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Nomenclature

χ minimal curve

γ curve in a phase space

Λ diagonal matrix of eigenvalues

ξ Cartesian coordinates

D diffusion tensor

ei tensor eigenvector

F escape point

G metric tensor

p momentum

q wave vector

R displacement vector

S signal

x position

∆ time separation

δ time duration

δ
x

1
x

1 difference approximation of the

second derivatives with respect

to x
1

δ
x

1 difference approximation of the

first derivatives with respect to x
1

γ gyromagnetic ratio of proton

Γ
α
βγ Christoffel symbols

λi tensor eigenvalue

E orthogonal matrix of eigenvec-

tors

C curve

F norm function

P Legendre polynomials

T Euclidean length

g diffusion gradient direction with

magnitude

µ
x

1 averaging operator

Ω computational domain

Ωp phase space

∂Ω computational boundary

σ artificial viscosity

τ arc length

dx differential displacement

P̃n inverse of the n
th

order tensor

b diffusion weighting factor

D diffusion coefficient

E signal attenuation

H Hamiltonian

J length functional

L Lagrangian

M manifold



vi Nomenclature

m connectivity measure

P probability density function

Pn representation of ODF using n
th

order tensor

r radius

T traveling distance

t time

TxM tangent space at position x

V validity index measure

Yℓm Angular part of spherical har-

monics



List of Terms

ADC apparent diffusion coefficient

DT(I) diffusion tensor (imaging)

DWI diffusion weighted image/imaging

EL Euler-Lagrange

FA fractional anisotropy

HARDI high angular resolution diffusion imaging

HJ Hamilton-Jacobi

RT ray tracing

MRI magnetic resonance imaging

ODF orientation distribution function

PDD principal diffusion direction

PDE partial differential equation

PDF probability density function

ROI region of interest

SNR signal to noise ratio

TEND tensor deflection

SU speed up

HOT higher order tensor

SH spherical harmonics

IVP initial value problem

RK Runge-Kutta



viii Contents



Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Software Contributions . . . . . . . . . . . . . . . . . . . . . . 5

2 Background 7

2.1 Brain Structure . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Diffusion Process . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Diffusion Weighted MRI . . . . . . . . . . . . . . . . . . . . . 14

2.4 Diffusion Tensor Imaging (DTI) . . . . . . . . . . . . . . . . . 16

2.5 High Angular Resolution Diffusion Imaging . . . . . . . . . . . 21

2.6 Tractography . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.6.1 DTI Tractography . . . . . . . . . . . . . . . . . . . . 27

2.6.2 HARDI Tractography . . . . . . . . . . . . . . . . . . 33

2.7 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 Mathematical Models 37

3.1 Tensor Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 Riemannian Geometry . . . . . . . . . . . . . . . . . . . . . . 39

3.3 Governing Equations . . . . . . . . . . . . . . . . . . . . . . . 41

3.4 Geodesics for Tractography . . . . . . . . . . . . . . . . . . . . 45

3.5 Finsler Geometry . . . . . . . . . . . . . . . . . . . . . . . . . 48



x Contents

3.6 Geodesic Equations for the Finsler Metric . . . . . . . . . . . . 53

4 Hamilton-Jacobi Based Tractography for DTI 55

4.1 Discretization Scheme for the HJ Equation . . . . . . . . . . . . 56

4.2 Iterative Method . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.3 Processing the DTI Field . . . . . . . . . . . . . . . . . . . . . 61

4.4 Connectivity Measure . . . . . . . . . . . . . . . . . . . . . . . 65

4.5 Numerical Results for Synthetic Fields Using HJ Equation . . . 68

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5 Ray Tracing Method for DTI 75

5.1 Numerical Model for Two-Point Ray Tracing . . . . . . . . . . 76

5.2 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . 79

5.2.1 Analytical Tensor Field . . . . . . . . . . . . . . . . . . 80

5.2.2 Synthetic Tensor Field . . . . . . . . . . . . . . . . . . 81

5.3 Numerical Model for Ray Tracing . . . . . . . . . . . . . . . . 84

5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.4.1 Curved fibers reconstruction . . . . . . . . . . . . . . . 86

5.4.2 Crossing Fibers Reconstruction . . . . . . . . . . . . . 89

5.5 GPU Based Ray Tracing for DTI . . . . . . . . . . . . . . . . . 95

6 Ray Tracing Method for HARDI 103

6.1 Numerical Model . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.1.1 Geodesic Equations . . . . . . . . . . . . . . . . . . . . 105

6.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7 Conclusions and Future Work 115

A Conversion between SH Coefficients and HOT 119



1
Introduction

1.1 Motivation

In recent years, non-invasive techniques for collecting detailed information of

brain anatomy have been developed greatly. These techniques provide unique

tools for understanding and diagnosis of many brain related abnormalities which

was not possible before. The brain white matter is responsible for communica-

tion between various functional regions of the brain. Due to the fibrous structure

of white matter, diffusion of water molecules is dominant in the direction of

the fibers. Diffusion and its directional variation can be measured by diffusion

weighed magnetic resonance imaging (DW-MRI).
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By acquiring DW-MR images in different directions, it is possible to estimate

a 3 × 3 positive-definite symmetric second-order tensor, the so-called diffusion

tensor. The eigenvector corresponding to the largest eigenvalue of this tensor is

considered to point in the direction of the fiber tracts [15–17]. Diffusion tensor

imaging (DTI) is an specific DW-MRI methodology which has been introduced

first by Basser [17] to explore the anatomical fibrous structures. For example,

DTI enables the identification of white matter microstructural changes in several

neurological conditions such as Alzheimer and Autism [25, 59, 77, 95, 120]. It

also allows the construction of white matter tracts which are essential to under-

stand the structural network of the brain. White matter reconstruction is also

important for brain surgery techniques, e.g., to avoid damaging the fiber bundles

that are relevant for fundamental brain functions.

Tractography methods use the diffusion tensor (DT) field to reconstruct the

corresponding fibrous structure. In the most commonly used tractography al-

gorithms, i.e., streamline based methods, the fibers are estimated by using the

principal direction of the diffusion tensor [14, 97, 99, 155]. However, the princi-

pal direction is not always well defined either due to noise, or due to the presence

of crossing fibers. Furthermore, streamline methods are based on local charac-

teristics and therefore sensitive to noise. A possible solution to resolve these

limitations of classic tractography, is to apply more global approaches such as

geodesic based algorithms [29, 72, 86, 88, 109, 134]. These class of tractography

methods trace geodesics (shortest paths) on a Riemannian manifold whose met-

ric is defined as a function of the DT. These methods are more robust to noise

than more commonly used methods where just the principal direction of the DT

is considered. Until now, geodesic based methods were not able to resolve all

geodesics, since they solved the Hamilton-Jacobi (HJ) equation, and therefore

were not able to deal with multi-valued solutions [37,38,56,91,117]. The multi-

valued solutions become relevant in regions with sharp anisotropy and complex

geometries, or when the first arrival time does not describe the geodesic close to

the anatomical fibrous structure. This issue becomes important for tractography

applications where multiple geodesics or fibers connect two given regions inside
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a domain. For instance, a tumor can push the fibers away, hence, there maybe

multiple paths which are connecting two regions. Furthermore, it is known that

some structures (i.e., Broca and Wernicke) have multiple path connections [111].

Therefore, Hamilton-Jacobi based tractography suffers from the stated deficiency

that it singles out a preferred geodesic that does not necessarily correspond to the

desired geodesic in case of multiple geodesic connections.

One of the goals of this thesis is to investigate more carefully the short-

comings of the HJ based tractography and to develop an algorithm that over-

comes these shortcomings and computes multi-valued solutions. In order to

compute these multiple solutions we introduce an Euler-Lagrange (EL) form

of the geodesic equations. We formulate a ray tracing (RT) based method for

computing the multi-valued solutions of these equations.

A well-known limitation of DTI is the failure of this model to describe the

correct diffusion profile in areas with multiple fiber orientations [2,40,152]. High

angular resolution diffusion imaging (HARDI) and its corresponding modeling

techniques have been developed to overcome this limitation [138, 140]. The

models applied to HARDI data result in a function on the sphere that gives infor-

mation about the diffusion profile within the voxel. In general, the diffusion pro-

files are assumed to have local maxima in the directions of the underlying fiber

tracts. Similar to geodesic based tractography for DTI, all presented algorithms

in HARDI tractography [29,112,115] are only considering the single-valued so-

lution by solving the HJ equation. We extend our DTI tractography technique

for a HARDI model. Our technique is based on minimizing the length using the

geodesic equations in the more general space known as Finsler geometry.

We evaluate all the presented algorithms for brain DTI and HARDI data, as

well as for synthetic data.

1.2 Thesis Outline

This thesis is structured as follows:
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Chapter 2 discusses briefly the brain anatomy, white matter and its major

fiber bundles. It also covers the concepts of isotropic and anisotropic diffusion

and how it is affected in fibreous structures. The principals of measuring the

probability density function from the signal and diffusion weighted MRI are de-

scribed. The concepts of diffusion tensor imaging and HARDI using the DW

images are explained. Finally, a review of key publications on tractography for

DTI and HARDI are given.

Chapter 3 describes the main concepts of Riemannian geometry and its use

for reconstructing connections in a metric space where the metric tensor is based

on the diffusion tensor. Different mathematical models to compute geodesics are

formulated, and their connections to DTI and HARDI are presented. Extended

derivations of these mathematical models are provided to better understand the

differences between these techniques. Finsler geometry is described, which ex-

tends Riemannian geometry to directionally dependent metrics with a Finsler

metric defined in terms of HARDI higher order tensors. The Euler-Lagrange

form of the geodesic equations is formulated in the Finsler space for the specific

choice of the Finsler metric.

Chapter 4 presents a proper numerical scheme for computing geodesics us-

ing the HJ equation. The discretization scheme is described for a general Hamil-

tonian and the fast sweeping method for solving the discretized HJ equation.

Shortcomings of HJ based tractography method for both synthetic and human

brain data are reported.

Chapter 5 formulates the Euler-Lagrange equations for a given metric. The

two-point ray tracing algorithm for computing the geodesics connecting a given

initial point to a given end point is described. A ray tracing tractography tech-

nique is presented for computing the multi-valued solutions of the EL equations

for a given initial point and given regions. Tractography results are presented,

using this model for synthetic data and human brain DTI. In order to decrease

the computational time for this algorithm, a parallel algorithm is presented using

a Graphics Processing Unit (GPU) in combination with the CUDA platform by

NVIDIA.
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Chapter 6 presents the ray tracing algorithm for reconstructing the multi-

valued geodesics in Finsler space using the Euler-Lagrange form of geodesic

equations in Finsler space. The results are quantitatively analyzed to show the

potential and properties of this algorithm.

Finally, Chapter 7 states the conclusions and provides recommendations for

future work.

1.3 Software Contributions

We would like to point out that the multi-valued tractography algorithms pre-

sented in this thesis for both DTI and HARDI are available upon request in

DTITool, a visualization tool developed at the Eindhoven University of Tech-

nology [44]. The DTITool is used as the main implementation environment for

our CUDA program presented in Chapter 5, to accelerate the multi-valued DTI

tractography technique. The C++ implementation of the fast sweeping method

for solving the HJ equation presented in Chapter 4 is also available upon re-

quest. These are developed in collaboration with Evert van Aart and Iñaki Estella

Aguerri.





2
Background

2.1 Brain Structure

The nervous system functions as the body’s communication and decision center.

The central nervous system is composed of the brain and spinal cord. White

matter makes up part of the brain and spinal cord and consists mostly of myeli-

nated axons. Grey matter is a type of neural tissue which is found in the brain

and spinal cord as well. It mainly consists of dendrites and both unmyelinated

and myelinated axons; see Figure 2.1. The grey matter takes care of the pro-

cessing function whereas the white matter provides the communication between

different grey matter areas and the rest of the body.
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(a)

(b)

Figure 2.1: (a) structure of a typical neuron, (b) coronal view of a brain illustrating

white and grey matter, taken fromWikipedia and A.D.A.M., Inc.

Sensory nerves gather the information from the environment and send them

to the spinal cord. The spinal cord sends this information to the brain. The cere-

brum, also known as the telencephalon, is the largest and most highly developed

part of the human brain and the outer part of it is covered by a thin layer of grey

matter called the cerebral cortex. It is one of the most important grey matter

structures and it is the largest. It is associated with higher brain functions such as
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(a)

frontal lobe
parietal lobe

Occipital lobe

temporal

lobe

(b)

Figure 2.2: (a) Top view of the cerebral hemisphere, (b) Lateral view of the left

cerebral hemisphere. Both images are adapted fromWikipedia

thought, and it essentially forms the outer part of the brain. The cerebral cortex is

divided into four sections. Generally, these sections are referred to as lobes and

known as the frontal lobe, parietal lobe, occipital lobe, and temporal lobe. The

frontal lobe is associated with reasoning, planning, parts of speech, movement,

emotions, and problem solving. The parietal lobe is responsible for movement,

orientation, recognition and perception stimuli. The occipital lobe is associated

with visual processing and finally the temporal lobe is responsible for process-

ing of perception and recognition of auditory stimuli, memory, and speech; see

Figure 2.2. The white matter connects various grey matter areas of the brain to

each other, and carry nerve impulses between neurons.

The white matter axons are surrounded by myelin. The myelin gives the

whitish appearance to the white matter. Myelin increases the speed of transmis-

sion of all nerve signals and is distributed diffusely or concentrated in bundles.

These bundles are often referred to as tracts or fiber pathways. The three major

kinds of bundles of the white matter are projection tracts, association tracts and

commissural tracts. The projection tracts link an area of the cerebral cortex to

a lower part of the brain and with the spinal cord. One example for this class

of bundles is the corticospinal tract, as illustrated in Figure 2.4, and it mostly

contains axons traveling between the cerebral cortex and the spinal cord. The

association tracts link one area of the cortex to another within the same hemi-
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Figure 2.3: Corpus callosum from above, adapted fromWilliams et al. [153]

sphere; see Figure 2.5(a). They can be divided into short and long association

tracts. Short association tracts build up connections between regions of a given

lobe. Long association fibers establish connections between different cerebral

lobes. The major bundles belonging to long association tracts are the uncinate

fasciculus (UNC), which connects the hippocampus in the temporal lobe with the

frontal lobes and the superior longitudinal fasciculus (SLF), connecting the front

and the back part of the cortex; see Figure 2.5 and arcuate fasciculus. The other

major association bundles include inferior longitudinal fasciculus and fronto-

occipital fasciculus. The commissural tracts are connections between the two

cerebral hemispheres. The corpus callosum is the most important part of the

commissural tracts and it links posterior portions of the frontal lobes as well as

the parietal lobes; see Figure 2.1. There are other smaller commissural tracts

such as the anterior commissure, the posterior commissure and the hippocam-

pus commissure. For a more detailed view of the brain structure we refer the

interested reader to the atlas by Duvernoy et al. [45] and Mori et al. [99].
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Figure 2.4: Cross-SectionalAnatomy of theCerebrum andCorticospinal tracts, based

on Gray(1918)

2.2 Diffusion Process

It is known that a significant amount of the human body consists of water. At a

microscopic scale water molecules move freely and collide with each other. This

movement of water molecules is described as Brownian motion, which implies

that molecules in a uniform volume of water will diffuse randomly in all direc-

tions. At a macroscopic scale, this phenomenon is known as a diffusion process.

Diffusion is the thermal motion of all (liquid and gas) molecules at temperatures

above absolute zero. Depending on the medium, diffusion can be either isotropic

or anisotropic. Figure 2.6 illustrates the difference between the diffusion process

in different media. At first we concentrate on describing the concept of free or

isotropic diffusion. The probability distribution of a single molecule located at

position x0 to reach another position x1 = x0 + R after a given amount of time

t within a uniform volume of water is spherically symmetric, i.e., every direc-

tion is equally probable. This is illustrated in Figure 2.6(a). Here, R is the net

displacement.

Einstein [46] describes diffusion by relating the diffusion coefficient D that

characterizes the mobility of the molecules to the root mean square of the diffu-
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(a)

(b)

Figure 2.5: (a) Association fibers such as SLF and UNC in the cerebrum indicated by

the arrows (b) Sketch for approximate location of Uncinate and Arcuate Fasciculus,

Bundle (1) represent the SLF, (2) inferior longitudinal fasciculus, (3) fronto-occipital

fasciculus (4) Uncinate Fasciculus bundles. Adapted fromWikipedia, Gray(1918) and

Medical Gross Anatomy Atlas
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sion displacement, i.e.,

D =
1

6t
〈RT R〉. (2.2.1)

In this expression t is the diffusion time and R is the net displacement vector

R = x1−x0, with x0 the original position of a particle and x, its position after time

t . 〈〉 denotes the ensemble average. In the isotropic case, the scalar D depends

on the molecule type and the medium properties but not on the direction.

An equivalent way to describe diffusion is by using the Fick’s law of diffu-

sion. The diffusion process can be approximated as follows

∂P(R, t)

∂t
= D∇2P(R, t). (2.2.2)

where ∇2 is the Laplace operator. Here, P(R, t) represents the probability of

water molecule displacement R in time t and known as the diffusion displace-

ment probability density function (PDF). The mathematical derivations to obtain

(2.2.2) can be found in Campbell [28]. The solution to equation (2.2.2) is a

Gaussian distribution for P and is written as

P(R, t) =
1

√
4πDt

exp

(
−1

4t
RT D−1R

)
. (2.2.3)

Here, R ∈ R3 is the net displacement.

In anisotropic biological tissues, the mobility of water molecules is restricted

by obstacles formed by surrounding structures, such as the axons in the brain;

see Figure 2.6(b). It is known that myelin sheaths have a property to modulate

the anisotropy of the diffusion [19].

Several models have been proposed for the PDF of anisotropic diffusion.

Amongst these models, the most popular one is known as the diffusion tensor

(DT) model [13]. In this simplified model of water diffusion, Einsteins law

of diffusion is generalized to the anisotropic diffusion by replacing the scalar
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diffusion coefficient D in Einstein formulation (2.2.1) by a bilinear symmetric

operator D,

D =



d11 d12 d13

d12 d22 d23

d13 d23 d33


=

1

6t
〈RRT〉. (2.2.4)

Simultaneously, the equation (2.2.2) is generalized by

∂P(R, t)

∂t
= divD∇P(R, t). (2.2.5)

Here div denotes the divergence operator. The solution obtained from equation

(2.2.5) gives the diffusion PDF of water molecules, P, and the Gaussian PDF can

be written as

P(R, t) =
1√

(4πt)3|D|
exp

(
−1

4t
RT D−1R

)
. (2.2.6)

Here, |D| is the determinant of D and R ∈ R3 is the net displacement [28].

2.3 Diffusion Weighted MRI

Diffusion weighted magnetic resonance imaging (DWMRI) is an acquisition

technique to captures the average diffusion distribution of water molecules. This

technique provides a unique non-invasive tool for measuring the local character-

istics of tissues [61, 82, 100, 150]. The first diffusion weighted imaging (DWI)

acquisition was done by Taylor et al. [131] using a hens egg as a phantom in a

small bore magnet. Later, Le Bihan et al. [85] applied the first DWI acquisition

for the human brain on a whole body scanner.

To obtain diffusion-weighted images, a pair of strong gradient pulses which

define the direction in which the diffusion is measured is applied. The sequence

commonly used for this purpose is the so called Stesjkal-Tanner sequence [128].
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Figure 2.6: The arrows indicates possible trajectories which molecule may pass start-

ing from the origin. In the presence of barriers, e.g. axons, diffusion is restricted in

certain directions.

The first pulse dephases the spins, and the second pulse rephases the spins, if

no net movement occurs. If net movement of spins occurs between the gradient

pulses, signal attenuation occurs. The degree of attenuation depends on the mag-

nitude of molecular translation and diffusion weighting. The amount of diffusion

weighting is determined by the strength of the diffusion gradients, the duration

of the gradients, and the time between the gradient pulses [32].

In order to compute the diffusion coefficient, we first compute the reference

signal S 0, which is the measured signal without gradient pulses. If the diffusion

probability distribution is assumed to be Gaussian then, the attenuated signal

of the Stesjkal-Tanner sequence in relation to D is specified by the following

relation,

S (y) = S 0e−by
T

Dy, (2.3.1)

where y is a unit vector in the diffusion gradient direction and S (y) is the signal

associated with the gradient direction. Here b represents the so-called b-value
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and is the diffusion weighting factor depending on scanner parameters, it was

proposed by Le Bihan et al. [85] specified as follows

b = γ2δ2|g|2
(
∆ − δ

3

)
. (2.3.2)

Here, |g| is the magnitude of the diffusion gradient pulse, δ its duration, ∆ the

time separating two pulses and γ is the gyromagnetic ratio of the proton. The

term D = yT Dy is known as the apparent diffusion coefficient (ADC). The ADC

in anisotropic tissues varies depending on the direction y in which it is measured;

see Figure 2.7. The relation E(y) = S (y)/S 0 is the signal attenuation. A low

ADC corresponds to high E, and a high ADC to low E on diffusion-weighted

images. Note also the importance of the b-value that has to be appropriately

tuned with respect to the ADC to avoid either a very low signal attenuation if b

is too small or a poor signal to noise ratio (SNR) if the b-value is too high.

Diffusion-weighted images are useful when the tissue of interest is dominated

by isotropic water movement such as grey matter in the cerebral cortex where the

diffusion rate appears to be the same along any axis. Therefore, it is for example

applicable to diagnose vascular strokes in the brain. However, in the cases where

the direction of diffusion is important the resulting image using this technique

is difficult to interpret directly and does not provide much information about the

underlying fibrous structure.

2.4 Diffusion Tensor Imaging (DTI)

To model the intrinsic diffusion property of biological tissues, Basser et al. pro-

posed to fit the DWI data to a diffusion second order symmetric and positive-

definite tensor D [15–17]; see Figure 2.8. This is in fact the same diffusion

tensor (DT) as introduced earlier in Einsteins equation (2.2.4) for anisotropic

diffusion.

In order to obtain the six unknown coefficients of D, DTI needs a minimum

of six DW images S (y) in different gradient directions and one reference image
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Figure 2.7: Diffusion weighted images with three different acquisitions. Note the

differences in contrast as the gradient direction is changing. Arrows indicate the

gradient directions. Adapted from Campbell [28].

S 0 acquired without any diffusion weighting (b = 0 s/mm2). Generally, a b-

value of (1000 s/mm2) is used with 7 to 60 gradient directions. The diffusion

tensor D is symmetric and positive definite. These constraints can be used for its

estimation [5, 87, 89, 136]. Using relation (2.3.1) an overdetermined system of

equations is obtained and needs to be solved. Later, in Chapter 3 we will briefly

describe our choice for estimating the solution of this system of equations for

computing diffusion tensor coefficients.

The DT is often determined into its three eigenvalues λ1 ≥ λ2 ≥ λ3 ≥ 0 and

its three corresponding eigenvectors e1, e2, e3. The largest eigenvalue λ1 gives the

principal direction e1 of the diffusion tensor. Note that the other two eigenvec-

tors span the plane orthogonal to the main eigenvector. Using the three eigenval-

ues and their corresponding eigenvectors a DT can be visualized as an ellipsoid



18 2 Background

Slow diffusion

F
a

st
 d

iff
u

si
o

n

Figure 2.8: Restricted diffusion process can be described as an ellipsoid.

which corresponds to the implicit surface {R : RT D−2R = const} [129]. Figure

2.9 is an illustration of this procedure. Figure 2.12(b) shows the diffusion tensor

field for a slice of a brain image. In both figures the ellipsoids have been colored

according to the orientation of the main eigenvector such that red corresponds

to the x−direction, green to the y−direction and blue to the z−direction. Note

that, in Figure 2.12(b) the ellipsoid colors are also weighted by the anisotropy

index. Another way to show the diffusion profile is by using Ψ(y) = (yT Dy)y;

see Figure 2.10.
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Figure 2.9: Visualization of DT ellipsoids. The ellipsoid colors are weighted by the

anisotropy index.
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Based on the relative sizes of the eigenvalues we can classify the form of

the diffusion. For example, we can have a tensor that represents an isotropic

diffusion which corresponds to λ1 ≈ λ2 ≈ λ3. Anisotropic diffusion gives an

ellipsoid λ1 >> λ2 ≈ λ3 or a disc λ1 ≈ λ2 >> λ3 indicating that diffusion is

relatively large in one or in more than one direction; see Figure 2.11.

Figure 2.10: Left: Diffusion ellipsoid and Right: a surface generated by diffusion

coefficients corresponding to the given direction, i.e., (y
T

Dy)y for linear anisotropy.

(a) Isotropic (b) Disc shaped (c) cigar-shaped tensor

Figure 2.11: An Illustration of different cases of a diffusion tensor.

Several quantities can be introduced to indicate anisotropy. The most popular

and extensively studied measure is known as fractional anisotropy (FA) [17,151]

and it is defined as

FA =
√

1/2

√
(λ1 − λ2)2

+ (λ1 − λ3)2
+ (λ2 − λ3)2

λ1
2
+ λ2

2
+ λ3

2
. (2.4.1)
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The FA value is larger for voxels with stronger anisotropy. Commonly, the FA

map is used to visualize the anisotropic area; see Figure 2.12(a). Note that using

FA map simplifies the diffusion information to only one scalar per voxel.

The DT model has been widely studied and successfully applied for many

clinical applications [98,102]. However, as illustrated in Figure 2.13 and 2.14(a)

the DT model assumes the probability distributions to be Gaussian within a

voxel; see (2.2.6). This model is intrinsically not suitable for regions with mul-

tiple fiber orientations such as branching, crossing, kissing or fanning fibers

[14, 121]. In these cases, the corresponding tensor will be no longer strongly

anisotropic, but instead becomes planar or even largely isotropic [2,152]. In Fig-

ure 2.13, the left image indicates the case where there is only one fiber population

within one voxel. The right image shows the case where multiple fiber popula-

tions occur within one voxel. Therefore, more complex models are needed that

are able to describe the crossing situation [40].

2.5 High Angular Resolution Diffusion Imaging

David Tuch describes a solution to the limitations of the DT modeling by intro-

ducing a so-called high angular resolution diffusion imaging (HARDI) model-

ing technique [138, 140]. In comparison to DTI, for this form of modeling the

number of gradient directions used in the acquisition is increased to 50 − 200

directions and the b-value usually is between 1000 and 3000s/mm2. Following

Hagmann et al. [63] and others, 200 could be replaced by 500 and even more di-

rections for HARDI. The main idea of HARDI modeling is to reconstruct a non-

Gaussian PDF (2.2.5) per voxel [107]; see for example Figure 2.14(b). There

are several methods to convert the signal S (y) to PDF. Let us first introduce the

variable q = γδ|g| and define the wave vector q = qy. In literature [138], it is

shown that the relation between the signal attenuation E(q) = S (q)/S 0 and the

diffusion PDF P(q,∆) is defined as the following [18]

P(q,∆) =

∫

R
3

E(q,∆)e−iq.Rd3q, (2.5.1)
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(a)

(b)

Figure 2.12: (a) FA map ranging from low anisotropy (blue) to high anisotropy (red),

(b) DT ellipsoid field for a slice of brain image.
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Figure 2.13: An illustration of a partial volume influence. It shows that the conven-

tional single diffusion tensor model can lead to inaccurate measurements of diffusion

behavior (right image)

where ∆ is the time between the start of the first gradient pulse and the start

of the second. Note that since ∆ is fixed during the acquisition, therefore from

now on we omit it in this relation. Computing the PDF is possible if there are a

large number of samples on the vector space. Therefore, often simplified mod-

els for representing the diffusion profile using a reasonable amount of samples

are used. Most of these models are represented with a function on the sphere.

One of the most popular models is to use the orientation distribution function

(ODF) in HARDI instead of reconstructing the PDF [75, 94]. ODF describes

the probability of a molecule to move in a given direction y. It is assumed that

this function on the sphere will have peaks corresponding to the principal fiber

orientations [1, 40, 42, 135, 139, 148] and it is given as follows

ψ(y) =

∫ ∞

0

P(q)q2dq (2.5.2)

where P(q) is the ensemble-average probability, y is the unit vector and q is

the magnitude of gradients. Since y = (sin θ cos φ, sin θ sin φ, cos θ) with θ ∈
[0, 2π), φ ∈ [0, π], we replace y by θ and φ. Figure 2.15 shows sketch of the

ODF.

To represent the function on the sphere ψ, we can use spherical harmonics

(SH) [28, 40, 42, 62]. From various HARDI models, we adopt the fixed b-value
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(a) (b)

Figure 2.14: An illustration of the probability displacement distribution, (a) Gaussian

distribution, (b) non-Gaussian distribution.

HARDI measurement known as Q-ball imaging for reconstructing the ODF us-

ing SH [139]. Therefore, we first introduce SH and its properties given the ac-

quired ODF specifics.

The SH functions Yℓm are the angular parts of a set of solutions to Laplace’s

equation in spherical coordinates. These solutions are generally described by

using associated Legendre polynomials Pm
ℓ and read

Yℓm(θ, φ) = eimφ

√
2ℓ + 1

4π

(ℓ − m)!

(ℓ + m)!
Pm
ℓ (cos θ). (2.5.3)

Here indices ℓ ≥ 0 and |m| < ℓ, θ ∈ [0, 2π) and φ ∈ [0, π] and they denote the

order of the SH. Note that the SH defined in (2.5.3) are complex-valued due to

the factor eimφ. The HARDI acquired diffusions signal is real and symmetric.

This allows us to use the modified SH presented by Descoteaux et al. [40] as

follows

Ỹℓm(θ, φ) =



√
2Re

(
Yℓ|m|(θ, φ)

)
, if m < 0,

Yℓ0, if m = 0,√
2(−1)m+1Im

(
Yℓm(θ, φ)

)
, if m > 0,

(2.5.4)
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Figure 2.15: ODF profile using Q-ball imaging for the single fiber population and

multiple fiber orientations within a voxel using HARDI
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where Re
(
Yℓm(θ, φ)

)
and Im

(
Yℓm(θ, φ)

)
represent the real and imaginary part of

the corresponding function. Note that using (2.5.4) defines a set of symmetric

real basis functions Ỹℓm. Having the normalization factor
√

2, the basis is de-

signed to be orthonormal [41]. Using the real basis and a HARDI acquisition in

one shell (a constant b−value), we describe how Descoteaux et al. proposed to

convert the signal to an ODF.

A signal can be described by SH as follows

E(θ, φ) =

N∑

j=1

c jỸ j(θ, φ). (2.5.5)

The index j denotes the indexed pair j(ℓ,m) = (ℓ2
+ ℓ + 2)/2 + m and N =

(ℓ + 1)(ℓ + 2)/2 defines the number of coefficients c j for Ỹ .

Descoteaux et al. [40] proposed to use the Funk-Radon transform to obtain

the ODF in SH form

ψ(θ, φ) =

N∑

j=1

2πPℓ j
(0)c jỸ j(θ, φ). (2.5.6)

Each spherical harmonic Ỹ j is multiplied by a factor 2πPℓ, where Pℓ is the Leg-

endre polynomial of degree ℓ and evaluated at 0 as follows

Pℓ(0) =


0, ℓ odd;

(−1)ℓ/2
(

3·5...ℓ−1
2·4...ℓ

)
, ℓ even.

(2.5.7)

where ℓ j is the SH order for the jth coefficient. The resulting coefficients 2πPℓ j
(0)c j

obtained from (2.5.6) are the SH description of the ODF. Özarslan et al. [106]

show that there is a direct relation between SH coefficients and a higher order

tensors (HOT) elements. In fact, one can write any function represented in SH

in HOT form and vice versa. Descoteaux et al. [40] propose an invertible matrix

in order to obtain a linear mapping between the SH coefficients and the corre-

sponding coefficients of the HOT; see Appendix A. Later, in Chapter 6 we will

employ this conversion in order to obtain the HOT coefficients.
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2.6 Tractography

Due to the fibrous structure of white matter, diffusion of water molecules is dom-

inant in the direction of the fibers. As we described before, diffusion and its

directional variation can be measured by DWI. The process of reconstructing

fibers using DWI is commonly known as tractography or fiber tracking. Numer-

ous tractography algorithms have been introduced for this purpose. These ap-

proaches are divided into principal diffusion direction (PDD) techniques, prob-

abilistic and global geometric techniques. This section discusses the key pub-

lications of these tractography algorithms for DTI and HARDI, as well as their

advantages and disadvantages.

2.6.1 DTI Tractography

The most straightforward and most commonly used DTI tractography algorithms

are collectively called principal diffusion direction (PDD) methods [28]. In these

methods the fibers are determined by using the main eigenvector field e1(x) of

the diffusion tensor. This amounts to computing a parameterized curve C given

by

x(t) = x(0) +

∫ t

0

e1(x(t))dt, (2.6.1)

where t is the time. This is numerically equivalent to solving the initial value

problem


ẋ = e1(x(t)), t > 0,

x(0) = x0.
(2.6.2)

Here x0 denotes the initial position or seed point. The initial value problem (IVP)

(2.6.2) can be solved using Euler’s method. In order to gain additional accuracy,

the Eulers method can be replaced by a higher-order ODE solvers, such as the

second or fourth-order Runge-Kutta (RK) method. Notice that the eigenvector
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has no unique direction, therefore +e1 and −e1 are possible directions. The capa-

bility of this method for reconstructing fibers has been shown in different publi-

cations [14,97,99,155]. Stopping criteria need to be defined to determine where

the tractography procedure should stop. The most common stopping criteria are:

• the boundary of the image.

• when the anisotropy index is lower than a threshold.

• when the curvature is too large, for example, if the angle between the new

direction and the principal eigenvector of the diffusion tensor at a new posi-

tion is large. This might be necessary to avoid sharp turns in the trajectory

due to partial volume effect or noise.

Figure 2.16(b) illustrates an example of PDD tractography. The top figure shows

a small group of fibers following the main eigenvector directions of diffusion

tensors. The bottom figure shows fibers corresponding to part of the cingulum

and the corpus callosum reconstructed using PDD. The ellipsoids in the top im-

age and the plane in the bottom image use coloring based on the direction of the

main eigenvector.

The PDD method just uses local information and therefore it is sensitive to

noise. Small changes can produce completely different results; see Figure 2.17.

A relatively small amount of noise in the diffusion tensor causes accumulative

errors in the trajectory of the fibers.

Several variations of the PDD method exist in order to overcome the previ-

ous disadvantage. One of the popular methods known as the tensor deflection

(TEND) algorithm introduced by Weinstein et al. [149]. The TEND algorithm

computes the next tangent direction by multiplying the current direction by the

diffusion tensor D corresponding to the current deflection direction



ẋ(t) = Dẋ(t − 1), t ≥ 1

ẋ(0) = e1(x(0)),

x(0) = x0.

(2.6.3)
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(a)

(b)

Figure 2.16: Top: Small group of fibers generated using PDD tractography. The main

eigenvectors of the diffusion tensors determine the local orientation of the fibers.

bottom: Fibers generated by PDD tractography showing part of the cingulum and the

corpus callosum.
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Figure 2.17: Illustration of the influence of noise in PDD tractography. We see that

little change in the direction of the tensor can cause deviation of the fiber from the

actual pathway.

Therefore, in the case where D is strongly anisotropic the fiber direction will be

deflected towards the main eigenvector of D. For strongly isotropic tensors, the

direction will not or change slightly. In this way, the TEND algorithm crosses

voxels that are isotropic due to the existence of multiple fiber directions. Lazar et

al. [84] show the capability of this algorithm for better reconstructing physically

realistic fibers compared to the PDD method. This algorithm considers whole

tensor information and not only its main eigenvector direction. However, the

problem of noise remains unsolved. The small variation at the primary step of

the tracking can cause significant changes during the procedure.

Probabilistic tractography algorithms constitute another class of methods where

the variation of the pathways due to model assumptions and/or noise is con-

sidered. A probabilistic distribution of fibers per voxel is built which defines

the probability that there is a fiber bundle in a given direction. Random paths

are generated originating from one initial position by sampling this distribu-

tion [23, 34, 35, 39, 110, 126]. Given the random paths, the probability that a

fiber originated in that position goes through a given area is determined by the

amount of random paths that go through that area [68, 108]. Probabilistic meth-
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ods can use PDD or TEND methods as part of the process [20, 22, 65, 68, 74].

Probabilistic methods are able to take uncertainty into account and therefore are

less sensitive to noise. The intrinsic drawback of this model is the need of the

algorithm to compute a large number of fibers for one given seed point and to

evaluate probability density functions at many locations of the space of inter-

est [55]. Therefore, this algorithm is computationally expensive. Moreover, this

tractography results in the most probable area and not directly the most probable

path.

The PDD and probabilistic based tracking methods are not looking for the

path that is globally optimal. In cases where the local diffusion profile no longer

represents the correct diffusion information these methods collapse. This prob-

lem is crucial in streamline based algorithms, and is also met in probabilistic

algorithms [147]. To overcome this problem, global geometric tractography

methods were developed to deduce connectivity in the white matter by globally

optimizing a certain cost function on the basis of the diffusion tensor informa-

tion. The goal of a global geometric tractography is to find the optimal path that

connects two given regions. This can potentially overcome errors in estimating

local structure. This is done by solving the static or time dependent Hamilton-

Jacobi (HJ) equation, a partial differential equation (PDE) for the specific cost

function. This equation describes the distance from a given initial point to any

point of the domain as a local speed function. In order to solve the HJ equa-

tion a front evolves from a user-defined seed point throughout the entire volume.

The front propagation models to obtain the HJ equation are either level set meth-

ods for the time dependent HJ equation [29, 104, 105, 134], fast marching tech-

niques [109, 125, 137], or iterative sweeping methods [71, 78, 79] for the static

HJ equation. Applying level sets to find the shortest distance map, can be quite

inefficient. This is because the number of points where the evolution speed has

to be evaluated greatly increases as the surface grows. Instead, solving the static

HJ equation using fast marching or iterative fast sweeping can greatly improve

the efficiency. This is discussed in Chapter 4.
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Depending on the choice of the cost function, a specific class of minimal

paths are obtained. Originally, Lenglet et al. [86, 88] introduced the concept of

using DTI volume as a Riemannian manifold. The metric of this manifold is

directly derived from the diffusion tensor. In this model the inverse of the diffu-

sion tensor is used as Riemannian metric and the cost function for this specific

choice of metric is derived. The rationale behind this assumption is that water

molecules move freely along fiber tracts, and that their movement is restricted

in the perpendicular direction. Therefore, it is assumed that the fiber connecting

two points follows the most efficient diffusion path for water molecules. Paths on

this manifold are shorter if the diffusion is stronger along that path. Therefore,

geodesics (i.e., shortest paths) on this manifold follow the most efficient diffu-

sion paths. The geodesics are often computed from the stationary HJ equation.

We are searching for a path that maximizes diffusion.

Using global geometry tractography techniques for computing geodesics give

rise to few major problems. Several authors such as Tournier et al. [134], Fletcher

et al. [50] and Jbabdi et al. [72] showed that the use of the inverse of the diffu-

sion tensor as a metric may not be suitable for all situations. They show that in

the cases where the metric is not sharp enough, the computation can generate

shortcuts. Descoteaux et al. [43] showed that it is possible to avoid these kind

of consequences by applying the sharpening procedure to tensors, however noise

is also enhanced. This is similar to powering the tensor to a certain order [84].

Hao et al. [64] formulate a modification of the Riemannian metric that results

in improved geodesics following the principal eigenvector direction of the ten-

sor in high curvature regions. Another approach to solve the shortcut problem

has been presented by Heekeren et al. [142] where they introduce the modified

fast marching method for solving the HJ equation. This algorithm deforms the

image space, using the current path in such a way that curved shaped structures

are straightened before calculating a new path. This method has been presented

for application of reconstructing the DNA-strand. Therefore, a careful justifi-

cation of this method for the case of the DTI tractography can be interesting.

Furthermore, in the presence of multiple connections between two given points,
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these algorithms only give a unique path (the shortest path in terms of geodesics)

connecting the two given points.

In literature [36,93,144] it has been shown that the sensitivity of tractography

algorithms to noise can be reduced by applying specific regularization schemes

on the tensors or their corresponding principal eigenvalues before applying the

tractography step. Regularization algorithms are based on using information

from neighboring voxels and assumptions on stiffness or curvature to regularize

noisy or discontinuous data. However, the most important limitation of DTI

based tractography is that it is not retrieving a multiple fiber distribution at one

location, and that it leads to wrong or biased estimation of the dominant fiber

direction.

2.6.2 HARDI Tractography

As we mentioned in the previous section, DTI assumes that each voxel contains

fibers with a single orientation, however it is known that a considerable amount

of locations of brain white matter has multiple fiber orientations [3]. High angu-

lar resolution diffusion imaging (HARDI) and its modeling techniques have been

developed to overcome this limitation; see Section 2.5. Most models applied to

HARDI data result in a function on the sphere that gives information about the

diffusion profile within the voxel. In general, the diffusion profiles are assumed

to have local maxima in the orientations of the underlying fiber tracts.

Much research has been done in order to extend DTI tractography techniques

to HARDI models. These tractography techniques are basically an extension of

the techniques presented in the previous section [14, 98]. Instead of the princi-

pal diffusion tensor direction, in the case of PDD techniques, the possibility of

multiple maxima at each step is considered. Thus, if there are multiple maxima

the curve is split in the directions of these maxima. At each time step, thresholds

and stopping criteria will be checked. A good review for these methods can be

found in Mori et al. [98] and Hagmann et al. [62].
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Another approach is the extension of probabilistic tractography using HARDI

instead of DTI. The main modification for this algorithm is using a distribu-

tion of fiber orientations within the voxel. The distribution of fiber orientations

within the voxel is known as fiber ODF. At every time step a direction is picked

randomly according to the fiber ODF distribution [40]. This yields higher transi-

tional probabilities along the main fiber directions. Therefore, the particles move

with a higher probability along a fiber direction than perpendicular to it. The ran-

dom tracking stops once the trajectory meet the boundary [20, 40, 73, 108, 114].

Similar to the DTI case, probabilistic approaches are computationally expensive

compared to PDD approaches.

The extension of global geometry tractography techniques also has been ap-

plied to recover fibers using HARDI data. Campbell and Pichon et al. [29, 115]

proposed a front evolution approach based on HARDI. In these methods, the cost

function for the front evolution is derived using the Q-ball formalism. Campbell

et al. obtain the minimum cost curves by solving a level set equation. Pichon et

al. solve the Hamilton-Jacobi-Bellman equation derived for a specific cost func-

tion using a fast sweeping method. Péchaud et al. [112] presented an algorithm

for the calculation of shortest paths on a manifold defined by ODFs. The metric

for each position is defined using the ODF. This metric is weighted using the

peaks of the ODF profile in a given direction. Therefore, the resulting paths are

shorter along the directions with larger diffusion.

Astola et al. [7] introduced an extension of PDD tractography for HARDI

using Finsler metrics. For each given direction a second order metric tensor is

derived. The tractography proceeds if the tangent to the path is aligned with

the principal eigenvector of the local tensor (corresponding to the tangent) and

the fractional anisotropy of the local tensor is high enough otherwise it stops.

Note that fibers computed using this algorithm are locally geodesics from an

initial point to a sphere of small radius surrounding the point, but they are not

necessarily aligned with the global geodesic curves starting from the initial point.

There is no minimizer for computing the paths. A path is computed using only

the principal direction of the local metric tensors.
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2.7 Objectives

There are pros and cons for using either of the introduced tractography meth-

ods. For example, the PDD based models are sensitive to noise and yet the

applicability and efficiency of these models have been shown in literature. The

probabilistic approaches are promising to give more reliable results and be robust

to noise and partial volume effects. However, these models are computationally

expensive and show probable paths and not the most probable ones. In the case

of global geometry tractography, the Hamilton-Jacobi (HJ) equation is usually

solved in order to generate geodesics. In different publications the applicability

of HJ based tractography models have been studied.

A property of HJ based approaches is that they give only the single-valued

viscosity solution corresponding to the minimizer of a cost function. Note that

between two given points on a manifold, depending on initial directions, there

may be more than one geodesic, and therefore multiple solutions may arise. In

some cases multiple geodesics or fibers connecting two points, for example, if

a pathology is present like a tumor that pushes the fibers. Furthermore, in some

studies, like the one by Parker et al. [111], it is shown that some structures (i.e.,

Broca and Wernicke) have multiple path connections. Therefore, using the HJ

approach which singles out a preferred geodesic makes the computing of these

multiple connections impossible.

Different cost functions for deriving the HJ equation have been developed

[9,86,109]. Since in different cases, it is not a priori clear which cost function to

choose, having the solution of different cost functions may be interesting. How-

ever, different cost functions result in different Hamilton-Jacobi equations, and

in order to examine several cost functions, one needs to solve several equations,

which can be computationally expensive. It is also well known that the solu-

tion of the HJ equation can develop discontinuities in the gradient space, cusps.

Cusps occur when the correct solution should become multi-valued. This can

be also a challenging issue for irregular domains such as the brain white matter.
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Therefore, developing an algorithm that can tackle these shortcomings becomes

relevant.

The major goal of this thesis is to develop new algorithms for recovering the

complex architecture of the brain white matter using DTI or HARDI, follow-

ing the fundamental idea of reconstructing geodesics that coincide with fibers.

These algorithms compute possible multi-valued solutions by considering the

geodesics as function of position and direction. Moreover, it is based on the

Euler-Lagrange (EL) equations, and therefore local changes in the geodesic can

be taken into account. It gives the possibility to capture possible multi-path con-

nections between two given points. Once the geodesics have been computed,

using suitable connectivity measures, we can choose from the multiple solutions

the most likely connection pathway. For example in brain tractography, the most

likely connection pathways are the ones which correspond best to the underlying

real fibrous structure. In the case of multiple geodesics between two points, the

pathways can be sorted by indexing them with a connectivity value obtained for

each of them.



3
Mathematical

Models

In this chapter we briefly describe the main concepts of Riemannian geometry

and its use for reconstructing connections in a space where the metric tensor

describes Brownian motion of water particles. First, we describe the procedure

of fitting the diffusion data to a tensor. Second, the concept of the Riemannian

manifold for a general metric and the governing equations for geodesics in the

Riemannian space will be introduced. Subsequently, the relation between the

metric tensor and tractography in the Riemannian manifold will be described.

Next, we extend the theory to a more general geometry, known as Finsler ge-

ometry. We explain the relation between Finsler geometry and HARDI diffusion

profiles. Finally, the geodesic equations in the Finsler geometry will be intro-
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duced.

3.1 Tensor Model

Since the tensor representation of data plays an important role in our mathemat-

ical model we briefly describe the procedure of fitting diffusion data to a tensor.

We want to reconstruct the diffusion tensor D given by

D =



d11 d12 d13

d12 d22 d23

d13 d23 d33,


(3.1.1)

which is a symmetric, positive definite matrix. Let us first introduce the unit vec-

tors yi = (y1
i , y

2
i , y

3
i )T
= (sin θi cos φi, sin θi sin φi, cos θi)

T for sampling the diffu-

sion gradient directions. We also introduce Y = (y1, . . . , yn) that can be obtained

from the gradient directions, where Y is the 3 × n matrix and n is the number of

sampling directions.

Recall, that in Chapter 2 the apparent diffusion coefficients (ADC) where

computed from the following relation,

D(y) = −1

b
ln

(
S (y)

S 0

)
, (3.1.2)

where S (y) is the signal of acquisition in the direction y, S 0 is the signal with no

gradient pulses and b > 0 is the diffusion weighting factor. One can write the

relation between the ADC and the diffusion tensor (3.1.1) as follows,

D(yi) = yT
i Dyi =

3∑

β=1

3∑

α=1

dαβy
α
i y

β

i
= −1

b
ln

(
S (yi)

S 0

)
, (3.1.3)

for i = 1, 2, . . . , n. Using relation (3.1.3), the six unknown coefficients of the

diffusion tensor D can be computed by choosing at least six gradient directions,

typically we take 20 ≤ n ≤ 60.
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Let us first introduce the vector of unknown diffusion coefficients as follows

d =
(
d11, d12, d13, d22, d23, d33

)T
, (3.1.4)

and the RHS vector b =
(
D(y1),D(y2), . . . ,D(yn)

)T
containing the apparent dif-

fusion coefficients. We also introduce the n × 6 matrix

A =



a1

a2

...

an



, (3.1.5)

and

ai =
(
(y1

i )2, y1
i y2

i , y
1
i y3

i , (y
2
i )2, y2

i y3
i , (y

3
i )2

)
. (3.1.6)

The relation (3.1.3) gives rise to the over-determined system Ad = b. The ele-

ments of the unknown vector d can be computed by applying least square fitting.

For this we solve the normal equations

AT Ad = AT b. (3.1.7)

The solution of the normal equations gives the six unknown elements of the

diffusion tensor. Note that having sufficiently well distributed by many sampled

gradient directions, the condition number of AT A is small for the data we used

in our experiments and usually of the order 10.

3.2 Riemannian Geometry

A Riemannian manifold consists of a manifold M and a metric tensor field gαβ

with det(gαβ) , 0. This metric tensor defines a non-degenerate symmetric pos-

itive definite inner product on the tangent space of M. Roughly speaking, the
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metric tensor gαβ describes distances between points and angles between lines or

vectors on the manifold M and defines an inner product 〈u, v〉 as follows

〈u, v〉 =
3∑

β=1

3∑

α=1

gαβ(x)uαvβ, u, v ∈ TxM, (3.2.1)

where TxM is the tangent space for a point x. In the 19th century Bernhard Rie-

mann developed a Riemannian geometry, named after him, following the theory

of smooth manifolds equipped with a metric tensor and exploiting an Euclidean

structure. Cartan [30] described a Riemannian manifold as a space that is made

up of infinitely small pieces of Euclidean space.

Using the generalized Pythagorean theorem, we can express the distance be-

tween two points having Cartesian coordinates ξγ and ξγ + dξγ on the manifold

as a general quadratic function

ds2
=

3∑

γ=1

dξγdξγ, dξγ =

3∑

α=1

∂ξγ

∂xα
dxα, (3.2.2)

where xα is a general curvilinear coordinate. Hence, we can write (3.2.2) as

follows

ds2
=

3∑

γ=1


3∑

α=1

∂ξγ

∂xα
dxα




3∑

β=1

∂ξγ

∂xβ
dxβ

 =
3∑

β=1

3∑

α=1

gαβdxαdxβ. (3.2.3)

where dxα denotes the differential displacement. Hence, the metric tensor is

defined as follows

gαβ =

3∑

γ=1

∂ξγ

∂xα
∂ξγ

∂xβ
. (3.2.4)
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3.3 Governing Equations

Consider a bounded curve C, with parametrization x = χ(τ), a 6 τ 6 b. A

geodesic between two points χ(a) and χ(b) is the smooth curve whose length

is the minimum of all possible lengths. In the presentation that follows we use

the Einstein notation, i.e., we sum over repeated indices, one in the upper (su-

perscript) and one in the lower (subscript) position. In the previous section we

introduced the general metric ds2
= gαβdxαdxβ, thus the length of C is given by

J[χ] =

∫

C
ds =

∫ b

a

(
gαβ(χ(τ)) χ̇α(τ)χ̇β(τ)

)1/2
dτ. (3.3.1)

The metric tensor (gαβ) only depends on x, and is symmetric positive definite. In

the following we use the short hand notation ẋα = χ̇α(τ).

From calculus of variations, we know that the necessary condition for χ(τ)

to minimize J[χ] is the set of Euler-Lagrange equations, which reads [47]

∂L

∂xα
− d

dτ

(
∂L

∂ẋα

)
= 0, (3.3.2)

where L = L(x, ẋ) is the Lagrangian corresponding to (3.3.1) and is given by

L(x, ẋ) =
(
gαβ(x)ẋα ẋβ

)1/2
. (3.3.3)

The required derivatives of L are given by

∂L

∂xα
=

1

2L

∂gβγ

∂xα
ẋβ ẋγ,

∂L

∂ẋα
=

1

L
gβα ẋβ.

Next, we take for τ the arc length, i.e., L = 1 and dL
dτ
= 0 [90]. A smooth curve C

is parameterized by the arc length if |χ̇(τ)| = 1 for all τ ∈ [a, b]. Substituting the

derivatives above in (3.3.2), we obtain

gαβ ẍβ + [βγ, α]ẋβ ẋγ = 0, (3.3.4)
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where [βγ, α] is the Christoffel symbol of the first kind, given by

[βγ, α] =
1

2

(
∂gαβ

∂xγ
+
∂gαγ

∂xβ
−
∂gβγ

∂xα

)
; (3.3.5)

see [47, 119]. Multiplying (3.3.4) with the inverse of the metric G−1
= (gαβ), we

find

ẍα + Γαβγ ẋβ ẋγ = 0, (3.3.6)

where Γαβγ is the Christoffel symbol of the second kind, defined by

Γ
α
βγ = gαδ[βγ, δ]. (3.3.7)

In contrast to the functional in (3.3.1), we now consider the functional that

minimizes the length of all curves joining the fixed point χ(a) and variable end

point χ(t), i.e.,

T (x, t) = min
χ

∫ t

a

L(χ(τ), χ̇(τ))dτ, (3.3.8)

with x = χ(t) and L given in (3.3.3).The geodesic connecting χ(a) with χ(t) can

be determined from the Hamilton-Jacobi equation, given by

H

(
x,
∂T

∂x

)
= 1, (3.3.9)

where the Hamiltonian H is described by [104, 118]

H2(x, p) = gαβ(x)pαpβ pα := gαβ(x)ẋβ. (3.3.10)

With this choice of the Hamiltonian we obtain the anisotropic eikonal equation

F(xα, qα) = gαβqαqβ − 1 = 0, qα =
∂T

∂xα
. (3.3.11)

Note that T can be interpreted as the travelling distance of the propagation front

from the initial point. The variable p is called the generalized momentum. We
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can show that the first order PDE (3.3.11) is equivalent to the Charpit’s system

of equations [92], i.e.,

ẋα =
∂F

∂qα
= gαβqβ, (3.3.12a)

q̇α = − ∂F

∂xα
= −1

2

∂gβγ

∂xα
qβqγ, (3.3.12b)

Ṫ = qα
∂F

∂qα
= gαβqαqβ. (3.3.12c)

This 7-dimensional system of ODEs describes the solution of (3.3.11). Here

(3.3.12a) and (3.3.12b) are the canonical form of the EL equations [57, 117]. In

this way we can reconstruct the geodesics by tracing back the characteristics of

the fronts T (x, t) = const. Note that for an isotropic medium the characteristics

are perpendicular to the fronts, see Figure 3.1 [124].

Figure 3.1: Wave fronts and geodesics for an isotropic medium.

The HJ equation may generate multi-valued solutions when two fronts col-

lide, such as focus points, caustics or discontinuities in the gradient field. Those

regions are called shocks. Therefore, the viscosity solution is needed to ensure

the existence and uniqueness of the solution of (3.3.12); see e.g., Mantegazza

and Mennucci [91]. This means the viscosity solution is the minimum time for

any curve from a given initial point to reach any points inside the domain Ω. For

details on viscosity solutions on a Riemannian manifold, we refer to Crandall et

al. [37, 38].
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Using the viscosity solution will not ensure that the solution we obtain is the

real physically meaningful one [56,117]. The precise representation of the solu-

tion in the region with caustics needs an accurate computation. In order to tackle

this issue, many qualitative studies have been carried out using the geometric

techniques for manifolds. These studies focus on correcting geometrical approx-

imations at cusps and adding diffraction effects to the solution of the Hamilton-

Jacobi equation. For an extensive overview of this problem we refer to Izumiya

et al. and Hörmander [67, 70].

The shortest path connecting two given points is unique if and only if the

two points are sufficiently close. In order to numerically obtain the multi-valued

solutions many different approaches have been devised. The main publications

are based on constructing multi-valued solutions using first-arrival solvers for

the eikonal equation [21, 130]. In these techniques, the solution of the eikonal

equation is computed for many source points individually. To approximate multi-

values of the travel time, some suitable solvers can be applied to stitch together

local single-valued eikonal solutions, approximated by a finite difference eikonal

solver. A different approach is based on obtaining the multi-valued solutions by

computing the characteristics related to the eikonal equation. Generally these

techniques are known as ray tracing methods. Ray tracing is generally referred

to methods for calculating the trajectory of waves or particles passing through

a system with regions of varying propagation velocity. This affect the resulting

propagation wavefront topologies such that they may bend or change direction.

Ray tracing assume that the particle or wave can be modeled as a large number

of very narrow rays, and for a very small distance a ray is locally straight. The

ray tracing procedure proceed the ray over this distance. In order to estimate

ray’s new direction, a local derivative of the medium is used. From the new

location, a new ray is traced and the procedure is repeated until a complete path

is computed. For some general references on ray tracing methods, we refer to

literature; see e.g. [76,81,101,117,133,143]. Later, in Chapter 5 we describe the

ray tracing procedure more in details.
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3.4 Geodesics for Tractography

As mentioned in Chapter 2, we assume that fiber tracts coincide with geodesics

in the Riemannian manifold defined using the inverse of the diffusion tensor

as metric. The rationale behind this assumption is that water molecules move

freely along fiber tracts, and their movement is restricted in the perpendicular

direction. Therefore, it is assumed that the fiber connecting two points follows

the most efficient diffusion path for water molecules. We are searching for a

path that maximizes diffusion. This can be achieved by inverting the metric that

makes the largest eigenvalue become the smallest one. Therefore, we choose

G = (gαβ) = D−1 with D defined in Section 3.1. Consequently, the geodesics for

this metric represent the fibers [148]. We showed that, in order to construct the

geodesics, two different governing equations can be derived, the Euler-Lagrange

(EL) equations for a specific metric and the corresponding Hamilton-Jacobi (HJ)

equation.

In DTI tractography, different methods have been derived based on front

propagation in anisotropic fields using the HJ-equation [71, 72, 87, 109]. More-

over, it is known that for anisotropic domains, such as occurring in DTI, the

more realistic fibers can be reconstructed by back tracing the characteristics us-

ing (3.3.12) rather than gradients of the fronts [78,79,125]. Regardless of the nu-

merical scheme for solving the HJ equation, the solution of this equation always

satisfies the viscosity solution concepts and there is always a unique geodesic

that connects two given points. Under the viscosity concept T needs not be ev-

erywhere differentiable and there may be points where ∂T

∂x
α does not exist, i.e.,

there could be a kink in T and yet T satisfies the equation in an appropriate

sense [38].

We introduced a new algorithm based on solving the EL form of geodesic

equation (3.3.2) using the ray tracing method for [122, 123]. In this approach all

arrival times of the fronts are considered rather than only choosing the first arrival

time at each grid point. In this model the geodesics are computed directly from

the geodesic equations. The major advantage of this approach is the capability
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of capturing possible multi-path connections between two given points. This

is an advantage because in ray tracing we do not constrain the solution to the

viscosity solution. Instead, at each grid point we can get many possible arrival

times. Therefore, the ray tracing method gives a better approximation of the

correct solution.

Similar phenomena can occur in wave propagation in anisotropic media. It

was shown in Bulant et al. [27] and Runborg [117] that one can reconstruct wave

fronts that evolve according to the rays. Wave front construction is a ODE based

method introduced by Vinje et al. in [145, 146]. The wave front construction

method is closely related to the standard ray tracing but instead of computing a

number of individual rays, a wave front is evolved in the physical or the phase

space. In contrast to the fronts obtained by solving the HJ equation, wave fronts

can change the topology once multi-valued solutions occur. Wave front con-

struction becomes very complex and computationally expensive for fields with

complex topology. Figure 3.2 shows the difference between the solutions of the

wave front construction method, the eikonal equation and the ray tracing method

for heterogeneous media with only one source of propagation.
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a)

b)

source

c)

source

d)

source

Figure 3.2: Wave propagation in heterogeneous media with one source of wave propaga-

tion. (a) Velocity field, light to dark background illustrates increasing propagation

speed. (b) Solution of wave front construction method showing cusps and collisions in

the wave fronts, (c) Eikonal equation solution, (d) Ray tracing solution. From [117]

reproduced by permission.
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3.5 Finsler Geometry

Let M be a smooth manifold, TxM the tangent space at position x ∈ M and

y ∈ TxM.

Definition 3.5.1 A function F : TxM → [0,∞) is a Minkowski norm if F satis-

fies the following conditions:

• F (νy) = νF (y) for all ν > 0 and y ∈ TxM(homogeneity).

• F is smooth on the tangent space excluding 0, i.e. TxM\{0}.

• the symmetric bilinear form in TxM induced by gαβ =
1
2
∂

2F 2

∂y
α
∂y

β is positive

definite.

Riemannian manifolds are the generalization of Euclidean spaces. The general-

ization of a Riemannian manifold is known as a Finsler manifold. This manifold

describes the case when we associate to each point on a manifold M a norm in a

tangent space TxM, in a manner which varies smoothly from point to point. This

norm can be extended to a metric, defining the length of a curve; but it cannot

in general be used to define an inner product. Instead of the inner product, the

Minkowski norms is used to define the Finsler metric [31]. The Finsler geome-

try is then the combination of the Finsler manifold and the Finsler metric. This

generalizes the Riemannian manifold structure since the norm is no longer re-

quired to be induced by an inner product and therefore the Finsler manifold is

not necessarily Euclidean in the tangent space structure. A Finsler manifold can

also be described as a space where the inner product does not only depend on the

position, but also the direction. Note that in Finsler geometry the unit spheres

do not need to be ellipsoids. Finsler geometry is named after Paul Finsler who

studied it in his doctoral thesis [49]. Recently, Finsler geometry has been applied

to several disciplines [4, 69].

Definition 3.5.2 A function F = F (x, y), F : M × TxM → [0,∞) is a Finsler

metric if it satisfies the following:
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• F is differentiable at y , 0.

• For all x ∈ M, F (x, y) is a Minkowski norm on TxM.

We described in Section 3.2 that the Riemannian metric defines a position

dependent inner product. The corresponding tensors are restricted to ellipsoidal

shapes where the main direction represents the diffusion direction at that posi-

tion. However, in Finsler geometry the goal is to present a tensor that can provide

a more general shape than an ellipsoid. There are different approaches in order to

achieve this property for the tensor; see Chapter 2. One of the popular methods

is to take a smooth spherical function as orientation distribution function (ODF)

which is the probability that a given direction corresponds to a direction of a

fiber; see Section 2.5. For example, in order to represent the function on the

sphere, spherical harmonics are a proper choice [54, 66]. To build our geodesic

tractography model, we prefer to use the equivalent higher order tensor model

for the ODF introduced in literature [11, 52, 106, 107].

We recall from Section 2.5 that the SH description of the ODF ψ was given

by (2.5.6). From (2.5.6) one can compute the SH coefficients. Using these coeffi-

cients, their equivalent higher order tensor elements can be obtained. Assuming

D = D(x) nth−order tensor, contains these coefficients for the HARDI diffusion

profile Pn(x, y). This profile is represented by higher order tensor in the follow-

ing form [12]

Pn(x, y) = dα1α2...αn
(x)yα1yα2 . . . yαn , (3.5.1)

with αi = 1, 2, 3, i = 1, . . . , n and x contains the spatial coordinates and y =

(yαi) = (sin θ cos φ, sin θ sin φ, cos θ) is the directional unit vector with θ ∈ [0, 2π)

and φ ∈ [0, π]. Here, the coefficients dα1α2...αn
(x)’s are the elements of D.

Similar to the DTI Riemannian framework, we use the heuristic that a high

probability of finding a fiber in the direction y corresponds to a larger diffusivity

and a shorter travel time for the diffusing particle. Therefore, the metric should

give the shortest distance in the direction where diffusion is largest. In DTI this
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is achieved by introducing the metric as the inverse of the diffusion tensor which

also fulfils the properties of the Riemannian metric.

Defining the inverse of a 3 × 3 matrix is straightforward. In contrast, in

HARDI we deal with more complex diffusion profiles. We need to extend the

framework to a Finsler geometry where the metric is a function of position and

direction. Furthermore, we need to find a suitable framework for inverting the

higher order tensor (HOT). A proper inversion should preserve certain properties,

including the average value of the function and the angle between two directions

[24]. Astola et al. [7] suggest to use the spherical inversion to determine the

HARDI diffusion profile. Figure 3.3 illustrates the spherical inversion of a point

M on a surface representing the HOT profile (the dark blue surface). The inverse

of a point M with respect to a reference circle centered at the origin O with radius

r = a is the point M′ such that |xM | × |xM
′ | = a2. Here, x = rer is the position

vector and er is the radial unit vector in a spherical coordinates. The points M

and M′ are on the same ray through O. It shows that the inversion maps points

outside the circle inside and vice versa. For example, for the case when M is

outside the reference circle, |xM | > a, we obtain

|xM
′ | = a2

|xM |
< a. (3.5.2)

The generalization of the spherical inversion to three-dimensions is straightfor-

ward. In analogy with the spherical inversion, we define the inverse of the HOT.

Let us introduce the spherical inverse P̃n(x, y) as follows

P̃n(x, y) =
Pn(x)

Pn(x, y)
= d̃α1...αn

(x)yα1 . . . yαn , (3.5.3)

where Pn(x) is the average of the ODF over the unit sphere, i.e.,

Pn(x) =

∫

|y|=1

Pn(x, y)dy. (3.5.4)
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Figure 3.3: An illustration of the spherical inversion in two dimension, the dark

blue surface represent the HOT profile and the light blue represents the spherical

inversion of the HOT profile. M
′
is the inverse of M with respect to the circle.

It can be shown that the Finsler metric is given by the bilinear form F = F (x, y)

as follows

gαβ(x, y) =
1

2

∂F 2

∂yα∂yβ
. (3.5.5)

If F 2(x, y) = gαβ(x)yαyβ we recover the Riemannian metric since

gαβ(x, y) =
1

2

∂2

∂yα∂yβ

(
gαβ(x)yαyβ

)
= gαβ(x). (3.5.6)

In contrast to the Riemannian case, Finsler metric does not only depend on the

location x but also on the direction y. Astola et al. [7, 8] propose the following

Finsler norm for the nth order tensors

F (x, y) =
(
P̃n(x, y)

)1/n
=

(
d̃α1α2...αn

(x)yα1yα2 . . . yαl

)1/n
. (3.5.7)

The necessary conditions of differentiability, homogeneity and strong convex-

ity for (3.5.7) have been studied by Astola et al. [7, 8]. We summerize these

conditions for our choice of the Finsler metric.
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Differentiability The tensor field P̃n is always positive and equivalent to a poly-

nomial of the fixed degree. Moreover, Pn(x) is the average over the unitsphere

and is always positive. Therefore, the differentiability of F with respect to y

becomes trivial.

Homogeneity For any α ≥ 0, x ∈ M, y ∈ TxM we have

F (x, νy) =
(
d̃α1α2...αn

νyα1νyα2 . . . νyαn

)1/n
= νF (x, y). (3.5.8)

Note that a Finsler norm must be positively homogeneous. Therefore, the power

1/n is used in order to satisfy this condition.

Strong Convexity It is necessary that the norm F (x, y) satisfies the strong con-

vexity criterium in order to show that the geodesics corresponding to the length

functional for this norm are smooth. It can be shown that every norm is a convex

function if the triangle inequality and positive homogeneity are imposed. The

strong convexity criterium only holds if the second order tensor d̃α1...αn
yα1 . . . yαn−2

is a positive definite tensor for every y. In practice this condition is satisfied. The

proof of this is rather lengthy and is omitted here. For more details, we refer an

interested reader to Astola et al. [6, 8].

Substituting (3.5.7) in the bilinear form (3.5.5) and introducing the position

I(i) of an index i and ẋ = y, we can compute explicitly the metric as follows

gαβ(x, y) =
1

2

∂2F 2

∂yα∂yβ
(3.5.9)

= (n − 1)P̃(2−n)/n
(
d̃α1...α...β...αn

(x)yα1 · · · yI(α)−1yI(α)+1 · · · yI(β)−1yI(β)+1 · · · yαn

)

− (n − 2)P̃(2−2n)/n
(
d̃α1...α...αn

(x)yα1 · · · yI(α)−1yI(α)+1 · · · yαn

)
(
d̃α1...β...αn

(x)yα1 · · · yI(β)−1yI(β)+1 · · · yαn

)
.

This means that at each position x and for each choice of (θ, φ) we can obtain

the corresponding local metric. Figure 3.4 illustrates the direction and position

dependent tensors obtained for the inverted P̃4(x, y) profile.
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Figure 3.4: Illustration of direction and position dependent tensors gαβ computed for

a ODF P̃4(x, y). Arrows indicate the directions y which tensors are corresponding to.

3.6 Geodesic Equations for the Finsler Metric

The length functional in Finsler geometry is given by a curve connecting two

points χ(a) and χ(b) is given by,

J[χ] =

∫ b

a

F (χ(τ), χ̇(τ))dτ. (3.6.1)

For each position x on the curve χ(τ) the function F (χ(τ), χ̇(τ)) is a norm on

the tangent space TxM. This guarantees that the length functional J is invariant

under any reparametrization of the curve [10].

Similar to the Riemannian case, in Finsler geometry geodesics are curves that

minimize the length of a curve between fixed endpoints. It can be shown that the

necessary condition for x = χ(t), a ≤ t ≤ b to minimize the length functional

between two point χ(a) and χ(b) is the set of Euler-Lagrange equations given by

ẍα + 2Gα(x, ẋ) = 0, (3.6.2)

where Gα are the so-called geodesic coefficients defined by [33]

Gα(x, y) =
1

4
gαβ(x, y)

(
∂2F2(x, y)

∂yβ∂xγ
yγ − ∂F2(x, y)

∂xβ

)
. (3.6.3)

Using the bilinear form (3.5.5) we can derive the relation [33]

2Gα(x, y) = Γαβγy
βyγ, (3.6.4)
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where the Christoffel symbols Γαβγ are defined as follows

Γ
α
βγ =

1

2
gακ(x, y)

(
∂gβκ

∂xγ
+
∂gγκ

∂xβ
−
∂gβγ

∂xκ

)
, (3.6.5)

with
(
gαβ

)
, the inverse of

(
gαβ

)
. Substituting (3.6.4) in (3.6.2) gives the geodesic

equations

ẍα + Γαβγ ẋβ ẋγ = 0. (3.6.6)

Note that compared to the Riemannian case where Γαβκ was only function of the

position, in Finsler geometry it is function of the space coordinates x and orien-

tation y.

In this chapter we introduced the Euler-Lagrange form of the geodesic equa-

tions (3.3.6) and the Hamilton-Jacobi equation (3.3.11) in a Riemannian space.

We also described the geodesic equation (3.6.6) in a Finsler space. In Chapter

4, 5 and 6, we describe the numerical models to solve these equations. We de-

scribe, analyze and compare the properties of these models for tractography ap-

plications. A feasibility study with results for synthetic and real data are shown

for all these models.



4
Hamilton-

Jacobi Based
Tractography

for DTI

In the previous chapter we introduced the HJ equation in the Riemannian space

for the specific metric obtained by inverting the diffusion tensor. In this chap-

ter, we focus on constructing a numerical scheme for computing geodesics using

this equation (3.3.11). First, we present the discretization scheme for a general

Hamiltonian. Subsequently, we explain the fast sweeping algorithm for com-

puting the solution of the discretized HJ equation. We also present our choice

of connectivity measure for selecting computed geodesics. Finally, we present

some results for synthetic and human brain data.
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4.1 Discretization Scheme for the HJ Equation

We recall from Chapter 3 that the geodesic connecting a given point to an arbi-

trary point in the domain can be determined from the boundary value problem

for the HJ equation


H

(
x, ∂T

∂x

)
= 1, x ∈ Ω,

T (x) = V(x), x ∈ ∂Ω,
(4.1.1)

with the assumption that H(x, .) is convex. We set V(x) = 0 for all x ∈ ∂Ω [58].

The Hamiltonian H given by

H2(x, p) = gαβ(x)pαpβ pα := gαβ(x)ẋβ. (4.1.2)

To discretize a general Hamiltonian H(x, p) several techniques have been de-

veloped for both structured and unstructured grids. In this thesis we use the

Lax-Friedrichs (LF) numerical discretization, proposed by Kao et al. in [78],

which satisfies the required monotonicity and consistency conditions. The major

motivation to apply the LF scheme is that it will be always possible to derive an

explicit formula without any assumption on the Hamiltonian.

We start with the derivation of an explicit discretization formula for the three-

dimensional HJ equation (4.1.1). Consider a cubic domain with grid points xi jk =

(x1
i , x

2
j , x

3
k) = (ih, jh, kh), with h > 0, h = (x1

max − x1
min)/(N − 1) the grid size and

N the number of spatial grid points in one direction. For simplicity, the grid size

is equal in all directions. First we introduce the difference approximations

δx
1Ti jk :=

1

2h

(
Ti+1, j,k − Ti−1, j,k

)
, (4.1.3)

δx
1
x

1Ti jk :=
1

h2

(
Ti+1, j,k − 2Ti, j,k + Ti−1, j,k

)
,

and the averaging operator

µx
1Ti jk :=

1

2

(
Ti+1, j,k + Ti−1, j,k

)
, (4.1.4)
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and likewise for operators in x2 and x3. Here, Ti jk is the numerical approxima-

tion of T (x1
i , x

2
j , x

3
k). At each grid point xi jk we have the following numerical

approximation

H
(
xi jk, δx

1Ti jk, δx
2Ti jk, δx

3Ti jk

)
−

1

2
h
(
σ1δx

1
x

1Ti jk + σ2δx
2
x

2Ti jk + σ3δx
3
x

3Ti jk

)
= 1.

(4.1.5)

The second term is the artificial viscosity term and it is added in order to suppress

the numerical oscillations. Here, σ1, σ2 and σ3 are artificial viscosities. Using

the relation

δx
1
x

1Ti jk =
2

h2

(
µx

1Ti, j,k − Ti, j,k

)
, (4.1.6)

we can then rewrite (4.1.5) as follows

H
(
xi jk, δx

1Ti jk, δx
2Ti jk, δx

3Ti jk

)
−

1

h

(
σ1µx

1 + σ2µx
2 + σ3µx

3

)
Ti jk +

1

h
(σ1 + σ2 + σ3)Ti jk = 1.

(4.1.7)

Notice that the unknown Ti jk in the equation above can be isolated to obtain the

iterative solver. This solution will be a basis for an iterative method specified in

the next section, i.e,

Ti jk = c
(
1 − H(xi jk, δx

1Ti jk, δx
2Ti jk, δx

3Ti jk)
)

(4.1.8)

+
c

h

(
σ1µx

1 + σ2µx
2 + σ3µx

3

)
Ti jk,

where,

c =
h

σ1 + σ2 + σ3

.



58 4 Hamilton-Jacobi Based Tractography for DTI

The artificial viscosities have to satisfy,

σ1 ≥ max

∣∣∣∣∣∣
∂H

∂pα

∣∣∣∣∣∣ = max
∣∣∣gαβpβ

∣∣∣ , ∂H

∂pα
=

1

H
gαβpβ,

etc. Now let us define

σ̃α =
σα

σ1 + σ2 + σ3

. (4.1.9)

Then we can rewrite (4.1.8) as follows

Ti jk = c
(
1 − H(xi jk, δx

1Ti jk, δx
2Ti jk, δx

3Ti jk)
)

(4.1.10)

+
(
σ̃1µx

1 + σ̃2µx
2 + σ̃3µx

3

)
Ti jk.

We can show that monotonicity and convergence of the method is dependent

on the appropriate choice of the viscosity terms σα(α = 1, 2, 3) and the grid size

of the computational domain. We want to keep the viscosity term as small as

possible and still have a monotone solution. There are different studies on the

appropriate choice for σα and they show that there is a direct relation between

convergence rate and the viscosity term. In this thesis, we choose σα = 1 for

most of our experiments unless stated otherwise. More details about the conver-

gence and accuracy of the LF scheme is presented in Kao and Zhu et al. [78,159].

4.2 Iterative Method

In order to compute the solution of the discretized HJ equation, an iterative

method needs to be applied. Lenglet et al. [87] and Jbabdi et al. [72] apply

fast marching schemes used to determine geodesics and the viscosity solution

of the time-dependent HJ equation. Jackowski et al. [71] apply the fast sweep-

ing scheme to determine the viscosity solution of the stationary HJ-equation. In
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their approach, trajectories that minimize some conformal energy, correspond-

ing to the largest diffusion along the trajectories, is computed rather than the

geodesics.

Kao et al. [79] show that for computing the optimized trajectories, the fast

sweeping scheme has lower computational complexity than the fast marching

method, regardless of discretization. However, Yatziv et al. [156] show that it is

also possible to implement the fast marching method with a similar complexity

as fast sweeping. Our main purpose is to show the difference between single

arrival time solvers and the solvers that compute multi-valued solutions such as

ray tracing introduced in the next chapter. Very careful selection of the numerical

scheme for solving the HJ equation can lead to a more computationally efficient

implementation; see [154]. However, we still only compute the first arrival time

solution.

We solve the discretized system (4.1.8) using the fast sweeping method. Fast

sweeping relies on the idea of using central finite differences and Gauss-Seidel

iteration with alternating sweeping directions. This way the casuality principal,

determined by the characteristics, is taken care of. In other words, this approach

divides the characteristics into a finite number of groups according to their di-

rection and the fast sweeping method follows the causality along characteristics.

This means that a newly computed value, T n+1
i jk depends on T values in its do-

main of dependence [79]. In other words, the domain of dependence of the grid

point xi jk is included in the numerical domain of dependence. Values from the

previous sweeping step are used to make the error decrease. Therefore, the so-

lution will be updated if and only if T n+1
i jk < T n

i jk. As the method relies on the

fact that by sweeping in different directions, the direction of the characteristic

will be eventually followed. There is no need for sorting, in contrast to the fast

marching method. The computational complexity of the algorithm is O(N3) for

a total of N grid points in each spatial direction and the number of iterations is

independent of the grid size [60, 157, 158].

The fast sweeping algorithm consists of the following steps: initialization,

alternating sweepings and enforcing boundary conditions.
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Initialization We assign the exact values to T 0
i jk at the grid points on the bound-

ary ∂Ω and keep these values fixed during the iterations. At the interior points

we set T 0
i jk = M with M larger than the maximum of the true solutions. These

values will be updated in the process of iterations.

Gauss-Seidel Alternating Sweepings At iteration n+1, we calculate T n+1
i jk that

solves equation (4.1.8). At all grid points xi jk in the interior domain we carry out

the Gauss-Seidel iteration except in those that have a local converged solution

value. Recall that this process has to be done in alternating sweeping directions,

i.e., opposite diagonal directions given by the eight sweeping directions

(1) i = 1 : Nx, j = 1 : Ny, k = 1 : Nz (2) i = Nx : 1, j = 1 : Ny, k = 1 : Nz

(3) i = Nx : 1, j = Ny : 1, k = 1 : Nz (4) i = 1 : Nx, j = Ny : 1, k = 1 : Nz

(5) i = 1 : Nx, j = 1 : Ny, k = Nz : 1 (6) i = Nx : 1, j = 1 : Ny, k = Nz : 1

(7) i = Nx : 1, j = Ny : 1, k = Nz : 1 (8) i = 1 : Nx, j = Ny : 1, k = Nz : 1.

We take Nx = Ny = Nz. Based on these directions, we obtain the following

iterative method

T n+1
i jk = c

(
1 − H(xi jk, δx

1T
n,n+1

i jk
, δx

2T
n,n+1

i jk
, δx

3T
n,n+1

i jk
)
)

(4.2.1)

+ σ̃1µx
1T

n,n+1

i jk
+ σ̃2µx

2T
n,n+1

i jk
+ σ̃3µx

3T
n,n+1

i jk
,

where the difference approximations δx1
T

n,n+1

i jk
and µx1

T
n,n+1

i jk
are given by

δx1
T

n,n+1

i jk
=


1
2h

(T n
i+1, j,k − T n+1

i−1, j,k) for direction i = 1 : Nx,
1
2h

(T n+1
i+1, j,k − T n

i−1, j,k) for direction i = Nx : 1,
(4.2.2)

µx1
T

n,n+1

i jk
=


1
2
(T n

i+1, j,k + T n+1
i−1, j,k) for direction i = 1 : Nx,

1
2
(T n+1

i+1, j,k + T n
i−1, j,k) for direction i = Nx : 1.

(4.2.3)

Similar relations can be written for other directions.
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Enforcing Boundary Conditions After each sweeping, we enforce boundary

conditions to ensure that characteristics move outside the domain and errors can-

not propagate into the domain. Therefore, we have to specify carefully the values

of points outside the computational domain, otherwise huge errors may be intro-

duced and propagate into the computational domain. To tackle this problem, Kao

et al. [78] propose the boundary condition in a two dimensional case. It is easily

extendable to three dimension domain, as follows


T n+1

0, j,k = min (max( 2T1, j,k − T2, j,k,T2, j,k),T
n
0, j,k ),

T n+1
N+1, j,k = min (max( 2TN, j,k − TN−1, j,k,TN−1, j,k),T

n
N+1, j,k ).

(4.2.4)

Note that similar conditions holds for the other boundaries. This numerical

boundary condition assures that the numerical approximation is decreasing af-

ter each approximation so the value will be updated if and only if it is less than

its old value.

Convergence Test After each sweepings is performed, check whether:

‖ Tn+1 − Tn ‖L1
≤ ǫ, (4.2.5)

where ǫ > 0 is the convergence tolerance and Tn is the vector containing the

unknown T n
i jk. In all numerical examples we take ǫ = 10−6.

4.3 Processing the DTI Field

All geodesic based tractography methods allow the geodesics to deviate from the

direction of diffusion. This is an advantage because they become less sensitive

to noise, but at the same time the geodesics can deviate too much if diffusion

profiles are not sharp. In order to deal with this problem the tensor field is

processed before applying any scheme for tractography. To this end different

techniques have been proposed in literature [48,51], such as sharpening the DTI

field using the log-Euclidean framework to reduce the noise in the acquisition, or
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deconvolving the diffusion tensor to enhance the anisotropy [43]. For some ap-

plications, we employ the similar tensor sharpening similar to the one introduced

in Descoteaux et al. [43]. Generally speaking, tensor sharpening enhances the

anisotropy inside the tensor field. Moreover, in cases where the anatomy of the

data is available, segmentation techniques can be applied prior to any computa-

tion, to identify the white matter structure. In the following, we briefly describe

some of these sharpening techniques.

We know that the eigenvalues of a symmetric positive definite tensor D are

always positive and can be represented by an ellipsoid aligned with the axes

formed by its eigenvector orthogonal basis. The eigenvectors can also be con-

sidered as the coordinates of the tensor D. Descoteaux et al. [43] propose tensor

sharpening by raising tensors to a certain power, i.e.,

Dsharp = Ds, (4.3.1)

where D and Dsharp are the diffusion tensor and sharpened tensor, respectively.

Applying the power to a matrix is the same as applying the power to each of its

eigenvalues λi. Based on the decomposition

D = EΛET, (4.3.2)

whereΛ = diag(λ1, λ2, λ3) and E = (e1, e2, e3) the orthogonal eigenvector matrix.

Thus,

f (D) = E f (Λ)ET, f (λ) = diag( f (λ1), f (λ2), f (λ3)), (4.3.3)

and this gives

Ds
= EΛsET. (4.3.4)

Sharpening the matrix means small eigenvalues will become relatively smaller

and large ones will become relatively larger. This method causes the ellipsoid

to increase or decrease in volume. To prevent this, one can normalize the tensor
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using its determinant, which is the same as the product of its eigenvalues. After-

wards, the ellipsoid has to be multiplied by the original determinant to give its

volume back although it is not equal to the volume of the original ellipsoid, thus

Dsharp =

(
D

|D|

)s

|D|, (4.3.5)

with |D| the determinant of the tensor D. This follows

|Dsharp| = |D|3−2s. (4.3.6)

Note that for an n−dimensional matrix, relation (4.3.6) is written as the following

|Dsharp| = |D|s(1−n)+n. (4.3.7)

Sharpening the tensor can also introduce other difficulties such as enhancing

noise. The proper choice of the exponent s is highly dependent on the data and

its orientation and different values are proposed in literature [43,134]. Typically,

the value of the fractional anisotropy (FA) is used as threshold for enhancing the

DTI field, such that only a voxel with relatively large FA will be enhanced, but

then also noise gets enhanced.

We applied tensor sharpening to the synthetic 30 × 40 discrete tensor field

with crossing; see Figure 4.1. Note that in this example no threshold is applied.

Figure 4.1(a) illustrates the original field. In Figure 4.1(b) we applied the sharp-

ening using s = 2 without normalizing the tensor field and Figure 4.1(c) shows

the sharpened tensor field using the normalization. It is obvious that applying

normalization results in a more scaled field than the non-normalized one. Note

that in this figure we have only tensors normalized by their corresponding deter-

minants and we have not multiplied by their determinants after the sharpening.

From DWI or other MR acquisition techniques it is possible to segment the

ventricles. Taking advantage of this knowledge, one can exclude regions con-

taining Cerebrospinal (CSF) fluid from the computation. Hence, we can avoid
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(a) (b) (c)

Figure 4.1: Illustration of the influence of enhancement by sharpening theDTI tensor

field. (a) Original field, (b) s = 2 with no normalization (4.3.1), (c) s = 2 with

normalization (4.3.5).

front propagation into these regions. A possible way is to select those regions

with segmentation techniques and set the solution value T to 0 at these regions.

Therefore, fronts cannot propagate through white matter regions and the result-

ing geodesics will dodge the obstacle.

We assess the effect of segmentation on the front propagation in the presence

of obstacles by creating a two-dimensional synthetic tensor field with isotropic

tensors at every grid point and an obstacle in the middle of the domain. To create

an obstacle we fix all points on the boundary of the obstacle to 0 and these points

stay fixed during the computation. Since, no calculations have to be done in this

region the computational time reduces as a result. Figure 4.2 illustrates the front

evolution procedure in the presence of an obstacle for the synthetic field. Figure

4.2(a) to 4.2(d) show the front evolution of the first iteration for the 4 sweeping

directions. Figure 4.2(e) to 4.2(h) shows the front evolutions after the last sweep

of iterations 3, 6, 9 and 12, respectively.

In Figure 4.3, we illustrate the solution for a human brain slice with and with-

out segmentation of the ventricles (communicating cavities within the brain).

Similar to the previous example, we set the solution in the segment region to

zero in order to prevent the front from propagating inside this region. Each point

in this image is colored using the value of the propagation solution at that point.

We can see in Figure 4.3(b) that applying the segment regions maintains more
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intuitive propagation compared to the case without segmentation, Figure 4.3(a).

The color code used in this figure is in heated-color scale. Note that applying

segmentation in a clinical applications can only be practical for regions where

the structure is known a priori.

4.4 Connectivity Measure

The geodesics corresponding to the Hamiltonian can be obtained by solving the

Charpit’s equations (3.3.12). Notice, that the momenta pα can be computed from

the viscosity solution; see (3.3.11). For this we use the central difference scheme.

One can construct the solution of the PDE (3.3.11), by integrating each one of

the equations in (3.3.12) and express T in terms of x. For that we use the 4−th

order Runge-Kutta solver. Notice that the Runge-Kutta method can give the

solution at points that are not necessarily located in the grid points. Thus, the

information for those points is not available. Therefore, bilinear interpolation

for two-dimensional and trilinear interpolation for three-dimensional problems

is used for the viscosity solution to obtain the solution in points other than grid

points. Once this step is finished, any point in the domain can be connected by a

geodesic to the initial position.

Once all geodesics are computed, regardless of the technique used for their

computation, a selection needs to be made. Any two points in the domain can

be connected by geodesics but not all reflect the underlying fibrous structure.

One can measure the strength of geodesics connecting two points by applying

a connectivity measure. The connectivity measure is used for finding a suitable

trajectory corresponding best to real fiber bundles. We apply this measure in

order to discard geodesics that do not have strong connections between points

in the domain. Several cost functions have been proposed in literature. In the

following we will discuss the most common ones.

Kao et al. [71] proposed to use the so-called validity index, defined as the

mean collinearity between the tangent vector t to the minimal curve χ, and the
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.2: Example of the evolution process in the presence of an obstacle. (a) first

Iteration, sweep 1, top left to bottom right. (b) first Iteration, sweep 2, bottom left

to top right. (c) first Iteration, sweep 3, top right to bottom left. (d) first Iteration,

sweep 4, bottom right to bottom left. (e) Iteration 3, (e) Iteration 6, (e) Iteration 9,

(e) Iteration 12.

principal eigenvector of the diffusion tensor e1, as follows

V[χ] =

∫ b

a
|t(χ) · e1(χ)|dτ

J[χ]
. (4.4.1)
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(a) (b)

Figure 4.3: Human Brain slice of the solution without and with segmenting the ven-

tricles. (a) without segmentation, (b) with segmentation.

where J[χ] is the Riemannian length of the curve; see (3.3.1). Note that this

curve is not necessarily a geodesic. The validity index is maximum for a minimum-

cost trajectory that closely follows the principal eigenvector field. This measure

suffers from several drawbacks. First, it does not use the whole tensor. In the

presence of noise, the direction of the main eigenvector can change dramatically.

Moreover, in this measure the average amount of diffusion of the DT is not con-

sidered. One region with isotropic tensors can have a high validity index if the

main eigenvector coincides with the tangent to the geodesic or the optimal path.

In the next section we verify whether the geodesics follow the main diffusion

directions, using the measure (4.4.1).

Since fibers correspond to geodesics that connect a pair of points in the Rie-

mannian manifold, the most reasonable connectivity measure is the one that min-

imizes trajectories in a Riemannian manifold. In recent papers, Astola et al. [9]

and Parker et al. [109] presented the connectivity measure as the ratio of the

geodesic lengths given by the Euclidean and Riemannian metric tensors, respec-

tively. This measure can be considered as a measure for the connectivity strength

of a geodesic. The proposed measure reads

m[χ] =

∫ b

a
|χ̇(τ)|dτ
J[χ]

. (4.4.2)

If a curve χ corresponds to an actual fibre bundle the denominator will be small,
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Figure 4.4: Two choices of fibers. Note that in the top figure, the rate of diffusion

along the path is larger due to the big sphere, although the average of anisotropy can

be lower compared to the bottom figure.

then m will be large. Note that locally, in anisotropic voxels, this measure ob-

tains its maximum in the direction of the eigenvector corresponding to the largest

eigenvalue [9]. Compared to the validity index (4.4.1) which depends only on the

main eigenvector directions, the connectivity measure (4.4.2) is more robust to

noise. This is because it considers global behavior and the complete tensor, not

only the main eigenvector. However, this measure also suffers from some flaws.

For example, for the cases presented in Figure 4.4 this measure can produce un-

desirable results when the size of some isotropic tensors are much larger than the

size of the anisotropic ones. In this case, the connectivity measure (4.4.2) gives

the larger value for the fiber that follows the isotropic tensors with large amount

of diffusion, top figure. This is important to consider when treating real data.

For example, the average amount of diffusion in the region of the ventricles are

considerably larger than the ones in anisotropic regions; see Figure 4.5.

4.5 Numerical Results for Synthetic Fields Using

HJ Equation

In this section we study two different types of fiber bundles. First, we examine

the HJ based method for curved fiber bundles. Second, we show some results for

crossing fibers. The synthetic data we use in this section is build in two and three

dimensions. Later, in Chapter 5 we will show some results for human brain data

using the fast sweeping algorithm.
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Figure 4.5: An illustration of the diffusion tensors corresponding to a part of the

ventricles and the corpus callosum. Ellipsoids are colored using the FA value, such

that blue is for the low anisotropy and red is corresponding to the high anisotropy

Consider the synthetic field with crossings in Figure 4.6. We compute the

solution of (4.1.10) with σ = 2 using the fast sweeping method, with and without

tensor sharpening; see Figure 4.6. Three initial points and three seed regions

are considered to obtain the fibers; see Figure 4.6(a). Note that there are two

different possible pathways, i and ii, connecting the initial points to the seed

region A. We like to obtain the pathway ii passing the area with high curvature.

For that the front propagation should evolve faster along pathway ii than along i.

This can be imposed on the algorithm by applying some threshold and sharpen

the anisotropic region. However, applying any threshold causes the algorithm to

stop in the crossing region (along the pathway iv). Therefore, we apply tensor

sharpening to the whole field without applying any threshold. The field without

sharpening has converged in 31 iterations and the field with sharpening needed

135 iterations. The first thing to notice is the large difference in the number

of iterations. However, the fibers obtained by the modified tensor field, Figure

4.6(c) and 4.6(e), are better following the desired fiber bundles. To compare

the strength of the fibers, we compute the validity index (4.4.1) and connectivity

measure (4.4.2) for the fibers.

Fibers are colored according to these two measures. Applying the validity

index also indicates how close the computed geodesics are to the main eigenvec-
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tor direction along the path. We see in Figure 4.6(b) and 4.6(c) that even with

the presence of the crossing, the validity index measure gives the largest value

for fibers connecting the initial points to the seed region C. Note that in Figure

4.6(c) and 4.6(e) fibers computed from the enhanced tensor field connecting the

initial points to the seed region C, give stronger connections for both measures

compared to the corresponding fibers in Figure 4.6(b) and 4.6(d). Moreover, we

observe that finding the fiber bundle connecting initial points to the seed region

A, passing the U-fiber (along the pathway ii) is not possible with this algorithm

and instead we get shortcuts.

We also examined the capability of the method for recovering the desired

fiber bundle in the region with crossing fibers, i.e., X-fibers for a three-dimension

synthetic field. We examine this for an example of a synthetic forty-five de-

grees X-fiber synthetic data set; see Figure 4.7. The background is color coded

based on the fractional anisotropy (FA), and the ellipsoids are colored using

the common RGB color-coding of the main eigenvector, e, (i.e., (R,G, B) =

(|e1|, |e2|, |e3|)). The seed points and end points are visualized by black disks.

The ellipsoids describing the diffusion profiles at each voxel are also shown. In

Figure 4.7(a), the reconstruction based on the classic streamline fiber-tracking

is shown. Note the fiber is changing direction once it meets the crossing area.

Figure 4.7(b) shows the solution obtained from the HJ equation. As expected,

the HJ equation solution gives a structure closer to the expected correct path,

however, the path is not straight.

4.6 Conclusions

We discussed a fast sweeping algorithm as an example of a first arrival solver

for the stationary HJ equation. This algorithm gives the first arrival time solution

and ignores later arrivals. We also described segmentation and sharpening pro-

cedures in order to process the DTI field before tractography. We showed some

examples in which applying sharpening cannot ensure that the front propagation
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avoids shortcuts in the case of high curvature fibers such as U-fibers. Moreover,

the capability of this method for capturing the expected fiber tract in the presence

of the crossing fibers is shown.

Generally, the first arrival solvers such as the fast sweeping algorithm are ro-

bust to noise. However, they can produce nonphysical solutions, e.g., shortcuts.

This can be either due to the computation of only the first arrival solution or the

choice of the functional to be minimized. In the following chapters we formulate

a ray tracing method for computing geodesics in a metric space. This method

provides more control over the local orientations and can properly capture multi-

valued solutions of the geodesic equations connecting two given points.
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(a)

(b) (c)

(d) (e)

Figure 4.6: (a) Original tensor field with indicators pointing at initial and seed re-

gions, tensors are sharpened with s = 2 using no threshold. (b) Geodesics color

coded with the validity index measure (4.4.1), (c) Geodesics color coded with the va-

lidity index measure and sharpening, (d) Geodesics color coded with the connectivity

measure (4.4.2), (e) Geodesics color coded with the geodesic connectivity measure

using sharpening.
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(a) (b)

Figure 4.7: Fiber reconstruction for X-fiber synthetic data using the streamline ap-

proach (a) and the HJ-equation approach (b).
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5
Ray Tracing

Method for DTI

In the previous chapter, we discussed the Hamilton-Jacobi equation as a model

for DTI tractography. The geodesics obtained this way correspond to the first

arrival time solution, and therefore multi-valued solutions are not possible. In

Chapter 3 we discussed the mathematical models for obtaining geodesics in the

Riemannian space in order to be able to compute possible multi-valued solutions

using the Euler-Lagrange formulation. In this chapter the two-point ray tracing

algorithm for computing the geodesics connecting a given initial point to a given

end point will be described for a two-dimensional synthetic tensor field. Later,

we focus on developing a ray tracing technique for computing multi-valued so-

lution for a given initial point and given regions of interest. Finally, we present
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results for realistic synthetic data and a human brain DTI.

5.1 Numerical Model for Two-Point Ray Tracing

First, let us start with the geodesic connecting a pair of points on a Riemannian

manifold embedded in R2. We recall from Chapter 3, that the geodesic is defined

as curve χ = χ(τ) = (x1, x2)T minimizing the length functional (3.3.1), where

gαβ = gαβ(x) is the metric. The coordinates (x1, x2) belong to a two-dimensional

bounded setΩ ⊂ R2 and specify the location of the geodesic, and τ is a parameter

along the geodesic. The geodesics are given by the following system of second

order ODEs on Ω [80],

ẍ1
+ Γ

1
11 ẋ1 ẋ1

+ 2Γ1
12 ẋ1 ẋ2

+ Γ
1
22 ẋ2 ẋ2

= 0, (5.1.1)

ẍ2
+ Γ

2
11 ẋ1 ẋ1

+ 2Γ2
12 ẋ1 ẋ2

+ Γ
2
22 ẋ2 ẋ2

= 0.

Here the dot denotes differentiation with respect to τ and Γαβγ are the Christoffel

symbols defined in (3.3.7). Subscripts 1 and 2 on the indicate differentiation with

respect to x1 and x2, respectively.

We can reduce the system (5.1.1) to three first order ODEs by re-scaling as

follows

ẋ1
=

dx1

dτ
= cos θ, ẋ2

=
dx2

dτ
= sin θ, (5.1.2)

and therefore

ẋ2
= ẋ1 tan θ. (5.1.3)

Note that by the particular choice of (5.1.2) we identify τ with the Euclidean arc

length parameter, i.e., |ẋ| = 1. Differentiation of (5.1.3) with respect to τ gives

ẍ2
= ẍ1 tan θ + ẋ1 1

cos2 θ
θ̇. (5.1.4)
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Now let γ = (x1, x2, θ)⊤. Applying the quotient rule of the differentiation to the

relation tan θ = ẋ2/ẋ1 in combination with (5.1.1) gives

θ̇ = sin θ
(
Γ

1
11 cos2 θ + 2Γ1

12 cos θ sin θ + Γ1
22 sin2 θ

)
− (5.1.5)

cos θ
(
Γ

2
11 cos2 θ + 2Γ2

12 cos θ sin θ + Γ2
22 sin2 θ

)
=: ρ(γ).

Therefore the system of ODEs (5.1.1) for geodesics reads

γ̇ = g(γ) :=



cos θ

sin θ

ρ(γ)


, (5.1.6)

From equation (5.1.6) we can compute all possible geodesics starting at an initial

point and ending at some point in the domain. Note that at the same time we also

compute the escape angle of the geodesic leaving the boundary. We concentrate

on the problem of computing geodesics connecting two given points inside the

domain. In order to tackle this problem we first solve (5.1.6) for these two points

as initial locations and a discrete set of initial directions. This gives us two sets of

geodesics starting at these two points and ending at the boundary. We then post-

process these solutions to obtain the geodesics between the two points. This

procedure is called two-point ray tracing [113, 117]. Some general references to

ray-tracing are [76, 83, 143]. In the following, this procedure will be described.

We consider the triplet γ0 = (x1
0, x

2
0, θ0)T as a point in the phase space Ωp =

Ω × S, where S = [0, 2π). Let F(γ0) = (X1, X2,Θ)⊤ be the escape point of the

geodesic satisfying (5.1.6) and starting at γ0, i.e., F(γ0) is the point in Ωp where

the geodesic starting at (x1
0, x

2
0) ∈ Ω with direction θ0 ∈ S crosses the boundary

of Ω at (X1, X2) with direction Θ ∈ S, see Figure 5.1. Moreover, let T (γ0) be

the Euclidean length in Ω of the geodesic between the starting point and the

corresponding escape point. We call T (γ0) the escape length. We note that,

given an initial point γ0, we can compute F(γ0) and T (γ0) by solving (5.1.6)

using an ODE solver such as the fourth order Runge-Kutta method.
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Figure 5.1: A geodesic in the parameter space. The function F is defined as

F(x
1
0, x

2
0, θ0) = (X

1
, X

2
,Θ).

Now suppose we want to find all possible geodesics between two points

(x1
1, x

2
1) and (x1

2, x
2
2) in Ω. We first observe that F(γ1) = F(γ2) if and only if

the points γ1 = (x1
1, x

2
1, θ1)⊤ and γ2 = (x1

2, x
2
2, θ2)⊤ lie on the same trajectory in

Ωp. We can thus find θ1 and θ2 as the solution of [101]

F(x1
1, x

2
1, θ1) = F(x1

2, x
2
2, θ2). (5.1.7)

There may be multiple solutions of (5.1.7) giving rise to multiple geodesics.

The Euclidean length of the geodesics connecting these two points is then given

by T = |T (γ1) − T (γ2)|.

In order to solve (5.1.7) we note that, since F = (X1, X2,Θ)⊤ is a point on the

boundary ∂Ωp, it can be reduced to a point (S ,Θ) ∈ R2, where S is a parametriza-

tion of the escape location on the boundary. For example, in a rectangular domain

Ω we choose S ∈ [0, 2π] along ∂Ω, see Figure 5.2(a). The left and right hand

sides of (5.1.7) are therefore curves in R2, the (θ, S )−plane parameterized by

θ1 and θ2 [101]. Solving (5.1.7) amounts to finding intersection points of these

curves; see Figure 5.2(b).
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(a) (b)

Figure 5.2: A geodesic in the parameter space, starting at point γ1 = (x
1
1, x

2
1, θ1)

⊤
and

ending at the escape point F(γ1) = (X
1
, X

2
,Θ)

⊤
. In a discrete case, curves in figure (b)

contain M straight line segments.

Numerically, we first solve the geodesic equations (5.1.6) for the initial points

(x1
1, x

2
1, θk) and (x1

2, x
2
2, θk) where θk = k△θ and △θ = 2π

M
. Discretizing the compu-

tational domain Ω into N2 points, the complexity of solving the ODEs for two

initial points (x1
1, x

2
1) and (x1

2, x
2
2) with M initial directions for each point isO(M2),

i.e., we have to solve the initial value problem for (5.1.6) M2 times. Having the

discrete solutions (escape points and escape angles) for the initial points (x1
1, x

2
1)

and (x1
2, x

2
2) with all M directions we find the crossing points of two curves. This

can be done with a complexity of O(M) [132].

5.2 Numerical Examples

In this section, we apply the two-point ray tracing method to compute all possible

geodesics in a tensor-warped field. We present the method for two different

tensor fields. The main difference between these two fields is that in the first

one we have a continuous tensor field expressed in analytic form. Therefore, we

can compute the metric derivatives and Christoffel symbols analytically. In the
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second one, we have a discrete tensor field only at grid points. In order to find

the metric, derivatives at any point in the domain, we interpolate component-wise

the metric derivatives at the grid points.

5.2.1 Analytical Tensor Field

We consider a two-dimensional metric field

G =


g11 g12

g21 g22

 ,

where

g11(x1, x2) = 2π2sin2(πx2)
(
1 + sin2(2πx1)

)
,

g12(x1, x2) = g21(x1, x2) = −3

8
π2 sin(4πx1) sin(2πx2),

g22(x1, x2) = π2

(
1 − 3

4
sin2(2πx1) cos2(πx2)

)
,

in a rectangular domain Ω = [0, 1]× [0.1, 0.9]. Here we have the diffusion tensor

D = G−1. Differentiating the elements of G with respect to x1 and x2 and using

(3.3.7) gives us the required Christoffel symbols.

Figure 5.3(a) shows the geodesic paths for two initial points (x1
1, x

2
1) = (0.3, 0.6)

and (x1
2, x

2
2) = (0.1, 0.4) with M = 50 initial directions θk ∈ S, k = 1, 2, . . .,M.

Figure 5.3(b) shows two intersecting curves in the (Θ, S )-plane corresponding

to all geodesics starting at the two initial points. Each curve corresponds to all

escape points and escape angles starting from the corresponding initial point.

There are two crossing points which determine two geodesics connecting these

two points. Note that we only consider the crossing of the two line segment with

properly small length, this is due to the re-parametrization of the boundaries.

The two geodesics are in fact the same (in this case) and lie on top of each other,

indicated by the bold line in Figure 5.3(a).
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(a) (b)

Figure 5.3: (a) shows geodesics starting from two given initial points and ending at

the boundary and the geodesics connecting these two points. (b) shows two crossing

curves. The two crossing points are indicated by circles.

5.2.2 Synthetic Tensor Field

In this section, we consider a discrete two-dimensional synthetic tensor field.

Isotropic tensors are defined as background (excluding the effects of noise) and

anisotropic tensors form curved fibers. The orientation of the tensors in the spa-

tial domain represents a section of a U-fiber bundle structure. To examine the

method for noisy data, Gaussian noise is added to each eigenvector of the diffu-

sion tensors, independently, see Figure 5.4.

We cover the domain Ω = [0, 1]2 uniformly with the grid points (x1
i , x

2
j) =

h(i, j), i, j = 0, 1, . . . ,N−1 with h = 1
N−1

the grid size in both x1 and x2 directions.

Here N+1 is the number of grid points in each direction. Each grid point (x1
i , x

2
j)

in this domain is labeled by a two-dimensional tensor G(x1
i , x

2
j) = gαβ(x1

i , x
2
j).

To compute the derivatives of gαβ in each grid point we use a finite difference

scheme such as the second order central difference

∂gαβ

∂x1
(x1

i , x
2
j) ≈

1

2h

(
gαβ(x1

i+1, x
2
j) − gαβ(x1

i−1, x
2
j)
)
. (5.2.1)
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. We apply second order one-sided difference schemes for the grid points situated

on the boundaries, i.e.,

∂gαβ

∂x1
(x1

0, x
2
j) ≈ (5.2.2)

1

2h

(
−3gαβ(x1

0, x
2
j) + 4gαβ(x1

1, x
2
j) − gαβ(x1

2, x
2
j)
)
,

∂gαβ

∂x1
(x1

N−1, x
2
j) ≈ (5.2.3)

1

2h

(
3gαβ(x1

N−1, x
2
j) − 4gαβ(x1

N−2, x
2
j) + gαβ(x1

N−3, x
2
j)
)
.

Note that similar expressions hold for derivatives with respect to x2. In order

to determine the derivatives needed to compute the Christoffel symbols in any

point in the domain we apply component-wise linear interpolation for gαβ and its

derivatives.

Figure 5.4 shows the two geodesic paths between the two initial points (x1
1, x

2
1) =

(0.3, 0.5) and (x1
2, x

2
2) = (0.75, 0.57), obtained by the algorithm. It shows that the

geodesic with the shortest length between the two points (black-curve) does not

always follow correctly the fibrous structure, i.e., the U-fiber bundle. This test

clearly shows the capability of the two-point ray tracing algorithm for comput-

ing multiple geodesics between two points. In contrast, existing methods would

calculate just the unique geodesic. Computing the desired path in these methods

can be very sensitive to the choice of the cost function. Note that in some cases

it is possible that both geodesic connections are physically meaningful, see for

example [111].

In this section, we showed that to find the multiple geodesics connecting

two given points on the boundary, the geodesic equation is derived in spherical

coordinates. This gives the possibility to simultaneously compute the escape

angles. The solution of this new system of ODEs is solved by the two-point ray

tracing method described in Section 5.1. This approach is properly dealing with

the position when multi-valued arrival times occur. However, we can show that

using spherical coordinates for three dimensional applications leads to a system
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Figure 5.4: Geodesics computed for a syntheticDT field modeling a curved fiber tract.

This figure shows the diffusion tensor field with Gaussian noise added to the main

eigenvectors.

of differential algebraic equations (DAE), which are computationally expensive

to solve [26]. For our specific application, DTI tractography, calculating the

exact connection between two given points is not favored. Instead, we rather like

to have the connection between two given regions.

In the following section, we introduce a new numerical representation which

avoids the spherical coordinate representation of the geodesic equations. Fol-

lowing the same concept of computing multiple geodesics, ray tracing method

for the point-region and region-region tractography will be introduced.
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5.3 Numerical Model for Ray Tracing

A geodesic connecting a pair of points on a Riemannian manifold is minimizing

the length functional (3.3.1). Let x = (x1, x2, x3)T be a point on the geodesic. As

we showed in Section 3.3, the minimizer of (3.3.1) satisfies the system of ODEs

(3.3.6) with the Christoffel symbols Γαβγ defined in (3.3.5) and (3.3.7). Let us

introduce uγ(τ) := ẋγ(τ) for γ = 1, 2, 3, then we can rewrite system (3.3.6) as

follows

ẋα = uα,

u̇α = −Γαβγuβuγ. (5.3.1)

Consider a point (x1(0), x2(0), x3(0)) as the given initial point in the domain and

(u1(0), u2(0), u3(0)) as an initial direction. We compute the solution of (5.3.1) for

the given initial position and multiple initial directions using sophisticated ODE

solvers, such as the fourth order explicit Runge-Kutta method. This gives us a set

of geodesics connecting the given initial point to some points on the boundary.

The computational domain is discretized uniformly with grid size h and grid

points xi jk = (x1
i , x

2
j , x

3
k) = h(i, j, k) for i = 0, 2, 3, . . . ,N − 1, where N is number

of grid points in each spatial direction. For simplicity we take the number of

grid points equal in all directions. We assign to each grid point a 3 × 3 tensor

Gi jk = D−1
i jk. We approximate the derivatives of gαβ at each grid point by the

standard second order central difference scheme (5.2.1). Second order one-sided

differences (5.2.2) are applied when the grid points are situated on the boundary.

Solving the ODE system (5.3.1) gives the solution at points that are not nec-

essarily located in the grid points. Therefore, the value of the tensor and its

derivatives are obtained by applying trilinear interpolation. The integration of

geodesics continues until the geodesic hits the boundary of the computational

domain.

In ray tracing we cannot control where the rays pass through. In order to

obtain the geodesics of interest with ray tracing techniques, a post processing is
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often desired. Finding the exact pathway connecting two given points is not a

realistic question for DTI tractography and therefore the two-point ray tracing

method is not applicable. It is not possible to know a priori the exact location of

the points that are connected. Therefore, we did not further explore this method.

A more realistic approach is to use a point-region or region-region selection.

This can be done by selecting two regions of interests which are known to be

connected. Geodesics are then computed, and filtered by these regions such that

they pass through both regions. Once geodesics are computed different post-

processing approaches to select the desired geodesic can be applied (see Section

4.3 and 4.4).

Initial Directions As mentioned before, in classic ray tracing we compute the

geodesics for the given initial position and a large number of directions densely

grouped together. Initial vectors are uniformly distributed using the vertices of

regular symmetrical polyhedra [96]. Here all initial vectors are normalized. As-

tola et al. [9] show that geodesics locally follow trajectories parallel to the direc-

tion of the main eigenvalue. However, globally the geodesics are not necessarily

parallel to the streamlines obtained by integrating along the main eigenvector

direction. This behavior can be very beneficial for reducing significantly the

computational time. It means in particular for DTI tractography that we can re-

strict the number of initial shooting directions to a small elliptic cone with the

largest eigenvalue λ1 as its height, λ2 and λ3 as the semi-major axes of the ellipse.

The ellipse is constituting the base of the cone, see Figure 5.5. Again here all

computed initial vectors are normalized.

5.4 Results

In this section, we present a feasibility study to compute geodesics for discrete

three-dimensional synthetic tensor fields and real human brain DTI data. We
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λ0
^

λ1R
^

λ2R
^

Figure 5.5: An illustration of the elliptic cone for reducing the number of initial

directions. Here R is the radius of the base, λ̂i represents the eigenvalue of the tensor

at the initial position. Note that the two branches of the cone are relevant because

the geodesics can depart in either direction.

present the result and analyze the behavior of PDD tractography, the ray tracing

algorithm, and our implementation of the fast sweeping method.

5.4.1 Curved fibers reconstruction

In this section, we want to demonstrate that our proposed ray-tracing method is

superior to the first arrival solvers method for fiber bundles with high curvature,

like U-shaped fiber bundles. We use synthetic data sets with a resolution of

20 × 20 × 6. We define the anisotropic region as R1 and the background as

R2, then tensors corresponding to each region are computed with eigenvalues,

λR1 ∼ [3, 17, 17] × 10−4 mm2/s, and λR2 ∼ [7, 7, 7] × 10−4 mm2/s. In order to

mimic real DTI acquisition, Rician noise is added. The signal attenuation for

different gradient directions is obtained using the inverse of the Stejskal-Tanner

equation [127]. The noise is then added to the noiseless signal with a signal to

noise ratio (SNR) 15.3 and then the tensors are estimated again.

The evaluation on real data is based on two DTI data sets of healthy vol-

unteers. The first data set D1 was acquired by a 3T Siemens scanner with

256× 256× 172 voxels, with resolution 1× 1× 1 with a b-value of 1000s�mm−2

and 72 gradient directions. The second data set D2 was acquired by a Philips

scanner, with 128 × 128 × 66 voxels, with resolution 2 × 2 × 2mm, b-value of

1000s�mm−2 and 32 gradient directions.
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Figure 5.6: Fibers computed using the ray tracing algorithm in real data. Left: fibers

computed from a seeding region in part of the Corpus Callosum. Right: Result after

filtering the fibers through the red polygons, and sorting them according to their

ConnectivityMeasure value. The yellow polygon approximates the seeding region.

The seed regions are selected manually. In real data they are based on avail-

able anatomical atlases. Once the seed region is selected, seed points are gen-

erated inside the selected seed region in an arbitrary interval. In ray tracing,

the geodesic is computed by shooting rays from an initial point to all selected

directions. After fiber reconstruction, we can select fibers by applying one point-

region or region-region tractography (see Section 5.3). Later, one can restrict the

number of geodesics (fibers) that connect the two given regions by applying the

connectivity measure; see Figure 5.6. In the left figure, the geodesics are com-

puted for a seed region inside the Corpus Callosum area. Initial directions are

sampled using a cone around the main eigenvector directions of the correspond-

ing seed points. Here, the computation of the geodesic stops once a geodesic

meets one of the boundaries. The right side figure shows the fibers after filtering

them through the selected regions (red polygons), and sorting them according to

their connectivity measure (4.4.2).

Figure 5.7 shows a synthetic data set of a U-shaped fiber. The background is

color coded based on the fractional anisotropy (FA), and fiber tracts are colored

using the common RGB color-coding. The seed points and end points are visual-

ized by red disks. For pre-processing of the U-shaped synthetic data, we choose
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Initial point

End points

(a)

Initial pointEnd points

(b)

Initial point

(c)

Figure 5.7: Synthetic data set with the form of a U-Shaped fiber: Geodesics computed

using the HJ-equation with different choices of end points (a, b) and the ray-tracing

algorithm (c). In all cases the initial value is situated in the same point. The slice

is color coded according to the fractional anisotropy with a rainbow color coding,

yellow indicates high anisotropy, and blue indicates low anisotropy. The fibers are

colored according to the RGB color coding of the main eigenvector.

the tensor sharpening factor s = 2. Note that the physical interpretation of the

diffusion is not playing a fundamental role for the synthetic data, therefore ap-

plying the sharpening does not result in distorting these information in this case.

Figure 5.7 presents the reconstructed fibers computed from the HJ-equation with

different choices of end points, and also the fibers computed from the ray trac-

ing algorithm. In Figure 5.7a, the HJ-equation is solved, and it can be seen that

the fibers are correctly reconstructed. However, if the end points are located at

the opposite end of the fiber where the reconstructed fibers should pass the path-

way with higher curvature, see Figure 5.7b, the fibers actually cross the isotropic

area. The choice of metric has influence on this effect as Lenglet et al. [88] have

remarked. However, Figure 5.7c shows that with the same choice of metric and

minimizing the same functional, capturing the correct geodesic corresponding to

the desired fiber bundle is feasible. A heuristic explanation is that the viscosity

solution obtained via fast sweeping only gives the solution corresponding to the

first arrival time. Since we do not apply a threshold for defining the anisotropic

regions for U fibers, the Riemannian length of the shorter trajectory connecting
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the two ends of the U-shape will win the cost of the front evolution. We see that

in ray tracing, Figure 5.7c, the two possible geodesics starting from the given

seed point meet at the same point at the other side of the U-fiber.

In Figure 5.8, we demonstrate a similar effect for the volunteer DTI data set

of the healthy volunteer D2. The color codings are the same as in Figure 5.7.

We illustrate the reconstruction of the corpus callosum bundle. Figure 5.8a is the

result of solving the HJ-equation by placing the seed and end points in opposite

extremes, and it has the same effect as in figure 5.7b. Figure 5.8b illustrates that

if the seed and end points are placed such that the individually reconstructed

fibers are less curved, the correct result can be achieved. Figure 5.8c and Figure

5.8d show the results using ray-tracing when the seed points and end regions are

in similar locations as in Figure 5.8a and 5.8b, respectively. We can see that

regardless of the position of the initial points, the ray tracing will result in the

correct fiber reconstruction.

Figure 5.9 shows the ray tracing tractography results for reconstructing the

major association bundles such as the superior longitudinal fasciculus (SLF) on

the right hemisphere and uncinate fasciculus (UNC).

5.4.2 Crossing Fibers Reconstruction

We also examine the capability of the method for recovering the desired fiber

bundle in a region with crossing fibers, i.e., X-fibers. In order to simulate cross-

ing fibers, crossing tubes with angles of 30 degrees, b−value is 1000s/mm2 and

SNR= 15.3 is created [116].

Figure 5.10 and Figure 5.11 illustrate the computed results for the ray tracing

method. We can observe that the results are closer to the expected fibers than in

Figure 4.7. In order to show the robustness of ray tracing, we vary the amount

of shooting directions by varying the density of sampled orientations within the

cone as described in Section 5.3. In Figure 5.10 the results are shown for testing

the stability of geodesics to small perturbations around the main eigenvectors

corresponding to the seed point. To do that we vary the radius of the shooting
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(a) (b)

(c) (d)

Figure 5.8: Corpus callosum bundle reconstruction for the D2 data set: (a) and (b)

using the HJ based algorithm; (c) and (d) the ray tracing algorithm.

cone from R = 0.02 to 0.4, consequently, we also reduce the sampling density

of the initial directions. We observe in Figure 5.10 that the geodesics still follow

the desired bundles even with relatively large perturbation.

We also test the variation of the sharpening of the data by varying the param-

eter s as explained in Section 5.3; see Figure 5.11. As expected, with increasing

of s we can obtain more fibers that pass through the desired bundle.

In the following, we illustrate the behavior of crossing fibers in the real data

set, D1. We reconstruct the corpus callosum around the centrum semiovale,

which is the region where the corona radiata bundle and the corpus callosum

cross. It is expected that the corpus callosum fibers around this area will diverge
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Figure 5.9: Ray tracing tractography examples for D1. Association fibers in the

cerebrum, adopted from Gray(1918) (top image), SLF on the right hemisphere (middle

image), uncinate fasciculus (bottom image). The red discs in orthogonal overview slices

of the FA map indicate the seed locations.
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(a) (b)

(c) (d)

Figure 5.10: Perturbation of the initial angle around the main eigenvalue of the ten-

sor at the initial position : (a) R = 0.02, (b) R = 0.08, (c) R = 0.26, (d) R = 0.40.

and spread towards the cortex. In Figure 5.12a, we show orthogonal slices of the

D1 FA map color coded by a gradient from black, brown to white. Figure 5.12b

shows the PDD results by seeding within a region of interest around the corpus

callosum in the middle sagittal slice. It can be observed that PDD cannot capture

the corpus callosum fiber divergence. In Figure 5.12c, we trace geodesics using

ray tracing that starts at the same seed points as in Figure 5.12b. Initial directions

are sampled using a cone around the main eigenvector of each seed point. The

tracing is stopped after a finite time, and fibers are selected using the connectivity

measure (4.4.2). It can be observed that these methods comply with the known

anatomy of the corpus callosum [99]. Notice that this is not possible with PDD

based tractography, and that for the HJ approach, end points would need to be

defined at all corresponding cortex positions.

Figure 5.13 illustrates the fiber reconstruction for the crossing regions of
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(a) (b)

(c) (d)

Figure 5.11: X-fiber fibers generated by different sharpening coefficients: (a) s = 2,

(b) s = 3, (c) s = 4, (d) s = 7.

corona radiata (CR), corpus callosum (CC) and cingulum (CG) using a 10 ×
10 × 30 cube cut from D2. The middle figure shows the result of the PDD trac-

tography method. The fiber tracking stops in voxels with FA measure (2.4.1)

lower than 0.3. The bottom figure shows the tractography result for the ray trac-

ing method. In this figure fibers stop when they meet one of the boundaries. The

initial directions are sampled with small cones around the main eigenvector di-

rections of the corresponding seed points. Note that for the case when the seed

points are situated in crossing area of corona radiata, it is better to sample the ini-

tial directions using the vertices of regular symmetrical polyhedra; see Section

5.3. Similar to the previous example, notice the capability of ray tracing method

for better reconstruction of the fibers in the crossing area.

Compared to the HJ approach, in ray tracing methods the geodesics are di-

rectly computed. In the HJ approach, in order to compute the geodesics between
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(a) (b)

(c)

Figure 5.12: Tractography result for corpus callosum, (a) Orthogonal slices of the

D1 FA map, (b) PDD tractography (streamlines), (c) ray tracing tractography.

an initial point and any other points inside the domain, computation for whole

domain is necessary. Once the user needs to change the initial point, the whole

computation should be repeated. This is because the geodesics are computed
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Table 5.1: Computational time for HJ and RT tractography

no. of fibers tractography method Time(s)

300 fast sweeping 247

300 ray tracing 9

implicitly from the fronts. However, in ray tracing changing the seed points and

computing geodesics for the new seed points can be done in couple of seconds.

Table 5.1 shows the computational time for the HJ and ray tracing tractography

for the fibers originated from a single initial point. Note that in the case of the

HJ approach the end points should be defined. For this computation we set the

end point on the boundaries. For the ray tracing method, fibers stop when they

meet one of the boundaries. All the computations have been done on a single

computer having a Intel dual core central processing unit (CPU) (only one core

has been used) with the processor clock rate of 1.86 gigahertz.

5.5 GPU Based Ray Tracing for DTI

In the previous section, we showed the potential of the ray tracing algorithm

for DTI tractography. However, this algorithm is limited in its applicability by

its high computational requirements, particularly for the case of region-region

tractography. This is because it requires the computation of a large number of

geodesics. Our goal is to overcome this problem by implementing the exist-

ing algorithm on the highly parallel architecture of a Graphical Processing Unit

(GPU), using the NVIDIAs Compute Unified Device Architecture (CUDA) pro-

gramming language [103]. Since fibers can be computed independently of each

other, the tractography algorithm can be meaningfully parallelized. As a result,

the running time can be reduced by a factor of up to 175 using modern GPU,

compared to an implementation on a single-core CPU. In the following we give

an overview of the CUDA implementation and the benchmarking results of the

ray tracing algorithm [141].
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CUDA is a way to facilitate General-Purpose computing on Graphics Pro-

cessing Units (GPGPU). Modern GPUs contain a large number of generic pro-

cessors in parallel, and CUDA allows a programmer to utilize this large compu-

tational power for non-graphical purposes. In CUDA, a kernel (usually a small,

simple function), is executed in parallel by a large number of threads, each work-

ing on one part of the input data. In a typical execution pattern, the host PC first

uploads the input data to the GPU, then launches a number of threads that ex-

ecute the kernel. The resulting data is then either downloaded back to the host

PC, or drawn on the screen.

A CUDA-enabled GPU generally consists of the device memory, which is

between 512MB and 2GB on most modern GPUs, and a number of multipro-

cessors [103]. Each multiprocessor contains eight scalar processors (in most

current-generation GPUs; newer generations will have more scalar processors

per multiprocessor); a register file; a shared memory block, which enables com-

munication between the scalar processors; and an instruction unit, which dis-

patches instructions to the processors. The type of parallelism in these multi-

processors is called Single Instruction, Multiple Threads (SIMT) in which the

threads have some level of independence. Ideally, all active threads in a multi-

processor will execute the same instruction at the same time.

To summarize, a single integration step of the ODE solver consists of the

following actions:

1. Compute the inverse diffusion tensor and its derivative in all three dimen-

sions for the eight voxels surrounding the current fiber point (xi jk).

2. Interpolate the four tensors at the current fiber point.

3. Compute all Christoffel symbols. According to relations (3.3.6) and (3.3.7),

we require nine symbols per dimension, for a total of 27 Christoffel sym-

bols. However, using the symmetry of the diffusion tensor (and therefore,

of its inverse and the derivations of its inverse), we can reduce this to 18

unique symbols.
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4. Using the Christoffel symbols, compute the position and direction of the

next fiber point.

5. Repeat steps 1 through 4 until some stopping condition is met. By default,

the only stopping condition is the fiber leaving the boundary of the DTI

image.

We note that the first step may be performed as a pre-processing step. While

this increases the amount of memory required by the algorithm, it also signifi-

cantly decreases the number of required computations per integration step. This

pre-processing step has been implemented in CUDA, but due to its trivial imple-

mentation and relatively low running time (compared the that of steps 2 through

5), we do not discuss it in detail and instead focusing on the actual tracking pro-

cess. Figure 5.14 summarizes the tracking process of steps 2 through 5, assuming

the four input tensors have been computed in a pre-processing step.

The kernel that executes the tractography process executes the following

steps, as summarized in Figure 5.14:

1. Fetch the initial position and direction of the fiber.

2. For the current fiber position, fetch the diffusion tensor and the derivatives

of its inverse, using trilinear interpolation.

3. Using these four tensors, compute the Christoffel symbols, as defined in

relation (3.3.7).

4. Using the symbols and the current direction, compute the next position and

direction of the fiber, using the ODEs (5.3.1) with a fourth-order Runge-

Kutta step.

5. Write the new position to the memory.

6. Stop if the fiber has left the domain or the maximum number of steps has

been reached. Otherwise, return to Step 2.
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Table 5.2: Specifications of the GPUs in the benchmark test of Table 5.3. Source:

nvidia.com.

Device Memory Number of

Memory (MB) Bandwidth (GB/s) Scalar Processors

Quadro FX 770M 512 25.6 32

GeForce 880 GT 512 57.6 112

GeForce GTX 267 896 111.9 192

GeForce GTX 470 1280 133.9 448

Table 5.3: Benchmark results for GPU and CPU implementation of the geodesic ray

tracing algorithm.

no. of seeds CPU FX 770M 8800GT GTX 260 GTX470

T T SU T SU T SU T SU

1024 5.957 0.761 7.8 0.273 21.8 0.225 26.5 0.087 68.5

2048 12.177 1.388 8.8 0.448 27.2 0.244 49.9 0.093 130.9

3072 18.165 1.995 9.1 0.760 23.9 0.256 71.0 0.107 171.0

4096 24.400 2.772 8.8 0.900 27.1 0.301 81.1 0.139 175.5
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To evaluate the performance of our CUDA implementation, we compare its

running times to those of a single core C++ implementation of the same al-

gorithm. In order to fully explore the performance gain, we use four differ-

ent CUDA-supported GPUs: the Quadro FX 770M, the GeForce 8800 GT, the

GeForce GTX 260, and the GeForce GTX 470. The important specifications of

these GPUs including the device memory, memory bandwidth (amount of bits

which can be pulled from memory per second) and number of scalar processors

are shown in Table 5.2. The CPU running the single-core implementation is an

Intel Core i5 750, which has four cores (of which only one was used), with a

clock speed of 2.67 GHz.

For this benchmark, we use a real DTI image with dimensions of 128 ×
128 × 30 voxels. Seed points are placed in a small, two-dimensional region

of 22 by 4 voxels, located in a part of the Corpus Callosum. Seed points are

randomly placed within this region, with a random initial direction. The number

of seed points varies from 1024 to 4096. This test thus closely mimics a real-life

application of the ray tracing algorithm. The results for this test are shown in

Table 5.3 and Figure 5.15. For each configuration, we show the running time (T)

in seconds, and the Speed-Up factor (SU) relative to the CPU implementation.

Note that:

• The speed up increases exponentially for up to approximately 200 proces-

sors if enough seeds are computed together. For less seeds or for more

processors, not all available processors of the GPU can be scheduled opti-

mally.

• The speed up regarding memory bandwidth is increasing approximately

exponential, without significant dropdown for high memory bandwidth,

hence the algorithm is mainly computationally expensive and not memory

intensive.

For more detailed information about the implementation and memory manage-

ment we refer an interested reader to text [141].
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(a)

(b)

(c)

Figure 5.13: Tractography result for D2 in the crossing regions, (a) the sketch for

illustrating crossing fibers of corona radiata, corpus callosum and cingulum, (b) PDD

tractography (streamlines), (c) ray tracing tractography.
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Figure 5.14: Flowchart for the geodesic ray tracing tractography.

(a) (b)

Figure 5.15: An illustration of the speed-up vs number of the number of scalar pro-

cessor (a) and the memory bandwidth (b) for different number of seeds.
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6
Ray Tracing
Method for

HARDI

In the following, we describe a geodesic based tractography framework for high

angular resolution diffusion imaging (HARDI). The concepts used are similar

to the ones in geodesic based tractography in DTI. In DTI, the inverse of the

second-order diffusion tensor is used to define the Riemannian structure of the

manifold in which the geodesics are defined. The modeling of diffusion by such a

second-order tensor assumes a single fiber population per voxel. HARDI models

have been developed to overcome this shortcoming and resolve complex fiber

populations within a voxel; see Chapter 2.

In Chapter 3, we introduced Finsler geometry which extends Riemannian
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geometry to directionally dependent metrics. Moreover, we introduced the Euler-

Lagrange form of the geodesic equations in the Finsler geometry for our choice

of the Finsler metric. In this chapter, the ray tracing algorithm for reconstructing

the multi-valued geodesics in Finsler geometry will be developed. Results are

analyzed to show the potential and properties of our algorithm.

6.1 Numerical Model

In Chapter 2, we described Q-ball imaging for reconstructing the ODF using SH.

In this chapter, in order to develop our tractography algorithm we choose the

higher order tensor representation of the ODF obtained from the Q-ball imaging.

Note that extending our tractography algorithm for other HARDI models can be

done in a similar way as it is done for the Q-ball imaging.

Here, we restrict ourself to 4th order tensors as an extension of the second

order diffusion tensor which allows the identification of multiple fiber orienta-

tions. Assuming a 4th order tensor D = D(x) contains the coefficients for the

HARDI diffusion profile P4(x, y). This profile is represented by HOT as the

following [12, 42, 42, 53],

P4(x, y) = dα1α2α3α4
(x)yα1yα2yα3yα4 , (6.1.1)

with αi = 1, 2, 3, i = 1, 2, 3, 4, x contains the spatial coordinates and y = (yαi) =

(sin θ cos φ, sin θ sin φ, cos θ) is the unit directional vector with θ ∈ [0, 2π) and

φ ∈ [0, π]. Here, the coefficients dα1α2α3α4
(x)’s are the element of D.

This relation gives for each position x a 4th order tensor of dimension 3. The

HARDI tensor satisfies the symmetry property, i.e.,

dα1α2α3α4
= dσ(α1)σ(α2)σ(α3)σ(α4), (6.1.2)

for any permutation σ of α1α2α3α4. Therefore we can reduce the number of

components from 81 to 15 distinct components.
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In Section 3.5 we described the spherical inversion in order to obtain the in-

verted profile of the nth order HOT. In the same way we write the inverse P̃4(x, y)

as follows

P̃4(x, y) =
P4(x)

P4(x, y)
= d̃α1α2α3α4

(x)yα1yα2yα3yα4 , (6.1.3)

where P4(x) is the average of the HOT over the unit sphere, i.e.,

P4(x) =

∫

|y|=1

P4(x, y)dy. (6.1.4)

The Finsler norm is

F (x, y) = (P̃4(x, y))1/4, (6.1.5)

and we can show that Finsler metric tensor relation (3.5.9) for the 4th order ten-

sors reads

gαβ(x, y) =
1

2

∂2

∂yαyβ
F 2(x, y) (6.1.6)

= −2P̃4(x, y)−3/2
(
d̃αα1α2α3

yα1yα2yα3

) (
d̃ββ1β2β3

yβ1yβ2yβ3

)

+ 3P̃4(x, y)−1/2d̃αβα1α2
yα1yα2 .

6.1.1 Geodesic Equations

Computing the Inverse of the ODF

In order to develop a numerical model we consider the 4th order tensor represen-

tation of the orientation distributed function (ODF) obtained by Q-ball with solid

angle consideration [1]. To compute the Finsler metric we need to compute the

spherical inversion of the ODF at each voxel; see Section 3.5. To achieve this,

we apply relation (6.1.3) for a discretized set of directions yi as follows

d̃α1α2α3α4
(x)y

α1

i
y
α2

i
y
α3

i
y
α4

i
=

P4(x)

P4(x, yi)
, i = 1, 2, . . . ,M, (6.1.7)



106 6 Ray Tracing Method for HARDI

Table 6.1: Ordering of higher order tensor coefficients.

tensor element coeff. of HOT tensor element coeff. of HOT

1 P1111 8 P1223

2 P1112 9 P1233

3 P1113 10 P1333

4 P1122 11 P2222

5 P1123 12 P2223

6 P1133 13 P2233

7 P1222 14 P2333

15 P3333

for M different orientations on the unit sphere, giving rise to the over-determined

system Yd̃ � b, with

Y =



y1
1y1

1y1
1y1

1 y1
1y1

1y1
1y2

1 ... y3
1y3

1y3
1y3

1

y1
2y1

2y1
2y1

2 y1
2y1

2y1
2y2

2 ... ...
...

...
...

y1
My1

My1
My1

M y1
My1

My1
My2

M ... y3
My3

My3
My3

M



, b =



P4(x, y1)−1

...

P4(x, yM)−1



.(6.1.8)

Here, d̃ contains the coefficients; see Table 6.1.1. To uniformly sample the orien-

tations y on the sphere, we apply the icosahedron tessellation on the unit sphere.

In this thesis we restrict ourselves to the normalized ODF, hence P4(x) = 1. To

compute the solution of this system least-square fitting is applied. We rewrite

(6.1.7) in the form of the normal equations YTYd̃ = YTb.

Note that the lower indices of y label the direction and M is the number

of gradient directions to sample the ODF profile. The solution d̃ is computed

using the Cholesky factorization of YTY. This gives 15 coefficients for the HOT

representation of the inverted ODF profile. We can fit the new profile over the

sphere using the new coefficients d̃; see Figure 6.1. In this figure, the analytically

inverted ODFs are obtained by inverting the function on the sphere directly using

P̃4(x, y) =
P4(x)

P4(x, y)
. (6.1.9)
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(a) ODF and its inverse for a linear profile

(b) ODF and its inverse for a crossing profile

Figure 6.1: ODF(Blue) and its inverse(Yellow) using least square fit and analytic

inversion. In both (a) and (b) right images represent the least square fit solution.

Note that for the purpose of tractography, instead of the function on the sphere

we need the HOT coefficients d̃α1α2α3α4
. For this purpose, the coefficients need

to be computed numerically using least square fitting as it is described earlier.

Figure 6.2 shows the ODF and its inverted field for a part of the human brain

(corpus callosum and corona radiata).
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Figure 6.2: 4
th
order ODF field (top image) and its inverted field (bottom image) from

part of the centrum semiovale.

Computing Geodesics

Let us introduce uγ(τ) := ẋγ(τ) for γ = 1, 2, 3, then we can rewrite system (3.6.6)

as follows

ẋα = uα,

u̇α = −Γαβγuβuγ, (6.1.10)

with the Γαβγ defined in (3.6.4). To solve the system of equations (6.1.10) we

follow a similar algorithm introduced in Chapter 5 for the Riemannian space.

Consider a point
(
x1(0), x2(0), x3(0)

)
as the given initial location in the domain

and
(
u1(0), u2(0), u3(0)

)
as the initial directions. We compute the solution to

(6.1.10) for the given initial position and multiple directions using sophisticated

ODE solvers such as the 4th order explicit Runge-Kutta method. This gives us a

set of geodesics connecting the given initial point to some points on the boundary.
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The computational domain is discretized uniformly with grid size h and grid

points xi jk = (x1
i , x

2
j , x

3
k) = h(i, j, k) for i = 0, 2, 3, . . . ,N − 1, where N is the num-

ber of grid points in each spatial direction. For simplicity we take the number of

grid points equal in all directions. For each grid point, we compute the 15 coeffi-

cients of the inverted HOT D̃. This gives the possibility to update the metric for

each position and the new direction of the geodesic.

We approximate the derivatives of gαβ(x, y) at each grid point by the standard

second order central difference scheme, i.e.,

∂gαβ

∂x1
(x1

i , x
2
j , x

3
k , y) ≈ 1

2h

(
gαβ(x1

i+1, x
2
j , x

3
k , y) − gαβ(x1

i−1, x
2
j , x

3
k , y)

)
. (6.1.11)

Second order one-sided differences are applied when the grid points are situated

on the boundary, i.e,

∂gαβ

∂x1
(x1

0, x
2
j , x

3
k , y) ≈ (6.1.12)

1

2h

(
−3gαβ(x1

0, x
2
j , x

3
k , y) + 4gαβ(x1

1, x
2
j , x

3
k , y) − gαβ(x1

2, x
2
j , x

3
k , y)

)
,

∂gαβ

∂x1
(x1

N−1, x
2
j , x

3
k , y) ≈ (6.1.13)

1

2h

(
3gαβ(x1

N−1, x
2
j , x

3
k , y) − 4gαβ(x1

N−2, x
2
j , x

3
k , y) + gαβ(x1

N−3, x
2
j , x

3
k , y)

)
.

Similar expressions hold for derivatives with respect to x2 and x3. Note the de-

pendence of these relations to the argument y. Solving the ODE system gives the

solution at points that are not necessarily located in the grid points. Therefore,

the value of the metric and its derivatives are not defined there and we apply

trilinear interpolation at any point in the domain where the value of the metric is

not available. Initial vectors are uniformly distributed over the unit sphere using

the vertices of regular symmetrical polyhedra. The integration of geodesics con-

tinues till they hit the boundary of the computational domain. Once all geodesics

are computed for the initial seed points and given initial directions, one can se-

lect the fibers by selecting the regions of interests and filter all geodesics that
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pass through both selected regions. Geodesics are computed until they meet one

of the boundaries, therefore to determine the fiber connecting two given regions

we apply the line-plane intersection. This allows us to cut off the geodesics once

they enter one of the selected regions. The framework for this algorithm executes

the following steps:

1. Read the signal data of the HARDI acquisition.

2. Compute the spherical harmonic coefficients and convert them to the equiv-

alent HOT coefficients.

3. Compute the inverted coefficients of ODFs using the least square fit

4. Fetch the initial position and directions of the fiber.

5. For the current fiber position and a given direction, compute the metric

tensor using the corresponding ODF profile for the position as defined in

(6.1.6). Compute its inverse. Compute the derivatives of the metric, using

trilinear interpolation.

6. Using these four tensors, compute the Christoffel symbols, as defined in

(3.6.4).

7. Using the symbols and the current direction, compute the next position and

direction of the fiber, using the ODEs (6.1.10) with a fourth-order Runge-

Kutta step.

8. Write the new position to the memory.

9. Stop if the fiber has left the domain or the maximum number of steps has

been reached. Otherwise, return to Step 4.

Figure 6.3 summarizes the ray tracing tractography for HARDI.
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Figure 6.3: Flowchart for the ray tracing algorithm to reconstruct geodesics in a

Finsler space

6.2 Results

In this section, we present results for discrete three-dimensional synthetic tensor

fields and real human brain HARDI data using the ray tracing algorithm. The

synthetic tensor fields are simulating two fiber bundles crossing at angles 90 and

60 degrees. To generate the tensors in the crossing area the Gaussian mixture

model introduced in Tuch et al. [139] has been applied using the signal b−value

of 1000 s/mm−2 and voxel resolution 1×1×1mm. Riccian noise with S NR = 15

is added to the images.

Results for the 90 degrees crossing angle is shown in Figure 6.4. The behav-

ior of the streamline and geodesic tractography for DTI is also illustrated. The
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geodesic ray tracing algorithm for DTI [122] has been applied with the same

seed points. Results show that using HARDI gives more focused fiber bundles in

contrast to geodesic based DTI tractography with the same data and ROIs. Figure

6.5 shows the behavior of these algorithms with respect to rotation. The cross-

ing angle here remains 90 degrees and the data is rotated 60 degrees clockwise.

Figure 6.6 illustrates fiber bundles for the 55 degrees crossing angle. We see that

for a sharp angle the algorithm is still capable of capturing crossing fibers. Note

that the glyph rendering is influenced by the angles between the tubes. Thus, the

sharper angles may result in a diffusion profile pointing to the wrong direction in

the crossing area.

Figure 6.4: 90 degrees crossing. from left to right: streamline for DTI, Geodesic ray

tracing for DTI, Geodesic ray tracing for HARDI

Figure 6.5: Rotated 90 degrees crossing. from left to right: streamline for DTI,

Geodesic ray tracing for DTI, HARDI Geodesic ray tracing

In order to illustrate the results of HARDI tractography for real data, Figure

6.7 shows the tractography result for ray tracing method described in Chapter 5

for DTI and our tractography method for HARDI using a 10 × 10 × 30 cube cut
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Figure 6.6: Geodesic ray tracing for HARDI using 60 degrees crossing.

from from the human data set D2 described in Section 5.4. The fiber tracking

stops in both cases if the fibers meet one of the boundaries. We see that in the

case of HARDI the divergence of fibers in the crossing area of corona radiata

(CR), corpus callosum (CC) and cingulum (CG) is less compared to the DTI

one. These preliminary results do not show a clear advantage of HARDI ray

tracing tractography above DTI ray tracing tractography. However it indicates

that HARDI results seem to give more focused bundles that might be interesting

in some applications and reduce post processing. However, future research and

experiments would need to be developed to show the advantages of one method

above the other in practice.
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Figure 6.7: Tractography result for D2 in the crossing regions illustrated in Figure

6.2. The top image indicates the seed regions, the middle image illustrates the ray trac-

ing tractography for DTI and the bottom image shows the ray tracing tractography

result for HARDI in crossing areas of CC, CR and CG.



7
Conclusions
and Future

Work

In this thesis, we have discussed a fast sweeping algorithm as an example of a

first arrival solver for the stationary HJ equation. This algorithm generates the

first arrival time solutions and ignores later arrivals. Although, this method and

similar approaches are robust to noise, they can produce nonphysical solutions,

e.g., shortcuts. This can be either due to the computation of only the first arrival

time solution or the choice of the functional to be minimized. In some of the

examples we showed that applying tensor enhancement techniques cannot ensure

that this algorithm avoids shortcuts in the case of high curvature fibers such as

U-fibers.
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We have developed a new tractography technique that does not have the

limitations of first arrival solvers and instead gives us a wider set of possible

geodesics. This is achieved by looking at all possible solutions. To this end

we formulate the Euler-Lagrange form of the geodesic equations for Rieman-

nian space. In order to solve these equations we propose two different numer-

ical models. The first model is the two-point ray tracing algorithm. Applying

this model gives the possibility to compute the exact geodesics connecting two

given points inside the domain. We showed the applicability of this model for

two-dimensional analytic and synthetic tensor fields. However, for the specific

case of tractography having two given points with exact locations is not feasible.

Usually, one is more interested in computing the fiber tracts that either connect a

given point to a given region of interest or the ones that connect two given regions

of interest. To this purpose, we propose to solve the Euler-Lagrange form of the

geodesic equations using a ray tracing algorithm. We showed the capability of

this model for point/region and region/region tractography. This new algorithm

allows us to have more control over local orientation inside the domain and gives

multi-valued solutions. We show the potential of the ray tracing method for cap-

turing the correct tract, especially U-shaped fibers. Our method applies the same

minimization (geodesics) as HJ tractography algorithms. Therefore, we compare

these two classes of methods. We also showed the potential of our method for

computing correct fiber bundles in the presence of crossing fibers compared to

PDD tractography technique.

Since fibers in ray tracing algorithms can be computed independently, the al-

gorithm is highly suitable for parallel computations. We accelerate the algorithm

by implementing a highly parallel version on a GPU, using NVIDIAs CUDA

platform. We show that despite the large kernel size and high memory require-

ments of this GPU implementation, we were able to speed up the algorithm by

a factor of up to 175. This significant reduction in running time using widely

available hardware greatly increases the applicability of the algorithm.

As an extension of the ray tracing tractography algorithm, we present the gen-

eralization of this algorithm for tractography using HARDI data. Our method is
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based on computing geodesics in the Finsler metric. The metric is defined as

a function of position and direction using HARDI data at each voxel. Com-

pared to existing geodesic based HARDI tractography methods, we compute

multi-valued solutions of the geodesic equations. We showed the potential of

our method for capturing crossing fibers. Results of synthetic data and very pre-

liminary noisy human brain data show the applicability of the method.

Although in this thesis we show the weak points of previous geodesic based

tractography techniques and introduced a novel technique to overcome some of

these problems, there are still open issues and suggestions for future work re-

garding both classes of techniques.

It is worthwhile to investigate the behavior of HJ based methods for different

length functionals (cost function). Particularly for DTI, the realistic solution

obtained by the first arrival solver highly depends on how relevant the functional

is for minimizing the arrival time. For example, if we could derive a functional

that can handle all possible situations of the data, then we prevent so many well-

known troubles of first arrival solvers.

Results we obtain for the ray tracing method are encouraging and give con-

fidence that this method can be used for practical purposes in the future for both

DTI and HARDI. However, the ray tracing approach also suffers from some

drawbacks. The numerical scheme computes a finite number of rays. When

these rays diverge, some regions will be covered by many rays and some by

none. Controlling the ray density to achieve roughly uniform sampling of the

propagation of rays is feasible by using computationally expensive interpolation

between rays [145, 146]. The challenge is to develop an algorithm which retains

the efficiency of modern first arrival time solvers and at the same time captures

all arrival times.

We showed that parallel implementation of the ray tracing method signifi-

cantly reduces the computational time. We showed that in practice by using this

package the tractography for two given regions can be done in a few seconds. As

one of the extensions of this work, it could be interesting to develop the paral-

lel implementation of the ray tracing algorithm for HARDI. Finally, it would be
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interesting to study the combination of the ray tracing and probabilistic tractog-

raphy. Tests and validations for different areas of brain and different data sets are

necessary to show its potential in clinical applications.



A
Conversion
between SH
Coefficients

and HOT

Özarslan et al. [106] and Descoteaux [40] described that both even order SH up

to order ℓ and the order-ℓ HOT polynomials restricted to the sphere are bases

for the same function space. Therefore, it is possible to define a linear mapping

from one basis to another. Here, we aim to show the procedure presented in

Descoteaux [40] to obtain the change of basis. Matrix Q for conversion between

SH and HOT coefficients is defined as follows

Q =



µ1

∫
Ω

(∏ℓ
p=1 y1(p)(θ, φ)

)
Y1(θ, φ)dΩ · · · µN

∫
Ω

(∏ℓ
p=1 yN(p)(θ, φ)

)
Y1(θ, φ)dΩ

...
. . .

...

µ1

∫
Ω

(∏ℓ
p=1 y1(p)(θ, φ)

)
YN(θ, φ)dΩ · · · µN

∫
Ω

(∏ℓ
p=1 yN(p)(θ, φ)

)
YN(θ, φ)dΩ


, (A.0.1)
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Table A.1: multiplicity of higher order tensor coefficients.

k coeff. of HOT µk k coeff. of HOT µk

1 P1111 1 8 P1223 12

2 P1112 4 9 P1233 4

3 P1113 6 10 P1333 6

4 P1122 4 11 P2222 12

5 P1123 1 12 P2223 6

6 P1133 4 13 P2233 4

7 P1222 12 14 P2333 4

15 P3333 1

where Ω denotes integration over the unit sphere and µk is the corresponding

number of occurrences or multiplicity of the element. yk(p) gives the component

of the unit vector corresponding to the pth index of the kth independent element

of the tensor [40, 106]. For example we have

l∏

p=1

y1(p) = y1y1y1y1,

l∏

p=1

y2(p) = y1y1y1y2. (A.0.2)

The multiplicity for a fourth order spherical harmonics are shown in Table A and

the array of HOT coefficients is

I =
[
P1111, P1112, P1122, P1222, P2222, P1113,

P1123, P1223, P2223, P1133, P1233, P2233, P1333, P2333, P3333

]T
. (A.0.3)

The R×R matrix Q is invertible, where R = (1/2)(ℓ+ 1)(ℓ+ 2) is the number

of elements in the spherical harmonic basis. Thus, we can compute the corre-

sponding HOT coefficient given a vector of the SH coefficients W and Q−1 by

using the relation I = Q−1W.
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An example of the matrix Q for the conversion between the fourth order SH
coefficients and HOT elements is,

Q =
√
π
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Summary

Diffusion weighted imaging (DWI) is a magnetic resonance (MR) technique that

measures water diffusion characteristics in tissue for a given direction. The dif-

fusion profile at a specific location can be obtained by combining the DWI mea-

surements of different directions. The diffusion profile gives information about

the underlying fibrous structure, e.g., in human brain white matter, based on

the assumption that water molecules are moving less freely perpendicularly to

the fibrous structure. From the DW-MRI measurements can a positive definite

second-order tensor is defined, the so-called diffusion tensor (DT). Neuroscien-

tists have begun using diffusion tensor images (DTI) to study a host of various

disorders and neurodegenerative diseases including, among others, Parkinson,

Alzheimer and Huntington. The techniques for reconstructing the fiber tracts

based on diffusion profiles are known as tractography or fiber tracking. There

are several ways to extract fibers from the raw diffusion data. In this thesis, we

explain and apply geodesic-based tractography techniques, assuming that fibers

follow the most efficient diffusion propagation paths.

A Riemannian manifold is defined using as metric tensor the inverse of the

diffusion tensor. A shortest path in this manifold is one with the strongest diffu-

sion along this path. Therefore geodesics (i.e., shortest paths) on this manifold

follow the most efficient diffusion paths. The geodesics can be computed from

the stationary Hamilton-Jacobi equation (HJ). One characteristic of solving the

HJ equation is that it gives only the single-valued viscosity solution correspond-

ing to the minimizer of the length functional. It is also well known that the

solution of the HJ equation can develop discontinuities in the gradient space,



i.e., cusps. Cusps occur when the physically relevant solution should become

multi-valued. HJ methods are not able to handle this situation. To remedy this,

we developed a multi-valued solution algorithm for geodesic tractography for a

metric tensor defined by diffusion tensor. The algorithm can capture all possi-

ble geodesics arriving at a single voxel instead of only computing the first ar-

rival. Our algorithm gives the possibility of applying different cost functions in

a fast post-processing. Moreover, the algorithm can be used for capturing possi-

ble multi-path connections between two points. In this thesis, we first focus on

the mathematical and numerical model for analytic and synthetic fields in two-

dimensional domains. For this we introduce the Euler-Lagrange equation for

a metric space and describe the numerical technique to obtain the multi-valued

solutions of this equation. Later, we present the algorithm in three-dimensions

with examples of synthetic and brain data.

Despite the simplicity of the DTI model, tractography techniques using DT

are shown to be very promising to reveal the structure of brain white matter.

However, DTI assumes that each voxel contains fibers with only single main ori-

entation and it is known that brain white matter has multiple fiber orientations,

which can be arbitrary many in arbitrary directions. Recently, high angular reso-

lution diffusion imaging (HARDI) acquisition and its modeling techniques have

been developed to overcome this limitation. As a next contribution we propose

an extension of the multi-valued geodesic algorithm to HARDI data. First we

introduce the mathematical model for more complex geometries using Finsler

geometry. Next, we propose, justify and exploit the numerical methods for com-

puting the multi-valued solutions of these equations.



Samenvatting

Diffusion weighted imaging (DWI) is een magnetische resonantie (MR) techniek

die diffusiekarakteristieken van water in weefsel meet in een gegeven richting.

Het diffusieprofiel in een bepaalde locatie kan worden verkregen door de DWI

metingen in verschillende richtingen te combineren. Het diffusieprofiel verschaft

informatie over de onderliggende vezelstructuur, bijvoorbeeld in de witte stof

van het menselijk brein, onder de aanname dat watermoleculen minder vrij be-

wegen in de richting loodrecht op de vezelstructuur. Met behulp van DW-MRI

metingen kan een positief-definiete tweede-orde tensor worden gedefinieerd, de

zogenaamde diffusietensor (DT). Neurowetenschappers maken sinds kort ge-

bruik van diffusietensor beelden (DTI) om talloze kwalen en neurodegeneratieve

ziekten zoals Parkinson, Alzheimer en Huntington te bestuderen. De technieken

voor het reconstrueren van vezelbundels gebaseerd op diffusieprofielen staan

bekend onder de verzamelnaam tractografie. Er bestaan verscheidene technieken

om de vezels te reconstrueren uit de ruwe diffusiegegevens. In dit proefschrift

beschrijven we tractografie-technieken gebaseerd op geodeten, onder de aan-

name dat vezels de meest efficiënte diffusievoortplantingspaden volgen.

Een Riemann variëteit wordt geı̈ntroduceerd met behulp van een metrische

tensor welke gedefinieerd is als de inverse van de diffusietensor. Een kortste

pad in deze variëteit is degene met de sterkste diffusie over dit pad. Daardoor

vallen geodeten (oftewel kortste paden) op deze variëteit samen met de meest

efficiënte diffusiepaden. De geodeten kunnen worden berekend uit de station-

aire Hamilton-Jacobi (HJ) vergelijking. Een kenmerk van de HJ vergelijking

is dat het slechts de enkelwaardige viscositeitsoplossing geeft behorende bij de



minimaliseerder van de lengtefunctionaal. Het is ook bekend dat de oplossing

van de HJ vergelijking discontinuı̈teiten in de gradiënt (oftewel knikken) kan

ontwikkelen. Knikken doen zich voor als de correcte oplossing meerwaardig

zou moeten zijn. HJ methoden kunnen deze situatie niet weergeven. Als reme-

die ontwerpen we een meerwaardige-oplossingsalgoritme voor geodetische trac-

tografie voor een metrische tensor gedefinieerd door een diffusietensor. Het algo-

ritme kan alle mogelijke geodeten die arriveren in een enkele voxel weergeven,

in plaats van enkel de eerste aankomst te berekenen. Ons algoritme geeft de mo-

gelijkheid om verschillende kostfuncties in een snelle post-processing stap toe te

passen. Bovendien kan het algoritme worden gebruikt om mogelijke multi-pad

verbindingen tussen punten te reconstrueren. In dit proefschrift focussen we ons

eerst op het wiskundige en numerieke model voor analytische en synthetische

velden in twee-dimensionale domeinen. Later presenteren we het algoritme in

drie dimensies met voorbeelden van synthetische en hersen-data.

Ondanks de eenvoud van het DTI model wordt aangetoond dat de tractografie-

technieken die gebruik maken van DT erg veelbelovend zijn om de structuur van

witte stof in de hersenen te onthullen. DTI neemt echter aan dat elke voxel

vezels met maar een hoofdorientatie bevat, terwijl bekend is dat witte stof in de

hersenen meerdere vezelorientaties heeft in willekeurige aantallen en richtingen.

Onlangs zijn high angular resolution diffusion imaging (HARDI) acquisitie en

bijbehorende modelleertechnieken ontwikkeld om deze berperking te overwin-

nen. Als een volgende bijdrage stellen we een uitbreiding van het meerwaardige

geodeetalgoritme tot HARDI data voor. Eerst introduceren we het wiskundig

model voor complexere geometrieën dat gebruik maakt van Finsler meetkunde.

Vervolgens stellen we numerieke methodes voor het berekenen van de meer-

waardige oplossing van deze vergelijkingen voor, zullen we deze rechtvaardigen

en exploiteren.
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