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I N T R 0 D U C T I 0 N*) 

The general aim of this thesis regards new approaches 
to the problem of equilibrium and stability of plasmas described 
by the Maxwell equations and the Vlasov-Boltzmann equation. 
For plasmas near the conditions of thermonuclear reaction the 
temperature is so high that the collisions between the compo-
nents of the plasma are very unfrequent. The plasma can then be 
assumed as collisionless for processes on a time scale shorter 
than the collision time. Under these circumstances the equilibrium 
of a confined plasma is often far away from a Maxwellian distribu
tion, that is thermal equilibrium. When approaching then the equi
librium and the stability problem from a variational point of view, 
the classical thermodynamical functionals are to be replaced by 
other ones which are more suitable to describe non-Maxwellian equi
libria1)2). 

In this context new ideas are developed for prescribing 
sui table functionals ·(I, II) • While their extremum properties 
describe the collisionless equilibria by the vanishing of the 
first-order variations, the second variations are connected with 
the stability of these equilibria. On these lines a comparison 
with the classical definitions of the thermodynamical functions 
enables tc interpret the new functionals as free energy and entro
py (termed also information) of the processes in consideration. 
In particular, when the equilibrium distribution function becomes 
Maxwellian, the new defined entropy tends to the classical one 
which predicts stability (I and Ref. 2). 

Regarding the stability problem one expects that a minimum 
of the entropy corresponds to an unstable situation. In this way 
it is possible to predict or to recover a large number of insta
bilities. When the plasma is described by the Maxwell and Vlasov 
equations in the presence of electric and magnetic fields (I), 
the conditions for stability may be derived which only recently 
have been found to be related to the mirror modes**). Also 
flutes**H) and other known instabilities are recovered by properly 
adapting the formalism to the considered equilibria and perturba
tion modes (I, and Ref. 3, which has not been included in this 
thesis). Moreover, it is possible to show that an entropy functional 
with the same above properties exists for plasma equilibria in a 
strong magnetic field without any special symmetry, provided the 

*> Roman numbers in brackets refer to the articles in this 
thesis. The other numbers regard the references at the end 
of the introduction. 

**> Electromagnetic modes which are. uniform along the equilib-
. rium current density 4 ) 5 ) 6 )'). · 

***> Modes which are essentially electrostatic and connected 
only with the perturbed motio~ perpendicular to the external 
strong magnetic field. 

1 



2 

adiabatic approximation") holds (II and Ref. 3). 
The conditions for the minimum of the entropy can be 

shown to be also a cond.j. tion .. for a negative energy variation 
with respect to a special class of interchanges (II). These 
conditions in their general form are applied as instability 
conditions for an adiabatic magneto-plasma configuration in 
which the parallel component of the equilibrium density current 
vanishes (III), but the plasma pressure is not necessarily lower 
than the magnetic pressure. In this case, by using general 
curvilinear coordinates for ~he magnetic field, stability con
ditions are recovered which imply, among other ones, those for 
a minimum of the magnetic-field strength in the plasma region, 
and those for the .absence of the firehose instability**). 

The preceding method for stability investigations is 
applied to a plasma equilibrium described by the guiding-center 
distribution function that satisfies the Vlasov equation on the 
diamagnetic drift-time scale (IV). In this case stability con
ditions are recovered not only for the flute modes, but also 
those for the low-frequency trapped particle modes***). 

The use of the above functionals for treating the sta
bility problem from the variational point of view, can also be 
justified by the possibility of a statistical interpretation 12 ) 
which shows the reasonableness of the ~reviously introduced 
entropy. Also a dynamical description 1 

) of the modes connected 
with the first-order variations of the above functionals shows 
the correspondence of the instability of a certain class of 
modes to the minimum of the properly defined entropy functional. 
This dynamical description is mainly related to low-frequency 
modes which are marginally stable****). 

In this case the importance of investigating the con
ditions for marginal stability from a general point of view 
becomes evident. In many cases the linear systems of equations 
for the small perturbations can be derived by a Lagrangian 14

)
15

). 

However, in plasma physics, on account of mechanisms of resonant 
interaction between waves and particles, these systems are often 
not self-adjoint when the frequency becomes real or vanishes as 
in the marginal cases. These cases are treated in this thesis 
(V), and general rules for a distinction between persistent and 
marginal stability are given. The main purpose here (V) concerns 
the derivation of general rules for the marginal character of 

"> Larmor ra'dius of the particle gyration much smaller than 
the scale length of the magnetic-field inhomogeneities 8

). 

""> Instability connected with the bending of the magnetic 
lines of force when the pressure parallel to the magnetic 
field is high 9 ). 

"""> Modes connected with the trap~ing of the particles between 
two magnetic-field mirrors 10 ) 

1
). 

""""> Suppose that a class of equilibria is described by a con-
tinuous parameter a and that for a given value a0 the 
corresponding equilibrium is known to be stable. If, for 
a passing through a 0 , an instability occurs, the preceding 
equilibrium is said to show marginal stability. The op
posite case is referred to as persistent stability at a 0 • 



the solutions by starting from merely general properties of 
the linear system of equations for the perturbations. 

In particular the case is treated in which a one-dimen
sional inhomogeneous f·inite plasma, at equilibrium with an· 
electric field, is modified by linear one-dimensional perturba
tions, while the equilibrium distribution function is not de
creasing monotonically with the particle energy (V,VI). For 
given boundary conditions marginal stability is found to occur 
at vanishing frequency only when the equilibrium electric field 
shows an oscillating character as in the cases of the electro
static solutions found by Bernstein, Greene, and Kruskal 16

), and 
of collisionless shock waves 17

) 
18

) (VI). In particular cases, 
such as a beam-plasma system, even the growth rate of the in
stability is derived, expressed as a function of the small devia
tion of an equilibrium from the marginal one (VI). 
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INFORMATION THEORY AND VARIATIONAL 
PROPERTIES OF A COLLISIONLESS INHOMOGENEOUS 

PLASMA WITH A MAGNETIC FIELD 

by E. MINARDI·and F. SANTINI 

FOM-Instituut voor Plasma-Fysica, Rijnhuizen, Jutphaas, Nederland 

Synopsis 
The equations describing the electric and magnetic fields of a collisionless one

dimensional plasma at stationary equilibrium in a box (with B parallel to the walls 
and It perpendicular to B) can be derived by assuming that their solutions give an 
extremum value to a certain functional which describes the information necessary for 
completely fixing the electric and magnetic properties of the physical system for a 
fixed value of the electric and magnetic energy. According to information theory 
this functional can be . assumed as a definition of an entropy which describes the 
irreversible behaviour of the collisionless plasma, also when situations very far from . 
the statistical equilibrium are considered. Moreover, it can be shown, using this defi
nition of the entropy, that a functional exists which characterizes the plasma equili
brium with the same formal properties as the Helmholtz function. 

When the absolute value of all field components has a minimum in the box, the 
entropy is maximum at equilibrium with respect to any perturbation, for a given electric 
and magnetic energy. · 

In the special case when only an electric field exists, and for not too inhomogeneous 
plasmas, it is possible to establish in general, using Penrose's stability criterion, that 
a minimum value for the entropy in an equilibrium configuration (with fixed electro
static energy) constitutes a sufficient condition for instability. Examples with magnetic 
field as the plane sheet pinch or the inhomogeneous plasma in uniform gravitational 
field with B = ee-Bo( 1 + ex) are also considered. In these examples the instability 
of the equilibrium is associated with a minimum of the corresponding entropy. It is 
also shown that the equilibrium of a neutral polytropic isothermal gas sphere confined 
by its own central gravitational field is associated with a maximum of the here defined 
entropy. 

I. Introduction. In an earlier paperl), henceforth referred to as I, the 
solutions describing the electric field (in the absence of a magnetic field} of 
a collisionless one-dimensional plasma at stationary equilibrium in a box 
were derived by assuming that they give an extremum value, for fixed 
electrostatic energy, to a certain functional I. This functional describes the 
information that must be given in order to determine completely the electric 
properties of the physical system at equilibrium. Then, on the ground of 
information theory, it was assumed as a definition of the entropy for a 

497-
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collisionless plasma. Using this definition of the entropy a quantity F 
can be introduced which characterizes the equilibrium with the same 
formal properties as the Helmholtz~ function. 

The purpose of the present paper is to extend these considerations to 
plasma equilibria with external and selfconsistent magnetic fields, in plane 
geometry. We shall limit ourselves to the considerations of equilibria 
depending on one space variable x only, the magnetic field being perpen
dicular to the electric field, which is in the x direction. 

A set of linear equations for the field components is obtained with the 
same procedure as in I, the coefficients of which are integrals in velocity 
space involving the moments (until second order) of the distribution function. 
Prescription of these coefficients as functions of x allows on the one hand to 
obtain integral equations for the moments which can be solved by means 
of a generalization of the procedure suggested by Bernstein2) e.a. in the 
purely electrdstatic case. On the other hand, the fields are determined by 
solving the m!iginal set of linear equations for proper boundary conditions. 
In this procedure the problems,.of the calculation of the field and of the 
distribution function are separated while exact (nonlinearized) equilibrium 
solutions can be constructed. 

The first task of the present investigation will consist of finding the proper 
definition of the information in the considered cases. 

As in I the field equations can be derived by means of a variational 
procedure which will provide the basis for the definition of the "information" 
as a functional which is extremum at equilibrium (under proper conditions), 
and also the "good" definition of the entropy of the system. 

One can then proceed by following formally the ordinary path of thermo
dynamics. For instance, chemical potentials can be defined for characterizing 
the equilibrium and tum out to be directly connected with the scalar 
electrostatic and the vectorial magnetic potential. 

Being given the definition of entropy as an extremum, it is natural to 
investigate whether the requirement of the latter being a minimum con
stitutes a sufficient condition for instability of the corresponding equilibrium, 
as it happened to be in the case of I, (at least for not too inhomogeneous 
plasmas). As a:. consequence of the present lack of a general stability criterion 
playing the same role as Penrose's criterion3) in cases including magnetic 
fields, we were not able, so far, to establish in general a connection between 
entropy minima and instabilities. ~owever, we calculated the entropy in 
special cases, such as that of a plane sheet pinch and that of a slightly non
uniform plane plasma acted on by a magnetic field B = ezBo(I +ex) and a 
uniform gravitational force e:&mg. The stability of this last case was discussed 
by Rosenbluth4) e.a. We also considered the case of acollisionlessgas con
fined by a selfconsistent central gravitational force (when the distribution 
function is Maxwellian this case is equivalent to the model of the polytropic-



INFORMATION THEORY AND VARIATIONAL PROPERTIES IN.A PLASMA 499 

gas star known in astrophysics) ; here we found that the equilibrium is 
associated with a maximum of the entropy. 

Although one cannot infer from these examples the validity of the con
nection between minimum entropy and instability as a proven property, the 
examples favour the opinion that this connection should exist quite general
ly, just as in the purely electrostatic case. So we consider this connection 
as a working hypothesis which may be of considerable heuristic value for 
future investigations. 

2. The basic equations of the problem in plane geometry. We shall consider 
a~ equilibrium configuration with crossed electric and magnetic fields whose 
components are E (E(x), 0, 0) and B = (0, B 11(x), Bz(x)). The equilibrium 
is then described by the set of equations comprising both Vlasov's equations 
for the distribution functions fJ in phase space for the different particles, 
and Maxwell's equations for the field components: 

8/1 = _ !!:!_ E 1 
8x m1 Vz 

dBz 4n 
ql I VyfJ d3v, (2) --=-- ~ dx c 1 

dBv 4::1: . 
qJI VzfJ d3v, (3) -=-~ 

dx c 1 

: = 4n 7 q1 I fJ d3v. (4) 

Here i refers to particle species and qJ, m1 to the corresponding charge 
and mass (Gauss units are used). 

The most general solution IJ(~J> 1/vl• 1/zJ) of Vlasov's equation ( 1) constitutes 
any function of the following constants of motion: 

3 

~~ = tmJ ~ v: + qJI/J(x), 
(=1 

(5) 

(6) 

f'JzJ = Vz + ql A 21(x), (7) 
m1c 

where ,P(x) is the electrostatic ·potential and A = (0, Ay(x), Az;{x)) is the 
vector potential of the magnetic field. 

7 
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For definiteness we suppose, as in ref. 1, that the plasma is contained in 
a box (0 ~ X ~ L) with rigid walls and length L. So the boundary con
ditions for the electric field read: 

L 
I E(x) dx = L1V, 

0 

E(L) - E(O) = 4n{), 

(8) 

(9) 

where L1V = V(O)- V(L) may be an externally applied potential and Q 
gives the total charge in the box. The boundary conditions of the magnetic 
field depend on the special external conditions of each case. Differentiation 
of equations (2) to (4), subsequent substitution of equation (1) into the 
integrals at the r.h.s. and (if necessary) a final partial integration gives the 
following set of equations: 

1 ' 1 
E, 1-2E · 1-2B · 1-2B - Aoo = -Ato .. ,- -.~~.ol V• c c 

, 1 -ll 1 -~~ 1 -t E B"- -2 (ru2- Ao2) B, = -2 .Au B, +- .Aol • c c c 

B , 1 2 -2\ B 1 -2 B 1 -2 E · ..,.. -(ru -.AiloJ z=-.Au ,--J.1o · • ~ . ~ c 

(10) 

(11) 

(12) 

Here ru2 = l:14nqln1fmr determines the plasma frequency, while the coef
ficients .A;!{x) are given by: 

.A;!(x) = -4n I: q1 J v;v:- 811 dSv. (13) 
f fnl Va; Cfua; 

It is convenient for our purposes to rewrite these coefficients by intro
ducing the moments of the distribution function until the second order in 
v, and v1• These moments, which are functions of the quantity V = tml"'! + 
+ q,P(x), and also of x through the vector potential Ac(x), are defined by: 

q/,.,m(V, A~) = Jv:V":fl(ll• ''lvl•"'lll) dv, dv,. (14) 

Obviously, partial integrations fix the relations between these new 
parameters and the above coefficients Anm. as shown below. 

By prescribing the coefficients lnm as functions of x, the field is completely 
fixed by eqs. ( 1 0) to ( 12) together wi~ the boundary conditions. On the other 
hand the explicit dependence of the lnm on the potentials t/1 and A« gives 
conditions for the moments of the distribution function. In this way one 
can construct nonlinearized solutions of the equilibrium problem. The 
procedure followed hereafter is essentially a generalization of that used by 
Bernstein2) e.a. in the purely electrostatic case. Indeed, after prescription 
of the Anm• the equation (13) gives conditions for the distribution function 
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in the form of integral equations for the moments ~m· This is easily seen by 
expressing the integral of (13) in terms of ~m' and by passing from the 
associated integration variable vfl! to the variable V. We then obtain: 

Any special independent choice of all functions Anm(x) involves a special 
solution of the problem. As in the purely electrostatic case (see e.g. ref. 2), 
the amount of information that must be given for prescribing the Anm(x) 
does not determine uniquely the distribution function, but it constitutes 
the amount just necessary for determining completely the field (by means 
of equations (10) to(12) and the boundary conditions). 

3. The definition of the information in the problem of plasma equilibrium. 
As we have seen, the electric and· magnetic properties of the plasma at 
equilibrium are not completely determined by the original system of e
quations (1) to (4) since the set of coefficients Anm(x) can still be described 
arbitrarily. The indefiniteness is higher than in the purely electrostatic case 
where only the coefficient A.oo was to be prescribed 5). 

In this section we shall introduce a quantity which will represent the 
amount of information needed for determining completely the electric and 
magnetic properties of the system at equilibrium. 

It is an essential feature of the problem that the information we need for 
determining the field concerns the x space only and not the complete 
vfl), vy, Vz space. This corresponds to the physical fact that the measurement 
of quantities depending on x and not on v is sufficient for determining the 
fields (but not the distribution function); this is mathematically reflected 
in the circumstance that the field equations (10) to (12) can be solved 
separately from the integral equation (13) for the distribution function. 
So one expects that the electric and magnetic properties of the physicaJ 
system are determined by giving firstly an expression for the information 
I (to be given hereafter), needed for the knowledge of the fields, and secondly 
by fixing the total field energy W of the particular equilibrium configuration 
considered. Once these quantities are given the field equations (10) to (12) 
are to be derived by means of the requirement that the information 

L 
I=-JGdx 

0 

should have an extremum at equilibrium for a fixed value of W to first order; 
-G then constitutes the information density. So the field equations" must 
be determined by requiring that the first variation of the functional 

F= -I+ W (17) 

9 
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vanishes; a possible Lagrange multiplicator in front of W may be omitted 
in view of a normalization to be chosen properly. The functional I then plays 
the same role as the entropy of chemical thermodynamics and F can be 
identified with the free energy. 

In order to perform the va.'riational procedure and to construct ex
plicitly the functional F and the information I it is convenient to write 
the field equatiqns in matrix form. Let us introduce the matrices 

u1 E 
U = Us - B11 (18) 

Ua Bz 
and 

.a-ll 1 ll 1 ll 
00 --lOi -llo c c 

M= 
1 2 1 2 1 2 

(19) -lcii - (ros- loll) -lii c cs c 

1 ll 1 I! 1 I! --llo -:- lii - (ro2- l;o) 
c c c2 

The field equations ( 1 0) to ( 12) are then represented by: 

U"-MU=O. (20) 
Let us suppose 

Det. M :/= 0 (21) 

so that one .can invert the matrix M and write equation (20) in the form 

NU"-U=O 
ot 

3 

~ Nc~eu; - u, = o 
k•l 

where N = M-t. 
Maxwell's equations can also be written in the following matrix form 

d u '. - ==1 
dx 

by introducing the matrix 

it G 

i = ill = 4n iz 
is -i11 

{22) 

(23) 

(24) 

(25) 

where a is the charge density and i 11, iz the components of the current 
density. · 
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In order to arrive at a definition of the information let us express the 
coefficients Nuc(x) as composite functions of x through the fTc (note the 
correspondence between the index k of fk and the last index of Nt~c). In this 
way we will be able to get the information density as a function of the· 
charge and current density, according to its very physical meaning. 

For obtaining this representation let us prescribe in the interval 0 ~ x ~ L 
inside the box (following a procedure which generalizes that used in I) the 
zero points of the derivatives f~(x) for all k. These points delimit a succession 
ofintervals L1x1, Ax2 ... such that in each ofthemx can be defined as a function 
of the fk in a unique way, by inversion of the functions fk(x) which are 
·monotonic in each Axm. Thus we get: 

(26) 

One can then write in a unique way: 

(27) 

We can now define the information density in each Axm as given by the 
expression 

il(:r:) i.Ut-1(«c)} 

-G(ft, f2, is) = - f GtUt) = - -
1
- f Ida:t f Id{JkNuc{f;; 1(fJk)} 

i-1 4:n; i=1 k-1 

(28) 
for x E Axm. 

The information density is then the sum of the three independent in
formations which are associated with each axis. 

Let us introduce the free-energy density 

; 

1 3 
F=G+-

8 
~ u~. 

:n; i-1 

The free-energy functional is then written 

L 

F I F(ft(x), Uk) dx ==-I+ W = 

0 
fc(:r:) t.fj;-1(r.&<)} 

(29) 

= 4~ ~ I dx [ i;
1 
I da:t k~1 J dfJkNtk{f;; 1 ({J~c)} +! i~1 Ui(x)J. (30) 

We consider now arbitrary and independent variations of the U,, which 
are however zero at the boundaries of the Axm intervals. Correspondingly 
theft are varied through Maxwell's equations (24). We assume, however, 
that the functional dependence fk{i; 1(a:c)} in the last integral is always 
defined by means of the i~c at equilibrium. So the functions jk{j{1(a:c)} remain 

11 
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unaltered during the variation process. Only the upper limit fc(x) of the 
second integral in equation (30) is then varied. With the standard procedure 
of variational calculus one then obtains the following Euler equations 

' ik(lll) 

d (J/F (J/F - 1 [ d 3 f ·-1 } J -
dx &it - &Ut - 4n dx k~l d{hcNu41k ({he) - Uc - 0. (31) 

Performing the differentiation with respect to x one sees that equations (31) 
are identical to the field equations (23). 

Let us now calculate the second variation of the information. 
One obtains 

l•(lll) fk(j,-1(«1)) 

!J'l.] = - -
1
-• L fdx f !52 f docc f f dftkN«J&{i;; 1([hc)} = 

4n m i-1 k-1 
<Ia:., 

(32) 

Remembering that the ik satisfy Maxwell's equations (24) and that the U k 

satisfy the field equations (23), the preceding expression can also be written 
in the form 

L 

· r s a J dfk dx 
lJ2J = - - L L dx(llft)2 Ntk- -. = 

8n i-1 k-1 dx d1t 
0 

(33) 

This relation *bows that when the absolute value of a special field component 
has a minimum or a maximum inside the box a class of perturbations exists 
with respect to which the entropy! is maximum or minimum at equilibrium 
respectively. In particular, if one field component u, is oscillating, so as to 
have U1JU; < 0, a class of perturbations exists with respect to which the 
entropy is minimum. Expression (33) is the generalization of the result 
obtained in the purely electrostatic case (see ref. 1)). 

It must be noted finally that the previously defined functionals I and F 
only exist when condition (21) for the coefficients of the field equations is 
valid. When Det. M = 0 holds throughout the box the case is degenerate 
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and the field components are no longer independent. The problem can then 
be reduced to one with a lower number of dimensions equal to the number 
of independent field components. The equilibrium problem is then completely 
determined by the independent components and an information can be 
defined as before in the corresponding subspace. 

4. The definition of the chemical potentials. Once the information (or the 
entropy) is introduced, chemical potentials can be defined by means of an 
extension of the procedure used in thermodynamics. 

Let us consider two adjacent infinitesimal volume elements inside the 
plasma and let us denote them with 1 and 2. Let us suppose that there is an 
exchange of particles between 1 and 2 so that the density in 1 is varied by 
an amount ~n1 (where f indicates the species) and the density in 2 by oo1. 

Assuming particles with opposite charges q and -q, the charge density 
a= q(n1 - n2) is varied in 1 by an amount ~a and in 2 by the amount -~a. 
The current density 

(34) 

where the index k = 2, 3 indicates the components y and z respectively, 
is also varied in 1 by an amount given by the expression 

(35) 

The variation of the current in (2) is given by -Mk if we neglect the terms 
of higher order that arise from the variation of the macroscopic velocities 
iik1

' between 1 and 2 (due to their x dependence). 
The corresponding variations of the entropy in 1 and 2 are then expressed 

by the relations 

M<I> =- oG MtAV 
oi"~ 

M<2> = oG MtAV 
ai" 

(36) 

where k is either 1, 2 or 3, and i 1 = a( M1 = ~a) enters beside the current 
components i2 and is in the y- and %-directions. AV is the volume of 1 or 2 
assumed as equal. The total entropy is then constant at equilibrium. The 
quantities 

oG 
t-tk=--. 

o~k 
(37) 

play formally the same role as the chemical potential in thermodynamics. 

13 



14 

506 E. MINARDI AND F. SANTINI 

Their physical meaning is clear after observing that they are nothing else than 
the electrostatic potential and the magnetic vector potential. In fact, ap
plying the expression (28) for the information density and 'the field equations 
(23) one obtains the following ~elation: 

i£.(1t•1[1t(ID)]} II 

~ = -
1
- i . f d{heNuc{fk 1({J,,)} = - 1

- i J U';/iu: dx = Biz 4n k-1 4n k-1 , 
ID 

= -
1 f u,(x) dx. (38) 

4n 

Remembering relation (25) between the i" and the f~c one has then 

ID 

aG aG f 1'1 =-- = '"'""4n -. =- E(x) dx = 1/J(x), 
fJa 811 

ill 

8G aG f 
1'2 ==- -. = + 4n-. = + B,(x) dx = A 11(x), 

a~, Bia 
(39) 

ID 

aG aG f 1'8 = - fJi, = - 4n 8fs = - B11(x)dx = A,(x). 

5. Examples. Let us calculate the information and illustrate its properties 
in two characteristic examples. We shall consider the cases of the plane sheet 
pinch and :of a slightly non-uniform plasma acted on by a magnetic field 
B = e, Bo(l + ex) in a uniform gravitational field. 

a) Plane sheet pinch. A well-known selfconsistent solution of 
Vlasov's equation coupled to Maxwell's equation is given by 

I = (: )' cosh;/a) exp{ -o:[v! + v: + (v11 - V .L)2]}, (40) 

B, == 2V .J.(2nnom)i tanh ( ~ ). (41) 

This solution describes a tubular sheet of plasma with thickness 15 in the 
limit of an infinite radius of the tube. The plasma in the sheet (near the 
y - z plane) and the magnetic field created by the current flowing into 
the sheet in the y direction form a selfconsistent equilibrium configuration. 

The equation satisfied by the above B, field reads: 

-c2 cosh2(2x/15) 8 , _ B = 0 (42) 
2o:ru2V~ • ' ' 

Comparison with the field equations (23), which here reduce to the single 



INFORMATION THEORY AND VARIATIONAL PROPERTIES IN A PLASMA 507 

equation B: = N;,.l.Bz, shows that 

N 
__ c2 cosh2(2x/~) 

33 - 2tUU2V1 < 0. (43) 

The equilibrium is then assoCiated with a minimum of the information. On 
the other hand it is known (see for example ref. 6) that equilibria described 
by equations {40) and {41) always admit unstable oscillation modes. 

b) N on~uniform plasma in .a gravitational field. We shall 
consider the model studied by Rosenbluth4) e.a. for discussing the 
stabilization effect of a finite Larmor radius on flute instabilities. 

In this model the effect of the curvature of magnetic lines of. force is 
simulated by a given gravitational field with potential energy -mgx. The 
magnetic field B · {0, 0, Bz(x)) is the sum of an external part and a self~ 
consistent part created by a plasma current flowing in they direction. 
. Any distribution function of the arguments 

3 

~~ = im.f :I: v1 - msgx, 
-t-1 

II! 

'YJI = Vy + ..!!.!_ fBz(X) dx, 
m1c 

(44) 

is a solution of the equilibrium problem. Rosenbluth4) e.a. considered 
the following distribution function 

II! 

· ( t1:J )t [ eJ · ( ql f )] Is = -;; no 1 - Oos Vy + msc Bz(x) dx . 

3 

• exp{-a:s :I: vl + 2a:sgx} (45) 
i-1 

where Dos = qsBo{mJC, Bo being the homogeneous external field. 
The magnetic field is to be determined from Maxwell's equation 

rot B = _!!_ :I: qs vfs d8v 4 ·s 
c f 

(46) 

and can be written 

(47) 

where the small parameter e is related to e' appearing in the distribution 
function (see ref. 4, equation (2.3)). 

In order to define the entropy of the system one must write the field 
equation for Bz in the form (23) and then look at the functional from which 
this equation can be derived -by means of the variational procedure of 
section 3. The field equation is simply obtained from equation {12) by 

15 
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substituting the gravitational force m1g for the electric force q1E; it takes 
the form · 

N aaB: .,..... B, = -gx(x) N sa, (48) 
where 

(49) 

and 
qsJ v'IJ ofl x(x) = -~ ~ - - --dSv. 

1 C V:r; Ov:r; 
(50) 

Equation (48) differs from the equations considered until now due to the 
appearance of the inhomogeneous term at the r.h.s., which contains the 
externally applied gravitational field. Substituting B, = Bhom + Blnh, an 
equation for the homogeneous part only can be obtained from equation 
( 48), which can be derived from a free energy functional by means of our 
variational procedure. An entropy for the homogeneous part of Bz can then 
be defined, which is minimum when N sa < 0. 

We note, however, that the inhomogeneous part can be included in the 
variational procedure by replacing the function is in the definition (28) by 
the combination 

a: 
Ia =is+ gfx(x) dx, (51) 

the variational procedure remaining otherwise unaltered. This means that 
not only the current, but also the existence of the external gravitational 
field represented by the inhomogeneous term, must be included in the 
information; according to its physical interpretation . 
. We now look at the sign of Nss in order to see whether the entropy is 

minimum or maximum. However, it is seen after direct substitution of the 
distribution function (4S) into equation (49) that Nsl is identically zero 
so that Nas is infinite. Therefore, when solution (45) is used, the definition 
of entropy breaks down. We now have met a first example of degeneration. 
It can be removed simply by choosing instead of the solution (45) another 
solution very near to the preceding one, but such that NS.l '# 0. 

For instance, let us consider the distribution function 

• 
II = (!L)' no exp {- «1 i vl + 2g«sx- ~~ (fJ'IJ + _!!!._ JB,(x) dx)} (52) 

n ,_1 · 41fO/ msc 

In the limits 
(53) 

function (52} becomes identical to the solution (45) considered. by Rosen
bluth e.a. Since the dispersion relation and the existence of unstable modes 
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was discussed by Rosenbluth e.a. under the same approximations (53), 
their results also hold for the distribution function (52) in the same limit. 

Using equation (52) and remembering equations (13} the coefficient Nss 
proves to be given by the expression: 

_ 1 1 _2 2nqfn(x) e? 
N 33 = -(w2 - .1.20 } =- I: - 2 < 0. (54} 

c2 1 ms«JC2 !I 01 

The equilibrium configuration described by solution (52) is then associated 
once again with a minimum of the entropy. On the other hand, the discussion 
of the stability of this configuration performed by Rosenbluth e.a. (see 
equations (2.12) and (2.13) of their paper) under the approximations (53), 
shows that in all physical cases unstable oscillation modes exist, although 
the instability can be weak as a consequence of the stabilization effect of 
the finite gyroradius. It must be noted, however, that, if the connection 
between minimum of I and instability is true, one must expect instability from 
equation (54) even in the limit g--+- 0. 

6. Example with spherical symmetry. We shall now apply our considerations 
to the case of a gas of neutral particles {of mass m} with spatial spherical 
symmetry, at equilibrium under its own central gravitational field. When 
the distribution function is Maxwellian this is the case of an isothermal 
sphere of a perfect polytropic gas, known in astrophysics, and discussed e.g. 
by Eddington 7). We shall show that in this case the equilibrium is as
sociated with the maximum of the entropy. 

In spherical symmetry, that is I depends only~on p, Vp and v: + v!, the 
equilibrium proved to be described by the following set of equations: 

81 1 81 81 v; + v! vll ( 8/ 81 ) Vp-+-F-+- . -- --vs+-v91 ==0, {55) 
8p m 8vp 8vp p p av, av. 

1 d . P dp (p2F) == -4nhmln(p). (56) 

Here h is the gravitational constant, F the gravitational field related to 
the corresponding potential U by the relation F = m dU fdp, I the distri
bution function. Vlasov's equation {55) is satisfied by the special solution 
consisting of an arbitrary function of the argument ifn{v! + v: + v!) -
- mU(p). With the same procedure followed in the one-dimensional plane· 
cases, the following equation is obtained for the gravitational field F 

d [ 1 d J A,S(p) - - - (p2F) - F = 0, 
dp pS dp 

(57) 

where - I 81 1 . .1,-2(p) = 4nhm - d3v. 
8vp fJp 

(58} 
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Introducing the variable 

M(p) = - pllF(p) I 

mh 
(59) 

giving, in view of (56), the tot~ mass, 4nmfG p2n(p) dp, contained in the 
sphere with radius p, the field equation (57) passes into: 

d ( 1 dM) ).2(p) p2 -. --- -M = o. 
dp p2 dp . 

This equation can be derived from the free-energy functional 
B 

(60) 

F = 4n f dppll §' (p, M, : ). (61) 

0 

where §' is the free-energy density: 
n(p) a. 

§' (p, M, :) = -4nhm2 J doc J dfJ1.2{n-l(tJ)} + e, (62) 

and R the radius of the sphere enclosing the gas. Here the first term in the 
r.h.s. is the information density which is a function of the derivative dMfdp 
through the relation n = ( 1/4mnp2) dM fdp; e is the gravitational energy 
density given by the expression 

ps Mllh 
8 = - 8nhm2 = - 8np4 • (63) 

The field equation (60) is obtained from Euler's equation 

d 8(p11M) _ 11 8§' _ 

dp a(dMfdp) P aM - o. (64) 

Inspection of the second variation of the information shows that it is 
maximum or minimum depending on whether A,ll(p) is negative or positive. 
When the distribution function is Maxwellian one has 

kT 
).2(p) = - ---- < 0 

4nhm2n(p) I 

(65) 

so that the entropy is maximum. The explicit expression for the information 
here reads: 

B fi.(P) a. 

I = -4akT f dpp2 f doc f dfJ ~ == -4nkT · 

0 
B 

f 
kT 

· n(p) ln[n(p)] p2 dp + m M(R). 

0 

(66) 

Here the same functional dependence n ln n appears as in the purely 
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electrostatic case. This is a consequence of the fact that both cases are 
described'by equations with the same form. 

7. Concluding remarks. In the present paper we were mainly concerned 
with the problem of characterizing the stationary equilibrium of collisionless 
non-maxwellian plasma configurations with crossed electric and magnetic 
fields depending on only one space component, by means of extremum 
prgpertie~ of furu<tionals with the same formal meaning of the entropy or 
of the Helmholtz function as in classical thermodynamics. 

The present formalism must be generalized in order to include cases with 
cylindrical symmetry or cases depending on more space variables, as, for 
instance, the mirror configurations and the minimum B configurations. 

Another still open problem concerns the connection between the maxi
mwn.,_ru:_~pjpimJID.l.9f th<i entropy and the stability properties of the system. 
In the present paper we vs;rified in some cases that the minimum is associated 
.with instability, but this was notsliown in general. The question is connected 
'ititb the nrQ12lem of showing that the present definition of entropy is not 
only good for systems at eguilibrium, but also for time-dependent systems, 
that is, that I (t) increases with time at least after averaging over a sufficiently 
long period. 

For illustrating the problem let us consider for example the time deri
vative of the second variation (33) of the entropy: 

L 

~ (621) =-
1 i Jdx u! ~ [(6h)2J (67} 

dt an i=l u~. dt 
0 

where at this·order the U,fu; can be considered as constants in time and 
the quantities Of, which perturb the equilibrium are time dependent. Let 
us consider the case when the entropy is minimum at equilibrium so that all 
quantities U,tu: are necessarily negative throughout. Now if the system 
is unstable the absolute value of the perturbations grows with time (how
ever, not monotonically in general} and then the entropy grows at second 
order. If all U,fu; are positive (so that the entropy is maximum at equili
brium for a given W) and if, moreover, the system is sta.ble and a kind of 
damping mechanism of the perturbation exists such as the Landau damping, 
the entropy also increases at second order with time. It could happen, 
however, that the system is unstable .even in cases where all U,fu; > 0, as 
can happen in the purely electrostatic case (see ref. 5), so that the con
ditions U,fu; > 0 would be only necessary for stability. In this case the 
entropy decreases after the application of the perturbation, but could 
increase again if a damping mechanism exists related to nonlinearity. 

In order to establish a connection between extremum properties of the 
entropy and stability properties of the s~stem one must be able to prove in 
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general that the entropy always grows at least inaveragein the case U1JU; < 
< 0 (that is, when the entropy is minimum, at equilibrium under the con
straint that W is fixed). This proof will be not only of practical importance 
for obtaining sufficient conditions for instability, but also of theoretical 
significance because it will provide a theorem which would be the equivalent 
of the Boltzmann's H theorem for collisionless systems. We will study these 
questions in the future. 
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THE THERMODYNAMICS OF A COLLISIONLESS PLASMA 
AT EQUILIBRIUM IN A MAGNETIC FIELD 

Synopsis 

by E. MINARDI and F. SANTINI 

FOM-Instituut voor Plasma·Fysica 
Euratom-FOM Association, Rijnhuizen, Jutphaas, Nederland 

The free energy and entropy functionals describing the equilibrium of a collisionless 
low fJ plasma in a general adiabatic magnetic field are constructed following the rules 
described in previous articles. The close connection between the conditions insuring 
the minimum entropy of a given equilibrium configuration and the negative energy 
variation in a general class of interchanges involving the magnetic energy is discussed. 
These conditions are expressed in a form which iS invari<int with respect to transfor
mations between all possible curvilinear coordinate systems defined by the given 
external magnetic field. The conditions in the invariant form can be used for the 
calculation of the regions of minimum entropy, where the plasma should be 'expected 
to be unstable. 

I. Relevance of the thermodynamics of collisionless processes to the problem 
of thermonuclear fusion. From the point of view of ordinary thermodynamics 
the only possible stable plasma equilibrium is that of a Maxwellian homo
geneous plasma. In other words, from this point of view, a non-Maxwellian· 
inhomogeneous plasma can never be stable because its configuration is 
not associated with the maximum of the entropy. In confined equilibria the~ 
plasma is never homogeneous, at least near its boundaries, and very often 
also not Maxwellian, so that the problem· of stable confinement does not 
seem to admit a rigorous solution in the frame of ordinary thermodynamics. 
However, this science was until now concerned with processes which are 
dominated by individual collisions and, as a consequence, with situations not 
too far from Maxwellian equilibrium, which is always rapidly attained. On 
the contrary, the plasma at thermonuclear conditions, can be considered as 
practically collisionless. At these conditions equilibrium configurations 
exist which can be quite far from the Maxwellian equilibrium and which are 
then essentially outside the domain of ordinary thermodynamics. 

For this reason, the ordinary thermodynamical concepts of entropy, free 
energy and so on, are not very useful for the description of the properties of 
plasma equilibria. For instance, even when dissipation processes exist in a 
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collisionless plasma as the Landau damping or the instabilities, the ordinary 
entropy remains constant in time and is then unable to describe the ir
reversible character of these processes. It appears then to be of importance 
to define an entropy and a free energy functional which are extremum not 
only at thermal equilibrium, but also when an equilibrium belonging to the 
extremely large class of nonthermal equilibria is realized, as it happens in 
the collisionless. cases. 

If stable nonthermal equilibria exist, one must expect that the related 
collisionless entropy is not only extremum, but maximum, in opposition 
to the case of ordinary entropy which is maximum only at the Maxwellian 
homogeneous equilibrium. Looking then at the conditions which insure the 
maximum of the collisionless entropy, one can obtain conditions for a stable 
confinement. 

In previous papersl) 2) we have given rules for the construction of such 
entropy and free energy functionals in various physical cases and geometries. 
The structure of these functionals depends on the prescription of certain 
coefficients which represent in some way the information possessed by the 
observer about the system. This prescription is a kind of constraint imposed 
on the system. 

It was noted, in the preceding papers, that a relation exists between the 
minimum of the entropy and the negative sign of the energy variation in a 
special class of interchanges. This relation provides indeed the connection 
between the minimum of the entropy and the instability of the system. 
In the present paper we shall examine this relation in the important case of 
a low {J plasma at equilibrium in a general adiabatic magnetic field. The free 
energy and entropy functionals in this case were constructed in ref. 2. In 
the following we shall give the physical interpretation of the second variation 
of the entropy showing how it can be connected with the energy variation 
related to a given class of interchanges. The connection is such that the 
condition for a negative interchange ~nergy at a given point is also a condition 
for the existence of a minimum of the entropy. It is noted that this property 
is not limited to the case discussed here, but holds in general. The interchange 
energy can be expressed in a form which is invariant with respect to the 
transformations between all the curvilinear coordinate systems defined by 
the external field. Then instability conditions can be given which are 
invariant with respect to transformations of the (.:x, {J) system. Corre
spondingly, an entropy can be constructed whose second variation is nega
tive in any curvilinear system when the stability conditions hold. 

2. Free energy and entropy of a colUsionless plasma in an adiabatic magnetic 
field. We collect here, for convenience of the reader, the essential formulas 
obtained and already discussed in ref. 2, with few words of comment. 

We shall use a curvilinear coordinate system (.:x(x), {J(x), x(x)) related to 
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the external field Bo by the expressions: 

Bo = 17a.A17p = 17x. 

Let us introduce the quantities , 

itx = j ·17a., 

ifJ=j·l7{1. 

(2.1) 

(2.2) 

(here j is related to B by Maxwell's equation j :..... 17 AB) and the functions 

ii.(ffJ, p, x) = a.(x, y, z), 

P(ftx, a., x) = P(x, y, z). 
(2.3) 

One can define the following two different information (or entropy) densities: 

~~ . 

~GIX = I dftxP(ftx. a., x), 

~-
(2.4) 

4nG{J = - I df{Jfi(ffJ, p, x), 

associated, respectively, with the two following vectoF potentials each of 
which fixes the external field according to Bo 17 AA : 

OGIX 
A=- 4na} = -PI7a.; 

A 
aG{J 

- 4n -- = a.I7R aj ~~· 

(2.5) 

The free energy functional is written 

F =-I,+ W, (2.6) 

where I, = - I G, d3x (with 11 equal to a. or P) and W can be either the 
magnetic energy 

-
1-f B2 d3x 8n ' 

(2.7) 

or the form 

1 f. 
8

n J•A d3x, (2.8} 

where the integrations are extended to the plasma volume. 
A here refers to the total potential, which only differs by an infinitesimal 

quantity from the external potential in the low p limit to be considered hence
forth. The two expressions (2.7) and (2.8} prove to differ for a term given by the 
surface integral of the normal component of BAA across the plasma surface 
which in general is not zero, however, the variational procedure leads to the 
same results if variations "A and "B = 17 AoA are considered, which are 
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zero on this surface. We have shown in ref. 2 that the free energy functional 
F is extremum at equilibrium. The two kinds of information I(¥ and I f1 are 
also extremum at equilibrium when variations such that 6W = 0 are con
sidered. The conditions for a minimum of the two kinds of information I(¥ 
and I f1 were shown to result in~ 

&itJ > 0 aa. , 
(2.9) 

aj(¥ 
ap < o. 

We shall now discuss the physical meaning of these conditions and show how 
they effectively imply the instability of the system. 

3. A special class of energy interchanges. In order to proceed with our 
discussion we shall consider a special class of interchanges that will prove 
to be of importance for the physical interpretation of the second variation 
of the information. 

Let us consider two adjacent volume elements LtV 1 and LtV 2 at two points 
1 and 2 displaced along the vector <b.~. in a direction perpendicular to 8 0• 

Moreover, let us divide the total magnetic energy into a part u contained 
in these small volume elements and a larger part U situated in the volume 
0 outside them. 

Using Gauss's theorem one can write 

U= ~ J B2dsx= 8~ J(AAB)•da 8~ f(AAB)•da+ ~ Jj·Adsx, 

o 8,1 a 0 (3. I ) 

u = ~ JB2 dSx = - ~ f (AAB) • da + ~ J ·jA d3x, (3.2) 

<fJ7't+.dJ7'a a <fJ7't+.fJ7's 

where Spl is the plasma surface and a the surface surrounding the volume 
LtV 1 + LtV 2. In the following we shall calculate the variation of the total 
magnetic energy U + u connected with an interchange of the local values 
of the potential A and of the current density j, as functions of space inside 
the two volume elements LIVt and LtV:~. This variation reduces to contri
butions from the volume integral over LtV 1 + LtV 2 and from the two surface 
integrals over a, but the contributions from the latter cancel 'each other. 
So we are left with the last volume integral in (3.2), which yields the follow
ing initial value for the energy contribution that will vary during the inter
change; when choosing the volumes LtV 1 and LtV 2 small enough and each 
equal to LtV, it reads, 

. LtV 
ut = 8n [J(l) •A(l) + j(2) ·A(2)]. (3.3) 
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Now we consider the new configuration in which the values of the current 
density in l and 2 have been interchanged while the vector potential A was 
kept constant at each point. After this interchange the expression (3.3) has 
to be replaced by: 

LIV [j(2)·A(l) +j(l)·A(2)]. 
8:rc 

(3.4) 

Clearly, in a low {J approximation as in the present case, one can indeed 
change the current distribution j(x) without changing the magnetic field 
at zero order, which is the external field, and its vector potential A. However, 
the same result (3.4) could also be obtained by considering a procedure in 
which the values of the vector potential in l and 2 are interchanged, whereas 
the quantity LIVj remains fixed at each point, while LIV andj can change 
separately. For this latter operation, a low {J approximation is not required 
in order not to contradict the equations describing the field configuration. 
The energy variation due to the interchange considered above is then 

. LIV 
152W = Uf- Ut =--U(2)- j(l))·(A(2) -A(l)) = 

8:rc 

Remembering the relation 

~~ dj(l) •dA(l). 

(3.5) 

(3.6) 

one finds that the variation dA(l) of A between the points 2 and l can be 
represented by a proper choice of the vector potential and restricting 
ourselves to first order in dx J..• by the expression 

dA(l) = A(2)- A(l) = jB{l) A dxJ... (3.7) 

It follows that the interchange energy 62W can be written: 

_~LI..:~ dj(l)•(B(l)AdxJ..)= LI
6
V B(l)•(dj(l)AdxJ. (3.8) 

. 1 Olfi l :rc 

Using this expression it will be shown in the next section that a connection 
exists between the information and the interchanges in the sense that when 
the information is minimum, 62W can be negative so that the magnetic 
energy decreases after the interchange and the system is unstable., 

4. Connection between entropy and interchanges. In order to find the con
nection between the minimum conditions for the entropy and the condition 
152W < 0 for the interchange instability, we express 152W using the curvilinear 
coordinate system«, {J; X· For this purpose we shall construct a quadratic 
form which is equal to the interchange energy 62W given by eq. (3.8) at 
every point of space and in any coordinate system. The invariant considered 
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above is easily constructed. Let us introduce the notations 

docl doc, doc2 = d/3, docS = dz, 

i1 = i a. = J. P' ot:, i2 = i 11 = J. P' p' 
(4.1) 

. 
where doct and i' transform like contravariant vectors. In the case under 
consideration we take docS 0, and f3 J·Bo = 0. 

In the low {3 limit, the invariant is indeed written (the Einstein summation 
convention is understood) (see appendix) : 

~2W = LI6V Djt doc"B~eilcr· 
1 n 

Here ttkr is the Ricci tensor and 

Djt = ( &jt + i" Tlz) doc' 
&ocl 

(4.2) 

(4.3) 

is the invariant differential of the vector jt; the T11 are the Christoffel's 
symbols related to the metric tensor gtk by the equality: 

(4.4) 

It is now easy to write down the conditions insuring that the quadratic form 
(4.2) is positive definite and that the system is stable. These conditions prove 
to be given by the inequalities*) 

&jp + rs 'n < 0 
&oc n11 • 

&fa. 
&{3 

r l ·n 0 n21 > • 
(4.5) 

If one of these conditions is violated, interchanges exist such that ~2W is 
negative and the system is unstable. Now if one compares the first two 
conditions ( 4.5) with the conditions '(2. 9) for the minimum of the information, 

"') The symbol ~ is an emblem of ancient Egypt, meaning "stability" 4), We consider that 

Latin, Greek, and Gothic alphabets are not enough for representing unambiguously the content of 
many papers on modem theoretical physics. Then it seems worthwhile to us to suggest the intro· 
duction of Egyptian hieroglyphics. They seem specially suitable for the representation of a large 
number of concepts in these papers in their proper form. 



THERMODYNAMICS OF A COLLISIONLESS PLASMA IN A MAGNETIC FIELD 25 

one sees that the l.h.s. is just the same in both cases, if F~zin = 0. At this 
point the connection between entropy and interchanges emerges. If a region 
exists where the F~rfn can be neglected, the conditions for a minimum 
entropy insure that in this region there are interchanges for which the inter
change energy is negative and then these conditions are sufficient for in
stability. However, this region does not exist in general in an (a, {J) system. 
Indeed, a transf9rmation of the coordinates {a, {J) into coordinates (al, (Jl), 
for a given z, such that the Christoffel's symbols {fori, k, l = 1, 2) vanish at a 
given point cannot be found in general as a consequence of the fact that the 
transformation must be restricted by the condition 

d(ct, {J) . 
d(ctl,(Jl) =1 (4.6) 

in order to preserve the relation Bo 17 rxAI7{J. The inexistence of this trans
formation can be easily seen by noting that the determinant of the metric 
tensor guc {see appendix) in the subspace I, 2, describing the structure of the 
curved (ct, {J) space, viz. 

(4.7) 
is given by the condition 

(4.8) 

This relation shows that the derivatives of the metrix tensor cannot be 
simultaneously zero, with the possible exception of the extremum points of 
B0• So we have to generalize the entropy constructed in ref. 2 in such a way 
that it is maximum when the conditions (4.5) hold. This is done by con
sidering the entropy densities {2.4), instead as functions of the variables 
1~ = jl, fp = J'2 respectively, as functions of the new variables 

ot• 

Jl(jl, 011, 012} = il + J F!2 jn d012, 
(4.9) 

<X' 

J2(j2, al, 012) = j2 + J F!1jn d011. 

The whole procedure considered in ref. 2 for constructing the entropy and 
for deriving the field equations remains unchanged provided that, during 
the variation process, the current jn under the integral is kept fixed to its 
equilibrium value. The conditions for the minimum of the entropy, replacing 
conditions (2.9), are then written: ' 

a11 
oct2 < o. 
oJ2 
octl > o. 

(4.10) 

ln the low {J limit the magnetic energy splits up into a magnetization and a 
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drift part related to the magnetization and the drift current, fm and fa re
spectively. The entropies depending on one of these currents, introduced in 
ref. 2 (or the corresponding generalized entropies depending on (4.9) where 
i' is replaced by i~n or f~), are connected with interchanges involving only the 
corresponding current and then concerning only the proper part of the 
magnetic energy. 

In ref. 2 it was shown that the two conditions (2.9), applied to the drift 
current, after performing a proper average, reduce to conditions given by 
J. B. TaylorS) for the special case in which the longitudinal invariant J 
is a constant of motion and {3 B:repfB~ tends to zero. The same limiting 
result also holds for all the conditions (4.5), with the curvature terms in
volving the r~z included, provided that j1 is the drift part i~ of the current. 
Indeed, these terms are proportional to {3 because this is the case for the f~ 
(see ref. 2) eqs. (5.17) and (5.19); (the limiting procedure is such that {3 tends 
to zero but not its first derivative). 

From the Taylor's discussion of his conditions and from the considerations 
of ref. 2 section 5.3 on the more general conditions (2.9) for a minimum 
entropy, one can see the connection between low {3 confined configurations 
with nonzero minimum Band with maximum entropy. 

5. Final remarks. The connection between entropy and interchanges 
goes far beyond the case considered above. The peculiar fact is that on one 
hand, when the element -dft dAt is negative for a given i, the entropy 
associated with the direction i is always minimum, and on the other hand 
that many instabilities indeed exist which can be related to the fact that 
-dj1 dAt is negative. In ref. 2 this was explicitly shown in the case of a plane 
geometry and low {J for the flute instability and, for any {J, for the instability 
related to the parallel current (shear instability) and for the so-called 
unstable mirror modes. In the electrostatic case a similar role is played by 
the element -da drp. 

Moreover, as we know from our preceding work, for a given equilibrium 
configuration, a multiplicity of entropies can be constructed with the same 
first variation but different second variation. For instance, one can easily 
verify in the one dimensional plane or cylindrical cases that the same field 
equations can be derived using the entropy functionals. 

f dV 
I = - 7. h(x) G·Mt). (5.1) 

where the quantities -4:re8Gifol1 are equal to the potentials and the in
formation variables Ic are to be defined by 

(5.2) 

ft(x). and g1(x) being completely arbitrary functions. The second variation 
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of each entropy contribution has the same sign as the quantity - fi 1 di t dA 1 

which is obtained from the variation of the integral J fi 1 !tAt dV after 
interchange between volume elements related by the equality 

.f-1(1) LIV(l) = .f-1(2) LIV(2). (5.3) 

The function ft(x) acts as a weight function in the volume integration, while 
g1(x) can be determined from physical requirements as, for example, that 
J 1//( 11At dV sh~uld also contain the gravitational energy or the rotational 
kinetic energy. The interchange involving the It variables differs from that 
involving the it variables for terms representing new types of energies and 
the associated entropies are then connected with other kinds of interchange 
instabilities. 

We do not enter here into further details. We have in program to discuss 
elsewhere these physical cases, the formal properties of our entropy functional, 
and the general structure of the theory, including possibly the thermo
dynamical foundations of the connection between entropy and interchanges. 
Our aim in the present paper was only to give an example of the practical 
consequences of our entropy concept and a first insight into its theoretical 
connection with the stability theory. 

In concluding let us consider the following Egyptian inscription*): 

It means 
Stability Fortune Life Stability Fortune Life 
Stability Fortune Life ... 

The repetition of these emblems reveals the Egyptian deep religious 
attitude of considering the meaning of each one at the same spiritual level, 
an attitude to which a plasma physicist cannot be insensitive. 

APPENDIX 

The equation (4.2) is known to be the invariant representation of eq. (3.8). 
In the ex, p, x system the components of Bo are given by B~ = (,0, 0, B~). 

The components of Etkr are defined as follows: they are zero except those 
for which i k =1= r. As for these latter components, e123 = .J lgttl (i, k = 

= 1, 2, 3); the others are equal to + Jlgul or - Jlgt~cl, according as an 

•) This inscription can be read around the base of a small wooden statue of a king, conserved 
at the museum of Hildesheim (period of Tell el Amarna, XIV century b.C.). These emblems are 
also found often in the hands of Gods and kings and represent their supreme divine power. 
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even or odd number of transpositions changes the order i, k, " to l, 2, 3. 
Clearly, for the Cartesian coordinates lgc.tl = l ; on the other hand, for the 
coordinates oc' = (oc, {J, x), where Bo 17ocA.I7{J = 17x, we have: 

!g":l = BQ4 (i, k = 1, 2, 3), (A. I) 
with 

(A.2) 

Expressing the rectangular coordinates x' (x, y, z) in terms of the 
curvilinear coordinates ock = (oc, {J, x). the rtz, given by eq. (4.4) prove to 
be given by the relations (see e.g. ref; 5): 

ri - ~:_ o2.xm 
kl - axm oockoocl • (i, k, l I, 2, 3) (A.3) 

Finally, in the subspace x = const, the Fi1 have the equivalent form as 
in (4.4), and are expressed by the relations 

. ooct o2.xm 
r~~ = O,Xfn oockfocl I 

(i, k, l = 1, 2) (A;4) 

where, just as in (A.3), here too them summation considers m = l, 2, 3. 
The r~l• given by (A.4), cannot be zero in any point in a system oc', {J', 
related to oc, fJ by (4.6), except possibly at the same point of the surface 
x = const where Bo is extremum. 
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COLLISIONLESS ENTROPY AND INTERCHANGE 
STA~ILITY OF A REPRESENTATIVE 

ADIABATIC MAGNETO·PLASMA 

by F. SANTINI 

FOM-Instituut voor Plasma-Fysica, Euratom-FOM Association, Rijnhuizen, Jutphaas, Nederland 

Synopsis 
The entropy functional describing the equilibrium of a collisionless plasma in an 

adiabatic magnetic field and the special interchanges described in previous articles 
are applied for investigating the stability of a plasma without the restriction to the 
low p limit. The equilibria considered are limited to those in which the parallel current 
is zero and the pressures only depend on the magnitude of the total magnetic field. 
The conditions are discussed for which the plasma is expected to be stable. In parti
cular minimum-B field, confinement, and absence of firehose instability can be 
recovered. 

1. Introduction. In preceding papersl)2) the stability of collisionless plas· 
rna equilibria was studied taking into account the definition of a functional, 
playing formally the same role as the entropy of classical thermodynamics. 

The conditions for the extremum values of this functional determine the 
equilibrium equations of the fields and the conditions·for its minimum were 
verified in !)everal cases to correspond to instability. However, a general 
proof of the connection between the minimum entropy and the inst::~.bility 
is still missing. Nevertheless, the previous verifications and the fact that 
these instability conditions can also be derived from the second variation of 
the field energy with respect to a special class of interchanges3) show the 
usefulness of the method considered and thus justify its further application 
to new cases of collisionless plasma equilibria. Indeed, inthe present paper 
a case will be discussed in which the conditions for minimum entropy contain 
instability conditions which are partly new and partly known. The latter 
confirm the validity of the assumed point of view. The considered case 
concerns a plasma which is confined in an adiabatic magnetic 'field given 
by the sum of the external and the plasma field without necessarily restrict
ing to the low {J limit. fuwever, the plasma equilibria are limited to those 
in which.J11 (the parallel component of the plasma current density) is zero, 
consistently with the equilibrium equations and the assumption that the 
pressures depend on the space only through the magnitude of the magnetic 
field. 
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These hypotheses allow to find a simple solution for the total magnetic 
field and to apply the method of the minimum entropy or of the inter
changes, for investigating the stability of such equilibrium. 

Finally, the stability conditions are discussed. It is shown that these 
conditions imply, among others,' a minimum-8 field, the confinement, and 
also the absence of the firehose instability. 

2. The macroscopic equations· of the plasma. Well known macroscopic 
relations for equilibria of adiabatic plasmas (Larmor radius small compared 
to characteristic length of the magnetic field) will be given here without 
restricting to the low (J (the ratio between plasma pressure and magnetic 
pressure) approximation. 

The macroscopic equilibrium of such a plasma is described by the equation 

jAB= 4n:J7 · P, (1) 

where the pressure tensor P can be represented (in the absence of an electric 
field) by 

p = ,.~. + Pll - p .J.. BB 
J'.J.. 82 (2) 

with I the unit tensor, p .J.. and P11 the perpendicular and parallel pressure 
respectively; the current density i = (c/4n) j is related to the magnetic 
field by the equation j = rot B (Gauss unit system being used). Here B 
represents the sum of the external and the plasma magnetic field. The 
component of (I) parallel to the field, taking account of (2), proves to give 
the following constraint condition for the equilibrium: 

(3) 

From equations (1) and (2) one can also derive, by multiplying (1) vectorially 
by B, an expression for the current j, which has the same form as that 
derived by means of the macroscopic N orthrop4) theorem, that is the 
sum of a drift current, a magnetization current, and a parallel current. 
This expression reads: 

j = 4n [ BAVp.J.. 
. h 82 

Pll - p .J.. BAJ78] + J.B 83 1 
(4) 

where 

h=l (5) 

and).= B·jf82 is determined by the condition that div j = 0; this yields 
the relation: 

(6) 
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the derivation of which is simplified with the aid of another relation, 
following from {3) and (5) : 

4n 
B·Vh=.B2 B·V(p.L+PII)· (7) 

3. The micros_copic plasma equilibrium. The present paper deals with a 
particular class of equilibria, namely those described by a distribution 
function /o lo(e, p.), where p. = (mv~f2B) and 8 = (mf2)(v: + vr,), with: 
out consideri!lg explicitly the constancy of ] (the longitudinal adiabat!~. 
inva:na:nt). The distribution function fo(e, p.) describes equilibria which are 
ins1de the class of the more general equilibria described by fo(e, p., J). 

As pointed out by Hastie, Taylor and Haas5), the general class of 
equilibria depending on /o(e, p., ]) is obtained from the Vlasov equation, 
assuming a constant value in time of /o on a time scale of the order ~ lfwa 
(where l is a characteristic length in the plasma and Wa is of the order of a 
characteristic drift velocity). Only at these time scales the microscopic 
equilibria described by fo(e, p., J) coincide with the macroscopic equilibria 
of the fluid model. In fact, the equation (6) then is automatically satisfied. 

Because these equilibria are considered on large time scales (~ lfwa) they 
are usually called slow equilibria and, as shown by Grad6), any variational 
method for investigating their stability can give results which are valid 
at least with respect to low-frequency perturbations. 

The distribution function fo(e, p.) considered here does not depend ex
plicitly on the lines of force of B. 

As was pointed out by Taylor7) in the low fJ limit, if /o = fo(e, p.), p .L 
and p11 are only functions of B (the magnitude of the magnetic field), while 
this class of equilibriacan only describe configurations of confined plasmas 
if the surfaces on which R= const are closed. For instance, this is not the 
case for toroidal configurations. This kind of confined equilibria also exists 
for high fJ plasmas when the surfaces B = const are known to be closed in 
the plasma region. Assuming /o = fo(e, p.) and, consequently, p .L = p .L(B), 
p11 = p11(B), so that also h = h(B), the right hand side of equation (6) is 
identically zero and then a configuration in which i11 = B ·j/B = AB 
vanishes may exist. 

With the hypothesis that A. = 0 the relations (3) and (7) beco}lle respec
tively: 

and 

dh 4n 
dB= B2 

PII-P.L 
B 

d(p .L+ Pll) 
dB 

(8) 

(9) 
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Taking into account these solutions the expression (4) for the current 
density. becomes: 

i= 4
.n (dpJ.. + Pu-P;..)BAVB=_!_BAVh (10) 

hB2 dB , B • h . 

The equation j = rot B can be solved by any function 

B = h-1 Vx, ( 11) 

but the relevant solution should also satisfy V · B = 0, which leads to the 
further equation 

, Ax= Vh·Vx = B·Vh. (12) 

On account of equation ( 11) one can see that for these equilibria the surface 
x = const is a surface orthogonal to the lines of force of B and in the low 
{:1 limit (h- 1) B leads to Bo (Bo = the external field). If the external 
magnetic field has closed surfaces Bo = const, this will also be the case 
for the total B, at least approximately for not a too high {:1 plasma. 

4. Natural curvilinear coordinates. In preceding papers2)3) a formalism 
was introduced in which all the quantities were expressed as functions of 
the natural coordinates <X, {:1, x (where oe and {:1 are such as to be constant 
along the magnetic lines of force, while B = VoeAV{:J = h-1 Vx). The pre
vious theory constituted the special case with h = 1. 

If f!J' = j · V <X, itJ = j · V{:J, and <X' = {a., {:1, x). the expression of the current 
density in the curvilinear system is as follows (no parallel current, A. = 0): 

f' =j·Va} = (f!J', ftJ, 0). (13) 

The contravariant and covariant components of the magnetic field are then, 
respectively: 

B' = B·Voe' = (O,O,B2h), 

ax 
Bt = B ·- = (0, 0, h-1), aoet 

where X( <X, {:1, x). are the inverted functions of <Xf(x, y, z) and 

ax ax 1 ax ax 1 
a<X1 = aoe = B2 V{:JAB, a<Xz = a{:J = B2 BAVoe, 

ax ax 1
8 a<Xs = &i = B2h ' 

(14) 

(15) 

(16) 

The three-dimensional line element ds can then be derived from the metric 
tensor guc = axfa<Xt.axJaoek. _ 

Taking into account the Christoffel symbols (the expressions of which 
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are given in an appendix of ref. 3) pertaining to the curvilinear coordinates 
a~. one can introduce the three-dimensional covariant derivative of a contro
variant vector bt by 

(17) 

where the Latin indices run from 1 to 3 and are summed when repeated. 
In the surface x = const, the bidimensional non-Euclidean space is 

described by the coordinates a"' (a, {J) and by the metric tensor g"ll 
= J7 a"'· J7 all, and again the covariant derivative of a vector bf.l (bl, b2) 

' is expressed here by 

(18) 

where the Greek indices run from 1 to 2. Here the fVtw are equal to those 
in equation ( 17) when the indices are taken 1 or 2. 

For the current defined in {13) one has, since f3 = 0: 

Djll D .Ljll 
oa6 = - oa6 for p., () = 1, 2. ( 19) 

Taking into account the equation div J = 0, one obtains in the three
dimensional space: 

. • Djt 
div J = = 0. oat (20) 

Observing, moreover, that the metric gtt J7 at· J7 ak involves the value 
g = Det lgttl B-4 k-Z(B), the following relation proves to hold: 

. . 1 '17 1 dg 
111 f'!ti = -j·vg - ·VB 0, 

2g 2g dB 
(21) 

when equations (10) en (13) are taken into account. 
The following relations then result from (20) and (21): 

D ·a · 1 1 . 3 = J11 Fna = - B·[j·V(kB)] 0, aas kB2 
(22) 

n·1 n·2 a· a· 1 + _1_ = O d 1a 1tJ _ O a!Xz an a;;- + ap - . (23) 

5. The variational analysis. In preceding papersl)2)3) it was suggested 
to investigate the stability of collisionless plasma equilibria by studying 
the variational properties of a functional which plays the same role as the 
entropy in the usual statistical thermodynamics. The conditions for mini
mum entropy were also found to be conditions for a negative energy varia
tion in a particular class of interchanges of the magnetic energy, a class 
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which involves displacements perpendicular to the magnetic lines of force. 
As a consequence of the fact that in the case considered here a function 

x exists, the gradient of which is directed along B, it is possible to use the 
same procedure to investigate the stability by using the same formalism 
as in ref. 3 for the low fJ case, where now ex, fJ are related to the total B. 
For the case of interchanges with displacements perpendicular to B (dcx3 = 

= dx = 0) the r~sult for the second variation of the magnetic energy is as 
derived previously for h = 1 (equation (4.2) of ref. 3), viz.: 

LIV Dj~ 
Cl2W = 16n B~kr Br /Jcx' dcx' dcxk, {24) 

where Btkr is the Ricci tensor (etkr 0 only for i =I= k r and equal to 
± .Jg = ± B-2 h-1 according as an even or odd number of transpositions 
changes the order of i, k, r to 1, 2, 3, where e12a = B-2 h-1), LIV is the 
interchange volume element, and the relations (14) and (17) are used. 

The condition for the stability (Cl2W > 0) is that the quadratic form 
given by equation (24) is positive definite and this holds, provided that 
(see equation (4.5) of ref. 3) 

Df2 = afp + 1·n r'l. < 0 
IJcxl acx nl ' 

D"t ~· _1_ - _v,_l)l. 'n rt 0 
1Jcx2 - a{J + 1 n2 > ' (25) 

( 
Djl )2 < _ Djl Dj2 
IJcxl 1Jcx2 IJcxl ' 

where the relations {23) are used. 
Accordingly, as was shown also in ref. 3, when one of the first two con

ditions (25) is not satisfied, an entropy functional can be defined which is 
minimum with respect to variations of the current densities and one should 
expect instability in the plasma. The quantities Df"f/JaP which determine 
the stability properties are connected with the sign of B·LIB, which gives 
information on the oscillating character of the solutions for B by the 
relation 

with gBk = 17cx•·l7cxk. 

v·c 
B·LIB = Br Btkr_, - 1- g•k 

IJcxB 
{26) 

Then, when the quadratic form (24) is positive definite, which involves 
that (25) is satisfied, the expression (26) has to be positive, because 

( 
Djl )2 ( Djl )2 Djl Dj2 
/Jcxl cos2 () ~ /Jcxl < - 1Jcx2 /Jcxl ' (27) 

where 8 is the angle between 17cxl and 17cx2. 
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These results are comparable to the ones found in the non~adiabatic 
cases 1) 2), where a connection exists between the second derivative of the 
fields and the instability of the plasma. 

' 6. The condition for stability. The condition (25) can now. be applied to 
the case treated in section 3, taking into account the equations ( 1 0) and 
(11). The current density from equation (10) can be expressed, using 
equations (13) and (15), by the equation 

., . z B 1 ah 
,. = etr r h oa} • (28) 

Introducing this relation in the equation (24) and using the definition (I 7) 
and the following identity (for d1X3 = 0): 

(0 = I, 2), the quadratic form (24) becomes 

--- -diXSdiXl+- -d1X8 + 
2B oh aB B2 ( ah )2 
h OIXl OIX8 h2 OIX8 

(30) 

Taking account of equations (8), (9), (10), (18), and (21), the expression 
(30) then yields: 

Br Btkr -- diX8 diXk = - - -- diXt- + 
Df' · 4n d2p ( oB )2 
OIX8 h dB2 OIXt 

(31) 

with p = p.L + p11 and d1X3 = dx = 0. 
Investigating the sign of equation (31) one can see that sufficient con~ 

ditions for the form (31) to be positive definite (and then also B · LlB) are 
the following: 

i) the quadratic form D .L/o1X'(o In Bfo1Xk) dot:' diXk is positive definite 
everywhere so that ln B is minimum in the surface IXa = x = const (which 
is perpendicular to B) ; ' 

ii) the plasma is confined and dpfdB < 0 and d2pfdB2 < 0; 
iii) h > 0; indeed the opposite case h < 0 or 

B2 
PI!- p.L > 4n (32) 
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would imply the firehose instability described by SpitzerB), which takes 
place for a high P effect in the plasma when p11 assumes high values. 

7. Final remarks. One of the conditions for stability discussed in section 
6 is that dpfdB < 0, which m~ans that in a minimum-B configuration, 
the plasma is confined. 

Now it must be remarked here that B, which must be minimum, is the 
magnitude of the total magnetic field (self-consistent plus external field). 
On the other hand, for complete confinement it is necessary that the 
surface B = const be closed because of the dependence of p J. and p11 on B. 

In general, equations (II) and (12) do not seem to impose strong con
ditions on B, also when his a given function of B, so that one expects that 
a solution of B, with closed surfaces B = const, should exist for special 
boundary conditions, taking also into account that outside the plasma 
B = Bexternal (where Bexterna.l = const are supposed to be closed surfaces). 
However, the problem of the consistency of equations (11) and (12) with 
solutions of B with closed surfaces B = const needs yet to be investigated. 

It was verified that the condition of the minimum entropy functional is 
a sufficient condition for instability. Conversely, maximum entropy gives 
sufficient conditions for stability only with respect to the special class of 
perturbations. ~= ~n()ther problem ar.ls~§ -~~D:C~rning_ ~~~~ -~in<! __ qt 
modes are included in the conditions for sj:ability of section 6. This is 
~ated ·to ·-tiiit.problem of fincling·a·gener~l connection-betweeiiminimum 
entropy (or negative interchange energy) and instability. At the present time 
it is only possible to remark that, as a consequence of the fact that the 
stability conditions could be derived also from the energy interchanges be
tween two states of equilibria, the modes included in the conditions of 
the preceding section are at least some low frequency modes. In fact, they 
should conserve I' and e only and not a:, p, as it happens for "fast equilibria", 
when a distribution function fo(e, ~'• a:, p) 5) is used and] (the longitudinal 
invariant) is not conserved. 
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AbstPact 

The conditions foP the stabitity of a Zow-pPessuPe ptasma 

equitibPium against Zow-fPequency intePchange modes# incZuding 
tPapped paPticZe modes# aPe aZso conditions foP a mareimum of the 
entPopy functionaZ intPoduced in pPeceding papePs. 

It is the purpose of this note to show that the sufficient 
conditions for stability with respect to low-e interchange modes 
(including trapped particle modes 1 ), derived by Rutherford and 
Frieman 2 by means of an energy principle, imply the maximum of the 
entropy derived by Minardi and the author in previous papers 3 • 

This entropy principle, whose connection with the dynamics of the 

plasma was discussed in Refs. 4 and 5, indeed expresses a corres
pondence between the stability of the equilibrium and the maxi
mum of a suitable, defined, entropy functional. 

In the case of an adiabatic magnetic field configuration, 
it can be shown with the aid of Eq. (3.8) of Ref. 4, that when the 
following inequality 

J d 3 x(~~.V)j x ~~.B > o (1) 

holds, the entropy is maximum. In Eq. (1) the integration is 

extended over the whole volume of the confined plasma, j is the 
equilibrium current, and ~~ is the displacement perpendicular to 
B related to the perturbed motion under the constraint 

V X (~X B) = 0. 5 

The structure of the condition (1) for the special case 

PI/ = PI/ (B), p~ = p~ (B),· and finite 8 was studied in Ref. 6. On 
the other hand, in the low-e limit j can be split into a drift 
part jd = 4TI(B x VB) (p0 + p~)/B 9 and a magnetization part jm = 

- 4TIV x (p~B/B2 ). If only the drift part is retained, the con-
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dition (1) can be reduced to 

I d 3 x ~(;~.VB);~.V<Pn + p~) < 0 , (2) 

provided that I Vp I /p >> I VB 21 /B2 , where p = p11 or p = p~. This is 
just the plasma inter9hange energy variation appearing, for in
stance, in the hydromagnetic energy principle of Bernstein et al. 7 

~ If the magnetization part jm is retained in condition (1), 

nonhydromagnetic effects (e.g., mirror-type modes) are taken into 
account in the stability condition. It is noted that while the 
term related to jd in conddtion (1) involves the first-order spa
tial derivatives of the pressure tensor, the term related to j 

m 
involves its second-order derivatives. 

The condition (2), implying the maximum of the entropy 
related to the drift current, will now be expressed in terms of 
the equilibrium distribution function F(~,J,K), where~= mV!/2B 
is the magnetic moment of the particles with mass m, K their 
kinetic energy and J the l.ongitudinal invariant given by 

J = f dx m~, = f ~ {2m[!< - ~B (a, 8, x >] } 1/2 ; ( 3) 

here, the integration extends along the part of a line of force 
between turning points of oscillation and B = Va x V8 = Vx, with 
the quantities 'a,8,x, used as space coordinates (volume element 
da d8 dx/B2). The quantities ~, J will be used as variable in the 
velocity space while K is considered as a function of a,8,~, J by 
means of the relation (3); the velocity volume element is 

d 5V = 41iBd~dJ /m 2 V11 T, where Vg = 2 (!{(a, 8, ~ ,J) - ~B (a, 8 ,x>] /m 1 

while T = (aK/aJ)- 1 = f dX/BVJ1 is the period of a longitudinal 
oscillation between turning points. Then, the pressures are ex
pressed by the relation: 

p~ + Pg = !m I d 5V (~ + vJ)F = ! 4:~ 2 J dzy:~ (~ + m~i)F(~ 1 J 1 K) 1 

where L indicates the summation over the speci~s. (4) 
Using the symbol o = ;~.V = oaa/~a + o8a/a8 1 while 

ox = ;~ .B = 0·1 and substituting Eq. ( 4) in the inequality ( 2) 1 

the latter becomes: 

L , I d 
5 
x J d~dJ ~ o ~ v: T ( ~ + m~J) B~ = 

I 41T J J f oB GB
2 l mv,

2
) aF = ;a dadS d~dJ dx B VqT ~ + T . ai oK + 

+ (~ + m~J)FB2 a [oK- yoBJ + ~ (BoK - KoB) + a:r Vo v11 T 

2FB +-V11T ( ~ + m~
2

) o ~ < 0 1 
(5) 



where the relation 

0 (v,:TJ = 
a [( oK - uoB) /VoJ 

oJ 
has been used. 

Noting that 

~ .L X B = 'V$ , 
in view of the assumed vanishing of its curl, one obtains 

( 6) 

¢ = <fl(a,B), and consequently oa and oB are equal to -aq,jaB and 
aq,jaa, respectively, while being independent of the variable X· 
Using the latter property in the expressions obtained from (3) 

for oK/oa and oK/oB, one gets 

oK = l l Jh. (u + mVJi) oB • ( 7) TYBv11 .B 

Using Eq. 7, neglecting terms of the order of 8np /B 2 or 
8np.L/B 2

, and integrating by part with respect to J, the inequality 
(5) finally becomes 

- I!~ I dadB I dpdJ (~ (oK) 2 

-;r ~~ { f :V~ I B~; ( H + m~J J 2 ( oB) 2 - [ f ~~ [ H + m~l J o~ 2}) > o , 

where dF/dK = TdF/dJ = oF/oK + ToF/oJ represents the (8) 

total derivative of F(p,J,K) with respect to K when J- J(a,B,p,K) 
is given by relation. ( 3) • 

On account of the Schwartz inequality, the condition {8) 

is satisfied when the following conditions hold simultaneously: 

oF dF aK < 0 and dK < 0 • (9) 

Looking at inequality {8), one can observe that if l'V.LBI >> I'VnBl 
the second contribution containing dF/dK would be negligible 
compared with the first one. Therefore, the first condition (9) 
can only concern modes whose stability properties are related to 
the transversal inhomogeneity of B {as the curvature of the line 
of force), whereas the second condition (9) regards the modes 
related to the mirror effect {'V11B 'f 0), that is 1 to the presence 

of particles trapped between local maxima of B. 

Indeed the condition oF/oK < o, which turns out to be 
satisfied in a minimum-B configuration, can be obtained8 by means 

of energy interchanges between adjacent flux tubes, assuming J 
to remain constant during the perturbed interchange motion. More
over, the conditions (9) are just those derived in Ref. 2 by means 
of energy principle for low-frequency electrostatic perturbations. 

It is seen in this reference that the first condition (9) is re-
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lated to the perturbed perpendicular electric field which causes 

the magnetohydrodynamic E.~, x B drift, while the second one regards 
the presence of the Eu modes due to the trapped particles. 

The comparison of the·latter results with the present 
derivation shows that 1 although the inequality (2) can be derived 

from the magnetohydrodynamic energy principle (neglecting the 
parallel electric field, that is in the zero order of the Larmor 
radius expansion :which implies Eq. (6)), nevertheless the insta
bility associated with dF/dK somewhere positive, will also concern 

effects involving the fieltl Eu. Indeed, the small m/e limit of the 
energy principle 9 , which predicts stability under conditions (9), 

is not affected ·by not employing the property Eg << E.~,. The 
minimized energy variation of Ref. 9 (derived assuming dF/dK < 0) 
can, in fact, be proved to be equal to the first term of the 

inequality (8). 
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A B S T R A C T 

The problem of the stability of a perturbed linearized 
system for modes propo~tional to ~(~)e-iwt yields an equation 

of the form H(w)~ = 0. General properties of the operator H(w) 
give information on the stability of the admitted modes. The 

problem studied here regards conditions for marginal stability 
(appearance of an unstable solution near one known to exist at 

some real frequency w). Sofar this problem has been studied for 

equations H(w)~ = 0 derivable from a Lagrangian, admitting a 

regular solution, while H(w) is Hermitian for real w. 

The.main purpose of the present work is to investigate 

the marginal stability for more general systems including those 

which admit, in the limit of w becoming real, a degenerate 

eigenvalue w, singular solutions, or non-Hermitian operators. 
The latter case frequently occurs in plasma physics where the 

resonances make the system singular for real w. Corresponding 
examples are mentioned. Marginal stability conditions around 
w = 0 are worked out for singular systems. Finally, the problem 

of the marginal stability for an inhomogeneous one-dimensional 

plasma in equilibrium with an electric field has been introduced. 
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1. I N T R 0 D U C T I 0 N 

The problem of the plasma stability has been attacked 

in different ways when co~sidering an equilibrium disturbed by 

small time-dependent perturbations. When it is not possible to 

discuss the stability with the aid of energy principles, the 

main methQd consists of developing the perturbations in normal 
modes proportional to e-iwt and of investigating whether the 

linearized equations admit solutions with a positive imaginary 

part of the frequency w. For simple equilibria this method 

often leads to a dispersion relation, the solution of which 

solves the stability problem. For more complicated equilibria, 

however, in particular for the inhomogeneous ones occurring in 

the case of confined plasmas, an analysis of this type often 

cannot solve the stability problem in a convenient way. Never

theless, in these cases some information on the stability of 

a given equilibrium can be directly derived from the criterion 

of marginal stability. Here a family of equilibria is assumed 

to be specified by a certain real parameter a while a solution 

of the linearized equations for the perturbations should be 

known to exist for the real value w
0 

of w and some value a
0 

of a; it may then be easy to get a condition for which the 

system admits near a
0 

a solution with a frequency w (near w
0

) 

having a positive imaginary part. If so, that is, if for a 

moving away from the value a the system changes from stable 
0 

to unstable, the equilibrium characterized by a ~ a
0 

is said 

to be marginal. If, on the contrary, near a
0 

solutions with 

still real w exist, the state a = a is called one of persist-o 
ing stability. In the former case, a = a marks an instability, 

0 
while in the latter no stability of all the equilibria descr.ib-

ed by a can be stated because some instability may occur for 

a value of a not in the vicinity of a
0

• 

When investigating modes proportional to e-iwt the 
· -iwt linearized equations for the perturbations ;e , ; being in 
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general a complex function in the relevant space, assume the 

following form: 

H(a,w)~ = 0 ; (1) 

here H(a,w) constitutes a linear operator depending on the 
equilibrium fixed by a, and on the frequency w. We suppose 

throughout that for a certain value a
0 

of a, 

real value w for oo, the equation (1) admits 
0 

combined with a 

a solution, ~ 
0 

say, when "Special boundary conditions are given. Now it can 

happen that general properties of the operator H(a,w), in par-

ticular for real w, give information on the marginal character 
of the state a= a. This is, e.g., the case when the linear~ 

0 
equations for the perturbations ~ can be derived from a real 
Lagrangian. Several works 1

)
2

)
3 )'+) have been devoted to these 

cases in which the operator H(a,w) turns out to assume the 
"Lagrangian 11 form H{a,w) = w2 N(a) + iwJ(a) + U{a), with the 

real Hermitian operators N and U and the real anti-Hermitian 

operator J~ this special form involves the condition: 

Ht (a,w) = H{a.,w*) , (2) 

where Ht is the ·Hermitian adjoint operator of H. In the case 

of a representation in a functional space defined by the 
product (g ,h) = J dT g*h, with the integration over the relE!ITant 

domain, while the functions g and h should satisfy the same 
boundary conditions as the ~ in the equation {1), Ht is such 
that (f,Hg) = (g,Htf)*. 

The condition (2) ensures that, if the equation (1) 

admits a solution for a given value w, another solution has to 
exist for the value w*; it is only necessary then to assume 
that a solution of H~ = 0 involves a corresponding solution of 
the equation Ht~ = 0. We infer that, when the condition (2) 

holds, the system can only be stable for every a if the pos
sible eigenvalues of w in eq. (1) are real. 

Sometimes the operator H(a,w) also satisfies the con
dition H*(a,w) = H(a,~w*), later referred to as condition (10), 
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where H* is the complex conjugate operator of H so that, for 

any function s, (Hs)* = H*s*. When the former condition and 

eq. (2) hold simultaneously, a possible solution of eq. (1) 

for a special value of w will involve three corresponding 
solutions of (1) for w replaced by w*, -w, and -w*. This . ' 

situation occurs automatically when the equation (1) is de

rived from a real Lagrangian, while complex quantities are 
· . -iwt 

merely introduced due to the assumed time dependence e 
in S• The property in question will not hold any more in the 

presence of some further complex quantity, e.g. a second ex
ponential eikx ·as used in cases in which the equilibrium is 

homogeneous in the x-direction and the operator H commutates 

with * 3 ). 

In this paper we shall consider the marginal problem of 

systems described by the equation (1) with the only property 
(2}, without restriction to the particular Lagrangian form of 

the operator H(a,w). 

The condition for marginal stability in a regular case, 

that is, when H(a,w) is Hermitian for real w and the solution 
of eq. (1) is unique, has been given in the references 1,2, 

and 3, and will be repeated here in section 2 for completeness 
only. The present work, however, is devoted to the study of 
the system of eq. (1} for cases which are not "regular" in the 

above sense. Thus it is assumed in section 3 that H is Hermitian 

for real w, but that eq. (1) has a degenerate solution insofar 

as two linearly independent solutions should exist that cor
respond to the same real value w

0
• A practical example for the 

cases mentioned sofar is given in section 4. The systems in 

which the solutions of eq. (1) for real w are singular func

tions are studied in section 5, and the investigation of the 
equation for the Landau problem is reported as an example in 

section 6. 

In the sections 7 and 8 the case is considered in which 
H(a,w), though satisfying the condition (2), is non-Hermitian 

in the limit for w ~w0 real. For this situation a sufficient 

condition for marginal stability at w
0 

= 0 is given in sec-
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tion 9, where the imaginary first-order frequency w1 itself 
(not its square) is found to be simply proportional to the 
first-order deviation a

1 
::: a- a

0
• These circumstances are 

most usual in plasma physics where the non-Hermitian charac
ter of the operator H(a,w) for real w is due to the resonance 
of an associated wave with a'periodical m~tion of the particles. 

Finally, the problem of the marginal electrostatic stab-. 
ility of a purely inhomogeneous equilibrium of a plasma in an 

electric field is introduced. 

2. THE MARGINAL PROBLEM FOR REGULAR SYSTEMS 

A repetition will be given here of the conditions for 
which a solution of eq. (1), supposed to exist for w = w

0 
real 

and a. = a.
0

, will be marginal. This means that in the vicinity 
of the value a. the equation (1) only admits solutions with 

0 • 
non-real values of w. Complex values of w correspond to instab-
ility because the condition that the operator H(a.,w) satisfies 
(2) ensures that the modes occur in couples corresponding to 
w and w•. 

Let ~ be a unique solution of eq. (1) with a. = a.
0 

and 0 . 

w = w
0

, while H(a.
0

,w
0

) is Hermitian and the boundary conditions 
are gi.ven. We shall develop the equation (1) in powers of a 
small parameter £ assuming that the following corresponding ex
pansions of a, w, ~ exist around the values a

0
, w

0
, ~0 , until 

the second order, 

(l = ao + (l1£ + 1 £ 2().. 2 2 

w = w 
0 

+ W1£ + .!. 
2 

£2W 
2 

(3) 

~ = ~ + ~1£ + .!. £2~ 
0 .2 2 

The first-order contributions in £ of eq. (1) yield 

(4) 

so 
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where the operators H
0

, (~] , (~:] are to be taken at a. = a.
0

, 

0 0 
w = w

0
; all these operators are Hermitian. 

Multiplying eq. (4) at the left by ~~ and integrating 

over the space we get, using the product notation (g,h) already 

defined in the introduction: 

( 5) 

the contribution of the first term of (4) vanishes here, since 

(~ 0 ,H0~ 1 ) = (~ 1 ,H~~ 0)* = <~ 1 ,H0~0 )* = 0. In general the equa

tion (5) gives a real value of w1 (a. ls assumed throughout as 

a real parameter), but in the case in which 

(6) 

the second~order expansion of eq. (1) shows that w1 may be 

imaginary. In fact, in view of eq. (6) and (5), we then have 

a. 1 = 0 and the second-order contribution of eq. (1), then 

needed, becomes: 

Multiplying at the left by ~· and integrating over the space 
0 

eq. (7) yields 

when we apply the first relation (6) and take into account 

that ( ~ 
0

, H 
0 
~ 2 ) = ( ~ 2 , H ~ ~ 

0
) * = ( ~ 2 , H 

0 
~ 

0
) * = 0 • 

If one substitutes ~ 1 = w 1 ~, ~ will not depend on w1 since 

it is determined by eq. (4) with a 1 = 0, that is 

H ~ + [ ClHJ ~ = 0 • o Clw o 
0 

( 9) 
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We next derive [ 1; 0 , [Milo hh • [ 1;0 , [~] 
0 
+~ = [ $, [ ¥-t l;o]' oo~ = 

=- (w,H0w}w~, where eq. (9) has been used as well as the ptop
erty that, in view of H

0 
being Hermitian, the quantity 

<w,H
0

w> has to be real. Equation (8} shows that, for a proper 
sign of a 2 , w~ is negative, hence w1 is imaginary. Thus the 
conditions (6) prove to be su'fficient for the marginal stab
ility of the equilibrium with a = a • Besides, we shall see 

. 0 
that the conditions (6) are automatically satisfied if the 
system described by eq. (1) admits a unique solution for 

a = a and w = w = O, while H(a,w) satisfies not only the 
0 0 

property (2) but also the one mentioned before: 

H* (a , w) = H (a , -w• ) , (10) 

which holds, e.g., when His of the Lagrangian type. In fact, 

if (10) holds for a = a and w = O, H and [~H) are real 

[
aH] o o o oa 

operators, while a~ 
0 

is imaginary, all of them being 

Hermitian. The solution of the equation H0~0 = 0 can then be 
taken real, and the conditions (6) are satisfied automatical
ly3). Therefore, for such a system the existence of a unique 
solution at w = 0 and a = a

0 
is sufficient to expect instab

ility in the victnity of w = 0 and a = a
0

• 

3. THE DEGENERATE CASE 

Until now the solutions of eq. (1) for w = w
0 

real, 
with a Hermitian matrix H(a

0
,w

0
), were supposed to be unique; 

however, it can also happen that eq. (1} admits for the same 
value of a = a and w = w , and for the same boundary condi-o 0 . 

tions, two linearly independent solutions, ~01 and ~02 say. 

In this case the solution ~ for w ~ w0 and a ~ a
0 

in general 
tends, in the limit w ~ w

0 
and a ~ a

0
, to a special linear 

combination ~ of ~ 1 and ~ 2 , which may be represented as 
. 0 0 0 

~0= t Ak~ok with the complex coefficients Ak yet to be 
k=1,2 , 

determined. One can again expand a, w, ~ around a
0

, w
0

, ~0 
with the aid of eq. (3), and then gets, once more, eq. (4) at 
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the first order in E, in which now ~0 is the mentioned linear 

combination of the two functions of ~ok· By multiplying eq. 
(4) at the left by ~~ 1 and ~~2 respectively, and next inte
grating over the space we get the system: 

k=L ).k [w1 [ ~oi' [-~~t <ok) ;- "1 [ ~oi • [ ~~] 
0 
~oklJ = 0 ( i = 1,2) I 

( 11) 

in the derivation the relations H ~ k =0, H being Hermitian, 0 0 0 
are to be taken into account. 

The system (11) admits non-trivial solutions only if 

which leads to an equation of the second order in w1 , reading 

in abbreviated form: 

(13) 

The coefficients prove to have the following values,all of 

which are real in view of the fact that, apart from H(a ,w ), 
0 0 

the associated derivatives w~ also be Hermitian: 

- ( ~ 01 1 ( ~) O ~ 02] ( ~ 0 2 I ( ~] O ~ 01) - [ ~ 0 2 1 ( ~ =) O ~ 01) ( ~ 0 1 1 
[ ~ ~) O ~OJ • 

A complex value of w1 requires the inequality 

b. = . T 2 
- 40 D < 0 • 

w a 

(14) 

(15) 

We then have w1 =(-T±iM)a1/2Dw and the condition (15) 
ensures the presence of an instability in the vicinity of 
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a = a 1 w = w • 
0 0 

In systems for which the property (10) also holds and 
which admit degenerate solutions for a = a

0
, w = w

0 
= 0, the 

two solutions ;
0

i can be taken real. As a consequence, the 

matrix (;oi' (~) ;ok) is the~ imaginary and antisymmetric, 

whJ.le the matrix
0

(;oi'[*) ; 0 k) is real and symmetric. In 

this situation one. infers ~hat Dw =-I (;01 ,(~) 0;02 ] 12 
and 

T = 0; the criterion (15) here reduces to the condition 

D < 0 a (16) 

for having instability near a = a
0

, w = 0. This latter case 
is also discussed in ref. 2, for Lagrangian sxstems. 

4. AN APPLICATION OF THE MARGINAL METHOD 

A simple example will be discussed which shows the ap
plication of the method described in the preceding sections. 

We consider eq. (1) when the operator H is given by: 

d 2 d H(a,w) = dx 2 - iwq dx + s(a) , (17) 

where q is a constant and s(a) is a monotonic function of a. 
We shall discuss in succession two different boundary condi
tions for eq. (1) such that the solution for w = 0, if exist
ing, will be unique in the first case and degenerate in the 
second one. In both cases the operator H is assumed as given 
by {17), in the space of functions vanishing at the ends of 
the relevant interval which is infinite in the second case. 
As a consequence, both the conditions (2) and (10) ·are satis
fied. 

a. The non-degenerate solution 

Here we assume a space 0 < x < L with the conditions 
;{O) = ;{L) = 0. In this case we immediately recognize the 
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existence of values a of a, given by s(a ) =s =n 2rr 2/L 2 >0 
0 0 0 0 

(n
0 

being an integer), for which eq. (1) for w = o, viz. 

d2~ 

CFZo + s (a ) ~ = 0 , 
X 0 0 

(18) 

admits a unique solution of' the form ;
0 

= sin(~x). 
The fact that H satisfies both the relations (2) and (10) en~ 

sures that the system is marginal at a = a
0

, that is, in the 

vicinity of a there will be a solution with w ~urely imagi

nary. In fact~ s.ince (~] 0 =- iq c& and (~] 0 = t~Jo' ; 0 

being real, the conditions (6) are satisfied and a 1 = 0. 

If one wants to evaluate w1 , the second-order contribu

tion in the expansion of eq. (1) must be considered, that is, 

the equation (8). Here (~:W)o = o, and ; 1 = w11/J with 1/J given 

by eq. (9),which now becomes, remembering that w
0 

= 0, 

ddx
2f + s 1/J - iq/S cos (/Sx) = 0 . 

0 0 0 
(.19) 

The equation ( 19) has the solution 1J! = ~ qx sin ( ls
0

x) , which 

vanishes at x = 0 and x = L,as it should. 

Because now 

(1/J,HOIJI) = 1 q2 IS 2 0 

L 

J dx x sin ( ls
0

x) cos ( ls
0

x) = - ~ q 2 , ( 20) 

0 

we derive from relation (8) and its consequences, as well as 

the relation (;0 ,[~~] 0~0]= ~ (~) 0 , 

( 21) 

this involves an imaginary w1 when (~) 0a 2 > 0. 

These results can also be easily verified more directly, since 
we know the general solution for arbitrary a and w of the e

quation H; = 0, for H given by (17), with the mentioned 
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boundary conditions. In fact, this solution reads: 

· ; iwq x 
; =sin {( s(a) + w

2
(

2
] x} e 2 

, (22) 

for which the boundary conditions require that: 

~ s(a) + 4 (23) 

with n = 1,2,3 •••. 
n21r2 

= s
0 

= ~ for a special value n
0 

of n, then a solution 

If, for a = a , it happens that s(a ) = 
0 0 

with w = 0 exists. An expansion of eq. (23) around a = a
0 

and w = 0 again shows the validity of (21) and therefore the 

possibility of an unstable solutiont). 

b. The degenerate solutions 

Let us consider again eq. (1) with H given by eq. (17), 
but now for an infinite system in which the necessarily 
finite product of two functions, solutions of eq. (1), is 
given by: 

+L 

(g ,h) = lim l J dx g*h. 
L+co L 

-L 

(24) 

Under these constraints for the solutions of eq. (1), one can 
see that the equation for w = 0 and a = a (with s(a ) = 

0 0 
= s

0
> 0) admits two linearly independent real solutions, viz. 

sin(~x) and cos(~x). Hence the eigenvalue w = 0, a= a
0 

f> For a = a as defined here not only the solution with 
0 

w = 0 exists but also other ones corresponding to w values 
.st.: 1T2 given by w;n 4 = p- (n 2-n;). It can be proved that, in 

the vicinity of a
0

, the solutions with w near w
0

n with 
n ;'n are stable, while the only instability is near the 0 . 
root w = 0 resulting from n = n

0
; the corresponding value 

of w1 is then given ~y (21). 
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is degenerate, and the criterion (16) for marginal stability 
can be applied because H also satisfies the condition (10). 
Introducing ~01 = sin(ls0x), and ~ 02 = cos(ls

0
x), we find: 

+L 1 0 

J dx ~oi ~ok = (~~] 
-L o 

0 1 

Thus the•condition (16) is not satisfied because 

so that the system remains stable when a passes the value 
In fact, since 

0 -1 

( ~oi' [~] o ~ok] = iqlso 
1 0 

we obtain .ow =- q 2 s
0 

and T = 0, and next from (13): 

w1qls0 = a 1(i;)
0 

, 

which gives the real value of w1• 

(25) 

(26) 

ao. 

(27) 

(28) 

These results can also be verified if we consider the general 
solution ~ = eikx. of eq. (1) for an infinite system, the fol
lowing relation between w and a has then to hold for a real 
given k: 

-k2 + wkq + s(a) = 0 • (29) 

This shows the reality of w. In. particular, for s(a
0

) =s
0 

= 
= k 2 , one gets w = 0 and the relation (28) is recovered from 
an expansion around a = a

0
, w = 0. 
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5. SINGULAR SOLUTIONS 

In some problems described by eq. (1), with H(a,w) 

satisfying the condition (2) in a certain functional space, 

it can happen that a solution, existing for real w, proves to 
be singular. For instance, the solution for a real w

0 
can have 

a square integral over the space which diverges; then, when 
H

0 
for w = w

0 
is represented with such functions, the corre

sponding matrix may also be divergent, or at least not Hermitian, 
if a suitable limit is taken to evaluate the integrals. Here, 
we shall only consider the case in which the singularity of 

the solution of eq. (1) occurs for real w values, while the 
solutions are regular, if existing at all, .for complex w. 

In such a case, as'suming the existence of a singular solution 

for w = w
0

, a = a
0

, the method of section 2 for the marginal 
analysis is inadequate on account of the possible divergence 
of the integrals in eq. (5). This difficulty can be overcome 
as follows by applying a proper limiting procedure. For fre

quencies w and parameters a expanded around the values w
0 

and a
0

, as in the relations (3), one can again write eq. (4) 

at the first orqer in e:, .in which ~ 0 then constitutes a sin

gular function. We introduce some function ~wo+ow with the 

property that for complex ow tending to zero it becomes again 

~0 , for instance it can be obtained from ~0 by replacing w
0 

by w
0 

+ ow. We then multiply the left of eq. (4) 'by ~ +o , 
wo w 

integrate over the space, and next take the limit for ow 
tending to zero. If this limit exists and is finite we get, 
instead of eq. (5), the following relation in which the first 
term of (4) has not vanished yet: 

,However, the first contribution, if converging, must vanish 

because lim H0~ +ow= H0~ 0 = 0. Hence the relation (30) 
ow-+-0 wo 

becomes 
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The function; ,here introduced, is not necessarily the w +ow 
0 

solution for a = a
0 

+ ea 1 and w = w
0 

+ ew 1; nevertheless its 
use is justified since it overcomes the divergence of the 
integrals. The limit in eq. (31) is meant for ow~o when 

Im(ow) may be positive as well as negative. In fact, both cases 

hold since, if in the first case the solution of eq. (31) ~ads 

to some complex value w1 , the second case is solved by w~. 

This is because the sign of the imaginary part of the coeffi

cients of a 1 and w1 in eq. (31) depends on whether the limit 

for ow~o is taken for Im(ow) positive or negative. For instance, 
this situation occurs when the singularity is of the resonant 

type and the limit, applied to the coefficients in eq. (31), 

leads to a principal value plus an imaginary ~erm containing 
a 6 function. Moreover, this situation is in agreement with 
the condition (2) for H(a,w), which must also hold in the 

vicinity of the marginal values a
0

,w
0

• The property of the 

coefficients in eq. (31) being in general complex leads to 
complex values for the first-order correction w1 of w; we 
then conclude that the state with a

0
, w

0 
has to be marginal. 

On the other hand, if w1 is still real, the second-order e
quation must be considered and it then can happen that w2 
is either real or complex, or does not admit solutions as in 
the case in which the eigenvalue w

0 
for a = a

0 
is isolated. 

6. THE MARGINAL EXAMPLE OF THE LANDAU PROBLEM 

We consider a homogeneous plasma, in absence of a mag

netic field, submitted to longitudinal electrostatic pertur

bations of one species of particles. In the one-dimensional 

case the coupling of the Boltzmann and Poisson equations is 
s s . · -iwt+ikx expressed for normal modes ) ) proport~onal to e by 

the equation 7 ) 
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J 

w2 

( v -~ ~ (v) -d 
k •. k J dV If~ (VI ) ~ ( V 1 

) = 0 1 (32) 

where v is the velocity occurring in the perturbed velocity 

distribution function 

f (v) = n { f
0 

(v) + f~ (v) • ~ (v)'e -iwt+ikx } , 

n is the particle density, f
0

(v) is the equilibrium velocity 
distribution function, f~(v) its first derivative, and 

wp = (4nne 2 /m)~ the plasma frequency; the integration over 

v' is from-~ to +~ and f
0

(v) is normalized to unity. 

We multiply eq. (32) at the left by f~(v) and take for 

the previous parameters ex, w the quanti ties k and w = ~ : further 

v now constitutes the independent variable instead of x. 
We then get eq. (1) with the operator H(k,w) given by 

w2 
H(k,w) = (v -w)f~(v) -i& f~(v) J dv'f~(v') • (33) 

In a proper functional space (fixed by the convergence of the 

product of two functions integrated over all the values of v), 
the operator (33) satisfies the condition (2); hence the solu

tions of eq. (1) for a given k occur in couples characterized 

by two conjugated parameters wand W*. For real w the operator 

(33) is Hermitian in this space, but the solutions for real w 
will in general be singular and then the simple method of 

section 2 cannot be applied for marginal criteria. 
For given values k

0 
and w

0 
(real) of k and w, eq. (32) 

admits a real singular solution but the methods for marginal 

stability described in the preceding section cannot be applied 

because the integrals are still in general divergent. This is 

connected with the fact that for every k and real w, eq. (32) 

admits a real solution (Van Kampen modes 5 )) which is always 

singular and consists of a combinatio;n of a principal value and 
a a-function term. For these modes with real frequencies no 
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dispersion relation does exist. 

Nevertheless, the method of section 5 can be applied 

if a solution of eq. (32) exists, with k = k
0 

and w = w
0 

real, such that 6
) 

f 
f~(v) 

dv = v -w 
0 

0 • 

In this case the solution of the equation H0~ 0 = 0, with 

H
0 

= H(k
0

,w
0

) given by (33), has the form 

~0 
1 = • v -w 

0 

(34) 

(35) 

If the function ~w +ow 
0 

for marginal stability 

= v-w 
1 

-dw is introduced, the method 
0 

of section 5 can be applied and the 

corresponding eq. (31) becomes: 

where k 

[
2w 2 

lim ...:..£ 
ow-+0 k 3 

. 0 

[ J 
. f'(v')J f f'(v) J 

dv' 0 dv 0 k + . • 1 v' -w v -w -ow . 0 0 

[I f~ (v) J 
- lim dv w = 0 

ow-+0 (v - w ) (v - w -ow*) 1 
0 0 

f 1 (v) and 
0 

and w replace a and w, while.[~~] 
0 

=-

2w 2 

= k! f~(v) J dv'f~(v') • 

1 The limit for ow-+0 of 1 equals P 
v -w -ow* v -w 

0 0 

(36) 

where P indicates that the principal value must be taken in 

the integration and the upper (lower) sign corresponds hence

forth to the upper (lower) sign of Im(ow) in the limit 

Im ow-+ ;:tO. Then, taking into account the relations ( 34) for 

k
0 

and w
0

, eq. (36) yields: 
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2k f"(v) 

W
;' k 1 - [P J dv 0 

· + i 'Iff" (w )l w = 0 , 
p v -w

0 
o o :J 1 

(37) 

where f~(v) is the second derivative of f
0 

and the principal 
value of the integral must be taken. 
The relation (37) can be put in the alternative form: 

P J·dv 
fn (v) 

0 + i'ITf"(w) 
2k

0
k

1 
v -w - 0 0 

0 

wl = w2 ( 38) 
p 

[P J dv 
f" (v) 2 2 

0 ~ + [f" (w >] v -w o o 

The relation (38) shows that, if f~ (w
0

) rf 0., w1 is complex 
so that the solution with k

0
, w

0 
as given by the relations 

(34) is marginally stable. Both the solutions for w1 and w! 
exist for a given k

1
, as one expects from the validity of 

condition (2) for the operator (33) when w is complex. If 
f~(w0 ) vanishes,w

1 
is real and an investigation of eq. (1) 

at the second order in E is necessary. These results can also 
be obtained with the aid of the Nyquist diagram7 ) 8 ) and the 
dispersion relation 9 ) expanded around the values k

0
, w • 

. 0 

7. THE CASE OF AN OPERATOR DISCONTINUOUS ACROSS THE REAL 

w AXIS 

We consider now the case in which the operator H(a,w) 
satisfies the condition (2) for complex w, but which is not 

Hermitian any more in the .limit in which w becomes real. 
Here the singuarity for real w does not concern the solutions 
of eq. (1) but the operator itself, considered as a function 
of w. 

We suppose that the limit of H(a,w) for w +w real 
0 

and a +a constitutes a well-defined non-Hermitian operator 
0 . 

H
0 

when the limit is taken for Im(w) ++ 0. Then, since the 
condition (2) must hold in the mentioned limit, that is for 
w·• + w with Im w* < 0, we then have 

0 
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(39) 

For w = w , a = a we then have, apart from the solution ~ 
0 0 0 

of the equation H ~ 0 = 0, a different solution ~ of the 
0 0 

Hermitian conjugate equation Ht~ = 0, also for the parameters 
. 0 0 

w
0 

and a
0

• If the derivatives in w and a of H(a,w) also tend 

to well-defined non-Hermitian operators for w -+ w and a -+a , 
0 0 

we can repeat the development around w
0

, a
0 

of section 2~ 

this leads to first-order equation: 

(40) 

We can also expand the equation Ht~ = 0 at the first order and 

then get eq. (40) with the Hermitian adjoint operators, while 

~ 0 and ~ 1 are to be replaced by ~0 and ~1 , and similarly w1 
by w!· If eq. (40) is multiplied at the left by~, and next 
integrated over the space, one gets the further relation 

• 
taking into ~ccount that [~0 ,H0~ 1 J = (~ 1 ,H~~o) = 0 • 

( 41) 

If we had to deal in the same manner with the Hermitian adjoint 
equation of (40) we would have obtained the complex conjugate 
of eq. (41), as one would expect if the limit for w* -+w

0 
is 

taken. The relation (41) may give non-real values of w1 be

cause the coefficients of w1 and a 1 can be complex. For in-

stance, in the case in which H
0 

and (~Jo are Hermitian while 

(~~] 0 is not (the discontinuity for real w only concerns the 

w derivative of H(a,w), one finds that ~ 0 = ~0 # (~o'(~J 0~0J 
then is real and (~o' (~) 0~ 0 ] complex so that w1 is not real 

and the mode corresponding to a = a
0 

+ Ea 1 is unstable. 
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B. THE COMPLEX HELMHOLTZ EQUATION~~ + Q(w,k,x)~ • 0 

Often a problem as described in section 7 results 
from one of the type described in section 5 when H is acting 
on two or more variables,while the solution of (1) for real 
w, if existing at all, is singular with respect to one of 
them (in general in the velocity space). In such cases it is 
often possible to find a solution with respect to only the 
variable of the singularity, and to obtain next,by integra
tion,a new equation of type (1) in which the new operator H 
only acts on the other variables. 

In this procedure the validity of condition (2) for 
complex w is conserved, but the discontinuity for real w 
will no more appear in the solution ~ of the new equation 
(1) but instead in the operator (as a function of w), as in 
the case of section 7. 

For instance, in the problem dealt with the electro
static oscillations in inhomogeneous plasmas confined in a 
magnetic field, the Boltzmann and Poisson equations lead to 
resonant phenomena. These resonances are due to the singula
rities of the real.w solutions in the velocity space for 
v = w/k when w/k is a given phase velocity of the wave in a 
direction of homogeneity of the equilibrium (if it exists) 
or, in more complicated geometries, they regard the coupling 
between the oscillation of the perturbations and a quasi
periodic motion of the particles. 

For instance, the solutions for the drift modes con
nected with an adiabatic magnetoplasma confined in a plane 
slab 1 0

) 
1 1

) show resonances of the· type v • ~ , while in more 
complicated models corresponding resonances occur between 
the frequency of the wave and that of the periodic motion of 
particles trapped between local maxima of the magnetic field 
strength 12

) 13 ). In these cases it is possible to find for 
certain approximations (like small Larmor radius or low-pres-. 
sure plasma) solutions in the velocity space which enable 
the reduction of the problem in the remaining variables to 
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one as described in section 7; the discontinuity for real w 
then refers to an operator H which acts on the physical space, 
and the associated solutions ~ prove to be regular functions 

of this space. 

In all these prob~ems one often has to deal with the 
equation (see ref. 10) 

(42) 

where the complex function Q(w,k,x) can have discontinuities 
on the real w axis, while it satisfies the relation Q*(w,k,x) = 

= Q(J,k,x). The operator H(k,w), in which k, the wave number 

in the y or z direction, replaces the former a, here proves 
to satisfy also the condition (2) for complex w at least if 

we consider, once again, the functional space of functions 

vanishing at infinity. 

We suppose that for k +k and w +w real, Q(w,k,x) 
0 0 

tends to a complex function Q (x), while for k +k , w* +w it 
0 0 0 

must tend to Q*(x). Then, in this limit H(k,w) tends to a 

non-Hermitian ~perator H
0 
=d~; + Q

0
(x), and the equation 

H ~ = 0 is -one as described in section 7. Here the Hermitian c 

a~j~int equation H~~o = {d~; + Q~(x)} ~0 = 0 is simply the 
complex conjugate of H0~0 = O, hence ~0 = ~~- A condition for 
the existence of the complex solutions ~ 0 and t

0
, which have 

to vanish at infinity, is known to be: 

. 2 I dx ( ~;) - I dx I ~ 1

2 

Q ( x) = 0 , (43) 

where the integration here and henceforth is from -oo to 00 • 

This relation involves: I dx I~ 12 
Im C Q (x)J = 0 and I dx I~ 12 

Re [ Q (x) J > 0. These and other conditions for complex 

solutions of the equation (42) in the WKB approximation were 

studied by Krall and Rosenbluth 14
). Here we are interested to 

know whether solutions of eq. (42) exist in the vicinity of 

the values k
0

,w
0

(for which we suppose a solution ~ 0 toe~), 
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~ith w complex at the first order in the expansion (3) in E. 

If the derivatives in w and k of Q(w,k,x) tend, in the limit 

k -+k
0

, w -+w
0

, to well-defined complex x functions (~) and 

(~~) respectively, eq. (41) can be applied; it become~ 
0 . 

(~o'(~~J 0~oJw1 + (~o'[~~J 0~ 0Jk1 =a· 

In view of ~· = ~ , this reduces to 
0 0 

which shows that w
1 

may be complex. 

(44) 

(45) 

If it happens that Q
0 

and (~)o are real x functions, while 

[fQw)o a is a complex one, the solution ~ 0 can be taken real 

and then eq. (45) shows that Im(w1) ; a. 

9. THE MODE w = a FOR AN w-SYMMETRIC OPERATOR· 

At the end of section 2 the situation was discussed in 

which the operator H(a,w) in eq. (1) satisfies simultaneously 

the condition (2) and (la). Then, a solution for some comple~ 
w involves solutions for the set of the four w values: w, w*, 

-w, and -w•. For this case we have shown that, if a unique 
solution exists for w = a, there are always others near w =a 

which are unstable (w1 imaginary). However, when such a solu
tion exists for w = a, in most problems degeneration proves 
to occur and the method of section 3 must be applied. Here we 
shall consider another. situation often existing, namely: 
H(a,w) satisfies· the conditions (2) and (1a) for complex w, 

is discontinuous across the real w axis, while in the limit 
for a -+a 

0
, w -+ w 

0 
real it leads (as in the previous sections) 

to a non-Hermitian operator. If a unique solution of eq. (1) 
exists in this case for w = O,it will be shown to be marginal, 

. w 1 becoming imag !nary. 

66 



-22-

In order to show this property, we consider again the 

limit for w ~w real of the operator H(a,w) as in section 7. . 0 

Let H
0

(w
0

) be a well-defined operator,obtained for a= a
0 

from H(a
0

,w) when w ~w0 , for instance from the region with 

Im(w) > 0 and Re(w) > 0; then we get the following limits 
. t 

taking into account that the condition H {a,w) =H(a,w*) 
should still hqld in these limits: 

(46) 

If the condition H*(a,w) = H(a,-w*) is also assumed in the 

limit for w ~+ w , then H(a,w) and its derivatives satisfy the 
- 0 

following properties (we further omit the parameter a
0 

throughout): 

Ho(wo) = ~(-wo) , 

[·:~ t = [":~ c ' (47) 
·o o 

[·:~t -[·:~c . 
0 0 

For the limit w ~o we then find that H {0) and [a:o] are to 
o aH o a o 

be real and the operator ( a~)o imaginary, all these operators 

being in general non-Hermitian. 

We may now assume the existence of a real solution ~0 
of the real equation H0 (0)~ 0 = 0, and. accordingly also a 

solution ~0 of the Hermitian adjoint equation H~(0)~0 = 0 • 

Then the usual method of expansion near a
0

, w
0 

= 0 can be 

repeated as in section 7, and,eq. (41) is again arrived at, 

viz: 

67 



-23-

(48) 

The functions ~ anq ~ being real, we infer from the above 
0 aa 0 aH 

remarks that [~o'[ a~) 0~0 J is r~al and (~o'[ a~] 0~0 ) is 

imaginary; the linear relation (48) then shows that w1 is 

imaginary. If it happens that ['t0 ,[a:~] 0< 0 ] vanishes, and con

sequently also a 1 , it is possible to see that the second-order 
equation yields a still imaginary value of w1 for a proper 

sign of a 2 • 
The case described here allows to study the instability 

of an inhomogeneous plasma in a magnetic field submitted to 
electromagnetic perturbations which are constant along the e
quilibrium· currents (mirror modes 15

)
16

)). Let us consider, as 
ik .... 

in reference 14, a perturbation proportional toe ""x, where 
k 11 is the wave number parallel to B; the latter parameter can 
be identified with a of eq. (1), when this represents the 

> 

Boltzmann and Maxwell equations; the conditions (2) and (10) 
then prove to be satisfied for H(kn,w) on account of the sym
metry of the equil~brium distribution function with respect 
to the velocity component parallel to B. The existence of an 
w = 0 mode for some value k 11 = k110 is sufficient here to 
predict the presence of an unstable mode around the marginal 
one; the relation (48) can then be used to calculate the growth 
rate from the imaginary quantity w1 • In this case the condi
tions for the existence of an w = 0 mode were also found to be 
sufficient for the minimum of an entropy function 17

), whose 
connection with the marginal stability of Lagrangian systems 
was discussed in ref. 18. 

The previous method can also be applied in the case of 
electrostatic oscillations, as described in section 6. In 
fact, the determination of a solution in the velocity space 
for eq. (32), at some complex value of w, leads to an equa
tion H~ • 0 in which H = D(w,k) constitutes the dispersion 
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relation, while ~ has to be a non-vanishing constant. The e

quation D(w,k) = 0 fixes the solution in w and the property 

(2) here amounts to o•cw,k) = D(w*,k). If the distribution 

function f
0

(v) happens to be symmetric in v, thenthe condition 

o*(w,k) = D(-w• ,k) also holds (it corresponds to the relation 
• I 

(10) for H(k,w)), while D(w,k) is discontinuous across the 
realw axis 7 ).The previous criterion can then be applied, that 

is: if some solution exists for w = 0, k = k
0

, it will always 

be marginally stable. 

10. CONCLUSIVE REMARKS ON THE STABILITY OF AN INHOMOGENEOUS 

PLASMA IN AN ELECTRIC FIELD 

The typical cases of systems described by eq. (1), here 
discussed, represent the most usual ones in plasma physics, 

both for the collisionless kinetic model as well as for the 

magnetohydrodynamic model; the equations for the latter are 
in general regular and self-adjoint for the perturbations 

connected with real w values. 

The marginal method is useful in cases in which other 

methods of ~ttacking the stability problem, such as energy 

principles and applications of a dispersion relation, present 

basis difficulties. This often happens for completely inhomog

eneous equilibria when a simple dispersion relation cannot be 

derived. In this case the energy principle 19
)

20
) can give suf

ficient conditions for stability which, however, are too re

strictive and in general not necessary, while a marginal 
treatment can give sufficient conditions for instability. 

For instance, let us consider the problem of the one~ 

dimensional electrostatic perturbations of an inhomogeneous 

plasma with an equilibrium electric field in the absence of 
a magnetic field. The solution of the equilibrium Boltzmann 
equation for the species of particles with mass m and charge q 

is a function f
0

(e) of the energy£.= mv 2 /2 + q$
0

, where ~0 00 

is the equilibrium electrostatic potential. 
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The energy principle can be shown to give the sufficient 
af 

stabiiit~ condition 0 ~ < O, which is not necessary in the 
sense that, when £

0 
is not a monotonic decreasing function 

of the energy, nothing can be said a priori about the stabili
ty of the equilibrium. 

Here we introduce a preliminary discussion of this case 
from the marginal po~nt of view. As pointed out by Engelmann 
e.a. 21 ) the x derivative of the Poisson equation for the equi
librium leads to an equation for the electric field of the 
type: 

the coefficient 

d 2E 
. 0 A. - 2E = 0 • (i'X'2'"' - 0 0 , 

A-2 =- 47T\q2 I dv ofo =- 47T\ s.: I dv! ofo 
o L ae: L m v av 

(49) 

(50) 

(where the summation L is over the different species) is a 
function of x through $

0
, which can be determined after the 

choice of the distribution function f (e:). If A.- 2 is always 
. o of o 

positive, as in the stable case in which 0 ~ < 0, the solu-
tion of eq. (49) is not oscillating (E

0 
can have only one 

zero), while the possibility of an oscillating solution (E
0 

possibly having more than one zero) necessarily involves a 
negative value of A-~ 2 in some part of the x axis 21 ). 

Suppose now that a special equilibrium is given by 
eq. (49), with fixed boundary conditions, and let us look for 
normal mode solutions of the linear electrostatic perturba
tions which are proportional to e-iwt. The linearized Boltzmann 

equation then reads: 

(51) 

where f
1 

is the perturbation in the distribution function, 
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d¢1 
E1 = -~ the perturbed part of the electric field, while the 

a 9.· a operator d - v ~ + E ~ commutes with any function of the 
0 aX m 0 aV 

energy E of the equilibrium. 

We shall now investigate whether, in the case in which a 
solution of eq. (51) and the Poisson equation is given to exist 

' 
for w = 0 and a = a

0 
(the parameter a specifying the equilib-

rium) , an unstable solution will exist near the values a and 
. 0 

w = 0. In order that a solution for w = 0 exists the following 

Poisson equation must hold when the solution of eq. (51) for 
af0 w = 0 is represented by f 1 = q ~ <1> 1 : 

(52) 

Thus, for w = 0, ¢ 1 must formally satisfy the same equation 
(49) as the equilibrium electric field E • But for a finite 

0 d¢ 
plasma the boundary conditions are that <I> 1 (or E 1 = - d~ J 
should vanish at both boundaries~ this is only possible if 

A~ 2 < 0 somewhere along the x axis. Therefore, a solution for 
w = 0 can only exist if f is not a monotonic decreasing 

0 
function of.the energy. 

Suppose now that for some parameter value a = a
0

, denot

ing an equilibrium with A- 2 negative for some values of x, 
0 

eq. (52) has a solution. We can then investigate whether this 

equilibrium is marginally stable, that is, if for some a value 

near a
0 

there exists an unstable mode (Im(w) > 0). Because a 

solution of (52) is supposed to exist we can look for a solu-

tion f 1 which, for w + 0, gives again 
af0 

= q --a£ we substitute in eq. (51) f 1 

af0 
f 1 = q ~ ¢1: therefore 

(<I> 1 + iw~) • In view of the 

relation d
0

¢ 1 +E1 v 

then results for ~ 

d¢1 
= v ~ + E1v = 0, the following equation 

when w :;. 0 

(53) 
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We now also apply the equation iwE1 = 4~Lq J dvvf1 which fol
'dE1 

lows from the Maxwell equation - ;rr = 4~J (J being the den-
sity current); it leads to another relation for w; 0: 

(54) 

Applying again d to eq. (53), substituting eq. (54), and mul-
0 at . 

tiplying next by q 2 a~ , we get : 

at 
dv _...2 v~ = 0 . (55) 

ae: 

This equation has the form of eq. (1) in which now H(a,w) 

satisfies not only the condition (2) but also (10), so that 

the solutions for complex w occur in sets of four, namely for 

w, w*, -w, and -w*. This result can also be obtained from the 
fact that the Boltzmann and Poisson equations can be derived 

from a real Lagrangian for the displacements introduced by 

Low 22
), and from the fact that the complex coefficients of 

the equations only result from the introduction of the complex 
-iwt time factor e .• 

From the properties found in the sections 2 and 9, one 

can conclude that, if a degeneration as described in section 3 
is absent (as is to b.e expected for fixed boundary conditions 
at finite distances), the equilibrium at a = a

0
, as.sociated 

with a solution of eq. (52), is marginally stable; in fact, a 

small modification of a involves an unstable solution of the 
linearized kinetic equationst). 

~) These results can be compared with the fact, noted in ref. 

21, that in the limit for a quasi-homogeneous equilibrium, 
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with f
0

(e:)% f
0 

(~ v 2 ), th; property A~ 2 < 0 is just the 

one required for instability near w = 0 by the Penrose 

criterion9 ). 
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This conclusion must be considered only as preliminary 

because a more careful and detailed discussion of this problem 
is needed, especially with regard to the special conditions 

necessary for the existence of solutions of the set of equa

tions (53) and 

(56) 

expanded in the vicinity of w = 0 • 
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The marginal stability of aninhomogeneous finite plasma, 

at equilibri~m with an electric field, is investigated for linear 

1 · b · · h • d d - iwt A e ectrostatlc pertur at1ons w1t a t1me epen ence e • set 

of equilibria with a variable parameter is introduced, which 

equilibria, as well as their perturbations, should only depend 

on a single inhomogeneity variable. The perturbed electric field 

should vanish at the boundaries. The paper concerns the instabili

ty of equilibria in the vicinity of a marginal one admitting an 

w•O mode. The corresponding growth rate is derived expUcitly in 

the case of special properties of the marginal equilibrium. A cor

responding example is discussed. 
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1. INTRODUCTION 

This paper concerns the marginal stability of an inhomoge

neous one-dimensional plasma at equilibrium with an electric field. 

The plasma, confined by flat reflecting walls perpendicular to the 

x-axis, is assumed to be jodified by small electrostatic time-de

pendent perturbations also depending on the single variable x. 

The modes here considered should have a perturbed electric field 

vanishing at the boundaries of the plasma, while being solutions 

of the linearized Boltzmann and Poisson equations for an inhomoge

neous medium. 

The stability problem will be investigated from the marginal 

point of view (for references, see SANTINI, 1969). For a set of e

quilibria fixed by a single equilibrium parameter a, let the lin

earized equations admit, for perturbations with a time dependence 
-iwt e , a stable mode at a special value a =a • 

0 

rium is said to be marginally stable when, for 

equilibrium becomes linearly unstable. 

Such an a equilib
o 

some a near a , the 
0 

In general, the existence of an w=O mode at a =a proves to 
0 

imply (SANTINI, 1969) the instability of the equilibrium at 

a= a + oa. This low-frequency instability will be discussed explicit-o 
ly in Sections 3 and 4, while Section 2 is devoted to the introduc-

tion of the equilibrium and of the set of equations describing the 

perturbations. The growth rate of the instability in question will 

be evaluated for a special case. 

Finally, the Section 5 deals with an illustrative example in 

which a constitutes the energy of two opposite cold electron beams 

passing through a Maxwellian plasma. 

2. DESCRIPTION OF THE EQUILIBRIUM AND 

THE AS SOC I A TEl>:> PERTURBATIONS 

The theory treated by BERNSTEIN t GREENE, and KRUSKAL ( 1957) 

and ENGELMANN~ FEIX, and MINARDI (1963), ref~rring to an in

homogeneous equilibrium, will be repeated here for an equilibrium 

distribution function f (x,v) supposed as symmetric in v (the e , 
velocity of the particles in the x-direction), in accordance with 
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the assumption of a plasma confined by reflecting walls. 

The stationary Boltzmann equation shows that f (E) for e 
particles with mass m and charge q will only depend on their 

equilibrium energy E =mv 2 /2 +q¢ (x). The electric potential 
e 

<P (x) is fixed by Poisson's equation in which the charge den-

s~ty a (¢ ) = 4n2 qf dv f ~E) depends on <P through the energy e e e e 
E entering in f (E); the summation here extends over all species e 
of particles, while the intesration is from v =-00 to v =+ 00 • 

When f (E) and the boundary conditions are prescribed, the elec
e 

tric field E =- d¢ /dx has to satisfy the equation e e 

(I ) 

where 

(2) 

Hence the electric field only admits an oscillating solution 

(E having more than one zero) if A- 2 is negative for some values 

of <P • For f decreasing with e e E for all species (e.g. a Maxwellian 

plasma) this ·never occurs. For a distribution function depending on 

some parameter a, the solutions of equation (1) represent a set of 

equilibria satisfying fixed boundary conditions. 

When the plasma is weakly disturbed, we may assume the rep

resentation E(x,t) =E (x) +8E (x)e-iwt for the total electric 
e P • 

field, and f(t,x,v) = f (x,v) +8"f (x,v)e- 100t(e << 1) for the dis-
e P 

tribution function; E =- d¢ /dx and f (x,v) then constitute the p p p 
linear perturbations for a given frequency w. These perturbations 

have to be solutions of the following first-order contributions 

(with respect to 8) of Boltzmann's equation: 

df 
-iwf + df + q E v--e = 0 , 

p p p dE 
(3) 

a qEe a 
where d ::v h +Jil av· This operator annuls any function of E 

only. 
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Assuming further.£ =q[Q> (x) +iw~]df /dE, with ~(x,v)·finite 
P P e 

also for w +0, the system of equation (3) and Poisson's equation 

becomes: 

(4) 

(5) 

The solutions of equations (4) and (5) should satisfy the 

boundary cqnditions E = 0 at the reflecting walls, viz x =:!: L. p 
The corresponding spectrum of eigenvalues w will be discrete. 

n 
Hence~ if an w = 0 mode exists for a =a , the equilibrium cor

o 
responding to a +oa will not admit, for oa sufficiently small, 

0 

a mode with w = 0, but with a small ow related to oa. 

The equation (5) yields for t.he w = 0 mode at a =a 
0 

.Equation (6), similar to equation (1), shows that A- 2 must be a . 0 

negative somewhere in the interval -L 5x ~L in order that 

(6) 

dQ> /dx vanishes at both boundaries. Therefore, f (E ) cannot 
po ea o 

decrease, for all species, with the energy E =mv 2 /~ + q<f> • · o ea 
0 

Indeed, the condition df /dE <0 is known to be sufficient for e 
stability, ·while the existence of an w ~ 0 mode at a = a can be 

0 

shown (SANTINI, 19 69) to imply, in general, the ins tab il i ty of the 

shifted equilibrium at a = a + oa. 
0 

3. THE INSTABILITY AROUND w = 0 

To investigate thoroughly this instability we expand all the 

equilibrium and perturbation quantities arotind a , introducing the 
0 

. following expansions: 
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a = a + na · +.! n 2 a + . . . ' 
0 I 2 2 

0 
I 

n 2 w w = + nw 1 
+- + ... ' 2 2 

(7) 

with n << 1. All equilibrium quantities then can also be expanded 

as functions of a near a , while E should vanish at x =+ L at 
0 p 

any order inn. At zero order in n, equation (6) is assumed to 

have a known solution ¢ ; equation (4) then involves 
po 

The equation (5) yields the following first-order terms in n: 

df ea 
0 

dv de: 
0 

~ = 
0 

0 • ( 9) 

Equation (9) can be solved for ¢p
1

, when ~ 0 is a known solution 

of equation (8); this latter equation is of first order with 

partial derivatives in x and v, since da =v 2._ + !i E Cl , wh i 1 e 
Clx m a av 

0 0 "' is known. 
'~'po 

In the limit of vanishing inhomogeneity [E +0, ea 
0 7T2 

fea (e:
0

) +f(v 2
) while, in view of equation (6), >..; 2 +-

412 
(n+1) 2 

( 

0 

with n a positive intege~ number) , the solu~ion of equa

tion (8) will in general contain a singular term proportional to 

o(v). The latter determines according to its coefficient, the 

Van Kampen mode dr the unstable mode with w imaginary (SANTINI, 

1969), at the equilibrium a= a +oa (when the wave number 
0 

k =1-A.- 2 remains unchanged). 
0 a. 

0 

Also in the inhomogeneous plasma such singular modes may 

exist which, in the limit for a +a and w +0, tend to the¢ 
o po 

solution of equation (6). An investigation of these singularities 
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requires the specification of a practical example of equilibrium, 

and of the boundary conditions for ~ • 
0 

Here we do not enter into this matter, but restrict our dis-

cussion to the special case in which ~ is a regular function with 
0 

df 

the property ~ 0 (x,v) =- ~ 0 (x;-v); the integral J dv d:
00 ~ 0 then 
0 

vanishes. We consider the integrability condition for equation (9) 

imposed by the v~nishing of its integral from x •-L to x =+L, after 

multiplication by~ (x); it requires that a
1 

= 0 if po 

JL dx$~ 0 [a~:']a ~0. Under these circumstances equation (9) for 

-L o 

~pl becomes identical to (6) so that, for the boundary conditions 

in question, ~ 1 =a~ , with a constant .• The second-order contribu-p po 
tion in n of equation (5) must then be considered, namely: 

(10) 

where the above assumptions concerning ~ 0 (x,v) and a
1 

have been taken 

into account. 

Under the same conditions (~ 
1 
=a~ , a

1 
= ~the first-order p po 

contribution in n of equation (4) becomes 

d ~ 1 - iw 1 ~ - a~ = 0 • a o po 
0 

( J J ) 

Substituting equation (8) in (11) one gets 

( J 2) 

By defining a function h(x,v) by iw 1h -~ 1 -a~ , one can replace 
0 df 

the integral in equation (1~} (~ 0 being odd in v) by iw
1 

Jdv d:ao h 
0 

since, in view of (12), da h ·~ 0 while, according to (8), 
0 

d 2 h = ·~ • a po 
0 

( 1 3) 
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Next the integrsbility condition. in the above sense. for 

equation (10) yields after some reductions: 

df ea. 
IL IL dx$2 (;n-2) +8Tiw~l:q2 dxq> J dv 0 h(x,v) =0. ().2 po aa. a po dE 

( I 4) 
0 -L 0 -L 

For a suitable s~gn of a.
2

, w
1 

becomes imaginary and fixes the growth 
1 2 rate of the instability for the equilibrium a = a.

0 
+In a.

2
• The case 

in which the second integral in equation (14) would diverge can be 

solved with a suitable limit for complex w +0, as discussed in 

Ref. (I). 

4. THE SPECIAL CASE OF THE CHARGE DENSITY 

a VANISHING AT THE WALLS ea. 
0 

The equation (14) assumes a particular form when the equilibriu 

at a • a 
0 

happens to be symmetric around x = 0 (e. g. when q> (x) has ea. 
the form of a well with its minimum at x =0), with a ea. 

0 

.oh. van1s 1ng at 

the boundaries (x =~ L). In fact, the boundary conditions for equa-

tions (I) and (6) then are the 

can be taken proportional, v1z 

same and the corresponding solutions 

$ =bE ,with b constant. The po ea. 
0 

w=O perturbation here amounts to a small constant displacement Bb 

of the a equilibrium along the x-axis. A particular solution of 
0 . m 

equation (13) now reads h =- bx; equation (14) can then be represente 
q 

as follows: 

+L 

I + 8TIMW~ • 0 • 
-L 

( 1 5) 

The first term in equation (IS) is obtained from equation (I) 

and its first a-derivative, and partial integrations of the first 

integral in equation (14) for~ = bE • po ea.
0 

M = 

The new quaniity M is expressed by: 

dxxE ea. 
0 

df 

J 
dv ea.o 

dE 
0 

( I 6) 
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p (x) being the equilibrium mass density of the plasma for a = a • ea 1 o 
0 

The first term in (15) is proportional to the electrostatic 

forces E a at the boundaries (at equilibrium always balanced by 
e e 

the pressure-gradient forces) for the a • a
0 

+t n2 a
2 

equilibrium, 

and it is positive (w
1 
im~ginary if M >0) when these forces are 

acting in the sense of a net expansion in the plasma. The mode here 

considered completely depends on the inhomogeneity of the equilibriu~ 

5. APPLICATION TO BEAM-PLASMA EQU~LIBRIA 

We now discuss plasma equilibria with ¢ (x) having the form 
e 

of a well symmetric around its minimum at x =0 (E (O) = O).This ea 
configuration can be realize4 by a Maxwellian plasma with tempera-

tures T and T (for ions and electrons respectively) plus two op-
+ -

posite beams of cold electr~ns with a total energy a >-e¢ (0) 
ea 

(untrapped electron beams). 

The common electron distribution function of the beams is 

represented by a term proportional to 6t-a), where now the beam 

energy a will constitute our parameter for the set of equilibria. 

In this case the plasma pressure pea =41TL mJ dvv 2 fea is given 

by 

Pea(~) & 4ff{ n+ T + exp [-e~/T+ J +n_T _ exp [ e~ /T _J + 4 G: +~]a 'h (a+e~) 'h} 
(I 7) 

provided that the arbitrary constant in the 
dP 

such as to 1 ead to a maximum of a ea =- d:a 

potential is chosen 

at ¢ = 0. The 

d2rt. 
potential ¢ea(x) then follows from Poisson's equation~ 

the discussion of which is to be found in Refs. 2 and 4. 

equilibrium 
dP 

ea =-
d¢ 

As boundary conditions for the set of a equilibria one can 

choose, for instance, prescribed values of the total charge in the 

plasma, viz Q = 2E (L) =- 2E (-L) and of the length L. Here the fol-
e e 

lowing relations hold for P (¢) considered as a function of the ea 
potential ¢: 
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l Q2 • .!. E 2 (L) =P (¢ (L)) -P (¢ (0)) 
8 2 e ea ea ea ea ' 

<Pea(L) 

L = _I f dljJ 

12 ¢ (0) 
ea 

- p ( ¢ ( 0) )llh 
ea ea :J 

I.R. 69/030 

(18) 

( 19) 

These conditions determine th~ quantities ¢ (0) and ¢ (L) for 
ea ea . 

each a. To get an example of the situation described in the 

preceding section, we derive the condition that cr , as given by ea 
minus the derivative of (12), should have at least one zero. 

Remembering that cr is always maximum at ¢ = 0, one gets: 
ea 

n I - 2a/T+ 

::; 1 + 2a/T < 1 ' 

the range of a thus being restricted to 
2
1 

T >a > -e¢ (0). 
+ ea 

(20) 

Let us assume that, for a = a , equation (20) holds and 
0 

that there exists an equilibrium solution with cr =0 at the ea 
boundaries, compatible with the conditions (18) an8 (19), Q and 

L be, ing fixed. Then P and cr can have the patterns represented ea ea 
0 0 

in Figs. 1 and 2, while the evaluation of ¢e" and E . proves to 
"" ea 

0 0 

admit the patterns of Figs. 3 and 4. 

An w=O mode as described in the preceding section is now 

possible (A- 2 is negative in a large interval near x =0). Equaea 
0 

tion (15) then holds for variations of a, with Q =2Ee(L) and L 

kept fixed. The instability here occurs for a beam energy exceeding o 

] [a::] ( aa • ~ n 2 a 2 > 0 since M i~ positive and 
0

" a in general 

0 

negative in x =+ L, so that the first term of (15) becomes positive. 

In this example the equilibrium electric-potential configura

tion is discussed, just for simplicity, for the case of two cold 

beams of untrapped electrons in a thermal plasma. In general, an 

analogous behaviour for ¢ (x) can be obtained when the opposite 
ea 

beams have a common distribgtion function, with thermal spread, 

centered also in the region of trapped electrons. 
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6. FINAL REMARKS 

The electrostatic stability of an inhomogeneous one-dimen

sional plasma is known to be_ ensured when the equilibrium dis

tribution functions are mo~otonically decreasing with the energy. 

This condition is only sufficient for stability. The present mar

ginal analysis, however, is devoted to discussing possible suffi

cient conditions· for ins tab i li ty, for one-dimensional perturbations, 

when df /dE is not always negative. 
e 

For _a set of parametric equilibria of a finite plasma, the 

present stability discussion regards those in the vicinity of a 

marginal equilibrium admitting an w•O mode. It is shown that near 

the latter an unstable equilibrium exists (with a growth rate given 

by equation (I 5)), provided that <P • bE (b • constant) constitutes po ea 
. . 0 

the solution for the w•O mode. The latter solution also occurs when 

the boundary conditions for the perturbations are <j> •0 in x ~+ L 
p 

at any a and w and when, moreover, the a equilibrium shows finite 
0 

periodicity (BERNSTEIN, GREENE, and KRUSKAL, 1957; MONTGOMERY and 

JOYCE, 1969) with E ~ 0 in x =! L. The equation (15) then holds ea 
0 

with the only difference that the first term is to be replaced by 

-a21 crea (a:~al I +L • 
o a L 

0 -

When the a equilibrium is such that an w=O mode with ~ o ~po 

simply proportional to E does not exist, the solution of equa-
ea0 

tion (6) can be represented as follows: 

E (x) x cr 2 (0) 

<P • eao [- l + J d:y (-e_a....;o.....__ -
po cr2 (O) x Ea (y) 

ea 0 ea 
;.-J + const] , 

0 0 

provided that the known 
dE 

solution E vanishes at x •0, while .: ea 
. 0 

( 2]) 

crea (O) • ( ::o) ;o. For the potential (21) the equation (8) 
o x=O 

may have solutions ~ (x,v) with singularity in v=O or v=+ v (x) 
0 - c 

(the transition velocity between trapped and untrapped electrons 

at equilibrium). If so; the mentioned integrability condition for 
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equation (9) can give ~ relation b~tween m1 and w1 (instead of that 

between m
2 

and w~), with complex coefficients, when a suitable limit 

is taken for w complex +0, as in Ref. 1, for evaluating the integrals. 

The preceding matter requires further investigations, always 

in the frame of problems with perturbations satisfying boundary con

ditions at x =+ L. The case of an infinite plasma, with the absence 

of these conditions at finite distances, constitutes another field of 

research which is in particular important in astrophysics for the 

stability of a collisionless shock-like solution. 
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SAMENVATTING 

voor een botsingsloos plasma, dat eventueel ver van 
thermodynamisch evenwicht verwijderd kan zijn, worden func
tionalen (I,II)M ingevoerd. De extreme waarden hiervan l~ggen 
evenwichtsvoorwaarden vast door het nul worden van variatles 
van de eerste orde. De stabiliteit van zo een evenwichtstoe
stand wordt dan verder bepaald door de variatie van de tweede 
orde. Een vergelijking met de klassieke thermodynamische de
finitie leert dan dat de genoemde functionalen als vrije ener
gie, entropie, of informatie opgevat kunnen worden. 

Men zal verwachten dat een onstabiele toestand overeen
komt met een minimum van de bijbehorende entropiefunctionaal. 
Dit beginsel wordt toegepast op een aantal voorbeelden waar
onder evenwichten met elektrische en magnetische velden. 
Aldus wordt een groot aantal bekende en nieuwe instabiliteiten 
gevonden (I,II). In het bijzonder blijkt het minimum van de 
entropie in een adiabatisch magnetoplasma (dat hier voor een 
bijzondere klasse van verwisselingsinstabiliteiten (II) be
antwoordt aan een riegatieve energievariatie) samen te hangen 
met een ongunstig teken van een invariante uitdrukking in al
gemene kromlijnige coordinaten (II,III). Door deze uitdrukking 
in bijzondere gevallen te gebruiken worden voorwaarden voor 
instabiliteit gevonden waaronder die voor de zgn. "flute"- en 
"firehose"-instabiliteiten (III) , en die voor de instabiliteit 
samenhangend met de beweging van deeltjes die in het magneet
veld gevangen zijn (IV). 

De genoemde onderzoekingen houden veelal verband met 
modes die bij lage frequenties optreden aan de grens van stabi
liteit. Dergelijke marginale stabiliteit (V) ·wordt aan de hand 
van de voor kleine verstoringen geldende gelineariseerde ver
gelijkingen nader in verband gebracht met algemene eigenschap
pen daarvan. In het bijzonder wordt daarbij het geval beschouwd 
van een eendimensionaal inhomogeen begrensd plasma, dat in even
wicht verkeert met een elektrisch veld. De in een dergelijk plas
ma mogelijke eendimensionale verstoringen worden onderzocht wan
neer de verdelingsfunctie voor de plaats en snelheden van de 
elektronen niet monotoon afneemt met de deeltjesenergie (VI). 
De randstabiliteit houdt hier verband met de randvoorwaarde. 
Voor speciale gevallen, zoals dat van de wisselwerking van het 
plasma met er doorheen gaande elektronenbundels, wordt de groei
snelheid van de instabiliteit .(VI) berekend en uitgedrukt als 
een functie van de geringe afwijking van het onderzochte even
wicht met het bijbehorende randevenwicht. 

M 
Romeinse cijfers verwijzen naar de verschillende artikelen van 
dit proefschrift. 

&i 
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S T E L L I N G E N 

1. For a low-pressure magneto-plasma, described by a plane-slab model, 

the first transverse derivative of the density is known to be re

sponsible for electrostatic flutes or universal drift instabili

ties; an unfavourable sign of the corresponding second derivative 1
) 

involves instabilities of electromagnetic mirror modes 2 ). 

1 ) F. Santini, Internal Report I.R. 68/003 (FOM-Instituut 
Jutphaas, 1968). 

2 ) See references 4 to 7 in the introduction of this thesis. 

2. For a plasma in a magnetic field the energy contribution 

4l = J d3x jd.A 
that is connected with the drift-current density jd3) (A being the 

vector potential) is time-independent at first order in the elec

trostatic perturbations (vanishing at the boundary) , provided that 

the component parallel to the magnetic field of either the perturb
ed electric field or of the equilibrium-current density vanishes. 

3
) T.G. Northrop, The Adiabatic Motion of Charged Particles, 

Interscience Publ. (1962). 

3. For thermal plasmas, the density distribution of which has a cut

off in the velocity, as for relativistic plasmas, a discrimination 

between Landau damped waves and the transient connected with the 
cutoff 4

) is only possible in the case of special initial condi
tions5). 

4 ) 0. Bunemann, Plasma Physics, Ed. J. Drummond (London, 1961), 
Chapter X. 

5
) F. Santini and G. Szamosi, Nuovo Cimento 1l (1965) 685. 

4. In a Vlasov plasma with an extreme relativistic Maxwellian veloci

ty distribution 6
)

7
) isolated damped electrostatic waves cannot 

occur; in fact, for any initial conditions, the contribution from 

the Landau poles in the complex-frequency plane then becomes un

distinguishable from the remaining damped transient. 
6

) K. Imre, Phys. Fluids 5 (1962) 459. 
7

) B. Buti, Phys. Fluids~ (1963) 89. 

5. The relativistic damping found by Buti 8
) for a Vlasov plasma is 

meaningless when the elec.tron temperature (measured in units of 

KT) approaches the value rr 2 w 2 m /16k 2 , w being the plasma fre-pe e pe · 
quency and k the wave number. 

8
) B. Buti, Phys. Fluids~ (1962) J. 



6. A recent paper by Valeo, Oberman, and Kruskal 9
) only regards a 

property of large-amplitude steady electrostatic waves, which 
has already been found before 10 ) in a simpler way. 

9 ) E.J. Valeo, C. Oberman, and M.D. Kruskal, Phys. Fluids 
12 (1969) 1246. 

10 ) F. Engelmann, F. Feix, and E. Minardi, Nuovo Cimento 
30 (1963) 830. 

7. In a paper by Miller 11 ) on wave propagation in inhomogeneous 
media wave solutions are described in terms of Bessel functions 

the complex orde~ of which may have opposite signs which were 
associated with. opposite propagation directions. The latter 
distinction is meaningless because it refers to a splitting of 
the total solution which is not unique in the inhomogeneous 
region 12

). 

11 ) G.F. Miller, Phys. Fluids 5 (1962) 899, see page 901. 
12 ) F.W. Sluijter, J.Opt.Soc.Am., to be published. 

8. In the book on Bessel functions by Gray and Mathews 13
) the 

statement on the succession of the real roots of the equation 
J' (x)Y' (px) -J' (px)Y' (x) = 0 (p > 1) n n n n 

is incorrect. 
13 ) A. Gray and G.B. Mathews, A Treatise on Bessel Functions, 

Dover Publ. (New York, 1966), heading (vii), p. 261. 

9. Minardi's claim14
) that the correspondence between his expres

sion (Eq. (5.20)) for the variation of the interchange energy 
and that found from the energy principle 15

) is complete apart 
from a factor 1/2, is false. The correspondence is exact. 

14
) E. Minardi, Physica 38 (1968) 481. 

15
) I.B. Bernstein, E.A.Frieman, H.D. Kruskal, and R.M. 

Kulsrud, Proc.Roy.Soc. (London) A244 (1957) 17. 

10. Unfortunately typical American methods of organizing scientific 
research are suitable neither for European scale nor for that 
of o~e of its nations, such·in view of the actual situation of 
the political powerlessness of the European Communities. 

11. One of the consequences of the recent interplanetary explora
tion is that the Copernican revolution has lost a part of its 

spiritual significance, ·the Ptolemaic conception interpreting 
better the singularity of the earth and the factual isolation 
of man in the Universe. 

F. Santini Eindhoven, 16 december 1969 


