nominal strain rate in the gauge section of2.25 ·10-3 [s-1]. 

To possibly trigger necking, the cosine shaped imperfection defined by Eq. (4.1) in the previous 

chapter is used, withe = 0.9925 and ( = 0.85 (the "reference" imperfection). Because of the 

relatively large nominal strain rate, thermal effects are taken into account in the finite element 

simulations. For the present problem it was found that only meshes composed of ten elements 

and more in radial direction gave an accurate description of the initial distribution of D over 

the radius. Since during these experiments deformations were observed over the entire sample 

length, the mesh is equally distributed over the specimen. 

Figure 5.5 shows the simulated and experimental true stress versus >-:z ~ .L for the mechanically 

rejuvenated polycarbonate tensile bar at a nominal strain rate 6 = 2.25 · w-3 [s-1] including 

the deformed meshes at different stages of the deformation. Small deviations can be observed, 

which at small values of >.;z - >.!. may be attributed to small inaccuracies in the calculated initial 

value of D after rejuvenation by torsion. Other causes for the differences between simulated and 

experimental results may be visco-elastic effects and aging, which possibly has occurred in the 

time between rejuvenation by torsion and the tensile test. At the intermediate values of >.;z ~ >.!., 
simulated and experimental results are in good agreement. At the larger values of .Aiz >.!. , the 

simulations and experiments start to deviate again. A reason for this may be the observation that 

simulated deformations in this stage occur mainly in the transition area from gauge section to 

clamp section (see Figure 5.5, stage (c)), which was hardly affected by rejuvenation. Figure 5.5 

also shows the deformed meshes at different stages of the deformation, and this figure confirms 

the absence of necking despite the presence of the imperfection. 

Considering the approximate nature of these simulations, it is concluded that the previously 
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detennined values of Doo and H give a satisfactory agreement of experiments and simulations 

of uniaxial extension of rejuvenated polycarbonate. Furthennore, it is concluded that although 

mechanical rejuvenation simplifies the detennination of the neo-Hookean hardening parameter, 

the method is not suited to detennine D 00 due to the inhomogeneous distribution of Dover the 

radius: the need for numerical simulations remains. The method used in the previous chapter to 

obtain D00 by fitting the nominal stress level during neck propagation appears to be suitable. 

5.4 Discussion 

In this chapter, mechanical rejuvenation by cyclic fixed-end torsion has been simulated, and the 

results have been used as initial conditions for numerical simulations of fixed-end torsion and uni

axial extension of rejuvenated polycarbonate. Comparison of these simulations with experiments 

showed that the values of H = 29 [MPa] and Doo = 36 [-] detennined previously were rather 

accurate. The axial force during fixed-end torsion experiments on rejuvenated samples was ex

pected to supply an extra assessment of the adopted neo-Hookean hardening model, because the 

defonnation field in the experiment (absence oflocalisation phenomena) was in good agreement 

with the assumptions in the finite difference approach. However, the simulated and experimental 

axial force deviated considerably, although at the higher twists the tendencies were qualitatively 

in agreement. Therefore, it is concluded that the constitutive model is not completely valid with 

respect to second order effects during strain hardening. 





Chapter 6 

Retrospect, conclusions and recommendations 

6.1 Retrospect 

In the present thesis the mechanical behaviour of polymeric materials has been considered. As 

the starting point served several kinematic assumptions with regard to the local deformation, that 

could only be distinguished by the normal stress components in a shear test under plane stress 

conditions. Based upon a comparison of these second order effects, a "single-mode" compress

ible Leonov model has been selected to describe the constitutive behaviour of three ductile poly

meric materials: a glassy amorphous polymer (polycarbonate), a semi-crystalline polymer tested 

below its glass-transition temperature (nylon-6) and a semi-crystalline polymer tested above its 

glass-transition temperature (polypropylene). The selection of only one Leonov mode implies 

that visco-elastic effects are not taken into account, and that the behaviour of the polymer is 

assumed to be purely elastic up to the yield point. The plastic yield is described according to 

a generalised non-Newtonian viscous flow rule with an Eyring viscosity, which was extended 

to include the effect of intrinsic softening. The strain hardening behaviour is expressed by a 

neo-Hookean relation based upon the Gaussian rubber-network theory. Accordingly, the mate

rial parameters can be distinguished by the different stages of deformation during which they are 

dominating the response (Sections 2.9 and 3.2): 

• the elastic parameters G and K 
• the yielding or Eyring parameters Ao. V, {land LlH 

• the softening parameters hand Doc 
• the hardening parameter H 

• the parameters required for thermal analyses p, k, a:, c and f. 
The quantification of these parameters has been the major topic of the present thesis. 

Classical methods to determine material parameters of a constitutive model are based upon the 

knowledge of the stress- strain behaviour in any point of a structure subjected to a mechanical 
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load. This relation is usually obtained by comparing the results of experiments and simulations 

of various modes of homogeneous deformation. In the case of ductile polymeric materials, the 

determination of the true stress - true strain response at large deformations is hampered by the oc

currence of strain localisation. In the literature several, sometimes very advanced, experimental 

procedures have been described to measure the intrinsic behaviour of thermoplastics, and some 

results of those experiments have been adopted (to be specified in the following). Complemen

tary, standard experimental techniques have been applied beyond the point of strain localisation, 

and the relevant parameters at this stage have been determined by comparing these inhomoge

neous experiments with finite element simulations. 

The methods used to determine the material parameters can be summarised as follows: 

• For all polymers under consideration the elastic parameters G and K were determined 

from Young's modulus E in the initial stages of a tensile test and an approximated Pois

son's ratio v of 0.4 (adopted from the literature on polymeric materials). 

• Also for these materials, the yielding or Eyring parameters A0, V, n and .dH were de

termined during the homogeneous stages of uniaxial extension and compression experi

ments at different temperatures. From the Eyring plots it was concluded, that in the range 

of strain rates and temperatures considered, only one rate controlled molecular process 

was sufficient to describe the plastic yield. 

• For each polymer the softening parameters hand Doo have been established in a different 

way: 

The softening parameters for nylon-6 could be determined during the homogeneous 

stages of a uniaxial tensile test. 

For polycarbonate, the softening slope parameter h was determined in the homoge

neous stage of a uniaxial compression experiment. The saturation value Doo of the 

softening parameter was determined by comparing experimentally obtained nominal 

stress levels during neck propagation with these levels obtained from finite element 

simulations of necking. 

Measurements of the intrinsic behaviour of polypropylene with special experimental 

equipment, published in the literature, showed that for this polymer intrinsic soften

ing was irrelevant. 

• The hardening parameter H was determined using a different method for the semi-

crystalline polymers and the glassy polymer: 

For the semi-crystalline polymers the hardening parameter was determined by an 

approximate analysis of the necking of a tensile bar. This supplied a relation for 

the hardening parameter which was dependent on the nominal stress during neck 
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propagation and the elongation factor in the neck. Finite element simulations proved 

that this method was rather accurate. 

The hardening parameter for polycarbonate was determined from large homoge

neous deformations of rejuvenated samples. The samples were preconditioned by 

cyclic fixed-end torsion. Numerical simulations of tensile and torsion tests on such 

specimens were in satisfactory agreement with experiments. 

• The extra parameters occurring in the thermal part of the analysis, p, k, a, c and f, relevant 

for the numerical simulation of the effect of deformation-induced heating on the necking 

of a tensile bar, were estimated from available data from the supplier and published data 

in the literature. 

The various numerical simulations of necking of a tensile bar showed the considerable influ

ence of thermal effects on this phenomenon, particularly for the semi-crystalline polymers. The 

comparison of the simulated and experimental elongation factor in the neck provided an extra 

assessment of the parameters, although the values could not be determined very accurately. The 

material parameters obtained for polycarbonate have also been used in a different mode of de

formation during fixed-end torsion experiments, again with satisfactory agreement. 

The applicability of strain hardening relations based upon Gaussian statistics has been demon

strated extensively for a number of semi-crystalline polymers in the literature. The modelling of 

the strain hardening behaviour of poly carbonate employing a neo-Hookean relation, in stead of 

a non-Gaussian relation which is more often applied for glassy amorphous polymers, proves to 

give an accurate description of the deformation behaviour. Compared with results reported in the 

literature for polycarbonate, only the triaxiality of the strain hardening behaviour in uniaxial and 

plane strain compression is not adequately described, however, the behaviour in simple shear 

and fixed-end torsion is captured correctly, while some non-Gaussian models deviate largely. An 

attempt to evaluate the compressible Leonov model with respect to second order effects, being 

axial force in large strain inelastic torsion of virgin and rejuvenated polycarbonate, resulted in 

quantitatively deviating experimental and numerical results, and more research is required to 

describe this effect correctly. Nevertheless, the constitutive model includes much of the investi

gated aspects of polymer behaviour, such as the behaviour during cyclic loading conditions of 

poly carbonate, and it is expected that future numerical simulations of the deformation behaviour 

of for instance heterogeneous polymer structures will give accurate results. 

6.2 Conclusions and recommendations 

The general conclusions of the present thesis can be summarised as: 



• The compressible Leonov model with neo-Hookean strain hardening realistically de

scribes most aspects of the mechanical behaviour of ductile glassy and semi-crystalline 

polymers under large homogeneous and inhomogeneous deformations. 

• The various methods proposed to quantify material parameters of this particular constitu

tive model from necking tensile bars supply reliable values. The measurement of intrinsic 

polymer behaviour using sophisticated experimental equipment is therefore not required. 

• The neo-Hookean (Gaussian) strain hardening model for polycarbonate cannot completely 

capture the triaxiality of uniaxial and plane strain compression experiments reported in 

the literature. It does give a better agreement of experiments and simulations in shear-like 

deformations than those usually obtained with non-Gaussian strain hardening models. 

• The models based upon different kinematic assumptions regarding the plastic spin and 

the other constitutive models discussed in this thesis (the BPA model and a hypo-elastic 

driving stress model) can be distinguished by simulations of second order responses. Then, 

the compressible Leonov model and the BPA model supply exactly identical. behaviour, 

while their plastic spin tensors, defined with respect to different reference configurations, 

deviate. Second order effects resulting from strain hardening behaviour during fixed-end 

torsion of polycarbonate are not accurately described by the compressible Leonov model 

with neo-Hookean hardening. 

• The experimentally observed absence of necking at low strain rates in the semi-crystalline 

polymers is confirmed by numerical simulations. Pronounced necking, particularly in 

nylon-6, requires the significant influence of deformation-induced heating on the plastic 

yield of these polymers. 

• The yield behaviour of the semi-crystalline polymers has been described by one single rate 

controlled molecular process. Although the Eyring plots did not indicate any additional 

molecular processes, numerical simulations and experiments of the necking of nylon-6 at 

elevated strain rates disagree qualitatively. The reason for this may be a secop.dary yield 

process, but the disagreement between simulations and experimental results may also have 

been caused by temperature dependence of the hardening parameter. 

• The measurement of the elongation factor in the neck during neck propagation as per

formed in this thesis does not provide an extra assessment of the material parameters in 

the constitutive model. 

Based on these results, the following recommendations and considerations regarding future re

search can be given: 

• For an experimental evaluation of second order effects to distinguish constitutive models, 

the axial force in the initial stages of a fixed-end torsion experiment and the normal force 
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in a shear test under plane stress conditions are evenly suited. From an experimental point 

of view, the fixed-end torsion experiment is easier to perform, however, such an evaluation 

may be hampered by visco-elastic effects prior to yield. 

• To investigate the influence of the actual visco-elastic behaviour, some (extensive) sim

ulations should be performed with a constitutive model based upon a multi-mode repre

sentation (Tervoort et al., 1996). Difficulties which may arise are, besides the time needed 

for the calculations, the accurate description and experimental determination of aging, 

intrinsic softening and pressure dependence of the individual Leonov modes. 

• Since the thermal parameters were mostly adopted from the literature and from the sup

plier, and because they are of great influence on the simulated mechanical behaviour 

and thus the material parameters, the results should be considered with care. Particularly 

the determination of thermal parameters of the semi-crystalline polymers should be per

formed accurately. 

• Finite element simulations of the mechanical behaviour of thermoplastics at large strains, 

including zones of localised deformation in complex structures, are possible. An exam

ple is a fully three-dimensional numerical simulation of the (cyclic) torsion experiment. 

Another field of application is the numerical simulation of deformation mechanisms on a 

microstructural level in heterogeneous polymer systems. This may provide a better under

standing of the macroscopic behaviour (Smit et al., 1996). 

• The compressible Leonov model can be extended to describe the effect of microscopic 

voids on the macroscopic deformation behaviour (for instance the presence of non

adhering rubber particles in a polymer matrix), based upon the Gurson approach (Gur

son, 1977). In combination with numerical simulations of the deformation behaviour of 

a single void in a polymer matrix, a modified yield function can be formulated, which 

was performed for polymeric materials by Steenbrink et al. (1996). Such a formulation 

provides a macroscopic constitutive law for a microscopically heterogeneous system. 

• The implementation of additional rate controlled molecular processes in the generalised 

Eyring equation to describe plastic yield (see e.g. Klompen, 1996) may result in a better 

agreement of experiments and simulations of necking in a semi-crystalline tensile bar. 
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Samenvatl:ing 

Bij het mechanisch testen van (taaie) polymeren worden een aantal gemeenschappelijke karak

teristieke fenomenen waargenomen, zoals de aanvankelijke (niet lineair) visco-elastische res

pons, de reksnelheids-, temperatuur- en drukafhankelijke plastische vloei en het daaropvolgende 

rekverstevigingsgedrag, soms voorafgegaan door rekverzwakking. De ontwikkeling van driedi

mensionale constitutieve modellen die dit gedrag beschrijven is een onderwerp van voortdurend 

onderzoek. Ze dienen gebaseerd te zijn op (de veranderingen in) de fysische structuur. 

De selectie van een constitutief model voor de beschrijving van het deformatiegedrag van ther

moplasten en de kwantificering van de materiaalparameters daarin is het onderwerp van dit proef

schrift. De gebruikte methode om vat experimenten en numerieke simulaties bij verschillende de

formatietoestanden. Als constitutief model wordt gekozen voor een enkelvoudig compressibel 

Leonov model met een relaxatietijd. Dit is gebaseerd op een vergelijking van de invloed van 

verschillende kinematische veronderstellingen met betrekking tot de plastische spin op het me

chanisch gedrag in een afschuifproef, onder vlakke spanningsomstandigheden. Plastische vloei 

wordt beschreven met een gegeneraliseerde niet-Newtonse vloeiwet met een zogenaarnde Ey

ring viscositeit, waarin slechts een moleculair overgangsproces wordt verdisconteerd: dat van 

de (amorfe) glasovergang. Deze vergelijking wordt uitgebreid met een extra vergelijking die de 

invloed van intermoleculaire gebieden met een verhoogde waarde van lokaal vrij volume repre

senteert, hetgeen resulteert in een uitdrukking die ook rekverzwakking beschrijft. Het rekverste

vigingsgedrag wordt gemodelleerd met een neo-Hookse relatie, gebaseerd op een Gaussische, 

statistische verdeling van het aantal mogelijke configuraties dat een polymeermolekuul kan in

nemen. 

Het voorgestelde constitutieve model wordt getest voor drie verschillende polymeren: een amorf 

polymeer (polycarbonaat), een semi-kristallijn polymeer (nylon-6) onder en een boven de glas

overgangstemperatuur (polypropeen). Onderverdeeld naar hun dominantie in de achtereenvol

gende deformatiestadia zijn die materiaalparameters respektievelijk de elastische parameters, de 

vloeiparameters, de rekverzwakkingsparameters en de rekverstevigingsparameter. De materiaal

parameters die thermisch gedrag beschrijven zijn hier niet onderzocht en worden uit de beschik-
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bare literatuur genomen. De elastische- en vloeiparameters worden bepaald tijdens de homo gene 

deformatie in de beginfase van uniaxiale trek- en compressie-experimenten. Voor nylon-6 kon

den daarbij ook de rekverzwakkingsparameters direkt worden gevonden. Uit de literatuur is be

kend dat polypropeen geen rekverzwakking vertoont. Voor polycarbonaat bleek de rechtstreekse 

bepaling daarvan (en tevens van het vinden van de rekverstevigingsparameter voor alle onder

zochte polymeren) bemoeilijkt door het optreden van reklokalisatie. De rekverzwakkingspara

meters van polycarbonaat en de rekverstevigingsparameter van de semi-kristallijne polymeren 

volgen uit een vergelijking van experimenteD met numerieke simulaties van die reklokalisatie, 

die optreedt bij het insnoeren van een trekstaaf. Door de grote invloed van rekverzwakking bij 

polycarbonaat kan de rekverstevigingsparameter hier alleen eenduidig worden bepaald tijdens 

grote homogene deformaties, na eliminatie van rekverzwakking als een oorzaak van reklokalisa

tie. Dit kan door de proefstukken mechanisch te veijongen, bijvoorbeeld door torsie bij constante 

proefstuklengte. De werkwijze van deze methode kan worden gesimuleerd met eindige elemen

tenanalyses. Het resulterende constitutieve model werd voor polycarbonaat geevalueerd door een 

vergelijking van torsie experimenteD bij gelijkblijvende lengte en numerieke simulaties daarvan, 

waarbij ook tweede orde effecten in de vorm van axiale kracht werden betrokken. 

De belangrijkste conclusie is dat het compressibel Leonov model, met een Gaussische rekver

steviging, een goede beschrijving geeft van de verschillende relevante aspecten in het deforma

tiegedrag van zowel het glasachtige polymeer als de semi-kristallijne polymeren. De gebruikte 

methoden om materiaalparameters te bepalen leveren in combinatie met het geselecteerde model 

bruikbare waarden op. Voor polycarbonaat wordt een redelijke overeenkomst gevonden met de 

intrinsieke spanning-rek relaties zoals die zijn beschreven in de literatuur. De theoretische eva

luatie van tweede orde effecten in afschuiving onder vlakke spanning maakt, in principe, een 

selectie mogelijk van de juiste kinematische veronderstelling. Echter, de experimentele bepaling 

van deze effecten is moeilijk uitvoerbaar, en bovendien Ievert een vergelijking van de experimen

teel en numeriek gevonden waarden tijdens torsie van polycarbonaat geen bevredigende over

eenkomst. Afgezien van deze effecten vormt het compressibel Leonov model met neo-Hookse 

rekversteviging een goede beschrijving van het globale constitutieve gedrag van taaie glasachtige 

en semi-kristallijne polymeren. De voorgestelde methoden om de materiaalparameters te bepa

len blijken geschikt te zijn, waardoor het model goed toepasbaar is voor de bestudering van het 

deformatiegedrag van thermoplasten via eindige elementensimulaties. 
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Stellingen 
behorende bij het proefschrift 

Evaluation of a Constitutive Model for Solid Polymeric Materials 

I. Niet aileen voor semi-kristallijne polymeren geeft het compressibel Leonov model met 

een Gaussische (neo-Hookse) rekversteviging een goede beschrijving van het deformatie

gedrag (Haward, 1993), maar ook voor glasachtige polymeren. 

• Haward, R.N. {1993). Strain hardening of thermoplastics. Macromolecules, 26, 5860-

5869. 

• Dit proefschrift. 

2. Op basis van bet BPA-model en het compressibel Leonov model worden bij de simulatie 

van afschuiving, ondanks verschillende veronderstellingen met betrekking tot de plastische 

spin, dezelfde resultaten voor de spanningstoestand verkregen. 

• Dit proefschrift, hoofdstuk 2. 

3. Het gebruik van het Gaussische (neo-Hookse) rekverstevigingsmodelleidt bij afschuiving 

en torsie tot een betere beschrijving van het deformatiegedrag van glasachtig polycarbo

naat dan het gebruik van niet-Gaussische rekverstevigingsmodellen. Dit impliceert dat bij 

dergelijke deformaties de polymeermolekulen niet volledig worden uitgerekt. 

• Dit proefschrift, hoofdstukken 2 en 3. 

4. Tijdens torsie bij gelijkblijvende lengte van een cylindrische proefstaaf van mechanisch 

verjongd polycarbonaat en van polycarbonaat zonder voorgeschiedenis wordt een nage

noeg identieke normaalkracht gemeten. Het enkelvoudig compressibel Leonov model is 

ontoereikend voor de beschrijving van dit verschijnsel. 

• Dit proefschrift, hoofdstukken 3 en 5. 



5. De vorm van de trekkromme zoals gevonden door Lucas et al. (1995) is niet noodzak:e

lijkerwijs een gevolg van een tweede moleculaire overgang ("double yield"). Het is ook 

moge1ijk dat de gevonden responsie wordt veroorzaak:t door het begin van insnoeren. 

• Lucas, J.C., Failla, M.D., Smith, F.L, Mandelkem, L. en Peacock, A.J. (1995). The 

double yield in the tensile deformation of the polyethylenes. Polymer Engng Sci., 35, 

1117-1123. 

• Dit proefschrift, hoofdstuk 4. 

6. Voor de modellering van het mechanisch gedrag van poreuze polymere materialen bij hoge 

reksnelheden, is de door Becker en Needleman (1986) geponeerde veronderstelling met 

betrekking tot de spanningen niet te rechtvaardigen. 

• Becker, R. en Needleman, A. (1986). Effect of yield surface curvature on necking 

and failure in porous plastic solids. ASME J. Appl. Mech., 53,491-499. 

• Steenbrink, A.C., van der Giessen, E. en Wu, P.O. (1996). Void growth in glassy 

polymers. J. Mech. Phys. Solids, submitted. 

7. Bij de prak:tische toepassing van eindige elementenprogrammatuur wordt door de gebrui

kers vaak te weinig belang gehecht aan de theoretische achtergronden. 

8. Bij volleybal is better bescherming van de scheidsrechter aan te raden niet aileen de hoogte 

van bet net aan te passen aan de toename van de gerniddelde lengte van de spelers, maar 

ook de hoogte van de scheidsrechtersstoel. 

9. Carpoolen leidt tot een toename van het gemiddeld aantal slachtoffers per ongeval. 

10. Het transplanteren van ijs moet gepaard gaan met het transporteren van eend. 

Peter Timmermans 

Eindhoven, 27 februari 1997 




