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1. INTRODUCTION 

The problem of a collapsing bubble in a liquid was first fonnulated by Besant 
and it took over fifty years till in 1917 Rayleigh solved the problem of a spheri
cal void collapsing in an incompressible liquid under constant-pressure condi
tions. Thereafter, numerous authors have studied the behaviour of spherical 
bubbles, under a wide range of physical conditions. For instance, allowance 
for compressibility of the liquid, as a refinement of the Rayleigh theory, was 
accomplished by Gilmore (1952) and modified by Mellen (1956) and Flynn 
(1957), (1964). 

From observations it was already known that an initially spherical bubble 
does not always remain spherical, hut may become highly distorted during 
collapse or expansion. This unstable behaviour became very interesting due 
to a suggestion given by Kornfeld and Suvorov (1944) that cavitation damage 
may be caused by the impact of liquid jets formed by involution of collapsing 
cavities near a solid surface. A perturbation theory by Rattray (1951) suggested 
that the presence of a solid wall during the collapse of an initially spherical 
bubble could cause the formation of a liquid jet directed towards the wall. 
High-speed photographs taken by Benjamin and Ellis (1966) later indeed 
confirmed that jets were formed on bubbles collapsing near a solid wall. On 
the other hand, Plesset and Mitchell (1956) considered the instability of a 
stationary bubble with an initially non-spherical form in an infinite liquid. 
They solved the linearized problem of a collapsing and expanding bubble 
under constant pressure difference between cavity and liquid. A reason for jet 
formation was not found by that formulation. 

Although it is true that jets are formed it is curious that from observations 
on the rate of pitting in an aluminium test section exposed to a cavitation cloud 
in a water tunnel, Knapp (1955) estimated that only one in 30 000 of the 
transient cavities swept into the region of the test section caused a damaging 
blow. 

In this respect it is interesting that in a recent theoretical study by Plesset and 
Chapman (1970) a numerical solution of a collapsing stationary bubble at a 
short distance from a solid wall gave an estimated jet velocity of only about 
100 m/s. The formation of a jet is not contingent on the presence of a wall hut 
can also be effected by the translational motion of the bubble, as was shown 
by Ivany (1966). He took high-speed photographs of bubbles collapsing in a 
venturi. The combination of translation and pressure change caused a hollow 
vortex ring to be formed by involution of the rear of the cavity. It seems that 
in the problem of jet formation the main factor will not be the solid wall hut 
the translatory movement of the cavity. 

On the other hand there is a great interest in the chemica! process industry 
in the behaviour of a Iiquid-bubble mixture. This concerns the change of sound 
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speed of the mixture and the influence of pressure changes during steady and 
unsteady motion through pipes and vessels. An important aspect in this field 
might be the translatory motion of the bubbles with respect to the liquid and 
the instability of collapse. It is necessary, therefore, to know the behaviour of 
a single bubble. 

In this thesis the influence of a pressure pulse on a translating bubble is 
investigated. The liquid is taken as an infinite, incompressible, non-viscous 
medium. Thus the influence of a boundary wall is not taken into account. As 
a result of the translating velocity u of the cavity, its shape will be non-spherical. 
The deviation from the spherical form is represented by perturbation coeffi
cients of a series of Legendre polynomials. In chapter 2 the liquid motion is 
represented by a velocity potential as function of the bubble coordinates and 
velocities. The kinetic and potential energies of the system are calculated, a set 
of differential equations determining the motion of the bubble shape is derived, 
using Lagrange's principle. These equations are non-linear; when linearized 
they are still coupled by the velocity u. 

At constant velocity u the cavity will have an equilibrium shape depending 
on this velocity. A deviation from this shape will result in shape oscillations, 
which might be either stable or unstable. A characteristic criterion for this 
is the Weber number. Oscillations of another type occur when the liquid 
pressure is changed. This is the main aspect that will be investigated. In 
chapter 3 the influence of a sudden pressure step on the stability of a cavity 
wall is studied analytically. The equations of motion are transformed to a 
set of second-order differential equations of the Hill type. In this case a 
threshold pressure step depending on the cavity radius can be calculated to 
initiate instability. 

lf the liquid viscosity is included, the system will have a damping factor, too. 
Asymptotic stability is possible. The threshold pressure then needed for the 
onset of shape oscillations is approximated in an elegant and practical equation. 
Of course, the shape of a bubble after it is hit by a pressure step above the 
threshold pressure is very interesting. This shape is calculated numerically. 
In chapter 4 some examples are given and it is shown that under certain circum
stances a liquid jet is formed. One example is a collapsing void. A liquid jet 
with high velocity is formed which arises from a high local pressure spot at the 
rear of the bubble. The duration of the pressure pulse is found to be of the order 
of 1 !1.S; and fairly appreciable evidence exists that the maximum pressure at 
the centre of collapse can reach 104 bar. When such a high pressure arises, the 
compressibility of water is bound to become a vita! factor in the motion towards 
the end of collapse. 

At the Technica! University in Eindhoven a special test rig has been built to 
generate pressure steps in a water-filled pipe. The interaction of the pressure 
step and a released air bubble can be observed and filmed. A comparison of the 
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numerical solution with empirica) results is thus possible. The initia) conditions 
for the numerical programme are then determined by the experiment. An 
analytica) approximation for the initial conditions is given. 

The validity of the present theory is confirmed by the experiment. 
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2. DYNAMICS OF A TRANSLATING CAVITY 

2.1. lntroduction 

A translating cavity differs from a stationary cavity in two main respects: 
its shape is not spherical and the liquid-pressure field is spherically asymmetrical 
around the bubble centre. The behaviour of a rising bubble has been the subject 
of many experiments. A bubble rising due to gravitational forces has the shape 
of an oblate spheroid; it may rise vertically or along a zig-zag or spiral path. 
Most ofthework done in this direction has been for the purpose of determining 
the drag coefficient and rise velocity on the one hand and the reasons for the 
deflection from rectilinear motion on the other. Experimental and theoretical 
work by Saffman (1956) and by Hartunian and Sears (1957) made them suppose 
that above a critical Reynolds or Weber number the flow becomes such that 
the rectilinear motion changes into a periodic one. 

Although there are still many questions to be answered about this phenom
enon, it may be neglected here. Our investigations are concerned with a much 
smaller time scale (less than one millisecond) than is the case with a rising bubble, 
for which a rectilinear motion may be considered in our case. 

Theoretical studies of a translating cavity are rather rare, probably because 
of the inherent problems posed by its non-spherical behaviour. In only a few 
initial conditions can its shape be treated as spherical. Using a perturbation 
theory, Yeh (1967) studied the dynamics of a translating gas bubble in an 
inviscid liquid with pressure gradient. The analytical results were compared 
with the photographs of Ivany et al. (1966). The agreement was poor and no 
explanation could be given for the behaviour of the bubbles in the photo
graphs. 

A very interesting study was made by Eller (1966). The eigen-frequencies 
of a non-spherical cavity were calculated and the interaction of the cavity 
with an acoustic pressure field was given. 

In this thesis the cavity will be assumed to be in translating motion. The 
shape of the non-spherical cavity will be described with the aid of Legendre 
polynomials. 

We assume that the liquid velocity satisfies a potential which will therefore 
be a function of the bubble shape and bubble surface velocities. The kinetic 
and potential energies of the system are calculated. 

In the system used here it is possible on the basis of Lagrange's principle to 
obtain a set of second-order differential equations for the generalized coordi
nates of the bubble. 

2.2. The coordinate system 

The surface of the cavity is treated as a free surface whose shape and position 
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are to be determined as functions of time. Due to the translating velocity it is 
assumed that the shape of the cavity is symmetrical about the direction of 
translation. The cavity surface is given by the function r = rs (0, t) or by the 
function F (r, 0, t) r rs = 0, where r and 0 are spherical coordinates in 
a coordinate system with origin 0. This centre, which will be defined later, 
moves with respect to the rest frame and origin O' in the x-direction at a 
velocity x u(t). See fig. 2. L 

y 

r 

x 

Fig. 2.1. The coordînate system of a movîng cavity. 

The rest frame has the same velocity as the liquid at infinity, which is zero. 
The cavity shape is described with respect to the moving coordinate system. 
The function r" may be expanded in a series of Legendre polynomials as 

rs(O, t) R(t) + Z: kn(t)Pn(cos 0). (2.1) 
n= 1 

In this expression R(t) is the coefficient of the zero-order Legendre polynomial 
P0 = 1. The coefficients kn(t) are the perturbation terms, so that 

Z: kn(t) Pn(cos 0) 
n=1 

expresses the amount by which the bubble deviates from the spherical shape 
with radius R. 

Although it seems rather obvious to use the expression of eq. (2.1) to describe 
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the bubble surface, difficulties will arise in adding the coefficient ki of the first
order Legendre polynomial. These are connected with the definition and choice 
of the centre 0. Many authors who have used the Legendre expansion are often 
in doubt about the addition of ki in bubble dynamics with and without a 
translating motion. This is why we shall first examine the suitability of the 
expansion given in eq. (2.1). 

Fig. 2.2. A sphere with centre 0 moved over a distance Llx. The sphere with centre O' will 
be described with regard to the centre 0 by r,(IJ) = R + LlR(IJ). 

In fig. 2.2 a spherical cavity with radius R and origin 0 is moved over a 
distance Llx < R to the new origin O'. The circle with origin O' may be de
scribed with respect to the centre 0 by the expression r.(8) = R + LIR(8), 
where 

LIR(8) = Llx cos 8 + (R 2 
- Ll 2x cos2 8)i 12 - R. (2.2) 

Expanding the second term on the right-hand side of eq. (2.2) and introducing 
the Legendre polynomials Pn(cos 8) (see Lense (1954)) we get the expression 

LIR(8) = Llx p + (Llx )
2 

(~- ~p ) + 
R R i R 3 3i 

(2.3) 

To the coordinates of the moved circle or sphere with centre 0 so derived, we 
may add a perturbation 

L kn Pn(cos 8), 
n= i 

describing the non-spherical deviation of the bubble surface. If the coeffi
cient ki of the first-order polynomial equals 
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(2.4) 

the surface of a moved perturbated sphere is given by 

which may be written as 

r.(B) R ~ an Pn(cos 0). (2.6) 
n=2 

This shows that a bubble surface given by (2.1) may be described with (2.6), 
in which an are new coefficients with a 1 equal to zero. The new origin has 
been moved with respect to the first one over a distance 1k1 j < R. In 
other words, it is always possible to eliminate the coefficient a 1 by the choice 
of centre. The coordinate x appears as a new, independent variable defining 
the centre of a translating bubble. At this moment there is no necessity for 
other definitions of this centre. At the end of this chapter we shall, however, 
return to this subject. 

In the following the bubble shape will be given by 

r.(B, t) R(t) ~ a"(t) Pn(cos B) (2.7) 
n=2 

and the coordinates to determine are x, R, a2 , a3 , a4 , •••• 

2.3. The velocity potential of the liquid 

2.3 .1. Introduction 

In sec. 2.2 we have chosen a coordinate system do define the shape of a 
cavity. Our purpose is to determine the shape and motion of the bubble wall. 
The problem is one of the type known as free-boundary-value problems, be
cause the position and shape of the bubble, that is the boundary, are not known 
until the complete solution is obtained. 

In this study we shall assume that the fluid outside the bubble is a liquid, 
while that inside it is a gas. The motion of the wall is mainly controlled by the 
inertial, the thermal and the diffusive effects. If all these aspects were taken 
into account, the problem would be too complicated, so we have to simplify 
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it in order to find a model to describe the dynamics of a translating bubble. 
In the following it will be assumed that 
(a) the liquid is incompressible, 
(b) the flow is non-viscous, 
(c) the bubble contains an ideal gas, 
( d) there is no mass diffusion across the bubble wall. 

The compressibility of the liquid may become important if the bubble-wall 
velocity approaches the sonic speed of the liquid. This will be the case in bubble 
implosions, for instance, where the radius becomes very small. But even then 
the liquid may be treated as incompressible down to a radius of about 10 % 
of its original radius, as was shown in the studies by Gilmore (1952), Mellen 
(1956) and Flynn (1957). In this thesis it is not expected that the liquid velocity 
will be so high that compressibility effects will be important. A check on this 
will, however, always be necessary. 

Concerning points (b) and (d), it may be supposed that viscosity and diffusion 
effects will take place on a time scale of greater order than that appropriate 
to the problem we shall describe. The time necessary to build up the viscous 
stresses will be of the order of magnitude of (R2 /v) s, where vis the kinematic 
viscosity of the liquid. Parkin et al. (1961) showed that the time necessary for 
an air bubble to dissolve in water is of the order of magnitude 109 R2 s. Since 
there will be no mass diffusion we assume that the bubble gas will satisfy an 
unequivocal relation between pressure and volume. The motion of the gas in 
the bubble is not of interest because of the low density in comparison with 
the liquid density. 

The present problem is then reduced to solving the Laplace equation for the 
velocity potential in a liquid 

\12</> =Ü. (2.8) 

It is convenient to define the potential in a frame in which the fluid at infinity 
is at rest, see for instance Lamb, section 40. The same will apply in our system, 
in which the potential will be determined in the fixed frame, the liquid velocity 
being defined by 

V=-\J<f>. (2.9) 

We can write the solution of the velocity potential as a series of Legendre 
polynomials. The potential will have the form 

r ;): r8 • (2.10) 

n=O 

The problem now is to evaluate the coefficients cn(t) as functions of x, R, R, 
an, dn (the dot denotes the derivative to time); this means that the liquid 
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velocity at every moment is a function of the instantaneous bubble shape and 
its surface velocity. 

2.3.2. Solution of the Lap/ace equation 

This goal may be accomplished once the normal velocity at the cavity bound
ary has been specified. The whole motion of the liquid is determined uniquely 
at any particular instant, say t = t0 , by the normal velocity of the internal 
boundary. The normal velocity may be taken to comprise two parts, the first 
corresponding to a translation at axial velocity x u(t) of the instantaneous 
form at t = t 0 and the second to the rate of deformation. 

The cavity surface is given by the time function F = 0, in which 

F(r, 0, t) = r- R(t) l; an(t) Pn(cos 0). (2.11) 
n=2 

Since r is a spherical coordinate from the centre of the moving cavity, the 
surface condition 

dF 

dt 

is taken in the moving system, too. 
This results in 

?JF 
-+va• 
"{)/ 

0 (2.12) 

0, (2.13) 

where Va is the surface velocity due to the rate of deformation. The surface 
velocity corresponding to the translating motion is, according to fig. 2.3, given 
by 

u (cos 0) i, u (sin 0) i9• (2.14) 

fr 

Fig. 2.3. The velocities at the cavity surface. 
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And since 
v vd + (u cos{), -u sin {)) (2.15) 

the bubble surface condition (2.13) becomes 

-=-+ (v6 +usin8)-- + (v, dF oF ( 1 oF) ( 
dt ot r. 08 r=rs 

u cos 8) -oF) 
or r=r, 

00 

I andPn 
usin{J) - +v,-ucos{)=O, (2.16) 

rs dO 
n=2 n=2 

where 

n=O 

After some algebra eq. (2.16) can be written as 
00 00 

I (n + l)bn 
----Pn 

zn+2 
n=O n= 1 

00 

=R 
n=2 

use being made of the following definitions: 

r.(8, t) = R(t) 1 + Pn(cos 8) = R(t) Z(O, t), ( I an(t) ) 

R(t) 

Cn(t) 
b(t)---

n - R(t)"+2 

n=2 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

At this stage it is very expedient to use a method suggested by Eller (1966). 
Following his example, eq. (2.19) is multiplied by Z 2 Pi() d(, in which 
C cos 8, and integrated between -1 and 1. The second summation on the 
left-hand side of eq. (2.19) is rearranged as 
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00 00 

I /
1 

1 dPn èlZ 
h --- P.dz; 

n zn+ 1 d8 èlO J I bn 1" dPn Cl ( 1 ) p. (sin 8) - - - d8 
n J d8 èl8 zn 

-1 0 
n= 1 n=l 

I( bn dPn 1 )" -P1 (sin 8)-- + 
n d8 zll 0 

n=l 
00 

I bil 1"1 èl ( dP") + pj (sin 8) - d8. (2.22) 
n Z 11 ()8 d8 

0 
n=1 

And using the identity 

- (sin8)-1 ~ dP") 
sin 8 M d8 

eq. (2.22) results in 
00 00 

n (n + l)P"' 

t 1 

I bil f 1 dP11 dPj I f 1 - ---dl;- (n+l)b11 P11 P-dl;. 
n Zll d8 dli zn J 

-1 1 
Il= 1 n= 1 

(2.23) 

With the result of (2.23), the left-hand side of eq. (2.19) changes after it has 
been integrated, into 

00 
1 1 

f I b11 f 1 dPj dP11 

b0 P0 P1 dl;+ dl;. 
n zn dli dli 

-1 -1 

(2.24) 

n=l 

In the right-hand side of eq. (2.19) a similar integration is possible, which 
results in an infinite set of simultaneous equations for the coefficient b11 • 

For j 0, 
l 00 1 

ho= Î R f Z 2 dl;+ i L á" f Z 2 Pn dl; 
n=2 

-1 

and for j 1 
00 

n=1 

l 

bil f 1 dP11 dP1 
dl;= 

n zn d8 d8 
-1 

00 
1
1 dP dP . 

1 I 1 

uj-Z2
-

1
-

1 
dl;+ R J Z 2 P1dZ: + án f z2 PnP1dZ:. 

2 dli dli 
-1 -1 -1 

ll=2 

(2.25) 

(2.26) 
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From these equations it is seen that bn is a linear combination of the velocities 
u, R., a., written in the general form 

h = U hu + R hR + á B, 

which is a vector notation for 

(
'bo) (bou) . (boR) (~2) (bo2 bo3 · · · b~m) ~1 U b.1u + R b~R + ~3 b;2 : . 

• ~ • • 5 • . . . . . . 
bn \ bnu bnR dm bn2 bnm 

(2.27) 

The coefficients b; can be determined from (2.25) and (2.26) as power series 
in all of the an by using an iteration procedure, assuming that the a. are small 
with respect to R, i.e. an/R = O(e), where e is a small number. Products of 
the form an am will then be of order e2

, and so on. If the radius R and the 
disturbance terms a. have a period time t of oscillation, then R. and d. will 
be of the order of magnitude R/t and an/t respectively, and we may say that 
a./R is also a quantity of the order of magnitude e. Later on we shall more 
or less drop this last assumptîon. Now it is possible to develop the vectors 
and matrix of eq. (2.27) in series of e terms which can be written as 

hu hu(O) + e hu(lJ + e2 bu(2) + .. •' 
hR hR(O) + e hR(l) + e2 hR( 2 ) + ... ' (2.28) 
B B<0l + e Bm + e2 B<2l + ... , 

in which e.g. e1 hul is the contribution of h of the order of magnitude e1. 

The calculation and the resulting expressions for b. are recorded in appen
dix B. With eqs (2.10), (2.25) and (2.26) and the definitions 

00 

Y(O, t) I ~(t)P"(C), 
n=2 

1 

f 
dPn dP1 

Y./(t) = Yk--dC, 
d8 d8 

-1 

the velocity potential of the liquid will be 

u --cos8+- -{
l R

3 

3 Ia" n 
2 r2 2 R 

n=2 

n=l J=l 

(2.29) 

(2.30) 
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1 I 2n + 1 R
1

i+
2 (I 3 2j + 1 I 2k + 1 +- ----P - __ yk1yk1y.1+ 

2 n 1 rn+ 1 n 8 j + 1 k + 1 1 
J Jll 

n=l J=l k=l 

2y2 3y2 3 a 9 a ) 1 I 2n + 1 R
11
+

2 

+-- "+-- " +- --P"X 
10 R 

1 
14 R 

2 
4 · n + 1 rn+ 1 

[ I 3 ( 1 aJ-i 1 aH 1)] } x Y 1n3
- -j(j+ 1) Yi"2 

----- -- + O(e4
) + 

2 2j- 1 R 2j + 3 R 
J=3 

00 00 

+R - I+ ---11

-{
R2 ( I 1 a 2) 
r 2n + 1 R 2 I 

1 an Rn+2 
2 ---P + 

n + 1 R rn+I " 
n=2 n=2 

00 00 

1 I 2n + 1 Rn+
2 

[ 
1 I ( 2 a a )] +- ----Pn f y2P"dC+ -- J Yn11 _ _!_yjn2 + 

2 n + 1 rn+ 1 j + 1 R R 
-1 

n=1 1=2 
00 00 

1 I 2n + 1 R
1

i+
2 I 2j + 1 ( 

1 

+- -·····P" Y1"
1 jY2 P1 dC + 

4 n + 1 r"+ 1 j + 1 
-1 

n=l J=l 
00 

k=2 

00 

2 a R2 1 R 2 1 
1 R"+ 2 v án(-~-+--f Y 2 P"dC+--Pn)+ 

~ 2n + 1 R r 2 r n + 1 rn+i 
-1 

n=2 

n=l )=2 

n=l J=2 k=l 
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As is seen the potential </> satisfies the condition </> = 0 (1/r) for r -+ oo. The 
same result up to O(e) is found for instance by Yeh (1967). The great advantage 
of the method used here is that it permits the potential to be found up to a 
higher order of e. 

2.4. The kinetic and potential energies 

Having obtained the velocity potential of the liquid it is possible to deter
mine the kinetic energy of the system. Because the density of the bubble may 
be neglected with respect to the density of the liquid, the kinetic energy of 
the system may be written as 

where e is the liquid density and dr the differential volume element of the 
liquid. With the aid of Green's theorem this equation can be rearranged into 
the Kelvin's equation, see Lamb (1932), sec. 44: 

T 
(2.32) 

where ds is an element of area A on the cavity surface. An integration over a 
surface at infinity makes no contribution, because </> has been chosen such that 
</> = 0(1/r) for r-+ oo, so that that integration contribution vanishes. The 
motion of the liquid is expressed in the coordinates x, R, a2 , a3 , a4 ••• or in 
the genera! coordinates q0 , q1 , q2 , q3 •••• Hence the fluid kinetic energy is 
represented by 

00 00 

(2.33) 

The symmetrie matrix Mil (q) is called the "added-mass" tensor. 
For the system we are looking for, it is now easier to split up the kinetic 

energy into three parts as has been suggested by Benjamin and Ellis (1966), to 
obtain insight into the influence of the translational velocity u. The velocity 
potential may be split up in to two parts: the first corresponding to the velocity u 
and the second to the rate of deformation, written as 

(2.34) 

According to eqs (2.32) and (2.33) the kinetic energy of the whole system may 
be written as 

T = ! M u2 + Ju + T', (2.35) 



where 

M !! o</>1 
-e </>1 on ds, 

A 

1 !! 04>2 T' = e </>2 ds. 
2 on 

A 

15 -

(2.36) 

(using Green's second identity), (2.37) 

(2.38) 

As we see, Mis the instantaneous induced (added) mass associated with the 
rectilinear motion of a rigid body, T' the energy associated with a deformable 
body and J the couple term of the linear motion and deformation. To calculate 
these integrals it is necessary to determine the boundary condition o</>/on 
v </> • n where n is the normal vector on the cavity surface pointed towards 
the liquid (see fig. 2.3). Using eq. (2.11) this vector is 

\JF 
n 

lvFI 
(2.39) 

The surface velocity v d according to the rate of deformation is now given by 

(2.40) 

so that using eqs (2.13), (2.39) and (2.40) one gets 

o</>2 oF/Ot 

on lvFI 
(2.41) 

The normal velocity associated to the translating motion is according to eq. 
(2.34) now given by 

which results in 

-u V</> 1 • n = u. n, 

'0</>1 
- =-i..,.n. 
on 

(2.42) 

(2.43) 

In appendix C the integrals (2.36) to (2.38) have been calculated. The results 
are given here up to 0( e2): 
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~noR3 [1 3 ~ 

9 a2 

5R 

3.lI ( (n + 6) (n + 1)
2 

_, + 
2! (2n 1)2 (2n + 3) 

n=2 

+ n (l 7n
2 

- 2~ n + 9)) (a" )2 
+ 

(2n + 1)2 (2n 1) R 

-27 · -- + O(e3
) , 

(n + 1)
2 

(n 2) a" a"+ 2 J 
(2n 1) (2n + 3) (2n + 5) R 2 

n=2 

2 [ ."'( 18n a"a"+ 1 
) 

J = 3 n e R3 - R L (2n + 1) (2n + 3) R2 + 0( e3) 

n=2 

(2.44) 

+ 9 à" ------ + O(e2
) , I n ( 1 · an- 1 1 an+ 1 )] 

2n+l 2n-1 R 2n+3 R 
n=3 

(2.45) 

2 { . [ I n - 3 (a" )
2 J T' n e R3 R2 3- 3 · - + 0( e3

) + 
3 (2n + l)(n + 1) R 

n=2 

+ R à"--· -+ O(e2
) + . I 6 (n + 3) (an ) 

(2n + 1) (n + 1) R 
n=2 

(2.46) 

n=2 

To balance the kinetic energy of a moving fluid we should recall the general 
law of conservation of energy which in its application to the system considered 
here can be formulated: the rate of change of the kinetic energy equals the 
work done by the pressure forces on the volume, written as 

- J n . (P v) ds. (2.47) 
A 

The surface integral is taken over the inner and outer surfaces of the liquid; 
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P being the pressure at these surfaces while the normal vector n is directed 
towards the liquid, the contribution of this integral at infinity equals 

J P oo v oo • ds, 
Aco (2.48) 

where the index oo means the value taken at infinity. Since the liquid velocity 
v = V4' is of the order of magnitude l/r 2 we have up to O(s2

) 

-(V<fo)oo ~ 

~ R
2 

r {R[l + V_l (~ )2

] + V d -
2 

an} r-->- oo. (2.49) 
r2 r i_.2n 1 R i_. n2n+IR' 

n=2 n=2 

With the results of appendix C, where the cavity volume and area are cal
culated, eq. (2.48) results in 

dV 
-f Poov00 .ds=-P00 -. 

Aoo dt 
(2.50) 

The contribution of the surface integral over the inner boundary, i.e. the cavity 
surface, now equals 

dV 
P

c dt 
(2.51) 

(c indicates that the values are taken over the cavity surface). Since, owing to 
the incompressibility we have 

J v c • ds + J v 00 • ds = 0. 
Ac .A. 00 

With the results of (2.50) and (2.51) eq. (2.47) can be written now as 

t dV t dV - j P oo dt + j Pc - dt, 
dt dt 

(2.52) 

t=O V t=O t=O 

which means that the rate of change of the kinetic energy equals the rate of 
change of the potential energy. 

The first integral on the right-hand side of eq. (2.52) results in 

t dV -f p -dt 00 

dt 
t=O 

'

t t dP 
-PooV +jv~dt, 

t=O dt 
t=O 

if the pressure P 00 is explicitly a function of time. 

(2.53) 

With the second integral on the right-hand side of eq. (2.52) we have to be 
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careful because there is a pressure difference due to surface tension between 
the surface pressure Pc in the liquid and the bubble inner pressure Pi. Because 
the pressure P1 has an unequivocal relationship with the cavity volume and a 
is the surface tension between gas and liquid, the second integral equals 

v 

j P1 dV- a (A (2.54) 

Vo 

where V0 and A 0 are reference volume and area at t 0. So far, however, 
we have concerned ourselves with a system with a liquid pressure P 00 at infinity 
which will be constant. The potential energy will not then be explicitly a function 
of time and will be given by 

v 
U a (A A0 ) +· P 00 (V - V0)- f P1 dV. (2.55) 

Vo 

According to the results of appendix C the volume is 

(2.56) 

n=2 

and the cavity surface area 

A 4 n Rz [ l + ~ 2 + n (n + 1) (an )2 + O(s4)J. 
L.; 2 (2n + 1) R 

(2.57) 

n=2 

Comment 

The coordinates to describe the place and shape of the bubble are 
x, R, a2 , a3 , •••• Because of the x coordinate it is impossible to add the 
a 1 term since it is always possible by the choice of the centre 0 to eliminate 
a1 • In other words, a1 is not an independent variable. With the results of 
appendix C the centre of mass can be determined, resulting in 

Xz- X 1 J r,2 
= -··· - sin 8 cos 8 sin (a- 8) ds 

R V 2R 
(2.58) 

A 

Only in the case of linearization will the centre of the bubble be the centre 
of mass. If the bubble mass could not be neglected it would be necessary 
to reckon with the true centre of mass in calculating the kinetic energy. 
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2.5. Equations of motion 

Having calculated the potential and kinetic energies it is now possible on the 
basis of these data to use the powerful equations of Lagrange. Following this 
method, see Pars (1965), we obtain a set of differential equations of the gener
alized coordinates, say q0 , q1 , q2 , ••• , qn. In our system the available coor
dinates to describe the place of a liquid particle are x, R, a2 , a3 , a4 , ...• 

The only equation we have at the moment is the velocity potential with the 
velocities x, R, ti2 , à3 , à4 , •.. , which means that this dynamic system is non
holonomic. Besides it has an infinite number of degrees of freedom, hut then 
we can take a finite number of coordinates. It is possible, however, to regard 
it as an ordinary Lagrangian system, because the liquid is taken as incompres
sible. A proof of this is given in Lamb (1932), sec. 135, and in Birkhof (1960), 
sec. 109. 

The Lagrangian of the system is given by 

L T- U 

and the equations of Lagrange by 

Comment 

d oL oL 
----=0 
dt ox ox ' 

d oL oL 
--.--=0, 
dt oR oR 

d oL oL 
- --=0, 
dt otin oan 

n 2, 3, 4, ... , N. 

(2.59) 

(2.60) 

(2.61) 

(2.62) 

With the present knowledge it is useful to apply the method to a sphere, 
with an àn 0, n ~ 2, with the result that the kinetic-energy terms are 

M = tn (! R3, 
J =0, 
T' = 2 n (! R 3 R2

• 

With this the Lagrangian is \vritten as 

R 

L tneR3 u2 +2neR3 Î<2 4nR2 a-f(P00 -P1)d(jnR3
). 

Ro 
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Using eqs (2.52) and (2.53) we get the foIJowing set of equations: 

du 

dt 

R. 
3-u = 0, 

R 

P00 P; 2a 
tu2 +---+-

e eR 
0. 

Assuming u 0 we have the well-known equation of Rayleigh, but if 
u :::/= 0 a direct coupling between the translational velocity u and the radius R 
is given by u = u0 (R0/R)3 • In other words, if R < 0 the velocity u will 
increase and if R > 0 the velocity u will decrease. 

The Lagrangian of the system of a moving cavity in an incompressible liquid 
is formed up to O(e2) by using eqs (2.35) and (2.55), giving 

6) (n + 1)2 

n=2 

n(17n2 -22n+ 9 I (n+1)2 (n+2) J + an2--R anan+2 + 
(2n + 1)2 (2n- 1) 2 (2n + 1)(2n + 3)(2n + 5) 

n=2 

+u -RR aa [ . I 6n 
(2n + 1)(2n + 3) n n+l 

n=2 

+R2 dn--I 3n 

2n+ 1 
~)]+ 
2n+ 3 

n=3 

+ R2 R 3
- R 2 R a,.2 + R R2 dnan + 

. . I n- 3 . I 2 (n + 3) 

(n + 1) (2n + 1) (n + 1)(2n + 1) 
n=2 n=2 

"' 

JR P_;_-_P_"' d (~ R3 + R "\1 _2 - an z) + 
e 3 L2n+I 

Ro 
I 1 

+R3 d i 

(n + 1) (2n + 1) n 

il=2 

a ( I 2 n (n + 1) a.z). --; 2R2 + 
c: 2n + 1 

n=2 

•=2 

(2.63) 
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And applying eqs (2.60) to (2.62) a set of coupled differential equations up to 
O(s) is found. These equations for x, R, a2 , a3 , a4 , ••• are respectively: 

. . . 
u(5R2 -9Ra2 )+u(15RR-18Ra2 -9Rd2 ) 0, (2.64) 

(
.. 3 . P1-P"" 

20R RR+ R2
----

2 e 
0, (2.65) 

. (21 113 ) -6uRa3 + u2 TR 
5 

a2 +18a4 - 15uRá3 + 

+-R2 ä2 + 14RRá2 +28a2 -RR+-R2 +4- =0 (2.66) 
14 . (5 3 . Pi Pro a ) 

3 6 2 e gR 

and for n ~ 3, with a1 0 we have 

( 
3 n 

Û --Ran-1 
2n 1 

--Ran+i +u2 3n ) 
2n+ 3 

9 (n + 1)2 (n + 2) ( (n + 6) (n + 1)2 n (17 n2 
- 22 n + 9)) J 

+ an+z- + an + 
2(2n 3)(2n 5) 2(2n+1)(2n+3) 2(2n 1)(2n+l) 

+ U 6Ran-1 + 3Rán-1- Rdn+1 + R 2 än + ( 
. 3 (2n + 1) ) 2 

2n+3 n+1 

6 . 
+--RRán 

n ·+ 1 

+ ( l + _n _(n_2+_ 

4an RR +-R2 
[ 

n+3 .. 3. 

2 (n + l) 2 

eaRJ = 0. (2.67) 

These equations were also derived by Yeh (1967). He used the velocity potential 
to calculate the pressure distribution along the cavity. Applying the Bernoulli 
equation he obtained a set of differential equations by equating terms of the 
same power of P". But an error in calculating the form of the cavity made 
his results erroneous. 
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Appendix A 

Recurrence formula for Legendre polynomials; for literature, see e.g. Lense 
(1954): 

(cos 0) Pn 

dPn 
(sin 0) 

dO 

1 dPn 

sin 0 dO 

n + 1 n 
Pn+I + Pn-1> 

2n + 1 2n + 1 
(A.1) 

n (n + 1) 

2
n + l (Pn+l Pn-1), (A.2) 

[(n-1)/2] 

I (2n 4k 1) Pn- 2 1<-l• (A.3) 

k=O 

2 
--IJ. 
2n + 1 n;• 

(on1 : Kronecker symbol). (A.4) 

Using the above equations the following are obtained: 

(A.5) 

I 2n(n + 1) 
2 ----an' 

2n + 1 
(A.6) 

n=2 

00 
1 

f dP1 dPn\:' a p dC= 2n(n+ 1)(~ 
dO dO ~ 1 1 

2n + 1 2n 1 
-1 

2n
an++1

3
), n :;o: 3, (A.7) 

1=2 

, n =2. 
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Appendix B 

In this appendix the bn coefficients which appear in the solution of Laplace's 
equation will be calculated. Because the velocity potential is a linear combina
tion of the velocities it is possible with the exception of one, to put all the veloc
ities equal to zero. In this way the contribution to bn with respect to that veloc
ity can be found. Let us consider first the vector hu due to the translational 
velocity u. For j 0 we find the solution of eq. (2.25), giving 

(B.l) 

and for eq. (2.26) for j 1 we find 
00 

L 1 /
1 

dP dP. 1 /
1 

dP dP. b (1 + Y)-n_n _J d,~ = - (1 + Y)2 _1 _J di-
nu n d8 d8 .,, 2 d8 d8 c,, 

1 -1 

(B.2) 

n=l 

where 
00 

(B.3) 

n=2 

Because of Y < l, one can use the expansion 

00 

(1 + n-n (n + k- l)! 
l)k P. 

(n- l)! k! 

With this expansion and the expression of bnu in eq. (2.28), (B.2) changes into 

00 

(bnu <O) + e bnu (1) + e2 bnu <2) + ... ) (-1 )k . Yn/ = L L (n k-1)' 

n!k! 
n=1 k=O 

! (Yu0 + 2 Yu 1 + Yif). (B.4) 

Equation (B.4) is an infinite set of equations, one for each value of j to be 
solved simultaneously for all bnu (n ~ 1). Tuis is possible by equating terms 
of equal order of magnitude. The zero-order equation is 

n= 1 

According to eq. (A.6) 
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Therefore the zero-order contribution to bnu gives 

or 
bu(O) = (0, !, 0, 0,. • .). 

The first-order equation is 

00 

I 1 
s b (1) - Y. .0 

nu nJ 
n 

"' b (0) Y. 1 - Y. 1 Lnu nj-nj 

n=l n= 1 

and using the expression for bnu <0 >, one obtains for n ;:;:-::: 1 : 

3 (2n + 1) 
----Y i 
4 (n + 1) in • 

According to eq. (A.7) the first-order contribution to bnu gives 

sbnu(l) - ----- -- ' n ;:;:-::: 1, 
3n ( 1 a,,_ 1 1 an+1) 
2 2n-1 R 2n+3 R 

where an 0 for n ~ 1. 
The second-order equation is 

00 

8 2 b c2> Y. .o _ 8 b ei> Y. .1 + b co> __ Y. 2 1 I I n+l 
nu n n1 nu nJ nu 2 nj 

n=l n= 1 n= 1 

and using the expressions (B.5) and (B.6), one obtains for n 1 : 

00 

s2 b c2> = 3 (2n + 1) V 2j + 1 y .1 Y. .1 
nu 8 (n 1) L j + 1 1; n1 • 

j=l 

Finally the third-order expression is given for n ;:;:-::: 1: 

2n + 1 00 
"" 

---(1 y 3 + 2: 8 2 b- (2) y. 1_ 2: 8 1 b c1> y. 2). 

2 ( 1) 
2 ln JU 1n Ju 1n 

n + J=1 J=1 

(B.5) 

(B.6) 

(B.7) 

(B.8) 

(B.9) 

With this iteration procedure it is possible to obtain the higher-order contri
butions. 

The vector bR 

To calculate the vector bR we use the same procedure, hut now we put u 
and dn equal to zero. The equation for j = 0 turns out to be 
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boR t f (1 + Y)2 dC 
-1 

(B.10) 

m=2 

and for j ~ 1 

(n + k- 1)! 
l)" y Jt 

n! k! nJ 

n=1 k=O 

f (1 + Y) 2 Pi dC. (B.11) 

The zero-order contribution will be 

bnR(O) = 0, n ~ 1, (B.12) 

giving the first-order equation of eq. (B.11): 

n= 1 

= I.2m4 
(B.13) 

m=2 
or 

n ~ 2. 

The second-order equation will be 

I 132 b (2) ~ r: .o 
nR nJ 

n I /3 b (1) Y .i = !1 y2 p. dr 
nR nJ J S, 

-t 

n=l n=l 

and using the results (B.12) and (B.13) the second-order contribution can be 
written as 

13
2 bnR<2

> = 
1 

Yn/ ·+ f Y 2 P" dC , 2n + 1 (I. 2 a. 1 ) 

2(n+l) j+IR _1 

n ~ 1. (B.14) 

j=2 

In the same way the third-order contribution for n ~ 1 is calculated to be 
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00 

--Y. 2 + x 2n 1 L [ ai 2j + 1 
2(n + 1) R ;n 2(j+ 1) 

j= 1 

x Yjni(JyzpjdC+ V 2 akyjk1)J· 
-1 Lk+lR 

(B.15) 

k=2 

The matrix B 

Here of course the velocities u and R. are taken as zero. For j 0 eq. (2.25) 
will then give 

2 a 1 

m + t J yz p m d( + 0( e3), 
2m+IR 1 

m 2 

and eq. (2.26) for j 1 : 
00 00 

n=l 
L (n 

... ) (-l)k ___ _ 
nik! 

k=O 
1 

= j(l + 2Y + Y2 )PmPid(. 
-1 

The results of the zero-order contribution of eq. (B.17) will then be 
00 

L b (0) 1 Y. .o 
nm nJ 

n 
n=l 

1 
b (0) 

nm --Ónm' 
n+l 

m;.:;:::2,n;:;:::l. 

The first-order equation is 
00 

L 8 b (1) 1 Y. .o 
nm n; 

n 
n=l n=l 

and using the result (B.18) the first-order contribution for n 1 is 

8 bnm(l) 
2n+l 1 1 ) 

Ynm1 + 2 J Y Pn P m d( • 
2(n+l) m+l -1 

(B.16) 

(B.17) 

(B.18) 

(B.19) 



- 27 -

The result of the second-order contribution for n ~ 1 is 

--- -Y 2 -1- X 1 [ I 2j+ 1 
1) nm 2 (j-!- 1) 

J= 1 

x Yjnl (-
1
-Yjm1 + 2 j YP1Pmd')]· 

m + 1 _ 1 

(B.20) 

With the results calculated up till now it is possible to give the velocity 
potential up to an accuracy of third order of magnitude in e. 
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Appendix C 

For the kinetic and potential energies the cavity volume and surface have 
to be derived. The normal vector n on the surface can be given in the r- and 
0-directions, as is shown in fig. C.1, by 

n = cos IX, -sin IX (C.l) 

Fig. C.l. Diagram used to calculate the cavity volume and area. 

or, using n = V F/I \J FI and eq. (2.20), by 

[ ( 
1 ê:lZ )2]-112 ( 1 ê:lZ) 1+ -- 1,---z (}(J z ê){J 

n 

1 ( () y )2 ( ê) y )2 J Ï ?;i + y ~ + 0( s4) ' 

1 (bY)3 J y + y2) + 2 ?;i + O(s4) . (C.2) 

According to fig. C.l we find with 

ds = 2 n r8 (sin 0) [(r. dfJ)2 + (dr.)2]112 

[ ( 
1 bZ )2]112 

= 2 n r.2 (sin fJ) 1 + Z bB dO 

-2 n R2 [ 1 + 2Y + Y 2 1 ( (}y)2 J Ï ?;i + O(s4
) dC (C.3) 
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the cavity surface 

( I 2+n(n l)an2 

A = 4 n R2 1 + 
2(2n +· 1) R2 

n=2 

The cavity volume is 

" [ 1 oZ z 112 

V J -:n; rs3 (sin2 8) [sin (8 - a)] 1 + ( Z M) J d8 
0 

= - n R3 1 + -- n 4 ( I 3 a
2 

3 2n + 1 R2 

n=2 

where the first third-order term equals 

The kinetic energy as given by eq. (2.35) contains the integral form 

taken over the cavity boundary. 
From fig. C.1 and eqs (2.41) and (2.43) it is seen that 

( oq,1
) = -ix. n =-cos (8- a) -cos 8 cos a- sin 8 sin a 

on r=rs 

oY[ 1 (oY)2 J -(sin 8)- 1- Y + Y 2
- - + O(s3

) , 
08 2 08 

(
o,P2 ) = _oF_Tö_t 

on r=r. I vF! { 1+ [(1/Z) oZ/08]2}112 

(C.4) 

(C.5) 

(C.6) 

(C.7) 
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00 

+ dn --Y2 Pn- Y+ fY2 PndC + I (n + 2 2 On l 
1 

) 

2 2n + l R 2 _ 1 

00 00 

n=l j=2 

00 00 00 

n= 1 )=2 k=l 

(C.12) 



33 -

3. STABILITY CRITERION OF A CA VITY 

3.1. Introduction 

In chapter 2 we described the shape of a cavity, using a set of n degrees of 
freedom u, R, a2 , a3 , ••• , say q. By using the method of Lagrange, a set of 
differential equations is derived, with the time t as the independent variable 
and the dependent variables u, R, R, am dm n ~ 2. On the other hand the 
equations contain a set of parameters which determine the physical conditions 
of the system we are examining. These are P 00 , P 1(0), u(O), R(O), y, (!, 11, say p. 
If a situation with constant coordinates q and parameters p exists, we call it 
the equilibrium state of the system, say the cavity. This equilibrium state at 
the timet= 0 is q0 +Po and might be given by a point 0 in the space Eq,/· 
The question to be answered now is whether the points starting in the neigh
bourhood of 0 remain near 0 with increasing time or not. In other words, the 
system will be called stable or unstable. For this we may change the equilibrium 
values of the coordinates or the parameters. In both cases, however, we can 
use the same definition to define what is stable or what is not. In genera! the 
equilibrium state might be stable, asymptotically stable or unstable. If we have 
an equilibrium state we take for convenience the origin of the p + q system 
in the equilibrium position Po + q0 and define the spherical domain 
1 p + ql < R as S(R) and the sphere 1 p + ql R with H(R). According to 
the definitions given by La Salie and Lefschetz (1967) we say the origin is 
(a) stable, if there is an r ~ R < A, so that a point p + q starting in the 

spherical domain S(r) always remains in the domain S(R) (fig. 3.1); 
(b) asymptotically stable, when it is stable and when with increasing time it 

approaches the origin; 
(c) unstable, when there is no sphere S(r) small enough to keep the move

ment of the point inside the sphere H(R). 

R 

Fig. 3.1. Stability domain in the coordinate system. 
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All these stability problems concern the coordinates and parameters if one 
or more of them is changed from its equilibrium condition. To solve the 
stability problem we make use of the differential equations. In most cases 
these equations are linearized and uncoupled. The question may arise if it is 
possible to find the right solution in that case, because a negligibly small value 
might become significant just in an unstable situation. This is why in genera! 
it may be stated that if stability is assured under linearized conditions, it 
remains an open question whether it exists with the exact non-linear equations. 
In the case which we shall consider, it will be possible to find the influence of 
the higher-order terms although we use linearized equations with respect to 
the disturbance terms an. 

In this chapter the equilibrium state will be defined. The stability of this 
state will be discussed, making use of the studies which have been done in this 
direction, as e.g. by Eller (1966). The instability caused by changing the param
eters will form the main part of this chapter. It is shown that there is some 
threshold pressure P 00 for the onset of shape oscillations. Because we have 
chosen a dissipationless system stability will never be asymptotic. It will be 
interesting to investigate one of the dissipative causes for its damping proper
ties in order to find out when asymptotic stability will exist. This is why the 
influence of viscosity is incorporated, with the result that some remarkable 
conclusions can be drawn with respect to stability in practice. 

3.2. The equilibrium state of a translating cavity 

The first case to be determined is the equilibrium shape of a cavity translating 
at a constant velocity. This is a relatively simple case to practise the equations 
of motion. The constant values of the coordinates and parameters will be 
written as R0 , an0 , u0 , and the cavity pressure as P 0 , the liquid pressure as P 000 • 

This equilibrium situation is found by putting R á11 = 0 in the Lagrangian 
equation (2.63), giving 

(3.1) 

The equations of motion will then be specified by 

n = 2, 3, .... (3.2) 

These equations can be found directly from eqs (2.64) to (2.67), putting û, R, 
R, äm án equal to zero and replacing the variables by R0 , a110 and u0 • Equa
tion (2.65) then changes into 

(3.3) 
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This first equation is used to eliminate the quantity (P 0 P ooo)f e from the 
equations (oLtöan)a.=ano 0. 

We de:fine the dimensionless Weber number by 

(] Uo2 Ro 
We= (3.4) 

(] 

Substituting eqs (3.3) and (3.4) into eq. (3.2) we achieve a set of equations 
determining the equilibrium shape: 

~ + 0 + 0( .s2) + 2 20 + 0( .s2) 39 a 9 a4 ) a 

WR0 14R0 R 0 

and for n ~ 3 (a1 = 0): 

9n(n-1)2 a<n-z)o 
We + 

3)(2n- 1) R0 

(
(n+6)(n+l)2 n(17n2 22n 9) 

(2n + 1)(2n + 3) + (2n + 1)(2n- 1) ) 
ano 

2 + 
Ro 

0 (3.5) 

+ n+zo+O(e2 ) +4(n-l)(n+2)~+0(.s2)=0. 
9 (n + 1 )2 (n + 2) a< ) J a 

(2n + 3) (2n 5) R0 · R0 
(3.6) 

The equilibrium radius R0 is, fora given We number, related to the translating 
velocity by eq. (3.4). This radius R0 is the coef:ficient of the zero Legendre 
polynomial in the expansion of the cavity surface. This is why this radius is 
an average radius of the equilibrium cavity. Using a simple method it was 
possible to determine from the equations of motion a set of equations (3.4) 
to (3.6) for the equilibrium shape. 

Various workers have already found solutions for the equilibrium shape: 
the work of Eller (1966) merits special mention here. Ris method ran parallel 
to the one used here, hence we shall refer to it. Starting from the assumption 
that Weber is in the order of magnitude of a., it is possible to express ano in 
a series of ascending powers of We. From eq. (3.5) it immediately follows that 
the first-order approximation of a20 is equal to 

3 
- We + O(We2). 

16 
(3.7) 

From eqs (3.5) and (3.6) we further see that all a.0 with odd n are equal to 
zero. The equilibrium shape is thus an even function with respect to a line 
perpendicular to the x-axis (translation direction). This symmetry is caused 
by D' Alembert's paradox and because the pressure difference between liquid 
and bubble is compensated only by the surface tension. We know according 
to D'Alembert's paradox: in an irrotational flow of an ideal incompressible 
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fluid passing a body of finite size and in the absence of sources and sinks, the 
resultant vector of the pressure forces on the body is equal to zero. In the case 
we are considering here the absence of sources or sinks is assured because of 
the constant shape in time of the equilibrium cavity. Starting with a sphere 
we know, the pressure distribution on the surface follows the expression 

pc = p oo + l (J Uo 
2 (1 - ~ sin 2 8), 

or written as 
(3.8) 

The angle-dependent part of the pressure Pc on the surface, i- g u0
2 P2 , is an 

even function. This pressure can only be compensated by the surface tension 
by changing the radius of the bubble, because the gas pressure in the bubble 
is constant. Since the pressure Pc is a function of P 2 the bubble radius has to 
be a function of P 2 too, which results in the addition of the a2 perturbation 
term. By this the bubble has a shape, which is even about the axis perpen
dicular to the axis of motion, say an even shape. This in its turn will result 
in another pressure distribution on the surface hut it will be even again. The 
shape must therefore be changed again, hut in an even way. By this it will be 
obvious that a cavity moving in an incompressible liquid will have an even 
equilibrium shape, also independent of the direction of motion. It will, more
over, be obvious that an equilibrium shape only exists if the surface tension 
is included. 

From the equations given we can determine the equilibrium shape only up 
to the order of We2

• In chapter 4 we employ equations of motion which are 
not fully linearized with respect to the disturbance coordinates a •. Those results 
will be used here to determine the equilibrium shape and pressure. 

The equations of the equilibrium shape then become 

IJ 

2(a20 )
2 [l 3 a2 a 39 (a2a)2

] 2-- - -We --- +- - +O(We4
) 0, 

5 Ra 4 10 Ra 350 Ra 
(3.9) 

[
3 39 G2o 9 G4a 249 ( G2a)2

] . a20 
We -- - + -- - + 2 

8 70 Ra 14 R 0 392 R0 Ra 
6 (a )2 

- ~ +a(We4)=0, 
735 R 

a (3.10) 

(3.11) 

75 a40 a6o 
We+-+ O(We4

) = 0. 
880 Ra Ra 

(3.12) 
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The equilibrium values of an obtained are 

-0·18750We- 0·05080We2 0·00996 We3 + ... , 

0·02411We2 +0·00653 We3 + ... , (3.13) 

-0·00206 We3 + .... 
Ro 

The equilibrium pressure of a translating bubble bas the following proportion 
with regard to the pressure of a transient bubble: 

1 
1---x 

1 IX 

x [0·1250 We+ 0·03515 We2 + 0·01339 We3 + O(We4
)], (3.14) 

where use is made of the definition 

P 000 Ro 

20' 
(3.15) 

The equilibrium values of ano given by Eller (1966) do not fully agree with 
the results given here conceming the second- and third-order terms. The same 
is the case with the third-order term of the bubble pressure. 

l~I 
0·7 

t 
(}5 
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0·3 
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(}5 1-5 

-
",__pu~R0 .,"_ -u-

71ifJrd order} 

~ndorder) 

71ir1st order J 

71/<Jrd order} 

2 

Fig. 3.2. Equilibrium values of a20 and a4o· 
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In fig. 3.2 the successive approximations for a20 and a40 are plotted. It is 
seen that up to We = 1 the linear approximation of the equilibrium shape 
given by eq. (3.7) does not introduce a significant mistake. 

3.3. Stability of the equilibrium state 

Once the equilibrium state has been obtained, the next logical step is to 
determine whether it remains stable if one or more of the coordinates or 
parameters are changed. In this section we shall be concerned with the problem 
of changing the initial conditions, say the coordinates. In conformity with the 
definitions given in sec. 3.1 the equilibrium state will be said to be unstable if 
an infinitesimal deviation of the equilibrium shape gives an unlimited growth 
of one or more of the coordinates a2 , a3 , a4 , •••• Considerable work has, in 
fact, been done by others in this direction, so that our only reason for repeating 
it here is to put it in the proper perspective vis-a-vis the unstable behaviour 
which will be examined in this thesis. 

Hartunian and Sears (1957) have treated this subject experimentally as well 
as theoretically. They calculated the velocity potential of a liquid containing 
a translating bubble up to the order e. Using the equation of Bernoulli it is 
possible to obtain an expression of the pressure distribution about the bubble 
surface. Applying Newton's law, a set of differential equations linear in an was 
obtained, hut coupled by the velocity u. This set of equations can be solved 
for small oscillations, by taking a general solution of an(t) = exp (À t), where 
À is a complex number to be determined. If the real part of À is negative, the 
ensuing motion is stable, whereas positive values of À will indicate a divergence 
of the mode in question. The procedure to be followed in solving a set of 
equations is to solve a determinant. The accuracy depends on the number of 
equations and the influence of the terms with a higher number. As the equi
librium shape is a function of the Weber number, the criterion of instability 
will be a function of the Weber number too. 

This stability problem has now been solved numerically by Hartunian and 
Sears. For a 2 x 2 determinant they found instability for We = 4·00 and for 
a 4 x 4 determinant We 2·72. Going to higher-order determinants gave 
results only negligibly different from those obtained from the 4 x 4 deter
minant. This method which can be used for linear equations is rather simple, 
hut also unrealistic, because the higher-order terms are neglected. There is, 
however, another method which can be applied to this system, which is in fact 
conservative. It is stated in the proposition of Lagrange or Ljapunov that an 
undamped system with one isolated equilibrium point will be stable or un
stable. To find these regions one needs a Ljapunov function, which is usually 
hard to find, hut in this case it is simpler to use the Lagrangian instead. How
ever, care is then required as the translating motion plays an important role 
in this case. An effective potential energy can be determined wîth the help of 
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Routh's procedure, as given e.g. in Goldstein (1950). Tuis potential energy is 
a function of the added mass M, the volume V and surface area A, which in 
their turn are a function of an. Depending on whether the second derivative 
of this effective potential energy is positive or negative, the system is stable 
or unstable. The more accurately the potential energy (i.e. higher order in an) 
is determined, the better the transition stable-unstable can be calculated. Eller 
(1966) solved this problem, which is in fact an eigenvalue problem. He cal
culated the energy up to O(e2) and found that the third eigenvalue, concerning 
the coordinate a3 , which has the value À.3 4 R0 

2 a (1 ·429 0·2755 We + 
0·1406 We2) gave the criterion We= 2·34. 
Comparing the results obtained by Hartunian and Sears with those of Eller 

we see that the linear approximation results in We= 2·72, while the second-
order approximation of Eller gives We 2·34. 

Experiments to determine this instability have been carried out by a number 
of workers, e.g. Hartunian and Sears (1957) and Saffman (1956). The relative 
velocity of a bubble with respect to the liquid is determined from the buoyancy. 
The instabilities observed in a rising bubble, are oscillations in the shape and 
deviation from the rectilinear path. Hartunian and Sears were the first to find 
a reasonable crîterion. They found that in a great variety of liquids this instabil
ity occurs at a Weber number above 1 ·59. 

Correlation between the theoretica! and experimental results seems to be 
rather poor. In the first place, the theoretica] results are still unreliable as the 
approximation is poor for such high Weber numbers. In fact, even a second
order approximation of the equilibrium state remains poor for We > 1 ·5. 
Hartunian already realized this from his first-order approximation. To obtain 
an estimate of higher effect in the deformation of a bubble he took the pres
sure distribution about an oblate spheroid, knowing the principal radii of 
curvature at the stagnation point and equator to satisfy the equilibrium con
dition of the pressure. In this way he found instability at a Weber number 
of l ·51. In the second place the experimental results are not completely com
parable with the theoretica} model, due to the gravitational and viscous forces. 
The experimental equilibrium shape will include odd perturbation terms. 

lt may be concluded that the equilibrium shape is a function of the Weber 
number. However, in a real situation, viscous and other forces will play 
apart. 

From experimental and theoretica! results we may draw the conclusion that 
a moving bubble in a liquid will continue to exhibit a stable behaviour if the 
initial conditions are changed, provided that the Weber number is less then l ·5. 

This result is very important because we may now use linear equations, say 
for We< 1, with any initia! condition, say R(O), R(O), an(O) àn(O), being sure 
the cavity surface will remain stable according to the definition given in 
sec. 3.1. 
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3.4. Influence of a pressure step on the stability of a cavity 

3.4.1. Introduction 

In the preceding section we discussed the stability of the equilibrium shape 
at an infinitesimally small distortion. lnstability of the bubble surface may also 
occur if one of the parameters is changed, particularly the liquid pressure P oc,

The instability may then lead to such complex phenomena as jet formation and 
even to bubble split-up. 

It has been shown by Taylor (1950) that a plane interface between two fluids 
of different densities in accelerated motion is stable or unstable according to 
whether the acceleration is directed from the heavier to the lighter, or con
versely. The corresponding problem fora spherical interface bas been discussed 
by Binnie (1953), although his analysis appears to be in error because he omitted 
some terms of the same order as the one which was used in the equation. 
Plesset (1954) rectified this and gave the first exact formulation of the insta
bility of a perturbated stationary spheric. Plesset and Mitchel! (1956) investi
gated the stability of the perturbation terms of expanding and collapsing 
bubbles, assuming the pressure inside the bubble to be constant. The con
clusions they drew are that an expanding bubble is stable, while a collapsing 
one is not. In the Jatter case the distortion amplitude grows as R- 114 when 
the bubble radius R tends to zero. This increase in distortion is found with 
and without surface tension. In the case of an expanding bubble the effect of 
surface tension seems to be unimportant, but small irregularities in the spherical 
interface may grow to significant amplitudes if the surf ace tension is neglected. 

In experiments, it was discovered that a gas bubble trapped by an acoustic 
standing wave began to dart about in erratic fashion when the sound-pressure 
amplitude was raised above a certain threshold value. This behaviour may be 
accounted for by the instability of the spherical surface when it undergoes radial 
pulsations of sufficient amplitude. Benjamin (1964) gave a theory based on the 
differential equations given by Plesset and Mitchell (1956), hut his theory was 
too crude to provide adequate agreement between theoretica} and experimental 
findings. Later work done by Crum and Eller (1969) gave a good explanation 
of this instability. 

To date, all the theoretical studies in literature concerning bubble instabilities 
concern stationary bubbles, while the pressure of the liquid is periodic, or with 
a constant pressure difference between bubble and liquid. 

In this section we shall analyse the stability of a moving bubble in the case 
of a step change in the ambient pressure. Although the non-linearized differen
tial equations are not exact, a fair degree of accuracy may be assumed for the 
range of stability with We< l. The perturbation terms are linearized, hut 
the bubble-radius variation is described by a series of harmonie oscillations. 
A set of equations of the Hill type can then be derived, enabling a threshold 
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pressure to be determined for the liquid above the equilibrium pressure where 
instability of the perturbation terms occurs. The infiuence of surface tension, 
adiabatic or isothermic bubble pressure change, and translational velocity u0 

is studied. 
The domain of stability of an undamped system is rather unrealistic. For this 

reason the influence of the liquid viscosity is added. In this case it is possible 
to approximate the range of stability by a simple equation. 

3.4.2. Solution of the modified Rayleigh equation 

Equation (2.64) is the linearized differential equation for the translational 
velocity u. A solution of this equation can be found by integration, giving 

t • 

J
u 
~ dt 

0 (3.16) 

This solution is used to eliminate the velocity u in the modified Rayleigh equa
tion (2.66), which is linearized with respect to the perturbation term. Neglecting 
terms of higher order of magnitude, as O(e) eq. (2.66) changes into 

.. 
RR 3 R.2 - ~t- p oo + 2 a - ~ Uo 2 ( Ro )6 ( 1 

2 e gR 4 R 

18 a20 + 12 a2 ) O . 
5 R0 5 R 

(3.17) 

Using the linear approximation of a20 for We< 1 an approximation to first 
order of We of eq. (3.17) is given by 

R R + R 2 
- + 1 - We - + O(We2

) = 0. (3.18) .. 3 . P1 P 00 2 a [ 1 (R 0 )
5 J 

2 e eR 8 R 

The bubble pressure P 1 can be given for an ideal gas by the gas law 

(3.19) 

The exponent y is taken to be unity if the process is isothermic, and y cp/c", 
the ratio between the specific heats of constant pressure and volume, if the 
process is adiabatic. 

When the second- and higher-order terms of an/R (say We) are neglected 
eq. (3.19) is changed to 

(3.20) 
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For small oscillations of the bubble radius, eq. (3.18) may be linearized by 
substitution of R(t) = R0 [1 + r(t)], resulting in 

;·+r(3yP0 ~+~ u0
2

)=P0 -Poo 2a Uo

2 

( 3.21) 
(! Ro2 (! Ro3 2 Ro2 (! Ro2 (! Ro3 4 Ro2' 

where r(t) has a general solution with an exponential term exp (i w0 t). Start
ing with the initial conditions of the equilibrium shape with a pressure-step 
change from p roo --+ p "'" where p roo is the equilibrium pressure found by put
ting the left-hand side of eq. (3.21) equal to zero, the solution is 

r(t) = A0 (-1 + cos w0 t). (3.22) 

The amplitude A0 and the angular resonance frequency w0 are given by 

with 

and 

e l 
Ào = (1- o), 

3y 

w2 
0 

_3_y_P_"'_o (1 + o), 
(! Ro2 

1(3y 1 2-y) o =- +We--
Cl. 3 y 8 y 

Pro 

Proo 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

CL is given by definition (3.15). For C/. » 1 the correction factor o may be 
neglected, and eq. (3.24) is the so-called Minnaert frequency, see Minnaert 
(1933). The correction factor o is directly related to the surface tension a and 
the translational velocity u0 • 

For a greater pressure step we may not linearize with respect to the radius R, 
so the non-linear eq. (3.18) bas to be solved, although second- and higher-order 
terms in Weber may be neglected. Starting with the same initial conditions, 
the solution of R(t) will have an even behaviour. The solution can be given 
by the following Fourier series: 

R "' 
- = 1- 1: An bn (1 cos nwt), (3.27) 
Ro n=l 

where 

A À 0 (1 + c1 À 0 + c2 A0
2 + ... ), (3.28) 

(3.29) 
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y 2 

4 

6 y2 + 21 y + 25 
b3--------- 64 , 

C1 -2 y, 
C2=(y l)b2 

d1 = 3y 2, 

18 + 27 y- 6 y2 

di=------
8 

y 1 
ll• 

(3.30) 

(3.31) 

(3.32) 

This approximation is only valid if A0 < 1, and because 1 ::;;:; y < i the 
solution is sufficiently accurate for e < 2. 

3.4.3. The range of stability 

The set of equations determining the bubble shape are (2.64) to (2.67). For 
a pressure step the radius R and velocity u are given as a function of time by 
eqs (3.27) and (3.16). The stability of the bubble shape due to a pressure step 
will, however, depend on the behaviour of the perturbation terms an given by 
the linearized differential equations (2.66) and (2.67). The pressure term 
(P; - P 00)/e can be eliminated by eq. (2.65) and the translational velocity u 
by eq. (3.16). In this way we obtain differential equations of the coordinates an 
with the known function R and the parameters a and u0 , where the an are the 
unknown variables yet to be determined. The known function R is in its turn 
a function of the parameters P 000 , e, a, u0 , y, R0 • If we define a new variable, 
as has been done by Plesset (1954), by 

Yn(t) = R 312(t) an(t), n 2 (3.33) 

and 

Yo(t) RSIZ(t), 

the equation for an can be written as 

. . y [a 2 ( R0 
)

3 

_ 3 ( R )
2 

_ 2n + 1 R _ u 2 ( R 0 
)

8

] = F ' 
Yn n n R 4 R 2 R n R " (3.34) 

where 

(j 2 
n 

(n + 2) (n2
- 1) a 

e Ro3 
(3.35) 



u2 n 

x 

-44-

(n + 1) ( u0 )
2 

4 (2n + 1) R0 X 

9) 

3(n+1)(4n+l)~(R0 ) 5 R 
4 R0 R R0 

3 (n + 1) u0 ( R0 )
4 

( • _ 2n + 1 
Yn-1 

2 R0 R 2n+ 3 

9 (n ; 1) ( ;: r ( :0 y 
(n + 1)2 (n + 2) ) + Yn+2 ' n ~ 3 

(2n + 3) (2n + 5) 

and for n 2 

2(2n + I)). 

3 Yn+1 )+ 
2n + 3 

+ 

(3.36) 

(3.37) 

18 a20) 

5 R0 

18 J 
5 

y 2 . (3.38) 

If there is no translational motion, say u0 = 0, Fn will be equal to zero. Equa
tion (3.34) is then the same as was found by Hsieh and Plesset (1961). an then 
equals the angular resonance frequency of the n-shape oscillation. Let us now 
consider eq. (3.34). Equation (3.34) is a linear, second-order differential equa
tion with periodic coefficients and, thus, is an example of Hill's equation. 
Substituting the solution of R(t) given by eq. (3.27) and using the transfor-
mation 

z = t wt, (3.39) 

one finds that eq. (3.34) can be written in the standard form for the inhomo
geneous Hill equation: 

d2y ro 

n + Yn [00 + 2 1: 02i COS (2iz)] 
dz2 i=I 

(3.40) 

where the coefficients 021 are given through terms of third order in A0 : 

Oo = I'-II + (3 I'- 8II)A + ((9 + 3 b2 ) I'- (54- 8 b2)Il-
4
n: 

5
) A2 + 

+ (c25 12 b2 + 3 h3) I'-(3oo + 72h2 + 8 b3)II- 4n 5) A3+0(A 4
), 

(3.41) 
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?n+5 ) 
3b2)I'+ (225 + 18 h 2 )II +-

2
--i(2n + 3)b2 A 3 + 

+ O(A4
), (3.42) 

84 = (io b2 ) I'- (9 4b2 )II (8 n + 4)b2 

( (\?- 6 b2 ) I'- (90 36h2 )II + (8 n 

where 

and 

I' (2:ny 

Il= c~ny. 

4n- I) -- A2 
4 

n 1 

A 3 + O(A4
), 

(3.43) 

--+ (18 n + 9) b3 + 
2 

(3.44) 

(3.45) 

By this the coefficients 82 i are a function of the parameters u0 , R0 , P c.oo, e, 

a, e and 'Y· 
The homogeneous equation (Fn 0) has a solution of the following form: 

00 

Yn A1 exp(µz) :E c2,exp(2rzi)+A2 exp(-µz) :E c2,exp(-2rzi), 
r=-oo r=-co 

(3.46) 

and can be written as 

Yn = Á1 Yni + Á2 Ynz• (3.47) 

The present notation agrees with that used by Maclachlan (1964). The coef
ficients cir = c_ 2 , depend on the initia! conditions of the coordinates and 
velocities. The exponent µ depends on the parameters and might be either 
real or imaginary. If µ is real, negative or positive then exp (-µ z)-+ oo 
respectively exp (µ z) oo, when z tends to infinity. In the case of homo
geneous equations we can define a solution as being unstable, if for z ---+ oo, 
say t ---+ oo, Yn---+ oo, say an ---+ oo. The criterion for instability is then given 
byµ is real. 

To solve eq. (3.40) we have to look likewise for a particular solution. This 



- 46-

can be found by using the method of variation of parameters, as is given by 
Ince (1956), and is 

(3.48) 
0 0 

Therefore the complete solution of the inhomogeneous Bill equation (3.40) is 
z z 

Yn = À1 Yn1 Àz Yn2 + À3 [Yn1 (z) J Ynz(u) Fn(u) du- Yn2(z) J Yn1 (u) F.(u) du]. 

0 0 (3.49) 

Because we are interested in a stability criterion and not in the exact solution 
we are not concerned with determining the coefficients. Our only interest will 
be the exponent µ, since a real value of it indicates instability. An important 
role in solving this problem is played by the function F •. 

This function F., dependent on n, contains the following variables: 

Fz F( Yz, R y3, j3, R, y4), 

F3 = F(Ryz, Ry4, Yz, j4, Ys), 

F4 = F(R y3, R Ys, j3, Ys, Yz, Y6), 

Fs F(Ry4, Ry6' j4, y6, y3, Y1), 

etc. 

(3.50) 

This shows clearly how the differential equatîons are coupled by the function F". 
It is still possible to find an analytica! solution by using an iteration procedure. 
First of all the known functions of R(t) and R(t) of Fn can always be written 
in the following way: 

00 

(3.51) 

n=-oo 

and 
00 

(;

0

) i;wexp(i;ni) I ~ exp(2niz), n ::/= 0. (3.52) 

n=-oo 

Because the function Fn is linear in Yn the iteration procedure is then as follows. 
The homogeneous solution for every Yn can always be found. To obtaîn a first 
contribution of the particular solution of Yz we take into account the function 
F2(R), since we know only the function R. The first contribution of the par
ticular solution of y3 is then found with F 3(R y2, j 2), although y2 is not 
exactly completed. In its turn the second contribution of y 2 is now calculated 
with F2(R y3 , y3) and the first contribution for y4 with F4(R J3, y3 , y 2). It is 
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obvious that this method is rather tedious, hut since we are not interested in 
the exact solution it is relatively easy to find the stability criterion. 

Starting the procedure we first define the equilibrium values of Yn by 

(3.53) 

which results in the first contribution of F2 being equal to 

9 ( u0 
)

2 

( R0 
)

312 

512 81 ( u0 
)

2 

( R0 
)

7 

- - Ro +- - ··- Y2o+ 
4 R0 R 10 R0 R 

_ 81 (~)
2 

( R
0 

)

8 

Yz· 
10 R0 R 

(3.54) 

The last term has to be included in the left-hand side of eq. (3.40) for n 2. 
Using eq. (3.51) we obtain the following genera! expression: 

L c211 exp (2 n i z). (3.55) 
n=- oo 

The particular solution can now be found by integrating eq. (3.48) by substi
tuting eq. (3.55). The first integral of (3.48) then equals 

z 

exp(µz) L c2,exp(2riz)jexp(-µu) L c2 ,exp(-2riu) x 
-oo r=-oo 

0 

X L c2 n exp(2niu)du 
n=-oo 

exp (µ z) L Cir exp (2 r i z) x 
r=-oo 

x [exp(-µz+2niz)-1]. I a1n 

-µ 2ni 
n=-ro 

A similar integration of the second integral equals 

I I a2" -exp(-µz) c2,exp(2riz) .[exp(µz+2niz)-l]. 
µ + 2ni 

r=- oo n;;:::: -oo 

One part of the particular solution of y 2 can be included in the homogeneous 
solution. By this the first contribution of the solution of y 2 is 

00 

X L c2"exp niz)+ L c"exp(2niz). (3.56) 
n=- oo n=-oo 



-48 -

The index 2 ofµ indicates that µ 2 is a result of the homogeneous solution of y 2 • 

The particular part of the solution is a function of R(t) and of the initial 
value y 20• This particular solution has no influence on the stability. The result 
(3.56) is now used to determine the first contribution of F 3 , giving 

F3 exp (! n i) [B1 exp (µ 2 z) L n a2 n exp (2 n i z) + B2 exp (-µ 2 z) X 
-«> 

00 00 

X L n a2 n exp(-2n i z) + C1 exp (µ 2 z) L b2 n exp(2n iz) C2 exp(-µ2 z) X 
00 -oo 

- 00 -oo -oo 

D1 exp (µ 2 z) L h2 n exp (2 n i z) + D 2 exp (-µ 2 z) 2:: h2 n exp (2 n i z). 
-oo -00 

(3.57) 

Using eq. (3.49) the first approximation of y 3 becomes 

y 3 A1 exp (µ 3 z) 2:: c2 n exp (2 n i z) A 2 exp (-µ 3 z) L c2 n exp(-2 n i z) + 
-00 -oo 

+ exp (! n i) 2:: a2 n exp (2 n i z) B1 exp (µ2 z) L b2 n exp (2 n i z) + 
-oo -oo 

B2 exp(-µ 2 z) L bzn exp niz) + exp(!ni) X 
-oo 

X [C1 exp (µ2 z) L d2 n exp(2 n i z) + C2 exp(-µ 2 z) 2:: d211 exp(-2n iz)]. 
-oo -oo 

(3.58) 

The third term is a result of R(t) and Yzo but it now has a phase angle of 
n/2 rad. The next terms are from the homogeneous part of y 2 • For the sta
bility criterion we have to reckon with µ2 and µ 3 • From the foregoing we see 
the linear character of the solution. This will be obvious if we again investigate 
the particular solution (3.48). The integrals will always be of the following 
form: 

z 

exp(µnz) L c2,exp(2riz)jexp(-µnu) L c2,exp(-2riu)exp(µmu)x 
r=-oo r=-oo 

0 

X L a2,exp(2riu)du= 
r=-oo 
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There will never be an exponential coefficient consisting of more than one µm. 
Continuing the iteration procedure it may be obvious from the foregoing that 
the total solution of Yn is given by 

00 00 

Yn= 2: [Amexp(µmz) 2: a2,exp(2riz)+Bmexp(-µmz) X 
m=2 r= co 

00 

x 2: b2rexp (-2 n i z)]. (3.59) 
r=-oo 

Although we have linearized equations for Ym the complete solution of Yn 
includes terms with the exponential factor µm, m ~ 2, because the trans
lational velocity u0 gives a coupling of the differential equations. Assuming 
u0 = 0, the linearized equations are uncoupled and then the solution of Yn 
contains only the exponent µn. As a result only those perturbation terms 
having an initia! condition differing from the equilibrium terms can give rise 
to instability. In other words, without translational velocity the linearized 
equations give a stability criterion depending upon the initial conditions. To 
determine the practical stability of this system it would be necessary to involve 
the second- and higher-order terms in the equations of motion. In that case 
the second- and higher-order terms will give a coupling of the equations, as 
would be the case with the velocity u0 • Then, a very small disturbance which 
was neglected, may grow exponentially and may dominate the linearized solu
tion. 

This is why the stability criterion of a gas bubble with We< 1, subjected 
to a sudden pressure rise of the liquid, is given by the following definition: 

the set of differential equations 

d2yn oo • 

+ y" 2: 2 e"21 cos (2 i z) = F", 
dz2 l=O 

has homogeneous solutions of the form 

where 

00 

Yn = 2: Yni exp (µni z) cos (j z + p), 
}= 1 

n 2 

n ~2, 

The bubble shape is called unstable, if for a given combinatîon of the 
parameters u0 , e, P 000 , R 0 , !_!, a, y there exists at least one µ.1 real. 
The exponent µn1 is related to the coefficients ()nzi· The index n is related to 

the nth coordinate and the index jto the jth frequency of the solution. According 
to the theory of Hill's equations the solution can be represented in stable and 
unstable regions, where each value of j corresponds toa separate region. These 
regions can be given in an (e l)-R0 plane, where the dependence of the other 
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parameters f!, u0 , a, P roo, y can be indicated in this plane. Thus we have a 
sequence ofinstability regions for every Yn coordinate. At the moment only the 
first three regions (j = 1, 2, 3) are considered. On the boundary of these 
regions the value of µj is equal to zero. Approximate equations of µj on these 
boundaries are obtained from Hayashi (1964), and are given in appendix D. 
The instability criterion of an undamped system, which we are considering at 
the moment, is then given by µn/ > 0. 

The calculations for this criterion were performed by a computer, according 
to the following procedure. First, the parameters f!, u0 , a, y, P 000 were chosen, 
and a value for n was selected. Next, a sequence of values of R0 and the pres
sure step ( e 1) were chosen and tested to see which pair of values satisfies 
eq. (D.14) for j = 1, 2, 3. This procedure was then repeated fora new value 
of n. 

A sample of the results of these computations is given in fig. 3.3, which shows 
the location of the first, second and third unstable regions of shape oscillations 
with n 4. The values used for hydrostatic pressure, density, surface tension 

- Ro (m) 

Fig. 3.3. The first three regions of shape instability with n 4 for an air bubble in water; 
P,,, 0 = 5.104 N/m2 , u0 0 m/s, y = 1 ·41. 
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and translational velocity are P000 = 0·5 bar, IJ= 103 kg/m3, a 0·072 N/m 
and u0 = 0 m/s. The curves are for the adiabatic case with y l ·41. These 
values are for an air bubble in water. In the shaded regions the shape oscilla
tions will be unstable with angular frequencies of tw, w and ~w. 

Of course, it would be possible to calculate and draw the regions of the fourth 
and higher ones, but as is seen, these will become more and more sharp and 
small. In the next section it will be demonstrated that they have no real mean
ing. The accuracy of the regions has an upper limit at e 2 and all over the 
boundaries 02 ; (i ~ 1) has to be small. As we see from fig. 3.3, the configuration 
of the regions corresponds closely to the stability chart of Mathieu, although 
we have a Hill equation and other plane coordinates. 

We can also investigate the influence of the translational velocity u0 • Because 
we have linear equations in Yn the admissible velocity u0 cannot be greater, as 
it would give a Weber number of approximately unity. The results of these 
calculations for n 4 are given in fig. 3.4 with the same data as in fig. 3.3 
except for the velocity u0 • For convenience, only the first unstable region is 
given because it is the most important. The infiuence of this velocity is rather 

e:-1 

2 5 5 11r" 2 5 

- R0 (m) 

Fig. 3.4. The first region of shape instability with n 4 for an air bubble in water at several 
translational velocities; P000 = 5.104 N/m2 , î' 1·41, u0 = 0, 0·5, 1·0, 1·5 m/s. 
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S-1 

10-J 2 

- R0 (m) 

Fig. 3.5. Threshold pressure step for the onset of non-spherical oscillations of an undamped 
air bubble in water; P 000 5.104 N/m 2

, u0 = 0 m/s, y = 1 ·41. 

small and if any at all, it seems to have a stabilizing effect because the area is 
smaller. 

A composite region of instability is obtained by combining the unstable 
regions for all values of j and n. Any point within this composite region repre
sents a bubble whose spherical shape is not stable, according to the definition 
given. In general, the bubble shape is stable when the pressure step is sufficiently 
small and becomes unstable when the pressure step is increased above a certain 
threshold. 

An example of this threshold for the onset of shape oscillations is given in 
fig. 3.5 as a function of the bubble radius R0 • Again the same data have been 
taken as in fig. 3.3. To keep the figure within convenient limits only the first 
regions have been taken into account. Unstable regions with different n-values 
can overlap, in which case more than one unstable oscillation could be excited. 

3.5. Effects of viscosity 

In a real liquid, the presence of viscosity tends to damp out the surface 
oscillations of a bubble. So it is reasonable to assume that stable oscillations 
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for small pressure steps might be asymptotically stable. To determine the do
main of asymptotic stability it is necessary to take into account the non-lineari
ties of the equations of motion. Although we have used linear equations we 
have seen that it is possible to give a stability criterion for small Weber numbers. 
It was possible to do this because the translational velocity plays the same role 
as the higher-order terms. This method will be continued in the case where 
viscosity is included. 

According to Lamb (1932) a surf ace oscillation on the interface of a spherical 
bubble of radius R0 and a viscous liquid with kinematic viscosity 11 decays 
exponentially as exp (-at) where 

(n 2) (2n + 1) 11 
()'.=~~~~~~- (3.60) 

Using this damping factor, it is assumed that instability can occur whenever 
this decay rate is less than the growth rate t µ w t of unstable solutions in 
the absence of viscosity. This assumption has been investigated by Benjamin 
(1964), supposing that the free oscillations have the frequency w and damping 
by viscous dissipation will change w only slightly. This means that a may be 
only a small fraction of w, or that 

(n + 2) (2n +- 1) 11 < _1_ (3yP000 )
112

• 

Ro2 Ro e 
(3.61) 

Provided n is not too great this will mostly be the case. The criterion for 
instability is now 

2) (2n + 1) 11)2· 
Ro2 w 

If µn/ is less than zero we have asymptotic stability. 

(3.62) 

An example of the threshold for the onset of shape oscillations is shown in 
fig. 3.6 with n = 4 and for different viscosities. We see that the higher the 
viscosity the less sharp the regions will be, while even for 11 10- 6 the regions 
two and higher completely disappear for e < 2. 

The composite region of instability fora damped system with 11 = 1 ·6 . 10-6 

m2/s, theviscosity of water, is given in fig. 3.7. Calculations including theveloc
ity u0 for We< 1 shows only a very small deviation of that region without 
velocity. 

From fig. 3.6 it follows that the lowest point of region j = 1, is approxi
mately at that radius R0 where e - 1 = 0 of the undamped system. The 
tangent of the composite region will thus contact the separate regions at these 
points. This will be a help in finding a simple criterion for instability as func
tion of the parameters. 
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~ 2 ~ ~ ~ 

- Ro(m) 

Fig. 3.6. The regions of shape instability with n 4 at several viscosities; P 000 5.104 N/m2 , 

u0 0 m/s, y = l ·41. 

It follows from eqs (D.l) to (D.5) that the first-order approximation ofµ 
in region 1 is 

µ2 (3.63) 
or 

µ2 =!Bo Bz, (3.64) 

where B0 is approximately unity and B2 « B0 if A « 1 and n » 2. 
Using eq. (3.62) we find instability if 

4 (n + 2) ( 3 y e "112)1/2 
e 1 > , 

R0 Pooo 
(3.65) 

where the value of R 0 is taken at the eigen-frequency of the coordinate Yn· 

This radius is 

Cl 
4(n + 2) (n2 - 1) . 

3 y p ooo 
(3.66) 
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- Ro (m) 

Fig. 3.7. Stable and unstable regions of an air bubble in water when viscosity is included; 
P000 5.104 N/m2,u0 =0m/s,y 1·41,v l·6.I0- 6 m2 /s. 

Because of its small contribution the velocity u is not incorporated in this 
approximation. From eqs (3.65) and (3.66) it is possible to find an equation 
at which pressure step the bubble will be unstable. This equation is 

(e-1)3 >-- . 
16 113 ((3y)5 e3)112 
Ro2 a P ooo 

(3.67) 

Tuis equation only holds with sufficient accuracy if 

113 ~ ( R2 )i12. 
a2 3 Y e3 P ooo 

(3.68) 

If we introduce a velocity v in eq. (3.67) and define the Euler and Reynolds 
number respectively as e v 2/P000 and v R0 /v we see that 

(e- 1)3 > 0 , (
We Eu

1
'
2

) 

Re3 

which is a relation between forces of momentum, viscous stresses, surface ten
sion and pressure forces. 
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In fig. 3.7, eq. (3.67) is drawn. It is an elegant approximation to obtain an 
idea when bubble instability occurs after a sudden pressure step. 

3.6. Conclusion 

The shape of a gas bubble with translational motion is given by the coordi
nates R, an (n ~ 2). We have determined the equations of motion for an in
compressible non-viscous liquid and a gas bubble with an ideal gas. Although 
linearized in an these equations are strongly coupled. The equilibrium state of 
this system has a bubble shape which deviates from the sphere. This shape is 
stable or unstable depending on the Weber number. This stability domain has 
been calculated analytically by other authors for We< 2·34; it has been 
found experimentally for We< l ·59. Taking this into account it is obvious 
that instability will not occur, as a result of the initia! conditions, if the equa
tions of motion are used for We< l. The error which will then be made is 
relatively small. 

Using the equations under this condition we have investigated the stability 
of the bubble shape if one of the parameters R0 , P 000 , e, u0 , IJ, <J, y is changed, 
particularly for the case of a sudden pressure rise of the liquid. 

The velocity u could be expressed in R and a2 , the radius R in a Fourier 
series with coefficients which are a function of the parameters. In this way it 
was possible to give the equations of an the form of a Hili type. With the 
normal procedures it was possible to calculate a stability domain and to repre
sent it in an ( e - l)-R0 plane. 

Including the liquid viscosity as a damping factor we could calculate a do
main of asymptotic stability and of instability. Under some circumstances this 
boundary can be given by a simple equation. 

From the foregoing we can draw several conclusions. First of all we can 
never use linearized equations if We > 1 and even the second-order terms 
will not give any more information. 

If we use the equations for We< 1 in the case of a pressure step, we can 
again have a stable or unstable behaviour. Under practical circumstances this 
stability will be asymptotic and a part of the unstable domain will be asymp
totically stable too, as a result of the liquid viscosity. This is why the oscillation 
of the perturbation terms will be damped out and tends to their equilibrium 
value. These perturbation terms are, however, rather small, because We < 1. 
We may therefore draw the conclusion that in a situation where asymptotic 
stability is expected, given by eq. (3.67), we can ignore the perturbation terms an 
and reckon with a spherical bubble. The equations to use in that case are (3.16) 
with a2 a20 = 0 for the velocity u and (3.27) for the radius R. Because the 
velocity does not play an important role in the behaviour of the radius R we 
can ignore it and treat the bubble as a stationary one. All the other aspects 
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such as viscous and thermal damping, diffusion and so on can then be incor
porated. 

For the case that the pressure step is so high that instability will occur, the 
perturbation terms may not, of course, be neglected. These terms will acquire 
a significant value and may lead to such complex phenomena as bubble split
up. But the second- and higher-order terms have to be included to correct the 
result of the calculation. Because of the short duration of this behaviour we 
may neglect the viscous, thermal and diffusion effects. 

From fig. 3.7 it appears that in the case of bubbles smaller than 10 µm in 
water high pressure steps are necessary to cause instability. To cause cavitation 
damage the bubbles would have to be larger. In the next chapters we shall 
investigate this unstable behaviour in larger bubbles. 
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except for n = 5, eq. (4.7) will make an extra contribution of 

4.3. Rayleigh's equation 

Before we solve the complete set of equations, we shall first study eq. (4.4) 
determining the radius R, because this equation is part of every equation. In 
the case of a stable behaviour of the bubble shape we may neglect the per
turbation terms. Even in the unstable situation these terms will be small in the 
beginning. lf we assume u = 0 and no deformation eq. (4.4) turns out to be 
Rayleigh's equation. For a stable bubble this equation will mainly determine 
the bubble behaviour and for an unstable bubble it will determine the frequency 
of the perturbation terms and the growth rate of these terms. 

Many authors have studied Rayleigh's equation. Mention should be made 
here of the work done by Lauterborn (1968) who compared the validity of a 
quasi-linear approximation with respect to the non-linear solution, which holds 
for small pressure steps. In chapter 3 we have given an approximate solution 
for pressure steps with s < 2. For higher pressure steps we have to follow a 
numerical method. We investigated Rayleigh's equation 

.. . Pi Poo 2 <J 
RR+iR2 +-=0, (4.8) 

e f! R 
for an air bubble in water with the initia! conditions P0 = 0·5 bar, R0 

10- 3 m, a 0·073 N/m, y l ·41. 
In fig. 4.1 the behaviour of R*, R*, R* is given for s* 6. Because of the 

non-linear character even the numerical method will give problems for high 
pressure steps ( s* > 10), so this will be another limitation to the use of the 
equations of the bubble motion. The computations show some interesting 
results concerning the frequency of the bubble radius. They are given in fig. 4.2. 
For s* 1 the frequency is of course the same as given by Minnaert. 

4.4. The unstable bubble shape 

In this section we shall give some examples of the bubble shape after it has 
been hit by a sudden pressure step. We can vary the initial conditions with 
respect to the radius, pressure, pressure step, translational velocity and fluid 
conditions. Because our interest is the unstable behaviour of the bubble we 
have to take a pressure step above the threshold pressure in the unstable region. 
For practical reasons we shall limit ourselves to an air bubble of 1 mm radius 
and pressure of 0·5 bar in water. The process will be taken adiabatically. The 
variables left are pressure step and velocity u0 , while the initial bubble shape 
might be the equilibrium shape according to u0 or another shape at t = 0. 
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Fig. 4.1. History of R*, R.• and ii• for an air bubble in water with pressure step e* = 6; 
Ro = 1mm,1' 1·41, a = 0·073 N/m, P0 = 5.104 N/m2 • 
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Fig. 4.2. Period time of oscillation at different pressure steps for an air bubble of l mm radius 
in water with initial bubble pressure P0 ; î' 1·41, a 0·073 N/m. 

To obtain a better idea of the influence of the velocity u0 , we shall take the 
equilibrium shape for a bubble with u0 0·20 m/s. This shape is calculated 
with eq. (3.13), a third-order approximation for a2 , a4 and a6 • The processes 
which will be investigated are e* 2·0 with u0 = 0·20 m/s, e* 2·0 with 
u0 0·40 m/s, e* = 4·0 with u0 0·20 m/s. 

With a numerical programme eqs (4.3) to (4.7) are integrated giving the 
values of R and am n ~ 12, for t 0. These values are illustrated in a t-a. * 
plane. The bubble shape is calculated by 

12 

r.(t) R(t) + ~ a.(t)P.(cos U). 
n=2 

This shape is represented at various times by a plotter. 
The first example is given for e* = 2·0 with u0 0·20 m/s. The history of 

a. * is drawn in fig. 4.3a. Starting with a2 *, a4 * and a6 * we see, because the 
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equations are coupled by the velocity u, how the higher terms in an* are gener
ated by the lower ones. 

The unstable character of the process is clear. The perturbation terms show 
an exponential growth. The higher terms in an have even a faster growth if 
generated. This agrees with the analytica! results, because the starting point 
e - 1 = 1 results in a higher positive value of µ,,. with increasing m. After a 
longer time (t > 600 µ.s) even the an terms for n > 12 will attain a significant 
value. The amplitude of the perturbation terms are getting so high that the 
reliability of the solution becomes dubious. The condition an < R does not 
satisfy anymore. 

The history of the bubble shape is plotted in fig. 4.3b. As we see, for this 
pressure step and velocity u0 the bubble remains approximately spherical up 
till t = 600 µ.s. The unstable character of the bubble surface is then shown by 
a sharp involution at the rear. A liquid jet bas started. 

In fig. 4.4a the history of an* is given for the same pressure step, but at a 
higher velocity u0 . Since the coupling of the equations is much stronger now, 
the generation of the higher terms is also faster. Although the shape is nearly 
the same, the liquid jet occurs much earlier. Having initial conditions causing 
bubble instability, the translational velocity u0 will basten this process. 

The next example has a higher pressure step, e* = 4·0. Because this process 
starts much higher in the unstable region than in the foregoing examples, it is 
clear that the unstable behaviour may be expected much earlier. We see from 
fig. 4.5 that the bubble shape differs from that at the lower pressure step. 

Comparing these instabilities with the instability mentioned by Taylor (1950), 
it seems that instability occurs for an expanding bubble. However, this does 
not agree with the theory of Plesset and Mitchell (1956). One needs to be care
ful in interpreting results, because the initia! conditions and the process con
ditions can be so different that no uniform conclusion can be given. The only 
conclusions we will give are that if a translating bubble is subjected to a sud
den liquid-pressure rise which gives rise to instability, then 
(a) the character of this instability can result in an involution at the rear of 

the bubble; a liquid jet is started; 
(b) this instability occurs earlier and more rapidly with increasing pressure 

steps and velocity u0 ; 

(c) in spite of the enormous change in shape the bubble radius R still corre
sponds, within a few per cent, to· the solution of the Rayleigh equation. 

The history of the translational velocity u is given by the solution of eq. ( 4.3). 
For the analytica! approximation of the insta:bility problem we took the solu
tion given by eq. (3.16), and the solution of the modified Rayleigh equation 
for R. Since we know that the radius R agrees with the original Rayleigh equa
tion to within a few per cent, the translational equation can be given to zero 

' 
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Fig. 4.3a. History of R* and an* at e* ""' 2·0 and u0 0·20 m/s fora translating air bubble in 
water; y 1 ·41, a 0·073 N/m. 
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U: ·88m/s 

t: 332·03µs 
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t : 55·34µs 
U: ·51m/s 

t: 221·36µs 
U: ·49m/s 

t: 387·37µs 
U: 1·28m/s 

t: 110·68µs 
U: 1 ·01mls 

t: 276·69µs 
U: ·44m/s 

t: 442·71µs 
U: ·82mls 

Fig.4.3b. Thetransientshapeofanairbubblemovingin water;P0 5.104 N/m2 , R 0 = 1 mm, 
e* 2·0, az* -0·118, a4 * = 0·007. 



- 68-

Fig. 4.4a. History of R* and a." at e* = 2 ·O and u0 0·40 m/s for a translating air bubble in 
water; y = l ·41, a = 0·073 N/m. 
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t: 82·SOµs t: 164·99µs 
U: ·34m/s U: ·47m!s 

t: 329·98µs t : 412·48µs 
U: ·3Sm/s U: ·69m/s 

t: 577·47µs t: 659·97µs 
U: ·36mls U: ·77mls 

Fig. 4.4b. Thetransientshapeofanairbubblemovingin water; P0 = 5.104 N/m2 , R 0 = 1 mm, 
e* 2·0, a2 * 0·118, a4 * 0·007. 
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Fig. 4.5a. History of R* and an* at e* 4·0 and u0 = 0·20 m/s fora translating air bubble in 
water; y = 1·41, a = 0·073 N/m. 
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t: 29·77µs 
U; ·25m!s 

t: 119·09µs 
U: ·65m/s 

t: 208·41µs 
U: ·55m/s 

t: 59·55µs 
U: ·60m/s 

t: 148·86µs 
U: ·39m!s 

t: 238·18µs 
U: 1·67m/s 

Fig.4.5b. The transientshapeofan airbubblemovingin water; P 0 = 5.104 N/m2
, R0 = l mm, 

e* = 4·0, a2* = -0·118, a4* 0·007. 
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u(t) = u
0 

( Ro ). 
3

, 

R(t) 
(4.9) 

where R(t) is the solution of the Rayleigh equation. lt might be interesting to 
compare this approximation with the actual velocity in the case of a high 
pressure step. In fig. 4.6 this comparison is given in a u/u0-t/TR plane, where 
TR is the period time of oscillation according to the solution of Rayleigh's 
equation (see fig. 4.2). The first conclusion is that the velocity reaches its max
imum if R is minimal. For e* = 2, eq. (4.9) is accurate within a few per cent, 
hut for the higher pressure step the actual maximum velocity is much higher. 
Since during the first collapse the bubble remains spherical, it might be sur
prising to get a higher velocity u, as the sum of kinetic and potential energies 
must be constant. At this higher velocity the kinetic energy (2.35) will have a 
greater contribution to the iMu2 term, so must be compensated for by a 
reduction of the Ju term. This illustrates again the importance of the trans
lational velocity with respect to the deformation of the bubble, as the defor
mation would otherwise intensify the maximum velocity u. 

15 
--- according to eqs (4·3)to (4·7) 

----- according to eq. (4·9) 

u 
Ua 

t 
10 

11 1 c.*=4·0 1 1 
u0=0·20m/s-; 1 TR=l65µs· 

1 1 
I \ r 
I 

11 
r 

5 

I \ \ / : I 

/f \\ / / 
// \\ / // €*=2·0 

' u0=0·40m/s 

/!// ''-\ ""- / //,/' 'w=265µs 
I 

f '~ -~ // '~ 
'~ 

0·5 1-0 1·5 
- t/TRayleigh 

2·0 

Fig. 4.6. History of u(t)/u0 for an air bubble in water at different pressure steps and velocities 
u0 ; R 0 = 1 mm, y = 1 ·41, a = 0·073 N/m, P0 = 5.104 N/m2 • 
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For small pressure steps within the stable region the perturbation terms an 
may be neglected; a very good approximation for the translational velocity u 
is then given by eq. (4.9). 

4.5. Liquid jet of a translating void 

In the case of a cavitation bubble it is possible that with condensation or a 
pressure rise in the liquid a constant pressure difference LIP exists between 
bubble and liquid. In this way, we have a different approach to the real situa
tion from that given in the preceding section, where condensation and diffusion 
were neglected. 

The collapse of a single spherical cavity without translation, the problem 
studied by Rayleigh, has an asymptotic solution valid near the end of the col
lapse. It is known, however, that a highly distorted shape may occur in a col
lapsing bubble at the slightest deviation from spherical symmetry. Plesset and 
Mitchell (1956) gave a solution of a linear formulation for a collapsing cavity 
with an initia} distorted shape with a constant pressure difference. They found 
that the distortion amplitude grows as R- 114 when the bubble radius R tends 
to zero. 

A translational motion of the cavity, however, introduces a new phenomenon 
to the collapsing cavity problem: the liquid jet. An elegant manner of approxi
mating this phenomenon is given in an unpublished paper by Eller (1967). He 
assumed that, if a cavity begins the collapse as a sphere, no significant depar
tures from the spherical shape occur until after the collapsing cavity has entered 
the asymptotic solution of Rayleigh. In this manner he found the shape of the 
collapsing bubble which shows the formation of a liquid jet at the rear of the 
cavity; this jet will strike the front of the cavity. Eller de:fined R1 as an estimate 
of the radius at the time of jet impact and u1 as the velocity of the jet at that 
time. In the liquid a very high pressure P max will occur at impact. 

We de:fine the cavitation number as 

LIP 
c (4.10) 

where LIP is the pressure difference between the liquid at in:finity and the cavity. 
The results found by Eller at jet impact are then 

p 
max = 1·18 C 

LIP ' 
2·16 c, 

Por example if LIP 105 N/m2 , 12 103 kg/m3 and u0 

are Pmax = 5·9. 108 N/m2
, u1 2160 m/s and R0 /R 1 

(4.11) 

0·20 m/s the results 
15. 
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The same problem can, of course, be solved numerically with the equations 
of motion given by eqs (4.3) to (4.7). We calculated the same example for a 
void with a radius R0 of 1 mm. The numerical results are: ui= 2570 m/s and 
R 0/R 1 = 10·64. Comparing this with the results of Eller we may conclude that 
eq. ( 4.11) is a close and elegant approximation. The numerical calculations 
showed indeed that the bubble remains spherical for a long time. In fig. 4.7 

R 
Ri = 1·94 1-54 1'37 1·27 rOO 

Fig. 4.7. The final collapse of a void with translational velocity u0 = 0·20 m/s. The radius R 1 
at jet impact equals Ro/10·64; LlP 105 N/m2 , IJ = 103 kg/m 3 • 

we show the cavity during the final part of the collapse. The life time of the 
bubble is at that moment about 90 µs. The entire development of the jet after 
this is quite rapid. The time span is less than l ·5 µs. In combination with the 
high pressure, the pressure pulse will take the form of a shock wave. 
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5. COMPARISON BETWEEN EXPERIMENTAL AND 
THEORETICAL RESULTS 

5.1. lntroduction 

For some years experiments have been performed in the hydrodynamics 
laboratory at the Technica! University in Eindhoven, on the response of a 
bubble to a pressure pulse. The experimental set-up is in principle a vertically 
mounted air shock tube, the lower part of which is filled with water. Pressure 
steps of approximately 4 ms duration can be generated in the water section. 
The interaction of the pressure pulse with an air bubble released earlier can be 
observed and filmed through a special observation section. The first results of 
these experiments were reported by Smulders and Vossers (1968). The experi
mental results of a renewed set-up are now available and can be compared 
with those of the theory developed earlier. 

In the theory, however, we assumed the pressure rise takes place in the whole 
liquid at once. In the experiment this occurs by a pressure pulse travelling at the 
velocity of sound through the liquid. Although this velocity is rather high it still 
takes a few microseconds to raise the pressure in the environment of the bubble. 
This effect will not lead to many complications, hut as the pressure pulse passes 
the bubble, the bubble meets with a pressure gradient. This results in a change 
of the impulse. Therefore the infiuence of a pressure pulse on the velocity and 
shape of the bubble is studied. The different assumptions making it possible 
to determine these changes after passage of a pressure pulse can be calculated 
according toa solid body or a cavity in a compressible or incompressible liquid. 
It appears that a good approximation can be found by assuming a non-distorting 
cavity in an incompressible liquid. This results in initial translational and sur
face velocities, different from those before the bubble is passed by the pressure 
pulse, and in a pressure rise in the whole liquid. 

Prior to comparing the results of the experiments with the theory extended 
for a pressure pulse, we give a short description of the experiment to prove 
that the comparison is valid. 

High-speed photographs, taken at different pressure steps will be presented 
and compared with numerical results which have the same initial conditions 
as used in the experiment. 

A more complete account of the observations and of the experiment will be 
reported in the near future by the Technica! University in Eindhoven. 

5.2. The initia! conditions of a bubble after passage of a pressure pulse 

Up till now we were concerned with the equations of motion of a bubble 
for a sudden pressure rise in the liquid. In practical circumstances there will 
mostly be a pressure gradient or a pressure pulse accompanied by a change in 
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velocity of the liquid. Because our interest is the relative motion of the bubble 
to the liquid, it is easier to use a coordinate system moving at the same velocity 
as the liquid. The equation of motion in a moving coordinate system for an 
incompressible non-viscous liquid without external forces equals (see 
Kotschin (1954)) 

1 

dt 
vP, (5.1) 

where v 0 is the velocity of the centre O' of the coordinate system of fig. 2.1. 
If the motion is uniform in the x-direction with the x component of v 0 equal 

to v0 we have 

( 
ClVo) 

P + x e ?;! = o, (5.2) 

with the solution throughout the fluid 

P(x, t) p wo(X = 0) ex Vo(t). (5.3) 

The effect of this fluid acceleration extending over the environment of a bubble 
whose instantaneous volume is V may, of course, be interpreted as a force 
-e v0(t) Vin the x-direction. Because this force is independent of x and i it is 
similar to the buoyancy force eg v due to a hydrostatic pressure gradient eg 
in the x-direction. The potential energy of the bubble we have calculated in 
eq. (2.55) in a system with a fluid velocity equal to zero at infinity may now 
be extended in this moving coordinate system with this extra force in the x
direction, which results in 

v x 

U = a (A - A0) + P wo (V - V0) - f P1 d V - f e ~o V dx. (5.4) 
vo x=O 

With this potential energy in the Lagrangian (2.59), the equations of Lagrange 
are now determinable. One of the Lagrangian equations (2.60) shows now that 

d 
(Mu + J) e Vo v F. 

dt 
(5.5) 

Because the force F will cause a change of impulse of the system, the term 
Mu + J is identified with the Kelvin impulse. 

The set of equations of motion for a bubble in a pressure gradient is now 

(5.6) 

---+ 2- =-20v0 Rx, (5.7) 
Pi-Poco a) . 

e eR 
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lf R2 ~2 + 14R R th + 28a2 (iRR i R.2 _P __ ; _e_P_"'_o + 4 e-:-) = 

28 v0 a2 x, (5.8) 

and for n 3, with a 1 = 0 we have 

. 3n 3n ) 
U Ran_ 1 ---Ran+ 1 

2n-1 2n + 3 
u2 

9n(n-1)2 

9 (n 1)2 (n + 2) 
+ a -

2 (2n + 3) (2n + 5) n+
2 

(n + 6) (n + 1 )2 

~···-------+ 
1) (2n + 3) 

n(17n
2 

22n+9)) J (. 3(2n+l) ) 
+ an + u 6 R an- 1 + 3 R dn- i - R dn+r + 

2 (2n 1) (2n + 1) 2n + 3 

2 .. 6. [n 3 ... 
+ R 2 an + -- R R dn + 4 an R R + i R 2 

n + 1 n + 1 2 (n + 1) 

P1 Pwo 
---+ 

+ ( 1 + _n _(n_:- (5.9) 

The history of u, R and an are found by integrating these set of equations. 
If the pressure gradient, i.e. the acceleration v0 , is very great it will take 

the form of a shock wave. The impulse of the system is then suddenly changed. 
Taylor (1942) solved the problem of motion of a spherical body in a compres
sible fiuid when subjected to a sudden impulse J. This impulse makes the body 
start moving with a velocity equal to Ij Me, Me being the mass of the sphere. 
This motion is immediately resisted by a pressure in the compressible fiuid which 
in its turn gives rise to a sound wave or pulse in the surrounding fluid. If we 
use his results for an air bubblein waterwith t!c <€:: e we find the velocity of the 
sphere to be 

with 

I (1 + fJ exp(-2 f1 c t/R)) 
u(t) -

-M 1 R ' 
c + I' 

M 
f1 = 

Me 

(5.10) 

(5.11) 

and c the sound velocity of the liquid. Fort- oo the velocity is I/M if Me 
is neglected. For a bubble with a radius of 1 mm, the velocity change deter
mined by (5.10) takes place in Iess than 10-s s. 

A pressure pulse passing a bubble changes the impulse in a time depending 
on the dimension of the bubble and of the sound velocity of the liquid. This 
time of passing is 
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a(:} (5.12) 

On the other hand the time necessary to change the shape of the cavity depends 
on the period time of oscillation and is found to be 

T= o( Rv;). (5.13) 

Thus 

t c p) -=0 -v-. T c (! 
(5.14) 

For an air bubble in water at a pressure of 1 bar eq. (5.14) equals O(I0- 2
). 

These facts will allow for the construction of a composite approximation for 
the initial values of a bubble hit by a pressure pulse. Because the velocity 
change occurs on a time scale of much smaller order than the time scale 
appropriate to distortion effects, we may suggest that during the time of pas
sing of the pressure pulse over the bubble, the bubble shape will not be changed. 

This statement translated to our problem for an incompressible fluid is 
(a) the pressure pulse will raise the pressure of the whole liquid in the time 

between e and + e; 
(b) the whole liquid will get in the same time scale a velocity change according 

to the acoustic theory; 
(c) during this time the shape and position of the bubble is not changed; only 

the surface velocity can alter. 
Points (a) and (b) can be written for a pulse with a pressure LIP moving in 

negative x-direction (as found in an experiment discussed later, the direction 
is negative) by the following equations: 

P 00 = P00 0 +LIP H(t), 

LIP 
Llv0 =-, 

(! c 

V 0 = -Llv0 H(t), 

where use is made of the Heaviside function H(t), which includes 

with 

and 

!5(t) { 
0, 

co, 

J '5(t) dt 1. 

t:;t=O 
t=O 

(5.15) 

(5.16) 

(5.17) 

(5.18) 
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Substituting eq. (5.18) in the equations of motion (5.6) to (5.9) and integration 
between -e and e results in the following: 

u(e)- u(-s) 
2 Llv0 

I-!a2/R' 

R(e) R(-e) = 0, 

(5.19) 

(5.20) 

[u(e)-u(-e)] --Ran_ 1 - Ran+l +--R2 [àn(e)-àn(-e)] ( 
3n 3n ) 2 

2n-l 2n+3 n+l 

o. (5.21) 

For the time t > e the terms v0 R x and v0 an x change into the pressure 
terms -(LIP/e) R and -(LIP/e) a" and can be included in the left·hand side 
of the equations (5.7) to (5.9), thus leading again to eqs (2.64) to (2.67); but 
during passage of the pressure pulse the surface velocities of the bubble will 
change relative to the liquid in the following way: 

2 Llv0 
(5.22) 

1-~a2 /R' 

3n(n+l)Llv0 ( 1 an- 1 1 a"+ 1 ) 

1 fa2/R 2;!R- 2n+ 3 R · (5.23) 

Thus for a sphere it results only in another translational velocity, hut for a 
disturbed bubble also the perturbation terms will get an initial velocity. 

5.3. Experimental set-up 

The shock tube comprises a thick·walled steel tube (length: 11 m; inner 
diameter: 77 mm; outer diameter: 125 mm). The high-pressure end is separated 
from the low-pressure end by a Mylar diaphragm. The lower part of the low· 
pressure end is filled with water. See fig. 5.1. When the diaphragm is ruptured 
a shock wave travels down the tube and on reflection at the water surface 
finally transmits a pressure putse in to the water section. The length of the high
pressure end, the low-pressure air end and the length of the water-filled part 
are determined in such a way that it is possible to achieve a pressure step of 
approximately 4 ms duration in the water section just below the surface. The 
low pressure P 000 is always taken at 0·5 bar and not lower, to minimize the 
influence of the vapour in the gas section. For convenience, air is used in the 
experiment. Therefore, the pulse pressure in the water is limited. The pressure 
step e P 00/P 000 will then be a maximum of 6. This step is measured by a 
pressure pick-up. The rise time of the pressure step just below the water sur
face is less than 4 µs. A display from the output of the pick-up for different 
pulses is given in figs 5.2 and 5.3. The rise time of the pressure is probably 
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Fig. 5.1. Experimental shock tube with bubble generator and camera. 

less than the 4 µs on the display, since the measurement of this time is restricted 
by the dimensions of the pick-up and its response time. The pulse itself travels 
with a velocity of approximately 1400 m/s. Comparing this speed with the 
velocity of sound in water of 1450 m/s, the result is slightly lower due to the 
influence of the elastic wall, dispersion, etc. 
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Fig. 5.2. Response of the pressure pick-up in the shock-tube wal! after passage of the shock 
wave for a pressure step e = 4·0. Scales: lower beam: horizontal 50 µs/div, vertical 0·5 bar/div; 
upper beam: horizontal 20 µs/div, vertical 0·5 bar/div. The horizontal lines start at the time 
t = 0 and represent the pressure P,,, 0 . 

Fig. 5.3. Response of the pressure pick-up in the shock-tube wall after passage of the shock 
wave fora pressure step e = 5·2. Scales upper beam: horizontal 50 µs/div, vertical 0·5 bar/div. 

Although a constant pressure may be expected behind the pressure pulse we 
notice an oscillation with a relatively low frequency and a composite of smaller 
oscillations with much higher frequencies. The cause of the main oscillation is 
a result of the interaction between the bubble oscillation on one hand and the 
pipe wall and the free water surface on the other hand. The higher-order fre
quencies are affected by the elastic pipe wall. Reflected waves from obstacles, 
i.e. bubble generator and the observation-section wall, also cause a pressure 
:lluctuation in the liquid behind the pressure pulse. At a greater depth in the 
liquid the effect of all these :lluctuations is so considerable that it results in a 
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u0 = -0·065 m/s for 
u0 = ---0· 14 m/s for 

s = 4·0, 
s = 5·2. 

Although the bubble bas an initial movement in an upward direction, atter 
passage of the pressure pulse the initial velocity of the bubble in the experiment 
shown in the photographs, moves in a downwards direction, with a velocity 
dependent on the pressure pulse. For interpreting the results this is of course 
very important. This velocity is up to now not measured. 

Under the above-mentioned circumstances, a series of high-speed photo
graphs has been taken with the Cranz-Chardin camera to achieve a detailed 
study of changes in the bubble shape. In fig. 5.5 they are given for s 4·0, 
e = 3·6 and in fig. 5.6 for s = 5·2, s 4·8. The time elapsed since the pas
sage of the pressure pulse is shown below the photographs, together with the 
series number of the experiment and the flash number. Observing the bubble 
shape immediately before and after passage of the pulse, we do not notice 
any change in shape. The assumption made that the new initial velocities may 
be calculated under the assumption that the bubble shape does not change, is 
correct. From these photographs we can measure the coordinates of the equi
librium shape of an air bubble in water with a velocity of rise of 0· 16 m/s. 
Under the assumption that this shape is determined by the coordinates R 0 , 

a20 and a40, we obtain the values a20 * -0·030 and a40 * = 0·006. However, 
due to the small dimensions and difficulty in reading photographic details the 
accuracy of this measurement is not so high. 

According to the theory we would expect fora We number of 0·359 as cal
culated in sec. 5.3 a shape with a20 * -0·082 and a40 * = 0·0024. This shows 
a rather bad agreement between theory and experiment. The effect of viscosity 
and gravity is apparent. Undoubtedly the terms with an odd number, such as 
a 3 , will probably also have a value unequal to zero. 

Studying the transient shape of the bubble in time we see that the bubble 
shape is highly distorted after a few oscillations. The unstable character of the 
bubble is clear at these pressure pulses. During the implosion stage the bubble 
shape seems to stabilize to a sphere, hut in the expansion stage the distortion 
increases. In the series for s = 5·2 for t > 250 µs this leads even to bubble 
division. The assumption is valid that a jet strikes the front side of the bubble, 
that is at the left-hand side in the pictures, ejecting air particles along with it, 
which shows as small deformed bubbles on the front of the bubble. 

There are still some difficulties in reading the photographs taken with the 
Cranz-Chardin camera, e.g. the following. 
(a) The rising bubble has a spiral movement. The velocity effected by the pas

sage of the pressure pulse is vertically downwards. If both velocities are of 
the same order of magnitude, the resultant velocity is small and then its 
direction is doubtful (this is the case for s = 4·0). 



- 85 

(b) Because it is necessary to make several experiments to complete a series, 
the velocity mentioned in point (a) has always a different direction. In addi
tion, the individual photographs are taken with different flashes under 
different angles. 

(c) Because they are shadow photographs it is impossible to see jet penetration 
or bubble involution. 

5.5. Numerical results 

To compare the theoretica! with the experimental results there is still one 
important parameter we have not discussed. The parameter y, which deter
mines the thermodynamic behaviour of an oscillating bubble is taken equal 
to 1 for isothermal and to cP/cv for adiabatic behaviour. These thermal effects 
have been studied by Plesset and Hsieh (1960) and Plesset (1964) for small 
oscillations of a gas bubble. Their results are given in terms of the characteristic 
lengths R 0 , the acoustic wavelength in the gas phase Ag, and ag/wR0 , where 
ag kg/(!gCp, w being the angular frequency of the wave, kg the thermal con
ductivity of the gas and {!g cP the specific heat of the gas. The thermodynamic 
behaviour is summarized in table 1. 

TABLE I 

The thermodynamic behaviour of an oscillating gas bubble in a liquid 

frequency range comparison of lengths thermodynamic 
behaviour 

very high A.g ag/wR0 « R0 isothermal 
high ag/ wR0 < Ag < R0 adiabatic 
moderately high ag/wR0 < R0 < Ag adiabatic 
low R 0 < a9/wR0 < Ag isothermal 

In the case of a bubble hit by a pressure step, the angular frequency is mainly 
determined by the frequency of Minnaert given by eq. (3.24). If we use the 
data from table I for air bubbles in water oscillating at Minnaert's frequency, 
we can construct fig. 5. 7 for small oscillations. Then the behaviour will be adia
batic for a bubble with 1 mm radius at a pressure of 0·5 bar. In the actual 
situation of the experiment however, the oscillations are not small and the bubble 
shape is extremely distorted. The thermodynamic behaviour will be a function 
of the time and be different in the collapsing and expanding phase of the bubble. 
This is why several numerical calculations have been carried out for different y 
to prove which results apply best to the photographs, since y affects not only 
the frequency of oscîllation, but also its amplitude. We found that for 
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Fig. 5.5. Photographs taken of an air bubble in water after it is hit by a pressure step e 4·0. 
The time elapsed since the passage of the shock wave is shown below the photographs, together 
with the series number of the experiment and the flash number. Velocity of rise 0· 16 m/s, radius 
R 0 1 mm, pressure P 000 0·5 bar. After passage of the shock wave the relative velocity of 
the bubble is probably downwards, i.e. in the frames to the left (see also Hermans, Smulders 
and Vossers, Rep. Techn. Univ. Eindhoven (1971)). 
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Fig. 5.5 (continued). 
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Fig. 5.6. Photographs taken of an air bubble in water after it is hit by a pressure step s = 5·2. 
The time elapsed since the passage of the shock wave is shown below the photographs, together 
with the series number of the experiment and the flash number. Velocity ofrise 0· 16 m/s, radius 
R 0 = 1 mm, pressure P000 0·5 bar. After passage of the shock wave the relative velocity of 
the bubble is probably downwards, i.e. in the frames to the left. 
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Fig. 5.6 (continued). 
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Fig. 5.7. Thermodynamic behaviour of an oscillating air bubble in water at an angular fre-
quency w (l/R0)(3P,,, 0/e)112. 

1 ·30 < y < 1 ·41 this parameter did not affect the numerical results noticeably 
enough to make comparisons with the photographs. This is why we approxi
mate the thermodynamic behaviour by y l ·35. Now it is possible to cal
culate the history of the air bubble in the experiment. We will do this for the 
two series from sec. 5.4 for e 4·0 and 5·2. 

Before the bubble is hit by the pressure step the initia! conditions are always 

Uo 0· 16 m/s, 
Ro 1·05 mm, 
a2* -0·030, 
a4* 0·006, 

Pooo 0·50 bar, 
a 0·068 N/m, 
(! 1000 kg/m3

• 
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At t 0 the bubble is hit by a pressure pulse. This changes the velocities, 
which may be calculated by eqs (5.22) and (5.23) with the velocity of sound 
in water taken to be c = 1400 m/s. Fort> 0 we use the equations of motion 
(4.3) to (4.7) with the new initial conditions and an average pressure step of 
respectively ë = 3·6 and ë = 4·8. The initia! condition and parameters of the 
two examples are compiled in table II. We neglect the small effects of bubble 
surface tension in our calculations of the pressure step and therefore use the 
average pressure step e* as e. 

TABLE II 

Initial conditions and parameters for the numerical programme to compare 
the theoretica! with the experimental results 

fig. 5.8 fig. 5.9 

e* 3·60 e* 4·80 
Uo = -0·046 m/s Uo -0·129 m/s 
Ro = 1·05 mm Ro = 1·05 mm 

P ooo = 0·5 bar p ooO = 0·5 bar 
(J = 0·068 N/m (J = 0·068 N/m 

e 103 kg/m3 e 103 kg/m 3 

a2* -0·030 a * 2 -0·030 
a4* = 0·006 a4* 0·006 
. * a3 =-0·0042 . * a3 = -0·0059 
. * as = 0·0008 . * as = 0·0012 

y l ·35 y = 1·35 

The results of the transient shapes are given in figs 5.8 and 5.9. Comparing 
these results with the photographs of figs 5.5 and 5.6, we see very close con
formity to the pressure step e = 5·2. We shall first discuss the result for 
e = 5·2. 

The shapes are of the same configuration: a spherical cap at the front (on 
the left-hand side in the picture), and a flattening at the rear. Because this 
shape clearly indicates direction of travel, we can see that after the pulse the 
bubble motion in the experiment is indeed in the downward direction. The 
duration of the collapse in the experiment is shorter than the theory predicts. 
This could be corrected by taking e* 5·2, but then the radius would be
come too small. Varying the exponent y did not affect this non-conformation. 
Damping could be the main reason although it is a second-order effect. 
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U: 

·OOµs 
·05m/s 

t : 49·50µs 
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1 

t : 98·99µs 
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t : 16·50µs t : 33·00µs 
U: ·05m/s U: ·06m/s 

t : 66·00µs t : 82·50µs 
U: ·13m/s U: ·JO mis 

t : 115·49µs t : 131·99µs 
U: ·18m/s U: ·10m/s 

Fig. 5.8. The transient shape of an air bubble hit by a pressure steps 3·6. The initia! condi
tions are: R 0 1 ·05 mm, a2* = -0·030, a 4 * = 0·006, u0 = -0·046 m/s, Ö3* -0·0042, 
á5* = 0·0008, y = l ·35. The shapes are comparable with the photographs of fig. 5.5. 



t : 148·49ps 
U: ·07m/s 

t : 197·99µs 
U: ·06m/s 

t : 247·49µs 
U: ·12m/s 
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t : 164·99µs 
U: ·06m/s 

t: 214·49µs 
U: ·06m/s 

t: 263·99µs 
U: ·24m/s 

Fig. 5.8 (continued). 

t : 181·49µs 
U: ·OS mis 

t: 230·99µs 
U: ·08m/s 

t: 280·49µs 
U: ·JO mis 



t: ·OOµs 
U: ·13m/s 

t: 40·50µs 
U: ·21m/s 

t: 81·00µs 
U: 1·91m/s 
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t: 13·50µs 
U: ·14m/s 

t: 54·00µs 
U: ·36m/s 

t: 94·50µs 
U: ·61m/s 

t : 27·00µs 
U: ·16m/s 

t : 67·50µs 
U: 1·04m/s 

t: 107·99µs 
U: ·31m/s 

Fig. 5.9. The transient shape of an air bubble hit by a pressure step e = 4·8. The initia! condi
tions are: R 0 = 1 ·05 mm, a 2* = -0·030, a 4 * = 0·006, u0 = -0·129 m/s, Ó3* = -0·0059, 
à5* = 0·0012, y = 1 ·35. The shapes are comparable with the photographs of fig. 5.6. 
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t: 121·49µs t: 134·99µs t: 14B·49µs 
U: ·22mls U: ·IBm/s U: ·16m/s 

t: 161 ·99µs t: 175·49µs t : 188·99µs 
U: ·16m/s U: · IBmls U: ·22mls 

t: 202·49µs t: 215·99µs t: 229·49µs 
U: ·33mls U: ·66m/s U: ·98m/s 

Fig. 5.9 (continued). 
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For t > 200 µs we see a jet starting at the rear of the bubble and a con
striction in the middle, which divides the bubble into two toroidal shapes. This 
agrees with the photographs. We see that the theory is a big help here in inter
preting the experimental results and reverse. 

The calculated transient shape of the bubble for the pressure step e 4·0 
does not agree completely with the experiment. It is too symmetrie. This is 
probably due to the low initial velocity of -0·046 m/s. The measured rise 
velocity and the calculated velocity correction due to the pressure pulse are 
nearly the same, which results in a very low effective velocity. If the velocity 
were a few centimetres per second higher, then the shapes would be similar 
to those in the photographs. Nevertheless we may conclude that the theory is 
confirmed by the experiment. 

The preceding theory can also be used to explain a series of photographs 
presented by Benjamin and Ellis (1966). Their experimental set-up was a re
inforced Perspex box partially filled with water at a pressure of about 0·04 atm. 
A nucleus with a radius of about 0· 1 mm could be formed. When this nucleus 
had reached the centre of the volume of water, the box was struck downwards. 
As a result of this blow, the sudden downwards acceleration of the box pro
duced a lower pressure in the water causing the nucleus to grow to a cavity 
of 12 mm radius before it collapsed again. After the collapse in the expanding 
stage a jet was seen on one of the photographs. The vitalfactorforthis behaviour 
was explained to be gravity, because in gravity-free conditions, which were also 
possible, the jet was not seen. 

If we study the various stages in the experiment we conclude that after an 
expanding wave has passed the nucleus, this nucleus grows until a compres
sion wave passes. The velocity of rise of the cavity after passage of the pres
sure pulse will be about 0· 10 m/s because of the gravity and the time span 
between expansion and the compression wave. This velocity, as a result of the 
gravity, before the collapse starts is, as explained and shown in chapters 4 and 5, 
the vital factor causing a liquid jet. When the initial translational velocity was 
not present, as when the experiment was conducted under gravity-free condi
tions, the pressure pulse still caused an unstable bubble. However, this instabil
ity would not cause a liquid jet at such an early stage. 
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6. CONCLUSION 

In this thesis we have investigated the behaviour of a bubble with translational 
velocity in a liquid. Special attention was paid to the situation in which a pres
sure pulse in the liquid caused an unstable behaviour of the bubble surface. 
The changes in bubble shape due to a pressure step, occur on a time scale 
considerably smaller than the changes of a so-called "unstable movement" of 
a translating bubble at equilibrium with a Weber number larger than about 
l ·50. This is why zig-zag or spiral movement is neglected. On the other hand, 
velocities of a steady translating bubble, resulting from gravity and viscosity, 
are still important and therefore used. 

We found that a pressure pulse may cause a stable or an unstable bubble 
surf ace; a threshold pressure as a function of R and the physical properties 
of the liquid is calculated for the onset of shape oscillations and given by eq. 
(3.67). For pressure steps below this threshold, behaviour is stable, resulting 
in a variation of bubble diameter but maintaining a spherical shape. The 
problem is reduced to the equation of Rayleigh with a solution given by eq. 
(3.27). If the bubble has a translational velocity then the change in diameter 
will cause a change in velocity and be determined by the simple relation (4.9). 

Thus, for a pressure step in the liquid within the stability domain, the shape, 
size and velocity of a bubble are completely determinable. This might be 
very interesting, for instance, for bubbly mixtures in which it is possible to 
find a relationship between bubble concentration and number with the help 
of rather simple equations of motion for a single bubble. 

A more complicated situation occurs if the pressure step is so high that the 
bubble motion will be unstable. In that case the bubble shape and its velocity 
are no longer determinable in a simple way, but have to be calculated numeri
cally. Although the bubble shape is unstable, the size (volume) does not deviate 
much from that calculated with the Rayleigh equation, but the maximum trans
lational velocity at minimum size of the bubble will be higher than in the case 
of a stable behaviour. A very interesting result is that fora certain combination 
of pressure step and initial translational velocity, the instability results in a 
liquid jet at high velocity. The resulting velocity after passage of a pressure 
pulse is one of the most important criteria that control whether or not a jet is 
formed. This criterion is not given, but from experiments reported in this thesis 
and from experimental results of Benjamin and Ellis (1966) it seems that already 
a velocity of 0· 10 m/s and a pressure step, resulting in an unstable behaviour 
of the bubble surface, is sufficient to give a liquid jet. 



98 -

LIST OF FREQUENTL Y USED SYMBOLS 

ag coefficient of thermometrie conductivity k9/(!9 cP 

an coordinate describing the cavity shape, eq. (2.7) 
an* dimensionless coordinate an/ R 0 

Llán velocity change of an during passage of the shock wave, eq. (5.13) 

ano equilibrium value of am eq. (3.13) 
h vector used in eq. (2.27) 
bn coefficient in the expansion of the velocity potential 

coefficient in the expansion of the bubble radius R, eq. (3.27) 
bnm element of the matrix B 
bnR element of the vector hR 
hnu element of the vector hu 
hR vector of h 
hu vector of h 
c speed of sound in the liquid 
en coefficient in the expansion of the velocity potential 

coefficient in the expansion of the amplitude of the radius R, eq. 
(3.28) 
constant 

cv specific heat of the gas at constant pressure 
cv specific heat of the gas at constant volume 
d. coefficient in the expansion of the angular frequency of oscillation, 

eq. (3.29) 
i, unit vector in radial direction 
i" unit vector in x-direction 
Îy unit vector in y-direction 
i0 unit vector in tangential direction 
kg heat transfer coefficient of the gas 
kn coordinate describing a cavity shape, eq. (2.1) 
n unit normal vector at cavity surface 
p vector describing the parameters 
q vector describing the coordinates 
q1 generalized velocities q0 u, q1 = R, 4n à. (n ";?; 2) 
r spherical coordinate measured from centre of cavity 

dimensionless radius of small radial oscillations, eq. (3.21) 
r, location of cavity surface, eq. (2.7) 
t time 
u translational velocity 
u* dimensionless translational velocity 
ui liquid velocity at jet impact, eq. (4.11) 
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un correction of the angular resonance frequency of the n-shape oscil
lation by the translational velocity u0 , eq. (3.36) 

u0 translational velocity at equilibrium shape 
Llu0 change in translational velocity during passage of the shock wave, 

eq. (5.30) 
v velocity of liquid at a point 
v c velocity of the cavity surface 
vd velocity of the cavity surface due to distortion 
v0 velocity of the centre O' or of the liquid at infinity 
Llv0 velocity change of the liquid during passage of the shock wave, eq. 

(5.17) 
v, velocity in radial direction 
i 1

0 velocity in tangential direction 
x coordinate of the system with centre O' 
Llx small displacement in x-direction 
Xn coefficient in eq. (D.l) 
Xz coordinate of the centre of mass of the cavity 
y coordinate of the system with centre O' 
Yn coordinate describing the cavity shape, eq. (3.33) 
Yno equilibrium value of Yn 
Yni first solution of Hill's equation, eq. (3.47) 
Ynz second solution of Hill's equation, eq. (3.47) 
z variable twt 
A surface of cavity 
A 0 some reference surface of cavity 
Ác surface of cavity, eq. (2.51) 
A 00 surface of a sphere approaching infinity 
B genera! matrix, eq. (2.27) 
C cavitation number LIP/!eu0

2 

F function describing surface of cavity F = r- rs 
force on cavity in x-direction, eq. (5.3) 

I Kelvin impulse 
J part of the kinetic energy T 
L Lagrangian 
M added mass of a solid according to the translational velocity 
Me mass of the cavity 
MIJ generalized mass 
0 centre of the cavity 
O' centre of a coordinate system, fig. 2.1 
P pressure at a point in the liquid 
Pc pressure in liquid at cavity surface 
P 1 pressure of gas in cavity 
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Pn Legendre polynomial 
P 0 equilibrium value of P; 
P 00 pressure in liquid at infinity 
P 000 value of P 00 at equilibrium state 
R radius of cavity 
L1R small displacement of R 
L1R velocity change of radius during passage of the shock wave, eq. 

(5.28) 
R* dimensionless radius R/ R0 

R0 equilibrium value of R 
R 1 radius at jet impact, eq. (4.11) 
T kinetic energy of the system, eq. (2.35) 

period time of oscillation 
T' part of the kinetic energy T 
TR period time of oscillation of Rayleigh's equation 
U potential energy 
V volume of cavity 
V0 some reference volume of cavity 
We Weber number e u0

2 R0 /a 
Yk a summation, eq. (2.29) 
Ynj an integral, eq. (2.30) 
Z function describing the cavity shape, eq. (2.20) 
IX angle, eq. (C.l) 

dimensionless quantity P 000 R 0 /2a 
decay exponent, eq. (3.60) 

IX* dimensionless quantity P 0 R 0 /2a 
fJ dimensionless quantity M/Mc 
y parameter in the equation of state, eq. (3.19) 
15 dimensionless quantity, eq. (3.25) 
e a small quantity 

a pressure step P co/P roo 

e average pressure step in the experiment 
e* a pressure step p oo/P 0 

r; cos e 
e spherical coordinate 
B2 i coefficients of Hill's equation, eq. (3.40) 
Àg acoustic wavelength in gas 
µnJ exponent of nth coordinate and the jth frequency of the solution 

of Hill's equation 
v kinematic viscosity of liquid 

density of liquid 
density of gas 
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<1 surface tension 
<1n angular resonance frequency of the n-shape oscillation, eq. (3.35) 
w angular frequency of oscillation, eq. (3.29) 
w0 angular resonance frequency of radial pulsations, eq. (3.24) 
rf> velocity potential, eq. (2.34) 
rf> 1 part of the velocity potential rf> 

r/>2 part of the velocity potential 4' 
r dimensionless quantity, eq. (3.45) 
II dimensionless quantity, eq. (3.45) 
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Summary 

This thesis investigates how the shape of a translating gas bubble changes 
due to a sudden pressure rise in the liquid. Considerable interest bas been shown 
in the dynamics of bubbles in the last two decades, to find an explanation for 
e.g. cavitation damage and the influence of pressure variations in bubbly mix
tures. We have, however, paid no attention to bubble generation as, for example, 
by a local pressure drop or temperature rise. 

We have assumed a gas bubble with translational velocity in a liquid which 
is infinite, incompressible and non-viscous. The liquid is taken as being incom
pressible because the liquid velocities are usually lower than the speed of sound 
in the liquid, and inviscid because the time scale we are looking at is so small 
that the influence of viscosity may be neglected. The bubble shape is presented 
by a series of Legendre polynomials with an as coefficients. 

In chapter 2 the equations of motion are derived. First the velocity potential 
of the liquid is determined, as a function of the translational velocity u and the 
rate of deformation of the bubble, with coefficients as a series of the radius R 
and the perturbation terms an. Then the kinetic and potential energies of the 
system are calculated, and by using Lagrange's principle a set of differential 
equations of the motion of the bubble is obtained. These equations are non
linear and coupled. 

From these equations, in chapter 3 the dependence of the equilibrium shape 
of the bubble on its translational velocity is expressed in a progression of Weber 
numbers. Further we investigated whether the bubble behaviour is stable or 
unstable after a sudden rise of the equilibrium pressure of the liquid. The 
differential equations are linearized in an; by substituting the solution of the 
radius R which is expressed in a Fourier series into these equations they are 
transformed to a set of equations of the Hill-type. In principal, the solution of 
these equations is known. We have determined the domains of instability as a 
function of the pressure step and the radius R, with parameters: pressure, surface 
tension and density of the liquid, and the thermodynamic behaviour of the 
bubble gas. For a pressure rise sufficiently large to cause bubble instability, the 
damping influence of the viscosity may not be neglected. This changes the 
domain of instability which can be described by a simple equation. 

In chapter 4 some examples are given for different pressure rises and trans
lational velocities. 

The bubble shape resulting from a pressure rise is calculated numerically. 
The differential equations used include the second-order terms of a2 • It is shown 
that an initial translational velocity of the bubble can lead to the formation of 
a liquid jet. 

In chapter 5, a description is given of an experimental set-up at the Technica} 
University in Eindhoven, in which the behaviour of a rising air bubble in water 
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hit by an acoustic pressure step can be filmed. As the step passes the bubble, 
both the translational velocity and the bubble surface velocities change. These 
changes which depend on the pressure pulse and the initial bubble shape, are 
calculated. With these new initia! conditions the bubble shape can be calculated 
numerically and compared with the photographic results of the experiment. The 
agreement between numerical and experimental results is good. 
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Samenvatting 

In dit proefschrift is onderzocht hoe de vormverandering van een gasbel met 
translatiesnelheid is ten gevolge van een plotselinge drukverhoging in de vloei
stof. De belangstelling in de invloed van bellen op hun omgeving is de laatste 
decennia duidelijk toegenomen, om een verklaring te vinden voor o.a. cavitatie
erosie en de invloed van drukvariaties in een bellenmengsel. Wij hebben hier 
geen aandacht besteed aan het ontstaan van bellen zoals bijv. door een lokale 
drukverlaging of temperatuursverhoging. 

We gaan uit van een gasbel met translatiesnelheid in een oneindige, incom
pressibele, niet-viskeuze vloeistof. De vloeistof wordt incompressibel genomen, 
omdat de vloeistofsnelheden meestal lager zullen zijn dan de geluidssnelheid 
van de vloeistof; en niet-viskeus omdat de tijdschaal waarin we kijken zo klein 
is dat viscositeitsinvloeden verwaarloosd kunnen worden. De belvorm wordt 
voorgesteld door een reeks Legendre-polynomen met an als coëfficiënten. 

In hoofdstuk 2 worden de bewegingsvergelijkingen afgeleid. De snelheids
potentiaal van de vloeistof is bepaald als een functie van de translatiesnelheid u 
en van de vervormingssnelheid van de bel met als coëfficiënten een reeks met de 
straal R en de stoortermen an. De kinetische en potentiële energieën van het 
systeem zijn berekend, zodat door het toepassen van het principe van Lagrange 
een stelsel differentiaalvergelijkingen voor de beweging van de bel wordt ver
kregen. Deze vergelijkingen zijn niet-lineair en gekoppeld. 

In hoofdstuk 3 is uit deze vergelijkingen de evenwichtsvorm van de bel be
paald, die dan een functie is van de translatiesnelheid en algemener uitgedrukt 
kan worden in het getal van Weber. 

Daarna is onderzocht of de bel een stabiel of instabiel gedrag heeft, als de 
evenwichtsdruk van de vloeistof plotseling verandert. 

Daartoe worden eerst de differentiaalvergelijkingen gelineariseerd wat be
treft de termen an; vervolgens worden deze, door substitutie van de oplossing 
van de straal R die uitgedrukt is in een Fourier-reeks, getransformeerd tot een 
stelsel vergelijkingen van het Hill-type. Hiervan is de oplossing in principe be
kend. We hebben zodoende instabiliteitsgebieden bepaald als functie van de 
drukstap en de belstraal R met als parameters de druk, oppervlaktespanning en 
dichtheid van de vloeistof en het thermische gedrag van het belgas. Voor een 
drukstap die juist hoog genoeg is om instabiliteit te veroorzaken mag echter de 
dempende invloed van de viscositeit niet verwaarloosd worden. Dit resulteert 
in een ander instabiliteitsgebied die door een eenvoudige relatie kan worden 
beschreven. 

In hoofdstuk 4 worden enkele voorbeelden gegeven voor verschillende druk
verhoudingen en translatiesnelheden. De belvorm, die optreedt t.g.v. een druk
stap, wordt numeriek bepaald. De differentiaalvergelijkingen zijn daartoe uit
gebreid met de 2e orde termen van a2 • Aangetoond wordt, dat het mogelijk is 
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ten gevolge van een initiële translatiesnelheid van de bel, een vloeistofstraal te 
krijgen, die de oorzaak van cavitatie-erosie kan zijn. 

In hoofdstuk 5 wordt een beschrijving gegeven van een meetopstelling van 
de Technische Hogeschool te Eindhoven waarin een opstijgende luchtbel in 
water, die getroffen wordt door een akoestische drukstap, gefotografeerd wordt. 
Gedurende het passeren van de drukstap over de bel veranderen zowel de trans
latiesnelheid als de snelheid van het beloppervlak. Er wordt aangetoond hoe 
deze uit de drukstaphoogte, de snelheid van de drukstap en de belvorm bepaald 
kunnen worden. Met deze begincondities kan de belvorm numeriek worden 
berekend en vergeleken met de resultaten van het experiment. De overeenkomst 
tussen numerieke en experimentele resultaten is zeer bevredigend. 
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Teneinde te voldoen aan het verzoek van de Senaat volgt hier een korte 
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STELLINGEN 

W.A. H. J. Hermans 15 juni 1973 



1 

De door Benjamin en Ellis gegeven oorzaak van vloeistofstraalvorming bij 
bellen in een van hun experimenten is niet juist. Gedurende de expansie van 
de nucleïde tot een bel krijgt deze laatste ten gevolge van de zwaartekracht 
een translatiesnelheid. Deze snelheid is de oorzaak van een snelle vloeistof
straal. Zie ook dit proefschrift § 5.5. 

Benjamin, T. B" Ell is, A. T., Phîl. Trans. Soc. London A 260, 221, 
1966. 

II 

De bewegingsvergelijkingen door Y eh afgeleid voor een enkele gasbel met 
translatiesnelheid zijn onjuist. 

Yeh, H.C., Ph.D. Thesis, Univ. of Mîchigan, 1967. 

111 

De door Abraham berekende wateropbrengst door een luchtbellengordijn is 
twijfelachtig. Abraham houdt geen rekening met de relatieve beweging van de 
bellen ten opzichte van het water. 

Abraham, G., De Ingenieur 12, 09, 1972. 

IV 

Om de fabrikagekosten van een werktuigbouwkundig systeem te verlagen, 
welke kosten voor 70 % bepaald worden door de uitgangspunten voor het ont
werp van dat systeem, lijkt een relatieve verhoging van de zuivere ontwerp
kosten, die nu geschat worden op 2,5 % van de fabrieksverrekenprijs, de voor
keur te verdienen boven de methode, zoals door Simon voorgesteld. 

Simon, R., Diss" T. H. Aachen, 1968. 

v 
De merkbare trend om constructeurs maatschappelijk lager te beoordelen dan 
andere medewerkers van gelijk opleidingsniveau, vermindert de animo voor 
dit beroep; dit zal economisch nadelig zijn. 

VI 

Ofschoon bij een instabiele bel de vervorming groot kan worden, kan het volume 
toch beschreven worden met de straal R, die een oplossing is van de Rayleigh
vergelijking. 



VII 

Algemeen wordt aanvaard, dat cavitatie-erosie veroorzaakt wordt door vloei
stofstralen, die ontstaan bij implosie van dampbellen in de nabije omgeving 
van een vaste wand. Het is waarschijnlijk te veronderstellen dat de drukpiek, 
die ontstaat bij inslag van de straal en die afgeschat kan worden met de water
slagvergelijking, de cativatie-erosie veroorzaakt. Hierbij zal de relatieve snelheid 
van de bel ten opzichte van de vloeistof een belangrijke rol spelen om een 
vloeistofstraal van voldoende snelheid te verkrijgen. De verklaring van Plesset 
en Chapman dat hierbij de tijdsduur van de drukpiek de belangrijkste faktor 
is, is twijfelachtig. 

Plesset, M. S" Chapman, R. B., Univ. of Michigan, Coli. of 
Eng" Rep. 85-49, 1970. 

VIII 

Volgens Plesset en Mitchell is bij een konstant drukverschil een expanderende 
bel stabiel en een imploderende bel niet. Echter bij een oscillerend belvolume 
ten gevolge van een drukstap zal de instabiliteit zich manifesteren gedurende 
de expansie van die bel. 

Plesset, M. S" Mitchell, T. P" Quart. appl. Math.13, 419, 1956. 

IX 

Bij een analytische benadering van belinstabiliteiten mag de oppervlaktespan
ning niet verwaarloosd worden. 

Chernykh, E. M" Mekh. Zhidk. i Gaza 1, 38, 1967. 

x 
Het is te betreuren dat er in enige landen van de E.E.G. door de overheid op 
grote schaal reklame gemaakt wordt om het gebruik van elektrische energie te 
stimuleren. 

XI 

Een "detailtekening" van een werktuigbouwkundig systeem moet meer gericht 
zijn op de fabrikagemethode dan op de mogelijkheid om een eenmaal gereed 
produkt te kunnen kontroleren. Hierdoor kan het tussentrajekt tekenen-werk
voorbereiding in het trajekt ontwerpfabrikage verkort worden. 

XII 

Het is gewenst een onderzoek in te stellen naar het percentage van de be
roepsbevolking in de z.g. ontwikkelde landen, dat geheel of gedeeltelijk is 
betrokken bij het geldverkeer (banken, verzekeringen, kassières e.d.). 


