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Samenvatting

Glas wordt gesmolten uit vaste grondstoffen in continue glassmeltovens die verhit wor-

den met behulp van fossiele brandstoffen. De productie van een glassmelt die geschikt

is om glasartikelen te vormen kan worden onderverdeeld in 5 hoofdstappen:

1. Het opwarmen van de grondstoffen, chemische reacties tussen de grondstoffen

waarbij primaire smeltfasen ontstaan en het oplossen van vaste stof restdeeltjes

(zandkorrels) in de smelt;

2. Verwijderen van gassen uit de glassmelt (primair louteren);

3. Opheffen van verschillen in chemische samenstelling in de glassmelt (homogenis-

eren);

4. Oplossen van gasbellen die niet verwijderd zijn tijdens het primaire louterproces

(secundair louteren);

5. Opheffen van temperatuur verschillen in de glassmelt (thermische conditioner-

ing).

Voor al deze processen is het temperatuurniveau waarbij deze processen plaatsvinden

van groot belang. Daarnaast zijn de stroomsnelheden van de glassmelt, de verblijftij-

den in diverse secties van de smeltwan en de chemische samenstelling van belang voor

de glaskwaliteit en het energieverbruik.

Warmteoverdracht naar en in de smelt, de temperaturen en de stromingen in het

glas kunnen worden beschreven met partiële differentiaalvergelijkingen, die behoud

van massa, impuls en energie beschrijven. Voor het oplossen van deze differenti-

aalvergelijkingen wordt de oven opgedeeld in discrete roosterpunten. Met behulp van

gediscretiseerde differentiaalvergelijkingen en randvoorwaarden, kunnen als functie

van de tijdsafhankelijke ingangsvariabelen, temperaturen en snelheden worden berek-

end in de glassmelt. Ingangsvariabelen zijn onder andere fossiele brandstoftoevoer,

electrische energietoevoer, grondstofdebiet en grondstofsamenstelling.

Doel van dit onderzoek is om dergelijke wiskundige modellen (CFD-modellen) toe

te passen om de toestand van het proces te volgen (toestandsobservatie) en de gewen-

ste toestand van het proces te kunnen regelen. Voor het verloop van de genoemde 5
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processen is vooral het temperatuurverloop van groot belang. Derhalve is gekozen voor

het observeren en regelen van temperaturen van het glassmeltproces. Uitgangspunt is

het toepassen van CFD-modellen of afgeleiden daarvan voor het ontwikkelen van een

zogenaamde “observer” en modelgebaseerde temperatuurregelaar.

De genoemde CFD modellen kunnen vrij nauwkeurig stromingsprofielen en tem-

peraturen in de glassmeltwan voorspellen, maar vereisen een lange rekentijd. Daarmee

zijn deze modellen te langzaam om het dynamisch procesgedrag te kunnen volgen.

Van de CFD-modellen kunnen echter snelle simulatiemodellen worden afgeleid door

middel van modelreductietechnieken, die in dit onderzoek zijn ontwikkeld en toegepast.

Het onderzoek heeft het volgende opgeleverd:

• Afleiding van een gereduceerd simulatiemodel voor het schatten van glassmeltem-

peraturen in glasovens op basis van een CFD-model. Hierbij is gebruik gemaakt

van een orthogonale decompositie techniek (POD, “Proper Orthogonal Decom-

position”), toegepast op een verzameling van (CFD) temperatuurprofielen, die

corresponderen met verschillende tijdstippen (snapshots) in een dynamisch ver-

lopend glassmeltproces.

• Ontwerp van een “observer”, die op basis van dit snelle simulatiemodel op ieder

discreet tijdstip niet-gemeten glassmelttemperaturen schat uit gemeten tempera-

turen en bekende variaties in ingangssignalen (zoals brandstofdebiet, electrische

boosting energie) bij aanwezigheid van onbekende storingen en ruis op het pro-

ces;

• Ontwerp van een model gebaseerde regelaar (MPC) die het optimale verloop van

ingangsvariabelen berekent ten einde een gewenst verloop van de glassmelttem-

peratuur te bereiken. item Testen van de observer en MPC in de glasindustrie.

Bij toepassing van de POD techniek worden de temperatuurprofielen berekend door

het originele CFD model voor een eindig aantal tijdstippen. Deze temperatuurprofie-

len worden bepaald als een som van basisvectoren die elk worden vermenigvuldigd

met tijdsafhankelijke coefficiënten. De basisvectoren representeren de

positie-afhankelijke variaties van de temperaturen en de coefficiënten representeren

het tijdsafhankelijk gedrag van het proces. In dit onderzoek is een set van basisvec-

toren met bijbehorende coefficiënten berekend voor “snapshotscollecties” van temper-

aturen in een verwarmde staaf, een demonstratieglasoven, een industriële glassmelt-

feeder en een industriële vlakglasoven (als demonstratievoorbeelden). Vervolgens is
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voor elke van deze toepassingen een zogenaamd ”state space”model afgeleid dat de

relatie tussen het tijdsafhankelijke gedrag van de coefficiënten en het tijdsafhankelijke

gedrag van de ingangsvariabelen beschrijft. Op deze wijze is een model bepaald dat

de temperaturen in alle roosterpunten van het gesimuleerde domein kan voorspellen

waarbij de rekentijden meer dan een factor 10000 korter zijn dan de rekentijd van het

CFD model (zie tabel 1). Dit CFD model rekent in het algemeen ongeveer net zo snel

als het verloop van het glassmeltproces (afhankelijk van de toepassing) zelf.

Voor de genoemde toepassingen (verwarmde staaf, demonstratieglasoven, ver-

pakkingsglassmeltfeeder en vlakglasoven), werd het gereduceerde model gevalideerd

ten opzichte van het CFD model door de tijd-temperatuur curves van het gereduceerde

model te vergelijken met de tijd-temperatuur curves van het CFD-model. Vergelijk-

ing van het CFD-model en het gereduceerde model leert dat de afwijkingen tussen het

CFD-model en het gereduceerde model incidenteel de 10% van het variatiebereik over-

schrijden. De grootste afwijkingen treden op bij pllotselinge veranderingen (demon-

stratie glasoven) in de temperaturen of bij te grote afwijkingen van het werkpunt waar-

voor de modellen zijn afgeleid. De gemiddelde afwijkingen in voorspelde temperatu-

urverandringen door de gereduceerde modellen ten opzichte van voorspelde

temperatuurveranderingen door de CFD modellen worden weergegeven in tabel 2 voor

de beschouwde glassmeltprocessen. Deze afwijkingen zijn berekend voor simulaties

van de genoemde glassmeltprocessen met het CFD-model en het gereduceerde model.

Hierbij werden in beide modellen dezelfde variaties in ingangsvariabelen toegepast.

Het gereduceerde processimulatiemodel kan worden gebruikt on glassmelttemper-

aturen te schatten door dezelfde te meten ingangsvariaties toe te passen op het gere-

duceerde model als op het echte glassmeltproces. Verstoringen en onnauwkeurighe-

den in het model zorgen er echter voor dat afwijkingen ontstaan tussen de door het

model voorspelde glassmelttemperaturen en de metingen. Een zogenaamde oberver

is ontworpen om met behulp van een (gereduceerd) simulatiemodel en on-line meet-

gegevens van maar enkele procesvariabelen en ingangsvariabelen van het proces een

optimale schatting te vinden voor andere (niet gemeten) procesvariabelen. Een veel

toegepaste observer is het Kalman filter, dat kan worden beschouwd als een combi-

natie van het (gereduceerde) simulatiemodel met een terugkoppelmechanisme dat de

model variabelen aanpast zodat het simulatiemodel de metingen volgt. In het stan-

daard Kalman filter, wordt verondersteld dat de verstoringen witte ruis gedrag verto-

nen. Over het algemeen is deze aanname niet juist voor glassmelprocessen waar (zeer)

langzaam variërende verstoringen kunnen optreden (bijvoorbeeld redox variaties in re-
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cyclescherven). In dit onderzoek is het Kalman filter aangepast om bij een brede klasse

van onbekende verstoringssignalen een goede temperatuurschatting te kunnen uitvo-

eren. Met behulp van een demonstratieglassmeltoven is getoond dat deze aanpassingen

van het Kalman filter kunnen worden gebruikt om nauwkeurig temperaturen te schat-

ten (afwijkingen van maximaal 2 graden over een temperatuurbereik van 30 ◦C). Deze

zijn berekend door een CFD model waarop langzaam variërende verstoringen en witte

ruis verstoringen zijn toegepast op de ingangs- en uitgangsvariabelen. De kwaliteit van

het beschikbare CFD model, de gekozen sensorposities en de sensornauwkeurigheid

bepalen de toepasbaarheid van de observer voor glassmeltovens.

Op basis van een gereduceerd model van een industriële verpakkingsglasfeeder

zijn twee algorithmes voor optimale sensorpositionering getest. Algorithme 1 is

gebaseerd op de mate van observeerbaarheid van de procesvariabelen als criterium

voor de set van sensorposities. Algorithme II is gebaseerd op de verwachte prestaties

van het te ontwerpen Kalman filter (verwachtingswaarde van schattingsfout). Met

beide algorithmes werd een set van tien sensorposities berekend. Op basis van deze

sensorposities werden Kalman filters ontworpen voor verschillende eigenschappen van

de onbekende verstoringen. Vervolgens werden met deze Kalman filters schattingen

gedaan van temperaturen in een gesimuleerde feeder. De set van sensorposities die

wordt berekend door algorithme II resulteert in de kleinste som van kwadraten van de

schattingsfouten voor alle beschouwde Kalman filters.

Het onderzoek heeft aangetoond dat gereduceerde modellen kunnen worden

toegepast in een regelsysteem voor glassmeltprocessen. Deze modellen zijn gebaseerd

op CFD beschrijvingen van het proces. De MPC (Model Predictive Control) strategie

gebaseerd op gereduceerde modellen is gedemonstreerd voor de temperatuurregeling

in een verwarmde staaf. MPC is een regelstrategie die gebruik maakt van een wiskundig

model om de toekomstige veranderingen van relevante procesvariabelen te voorspellen

en om de optimale variaties van de ingangsvariabelen te berekenen zodat de geregelde

variabelen (bijv. glassmelttemperaturen) dicht bij een gewenste waarde blijven. Om

dit te bereiken minimaliseert de regelaar een kwadratische functie (“kostenfunctie”)

van de volg fout (verschil tussen proceswaarde en gewenste waarde). Uit een analyse

van de kostenfunctie die gebaseerd is op het originele gedetailleerde CFD model en

de kostenfunctie die gebaseerd is op het gereduceerde model blijkt dat de verschillen

tussen deze twee kunnen worden uitgedrukt in de vorm van modelreductiefouten.

Aangezien deze fouten afhankelijk zijn van de toegepaste ingangssignalen is het aan-

nemelijk dat het verschil tussen de beide kostenfuncties kleiner wordt als het gere-
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duceerde model geoptimaliseerd wordt voor ingangssignalen die worden gegenereerd

door de regelaar. Simulatie van temperatuurregeling in een industriële feeder laat

zien dat de prestaties van de regelaar (uitgedrukt als de som van kwadraten van de

volgfouten) niet meer significant toenemen bij grotere aantallen basisvectoren dan 8,

terwijl bij simulatie in open loop (ongeregeld) de nauwkeurigheid significant blijkt toe

te nemen totdat het aantal van 18 basisvectoren is bereikt.

Tabel 1: Rekentijd ten opzichte van echte procestijd.

Toepassing Rekensnelheid ten opzichte van procestijd

Demo Oven 75000 x

Verpakkingsglasfeeder 17000 x

Vlakglasoven 260000 x

Tabel 2: Nauwkeurigheid van POD gebaseerde gereduceerde modellen t.o.v.gedetailleerd CFD

model

Toepassing Gemiddelde afwijking Temperatuur bereik

Demo Oven 0.5◦C 9◦C
Verpakkingsglasfeeder 2◦C 25◦C
Vlakglasoven 0.6◦C 6◦C

De toepassing van gereduceerde processimulatie modellen is gedemonstreerd voor

de praktijk op 2 processen:

• Een industriële verpakkingsglassmeltfeeder (MPC);

• Een industriële vlakglassmeltwan (Observer);

De gereduceerde modellen zijn afgeleid van gedetailleerde CFD simulaties voor de

bepaling de

tijdsafhankelijke procesvariabelen in de glassmelt bij veranderende ingangsvariabelen

en gemeten verstoringen. Het is aangetoond dat de gereduceerde modellen voor tijd-

safhankelijk veranderingen temperatuur als functie van variaties in ingangsvariabelen

en gemeten verstoringen geschikt is voor toepassing in MPC. De toepassing van MPC

gebaseerd op POD is gedemonstreerd voor een industriële feeder van een verpakkings-

glasoven. De temperatuur regelaar was in staat om de vroegere standaarddeviatie van

de gemiddelde temperatuur aan het eind van de feeder te reduceren van 1 ◦C tot 0.25
◦C bij verschillende procescondities. De POD gebaseerde MPC is getest over een
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groot werkgebied bij belastingsvariaties van de feeder van 85 ton/dag tot 137 ton/dag

en temperaturen van 1152 ◦C tot 1199 ◦C. Bij alle genoemde werkpunten bleek een de

reductie van de standaarddeviatie tot 0.25 ◦C mogelijk te zijn. De conclusie is dat de

POD gebaseerde MPC over een groter werkgebied kan worden gebruikt dan de huidige

toegepaste technologie (MPC gebaseerd op black box input/output modellen die zijn

afgeleid louter van meetdata).



Summary

Many types of glass (like container glass, TV panel glass, float glass, fiber glass, etc.)

are produced in continuous glass melt tank furnaces. Raw materials (for instance sand,

soda, limestone, recycled cullet and other additives) are continuously charged onto the

glass melt to form a so called batch blanket. They react and dissolve to fuse into a

glass melt, which initially contains large quantities very small glass bubbles (seeds).

Furthermore, the glass melt contains solid rest particles that have not yet dissolved

(mainly sand particles). Production of a glass melt that can be used to form glass

products mostly involves five main steps:

1. Fusion of raw materials and dissolution of rest particles (sand particles) in the

melt;

2. Removal of gases (bubbles and dissolved gases) from the glass melt (primary

fining);

3. Leveling out of composition differences in the glass melt (homogenisation);

4. Dissolution of gas bubbles that were not removed during primary fining (refin-

ing);

5. Leveling out of temperature differences in the glass melt (thermal conditioning).

Each of these five process steps depends on the glass melt temperature, velocity, chem-

ical composition and the residence time distribution of the glass in the glass melting

tank. Computational fluid dynamics (CFD) and thermodynamic models can be used

to simulate glass melt temperatures, velocities and chemical composition as a function

of time and position from a given furnace geometry, composition of raw materials,

refractory properties, (time varying) boundary conditions, etc. These models are able

to estimate rather accurately the flow patterns and temperatures in glass melting tanks,

but they require a large computation time and these models are too slow for following

the dynamics of the actual process.

The objective of this thesis is:
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To develop and test a strategy for estimation and control of glass melt temperatures

in glass melting tanks and glass melt feeders based on fast reduced computational fluid

dynamics models.

In the developed strategy and method the following steps are taken:

• Derive a fast temperature simulation model from a CFD model using the proper

orthogonal decomposition (POD) of a collection of time samples of the temper-

ature profile (called snapshots) during a simulated dynamic process evolution

• Design an estimator/observer which estimates unmeasured glass melt tempera-

tures from measured temperatures and known input variable variations (such as

fuel flow rate, electrical boosting power)

• Design a model predictive controller, which calculates the optimal time evolu-

tion of the input variables in order to let the glass melt temperatures behave in a

desired way.

In the Proper Orthogonal Decomposition (POD) technique the temperature pro-

files (temperatures in grid points of the finite volume grid) that are calculated by a

CFD model at a finite number of time instants are expressed as a sum of basis vec-

tors each of which is multiplied by a time dependent coefficient. The basis vectors

represent the spatial variations of the temperature and the coefficients represent the

time dependent behaviour. In this study a set of basis vectors and a corresponding

set of coefficients is calculated for a set of temperature snapshots of a heated bar, a

demonstration glass melter, an industrial glass melt feeder and an industrial float glass

melter. Next, for each of these applications a black box model is calculated which

models the relation between the time dependent behaviour of the coefficients and the

time dependent behaviour of the input variables. Given the input variable variations,

the reduced model can calculate the time dependent behaviour of the temperature pro-

file more than 10000 times faster than the CFD model (see table 3). The CFD model

is almost as fast as real time for a glass melt tank. For the mentioned applications the

reduced model was validated with respect to the CFD model by comparison of the

time-temperature plots of the CFD model and the reduced model. From the validation

simulations it turns out that average relative differences (relative to the range of vari-

ation) between temperatures predicted by the CFD model and temperatures predicted

by the reduced model all are 10% or less. Time-temperature plots show that the re-

duced model predicts the temperature variations well except for the peak values. The
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estimation errors at sharp peak values may prevent fast control. The average deviations

between temperature predictions by the reduced model and temperature predictions by

the CFD model are given in tabel 4.

The reduced simulation model can be used to estimate glass melt temperatures by

applying the same time varying input variables to the reduced model as to the real

process. However, disturbances and model uncertainties cause the model estimates to

deviate from the real process values. Therefore, an estimator (or observer) is designed

which uses a limited set of measured temperatures besides the known input variables

and the reduced model to estimate unmeasured temperatures. A well known estimator

is the Kalman filter which can be considered as a (reduced) model with a feedback

mechanism that adjusts the model variables such that the model output tracks the

measured temperatures. In the standard Kalman filter the disturbances that act on the

process are assumed to be white (the time samples are mutually independent) and all

disturbances are assumed to be normally distributed at each time step. This means that

slowly varying disturbances and fast varying disturbances are equally important. Usu-

ally, these assumptions are not valid for glass melting processes where slowly varying

disturbances (like redox variations of recycled cullet) are more important. In this study

the Kalman filter is extended to improve the estimation of glass melt temperatures in

the presence of unknown slowly varying disturbances and model uncertainties. By the

simulation example of a demonstration glass melting tank it is shown that such exten-

sions of the Kalman filter based on a reduced CFD model can be used to accurately

estimate glass melt temperatures that are predicted by a CFD model with disturbances

added to it. Whether estimation of glass melt temperatures can be estimated in prac-

tice largely depends on the accuracy of the CFD model, on sensor positions and on

sensor accuracy.

Two algorithms for optimal sensor placement were tested on the reduced CFD

model of an industrial glass melt feeder. The first algorithm (algorithm 1) uses the

observability of process variables as a criterion for the quality of the set of sensor

positions. The other algorithm (algorithm 2) calculates the set of sensor positions

which results in the best Kalman filter performance. Both algorithms were applied to

calculate ten sensor positions. On the basis of these sensor positions, Kalman filters

were designed for different properties of the unknown disturbances. The resulting

Kalman filters were used to estimate temperatures in a simulated feeder. The set of

sensor positions that is calculated by algorithm 2 results in a lower sum of squared

estimation errors for all considered Kalman filters.
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The reduced CFD models are suitable for application in a control system for glass

melt processes. The methodology of model predictive control (MPC) based on a re-

duced CFD model is demonstrated for the control of the temperature profile in a heated

bar. Model predictive control is a control strategy that involves the use of a model to

predict the future behaviour of the process variables and to calculate optimal input

values in order to keep the controlled variables (e.g. glass melt temperatures) close

to a reference (a set point or a predefined trajectory). To this end, a model predictive

controller minimises a quadratic function of the tracking error (difference between

obtained temperature and desired temperature), called the cost function. From an

analysis of one control objective (cost function) based on the CFD model and one

cost function based on the reduced model it follows that the differences between the

cost functions can be expressed in terms of the model estimation errors with respect

to the CFD model that result from the model reduction. Since the model estimation

errors depend on the input variations it follows that the differences between the CFD

based control objective and the reduced model based control objective may become

smaller if the reduced model is optimised for the input signals that are calculated by

the controller. Simulation of a temperature controller in an industrial container glass

feeder shows that the controller performance (expressed as the sum of squares of the

tracking errors) does not improve significantly with increase of the number of basis

vectors above 8 while in open loop simulation the accuracy still increases up to 18

basis vectors.

The application of reduced process simulation models, derived from a CFD model

using POD reduction of datasets (snapshots) and a subspace identification algorithm,

has been demonstrated for two cases:

• An industrial glass melt feeder (MPC);

• A float glass furnace (Observer).

The reduced models are derived from detailed CFD simulations of time dependent

process variables in the processes during changes of input variables and measured

disturbances.

It has been shown that the reduced model for temperature estimation as function

of changes in process input variables and disturbances is also suitable for model based

predictive control (MPC). In MPC the reduced model was used to predict the fu-

ture time dependent behaviour of measured glass temperatures and to find the optimal

process input values to keep this time dependent behaviour close to or on the set point.
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This has been demonstrated for a glass melt feeder in practice in the container glass

industry. The process (temperature) controller was able to reduce the standard devia-

tion of the average temperature in the glass melt in the last feeder zone from about 1◦C

(without MPC) to 0.25◦ (with MPC) for required steady state conditions. The POD

based MPC is tested over a large operating range from 85 tons/day to 137 tons/day. In

five operating points a reduction of the standard deviation to 0.25 ◦C was achieved.

Using the controller, during a job change with a change in pull rate from 137 tons/day

to 100 tons/day the average temperature was transferred from the old set point (1152
◦C) to the new one (1173◦C) within two hours. The conclusion is that the POD based

MPC can be applied over an operating range that is larger than the operating range that

is covered by currently applied MPC technology in the glass industry which is based

on the use of black box models derived from measurement data.

Tabel 3: Computation speed w.r.t. real time. N = number of grid cells, t100 = computation time

for 100 time samples, ∆t = sample time

Application Rel. comp. speed N ∆t t100
Demo Furnace 75000 11628 1 min 0.08 s

Container glass feeder 17000 71442 1 min 0.35 s

Float glass furnace 260000 252960 50 min 1.16 s

Tabel 4: Accuracy of POD based reduced models w.r.t. CFD model

Variable Average relative error Temperature range

Demo Furnace 0.5◦C 9◦C
Container glass feeder 2◦C 25◦C
Float glass furnace 0.6◦C 6◦C
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1
Introduction

1.1 The glass melting process
1.2 Motivation and objectives

1.3 Organization of thesis

1.1 The glass melting process

Many types of glass (like container glass, TV panel glass, float glass, etc.) are pro-

duced in continuous glass melting furnaces. Raw materials (for instance sand, soda,

limestone, recycled cullet and other additives) are continuously charged onto the glass

melt to form a so-called batch blanket. They react and dissolve to fuse into a glass
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Figure 1.1: Schematic representation of a cross section of a continously operating glass melting

furnace. The arrows indicate a typical flow pattern for the molten glass: Preferably

two recirculation loops meet in the middle of the furnace (hot spot) where the glass

rises to the surface (spring zone).
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melt. Initially, the melt contains large quantities of very small gas bubbles. Besides

chemical reactions, dissolution of sand grains and removal of gases, homogenisation

and thermal conditioning (leveling out of composition and temperature differences)

of the resulting glass melt takes place in the same tank. A sketch of a glass melting

furnace is given in figure 1.1.

Industrial glass melting of most glass types involves five main steps:

• fusion of raw materials and dissolution of rest particles (sand particles) in the

melt,

• primary fining (removal of bubbles from the glass melt),

• homogenisation (the leveling out of composition differences in the melt)

• refining (dissolution of small bubbles that were not removed during primary

fining),

• thermal conditioning of the glass (the leveling out of temperature differences in

the glass, mainly in the feeder).

These five processes all depend on glass melt temperatures, glass melt velocities

(flow patterns), chemistry of the glass melt and residence time distributions.

Individual bubbles each need sufficiently high temperatures (>1400 ◦C) for suffi-

ciently long times (several hours) to be removed. Furthermore, concentrations of gas

forming species must be sufficiently high (extra gases are formed by means of chem-

ical decomposition of a fining agent, e.g. Na2SO4) in order to let the bubbles grow

and let dissolved gases migrate into the bubbles. Sand grains or silica/alumina rich

raw materials require certain times and temperature levels for complete dissolution.

Critical paths with either relatively low temperatures or residence times determine fin-

ing and melting quality. Homogenisation depends on the intensity of convection in

the glass melt and on temperature, since the diffusion coefficients increase with tem-

perature and viscosity decreases with temperature. For refining it is important that

the temperature gradually decreases along the paths that the bubbles follow through

the refiner and the feeder. Glass melt viscosity and radiative heat transfer of the glass

(glass colour) depend on glass melt temperatures and the chemistry of the glass, that

is, concentrations of reacting chemical components and the redox state of the glass

melt.
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The quality of the above mentioned processes depends on the temperature, com-

position and velocity profiles in the glass melt, and these conditions can partly be

controlled by adding energy to the melt or changing the batch composition. Chemical

endothermic reactions, dissolution processes and heating up of raw materials in the

batch blanket take approximately 75 - 90 % of the net energy supplied by the combus-

tion process to the glass melt. The remaining part of the supplied energy is used to

heat up the glass melt in order to initiate the fining process and to drive the recircu-

lation flows. In the refiner the glass starts to cool down and residual gas bubbles may

dissolve1 in the glass melt. From the refiner, the glass melt flows into feeder channels

(for most glass furnace types) where the glass gradually reaches the exit temperature.

The required energy can be transferred to the glass melt by radiative heat transfer

from flames of the fossil fuel burners positioned above the glass melt (mainly radiative

heat transfer), by boosting electrodes put in the melt through the walls or the bottom of

the melter (heat dissipation of electrical currents in the melt). Data usually measured

and monitored are bottom temperatures (often measured in the refractory bricks at

the bottom), crown temperatures, furnace pressure, glass melt level and qualitative

information (e.g. batch blanket position) observed through cameras or peepholes. The

aggressive glass melt makes it hardly feasible to perform inline measurements in the

glass melt. In feeders temperature measurements in the glass melt are feasible because

of the lower temperatures.

A glass furnace control system uses the measured data (often temperatures) ob-

tained from the melter or feeder to determine the appropriate steering signals that are

to be sent to the actuators (devices through which the steering signals are physically

applied to the process) like the boosting electrodes or the fuel flow rate controller. This

thesis discusses control system design for temperature control in feeders and a glass

melting tanks.

1.2 Motivation and objectives

1.2.1 Related work

Traditionally, continuously operating glass melting furnaces are manually controlled

by human operators. Manipulated variables like fuel flow, air/fuel ratio and electri-

1Gas species in the remaining bubbles have increasing solubility in the glass with decreasing temperature
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TI TITITITI

FCFCFCFCFC

Furnace

Operator

Figure 1.2: Schematic view of manual control of the glass furnace. The local controllers are

automatic (typically PI controllers) and control the fuel flow rate (FC = flow con-

troller). Setpoints for these controllers are set manually based on temperature mea-

surements (TI = temperature indicator).

cal boosting power are often still adjusted manually to keep bottom temperatures and

crown temperatures at their desired values (figure 1.2). Rao concluded in his survey

paper [62] on automatic control in the glass industry from 1961 to 1973 that ‘glass

making was still considered to be an art’. Since then we can say that among oth-

ers, first principles based mathematical modeling, experimental research on physics

and chemistry of glass melting processes and automatic control (especially control of

melting tank crown and bottom temperatures and feeder control) have shifted glass

making from an art toward a technology.

As pointed out in the previous section, glass melt temperatures, chemical species

concentrations and velocity profiles determine the quality of melting and condition-

ing of the glass melt, but most of these variables are not directly measured. In the

past decades several researchers ([11], [69], [76]) have recognised this and developed

detailed first principles based simulation models to simulate the effects of process

settings on the actual behaviour of physical and chemical glass melt variables, such

as glass melt temperatures and velocities. These models have evolved in accurate

tools to model temperature, velocity and redox (as a function of time and position),
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colour changes, sand grain dissolution, bubble behaviour along their paths, residence

time distributions, and melting and fining index distributions2. Parameter case studies,

such as examination of changes in geometry or process settings, using these simula-

tion models provided researchers and glass manufacturers with knowledge needed to

change the furnace designs and steady state settings of fuel input and batch composi-

tion of glass melting furnaces in a beneficial direction.

Next to the developments in mathematical modeling, automatic control applica-

tions for glass melting furnaces were developed and tested. At the time Rao wrote his

survey paper only local controllers, such as fuel flow rate PID controllers were imple-

mented without proper tuning based on the dynamic characteristics of the process.

In the eighties and nineties several control applications ([18], [35], [78], [79], [80],

[81], [82]) were reported for melting furnaces and feeders, using dynamic simulation

models. Some of the authors ([35], [43], [80], [81], [82]) use an adaptive control

scheme. Each controller has some parameters, called tuning parameters, that deter-

mine the behaviour of the controller (that is the relation between measured outputs

and steering signals (inputs)). In normal PID controllers these tuning parameters are

tuned once when the controller is implemented. In an adaptive controller, because the

glass melting furnace behaviour is non-linear (e.g. because glass melt properties such

as the viscosity is not constant but depends on temperature) the controllers tuning pa-

rameters are adapted automatically on-line instead of kept constant as in a traditional

PID controller.

More recently applications of model predictive control (MPC, see [61] for an

overview) appear in the literature ([8], [57], [78], [79]). Wassink [79] reported the

use of models derived from detailed first principles models in a model predictive con-

troller. In his approach tests to obtain data for the used black box controller model

were done with a computational fluid dynamics model of the glass melting furnace

rather than on the actual furnace. Where in all other reported methods extensive tests

on the furnace were necessary to obtain enough data over a small operating range, in

Wassink’s work a large operating range could be covered with the detailed simulation

model.

2Melting and fining indices are discussed in more detail in chapter 2
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1.2.2 Objective of this research program

This PhD study is performed in the framework of a Dutch research program called

EET-REGLA (2000-2004). The objective of the project REGLA is the development

of an advanced control strategy for glass melting processes using (new) sensors for

measuring chemical and physical state variables and applying reduced first principles

process simulation models. Reduced first principles models are mathematical models

that are derived from complex first principles models (such as computational fluid

dynamics models) but which have lower complexity and require less calculation time.

The objective of the research described in this thesis (a sub-project of REGLA)

can be formulated as:

Develop and test a strategy for estimation and control of glass melt temperatures in

industrial glass melting tanks and glass melt feeders based on reduced computational

fluid dynamics models.

1.2.3 Description of the control objectives

As mentioned in section 1.1 different types of glasses and glass products are produced

by means of continuous glass melting furnaces and the control objectives may dif-

fer between the various glass types. TV panel glass manufacturers have high quality

standards with respect to seeds, blisters cords or other impurities that may lower the

optical quality of the TV screen while container glass manufacturers put more empha-

sis on energy consumption minimisation, production capacity maximisation, strength

of the bottles and extension of the furnace lifetime. All glass melting processes have

to be operated within constraints with respect to safety and emissions of pollutants

like NOx or to avoid contamination of the glass melt. These objectives and constraints

result in requirements for temperatures, velocities (flow patterns) and chemical species

concentrations (e.g. of the fining agent) in the glass melt. From a control point of view

it is important to distinguish between two different operating conditions:

• The furnace is operated in a single operating point while the controller min-

imises the effects of disturbances like batch contamination, air leakage, at-

mospheric variations and fuel quality changes.

• The furnace settings are moved from one operating point to another. Market

demands determine the fabrication of certain product types and production ca-
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pacities each product with typical physical properties like weight or colour. A

change of product causes a change in operating point

For both types of control tasks, the structure depicted in figure 1.3 is used. Five

types of variables that may be presented in general vector3 valued functions of time t,

can be distinguished in this block diagram:

w(t) = measured disturbance z(t) = controlled variables

u(t) = input signal x̂(k) = estimate of x(t)
d(t) = unmeasured disturbance y(t) = measured outputs

x(t) = state of observer model ẑ(t) = estimate of z(t)

w(t)

u(t)

x̂(t)
ẑ(t)

d(t)

y(t)

z(t)

Set points for z(t)

Controller

Observer

Glass melting
furnace

Figure 1.3: Control scheme used in this thesis. Note that the vector z (t) may contain elements

of y (t) and that y (t) may contain elements of z (t).

1. Inputs u ∈ R
nu : Variables that are manipulated (can be changed) to control the

process. Examples: Fuel flow rate, electrical boosting power, batch composi-

tion.

2. Disturbancesw ∈ R
nw and d ∈ R

nd : Variables that influence the glass melting

process but cannot be manipulated. Some of the disturbances are measured

(w (t)) and others are not (d (t)). Examples: Batch contamination, Fuel quality.

3Variables that fall in one of the five mentioned categories are elements of the vector corresponding to

that category. For instance, the fuel flow rate and the electrical boosting power (as functions of time) are

elements of the input vector u (t) and nu is the number of inputs and hence the length of the vector u (t).
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3. Measured outputs y ∈ R
ny : Measured variables that can change as a conse-

quence of changes in the inputs or the disturbances. Examples: Bottom temper-

atures, furnace pressure, glass melt level.

4. Controlled outputs z ∈ R
nz : Variables that have to be controlled by changing

the inputs. Examples: Energy consumption, hot spot temperature, bottom tem-

peratures. In this thesis the (measured or modeled) temperatures in the glass

melt and the inputs4 are chosen as the controlled variables.

5. State variables x ∈ R
nx : “Internal” process variables that determine the state

of the process. If all state variables are known the future behaviour of the con-

trolled outputs, z (t), can be predicted from these state variables if the present

and future inputs and disturbances were known. The effects of past inputs and

disturbances are “stored” in the values of the present state variables. Examples:

Temperature fields, velocity fields, pressure fields. In practice the elements of

the state vector x (t) are chosen based on assumptions and the scope of a math-

ematical model that is used for the process (The state could be one average

temperature for the entire glass melting tank (nx = 1) or the state vector could

consist of all energy states of all individual molecules in the system, to name

two extremes). In this thesis the state vectors that will be used correspond ei-

ther to a CFD model or a so-called reduced model that is derived from the CFD

model:

• CFD model: In case of CFD models that are used in this thesis the ele-

ments of the state vector will generally be the temperatures, velocities and

pressures in predefined grid points.

• Reduced model: The reduced model has a reduced state vector xred ∈
R

nx,red : The state vector x in a CFD model consists of a large number of

variables (nx ∼ 105) and equally many mathematical model equations are

needed to simulate or predict the dynamics of these variables and hence of

the controlled outputs z (t). However, the state variables have a strong de-

pendency. A grid point temperature cannot change independently from its

neighbouring grid point temperatures. Model reduction will be referred

to as the task of finding a small set of state variables xred and a corre-

sponding set of model equations, such that given the reduced state vector

4By including the input variables in the set of controlled variables a trade of can be made between

performance and robustness. This will be discussed in further detail in chapter 5
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xred and the future inputs and disturbances the controlled outputs z (t)

can be predicted sufficiently accurate. In this case the state vector does

not correspond to physically measurable quantities.

Observer

An observer ([40], [47]) or soft sensor estimates a set of non-observed (not measured)

variables (z (t) and x (t) or xred (t)) from observed variables u (t), y (t) and w (t)

on the basis of a mathematical model at a certain time t. These estimates are called

ẑ (t) and x̂ (t) or x̂red (t). The state vector x (t) or xred (t) is estimated and fed to

the controller, thus informing the controller about the current state of the process. The

vector of controlled variables z (t) is only estimated by the observer if it contains

elements that are not measured (e.g. a hot spot temperature). Then it is necessary

to estimate z (t) to monitor the controller performance (difference between estimated

z (t) and required z (t)).

Controller

Given an estimate of the current state, x̂ (t) or x̂red (t) (from the observer), and a

(reduced) mathematical model, a controller calculates input signals such that require-

ments on the controlled variables z (t) (if z (t) can be measured) or ẑ (t) are met. All

the time (using small time steps) the actual state is compared to the required state and

input variables are adjusted to keep the actual state as close as possible to the required

state in order to keep the controlled variables z (t) (or ẑ (t)) as close as possible to a

preferred trajectory.

Reduced model

Both the observer and the controller need a mathematical model. In the observer this

model must be able to simulate the process at least as fast as the real process itself.

In the controller the model is used to find the inputs that result in optimal process

behaviour, for instance a certain course of all relevant process variables. As a rule of

thumb the controller process simulation model must be able to simulate at least 100

times faster than the real process.

The computational fluid dynamics (CFD) model used here, the applied glass tank

model (GTM), is too complex for these purposes, because for many practical appli-

cations typically 105 − 106 often non-linear equations have to be solved. Therefore,
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reduced models (which consist of less equations that have to be solved) are derived

from the CFD model.

1.2.4 Motivation

Reduced first principles models

A combination of reduced process simulation models (derived from rigorous first prin-

ciples based simulation models that are validated with respect to the real glass melting

process) and short furnace tests could deliver accurate models that can be used in con-

trol applications. In glass melting processes, chemical (e.g. oxidation state changes,

decomposition reactions) and physical phenomena (e.g. bubble ascension, mixing,

sand grain dissolution, heat transfer) take place at different time scales. Bottom tem-

peratures, for example, need many hours before reaching a steady state if the fuel

flow rate is changed stepwise, whereas the measured crown temperatures typically

reach a steady state at 10 − 20 minutes. Slow phenomena like heating up the melt-

ing tank bottom are referred to as slow dynamics. By using first principles models

for the slow dynamics of the glass melt very long and expensive furnace tests can be

avoided. These tests are needed to obtain data that would be used to fit a black box

model. On the other hand short furnace tests can yield sufficient data to model the

fast dynamics that may be difficult to model from first principles [7]. In the approach

described in this thesis reduced models are derived from detailed first principles mod-

els using proper orthogonal decompositions, POD ([4], [5], [33], [77]), to describe the

glass melt temperature, velocity and chemical species concentration behaviour. These

reduced models simulate the temperature, for example, as a function of time and po-

sition faster but also less accurate than the original detailed simulation model. The

use of these reduced models in the control strategy has the following advantages when

compared to approaches in the mentioned publications:

• For the slow dynamic behaviour of the glass melt temperatures, velocities and

chemical species no long term tests are necessary on the glass melting furnaces.

These tests would be necessary to obtain data for black box modeling.

• The reduced models describe the dynamic behaviour of the glass melt tempera-

tures, velocities and chemical species as a function of time and position instead

of dynamic temperature behaviour of bottom temperatures only. Therefore, the

models can also be used to estimate variables that cannot be measured.
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• The detailed process simulation model can usually cover a broader furnace op-

erating range than tests on the real furnace. Tests interfere with the normal

production process so freedom in testing is limited. As a result the validity

range of the derived reduced models is wider than the models that were used

in the previous approaches. A requirement for this that the computational fluid

dynamics (CFD) models are validated with respect to the real process.

The model reduction method developed and used in this work are derived us-

ing simulation data from a computational fluid dynamics model, the TNO glass tank

model (GTM). The model reduction method consists of four steps, which will be ex-

plained in detail in chapter 4:

1. Simulation of the glass melt with the computational fluid dynamics model to

generate snapshots (samples at different time instances, tk) of simulated tem-

perature fields, velocity fields and pressure fields in the glass melt. The inputs

of the CFD model (fuel flows rate, boosting power, pull rate) are varied such

that the characteristics of the glass melting tank or feeder are captured in the

snapshots.

2. Calculation of a small number n (typically less than 20) of so-called basis func-

tions of position ξ, {ϕi (ξ)}ni=1 that are used to represent the spatial variations

of these fields in a convenient way. Each of the snapshots can approximately

be written as a sum of these n basis functions each multiplied by a correspond-

ing coefficient ai (tk). This time dependent coefficient ai (tk) represents the

contribution of the basis vector ϕi (ξ) to the total sum.

3. Calculation the n time dependent coefficients that correspond to the snapshots

of the temperature, velocity and pressure fields that were generated in the sim-

ulation. This results in a set of snapshots of the coefficients that represents the

time dependent behaviour of the temperature, velocity and pressure snapshots.

4. Development of a black box model, which describes the relation between the

input variables (such as fuel input, electrical boosting power, etc.) and the coef-

ficients ai (tk).

Another approach is developed in a related PhD study of P. Astrid [3]. In this

step the set of model equations (whose solutions are temperature, velocity and pres-

sure fields) that are solved in the CFD model are projected onto the n basis functions
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(Galerkin projection) to obtain n model equations that describe the time dependent

behaviour of the coefficients. The resulting equations are linear combinations of the

original CFD model equations. In that method [3] the non-linearities present in the

CFD model equations (e.g. viscosity depends on temperature) are maintained in the

resulting reduced model (the set of n model equations describing the time dependent

behaviour of the coefficients).

Therefore, Astrids method yields models that are applicable over a wider operating

range (e.g. with large pull variations or colour changes of the glass) than the models

developed in this thesis. On the other hand, the linear models discussed in this thesis

are able to simulate the time dependent behaviour of the variables (in this thesis only

temperature fields) faster than in Astrids method.

Estimation of process variables

First principles based simulation models can be used for on-line estimation of vari-

ables that are not measured in an observer or soft sensor. An observer of soft sen-

sor estimates unmeasured variables such as the glass melt temperature profile in the

melting tank or feeder from the measured outputs, such as crown temperatures and

bottom temperatures on the basis of a simulation model. In such an observer sim-

ulation model runs in parallel with the real glass melting process, that is, the input

signals that are applied to the real glass melting process are also applied to the simula-

tion model. Based on the observed differences between the simulated outputs and the

real measured outputs (estimation error) the variables in the simulation model (state

variables5) are corrected6. The observer can be used for monitoring of the glass melt

temperatures, identification of critical regions or flow paths, say cold spots or shortcut

flows, in the furnace and for generation of soft ‘measurements’.

Model predictive control (MPC)

A model predictive controller minimises a “cost function”, defined by the user, that

may represent used fuel, used electrical boosting energy, amount of waste product or

differences between controlled temperatures and their set points (tracking error), de-

pending on the application. The predicted time evolution of this cost function depends

on to be applied future inputs and the corresponding predicted future outputs. The

5See section 1.2.3
6This will be explained in detail in chapter 4
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model predictive controller searches the optimal future inputs within other constraints

and boundary conditions that minimise the predicted value of the cost function. The

controller searches a set of inputs that satisfy constraints on process variables like

maximum fuel flow rate or minimum and maximum crown temperatures.

1.3 Organization of thesis

In this chapter the objective of the research described in this thesis was addressed:

Develop and test a strategy for estimation and control of glass melt temperatures in

glass melting tanks and glass feeders based on reduced computational fluid dynamics

models.

In the next chapter the glass melting process is described. In that chapter the sig-

nals that were discussed in section 1.2.3 will be specifically described for the glass

melting processes discussed in this thesis: Melting tanks and feeders. Furthermore,

two types of mathematical glass tank model techniques are described briefly: CFD

modeling and black box modeling. The discussion on the glass melting process and

glass melt quality is followed by an introduction to existing technology that will be

used in this thesis. Chapter 4 describes the model reduction method that is used in

this PhD research, Proper Orthogonal Decomposition (POD), to derive fast simula-

tion models from CFD models. Next, Chapter 5 discusses estimation of unmeasured

process variables through an observer. In chapter 6 model predictive control will be

explained and the relation between reduced model complexity and controller perfor-

mance for an industrial glass feeder model will be discussed. Three applications will

be discussed in chapter 7:

1. Industrial container glass feeder: model reduction, validation with respect to

the CFD model, estimation and model predictive control of glass melt tempera-

tures in simulation on the CFD model and experimental validation of the model

predictive controller.

2. Industrial float glass furnace: Model reduction, estimation of unmeasured tem-

peratures validated in simulation and with experimental data.

Finally, conclusions and directions for future work will be given in chapter 8.
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CFD model

(calculates temperatures

velocities and pressures)

Snapshots

(here only temperature)

chapter 4

Reduced model

(calculates temperatures)

chapter 4

Observer/soft sensor

(calc. unmeasured temperatures

from measurements)

chapter 5

Model predictive controller

(calc. optimal steering signals)

chapter 6

Figure 1.4: Steps that are taken to design a control system.

1.3.1 Help for the reader

Chapters 2 and 3 are included to introduce the reader to the material that is treated in

the chapters 4,5 and 6. Glass technology scientists will find the material in chapter

2 familiar whereas readers from control engineering may have the same experience

when reading chapter 3.
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2.5 Summary

This chapter discusses the glass melting process. In chapter 1 it was pointed out

that the quality of glass melting largely depends on five processes that take place in

the glass melt:

• Melting,

• Fining,

• Homogenisation,

• Refining,

• Thermal conditioning.

In their turn these processes depend on glass melt temperatures, velocities (flow

patterns), the chemistry of the glass and residence time distributions in the melting

tank. In the next section the five mentioned processes will be described in some more

detail to motivate the choice for glass melting temperature as the controlled variables.

Next, the signals by which a control system may communicate with the glass melt-

ing process. As illustrated in figure 2.1 and discussed in section 1.2.3 a number of

signals can be distinguished that either enter the glass melting process (inputs u (t)

and disturbances w (t) and d (t)) or are observed from it (measured outputs y (t)).

First, quality of glass melting will be discussed. This discussion will be concluded

with a motivation for control of glass melt temperatures and with an outlook to control

of other glass quality variables. Then, the nature of the input, output and disturbance

signals are discussed as well as the way in which they are applied to or observed from
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the glass melting process. Finally, mathematical models describing the relations be-

tween the input signals (e.g. fuel flow rate as a function of time) and the glass melt

temperatures are considered.

elocities

w(t) = measured disturbance z(t) = controlled variables

u(t) = input signal x̂(k) = estimate of x(t)
d(t) = unmeasured disturbance y(t) = measured outputs

x(t) = state of observer model ẑ(t) = estimate of z(t)

w(t)

u(t)

x̂(t)
ẑ(t)

d(t)

y(t)

z(t)

Set points for z(t)

Controller

Observer

Glass melting
furnace

Figure 2.1: Setup of the strategy. This chapter focusses on the glass melting process

2.1 Quality of glass production

For the quality of glass products mainly five processes that take place in the furnace

are important ([12]). These processes are discussed in this section.

Melting

As the raw materials in the batch blanket are heated up, they finally fuse into a glass

melt. Chemical and physical processes that take place in the raw materials batch are

described in [75] and [45]. Some of the raw materials, especially sand grains, do

not dissolve completely in the batch blanket region but have to dissolve along their

path through the melting tank ([13]). These rest particles in the melt need to dissolve

preferably before the fining process (see next paragraph) starts. High temperatures that

are below the fining onset temperature, high velocity gradients around the particles and

sufficiently long residence times of the particles result in a good melting process.
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Fining

During the melting process in the batch blanket dissociation of carbonates (CaCO3,

Na2CO3) leads to forming of large quantities of CO2 gas ([10], [48]). Together with

the gases (air) that are present in the batch blanket the CO2 forms a large number

of small bubbles. The CO2 formation takes place at the surface of dissolving sand

particles in a CaO/Na2O rich glass melt. These bubbles have to be released from the

glass melt. Dissolved gases have to be stripped from the glass melt to prevent reboil.

For this purpose a chemical compound, the fining agent, is added to the raw material

batch. This fining agent produces fining gases at temperatures above the fining onset

temperature which depends on the redox state of the glass melt and the fining agent

concentration. The produced fining gases then induce growth of the existing bubbles

and lower the partial pressures of to be removed gases in these bubbles. As a result the

rest gases migrate to the existing bubbles and these bubbles rise to the surface (strip-

ping of dissolved gases). For the fining process it is important that the fining onset

temperature is reached at the right time. Furthermore, the bubbles need sufficiently

long residence times in a region in the melting tank where they can rise to the surface.

Homogenising

The raw materials are charged to the melting tank in batches. Ideally, these batches

would by perfectly mixed and of constant composition. However, in practice al-

ways some segregation occurs in the storage bunkers. Moreover, evaporation of the

more volatile chemical species and corrosion of the refractory material cause inhomo-

geneities. The inhomogeneities that result from this may lead to so-called cords in the

glass product unless the glass is properly homogenised. High temperatures and large

velocity gradients result in good homogenisation of the glass melt ([12]).

Refining

If bubbles are still present in the glass melt after the fining process is completed,

these bubbles may dissolve again in the glass melt as solubility of the gases present

in the bubbles increases with decreasing temperature. Wether the bubbles dissolve

depends on the solubility of the critical gas in the bubble (gas with lowest solubility,

either chemical or physical), the temperature of the bubble as a function of time and

the concentrations of the bubble gases in the glass melt and in the bubble. Ideally,

the temperature of the bubble and its surrounding glass melt decreases strictly and
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gradually. A rise of this temperature along its trajectory may lead to reboil, that is,

the forming of bubbles as a result of decreasing solubility. Fast decrease of the bubble

temperature and its surroundings may lead to low mobilities of the gases in the glass

melt before the bubble is entirely dissolved. In that case the bubble “freezes” before it

can dissolve.

Thermal conditioning

The forming processes take place after the glass leaves the glass melting process (e.g.

feeder). The glass products that are formed need to have well defined measures such

as wall thickness of a bottle or TV screen or the thickness of a glass plate. Well shaped

glass products can only be obtained if the molten glass has a well defined (could be

uniform) temperature profile as it enters the forming process.

Melting zone
Fining zoneHot spot

Bubbles

Rest Particle

Spring Zone

Figure 2.2: Schematic view of the melting and fining processes taking place in the melting

tank. The curved arrows indicate the ideal path of the glass.

These five processes depend on temperatures, residence times, velocities and the

chemistry in the glass melt. Ideally, two recirculation loops are present in the glass

melting tank. This is schematically shown in figure 2.2. Such a flow pattern has the

following advantages:

• The glass flows through a region near the glass surface with high glass temper-

atures and hence low viscosities. In this region bubbles can easily rise to the
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surface where they are released from the glass.

• In the spring zone the glass rises to the surface as the fining gases are formed

and present bubbles move in the same direction of the glass melt.

• The glass flowing back from the hot spot to the melting region supplies the batch

materials with energy that is needed for dissolution of the sand particles and the

endothermic reactions.

From mathematical models of sand grain dissolution and bubble behaviour quality

indices can be derived for melting (MI) and fining (FI) along an individual path, say

i, through the glass melting tank [12]:

MIi =

∫ t=tend

t=0

0.75∆CSiO2
(T ) ||∇v||1/2

D
2/3
SiO2

(T )

(ρSiO2
/ρ)R4/3

dt (2.1)

FIi =

∫ t=tend

t=0

(∆Cg (T ) /Cb (T ))
2/3

D
4/9
g (T )ρ5/9g5/9

5η5/9 (T )H
1/3
finer

dt (2.2)

where ∆CSiO2 is the SiO2-concentration difference between the bulk of the glass melt

and the surface of the sand grain (equilibrium concentration)
[
mol m−3

]
, ∆Cg is the

concentration difference between the bulk of the glass melt and the bubble surface of

the critical gas (gas with lowest solubility in the glass melt)
[
mol m−3

]
, ||∇v|| is a

norm of the velocity gradient
[
s−1
]

defined by,

||∇v|| =

√
√
√
√

(

∂v1

∂ξ1

∣
∣
∣
∣
ξ

)2

+

(

∂v2

∂ξ2

∣
∣
∣
∣
ξ

)2

+

(

∂v3

∂ξ3

∣
∣
∣
∣
ξ

)2

(2.3)

with ξ the position of the particle at time t. DSiO2
(T ) is the diffusion coefficient

of SiO2 in the glass melt
[
m2 s−1

]
, Dg (T ) is the diffusion coefficient of the critical

gas in the glass melt
[
m2 s−1

]
, Cb (T ) is the concentration of the critical gas in the

bubble, η (T ) is the dynamic viscosity of the glass melt, Hfiner is the depth of the

fining zone of the melting tank, ρSiO2
is the density of the sand grain, ρ is the density

of the glass melt
[
kg m−3

]
, R is the radius of the sand grain and g is the gravitational

acceleration
[
ms−2

]
. If both indices MIi and FIi are ≫ 1 then the sand grain or

bubble is dissolved or released before leaving the melting tank along with the glass

melt. Good melting are achieved if MIi ≫ 1 and FIi ≫ 1 for all sand grain and bubble

paths i. Both the melting index MIi (2.1) and the fining index FIi (2.2) highly depend

on temperature T (D and η both depend exponentially on temperature). Therefore, it is
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important to maintain the glass melt temperatures at values that result in good melting,

fining, homogenisation, refining and thermal conditioning behaviour.

Controlled variables z (t)

The controlled variables in this work are the glass melt temperatures. Let the vector of

controlled temperatures be denoted by col {T (ξz , tk)}nz

z=1, where Tref is a reference

temperature (set point) [K], T is the glass temperature [K], ξz are positions [m] at

which the temperatures are to be controlled, tk is the time [s] at which the kth sample

is taken and nz is the number of controlled temperatures. The performance signal

z (t) that must be kept close to zero is then defined as:

z (t) =

[

col {Tref (ξz , tk)− T (ξz, tk)}nz

z=1

u (tk)− u (tk−1)

]

The moves of the input signals (difference between inputs at time tk and time tk−1)

are included in the performance signal to be able to trade of control effort (moves of

u (t)) against performance (variations in the tracking error Tref (ξz, tk)− T (ξz, tk)).

This way agressive control is prevented.

2.2 Sensors and actuators

This section discusses the types of sensors that are used in the glass industry and

focuses on the measurements that are important in this thesis. In figure 2.1 these are

elements of the output vector y (t).

2.2.1 Temperature measurement

Temperature measurements are important since temperature influences the melting

and fining processes and temperature differences are an important driving force for

flows in the glass melting furnace. Mainly, two types of temperature sensors are used

in the glass industry:

• Thermocouples, which are applied to measure in the refractory bricks or in the

glass melt ([68], pages 93-97)

• Infrared sensors, which are applied to measure crown or glass surface tempera-

tures
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In general hardly any glass temperature measurements are available in the melting

part of the furnace since there temperatures are high and the glass melt is very aggres-

sive. In the melting tank the life time of thermocouples is much shorter than in the

refractory bricks and therefore the thermocouples are only applied in the refractory

bricks (mostly in the melting tank bottom).

Infrared sensors are sometimes used manually (e.g. gob temperature, once in an

8 hour shift) and in that case they can be rather inaccurate. Figure 2.3 shows some
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Figure 2.3: Thermocouple readings in an industrial glass feeder.

measured thermocouple signals in a glass melt (container glass feeder). The signals

contain high frequency measurement noise with amplitudes of approximately 1 ◦C.

2.2.2 Level and Pressure measurement

Pressure in the furnace atmosphere is measured by pressure difference sensors mea-

suring the pressure difference with the environment and corrected by valve adjustment

in the fluegas channel. Maintaining the furnace pressure is important with respect to

air leakage from or to the combustion space.

The glass level is measured by a dip sensor and controlled through the batch charg-

ing machines. Both level and pressure are automatically controlled by single loop

controllers and are not considered in this thesis.
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2.2.3 Inline redox sensor

In glass melts polyvalent ions are present that can change their oxidation state by either

absorbing or loosing one or more electrons. For example, iron can change from Fe2+

to Fe3+ by oxidation,

4Fe2+ (glass) + O2 (glass) ⇋ 4Fe3+ (glass) + 2O2− (glass)

which has an equilibrium constant, KFe2+/Fe3+ (T ),

KFe2+/Fe3+ (T ) =
a4
Fe3+(glass)

a4
Fe2+(glass)

· aO2−

pO2(glass)
(2.4)

where aFe2+(glass) and aFe3+(glass) denote the activities in the glass of Fe2+ and Fe3+

respectively and pO2(glass) denotes the partial oxygen pressure in the glass. All oxida-

tion and reduction reactions (redox) in the glass melt are assumed to be in equilibrium,

that is, a relation like (2.4) holds for each redox reaction that can occur in the glass

melt ([48], [65]). Through these equilibrium relations the ratios of polyvalent ions (re-

dox state of the glass melt) is coupled to the partial oxygen pressure, pO2(glass), and the

temperature in the glass. The redox state of the glass is important for the glass colour

of both the glass product and the glass melt. Changes in the redox state cause a change

in radiative heat transfer in the glass melt. Recently, sensors have been developed that

measure the partial oxygen pressure and the temperature at a selected location in the

glass melt ([9]). Using these sensors redox disturbances in the batch material can be

detected in an early stage of the process (near the batch blanket) which is beneficial

for temperature control of the glass melt.

2.2.4 Actuators

Actuators are the devices through which the steering signals (elements of the input

vector u (t)) are applied to the glass melting furnace. In this paragraph the actuators

with their specific effects on the glass melting process that are available for control are

discussed. In glass melting furnaces amonst others the following inputs are available

may be used for control:

• Fuel flow rate of burners in combustion space together with the air/fuel ratio

determines the amount of energy that is put into the furnace through combus-

tion. The fuel flow rate determines the total amount of energy that is released.
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Part of this energy is transferred to the glass and the rest is lost through walls or

wall openings (e.g. peep holes) or through the flue gases.

• Air/fuel ratio determines the flame length and emmisivity of the flame. There-

fore, it also determines the radiative transfer from the combustion space to the

glass melt. Larger air/fuel ratios result in hotter and shorter flames with less

soot formation and higher probability of NOx formation.

• Electrical boosting power is used to heat up glass melts that have low radiative

transfer (dark glass). Electrical power is more expensive than fossil fuel energy

and therefore use of combustion energy is preferred. An advantage of electrical

boosting is its ability to supply energy at any location in the melting tank where

needed.

• Charging rates of raw materials effect the glass level and the shape of the

batch blanket. Charging machines push the raw materials onto the glass melt

in batches. In general, the rate of the charging machines is used to control the

glass melt level in the melting tank.

• Bubbling rate influences the flow patterns in the glass melt as well as the heat

transfer from the combustion space. If bubbling is applied, bubbling pipes are

usually mounted in the bottom of the glass melting tank through which large

bubbles (Bubble diameters are typically 5 − 10−1 m) are blown into the glass

melt.

• Damper valve positions in cross fired regenerative furnaces have an effect on

the flue gas distribution over the regenerators and hence on the temperature

distribution in the combustion space.

• Skimbar position (float glass process in section 6.3) influences the glass flow

pattern at the entrance of the working end.

• Plunjer speed in feeder spout section determine the number of gobs that are

formed per time unit.

• Tube height in feeder spout section determines the glass flow (pull) from the

feeder.

• Tube rotation speed in feeder spout section effect the temperature distribution

of the glass near the spout.
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In this thesis the used inputs are the fuel flow, the air/fuel ratio, electrical boosting

power, skimbar position and the bubbling rate.

2.3 Process disturbances

Process disturbances are signals that influence the process but cannot be changed. A

well known example in many physical and chemical applications are weather condi-

tions. One of the tasks of the control system is the suppression of the influences of

disturbances on the glass melting process. In this section some disturbances that oc-

cur in glass melting processes are discussed, especially those that occur in the control

application of an industrial container glass feeder discussed in chapter 6.

2.3.1 Known disturbances

In the discussion of disturbances a distinction can be made between known (measured)

disturbances and unknown disturbances. Given a reliable mathematical disturbance

model, effects of known disturbances can be predicted and counteracted by the control

system at the time the disturbances enter the process. This type of control is called feed

forward control. Disturbances that occur in glass melting processes and are sometimes

measured are:

• Switching of burner side in regenerative furnaces every 20 minutes

• Fuel quality (wobbe index, caloric value)

• Pull rate changes of which may be required for different products. Although

the pull rate is changed by the operator at the time of product changes it is

determined by the market and therefore not available for control (hence a distur-

bance).

• Cooling air temperature

• Combustion air temperature

Figure 2.4 shows a typical crown temperature behaviour due to the switching of

the burner side in a regenerative end fired furnace (measured in an industrial container

glass feeder). As the fuel flow is stopped for approximately 20 seconds and the air flow

is reversed, the temperature drops and it starts rising when the fuel flow is switched
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Figure 2.4: Crown temperature measurement in the combustion space above a melting tank.

The step response like behaviour results from the switching of the burner side and

is typical for regenerative furnaces.

on again. In this example depending on the burning side the temperature rises ap-

proximately 20 ◦C or approximately 40 ◦C. Figure 2.5 shows a bottom temperature

measurement in the same melting tank and time period as in figure 2.4. No significant

effects of the burner side switching are observed in the bottom temperature measure-

ment. Model simulations of this furnace reveal that only near the surface significant

fluctuations are observed caused by this disturbance.

2.3.2 Unknown disturbances

Unknown disturbances are variables that cannot be measured. Therefore, effects of

these disturbances on the glass melting process cannot be measured and counteracted

by a control system before these effects are observable at the outlet.

Examples of such disturbances are:

• Batch composition and cullet ratio of the batch due to segregation in the storage

bunkers,
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Figure 2.5: Bottom temperature measurement in a melting tank in the same time interval as in

figure 2.4.

• Redox variations of the used cullet,

• Outside temperature, draft in the furnace buildings,

• Burner disturbances (e.g. due to fouling of the burners or air leakage into the

combustion space)

An important unknown disturbance in the control application of an industrial con-

tainer glass feeder (section 6.1) is the redox state of the glass. Although this variable

could be measured it was not used in the controller due to the lack of reliable models

for the redox state of the glass. Figure 2.6 show that large low frequency variations in

partial oxygen pressure occur in the glass melt. Such variations may cause significant

temperature variations [74].

2.4 Mathematical modeling of furnaces

Control system design is largely based on mathematical models of the to be controlled

system. A mathematical model describes the approximate dynamic behaviour of the
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Figure 2.6: Inline redox sensor measurement (log pO2 signal) in a feeder.

furnace: It can predict the response of the process variables to given input signals. A

control system does the opposite: It tries to generate the input signals that will result in

a desired response of the process variables. Therefore, reliable mathematical models

of the furnace form the basis for control design.

2.4.1 Black box models

In many of the references mentioned in section 1.2.1 black box models derived from

measured process data were used for control design ([18], [35], [78], [80], [81], [82]).

The large variety of methods to find such black box models forms the field of system

identification ([31], [50]). This section describes the methodology as well as some

typical model structures that are used either in the literature on glass furnace control

or in the sequel of this thesis. A simple model structure that is often used in chemical

industries is the finite impulse response (FIR) model. With some abuse of notation we

identify y (tk) = y (k∆t) with y (k) where k is an integer and ∆t is the sample time.

The FIR model for a system with a vector of nu inputs u (k) ∈ R
nu and a vector of

ny outputs y ∈ R
ny is written as

y (k) =

NFIR∑

i=0

M iu (k − i)
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where M i ∈ R
ny×nu is the ith Markov parameter. Given a dataset generated with

a carefully designed plant test, the Markov parameters can be found very easily by

solving a least squares problem. Large datasets are needed, however, since the number

of independent parameters, NFIR, is relatively large. Especially for glass melting

M0

M1

M2

k k k + 1

u
(t

)

y
(t

)

t t

Figure 2.7: A finite impulse response of a stable Single Input/SingleOutput (SISO) system.

furnaces where the times to steady state range from several minutes (glass surface

temperatures) up to days (bottom temperatures) a large number of parameters would be

necessary to describe the dynamic behaviour completely. To capture the fast dynamics

a high sample frequency would be required while it would take days before the slow

dynamics would be fully captured. The tail of the impulse response of a stable system

as sketched in figure 2.7 approaches zero as time tends to infinity and is truncated at

NFIR to obtain a finite impulse response model. The slow dynamics make the tail very

long. To decrease the number of parameters and hence the accuracy of each parameter

estimate a so-called state space realisation of the FIR model can be estimated instead.

In such a state space model description internal variables x ∈ R
nx are introduced that

exhibit the memory structure of the model. The number of state variables nx is called

the model order and has to be determined by the user.

x (k + 1) = Ax (k) +Bu (k) (2.5)

y (k) = Cx (k) +Du (k) (2.6)

So called subspace identification algorithms ([71]) estimate the parameters A, B, C

andD from given data sets of inputs and outputs for a given model order nx. The FIR

parameters can be calculated from the state space parameters

M0 = D M i = CAi−1B i = 1, 2, . . . , NFIR
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and are used for prediction and optimisation with the state space model in the con-

trollers that will be discussed in chapter 6.

If the model parametersA, B, C and D are determined by using a system iden-

tification algorithm, the model can be used for prediction. Such predictions may be

inaccurate initially since the initial condition x (0) is unknown.

2.4.2 Computational fluid dynamics (CFD)

Black box models are completely derived from measurement data and physical insight

is only used in the choice of model structure and in the experiment design to obtain

the process data. The advantage of black box models is that given a well designed

test, well observed measurement data and a suitable model structure the actual input

output behaviour in the tested operating range is accurately modeled. Computational

Fluid Dynamics (CFD) models are completely derived from physical knowledge of

the glass melting furnaces ([11], [76]). These models have the advantage that they can

be used in a broad operating range and no plant tests are needed to obtain the models.

Furthermore, these first principles based models have a direct physical interpretation

which is more appealing to glass manufacturing engineers.

This section discusses the first principles models that are used for simulation of

glass melting furnaces. In [21] an overview of the status of first principle modeling of

glass melting processes in 2000 is given. In this paper open questions and needs are

also summarised. Despite the fact that there remain open questions in first principle

modeling its advantages with respect to black box modeling are sufficiently motivating

to improve the existing CFD models and use them for control design.

Navier Stokes equations

Glass product quality depends on the process conditions of the glass melt. For New-

tonian incompressible fluids like glass melts the following well known set of partial

differential equations are used to model their behaviour ([14], [51], [60], [69]):

ρ

(
∂v

∂t
+ v · ∇v

)

= −∇p +∇ ·
[

η∇v + η (∇v)
⊤
]

+ ρg (2.7)

ρ

(
∂cpT

∂t
+ v · ∇ (cpT )

)

= ∇ · [λ∇T + qr] + Se (2.8)

∇ · v = 0 (2.9)
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where ρ is the fluid density in kg m−3, v is the velocity vector in ms−1, p is the

pressure in kg m−1 s−2, η is the dynamic viscosity in kg m−1 s−1, g is a vector with

gravitational accelerations (only nonzero in vertical direction), cp is the heat capacity

of the glass melt in J kg−1 K−1, T is the temperature in K, λ is the thermal conduc-

tivity of the glass melt in Jm−1 s−1 K−1, qr is the radiative heat flux in J m−2 s−1,

Se is a source term in J m−3 s−1 that accounts for dissipation of electrical boost-

ing energy and ∇ is an operator vector: ∇ =
(

∂
∂ξ1

∂
∂ξ2

∂
∂ξ3

)⊤

. For example,

∇p =
(

∂p
∂ξ1

∂p
∂ξ2

∂p
∂ξ3

)⊤

is the pressure gradient and∇·qr =
∂qr,1

∂ξ1
+

∂qr,2

∂ξ2
+

∂qr,3

∂ξ3

is the divergence of the radiative heat flux. The dynamic viscosity is assumed to de-

pend on the temperature (Vogel Fulcher Tamman equation):

η = κ1e
κ2−κ3/(T−T0)

with κ1, κ2, κ3 and T0 constants that depend on the type of glass. The contribution of

radiation to heat transfer is modeled by the Rosseland approximation:

qr =

(
16n2

rσBT 3

3α

)

∇T

where nr is the refractive index σB is the Boltzman constant and α is the absorption

coefficient. The set of nonlinear partial differential equations (2.7) can be discretized

using a finite volume method ([59], [28]) where the equations are integrated over a

finite volume (grid cell). The resulting integrals are approximated leading to a set of

discrete time temperature, momentum and mass balance equations for each grid cell,

that are solved numerically. In case of glass melting furnaces, simulations that are

considered sufficiently accurate are typically as fast as real time.

2.4.3 Quality submodels

CFD models as described in the previous section can be used to simulate or predict

the dynamic behaviour for process variables like temperature and velocity. Further-

more, they can be used to calculate optimal steering signals to bring these variables to

a desired process value. Desired process values are chosen such that constraints, like

temperature maxima or minima to prevent furnace wear, are satisfied and objectives

on quality or energy consumption are achieved. Quality of the melting, fining and

homogenising processes taking place in the glass melting furnace can be modeled by

quality submodels ([12]). Given the temperature and velocity fields as calculated by
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a CFD model, these submodels calculate melting index distributions FMI (ζ) (= prob-

ability that MIi ≤ ζ where ζ ∈ R), fining index distributions FFI (ζ), and residence

time distributions Fτ (ζ) by simulating the release of a finite set of sand grains or bub-

bles in the glass melt at different locations and calculating the melting index MIi and

the residence time τi for each grain or the fining index FIi for each bubble.

Although it is not addressed in this work, the methods described in this thesis

for estimation and control of unmeasured temperatures in the glass can be extended

to design a control system that tries to control glass melt velocities and temperatures

such that all sand grains and bubbles are removed from the glass melt (FMI (1) ≈ 0

and FFI (1) ≈ 0). An obvious requirement for this is the reliability of the used CFD

models.

2.4.4 Model reduction of CFD models

Computational fluid dynamics models can predict behaviour of variables like tem-

perature and velocities anywhere in the glass melt where physical measurements are

infeasible. This behaviour turned out to be important for the process steps in glass

melting processes. Therefore, one would expect that the use of these CFD-models

could improve the performance of a control system that only uses measurement data.

Unfortunately, CFD-models are too complex to be included in a control system. Their

complexity can be reduced, however, and this will be the topic of the next chapter.

2.5 Summary

In this chapter quality of glass melting was addressed resulting in a motivation for our

choice to control glass temperatures. It was concluded that melting, fining, homogeni-

sation, refining and thermal conditioning all depend heavily on glass melt tempera-

tures. It is important to maintain a temperature profile in the furnace that results in

reproducible temperature history along paths through the melting tank or feeder(s).

After the discussion of glass melt quality, the important variables in glass melt-

ing processes were mentioned: inputs, measured outputs, disturbances and controlled

variables.

Finally, both black box modeling and first principles modeling of glass melting

processes were discussed. It can be concluded that CFD models provide more infor-
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mation about the chemistry and physics of the glass melt and that they can be obtained

without expensive experimental tests in the factory. Therefore, it is expected that mak-

ing the CFD models faster such that they can be used for control system design will

result in more practical control applications in the glass industry.

CFD models combined with quality sub models can be used to predict and estimate

the quality of the glass melting process as a function of changing process inputs. If

fast process simulation models based on CFD would be available they could be used to

estimate unmeasured process variables and to calculate optimal process input changes

so as to optimise the glass melting process behaviour.
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Mathematical tools

3.1 Introduction
3.2 Mathematical definitions
3.3 Model reduction

3.4 Estimation of glass melt
temperatures

3.5 Model based control technology
3.6 Summary

The objective of this thesis is the development of a strategy to estimate and control

glass melt temperatures in glass melt feeders and melting tanks. In this strategy a

so-called observer is used to estimate unmeasured temperatures and a model based

predictive controller is used to calculate optimal input signals in order to bring the

process to a desired state.

This chapter gives an overview of the mathematical tools that are used in this the-

sis.The purpose of this chapter is to display the existing technologies that are used in

the chapters 4,5 and 6. After an introduction, mathematical definitions will be given

that are relevant for the remainder of this thesis. Section 3.3 introduces model reduc-

tion of CFD models, which will be the main topic of chapter 4. Section 3.4 describes

estimation of unmeasured process variables specifically by a Kalman filter. Exten-

sions of the Kalman filter will be described and used in chapter 5. Finally, section 3.5

describes two types of advanced control: The Linear Quadratic Regulator (LQR) and

Model Predictive Control (MPC). These two methods of control are used in chapter 6.

All these techniques will be applied in chapter 7.

3.1 Introduction

A model provides the controller with the dynamic behaviour of the process and de-

termines the way by which the controller calculates process inputs (steering signals)

in order to transfer the process from the current state to the desired state. The com-

putational fluid dynamics (CFD) models that were mentioned in chapter 2 are often
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accurate over a large operating range of the process but require too large simulation

times. Therefore, model reduction techniques are used to derive fast simulation mod-

els from the relatively slow CFD models. These models are referred to as reduced

models. Model reduction is discussed in section 3.1. Chapter 4 describes the specific

model reduction approach that is used in this thesis.

To determine the state of the process a state estimator (observer) is used. An ob-

server determines unmeasured variables (e.g. glass melt temperatures inside a melter)

from measured variables y and input signals (e.g. fuel flow rate) u on the basis of a

mathematical model (observer model). Relevant variables in this chapter are given in

table 3.1. Here, the reduced models mentioned above are used for the design of a well

known type of observer: The Kalman filter. This is described in section 3.2. Chap-

ter 5 describes extensions that are suggested to improve the behaviour of the Kalman

filter with respect to slowly varying disturbances and the role of sensor positions in es-

timation of unmeasured . In chapter 5 two algorithms are examined which determine

sensor positions that result in improved Kalman filter performance. The estimated

Table 3.1: Description of relevant process variables

Variable Description

u Vector of inputs/manipulated variables: steering signals such as fuel

flow rate, boosting power, damper valve position, etc.

y Vector of measured outputs: examples are crown temperatures and bot-

tom temperatures.

z Vector of controlled variables: here the controlled variables are glass

melt temperatures.

T Temperature vector: entries of this vector are the temperatures in all

grid points in a CFD model.

x State variables which exhibit the memory structure of a process simula-

tion model

variables from the Kalman filter are used in a controller. This controller calculates the

steering signals (called inputs or manipulated variables (MV’s)) that are to be applied

to the process in order to bring the process from the present state to the desired state in
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an optimal way. For this purpose the controller uses a (reduced) model to predict and

optimise. Section 3.3 introduces two model based control concepts: Linear quadratic

control and model predictive control.

3.2 Mathematical definitions

This section introduces some concepts of linear algebra that are used in this thesis.

Here, inner products and norms on linear vector spaces are described because these

concepts are used in the model reduction procedure, the observer design and the model

predictive control strategies. In any of these three technologies a norm of an error is

minimised. In the model reduction procedure the norm of the approximation error

must be close to zero, in the observer design the norm of the estimation error (dif-

ference between estimated and real temperatures) is minimised and in the controller

design the predicted tracking error (difference between process value and set point) is

minimised. An example of a norm is the 2-norm which is formed by taking the inner

product of a vector with itself.

First, the inner product on a linear vector space ([22], page 571) is defined.

Definition 3.1 (Inner product) An inner product on a linear vector space V is a func-

tion 〈·, ·〉 : V × V −→ R which satisfies for all elements ϕi,ϕj ,ϕk ∈ V

•
〈
ϕi,ϕj

〉
=
〈
ϕj ,ϕi

〉

•
〈
ϕi +ϕj ,ϕk

〉
= 〈ϕi,ϕk〉+

〈
ϕj ,ϕk

〉

•
〈
αϕi,ϕj

〉
= α

〈
ϕi, ϕj

〉
for all α ∈ R

• 〈ϕi,ϕi〉 ≥ 0

• 〈ϕi,ϕi〉 = 0 if and only if ϕi = 0

Linear spaces with an inner product are called inner product spaces. A set of

vectors {ϕ1,ϕ2, . . . ,ϕn} in a finite dimensional inner product space V is called or-

thonormal if
〈
ϕi,ϕj

〉
= 0 if i 6= j and

〈
ϕi,ϕj

〉
= 1 if i = j. A set of orthonormal

vectors {ϕ1,ϕ2, . . . ,ϕn} ⊂ V is called an orthonormal basis for V if for any x ∈ V
there exists a unique set of real numbers a1, a2, . . . , an ∈ R such that

x = a1ϕ1 + a2ϕ2 + · · ·+ anϕn (3.1)



50 Mathematical tools

The real numbers (called Fourier coefficients) are given by the projection of x on ϕi:

ai = 〈ϕi,x〉 (3.2)

Norms measure the ‘magnitude’ of a vector or a signal. Examples are the absolute

value of a scalar and the length of a vector. Here, especially norms of errors (estima-

tion errors, tracking errors) will be minimised. A norm is defined as follows.

Definition 3.2 A norm on a linear vector space is a function ||·|| : V −→ R which

satisfies the following conditions:

• ||x|| ≥ 0 for all x ∈ V

• ||x|| = 0 if and only if x = 0

• ||αx|| = |α| · ||x|| for all α ∈ R and x ∈ V

• ||x+ y|| ≤ ||x||+ ||y|| for all x, y ∈ V (triangle inequality)

Norms that are formed by taking the inner product of x with itself,

||x|| =
√

〈x, x〉

are said to be induced from the inner product. Such induced norms have the property

that ([22])

|〈x, y〉| ≤ ||x|| ||y|| (Cauchy-Schwartz) (3.3)

An example of a norm is the Euclidean length of a vector x denoted by ||x|| and

defined as

||x|| :=
√

x2
1 + x2

2 + · · ·+ x2
nx

(3.4)

where xi is the ith entry of x. For a time varying vector x (t) the ℓ2-norm is denoted

by ||x||2 defined as

||x||2 :=

(

lim
tend→∞

∫ tend

0

x⊤ (t)x (t) dt

)1/2

(3.5)

In discrete time the ℓ2-norm is defined as follows.

Definition 3.3 (ℓ2-norm) Let x : T→ R
nx denote a vector valued function of k ∈ T

where T denotes the (finite) discrete time axis. Let x (k) denote the value of x at time
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tk. Then the ℓ2-norm ||·||2 is defined as

||x||2 :=

(
∑

k∈T

x⊤ (k)x (k)

)1/2

(3.6)

In some cases it is more convenient to average the (truncated) ℓ2-norm over time.

If the ℓ2-norm is averaged over K the Root Mean Square (RMS) norm is obtained.This

ℓ2-norm will be used in chapter 4 to measure the misfit between the temperature field

as predicted by a CFD model and the temperature field as predicted by a reduced

model.

Definition 3.4 (Root Mean Square norm) The Root Mean Square norm (RMS-norm)

of a discrete time deterministic signal x (k) is defined as ([64]),

||x||RMS :=

(

lim
k→∞

1

K

K∑

k=1

x⊤ (k)x (k)

)1/2

(3.7)

For a stationary stochastic vector valued signal the RMS norm is the expected

value of the length of the vector.

Definition 3.5 (Root Mean Square norm) The Root Mean Square norm (RMS-norm)

of a discrete time stochastic signal x (k) that becomes stationary as k → ∞ is de-

fined as ([64]),

||x||RMS :=

(

lim
k→∞

E
{
x⊤ (k)x (k)

}
)1/2

(3.8)

where E {·} denotes the statistic expectation.

3.2.1 3D Array notation

CFD model calculations are performed over a 3-dimensional grid and result in tem-

perature, T (ξl, tk), velocity v (ξl, tk) and pressure p (ξl, tk) as a function of position

ξl ∈ R
3 and time tk ∈ R. For visualisation purposes the temperature field is stored as

a N1 ×N2 ×N3 3D array T 3D (k), which is defined by

T 3D
[I1,I2,I3] (k) := T (ξl, tk) (3.9)

with

ξl =






ξ1,I1

ξ2,I2

ξ3,I3




 l = I1 + (I2 − 1)N1 + (I3 − 1)N1N2
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Here, the brackets in the subscripts hold indices of entries in an array, I1, I2, I3 ∈ N
+

are indices in the ξ1−, ξ2− and ξ3−direction, respectively, and N1, N2 and N3 are

the number of grid cells in the ξ1−, ξ2− and ξ3−direction. For example, a grid

cell in the float glass furnace model (N1 = 170, N2 = 31 and N3 = 48) with

coordinates [50, 15, 24] in the grid has a temperatureT 3D
[50,15,24] (k) = T [123640] (k) =

T (ξ123640, tk) where the grid point position and grid point number are calculated by

ξl =






ξ1,50

ξ2,15

ξ3,24






l = 50 + (15− 1) · 170 + (24− 1) · 170 · 31 = 123640

A discrete 2D temperature distribution in a selected plane is denoted by T 3D
[I1,:,:] (a

ξ2ξ3-plane), T 3D
[:,I2,:] (a ξ1ξ3-plane) or T 3D

[:,:,I3] (a ξ1ξ2-plane). From the index l the

indices can be calculated by

I1 = mod (l− 1, N1) + 1

I2 = mod

(
l − I1

N1
, N2

)

+ 1

I3 =
l − I1 − (I2 − 1)N1

N1N2

where mod (x, y) denotes the remainder after division of x and y. For example,

mod(18, 4) = 18− 16 = 2.

3.3 Model reduction

Model reduction aims at approximating CFD models by lower complexity models (in

this case less equations than in the CFD model) making use of the dependence between

the temperatures at different grid points. The objective is to find a reduced model that

can predict/estimate temperatures with a small estimation error with respect to the

CFD model (see figure 3.1). The reduced model is derived using a collection of so-

called snapshots which are temperatures profiles at each sample time instant. To this

end the temperature T (ξ, t) is written as a series of orthonormal1 basis functions

1This will be described more precisely in chapter 4
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CFD Model

Reduced

model

T (ξ, t)

T̂ (ξ, t)

u(t)

ε(ξ, t)

Figure 3.1: Schematic view of model reduction problem: Find the reduced model that min-

imises the magnitude of the error ε (ξ, t) = T (ξ, t)− T̂ (ξ, t) in the temperature

predictions when compared with the CFD model. u (t) is the vector of inputs,

T (ξ, t) is the temperature as a function of position ξ and time t. T̂ (ξ, t) is the

estimate of the temperature field.

ϕi (ξ) of position ξ,

T (ξ, t) =

∞∑

i=1

ai (t)ϕi (ξ) (3.10)

each multiplied by a time dependent function2

ai (t) := 〈T (·, t) , ϕi (·)〉 (3.11)

called the Fourier coefficient where the relative contribution of each term decreases

with increasing i. Such a series will be referred to as a Fourier expansion ([22], page

579). An nth order truncation of this expansion,

T̂ (ξ, t) =

n∑

i=1

ai (t)ϕi (ξ) (3.12)

is used to approximate the temperature T (ξ, t). The basis vectors ϕi (ξ) are deter-

mined from simulation data of the CFD-model. Then, a set of model equations has to

be derived to model the relation between inputs u (t) ∈ R
nu (such as fuel flow rate,

electrical boosting power, etc.) and the Fourier coefficients {ai (t)}ni=1. Here, this

set of model equations will be determined through a system identification algorithm.

System identification algorithms determine unknown parameters (e.g. time constants)

in a postulated model structure (e.g. a set of linear algebraic or difference equations)

2〈T (·, t) , ϕi (·)〉 denotes an inner product (defined in the next section) of the temperature function

T (ξ, t) and the ith basis vector ϕi (ξ) where the argument ξ is replaced by a dot to indicate that the result

is independent from ξ.
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based on input/output data from an experiment or in this case a simulation. Two steps

can be distinguished in the model reduction procedure:

1. Determine a set of basis vectors {ϕi (ξ)}ni=1 on the basis of a simulation data set
{

ũ (tk) , T̃ (ξ, tk)
}K

k=1
, where K is the number of time steps that are simulated

and overline ˜ is used to indicate simulated data.

2. Postulate a model structure for the relation between u (t) and {ai (t)}ni=1 and

determine the unknown parameters in this model based on the data sets

{ũ (tk)}Kk=1 and {ã1 (tk) , . . . , ãn (tk)}Kk=1 where ai (tk) can be calculated from

ϕi (ξ) and T̃ (ξ, tk). Once the unknown model parameters are estimated, a re-

duced model is available that can predict the time evolution of the Fourier coef-

ficients {ai (t)}ni=1 from a given time trajectory of the input signals u (k).

The first step is carried out by Singular Value Decomposition (SVD) of a set of

simulated temperature, velocity or pressure fields. This step will be explained in fur-

ther detail below. The second step can be done in two ways:

• Apply a so-called Galerkin projection to the terms in the original CFD model

equations in order to obtain a smaller set of n equations. This approach is de-

veloped in a related research project of P. Astrid ([3]) and briefly summarised

below.

• Apply a data reduction to the simulated temperature, velocity and pressure fields

to obtain a corresponding data set {ãi (t)}ni=1 (˜ denotes simulated data). Then,

find a model that best approximates the time varying behaviour of {ãi (t)}ni=1

when fed with the corresponding input signal ũ (t) .

Galerkin projection

The Galerkin projection is summarised by an example. Consider the following partial

differential equation that describes 1D heat transfer in a heated bar. In this example it

is assumed that the density ρ
[
kg m−3

]
, the thermal conductivity λ

[
J s−1 m−1 K−1

]

and the heat capacity cp

[
J kg−1 K−1

]
are constant. In [3] it is shown that partial

differential equations like the heat equation

∂T (ξ, t)

∂t
=

λ

ρcp

∂2T (ξ, t)

∂ξ2
(3.13)



3.3. Model reduction 55

can be written as a set of ordinary differential equations in terms of the Fourier coeffi-

cients ai (t). Using (3.11) and the heat equation the derivative with respect to time of

every Fourier coefficient ai (t) can be written as,

dai (t)

dt
=

d

dt
〈T (ξ, t) , ϕi (ξ)〉

=

〈
∂T (ξ, t)

∂t
, ϕi (ξ)

〉

=
λ

ρcp

〈
∂2T (ξ, t)

∂ξ2
, ϕi (ξ)

〉

(3.14)

Substitution of (3.12) results in

dai (t)

dt
=

λ

ρcp

〈
∞∑

j=1

aj (t)
∂2ϕj (ξ)

∂ξ2
, ϕi (ξ)

〉

=
λ

ρcp

n∑

j=1

[〈
∂2ϕj (ξ)

∂ξ2
, ϕi (ξ)

〉

aj (t)

]

+ εG (t) i = 1, 2, . . . , n (3.15)

where εG (t) is an error (G = Galerkin) that results from substitution of T̂ (ξ, t) into

the equation instead of T (ξ, t). If it is assumed that εG (t) = 0, then (3.15) forms a

set of n linear ordinary differential equations in a1, a2, . . .,an.

In this thesis the proper orthogonal decomposition is used to find the set of basis

functions {ϕi (ξ)}ni=1 for the temperature field T (ξ, t). Next, the n equations describ-

ing the behaviour of {ai (t)}ni=1 are derived using system identification tools.

3.3.1 Subspace identification

This section describes the methodology to derive a type of linear model, called state

space model from simulation data or experimental data. In this thesis, this methodol-

ogy is used to find a relation between the input variables u (t) and the time varying

Fourier coefficients {ai (t)}ni=1. A vector of Fourier coefficients a (t), a temperature

vector T (t) and basis vector ϕi are defined as

a (t) := col {ai}ni=1 (3.16)

T (t) := col {T (ξl, t)}Nl=1 (3.17)

ϕi := col {ϕi (ξl)}Nl=1 (3.18)
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where col means that its arguments are put in a column vector. Furthermore, the

process is sampled with a constant sample interval ∆t and a time sample a (tk) at

time tk will be denoted by a (k).

The large variety of methods to find dynamic black box models forms the field of

system identification ([31], [50]). In these methods a model structure is postulated and

then the model parameters are estimated from an input dataset denoted by {ũ (k)}K−1
k=0

and a corresponding output data set {ã (k)}K−1
k=0 . The type of black box model struc-

ture that is used in this thesis is the state space form. Appendix B gives some back-

ground information on state space models and an explanation by two examples from

chemical engineering.

Subspace identification algorithms form a special class of system identification

algorithms that determine the unknown parameters A ∈ R
nx×nx , B ∈ R

nx×nu ,

C ∈ R
ny×nx andD ∈ R

ny×nu in a so-called the state space model ((3.19)).

x (k + 1) = Ax (k) +Buu (k) (3.19a)

a (k) = Cax (k) +Dau (k) (3.19b)

In this equation x (k) ∈ R
nx is the state vector, u (k) ∈ R

nu is the input vector and

a (k) ∈ R
n is the vector. In this case the state vector does not correspond to physically

measurable quantities but is introduced to be able to describe the dynamic behaviour of

a (k). The order nx has to be determined by the user. The model Here, the direct feed

through matrixDa is usually equal to zero. In subspace methods the postulated model

(3.19)is used to formulate s step ahead predictions which form a relation between the

input/output data and the unknown model parameters. At each time step k, a sequence

of predicted time samples {a (i)}k+s−1
i=1 . For each time instant k this yields a relation

between the inputs from k up to k + s− 1 and the outputs from k up to k + s− 1:

ak+s−1
k (k) = Osx (k) + Tsu

k+s−1
k (k) (3.20)

with

uk+s−1
k (k) = col {u (k) ,u (k + 1) , . . . ,u (k + s− 1)}
ak+s−1

k (k) = col {a (k) ,a (k + 1) , . . . ,a (k + s− 1)}
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Ts =













Da 0 · · · 0

CyBu Da
. . .

...

CyABu CyBu
. . .

. . .
...

...
...

. . .
. . . 0

CyA
s−2Bu CyA

s−3Bu · · · CyBu Da













Os =












Cy

CyA

CyA
2

...

CyA
s−1












where s ≥ nx. The data sets {u (k)}K−1
k=0 and {y (k)}K−1

k=0 that are obtained through

simulations with the CFD model are substituted in the prediction equations, so that

the unknowns in the equations are Os, Ts and x (k). For k = 0, 1, · · · , K − 1 (3.20)

can be derived and these equations can be written together in a single matrix equation,

Y 0,s,K−1 = OsX0,K−1 + TsU0,s,K−1 (3.21)

Y 0,s,K−1 =









ã (0) ã (1) · · · ã (K − s)

ã (1) ã (2) ã (K − s + 1)

. . .
...

ã (s− 1) ã (s) · · · ã (K − 1)









X0,K−1 =
[

x (1) x (2) · · · x (K)
]

which is called the data equation. U0,s,K−1 is defined similar to Y 0,s,K−1 and ã (k)

denotes the kth data sample. Appendix C describes the procedure to derive the un-

knownsA, B,Ca,Da and x (0). This procedure consists of the following steps:

• DetermineOs from equation 3.21

• DetermineA andCa fromOs

• Substitute the data sets {ũ (k)}Kk=1 and {ã (k)}Kk=1 into equation (3.19)for k =

1, 2, . . . , K to determine x (1) andBa.

If the model parameters A, B, Ca,Da are determined, equation (3.19)can be

used to estimate and predict the time dependent behaviour of the Fourier coefficients

and hence of the temperature vector. Note that the initial state x (0) is not a fixed

parameter of the model and that it has to be guessed initially when the model is used for

estimation and prediction. The model (3.19)can be used to calculate the temperature
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vector T (k) as follows,

T (k) = Φna (k) = ΦnCa
︸ ︷︷ ︸

CT

x (k) (3.22)

Measured temperatures are selected or interpolated using a selection matrixCselect,

y (k) = CselectT (k) = CselectΦnCa
︸ ︷︷ ︸

Cy

x (k) (3.23)

The last two expressions can be substituted into the state space model to find

x (k + 1) = Ax (k) +Buu (k) (3.24a)

a (k) = Cax (k) (3.24b)

T (k) = CTx (k) (3.24c)

y (k) = Cyx (k) (3.24d)

3.4 Estimation of glass melt temperatures

Control of glass melt temperatures from the current value to the desired value requires

that an estimate of the relevant current glass melt temperatures is available. The re-

duced model that was discussed in the previous section can generate such temperature

estimates but model errors and disturbances cause a mismatch between the estimates

and the real process values. This mismatch may grow in time. Better temperature es-

timates can be obtained through an observer or soft sensor. Observers or soft sensors

use values of the input variables, such as fuel flow rate and electrical boosting power,

and measured outputs, such as thermocouple readings, to estimate unknown variables,

such as the hot spot temperature, on the basis of a mathematical process simulation

model. For the design of an observer it is assumed that the discrepancies between

the model predictions and the measured temperatures are caused by errors in the ini-

tial state variables, disturbances on the process state variables and disturbances on

the measured outputs. Figure 3.23 shows a block diagram of the estimation approach.

Disturbances in the vector d1are assumed to act on the state variables x (state distur-

bances) and disturbances in the vector d2 are assumed to act on the measurements y

(measurement noise). The estimator is designed based on figure 3.2 where the process

is assumed to behave according to a reduced CFD model (3.24)which is extended by

3The notation F (q) is explained in appendix A.
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u(k)
y(k)

d1(k)

d2(k)

ε(k)
T (k)

T̂ (k)Estimator

Process

Figure 3.2: Block diagram of the estimation problem: Find an estimator F (q) such that the

RMS norm (see section 3.2) of the estimation error ε (k) = T (k) − T̂ (k) is

minimised.

the two vectors d1 and d2 of unknown disturbances.

In the 1960’s state space models were first used to design estimators for process

state variables ([42]). The objective is to find an estimator (observer) that minimises

the RMS-norm of the estimation error ε (k) = T (k) − T̂ (k) under the following

assumptions:

• The disturbances d1 (k) ∈ R
nd,1 and d2 (k) ∈ R

nd,2 (figure 3.2) are zero mean

white noise sequences with unity variance, that is,

d1 ∈ N
(
0, Ind,1

)
d2 ∈ N

(
0, Ind,2

)

where N (0, I) denotes the set of vectors that consist of mutually indepen-

dent normally distributed random variables with variance equal to 1 and where

Ind,1
∈ R

nd,1×nd,1 and Ind,2
∈ R

nd,2×nd,2 are identity matrices.

• The process is linear time invariant (LTI)4, stable and is assumed to behave

according to

x (k + 1) = Ax (k) +Buu (k) +G1d1 (k) (3.25a)

y (k) = Cyx (k) +G2d2 (k) (3.25b)

T (k) = CTx (k) (3.25c)

x (0) = x0 (3.25d)

with state vector x (k) ∈ R
nx of the reduced model, A ∈ R

nx×nx , B ∈
R

nx×nu , Cy ∈ R
ny×nx , Dy ∈ R

ny×nu , CT ∈ R
N×nx and DT ∈ R

N×nu

4Linear time invariant means that the model parameter matrices are independent of time.
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matrices of model parameters and G1, G2 are weighting matrices of the dis-

turbances d1 (k) and d2 (k). If there are dependencies between disturbances

and if the variances are different from 1 then these properties can be taken into

account in the matrices G1 and G2, so that the disturbances in the vectors d1

and d2 can be taken as mutually independent and with variance equal to 1.

• The input u (k) and the disturbances d1 (k) and d2 (k) are assumed to be mu-

tually independent.

• The unknown initial state x0 is assumed to be a vector of normally distributed

random variables

Under these conditions the responses of the inputu (k) and the disturbancesd1 (k)

and d2 (k) can be considered separately. Let Guε (q), Gd1ε (q) and Gd2ε (q) denote

the transfer matrices of the mappings u 7→ ε, d1 7→ ε and d2 7→ ε that result from

connecting the estimator F (q) to the process as depicted in figure 3.2. Then the RMS

norm of ε satisfies

||ε||RMS = ||Guεu||RMS + ||Gd1εd1||RMS + ||Gd2εd2||RMS (3.26)

Guε can be made equal to zero by making the transferu 7→ T̂ in the filter equal to

the transfer u 7→ T of the system. The estimation errors caused by d1 (k) and d2 (k)

can be minimised under the assumption that u (k) = 0. The problem of minimising

||ε||RMS = ||Gd1εd1||RMS + ||Gd2εd2||RMS (3.27)

is solved in appendix E. The optimal solution is a so-called Kalman filter which will

be described in the next section.

3.4.1 Kalman filter

A well known observer that was introduced in the sixties by R.E. Kalman [42] is the

Kalman filter. In a Kalman filter a linear simulation model is used and the disturbances

that cause the difference between process measurements and model predictions are

assumed to be zero mean white noise sequences. A white noise sequence has the

property that each sample is a stochastic variable independent from the other samples

and each sample has the same Gaussian probability distribution. Two types of white

noise disturbances are assumed to be present:

• Process noise that is assumed to act on the real process state variables, d1 (k).
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• Measurement noise that has no effect on the real process state but is observed

in the measurements, d2 (k).In the Kalman filter the true system is assumed to

behave according to (3.25)with some unknown initial condition x (0), x ∈ R
nx

the state vector of the reduced model, T ∈ R
N the vector of temperatures y ∈

R
ny the vector of measured temperatures,u ∈ R

nu the vector of input variables

and the model parameter matricesA ∈ R
nx×nx ,B ∈ R

nx×nu ,Cy ∈ R
ny×nx ,

Ca ∈ R
n×nx , where n is the number of POD basis vectors (see section 3.2).

The approximating model actually used in the Kalman filter is of the form,

x̂ (k + 1) = Ax̂ (k) +Buu (k) +K (y (k)− ŷ (k)) (3.28a)

T̂ (k) = CT x̂ (k) (3.28b)

ŷ (k) = Cyx̂ (k) (3.28c)

x̂ (k0) = x̂0 (3.28d)

In appendix E shows how the matrix K ∈ R
nx×ny can be calculated. The

matrix K is called the Kalman gain. As already mentioned the disturbances

d1 (k) and d2 (k) are assumed to be zero mean white noise sequences. The

Kalman gain is chosen such that the expected ℓ2-norm of the state estimation

error εx (k) = x (k)− x̂ (k) is minimized, that is,

K = arg min
K

E
{
ε⊤x (k) εx (k)

}

In appendix E it is shown that the resultingK also minimises

E
{
ε⊤ (k) ε (k)

}

the RMS-norm of the temperature estimation error. The solution is given by:

K = AQ̄C
⊤
y

(

CyQ̄C
⊤
y +G2G

⊤
2

)−1

(3.29)

where Q̄ = E
{
ε̄xε̄

⊤
x

}
is the covariance matrix of the ‘steady’5 state estimation

error and satisfies a so called Algebraic Ricatti Equation (ARE),

Q̄ = AQ̄A
⊤−AQ̄C⊤

y

(

CyQ̄C
⊤
y +G2G

⊤
2

)−1

CyQ̄A
⊤

+G1G
⊤
1 (3.30)

Readers interested in the proof are referred to appendix E or the literature ([47]).

5
E
�
ε̄xε̄⊤

x

	
= limk→∞ E

�
εx (k) ε⊤

x (k)
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3.5 Model based control technology

This section describes the application of models of the form

x (k + 1) = Ax (k) +Buu (k) +Bww (k) (3.31a)

y (k) = Cyx (k) (3.31b)

x (0) = x0 (3.31c)

in a process controller. Here, the vectorw (k) ∈ R
nw contains measured disturbances

or inputs that are cannot be used for control. A controller generates optimal steer-

ing signals, on the basis of a process simulation model, that result in time evolution

of controlled variable signals (e.g. controlled glass melt temperatures) that satisfies

user defined criteria. For example, it may be concluded from Computational Fluid

Dynamics (CFD) and melting and fining submodel calculations that the hot spot tem-

perature should be kept between a lower and an upper bound and preferably at a set

point that depends on the pull rate and the fining agent concentration. Then, the con-

troller searches for instance the fuel flow rate changes that have to be made to keep the

hot spot temperature between the lower and upper bounds. First the Linear Quadratic

Regulator (LQR) and the Linear Quadratic Gaussian (LQG) are described and then

Model Predictive Control (MPC) is introduced.

3.5.1 Linear Quadratic Regulator (LQR)

In 1960 R.E. Kalman ([41]) developed the Linear Quadratic Regulator (LQR). An

LQR minimises a quadratic cost function of the state variables and the inputs where

the relation between inputs and states is described by a linear state space model (3.31).

The cost function expresses the deviation of the state vector x from the desired state

(reference signal) rx and the used control effort. No constraints (e.g. upper and lower

bounds on inputs) are taken into account in the LQR formulation. The control strategy

amounts to finding a linear control law (input u as a function of x, r and w) that

calculates the optimal inputs such that the reference signal r is tracked in the presence

of disturbances. The LQR control problem is here formulated as follows.

Problem 3.1 (LQR problem) Given x0, w, and rx over a finite horizon Np find a

linear relation f : (x,w, rx) → u such that the input signal u = f (x,w, rx)
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minimises the cost function

Jn (x0,w, rn,u) =

Np−1
∑

k=0




||rx (k)− x (k)||2

Πx
︸ ︷︷ ︸

Deviation from desired state

+ ||u (k)||2
Πu

︸ ︷︷ ︸

Control effort






+ ||rx (Np)− x (Np)||2E
︸ ︷︷ ︸

Deviation from desired state at end point

(3.32)

subject to the linear model equations (3.31). The matrices Πx ≥ 0, Πx ≥ 0 and

Πx ≥ 0 are weighting matrices of the norm of the tracking error ǫx (k) =.rx (k) −
x (k) for k = 1, 2, . . . , Np − 1, the norm of the tracking error at the end point ǫ (Np)

and the control effort, respectively.

The solution to the LQR problem is a linear feedback controller, which anticipates

to future changes in r (k) and w (k) (figure 3.3). In other words, the optimal input

vector u (k) at time instant k is a function of the current state x (k), of the current

and future (predicted) disturbancesw (k) ,w (k + 1) , . . . ,w (k + Np − 1) and of the

future reference signal r (k + 1) , r (k + 2) , . . . , r (k + Np − 1). In the solution two

auxiliary variables, P (k) ∈ R
nx×nx and s ∈ R

nx , appear that are used to calculate

the optimal future input values backwards in time starting from the desired end point

value of the state vector rx (Np). The LQR solution, which is derived in appendix D

is given as follows.

Solution 3.1 The optimal input u∗ is given by

u∗ (k) = −Hxx (k)−Hss (k + 1)−Hww (k)

The matrices Hx ∈ R
nu×nx , Hs ∈ R

nu×nx and Hw ∈ R
nu×nw can be calculated

from the matricesA, Bu, Bw, Πx, Πu and E as described in appendix D,

Hx =
(

Πu +BT
uP (k + 1)Bu

)−1

BT
uP (k + 1)A

Hs =
(

Πu +BT
uP (k + 1)Bu

)−1

BT
u

Hw =
(

Πu +BT
uP (k + 1)Bu

)−1

BT
uP (k + 1)Bw

In appendix D it is shown that the time dependent matrix P : T→ R
nx×nx

(T is the time axis) is the symmetric solution of a so-called Ricatti Equation (RE) that

is calculated backwards in time from the end point condition P (Np) = E, where E
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is the weighting matrix of the tracking error at the end point. Similarly, the auxiliary

variable s : T → R
nx can be calculated from the end point condition s (Np) =

−Erx (Np), where rx (Np) is the desired value of the state vector at the end point.

u(k)w(k)

r(k)

Hw

Hs

Hx

Fwr(z) Process x(k)

Figure 3.3: Block diagram of Linear Quadratic Regulator. The filter F wr (z) is a linear filter

whose outputs depend on the future values of its inputs w (k) and r (k).

3.5.2 Linear Quadratic Gaussian controller

The LQR assumes the availability of the state vector at every sample instant. In chapter

4 it was shown that in general only the outputs (measured temperatures) are available

and that the state vector can be estimated by means of a Kalman filter. The combi-

nation of the Kalman filter and the Linear Quadratic Regulator is called the Linear

Quadratic Gaussian (LQG) controller. Due to several reasons, such as the inability to

handle constraints, the poor robustness properties and cultural reasons, LQG was not

applied widely in industry ([61] and the references therein).

3.5.3 Model predictive control

This section briefly describes Model Predictive Control (MPC) technology. MPC was

developed in chemical industry and its application was first reported in the seventies

([23], [63]). Since then, MPC was applied in many industrial applications and it has

become an important research topic in control engineering (see [49] and [61] for re-

views). Differences between LQR and MPC are:

• In MPC the input signals are computed on-line (each time step) by numerically

solving an optimisation problem. In LQR and LQG linear relation between the
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state variables, the reference signal, the known disturbances and the inputs is

calculated off-line and analytically.

• MPC takes inequality constraints into account and LQR does not.

Model predictive control is particularly suitable for control of systems with multi-

ple inputs and multiple outputs (MIMO systems) that have strong interactions and have

to be controlled within constraints. For example, in glass furnace operation, changes

in fuel flow rate and electrical boosting power influence both the temperature at the

hot spot and below the batch blanket. At each sample instant k a model predictive

controller searches for the future time evolutions of the fuel flow rate and the electri-

cal boosting power that yield a desired time evolution of glass temperatures below the

batch blanket and at the hot spot. While searching for this optimal time evolution of

the fuel flow rate and the electrical boosting power MPC only searches solutions that

satisfy the constraints. For a single input and single output system (SISO system) fig-

yref

Nc Np
u

y

Past
Future

k
t

Output predictions

Future inputs

Figure 3.4: Principle of moving horizon approach: at each time instant k the MPC searches for

a sequence of future controls u (solid line) such that the output y converges to the

reference yref .

ure 3.4 illustrates the operation of MPC when the control objective is to let the output

y (k) track a reference yref . The future part of the input signal (solid staircase line)

is determined such that the output predictions (dots) are as close as possible to the

reference yref . At each sampling instant the following steps are taken:
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• Obtain a measurement of the outputs y (k) and estimate the state vector x (k).

• Find the series of inputs u (k) ,u (k + 1) , . . . ,u (k + Nc − 1) that minimises

a cost function J (x0, r, w, u) subject to the model (3.31)and constraints on

input variables and output variables. In MPC the inputs are found through on-

line optimisation of J (x0,w, r, u).

• Apply the first element of the series of inputs, u (k), to the process.

• Wait for next time instant and go back to first step.

Through execution of these steps, at each sample instant the prediction horizon

is shifted one sample interval further in time. This movement of the prediction hori-

zon is referred to as the receding horizon approach. (The Linear Quadratic Regulator

presented in the previous section is also implemented with a receding horizon.) The

control horizon Nc is the interval over which the inputs are allowed to vary. So be-

yond the control horizon the inputs must satisfy u (k + Nc − 1) = u (k + Nc) =

. . . = u (k + Np − 1). The difference between the control horizon and the prediction

horizon is typically at least the time to steady state of the process6. Then, the system

response to the last predicted control move and its eventual steady state can be taken

into account in the optimisation.

3.6 Summary

This chapter gave an overview of existing technologies that are applied in this the-

sis. After introduction of mathematical definitions of inner products and norms, the

following subjects were described:

• Model reduction using orthonormal bases and subspace identification, which

will be used in chapter 4 to derive fast glass process simulation models from

CFD models.

• Estimation of process variables using the Kalman filter, which will be developed

further in chapter 5.

• Model based control technology, specifically the Linear Quadratic Regulator

(LQR), the Linear Quadratic Gaussian and Model Predictive Control (MPC).

These techniques will be applied in chapter 6.

6The glass melting processes considered in this thesis are assumed to be stable
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In chapter 7 the mentioned technologies will be applied to two industrial glass

melting processes, namely an industrial container glass feeder and a float glass melter.
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4
Model reduction of detailed

glass tank simulation models

4.1 Requirements for model
reduction

4.2 The POD method

4.3 Examples
4.4 Summary

This chapter discusses model reduction of glass tank simulation models. Model

reduction is the approximation of a given mathematical model by a reduced model

which has lower complexity than the original model. In this thesis reduction of com-

plexity means a reduction of the number of equations describing the physical relevant

processes and and process variables. First, the required reduction in simulation time

for the application of CFD based reduced models for glass melting tanks is discussed.

Next, the method of POD based model reduction is described. Finally, the described

model reduction techniques are applied to a CFD model of a heated bar and to a CFD

model of a demonstration glass furnace.

4.1 Requirements for model reduction

Chapter 1 discussed the aim of this study: Estimation and control of glass melt vari-

ables (in this thesis glass melt temperatures). Estimation of glass melt temperatures is

achieved by an observer. An observer can estimate these glass melt temperatures on

the basis of the known steering signals (inputs), measured (glass melt) temperatures

and a mathematical model. Values of the input and output signals are obtained at dis-

crete time instants with sampling interval ∆t. A controller compares the measured or

estimated glass melt temperatures to their desired values and searches steering signals

to be applied to the glass melting process such that the predicted future deviation from

the desired values is minimised.
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Both the observer and the controller use a mathematical model of the glass melting

process. In the observer this model runs in parallel with the process and its internal

variables, the states, are corrected based on measurement data to keep the model “on

track” with the real process (chapter 4). The model used in the observer will be re-

ferred to as the “observer model”. This observer model needs to be at least as fast as

the real process, that is, within each sampling interval [t, t + ∆t) the new prediction

and the corrections have to be completely calculated.

The mathematical model in the controller, referred to as the “controller model”,

is used for calculation of the optimal input signals. Within each sampling interval

[t, t + ∆t) the controller searches for the steering signals (e.g. time evolution of fuel

flow rate per burner or electrical boosting power) that will result in the optimum for

a predefined criterion, such as minimisation of bottom temperature variance or min-

imisation of energy consumption, based on the predictions of the controller model.

The controller calculates the optimal input signals by on-line optimisation. The input

vector u (k) ∈ R
nu consists of the nu steering signals that are available for con-

trol. The controller model must be fast enough to generate sufficiently many solu-

tions (e.g. temperatures as a function of time) to find an (sub)optimal input sequence

{u (t) ,u (t + ∆t) , . . . ,u (t + Np∆t)} where Np is the prediction horizon. Typi-

cally, the model must be able to simulate approximately 100 times faster than real time

and preferably even faster.

This chapter describes the derivation of “fast” glass process simulation models

from “slow” computational fluid dynamics (CFD) models. This is called model re-

duction and these fast simulation models are called reduced models.

In this chapter model reduction aims at approximating CFD models by lower com-

plexity models (in this case less equations than in the CFD model) making use of the

dependence between the temperatures at different grid points. To this end the temper-

ature T (ξ, t) is written as a series of orthonormal basis functions ϕi (ξ) of position ξ

each multiplied by a time dependent function1

ai (t) := 〈T (·, t) , ϕi (·)〉 (4.1)

1〈T (·, t) , ϕi (·)〉 denotes an inner product (defined in the next section) of the temperature function

T (ξ, t) and the ith basis vector ϕi (ξ) where the argument ξ is replaced by a dot to indicate that the result

is independent from ξ.
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called the Fourier coefficient,

T (ξ, t) =

∞∑

i=1

ai (t)ϕi (ξ) (4.2)

where the relative contribution of each term decreases with increasing i. Such a series

will be referred to as a Fourier expansion ([22], page 579). An nth order truncation of

this expansion,

T̂ (ξ, t) =

n∑

i=1

ai (t)ϕi (ξ) (4.3)

is used to approximate the temperature T (ξ, t). The basis vectors ϕi (ξ) are deter-

mined from simulation data of the CFD-model. Next, a set of model equations is

derived to model the relation between inputs u (t) ∈ R
nu (such as fuel flow rate, elec-

trical boosting power, etc.) and the Fourier coefficients {ai (t)}ni=1. Here, this set of

model equations will be determined using a system identification algorithm.

4.2 The POD method

Proper orthogonal decomposition (POD, [4], [33], [46]) is a technique to approximate

a collection of snapshots by a small number of orthogonal basis functions or vectors.

A collection of temperature snapshots is written as:

T snap (K) :=









T̃ (ξ1, t1) T̃ (ξ1, t2) · · · T̃ (ξ1, tK)

T̃ (ξ2, t1) T̃ (ξ2, t2) · · · T̃ (ξ2, tK)
...

...
. . .

...

T̃ (ξN , t1) T̃ (ξN , t2) · · · T̃ (ξN , tK)









(4.4)

that is a set of simulated temperature fields over N grid points observed at K dif-

ferent times t1, t2, . . . , tk. The considered set of orthogonal basis functions used to

approximate this collection of snapshots will be called a POD basis and will be used to

approximate the solutions of the partial differential equations (2.7) by a small number

of variables. In the sequel the POD technique will be explained mathematically. First,

some theory on orthonormal bases is introduced. Orthonormal bases are used in the

first step of the model reduction approach.
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4.2.1 Calculation of the POD basis

The Navier Stokes equations and the heat equation ([14]) describe the time evolution of

velocity, pressure and temperature. The solutions to these equations, T (ξ, t), v (ξ, t)

and p (ξ, t), are functions of position, ξ ∈ X and time, t ∈ T:

T : X× T −→ R

v : X× T −→ R
3

p : X× T −→ R

where X is the spatial domain and T is the time axis. Each of these functions can

be expressed as an infinite sum, called the Fourier expansion, of orthonormal basis

functions (ϕT,i (ξ), ϕv,i (ξ) and ϕp,i (ξ) respectively) of position ξ ([22], page 579),

T (ξ, t) =

∞∑

i=1

〈T (·, t) , ϕi (·)〉
︸ ︷︷ ︸

aT,i(t)

ϕT,i (ξ) =

∞∑

i=1

aT,i (t)ϕT,i (ξ) (4.5)

v (ξ, t) =

∞∑

i=1

〈v (·, t) , ϕv,i (·)〉
︸ ︷︷ ︸

av,i(t)

ϕv,i (ξ) =

∞∑

i=1

av,i (t)ϕv,i (ξ) (4.6)

p (ξ, t) =

∞∑

i=1

〈p (·, t) , ϕp,i (·)〉
︸ ︷︷ ︸

ap,i(t)

ϕp,i (ξ) =

∞∑

i=1

ap,i (t)ϕp,i (ξ) (4.7)

where aT,i (t), av,i (t) and ap,i (t) are the time dependent coefficients (called the

Fourier coefficients) of the series expansion and 〈·, ·〉 denotes an inner product, de-

fined as:

〈T (·, t) , ϕT,i (·)〉 :=

∫

X

T (ξ, t)ϕT,i (ξ) dξ (4.8)

〈v (·, t) , ϕv,i (·)〉 :=

∫

X

v⊤ (ξ, t)ϕv,i (ξ) dξ (4.9)

〈p (·, t) , ϕp,i (·)〉 :=

∫

X

p (ξ, t)ϕp,i (ξ) dξ (4.10)

where ⊤ denotes the transpose. Orthonormality of {ϕT,i (ξ)}∞i=1means that

〈ϕT,i, ϕT,j〉 = 0 and 〈ϕT,i, ϕT,i〉 = 1. Note that ϕv,i (ξ) ∈ R
3 is a vector signal

like the velocity v (ξ, t). Since the basis functions are orthonormal the contribution of

each term to the global temperature, velocity and pressure field variations is entirely

determined by the coefficients. As already mentioned temperature will be the main

process variable for control in this thesis. Therefore, only temperature will be consid-
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ered in the remainder of this chapter. Computational Fluid Dynamics (CFD) models

estimate the temperature, velocity and pressure fields at discrete time and space coor-

dinates

(denoted by ˘ ). The discretised temperature field T̆ (ξl, tk) can be expressed by a

Fourier series similar to (4.5):

T̆ (ξl, tk) =

N∑

i=1

〈

T̆ (·, tk) , ϕ̆i (·)
〉

︸ ︷︷ ︸

ai(t)

ϕ̆i (ξl) =

N∑

i=1

ai (tk) ϕ̆i (ξl) (4.11)

with discrete position ξl ∈ X̆ (X̆ is a finite set of N grid point positions), discrete

time tk = k∆t (k ∈ Z
+) and N the number of grid points. Since only temperature is

considered here, subscript T will be dropped in the notation of the Fourier coefficients

and the basis vectors. The inner product is now defined by:

ai (tk) =
〈

T̆ (·, tk) , ϕ̆i (·)
〉

=

N∑

l=1

T̆ (ξl, tk) ϕ̆T,i (ξl) (4.12)

The series expansion (4.11) of the discretised temperature fields T̆ (ξl, tk) are used to

find a reduced model. The snapshots matrix T snap together with the input signals that

were used to generate it hold information on the dynamic behavior of the glass melting

tank. In the remainder of this thesis the following notation will be used:

a (k) := col {ai (tk)}Ni=1 (4.13)

T (k) := col
{

T̆ (ξl, tk)
}N

l=1
(4.14)

ϕi := col {ϕ̆i (ξl)}Nl=1 and Φ :=
(

ϕ1 ϕ2 · · · ϕN

)

(4.15)

Using this notation equation 4.11 can be rewritten as:

T (k) = Φa (k) (4.16)

Matrices and vectors will be denoted by bold symbols, matrices by capital letters and

vectors by small letters except for the temperature vector T (k). Since the columns of

Φ form an orthonormal basis, the matrix Φ is orthogonal which means that Φ
⊤
Φ =

IN where IN denotes the N × N identity matrix. The right hand side of equa-

tion 4.16 consists of N basisvectors (columns of Φ) and consequently also N Fourier

coefficients. The set of basis vectors {ϕi}Ni=1 and the set of corresponding Fourier
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coefficients {ai (k)}Ni=1 will now be partitioned into a set of n basis vectors {ϕi}ni=1

with their coefficients that define the approximation Ť (k) :=
∑n

i=1 ai (k)ϕi and a

set of N − n basis vectors {ϕi}Ni=n+1 with their coefficients that form the Fourier

series of the error vector εn (k) := T (k) − Ť (k) =
∑N

i=n+1 ai (k)ϕi. The best

choice for the matrix Φ (which could be any orthogonal N ×N matrix) is defined in

terms of the ‘magnitude’ of the vector valued signals T (k), Ť (k) and εn (k). Here,

the ℓ2-norm2 ||·||2 is used, that was defined in equation (3.6),

||x||2 :=

(
K∑

k=1

x⊤ (k)x (k)

)1/2

(4.17)

Because of the orthogonality of Φ the contribution of each term ϕiai to the ℓ2-norm

is entirely determined by the coefficients:

||T ||22 =

K∑

k=1

T⊤ (k)T (k) =

K∑

k=1

a⊤ (k)Φ⊤
Φa (k)

= ||a||22 = ||a1||22 + ||a2||22 + · · ·+ ||aN ||22

For given temperature data
{

T̃ (k)
}K

k=1
a POD basis is, by definition, a basis {ϕi}Ni=1

such that the ℓ2-norm of its Fourier coefficients satisfy

||a1||22 ≥ ||a2||22 ≥ · · · ≥ ||aN ||22 (4.18)

In particular, this means that for any truncation level n the “energy” in the first n

Fourier coefficients, being
∑n

i=1 ||ai|| is maximal. Specifically, if the Fourier expan-

sion (4.11)is truncated at i = n such that

T (k) = Φa (k) =
[

Φn Φtail

]
[

an (k)

atail (k)

]

then the squared ℓ2-norm of the temperature vector can be written as,

||T ||22 = ||an||22 + ||atail||22
= ||an||22 + ||εn||22

where an (k) ∈ R
n denotes the vector of the first n Fourier coefficients, atail (k) ∈

R
N−n denotes the vector of the last N − n Fourier coefficients and εn (k) ∈ R

N ,

2See section 3.2 or e.g. [16], [64] for definitions of signal norms.
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εn (k) = Φtailatail (k) denotes the vector of truncation errors. A POD basis for such

a truncation is a basis, which results in a minimal ℓ2-norm of the error vector signal

||εn||2.

Optimal basis for a data set of process variables

A set of basis vectors that results in small ℓ2-norm of εn (k) is determined on the ba-

sis of a collection of snapshots
{

T̃ (k)
}K

k=1
that is generated by a CFD model (glass

tank model, [11], [25], [26]) simulation of the excitation of a glass melting process

by applying an input data set ũ (k) (e.g. time varying boundary conditions). Simu-

lated or experimental data will be denoted by ˜ . It is shown that for a given data set
{

T̃ (k)
}K

k=1
and for any n a POD basis minimises the ℓ2-norm of the corresponding

error vector signal ε̃n (k) = T̃ (k) − Ť (k) among all orthonormal bases of order n.

First, note that the ℓ2-norm of the error vector εn (k) can be minimised by maximisa-

tion of the ℓ2-norm of the truncated Fourier coefficient vector an (k). So, the ℓ2-norm

of the truncation error vector ε̃n (k) is minimised by choosing basis vectors {ϕi}ni=1

such that

F (ϕ1,ϕ2, . . . ,ϕn) =

n∑

i=1

∣
∣
∣

∣
∣
∣T̃

⊤
(k)ϕi

∣
∣
∣

∣
∣
∣

2

2
(4.19)

is maximised, subject to

||ϕi||2 = 1 i = 1, 2, . . . , n (4.20)

and
〈
ϕi,ϕj

〉
= 0 for all i 6= j (4.21)

where ||ϕi|| := ϕ⊤
i ϕi denotes the Euclidean norm (length) of the basis vector ϕi.

First, necessary conditions for extrema of F (ϕ1,ϕ2, . . . ,ϕn) subject to ||ϕi||2 = 1

are derived. It is shown that the optimal basis vectors {ϕi}ni=1 have to be eigenvectors

of the matrixR := T snapT
⊤
snap. Then, the basisvectors {ϕi}ni=1 satisfy the orthonor-

mality condition (4.21) if the eigenvalues that correspond to the selected eigenvectors

are distinct. To derive the optimum of F (ϕ1,ϕ2, . . . ,ϕn) subject to ||ϕi||2 = 1, first

a so called Lagrangian function is defined as

L (ϕ1, . . . ,ϕn, λ1, . . . , λn) := F (ϕ1, . . . ,ϕn)−
n∑

i=1

λi

(

||ϕi||2 − 1
)

(4.22)
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The basis vectors ϕ1,ϕ2, . . . ,ϕn are to be determined such that L is maximised.

A necessary condition for an extremum for this function is that the gradients of the

Lagrangian, with respect to the basis vectors ϕi and the Lagrange multipliers λi are

equal to the zero vector

∇ϕi
L = 0

⊤ ∇λi
L = 0 i = 1, 2, . . . , n (4.23)

where ∇ϕi
= ∂

∂ϕ⊤

i

denotes the gradient with respect to the ith basis vector and 0⊤

denotes a zero row vector of the same size as ∇ϕi
L. Using the definitions of the

ℓ2-norm (??) and the Euclidean norm, the Lagrangian can be written as

L (ϕ1, . . . ,ϕn, λ1, . . . , λn) =

n∑

i=1

K∑

k=1

ϕ⊤
i T̃ (k) T̃

⊤
(k)ϕi

−
n∑

i=1

λi

(
ϕ⊤

i ϕi − 1
)

(4.24)

Note that T̃ (k) is the kth column of T snap (K). Substitution of (4.4) results in

L (ϕ1, . . . ,ϕn, λ1, . . . , λn) =
n∑

i=1

ϕ⊤
i T snapT

⊤
snapϕi

−
n∑

i=1

λi

(
ϕ⊤

i ϕi − 1
)

(4.25)

The gradients of the Lagrangian are given by

∇ϕi
L = ϕ⊤

i T snapT
⊤
snap

︸ ︷︷ ︸

R

− λiϕ
⊤
i = 0⊤ (4.26)

∇λi
L = ϕ⊤

i ϕi − 1 = 0 (4.27)

The matrixR ∈ R
N×N is called the correlation matrix of the snapshots

{

T̃ (k)
}K

k=1
.

It can be concluded (by taking the transpose of (4.26)) that the optimality conditions

define the eigenvalue problem ofR,

Rϕi = λiϕi (4.28)
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Right-multiplying (4.28) by ϕ⊤
i results in

ϕ⊤
i λiϕi = ϕ⊤

i Rϕi = ϕ⊤
i T snapT

⊤
snapϕi

λi =
∣
∣
∣

∣
∣
∣T

⊤
snapϕi

∣
∣
∣

∣
∣
∣

2

=

K∑

k=1

∣
∣
∣T̃

⊤
(k)ϕi

∣
∣
∣

2

(4.29)

=
∣
∣
∣

∣
∣
∣T̃

⊤
ϕi

∣
∣
∣

∣
∣
∣

2

2
= ||ai||22 (4.30)

Here, ||·|| denotes the Euclidean norm, |·| denotes the absolute value and ||·||2 denotes

the ℓ2-norm. Let the eigenvalues λi ofR be ordered

λ1 ≥ λ2 ≥ · · · ≥ λN (4.31)

Then, the summation of the eigenvalues λi yields the optimal value ||a∗n||22 of the

criterion ||a∗
n||22,

||a∗
n||22 =

n∑

i=1

K∑

k=1

|a∗
i (k)|2 =

n∑

i=1

||a∗
i ||22 =

n∑

i=1

λi

where a∗n denotes the vector valued signal an that maximises the Lagrangian L. Fur-

thermore, the eigenvectorsϕ1,ϕ2, . . . ,ϕn satisfy the orthonormality conditions if the

eigenvalues λ1, λ2, . . . , λn are distinct. The optimal set of basis vectors can be found

by computing an eigenvalue decomposition ([34] and appendix A) as can be derived

from (4.28),

[

Rϕ1 Rϕ2 · · · RϕN

]

=
[

λ1ϕ1 λ2ϕ2 · · · λNϕN

]

RΦ = ΦΛR

R = ΦΛRΦ
⊤ (4.32)

with ΛR a diagonal matrix of the eigenvalues λi ofR (denoted as

diag (λ1, λ2, . . . , λN )) and Φ is the orthogonal matrix of eigenvectors of R. In con-

clusion the following algorithm can be stated to calculate the POD basis.

Algorithm 4.1 (POD basis based on T snapT
⊤
snap)

Given: T snap =
[

T̃ (1) T̃ (2) · · · T̃ (K)
]

Construct: R = T snapT
⊤
snap
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Compute: Eigenvalue decomposition,

R = ΦΛRΦ
⊤ (4.33)

with

ΛR = diag (λ1, λ2, . . . , λN ) (4.34)

ΦΦ
⊤ = Φ

⊤
Φ = IN (4.35)

Output: POD basis vectors {ϕi}Ni=1, which are the columns of

Φ =

[

ϕ1 ϕ2 · · · ϕN

]

Computational aspects for POD bases

In the applications considered in this thesis the size ofRmakes the direct computation

of this eigenvalue decomposition infeasible on a PC. For example, a demonstration

glass melter simulation model with 11628 grid cells will be described later in this

chapter. For this relatively small number of grid cells (N > 1·105 is not exceptional in

glass tank model calculations) the matrix itself already occupies ∼ 8 Gb of computer

memory. The Singular Value Decomposition (SVD) of T snap can be used to find

the basis vectors in a more efficient way (see appendix A) because the dimension

of.T snap ∈ R
N×K is much smaller than the dimension of R ∈ R

N×N (that is, if

K ≪ N ).

Singular value decomposition(SVD)

The snapshots matrix T snap, which is a matrix of observations T̃ (k), admits a singu-

lar value decomposition ([34] page 72),

T snap = ΦKΣΨ
⊤ =

rank(T snap)
∑

i=1

σiϕiψ
⊤
i (4.36)

where ΦK ∈ R
N×K and Ψ ∈ R

K×K are both orthonormal matrices, that is, Φ⊤
KΦK =

Ψ
⊤
Ψ = IK . IK is a K ×K identity matrix. The vectors ϕi and ψi are columns of

ΦK and Ψ, respectively. This singular value decomposition is used often in system

analysis. The matrix Σ is diagonal and its diagonal entries σi are called the singu-

lar values of the matrix T snap. The terms of the summation σiϕiψ
⊤
i are sometimes

called the principle components ([54]) or dyads of T snap. An important property of
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the SVD is the relation between the SVD and two eigenvalue decompositions,

R = T snapT
⊤
snap = ΦKΣΨ

⊤
ΨΣΦ

⊤
K = ΦKΣ

2
Φ

⊤
K (4.37)

R′ = T⊤
snapT snap = ΨΣΦ

⊤
KΦKΣΨ

⊤ = ΨΣ
2
Ψ

⊤ (4.38)

whereΣ2 = ΣΣ is a diagonal matrix of the first K eigenvalues of R, the columns of

ΦK are the first K eigenvectors of R and the columns of Ψ are the eigenvectors of

R′ ∈ R
K×K . If K < N then the dimensions of R′ are smaller than the dimensions

of T snap which in turn are smaller than the dimensions ofR. Then the first K eigen-

values ofR (= the squared singular values of T snap, i.e. σi =
√

λi) can be calculated

most efficiently through the eigenvalue decomposition ofR′.

Example 4.1 Consider the following snapshots matrix T snap ∈ R
3×2 of 2 snapshots

T̃ (1) , T̃ (2) ∈ R
3,

T snap =






1151 1151.5

1152 1151

1149 1150






↑ ↑
T̃ (1) T̃ (2)

←− T̃1 (k)

←− T̃2 (k)

←− T̃3 (k)

which can be decomposed into the singular value decomposition

T snap = ΦΣΨ
⊤ = ϕ1 σ1ψ

⊤
1

︸ ︷︷ ︸

[a1(1) a1(2)]

+ϕ2 σ2ψ
⊤
2

︸ ︷︷ ︸

[a2(1) a2(2)]

with

Φ =






−0.5776 0.2267

−0.5777 −0.7922

−0.5767 0.5665






↑ ↑
ϕ1 ϕ2

Σ =

[

2818.8 0

0 1.0

]

Ψ =

[

−0.7071 −0.7072

−0.7072 0.7071

]

Now suppose that the two snapshots are approximated by one single basis vector, that
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means the matrix T snap is approximated by a rank 1 approximation T̂ snap,

T̂ snap = ϕ1σ1ψ
⊤
1 =






−0.5776

−0.5777

−0.5767






︸ ︷︷ ︸

ϕ1

2818.8
[

−0.7071 −0.7072
]

︸ ︷︷ ︸

[a1(1) a1(2)]

=






1151.2 1151.3

1151.4 1151.6

1149.4 1149.6






←− T̂1 (k)

←− T̂2 (k)

←− T̂3 (k)

Note that in the rank 1 approximation T̂2 (1) < T̂2 (2) while in the original snapshots

matrix T̃2 (1) > T̃2 (2).

A POD basis for the data set T snap of order n consists of the first n columns of

Φ, that is, of the first n left singular vectors ([77]). In case of CFD models for glass

melting processes the number of grid cells is in general to large to solve the SVD of

T snap directly. Two approaches were used in this work to solve the SVD of T snap:

• Calculate the POD basis using the eigenvalue decomposition of T⊤
snapT snap

(algorithm 4.2);

• An iterative algorithm (algorithm 4.3) suggested by Geladi and Kowalski

([30],[52]).

Algorithm 4.2 (POD basis based on T⊤
snapT snap)

Given: T snap =
[

T̃ (1) T̃ (2) · · · T̃ (K)
]

Construct: R′ = T⊤
snapT snap

Compute: Eigenvalue decomposition ofR′ (4.38),

R′ = ΨΛR′Ψ
⊤

with

ΛR′ = diag (λ1, λ2, . . . , λK) (4.39)

ΨΨ
⊤ = Ψ

⊤
Ψ = IK (4.40)
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Set as output: ϕi = T snapψi (λi)
−1/2

where ψi is the ith column of Ψ

Algorithm 4.3 (POD basis based on SVD of T snap (NIPALS))

Given: T snap =
[

T̃ (1) T̃ (2) · · · T̃ (K)
]

Initialise (step 0): ϕ
(0)
i (initial guess)

Repeat (step j):

ψ
(j)
i :=

T⊤
snapϕ

(j−1)
i

∣
∣
∣

∣
∣
∣T

⊤
snapϕ

(j−1)
i

∣
∣
∣

∣
∣
∣

(4.41)

ϕ
(j)
i :=

T snapψ
(j)
i∣

∣
∣

∣
∣
∣T snapψ

(j)
i

∣
∣
∣

∣
∣
∣

(4.42)

where ϕ
(j)
i is the value of ϕi at the ith iteration.

Until: The euclidean norm of the update is smaller than some tolerance level εtolerance

that is if ||ϕ(j)
i −ϕ

(j−1)
i || < εtolerance

Output: ϕ
(Ni)
i with i = 1, 2, . . . , n, where n is the chosen POD basis order and Ni

is the number of iterations needed to calculate basis vector ϕi.

The advantage of this method is that no large matrices have to be computed in

memory. Memory problems are therefore less often encountered than with the previ-

ous method. On the other hand, the NIPALS algorithm takes more computation time

in general.

Normalisation and weighting

Since in this thesis the reduced models are used for model predictive control (MPC)

we are interested in the variations of the temperatures rather than the steady state tem-

perature profiles. Furthermore, not all temperatures are equally important for control

or estimation. Therefore, normalisation and weighting of the data may be introduced

by generating a new snapshots matrix,

T̃ snap (k) = W
(

T snap (k)− T̄ e⊤
)

(4.43)
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where T̄ is the mean temperature vector over time

T̄ =
1

K

K∑

k=1

T̃ (k) (4.44)

e ∈ R
K is defined as e⊤ :=

(

1 1 · · · 1
)

and W is a weighing matrix.

4.2.2 System Identification

Recall from the previous section that an input data set {ũ (k)}Kk=1 was used to excite

a glass tank simulation model (a CFD model) in order to obtain a set of temperature

snapshots
{

T̃ (k)
}K

k=1
. Once the POD-basis Φ is determined, a data reduction of the

snapshots matrix

T snap =
(

T̃ (1) T̃ (2) · · · T̃ (K)
)

(4.45)

is performed,

T snap = ΦnAsnap (4.46)

where Φ accounts for the spatial variations in the snapshots
{

T̃ (k)
}K

k=1
and the

matrixAsnap defined as

Asnap =
[

ãn (1) ãn (2) · · · ãn (K)
]

= Φ
⊤
nT snap (4.47)

accounts for the temporal variations.

As described in section 3.3.2 subspace identification algorithms determine model

parameter matricesA,B andCain a model in state space form

x (k + 1) = Ax (k) +Bu (k) (4.48a)

ân (k) = Cax (k) (4.48b)

for a suitable (low) dimension nx of the state variable x (k) ∈ R
nx . In this model

A ∈ R
nx×nx , B ∈ R

nx×nu and Ca ∈ R
na×nx are matrices of model parameters,

u (k) ∈ R
nu is the vector of input variables, x (k) ∈ R

nx is the vector of state

variables which exhibits the memory structure of the model, ân (k) ∈ R
n is the vector

of Fourier coefficients and nx is called the model order and has to be determined by

the user.

The state space model (4.48) will be used to estimate or predict the time evolution
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of the Fourier coefficient vector an (k) as a function of the input vector u (k). Before

the model can be used for this purpose the model parameter matricesA,B,Ca have

to be determined first3.

Once the model is formulated the data sets {u (k)}Kk=1 and {â (k)}Kk=1 are used

to determine the unknowns A,B,Ca and x (1) for different values of nx. The un-

knownsA,B,Ca and x (1) are determined such that the difference between ân and

ãn becomes small. This method is explained in more detail in appendix C.

The state space model thus formed can be used to predict dynamic temperature

behaviour in the entire 3D-grid. Specifically, we define

T̂ (k) = ΦnCax (k) (4.49)

= CTx (k) (4.50)

which together with (4.48a) forms the reduced model to estimate the entire tempera-

ture vector at a given time instant, as function of the inputs u (k). Two types of error

occur in the prediction of T (k): The truncation error εn (k) and the model error in

the state space model

εSID (k) = Φn (an (k)− ân (k)) (4.51)

Hence, the true temperature vector can be written as:

T (k) = ΦnâT (k) + εSID (k) + εn (k) (4.52)

= T̂ T (k) + εSID (k) + εn (k) (4.53)

where εn (k) = Φtailatail (k) is the tail in the sum (6.30), Φ = [ Φn Φtail ]

and atail (k) is the coefficient vector corresponding to the basis vectors {ϕi}Li=n+1

(columns of Φtail) that were ignored in the reduction step. The total error introduced

in the truncation and identification procedure is:

ε (k) = T (k)− T̂ (k) = εSID (k) + εn (k) (4.54)

In this work, pseudo random binary signals (PRBNS) were used to excite the CFD-

model of the demo-furnace. PRBNS signals switch between two values with a certain

switching probability Psw every minimal switching interval. This way a low correla-

3The initial state x (1) is assumed to be zero.
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tion between the inputs is achieved which is necessary for the persistence of excitation

(appendix C). Then the effects of the different inputs can be distinguished.

4.3 Examples

In this section two examples will be discussed to illustrate the model reduction method

used in this thesis:

• One dimensional heat transfer problem (discussed in [4])

• Demonstration glass melting furnace

4.3.1 One dimensional heat transfer problem

Consider the perfectly insulated heated bar in figure 4.1. If only temperature variations

u1(t) u2(t) u3(t)

y1(t) y2(t)

ξ

Figure 4.1: Heated bar: The signals u1 (t) , . . . , u3 (t) are the temperatures at ξ = 0, ξ = 1
2
L

and ξ = L, respectively. The measured outputs are the temperatures at ξ = 1
4
L

and ξ = 3
4
L.

Table 4.1: Data corresponding to simulation HB/SIM2

Parameter Value Unit

N 401 [−]
∆ξ 2.5 · 10−4 [m]
λ 10 [Wm−1K−1]
ρ 1000 [kgm−3]
cp 1000 [Jkg−1K−1]
∆t 2 [s]

in the ξ-direction are considered then the heat transfer is modeled by the following
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partial differential equation with boundary conditions:

ρcp
∂T

∂t
= λ

∂2T

∂ξ2
T (ξ, 0) = T0 (ξ)

T (0, t) = u1 (t) T
(

1
2L, t

)
= u2 (t) T (L, t) = u3 (t)

with the density ρ in
[
kg m−3

]
, the heat capacity cp in

[
J kg−1 K−1

]
, the thermal

conductivity λ in
[
J s−1 m−1 K−1

]
and the position ξ in [m]. Using the grid arrange-

ment in figure 4.2 this equation can be discretised to find a discrete approximation of

the solution T (ξ, t) numerically. In the finite volume method ([28], [59]) the equation

∆ξw|e
∆ξW |P

EPW

w e

ξ

Figure 4.2: Grid arrangement used for discretisation of the heat equation. The points P , E and

W are located at the positions ξP , ξE and ξW .

is integrated over the line segment ΩP = [ξw, ξe]:

ρcp

∫

ΩP

∂T

∂t
dξ = λ

∫

ΩP

∂2T

∂ξ2
dξ (4.55)

and the volume integral is approximated by
∫

ΩP

∂T
∂t dξ ≈ ∂T

∂t

∣
∣
ξP

∆ξw|e:

∂T

∂t

∣
∣
∣
∣
ξP

=
λ

ρcp∆ξw|e

(

∂T

∂ξ

∣
∣
∣
∣
ξe

− ∂T

∂ξ

∣
∣
∣
∣
ξw

)

(4.56)

The derivatives with respect to time are approximated using a backward rule and the

notation Ti := T (ξi, t) is introduced for the points P , E and W ,

dTP

dt
=

λ

ρcp∆ξw|e

(
TE − TP

∆ξP |E
− TP − TW

∆ξW |P

)

(4.57)



86 Model reduction of detailed glass tank simulation models

In this example a equidistant grid is used with ∆ξw|e = ∆ξP |E = ∆ξ and so (4.57)

becomes

d

dt
TP =

λ

ρcp (∆ξ)
2 (TE − 2TP + TW )

= α (TE − 2TP + TW ) with α =
λ

ρcp (∆ξ)
2 (4.58)

Applying this discretisation to a set of grid cells a set of linear differential equations

are found and written in state space form:

d

dt
T (t) = AT (t) + Bu (t) (4.59)

where T (k) ∈ R
N−3, with N the number of grid cells, is the temperature vector and
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Figure 4.3: Basis vectors used to approximate the temperature vector T (k) in the heated bar.
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u (t) ∈ R
3 the input vector defined as

T (t) := col
{

T2 (t) , T3 (t) , . . . , T 1
2N−1 (t) , T 1

2 N+1 (t) , . . . , TN−1 (t)
}

u (t) := col
{

T1 (t) , T 1
2N , TN

}

A and B in
[
s−1
]

are the state and input matrices given by

A =





















2α α 0 · · · 0

α 2α α
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0 · · · 0 α 2α





















B =




















α 0 0
...

...

0 0 0

0 α 0

0 α 0

0 0 0
...

...

0 0 α




















Pseudo Random Binary Noise Signals (PRBNS) were applied as the inputs, u (k) to

excite the CFD model of the heated bar (4.1) resulting in a snapshots matrix T snap.
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From the mean centered snapshots matrix,

T̃ snap = T snap − T 0 (4.60)

with T 0 the time averaged temperature vector, a POD basis was determined using the

singular value decomposition (SVD) of T̃ snap,

T̃ snap = ΦΣΨ⊤ (4.61)

In this example it was possible to calculate the singular value decomposition directly
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Figure 4.4: Coefficients of the first 7 basis vectors used to approximate the temperature vector

T (k) in the heated bar. (ã (k) = a, and â (k) = aSID)

because the number of grid cells was relatively low (N = 401). For the temperature

approximation a 7th order POD basis Φn was used. Figure 4.3.1 shows the 7 basis

vectors {ϕi}7i=1 of the POD basis. Note, that the shape of these basis vectors de-

pends on the used data set and hence on the chosen input sequence to generate T snap.

Figure 4.5 shows the cumulative ’energy’ of the the Fourier coefficients defined as

‖ai‖22 =
∑i

j=1 |aj |22. The difference between ‖a6‖22 and ‖a7‖22 s much smaller than
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Figure 4.5: ℓ2-norm of the coefficients of the temperature basis vectors of the heated bar.

the difference between ‖a1‖22 and ‖a2‖22. So the relative contribution of adding a7 to

the Fourier expansion is much smaller than the contribution of a2 (see also figure 4.5).

Using the set of basis vectors a reduced model can be derived in either of two

ways:

• Galerkin projection (GAL) applied to the model, that is, substitution of T (t) =

Φa(t) and an = Φ
⊤T (t) into (4.59)

• System identification (SID), in which case a model of the form

x(k + 1) = Ax(k) +Bu(k)

a(k) = Cax(k)

is postulated and the unknown parameters A, B C are estimated numerically

from the data {ũ(tk)}Kk=1 and T snap as described in section 3.2.2.
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y2 predicted by the CFD model, the POD model based on Galerkin projection and

the POD model based on system identification. The fit is almost to accurate to

distinguish the tree curves.

Validation of reduced models

Next, the reduced models named GAL and SID will be validated. Comparisons will

be made between the step responses and the Bode plots ([15]) of the input/output be-

haviour from the three inputs to the two measured outputs (figure 4.1). Bode plots

give information about the way in which periodic signals are transfered from input

to the output by the system (Appendix B.2.2). A Bode plot consists of two parts:

the amplitude ratio (AR, ratio of input and output amplitudes) and the phase (phase

lag between input and output) both as a function of frequency. In this small example

(N = 401) the step response and the Bode plot of the CFD model can be calculated

relatively easy. In figure 4.6 the step responses of the CFD model, the POD model

based on Galerkin projection (GAL) and the POD model based on system identifica-

tion (SID) are compared. It can be concluded that for this example the model GAL
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and the model SID practically have the same accuracy. The step response is composed

of low frequency and high frequency signals with an emphasis on low frequencies. In

the Bode plots (figures 4.7 and 4.8) it can be seen that the POD model (either GAL or

SID) is more accurate at low frequencies. Furthermore, figures 4.7 and 4.8 show that
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Figure 4.7: Bode plots of the CFD model and Reduced models (Obtained through Galerkin pro-

jection) of different POD basis order n. The Bode plots correspond to the transfers

u2 → y2 (left) and u3 → y2 (right).

models based on 6,8 or 10 POD basis vectors are accurate and that the bandwidth over

which the models are accurate is largest for the models with higher number of basis

vectors (n = 8 and n = 10). In the magnitude plots of the transfer from u3 to y2 the

model with n = 8 (top right plot in figure 4.7 and 4.8) seems more accurate than the

model with n = 10. although this may be true for the transfer from u3 and y2, the

opposite may hold for other transfers. Note that the model reduction was carried out

based on temperature information of the entire grid (not just the measured outputs y1

and y2). Furthermore, the POD basis is optimal for a certain data set (a certain choice

of input signals) only. Figure 4.9 shows the effect of the switching probability Psw

of the PRBNS on the Bode plots. Simulations were carried out using three different
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Figure 4.8: Bode plots of the CFD model and Reduced models (Obtained through Subspace

Identification (SID)) of different POD basis order n. The Bode plots correspond to

the transfers u2 → y2 (left) and u3 → y2 (right).

PRBNS signals with different values of Psw. Lower switching probability yields a

larger contribution of the low frequencies in the signals. It can be seen that using the

PRBNS with Psw = 0.2 yields a more accurate model at higher frequencies while

at lower frequencies the PRBNS with Psw = 0.01 yields a more accurate model. At

frequencies above the cut off frequency (frequency where the magnitude is 3dB lower

than at f = 0) the variations of the inputs are damped out by the system such that

effects of these variations are hardly be observed at the outputs (measured tempera-

tures). At these higher frequencies the controller cannot suppress variations through

feedback. For control it is important that the model is accurate in the frequency range

up to the cut off frequency. Therefore, PRBNS signals with low switching probability

(Psw = 0.01) were used to excite the CFD model.

4.3.2 Glass melting furnace model

Figure 4.10 shows the layout of a small demonstration furnace. Tabel 4.2 gives some
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Figure 4.9: Bode plots of the CFD model and Reduced models (Obtained through Galerkin pro-

jection) using different input signals to generate the snapshots. Psw is the switch-

ing probability of the PRBNS. The Bode plots correspond to the transfers u2 → y2

(left) and u3 → y2 (right).

numerical data of the furnace. The input variables u (k) are the crown temperature

shifts with respect to a nominal temperature profile of the melter and the refiner and

the pull rate:

m̂pull (t) = u1 (t)

Tcrown,M (ξ, t) = Tcrown,M (ξ) + u2 (t)

Tcrown,R (ξ, t) = Tcrown,R (ξ) + u3 (t)

For this small demo furnace a relation between the input variables and the temperature

T (ξ, t) is derived by using the techniques described in section ... To this end the

three input variables were used to excite a CFD model (TNO glass tank model) in

a simulation and the calculated temperature snapshots were collected. Figure 4.12

shows the used pseudo random binary input signals (PRBNS). A set of 2000 and a set

of 5000 snapshots were collected for this demo furnace. Next, these snapshots were
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Figure 4.10: Small glass melting furnace

Table 4.2: Demo furnace data

Number of grid cells N 36 · 19 · 17 = 11628
Size of melter (LHW ) 4 m ·0.85 m ·2 m = 6.8 m3

Size of refiner
(
HπR2

)
0.85 m ·π · (0.68 m)2 = 1.23 m3

Nominal Pull rate m̂pull 16 tons/day

Number of bubbling pipes 6

divided spatially into three subdomains before calculating a set of basis vectors for

each subdomain:

• The batch region (this subdomain was not considered in the model reduction

method due to large CFD model uncertainties in this region)

• The glass melt region in the melting tank with basis vectors ΦM
nM

• The refiner with basis vectors ΦR
nR

This separation in subdomains is done to prevent the regions with large amplitudes

(especially the batch region) from dominating the set of basis vectors of the global do-

main. It turns out that with increasing basis order n the behaviour of the corresponding



4.3. Examples 95

a. b.

c.

Figure 4.11: Grid Arrangement of the demo furnace CFD-model. The dots indicate validation

points. a. Topview cross section at throat level. b. Topview cross section at batch

level. c. Sideview cross section (mid plane).

coefficients ai (t) tends to become noisy. Because of this determining the relationship

between the inputs u (t) and the coefficients a (t) from the data becomes harder as n

increases. Instead of one full matrix of basis vectors we use a block diagonal one, that

is,

ΦnM+nR =

[

ΦM
nM

0

0 ΦR
nR

]

instead of Φn =

[

ΦM
n

ΦR
n

]

where ΦM
nM

and ΦR
nR

minimise the ℓ2-norm of the reconstruction errors ε̃T,M (k) and

ε̃T,R (k), respectively. Like the temperature vector the basis vectors also represent 3D

arrays defined as (see section 3.2):

ϕ3D
I1,I2,I3 = ϕI1+(I2−1)N1+(I3−1)N1N2

where I1, I2 and I3 are the indices in the three directions and N1, N2 and N3 are

the numbers of elements in the three directions. Figures 4.13 and 4.14 show selected

planes from these 3D arrays for each of the six calculated basis vectors (columns of
[
(
ΦM

nM

)⊤
0
]⊤

) for the melter only (values are zero at batch region and refiner

positions).

The set of basis vectors is used to generate a snapshots matrix of the coefficients,

Asnap,M:

Asnap,M =
(
ΦM

nM

)⊤
T̃ snap (4.63)
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Figure 4.12: PRBNS input signals. u1 = GPS1 Pull.PV, u2 = GPS1 dTcrown.PV, u3 =
GPS2 dTcrown.PV

A thousand samples of each row of Asnap,M are shown in figure 4.15. As described

in section 4.2 the subspace algorithm MOESP was used to determine the state space

parameters (A,B,C,D) in the model:

xred (k + 1) = Axred (k) +Bu (k) (4.64)

â (k) = Cxred (k) +Du (k) (4.65)

for different model orders, nx. To model the quality of the model fit the variance

accounted for (VAF), is defined as:

VAF =

(

1− variance (ã− â)

variance (ã)

)

· 100%

The VAF is the part of the variance of ã that can be described by the model expressed

in %. Table 4.3 shows the VAF of models with nx = 1, 2, . . . , 10 and n = 7 (POD

basis order). It turns out that the model with nx = 8 has the largest value of VAF.

The ninth order model has a VAF of -1000 for all Fourier coefficients because the
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Figure 4.13: Middle ξ1ξ2-plane of 6 POD basis vectors ϕ3D
i,[:,:,9] (I3 = 9).

calculated model is unstable. Slow dynamics correspond to eigenvalues of A that are

close to the unit circle in the complex plane. Small numerical inaccuracies may cause

the calculated eigenvalues of A to fall outside the unit circle and hence result in an

unstable model.

The temperatures predicted by the selected model with nx = 8 are compared with

a validation data set in figure 4.16 for 9 selected validation locations. These loca-

tions are chosen at 4 different heights, 3 different ξ1-positions (direction from batch to

throat) and 2 different ξ3-positions (in the middle and at the side). In the nine selected

points the POD model accurately predicts the time evolution of the temperatures that

are generated by the CFD model. Figure 4.17 shows the absolute values of the errors

|T̃ − T̂ | in the 9 selected validation points. In each of these plots the maximum error is

indicated by a *. From figure 4.17 it can be concluded that occasionally the errors can

become significantly large. These significant errors occur especially with relatively

fast changes in temperature.

4.4 Summary

This chapter described the reduction of complexity of dynamic CFD models of glass

melting processes by the use of the Proper Orthogonal Decomposition (POD) of a

matrix of snapshots. The matrix of snapshots is generated through simulation of a
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Table 4.3: VAF for different model orders.

nx → 1 2 3 4 5 6 7 8 9 10
a1 31.43 78.61 88.28 90.36 88.15 69.45 93.08 95.27 -1000 82.64

a2 47.27 87.53 97.21 97.75 96.53 68.65 98.99 99.16 -1000 97.79

a3 97.98 97.77 98.21 98.31 98.38 95.19 98.12 97.84 -1000 98.82

a4 82.11 95.75 99.29 99.39 99.02 85.24 99.61 99.66 -1000 99.44

a5 98.33 99.79 99.86 99.89 99.89 99.75 99.90 99.90 -1000 99.86

a6 96.72 99.66 99.83 99.87 99.86 99.74 99.88 99.88 -1000 99.80

dynamic process with the CFD model. After determination of the POD basis and

the time varying Fourier coefficients, a linear time invariant4 state space model is

determined through a subspace algorithm.

The model reduction procedure and the model reduction procedure described in

[3] were both applied to a 1D heat transfer example: a heated bar. The conclusion is

that in this example where a linear CFD model was reduced both procedures result in

accurate reduced models. The number of equations was reduced from ∼ 400 to 7.

By the example of a demonstration glass melting tank model it was shown that the

models thus obtained can describe the time evolution of glass melt temperatures rather

4Time invariant means that the model parameters are independent of time.
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Figure 4.17: Absolute error |TCFD (k) − TPOD (k)| at 9 the validation points.

accurately and ∼ 104 times faster than real time. In this case the number of equations

could be reduced from 12000 to 8.
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Estimation of temperatures in

the glass melt

5.1 Introduction
5.2 Kalman filter
5.3 Example: Glass melting tank

5.4 Role of sensor positions
5.5 Conclusions

This chapter describes observers or ‘soft sensors’. In figure 5.11 it is the part in the

thick bordered box. Observers or soft sensors use values of the input variables, such

as fuel flow rate and electrical boosting power, and measured outputs, such as thermo-

couple readings, to estimate unknown variables, such as the hot spot temperature, on

the basis of a mathematical process simulation model.

5.1 Introduction

Chapter 2 motivated the control of glass melt temperatures. Temperature is an im-

portant variable with respect to melting, fining, homogenisation, refining and thermal

conditioning of the glass. Often important glass melt temperatures are not measured

because of the short sensor lifetime in the glass melt. Computational fluid dynamics

models (CFD) can be used to predict these unmeasured temperatures through simula-

tion.

Besides estimation of important glass melt temperatures that have to be controlled,

estimation of the state variables is also important for control. In a CFD model these

state variables are the temperatures, velocities and pressures. In a reduced model

as derived in chapter 4 these state variables are a set of latent variables that exhibit

the dynamic behaviour of the glass melt temperature field. For an explanation of the

role of state variables in some chemical engineering examples the reader is referred

1Figure 5.1 shows the same block diagram as figure 1.3 which is explained in section 1.2.3.
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w(t) = measured disturbance z(t) = controlled variables

u(t) = input signal x̂(k) = estimate of x(t)
d(t) = unmeasured disturbance y(t) = measured outputs

x(t) = state of observer model ẑ(t) = estimate of z(t)

w(t)

u(t)

x̂(t)
ẑ(t)

d(t)

y(t)

z(t)

Set points for z(t)

Controller

Observer

Glass melting
furnace

Figure 5.1: Control scheme used in this thesis. Note that the vector of controlled variables z

may contain elements of the vector of measured outputs y and that y may contain

elements of z.

to appendix B.1. With the present values of the state variables and the future values

of the inputs the simulation model can predict the future course of the glass melt

temperatures. From a control point of view it would be best if the state variables could

be measured or estimated through a simulation model.

Chapter 4 described the derivation of fast2 glass melt temperature simulation mod-

els from computational fluid dynamics (CFD) models with high accuracy around a

certain operating point. Given the course of the input variables u (t) ∈ R
nu (figure

5.1) such as fuel flow rate and electrical boosting power, these reduced simulation

models can predict the course of the temperatures in all N grid points of the spatial

domain that is modeled by the CFD model. Among these, there are temperatures from

which the predicted measured temperatures (ŷ (t) ∈ R
ny = estimate of y (t) ∈ R

ny

in figure 5.1) can be derived. In practice, differences between the predicted measure-

ments and the real process measurements (e.g. thermocouple readings) occur due to

process disturbances, model errors and unmodeled dynamics on one hand and sensor

2 > 104 times faster than the CFD model.
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inaccuracies or sensor failures on the other hand. In time these differences, referred to

as the output estimation errors εy (t) = y (t)− ŷ (t), may increase and lead to a large

disagreement between the model predictions and the real process values.

Instead of estimating unmeasured glass melting temperatures on the basis of a

simulation model and known past input signals only, an observer is used to estimate

the temperatures from the known inputs and measured outputs on the basis of an es-

timation model. If the process is assumed to behave according to a known reduced

simulation model and differences between the model predictions and the process mea-

surements are assumed to be caused by disturbances with known stochastic properties,

then an observer/estimator can be designed, which minimises the expected differences

between the temperature profile T and its estimate T̂ . In this chapter glass melt tem-

perature measurements are assumed to be taken each sample interval ∆t. The kth

measurement of y (t) will be written as y (k) = y (tk) = y (k∆t). Figure 5.2 shows

u(k)
y(k)

d1(k)

d2(k)

ε(k)
T (k)

T̂ (k)Estimator

Process

Figure 5.2: Block diagram of the estimation problem: Given a mathematical model of the

process, find an estimator F (q) such that the RMS-norm (defined in section 3.1)

of the estimation error ε (k) = T (k) − T̂ (k) is minimised.

schematically the estimation procedure that is applied in this chapter. The objective is

to find a linear estimator denoted by F (q) with q the shift operator (see appendix B)

that minimises the RMS norm of the estimation error ε = T − T̂ (figure 5.2). The

RMS norm of the estimation error signal is defined according to definition

||ε||RMS =

(

lim
k→∞

E
{
ε⊤ (k) ε (k)

}
)1/2

(5.1)

where E {·} denotes the statistic expectation of the random variable ε (k). For the de-

sign of an observer/estimator assumptions have to be made regarding the disturbance

characteristics. In the standard Kalman filter that was introduced briefly in section

3.4 both the state disturbances and the measurement noise are assumed to be white.
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However, it is observed in practice that often slowly varying disturbances act on the

process. Furthermore, the slowly varying disturbances (with frequencies within the

bandwidth of the process) are those that are observed at the measured outputs. Be-

cause of this, the classes of disturbance signals that are used here for the design of

the estimator are extended to colored noise sequences. The following assumptions are

made.

• The disturbances d1 and d2 (figure 5.2) are colored noise sequences. The col-

ored noise sequences are created by filtering white noise sequences called ν1

and ν2. In appendix F as an example it is shown that such filtering can be

applied to reconstruct the pO2 signal show in figure 2.6 from a signal that is

approximately white. Mathematically, this is written as

d1 = F 1 (q)ν1 d2 = F 2 (q) ν2 (5.2)

where F 1 (q) ∈ R
nd,1×nd,1 and F 2 (q) ∈ R

nd,2×nd,2 are linear filters and the

time samples of ν1 and ν2 are independent and normally distributed

ν1 (k) ∈ N
(
0, Ind,1

)
ν2 (k) ∈ N

(
0, Ind,2

)
for all k (5.3)

whereN
(
0, Ind,1

)
denotes the set of normally distributed random variables3.

• The temperature deviation ∆T (k) = T (k)− T̄ with respect to a steady opera-

tion point T̄ and the measured outputs y (k) is assumed to behave according to

a stable reduced CFD model that was derived in section 4.24. This model is ex-

tended with two disturbance termsG1d1 (k) andG2d2 (k) that are assumed to

be the causes of discrepancies between the model predictions and measurement

data,

x (k + 1) = Ax (k) +Bu (k) +G1d1 (k) (5.4a)

y (k) = Cyx (k) +G2d2 (k) (5.4b)

∆T (k) = CTx (k) (5.4c)

with state vector x (k) ∈ R
nx of the reduced model, A ∈ R

nx×nx , B ∈
R

nx×nu , Cy ∈ R
ny×nx and CT ∈ R

N×nx matrices of model parameters and

G1, G2 are weighting matrices of the disturbances d1 (k) and d2 (k). The

3This means that each element of ν1 or ν2 is a normally distributed random variable with variance equal

to 1.
4For some background material about state space models the reader is referred to appendix B.
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matrices A ∈ R
nx×nx , B ∈ R

nx×nu , Cy ∈ R
ny×nx , and CT ∈ R

N×nx can

be derived using the approach described in section 4.2. The elements of the

matrices G1 and G2 are chosen based on assumptions about model accuracy,

sensor noise and disturbances in the process.

• The input u (k) and the disturbances d1 (k) and d2 (k) are assumed to be inde-

pendent.

• The unknown initial state vector x (0) = x0 is assumed to be a normally dis-

tributed random variable with an unknown covariance matrixQ0,

x0 ∈ N (0,Q0)

5.2 Kalman filter

In chapter 3 the Kalman filter was introduced. The Kalman filter is an estimator that

minimises the RMS norm of the estimation error ε (k) = T (k) − T̂ (k) under the

assumptions given above ([42], [47]). In section 3.4 it was shown that the Kalman

filter has the following form,

x̂ (k + 1) = Ax̂ (k) +Bu (k) +K (y (k)− ŷ (k)) (5.5a)

∆T̂ (k) = CT x̂ (k) (5.5b)

ŷ (k) = Cyx̂ (k) (5.5c)

x̂ (0) = x̂0 (5.5d)

where x̂ (k) ∈ R
nx is the estimate of the state vector x (k), ŷ (k) is the estimate of the

vector of measured outputs y (k) and the matrixK ∈ R
n×ny is a compensator called

the Kalman gain that applies corrections to the state vector in order to compensate for

observed output estimation errors εy (k) = y (k)−ŷ (k). The termK (y (k)− ŷ (k))

can be considered an estimate for the state disturbance termG1d1 (k).

5.2.1 Kalman filter with extended process model

The Kalman filter can be extended with noise filters (e.g. integrators, see appendix

F) to improve performance in the presence of low frequency disturbances ([37], [55],

[56]) which are often more important than the high frequency disturbances. An ex-

ample of such a slowly varying disturbance is the measured local oxidation state of

the glass melt (this will influence the effective heat conductivity in the glass melt) that
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was shown in section 2.3.2 (figure 2.6). In this section, it is shown that extensions

of the Kalman filter based on POD models (chapter 3) may be used to estimate glass

melt temperatures in the presence of slowly varying or stepwise disturbances. First,

the suggested extensions (3 types) of the Kalman filter are described and then the stan-

dard Kalman filter is compared with the Kalman filters with these extensions. Figure

Glass melting tank

Kalman Filter

F 1(q) F 2(q)

x̂red(k)

u(k)

ν1(k) ν2(k)

d1(k) d2(k)

y(k)

Figure 5.3: Extension of assumed distrurbances with noise filters. Filtered white noise se-

quences ν1 (k) and ν2 (k) are assumed to disturb the glass melting process instead

of the white noise sequences d1 (k) and d2 (k).

5.3 shows the extension of the block diagram by two noise filters F 1 (q) and F 2 (q)

(according to equation 5.2). In appendix F the design of such a filter in state space

form is shown for the example of the log pO2-signal that was shown in figure 2.6. The

noise filters F 1 (q) and F 2 (q) can be represented by a state space model form

xF 1
(k + 1) = AF 1

xF 1
(k) +BF 1

ν1 (k)

d1 (k) = CF 1
xF 1

(k) +DF 1
ν1 (k)
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xF 2
(k + 1) = AF 2

xF 2
(k) +

[

BF
F 2

0
]

︸ ︷︷ ︸

BF 2

[

νF
2 (k)

νNF
2 (k)

]

︸ ︷︷ ︸

ν2(k)

d2 (k) = CF 2xF 2 (k) +
[

0 DNF
F 2

]

︸ ︷︷ ︸

DF 2

[

νF
2 (k)

νNF
2 (k)

]

︸ ︷︷ ︸

ν2(k)

with xF 1 ∈ R
nd1 xF 2 ∈ R

nd2 the state vectors of the filters and AF 1 ∈ R
nd1

×nd1 ,

BF 1
∈ R

nd1
×nd1 , CF 1

∈ R
nd1

×nd1 , DF 1
∈ R

nd1
×nd1 , AF 2

∈ R
nd2

×nd2 ,

BF
F 2
∈ R

nd2
×nd2 , CF 2

∈ R
nd2

×nd2 , DNF
F 2
∈ R

nd2
×nd2 model parameter matrices

of the two disturbances filters. The disturbance vector ν2 is partitioned into a filtered

part νF
2 (k) and a non-filtered part νNF

2 (k) (white sensor noise) which are assumed

to be mutually independent. The model parameters are chosen by the user and used

for tuning of the Kalman filter. Here, the matrices AF 1
= Ind1

and AF 2
= Ind2

are chosen as identity matrices, resulting in integrating filters (see appendix B). The

matricesBF 1
= γd1,Filt

Ind1
andBF

F 2
= γd2,Filt

Ind2
are chosen as identity matrices

multiplied by weighting factors γd1,Filt
and γd2,Filt

. The matrices DF 1
= γd1

Ind1

andDF 2
= γd2

Ind2
are also chosen as identity matrices multiplied by weighting fac-

tors γd1
and γd2

. The two filter descriptions (5.6) and (5.7) are used as a replacement

for the termsG1d1 (k) andG2d2 (k) in equation ((5.4) ),






x (k + 1)

xF 1
(k + 1)

xF 2
(k + 1)




 =






A CF 1
0

0 AF 1
0

0 0 AF 2






︸ ︷︷ ︸

A(E)






x (k)

xF 1
(k)

xF 2
(k)






︸ ︷︷ ︸

x(E)(k)

+






B

0

0






︸ ︷︷ ︸

B(E)

u (k)

+






DF 1
0

BF1 0

0 BF 2






︸ ︷︷ ︸

G
(E)
1

[

ν1 (k)

ν2 (k)

]

︸ ︷︷ ︸

d(k)

(5.8a)
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y (k) =
[

C 0 CF 2

]

︸ ︷︷ ︸

C(E)






x (k)

xF 1 (k)

xF 2 (k)




+Du (k)

+
[

0 DF 2

]

︸ ︷︷ ︸

G
(E)
2

[

ν1 (k)

ν2 (k)

]

(5.8b)

The extended model (5.8) can be written as:

x(E) (k + 1) = A(E)x(E) (k) +B(E)u (k) +G
(E)
1 ν(E) (k) (5.9a)

y (k) = C(E)x(E) (k) +Du (k) +G
(E)
2 ν(E) (k) (5.9b)

Note that the extended model (5.9) can be written in the same form as (3.25) if the

filtered part of ν2 and the unfiltered part of ν2 are independent. Then the Kalman

filter can be designed in the same way as in section 3.4. The algebraic Ricatti equation

(3.30) is then based on A(E) and C(E) instead of A and C. In the example below

four different types are used:

1. Normal Kalman filter: CF 1 = 0, CF 2 = 0. This normal Kalman filter ([42])

was introduced in section 3.4.

2. Kalman filter based on extended model with integrating state noise filters: CF 1
=

[

Iny
0
]⊤

, CF 2 = 0. Here, the state disturbances are assumed to have

slowly varying behaviour (such as day/night effects and redox variations of used

cullet)

3. Kalman filter based on extended model with input noise filters:

CF 1 =
[

B⊤ 0
]⊤

, CF 2 = 0. This is a special case of filtering of the state

disturbances. Now, the state disturbances act on the state variables in the same

way as the input variables (through the matrixB).

4. Kalman filter based on extended model with output noise filters: CF 1
= 0,

CF 2
= Iny

. In the case of filtered output disturbances the assumption is made

that slowly varying disturbances influence the measurements or that offsets oc-

cur between the measured values and the true values.
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5.3 Example: Glass melting tank

This section describes the application of the Kalman filter to the demonstration fur-

nace model that was derived in section 4.3.2. Here, only the melter part will be consid-

ered. The extensions of the Kalman filter that were discussed in the previous section

are tested on this simulation model. The objective is to estimate unmeasured temper-

atures from measured temperatures and known input data. The used inputs for this

demonstration simulation model are the shift of the crown temperature profile and the

pull rate. Six grid points in the CFD model were selected as the measurements. These

grid points were located near the bottom of the melter.

5.3.1 POD model

In section 4.3.2 it was shown that a fast simulation model can be derived from a CFD

model using proper orthogonal decomposition (described in section 4.2.1) and sub-

space identification (briefly introduced in section 4.2.2),

x (k + 1) = Ax (k) +Bu (k) (5.10a)

y (k) = Cyx (k) (5.10b)

T (k) = CTx (k) (5.10c)

This model gives a relation between the temperature vector T (k) and the input vector

u (k) ∈ R
2 and a relation between the measured temperatures y (k) ∈ R

6. The state

vector x (k) ∈ R
8 is represents the memory in the model and has no direct physical

meaning. The matricesA ∈ R
8×8, B ∈ R

8×2, Cy ∈ R
6×8 and CT ∈ R

11628×8 are

matrices with model parameters.

5.3.2 Kalman filter tests on CFD model

In CFD simulation the demonstration furnace was excited by steps in the two input

variables (figure 5.4). Filtered white noise sequences were added to these inputs (fig-

ure 5.5) and white noise sequences were imposed on the measured outputs (figure 5.6).

On basis of the 6 noisy measurements of the temperatures in the CFD model, the tem-

peratures in all grid points were estimated using the 4 Kalman filter types that were

discussed in section 5.1.1. From these grid point temperatures a set of 45 validation

points was selected to monitor the estimation error ε (k) = T (k)− T̂ (k).

Figures 5.7 and 5.8 show the temperatures in eight selected validation grid points.
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Figure 5.4: Input steps that are applied to the CFD model of the demonstration glass melting

furnace.

Four different models were applied in the Kalman filters: Standard model, model

with integrating noise filters on state disturbances, model with integrating noise filters

on input disturbances and integrating noise filters on output disturbances. In figures

5.7 and 5.8 it can be observed that the Kalman filters with coloring filters on the

input disturbances or state disturbances give more accurate results in this simulation

as expected. Furthermore, it can be seen that wrong assumptions on the disturbance

characteristics (output noise filter) may lead to large estimation errors.

It is assumed that in glass melting processes the low frequency disturbances occur

at the inputs or states. An example of this are the redox variations of container glass

cullet as shown in chapter 2.

Besides assumptions on the disturbance characteristics the Kalman filter perfor-

mance also depends on the locations of the used sensors. Next section describes the

selection of sensor positions in order to optimise Kalman filter performance.
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Figure 5.5: Input disturbances that were applied to the CFD model of the demonstration glass

melting furnace.

5.4 Role of sensor positions

In the previous section it was shown that glass melt temperatures can be estimated on

basis of a small number of temperature measurements by using the reduced simulation

models in a Kalman filter. This section describes the use of The performance of the

Kalman filter described above is defined as the trace of the covariance matrix of the

state estimation error εx (k) which depends on the Kalman gain K. Equation (3.30)

shows that the optimal covariance matrix Q̄ of εx and the Kalman gain only depend on

the system matricesA and C and on the stochastic properties of the noise sequences

d1 (k) and d2 (k). The matrix C represents the measurements and depends on the

sensor positions in the glass melting tank.

To be able to reconstruct the vector of state variables a minimal number of sensors

is needed at the right positions in the glass melting tank. The pair of matrices (A,C)

thus obtained has to be observable to be able to uniquely reconstruct the vector of state

variables xred. In case of a linear time invariant system this system is observable if
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Figure 5.6: Output disturbances that were added to the grid point temperatures from the CFD

model that were selected as measurements.

the rank of the observability matrix

O =









Cy

CyA
...

CyA
nx−1









is nx.

Observability of the pair (A,C) only tells if the state vector can be reconstructed

but nothing about the accuracy of this estimate. If the condition number κ (O) =

σmax (O) /σmin (O) is very large then one or more directions in the state space are

almost unobservable. In [24] and [67] the condition number ofO is used as a criterium

to find the optimal sensor locations.
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Figure 5.7: Four selected validation grid point temperatures in the CFD model and their esti-

mates generated by the four Kalman filter types that were described in this section.

KF = Kalman Filter, SNF = State Noise Filter, INF = Input Noise Filter and ONF =

Output Noise Filter.

In several other publications performance of the Kalman filter ([2], [1], [44]) or the

performance of a controller with observer ([58]) is used. In these approaches assumed

noise characteristics and control objectives are taken into account when choosing the

sensor locations.

In [20] an optimal sensor placement is based on the performance of a Kalman fil-

ter and on a set of criteria from a data reconciliation point of view. Often it is not

desirable to have a minimal number of sensors that result in the optimal performance

of the Kalman filter but to have some redundancy for safety reasons. Data reconcil-

iation algorithms try to observe sensor failures (gross error detectability), minimise

the effects of undetected sensor failures (resilience), maximise the residual estimation

precision after removing the broken sensor or maximise the reliability of the set of
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Figure 5.8: Four selected validation grid point temperatures in the CFD model and their esti-

mates generated by the four Kalman filter types that were described in this section.

KF = Kalman Filter, SNF = State Noise Filter, INF = Input Noise Filter and ONF =

Output Noise Filter.

sensors (probability that a variable is observable).

Here, some preliminary results are given on sensor placement using two criteria:

1. Select a set of grid point positions {ξm}ny

m=1, ξm ∈ X̆ out of the finite set of N

grid points X̆, such that the condition number κ (O) of the observability matrix

O =









Cy

CyA
...

CyA
nx−1









is minimal.
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2. Select {ξm}ny

m=1 out of X̆ such that the trace of Q̄

tr
(
Q̄
)

is minimal, where Q̄ = E
{
ǭxǭ

⊤
x

}
is the solution of

Q̄ = AQ̄A
⊤ −AQ̄C⊤

(

CQ̄C
⊤

+G2G2

)−1

CQ̄A
⊤

+G1G1 (5.11)

Both these problems are too complex5 to be solved on a computer. To find the

optimal solution the criterion must be evaluated for each possible set of ny sensors out

of N sensor positions. This results in

(
N

ny

)

=
N !

(N − ny)!ny!

evaluations of the criterion. For example, consider an industrial container glass feeder

whose geometry is shown in figure 5.9. The length of the feeder is 8.54 m, the glass

level is 174 mm at the inlet and 254 mm at the outlet and the inlet width at the glass

surface is 1.14 m. From the inlet to the outlet the feeder consists of 4 separate zones.

In each of these zones the set point for a measured surface temperature is used as

input. The pull rate (amount of glass flowing out of the feeder) is taken into account as

a measured disturbance. Using the model reduction techniques described in chapter 3

a reduced model is derived which has the form

xred (k + 1) = Axred (k) +Buu (k) +Bww (k) (5.12a)

a (k) = Caxred (k) (5.12b)

T (k) = CTxred (k) = ΦnCaxred (k) (5.12c)

with the state vector xred (k) ∈ R
21, the vector of Fourier coefficients a (k) ∈ R

14,

the temperature vector T (k) ∈ R
71442, the matrix of POD basis vectors Φn ∈

R
71442×14 and A ∈ R

21×21, Bu ∈ R
21×4, Bw ∈ R

21, CT ∈ R
71442×21 and

Ca ∈ R
71442×14 the matrices of system parameters. Selecting ny sensor positions out

of the set of N = N1N2N3 = 63 · 18 · 63 = 71442 grid point positions comes down

to selecting ny rows from CT and creating a new matrix Cy ∈ R
ny×21 with these

selected rows. This matrix Cy then maps the state xred (k) to the measured output

vector y (k) according to

y (k) = Cyxred (k)

5Too many computations are needed to solve the problem in a million years on a computer.
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About 71000 grid points were used in the CFD model of this feeder. An optimal

selection of 10 sensors would then need approximately 1042 evaluations.

Figure 5.9: Geometry of the glass feeder for which a set of sensors was selected. The glass

flows in from the left (from the working end) and leaves at the left. The two bars at

the side walls near the exit and the two bars at the bottom are boosting electrodes.

An alternative approach is selection of the sensor positions on a one by one basis.

Then one sensor is picked at a time assuming that the previously selected sensor po-

sitions are fixed. So, if for example the third sensor is chosen based on given sensor

positions of sensors 1 and 2 then N evaluations of the criterion are needed to find

a sensor position for sensor 3. That selected sensor position of sensor 3 minimises

the criterion among all N candidate sensor positions. There may, however, be better

sensor positions for sensor 1 and 2 when added to the selected position for sensor 3.

These possibly better positions for sensor 1 and 2 are ignored.

Specifically, two algorithms that are used here are summarised as follows.

Algorithm 5.1 (Sensor position selection based on minξm
κ (O))

for i = 1 : ny

Select ξ1 as new sensor position

Initialise κmin := κ(O) whereO corresponds to y1 (t) := T (ξ1, t)

for l = 1 : N

1. Select ξl as new sensor position
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2. Determine κ(O) whereO corresponds to set of chosen outputs

3. If κ(O) < κmin then κmin := κ(O) ξmin := ξl
end

Update: Add yi (t) := T (ξmin, t) to set of chosen outputs

end

Algorithm 5.2 (Sensor position selection based on minξm
tr
(
Q̄
)
)

for i = 1 : ny

Select ξ1 as new sensor position

Initialise Tmin := tr(Q̄)

for l = 1 : N

1. Select ξl as new sensor position

2. Determine tr(Q̄) corresponding to set of chosen outputs

3. If tr(Q̄) < Tmin then Tmin := tr(Q̄) ξmin := ξl
end

Update: Add yi (t) := T (ξmin, t) to set of chosen outputs

end

These two algorithms were used to find a set of sensor positions in the grid of a

glass feeder model. A third algorithm with a higher number of possible combinations

than algorithm 1 was tested but did not result in a lower final value of the criterion

κ(O).

Table 5.1: Condition number of observability matrix O and trace of error covariance matrix Q̄

for three sensor configurations. The current configuration consists of 16 sensors, and

the two algorithms each selected 10 sensor locations.

κ(O) tr(Q̄)
Old sensor positions (16 sensors) 28.8869 5.9319e+006

Algorithm 1 (10 sensors) 6.6768 7.5828e+006

Algorithm 2 (10 sensors) 22.0198 5.4767e+006

Figures 5.10 and 5.11 show images (ξ1ξ3-plane, ξ2 = 0.4225 m) of tr
(
Q̄
)

and

of κ(O) as a function of candidate sensor position for some of the 10 to be selected

sensors. Another choice of the first sensor results in different images for sensors 2 up
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Figure 5.10: Trace of the state estimation error covariance matrix, tr (Q), as a function of

canditate sensor position of the to be added sensor once previously selected sensor

positions are fixed. Some grid points were ignored (black areas) because there

temperature variations are very small. (I1, I2, I3) are the coordinates in the grid.

Here I2 = 13.

to 10. Executing algorithm for ny sensor positions yields a set of 10 new sensor posi-

tions. The 10 sensor positions for algorithm 1 and 2 are given in table 5.2. Validation

simulations using the reduced model were carried out with Kalman filters using the

current (real) sensor positions and the positions that were selected by the algorithms 1

and 2. Results of two of the simulation runs will be given here. In both simulation runs

the input u (k) was taken as u (k) = 0, d1 (k) was taken as filtered white noise and

d2 (k) as white noise. Simulations of 1000 samples (∆t = 1 min) were repeated sev-

eral times for different weighting factors γd1
,γd2

and γd1,Filt in (5.9). The first group

of simulations will be referred to as FEEDER/SIM1. In this group of simulations the

each of the input disturbances was a white noise sequence filtered by a discrete time

filter with a pole at 0.999 (appendix A) which results in very slow trends in the dis-

turbance signals. This type of filter was also the one used in the design of the Kalman

filter. Figure 5.12 shows the input disturbances applied to the 4 zone temperatures in

one of these simulations.
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Table 5.2: Selected sensor positions by algorithms 1 and 2

Algorithm 1 Algorithm 2

I1 I2 I3 I1 I2 I3

59 12 32 37 15 30

47 7 17 20 15 48

48 15 43 14 16 15

55 5 35 58 16 38

17 11 25 28 17 9

20 13 7 21 18 20

1 11 12 1 9 9

16 6 22 1 11 8

21 16 23 1 4 33

49 11 62 33 4 10

A second group of simulations is denoted by FEEDER/SIM2. In FEEDER/SIM2

a filter with a pole at 0.9 was used to filter the input noise. This second group of sim-

ulations was used to validate the performance of the Kalman filter in another situation

than the one it was designed for. Note that the sensor positions selected by algorithm

2 were suboptimal for the estimation problem simulated by the group of simulations

FEEDER/SIM1. Figures 5.13 and 5.14 show the Kalman filter estimates in 12 of 45

validation points in the grid. Both Kalman filters produce a very accurate fit (note

that the simulator is a linear reduced model in this case). The Kalman filter based

on the sensors selected by algorithm 2 is slightly more accurate. A more important

difference is that the the Kalman filter based on algorithm 2 only used 10 selected

sensors while the original sensor configuration consisted of 16 sensors. Kalman filters

designed with the old sensor configuration and the sensor configurations determined

by algorithms 1 and 2 are compared in 45 validation points equally distributed in the

spatial domain. Let z (k) denote the vector with these validation points as its entries

and define a criterion Γz as

Γz =

1000∑

k=1

(z (k) −ẑ (k))
⊤

(z (k) −ẑ (k))

where k is the sample number. Tables 5.3and 5.3give the values for Γz in simulations

FEEDER/SIM1 and FEEDER/SIM2, respectively. It can be observed that in all cases

the Kalman filter designed with sensor positions from algorithm 2 (based on tr
(
Q̄
)
)

performs best. Algorithm 1 which is based on the condition number of the observabil-
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Figure 5.13: Temperature response of the simulator and its Kalman filter response in one of

the simulations of FEEDER/SIM1 at 12 of the 45 validation positions in the grid.

Here the Kalman filter was designed using the old sensor configuration.

ity matrix κ (O) yields Kalman filters that are slightly better than the Kalman filters

based on the original filter configuration except for 2 cases.

This section showed that using sensor selection algorithms based on the perfor-

mance of the Kalman filter may result in a smaller set of sensors and a better Kalman

filter performance than in a current industrial situation. Additional validation tests

have to be performed to test the resulting performance for different disturbance char-

acteristics and on the nonlinear CFD model.

For future work it is proposed that a from an existing set of sensors a smaller set

with equal or better Kalman filter performance is determined using algorithm 2 and

that redundant sensors are added to this set on the basis of data reconciliation criteria

proposed in [20]. This way the resulting set will at least result in the same Kalman

filter performance and may result in higher robustness with respect to sensor failures.
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Figure 5.14: Temperature response of the simulator and its Kalman filter response in one of

the simulations of FEEDER/SIM1 at 12 of the 45 validation positions in the grid.

Here the Kalman filter was designed using the sensor configuration determined by

algorithm 2.

Another aspect that has to be addressed is the robustness of the sensor set against

changes in the flow patterns. Here, the set of sensors is selected based on the matrix

Cy = CselectΦCa with Cselect a ny ×N selection matrix. This matrixCy depends

the POD basis vectors (columns of Φ). These basis vectors were determined for a

certain operating range of the glass melting process. Therefore, the set of selected

sensors is only suboptimal for that particular operating range.

5.5 Conclusions

In this chapter the reduced models in chapter 3 were used to design an estimator or ob-

server that estimates glass melt temperatures that are not measured. The Kalman filter

which is an optimal estimator for the state vector is also optimal for the temperature

estimation problem. It was demonstrated on a simplified glass tank simulation model
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Table 5.3: Sum of squares of estimation errors over a selected set of 45 validation positions cor-

responding to simulations FEEDER/SIM1. γd1 , γd2 and γd1,Filt are the weighting

factors of the disturbances.
γd1 γd2 γd1,Filt ERR. OLD ERR. κ(O) ERR. tr(Q)

1 1 1 1599 1414 1350

1 3 1 942 916 914

1 11 1 863 853 850

1 19 1 858 857 843

3 1 1 3270 2747 2378

11 1 1 11960 11232 9126

19 1 1 23644 21986 16166

1 1 3 3200 2689 2235

1 1 11 10204 10036 7365

1 1 19 16310 17191 13588

Table 5.4: Sum of squares of estimation errors over a selected set of 45 validation positions cor-

responding to simulations FEEDER/SIM2. γd1 , γd2 and γd1,Filt are the weighting

factors of the disturbances.
γd1

γd2
γd1,Filt ERR. OLD ERR. κ(O) ERR. tr(Q)

1 1 1 1581 1463 1331

1 3 1 932 909 892

1 11 1 825 824 803

1 19 1 858 861 850

3 1 1 3497 2913 2453

11 1 1 11433 11116 8515

19 1 1 20986 20717 17029

1 1 3 3039 2773 2235

1 1 11 10807 9600 7344

1 1 19 18045 17727 14140

that low frequency disturbances which occur often in glass melting processes can be

taken into account in the Kalman filter design. Including coloring filters for the as-

sumed disturbances significantly improve the Kalman filter performance provided that

the thus generated disturbance characteristics coincide with those of the real process

disturbances.

This chapter described two algorithms that can be used to select a set of sensors

that result in a suboptimal Kalman filter. An example of a reduced container glass

feeder model demonstrated that from the current set of 16 sensors the number of sen-

sors could be brought back to 10 still resulting in a better Kalman filter performance.
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For future research it is recommended that the proposed algorithms are used as a

testing tool to compare different sets of sensor positions that can be chosen based on

engineering experience. Furthermore, it is recommended to examine the robustness

of a set of chosen sensors, that is, the performance of the observer or estimator after

sensor failure.
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Controller design

6.1 Introduction
6.2 MPC applied to heated bar

6.3 Closed loop performance as a
function of model order

6.4 Conclusions

This chapter describes the development of a control method based on the reduced

models that were discussed in chapter 4. The controller generates optimal steering

signals (e.g. set points for local fuel flow rate controllers), on the basis of a process

simulation model. This model predicts and follows controlled variable signals (e.g.

controlled glass melt temperatures) in time and the controller enables glass melt tem-

peratures to follow user defined criteria. For example, it may be concluded from Com-

putational Fluid Dynamics (CFD) and melting and fining submodel calculations that

the hot spot temperature should be kept between a lower and an upper bound and

preferably at a set point that depends on the pull rate and the fining agent concentra-

tion. Then, the controller searches for instance the fuel flow rate changes that have

to be made to keep the hot spot temperature between the lower and upper bounds.

In figure 6.11 the controller is the part in the thick bordered box. Section 6.1 gives

the scope of this chapter and the formulation of two control problems: Full control

problem based on CFD model and the reduced control problem based on the reduced

model. Next, section 6.2 describes Model Predictive Control (MPC) of the tempera-

ture profile in the heated bar that was described in section 4.3.1. Then, the relation

between controller performance and POD basis order of the reduced model is exam-

ined in section 6.3. In this section controller performance will be measured as the sum

of squared differences between a desired temperature profile in a glass feeder and the

actual controlled temperature profile.

1Figure 6.1 shows the same block diagram as figure 1.3 which is explained in section 1.2.3.
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w(t) = measured disturbance z(t) = controlled variables

u(t) = input signal x̂(k) = estimate of x(t)
d(t) = unmeasured disturbance y(t) = measured outputs

x(t) = reduced process state ẑ(t) = estimate of z(t)

w(t)

u(t)

x̂(t)
ẑ(t)

d(t)

y(t)

z(t)

Set points for z(t)

Controller

Observer

Glass melting
furnace

Figure 6.1: Control scheme used in this thesis. Note that the vector of controlled variables z

may contain elements of the vector of measured outputs y and that y may contain

elements of z.

6.1 Introduction

6.1.1 Scope

As already indicated in section 1.2 this thesis focuses on glass melt temperature es-

timation and temperature control based on reduced CFD models. Control of glass

melt temperatures is only one of the issues in the operation of glass melting processes.

Other controlled variables that may be considered in future work include residence

time distributions and quality indices in the glass melting tank as mentioned in section

2.4.3. Because of the different time scales and levels of complexity the operation of

glass melting processes has several hierarchical levels:

1. Process optimision level: required glass quality, energy requirements, market

demands, environmental legislation are translated to process requirements such

as glass melt temperature set points or optimal trajectories. In general this op-

timisation is based on human experience and carried out by glass melting spe-

cialists but it could also be automated by combining CFD models ([11], [59],
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[60], [69]), glass quality submodels (like melting or fining index distributions,

[12], [10]) and optimisation algorithms.

2. Multivariable process variable control: A controller uses the process require-

ments from the optimizer level to calculate multiple input signals (e.g. set of

fuel flow rates of the burners) that result in optimal time dependent behaviour

of multiple outputs (e.g. a set of bottom temperatures).

3. Local controller level: Usually, the model predictive controller does not steer

actuators (e.g valves) directly but generates set points for the local controllers

(mostly PI or PID controllers).

Level 1 is just outside figure 6.1. The performance criteria for the controlled vari-

able vector z are considered to be given. In future work optimisation based on CFD

models and quality models can be developed and integrated with the control system.

This chapter describes level 2: multivariable glass melt temperature control. The local

controllers (level 3) are considered as a part of the process.

In chapter 2 a motivation was given for the control of temperature: Temperature

plays a key role in melting, fining homogenisation, refining and thermal conditioning.

Besides temperature, other important (level 2) process variables such as glass melt

flow patterns, redox state of the glass and concentrations of chemical glass components

can be estimated and controlled in future work using the same techniques as those

described in this thesis for glass melt temperatures.

6.1.2 Model reduction

In chapter 4 CFD models that model the thermal and flow behaviour of the glass melt

were approximated by reduced models. These reduced models have lower complexity

than the original CFD models. In this thesis complexity means the number of equa-

tions. In case of CFD models of glass melting processes the reduction of the number

of equations results in a lower computation time. First, the steps involved in model

reduction are briefly summarised. Then control based on reduced models will be de-

scribed. Among other variables a CFD model generates temperatures as a function of

discrete position ξl ∈ X̆ and time tk ∈ T̆ that depend on input variables w(k) and
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u(k) In chapter 4 the temperature function was expressed as a truncated Fourier series

T (ξl, tk) =

n∑

i=1

ai(tk)ϕi (ξl) + εn(ξl, tk) (6.1)

with ai (tk) the ith Fourier coefficient, ϕi (ξl) the ith basis vector and εn(ξl, tk) the

truncation error as a function of position and time. These series were written in vector

form after normalisation and weighting of the temperature field and split into a to be

modeled part and an ignored part

WT (k) = WT̄ + Φnan (k) + Φtailatail (k) (6.2)

= WT̄ + Φnan (k) + εn (k) (6.3)

with an (k) = Φ
⊤
nW

(
T (k)− T̄

)
the vector of Fourier coefficients,W a weighting

matrix and T̄ the average temperature vector over time. Section 4.2.1 described the

procedure to find the matrix Φn whose columns form a POD basis. Next, a linear

time invariant model of the following form (6.4) was proposed to model the relation

between the measured disturbances and the time varying coefficients2.

xred (k + 1) = Axred (k) +Buu (k) +Bww (k) (6.4a)

ân (k) = Caxred (k) (6.4b)

T̂ (k) = T̄ +CTxred (k) (6.4c)

xred (0) = xred,0 (6.4d)

The parameter matrices A ∈ R
nx×nx , Bu ∈ R

nx×nu , Bw ∈ R
nx×nw , Ca ∈

R
n×nxand CT ∈ R

N×nxwere determined using a subspace identification algorithm

(see section 3.3.2).

6.1.3 Control objective in terms of reduced model

In this chapter a vector of glass melt temperatures T ∈ R
N (N = number of grid

cells) must be kept close to a desired reference temperature vector T ref ∈ R
N in the

presence of measured disturbances w ∈ R
nw (here the pull rate) and unmeasured

disturbances d ∈ R
nd using acceptable (not too large) changes in the steering sig-

nal vector u ∈ R
nu . This section compares the formulation of the control objective

based on the CFD model with the formulation of the control objective based on the

2In this chapter, a subscript ‘red’ will be added to the state vector x to make a distinction between the

state of the CFD model and the state in the reduced model.
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Figure 6.2: (a.) Full control problem: Find input signal u (k) such that the tracking error ǫ (k)
predicted by the CFD model is small. (b.) Reduced control problem: Find input

signal u (k) such that the tracking error ǫ (k) predicted by the reduced model is

minimal.

reduced model. It will be shown that differences between these formulations can be

identified with errors that are made in the model reduction procedure (Chapter 4).

Let ∆u (k) = u (k) − u (k − 1) be the vector of steering signal changes or control

moves. The series of inputsu (0) ,u (1) , . . . ,u (Np) over a finite horizon Np is found

by minimisation of a quadratic criterion that expresses the magnitudes of the control

moves, ∆u (k), and the the difference between the reference temperature vector and

the temperature vector. This criterion is called a cost function. Two weighting ma-

trices, ΠT and Πu, determine how the control move suppression is traded off against

reference temperature tracking. Let ||T (k)||
ΠT

denote a weighted Euclidean norm

of the temperature vector T (k), that is, ||T (k)||
ΠT

= T⊤ (k)ΠTT (k). Then, we

define the full control problem as follows:

Problem 6.1 (Full control problem) Given the external input w (t), the initial state

vector x0 (initial temperatures, velocities, pressures, etc.) and reference signal T ref (t)

over a finite horizon 0 ≤ t ≤ Np, find the series of controlsu (0),u (1),. . .,u (Np − 1)

such that

J (x0,w,T ref,u) =

Np∑

k=0

||T ref (k)− T (k)||2
ΠT

︸ ︷︷ ︸

Deviation from desired temperature

+

Np−1
∑

k=0

||∆u (k)||2
Πu

︸ ︷︷ ︸

Variations in controls

(6.5)

is minimized. The series of controls that minimises J (x0,w,T ref,u) will be denoted
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by u∗ and the resulting optimal cost by J∗ = J (x0,w,T ref,u
∗).

The scalar function J (x0,w,T ref,u) is called the cost function which is at its

minimum (= 0) if T (k) = T red (k) (perfect reference temperature tracking) and

∆u (k) = 0 (no control) for all k. Clearly, J (x0,w,T ref,u) = 0 cannot be realised

in practice due to disturbances and possible changes in the reference temperature pro-

file (e.g. in case of job changes). The weighting matrices ΠT and Πu are in general

diagonal matrices with constant weighting factors for each temperature and input ([6]).

The vector x0 is the initial state (initial velocities, temperatures and pressures) of the

glass melt. The full control problem cannot be solved analytically because of the

complexity of the CFD model equations. Nor can it be solved through numerical opti-

misation online3 because the numerical computation takes too much time. Therefore,

the control problem will now be formulated in terms of the reduced model that was

derived in chapter 4. In section 3.2.1 a POD basis was derived to express the weighted

and normalised temperature vector T † (k),

T † (k) =W
(
T (k)− T̄

)
= Φa (k)

where T̄ is the mean of the temperature snapshots
{

T̃ (k)
}K

k=0
on basis of which the

POD basis was derived:

T̄ =
1

K

K∑

k=0

T̃ (k)

Using this expression, write the weighted temperature vector and reference tempera-

ture vector as:

WT (k) = T̄ + Φnan (k) + Φtailatail (k)

WT ref (k) = T̄ + Φnrn (k) + Φtailrtail (k)

Here, r =
[

r⊤n r⊤tail

]⊤

denotes the vector of Fourier coefficients of the reference

temperature vector. Now, a mathematical analysis will be used to show the differences

between temperature control based on a CFD model and temperature control based

on a reduced model. If the weighting matrix W for the POD basis determination is

chosen such that

ΠT =W⊤W

3At each sampling instant k the optimal input vector u(k + 1) for the next time instant k + 1 has to

calculated within the sample interval ∆t.
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then the cost function J (x0,w,T ref ,u) can be written as

J (x0,w,T ref ,u) =

Np∑

k=0

||rn (k)− an (k)||2 +

Np−1
∑

k=0

||∆u (k)||2Πu

+

Np∑

k=0

||rtail (k)− atail (k)||2 (6.6)

Next, the first right hand side term is rewritten in a part that accounts for the tracking

error ǫ (k) = rn (k) − ân (k) based on the estimated coefficient vector ân (k) and a

part that accounts for the system identification error εSID = an(k)−ân(k). Then, the

Cauchy-Schwartz inequality (3.3) is used to find an upper bound and a lower bound of

the difference between the cost function J (x0,w,T ref ,u) of the full control problem

and the cost function based on a reduced model that was derived in chapter 4. This lat-

ter cost function will be defined below and is denoted by Jn (xred,0,w, rn,u) where

subscript n indicates that the cost function is based on n Fourier coefficients, xred,0

is the state vector of the reduced model and rn is the vector of Fourier coefficients

belonging to the reference temperature vector T ref .

||rn (k)− an (k)||2 = ||rn (k)− ân (k)− an (k) + ân (k)||2

= ||rn (k)− ân (k)||2 + ||an (k)− ân (k)||2

− 2 〈rn (k)− ân (k) ,an (k)− ân (k)〉 (6.7)

The Cauchy-Schwartz inequality

|〈rn (k)− ân (k) ,an (k)− ân (k)〉| ≤ ||rn (k)− ân (k)|| ||an (k)− ân (k)||
︸ ︷︷ ︸

γ(k)

(6.8)

give an upper and a lower bound on the inner product. For the ease of notation we

substitute γ = ||rn (k)− ân (k)|| ||an (k)− ân (k)||. Substitution of the Cauchy-

Schwartz inequality into (6.7) yields

||rn (k)− an (k)||2 ≥ ||rn (k)− ân (k)||2 + ||an (k)− ân (k)||2 − 2γ (k)

and

||rn (k)− an (k)||2 ≤ ||rn (k)− ân (k)||2 + ||an (k)− ân (k)||2 + 2γ (k)
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These two inequalities can be substituted into the cost function (6.6) of the full control

problem resulting in an upper and a lower bound on the cost function of the full control

problem

J (x0,w,T ref ,u) ≤
Np∑

k=0

||rn (k)− ân (k)||2 +

Np−1
∑

k=0

||∆u (k)||2Πu
+

Np∑

k=0

2γ (k)

+

Np∑

k=0

||rtail (k)− atail (k)||2 +

Np∑

k=0

||an(k)− ân(k)||2 (6.9)

J (x0,w,T ref ,u) ≥
Np∑

k=0

||rn (k)− ân (k)||2 +

Np−1
∑

k=0

||∆u (k)||2Πu
−

Np∑

k=0

2γ (k)

+

Np∑

k=0

||rtail (k)− atail (k)||2 +

Np∑

k=0

||an(k)− ân(k)||2 (6.10)

The first two right hand side terms will together be called the reduced cost func-

tion Jn (xred,0,w, rn,u), the third term is called the truncation error
∑Np

k=0 εn (k)

an the fourth term is called the sum of squares of the system identification error
∑Np

k=0 εEst (k). The terms
∑Np

k=0 2γ (k) and −∑Np

k=0 2γ (k) account for the cross

products between the tracking.

J (x0,w,T ref ,u) ≤ Jn (xred,0,w, rn,u) +

Np∑

k=0

||an(k)− ân(k)||2

︸ ︷︷ ︸

Estimation error

+

Np∑

k=0

||rtail (k)− atail (k)||2

︸ ︷︷ ︸

Truncation error

+

Np∑

k=0

2γ (k) (6.11)

J (x0,w,T ref ,u) ≥ Jn (xred,0,w, rn,u) +

Np∑

k=0

||an(k)− ân(k)||2

︸ ︷︷ ︸

Estimation error

+

Np∑

k=0

||rtail (k)− atail (k)||2

︸ ︷︷ ︸

Truncation error

−
Np∑

k=0

2γ (k) (6.12)
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with Jn (xred,0,w, rn,u) the cost function based on the reduced model,

Jn (xred,0,w, rn,u) =

Np∑

k=0

||rn (k)− ân (k)||2 +

Np−1
∑

k=0

||∆u (k)||2Πu
(6.13)

In the inequalities (6.11) and (6.12) three error terms appear that account for the differ-

ence between the cost function of the full control problem J (x0,w,T ref ,u) and the

cost function based on the reduced model Jn (xred,0,w, rn,u). The SID error is in-

troduced by the system identification mismatch. By ignoring the last three right hand

side term in (6.11) a reduced control problem can be formulated. Thus, the Fourier

coefficient vector an is controlled instead of the full temperature vector T . The input

sequence that minimises Jn is written as u∗n.

Problem 6.2 (Reduced control problem) Given the external input w (t), the initial

state vector xred,0 and reference signal rn (t) over a finite horizon 0 ≤ t ≤ Np, find

the series of controls u (0) ,u (1) , . . . ,u (Np − 1) such that

Jn (xred,0,w, rn,u) =

Np∑

k=0

||rn (k)− ân (k)||2
ΠT

︸ ︷︷ ︸

Deviation from desired Fourier coefficients

+

Np−1
∑

k=0

||∆u (k)||2
Πu

︸ ︷︷ ︸

Variations in controls

(6.14)

is minimized. The series of controls that minimises Jn (xred,0,w, rn,u) will be de-

noted by u∗n and the resulting optimal cost by J∗ = Jn (xred,0,w, rn,u∗n).

Note that the reduced cost function Jn depends on rn and not on the tail part

rtail. So, value of the tail part of the reference signal r (k) does not affect the optimal

solution.

In (6.11) and (6.12) the model reduction errors appear in the controller cost func-

tion. With respect to (6.11) the following observations can be made:

• If the estimate of the Fourier coefficients is perfect (a (k) = â (k) for all k)

then the inequality (6.11) becomes an equality and the difference between the

reduced control problem is entirely due to the truncation of the POD basis (sec-

tion 4.2). This can be attempted by improving the reduced model for application

in closed loop (closed loop identification) and by minimising the influence of

input signals and disturbances on the estimation error εEst = a (k) − â (k) by

means of an observer (see chapter 5).
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• If the tracking error and the estimation error are orthonormal

(〈rn (k)− ân (k) ,an (k)− ân (k)〉 = 0) then (6.11) becomes an inequality

and the estimation error an (k)− ân (k) may be minimised independently from

tracking error rn (k)− ân (k) by an optimal observer (chapter 5).

• The truncation error rtail (k) − atail (k) is zero if rtail (k) = atail (k). If

||atail (k)|| is small for all k and for all un∗ then a natural choice for rtail (k)

would be rtail (k) = 0. This may be achieved by calculation of the POD basis

on the basis of snapshots that are generated in a closed loop simulation. Then,

the generated snapshots resemble the behaviour of the temperature profile in

case the process (melter or feeder) is controlled.

It is recommended that in future work further research will be done to examine

methods to minimise the differences between the full control problem and the reduced

control problem. These methods may include closed loop generation of snapshots,

closed loop identification and observers.

In the next section a model predictive controller based on a reduced CFD model

(solution to reduced control problem) is applied to control a 1D temperature profile in

a heated bar.

u1(k) u2(k) u3(k)

y1(k) y2(k)T (k)

T ref(k)

Controller

Estimator

ξ

Figure 6.3: Temperature control of heated bar (1D). An estimator estimates the temperature

profile in the bar. Next, the controller generates the input signals in order to mim-

imise the future difference between the temperature in the bar and the reference

profile.
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6.2 MPC applied to heated bar

In this section the model predictive control strategy is explained by means of an ex-

ample. The MPC strategy is explained in section 3.5.2. In this section the reduced

control problem (Problem 6.2) is solved for a 1D heat transfer example using MPC.

An MPC is designed for a temperature profile control in the heated bar described in

section 4.3.1 and in [4]. A Kalman filter (see chapter 4) is applied to estimate the

temperature vector T (k)
(

= T (tk) := col {T (ξl, tk)}Nl=1

)

in the heated bar at each

time step and an online dynamic optimiser is used to generate the optimal input se-

quence to track a reference temperature vector T ref in an optimal way (6.3). The steps

that are taken to design a simple model predictive controller are given as well as a

simulation result of this controller in Matlab. The CFD model that was derived for the

heated bar in section 4.3.1 is considered to be the real process. Control objective will

be the minimisation of the sum of squares of the difference between the temperature

vector T (k) and a reference T ref (k) over a finite period of time. To prevent aggres-

sive control the sum of squares of the control moves ∆u (k) = u (k) − u (k − 1)

is also taken into account in the ‘cost function’ that has to be minimised (see section

6.1.3).

The following steps are performed by the control system (figure 6.3):

• The Kalman filter (see section 3.4.1 and chapter 5) estimates the current state

xred of the reduced model from the inputs and the measured outputs.

• The controller calculates the new inputs by solving the reduced control problem

(Problem 6.2) numerically, such that the estimated temperature vector follows

(tracking) the reference temperature vector T ref (k) ∈ R
N .

In section 4.3.1 a linear reduced model was derived that describes the time depen-

dent behaviour of the grid point temperatures as a function of the inputs u (k) ∈ R
nu :

xred (k + 1) = Axred (k) +Bu (k) (6.15a)

WT̂ (k) = CTxred (k) (6.15b)

â (k) = Caxred (k) (6.15c)

y (k) = Cyxred (k) (6.15d)
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In this model xred (k) ∈ R
nx is the state vector of the reduced model, u (k) ∈ R

nu

is the input vector, â (k) ∈ R
n is the vector of Fourier coefficients that are used to

approximate the temperature vector T (k) ∈ R
N according to

WT̂ (k) = Φnâ (k) = ΦnCaxred (k) = CTxred (k) (6.16)

with T̂ (k) the estimate of T (k), W a weighting matrix and Φn ∈ R
N×n the matrix

of POD basis vectors4, and A (k) ∈ R
nx×nx , B ∈ R

nx×nu , CT ∈ R
N×nx , Ca ∈

R
n×nx , Cy ∈ R

ny×nx model parameter matrices. This model can be written in its

incremental form5 to obtain a relation between ∆u (k) and a (k),

x∆ (k + 1) = A∆x∆ (k) +B∆∆u (k) (6.17a)

â (k) = Ca,∆x∆ (k) (6.17b)

with

x∆ (k) =

[

x (k − 1)

x (k)− x (k − 1)

]

∆u (k) = u (k)− u (k − 1)

A∆ =

[

Inx
Inx

0 A

]

B∆ =

[

0

B

]

Ca,∆ =
[

Ca Ca

]

Problem 6.3 (MPC for heated bar) Let ∆umin and ∆umax denote the lower and

upper bounds of ∆u (k) and umin and umax the lower and upper bounds of u (k).

Given a reference temperature signal T ref (k) find at each time step k the control

inputs u (k), u (k + 1), . . . , u (k + Nc) such that

J (x0,T ref , u) =

Np∑

i=1

||T (k + i)− T ref (k + i)||2
ΠT

+

Nc−1∑

i=0

||∆u (k + i)||2
Πu

subject to6

∆umin ≤ ∆u (k) ≤ ∆umax (6.18a)

umin ≤ u (k + j) ≤ umax (6.18b)

for j = 0, 2, . . . , Nc

4For details on the derivation of the matrix Φn see section 4.2.1.
5This model form is chosen to achieve zero steady state off-set between a and its reference signal r.
6Normally, in MPC output constraints are also applied. These constraints are implemented as soft con-

straints to assure feasibility of the optimisation problem when disturbances cause the process outputs to

violate constraints. For simplicity output constraints are not considered in this example.
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where x0 is the initial state vector of the full order model. Next, apply the input u (k)

to the heated

Instead of solving this full control problem, an approximate reduced control prob-

lem is solved where T ref (k) and T (k) are replaced by T̂ ref (k) and T̂ (k). The ˆ

indicates an estimate. T (k) corresponds to the CFD model and T̂ (k) corresponds

to the reduced model ((6.15)). The resulting cost function can be written in terms of

â (k),

J (xred,0,T ref , u) =

Np∑

i=1

∣
∣
∣

∣
∣
∣T̂ ref (k + i)− T̂ (k + i)

∣
∣
∣

∣
∣
∣

2

ΠT

+

Nc−1∑

i=0

||∆u (k + i)||
Πu

=

Np∑

i=1

||r (k + i)− â (k + i)||2 +

Nc−1∑

i=0

||∆u (k + i)||
Πu

(6.19)

with

ΠT =W⊤W (6.20)

As stated in problem 6.2 the cost function must be minimised subject to constraints

(6.18). These bounds on the input signals may result from physical limitations of the

actuators (e.g. valve positions) or safety considerations. This set of constraints can be

written as,

AI∆ũ (k) ≤ bI

with

AI =









INcnu

−INcnu

E1

−E1









bI =









∆ũmax

∆ũmin

ũmax −E2u (k − 1)

−ũmin +E2u (k − 1)









E1 =










Inu
0 . . . 0

Inu
Inu

. . .
...

...
...

. . . 0

Inu
Inu

· · · Inu










E2 =









Inu

Inu

...

Inu









By means of Np steps ahead predictions of the approximate vector of Fourier coef-

ficients â (k) the cost function can be entirely expressed in terms of a sequence of

future reference signal vectors r (k + 1), r (k + 2), . . ., r (k + Np), a sequence of
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Figure 6.4: Closed loop input signals of simulation run HB/SIM2. Inputs 2 and 3 hit the upper

constraint which results in suboptimal temperature behaviour.

control moves ∆u (k) and the present incremental state vector x∆ (k) obtained from

a Kalman filter as discussed in chapter 4. First Np steps ahead predictions of â (k) are

made and stacked into a single vector ã (k)

ã (k + 1) =









a (k + 1)

a (k + 2)
...

a (k + Np)









= C̃ax∆ (k) + D̃a∆ũ (k) (6.21)

C̃a =









Ca,∆A

Ca,∆A
2
∆

...

Ca,∆A
Np

∆









∆u (k) =









∆u (k)

∆u (k + 1)
...

∆u (k + Nc − 1)
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Figure 6.5: Closed loop response of MPC controlled temperature profile in heated bar: Tem-

perature snapshots taken at four different time instants during tracking of a step

change in the reference temperature profile.

D̃a =
















Ca,∆B∆ 0 · · · 0

Ca,∆A∆B∆ Ca,∆B∆

. . .
...

...
...

. . . 0

Ca,∆A
Nc−1
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Nc−2
∆ B∆ · · · Ca,∆B∆
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Np−2
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Then equation (6.21)is substituted into the cost function (6.19)to find:

J (xred,0,T ref ,∆u) = [r̃ (k + 1)− ã (k + 1)]
⊤

[r̃ (k + 1)− ã (k + 1)]

+ ∆ũ⊤ (k) Π̃u∆ũ (k) (6.22)

=
[

r̃ (k + 1)− C̃ax∆ (k)− D̃aũ (k)
]⊤

[

r̃ (k + 1)− C̃ax∆ (k)− D̃aũ (k)
]

+ ∆ũ⊤ (k) Π̃u∆ũ (k) (6.23)

= ∆ũ⊤ (k)
(

Πu + D̃
⊤

a D̃a

)

︸ ︷︷ ︸

H

∆ũ (k)

−2

[

r̃ (k + 1)− C̃ax∆ (k)
]⊤

D̃a

︸ ︷︷ ︸

c⊤

∆ũ (k) (6.24)

+
[

r̃ (k + 1)− C̃ax∆ (k)
]⊤ [

r̃ (k + 1)− C̃ax∆ (k)
]

(6.25)

The last term is independent of ∆ũ (k) which is the variable we must choose to min-

imize J (xred,0,T ref ,∆u) (the vector of decision variables). Therefore, the ∆ũ (k)

that minimises J (xred,0,T ref ,∆u) also the minimises

J
′

(x∆ (k) ,T ref (k) ,∆ũ (k)) = ∆ũ⊤ (k)H∆ũ (k) +c⊤ ∆ũ (k) (6.26)

So eventually the optimisation problem to be solved at sampling instant k can be for-

mulated as the follows.

Problem 6.4 (Quadratic program) Given the reference temperature vector T ref (k)

and the initial state x∆ (k) find the vector of control moves ∆ũ (k) such that

J
′

(x∆ (k) ,T ref (k) ,∆ũ (k)) = ∆ũ⊤ (k)H∆ũ (k) +c⊤ ∆ũ (k) (6.27)

is minimised, subject to

AI∆ũ (k) ≤ bI

This type of optimisation problem is called a Quadratic Program (QP).

Quadratic programs can be efficiently solved if the Hessian matrix H is positive

semidefinite ([17], [29], [32]). The model predictive controller was implemented in

Matlab using the standard QP solver of the optimisation toolbox [53]. Figures 6.4 -

6.7 show the closed loop results corresponding to a simulation run for the heated bar,
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Figure 6.6: Closed loop response of CFD model and the reduced model of the heated bar that

corresponds to simulation HB/SIM2.

referred to as HB/SIM2. The QP (Problem 7) was solved at each sampling instant

(that is every 2 s) and from the resulting vector of future control moves ∆ũ (k) only

the first ∆u (k) was applied to the CFD simulator and next the prediction horizon was

shifted 1 sample forward in time.

In figure 6.4 it can be seen that the model predictive controller respects the con-

straints imposed on the inputs because the constraints are taken into account in the

optimisation problem. This is an important advantage of MPC over other control

strategies. It can be observed in figure 6.7 that the response at ξ = 0.1 m has less

overshoot than the response at ξ = 0 m due to the difference in upper bound. This

results in a slower (suboptimal) response at grid points close to ξ = 0.1 m (e.g. at

ξ = 0.09 m) than the optimal response in grid points close to ξ = 0 m (e.g. at

ξ = 0.01 m).

In figures 6.5 and 6.6 the anticipating behaviour of the model predictive controller
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Figure 6.7: Closed loop response of controlled temperature profile in heated bar.

can be observed. The controller anticipates to future (step) changes in the reference

signal. The closed loop responses shown in figure 6.6 start to change before the step in

the reference signal occurs. This way the controller minimises the size of the surface

between the reference signal curve and the grid point temperature curve7. Figure 6.5

shows 6 snapshots of the temperature profile and its reference taken with intervals of

12 s. At t = 96 s in figure 6.5 the temperature as a function of time lies entirely above

the reference profile as it moves in the direction of the new reference profile which are

shown in the plots of t = 120 s and t = 144 s.

Figure 6.6 shows the closed loop responses of the CFD model and the POD re-

duced model with nx = 8 in 6 selected grid points. It turns out that in this case the

reduced model very accurately describes the time dependent temperature behaviour

in closed loop. The question rises what model accuracy would be needed for closed

loop control. Furthermore, it could be investigated whether models with larger com-

plexity and higher open loop accuracy (i.e. without control) would always result in

7This criterion is traded off against suppression of the control moves.
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Table 6.1: Data corresponding to simulation HB/SIM2

Parameter Value Unit

N 401 [−]
∆ξ 2.5 · 10−4 [m]
λ 10 [Wm−1K−1]
ρ 1000 [kgm−3]
cp 1000 [Jkg−1K−1]
∆t 2 [s]
Nc 10 [−]
Np 30 [−]
umin (1000 1000 1000)⊤ [◦C]
umax (1400 1400 1350)⊤ [◦C]
∆umin −(100 100 100)⊤ [◦C]
∆umax (100 100 100)⊤ [◦C]

better controller performance. This relation between reduced model complexity and

controller performance is the topic of the next section for the example of a glass feeder

temperature control system.

6.3 Closed loop performance as a function of
model order

In this section a relation between reduced model complexity and controller perfor-

mance is examined by simulation of a controlled container glass feeder. To this end

a series of POD based reduced models is generated and a series of Linear Quadratic

Gaussian (LQG) controllers8 based on each of these reduced models. The control ob-

jective for the controller is the tracking of a step change in the reference temperatures

in all grid points. This work has been presented at the IFAC symposium on Large

Scale Systems in 2004 ([39]).

6.3.1 Glass feeder

Glass products such as containers, bottles and monitor screens are typically manufac-

tured by means of shaping moulds which are fed by glass melt gobs which, in turn, are

delivered by a glass melt feeders. A feeder is the last part of a glass melting furnace

where a glass melt needs to be gradually cooled down so as to reach a well defined

8See section 3.5.1
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viscosity of the melt. The control of the temperature profile within the feeder is a

main issue for the overall quality of the glass and the glass products. Figure 6.8 shows

the layout of a typical industrial feeder. The control of the temperature profile of the

feeder is the main topic of this section. The feeder consists of four different zones,

Cooling holes

Burners

Glass melt

9pt-grid

temperature

measurement

Figure 6.8: Side view of a feeder (middle of the feeder). The black dots indicate sensor posi-

tions.

that can be controlled by means of burners and cooling holes independently in each of

the zones. The length of the feeder is about 8 meters. The temperature is measured at

different locations in the feeder. For the control problem that will be considered here,

the relevant variables are the following:

• Manipulated variables (controlled inputs) u which consist of 4 crown tempera-

ture offsets on the 4 different zones.

• Measurements y are derived from a 9 point temperature sensor.In practice three

sensors are mounted into the glass melt side by side (in a plane perpendicular

to the flow direction) each with 3 thermocouples at 3 different heights. Values

are averaged into 3 measurements at 3 positions near the end of the feeder (last

zone). Furthermore, 3 glass surface temperatures taken in the centers of the first

3 feeder zones.

• To be controlled variables z which in this section is u and T (ξ, t), the temper-

ature profile in the feeder as a function of time and position.

• Measured disturbance w which is the measured pull rate.

In the present section we consider the relation between the order of the POD basis

(that is, the complexity of the reduced model) and the optimal performance of an LQG
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control law that is based on the reduced model. We discuss the tracking of a 3 dimen-

sional (3D) temperature reference profile in the presence of (measured) disturbances.

6.3.2 The model

Computational fluid dynamics

The behaviour of glass melt temperatures and glass melt velocities are modeled using

the computational fluid dynamics (CFD) model GTM (glass tank model, [25], [26],

[12]). The Navier-Stokes equations describe the flow behaviour of the glass melt (see

e.g. [51]). In CFD methods these nonlinear partial differential equations (PDE) are

approximated through discretisation and then solved numerically. For the industrial

feeder considered in this section a CFD model is used with N = 59976 grid cells.

Such a model generates time dependent discretised velocity, pressure and temperature

fields, T (ξl, tk), p (ξl, tk) and v (ξl, tk) where ξl ∈ X is the grid position and tk =

k∆t, k ∈ N (∆t is a fixed sample interval) is discrete time. However, only temperature

will be considered here. As shown in figure 6.8 each zone has many burners but

Table 6.2: Data corresponding to the glass melt feeder. T = temperature in [K]

Parameter Value Unit

Length 2.5 [m]

Depth at entrance 0.2 [m]

Depth at exit 0.3 [m]

Width 1.1 [m]

Viscosity η = 10−2.7+ 4389
T−260 [Pa s]

Thermal conductivity λ = 1 + 5.77 · 10−9 T 3 [W m−1 s−1]

Density ρ = ρ0 · (1− β · (T − T0)) [kg m−3]

Heat capacity 1200 J kg−1 K−1

Pull rate 90 [ton/day]

ρ0 = 2350 [kg m−3] β = 8.82 · 10−5 [kg m−3 K−1] T0 = 1300 [K]

these are coupled as one input per zone. Here, the control inputs of the feeder, u (t),

are the changes in crown temperatures in the 4 feeder zones, where the entire crown

temperature profile in a zone is changed by the same input (in K). We formalise this

by defining, for i = 1, . . . , 4, a subset Ξu,i ⊂ X which consists of the control (or

actuator) positions within the defined grid. The control inputs are then given by the

vector u(t) = col {u1 (t) , . . . , u4 (t)} which control the temperature according to

T (ξ, t) = Tcrown,0 (ξ) + ui (t) .
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Here, ξ ∈ Ξu,i define the actuator positions and Tcrown,0 is a time independent offset

temperature (the so called crown temperature)

The measurements y are defined as follows.

O1

O2

O3

M1

M2

M3

W1

W2

W3

Figure 6.9: Nine point measurement at the end of the feeder. The names of the sensors in

the picture are the last two characters of the tag names that are used by the glass

manufacturer. For example, O1 means ‘Oost 1’ (oost is dutch for east).

Near the throat a nine point measurement is used to monitor the average tempera-

ture and the temperature gradient of the glass melt (figure 7.3). Three linear combina-

tions of these nine temperatures are used outputs, namely

y1 = Tbottom =
1

3
(TO1 + TM1 + TW1)

y2 = Tmiddle =
1

3
(TO2 + TM2 + TW2)

y3 = Ttop =
1

3
(TO3 + TM3 + TW3)

As in chapter 3 the temperature vector is defined as:

T (t) := col {T (ξl, t)}Ll=1

which is an element of R
N for all t.

Model reduction procedure

Following the strategy described in section 3.2.1, a series of POD based reduced mod-

els with different POD basis order n were derived. As discussed in chapter 3 and in

[38] the samples of the temperatures taken from a simulation dataset at time instants

tk, k = 1, 2, . . . , K are collected in a snapshot matrix

T snap =







T̃ (ξ1, t1) . . . T̃ (ξ1, tK)
...

. . .
...

T̃ (ξN , t1) . . . T̃ (ξN , tK)







(6.28)
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where T̃ (ξl, tk) is a sample of T (ξl, tk). Low pass filtered Pseudo Binary Random

Signals (PRBNS) were applied to the 4 zone crown temperatures (elements of u) and

a PRBNS to the pull rate, w, to excite the simulated feeder (figure 6.10) in a CFD

model simulation run which will be referred to as FEEDER/SIM1. The singular value
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Figure 6.10: PRBNS signals applied to the CFD model of the feeder in simulation run

FEEDER/SIM1. u1 is the crown temperature deviation from a nominal crown

temperature profile in the zone nearest to the working end, u4 is the crown tem-

perature deviation in the spout zone and w is the pull rate.

decomposition of the weighted snapshots matrix

WT snap = WT̄+ΦΣΨ⊤ (6.29)

is used to find a POD basis for the dataset (see section 4.2.1). The weighting matrix is

chosen such that ΠT = W⊤W where ΠT is the temperature weighting matrix in the

controller cost function (6.5). For the ease of notation we take ΠT = I . Decompose Φ

as Φ =
[

Φn Φtail

]

where Φn denotes the matrix consisting of the first n columns
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of Φ. Using Φn =
[

ϕ1 · · · ϕn

]

, the temperature vector can be written as:

T (t) =
n∑

i=1

ai (t)ϕi + εn (t) = Φnan (t) + εn (t) (6.30)

where an (t) :=
(

a1 (t) a2 (t) · · · an (t)
)⊤

is the coefficient vector at time t

and εn is the approximation error. For a given temperature vector T (t) the coefficient

vector an (t) can be calculated with

an (t) = Φ⊤
nT (t) (6.31)

For notational convenience, an (t) = an (k∆t) will be identified with an (k). The

ℓ2-norm ||ai||2 defined in (3.6) of the elements of an (k) give a criterion based on

which a POD basis order selection is made (figure 6.11).

System Identification

Once the POD-basis Φ is determined, a data set for the coefficient vector can be de-

termined from the snapshots matrix T snap. Let

Asnap = Φ⊤
nT snap (6.32)

The matrixAsnap was used together with input data from the CFD simulation {ũ (k)}Kk=1

to determine a linear time invariant model, using identification techniques. Here, a

subspace algorithm MOESP ([72], [36])9 has been used to determine the matrices

A ∈ R
nx×nx ,Bu ∈ R

nu×nu ,Bw ∈ R
nw×nw ,Ca ∈ R

n×n in a state space realisa-

tion:

xred (k + 1) = Axred (k) +Buu (k) +Bww (k) (6.33a)

â (k) = Caxred (k) (6.33b)

for a suitable (low) dimension nx of the state variable xred
10. This low order state

space model can be used to predict dynamic temperature behaviour in the entire 3D-

grid. Specifically, we define

T̂ (k) = ΦnCaxred (k) (6.34)

9See appendix C
10See appendix C
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Figure 6.11: ℓ2-norm of the POD basis coefficients corresponding to simulation run

FEEDER/SIM1.

which together with (6.33a) forms the reduced model to estimate the entire tempera-

ture vector at a given time instant, as function of the input u and pull ratew.

6.3.3 Receding horizon LQ control

In this section we discuss the control problem of controlling the temperature profile in

the feeder. Then, the applied controller is discussed and simulation results are given.

Let T ref (t) := col {Tref (ξl, t)}Nl=1 be the reference temperature profile vector. The

full control problem and the reduced control problem are defined in section 5.1.2.

Next, we discuss the problem of minimizing Jn (x0,w, r,u) defined in (6.13) for

different n and examine the effect of changing n on the total cost J (x0,w,T ref,u)

defined in (6.6).

In the previous section a reduced model of the form

xred (k + 1) = Axred (k) +Buu (k) +Bww (k)

ân (k) = Caxred (k)

T̂ (k) = CTxred (k)
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was found to model the dynamic behaviour of the temperature vector. Now consider

the cost function:

Jn (x0,red,w, rx,u) =

Np−1
∑

k=0

[

||rx (k)− xred (k)||2
Πx

+ ||u (k)||2
Πu

]

+ ||rx (Np)− xred (Np)||2Πx

with Πx = C⊤
aCa. For this model the following control problem is defined.

Problem 6.5 (Reduced control problem) Given x0, w and rx find u∗ such that

Jn (x0,red,w, rx,u∗) ≤ Jn (x0,red,w, rx,u) ∀u ∈ U

where U is the set of all admissible discrete time input signals.

This control problem was solved using an LQG type of controller11 that allows

anticipation on the pull rate (external disturbance) w and the reference r. Figures

6.12 shows the closed loop responses. Figure 6.12 shows controlled measured outputs.

1.5 2 2.5 3 3.5
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Figure 6.12: Controlled measured outputs during a reference stepchange. The shown tempera-

tures are the averaged 9 point grid temperatures y1, y2 and y3.

The closed loop system was simulated for different controllers designed to minimize

11See section 3.5.1
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Jn (x0,red,w, rx,u) using different POD basis orders n. The total cost based on the

temperature vector T (k) was determined for each n. The results in figure 6.13 show
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Figure 6.13: Total cost as a function of POD basis order n.

that in this case from basis order 8 up to 18 no drastic improvements are found. This

would suggest that for an acceptable closed loop performance another number of ba-

sis vectors (n = 8) would suffice than suggested by figure 6.11 (n = 18). Note that

the error depicted in figure 6.13 shows that better models (larger n) do not necessar-

ily produce better controllers (smaller J). As shown in figure 6.14, only few of the

elements of the set {||ri − ai||2}
25
i=1 are largely effected by the POD basis order n

used to design the controller. Furthermore, figure 6.14 shows that coefficients that

have the largest energy in the open loop simulation do not necessarily have the largest

contribution in the closed loop cost function.

6.4 Conclusions

This chapter described the application of advanced process control (LQG and MPC in

particular).based on reduced models that were derived in chapter 4. First, the differ-

ences between full CFD based control and reduced POD based control were derived.

The conclusion is that the cost function of the full CFD based control problem can be
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Figure 6.14: Contribution of the elements of r (k) − a (k) to its ℓ2-norm in the closed loop.

written as a function of the cost function of the reduced control problem and model

reduction errors. The difference between the cost function of the full control problem

and that of the reduced control problem becomes small if the POD truncation error

and the estimation error of the Fourier coefficients become small. Since both POD

truncation error and the system identification error depend on the applied control sig-

nals, it is expected that the cost function of the reduced control problem approximates

the cost function of the full control problem best if both the POD basis and the state

space model parameters are determined in the controlled situation (closed loop).

A 1D heat transfer example was used to describe the MPC strategy. POD mod-

els (see chapter 4) can be implemented very easily in a model predictive controller.

MPC is suitable for control of temperatures in distributed parameter systems (systems

described by partial differential equations) in the presence of constraints.

A reduced model for an industrial glass feeder was derived using the proper or-

thogonal decomposition. A LQG type of controller was designed to track a reference

temperature profile and the relation between POD basis order and closed loop perfor-

mance was examined. From order n = 6 and larger the controller performance is not

as sensitive to n as the open loop energy plot of the POD coefficients (figure 6.11)
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would suggest. It can be concluded that often used open loop energy criterion to de-

termine the needed POD basis order does not give sufficient information on the model

quality when the model is used in closed loop.

In conclusion to the observations in section 6.1 about the relation between the full

control problem and the reduced control problem and to the observations in section

6.3 on the use of different POD models with different complexity to industrial glass

feeder temperatures, the following recommendations are made.

For future research it is recommended that the first design of a controller based

on a POD model as described in section 4.2.1 will be used to simulate a controlled

glass melting process with a CFD model. In this case the simulated melting process

can be exited by changing the set points of the controlled temperatures. During this

simulation a new set of snapshots may be generated which correspond to process in-

put variations that belong to the controlled glass melting process. Then the model

reduction techniques are applied based on the simulation data that is thus obtained.

This may result in a more accurate model for the controlled process. The new reduced

model can again be used to design a new (improved) controller which can be used

for new simulations. This sequence of [Model reduction]→ [Controller Design] →
[Closed loop simulation]→ [Collection of snapshots]→ [Model reduction] can then

be repeated until no significant model changes are observed between iterations.
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7
Applications

7.1 Application to industrial
feeder model: temperature
control

7.2 Industrial float glass furnace
7.3 Summary

7.1 Application to industrial feeder model: tem-
perature control

In this section we discuss the use of reduced simulation models derived from first

principles in the design of a model predictive controller of an industrial feeder. A

linear reduced model is derived from a computational fluid dynamics model (CFD)

using proper orthogonal decompositions (POD). This model is used in a model pre-

dictive controller to control the temperature as function of time and position in the

feeder. It turns out that a relatively simple model captures the behaviour of the en-

tire temperature profile quite well and that it is suitable for a well performing model

predictive controller. First, the operation, the input variables and controlled outputs

(selected temperatures) of an industrial feeder are introduced. The steps that are taken

to perform a job change are briefly explained. Next, a POD based reduced model1 that

simulates time dependent temperature behaviour in a glass melt feeder is derived and

validated in section 7.1.2. Section 7.1.3 describes the control design and section 7.1.4

gives the experimental results of a feeder temperature controller.

7.1.1 Introduction

A feeder is the end part of a glass melting furnace. After melting and conditioning in a

melter and refiner the molten glass enters the feeder whose main purpose is to gradu-

ally cool down the glass to a desired output temperature. This temperature depends on

1See Section 4.2
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the type of product that is being manufactured and must be maintained at a constant

level during flow changes, redox changes and temperature changes of the incoming

glass. In figures 7.1 and 7.2 a feeder layout is shown with four zones. In each zone the

glass surface temperature is controlled by a PI-controller2. Here, the setpoints of these

Cooling holeBurner
9pt-grid

temperature

measurement

u1(k) u2(k) u3(k) u4(k)

Glass melt

PIPIPIPI

TT

TTTTTT Zone 1Zone 2Zone 3

Zone SP

Figure 7.1: Typical layout of a container glass feeder. The dots indicate measurement positions.

surface temperatures are used as input variables (elements of the vector u (k) ∈ R
nu).

The objective is to keep measured glass melt temperatures (9pt-grid measurement) as

close as possible to their setpoint.

Figure 7.2: Top view of a glass feeder

In the feeder the glass is gradually cooled down to temperatures near the working

temperature. At the outlet a gob is formed by a plunger that pushes portions of glass

2Proportional and Integrating controller
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through a ring and automated scissors cut the gob loose from the ring. The resulting

gob falls into a machine that froms a product out of it in two steps: press/blow or

blow/blow. In the forming process the time evolution and spatial distribution of the

gob temperature are crucial since the glass viscosity highly depends on temperature.

For that reason it is important to accurately control the glass melt temperature, the gob

weight and the emissive properties of the glass such that the gob cools down with the

right timing. Of these variables (temperature, gob weight and emissive properties of

the glass) temperature is the controlled variable in this section.

O1

O2

O3

M1

M2

M3

W1

W2

W3

Figure 7.3: Nine point measurement at the end of the feeder. The names of the sensors in

the picture are the last two characters of the tag names that are used by the glass

manufacturer. For example, O1 means ‘Oost 1’ (oost is dutch for east).

Near the throat a nine point measurement is used to monitor the average tempera-

ture and the temperature gradient of the glass melt (figure 7.3). In this section a model

predictive controller is used to control two linear combinations of these, namely

Tav =
1

8
(TO1 + TO2 + TO3 + TM1 + TM3 + TW1 + TW2 + TW3) (7.1)

∆Tgrid =
1

3
(TO3 + TM3 + TW3)−

1

3
(TO1 + TM1 + TW1) (7.2)

that is, the average temperature of the outer eight temperatures and the difference

between average top temperature and average bottom temperature. Here, the subscripts

correspond to the sensor names in figure 7.3. Because the temperature should decrease

along the flow direction in the feeder lower bounds are imposed on the temperature

differences between the zones

∆Tzone3|zone2 = Tzone3 − Tzone2 (7.3)

∆Tzone2|zone1 = Tzone2 − Tzone1 (7.4)

∆Tzone1|zoneSP = Tzone1 − TzoneSP (7.5)
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During job changes these temperature differences are allowed to temporarily violate

the lower bound as long as no products are formed. Therefore filtered temperature

differences between the zones are used as controlled variables. This way the temper-

ature differences between the zones are forced above the lower bound in steady state

but they may be smaller than the lower constraint during transients. In the simulation

software and in the online feeder controller tag names are used that are different from

the variable names in this text. These tag names can be found in table 7.1.

Table 7.1: Tag names that are used in the simulation data and in experimental data

Variable Simulator tag name Industrial tag name

TO1 GPS5.TPNT7 T51 Z1O1

TO2 GPS5.TPNT8 T51 Z1O2

TO3 GPS5.TPNT9 T51 Z1O3

TM1 GPS5.TPNT4 T51 Z1M1

TM2 GPS5.TPNT5 T51 Z1M2

TM3 GPS5.TPNT6 T51 Z1M3

TW1 GPS5.TPNT1 T51 Z1W1

TW2 GPS5.TPNT2 T51 Z1W2

TW3 GPS5.TPNT3 T51 Z1W3

Job changes

The cooling behaviour of the gob depends on the gob weight and therefore on the

type of product that is being manufactured. Because of this the required glass melt

temperatures near the spout change once a change over to another product is made.

Furthermore, the number of produced gobs and the pull rate are adjusted such that

the new product can be manufactured with the required production rate while taking

into account the production capacities of the melting tank, the feeders and the forming

machines.

During a job change a ring is changed at the outlet (spout) in three steps that are

illustrated in figure 7.4. When the ring is changed, the pull rate becomes zero and the

glass stops moving for approximately 5-10 minutes. In these 5-10 minutes no hot glass

enters the feeder and the temperature rapidly decreases. Next, the ring is changed and

the tube is pulled up again. This causes the glass melt to flow freely (no cutting of

gobs) until the right glass melt temperature is almost reached. Then the automated
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1

2 3

Figure 7.4: A ring change involves three steps: 1. Lower the tube to stop the pull. 2. Remove

the old ring. 3. Insert the new ring. 4. Rise the tube again

scissors start cutting again. It is important to reach the right glass melt temperature to

form the new product as fast as possible.

As a result of the pull rate change that is applied during the job change the steady

state of the glass melting tank that feeds the feeder is disturbed. Effects of this excita-

tion (low frequency variations in the glass melt temperatures) of the melter may last a

day. The controller must minimise the effects of these disturbances.

Relevant variables of the this feeder are:

• Manipulated variables (controlled inputs) u (k) ∈ R
nu which consist of the

glass surface temperature setpoints in the 4 feeder zones (figure 7.1).

• Measurements y (k) ∈ R
ny are the temperatures Tav and ∆Tgrid corresponding

to the nine point measurement and the glass surface temperatures in the 4 zones

Tzone3, Tzone2, Tzone1 and TzoneSP.

• To be controlled variables z (k) ∈ R
ny which are the measured outputs Tav and

∆Tgrid, filtered measured outputs ∆Tzone3|zone2, ∆Tzone2|zone1, ∆Tzone1|zoneSP

and the inputs u (k) in this section.

• Disturbances w (k) which is the measured pull rate.

• Reference signals r (k) which are the ideal values for Tav, ∆Tgrid and the inputs

u (k).
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The purpose of this section is to identify the relation between the inputs u (t) and

the temperature T̆ (ξl, tk) as function of discrete time tk ∈ T̆ and position ξl ∈ X̆

and to design a controller which minimizes the difference between z (k) and r (k) in

closed loop subject to constraints3. The section discusses the use of linear low order

models, derived using a POD basis (Proper Orthogonal Decompositions, see e.g. [33],

[77], [5], [4]) and a subspace identification algorithm ([71], [27]) in a Model Predictive

Controller ([61] and [49] give an overview of MPC). In the next section the modelling

part will be discussed, then the control problem is described and tested in simulation,

followed by experimental results and finally some conclusions will be given.

ξ1

ξ2

ξ3

Figure 7.5: Grid arrangement in the glass tank model used to simulate the industrial container

glass feeder. In this case 71442 grid cells were used.

7.1.2 POD model

Here, a reduced model based on proper orthogonal decomposition (POD) is derived,

using the approach described in chapter 3. To this end simulations were carried out

using a glass tank simulation model ([25], [26]) of an industrial feeder, which was

extended with 4 PI controllers4 that controlled the glass surface temperatures in the 4

feeder zones. The geometry of the feeder considered here was introduced in chapter 4.

The length of the feeder is 8.54 m the inlet width at the glass surface is 1.142 m, the

glass level is 174 mm at the inlet and 254 mm at the outlet. Figure 7.5 shows the grid

3This will be discussed in further detail in section 6.1.3.
4Proportional and integrating controller



7.1. Application to industrial feeder model: temperature control 161

arrangement that was used in the glass tank model to simulate the feeder. The glass

tank model generates time dependent discretised velocity, pressure and temperature

fields, v̆ (ξl, tk), T̆ (ξl, tk) and p̆ (ξl, tk) where ξl ∈ {ξ1, ξ2, . . . , ξN} ⊆ R
3 is the

grid point position and tk = k∆t, k ∈ N,(∆t is a fixed sample interval) is discrete

time. Here, only the temperature is considered, for which we define the temperature

vector:

T (tk) := col
{

T̆ (ξl, tk)
}N

l=1
T ∈ R

N

Furthermore, T (tk) will be written as T (k). The glass tank model was excited by

Pseudo Random Binary Noise Signals (PRBNS) with minimal switching time equal

to the sample time ∆tsw = ∆t = 1 min, switching probability Psw = 0.01 and

amplitudes of 15 K for the glass surface temperatures and 15 tons/day for the pull

rate. The PRBNS signals were applied in a simulation FEEDER/SIM4 from which

2500 temperature snapshots were collected. Let T snap ∈ R
N×K (with N = 71442

and K = 2500) denote a matrix of snapshots taken from the simulation data at time

instants tk, k = 1, 2, . . . , K and stored as follows:

T snap =







T̃ (ξ1, t1) . . . T̃ (ξ1, tK)
...

. . .
...

T̃ (ξN , t1) . . . T̃ (ξN , tK)







(7.6)

In chapter 3 it was shown that the singular value decomposition5 of T snap,

T snap = ΦΣΨ⊤ (7.7)

can be used to find a set of orthonormal basis vectors to write the temperature vector as

a series of basis vectors {ϕi}Ni=1 each multiplied by a time varying Fourier coefficient

ai (k),

T (k) =
N∑

i=1

ai (k)ϕi =
n∑

i=1

ai (k)ϕi + εT (k)

= Φna (k) + εn (k)

where Φn is an N × n matrix consisting of the first n columns of Φ, a (k) :=

col {ai (t)}ni=1 is the vector of Fourier coefficients and εn (k) ∈ R
N is a vector of

truncation errors. Based on the plot in figure 7.6 a set of 14 basis vectors was chosen.

5See appendix A for a description of the singular value decomposition.
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Figure 7.6: Cumulative ℓ2-norm of the Fourier coefficients and the relative deviation of this

cumulative ℓ2-norm from the cumulative ℓ2-norm of the largest number of Fourier

coefficients (20) that were determined. This plot corresponds to FEEDER/SIM4

that was used to generate temperature snapshots of the industrial container glass

feeder.

Once the POD-basis Φ is detemined, a dataset for the coefficient vector can be

determined from a snapshots matrix T snap obtained from an experiment where the

system is excited by an input sequence {ũ (k)}Kk=1:

Asnap =







ã1 (t1) . . . ã1 (tK)
...

. . .
...

ãn (t1) . . . ãn (tK)







= ΦT
nT snap (7.8)

The data matrix Asnap can be used together with input data from the experiment

{ũ (k)}Kk=1 to determine a linear model using identification techniques. Here, a sub-

space algorithm (the SMI toolbox [36]) has been used to determine the parameter ma-

tricesA ∈ R
nx×nx ,Bu ∈ R

nx×nu ,Bw ∈ R
nx×nu ,Ca ∈ R

ny×nx , Dua ∈ R
na×nu
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andDwa ∈ R
na×nw ,Du y ∈ R

ny×nu andDwy ∈ R
ny×nw in a state space form,

x (k + 1) = Ax (k) +Buu (k) +Bww (k) (7.9a)

â (k) = Cax (k) +Duau (k) +Dwaw (k) (7.9b)

ŷ (k) = Cyx (k) +Du yu (k) +Dwyw (k) (7.9c)

with â (k) the model estimation or prediction of the vector of Fourier coefficients

a (k) The vector y (k) ∈ R
ny is the vector of measured outputs, nx = 21 is the

number of state variables, nu = 4 is the number of inputs and nw = 1 is the number of

external inputs. Figure 7.7 shows temperatures in 4 validation points of a CFD model,

whose original order 5N ≈ 3.6·105 has been reduced to nx = 21, and the estimates of

these temperatures generated by the POD based reduced model (7.9). In this validation

run the boosting power (which was not a part of the model) was changed from 5 kW

to 7 kW. Define a validation vector zvalid (k) ∈ R
45 as the vector of temperatures

in 45 validation points that are uniformely distributed throughout the grid of the CFD

model. Let ẑvalid (k) ∈ R
45 denote its estimate generated by the POD based reduced

model and define a criterium Γ3500 (z) for the validation run FEEDER/SIM5 of 3500

time steps,

Γ3500 (z) =

(

1

45

1

3500

3500∑

k=1

(zvalid (k)− ẑvalid (k)) (zvalid (k)− ẑvalid (k))
⊤

)1/2

The value of this criterium for FEEDER/SIM5 was 2.3 K. The average absolute error

over the 45 selected grid points and 3500 samples was 1.7 K. Figure 7.7 shows that the

larger errors occur mainly at the peaks of the temperature signals and that the trends

in the signals are predicted quite well.

Comparison of POD model with Input/Output model

The POD based reduced model has the possibility to simulate the entire 3D tempera-

ture profiles by adding

T̂ (k) = Φnâ (k) (7.10)

to (7.9). This gives us a tool to perform very fast simulations (104 times faster than the

CFD model) and tests, e.g. to determine smart sensor locations. As already mentioned,

the model will here be used in a controller to control Tav and ∆Tgrid that correspond to

the nine point temperature measurement. The estimates of the nine point measurement

temperatures are determined by linear interpolation of the grid point temperatures that
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Figure 7.7: Open loop validation of POD model with respect to the CFD model of temperature

in 4 (of 45) validation points.

surround the exact locations of the sensors. Next, linear combinations of these 9 tem-

peratures are formed according to (7.1)and (7.2). Figures 7.8 and 7.9 show a validation

of the POD model with respect to the glass tank model for Tav and ∆Tgrid. In these

plot a model response is plotted of a 7th order model (nx = 7) that the models only

the relation between the inputs u (k) and Tav, ∆Tgrid (no POD applied). This model

(SYSID model) was also determined using a subspace algorithm. It was expected that

this SYSID model would be more accurate than the POD based model since only Tav

and ∆Tgrid have to be modelled and less model parameters have to be estimated (7

states instead of 21). Although this true in figures 7.8 and 7.9 most of the time the

differences in absolute errors are not very large and at some points the POD based

model outperforms the SYSID model. One may argue that from a practical point of

view it may better to choose the SYSID model, but in this work the capabilities of the

POD based model are examined, because in principle these POD based models can

predict entire temperature fields (and pressures and velocities in future work) like the

glass tank model. In next section simulation results are given of a model predictive
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Figure 7.8: Open loop validation with respect to the CFD model of Tav predicted by the POD

model and an input/output model. At t = 2700 min the electrical boosting power

was changed from 5 kW to 7 kW.

controller that was based on the POD based model.

7.1.3 Feeder temperature control

In section 7.1.2 a POD based reduced model (7.9)was derived for the relation between

the input variables u (k), which are the glass surface temperatures in the 4 zones in
◦C, the w (k) which is the pull rate in ton/day and the temperature vector T (k). The

purpose of this section is to examine whether this reduced model is accurate enough

to accurately control Tav and ∆Tgrid in the feeder. As already mentioned the control

objective is to keep the temperatures Tav and ∆Tgrid as close as possible to their

desired values while certain constraints have to be satisfied. The controller will be

designed based on a POD model as derived in section 6.1.1.

A commercial model predictive controller (INCA engine of IPCOS Technology) is

used to control the feeder. This controller works with multiple (nJ ) objectives {Ji}nJ

i=1

that are seperated by priority classes. If more input variables are available for control

than necessary for optimisation of a high priority objective Ji then the objective Ji can
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Figure 7.9: Open loop validation with respect to the CFD model of ∆Tgrid predicted by the

POD model and an input/output model. At t = 2700 min the electrical boosting

power was changed from 5 kW to 7 kW.

be optimised without using all available degrees of freedom. In that case the needed

degrees of freedom are used to ensure that the high priority objective is satisfied. The

remaining degrees of freedom are then used to optimise lower level objectives. If

multiple objectives Ji are in the same priority class they are traded off against each

other. In the final design the following ordering was applied (the lower the number,

the higher the priority class):

Class 0 Hard constraints on the input variables (always priority class 0)

Class 1 Lower bounds (soft constraints) on ∆Tzone3|zone2 (k), ∆Tzone2|zone1 (k),

∆Tzone1|zoneSP (k)

Class 2 Ideal value Tav (k)

Class 3 Constraints on ∆Tgrid (k)

Class 4 Ideal values for the inputs u (k) and ∆Tgrid (k)
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Figure 7.10: Controlled bottom and top temperatures in the nine point measurement

The upper and lower bounds on the input variables (class 0) have to be satisfied

at all times. Often, these are given by physical limitations of the actuators (e.g. max-

imum valve opening). In the considered feeder application the inputs are set points

for the local PI-controllers (Figure 7.1). In that case the upper and lower bounds were

determined by engineers responsible for the production process.

Lower bounds on the temperature differences between the feeder zones were im-

posed to obtain a strictly decreasing temperature along the feeder in the flow direction.

Remember from chapter 2 that for the refining process it was important to have a grad-

ually decreasing temperature.

The choice of priority classes 2-4, which involve the controlled outputs, is ex-

plained next. This choice will be motivated by a simulation that shows which combi-

nations of temperatures in the 9 point grid measurement are hard to control (that is,

large changes in thge inputs are needed to achieve large changes in the outputs). First

we consider a closed loop simulation with 3 priority classes. The first two classes 0

and 1 are the same as above and class 2 consists of ideal value tracking of Tbottom,
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Tmiddle and Ttop, where

Tbottom =
1

3
(TO1 + TM1 + TW1)

Tmiddle =
1

3
(TO2 + TM2 + TW2)

Ttop =
1

3
(TO3 + TM3 + TW3)

Figure 7.10 shows the time evolution of the average bottom temperature and the aver-

age top temperature in the 9pt-grid measurement during a simulated MPC controlled

temperature setpoint change FEEDER/SIM6. In this case the pull was kept constant

(Pull = 113 tons/day) and only the setpoints of the bottom and top temperature were

changed. It was agreed with engineers of the glass factory that the spout zone temper-

atuur would not be used for control. Hence, this temperature with tag name TIC51 SP

is kept constant.

In FEEDER/SIM6 the average middle temperature was ignored because this tem-

perature was hard to control independently from the other temperatures (bottom and

top).

Control of Tbottom, Tmiddle and Ttop

This is called ill-conditioning and can be observed from the singular value decompo-

sition of the steady state gain matrix of the reduced model (see appendix A.2). From

the model equations (7.9) a steady state gain matrixKuy can be calculated6 that gives

the steady state relation between inputs and outputs,

yss = Kuyuss (7.11)

Here, uss is a vector of constant input variables and yss is the steady state output

vector that corresponds to this input vector. The condition mumber ofKuy (appendix

A) is the ratio between the largest gain and the smallest gain. The large gain direc-

tion corresponds roughly to a direction in which Tbottom, Tmiddle and Ttop change in

almost the same amount in the same direction. The second direction corresponds to

a change of Ttop in the opposite direction of Tbottom bottom where Tmiddle moves a

little in the same direction as Tbottom. The last direction corrresponds to a change

of Tmiddle in opposite direction of Ttop and Tbottom. The condition number of Kuy

6See appendix A
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is κ (Kuy) = σ1/σ3 = 0.9276/0.0072 = 128.9. This roughly means that the con-

trol effort needed to change the difference between Tmiddle and the other two outputs

by 1 degree is ∼130 times larger than the control effort that is needed to change all

three temperatures in the same direction by 1 degree. For control it means that if all

three temperatures must be controlled independently, the controller will calculate large

changes in the inputs (feeder zone temperatures) to get Tmiddle close to its setpoint. To

avoid such large input changes Tmiddle was not taken as a controlled variable.

Control of Tbottom and Ttop

The singular value decomposition ofKuy (see appendix G) shows that taking Tmiddle

out of the set of controlled variables still leaves a system with a condition number

of κ (Kuy) = 5.8. Figure 6.11 suggests that the ideal values of Ttop and Tbottom

can be controlled well with the MPC. First experimental tests, however, revealed that

this approach frequently resulted in active constraints, that is, inputs that reached their

lower or upper bound. Once an input reaches a constraint it cannot be used any more

as a control input. This results in a lower controller performance. The main reason

for the occurence of active contraints is that in this design where ideal value tracking

of Ttop and Tbottom are equally important large inputs occur in the small gain direc-

tion. Furthermore, it seems that in practice the conditioning of the control problem is

worse than in simulation (possibly because of errors in the glass properties in the CFD

model).

Control of Tav and ∆Tgrid

To avoid active input constraints the priority classes 3 and 4 are introduced. The most

important (level 2) output Tav roughly corresponds to the large gain direction and

∆Tgrid roughly to the small gain direction (see appendix G). The first requirement for

∆Tgrid is that it remains between an upper and a lower bound. Next, the tracking of

an ideal value for ∆Tgrid is traded off against tracking of an ideal value for the inputs

Tzone3, Tzone2 and Tzone1. This way, large input changes that are needed to achieve

small changes in ∆Tgrid are avoided.

7.1.4 Experimental results

In this section experimental results will be discussed corresponding to closed loop

experiments that were carried out at a dutch constainer glass factory (REXAM glass
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Figure 7.11: Tav before implementation of the model predictive controller. The standard devi-

ation is approximately 1K.

in Dongen). First, the performance in a small operating range is discussed. In that case

the main objective is to reject disturbances (mainly temperature and redox variations

at the feeder inlet). Then, the results of a job change are given that was performed by

a POD model based predictive controller.

Disturbance rejection in one operating point

The model predictive controller mentioned in the precious section was used to control

Tav and the difference between the average top measurments and the average bottom

measurements ∆Tgrid for several months in an industrial feeder in 4 different operat-

ing points (Table7.2). Figure 7.11 shows Tav in another operating point than those give

in Table 1, before the controller was implemented. The standard deviation is approxi-

mately 1.2 K in this case. It must be noted that in another data set a standard deviation

of approximately 0.8 K was observed. Figure 7.12 shows Tav when controlled by the

MPC. The controller reduces the standard deviation to 0.25 K. Furthermore, the av-

erage is equal to the setpoint (no steady state offset). In figure 6.18 the individual 9pt

grid temperatures are shown. A few important observations can be made in this plot.
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Figure 7.12: Tav without model predictive control.

Table 7.2: Operating points in which the controller was tested

Pull rate (tons/day) Tav[
◦C]

113 1191

112 1181

137 1152

100 1174

87 1199

Firstly, it is oberved that the east side temperatures T51 Z101, T51 Z102 and

T51 Z103 vary in counterphase to the middle (T51 Z1M1, T51 Z1M2 and T51 Z1M3)

and west side temperatures (T51 Z101, T51 Z102 and T51 Z103) at low frequecies.

Secondly, the east side temperatures are closer together (smaller differences between

T51 Z101, T51 Z102 and T51 Z103) than the west side temperatures. Thirdly, the

variatians in the bottom temperature at the west side T51 Z1W1 are significantly

larger than the variations than the variations in the top temperature of the west side

T51 Z1W3.
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Figure 7.13: Nine point grid measurements. T51 Z1O1 = TO1, T51 Z1O2 = TO2, T51 Z1O3

= TO3, T51 Z1M1 = TM1, T51 Z1M2 = TM2, T51 Z1M3 = TM3, T51 Z1W1 =

TW1, T51 Z1W1 = TW2, T51 Z1W1 = TW3.

It seems that the thermocouples at the east side are all effected by the same glass

flow. Probably, the temperatures at the east side can be controlled more easily and

they are used to compensate variations in bottom temperatures at the west sid and

in the middle. The top temperature of the west side seems to be strongly related to

the spout zone glass surface temperature, which was kept constant. The assymmetric

temperature distribution is due to assymmetric temperature profile at the inlet and due

to the rotating tube. In figure 6.19 simulated temperatures are shown corresponding

to a closed loop simulation FEEDER/SIM 7 that was performed on the CFD model

of a feeder. In this teeder geometry a tube was implemented. Disturbances were in-

troduced by changing the crown temperature in the refiner. Although this plot also

show diffirences between east and west and a counterphase effect at some points some

differences can be observed when figure 6.19 is compared to figure 6.18. The coun-

terphase effect occurs significantly in the first 16 hours after the step in the electrical

boosting power. So, the counter phase effect seems to result from the step in boosting

power (5 kW−7 kW).
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Figure 7.14: Simulated 9 point grid measurements. GPS5.TPNT7 = TO1, GPS5.TPNT8 = TO2,

GPS5.TPNT9 = TO3, GPS5.TPNT4 = TM1, GPS5.TPNT5 = TM2, GPS5.TPNT6

= TM3, GPS5.TPNT1 = TW1, GPS5.TPNT2 = TW2, GPS5.TPNT3 = TW3.

Job changes

As explained at the beginning of this section a job change usually involves step changes

in the temperature set points and in the pull rate. Figures 7.16 and ?? show closed loop

responses of both Tav and ∆Tgrid to steps in the set point of Tav. Figure 7.16 shows

experimental data and figure ?? a simulation of this data. The ideal value (set point)

for ∆Tgrid was zero (choice of manufacturer). A comparison of the two plots 7.16 and

?? shows that the closed loop response is predicted quite well for Tav and ∆Tgrid.

Differences between the two figures are the small overshoot in Tav and the difference

in amplitude in ∆Tgrid.

Figure 7.17 shows measements of Tav during a job change where the temperature

set point was changed from 1152 ◦C to 1174 ◦C and the pull rate from 137 tons/day

to 100 tons/day. In this figure the steady state target is also plotted. The used MPC

first solves an optimisation problem to find optimal steady state settings for the glass

melting process. Then a dynamic optimisation problem is solved to find the optimal
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Figure 7.15: Closed loop response of Tav and ∆Tgrid to a step change in the set point of Tav.

steering signals that will bring the process from the old steady state to the new one.

Ideally, the steady state target would change step wise like the temperature set point

but this only occurs if the steady state model is perfect and if there are no disturbances.

In the first part of the plot the step indeed occurs but at a certain moment the steady

state target drops. This drop of the steady state target is caused by saturation of the

values in the local control loops. Then the setpoints of the local control loops are fixed

at their current process value until the valve is no longer in saturation. Besides the

feeder zone glass surface temperatures, also the refiner temperature and the damper

block positions (see figure 7.1) above the cooling holes are used to change the temper-

atures in the feeder. The refiner temperature is changed manually half an hour before

the job change and during the job change when needed. The position of the damper

blocks is also changed manually when needed. In this case the refiner temperature

was increased and the cooling holes were closed. Because of this the temperature at

the 9 pt grid measurement increased slowly. If a set point is fixed due to saturation

of the valves, the temperature still increases because of the dynamics of the process.
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Figure 7.16: Simulated closed loop response of Tav and ∆Tgrid to a step change in the set point

of Tav.

After some time the local set point is passed and the valve position is released from

its upper bound. Once this happens the MPC considers the corresponding input as

available for control again and a new steady state target is calculated. This results in a

peaks in the steady state targets (figure 7.17 and 7.18). After one or two time steps the

valve runs into safuration again until the temperature has risen enough. This process

of saturation repeats itself until t = 21.8 h in figures 7.17 and 7.18. From that point on

the set point on the set point increaces calculated by the MPC are small enough not to

run into saturation. It can be concluded that during the largest part of the job change

the controller did not calculate control moves due to physical limitations of the valves.

In the current setting (without MPC) the valves are put on their upper bound manually

until the average 9 pt grid temperature reaches its set point. The conclusion that must

be drawn is that with such a large job change in the considered feeder configuration

no decrease of change over time can be achieved.

In this case the benefit from MPC is achieved only when the temperatures are

close to either of the two operating points where the inputs (zone temperatures) can be

changed freely by the MPC. Especially in the hours after the job change temperature
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Figure 7.17: Measured Tav together with its set point and steady state target during a job change

where the pull rate was changed from 137 tons/day to 0 (for a few minutes) and

then to 100 tons/day.

fluctuations of the incoming glass must be counteracted by the controller. Figure 7.19

shows a simulation of this job change. If this plot is compared to figure 7.17 it can

be seen that in practice saturation of the valves does not result in a slower response

than the simulated response. Probably due to model errors a small overshoot (0.7 ◦C)

occurs in practice. This overshoot is absent in the simulated closed loop response. Fig-

ure 7.18 and 7.20 show both the real (figure 7.18) and the simulated (figure 7.20) input

signals during the job change. The shapes of the signals differ because of disturbances

and step changes in the refiner temperature and damper block position. These effects

were not or only partly taken into account in the simulation. The zone temperatures

in the simulation were in general higher than the temperatures in practice. Also the

steady state differences between the two operating points were larger in sumulation.

This could be due to an inexact change in the refiner temperature. In the simulation a

step in the refiner crown temperature was given approximately 15 min before the job

change. The same refiner crown temperature change was given in practice approxi-

mately 15 − 30 min before the job change but during the job change some additional
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Figure 7.18: Input signals (surface temperatures in the 4 zones) during the job change.

changes were made manually.
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Figure 7.19: Simulation of Tav during the jobchange.
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Figure 7.20: Simulated input signals during the job change.
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7.2 Industrial float glass furnace

This section describes the application of proper orthogonal decomposition (POD) to

temperature profiles in a float glass melting tank. A selection of results from the

graduation project of S. van Deelen described in [70] are given. A typical float glass

Doghouse

Regenerator

Refiner

Figure 7.21: A typical float glass furnace lay out.

furnace lay-out is given in figure 7.21. Float glass (flat glass) is applied mainly for

windows in buildings and cars. In the float glass process the glass does not flow into a

feeder as described in the previous section. Instead, at the end of the refiner the glass

flows onto a tin bath were the glass is cooled down to ∼ 600 ◦C. As the glass floats on

top of the liquid tin the glass is drawn forward and to the sides by small wheels called

top rollers. The width of the floating glass and the pull rate determine the thickness of

the glass sheet. After the float process a coating is applied to the glass. Next, the glass

is kept above the annealing temperature long enough to remove mechanical stresses

and then it is gradually cooled down.

As the glass flows out of the refiner it must satisfy the following requirements:

• Absense of solid inclusions in the glass larger in diameter than 0.2 mm

• Absense of bubbles in the glass larger in diameter than 0.2 mm

• Absense of homogeneities that result in spatial variations of the refractive index
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In chapter 2 it was argued that melting of rest particles, fining (removal of bub-

bles), refining (dissolution of rest bubbles into the glass melt) and homogenisation of

the glass melt are largely determined by the glass melt temperatures. In this section

it is shown that glass melt temperatures can be predicted and estimated fairly accurate

by using POD based reduced models. First the derivation of the reduced model is dis-

cussed. Next, validations of this model with respect to the CFD model and historical

furnace data are given. Finally, some conclusions are drawn.

7.2.1 Derivation of POD model

Following the approach of chapter 4, a glass tank model for the float glass melting

tank was used in simulation to generate temperature snapshots. The geometry of half

the float glass melting tank was used in the CFD model (glass tank model). Table 7.3

Table 7.3: Data of the (half) float glass melting tank simulation

Number of grid cells 170 · 31 · 48 = 252960
Pull rate 233 ± 5 tons/day

Crown temperature shift 0 ± 10 K

shows some data corresponding to the simulation. In this simulation, referred to as

SIM/FL1, input data {ũ (k)}Kk=1 consisting of the crown temperature offset and the

pull rate were applied to the CFD simulator to obtain a set of temperature snapshots

{T̃ (k)}Kk=1 with T̃ (k) := col{T̃ (ξl, tk)}Nl=1 the temperature vector at time tk. The

applied input signals to excite the CFD model are shown in figure 7.22. Again a

snapshots matrix was defined

T snap =
[

T̃ (1) T̃ (2) · · · T̃ (K)
]

(7.12)

Let

T (W )
snap = ΦΣΨ⊤ (7.13)

be the Singular Value Decomposition (SVD) of the mean centered and weighted snap-

shots matrix

T (W )
snap := W

(

T snap − T̄ e⊤
)

(7.14)

where T̄ = 1
K

∑K
k=1 T̃ (k) is the mean temperature vector over time and e ∈ R

K is

defined by e⊤ =
[

1 1 · · · 1
]

. The SVD of T (W )
snap was used to find a set of

orthonormal basis vectors. The temperature vector can be written as a series of these
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Figure 7.22: PRBNS signals that were applied to the CFD simulator in simulation SIM/FL1 to

generate snapshots.

basis vectors {ϕi}Ni=1 each multiplied by a time varying Fourier coefficient ai (k),

T (k) =

N∑

i=1

ai (k)ϕi =

n∑

i=1

ai (k)ϕi + εT (k)

= Φna (k) + εn (k)

where Φn is an N × n matrix consisting of the first n columns of Φ, a (k) :=

col {ai (t)}ni=1 is the vector of Fourier coefficients and εT (k) ∈ R
N is a vector of

truncation errors. In the float glass application W was a diagonal matrix of inverse

standard deviations of the temperatures in the individual grid cells. Speciffically, the

diagonal weighting matrixW was defined as

W :=










1/s1 0 · · · 0

0 1/s2
. . .

...

...
. . .

. . . 0

0 · · · 0 1/sN
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where sl is the standard deviation of the simulated temperature at position ξl,

sl =

(
1

K

∑(

T̃ (ξl, tk)− T̄ [l]

)2
)1/2

(7.15)

where T̄ [l] denotes the lth entry of the mean temperature vector T̄ . Using this weight-

ing, temperature signals with large standard deviations (e.g. at the tip of the batch

blanket) are less dominant in the POD when compared to the case were an unweighted

snapshots matrix is used.
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Figure 7.23: Selected ξ1ξ3-plane from the 3D array ϕ3D
[:,30,:] (ξ2 = 1.23 m)

Let ϕ3D
i denote the 3D array defined as in (3.9) corresponding to the ith basis

vector. In figure 7.23 a selected ξ1ξ3-plane (ξ2 = 1.23 m), a topview, corresponding

to each of the first five basis vectors {ϕ3D
i,[:,30,:]}5i=1 is shown. Note that in all five plots

the contribution of the surroundings (low I3) is zero. The first basis vector has its most

important contributions in the walls and in the glass just after the skimbar (refiner)

and near the throat. The second and third basisvectors have their most important



7.2. Industrial float glass furnace 183

contribution in the glass before the skimbar (melter) especially near the tip of the

batch. The fourth and fifth basis vectors are dominated by the batch blanket. It can

be concluded that despite the weighting of the snapshots matrix the contributions of

the batch blanket in the first POD basis vectors are still large. Temperatures in the

batch region highly depend on crown temperatures and the pull rate because both

these inputs influence the batch shape and length. Changing batch blanket length may

result in large temperature variations (several hundreds of degrees Celsius) near the

tip of the batch where radiative heat transfer into the glass is either large (no batch

coverage) or very small (because of batch coverage). With changing pull rate, near the

skimbar the flow patterns change more than in other regions which results in larger

temperature variations. Figure 7.24 shows four selected ξ1ξ3-planes of the 3D array
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Figure 7.24: Four selected ξ1ξ3-planes taken from the 3D array of maximum errors. The max-

ima were calculated for each grid cell over time. The selected planes are (a.)

εmax,[:,10,:], (b.) εmax,[:,20,:], (c.) εmax,[:,25,:] and (d.) εmax,[:,30,:]

ε3D
max corresponding to the vector of maximum errors εmax ∈ R

N introduced by the

reconstruction using an nth POD basis. Each entry in the vector εmax is a maximum

error over time in a grid cell. From figure 7.24 it can be concluded that the largest
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errors occur near the batch blanket tip (the batch blanket itself was not in the error

vector), near the skimbar and in the throat.
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Figure 7.25: Glass melt temperature reconstruction in a selected grid point in the glass melt-

ing tank. Comparison of CFD simnulated temperatures with reconstruction using

POD basesof different orders (n = 1, 5, 10, 30)

Figures 7.25 and 7.26 show simulated temperatures as a function of time in two

gridpoints, with their approximations based on the proper orthogonal decomposition

with varying numbers of basis vectors n. It can be seen that the accuracy drastically

increases from 1 basis vecor to 5. An increase from 5 to 10 yields a smaller improve-

ment and the difference between 10 and 30 basis vectors can hardly be observed in the

plots. Like in section 6.1 a subspace identification algorithm was used7 to indentify a

state space model

x (k + 1) = Ax (k) +Buu (k) +Bww (k) (7.16a)

â (k) = Cax (k) +Duu (k) +Dww (k) (7.16b)

7This time a commercial system identification tool INCA modeler was used.
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of 20 states (x ∈ R
20) and 15 basis vectors (x ∈ R

15). Here (A,B,C,D) are

matrices of model parameters.

Figure 7.27 shows a comparison of historical data of a measured bottom temper-

ature and a POD model prediction of this temperature (means were removed). The

temperature at the thermocouple location from the POD model was approximated by

interpolation. In figure 7.27 it can be seen that the trends of the signals coincide most

of the time. Initially, the difference between the measurement and the model predic-
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Figure 7.26: Glass melt temperature in refiner simulated by a CFD model (GTM source) and

approximated by POD bases of different orders (n = 1, 5, 10, 30)

tions are large due to transient effects caused by an inevitable wrong estimate of the

initial state vector x (0). Estimation of unmeasured temperatures can be done by

means of a Kalman filter (chapter 4). A Kalman filter was designed for the float glass

melting tank based on the POD model (7.16)and a subset of the set of measured bot-

tom temperatures. Next, the performance of the Kalman filter was tested on historical

data of the melter bottom temperatures. Some of these temperatures were used as

measurements and others as validation points. Figure 7.28 shows one of the measured

temperatures used by the Kalman filter and the Kalman filter estimate of this temper-

ature. The difference between these two signals can hardly be observed. Figures 7.29



186 Applications

∆
T

[◦
C

]

k [−]

Figure 7.27: Open loop validation of POD model with respect to historical data of a bottom

temperature that was considered as an unmeasured temperature in the Kalman

filter design. Means were removed.

and 7.30 show bottom temperatures (considered as unmeasured) that were estimated

by the kalman filter. The conclusion that can be drawn from the picture is that the

trends in the unmeasured temperatures (in this case) can be estimated fairly accurate.

7.3 Summary

7.3.1 Conclusions

In this chapter the application of reduced process simulation models, derived from a

CFD model using POD reduction of datasets (snapshots) and a subspace identification

algorithm, has been demonstrated for two cases:

• An industrial glass melt feeder;

• A float glass furnace.

The reduced models are derived from detailed CFD simulations of these dynamic

processes during changes in input parameters and measured disturbances.
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Figure 7.28: Measured bottom temperature in float glass melter (historical data) and its Kalman

filter estimate. The temperature scale was changed by an off set.

These reduced models show an accurate prediction of temperatures in the glass

melt feeder as well as in the float glass furnace with respect to CFD modelling results

or measurement data.

It has been shown that the reduced model for temperature estimation as function

of changes in process input variables and disturbances is also suitable for model based

predictive control (MPC). In MPC the reduced model was used to predict the fu-

ture time dependent behaviour of measured glass temperatures and to find the optimal

process input values to keep this time dependent behaviour close to or on the set point.

This has been demonstrated for a glass melt feeder in practice in the container glass

industry. The process controller was able to reduce the standard deviation of the av-

erage temperature in the glass melt in the last feeder zone from about 1 ◦C (without

MPC) to 0.25 ◦C (with MPC) for required steady state conditions. Tight control of

temperature differences (bottom melt - surface melt) appeared to be troublesome due

to a high condition number of the matrix which relates the output temperatures to the

actuator signals. The temperature difference control is ill-conditioned. The controller

has to be applied to steer the input signals during job changes.
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Figure 7.29: Measured bottom temperature that was not used in the Kalman filter as measure-

ment and its Kalman filter estimated.

A reduced model for temperature estimation of the glass melt in a float glass fur-

nace has been derived. This model is also based on CFD modelling, POD dataset

processing and subspace identification. Here, the reduced model consists of 20 model

equations (the model order decreased from 200000 (CFD model) to 20 (reduced model)).

The reduced model (without control) has been applied to an existing float glass furnace

and the estimated bottom temperature changes, by this model, have succesfully been

validated with bottom temperature measurements in this furnace and CFD modelling

results.

7.3.2 Recommendations

In the industrial glass feeder the objective was to control the average of 9 measured

temperatures in the feeder. It appeared to be difficult to relate this temperature to the

yield of the production line. For this it is important that other parts of the process (the

forming machines) run normally.

The rotating tube in the spout zone of the feeder causes asymmetric glass melt
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Figure 7.30: Measured bottom temperature that was not used in the Kalman filter as measure-

ment and its Kalman filter estimated.

flow in this zone. In future research the relation between each of the 9 measured

temperatures in the last zone and the gob temperature distribution may be investigated

using detailed CFD models for the spout zone and the gob. This may lead to a different

control objective instead of average temperature control.

For the forming process it is important that the viscosity of the gob is well defined.

This viscosity depends on chemical composition of the glass and the temperature.

Furthermore, it is important that the gob cools down to the right temperature just

before and during the forming process. The rate of cooling down of the gob depends

on the temperature of the gob and the redox state of the glass (glass colour). Therefore

it cannot be assumed that maintaining the average temperature in the last zone at a

constant set point automatically results in a good gob forming behaviour. For future

research it would be interesting to examine the possibility to control the glass melt

quality with respect to the forming process and the use of available measurements on

the pressing process.
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8
Conclusions and
recommendations

8.1 Conclusions 8.2 Recommendations

8.1 Conclusions

8.1.1 Main results of the thesis

The objective of thesis was the development and test of a strategy for estimation and

control of glass melt temperatures in industrial glass melting tanks and glass melt feed-

ers based on reduced computational fluid dynamics models. In this thesis it has been

shown that the design of a model predictive controller and the design of estimators for

process variables of glass melting processes using reduced Computational Fluid Dy-

namics (CFD) models, is feasible. The developed strategy for control has been tested

on an industrial feeder both in simulation and in practice. Estimation of glass melt

temperatures was tested in simulation on a demonstration glass melt furnace and glass

feeder and in practice on a float glass melter. In future the control strategy will also be

tested on an industrial glass melting furnace.

Using the methodology described in this thesis, fast glass process simulation mod-

els (104 faster than the real glass melting process) can be derived from CFD models

using Proper Orthogonal Decomposition (POD). These models can be used in a model

predictive controller that was tested both in simulation and in practice on a container

glass melt feeder. Furthermore, a reduced CFD model was derived for an industrial

float glass furnace, applied in an estimator/observer and validated using temperature

measurement data.
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Model Reduction

CFD models are often succesfully applied in the glass industry to determine opti-

mal process settings for glass melting furnaces. Because CFD models are based on

physical laws (conservation laws, mass balances) the usage of these models in control

applications has advantages over black box models but, at the same time, their usage

is infeasible due to the prohibitive computation times of these models. In this study

a method was developed and tested for the derivation of fast simulation models from

detailed CFD models using POD combined with a subspace model identification al-

gorithm ([72],[73]). The derived reduced models have sufficiently low computation

times and are capable to estimate glass melt temperature profiles sufficiently accurate

for model based control applications.

The model reduction procedure assumes that a CFD model is available and consists

of the following subsequent steps:

• A collection of so-called snapshots is generated by simulating the outputs of the

CFD model using well defined excitation signals. Here, we collect the tempera-

ture distribution taken at a finite number of discrete time instants.

• Approximation of the set of snapshots (temperature fields), generated by a CFD

model at discrete time instants, by a series of (typically less than 25) basis vec-

tors and corresponding time varying coefficients. The basis vectors contain the

most important spatial variations in the temperature profiles and the time vary-

ing coefficients account for the dynamic behaviour of the temperature field.

• Estimation of a so-called state space model, which describes the relation be-

tween the inputs (e.g. crown temperatures, boosting power) of the CFD model

and the time varying coefficients. State space model representations are chosen

because many mathematical tools and control theory is available for this type of

models.

The model reduction procedure described in this thesis and the model reduction

procedure described in [3] were both applied to a 1D heat transfer example: a heated

bar. The conclusion for this example where a linear model was reduced both proce-

dures result in accurate reduced models. Both the step response and the Bode plots
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corresponding to the input/output behaviour were accurately approximated by the re-

duced model. The errors in the step response were approximately 1% of the step

response size. The number of equations was reduced from about 400 to 7.

Table 8.1: Computation time with respect to real time. N = number of grid cells, t100 = com-

putation time for 100 time samples, ∆t = sample time

Application Relative

computation speed

N ∆t t100

Demo Furnace 75000 x 11628 1 min 0.08 s

Container glass feeder 17000 x 71442 1 min 0.35 s

Float glass furnace 260000 x 252960 50 min 1.16 s

Table 8.2: Accuracy of POD based reduced models w.r.t. CFD model

Variable Average relative error Temperature range

Demo Furnace 0.5◦C 9◦C
Container glass feeder 2◦C 25◦C
Float glass furnace 0.6◦C 6◦C

By the example of a demonstration glass melting tank model it was shown that the

reduced models can describe the time evolution of glass melt temperatures simulated

by a CFD model rather accurately and about 7 · 104 times faster than real time (Table

8.1). In this case the number of equations could be reduced from 11628 to 8. In a val-

idation simulation the average misfit between the reduced model and the CFD model

was approximately 0.5 ◦C over a range of variation of 9 ◦C (Table 8.2). Examination

of the time evolution of the temperatures in both models showed that the larger errors

mainly occur at sharp peaks in the signals and that the variations of the temperatures

are described rather well by the reduced model.

The model reduction techniques were also applied to two industrial glass processes,

namely:

• Container glass melt feeder

• Float glass melter
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In both applications the reduced models were validated with respect to the original

CFD model. In case of the glass melt feeder, the number of equations was reduced

from 71442 to 21 and in case of the float glass furnace from 252690 to 20. Com-

putation speed and accuracy of both POD based reduced models are given in tables

8.1 and 8.2. In all glass melting process applications investigated in this thesis the

achieved inaccuracy relative to the temperature variations determined by CFD models

is less than 10% of the total range of temperature variation on average for the set of

selected validation points in the modeled melter or feeder. The reduced model applied

for an existing float glass furnace and the estimated bottom temperature changes, by

this model, have succesfully been validated with bottom temperature measurements in

this furnace and CFD modelling results.

Estimation of glass melt temperatures

The reduced models based on CFD models were used to design Kalman filters for

the estimation of glass melt temperatures that are not measured, from measured tem-

peratures and known input variables such as fuel flow rate and electrical boosting

power. A Kalman filter is an estimator that is designed based on the assumption that

the differences between CFD model outputs and reduced model outputs (called esti-

mation errors) are caused by disturbances on the process state variables and on the

measurement noise. As such, the Kalman filter combines the simulation model and

measurement data to determine an estimate of unmeasured variables This estimate is

optimal under the assumptions that are made about the properties of the disturbances.

In the standard Kalman filter the disturbances are assumed to be zero mean white noise

sequences.

For a demonstration glass melting furnace it was shown that in the presence of

slowly varying input disturbances and white measurement noise that were applied to a

CFD model, the reduced model based Kalman filter was able to estimate unmeasured

glass melt temperature changes at selected validation grid points within approximately

8% with respect to the range of variation.

Two algorithms have been developed that can be used to find a set of sensors

that result in a good Kalman filter performance. An example of a reduced container

glass feeder model demonstrated that from the current set of 16 sensors the number of

sensors may be reduced to 10 sensors at different locations in the feeder while resulting

in a better Kalman filter performance.
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Application of MPC

It has been shown in practice for an industrial glass melt feeder that the reduced mod-

els for temperature estimation as function of changes in process input variables and

disturbances is also suitable for model based predictive control (MPC). In MPC the

reduced model was used to predict the future time dependent behaviour of measured

glass temperatures and to find the optimal process input values to keep this time depen-

dent behaviour close to or on the set point. At each time instant, MPC uses measured

process data and a mathematical model to find the optimal sequence of input values

that would steer the process from the current state to a desired state. Of this sequence

only the first input value is applied to the process and at the next time instant a new

sequence is calculated This has been demonstrated for a glass melt feeder in practice in

the container glass industry. The process controller was able to reduce the standard de-

viation of the average temperature in the glass melt in the last feeder zone from about

1 ◦C (without MPC) to 0.25 ◦C (with MPC) for required steady state conditions. The

applied operating points are given in table 8.3. Tight control of temperature differ-

ences (bottom melt - surface melt) appeared to be troublesome due to a high condition

number of the matrix which relates the output temperatures to the actuator signals.

The temperature difference control is ill-conditioned. The POD model based predic-

tive controller was applied in practice to steer the input signals during a job change

where the pull rate changed from 137 tons/day to 100 tons/day and the temperature

set point from 1151 to 1174 ◦C. During this job change the POD based MPC could

transfer the average temperature to the new operating point in 2 hours.

Table 8.3: Operating points in which the feeder temperature controller was tested. The temper-

ature set points correspond to the average temperature of a 9 point measurement just

before the spout zone. In all operating points the standard deviation of the tracking

error could be reduced to approximately 0.25◦C.

Pull rate (tons/day) Temperature set point[◦C]
113 1191

112 1181

137 1152

100 1174

87 1199

A Linear Quadratic Gaussian (LQG) type of controller ([41]) was designed for a

CFD model of a glass feeder to track a reference temperature profile. The reduced
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model based controller was able to reduce the difference between the temperature pro-

file and the reference profile from 10 ◦C to ≤ 0.5 ◦C within 1 hour. The relation

between POD basis order (POD model accuracy) and closed loop performance was

examined. For POD based models with more than 6 basis vectors the controller per-

formance is not as sensitive to the number of basisvectors as the open loop criterium

for the selection of the number of POD basis vectors would suggest. Although the

model accuracy for estimation and prediction significantly increases up to 18 basis

vectors the controller performance does not improve for models of more than 6 basis

vectors. It can be concluded that often used open loop energy criterion to determine

the needed POD basis order does not give sufficient information on the quality of the

model used in closed loop.

Mathematical relations for the differences between full CFD based control and

reduced POD based control were derived. The conclusion is that the cost function of

the full CFD based control problem can be written as a function of the cost function

of the reduced control problem and model reduction errors. The difference between

the cost function of the full control problem and that of the reduced control problem is

small if the POD truncation error and the estimation error of the Fourier coefficients

by a state space model are small for the applied input signals.

Open questions

Model reduction techniques decribed in this thesis were applied to temperature fields

only. Reduced models that include velocity fields pressure fields still have to be de-

veloped and tested. Furthermore, it is important to note that the derivation of accurate

simulation models for real melters and feeders requires that an accurate CFD model

of the modeled process is available. This still has to be tested for new cases.

8.1.2 Significance of results

The industrial test of model predictive control showed that glass melt temperatures

in a feeder can be controlled with an accuracy comparable to the accuracy that is

achieved with the existing approaches ([8],[19],[57]) that are based on system iden-

tification techniques for measured process test data (denoted as EXP-SID). Besides

EXP-SID and the method described in this thesis (denoted as POD-SID) other alter-

native approaches can be applied to obtain a mathematical model of the glass melting

process. A more sophisticated model reduction approach based on POD combined
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with Galerkin projection and missing point estimation (denoted as POD-MPE) is de-

scribed in [3], which results in more accurate temperature estimation. In the container

glass melt feeder that was discussed in the chapters 5,6 and 7 this method resulted in

temperature estimation errors of about 2% over a range of 6 ◦C around an operating

point and about 1.2% during colour change (temperature range of about 14 ◦C). The

computation speed of these models is currently 7.5 times faster than real time and it

is expected that 25-30 times real time will be achieved in the next few years. An-

other CFD model based approach (denoted as CFD-SID) is described in [79]. In that

approach system identification techniques were directly applied to input data (crown

temperatures and pull rate) and temperatures at selected grid points. As a result the

spatial information in the temperature fields from the CFD model is lost in the reduced

model The advantages of the method described in this thesis are the following.

• No experimental tests have to be performed on the glass melting process in order

to obtain data for the identification of the model. In particular, this is important

for acceptance in the industry of model based predictive control applications

for melter bottom temperatures where tests may take 3 to 4 weeks. In the con-

ventional approaches (EXP-SID), during these tests steps or Pseudo Random

Binary Noise Signals (PRBNS) have to be applied to excite the glass melting

process, which may disturb the glass quality (effects of the variations have to be

observable in the melter bottom).

• By means of estimators/observers the variations of unmeasured temperatures

can be estimated using the reduced models. First, these estimators will only be

used for monitoring of unmeasured temperatures. Using estimators based on

reduced CFD models, critical regions in the glass melt that become too cold or

too warm may be identified. An example of this could be the boundary of the

fining zone (isotherm of the fining onset temperature). Control of estimated un-

measured glass melt temperatures still has to be investigated. The methodology

described here can be extended to unmeasured glass melt velocities, oxidation

state of the glass melt and quality parameters (melting index, fining index).

• Use of CFD models for control applications gives insight in the quality of the

CFD models to research and development departments that constantly try to

improve the CFD models. On the other hand, the reduced CFD models can give

insight in the time evolution of temperature profile in the glass melt to engineers

and operators.
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• The POD-SID models take the spatial variations in the temperatures into ac-

count in the modeling procedure. Input/output models that are derived from

measurement data or CFD models only accurately describe the dynamics that

is observable at specific points. By taking into account the temperatures in all

grid points in the model reduction procedure, the relevant dynamics can be de-

scribed more accurately by the POD-SID model than with input/output models

for selected grid points.

• The CFD based reduced models developed in this work are able to simulate

the time evolution of the temperature much faster than the CFD or POD-MPE

models ([3]). POD-PME models are more accurate than the POD-SID models

applied in this thesis and are fast enough to be used in extended versions of

the estimators discussed in chapter 5. For control purposes, however, the POD-

MPE models are too slow (at least for the example of a glass feeder) even if the

expected computation speed of 30 times faster than real time is achieved.

Table 8.4 shows an attempt to clearify the differences between the mentioned mod-

els.

Table 8.4: Modeling approaches for control and estimation. POD-MPE = POD + missing point

estimation ([3]), POD-SID = POD + system identification (approach in this thesis),

CFD-SID = system identification for selected grid points in CFD model, EXP-SID =

system identification based on experimental test data, I = insufficient, S = sufficient,

LO = large operating range, NA = narrow operating range, N = no, Y = yes

Modeling

approach

Comp.Speed

for control

Accuracy

range

Furnace tests

needed

Estimation of

temperature

profiles

CFD I LO N Y

POD-MPE I LO N Y

POD-SID S NA N Y

CFD-SID S NA N N

EXP-SID S NA Y N

8.2 Recommendations

In conclusion to this thesis the following recommendations are made for future work:

1. Extend the model reduction techniques that were developed in chapter 4 to re-

duced models of the oxidation state of the glass melt and velocity profiles in the
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glass melt. For the oxidation state of the glass melt the techniques described in

this thesis can be applied. Regarding the glass melt velocity profiles it is im-

portant to note that the three components of the velocity vector and the pressure

field are statically coupled if the glass melt is assumed to be incompressible.

This means that the elements of the velocity vector and the pressure change at

the same time and with the same dynamics. Hence, the velocity vector and the

pressure are expected to be described by statically related Fourier coefficients.

Furthermore, the velocity vector must satisfy the continuity equation at each

time instant. Therefore, the three elements of the velocity vector per grid cell

are not independent.

2. Examine the relation between process variables (glass melt temperatures, glass

melt velocities, oxidation state of the glass) and glass quality parameters or over-

all melting performance. Overall melting performance may be a combination of

product quality, energy consumption, furnace lifetime, emissions of pollutants,

etc. Furthermore, it can be examined whether these quality measures are sensi-

tive to changes in the process variables, control actions and model errors. CFD

models combined with quality models may be used as well as quality measure-

ment data from industrial furnaces, feeders and production lines.

3. Extend the the glass melt temperature estimation procedure and MPC approach

to the nonlinear POD based models (POD-MPE) that were derived in [3]. Al-

ternatively, the estimation and MPC methodologies can be applied to piecewise

linear reduced models. PieceWise Linear (PWL) models are models that consist

of linear models (more than one) that are used locally (e.g. one for each oper-

ating point). These models can be constructed by combining linear POD based

models such as derived in chapter 4 in this thesis. This may result in more accu-

rate reduced models than those derived in this thesis. In both cases (POD-MPE

or PWL) the online optimisation problem that is solved in the MPC becomes

non-convex (this means that local minima can occur). It is recommended that

estimation based on POD-MPE or PWL models is investigated since model ac-

curacy is more important in estimation than it is in MPC and computation speed

is less important in estimation.

4. The conclusions drawn in chapter 6 with respect to the difference between the

full control problem based on the original CFD model and the reduced control
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problem motivate the testing of model reduction based on closed loop simula-

tion (of a controlled glass melting process). Furthermore, it is recommended to

analyse the relation between the observer/estimator and the controller when the

time varying Fourier coefficients corresponding to the POD basis are estimated

in closed loop. It would be interesting to determine whether the tracking error

(difference between the Fourier coefficients and their set point) and the estima-

tion error (estimate of the Fourier coefficients and their value that is calculated

by the CFD model) are, or can be made mutually orthogonal. In that case the

difference between the cost function based on the reduced model and the cost

function based on the CFD model is only determined by the truncation of the

POD basis.

5. Examine the applicability of the reduced models derived in this thesis for sensor

placement (a first attempt was made in this thesis), actuator placement, furnace

design and feeder design.

6. Determine the effects of weighting of the snapshots on the model reduction

procedure. Weighting may include spatial weighting (importance of melter re-

gions), temporal weighting (inportance of time intervals) or dynamic weighting

(importance of frequencies).

7. Using the reduced simulation models for the oxidation state of the glass melt

(recommendation 1) to design a controller and an estimator for the oxidation

state of the glass melt. In the last few years the inline redox sensor was devel-

oped ([74]) which can be used to measure the oxidation state of the glass melt.

Using reduced CFD models for redox behaviour of the glass, a controller can

be developed that can the variations in the redox state (and hence the colour) of

the glass provided that an actuator is available to change the compostition (e.g.

concentration of carbon) of the batch blanket online.

8. Using the reduced simulation models for the glass melt velocity field (recom-

mendation 1) to design a controller and an estimator for residence time distrib-

utions (avoidance of short cut flows), fining indices and melt indices.



A
Linear algebra

A.1 Introduction A.2 Singular Value
Decomposition (SVD)

A.1 Introduction

In this appendix some basic matrix algebra is discussed that is used in this thesis. This

appendix is intended as a wrap up for readers from different disciplines than control

engineering (e.g. glass technologists) who have some background in linear algebra.

First, some matrix operations are presented that are used either in the text of this

thesis or in other appendices. Consider a m× n matrixA ∈ R
m×n,

A =









a11 a12 · · · a1n

a21 a22 a2n

...
. . .

...

am1 am2 · · · amn









(A.1)

In this appendix aij denotes the ijth element of the matrix where i is the row index

and j the column index. The transpose of the matrix A denoted as A⊤ ∈ R
n×m is

defined as

A⊤ =









a11 a21 · · · am1

a12 a22 am2

...
. . .

...

a1n a2n · · · amn









(A.2)

For the transpose of a matrix productAB withB ∈ R
n×p the following holds

(AB)
⊤

= B⊤A⊤ (A.3)
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A.2 Singular Value Decomposition (SVD)

A valuable tool in the analysis of a matrix is the singular value decomposition. As an

example consider figure A.1 which shows two mutually perpendicular vectors x1 and

x2 both of unit length, that is

||x1|| = ||x2|| = 1

where ||·|| denotes the Euclidean length as defined in section 3.1. Multiplication of

x1
x2 y2

y1

A

Figure A.1: Illustration of singular value decomposition. Vectors x1 and x2 both have unit

length but x1 is directed in the direction of the first right singular vector v1 and

results in the largest possible vector length of y1 = Ax1 = σ1u1

each of these two vectors by a matrix A ∈ R
2×2 gives two vectors y1 and y2. In

general, the two resulting vectors will have different lengths. If the position vectors of

all points on the unit circle are multiplied by A, then the end points of the redulting

vectors form an ellipsoid. Among all vectors with unit length, the vector x1 gives the

largest possible (in length) vector y1 when multiplied byA and x2 gives the smallest

possible vector y2. The vectors x1 and x2 are called the right singular vectors of

A. The vectors y1 and y2 are called the left singular vectors. The ratio between the

Euclidean lengths of the vectors x1 and y1 is called the largest singular value σ1.

Singular values, left singular vectors and right singular vectors can be found by means

of the Singular Value Decomposition (SVD).

Definition A.1 (Singular Value Decomposition) Let A ∈ R
m×n be a real valued
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matrix. Then there exists a decomposition, the singular value decomposition,

A = UΣV ⊤ =

min{m,n}
∑

i=1

σiuiv
⊤
i

whereU ∈ R
m×m and V ∈ R

n×n are orthogonal matrices, that is, U⊤U = Im and

V ⊤V = In with Im and In are the m×m and n× n identity matrices respectively.

The vectors ui and vi are the columns of U and V respectively. If m > n then Σ

takes the form

Σ =



















σ1 0 · · · 0

0 σ2
. . .

...
...

. . . 0

0 0
. . . σn

0 0 · · · 0
...

. . .
...

0 0 · · · 0



















=

[

Σ1

0

]

The positive real numbers σ1 (A) ≥ σ2 (A) ≥ · · · ≥ σn (A) are called the singular

values ofA. There exists a compact form

A = UnΣnV
⊤

where Un ∈ R
m×n is the matrix consisting of the first n columns of U , Σn ∈ R

n×n

is a diagonal matrix of singular values σ1,σ2, . . . , σn.

The singular decomposition is related to the eigenvalue decompostions of A⊤A

andAA⊤

A⊤A = V Σ⊤U⊤UΣV ⊤ = V Σ⊤ΣV ⊤ (A.4)

AA⊤ = UΣV ⊤V Σ⊤U⊤ = UΣΣ⊤U⊤ (A.5)

The diagonal elements of the matrices Σ
⊤
Σ and Σ

⊤
Σ are the eigenvalues,

λ1

(

A⊤A
)

, . . . , λn

(

A⊤A
)

and λ1

(

AA⊤
)

, . . . , λm

(

AA⊤
)

ofA⊤A andAA⊤,

respectively. So the singular values of the matrix A are the square roots of the eigen-

values of the matricesA⊤A if m > n orAA⊤ if m < n

σi (A) =

√

λi

(

A⊤A
)

=

√

λi

(

AA⊤
)

i = 1, 2, . . . , min (m, n)
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. The columns of U and V are the eigenvectors of AA⊤ and A⊤A. If m ≫ n or

m ≪ n then it is much more convenient to determine the singular values through the

eigenvalue decomposition of eitherAA⊤ (if m < n) orA⊤A (if m > n).

A.2.1 Projection and Orthonormal bases

This section discusses the notion of projection and orthonormal bases, which are ex-

plained through some very simple examples. Consider the three vectors in figure A.2.

u

v

w

ξ1

ξ2

Figure A.2: Vector in a 2D space. The vector v3 can be decomposed into 2 components, v1

and v2, that are parallel to the ξ1-axis and the ξ2-axis, respectively.

The vector

w =

(

w1

w2

)

can be written as the sum of two perpendicular vectors u and v:

w = u + v (A.6)

In their turn the vectors u and v can be written in terms of a direction vector and a

magnitude:

u =

(

1

0

)

|u| = e1 |u| v =

(

0

1

)

|v| = e2 |v| (A.7)

The vectors e1 and e2 have length 1 and satisfy:

〈e1, e2〉 = e⊤1 e2 = 0 (A.8)
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where 〈·, ·〉 denotes an inner product and ⊤ denotes the matrix transpose. Vectors with

these properties are said to be orthonormal. Any vector w in the 2D plane (R2) can be

expressed as a linear combination of orthonormal basis vectors {ϕ1, ϕ2} and a set of

coefficients {a1, a2},
w = a1ϕ1 + a2ϕ2 (A.9)

In the example above

a1 = |u| a2 = |v| ϕι = ei i = 1, 2 (A.10)

The coefficients a1 and a2 are the projections of w onto the ξ1-axis and the ξ2-axis,

respectively, and these projections can be found by taking the inner product of each

basis vector ϕi with the vector w, for example

a1 = 〈w, ϕ1〉 = w⊤e1 =
(

w1 w2

)
(

1

0

)

= w1 (A.11)

The expansion (A.9) for the example above can be written as:

w = a1ϕ1 + a2ϕ2

= 〈w, ϕ1〉ϕ1 + 〈w, ϕ2〉ϕ2

= w1e1 + w2e2 (A.12)

Orthonormal basis expansions like (A.9) can be extended to other spaces, such as N -

dimensional vector spaces or function spaces (in function spaces the elements are not

vectors but functions). For an N -dimensional linear vector space the expansions are

w =

N∑

i=1

〈w, ϕi〉ϕi =

N∑

i=1

aiϕi (A.13)

A well known example of an orthonormal basis in function spaces are the Fourier

series. A function f (ξ) of period 2L with zero mean can be written as:

f (ξ) =
∞∑

i=1

(

ai
1√
L

cos
iπξ

L
+ bi

1√
L

sin
iπξ

L

)

(A.14)
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where the Fourier coefficients are calculated by

ai =

〈

f (·) ,
1√
L

cos
iπ·
L

〉

=
1√
L

L∫

−L

f (ξ) cos
iπξ

L
dξ

bi =

〈

f (·) ,
1√
L

sin
iπ·
L

〉

=
1√
L

L∫

−L

f (ξ) sin
iπξ

L
dξ

Equation (A.14) is of the same form as (A.13):

f (ξ) =

∞∑

i=1

〈f (·) , ϕi (·)〉ϕi (ξ) +

∞∑

i=1

〈f (·) , φi (·)〉φi (ξ) (A.15)

with the orthonormal basis functions

ϕi (ξ) =
1√
L

cos
iπξ

L
φi (ξ) =

1√
L

sin
iπξ

L
(A.16)

Note, that for the latter example an infinite number of basis functions is needed to

generate Fourier series that reconstruct any function f (ξ) without error. Spaces with

these properties are refered to as infinite dimensional spaces. Equation (A.14) is an

example of general Fourier series:

f (ξ) =
∞∑

i=1

〈f (·) , ϕi (·)〉ϕi (ξ)

where {ϕi (ξ)}∞i=1 is an arbitrary set of orthonormal basis functions (not necessarily

sin or cos).



B
Linear dynamical systems

B.1 State variables in chemical
and physical systems

B.2 State space representations

B.1 State variables in chemical and physical sys-
tems

In this section the concept of state variables is explained by means of some simple

examples. First, consider the two vessel system in figure B.1. In this example the fluid

flows freely out of the vessels 1 and 2 (no valves are applied at the exit). Under the

V̂in(t)

V̂out(t)

h1(t)

h2(t)

Figure B.1: A two vessel system. The levels h1 (t) in [m] and h2 (t) in [m] both depend on the

inflow Vin (t) in
�
m3 s−1

�
and the outflows out of both vessels.

assumption that the outflows of both vessels may be described by a linear relationship
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of the form

V̂out,i (t) = αihi (t) i = 1, 2 (B.1)

where αi ∈ R is a positive real number and that the fluid density is constant, the

following relations for the levels in both vessels may be found (mass balance):

dm1 (t)

dt
= m̂in,1 (t)− m̂out,1 (t) (B.2)

ρA1
dh1

dt
= m̂in,1 (t)− ρα1h1 (t) (B.3)

dm2 (t)

dt
= m̂in,2 (t)− m̂out,2 (t) (B.4)

ρA2
dh2

dt
= ρα1h1 (t)− ρα2h2 (t) (B.5)

with mi the total mass of liquid in vessel i, m̂in,i the mass flow into vessel i, ρ the

fluid density and Ai the area in vessel i. Equations (B.3) and (B.5) can be written in

state space form by defining the state vector x (t) ∈ R
2 (nx = 2)and the input vector

u (t) ∈ R (nu = 1) as

x (t) :=

[

h1 (t)

h2 (t)

]

[m] u (t) :=
m̂in,1

ρ
= V̂in,1

[
m3 s−1

]

Then, (B.3) and (B.5) can be written as

dx (t)

dt
=

[

− α1

A1
0

α1

A1

α2

A2

]

︸ ︷︷ ︸

Ac

x (t) +

[
1

A1

0

]

︸ ︷︷ ︸

Bc

u (t) (B.6)

dx (t)

dt
= Acx (t) +Bcu (t) (B.7)

Furthermore, it is assumed that the outflow is measured. So, the measured variable

y (t) is defined as

y (t) = V̂out,i (t) = α2h2 (t)

=
[

0 α2

]

︸ ︷︷ ︸

C

x (t)
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and the number of measured outputs ny = 1. Finally, the state space model can be

written as,

dx (t)

dt
= Acx (t) +Bcu (t) (B.8a)

y (t) = Cx (t) (B.8b)

Equation (B.8)can discretised using a constant sample time ∆t, for example via an

explicit method ([28]),

x (k + 1) = x (k) +

∫ (k+1)∆t

k∆t

[Acx (t) +Bcu (t)] dt (B.9)

≈ x (k) + [Acx (k) +Bcu (k)] ∆t (B.10)

= (I +Ac∆t)
︸ ︷︷ ︸

A

x (k) + (Bc∆t)
︸ ︷︷ ︸

B

u (k) (B.11)

= Ax (k) +Bu (k) (B.12)

with

A =

[

1− α1

A1
∆t 0

α1

A1
1− α2

A2
∆t

]

B =

[
∆t
A1

0

]

(B.13)

Suppose that only limited information about the two vessels is available (h1, h2, α1

and α2 are unknown) and that only measurement data of V̂in,1 and V̂out,2 are available

from an expertimental PRBNS or step test. Then a model of the form

x′ (k + 1) = A′x′ (k) +B′u (k) (B.14a)

y (k) = C′x′ (k) (B.14b)

with u (k) = V̂in,1 (k) and y (k) = V̂out,2 (k) can be fitted on the available data using

system identification methods. The unknowns in (B.14)are the state vectorx′ (k) ∈ R
2

and the paramter matrices A′ ∈ R
2×2, B′ ∈ R

2×1 and C ′ ∈ R
1×2. In this case the

state vector x′ (k) could accidently be equal to x (k), that is, the two state vectors in

(B.14)could be equal to h1 (k) and h2 (k), but that is very unlikely since there exist

infinitely many linear combinations of h1 (k) and h2 (t) that are also valid candidates

for the state vector (see Appendix B.2.1).

In the two vessel example it could be concluded from the known physical structure

of the system that nx = 2 would be a good choice for the number of state variables

nx. In many cases, however, the choice for nx is more difficult. Consider the tube
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reactor in figure B.2. In this case a fluid with one non-reacting dissolved chemical

species A flows through the reactor. The concentration of A varies with time and is

the input of the system. At the outlet the concentration of A is measured (y (t) =

V̂incA,in(t) V̂outcA,out(t)

Figure B.2: A tube reactor.

cA,out (t) , ny = 1). In some cases the macroscopic behaviour of this type of reactor

can be approximated by a series of Ideally Stirred Tank Reactors (ISTR,figure B.3).

In case of ideal plug flow (ideal mixing in radial direction and no axial mixing) the

needed number of ISTRs would be infinity. In case of intense axial mixing a few

ISTRs may already be sufficient to approximate the macroscopic behaviour of the tube

reactor. In this case if only input and output data are available over a certain period of

1 2 nx − 1 nx

V̂incA,in(t) V̂outcA,out(t)

Figure B.3: Series of ideally stirred tanks.

time, the number of state variables nx has to be determined from the input/output data.

Models of the form (B.14)are determined for increasing model orders nx. Then one of

these models, which preferably has low nx and is sufficiently accurate, is selected.

B.2 State space representations

Consider an arbitrary system (figure B.4) with nu inputs and ny outputs whose behav-

iour (relation between u ∈ R
nu and y ∈ R

ny ) is modelled by a discrete time linear

state space model ((B.15)).

x (k + 1) = Ax (k) +Bu (k) (B.15a)

y (k) = Cx (k) +Du (k) (B.15b)
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u(t) y(t)

System

Figure B.4: Input/output system

where u (k), x (k) and y (k) are samples at time k∆t (∆t is the sample time) of

u (t), x (t) and y (t), respectively. Such a linear state space model may result from

first principles modeling (e.g. [66]) or from black box modeling ([31]). The matrixA

determines the dynamic behaviour of the model. As an example, consider figure B.5

where three state space models are plotted: a stable one (|A| < 1), an integrating one

(|A| = 1) and an unstable one (|A| > 1).

20 25 30

0.5

1.5

2.5

3

3.5

4

4.5

Time (sec)

0

5 10 15

1

2

A = 1.1, B = 0.1, C = 1, D = 0
A = 1, B = 0.1, C = 1, D = 0

A = 0.9, B = 0.1, C = 1, D = 0

y
(k

)

Figure B.5: Step response of three single input/single ouput (SISO) models of the form

x (k + 1) = Ax (k) + Bu (k), y (k) = Cx (k) + Du (k). ∆t = 1 s
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B.2.1 Similarity transformations

A state space model is not a unique representation of the input/output behaviour of

the system. In subspace identification algorithms that are used in the model reduction

approach in this thesis one set of model parameters (A,B,C,D) is calculated. There

are however, infinitely many state space model realisations that are equivalent to the

determined one. The procedure to transform one state space model realisation into

another equivalent state space realisation is called a similarity transformation. This

can be shown as follows. If a new state xS is defined,

xS = S−1x (B.16)

with S ∈ R
nx×nx a nonsingular matrix, then the discrete time representation can be

rewritten by substitution of (B.16),

xS (k + 1) = S−1ASxS (k) + S−1Bu (k)

= ASxS (k) +BSu (k) (B.17)

y (k) = CSxS (k) +Du (k)

= CSxS (k) +Du (k) (B.18)

The input/output behaviours of ((B.15)) and (B.17) are identical.

B.2.2 Transfer matrices

From the state space model form a transfer matrix G (z) can be calculated, where z

denotes the Laplace variable for discrete time systems. Let x̄ (z) = Z {x (k)} denote

the Laplace transform of x (k). The Laplace transform of a shifted sample is given by,

Z {x (k + 1)} = zx (k) (B.19)

The argument z in the transfer function indicates that the matrix also has dynami-

cal components. The state space form and the transfer matrix are related as follows.
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Laplace transformation of B.15a results in,

(zInx
−A)x (k) = Bu (k) (B.20)

x (k) = (zInx
−A)

−1
Bu (k) (B.21)

y (k) =
(

C (zInx
−A)−1

B +D
)

︸ ︷︷ ︸

G(z)

u (k) (B.22)

with Inx
is the nx × nx identity matrix. In the two vessel example of appendix B.1

the transfer function from V̂in,1 (k) to V̂out,i (k) becomes,

y (k) =
[

0 α2

]
[

z − 1− α1

A1
∆t 0

α1

A1
z − 1− α2

A2
∆t

]−1 [
∆t
A1

0

]

u (k) (B.23)

= α2
α1/A1

(z − p1) (z − p2)

∆t

A1
︸ ︷︷ ︸

G(z)

u (k) (B.24)

p1 = 1− α1

A1
∆t ; p2 = q − 1− α2

A2
∆t (B.25)

A transfer matrix G (z) can also be written in the frequency domain by computing

the Fourier transform instead of the Laplace transform. It turns out that the Fourier

transform ofG (z) can be obtained by substituting ejω∆t for z, see e.g. [66].

B.2.3 Steady state gain matrix

In steady state the state vector x (k) becomes constant, and so x (k + 1) = x (k) =

xss. Then equation (B.15a)becomes

xss = Axss +Buss (B.26)

xss = (Inx
−A)

−1
Buss (B.27)

Equation (B.15a)can be used to calculate the relation between the steady state inputs

uss, and the outputs yss,

yss = Cyxss +Duuss

yss =
(

Cy (I −A)
−1
B +D

)

︸ ︷︷ ︸

Kuy

uss (B.28)
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where Inx
is the nx×nx identity matrix. The steady state gain matrixKuy maps the

steady state input vector uss ∈ R
nu to the steady state output vector yss ∈ R

ny ,

yss = Kuyuss

From this expression a new steady state value of the process outputs (e.g. bottom

temperatures) can be calculated from a new set of input values (e.g. new boosting

power or fuel flow rate values).

B.2.4 Integrating processes

If the matrixA in (B.15)is an identity matrix then the model is an itegrator. Then, the

following holds,

x (k + 1) = x (k) +Bu (k)

Starting from some initial condition this results in

x (1) = x (0) +Bu (0)

x (2) = x (0) +Bu (0) +Bu (1)

x (3) = x (0) +Bu (0) +Bu (1) +Bu (2)

...

and so,

x (k) = x (0) +B

K∑

k=0

u (k) (B.29)

The second term on the right is a discrete approximation of an integral of u.



C
Subspace identification

This appendix gives some background information on subspace algorithms. Here, the

lines that are given in [73] are followed.

Subspace identification algorithms calculate the parameter matricesA ∈ R
nx×nx ,

B ∈ R
nx×nu ,C ∈ R

ny×nx andD ∈ R
ny×nu in a so-called state space model (C.1).

In appendix B the meaning of the vector of state variables is shown for some examples.

A state space model form is defined as,

x (k + 1) = Ax (k) +Bu (k) (C.1)

y (k) = Cx (k) +Du (k) (C.2)

where x (k) ∈ R
nx is the state vector, u (k) ∈ R

nu is the input vector and y (k) ∈
R

ny is the output vector. In these subspace methods the postulated model (C.1) is used

to formulate s step ahead predictions,

yk+s−1
k (k) = Osx (k) + Tsu

k+s−1
k (k) (C.3)

with

uk+s−1
k (k) =

[

u (k) u (k + 1) · · · u (k + s− 1)
]⊤

yk+s−1
k (k) =

[

y (k) y (k + 1) · · · y (k + s− 1)
]⊤

Ts =













D 0 · · · 0

CB D
. . .

...

CAB CB
. . .

. . .
...

...
...

. . .
. . . 0

CAs−2B CAs−3B · · · CB D













Os =












C

CA

CA2

...

CAs−1












where s ≥ nx and the state space model is observable such that rank (Os) = nx.
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For k = 0, 1, · · · , N − 1 these equations can be written together in a single matrix

equation (see figure ),

Y 0,s,K−1 = OsX0,K−1 + TsU0,s,K−1 (C.4)

Y 0,s,K−1 =









ỹ (0) ỹ (1) · · · ỹ (K − s)

ỹ (1) ỹ (2) ỹ (K − s + 1)

. . .
...

ỹ (s− 1) ỹ (s) · · · ỹ (K − 1)









X0,K−1 =
[

x (0) x (1) · · · x (N − 1)
]

which is called the data equation. U0,s,K−1 is defined similar to Y 0,s,K−1 and ỹ (k)

[
y(0) y(1) · · · y(s− 1) y(s) y(s + 1) · · ·

]









y(0) y(1) · · ·
y(1) y(2) · · ·

...
...

y(s− 1) y(s)
...









Figure C.1: At each time instant k a prediction of s steps is made and each of these predictions

forms a column in the matrix Y0,s,K .

denotes the kth data sample. The data equation is post multiplied by a matrix

Π⊥
U0,s,K−1

= IK −U⊤
0,s,K−1

(

U0,s,K−1U
⊤
0,s,K−1

)−1

U0,s,K−1 (C.5)

with the property

U0,s,K−1Π
⊥
U0,s,K

= 0

This leads to

Y 0,s,K−1Π
⊥
U0,s,K−1

= OsX0,K−1Π
⊥
U0,s,K−1

(C.6)

Equation C.6 shows that each column of Y 0,s,K−1Π
⊥
U0,s,K−1

is a linear combination

of columns of Os, that is, the column space of Y 0,s,K−1Π
⊥
U0,s,K−1

(space spanned

by its columns) is contained in the column space of Os. The column spaces are equal
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if rank
(

Y 0,s,K−1Π
⊥
U0,s,K−1

)

= rank (Os) = nx. This rank condition puts some

constraints on the input signals that are used in the identification procedure.

Lemma C.1 Given the state space system (C.1). If the input u (k) is such that

rank

([

X0,N

U0,s,N

])

= nx + snu (C.7)

then

rank
(

Y 0,s,NΠ⊥
U0,s,N

)

= nx

The rank condition C.7 is fullfilled if the input signal that is used in the experiment

or simulation to generate input/output data is persistently exiting of order nx + s. In

other words, the variations in the input signals used to exite the system that has to be

modelled have to be sufficiently rich such that the parameter matrices A, B, C and

D can be determined from the data.

Definition C.1 (Persistently exiting input signal) A sequence {u (k)}K−1
k=0 is persis-

tently exciting of order n if and only if the matrix

U0,n,N−n =









u (0) u (1) · · · u (K − n)

u (1) u (2) u (K − n + 1)
...

. . .
...

u (n− 1) u (n) · · · u (K − 1)









has full column rank n.

Note that the data matrix Y 0,s,K−1Π
⊥
U0,s,K−1

consists of input and output data

only. Using (C.6) the matrices A and C can be derived from the data in the matrix

Y 0,s,K−1Π
⊥
U0,s,K−1

, using the singular value decomposition:

Y 0,s,K−1Π
⊥
U0,s,K−1

= UnΣnV
⊤
n

where Σn ∈ R
n×n, is a diagonal matrix with the singular values ofY 0,s,K−1Π

⊥
U0,s,K−1

on the diagonal,Un ∈ R
s×n is a matrix with orthonormal columns that span the col-

umn space of Y 0,s,K−1Π
⊥
U0,s,K−1

and V n ∈ R
n×K−1 is a matrix also with orthonor-

mal columns. Since the columns ofUn span the column space ofY 0,s,K−1Π
⊥
U0,s,K−1
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and hence the column space of Os. The matrixUn is a suitable candidate for Os,

Un = Os =












C

CA

CA2

...

CAs−1












(C.8)

The matricesC andA can be determined from (C.8). Once the matricesA andC are

determined, the initial state vector x (0) and the matricesB andD can be calculated

from the system matrices. A special matrix product that will be used in the discussion

of subspace methods (Appendix C) is the Kronecker product. The Kronecker product

can be formed by replacing each element of the first matrix by this element multiplied

by the second matrix. According to the system equations (B.17) the input/output data

should satisfy

ỹ (k) = CAkx (0) +

k−1∑

i=0

CAk−i−1Bũ (i) +Du (k) (C.9)

This equation can be written in a linear form,

ỹ (k) = φ̃
⊤

(k)θ (C.10)

where the vector φ̃
⊤

(k) consists of the known elements of A and C and the known

input data {ũ}K−1
k=0 and the vector θ consists of the unknown elements of x (0), B

and D. The optimal values for these unknown model parameters can be found by

minimisation of the sum of squares of the difference between y (k) and φ̃
⊤

(k)θ

summed over k = 0, 1, . . . , K − 1,

min
θ

1

K − 1

K−1∑

k=0

∣
∣
∣

∣
∣
∣ỹ (k)− φ̃⊤

(k)θ
∣
∣
∣

∣
∣
∣

2

(C.11)
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LQR control

D.1 The Linear Quadratic Regulator D.2 LQR with reference signals
and external inputs

D.1 The Linear Quadratic Regulator

The Linear Quadratic Regulator (LQR) is a type of controller which calculates optimal

inputs for a linear time invariant system in order to minimise a quadratic criterium

function. If a nonlinear process (like the physical and chemical processes in the glass

melt) is operated in a narrow operating range the LQR may be applied to a linearised

model of the process. In this section the LQR is derived in the form it was originally

formulated in 1960 ([41]) namely for a linear state space model of the form:

x (k + 1) = Ax (k) +Bu (k) (D.1)

x (0) = x0 (D.2)

where x ∈ R
nx is the vector of state variables, u ∈ R

nu is the vector of input signals,

andA ∈ R
nx×nx andB ∈ R

nx×nu are matrices of model parameters.

The control objective is the minimisation of a quadratic function, called the cost

function, that expresses the deviation of the state vector from zero and the cost of the

input energy. This strategy can be used if the process is operated in one operating

point only and the model (D.1) expresses the deviation from this operating point (so

the state variables are all zero in the operating point). Suppose that a disturbance has

brought the state of the system to a nonzero state x0.Then the LQR steers the state

vector back to zero (to its desired operating point) in an optimal way. The quadratic
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cost function is defined as

J (x0,u) =

Np−1
∑

k=0

x (k)
⊤

Πxx (k)

︸ ︷︷ ︸

State variable deviation from zero

+

Np−1
∑

k=0

u⊤ (k)Πuu (k)

︸ ︷︷ ︸

Cost of input energy

+ x (Np)
⊤
Ex (Np)

︸ ︷︷ ︸

Deviation at end point

(D.3)

where Πx ≥ 0, Πu > 0 and E ≥ 0 are symmetric weighting matrices, and Np is the

end point. Now the optimal input vector signal denoted by u∗ (k) has to be found such

that

J (x0,u
∗) ≤ J (x0,u) ∀u ∈ U

where U is the set of all admissible discrete time input signals. First, the solution will

be given and then we explain how this solution is derived. The solution is a linear

feedback controller, that is the inputu (k) is a linear function of the state vector x (k).

Solution D.1 The optimal input signalu∗ (k) for k = 0, 1, . . . , Np−1 that minimises

(D.3) subject to the model (D.1) is given by

u∗ =Hxx (k)

where the matrixHx ∈ R
nu×nx can be calculated with

Hx = −
(

B⊤P (k + 1)B + Πu

)−1

B⊤P (k + 1)A

The symmetric matrix valued function of time P (k) ∈ R
nx×nx is calculated by a

so-called Ricatti equation

P (k) = A⊤P (k + 1)A+ Πx

−A⊤PB
(

B⊤P (k + 1)B + Πu

)−1

B⊤P (k + 1)A (D.4)

with end point condition P (Np) = E.

To find the LQR solution a scalar function of time V (k) := x⊤ (k)P (k)x (k)

is needed. It turns out that, with the help of the Ricatti equation, the increment of the

function V (k) can be written as the sum of the instantaneous cost, x⊤ (k)Πxx (k)+

u⊤ (k)Πuu (k), a quadratic term in the inputs u (k) and some extra terms that are

independent from x (k) and u (k). Then the cost function J (x0,u) can be expressed
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in terms that are independent fromx (k) andu (k) and a term that is quadratic in x (k)

and u (k). The optimal value is then found by choosing u (k) such that the quadratic

term is equal to zero. Writing the increments of V (k) in terms of x (k) and u (k) by

using the model (D.1) gives,

V (k + 1)− V (k) =
(

x⊤ (k)A⊤ + u⊤ (k)B⊤
)

P (k + 1) (Ax (k) +Bu (k))

− x⊤ (k)P (k + 1)x⊤ (k)

= 2x⊤ (k)AP (k + 1)Bu (k) + x⊤ (k)A⊤P (k + 1)Ax (k)

+ u⊤ (k)B⊤P (k + 1)Bu (k)− x⊤ (k)P (k)x (k)

Next, this form V (k + 1) − V (k) is written as a squared term in u (k), that is, in a

form,

V (k + 1)− V (k) = ||u (k) + (· · · )||(··· ) + rest terms

This well known procedure is called completion of the squares. In the completion of

the squares steps the argument,x⊤ (k)Πxx (k)+u⊤ (k)Πuu (k), of the summation

in the cost function (D.3) will appear, which enables us to write the cost function in a

squared term in u (k) and additional terms that do not depend on u (k).

V (k + 1)− V (k) =
∣
∣
∣

∣
∣
∣u+ (ΠV )

−1
B⊤P (k + 1)Ax (k)

∣
∣
∣

∣
∣
∣
ΠV

(I)

−x⊤ (k)A⊤PB (ΠV )
−1
B⊤P (k + 1)Ax (k)

(II)

+x⊤A⊤P (k + 1)A
(III)

−x⊤P (k)x (k)
(IV)

−u (k)
⊤

Πuu (k)
(V)

where ΠV = B⊤P (k + 1)B + Πu is used to shorten notation. Using the Ricatti

equation (D.4) can be used to write the terms (II), (III) and (IV) can be written as

x⊤ (k) [A⊤PB (ΠV )
−1
B⊤P (k + 1)A

(II)

−A⊤P (k + 1)A
(III)

+P (k)
(IV)

]x (k)

= x⊤ (k)Πxx (k) (D.5)

leads to

V (k + 1)− V (k) =
∣
∣
∣

∣
∣
∣u+ (ΠV )

−1
B⊤P (k + 1)Ax (k)

∣
∣
∣

∣
∣
∣
ΠV

− x⊤ (k)Πxx (k)− u (k)
⊤

Πuu (k) (D.6)
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In this expression the last two terms form the argument of the summation in the cost

function (D.3). Combining (D.6) with (D.3) results in:

J (x0,u) =

Np−1
∑

k=0

V (k)− V (k + 1)

Np−1
∑

k=0

∣
∣
∣
∣

∣
∣
∣
∣
u+

(

B⊤P (k + 1)B + Πu

)−1

B⊤P (k + 1)Ax (k)

∣
∣
∣
∣

∣
∣
∣
∣
ΠV

+ x (Np)
⊤
Ex (Np)

=

Np−1
∑

k=0

∣
∣
∣
∣

∣
∣
∣
∣
u+

(

B⊤P (k + 1)B + Πu

)−1

B⊤P (k + 1)Ax (k)

∣
∣
∣
∣

∣
∣
∣
∣
ΠV

+ V (0)− x (Np)
⊤
P (Np)x (Np) + x (Np)

⊤
Ex (Np)

and with the end point condition for the matrix valued function P (k) that was given

as P (Np) = E this results in

J (x0,u) =

Np−1
∑

k=0

∣
∣
∣
∣

∣
∣
∣
∣
u+

(

B⊤P (k + 1)B + Πu

)−1

B⊤P (k + 1)Ax (k)

∣
∣
∣
∣

∣
∣
∣
∣
ΠV

+ x⊤
0 P (0)x0
︸ ︷︷ ︸

V (0)

Since in this expression the only term that depends on u (k) is quadratic the minimum

is obtained if this term is equal to zero. Hence, the cost function (D.3) is minimal and

equal to J (x0,u
∗) = x⊤

0 P (0)x0 if

u∗ (k) = −
(

B⊤P (k + 1)B + Πu

)−1

B⊤P (k + 1)A
︸ ︷︷ ︸

Hx

x (k) (D.7)

D.2 LQR with reference signals and external in-
puts

In this section the same line of reasoning is followed as in the previous section. The

only difference between this section and section D.1 is that now a reference signal

r (k) ∈ R
nx is tracked in the presence of an external input and w (k) ∈ R

nw . An

example of an external input (measured disturbance) is the pull rate if job changes

occur. The changes in the pull rate are dictated by market demands and are not free to
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be used for control. The measured disturbances are added to the model equation (D.1)

to obtain,

x (k + 1) = Ax (k) +Buu (k) +Bww (k) (D.8a)

x (0) = x0 (D.8b)

where x ∈ R
nx is the vector of state variables, u ∈ R

nu is the vector of input signals,

and A ∈ R
nx×nx , Bu ∈ R

nx×nu and Bw ∈ R
nx×nw are matrices of model para-

meters. Tracking of reference signal r (k) is a good strategy if the process operating

point is changed or if a desired time dependent process behaviour has to be followed

as close as possible (e.g. in chemical batch processes). The objective (D.3) is changed

such that the ℓ2,T -norm (defined in section 3.1) of the deviation of the state vector

from the reference signals, r (k)−x (k), is minimised instead of the ℓ2,T -norm of the

state deviation from zero (as in (D.3)). The cost function is defined as,

J (x0, r, w, u) =

Np−1
∑

k=0

[

(r (k)− x (k))⊤ Πx (r (k)− x (k)) + u⊤ (k)Πuu (k)
]

+ (r (Np)− x (Np))
⊤
E (r (Np)− x (Np)) (D.9)

with Πx ≥ 0, Πu > 0 and E ≥ 0 weighting matrices and Np the time horizon. The

vector signal of optimal inputs is denoted by u∗ (k). The optimal input vector has to

be found such that

J (x0, r, w, u
∗) ≤ J (x0, r, w, u) ∀u ∈ U

subject to the model (D.8)where U is the set of all admissible discrete time input

signals. The LQR solution is a linear feedback controller, that is, the input depends

linearly on the vector of state variables x (k). Furthermore, the controller is anticipat-

ing to future changes in the reference signal r (k) and the external inputw (k) if these

future changes are known. An example of such application is a temperature controller

for a glass melt feeder that is able to anticipate to job changes that are planned in ad-

vance and carried out through a fixed strategy. In mathematical terms it means that

the input at time instant k depends on r (k + 1), r (k + 2) , . . . , r (k + Np) and on

w (k) ,w (k + 1) , . . . ,w (k + Np − 1). The solution is derived using two auxiliary

variables, P (k) ∈ R
n×n and v (k) ∈ R

n, is given as follows.

Solution D.2 The optimal input signal u∗ (k) for k = 0, 1, . . . , Np, that minimises
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the cost function (D.9) subject to the model ( (D.8)) is given by

u∗ (k) =Hxx (k) +Hvv (k + 1) +Hww (k)

where the matricesHx ∈ R
nu×nx ,Hv ∈ R

nu×nx andHw ∈ R
nu×nw are calculated

as

Hx = −
(

Πu +B⊤
uP (k + 1)Bu

)−1

B⊤
uP (k + 1)A

Hv = −
(

Πu +B⊤
uP (k + 1)Bu

)−1

B⊤
u

Hw = −
(

Πu +B⊤
uP (k + 1)Bu

)−1

B⊤
uP (k + 1)Bw

The matrix valued function P : T → R
n×n is the symmetric solution of a Ricatti

equation,

P (k) = −A⊤P (k + 1)Bu

(

Πu +B⊤
uP (k + 1)Bu

)−1

B⊤
uP (k + 1)A

+A⊤P (k + 1)A+ Πx (D.10)

with end point condition P (Np) = E and the vector valued function v : T → R
n is

the solution of a difference equation (the substitution ΠV = Πu +B⊤
uP (k + 1)Bu

is made to shorten notation)

v (k) =
(

A⊤ −A⊤P (k + 1)BuΠ
−1
V B⊤

u

)

v (k + 1)−Πxr (k)

+
(

A⊤P (k + 1)Bw −A⊤P (k + 1)BuΠ
−1
V B⊤

uP (k + 1)Bw

)

w (k) (D.11)

with end point condition v (Np) = −Er (Np). Both the Ricatti equation (D.10) and

the difference equation (D.11) are calculated recursively and backwards in time.

The solution is derived below in the same way as in section D.1. That means that

a function V (k) is defined by which the cost function can be written in a quadratic

term in u and in some other terms that are independent of u (This is called completion

of the squares). Here, quadratic term means a weighted Euclidean norm defined by

||u (k)||
Πu

:= u⊤ (k)Πuu (k). Then the cost function is in such a form that it can

be minimised by choosing u such that the quadratic term in u becomes equal to zero.

The function that will be used for the derivation of this convenient form of the cost

function is defined as

V (k) := x⊤ (k)P (k)x (k) + 2v⊤ (k)x (k) (D.12)
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The increment of V (k), that is, V (k + 1) − V (k) is derived such that it can be

expressed as a sum of the instantaneous cost (r (k)− x (k))
⊤

Πx (r (k)− x (k)) +

u⊤ (k)Πuu (k) at time instant k, a quadratic term in the inputs and a term that is

independent from the inputs. The increment of the function V are expressed in terms

of x, u,w and v. To shorten notation, the matrix function P (k) and the scalar func-

tion V (k) are denoted by P k = P (k) and Vk = V (k). Substitution of the model

equation (D.8a) into (D.12) and subtraction of V (k) from V (k + 1) gives,

Vk+1 − Vk = x⊤ (k + 1)P k+1x (k + 1) + 2v⊤ (k + 1)x (k + 1)

− x⊤ (k)P kx (k)− 2v⊤ (k)x (k)

= x⊤ (k)
(

A⊤P k+1A− P k

)

x (k)
︸ ︷︷ ︸

(I)

+ u⊤ (k)B⊤
uP k+1Buu (k)

︸ ︷︷ ︸

(II)

+ wT (k)B⊤
wP k+1Bww (k)

︸ ︷︷ ︸

(III)

+ 2x⊤ (k)A⊤P k+1Buu (k)
︸ ︷︷ ︸

(IV)

+ 2x⊤ (k)A⊤P k+1Bww (k)
︸ ︷︷ ︸

(V)

+ 2u⊤ (k)B⊤
uP k+1Bww (k)

︸ ︷︷ ︸

(VI)

+ 2v⊤ (k + 1)Ax (k)
︸ ︷︷ ︸

(VII)

+ 2v⊤ (k + 1)Buu (k)
︸ ︷︷ ︸

(VIII)

+ 2v⊤ (k + 1)Bww (k)
︸ ︷︷ ︸

(IX)

− 2v⊤ (k)x (k)
︸ ︷︷ ︸

(X)

(D.13)

Next, this form V (k + 1) − V (k) is written as a squared term in u (k), that is, in a

form,

V (k + 1)− V (k) = ||u (k) + (· · · )||2
ΠV

+ rest terms

where ΠV is a weighting matrix. This well known procedure is called completion of

the squares. In the completion of the squares steps the argument, x⊤ (k)Πxx (k) +

u⊤ (k)Πuu (k), of the summation in the cost function (D.3) will appear, which en-

ables us to write the cost function in a squared term in u (k) and additional terms that

do not depend on u (k). First a candidate quadratic term,

∣
∣
∣

∣
∣
∣u (k) + Π

−1
V B⊤

uP k+1Ax (k) + Π
−1
V B⊤

u v (k + 1) + Π
−1
V B⊤

uP k+1Bww (k)
∣
∣
∣

∣
∣
∣

2

ΠV
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with ΠV = Πu + BuP k+1Bu will be written out and then it will be compared

to V (k + 1) − V (k). The terms that result from writing out the quadratic term are

numbered as in (D.13) where the same numbering is continued to show which terms

coincide with terms in (D.13). For notational convenience this quadratic term is ab-

breviated as VQ (k). Writing out VQ (k) gives

VQ (k) = u (k)Πuu (k)
︸ ︷︷ ︸

(XI)

+u (k)BuP k+1Buu (k)
︸ ︷︷ ︸

(II)

+ x⊤ (k)A⊤ (k)P k+1BuΠ
−1
V B⊤

uP k+1Ax (k)
︸ ︷︷ ︸

(XII)

+ v⊤ (k + 1)BuΠ
−1
V B⊤

u v (k + 1)
︸ ︷︷ ︸

(XIII)

+w (k)B⊤
wP k+1BuΠ

−1
V B⊤

uP k+1Bww (k)
︸ ︷︷ ︸

(XIV)

+ 2x⊤ (k)A⊤ (k)P k+1Buu (k)
︸ ︷︷ ︸

(IV)

+ 2v⊤ (k + 1)Buu (k)
︸ ︷︷ ︸

(VIII)

+ 2u⊤ (k)B⊤
uP k+1Bww (k)

︸ ︷︷ ︸

(VI)

+ 2x⊤ (k)A⊤ (k)P k+1BuΠ
−1
V B⊤

u v (k + 1)
︸ ︷︷ ︸

(XV)

+ 2x⊤ (k)A⊤ (k)P k+1BuΠ
−1
V B⊤

uP k+1Bww (k)
︸ ︷︷ ︸

(XVI)

+ 2w (k)B⊤
wP k+1BuΠ

−1
V B⊤

u v (k + 1)
︸ ︷︷ ︸

(XVII)

(D.14)

So the increment of V (k) can be written in terms of VQ (k) and some additional

terms,

Vk+1 − Vk = VQ (k) + (I) + (III) + (V) + (VII) + (IX) + (X)

− (XI)− (XII)− (XIII)− (XIV)− (XV)− (XVI)− (XVII) (D.15)
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The terms (I) and (XII) are quadratic in x and can be rewritten by using the Ricatti

equation (D.10),

(I)− (XII) = −x⊤ (k)Πxx (k)

= − [r (k)− x (k)]
⊤

Πx [r (k)− x (k)] + r⊤ (k)Πxr (k)

− 2x⊤ (k)Πr (k) (D.16)

Furthermore, the terms (V), (VII), (X), (XV) and (XVI) can be rewritten as

(V) + (VII) + (X)− (XV)− (XVI) = 2x⊤ (k)Πr (k) (D.17)

by using (D.11). Substitution of these two equations into (D.15) results in

Vk+1 − Vk = VQ (k) + (III) + (IX)− (XI)− (XIII)− (XIV)− (XVII)

− [r (k)− x (k)]⊤ Πx [r (k)− x (k)] + r⊤ (k)Πxr (k)

=
∣
∣
∣

∣
∣
∣u (k) + Π

−1
V B⊤

uP k+1Ax (k) + Π
−1
V B⊤

u v (k + 1)

+Π
−1
V B⊤

uP k+1Bww (k)
∣
∣
∣

∣
∣
∣

2

ΠV

+ w⊤ (k)B⊤
wP k+1Bww (k)

︸ ︷︷ ︸

(III)

+ 2v⊤ (k + 1)Bww (k)
︸ ︷︷ ︸

(IX)

− u (k)Πuu (k)
︸ ︷︷ ︸

(XI)

+ v⊤ (k + 1)BuΠ
−1
V B⊤

u v (k + 1)
︸ ︷︷ ︸

(XIII)

+w (k)B⊤
wP k+1BuΠ

−1
V B⊤

uP k+1Bww (k)
︸ ︷︷ ︸

(XIV)

+ 2w (k)B⊤
wP k+1BuΠ

−1
V B⊤

u v (k + 1)
︸ ︷︷ ︸

(XVII)

(D.18)

− [r (k)− x (k)]
⊤

Πx [r (k)− x (k)]
︸ ︷︷ ︸

(XVIII)

+ r⊤ (k)Πxr (k)
︸ ︷︷ ︸

(XIX)

(D.19)

Summation of the terms (XI) and (XVIII) for k = 0, 1, . . . , Np − 1 results in the cost

function (D.9) exept for the end point term,

Np−1
∑

k=0

[(XI) + (XVIII)] = J (x0, r, w, u)−[r (Np)− x (Np)]
⊤
E [r (Np)− x (Np)]
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The terms (XIII) (XIV) and (XVII) can be combined,

(III) + (IX) + (XIII) + (XIV) + (XVII) = ||v (k + 1) + P k+1Bw||2BuΠ
−1
V

Bu+P
−1
k+1

− v⊤ (k + 1)P−1
k+1v (k + 1)

Making these substitutions the cost function can be written as,

J (x0, r,w, u) =

Np−1
∑

k=0

∣
∣
∣

∣
∣
∣u (k) + Π

−1
V B⊤

uP k+1Ax (k) + Π
−1
V B⊤

u v (k + 1)

+Π
−1
V B⊤

uP k+1Bww (k)
∣
∣
∣

∣
∣
∣

2

ΠV

+

Np−1
∑

k=0

||v (k + 1) + P k+1Bww (k)||2BuΠ
−1
V

Bu+P
−1
k+1

−
Np−1
∑

k=0

||v (k + 1)||2P −1
k+1

+

Np−1
∑

k=0

||r (k)||2
Πx

︸ ︷︷ ︸

(XIX)

+ ||r (Np)− x (Np)||2E
︸ ︷︷ ︸

(XX)

−
Np−1
∑

k=0

[V (k + 1)− V (k)]

︸ ︷︷ ︸

(XXI)

(D.20)

Term (XXI) can be written in terms of its end point and starting point,

(XXI) = V (Np)− V (Np − 1) + V (Np − 1)

− V (Np − 2) + · · · − V (1) + V (1)− V (0)

= V (Np)− V (0)

= x⊤ (Np)P (Np)x (Np) + 2v⊤ (Np)x (Np)

− x⊤ (0)P (0)x (0) + 2v⊤ (0)x (0)
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Using v (Np) = −Er (Np) and P (Np) = E this term (XXI) can be rewritten as

(XXI) = x⊤ (Np)P (Np)x (Np) + 2v⊤ (Np)x (Np)

− x⊤ (0)P (0)x (0)− 2v⊤ (0)x (0)

= x⊤ (Np)Ex (Np) + 2r⊤ (Np)Ex (Np)

− x⊤ (0)P (0)x (0)− 2v⊤ (0)x (0)

= ||r (Np)− x (Np)||2E − ||r (Np)||2E
− x⊤ (0)P (0)x (0)− 2v⊤ (0)x (0)

This expression can be substituted into (D.20) to find

J (x0, r,w, u) =

Np−1
∑

k=0

∣
∣
∣

∣
∣
∣u (k) + Π

−1
V B⊤

uP k+1Ax (k) + Π
−1
V B⊤

u v (k + 1)

+Π
−1
V B⊤

uP k+1Bww (k)
∣
∣
∣

∣
∣
∣

2

ΠV

+

Np−1
∑

k=0

||v (k + 1) + P k+1Bww (k)||2BuΠ
−1
V

Bu+P
−1
k+1

−
Np−1
∑

k=0

||v (k + 1)||2P −1
k+1

+

Np−1
∑

k=0

||r (k)||2
Πx

︸ ︷︷ ︸

(XIX)

+ ||r (Np)||2E + x⊤ (0)P (0)x (0) + 2v⊤ (0)x (0) (D.21)

Only the first right hand term depends on u (k). This term can be minimised by

choosing u (k) as

u (k) = u∗ (k) =Hxx (k) +Hvv (k + 1) +Hww (k)

with

Hx = −Π
−1
V B⊤

uP k+1A

= − (Πu +BuP k+1Bu)
−1
B⊤

uP k+1A

Hv = −Π
−1
V B⊤

u

= − (Πu +BuP k+1Bu)
−1
B⊤

u

Hw = −Π
−1
V B⊤

uP k+1Bw

= − (Πu +BuP k+1Bu)−1
B⊤

uP k+1Bw
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Then the optimum J∗ of the cost function (D.21) becomes

J∗ (x0, r,w) =

Np−1
∑

k=0

||v (k + 1) + P k+1Bww (k)||2BuΠ
−1
V

Bu+P
−1
k+1

−
Np−1
∑

k=0

||v (k + 1)||2P −1
k+1

+

Np−1
∑

k=0

||r (k)||2
Πx

+ ||r (Np)||2E + x⊤ (0)P (0)x (0) + 2v⊤ (0)x (0) (D.22)

where v (k + 1) and P k+1 = P (k + 1) can be calculated by

P (k) = −A⊤P (k + 1)Bu

(

Πu +B⊤
uP (k + 1)Bu

)−1

B⊤
uP (k + 1)A

+A⊤P (k + 1)A+ Πx (D.23)

with end point condition P (Np) = E and (the substitution

ΠV = Πu +B⊤
uP (k + 1)Bu is made to shorten notation),

v (k) =
(

A⊤ −A⊤P (k + 1)BuΠ
−1
V B⊤

u

)

v (k + 1)−Πxr (k)

+
(

A⊤P (k + 1)Bw −A⊤P (k + 1)BuΠ
−1
V B⊤

uP (k + 1)Bw

)

w (k) (D.24)

with the substitution ΠV = Πu +B⊤
uP (k + 1)Bu end point condition v (Np) =

−Er (Np). Note that (D.22) depends only on x0, r and w and that J∗ (x0, r, w)

cannot be minimised further by the inputs u (k). Therefore, J∗ (x0, r,w) is indeed

the smallest achievable value of J (x0, r,w, u).

D.2.1 Integral control

To obtain integral action in the controller an incremental model is used:

x (k) = x (k − 1) + ∆x (k)

∆x (k + 1) = A∆x (k) +B∆u (k)

[

x (k)

∆x (k + 1)

]

=

[

In In

0 A

][

x (k − 1)

∆x (k)

]

+

[

0

B

]

∆u (k)

x∆ (k + 1) = A∆x∆ (k) +B∆∆u (k) (D.25)
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The controller now minimizes the following cost function:

J (x0, u) =

Np−1
∑

k=0

[

(r (k)− x (k))
⊤

Πx (r (k)− x (k)) + ∆u⊤ (k)Πu∆u (k)
]

+ (r (Np)− x (Np))
⊤
E (r (Np)− x (Np))

=

Np−1
∑

k=0

[

(r∆ (k)− x∆ (k))
⊤

Πx∆ (r∆ (k)− x∆ (k))

+ ∆u⊤ (k)Πu∆u (k)
]

+ (r∆ (Np)− x∆ (Np))
⊤
E∆ (r∆ (Np)− x∆ (Np))

with:

Πx∆ =

[

Πx 0

0 0

]

E∆ =

[

E 0

0 0

]

r∆ (k) =

[

r (k − 1)

0

]

The incremental model is also used in a Kalman filter in the output feedback case.
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E
Optimal H2-filter (Kalman filter)

In this appendix the mathematical derivation of the Kalman filter is given. The ob-

jective is to estimate the unmeasured variables z (k) (for example glass melt temper-

atures) from measurement data y (k) on the basis of a mathematical model. In this

appendix the “completion of the squares” argument is used in a similar way as in ap-

pendix D. First, the H2-norm of a transfer matrix is defined. A norm of a transfer

function indicates the amplification of inputs that are applied to the transfer function.

TheH2-norm of a transfer matrix is equal to the RMS norm of the output vector if the

system is excited by white noise ([64]).

Figure E.1 shows the block diagram of the interconnection of the plant P and the

estimator/filter F . From this block diagram a transfer matrixG (q) of the transfer

d =

(

d1

d2

)

7→ ε

can be derived. The estimator F will be determined such that the H2-norm of the

transfer matrixG (z) is minimal. One could think of this as minimising the influence

of the disturbances d1 and d2 on the error ε. Process P is assumed to be a linear time

d1(k)

d2(k)

z(k)

ẑ(k)
y(k) F

P
ε(k)

Figure E.1: Block diagram of the estimation problem. The filter F must be designed such that

some norm of the estimation error ǫ (k) is minimised.
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invariant stable system described by the state space model

x (k + 1) = Ax (k) +G1d1 (k) (E.1a)

y (k) = Cyx (k) +G2d2 (k) (E.1b)

z (k) = Czx (k) (E.1c)

where d1 (k) ∈ R
nd,1 and d2 (k) ∈ R

nd,2 are disturbances. First three norms are

defined which we use to explain the interpretation of the H2-filter. The H2-norm of

the transfer function G (z) is defined in the frequency domain (appendix B.2.2), that

is, forG
(
ejω
)

where ω is the frequency in rad/s (ejω is complex notation for periodic

signals cosωt + j sin ωt).

Definition E.1 (H2-norm of a linear time invariant system) TheH2-norm of a trans-

fer matrixG
(
ejω
)

is defined as,

||G||H2
=

(
1

2π
tr

[∫ π

−π

G
(
ejω
)
G∗
(
ejω
)
dω

])1/2

whereG∗
(
ejω
)

denotes the complex conjugate transpose ofG
(
ejω
)
.

Definition E.2 (Root Mean Square norm of a stochastic signal) The Root Mean Square

norm (RMS-norm) of a stationary discrete time stochastic signal y (k) is defined as,

||y||RMS =

(

lim
k→∞

E
{
y⊤ (k)y (k)

}
)1/2

where E {·} denotes the expected value.

Definition E.3 (ℓ2-norm) The ℓ2-norm of a deterministic discrete time signal g (k)

is defined as,

||g||2 =

(

tr

[
K∑

k=0

g (k) g⊤ (k)

])1/2

From the block diagram a transfer matrixG
(
ejω
)

for the transfer
(

d⊤1 d⊤2

)⊤

7→
ε (k) can be derived, such that

ε (k) = G (z)

[

d1 (k)

d2 (k)

]

(E.2)
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For this transfer it holds ([64]) that

||G||H2
= ||M ||2 (E.3)

whereM is the matrix of impulse responses (M (k) is the kth Markov parameter (see

section 2.4.1) of G (z)) of the system described by G (z). So, the H2-norm of G (z)

is equal to the ℓ2-norm of its impulse response matrix M (k). Furthermore, it holds

that

||G||H2
= ||ε||RMS (E.4)

if the disturbances d1 (k) ∈ R
nd,1 and d2 (k) ∈ R

nd,2 are zero mean white noise

sequences with unit variance, that is,

d1 ∈ N
(
0, Ind,1

)
d2 ∈ N

(
0, Ind,2

)

whereN
(
d̄,V

)
denotes the set of white noise sequences (normally distributed) with

mean d̄ and covariance matrixV and where Ind,1
∈ R

nd,1×nd,1 and Ind,2
∈ R

nd,2×nd,2

are identity matrices. The impulse response matrices of the transfers d1 7→ ε and

d2 7→ ε are given by

d1 7→ ǫ : M 1 (k) = CzA
k−1G1 −

k∑

l=0

F (l)CyA
k−l−1G1 (E.5a)

d2 7→ ǫ : M 2 (k) = −F (k)G2 (E.5b)

In these equations F (k) is the impulse response matrix of the estimator F , M1 (k)

and M2 (k) are the impulse response matrices of the transfers d1 7→ ε and d2 7→ ε,

respectively. The filter problem is defined as follows.

Problem E.1 (OptimalH2-filter) Let M (k) =
[

M1 (k) M2 (k)
]

denote the

matrix of impulse responses of the transfer d 7→ ε given by (E.5). Find the linear

strictly proper1 filter F which defines the mapping y 7→ ẑ, such that

J (F ) =
∞∑

k=1

tr
[

M (k)M⊤ (k)
]

is minimised. The problem of finding such a filter will be refered to as the H2-filter

problem.

1Strictly proper means that the output of the estimator is not allowed to respond directly to changes in

the input. This inplies that F (0) = 0.
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First, the solution will be given, which is followed by the proof.

Solution E.1 Let P : T→ R
nx×nx be the symmetric solution of

Q = −AQC⊤
(

CQC⊤ +G2G
⊤
2

)−1

CQA⊤ +AQA⊤ +G1G
⊤
1

Then the solution to theH2-filter problem F has as its impulse response F (k)

F (k) = Cz

(
A−KCy

)k−1
K

where

K = AQC⊤
(

CQC⊤ +G2G
⊤
2

)−1

The matrixK (k) will be called the Kalman gain.

Proof. The cost function J (F ) is given by

J (F ) = ||M1||22 + ||M 2||22

=

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
CzA

k−1G1 −
k∑

l=0

F (l)CyA
k−l−1G1

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

2

+ ||F (k)G2||22 (E.6)

Next, consider the system

X (k + 1) =X (k)A− F (k)Cy (E.7)

X (0)A =X0A = Cz (E.8)

which has the solution

X (k) = X0A
k

︸ ︷︷ ︸

CzAk−1

+

k∑

l=0

F (l)CyA
k−l−1 (E.9)

Using this solution the cost function can be written as

J (F ) = ||X (k)G1||22 + ||F (k)G2||22
= ||X (k)||2G1G⊤

1
+ ||F (k)||2G2G⊤

2
(E.10)

which can be recognised as an LQR cost function (appendix D) where X (k) is the

state and F (k) is the input. A scalar function V (k) is defined that will be used to

write the cost funcion in a quadratic form in the same way as in appendix D. The

only difference is that in this appendix the signals are matrix valued instead of vector
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valued. The function V : R
nz×nx → R is defined as

V (k) := tr
[

X (k)QX⊤ (k)
]

Next, the increment of V is rewritten in terms of the cost function and a quadratic term

in F (k).

V (k + 1)− V (k) = tr
[

X (k + 1)QX⊤ (k + 1)
]

− tr
[

X (k)QX⊤ (k)
]

= tr
[

(X (k)A− F (k)Cy)Q (X (k)A− F (k)Cy)
⊤
]

− tr
[

X (k)QX⊤ (k)
]

= tr
[

X (k)AQA⊤X⊤ (k)
]

︸ ︷︷ ︸

(I)

+ tr
[

F (k)CyQC
⊤
y F

⊤ (k)
]

︸ ︷︷ ︸

(II)

−2tr
[

X (k)AQC⊤
y F

⊤ (k)
]

︸ ︷︷ ︸

(III)

−tr
[

X (k)QX⊤ (k)
]

︸ ︷︷ ︸

(IV)

(E.11)

As in appendix D a quadratic term in F (k) is evaluated and compared with the incre-

ment of V . This quadratic term denoted as VQ is defined as

VQ (k) = ||F −X (k)K||2CyQCy+G2G⊤

2

with

K = AQC⊤
y

(

CyQCy +G2G
⊤
2

)−1

(E.12)

Evaluation of this quadratic expression results in

VQ (k) = tr
[

F (k)
(

CyQCy +G2G
⊤
2

)

F⊤ (k)
]

︸ ︷︷ ︸

(II)+F (k)G2G2F ⊤(k)

+ tr

[

X (k)AQC⊤
y

(

CyQCy +G2G
⊤
2

)−1

CyQA
⊤X (k)

]

︸ ︷︷ ︸

(V)

−2tr
[

X (k)AQC⊤
y F

⊤ (k)
]

︸ ︷︷ ︸

(III)

(E.13)
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Combination of (E.11) and (E.13) gives

V (k + 1)− V (k) = VQ (k) + tr
[

X (k)AQA⊤X⊤ (k)
]

︸ ︷︷ ︸

(I)

−tr
[

F (k)G2G2F
⊤ (k)

]

︸ ︷︷ ︸

(VI)

−tr
[

X (k)QX⊤ (k)
]

︸ ︷︷ ︸

(IV)

− tr

[

X (k)AQC⊤
y

(

CyQCy +G2G
⊤
2

)−1

CyQA
⊤X (k)

]

︸ ︷︷ ︸

(V)

Using the Ricatti equation the terms (I), (IV) and (V) can be combined,

−tr
[

X (k)G1G1X
⊤ (k)

]

= tr
[

X (k)AQA⊤X⊤ (k)
]

︸ ︷︷ ︸

(I)

−tr
[

X (k)QX⊤ (k)
]

︸ ︷︷ ︸

(IV)

− tr
[

X (k)KCyQA
⊤X (k)

]

︸ ︷︷ ︸

(V)

which results in

V (k + 1)−V (k) = VQ (k)− tr
[

F (k)G2G2F
⊤ (k)

]

− tr
[

X (k)G1G1X
⊤ (k)

]

(E.14)

Using the latter expression the cost function J (F ) can be written in terms of V and

VQ,

J (F ) =

∞∑

k=1

[VQ (k)− V (k + 1) + V (k)]

=
∞∑

k=1

||F (k)−X (k)K||2CyQCy+G2G⊤

2
+ V (1)− V (∞)

where V (∞) = limk→∞ V (k). Next, it is shown that both the summation on the left

hand side and V (∞) are equal to zero if

F (k) =X (k)K (E.15)
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The minimal cost is then equal to

J (F ∗) = V (1) =X (1)QX (1)

= CyQCy (E.16)

andX (k) then satisfies

X (k + 1) = X (k)A−X (k)KCy ⇒

X (k) = X (1)
(
A−KCy

)k−1

= Cz

(
A−KCy

)k−1

So for F (k) we find

F (k) = Cz

(
A−KCy

)k−1
K (E.17)

which completes the proof.

Recall from section 2.4.1 that F (k) for k = 1, 2, . . . are the Markov parameters of

the following state space model

x̂ (k + 1) = (A−KC) x̂ (k) +Ky (k) (E.18)

= Ax̂ (k) +K (y (k)− ŷ (k)) (E.19)

z (k) = Czx (k) (E.20)

are given by

A state space form can be written for F (k)
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F
Disturbances models for

Kalman filter

In this appendix it is shown that the measured pO2 signal shown in figure F.1 can

be generated by filtering of a signal that is approximately white. Variations in the
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0

2

Figure F.1: Logarithm of partial oxygen pressure in glass melt.

oxidation state of the glass melt are important in the container glass industry where

recycled cullet has a strongly varying oxidation state. The type of filter that is used is

an integrator,

x (k + 1) = AF x (k) + BF ν (k)

d (k) = CF x (k)
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with AF = 1, BF = 1, CF = 1 (subscript F means filter). In this case d (k) is the

pO2 signal and ν (k) is the increment d (k + 1)− d (k) of the pO2 signal. The signal

ν (k) is shown in figure F.2. To determine whether ν (k) is approximately white noise
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Figure F.2: Increments of the pO2 signal shown in figure F.1.

two properties of this signal have to be checked:

1. Each time sample has to be normally distributed,

2. The time samples have to be mutually independent.

The first property can be examined by comparing the histogram of ν (k) with a

normal (or Gaussian) distribution. In figure F.3 both the histogram and a normal

distribution are plotted (note that the histogram was normalised). The bars of the his-

togram and the curve coincide for the largest part of the plot except for a few bars near

the maximum of the normal distribution. Before testing the mutual independence of

all time samples of ν two functions of ν have to be introduced, namely, the autocovari-

ance function and the power spectrum. Here, the autocovariance function is defined
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Figure F.3: Histogram of the signal ν (k). Ki is the number of samples in the class i.

for a finite set {ν (k)}40000k=1 of time samples of ν by

Rν (τ) :=
1

K

K∑

k=1

[ν (k)− ν̄] [ν (k − τ)− ν̄] (F.2)

This autocovariance function gives a measure of dependence between all pairs of time

samples that are shifted τ time steps with respect to each other. Rν (0) is called

the variance of the signal ν. A zero mean white noise sequence has the following

autocovariance function

Rν (τ) :=

{

σν if τ = 0

0 elsewhere

where σν denotes the variance of the white noise sequence. The normalised autoco-

variance of ν is plotted in figure F.4. It can be seen in this figure that the autoco-

variance of ν (k) approximates the autocovariance of a white noise sequence. The

log pO2-signal can be generated from ν (k) by applying an integrating filter (see ap-
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Figure F.4: Normalised autocovariance of the differentiated pO2 signal.

pendix B.2.4),

x (k + 1) = Ax (k) + Bν (k)

d (k) = Cx (k)

with d (k) the log pO2-signal, A = 1,B = 1 and C = 1 and the initial state x (0)

equal to the log pO2-signal at time t = 0.



G

Gain matrix of feeder model

In this appendix the singular value decomposition of the steady state gain matrix (7.11)

of the feeder model (section 7.1) is given. The singular value decomposition

Kuy = UΣV ⊤ (G.1)

is given by

U =

Gain 1 Gain 2 Gain 3

↓ ↓ ↓





−0.5227 0.6734 0.5228

−0.5767 0.1723 −0.7986

−0.6278 −0.7189 0.2983






← Tbottom

← Tmiddle

← Ttop

Σ =






0.9276 0 0

0 0.1602 0

0 0 0.0072






V =









−0.0997 0.2894 −0.6026

−0.3320 0.2142 0.7702

−0.4844 0.7387 −0.1196

−0.8033 −0.5699 −0.1715









← Tzone3

← Tzone2

← Tzone1

← TzoneSP

In the singular value decomposition min (nu, ny) mutually orthonormal vectors

uss, 1,uss, 2, . . . in input space are ordered such that the first corresponds to the
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largest gain ||yss|| / ||uss|| that is

U [:,1] = argmax
uss

||Kuyuss||
||uss||

U [:,2] = arg max
uss⊥U [:,1]

||Kuyuss||
||uss||

...

So, the singular values of Kuy can be seen as amplifications from input directions to

output directions and they are ordered such that the first corresponds to the direction

with the largest gain (easy to control) and the last to the direction with the smallest

possible gain (difficult to control).



Notation

Greek letters

α Absorption coefficient of glass melt [m−1]

η Dynamic viscosity [kg m−1 s−1]

κ1, κ2, κ3 Glass type dependent parameters in the Vogel-Fulcher-Tamman

(VFT) relation

λ Thermal conductivity [J m−1s−1 K−1]

ν1,ν2 White noise sequences

Φtail Matrix of basis vectors that are left out in the truncation of

the Fourier series

ΠT Temperature weighting matrix in controller cost function

Πu Input weighting matrix in controller cost function

Πx Weighting matrix on the state vector in optimal control prob-

lem

Ψ Orthonormal matrix in singular value decomposition

ε Temperature vector construction/estimation error of reduced

model

ϕi ith basis vector

ξ Position vector

Π⊥
U0,s,N

Matrix with the property U0,s,NΠ⊥
U0,s,N

= 0

ρ Density [kg m−3]

Σ Matrix of singular values

σB Boltzmann constant (5.67 · 10−8 J m2 K−4 s−1)
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σi(A) ith singular value of the matrixA

τi Residence time along the path i

Φ Matrix of orthonormal (POD) basis vectors

ε Temperature construction/estimation error of reduced model

ϕi ith basis function in Fourier expansion

ξz Positions in the glass melting process at which the temper-

atures are controlled

ξ Position (1D)

Subscripts

[:, j] jth column of a matrix

[i, :] ith row of a matrix

[i, j] (i, j)th element of a matrix

HB Heated bar

Overlines

˘ Discrete, countable

ˆ Approximation, estimate

˜ Simulation or measurement data

Roman letters

Q̄ Steady state covariance matrix of the state vector

atail Fourier coefficients of the tail of the POD series expansion

A System matrix in black box model

a Time varying coefficient vector

Asnap Snapshots matrix of Fourier coefficients
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atail Time varying coefficient vector

B Input matrix in black box model

C Output matrix in black box model

Ca State to Fourier coefficients matrix in state space model

CT State to temperature matrix in state space model

Cy State to output matrix in state space model form

D Direct feed through matrix in black box model

d Unmeasured disturbance vector

d1 Vector of unmeasured state disturbances

d2 Measurement noise vector

Dy Direct feed through matrix of measured outputs in state space

model

g Vector with gravitational accelerations (nonzero in vertical

direction only) [m s−2]

K Kalman gain

T Temperature vector

T 0 Steady state temperature vector (or mean over time)

T ref Reference temperature vector

T snap Snapshots matrix

u Input vector

u(k) kth sample of the input vector (at t = k∆t)

v Velocity vector [m s−1]

w Measured disturbance vector

x State vector
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xred State vector in reduced model

y(k) kth sample of the output vector (at t = k∆t)

FIi Fining index along the path i

MIi Melting index along the path i

ai(t) ith time varying coefficient in Fourier series

aFe2+ , aFe3+ Activities of Fe2+ and Fe3+

cp Heat capacity [J kg−1K−1]

Cb Bulk concentration of the critical gas (fining process) in the

glass melt [mol m−3]

FFI (ζ) Fining index distribution[]

FMI (ζ) Melting index distribution[]

Fτ (ζ) Residence time distribution []

g Gravitational acceleration [m s−2]

Guy Transfer from u to y

Hfiner Depth of the fining zone of the melting tank [m]

IN N ×N identity matrix

k Integer indicating the sample number

KFe2+/Fe3+ Equilibrium constant of the redox reaction of the redox cou-

ples Fe2+/Fe3+ and O2−/O2

M(q−1) Polynomial representation of Finite Impulse Response (FIR)

model

Mi ith Markov parameter

N Number of samples used for calculation of black box model

parameters

n Order of POD basis
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Nc Control horizon

nd Number of unmeasured disturbances

Np Prediction horizon

nr Refractive index of the glass melt [ ]

nu Number of inputs

nw Number of measured disturbances

nx Number of state variables

ny Number of outputs

NFIR Number of Finite Impulse Response (FIR) parameters

nx,red Reduced number of state variables

p Pressure [kg m−1 s−2]

pO2 Partial oxygen pressure in the glass melt

q−1 Backward shift operator

qr Radiative heat flux [J m−2 s−1]

R Radius of the sand grain [m]

Se Electrical boosting power source term [J m−3 s−1]

T Temperature

t Time [s] (or [min], [hr] )

t Time

T0 Reference temperature in Vogel-Fulcher-Tamman (VFT) re-

lation

Tref Reference temperature (setpoint) [K]

U0,s,N Data matrix of the output u(k) with s-step ahead predictions

(that is from k upto k + s − 1) as its columns for k =

1, 2, . . . , N
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X0,N Data matrix of the state variable xSID(k) with xSID(k)

xSID State vector in black box model

Y0,s,N Data matrix of the output y(k) (similar to U0,s,N )

z Laplace variable (in Laplace transform)

SID System identification

Symbols

∆Cg Concentration difference between the bulk of the glass melt

and the bubble surface of the critical gas (gas with lowest

solubility in the glass melt)
[
mol m−3

]

∆CSiO2
SiO2-concentration difference between the bulk of the glass

melt and the surface of the sand grain (equilibrium concen-

tration)

∆t Sample time

∈ Element of

∞ Infinity

〈·, ·〉 Inner product

X̆ Finite set of discrete grid point positions

Dg Diffusion coefficient of the critical gas in the glass melt
[
m2s−1

]

DSiO2
Diffusion coefficient of SiO2 in the glass melt

[
m2s−1

]

R Set of real numbers

R
n Space of real vectors of length n

T Time axis

X spatial domain

Z
+ Set of non-negative integers
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u 7→ y Causal mapping from u to y

L Lagrangian function

N (d̄,V ) Set of white noise sequences with mean d̄ and covariance

matrix d̄

Os So called extended observability matrix in the data equation

used in sub space identification

Ts Toeplitz matrix in the data equation used in subspace iden-

tification

∇ Gradient operator∇ =
(

∂
∂ξ1

∂
∂ξ2

∂
∂ξ3

)⊤

[m−1]

‖·‖2 ℓ2 - norm

‖·‖RMS Root mean square norm

⊂ Subset of

Supercripts

⊤ Transpose
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