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CHAPTER 1

INTRODUCTION

Congestion phenomena occur whenever a resource cannot immediately render the
service required by its users. Congestion is everywhere – road traffic, hospitals,
call centers, production lines, computer networks, communication systems, etc.
– and has an enormous economic and societal impact. The study of congestion
heavily relies on mathematical methods from queueing theory. Adopting the ab-
stract queueing terminology, the object of study is formulated as service units
with customers requiring services at those units. In most of the above mentioned
applications, it is essentially unknown at what times customers arrive and how
many service units they require. Accordingly, the most important performance
measures, like waiting times, workloads and queue lengths, are random variables.
Hence the main techniques of queueing theory stem from probability theory.

The classical model in queueing theory consists of a single queue attended by
a single server; examples include communication channels, checkout counters, etc.
Single-server single-queue models have been studied extensively in the literature,
cf. [9; 35] for a rigorous treatment of the main analytic results. Customers seeking
service arrive at the station, where they wait if the server cannot immediately pro-
vide the required amount of service. After being processed, they depart from the
system. To model the aforementioned performance measures one uses stochastic
processes. Typically it is assumed that the customers arrive according to a Pois-
son process requiring independent and identically distributed random amounts of
service and thus the offered work process is a compound Poisson process. Under
the assumption that the server works at a constant speed the resulting queueing
model is called theM/G/1 queue; M for memoryless arrivals, G for general service
times, 1 for one server. This classical model is by now fairly well understood.

In modern applications however, one has to resort to more sophisticated sto-
chastic processes than the compound Poisson process, in order to capture such
features as: high aggregation levels – for instance in communication models one
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2 CHAPTER 1. INTRODUCTION

deals with the resources shared by thousands of homogeneous users so that the
contributions of a substantial number of users are aggregated; extreme irregular-
ity of the traffic rate – measurements often indicate that the traffic rate in many
systems exhibits extreme irregularity at a wide variety of timescales, including
very small timescales; strong positive or negative correlation on a broad range of
timescales. The commonly used classes of stochastic processes to represent such
traffic are Gaussian processes and Lévy processes.

Additionally, one is usually faced with a network of interconnected and inter-
acting resources, or with several classes of interacting customers, or with several
servers who together handle the work in some coordinated way – and thus one
needs to study multi-dimensional stochastic processes. In queueing theory, these
are typically stochastic processes in the positive orthant, with reflection at the
boundaries because waiting times, workloads and queue lengths cannot become
negative. The boundary reflections, and even more so the often intricate interac-
tion of the customer classes and/or the resources, lead to extremely challenging
mathematical problems. Even two-queue systems (like two queues in series or in
parallel) have largely defied a detailed exact analysis, and higher-dimensional sys-
tems have only been fully analyzed in special cases; see, in particular, the beautiful
work of Kelly on product-form networks and loss networks [71; 72].

This thesis is an attempt to solve a set of problems concerning single and
multi-dimensional Gaussian and Lévy-driven queues. In the next Section 1.1 we
introduce the single-server multiple-queues model that we consider in this the-
sis, the so-called polling system. Furthermore, in that section we also introduce
a generalization of the classical M/G/1 queue where the customers, rather than
as individuals, are seen as a continuous stream of work. Such models are com-
monly referred to as fluid queues. To have a better understanding of the problems
considered in this thesis, we introduce the queuing process of a fluid queue in Sec-
tion 1.1.1. It is worth mentioning that many queueing problems that we consider
in this thesis, but also in general, are related to problems in for instance insurance
risk and finance. Therefore in Section 1.1.2 we discuss the relation of this the-
sis with financial applications. In Section 1.2 we shall provide motivation behind
the usage of Gaussian and Lévy processes. We finish this chapter by giving in
Section 1.3 the outline of the thesis and its main contributions.

1.1 Polling models and fluid queues

In several situations the traditional single-server single-queue models have proven
to be very successful in accurately predicting key performance measures such as
waiting times, queue lengths and buffer overflow probabilities. However, in many
recent applications the parallel or distributed character of the service facilities in-
volves queueing models with multiple servers, multiple queues or both. Consider
a queueing model with multiple queues attended by a single server, visiting the
queues one at a time. Moving from one queue to another, the server typically
incurs a non-negligible switchover time. Such single-server multiple-queue models
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are commonly referred to as polling systems. Triggered by a wide variety of appli-
cations, polling systems have been extensively studied in the literature. Typical
application areas include: maintenance (a patrolling repairman), stochastic eco-
nomic lotsizing (a machine producing products of various types upon demand),
road traffic (traffic lights at signalized intersections), and protocols in computer
and communication networks (Bluetooth; token ring protocols; protocols for web
servers and routers). See [119; 122; 125] for a series of comprehensive surveys and
[19; 84; 120] for extensive overviews of the applicability of polling systems.

In several applications of queueing theory, individual customers are so small
that they can hardly be distinguished. Instead of customers, it is then easier
to imagine a continuous, fluid stream of work that flows into the system. The
resulting queueing models are called fluid queues. For instance, a common feature
in modern communication networks is that the input stream of each node usually
consists of the superposition of a large number of individual streams of packets. It
is clear that this is the case at the core links of networks, where the resources are
shared by thousands of users, but even at the access of communication networks,
the contributions of a substantial number of users are aggregated. Instead of
interpreting packets as customers, the aggregate packet flow can thus be viewed
as fluid. Consider also the case of a dam. A dam can be modeled as a reservoir,
in which water builds up due to rainfall, is temporarily stored and then released
according to some release rule. Consequently, a fluid queue can be viewed as a
dam in which work is buffered until enough capacity becomes available. For an
overview on fluid queues and their applications see [79; 100].

A description of a simple fluid queue is as follows. Suppose that we have a
service station that processes work fed into the system. If work arrives faster than
it can be processed then it is stored in a buffer, which for ease is assumed to have
infinite storage capacity. Mathematically, this system can be modeled as follows.
Let A = {At : t ≥ 0} be a continuous-time stochastic process such that for any
t ≥ 0, At is the amount of work offered to the system in the interval [0, t). One
can also consider processes A defined on the whole real line R. We will get back
to this later. Throughout the thesis, for all continuous-time stochastic processes,
we use the notations At and A(t) interchangeably. We assume that A has right-
continuous sample paths with left-limits, which is commonly referred to as A has
càdlàg sample paths. The queue can be interpreted as a fluid reservoir, to which
input is offered according to the input process A. The buffer is at the same time
drained at the constant rate c > 0 until the queue becomes empty. After the fluid
is processed it immediately leaves the system. Throughout we assume that the
buffer capacity is unlimited. The process Q = {Qt : t ≥ 0} denotes the amount of
fluid (which can be interpreted as workload) in the queue, that is, at time t still
Qt amount of workload has to be processed. In the literature, the process Q is
also known as the workload process or the buffer-content process.

1.1.1 Workload process

The derivations in this subsection are by now classical, they can be found in many
textbooks, most notably [9; 107].
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To gain intuition for the general fluid queue, let us first consider a discrete time
queue in the special case where work only arrives at epochs 0, 1, 2, . . .. Let Bn be
the nonnegative amount of work that arrives at epoch n and let c be the rate at
which the service station processes the work. Our aim is to analyze the buffer-
content sequence Qn just before a new request arrives at epoch n. The sequence
Qn satisfies the so-called Lindley recursion. Assume that we start with an empty
system, so that Q0 = 0, then

Qn+1 = max(0, Qn +Bn − c), n ≥ 0.

Note that as long as the process Qn is strictly positive, it behaves exactly in the
same way as the free process

∑n−1
k=0 Bk − cn. However, if the free process becomes

negative, the constrained process remains zero. The sequence Qn is called the
reflected process of An− cn at zero, where here, the input process An =

∑n−1
k=0 Bk.

Applying Lindley’s recursion n times one obtains the identity

Qn = An − cn− min
0≤k≤n

(Ak − ck).

For time-reversible sequences An, that is, sequences such that, for any n, the
distribution of {A0, . . . , An} equals that of {An −An−1, . . . , An −A0, An},

Qn
d
= max

0≤k≤n
(Ak − ck). (1.1)

This constitutes the remarkable fact that the reflected process is equal in distri-
bution to the running maximum of the free process.

In queueing theory, one is often interested in the behavior of a system after
initial effects have disappeared, that is, when the system is in steady-state. This
amounts to letting n grow large, but further assumptions are needed to ensure
that Qn does not grow to infinity. The stability of the system is guaranteed if
lim supn→∞(An − cn) < ∞. Under this stability condition, and provided that A
is time reversible, by (1.1), Qn converges to,

Qe
d
= sup
n≥0

(An − cn), (1.2)

where the subscript e gives the reference to the steady-state, or equilibrium.
Technically, shifting from discrete-time queues to fluid, continuous-time queues

amounts to working with a continuous-time version of Lindley’s recursion. Suppose
that the input process A = {At : t ≥ 0} is time-reversible, which in this case means
that the finite dimensional distributions of {At − limu↑(t−s)Au : 0 ≤ s ≤ t} and
{As : 0 ≤ s ≤ t} are equal for any t > 0. The continuous analogue of (1.2) becomes

Qe
d
= sup

t≥0
(At − ct), (1.3)

a representation that is often attributed to Reich [104]. It is often natural to
assume that the buffer-content process Q = {Qt : t ≥ 0}, rather than from 0,
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starts from the steady-state Q0
d
= Qe, therefore one considers input processes

A = {At : t ∈ R} defined on the whole real line. Then A−t is to be interpreted as
the negative of the amount of traffic generated in (−t, 0]. If the input process A
satisfies the continuous-time analogue of Lindley’s recursion, it can be shown that
the buffer-content process Q satisfies

Qt = sup
−∞<s≤t

(At −As − c(t− s)).

Observe that Q0 = sups≤0(cs− As), so that indeed Q0 has the same distribution
as Qe if A is time-reversible.

In this thesis we will be interested in processes A that have stationary incre-
ments, that is At−As has the same distribution as At−s for t > s. The distribution
of Qt then does not depend on t, in other words, the buffer-content process Q is
stationary and it is therefore sometimes called the stationary buffer-content pro-
cess.

1.1.2 Relation with insurance risk and finance

Consider the following problem in insurance risk. An insurance company is given,
which earns premiums paid by the customers at a fixed rate and receives claims of
random size at random moments. Therefore the process R = {Rt : t ≥ 0} denoting
the capital (revenues) of the company at time t is a stochastic process. Classically,
the process R is modeled as Rt = u + ct − At, where the deterministic drift c
corresponds to the premiums paid by the customers and A is a compound Poisson
process with jumps corresponding to the arriving claims. A detailed description
of this model, proposed by Lundberg and commonly referred to as the Cramér-
Lundberg model, can be found in, e.g., [10; 60; 109].

Assuming that R0 = u > 0 is some deterministic initial amount of capital of
the company, one is often interested in the ruin probability, that is the probability
that the reserves of the company will ever drop below zero. This probability is
equal to

P
(

inf
t≥0

Rt < 0

)
= P

(
sup
t≥0

(R0 −Rt) > u

)
.

Consequently, studying the steady-state buffer-content distribution in a fluid queue
immediately yields the ruin probability in the ‘corresponding’ risk model. Here
corresponding means: same interarrival time distribution, same distribution of
claims and service times, premium rate equals service speed. This duality between
queueing and insurance risk models has been observed by Prabhu [99], see also [9]
for more details.

Consider a model of a financial market with two assets, a savings account and
a stock S = {St : t ≥ 0}. The evolution of the savings account is deterministic
and a continuous interest is accumulated with rate r ≥ 0, and the stock is random,
and evolves according to the formula St = S0e

Xt , where X = {Xt : t ≥ 0} is a
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Lévy process. This model is called a Lévy market. When X has continuous paths,
we obtain the classical Black-Scholes model, [18]. In this model a derivative asset,
namely an American option is introduced. This is a contract between two parts,
in which one part, the holder, buys the right to receive at time τ , that he chooses,
from the other part, the seller, an amount G(Sτ ). Call and put options have
reward functions given by Gc(S) = (S−K)+ and Gp(S) = (K−S)+, respectively.
In the financial practice the contract includes an exercise time T (maturity) such
that 0 ≤ τ ≤ T and the mathematical problem consists in finding a price for this
contract and an optimal exercise time. Mordecki [89] showed that, if EeX1 < er,
then the price of an American call option is given by

E
(
S0e

M −KEeM
)+

EeM
, (1.4)

where M = supt≥0X
r
t and Xr = {Xr

t : t ≥ 0} is the so-called process X killed at
rate r. In particular, if r = 0, then Xr = X. From (1.4) it can be straightforwardly
seen that once the distribution ofM is known, then it immediately yields the price
of this contract.

1.2 Fundamental stochastic processes

Let us spend some time to introduce the classes of processes considered in this
thesis and mentioned in the previous sections.

1.2.1 Lévy processes

In probability theory, a Lévy process, named after the French mathematician Paul
Lévy, is a stochastic process that starts at 0, admits càdlàg modifications and has
stationary independent increments. It is a continuous analogue of independent and
identically distributed random variables, and the most well known examples are
the Brownian motion, the Poisson process or the slightly more involved compound
Poisson process. In fact, every Lévy process can be decomposed into an inde-
pendent sum of a compound Poisson process, a Brownian motion and a square
integrable (having finite variance) martingale. Martingales are well understood
and emerged as an effort to model fair games, where no knowledge of past events
can help to predict future winnings; think for example of a simple game of betting
on turnouts of consecutive coin flips. The standard textbooks on Lévy processes
include, among others, [15; 80; 111].

The attractiveness of Lévy processes stems from the fact that they allow for
explicit computations. For instance, every Lévy process X = {Xt : t ≥ 0} pos-
sesses the property, that there exists a function Ψ, called characteristic exponent,
such that for all θ ∈ R,

EeiθXt = e−tΨ(θ).
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In fact, X is fully characterized by Ψ and the whole class of admissible Ψ’s has been
determined and is given by the well known Lévy-Khintchine formula. For Lévy
processes with no negative jumps it is standard knowledge that Ee−αXt = etϕ(α)

is finite for all α > 0 and ϕ(α) = −Ψ(iα). It is also well known that for any Lévy
process with no negative jumps and ϕ′(0) > 0,

Ee−α supt≥0Xt =
αϕ′(0)

ϕ(α)
, (1.5)

which is often called the generalized Pollaczek–Khintchine formula; see, e.g., [130].
The reason for the name is that for the special case of the M/G/1 queue, the
underlying Lévy process X is equal to a compound Poisson process minus drift t
(corresponding to constant server speed 1) for which the Laplace–Stieltjes trans-
form of the limiting and stationary distribution of the workload process is the
celebrated Pollaczek–Khintchine formula which can be found in virtually all basic
queuing theory textbooks. We will refer to fluid queueing models with Lévy input
as Lévy-driven queues.

Furthermore, next to the above all-time suprema, the Fourier transform of
many other functionals of Lévy processes has been determined in terms of Ψ. This
includes the all-time infima, hitting times of various sets, first passage times of
various levels and many more. All these functionals are extremely important for
applications. We have already seen in (1.3) that the all-time supremum of a Lévy
process X has the same distribution as the stationary buffer-content of a queue
with the input process X. The generalized Pollaczek–Khintchine formula allows to
give the Laplace–Stieltjes transform of the stationary distribution of the workload
process of many Lévy-driven fluid queues. The hitting time of zero in the insurance
risk model reflects the event of the insurance company becoming bankrupt. The
first passage τ of the level K is the last time before τ of profitable execution of an
American put option with strike price K; cf. Section 1.1.2.

1.2.2 Gaussian processes
The other class of processes considered in this thesis is the class of Gaussian pro-
cesses. A Gaussian process X = {X(t) : t ∈ R} is a process such that for every
n ≥ 1 and any t1, . . . , tn ∈ R the vector (X(t1), . . . , X(tn)) has a multivariate
Gaussian distribution. Each Gaussian process is completely characterized by two
(infinitely dimensional) objects: the covariance and the mean function. In fact,
for every positive-definite function R(s, t), there exists a Gaussian process X such
that Cov(X(s), X(t)) = R(s, t).

The best known example of a Gaussian process is once again the Brownian
motion. It has independent, stationary increments, zero mean function and co-
variance function given by R(s, t) = min(s, t). Various other examples are: the
Ornstein–Uhlenbeck process, which, as opposed to Brownian motion, is station-
ary; the Brownian bridge, which, yet again, as opposed to Brownian motion, does
not have independent increments; the fractional Brownian motion, which is a
generalization of the Brownian motion in the sense of the covariance structure,
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R(s, t) = 1
2 (t2H + s2H − |t − s|2H), where H is a parameter that can range from

0 to 1. Fractional Brownian motion reduces to ordinary Brownian motion in case
H = 1

2 . The standard textbooks on Gaussian processes include [3; 85].
A substantial research effort has been devoted to the analysis of queues with

Gaussian input, often also called Gaussian queues [86; 87; 92]. The interest in this
model can be explained from the fact that the Gaussian input model is highly flex-
ible in terms of incorporating a broad set of correlation structures and, at the same
time, adequately approximating various real-life systems. A key reference in this
area is [124], where it is shown that large aggregates of Internet sources converge to
fractional Brownian motion. Furthermore, empirical measurements suggest that
the communication network traffic exhibits significant positive correlation on a
broad range of timescales. A long series of measurement studies, performed at
various networking environments, yielded convincing empirical evidence that net-
work traffic is, under rather general circumstances, long range dependent. On an
intuitive level it means that the variance of the amount of traffic generated in
the time interval [0, t) grows superlinearly in t. Traditional traffic models had
the implicit underlying assumption that this variance grows linearly, at least for
t large, and hence those models, in many instances, do not apply anymore and
fractional Brownian motion became of interest as the modeling stochastic process.
For details see [86] and references therein.

1.3 Outline and contributions

In the first two chapters we focus on queueing models with multiple queues at-
tended by a single server, visiting the queues one at a time, commonly referred to
as polling systems.

In Chapter 3 we introduce the classical polling system, where customers ar-
rive at the queues according to independent Poisson processes (the resulting input
processes in the queues thus constitute independent compound Poisson processes).
For this model we review the seminal results from the literature: Eisenberg’s [58]
relations between probability generating functions of the joint queue length distri-
butions at various embedded epochs in stationarity and Resing’s [105] connection
between classical polling systems and multi-type branching processes with immi-
gration. Using these results we derive two novel results, viz., for the probability
generating function of the joint queue length distribution at an arbitrary epoch
in stationarity as well as the Laplace–Stieltjes transform of the joint workload
distribution at an arbitrary epoch in stationarity. The results from this chapter
appeared in Boxma, Kella, and Kosiński [31].

In Chapter 4 we generalize the classical assumptions and focus our attention on
polling systems with Lévy-driven, possibly correlated input streams. The general-
ization from compound Poisson processes to Lévy processes implies that we can no
longer speak of notions such as customers and queue lengths; hence we focus our
attention on the joint workload process. We find a relation between Lévy-driven
polling systems and multi-type continuous state-space branching processes with
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immigration. Similarly to Chapter 3 we compute the Laplace–Stieltjes transform
of the joint workload distribution at an arbitrary epoch in stationarity, generaliz-
ing some of the results from Chapter 3. The results from this chapter appeared in
Boxma, Ivanovs, Kosiński, and Mandjes [30].

In the rest of the thesis we focus our attention on the fluid queues as introduced
in Section 1.1.

When considering the steady state Qe of the reflected Lévy process introduced
in Section 1.1.1, the literature can be roughly divided into two categories. (A) In
the first place there are results on the full distribution of Qe, in terms of the
corresponding Laplace transform. (B) In the second place there are results that
describe the asymptotics of P (Qe > u) for u large.

In Chapter 5, we consider a related problem: we analyze how long the process
uninterruptedly spends above a given level. More formally, we consider the dis-
tribution of Mt := infs∈[0,t]Qs, i.e., the minimum value attained by the workload
process in a window of length t, where it is assumed that the queue is in sta-
tionarity at the beginning of the interval. This problem has various applications:
one could for instance think of the analysis of persistent overload in a buffer of a
communication network or a node in a supply chain; see, e.g., [93].

Our results correspond to both branches (A) and (B) mentioned above. We
present results on the Laplace transform of Mt, relying on known results for Lévy
fluctuation theory; we also consider the special case of Brownian motion where an
exact formula for P (Mt > u) can be given. Further, we identify the asymptotics
of P (MTu > u) for different classes of functions Tu and u large. The results from
this chapter appeared in Dębicki, Kosiński, and Mandjes [53].

In Chapter 6 we discuss a related problem for the stationary buffer content
process {Qt : t ≥ 0} fed by fractional Brownian with Hurst parameter H > 1

2 . It
has been observed in [96] that, for any function Tu > 0 such that Tu = o(u

2H−1
H ),

the exact asymptotics of P
(

sups∈[0,Tu]Qs > u
)
, as u→∞, are of the same order

as the one of P (Qe > u). This is nowadays referred to as the Pitebarg property,
see [5]. We prove the strong Piterbarg property, that is, we show that for the same
rage of functions Tu, the exact asymptotics of P

(
infs∈[0,Tu]Qs > u

)
are also of

the same order as the one of P (Qe > u). This chapter is based on Dębicki and
Kosiński [49].

Since the exact distribution of the stationary buffer-content Qe might not be
known, from the application perspective it is useful if one can approximate the
distribution of Qe by a distribution of some known random variable. Furthermore,
a common scenario in applications is the one of the server working in heavy con-
gestion. Recall that, if the traffic is modeled by a Lévy process X, and the system
is drained with a constant rate c > 0, then the stationary buffer-content Qe can
be given as Qe = supt≥0(Xt − ct). Assume without loss of generality that X is
centered, so that almost surely lim supt→∞Xt = ∞. Thus, the common scenario
of the heavy-traffic regime is when c → 0 so that Q(c)

e tends to infinity almost
surely. We added a superscript c to make the dependence on c explicit. If Q(c)

e

grows to infinity, then one can expect that there exists a function ∆(c), which
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tends to zero, such that ∆(c)Q
(c)
e has a non-trivial limit. Thus, the problem under

consideration may be seen as the investigation of the growth rate of the stationary
buffer-content distribution in a Lévy-driven queue as a result of increasing the im-
posed load. In the context of a classical single-server queue with customers, where
the Lévy process X is substituted with a random walk, this has been one of the
most important problems, usually referred to as the heavy-traffic approximation
problem.

In Chapter 7 we investigate the speed of convergence of Q(c)
e to the limiting

distribution. We do so by utilizing two classical methods used in the literature on
heavy-traffic approximations, namely, the Wiener–Hopf factorization approach and
the functional limit theorems approach. We show that when the distribution of X1

is in the domain of attraction of a stable law with index α ∈ (1, 2), then there exists
a function ∆(c) regularly varying at the origin with index −1

α−1 , such that ∆(c)Q
(c)
e

has a weak limit equal in distribution to supt≥0(Lt − t), where L is a specific α-
stable Lévy process. The distribution of the random variable supt≥0(Lt − t) and
its tail asymptotics are well studied in the literature, which make the heavy-traffic
approximation useful. We finish the chapter by presenting a direct link between
the classical, random walk based, heavy-traffic limit theorems and heavy-traffic
theorems for Lévy-driven queues. Namely, that each of the heavy-traffic limit
theorems in the context of a random walk can be translated to their analogue
statements in the context of Lévy-driven queues. The results from this chapter
appeared in Kosiński, Boxma, and Zwart [78].

Let now Q
(c)
X = {Q(c)

X (t) : t ≥ 0} denote a stationary buffer-content process for
a fluid queue fed by a process X = {X(t) : t ∈ R} and drained with a constant rate
c > 0. In the case of a Lévy process X we found in Chapter 7 a function ∆(c) such
that ∆(c)Q

(c)
X (0) has a non-trivial limiting distribution as c→ 0 corresponding to

the heavy-traffic regime. The problem of finding the heavy-traffic approximations
is also relevant in the context of Gaussian queues. In Chapter 8 we take X to be a
Gaussian process with continuous sample paths and stationary increments. In the
case of a Gaussian process X we are able to investigate the limiting behavior not
only of the stationary buffer-content Q(c)

X (0), but of the whole process Q(c)
X . We do

so in the heavy-traffic regime and also in the equally interesting light-traffic regime.
The latter scenario is the reverse situation to the heavy-traffic regime. That is,
we say that a queue is in the light-traffic regime if the service grows to infinity,
c → ∞, so that Q(c)

X decreases to zero. We show for both limiting regimes that,
under mild regularity conditions on the variance function σ2(·) of X, there exists
a normalizing function δ(c) such that Q(c)

X (δ(c)·)/σ(δ(c)) converges to Q(1)
BH

(·) in
C[0,∞), where BH is a fractional Brownian motion. The results from this chapter
appeared in Dębicki, Kosiński, and Mandjes [54].

Heavy-traffic approximations are one of the possible ways to deal with the
problem of determining the exact distribution of Qe. Another approach is to
consider P (Qe > u) for high values of u asymptotically. That is, finding a function
φ such that the ratio of P (Qe > u) and φ(u) tends to 1 as u→∞. In the case of
Lévy-driven queues these exact asymptotics were found in a fairly general case. The
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case of Gaussian queues is however more involved, because of the light-tailed nature
of the Gaussian distribution. Explicit expressions for P (Qe > u) are practically
unavailable (except for the Brownian input) and one has to settle for asymptotics.
This has been accomplished for some specific cases, for example, for the fractional
Brownian motion case; see [66] and also [45]. Nevertheless, in the general case,
one has to resort to logarithmic asymptotics, that is finding a function ψ such that
the ratio of logP (Qe > u) and ψ(u) tends to 1 as u → ∞; see [47] for a general
approach. While these results all relate to one-dimensional suprema, considerably
less attention has been paid to their multidimensional counterparts.

In Chapter 9 our objective is to obtain the logarithmic asymptotics of (following
the convention that vectors are written in bold)

P (∃t ∈ T : X(t)− d(t) > uq) , (1.6)

where, for some n ∈ N,X = {X(t) : t ∈ T}, withX(t) = (X1(t), . . . , Xn(t)), is an
Rn valued centered Gaussian processes defined on an arbitrary set T ; d : T → Rn,
where d(t) = (d1(t), . . . , dn(t)) denotes a drift function and q > 0 is the threshold
level. We use the bold notation also for t, as in t ∈ T , to emphasize that t might be
(and usually is) a vector itself. Typical examples of sets T are T = R and T = Rm,
for some m ∈ N not necessarily equal to n. Our setup is rich enough to cover both
the cases in which (1.6) corresponds to the event in which: (i) it is required that
there is a single time epoch t ∈ R such that Xi(t)−di(t) > qiu for all i = 1, . . . , n.
Probabilities of this type play an important role in risk theory, describing the
probability of simultaneous ruin of multiple (dependent) companies; see [12] for
related results. (ii) there are n epochs (t1, . . . , tn) such that Xi(ti) − di(ti) > qiu
for all i = 1, . . . , n. Here n can correspond to the number of stations in a queueing
network, whereas m represents then the number of time points we would like to
investigate simultaneously. The results from this chapter appeared in Dębicki,
Kosiński, Mandjes, and Rolski [52].

In Chapter 10 we shall investigate a similar problem as in Chapter 9, but in a
broader setting. Instead of a Gaussian process X = {X(t) : t ∈ T}, which can be
easily dealt with in the uncountable case T = Rm, for the sake of generality, we
settle for a sequence W = {W n : n ∈ N} of random vectors in Rd. The analogue
of (1.6) becomes

P (∃n ∈ N : W n > uq) (1.7)

and we are also interested in the logarithmic asymptotics of (1.7).
In the case of d = 1, this problem has been considered by many authors, most

notably [55; 64]. It has been observed that in great generality, where the lack of
bold notation reflects the fact that we are back to the one-dimensional setting,

logP (∃n ∈ N : Wn > u) ∼ log sup
n≥0

P (Wn > u)

so that the tail behavior of (1.7) can be derived from the large deviation behavior
of W . The common assumption that the sequence of probability measures {µn :
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n ∈ N}, where µn is the law of Wn/an, with some scaling an, satisfies the large
deviation principle with a convex rate function excludes, however, models where
the rate function is nonconvex. Our analysis follows [57] and allows us to derive
the logarithmic asymptotics of (1.7) requiring only the so-called restricted large
deviation principle with a continuous rate function. Chapter 10 follows the analysis
in Kosiński and Mandjes [77].



CHAPTER 2

BASIC THEORY

Let us introduce a notation that will be used throughout the whole thesis. We
say that a function f is asymptotically equivalent to g as x → x0 ∈ [−∞,∞], if
limx→x0 f(x)/g(x) = 1. We will abbreviate this to f(x) ∼ g(x) (or simply f ∼ g)
if x0 is clear from the context.

In this thesis we deal with one-dimensional settings and multidimensional ones.
Therefore, as already seen in Chapter 1, to explicitly distinguish the multidimen-
sional case from the single-dimensional case, we will use bold symbols to denote
vectors and plain symbols to denote their coordinates, so that x = (x1, . . . , xn)
for some n ≥ 1. The dimension of the vector x will be always clear from the
context. The Euclidean inner product of two vectors u and v will be denoted by
〈u,v〉 =

∑
uivi. This inner product induces the natural norm ‖x‖ =

√
〈x,x〉. All

vector relations should be understood coordinate-wise; for instance we write v ≥ w
to mean vi ≥ wi, for all i = 1, . . . , n. For sequences of one-dimensional objects we
will use subscripts and write them as {an : n ∈ N}, whereas in the multidimen-
sional case we will sometimes use superscripts and write them as {an : n ∈ N} to
avoid double (or sometimes even triple) subscripts. Lastly, we write Rn+ for the set
Rn+ = {x ∈ Rn : x ≥ 0,x 6= 0}.

2.1 Regularly varying functions

This section is based on the monograph by Bingham, Goldie, and Teugels [17]. We
begin with the definition of regular variation.

Definition 2.1 (Regular variation). A positive measurable function f , defined on
some neighbourhood [M,∞) of infinity, is said to be regularly varying at infinity

13
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with index α ∈ R, written as f ∈ RV ∞(α), if for all t > 0,

lim
x→∞

f(tx)

f(x)
= tα (2.1)

If α in (2.1) is equal to 0, then we say that f is slowly varying. A typical
example of a slowly varying function is log x. We will also speak of regularly
varying functions h at zero with index λ ∈ R, written as h ∈ RV 0(λ). A function
h is in RV 0(λ) if x 7→ h(1/x) is in RV ∞(−λ). Suppose now that f is a positive
function, defined on [M,∞) for some M > 0 (taking f(x) ≡ f(M) on (0,M) we
can extend the domain of definition of f to (0,∞) if desired), and let S be the set
of all t > 0 such that

lim
x→∞

f(tx)

f(x)
= g(t) ∈ (0,∞), (2.2)

then after some basic calculation one can prove the following theorem.

Theorem 2.1 (Characterisation Theorem). If f > 0 is measurable and the set S
is of positive measure, then

(i) (2.2) holds for all t > 0,

(ii) there exists a real number α with g(t) = tα, for all t > 0,

(iii) f(x) = xαl(x) with l slowly varying.

The Characterisation Theorem motivates Definition 2.1 and at the same time,
by part (iii) gives the decomposition of regularly varying function f(x) = xαl(x),
which is the most common representation of regularly varying functions. Another
representation yields important information on the behavior of f near infinity.

Theorem 2.2 (Representation Theorem). The function f is regularly varying with
index α if and only if

f(x) = c(x)xα exp

(∫ x

z

ε(u)

u
du

)
, x ≥ z,

for some z > 0, where c and ε are measurable functions, c(x) → c0 ∈ (0,∞),
ε(x)→ 0 as x→∞.

From the Representation Theorem it follows that, if f varies regularly with
index α 6= 0, then,

lim
x→∞

f(x) =

{
∞ if α > 0,
0 if α < 0.

The limit of slowly varying functions at infinity does not necessarily exist. One
can give an example of a function l ∈ RV ∞(0), such that lim infx→∞ l(x) = 0
while lim supx→∞ l(x) =∞.

Next we present the most fundamental theorem in the theory of regularly vary-
ing functions.
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Theorem 2.3 (Uniform Convergence Theorem, or UCT). If f ∈ RV ∞(α), then
(in the case α > 0, assuming f is bounded on each interval (0, ·]) (2.1) holds
uniformly in t

(i) on each [a, b] (0 < a ≤ b <∞) if α = 0,

(ii) on each (0, b] (0 < b <∞) if α > 0,

(iii) on each [a,∞) (0 < a <∞) if α < 0.

Theorem 2.3 has many important consequences. One of them concerns global
bounds for f(y)/f(x).

Theorem 2.4 (Potter’s bound). If f ∈ RV ∞(α) with α ∈ R, then for any chosen
constants A > 1, δ > 0 there exists M = M(A, δ) such that

f(y)

f(x)
≤ Amax

{(y
x

)α+δ

,
(y
x

)α−δ}
,

for every x, y > M . If f is bounded away from 0 and ∞ on every compact subset
of [0,∞), then M can be taken to be M = 0.

If f ∈ RV ∞(α) for some α > 0 and f is locally bounded on some interval
[M,∞), then let us denote by f−1 the left inverse of f . That is,

f−1(x) = inf{y ≥M : f(y) > x}.

Another important consequence from the UCT is the following.

Theorem 2.5 (Asymptotic inversion). There exists some g ∈ RV ∞(1/α) such
that, as x→∞,

g(f(x)) ∼ f(g(x)) ∼ x.

Here g is determined uniquely within asymptotic equivalence and one version is
f−1.

2.2 Gaussian processes
The aim of this section is to state some facts about Gaussian processes which will
be used in the sequel. The material covered in this section is classical and thus
the treatment is expository. The section is based on Adler [3].

A Gaussian random variable X with mean µ ∈ R and variance σ2 > 0 is a real
valued random variable such that for each λ ∈ R

EeiλX = eiµλ−
1
2σ

2λ2

,

or, equivalently, the distribution of X has density

1

σ
√

2π
exp

(
− (x− µ)2

2σ2

)
.
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We call X centered if µ = 0. If we also have σ = 1, then X is called standard
normal and will be generically denoted by N .

A multidimensional Gaussian random vectorX with mean µ ∈ Rd and a semi-
definite covariance matrix Σ = (Cov(Xi, Xj))d×d is a Rd valued random vector
such that for each λd ∈ Rd

Eei〈λ,X〉 = ei〈µ,λ〉−
1
2 〈λ,Σλ〉.

If Σ is non singular, then the distribution of X has density

1

(2π)
d
2

√
det Σ

exp

(
−1

2

〈
x,Σ−1x

〉)
.

If µ = 0 we call X centered.
In what follows, for simplicity, we will concentrate on Gaussian random vari-

ables, however all the definitions extend in a natural way to multidimensional
Gaussian vectors. Since the transition from centered to non-centered Gaussians is
via the easy addition of a constant we shall treat only the centered case.

A (centered) Gaussian process X is a family X = {X(t) : t ∈ T} of ran-
dom variables indexed by a parameter set T , such that each linear combination∑
i αiX(ti) is (centered) Gaussian. Whereas the use of the letters t and T seems

to denote the parameter is “time", the entire thrust of the modern theory of Gaus-
sian processes is that T should be very general and neither theorems nor proofs
should assume any particular structure of T . This will be the case in Chapter 9.
In general we shall require only that T is a metric space and that it is totally
bounded in its metric (to be explained in detail in Section 2.2.2). For example, we
shall consider examples in which T is a subset of Rk, k > 1. In general however,
one can think of cases when T is neither one-dimensional, nor ordered.

If X is a centered Gaussian process, then the above definition implies that the
covariance function R(s, t) = EX(s)X(t) on T ×T , which determines

∑
i αiX(ti),

also determines the law of the entire process. It is easy to see that R must be
positive semi-definite (i.e.

∑
s,t∈S αsR(s, t)αt ≥ 0 for all S ⊂ T and αs, αt ∈ R).

It is a basic result on Gaussian processes, following from Kolmogorov’s extension
theorem and the form of the multivariate Gaussian distribution, that given any
positive semi-definite R or T × T there exists a centered Gaussian process on T
with covariance function R.

Without further mention we shall always assume that T has a countable dense
subset and we shall consider only separable Gaussian processes, that is, there exists
a countable set S ⊂ T such that for any open set U ⊂ T , almost surely

sup
t∈U

X(t) = sup
t∈U∩S

X(t), inf
t∈U

X(t) = inf
t∈U∩S

X(t).

Note that this condition ensures that the supremum functional is measurable and
that separability is redundant if X is continuous.

In Chapter 8 we shall consider the case of T = R and X having stationary
increments. We say that the process X has stationary increments if for any s < t,
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X(t) − X(s) has the same distribution as X(t − s). Due to the stationarity of
increments, all finite-dimensional distributions of X are specified by the variance
function σ2(t) = R(t, t) = EX2(t), since

Cov(X(s), X(t)) =
1

2

(
σ2(s) + σ2(t)− σ2(|t− s|)

)
.

An important example of a centered Gaussian process with stationary increments
is fractional Brownian motion (FBM) BH = {BH(t) : t ∈ R} with Hurst parameter
H ∈ (0, 1). FBM is the only centered Gaussian process with stationary increments,
BH(0) = 0 and continuous sample paths and covariance function

Cov(BH(s), BH(t)) =
1

2

(
|s|2H + |t|2H − |t− s|2H

)
.

It also possesses the nice feature of self-similarity, that is, for each a ∈ R,

{BH(at) : t ∈ R} d
= {|a|HBH(t) : t ∈ R}.

2.2.1 Standard inequalities
In this section, we present two inequalities related to extremes of Gaussian pro-
cesses. The first intuitively entails that the maximum of a Gaussian process be-
haves like a single Gaussian variable with mean equal to the largest mean achieved
by the entire process, and similarly for its variance. The second provides a way
to compare the distributions of the extremes of two centered Gaussian processes
with equal variances; if one process is “more correlated” than the other, then its
maximum is stochastically smaller.

Lemma 2.1 (Borell’s inequality). Let {X(t) : t ∈ T} be a centered, almost surely
bounded Gaussian process, then E supt∈T X(t) <∞ and for all x > 0,

P
(

sup
t∈T

X(t)− E sup
t∈T

X(t) > x

)
≤ exp

(
− x2

2σ2
T

)
, (2.3)

where σ2
T = supt∈T VarX(t).

A consequence of Borell’s inequality is that for a process X as in Lemma 2.1,

lim
u→∞

u−2 logP
(

sup
t∈T

X(t) > u

)
= −(2σ2

T )−1.

We will extend this type of logarithmic asymptotics in Chapter 9.
We now turn to the second inequality, which compares the extremes of two

Gaussian processes with the same variance and different correlations.

Lemma 2.2 (Slepian’s inequality). Let {X(t) : t ∈ T} and {Y (t) : t ∈ T} be two
centered Gaussian processes such that EX2(t) = EY 2(t) for all t ∈ T and

E(X(s)−X(t))2 ≤ E(Y (s)− Y (t))2, for all s, t ∈ T,
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then for any x,

P
(

sup
t∈T

X(t) > x

)
≤ P

(
sup
t∈T

Y (t) > x

)
.

As a consequence of Slepian’s inequality we get the following lemma.

Lemma 2.3 (Sudakov–Fernique’s inequality). Let {X(t) : t ∈ T} and {Y (t) : t ∈
T} be two centered Gaussian processes with bounded sample paths a.s. If for all
t, s ∈ T

Var(X(t)−X(s)) ≤ Var(Y (t)− Y (s)),

then

E sup
t∈T

X(t) ≤ E sup
t∈T

Y (t).

2.2.2 Metric entropy
Sometimes we need sharper bounds than Borell’s inequality, mainly because the
presence of E supt∈T X(t) is undesirable in (2.3). Bounding this single expectation
is in fact one of the major challenges in the theory of Gaussian processes. A
set of tools has been developed to achieve this goal, one of them is the so-called
metric entropy. Metric entropy is an important tool in studying continuity and
boundedness of trajectories of Gaussian processes; for an approach in a broader
context than in [3], see also [4]. In order to introduce the concept, let X be a
centered Gaussian process on a set T ⊂ R and define the semimetric

d(t, s) :=
√

E|X(t)−X(s)|2, t, s ∈ T.

We say that S ⊂ T is a ϑ-net in T with respect to the semimetric d, if for any
t ∈ T there exists an s ∈ S such that d(t, s) ≤ ϑ. The metric entropy Hd(T, ϑ) is
defined as logNd(T, ϑ), where Nd(T, ϑ) denotes the minimal number of points in a
ϑ-net in T with respect to d. The quantity

∫∞
0

√
Hd (T, ϑ) dϑ is called the Dudley

integral. If T is completely bounded with respect to d (and these are the only sets
we consider as mentioned at the beginning of this section), then Hd (T, ϑ) = 0 for
ϑ large enough, so that the convergence of the Dudley integral is equivalent to its
convergence at zero.

Finiteness of the Dudley integral turns out to be a sufficient condition for the
continuity of Gaussian processes.

Proposition 2.1. A sufficient condition for the continuity of a centered Gaus-
sian process on T is that Dudley’s integral is finite. Furthermore, there exists a
universal constant K such that

E sup
t∈T

X(t) ≤ K
∫ ∞

0

√
Hd (T, ϑ) dϑ.
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In general however, the finiteness of Dudley’s integral is not a necessary condi-
tion for the continuity. In Chapter 8 we shall consider the modulus of continuity
of X instead of the supremum of X. It is also possible to bound the modulus of
continuity using metric entropy.

Proposition 2.2. There exists a universal constant K such that for all ζ > 0

E sup
(s,t)∈T×T
d(s,t)<ζ

|X(t)−X(s)| ≤ K
∫ ζ

0

√
Hd (T, ϑ) dϑ.

2.3 Lévy processes
The aim of this section is to state some facts about Lévy processes which will be
used in the sequel. The material covered in this section is classical and thus the
treatment is expository. The section is based on Bertoin [14] and Kyprianou [80].

Definition 2.2 (Lévy process). A process X = {Xt : t ≥ 0} defined on a prob-
ability space (Ω,F ,P) is said to be a Lévy process if it possesses the following
properties:

(i) The paths of X are P-almost surely right continuous with left limits.

(ii) P(X0 = 0) = 1.

(iii) For 0 ≤ s ≤ t, Xt − Xs is equal in distribution to Xt−s (stationary incre-
ments).

(iv) For 0 ≤ s ≤ t, Xt − Xs is independent of {Xu : u ≤ s} (independent
increments).

Let us furthermore equip the probability space (Ω,F ,P), on which the Lévy
process X is defined, with the filtration F = {Ft : t ≥ 0} given by Ft = σ(F0

t ,O),
F0
t = σ(Xs : s ≤ t) and O is the set of null sets of P. The filtration F is right

continuous, in the sense that for each t ≥ 0, Ft = ∩s>tFs. Now, we say that τ is
a stopping time if for every t ≥ 0, the event {τ ≤ t} is in the sigma-field Ft. For
a stopping time τ , let Fτ = {A ∈ F : A ∩ {τ ≤ t} ∈ Ft for all t ≥ 0}.

Theorem 2.6 (Strong Markov property). Suppose that τ is a stopping time. De-
fine on {τ <∞} the process X̃ = {X̃t : t ≥ 0}, where

X̃t = Xτ+t −Xτ , t ≥ 0.

Then on the event {τ <∞} the process X̃ is independent of Fτ and has the same
law as X and hence in particular is a Lévy process.

In other words, for any measurable set B, s ≥ 0 and any stopping time τ ,

P (Xτ+s ∈ B|Fτ ) = P (Xτ+s ∈ B|σ(Xτ )) on {τ <∞}.
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2.3.1 Characteristic exponent
Lévy processes have an intimate relationship with infinitely divisible distributions.

Definition 2.3 (Infinitely divisible distribution). We say that a real-valued ran-
dom variable Θ has an infinitely divisible distribution if for each n ≥ 1, there exists
a sequence of i.i.d. random variables Θ1,n, . . . ,Θn,n such that

Θ
d
= Θ1,n + . . .+ Θn,n.

From the definition of a Lévy process X = {Xt : t ≥ 0} we see that for
any t > 0, Xt is a random variable belonging to the class of infinitely divisible
distributions. This follows from the fact that for any n ≥ 1

Xt = Xt/n + (X2t/n −Xt/n) + . . .+ (Xt −X(n−1)t/n)

together with the fact that X has stationary and independent increments. Now it
can be easily shown that any Lévy process has the property that for all t ≥ 0

EeiθXt = e−tΨ(θ), θ ∈ R,

where the function Ψ is called the characteristic exponent of the Lévy process.
The full extent to which we may characterize characteristic exponents is de-

scribed by an expression known as the Lévy-Khintchine formula.

Theorem 2.7 (Lévy-Khintchine formula). Suppose that a ∈ R, σ ≥ 0 and Π is a
measure concentrated on R \ {0} such that

∫
R(1 ∧ x2)Π( dx) < ∞. For the triple

(a, σ,Π), define for each θ ∈ R,

Ψ(θ) = iaθ +
1

2
σ2θ2 +

∫
R

(
1− eiθx + iθx1{|x|≤1}

)
Π( dx). (2.4)

Then there exists a probability space (Ω,F ,P) on which a Lévy process is defined
having characteristic exponent Ψ. Furthermore, if X is a Lévy process with char-
acteristic exponent Ψ then it is necessarily of the form (2.4).

The triple (a, σ,Π) is called the Lévy triple and the measure Π is called the
Lévy measure. The terms which appear in the Lévy-Khintchine formula have a
probabilistic interpretation. The constant a corresponds to the drift, σ to the
Brownian component and the Lévy measure Π represents the jump component of
the process X. For instance, standard Brownian motion is obtained if we choose
a = 0 and Π ≡ 0. The Lévy measure of a Poisson process N = {Nt : t ≥ 0}
with intensity λ > 0 is given by Π(dx) = λδ1(dx), where δ1 denotes the Dirac
measure at 1. The measure Π(dx) = λF (dx) corresponds to the Lévy measure of
a compound process

∑Nt
n=1 ξn, where {ξn : n ≥ 1} is a sequence of i.i.d. random

variables with common distribution function F . In that case the characteristic
exponent can be written as

Ψ(θ) = λ

∫
R

(1− eiθx)F ( dx).
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Note in particular that the Lévy measure of a compound Poisson process is always
finite with total mass equal to the rate λ of the underlying process N . In fact, a
Lévy process is a compound Poisson process if and only if σ = 0 and Π(R) <∞.

2.3.2 Stable Processes

Besides the compound Poisson process and Brownian motion, stable processes form
another important class of Lévy processes.

Definition 2.4 (Strictly stable distribution). We say that a real-valued random
variable L (α) has a strictly stable distribution with index α ∈ (0, 2] if its charac-
teristic exponent Ψ(θ) = − logE exp(iθL (α)) is given by

(i) Ψ(θ) = |θ|α(1− iβ sgn(θ) tan
(
πα
2

)
), α ∈ (0, 1) ∪ (1, 2),

(ii) Ψ(θ) = |θ|(1 + iβ sgn(θ) 2
π log |θ|), α = 1,

(iii) Ψ(θ) = θ2

2 , α = 2,

with β ∈ [−1, 1].

A Lévy process is called a strictly α-stable process if its characteristic exponent
Ψ has one of the above forms, in other words if X1 has the same distribution as
L (α). From this it also follows that, for each t > 0, the variables Xt have the same
distribution as t1/αX1. For the sake of brevity we will omit the adverb “strictly”
in the sequel. The terminology “stable process” is nowadays sometimes used to
designate a wider class of processes analogous to Gaussian processes; see, e.g.,
[110].

The corresponding Lévy measure is given by

Π( dx) =

{
c1x
−1−α dx if x > 0,

c2|x|−1−α dx if x < 0,

where c1 + c2 = 1, c1, c2 ≥ 0 are such that β = (c1− c2)/(c1 + c2). The case α = 2
corresponds to Brownian motion, whereas the case α = 1 corresponds to a (drift
free) Cauchy process. The Lévy measure is then proportional to |x|−2 dx.

2.3.3 One-sided jumps

One of the features that classifies Lévy processes is their path type. A Lévy process
has non-decreasing paths, which we will refer to as a subordinator, if and only if
Π(−∞, 0) = 0,

∫
(0,∞)

(1 ∧ x)Π( dx) <∞, σ = 0 and d = −(a+
∫

(0,1)
xΠ( dx)) ≥ 0.

If Π(0,∞) = 0 and X is not a subordinator, then it is referred to in general as s
spectrally negative Lévy process. Although a spectrally negative Lévy process X
may take values of both signs, its exponential transform is finite for every positive
argument, i.e., EeβXt < ∞, for all β ≥ 0. If Ψ is the characteristic exponent of
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X, then the function ψ : [0,∞) → R defined as ψ(β) = −Ψ(−iβ) satisfies, for all
β ≥ 0 , the property

EeβXt = etψ(β).

The function ψ is called the Laplace exponent of X. It is zero at zero and tends
to infinity at infinity. Further, it is infinitely differentiable and strictly convex. In
particular ψ′(0+) = EX1 ∈ [−∞,∞). Define the right inverse Φ(q) = sup{β ≥ 0 :
ψ(β) = q} for each q ≥ 0. If ψ′(0+) ≥ 0, then β = 0 is the unique solution to
ψ(β) = 0 and otherwise there are two solutions to the latter with β = Φ(0) > 0
being the larger of the two; the other is β = 0.

The next proposition gives a collection of statements which are straightforward
consequences of the well known Wiener-Hopf factorisation; see, e.g., [80, Theorem
6.16]. We first need to introduce some additional notation. We shall understand
eq to be an independent random variable which is exponentially distributed with
parameter q (mean 1/q). For a Lévy process X, we define its running supremum
and running infimum by Xt = sup0≤s≤tXs and Xt = inf0≤s≤tXs.

Proposition 2.3. Let X be a spectrally negative Lévy process. Then, for any
q > 0, β ≥ 0

Ee−βXeq =
Φ(q)

Φ(q) + β
,

EeβXeq =
q

Φ(q)

Φ(q)− β
q − ψ(β)

.

In particular Xeq is exponentially distributed with parameter Φ(q). The right
hand side of the last formula is understood in the asymptotic sense when β = Φ(q),
that is qΦ′(β)/Φ(β).

A Lévy process X is referred to as spectrally positive if −X is spectrally neg-
ative. Together the latter two classes of processes are called spectrally one-sided.
As the Lévy measure describes the jumps of the corresponding Lévy process, the
class of spectrally positive (negative) Lévy processes is also referred to as the class
of Lévy processes without negative (positive) jumps.

Although a spectrally positive Lévy process X may take values of both signs,
its Laplace transform is finite for every positive argument, i.e., Ee−αXt <∞, for all
α > 0. If Ψ is the characteristic exponent of X, then the function ϕ : [0,∞)→ R
defined as ϕ(α) = −Ψ(iα) satisfies, for all α > 0, the property

Ee−αXt = etϕ(α).

The function ϕ is also called the Laplace exponent of X. One can also define a
Laplace exponent Φ(α) = Ψ(iα), α > 0, of a Lévy subordinator, so that

Ee−θXt = e−tΦ(θ).



CHAPTER 3

CLASSICAL POLLING SYSTEMS

3.1 Introduction
This chapter is devoted to queueing models with multiple, say N queues Qi, i =
1, . . . , N , attended by a single server, visiting the queues one at a time. Moving
from one queue to another, the server typically incurs a non-negligible switchover
time. Such single-server multiple-queue models are commonly referred to as polling
systems. Triggered by a wide variety of applications, polling systems have been
extensively studied in the literature.

In the polling literature much attention has been given to the determination of
the probability generating function (PGF) of the joint queue length distribution
of the polling system at various epochs in stationarity. In particular, the PGF’s of
the joint queue length distribution at the epochs at which the server begins a visit,
Vbi(·), and completes a visit, Vci(·), at Qi were extensively studied. A seminal
result has been obtained by Resing [105] (see also Fuhrmann [62]), who found
these PGF’s for polling systems with service disciplines satisfying the so-called
branching property. Service disciplines – rules which establish the server’s behavior
while visiting a queue – that satisfy the branching property include the well known
exhaustive discipline (per visit the server continues to serve all customers at a
station until it empties) and gated discipline (per visit the server serves only those
customers at a station which are found there upon its visit).

Polling systems with disciplines which do not satisfy the branching property
usually defy an exact analysis. A typical example of a discipline that does not
satisfy the branching property is the k-limited discipline, where the server serves
at most k customers per visit. Nevertheless, it is possible to compute Vbi and
Vci for some special cases like completely symmetrical queues or like the two-
queue case. For example, for the case N = 2 with Q1 served exhaustively and
Q2 according to the k-limited discipline, the formulas for Vbi and Vci were found

23
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in [129]. Furthermore, for the case of N = 2 and Q1, Q2 both served according
to the 1-limited discipline, the formulas for Vbi and Vci were found by solving a
boundary value problem [27]. For other examples of polling systems with non-
branching disciplines that admit a solution for these PGF’s we refer to the surveys
[121; 122].

Although the PGF’s Vbi and Vci have been found in a very broad variety of
cases, the PGF Q of the steady-state joint queue length distribution at an arbitrary
epoch, which in principle is the most important PGF, received little attention and
has not been studied in full generality, one exception (that we are aware of) being
[114]. In the present chapter we determine Q for a quite general class of polling
systems. To explain the formula for Q let us introduce two additional PGF’s. Let
Sbi(·) and Sci(·) be the PGF’s of the joint queue length distribution at service
beginnings and service completions, respectively. Eisenberg [58] established a link
between the various PGF’s: Vbi , Vci , Sbi and Sci . In fact, from the observations
therein it follows that it is enough to determine, for example, Vbi , i = 1, . . . , N , to
know all the remaining PGF’s Vci , Sbi , Sci , i = 1, . . . , N . Hence, as noted before,
all these PGF’s are well known for a vast class of polling systems, in particular for
polling systems with branching disciplines as discussed in Section 3.5.

One of the main results of this chapter – Theorem 3.4 – reveals that the formula
for Q can be expressed in terms of Sci , i = 1, . . . , N (or equivalently in any other
aforementioned PGF’s). Using a similar technique that allowed us to determine
Q, we were also able to find W , the Laplace–Stieltjes transform (LST) of the joint
workload distribution at an arbitrary epoch in steady state. In Theorem 3.5 we
give a formula for W expressed in Vbi and Vci , which is the second contribution
of this chapter.

Q was found in [114] for polling systems restricted to the case of cycles with
either all disciplines being gated or all being exhaustive. W was found in [30],
for the class of polling systems with Lévy input, but restricted to the case of
branching-type service disciplines. Both of the results from [30; 114] assume non-
zero switchover times. It should be emphasized therefore that our main results –
Theorem 3.4 and Theorem 3.5 – hold regardless of the service discipline and provide
a unified expression for Q and W for both the zero and non-zero switchover case;
see also Remark 3.3 and Remark 3.5.

From Theorem 3.5 we were also able to retrieve the well known decomposition
of the total workload W in a polling system into an independent sum of the
amount of work WM/G/1 in a corresponding M/G/1 queue and Wswitch, the total
amount of work in the polling system at an arbitrary epoch in a switching period.
This decomposition was found in [26], however the distribution of Wswitch was
only known in a few cases, cf. [123]. In Remark 3.4 we present the LST of
the distribution of Wswitch expressed in Vbi and Vci . This constitutes the third
contribution of this chapter.

This chapter is organised as follows. In Section 3.2 we formally introduce
polling systems and explain stationarity and ergodicity conditions as well as service
disciplines. In Section 3.3 we give general relations between the PGF’s: Vbi , Vci ,
Sbi and Sci . These relations have been first observed by Eisenberg [58] for polling
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models with specific service disciplines. We base this section on Borst and Boxma
[23], who noticed that Eisenberg’s relations hold in general regardless of the service
disciplines. In order to benefit from Eisenberg’s relations, one needs to know, for
instance, Vbi for i = 1, . . . , N , therefore in the next two sections we discuss a broad
class of models for which Vbi ’s can be found.

It has been shown by Resing [105] that a broad class of polling systems can be
modelled as multi-type branching processes (MTBP’s) with immigration. There-
fore we discuss the background on MTBP’s in Section 3.4. In Section 3.5 we discuss
polling systems, whose service disciplines satisfy the so-called branching property
and present the relation between such systems and MTBP’s found in [105]. In
Section 3.6 we present the first main result of this chapter, the PGF Q of the
joint queue length distribution at an arbitrary epoch in stationarity under no as-
sumptions on the service disciplines. In Section 3.7 we present the second main
result of this chapter, the LST W of the joint workload distribution at an arbitrary
epoch in stationarity, again, under no assumption on the service disciplines. It is
shown that both Q and W can be expressed in terms of Vbi ’s and Vci ’s; therefore
Section 3.5 contains a broad class of polling systems for which Q and W can be
found. The results in Section 3.7 will be further extended in Chapter 4, where we
show that a similar relation, as the one between the classical polling systems and
MTBP’s presented in Section 3.5, holds for so-called Lévy-driven polling systems.
This results of this chapter appeared in Boxma et al. [31].

3.2 Model description

We consider a system of N ≥ 1 infinite-buffer queues Q1, . . . , QN and a single
server S. Customers arrive at Qi according to a Poisson process with rate λi. The
service times of customers in Qi are independent, identically distributed (i.i.d.)
positive random variables generically denoted by Bi with bi := EBi < ∞. The
server moves along the queues in a cyclic order. When S moves from Qi to Qi+1,
it incurs a switchover period. Throughout this chapter we implicitly use the con-
vention that any index summation is modulo N , for example QN+1 = Q1. The
durations of successive switchover times between Qi and Qi+1 are i.i.d. positive
random variables generically denoted by Si with si := ESi < ∞. If not stated
otherwise, it is assumed that all the service times, the switchover times and the
interarrival times are independent. We denote the Laplace–Stieltjes transform of
Bi by B̃i(·), Si by S̃i(·) and continue to use this convention whenever a new ran-
dom variable is defined. Let s :=

∑N
i=1 si, λ :=

∑N
i=1 λi and ρ :=

∑N
i=1 ρi, where

ρi := λibi is the traffic intensity at Qi.
We also consider the variant of this model in which all the switchover times

are zero. In the latter model, S makes a full cycle (viz., passes all the queues once)
when the system becomes empty and subsequently stops right before Q1. All this
requires zero time. When the first new customer arrives, S cycles along the queues
to that customer. Note that the behavior of the server when the system is empty
does not affect the queue length distributions. However, it may involve a number
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of (zero-length) visits, and hence it does affect the queue length distribution em-
bedded at visit beginning and visit completion instants. The convention that the
server stops at some fixed queue was used by Borst and Boxma [23] and turned
out to result in cleaner expressions for that embedded queue length distribution
than when the server is assumed to stop right away. Making a full cycle before
stopping may be necessary if there is no central queue length information available
to the server so that the only way to detect an empty system is to keep track if
some fixed queue is visited twice in zero time.

Recall that, according to our notation from Chapter 2, for a vector z in RN ,
we write z = (z1, . . . , zN ). In what follows we shall assume that |zi| < 1 for every
i. We also write 1 and 0 for the N -dimensional vector (1, . . . , 1) and (0, . . . , 0),
respectively. Furthermore we will make use of the following notation

Σ(z) =

N∑
j=1

λj(1− zj) and Σi(z) =
∑
j 6=i

λj(1− zj).

Throughout this chapter, the conditions for stability, also called the ergodicity
conditions, are assumed to hold. Here the system is said to be stable, if it admits
a stationary regime with integrable cycle time.

Service discipline

A key feature of polling models is the service discipline as already briefly men-
tioned in Section 3.1. A service discipline specifies the rule that determines how
long a server will visit a queue (and process any customers found there). The
most important and well known disciplines include the exhaustive discipline, gated
discipline and k-limited discipline. Under the exhaustive discipline, the server will
stay at the queue until this queue has become empty. Under the gated discipline,
the server serves exactly the customers (or: the amount of work) present upon the
beginning of the visit. Under the k-limited discipline, the server serves at most k
customers – if there are any. The ‘system’s service discipline’ can be any ‘mixture’
of the individual disciplines; for instance: some of the queues are served according
to a gated discipline, whereas others are served exhaustively.

3.3 Distributional identities

Recall that in Section 3.2 we assumed that the polling system under consideration
is stable so that it admits a stationary regime. In this section we present general
relations between the PGF’s of the joint queue length distribution at server’s
visit beginnings and completions at Qi, Vbi and Vci respectively, and at service
beginnings and completions at Qi, Sbi and Sci respectively, in stationarity. This
section is based on the observations by Borst and Boxma [23].

Note that each time a visit beginning or a service completion occurs, it coincides
with either a service beginning or a visit completion. All service beginning epochs
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in a visit to Qi are also service completion epochs at Qi, except the first service
beginning epoch, which is a visit beginning epoch. Similarly, all service completion
epochs at Qi are also service beginning epochs at that queue, except the last service
completion epoch, which is a visit completion epoch. This has been observed by
many authors, but most notably by Eisenberg [58], who restricted himself to the
cases of either exhaustive or gated service at all queues. However, its applicability
is not restricted to a particular service discipline as noticed in [23]. After some
manipulations this observation yields:

γiVbi(z) + Sci(z) = Sbi(z) + γiVci(z), (3.1)

where the coefficient γi represents the reciprocal of the mean number of customers
served at Qi per visit, i.e., the ratio of visit beginnings to service beginnings.
With C denoting the steady-state cycle length, 1

γi
= λiEC. In the case of non-

zero switchover times, we simply have EC = s
1−ρ . In the case of zero switchover

times

Vb1(0)

EC
= λ(1− ρ). (3.2)

Indeed, Vb1 (0)

EC denotes the mean number of times per time unit that S arrives at
Q1 to find the whole system empty (Vb1(0) is the probability that S sees an empty
system at a Q1 visit). Each of those epochs is followed by exactly one arrival of
a customer to an empty system. By PASTA, there are on average λ(1 − ρ) such
arrivals per time unit.

We rewrite (3.1) into:

γi(Vbi(z)− Vci(z)) = Sbi(z)−Sci(z).

It is easy to see that Sci and Sbi are related via

Sci(z) = Sbi(z)
B̃i(Σ(z))

zi
. (3.3)

It follows from (3.1) and (3.3) that

Sbi(z) =
γizi

zi − B̃i(Σ(z))
(Vbi(z)− Vci(z)) . (3.4)

Next we relate Vbi+1 to Vci . In a polling model with switchover times

Vbi+1
(z) = Vci(z)S̃i (Σ(z)) , i = 1, . . . , N. (3.5)

In a polling system without switchover times

Vbi+1
(z) = Vci(z), i = 1, . . . , N − 1. (3.6)

The relation between Vb1 and VcN deserves special attention in the zero switchover
case, because of our convention stated in Section 3.2 concerning the behavior of the
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server when the system is empty. When all queues in the model without switchover
times become empty, S in our convention makes a full cycle and subsequently stops
right before Q1 (all this requires no time). When the first new customer arrives,
S cycles along the queues to that customer. The consequence of this is that when
the system is empty at the start of a visit to Q1, then the next visit to Q1 does
not take place until a customer has arrived. Therefore,

Vb1(z) = VcN (z)− Vb1(0)

(
1−

N∑
i=1

λi
λ
zi

)
= VcN (z)− Vb1(0)

λ
Σ(z). (3.7)

In particular, observe that Vb1(0) =
VCN (0)

2 , due to the specific server movement
in an empty system.

3.4 Multi-type branching processes
We start this section with recalling some terminology and stating some results
about multi-type branching processes (MTBP’s); for a detailed treatment see,
e.g., [11].

Consider a system (or an environment) consisting of N different types of par-
ticles. At epoch 0 there are Z0 particles in the system; i.e., Z0

i particles of type
i. Subsequently all particles vanish (or die) at the same epochs 1, 2, . . .. Upon its
death the type i particle produces new particles in a random way described by a
probability generating function

f (i)(z) =
∑

j1,...,jN≥0

p(i)(j1, . . . , jN )zj11 . . . zjNN ,

where p(i)(j1, . . . , jN ) is the probability that a type i particle produces j1 particles
of type 1, j2 of type 2, . . ., jN of type N , respectively.

Now consider the evolution of this system Z = {Zn : n ≥ 0}, where n denotes
the nth epoch and Zn counts the number of particles in the system; Zni is the
number of type i particles at time n. The evolution of the system can be given by
the following formula

Zn+1 =
N∑
i=1

Zni∑
j=1

Rn+1
i,j , n ≥ 0,

where for each i = 1, . . . , N , {Rn
i,j : j, n ≥ 0} is a sequence of i.i.d. random vectors

having the distribution associated to the PGF f (i). The sequence Z is called the
MTBP with offspring generating functions f (i), i = 1, . . . , N . It can be easily seen
that the sequence Z constitutes a Markov chain.

Let mij be the expected number of type j offspring of a single type i particle,
i.e.

mij =
∂f (i)

∂zj
(1).
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An essential role is played by the mean matrix M = (mij)N×N . The matrix M
is called primitive, if there is an n such that all entries of the matrix Mn are
strictly positive. As a consequence of the Perron–Frobenius theorem (see [112]),
for a non-negative primitive matrix M there exists a positive real eigenvalue ρM
of M such that ρ < ρM for all other eigenvalues ρ of M .

3.4.1 MTBP with immigration in each state
Consider the evolution of the system of N types of particles Z = {Znn ≥ 0} from
the previous section. Let Z im = {Znim : n ≥ 0} be the evolution of the same
system with an additional immigration component at each epoch n ≥ 1. That is,

Znim = Zn + In, n ≥ 1,

where {In : n ≥ 1} is a sequence of i.i.d. random vectors with distribution having
the PGF

g(z) =
∑

j1,...,jN≥0

q(j1, . . . , jN )zj11 . . . zjNN ,

where q(j1, . . . , jN ) is the probability that the immigration consists of j1 particles
of type 1, j2 of type 2,... , jN of type N . The sequence Z im is called the MTBP
with offspring generating functions f (i), i = 1, . . . , N , and immigration generating
function g. The sequenceZ im also constitutes a Markov chain and for this sequence
we define its mean matrix M in the same way.

Let us define a sequence of auxiliary functions fn(·) inductively by{
f0(z) = z,
fn(z) =

(
f (1)(fn−1(z)), . . . , f (N)(fn−1(z))

)
.

(3.8)

The following theorem is due to Quine [103].

Theorem 3.1. Let Zim be a MTBP with immigration with offspring generating
functions f (i), i = 1, . . . , N and immigration generating function g. Let the mean
matrix M corresponding to the branching process be primitive and its maximal
eigenvalue ρM < 1. Assume the Markov chain Zim is irreducible and aperiodic.
Then a necessary and sufficient condition for the existence of a stationary distri-
bution for the sequence Zim is∑

j1,...,jN≥0
j1+...+jN>0

q(j1, . . . , jN ) log(j1 + . . .+ jN ) <∞. (3.9)

When the condition is satisfied, the probability generating function π of the sta-
tionary distribution satisfies

π(z) =

∞∏
n=0

g(fn(z)).
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3.4.2 MTBP with immigration in state zero

In this subsection we consider the same process as in the previous subsection except
that there is immigration only in state zero and not in every state. That is, let
Z̃im = {Z̃

n

im : n ≥ 0} be the sequence defined as follows

Z̃
n

im = Zn + In1{Z̃nim=0}.

The sequence Z̃im is called the MTBP with immigration in state zero with offspring
generating functions f (i), i = 1, . . . , N , and immigration generating function g.

Theorem 3.2. Let Z̃im be a MTBP with immigration in state zero with offspring
generating functions f (i), i = 1, . . . , N and immigration generating function g.
Let the mean matrix M corresponding to the branching process be primitive and
its maximal eigenvalue ρM < 1. Assume the Markov chain Z̃im is irreducible and
aperiodic and finally assume Z̃

0

im = 0. Then a necessary and sufficient condition
for the existence of a stationary distribution for the process Z̃im is (3.9). When
the condition is satisfied, the probability generating function π of the stationary
distribution satisfies

π(z) = 1− π(0)

∞∑
n=0

(1− g(fn(z))),

where

π(0) =

(
1 +

∞∑
n=0

(1− g(fn(0))

)−1

.

3.5 Polling systems and MTBP

In this section we will discuss the connection between the classical polling systems
and MTBPs found in Resing [105].

3.5.1 Branching service disciplines

As mentioned in Section 3.2 the service discipline is one of the main characteristics
of a polling system that determine whether the model can be analyzed in an exact
way or not. Apart from a few exceptions, the only polling models for which an
exact analysis has been obtained consist of queues with service disciplines that
satisfy the following property, see [62; 105]:

Property 3.1 (Branching property). If the server arrives at Qi to find ki cus-
tomers there, then during the course of the server’s visit, each of these ki customers
will effectively be replaced in an i.i.d. manner by a random population having prob-
ability generating function hi(z), which can be any N -dimensional PGF.
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Service disciplines that satisfy the branching property include the well known
exhaustive and gated disciplines introduced in Section 3.2. The corresponding
function hi for the exhaustive discipline is given by hi(z) = Θ̃i(Σi(z)), where Θ̃i

denotes the LST of a busy period Θi in an M/G/1 queue with arrival rate λi and
service time Bi. The corresponding function hi for the gated discipline is given by
hi(z) = B̃i(Σ(z)).

The more general service disciplines binomial-gated, introduced in [82], and
binomial-exhaustive, introduced in [81], also satisfy Property 3.1. In the case of the
binomial-gated discipline, every customer present at the beginning of the service
period is served with probability pi ∈ (0, 1]. In the binomial-exhaustive discipline
the binomial limitation is applied to the busy periods associated to the customers
present at the beginning of the service period, and hence each of them occurs with
probability pi ∈ (0, 1]. The PGF’s are given by hi(z) = (1 − pi)zi + piB̃i(Σ(z)),
and hi(z) = (1− pi)zi + piΘ̃i(Σi(z)), respectively.

Another generalization of the gated and the exhaustive discipline that satisfies
Property 3.1 is the Bernoulli type service discipline. When the server reaches Qi
and finds ki customers, each of these customers is independently handled in the
following way. The customer is served and costumers arriving during the busy
period generated by this customer are served according to a Bernoulli discipline
with parameter pi ∈ [0, 1]. That is, after each service which does not finish the busy
period, the next customer in the busy period is served with probability pi and the
server stops serving the busy period with probability 1− pi. The gated discipline
corresponds to pi = 0 and the exhaustive to pi = 1. The PGF hi corresponding to
this discipline is given by

hi(z) = Φpi,i (Σi(z)) +
(1− pi)B̃i(Σ(z))

zi − piB̃i(Σ(z))
(zi − Φpi,i(Σi(z)),

where Φpi,i(x) is the unique solution of

Φpi,i(x) = piB̃i(x+ λi(1− Φpi,i(x))),

see [105, Lemma 1].

3.5.2 Connection with MTBP

Define tn as the time point that the server reaches Q1 for the nth time. In [105,
Theorem 3 and 4] it is proven that the number of customers at different queues
on successive moments tn is an MTBP with immigration in each state (in polling
systems with switchovers) or in state zero (in polling systems without switchover
times). Our convention of zero switchover times is slightly different than the one
in [105], therefore a part of Theorem 3.3 is an adaptation of [105, Theorem 4],
which can be found in, for instance, [23].

Theorem 3.3. Assume that the service discipline at Qj satisfies Property 3.1 with
PGF hj, j = 1 . . . , N . Then the numbers of customers in the different queues at
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time points tn in a polling system with and without switchover times constitute a
MTBP with immigration in each state and in state zero, respectively. The offspring
generating functions f (i), i = 1, . . . , N , are given by

f (i)(z) = hi(z1, . . . , zi, f
(i+1)(z), . . . , f (N)(z)) (3.10)

and the immigration generating function g is given by, for the polling system with
switchover times,

g(z) =

N∏
i=1

S̃i

(
i∑

k=1

λk(1− zk) +

N∑
k=i+1

λk(1− f (k)(z))

)
(3.11)

and for the polling systems without switchover times,

g(z) =

N∑
i=1

λi
λ
zi. (3.12)

3.5.3 Stability condition
Before proceeding any further, let us make a remark about the ergodicity con-
ditions. Recall that in Section 3.2 we assumed that the polling systems under
consideration, so polling systems for which the relations from Section 3.3 hold, are
assumed to be stable.

Resing [105] proves that for the class of Bernoulli type service disciplines ρ < 1
constitutes a sufficient ergodicity condition. His proof is based on the observation
that for these Bernoulli-type service disciplines the derivatives of hi take the form

∂hi
∂zj

(z)
∣∣∣
z=1

= λjαi
bi

1− ρi
, i 6= j,

∂hi
∂zi

(z)
∣∣∣
z=1

= 1− αi,

with αi some coefficient in (0, 1] determined by the parameters of Qi. It may
be easily verified however that the latter form of the derivatives applies for any
nonidling service discipline that satisfies Property 3.1 with hi(z) 6= zi. As the
proof in [105] further does not rely on the specific form of αi, we may conclude
that ρ < 1 constitutes a sufficient ergodicity condition for any nonidling service
discipline that satisfies Property 3.1 with hi(z) 6= zi. Hence, under this condition,
we can restrict ourselves to results for the stationary situation. This argument was
also used in [23].

3.5.4 Stationary distribution
Consider a polling system with switchover times and branching, nonidling disci-
plines satisfying Property 3.1 with hi(z) 6= zi. Assume that the stability condition
ρ < 1 holds. It follows by combining Theorem 3.1 with Theorem 3.3 that Vb1 ,
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the PGF of a queue length distribution in stationarity at the epoch at which the
server begins a visit at Q1, is given by

Vb1(z) =

∞∏
n=0

g(fn(z)),

with fn defined as in (3.8) and f (i), g defined as in (3.10), (3.11), respectively.
Analogously, in the case of zero switchover times,

Vb1(z) = 1− Vb1(0)

∞∑
n=0

(1− g(fn(z))) ,

with

Vb1(0) =

(
1 +

∞∑
n=0

(1− g(fn(0)))

)−1

and g defined as in (3.12).
The other Vbi ’s can be obtained by renumbering the queues or from the laws

of motion:

Vci(z) = Vbi(z1, . . . , zi−1, hi(z), zi+1, . . . , zN )

and the relation between Vbi+1 and Vci as stated in Section 3.3.

3.6 Queue length distribution at an arbitrary time
We have seen in Section 3.5 that the PGF’s Vbi and Vci can be found for a broad
variety of polling systems with branching disciplines. This is not the only exam-
ple where these PGF’s can be given and we have listed a number of other cases
in Section 3.1. Nevertheless, the PGF Q of the steady-state joint queue length
distribution at an arbitrary epoch, which in principle is the most important PGF,
received little attention and has not been studied in full generality, one exception
(that we are aware of) being [114]. In this section we present the first contribution
of this chapter – the PGF Q in the general setting without any assumptions on
the service disciplines expressed in terms of Vbi ’s and Vci ’s.

Theorem 3.4. For a general polling system as introduced in Section 3.2,

Q(z) =
1

EC

N∑
i=1

Vbi(z)− Vci(z)

Σ(z)

zi

(
1− B̃i(Σ(z))

)
zi − B̃i(Σ(z))

+
Vci(z)− Vbi+1(z)

Σ(z)

 .

Recall that EC = s
1−ρ in the non-zero switchover case and EC =

Vb1 (0)

λ(1−ρ) in the
zero switchover case.
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Proof. We will divide the proof into two parts. First we prove the formula for Q
in the non-zero switchover times case. Next we will show that this formula is also
valid in the zero switchover times case.

Let xi(·) and yi(·) be the PGF of the joint queue length distribution at an ar-
bitrary moment during a visit to Qi and during a switchover (idle) period between
Qi and Qi+1, respectively.
Non-zero switchover times: By the stochastic mean value theorem

Q(z) =
1

EC

N∑
i=1

(
bi
γi
xi(z) + siyi(z)

)
. (3.13)

Furthermore, for any i,

xi(z) = Sbi(z)B̃past
i (Σ(z)) = Sbi(z)

1− B̃i(Σ(z))

Σ(z)bi

=
γi
bi

zi (Vbi(z)− Vci(z))

zi − B̃i(Σ(z))

1− B̃i(Σ(z))

Σ(z)
, (3.14)

where B̃past
i (·) is the LST of Bpast

i , the past part of Bi and where we used (3.4).
Analogously,

yi(z) = Vci(z)S̃past
i (Σ(z)) = Vci(z)

1− S̃i(Σ(z))

Σ(z)si

=
1

si

Vci(z)− Vbi+1
(z)

Σ(z)
, (3.15)

where S̃past
i (·) is the LST of Spast

i , the past part of Si and where we used (3.5).
Combining (3.13)-(3.15) finishes the proof in this case.
Zero switchover times: Observe that in this case we can write

Q(z) = ρQserving(z) + (1− ρ)Qnon−serving(z),

where Qserving(·) and Qnon−serving(·) denote the PGF of the joint queue length
distribution at an arbitrary moment when S is serving and non-serving, respec-
tively. Trivially, Qnon−serving(z) ≡ 1.

The stochastic mean value theorem gives

Qserving(z) =
1∑N

i=1 bi/γi

N∑
i=1

bi
γi
xi(z).

Note that

ρ∑N
i=1 bi/γi

=
ρ

EC
∑N
i=1 biλi

=
ρ

EC
∑N
i=1 ρi

=
1

EC
.
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Hence, in the zero switchover case,

Q(z) =
1

EC

N∑
i=1

Vbi(z)− Vci(z)

Σ(z)

zi

(
1− B̃i(Σ(z))

)
zi − B̃i(Σ(z))

+ 1− ρ.

Noting that (3.2), (3.6) and (3.7) give

1

EC

N∑
i=1

Vci(z)− Vbi+1
(z)

Σ(z)
=

VcN (z)− Vb1(z)

ECΣ(z)
=

Vb1(0)

λEC
= 1− ρ,

we conclude that the formula for Q is also valid in the zero switchover times
case.

We would like to re-emphasize that Q is completely determined when the Vbi ’s
or Vci ’s are known. These functions were found for various polling models as
mentioned in the introduction to this chapter, notably for polling models with
branching disciplines as discussed in Section 3.5. It turns out that the formula for
Q can be further simplified.

Corollary 3.1. The formula for Q can be equivalently written as

Q(z) =

∑N
i=1 λi(1− zi)Sci(z)∑N

i=1 λi(1− zi)
. (3.16)

Proof. Observe that

N∑
i=1

Vci(z)− Vbi+1
(z)

Σ(z)
=

N∑
i=1

Vci(z)− Vbi(z)

Σ(z)
.

Hence, using (3.3), (3.4) and the definition of γi we have

N∑
i=1

(
Vbi(z)− Vci(z)

Σ(z)

zi

(
1− B̃i(Σ(z))

)
zi − B̃i(Σ(z))

+
Vci(z)− Vbi+1(z)

Σ(z)

)

=

N∑
i=1

Vbi(z)− Vci(z)

Σ(z)

zi
(

1− B̃i(Σ(z))
)

zi − B̃i(Σ(z))
− 1


=

N∑
i=1

(
Vbi(z)− Vci(z)

Σ(z)

B̃i(Σ(z))(1− zi)
zi − B̃i(Σ(z))

)
(3.4)
=

N∑
i=1

1− zi
Σ(z)

Sci(z)

γi

(3.3)
= EC

N∑
i=1

λi(1− zi)
Σ(z)

Sci(z),

which completes the proof.
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Remark 3.1. Observe that Corollary 3.1 immediately gives the formula for the
marginal distributions. Indeed, for a vector zM,i = (1, . . . , 1, zi, 1, . . . , 1), we ob-
viously have Q(zM,i) = Sci(zM,i). From the ‘step’ (level crossing) argument it
follows that Sci(zM,i) is also the PGF of the queue length distribution in Qi at
an arrival epoch at Qi. By PASTA it is also the steady-state distribution of Qi.

Next take zT = (z, . . . , z). Corollary 3.1 now states that the PGF of the distri-
bution of the total queue length (in terms of z) equals

∑N
i=1 λiSci(zT )/

∑N
j=1 λj .

This formula may be interpreted as follows. By PASTA, Q(zT ) is also the PGF of
the distribution of the total queue length at an arrival epoch. By a level crossing
argument, it follows that this equals the PGF of the distribution of the total queue
length just after a departure epoch. The result now follows from the observation
that a fraction λi/

∑N
j=1 λj of the departure epochs refers to a departure from Qi.

Remark 3.2. A possible interpretation of Corollary 3.1 is as follows. Multiplying
(3.16) by Σ(z) leads to

N∑
i=1

λi(1− zi)Q(z) =

N∑
i=1

λi(1− zi)Sci(z). (3.17)

Let L be the random vector having the PGF Q(z), that is L is the stationary queue
length at an arbitrary epoch. Applying PASTA to Qi, L has the same distribution
as just before the arrival of a customer to Qi. Denote by Di the condition that a
customer has just left Qi and by Ai that a customer has just arrived at Qi, then
in terms of probabilities, (3.17) can be rewritten as,

N∑
i=1

λiP (L = (j1, . . . , ji−1, ji − 1, ji+1, . . . , jN )|Ai)−
N∑
i=1

λiP (L = j|Ai)

=

N∑
i=1

λiP (L = (j1, . . . , ji−1, ji − 1, ji+1, . . . , jN )|Di)−
N∑
i=1

λiP (L = j|Di) .

Note however, that reshuffling the terms,

N∑
i=1

λiP (L = (j1, . . . , ji−1, ji − 1, ji+1, . . . , jN )|Ai) +

N∑
i=1

λiP (L = j|Di)

=

N∑
i=1

λiP (L = (j1, . . . , ji−1, ji − 1, ji+1, . . . , jN )|Di) +

N∑
i=1

λiP (L = j|Ai)

is simply a balance equation for the state j = (j1, . . . , jN ).

Remark 3.3. In [114] the authors also focus on the joint queue length distribution
at an arbitrary epoch. However, the result in [114] is restricted to the case of non-
zero switchover times and cycles with either all policies being gated or all being
exhaustive. The authors averaged over N visit times and N switchover times,
but did not obtain our Theorem 3.4. Our theorem reveals that exactly the same
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structure holds, regardless of the service discipline. However, they do allow a more
general customer behavior; their paper is one of the few polling studies in which
the system is viewed as a network, with customers moving from queue to queue
and the server visiting the queues cyclically.

3.7 Workload distribution at an arbitrary time

In this section we present the second contribution of this chapter – the LST W of
the steady-state joint workload distribution at an arbitrary epoch. Here we also
do not make any assumptions on the service disciplines. The LST W is given in
Theorem 3.5 expressed in terms of Vbi ’s and Vci ’s just like Q in Theorem 3.4.
From Theorem 3.5 we shall also retrieve the well known decomposition of the total
workload W in a polling system into an independent sum of the amount of work
WM/G/1 in a correspondingM/G/1 queue andWswitch, the total amount of work in
the polling system at an arbitrary epoch in a switching period. This decomposition
was found in [26], however the distribution of Wswitch was only known in a few
cases, cf. [123]. In Remark 3.4 we present the LST of the distribution of Wswitch

expressed in V ′bis and V ′cis. This constitutes the second contribution of this section.
Recall that Σ(z) =

∑N
j=1 λj(1 − zj), in what follows for ω = (ω1, . . . , ωN ) let

B̃(ω) = (B̃1(ω1), . . . , B̃N (ωN )).

Theorem 3.5. For a general polling system as introduced in Section 3.2,

W (ω) =
1

EC

N∑
i=1

(
Vbi(B̃(ω))− Vci(B̃(ω))

Σ(B̃(ω))− ωi
+

Vci(B̃(ω))− Vbi+1
(B̃(ω))

Σ(B̃(ω))

)
.

Recall again that EC = s
1−ρ in the non-zero switchover case and EC =

Vb1 (0)

λ(1−ρ)
in the zero switchover case.

Proof. The proof follows the same reasoning as the proof of Theorem 3.4. In
particular, we focus only on the non-zero switchover times case.

Let X̃i(·) and Ỹi(·) be the LST of the joint workload distribution at an arbitrary
moment during a visit to Qi and during a switchover (idle) period between Qi and
Qi+1, respectively. Then by the stochastic mean value theorem

W (ω) =
1

EC

N∑
i=1

(
bi
γi
X̃i(ω) + siỸi(ω)

)
.

Firstly, note that using (3.15),

Ỹi(ω) = Yi(B̃(ω)) =
1

si

Vci(B̃(ω))− Vbi+1
(B̃(ω))

Σ(B̃(ω))
.
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Secondly, with R2
+ = [0,∞)2, let

I(ω) =

∫
R2

+

exp
(
−Σ(B̃(ω))u− ωit

)
dP
(
Bpasti < u,Bresi < t

)
.

Then,

X̃i(ω) =
Sbi(B̃(ω))

B̃i(ωi)
I(ω).

Indeed, consider an arbitrary service time during a visit to Qi. The term

Sbi(B̃(ω))

B̃i(ωi)

corresponds to the LST of the workload of all the customers in the system at the
beginning of that service time, excluding the customer whose service is about to
begin. Secondly, consider the workload that arrives at all queues during the past
part Bpasti of that service time, and the residual part Bresi of that same service
time. Next integrate with respect to the joint distribution of Bpasti and Bresi .
Using (3.4) and the fact that, cf. [35, Section I.6.3],

I(ω) =
B̃i(ωi)− B̃i(Σ(B̃(ω)))

bi

(
Σ(B̃(ω))− ωi

) ,

we obtain

X̃i(ω) =
Sbi(B̃(ω))

B̃i(ωi)

B̃i(ωi)− B̃i(Σ(B̃(ω)))

bi

(
Σ(B̃(ω))− ωi

)
=
γi
bi

Vbi(B̃(ω))− Vci(B̃(ω))

B̃i(ωi)− B̃i(Σ(B̃(ω)))

B̃i(ωi)− B̃i(Σ(B̃(ω)))

Σ(B̃(ω))− ωi

=
γi
bi

Vbi(B̃(ω))− Vci(B̃(ω))

Σ(B̃(ω))− ωi
.

This completes the proof.

Remark 3.4. Observe that Theorem 3.5 gives the LST of the distribution of W ,
the total workload in a polling system. With ωT = (ω, . . . , ω), we have E[e−ωW ] =
W (ωT ), so that

E[e−ωW ] =
1− ρ
s

ω

ω −
∑N
j=1 λj(1− B̃j(ω))

N∑
i=1

Vci(B̃(ωT ))− Vbi(B̃(ωT ))∑N
j=1 λj(1− B̃j(ω))

.

Note that the LST of the amount of work WM/G/1 in a corresponding M/G/1
queue, that is, an M/G/1 queue with arrival rate λ and service time with the LST
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∑N
j=1 λjB̃j(ω)/λ, is given by

E[e−ωWM/G/1 ] =
(1− ρ)ω

ω −
∑N
j=1 λj(1− B̃j(ω))

.

Note that WM/G/1 is also the amount of work in the polling system with zero
switchover times. Finally, from the proof of Theorem 3.5 we know that the LST
of the distribution of the total amount of work Wswitch in a polling system at an
arbitrary epoch in a switching period is given by

E[e−ωWswitch ] =
1

s

N∑
i=1

siỸi(ωT ) =
1

s

N∑
i=1

Vci(B̃(ωT ))− Vbi(B̃(ωT ))∑N
j=1 λj(1− B̃j(ω))

. (3.18)

Hence, we retrieve the well known decomposition (see, e.g., [26])

E[e−ωW ] = E[e−ωWM/G/1 ]E[e−ωWswitch ].

The distribution of Wswitch was only known in a few special cases, cf. [123]. From
Theorem 3.5 it follows that in general its LST is given by (3.18).

Remark 3.5. In Chapter 4 we will further generalize the findings in this section.
Notice that we can model arrival of workload in Qi as the process

WA
i (t) = (W1(t), . . . ,Wi−1(t), Ai(t),Wi+1(t), . . . ,WN (t)),

where Ai(t) = Wi(t)−t andWi are independent compound Poisson processes with
jump distribution Bi and arrival rate λi. In Chapter 4 we will consider models were
Wi can be any Lévy subordinators and Ai any spectrally positive Lévy processes.
Furthermore, we will allow for correlation between these processes. For such a
class of polling systems we will also find the LST W .





CHAPTER 4

LÉVY-DRIVEN POLLING
SYSTEMS

4.1 Introduction

Classical analysis of polling systems heavily focuses on keeping track of customers
in the system at embedded epochs, as we have seen in Section 3.3 and Section 3.5.
Throughout the vast polling literature, it is almost always assumed that customers
arrive at the queues according to independent Poisson processes, where, in addi-
tion, the service requirements brought along by these customers are i.i.d. se-
quences. This was also the standing assumption of Chapter 3. The resulting input
processes in the queues thus constitute independent compound Poisson processes
(CPPs). Correlated arrivals in polling models have received little attention; see
[83] for a treatment of polling models with correlated CPP input.

In this chapter we generalize the classical assumptions in several ways. We con-
sider polling models with Lévy-driven, possibly correlated, input streams. More
specifically, we assume that the queues are fed by an N -dimensional Lévy sub-
ordinator W , where N ≥ 1 corresponds to the number of queues. The server is
modeled by an N -dimensional spectrally positive Lévy process A. That is, if the
queue under consideration, say Qi, is not in service, its workload evolves according
to Wi(t), whereas during its service time it is described by Ai(t). The workload
in the system while the server is at Qi evolves according to a Lévy process

WA
i (t) =

(
W1(t), . . . ,Wi−1(t), Ai(t),Wi+1(t), . . . ,WN (t)

)
.

We refer to this model as a Lévy-driven polling system. Observe that when seen
from the point of view of workload, the classical polling system becomes just a

41
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special example of the Lévy-driven polling systems. Indeed, Wi becomes a CPP
with jump distribution Bi (customer service time) and arrival rate λi and Ai(t)
becomes Ai(t) = Wi(t)− t.

We recall that Lévy processes are processes with stationary, independent in-
crements. It is stressed, however, that the components of the N -dimensional Lévy
process need not necessarily be independent. The generalization from CPPs to
Lévy input implies that we can no longer speak of notions such as customers and
queue lengths, the main performance measure under consideration in Chapter 3.
This explains why we focus on the joint workload process. While quite a few studies
have been devoted to a single-server single-queue model with Lévy input, there is
hardly any literature on Lévy-driven polling systems. An exception is Eliazar [59],
who considers such systems only for the gated discipline and independent input
processes and does not allow for spectrally positive Lévy processes. His analysis
follows a dynamical-systems approach: a stochastic Poincaré map, governing the
one-cycle dynamics of the polling system is introduced, and its statistical char-
acteristics are studied. This approach differs from ours; we identify a branching
structure in Lévy-driven polling models as will be explained later. By considering
the input as an N -dimensional Lévy processW instead of N one-dimensional pro-
cesses Wi, we accomplish an easy incorporation of correlation between the inputs
to different queues. This is due to the fact that every Lévy process is uniquely
characterized by its characteristic exponent, which in the multidimensional case
also captures the correlation structure between the individual components.

Considering polling models with Lévy input opens several new perspectives.
Firstly, the theory of Lévy processes was strongly developed in recent years, and
its application appears to lead to more simplified derivations of many results which,
for the case of compound Poisson input, are only obtained after detailed calcula-
tions. Secondly, having Lévy input leads to significant generalizations of known
results. Such generalizations are theoretically interesting, but also, owing to the
inherent flexibility of Lévy processes, offer various new possibilities from the view-
point of applications. Polling models have found applications in many different
areas as noted already in Chapter 3. Almost invariably, it has been assumed in
the polling literature that the input process is composed of a number of indepen-
dent compound Poisson processes. We allow Lévy input, and correlation between
the various input streams, and different input processes during different visit and
switch-over periods. This gives much additional modeling capability. E.g., in
stochastic economic lotsizing it is quite natural to have correlations between the
arrival processes of demands of different product types. And in road traffic as well
as in communications, it is sometimes better to model traffic as a fluid than as
separate customers; indeed, a special case of our model is the situation in which
there is a constant fluid input in one queue of the polling model, and a compound
Poisson input in an other queue. As another example, while a Brownian motion
component may not be natural in representing work inflow, it may represent real-
istic fluctuations in the speed of the server. Recall that a served queue is modeled
by a spectrally positive Lévy process with negative drift allowing for incorporation
of a Brownian component.
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The transition from CPPs to Lévy processes deprives us from the possibility
of using the branching property, Property 3.1, which is stated in terms of cus-
tomers (which are of a discrete nature) in the system, and therefore has no sim-
ple translation to our continuous state-space setting. In this chapter we identify
the analogous property, referred to as the continuous branching property, for the
disciplines in the Lévy framework. Thanks to this property we identify a branch-
ing structure in Lévy-driven polling systems analogous to the one found in [105],
which we presented in Section 3.5. In turns out that the multidimensional work-
load at successive polling instants at a fixed queue in Lévy-driven polling systems,
that satisfy the continuous branching property can be expressed as a multi-type
continuous state-space (discrete time) branching process with immigration. This
branching process is referred to in the sequel as multi-type Jiřina branching process
(MTJBP) due to Jiřina [68], who introduced the notion of continuous state-space
branching processes and paid special attention to discrete-time processes (called
Jiřina processes in the literature). The role of MTJBPs for Lévy-driven polling
systems is thus analogous to the one of MTBPs (introduced in Section 3.4) for the
classical polling systems as discussed in Chapter 3. The relation between Lévy-
driven polling models and continuous state-space branching processes has been
observed before by Altman and Fiems [7] in a special case strongly relying on the
assumption imposed that all the queues are fed by identical Lévy subordinators.
This relation was only used to derive the first two waiting-time moments and did
not focus on the underlying structure of the branching process. The observation
that Lévy-driven polling models can be completely characterized (in terms of dis-
tribution) by a continuous-state space branching process of the MTJBP form is
therefore novel. It allows to compute the LSTs B̃i and Ẽi of the joint workload
distribution at the beginning and at the end of a visit to Qi, respectively.

Another performance measure which is analyzed in this chapter is W , the LST
of the steady-state distribution of the joint workload in the queues at an arbitrary
epoch. Because a classical polling system, analyzed in terms of the workload, is
a special case of the Lévy-driven polling system, we have already computed this
LST in Section 3.7 for this very special case. In this chapter we find W in the
general Lévy framework. Just like in Section 3.7, we show that the formula for
W holds for any service discipline and can be computed as long as B̃i and Ẽi

are known for each i = 1, . . . , N . Thanks to the connection between Lévy-driven
polling systems and MTJBPs these LSTs can be found under the assumption of
the continuous branching property. To obtain the formula for W we employ the
Kella-Whitt martingale [70]. A similar approach has been used before; e.g., [29]
give the steady-state storage level transform for a Lévy-driven queueing model
with service vacations.

4.1.1 Contribution

This chapter casts a broad class of queueing models into a single general frame-
work. More specifically the contributions are the following. First, we consider
general, Lévy-driven polling models instead of the classical models with CPP in-
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flow. Second, we let the inputW change at polling and switching instants, whereas
in classical polling models the input processes are typically fixed once and for all.
Third, we allow for correlation between the individual input processes (correlated
arrivals received little attention so far, see [83]). Fourth, we introduce a new
class of service disciplines satisfying a novel branching property, and we relate
Lévy-driven polling models to MTJBP. This class is broad and contains the well
known exhaustive and gated disciplines. Fifth, we provide the LST of the joint
steady-state workload distribution at an arbitrary epoch. Finally, we show that the
stability of our system does not depend on the disciplines used at different queues,
and can be formulated in terms of rates of input (which leads to an intuitively
appealing criterion).

4.1.2 Organization of the chapter

The remainder of this chapter is organized as follows. In Section 4.2 we describe
the model and the service disciplines that are considered in this chapter. Sec-
tion 4.3 presents a brief introduction on MTJBPs and some additional intuition
behind these processes. We also state a limit theorem for MTJBPs with immi-
gration. Section 4.4 contains one of the two main theorems in this chapter. It
is shown that in our model the workload level at different queues at successive
epochs that the server reaches a fixed queue is an MTJBP with immigration. This
leads to an expression for the LST of the stationary joint workload distribution
at different queues at these epochs. Section 4.5 contains the second main theorem
of this chapter. We derive the LST of the stationary joint workload distribution
at an arbitrary epoch. In Section 4.6 we show that our results carry over in a
straightforward way to the situation in which W changes between polling and
switching instants. We conclude in Section 4.7 by presenting a discussion of the
ergodicity of the most general model, i.e., the model addressed in Section 4.6.

4.1.3 Notation

For an N -dimensional vector X with non-negative coordinates we denote its LST
by X̃(u) = Ee−〈u,X〉, u ≥ 0. In this chapter we use N -dimensional Lévy sub-
ordinators, that is N -dimensional Lévy processes, whose coordinates have non-
decreasing sample paths. We also use spectrally positive Lévy processes, that
is, processes which are allowed to have positive jumps only and are not subor-
dinators. Recall that an N -dimensional Lévy subordinator {X(t) : t ≥ 0} can
be uniquely characterized by its Laplace exponent Φ : [0,∞)N → R satisfying
Ee−〈u,X(t)〉 = e−tΦ(u), for every u ≥ 0.

As mentioned above, we focus on the system’s workload process, and would
like to show that it possesses a specific branching structure. To this end, we
talk about children of a workload portion x. Because we can treat a portion of
workload x as any number n of smaller portions x/n, we need to be able to talk
about infinitesimally small portions of workload. That is why we shall adopt the
language of fluid queues, and an infinitesimally small portion of workload can be
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regarded as a drop. Hence, from now on we shall use the terms workload and
amount of fluid interchangeably.

4.2 Model description

We consider a system of N ≥ 1 infinite-buffer fluid queues, Q1, . . . , QN and a
single server S. The queues are fed by an N -dimensional Lévy subordinator
W = {W (t) : t ≥ 0} with Laplace exponent Φ. The server moves along the
queues in a cyclic order. When S moves from Qi to Qi+1 it incurs a switch-
over period. Throughout this chapter we implicitly use the convention that any
index summation is modulo N , for example QN+1 = Q1. The durations of suc-
cessive switchover times between Qi and Qi+1 are i.i.d. positive random variables
generically denoted by Si with ESi <∞. The switchover times are assumed to be
independent from any other random objects in the system. The server’s work at Qi
is modeled by a spectrally positive Lévy process Ai with negative drift EAi(1) < 0,
so that the work in the system evolves (while the server is at Qi) according to a
Lévy process

WA
i (t) =

(
W1(t), . . . ,Wi−1(t), Ai(t),Wi+1(t), . . . ,WN (t)

)
.

Note thatWA
i is not a subordinator, nevertheless its Laplace exponent exists; it is

denoted through ΦWA
i
. Let Fi be an augmented right-continuous filtration, such

that WA
i (t) is a Lévy process with respect to Fi, for instance one can take an

augmented natural filtration of WA
i .

Remark 4.1. Taking a general spectrally positive Lévy process Ai(t) rather than
Wi(t)− t allows for usage of a slightly bigger class of input processes. For instance
one can take Ai to be a Brownian motion. The use of reflected Brownian motion is
common in queueing theory, as it is the limiting model for a wide class of queueing
models under the functional central limit theorem, see, e.g., Whitt [127].

Remark 4.2. In this section, Section 4.4 and Section 4.5 the input process W
remains fixed. In Section 4.6 we show that one can still analyze the joint workload
process if W is allowed to change at polling and switching instants. In classical
polling systems this could correspond to, e.g., having arrival rate λij at Qi when
the server is at Qj .

4.2.1 Service disciplines

Recall from Section 3.2 that a key feature of polling models is the service discipline.
A service discipline specifies the rule that determines how long a server will visit a
queue (and process any workload found there). Let τi(x) denote the time the server
spends at Qi when it finds x units of work in this queue upon arrival. Loosely
speaking, τi(x) is a stopping rule for the server, which observes the processWA

i (t).
This motivates the following assumption.
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Assumption 4.1. The time that the server spends at Qi when it finds x units of
work τi(x) is an Fi-stopping time for every x > 0.

Assumption 4.1 ensures that the disciplines are non-anticipating. For example,
we exclude the case, when the server decides to stop the service if it ‘sees’ that,
for instance, the cumulative input in the next T units of time is less than some
ε. The above assumption expresses the fact, that a service strategy or discipline
should be based only on the knowledge of the evolution of the system up to the
current time-point.

We also require that a discipline is work conserving, that is, the server never
stays at a queue after it became empty. This is made precise in the following
assumption. Define

Ti(x) = inf{t ≥ 0 : Ai(t) = −x}.

Assumption 4.2. For every x > 0, τi(x) ≤ Ti(x) a.s..

Finally, the service disciplines that we consider in this chapter satisfy the fol-
lowing property.

Property 4.1 (Continuous branching property). If the server arrives at Qi to find
the workload level x there, then during the course of the server’s visit, this workload
is replaced by Hi(x), where {Hi(x) : x ≥ 0} is an N -dimensional Lévy subordina-
tor with Laplace exponent ηi, which can be any Laplace exponent corresponding to
an N -dimensional subordinator.

In other words, if the server finds workload vector x at the time of arrival
at Qi then the workload vector at the end of the service of this queue becomes
x−xiei+Hi(xi). Note that any replacement process should stay positive so that
work does not become negative in Qi and does not decrease in the other queues.
It is also obvious that such a process should be increasing in x. Therefore the
assumption thatHi(x) is a subordinator is intuitively clear and natural. Moreover,
due to the independent stationary increments property of any Lévy process,Hi(x+

y)
d
= H̄i(x)+H̄i(y), where H̄i(x) and H̄i(y) are independent random vectors with

the same distribution as Hi(x) and Hi(y), respectively. Note that this properties
essentially says that each drop of the fluid in the served queue is treated in an i.i.d.
manner. It is further observed that Property 4.1 is a continuous analogue of the
branching property Property 3.1. Note that we allow different service disciplines
at different queues, as long as they obey Property 4.1.

Because of Assumption 4.2 one does not need to consider reflection of the
workload process at 0, hence the workload replacement Hi(x) is given by

Hi(x) = xei +WA
i (τi(x))

= (W1(τi(x)), . . . ,Wi−1(τi(x)), x+Ai(τi(x)),Wi+1(τi(x)), . . . ,WN (τi(x))) .

Moreover, Eτi(x) ≤ ETi(x) < ∞, because Ai(t) has negative drift. Hence using
Wald’s identity twice to Lévy processes Hi and WA

i we get

Eτi(x) = xEτi(1). (4.1)
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4.2.2 Examples of service disciplines

In this subsection we shall discuss service disciplines that satisfy Property 4.1.
Let us start with the two well known disciplines, the gated discipline and the
exhaustive discipline.

The gated discipline

We say that the server works according to the gated discipline in Qi if S serves
only the workload that was present at the start of the visit. Fluid flowing into the
queue during the course of the visit is served in the next visit. Because for a general
spectrally positive Lévy process Ai the gated discipline becomes ill-defined, every
time we speak of the gated discipline we tacitly assume that Ai(t) = Wi(t) − t.
Now if the server finds an amount of work x upon arrival, the time τi(x) spent in
Qi is simply τi(x) = x, so that Hi(x) equals

(W1(τi(x)), . . . ,Wi−1(τi(x)), x+Ai(τi(x)),Wi+1(τi(x)), . . . ,WN (τi(x))) = W (x)

and thus

ηi(u) = Φ(u), (4.2)

where Φ is the Laplace exponent of W ; cf. Section 4.2.

The exhaustive discipline

Verification of the validity of Property 4.1 for exhaustive service at Qi is somewhat
more involved. To this end, first recall that the server continues to work until the
queue becomes empty. Fluid arriving during the course of the visit is served in
the current visit. Hence τi(x) = Ti(x) is the time needed to empty the queue with
initial workload level x. It is known that for Ai(t) a spectrally positive Lévy process
with negative drift, Ti(x) is an a.s. finite stopping time. Using the property of
stationary and independent increments generalized to stopping times [80, Theorem
3.1] one can see that Hi(x) is a Lévy process. We need to compute

E exp(−〈u,Hi(x)〉) = E exp

−∑
j 6=i

ujWj(Ti(x))

 ,

which does not depend on ui (x is replaced by 0 in Qi). Now consider, for a fixed
u(i) = (u1, . . . , ui−1, ui+1, . . . , uN ) ≥ 0, the function

Φ̂i(θ) := ΦWA
i

(u1, . . . , ui−1, θ, ui+1, . . . , uN ),

where θ ≥ 0. It is easy to see that Φ̂i(0) ≥ 0, because Wj(t), j 6= i are subordi-
nators. Moreover, limθ→∞ Φ̂i(θ) = −∞, because Ai(t) is not a subordinator. It
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follows from the continuity of Φ̂i(θ) that there exists a number ψi(u(i)) ≥ 0 such
that Φ̂i(ψi(u

(i))) = 0. Then consider Wald’s martingale

exp
(
−
〈
u,WA

i (t)
〉

+ ΦWA
i

(u)t
)

and pick ui = ψi(u
(i)). Application of the optional sampling theorem to the a.s.

finite stopping time Ti(x) gives

E exp

−∑
j 6=i

ujWj(Ti(x)) + ψi(u
(i))x

 = 1.

Hence E exp(−〈u,Hi(x)〉) = exp(−ψi(u(i))x) and

ηi(u) = ψi(u
(i)). (4.3)

Mixed disciplines

For a fixed p ∈ [0, 1] one can require that the fraction p of the present workload
(upon arrival) is handled according to some branching disciplineH(1) and the rest
according to a different branching discipline H(2). Then,

Hi(x)
d
= H(1)(px) +H(2)((1− p)x)

is a branching discipline. For instance, one can consider a p-exhaustive discipline,
where it is required that the initial amount of workload x be reduced to the level
px. Then,

Hi(x)
d
= px+Hexh((1− p)x)

is a branching discipline with Laplace exponent

ηi(u) = pui + ηexh
i (u(i))(1− p),

with ηexh
i is the Laplace exponent of the exhaustive service discipline given by

(4.3).

General method

In the above examples we saw that as soon as we define the time τi(x) that the
server spends serving Qi if it finds the workload level x upon its arrival, the
replacement process Hi(x) can be written as xei + WA

i (τi(x)). Therefore one
needs to prove that WA

i (τi(x)) is a Lévy process and find ηi such that

E exp
(
−
〈
u, xei +WA

i (τi(x))
〉)

= exp(−xηi(u)).
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4.3 Multi-type Jiřina branching processes
The observation that the theory of branching processes of Bienaymé–Galton–
Watson type can be extended to random variables taking their values in a continu-
ous state-space appears to be due to Jiřina [68], who points out that the key to such
an extension is to make the offspring distribution infinitely divisible. The effect of
an initial quantity of parent, may then be described by raising the Laplace expo-
nent of the number of offspring per unit parent to the appropriate non-negative
power; note the similarity with the discrete case, where the generating function
of the distribution of offspring per individual is raised to a non-negative integer
power.

Recall from Section 3.4 that a multi-type branching process with immigration
is a sequence of random vectors Z = {Zn : n ≥ 0} satisfying the recursion

Zn+1 =

N∑
i=1

Zni∑
j=1

Rn+1
i,j + In+1, n ≥ 0,

where for each i = 1, . . . , N , {Rn
i,j : n, j ≥ 1} is a sequence of i.i.d. vectors

corresponding to the offspring population of type i particles and {In : n ≥ 1} is a
sequence of i.i.d. vectors corresponding to the immigration in each state.

In a natural way this concept extends to the multi-type case, where each type
reproduces independently from others and gives rise to a multi-type continuous
‘population’. For i = 1, . . . , N , let {Rn

i : n ≥ 0} be mutually independent se-
quences of i.i.d. N -dimensional Lévy subordinators Rn

i = {Rn
i (x) : x ≥ 0} with

common Laplace exponent κi, and let {Gn : n ≥ 1} be an independent sequence
of non-negative N -dimensional i.i.d. random vectors with LST G̃. We define the
one-step evolution of the process X through

Xn+1 =

N∑
i=1

Rn+1
i (Xn

i ) +Gn+1, (4.4)

where X0 is a given starting random vector. From (4.4) it follows that, with
FXn = σ(Xk : k ≤ n),

E
(
e−〈u,X

n+1〉|FXn
)

= e−〈X
n,κ(u)〉G̃(u).

Such a sequence will be called a multi-type Jiřina branching process (MTJBP)
with branching mechanism κ and immigration G̃.

Letmi,j be the expected quantity of type j offspring per unit quantity of parent
population of type i, i.e.

mi,j = ER1
i,j(1) =

∂κi
∂uj

(0).

Just like in the case of MTBP, an essential role is played by the mean matrix
M = (mi,j)N×N . Recall from Section 3.4 that we call the matrix M primitive, if
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there is an n such that all entries of the matrix Mn are strictly positive and that
as a consequence of the Perron–Frobenius theorem, for a non-negative primitive
matrix M there exists a positive real eigenvalue ρM of M such that |ρ| < ρM for
all other eigenvalues ρM of M .

Let us define a sequence of auxiliary functions κ(i)(·) inductively by{
κ(0)(u) = u,
κ(i)(u) =

(
κ1(κ(i−1)(u)), . . . , κN (κ(i−1)(u))

)
.

Theorem 4.1. Let X be a MTJBP with branching mechanism κ and immigration
G̃. Let the mean matrix M corresponding to the branching process be primitive
and denote its maximal eigenvalue by ρM . Assume that ‖G‖ is integrable, then:

(i) if ρM < 1 (subcritical case), then Xn converges in distribution to a random
vector X∞ satisfying

Ee−〈u,X
∞〉 =

∞∏
k=0

G̃(κ(k)(u)), u ≥ 0. (4.5)

(ii) if ρM > 1 (supercritical case) and Gi > 0 with positive probability for all i,
then ‖Xn‖ → ∞ a.s. as n→∞.

Part (i) of the above theorem follows from [6], for part (ii) we refer to [30].

4.4 Polling systems and MTJBP

In this section we shall prove that for our model the joint amounts of fluid in
the queues on successive epochs that the server reaches Q1 form an MTJBP with
immigration, which is one of the main results of this chapter. Define tn as the
(random) time point that the server reaches Q1 for the nth time. Let t0 correspond
to time 0.

Theorem 4.2. Assume that the service discipline at Qi satisfies Property 4.1 with
Laplace exponent ηi, i = 1, . . . , N . Then the amount of fluid Bn in the different
queues at time points tn constitutes a multi-type Jiřina branching process with
immigration, where the branching mechanism κ is given by the recursive equations

κi(u) = ηi (u1, . . . , ui, κi+1(u), . . . , κN (u)) , i = 1, . . . , N, (4.6)

and immigration

G̃(u) =

N∏
i=1

S̃i (Φ(u1, . . . , ui, κi+1(u), . . . , κN (u))) . (4.7)
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Proof. Consider the polling system at time tn and assign the color ci to the fluid
in Qi and denote its amount through xi, for all i = 1, . . . , N . Now suppose that
fluid arriving during switchovers has color c0, and fluid arriving during the service
of ci-colored fluid has the same color ci for all i = 0, . . . , N . We stress that our
coloring depends on the color of the fluid in service, i.e., not on the queue. Given xi
– the amount of fluid of color ci at time tn, denote the amount of fluid of color ci at
time tn+1 through Rn+1

i (xi) (offspring of type i) if i 6= 0, and Gn+1 (immigration)
if i = 0, so that

Bn+1 =

N∑
i=1

Rn+1
i (Bni ) +Gn+1, n ≥ 0. (4.8)

Obviously the sequences {Rn
i (x) : x ≥ 0, n ≥ 1} and {Gn : n ≥ 1} constitute

sequences of i.i.d. increasing stochastic processes and random vectors, respectively.
Moreover,Gn is independent fromRn

i for i = 1, . . . , N , because the amount of fluid
arriving during switchover periods depends only on the lengths Si (independent
from anything else) of those periods and the input process W , but not on the
amount of fluid already in the system. Denote the common distribution of {Rn

i (x) :
x ≥ 0, n ≥ 1} and {Gn : n ≥ 1} by Ri and G, respectively.

Note that at the time instant when the server starts polling Qi+1, the amount
of fluid of color ci is given by Hi(xi), so

Ri(xi)
d
=

i∑
j=1

ejHi,j(xi) +

N∑
j=i+1

Rj(Hi,j(xi)), (4.9)

where Hi,j(x) denotes the jth element of Hi(x). Note that the color ci fluid can
appear in the system only in the following two cases. As a replacement of the fluid
already present in Qi at the beginning of the polling cycle, which corresponds to
the part

i∑
j=1

ejHi,j(xi)),

or as a replacement of the fluid that arrived to the, yet to be served, queues
Qi+1, . . . , QN , during the service of Qi, which corresponds to the part

N∑
j=i+1

Rj(Hi,j(xi)).

Backward induction (from i = N to i = 1) and stationarity and independence
of increments ofHi imply the same properties forRi. Hence, Ri are Lévy subordi-
nators, for i = 1, . . . , N . Finally, the mutual independence of Rn

i for i = 1, . . . , N
follows from the Property 4.1. Hence {Bn : n ≥ 0} is a MTJBP.
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Next, we compute the Laplace exponent κi of Ri. Using (4.9) and conditioning
on Hi(x) we obtain

E exp (−〈u,Ri(x)〉) = E exp

− i∑
j=1

ujHi,j(x)−
N∑

j=i+1

Hi,j(x)κj(u)


= exp (−xηi(u1, . . . , ui, κi+1(u), . . . , κN (u))) ,

so that (4.6) holds.
It is left to compute the LST of G. First note that we can write G =

∑
iGi,

where Gi are mutually independent and represent fluid at the end of the polling
cycle generated by the ith switchover. That is,

Gi
d
=

i∑
j=1

ejWj(Si) +

N∑
j=i+1

Rj(Wj(Si)).

Similarly as above we obtain

E exp(−〈u,Gi〉) = E exp

− i∑
j=1

ujWj(Si)−
N∑

j=i+1

Wj(Si)κj(u)


= E exp (−SiΦ(u1, . . . , ui, κi+1(u), . . . , κN (u))) ,

which proves (4.7).

Remark 4.3. From the proof of Theorem 4.2 we can clearly see the importance
of the branching property. Most importantly, it implied the distributional equal-
ity (4.9) for the distribution of Ri. Then the distribution of G follows in terms
of the Laplace exponents of the Ri’s. However, to establish the MTJBP structure
of the Lévy-driven polling system, all we need to show is that (4.8) (or equiva-
lently (4.4)) holds with independent components.

We envisage that a variant of our approach can deal with an even larger class
of service disciplines than the class of branching disciplines. One can think of dis-
ciplines that do not satisfy Property 4.1, but for which still the workload evolution
can be described by (4.8). An example is the globally-gated discipline (see [28]),
which works as follows. At the beginning of each cycle, all fluid in Q1, . . . , QN
is marked. During the next cycle, the server serves all the marked fluid. The
newly arrived fluid, however, has to wait until being marked at the next cycle-
beginning, and will be served during the next cycle. This discipline does not sat-
isfy Property 4.1, but assuming that the server works with rate 1, an equation of
the form (4.8) can be derived with Rn

i
d
= W and G =

∑
Gi, where Gi

d
= W (Si).

Therefore such a model also has the MTJBP structure with branching mechanism
κ(u) = (Φ(u), . . . ,Φ(u)) and immigration G̃(u) =

∏
S̃i(Φ(u)).

An immediate consequence of Theorem 4.2 is that we can use Theorem 4.1 to
obtain the limiting, steady-state, distribution of the joint workload B∞ at polling
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epochs for our polling model, cf. (4.5). Let Bi and Ei denote the random variable
having the steady-state distribution of the joint amount of fluid in each queue at
the beginning of a visit (polling instant) to Qi and at the end of a visit (switching
instant) to Qi, respectively.

Corollary 4.1. Bi and Ei can be related to each other by

B̃i+1(u) = Ẽi(u)S̃i(Φ(u)), (4.10)

Ẽi(u) = B̃i(u1, . . . , ui−1, ηi(u), ui+1, . . . , uN ),

where, with G̃ and κ given by Theorem 4.2,

B̃1(u) =

∞∏
k=0

G̃(κ(k)(u)).

Remark 4.4. By the same token, we can, for arbitrary i = 1, . . . , N , find B̃i(u)
as well (renumber such that Qi becomes Q1). The infinite product formula for
the Laplace transform of the distribution of B1 is typical in the area of (classical)
polling models and we have already encountered it in Section 3.5. This kind of
formula can be numerically inverted to obtain various performance metrics; see,
e.g., [1; 2; 33]. The interpretation of the infinite-product expression for B̃1(u)
is the following. The terms of the infinite product correspond to independent
contributions to the workload vector at a polling instant of Q1. The 0th term
represents work still present, that has arrived during the switchover periods in the
cycle that has just ended. The 1st term represents work that has arrived during
the service of work that had arrived one cycle earlier during switchover periods.
And so on: the kth term, k = 1, 2, . . . , represents work that was initiated k cycles
before the last cycle by ancestral work arriving during a switchover period.
Remark 4.5. A special case of our model is the fluid polling model studied in
Czerniak and Yechiali [37]: there the Lévy input reduces to N linear deterministic
processes. Another special case of our model is the classical polling model in which
the Lévy input corresponds to N independent CPPs.

As in the introduction, it should be noted that a relation between Lévy-driven
polling systems and continuous state-space branching processes was considered
before by Altman and Fiems [7]. Those authors assume that all queues are fed by
identical Lévy subordinators. Furthermore they do not allow general spectrally
positive Lévy processes to model the behavior of the server as it is allowed in this
chapter. Having identical Lévy subordinators enables the authors to construct a
continuous state-space branching process. This process is then used only to derive
the first two waiting-time moments and not to determine the branching structure
of the polling system itself.

4.5 Workload distribution at an arbitrary time
Having determined the LST of the joint steady-state workload at polling and
switching instants in the previous section, we now concentrate on its counterpart
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at an arbitrary instant in time. We have already found this LST in Section 3.7 for
a very special case of our model with independent CPP inputs and server working
at rate 1, i.e., Ai(t) = Wi(t)− t for all i.

Let us begin with a result which is a key tool in deriving the workload LST at
an arbitrary time – a Kella-Whitt type martingale.

Proposition 4.1. Define a stochastic process Mi = {Mi(t) : t ≥ 0} by

Mi(t) = e−〈u,W
A
i (t)〉 − 1 + ΦWA

i
(u)

∫ t

0

e−〈u,W
A
i (s)〉 ds, t ≥ 0.

Mi is a zero mean martingale with respect to filtration Fi, the augmented right-
continuous filtration, such that WA

i (t) is a Lévy process with respect to Fi.

Proof. Apply Kella andWhitt [70, Theorem 1] to the one-dimensional Lévy process〈
u,WA

i

〉
.

Applying Doob’s Optional Sampling theorem to the martingale Mi and stop-
ping time τi(x) ∧ n yields

E
∫ τi(x)∧n

0

e−〈u,W
A
i (s)〉 ds =

1

ΦWA
i

(u)
E
(

1− e−〈u,W
A
i (τi(x)∧n)〉

)
.

Taking n → ∞ and applying the monotone convergence theorem on the left and
the dominated convergence theorem on the right (e−〈u,W

A
i (τi(x)∧n)〉 ≤ euix) we

obtain

E
∫ τi(x)

0

e−〈u,W
A
i (s)〉 ds =

1

ΦWA
i

(u)
E
(

1− e−〈u,W
A
i (τi(x))〉

)
. (4.11)

Finally, assume that a Lévy-driven polling system is in stationarity and denote its
steady-state cycle length by C. We are now ready to state the second main result
of this chapter.

Theorem 4.3. For the Lévy-driven polling system as introduced in Section 4.2, the
LST W of the steady-state distribution of the joint amount of fluid at an arbitrary
epoch is given by

W (u) =
1

EC

N∑
i=1

(
B̃i(u)− Ẽi(u)

ΦWA
i

(u)
+
Ẽi(u)− B̃i+1(u)

Φ(u)

)
. (4.12)

Proof. Let F (t) be the amount of fluid in each queue at time t within a cycle C,
assuming that we start in stationarity. By the stochastic mean value theorem

W (u) =
1

EC
E
∫ C

0

e−〈u,F (t)〉 dt.



4.5. WORKLOAD DISTRIBUTION AT AN ARBITRARY TIME 55

The cycle C can be divided into intervals corresponding to visit periods Vi to Qi
and switching (idle) periods Ii between Qi and Qi+1. Conditioning on Si and
using Fubini’s theorem, we find

Si(u) = E
∫
Ii

e−〈u,F (t)〉 dt = E
∫ Si

0

e−〈u,(Ei+W (t))〉 dt = Ẽi(u)
1− S̃i(Φ(u))

Φ(u)

=
Ẽi(u)− B̃i+1(u)

Φ(u)
.

On the intervals Vi we have

Li(u) = E
∫
Vi

e−〈u,F (t)〉 dt = E
∫ τi(Bi,i)

0

e−〈u,(Bi+W
A
i (t))〉 dt.

Conditioning on Bi and applying (4.11) yields

Li(u) =
1

ΦWA
i

(u)

(
Ee−〈u,Bi〉 − Ee−〈u,(Bi+W

A
i (τi(Bi,i))〉

)
=

1

ΦWA
i

(u)

(
Ee−〈u,Bi〉 − Ee−〈u,Ei〉

)
=
B̃i(u)− Ẽi(u)

ΦWA
i

(u)
.

Finally,

E
∫ C

0

e−〈u,F (t)〉 dt =

N∑
i=1

(Li(u) + Si(u)) .

Remark 4.6. First of all, note that we have not used any information about the
service disciplines apart from the fact that τi are non-anticipating (so that we could
use Doob’s Optional Sampling theorem) and work conserving; cf. Assumption 4.1
and Assumption 4.2. Therefore, Theorem 4.3 holds for any Lévy-driven polling
system regardless of the service disciplines. That is, if we assume that a Lévy-
driven polling system evolves according to the processesW andWA

i as introduced
in Section 4.2, that the workload at Qi is processed according to some stopping
rule τi satisfying Assumption 4.1 and Assumption 4.2 for every i = 1, . . . , N and
that this system admits a stationary regime with an integrable cycle time, then
Formula (4.12) holds. Nevertheless, in such a case the LST’s B̃i and Ẽi are not
known. If furthermore however, we assume that the service disciplines satisfy
Property 4.1, then we are in the case of our model so that then these LST’s can be
given as stated in Corollary 4.1. Moreover, observe that C =

∑N
i=1 (Si + τi(Bi,i)),

so that EC can also be computed once τi are known; Eτi(Bi,i) = EBi,iEτi(1) by
(4.1) with EBi,i = −∂B̃i/∂ui(0).

Various extensions and ramifications can be thought of. For instance, where
the present chapter considers cyclic polling (i.e., in every cycle all N queues are
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served in a cyclic manner), any system with a fixed polling table can be dealt
with similarly. The class of models in which the polling order is random, however,
does not fit in the class of MTJBPs, as was already similarly observed for MTBP
in [105], and can therefore not be analyzed by our methods. One of the possible
generalizations of the above results will be studied in the next section.

4.6 Varying input processes
To derive our results in Section 4.2 and Section 4.4, we used the fact that between
the embedded epochs the driving processesW andWA

i are known. It was however
not important that the processesW stay fixed throughout the whole cycle. In this
section we can allow the input process to change between embedded epochs.

More precisely, let W i and Ŵ i be sequences of N -dimensional subordinators
with Laplace exponents Φi and Φ̂i, respectively, i = 1, . . . , N . When the server
arrives at Qi then the input process changes toW i, so that the work in the system
evolves according to the Lévy process

WA
i (t) :=

(
Wi,1(t), . . . ,Wi,i−1(t), Ai(t),Wi,i+1(t), . . . ,Wi,N (t)

)
,

where Ai(t) is an arbitrary spectrally positive Lévy process with negative drift
modeling the server’s work at Qi. Denote the Laplace exponent of WA

i as in
Section 4.2 by ΦWA

i
. Further on, when the server leaves Qi the input process

switches to Ŵ i.
We still consider disciplines satisfying Property 4.1, so that for the gated dis-

cipline (4.2) changes to

ηi(u) = Φi(u),

and for the exhaustive discipline (4.3) changes to

ηi(u) = ψi(u),

with ψi such that Φi,u(ψi(u)) = 0, where, for θ ≥ 0,

Φi,u(θ) = ΦWA
i

(u1, . . . , ui−1, θ, ui+1, . . . , uN ).

The resulting process {Bn : n ≥ 1} of the joint amount of the fluid in the different
queues at time points tn also constitutes an MTJBP with branching mechanism κ
given by (4.6) and immigration

G̃(u) =

N∏
i=1

S̃i(Φ̂i(u1, . . . , ui, κi+1(u), . . . , κN (u)))

instead of (4.7). The argument given in the proof of Theorem 4.2 stays valid.
Then (4.10) in Corollary 4.1 changes into

B̃i+1(u) = Ẽi(u)S̃i(Φ̂i(u)).
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The statement of Theorem 4.3 also still holds with

W (u) =
1

EC

N∑
i=1

(
B̃i(u)− Ẽi(u)

ΦWA
i

(u)
+
Ẽi(u)− B̃i+1(u)

Φ̂i(u)

)
.

Remark 4.7. For independent compound Poisson input processes, the case of vary-
ing input has been studied in [24]. There it is assumed that the arrival process
at Qi, when the server is at Qj , is a Poisson process with rate λij . Under the as-
sumption of branching-type service disciplines, the joint queue-length distribution
at polling instants is derived in [24].

4.7 Ergodicity

Consider the polling system with varying input, as was presented in Section 4.6.
The stability condition of such a system is given in terms of the Perron-Frobenius
eigenvalue ρM of the mean matrix M associated to a certain branching process,
see Theorem 4.1. This branching process in turn is specified in Theorem 4.2 (or,
more precisely, in its generalization to varying input, as presented in Section 4.6)
in terms of ηi among other quantities. This leads to a rather non-transparent
stability criterion, as opposed to the ‘ρ < 1’ type of criteria one usually encounters
in queueing theory. In addition, it is not clear how the criterion depends on the
disciplines used at different queues. The goal of this section is to make the stability
condition more explicit, and to show that it is, under quite general circumstances,
not affected by the service discipline.

Recall that we assumed that the disciplines at all queues satisfy Assumption 4.1
and Assumption 4.2. Moreover, we exclude the degenerate case when τi(x) = 0
(never serving Qi). In this setting the stability condition can be greatly simplified.
Importantly, we show that it can be expressed in terms of properties of the rate
matrix A = (aij)N×N rather than properties of the mean matrix M ; here aij =
EAi,j(1), that is, aij is the rate of the work evolution at Qj while the server
is at Qi. Note that A has non-negative off-diagonal elements, hence by Perron-
Frobenius theory it has a real eigenvalue ρA which is larger than the real part of
any other eigenvalue of A.

Let us begin with an auxiliary lemma, which is a variation of [112, Theorem
1.6].

Lemma 4.1. Let M be a square matrix with non-negative off-diagonal elements.
Let ρM be its Perron-Frobenius eigenvalue (the eigenvalue with maximal real part)
and w be a positive vector. Then

Mw < w implies ρM < 1,

Mw = w implies ρM = 1,

Mw > w implies ρM > 1.
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Proof. Let v ≥ 0 be a left eigenvector (i.e., a row vector) of M corresponding to
ρM . If Mw < w, then ρM 〈v,w〉 = vMw < 〈v,w〉. Hence ρM < 1. The other
two statements follow similarly.

Lemma 4.2. Let A be irreducible. Then it holds that

• if ρA < 0 then ρM < 1 (subcritical);

• if ρA = 0 then ρM = 1 (critical);

• if ρA > 0 then ρM > 1 (supercritical).

In the supercritical case there exists a positive vector w such that Mw > w.

Proof. Let us consider the polling system from Section 4.6 and denote the MTJBP
associated to it by (B̂n). This MTJBP has a corresponding branching mechanism
κ and immigration G. Let us construct a new MTJBP (Bn) with the same
branching mechanism κ but without immigration, i.e., with G set to 0. Such an
MTJBP obviously corresponds to a polling model with the same characteristics as
the starting model, but with switchover times set to 0. Moreover the mean matrix
M̂ is the same as the mean matrix M .

From the definition of M its ith row is given by mi = E
(
B1|B0 = ei

)
. In the

following we assume, without loss of generality, that B0 = ei. We can write

B1 = ei +

N∑
k=i

WA
k (τk(Fk)) ,

where Fk denotes the fluid in Qk upon the server’s arrival to this queue (in the
first cycle). Using Wald’s identity and the linearity of Eτk(x), as given in (4.1),
we obtain

mi = EB1 = ei +

N∑
k=i

Eτk(1)EFkak,

where ak is the kth row of A. Let w > 0 be an eigenvector of A with positive
elements associated to ρA, which exists by the Perron-Frobenius theory. Then

〈mi,w〉 = wi + ρA

N∑
k=i

Eτk(1)EFkwk.

Note that Eτk(1) > 0 and EFk ≥ 0 for all k, and EFi = 1, because X0 = ei and
Sk = 0 for all k. Therefore, according to ρA < 0, ρA = 0, and ρA > 0 we obtain
Mw < w,Mw = w, and Mw > w, respectively. Now the claim follows from
Lemma 4.1.

In the following we assume that the total work arriving during the switchovers
in one polling cycle is not identically 0, that is we can not erase the switchover peri-
ods without changing the system. The next corollary is an immediate consequence
of Lemma 4.2 and Theorem 4.1, in conjunction with the comments following the
proof of Theorem 4.1.
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Corollary 4.2. Let A be irreducible. Then it holds that

• if ρA < 0, then the polling system is stable;

• if ρA > 0, then the polling system is unstable.

Note that the stability of our polling system depends only on the input and does
not depend on the disciplines used at different queues. Clearly, this result strongly
relies on the fact that the disciplines are work conserving, see Assumption 4.2, and
satisfy Property 4.1.

Finally we make a comment on a simplified model from Section 4.2, where the
input does not depend on the location of the server, and in which the server works
at unit speed. That is Ai = Wi(t)− t for a fixed W . Denote the mean rate of the
input into Qi by ρi > 0 and the mean total rate by ρ =

∑N
i=1 ρi. This means that

aij = ρj − δij , so that A is irreducible and A1 = (ρ− 1)1. Apply Lemma 4.1 and
Corollary 4.2 to see that we obtain the expected stability condition: the system is
stable if ρ < 1 and is unstable if ρ > 1.





CHAPTER 5

ON THE INFIMUM ATTAINED
BY A REFLECTED LÉVY

PROCESS

5.1 Introduction

Let X = {Xt : t ∈ R} be a Lévy process with (without loss of generality)
zero drift; EX1 = 0. Define the queueing process Q = {Qt : t ≥ 0} through
Qt = sup−∞<s≤t (Xt −Xs − c(t− s)), where it is assumed that the workload is

in stationarity at time 0, that is, Q0
d
= Qe; cf. Chapter 1. The stationary buffer-

content process Q is commonly referred to as the reflection of the Lévy process
Yt = Xt − ct. In the sequel we normalize time such that c = 1.

When considering the steady state Qe of the reflected process introduced above,
the literature can be roughly divided into two categories. (A) In the first place there
are results on the full distribution of Qe, in terms of the corresponding Laplace
transform. Particularly for the case of one-sided jumps, these transforms are fairly
explicit. If X is spectrally positive, then a generalization of the classical Pollaczek–
Khintchine formula was derived, cf. (1.5); while if X is spectrally negative, Qe was
seen to be exponentially distributed. In the Lévy processes literature, this type
of results can be found under the denominator fluctuation theory. We recall that
there are powerful tools available for numerical inversion of Laplace transforms
[1; 42]. (B) In the second place there are results that describe the asymptotics of
P (Qe > u) for u large. Then one has to distinguish between results in which the
upper tail of the Lévy increments is light on the one hand, sometimes referred to
as the Cramér case, and results that correspond to the heavy-tailed regime on the

61
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other hand; see for instance [46] and references therein.
In the present chapter, we consider a related problem: we analyze how long

the process consecutively spends above a given level. More formally, let Mt :=
infs∈[0,t]Qs be the minimum value attained by the workload process in a window
of length t, where it is assumed that the queue is in stationarity at the beginning
of the interval. We shall consider the exact distribution of Mt and if that is not
known, the asymptotics of P (Mt > u), with u growing large. This problem has
various applications: one could for instance think of the analysis of persistent
overload in an element of a communication network or a node in a supply chain;
see, e.g., [93]. A related study on the situation of infinitely-divisible self-similar
input is [5].

Our results correspond to both branches (A) and (B) mentioned above: in
Section 5.2 we present results on the Laplace transform of Mt, relying on known
results for Lévy fluctuation theory; we also consider the special case of Brownian
motion. Section 5.3 identifies the asymptotics of P (MTu > u) for different classes
of functions Tu and u large; as expected, we need to distinguish between heavy-
tailed and light-tailed input.

Notation

Recall that Yt = Xt− t, Qt = sups≤t (Yt − Ys), Mt = infs∈[0,t]Qs. For a stochastic
process Z let Zt := infs∈[0,t] Zs and Zt := sups∈[0,t] Zs. It is well known that the
process Q admits the following representation, see, e.g., [107, p. 375]:

Qt = Q0 + Yt + max (0,−Q0 −Yt)

so that, for any u > 0,

P (Mt > u) = P (Q0 + Yt > u) .

Notice that due to the independent increments property ofX, the random variables
Q0 and Yt are independent, and hence Q0 + Yt

d
= Qe + Yt.

5.2 Transforms for the spectrally one-sided case

Let eq denote a generic, exponentially distributed random variable with parameter
q > 0, that is independent from the process X. In this section we evaluate the
double transform, with β, q > 0,

L (β, q) = Ee−βMeq = 1− βK (β, q), (5.1)

where

K (β, q) =

∫ ∞
0

e−βuP
(
Meq > u

)
du =

∫ ∞
0

e−βuP
(
Qe + Yeq > u

)
du
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and we used the fact that, for a non-negative random variable K and any β > 0,

Ee−βK = 1− β
∫ ∞

0

e−βuP (K > u) du.

As indicated in Section 5.1, we compute L for Lévy processes with one-sided
jumps.

It is worth noticing that the double transform L uniquely determines the distri-
bution of Mt. Determining the probability distribution from the double transform
requires Laplace inversion. It is noted that recently, substantial progress has been
made with respect to this type of inversion techniques. Besides the ‘classical’ refer-
ence [1], we wish to draw attention to significant recent progress in [42]; the latter
reference specifically addresses multidimensional transforms, and also provides a
fairly complete literature overview.

5.2.1 Spectrally negative case

Let us recall the notation from Section 2.3.3. Let the function ψY : [0,∞) → R
denote the Laplace exponent of Y , i.e., ψY (β) = logEeβY1 . Let ΦY (q) = sup{β ≥
0 : ψY (β) = q} be the right inverse of ψY . Recall that Qe = Y e0 is, in this
case, exponentially distributed with parameter ΦY (0) > 0. Furthermore, for any
β, q > 0,

EeβYeq =
q

ΦY (q)

β − ΦY (q)

ψY (β)− q
.

Theorem 5.1. For a spectrally negative Lévy process X,

L (β, q) =
ΦY (0)

β + ΦY (0)

ΦY (q) + β

ΦY (q)
, β, q > 0.

Proof. Due to the independence of Qe and Yeq , and using the fact that Qe is
exponentially distributed,

K (β, q) =

∫ ∞
0

e−βu
∫

(−∞,0]

P (Qe > u− z) dP
(
Yeq ≤ z

)
du

=

∫ ∞
0

e−βu
∫

(−∞,0]

e−ΦY (0)(u−z) dP
(
Yeq ≤ z

)
du

=

∫ ∞
0

e−u(β+ΦY (0)) du

∫
(−∞,0]

eΦY (0)z dP
(
Yeq ≤ z

)
=

1

β + ΦY (0)
EeΦY (0)Yeq =

1

β + ΦY (0)

ΦY (q)− ΦY (0)

ΦY (q)

and the claim follows from (5.1).
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Remark 5.1. Recall that, in the spectrally negative case, Y eq is exponentially
distributed with parameter ΦY (q). Therefore, Theorem 5.1 can be reformulated
as

E exp(−βMeq ) =
E exp(−βQe)
E exp(−βY eq )

.

5.2.2 Spectrally positive case
Let Z = −Y , so that Z is a spectrally negative Lévy process. Following the
notation from the previous subsection, let ψZ denote the Laplace exponent of
Z and ΦZ its right inverse. In this case, the generalized Pollaczek–Khintchine
formula gives, for β > 0, cf. (1.5):

Ee−βQe =
ψ′Z(0)β

ψZ(β)
.

Furthermore, note that Yeq = −Zeq . Recall that Zeq is exponentially distributed
with parameter ΦZ(q).

Theorem 5.2. For a spectrally positive Lévy process X,

L (β, q) =
ψ′Z(0)β

ψZ(β)

ΦZ(q)

q

q − ψZ(β)

ΦZ(q)− β
, β, q > 0,

where the right hand side is understood in the asymptotic sense when β = ΦZ(q),
that is ψ′Z(0)Φ2

Z(q)ψ′Z(ΦZ(q))/q2.

Proof. First, let us assume that β 6= ΦZ(q). Due to the independence of Qe and
Yeq , and using the fact that Zeq is exponentially distributed,

K (β, q) =

∫ ∞
0

e−βu
∫

[u,∞)

P
(
Yeq > u− z

)
dP (Qe ≤ z) du

=

∫
[0,∞)

∫ z

0

e−βuP
(
Yeq > u− z

)
dudP (Qe ≤ z)

=

∫
[0,∞)

e−βz
∫ z

0

ewβP
(
Zeq < w

)
dw dP (Qe ≤ z)

=

∫
[0,∞)

e−βz
∫ z

0

ewβ
(

1− e−wΦZ(q)
)

dw dP (Qe ≤ z)

=
1

β

∫
[0,∞)

(1− e−βz) dP (Qe ≤ z)

− 1

β − ΦZ(q)

∫
[0,∞)

(e−ΦZ(q)z − e−βz) dP (Qe ≤ z)

=
1

β
(1− Ee−βQe)− 1

β − ΦZ(q)
(Ee−ΦZ(q)Qe − Ee−βQe)

=
1

β

(
1− ψ′Z(0)β

ψZ(β)

)
− ψ′Z(0)

(β − ΦZ(q))

(
ΦZ(q)

q
− β

ψZ(β)

)
.
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If β = ΦZ(q), then the same computations give

K (Φ(q), q) =
1

ΦZ(q)

(
1− ψ′Z(0)ΦZ(q)

q

)
+
ψ′Z(0)

q

q − ΦZ(q)ψ′Z(ΦZ(q))

q
.

Now the claim follows from (5.1).

Remark 5.2. Note that

Ee−βY eq = EeβZeq =
q

ΦZ(q)

β − ΦZ(q)

ψZ(β)− q
.

Therefore, Theorem 5.2 can be reformulated as

E exp(−βMeq ) =
E exp(−βQe)
E exp(−βY eq )

.

Combining Remark 5.1 with Remark 5.2 we arrive at the following corollary.

Corollary 5.1. For a spectrally one-sided Lévy process X,

E exp(−βMeq ) =
E exp(−β supt≥0(Xt − t))

E exp(−β supt∈[0,eq ](Xt − t))
, β > 0.

5.2.3 Brownian motion
Theorem 5.3. Let X be a standard Brownian motion B = {Bt : t ∈ R}. Then,
for each t, u > 0,

P (Mt > u) = exp(−2u)

(
2(1 + t)Ψ(

√
t)−

√
2t

π
exp

(
− t

2

))
,

where Ψ(x) = P (N > x) for a standard normal random variable N .

Proof. Since B is a spectrally negative Lévy process, Q0
d
= Qe has an exponential

distribution with mean 1/2. Thus,

P (Mt > u) = P
(
Q0 + inf

s∈[0,t]
(Bs − s) > u

)
=

∫ ∞
u

P
(

inf
s∈[0,t]

(Bs − s) > u− x
)

2 exp(−2x) dx

= 2 exp(−2u)

∫ ∞
0

P

(
sup
s∈[0,t]

(Bs + s) < y

)
exp(−2y) dy

= exp(−2u)E exp

(
−2 sup

s∈[0,t]

(Bs + s)

)
and the claim follows after some elementary computations; see also [20, Eqn.
(1.1.3)] or [13].
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5.3 Asymptotics

In this section we consider the asymptotics of P (MTu > u) for a variety of func-
tions Tu and u large. As usual, heavy-tailed and light-tailed scenarios need to be
addressed separately.

5.3.1 Heavy-tailed case

In this section we shall work with the following assumption about the right tail of
the Lévy process X:

Assumption 5.1. For α > 1, let P (X1 > x) be a regularly varying function (as
a function of x) at infinity with parameter −α, that is P (X1 > x) ∈ RV ∞(−α).
Moreover, if α ∈ (1, 2), then in addition

lim
x→∞

P (X1 < −x)

P (X1 > x)
= ρ ∈ [0,∞).

Under this assumption the following proposition holds.

Proposition 5.1. Assume that the Lévy process X satisfies Assumption 5.1.

(i) If f(n) ≥ n, for all n ∈ N, then P (Xn > f(n)) ∼ nP (X1 > f(n)), as n→∞.

(ii) P (Qe > u) ∼ u
α−1P (X1 > u), as u→∞.

Proof. Ad (i). These asymptotics can be found in, e.g., [34] for α ≥ 2 and [21; 22]
for α ∈ (1, 2); see also [43] for a recent treatment. Ad (ii). See, e.g., [8; 46].

We now state the main result of this subsection.

Theorem 5.4. Assume that the Lévy process X satisfies Assumption 5.1. Then,

P (MTu > u) ∼ P (Qe > u+ Tu) + Tu P (X1 > u+ Tu) , as u→∞.

Before we proceed to the proof of Theorem 5.4 we need an auxiliary result.

Proposition 5.2. Let X be a Lévy process such that EX1 = 0. Then, for any
ε > 0,

lim
u→∞

P
(∣∣∣∣Yuu + 1

∣∣∣∣ > ε

)
= 0.

Proof. Fix ε > 0, then

P
(∣∣∣∣Yuu + 1

∣∣∣∣ > ε

)
= P

(
Yu
u

> −1 + ε

)
+ P

(
Yu
u

< −1− ε
)

=: I1(u) + I2(u).
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Note that because EX1 = 0, then Yt/t→ −1 almost surely, thus

I1(u) ≤ P
(
Yu
u
> −1 + ε

)
→ 0.

Observe that, for any T ≤ u,

I2(u) ≤ P
(
Yu
u

< −1− ε, inf
t∈[0,T ]

Yt < inf
t∈[T,u]

Yt

)
+ P

(
Yu
u

< −1− ε, inf
t∈[0,T ]

Yt ≥ inf
t∈[T,u]

Yt

)
≤ P

(
inf

t∈[0,T ]
Yt < inf

t∈[T,u]
Yt

)
+ P

(
1

u
inf

t∈[T,u]
Yt < −1− ε

)
≤ P

(
inf

t∈[0,T ]
Yt < inf

t∈[T,u]
Yt

)
+ P

(
1

u
inf

t∈[T,u]
Xt < −ε

)
=: I21(u) + I22(u).

Again Yt/t → −1 implies that I21(u) → 0. As for I22(u), we will show, that for
any δ > 0 and u large enough we have I22(u) < δ, which proves that I22(u) → 0
and completes the proof.

Because Yt/t→ −1, T can be chosen such that P (∀t ≥ T : |Xt| < δt) > 1− δ.
Therefore, for such T and δ < ε we have

P
(

1

u
inf

t∈[T,u]
Xt < −ε

)
= P

(
1

u
inf

t∈[T,u]
Xt < −ε,∀t ≥ T : |Xt| ≥ δt

)
+ P

(
1

u
inf

t∈[T,u]
Xt < −ε, ∀t ≥ T : |Xt| < δt

)
< δ,

where we used the fact that the last probability equals zero.

Proof of Theorem 5.4. The proof is divided into an upper bound and a lower
bound. We use the notation T−u := bTuc and T+

u := dTue.

Upper bound. To prove an (asymptotically) tight upper bound for P (MTu > u),
first we observe that for any ε > 0, using that Q0

d
= Qe is independent of {Xt :

t ≥ 0},

P (MTu > u) ≤ P
(
MT−u

> u
)
≤ P

(
Qe +XT−u

≥ u+ T−u

)
≤ P

(
Qe > (1− ε)(u+ T−u )

)
+ P

(
XT−u

> (1− ε)(u+ T−u )
)

+ P
(
Qe > ε(u+ T−u )

)
P
(
XT−u

> ε(u+ T−u )
)

=: π+
1 (u) + π+

2 (u) + π+
3 (u).
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Using (i) of Proposition 5.1 and the strong law of large numbers for X, it is easy
to show that π+

3 (u) = o(π+
1 (u)) for a fixed ε. It is standard now to show that

lim
ε→0

lim sup
u→∞

π+
1 (u)

P (Qe > u+ Tu)
= 1.

Moreover,

lim
ε→0

lim sup
u→∞

π+
2 (u)

Tu P (X1 > u+ Tu)
= 1,

due to item (i) in Proposition 5.1. This establishes the upper bound.

Lower bound. As for the lower bound observe that

P (MTu > u) ≥ P
(
MT+

u
> u

)
≥ P

(
Qe + YT+

u
> u,XT+

u
− T+

u −YT+
u
< εT+

u

)
≥ P

(
Qe +XT+

u
> u+ (1 + ε)T+

u

)
× P

(
XT+

u
− T+

u −YT+
u
< εT+

u

)
=: π−1 (u)π−2 (u).

By Proposition 5.2, π−2 (u)→ 1 as u→∞. Also,

π−1 (u) ≥ P
(
Qe +XT+

u
− εT+

u /2 > u+ (1 + ε/2)T+
u , XT+

u
> −εT+

u /2
)

≥ P
(
{Qe > u+ (1 + ε/2)T+

u , XT+
u
> −εT+

u /2}

∪ {XT+
u
> u+ (1 + ε/2)T+

u }
)

= P
(
Qe > u+ (1 + ε/2)T+

u

)
P
(
XT+

u
> −εT+

u /2
)

+ P
(
XT+

u
> u+ (1 + ε/2)T+

u

)
− P

(
Qe > u+ (1 + ε/2)T+

u

)
P
(
XT+

u
> u+ (1 + ε/2)T+

u

)
=: π−3 (u)π−4 (u) + π−5 (u)− π−6 (u)π−7 (u),

where we again used that Q0
d
= Qe and {Xt : t ≥ 0} are independent. By the

strong law of large numbers, π−4 (u) → 1 as u → ∞. Moreover, it is easy to show
that π−6 (u)π−7 (u) = o(π−3 (u)). Now the lower bound follows by noting that

lim
ε↓0

lim inf
u→∞

π−3 (u)

P (Qe > u+ Tu)
= 1,

and that (i) of Proposition 5.1 yields

lim
ε↓0

lim inf
u→∞

π−5 (u)

Tu P (X1 > u+ Tu)
= 1.



5.3. ASYMPTOTICS 69

This completes the proof.

The asymptotics in Theorem 5.4 can be made more explicit. Part (ii) of Propo-
sition 5.1 immediately leads to the following corollary.

Corollary 5.2. Assume that the Lévy process X satisfies Assumption 5.1. Then

P (MTu > u) ∼


1

α−1uP (X1 > u) when Tu = o(u),
A+α
α−1 (A+ 1)−αTu P (X1 > Tu) when u ∼ ATu,
α
α−1Tu P (X1 > Tu) when u = o(Tu),

as u→∞.

Recall from Section 2.3 that we call a Lévy process X α-stable if its characteris-
tic exponent has a particular shape and in particular Xt has the same distribution
as t1/αX1. In our notation, each α-stable process can be fully characterized by two
constants, the index of stability α ∈ (0, 2] and the skewness parameter β ∈ [−1, 1].
From [98, Proposition 2.1] it easily follows that

P (X1 > u) ∼ B(α, β)

α
u−α,

where, with Γ(x) =
∫∞

0
e−ttx−1 dt denoting the gamma function,

B(α, β) =
Γ(1 + α)

π

√
1 + β2 tan2

(πα
2

)
sin
(πα

2
+ arctan

(
β tan

(πα
2

)))
and a similar formula is available for the left tail P (X1 < −x). Therefore if β 6= −1,
so that B(α, β) 6= 0), then Assumption 5.2 holds with α ∈ (1, 2). Furthermore,
for α ∈ (1, 2) it easily follows from Definition 2.4 that EX1 = 0 and it is well
known that X1 is not integrable if α ≤ 1. The case of α = 2 corresponds to
Brownian motion, which we have already considered in Section 5.2.3. We finish
this subsection with the following corollary.

Corollary 5.3. For an α-stable Lévy process X with α ∈ (1, 2) and β ∈ (−1, 1],

P (MTu > u) ∼


1

α−1
B(α,β)
α u1−α when Tu = o(u),

A+α
α−1 (A+ 1)−α B(α,β)

α Tu
1−α when u ∼ ATu,

α
α−1

B(α,β)
α Tu

1−α when u = o(Tu),

as u→∞.

5.3.2 Light-tailed case

In this subsection, we consider the light-tailed situation, also frequently referred
to as the Cramér case. Throughout, with ψX(β) = logE exp(βX1) denoting the
Laplace exponent of X, we impose the following assumption.
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Assumption 5.2. Let β? = sup{β : ψX(β) <∞}. Assume that β? > 0 and there
exists ϑ? ∈ (0, β?) such that ψX(ϑ?) = ϑ?.

For r ≥ 0, define I(r) = supβ>0 (βr − ψX(β)).

Proposition 5.3. Under Assumption 5.2, the following statements hold.

(i) logP (Qe > u) ∼ −ϑ?u, as u→∞.

(ii) P (Qe > u) ≤ e−ϑ?u, for all u > 0.

(iii) I(1) <∞ and I ′(1) ≤ ϑ?.

(iv) lim infu→∞
1
u logP (Yu > −εu) ≥ −I(1), for any ε > 0.

Proof. For (i) and (ii), we refer to [9, Theorem 5.1 and 5.2, Chapter XIII] or [51,
Proposition 5.1 and Remark 5.1]. For (iii), notice that I(1) = supβ>0(β − ψX(β))
is attained for β ∈ (0, ϑ?); therefore also I ′(1) ≤ ϑ?. For (iv), observe that
P (Yu > −εu) = P (Yu · ∈ uAε), where Aε = {f ∈ D[0, 1] : f(t) > −ε,∀t ∈ [0, 1]}
and D[0, 1] is the space of càdlàg functions on [0, 1]. Using sample-path large
deviations for Lévy processes; see [40, Theorems 5.1 and 5.2], one infers that

lim inf
u→∞

1

u
logP (Yu > −εu) ≥ − inf{J(f) : f ∈ Aε ∩ C[0, 1]},

where J(f) =
∫ 1

0
I(f ′(t) + 1) dt. The path f? ≡ 0 is in Aε, thus (iv) follows by

realizing that J(f?) = I(1).

Now we can proceed with the main result of this subsection.

Theorem 5.5. Assume that the Lévy process X satisfies Assumption 5.2. Then

logP (MTu > u) ∼ −uϑ? − TuI(1), as u→∞.

Proof. The proof again consists of two bounds.

Lower bound. Observe that the probability of interest is, for any ε > 0, bounded
from below by

P (Qe > u+ εTu)P
(
YTu > −εTu

)
.

Now the lower bound follows by combining parts (i) and (iv) of Proposition 5.3,
and then sending ε ↓ 0.

Upper bound. Using the fact that P(Qe > u) is bounded by e−ϑ
∗u for every u > 0,
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cf. part (ii) of Proposition 5.3, yields

P (MTu > u) =

∫
(−∞,0]

P (Qe > u− x) dP
(
YTu ≤ x

)
≤
∫

(−∞,0]

e−ϑ
∗(u−x) dP

(
YTu ≤ x

)
=

∫ ∞
u

ϑ∗e−ϑ
∗xP

(
YTu > u− x

)
dx

≤
∫ ∞
u

ϑ∗e−ϑ
∗xP (XTu > u− x+ Tu) dx.

Recall that EXt = 0. The Chernoff bound yields that, for x < u+ Tu,

P (XTu ≥ u− x+ Tu) ≤ exp

(
−TuI

(
u− x+ Tu

Tu

))
.

We thus arrive at the upper bound∫ u+Tu

u

ϑ∗ exp

(
−ϑ∗x− TuI

(
u− x
Tu

+ 1

))
dx+

∫ ∞
u+Tu

ϑ∗e−ϑ
∗x dx

≤ ϑ∗Tue−ϑ
∗u

∫ 1

0

e−TuĨ(z) dz + e−ϑ
∗(u+Tu), (5.2)

where Ĩ(z) = ϑ∗(1− z) + I(z).
Observe that item (iii) of Proposition 5.3 implies that I(1) < ϑ∗ so that

e−ϑ
∗(u+Tu) = o(e−ϑ

∗u−TuI(1)) and the second term in (5.2) is negligible. Finally,
note that

lim sup
u→∞

1

u
log

∫ 1

0

e−uĨ(z) dz = − inf
z∈[0,1]

Ĩ(z) = −I(1),

which follows from differentiability of Ĩ and that fact that Ĩ(z) is decreasing on
z ∈ [0, 1] as a direct consequence of item (iii) of Proposition 5.3.

The asymptotics in Theorem 5.5 can trivially be made more explicit by com-
paring both exponential decay rates. The intuition behind the following corollary
is that, in large deviations language, the most likely path corresponding to the
rare event under study first builds up from an empty system to level u (at time
0), and then remains at level u for the remaining Tu time units; both parts of
the path result in both contributions to the decay rate (i.e., −uϑ? and −TuI(1)).
Then, depending on whether Tu is small or large with respect to u, one of these
two contributions dominates.

Corollary 5.4. Assume that the Lévy process X satisfies Assumption 5.2. Then

logP (MTu > u) ∼

 −uϑ
? when Tu = o(u),

−Tu(Aϑ? + I(1)) when u ∼ ATu,
−TuI(1) when u = o(Tu),

as u→∞.





CHAPTER 6

ON THE INFIMUM ATTAINED
BY A REFLECTED GAUSSIAN

PROCESS

6.1 Introduction

Consider the stationary buffer content process QBH = {QBH (t) : t ≥ 0}, where
the input process BH = {BH(t) : t ∈ R} is the fractional Brownian motion with
Hurst parameter H ∈ (0, 1) as introduced in Section 2.2. That is, BH is the
only centered, continuous Gaussian process with stationary increments such that
E(BH(s)−BH(t))2 = |s− t|2H . Due to the time-reversibility property of BH , the
process QBH can be defined as

QBH (t) = sup
σ≥t

(BH(σ)−BH(t)− c(σ − t)) ,

where c > 0 is the service rate. The stationarity of increments of BH implies
that the process QBH is stationary, so that, for any fixed t > 0, QBH (t) has the
same distribution as QBH (0). Nevertheless, apart from the Brownian case H = 1

2 ,
the exact distribution of QBH (0) is not known. As mentioned in Chapter 1, one
usually resort to the exact asymptotics of P (QBH (0) > u) as u→∞. These have
been found for the full range of parameter H ∈ (0, 1) by Hüsler and Piterbarg [66].
Namely,

P (QBH (0) > u) ∼
√
πa

1
2H b−

1
2Hsup

2H (Au1−H)
1−H
H Ψ(Au1−H), as u→∞, (6.1)

73
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where Hsup
2H is the so-called Pickands’ constant, defined as

Hsup
2H = lim

S→∞

1

S
Hsup

2H (S), Hsup
2H (S) = E exp

(
sup
t∈[0,S]

(
√

2BH(t)− t2H)

)
(6.2)

and a = 1
2τ
−2H
0 , b = B

2A , A = 1
1−H τ

−H
0 , B = Hτ−H−2

0 , τ0 = H
c(1−H) . Throughout

the chapter, we denote by Ψ the tail distribution function of the standard normal
random variable, that is,

Ψ(u) ∼ 1

u
√

2π
e−

u2

2 , as u→∞.

Piterbarg [96] considered the supremum of the process QBH on the interval of
length [0, T ]. He observed the remarkable property that, for H > 1

2 ,

P

(
sup
t∈[0,T ]

QBH (t) > u

)
∼ P (QBH (0) > u) , as u→∞, (6.3)

where T is also allowed to depend on u provided that T (u) = o(u
2H−1
H ) and the

exact asymptotics of the last expression are already known, cf. (6.1). This property
is nowadays referred to as the Piterbarg property, or the generalized Piterbarg
property if one would like to stress the fact that T might depend on u. Note that
the admissible interval length is rather large and in fact, grows to infinity with u.

One implication of the unusual behavior of QBH is that, for any fixed n > 0
and t1, . . . , tn ∈ [0, T ], (6.3) implies, as u→∞,

P

(
min

i=1,...,n
QBH (ti) > u

∣∣∣ sup
t∈[0,T ]

QBH (t) > u

)

≥ 1−
n∑
i=1

1− P (QBH (ti) > u)

P
(

supt∈[0,T ]QBH (t) > u
)
→ 1.

The last conclusion leads to the natural question whether one can replace the
minimum taken over a finite collection of points in [0, T ] by the infimum over the
entire interval. That is, one would like to know if

P
(

inf
t∈[0,T ]

QBH (t) > u

)
∼ P

(
sup
t∈[0,T ]

QBH (t) > u

)
, as u→∞. (6.4)

This property shall be referred to as the strong Piterbarg property, whether or not
T is a function of u. Note that, obviously, (6.4) implies (6.3).

The above terminology has been coined by Albin and Samorodnitsky [5], who,
motivated by the paper by Piterbarg, considered the buffer content processes QX
fed by the class of self-similar infinitely divisible stochastic processes X with no
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Gaussian component. They provide general conditions under which (6.3) and (6.4)
hold with QX instead of QBH . The approach in [5] is based on the assumption
that the Lévy measure associated with X has heavy tails, which combined with the
absence of a Gaussian component allows for more direct and less delicate methods
to be employed. It is the light-tailed nature of the Gaussian distribution that
renders the problem of the asymptotics of suprema of Gaussian processes hard.

When it comes to considering the asymptotics of P
(
inft∈[0,T ]QBH (t) > u

)
one

has to overcome additional problems. First of all, the infimum functional is not
subadditive like the supremum functional, therefore the bounds as in the (by now)
classical double sum method are not applicable; see, e.g., [95]. Furthermore, the
building brick of the double sum method approach is the so-called Pickands lemma
or its generalization; see, e.g., [94]. Here once again a different approach has to be
undertaken while dealing with the infimum functional.

In this chapter we discuss the following issues. In Section 6.2 we present
Lemma 6.1, which is a generalization of Pickands’ lemma. As a consequence of this
lemma, if {X(s, t) : s, t ≥ 0} is a centered Gaussian field such that the correlation
structure r(s1, t1; s2, t2) satisfies r(s1, t1; s2, t2) = 1−|s1−s2|2H−|t1−t2|2H , then,
for any λ1, λ2 > 0,

P

 inf
s∈[0,λ1u

− 1
H ]

sup
t∈[0,λ2u

− 1
H ]

X(s, t) > u

 ∼ Hinf
2H(λ1)Hsup

2H (λ2)Ψ(u), as u→∞,

where

Hinf
2H(λ1) = E exp

(
inf

s∈[0,λ1]
(
√

2BH(s)− s2H)

)
is a new type of Pickands’ constant. Here the classical supremum functional is
interchanged with the infimum functional. In this section we also give the proof
of Lemma 6.1 and discuss its extensions in Remark 6.2. Lemma 6.1 and its con-
sequences are the first contributions of this chapter and lay a foundation under
investigating the strong Piterbarg property.

In Section 6.3 we discuss how the problem of finding the asymptotics of

P
(

inf
t∈[0,T ]

QBH (t) > u

)
, as u→∞,

reduces to a problem of investigating the asymptotic behavior of the infimum-
supremum functional of a specific Gaussian field Z. In this section we derive
properties of Z and state the strong Piterbarg property in Theorem 6.1, which is
the second contribution of this chapter. More precisely, we show that the strong
Piterbarg property holds for QBH with BH being fractional Brownian motion of
index H > 1

2 . Furthermore, as in the case of the generalized Piterbarg property
(6.3), we show that the range of T = T (u) remains the same, that is, (6.4) holds
for T (u) = o(u

2H−1
H ) with H > 1

2 . We finish this chapter in Section 6.4 by giving
the proof of our main result.
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6.2 Generalized Pickands’ lemma
In this section we present a lemma that shall play a crucial role in proving the
strong Piterbarg property in Section 6.3.

Lemma 6.1 (Generalized Pickands’ lemma). For any u > 0, let Xu = {Xu(s, t) :
s ≥ 0, t ≥ 0} be a centered Gaussian field with a constant variance equal to one
and correlation function ru(s1, t1; s2, t2) = Corr(Xu(s1, t1), Xu(s2, t2)) satisfying

lim
u→∞

sup
(s1,t1),(s2,t2)∈[0,λ1]×[0,λ2]

∣∣∣∣f2(u) (1− ru(s1, t1; s2, t2))

|s1 − s2|2H + |t1 − t2|2H
− 1

∣∣∣∣ = 0, (6.5)

for some constants H ∈ (0, 1), λ1, λ2 > 0 and some function f(u) → ∞, as
u→∞. Then, for any function n(u) such that n(u) ∼ f(u) as u→∞,

P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

Xu(s, t) > n(u)

)
∼ Hinf

2H(λ1)Hsup
2H (λ2)Ψ(n(u)), as u→∞,

where

Hinf
2H(λ1) = E exp

(
inf

s∈[0,λ1]
(
√

2BH(s)− s2H)

)
,

Hsup
2H (λ2) = E exp

(
sup

t∈[0,λ2]

(
√

2BH(t)− t2H)

)
.

Remark 6.1. Let X = {X(s, t) : s, t ≥ 0} be a centered Gaussian process with
correlation function satisfying r(s1, t1; s2, t2) = 1−|s1−s2|2H−|t1−t2|2H+o(|s1−
s2|2H + |t1 − t2|2H) for |s1 − s2| + |t1 − t2| → 0. For a given function h(u) > 0,
such that h(u) → ∞, as u → ∞, define the process Xu = {Xu(s, t) : s, t ≥ 0} via
Xu(s, t) = X(s/h(u), t/h(u)). The process Xu satisfies (6.5) with f(u) = (h(u))H .
In particular for h(u) = u

1
H the claim of Lemma 6.1 holds with f(u) = u and

n(u) ∼ u.

Proof of Lemma 6.1. Throughout the whole proof we denote by Iλ the set
[0, λ1]× [0, λ2].

For any u > 0,

P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

Xu(s, t) > n(u)

)

=
1√
2π

∫
R

exp

(
−v

2

2

)
P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

Xu(s, t) > n(u)
∣∣∣Xu(0) = v

)
dv

∼ Ψ(n(u))

∫
R

exp

(
w − w2

2n2(u)

)
× P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

Xu(s, t) > n(u)
∣∣∣Xu(0) = n(u)− w

n(u)

)
dw.
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Here we have used the change of variable v = n(u)− w
n(u) . Define a new Gaussian

field {ζu(s, t) : (s, t) ∈ Iλ} via

ζu(s, t) = n(u)(Xu(s, t)− n(u)) + w.

Then the last integral can be written as

∫
R

exp

(
w − w2

2n2(u)

)
P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

ζu(s, t) > w
∣∣∣ζu(0) = 0

)
dw

=

∫
R

exp

(
w − w2

2n2(u)

)
P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

χu(s, t) > w

)
dw,

where χu = {χu(s, t) : (s, t) ∈ Iλ} is a Gaussian field defined as

χu(s, t)
d
= ζu(s, t)|ζu(0) = 0.

For the family of Gaussian distributions that appear inside the integral, for every
(s, t) ∈ Iλ,

Eχu(s, t) = n(u)E
(
Xu(s, t) | Xu(0) = n(u)− w

n(u)

)
− n2(u) + w

= −n2(u)(1− ru(s, t;0)) + w(1− ru(s, t;0)), (6.6)

Eχu(0) = Eχ2
u(0) = 0.

Furthermore, for any (s1, t1), (s2, t2) ∈ Iλ,

Var (χu(s1, t1)− χu(s2, t2))

= n2(u)
(
Var

(
(Xu(s1, t1)−Xu(s2, t2))

∣∣∣Xu(0) = u− w

u

))
= 2n2(u) (1− ru(s1, t1; s2, t2))− n2(u) (ru(s1, t1;0)− ru(s2, t2;0))

2
.

Hence from (6.5) it follows that, as u→∞, uniformly on Iλ,

Eχu(s, t)→ −(t2H + s2H), (6.7)

Var (χu(s1, t1)− χu(s2, t2))→ 2(|s1 − s2|2H + |t1 − t2|2H). (6.8)

Thus the finite dimensional distributions of χu converge to the finite dimensional
distributions of B = {

√
2(B

(1)
H (s) + B

(2)
H (t)) − (s2H + t2H) : (s, t) ∈ Iλ}, where

B
(1)
H and B(2)

H are two independent copies of the fractional Brownian motion BH .
Given the family χ = {χu : u > 0} is tight in C(Iλ), the weak convergence



78 CHAPTER 6. INFIMUM OF A REFLECTED GAUSSIAN PROCESS

χu
d→ B in C(Iλ), as u→∞ holds. By the continuous mapping theorem

lim
u→∞

∫
R

exp

(
w − w2

2n2(u)

)
P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

χu(s, t) > w

)
dw (6.9)

=

∫
R
ewP

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

(√
2(B

(1)
H (s) +B

(2)
H (t))− (s2H + t2H)

)
> w

)
dw

= E exp

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

(√
2(B

(1)
H (s) +B

(2)
H (t))− (s2H + t2H)

))

= E exp

(
inf

s∈[0,λ1]

(√
2B

(1)
H (s)− s2H

))
E exp

(
sup

t∈[0,λ2]

(√
2B

(2)
H (t)− t2H

))
= Hinf

2H(λ1)Hsup
2H (λ2),

provided we can interchange the limit with the integral in (6.9). In the next two
steps we shall establish tightness of the family χ and justify the interchange. We
shall begin with the latter.

Let χ◦u = {χ◦u : u > 0} be a centered Gaussian field defined by χ◦u(s, t) =
χu(s, t) − Eχu(s, t). From (6.5) it follows that (1 − ru(s, t;0)) → 0 uniformly in
(s, t) ∈ Iλ, therefore (6.6)-(6.7) imply that for any ε > 0 and sufficiently large u,

wu := sup
(s,t)∈Iλ

Eχ◦u(s, t) ≤ ε|w|.

Furthermore, from (6.8) and by Sudakov–Fernique’s inequality, Lemma 2.3, for
sufficiently large u and some constant C1 > 0,

mu := E sup
(s,t)∈Iλ

χ◦u(s, t) ≤ C1E sup
(s,t)∈Iλ

(B
(1)
H (s) +B

(2)
H (t)) =: m.

Finally, (6.8) also implies, for sufficiently large u,

σ2
u := sup

(s,t)∈Iλ
Var(χ◦u(s, t)) ≤ C2(λ2H

1 + λ2H
2 ) ≤ C3,

for some constant C2, C3 > 0. Now observe that Borell’s inequality, Lemma 2.1,
yields, for |w|(1− ε) ≥ m,

P

(
inf

s∈[0,λ1]
sup

t∈[0,λ2]

χu(s, t) > w

)
≤ P

(
sup

(s,t)∈Iλ
χ◦u(s, t) > w − wu

)

≤ P

(
sup

(s,t)∈Iλ
χ◦u(s, t)−mu > w − ε|w| −mu

)

≤ 2 exp

(
− (w − ε|w| −mu)2

2σ2
u

)
≤ 2 exp

(
− (w − ε|w| −m)2

2C3

)
.
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Now the interchange of the limit with the integral in (6.9) follows by the dominated
convergence theorem.

In order to prove tightness of the family χ it suffices to show that the family
χ◦ of centered Gaussian fields is tight. Since χ◦u(0) = 0 for all u > 0, then a
straightforward consequence of Straf’s criterion for tightness of Gaussian fields,
[116], implies that it suffices to show that for any µ, ρ > 0, there exists δ ∈ (0, 1)
and u0 > 0 such that, for each (s1, t1) ∈ Iλ and u > u0,

P

(
sup

‖(s1,t1)−(s2,t2)‖≤δ
|χ◦u(s1, t1)− χ◦u(s2, t2)| ≥ µ

)
≤ ρδ2, (6.10)

where here ‖(s, t)‖ = max{|s|, |t|}.
Note that, for sufficiently large u,

E (χ◦u(s1, t1)− χ◦u(s2, t2))
2 ≤ C(|s1 − s2|2H + |t1 − t2|2H),

for all (s1, t1), (s2, t2) ∈ Iλ and some constant C > 0. Thus,

sup
{(s1,t1),(s2,t2):‖(s1,t1)−(s2,t2)‖≤δ}

Var (χ◦u(s1, t1)− χ◦u(s2, t2)) ≤ 2Cδ2H ,

which combined with the application of Borell’s inequality in a similar fashion as
in the previous argument gives (6.10).

Remark 6.2. It can be readily seen from the proof of Lemma 6.1 that the same tech-
nique could be applied to any n-dimensional continuous functional Φ : C(Iλ)→ R
such that |Φ(f)| ≤ supt∈Iλ f(t) and Φ(af + b) = aΦ(f) + b for any a, b > 0 and
f ∈ C(Iλ), where t = (t1, . . . , tn), λ = (λ1, . . . , λn) are n-dimensional vectors and
here Iλ = [0, λ1] × . . . × [0, λn]. Note that in Lemma 6.1 we have n = 2 and
Φ(X) = inft1∈[0,λ1] supt2∈[0,λ2]X(t1, t2).

Furthermore the condition (6.5) implied the weak convergence of χu to B in
C([0, λ1]× [0, λ2]). If (6.5) is substituted with

lim
u→∞

sup
t1,t2∈Iλ

∣∣∣∣ f2(u) (1− ru(t1; t2))

σ2
η(|t1,1 − t2,1|, . . . , |t1,n − t2,n|)

− 1

∣∣∣∣ = 0,

where σ2
η(t) = Var(η(t)) and η = {η(t) : t ∈ Iλ} is a centered Gaussian field with

stationary increments satisfying some regularity conditions as in [48], then χu(·)
(properly modified) converges weakly to

√
2η(·)−σ2

η(·) in C(Iλ), as u→∞. Note
that in Lemma 6.1 we have η(s, t) = B

(1)
H (s) +B

(2)
H (t). This leads to the following

conclusion. With the aforementioned modifications,

P (Φ(Xu(·)) > n(u)) ∼ HΦ
η (Iλ)Ψ(n(u)), as u→∞,

where

HΦ
η (Iλ) = E exp

(
Φ
(√

2η(·)− σ2
η(·)
))

<∞.

Note that HΦ
η (Iλ) depends implicitly on Iλ throughout the functional Φ : C(Iλ)→

R.
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6.3 Main result

In this section we present the main result of this chapter, which is the following
theorem.

Theorem 6.1 (Strong Piterbarg property). For H > 1
2 and any T (u) > 0, such

that T (u) = o(u
2H−1
H ), as u→∞,

P
(

inf
t∈[0,T (u)]

QBH (t) > u

)
∼ P (QBH (0) > u) ∼ P

(
sup

t∈[0,T (u)]

QBH (t) > u

)
.

The second asymptotic relation was proven in [96, Theorem 5] and is called the
Piterbarg property; cf. (6.3). To prove Theorem 6.1, we shall show that the prob-
lem under consideration can be reduced to analyzing the right tail asymptotics of
the infimum-supremum functional of a centered Gaussian field with a correlation
structure as in Lemma 6.1. Employing this lemma we obtain the right tail asymp-
totics on small intervals, which then can be summed up in a similar fashion as in
the double sum method (although some additional work is needed) to obtain the
asymptotics on the whole interval. This is done in Lemma 6.2, which is the main
step of the proof of Theorem 6.1.

6.3.1 Reduction to a Gaussian field

Using new variables τ = (σ − t)/u and s = t/u, for any T > 0,

P
(

inf
t∈[0,T ]

QBH (t) > u

)
= P

(
inf

t∈[0,T ]
sup
σ≥t

(BH(σ)−BH(t)− c(σ − t)) > u

)
= P

(
∀s ∈

[
0,
T

u

]
∃τ ≥ 0 : BH(u(s+ τ))−BH(su) > u+ cuτ

)
= P

(
inf

s∈[0,Tu−1]
sup
τ≥0

BH(u(s+ τ))−BH(su)

τHuHν(τ)
> u1−H

)
= P

(
inf

s∈[0,Tu−1]
sup
τ≥0

Zu(s, τ) > u1−H
)
,

where ν(τ) = τ−H + cτ1−H and Zu = {Zu(s, τ) : s, τ ≥ 0} is a Gaussian field
given by

Zu(s, τ) =
BH(u(s+ τ))−BH(su)

τHuHν(τ)
.

The distribution of Zu does not depend on u, hence we deal with Z = Z1. Note
that Z(s, τ) is stationary in s, but not in τ .
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6.3.2 Correlation structure of Z

The variance σ2
Z(τ) of Z(s, τ) equals ν−2(τ) and has a single maximum point at

τ0 = H
c(1−H) . Taylor expansions show that, as τ → τ0,

σZ(τ) =
1

A
− B

2A2
(τ − τ0)2 +O((τ − τ0)3), (6.11)

where

A =
1

1−H

(
H

c(1−H)

)−H
= ν(τ0),

B = H

(
H

c(1−H)

)−H−2

= ν′′(τ0).

Furthermore, denote a = 1
2τ
−2H
0 and b = B

2A . Note that τ0, A,B, a, b are the same
constants as in Section 6.1.

The correlation function r(s1, τ1; s2, τ2) of Z equals

r(s1, τ1; s2, τ2) = EZ(s1, τ1)Z(s2, τ2)ν(τ1)ν(τ2)

=
|s1 − s2 + τ1|2H + |s1 − s2 − τ2|2H − |s1 − s2 + τ1 − τ2|2H − |s1 − s2|2H

2τH1 τH2

= 1− a(1 + o(1))
(
|s1 − s2 + τ1 − τ2|2H + |s1 − s2|2H

)
(6.12)

as s1 − s2 → 0, τ1 → τ0, τ2 → τ0. These relations were derived in [96].

6.3.3 Asymptotic properties of Z

In this subsection we will be concerned in the asymptotic properties of

P
(

inf
s∈[0,T ]

sup
τ≥0

AZ(s, τ) > u

)
(6.13)

as u grows to infinity. Note that we normalized Z such that now the variance of
AZ(s, τ) equals one at τ = τ0 (Z is stationary in s). It follows from [96, Lemma
1] that there exists a constant C such that for any u, T

P

(
inf

s∈[0,T ]
sup

|τ−τ0|≥log u/u

AZ(s, τ) > u

)
≤ CTu2/H exp

(
−1

2
u2 − b log2 u

)
.

If we restrict ourselves to the neighborhood |τ − τ0| ≤ log u/u of τ0 then the
following lemma shows that the probability in (6.13), with Z restricted to the
neighborhood of τ0, on the logarithmic scale decays as −u

2

2 when u grows large,
so that the neighborhood of τ0 has the largest contribution to the asymptotic
behavior of (6.13).
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Lemma 6.2. For any λ > 0,

lim inf
u→∞

P
(

infs∈[0,λu−1/H ] sup|τ−τ0|≤log u/uAZ(s, τ) > u
)

√
πa

1
2H b−

1
2Hsup

2HHinf
2H

(
λa

1
2H

)
u

1
H−1Ψ(u)

≥ 1.

6.3.4 The proof of the strong Piterbarg property
Recall from Section 6.3.1 that

P
(

inf
t∈[0,T ]

QBH (t) > u

)
= P

(
inf

s∈[0,TA
1

1−H (Au1−H)
− 1

1−H ]

sup
τ≥0

AZ(s, τ) > Au1−H

)
.

Theorem 6.1 is a simple reformulation of the observations of the previous sections
in terms of the storage process QBH . We have,[

0, TA
1

1−H (Au1−H)−
1

1−H

]
=
[
0, λ(u)(Au1−H)−

1
H

]
,

where λ(u) = TA
1
H u

1−2H
H . Let T = T (u) be such that T (u) = o(u

2H−1
H ) as u→∞.

Then, for any ε > 0 and all u such that λ(u) ≤ ε,[
0, TA

1
1−H (Au1−H)−

1
1−H

]
⊂
[
0, ε(Au1−H)−

1
H

]
.

Observe that by Fatou’s lemma lim supε↓0Hinf
2H(εa

1
2H ) = 1. Finally, recall from

that, cf. (6.1),

P (QBH (0) > u) ∼
√
πa

1
2H b−

1
2Hsup

2H (Au1−H)
1−H
H Ψ(Au1−H), as u→∞;

see [66, Theorem 1]. Hence by Lemma 6.2, we arrive at the claim of Theorem 6.1.

6.4 Proof of Lemma 6.2
For the Gaussian fields X(s, τ) = AZ(s, τ − s) we have

P

(
inf

s∈[0,λu−
1
H ]

sup
|τ−τ0|≤ log u

u

AZ(s, τ) > u

)
= P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈I(s)

X(s, τ) > u

)
,

where I(s) = [τ0+s− log u
u , τ0+s+ log u

u ]. From (6.12) it follows that the correlation
function rX of X is given by

rX(s1, τ1; s2, τ2) = 1− a(1 + o(1))
(
|τ1 − τ2|2H + |s1 − s2|2H

)
as s1 − s2 → 0, τ1 − s1 → τ0, τ2 − s2 → τ0. Furthermore, (6.11) implies that the
variance function σ2

X of X satisfies

σX(s, τ) = 1− b(τ − s− τ0)2 +O((τ − s− τ0)3),
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as τ − s→ τ0.
Let us divide the interval [τ0 + s− log u

u , τ0 + s+ log u
u ] into intervals of length

γu−
1
H for some fixed γ > 0,

Ik(s) = [τ0 + s+ kγu−
1
H , τ0 + s+ (k + 1)γu−

1
H ], k = 0, 1, 2, . . . ,

I−k(s) = [τ0 + s− (k + 1)γu−
1
H , τ0 + s− kγu− 1

H ], k = 0, 1, 2, . . . ,

Notice that,

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈I(s)

X(s, τ) > u

)

≥ P

(
inf

s∈[0,λu−
1
H ]

max
k=−[γ−1u

1
H log u

u ],...,[γ−1u
1
H log u

u ]

sup
τ∈Ik(s)

X(s, τ) > u

)

≥ P

(
max

k=−[γ−1u
1
H log u

u ],...,[γ−1u
1
H log u

u ]

inf
s∈[0,λu−

1
H ]

sup
τ∈Ik(s)

X(s, τ) > u

)

≥ 2

[γ−1u
1
H log u

u ]∑
k=0

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u

)

− 2
∑

0≤l<k≤[γ−1u
1
H log u

u ]

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u,

inf
s∈[0,λu−

1
H ]

sup
τ∈Il(s)

X(s, τ) > u

)

− P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈I−0(s)

X(s, τ) > u,

inf
s∈[0,λu−

1
H ]

sup
τ∈I0(s)

X(s, τ) > u

)
.

Now, for any ε > 0, any s ∈ [0, λu−
1
H ] and all τ ∈ I±k(s), for sufficiently large u,

1− (b+ ε)(k + 1)2γ2u−
2
H ≤ σX(s, τ) ≤ 1− b(1− ε)k2γ2u−

2
H .

Therefore, with X̄(s, τ) = X(s, τ)/σX(s, τ),

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u

)
≥ P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X̄(s, τ) > uk+

)
,

where

uk+ =
u

1− (b+ ε)(k + 1)2γ2u−
2
H

.
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Thus by Remark 6.1, as u→∞,

2

[γ−1u
1
H log u

u ]∑
k=0

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u

)

≥ 2(1 + o(1))

[γ−1u
1
H log u

u ]∑
k=0

Hinf
2H(λa

1
2H )Hsup

2H (γa
1

2H )Ψ(uk+).

Notice that, as u→∞,

[γ−1u
1
H log u

u ]∑
k=0

Ψ(uk+) ∼ 1√
2π

[γ−1u
1
H log u

u ]∑
k=0

1

uk+
e
− 1

2u
2
k+ .

Furthermore, as u→∞,

[γ−1u
1
H log u

u ]∑
k=0

1

uk+
e
− 1

2u
2
k+ =

1

u

[γ−1u
1
H log u

u ]∑
k=0

(1− (b+ ε)(k + 1)2γ2u−
2
H )

× exp

(
−u2

2(1− (b+ ε)(k + 1)2γ2u−
2
H )2

)

= γ−1u
1
H−1e−

u2

2

[γ−1u
1
H log u

u ]∑
k=0

(1− (b+ ε)(k + 1)2γ2u−
2
H )

× exp

(
−u2(b+ ε)(k + 1)2γ2u−

2
H + 1

2u
2(b+ ε)2(k + 1)4γ4u−

4
H

(1− (b+ ε)(k + 1)2γ2u−
2
H )2

)
γu−

1
H

∼ γ−1u
1
H−1e−

u2

2

×
∫ log u

u

0

(1− (b+ ε)x2) exp

(−u2(b+ ε)x2 + 1
2u

2(b+ ε)2x4

(1− (b+ ε)x2)2

)
dx.

Substituting 1
2s

2 = u2(b+ ε)x2, the last integral equals

1

u
√

2(b+ ε)

∫ √2(b+ε) log u

0

(1− s2

2u2
) exp

(
− s

2

2 + s4

4u2

(1− s2

2u2 )2

)
ds

∼ 1

u
√

2(b+ ε)

∫ ∞
0

exp

(
−s

2

2

)
ds

∼
√
π

2u
√
b+ ε

, as u→∞.
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Combining these estimates we obtain

2

[γ−1u
1
H log u

u ]∑
k=0

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u

)

≥ 2Hinf
2H(λa

1
2H )Hsup

2H (γa
1

2H )
1√
2π
γ−1u

1
H−1e−

u2

2

√
π

2u
√
b+ ε

(1 + o(1))

= Hinf
2H(λa

1
2H )Hsup

2H (γa
1

2H )γ−1

√
π√

b+ ε
u

1
H−1Ψ(u)(1 + o(1)),

which by the fact that ε, γ > 0 was arbitrary and the limit limT→∞
1
TH

sup
2H (T ) =

Hsup
2H , yields

2

[γ−1u
1
H log u

u ]∑
k=0

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u

)

≥ Hinf
2H(λa

1
2H )Hsup

2H a
1

2H

√
π√
b
u

1
H−1Ψ(u)(1 + o(1)).

Finally, note that

2
∑

0≤l<k≤[γ−1u
1
H log u

u ]

P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u,

inf
s∈[0,λu−

1
H ]

sup
τ∈Il(s)

X(s, τ) > u

)

+ P

(
inf

s∈[0,λu−
1
H ]

sup
τ∈I−0(s)

X(s, τ) > u,

inf
s∈[0,λu−

1
H ]

sup
τ∈I0(s)

X(s, τ) > u

)

≤ 2
∑

0≤l<k≤[γ−1u
1
H log u

u ]

P

(
sup

s∈[0,λu−
1
H ]

sup
τ∈Ik(s)

X(s, τ) > u,

sup
s∈[0,λu−

1
H ]

sup
τ∈Il(s)

X(s, τ) > u

)

+ P

(
sup

s∈[0,λu−
1
H ]

sup
τ∈I−0(s)

X(s, τ) > u,

sup
s∈[0,λu−

1
H ]

sup
τ∈I0(s)

X(s, τ) > u

)
.
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It has been shown in [96, end of the proof of Lemma 3], that the last expression is
of a smaller order than u

1
H−1Ψ(u), which completes the proof.



CHAPTER 7

LÉVY QUEUES IN HEAVY
TRAFFIC

7.1 Introduction

Let Y = {Yn : n ≥ 1} be a sequence of zero mean, i.i.d. random variables. For
c > 0, let Q(c)

Y = supn≥0 S
(c)
n , where S(c)

n = Sn − cn and Sn is the nth partial
sum of Y , that is Sn =

∑n
k=0 Yk, with Y0 = 0. Because EY1 = 0, it easily follows

that Q(c)
Y → ∞ almost surely as c → 0. From this fact a natural question arises:

How fast does Q(c)
Y grow as c→ 0? This problem has been treated extensively and

various methods have been developed.
One major reason why the behavior of Q(c)

Y has been studied is that it is
well known that the distribution of the stationary waiting time Qe of a customer
in a single-server first-come-first-served queue coincides with the distribution of
the maximum attained by a corresponding random walk; cf. Chapter 1, (1.2) in
particular. The condition on the mean of the random walk becoming small, c→ 0,
means in the context of a queue that the traffic load increases to 1. Thus, the
problem under consideration may be seen as the investigation of the growth rate
of the stationary waiting-time distribution in a queue as a result of increasing the
imposed load. This is one of the most important problems in queueing theory
usually referred to as the heavy-traffic approximation problem. The question was
first posed by Kingman [74, 75] (see also [76] for an extensive discussion on the
early results) and it has been solved in various settings; e.g., among others, [25;
63; 101; 106; 113; 118].

Kingman in his proof assumed exponential moments of |Y1| and used Wiener–
Hopf factorization to obtain the Laplace transform of Q(c)

Y . Relying on the func-

87
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tional Central Limit Theorem (CLT) Prokhorov [101] generalized Kingman’s result
to the case when only the second moment of Y1 is finite. These two approaches
have become classical and have both been used to prove various heavy-traffic re-
sults. The analytical approach of Kingman was used by Boxma and Cohen [25] to
study the limiting behaviour of Q(c)

Y in the case of infinite variance. They proved
that if P(Y1 > x) is regularly varying at infinity with a parameter α ∈ (1, 2), then,
under some mild additional assumptions, there exists a function ∆(c) such that
∆(c)Q

(c)
Y converges in law to a proper random variable. Furrer [63] and Resnick

and Samorodnitsky [106] provided similar results assuming that the random vari-
able Y1 belongs to the domain of attraction of a spectrally positive stable law and
using functional theorems. It is worth mentioning that Furrer has computed the
corresponding limit distribution explicitly. Shneer and Wachtel [113] relaxed the
previous assumption and allow the random walk to belong to the domain of at-
traction of any stable law. The authors state a heavy-traffic limit theorem under
the assumption that Y1 belongs to the domain of attraction of a stable law with
index α ∈ (1, 2]. They provide two different proofs of their result, with the use of
both classical methods mentioned above.

Surprisingly, there are no results in the literature on the heavy-traffic limit
theorems for Lévy-driven queues. Let X = {Xt : t ≥ 0} be a Lévy process
with EX1 = 0. For c > 0, let Q(c)

X = supt≥0X
(c)
t be the all-time supremum of

X(c) = {X(c)
t : t ≥ 0}, whereX(c)

t = Xt−ct. It is known that under the assumption
EX1 = 0, the Lévy process X oscillates, so that Q(c)

X is a proper random variable
such that Q(c)

X → ∞ almost surely as c → 0. Therefore one can pose the same
heavy-traffic approximation problem: How fast does Q(c)

X grow as c→ 0?
One of the main contributions of this chapter is that, using the ideas from [113],

we shall show that the classical approaches via the Wiener–Hopf factorization
and the functional CLT can also be applied in the Lévy case. It turns out in
Theorem 7.2 that the behavior of Q(c)

X and Q(c)
Y as c tends to 0 is essentially the

same, provided that X1 and Y1 have the same distribution. This will lead us to
developing another approach to the problem applicable in a more general context.
That is, assuming, that for every c > 0, X(c) is any Lévy process - not necessarily
X

(c)
t = Xt − ct, under some mild conditions and provided that X(c)

1
d
= Y

(c)
1 , our

main result, Theorem 7.3, states: ∆(c)Q
(c)
X

d→ R if and only if ∆(c)Q
(c)
Y

d→ R, for
some random variable R and some function ∆(·). This result allows to translate
each single result in the random walk setting to its analogue in the Lévy setting,
thereby providing a range of fluid heavy-traffic limit theorems.

The remainder of the chapter is organized as follows. In Section 7.2 we give
necessary preliminaries on random walks and domains of attraction. Section 7.3
contains Theorem 7.1, the result by Shneer and Wachtel [113] in the random walk
setting and its analogue Theorem 7.2 in the Lévy setting, which is one of our main
results. We discuss the Wiener–Hopf and functional CLT methods and present
independent proofs of Theorem 7.2 using these techniques in Section 7.4. Lastly,
Section 7.5 contains the second contribution of this chapter, Theorem 7.3, which
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provides a method of translating each single result in the random walk setting to
its analogue in the Lévy setting. We finish the chapter by applying Theorem 7.3
to the heavy-traffic invariance principle given by Szczotka and Woyczyński [118].

7.2 Preliminaries
We say that a sequence of zero mean, i.i.d. random variables Y = {Yn : n ≥ 1}
belongs to the domain of attraction of a stable law L (α) with index α ∈ (1, 2) if
there exists a sequences {dn : n ≥ 0} such that

Sn
dn

d→ L (α), as n→∞, (7.1)

where Sn =
∑n
k=0 Yk is the nth partial sum of Y with Y0 = 0. Recall that the

α-stable distribution was defined in Definition 2.4. Our definition excludes some
variables that have their own domains of attraction and could appear as limits in
(7.1). Nevertheless, such random variables can be re-scaled (by a shift and/or a
multiplicative constant) such that they fall in the class specified by Definition 2.4.
Therefore, without loss of generality, we can work with the class of stable distri-
butions as in Chapter 2. Note that we have excluded the classical case of α = 2
from our consideration in this chapter.

If the sequence Y belongs to the domain of attraction of a stable law with index
α, then the function VY (x) = E|Y1|21{|Y1|≤x} = E

(
|Y1|2, |Y1| ≤ x

)
belongs to the

class RV ∞(2− α) of the regularly varying functions at infinity with index 2− α;
see, e.g., [61, Chapter IX]. The sequence dn can then be chosen as

dn = inf

{
t > 0 :

VY (t)

t2
≤ 1

n

}
. (7.2)

In this case the sequence dn is regularly varying with index 1/α, furthermore
assume that n(·) is a function such that cn(c) ∼ dn(c), as c→ 0, then

VY (cn(c))

c2n(c)
∼ 1, as c→ 0. (7.3)

It follows that the function n(·) ∈ RV 0(− α
α−1 ) is regularly varying at zero with

index − α
α−1 .

In Section 7.3 we shall assume that the Lévy process X = {Xt : t ≥ 0} is in
the domain of attraction of a stable law L (α) with index α ∈ (1, 2). This should
be understood in the sense that there exists a sequence {dn : n ≥ 0} such that

Xn

dn

d→ L (α), as n→∞. (7.4)

Note that we used the same notation dn for the normalizing sequence in both
equations (7.1) and (7.4). This will however not cause any confusion. Let us
investigate how this assumption relates to the Lévy triple (a, σ,Π).
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Set λ = Π(R \ (−1, 1)). Any Lévy process X can be decomposed as an inde-
pendent sum of two Lévy processes X1, X2, with characteristic exponents

Ψ1(u) = λ

∫
|x|≥1

(
1− eiux

) Π(dx)

λ
, (7.5)

Ψ2(u) = iδu+
1

2
σ2u2 +

∫
|x|<1

(
1− eiux + iux

)
Π(dx).

The process X1 is a compound Poisson process with arrival rate λ and jump
distribution J(x) = λ−11R\(−1,1)(x)Π(x) and the process X2 has a finite second
moment. In order to have convergence in distribution of

Xn

dn
=
X1
n − EX1

n

dn
+
X2
n − EX2

n

dn
= P 1

n + P 2
n

to some non-degenerated distribution we need to have
√
n = o(dn) as otherwise

lim supn→∞ P 1
n = ∞. But for such a sequence dn, by the central limit theorem,

P 2
n → 0. Therefore, the assumption that the process X is in the domain of

attraction of a stable law is in fact an assumption that the process X1 is and
can be checked in terms of the distribution function J(x), i.e., in terms of the
normalized Lévy measure Π concentrated on R \ (−1, 1).

Let us introduce a function VΠ(x) =
∫
|y|<x y

2Π(dy). The sequence dn from
(7.4) can be defined by (7.2) using VΠ(x) instead of VX(x). In the sequel we will
abbreviate VΠ to V .

Along with the stable limit theorems (7.1) and (7.4) the following functional
equivalents hold{

S[nt]

dn
: t ≥ 0

}
d→ {Lt : t ≥ 0} , (7.6){

Xnt

dn
: t ≥ 0

}
d→ {Lt : t ≥ 0} , (7.7)

where L = {Lt : t ≥ 0} is an α-stable Lévy process corresponding to L (α) from
(7.1) and (7.4), respectively. The convergence in (7.6) and (7.7) is known to hold
both in D[0, 1] and in D[0,∞), the Skorokhod space of real-valued càdlàg functions
on [0, 1] and [0,∞), respectively, equipped with the usual Skorokhod J1 topology;
see, e.g., [67, Chapter VI].

7.3 The stable case
Recall the notation from Section 7.1; Q(c)

X = supt≥0X
(c)
t , Q(c)

Y = supn≥0 S
(c)
n ,

where, for each c > 0, X(c)
t = Xt − ct and X = {Xt : t ≥ 0} is a Lévy process;

S
(c)
n = Sn − cn and Sn is the nth partial sum of a sequence of i.i.d. random

variables Y = {Yn : n ≥ 1} with Y0 = 0. First let us give the main theorem by
Shneer and Wachtel [113].
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Theorem 7.1 (Theorem 1, [113]). Let Y = {Yn : n ≥ 1} be a sequence of zero
mean, i.i.d. random variables in the domain of attraction of a stable law L (α)

with index α ∈ (1, 2). Then, as c→ 0,

Q
(c)
Y

dn(c)

d→ sup
t≥0

(Lt − t).

Remark 7.1. Theorem 7.1 implies then, that Q(c)
Y grows as a regularly varying func-

tion with index − 1
α−1 at zero. The limiting distribution is only known explicitly

in some particular cases. If L is spectrally negative, then the limiting distribution
is exponential; cf. Chapter 2. If L is spectrally positive, then the limiting ran-
dom variable has a Mittag–Leffler distribution with parameter α−1; see, e.g., [69,
Theorem 4.2]. A positive random variable ML γ is said to have a Mittag–Leffler
distribution with parameter γ ∈ (0, 1] if its Laplace–Stieltjes transform is given by

E exp(−sML γ) =
1

1 + sγ
,

see, e.g., [17, p. 329]. Observe that ML 1 has the 1-exponential distribution. If L
is symmetric, then one can give the Laplace–Stieltjes transform of supt≥0(Lt − t);
see [117, Theorem 8]. In the other cases the explicit form of the distribution is
unknown, however, one can easily find its tail asymptotics P(supt≥0(Lt−t) > x) ∼
Cx1−α. For more details on the supremum distribution of a Lévy process see [117].

Now let us state an analogue of Theorem 7.1 in the Lévy case.

Theorem 7.2. Let X = {Xt : t ≥ 0} be a centered Lévy process in the domain of
attraction of a stable law L (α) with index α ∈ (1, 2). Then, as c→ 0,

Q
(c)
X

dn(c)

d→ sup
t≥0

(Lt − t).

Remark 7.2. LetX be a spectrally positive Lévy process, so thatX has no negative
jumps: Π(−∞, 0) = 0. Then via the generalized Pollaczek–Khintchine formula; cf.
Chapter 1:

Ee−sQ
(c)
X =

sϕ′c(0)

ϕc(s)
<∞, s > 0,

where ϕc is the Laplace exponent of X(c). Note that ϕc(s)− sϕ′c(0) = r(s), where
r(s) =

∫
(0,∞)

(e−sx − 1 + sx) Π( dx), thus

sϕ′c(0)

ϕc(s)
=

1

1 + r(s)
sϕ′c(0)

=
1

1 + r(s)
sc

If the process X is in the domain of attraction of a stable law with index α, we
necessarily have that Π(x,∞) is a regularly varying function of x (at infinity) of
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index −α. Using [17, Theorem 8.1.6] one infers that r ∈ RV 0(α). Take s = ud(c),
where d is a function such that

r(d(c))

cd(c)
∼ 1, as c→ 0. (7.8)

Then,

r(s)

sc
=
r(ud(c))

ud(c)c
∼ uαr(d(c))

ud(c)c
∼ uα−1, as c→ 0.

Hence the Laplace–Stieltjes transform (in terms of u) of the limit distribution has
the form of the the Mittag–Leffler distribution with parameter α− 1 ∈ (0, 1].

Example 7.1. In the special case when the underlying process X is a compound
Poisson process minus a drift, Theorem 7.2 states the heavy-traffic workload be-
haviour for an M/G/1 queue. Indeed, let customers arrive according to a Poisson
process N = {Nt : t ≥ 0} with rate λ and have a service distribution time B.
Let Xt =

∑Nt
k=1Bk, where Bk are i.i.d. copies of positive random variable B with

b = EB < ∞. In this case we do not have EX1 = 0, however this can be com-
pensated by letting c ↓ EX1 in Theorem 7.2 instead of c → 0. The distribution
of the random variable Q(c)

X coincides with the stationary workload distribution in
the corresponding M/G/1 queue with traffic load ρ = λb/c. In this case the Lévy
exponent of X equals

Ψ(s) = λ

∫ ∞
0

(
1− e−isx

)
dB(x),

where B(x) is the distribution function of B. Hence the Lévy measure Π equals
Π( dx) = λB( dx). The assumption of Theorem 7.2 can be then reformulated to:
B is in the domain of attraction of stable law L (α). Now the claim of Theorem 7.2
can be rephrased as

lim
ρ↑1

E exp

(
−u

Q
(ρ)
X

d(ρ)

)
=

1

1 + uα−1
,

where by Remark 7.2 d(·) has to be taken such that (7.8) holds. See also [25; 106]
for possible refinements of the assumption on regular variation in this special case.

7.4 The proofs via classical methods

In [113] the authors provide two different proofs of Theorem 7.1 comparing the
classical approaches via Wiener–Hopf factorization and functional Central Limit
Theorem. The authors overcame technical difficulties in both of the approaches
by proving a generalization of Kolmogorov’s inequality based on a result by Pruitt
[102]. In his paper, Pruitt also provides an analogous inequality for Lévy processes.
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We shall make use of this inequality to present how Theorem 7.2 can be proven
using the classical approaches.

In this section, let C > 0 denote a universal constant that can change between
the lines. Modifying the proof of [102] to fit our notation, one can show that the
following holds:

Lemma 7.1 (Pruitt [102]). For any zero mean Lévy process X with no Gaussian
component, σ = 0, and x > 1

P
(

sup
s≤t

Xs ≥ x
)
≤ Ct

(
Π({y : |y| > x}) +

1

x

∣∣∣∣∣
∫
|y|≥x

yΠ( dy)

∣∣∣∣∣+
V (x)

x2

)
.

The proof of the above lemma is based on a similar decomposition as in (7.5)
and is irrelevant for our discussion. As a consequence of the lemma, under the
assumption of Theorem 7.2, we get

P
(

sup
s≤t

Xs ≥ x
)
≤ C tV (x)

x2
. (7.9)

This follows from the fact, that the process X1 from the decomposition (7.5) is
in the domain of attraction of a stable law with index α, therefore V (x)/x2 is
regularly varying with index −α and all the other terms can be easily shown to be
proportional.

7.4.1 Wiener–Hopf factorization approach
The first, analytical, method is based on the consequence of the Wiener–Hopf
factorization; see [80, Lemma 6.17]. According to this factorization, the Laplace–
Stieltjes transform of Q(c)

X is given by

Ee
−β

Q
(c)
X

dn(c) = exp

(
−
∫ ∞

0

1

t
E

(
1− e−β

X
(c)
t

dn(c) , X
(c)
t > 0

)
dt

)

= exp

−∫ ∞
0

1

t
E

1− e−β
X

(c)
n(c)t
dn(c) , X

(c)
n(a)t > 0

 dt

 . (7.10)

From (7.7) it follows that, as c→ 0,

E

1− e−β
X

(c)
n(c)t
dn(c) , X

(c)
n(c)t > 0

→ E
(

1− e−β(Lt−t), (Lt − t) > 0
)
.

Therefore, as c→ 0

Ee
−β

Q
(c)
X

dn(c) → exp

(
−
∫ ∞

0

1

t
E
(

1− e−β(Lt−t), Lt − t > 0
)

dt

)
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provided that we can interchange the limit with the integral in (7.10). Now

exp

(
−
∫ ∞

0

1

t
E
(

1− e−β(Lt−t), Lt − t > 0
)

dt

)
= Ee−β supt≥0(Lt−t),

again by the Wiener–Hopf factorization for the Lévy process Lt − t. Therefore to
complete the proof we need to justify that the limit with c commutes with the
integral.

In the random walk setting, the Wiener–Hopf factorization for the supremum
of random walk Q(c)

Y yields

Ee
−β

Q
(c)
Y

dn(c) = exp

(
−
∞∑
k=1

1

k
E

(
1− e−β

S
(c)
k

dn(c) , S
(c)
k > 0

))
.

Kingman [76] gave heuristic arguments stating that the main contribution to the
infinite series is due to values k of order n(c). This however, was not proved
formally. Instead, he represented the exponent in the form of an integral along
the imaginary axis and gave a proof of the statement by solving a Wiener–Hopf
boundary-value problem (the same method was used later by Boxma and Cohen
[25] in the case of infinite variance). These heuristics were made precise by Shneer
and Wachtel [113] using a generalization of Kolmogorov’s inequality of similar form
as in Lemma 7.1 from Pruitt [102]. The proof in the Lévy setting (via Wiener–Hopf
factorization) becomes cleaner as we can work with the integral representation from
the beginning.

Proof of Theorem 7.2 via Wiener–Hopf. To complete the proof we need to
justify that the limit with c commutes with the integral in (7.10). The integration
interval (0,∞) can be split into two intervals I1 = (0, R] and I2 = [R,∞), for any
R > 0.

On the interval I1 we have

E

1− e−β
X

(c)
n(c)t
dn(c) , X

(c)
n(c)t > 0

 ≤ β

dn(c)
E
(
X

(c)
n(c)t, X

(c)
n(c)t > 0

)
=

β

dn(c)
E
(
Xn(c)t, Xn(c)t > 0

)
≤ CβE (Lt, Lt > 0) ,

where the last inequality follows from (7.7). L is an α-stable Lévy process, hence
Lt

d
= t1/αL1. Finally

E

1− e−β
X

(c)
n(c)t
dn(c) , X

(c)
n(c)t > 0

 ≤ Cβt1/αE (L1, L1 > 0)
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and the function t1/α−1 is integrable on I1.

On the interval I2 we have

E

1− e−β
X

(c)
n(c)t
dn(c) , X

(c)
n(c)t > 0

 ≤ P
(
Xn(c)t > cn(c)t

)
≤ CV (cn(c)t)

c2n(c)t
,

where the last inequality follows from (7.9). Observe that∫ ∞
R

1

t

V (cn(c)t)

c2n(c)t
dt =

1

c

∫ ∞
cn(c)R

V (x)

x2
dx ≤ CV (cn(c)R)

c2n(c)R
,

where the last inequality follows from regular variation of V (with index 2 − α).
We can continue the string of inequalities as follows,

V (cn(c)R)

c2n(c)R
≤ CR1−αV (cn(c))

c2n(c)
≤ CR1−α.

In the last inequality we used the relation (7.3).

7.4.2 Functional limit theorem approach
We now turn to the second method used in the literature, namely the functional
limit theorem approach. For some fixed T > 0, let

S
(c)
Tn(c) := max

0≤k≤Tn(c)
S

(c)
k .

From the functional central limit theorem (7.6), it follows directly by the contin-
uous mapping theorem that, for any x ≥ 0,

lim
c→0

P
(
S

(c)
Tn(c) ≥ dn(c)x

)
= P

(
sup
t∈[0,T ]

(Lt − t) ≥ x

)
.

The latter convergence implies that

lim
T→∞

lim
c→0

P
(
S

(c)
Tn(c) ≥ dn(c)x

)
= P

(
sup
t≥0

(Lt − t) ≥ x
)
.

However, in order to prove Theorem 7.1, one would need to show that

lim
c→0

lim
T→∞

P
(
S

(c)
Tn(c) ≥ dn(c)x

)
= P

(
sup
t≥0

(Lt − t) ≥ x
)

and the sufficient condition to ensure this is

lim
T→∞

P

(
sup

k≥n(c)T

S
(c)
k ≥ 0

)
= 0
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uniformly in c > 0. This was shown by Prokhorov [101] in the case of a finite
variance with the application of the classical Kolmogorov inequality. Later, As-
mussen [9, p.289] proved the same result using the fact that the sequence {Sn/n}
is a backward martingale. This fact was also utilized by Furrer [63] and Resnick
and Samorodnitsky [106] in the case of infinite variance. In Shneer and Wachtel
[113] the above difficulty was yet again overcome using the same generalization
of Kolmogorov’s inequality from Pruitt [102] as indicated in the Wiener–Hopf ap-
proach.

The above argumentation stays the same if one substitutes S(c)
Tn(c) with X

(c)
Tn(c),

cf. (7.7).

Proof of Theorem 7.2 via functional limit theorems. It is left to show that

lim
T→∞

P

(
sup

t≥n(c)T

X
(c)
t ≥ 0

)
= 0

uniformly in c > 0. Note that, using (7.9) and (7.3),

P

(
sup

t≥n(c)T

X
(c)
t ≥ 0

)
≤
∞∑
k=0

P

(
sup

t≤2k+1n(c)T

Xt ≥ 2kcn(c)T

)

≤ C
∞∑
k=0

2k+1n(c)TV (2kcn(c)T )

(2kcn(c)T )2

= 2C

∞∑
k=0

V (2kcn(c)T )

2kc2n(c)T
≤ CV (cn(c)T )

c2n(c)T

∞∑
k=0

(2k)1−α

≤ CV (cn(c)T )

c2n(c)T
≤ CV (cn(c))

c2n(c)
T 1−α

∼ CT 1−α.

7.5 The general case

Now, for any c > 0, let X(c) = {X(c)
t : t ≥ 0} denote any Lévy process, not

necessarily X(c)
t = Xt − ct for some fixed process X. In the same way, let S(c)

n be
the nth partial sum of a sequence of random variables {Y (c)

n : n ≥ 1} with Y (c)
0 = 0,

but not necessarily Y (c)
n = Yn − c for some fixed random sequence {Yn : n ≥ 1}.

We use the notation Q(c)
X and Q(c)

Y with the obvious changes. Let us state the main
theorem of this section.

Theorem 7.3. For each c > 0, let {Y (c)
n : n ≥ 1} be a sequence of i.i.d. random

variables and {X(c)
t : t ≥ 0} be a Lévy process. Assume that for each c, Y (c)

1
d
=
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X
(c)
1 , µ(c) = EY (c)

1 < 0 and µ(c) → 0 as c → 0. Then, for some random variable
R,

∆(c) sup
n≥0

S(c)
n

d→ R ⇐⇒ ∆(c) sup
t≥0

X
(c)
t

d→ R, as c→ 0, (7.11)

where ∆(·) is a normalizing function such that ∆(c)X
(c)
1 → 0 almost surely.

Remark 7.3. The assumptions of the above theorem are natural:

(i) µ(c) < 0 ensures that, for each c, Q(c)
X and Q(c)

Y are finite random variables.
Moreover, µ(c) → 0 implies that Q(c)

X and Q(c)
Y tend to infinity with c → 0.

Therefore the function ∆(·) tends to zero and can be seen as the speed of
convergence in (7.11);

(ii) ∆(c)X
(c)
1 → 0 is satisfied in all typical applications; for instance, when

X
(c)
t = Xt − ct for a fixed Lévy process X as in the previous section or

there exists a function d(c)→∞ such that X(c)
d(c)t → X in D[0,∞) where X

is a Lévy process. We shall encounter such assumptions in the sequel.

As mentioned in Remark 7.1, the distribution of the random variable R can be
computed in several cases.

Proof of Theorem 7.3. With R̄(x) := 1 − R(x), where R is the distribution
function of R, it is enough to show that, as c→ 0,

P
(

∆(c)Q
(c)
Y > x

)
→ R̄(x) ⇐⇒ P

(
∆(c)Q

(c)
X > x

)
→ R̄(x),

for any continuity point x of R.
Assume that ∆(c)Q

(c)
Y

d→ R, the converse implication follows in the same
manner. Observe that Q(c)

Y
d
= supn≥0X

(c)
n . Thus, we trivially have

P
(

∆(c)Q
(c)
X > x

)
≥ P

(
∆(c)Q

(c)
Y > x

)
. (7.12)

On the other hand, for any x0 > 0,

P
(

∆(c)Q
(c)
X > x

)
≤ P

(
∆(c) sup

n≥0
X(c)
n > x− x0

)
+ P

(
∆(c)Q

(c)
X > x, ∆(c) sup

n≥0
X(c)
n ≤ x− x0

)
= P

(
∆(c)Q

(c)
Y > x− x0

)
+ P

(
∆(c)Q

(c)
X > x, ∆(c) sup

n≥0
X(c)
n ≤ x− x0

)
.
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We use an argument similar to the one in [88; 128]. Define τ (c)(x) = inf{t ≥ 0 :

∆(c)X
(c)
t > x}, so that τ (c)(x) is a stopping time. Now the second term on the

right-hand side of the above inequality can be bounded from above by

P
(
τ (c)(x) <∞,∆(c)

(
inf

t∈[0,1]

(
X

(c)

τ(c)(x)+t
−X(c)

τ(c)(x)

))
≤ −x0

)
= P

(
τ (c)(x) <∞

)
P
(

∆(c) inf
t∈[0,1]

X
(c)
t ≤ −x0

)
,

where we used the strong Markov property in the last equality. Thus,

P
(

∆(c)Q
(c)
X > x

)
P
(

∆(c) inf
t∈[0,1]

X
(c)
t > −x0

)
≤ P

(
∆(c)Q

(c)
Y > x− x0

)
. (7.13)

Now the convergence ∆(c)X
(c)
1 → 0 a.s. implies that the finite-dimensional dis-

tributions of {∆(c)X
(c)
t : t ∈ [0, 1]} converge to zero a.s. and thus by [115] the

whole process converges to 0 in D[0, 1]. Applying the continuous mapping theorem
with the infimum (over [0, 1]) map yields ∆(c) inft∈[0,1]X

(c)
t → 0. Thus, combining

formulas (7.12) and (7.13) we get

R̄(x) ≤ lim inf
c→0

P
(

∆(c)Q
(c)
X > x

)
≤ lim sup

c→0
P
(

∆(c)Q
(c)
X > x

)
≤ R̄(x− x0).

Now the claim follows by letting x0 → 0.

7.5.1 Heavy-traffic invariance principle
A general principle called heavy-traffic invariance principle has been established
by Szczotka and Woyczyński [117]; see also [38; 39; 118].

Theorem 7.4 (Theorem 1, [117] and [118]). For each c > 0, let {Y (c)
n : n ≥ 1} be

a stationary sequence of random variables such that µ(c) := EY (c)
1 < 0, µ(c) → 0

and S(c)
n → −∞ almost surely as n→∞. Moreover, let ∆(c) be a positive function

such that, for some β ∈ (0,∞):

(i) there exists a stochastically continuous process X with stationary increments
such that

∆(c)
(
S

(c)
[t/c] − µ

(c)[t/c]
)

d→ X

in D[0,∞) and Xt − at→ −∞ a.s., as t→∞, for all a > 0;

(ii) ∆(c)|µ(c)|
c → β, as c→ 0;

(iii) the family {∆(c)Q
(c)
Y : c > 0} is tight.
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Then, as c→ 0,

∆(c)Q
(c)
Y

d→ sup
t≥0

(Xt − βt).

The above principle asserts under what condition one can infer the limiting
distributions of maxima of random walks from functional limit theorems. Accord-
ing to Theorem 7.3 this principle can be also reformulated in the Lévy setting. We
conclude the chapter with the following proposition:

Proposition 7.1 (Heavy-traffic invariance principle). For a family of Lévy pro-
cesses {X(c)

t : t ≥ 0} denote µ(c) = EX(c)
1 < 0 and assume that µ(c) → 0. More-

over, let ∆(c) be a positive function such that, for some β ∈ (0,∞):

(i) there exists a stochastically continuous process X with stationary increments
such that

∆(c)
(
X

(c)
t/c − µ

(c)[t/c]
)

d→ X

in D[0,∞) and Xt − at→ −∞ a.s., as t→∞, for all a > 0;

(ii) ∆(c)|µ(c)|
c → β, as c→ 0;

(iii) the family {∆(c)Q
(c)
X : c > 0} is tight.

Then, as c→ 0,

∆(c)Q
(c)
X

d→ sup
t≥0

(Xt − βt).

Proof. Follows immediately from Theorem 7.3 applied to Theorem 7.4.





CHAPTER 8

GAUSSIAN QUEUES IN LIGHT
AND HEAVY TRAFFIC

8.1 Introduction
The setting considered in this chapter is that of a centered Gaussian process X =
{X(t) : t ∈ R} with stationary increments, X(0) = 0, continuous sample paths
and variance function σ2(·), equipped with a deterministic, linear drift with rate
c > 0, reflected at 0:

Q
(c)
X (t) = sup

−∞<s≤t
(X(t)−X(s)− c(t− s)).

Recall from Chapter 1 that the resulting stationary workload process Q(c)
X =

{Q(c)
X (t) : t ≥ 0} can be regarded as a queue. The objective of this chapter is

to study Q
(c)
X in the limiting regimes c → 0 (heavy traffic) and c → ∞ (light

traffic).
Under mild conditions on the variance function σ2(·), Q(c)

X is a properly defined,
almost surely (a.s.) finite stochastic process. However, if c→ 0, then Q(c)

X (t) grows
to infinity (in a distributional sense), for any t ≥ 0. The branch of queueing theory
investigating how fast Q(c)

X grows to infinity (as c → 0) is commonly referred to
as the domain of heavy-traffic approximations and has been already considered
by us in Chapter 7 in the case when X was a Lévy process. In many situations
this regime allows manageable expressions for performance metrics that are, under
‘normal’ load conditions, highly complex or even intractable, see for instance the
seminal paper by Kingman [74] on the classical single-server queue. Since then,
a similar approach has been followed in various other settings; see, e.g., [25; 101;

101
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106; 118; 126]; we also refer the reader to Chapter 7 for the discussion on the
importance of the heavy-traffic approximations.

Analogously, one can ask what happens in the light-traffic regime, i.e., c→∞;
then evidently Q(c)

X decreases to zero. So far, hardly any attention has been paid
to the light-traffic and heavy-traffic regimes for Gaussian queues. An exception
is Dębicki and Mandjes [50], where the focus is on a special family of Gaussian
processes, in a specific heavy-traffic setting. The primary contribution of the
present chapter concerns the analysis of Q(c)

X under both limiting regimes, for
quite a broad class of Gaussian input processes X.

We now give a somewhat more detailed introduction to the material presented
in this chapter. It is well known that under the assumption that σ(·) varies regu-
larly at infinity with parameter α ∈ (0, 1), for any function δ such that δ(c)→∞
as c → 0, there is convergence in the heavy-traffic regime to the fractional Brow-
nian motion BH = {BH(t) : t ∈ R} with Hurst parameter H = α; cf. Section 2.2:

X(δ(c)·)
σ(δ(c))

d→ Bα(·), as c→ 0. (8.1)

We shall show that an analogous statement holds in the light-traffic regime, that
is, if σ(·) varies regularly at zero with parameter λ ∈ (0, 1), then for any function
δ such that δ(c)→ 0 as c→∞,

X(δ(c)·)
σ(δ(c))

d→ Bλ(·), as c→∞. (8.2)

Assuming that X satisfies some minor additional conditions, both (8.1) and (8.2)
apply in C(R), the space of all continuous functions on R.

The main result of this chapter proves that the statements (8.1) and (8.2),
which relate to the input processes, carry over to the corresponding stationary
buffer content processes Q(c)

X . That is, we identify, under specific conditions, a
function δ(·) such that

Q
(c)
X (δ(c)·)
σ(δ(c))

d→ Q
(1)
Bα

(·), as c→ 0 (8.3)

and

Q
(c)
X (δ(c)·)
σ(δ(c))

d→ Q
(1)
Bλ

(·), as c→∞, (8.4)

both in the space C[0,∞) of all continuous functions on [0,∞).
The chapter is organized as follows. In Section 8.2 we give some preliminaries

and introduce the assumptions on the process X that we shall work with. Sec-
tion 8.3.1 presents the results for the heavy-traffic regime, whereas Section 8.3.2
covers the light-traffic regime. That is, we formally state both (8.3) and (8.4),
respectively. We give the proofs of these statements, i.e., Theorem 8.1 and Theo-
rem 8.2 in Section 8.4, which concludes the chapter.
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8.2 Preliminaries

In this section we give the necessary background for this chapter. Throughout the
whole chapter we shall denote by id the identity function on R, that is id : R→ R
is a function such that id(t) = t for all t ∈ R.

8.2.1 Spaces of continuous functions

We refer to Billingsley [16] for the details of this subsection. For any T > 0,
let C[−T, T ] be the space of all continuous functions f : [−T, T ] → R. Equip
C[−T, T ] with the topology of uniform convergence, i.e., the topology generated
by the norm ‖f‖[−T,T ] := supt∈[−T,T ] |f(t)| under which C[−T, T ] is a separable
Banach space. Therefore, by Prokhorov’s theorem, weak convergence of random
elements {X(c) : c > 0} of C[−T, T ] as c→∞ is implied by convergence of finite-
dimensional distributions and tightness. A family {X(c) : c > 0} in C[−T, T ] is
tight if and only if for each positive ε, there exists an a and c0 such that

P
(
|X(c)(0)| ≥ a

)
≤ ε, for all c ≥ c0; (8.5)

and, for any η > 0,

lim
ζ→0

lim sup
c→∞

P

 sup
|t−s|≤ζ

s,t∈[−T,T ]

∣∣∣X(c)(t)−X(c)(s)
∣∣∣ ≥ η

 = 0. (8.6)

For notational convenience, we leave out the requirement s, t ∈ [−T, T ] explicitly
in the remainder of this chapter.

Finally, let C(R) be the space of all functions f : R → R such that f|[−T,T ] ∈
C[−T, T ] for all T > 0. The above definitions extend in an obvious way to C[0, T ],
C[0,∞) and convergence as c→ 0.

For γ ≥ 0, let Ωγ be the space of all continuous functions f : R→ R such that
limt→±∞ f(t)/(1 + |t|γ) = 0. Equip Ωγ with the topology generated by the norm
‖f‖Ωγ := supt∈R |f(t)|/(1 + |t|γ) under which Ωγ is a separable Banach space, so
that Prokhorov’s theorem applies. The following property can be found in [32,
Lemma 3] or [44, Lemma 4].

Proposition 8.1. Let a family of random elements {X(c) : c > 0} on Ωγ be
given. Suppose that the image of {X(c) : c > 0} under the projection mapping
pT : Ωγ → C[−T, T ] is tight in C[−T, T ] for all T > 0. Then {X(c) : c > 0} is
tight in Ωγ if and only if for any η > 0,

lim
T→∞

lim sup
c→∞

P

(
sup
|t|≥T

|X(c)(t)|
1 + |t|γ

≥ η

)
= 0. (8.7)
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8.2.2 Fluid Queues
Let us recall some notation concerning fluid queues, which was introduced in Chap-
ter 1. In this chapter, letQ(c)

X = {Q(c)
X (t) : t ≥ 0} denote a stationary buffer content

process for a fluid queue fed by a centered Gaussian process X = {X(t) : t ∈ R}
with stationary increments, X(0) = 0, continuous sample paths and variance func-
tion σ2(·). The system is drained with a constant rate c > 0, so that for any
t ≥ 0,

Q
(c)
X (t) = sup

−∞<s≤t
(X(t)−X(s)− c(t− s)) .

Additionally, an equivalent representation for Q(c)
X (t) holds [107, p. 375]:

Q
(c)
X (t) = Q

(c)
X (0)+X(t)−ct+max

(
0, sup

0<s<t

(
−Q(c)

X (0)− (X(s)− cs)
))

. (8.8)

As mentioned in the introduction, if c→ 0, then, for any t, Q(c)
X (t)→∞ a.s., which

is called the heavy-traffic regime. On the other hand, if c →∞, then Q(c)
X (t) → 0

a.s., which is called the light-traffic regime.
Let us remark that due to the stationarity of increments, all finite-dimensional

distributions of X are specified by the variance function, since

Cov(X(s), X(t)) =
1

2

(
σ2(s) + σ2(t)− σ2(|t− s|)

)
. (8.9)

Recall that by BH = {BH(t) : t ∈ R} we denote the fractional Brownian motion
with Hurst parameter H ∈ (0, 1), that is, a centered Gaussian process with sta-
tionary increments, BH(0) = 0, continuous sample paths and covariance function

Cov(BH(s), BH(t)) =
1

2

(
|s|2H + |t|2H − |t− s|2H

)
; (8.10)

see Chapter 2.

8.2.3 Assumptions
Throughout the chapter we say that X satisfies:

C: if σ2(t)| log |t||1+ε has a finite limit as t→ 0, for some ε > 0;

RV0: if σ ∈ RV 0(λ), for λ ∈ (0, 1);

RV∞: if σ ∈ RV ∞(α), for α ∈ (0, 1);

HT: if both C and RV∞ are satisfied.

LT: if both RV0 and RV∞ are satisfied.

Recall from Section 2.2 that the continuity of X is implied by the convergence
of the Dudley integral. This in turn is immediately implied by condition C, see
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[3, Thm. 1.4]. However, the real importance of condition C lies in the fact that if
in addition X satisfies RV∞, then X also belongs to Ωγ , for every γ > α. This
is pointed out in Section 8.3.1. Finally, note that C is met under RV0. Indeed,
since σ ∈ RV 0(λ), then t 7→ σ(1/t) belongs to RV ∞(−λ), thus σ2(1/t)tλ → 0 as
t→∞. Equivalently, σ2(t)t−λ → 0 as t→ 0, implying limt→0 σ

2(t)| log |t||1+ε = 0,
for any fixed ε > 0. Furthermore, RV∞ implies that X(t)/t→ 0 a.s., for t→ ±∞,
so that Q(c)

X is a properly defined stochastic process for any c > 0, see [44, Lemma
3]. Lastly, the assumption that X has continuous sample paths implies that σ is
continuous.

8.3 Main results
In this section we formulate the result for the heavy-traffic and light-traffic regime,
respectively. It is emphasized that these results are highly symmetric. All the
proofs are postponed to Section 8.4.

Let us first introduce a function δ, such that for every c > 0

cδ(c)

σ(δ(c))
= 1. (8.11)

By the continuity of σ, we can choose δ as the left inverse of x 7→ σ(x)/x. That
is δ(c) = inf{x > 0 : σ(x)/x > c}. From the definition of δ it follows that
δ ∈ RV 0(1/(α− 1)) under RV∞ and δ ∈ RV ∞(1/(λ− 1)) under RV0.

8.3.1 Heavy-traffic regime

In the heavy-traffic regime we are interested in the analysis of Q(c)
X as c → 0,

under the assumption that X satisfies HT. The following statement follows from
[44, Theorem 5 and 6].

Proposition 8.2. If X satisfies HT, then

X(δ(c)·)
σ(δ(c))

d→ Bα(·), as c→ 0,

in C(R) and Ωγ , for any γ > α.

In fact, Proposition 8.2 holds for any function δ(c) such that δ(c) → ∞ as
c→ 0. Condition C (which is one of the requirements of HT) plays a crucial role
in proving tightness both in C[−T, T ], for some T > 0, and in Ωγ .

Combining Proposition 8.2 with the definition of δ leads to the following state-
ment.

Corollary 8.1. If X satisfies HT, then

X(δ(c)·)− cδ(c) id(·)
σ(δ(c))

d→ Bα(·)− id(·) as c→ 0,

in C(R).
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Now we are in the position to present the main result of this subsection.

Theorem 8.1. If X satisfies HT, then

Q
(c)
X (δ(c)·)
σ(δ(c))

d→ Q
(1)
Bα

(·) as c→ 0,

in C[0,∞).

Remark 8.1. Theorem 8.1 extends the findings of Dębicki and Mandjes [50, The-
orem 3.2] where, under the heavy-traffic regime, the weak convergence in C[0,∞)

of Q(c)
X (δ(c)·)/σ(δ(c)) as c → 0 was obtained for the class of input processes hav-

ing differentiable sample paths a.s., i.e., of the form X(t) =
∫ t

0
Z(s)ds, where

{Z(s) : s ≥ 0} is a stationary centered Gaussian process whose variance function
satisfies specific regularity conditions.

8.3.2 Light-traffic regime

In the light-traffic regime we analyze the convergence of Q(c)
X as c→∞, under the

assumption that X satisfies LT. We begin by stating the counterpart of Proposi-
tion 8.2.

Proposition 8.3. If X satisfies RV0, then

X(δ(c)·)
σ(δ(c))

d→ Bλ(·), as c→∞,

in C(R). If, moreover, X satisfies LT, then the convergence also holds in Ωγ , for
any γ > max{λ, α}.

Analogously to Proposition 8.2, Proposition 8.3 holds for any function δ(c) such
that δ(c) → 0 as c → ∞. As in the heavy-traffic case, combining Proposition 8.3
with the definition of δ leads to the counterpart of Corollary 8.1.

Corollary 8.2. If X satisfies RV0, then

X(δ(c)·)− cδ(c) id(·)
σ(δ(c))

d→ Bλ(·)− id(·) as c→∞,

in C(R).

The main result of this subsection is now stated as follows.

Theorem 8.2. If X satisfies LT, then

Q
(c)
X (δ(c)·)
σ(δ(c))

d→ Q
(1)
Bλ

(·) as c→∞,

in C[0,∞).



8.4. PROOFS 107

Remark 8.2. The assumption LT excludes the class of input processes of the struc-
ture X(t) =

∫ t
0
Z(s)ds, with {Z(s) : s ≥ 0} being a centered stationary Gaussian

process with continuous sample paths a.s. (since λ = 1 in this case). In [50, The-
orem 4.1] it was shown that, for this class of Gaussian processes, Q(c)

X (0)/σ(δ(c))

does not converge weakly to Q(1)
Bλ

(0) as c→∞.

8.4 Proofs
In this section we prove our results, but we start by presenting an auxiliary lemma.

Lemma 8.1. If X satisfies LT, then for any ε > 0, there exist constants C, a > 0,
such that for all x ≤ a and t > 0,

σ(tx)

σ(x)
≤ C ×

{
t` t ≤ 1,
tu t > 1,

where ` := min{λ− ε, α+ ε} and u := max{α+ ε, λ+ ε}.

Proof. Take any ε > 0, then because σ ∈ RV 0(λ), there exists an a ≤ 1 such that

σ(tx)

σ(x)
≤ 2tλ−ε, for all x ≤ a and tx ≤ a. (8.12)

Moreover, there exists a constant K1 such that σ(x) ≥ K1x
λ+ε for all x ≤ a.

Because σ ∈ RV ∞(α), there exist constants A,K2 > 0 such that σ(x) ≤
K2x

α+ε for all x ≥ A. Because σ is continuous, we can in fact find a K2 such that
σ(x) ≤ K2x

α+ε for all x ≥ a. Therefore

σ(tx)

σ(x)
≤ K2(tx)α+ε

K1xλ+ε
=: Ktα+εxα−λ, for all x ≤ a and tx ≥ a.

Note that, if α− λ ≥ 0, then we have

σ(tx)

σ(x)
≤ Kaα+εtα+ε, for all x ≤ a and tx ≥ a. (8.13)

If α− λ < 0, then

σ(tx)

σ(x)
≤ Kaα−λtλ+ε, for all x ≤ a and tx ≥ a. (8.14)

Combining (8.12)–(8.14), we conclude that there exists a constant C > 0, such
that

σ(tx)

σ(x)
≤ C max

{
tλ−ε, tα+ε, tλ+ε

}
, for all x ≤ a and all t > 0.
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In what follows, we will use the following notation. Let

X(c)(t) :=
X(δ(c)t)

σ(δ(c))

and denote the variance of X(c) by (σ(c))2, that is,

σ(c)(t) :=
σ(δ(c)t)

σ(δ(c))
.

Proof of Proposition 8.3. We begin by showing the convergence in C(R). To
this end, we need to show the convergence in C[−T, T ] for any fixed T > 0.

Convergence in C[−T, T ]: From the fact that σ ∈ RV 0(λ), it is immediate that
the finite-dimensional distributions of X(c) converge to those of Bλ as c→∞, cf.
(8.9)-(8.10), which also implies (8.5). Therefore, the weak convergence of X(c) in
C[−T, T ] follows after showing (8.6).

By the Uniform Convergence Theorem, see Theorem 2.3, for any t ∈ (0, ζ],
we have σ(c)(t) ≤ 2ζλ. Thus, Proposition 2.1 yields, for some universal constant
K > 0,

P

(
sup
|s−t|≤ζ

∣∣∣X(c)(t)−X(c)(s)
∣∣∣ ≥ η)

≤ P

(
sup

σ(c)(|s−t|)≤2ζλ

∣∣∣X(c)(t)−X(c)(s)
∣∣∣ ≥ η)

≤ 1

η
E

(
sup

σ(c)(|s−t|)≤2ζλ

∣∣∣X(c)(t)−X(c)(s)
∣∣∣)

≤ K

η

∫ 2ζλ

0

√
H(c)([−T, T ], ϑ) dϑ,

where H(c)([−T, T ], ·) is the metric entropy induced by σ(c).
By Potter’s bound, see Theorem 2.4, for any ε, ζ > 0, ε < λ and t ∈ (0, ζ] and

sufficiently large c (corresponding to small δ(c)), we have σ(c)(t) ≤ 2tλ−ε. Hence

H(c)([−T, T ], ϑ) ≤ Hd̃

(
[−T, T ],

ϑ

2

)
,

where d̃ is a semimetric such that d̃(s, t) = |t− s|λ−ε. The inverse of x 7→ xλ−ε is
given by x 7→ x1/(λ−ε), so that

Hd̃([−T, T ], ϑ) ≤ log

(
T

ϑ1/(λ−ε) + 1

)
≤ C log

(
1

ϑ

)
,
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for some constant C > 0 and ϑ > 0 small. It follows that∫ 2ζλ

0

√
H(c)([−T, T ], ϑ) dϑ ≤

√
C

∫ 2ζλ

0

√
log

(
2

ϑ

)
dϑ

= 2
√
C

∫ ∞
ζ−λ

√
log ϑ

ϑ2
dϑ.

Summarizing, we have

lim sup
c→∞

P

(
sup
|s−t|≤ζ

∣∣∣X(c)(t)−X(c)(s)
∣∣∣ ≥ η) ≤ 2K

√
C

η

∫ ∞
ζ−λ

√
log ϑ

ϑ2
dϑ;

we obtain (8.6) by letting ζ → 0.
Convergence in Ωγ : To show the convergence in Ωγ , we need to verify (8.7).

Observe that

P

(
sup
t≥ek

|X(c)(t)|
1 + tγ

≥ η

)
≤ 1

η

∞∑
j=k

E supt∈[ej ,ej+1] |X(c)(t)|
1 + ejγ

≤ 1

η

∞∑
j=k

E|X(c)(ej)|
1 + ejγ

+
2

η

∞∑
j=k

E supt∈[ej ,ej+1]X
(c)(t)

1 + ejγ

=: I1(k) + I2(k).

I1(k) and I2(k) are dealt with separately. According to Lemma 8.1, for large c
(that is, small δ(c)), we have

σ(c)(t) ≤ C ×
{

t` t ≤ 1,
tu t > 1,

where ` and u can be chosen such that `, u < γ. Therefore,

I1(k) ≤ 1

η

∞∑
j=k

σ(c)(ej)

1 + ejγ
≤ C

η

∞∑
j=k

eju

1 + ejγ
,

and the resulting upper bound tends to zero as k →∞.
Now focus on I2(k). For some universal constant K > 0 and because of the

stationarity of the increments of X, Proposition 2.1 yields that I2(k) is majorized
by

2K

η

∞∑
j=k

∫ ∞
0

√
H(c)([ej , ej+1], ϑ) dϑ

1 + ejγ
=

2K

η

∞∑
j=k

∫ ∞
0

√
H(c)([0, ej(e− 1)], ϑ) dϑ

1 + ejγ
.

We will estimate the integrals under the sum by splitting the integration area into
ϑ ≤ 1 and ϑ ≥ 1.



110 CHAPTER 8. GAUSSIAN QUEUES IN LIGHT AND HEAVY TRAFFIC

Observe that, for some constants C1, C2 > 0 (that is, not depending on j),

∫ 1

0

√
H(c)([0, ej(e− 1)], ϑ) dϑ ≤

∫ 1

0

√
log

(
ej(e− 1)

2ϑ1/`
+ 1

)
dϑ

≤
∫ 1

0

√
C1 + j +

1

`
log

(
1

ϑ

)
dϑ

= `e`(C1+j)

∫ ∞
C1+j

√
ϑe−`ϑ dϑ

≤ `e`(C1+j)

∫ ∞
0

√
ϑe−`ϑ dϑ = C2e

`j .

Recall that ` < γ, so that

lim
k→∞

∞∑
j=k

∫ 1

0

√
H(c)([0, ej(e− 1)], ϑ) dϑ

1 + ejγ
≤ 2K

η
lim
k→∞

∞∑
j=k

C2e
`j

1 + ejγ
= 0.

So it remains to show the analogous statement for the integration interval [1,∞).
Using a similar argumentation as the one above, one can show that∫ ∞

1

√
H(c)([0, ej(e− 1)], ϑ) dϑ ≤ C3e

uj ,

for some constant C3 > 0, from which the claim is readily obtained.

Since the proof of Theorem 8.1 is analogous to the proof of Theorem 8.2,
we choose to focus on the light-traffic case only. In order to obtain the proof
of Theorem 8.1 substitute c → ∞ with c → 0 and invoke Proposition 8.2 and
Corollary 8.1 instead of Proposition 8.3 and Corollary 8.2.

Proof of Theorem 8.2. The proof consists of three steps: convergence of the
one-dimensional distributions, the finite-dimensional distributions, and a tightness
argument.

Step 1: Convergence of one-dimensional distributions. In this step we show
that, for a fixed t ≥ 0,

Q
(c)
X (t)

σ(δ(c))

d→ Q
(1)
Bλ

(t), as c→∞.

Since Q(c)
X is stationary, it is enough to show the above convergence for t = 0 only.

Observe that, due to the time-reversibility property of Gaussian processes,

Q
(c)
X (0)

d
= sup

t≥0
(X(t)− ct) = sup

t≥0
(X(δ(c)t)− cδ(c)t) .
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Upon combining Corollary 8.2 with the continuous mapping theorem, for each
T > 0,

sup
t∈[0,T ]

(
X(δ(c)t)− cδ(c)t

σ(δ(c))

)
d→ sup
t∈[0,T ]

(Bλ(t)− t), as c→∞.

Thus it suffices to show that

lim
T→∞

lim sup
c→∞

P
(

sup
t≥T

(
X(δ(c)t)− cδ(c)t

σ(δ(c))

)
≥ η

)
= 0, (8.15)

for any η > 0. Recall the definition of X(c), so that

P
(

sup
t≥T

(
X(δ(c)t)− cδ(c)t

σ(δ(c))

)
≥ η

)
= P

(
sup
t≥T

X(c)(t)

1 + t/η
≥ η

)
,

where we used (8.11). Now take γ ∈ (0, 1) and T big enough so that η ≤ t1−γ , for
t ≥ T , then the last probability can be bounded by

P
(

sup
t≥T

X(c)(t)

1 + tγ
≥ η

)
. (8.16)

Proposition 8.3 implies that the family {X(c)} is tight in Ωγ , for some γ < 1 so
that (8.15) follows after applying (8.7) of Proposition 8.1 to (8.16).

Step 2: Convergence of finite-dimensional distributions. The argumentation of
this step is analogous to Step 1. First note that for any ti ≥ 0, ηi > 0 and si < ti,
where i = 1, . . . , n, for any n ∈ N, it follows that

P

(
Q

(c)
X (δ(c)ti)

σ(δ(c))
> ηi, i = 1, . . . , n

)

= P

(
sup

s≤δ(c)ti

(
X(δ(c)ti)−X(s)− c(δ(c)ti − s)

σ(δ(c))

)
> ηi, i = 1, . . . , n

)

≤ P

(
sup

s∈[si,ti]

(
X(δ(c)ti)−X(δ(c)s)− cδ(c)(ti − s)

σ(δ(c))

)
> ηi, i = 1, . . . , n

)

+

n∑
i=1

P
(

sup
s≤si

(
X(δ(c)ti)−X(δ(c)s)− cδ(c)(ti − s)

σ(δ(c))

)
> ηi

)
.

Now the same procedure can be followed as in Step 1.
Step 3: Tightness in C[0, T ]. In this step, for any T > 0, we show the tightness

of {Q(c)
X (δ(c)·)/σ(δ(c)) : c > 0} in C[0, T ]. Given that we have established Step

2 already, (8.5) holds so we are left with proving (8.6), with s, t ∈ [0, T ]; the
remainder of the proof is devoted to settling this claim.

Stationarity of Q(c)
X implies that {Q(c)

X (δ(c)t)−Q(c)
X (δ(c)s) : t ≥ s} is distributed

as

{Q(c)
X (δ(c)(t− s))−Q(c)

X (0) : t ≥ s},
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so that it suffices to prove (8.6) for s = 0 only. Furthermore, cf. (8.8),

sup
0<t≤ζ

∣∣∣Q(c)
X (δ(c)t)−Q(c)

X (0)
∣∣∣ ≤ 2 sup

0<t≤ζ
|X(δ(c)t)− cδ(c)t| .

From Corollary 8.2 it follows that, for any η > 0,

lim sup
c→∞

P

(
sup

0<t≤ζ

|X(δ(c)t)− cδ(c)t|
σ(δ(c))

> η

)
= P

(
sup

0<t≤ζ
|Bλ(t)− t| > η

)
.

Now notice that for ζ < η/4, by the self-similarity of Bλ,

P

(
sup

0<t≤ζ
|Bλ(t)− t| ≥ η

2

)
≤ 2P

(
sup

0<t≤1
Bλ(t) ≥ η

4
ζ−λ

)
.

Now it is straightforward to conclude that the last expression tends to zero as
ζ → 0.



CHAPTER 9

EXTREMES OF
MULTIDIMENSIONAL

GAUSSIAN PROCESSES

9.1 Introduction
Owing to its relevance in various application domains, in the theory of stochastic
processes, substantial attention has been paid to estimating the tail distribution
of the maximum value attained. In mathematical terms, the setting considered
involves a R valued stochastic process X = {X(t) : t ∈ T} for some arbitrary set
T and a threshold level u > 0, where the focus is on characterizing the probability

P
(

sup
t∈T

X(t) > u

)
= P (∃t ∈ T : X(t) > u) . (9.1)

More specifically, the case in which X is a Gaussian process has been studied
in detail. This hardly led to any explicit results for (9.1), but there is quite a
large body of literature on results for the asymptotic regime in which u grows
large. The prototype case dealt with a centered Gaussian process X with bounded
trajectories. Recall from Section 2.2 that, in the Gaussian case, the logarithmic
asymptotics are of the form

lim
u→∞

u−2 logP
(

sup
t∈T

X(t) > u

)
= −

(
2σ2

T

)−1
, (9.2)

where σ2
T = supt∈T σ

2(t) is the supremum over the variance function σ2 of X. The
monographs [85; 95] contain more refined results: under appropriate conditions,

113
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exact asymptotics of (9.1) are given. The logarithmic asymptotics (9.2) can easily
be extended to the case of noncentered Gausssian processes if the mean function
is bounded. The situation becomes interesting if both trajectories and the mean
function of the process are unbounded. In this respect Dębicki [47] proved the
following:

Theorem 9.1 (Dębicki [47], Theorem 2.1). Let X = {X(t) : t ≥ 0} be a centered
Gaussian process with variance function σ2(·). Let d : [0,∞)→ R be any function
such such that for all ε ∈ (0, 1]

sup
t≥0

(X(t)− εd(t)) <∞ a.s..

Then, as u→∞,

logP (∃t ≥ 0 : X(t)− d(t) > u) ∼ −1

2
inf
t≥0

(u+ d(t))2

2σ2(t)
. (9.3)

For exact asymptotics in some specific cases, see [45; 66] and references therein.
While the above results all relate to one-dimensional suprema, considerably

less attention has been paid to their multidimensional counterparts. One of the
few exceptions is the work of Piterbarg and Stamatović [97], who considered the
case of two, possibly dependent, centered Gaussian processes X1 and X2. Recall
from Chapter 2 the convention that vectors are written in bold.

Theorem 9.2 (Piterbarg and Stamatović [97], Theorem 1). Let X1 = {X1(t1) :
t1 ∈ T1} and X2 = {X2(t2) : t2 ∈ T2} be two R valued, centered Gaussian processes
with almost surely bounded sample paths and variance functions σ2

1(·) and σ2
2(·)

defined on some arbitrary sets T1 and T2, respectively. For any vector q > 0, let
r(t) = Corr(X1(t1), X2(t2)) and

cq(t) = min

{
q1

σ1(t1)

σ2(t2)

q2
,
σ1(t1)

q1

q2

σ2(t2)

}
.

Then for any T ⊆ T1 × T2, as u→∞,

logP (∃(t1, t2) ∈ T : X1(t1) > q1u,X2(t2) > q2u) ∼ −u
2

2
IX,q(T ),

where

IX,q(T ) = inf
(t1,t2)∈T

1(
min

{
σ1(t1)
q1

, σ2(t2)
q2

})2

(
1 +

(cq(t)− r(t))2

1− r2(t)
1{r(t)<cq(t)}

)
.

In this chapter our objective is to obtain the logarithmic asymptotics of

P (∃t ∈ T : X(t)− d(t) > uq) , (9.4)

where, for some n ∈ N, X = {X(t) : t ∈ T}, with X(t) = (X1(t), . . . , Xn(t)), is
an Rn valued centered Gaussian process defined on an arbitrary set T as discussed
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in Section 2.2; d : T → Rn, with d(t) = (d1(t), . . . , dn(t)) denotes a drift function
and q > 0 is the threshold level. We will use the bold notation for t as in t ∈ T
to emphasize that t might be (and usually is) a vector itself. Typical examples of
sets T are T = R and T = Rm, for some m ∈ N not necessarily equal to n. Our
setup is rich enough to cover both the cases in which (9.4) corresponds to the event
in which (i) it is required that there is a single time epoch t = t ∈ R such that
Xi(t)− di(t) > qiu for all i = 1, . . . , n, (ii) there are n epochs t = (t1, . . . , tn) such
that Xi(ti) − di(ti) > qiu for all i = 1, . . . , n. We get back to this issue in detail
in Remark 9.4, where it is also noted that the theory covers a variety of situations
between these two extreme situations.

Compared to the one-dimensional setting, the multidimensional case requires
various technical complications to be settled. The derivations of logarithmic
asymptotics usually rely on an upper and lower bound, where the latter is based
on the inequality

P (∃t ∈ T : X(t)− d(t) > uq) ≥ sup
t∈T

P (X(t)− d(t) > uq) .

Strikingly, in terms of the logarithmic asymptotics, this lower bound is actually
tight, which is essentially due to the common ‘large deviations heuristic’: the decay
rate of the probability of a union of events coincides with the decay rate of the most
likely event among these events. A first contribution of the present chapter is that
we show that this argument essentially carries over to the multidimensional setting.
In order to obtain the lower bound one needs asymptotics of tail probabilities that
correspond to multivariate normal distributions. In this domain a wealth of results
is available; see, e.g., [65] and references therein. However, for our purposes we need
estimates which are, in some specific sense, uniform. A version of such estimates,
that is tailored to our needs, is presented in Lemma 9.4.

The upper bound is based on what we call a ‘saddle point equality’ presented
in Lemma 9.1. It essentially allows to approximate suprema of multidimensional
Gaussian process X by a specific one-dimensional Gaussian process, namely prop-
erly weighted sum of the coordinates Xi of X. Formally, we identify weights
w? = w?(u, t) ∈ Rn+ such that the inequality

P (∃t ∈ T : X(t)− d(t) > uq) ≤ P (∃t ∈ T : 〈w?,X(t)〉 > 〈w?, uq + d(t)〉) ,

is logarithmically asymptotically exact, as u→∞. The reduction of the dimension
of the problem allows us to use one-dimensional techniques (such as the celebrated
Borell’s inequality). Interestingly, the optimal weights w? can be interpreted in
terms of the solution to a convex programming problem that corresponds to an
associated Legendre transform of the covariance matrix Σt ofX(t). More formally,
it turns out that w?(u, t) = Σ−1

t v
?(u, t), where v? is the solution to

inf
v≥uq+d(t)

〈
v,Σ−1

t v
〉
.

A different weighting technique has been developed to prove Theorem 9.2, but
without a motivation for the weights chosen.
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Our main result Theorem 9.3 states, that under mild assumptions, as u→∞,

logP (∃t ∈ T : X(t)− d(t) > uq) ∼ −1

2
inf
t∈T

inf
v≥uq+d(t)

〈
v,Σ−1

t v
〉
. (9.5)

From this formula it can be directly seen that (9.3) of Theorem 9.1 is a special
instance of (9.5). We recover Theorem 9.2 in Remark 9.5 also as a special case
of Theorem 9.3. Our analysis extends these results in the first place because Rn
valued Gaussian processes are covered (for arbitrary n ∈ N). The other main
improvement relates to the considerable generality in terms of the drift functions
allowed; these were not covered in [97].

The chapter is organized as follows. In Section 9.2 we introduce notation, de-
scribe in detail the objects of our main interest, and state our main result; we
also pay special attention to the rationale behind the assumptions that we im-
pose. In Section 9.3 we illustrate the main theorem by presenting a number of
examples; one of these relates to Gaussian processes with regularly varying vari-
ance functions. In Section 9.4 we describe how the multidimensional process X
can be approximated by a one-dimensional process Z, obtained by appropriately
weighting the coordinates Xi. We prove some preliminary results about the char-
acteristics of the process Z. This section also contains the saddle point equality
mentioned above, Lemma 9.1, which is the crucial element of the proof of our main
result. Section 9.4 also contains auxiliary results needed to prove Theorem 9.3, as
well as the proof of our main result itself.

9.2 Main result
In this section we formally introduce the model, state the main theorem, and
provide intuition behind the assumptions imposed.

9.2.1 Model and notation
In this chapter we consider an Rn valued separable, centered Gaussian process
X = {X(t) : t ∈ T} defined on an arbitrary set T as discussed in Section 2.2.
Typical examples of sets T include T = R or T = Rm for some m ∈ N and not
necessarily m = n. Recall that X(t) = (X1(t), . . . , Xn(t)). The dimension of t
depends on the set T , nevertheless we will use the bold notation to underline that t
might be (and usually is) a vector itself. Recall that the drift function is denoted by
d : T → Rn with d(t) = (d1(t), . . . , dn(t)). Now, denote the covariance matrix of
X(t) by Σt. Throughout the chapter it is assumed that the matrix Σt is invertible
for every t ∈ T . With each Σt we associate the matrix Kt = (ki,j(t))n×n, defined
as

Kt = diag(∂
−1/2
1,1 (t), . . . , ∂−1/2

n,n (t))Σ−1
t diag(∂

−1/2
1,1 (t), . . . , ∂−1/2

n,n (t))

with Σ−1
t = (∂i,j(t))n×n and where we use diag(v) for the diagonal matrix with

vi on the ith position of the diagonal. We mention that ki,j(t) ∈ [−1, 1] and that
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−ki,j(t) is commonly interpreted as a kind of partial correlation between Xi(t)
and Xj(t) controlling all other variables Xk(t), k 6= i, j.

9.2.2 Assumptions
Recall that in this chapter we are interested in establishing the logarithmic asymp-
totics of the following probability

P (∃t ∈ T : X(t)− d(t) > uq) , (9.6)

for some vector q > 0. To make this analysis possible, we will impose the following
assumptions:

A1: supt∈T ki,j(t) < 1 for all i 6= j, i, j = 1, . . . , n.

A2: supt∈T (Xi(t)− εdi(t)) <∞ a.s. for all i = 1, . . . , n and all ε ∈ (0, 1].

If a processX and a drift function d meet assumptionsA1-A2, then to shorten
the notation, we will write that (X,d) satisfies A1-A2. Let us motivate the
assumptions that we imposed.
Remark 9.1. Assumption A1 plays a crucial role in the proof of Lemma 9.4. It
can be geometrically interpreted as follows. For a fixed t ∈ T , the distribution of
X(t) equals the one of BtN , where Bt is a matrix such that Σt = BtB

′
t and N

is an Rn valued standard normal random variable. For the quadrant Qt = {x ∈
Rn : x ≥ uq + d(t)}, in the proof of Lemma 9.4, we need a lower estimate of
P(X(t) ∈ Qt) = P(N ∈ B−1

t Qt). For i = 1, . . . , n let ei be, as usual, the standard
basis vectors of Rn, which also spans Qt. Then the cosine of the angle αi,j between
B−1
t ei and B−1

t ej is given by

cos(αi,j) =

〈
B−1
t ei, B

−1
t ej

〉
‖B−1

t ei‖‖B−1
t ej‖

=

〈
ei,Σ

−1
t ej

〉
‖B−1

t ei‖‖B−1
t ej‖

=
∂i,j(t)√

∂i,i(t)∂j,j(t)
= ki,j(t).

We thus observe that A1 entails that, for all t ∈ T , there is no pair of vectors
B−1
t ei and B−1

t ej , with i 6= j, that ‘essentially coincide’, i.e., the angles remain
separated away from 0. Therefore, for any x ∈ B−1

t Qt, one can always find a set
At such that x ∈ At ⊂ B−1

t Qt and At has a diameter that is bounded, and a
volume that is separated away from zero, uniformly in t ∈ T , in the sense that,

inf
t∈T

inf
x∈B−1

t Qt

|B(x) ∩B−1
t Qt| > 0,

where B(x) = {y ∈ Rn : ‖x − y‖ ≤ 1} is the ball in Rn of radius one and center
x.
Remark 9.2. For ε = 1, assumption A2 assures that the event in (9.6) is not
satisfied trivially. The following example shows that if A2 is not met, then it is
not ensured that we remain in the realm of exponential decay. Consider a one-
dimensional case in which X = {X(t) : t ≥ 0} is a standard Brownian motion.
For any δ > 0 let d(t) = (1 + δ)h(t), where h(t) =

√
2t log log t. The law of the
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iterated logarithm asserts that lim supt→∞
X(t)
h(t) = 1 a.s.. Hence, for ε < 1/(1+δ),

supt≥0(X(t)− εd(t)) =∞ almost surely and thus X does not satisfy A2. Now let
us take t = u2, then

P
(

sup
t≥0

(X(t)− d(t)) > u

)
≥ P

(
N > 1 + (1 + δ)

√
2 log(2 log u)

)
.

On a logarithmic scale the latter probability behaves roughly, for u large, as
− log log u. For the case of n = 1, A2 has been required in [47, Theorem 2.1]
as well.
Remark 9.3. The drift functions di, i = 1, . . . , n, are not assumed to be increasing,
but under assumption A2 we have `i := inft∈T di(t) > −∞. Because we are
interested in the asymptotic behavior of the probability in (9.6) as u→∞, we can
assume that u > u0 := −mini(`i/qi), and therefore the coordinates of uq + d(t)
stay positive for all t ∈ T . In what follows we shall always assume that u > u0.

9.2.3 Main theorem
For a point t ∈ T and a vector q > 0, define

MX,d,q(u, t) := inf
v≥uq

〈
v + d(t),Σ−1

t (v + d(t))
〉

and

MX,d,q(u;T ) :=
1

2
inf
t∈T

MX,d,q(u, t).

With these preliminaries we are ready to state our main result. The following the-
orem can be seen as an n-dimensional extension of Theorem 9.1 and Theorem 9.2.

Theorem 9.3. Assume that (X,d) satisfies A1-A2. Then, for any q > 0,

logP (∃t ∈ T : X(t)− d(t) > uq) ∼ −MX,d,q(u;T ), as u→∞.

Remark 9.4. The result stated in Theorem 9.3 enables us to analyze, with Ti ⊆ R,

P
(

sup
t1∈T1

(X1(t1)− d1(t1)) > uq1, . . . , sup
tn∈Tn

(Xn(tn)− dn(tn)) > uqn

)
. (9.7)

To see this, let T = T1×. . .×Tn. Also define processes {Yi(t) : t ∈ T}, i = 1, . . . , n,
such that Yi(t) := Xi(ti), for i = 1, . . . , n. Analogously, let mi(t) := di(ti),
i = 1, . . . , n. Then (9.7) equals

P (∃t ∈ T : Y (t)−m(t) > uq) ,

which, under the proviso that A1-A2 are met by the newly constructed (Y ,m),
fits in the framework of Theorem 9.3. This example naturally extends to the
situation when the sets Ti are of a dimension higher than one.
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9.3 Examples
In this section we present examples that demonstrate the consequences of Theo-
rem 9.3. We focus on computing the decay rate MX,d,q(u;T ) in two cases: (i) the
case ofX having bounded sample paths a.s., (ii) the case of the Xi having station-
ary increments, regularly varying variance functions, and di(·) being linear. While
in the former example the drift functions do not influence the asymptotics, in the
latter example the drifts have impact on the decay rate.

9.3.1 Bounded sample paths and drift function
Here we analyze the case of (X,d) satisfying:

B1: The process X has bounded sample paths a.s..

B2: There exists D <∞ such that, for all i = 1, . . . , n, supt∈T |di(t)| ≤ D.

We note that under B1-B2, it trivially holds that assumption A2 is met as
well. Assumptions B1-B2 are satisfied when for instance T ⊂ Rm, for some
m ≥ 1, is compact, X has continuous sample paths a.s. and d is continuous. Let
us introduce the following notation

IX,q(T ) := inf
t∈T

inf
v≥q

〈
v,Σ−1

t v
〉
.

The following corollary is an immediate consequence of Theorem 9.3.

Proposition 9.1. Assume that (X,d) satisfies A1 and B1-B2. Then,

logP (∃t ∈ T : X(t)− d(t) > uq) ∼ −u
2

2
IX,q(T ), as u→∞.

The above proposition states that in the ‘bounded case’, we encounter the same
asymptotic decay as in the drift-less case d ≡ 0.
Remark 9.5. The case of n = 2 and d ≡ 0 has been treated in [97] as presented in
Theorem 9.2. As in Section 9.1, for a vector q > 0, set r(t) = Corr(X1(t1), X2(t2))
and

cq(t) = min

{
q1

σ1(t1)

σ2(t2)

q2
,
σ1(t1)

q1

q2

σ2(t2)

}
,

where

Σt =

(
σ2

1(t1) r(t)σ1(t1)σ2(t2)
r(t)σ1(t1)σ2(t2) σ2

2(t2)

)
.

Recall that for any a ∈ R,

E(X1(t1)|X2(t2) = a) = r(t)
σ2(t2)

σ1(t1)
a.

Now consider the following three different cases:
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(i) r(t) ≥ cq(t) and q2σ1(t1) ≤ q1σ2(t2).

Then, E(X2(t2)|X1(t1) = q1) ≥ q2, so that

inf
v≥q

〈
v,Σ−1

t v
〉

=

(
q1

σ1(t1)

)2

,

where the infimum is attained at v∗ = (q1,E(X2(t2)|X1(t1) = q1)).

(ii) r(t) ≥ cq(t) and q2σ1(t1) > q1σ2(t2).

Then, E(X1(t1)|X2(t2) = q2) ≥ q1, so that

inf
v≥q

〈
v,Σ−1

t v
〉

=

(
q2

σ2(t2)

)2

where the infimum is attained at v∗ = (E(X1(t1)|X2(t2) = q2), q2).

(iii) r(t) < cq(t).

Then,

inf
v≥q

〈
v,Σ−1

t v
〉

=
1

1− r2(t)

((
q1

σ1(t1)

)2

− 2r(t)q1q2 +

(
q2

σ2(t2)

)2
)
,

where the infimum is attained at v∗ = q.

The closed form solution can be then written as

inf
v≥q

〈
v,Σ−1

t v
〉

=
1

(min {σ1(t1)/q1, σ2(t2)/q2})2

(
1 +

(cq(t)− r(t))2

1− r2(t)
1{r(t)<cq(t)}

)
.

This is the formula we have seen in Theorem 9.2. Therefore, Theorem 9.3 can be
treated as n-dimensional extension of Theorem 1 from [97]. Here, the extension is
not only in terms of the dimension, but also the allowance of Gaussian processes
with drift. Observe that the above formula is also valid for r(t) = ±1. In the
original paper it has been presented with min mistaken with max.

9.3.2 Stationary increments, linear drift
Let Y = {Y (t) : t ≥ 0} be a Gaussian process taking values in Rn satisfying the
following assumptions:

C1: {Yi(t) : t ≥ 0} are mutually independent, R valued, centered Gaussian
processes with stationary increments.

C2: The variance functions σ2
i (t) = Var(Yi(t)) are regularly varying at ∞ with

indexes αi ∈ (0, 2). Without loss of generality we assume that 0 < α1 ≤ . . . ≤ αn <
2. Moreover, assume that there exists κ ∈ {1, . . . , n} such that σ2

1 ∼ . . . ∼ cκσ
2
κ

for some ci > 0 and limt→∞ σκ(t)/σκ+1(t) = 0 (if κ = 1, then set cκ = 1; if the
first condition is satisfied with κ = n, then the second one is redundant).
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C3: limt→0+ σ
2
i (t)| log t|1+ε <∞ for some ε > 0.

For an invertible matrix S let us define a new process XS by XS(t) = SY (t).
In this subsection we will focus on the logarithmic asymptotics of

P (∃t ≥ 0 : XS(t)− i(t) > uq) , as u→∞,

where here i : R→ Rn is such that i(t) = (t, . . . , t). With ci as in C2, set

C := diag(1, c2, . . . , cκ, 0, . . . , 0)

and

J(C, S, q, α) := inf
t≥0

inf
v≥q

〈
S−1(v + i(t)), CS−1(v + i(t))

〉
tα

.

Proposition 9.2. Assume that Y satisfies C1-C3, and S is an invertible matrix.
Then,

logP (∃t ≥ 0 : XS(t)− i(t) > uq) ∼ − u2

2σ2
1(u)

J(C, S, q, α1), as u→∞.

Proof. We start by checking that A1-A2 are satisfied for (XS , i). Indeed, let us
note that the matrix Kt = K is constant. Besides, since S is invertible, then
K is invertible too, which combined with the fact that K is positive-definite and
ki,i = 1, straightforwardly implies that assumption A1 is satisfied.

Since Y has stationary increments, then under C1-C3 limt→∞ Yi(t)/t = 0
almost surely and therefore (using that XS consists of linear combinations of the
Yi, i = 1, . . . , n) assumption A2 is met, see [44, Lemma 3] for details. Now
following Theorem 9.3,

MXS ,i,q(u; [0,∞)) =
1

2
inf
t≥0

inf
v≥uq

〈
S−1(v + i(t)), R−1

t S−1(v + i(t))
〉

=
1

2
inf
t≥0

inf
v≥q

〈
S−1(uv + ui(t)), R−1

ut S
−1(uv + ui(t))

〉
=
u2

2
inf
t≥0

inf
v≥q

〈
S−1(v + i(t)), R−1

ut S
−1(v + i(t))

〉
,

where the matrix R−1
t equals diag(σ−2

1 (t), . . . , σ−2
n (t)), which is the inverse of the

covariance matrix of Y . Using the regular variation of σ2
i (·), we find that,

σ2
1(u)R−1

ut → t−α1C, as u→∞.

Now the Uniform Convergence Theorem, see Theorem 2.3, implies that, as u→∞,

MXS ,i,q(u; [0,∞)) ∼ u2

2σ2
1(u)

inf
t≥0

inf
v≥q

〈
S−1(v + i(t)), CS−1(v + i(t))

〉
tα1

.
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9.4 The proof of the main result

This section is devoted to the proof of the main result – Theorem 9.3. We will do
so by establishing an upper bound and a lower bound. We start by presenting the
following ‘saddle point equality’ that plays a crucial role in the proof of the upper
bound.

Lemma 9.1 (Saddle point equality). Let A be any positive-definite matrix. Then,

sup
w∈Rn+

〈w, q〉2

〈w, Aw〉
= inf
v≥q

〈
v, A−1v

〉
, (9.8)

for any vector q > 0. Moreover, if v? is the optimizer of the infimum problem in
the right-hand side, then w? = A−1v? is an optimizer of the supremum problem
in the left-hand side.

Positive-definiteness of A implies the same property for A−1, therefore, by the
definition

〈
x, A−1x

〉
> 0 for any x 6= 0, in fact 〈x, Ax〉 ≥ λmin‖x‖2, where λmin >

0 is the smallest eigenvalue of A−1 (again, positive thanks to positive-definiteness).
Therefore

〈
x, A−1x

〉
→∞ as ‖x‖ → ∞ and the infimum in (9.8) is indeed attained

at some v? ≥ q. Furthermore such v? is de facto unique due to strict convexity
of x 7→

〈
x, A−1x

〉
. On the other hand, the supremum in (9.8) is not attained at

a unique point. Notice that 〈w, q〉2 /
〈
w, A−1w

〉
= 〈aw, q〉2 /

〈
aw, A−1aw

〉
, for

any a > 0.

Proof. By positive-definiteness, A can be decomposed into A = BB′ for some
nondegenerate matrix B. Then,

〈w, q〉2

〈w, Aw〉
=
〈w, q〉2

‖B′w‖2
and

〈
v, A−1v

〉
= ‖B−1v‖2. (9.9)

Now, for w ∈ Rn+, the Cauchy–Schwarz inequality yields

〈w, q〉 = inf
v≥q
〈w,v〉 = inf

v≥q

〈
B′w, B−1v

〉
≤ ‖B′w‖ inf

v≥q
‖B−1v‖.

Dividing both sides by ‖B′w‖ > 0 and optimizing the left-hand side of the previous
display in w, we arrive at

sup
w∈Rn+

〈w, q〉2

〈w, Aw〉
≤ inf
v≥q

〈
v, A−1v

〉
,

due to the relations in (9.9).
To show the opposite inequality, take v? such that

inf
v≥q

〈
v, A−1v

〉
=
〈
v?, A−1v?

〉
. (9.10)
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The Lagrangian function L(v,λ) of the above problem is given by L(v,λ) =〈
v, A−1v

〉
− 〈λ,v − q〉. With v? being the optimizer in (9.10), there must ex-

ist (due to the so-called complementary-slackness conditions) λ? ≥ 0 such that
∇vL(v?,λ?) = 0 and λ?i (v

?
i − qi) = 0 for all i = 1, . . . , n. In another words,

A−1v? ≥ 0, and if (A−1v?)i > 0, then v?i = qi. The condition q > 0 implies that
v? > 0 and thus A−1v? 6= 0, therefore let us take w? = A−1v? ∈ Rn+. For such
w? we have

〈w?, q〉2

〈w?, Aw?〉
=

〈
A−1v?, q

〉2
〈A−1v?,v?〉

=
〈
v?, A−1v?

〉
.

Indeed, the last equality is equivalent to〈
A−1v?, q − v?

〉
= 0,

where A−1v? ≥ 0. But recall that if (A−1v?)i 6= 0, then (q − v?)i = 0. Hence
finally,

sup
w∈Rn+

〈w, q〉2

〈w, Aw〉
≥ inf
v≥q

〈
v, A−1v

〉
,

which proves the opposite inequality.

The main idea behind the proof of the upper bound in Theorem 9.3 is that
the Rn valued process X(t)−d(t) can be effectively replaced by a suitably chosen
R Gaussian process. The asymptotics of the latter process can then be handled
using the classical techniques for real-valued Gaussian processes.

For any vector w ∈ Rn+ denote

Zu,w(t) :=
〈w,X(t)〉
〈w, uq + d(t)〉

,

and observe that (with u > u0, cf. Remark 9.3)

P (∃t ∈ T : X(t)− d(t) > uq) ≤ P
(

sup
t∈T

Zu,w(t) > 1

)
.

The vector w in the process Zu,w can be seen as a vector of weights assigned to
the coordinates ofX. For a fixed u and w the process Zu,w is a centered Gaussian
process. We shall show that it also has almost surely bounded sample paths.

Lemma 9.2. Under A1-A2, the process Zu,w is a centered Gaussian process with
bounded sample paths almost surely, for each w ∈ Rn+ and u > u0. Moreover,

sup
t∈T

Zu,w(t)
P→ 0, as u→∞.
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Proof. Without loss of generality we can assume that ‖w‖ = 1. For any L ≥ 1 (cf.
Remark 9.3 for the definition of `),

P
(

sup
t∈T

Zu,w(t) > L

)
= P (∃t ∈ T : 〈w,X(t)〉 > 〈w, Luq + L`+ L(d(t)− `)〉)
≤ P (∃t ∈ T : 〈w,X(t)〉 > 〈w, L(uq + `) + (d(t)− `)〉)
≤ P (∃t ∈ T : 〈w,X(t)− d(t)〉 > 〈w, L(uq + `)− `〉)

≤ P

(
n∑
i=1

wi sup
t∈T

(Xi(t)− di(t)) > L 〈w, uq + `〉 − 〈w, `〉

)

≤ P

(
n∑
i=1

sup
t∈T

(Xi(t)− di(t))+ > Lmin
i

(uqi + `i)/
√
n− ‖`‖

)
,

where the last probability tends to zero with L→∞ due to A2. This proves that
Zu,w has bounded sample paths almost surely.

The last probability also tends to zero with L ≥ 1 fixed and u → ∞. On the
other hand, for any L < 1 we have

P
(

sup
t∈T

Zu,w(t) > L

)
= P (∃t ∈ T : 〈w,X(t)− Ld(t)〉 > L 〈w, uq〉)

≤ P

(
n∑
i=1

sup
t∈T

(Xi(t)− Ldi(t))+ > uLmin
i
qi/
√
n

)
,

where the last probability tends to zero with u→∞ by virtue of A2. We therefore
have that supt∈T Zu,w(t) converges to 0 in probability.

The above considerations remain true even if w depends on u and t. This
observation allows us to optimize the variance of the process Zu,w, while retaining
its sample path properties. Notice that

Var(Zu,w(t)) =
〈w,Σtw〉

〈w, uq + d(t)〉2
.

Therefore, take w? = w?(u, t) such that

〈w?,Σtw
?〉

〈w?, uq + d(t)〉2
= inf
w∈Rn+

〈w,Σtw〉
〈w, uq + d(t)〉2

. (9.11)

The existence of such w? is provided by Lemma 9.1. Denote by Yu = {Yu(t) :
t ∈ T} the process Zu,w? = {Zu,w?(t) : t ∈ T} with the weights w = w? chosen
as above. Let σ2

u(t) be the variance function of the process Yu(t). Then, by
Lemma 9.1,

σ−2
u (t) = sup

w∈Rn+

〈w, uq + d(t)〉2

〈w,Σtw〉
= inf
v≥uq+d(t)

〈
v,Σ−1

t v
〉

= MX,d,q(u, t). (9.12)
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To estimate the tail of the supremum of the process Yu(t) we intend to use
Borell’s inequality, Lemma 2.1. To utilize this inequality efficiently, we need to
verify that the expectation of supt∈T Yu(t) vanishes as u → ∞. This is done in
the next lemma.

Lemma 9.3. Under A1-A2,

(1) MX,d,q(u;T ) > 0 for each u > u0;

(2) limu→∞MX,d,q(u;T ) =∞;

(3) limu→∞ E supt∈T Yu(t) = 0.

Proof. From Lemma 9.2 we know that for a fixed u the process Yu has bounded
sample paths almost surely. This implies that supt∈T σ

2
u(t) <∞. But

sup
t∈T

σ2
u(t) = sup

t∈T
(MX,d,q(u, t))−1 =

1

2
(MX,d,q(u;T ))−1

and (1) follows.
The proof of (2) is a consequence of Lemma 9.2, which asserts that

P
(

sup
t∈T

Yu(t) > 1

)
→ 0 as u→∞.

But,

P
(

sup
t∈T

Yu(t) > 1

)
≥ sup
t∈T

P (Yu(t) > 1) = P
(
N > inf

t∈T

√
MX,d,q(u, t)

)
.

Now observe that the almost sure boundedness of sample paths of Yu implies
that E supt∈T Yu(t) < ∞ and it easily follows that the family (supt∈T Yu(t))u is
uniformly integrable. Now claim (3) follows from the second part of Lemma 9.2.

Before we proceed to the proof of Theorem 9.3 we state a technical lemma,
which is a prerequisite for the proof of the lower bound in the main theorem.

Lemma 9.4. Under A1, there exist constants C1 <∞, C2 > 0, such that for any
t ∈ T

logP (X(t)− d(t) > uq) ≥ −1

2
MX,d,q(u, t)− C1M

1/2
X,d,q(u, t) + C2.

Proof. Set Qt = {x ∈ Rn : x > uq + d(t)}, and let Bt be such that BtB′t = Σt.
ThenX(t)

d
= BtN , where hereN is an Rn valued standard normal random variable

with the density function Dn exp(−‖x‖/2) for some normalizing constant Dn. In
this notation, we have

P (X(t)− d(t) > uq) = P (X(t) ∈ Qt) = P
(
N ∈ B−1

t Qt
)
.
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Now let x? = x?(u, t) ∈ B−1
t Qt be such that

MX,d,q(u, t) = inf
x∈Qt

〈
x,Σ−1

t x
〉

= inf
x∈B−1

t Qt

〈x,x〉 = 〈x?,x?〉 ,

and let At = B(x?) ∩ B−1
t Qt, where B(x?) is a ball in Rn of radius 1 and center

x?. Then,

P
(
N ∈ B−1

t Qt
)
≥
∫
At

Dn exp

(
−1

2
〈x,x〉

)
dx.

Set ∆(x,x?) = 〈x,x〉 − 〈x?,x?〉 . Then

P
(
N ∈ B−1

t Qt
)
≥ Dn|At| exp

(
−1

2
MX,d,q(u, t)− 1

2
sup
x∈At

∆(x,x?)

)
.

Since

∆(x,x?) ≤ 2‖x− x?‖ 〈x?,x?〉1/2 + ‖x− x?‖2,

we have that

sup
x∈At

∆(x,x?) ≤ 2 diam(At)M
1/2
X,d,q(u, t) + diam2(At) ≤ 2M

1/2
X,d,q(u, t) + 1.

Therefore the claim follows if |At| can be separated from zero uniformly in t ∈ T .
Note however that this follows from A1, which implies that

inf
t∈T

inf
t∈B−1

t Qt

|B(x) ∩B−1
t Qt| > 0,

cf. Remark 9.1.

Now we are ready to prove the main theorem.

Proof of Theorem 9.3. We split the proof into two parts: the lower and the
upper bound.
Lower bound : The lower bound follows directly from Lemma 9.4 and the inequality

P (∃t ∈ T : X(t)− d(t) > uq) ≥ sup
t∈T

P (X(t)− d(t) > uq) .

Upper bound : Let w? : R+×T → Rn+ be the mapping chosen in (9.11). Now as in
the definition of the process Yu,

P (∃t ∈ T : X(t)− d(t) > uq) ≤ P (∃t ∈ T : 〈w?,X(t)〉 > 〈w?, uq + d(t)〉)

= P
(

sup
t∈T

〈w?,X(t)〉
〈w?, uq + d(t)〉

> 1

)
= P

(
sup
t∈T

Yu(t) > 1

)
,
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where the passage from the n-dimensional quadrant to the tangent increases the
probability. Recall that the variance σ2

u(t) of Yu(t) equals (MX,d,q(u, t))−1; cf.
(9.12). Moreover, thanks to Lemma 9.3, the Gaussian process Yu has bounded
sample paths almost surely. Therefore, Borell’s inequality, see Lemma 2.1, implies
that

P
(

sup
t∈T

Yu(t) > 1

)
≤ exp

(
−
(

1− E sup
t∈T

Yu(t)

)2

MX,d,q(u;T )

)
.

Now from (2) and (3) of Lemma 9.3 we obtain

lim sup
u→∞

logP (supt∈T Yu(t) > 1)

MX,d,q(u;T )
≤ −1

and the claim follows.

Remark 9.6. From the proof of the upper bound we obtain the useful inequality

P (∃t ∈ T : X(t) > (uq + d(t))) ≤ P (∃t ∈ T : 〈w?,X(t)〉 > 〈w?, uq + d(t)〉) ,

which we have proven to be exact in terms of logarithmic asymptotics. Let v? =
v?(u, t) be such that〈

v? + d(t),Σ−1
t (v? + d(t))

〉
= inf
v≥uq

〈
v + d(t),Σ−1

t (v + d(t))
〉
.

Then the optimal weights w? are given by w?(u, t) = Σ−1
t v

?(u, t), or alternatively,
due to Lemma 9.1, by

w?(u, t) = arg sup
w∈Rn+

〈w, uq + d(t)〉2

〈w,Σtw〉
.

Observe that the weights do not depend on u in the case of d ≡ 0.





CHAPTER 10

EXTREMES OF
MULTIDIMENSIONAL

GENERAL PROCESSES

10.1 Introduction
Let W = {Wn : n ∈ N} be a sequence of random variables taking values in
R. Define Qe := supn≥0Wn. The importance of studying the distribution of Qe
has been spelled out in detail in Chapter 1: if W is time-reversible, then Qe has
the same distribution as the steady-state workload distribution in a queue with
free process W ; Qe has also various relations with finance and insurance risk. In
Chapter 9 we have explained the importance of studying the tail asymptotics of
P(Qe > u) as u becomes large. If W is Gaussian then the exact distribution of
Qe is not known and one has to resort to identifying the exact asymptotics or the
logarithmic asymptotics. It has been observed that in great generality

logP (Qe > u) = logP (∃n ∈ N : Wn > u) ∼ log sup
n≥0

P (Wn > u) . (10.1)

The heuristic behind this claim is the principle of the largest term: rare events
occur in the most likely way. That is to say, if W is unlikely ever to reach the
level u, then conditioned that W in fact reached u, it would have happened at the
moment it is most likely to occur.

The observation that relying on (10.1), the tail behavior of Qe can be derived
from the large deviation behavior of W was originally proposed by Kesidis, Wal-
rand, and Chang [73] and later made rigorous by Glynn and Whitt [64]; see also
references therein. Roughly speaking, Glynn and Whitt proved that if the sequence

129
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of probability measures {µn : n ∈ N}, where µn is the law of Wn/n, satisfies the
large deviation principle (LDP) with some well-behaved rate function, then

lim
u→∞

1

u
logP (∃n ∈ N : Wn > u) = − sup{θ : λ(θ) ≤ 0}, (10.2)

where λ is the cumulant generating function λ(θ) = limn→∞ n−1 logE exp(θWn)
satisfying the assumptions of the Gärtner-Ellis theorem; see [41] or Section 10.2.1
for background on large deviations theory.

The result from [64] has been extended in a notable paper by Duffield and
O’Connell [55] to allow for general, non-linear scalings. Therein, it is assumed that
the sequence of probability measures {µn : n ∈ N}, where here µn corresponds to
the law of Wn/an, satisfies the LDP with rate function IW and speed vn. Con-
sidering non-linear scalings allows to incorporate, for instance, long/short range
dependent sequences stemming from, for example, the fractional Brownian motion.
The class of admissible sequences an and vn in [55] is quite broad, but we will re-
strict ourselves to the class of regularly varying functions only. That is, assume that
a ∈ RV ∞(A), v ∈ RV ∞(V ), with A, V > 0, and set an = a(n), vn = v(n). The
rate function IW is the Fenchel-Legendre transform IW = λ∗ of the scaled cumulant
generating function λ, here defined as λ(θ) = limn→∞ v−1

n logE exp(θvnWn/an)
also satisfying the assumptions of the Gärtner-Ellis theorem. The main result
states that, under some additional assumptions,

lim
u→∞

1

h(u)
logP (∃n ∈ N : Wn > u) = − inf

c>0
c−V/AIW (c), (10.3)

where h = v ◦ a−1 and a−1 denotes the right inverse of a. It can be then verified
that (10.2) follows from (10.3) in case of the linear scaling an = vn = n.

The Gärtner-Ellis theorem is a method of inferring the LDP in a fairly general
setting, however, it excludes the possibility of the rate function being nonconvex.
Duffy et al. [57] suggested a different approach that circumvents the restricting
consequences of the Gärner-Ellis theorem. More formally, the authors suggest the
restricted large deviation principle (RLDP) in place of the LDP. That is, it is
assumed that the limit

lim
n→∞

1

vn
logP (Wn/an > c) = −JW (c)

exists for every c ≥ 0. The function JW in addition assumed to be continuous on
the interior of the set upon which it is finite. Obviously if the LDP holds with a
continuous (where finite) rate function IW (and speed vn), then the RLDP holds
with JW (c) = infx≥c IW (x). Furthermore, convexity of IW implies convexity of
JW . Nevertheless it is not required that IW has been inferred from the Gärtner-
Ellis theorem, nor, in principle, that the LDP holds at all. Observe that JW does
not give any information about the behavior of W for negative values so that in
general the LDP is not a prerequisite for the RLDP to hold.

Another additional assumption in [57] is the uniform individual decay rate
hypothesis; see Section 10.2.2. Note that the asymptotics of a single Wn could
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dominate those of Qe, therefore a special condition on the sequence W is given
such that this scenario is excluded. It is argued in fact, that an error of this nature
has been made by Duffield and O’Connell [55]; see [57, Section 4]. In order for
the results from [55] to hold one actually needs to impose further conditions not
specified in the original paper.

Under some additional assumption, the main result from [57] reads

lim
u→∞

1

h(u)
logP (∃n ∈ N : Wn > u) = − inf

c>0
c−V/AJW (c). (10.4)

It can be verified, that if JW (c) = infx≥c IW (x) and IW is convex, then (10.4)
reduces to (10.3).

In this chapter we generalize the result from [57] in two ways. Firstly, we extend
(10.4) to the LDP in Theorem 10.4, which is the first contribution of this chapter.
That is, we show that the sequence of probability measures {µWu : u ∈ R+},
where µWu (A) = P (∃n ∈ N : Wn ∈ uA), satisfies the LDP with speed h(u) and
rate function ĨW (x) equal to xV/A on R+ . In particular, we show that for any
A ∈ B(R+),

lim
u→∞

1

h(u)
logP (∃n ∈ N : Wn ∈ uA) = − inf

c>0
c−V/AJW (c) inf

x∈A
xV/A. (10.5)

Formula (10.5) reduces to (10.4) if one sets A = (1,∞). Theorem 10.4 is presented
in Section 10.3.1.

Furthermore, in Section 10.3.2 we allow the sequence W to take values in Rd
for any d ≥ 1. To explicitly distinguish the multidimensional case from the one-
dimensional counterpart we will make use of the boldface notation as discussed
in Chapter 2. That is, we write x for the vector x = (x1, . . . , xd), where the
dimension d should be clear from the context. With this notation, we consider a
sequence W = {W n : n ∈ N} of random vectors in Rd. W is assumed to satisfy
multidimensional analogues of the assumptions from [57]; see Section 10.2.2. In
particular, it is assumed that the (multidimensional) RLDP holds, that is, the
limit

lim
n→∞

1

vn
logP (W n/an > q) = −JW (q),

exists for any q ≥ 0. Our second contribution, Theorem 10.5, states that, for any
vector q > 0,

lim
n→∞

1

h(u)
logP (∃n ∈ N : W n > uq) = − inf

c>0
c−V/AJW (cq). (10.6)

Obviously (10.6) is a generalization of (10.4) in the multidimensional sense.
We also discuss various relations and connections with the existing literature.

In Section 10.4.1 we present a relation of our assumptions to the approach via the
scaled cumulant generating functions as undertaken in [55; 64]. In Section 10.4.2,
we discuss various results by Collamore [36] who considered a sequence of random
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vectors {Y n : n ∈ N} in Rd with linear scaling, i.e., a(n) = v(n) = n. He proved
various LDP-like statements for the sequence of probability measures {µY ,Nu :
u ∈ R+}, where µY ,Nu (A) = P (∃n ≥ N : Y n ∈ uA). Interestingly his results,
published a couple of years before [57], coincide with (10.4)–(10.6) in the case of
N = 1, linear scaling and convex rate function, are in a certain sense more general,
but the authors of [57] seemed not to be aware of [36]. We provide a discussion of
these results also in Section 10.4.2.

10.2 Preliminaries
In this chapter we shall use the following notation. For a function f : Rd → Rd we
denote its domain by Df = {x : f(x) <∞}. As already introduced in Section 10.1,
we shall work with the following two functions a, v : R+ → R+, which throughout
the whole chapter are assumed to be regularly varying functions at infinity with
positive indexes A and V , respectively; a ∈ RV ∞(A), v ∈ RV ∞(V ). For any
regularly varying function f ∈ RV ∞(F ) with a positive index F it is possible to
construct a strictly increasing and continuous function f ′ such that

lim
t→∞

f ′(ct)

f ′(t)
= lim
t→∞

f(ct)

f(t)
= lim
t→∞

f ′(ct)

f(t)
= cF .

Therefore, without loss of generality, we assume that both a and v are continuous
and strictly increasing. We shall also speak about regularly varying sequences an
and vn defined by an = a(n) and vn = v(n). Let a−1 denote the inverse of a.
Define a new function h : R+ → R+ by h = v ◦a−1. The function h belongs to the
class RV ∞(V/A).

For any subset A of Rd we denote its cone by cone(A) = {λx : x ∈ A, λ ≥ 0},
its closure by Ā and interior by A◦.

10.2.1 Large deviations theory
We follow the definitions of Dembo and Zeitouni [41]. All probability measures
in this chapter are assumed to be Borel measures. The function I : Rd → [0,∞]
is called a rate function if I is lower semi-continuous and I 6≡ ∞. We say that
I is a good rate function if, in addition, level sets LaI = {x : I(x) ≤ a} are
compact for each a ≥ 0 (which in fact is equivalent to the level sets being bounded
as a function f is lower semi-continuous if an only if its level sets are closed). A
sequence of probability measures {µn : n ∈ N} on Rd is said to satisfy the large
deviation principle (LDP) with rate function I if, for all Γ ∈ B(Rd),

− inf
x∈Γ◦

I(x) ≤ lim inf
n→∞

1

n
logµn(Γ) ≤ lim sup

n→∞

1

n
logµn(Γ) ≤ − inf

x∈Γ̄
I(x). (10.7)

Now consider a sequence of i.i.d. random vectors X = {Xn : n ∈ N} in Rd
distributed according to the probability law µ. The logarithmic moment generating
function associated with the law µ is defined as Λ(α) = logEe〈α,X1〉; another
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common name for Λ is the cumulant generating function. By definition Λ is convex.
For any convex function f on Rd we define its Fenchel–Legendre transform f∗ as
f∗(x) = supα∈Rd (〈α,x〉 − f(α)). Let µn denote the law of 1

n

∑n
j=1Xj .

Theorem 10.1 (Cramér’s theorem). Assume that 0 ∈ D◦Λ, then {µn : n ∈ N}
satisfies the LDP on Rd with good rate function Λ∗.

If {Xn : n ∈ N} is not i.i.d., then let µn denote the law of Xn and denote by
Λ(α) = lim supn→∞

1
n logEe〈nα,Xn〉 the limiting logarithmic moment generating

function.

Theorem 10.2 (Gärtner-Ellis theorem). Assume that 0 ∈ D◦Λ and Λ is an es-
sentially smooth, lower semi-continuous function. Then {µn : n ∈ N} satisfies the
LDP on Rd with good rate function Λ∗.

All results of this subsection are valid, as in the statement (10.7) of the LDP,
when 1/n is replaced by 1/vn → 0, where {vn : n ∈ N} is then called the speed
sequence, with Λ properly modified, or when a continuous parameter family {µu :
u > 0} is considered.

10.2.2 Main assumptions

In this chapter we consider sequences W = {W n : n ∈ N} of random vectors in
Rd, d ≥ 1 satisfying the following assumptions.

Restricted LDP Hypothesis. There exists a function JW : Rd+ → [0,∞] such
that, for every q ≥ 0,

lim
n→∞

1

vn
logP

(
W n

an
> q

)
= −JW (q). (10.8)

Remark 10.1. If the sequence of probability measures {µn : n ∈ N}, where µn
denotes the law ofW n/an, satisfies the LDP with speed vn and rate function IW ,
which is continuous where it is finite, then it also satisfies the RLDP hypothesis
with JW (q) = infx≥q IW (x) (hence the name of the hypothesis). If I is not
continuous then it is easy to construct an example in which the restricted LDP does
not hold. The opposite implication is also not true in general, that is, the restricted
LDP hypothesis does not imply the LDP. Formula (10.8) does not provide any
information about W n/an for negative values.

Stability and continuity hypothesis. JW (0) > 0 and there exists y > 0 such
that JW (y) <∞. Furthermore, JW is assumed to be continuous on D◦JW .

In the queueing context, JW (0) > 0 is the usual stability condition. If JW (x) =∞
for all x ∈ Rd+ \ {0}, then P(∃n ∈ N : W n > uq) will be asymptotically zero with
rate ∞.



134 CHAPTER 10. EXTREMES OF GENERAL PROCESSES

The restricted LDP hypothesis refers to limiting behavior of logP(W n >
uanq), not values for specific n. The asymptotic of a single W n could dominate
those of P(∃n ∈ N : W n > uq). The condition below excludes this possibility.

Uniform individual decay rate hypothesis. For a fixed vector q > 0, there
exist constants F = F (q) > V/A,K = K(q) > 0 so that for all n and all c > K,

1

vn
logP

(
W n

an
> cq

)
≤ −cF .

Remark 10.2. The restricted LDP, the stability and continuity and the uniform
individual decay rate hypotheses were originally introduced in [57] in the one-
dimensional case. That is, if one sets d = 1, then all the above hypotheses reduce
to those of [57]. The hypotheses presented here are therefore straightforward
extensions of the hypotheses from [57] to the multidimensional setting.

Theorem 10.3 (One-dimensional case, Theorem 2.2, Duffy et al. [57]). If the
sequence W = {Wn : n ∈ N} of random variables satisfies the restricted LDP, the
stability and continuity and the uniform individual decay rate hypotheses, then

lim
u→∞

1

h(u)
logP (∃n ∈ N : Wn > u) = − inf

c>0
c−V/AJW (c). (10.9)

10.3 Main results

In this section we present the main results of this chapter.

10.3.1 Extension to LDP

What has not been noticed by Duffy et al. [57] is that Theorem 10.3 can be
extended to the LDP statement. More formally, let µW = {µWu : u ∈ R+} be a
family of probability measures on R, where

µWu (A) = P (∃n ∈ N : Wn ∈ uA) .

Furthermore, let cJW = infc>0 c
−V/AJW (c) be the constant appearing on the right-

hand side of (10.9) and define a lower semi-continuous function ĨW by

ĨW (x) =

{
∞ for x < 0,

cJW x
V/A for x ≥ 0.

The following theorem is the main result of this subsection.

Theorem 10.4. Under the assumptions of Theorem 10.3, the family µW satisfies
the LDP with speed function h and rate function ĨW .
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Remark 10.3. From the continuity of ĨW on R+ it follows that for any set A ∈
B(R+),

lim
u→∞

1

h(u)
logP (∃n ∈ N : Wn ∈ uA) = − inf

x∈A
ĨW (x).

Hence, Theorem 10.3 follows from Theorem 10.4 with A = (1,∞).

Remark 10.4. If {µn : n ∈ N}, where µn is the law of Wn/an, satisfies the LDP
with a continuous rate function IW such that IW (x) > 0 for every x ≥ 0 and
IW (y) <∞ for some y > 0, then the function JW (x) = infy≥x IW (x) satisfies both
the restricted LDP and the stability and continuity hypotheses. Furthermore,

cJW = inf
c>0

c−V/A inf
x≥c

IW (x) = inf
x≥0

inf
c∈(0,x]

c−V/AIW (x) = inf
τ>0

τ−V/AIW (τ).

Proof of Theorem 10.4. Firstly notice that, for any k > 0,

lim
u→∞

1

h(u)
logµWu ((k,∞)) = −ĨW (k). (10.10)

Indeed,

1

h(u)
logµWu ((k,∞)) =

h(ku)

h(u)

1

h(ku)
logµWku((1,∞))

so that (10.10) follows from Theorem 10.3 combined with the fact that h(ku)/h(u)
tends to kV/A.

Let Γ be any set in B(R). Now if for some y, infx∈Γ̄ ĨW (x) = ĨW (y), then, for
any η ∈ (0, y), the monotonicity of ĨW on R+ implies that

µWu (Γ) ≤ µWu ([y,∞)) ≤ µWu ((y − η,∞)).

Hence, by (10.10),

lim sup
u→∞

1

h(u)
logµWu (Γ) ≤ −ĨW (y − η).

This combined with the continuity of ĨW on R+ implies the upper bound

lim sup
u→∞

1

h(u)
logP (∃n ∈ N : Wn ∈ uΓ) ≤ − inf

x∈Γ̄
ĨW (x).

If infx∈Γ̄ ĨW (x) = 0 or infx∈Γ̄ ĨW (x) =∞, then the above bound holds trivially.
Now if Γ◦ ∩ R+ = ∅, then the lower bound

lim inf
u→∞

1

h(u)
logP (∃n ∈ N : Wn ∈ uΓ) ≥ − inf

x∈Γ◦
ĨW (x)
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holds immediately. Therefore, let Γ◦ ⊂ R+ and s ∈ Γ◦, η > 0 be such that (s−η, s+
η] ⊂ Γ◦. Obviously, µWu (Γ) ≥ µWu ((s−η, s+η]) = µWu ((s−η,∞))−µWu ((s+η,∞)).
From (10.10), for sufficiently large u, µWu ((s+ η,∞)) ≤ µWu ((s− η,∞))/2. Hence,

lim inf
u→∞

1

h(u)
logµWu (Γ) ≥ lim inf

u→∞

1

h(u)
log

(
µWu ((s− η,∞))

2

)
= −ĨW (s− η) ≥ −ĨW (s).

Now the lower bound follows after optimization over s ∈ Γ◦.

10.3.2 Extension to the multidimensional case
In this subsection we generalize Theorem 10.3 to the multidimensional case. The-
orem 10.3 itself serves as a building block of the proof of the following theorem.

Theorem 10.5 (Multidimensional case). If the sequence W = {W n : n ∈ N}
of random vectors in Rd, d ≥ 1, satisfies the restricted LDP, the stability and
continuity and the uniform individual decay rate hypotheses, then, for any q > 0,

lim
u→∞

1

h(u)
logP (∃n ∈ N : W n > uq) = − inf

c>0
c−V/AJW (cq).

Proof. Notice that P (W n > uq) = P (Zn > u), where Z = {Zn : n ∈ N} is a se-
quence of random variables such that Zn = min(W i

n/q
i). The sequence Z satisfies

the assumptions of Theorem 10.3 with a function JZ given by JZ(c) = JW (cq).
Indeed, by the restricted LDP hypothesis, it follows that for every c ≥ 0,

lim
n→∞

1

vn
logP

(
Zn
an

> c

)
= lim
n→∞

1

vn
logP

(
W n

an
> cq

)
= −JW (cq).

The stability and continuity hypothesis for JZ easily follows from the stability and
continuity hypothesis for JW . The same applies to the uniform individual decay
rate hypothesis. Therefore, Theorem 10.3 yields

lim
u→∞

1

h(u)
logP (∃n ∈ N : W n > uq) = lim

u→∞

1

h(u)
logP (∃n ∈ N : Zn > u)

= − inf
c>0

c−V/AJZ(c)

= − inf
c>0

c−V/AJW (cq).

10.4 Connections with existing literature
We have already discussed the relations of our results to [57]. In this section we
shall discuss our findings in the light of already existing results from [36; 55; 64].
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10.4.1 The scaled cumulant generating function approach
The scaled cumulant generating function (sCGF) of W = {W n : n ∈ N}, scaled
by a and v, is defined by

Λn(α) =
1

vn
logE exp

(〈
vnα,

W n

an

〉)
. (10.11)

The analyses in [64] and [55] are based, in the case of d = 1, on the sCGF.
The hypotheses of this chapter have simple expressions in terms of the sCGF,
when it exists. The conditions we specify here for the sCGF case, based on their
one-dimensional analogues in [57], are intended for easy applicability, rather than
maximum generality. Under these assumptions, the large deviation rate function
is convex. The sCGF technique is not applicable to models which have nonconvex
rate functions.

LDP hypothesis, sCGF case. For all α ∈ Rd and all n ∈ N, the scaled
cumulant generating function given by (10.11) exists as a finite real number. For
each α ∈ Rd, the finite limit exists and is defined as Λ(α) = limn→∞ Λn(α).
Furthermore, Λ is assumed to be continuously differentiable.

Under the above assumption, by the Gärtner-Ellis theorem, the sequence of prob-
ability measures {µn : n ∈ N}, where µn is the law of W n/an, satisfies the LDP
with rate function IW = Λ∗ and speed vn. This implies that IW is convex and
continuous on the interior of the set where it is finite.

Stability hypothesis, sCGF case. There exists α? > 0 such that Λ(α?) < 0.

The above implies that JW (q) = infx≥q ∆∗(x) for q ≥ 0 and JW (0) ≥ −Λ(α?).
Indeed,

JW (0) = inf
x≥0

sup
α∈Rd

(〈α,x〉 −∆(α)) ≥ sup
α∈Rd+

inf
x≥0

(〈α,x〉 −∆(α))

= − inf
α∈Rd+

∆(α) ≥ −∆(α?).

The uniform individual decay rate hypothesis can be readily expressed in terms
of the sCGF.

Proposition 10.1. If there exist constants F ′ andM such that F ′ > max{V/A, 1}
and

Λn(α) ≤M‖α‖F
′/(F ′−1)

for all α > 0 and all n ∈ N, then for each F ∈ (1, F ′), there exists KF = KF (q)
such that for all c > KF and all n ∈ N,

1

vn
logP

(
W n

an
> cq

)
≤ −cF

and the uniform individual decay rate hypothesis is satisfied.
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Proof. An elementary consequence of (10.11) is Chernoff’s inequality

logP (W n > canq) ≤ −vn (c 〈α, q〉 − Λn(α)) ,

for any α > 0. It then follows that

logP (W n > canq) ≤ −vn
(
c 〈α, q〉 −M‖α‖F

′/(F ′−1)
)
.

Choosing α = (c(F ′ − 1)‖q‖/(MF ′))F
′−1q, we have

logP (W n > canq) ≤ −vn(c‖q‖2)F
′
(
M1−F ′F ′

−F ′
(F ′ − 1)F

′−1
)
. (10.12)

Since M and F ′ are constants, for each F ∈ (max{V/A, 1}, F ′), there exists KF =
KF (q) such that, for all c > KF , the right hand side of (10.12) will be less than
−vncF .

10.4.2 The LDP with a convex rate function
Collamore [36] considered a sequence Y = {Y n : n ∈ N} of random vectors in
Rd. For a properly chosen N ≥ N0, the objective of the paper was to study the
asymptotic behavior of

P (∃n ≥ N : Y n ∈ uA) (10.13)

for measurable sets A under the main assumption that the sequence of probability
measures {µn : n ∈ N}, where µn is the law of Y n/n, satisfies the LDP with
a convex rate function IY , such that L0IY 6= ∅, that is IY (x) = 0 for some
x ∈ Rd. Note that with the exception that n ≥ N in (10.13), the problem under
the consideration in [36] is the same as in Section 10.3.2.

In order to present additional assumptions of [36] let us fix some notation. For
all α ∈ Rd, define

ΛN (α) = sup
n≥N

1

n
logE exp 〈α, Yn〉 .

Let us now introduce the hypotheses from [36] (using the original notation):

H1: Λ(α) <∞ for all α ∈ L0I
∗
Y .

H1’: ΛN (α) <∞ for all α ∈ L0I
∗
Y and N greater or equal to some N0.

Remark 10.5. The conditions H1 and H1’ are regularity conditions on the se-
quence Y . For instance, H1’ is satisfied if Y is for example the nth sum of an
i.i.d. sequence of random vectors satisfying the condition given in Cramér’s theo-
rem, cf. Section 10.2.1; or the weaker condition given in Ney and Robinson [91]. It
also holds when Y is a Markov-additive process satisfying the uniform recurrence
condition (6.2) in Ney and Nummelin [90]. In both these cases N0 can be taken
to be N0 = 1. Y can also be a general sequence satisfying the conditions of the
Gärtner-Ellis theorem and (i) Λ(α) is finite in the neighborhood of each α ∈ L0Λ;
(ii) the level sets of Λ are compact.
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H2: For some δ > 0, A ∩ cone(Cδ) = ∅, where

Cδ = {x : inf
y∈L0IY

‖x− y‖ < δ}.

Remark 10.6. Condition H2 is an admissibility condition on sets A considered in
(10.13). Recall that L0IY is the (according to the assumptions of this subsection,
non-empty) set of all the points y for which IY (y) = 0. Intuitively, these are the
points of the typical behavior of Y . Recall also that in the setting of Cramér’s
theorem, when Y n = X1 + . . . + Xn, for an i.i.d. sequence of random vectors
{Xn : n ∈ N} in Rd, L0IY = {EX1}. Therefore, the set Cδ can be thought of as
the δ-neighborhood of all such points of typical behavior of Y and thus A can be
any general set that avoids the central tendency cone(Cδ) = {λx : λ > 0,x ∈ Cδ}
of Y .

Let ĨY (x) = supα∈L0I∗Y
〈α,x〉 be the support function of L0I

∗
Y .

Theorem 10.6 (Collamore [36], Theorem 2.1). Suppose A is a convex set inter-
secting the relative interior of cone(DIY ) and H1 and H2 hold. Then for suffi-
ciently large N ,

lim
u→∞

1

u
logP (∃n ≥ N : Y n ∈ uA) = − inf

x∈A
ĨY (x).

Remark 10.7. If instead of H1, assumption H1’ holds with N = 1, then Theo-
rem 10.6 and Theorem 10.5 consider the same problem, although under a different
set of assumptions, if A = {x ∈ Rd : x > q} is admissible. It is a rather diffi-
cult task to compare these results in general. One can immediately see that, in
Theorem 10.6:

(i) Only linear normalization is considered; i.e., a(t) = v(t) = t.

(ii) The sequence {µn : n ∈ N} of probability measures, where µn is the law of
Y n/n, is assumed to satisfy the LDP with a convex rate function IY .

(iii) A general set intersecting the relative interior of cone(DIY ) and satisfying
H2 is allowed.

On the other hand, in Theorem 10.5:

(i’) A regularly varying normalization is allowed; i.e., a ∈ RV ∞(A) and v ∈
RV ∞(V ), A, V > 0.

(ii’) The sequence {µn : n ∈ N} of probability measures, where µn is the law of
W n/an, is assumed to satisfy the restricted LDP with a continuous function
JW .

(iii’) Only sets of the form {x ∈ Rd : x > q}, with q > 0, are allowed.
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We have already explained that non-linear scalings allow to incorporate, for in-
stance, long/short range dependent sequences stemming from, for example, frac-
tional Brownian motion. Also, as explained in Remark 10.1, it is possible that the
restricted LDP holds when the LDP does not and vice versa.

Theorem 10.7 (Collamore [36], Theorem 2.2). Suppose A is a general set in Rd
and H1’ and H2 are satisfied. Then for any N ≥ N0,

lim inf
u→∞

1

u
logP (∃n ≥ N : Y n ∈ uA) ≥ − inf

x∈A◦
ĨY (x)

and

lim sup
u→∞

1

u
logP (∃n ≥ N : Y n ∈ uA) ≤ − inf

x∈Ā
ĨY (x).

Remark 10.8. Again, if we are allowed to set N0 = 1 then Theorem 10.7 provides
an LDP-like statement for the family of probability measures µY = {µYu : u ∈ R+}
on Rd, where

µYu (A) = P (∃n ∈ N : Y n ∈ uA) .

The sets avoiding the general tendency of Y are only allowed; see Remark 10.6
about the assumption H2.

For the case d = 1, we have established the genuine LDP of µY in Theorem 10.4.
Apart from the differences already mentioned in Remark 10.7, let us compare in
detail these results. We set d = 1 in Theorem 10.7 and a ≡ v ≡ id in Theo-
rem 10.4. Furthermore we assume that the restricted LDP in Theorem 10.4 comes
from the LDP with a continuous (where finite) rate function IW as explained in
Remark 10.1.

Theorem 10.7 allows different tendencies of Y (which is not a vector anymore,
explaining why we do not use bold notation). Let x+ = sup L0IY and x− =
inf L0IY , then

a) If x+ < 0, then for δ > 0 small enough, regardless of the actual form of
L0IY , cone(Cδ) = (−∞, 0) and thus H2 holds for any A ∈ B(R+);

b) If x+ = 0, or, x+ > 0 and x− ≤ 0, then any for δ > 0 small, cone(Cδ) = R
and thus H2 is never met;

c) If x− > 0, then for δ > 0 small enough, cone (Cδ) = (0,∞) and thus H2
holds for any A ∈ B(R−).

In Theorem 10.4, if JW (c) = infx≥c IW (x), then the stability hypothesis can be
met only if IW (x) > 0 for every x ≥ 0, so that sup L0IW < 0 and we are in scenario
a). Hence we assume IY (x) > 0 for every x ≥ 0 to be able to facilitate further
comparisons. Scenario c) is symmetrical to a) and scenario b) is not interesting as
then Theorem 10.7 does not yield any result. To assure the stability hypothesis
we need to assume in addition that IW (x) <∞ for some x > 0. We will see below
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that if IY (0) =∞, then ĨY ≡ ∞ on R+ so that Theorem 10.7 gives a trivial bound.
Therefore, we can also assume that IY (x) < ∞ for some x > 0. Note that then
[0, x) ⊂ DIY so that R+ ⊂ cone(DIY ) and indeed every A ∈ B(R+) is allowed by
Theorem 10.7.

Finally, let us compare the rate functions ĨW and ĨY . From Remark 10.4 we
have that

ĨW (x) =

{
x infτ>0 τ

−1I(τ) for x ≥ 0,
∞ for x < 0.

For a convex function f , such that f nowhere has the value −∞, let, cl f denote
its closure, that is, the greatest semi-continuous function majorized by f (cl f is
defined to be constant function −∞ if f is improper convex function such that
f(x) = −∞ for some x). By [108, Theorem 13.5] ĨY = cl L̃, where L̃ is the
positively homogeneous function generated by IY . Because 0 < IY (0) <∞, [108,
Theorem 9.7], ĨY (x) = infτ>0 τ

−1IY (τx). Hence,

ĨY (x) = x inf
τ>0

τ−1IY (τ), for x ≥ 0.

The values of ĨW (x) and ĨY (x) do not match for x < 0, but under scenario a)
Theorem 10.7 does not provide information for sets intersecting (−∞, 0), so that
values of ĨY (x) for such x are irrelevant. If IY (0) = ∞, then [108, Theorem 9.7]
does not hold and

ĨY (x) =

{
infτ>0 τ

−1IY (τx) for x 6= 0,
0 for x = 0,

=

{
∞ for x 6= 0,
0 for x = 0.
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SUMMARY

Gaussian and Lévy-driven queues

The goal of the thesis is to investigate the interface of queues, Lévy processes
and Gaussian processes. Queueing theory is an active research branch within ap-
plied probability and stochastic operations research, with applications in computer
communications, manufacturing and many other fields, while Gaussian and Lévy
processes form an important topic in probability theory. Although there is a huge
and mature literature on queues, as well as on both Gaussian and Lévy processes,
there is only a relatively small collection of studies devoted to their interface.

In Chapter 3 and Chapter 4 we study polling models. Polling models are
queueing models in which a single server visits several queues in some, usually
cyclic, order. Upon the visit of a queue, the server serves this queue according to
some service policy, e.g. works until the queue has become empty. The classical
polling model assumes that customers arrive to queues according to independent
Poisson processes and therefore the input process constitutes a compound (multidi-
mensional) Poisson process (CPP). Apart from some special cases the probability
generating function (PGF) Q of the joint queue length distribution at an arbi-
trary epoch in steady-state, which in principle is the most important PGF, was
not known for this model. We present a unifying framework which allows us to
find a general expression for Q.

We also investigate a variant of this model, where the CPP input is replaced
with a general Lévy process modeling the workload evolution of the system. We
find a relation between such models and special branching processes with immigra-
tion. Most importantly, we find the Laplace–Stieltjes transform (LST) W of the
joint workload distribution at an arbitrary epoch in steady-state. The importance
of W in Lévy-driven polling models can be compared to that of Q in the classical
polling models.
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In Chapter 5 and Chapter 6 we present a collection of various results concerning
the infimumMt = infs∈[0,t]Q

(c)
X (s) of the queueing process Q(c)

X (t), where X corre-
sponds to the process modeling the arrival of workload and c > 0 to the constant
service rate. Considering the minimum value attained by the workload process
in a window of length t has various applications: one could for instance think of
the analysis of persistent overload in an element of a communication network or a
node in a supply chain.

When X is a Lévy process, we derive: the LST of Mt in the case when X has
only positive or only negative jumps; the asymptotics of P(MTu > u) for a range
of functions Tu as u → ∞ in the case when X1 has a heavy-tailed distribution;
logarithmic asymptotics of P(MTu > u) in the case when X1 has a light-tailed
distribution. In the Gaussian case we investigate the asymptotic properties when
X = BH is a fractional Brownian motion with Hurst parameter H > 1

2 . We show
that P(MTu > u) ∼ P(Q

(c)
e (0) > u), as u→∞, where Tu is any function of u such

that Tu = o(u
2H−1
H ).

In Chapter 7 and Chapter 8 we consider light and heavy traffic properties of
Gaussian and Lév-driven queues. The stationary buffer content of such a queue
can be expressed as Q(c)

e = supt≥0(Xt−ct), where as before c > 0 is the service rate
and X is a stochastic process modeling the inflow of work. The exact distribution
of Q(c)

e is only known for special cases. Thus, from the modeling point of view
it is useful if one can approximate Q(c)

e by some known random variable in the
common scenario, when the server works under the high traffic (which corresponds
to c→ 0) or the low traffic (c→∞) regime.

The problem of the all time supremum of a random walk minus drift in the
heavy-traffic regime has been extensively studied in the classical literature. When
X is a Lévy process, we show that the classical results can be used to obtain weak
convergence of ∆(c)Q

(c)
e to supt≥0(Lt − t) as c → 0, where L is a Lévy stable

process. When X is a Gaussian process, we find a normalization ∆(c) such that
∆(c)Q

(c)
e tends in distribution (as c → 0 or c → ∞) to supt≥0(BH(t) − t), where

BH is a fractional Brownian motion with Hurst parameter H > 0. The parameter
H depends on the regular varying properties of the variance function of X.

In Chapter 9 and in Chapter 10 we focus our attention on queueing mod-
els driven by multidimensional processes X. We consider the case when X is a
Gaussian field indexed by t ∈ Rm and taking values in Rn. Here n can corre-
spond to the number of stations, whereas m represents the number of points in
time one would like to investigate simultaneously. For such models, the probabil-
ity P (A) of the stationary buffer contents being in a set A can be expressed as
P(∃t ∈ Rm : X(t) − d(t) ∈ A), where d : Rm → Rn is a drift function. For any
threshold level q ∈ Rn+, we find logarithmic asymptotics of P (uAq) with u → ∞,
where Aq = {x ∈ Rn : x ≥ q}. Furthermore, we investigate the logarithmic
asymptotics of P (uAq), where X is allowed to be any general multidimensional
process in Rn indexed by t ∈ N.
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