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The 3-partition problem admits a straightforward formulation as a 0-1 Integer
Linear Program (ILP). We investigate problem instances for which the half-integer
relaxation of the ILP is feasible, while the ILP is not. We prove that this only
occurs on a set of at least 18 elements, and in case of 18 elements such an instance
always contains an element of weight ≥ 10. These bounds are sharp: we give all 14
instances consisting of 18 elements all having weight ≤ 10. Our approach is based
on analyzing an underlying graph structure.

1 Introduction

Given a set of 3k elements A = {a1, . . . , a3k} with weights w(a1), . . . , w(a3k). We ask if there
is a partition into k triples, each with sum c =

∑
a∈Aw(a)/k. This problem is called the

3-partition problem (3-PART), and is well-known to be NP-complete [2].
A straightforward approach to answer this is: first determine the set C of all candidate sets.

That is, all sets C ⊆ A such that: the set has three elements |C| = 3 and the sum of the
set
∑

a∈C w(a), which we will abbreviate with w(C), is c. We denote all such sets as C. Now
3-PART can be reformulated as finding k of these candidate sets in such a way that every
element occurs exactly once in a chosen candidate set.

A solution of 3-PART is defined to be a selection of candidate sets represented by a mapping

f : C → {0, 1} such that:
∑

C3a
f(C) = 1 for all a ∈ A, (1)

in which the sum runs over all C ∈ C containing a.
This expresses the NP-hard problem 3-PART as an integer linear program (ILP). If we

extend the range of f to the real interval [0, 1], we obtain a linear program (LP) in polynomial
time, which is polynomially solvable. Assuming P 6= NP , there exist 3-PART instances that
have a solution to the LP, but are not feasible. Finding such an instance was stated as an
open problem in [6]. We found several such 3-PART instances. Most of them had half-integral
solutions, that is, the range of f is contained in {0, 12 , 1}. Such instances without integer but
having half-integral solution we will call nearly-feasible. Every half-integral solution coincides
with a solution of the following ILP problem (by multiplying by 2): find a mapping

g : C → {0, 1, 2} such that:
∑

C3a
g(C) = 2 for all a ∈ A, (2)
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in which again the sum runs over all C ∈ C containing a.

Definition 1.1. We say that a 3-PART instance is nearly-feasible if C is such that the prob-
lem (2) has a solution, while the problem (1) does not.

We will present all nearly-feasible instances for which k = 6 elements and all numbers are
≤ 10, and prove:

• Every nearly-feasible instance has k ≥ 6.

• Every nearly-feasible instance with k = 6, contains a number being at least 10.

The analysis of nearly-feasible instances is guided by its underlying graph structure. In
Section 2, the underlying graph structure is analyzed, yielding the lower bound k ≥ 6 for
nearly-feasible instances. Moreover, for all 14 possible multigraphs for k = 6, corresponding
instances are given. In Section 3, minimal values for the case k = 6 are investigated.

2 Nearly-feasible instances with minimal k

In this section, we prove that every nearly-feasible instance has k ≥ 6 and show that this
bound is tight. For this, we construct a multigraph (V,E) corresponding to any solution g
of (2) defined by

V = {C ∈ C | g(C) = 1} , E(
{
C,C ′}) =

∣∣C ∩ C ′∣∣ (3)

So the vertices are the candidate sets for which g(C) = 1; since (1) has no solution by definition
of nearly-feasible, there are such candidate sets and V 6= ∅. The number of edges between two
such vertices is given by the number of elements the two candidate sets have in common. This
multigraph is called the solution graph of g.

Lemma 1. Let g be a solution to a nearly-feasible instance with minimal k, and (V,E) the
solution graph of g. Then:

1. (V,E) is cubic, that is: ∀C ∈ V. ∑C′ 6=C E({C,C ′}) = 3.

2. (V,E) is connected

3. |V | = 2k

4. The candidate sets corresponding to any k − 1 vertices are not disjoint

For a proof we refer to our full paper [5].
We investigated the graphs with the properties of Lemma 1 using genbg from the nauty-

package to generate connected cubic graphs. Details about this tool can be found in [7]. The
generated graphs were tested the graph for independent sets using a Haskell program that ran
in just a few seconds. This yielded the following lemma:

Lemma 2. Every connected cubic multigraph on 2k points has an independent set of size k−1
for k ≤ 5. There are, up to isomorphism, 14 connected cubic multigraphs on 12 points with no
independent set of size 5.

By Lemma 2 and Lemma 1, we obtain:

Theorem 1. Every nearly-feasible instance has k ≥ 6.
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For each of the 14 multigraphs we found an instance for which the 12 candidate sets corre-
sponding to the vertices in the graph are the only candidate sets, that is, every other triple of
elements has a sum unequal to c. We found these within seconds of runtime with the SMT-
solver Yices using the theory of linear inequalities. Details about Yices can be found in [1].
We required w(C) = 1, and scaled the solution back to integers. The found solutions can be
drawn as described by (3). This gives a nice graphical representation which can be found in
our full paper [5].

3 Nearly-feasible instances with low weights

We prove that every nearly-feasible instance with k = 6 contains an element with weight at
least 10, by enumerating 3-PART instances with 18 elements and all weights ≤ 10. We selected
those where (1) has no solution while (2) does, using the following observations to reduce the
computation time:

1. Without loss of generality, we generate instances with weights in increasing order, starting
at 0, and their sum a multiple of k = 6.

2. If m is the highest weight in an instance in which the sum per set is c, replacing weight
w(i) with m− w(i) for all elements i creates another instance in which the sum per set
is 3m− c. Therefore, we only generate instances where 2c ≤ 3m.

3. In a nearly-feasible instance of 18 elements, every element occurs in at least 2 candidate
sets. Therefore, we only proceed with instances for which this holds.

This way, 701827 instances remained to be checked. We run simplex (using the GLPK package),
which should give a solution for the instances for which (2) has a solution. Most of them have
no LP-solution, by which 197110 instances remain. Inspecting the LP-solutions, we remove
the instances where a 1 occurs in a half-integral solution, as by Theorem 1 those instances are
not nearly-feasible. Of the remaining instances, only 7 remained for which (1) has no solution.
All of these were nearly-feasible. We show these instances in the following table on the left,
and on the right those found using the trick stated in number 2.

0,0,1,1,1,2,2,2,4,4,4,5,5,5,8,8,10,10 0,0,2,2,5,5,5,6,6,6,8,8,8,9,9,9,10,10

0,0,1,1,1,2,3,3,4,4,4,4,4,6,6,9,10,10 0,0,1,4,4,6,6,6,6,6,7,7,8,9,9,9,10,10

0,0,1,1,2,2,2,2,4,4,4,5,5,5,8,8,9,10 0,1,2,2,5,5,5,6,6,6,8,8,8,8,9,9,10,10

0,1,1,1,2,2,2,4,4,4,4,4,5,5,5,8,10,10 0,0,2,5,5,5,6,6,6,6,6,8,8,8,9,9,9,10

0,1,1,1,2,2,3,3,3,4,4,4,6,6,6,6,10,10 0,0,4,4,4,4,6,6,6,7,7,7,8,8,9,9,9,10

0,1,1,1,2,3,3,3,4,4,4,4,4,6,6,6,10,10 0,0,4,4,4,6,6,6,6,6,7,7,7,8,9,9,9,10

0,1,1,2,2,2,2,4,4,4,4,4,5,5,5,8,9,10 0,1,2,5,5,5,6,6,6,6,6,8,8,8,8,9,9,10

These and all its permutations are the only nearly-feasible instances of 18 elements with
weights ≤ 10. In particular, we proved the following.

Theorem 2. Every nearly-feasible instance with k = 6, has an element with weight 10 or
higher.

In the seven nearly-feasible instances on the left, candidate sets have a sum of c = 12. In the
right half, c = 18. We have verified that there are no feasible instances with k = 6 featuring
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candidate sets with a sum of c = 11 using the approach mentioned here. Hence in the sense of
c, the seven left instances are minimal as well.

A logical generalization to (2) parametrized by M ≥ 2 is: find a mapping

g : C → {0, . . . ,M} such that:
∑

C3a
g(C) = M for all a ∈ A, (4)

The nearly-feasible instances presented until now turn out not to satisfy (4) for M odd. How-
ever, instances exist that have a solution to (4) for every M ≥ 2, but not to (1) (or M = 1), for
example: 0, 0, 0, 1, 1, 2, 3, 3, 4, 4, 4, 4, 4, 6, 6, 9, 10, 11. This was checked by showing that (4) has
a solution for both M = 2 and M = 3 (and not for M = 1); a solution to (4) for any M > 3
is obtained by taking a linear combination of the solutions for M = 2 and M = 3.

Also instances exist that have a solution to (4) for M = 3, but not for M ≤ 2, for exam-
ple: 0, 0, 1, 1, 2, 2, 4, 4, 5, 5, 5, 5, 5, 7, 7, 11, 13, 13. For such instances, the structure is not well
understood, and it is unknown what the least size of such instances could be.

Our notion of nearly-feasible also applies to two other NP-complete problems taken from
the book of Garey and Johnson [3]. Every instance of 3-PART can be seen as an instance
of exact cover by 3-sets. An exact cover by 3-sets instance is given by a collection C of 3-
element subsets of some set A with |A| = 3k. The instance is feasible if one can pick k of
the 3-element subsets in C such that every element in A is picked exactly once. For such
problems we can define the same notion of nearly-feasible instance. In this setting, already
nearly-feasible sets for k = 2 exists. For example, taking 6 elements 1, . . . , 6 and four candidate
sets {1, 3, 5}, {1, 4, 6}, {2, 3, 6}, {2, 4, 5}, then the full set is not the union of two of these sets,
but by choosing all four candidate sets all elements are chosen exactly twice. The instance just
given also happens to be a 3-Dimensional matching instance. For more details and a weighted
3-Dimensional matching instance, we refer to [4].
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