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SUMMARY

the high-dimensional incipient infinite cluster

Percolation is a paradigmmodel in the study of random spatial structures and

statistical mechanics.�e model describes what happens when an in�nite lat-

tice is locally damaged in a random way, by removing connections between

nodes in the lattice according to the outcomes of successive (independent)

tosses with a (possibly unfair) coin.�us, we remove a given connection when

the coin toss yields ‘heads’, and retain it when it yields ‘tails’. Let p denote the

fraction of tosses that yield ‘tails’.

One of themain insights into percolation is that when p is large enough, i.e.,

whenmost edges are retained, there remains an in�nite connected component

in the lattice. But when the value of p goes below a certain threshold value

pc , there will almost surely be no in�nite connected component in the lattice.

Percolation is thus one of the simplest models to exhibit a phase transition.

What happens at the phase transition, i.e., when the fraction of ‘tails’ is exactly

pc , is of great interest to both the mathematics and the physics community.

�e main focus of this thesis is the study of a mathematical model that is

strongly related to percolation at pc . Indeed, the focus is the model of the high-

dimensional incipient in�nite cluster. In thismodel, the critical percolationmea-

sure on the in�nite d-dimensional hypercubic lattice Zd is conditioned the

event that the coordinate (0, 0, . . . , 0) is part of an in�nite connected com-

ponent.�is yields a probability measure on Zd , which we call PIIC.�e re-

quirement that the model is high-dimensional ensures that the model exhibits

mean-�eld behavior, of which a detailed study can be made using lace expan-

sion techniques.�e lace-expansion is a perturbativemethod like the ones used

in quantum �eld theory.

�e results of the thesis concern properties of PIIC and the random in�nite

cluster generated by PIIC.�e main results of this thesis are:

(i) Conditioning the critical percolationmeasure on having an in�nite clus-

ter can be done in variousways, using di�erent but related limit schemes.

We reinforce the notion that these limit schemes all yield the same limit-

ingmeasure, whichwe callPIIC.�emain result here is that the construc-

tion that Kesten [99] considered for 2-dimensional percolation yields

the same measure when applied to high-dimensional percolation.

xv
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(ii) We show that the scaling limit of the singly-in�nite substructure of the

incipient in�nite cluster is a d-dimensional Brownian motion.

(iii) Simple random walk on the incipient in�nite clusters generated by PIIC

behaves strongly subdi�usively. We quantify this behavior with, among

other things, estimates on the asymptotic behavior of the exit times of

the random walk from large balls in this metric. One of the main theo-

rems states that the exit time of a random walk from a Euclidean ball of

radius r is proportional to r6.

(iv) We extendmany known results to the case of power-law spread-out per-

colation, which is a variant of percolation where connections between

nodes on the lattice at any length-scale are allowed (but with probabili-

ties proportional to some inverse power-law of the distance between the

nodes).�is allows us to compare asymptotic behavior of �nite-range

and power-law models.

Each of the four topics mentioned above has required the development of new

proof techniques or signi�cant changes in the way the model is viewed. Com-

bined, these results give a rather complete and detailed picture of the structure

of high-dimensional incipient in�nite clusters.



SOME REMARKS ABOUT NOTAT ION

In this thesis we use various symbols to denote relationships. We de�ne the

ambiguous/obscure ones here.

Before we do this though, let us remark that one of the main devices used

throughout this thesis we will be the generic constants C ≥ c > 0.�e value of

these constantsmay change from line to line, or evenwithin the same equation

and we will make no attempt to determine their numerical value.

For simplicity we give the de�nitions for functions f , g∶N → R, but the

sensible reader will be able to modify these de�nitions so that they also hold

for other types of functions:

Symbol Relationship

f = O(g) ∣ f ∣ ≤ Cg

f = o(g) limn→∞ f (n)/g(n) = 0.

f ≍ g both f ≤ Cg and f ≥ cg hold asymptotically.

f ≃ g f = Cg(1 + o(1)).

f ≈ g log f (n)/ log g(n)→ 1 as n →∞.

f ∼ g f (n)/g(n)→ 1 as n →∞.
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1
CONTEXT & MAIN RESULT S

1.1 percolation

In the 1950s Broadbent, a physicist, andHammersley, a mathematician, formu-

lated the following simple mathematical model:

Take a square or cubic lattice where all neighboring vertices are

joined with edges. For each edge we toss a (possibly unfair) coin. If

the coin comes up heads, the edge is removed from the lattice. If it

comes up tails, the edge can stay.

Broadbent & Hammersley called this model ‘percolation’ [23].�ey imag-

ined that the model would give a nice and simple description for porous me-

dia and that this would allow them to study how liquid �ows through layers

of rock. And as it turned out, they were right: percolation does give an excel-

lent description of the porous rocks that they had in mind (see for instance

[118]). Moreover, percolation can be used to describe an incredibly wide range

of other phenomena too.�ere exist, for instance, percolation models for the

formation of the galaxies [124], for the onset of earthquakes [117], and even for

the spread of the plague through populations of gerbils that live on the Kazakh

steppe [40].

What Broadbent & Hammersley probably did not foresee though, was that

this little model would also be responsible for some of the most challenging

questions inmodern physics andmathematics known to date. Indeed, the sim-

ple percolationmodel turns out to be amodel of suprememathematical impor-

tance: percolation has been studied for almost 60 years now, and in that time it

has proved itself an inexhaustible source of powerful mathematical ideas and

insights. Literally thousands of papers have been written on the subject of per-

colation, and yet many large problems in percolation theory still remain out

there, waiting to be solved.

�ere is a lot to say about percolation and much of this goes well beyond

the scope of this thesis. Rather than describe the long history of the �eld, or

describe the various state-of-the-art results, we refer the reader with an inter-

est in the physics of percolation to Stau�er & Aharony’s book [131], and we

refer the reader interested in the mathematical treatment of percolation to

Grimmett’s book [59]. Both books contain a well-researched introduction and

1



2 context & main results

cover most of the important topics. A good introductory treatment of high-

dimensional percolation can be found in Slade’s St. Flour lecture notes [126].

For an overview of themost recent mathematical developments in percolation

theory, we refer the reader to Grimmett & Kesten’s review paper [62].

�e rest of this introduction, then, will be devoted to those aspects of per-

colation theory (and statistical physics) that are relevant to the topic of this

thesis – it is therefore by no means a comprehensive overview of percolation

theory, or even of high-dimensional percolation theory. Some more speci�c

information and additional explanations will be presented in footnotes.�ese

footnotes don’t contain any essential information and can be skipped.

1.1.1 Two standard models for bond percolation

Broadbent & Hammersley introduced percolation as a model that generates

subgraphs by randomly removing edges from the square and cubic lattice.�ere

are of course many modi�cations that we can make to this de�nition without

losing the essence of percolation:

(i) we can remove vertices instead of edges,1

(ii) we can let the dimension have some other value than two or three,

(iii) we can allow for edges between vertices other than just nearest neigh-

bors,

(iv) we can make the edge retention decisions dependent on each other or

on the environment,

(v) we can use a di�erent graph than Zd as our starting point.

Many other modi�cations are possible, but these are the most popular.

In this thesis we will stay quite close to the classical model of Broadbent

& Hammersley, but we will generalize their setting somewhat: we study bond

percolation models on Zd , but we will typically work in the setting where the

dimension d is large, and we will extend our investigation to include models

that have a larger range than the nearest-neighbormodel. To be precise, wewill

consider the class ofmodelswhere the probability that an edge {x , y} ∈ Zd×Zd

is open can be described by a symmetric, translation invariant probability

distribution D(x , y) and a parameter p ∈ [0, ∥D∥−1∞] (where ∥ ⋅ ∥∞ denotes
the supremum norm on Zd). Note that we follow the convention from the

high-dimensional percolation literature that p describes the average number

1 �is gives rise to what is commonly known as site percolation.



1.1 percolation 3

of open edges per vertex.We do not follow the convention of low-dimensional

percolation that p describes the probability that an edge is open (i.e., the den-

sity of open edges).

Comparing the behavior of two classes of percolation models is one of the

main aims of this thesis.�e entire range ofmodels for which the results in this

thesis hold are described in Section 2.2 below.�e de�nitions of these models

are rather general and involved, so to keep the introduction light we will focus

on the following two ‘standard’ models for now.

�e �rst model is nearest-neighbor percolation (nnp).�e underlying graph

of thismodel isZd with edge set E = {{x , y}∶ x , y ∈ Zd , ∥x−y∥∞ = 1}. An edge

is open independent of other edges with probability q ∈ [0, 1] and closed with

probability 1 − q. To de�ne nnp in terms of a probability distribution D(x , y),

we let p = 2dq with p ∈ [0, 2d]. With this de�nition,

D(x , y) = (1/2d)1{∣x−y∣=1}

is the corresponding probability distribution.

�e second model is long-range spread-out percolation (lrp). Now the un-

derlying graph is the complete graph with vertex set Zd .�e probability that

an edge is open decays as a power-law with the (extrinsic) distance between

its ends, that is, for an edge {x , y} and for α ∈ (0,∞),

pD(x , y) = p
NL

max{∣x − y∣/L, 1}d+α
, (1.1.1)

whereNL is a normalizing constant.�e parameter L is known as the spread-
out parameter, and it is typically chosen to be large for technical reasons.

�e parameter α for lrp will turn out to feature in many of our results, so

here are a few notes on the usage of α:�roughout this thesis, we will write

(2 ∧ α) as a shorthand for min{2, α} when considering lrp (or related mod-

els) with parameter α. To simplify notation, we will sometimes write a general

result in terms of (2 ∧ α). When the model under consideration does not de-

pend on α we will assume that either the parameter α is redundant (e.g. when

de�ning a constant K = K(d , α)), or we will set α = ∞ (e.g. when the result

depends on (2 ∧ α)).

1.1.2 Phase transitions

Percolation is one of the most studied mathematical models ever, and there

is a good reason for that: percolation is the simplest model that has a phase

transition.



4 context & main results

Simply put, a phase transition occurs when the con�guration of a large

group of particles –molecules for instance– undergo a radical change in con-

�guration.�e obvious example here is that of liquid water turning into ice as

the temperature drops.

Phase transitions are important.�ey are everywhere in real life, and be-

cause they are everywhere in real life, they are everywhere in science too. And

scienti�c study of phase transitions has been fruitful indeed: many of the great-

est technological advances are directly linked to our understanding of phase

transitions. Take for instance the discovery of glass2 by the Byzantines. Even-

tually, this discovery led to the production of the lenses that led to discovery

of our place in the universe, and also of cells and micro-organisms. Another

example, more recently, is the discovery of a phase transition known as the

transistor e�ect, that led to development of computers.3 �ere are too many

examples to list.

Since phase transitions are so ubiquitous, many scientists believe that they

should be the result of the most basic properties of the system. Percolation is a

model with only basic properties, so if we can understand in detail what com-

plex large-scale behavior comes from simply closing edges at random, then

this may allow us to recognize these same basic properties in real-life systems,

where the interactions tend to be far more complicated.

�e global aim of this thesis is to contribute to the problem of phase tran-

sitions by studying the behavior of a particular class of percolation models,

namely models in high-dimensions.�e dimension is typically so high (d ≥ 7,

say) that the correspondence to real-life systems is too indirect to result in any

practical applications of the results. But �nding solutions to practical prob-

lems is not the aim of this work. Instead, this thesis –and the study of high-

dimensional models in general– is aimed at getting a better understanding

of the qualitative properties of phase transitions, rather than the quantitative

properties that are needed for practical applications.4

2 Glass occurs in nature only in very small quantities, for instance when a lightning strike melts

sand, or when a meteor hits the earth, or in certain types of volcanic eruptions.�e Byzantines

were the �rst to realize that you can also make it yourself by melting some silica sand and then

cooling it down quickly. Fast cooling causes the phase transition from liquid to glass. Under

slow cooling, the molten sand would return to a crystalline state.

3 In fact most important components of a computer use some kind of phase transition. Besides

the all-important transistor e�ect that makes the processor and the ram work, there is the

giant magnetoresistance phase transition of the hard drive, and the isotropic-nematic phase

transition of the liquid crystals in the lcd screen.

4 Feller justi�es this type of study with more eloquence and fervor: “Only yesterday the practical

things of today were decried as impractical, and the theories which will be practical tomorrow

will always be branded as valueless games by the practical man of today” [55].
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So let us review then what is known about the percolation phase transition:

A percolation con�guration on Zd either contains an in�nite open cluster

or it does not, depending on the value of p. We claim that when p is small,

there is no in�nite cluster, and when p is large, there is an in�nite cluster. In-

between there is a phase transition.�e heuristics for this claim are easy: If the

percolation parameter p is close to ∥D∥−1∞ (the rightmost point on the range of
p), then most edges in Zd are open, so for Zd (with d ≥ 2) it is reasonable to

believe that there is an in�nite open cluster in the percolation con�guration.

Butmost edges are closed when p is close to 0, so it is reasonable to believe that

there will not be an in�nite open cluster when p is small. It is also reasonable

to believe that the presence of an in�nite cluster obeys a zero-one law for any

�xed p, and furthermore, that the size of open clusters will only go up if we

increase p, so that there must exist some model-dependent constant pc such

that for all p < pc there is no in�nite cluster, while for all p > pc there does

exist an in�nite cluster, i.e., there is a phase transition in the parameter p.

�ese arguments all turn out to be true. To make them precise, we de�ne

the critical parameter

pc ≡ inf {p ∶ Pp (∣C(v)∣ =∞) > 0} , (1.1.2)

where Pp is the product measure on {0, 1}(Z
d×Zd) with parameter p, C(v) is

the set of all vertices that can be reached from the vertex v ∈ Zd through a path

of open edges, and ∣C(v)∣ here denotes the cardinality of C(v). Note that this
de�nition does not depend on our choice of v because the models we consider

are all translation invariant. (From now on, when the choice of v is arbitrary,

we will typically choose v = 0.)

�ere is another, equivalent description of the critical value pc that will be

useful to keep in mind, namely,

pc = sup{p ∣ χ(p) <∞},

where

χ(p) ≡ Ep [∣C(0)∣] = ∑
x∈Zd

Pp(0↔ x) (1.1.3)

is the expected cluster size (or susceptibility), and {x ↔ y} denotes the event

that the vertices x and y are connected by a path of open edges.�e delicate

equivalence with (1.1.2) proved for Zd independently in [2] and [111].

It turns out that (qualitatively) the behavior of a percolationmodel does not

depend much on the precise value of p, and can be classi�ed as one of the

following three cases:

�e subcritical phase:When p < pc , by de�nition, there will not be an in-

�nite cluster almost surely (i.e., Pp(∣C(0)∣ = ∞) = 0).�e subcritical phase
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is characterized by exponential decay of the cluster size: for both nnp and for

lrp the probability that 0 is in a cluster of size n decays exponentially fast as n

increases, i.e., − log(Pp(∣C(0)∣ = n)) ≍ n.
For nnp, other observables also decay exponentially: the two-point function

τp(x − y) ≡ Pp(x ↔ y) (1.1.4)

also has exponential decay, i.e., − log(τp(x)) ≍ ∣x∣ (where ∣ ⋅ ∣ now denotes

the Euclidean norm). For nnp we also have exponential decay of the one-arm

probability, i.e. − log(Ppc(0↔ Q
c
r )) ≍ r, where the vertex set Qr is de�ned to

be the extrinsic ball of radius r around the origin, that is,

Qr ≡ {x ∈ Zd ∶ ∣x∣ ≤ r}. (1.1.5)

�e exponential decay of the two-point function and the one-arm probabil-

ity does not hold for lrp.�is is easy to see: (1.1.1) implies that the probability

of any connection event is bounded from below by the probability that the

connection is made by a single edge.�e edge probability decays as a power

law, so exponential decay is impossible.

�e supercritical phase: When p > pc , by de�nition, the probability that

the vertex 0 ∈ Zd is part of an in�nite cluster is positive, i.e., Pp(∣C(0)∣ =
∞) > 0. Since this is true for any vertex of Zd , it follows that the percolation

con�guration contains an in�nite cluster almost surely. Moreover, Aizenman,

Kesten & Newman showed that there is only one in�nite cluster almost surely

[3].5�e �nite clusters in supercritical con�gurations are typically small. To be

precise, the probability that 0 is in a �nite cluster of at least size n decays as a

stretched exponential, i.e., − log(Pp(n ≤ ∣C(0)∣ <∞)) ≍ n(d−1)/d .
�e critical point:When p = pc the percolation con�guration looks totally

di�erent from either phase. Studying percolation at the critical point is particu-

larly di�cult, and many questions are still unanswered. For instance, we don’t

know how to calculate the value of pc (although there are some dimension-

speci�c results that we discuss below). But critical percolation is not only di�-

cult, it is also very interesting, since it shows us what happens at a phase tran-

sition.�ere are many conjectures about critical percolation. Critical percola-

tion is also one of the main topics of this thesis, so we will examine it further

in the upcoming paragraphs.

1.1.3 Critical percolation, universality and scale invariance

What is so interesting about critical percolation? Essentially, there are two

reasons to study critical percolation: (1) percolation is a simple model that is

5 Burton & Keane gave a nicer and more general proof of this result in [28].
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vaguely similar to the spatial randomness we see everywhere in real life and (2)

it is surprisingly common thatmodels that are only vaguely similar look almost

exactly the same at the critical point.�at is to say, if we have a complicated

model or physical system with spatial randomness and a phase transition, and

we want to understand what happens at the phase transition, then there is a

good chance that we �nd that the behavior looks a lot like critical percolation.

�is second reason is better known as the universality property, andmodels

that behave the same at criticality are said to be in the same universality class.

For instance, the liquid-gas phase transition for systems of small molecules

–like oxygen, water, helium, methane, and argon– all belong to the same uni-

versality class. And surprisingly, so does the two-dimensional Ising model (a

classical, severely abstracted model of a magnetic surface). Our interest in uni-

versality does not solely come from physics: universality also plays a large role

in probability theory – the prime example here is the Central Limit�eorem.

In this thesis we investigate the universality classes of nnp and lrp in high

dimensions. We will see that when we view these models from a certain per-

spective, namely from ‘inside’ the cluster, they do appear to belong to the same

universality class, whereas when we view it from the ‘outside’ of the cluster, it

turns out there are cases where lrp does not belong to the same universality

class as nnp at all.

Universality can be seen as a consequence of the scale invariance of a model.

Roughly speaking, scale invariance means that there is no ‘typical scale’ for a

con�guration.6 Since there is no scale,models with scale invariance have fewer

distinguishing features, and this is why they all tend to look the same, i.e., why

they belong to the same universality class.

When a model is scale invariant the observables of the model must also

be scale invariant.�at is, if z is a scale of the model, and f (z) is some ob-

servable of the model, then the scale invariance of the model implies that

f (cz) = cκ f (z) for c > 0 and κ ∈ R. �ree realizations of f (z) that have

the scale invariant property are: 0,∞ and azκ . �e third realization, when

f (z) = azκ , leads to interesting behavior that has been extensively studied

over the past decades. In particular, determining the value of the scaling expo-

nent κ for a given observable has become a minor industry.

It is o�en the case with models that the scaling exponents of various observ-

ables turn out to be related through so-called scaling relations.�ese scaling

relations have been formulated by physicists with the aid of renormalization

groupmethods.

6 Length, angle, frequency, and time are all examples of scales, but in this setting, length is the

most common scale.



8 context & main results

Figure 1: A Julia set of the Mandelbrot fractal

Renormalization group is the name for a collection of techniques (that usu-

ally have nothing to do with group theory) that physicists have o�en used to

make correct butmathematically non-rigorous predictions about the behavior

of physical systems. Indeed, renormalization group’s remarkable accuracy has

made it one of the cornerstones of modern physics. Renormalization group is

a subject that is too large to discuss here in much detail, but the gist is that if

we repeatedly apply an operator that takes a local average to the system, that

this will give one ormore �xed-point equations that can be used to analyze the

critical behavior of the system. Unfortunately, making this approach rigorous

is typically quite di�cult (e.g. [25, 50, 120]).

Scale invariant models are not only interesting to physicists, they also have

a long and rich history in pure mathematics. Mathematically idealized scale

invariant sets are commonly known as fractal sets.�e Cantor set –whose dis-

covery was the genesis of general topology and measure theory– is a scale in-

variant set.�e well-known Mandelbrot fractal, also, is a scale-invariant set.

And Brownianmotion –one of the most studied models in probability theory–

traces out a random, scale-invariant curve. Figure 1 shows yet another example

of a (scale-invariant) fractal set: a Julia set.

�e following question now arises: are percolation con�gurations scale in-

variant?�e answer is obviously “no”. Because the model is de�ned on a graph

there is a non-zero minimal length that can be used as a scale. But let’s ignore

this technicality and rede�ne scale invariance as the property that there is no

‘macroscopic’ length scale. Even with this new de�nition, sub- and supercriti-

cal con�gurations are still clearly not scale invariant, since we can easily de�ne

a length scale, like the mean diameter in a �nite cluster. But what about criti-
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cal percolation? So far, nobody has been able to �nd a sensible length scale for

critical percolation, and furthermore, nobody is expected to �nd one:

b Folk conjecture. Critical percolation con�gurations are scale invariant.

We are still a long way from a general answer to this conjecture, but some

great advances have beenmade to con�rm it for two- and for high-dimensional

percolation. In the upcoming subsectionswewill discuss someof the dimension-

speci�c results for critical percolation. But �rst we will discuss some other im-

portant conjectures about critical percolation.

�e Folk Conjecture translates into a conjecture about the scale invariance

of the observables of percolation theory:

Z Conjecture 1.1 [Power-law behavior of critical percolation]. Given a criti-

cal percolation model, there exist constants β, γ, δ, η and ρ such that

percolation function: Pp(∣C(0)∣ =∞) ≈ (p − pc)
β for p > pc ,

cluster volume: Ppc(∣C(0)∣ ≥ n) ≈ n−1/δ
,

average cluster size: χ(p) ≈ (pc − p)
γ for p < pc ,

two-point function: τpc(x) ≈ ∣x∣2−d−η
,

one-arm probability: Ppc(0↔ Q
c
r ) ≈ r

−1/ρ
.

Note that this is not a comprehensive list. In the percolation literature these

exponents are more commonly known as critical exponents: we will refer to

them by this name as well.7 It is generally believed that the value of the expo-

nents does not depend too much on the precise de�nition of the model, and

there is a lot of evidence for this. For instance, we will see below that in any

dimension that is high enough, models with wildly di�erent edge probability

distributions D can have the same scaling exponents.

Continuity of the percolation function:Even though χ(pc) =∞, this does not

necessarily mean that there exist in�nite critical clusters at the critical point

when d ≥ 2. Answering this question rigorously turns out to be excessively

di�cult, but simulations and various non-rigorous arguments strongly suggest

that at criticality there are no in�nite clusters:

Z Conjecture 1.2 [Continuity of the percolation function]. For nnp or lrp

on Zd with d ≥ (2 ∧ α),

Ppc (∣C(0)∣ =∞) = 0. (1.1.6)

7 In our setting, the de�nition of the scaling exponents δ, η and ρ is a bit stilted and this is unfor-

tunate, but these conventions are so old and well known that it is better not to try and improve

them.
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�is is o�en considered to be the biggest open problem in percolation the-

ory. Some headway has been made in proving this conjecture. In particular,

Kesten showed that it holds for nnp in two dimensions [98]. Hara & Slade,

in [69], proved the conjecture for nnp when d is very large (and in [73] they

improved this result to show that the conjecture holds for d ≥ 19).�is latter

setting is o�en referred to as high-dimensional percolation and it is the setting

of this thesis; we will elaborate on it below. For lrp there are two results.�e

�rst is an analogue to the high-dimensional result –by Heydenreich, van der

Hofstad&Sakai– that says that the conjecture holds for lrpwhen d > 3(2 ∧ α)

[81], and the second result –by Berger [17]– says that the conjecture holds for

any d > α.

We will now brie�y discuss some dimension-speci�c properties of percola-

tion theory.

1.1.4 Percolation on Z

It is not very hard to see that nnp on Z has a trivial phase transition at qc = 1

(with the de�nition for nnp that pc = 2dqc). Indeed, any vertex v ∈ Z is in a

�nite cluster if there is a closed edge to the le� and to the right of v. But by

the In�nite Monkey�eorem8 this event occurs almost surely for all q < 1, so

there is no in�nite cluster unless q = 1.�e same reasoning does not extend to

long-range percolation models.

�e phase transition of lrp and related models is quite interesting. For in-

stance, Newman & Schulman, in [112] prove for a certain class of long-range

models that there is exists a non-trivial phase transition if and only if α ≤

1. Much more is known about one-dimensional long-range percolation, but

these results are too technical to recall here.9

1.1.5 Percolation on Z2

While lrp is the natural model to study in one dimension, the natural mod-

els to study in two dimensions are nnp and nearest-neighbor site percolation

models on other planar lattices (e.g. the triangular and hexagonal lattice). In

fact, the behavior of nnp on Z2 is so interesting and so tractable, that in the

eyes of many, nnp on Z2 has become all but synonymous with percolation

theory.

8 See Wikipedia. Alternatively, this claim can be proved by the fact that the expected value of a

geometric random variable with parameter q is �nite for all q < 1.

9 A sampling of the one-dimensional long-range percolation literature: [5, 17, 58, 123].
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�is thesis is not about two-dimensional nearest-neighbor percolation, and

there is far too much to say about the subject to give a thorough exposition

here, but below is a short list with some of the most interesting facts about

nearest neighbor percolation on planar lattices:

• �e critical value for nnp on Z2 is known: qc = 1/2. Besides the triv-

ial cases on Z, the critical value is only known for a handful of two-

dimensional models [78, 98, 135].

• �e scaling limit of the shape of clusters of nearest neighbor site perco-

lation on the triangular lattice is conformally invariant [127].

• �e boundary of critical site percolation clusters on the triangular lattice

converges in the scaling limit to a family of scale-invariant stochastic

curves known as SLE6 [105, 134].

• Many of the critical exponents have beendetermined for site percolation

on the triangular lattice using the fact that boundaries of percolation

clusters scale to SLE6.�e resulting exponents are quite fascinating, for
instance: β = 5/36, γ = 43/18, δ = 91/5, η = 5/24 and ρ = 48/5 (see [128]

for a short overview).

• A wide variety of planar graphs (including the triangular, square, and

hexagonal lattice) are in the same universality class [60, 61].

1.1.6 Percolation on Z3, Z4, Z5, and Z6

Considering how much is known about percolation in one and two dimen-

sions, and in dimension seven and higher (discussed below), it is rather as-

tounding how little is known about percolation in three, four, �ve and six

dimensions. It is, of course, not at all uncommon in mathematics that these

dimensions are the hardest to study (e.g. the Poincaré conjecture for three-

dimensional manifolds), but in the case of percolation in particular, the dearth

of knowledge seems overwhelming. Half a century of research has not given

us much more than a handful of numerical results.

Dimension sixmay turn out to be the easiest to analyze (relatively speaking).

Indeed, results from the physics literature and from other statistical models

suggest that percolation in six dimensions may be studied using renormaliza-

tion group methods.
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1.1.7 Percolation on in�nite trees

Before we �nally discuss the high-dimensional percolationmodels that are the

topic of this thesis, let us brie�y discuss percolation on in�nite trees.

It is much easier to analyze percolation on trees than it is on Zd , because

trees don’t contain loops and it is the loops that make the analysis of perco-

lation so di�cult. To keep this discussion simple, consider nearest-neighbor

percolation with parameter q on a k-ary in�nite tree Tk (i.e., on a rooted tree
where each vertex has k o�spring in the next level).�en we can describe the

cluster of the root as a Galton-Watson process with a binomial o�spring distri-

bution with parameters k and q. It is a well-known result that if the expected

number of o�spring of an individual in a Galton-Watson process is µ, then the

probability that an in�nite tree is generated is 0 when µ ≤ 1 and it is strictly

positive when µ > 1. For percolation on Tk , we have µ = kq, so the critical

value10 is qc = 1/k.�e critical exponents are easy to determine as well. In par-

ticular, β = 1, γ = 1, and δ = 2.�e exponents η and ρ require a bit more care.

Grimmett, in [59, Chapter 10] gives a short explanation of the considerations

we need to make, and concludes that there exists a reasonable interpretation

of η such that η = 0.

For ρ there exist two reasonable interpretations that will both feature in this

thesis.�e reason that there are two versions of ρ has to do with our choice

of metric.�e natural metric on a tree is the intrinsic distance metric (a.k.a.

the ‘graph metric’ or the ‘chemical distance’ or the ‘shortest path metric’).�e

intrinsic metric is de�ned as follows: given a graph G = (V , E), for u, v ∈ G ,

dG(u, v) ≡ # edges on the shortest path between u and v (1.1.7)

with the conventions that dG(u, u) = 0 and dG(u, v) = ∞ if there is no path
from u to v. We can now also de�ne the intrinsic ball of a graph G :

Br(x ,G) ≡ {u ∶ dG(x , u) ≤ r} (1.1.8)

and its boundary,

∂Br(x ,G) ≡ {u ∶ dG(x , u) = r}. (1.1.9)

With this de�nition it is easy to calculate that, for a tree,

Pcrit(∂Br(0;C(0)) ≠ ∅) ≈ 1/r.

10 �e root has lower degree than the other vertices, so this is not immediately obvious that the

critical value for the root is the same as for the other vertices, but it is also not very hard to

prove.
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so that the intrinsic one-arm exponent of critical percolation on Tk is 1.
But there is another interpretation of ρ that makes it easier to compare per-

colation on a tree with percolation on Zd in a geometrical sense. Consider the

(labeled) binary tree T2.�e �rst n levels of this tree can be embedded inZn in
a natural way: put the root of the tree at (0, 0, . . . , 0).�en, put the ‘le�-hand’

child of the root at (−1, 0, . . . , 0) and the ‘right-hand’ child at (1, 0, . . . , 0). We

can continue embedding the tree in this way, so that for instance the le�-hand

child of the right-hand child of the root will be at (1,−1, . . . , 0). We can extend

this procedure to an embedding of T2 inZ∞.�en, we can de�ne the extrinsic
distance metric on the embedded tree: for x = (x1, x2, . . . ) ∈ Z

∞,

∣x∣ =

¿
Á
ÁÀ

∞
∑
i=1
x2i .

With this metric we can de�ne the one-arm probability as usual, and it is

easy to calculate that

Pcrit(0↔ Q
c
r ) ≈ 1/r

2
,

so that the extrinsic one-arm exponent ρ = 1/2 (we will reserve the symbol ρ

for the extrinsic one-arm exponent in this thesis).

1.1.8 High-dimensional percolation

Finally, we arrive at the setting of this thesis: percolation on Zd with d > 6. In

the past 25 years, the study of high-dimensional critical percolation has been

very successful. As we will see below, many of the questions that have been

raised in the paragraphs above can be answered accurately. Loosely speaking,

the reason that we can analyze high-dimensional critical percolation comes

from the following heuristic:

First o�, the value of pc is low in high dimensions: for nnp, Kesten proved

that qc ∼ 1/(2d) as d → ∞ [100]. More generally, it holds for both nnp and

lrp that pc = 1 + o(1) as d →∞, so that in high dimensions, on average there

will be about one open edge per vertex. Analyzing percolation onZd is di�cult

because we have to account for loops in the connected components. But when

d is large and pc is low, the probability of having such loops is also low (e.g.

of the order of (1/2d)2 for nnp). It stands to reason then, that the presence of

loops in high-dimensional percolation will not contribute much in the overall

picture, so that the behavior should be similar to that of percolation on a tree.
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�is tree-like behavior of models with a non-tree-like geometry is known in

the physics literature asmean-�eld behavior.11

1.1.8.1 Mean-�eld behavior

Decades of study and experiments have taught us that the arguments formean-

�eld behavior are about as solid as they get, but that making them rigorous is

another matter entirely. For high-dimensional percolation, two big ideas have

been instrumental in this process.�ese two ideas will play crucial roles in

this thesis as well, so we will �rst discuss them here brie�y, and then later we

will give a more in-depth discussion of both.

Big idea # 1, from Aizenman and Newman [4], is that the triangle diagram

△p ≡ ∑
x ,y∈Zd

Pp(0↔ x)Pp(x ↔ y)Pp(y↔ 0) (1.1.10)

holds the key to establishing mean-�eld behavior: the model is mean-�eld if

and only if the triangle diagram is �nite at p = pc – the precise de�nition of

the model is irrelevant. Indeed, in [4], they prove that the critical exponent

γ for percolation on Zd takes on the same value as on the tree, i.e., γ = 1 if

the triangle diagram is �nite. It was subsequently shown that the other critical

exponents also take on the mean-�eld value if the triangle condition is �nite

(see [13, 67, 68, 75, 102, 113], and [126] for a general overview).

�at the �niteness of the triangle condition should imply mean-�eld behav-

ior is not at all obvious. �e proof of this fact uses di�erential inequalities,

some Fourier analysis, and sophisticated inclusion-exclusion arguments that

use coupled percolation models, and is too long and involved to recall or de-

scribe here (see [126] and Sections 2.2, 3.2, and 6.1 below).

�e nub of the idea is that almost12 any percolation model on Zd that has a

�nite triangle diagram (and has a couple of other simple properties) satis�es

Conjecture 1.1 with critical exponents

β = 1, γ = 1, δ = 2, η = 0, and ρ = 1/2,

just like percolation on an in�nite tree.

Big idea #2 is that the two-point function for percolation is basically very

close to the simple random walk Green’s function. Hara & Slade make use of

this similarity by writing the percolation two-point function as a series expan-

sion with a simple random walk two-point function at its center.�is type of

11 Another way of looking at it is to say that a model has mean-�eld behavior if faraway pieces of

the cluster are close to being independent.

12 �e exception being long-range percolation models with small α, as we will discuss below.



1.1 percolation 15

series expansion is known as a lace expansion.13�e lace expansion can thus be

used to show that the triangle diagram is indeed �nite when d is su�ciently

large.�is was �rst done for nnp by Hara & Slade in [69], where they show

that nnp with d very large (d > 200 say) has a �nite triangle diagram, and that

moreover, the triangle diagram is actually small, i.e.,

△pc = 1 + O(d−1) for nnp.

�e above bound is known as the strong triangle condition.14 In a later paper

Hara & Slade claim that the triangle condition is in fact �nite for d ≥ 19 [73].

�is bound is o�en quoted in the context of high-dimensional percolation,

but beware that there is a lot of evidence in support of the conjecture that the

triangle diagram is �nite for nnp as soon as d > 6. Proving this bound turns

out to be a major technical challenge though, cf. [57].

Hara & Slade, in [74] also use a lace expansion to determine to great accu-

racy the asymptotic behavior of qc for nnp as d →∞:

qc(d) =
1

2d
+

1

(2d)2
+
7/2

(2d)3
+ O (

1

(2d)4
) as d →∞.

Van der Hofstad & Slade later improved on this result by proving that all coef-

�cients are rational numbers [91].

In the setting of long-range percolation, Heydenreich, van der Hofstad &

Sakai prove in [81] that lrp also satis�es the strong triangle condition when L

is very large15 and d > 3(2 ∧ α), i.e.,

△pc = 1 + O(L−d) for lrp

and conclude that lrp has the following critical exponents: β = 1, γ = 1 and

δ = 2 – just like high-dimensional nnp and percolation on trees. �ey did

not determine the values of η and ρ. Chen & Sakai, in the recent work [36]

establish that τpc(x) ≍ ∣x∣−d−(2∧α) for a certain class of long-range percolation
models. It is conjectured but not proved that lrp belongs to this class. �e

critical exponent η is (2 ∧ α) − 2 for the class of models described by Chen &

Sakai [36].16

13 �e name comes from the �rst expansion of this kind, for high-dimensional self-avoidingwalks

by Brydges & Spencer [26]. See also Section 6.1, where we give a lace expansion for percolation

that is very similar to this �rst expansion.

14 For the duration of this introduction, whenever we say that the strong triangle condition holds,

what we mean is that the triangle diagram is bounded by 1 + ε for some very small ε. In the

subsequent sections we will use a more rigorous de�nition of the strong triangle condition.

15 Recall that L is a parameter of lrp, see (1.1.1).

16 �ere appears to be a convention in the long-range percolation literature to de�ne η via

τpc (x) ≈ ∣x∣d−(2∧α)−η
so that η = 0 in this de�nition.�is convention hides the fact that long-

range percolation is in a di�erent universality class than nnpwhen α < 2, so we shall not adhere

to it.
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Another piece of evidence that η = 2 − (2 ∧ α) for lrp comes from the

following volume estimate:

¦ Theorem 1.3. If the strong triangle condition holds, then

Epc [∣C(0) ∩ Qr ∣] ≍ r(2∧α)
. (1.1.11)

(Recall the convention that α = ∞ for nnp.) Volume estimates will play

a crucial role in many of the proofs of this thesis. We prove this theorem in

Section 4.1 below. Note that

Epc [∣C(0) ∩ Qr ∣] = ∑
x∈Qr

Epc [1{x∈C(0)}] = ∑
x∈Qr

τpc(x),

so that�eorem 1.3 implies that η = 2− (2 ∧ α) if we assume that an exponent

η as described in Conjecture 1.1 exists.

We will also use the following estimate on the volume of intrinsic metric

balls:

¦ Theorem 1.4. If the strong triangle condition holds, then

Epc [∣Br(0, C(0))∣] ≍ r. (1.1.12)

�is theorem was proved for nnp with d ≥ 19 by Kozma & Nachmias in

[101]. In Section 8.5 below we give a proof in the full generality of the strong

triangle condition (i.e., a version that also holds for lrp with d > 3(2 ∧ α)).

We write G = (V , E) for a graph, with V denoting the vertex set, and E

denoting the edge set.�ere exists a natural de�nition of dimension of a graph

G that we can view as the discrete analogue of the Hausdor� dimension: the
volume-growth exponent:

d f (G) ≡ lim
r→∞

log ∣Br(x ,G)∣

log r
(if the limit exists). (1.1.13)

Clearly, d f (Z
d) = d under this de�nition.17 Note that�eorem 1.4 implies that

the volume-growth exponent of critical percolation equals 1 in expectation,

independent of the speci�cs of the model, as long as the triangle condition

holds.

�e value of the extrinsic one-arm exponent ρ is not known for lrp, but

we will establish in this thesis that ρ ≠ 1/2 when α ∈ (0, 4). To be precise, in

Section 4.2 we will prove the following:

17 Gromov’s famous theorem on groups of polynomial growth [63] implies that d f (K) ∈ N for

any Cayley graph K.
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¦ Theorem 1.5. When d > 3(2 ∧ α), there exists c > 0 such that for critical

long-range spread-out percolation models with parameter α,

Ppc(0↔ Q
c
r ) ≥

c

r(4∧α)/2 . (1.1.14)

We prove this theorem in Section 4.2. �is theorem does not contain an

upper bound, so it does not establish the value (or even existence) of ρ for lrp,

but it does exclude the possibility that ρ = 1/2when α ∈ (0, 4), so for this range

of α we can conclude that lrp is not in the same universality class as nnp. We

believe that the exponent in the above theorem gives the correct value for the

one-arm exponent:

Z Conjecture 1.6. For lrp with d > 3(2 ∧ α) the extrinsic one-arm exponent

is ρ = 2/(4 ∧ α).

Kozma & Nachmias determine the intrinsic one-arm exponent for high-di-

mensional percolation:

¦ Theorem 1.7 [�e intrinsic one-arm exponent, [101]]. If the strong triangle

condition holds, then

Ppc(∂Br(0;C(0)) ≠ ∅) ≍ 1/r. (1.1.15)

A theme is starting to develop. It seems as though the intrinsic properties of

high-dimensional nnp and lrp are the same, but that the extrinsic properties

are di�erent when α is small. We will see this behavior time and again below.

What this tells us is that the ‘graph structure’ of critical percolation clusters

is roughly the same for all high-dimensional models, even if their ‘geometric

structure’ varies wildly.

1.1.8.2 �e lace expansion

�e lace expansion is an incredibly versatile technique. It was �rst applied to

percolation to prove that the triangle condition is �nite, but it has since been ap-

plied tomany other problems in high-dimensional statistical physics. Slade’s St.

Flour lecture notes give a good overview of the various uses of the lace expan-

sion to problems involving self-avoiding walk, lattice trees and lattice animals,

the contact process, oriented percolation and of course percolation [126]. A no-

table, recently developed lace expansion that is notmentioned in this overview

is a lace expansion by Sakai for the high-dimensional Ising model [119].

As explained in the previous paragraphs, the key idea behind lace expan-

sions is to expand an observable (e.g., the percolation two-point function) as

a perturbation of a simple random walk two-point function. We will now ex-

plore this idea in a bit more detail.
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To start, let us look at some properties of simple random walk. Let c1(x) be

a probability distribution on Zd . We can then de�ne a simple random walk as

the process (Sn)n∈N that starts at 0 and at each discrete time-step takes an i.i.d.
step with distribution c1. Write cn for the distribution of the position of the

random walk a�er n steps, i.e., cn(x) ≡ P(Sn = x). To analyze the behavior of

cn it is useful to study its generating function: for z ∈ C, we de�ne

Cz(x) ≡
∞
∑
n=0
cn(x)z

n
, (1.1.16)

where c0(x) ≡ δ0,x (the Kronecker delta function). Note that Cz is also o�en

referred to as the Green’s function of simple random walk.

For f , g ∶ Zd ↦ R, we de�ne the discrete convolution of f and g as

( f ∗ g)(x) ≡ ∑
y∈Zd

f (x − y)g(y). (1.1.17)

Since the steps of Sn are i.i.d. we can write cn as an n-fold convolution of c1:

cn(x) = (c1 ∗ cn−1)(x) = (c1 ∗ c1 ∗⋯ ∗ c1)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n−fold convolution

(x). (1.1.18)

To analyze convolutions, it is o�en useful to use a Fourier transform: for an

absolutely summable f ∶Zd → R and all k ∈ Rd , let

f̂ (k) ≡ ∑
x∈Zd

f (x)eik⋅x (1.1.19)

where k ⋅ x is the standard inner product for d-dimensional vectors. Note that

f̂ (k) is periodic with respect to [−π, π)d . Moreover, the inverse Fourier trans-

form is also de�ned, i.e.,

∫
[−π,π)d

d
dk

(2π)d
f̂ (k)e−ik⋅x = f (x). (1.1.20)

A very useful property of Fourier transforms is that it turns convolutions

into products, that is,

(̂ f ∗ g)(k) = f̂ (k)ĝ(k).

�us, if we take the Fourier transform of (1.1.16) and we apply the above iden-

tity to its coe�cients, we obtain

Ĉz(k) =
∞
∑
n=0
ĉ1(k)

nzn =
1

1 − zĉ1(k)
. (1.1.21)
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�e aim of the lace expansion for the percolation two-point function is to

obtain an expression that is close to (1.1.21) for τ̂p(k) with p ≤ pc .�e �rst

step of this procedure is to �nd a convolution equation for τp. Many di�erent

expansions for τp are known (we develop our own expansion of τp in Chapter

6 below), but let us recall the simplest one here: aminor rewrite of the ‘classical’

expansion from [126, (10.5)] is

τp(x) = Π
cl(x) + (Πcl ∗ pD ∗ τp)(x), (1.1.22)

where Πcl(x) is a function that is known as the irreducible convolution func-

tion.

Twomethods have been established to prove this kind of convolution struc-

ture: (1) repeatedly use an inclusion-exclusion scheme, or (2) analyze the laces.18

We perform an inclusion-expansion for a quantity that is related to τpc in Sec-

tion 3.2 below. We also give an expansion of τpc that uses laces in Section 6.1

below.�is is the �rst expansion for percolation that uses laces.

Applying a Fourier transform to both sides of (1.1.22) gives19

τ̂p(k) =
Π̂cl(k)

1 − Π̂cl(k)pD̂(k)
. (1.1.23)

If we can show that pc = 1 + O(β) and Π̂cl(k) = 1 + O(β), for some small β

then we can use (1.1.21) to analyze (1.1.23). It turns out that pc = Π̂
cl(0)−1 (see

(5.2.18) below), so it su�ces to check that Πcl is close to 1.

�e analysis of Πcl is performed via so-called diagrammatic estimates. Dia-

grammatic estimates are bounds that are derived in a way that is similar to the

Feynman diagrams of quantum �eld theory.�ese bounds are typically quite

technical and involve many calculations, but they are o�en easy to deal with

in graphical form (hence we call them ‘diagrams’). In this thesis there are two

separate analyses of diagrammatic bounds, in Appendices A and B.

Now, if Πcl indeed gives a small perturbation around 1, thenwe can continue

our analysis of (1.1.23).20 �e models that we consider all have the property

18 We de�ne laces and discuss them in more detail in Chapter 6.

19 As mentioned, χ(pc) =∞ so τpc is not summable. Nevertheless, we can still de�ne its Fourier

transform, see [67, Appendix A].

20 Hara & Slade prove this for nnp when d ≥ 19 [69, 73] and Heydenreich, van der Hofstad &

Sakai prove it for lrp when d > 3(2 ∧ α) [81].
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that 1− D̂(k) ≍ ∣k∣(2∧α) for ∣k∣ ≪ 1, so that (1.1.23) gives the following infrared
bound:21

τ̂pc(k) ≍
1

∣k∣(2∧α) as k → 0.

�e infrared bound of τpc is a powerful bound: it is the main reason that

high-dimensional percolation is so well understood. For instance, we can use

it to determine whether the triangle diagram is �nite for a given dimension at

p = pc :

△pc = (τpc ∗ τpc ∗ τpc)(0) = ∫
[−π,π)d

d
dk

(2π)d
τ̂pc(k)

3

= O(1) + O
⎛
⎜
⎝
∫

∣k∣<ε

d
dk

(2π)d
1

∣k∣3(2∧α)

⎞
⎟
⎠
,

(wherewe have also used another essential boundwhich states that τ̂pc(k) ≤ C

for ∣k∣ > ε).�e integral on the right-hand side is �nite if d > 3(2 ∧ α) but

in�nite if d ≤ 3(2 ∧ α). Hence 3(2 ∧ α) is the critical dimension.

1.2 the incipient infinite cluster

In the 1980’s, when computers became powerful enough for physicists to run

simulations of large systems, percolation was a natural candidate.When physi-

cists started simulating percolation clusters, they observed the following: no

matter how large the box is, at criticality there is almost always at least one clus-

ter that connects two opposite sides of the box.�e idea surfaced that these

spanning clusters would connect to each other if p was raised a little bit above

pc and would thus give rise to the in�nite cluster. To study this newly born

in�nite cluster as close to pc as possible physicists came up with the ‘in�nite

cluster at criticality’ or, as we will call it, the incipient in�nite cluster.22

But physicists tend to favor heuristics over rigor, and their treatment of the

incipient in�nite cluster was no exception. Indeed, as Kesten remarks in [99]:

“�e concept seems to be as ill de�ned as ‘in�nitesimals’ in Leibniz’ time.”

21 �e term ‘infrared’ comes from physics, where it is used to describe the behavior of a spectrum

at long wavelengths, as infrared light has a longer wavelength than visible light. Long wave-

lengths in x-space correspond to small coe�cients in k-space (i.e., to low frequencies), so an

infrared bound is a bound that describes the behavior around k = 0.

22 A small sampling of the physics literature of the time: [7, 15, 94, 108, 129, 130].
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Kesten’s response, in the same paper, is to give a rigorous mathematical treat-

ment of the construction of the iic of two-dimensional percolation.23

Formulating a procedure that generates in�nite clusters for critical percola-

tion is not a trivialmatter. Indeed, we cannot simply conditionPpc on the event

{∣C(0)∣ =∞} because it is an event of measure zero (we know this in two- and

high-dimensions). Nevertheless, as the physicists observed, very large clusters

are always near at criticality,24 so it should be possible to ‘force’ a critical cluster

to become in�nite by taking the right limiting scheme.�is is precisely what

Kesten did.

1.2.1 Constructing the two-dimensional IIC

Kesten gave two di�erent limiting schemes for the construction of the iic for

two-dimensional percolationmodels. For simplicity, we restrict ourselves here

to the case of two-dimensional nnp.

Kesten’s first construction: condition the critical percolation measure

on the existence of a path from 0 to the boundary of a ball of radius r and then

take the limit r →∞:

ν1 (F) ≡ lim
r→∞

Ppc (F ∣ 0↔ Qcr ) (1.2.1)

whenever the limit exists.

Kesten’s second construction: condition the supercritical percolation

measure on the existence of an in�nite cluster that contains 0 and then take

the limit p↘ pc :

ν2 (F) ≡ lim
p↘pc

Pp (F ∣ ∣C(0)∣ =∞) (1.2.2)

whenever the limit exists.

23 Prior to this work, Chayes & Chayes also give rigorous construction of an in�nite cluster for a

model that resembles critical percolation [31], but Járai proves in [96] that this construction is

singular with respect to all other known constructions of the incipient in�nite cluster. (We will

discuss these constructions below.)

24 Aizenman, in [1], makes this idea rigorous: he proves that in two dimensions there is likely at

least one spanning cluster in the box, and that in high dimensions there are typically around

`d−6 spanning clusters in a box with sides of length `, and these clusters typically contain of the
order of `4 vertices.
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Kesten proves the following:

¦ Theorem 1.8 [�e two-dimensional iic, [99]]. For any cylinder event25 F,

the limits ν1(F) and ν2(F) exist and are equal. If we denote their common value

by P
(2d)
IIC (F), then P

(2d)
IIC extends uniquely to a probability measure on the con�g-

urations of open and closed edges, and

P
(2d)
IIC (∃ exactly one in�nite open cluster C̃ and 0 ∈ C̃) = 1. (1.2.3)

�e fact that Kesten was able to formulate two di�erent constructions that

both yield the samemeasure in the limit suggests that the iic is a robust object.

In [96] and [97] Járai signi�cantly strengthens this notion of robustness by

proving that several other limiting schemes also give P
(2d)
IIC in the limit. We

discuss three of these constructions here brie�y:

Járai’s first construction: Condition the critical percolation measure

on the existence of a spanning cluster inside a box of side-length n. Pick a

vertex uniformly at random in the spanning cluster. Translate this vertex to

the origin. Take the limit n →∞.

Járai’s second construction: Fix an integer k. Pick a vertex uniformly

at random from the kth largest cluster inside a box of side-length n. Translate

this vertex to the origin. Take the limit n →∞.26

Járai’s thirdconstruction: Condition the invasion percolationmeasure27

on the event that the vertex v ∈ Z2 is part of the invaded cluster. Take the limit

∣v∣→∞.

1.2.2 Constructing the high-dimensional IIC

Van der Hofstad, den Hollander & Slade, in [83], give the �rst construction of

the iic for high-dimensional oriented percolation. In part based on this work,

van der Hofstad & Járai, in [86], give two constructions of iicmeasure of high-

dimensional percolation:

25 A cylinder event is an event that is measurable with respect to a �nite subset of edges of Zd .

26 Járai’s second construction is particularly useful: it provides a simple way to simulate the two-

dimensional iic numerically.

27 Invasion percolation is a dynamical model that is strongly related to critical percolation. It was

introduced byWilkinson &Willemsen [136] (although similar ideas were previously discussed

by Hammersley [65] and by de Gennes & Guyon [44]). Invasion percolation was �rst studied

with mathematical rigor by Chayes, Chayes & Newman in [32]. See the introduction of [8] for

an up-to-date overview of the �eld and see [122] for a discussion about the relationship between

invasion percolation and the iic.
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v/dHofstad & Járai’s first construction: Condition the critical perco-

lation measure on the existence of a path from 0 to x and then take the limit

∣x∣→∞:

PIIC(F) ≡ lim
∣x∣→∞

Px(F) ≡ lim
∣x∣→∞

Ppc(F ∣ 0↔ x), (1.2.4)

whenever the limit exists.

v/dHofstad & Járai’s second construction: Condition subcritical per-

colation on the existence of a path from 0 to x. Average over all x ∈ Zd .�en

take the limit p↗ pc :

QIIC(F) ≡ lim
p↗pc

Qp(F) ≡ lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(F ∩ {0↔ x}), (1.2.5)

whenever the limit exists.

Van der Hofstad & Járai prove that PIIC andQIIC exist, that they are equal for

nnp when d is su�ciently large, and that PIIC(∣C(0)∣ =∞) = 1 [86,�eorems

1.1, 1.2 & 1.3].

�e main aim of this thesis is to compare the iic for nnp and lrp. Van der

Hofstad & Járai did not prove the existence and equivalence of the two con-

structions above in such a general setting, so one of the �rst things that we

will prove in this thesis is that their second construction also holds under the

strong triangle condition:

¦Theorem 1.9 [General existence ofQIIC]. Under the strong triangle condition,

the limit (1.2.5) exists for any cylinder event F and QIIC extends uniquely to a

probability measure on con�gurations of open and closed edges.

Note that none of the constructions that we have examined so far works

in both the two-dimensional and in the high-dimensional setting, so it is not

clear that P
(2d)
IIC and PIIC actually describe two variants of the same object.�e

�rst main theorem of this thesis �lls in this gap by proving that Kesten’s �rst

construction also holds (assuming the asymptotics of the one-arm probability,

at least) for high-dimensional models:

¦ Theorem 1.10 [Kesten’s �rst construction works in high dimensions]. If the

strong triangle condition holds and if there exists a ρ ∈ [1/(2 ∧ α),∞) such that

Ppc(0↔ Q
c
r ) ≃ r

−1/ρ
, (1.2.6)

then the limit

RIIC(F) ≡ lim
r→∞

Rr(F) ≡ lim
r→∞

Ppc(F ∣ 0↔ Qcr ) (1.2.7)

exists for all cylinder events F. Moreover, RIIC = QIIC.
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�e condition (1.2.6) has not been proved for any high-dimensional model,

but it is generally conjectured to hold. A version of this theorem that uses a

weaker assumption appears below in Section 3.1. Indeed, we prove in�eorem

3.2 that we can replace the assumption (1.2.6) by the weaker assumption that

Ppc(0↔ Qcr ) ≍ r
−1/ρ for some ρ ∈ [2/(4 ∧ α),∞), if we take the limit r →∞

along a subsequence. As we discussed previously, this assumption holds for

high-dimensional nnp [102], and if the lower bound in�eorem 1.5 is sharp,

then it also holds for lrp.

1.2.3 Structure of the IIC and the backbone

Let’s discuss some general structural properties of the iic.�e iic can be di-

vided into two distinct parts: the backbone and the bushes.28�e backbone of

the iic can be viewed as the union of all in�nite self-avoiding paths on the iic

and the bushes as whatever remains.�e iic turns out to be a ‘minimally’ in-

�nite cluster, so that any two in�nite self-avoiding paths through the iicmust

share an in�nite number of vertices and edges.

It is not hard to see that if the vertex x is connected to 0 by one path, and

x is connected to∞ by another, edge-disjoint path, then x is in the backbone.

�erefore, we can de�ne the vertex set of the backbone as follows:

Bb ≡ {x ∈ IIC such that {0↔ x} ○ {x ↔∞} occurs} (1.2.8)

where we write IIC for the connected component of 0 (in reference to events
about the iic) and ‘○’ denotes a disjoint occurrence.29 Conversely, the vertex x

lies in the bushes if x ∈ IIC ∖ Bb. Note that the bushes are a union of disjoint
�nite graphs that are all individually connected to the backbone with exactly

one edge. See Figure 2 for a sketch of an iic cluster and its backbone.

1.2.3.1 Structure of the two-dimensional IIC

Beyond existence and robustness, not much is known about the two-dimen-

sional iic. Kesten, in [99,�eorem 8 & 14], essentially proves the following

volume estimates for two-dimensional percolation: for any t ≥ 1,

E
(2d)
IIC [∣IIC ∩ Qr ∣

t] ≍ (r2Ppc(0↔ Q
c
r ))

t
≡ ζ tr

and

P
(2d)
IIC (εζr ≤ ∣IIC ∩ Qr ∣ ≤ ζr/ε)→ 1 as ε → 0,

28 Bushes are also sometimes referred to as ‘dangling ends’ or ‘hairs’.

29 See Section 2.1 below for the de�nition of disjoint occurrence.
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∞

Figure 2: A sketch of a portion of a two-dimensional IIC cluster. The backbone
is black, the bushes are gray. The origin is marked with a ●.

uniformly in r. If we �ll in the one-arm exponent ρ = 48/5 for site percolation

on the triangular lattice from [105], we get

E
(tri)
IIC [∣IIC ∩ Qr ∣] = r

91/48+o(1)
.

About the backbone, Kesten [99,�eorem 14] essentially proves the follow-

ing: for any t ≥ 1,

E
(2d)
IIC [∣Bb ∩ Qr ∣

t] ≍ (r2Ppc({0↔ Q
c
r} ○ {0↔ Q

c
r}))

t
.

For site percolation on the triangular lattice, Be�ara & Nolin, in [14], prove

that there exists30 amonochromatic two-arm exponent ρ2 ∈ (3/2, 4) such that

P
(tri)
pc ({0↔ Qcr} ○ {0↔ Q

c
r}) = r

−1/ρ2+o(1),

so we get

E
(tri)
IIC [∣Bb ∩ Qr ∣] = r

2−1/ρ2+o(1).

Note that regardless of the precise value of ρ2, the density of the backbone is

not of the same order as the density of the iic.�is implies that the ratio of the

densities of the bushes and of the iic tends to 1 as r →∞, i.e., the bushes take

up almost all the space in the iic, and the backbone almost none.

1.2.3.2 Structure of the high-dimensional IIC

In [86,�eorem 1.3] van der Hofstad & Járai prove for nnp with d su�ciently

large that

PIIC(x ∈ IIC) ≍
1

∣x∣d−4
and PIIC(x ∈ Bb) ≍

1

∣x∣d−2
.

30 Actually, Lawler, Schramm &Werner were the �rst to prove the existence of ρ2 , [105].
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�is suggests that the high-dimensional iic for these models can be viewed as

a four-dimensional object and the backbone can be viewed as a two-dimen-

sional object.31 In Chapter 4 we prove volume estimates that agree with these

results for nnp but contradicts such relations for lrp with small α:

¦ Theorem 1.11 [Volume bounds for the iic and the backbone]. If the strong

triangle condition holds,

EIIC [∣IIC ∩ Qr ∣] ≍ r
2(2∧α) and EIIC [∣Bb ∩ Qr ∣] ≍ r

(2∧α)
. (1.2.9)

�e iic is much denser than typical critical percolation clusters (compare

the above theorem with�eorem 1.3).

1.2.3.3 �e IIC as an exceptional time

To �nish this discussion of the general properties of the iic, let us make some

remarks about the relation between the iic and the exceptional times of dynam-

ical percolation.32 In the recent preprint [66], Hammond, Pete & Schramm

prove that the iic is an exceptional time of dynamical site-percolation on Z2.

Interestingly, they also prove that the �rst exceptional time is not an iic. Hägg-

ström, Peres & Steif prove that –unlike the two-dimensional iic– in high di-

mensions the iic is not an exceptional time of dynamical percolation [64] (in

fact they prove the stronger result that there don’t exist any exceptional times

for high-dimensional dynamical percolation).

1.3 scaling limits

A large part of this thesis deals with scaling limits.�is is an intricate topic, so

we recall some of the relevant parts of its history before we discuss the results

of this thesis.

Take a sequence (Xn)n∈N of i.i.d. random variables on Rd using any distri-
bution with E[X1] = µ and Var(X1) = σ2 < ∞. Write Sn = ∑ni=1 Xi for the
sum of the �rst n observations.�e Central Limit�eorem (clt), one of the

most important theorems of probability theory, then states that as n increases,

the distribution of n−1/2(Sn − nµ) becomes closer and closer to a Gaussian
distribution with mean 0 and variance σ2, regardless of the distribution of Xn.

31 �ese bounds are not believed to hold for lrp when α ∈ (0, 2]. Indeed, the results of Chen

& Sakai in[36] indicate that (excluding the case where α = 2) PIIC(x ∈ IIC) ≍ ∣x∣(2∧α)−d
and

PIIC(x ∈ Bb) ≍ ∣x∣2(2∧α)−d
.

32 In dynamical percolation sites or edges switch from open to closed and vice-versa in a random

and independent way, as time passes. An exceptional time is a time at which an event of zero

probability occurs (under the ‘static’ percolation measure). Dynamical percolation and excep-

tional times were introduced by Häggström, Peres & Steif in [64]. See [132] for an overview.
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We call the factor n−1/2 the scale factor and we call the associated limit a
scaling limit.33

�e scaling properties of sums of i.i.d. random variables goes much farther

than the clt. Indeed, if we look at the path traced out by the sequence Xn, i.e.,

if we take the linear interpolation of (Xn)n∈N in Rd and think of n as the time
variable, then it is again the case that any such path, when scaled by a factor

n−1/2 converges to a Brownian motion.34,35

Many more sequences satisfy a clt than merely i.i.d. random variables. In-

deed, there exist many variants of the clt for the sequences (Xn) that are not

independent, or not identically distributed.36 Any martingale with bounded

increments, for instance, satis�es a clt.

Similarly, the path traced by a process (Yn) can be highly dependent and

still converge to a Brownian motion. An example of particular relevance here

(because its proof uses a lace expansion similar to the one in Section 6) is

the scaling limit of self-avoiding walk (saw) on Zd with d > 4.�e nearest

neighbor n-step self-avoidingwalkmeasure gives equal weight to allmappings

of {0, 1, . . . , n} to {X0, X1, X2, . . . } such that X0 = 0, Xi ∈ Z
d , Xi ≠ X j for all

i ≠ j, and ∣Xi+1 − Xi ∣ = 1. Self-avoiding walk is clearly not a random walk: it
isn’t even a process. And yet, Hara & Slade showed that when we scale a high-

dimensional self-avoiding walk path by a factor of n−1/2 and take the limit
for large n, we end up with a Brownian motion [71, 72].�is is of course an

example of mean-�eld behavior.37

We can also de�ne a long-range saw by using the measure on self-avoiding

walk paths with no restriction on the size of the increments ∣Xi+1 − Xi ∣, but

33 �roughout this introduction, the convergence of scaling limits is convergence in distribution

in some appropriate space.

34 Some prefer to call the mathematical process aWiener process, and reserve the name Brownian

motion for the random motion of particles that this process is supposed to model, but we will

not make this distinction.

35 Brownianmotion is the process that gives a probability measure on time-parameterized curves

(Bt)t≥0 in R
d
. One-dimensional Brownian motion is entirely characterized by the following

three properties: (i) B0 = 0, (ii) B is almost surely continuous, and (iii) disjoint increments of

B are independent, and the increments Bt − Bs with 0 ≤ s < t is normally distributed with

variance σ 2(t − s). For high-dimensional Brownian motion, the distribution of the increments

can have a more complicated dependence on the (co-)variance.

36 Although of course both the dependence and the distribution of Xn are still subject to some

restrictions.

37 In dimensions 1, 2, and 3, saw does not scale to Brownian motion. When d = 1 this is obvious.

It is conjectured that the two-dimensional saw scaled by a factor n−3/4 becomes SLE8/3 in the

limit [106]. No scaling limit has been proposed yet for sawwhen d = 3.When d = 4 the scaling

limit is believed to be a Brownian motion when the saw is scaled by a factor n−1/2 log(n)1/8

(strong evidence for this conjecture comes from work that uses mathematically rigorous renor-

malization group [24]).
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instead by associating a weight D(e) proportional to (1.1.1) to each edge e of

Zd × Zd . Heydenreich, in [80], proves that when d > 2(2 ∧ α), the scaling

limit with scaling factor n−1/2 of this long-range saw is a Brownian motion if
and only if α > 2, but that the long-range self-avoiding walk with α < 2 with

scaling factor n−1/α scales to an α-stable motion instead.38,39

When two models have the same nontrivial scaling limit, it may seem rea-

sonable to expect that they are also in the same universality class. It turns out

that this intuition very o�en holds, but not always. For instance, Angel, Good-

man, den Hollander & Slade show in [8] that even though the critical expo-

nents are the same for the iic on a tree and for invasion percolation on a tree,

their scaling limits are not.

�e obvious question that we should ask now is what the scaling limits of

critical percolation and the iic are.

Camia & Newman, in [29], prove that the scaling limit of the boundaries of

all clusters of site percolation on the triangular lattice is a process that they call

the Continuum Nonsimple Loop process.�e proof of this result makes strong

use of the conformal invariance of site percolation on the triangular lattice,

and the process is strongly related to SLE6.
Much less is known about the scaling limit of high-dimensional percolation

and the iic: to understand it, we need to �rst understand what kind of scaling

limits we can see. Since the probability of loops is small for high-dimensional

percolation, it stands to reason that the scaling limit would be some kind of

random, continuous, branching structure.

1.3.1 Branching random walk and super-Brownian motion

We are interested in the scaling limit of critical branching structures, so let’s

start by investigating one of the simplest cases: critical branching random walk

(brw). For simplicity, let’s consider nearest-neighbor brw: At time 0 a single

particle sits at the origin. At time 1, the particle gives birth to a random num-

ber of particles according to some probability distribution with mean 1 and

variance γ.�ese children independently jump to one of the 2d neighbors of

0.�e original particle then dies. And the children of the original particle, at

time 2, also give birth to a similarly distributed random number of jumping

38 A one-dimensional α-stable motion is de�ned in the same way as a Brownian motion (see

footnote 35) but the distribution of the increments is now given by an α-stable distribution,

rather than a normal distribution.

39 �e condition α > 2 is equivalent here to the statement that the spatial variance of the weights,

σ 2 ≡ ∑x∈Zd ∣x∣
2D(0, x), is �nite. When α ≤ 2 it follows that σ 2 = ∞. But when α = 2, a

logarithmic factor can be added to the scaling, i.e., we can use the scale factor (n/ log(n))−1/2 ,

to obtain a scaling limit that is still a Brownian motion.
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particles and then die. All particles in subsequent generations have the same

life cycle.

Clearly, if we ignore the geometric aspects of the branching random walk

and only look at the family tree of the particles, then this is simply a critical

Galton-Watson tree. But we know that critical Galton-Watson trees die out al-

most surely.�is poses a problem if we want to take the scaling limit of critical

brw, because if the brw dies out almost surely, then any scale factor will make

the process disappear in the limit almost surely.

Fortunately, there are essentially three ways of circumventing this problem:

(a) We can condition the brw so that it is large enough to survive rescaling.

(b) We can start with a number of independent brws and let this number

depend on the scale in such a way that one of the brws is likely to be

large enough to remain visible a�er rescaling.

(c) Along with time and space, we can rescale the probability measure such

that the measure of the event that a brw survives until generation n is

proportional to 1.

As it turns out, all three approaches have their advantages.40 Below, we will

discuss each approach inmore detail, and we will see that each limit converges

to a variant of super-Brownian motion (sbm).

Super-Brownian motion is a measure-valued process41 that can be viewed

as the analogue of Brownian motion for mass distributions: it describes a ran-

dom, almost surely continuous evolution of mass distributions on Rd . Super-

Brownian motion was independently discovered by Watanabe in 1968 [133],

and by Dawson in 1975 [42]. A �eld of literature too large to discuss here has

developed in recent decades.42

Beforewe look at the three approaches to the scaling limit of brw, let’s brie�y

discuss which criteria a model should satisfy to scale to sbm. In principle, we

expect a model to scale to sbm if:

(i) �e process is critical.

(ii) �e particles move, branch, and die in a random way.

(iii) Interactions between particles are weak.43

40 Slade, in [125], gives a good, non-technical description of each limit and discusses a variety of

models with the same scaling limit.

41 In our context, ‘measure-valued’ means that the process gives for any �xed time, a distribution

of mass on Rd .

42 Good overviews of the super-Brownian motion literature can be found in [41, 49, 107, 114].

43 Alternatively, we can require that loops are rare or, we can require that faraway particles are

‘almost’ independent.
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For statistical mechanical models, the third requirement is equivalent to the re-

quirement that the model has mean-�eld behavior.�erefore, we should only

expect sbm as a scaling limit for such models if the dimension is su�ciently

high.

Let’s discuss the three di�erent scaling limits for critical brw in more detail:

brw scaling limit (a). We condition the critical brw on having a total of

n individuals during the entire process and we use n−1/4 as the scale factor.44

If we associate a weight 1/n to each of the individuals in the critical brw, then

we can associate a measure of value 1 to each such brw. Aldous, in [6], proves

that in the scaling limit, we end up with a measure-valued process on Rd .�is

process is known as integrated super-Brownian motion (ise).45,46

ise has many nice properties. We recall, for instance, the following results

from [6]. If X⃗ = (X1, . . . , Xd) is a randomly chosen mass element in a d-di-

mensional ise, then:

(i) Any two coordinates Xi and X j are uncorrelated but not independent.

(ii) �e distribution of X1 is symmetric and the even moments are

E[X2n1 ] =
23n/2
√

π
Γ(n + 1/2)Γ(n/2 + 1) for all n ≥ 1.

(iii) For any x ∈ Rd , the ise two-point function (i.e., the pdf of X⃗), is given

by

A(2)(x) ≡ fX⃗(x) = (2π)−d/2
∞

∫
0

h1−d/2e−h
2/2
e
−∣x∣2/2h

dh.

Critical brw is not the only process that has ise as its scaling limit. Derbez

& Slade show in [45] that if we associate a weight 1/n to each vertex of a high-

dimensional lattice tree47 of size n, then these distributions, when rescaled by

n−1/4, converge to ise.

44 A heuristic explanation of the scale factor n−1/4 goes as follows:�e height of a critical Galton-

Watson tree with n individuals is of the order of n1/2 . If we look at the path between the origin

and a particle at generation n1/2 in a brw, then, since each particle moves independently, this

path has the same law as an n1/2-step simple random walk.�us, the expected displacement of

an n-particle brw will be of the order n1/4 .

45 ‘Integrated’ means that we look at the positions of both alive and dead individuals, but we only

keep track of their location, not their genealogy.

46 ise is introduced by Aldous in [6].

47 Lattice trees are a combinatorial model of trees embedded in Zd . For instance, the model for

nearest neighbor lattice trees of size n is a probability measure that gives equal weight to each

connected subgraph of the nearest neighbor graph ofZd with n vertices that contains 0 and has

no loops (i.e., it is a tree).�e measure gives zero weight to all other subgraphs.
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When we condition high-dimensional critical percolation on the event that

the cluster has size n, we rescale by a factor n−1/4, and we take the limit, then
we should also end up with ise. Proving this conjecture is one of the biggest

challenges that remain in high-dimensional percolation today.�ere exists a

partial proof of the conjecture. Hara & Slade, in [76, 77] prove that the Fourier

transform of two-point function of this conditioned percolation model scales

to the Fourier transform of the ise two-point function.48 To be precise, de�ne

τ̂pc(k; n) ≡ ∑
x∈Zd

Ppc (x ∈ C(0) ∣ ∣C(0)∣ = n) eik⋅x ,

then we have

¦ Theorem 1.12 [Hara & Slade, [77]]. For d su�ciently large and ε < 1/2 there

are positive constants C and D (that may depend on d) such that for all k ∈ Rd ,

τ̂pc (
k

Dn1/4
; n) =

C
√
8πn

Â(2)(k)[1 + O(n−ε)], (1.3.1)

with the error term bounded uniformly for k in a compact subset of Rd .

To show that ise is indeed the scaling limit for size-conditioned percolation

clusters, it su�ces to show that for any integer r, the Fourier transform of the

weighted and size-conditioned r-point functions of critical percolation, i.e.,

∑
x1 ,...,xr−1∈Zd

Ppc(0↔ x1, . . . , 0↔ xr−1∣∣C(0)∣ = n)eik1 ⋅x1⋯eikr−1 ⋅xr−1n3/2−r

converge when k is rescaled to the Fourier transformof scaled ise r-point func-

tions in the above sense.49 Hara & Slade show that similar convergence indeed

holds for the Fourier transform of the three-point function.�eir method can

be extended to any r-point function, but unfortunately, their method does not

extend to all r for any �xed dimension.

brw scaling limit (b): To make this approach work, we need to rescale

space, time, and mass. Furthermore, instead of starting one brw, we start an

48 Note that we can write

Â
(2)

(k) =

∞

∫
0

he
−h2/2

e
−∣k∣2h/2

dh.

49 �is is not trivial.What is needed is convergence of �nite dimensional distributions and tightness

(cf. [20,�eorem 7.1]).�e proof uses amethod ofmoments to show that bounds on the Fourier

transform of the r-point functions imply convergence of �nite-dimensional distributions.�e

proof relies crucially on the fact that ise is supported on a compact subset of Rd almost surely.

�e fact that it is compact also makes tightness a straightforward consequence.
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ensemble of n critical brws according to some initial measure νn on Z
d . We

want to focus our attention to trees of size n, so we �x some a ∈ (0, 1] and scale

the time variable as t = an. Kolmogorov’s�eorem states that the probability

that a critical brw survives until time n is asymptotically 2/(γn), so at time t,

about a/2γ of the initial brws are still producing new o�spring.50Observe that

total number of alive particles of our critical brw ensemble is a martingale, so

since we started with n particles, we also expect to see n particles at any later

time. Hence, we put a mass 1/n on each particle that is alive at time t. If a

particle is alive at generation n, then its ancestral path will have the same law

as an n-step randomwalk, so we expect it to be at a distance n1/2 from its oldest
ancestor.�erefore, we rescale space by a factor n−1/2. Now suppose that we
chose νn in such a way that it converges weakly to a measure ν on Rd a�er

rescaling. If this is the case, then in the limit n →∞, we get a super-Brownian

motion with initial measure ν.

brw scaling limit (c): ise is an elegant process with many nice proper-

ties, but it is too speci�c: the restriction that the process has unit mass is quite

strong, and furthermore, the ise does not encode genealogy. But we are typ-

ically interested in the scaling limit of a single cluster, so approach (b) is too

general. As it turns out, approach (c) is the ‘Goldilocks’ of the brw scaling lim-

its: it achieves a scaling limit for a single particle but it does not restrict mass

and it does encode the genealogy. All this information does come at a price,

however, because the process that arises in scaling limit (c) will accumulate

an in�nite mass at the origin.

To make approach (c) work, we use the same scaling of time, space, and

mass that we used in approach (b). Furthermore, to avoid the need for many

particles, wewill instead rescale the probabilitymeasure alongwith n. Since the

probability that a criticalbrw survives until generation n is proportional to 1/n,

and since we are interested in this event, we multiply the probability measure

of a single critical brw started at the origin by a factor n.�is ensures that the

measure of the survival event doesn’t go to 0 in the limit. In the limit n →∞,

we end up with the canonical measure of super-Brownian motion (csbm) at

time t, restricted to the con�gurations that survived until this time.

csbm is a measure-valued process that has an in�nite atom at the empty

measure.�is is �tting, because the probability that a brw dies out before it

reaches a size of order n is 1 − O(1/n) and the mass on these small trees will

concentrate at 0 a�er we rescale space.Moreover, wemultiplied the probability

measure by n so in the limit, this mass becomes in�nite. Even so, csbm condi-

50 It is not hard to see that the number of alive brws at time t is asymptotically distributed as

Poi(2a/γ).
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tioned on survival until t > 0 is uniformly bounded, so for positive times the

process makes sense.

Typically, convergence of a model to csbm is proved in one of two ways:

either viamartingale techniques or via lace-expansion techniques. An example

of the former comes from Durrett & Perkins, who use martingales to prove in

[48] that the critical rescaled contact process51 above 2 dimensions converges to

csbm.

Proving that csbm is the scaling limit via a lace expansion is generally a very

long story. It can be made short by saying that (roughly) a model converges to

csbm if the Fourier transforms of the rescaled r-point functions converge to

those of csbm.52 A couple of models that have r-point functions that converge

to those of csbm in the scaling limit are

• spread-out53 lattice trees above 8 dimensions (Holmes, [92]);

• critical spread-out oriented percolation above 4+1 dimensions (van der

Hofstad & Slade, [90]);

• the spread-out critical contact process54 above 4 dimensions (van der

Hofstad & Sakai, [87]).

One of the biggest challenges in this �eld is to show that the r-point function

of high-dimensional percolation converge to those of csbm. Unfortunately, the

standard approach involving a lace-expansion does not appear to be su�cient

to show convergence for all values of r in any �nite dimension.55

51 �e contact process works as follows: all sites of Zd can be either ‘healthy’ or ‘sick’. A sick site

will infect any one of its neighbors within range R independently with rate λ(R) > 0. Sick sites

become healthy at rate 1.�e process describes the population of sick sites at any given time.

�e process is called ‘rescaled’ because the csbm is the scaling limit for the range of infections,

i.e., R →∞.�e contact process is well-studied, but the version with growing infection range

is not common.

52 Here is a slightly longer version of the story: For convergence to csbm we need (1) that the

�nite-dimensional distributions of the process converge to those of csbm, and (2) that the pro-

cess is tight (cf. [20,�eorem 7.1]). Holmes & Perkins, in [93], prove that convergence of the

r-point functions and convergence of the survival probability to those of csbm together imply

(1). Furthermore, van der Hofstad & Holmes, in [85], prove that convergence of the r-point

functions implies convergence of the survival probability (under certain mild conditions that

are established for most mean-�eld models). Finally, van der Hofstad, Holmes & Perkins have

announced a proof that convergence of the r-point functions also implies (2) for lattice trees.

53 ‘Spread-out’ models are models where edges can occur over large but �nite distances. Spread-

out models are believed to be in the same universality class as nearest-neighbor models, but

in high dimensions the analysis of spread-out models is typically easier than that of nearest-

neighbor models. In Chapter 2 we will discuss spread-out models in much more detail.

54 �is time with a �xed infection range (see footnote 51).

55 It may be possible that the lace expansion in Chapter 6 below can be modi�ed to show this

convergence.
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1.3.2 Scaling limit of IIC and the backbone

When we try to take scaling limit (c) of the iic, then obviously we should

not expect to �nd csbm, because csbm dies out in �nite time almost surely,

whereas the iic almost surely lives forever. Evans, in [52], introduced a variant

of csbm that conditions on in�nite survival: in�nite canonical super-Brownian

motion (icsbm). Essentially, icsbm can be viewed as a csbm that has a single

immortal particle. Evans shows that when we view the process from the point

of view of the immortal particle, then the immortal particle itself moves like a

Brownian motion while the particle continuously ‘sheds’ mass in the form of

unconditioned super-Brownian motions.

�e analogy between the high-dimensional iic’s backbone and bushes, and

icsbm’s immortal particle and sheddedmass is so convincing that it is a widely

held conjecture that icsbm is indeed the scaling limit of the iic. Besides this

argument there is circumstantial evidence too, since we know of two models

that are related to the high-dimensional iic that have icsbm as their scaling

limit:

Van der Hofstad, in [82] shows that we can condition critical brw to sur-

vive forever.�e resulting object is well de�ned and is called incipient in�nite

branching random walk (iibrw). It is the brw analogue of the iic. In [82], it

is shown that we can take the scaling limit of iibrw in the same sense as in

brw scaling limit (c), except that we don’t need to rescale the probability of

survival, since we are already conditioning on this event. It turns out that the

limiting object is icsbm. It is also shown in [82] that the scaling limit of the iic

of oriented percolation above 4 + 1 dimensions is icsbm.56

Proving that a model converges to icsbm can again be achieved by proving

that (1) the rescaled Fourier transforms of the r-point functions of the model

converge to those of icsbm, and (2) the process is tight. As in the case of or-

dinary high-dimensional percolation, there is no known proof for the iic that

either of these properties hold.

One of the main results of this thesis is a partial result that strengthens the

conjecture that icsbm is the scaling limit of the high-dimensional iic: namely,

we prove that the scaling limit of the backbone is indeed a Brownian motion

path, just like the trace of the immortal particle.

As we observed in Section 1.2.3 above, the backbone of the iic can be char-

acterized as the union of all in�nite self-avoiding walk paths on the iic started

56 Van der Hofstad, in [82] conjectures that many other models also have icsbm as their scaling

limit.�ese models fall into one of two categories: (1) ‘incipient’ in�nite structures, such as in-

cipient in�nite lattice trees and the incipient in�nite contact process, and (2) ‘naturally’ in�nite

structures, such as uniform spanning forests on Zd , and (perhaps) the high-dimensional inva-

sion percolation cluster.
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at 0 and we also observed that the intersection of all saw paths contains an

in�nite number of edges.�ese latter edges are the pivotal edges for the event

{0 ↔ ∞}, and we will call them the backbone pivotals, and we call the sub-

graph between two subsequent backbone pivotals a sausage. It is not hard to

see that each in�nite saw on the iic can be used to give the same unique or-

dering to the backbone pivotals,57 and that furthermore, we can associate a

bottom and a top to each backbone pivotal in such a way that the saw enters

the edge at the bottom and exits at the top. If en is the nth a backbone pivotal,

then we write en = (en , en). We can thus de�ne the sequence (Sn)
∞
n=0 of the

positions of the tops of pivotal edges: S0 ≡ e0 ≡ 0 and for n ≥ 1

Sn ≡ en . (1.3.2)

�e process (Sn)
∞
n=0 is a stochastic process.

�e displacement Sn − Sn−1 = en − en−1 is the displacement between two
subsequent backbone pivotals, and, in high dimensions, these displacements

should be only weakly dependent.�erefore, we expect that the scaling limit

of (Sn)
∞
n=0 is the same as the scaling limit of a random walk with independent

and identically distributed steps.�is suggests that the scaling limit is either

a Brownian motion or a stable motion, depending on the number of existing

(spatial) moments of en − en−1.
We can associate a rescaled process to (Sn)

∞
n=0 by scaling time by a factor n

and space by a factor n1/(2∧α): for t ≥ 0, de�ne

Xn(t) ≡

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

(vαn)
−1/(2∧α) S⌈nt⌉ if α ≠ 2,

(vαn log n)
−1/2 S⌈nt⌉ if α = 2.

(1.3.3)

Let B
(2∧α)

t for t ≥ 0 denote a standard d-dimensional Brownian motion if

α ≥ 2, and let B(2∧α)

t denote a d-dimensional α-stable motion if α ∈ (0, 2). In

Chapters 5, 6, and 7 we prove that

¦ Theorem 1.13 [�e scaling limit of the backbone]. If the strong triangle con-

dition holds, then there exist constants vα ,Kα > 0 (depending on d , α, L) such

that

Xn(t)Ð→ Kα B
(2∧α)

t as n →∞, (1.3.4)

where the convergence is weak in the space of càdlàg functions D([0,∞),Rd),

endowed with the Skorokhod J1 topology .

It is of course reasonable to ask whether the positions of the backbone piv-

otals accurately describe the entire structure of the backbone: it could be that

57 I.e., the order in which they are traversed by the saw.
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the sausages are macroscopically large. It turns out that this is not the case. In-

deed, we show in�eorem 5.4 on page 104 that the set of all backbone vertices

of the nnp iic converges to a Brownian motion path in the Hausdor� sense58

(the Hausdor� limit of the backbone of the lrp iic is a bit more complicated –

we leave this discussion to Chapter 5 below).

�e proof of�eorem 1.13 is involved and spans over 80 pages. We use two

important tools that we brie�y describe here.

Important tool #1 is a novel lace expansion that mimics the �rst lace-

expansion for self-avoiding walk in the sense that it uses laces. From the name

‘lace expansion’ this statement may seem self-evident, but in fact, it is not. As

we discussed above on page 19, a lace expansion can be performed in two dis-

tinct ways.�us far, only the inclusion-exclusion approach had been used for

percolation. In Chapter 6 below we describe this ‘proper’ lace expansion.

Important tool #2 for the proof of�eorem 1.13 are diagrammatic esti-

mates. Diagrams are the collective name for the mathematical objects that

form the building blocks of the convolution structure that the lace expansion

generates. Typically, bounding these diagrams is quite involved, and a down-

side of our lace expansion is that it gives rise to 26 diagrams, so that our ap-

proach requires a large amount of computation.

To make these diagrammatic bounds as tractable as possible we develop a

new technique in Chapter 6 that lets us transform entire diagrams to Fourier

space before we bound them. Furthermore, in Appendix B we introduce a new

form of graphical notation that shows the bounding steps at a glance.

1.4 random walk on the iic

In 1976, Pierre-Gilles de Gennes59 wrote an article about percolation for the

French popular science magazine la Recherche in which he explains how the

behavior of random walk on the iic can give us a greater insight into the ge-

ometry of the iic (and thus of ‘real-life random’ materials) [43]. In the article

he compares the random walk on the iic to an ‘ant in a labyrinth’. �e ant

wanders through the labyrinth without any awareness or goal, but we can fol-

58 Hausdor� convergence is convergence in themetric space (Rd , dH) of non-empty compact sets

of Rd with the metric on non-empty sets A, B ⊂ Rd given by

dH(A, B) ≡ max{sup
x∈A

inf
y∈B

∣x − y∣, sup
y∈B

inf
x∈A

∣x − y∣}.

In words, this metric describes the longest distance that you could be forced to travel from one

set to the other, if you were trying to minimize that distance.

59 �e 1991 Nobel Prize for Physics laureate.
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low the ant’s movement and keep track of how o�en it returns to the place it

started from, or how long it takes before the ant gets to a certain distance from

its starting point.

DeGennes’ article (and themore sophisticated ideas behind it) quickly gave

rise to an active �eld of study. Indeed, the main advantages of de Gennes’ ap-

proach are that random walk is relatively easy to study, and that the notion of

random walk as a mathematical tool is easily adapted to many graphs besides

the iic.60

A few decades on, with the power of hindsight, we can conclude that there

are essentially two random walk observables that are most important to the

ant-in-the-labyrinth approach: the probability that the random walk returns

and the time it takes a random walk to reach distance r.

Important observable #1 is the return probability, i.e., the probability that

a random walk (Sn)n∈N on G = (V , E) started x returns to x a�er n steps, i.e.,

pGn (x , x) ≡ PG(Sn = x∣S0 = x), (1.4.1)

where PG is the law of a simple random walk on G . It is a classical result that
the return probability for random walk on Zd satis�es pZ

d

2n (0, 0) ≈ n
−d/2.

We can use the return probability to de�ne another natural notion of the

dimension ofG that can be used alongside the volume growth exponent d f (G)

(recall (1.1.13)), namely the spectral dimension:

ds(G) ≡ −2 lim
n→∞

log pG2n(x , x)
log n

(if the limit exists). (1.4.2)

Clearly, ds(Z
d) = d under this de�nition.61 An amazing fact,62 proved by Bar-

low63 in [10], is that C∞, the in�nite cluster of supercritical percolation on Zd ,
also has ds(C∞) = d.

Important observable #2 is the time it takes the random walk to reach

distance r.�is can be restated in terms of the exit time of the random walk

from a ball of radius r. But before we do this, we should �rst decide on the

meaning of ‘distance’ in the previous sentence. Indeed, we have already seen

60 Kumagai’s St. Flour lecture notes give a comprehensive overview the state-or-the-art of this

approach [103].

61 Moreover, Hebisch & Salo�-Coste prove that ds(K) = d f (K) for any Cayley graph K [79,
�eorem 5.1].

62 Or, depending on your perspective, a very natural fact. . .

63 Pete, in [115], gives a more elementary proof. Also, Berger & Biskup, in [18], and independently

Mathieu & Piatnitsky, in [110], prove the much stronger result that the scaling limit of random

walk on C∞ is a d-dimensional Brownian motion.
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the intrinsic distance metric dG( ⋅ , ⋅ ) and the extrinsic distance metric ∣ ⋅ ∣,
and it will likely make a di�erence which one we look at, so let’s look at both:

for a random walk on G = (V , E) with V ⊆ Zd and a random walk Sn on G
with S0 = 0, de�ne

τBr ≡ min{n ∶ Sn ∉ Br(0;G)} and τQr ≡ min{n ∶ Sn ∉ Qr(0)}

(recall that Br(0;G) = {x ∶ dG(0, x) ≤ r} and Qr(0) = {x ∶ ∣x∣ ≤ r}).

�e �rst major breakthrough in the problem of random walk on the iic

came fromAlexander&Orbach in 1982 [7].�ey used the numerical data from

Stau�er [130] to determine the spectral dimension of the iic: they calculated

from this data that ds(IIC) = 1.36, 1.42, 1.39, 1.44, and 4/3 for d = 2, 3, 4, 5,

and ∞, respectively, and assuming a numerical inaccuracy,64 they came up

with the following conjecture:

j The Alexander-Orbach Conjecture. For the iic on Zd in any dimen-

sion we have ds(IIC) = 4/3.

�e claim that ds(IIC) is completely independent of d is particularly remark-
able. Unfortunately, it appears that it is also untrue. Indeed, Hong et al. give

strong numerical evidence that the conjecture does not hold for d = 2 [94]. But

they certainly did not exclude the possibility that the conjecture holds when d

is large, and as it turns out, they couldn’t have.

�e �rst rigorous con�rmation of the Alexander-Orbach Conjecture had

to wait until 2008, when Barlow, Járai, Kumagai & Slade, in [11], proved that

ds(IIC) = 4/3 for the iic of oriented percolation in dimension
65 d + 1 > 6 + 1.

A year later, Kozma & Nachmias proved that the Alexander-Orbach Conjec-

ture also holds for nnp when d is su�ciently large [101]. Again, in an e�ort to

generalize results, we prove in Section 8.5 below that the Alexander-Orbach

Conjecture holds under the strong triangle condition:

¦ Theorem 1.14. Under the strong triangle condition, ds(IIC) = 4/3.

�e fact that ds(IIC) = 4/3 implies that random walks on the iic return to
their starting point much more o�en than random walks on Zd or on C∞ do.
We say that random walk on the iic is subdi�usive.66

64 None of these calculations are exact, but Alexander & Orbach don’t give error estimates.

65 �e critical dimension of oriented percolation is 4 + 1 (the ‘+1’ stands for the oriented coordi-

nate) but their proof breaks down in a fundamental way for d + 1 ≤ 6 + 1. Moreover, Járai &

Nachmias have announced that the Alexander-Orbach conjecture does not hold for random

walk on critical oriented brwwhen d + 1 ≤ 6+ 1, and oriented percolation with 4+ 1 < d ≤ 6+ 1

is in the same universality class as critical oriented brw.

66 �is kind of behavior is also o�en referred to as anomalous di�usion.
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�e proof of�eorem 1.14 and the proofs in [11] and [101] all make use of

the relationship between random walk and electrical networks.67 Indeed, the

connection between random walk and electrical networks is very deep.68

�e most interesting property of an electrical network (from the random

walk point of view) is the e�ective resistance of the network. If we imagine that

the edges of the graph G = (V , E) are 1Ω resistors,69 then we can calculate

the resistance of the network between two vertices x and y of the graph. We

write Reff(x , y) for the e�ective resistance between x and y. We can of course

generalize this notion to takewhole sets of vertices as the arguments:Reff(A, B)

forA, B ⊆ V . It turns out thatReff is ametric and it is dominated by the intrinsic

metric, i.e., Reff ≤ dG .
A remarkably simple result from [30] really captures the essence of the rela-

tionship between the e�ective resistance and random walk: for random walk

on G = (V , E) started at S0 = x,

E [the time it takes to walk from x to y and back] = 2Reff(x , y) ⋅ ∣E∣

�ere are many more links between the e�ective resistance and random walk,

but most of them are too technical to describe here.

In this thesis we will devote several sections to the study of the return proba-

bility and exit times of the iic and of the backbone.Wewill do this by analyzing

the iic as an electrical network. Results on the iic will then follow by a series

of theorems about randomwalk on randomly generated graphs due to Barlow,

Járai, Kumagai & Slade [11] (and their generalization by Kumagai & Misumi

[104]).�ese theorems are detailed and contain a number of conditions and

caveats, but they can be summarized by the following

G Rule of thumb. Let G = (V , E) be a random graph that is generated by a

measure P. Choose a metric dist( ⋅ , ⋅ ) on graphs and de�ne the dist-metric ball

of radius r as Λr(x) ≡ {y ∈ V ∶ dist(x , y) ≤ r}.�en, if Λr(x) is ‘su�ciently

regular’ and if,

∣Λr(x)∣ � r
a and Reff (x , Λr(x)

c) � rb , (1.4.3)

then a simple random walk (Sn)n∈N on G with S0 = x satis�es

pn(x , x) ≍ r
−a/(a+b)

, ds(G) =
2a

a + b
, and τΛr ∝ r

a+b
. (1.4.4)

67 Simply put, the reason for this relationship is that both problems can be described in terms of

harmonic functions, and harmonic functions are unique (given boundary conditions).

68 See Doyle & Snell’s book [47] for a low-level discussion of the connection.

69 Ω, or ‘Ohm’ is the S.I. unit of measurement for resistances.
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(See footnotes 70,71,72 for explanations of ‘su�ciently regular’, ‘�’, and ‘∝’.)

We can immediately put the rule of thumb to use. In Chapter 8 below, we

prove stronger versions of upcoming theorem about balls in the iic and the

backbone.

¦ Theorem 1.15. �e following behavior of the volume, e�ective resistance, and

exit times of balls in the iic holds:

(i) Under the strong triangle condition, Br(0; IIC) is su�ciently regular with

∣Br(0; IIC)∣ � r
2 and Reff(0, Br(0, IIC)

c) � r

so τBr(0,IIC) ∝ r
3
.

(1.4.5)

(ii) For nnp with d su�ciently large, IIC ∩ Qr is su�ciently regular with

∣IIC ∩ Qr ∣ � r
4 and Reff(0,Q

c
r ) � r

2

so τIIC∩Qr ∝ r
6
.

(1.4.6)

(iii) Under the strong triangle condition, Br(0;Bb) is su�ciently regular with

∣Br(0;Bb)∣ � r and Reff(0, Br(0,Bb)
c) � r

so τBr(0;Bb) ∝ r
2
.

(1.4.7)

(iv) Under the strong triangle condition, Bb ∩ Qr is su�ciently regular with

∣Bb ∩ Qr ∣ � r
(2∧α) and Reff(0,Q

c
r ) � r

(2∧α)

so τBb∩Qr ∝ r
2(2∧α)

.
(1.4.8)

As we will see in Chapter 8, the results that we can get from the rule of

thumb are quite strong and diverse.

Conspicuously absent from the above theorem is the case of the extrinsic

ball for lrp.�e reason for this is simply that the rule of thumbdoesn’t hold for

70 ‘Su�ciently regular’ means that large �uctuations in the volume and e�ective resistance of these

balls are unlikely, and that the balls are more-or-less homogeneous.�e precise meaning of

‘su�ciently regular’ can be found in Section 8.2, De�nition 8.10.

71 the �-relation is slightly stronger than tightness of the sequence (Xn/an). To be precise, for

a sequence of random variables (Xn) with law P and the sequence (an) we write Xn � an if

there exists a q > 0 such that uniformly in n, 1 − P(ε < Xn/an < ε−1) = O(εq).

72 In the current context, ‘∝’ can denote several di�erent relations. If Yn is a function of a random

walk on a random graph, then the strongest meaning of Yn ∝ an is that there exists a p > 0 and

N ≥ 1 such that for random walk with law PG on a random graph with law P, PG-almost-every
walk on P-almost-every graph G satis�es an/ log(n)p ≤ Yn ≤ an log(n)p for all n ≥ N . See

Section 8.1 for the full scope of relations.
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lrp (at least, when α < 4), because IIC∩Qr is not su�ciently regular.�e lack
of regularity makes it much harder to analyse this case. But with a signi�cant

amount of work, we are able to prove an annealed upper bound: Let P0ω denote

the law of the randomwalk on the �xed con�gurationω. InChapter 9we prove

the following

¦ Theorem 1.16 [Annealed upper bound on the exit time of lrp ]. For lrp

with d > 3(2 ∧ α), uniformly in r,

∫ P0ω (τQr > θr3(4∧α)/2)PIIC(dω)Ð→ 0 as θ →∞. (1.4.9)

�eorem 1.16 ismuchweaker than�eorem 1.15 but it does show that the exit

time for long-range spread-out percolation when α < 4 typically comesmuch

sooner than it does for �nite-range models. From�eorem 1.11 it can be seen

that the presence of long-range edges makes clusters become ‘smeared out’ in

space. If this was the only e�ect that the presence of long-range edges has, then

we would expect the exit time to be of the order of r3(2∧α). Heuristically, the
reason that r3(2∧α) is not the correct order for long-range percolation when
α < 4 is that (1) typically, there are relatively many open edges with length at

least 2r and with one end in Qr and (2) once the random walker in IIC ∩ Qr
crosses such an edge, it immediately enters Qcr and the exit time is reached.

We conclude this discussion of random walk on the iic by mentioning a

result of Barlow, Peres & Sousi, who in [12] prove that the iic has the in�nite

collision property: two independent random walks started on the iic collide

in�nitely o�en almost surely.

1.5 conjectures & open problems

Even a�er 50 years of intense study, our understanding of percolation is far

from complete.�e amazing thing is that the more we work, the more we dis-

cover what we don’t know: every advance seems to produce answers and ques-

tions in a 1:2 ratio. Proofs of the conjectures in Section 1.1.3 and any advance

in 3, 4, 5, or 6 dimensions are eagerly awaited.

About two-dimensional percolation some big questions also remain that are

of particular relevance in context of this thesis. To solve the random walk on

the iic problem we could ask: What is the volume growth dimension of the

backbone? What is the e�ective resistance of the iic in balls?

But even a topic that is aswell understood as high-dimensional (sub-)critical

percolation still has a myriad of virgin terrains le� for an enthusiastic explorer

to visit.�e aim of this section is to describe a couple of open problems that

may (or may not) lie just beyond the horizon.
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The long-range one-arm exponent: As we have seen above, in�eo-

rems 1.5 and 1.16, the one-arm exponent for high-dimension lrp appears to

be 2/(4 ∧ α). We conjecture that 2/(4 ∧ α) is indeed the correct value for ρ.

Supporting evidence for this comes from Janson and Marckert’s analysis of

the one-dimensional discrete snake with long-range step distribution [95]. In-

deed, their results indicate that the probability that the maximal displacement

of critical branching randomwalk exceeds r is proportional to r−(4∧α)/2. Since
we can consider branching randomwalk to be a mean-�eld model for high-di-

mensional percolation, we expect that the behavior of the maximal displace-

ment of branching random walk is similar that of the one-arm probability of

high-dimensional percolation. It would be interesting to see if ρ = 2/(4 ∧ α)

indeed holds for percolation in high dimensions.

Using a two-scale analysis, some basic probability, a coupling between criti-

cal lrp and a subcritical �nite-range percolation model, and the results from

[68] and [102], it may be possible to show that this is indeed the one-arm expo-

nent when d > 6. Unfortunately, such a proof would be rather inelegant, and

cannot extend all the way to the critical dimension. It may also be possible to

prove that ρ = 2/(4∧α) by using amore sophisticatedmulti-scale analysis. To

prove the one-arm exponent for critical brw, a simpler induction argument

may su�ce.

The two-sided iic: Járai, in [96] recalls the following question of Kesten:

can we construct a measure that shows us what the iic looks like from a uni-

formly chosen backbone vertex? Járai believes that in two dimensions the an-

swer should be ‘yes’, and that the following limit could be used to obtain that

measure: for any cylinder event F,

P2−IIC(F) = lim
r→∞

Ppc(F ∣ 0 has two disjoint connections to Qcr ) (1.5.1)

exists. If this limit exists, the in�nite cluster that it generates has two in�nite

disjoint paths almost surely, and as a result themeasure is singular with respect

to PIIC. Járai conjectures that the same methods that were initially employed

by Kesten to show convergence of the iicmeasure may be used for a proof.

Because the proof of the one-arm construction for the high-dimensional iic

is already quite involved (as can be seen in Chapter 3 and Appendix A below),

proving that (1.5.1) also exists in high dimensions may require bounds that we

do not know at this time.73 Nevertheless, we have seen that the iic is a robust

object, and it stands to reason that the two-sided iic is too. With that in mind,

73 It appears that we need a matching set of bounds on the three-point function for percolation.
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we propose the following limit scheme for the high-dimensional two-sided iic:

Let e1 be a unit vector of Z
d . For any cylinder event F,

Q2−IIC(F) = lim
p↗pc

∑
x ,y∈Zd

Pp(F ∣ {x ↔ 0} ○ {0↔ y}).

It seems entirely likely that we could prove that this measure exists usingmeth-

ods in Chapter 6.74

�e two-sided iic is a useful measure to know, because it should allow us

to show that the sausages of the backbone form a stationary and ergodic graph

sequence. Ergodicity is a powerful and well-understood property, and it would

immediately open up numerous avenues for research.We will discuss two pos-

sible uses for ergodicity of the sausages below.

The scaling limit of random walk on the backbone: A natural exten-

sion of the work on random walk on the backbone would be to examine its

scaling limit. Croydon, in [37], studied the similar problem of random walk

on the trace of another high-dimensional random walk, and showed that the

random walk (Xn) that is restricted to move on the graph traced out by a d-

dimensional random walk (Sn) converges, when rescaled by a factor n
−1/4, to

a d-dimensional Brownian motion whose time parameter is an independent

one-dimensional Brownian motion.

It should be possible to show that random walk restricted to the backbone

has the same scaling limit.�is proof follows easily from Croydon’s proof if

we know that the sausages of the backbone form a stationary and ergodic se-

quence.

Randomwalk with drift on the backbone (and on the iic): Another

natural extension for the random walk on the backbone problem is to study

what happens when the random walk experiences a dri�. Physicists in par-

ticular are interested in such models, since they are in better agreement with

experiments of di�usions in random media with an external �eld than perco-

lation models are [9]. Again, Croydon studied a similar problem for a random

walk on the trace of a random walk [38], and showed that it belongs to Sinai’s

regime: any dri� β > 0 will slow down the walk exponentially, that is, in some

appropriate sense, we have the convergence as n →∞,

Xn

log n
Ð→ Lβ (1.5.2)

for some random variable Lβ.�is slow-down is attributed to long loops in

the random walk trace that are aligned with the dri�, so as to form traps.

74 We could, for instance, incorporate the pivotal structure of the paths and then use the KJK-

expansion in Section 7.3.
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Again, using the ergodic properties of the backbone sausages, combined

with e�ective resistance estimates, it should be possible to show that a similar

result holds for random walk on the backbone.

In a recent preprint by Croydon, Fribergh and Kumagai [39], random walk

with a dri� on a critical Galton-Watson tree conditioned to survive forever is

studied.�e dri� is positive and directed away from the root.�ey conclude

that here again convergence of the form (1.5.2) occurs. However, this time the

slow-down is not due to loops (as there are none), but rather due to the traps

formed by large critical subtrees along the ‘spine’ of the in�nite critical tree.

�is raises the question what would happen to a random walk on the full iic

when exposed to a dri�. Does one of these slow-down mechanisms dominate,

or are they ultimately of the same order of magnitude? Do the mechanisms

enhance each other?

The supercritical iic construction:�eorem 1.10 shows that Kesten’s

�rst construction also exists in high dimensions. To complete the picture, we

should also show that Kesten’s second construction, where we take the limit

p↘ pc also exists (see page 21). Such a proof would also allow for the compar-

ison of the iic with the in�nite cluster of slightly supercritical percolation, an

object that is not well understood at all.�e proof would likely involve di�eren-

tial inequalities and a coupling between critical percolation and supercritical

percolation.

Besides the modest list of problems described above, there are many bigger

problems that also warrant study. But these may still require some signi�cant

developments. In particular, a proof that the scaling limit of the iic is icsbm

appears to be beyond our grasp.�e biggest obstacle that needs to be taken is

that we need a set of matching bounds on the three-point function: once the

three-point function is understood, many exciting results will surely follow.

1.6 the structure of this thesis

In Chapter 2 we give a number of de�nitions and discuss a number of impor-

tant results from the literature that will be used throughout this thesis.

In Chapter 3 we prove that Kesten’s �rst construction also works for high-

dimensional iic.

In Chapter 4 we then prove basic geometric properties of the iic and of criti-

cal percolation clusters, such as the volume inside a ball. We also prove a lower

bound on the one-arm exponent of long-range percolation in this chapter.

In Chapters 5, 6, and 7 we prove that the scaling limit of the backbone is a

Brownian motion.
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In Chapters 8 and 9 we investigate random walk on the iic.

InAppendicesA andB,we prove the diagrammatic estimates that are needed

for the proof of the iic construction and the backbone scaling limit, respec-

tively.

Finally, in Appendix C we �ll in some of the gaps in the proofs of Chapter

8: we recall some relevant results from [104], and we give an alternative proof

for a key proposition.





2
BACKGROUND & IMPORTANT DEF IN IT IONS

In this chapter we discuss some of the most important tools and de�nitions of

this thesis.

2.1 the bk-inequality & the bkr-inequality

Let’s begin by discussing what may be the single most useful tool for the analy-

sis of high-dimensional percolation: the van den Berg-Kesten-Reimer (BKR) in-

equality [16, 116] and the important special case thereof for increasing events,1

the van den Berg-Kesten (BK) inequality [16]. For its statement we follow [22],

as it applies to percolation. In most of the proofs that follow, we will be able to

apply the BK-inequality rather than the BKR-inequality.�e only exception is

the proof of Lemma 8.18 below.

For two events A and B, we say that they occur disjointly and write A ○ B if,

given a con�guration ω, we can �nd a set of edges Kω ⊆ E(Zd) such that we

can determine whether ω ∈ A by inspecting only the status of the edges in Kω,

and we can determine whether ω ∈ B by inspecting E(Zd) ∖ Kω.
2�us ω ∈ A

and ω ∈ B can be determined with respect to disjoint sets of edges, for each ω

individually. We call a set of edges a witness for the event A if knowledge of

the status of these edges lets us determine whether ω ∈ A. Hence, two events

occur disjointly if every edge belongs to a witness set for at most one of the

two events.

We are ready to state the BKR-inequality for percolation:3

¦ Theorem 2.1 [BKR-inequality for percolation [116]]. Let Ω = {0, 1}E(Z
d)

and let F = 2Ω. For all A, B ∈ F ,

Pp(A ○ B) ≤ Pp(A)Pp(B). (2.1.1)

See [22] for a proof of the BKR-inequality, and see [59] for a (much simpler)

proof of the BK-inequality.

1 �e event A is said to be increasing with respect to the percolation measure Pp if, for all p < q,

Pp(A) ≤ Pq(A).

2 In the literature, this notation is typically only used for the disjoint occurrence of increasing

events, and A ◻ B is used for the general case.

3 �e statement of the BK-inequality is identical, but only applies for increasing events.

47
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2.2 a definition of the models

�e results in this thesis generally apply to a broad class of models. We will

describe these models here and state three assumptions, Assumptions C, D,

and E below, that we will use throughout this thesis to clarify the exact require-

ments we have on the model for a given result.�e assumptions that we make

will not be stated explicitly for every theorem, proposition and lemma below

(with the exception of the results in Chapter 3). Not every result requires all

three assumptions. We will state at the beginning of each chapter which of the

assumptions are made throughout that chapter.

For completeness, we will also recall here the de�nition of nnp from the

introduction:

Consider the graph Zd as a complete graph, i.e., the set of edges (or bonds)

isB = {{x , y} ∣ x , y ∈ Zd}. We study bond percolation on this graph: wemake

the edges of the graph open in a randomway and study the resulting subgraph

of open edges. For every x , y ∈ Zd , let the edge {x , y} be open independently

with probability pxy = pD(x , y), where D is a probability distribution on Zd .

�us p is the average number of open edges per vertex. In this thesis, the func-

tionD(⋅, ⋅) is considered to be invariant under lattice symmetries and rotations

by 90○. As a result D(u, v) = D(0, v−u). We o�en abbreviate D(x) = D(0, x).

We assume that p ∈ [0, ∥D∥−1∞], so that pD(x , y) ≤ 1 for all x , y ∈ Zd . In our

choice of D we consider the following three important families:

�e �rst family is the well-studied case of nearest-neighbor percolation: an

edge {x , y} is open with probability q ∈ [0, 1] whenever ∣x − y∣ = 1, and closed

otherwise. Here ∣x∣ denotes the Euclidean norm of x ∈ Zd . In terms of the

above general setting, this corresponds to letting D(x) = (2d)−11{∣x∣=1} and
p = 2dq.

�e second family is �nite-range spread-out percolation. Let h be a nonneg-

ative bounded function on Rd that is piecewise continuous, has the symme-

tries described above, is supported in [−1, 1]d , and is normalized such that

∫[−1,1]d h(x)dx = 1. For L ∈ N we de�ne

D(x) =
h(x/L)

∑x∈Zd h(x/L)
. (2.2.1)

We call L the spread-out parameter. Our proofs typically require that L is suf-

�ciently large. We will elaborate on this below.

�e standard example of a �nite-range spread-out distribution is

pD(x) =
p

(2L + 1)d − 1
1{0<∥x∥∞≤L}. (2.2.2)
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�e third family is that of long-range spread-out percolation. Again we de-

�neD in terms of a parameter L and a function h through (2.2.1).�e function

h is assumed to have all the same properties as for �nite-range spread-out per-

colation, except that we do not assume that h has bounded support. Instead,

we assume that there exists α, c1, c2 > 0 and ` <∞ such that

c1∣x∣
−d−α ≤ h(x) ≤ c2∣x∣

−d−α
for all ∣x∣ ≥ `. (2.2.3)

�e exponent α can be any positive real number, although we get the most

interesting results for α ∈ (0, 4]. When α ∈ (0, 2], the spatial variance of D is

in�nite:∑x ∣x∣
2D(x) =∞.

�e standard example of a long-range spread-out distribution is given in

(1.1.1) in the introduction.

�roughout the rest of this thesis we will consider4 α ∈ (0, 2) ∪ (2,∞),

unless we explicitly state that a result holds for a di�erent set of α. In particular,

most of our results hold for all allowed values except α = 2. When α = 2 we

get logarithmic corrections to many of the bounds, and although these do not

complicate any of the proofs, writing them down everywhere wouldmake our

results more cumbersome to read.

Rather than stating our results for the three above families of distributions

D, we state our results in terms of the Fourier transform of D, i.e.,

D̂(k) = ∑
x∈Zd

D(x)eik⋅x for k ∈ [−π, π)d .

Our results only depend on the choice of model through the properties of

D̂(k) and the choice of d and L, so to state our results with the greatest gener-

ality we work under the following assumption:

c Assumption D [Bounds on D̂]. Consider a percolation model on Zd . Let

L = 1 for nearest-neighbor models. Otherwise, let L be the spread-out parameter.

�e model satis�es the following bounds:�ere exist positive constants c1 and c2
such that

1 − D̂(k) ≥ c1L
(2∧α)∣k∣(2∧α) if ∥k∥∞ ≤ L−1; (2.2.4)

1 − D̂(k) > c2 if ∥k∥∞ ≥ L−1. (2.2.5)

Furthermore, there exists a constant w with 0 < w = O(L(2∧α)) such that, for
ε > 0 su�ciently small,

1 − D̂(k) ≤ w∣k∣(2∧α) if ∣k∣ ≤ ε. (2.2.6)

4 Recall that, to simplify notation, we will sometimes write a general result in terms of (2 ∧ α).

When the model under consideration does not depend on α we will assume that either the

parameter α is redundant (e.g. when de�ning a constant K = K(d , α)), or we set α = ∞ (e.g.

when the result depends on (2 ∧ α)).
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It follows by a direct computation that Assumption D is true for nearest-

neighbor models.�e bounds (2.2.4) and (2.2.5) were proved for �nite-range

spread-out models in [89, Appendix A]. Assumption D is proved for long-

range spread-out models in [33, Proposition 1.1].�is proof can be modi�ed

to prove (2.2.6) for �nite-range spread-out models.

�e results of this thesis hold for high-dimensional percolation models, but

when is the dimension high enough? As we discussed in the introduction,

‘high-dimensional’ has the rather precise meaning that the triangle diagram

△p (0) ≡ ∑
x ,y∈Zd

Pp(0↔ x)Pp(x ↔ y)Pp(y↔ 0) (2.2.7)

is �nite whenever p ≤ pc .�is is known as the triangle condition.

De�ne themean-�eld parameter

β ≡ β(d , L) ≡

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

L−d for spread-out models,

d−1 for nearest-neighbor models.

(2.2.8)

We say that a model has mean-�eld parameter β if the values of d and L for

this model yield the value β as de�ned above.

A stronger version of the triangle condition is aptly called the strong trian-

gle condition: Let K be a model-dependent constant that only depends on d

and α when the model is spread-out, and that is independent of d for the

nearest-neighbor model. A model with mean-�eld parameter β satis�es the

strong triangle condition if

△pc (0) ≤ 1 + Kβ. (2.2.9)

�is bound is proved in [73] for nearest-neighbor percolation with d ≥ 19 (but

it is generally believed that it holds for all d > 6), it is proved in [69] for �nite-

range spread-out models with d > 6 and L ≥ L0, where L0 = L0(d) is a large

constant. In [81] the bound is proved for long-range spread-out models with

d > 3(2 ∧ α) and L ≥ L′0 = L
′
0(d , α).

In this thesis we will always assume that the strong triangle condition (2.2.9)

holds.�is implies that ourmodels have a su�ciently large dimension. To save

space in the statement of the theorems below, we will state this requirement as

an assumption:

c Assumption C [Su�ciently large dimension]. �e dimension of the model

satis�es:

(i) d > 6 if the model belongs to the nearest-neighbor family;
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(ii) d > 6 if the model belongs to the �nite-range spread-out family;

(iii) d > 3(2 ∧ α) if the model belongs to the long-range spread-out family.

�is is a necessary, but not a su�cient condition on the dimension formany

of the results in this thesis, because β depends on d and even though we need

that β is smaller than β0 (so that the strong triangle condition holds), we also

need that β is smaller than some other constant that may be smaller than β0.

For the results in this thesis concerning scaling limits, we need a stronger

condition on the Fourier transform of D̂, namely

c Assumption E [Convergence of D̂]. Consider a percolation model on Zd .

�ere exists a constant 0 < vα <∞ such that, as k → 0,

1 − D̂(k) ∼

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

vα ∣k∣
(2∧α) if α ≠ 2,

v2∣k∣
2 log(1/∣k∣) if α = 2.

(2.2.10)

Assumption E is o�en not needed for high-dimensional percolation results,

but we do need it here, so we state it as a separate assumption. Assumption E

is a natural assumption to make for a scaling limit result. In fact, Assumption

E is even needed to show the scaling limit of a simple random walk with step

distributionD.�e same assumption is alsomade in [34, (1.1)] and [80, Lemma

1.1]. See [80] for an in-depth discussion of the asymptotics in (2.2.10).

Finally, de�ne the spatial variance

σ2 ≡ ∑
x∈Zd

∣x∣2D(x). (2.2.11)

We say a model has �nite variance if D is such that σ2 < ∞ and we say the

model has in�nite variance otherwise. Of course, σ2 is �nite for any �nite-

range model.�e variance of a long-range spread-out model is �nite when

α > 2, but it is in�nite when α ≤ 2. Models with �nite variance behave very

di�erently from models with in�nite variance, as can be seen throughout this

thesis.

2.3 triangle diagrams & the two-point function

As we discussed in the introduction, �niteness of the triangle diagrams is the

key property that we need to establish mean-�eld results. In the results that

follow, we will mainly use the following two triangle diagrams:

△p (x) = (τp ∗ τp ∗ τp)(x), △̄p = sup
x∈Zd

△p(x), (2.3.1)
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and

Tp(x) = (τp ∗ τp ∗ D ∗ τp)(x), Tp = sup
x∈Zd

Tp(x). (2.3.2)

We can give bounds on the two triangle diagrams for the percolation models

that we study in terms of the parameter β (as de�ned in (2.2.8)):

¦Theorem 2.2. Consider a percolationmodel that satis�es Assumptions C and

D with mean-�eld parameter β.�e following bounds on τ̂p hold for p ≤ pc ,

0 ≤ τ̂p(k) ≤
1 + O(β)

1 − D̂(k)
. (2.3.3)

As a result, we have △̄p ≤ 1+O(β) and Tp ≤ O(β)whenever β ≤ β0 and p ≤ pc .

�e lower bound in (2.3.3) was established in [4] for all percolation two-

point functions. In [69], the upper bound is proved for �nite-range percolation

in dimension d > 6 and for nearest-neighbor percolation in dimension d ≥ 19

and in [81] the same bound is proved for long-range spread-out models in

dimensions d > 3(2 ∧ α). Note that it is not a-priori clear that τ̂pc(k) is well-

de�ned, since τ̂pc(0) = χ(pc) = ∞. Hara, in [67, Appendix A] proves that

τ̂pc(k) is well-de�ned for k ≠ 0 nonetheless.

�e bound on△p(x)makes crucial use of (2.3.3) and is standard in the high-

dimensional percolation literature (cf. [126]). We prove the remaining bounds

here.

�e proof of the bound on △̄p and Tp. �e bound on △̄p easily follows from

the bound on△p(x):

△p(x) = ∫
[−π,π]d

τ̂p(k)
3
e
ik⋅x d

dk

(2π)d
≤ ∫
[−π,π]d

τ̂p(k)
3 d

dk

(2π)d

=△p (0) ≤ 1 + O(β).

Since △̄p = supx△p(x), the same bound holds.

�e bound on Tp can be proved as follows. We evaluate Tp(x) in Fourier

space:

Tp(x) = ∫
[−π,π]d

τ̂p(k)
3D̂(k)eik⋅x

ddk

(2π)d

�e single factor D̂(k) makes bounding the integral di�cult, so we extract

some factors D̂(k) from τ̂p(k). Let

ν̂p(k) ≡ τ̂p(k) − 1,
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then it follows that

τ̂p(k)
3 = (1 + ν̂p(k))

3 = 1 + 3ν̂p(k) + 3ν̂p(k)
2 + ν̂p(k)

3

and

νp(x) = τp(x) − δ0,x ≤ ∑
y∈Zd

pD(y)τp(x − y) = p(D ∗ τp)(x). (2.3.4)

So we can write Tp(x) as

Tp(x) = ∫
[−π,π]d

[1 + 3ν̂p(k) + 3ν̂p(k)
2 + ν̂p(k)

3]D̂(k)eik⋅x
d
dk

(2π)d

= D(x) + 3(νp ∗ D)(x) + 3(νp ∗ νp ∗ D)(x)

+ (νp ∗ νp ∗ νp ∗ D)(x).

Now we can apply (2.3.4) to obtain

Tp(x) ≤ D(x) + 3p(τp ∗ D
∗2)(x) + 3p2(τ∗2p ∗ D∗3)(x) + p3(τ∗3p ∗ D∗4)(x).

By our de�nition of D(x) we have D(x) ≤ supx∈Zd D(x) ≤ Cβ. Furthermore,

using (2.3.3),

3p(τp ∗ D
∗2)(x) + 3p2(τ∗2p ∗ D∗3)(x) + (τ∗3p ∗ D∗4)(x)

≤ ∫
[−π,π]d

(
3pD̂(k)2

[1 − D̂(k)]
+
3p2D̂(k)3

[1 − D̂(k)]2
+

D̂(k)4

[1 − D̂(k)]3
) eik⋅x

d
dk

(2π)d
.

All three terms in the integral on the right-hand side can be bounded from

above by Cβ using slight modi�cations of the bounds in [81, equations (3.7),

(3.8)].�erefore, Tp(x) ≤ Cβ.

�e result is that for all x ∈ Zd , Tp(x) = O(β), and therefore Tp = O(β),

proving the claim.

2.4 the factorization lemma

An incredibly useful tool when performing a lace expansion is the Factoriza-

tion Lemma. It allows us to express the probability of a certain type of events

that are central to the lace-expansion method in terms of two related events

on independent con�gurations.�is makes the expansion possible.�ere are

other ways of expanding these events, but the Factorization Lemma appears

to be the most practical tool.
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Because the Factorization Lemma is so ubiquitous in the lace-expansion

literature, and since there is nothing we can improve on its statement, we have

taken parts of this subsection almost verbatim from [84, Section 2], where also

the proof of Lemma 2.4 appears.

We start with a few de�nitions.

O Definition 2.3. .

(i) For any pair x , y ∈ Zd , we write {x , y} to signify the undirected edge

between x and y, and we write (x , y) to signify the directed edge from

x to y and B for the set of all directed edges. When dealing with directed

edges b = (b, b), we call b the ‘bottom’ vertex, and b the ‘top’ vertex. We

de�ne Er = {(b, b) ∶ b ∈ Qr , b ∈ Z
d}, the set of directed edges with the

bottom vertex inside Qr and the top vertex in Z
d .

(ii) Let ω be an edge con�guration and b an (open or closed) edge. Let ωb be

the same edge con�guration with the status of the edge b changed. We say

that an edge b is a pivotal edge for the con�guration ω and the event E,

if ω ∈ E and ωb ∉ E, or if ω ∉ E and ωb ∈ E. An edge b that is pivotal

for a con�guration ω and a connection event {A ↔ B} will always be

assumed to be directed, i.e., b = (b, b), in such a way that ω,ωb ∈ {A↔

b} ∩ {b ↔ B}. When we say that an edge is pivotal for an event this

should be taken to mean that it is pivotal for that event in some �xed but

unspeci�ed con�guration.

(iii) Given a set of vertices A and an edge con�guration ω, we de�ne ωA, the

restriction of ω to A, to be

ωA({x , y}) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ω({x , y}) if x , y ∈ A,

0 otherwise,
(2.4.1)

for every x , y such that {x , y} is an edge. In other words, we get ωA from

ω by making every edge that does not have both endpoints in A closed.

(iv) Given a (deterministic or random) set of vertices A and an event E, we

say that E occurs on A, and write {E on A}, if ωA ∈ E. In other words,

{E on A}means that E occurs on the (possibly modi�ed) con�guration in

which every edge that does not have both endpoints in A is made closed.

We adopt the convention that {x ↔ x on A} occurs if and only if x ∈ A.

Similarly, we say that E occurs o� A, and write {E o� A}, if {E on Ac},

where Ac is the complement of A.
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We say that E occurs through A, and write {E through A} for the event

that E occurs, but E does not occur if all the edges with at least one end-

point in A are made closed, that is, {E through A} = E ∖ {E o� A}. For a

two-point event {x ↔ y through A} we write {x
A
←→ y}.

(v) Given a (deterministic or random) set of vertices A,we de�ne the restricted

percolation measure for any event E:

PAp(E) = Pp(E o� A). (2.4.2)

Given two vertices, x and y, we de�ne the restricted two-point function:

τAp (x , y) = Pp({x ↔ y} o� A) = PAp(x ↔ y). (2.4.3)

(vi) Given an edge con�guration and a set A ⊆ Zd , we de�ne C(A) to be the set
of vertices to which A is connected, i.e., C(A) = {y ∈ Zd ∶ A↔ y}. Given

an edge con�guration and an edge b, we de�ne the restricted cluster C̃b(A)
to be the set of vertices y ∈ C(A) to which A is connected in the (possibly
modi�ed) con�guration in which b is made closed. When A = {x} for

some x ∈ Zd , as will o�en occur, we write C({x}) = C(x).
Weo�en use the following, easily checked rules for ‘occurs on’: for all events

E , F and sets of vertices A, B,

{E on A} ∩ {F on A} = {E ∩ F on A}, (2.4.4)

{E on A} ∪ {F on A} = {E ∪ F on A}, (2.4.5)

{E on A}c = {Ec on A}, (2.4.6)

{{E on A} on B} = {E on A∩ B}. (2.4.7)

Equations (2.4.4)–(2.4.7) imply that ‘occurs on’ is well behaved under set oper-

ations.

�e statement of the Factorization Lemma is in terms of two independent

percolation con�gurations, whose laws are indicated by subscripts 0 and 1.We

use the same subscripts for random variables, to indicate which law describes

their distribution.�us, the law of C̃(u,v)
0 (y) is described by P0, with corre-

sponding expectation E0.

E Lemma 2.4 [Factorization Lemma, [84]]. Fix p ∈ [0, ∥D∥−1∞], a directed edge

(u, v), a vertex y, and events E , F. Assume that p is such that θ(p) = 0.�en,

E[1{E on C̃(u ,v)(y), F o� C̃(u ,v)(y)}] = E0[1{E on C̃(u ,v)
0

(y)}E1[1{F o� C̃(u ,v)
0

(y)}]].

(2.4.8)

Moreover, when E ⊆ {u ∈ C̃(u,v)(y), v ∉ C̃(u,v)(y)}, the event on the le�-hand
side of (2.4.8) is independent of the occupation status of (u, v).
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In the nested expectation on the right-hand side of (2.4.8), the set C̃(u,v)
0 (y)

is randomwith respect to the outer expectation, but deterministicwith respect

to the inner expectation. We have added a subscript 0 to C̃(u,v)
0 (y) and sub-

scripts 0 and 1 to the expectations on the right-hand side of (2.4.8) to em-

phasize this di�erence.�e inner expectation on the right-hand side is with

respect to a second, independent percolation model on a second lattice.�e

second model interacts with the �rst model via the set C̃(u,v)
0 (y).

�is concludes the review of the most important results (for this thesis) in

the literature.



3
CONSTRUCT ION OF THE I IC

3.1 main results

�e main aim of this chapter is to prove that Kesten’s �rst construction of the

iic (see page 21) also works in the high-dimensional setting. Besides that, we

also prove that the susceptibility construction (1.2.5) (i.e., van der Hofstad &

Járai’s second construction, page 22) can be extended to the general setting of

Assumptions C and D, and in Section 3.4 we prove that the limiting scheme

(1.2.5) below can be extended to a certain class of non-cylinder events.

In Section 1.2.2 of the introduction we discussed the two constructions of

van der Hofstad & Járai for the high-dimensional iicmeasure. We recall these

constructions here:

Write F0 for the algebra of cylinder events (i.e., events that are determined
by �nitely many bonds), and F for the σ-algebra of events (i.e., the σ-algebra

generated by F0).�e �rst construction is

PIIC(F) ≡ lim
∣x∣→∞

Px(F) ≡ lim
∣x∣→∞

Ppc(F ∣ 0↔ x), (1.2.4)

for F ∈ F0, whenever the limit exists.�e second construction is

QIIC(F) ≡ lim
p↗pc

Qp(F) ≡ lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(F ∩ {0↔ x}), (1.2.5)

for F ∈ F0, whenever the limit exists. Here PIIC and QIIC are understood as

limits in the space of probability measures on {0, 1}B in the weak topology.

Recall that it is a priori not clear that these limits exist.�is is a topic that we

will discuss in more detail later on.

We call Qp the susceptibility measure because of the presence of the suscep-

tibility χ(p). It will play an important role in many of the proofs of this thesis.

For nearest-neighbor percolation in dimension d ≥ 19 and for �nite-range

spread-out percolation in dimension d > 6, Hara [67] and Hara, van der Hof-

stad & Slade [68], respectively, proved that the critical exponent η = 0 (see

Section 1.1.8.1).�is implies the two-point function estimate

τpc(x) ≃ ∣x∣2−d . (3.1.1)

57
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Chen&Sakai prove, in [36], prove that there exists a class of long-rangemodels

for which η = 2 − (2 ∧ α), so it follows that

τpc(x) ≃ ∣x∣(2∧α)−d
. (3.1.2)

�is asymptotic behavior is generally conjectured to hold for all models in

the long-range spread-out family when d > 3(2 ∧ α). (In fact, Chen & Sakai

prove stronger bounds, where they identify the constants, but note that the

assumptions they make on D are stronger than the assumptions we make in

this thesis, see [36, Assumption 1.1].)

In [86] it is proved that subject to (3.1.1), the measures PIIC and QIIC exist

and that they are the same.�e proof depends crucially on (3.1.1), so it only ap-

plies to models where such asymptotics are known. For the class of long-range

spread-out percolation as described above, we have no useful bounds on the

two-point function τpc(x).�is means that we cannot use such a relation to

bound the iicmeasure for high-dimensional percolation.�e following theo-

rem circumvents this problem by using the (weaker) ‘strong triangle condition’

(2.2.9) instead of bounds on the two-point function.

¦ Theorem 3.1 [Existence of the iic measure under the strong triangle con-

dition]. Consider a model that satis�es Assumptions C and D with mean-�eld

parameter1 β. �ere exists a constant β1 that only depends on d and α when

the model is spread-out, and that is independent of d for the nearest-neighbor

model such that, if the model satis�es the strong triangle condition (2.2.9) with

β ≤ β1, then the limit (1.2.5) exists for this model and for any cylinder event F.

Consequently, QIIC can be extended to the σ-algebra of events σ(F0) = F.

Although this is only a minor improvement on [86, �eorem 1.2], it will

turn out to be a very useful one, because this lets us deal with the three model

families at once. In Section 3.3 we give an outline of the changes that need to

be made to the proof in [86] to prove�eorem 3.1.

In�eorem 3.2 below, we show that there exist two more constructions that

both give the same iic measure as in �eorem 3.1. �ese constructions are

based on assumptions thatwemake about the properties of critical percolation.

�ese properties are not proved for long-range percolation, but are in the spirit

of some results from [36] and [102].

�e �rst constructionuses the assumption that the two-point function bounds

(3.1.2) hold for the family of long-range percolation models.

1 �e statement of the theorem in terms of the mean-�eld parameter β is a bit unusual. Typically,

papers about high-dimensional percolation state results for su�ciently large d and L. We have

chosen to use β instead, because this allows us to only require that β is su�ciently small, rather

than give three di�erent conditions for the three di�erent families of models we discuss in this

thesis.
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�e second construction uses an assumption on the one-arm probability:

Recall the de�nition of Qr , the extrinsic ball of radius r, given in (1.1.5). Con-

jecture 1.1 states that at criticality, the probability of having a path from 0 toQcr
(the outside of a ball of radius r) asymptotically behaves as a power of r,

Ppc(0↔ Q
c
r ) ≍ r

−1/ρ
(3.1.3)

where ρ is the one-arm exponent.

Kozma & Nachmias, in [102], proved that ρ = 1/2 for high-dimensional

percolation when τpc(x) ≍ ∣x∣2−d , i.e.,

Ppc(0↔ Q
c
r ) ≍ r

−2
. (3.1.4)

Asmentioned before, the condition on the x-space asymptotics of τpc has been

proved for nearest-neighbor percolation and �nite-range spread-out percola-

tion, but not for long-range spread-out percolation.

For the second construction, stated in the following theorem, we will as-

sume that the one-arm exponent also exists for long-range percolation, but

since we do not know its value in this case, we will write 1/ρ. Our conjecture is

that for long-range percolation the correct value for ρ is 2/(4 ∧ α).�eorem

1.5 establishes that this is a valid lower bound, so we will assume that ρ is well

de�ned (in the sense of (3.1.3)) and ρ ∈ [2/(4 ∧ α),∞). Furthermore, in part

(ii) of the theorem below, we also assume that the asymptotics are stronger

than upper and lower bound, that is, the relation is “≃” instead of “≍”.

¦ Theorem 3.2 [Conditional iicmeasure existence]. .

(i) Consider a long-range spread-out model with α ∈ (0, 2) ∪ (2,∞), d >

3(2 ∧ α) and mean-�eld parameter β. Assume that (3.1.2) holds. �ere

exists a model-dependent constant β2 that only depends on d and α such

that, if β ≤ β2, the limit

PIIC(F) ≡ lim
∣x∣→∞

Px(F) ≡ lim
∣x∣→∞

Ppc(F ∣ 0↔ x) (3.1.5)

exists for all cylinder events. Moreover, PIIC = QIIC.

(ii) Consider a model that satis�es Assumptions C and D and mean-�eld pa-

rameter β. Assume that there exists ρ ∈ [2/(4 ∧ α),∞) such that

Ppc(0↔ Q
c
r ) ≃ r

−1/ρ
. (3.1.6)

�ere exists a model-dependent constant β3 that only depends on d and

α in the case of spread-out models, and is independent of d in the case of

nearest-neighbor models such that, if β ≤ β3, the limit

RIIC(F) ≡ lim
r→∞

Rr(F) ≡ lim
r→∞

Ppc(F ∣ 0↔ Qcr ) (3.1.7)
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exists for all cylinder events F. Moreover, RIIC = QIIC.

(iii) Consider a model that satis�es Assumptions C and D and mean-�eld pa-

rameter β ≤ β3. Assume that there exists ρ ∈ [2/(4 ∧ α),∞) such that

Ppc(0↔ Q
c
r ) ≍ r

−1/ρ
. (3.1.8)

�en, for this model there exists a sequence r1(β) < r2(β) < . . . such that

for all cylinder events F one has

lim
n→∞

Rrn(β)(F) = lim
n→∞

Ppc(F ∣ 0↔ Qcrn(β)) = QIIC(F). (3.1.9)

�eorem 3.2(ii) and (iii) yield versions of the iic as in Kesten’s �rst iic con-

struction in (1.2.1).

By the results of [36] and [102] the assumptions (3.1.2) and (3.1.8) hold uncon-

ditionally for certain classes of models, so that we have the following corollary:

T Corollary 3.3 [Unconditional iicmeasure existence]. .

(i) �e limit (3.1.5) holds for all cylinder events F and for all models that sat-

isfy Assumption 1.1 in [36] with mean-�eld parameter β ≤ β2.

(ii) For nearest-neighbor models and for �nite-range spread-out models that

satisfy Assumption C with mean-�eld parameter β ≤ β3 there exists a

sequence r1(β) < r2(β) < . . . such that (3.1.9) holds for all cylinder events

F.

N Remark 3.4. .

(i) �eorem 3.2(i) has already been proved for nearest-neighbor models and

for �nite-range spread-out models that satisfy Assumption C with mean-

�eld parameter β ≤ β4 by van der Hofstad & Járai [86].

(ii) In�eorem 3.2(ii) and (iii) we assume that for long-range percolation the

one-arm critical exponent ρ exists and ρ ∈ [2/(4 ∧ α),∞).�eorem 1.5

proves that if ρ exists, then ρ ≥ 2/(4 ∧ α) ≥ 1/(2 ∧ α).

�e proof of�eorem 3.2 is organized as follows:

(i) In Section 3.2 we perform a lace expansion for the measure RIIC.

(ii) In Section 3.3 we use this lace expansion to prove�eorem 3.2, subject

to Proposition 3.7 and Lemma 3.9.�eorem 3.2(ii) and (iii) are proved

in full detail, whereas we only present a rough outline of the proof of

�eorem 3.2(i). We also give an outline of the proof of�eorem 3.1.

(iii) In Appendix A we prove Proposition 3.7 and Lemma 3.9.
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3.2 the lace expansion

Lace expansions for percolation have been presented in numerous papers, cf.

[21], [69], [126]. In particular, van der Hofstad & Járai [86] performed it with

limiting schemes for the iic in mind. Our approach is quite similar to theirs,

and given that our three limiting schemes require only slightly di�erent lace

expansions, we refer the reader to the expansions for Px andQp in [86] and fo-

cus mainly on the lace expansion of Rr .�is expansion is the most involved of

the three, and it actually contains almost all of the elements that are required

for the expansion of the other two measures. At the end of Section 3.3 we ex-

plain how the other two lace expansions are done. In the sections that follow

we show how the limiting behavior of the terms in the expansion can be used

to show that all three constructions yield the same measure.

3.2.1 �e lace expansion of the one-arm IIC measure

In this section we give the lace expansion for the measure RIIC as de�ned in

�eorem 3.2.�is lace-expansion is similar to the expansion derived in [84].

�e measure RIIC is de�ned for cylinder events and two-point events.�e

aim is to show that for some increasing subsequence (rn), the measure

RIIC(F) = lim
n→∞

Rrn(F) = lim
n→∞

Ppc(F ∣ 0↔ Qcrn)

= lim
r→∞

Ppc(F , 0↔ Q
c
rn
)

Ppc(0↔ Q
c
rn)

(3.2.1)

equals QIIC(F). We assume F ∈ F0 to be determined by the edges in Qm, for
some 1 ≤ m ≤ r1.

Repeatedly using the inclusion-exclusion principle, we will chip away at the

event {F , 0 ↔ Qcr}, separating out increasingly improbable events, until we

end up with a complicated but manageable expression for the right-hand side

of (3.2.1). In Section 3.3 we show that the limit RIIC equals PIIC.

When the event {0↔ Qcr} occurs, this implies that {Qm ↔ Q
c
r} also occurs

for anym ≤ r. Now there are two cases:�e �rst case is that there are no pivotal

edges for {Qm ↔ Qcr}.�is implies that both {0 ↔ Qcr} and {Qm ⇐⇒ Qcr}

occur (where, for A, B ⊂ Zd , {A ⇐⇒ B} denotes the event that there are at

least two disjoint paths of open edges between A and B).�e second case is

that there is a pivotal edge for {Qm ↔ Q
c
r}. In this case, we write (u, v) for the
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�rst pivotal edge for {Qm ↔ Qcr}. Since {0 ↔ Qcr} ⊆ {Qm ↔ Qcr}, the edge

(u, v) is also pivotal for {0↔ Qcr}. We can therefore write

Ppc(F ,0↔ Q
c
r )

=Ppc(F ∩ {0↔ Qcr} ∩ {Qm ⇐⇒ Q
c
r})

+ ∑
(u,v)∈B

Ppc(F ∩ {0↔ u} ∩ {Qm ⇐⇒ u}

∩ {(u, v) is open and pivotal for Qm ↔ Q
c
r})

=Ppc(F , 0↔ Q
c
r ,Qm ⇐⇒ Q

c
r )

+ ∑
(u,v)∈B

Ppc({F ∩ {0↔ u} ∩ {Qm ⇐⇒ u}

∩ {Qm ↔ Q
c
r}
c
on C̃(u,v)(Qm)}

∩ {(u, v) open} ∩ {v ↔ Qcr o� C̃(u,v)(Qm)}).

(3.2.2)

In the �rst step, we sum over all of B. We are allowed to do this since for any

(u, v) with u ∈ Qcr we have {(u, v) is open and pivotal for Qm ↔ Qcr} = ∅.

We will encounter many more occasions where we sum over the whole of B,

while the events are trivially ∅ for a subset in B. We will not remark on this

everywhere below. In the second step we used the standard partition of an

event involving a �xed pivotal edge into a part that occurs before the edge (i.e.,

on C̃(u,v)(Qm)) and a part occurring a�er the edge (i.e., o� C̃(u,v)(Qm)).�e
extra event {Qm ↔ Q

c
r}
c that occurs on C̃(u,v)(Qm) on the right-hand side of

(3.2.2) is there to ensure that the edge (u, v) is still pivotal a�er the partition.

We de�ne

ξ(0)(r; F) = Ppc(F ∩ {0↔ Qcr ,Qm ⇐⇒ Q
c
r}) (3.2.3)

and

γ(0)(r; F) = ∑
(u,v)∈B

puvE0[1{F∩{0↔u,Qm⇐⇒u,Qm↔Q cr } on C̃(u ,v)(Qm)}

× P
C̃(u ,v)(Qm)
1 (v ↔ Qcr )]. (3.2.4)

Using that 1Ec = 1−1E for any event E, and applying this and the Factoriza-

tion Lemma (see page 55) to the right-hand side of (3.2.2) yields

Ppc(F , 0↔ Q
c
r ) = ξ(0)(r; F) − γ(0)(r; F)

+ ∑
(u,v)∈B

puvEpc [1F∩{0↔u,Qm⇐⇒u}P
C̃(u ,v)(Qm)
pc (v ↔ Qcr )].
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Here we le� out the condition “on C̃(u,v)(Qm)” because

{0↔ u on C̃(u,v)(Qm)} = {0↔ u} ∖ {0↔ u through Zd ∖ C̃(u,v)(Qm)},
(3.2.5)

but {0 ↔ u through Zd ∖ C̃(u,v)(Qm)} implies that (u, v) is pivotal for the
connection {0 ↔ u}, which means that the event {0 ↔ v} has to occur. But

the indicator 1{v↔Q cr o� C̃(u ,v)(Qm)} is always 0 for such events, so the change

from {0↔ u on C̃(u,v)(Qm)} to {0↔ u} has no e�ect on the expectation.
For x ∈ Zd , de�ne

π(0)(x; F) = Ppc(F ∩ {0↔ x ,Qm ⇐⇒ x}). (3.2.6)

For v ∈ Zd de�ne

ψ(0)(v; F) = ∑
u∈Qr

puvπ
(0)(u; F) (3.2.7)

and

R(0)(r; F) = ∑
(u,v)∈B

puvEpc [1F∩{0↔u,Qm⇐⇒u}

× (Ppc(v ↔ Q
c
r ) − P

C̃(u ,v)(Qm)
pc (v ↔ Qcr ))]. (3.2.8)

�en,

∑
(u,v)∈B

puvPpc(F ∩ {0↔ u,Qm ⇐⇒ u})Ppc(v ↔ Q
c
r )

= ∑
v∈Zd

ψ(0)(v; F)Ppc(v ↔ Q
c
r ).

and using the identity

PApc(v ↔ Q
c
r ) = Ppc(v ↔ Q

c
r ) − [Ppc(v ↔ Q

c
r ) − P

A
pc
(v ↔ Qcr )]

with A = C̃(u,v)(Qm), we can write

Ppc(F , 0↔ Q
c
r ) = ξ(0)(r; F) − γ(0)(r; F)

+ ∑
v∈Zd

ψ(0)(v; F)Ppc(v ↔ Q
c
r ) − R

(0)(r; F).

Now the aim is to expand R(0)(r; F).

Recall De�nition 2.3(iv). For A ⊆ Zd , de�ne the events

E′(v , x;A) =
⎧⎪⎪
⎨
⎪⎪⎩

v
A
←→ x and ∄ pivotal edge (u1, v1)

for the connection v ↔ x s.t. v
A
←→ u1

⎫⎪⎪
⎬
⎪⎪⎭

, (3.2.9)
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and

E′′(v , r;A) =
⎧⎪⎪
⎨
⎪⎪⎩

v
A
←→ Qcr and ∄ pivotal edge (u1, v1)

for the connection v ↔ Qcr s.t. v
A
←→ u1

⎫⎪⎪
⎬
⎪⎪⎭

. (3.2.10)

Write A∪̇B for the disjoint union of A and B: the union of the events A and

B that have no elements in common (i.e., A ∩ B = ∅). We can partition the

event {v
A
←→ Qcr} into a disjoint union of events E

′ and E′′:

E Lemma 3.5. For any v ∈ Zd , A ⊆ Zd and r ∈ N:

{v
A
←→ Qcr} = E

′′(v , r;A)∪̇ ˙⋃
b=(b,b)∈B

[E′(v , b;A)

∩ {b is open and pivotal for v ↔ Qcr}]. (3.2.11)

Proof. If v ∈ Qcr the equality trivially hold since both sides reduce to {v ∈ A},

so we will focus on the case v ∈ Qr . We decompose the event {v
A
←→ Qcr}

according to whether or not there is an open pivotal edge b = (b, b) such that

(1) {v
A
←→ b} and (2) b ∈ B is the �rst such edge along the path from v to Qcr

that has this property.When such an edge does not exist, the event E′′(v , r;A)
occurs. If an edge b with these properties does exist, then since it is the �rst

edge that is pivotal for {v ↔ Qcr} and {v
A
←→ b} occurs, there can be no

other edge b′ ∈ B that is open and pivotal for {v ↔ b} such that {v
A
←→ b′}.

�erefore, E′(v , b;A) occurs.

By the Factorization Lemma, for any v ∈ Zd , r ∈ N, b = (b, b) ∈ B and

A ⊆ Zd ,

Epc [1{E′(v ,b;A)∩{b open & piv. for v↔Q cr }}]

= pbEpc [1{E′(v ,b;A)∩{v↔Q cr }c on C̃b(v)}P
C̃b(v)
pc (b↔ Qcr )] (3.2.12)

where pb = pbb = pD(b − b). Note that this is trivial for v ∈ Qcr , since then

both sides are 0.

Using {v
A
←→ Qcr} = {v ↔ Qcr} ∖ {v ↔ Qcr o� A}, De�nition 2.3 and

Lemma 3.5 and (3.2.12), we can write

Ppc(v
A
←→ Qcr )

= Ppc(E
′′(v , r;A)) +∑

b∈B
pbEpc [1E′(v ,b;A) P

C̃b(v)
pc (b↔ Qcr )]

−∑
b∈B
pbEpc [1{E′(v ,b;A)∩{v↔Q cr } on C̃b(v)} P

C̃b(v)
pc (b↔ Qcr )]. (3.2.13)
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Given edges (u0, v0), (u1, v1), . . . , we de�ne

C̃0 ≡ C̃(u0 ,v0)(Qm) and C̃ j ≡ C̃(u j ,v j)(v j−1) for j ≥ 1 (3.2.14)

and write

1 j = 1E′(v j−1 ,u j ;C̃ j−1), for j ≥ 1.

Inserting (3.2.13) with v = 0 and A = C̃0 into (3.2.8), yields
R(0)(r; F) = ∑

(u0 ,v0)∈B
pu0v0E0[1F∩{0↔u0 ,Qm⇐⇒u0}E1[1E′′(v0 ,r;C̃0)]]

+ ∑
(u0 ,v0)∈B

pu0v0 ∑
(u1 ,v1)∈B

pu1v1E0[1F∩{0↔u0 ,Qm⇐⇒u0}

× E1[11P
C̃1
pc
(v1 ↔ Q

c
r )]]

− ∑
(u0 ,v0)∈B

pu0v0 ∑
(u1 ,v1)∈B

pu1v1E0[1F∩{0↔u0 ,Qm⇐⇒u0}

× E1[1{E′(v0 ,u1 ;C̃0)∩{v0↔Q cr } on C̃1}P
C̃1
pc
(v1 ↔ Q

c
r )]].

(3.2.15)

We de�ne the �rst term on the right-hand side as ξ(1)(r; F) and the last term

as γ(1)(r; F). We de�ne

π(1)(u; F) ≡ ∑
(u0v0)∈B

pu0v0E0 [1F∩{0↔u0 ,Qm⇐⇒u0}E1 [1E′(v0 ,u;C̃0)]] ,

and

ψ(1)(v; F) ≡ ∑
u∈Zd

puvπ
(1)(u; F).

We de�ne R(1)(r; F) such that

∑
(u0 ,v0)∈B

pu0v0 ∑
(u1v1)∈B

pu1v1E0[1F∩{0↔u0 ,Qm⇐⇒u0}E1[11P
C̃1
pc(v1 ↔ Q

c
r )]]

= ∑
v∈Zd

ψ(1)(v; F)Ppc(v ↔ Q
c
r ) − R

(1)(r; F)

where we used that PC̃1pc(v ↔ Q
c
r ) = Ppc(v ↔ Q

c
r ) − Ppc(v

C̃1
←→ Qcr ).

Hence, we can write R(0)(r; F) as

R(0)(r; F) = ξ(1)(r; F) − γ(1)(r; F)

+ ∑
v∈Zd

ψ(1)(v; F)Ppc(v ↔ Q
c
r ) − R

(1)(r; F).

From here we continue to extract terms ξ(2), γ(2), ψ(2), and R(2) from R(1), and

so forth. We end up with the following:
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e Proposition 3.6 [�e lace expansion]. For N ≥ 0 and 0 < m ≤ r,

Ppc(F , 0↔ Q
c
r ) =

N

∑
n=0

(−1)nξ(n)(r; F) −
N

∑
n=0

(−1)nγ(n)(r; F)

+
N

∑
n=0

(−1)n ∑
v∈Zd

ψ(n)(v; F)Ppc(v ↔ Q
c
r )

+ (−1)N+1R(N)(r; F). (3.2.16)

Here, ξ(0)(r; F) is given by (3.2.3), γ(0)(r; F) is given by (3.2.4), π(0)(x , r; F) is

given by (3.2.6), and for n ≥ 1,

ξ(n)(r; F) ≡ ∑
(u0 ,v0)∈B

pu0v0⋯ ∑
(un−1 ,vn−1)∈B

pun−1vn−1E0[1F∩{0↔u0 ,Qm⇐⇒u0}

× E1[11E2[12⋯En−1[1n−1En[1E′′(vn−1 ,r;C̃n−1)]]⋯]]], (3.2.17)

γ(n)(r; F) ≡ ∑
(u0 ,v0)∈B

pu0v0⋯ ∑
(un ,vn)∈B

punvnE0[1F∩{0↔u0 ,Qm⇐⇒u0}

× E1[11E2[12⋯En[1{E′(vn−1 ,un ;C̃n−1)∩{vn−1↔Q cr } on C̃n}

× PC̃nn (vn ↔ Q
c
r )]⋯]]], (3.2.18)

π(n)(x; F) ≡ ∑
(u0v0)∈B

pu0 ,v0⋯ ∑
(un−1 ,vn−1)∈B

pun−1vn−1E0[1F∩{0↔u0 ,Qm⇐⇒u0}

× E1[11E2[12⋯En−1[1n−1En[1E′(vn−1 ,x;C̃n−1)]]⋯]]]. (3.2.19)

Also, for n ≥ 0,

ψ(n)(v; F) = ∑
u∈Zd

puvπ
(n)(u; F), (3.2.20)

and

R(N)(r; F) ≡ ∑
(u0 ,v0)∈B

pu0v0⋯ ∑
(uN ,vN)∈B

puNvNE0[1F∩{0↔u0 ,Qm⇐⇒u0}

× E1[11E2[12⋯EN[1N(Ppc(vN ↔ Q
c
r )

− PC̃Npc (vN ↔ Q
c
r ))]⋯]]]. (3.2.21)
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3.2.2 Bounds on the expansion terms

To prove�eorem 3.2(ii) and (iii), we have to give bounds on the terms of the

expansion. For this we use the following proposition:

e Proposition 3.7 [Fundamental bound on expansion terms]. Under the as-

sumptions of both�eorem 3.2(ii) and (iii), the following holds: For some δ > 0,

any r ∈ N and any F ∈ F0 there is exists a constant K = K(F , β, d , α, δ) such

that

∑
x∈Zd

∞
∑
n=0

∣x∣(2∧α)+δπ(n)(x; F) ≤ K (3.2.22)

and

∑
x∈Zd

∞
∑
n=0

∣x∣(4∧α)/2+δψ(n)(x; F) ≤ K . (3.2.23)

We prove this proposition in Sections A.1 and A.2.

N Remark 3.8. �e assumptions under which this result holds can be modi�ed

to apply tomore general cases. In particular, it follows from [126, Chapter 10] that

if we set m = 0 and F = Ω in (3.2.19), then we can write the ‘classical’ irreducible

two-point function Πcl de�ned in (1.1.22) as follows:

Π
cl(x) =

∞
∑
n=0

(−1)nπ(n)(x; Ω).

With minor modi�cations to the proof of Proposition 3.7 one can show that for

some δ′ > 0 and β ≤ β4 = β4(d , α), there is a K
′ = K′(β, d , α, δ′) such that

∑
x∈Zd

∞
∑
n=0

∣x∣(2∧α)+δ′π(n)(x; Ω) ≤ K′.

Two other bounds that we will use in the upcoming section are stated in the

following Lemma:

E Lemma 3.9 [Bounds on expansion terms]. Under the assumptions of both

�eorem 3.2(ii) and (iii), the following holds:

(i) For any F ∈ F0, there is a constant K
′′ = K′′(F , β, d , α) and an ε > 0 such

that for any r ∈ N,

∞
∑
n=0

ξ(n)(r; F) ≤
K′′

r1/ρ+ε
and

∞
∑
n=0

γ(n)(r; F) ≤
K′′

r1/ρ+ε
; (3.2.24)

(ii) For any r ∈ N

lim
N→∞

R(N)(r; F) = 0. (3.2.25)
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Weprove this lemma in Appendix A.1 using Proposition 3.7 and LemmaA.1

below.

3.3 existence of the iic in various constructions

3.3.1 Existence of the one-arm IIC measure

Proof of�eorem 3.2(ii) and (iii) subject to Proposition 3.7 and Lemma 3.9.We

start by de�ning

Ξ(r; F) =
∞
∑
n=0

(−1)nξ(n)(r; F); (3.3.1)

Γ(r; F) =
∞
∑
n=0

(−1)nγ(n)(r; F); (3.3.2)

Π(x; F) =
∞
∑
n=0

(−1)nπ(n)(x; F); (3.3.3)

Ψ(x; F) =
∞
∑
n=0

(−1)nψ(n)(x; F). (3.3.4)

By Proposition 3.7, Lemma 3.9, and (3.2.20), it follows that the sums on the

right-hand sides of (3.3.1)–(3.3.4) converge.�erefore we may take the limit

N →∞ in (3.2.16) to get

Ppc(F , 0↔ Q
c
r ) = Ξ(r; F) − Γ(r; F) + ∑

x∈Zd
Ψ(x; F)Ppc(x ↔ Q

c
r ). (3.3.5)

Dividing (3.3.5) by Ppc(0↔ Q
c
r ) gives

Rr(F) =
Ξ(r; F) − Γ(r; F)

Ppc(0↔ Q
c
r )

+ ∑
x∈Zd

Ψ(x; F)
Ppc(x ↔ Q

c
r )

Ppc(0↔ Q
c
r )
. (3.3.6)

�e aim now is to show that

lim
r→∞

Rr(F) = ∑
x∈Zd

Ψ(x; F).

By (3.1.8) and Lemma 3.9(i),

lim
r→∞

Ξ(r; F) − Γ(r; F)

Ppc(0↔ Q
c
r )

= 0.

We are le� to deal with the third term of (3.3.5). To evaluate the right-hand side,

we split up the sumover x into three parts. For a ∈ (0, 1)we evaluate separately
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the contributions to the sum from ∣x∣ ≤ ra, ra < ∣x∣ ≤ r/4 and ∣x∣ > r/4. We

�rst prove that the latter two partsmake only a small contribution to thewhole,

i.e.,

∑
∣x∣>ra

Ψ(x; F)
Ppc(x ↔ Q

c
r )

Ppc(0↔ Q
c
r )

= o(1), (3.3.7)

so the dominant contributions to the sum arise from x ∈ Qra .

We start by observing that by (3.1.8), for all x with ∣x∣ < r/4,

Ppc(x ↔ Q
c
r ) ≤ Ppc(0↔ Q

c
r/2) ≤ Cr

−1/ρ
,

so it follows that
Ppc(x ↔ Q

c
r )

Ppc(0↔ Q
c
r )

≤ C .

�erefore,

RRRRRRRRRRRR

∑
ra<∣x∣≤r/4

Ψ(x; F)
Ppc(x ↔ Q

c
r )

Ppc(0↔ Q
c
r )

RRRRRRRRRRRR

≤ C ∑
ra<∣x∣≤r/4

∣Ψ(x; F)∣.

For all x such that ra < ∣x∣, we have ∣x∣/ra > 1, so by Proposition 3.7

C ∑
ra<∣x∣≤r/4

∣Ψ(x; F)∣ ≤
C

ra((4∧α)/2+δ) ∑
ra<∣x∣<r/4

∣x∣(4∧α)/2+δ ∣Ψ(x; F)∣

≤
C

ra((4∧α)/2+δ) = o(1).

Hence, the contributions to (3.3.7) that come from ra < ∣x∣ ≤ r/4 is o(1).

To bound the contributions to (3.3.7) that come from ∣x∣ > r/4 we also use

Proposition 3.7: now we have by (3.1.8) that

Ppc(0↔ Q
c
r ) ≥ cr

−1/ρ ≥ c∣4x∣−(4∧α)/2
.

Furthermore, (4∣x∣)δ/rδ ≥ 1 so it follows that

∑
∣x∣≥r/4

∣Ψ(x , r; F)∣

Ppc(0↔ Q
c
r )

≤ ∑
∣x∣≥r/4

C∣x∣(4∧α)/2∣Ψ(x , r; F)∣

≤
4δC

rδ
∑
x∈Zd

∣x∣(4∧α)/2+δ ∣Ψ(x , r; F)∣

= O(r−δ) = o(1).

�is proves (3.3.7).
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In�eorem 3.2(ii) we assumed that Ppc(0 ↔ Qcr ) ≃ r−1/ρ, which implies

by monotonicity of the one-arm probability in r that the ratio of the one-arm

probabilities converges to 1 whenever ∣x∣ is su�ciently small, i.e.,

lim
r→∞

Ppc(x ↔ Q
c
r )

Ppc(0↔ Q
c
r )

= lim
r→∞

r1/ρ

(r − ra)1/ρ
(1 + o(1)) = 1. (3.3.8)

It follows that

RIIC(F) = lim
r→∞

Rr(F) = ∑
x∈Zd

Ψ(x; F) = pc ∑
y∈Zd

Π(y; F), (3.3.9)

exists by summability and dominated convergence.�e last step follows from

∑v D(v − u) = 1 and (3.2.20). Note that the right-hand side of (3.3.9) is the

same expression as was obtained through the other known limiting schemes

for construction of the iic (as given in [86]) so RIIC is in fact the same measure

as PIIC and QIIC.�is completes the proof of�eorem 3.2(ii).

To prove�eorem 3.2(iii), we can follow the same steps as above, except that

now a more involved analysis of the limit ratio on the le�-hand side of (3.3.8)

is required.�e important contributions still come from the vertices near the

origin, i.e., ∣x∣ ≤ ra. We show that for such x, the ratio of the probabilities

converges to 1 along some subsequence of (r).

E Lemma 3.10 [Convergence of the ratio]. Under the assumptions of�eorem

3.2(iii) there exists a sequence (rn) with rn → ∞ as n → ∞, such that for any

a ∈ (0, 1)

lim sup
n→∞

max
∣x∣≤ran

∣
Ppc(x ↔ Q

c
rn
)

Ppc(0↔ Q
c
rn)

− 1∣ = 0. (3.3.10)

Proof. LetA be the set of accumulation points of

{r1/ρPpc(0↔ Q
c
r ) ∣ r ∈ R}.

�e set A is closed. In the �nite-range setting, Kozma & Nachmias proved
that A is bounded and positive [102], and for long-range percolation this is
our assumption. Hence, it is compact and contains a positive minimum:

A ≡ minA ∈ (0,∞).

Since A is an accumulation point, there exists a subsequence (r̃n)n∈N such that

lim
n→∞

r̃
1/ρ
n Ppc(0↔ Q

c
r̃n
) = A.

Choose the sequence (rn) such that rn − r
a
n = r̃n.
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Take N ∈ N such that ∣x∣ ≤ ran for all n ≥ N . By translation invariance of the

measure Ppc and monotonicity of the event {0↔ Q
c
r} as r increases, we have

for x ∈ Qra the bounds

Ppc(0↔ Q
c
r+ra) ≤ Ppc(x ↔ Q

c
r ) ≤ Ppc(0↔ Q

c
r−ra).

�is implies

max
∣x∣≤ran

∣
Ppc(x ↔ Q

c
rn
)

Ppc(0↔ Q
c
rn)

− 1∣

≤ max(1 −
Ppc(0↔ Q

c
rn+ran)

Ppc(0↔ Q
c
rn)

,
Ppc(0↔ Q

c
rn−ran)

Ppc(0↔ Q
c
rn)

− 1)

so that it su�ces to show that there exists a subsequence (rn)n∈N so that both

lim
n→∞

Ppc(0↔ Q
c
rn+ran)

Ppc(0↔ Q
c
rn)

= 1 and lim
n→∞

Ppc(0↔ Q
c
rn
)

Ppc(0↔ Q
c
rn−ran)

= 1. (3.3.11)

Since Ppc(0 ↔ Qcr ) is monotonically decreasing in r, both ratios are at most

equal to 1.Monotonicity also implies thatPpc(0↔ Q
c
rn+ran) ≤ Ppc(0↔ Q

c
rn−ran),

so (3.3.11) follows once we show that

lim inf
n→∞

Ppc(0↔ Q
c
rn+ran)

Ppc(0↔ Q
c
rn−ran)

= 1.

It is obvious that the le�-hand side is at most 1, so we will focus on proving

that it also is at least 1.

We give a proof by contradiction. Suppose that there exists an 0 < ε < 1 such

that, for the sequence (rn)n∈N,

Ppc(0↔ Q
c
rn+ran ∣ 0↔ Qcrn−ran) ≤ 1 − ε.

�en also

(rn − r
a
n)
1/ρ

(rn + r
a
n)1/ρ

(rn + r
a
n)
1/ρ Ppc(0↔ Q

c
rn+ran)

(rn − r
a
n)1/ρ Ppc(0↔ Q

c
rn−ran)

≤ 1 − ε.

�ere exists an N ′ ∈ N, such that for n ≥ N ′,

(rn − r
a
n)
1/ρ

(rn + r
a
n)1/ρ

≥
√
1 − ε,
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so it follows that

√
1 − ε (rn + r

a
n)
1/ρ Ppc(0↔ Q

c
rn+ran)

≤ (1 − ε) (rn − r
a
n)
1/ρ Ppc(0↔ Q

c
rn−ran). (3.3.12)

Recall that r̃n = rn − r
a
n. Taking lim inf on both sides of (3.3.12) and using

the fact that A is the minimum ofA, we get
√
1 − εA ≤

√
1 − ε lim inf

n
(rn + r

a
n)
1/ρPpc(0↔ Q

c
rn+ran)

≤ (1 − ε) lim inf
n

r̃
1/ρ
n Ppc(0↔ Q

c
r̃n
) = (1 − ε)A,

which yields a contradiction.�is proves (3.3.11) and hence the claim of the

lemma follows.

Applying Lemma 3.10, it follows that

lim
n→∞

Ppc(F ∣ 0↔ Qcrn) = ∑
x∈Zd

Ψ(x; F) = pc ∑
y∈Zd

Π(y; F), (3.3.13)

along a subsequence (rn). Observe that this limit is the same as the one we

got in (3.3.9), and furthermore, following the proofs that are outlined in the

next subsection, we can easily check that this is also equal to limp↗pc Qp(F),
proving�eorem 3.2(iii).

3.3.2 Existence of the IIC susceptibility and two-point constructions

�e iic susceptibility construction is similar to the one given in [86] and the

proof of�eorem 3.1 can be given along the same lines as that of the original

construction (i.e., [86,�eorem 1.2]).�e single modi�cation of the argument

is that the x-space bounds on the two-point function used to bound the lace

expansion diagrams in [86] are replaced by bounds on the triangle diagram

in Fourier space to achieve the same e�ect.�e main reasoning remains un-

changed. Hence, we will not give the proof.

�e proof of�eorem 3.2(i), in turn, is very similar to [86,�eorem 1.1].

�e only modi�cation that we need to make here is that wemust replace every

instance of the nearest-neighbor and �nite-range two-point function by the

long-range two-point function, and subsequently, wemust apply our assumed

bound (3.1.2) to every instance τpc(x) instead of the bound (3.1.1) that is used

in [86].
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Going through the steps of the proof with this replacement, it is not hard

to see that the only thing we need to show to complete the proof is that for

d > 3(2 ∧ α) and L > L1, there exists a constant C
′ = C′(d , α, L, F) such that

∣Π(x; F)∣ ≤
C′

(∣x∣ + 1)2(d−(2∧α))

where Π(x; F) is now de�ned as in [86].�at this bound indeed holds follows

immediately from (3.1.2) and [68, Proposition 1.8(c)].

3.4 two limit-reversal lemmas

�e limiting schemes for the iic-measure are all de�ned for the algebra of cylin-

der events. Events that are measurable with respect to the iic or the backbone

are by de�nition not cylinder events, and so it is not immediately obvious that

the limiting scheme that yields the PIIC-measure of cylinder events can also

be applied to yield the PIIC-measure of these events. In this section we prove

two lemmas whose content is that we can nonetheless �nd sequences of events

so that the iic limiting scheme with these sequences yields the PIIC-measure

for a large class of backbone events. We call this procedure reversing the limit

scheme.�ese lemmas will be used throughout this thesis.

It is not di�cult to show that there are an in�nite number of backbone-

pivotal edgesPIIC-a.s. Indeed, if therewere a �nite number of backbone-pivotal

edges, then that would imply that there exist at least two disjoint in�nite paths

from the top of the last backbone pivotal. In�eorem 1.4(ii) of [86] it is proved

that in the �nite-range setting this does not happen PIIC-a.s.�eir proof is eas-

ily modi�ed to our setting.

Recall that the backbone-pivotal edges can be viewed as an ordered set of

directed edges, {bi}
∞
i=1 (see page 35).Writing bm for themth backbone-pivotal

edge, we de�ne

S∞m ≡ C̃bm(0) ∖ C̃bm−1(0) (3.4.1)

to be the subgraph of the mth ‘backbone sausage’ (where C̃b0(0) ≡ ∅).
If 0 is connected to Qcr and there are precisely n open pivotal edges for this

connection, we can again impose an ordering on the open pivotal edges {bi}
n
i=1

in such away that any self-avoiding path from0 toQcr passes through bi before

passing through bi+1. If n ≥ m, we let S(r)

m ≡ C̃bm(0) ∖ C̃bm−1(0) and we let
S(r)

m = ∅ whenever 0↮ Qcr or n < m.

In the same way, we let Sxm ≡ C̃bm(0) ∖ C̃bm−1(0) where bm now is the mth
open pivotal edge for {0 ↔ x}, and Sxm = ∅ if no mth pivotal edge exists for

the connection {0↔ x}.
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We are interested in events that take place on the �rstm backbone sausages.

To this end, de�ne

Z∞

m ≡
m

⋃
i=1

S∞i , Z(r)

m ≡
m

⋃
i=1

S(r)

i , and Zxm ≡
m

⋃
i=1

Sxi . (3.4.2)

Note that Z(r)

m and Zxm may contain fewer than m backbone sausages. Even
though events occurring on Z∞

m are not necessarily cylinder events, it is still

possible to reverse the iic-limit for such events, as the following lemmademon-

strates.

E Lemma 3.11 [iic limit reversal lemma]. Consider a model such that for all

cylinder events F, PIIC(F) = limp↗pc Qp(F).�en, for any event E of the form

E = {{bi}
n
i=1 are occupied}, (3.4.3)

for a set of edges {bi}
n
i=1, and any m ∈ N,

PIIC (E on Z
∞

m) = lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp ({E on Z
x
m} ∩ {0↔ x}) . (3.4.4)

Proof. Fix m throughout the proof. We prove the lemma via comparison of

Z∞

m, Z
(r)

m and Z
x
m. To this end, we de�ne the events

Λ
∞

(R) ≡ {ω∶Z∞

m = Z(R)

m } , (3.4.5)

Λ
(r)

(R) ≡ {ω∶Z(r)

m = Z(R)

m and Z
(R)

m contains at least m pivs} , (3.4.6)

Λ
(r)

x ≡ {ω∶Z(r)

m = Zxm and Z
x
m contains at least m pivs} . (3.4.7)

We show that it is improbable that these sets are di�erent when we compare

themon the same con�guration andnear the origin.�erefore, wemay replace

one with the other once we take a suitable limit.

We start by observing that for any R, Λ∞

(R) ⊆ Λ
∞

(R+1) and that for all r < R and

x ∈ QcR, Λ
(r)

(R) ⊆ Λ
(r+1)

(R) and Λ
(r)
x ⊆ Λ(r+1)

x .

For any R we can write

{E on Z∞

m} = ({E on Z∞

m} ∩ Λ
∞

(R)
) ∪̇ ({E on Z∞

m} ∩ (Λ∞

(R))
c)

≡F1m(R)∪̇F
2
m(R).

(3.4.8)

At the end of the proof we take the limit R → ∞. In this limit, the event

(Λ∞

(R))
c has probability 0 under PIIC for the following reasons:�e occurrence

of (Λ∞

(R))
c implies that there exists a path from one of the �rst m sausages to

QcR that is disjoint of the backbone. In the limit R →∞ this implies that there
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exist two disjoint connections to∞ and this event does not occur PIIC-almost

surely. Indeed, since Λ∞

(R) ⊆ Λ
∞

(R+1), we have by monotone convergence that

lim
R→∞

PIIC ((Λ
∞

(R))
c) = PIIC ( lim

R→∞
(Λ∞

(R))
c) = 0. (3.4.9)

For F1m(R), the occurrence of Λ
∞

(R) implies {E on Z
∞

m} = {E on Z(R)

m }. Fur-

thermore, for any r such that 0 < r < R we can write

F1m(R) = ({E on Z(R)

m } ∩ Λ∞

(R) ∩ Λ
(r)

(R)
)

∪̇ ({E on Z(R)

m } ∩ Λ∞

(R) ∩ (Λ(r)

(R))
c)

≡G1m(R, r)∪̇G
2
m(R, r).

(3.4.10)

In the double limit where �rst R → ∞ and then r → ∞, the probability of

G2m(R, r) vanishes as

lim
r→∞

lim
R→∞

PIIC(G
2
m(R, r)) ≤ lim

r→∞
lim
R→∞

PIIC((Λ
(r)

(R))
c)

= lim
r→∞

PIIC((Λ
∞

(r))
c) = 0.

(3.4.11)

Here we again used the argument that in the limit theremust exist two disjoint

paths to∞.

We can rewrite G1m(R, r) as follows:

G1m(R, r) = ({E on Z(R)

m } ∩ Λ(r)

(R)
)

∖ ({E on Z(R)

m } ∩ Λ(r)

(R) ∩ (Λ∞

(R))
c)

≡H1m(R, r) ∖H
2
m(R, r).

(3.4.12)

Since H2m(R, r) ⊆ (Λ∞

(R))
c we again have that PIIC(H

2
m(R, r))→ 0 as R →∞.

Now, H1m(R, r) is a cylinder event, so that (1.2.5) applies,

PIIC(H
1
m(R, r)) = lim

p↗pc

1

χ(p)
∑
x∈Q c

R

Pp(H
1
m(R, r) ∩ {0↔ x}), (3.4.13)

(where the sum over x ∈ QR vanishes in the p↗ pc limit).

�e crucial observation is that for r < R and x ∈ QcR we have

Λ
(r)

(R) ∩ {0↔ x} = Λ(r)

x ∩ {0↔ x},

so that

{E on Z(R)

m } ∩ Λ(r)

(R) ∩ {0↔ x} = {E on Zxm} ∩ Λ
(r)

(R) ∩ {0↔ x}. (3.4.14)
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It follows that

H1m(R, r) ∩ {0↔ x} ={E on Z(R)

m } ∩ Λ(r)

(R) ∩ {0↔ x}

={E on Zxm} ∩ Λ
(r)

(R) ∩ {0↔ x}

= ({E on Zxm} ∩ {0↔ x})

∖ ({E on Zxm} ∩ (Λ(r)

(R))
c ∩ {0↔ x})

≡M1m(x) ∖M
2
m(R, r, x).

(3.4.15)

ForM2m(R, r, x)we note that (Λ
(r)

(R))
c is a cylinder event, so that (1.2.5) implies

lim
r→∞

lim
R→∞

lim
p↗pc

1

χ(p)
∑
x∈Q c

R

Pp(M
2
m(R, r, x))

≤ lim
r→∞

lim
R→∞

lim
p↗pc

1

χ(p)
∑
x∈Q c

R

Pp((Λ
(r)

(R))
c
, 0↔ x)

≤ lim
r→∞

lim
R→∞

PIIC((Λ
(r)

(R))
c) = lim

r→∞
PIIC((Λ

∞

(r))
c) = 0. (3.4.16)

Combining (3.4.8)–(3.4.15),

PIIC (E on Z
∞

m)

= PIIC(F
2
m(R)) + PIIC(G

2
m(R, r)) − PIIC(H

2
m(R, r))

+ lim
p↗pc

1

χ(p)
∑
x∈Q c

R

(Pp(M
1
m(x)) − Pp(M

2
m(R, r, x))).

Now we add 0 = limp↗pc χ(p)−1∑x∈QR Pp(M
1
m(x)) to the right-hand side, so

that the term involvingM1m(x) is independent of r and R.�en we let R →∞,

so that PIIC(F
2
m(R)) and PIIC(H

2
m(R, r)) vanish. A�er this we let r → ∞, so

that the terms involving G2m(R, r) and M
2
m(R, r, x) also disappear, by (3.4.11)

and (3.4.16).�e result is

PIIC (E on Z
∞

m) = lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(M
1
m(x))

= lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp ({E on Z
x
m} ∩ {0↔ x}) ,

completing the proof.

Lemma 3.11 does not work for every event that we are interested in. �e

next lemma proves two cases that we will need later on that are not covered by

Lemma 3.11, because these events are not measurable with respect to Pp.
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Write Bb(ω) for the set of the backbone edges of a con�guration ω, and

write S[A, B](ω) for the set of open edges between the sets A and B, that is,

{u, v} ∈ S[A, B](ω) whenever {u, v} is open and {a ↔ u} ○ {v ↔ b} for

some a ∈ A, b ∈ B. Similarly, write Bbpiv(ω) for the set of backbone pivotal

edges, and Spiv[A, B](ω) for the set of open pivotal edges for the event that

there exists a connection between the sets A and B.

E Lemma 3.12 [Backbone limit reversal lemma]. Consider a model such that

PIIC(F) = limp↗pc Qp(F) for all cylinder events F. Let {bi}
n
i=1 be a �xed and

�nite set of edges.�en,

(i)

PIIC({bi}
n
i=1 ⊆ Bb) = lim

p↗pc

1

χ(p)
∑
x∈Zd

Pp({bi}
n
i=1 ∈ S[0, x]); (3.4.17)

(ii)

PIIC({bi}
n
i=1 ⊆ Bbpiv) = lim

p↗pc

1

χ(p)
∑
x∈Zd

Pp({bi}
n
i=1 ∈ Spiv[0, x]).

(3.4.18)

Proof. In both cases, the proof for n edges is essentially the same as the proof

for one edge, but it involves a lot more bookkeeping, so we give the proof only

for n = 1 and leave the proof of the more general cases to the reader. We start

with the proof of (i).

If b = {b1, b2} ∈ Bb, then either b ∈ S[0,Qcr ] for all r > ∣b1∣ ∨ ∣b2∣, or

b ∉ S[0,Qcr ]. So we may write, for r ≥ r
′(b),

{b ∈ Bb} = {b ∈ Bb, b ∈ S[0,Qcr ]}∪̇{b ∈ Bb, b ∉ S[0,Q
c
r ]}

= ({b ∈ S[0,Qcr ]} ∖ {b ∈ S[0,Qcr ], b ∉ Bb}) ∪̇{b ∈ Bb, b ∉ S[0,Q
c
r ]}

≡ (Er(b) ∖ Fr(b))∪̇Gr(b).

(3.4.19)

We will start by showing that PIIC(Gr(b)) goes to 0 in the limit r →∞. For

some R ≫ r we have

{b ∈ Bb, b ∉ S[0,Qcr ]} ⊆ {b ∈ S[0,QcR], b ∉ S[0,Q
c
r ]}.

�e event on the right-hand side is a cylinder event, so upon substitution we

may reverse the limit of PIIC to obtain

PIIC(Gr(b)) ≤ lim
p↗pc

1

χ(p)
∑
x∈Q c

R

Pp(b ∈ S[0,Q
c
R], b ∉ S[0,Q

c
r ], 0↔ x)

(3.4.20)
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where we restricted summation to x ∈ QcR. For x ∈ QcR, the event inside Pp
above implies that there exists a path from 0 to Qcr and a path from b to x.

Furthermore, since b ∉ S[0,Qcr ], these paths are disjoint, i.e.,

{b ∈ S[0,QcR], b ∉ S[0,Q
c
r ], 0↔ x} ⊆ {0↔ Qcr} ○ {b1 ↔ x}.

Making this substitution in (3.4.20), we may extend the summation to x ∈ Zd

again, then sum over x and take the limit p↗ pc to obtain

lim
r→∞

PIIC(Gr(b)) ≤ lim
r→∞

Ppc(0↔ Q
c
r ) = 0.

Showing that PIIC(Fr(b)) goes to 0 in the limit r →∞ follows almost iden-

tical steps as described for PIIC(Gr(b)). Fix R > r. We can contain Fr in a

cylinder event:

{b ∈ S[0,Qcr ], b ∉ Bb} ⊆ {b ∈ S[0,Qcr ], b ∉ S[0,Q
c
R], 0↔ Q

c
R}.

�e event on the right-hand side is a cylinder event, so we may reverse the

limiting scheme for PIIC to obtain

lim
p↗pc

1

χ(p)
∑
x∈Q c

R

Pp(b ∈ S[0,Q
c
r ], b ∉ S[0,Q

c
R], 0↔ Q

c
R , 0↔ x) (3.4.21)

where we restricted the summation to x ∈ QcR. Now, for x ∈ QcR the event

inside Pp implies that there exists a path from 0 to x and disjoint from this

there exists a path from b1 to Q
c
r , i.e.,

{b ∈ S[0,Qcr ], b ∉ S[0,Q
c
R], 0↔ Q

c
R , 0↔ x} ⊆ {0↔ x} ○ {b1 ↔ Q

c
r}.

Making this substitution in (3.4.21), wemay extend the summation over x ∈ Zd

again, then sum over x and take the limit p↗ pc to obtain

lim
r→∞

PIIC(Fr) ≤ lim
r→∞

Ppc(b1 ↔ Q
c
r ) = 0.

Note that Er(b) is a cylinder event, so we may reverse the limit for PIIC:

PIIC(Er(b)) = lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(b ∈ S[0,Q
c
r ], 0↔ x) (3.4.22)

where we have now restricted summation over x to Qcr . We can split up the

event on the right hand side as follows,

{b ∈ S[0,Qcr ], 0↔ x} = {b ∈ S[0,Qcr ], b ∈ S[0, x], 0↔ x}

∪̇{b ∈ S[0,Qcr ], b ∉ S[0, x], 0↔ x}

≡ E(1)

r (b, x)∪̇E(2)

r (b, x).
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For any x ∈ Qcr , the event E
(2)

r (b) implies that there exists a path from 0 to x

and there exists a path from b1 toQ
c
r . Since b ∉ S[0, x], these paths are disjoint,

i.e.,

{b ∈ S[0,Qcr ], b ∉ S[0, x], 0↔ x} ⊆ {0↔ x} ○ {b1 ↔ Q
c
r}.

Wemay extend the summation to x ∈ Zd , sumover x and take the limit p↗ pc
to obtain

lim
r→∞

lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(E
(2)

r (b, x)) ≤ lim
r→∞

Ppc(b1 ↔ Q
c
r ) = 0.

We are le� with E
(1)

r (b, x). For x ∈ Qcr and an edge e = {e1, e2} with e1, e2 ∈

Qr , the fact that e ∈ S[0, x] implies that 0 ↔ x. Furthermore, there are two

possibilities: either e ∈ S[0,Qcr ] or e ∉ S[0,Q
c
r ].�is implies, for b that

E(1)

r (b, x) = {b ∈ S[0, x]} ∖ {b ∈ S[0, x], b ∉ S[0,Qcr ]}

≡ E(1,1)(b, x) ∖ E(1,2)

r (b, x).

Note that for all r, E
(1,2)

r (b, x) ⊂ E(1,1)(b, x).

If E
(1,2)

r (b, x) occurs for b ∈ Qr×Qr and x ∈ Q
c
r , then there exists a path from

0 to x and disjoint from this a path from b1 to Q
c
r . So by the same reasoning

as used for the limit r →∞ of the probability of E(2)

r (b, x), we have

lim
r→∞

lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(E
(1,2)

r (b, x)) ≤ lim
r→∞

Ppc(0↔ Q
c
r ) = 0.

Finally, we obtain

PIIC(b ∈ Bb) = lim
r→∞

lim
p↗pc

1

χ(p)
∑
x∈Q cr

(Pp(E
(1,1)(b, x))

− Pp(E
(1,2)

r (b, x)) + Pp(E
(2)

r (b, x)))

− lim
r→∞

PIIC(Fr(b)) + lim
r→∞

PIIC(Gr(b))

= lim
r→∞

lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(E
(1,1)(b, x))

= lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(b ∈ S[0, x])

where in the �nal step we do not write the limit r → ∞ since the probability

is independent of r. We also extended the summation to x ∈ Zd again.�is

completes the proof of (i).
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Now we prove (ii).

Let b be a �xed edge. Choose r such that r ≫ ∣b∣.�e event {b is bb-piv} can

be split up according towhether or not b is also pivotal for the event {0↔ Qcr},

i.e.,

{b ∈ Bbpiv} = {b ∈ Bbpiv , b ∉ Spiv[0,Q
c
r ]} ∪ {b ∈ Bbpiv , b ∈ Spiv[0,Q

c
r ]}

≡ Er∪̇Fr .

�erefore,

PIIC(b ∈ Bbpiv) = PIIC(Er) + PIIC(Fr).

We will start by showing that with high probability a backbone-pivotal edge is

also pivotal for the connection from 0 to the boundary of a large ball, that is,

PIIC(Er) → 0 as r → ∞. For any vertex v in the backbone there exists a path

0↔ v and a path v ↔ Qcr , for any r, so,

Er ⊂ {0↔ b, b↔ Qcr , b ∉ Spiv[0,Q
c
r ]} ≡ E

′
r . (3.4.23)

�e event E′r is a cylinder event, so we can reverse the limit:

PIIC(E
′
r) = lim

p↗pc

1

χ(p)
∑
x∈Zd

Pp({0↔ x} ∩ E
′
r). (3.4.24)

Since the event {0 ↔ x , 0 ↔ b, b ↔ Qcr , b ∉ Spiv[0,Q
c
r ]} requires the exis-

tence of disjoint paths from both b and b to Qcr , and furthermore, there has to

be a path from either b or b to x that does not use the edge b, we can contain

the events appearing on the right-hand side of (3.4.24) as follows:

{0↔ x} ∩ E′r ⊂ (({0↔ b} ∩ {b↔ Qcr}) ○ {b↔ x})

∪̇(({0↔ b} ∩ {b↔ Qcr}) ○ {b↔ x}). (3.4.25)

Applying the BK-inequality to the events on the right-hand side of (3.4.25), we

obtain

PIIC(E
′
r) ≤ lim

p↗pc

1

χ(p)
∑
x∈Zd

(Pp({0↔ b} ∩ {b↔ Qcr})τp(x − b)

+ Pp({0↔ b} ∩ {b↔ Qcr})τp(x − b)).

Summing over x gives a factor χ(p).�en taking the limit p↗ pc yields

PIIC(E
′
r) =Ppc({0↔ b} ∩ {b↔ Qcr}) + Ppc({0↔ b} ∩ {b↔ Qcr})

≤Ppc(b↔ Q
c
r ) + Ppc(b↔ Q

c
r )
r→∞
Ð→ 0.
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Hence, we are le� to show

lim
r→∞

PIIC(Fr) = lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(b ∈ Spiv[0, x]). (3.4.26)

We start by noting that

{b ∈ Bbpiv , b ∈ Spiv[0,Q
c
r ]} = {b ∈ Spiv[0,Q

c
r ]} ∖ {b ∈ Spiv[0,Q

c
r ], b ∉ Bbpiv}

≡ F(1)

r ∖ F(2)

r .

Since F
(2)

r ⊂ F(1)

r , it follows that

PIIC(Fr) = PIIC(F
(1)

r ) − PIIC(F
(2)

r ) = PIIC(F
(1)

r ), (3.4.27)

where the last equality follows from the observation that when b is pivotal for

0 ↔ Qcr , then it must also be backbone pivotal. Hence, Fr is a cylinder event

and

PIIC(Fr) = lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp({0↔ x} ∩ {b ∈ Spiv[0,Q
c
r ]})

+ lim
p↗pc

1

χ(p)
∑
x∈Qr

Pp({0↔ x} ∩ {b ∈ Spiv[0,Q
c
r ]}).

(3.4.28)

�e probabilities of the events with x ∈ Qr add up to at most ∣Qr ∣, so this

contribution vanishes in the limit p↗ pc , since χ(p)→∞ as p↗ pc .

It is not hard to see that, for x ∈ Qcr ,

{0↔ x} ∩ {b ∈ Spiv[0,Q
c
r ]} = {b ∈ Spiv[0, x]}

∖ {b ∈ Spiv[0, x], b ∉ Spiv[0,Q
c
r ]}

≡ G(1)

r (x) ∖G(2)

r (x).

Furthermore, G
(2)

r (x) ⊂ G(1)

r (x), so

Pp(G
(1)

r (x) ∖G(2)

r (x)) = Pp(G
(1)

r (x)) − Pp(G
(2)

r (x)),

and

PIIC(F1) = lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(G
(1)

r (x)) − lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(G
(2)

r (x)).

(3.4.29)

We note that, for the event G
(2)

r (x) to occur, there necessarily exist paths

from 0 to b and from b to Qcr , and disjoint of these paths, there exists a path

from b to x, i.e.,

G(2)

r (x) ⊆ ({0↔ b} ∩ {b↔ Qcr}) ○ {b↔ x}.
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Applying the BK-inequality, then summing over x and taking the limit p↗ pc ,

in that order, we obtain

lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(G
(2)

r (x))

≤ lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp({0↔ b} ∩ {b↔ Qcr})τp(x − b)

= Ppc({0↔ b} ∩ {b↔ Qcr}) ≤ Ppc(b↔ Q
c
r )
r→∞
Ð→ 0.

(3.4.30)

We are le� with

lim
p↗pc

1

χ(p)
∑
x∈Q cr

Pp(G
(1)

r (x)) = lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(b ∈ Spiv[0, x]), (3.4.31)

where we have once again extended the summation of x to the whole of Zd

since x ∈ Qr do not contribute in the limit.

Combining (3.4.27), (3.4.29), (3.4.30) and (3.4.31), we conclude that (3.4.26)

holds, which completes the proof.



4
THE GEOMETRY OF CR IT ICAL CLUSTERS & THE I IC

In this chapter we prove all the (original) theorems from the introduction that

pertain to the geometry of critical percolation clusters and the iic. In particular,

in Section 4.1 we prove the volume estimates of critical percolation clusters and

the iic inside balls, i.e., we prove�eorems 1.3, 1.4, and 1.11, and in Section 4.2

we prove the long-range one-arm estimate given by�eorem 1.5.

�roughout this chapter we assume that Assumptions C and D hold (see

page 49).

4.1 volume estimates of the critical clusters and the iic

Here we calculate upper and lower bounds for the expectations of the volume

of critical percolation clusters and the iic inside Euclidean balls. We also cal-

culate bounds on the expected volume of the iic backbone.

Below in�eorem 4.1 we restate�eorems 1.3, 1.4, and 1.11 in the generalized

setting.

We start with some notation. Let EIIC be the expectation with respect to PIIC,

and let IIC = IIC(ω) be the (in�nite) connected component of 0. Let NBb(r)

be the number of edges in the backbone of IIC at Euclidean distance at most
r from 0, that is, all ‘directed’ edges b = (b, b) with b ∈ Qr ∩ IIC such that
{0 ↔ b} and {b ↔ ∞} occur disjointly and b is open.�e main result that

we prove in this section is the following

¦ Theorem 4.1 [Cluster and backbone volume bounds]. Consider a model

that satis�es Assumptions C and D with mean-�eld parameter β.�ere exists

a constant β5 that only depends on d and α when the model is spread-out, and

that is independent of d for the nearest-neighbor model such that, if the model

satis�es the strong triangle condition (2.2.9) with β ≤ β5, then

Epc [∣Qr ∩ C(0)∣] ≍ r(2∧α)
; (4.1.1)

EIIC[∣Qr ∩ IIC∣] ≍ r2(2∧α)
; (4.1.2)

EIIC[NBb(r)] ≍ r(2∧α)
. (4.1.3)

83
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4.1.1 Bounds on the expected volume of critical clusters in a ball: proof of (4.1.1)

We can rewrite the expectation in terms of a convolution:

Epc [∣Qr ∩ C(0)∣] = ∑
x∈Qr

τpc(x) = ∑
x∈Zd

τpc(x)1Qr(−x)

=(τpc ∗ 1Qr)(0).

We start with the upper bound.�e proof makes use of Fourier-space bounds

on τpc .�e Fourier transform of the indicator function may be negative, mak-

ing it di�cult to use. To get around this issue, we introduce the function gr(x):

let Λr = {x ∈ Zd ∶ ∥x∥∞ ≤ r} and de�ne

gr(x) = 2(2r + 1)
d(pr ∗ pr)(x) with pr(x) =

1Λr(x)

(2⌊r⌋ + 1)d
. (4.1.4)

Note that pr is in fact a probability distribution.�e precise de�nition of gr is

not very important.What is important is that gr satis�es the following criteria:

(i) gr(x) ≥ 1Qr(x) for all x ∈ Z
d ;

(ii) ĝr(k) ≥ 0 for all k ∈ [−π, π]d ;

(iii) ∑x∈Zd τpc(x)gr(−x) ≤ Cr
(2∧α).

When all three criteria are satis�ed the result is the desired upper bound

Epc [∣Qr ∩ C(0)∣] ≤ Cr(2∧α)
.

It is easy to check criterion (i), and (ii) follows from the fact that ĝr(k) =

(2r + 1)d p̂r(k)
2. All that is le� is to check criterion (iii):

�e Fourier transform of (pr ∗ pr)(x) is

̂(pr ∗ pr)(k) =
1̂Λr(k)

2

(2⌊r⌋ + 1)2d

=
1

(2⌊r⌋ + 1)2d

d

∏
i=1

(
sin([2⌊r⌋ + 1]ki/2)

sin(ki/2)
)

2

,
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that is, it is the square of the d-dimensional Dirichlet kernel. Since pr is a

probability distribution, its Fourier transformhas amaximumvalue of 1. Using

the above bounds and Assumption D,

(τpc ∗ gr)(0) = (2r + 1)d ∫
[−π,π]d

τ̂pc(k)p̂r(k)
2 d

dk

(2π)d

≤ CAr
d ∫
∣k∣≤1/r

1

∣k∣(2∧α)
d
dk

(2π)d

+ CBr
d+(2∧α) ∫

∣k∣≥1/r

p̂r(k)
2 d

dk

(2π)d
.

Here, CA and CB are both positive constants that depend only on α, L and d.

We bound the two terms separately. For the �rst term on the right-hand side

we have

CAr
d ∫
∣k∣≤1/r

1

∣k∣(2∧α)
d
dk

(2π)d
= C′Ar

d

1/r

∫
0

kd−1−(2∧α)
dk ≤ Cr(2∧α)

. (4.1.5)

To bound the second term on the right-hand side we extend the integration

over k to [−π, π]d and get

CBr
d+(2∧α) ∫

∣k∣≥1/r

p̂r(k)
2 d

dk

(2π)d
≤ CBr

d+(2∧α) ∫
[−π,π]d

p̂r(k)
2 d

dk

(2π)d

=
CBr

d+(2∧α)

(2⌊r⌋ + 1)2d
(1Λr ∗ 1Λr)(0)

=
CBr

d+(2∧α)

(2⌊r⌋ + 1)d
≤ Cr(2∧α)

.

(4.1.6)

Combining the bounds for (4.1.5) and (4.1.6) gives the desired upper bound.

Inmuch the sameway we can determine a lower bound for Epc [∣Qr∩C(0)∣].
De�ne the function

hr(x) =
rd

dd/2
(pq ∗ pq)(x) where q = ⌊

r

2
√
d
⌋ . (4.1.7)

Again, the precise choice of hr is not very important. It is important that hr
satis�es the following three criteria:

(i) hr(x) ≤ 1Qr(x) for all x ∈ Z
d ;
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(ii) ĥr(k) ≥ 0 for all k ∈ [−π, π]d ;

(iii) ∑x∈Zd τpc(x)hr(−x) ≥ cr
(2∧α).

When these criteria are satis�ed, the result is a lower bound Epc [∣Qr∩C(0)∣] ≥
cr(2∧α).
�at criterion (i) holds follows since (1) hr(x) is maximized at x = 0 and by

our choice of q

hr(0) =
rd

dd/2
∣Λq∣

(2q + 1)2d
≤ 1

and (2) hr(x) = 0 for all x such that ∣x∣ > r. Just as in the case of the upper

bound, criterion (ii) is easily checked. All that is le� is to check the last crite-

rion. Write

(τpc ∗ hr)(0) = ∫
[−π,π]d

τ̂pc(k)ĥr(k)
d
dk

(2π)d

=
rd

dd/2(2q + 1)2d ∫
[−π,π]d

τ̂pc(k)
d

∏
i=1

(
sin([2q + 1]ki/2)

sin(ki/2)
)

2
d
dk

(2π)d
.

Since x2/2 ≤ sin(x)2 ≤ x2 for ∣x∣ ≤ 1, we bound, for (2q + 1)∣ki ∣ ≤ 1,

1

(2q + 1)2d

d

∏
i=1

(
sin([2q + 1]ki/2)

sin(ki/2)
)

2

≥
1

(2q + 1)2d

d

∏
i=1

(
2q+1
2

)2k2i
k2i /8

≥ 2−d ,

Using this bound and (2.2.6), we get

∫
[−π,π]d

τ̂pc(k)ĥr(k)
d
dk

(2π)d
≥
crd

dd/22d ∫
∣k∣≤ε′/r

1

∣k∣(2∧α)
d
dk

(2π)d

≥
crd

wdd/22drd−(2∧α) ≥ c(d , L)r
(2∧α)

(4.1.8)

where w is the same as given in (2.2.6), where ε′ = min{(2q + 1)−1, ε} with ε

the same as given in (2.2.6), and where c(d , L) is thus a constant that depends

only on d and L.�is completes the proof of (4.1.1).



4.1 volume estimates of the iic 87

4.1.2 Bounds on the expectation of the backbone volume: proof of (4.1.3)

Since backbone edges are those edges that have a path from 0 to one end of

the edge, disjointly from a path from the other end of the edge to in�nity, we

can write

EIIC[NBb(r)] = ∑
b∈Er

EIIC[1{b is a backbone edge}]

= ∑
b∈Er

EIIC[1{0↔b}○{b open}○{b↔∞}].
(4.1.9)

4.1.2.1 Upper bound on the expectation of the backbone volume

Applying Lemma 3.12(i) to (4.1.9), we get

EIIC[NBb(r)] = ∑
b∈Er

PIIC(b ∈ Bb)

= lim
p↗pc

1

χ(p)
∑
b∈Er

∑
x∈Zd

Ep[1{0↔b}○{b open}○{b↔x}].
(4.1.10)

Applying the BK-inequality to (4.1.10) gives

EIIC[NBb(r)] ≤ lim
p↗pc

1

χ(p)
∑
b∈Er

∑
x∈Zd

τp(b)pD(b)τp(x − b).

Summing over x and then b and bounding the sum over b ∈ Er by the sum
over b ∈ Qr , we get a factor χ(p) and a factor p, respectively. A�er this we take

the limit p↗ pc :

EIIC[NBb(r)] ≤ pc ∑
b∈Qr

τpc(b). (4.1.11)

�e upper bound in (4.1.1) that we proved in the previous section completes

the proof of upper bound in (4.1.3).

4.1.2.2 Lower bound on the expectation of the backbone volume

To get a lower bound on EIIC[NBb(r)] we count only the backbone-pivotal

edges. Recall the de�nition of hr given in (4.1.7). We bound

EIIC[NBb(r)] = ∑
b∈Er

PIIC(b ∈ Bb) ≥ ∑
b∈Er

PIIC(b ∈ Bbpiv)

≥ ∑
b∈Zd×Zd

hr(b)PIIC(b ∈ Bbpiv).
(4.1.12)
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�at the second inequality is necessary is not immediately obvious, but it will

turn out to be crucial for getting a good bound in the case of nearest-neighbor

percolation. Now we apply Lemma 3.12(ii) to get

∑
b∈Zd×Zd

hr(b)PIIC(b ∈ Bbpiv) = lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
hr(b)Pp(b ∈ Spiv[0, x]).

(4.1.13)

By the de�nition of Spiv[0, x],

{b ∈ Spiv[0, x]} = {0 ↔ b on C̃b(0)} ○ {b open} ○ {b ↔ x o� C̃b(0)},
so we can apply the Factorization Lemma to the right-hand side of (4.1.13) to

get

EIIC[NBb(r)] ≥ lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
pD(b)hr(b)

× E0[1{0↔b on C̃b(0)}E1[1{b↔x o� C̃b(0)}]]

= lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
pD(b)hr(b)

× E0[1{0↔b}E1[1{b↔x o� C̃b(0)}]].

(4.1.14)

In the second line we le� out the condition “on C̃b(0)” for a similar reason as
given in (3.2.5) on page 63.

We write C̃b0(0) to remind ourselves that the cluster is random with respect
to E0, but �xed with respect to E1. We bound the expectations in (4.1.14) from

the inside out:

EIIC[NBb(r)] ≥ lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
pD(b)hr(b)

× (τp(b)τp(x − b) − E0[1{0↔b}Pp(b
C̃b
0
(0)
←→ x)])

≡N1 − N2.

(4.1.15)

For the inequality we used the identity {E o� A} = E ∖ {E through A}. We

give separate bounds for N1 and N2.

Consider N1 �rst:

N1 = lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
hr(b)τp(b)pD(b)τp(x − b)

= pc ∑
b∈Zd

hr(b)τpc(b) = pc ∫
[−π,π]d

τ̂pc(k)ĥr(k)
d
dk

(2π)d
.
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To get the second equality we summed over x and then b, as we did for the

upper bound.

�e bound on N2 is harder:

N2 = lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
pD(b)hr(b)E0[1{0↔b}Pp(b

C̃b
0
(0)
←→ x)] (4.1.16)

and note that here we need an upper bound.�e dependence in the second

two-point function implies that there is a path from some vertex along the

path b ↔ x to another vertex on the path 0 ↔ b, and that this path does not

use the edge b. Consider a �xed set of vertices A ⊂ Zd .�en,

{b↔ x through A} ⊆ ⋃
a∈A

{b↔ a} ○ {a↔ x}.

�erefore,

Pp(b
A
←→ x) ≤ Pp (⋃

a∈A
{b↔ a} ○ {a↔ x})

≤ ∑
a∈Zd

1{a∈A}Pp({b↔ a} ○ {a↔ x})

≤ ∑
a∈Zd

1{a∈A}τp(a − b)τp(x − a).

(4.1.17)

Since the set C̃b0(0) is �xed with respect to the expectation E1 we may apply
(4.1.17) to the expectation on the right-hand side of (4.1.16) with A = C0(0) ⊃
C̃b0(0):

N2 ≤ lim
p↗pc

1

χ(p)
∑

x ,b,b,a∈Zd
pD(b)hr(b)

× E0 [1{0↔b}1{0↔a}τp(a − b)τp(x − a)]

= lim
p↗pc

1

χ(p)
∑

x ,b,b,a∈Zd
pD(b)hr(b)

× Pp(0↔ b, 0↔ a)τp(a − b)τp(x − a).

(4.1.18)

We use the tree-graph bound [4]:

Pp(0↔ b, 0↔ a) ≤ ∑
z∈Zd

τp(z)τp(b − z)τp(a − z) (4.1.19)
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and insert the above inequality into (4.1.18) to get

N2 ≤ lim
p↗pc

1

χ(p)
∑

x ,b,b,a,z∈Zd
hr(b)τp(z)τp(b − z)

× pD(b)τp(a − b)τp(a − z)τp(x − a)

= pc ∑
b,b,a,z∈Zd

hr(b)τpc(z)τpc(b − z)

× D(b)τpc(a − b)τpc(a − z).

De�ne

T ′pc(x) = τpc(x)(D ∗ τpc ∗ τpc)(x). (4.1.20)

An upper bound on its Fourier transform is

∣T̂ ′pc(k)∣ =
RRRRRRRRRRR
∑
x∈Zd

e
ik⋅xT ′pc(x)

RRRRRRRRRRR

≤ ∣T̂ ′pc(0)∣

≤ ∑
v ,w ,y∈Zd

D(v)τpc(w − v)τpc(y −w)τpc(y)

=Tpc(0) ≤ Cβ,

(4.1.21)

with Tp(x) as given by (2.3.2).�e bound on Tpc(0) follows from�eorem

2.2.

With this de�nition we can write

N2 ≤ pc ∑
b,z∈Zd

hr(b)T
′
pc
(b − z)τpc(z) = pc(τpc ∗ T

′
pc
∗ hr)(0).

We can bound N2 by expressing the right-hand side in terms of its Fourier

transform:

N2 ≤pc(τpc ∗ T
′
pc
∗ hr)(0)

=pc ∫
[−π,π]d

τ̂pc(k)T̂
′
pc(k)ĥr(k)

d
dk

(2π)d

≤C′βpc ∫
[−π,π]d

τ̂pc(k)ĥr(k)
d
dk

(2π)d
,

(4.1.22)

where the second inequality follows from (4.1.21) and the facts that τ̂pc(k) ≥ 0

and ĥr(k) ≥ 0.
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With the bounds on both N1 and N2 in hand, we can conclude that when β

is small enough so that 1 − C′β ≥ c > 0,

EIIC[NBb(r)] ≥ N1 − N2

≥ pc(1 − C
′β) ∫

[−π,π]d
τ̂pc(k)ĥr(k)

d
dk

(2π)d

≥ c′(d , L)r(2∧α)
.

for some constant c′(d , L) that only depends on d and L.�e �nal inequality
follows from (4.1.8).�is concludes the proof of the lower bound. Combining

the upper and lower bounds completes the proof of (4.1.3).

4.1.3 Bounds on the expected IIC volume in a ball: proof of (4.1.2)

De�ne the iic two-point function

ρ(y) ≡ PIIC(0↔ y) = lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(0↔ y, 0↔ x). (4.1.23)

Since the event {0↔ y} is not a cylinder event, it is not immediately obvious

that we can write it as a limit. Nevertheless, in [86] it is proved that this is

allowed.

Using the techniques of the previous paragraphs, we can easily �nd an upper

bound.�e lower bound requires more work.

4.1.3.1 IIC volume expectation upper bound

We start by bounding (4.1.23) using the tree-graph bound (4.1.19):

ρ(y) ≤ lim
p↗pc

1

χ(p)
∑
x ,z∈Zd

τp(z)τp(x − z)τp(y − z).

Keeping z �xed and summing over x we get a factor χ(p). �en, with the

divergence of the susceptibility canceled, we can take the limit p↗ pc :

ρ(y) ≤ ∑
z∈Zd

τpc(z)τpc(y − z) = (τpc ∗ τpc)(y).

�e expected volume of the iic in a Euclidean ball is given by

EIIC[∣Qr ∩ IIC∣] = ∑
y∈Qr

ρ(y).
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Using the same techniques as in Section 4.1.1, we get

EIIC[∣Qr ∩ IIC∣] ≤ ∑
x ,y∈Zd

τpc(x)τpc(y − x)gr(−y)

≤C′rd ∫
[−π,π]d

p̂r(k)
2

[1 − D̂(k)]2
d
dk

(2π)d

≤CAr
d ∫
∣k∣≤1/r

1

∣k∣2(2∧α)
d
dk

(2π)d

+ CBr
d+2(2∧α) ∫

∣k∣≥1/r

p̂r(k)
2 d

dk

(2π)d
≤ Cr2(2∧α)

.

4.1.3.2 IIC volume expectation lower bound

�is bound is the most involved, because we need to use the Factorization

Lemma twice. We bound (4.1.23) from below by

ρ(y) ≥ lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
Pp

⎛

⎝

0↔ y, 0↔ x , b = (b, b) is the 1st open

& piv. edge for 0↔ x but not for 0↔ y

⎞

⎠

Observe that

⎧⎪⎪
⎨
⎪⎪⎩

0↔ y, 0↔ x , b = (b, b) is the 1st open

& piv. edge for 0↔ x but not for 0↔ y

⎫⎪⎪
⎬
⎪⎪⎭

= {b open} ○ {{0↔ b} ○ {b↔ y} on C̃b(0)}
○ {b↔ x on Zd ∖ C̃b(0)}.

Indeed, if there exist connections from 0 to x and y, and if there exists an open

edge b = (b, b) that is pivotal for 0↔ x but not for 0↔ y, then the connection

b ↔ x occurs o� C̃b(0). If this was not the case, then b would not be pivotal
for 0 ↔ x. Similarly, the event 0 ↔ y occurs on C̃b(0), since otherwise b
would be pivotal for 0↔ y. By requiring that b is the �rst edge that has these

properties we also get disjoint occurrence of the events, i.e. {0↔ b}○{b↔ y}

on C̃b(0).
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Applying the Factorization Lemma gives

ρ(y) ≥ lim
p↗pc

1

χ(p)
∑

x ,b,b∈Zd
pD(b)

× E0[1{0↔b}○{b↔y}E1[1{b↔x o� C̃b
0
(0)}]], (4.1.24)

where we le� out the condition “on C̃b0(0)” again, for the same reason as in
(3.2.5). For a �xed set of vertices A,

Pp(x ↔ y o� A) = τp(y − x) − Ep[1{x↔y through A}]. (4.1.25)

Since C̃b0(0) is �xed with respect to E1 we may apply this identity to (4.1.24)
and sum over y ∈ Qr to get

∑
y∈Qr

ρ(y) ≥ lim
p↗pc

1

χ(p)
∑
y∈Qr

∑
x ,b,b∈Zd

pD(b)E0[1{0↔b}○{b↔y}(τp(x − b)

− E1[1{b↔x through C̃b
0
(0)}])]

≥ lim
p↗pc

1

χ(p)
∑
y∈Zd

∑
x ,b,b∈Zd

pD(b)hr(y)

× E0[1{0↔b}○{b↔y}(τp(x − b) − E1[1{b↔x through C̃b
0
(0)}])]

≡S1 − S2.

(4.1.26)

In the second inequality we have again replaced the sum over y ∈ Qr by the

sumover y ∈ Zd and inserted a factor hr(y).�is is a necessary step for getting

a good bound on S1.

We �rst give an upper bound on S2, and then establish a lower bound on S1.

As mentioned, the set C̃b0(0) is �xed with respect to E1. We start by applying
the BK-inequality to E1,

E1[1{b↔x through C̃b
0
(0)}] ≤ ∑

a∈Zd
1{a∈C̃b

0
(0)}τp(b − a)τp(x − a). (4.1.27)

To bound E0, we observe that

({0↔ b} ○ {b↔ y}) ∩ {a ∈ C̃b0(0)}

⊆
⎛

⎝
⋃
z∈Zd

{0↔ z} ○ {z↔ b} ○ {b↔ y} ○ {z↔ a}
⎞

⎠

∪
⎛

⎝
⋃
z∈Zd

{0↔ b} ○ {b↔ z} ○ {z↔ y} ○ {z↔ a}
⎞

⎠
. (4.1.28)
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Applying (4.1.27) and (4.1.28) to S2, and applying the BK-inequality again, we

get the upper bound

S2 ≤ lim
p↗pc

1

χ(p)
∑
y∈Zd

∑
x ,b,b∈Zd

pD(b)hr(y)

× [τp(z)τp(b − z)τp(y − b)τp(a − z)τp(b − a)τp(x − a)

+ τp(b)τp(z − b)τp(y − z)τp(a − z)τp(b − a)τp(x − a)].

Summing over x, taking the limit p ↗ pc and applying the de�nition of T
′
pc
,

(4.1.20), we get

S2 ≤2pc ∑
y∈Zd

hr(y)(τpc ∗ T
′
pc ∗ τpc)(y)

=2pc(τpc ∗ T
′
pc
∗ τpc ∗ hr)(0)

We end up with a bound that is quite similar to N2 in the previous section.

Hence, modifying (4.1.22) to include an extra factor τpc , we get

S2 ≤ Cβr2(2∧α)
. (4.1.29)

We now establish a lower bound on S1. Immediately we can sum over x and

b to get factors χ(p) and p and take the limit p↗ pc :

S1 = ∑
y,b,b∈Zd

pchr(y)Ppc({0↔ b} ○ {b↔ y}).

Observe that

{0↔ b} ○ {b↔ y} ⊇ ⋃
e∶e=b

{e is open and pivotal for 0↔ y}.

and

{e is open and pivotal for 0↔ y}

= {0↔ e on C̃ e0(0)} ∩ {e open} ∩ {e ↔ y o� C̃ e(0)}.

Making this replacement, applying the Factorization Lemma again, and apply-

ing (4.1.25) we get the lower bound

S1 ≥ ∑
y,b∈Zd

∑
e∶e=b

p2chr(y)D(e)E0[1{0↔e}(τpc(y − e)

− E1[1{e↔y through C̃ e
0
(0)}])] ≡ S1,1 − S1,2
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where we again le� out the condition “on C̃ e0(0)” for the reason given in (3.2.5)
on page 63.

Writing S1,1 in terms of its Fourier transform, we get

S1,1 = ∑
y,b∈Zd

∑
e∶e=b

p2cD(e)hr(y)τpc(e)τpc(y − e)

= p2c(τpc ∗ D ∗ τpc ∗ hr)(0)

= p2c ∫
[−π,π]d

τ̂pc(k)
2D̂(k)ĥr(k)

d
dk

(2π)d
.

Rewriting the right-hand side gives

S1,1 = p
2
c ∫
[−π,π]d

τ̂pc(k)
2(1 − [1 − D̂(k)])ĥr(k)

d
dk

(2π)d

= p2c ∫
[−π,π]d

τ̂pc(k)
2ĥr(k)

d
dk

(2π)d

− p2c ∫
[−π,π]d

τ̂pc(k)
2[1 − D̂(k)]ĥr(k)

d
dk

(2π)d
.

(4.1.30)

For the second integral we get an upper bound:

p2c ∫
[−π,π]d

τ̂pc(k)
2[1 − D̂(k)]ĥr(k)

d
dk

(2π)d
≤ C ∫

[−π,π]d

ĥr(k)[1 − D̂(k)]

[1 − D̂(k)]2
d
dk

(2π)d
.

We split up the integral and bound:

C ∫
[−π,π]d

ĥr(k)

[1 − D̂(k)]

d
dk

(2π)d
≤ CA ∫

∣k∣≤1/r

1

∣k∣(2∧α)
d
dk

(2π)d

+ CBr
(2∧α)−d ∫

[−π,π]d
ĥr(k)

d
dk

(2π)d

≤ CAr
(2∧α) + CBr

(2∧α)
.

Here the �rst integral has been bounded in the same way as (4.1.5) and the sec-

ond one in the same way as (4.1.6). Combining both bounds, we can conclude

that

S1,1 ≥ p
2
c ∫
[−π,π]d

τ̂pc(k)
2ĥr(k)

d
dk

(2π)d
− Cr(2∧α)

.
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For S1,2 we need an upper bound. Using (4.1.17) and the tree-graph bound

(4.1.19), we get

S1,2 = ∑
y,b∈Zd

∑
e∶e=b

p2chr(y)D(e)E0[1{0↔e}E1[1{e↔y through C̃ e(0)}]]

≤ ∑
y,b,v ,v′∈Zd

∑
e∶e=b

p2chr(y)D(e)τpc(v)τpc(e − v)

× τpc(v
′ − e)τpc(v

′ − v)τpc(y − v
′).

Observe that

τpc(v
′ − v)

⎡
⎢
⎢
⎢
⎢
⎣
∑
b∈Zd

∑
e∶e=b

τpc(e − v)D(e − e)τpc(v
′ − e)

⎤
⎥
⎥
⎥
⎥
⎦

≤ T ′pc(v
′ − v).

�is implies

S1,2 ≤p
2
c ∑
y,v ,v′∈Zd

hr(y)τpc(v)T
′
pc
(v′ − v)τpc(y − v

′)

=p2c(τpc ∗ T
′
pc
∗ τpc ∗ hr)(0).

We rewrite the right-hand side in terms of its Fourier transform and apply

(4.1.21):

S1,2 ≤p
2
c ∫
[−π,π]d

τ̂pc(k)
2T̂ ′pc(k)ĥr(k)

d
dk

(2π)d

≤p2cC
′′β ∫

[−π,π]d
τ̂pc(k)

2ĥr(k)
d
dk

(2π)d
.

(4.1.31)

Finally, combining the bounds (4.1.30), (4.1.31) and (4.1.29), we get, for β

small enough so that 1 − C′′β ≥ c > 0,

EIIC[∣Qr ∩ C(0)∣] ≥ S1,1 − S1,2 − S2

≥ p2c(1 − C
′′β) ∫

[−π,π]d
τ̂pc(k)

2ĥr(k)
d
dk

(2π)d
− Cr(2∧α)

≥ c′′(d , L)r2(2∧α)

for some constant c′′(d , L) that only depends on d and L.�e last inequal-
ity follows from a similar bound as (4.1.8). Choosing β5 = min{1/C

′, 1/C′′}
with C′ and C′′ as they appeared in (4.1.22) and (4.1.31) completes the proof of
�eorem 4.1.
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4.2 a lower bound on the long-range one-arm probability :

proof of theorem 1.5

In this section we restrict ourselves to models of long-range spread-out perco-

lation only.

�e heuristics for the proof of�eorem 1.5 are simple: if the cluster reaches

distance r, then either the cluster contains many vertices, or the cluster con-

tains an edge that is very long (of order r). To bound the probability that the

cluster is large, we use a simple second moment estimate.�is contributes the

dominant term to the lower bound when α ≥ 4, as the probability of �nding

a long edge is negligible in this regime. But when α < 4 this is not the case

anymore, and the dominant contribution will be due to the existence of long

edges. To establish this, we show that the existence of long edges is only weakly

dependent on the size of the cluster, and vice versa.

Proof of�eorem 1.5. We start by proving Ppc(0 ↔ Qcr ) ≥ c/rα/2. Let Cr(0)
be the r-truncated cluster of 0, that is, the percolation cluster of 0 generated by

using the edge probability

pcDr(x) = pcD(x)1{∣x∣≤r}

instead of D(x). Note that by the de�nition of the long-range family (in par-

ticular, by (2.2.3)) there exist ζ , ξ > 0 such that

∑
x∈Zd

Dr(x) = ∑
x∈Qr

D(x)

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

≤ 1 − ζr−α ,

≥ 1 − ξr−α ,

(4.2.1)

when r is su�ciently large.

One way for a path from 0 to reach Qcr is if Cr(0) is at least of size k (we
will �x the value of k later), and at least one of the vertices, say v, of Cr(0) is
an endpoint of an open edge e that has length at least 2r.�en either v ∈ Qcr
and so there exists a path, or, perhaps more likely, v ∈ Qr , but then the other

endpoint of e is in Qcr . Hence, we have

Ppc(0 ↔ Qcr ) ≥ Ppc(∣Cr(0)∣ ≥ k, ∃e = (e , e) s.t. e ∈ Cr(0), ∣e∣ > 2r).

Edge probabilities are translation invariant and independent, and there are at

least k vertices in Cr(0), so we have a lower bound on the right-hand side,

Ppc(∣Cr(0)∣ ≥ k) (1 − Ppc(∄ e ∈ Qc2r s.t. {0, e} is open)k) .
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Observe that

Ppc(∄ e ∈ Q
c
2r s.t. {0, e} is open) =Ppc

⎛

⎝
⋂
x∈Q c

2r

{{0, x} is closed}
⎞

⎠

= ∏
x∈Q c

2r

(1 − pcD(x)) .
(4.2.2)

Now, since 1 − z ≤ e−z , we have

1 − Ppc(∄ e ∈ Q
c
2r s.t. {0, e} is open)

k

≥ 1 − exp
⎛

⎝
−kpc ∑

x∈Q c
2r

D(x)
⎞

⎠
≥ 1 − e−kpc ζ/(2r)

α

≥
kpcζ

2(2r)α
,

for all k < 2(2r)α/pcζ .

�us,

Ppc(0↔ Q
c
r ) ≥

ζk

(2r)α
Ppc(∣Cr(0)∣ ≥ k) for all k <

2(2r)α

pcζ
. (4.2.3)

All we need now is a lower bound on Ppc(∣Cr(0)∣ ≥ k).
Combining results of [13] and [81], it follows that there exist constants C1 ≥

c1 > 0 so that
c1
√
s
≤ Ppc(∣C(0)∣ ≥ s) ≤

C1
√
s

(4.2.4)

holds for long-range percolation when d > 3(2 ∧ α). Furthermore, we have

Ppc(∣Cr(0)∣ ≥ k) ≥ Ppc(∣C(0)∣ ≥ k) − Ppc(∣C(0)∣ ≥ k, ∣Cr(0)∣ < k).
To bound the �rst term on the right-hand side we use (4.2.4). For the second

term we need an upper bound. Given that ∣Cr(0)∣ < k, for ∣C(0)∣≥ k to hold as
well, it is necessary that there exists at least one open edge that is longer than

r with at least one endpoint in Cr(0).�us,

Ppc(∣C(0)∣ ≥ k, ∣Cr(0)∣ < k)
≤ Ppc(∣Cr(0)∣ < k, ∃e = {e , e} with e ∈ Cr(0) s.t. ∣e∣ > r, e open).

�e probability of having such an edge only depends on ∣Cr(0)∣, the number of
possible endpoints for this edge. Hence, we can condition on the size of Cr(0)
and use translation invariance and independence of edges for an upper bound:

Ppc(∃e = {e , e} with e ∈ Cr(0) s.t. ∣e∣ > r, e open∣ ∣Cr(0)∣ < k)
× Ppc(∣Cr(0)∣ < k)

≤
k−1
∑
s=1
s Ppc(∃v ∈ Q

c
r s.t. {0, v} open)Ppc(∣Cr(0)∣ = s). (4.2.5)
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Similar to (4.2.2) we have that

Ppc(∃v ∈ Q
c
r s.t. {0, v} open) =1 − ∏

x∈Q cr
(1 − pcD(x))

≤ ∑
x∈Q cr

pcD(x) ≤ pc ξr
−α
,

where the �rst bound follows by a simple induction argument and the second

bound follows by (4.2.1). We apply the lower bound in (4.2.1) to (4.2.5) to get

the upper bound

pc ξr
−α

k−1
∑
s=1
Ppc(∣Cr(0)∣ ≥ s) ≤pc ξr−α

k−1
∑
s=1
Ppc(∣C(0)∣ ≥ s)

≤pc ξr
−α

k−1
∑
s=1

C1
√
s
≤ C2

√
kr−α

where we used (4.2.4) in the second-to-last step. Applying the above bound to

(4.2.3) with k = ε2rα and some suitably small constant ε thus gives

Ppc(0↔ Q
c
r ) ≥

ζε2rα

(2r)α
Ppc(∣Cr(0)∣ ≥ ε2rα)

≥
ζε2

2α
(
c1

εrα/2
−
C2ε

rα/2
) ≥

c′

rα/2
,

(4.2.6)

completing the proof for α ∈ (0, 4].

To prove the theorem for α > 4, that is, to establish Ppc(0↔ Q
c
r ) ≥ c/r

2, we

use the second moment method. Fix n large, and de�ne

Nr,nr ≡ #{x ∶ x ∈ Qnr ∖ Qr and 0↔ x}.

�en,

Ppc(0↔ Q
c
r ) ≥ Ppc(Nr,nr ≥ 1).

By the second moment method, we have

Ppc(Nr,nr ≥ 1) ≥
Epc [Nr,nr]

2

Epc [N
2
r,nr]

.

We can write

Nr,nr = ∣Qnr ∩ C(0)∣ − ∣Qr ∩ C(0)∣.
By�eorem 4.1, when n is large enough,

Epc [Nr,nr] =Epc [∣Qnr ∩ C(0)∣] − Epc [∣Qr ∩ C(0)∣]
≥c3(nr)

2 − C4r
2 ≥ c5r

2
.
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We can write N2r,nr as

N2r,nr = #{pairs x , y ∶ x , y ∈ Qnr ∖ Qr and 0↔ x , 0↔ y}.

Obviously,

N2r,nr ≤ #{triplets x , y, z ∶ x , y ∈ Qnr ∖ Qr , z ∈ Z
d

and {0↔ z} ○ {z↔ x} ○ {z↔ y}}.

Using the BK-inequality and techniques similar to those used in the proof of

�eorem 4.1, we can show

Epc [N
2
r,nr] ≤ ∑

x ,y∈Qnr
∑
z∈Zd

τpc(z)τpc(x − z)τpc(y − z) ≤ C6r
6
.

(In particular, �rst bound the sum over y for �xed x , z and then bound the

remaining sum in the same way as was done in Section 4.1.3.1.)

Hence, it follows that

Ppc(0↔ Q
c
r ) ≥

c5r
4

C6r6
≥
c′′

r2
. (4.2.7)

Finally, we combine the bounds (4.2.6) and (4.2.7).�is yields

Ppc(0↔ Q
c
r ) ≥ max{

c′

rα/2
,
c′′

r2
} ≥

c

r(4∧α)/2 ,

completing the proof.



5
CONVERGENCE OF THE I IC BACKBONE

In the coming three chapters we prove�eorem 1.13 which states that the scal-

ing limit of the backbone of the iic corresponds to the path traced out by the

immortal particle of icsbm. In particular, we show that the scaling limit of the

iic backbone is a Brownian motion for �nite-variance models,1 while it is a

stable motion for in�nite-variance models. We also prove several other prop-

erties of the backbone.

�roughout the coming three chapters our standing assumption is that As-

sumptions C, D, and E hold (see page 49).

In Chapter 5 we will state the main results and give an outline of the proof.

�en, in Chapter 6 we perform a lace expansion and we give some technical

bounds on the resulting equations. In Chapter 7 we use these technical bounds

to complete the proof of�eorem 1.13. Finally, we give the diagrammatic esti-

mates that are needed (but not proved) in Chapter 6 in Appendix B.

5.1 main results

Recall the stochastic process Sn de�ned on page 34, i.e., the process

Sn ≡ en (1.3.2)

for the lattice position of the top of the nth backbone pivotal edge en (with the

convention that S0 = e0 ≡ 0). We de�ne the scaling function as

fα(n) ≡

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

(vαn)
−1/(2∧α) if α ≠ 2,

(v2n log n)
−1/2 if α = 2.

(5.1.1)

We can then restate the de�nition of the stochastic process Xn (as given by

(1.3.3) on page 35) as follows:

Xn(t) = fα(n) S⌈nt⌉, t ≥ 0. (5.1.2)

�e results of this part apply to the iic, but they also apply to critical perco-

lation. We need a few de�nitions to state these results for critical percolation.

Recall the meaning of pivotal from De�nition 2.3(iii) on page 54. For every

1 See page 51 for the de�nition of �nite- and in�nite-variance models.
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n ≥ 1, we de�ne a probability measure on marked con�gurations, i.e., on the

set of pairs (ω, x) (where ω is a percolation con�guration and x ∈ Zd), by

E∗pc ,n[F] ≡
Epc[∑x∈Zd F(⋅, x)1{0↔x with n − 1 occupied pivotal edges}]

Epc[∑x∈Zd 1{0↔x with n − 1 occupied pivotal edges}]
(5.1.3)

for every non-negative measurable function F = F(ω, x). We write x∗ for the
distinguished vertex under P∗pc ,n (but note that x∗ is a random variable with
respect to P∗pc ,n). Under this measure, we let S

′
0 = 0, and S

′
1 , S

′
2, . . . , S

′
n−1 be the

top of the ith pivotal edge for the event {0 ↔ x∗}, and S′n = x∗.�is de�nes
the random process (S′i)

n

i=1.

Let Yn be the rescaled version of (S
′
i)
n

i=1,

Yn(t) ≡ fα(n) S
′
⌈nt⌉, t ∈ [0, 1]. (5.1.4)

We now give a general version of�eorem 1.13. Let (B(2)

t , t ≥ 0) be a stan-

dard d-dimensional Brownian motion, and for α ∈ (0, 2) let (B(α)

t , t ≥ 0)

be a symmetric stable process with characteristic function E[exp(iλB(α)

1 )] =

exp{−∣λ∣α} for λ ∈ R.

¦ Theorem 5.1 [Backbone scaling limit]. Consider a nearest-neighbor model

in su�ciently high dimension, or a �nite-range spread-out model in dimension

d > 6 with a su�ciently large spread-out parameter L, or a power-law spread-

out model in dimension d > 3(2 ∧ α) with L su�ciently large.�en, there exists

Kα > 0 (depending on d , α, L) such that the following convergences in distribu-

tion hold as n → ∞ in the space of right-continuous functions with le� limits,

respectively D([0,∞),Rd) and D([0, 1],Rd), endowed with the Skorokhod J1
topology:2

Xn ⇒ (Kα)
1

2∧α B(2∧α) and Yn ⇒ (Kα)
1

2∧α B(2∧α)
. (5.1.5)

�e proof is similar in spirit to the proof of [80,�eorem 1.5], where it is

shown that long-range self-avoiding walk has a similar scaling limit for d >

2(2∧α). In particular, both proofs use a lace expansion.�e lace expansion in

this chapter takes the displacement along the backbone-pivotals into account.

2 �e J1 topology is the topology on D([0, T],R
d
) with T ∈ (0,∞) that is induced by the Sko-

rokhod metric

d J1( f , g) ≡ inf
λ∈Λ

{∥ f ○ λ − g∥ ∨ ∥λ − I∥},

where ∥ ⋅ ∥ is the uniform norm, I is the identity map on [0, T] and Λ is the set of all strictly

increasing functions that map [0, T] onto itself. Intuitively, two functions f and g are close in

J1 when there are only small di�erences in both their parametrization and their graphs.
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�is approach makes it possible to analyze the resulting equations in a similar

way as was done for self-avoiding walk.

�e condition of�eorem 5.1 is that d or L is ‘su�ciently large’. Recall that

this implies that the mean-�eld parameter β (as de�ned in (2.2.8) on page 50)

is small, and recall that β can bemade arbitrarily small by increasing d or L. In

Section 6.2 we use the lace expansion to establish bounds on certain quantities

in terms of power series in β. A small β ensures that these series converge.

�eorem 5.1 shows that the set of pivotal edges of the iic backbone is close to

the image of a Brownian or α-stable motion when properly renormalized. It is

natural to ask whether the geometry of the entire backbone is well-captured by

the pivotal edges. Let Bn be the set of vertices of Zd that are in the backbone,
and that are separated from the origin by at most n backbone pivotal edges.

With this de�nition, the increasing union B∞ of all the sets Bn , n ≥ 0 is the

set of vertices of the backbone. For n ≥ 1, we also let Sn = Bn ∖ Bn−1, and
let S0 = B0.�e set Sn can be viewed as the vertex set of the subgraph that
is induced by the nth “sausage” of the backbone.�e sausages are the doubly-

connected graphs ofBb (in the sense that removing any one of its edges cannot
disconnect the graph). Note that Sn could be just a single vertex.
We let K be the set of non-empty compact subsets of Rd .�e Hausdor�

distance dH between two subsets A,A
′ ⊆ Rd is given by

dH(A,A
′) = sup

x∈A
d(x ,A′) ∨ sup

x′∈A′
d(x′,A) ,

where d(x ,A′) = inf x′∈A′ ∣x − x
′∣. �e space (K, dH) is a complete, locally

compact metric space [27].

In the remainder of the introduction, we are going to work under an extra

hypothesis. We believe that this hypothesis is true in general, but we have only

been able to prove it in certain cases (�nite-range models are one such case).

Under this hypothesis we can prove that the sausages are uniformly small in

the scale fα(n), so that compact subsets of the backbone are close – in the

Hausdor� sense – to the set of pivotals.

£HypothesisH. �ere exists a �nite constant C > 0 such that for every m ≥ 1,

max
∣x∣≤m

Ppc(∃y ∈ Z
d ∶ ∣y∣ > 2m, {0↔ y} ○ {x ↔ y}) ≤

C

m2(2∧α) . (5.1.6)

While we do not have a proof that shows that Hypothesis H holds under

the general assumptions used in this thesis, we prove it under slightly stronger

assumptions:

e Proposition 5.2 [Veri�cation of Hypothesis H]. Hypothesis H holds for

(i) �nite-range percolation under the strong triangle condition (2.2.9);

(ii) long-range percolation under the assumption that d > 4(2 ∧ α).
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¦Theorem 5.3 [Hausdor� convergence of the iic backbone]. AssumeHypoth-

esis H. Under the conditions of�eorem 5.1, and under the probability measure

PIIC, for every T ≥ 0, the following convergence in distribution holds in the space

(K, dH):
(Kα)

(2∧α) fα(n)B⌊nT⌋ ⇒ {B(2∧α)

t ∶ 0 ≤ t ≤ T}cl ,

where Acl is the closure of A ⊆ Rd .

Several variants of this result can be stated. For instance, we can think of

(S⌊nt⌋, t ≥ 0) and (B⌊nt⌋, t ≥ 0) as stochastic processes in the Skorokhod space
D([0,∞),K) endowed with the inherited Skorokhod J1 topology [51].

e Proposition 5.4. Assume Hypothesis H. Under the conditions of�eorem

5.1, and under the probability measure PIIC,

((Kα)
(2∧α) fα(n)S⌊nt⌋, t ≥ 0) ⇒ ({B(2∧α)

t }, t ≥ 0) ,

((Kα)
(2∧α) fα(n)B⌊nt⌋, t ≥ 0) ⇒ ({B(2∧α)

s ∶ 0 ≤ s ≤ t}cl, t ≥ 0) ,

in distribution in D([0,∞),K).

�is result is proved in Section 7.4.�eorem 5.3 follows as a corollary.

5.1.1 Further results

In this section, we state some results that are used in the proof of�eorem 5.1

and that are interesting in their own right as well.�e �rst such result is that

the �xed-time marginal distribution of the process Xn converges.

For x ∈ Zd , we de�ne the iic backbone two-point function by

ρn(x) ≡ PIIC(Sn = x), (5.1.7)

i.e., ρn is the probability mass function for the position of the top of the nth

backbone-pivotal. We study the two-point function with a �xed number of

pivotal edges,

τn(x) ≡ Ppc(0↔ x with n pivotal edges). (5.1.8)

For ρn and τn we prove the following:

¦ Theorem 5.5 [Weak convergence of end-to-end displacement]. De�ne the

sequence kn ≡ fα(n)k. Under the assumptions of�eorem 5.1, there exist con-

stants Kα ,A ∈ (0,∞) (all of these constants depend on d and D, and α) such

that the Fourier transforms of ρn and τn satisfy

ρ̂n(kn)→ exp{−Kα ∣k∣2∧α}, τ̂n(kn)→ Aexp{−Kα ∣k∣2∧α} (5.1.9)

as n →∞, uniformly in k ∈ Rd .
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�e constants that appear in this theorem are de�ned in terms of the lace-

expansion coe�cients: Kα is de�ned in (5.2.32), and A in (5.2.38) below.

�emean-r displacement along the iic backbone is de�ned as the rth spatial

moment of ρn(x).

¦ Theorem 5.6 [Mean-r displacement]. Under the assumptions of�eorem

5.1, for any r < (2 ∧ α),

⎛

⎝
∑
x∈Zd

∣x∣rρn(x)
⎞

⎠

1/r

≍
⎛

⎝
∑
x∈Zd

∣x∣rτn(x)
⎞

⎠

1/r

≍

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

n1/(2∧α), if α ≠ 2,

(n log n)1/2, if α = 2,

(5.1.10)

as n →∞.

Recently, Chen & Sakai [35] have shown that the same bounds as in (5.1.10)

hold for all r ∈ (0, α) for the mean-r displacement of long-range self-avoiding

walk and long-range oriented percolation. In their work, they also identify

leading-order constants and give bounds on the error terms.�e weaker state-

ment in�eorem 5.6 lets us prove tightness of the sequences Xn and Yn, and

thus su�ces for our purposes.

5.1.2 Overview

�is chapter and the next two are organized as follows. In Section 5.2 we give

an outline of the proof of our main result. In Section 6.1 we derive the lace

expansion for ρm(x) and τm(x), establishing (5.2.6) and (5.2.8). In Section

6.2 we prove moment estimates for the lace expansion coe�cients πm(x) and

ψm(x) (formulated in Propositions 6.5–6.8).�ese are the key estimates for

the remainder of this part of the thesis. In Section 7.1 we use these moment

estimates to prove Propositions 5.9 and 5.10, thus completing the proof of�e-

orem 5.5. In Section 7.2 we prove�eorem 5.6. In Section 7.3 we complete the

proof of�eorem 5.1 by proving Proposition 5.7 andProposition 5.8. In Section

7.4 we discuss convergence in path space and prove�eorem 5.3 and Proposi-

tion 5.2. Finally, in Appendix B we prove Propositions 6.5, 6.7 and Lemma 6.9.

5.2 outline of the proof of theorem 5.1

In this sectionwe give an overview of the proof of ourmain result,�eorem 5.1.

�e claim that the backbones of the iic and of large critical clusters converge in

distribution as a process is proved if we manage to prove that the process has

the following two properties: (1) its �nite-dimensional distributions converge,

and (2) the families {Yn}
∞
n=0 and {Xn}

∞
n=0 are tight. To prove that Xn converges
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in distribution in D([0,∞),Rd), it su�ces to prove that the restriction of Xn
to the interval [0, T] converges in distribution inD([0, T],Rd) for everyT > 0.

And by a simple scaling argument this is equivalent to proving the case where

T = 1.�erefore, we only consider the restriction of the process Xn to [0, 1]

from now on.

Convergence of �nite-dimensional distributions.

By convergence of �nite-dimensional distributionswemean that for everyN =

1, 2, 3, . . . , any 0 < t1 < ⋯ < tN ≤ 1, and any bounded continuous function

g∶ (Rd)N → R,

lim
n→∞

EIIC[g(Xn(t1), . . . , Xn(tN))] = E[g(B
(2∧α)(t1), . . . , B

(2∧α)(tN))].

(5.2.1)

If we have convergence of the characteristic functions, then convergence in

distribution follows, so it su�ces if we only consider functions g of the form

g(x1, . . . , xN) = exp{i k ⋅ (x1, . . . , xN)},

where k = (k(1), . . . , k(N)) ∈ RdN and xi ∈ R
d , i = 1, . . . ,N . �e problem

becomes easier still if we use the equivalent form

g(x1, . . . , xN) = exp{i k ⋅ (x1, x2 − x1, . . . , xN − xN−1)}.

For n = (n(1), . . . , n(N)) ∈ NN with n(1) < ⋅ ⋅ ⋅ < n(N), we de�ne

ρ̂(N)

n
(k) = EIIC[ exp{i

N

∑
j=1
k( j) ⋅ (Sn( j) − Sn( j−1))}] (5.2.2)

as the characteristic function of the increments of (Sn)n≥0, with n(0) = 0.�e

quantity τ̂(N)

n (k) is de�ned accordingly, with Sn replaced by S
′
n, and EIIC in

(5.2.1) replaced by E∗pc ,n.

e Proposition 5.7 [Finite-dimensional distributions]. Let N be a positive in-

teger, k(1), . . . , k(N) ∈ Rd , 0 = t(0) < t(1) < ⋅ ⋅ ⋅ < t(N) < 1. Denote

kn ≡(k
(1)

n , . . . , k
(N)

n ) = fα(n) (k
(1)
, . . . , k(N)), (5.2.3)

nt =(⌊nt(1)⌋, . . . , ⌊nt(N−1)⌋, ⌊nt(N)⌋). (5.2.4)

Under the conditions of�eorem 5.1,

lim
n→∞

ρ̂(N)

nt
(kn) = lim

n→∞
τ̂(N)

nt (kn)

τ̂nt(N)(0)
= exp{ − Kα

N

∑
j=1

∣k( j)∣2∧α (t( j) − t( j−1))}.

(5.2.5)
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We conclude that the �nite-dimensional distributions of the �nite-range

and long-range iic backbone converge to those of Brownian motion or of α-

stable Lévy motion, respectively.�is also proves that Brownian or α-stable

motion is the only possible scaling limit for the backbone process.

Tightness.

To prove that the sequences Xn and Yn converge in the space of càdlàg func-

tions, as we claimed in�eorem 5.1, we need to show that their �nite-dimen-

sional distributions converge (i.e., the previous proposition), but we also need

to show that Xn and Yn are tight. Using the moment estimates in�eorem 5.6

and a self-repellence property of Xn andYn (see Lemmas 6.1 and 6.4 below) we

can easily prove tightness. We prove the following statement in Section 7.3.2.

e Proposition 5.8. �e sequence Xn in (5.1.2) and the sequence Yn in (5.1.4)

are tight in D([0, 1],Rd).

Lace expansion.

Our proofs use a lace expansion of the form

ρn+1(x) = ψn+1(x) +
n

∑
m=0

(πm ∗ pcD ∗ ρn−m) (x) (5.2.6)

for certain lace expansion coe�cients πm(x),ψn(x). De�ne the two-point func-

tion

τp(x) = Pp(0↔ x). (5.2.7)

�e best-known lace expansion gives an expansion for τp(x) (cf. [21, 69]). So

far, almost all results for high-dimensional percolation have been proved with

this lace expansion. We derive (5.2.6) in Section 6.1. We also derive a lace ex-

pansion for the critical two-point function with a �xed number of pivotals in

Section 6.1, i.e., for τn as de�ned in (5.1.8).�is expansion reads

τn+1(x) = πn+1(x) +
n

∑
m=0

(πm ∗ pcD ∗ τn−m) (x). (5.2.8)

�e coe�cients πm(x) are the same as the ones appearing in (5.2.6).

We can use expansion (5.2.6) to prove�eorem 5.5. If we multiply (5.2.6) by

zn+1 and sum over n ≥ 0, then we get

Pz(x) =Ψz(x) + (zpcD ∗ Pz ∗Πz)(x), (5.2.9)

Tz(x) =Πz(x) + (zpcD ∗ Tz ∗Πz)(x), (5.2.10)
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where we de�ne

Pz(x) ≡
∞
∑
n=0

ρn(x)z
n
, Tz(x) ≡

∞
∑
n=0

τn(x)z
n

(5.2.11)

and

Πz(x) ≡
∞
∑
n=0

πn(x)z
n
, Ψz(x) ≡

∞
∑
n=0

ψn(x)z
n
. (5.2.12)

�e generating functions Pz(x) and Tz(x) are power-series in z. Since

∑
x

ρn(x) = 1

for all n ≥ 0,

∑
x

Pz(x) =
1

1 − z
. (5.2.13)

It follows that the radius of convergence zc of the power-series∑x Pz(x) equals

zc = 1. Furthermore, we can use (5.2.6) to identify

∑
x

Pz(x) =
∑x Ψz(x)

1 − zpc∑x Πz(x)
, (5.2.14)

and for Tz ,

∑
x

Tz(x) =
∑x Πz(x)

1 − zpc∑x Πz(x)
. (5.2.15)

When we compare (5.2.14) and (5.2.15) we can see that zc = 1 is also the radius

of convergence of∑x Tz(x). Note that this only holds if the Fourier transform

Ψ̂z(k) is uniformly bounded in z ≤ 1 and k ∈ R
d .�is turns out to be a simple

consequence of bounds that we prove later (see Proposition 6.8), but until the

end of this outline we simply assume this boundedness.

Analyzing the expansion for Pz.

We proceed by proving�eorem 5.5 subject to certain bounds on the lace-ex-

pansion coe�cients πn(x). We will state these bounds below. Our argument

is roughly the same as the arguments of [34] and [80, Section 2.1].�e main

di�erence is that we have to deal with the term Ψ̂z(k) in the numerator of

(5.2.17), which complicates the analysis.

Taking the Fourier transformation of (5.2.9) gives

P̂z(k) = Ψ̂z(k) + zpcD̂(k)Π̂z(k)P̂z(k) k ∈ [−π, π)d , (5.2.16)
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and this can be solved for P̂z(k) as

P̂z(k) =
Ψ̂z(k)

1 − zpcD̂(k)Π̂z(k)

=
Ψ̂1(0)

1 − zpcD̂(k)Π̂z(k)
−

Ψ̂1(0) − Ψ̂z(k)

1 − zpcD̂(k)Π̂z(k)
,

(5.2.17)

for all k ∈ [−π, π)d . Note that if we set z = 1 and k = 0 and we compare (5.2.17)

with (5.2.12) and (5.2.13), we get

1 = pcΠ̂1(0) = pc ∑
x∈Zd

∑
n∈N

πn(x). (5.2.18)

We rewrite the �rst denominator on the right-hand side of (5.2.17) as

1 − zpcD̂(k)Π̂z(k) = (1 − z)Â(k) + B̂(k) + Êz(k) (5.2.19)

with

Â(k) ≡ pcD̂(k) (Π̂1(k) + ∂zΠ̂z(k)∣z=1) , (5.2.20)

B̂(k) ≡ [1 − D̂(k)] + pcD̂(k) (Π̂1(0) − Π̂1(k)) , (5.2.21)

Êz(k) ≡ zpcD̂(k) (Π̂1(k) − Π̂z(k))

− (1 − z) pcD̂(k) ∂zΠ̂z(k)∣z=1, (5.2.22)

so that

P̂z(k) =
Ψ̂1(0)

(1 − z)Â(k) + B̂(k)
− Θ̂z(k), (5.2.23)

where

Θ̂z(k) =
Ψ̂1(0) Êz(k)

((1 − z)Â(k) + B̂(k))2
+

Ψ̂1(0) − Ψ̂z(k)

1 − zpcD̂(k)Π̂z(k)
. (5.2.24)

For the �rst (and main) term in (5.2.23) we write

Ψ̂1(0)

(1 − z)Â(k) + B̂(k)
=

Ψ̂1(0)

Â(k) + B̂(k)

∞
∑
n=0
zn (

Â(k)

Â(k) + B̂(k)
)

n

. (5.2.25)

�e geometric sum converges whenever z < (Â(k) + B̂(k))/Â(k) which ap-

proaches 1 as ∣k∣ → 0. For z < 1, we can write Θ̂z(k) as a power series in z as

well, i.e.,

Θ̂z(k) =
∞
∑
n=0

θ̂n(k) z
n
. (5.2.26)

In Section 7.1 we prove the following bound on the error term θ̂n:
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e Proposition 5.9 [Error bound for percolation lace expansion]. Under the

conditions of�eorem 5.1, there exist 0 < ε < 1 and N = N(ε) such that, for

n ≥ N, ∣θ̂n(k)∣ ≤ O(n−ε + ∣k∣ε log n) for all k ∈ [−π, π)d .

We prove this proposition in Section 7.1.

Recall that P̂z(k) = ∑
∞
n=0 ρ̂n(k)z

n, so Proposition 5.9 implies that there exist

0 < ε < 1 and N = N(ε) ≥ 0 such that for all n ≥ N and k ∈ Rd that satisfy

fα(n)k ≡ kn ∈ [−π, π)d , we have

ρ̂n(kn) =
Ψ̂1(0)

Â(kn) + B̂(kn)
(

Â(kn)

Â(kn) + B̂(kn)
)

n

+O (n−ε + ∣k∣ε log n) . (5.2.27)

To determine the values of these coe�cients, we proceed to study the small-

k behavior of the lace expansion coe�cients Ψ̂1(k) and Π̂1(k):

e Proposition 5.10. Under the conditions of�eorem 5.1,

lim
∣k∣→0

Π̂1(0) − Π̂1(k)

1 − D̂(k)
=

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1, if α ≤ 2;

(2dvα)
−1∑x∈Zd ∣x∣

2Π1(x), if α > 2.
(5.2.28)

�is proposition is proved in Section 7.1. By Proposition 5.10,

lim
∣k∣→0

B̂(k)

1 − D̂(k)
=

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1 + pc , if α ≤ 2;

1 + pc(2dvα)
−1∑x∈Zd ∣x∣

2Π1(x), if α > 2.
(5.2.29)

Observe that kn has been chosen such that

lim
n→∞

n[1 − D̂(kn)] = ∣k∣2∧α
. (5.2.30)

If a sequence hn converges to a limit h, then the sequence (1−hn/n)
n converges

to e−h. We apply this to (5.2.27) with

hn =
n B̂(kn)

Â(kn) + B̂(kn)

=n[1 − D̂(kn)]
B̂(kn)

1 − D̂(kn)

1

Â(kn) + B̂(kn)

n→∞
Ð→ Kα ∣k∣2∧α

,

(5.2.31)
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where

Kα ≡ lim
n→∞

(
B̂(kn)

1 − D̂(kn)
⋅

1

Â(kn) + B̂(kn)
)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 + pc
1 + pc∑x∈Zd ∑n∈N nπn(x)

, if α ≤ 2;

1 + pc(2dvα)
−1∑x∈Zd ∑n∈N ∣x∣2 πn(x)

1 + pc∑x∈Zd ∑n∈N nπn(x)
, if α > 2.

(5.2.32)

�is gives an explicit description of the constant Kα that was introduced in

�eorem 5.5. For a su�ciently large spread-out parameter L we can prove that

the sums on the right-hand side are �nite (see Section 6.3), so that 0 < Kα <∞

as soon as L is su�ciently large.

When we apply this result to (5.2.27) we get

lim
n→∞

ρ̂n(kn) =
Ψ̂1(0)

Â(0)
exp{−Kα ∣k∣2∧α} . (5.2.33)

Finally, if we set k = 0 in (5.2.33) and we use ρ̂n(0) = 1, we get Ψ̂1(0) = Â(0),

and so we have identi�ed the �rst limit in (5.1.9) subject to Propositions 5.9

and 5.10. Next we consider the limit behaviour of τ̂n.

Analyzing the expansion for Tz.

Taking the Fourier transformation of (5.2.9) we get

T̂z(k)
−1 =

1

Π̂z(k)
− zpcD̂(k). (5.2.34)

Recall that pcΠ̂1(0) = 1. Likewedid for P̂z(k), wewrite T̂(k)
−1 = (1−z)Â′(k)+

B̂′(k) + Ê′z(k) where

Â′(k) ≡ −∂z
⎛

⎝

1

Π̂z(k)
− zpcD̂(k)

⎞

⎠

RRRRRRRRRRRz=1

=
∂zΠ̂z(k)∣z=1

Π̂1(k)2
+ pcD̂(k), (5.2.35)

B̂′(k) ≡
1

Π̂1(k)
−

1

Π̂1(0)
+ pc[1 − D̂(k)], (5.2.36)

Ê′z(k) ≡ (
1

Π̂z(k)
−

1

Π̂1(k)
) + (1 − z)∂z

1

Π̂z(k)

RRRRRRRRRRRz=1
. (5.2.37)
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Nowwe repeat the analysis as for P̂z(k). Indeed, if we de�ne Θ̂
′
z(k) and θ̂′n(k)

analogous to (5.2.24) and (5.2.26), and if we follow the same steps as in the

proof of Proposition 5.9, then we can easily show that also ∣θ̂′n(k)∣ ≤ O(n−ε +

∣k∣ε log n) for some ε > 0. In particular, the bounds in Section 7.1 and the proof

of Lemma 7.1 require only minor modi�cations to yield the correct bounds, if

we replace Ψ̂ by Π̂, Â by Â′, B̂ by B̂′, and Êz by Ê′z . It follows that if we use
(5.2.18) and if we reason like in (5.2.25)–(5.2.33), we �nd that limn→∞ τ̂n(kn) =

Aexp{−Kα ∣k∣
2∧α} with

A = lim
∣k∣→0

1

Â′(k) + B̂′(k)
=

1

Â′(0)
=

1

p2c∑x∈Zd ∑n∈N n πn(x) + pc
(5.2.38)

and

Kα = lim
∣k∣→0

(
B̂′(k)

1 − D̂(k)
⋅

1

Â′(k) + B̂′(k)
)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 + pc
1 + pc∑x∈Zd ∑n∈N n πn(x)

, if α ≤ 2;

1 + pc(2dvα)
−1∑x∈Zd ∑n∈N ∣x∣2 πn(x)

1 + pc∑x∈Zd ∑n∈N n πn(x)
, if α > 2.

(5.2.39)

�e limit in (5.2.39) is equal to the limit in (5.2.32).



6
A ‘PROPER’ LACE EXPANS ION FOR PERCOLAT ION

In the �rst section of this chapter we derive the lace-expansion for percolation

that uses laces. In the second section we derive some technical bounds on the

lace-expansion coe�cients.

6.1 lace expansion for the backbone two-point function

In this section we derive the lace expansion for the backbone two-point func-

tion. Recall (5.1.8), and write τm(x , y) = τm(y − x). We prove the existence of

a family πl(x , y) (l ∈ N, x , y ∈ Z
d) such that

τm(x , y) = πm(x , y) +
m−1
∑
l=0
∑
b∈B

πl(x , b) p D(b)τm−l−1(b, y) (6.1.1)

for the coe�cients πl that are given in (6.1.34) and (6.1.35) below. We achieve

this goal by a lace expansion.�e lace expansion below is novel for percolation.

We can take the Fourier transform of (6.1.1) to get

τ̂m(k) = π̂m(k) +
m−1
∑
l=0

π̂m(k) p D̂(k) τ̂m−l−1(k). (6.1.2)

Equation (6.1.2) is the starting point of our analysis for the two-point function.

�is section is divided into three parts. In the �rst part (Section 6.1.1) we

rewrite the two-point function τm in such a way that we can expand it.�e

representation that we use is similar to that for self-avoiding walk, but is new

in the context of percolation. In the second part (Section 6.1.2), we use this

representation to derive the lace expansion for the two-point function using

the algebraic expansion that was �rst derived by Brydges & Spencer in [26]. In

the third part (Section 6.1.3) we adapt the argument to ρn.

6.1.1 �e fundamental rewrite of the two-point function

Recall that we write {x ⇔ y} when there exist two edge-disjoint paths of

occupied edges that connect x to y. We adopt the convention that {x⇔ x} is

113
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the full probability space. For x , y ∈ Zd , we write Piv(x , y) for the ordered list

of occupied and pivotal (directed) edges, i.e.,

Piv(x , y) ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(b1, b2, . . . , bm) if x⇔ b1, b1⇔ b2, . . . , bm⇔ y,

and b1,. . . ,bm are occupied;

( ) if x⇔ y;

∅ if x ↮ y.

(6.1.3)

Mind the di�erence between “()” (x and y are connected, but without any

pivotal edges) and “∅” (x and y are not connected). With this de�nition, we

partition τm according to the positions of the m pivotal edges,

τm(x , y) = ∑
b1 ,...,bm

Pp(Piv(x , y) = (b1, . . . , bm)), m ≥ 1, (6.1.4)

and τ0(x , y) = Pp(Piv(x , y) = ()).

Using De�nition 2.3 on page 54, we can write

{b1 �rst occ. and piv. for {x ↔ y}}

= {x⇔ b1 on C̃b1(x)} ∩ {b1 occupied} ∩ {b1 ↔ y o� C̃b1(x)}.
Furthermore, we have the following crucial identity:

{Piv(x , y) = (b1, . . . , bm)}

= {x⇔ b1 on C̃b1(x)} ∩ {b1 occupied}

∩ {Piv(b1, y) = (b2, . . . , bm) o� C̃b1(x)}.
Hence, we can rewrite

τm(x , y) = ∑
b1 ,...,bm

Pp({x⇔ b1 on C̃b1(x)}

∩ {b1 occupied} ∩ {Piv(b1, y) = (b2, . . . , bm) o� C̃b1(x)}). (6.1.5)
We continue to investigate probabilities on the right-hand side of (6.1.5). A

useful tool in this analysis is the Factorization Lemma 2.4 on page 55. Indeed,

the Factorization Lemma is the workhorse of our expansion.

By the Factorization Lemma we may rewrite (6.1.5) as

τm(x , y) = ∑
b1 ,...,bm

pD(b1)E0[1{x⇔b
1
on C̃b1(x)}

× P1(Piv(b1, y) = (b2, . . . , bm) o� C̃b10 (x))]. (6.1.6)
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We can replace the event {x ⇔ b1 on C̃b10 (x)} by the event {x ⇔ b1}, since

if {x⇔ b1} occurs, but {x⇔ b1 on C̃b10 (x)} doesn’t, then b1 ∈ C̃b10 (x). But if

this is the case, then

P1(Piv(b1, y) = (b2, . . . , bm) o� C̃b10 (x)) = 0.

�erefore,

τm(x , y) = ∑
b1 ,...,bm

pD(b1)E0[1{x⇔b
1
}

× P1(Piv(b1, y) = (b2, . . . , bm) o� C̃b10 (x))]. (6.1.7)

When m = 1, the situation simpli�es somewhat, because then Piv(b1, y) = ( ),

so that we can replace {Piv(b1, y) = (b2, . . . , bm)} by {Piv(b1, y) = ( )} =

{b1⇔ y}.

�e iteration.

�e probabilityP1(Piv(b1, y) = (b2, . . . , bm) o� C̃b10 (x)) is similar to the prob-

ability that we started with, P(Piv(x , y) = (b1, . . . , bm)), but the space is

smaller. We can continue by repeating the steps described above. We start

by generalizing the setting so we can iterate these steps. For any �xed subset

A ⊆ Zd we have

{Piv(x , y) = (b1, . . . , bm) o� A}

= {{x⇔ b1 o� A} on C̃b1(x)} ∩ {b1 occupied}

∩ {{Piv(b1, y) = (b2, . . . , bm) o� A} o� C̃b1(x)}.
By the Factorization Lemma,

P1(Piv(x , y) = (b1, . . . , bm) o� A)

= pD(b1)E0[1{{x⇔b
1
o� A} on C̃b1(x)}

× P1({Piv(b1, y) = (b2, . . . , bm) o� A} o� C̃b10 (x))].

Again, we can replace 1{{x⇔b
1
o� A} on C̃b1(x)} by 1{x⇔b

1
o� A} to arrive at

P1(Piv(x , y) = (b1, . . . , bm) o� A)

= pD(b1)E0[1{x⇔b
1
o� A}

× P1({Piv(b1, y) = (b2, . . . , bm) o� A} o� C̃b10 (x))].
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Furthermore, by (2.4.7),

{{Piv(b1, y) = (b2, . . . , bm) o� A} o� C̃b10 (x)}

= {Piv(b1, y) = (b2, . . . , bm) o� A∪ C̃b10 (x)}.

As a result, we get

τm(x , y) = ∑
b1 ,...,bm

pD(b1)pD(b2)E0[1{x⇔b
1
}E1[1{b1⇔b2 o� C̃

b1
0
(x)}

× P2(Piv(b2, y) = (b3, . . . , bm) o� C̃b10 (x) ∪ C̃b21 (b1))]], (6.1.8)

where, when m = 2, we must replace {Piv(b2, y) = (b3, . . . , bm) o� C̃b10 (x) ∪

C̃b21 (b1)} by {b2⇔ y o� C̃b10 (x) ∪ C̃b21 (b1)}.

�e expansion for τm follows when we repeat the above steps m times. To

make this precise we need some additional notation. Let b0 = x and bm+1 = y,
and for j = 0, . . . ,m write

C̃ j ≡ C̃b j+1j (b j) and C̃[s , j] ≡
j

⋃
i=s

C̃i

where [a, b] in the above de�nition means the set of integers {z ∈ Z ∣ a ≤ z ≤

b}). We get

τm(x , y) = ∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]E0[1{x⇔b

1
}E1[1{b1⇔b2 o� C̃1}0

×⋯ × Em−1[1{bm−1⇔bm o� C̃[0,m−1]}m−2
Pm(bm⇔ y o� C̃[0,m−1])]⋯]]. (6.1.9)

Let P⊗[0,m] be the product measure P0 ⊗⋯⊗ Pm. We append a subscript i to

an event to indicate that it is an event of the ith copy of the percolation model.

Fubini’s�eorem then allows us to rewrite (6.1.9) as

τm(x , y) = ∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]E

⊗[0,m][
m

∏
i=0

1{b i⇔b i+1 o� C̃[0, i−1]}i
], (6.1.10)

where b0 = x , bm+1 = y, and, by convention, C̃[0,−1] = ∅.

Equation (6.1.10) is the fundamental rewrite of the two-point function with

a �xed number of pivotals. It is the basis of the lace expansion.
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Self-repellence in percolation.

In the following lemma we state a powerful consequence of (6.1.10):

E Lemma 6.1 [Self-repellence]. For every x ∈ Zd , m ≥ 1, and s = 0, . . . ,m − 1,

τm(x) ≤∑
b

τs(b) pD(b) τm−s−1(x − b) = (τs ∗ pD ∗ τm−s−1)(x). (6.1.11)

Furthermore, writing S x
[i , j](y) = Bxj ∖Bxi−1 for the subset of C(y) that consists of

the vertices between the ith and jth pivotal for y ↔ x, for any increasing event

E and all 0 ≤ i ≤ j ≤ n,

Pp(0↔ x with n pivotals, E on S x[i , j](0))
≤∑
y,z

(pD ∗ τi−1)(y)Pp(y↔ z with i − j − 1 pivotals, E on S z[0, i− j](y))

× (pD ∗ τn− j−2)(x − y). (6.1.12)

We will use this lemma in Section 7.3.2 and the proof of Lemma 7.3 below.

�e bound (6.1.11) gives a kind of self-repellence that is also present in (and

highly useful for) self-avoiding walk.

Proof. Since C̃[s , i−1] ⊆ C̃[0, i−1] for any s = 0, 1, . . . , i − 1, and since {x⇔ y} is an

increasing event, we get

1{b i⇔b i+1 o� C̃[0, i−1]}i
≤ 1{b i⇔b i+1 o� C̃[s+1, i−1]}i

.

�us, using (6.1.10),

τm(x , y) ≤ ∑
b1 ,...,bm

m

∏
i=1
pD(bi)E

⊗[0,m][
s

∏
i=0

1{b i⇔b i+1 o� C̃[0, i−1]}i

×
m

∏
j=s+1

1{b j⇔b j+1 o� C̃[s+1, j−1]} j
], (6.1.13)

where, by convention, C̃[s+1,s] = ∅. Furthermore, the product

s

∏
i=0

1{b i⇔b i+1 o� C̃[0, i−1]}i
(6.1.14)

only depends on the occupation statuses of edges described by P0 ⊗ ⋯ ⊗ Ps,

while
m

∏
j=s+1

1{b j⇔b j+1 o� C̃[s+1, j−1]} j
(6.1.15)
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only depends on the occupation statuses of edges described by Ps+1⊗⋯⊗Pm.

Hence, the expectation factorizes and (6.1.11) follows.

�e proof of (6.1.12) is similar to that of (6.1.11) if we rewrite the function on

the le�-hand side of (6.1.12) in the sameway as we rewrote τm in the preceding

paragraphs. But we need to keep inmind that wemay only rewrite the �rst i−1

and the last n − j − 1 sausages, since sausages i through j are a�ected by the

event {E on S x
[i , j](0)}.

Introducing pair interactions.

We proceed with our expansion of τm. Consider a set of �xed edges e1,. . . , em
and i ∈ {1, . . . ,m}. We write

1{e i⇔e i+1 o� C̃[0, i−1]}i = 1{e i⇔e i+1}i(1 − 1{e i⇔e i+1 o� C̃[0, i−1]}ci
),

and de�ne, for s < i,

Usi = 1{e i⇔e i+1 o� C̃[s , i−1]}ci1{e i⇔e i+1 o� C̃[s+1, i−1]}i .

�e following claim brings us to the heart of the expansion:

\ Claim 6.2. Upon the event {e i⇔ e i+1},

1{e i⇔e i+1 o� C̃[0, i−1]}i = 1 − 1{e i⇔e i+1 o� C̃[0, i−1]}ci = ∏
0≤s≤i−1

(1 −Usi). (6.1.16)

Proof. For �xed i ∈ {0, . . . ,m}, the event

Fs ≡ {e i⇔ e i+1 o� C̃[s,i−1]}i

is increasing in s. Hence,

Usi = 1F cs ∩Fs+1 = 1Fs+1 − 1Fs ,

and so, on the event {e i⇔ e i+1},

i−1
∑
s=0
Usi = 1Fi − 1F0 = 1{e i⇔e i+1 o� ∅}i − 1{e i⇔e i+1 o� C̃[0, i−1]}i

= 1{e i⇔e i+1}i − 1{e i⇔e i+1 o� C̃[0, i−1]}i
= 1{e i⇔e i+1 o� C̃[0, i−1]}ci .

�is, together with the fact that UsiUs′ i = 0 whenever s ≠ s
′, implies the claim.
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Claim 6.2 implies that

1{b i⇔b i+1 o� C̃[0, i−1]}i
= 1{b i⇔b i+1}i ∏

0≤s≤i−1
(1 −Usi), (6.1.17)

so it follows that

m

∏
i=0

1{b i⇔b i+1 o� C̃[0, i−1]}i
=
m

∏
i=0

1{b i⇔b i+1}i ∏
0≤s<t≤m

(1 −Ust).

If we substitute the above identity into (6.1.10) then we get

τm(x , y) = ∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]E

⊗[0,m][
m

∏
i=0

1{b i⇔b i+1}i ∏
0≤s<t≤m

(1 −Ust)].

(6.1.18)

�e above expression of the two-point function τm is very similar to the ex-

pression that you get when you do a lace expansion for self-avoiding walk. In

particular, the presence of the pair-interaction term

K[a, b](ω) = ∏
a≤s<t≤b

(1 −Ust(ω)), (6.1.19)

together with the independence between the di�erent probability distributions

in (6.1.10), means that we can use the same, standard expansion for K[a, b]

that also works for self-avoiding walk in high dimensions. We recall this ex-

pansion – originally due to Brydges & Spencer [26] – in the next subsection.

�e expansion below is also similar to the expansion for lattice trees and lattice

animals as �rst performed in [70].

6.1.2 �e algebraic expansion

In this sectionwede�ne the lace expansion coe�cients πm(x) andprove (6.1.2).

We start by rewriting (6.1.18) in terms of K[a, b], to get

τn(0, x) = ∑
b1 ,...,bn

[
n

∏
i=1
pD(bi)]E

⊗[0,n][
n

∏
i=0

1{b i⇔b i+1}i
K[0, n](ω)], (6.1.20)

where, under the measure P⊗[0,n], the con�gurations (ω0, . . . ,ωn) are indepen-

dent. (Here and throughout we will adopt the conventions that the empty sum

equals 0, and that the empty product equals 1.)

�e lace expansion is most easily described in terms of graphs, as we now

explain.
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O Definition 6.3 [Graphs and laces]. Given an interval I = [a, b] of integers

with 0 ≤ a ≤ b, we refer to a pair {s, t} of integers in I with s < t as an edge. To

simplify notation, we write st for {s, t}. A set of edges is called a graph. A graph

Γ on [a, b] is said to be connected if both a and b are endpoints of edges in Γ

and if, in addition, for any c ∈ [a, b] there is an edge st ∈ Γ such that s ≤ c ≤ t.

We writeM[a, b] for the set of all graphs on [a, b], and we write G[a, b] for

the set of all connected graphs on [a, b].

A lace is a minimally connected graph, i.e., a connected graph that would not

be a connected graph if any of its edges would be removed.�e set of laces on

[a, b] is denoted by L[a, b].

�is notion of connectivity is slightly weaker than the notion used for self-

avoiding walks in [26], but it corresponds to the one used for lattice trees and

lattice animals in [70].

�e expansion is crucially based on the expansion of large products. In gen-

eral, for any �nite set of indices I , and any gi , hi ∈ R (i ∈ I), we have the
following identity:

∏
i∈I

(gi + hi) =∑
I⊆I
∏
i∈I
gi ∏
j∈I/I

hi . (6.1.21)

Applying this formula with I =M[a, b], gst = −Ust(ω), hst = 1, we get

K[a, b](ω) = ∑
Γ∈M[a,b]

∏
st∈Γ

(−Ust(ω)). (6.1.22)

For 0 ≤ a < b, we de�ne an analogous quantity, where the sum over graphs

is restricted to connected graphs, namely,

J[a, b](ω) = ∑
Γ∈G[a,b]

∏
st∈Γ

(−Ust(ω)). (6.1.23)

From now on we will not write ω if it is not needed for the argument. We

claim that

K[0, n + 1] = K[1, n + 1] + J[0, n + 1] +
n

∑
m=1
J[0,m]K[m + 1, n + 1]. (6.1.24)

To prove (6.1.24), we note from (6.1.22) that the contribution toK[0, n+1] from

all graphs Γ forwhich 0 is not in an edge is exactlyK[1, n+1].�e resummation

of the contributions from the remaining graphs goes as follows.

When Γ contains an edge ending at 0, we write m(Γ) for the largest value

of m such that the set of edges in Γ with at least one end in the interval [0,m]

forms a connected graph on [0,m].Whenm = n+1, resummation over graphs



6.1 lace expansion for the backbone two-point function 121

on [0, n + 1] gives J[0, n + 1]. When m ≤ n, resummation over graphs on

[m + 1, n + 1] gives

K[0, n + 1] = K[1, n + 1] + J[0, n + 1] +
n

∑
m=1

∑
Γ∈G[0,m]

∏
st∈Γ

(−Ust)K[m + 1, n + 1].

(6.1.25)

�is, together with (6.1.23), proves (6.1.24).

De�ne, for m ≥ 1,

πm(x) = ∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]E

⊗[0,m][
m

∏
i=0

1{b i⇔b i+1}i
J[0,m](ω)], (6.1.26)

and

π0(x) = P(0⇔ x).

Inserting (6.1.24) into (6.1.20) gives (6.1.1) with coe�cients πm(x) as de�ned

above if we factorize the expectation over ω. We can factorize the expectation

because (ω0, . . . ,ωs) and (ωs+1, . . . ,ωm) are independent for all s ∈ [0,m− 1]

under the measure P⊗[0,m].�e quantity πm(x) is sometimes called the irre-

ducible two-point function.

We continue by rewriting πm(x) in a more convenient form using laces.

Given a connected graph Γ, we can associate a unique lace LΓ to Γ:�e lace
LΓ consists of edges s1t1, s2t2, . . ., with t1, s1, t2, s2, . . . determined, in that order,
by

t1 = max{t ∶ at ∈ Γ}, s1 = a, (6.1.27)

ti+1 = max{t ∶ ∃s ≤ ti such that st ∈ Γ}, si+1 = min{s ∶ sti+1 ∈ Γ}. (6.1.28)

Given a lace L, the set of all edges st ∉ L such that LL∪{st} = L is denoted

Comp(L). We say of an edge in Comp(L) that it is compatible with L.

Note the following equivalence:

LΓ = L ⇐⇒ Γ ∖ L ⊆ Comp(L). (6.1.29)

�is equivalence is due to the fact that we get the lace LΓ by checking maxima
and minima criteria. Moreover, LΓ = L is equivalent to the statement that an
edge that is not in L is never chosen in (6.1.27) and (6.1.28), so it su�ces to

check each of the edges individually.

Using (6.1.29), we resum the right-hand side of (6.1.23) partially, to get

J[a, b] = ∑
L∈L[a,b]

∑
Γ∶LΓ=L

∏
st∈L

(−Ust) ∏
s′ t′∈Γ/L

(−Us′ t′)

= ∑
L∈L[a,b]

∏
st∈L

(−Ust) ∑
C⊆Comp(L)

∏
s′ t′∈C

(−Us′ t′). (6.1.30)
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In the next step we factor the sum over compatible edges using (6.1.21),

∑
C⊆Comp(L)

∏
s′ t′∈C

(−Us′ t′) = ∏
s′ t′∈Comp(L)

(1 −Us′ t′),

so that �nally

J[a, b] = ∑
L∈L[a,b]

∏
st∈L

(−Ust) ∏
s′ t′∈Comp(L)

(1 −Us′ t′). (6.1.31)

We see that the interaction is restored along the compatible edges.We �nally

identify π
(N)

m . For 0 ≤ a < b, we de�ne J
(N)[a, b] as the contribution to (6.1.30)

that comes from laces that consist of exactly N edges, i.e.,

J(N)[a, b] = ∑
L∈L(N)[a,b]

∏
st∈L
Ust ∏

s′ t′∈Comp(L)
(1 −Us′ t′), N ≥ 1, (6.1.32)

where L(N)[a, b] is the set of laces that consist of precisely N edges.�en

J[a, b] =
∞
∑
N=1

(−1)N J(N)[a, b]. (6.1.33)

Hence by (6.1.26), for m ≥ 0,

πm(x) =
∞
∑
N=0

(−1)Nπ(N)

m (x), (6.1.34)

where we de�ne (using the convention that b0 = 0 and bm+1 = x)

π(N)

m (x) = ∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]E

⊗[0,m][
m

∏
i=0

1{b i⇔b i+1}i
J(N)[0,m]],

= ∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]E

⊗[0,m][
m

∏
i=0

1{b i⇔b i+1}i

× ∑
L∈L(N)[0,m]

∏
st∈L
Ust ∏

s′ t′∈Comp(L)
(1 −Us′ t′)]

(6.1.35)

for m ≥ 1 and

π
(N)

0 (x) = δ0,N Pp(0⇔ x). (6.1.36)

�is completes the algebraic derivation of the lace expansion for τm(x), proves

(6.1.1) and identi�es πm(x).
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6.1.3 �e expansion for ρn(x)

We can extend the above expansion to an expansion for ρn(x) and thus prove

(5.2.6). Recall the notion of backbone-pivotal edges from Section 5.1. A problem

arises because the construction of the iic (see (1.2.5)) applies to events that

depend on �nitely many edges, but the event {edge b is backbone-pivotal} is

not of that type. Nevertheless, Lemma 3.12 on page 77 establishes for any n ∈ N

and edges {b1, . . . , bn} ⊂ B that

PIIC(b1, . . . , bn �rst n backbone-pivotals)

= lim
p↗pc

1

χ(p)
∑
y∈Zd

Pp(b1, . . . , bn �rst n pivotals for 0↔ y, 0↔ y). (6.1.37)

By following the arguments leading to (6.1.18) we get

Pp(b1, . . . , bn �rst n pivotals for 0↔ y, 0↔ y)

= [
n

∏
i=1
pD(bi)]E

⊗[0,n+1]

p [1{bn↔y o� C̃[0,n]}n+1

×
n

∏
i=0

1{b i⇔b i+1}i ∏
0≤s<t≤n

(1 −Ust)]. (6.1.38)

�e main di�erence between this equation and (6.1.18) is that here we have

a factor 1{bn↔y o� C̃[0,n]}n+1 present.�is factor is here because we need a con-
nection to y.We bound1{bn↔y o� C̃[0,n]}n+1 from above by1{bn↔y}n+1 and apply

the resulting independence to get that

Pp(b1, . . . , bn �rst n pivotals for 0↔ y, 0↔ y)

≤ [
n

∏
i=1
pD(bi)]E

⊗[0,n+1]

p [
n

∏
i=0

1{b i⇔b i+1}i ∏
0≤s<t≤n

(1 −Ust)]τp(bn , y). (6.1.39)

Once we substitute the right-hand into (6.1.37) we can use the dominated con-

vergence theorem to conclude

ρn(x) ≤ pc τn−1(x). (6.1.40)

�is bound is useful because it lets us derive results for ρn(x) from results for

τn−1(x) (see for instance the proof of�eorem 5.6).
Before we complete the expansion, we investigate the self-repellence of the

iic backbone.
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E Lemma 6.4 [Self-repellence for backbone-pivotal edges]. For every xi ∈ Z
d ,

0 ≤ n1 < n2 < . . . < nl ,

PIIC(Sn1 = x1, Sn2 = x2, . . . , Sn` = x`)

≤ τn1(x1)
`

∏
i=2

(pcD ∗ τn i−n i−1−1)(xi − xi−1). (6.1.41)

�e proof is performed by �rst applying Lemma 3.11 (on page 74) and then

applying (6.1.12) iteratively.�is is straightforward, so we omit the details of

this proof. We will use this lemma crucially in Section 7.3.2, when we prove

tightness of the sequence Xn.

We proceed with the expansion of ρn(x), by rewriting 1{bn↔y o� C̃[0,n]}n+1 as

1{bn↔y o� C̃[0,n]}n+1 = 1{bn↔y}n+1(1 − 1{bn↔y o� C̃[0,n]}c[n+1]
).

De�ne

Vi ,n+1 = 1{bn↔y o� C̃[i ,n]}c[n+1]
1{bn↔y o� C̃[i+1,n]}n+1 . (6.1.42)

Similar to (6.1.16),

1 − 1{bn↔y o� C̃≤n}c
[n+1]

= ∏
0≤s≤n

(1 − Vi ,n+1). (6.1.43)

De�ne

KV[0, n + 1] = K[0, n] ∏
0≤s≤n

(1 − Vi ,n+1) = ∏
0≤s<t≤n+1

(1 − Vst),

where for t ≤ n we de�ne Vst = Ust . Let

ρp,n(x) =
1

χ(p)
∑
y∈Zd

∑
b1 ,...,bn ∶bn=x

Pp
⎛

⎝

b1, . . . , bn are the �rst n

pivotals for 0↔ y, 0↔ y

⎞

⎠
.

�en, the above rewrites yield

ρp,n(x) =
1

χ(p)
∑
y∈Zd

∑
b1 ,...,bn ∶bn=x

[
n

∏
i=1
pD(bi)]

× E⊗[0,n+1]

p [1{bn↔y}n+1

m

∏
i=0

1{b i⇔b i+1}i
KV[0, n + 1]].

Now we are ready to complete the expansion for ρn(x). Similar to (6.1.24),

we get

KV[0, n+1] = KV[1, n+1]+ JV[0, n+1]+
n

∑
m=1
JV[0,m]KV[m+1, n+1]. (6.1.44)
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Now, since Vst = Ust when t ≤ n, we get that JV[0,m] = J[0,m] for m ≤

n.�is leads to (5.2.6), where πm(x) is indeed the same coe�cient that was

determined in the expansion of τn, while

ψp,n(x) =
1

χ(p)
∑
y∈Zd

∑
b1 ,...,bn ∶bn=x

[
n

∏
i=1
pD(bi)]

× E⊗[0,n+1]

p [1{bn↔y}n+1

n

∏
i=0

1{b i⇔b i+1}i
JV[0, n + 1]].

De�ne the translation Trz ∶Z
d → Zd by the operation y ↦ y + z and de�ne

P
⊗[0,n+1]

IIC,bn
= P⊗[0,n]

pc ⊗(PIIC○Tr−bn)with corresponding expectation E
⊗[0,n+1]

IIC,bn
.�en,

in the limit p↗ pc ,

ρn(x) = ∑
b1 ,...,bn ∶bn=x

[
n

∏
i=1
pcD(bi)]E

⊗[0,n+1]

IIC,bn
[
n

∏
i=0

1{b i⇔b i+1}i
KV[0, n + 1]]

(6.1.45)

and

ψn(x) = ∑
b1 ,...,bn ∶bn=x

[
n

∏
i=1
pcD(bi)]E

⊗[0,n+1]

IIC,bn
[
n

∏
i=0

1{b i⇔b i+1}i
JV[0, n + 1]],

(6.1.46)

where, in the de�nition of Vi ,n+1 in (6.1.42), we must replace y by∞.�us, the
terms KV[0, n + 1] and JV[0, n + 1] enforce that the connection from {bn ↔

∞} that is present PIIC-a.s. occurs o� C̃[0,n].�is completes the derivation of
(5.2.6), and identi�es ψn(x).

6.2 bounds on the lace-expansion coefficients

�is section consists of two parts: in the �rst part we determine bounds on the

lace-expansion coe�cients.�ese bounds will be in terms of convolutions of

simpler functions, such as D(x) and τ(x).�ey have a simple, diagrammatic

representation and in the literature they are hence known as diagrammatic

bounds. In the second part we will use these bounds to derive technical results

that are needed in the sections that follow.

6.2.1 Derivation of the diagrammatic bounds

A usable diagrammatic bound for π
(0)

m follows immediately a�er applying the

BK-inequality to the right-hand side of (6.1.36):

π(0)

m (x) ≤ τ(x)2. (6.2.1)



126 a ‘proper ’ lace expansion for percolation

In this section we will from now on assume that N ≥ 1. Recall that in (6.1.35)

we described the lace expansion coe�cient π
(N)

m (x) in an algebraic manner,

that is,

π(N)

m (x) = ∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]E

⊗[0,m][
m

∏
i=0

1{b i⇔b i+1}i

× ∑
L∈L(N)[0,m]

∏
st∈L
Ust(ω) ∏

s′ t′∈Comp(L)
(1 −Us′ t′(ω))]. (6.2.2)

Our �rst step is now to reinterpret π
(N)

m (x) in terms of percolation con�gura-

tions, so that we can use the BK inequality to extract an upper bound from

the identity (6.2.2). Before we start, we recall the following important facts: (1)

the expectation E⊗[0,m] is taken with respect to the (product) measure of m + 1

percolation con�gurations ω0, . . . ,ωm, (2) the (restricted) cluster C̃i ‘lives’ on
ωi (i = 0, . . . ,m), and (3) the coupling between the clusters is encoded in the

indicator functions Ust and Us′ t′ .

Suppose L ∈ L(N)[0,m] is a lace with N edges on the vertices 0, 1, . . . ,m.

�e starting vertex of the ith edge is denoted by ki−1, and its ending vertex is
denoted by mi (i = 1, . . . ,N). See Figure 3 for an example.

k0 = 0 k1 k2 = m2 k3 m3 m4 = 100m1

Figure 3: A lace L ∈ L(4)[0, 100] with 4 edges on the vertices 0, . . . , 100.

Since a lace graph is minimally connected, we must have that

0 = k0 < k1 ≤ m1 < k2 ≤ m2 < ⋯ < ki ≤ mi < ⋯ < kN−1 ≤ mN−1 < mN .
(6.2.3)

Note the alternating occurrence of < and ≤. Instead of summing over laces

L ∈ L(N)[0,m], we express (6.2.2) as a sum over all N-dimensional vectors of

nonnegative integers k = (k0, . . . , kN−1) and m = (m1, . . . ,mN) that satisfy

(6.2.3) andmN = m. We get an upper bound on (6.2.2) by restricting the prod-

uct over compatible edges s′t′ ∈ Comp(L) to edges s′t′ with 0 ≤ s′ < t′ < k1,
or ki ≤ s

′ < t′ < mi , or mi−1 ≤ s′ < t′ < ki , or mN−1 ≤ s
′ < t′ < mN , where

i = 1, . . . ,N − 1; these edges are all compatible with the lace L. For all other

compatible edges we simply bound 1 −Us′ t′(ω) by 1.
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�is results in the upper bound

π(N)

m (x) ≤ ∑
(k,m)
mN=m

∑
b1 ,...,bm

[
m

∏
i=1
pD(bi)]

× E⊗[0,m][
N

∏
j=1
Uk j−1 ,m j 1{bk j−1⇔bk j−1+1}k j−1

1{bm j⇔bm j+1}m j

×
m j−1
∏

i=m j−1+1
1{b i⇔b i+1}i

i

∏
s=m j−1+1

(1 −Us,i)], (6.2.4)

where the �rst sum is taken over all vectors (k,m) that satisfy (6.2.3) and

mN = m. We can split the joint expectation E⊗[0,m] in the above expression

into con�gurations that correspond to either the �rst or the second line of

the upper bound in (6.2.4), respectively. To deal with the contributions that

come from the second line of (6.2.4), we introduce the quantity Ast(y, x; z)

for z ∈ [0, 1], integers s ≤ t and sites y, x ∈ Zd de�ned by Ass ≡ 1 and, for s < t,

Ast(y, x; z) ≡ z
t−s

∑
bs+1 ∶bs+1=y
bt ∶bt=x

∑
bs+2 ,...,bt−1

t−1
∏
i=s+1

pD(bi)

× E⊗[s+1,t−1] [1{b i⇔b i+1}i

i−1
∏
k=s

(1 −Uki)] pD(bt). (6.2.5)

From (5.2.11), (6.1.10) and (6.1.16) we recall

Tz(x) =
∞
∑
m=0

τm(0, x)z
m

=
∞
∑
m=0
zm ∑
b1 ,...,bm

E⊗[0,m][1{0⇔b
1
}0

m

∏
i=1
pD(bi)1{b i⇔b i+1 o� C̃≤i}i

]

=
∞
∑
m=0
zm ∑
b1 ,...,bm

E⊗[0,m][1{0⇔b
1
}i

m

∏
i=1
pD(bi)1{b i⇔b i+1}i

i−1
∏
s=0

(1 −Usi)]

(6.2.6)

with x = bm+1. It follows that

∞
∑
t=s+1

Ast(y, x; z) = zpD(x − y) + z2(pD ∗ Tz ∗pD)(x − y),

where zpD comes from the summand t = s + 1 (i.e., when the connection is

formed by a single edge). De�ne

T̃z(x) ≡ 2zp
2
c(D ∗ Tz)(x) (6.2.7)
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and observe that zpD(x)+ z2(pD ∗Tz ∗pD)(x) ≤ T̃z(x) for all z ∈ [0, 1] and

all p ≤ pc .

To simplify notation, we will rewrite (6.2.4) before we analyze its �rst line.

For a given pair (k,m), we write v for the vector of length 2N that we get by
interlacing k andm in the order described in (6.2.3) (with v1 = k0 and v2N = m).

When we substitute (6.2.5) and v into (6.2.4) we get

∞
∑
m=0

π(N)

m (x)zm ≤ ∑
(k,m)

∑
bk1 ,...,bkN

∑
bk1+1

,...,bkN−1+1

∑
bm1 ,...,bmN−1

∑
bm1+1

,...,bmN−1+1

∑
bmN

× E⊗{k0 ,k1 ,m1 ,⋯,kN−1 ,mN−1 ,mN}

⎡
⎢
⎢
⎢
⎢
⎣

N

∏
j=1
Uk j−1 ,m j1{bk j−1⇔bk j−1+1}k j−1

× 1{bm j⇔bm j+1}m j

⎤
⎥
⎥
⎥
⎥
⎦

[
2N

∏
i=1
Av iv i+1(bv i , bv i+1 ; z)] .

(6.2.8)

We continue by investigating the second line in (6.2.8). Suppose that for

some j = 1, . . . ,N

Uk j−1 ,m j = 1 and {bk j−1 ⇔ bk j−1+1}k j−1 ∩ {bm j ⇔ bm j+1}m j occurs.

�ismeans that the double connection inωm j is intersected by the cluster C̃k j−1 .
Hence, there exists a vertex z j such that

{{bm j ↔ z j} ○ {z j ↔ bm j+1} ○ {bm j ↔ bm j+1}}m j
and z j ∈ C̃k j−1 . (6.2.9)

What does the cluster C̃k j−1 look like? If k j−1 < m j−1 or if j = 1, then there exists
a site w j−1 such that the following event occurs:

{{bk j−1 ↔ w j−1} ○ {w j−1 ↔ bk j−1+1} ○ {bk j−1 ↔ bk j−1+1} ○ {w j−1 ↔ z j}}k j−1
.

(6.2.10)

If, on the other hand, k j−1 = m j−1, then C̃k j−1 contains a sitew j−1 (fromwhich an
arm connects to z j) and a site z j−1 (from which an ωk j−2-arm connects “back”
to w j−2).�ere are three di�erent con�gurations possible for the position of

these two sites in C̃k j−1 , cf. Figure 4,

{{bk j−1↔w j−1}○{w j−1↔ bk j−1+1}○{bk j−1↔ z j−1}○{z j−1↔ bk j−1+1}}k j−1

∪{{bk j−1↔w j−1}○{w j−1↔ z j−1}○{z j−1↔ bk j−1+1}○{bk j−1 ↔ bk j−1+1}}k j−1

∪{{bk j−1↔ z j−1}○{z j−1↔w j−1}○{w j−1↔ bk j−1+1}○{bk j−1↔ bk j−1+1}}k j−1
.

(6.2.11)
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bkj−1

zj−1

wj−1

bkj−1+1 bkj−1+1 bkj−1+1

zj−1

bkj−1 bkj−1

wj−1 wj−1zj−1

Figure 4: The three possible configurations in (6.2.11).

�e three events in (6.2.11) are not a partition, because the clusters can inter-

sect each other at more than one site. But we do get an upper bound by sum-

ming the probability over each of the three events in (6.2.11).�e �nal step is

to apply the BK-inequality.�e result is complicated, so we de�ne the follow-

ing functions that we will use to streamline the notation.�ese functions are

drawn as diagrams in Figure 5. De�ne

F j(bm j−1+1, bm j , z j , z j−1; z) ≡ F
′
j + F

′′
j + F

′′′
j + F′′′′j , (6.2.12)

where

F′j(bm j−1+1, bm j+1, z j , z j−1; z) ≡∑
w j

∑
bm j

∑
bk j

∑
bk j+1

T̃z(bk j − bm j−1+1)

× T̃z(bm j − bk j+1)τ(bk j+1 − bk j)τ(w j − bk j)τ(bk j+1 −w j)

× τ(z j − bm j)τ(bm j+1 − z j)τ(bm j+1 − bm j)τ(z j+1 −w j); (6.2.13)

F′′j (bm j−1+1, bm j+1, z j , z j−1; z) ≡∑
w j

∑
bm j

T̃z(bm j − bm j−1+1)τ(w j − bm j)

× τ(bm j+1 −w j)τ(z j − bm j)τ(bm j+1 − z j)τ(z j+1 −w j); (6.2.14)

F′′′j (bm j−1+1, bm j+1, z j , z j−1; z) ≡∑
w j

∑
bm j

T̃z(bm j − bm j−1+1)τ(w j − bm j)

× τ(z j −w j)τ(bm j+1 − z j)τ(bm j+1 − bm j)τ(z j+1 −w j); (6.2.15)

F′′′′j (bm j−1+1, bm j+1, z j , z j−1; z) ≡∑
w j

∑
bm j

T̃z(bm j − bm j−1+1)τ(z j − bm j)

× τ(w j − z j)τ(bm j+1 −w j)τ(bm j+1 − bm j)τ(z j+1 −w j); (6.2.16)
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0 b1

w0

z1

bmj−1+1 bkj bkj+1 bmj bmj+1 zj+1

zjwj

bmj−1+1 bmj−1+1

bmj−1+1

bmj bmj

bmj

zj zj

zj

wj wj

wj

bmj+1 bmj+1

bmj+1

zj+1

zj+1

zj+1

bmN−1+1 bmN x

zN

F0(b1, z1) =

F ′
j(bmj−1+1, bmj+1, zj , zj+1) =

F ′′
j (bmj−1+1, bmj+1, zj , zj+1) =

F ′′′′
j (bmj−1+1, bmj+1, zj , zj+1) =F ′′′

j (bmj−1+1, bmj+1, zj , zj+1) =

FN (bmN−1+1, x, zN ) =

Figure 5: Diagrams of F0 , . . . , FN . A line between points x and y describes the
two-point function P(x ↔ y). A line with an “X” describes T̃z(y − x)
(see (6.2.7) for the definition of T̃z).

for j = 1, . . . ,N − 1. And �nally we de�ne

F0(b1, z1) ≡∑
w0

τ(b1)τ(w0)τ(b1 −w0)τ(z1 −w0); (6.2.17)

FN(bmN−1+1, x , zN ; z) ≡ ∑
bmN

T̃z(bmN − bmN−1+1)τ(zN − bmN )

× τ(x − bmN )τ(x − zN), (6.2.18)

Now we can bound (6.2.8) from above by

∞
∑
m=0

π(N)

m (x)zm ≤ ∑
0<m1<m2<⋯<mN∈N

∑
b
1
,bm1 ,bm1+1

,bm2 ,bm2+1
,...,

bmN−1 ,bmN−1+1
,bNm

∈Zd

∑
z1 ,z2 ,...,zN∈Zd

F0(b1, z1)
⎛

⎝

N−1
∏
j=1
F j(bm j−1+1, bm j , z j , z j−1; z)

⎞

⎠
FN(bmN−1+1, x , zN ; z). (6.2.19)

�e bound in (6.2.19) is an important step, but we can still improve on this

bound by reorganizing our notation. To do this we introduce the following
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functions that are similar to those in other lace expansions (see e.g. [126, pp.

109–110]):

A3(s, u, v) = τ(v − s)τ(u − s)τ(v − u), (6.2.20)

B1(s, t, u, v; z) = τ(u − s)T̃z(v − t), (6.2.21)

B
(0)

2 (u, v , s, t; z) = τ(t − u) τ(s − v) ∑
a,b∈Zd

T̃z(b − a)

×τ(a − u)τ(t − a)τ(b − v)τ(s − b), (6.2.22)

B
(1)

2 (u, v , s, t; z) = τ(t − u)τ(s − v)τ(v − u)τ(s − t), (6.2.23)

B
(2)

2 (u, v , s, t; z) = τ(t − v)τ(s − u)τ(v − u)τ(s − t), (6.2.24)

B
(3)

2 (u, v , s, t; z) = τ(t − u)τ(s − v)τ(v − t)τ(s − u), (6.2.25)

B2(u, v , s, t; z) =
3

∑
i=0
B
(i)
2 (u, v , s, t; z). (6.2.26)

In Figure 6 we show drawings of these functions.

B2(u, v, s, t) =

A3(s, u, v) = B1(s, t, u, v) =s

u

v

u t

v s

u t

v s

u t

v s v s

u t

s u

t v

Figure 6: Diagrammatic representation of A3(s, u, v), B1(s, t, u, v), and
B2(u, v , s, t).

Using (6.2.20)–(6.2.26), we can rewrite the right hand side in (6.2.19) as fol-

lows,

∞
∑
m=0

π(N)

m (x)zm ≤ ∑
s1 ,...,sN

∑
t1 ,...,tN

∑
u1 ,...,uN

∑
v1 ,...,vN

A3(0, s1, t1)

×
N−1
∏
j=1

[B1(s j , t j , u j , v j; z)B2(u j , v j , s j+1, t j+1; z)]

× B1(sN , tN , uN , vN ; z)A3(uN , vN , x). (6.2.27)

Again, note the similarity with the usual lace expansion for percolation, e.g.

[126, (10.53)].�e associated diagrams for N = 1, 2 are shown in Figure 7.
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0 x 0

0 0

x

x x

∑
m
π
(2)
m (x)zm ≤

0 x
∑

m
π
(1)
m (x)zm ≤

Figure 7: The diagrams bounding ∑∞m=0 π
(1)
m (x)zm and ∑∞m=0 π

(2)
m (x)zm.

Diagrammatic bounds for ψm.

�e algebraic expansion for ρm in Section 6.1.3 shows that the structure ofψ
(N)

m

is very similar to that of π
(N+1)

m . In particular, all interactions that do not involve

the sausage that ends at bm are the same.�is can be seen by comparing, for

instance, (6.1.35) and (6.1.46). Interactions that involve the �nal sausage are

di�erent for ψ
(N)

m and π
(N+1)

m , as can be seen from (6.1.42) that Vi ,m+1 requires
that there is an intersection between the ith sausage and the path from x to∞.

But the diagrammatic bound onψ
(N)

m can be performed in verymuch the same

way as was done for π
(N+1)

m , and the �nal intersection event can be bounded in

almost the same way as any other interaction.�erefore, we do not give the

entire diagrammatic expansion, but we rather just show its conclusion. De�ne

B3(s, t, x , u, v; z) ≡ zpcD(x − t)τ(v − x)τ(s − u), (6.2.28)

then we have the following diagrammatic bound for ψ
(N)

m :

∑
x

∞
∑
m=0

ψ(N)

m (x)zm ≤∑
x

∑
s1 ,...,sN+1

∑
t1 ,...,tN+1

∑
u1 ,...,uN+1

∑
v1 ,...,vN+1

∑
a

× A3(0, s1, t1)
N

∏
j=1

(B1(s j , t j , u j , v j; z)B2(u j , v j , s j+1, t j+1; z))

× B3(sN+1, tN+1, x , uN+1, vN+1; z)A3(uN+1, vN+1, a). (6.2.29)

�e resulting diagrams for N = 0 and N = 1 are shown in Figure 8. Note the

similarities with Figure 7.

6.3 properties of the lace-expansion coefficients

We now use the diagrammatic bounds that we derived in the �rst part of this

section to prove several technical results that we will use in the upcoming sec-

tions. �ese results are stated in the four propositions below. �e order in

which the results are proved is crucial. In particular, the proofs of Proposi-

tions 6.6 and 6.7 use Proposition 6.5. In turn, the proof of Proposition 6.8 uses
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0 0

0 0

∑
m
ψ

(1)
m (x)zm ≤

0
∑

m
ψ

(0)
m (x)zm ≤

x

x x

x x

Figure 8: The diagrams bounding ∑∞m=0 ψ
(0)
m (x)zm and ∑∞m=0 ψ

(1)
m (x)zm. Two par-

allel dashes with a gap in between denote a factor D.

Proposition 6.6.�e proofs in this section alsomake strong use of results from

Chapter 3 and [81].

e Proposition 6.5 [Basic properties of the lace-expansion coe�cients]. Un-

der the assumptions of �eorem 5.1 there exists c̃ > 0 such that uniformly in

z ∈ [0, 1],

∑
x∈Zd

∞
∑
m=0

∣πm(x)∣z
m ≤ 1 + c̃β1/2; (6.3.1)

∑
x∈Zd

∞
∑
m=1
m∣πm(x)∣ ≤ c̃β1/2. (6.3.2)

�e proof of this proposition can be found in Appendix B.�e bounds in

Proposition 6.5 can be improved to 1 + O(β) and O(β), respectively, but this

requires signi�cantly more e�ort, and we do not require such strong bounds.

e Proposition 6.6. Under the assumptions of�eorem 5.1: (i)�ere exists c̃ >

0 such that uniformly in k ∈ Rd and z ∈ [0, 1],

∣Π̂1(k) − Π̂z(k)∣ ≤ c̃β
1/2(1 − z), and ∣Π̂z(k) − 1∣ ≤ c̃β

1/2
. (6.3.3)

(ii)�ere exists constants C ,C′ > 0 such that uniformly in k ∈ Rd ,

0 ≤ T̂z(k) ≤
C

1 − z
and T̂z(k) ≤

C′

1 − D̂(k)
. (6.3.4)

Proof of Proposition 6.6 subject to Proposition 6.5. (i) We start with the proof

of the �rst inequality of (6.3.3). We bound

∣Π̂1(k) − Π̂z(k)∣ =

RRRRRRRRRRR
∑
x∈Zd

∞
∑
m=1

(1 − zm)πm(x)e
ik⋅x

RRRRRRRRRRR

≤ ∑
x∈Zd

∞
∑
m=1

(1 − zm)∣πm(x)∣.

(6.3.5)
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Using that (1 − zm) ≤ m(1 − z) for z ≥ 0 and Proposition 6.5, it follows that

∑
x∈Zd

∞
∑
m=1

(1 − zm)∣πm(x)∣ ≤(1 − z) ∑
x∈Zd

∞
∑
m=1
m∣πm(x)∣

≤c̃β1/2(1 − z).

Nowwe turn to the second inequality in (6.3.3): since π0(0) = 1 and πm(0) =

0 for m ≥ 1,

∣Π̂z(k) − 1∣ =

RRRRRRRRRRR
∑
x∈Zd

∞
∑
m=0

(1 − δ0,xδ0,m)πm(x)z
m
e
ik⋅x

RRRRRRRRRRR

≤

RRRRRRRRRRR
∑
x∈Zd

∞
∑
m=1

πm(x)z
m
RRRRRRRRRRR

≤ c̃β1/2,

where we have used (6.3.2) in the last step.

(ii) We continue by proving that T̂z(k) ≥ 0. Note that T̂1(k) = τ̂pc(k). It

is a well-known fact that τ̂pc(k) ≥ 0 for all k ∈ Rd [4, Lemma 3.3]. To prove

that this inequality also holds for z ∈ [0, 1) we start by showing that T̂z(k) is

continuous for z ∈ [0, 1). By (5.2.15) it su�ces to show that Πz(k) is continuous,

and that 1 − zpcD̂(k)Π̂z(k) is continuous and non-vanishing. Continuity of

both functions follows from Proposition 6.5 and the Uniform Convergence

�eorem. Now we use (5.2.15), the right-hand bound of (6.3.3) and the le�-

hand bound of (6.3.4) to bound

∣1 − zpcD̂(k)Π̂z(k)∣ =
∣Π̂z(k)∣

∣T̂z(k)∣
≥

∣Π̂z(k)∣

C
(1 − z) > 0, (6.3.6)

where positivity of ∣Π̂z(k)∣ is a consequence of (6.3.3).We conclude that T̂z(k)

is continuous in z on [0, 1).

Because T̂z(k) is continuous, ∣Π̂z(k)∣ > 0, and ∣1 − zpcD̂(k)Πz(k)∣ > 0, we

conclude that T̂z(k) is either always positive or always negative for z on the

interval [0, 1) (for all k ∈ Rd). We also know that

T̂0(0) = ∑
x∈Zd

τ0(x) = ∑
x∈Zd

Ppc(0⇔ x) ≥ 1,

and hence, T̂z(k) ≥ 0 for all z ∈ [0, 1) and k ∈ Rd .

Now we prove that T̂z(k) ≤ C(1 − z)
−1. We bound

T̂z(k) = ∣T̂z(k)∣ ≤ ∣T̂z(0)∣ = ∣
Π̂z(0)

1 − zpcΠ̂z(0)
∣

≤
1 + ∣Π̂z(0) − 1∣

∣(1 − z) + zpc(Π̂1(0) − Π̂z(0))∣
,
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where we have used (5.2.18) for the last inequality. We use the bound pc ≤ 1 +

O(β) (cf. [69, 81]) and the bounds from part (i) of the proposition to conclude

that there exists a constant 0 ≤ c′ < 1 such that

1 + c̃β1/2

∣(1 − z) − zpc ∣Π̂1(0) − Π̂z(0)∣∣
≤

1 + c̃β1/2

(1 − z)∣1 − zpcc′β1/2∣
≤
C

1 − z
.

Finally, we prove that T̂z(k) ≤ C
′[1 − D̂(k)]−1. By a similar argument as in

the previous bound, and since ∣D̂(k)∣ ≤ 1,

T̂z(k) ≤ ∣
Π̂z(0)

1 − zpcD̂(k)Π̂z(0)
∣

≤
1 + ∣Π̂z(0) − 1∣

(1 − D̂(k))(1 + (1 − z)∣1 − zpcc′β1/2∣)
≤

C′

1 − D̂(k)
.

�is completes the proof of (6.3.4).

�e following proposition deals with spatial fractional derivatives.

e Proposition 6.7 [Bounds on spatial fractional derivatives]. Under the as-

sumptions of�eorem 5.1 there exist δi > 0 for i = 1, 2, 3 such that

(i)

∑
x∈Zd

∣x∣(2∧α)+δ1 ∣Π1(x)∣ <∞; (6.3.7)

(ii)

∑
x∈Zd

∞
∑
m=0

∣x∣δ2 ∣πm(x)∣ <∞; (6.3.8)

(iii)

∑
x∈Zd

∞
∑
m=0

∣x∣δ3 ∣ψm(x)∣ <∞. (6.3.9)

(iv) Furthermore de�ne πm,n(x , y) as in (6.1.26) but leave out the summation

over bm and write y for the free variable that denotes the position of bm,

then there exists δ4 > 0 such that, uniformly in n ≥ 1,

∑
x ,y∈Zd

n

∑
m=0

(∣x∣δ4 + ∣y∣δ4)∣πm,n(y, x)∣ < C . (6.3.10)

�e bound (6.3.7) is the same as in Proposition 3.7 on page 67: it is proved

in Appendix A. See Remark 3.8, and observe that Π1(x) is equal to Π
cl(x). We

give an outline of the proofs of the three other bounds in Appendix B.
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�e next Proposition 6.8 is the most involved bound of this section. It gives

bounds on temporal fractional derivatives (with m playing the role of “time”).

Its proof crucially uses the new lace expansion.

e Proposition 6.8 [Bounds on temporal fractional derivatives]. Under the

conditions of�eorem 5.1, there exists c̃ > 0 and ε ∈ (0, d − 3(2 ∧ α) ∧ 1) such

that

∑
x∈Zd

∞
∑
m=1
m1+ε∣πm(x)∣ ≤ c̃β

1/2 and ∑
x∈Zd

∞
∑
m=1
m1+ε∣ψm(x)∣ ≤ c̃β

1/2
. (6.3.11)

�e proof of this proposition uses the full power of our new lace expansion,

since only this lace expansion makes the m-dependence explicit.�e proof of

(6.3.11) is based on the following lemma that combines the temporal fractional

derivatives as described in [109, Section 6.3] and the diagrammatic bounds

developed in the �rst half of this section.

De�ne for n = 0, 1, 2, the square diagrams

◻(n)

z ≡ ∫
[−π,π]d

ddk

(2πd)
∣D̂(k)∣n τ̂(k)3zT̂z(k). (6.3.12)

E Lemma 6.9 [Diagrammatic bounds]. Under the conditions of�eorem 5.1,

there exists a constant β > 0 such that for N ≥ 0, C1,C2 > 0 and ∣z∣ ≤ 1,

∑
x∈Zd

∞
∑
m=1
m2π(N)

m (x)zm ≤ C1N
2 (C2β

1/4)
(N−2)∨0√

◻(0)

z ◻
(2)

z . (6.3.13)

Here is a very brief outline of the proof:We distribute the factorm2 over the

diagram as follows: we “mark” two lines in the π-diagram with an indicator

function in such a way that we can retrieve the factorm2 by summing over all

m2 possible combinations of suchmarks.�enwe bound the resulting triangle

and square diagrams (weighted with the factor z).�e full proof is presented

in Appendix B.

Proof of Proposition 6.8 subject to Lemma 6.9. We start with the bound on the

le�-hand side of (6.3.11). For ε ∈ (0, 1) we have the identity (cf. [109, (6.3.5)])

mε =
m

(1 − ε)Γ(1 − ε)

∞

∫
0

dλ e−mλ1/(1−ε)

,
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which implies

∞
∑
N=0

∑
x∈Zd

∞
∑
m=1
m1+επ(N)

m (x)

=
1

(1 − ε)Γ(1 − ε)

∞
∑
N=0

∑
x∈Zd

∞
∑
m=1

∞

∫
0

dλm2π(N)

m (x)e−mλ1/(1−ε)

.

Applying Lemma 6.9 with zλ = e
−λ1/(1−ε)

to the right-hand side gives

C
∞
∑
N=0

∑
x∈Zd

∞
∑
m=1

∞

∫
0

dλm2π(N)

m (x)e−mλ1/(1−ε)

≤
∞
∑
N=0
C1N

2 (C2β
1/4)

(N−2)∨0
∞

∫
0

dλ
√
◻(0)

zλ
◻(2)

zλ
. (6.3.14)

By Cauchy-Schwarz, Fubini, and the bound τ̂(k) ≤ C/[1 − D̂(k)] (cf. (6.3.4)

or [69],[81]),

∞

∫
0

dλ
√
◻(0)

zλ
◻(2)

zλ
≤ C

⎛
⎜
⎜
⎝

∫
[−π,π]d

ddk

(2πd)

1

[1 − D̂(k)]3

∞

∫
0

dλ zλT̂zλ
(k)

⎞
⎟
⎟
⎠

1/2

×

⎛
⎜
⎜
⎝

∫
[−π,π]d

ddk

(2πd)

D̂(k)2

[1 − D̂(k)]3

∞

∫
0

dλ zλT̂zλ
(k)

⎞
⎟
⎟
⎠

1/2

. (6.3.15)

�e aim is now to show that the integral over λ is small compared to [1 −

D̂(k)], so that the integral over k is e�ectively the same as the integral over a

triangle diagram. When d > dc , we know that a triangle diagram is of order

1 when there are no factors D̂(k) and that it is of order β when there are two
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factors D̂(k). For any ε ∈ (0, 1) we can use both upper bounds in Proposition

6.6(ii) to bound the integral over λ: write s ≡ λ1/(1−ε), then

∞

∫
0

dλ zλT̂zλ
(k) =

∞

∫
0

ds (1 − ε)s−ε
e
−s
T̂e−s(k)

≤ c2(1 − ε)

1−D̂(k)

∫
0

ds
s−ε

1 − D̂(k)
+ c1(1 − ε)

∞

∫
1−D̂(k)

ds
s−εe−s

1 − e−s

≤ c2[1 − D̂(k)]−ε + c2(1 − ε)

∞

∫
1

ds e−s

+ c1(1 − ε)

1

∫
1−D̂(k)

ds(s−1−ε +
s−ε

2
+ o(1))

≤ c2[1 − D̂(k)]−ε +
c1(1 − ε)

ε
[1 − D̂(k)]−ε + O(1)

≤ Cε[1 − D̂(k)]−ε
,

where Cε is a constant that depends only on ε. When we apply this bound to

(6.3.15) we get an upper bound on (6.3.14) of the form

∞
∑
N=0

∑
x∈Zd

∞
∑
m=1
m1+επ(N)

m (x)

≤
C1(5 + C

2
2β
1/2 − 4C2β1/4)

(1 − C2β1/4)3

⎛
⎜
⎜
⎝

∫
[−π,π]d

ddk

(2π)d
1

[1 − D̂(k)]3+ε

⎞
⎟
⎟
⎠

1/2

×

⎛
⎜
⎜
⎝

∫
[−π,π]d

ddk

(2π)d
D̂(k)2

[1 − D̂(k)]3+ε

⎞
⎟
⎟
⎠

1/2

≤ Cβ1/2,

where the �nal inequality holds when β is small enough, ε < (d−3(2 ∧ α))∧ 1,

and d > 3(2 ∧ α) by (2.2.10) (see [81, Proposition 2.2] for details).�is com-

pletes the proof of Proposition 6.8(i).

Recall (6.2.29). For the proof of the right-hand bound of (6.3.11) we note

that since z ≤ 1 and (6.2.7),

∑
x

zpcD(x − t)τ(v − x) = zpcD(v − t) + z(pcD ∗ pcD ∗ τ)(v − t)

≤ 2T̃z(v − t)
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so that∑x B3(s, t, x , u, v; z) ≤ 2B1(s, t, u, v; z) and thus

∑
x

∞
∑
m=0
m1+ε∣ψ(N)

m (x)∣ ≤ 2∑
a

∞
∑
m=0
m1+ε∣π(N+1)

m (a)∣ (6.3.16)

and the claim follows.





7
FROM A LACE EXPANS ION TO A SCAL ING L IM IT

In this chapter we prove the theorems and propositions from Chapter 5, using

the technical bounds from the previous chapter.

7.1 error bound for the percolation lace expansion : proof

of proposition 5.9

In this section we prove Proposition 5.9. We start by stating a lemma that con-

tains the key bounds used in this proof.

E Lemma 7.1. Assume that Propositions 6.5 and 6.8 hold, then there exist con-

stants c̃, c′, c′′ > 0 such that for all k ∈ Rd and z ∈ [0, 1),

∣Êz(k)∣ ≤ c̃β1/2(1 − z)1+ε
; (7.1.1)

∣1 − zpcD̂(k)Π̂z(k)∣ ≥ (1 + c′β1/2)(1 − z); (7.1.2)

∣(1 − z)Â(k) + B̂(k)∣ ≥ c′′(1 − z). (7.1.3)

We prove this lemma at the end of the section.

Proof of Proposition 5.9 subject to Lemma 7.1. Let f (z) = ∑ anz
n have radius

of convergence 1. It is proved in [45, Lemma 3.2] that if, for z ∈ [0, 1), we have

the bound ∣ f (z)∣ ≤ C(1 − z)−b, then it follows that ∣an∣ ≤ C′nb−1 if b < 1 and
∣an∣ ≤ C

′ log n if b = 1.
�e power series

Θ̂z(k) =
∞
∑
n=0

θ̂n(k)z
n

has radius of convergence 1. But before we try to determine bounds on ∣θ̂n(k)∣,

we �rst rewrite Θ̂z(k). Using the decomposition in (5.2.24), we write

Θ̂z(k) = Θ̂
(1)
z (k) + Θ̂

(2)
z (k)

with

Θ̂
(1)
z (k) =

Ψ̂1(0) Êz(k)

((1 − z)Â(k) + B̂(k))2
(7.1.4)

and

Θ̂
(2)
z (k) =

Ψ̂1(0) − Ψ̂z(k)

1 − zpcD̂(k)Π̂z(k)
. (7.1.5)

141
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To prove the proposition it is su�cient to show that there exist 0 < ε < 1

such that

∣Θ̂
(1)
z (k)∣ ≤ C(1 − z)−(1−ε)

(7.1.6)

and

∣Θ̂
(2)
z (k)∣ ≤ C(∣k∣ε(1 − z)−1 + (1 − z)−(1−ε)) (7.1.7)

when z is close to 1.

We start by bounding Θ̂
(1)
z (k). It is a simple consequence of Proposition

6.7(iii) that

∣Ψ̂1(0)∣ ≤ C .

Hence, by these two bounds, and by (7.1.1) and (7.1.3),

∣Θ̂
(1)
z (k)∣ ≤ ∣Ψ̂1(0)∣ ⋅ ∣Êz(k)∣ ⋅

1

∣(1 − z)Â(k) + B̂(k)∣2
≤

C

(1 − z)1−ε
. (7.1.8)

We now establish the upper bound on ∣Θ̂
(2)
z (k)∣. For the numerator of (7.1.5)

we bound

∣Ψ̂1(0) − Ψ̂z(k)∣ ≤ ∣Ψ̂1(0) − Ψ̂1(k)∣ + ∣Ψ̂1(k) − Ψ̂z(k)∣.

When ε ∈ (0, 2 ∧ δ3], then Proposition 6.7(iii) implies

∣Ψ̂1(0) − Ψ̂1(k)∣ ≤ ∑
x∈Zd

∑
n∈N

[1 − cos(k ⋅ x)] ∣ψn(x)∣

≤ ∑
x∈Zd

∑
n∈N

(k ⋅ x)ε ∣ψn(x)∣

≤ ∣k∣ε ∑
x∈Zd

∑
n∈N

∣x∣ε ∣ψn(x)∣ ≤ C ∣k∣ε . (7.1.9)

For any z, ε ∈ (0, 1) and integers n ≥ ` ≥ 0,

1 − z` ≤1 − zn = (1 − zn)
1−ε

(
1 − zn

1 − z
)

ε

(1 − z)ε

≤(
n−1
∑
`=0
z`)

ε

(1 − z)ε ≤ nε (1 − z)ε
.

(7.1.10)

�is bound, together with Proposition 6.8 gives

∣Ψ̂1(k) − Ψ̂z(k)∣ ≤ ∑
x∈Zd

∑
n∈N

(1 − zn) ∣ψn(x)∣

≤ (1 − z)ε
∑
x∈Zd

∑
n∈N
nε ∣ψn(x)∣ ≤ C (1 − z)ε

. (7.1.11)
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To bound the denominator in (7.1.5) we use (7.1.3). Combined with (7.1.11) and

(7.1.9), this yields

∣Θ̂
(2)
z (k)∣ ≤ C (∣k∣ε(1 − z)−1 + (1 − z)−(1−ε)) .

�is proves (7.1.6), and thus completes the proof.

Proof of Lemma 7.1. We�rst prove (7.1.1). Recall the de�nition of Êz(k), (5.2.22).

We start by bounding

∣Êz(k)∣ = ∣pcD̂(k)(Π̂1(k) − Π̂z(k)) − (1 − z)pcD̂(k)∂zΠ̂z(k)∣z=1

− (1 − z)pcD̂(k)(Π̂z(k) − Π̂z(k))∣

≤ (1 − z)pc ∣D̂(k)∣ ∣
Π̂1(k) − Π̂z(k)

1 − z
− ∂zΠ̂z(k)∣z=1∣

+ (1 − z)pc ∣D̂(k)∣ ∣Π̂1(k) − Π̂z(k)∣

≤ (1 − z)pc ∣D̂(k)∣ ∣
Π̂1(k) − Π̂z(k)

1 − z
− ∂zΠ̂z(k)∣z=1∣

+ c̃β1/2(1 − z)2,

(7.1.12)

where the �nal inequality follows from Proposition 6.6(i). To bound the re-

maining term on the right-hand side of (7.1.12), we choose ε such that Propo-

sition 6.8 holds.�en, since for all ` ≤ n − 1,

1 − z` ≤ (1 − z)ε`ε ≤ (1 − z)ε(n − 1)ε
(7.1.13)

and by Proposition 6.8,

RRRRRRRRRRR

∂zΠ̂z(k)∣z=1−
Π̂1(k) − Π̂z(k)

1 − z

RRRRRRRRRRR

=

RRRRRRRRRRR
∑
x∈Zd

∞
∑
n=1
n πn(x)e

ik⋅x − ∑
x∈Zd

∞
∑
n=1

(
1 − zn

1 − z
) πn(x)e

ik⋅x
RRRRRRRRRRR

=

RRRRRRRRRRR
∑
x∈Zd

∞
∑
n=1

(
n−1
∑
`=0

(1 − z`)) πn(x)e
ik⋅x

RRRRRRRRRRR

≤ (1 − z)ε
∑
x∈Zd

∞
∑
n=1
n(n − 1)ε ∣πn(x)∣

≤ c̃β1/2(1 − z)ε
.

(7.1.14)

Combining (7.1.12) and (7.1.14) completes the proof.
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Proof of (7.1.2). By (5.2.15) and Proposition 6.6(i) and (ii), there exists a c′ > 0
such that

∣1 − zpcD̂(k)Π̂z(k)∣ = ∣
Π̂z(k)

T̂z(k)
∣ ≥ (1 + c′β1/2)(1 − z), (7.1.15)

where for the last inequality we used Proposition 6.6(i) and (ii) to bound the

numerator and the denominator, respectively.

Proof of (7.1.3). By (5.2.15) and (5.2.19) we can bound

∣(1 − z)Â(k) + B̂(k)∣ ≥ ∣
Π̂z(k)

T̂z(k)
∣ − ∣Êz(k)∣

≥ (1 + c′β1/2)(1 − z) − c̃β1/2(1 − z)1+ε ≥ c′′(1 − z),

when β is small enough. For the second inequality we used the bounds from

parts (i) and (ii) of the lemma.

Proof of Proposition 5.10. �e proof of Proposition 5.10 follows from (2.2.10),

the spatial symmetries of the model and Proposition 6.7. It is identical to the

proof of [80, Proposition 2.3].

7.2 the mean-r displacement : proof of theorem 5.6

Proof of�eorem 5.6. We follow the proof of [80,�eorem 1.4]. Write x1 for

the �rst coordinate of the vector x ∈ Zd . Since ∣x1 ∣
r ≤ ∣x∣r ≤ dr/2 ∑di=1 ∣xi ∣

r ,

and the model is invariant under rotation by π/2, it is su�cient to prove the

existence of constants c,C > 0 such that

c fα(n)
−r (a)

≤ ∑
x∈Zd

∣x1 ∣
rρn+1(x)

(b)
≤ pc ∑

x∈Zd
∣x1 ∣

rτn(x)
(c)
≤ C fα(n)

−r
. (7.2.1)

Inequality (b) is a simple consequence of (6.1.40).

Nowwe prove inequality (a). Write un for the vector ( fα(n), 0, . . . , 0) ∈ R
d .

�eorem 5.5 implies

lim
n→∞

1 − ρ̂n(un) = 1 − e
−Kα > 0.

Hence, for n su�ciently large,

0 <
1

2
(1 − e−Kα) ≤ 1 − ρ̂n(un) = ∑

x∈Zd
[1 − cos( fα(n) x1)]ρn(x)

≤ ∑
x∈Zd

fα(n)
r ∣x1 ∣

rρn(x),
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where the last bound follows from 1 − cos(t) ≤ ∣t∣r for any r ≤ (2 ∧ α).�is

implies the lower bound.

Inequality (c) in (7.2.1) requires a little more work. We start by observing

that for any r ∈ (0, 2) there exists cr ∈ (0,∞) such that

tr = cr ∫ ∞

0

1 − cos(ut)

u1+r
du (7.2.2)

for all t > 0.

Write u⃗ = (u, 0, . . . , 0) for u > 0, and consider the generating function

Hz,r ≡ ∑
x∈Zd

∞
∑
n=0

∣x1∣
rτn(x)z

n

= cr ∑
x∈Zd

∞
∑
n=0

∫ ∞

0

du

u1+r
[1 − cos(u⃗ ⋅ x)] τn(x) z

n
, ∣z∣ < 1,

(7.2.3)

where the last identity uses (7.2.2). It remains to prove that for any 0 < r <

(2 ∧ α) there exists a constant C > 0 such that

Hz,r ≤ C(1 − z)
−1−r/(2∧α)

(7.2.4)

for α ≠ 2 andHz,r ≤ C(1−z)
−1−r/2 log(1−z)−1/2 for α = 2 because if this bound

holds we can apply [45, Lemma 3.2] (cf. the opening paragraphs of Section

7.1) to get the bound ∑x ∣x1∣
rτn(x) ≤ Cnr/(2∧α) when r < (2 ∧ α) and to get

∑x ∣x1∣
rτn(x) ≤ Cn log n when r = (2 ∧ α).

We will now prove (7.2.4). First consider the case α ≠ 2. Using 1 − cos t ≤ 2

we get the upper bound

Hz,r ≤ cr ∫ (1−z)1/(2∧α)

0
(T̂z(0) − T̂z(u⃗))

du

u1+r
+ cr ∫ ∞

(1−z)1/(2∧α)
2 T̂z(0)

du

u1+r
(7.2.5)

Applying Proposition 6.6(ii) to the second integral in (7.2.5) gives

∫ ∞

(1−z)1/(2∧α)
2T̂z(0)

du

u1+r
≤ C(1 − z)−1 ∫ ∞

(1−z)1/(2∧α)

du

u1+r

=
C(2 ∧ α)

r
(1 − z)−1−r/(2∧α)

,

(7.2.6)

as required. For the �rst integral in (7.2.5) we �rst rewrite the integrand using

(5.2.34), and then we use Proposition 6.6(ii) to bound

T̂z(0) − T̂z(u⃗) = T̂z(0) T̂z(u⃗) (T̂z(u⃗)
−1 − T̂z(0)

−1)

≤
C

(1 − z)2
(
Π̂z(0) − Π̂z(u⃗)

Π̂z(0) Π̂z(u⃗)
+ zpc[1 − D̂(u⃗)]) .

(7.2.7)
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Observe that it follows from (5.2.28) that

Π̂z(0) − Π̂z(u⃗) ≤ C [1 − D̂(u⃗)].

We apply this bound, (2.2.10), and Proposition 6.6(i) to the right-hand side of

(7.2.7) to get C(1−z)−2∣u∣2∧α as an upper bound. Hence, using r < (2 ∧ α), the

�rst integral in (7.2.5) is bounded above by

∫ (1−z)1/(2∧α)

0
(T̂z(0) − T̂z(u⃗))

du

u1+r
≤ C(1 − z)−2 ∫ (1−z)1/(2∧α)

0

u2∧α

u1+r
du

≤ C
(1 − z)−1−r/(2∧α)

(2 ∧ α) − r
.

(7.2.8)

We combine (7.2.5), (7.2.6) and (7.2.8) to get the desired bound (7.2.4). �is

�nishes the argument for α ≠ 2.

To prove�eorem 5.6 for α = 2, we have to take the logarithmic corrections

into account.�e way to do this has been demonstrated in [80,�eorem 1.4],

so we omit the proof here.

7.3 convergence of the backbone as a stochastic process :

proof of theorem 5.1

�is section is devoted to the proofs of Proposition 5.7 and Corollary 5.8, thus

completing the proof of�eorem 5.1.

7.3.1 Finite-dimensional distributions

We start with the proof of Proposition 5.7. Instead of proving it directly, we

consider the following generalized version:

e Proposition 7.2 [Finite-dimensional distributions, generalized version].

Let N be a positive integer, k(1), . . . , k(N) ∈ Rd , 0 = t(0) < t(1) < ⋅ ⋅ ⋅ < t(N) < 1,

and g = (gn) a sequence of real numbers satisfying 0 ≤ gn ≤ log n/n. We write

kn ≡ (k(1)n , . . . , k
(N)

n ) = fα(n) (k
(1)
, . . . , k(N)), (7.3.1)

nT ≡ (⌊nt(1)⌋, . . . , ⌊nt(N−1)⌋, ⌊nT⌋) (7.3.2)

with T = t(N)(1 − gn). Under the conditions of�eorem 5.1,

lim
n→∞

ρ̂(N)

nT
(kn) =

1

A
lim
n→∞

τ̂
(N)

nT(kn)

= exp{ − Kα

N

∑
j=1

∣k( j)∣(2∧α) (t( j) − t( j−1))} (7.3.3)
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hold uniformly in g, where A is the same constant as in�eorem 5.5.

�e proof is carried out by induction on N . We use the sequence g to ensure

that we can advance the induction, because g gives us a little �exibility in our

choice of the location of the end-point.

Proof of Proposition 7.2. �e proof that we present here follows a well-known

approach, see for example the proofs of [109,�eorem 6.6.2] or [80,�eorem

1.6].Wewill �rst give the proof for τ̂
(N)

nT , and then discuss the necessary changes

for ρ̂(N)

nT
. For convenience, we write nt( j) and nT instead of ⌊nt( j)⌋ and ⌊nT⌋.

�e proof is by induction onN .We start the induction by applying�eorem

5.5: since τ̂
(1)

nT(kn) = τ̂nT(k
(1)

n ), we can replace n by nT in (5.2.31) and the claim

follows.

To advance the induction we use a KJK-expansion,

K[0, n] = ∑
I=[I1 ,I2]

0≤I1≤nt(N−1)≤I2≤n

K[0, I1 − 1] J[I1, I2]K[I2 + 1, n] (7.3.4)

where I = [I1, I2] is an interval of integers, and K[a, a − 1] = 1 for all a. We get

(7.3.4) if we take the sum in (6.1.22) and partition o� the terms that correspond

to connected components with the start vertex to the le� of nt(N−1) and the end

vertex to the right of nt(N−1). Compare (7.3.4) with [109, Lemma 5.2.5], where

a similar bound in the context of self-avoiding walks is derived (but mind that

the formula there is slightly di�erent due to a di�erent notion of connectivity

of graphs).

When we combine (6.1.20), (6.1.26) and (7.3.4) we get

τn(x) = ∑
I=[I1 ,I2]

0≤I1≤nt(N−1)≤I2≤n

∑
bI1 ,bI2+1

[pcD(bI1)] [pcD(bI2+1)]

× τI1−1(bI1) π∣I∣(bI2+1 − bI1) τn−I2−1(x − bI2+1). (7.3.5)

We can similarly rewrite the characteristic function for increments, τ̂
(N)

nT(kn)
with the KJK-expansion, i.e.,

τ̂
(N)

nT(kn) = ∑
I=[I1 ,I2]

0≤I1≤nt(N−1)≤I2≤n

[pcD̂(k(N−1)n )] [pcD̂(k(N)n )]

× τ̂
(N−1)

(nt(1) ,...,nt(N−2) ,I1−1)
(k(1)n , . . . , k

(N−1)

n )

× π̂(nt(N−1)−I1 , ∣I∣)(k
(N−1)

n , k(N)n ) τ̂nT−I2−1(k
(N)

n ), (7.3.6)
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where, like (6.1.26),

π̂(m,n)(k1, k2) = ∑
edges

b1 ,...,bn

∑
bn+1∈Zd

exp{i(k1 ⋅ bm + k2 ⋅ (bn − bm))}

× [
n

∏
i=1
pcD(bi)]E

⊗[0,n]

pc [1{0⇔b
1
}0

n

∏
i=0

1{b i⇔b i+1}i
J[0, n + 1]], (7.3.7)

for 0 ≤ m ≤ n and k1, k2 ∈ R
d . Observe that π̂(m,n)(0, 0) = π̂n(0).

Using (7.3.6) we can split τ̂
(N)

nT(kn) into the contribution of short intervals

I and long intervals. We write σ
(N)

nT(kn) for the contribution to τ̂
(N)

nT(kn) that

comes from intervals with length ∣I∣ = I2− I1 ≤ log n and we write λ
(N)

nT(kn) for
the contributions from the intervals with length ∣I∣ > log n.

We start by showing that λ
(N)

nT(kn) is negligible. It follows from�eorem 5.5

that τ̂m(k) ≤ τ̂m(0) ≤ C for some C > 0. Using this bound and (7.3.5),

λ
(N)

nT(kn) ≤ λ
(N)

nT(0) = ∑
I∋nt(N−1)
∣I∣>log n

p2c τ̂I1−1(0) ∣π̂∣I∣(0)∣ τ̂nT−I2−1(0)

≤ p2c C
2

∞
∑

m=log n+1
(m + 1) ∣π̂m(0)∣.

(7.3.8)

We get the factor m + 1 here because there are precisely m + 1 ways to choose

the interval I ∋ nt(N−1) under the restriction ∣I∣ = m. Since the right-hand side

of (7.3.8) is �nite for all n ≥ 1 by Proposition 6.8, it vanishes as n →∞.

Wenowestablish the bound for σ
(N)

nT(kn). Assume that n is large enough that
both (nt(N−1) − nt(N−2)) ≥ log n and (nt(N) − nt(N−1)) ≥ log n.�e induction

hypothesis is that

τ̂
(N−1)

(nt(1) ,...,nt(N−2) ,I1−1)
(k(1)n , . . . , k

(N−1)

n )

= A exp{ − Kα

N−1
∑
j=1

∣k( j)∣2∧α (t( j) − t( j−1))} + E1(I), (7.3.9)

where E1(I) is an error term that converges to 0 as n → ∞ uniformly in ∣I∣ ≤

log n.

A slight generalization of the case N = 1 shows that

τ̂nT−I2−1(k
(N)

n ) = A exp{ − Kα ∣k(N)∣2∧α (t(N) − t(N−1))} + E2(I), (7.3.10)
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where E2(I) is an error term that is due to�eorem 5.5. Note that E2(I) con-

verges to 0 as n →∞ uniformly in ∣I∣ ≤ log n. Hence,

σ
(N)

nT(kn) =
⎛

⎝
A2 exp{ − Kα

N

∑
j=1

∣k( j)∣2∧α (t( j) − t( j−1))} + E3
⎞

⎠

× ∑
I∋ nt(N−1)
∣I∣≤log n

[pcD̂(k(N−1)n )] [pcD̂(k(Nn )] π̂(nt(N−1)−I1 , ∣I∣)(k
(N−1)

n , k(N)n ), (7.3.11)

where E3 is the error term that comes from E1 and E2. Note that E3 is uniform

in the sequences g that satisfy gn ≤ log n/n.

�e proof is complete when we show that the second line in (7.3.11) con-

verges to 1/A. We begin by writing

∑
I∋ nt(N−1)
∣I∣≤log n

[pcD̂(k(N−1)n )] [pcD̂(k(Nn )] π̂(nt(N−1)−I1 , ∣I∣)(k
(N−1)

n , k(N)n )

= ∑
I∋ nt(N−1)
∣I∣≤log n

p2c π̂∣I∣(0) − ∑
I∋ nt(N−1)
∣I∣≤log n

p2c (π̂∣I∣(0) − π̂(nt(N−1)−I1 , ∣I∣)(k
(N−1)

n , k(N)n ))

− ∑
I∋ nt(N−1)
∣I∣≤log n

p2c [1 − D̂(k(N−1)n )] [1 − D̂(k(Nn )] π̂(nt(N−1)−I1 , ∣I∣)(k
(N−1)

n , k(N)n ).

(7.3.12)

�e �rst term converges to 1/A.�is follows from (5.2.38) and the fact that by

Proposition 6.8,∑∞
m=n(m + 1)∣π̂m(0)∣→ 0 as n →∞. Indeed,

∑
I∋ nt(N−1)
∣I∣≤log n

p2c π̂∣I∣(0) = ∑
I∋ nt(N−1)

p2c π̂∣I∣(0) − ∑
I∋ nt(N−1)
∣I∣>log n

p2c π̂∣I∣(0)

n→∞
Ð→ p2c ∑

m≥0
(m + 1)π̂m(0) = 1/A,

(7.3.13)

where the factorm+ 1 arises because there arem+ 1 intervals of length ∣I∣ = m

that contain the point nt(N−1).

Now we show that the second term on the right-hand side of (7.3.12) con-

verges to 0. Recall the de�nition of πm,n(y, x) in Proposition 6.7(iv). We use

the spatial symmetry of the model to replace the exponential factor in (7.3.7)

by a cosine. We also use ∣1 − cos(a) cos(b)∣ ≤ 2∣a∣δ + 2∣b∣δ for all δ ∈ [0, 2] to

get for m ≤ n,

∣π̂n(0) − π̂m,n(k1, k2)∣ ≤ 2∑
y,x

(∣k ⋅ y∣δ + ∣(k2 − k1) ⋅ x∣
δ)∣πm,n(y, x)∣. (7.3.14)
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Again, there are m + 1 of intervals of length ∣I∣ = m, hence, using (7.3.14),

uniformly in k(N−1), k(N) ∈ [−π, π]d ,

∑
I∋ nt(N−1)
∣I∣≤log n

p2c ∣π̂(nt(N−1)−I1 , ∣I∣)(k
(N−1)

n , k(N)n ) − π̂∣I∣(0)∣

≤ C
log n

∑
m=0

(m + 1)∑
x ,y

(∣ fα(n) x∣
δ + ∣ fα(n) y∣

δ)∣πm,n(y, x)∣

≤ C fα(n)
δ (log n + 1)

log n

∑
m=0

∑
x ,y

(∣x∣δ + ∣y∣δ)∣πm,n(y, x)∣,

(7.3.15)

and this converges to 0 as n →∞ when δ is su�ciently small since the sum is

uniformly bounded in n byProposition 6.7(iv). It now follows from limn→∞ n [1−
D̂(kn)] = ∣k∣2∧α (cf. (5.2.30)), and (7.3.15) that the second line on the right-

hand side of (7.3.12) vanishes as n → ∞.�is completes the proof that the

second line in (7.3.11) converges to 1/A, and thus we have completed the ad-

vancement of the induction.�is completes the proof of the asymptotics of

τ̂
(N)

nT(kn).

With the result for τ̂
(N)

nT in hand, we can derive the statement for ρ̂(N)

nT
. Instead

of (7.3.4) we now have the identity

KV[0, n] = ∑
I=[I1 ,I2]

0≤I1≤nt(N−1)≤I2≤n

KV[0, I1 − 1] JV[I1, I2]KV[I2 + 1, n]. (7.3.16)

Recall that KV[0, I1 − 1] = K[0, I1 − 1] and JV[I1, I2] = J[I1, I2] unless I2 = n.

�us, using (6.1.45),

ρ̂(N)

nT
(kn) = ∑

I=[I1 ,I2]
0≤I1≤nt(N−1)≤I2≤n

[pcD̂(k(N−1)n )] [pcD̂(k(N)n )]

× τ̂
(N−1)

(nt(1) ,...,nt(N−2) ,I1−1)
(k(1)n , . . . , k

(N−1)

n )

× π̂(nt(N−1)−I1 , ∣I∣)(k
(N−1)

n , k(N)n ) ρ̂nT−I2−1(k
(N)

n ), (7.3.17)

�e term in (7.3.17) involving τ̂ gives rise to a factor

A exp{ − Kα

N−1
∑
j=1

∣k( j)∣2∧α (t( j) − t( j−1))} + Ẽ ,

where Ẽ is an error term, similar to (7.3.9). Likewise, the term involving π̂ gives

rise to the factor 1/A, by (7.3.13).
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Finally, by�eorem 5.5, as n →∞,

ρ̂nT−I2−1(k
(N)

n )→ exp{ − Kα ∣k(N)∣2∧α (t(N) − t(N−1))}

so that the statement for ρ̂(N)

nT
follows.

7.3.2 Tightness

In this section we prove the tightness of Xn and Yn. We claim that tightness

follows from the bound

EIIC [∣Xn(t2) − Xn(t1)∣
r ∣Xn(t3) − Xn(t2)∣

r] ≤ C∣t3 − t1∣
a
, (7.3.18)

for some r > 0, a > 1, and C > 0.�is claim is proved in [20,�eorem 13.5]1

and also in [80, Section 5].

By Lemma 6.4, we get that

EIIC [∣Xn(t2) − Xn(t1)∣
r ∣Xn(t3) − Xn(t2)∣

r]

≤ pcn
−2r/(2∧α)(∑

x

τnt1(x))(∑
x

∣x∣rτn(t2−t1)(x))

× (∑
x

∣x∣rτn(t3−t2)(x)). (7.3.19)

By�eorem 5.6, for any 0 ≤ r < (2 ∧ α), there exists Cr such that

∑
x

∣x∣r(pD ∗ τn)(x) ≤ Crn
r/(2∧α)

.

�erefore,

EIIC[∣Xn(t2) − Xn(t1)∣
r ∣Xn(t3) − Xn(t2)∣

r]

≤ pcC
2
rC0n

−2r/(2∧α)[n(t2 − t1)]
r/(2∧α)[n(t3 − t2)]

r/(2∧α)

≤ C∣t2 − t1∣
r/(2∧α)∣t3 − t2∣

r/(2∧α)
.

(7.3.20)

Tightness of Xn follows when we choose r > (2 ∧ α)/2, so that 2r/(2 ∧ α) > 1,

as required.

�e proof for Yn is similar and follows when we replace EIIC by E
∗
pc ,n
in the

above proof and we apply Lemma 6.1 instead of Lemma 6.4.

1 With (13.13) replaced by the stronger moment condition (13.14).
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7.4 convergence of the backbone as a set : proof of theo-

rem 5.3

In this section we prove�eorem 5.3 and Proposition 5.4 under Hypothesis H.

We only prove the convergence of the processes restricted to the time-interval

[0, 1], for the reasons that we have given at the beginning of Section 5.2.

Our main goal is to show that, under Hypothesis H, the ‘sausages’ (Si)0≤i≤n
are all small compared to the scale of the pivotal walk S0, S1, . . . , Sn.�is is

formalized as follows:

E Lemma 7.3. Under Hypothesis H, as n →∞,

fα(n)max
0≤i≤n

diam(Si)Ð→ 0

in probability under PIIC, where for A ⊂ R
d , diam(A) denotes the diameter of A.

Assuming this lemma, we now prove Proposition 5.4. Note that Rd is iso-

metrically embedded in (K, dH) by the mapping x ↦ {x}. Because of this

embedding, the convergence in distribution of the process (Xn(t), 0 ≤ t ≤ 1)

in the space D([0, 1],Rd) implies the convergence of ({Xn(t)}, 0 ≤ t ≤ 1) to

({B(2∧α)

t }, 0 ≤ t ≤ 1) in the space D([0, 1],K).

Next, Lemma 7.3 implies that

fα(n) sup
0≤t≤1

dH({S⌊nt⌋},S⌊nt⌋) ≤ fα(n)max
0≤i≤n

diam(Si)Ð→ 0

in PIIC-probability as n → ∞, because Si ∈ Si by de�nition. Since the latter
uniform estimate dominates the Skorokhod distance (de�ned in footnote 2

on page 102), we get that ( fα(n)S⌊nt⌋)0≤t≤1 converges in distribution in the

space D([0, 1],K) to ({B(2∧α)

t }, 0 ≤ t ≤ 1).�is implies the �rst statement of

Proposition 5.4.

Now, if g is a càdlàg function from an interval I to K, then the historical
path is the function g̃∶ I → K de�ned by

g̃(t) = ( ⋃
s∈I,s≤t

g(s))
cl

.

Indeed, g̃ takes its values in K, because the function t ↦ diam(g(t)) is right-

continuous with le� limits, and therefore it is bounded. And the same goes for

the function t ↦ d(0, g(t)), where by de�nition d(x ,A) = inf y∈A ∣x − y∣.�is
comes directly from the fact that A↦ diam(A) and A↦ d(0,A) are continu-

ous functions onK. Noting that (B⌊nt⌋, t ≥ 0) is the historical path associated
with (S⌊nt⌋, t ≥ 0), we see that the second statement of Proposition 5.4 is an
immediate consequence of the �rst statement and the following lemma:
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E Lemma 7.4. Let (gn)n≥1 be a sequence of functions converging inD([0, 1],K)

to a limit g.�en the historical paths g̃n converge to g̃ in D([0, 1],K) as well.

Proof. �e Skorokhod convergence of gn to g means that there exists a se-

quence of time-changes λn , n ≥ 1, i.e., a sequence of increasing continuous

functions from [0, 1] onto [0, 1], such that λn converges uniformly to the iden-

tity, and such that

εn = sup
0≤t≤1

dH(gn ○ λn(t), g(t))Ð→ 0 .

Now we have, for every t ∈ [0, 1],

dH(g̃n ○ λn(t), g̃(t)) = dH( ⋃
0≤s≤λn(t)

gn(s), ⋃
0≤s≤t

g(s))

= dH( ⋃
0≤s≤t

gn ○ λn(s), ⋃
0≤s≤t

g(s)).

�is equality holds because dH(A, B) = dH(A
cl, Bcl) for any two subsetsA, B ⊆

Rd . By de�nition, if x ∈ ⋃0≤s≤t gn ○ λn(s) then it is in gn ○ λn(s) for some

s ∈ [0, t], and thus we can �nd some y in g(s) at distance at most εn from x.

It follows that the converse also holds when we exchange the roles of gn ○ λn
and g.�is shows that sup0≤t≤1 dH(g̃n ○ λn(t), g̃(t)) ≤ εn Ð→ 0 as n →∞, as

desired.

We can now prove �eorem 5.3. Recall that the process B(2∧α) is a.s. con-

tinuous at time 1. It immediately follows that the historical process ({B(2∧α)

s ∶

0 ≤ s ≤ t}, 0 ≤ t ≤ 1) is almost surely continuous at time 1 as well. From

this, we deduce that the projection g ↦ g(1) from D([0, 1],K) to K is al-
most everywhere continuous with respect to the law of the limiting process of

( fα(n)B⌊nt⌋, t ≥ 0). By standard properties of weak convergence of probabil-

ity measures, we conclude that fα(n)Bn converges to {B(2∧α)

s ∶ 0 ≤ s ≤ 1}.�e

convergence of fα(n)B⌊nT⌋ for a general T > 0 follows by a scaling argument.

�is �nishes the proof of Proposition 5.4 and�eorem 5.3, and it remains

to prove Lemma 7.3.

Proof of Lemma 7.3. For ε > 0 we may apply the union bound,

PIIC( fα(n)max
0≤i≤n

diam(Si) ≥ ε) ≤ n max
0≤i≤n

PIIC( fα(n)diam(Si) ≥ ε).
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By Lemma 3.11 on page 74, we can write

PIIC( fα(n)diam(Si) ≥ ε)

= lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp ({ fα(n)diam(S xi ) ≥ ε} ∩ {0↔ x})

= lim
p↗pc

1

χ(p)
∑
x∈Zd

∞
∑
`=0
Pp({ fα(n)diam(S xi ) ≥ ε}

∩ {0↔ x} ∩ {∣Piv(0, x)∣ = `})

where S xi is the ith sausage along the path 0 ↔ x (but recall that S xi = ∅

when there are fewer than i pivotals).�us, applying (6.1.12) and performing

the summation over `, we get the upper bound

lim
p↗pc

1

χ(p)
∑
x∈Zd

∑
e ,b

τi−1(e)pD(e)pD(b)τ(x − b)

× Pp(∃y∶ ∣y∣ > ε fα(n)
−1∶{0↔ y} ○ {0↔ b} ○ {y↔ b}).

Summing over x and letting p↗ pc , we get

PIIC ( fα(n)diam(Si) ≥ ε)

≤ pc∑
u

(pcD ∗ τi−1)(u)∑
v

Ppc(∃y such that ∣y∣ > ε fα(n)
−1

and {0↔ y} ○ {0↔ v} ○ {y↔ v}).

We use that by�eorem 5.5,∑u τi−1(u) ≤ C for some C to arrive at

PIIC( fα(n)diam(Si) ≥ ε) ≤ C∑
v

Ppc(∃y s.t. ∣y∣ > ε fα(n)
−1

and {0↔ y} ○ {0↔ v} ○ {y↔ v})

= C∑
v

Ppc({0↔ v} ○ {∃y s.t. ∣y∣ > ε fα(n)
−1

and {0↔ y} ○ {y↔ v}}),

so that

PIIC( fα(n)max
0≤i≤n

diam(Si) ≥ ε)

≤ Cn∑
v

Ppc({0↔ v} ○ {∃y such that ∣y∣ > ε fα(n)
−1

and {0↔ y} ○ {y↔ v}}).
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�us, we are le� to show that

∑
z

Ppc ({0↔ v} ○ {∃y∶ ∣y∣ > ε fα(n)
−1∶{0↔ y} ○ {y↔ v}}) = o(1/n).

By the BK-inequality, we have the upper bound

C∑
v

τ(v)Ppc (∃y∶ ∣y∣ > ε fα(n)
−1∶{0↔ y} ○ {y↔ v}) .

Let an =
ε
2
(n/ log n)1/(2∧α). We split the sum over v into ∣v∣ ≤ an and ∣v∣ > an.

For ∣v∣ > an, we bound the sum by

∑
∣v∣>an

τ(v)2 ≤ a
−(2∧α)−δ
n ∑

∣v∣>an
∣v∣(2∧α)+δτ(v)2

= O(1)a
−(2∧α)−δ
n = o(1/n),

where, for the second inequality we used (6.3.7) and the fact that τ(v)2 is the

upper bound on ∑n π
(0)

n (v) that is used in the proof of (6.3.7) (see Section

A.2).

Uniformly in ∣v∣ ≤ an, we use that under Hypothesis H

Ppc(∃y∶ ∣y∣ > ε fα(n)
−1∶{0↔ y} ○ {y↔ v}) ≤ C/(ε fα(n)

−1)2(2∧α)
,

and�eorem 4.1 on page 83 to bound

∑
∣v∣≤an

τ(v)Ppc(∃y∶∣y∣ > ε fα(n)
−1∶{0↔ y} ○ {y↔ v})

≤ C/(ε fα(n)
−1)2(2∧α)

∑
∣v∣≤an

τ(v)

≤ C/(ε fα(n)
−1)2(2∧α)a(2∧α)

n = o(1/n).

�is completes the proof of Lemma 7.3.

We complete this section with a proof of Proposition 5.2.

Proof of Proposition 5.2. For �nite-range percolation, under the strong triangle

condition, we use the result from [102] that the extrinsic one-arm probability

is bounded by C/r2, i.e.,

Ppc(0↔ Q
c
r ) ≤ C/r

2
, (7.4.1)

whereQr is the Euclidean ball of radius r andQ
c
r is its complement. For ∣x∣ ≤ m,

we can apply the BK-inequality and (7.4.1) to bound

Ppc(∃y ∈ Z
d ∶ ∣y∣ > 2m, {0↔ y} ○ {x ↔ y})

≤ Ppc({0↔ Q
c
m} ○ {x ↔ Qm(x)

c})

≤ Ppc(0↔ Q
c
m)
2 ≤ C2/m4,
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whereQm(x) is the Euclidean ball of radiusm around x.�is proves the claim

in the �nite-range case.

In the long-range case, we bound

Ppc(∃y ∈ Z
d ∶ ∣y∣ > 2m, {0↔ y} ○ {x ↔ y})

≤ ∑
∣y∣>2m

τpc(y)τpc(y − x)

≤ m−2(2∧α)
∑

∣y∣>2m
∣y∣(2∧α)τpc(y)∣y − x∣

(2∧α)τpc(y − x)

≤ m−2(2∧α)
sup
x
∑
y

∣y∣(2∧α)τpc(y)∣y − x∣
(2∧α)τpc(y − x).

We claim that for d > 4(2 ∧ α),

sup
x
∑
y

∣y∣(2∧α)τpc(y)∣y − x∣
(2∧α)τpc(y − x) <∞. (7.4.2)

�is bound completes the proof. Proposition 3.7 on page 67 states that for d >

3(2 ∧ α),

sup
x
∑
y

∣y∣(2∧α)+δτpc(y)τpc(y − x) <∞. (7.4.3)

�e proof of (7.4.2) is similar to this bound and is omitted here.



8
RANDOM WALK ON THE I IC

�e main results of this chapter consist of: (1) asymptotic bounds on the ran-

dom walk return probability, and (2) bounds on the random walk exit time

from the intersection between the iic and a ball, for balls in both the intrin-

sic and the extrinsic distance metric. We will observe that properties of the

random walk that have to do with the graph structure (e.g. return probabil-

ities, exit times from intrinsic metric balls) are universal for a broad class of

models, whereas those properties that have to do with the spatial structure (e.g.

exit time from extrinsic metric balls) are shared only among models that have

similar local properties (that is, similar edge probability distributions).

We will assume throughout this chapter that Assumptions C and D hold

(see page 49).

In�eorems 1.14, 1.15, and 1.16 in the introductionwe summarized ourmain

results as they apply to nnp and lrp. As explained in the introduction, Kuma-

gai & Misumi’s paper [104] gives a rigorous version of the ‘rule of thumb’ (see

page 39) which provides the bounds that we need to prove�eorems 1.14 and

1.15 (as well as stronger results, given in�eorems 8.1 – 8.6 and 8.7 below).�e

‘rule of thumb’ boils down to proving the required bounds on the volume and

e�ective resistance (see De�nition 8.10 and�eorem 8.12 for a precise state-

ment of what they are). In this chapter, we prove these bounds for both the ex-

trinsic and the intrinsic distance metric, and we prove them for a broad class

of percolation models. To illustrate the content of Kumagai & Misumi’s work,

we show in Appendix C how these bounds can be used to prove�eorem 8.1

below.

Unless we say otherwise, the results in this chapter hold for �nite-range

models. We will state results in terms of the parameter α when we prove that

the result also applies to long-range percolation.

Random walk.

Let ω be a random con�guration whose law is PIIC. We write IIC(ω) for the

graph of the connected component of 0 inω, andwewriteBb(ω) for the graph

of the backbone of IIC(ω).

�e randomwalks and the associated spaces discussed in this chapter are de-

�ned as follows: Let Ω = {0, 1}E(Z
d), where E(Zd) is the set of edges (typically,

157
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our percolation models require E(Zd) = Zd × Zd), so Ω is the state space of

percolation con�gurations. Consider the probability space (Ω,F ,PIIC) that de-

scribes the family of random graphs ΓIIC(ω) = (IIC(ω), E(ω),ω ∈ Ω), where

IIC(ω) is the set of vertices of the (unique, in�nite) connected component of 0

in ω, and E(ω) is the associated edge set. Let X = (Xn , n ≥ 0, P
x
ω , x ∈ IIC(ω))

denote simple random walk on ΓIIC started at x. Let there be a second space

(Ω,F) such that X is de�ned on the product Ω × Ω so that for an element

(ω,ω) ∈ Ω × Ω, the ω-part describes the randomness of the graph and the

ω-part describes the movement of the random walk on ω.

Two important assumptions

�e proof of�eorem 8.1 below uses the asymptotics of the extrinsic one-arm

probability of critical percolation, i.e., the probability that the origin of Zd is

connected to a point at (at least) distance r:

c Assumption O. �e extrinsic one-arm probability satis�es

Ppc(0↔ Q
c
r ) ≤ Cr

−2

for some constant C > 0.

Kozma & Nachmias proved this assumption for �nite-range percolation

models in high dimensions [102].�eorem 1.5 proves that the one-arm prob-

ability of long-range percolation is bounded from below by cr−(4∧α)/2. Hence,
if this bound is sharp, Assumption O also holds for long-range percolation

when α ≥ 4. But such an upper bound cannot hold when α < 4 (even if it

turns out that the lower bound is not sharp). �eorem 9.1 below illustrates

how this phase transition at α = 4 a�ects the exit time of random walk.

Several proofs in this chapter use the assumption that the position of the

backbone pivotals form a stochastic process onZd whose scaling limit is either

Brownianmotion (for �nite-variancemodels) or a symmetric α-stablemotion

(for in�nite-variancemodels), i.e., we use themain result of the previous three

chapters. Indeed, recall the rescaled backbone process (1.3.3) de�ned on page

35. We assume the following behavior:

cAssumption S. As n →∞, the process Xn(t) converges in distribution to an

α-stable Lévy motion when α < 2, and to a Brownian motion when α > 2.

Assumption S is of course equivalent to�eorem 1.13. We state it here as an

assumption because it is stronger than what we actually use (see Proposition

8.21). In Appendix C.2 we give an alternative proof that uses a weaker assump-

tion.
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8.1 main results .

�eorems 8.1 – 8.7 below contain the main results of this chapter.�roughout

this chapter we will always assume that the strong triangle condition (2.2.9)

holds for some su�ciently small mean-�eld parameter β (see (2.2.8)), but as

usual, we will not attempt to determine how small β should be.

�e �rst theorem gives upper and lower bounds for various quantities re-

lated to the exit time of random walk from extrinsic balls:

¦ Theorem 8.1 [Extrinsic random walk geometry of the iic]. Let r ≥ 1. If

Assumptions O and S hold and the strong triangle condition is satis�ed for some

su�ciently small β, then the following holds:

(a) Uniformly in r,

PIIC (θ−1r6 ≤ E0ωτQr ≤ θr6)→ 1 as θ →∞. (8.1.1)

(b) �ere exists r⋆ ≥ 1 such that, for all r ≥ r⋆,

c1r
6 ≤ EIIC[E

0
ωτQr ] ≤ c2r

6
. (8.1.2)

(c) �ere exists γ1 <∞ and a subset Ω0 ⊂ Ω with PIIC(Ω0) = 1 such that for

all ω ∈ Ω0 and x ∈ IIC(ω), there exists Rx(ω) <∞ such that

(log r)−γ1 r6 ≤ ExωτQr ≤ (log r)γ1 r6, ∀r ≥ Rx(ω). (8.1.3)

(d) For all ω ∈ Ω0 and x ∈ IIC(ω), there exists γ2 < ∞ and Rx(ω, ω̄) such

that Pxω(Rx <∞) = 1 and such that

(log r)−γ2 r6 ≤ τQr(ω, ω̄) ≤ (log r)γ2 r6, ∀r ≥ Rx(ω, ω̄).

�e following theorem is the analogue of�eorem 8.1 for the intrinsic met-

ric:

¦ Theorem 8.2 [Intrinsic random walk geometry of the iic]. Let r ≥ 1. If

the strong triangle condition is satis�ed for some su�ciently small β, then the

following holds:

(a) Uniformly in r,

PIIC (θ−1r3 ≤ E0ωτBr ≤ θr3)→ 1 as θ →∞.

(b)

c3r
3 ≤ EIIC[E

0
ωτBr ] ≤ c4r

3
. (8.1.4)
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(c) �ere exists δ1 <∞ and a subset Ω0 ⊂ Ω with PIIC(Ω0) = 1 such that for

all ω ∈ Ω0 and x ∈ IIC(ω), there exists R′x(ω) <∞ such that

(log r)−δ1 r3 ≤ ExωτBr ≤ (log r)δ1 r3, ∀r ≥ R′x(ω).

(d) For all ω ∈ Ω0 and x ∈ IIC(ω), there exists δ2 < ∞ and R′x(ω, ω̄) such

that Pxω(R
′
x <∞) = 1 and such that

(log r)−δ2 r3 ≤ τBr(ω, ω̄) ≤ (log r)δ2 r3, ∀r ≥ R′x(ω, ω̄).

We recall here the de�nition of the spectral dimension from the introduc-

tion. Given a graph Γ = (G , E) its spectral dimension ds(Γ) is de�ned in terms

of the asymptotics of the return probability pΓ2n(x , x): for any vertex x ∈ G, we

set

ds(Γ) ≡ −2 lim
n→∞

log pΓ2n(x , x)

log n
(1.4.2)

if the limit exists.

Using the framework of Kumagai &Misumi [104], we can establish bounds

on the return probability of random walk:

¦ Theorem 8.3 [Asymptotics for the randomwalk return probabilities on the

iic ]. If the strong triangle condition is satis�ed for some su�ciently small β,

then

(a) for n ≥ 1, uniformly in n,

PIIC (θ−1 ≤ n2/3pω
2n(0, 0) ≤ θ)→ 1 as θ →∞.

(b) there exists ε < ∞ and a subset Ω0 ⊂ Ω with PIIC(Ω0) = 1 such that for

all ω ∈ Ω0 and x ∈ IIC(ω), there exists Nx(ω) <∞ such that

(log n)−ε

n2/3
≤ pω

2n(x , x) ≤
(log n)ε

n2/3
, ∀n ≥ Nx(ω). (8.1.5)

Note that (8.1.5) implies�eorem 1.14, that is, the Alexander-Orbach con-

jecture holds under the strong triangle condition.

�e following theorems involve the annealed law

P⋆( ⋅ ) ≡ ∫ P0ω( ⋅ )PIIC(dω). (8.1.6)
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¦ Theorem 8.4 [Extrinsic distance of random walk from the origin]. Let n ≥

1. If Assumption S holds and the strong triangle condition is satis�ed for some

su�ciently small β, then

(a) uniformly in n,

P⋆ (∣Xn∣ < θn1/(3(2∧α)))→ 1 as θ →∞

and

P⋆ (θ−1n1/(3(2∧α)) < 1 + ∣Xn∣)→ 1 as θ →∞;

(b) letting Zn = max0≤k≤n∣Xk ∣, there exists a subsetΩ0 ⊂ ΩwithPIIC(Ω0) = 1

such that for all ω ∈ Ω0 and x ∈ IIC(ω) there exists ζ <∞ and Nx(ω, ω̄)

such that Pxω(Nx <∞) = 1 and such that

(log n)−ζn1/(3(2∧α)) ≤ Zn(ω, ω̄) ≤ (log n)ζn1/(3(2∧α))
, ∀n ≥ Nx(ω, ω̄).

¦Theorem 8.5 [Intrinsic distance of randomwalk from the origin]. Let n ≥ 1.

If the strong triangle condition is satis�ed for some su�ciently small β, then

(a) uniformly in n,

P⋆ (dω(0, Xn) < θn1/3)→ 1 as θ →∞

and

P⋆ (θ−1n1/3 < 1 + dω(0, Xn))→ 1 as θ →∞;

(b) letting Yn = max0≤k≤n dω(0, Xk), there exists a subset Ω0 ⊂ Ω that sat-

is�es PIIC(Ω0) = 1 such that for all ω ∈ Ω0 and x ∈ IIC(ω) there exists

η <∞ and N ′
x(ω, ω̄) such that Pxω(N

′
x <∞) = 1 and such that

(log n)−ηn1/3 ≤ Yn(ω, ω̄) ≤ (log n)ηn1/3, ∀n ≥ N ′
x(ω, ω̄).

For random walk on the iic backbone we have the following result:

¦ Theorem 8.6 [Random walk on the iic-backbone]. If Assumption S holds

and the strong triangle condition is satis�ed for some su�ciently small β, then

the conclusions of�eorems 8.1 – 8.5 hold for random walk restricted to Bb(ω)

when the exponent 6 is changed to 2(2 ∧ α) in�eorem 8.1, the exponent 3 is

changed to 2 in�eorem 8.2, the exponent 2/3 is changed to 1/2 in�eorem 8.3,

the exponent 1/(3(2 ∧ α)) is changed to 1/(2(2 ∧ α)) in�eorem 8.4 and the

exponent 1/3 is changed to 1/2 in�eorem 8.5.
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A direct result of the above theorem is that ds(Bb) = 1.
�eorem 1.16, which we will prove in the next chapter, shows that the exit

time of random walk from the iic of long-range percolation is much shorter

than it is for �nite-rangemodels.�e reason for this radically shorter exit time

is that the random walk can exit the ball Qr through long edges, and these

long edges are common when α < 4. But in Section 4.2 it is shown that the

cluster at the other end of a long edge is small with high probability, so the

random walk will with high probability not spend much time outside of Qr if

it exits through a long edge.�us, the only way a random walk can escape Qr
for more than an instant is if it exits Qr through the backbone. We conjecture

that the time the random walker spends on the other side of long edges is so

short that these short excursions will not a�ect the scaling limit of the exit time

(in the standard topologies), so that the scaling limit of the exit time will be

proportional to r3(2∧α). We propose a quantity that we believe is interesting
to look at as a possible preliminary to studying the scaling limit of random

walk on the iic. We call this quantity themodi�ed exit time τmod
Qr
and we de�ne

it as the exit time of a random walk that walks on the con�guration of the

graph that contains all edges touching IIC ∩ Qr , and where the clock is only

stopped if the random walk reaches Qcr through the backbone.�at is, we do

not stop the clock when the random walk exits Qr through a long edge, but

we do force it to return to IIC ∩ Qr in the next step. For this model the exit

time is typically much larger than the unmodi�ed version when α < 4, as the

following theorem demonstrates:

¦ Theorem 8.7 [Extrinsic random walk geometry with a modi�ed exit time].

If Assumption S holds and the strong triangle condition is satis�ed for some suf-

�ciently small β, then the conclusion of�eorem 8.1 holds for the modi�ed exit

time τmod
Qr
when the exponent 6 is changed to 3(2 ∧ α).

As mentioned, thanks to the ‘rule of thumb’ by Kumagai & Misumi [104],

the above theorems all follow once we prove the appropriate volume and ef-

fective resistance estimates of the intersection between the iic (or backbone)

and balls. In the next section we state our main technical result,�eorem 8.12,

which establishes precisely these bounds. But that�eorem 8.12 implies�e-

orems 1.14 – 1.16, and 8.1 – 8.7 is not obvious.�e main idea of the proofs of

Kumagai & Misumi is to �rst show that simple bounds on the volume and ef-

fective resistance of balls imply bounds on, for instance, the exit time, if the

con�guration is ‘nice’.�ey then show that ‘most’ con�gurations are nice, and

thus get bounds that applywith high probability. Beyond this, their proofs defy

a simple heuristic description because their proofs are quite sophisticated.
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We prove�eorem 8.12 in Sections 8.3 and 8.4 for the extrinsic case, in Sec-

tion 8.5 for the intrinsic case, in Section 8.6 for both intrinsic and extrinsic

cases on the backbone, and in Section 8.7 for the modi�ed case.

As an example of the arguments that are involved, we give our adaptation of

Kumagai & Misumi’s proof to show how�eorem 8.1 follows from�eorem

8.12 in Appendix C.1.

Finally, in Appendix C.2 we state a proposition that lets us prove�eorem

8.1 under a weaker assumption than Assumption S.

8.2 definitions , an important result, and the main theo-

rem

In this section we state the theorem that implies all the theorems of the previ-

ous section. We also restate some important results on which our analysis is

based and we introduce most of the additional de�nitions that we need in this

chapter.

�e following de�nitions apply to general graphs:

O Definition 8.8 [Random walk terminology]. .

(i) Let Γ = (G , E) be a graph with vertex set G and edge set E. De�ne µx
as the degree of vertex x ∈ G, and let µ( ⋅ ) be the extension of µx to a

measure on Γ.�e discrete-time simple random walk on Γ is the Markov

chain with transition probabilities

PxΓ (X1 = y) ≡
1

µx
if {x , y} ∈ E .

�e transition density (or discrete-time heat kernel) is de�ned as

pΓn(x , y) ≡
Px
Γ
(Xn = y)

µy
.

Note that pΓn(x , y) = p
Γ
n(y, x).

(ii) De�ne the edge volume of Γ as

V(Γ) ≡ ∑
x∈G
µx .

(iii) De�ne the quadratic form E as

E( f , g) ≡ 1
2
∑

{x ,y}∈E
( f (x) − f (y))(g(x) − g(y)).
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If we think of Γ as an electrical network where the edges represent unit

resistors, then we can think of E( f , f ) as the energy dissipation of the
electrical network when the potential at the vertices is given by f . We de-

�ne the set H2 = { f ∈ RG ∶E( f , f ) <∞}, so that H2 can be viewed as the

set of all ‘physical’ potential functions. For two disjoint subsets A and B of

G, we de�ne the e�ective resistance between A and B as

Reff(A, B)
−1 ≡ inf{E( f , f )∶ f ∈ H2, f ∣A = 1, f ∣B = 0}.

For vertices x , y ∈ V, let Reff(x , y) = Reff({x}, {y}) and Reff(x , x) = 0.

�e e�ective resistance is a metric on subsets of G that is dominated by the

intrinsic metric, i.e.,

Reff(A, B) ≤ dΓ(A, B). (8.2.1)

Many other useful properties of Reff( ⋅ , ⋅ ) are known, cf. [47].

(iv) Let σA denote the random walk hitting time of the set A ⊆ G, i.e.,

σA ≡ inf{n ≥ 0∶Xn ∈ A}.

�e random walk exit time τA from the set A is given by τA ≡ σAc .

We use the following pieces of notation and terminology repeatedly:

O Definition 8.9 [Speci�c de�nitions]. .

(i) De�ne the r-restricted cluster Ur(x) by

Ur(x) = {y ∈ Zd ∶ x ↔ y on Qr}. (8.2.2)

We write Ur(0) = Ur . We similarly write U
Bb
r to denote the r-restricted

cluster of Bb, i.e.,

UBb
r (x) = {y ∈ Zd ∶ x ↔ y on Qr ∩Bb}.

(ii) Wewrite BBb
r (x;ω) for the intrinsic ball of radius r centered at x onBb(ω).

We write RBb
eff
(A, B) for the e�ective resistance between A and B in Bb.

Similarly, we write Rmod
eff

(A, B) for the e�ective resistance in the modi�ed

con�guration described above�eorem 8.7.

(iii) Given an edge e = {e1, e2} (open or closed) and a set of vertices A ⊆ Zd ,

we say that e touches A if either e1 ∈ A, or e2 ∈ A or both.
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(iv) We o�en abbreviate ‘pivotal edge’ by either ‘pivotal’ or simply by ‘piv’, and

similarly, we will o�en abbreviate ‘backbone-pivotal edge’ by ‘backbone-

pivotal’ or ‘bb-piv’.

To state the main theorem of this chapter we de�ne the following sets:

O Definition 8.10 [Sets of ‘good’ radii]. For λ > 1 de�ne

(i) the extrinsic iic radius set:

JE(λ) ≡ {r ∈ [1,∞] ∶ λ−1r4 ≤ V(Ur) ≤ λr4,

λ−1r2 ≤ Reff(0,Q
c
r ) ≤ λr2,

and Reff(0, x) ≤ λr2 for all x ∈ Ur};

(ii) the intrinsic iic radius set:

JI(λ) ≡ {r ∈ [1,∞] ∶ λ−1r2 ≤ V(Br) ≤ λr2 and λ−1r ≤ Reff(0, B
c
r)};

(iii) the extrinsic backbone radius set:

JBbE (λ) ≡ {r ∈ [1,∞] ∶ λ−1r(2∧α) ≤ V(UBb
r ) ≤ λr(2∧α)

,

λ−1r(2∧α) ≤ RBb
eff
(0,Qcr ) ≤ λr(2∧α)

,

and RBb
eff
(0, x) ≤ λr(2∧α)

for all x ∈ UBb
r };

(iv) the intrinsic backbone radius set:

JBbI (λ) ≡ {r ∈ [1,∞] ∶ λ−1r ≤ V(Br) ≤ λr and λ−1r ≤ Reff(0, B
c
r)};

(v) themodi�ed extrinsic iic radius set:

Jmod
E (λ) ≡ {r ∈ [1,∞] ∶ λ−1r2(2∧α) ≤ V(Ur) ≤ λr2(2∧α)

,

λ−1r(2∧α) ≤ Rmod
eff

(0,Qcr ) ≤ λr(2∧α)
,

and Rmod
eff

(0, x) ≤ λr(2∧α)
for all x ∈ Ur};

N Remark 8.11 [About the modi�cations we make to the de�nitions of Kuma-

gai &Misumi]. (i) Our de�nition of JE(λ) di�ers from the one proposed in [104]

in two ways. First, we require an upper bound on Reff(0,Q
c
r ).�is bound is not

required in [104] because there the choice of metric is restricted to cases where
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the upper bound is trivially r. Second, we use the r-restricted cluster Ur , which

is not the extrinsic metric ball. One of the main insights of this chapter is that

Ur is much easier to work with than the ‘correct’ ball Qr ∩ IIC and it makes no
di�erence in the proofs, since τQr = τUr for any random walk started at x ∈ Ur
and the edge volume of Ur is comparable to that of Qr ∩ IIC.
(ii) Our de�nition of JI(λ) also di�ers from the one proposed in [104], as we

make no restriction on Reff(0, x) for points x ∈ Br(0).�ese resistances are triv-

ially bounded from above by r, and this turns out to be su�cient.

We are now ready to state our main technical theorem:

¦ Theorem 8.12 [Most balls are good]. If the strong triangle condition is satis-

�ed for some su�ciently small β, then,

(a) if Assumptions O and S hold, then there exist r⋆(λ) = r⋆ ≥ 1, λ1 > 1 and

c1, c
′
1 , q1 > 0 such that

PIIC(r ∈ JE(λ)) ≥ 1 −
c1

λq1
for all r ≥ r⋆, λ ≥ λ1

and

EIIC[Reff(0,Q
c
r )V(Ur)] ≤ c

′
1r
6
;

(b) there exist λ2 > 1 and c2, c
′
2, q2 > 0 such that

PIIC(r ∈ JI(λ)) ≥ 1 −
c2

λq2
for all r ≥ 1, λ ≥ λ2

and

EIIC[Reff(0, B
c
r)V(Br)] ≤ c

′
2r
3
;

(c) if Assumption S holds, then there exist r⋆(λ) = r⋆ ≥ 1, λ3 > 1 and c3, c′3, q3 >
0 such that

PIIC(r ∈ J
Bb
E (λ)) ≥ 1 −

c3

λq3
for all r ≥ r⋆, λ ≥ λ3

and

EIIC[R
Bb
eff
(0,Qcr )V(UBb

r )] ≤ c′3r
2(2∧α)

;

(d) there exist λ4 > 1 and c4, c
′
4, q4 > 0 such that

PIIC(r ∈ J
Bb
I (λ)) ≥ 1 −

c4

λq4
for all r ≥ 1, λ ≥ λ4

and

EIIC[R
Bb
eff
(0, Bcr)V(BBb

r )] ≤ c′4r
2
;
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(e) if Assumption S holds, then there exist r⋆(λ) = r⋆ ≥ 1, λ5 > 1 and c5, c′5, q5 >
0 such that

PIIC(r ∈ J
mod
E (λ)) ≥ 1 −

c5

λq5
for all r ≥ r⋆, λ ≥ λ5

and

EIIC[R
mod
eff

(0,Qcr )V(Ur)] ≤ c
′
5r
3(2∧α)

.

N Remark 8.13. (i) By [104, Propositions 1.3 and 1.4, and�eorem 1.5], all the-

orems stated in the introduction except�eorem 9.1 are corollaries to the above

theorem. In particular,�eorem 8.1 is a corollary to (a),�eorems 8.2, 8.3 and

8.5 are corollaries to (b),�eorem 8.6 is a corollary to (c) and (d), and�eorems

8.4 and 8.7 are corollaries to (e).

(ii) We believe that the method of [104] cannot be used to prove the analogue

of �eorem 8.1 for long-range spread-out percolation with α < 4 because the

method requires that Reff(0,Q
c
r ) and Reff(0, x) scale as the same power of r for

all x ∈ Ur . But this does not appear to be the case for long-range percolationwhen

α < 4. In particular, Lemma9.4 shows thatwith high probability, Reff(0,Q
c
r ) is at

most of order r(4∧α)/2, whereas Lemma 8.18 can easily be modi�ed to show that
Reff(0, x) = O(r(2∧α)) for all x ∈ Ur with high probability. We do not believe

that the latter can be improved to give a bound of the same order as Reff(0,Q
c
r ),

since the relatively small value for Reff(0,Q
c
r ) comes from the presence of edges

of length > 2r with one end in Qr , whereas, by the de�nition of Ur , these long

edges cannot occur on the path from 0 to any x ∈ Ur (because they are too long

to be included in Ur).

In the course of the proof of�eorem 8.12 we will repeatedly use the results

from Sections 3.4 and 4.1. In particular, we will use Lemma 3.11 to analyze

non-cylinder events that involve the backbone, and we will use the volume

estimates from�eorem 4.1.

We will now restate an important theorem by Kozma & Nachmias [101]. It

gives bounds on the expected size of an intrinsic ball of radius r with respect

to the critical percolation measure, and it gives a strong upper bound on the

intrinsic one-arm probability of critical percolation (see also�eorem 1.7 on

page 17). Given a graph Γ = (G , E) and a subset A ⊆ G, de�ne the random set

∂Br(x;A) ≡ {y ∈ A∶ dΓ(x , y) = r}

and the event

H(r;A) ≡ {∂Br(x;A) ≠ ∅}.

Note thatH(r,ωp) is not an increasing event in p.�at is, if we have two perco-

lation con�gurations, ωp and ωq with parameters p and q such that p < q, that
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have been coupled in the standard way (cf. [59]), then H(r;ωp) ⊈ H(r;ωq).

�is is not hard to see, as adding edges to a con�guration could actually reduce

the length of the shortest path between two points.�is makes it di�cult to

bound the intrinsic one-arm probability Pp(H(r;ωp)). Kozma & Nachmias

get around this problem by considering instead

Γp ≡ sup
A⊆Zd×Zd

Pp(H(r;A)). (8.2.3)

Clearly, an upper bound on Γp implies an upper bound on Pp(H(r;A)) for

any subgraph A.

¦Theorem 8.14 [Properties of critical percolation clusters [101]]. If the strong

triangle condition is satis�ed for some su�ciently small β, then the following

bounds hold:

Epc [∣Br(0;ω)∣] ≤ Cr; (8.2.4)

Γpc(r) ≤ C/r. (8.2.5)

Kozma&Nachmias give the proof in [101], where they also prove the accom-

panying lower bounds (but we won’t use the lower bounds here). Sapozhnikov

recently presented a short and easy alternative proof of (8.2.4) [121].

8.3 upper bounds for the extrinsic case

In this section we prove all the upper bounds that are needed to establish�e-

orem 8.12(a). Note that all bounds that we prove in this section also hold for

long-range percolation with α ≤ 2 when all occurrences of r2 are replaced

with rα , all occurrences of r4 are replaced with r2α and all occurrences of r6

are replaced with r3α .

E�ective resistance between 0 and Qcr .

We start by proving that the e�ective resistance between the origin and the

boundary of Qr is with high probability bounded by λr2 under PIIC.

E Lemma 8.15 [iic e�ective resistance upper bound]. Suppose α > 2. When-

ever the strong triangle condition is satis�ed with su�ciently small β, there exists

a constant C > 0 such that EIIC[Reff(0,Q
c
r )] ≤ Cr

2. As a result, for all λ > 0,

PIIC (Reff(0,Q
c
r ) ≥ λr2) ≤ C/λ.
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Proof. We would like to use the limit scheme (1.2.5) to evaluate this bound.

�is limit is has been proved for cylinder events. But the random variable

Reff(0,Q
c
r ) is not necessarily de�ned in terms of cylinder events when the edge

lengths are unbounded. Indeed, when we are dealing with �nite-range perco-

lationmodels, we can use that Reff(0,Q
c
r ) can be determined by inspecting the

status of edges with both ends inside Qr+L only, but this is not the case when
dealing with long-range percolation, and so it is not immediately clear that the

limit in (1.2.5) can be reversed. Of course this is only a technical issue: �xing a

large R and closing all edges that are longer than R gives a usable upper bound

on Reff(0,Q
c
r ) whose value is measurable with respect to Qr+R.�us we can

use the iic limiting scheme (1.2.5). We will not write down this dependence on

R explicitly below.

But before we use the limiting scheme we observe thatPIIC-a.s. Reff(0,Q
c
r ) =

Reff(0,Q
c
r )1{0↔Q cr }, so that:

EIIC[Reff(0,Q
c
r )] =EIIC[Reff(0,Q

c
r )1{0↔Q cr }]

= lim
p↗pc

1

χ(p)
∑
x∈Zd

Ep[Reff(0,Q
c
r )1{0↔x}1{0↔Q cr }]

= lim
p↗pc

1

χ(p)
∑
x∈Qr

Ep[Reff(0,Q
c
r )1{0↔x}1{0↔Q cr }]

+ lim
p↗pc

1

χ(p)
∑
x∈Q cr

Ep[Reff(0,Q
c
r )1{0↔x}1{0↔Q cr }].

(8.3.1)

We have split up the contributions from x ∈ Qr and from x ∉ Qr and we treat

them separately.

For a bound on the �rst term on the right-hand side of (8.3.1) we use that

Reff(0,Q
c
r )1{0↔Q cr } can be bounded from above by Cdr

d , for some constant

Cd that depends only on d: indeed, the random variable is only non-zero

when there is a path from 0 to Qcr and the maximum e�ective resistance of

any such con�guration is achieved by a con�guration where every vertex lies

on the same unique path of open edges from the origin to a single vertex on

the boundary of the ball. By the series law for resistances, the e�ective resis-

tance of such a con�guration is proportional to the number of vertices in the

ball, and so it can be bounded by Cdr
d . Hence,

lim
p↗pc

1

χ(p)
∑
x∈Qr

Ep[Reff(0,Q
c
r )1{0↔x}1{0↔Q cr }]

≤ lim
p↗pc

1

χ(p)
Cdr

d
∑
x∈Qr

τp(x) ≤ lim
p↗pc

1

χ(p)
Cdr

dCr2 = 0, (8.3.2)
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where in the second inequality we use the bound from�eorem 4.1, and in the

�nal equality we use that χ(p) diverges in the limit, while r is �xed.

To bound the second term on the right-hand side of (8.3.1), �rst note that for

x ∉ Qcr , {0↔ x} ⊆ {0↔ Qcr}, so we can drop the second indicator function.

Recall (8.2.1) and note that the intrinsic distance between two connected sets

A and B is bounded from above by the number of open edges between them,

that is,

d(A, B)1{A↔B} ≤∑
e∈E

1{A↔e}○{e open}○{e↔B}. (8.3.3)

A con�guration in {0↔ Qcr , 0↔ x} with x ∈ Q
c
r may contain two or more

(partially overlapping) paths from 0 to Qcr .�e graph distance from 0 to Q
c
r is

equal to the length of the shortest such path.�erefore, the e�ective resistance

Reff(0,Q
c
r ) is at most the number of edges from 0 to Q

c
r along a path that ends

at x. Hence we can apply (8.2.1) and (8.3.3) with A = {0} and B = Qcr ∩ C(x)
to bound Reff(0,Q

c
r ):

Ep[Reff(0,Q
c
r )1{0↔x}] ≤ ∑

e∈Er
Ep[1{0↔e}○{e open}○{e↔x}] (8.3.4)

(recall the de�nition of Er , De�nition 2.3(ii)). We get

lim
p↗pc

1

χ(p)
∑
x∈Q cr

Ep[Reff(0,Q
c
r )1{0↔x}]

≤ lim
p↗pc

1

χ(p)
∑
x∈Q cr

∑
e∈Er

Ep[1{0↔e}○{e open}○{e↔x}].

Now we apply the BK inequality to the right-hand side to get the upper bound

lim
p↗pc

1

χ(p)
∑
x∈Q cr

∑
e∈Er

τp(e)pD(e)τ(x − e).

If we extend the summation of x to Zd , then we get a factor χ(p).�e summa-

tion over pD(e) then leaves us with a factor p and the summation over edges

in Er as a result simpli�es to the summation over one end of the edges (we
choose the bottom end). We also take the limit p↗ pc to get the upper bound

lim
p↗pc

1

χ(p)
∑
x∈Q cr

Ep[Reff(0,Q
c
r )1{0↔x}]

≤ pc ∑
e∈Qr

τpc(e) = pcEpc [∣Qr ∩ C(0)∣] ≤ Cr2, (8.3.5)
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where the last inequality is due to our volume bound in�eorem 4.1. Combin-

ing (8.3.2) and (8.3.5) we conclude

EIIC[Reff(0,Q
c
r )] ≤ Cr

2
. (8.3.6)

Using Markov’s inequality with this bound we get

PIIC (Reff(0,Q
c
r ) ≥ λr2) ≤

1

λr2
EIIC[Reff(0,Q

c
r )] ≤ C/λ.

�e edge volume of Ur .

Recall De�nitions 8.8(ii) and 8.9(i). Next we turn to the upper bound on the

probability that the edge volume of Ur is larger than λr4.

E Lemma 8.16 [iic edge volume upper bound]. Suppose α > 2. If the strong

triangle condition is satis�ed for some su�ciently small β, then there exists a

C > 0 such that for all λ > 0

PIIC (V(Ur) ≥ λr4) ≤ C/λ.

Proof. By Markov’s inequality,

PIIC (V(Ur) ≥ λr4) ≤
EIIC[V(Ur)]

λr4
. (8.3.7)

Note that

V(Ur) ≤ V(Qr ∩ IIC) = ∑
b∈Er

1{0↔b,b open}. (8.3.8)

�erefore,

EIIC[V(Ur)] ≤ ∑
b∈Er

EIIC[1{0↔b,b open}]

= lim
p↗pc

1

χ(p)
∑
b∈Er

∑
x∈Zd

Pp(0↔ b, b open, 0↔ x)

�e event in Pp can be contained as follows:

{0↔ b, b open, 0↔ x}

⊆ ⋃
z∈Zd

{0↔ z} ○ {z↔ b, b open} ○ {z↔ x}. (8.3.9)

Furthermore,

{z↔ b, b open} = {z↔ b} ○ {b open} ∪ {z↔ b} ○ {b open}. (8.3.10)
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Applying (8.3.9), (8.3.10) and the BK-inequality, we get

EIIC[V(Ur)] ≤ lim
p↗pc

p

χ(p)
∑
b∈Er

∑
z,x∈Zd

τp(z)[τp(b−z)+τp(b−z)]D(b)τp(x−z).

Summing over x gives a factor χ(p). Taking the limit p↗ pc yields

EIIC[V(Ur)] ≤pc ∑
b∈Er

∑
z∈Zd

τpc(z)[τpc(b − z) + τpc(b − z)]D(b)

=pc(D ∗ 1Qr ∗ τpc ∗ τpc)(0)

+ pc(1Qr ∗ D ∗ τpc ∗ τpc)(0) ≤ Cr
4
.

(8.3.11)

�e second inequality can be established in the same way as was done in the

course of the proof of�eorem 4.1 in Chapter 4. Applying this bound to (8.3.7)

completes the proof.

An upper bound on Reff(0,Q
c
r ) ⋅ V(Ur).

�e second part of�eorem 8.12(a) states an upper bound on the product of

the edge volume and the e�ective resistance ofUr . We prove this bound here.

E Lemma 8.17 [Bound on the expectation of the product of the volume and

resistance of a ball]. Let r ≥ 1, and suppose α > 2. If the strong triangle condition

is satis�ed for some su�ciently small β, then there exists a constant C > 0 such

that

EIIC[Reff(0,Q
c
r )V(Ur)] ≤ Cr

6
.

Proof. Both Reff(0,Q
c
r ) andV(Ur) are random variables that can be bounded

in terms of indicator functions of two-point function events and of cylinder

events (we use the same arguments as we used at the beginning of the proof of

Lemma 8.15). A�er we have done so, we may reverse the limit:

EIIC[Reff(0,Q
c
r )V(Ur)] = EIIC[Reff(0,Q

c
r )V(Ur)1{0↔Q cr }]

≤ ∑
b∈Zd×Zd

EIIC[Reff(0,Q
c
r )1{b∈Ur ,b open}1{0↔Q cr }]

≤ ∑
b∈Er

lim
p↗pc

1

χ(p)
∑
x∈Zd

Ep[Reff(0,Q
c
r )1{0↔b,b open}1{0↔x}],

where in the second inequality, we used the same arguments as in (8.3.2) to

argue that the contributions from x ∈ Qr vanish in the limit p ↗ pc . And

because the summation is now restricted to x ∈ Qcr the indicator 1{0↔Q cr } was
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dropped. Since x ∈ Qcr , we can apply the same bound on Reff(0,Q
c
r )1{0↔x} as

was used in (8.3.4):

Reff(0,Q
c
r )1{0↔x} ≤ ∑

e∈Er
1{0↔e}○{e open}○{e↔x}.

Hence,

EIIC[Reff(0,Q
c
r )V(Ur)]

≤ ∑
b∈Er

lim
p↗pc

1

χ(p)
∑
x∈Q cr

∑
e∈Er

Ep[1{0↔e}○{e open}○{e↔x}∩{0↔b,b open}]

�e event in the indicator function implies that there exists some vertex z ∈ Zd

such that the path 0 ↔ x and the path 0 ↔ b split at z and that z lies either

before or a�er e on the path 0↔ x, i.e.,

{{0↔ e} ○ {e open} ○ {e ↔ x}} ∩ {{0↔ b, b open}}

⊆ ⋃
z∈Zd

{{{0↔ z} ○ {z↔ e} ○ {e open} ○ {e ↔ x} ○ {z↔ b, b open}}

∪ {{0↔ e} ○ {e open} ○ {e ↔ z} ○ {e ↔ x} ○ {z↔ b, b open}}}.

Making this replacement, applying (8.3.10) and using the BK-inequality, we

get:

EIIC[Reff(0,Q
c
r )V(Ur)]

≤ lim
p↗pc

p2

χ(p)
∑
x∈Q cr

∑
z,∈Zd

∑
e ,b∈Er

[τp(z)τp(e − z)τp(x − e)

+ τp(e)τp(z − e)τp(x − z)][τp(b − z) + τp(b − z)]D(b)D(e).

Now we can sum over x and take the limit to get

EIIC[Reff(0,Q
c
r )V(Ur)]

≤ p2c ∑
z∈Zd

∑
e∈Er

[τpc(z)τpc(e − z) + τpc(e)τpc(z − e)]

× [(τpc ∗ 1Qr)(z) + (τpc ∗ D ∗ 1Qr)(z)]D(e).

wherewe rewrote the terms involving b as a convolution.�e factorD dropped

out in the �rst term because, by de�nition, ∑x∈Zd D(x − y) = 1 for any y. By

�eorem 4.1 we have

EIIC[Reff(0,Q
c
r )V(Ur)] ≤ Cr

2
∑
z∈Zd

∑
e∈Er

[τpc(z)τpc(e − z)D(e)

+ τpc(e)D(e)τpc(z − e)]
(8.3.12)
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We can bound the convolutions with the Fourier-space techniques that were

introduced in Section 4.1.�e result is that both convolutions can be bounded

by C′r4, so it follows that

EIIC[Reff(0,Q
c
r )V(Ur)] ≤ Cr

6
,

as required.

�e e�ective resistance between 0 and x ∈ Ur .

To show that the �nal upper bound in De�nition 8.10(i) is satis�ed we need to

show that with a probability proportional to 1 − 1/λ there are no vertices x in

Ur such that Reff(0, x) exceeds λr2.

E Lemma 8.18 [All vertices in Ur are well behaved]. Let α > 2. If the strong

triangle condition is satis�ed for some su�ciently small β, then there exists a

C > 0 such that for all λ > 0

PIIC (∃x ∈ Ur such that Reff(0, x) ≥ λr2) ≤ C/λ. (8.3.13)

Proof. We write m = λr2/2. Recall the de�nition of UBb
r in De�nition 8.9(i).

We start by splitting up the event in PIIC in (8.3.13) according to whether ∣U
Bb
r ∣

is greater than m or not, i.e.,

PIIC (∃x ∈ Ur such that Reff(0, x) ≥ λr2)

= PIIC (∃x ∈ Ur s.t. Reff(0, x) ≥ λr2, ∣UBb
r ∣ ≤ m)

+ PIIC (∃x ∈ Ur s.t. Reff(0, x) ≥ λr2, ∣UBb
r ∣ > m) . (8.3.14)

We can bound the second term on the right-hand side using ∣UBb
r ∣ ≤ NBb(r)

and Markov’s inequality,

PIIC(∃x ∈Ur s.t. Reff(0, x) ≥ λr2, ∣UBb
r ∣ > m)

≤ PIIC (∣U
Bb
r ∣ > m) ≤ PIIC(NBb(r) > m)

≤
EIIC[NBb(r)]

m
≤
2Cr2

λr2
≤
C

λ
,

(8.3.15)

where the second-to-last inequality follows from�eorem 4.1.

Bounding the �rst term on the right-hand side of (8.3.14) is more involved.

Since Reff(0, x) ≤ d(0, x) the probability of this event is bounded from above

by the probability of the event

{∃x ∈ Ur s.t. d(0, x) ≥ 2m, ∣U
Bb
r ∣ ≤ m}. (8.3.16)
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�is event implies that x ∈ Ur ∖ U
Bb
r , since, if x ∈ UBb

r , then d(0, x) would

be bounded from above by m.�is means that there exists a (directed) open

edge (u, v) such that it is the only open edge on the path from 0 to x with

u ∈ UBb
r and v ∈ Ur ∖ U

Bb
r .�is edge is pivotal for the connection from 0 to

x. Furthermore, since d(0, u) ≤ m and d(0, x) ≥ 2m, it follows that d(v , x) ≥

m− 1. Finally, since {0↔ u} occurs on Qr (by the de�nition ofUr), the vertex

u must lie on Z∞

R , for some R that depends only on r and d. Hence, we can

contain (8.3.16) by the following event:

⋃
u,v∈Qr

{0↔ u on C̃(u,v)(0)∩Z∞

R , (u, v) open, ∂Bm−1(v) ≠ ∅ o� C̃(u,v)(0)∪Qcr}

so that

PIIC(∃x ∈ Ur s.t. d(0, x) ≥ 2m, ∣U
Bb
r ∣ ≤ m)

≤ ∑
u,v∈Qr

PIIC(0↔ u on C̃(u,v)(0) ∩ Z∞

R , (u, v) open,

∂Bm−1(v) ≠ ∅ o� C̃(u,v)(0) ∪ Qcr). (8.3.17)

�e event inside PIIC on the right-hand side is the intersection between one

backbone event and two cylinder events.�us, by Lemma 3.11, it follows that

we may reverse the limit for PIIC on the right-hand side of (8.3.17) to get

∑
u,v∈Qr

PIIC(0↔ u on C̃(u,v)(0) ∩ Z∞

R , (u, v) open,

∂Bm−1(v) ≠ ∅ o� C̃(u,v)(0) ∪ Qcr)

= lim
p↗pc

1

χ(p)
∑
y∈Zd

∑
u,v∈Qr

Pp({0↔ u} ○ {u↔ y} on C̃(u,v)(0),

(u, v) open, ∂Bm−1(v) ≠ ∅ o� C̃(u,v)(0) ∪ Qcr).

(8.3.18)

We next use the Factorization Lemma (see page 55). In particular, we use

the following version of the Factorization Lemma: for two events E and F, a

vertex y and a directed edge (u, v) with E ⊆ {u ∈ C̃(u,v)(y), v ∉ C̃(u,v)(y)},
we have

Pp(E on C̃(u,v)(y), (u, v) open, F o� C̃(u,v)(y))

= pD(u − v)Ep [1{E on C̃(u ,v)(y)}PC (F o� C̃(u,v)(y))] , (8.3.19)

where PC denotes that the cluster C̃(u,v)(y) is �xed with respect to PC (but is
random with respect to Ep).
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By dropping the restriction that {∂Bm−1(v) ≠ ∅} occurs o� Qcr on the right-

hand side of (8.3.18), we get an upper bound that �ts precisely with the formu-

lation of the Factorization Lemma as stated above. Applying (8.3.19), we thus

get the upper bound

lim
p↗pc

1

χ(p)
∑
y∈Zd

∑
u,v∈Qr

pD(u − v)Ep[1{{0↔u}○{u↔y} on C̃(u ,v)(0)}

× Pp,C(∂Bm−1(v) ≠ ∅ o� C̃(u,v)(0))]. (8.3.20)

From (8.2.3) and�eorem 8.14 it follows that, uniformly in p ∈ [0, pc] and

for any vertex x ∈ Zd , any set A ⊂ Zd and any n ≥ 1,

Pp(∂Bn(x) ≠ ∅ o� A) ≤ C/n uniform in A.

Hence, using the above bound, Pp(a ↔ b on A) ≤ Pp(a ↔ b) and the BK-

inequality, we can bound (8.3.20) by

lim
p↗pc

C

mχ(p)
∑
y∈Zd

∑
u,v∈Qr

τp(u)τp(y − u)pD(u − v). (8.3.21)

We can sum over y to get a factor χ(p).�is cancels the factor 1/χ(p), so we

can take the limit p↗ pc to get the upper bound on (8.3.21),

C

m
∑
u,v∈Qr

τpc(u)pcD(u − v) ≤
Cr2

m
=
C

λ
, (8.3.22)

where the �nal bound follows from�eorem 4.1, m = λr2/2, and the fact that

∑x D(x) = 1.

�e result is that

PIIC (∃x ∈ Ur s.t. Reff(0, x) ≥ λr2, ∣UBb
r ∣ ≤ m) ≤ C/λ,

and this, combined with (8.3.14) and (8.3.15), completes the proof of Lemma

8.18.

8.4 lower bounds for the extrinsic case

In this section, we prove all the lower bounds that are needed for the proof of

�eorem 8.12(a). In this analysis we will use the intrinsic-metric ball Br and

of the related ball of pivotal edges, Bpiv(r): for x ∈ Zd and A ⊂ Zd , we let
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Npiv(x ,A) denote the number of open and pivotal edges for x ↔ A, where by

convention, Npiv(x ,A) =∞ when x ↮ A. We de�ne

Bpiv(r) = {x∶Npiv(0, x) ≤ r}, Vpiv(r) = ∣Bpiv(r)∣. (8.4.1)

�e following proposition –themain result in this section– gives lower bounds

on Reff(0,Q
c
r ) and V(Ur).

e Proposition 8.19 [Lower bounds on the extrinsic e�ective resistance and

volume]. If the strong triangle condition is satis�ed for some su�ciently small

β and if Assumptions O and S hold, and furthermore, if there exist C′, ε, η > 0

such that

PIIC (∣Br ∩ C(0)∣ ≤ εr2) ≤ C′εη
(8.4.2)

then there exists r⋆(ε) = r⋆ ≥ 1, C > 0 and κ > 0 such that, for r ≥ r⋆,

PIIC (Reff(0,Q
c
r ) ≤ εr2) ≤ Cεκ

; (8.4.3)

PIIC (V(Ur) ≤ εr4) ≤ Cεκ
. (8.4.4)

�e assumption (8.4.2) is proved in (8.5.1) in Lemma 8.23 below.

Proof of�eorem 8.12(a) subject to Proposition 8.19. Combining Lemmas 8.15

– 8.18 and Proposition 8.19 with λ = 1/ε establishes�eorem 8.12(a).

�e proof of Proposition 8.19 is organized as follows. In Section 8.4.1 we use

Assumptions O and S to reduce Proposition 8.19 to a bound on the number

of backbone pivotal edges in Qr .�is is formulated in Proposition 8.21 below.

�en, in Section 8.4.2 we use Assumption S to prove Proposition 8.21.

8.4.1 Reduction to the number of backbone-pivotals in an extrinsic ball

We start by bounding the probability that Reff(0,Q
c
r ) and V(Ur) are small in

terms of the number of pivotals for {0↔ Qcr}:

E Lemma 8.20 [Bounds in terms of the number of pivotals]. For each r ≥ 1

and a ∈ (0, 1), the following bounds hold:

PIIC (Reff(0,Q
c
r ) ≤ εr2) ≤ PIIC (Npiv(0,Q

c
r ) ≤ εr2) (8.4.5)

and

PIIC (V(Ur) ≤ εr4) ≤ PIIC (Npiv(0,Q
c
r ) ≤ εar2)

+ PIIC (∣B(εar2) ∩ C(0)∣ ≤ εr4) .
(8.4.6)
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Proof. �e proof of (8.4.5) follows from the bound

Reff(0,Q
c
r ) ≥ Npiv(0,Q

c
r ). (8.4.7)

Indeed, the e�ective resistance of series of elements is the sum of the e�ective

resistances of the elements. When an edge is pivotal for {0 ↔ Qcr}, then all

paths from 0 to Qcr must pass through the edge. �us, we can think of the

pivotals, and the intermediate sausages, as lying in series. Since the e�ective

resistance of an edge equals 1, we get (8.4.7) by the series law of resistances.

For (8.4.6), we note that V(Ur) ≥ ∣Ur ∣ − 1, so it su�ces to prove this bound

for ∣Ur ∣. Also note that

PIIC (∣Qr ∩ C(0)∣ ≤ εr4)

= PIIC (∣Qr ∩ C(0)∣ ≤ εr4,Npiv(0,Q
c
r ) ≤ εar2)

+ PIIC (∣Qr ∩ C(0)∣ ≤ εr4,Npiv(0,Q
c
r ) > εar2) . (8.4.8)

�e �rst term can be bounded by the right-hand side of (8.4.5). For the second

term of (8.4.8) we note that ifNpiv(0,Q
c
r ) > εar2, then ∣Qr∩C(0)∣ ≥ ∣B(εar2)∩

C(0)∣, so that ∣B(εar2) ∩ C(0)∣ ≤ ∣Qr ∩ C(0)∣ ≤ εr4 holds a.s.

Now we state the main technical result of this section. We start by intro-

ducing some notation. Recall the de�nition of Sn above (5.1.2) and de�ne the

pivotal exit time of the ball Qr by

H(r) = inf {n∶ Sn+1 ∈ Q
c
r} . (8.4.9)

�us, H(r) is the number of backbone-pivotals up to the time at which the

process (Sn)
∞
n=0 leaves the extrinsic ball for the �rst time.

e Proposition 8.21 [A bound on the number of pivotals]. If Assumption O

holds and if the strong triangle condition is satis�ed for some su�ciently small

β, and furthermore there exists r⋆(ε) = r⋆ ≥ 1 and C′, q > 0 such that

PIIC(H(r) ≤ εr2) ≤ C′εq (8.4.10)

then there exists C > 0 and γ > 0 such that, for all r ≥ r⋆,

PIIC (Npiv(0,Q
c
r ) ≤ εr2) ≤ Cεγ

. (8.4.11)

�e assumption (8.4.10) is proved in Lemma 8.22 below. It is a consequence

of Assumption S, but in fact it holds under the considerably weaker assump-

tion that lim supr→∞ PIIC(H(r) ≤ εr2) ≤ 1− δ for some δ > 0.�is assumption

can be proved for without any knowledge of the scaling limit (but the proof

does appear to require a suitable upper bound on the one-arm probability).

We defer the proof of Proposition 8.21 to Subsection 8.4.2, and now focus

on its consequences. We are ready to prove Proposition 8.19.
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Proof of Proposition 8.19 subject to Proposition 8.21. �e bound in (8.4.3) follows

directly from (8.4.5) and Proposition 8.21 with C′ = C and κ = γ. For the proof

of (8.4.4), we use (8.4.6).�e �rst term in (8.4.6) can be bounded using Propo-

sition 8.21: for each a ∈ (0, 1),

PIIC (Npiv(0,Q
c
r ) ≤ εar2) ≤ Cεaγ

.

To bound the second term in (8.4.6) we need to show that there exists a ∈ (0, 1)

for which we can �nd a κ > 0 such that

PIIC (∣B(εar2) ∩ C(0)∣ ≤ εr4) ≤ Cεκ
.

Rewriting with rε = εa/2r yields

PIIC (∣B(εar2) ∩ C(0)∣ ≤ εr4)

= PIIC (∣B(r
2
ε) ∩ C(0)∣ ≤ ε1−2ar4ε) ≤ Cεη(1−2a)

, (8.4.12)

where the bound follows from the assumption (8.4.2).

By (8.4.12), the second term on the right-hand side is bounded by Cεη(1−2a)

when a ∈ (0, 1/2).�us, for any a ∈ (0, 1/2), (8.4.4) holds for κ = min{aγ, η(1−

2a)} > 0.

8.4.2 A bound on the number of pivotals: proof of Proposition 8.21

We start by relating Npiv(0,Q
c
r ) to the number of edges that are pivotal for

0↔ Qcr that are inside a smaller ball. We �x a ∈ (0, 1) and bound

Npiv(0,Q
c
r ) ≥Ngood(εar)

≡ #{e ∈ Qεa r ∶ e occupied and pivotal for 0↔ Q
c
r} .

(8.4.13)

Recall the de�nition of H(r) in (8.4.9) above. Since any pivotal for {0 ↔

Qcr} is also backbone-pivotal, we can split, for any a ∈ (0, 1),

H(εar) =Ngood(εar) + (H(εar) − Ngood(εar))

≡Ngood(εar) + Nbad(εar),

By de�nition, Nbad(εar) is the number of edges e with e ∈ Qεa r that are back-

bone-pivotals such that all earlier backbone-pivotals are also in Qεa r , but that

are not pivotal for {0 ↔ Qcr}. Clearly, Nbad(εar) ≥ 0, but the idea is to show

that not many pivotal edges are ‘bad’.1

1 �is argument fails for long-range spread-out percolation with α < 4, as the number of ‘bad’

pivotals is not small. In this regime the probability of having long open edges (say longer than

2r) in the iic near the origin is not small, and the presence of such an edge will render all of the

backbone-pivotals beyond this point ‘bad’.
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We can bound

PIIC (Npiv(0,Q
c
r ) ≤ εr2) ≤ PIIC (Ngood(εar) ≤ εr2)

≤ PIIC (H(εar) ≤ 2εr2) + PIIC (Nbad(εar) ≥ εr2) .

(8.4.14)

We start by bounding PIIC (Nbad(εar) ≥ εr2). Using Markov’s inequality gives

PIIC (Nbad(εar) ≥ εr2) ≤
EIIC[Nbad(εar)]

εr2
. (8.4.15)

It is not hard to see that for any edge e that counts toward Nbad(εar) there

exists a vertex z ∈ Qεa r such that the event

{0↔ z} ○ {z↔ Qcr} ○ {z↔ e} ○ {e open} ○ {e ↔∞}

occurs.�us,

EIIC[Nbad(εar)] = ∑
e∈Eεa r

∑
z∈Qεa r

PIIC({0↔ z} ○ {z↔ Q
c
r}

○ {z↔ e} ○ {e open} ○ {e ↔∞}). (8.4.16)

By Lemma 3.11 and the BK-inequality,

EIIC[Nbad(εar)] ≤ ∑
e∈Eεa r

∑
z∈Qεa r

lim
p↗pc

1

χ(p)
∑
x∈Zd

Ppc({0↔ z}

○ {z↔ Qcr} ○ {z↔ e} ○ {e open} ○ {e ↔ x})

≤ ∑
e∈Eεa r

∑
z∈Qεa r

lim
p↗pc

1

χ(p)
∑
x∈Zd

τpc(z)Ppc(z↔ Q
c
r )

× τpc(e − z)pD(e)τpc(x − e)

≤ ∑
e∈Eεa r

pcD(e) ∑
z∈Qεa r

τpc(z)τpc(e − z)Ppc(z↔ Q
c
r ).

(8.4.17)

Since z ∈ Qεa r , we have by Assumption O that uniformly in z,

Ppc(z↔ Q
c
r ) ≤ Ppc(0↔ Q

c
r/2) ≤ Cr

−2
.

�erefore, we end up with

EIIC[Nbad(εar)] ≤ Cpcr
−2

∑
e∈Qεa r

(τpc ∗ τpc)(e) ≤ Cr
−2(εar)4. (8.4.18)
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where the last inequality follows from�eorem 4.1.�us, we arrive at

EIIC[Nbad(εar)] ≤ Cε4ar2, (8.4.19)

so that by (8.4.15)

PIIC (Nbad(εar) ≥ εr2) ≤ Cε4a−1, (8.4.20)

which satis�es (8.4.11) with γ = 4a − 1 > 0 when a > 1/4. Applying (8.4.20) to

(8.4.14) with a ∈ (1/4, 1/2) completes the proof of Proposition 8.21.

Next, we investigate the assumption in Proposition 8.21 that PIIC(H(εar) ≤

2εr2) ≤ C′εq.�e following lemma establishes this bound.�e lemma is stated
in the more general setting that includes long-range spread out percolation

models, so we can use the lemma in the proofs of �eorem 8.12(c) and (e)

below as well. We thus include the exponent α in the statement and the proof,

but keep in mind that the result also holds for �nite-range models if we set

α to∞. Also note that, by the statement of Proposition 8.21 it su�ces to take

r ≥ r⋆, where r⋆ may depend on ε.

E Lemma 8.22 [A lower bound on the pivotal exit time]. If Assumption S holds

and if the strong triangle condition is satis�ed for some su�ciently small β, then

there exists r⋆ = r⋆(ε) ≥ 1 and C , q > 0 such that for a < 1/(2 ∧ α),

PIIC(H(εar) ≤ εr(2∧α)) ≤ Cεq . (8.4.21)

Proof. Recall (5.1.2) on page 101 and note that if Xn converges to Brownian

motion or stable motion, then

r−(2∧α)H(r)
d
Ð→ E1, (8.4.22)

where E1 is the exit time of Brownian motion or stable motion from the unit

ball in Rd . Let rε = εar. By Assumption S, (8.4.22) and the Portmanteau�eo-

rem (cf. [20,�eorem 2.1])

lim sup
r→∞

PIIC (H(rε) ≤ ε1−a(2∧α)r(2∧α)
ε ) ≤ P (E1 ≤ ε1−a(2∧α)) .

Hence, for any δ > 0 there exists r⋆ε (δ) such that, for all rε ≥ r
⋆
ε (δ),

PIIC (H(rε) ≤ ε1−a(2∧α)r(2∧α)
ε ) ≤ δ + P (E1 ≤ ε1−a(2∧α)) .

Let Xt ⋅ ei be the projection of Xt onto its ith coordinate. Observe that by the

re�ection principle

P(E1 ≤ t) ≤ 2P(∣Xt ∣ ≥ 1) ≤ 2P(max
i

∣Xt ⋅ ei ∣ ≥ 1/d) ≤ 2d P(∣Xt ⋅ e1∣ ≥ 1/d).
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Finally, since Xt ⋅ e1 is a one-dimensional Brownian motion or stable motion,

we have that P(∣Xt ⋅ e1∣ ≥ 1/d) ≤ CX t
(2∧α), where CX is a constant, so that

PIIC (H(rε) ≤ ε1−a(2∧α)r(2∧α)
ε ) ≤ δ + C′ε(2∧α)(1−a(2∧α))

.

Let q = (2 ∧ α)(1 − a(2 ∧ α)).�en, setting δ = εq and r⋆(ε) = ε−ar⋆ε (εq)

proves the claim.

8.5 intrinsic distances for the iic : proof of theorem 8.12(b)

Our proof of�eorem 8.12(b) is a slight adaptation of the proofs in [101, Sec-

tion 2] so we only discuss the changes needed and refer the reader to [101]

for the full details of the proof. Recall that ∂Br(x;ω) denotes the boundary of

Br(x;ω), that is,

∂Br(x;ω) = {y ∈ Zd ∶ dω(x , y) = r}.

We write {x
r
←→ y} for the event that there exists a path of at most r open

edges connecting the vertices x and y. Unlike {x
=r
←→ y}, this is an increasing

event.

In this section we write Br for Br(0;ω) and ∂Br for ∂Br(0;ω).

E Lemma 8.23 [Typical volume and e�ective resistance of an intrinsic-metric

ball]. If the strong triangle condition is satis�ed for some su�ciently small β,

then�eorem 8.14 implies for λ > 1,

PIIC(λ−1r2 ≤ V(Br) ≤ λr2) ≥ 1 − c/λ; (8.5.1)

PIIC(Reff(0, ∂Br) ≥ λ−1r) ≥ 1 − c/
√

λ. (8.5.2)

Proof of (8.5.1). Unless stated otherwise, all sums below are taken over Zd .

We can write EIIC[V(Br)] as a sum over edges:

EIIC[V(Br)] = ∑
e∈Zd×Zd

PIIC (0
≤r
←→ e , e open) .

Recall the de�nition of Z∞

r and Z
x
r in (3.4.2) on page 74. Since

{0
≤r
←→ e , e open}
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is measurable with respect to Z∞

r+1 we may reverse the iic limit by Lemma 3.11,
so that

EIIC[V(Br)] = ∑
e∈Zd×Zd

PIIC (0
≤r
←→ e , e open)

= ∑
e∈Zd×Zd

PIIC ({0
≤r
←→ e , e open} on Z∞

r+1)

= ∑
e∈Zd×Zd

lim
p↗pc

1

χ(p)
∑
x

Pp({0
≤r
←→ e , e open} on Zxr+1, 0↔ x)

= lim
p↗pc

1

χ(p)
∑
x

Ep[V(Br)1{0↔x}].

For any integer r ≥ 1, by the BK inequality,

Ep[V(Br)1{0↔x}] =∑
z,z′
Pp(0

r
←→ z, {z, z′} open, 0↔ x)

≤ ∑
y,z,z′

Pp({0
r
←→ y} ○ {y

r
←→ z}

○ {{z, z′} open} ○ {y↔ x})

≤ ∑
y,z,z′

Pp(0
r
←→ y)Pp(y

r
←→ z)

× pD(z′ − z)Pp(y↔ x)

=p∑
y,z

Pp(0
r
←→ y)Pp(y

r
←→ z)Pp(y↔ x).

(8.5.3)

Hence,

EIIC[V(Br)] ≤ lim
p↗pc

p

χ(p)
∑
x ,y,z

Pp(0
r
←→ y)Pp(y

r
←→ z)Pp(y↔ x)

=pc Epc [∣Br ∣]
2
.

(8.5.4)

Finally, by�eorem 8.14 and Markov’s inequality,

PIIC(V(Br) ≥ λr2) ≤
EIIC[V(Br)]

λr2
≤
C

λ
.

Now we derive the bound for the other end of the interval, i.e., the bound

on PIIC(V(Br) ≤ λ−1r2). Since V(Br) ≥ ∣Br ∣ − 1 for any con�guration, it is

su�cient to prove the statement for the vertex volume ∣Br ∣ instead of the edge

volume V(Br).
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Observe that since Br ⊆ Z∞

r , by Lemma 3.11,

PIIC (∣Br ∣ ≤ λ−1r2) = PIIC ({∣Br ∣ ≤ λ−1r2} on Z∞

r )

= lim
p↗pc

1

χ(p)
∑
x

Pp ({∣Br ∣ ≤ λ−1 r2} on Zxr , 0↔ x)

≤ lim
p↗pc

1

χ(p)
∑
x

Pp(0↔ x , ∣Br ∣ ≤ λ−1 r2).

De�ne B(R) = B j with j being the smallest integer in [r/2, r] satisfying

∣∂B j∣ ≤ 2λ
−1r. Such a j always exists when ∣Br ∣ ≤ λ−1 r2.�en

{0↔ x , ∣Br ∣ ≤ λ−1 r2} ⊆ ⋃
A adm.

{0↔ x , B(R) = A} (8.5.5)

where the disjoint union over “A adm.” is over all sets A ⊂ Zd that are admissi-

ble. Here, admissiblemeans that Pp(B
(R) = A) > 0 and ∣∂A∣ ≤ 2λ−1 r. It follows

that, for x ∉ A,

Pp(∣Br ∣ ≤ λ−1 r2, 0↔ x) ≤ ∑
A adm.

Pp(0↔ x ∣ B(R) = A)Pp(B
(R) = A)

≤ ∑
A adm.

∑
y∈∂A

Pp(y↔ x)Pp(B
(R) = A)

as Pp(y↔ x o� A∣B
(r) = A) ≤ Pp(y↔ x). For x ∈ A,

Pp(∣Br ∣ ≤ λ−1 r2, 0↔ x) = ∑
A adm.

Pp(B
(R) = A).

Using translation invariance,

χ(p)−1∑
x

Pp(∣Br ∣ ≤ λ−1 r2, 0↔ x)

≤ ∑
A adm.

Pp(B
(R) = A) ∑

y∈∂A
χ(p)−1∑

x∉A
Pp(y↔ x)

≤ ∑
A adm.

Pp(B
(R) = A) ⋅ 2λ−1 r ⋅ 1,

since ∣∂A∣ ≤ 2λ−1 r. Finally,

⋃
A adm.

{B(R) = A} ⊆ {∂Br/2 ≠ ∅},

and by �eorem 8.14 the probability of the event on the right-hand side is

bounded above by C/r.�us,

PIIC(∣Br ∣ ≤ λ−1r2) ≤ 2λ−1 rPpc (∂Br/2 ≠ ∅) ≤ C/λ,
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completing the proof.

We now prove the bound on the e�ective resistance Reff(0, B
c
r) in (8.5.2).We

need the following two lemmas:

E Lemma 8.24 [A lower bound on the e�ective resistance for critical percola-

tion]. Consider a percolation model such that the triangle condition holds. For

any p ≤ pc , λ > 1, r ≥ 1,

Pp(Reff(0, ∂Br) ≤ λ−1r) ≤ C/(λr). (8.5.6)

Proof. �e statement is proved along the lines of [101, Proof of Lemma 2.6]. In

particular, see the last displayed inequality in that proof.

E Lemma 8.25 [An upper bound on PIIC]. If E is an event measurable with

respect to Br , r ≥ 1, then

PIIC(E) ≤ C
√
rPpc(E). (8.5.7)

Proof. Since E is measurable with respect to Br and thereforemeasurable with

respect to Z∞

r , by Lemma 3.11,

PIIC(E) = PIIC (E on Z
∞

r ) = lim
p↗pc

1

χ(p)
∑
x

Pp ({E on Z
x
r } ∩ {0↔ x}) .

(8.5.8)

FixM > 0 and r ≥ 1, and let p < pc . (�e constantM will be optimized below.)

We can bound

Pp ({E on Z
x
r } ∩ {0↔ x}) ≤ Pp (E ∩ {0↔ x})

≤ Pp ({∣∂Br ∣ > M} ∩ {0↔ x}) + Pp (E ∩ {∣∂Br ∣ ≤ M , 0↔ x}) . (8.5.9)

For the �rst term on the right hand side we use the BK-inequality to estimate

Ep[∣∂Br ∣1{0↔x}] ≤∑
y

Pp({0
r
←→ y} ○ {y↔ x})

≤∑
y

Pp(0
r
←→ y)Pp(y↔ x).

Hence Markov’s inequality implies

∑
x

Pp(∣∂Br ∣ > M , 0↔ x) ≤
1

M
∑
y

Pp(0
r
←→ y) ∑

x

Pp(y↔ x)

≤
1

M
Epc [∣Br ∣] χ(p),

(8.5.10)
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and this is bounded above by Crχ(p)/M by (8.2.4).

For the last term in (8.5.9) we proceed like (8.5.5) by writing

Pp (E ∩ {∣∂Br ∣ ≤ M , 0↔ x}) = ∑
A adm.

Pp(Br = A)Pp(0↔ x ∣ Br = A)

(8.5.11)

where the sum over “A adm.” now is the sum over all pairs of sets A, ∂A satisfy-

ing {Br = A} ⊂ E, ∣∂A∣ ≤ M, and Pp(∂Br = ∂A) > 0. For each such admissible

A (in particular using ∣∂A∣ ≤ M),

∑
x

Pp(0↔ x ∣ ∂Br = A) ≤∑
x

∑
y∈∂A

Pp(y↔ x) ≤ M χ(p),

where we used translation invariance to get the last inequality. Since E is mea-

surable with respect to Br ,

∑
A adm.

Pp(Br = A) ≤ Pp(E). (8.5.12)

Combining (8.5.11)–(8.5.12) yields

∑
x

Pp (E ∩ {∣∂Br ∣ ≤ M , 0↔ x}) ≤ Pp(E)M χ(p). (8.5.13)

Now, using (8.5.8) and (8.5.9) together with (8.5.10) and (8.5.13), we get

PIIC(E) = lim
p↗pc

1

χ(p)
∑
x

Pp ({E on Z
x
r } ∩ {0↔ x})

≤
Cr

M
+ Ppc(E)M .

(8.5.14)

LettingM =
√
r/Ppc(E) proves the lemma.

Proof of (8.5.2). �e statement (8.5.2) follows from (8.5.6) and (8.5.7).

�e �nal bound we need to establish for the proof of�eorem 8.12(b) is

E Lemma 8.26 [An expectation bound]. If the strong triangle condition is sat-

is�ed for some su�ciently small β, then

EIIC[Reff(0, ∂Br)V(Br)] ≤ Cr
3
. (8.5.15)

Proof. Note that Reff(0, ∂Br) ≤ r since the intrinsic distance metric dominates

the e�ective resistance metric. So (8.5.15) follows immediately from (8.5.4).

Proof of�eorem 8.12(b). Combining Lemmas 8.23 and 8.26 �nishes the proof.
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8.6 random walk on the backbone : proof of theorem 8.12(c)

and (d)

8.6.1 �e extrinsic distance metric

Using the bounds that we established in the previous two sections and�e-

orem 4.1, we can easily establish most of the bounds that we need to prove

�eorem 8.12(c). Recall De�nitions 8.9(i) and (ii).

E Lemma 8.27 [Bounds on the extrinsic volume and e�ective resistance of the

backbone]. If the strong triangle condition is satis�ed for some su�ciently small

β and Assumption S holds, then there exists a C > 0 and a ξ > 0 such that for all

λ > 0 and all r ≥ r⋆ = r⋆(λ),

PIIC(λ−1r(2∧α) ≤ V(UBb
r ) ≤ λr(2∧α)) ≥ 1 − C/λξ

; (8.6.1)

PIIC(λ−1r(2∧α) ≤ RBb
eff
(0,Qcr ) ≤ λr(2∧α)) ≥ 1 − C/λξ

. (8.6.2)

Proof. We start with (8.6.1). Note that V(UBb
r ) ≤ V(Bb ∩ Qr). Furthermore,

from the de�nition of NBb(r) it follows that V(Bb ∩ Qr) ≤ 2NBb(r). So by

Markov’s inequality, uniformly in r ≥ 1,

PIIC(V(UBb
r ) > λr(2∧α)) ≤

2EIIC[NBb(r)]

λr(2∧α) ≤
Cr(2∧α)

λr(2∧α) =
C

λ
,

where the �nal inequality follows from�eorem 4.1.

For the other bound in (8.6.1), we note that the number of edges in UBb
r

exceeds the number of pivotal edges for the connection between 0 and Qcr , so

that V(UBb
r ) ≥ H(r) follows by the de�nition of V(UBb

r ) and H(r). Hence,

PIIC(V(UBb
r ) < λ−1r(2∧α)) ≤ PIIC(H(r) < λ−1r(2∧α)) ≤ C/λξ

,

where the �nal inequality follows from Lemma 8.22.

To bound (8.6.2) we �rst note that RBb
eff
(0,Qcr ) ≤ NBb(r) by the series law

of resistances. Furthermore, also by the series law of resistances, RBb
eff
(0,Qcr ) ≥

H(r), so we can apply the same arguments as we did for the proof of (8.6.1) to

establish (8.6.2).�is completes the proof.

�e next lemma is similar to Lemma 8.18, though much easier to prove:

E Lemma 8.28 [All vertices in UBb
r are well behaved]. If the strong triangle

condition is satis�ed for some su�ciently small β, then there exists a C > 0 such

that for all λ > 0,

PIIC (∃x ∈ U
Bb
r such that Reff(0, x) ≥ λr(2∧α)) ≤ C/λ. (8.6.3)
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Proof. Having Reff(0, x) ≥ λr(2∧α) for some x ∈ UBb
r implies that dω(0, x) ≥

λr(2∧α) also.�is means that UBb
r contains at least λr(2∧α) vertices, i.e.,

PIIC (∃x ∈ U
Bb
r s.t. Reff(0, x) ≥ λr(2∧α)) ≤ PIIC(∣U

Bb
r ∣ ≥ λr(2∧α)) ≤ C/λ,

where the �nal inequality is due to (8.3.15).

�e last lemma we need concerns an upper bound on the expectation of

RBb
eff
(0,Qcr )V(UBb

r ).

E Lemma 8.29 [Upper bound on the expectation of RBb
eff
(0,Qcr ]V(UBb

r )). Let

r ≥ 1. If the strong triangle condition is satis�ed for some su�ciently small β,

then there exists a constant C > 0 such that

EIIC[R
Bb
eff
(0,Qcr )V(UBb

r )] ≤ Cr2(2∧α)
. (8.6.4)

Proof. Since V(UBb
r ) ≤ 2NBb(r) and also R

Bb
eff
(0,Qcr ) ≤ NBb(r) we can bound

EIIC[R
Bb
eff
(0,Qcr )V(UBb

r )] ≤ 2EIIC[NBb(r)
2]. (8.6.5)

We can write NBb(r) as a sum of indicator functions:

NBb(r) = ∑
b∈Er

1{0↔b}○{b open}○{b↔∞}. (8.6.6)

A�er substituting (8.6.6) into (8.6.5) we can use Lemma 3.12 to reverse the

limit (1.2.5),

2 ∑
b,e∈Er

EIIC[1{0↔b}○{b open}○{b↔∞}1{0↔e}○{e open}○{e↔∞}]

= lim
p↗pc

2

χ(p)
∑
b,e∈Er

∑
x∈Zd

Pp({{0↔ b} ○ {b open} ○ {b↔ x}}

∩ {{0↔ e} ○ {e open} ○ {e ↔ x}}). (8.6.7)

We want to write the event inside Pp in terms of disjointly occurring events,

so that we may apply the BK-inequality. To this end, we de�ne the following

four events that together cover the event insidePp (leaving dependence on b, e

and x implicit on the le�-hand sides):

E1 ≡ {e = b} ∩ ({0↔ e} ○ {e open} ○ {e ↔ x});

E2 ≡ {e ≠ b} ∩ ({0↔ e} ○ {e open} ○ {e ↔ b} ○ {b open} ○ {b↔ x});

E3 ≡ {e ≠ b} ∩ ({0↔ b} ○ {b open} ○ {b↔ e} ○ {e open} ○ {e ↔ x});

E4 ≡ {e ≠ b} ∩ ( ⋃
z,w∈Zd

{0↔ z} ○ {z↔ e} ○ {e open}

○ {e ↔ w} ○ {z↔ b} ○ {b open} ○ {b↔ w} ○ {w ↔ x}).



8.6 random walk on the backbone 189

It follows that

({0↔ e} ○ {e open} ○ {e ↔ x}) ∩ ({0↔ b} ○ {b open} ○ {b↔ x})

⊆ E1 ∪ E2 ∪ E3 ∪ E4. (8.6.8)

Substituting the right-hand side of (8.6.8) into (8.6.7), we get the upper

bound

lim
p↗pc

2

χ(p)
∑
x∈Zd

∑
e ,b∈Er

[Pp(E1) + Pp(E2) + Pp(E3) + Pp(E4)] . (8.6.9)

We bound the four sums separately. For each bound we start by applying

the BK-inequality, sum over x and take the limit to get a factor χ(p) and then

take the limit p ↗ pc . For the sums involving E2, E3 and E4 we drop the re-

quirement that {e ≠ b} for an upper bound. We start with Pp(E1):

lim
p↗pc

2

χ(p)
∑
x∈Zd

∑
e ,b∈Er

Pp(E1) ≤ 2pc ∑
e∈Er

τpc(e)D(e) ≤ Cr(2∧α)
,

where the bound follows from the fact that∑x D(x) = 1 and�eorem 4.1.

To bound Pp(E2) we rewrite the it as a convolution,

lim
p↗pc

2

χ(p)
∑
x∈Zd

∑
e ,b∈Er

Pp(E2) ≤ 2p
2
c(1Qr ∗ τpc ∗ D ∗ τpc ∗ D)(0) ≤ Cr2(2∧α)

.

�e second bound follows a�er applying methods similar to those used in the

proof of�eorem 4.1 as given in Chapter 4. Interchanging the labels e and b

shows that the same bound holds for Pp(E3).

Finally, Pp(E4) is upper bounded by

lim
p↗pc

2

χ(p)
∑
x∈Zd

∑
e ,b∈Er

Pp(E4)

≤ 2p2c ∑
z,w∈Zd

∑
e ,b∈Er

τpc(z)τpc(e − z)D(e)

× τpc(w − e)τpc(b − z)D(b)τpc(w − b).

We extend the summation over b to Zd , shi� each term in the summation by

−e and relabel to get

2p2c ∑
e′∈Qr

∑
e′ ,z′ ,w′ ,b′ ,b

′∈Zd
τpc(z

′)τpc(e
′ − z′)D(e′)

× τpc(w
′ − e′)τpc(b

′ −w′)D(b′)τpc(z
′ − b

′
). (8.6.10)
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From [21,�eorem 1.3] we have the following bound:

sup
z′∈Zd

∑
e′ ,w′ ,b′ ,b

′∈Zd
D(e′)τpc(w

′ − e′)τpc(b
′ −w′)D(b′)τpc(z

′ − b
′
) ≤ Cβ,

(where β is the mean-�eld parameter (2.2.8)). We can apply this bound to

(8.6.10) to get the upper bound

Cβ ∑
e′∈Qr

∑
z′∈Zd

τpc(z
′)τpc(e

′ − z′) = Cβ(1Qr ∗ τpc ∗ τpc)(0) ≤ Cβr2(2∧α)
,

where the �nal bound again follows from applying methods similar to those

used in the proof of�eorem 4.1 in Chapter 4.

Adding the bounds for the sums over Pp(E1), Pp(E2), Pp(E3) and Pp(E4)

establishes thatCr2(2∧α) is an upper boundon (8.6.9), and sowe get the desired
upper bound in (8.6.4), which in turn completes the proof.

�e intrinsic distance metric

E Lemma 8.30 [Bounds on the intrinsic volume and e�ective resistance of the

backbone]. If the strong triangle condition is satis�ed for some su�ciently small

β, then there exist C ,C′ > 0 such that for all λ > 0,

PIIC(r ≤ V(BBb
r ) ≤ λr) ≥ 1 − C/λ; (8.6.11)

PIIC(λ−1r ≤ RBb
eff
(0, ∂BBb

r )) ≥ 1 − C/
√

λ; (8.6.12)

EIIC[V(BBb
r )RBb

eff
(0, ∂BBb

r )] ≤ C′r2. (8.6.13)

Proof. We start by observing that the lower bound on V(BBb
r ) holds trivially

since it takes at least r edges to reach distance r in the intrinsic distance metric

and ∂BBb
r ≠ ∅ PIIC-a.s.

For the upper bound, start by applying Markov’s inequality,

PIIC(V(BBb
r ) ≥ λr) ≤

EIIC[V(BBb
r )]

λr
. (8.6.14)

�e random variable V(BBb
r ) is measurable with respect to Z∞

r , so, by Lemma

3.11, we may reverse the iic limiting scheme and apply arguments similar to

(8.5.3) to yield

EIIC[V(BBb
r )] = lim

p↗pc

1

χ(p)
∑
x

Ep[V(BBb
r )1{0↔x}]

≤
1

χ(p)
∑
x ,z,z′

Pp(0
R
←→ z)pD(z′ − z)Pp(z

′ ↔ x)

≤ pc Epc [∣Br ∣] ≤ Cr,

(8.6.15)
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where the �nal inequality follows from�eorem 8.14. Substitution in (8.6.14)

yields the required upper bound in (8.6.11).

To prove (8.6.12) it su�ces to observe that by the cutting law for resistances,

RBb
eff
(0, ∂BBb

r ) ≥ Reff(0, ∂Br), so that the required bound follows by Lemma 8.23.

Finally, sinceRBb
eff
(0, ∂BBb

r ) ≤ r holds trivially, (8.6.13) follows from (8.6.15).

8.7 the modified exit time : proof of theorem 8.12(e)

E Lemma 8.31 [Bounds on the modi�ed volume and e�ective resistance]. If

the strong triangle condition is satis�ed for some su�ciently small β andAssump-

tion S holds, then there exist C ,C′,C′′ > 0 and a ξ > 0 such that for all λ > 0

and r ≥ r⋆(λ),

PIIC(λ−1r2(2∧α) ≤ V(Ur) ≤ λr2(2∧α)) ≥ 1 − C/λξ
; (8.7.1)

PIIC(λ−1r(2∧α) ≤ Rmod
eff

(0,Qcr ) ≤ λr(2∧α)) ≥ 1 − C/λξ
; (8.7.2)

PIIC (∃x ∈ Ur such that Reff(0, x) ≥ λr(2∧α)) ≤ C′/λ; (8.7.3)

EIIC[R
mod
eff

(0,Qcr )V(Ur)] ≤ C′′r3(2∧α)
. (8.7.4)

Proof. By�eorem 4.1, the upper bounds in (8.7.1)–(8.7.4) follow by the same

proof as for Lemmas 8.15, 8.16, 8.17, and 8.18, respectively, when we replace

the bound Cr2 by Cr(2∧α) wherever this bound is used (i.e., in (8.3.2), (8.3.5),
(8.3.11), (8.3.12), (8.3.15) and (8.3.22)).

�e lower bounds in (8.7.1) and (8.7.2) follow by almost the same proof as

Proposition 8.19.�emain e�ect of themodi�cation is that now Rmod
eff

(0,Qcr ) ≥

H(r), instead of Npiv(0,Q
c
r ).�e result is that we do not need a bound on

Nbad(0,Q
c
r ) as in Proposition 8.21, so we do not need the one-arm probability,

and hence the proof works for long-range spread-out percolation as well.

Lemma 8.31 implies�eorem 8.12(e).�eorem 8.7 then follows by the same

proof as�eorem 8.1 (with the appropriate changes made to the exponents).





9
RANDOM WALK ON THE LONG -RANGE I IC

In this chapter we prove�eorem 1.16, which gives an upper bound on the

quenched exit time of random walk from the iic of long-range percolation.

We restate this theorem here, in a slightly stronger form.

In this chapter we use Assumptions C, D, and we furthermore restrict our-

selves to only considermodels from the long-range family (see page 49). Recall

the de�nition of the annealed law P⋆, (8.1.6) on page 160.

¦ Theorem 9.1 [Extrinsic random walk geometry of the lrp-iic ]. Consider

long-range spread-out percolation with parameter α that satis�es the strong tri-

angle condition for some su�ciently small β.�ere exist c, ε > 0 and r⋆(λ) such

that, for any r ≥ r⋆(λ),

P⋆ (τQr ≤ λr3(4∧α)/2) ≥ 1 − c/λε
.

9.1 exit time for the long-range iic : proof of theorem 9.1

Write ρ = (4 ∧ α)/2. Let a ∈ (0, 1/2) and 0 < b < (1 + a)/3 and consider

these �xed for the rest of this chapter. Write n = ⌊λ−(1+a)/3rρ⌋.�roughout
this chapter we will write en for the nth backbone pivotal edge. It should be

viewed as a Zd × Zd valued random variable under the measure PIIC. We will

write bn when we mean that the edge is �xed.

De�ne

J̃(λ) = {r ∈ [1,∞] ∶ Reff(0,Q
c
r ) ≤ λbrρ ,

Reff(0, en) ≤ λn, V(C̃ en(0)) ≤ λn2}. (9.1.1)

E Lemma 9.2 [Conditional bound on the exit time]. �ere exists κ > 0 such

that for any λ, r, and ω such that r ∈ J̃(λ),

P0ω(τQr > λr3ρ) ≤ 2/λκ
. (9.1.2)

Proof. Let σen be the hitting time of en.�en we can bound

P0ω(τQr > λr3ρ) ≤ P0ω(σen > λr3ρ) + P0ω(σen < τQr). (9.1.3)

193
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To bound the second term, we use the following standard bound (cf. [19, (4)])

P0ω(σen < τQr) ≤
Reff(0,Q

c
r )

Reff(0, en)
.

For Reff(0, en) we have that n, the number of pivotals for 0 ↔ en, is a lower

bound by the series law of resistances, so by the de�nition of J̃(λ),

P0ω(σen < τQr) ≤
λbrρ

n
≤

1

λ(1+a)/3−b .

For the �rst term in (9.1.3) we use Markov’s inequality:

P0ω(σen > λr3ρ) ≤
E0ωσen
λr3ρ

.

By the same reasoning as given in the proof of LemmaC.1 on page 275 below

(in particular, in (C.1.3)), we have that

E0ωσen ≤ Reff(0, en)(V(C̃ en(0)) + 1).
So it follows that

P0ω(σen > γr3ρ) ≤
λ2n3

λr3ρ
≤ 1/λa .

Let κ = min{a, 1+a
3
− b} ∈ (0, 1/2), then

P0ω(τQr > λr3ρ) ≤ 2/λκ
.

�e other ingredient needed for the proof of�eorem 9.1 is the following

proposition:

e Proposition 9.3. For any su�ciently large λ and for all r ≥ r∗(λ), let ν =

min{b, 1/2}.�ere exists a constant c > 0 such that

PIIC(r ∈ J̃(λ)) ≥ 1 − c/λν
. (9.1.4)

�e proof of this proposition is given in the next subsection.

Proof of�eorem 9.1 subject to Proposition 9.3. ByLemma9.2 andProposition

9.3 and the de�nition of P⋆, (8.1.6), we have (with ε = min{κ, ν} and κ, ν as

de�ned above)

P⋆(τQr ≥ λr3ρ) ≤ ∫
{r∈J̃(λ)}

P0ω(τQr ≥ λr3ρ)PIIC(dω) + PIIC(r ∉ J̃(λ)) ≤ C/λε
.
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9.2 regularity of the long-range iic : proof of proposition

9.3

�e proof of Proposition 9.3 is given in the three lemmas below; one lemma

for each of the three restrictions in (9.1.1).

E Lemma 9.4 [An upper bound on the e�ective resistance for lrp]. �ere

exists a constant c > 0 such that for any su�ciently large λ, b > 0 and for all

r ≥ r⋆(λ),

PIIC (Reff(0,Q
c
r ) ≤ λbrρ) ≥ 1 − c/λb . (9.2.1)

Proof. By Lemma 8.15 the statement holds when α ≥ 4, so that we only need

to prove it for the case α < 4, that is, when ρ = α/2.

Write m = ⌈λbrα/2⌉. We start by noting that {Reff(0,Qcr ) ≤ λbrρ} ⊇ {∣Bm ∩

Qcr ∣ ≠ 0}, so that

PIIC(Reff(0,Q
c
r ) ≤ m) ≥ 1 − PIIC(∣Bm ∩ Q

c
r ∣ = 0).

De�ne Cr(x), the r-truncated cluster of x, as the modi�ed con�guration of
C(x) where all edges of length at least 2r have been closed, and de�ne the
r-truncated intrinsic ball of radius m as

B(r)

m ≡ {x ∶ 0
≤m
←→ x on Cr(0)}.

�en,

PIIC(∣Bm ∩ Q
c
r ∣ = 0) ≤ PIIC(∣B

(r)

m ∣ < m2/λb)

+ PIIC(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0). (9.2.2)

We will bound both terms separately.

For the �rst term we observe that

PIIC(∣B
(r)

m ∣ ≥ m2/λb) ≥ PIIC(∣Bm∣ ≥ 2m
2/λb) − PIIC(∣Bm ∖ B

(r)

m ∣ ≥ m2/λb).

(9.2.3)

By Lemma 8.23 the �rst term is bounded from below by 1 − c1/λb. An upper

bound on the second term follows by an application of Markov’s inequality:

PIIC(∣Bm ∖ B
(r)

m ∣ ≥ m2/λ) ≤
EIIC[∣Bm ∖ B

(r)

m ∣]

m2/λb
. (9.2.4)

Note that

EIIC[∣Bm ∖ B
(r)

m ∣] = ∑
x∈Zd

PIIC(x ∈ Bm ∖ B
(r)

m ),



196 random walk on the long-range iic

and furthermore, since {x ∈ Bm ∖ B
(r)

m } is measurable with respect to Z∞

m, we

can use Lemma 3.11 to reverse the iic-limit:

∑
x∈Zd

PIIC (x ∈ Bm ∖ B
(r)

m ) = lim
p↗pc

1

χ(p)
∑
x ,y∈Zd

Pp(x ∈ Bm ∖ B
(r)

m , 0↔ y)

= lim
p↗pc

1

χ(p)
∑
x ,y∈Zd

(Pp(x ∈ Bm ∖ B
(r)

m , y ∈ B3m)

+ Pp(x ∈ Bm ∖ B
(r)

m , y ∉ B3m , 0↔ y))

= lim
p↗pc

1

χ(p)
∑
x ,y∈Zd

Pp(x ∈ Bm ∖ B
(r)

m ,

y ∉ B3m , 0↔ y).

(9.2.5)

�e last equality follows since the sum over y ∈ B3m almost surely gives atmost

a �nite contribution, whereas χ(p) diverges in the limit p ↗ pc . It follows by

the de�nition of B
(r)

m that

{x ∈ Bm ∖ B
(r)

m , y ∉ B3m , 0↔ y}

⊆( ⋃
b,b,z∈Zd

{0
≤m
←→ z} ○ {z

≤m
←→ b}

○ {b open, ∣b∣ > 2r} ○ {e
≤m
←→ z} ○ {z↔ y})

∪ ( ⋃
b,b,z∈Zd

{0
≤m
←→ b} ○ {b open, ∣b∣ > 2r}

○ {b
≤m
←→ z} ○ {z

≤m
←→ x} ○ {z

≤m
←→ y}).

Substituting the right-hand side in the last line of (9.2.5), and applying the BK-

inequality, we get the upper bound

lim
p↗pc

1

χ(p)
∑

x ,y,z,b∈Zd
∑

b∈Zd ∶∣b∣>2r
[Pp(0

≤m
←→ z)Pp(z

≤m
←→ b)

× pD(b)Pp(b
≤m
←→ x)Pp(z↔ y)

+ Pp(0
≤m
←→ b)pD(b)Pp(b

≤m
←→ z)Pp(z

≤m
←→ x)Pp(z↔ y)]. (9.2.6)
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Taking the sum over y gives a factor χ(p). A�er this we can take the limit p↗

pc .�en, by translation invariance, the sum over x gives a factor Epc [∣Bm∣].

We get that (9.2.6) is equal to

Epc [∣Bm∣] ∑
z,b∈Zd

∑
v∈Q c

2r

[Ppc(0
≤m
←→ z)Ppc(z

≤m
←→ b)pD(v)

+ Ppc(0
≤m
←→ b)pD(v)Ppc(b + v

≤m
←→ z)]. (9.2.7)

By the de�nition of D(x) (in particular, by (2.2.1) and (2.2.3)) there exist con-

stants ξ ≥ ζ > 0 such that for all r ≥ 1,

ζ

rα
≤ ∑
x∈Q c

2r

D(x) ≤
ξ

rα
. (9.2.8)

Summing over z, v and b in (9.2.7) and applying (9.2.8), we get the following

upper bound:

EIIC[∣Bm ∖ B
(r)

m ∣] ≤
2ξ

rα
Epc [∣Bm∣]

3 ≤
Cm3

rα
,

where the last inequality follows from�eorem 8.14. Substituting this bound

in (9.2.4) and using m = ⌈λbrα/2⌉, we get

PIIC(∣Bm ∖ B
(r)

m ∣ ≥ m2/λb) ≤
Cm3r−α

m2/λb
= C1λ

2br−α/2

and then substituting this result into (9.2.3), we get,

PIIC(∣B
(r)

m ∣ < m2/λb) ≤
c1

λb
+ C1λ

2br−α/2
. (9.2.9)

Now we prove that the second term in (9.2.2) is also small. We start by split-

ting the probability once more:

PIIC(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0) ≤ PIIC(∣B2m∣ > 4λbm2)

+ PIIC(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0, ∣B2m∣ ≤ 4λbm2). (9.2.10)

By Lemma 8.23, the �rst term can be bounded from above by c2/λb. For the

second term we observe that the event is measurable with respect to Z∞

2m, so

we can reverse the iic-limit to get

lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0, ∣B2m∣ ≤ 4λbm2, 0↔ x).

(9.2.11)



198 random walk on the long-range iic

Wewill use the ‘admissibilitymethod’ of [101] (also used in the proof of Lemma

8.23 above). Whenever ∣B2m∣ ≤ 4λbm2 occurs, there must exists at least one

j∗ ∈ [m, 2m] such that ∣∂B j∗ ∣ ≤ 4λbm. Let j be the �rst such j∗ and de�ne

B(2m) = B j. We call a set A ⊂ Zd ‘admissible’ when Pp(B
(2m) = A) > 0 and

∣∂A∣ ≤ 4λbm.�en

{0↔ x , ∣B2m∣ ≤ 4λbm2} ⊆ ˙⋃
A adm.

{0↔ x , B(2m) = A}.

For x ∈ A, we note that this contribution vanishes in the limit p ↗ pc . For

x ∉ A the event {∂A↔ x o� A} is independent of the status of the edges in A,

so

Pp(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0, ∣B2m∣ ≤ 4λbm2, 0↔ x)

≤ ∑
A adm.

∑
y∈∂A

Pp(y↔ x)Pp(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0, B

(2m) = A).

We substitute the right-hand side in (9.2.11) and sum over x and y, using that

∣∂A∣ ≤ 4λbm, to get

lim
p↗pc

1

χ(p)
∑
x∈Zd

∑
A adm.

∑
y∈∂A

Pp(y↔ x)

× Pp(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0, B

(2m) = A)

≤ 4λbm ∑
A adm.

Ppc(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0, B

(2m) = A)

≤ 4λbmPpc(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0)

(9.2.12)

where in the last step we used that all A are mutually disjoint.

We say that an edge e is long when ∣e∣ > 2r. For the last steps of the proof

we use that

{∣B(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0}

⊆ {∣B(r)

m ∣ ≥ m2/λb , ∄ long edge touching B(r)

m }.

�e status of long edges is translation invariant and independent of the status

of the edges in B
(r)

m , so that by the above and by (9.2.8) we can bound the right-

hand side of (9.2.12) from above by

4λbm(1 − Ppc(∃ long edge touching 0))
m2/λbPpc(∣B

(r)

m ∣ ≥ m2/λb)

≤ 4λbm (1 −
ζ

rα
)

m2/λb

Ppc(∣B
(r)

m ∣ ≥ m2/λb).



9.2 regularity of the long-range iic 199

For the �nal bound, we use that

Ppc(∣B
(r)

m ∣ ≥ m2/λb) ≤ Ppc(∣Cr(0)∣ ≥ m2/λb) ≤
C

√
m2/λb

,

where the �nal inequality follows from [13] and [81] (see also (9.2.37) below).

Recall that m = ⌈λbrα/2⌉, so

PIIC(∣B
(r)

m ∣ ≥ m2/λb , ∣Bm ∩ Q
c
r ∣ = 0) ≤Cλ3b/2 (1 −

ζ

rα
)

m2/λb

≤C2λ
3b/2e−ζ λb

.

(9.2.13)

Finally, combining the bounds (9.2.2), (9.2.9), (9.2.10) and (9.2.13) we get for

r ≥ r⋆(λ) = λ6b/α ,

PIIC(Reff(0,Q
c
r ) ≤ λbrα/2) ≥1 −

(c1 + c2)

λb
−
C1λ

2b

rα/2
− C2λ

3b/2e−ζ λb

≥1 − c/λb .

�e next lemma shows that it is not likely that the e�ective resistance be-

tween 0 and the nth backbone pivotal is large.

E Lemma 9.5. If the strong triangle condition is satis�ed for some su�ciently

small β, then, for any su�ciently large λ and for all n ≥ 1,

PIIC (Reff(0, en) ≤ λn) ≥ 1 − c/λ. (9.2.14)

Proof. Recall the de�nition of Z∞

n and Z
x
n in (3.4.2) on page 74. Furthermore,

de�neB∞

m as the subgraph of themth sausage of the backbone. By the series law,

we can bound Reff(0, en) from above by the number of edges in the backbone

up to en, i.e.,

PIIC(Reff(0, en) ≥ λn) ≤ PIIC(
n

∑
m=1
V(B∞

m) ≥ λn)

= PIIC({
n

∑
m=1
V(B∞

m) ≥ λn} on Z∞

n )

= lim
p↗pc

1

χ(p)
∑
x∈Zd

Pp({
n

∑
m=1
V(Bxm) ≥ λn} on Zxn , 0↔ x)

(9.2.15)

where the third step follows from Lemma 3.12 on page 77.
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Now, by the Factorization Lemma (see page 55 or (8.3.19)) and Boole’s in-

equality,

Pp({
n

∑
m=1
V(Bxm) ≥ λn} on Zxn , 0↔ x)

≤ ∑
b1 ,... ,bn

pD(bn)Ep[1{{∑nm=1 V(Bbnm )≥λn} on C̃bn (0)}

× PC(bn ↔ x o� C̃bn(0))]. (9.2.16)

We make this substitution in (9.2.15), and release the ‘o� ’ and ‘on’ restrictions

for an upper bound. Now we can sum over x to get a factor χ(p). Hence,

PIIC(Reff(0, en) ≥ λn) ≤ pc ∑
b1 ,... ,bn−1

∑
bn

Ppc (
n

∑
m=1
V(B

bn
m ) ≥ λn) . (9.2.17)

We have that either of the following occurs:

(i) ∀1 ≤ i ≤ n we have V(B
bn
i ) < λn/2;

(ii) ∃1 ≤ i ≤ n such that V(B
bn
i ) ≥ λn/2.

If (i) occurs, we can apply Markov’s inequality to get

∑
b1 ,... ,bn−1

∑
bn

Ppc(
n

∑
i=1
V(B

bn
i )1{V(Bbn

i
)<λn/2} ≥ λn)

≤
1

λn
∑

b1 ,... ,bn−1

∑
bn

n

∑
i=1
Epc[V(B

bn
i )1{V(Bbn

i
)<λn/2}]. (9.2.18)

Observe that for �xed edges b1, . . . , bn−1 and a �xed vertex bn,

{V(B
bn
i ) < λn/2}

⊆ {b1, . . . , bi−1 are pivotal for 0↔ bi} ○ {V(B
b i
i ) < λn/2}

○ {bi , . . . , bn−1 are pivotal for 0↔ bn}. (9.2.19)

Making this substitution in (9.2.18), applying the BK-inequality, summing over

the edges b1, . . . , bi−2 and bi+2, . . . , bn−1, and over the vertex bi−1, we can give
an upper bound on (9.2.18) in terms of the function τn(x) as de�ned in (5.1.8)

on page 104, namely the upper bound

1

λn

n

∑
i=1
∑
b i−1

∑
b i

∑
bn

τi−1(bi−1)Epc [V(B
b i
i )1{V(Bbi

i
)<λn/2}]τn−i−1(bn − bi)

(9.2.20)



9.2 regularity of the long-range iic 201

�e function τn(x) is extensively analyzed in Chapters 5, 6, and 7, and it is a

consequence of�eorem 5.5 that∑x τn(x) ≤ A for some constant A. Now, us-

ing the translation invariance of the expectation, we have the following upper

bound on (9.2.20):

A2

λ
∑
z

Epc [V(Bz1 )]. (9.2.21)

We can bound V(Bz1 ) from above by a sum of indicator functions:

V(Bz1 ) ≤ ∑
{u,v}

[1{0↔u}○{{u,v} open}○{v↔z}○{0↔z}

+ 1{0↔v}○{{u,v} open }○{u↔z}○{0↔z}].

Applying Markov’s inequality, the above bound and the BK-inequality, we get

A2

λ
∑
z

Epc [V(Bz1 )] ≤
A2

λ
∑
u,v ,z

(τpc(u)pcD(v − u)τpc(z − v)τpc(z)

+ τpc(v)pcD(u − v)τpc(z − u)τpc(z)) ≤
C

λ
(9.2.22)

where the last inequality follows from Lemma 2.2 on page 52.

If (ii) occurs, then we can apply an inclusion similar to (9.2.19), the BK-

inequality, translation invariance and the uniqueness of pivotal edges to factor

out the big sausage:

∑
b1 ,... ,bn−1

∑
bn

Ppc(∃0 ≤ i ≤ n s.t. V(B
bn
i ) ≥ λn/2)

≤
n

∑
i=1

∑
y,z,en

τi(y)Ppc(V(Bz1 ) ≥ λn/2)τn−i−1(bn − z). (9.2.23)

It follows that

n

∑
i=1

∑
y,z,bn

τi(y)Ppc(V(Bz1 ) ≥ λn/2)τn−i−1(bn − z)

≤ A2n∑
z

Ppc(V(Bz1 ) ≥ λn/2). (9.2.24)

Applying Markov’s inequality and using (9.2.22), we thus get

A2n∑
z

Ppc(V(Bz1 ) ≥ λn/2) ≤
2A2

λ
∑
z

Epc [V(Bz1 )] ≤
C

λ
. (9.2.25)

Now, combining (9.2.22) and (9.2.25) gives (9.2.14).
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E Lemma 9.6. If the strong triangle condition is satis�ed for some su�ciently

small β, then, for any su�ciently large λ and for all n ≥ 1,

PIIC (V(C̃ en(0)) ≤ λn2) ≥ 1 − c/
√

λ. (9.2.26)

To prove (9.2.26) we take a similar approach as in the proof of Lemma 9.5.

Recall the de�nition of the sausages S∞m given in (3.4.2) on page 74, and note
that we can write V(C̃ en(0)) as the sum of the edge volumes of the �rst n
sausages. By the same reasoning as in (9.2.16) and (9.2.17),

PIIC (V(C̃ en(0)) ≥ λn2) = PIIC(
n

∑
m=1
V(S∞m) ≥ λn2)

≤ pc ∑
b1 ,... ,bn−1

∑
bn

Ppc(
n

∑
m=1
V(S

bn
m ) ≥ λn2).

Now we can again identify two ways in which the event on the right-hand

side above can occur:

(I) ∀1 ≤ i ≤ n we have V(S
bn
i ) < λn2/2;

(II) ∃1 ≤ i ≤ n such that V(S
bn
i ) ≥ λn2/2.

If case (I) occurs, we can follow the same steps as in (9.2.18)–(9.2.21) to get

∑
b1 ,... ,bn−1

∑
bn

Ppc (
n

∑
i=1
V(S

bn
i )1{V(Sbn

i
)<λn2/2} ≥ λn2)

≤
1

λn
∑
z

Epc [V(Sz1 )1{V(Sz
1
)≤λn2/2}]. (9.2.27)

For any N-valued random variable X and R > 0 we have the bound

E[X1{X≤R}] =
⌈R⌉
∑
`=1

`P(X = `) ≤
⌈R⌉
∑
k=1
P(X ≥ k).

So we get the following upper bound on (9.2.27),

1

λn
∑
z

Epc [V(Sz1 )1{V(Sz
1
)≤λn2/2}] ≤

1

λn

⌈λn2/2⌉
∑
k=1

∑
z

Ppc(V(Sz1 ) ≥ k). (9.2.28)

Note that we have interchanged the summations over z and k; this is allowed

since all terms are nonnegative.
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Since Bz1 ⊂ Sz1 we have that V(Sz1 ) ≤ V(Bz1 ) + V(Sz1 ∖Bz1 ), so that

∑
z

Ppc(V(Sz1 ) ≥ k) ≤∑
z

Ppc(V(Sz1 ∖Bz1 ) ≥ k/2) +∑
z

Ppc(V(Bz1 ) ≥ k/2).

(9.2.29)

Using (9.2.25) we can bound the second term by C/(λk).

For the �rst termwe observe that the set Sz1 ∖B
z
1 consists of all the vertices of

the sausage that we can disconnect from 0 by closing a single edge that touches

Bz1 , that is, let Bz ≡ {b ∶ b ∈ Bz1 , b open , b ∉ B
z
1}, then

V(Sz1 ∖Bz1 ) =∑
b

V(C̃b(e))1{b∈Bz}.

We use this identity to conclude that if {V(Sz1 ∖ Bz1 ) ≥ k/2} happens, then

either of the following events also happens:

(Ia) for all b ∈ Bz we have V(C̃b(b)) < k/4;
(Ib) there exists a b ∈ Bz such that V(C̃b(b)) ≥ k/4.
If (Ia) happens, then, by similar arguments as (9.2.27) and (9.2.28), we have

the upper bound

∑
z

Ppc (∑
b

V(C̃b(b))1{b∈Bz}1{V(C̃b(b))<k/4} ≥ k/2)

≤
2

k
∑
z,b

Epc [V(C̃b(b))1{b∈Bz}1{V(C̃b(b))<k/4}]

≤
2

k

⌈k/4⌉
∑
`=1
∑
z,b

Ppc (V(C̃b(b)) ≥ `, b ∈ Bz) .

By construction the cluster C̃b(b) is “o�” Bz1 , so that we can apply the Factor-
ization Lemma again to get

2

k

⌈k/4⌉
∑
`=1
∑
z,b

Ppc(V(C̃b(b)) ≥ `, b ∈ Bz)

=
2

k

⌈k/4⌉
∑
`=1
∑
z,b

pcD(b)Epc [1{b∈Bz
1
on Bz

1
}

× PBz
1
(V(C̃b(b)) ≥ ` o� Bz1)]

≤
2pc

k

⌈k/4⌉
∑
`=1

Ppc (V(C(0)) ≥ `)∑
z

Epc [V(Bz1 )]

≤
C

k

⌈k/4⌉
∑
`=1

Ppc (V(C(0)) ≥ `) ,

(9.2.30)
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where the second inequality follows from the fact that Ppc(F o� A) ≤ Ppc(F)

for any event F and any set A and translation invariance of Ppc , and the �nal

inequality follows from (9.2.22).

To bound the probability on the right-hand side above we use the following

lemma:

E Lemma 9.7 [Edge volume scaling]. If the strong triangle condition is satis�ed

for some su�ciently small β, there exist 0 < c ≤ C such that

c
√
n
≤ Ppc(V(C(0)) ≥ n) ≤ C

√
n
. (9.2.31)

We will prove Lemma 9.7 at the end of this section.

Applying Lemma 9.7 to the right-hand side of (9.2.30) gives the desired

bound:

∑
z

Ppc (∑
b

V(C̃b(b))1{b∈Bz}1{V(C̃b(b))≤k/4} ≥ k/2) ≤ C/
√
k. (9.2.32)

If case (Ib) happens, then

∑
z

Ppc(∃b ∈ Bz s.t. V(C̃b(b)) ≥ k/4)

=∑
z

∑
A

Ppc(∃b ∈ A s.t. V(C̃b(b)) ≥ k/4 ∣ Bz = A)Ppc(Bz = A), (9.2.33)

where the sum over A is over all �nite sets of directed edges. Now, for any �xed

set A, by Boole’s inequality,

Ppc(∃b ∈ A such that V(C̃b(b)) ≥ k/4 ∣ Bz = A)
≤∑
b∈A

Ppc(V(C̃b(b)) ≥ k/4 o� A ∣ Bz = A)

≤ V(A)Ppc(V(C(0)) ≥ k/4),

where the second inequality follows by the independence of {V(C̃b(b)) ≥

k/4 o� A} and A = Bz , the fact that Ppc(F o� A) ≤ Ppc(F), and translation
invariance of Ppc . Applying this bound and Lemma 9.7 to the right-hand side

of (9.2.33) we get the upper bound

C
√
k
∑
z

∑
A

V(A)Ppc(Bz = A) =
C
√
k
∑
z

Epc [V(Bz)]

≤
C
√
k
∑
z

Epc [V(Bz1 )] ≤
C
√
k
,

(9.2.34)
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where the �nal inequality follows by (9.2.22).

Combining (9.2.29), (9.2.32) and (9.2.34) we thus get

1

λn

⌈λn2/2⌉
∑
k=1

∑
z

Ppc(V(Sz1 ) ≥ k) ≤
1

λn

⌈λn2/2⌉
∑
k=1

(
C
√
k
+
C′

k
) ≤

C
√

λ
, (9.2.35)

as desired.

Finally, consider that case (II) happens. We can perform the same steps as

in (9.2.23) and (9.2.24) to get

∑
b1 ,... ,bn−1

∑
bn

Ppc (∃0 ≤ i ≤ n s.t. V(S
bn
i ) ≥ λn2/2)

≤ A2n∑
z

Ppc(V(Sz1 ) ≥ λn2/2) ≤ C/
√

λ. (9.2.36)

where the �nal bound now follows by (9.2.35).

By (9.2.35) and (9.2.36), both cases (I) and (II) satisfy the desired bound, and

so (9.2.26) holds.

Proof of Lemma 9.7. Combining results from [13] and [81] we know that there

exist 0 < c′ ≤ C′ such that

c′
√
n
≤ Ppc(∣C(0)∣ ≥ n) ≤

C′
√
n
. (9.2.37)

Since V(C(0)) ≥ ∣C(0)∣ − 1, the lower bound in (9.2.31) immediately follows.
For models where each vertex has bounded degree, i.e., for any �nite range

model, the upper bound also follows immediately , since then V(C(0)) ≤

∆max∣C(0)∣, where ∆max is the maximal degree a vertex can have. But establish-
ing this bound for models with unbounded degree requires a bit more work.

Fixing a constant γ > 0 (to be determined later) we can bound

Ppc(V(C(0)) ≥ n) ≤Ppc(∣C(0)∣ ≥ γn)

+ Ppc(V(C(0)) ≥ n ∣ ∣C(0)∣ < γn)

≤
C′

√
γn

+ Ppc(V(C(0)) ≥ n ∣ ∣C(0)∣ < γn).

(9.2.38)

Now, consider a �xed C(0) such that ∣C(0)∣ = m. We do a standard breadth-
�rst exploration of C(0), starting at 0 and labeling the vertices as we go along.
Let vi be the ith explored vertex of C(0). A�er the exploration is completed,
we know that there are m − 1 explored open edges.
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Given that we know the exploration tree, the only way that the unexplored

edge {x , y}, with x , y ∈ C(0) could be open is if both the topology and the
labeling of the exploration tree are not a�ected by information on the status

of {x , y}. Clearly, any open edge in C(0) that has not been explored has to be
an edge between two explored vertices, so suppose that x and y have been ex-

plored. If x and y are more than two generations apart in the exploration tree

and the edge {x , y} has not been explored, then it is closed, because the ex-

ploration would have explored the edge if it was open.�e edge {x , y} is also

closed when having the edge be open would be inconsistent with the order of

the exploration. When the status of the edge a�ects neither the topology nor

the labeling, then the status of the edge under Ppc is independent of the status

of other edges, since Ppc is a product measure. So the number of unexplored

edges at vertex v, say, is stochastically bounded from above by ∆v , a random

variable whose law P∆ is the degree of vertex v under Ppc (in the setting with-

out conditioning).

�ese observations imply that we have the following bound: for all x,

Ppc(V(C(0)) ≥ x ∣ ∣C(0)∣ < γn) ≤ P∆
⎛

⎝
γn +

⌈γn⌉
∑
i=1
Xi ≥ x

⎞

⎠

with Xi ∼ ∆0 for all i. Furthermore, by our choice of D as described in the

introduction we have that Epc [∆0] = pc and it is easy to show that Varpc(∆0) ≡

ν2 <∞.�us, choosing γ < (2pc)
−1 we can use Cantelli’s inequality to bound

Ppc(V(C(0)) ≥ n ∣ ∣C(0)∣ < γn) ≤P∆
⎛

⎝

⌈γn⌉
∑
i=1
Xi − pcγn ≥ (1 − 2pcγ)n

⎞

⎠

≤(1 +
(1 − 2pcγ)

2n2

nν2
)

−1
≤
C

n
.

(9.2.39)

Using (9.2.39) with (9.2.38) completes the proof.
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¡ And you will �nd someday that, a�er all, it isn’t as

horrible as it looks.

Richard Feynman, [56]
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A
DIAGRAMMAT IC E ST IMATES FOR THE I IC

CONSTRUCT ION

a.1 bounds on lace expansion coefficients : proof of propo-

sition 3.7 and lemma 3.9

In this appendix we prove Proposition 3.7 and Lemma 3.9. We start by repeat-

ing the proposition and the lemma:

j Proposition 3.7. [Fundamental bound on expansion terms] Under the as-

sumptions of both�eorem 3.2(ii) and (iii), the following holds: For some δ > 0,

any r ∈ N and any F ∈ F0 there is exists a constant K = K(F , β, d , α, δ) such

that

∑
x∈Zd

∞
∑
n=0

∣x∣(2∧α)+δπ(n)(x; F) ≤ K (3.2.22)

and

∑
x∈Zd

∞
∑
n=0

∣x∣(4∧α)/2+δψ(n)(x; F) ≤ K . (3.2.22)

and

E Lemma 3.9. [Bounds on expansion terms] Under the assumptions of both

�eorem 3.2(ii) and (iii), the following holds:

(i) For any r ∈ N and any F ∈ F0, there is a constant K
′′ = K′′(F , β, d , α)

and an ε > 0 such that

∞
∑
n=0

ξ(n)(r; F) ≤
K′′

r1/ρ+ε
and

∞
∑
n=0

γ(n)(r; F) ≤
K′′

r1/ρ+ε
; (3.2.24)

(ii) For any r ∈ N

lim
N→∞

R(N)(r; F) = 0. (3.2.25)

We begin by showing that the functions ξ(n) and γ(n) can both be bounded

in terms of one-arm probabilities, π(n), and another function, ϕ(n).�en we

bound the complex expressions π(n) and ϕ(n) in terms of simpler two-point

functions.�ese bounds are known as diagrammatic estimates.

Using the diagrammatic estimates we are able to get the bounds needed to

prove Proposition 3.7 and Lemma 3.9 – but it involves a lot of machinery.

209
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In the case of Lemma 3.9(i), this is mainly due to the fact that the function

ϕ(n) has not appeared in any other lace expansion (though a similar function

is considered for oriented percolation in [84]), so there is little to fall back on.

In the case of Proposition 3.7, the reason for the di�culties is more funda-

mental.�e bound that we require is quite strong while our knowledge of the

two-point functions is limited and mainly consists of its properties in Fourier

space. Signi�cant e�ort is needed to evaluate these functions in Fourier space

without sacri�cing too much accuracy in the bounds.

In the course of the proof of Proposition 3.7 we introduce a method for eval-

uating lace expansion diagrams in Fourier space.�is construction uses ideas

from graph theory, and in principle applies to any lace expansion whose terms

can be bounded by ‘planar’ diagrams (e.g. self-avoiding walk, lattice animals

and lattice trees). Moreover, the Fourier space diagrams have a simple combi-

natorial structure and are relatively easy to bound.

a.1.1 Proof of Lemma 3.9(i)

In this section we prove Lemma 3.9(i) subject to Proposition 3.7, which we

prove in the next section, and subject to Lemma A.1, which is stated further

along in the section and proved in the �nal subsection.�e techniques that we

use are similar to those used in [84], but much less re�ned, as we only need an

upper bound.

Proof of Lemma 3.9(i) subject to Proposition 3.7 and Lemma A.1. Recall de�ni-

tions (3.2.16) – (3.2.20).

We start by showing that ξ(n)(r; F) and γ(n)(r; F) can be bounded as follows:

ξ(0)(r; F) ≤ Ppc(0↔ Q
c
r )Ppc(Qm ⇐⇒ Q

c
r ), (A.1.1)

for n ≥ 1:

ξ(n)(r; F) ≤
1

2
∑
x∈Zd

θ(n)(x , r; F)Ppc(x ↔ Q
c
r ) + ρ(n)(r; F), (A.1.2)

and for n ≥ 0:

γ(n)(r; F) ≤ ∑
x∈Zd

θ(n)(x , r; F)Ppc(x ↔ Q
c
r ), (A.1.3)

for the function θ(n) de�ned below in (A.1.6) and (A.1.8) and ρ(n) de�ned below

in (A.1.12) and (A.1.13).

We further show that ρ(n) can be bounded by

ρ(n)(r; F) ≤ ∑
x∈Q cr

π(n)(x; F) (A.1.4)
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and that θ(n) can be bounded by

θ(n)(x , r; F) ≤ ∑
z∈Zd

ϕ(n)(x , z; F)Ppc(z↔ Q
c
r ) (A.1.5)

for the function ϕ(n) de�ned below in (A.1.21) and (A.1.19).

A�er showing that such bounds exist, we get diagrammatic bounds on θ(n)

and ϕ(n) that su�ce to prove Lemma 3.9(i) (subject to Proposition 3.7).

We start by observing that the bound (A.1.1) follows immediately from (3.2.3)

and the BK-inequality.

De�ne

θ(0)(x , r; F) = ∑
y∈Zd

py,xEpc [1F∩{{0↔y,Qm⇐⇒y,Qm↔Q cr } on C̃(y ,x)(0)}], (A.1.6)

then (A.1.3) for n = 0 follows immediately from (3.2.4) and the simple fact that

PApc(x ↔ Q
c
r ) ≤ Ppc(x ↔ Q

c
r ). (A.1.7)

For n ≥ 1, de�ne,

θ(n)(x , r; F) = ∑
y∈Zd

py,x ∑
(u0 ,v0)∈B

pu0 ,v0⋯ ∑
(un−1 ,vn−1)∈B

× pun−1vn−1E0[1F∩{0↔u0 ,Qm⇐⇒u0}E1[11E2[12⋯

⋯En[1{E′(vn−1 ,y;C̃n−1)∩{vn−1↔Q cr } on C̃(y ,x)(vn−1)}]⋯]]]. (A.1.8)

Combined with (3.2.18), (A.1.7) and (A.1.8) give (A.1.3) for n ≥ 1.

Although the purpose of the functions θ(n) is to bound the probability of

events E′ that are restricted to be connected to Qcr , it will come in handy later
on to use that the bound

θ(n)(x , r; F) ≤ π(n)(x , r; F) (A.1.9)

also holds, since we can omit the clause “on C̃(y,x)(vn−1)” from (A.1.8) for an
upper bound, and

E′(vn−1, y; C̃n−1) ∩ {vn−1 ↔ Q
c
r} ⊂ E

′(vn−1, y; C̃n−1). (A.1.10)

We need to do a bit more work to show (A.1.2). We start with the proof for

n ≥ 1. In a similar fashion as in [84], we de�ne the set

PA ≡{edges b∣ the event E′(v , b;A)∩{b open}∩{b↔ Qcr o� C̃b(v)} occurs}.
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In words, PA is the (unordered) set of cutting edges, i.e., edges in PA have the
property that they are open and they are the �rst edge a�er A that is pivotal

for at least one connection from v to Qcr . (�is means that these edges are not

necessarily pivotal for all connections from v to Qcr .)

Using that ∑b∈B 1{b∈PA} = ∣PA∣, we can decompose the event E′′(v , r;A)
according to the size of PA:

Ppc(E
′′(v , r;A)) =Ppc(E

′′(v , r;A) ∩ {PA = ∅})

+
∞
∑
l=1

1

l
∑
b∈B
Ppc(E

′′(v , r;A) ∩ {b ∈ PA} ∩ {∣PA∣ = l})

=
1

2
∑
b∈B
Ppc(E

′′(v , r;A) ∩ {b ∈ PA}) + λ(v , r;A)

(A.1.11)

where

λ(v , r;A) ≡ Ppc(E
′′(v , r;A) ∩ {PA = ∅})

+
∞
∑
l=1

(
1

l
−
1

2
)∑
b∈B
Ppc(E

′′(v , r;A) ∩ {b ∈ PA} ∩ {∣PA∣ = l}). (A.1.12)

By replacing the �nal expectation in (3.2.17) by (A.1.11), we can isolate a term

ρ(n) from ξ(n)(r; F):

ρ(n)(r; F) = ∑
(u0 ,v0)∈B

pu0 ,v0⋯ ∑
(un ,vn)∈B

punvnE0[1F∩{0↔u,Qm⇐⇒u0}

× E1[11E2[12⋯En[λ(vn−1, r; C̃(un ,vn)(vn−1))]⋯]]]. (A.1.13)

From [84, Proposition 4.3] we have the following useful identity: for A ⊆ Zd ,

v ∈ Zd , r ≥ 1 and b ∈ B,

E′′(v , r;A) ∩ {b ∈ PA} = {E′(v , b;A) ∩ {v
A
←→ Qcr} on C̃b(v)}

∩ {b open} ∩ {b↔ Qcr o� C̃b(v)}. (A.1.14)

�is equality is proved in [84] for oriented percolation, but the proof is easily

adapted to the unoriented case.

Applying (A.1.14) with A = C̃b(vn−1) and v = vn−1 and using

Ppc(x
A
←→ Qcr ) ≤ Ppc(x ↔ Q

c
r ) (A.1.15)
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and the Factorization Lemma yields (A.1.2) for n ≥ 1.

Now we show (A.1.4). Observe that the sum in (A.1.12) only has positive

contributions when l = 0, 1, so we do not have to consider the terms l ≥ 2 for

an upper bound.�erefore,

λ(v , r;A) ≤ Ppc(E
′′(v , r;A) ∩ {∣PA∣ ≤ 1}).

From [84, Proposition 4.6] we have

E′′(v , r;A) ∩ {∣PA∣ ≤ 1} ⊆ ⋃
x∈Q cr

E′(v , x;A). (A.1.16)

�e inclusion (A.1.16) is proved in [84] for oriented percolation, and again the

proof is straightforwardly adapted to the unoriented case.

Applying (A.1.16) with A = Qm and v = 0 to (A.1.12) and applying (A.1.16)

with A = C̃b(vn−1) and v = vn−1 to (A.1.13) yields (A.1.4) for n ≥ 1.
Next is the bound (A.1.5) for n ≥ 1. From the de�nition of E′ it follows that

E′(v , x;A) ∩ {v ↔ Qcr} ⊆ ⋃
y∈Zd

⋃
t∈Zd

⋃
z∈A

({v ↔ t} ○ {t↔ y} ○ {y↔ x}

○{t↔ z} ○ {z↔ x} ○ {y↔ Qcr})

∪({v ↔ y} ○ {y↔ t} ○ {t↔ x}

○{t↔ z} ○ {z↔ x} ○ {y↔ Qcr})

≡ ⋃
y∈Zd

H′(v , x , y;A) ○ {y↔ Qcr}. (A.1.17)

Hence, by the union bound and the BK-inequality,

Ppc(E
′(v , x;A) ∩ {v ↔ Qcr}) ≤ ∑

y∈Zd
Ppc (H

′(v , x , y;A))Ppc(y↔ Q
c
r ).

(A.1.18)

De�ne, for n ≥ 1,

ϕ(n)(x , y; F) ≡ ∑
(u0 ,v0)∈B

pu0 ,v0⋯ ∑
(un−1 ,vn−1)∈B

pun−1vn−1E0[1F∩{0↔u0 ,Qm⇐⇒u0}

× E1[11E2[12⋯En[1{H′(vn−1 ,x ,y;C̃n−1)}]⋯]]]. (A.1.19)

Now it follows from (A.1.8), (A.1.17), and (A.1.18) that (A.1.5) holds for n ≥ 1.
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For the bound (A.1.5) in the case n = 0, we observe that

{0↔ v ,Qm ⇐⇒ y,Qm ↔ Q
c
r}

⊆ ⋃
w∈Qm

⋃
y∈Zd

({0↔ y} ○ {y↔ v} ○ {w ↔ y} ○ {y↔ Qcr})

∪ ({0↔ v} ○ {w ↔ y} ○ {y↔ v} ○ {y↔ Qcr})

≡ ⋃
y∈Zd

H′′(v , y;Qm) ○ {y↔ Q
c
r}

(A.1.20)

Finally, we de�ne

ϕ(0)(x , y; F) ≡ Ppc (F ∩H
′′(x , y;Qm)) (A.1.21)

Now it follows from (A.1.6), (A.1.20) and the BK-inequality that (A.1.5) holds

for n = 0.

For future use we de�ne

Π̃(x; F) =
∞
∑
n=0

π(n)(x; F),

Θ̃(x , r; F) =
∞
∑
n=0

θ(n)(x , r; F), (A.1.22)

Φ̃(x , y; F) =
∞
∑
n=0

ϕ(n)(x , y; F).

Before we proceed we state the following lemma:

E LemmaA.1. For a model that satis�es the assumptions of Proposition 3.7 and

for the same choice of δ > 0 as in Proposition 3.7, for all r ∈ N, there exists

constants Ci = Ci(F , L, d , α, δ) for i = 1, 2, such that

∑
x ,y∈Zd

Φ̃(x , y; F) ≤ C1; (A.1.23)

∑
x ,y∈Zd

∣x − y∣δΦ̃(x , y; F) ≤ C2. (A.1.24)

We do not prove Lemma A.1 since it can be proved in a similar way as

Proposition 3.7. At the end of Section A.2 we do brie�y discuss the adaptations

needed to prove Lemma A.1.

Recall that Proposition 3.7 states that there exists a constant C3 that may

depend on F , L, d , α, and δ such that

∑
x∈Zd

∣x∣(2∧α)+δ
Π̃(x; F) ≤ C3. (A.1.25)
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From (A.1.2) – (A.1.5), (A.1.9) and (A.1.22) it follows that

∣Ξ(r; F)∣ ≤ Ppc(0↔ Q
c
r )Ppc(Qm ↔ Q

c
r )

+
1

2
∑
x∈Zd

Θ̃(x , r; F)Ppc(x ↔ Q
c
r ) + ∑

x∈Q cr
Π̃(x; F)

and

∣Γ(r; F)∣ ≤ ∑
x∈Zd

Θ̃(x , r; F)Ppc(x ↔ Q
c
r ).

It follows directly from our assumption that

Ppc(0↔ Q
c
r )Ppc(Qm ↔ Q

c
r ) ≤ C/r

2/ρ

so Lemma 3.9(i) is proved once we show that

∑
x∈Zd

Θ̃(x , r; F)Ppc(x ↔ Q
c
r ) ≤

C4

r1/ρ+δ
(A.1.26)

for a constant C4 that may depend on F , L, d , α and δ, and that

∑
x∈Q cr

Π̃(x; F) ≤
C3

r(2∧α)+δ
. (A.1.27)

�at (A.1.27) holds follows immediately from (A.1.25): x ∈ Qcr implies ∣x∣/r >

1, so

∑
x∈Q cr

Π̃(x; F) ≤ ∑
x∈Q cr

∣x∣(2∧α)+δ

r(2∧α)+δ
Π̃(x; F) ≤

C3

r(2∧α)+δ
. (A.1.28)

�e sum on the le�-hand side of (A.1.26) can be split into the contributions

of x ∈ Qr/4 and those of x ∈ Q
c
r/4:

∑
x∈Zd

Θ̃(x , r; F)Ppc(x ↔ Q
c
r ) = ∑

x∈Qr/4
Θ̃(x , r; F)Ppc(x ↔ Q

c
r )

+ ∑
x∈Q c

r/4

Θ̃(x , r; F)Ppc(x ↔ Q
c
r ).

�e second term can be bounded using (A.1.9) and (A.1.25):

∑
x∈Q c

r/4

Θ̃(x , r; F)Ppc(x ↔ Q
c
r ) ≤ ∑

x∈Q c
r/4

Π̃(x; F) ≤
C3

r(2∧α)+δ
. (A.1.29)
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To bound the �rst term we use (A.1.5):

∑
x∈Qr/4

Θ̃(x , r; F)Ppc(x ↔ Q
c
r )

≤ ∑
x∈Qr/4

∑
y∈Zd

Φ̃(x , y; F)Ppc(x ↔ Q
c
r )Ppc(y↔ Q

c
r ). (A.1.30)

For convenience, de�ne

SΦ(x , y; F) ≡ Φ̃(x , y; F)Ppc(x ↔ Q
c
r )Ppc(y↔ Q

c
r ).

�e right-hand side of (A.1.30) can again be split into the contribution of y ∈

Qr/2 and of y ∈ Q
c
r/2:

∑
x∈Qr/4

∑
y∈Zd

SΦ(x , y; F) = ∑
x∈Qr/4

∑
y∈Qr/2

SΦ(x , y; F) + ∑
x∈Qr/4

∑
y∈Q c

r/2

SΦ(x , y; F).

(A.1.31)

To bound the �rst term on the right-hand side, we note for a, b ∈ N, a > b and

x ∈ Qb, by (3.1.8) we have

Ppc(x ↔ Q
c
a) ≤ Ppc(0↔ Q

c
a−b) ≤

C

(a − b)1/ρ
(A.1.32)

so that, by Lemma A.1,

∑
x∈Qr/4

∑
y∈Qr/2

SΦ(x , y; F) ≤
C

r2/ρ
∑
x∈Qr/4

∑
y∈Qr/2

Φ̃(x , y; F) ≤
C5

r2/ρ
(A.1.33)

for some constant C5 that may depend on m, L, d , α and δ.

Finally, the second term in (A.1.31) can also be bounded using (A.1.32) and

Lemma A.1: since x ∈ Qr/4 and ∣x − y∣ > r/4, we have

∑
x∈Qr/4

∑
y∈Q c

r/2

SΦ(x , y; F) ≤
C

r1/ρ
∑
x∈Qr/4

∑
y∈Q c

r/2

Φ̃(x , y; F)

≤
C

r1/ρ
∑
x∈Qr/4

∑
y∈Q c

r/2

∣x − y∣δ

rδ
Φ̃(x , y; F) ≤

C6

r1/ρ+δ

(A.1.34)

for some constantC6 thatmaydependonm, L, d , α and δ. Combining (A.1.29),

(A.1.33) and (A.1.34) gives the desired bound (A.1.26) and completes the proof.
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a.1.2 �e proof of Lemma 3.9(ii)

From the de�nition of R(N)(r; F) in (3.2.21) and of π(n)(x; F) in (3.2.19) it is

easy to see that

R(N)(r; F) ≤ pc ∑
x∈Zd

π(N−1)(x; F).

It is a simple consequence of (A.1.22) and (A.1.25) that

lim
N→∞

∑
x

π(N−1)(x; F) = 0.

Furthermore, for all N ≥ 1, R(N)(r; F) ≥ 0 and π(N−1)(x; F) ≥ 0, so that

lim
N→∞

R(N)(r; F) = lim
N→∞

pc ∑
x∈Zd

π(N−1)(x; F) = 0.

a.1.3 Diagrammatic estimates

In this subsection we derive diagrammatic estimates on the functions π
(n)

m and

ϕ
(n)

m .We need them to prove Proposition 3.7 and LemmaA.1. Our derivation is

based on the derivation given in [21].�e derivation below is in broad strokes

identical towhat is already in the literature.�erefore, a reader already familiar

with this procedure could skip to the conclusion at the end of this section.

We start with π(0) and ϕ(0). From the de�nition of E′ in (3.2.9) on page 63 it
is easy to see that

E′(0, x;Qm) ⊆ ⋃
w∈Qm

({0↔ x} ○ {w ↔ x}) .

Hence, by the BK-inequality,

π(0)(x; F) ≤Ppc(E
′(0, x;Qm))

≤Ppc( ⋃
w∈Qm

({0↔ x} ○ {w ↔ x}))

≤ ∑
w∈Qm

τpc(x)τpc(x −w).

(A.1.35)
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Similarly, from the de�nition ofH′′ in (A.1.20), (A.1.21), and the BK-inequality,

ϕ(0)(x , y; F) ≤Ppc( ⋃
w∈Qm

({0↔ x} ○ {w ↔ y} ○ {y↔ x}))

+ Ppc( ⋃
w∈Qm

({0↔ y} ○ {y↔ x} ○ {w ↔ x}))

≤ ∑
w∈Qm

τpc(x)τpc(y − x)τpc(y −w)

+ ∑
w∈Qm

τpc(y)τpc(y − x)τpc(x −w).

(A.1.36)

Furthermore, since on both right-hand sides of (A.1.35) and (A.1.36) we sum

w over the �nite ball Qm, we can bound both by Qm-independent functions:

π(0)(x; F) ≤ C′m π̄(0)(x) ≡ C′mτpc(x)
2

(A.1.37)

and

ϕ(0)(x , y; F) ≤ C′m ϕ̄
(0)(x , y) ≡ C′mτpc(x)τpc(x − y)τpc(y) (A.1.38)

where C′m is a constant given by

C′m = 2 sup
x∈Zd

∑w∈Qm τpc(x −w)

τpc(x)
<∞.

LetP
(n)

pc denote the product measure of n+1 copies of critical percolation on

Zd . We write Ai to signify that the event A occurs on the ith copy. By Fubini’s

theorem and (3.2.19) and (A.1.19), for n ≥ 1,

π(n)(x; F) = ∑
(u0 ,v0)∈B

pu0v0⋯ ∑
(un−1 ,vn−1)∈B

pun−1vn−1

× P(n)

pc ({F ∩ {0↔ u0,Qm ⇐⇒ u0}}0

∩ (
n−1
⋂
i=1
E′(vi−1, ui ; C̃i−1)i) ∩ E′(vn−1, x; C̃n−1)n)

and

ϕ(n)(x , y; F) = ∑
(u0 ,v0)∈B

pu0v0⋯ ∑
(un−1 ,vn−1)∈B

pun−1vn−1

× P(n)

pc ({F ∩ {0↔ u0,Qm ⇐⇒ u0}}0

∩ (
n−1
⋂
i=1
E′(vi−1, ui ; C̃i−1)i) ∩H′(vn−1, x , y; C̃n−1)n).
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To estimate these functions, we de�ne the events

G0(u0, s0, z1;Qm) ≡ ( ⋃
w∈Qm

{0↔ u0} ○ {w ↔ s0} ○ {s0 ↔ u0} ○ {s0 ↔ z1})

∪ ( ⋃
w∈Qm

{0↔ s0} ○ {s0 ↔ u0} ○ {w ↔ u0} ○ {s0 ↔ z1}), (A.1.39)

G′(vi−1, ti , zi , ui , si , zi+1) ≡ {vi−1 ↔ ti} ○ {ti ↔ zi}

○ {ti ↔ si} ○ {zi ↔ ui} ○ {si ↔ ui} ○ {si ↔ zi+1}, (A.1.40)

G′′(vi−1, ti , zi , ui , si , zi+1) ≡ {vi−1 ↔ si} ○ {si ↔ ti}

○ {ti ↔ zi} ○ {ti ↔ ui} ○ {zi ↔ ui} ○ {si ↔ zi+1}, (A.1.41)

G(vi−1, ti , zi , ui , si , zi+1)

≡ G′(vi−1, ti , zi , ui , si , zi+1) ∪G
′′(vi−1, ti , zi , ui , si , zi+1), (A.1.42)

G′n(vn−1, tn , zn , x) ≡ {vn−1 ↔ tn} ○ {tn ↔ zn} ○ {tn ↔ x} ○ {zn ↔ x},

(A.1.43)

G′′n (vn−1, tn , zn , y, x)

≡ ({vn−1 ↔ tn} ○ {tn ↔ zn} ○ {zn ↔ x} ○ {tn ↔ y} ○ {y↔ x})

∪ ({vn−1 ↔ y} ○ {y↔ tn} ○ {tn ↔ zn} ○ {zn ↔ x} ○ {tn ↔ x}).

(A.1.44)

See Figure 9 for depictions of these events.�e events G′ and G′′ are new in
the context of diagrammatic expansions, all other events have appeared be-

fore, e.g. in [126]. All the events above are constructed of disjointly occurring,

increasing events, and hence the BK-inequality can be used to factorize their

probabilities.

�e events inside π(n) and ϕ(n) can be contained in constructions of the

events (A.1.39) – (A.1.44): by de�nitions (3.2.9) and (A.1.17),

E′(vn−1, x; C̃n−1)n ⊂ ⋃
zn∈C̃n−1

⋃
tn∈Zd

G′n(vn−1, tn , zn , x)n (A.1.45)

and

H′(vn−1, x , y; C̃n−1)n ⊂ ⋃
zn∈C̃n−1

⋃
tn∈Zd

G′′n (vn−1, tn , zn , y, x)n . (A.1.46)
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w ∈ Qm

0

u0

s0

z1

⋃
u0

z1

w ∈ Qm

0

s0

vn−1 tn

zn

y

x

⋃
vn−1

y

tn

zn

x

vi−1 ti

zi

ui

si

zi+1

vi−1 tisi

zi

ui

zi+1

vn−1 tn

zn

x

G′n(vn−1, tn, zn, x)

G′′n(vn−1, tn, zn, y, x)

G0(u0, s0, z1;Qm)

G′(vi−1, ti, zi, ui, si, zi+1) G′′(vi−1, ti, zi, ui, si, zi+1)

Figure 9: Depictions of the events G0, G′, G′′, G′n and G′′n .

Observe that

F ∩ {0↔ u0,Qm ⇐⇒ u0} ∩ {z1 ∈ C̃0} ⊂ ⋃
s0∈Zd

G0(u0, s0, z1;Qm), (A.1.47)

and note that the right-hand side is independent of F (but still depends on

Qm).

Similarly, for n ≥ 2 and i ∈ {1, . . . , n − 1},

E′(vi−1, ui ; C̃i−1) ∩ {zi+1 ∈ C̃i} ⊂ ⋃
z i∈C̃i−1

⋃
t i ,s i∈Zd

G(vi−1, ti , zi , ui , si , zi+1)i .

(A.1.48)

�e relations (A.1.45) and (A.1.48) lead to

{F ∩ {0↔ u0,Qm ⇐⇒ u0}}0

∩ (
n−1
⋂
i=1
E′(vi−1, ui ; C̃i−1)i) ∩ E′(vn−1, x; C̃n−1)n

⊂ ⋃
t⃗,s⃗,z⃗

(G0(u0, s0, z1;Qm)0 ∩ (
n−1
⋂
i=1
G(vi−1, ti , zi , ui , si , zi+1)i)

∩G′n(vn−1, tn , zn , x)n),
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where t⃗ = (t1, . . . , tn), s⃗ = (s0, . . . , sn−1) and z⃗ = (z1, . . . , zn), and all elements

are allowed to take values in Zd .�e relations (A.1.46) and (A.1.48) lead to

{F ∩ {0↔ u0,Qm ⇐⇒ u0}}0

∩ (
n−1
⋂
i=1
E′(vi−1, ui ; C̃i−1)i) ∩H′(vn−1, x , y; C̃n−1)n

⊂ ⋃
t⃗,s⃗,z⃗

(G0(u0, s0, z1;Qm)0 ∩ (
n−1
⋂
i=1
G(vi−1, ti , zi , ui , si , zi+1)i)

∩G′′n (vn−1, tn , zn , y, x)n).

�erefore, we can get an upper bound on π
(n)

m and ϕ
(n)

m :

π(n)(x; F) ≤ ∑
z⃗, t⃗,s⃗,u⃗,v⃗

[
n−1
∏
i=0
pu iv i]Ppc(G0(u0, s0, z1;Qm))

×
n−1
∏
i=1
Ppc(G(vi−1, ti , ui , si , zi+1))Ppc(G

′
n(vn−1, tn , zn , x)), (A.1.49)

where u⃗ = (u0, . . . , un−1) and v⃗ = (v0, . . . , vn−1) with all elements restricted
to Zd , and

ϕ(n)(x , y; F) ≤ ∑
z⃗, t⃗,s⃗,u⃗,v⃗

[
n−1
∏
i=0
pu iv i]Ppc(G0(u0, s0, z1;Qm))

×
n−1
∏
i=1
Ppc(G(vi−1, ti , ui , si , zi+1))Ppc(G

′′
n (vn−1, tn , zn , y, x)). (A.1.50)

�e probabilities in (A.1.49) and (A.1.50) both factorize because G0, . . . ,G
′
n

andG0, . . . ,G
′′
n are events on di�erent percolation models.�e separate prob-

abilities can all be estimated using the BK-inequality. To organize the resulting

sum, de�ne

τ̃pc(x) ≡ pc(D ∗ τpc)(x) (A.1.51)
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A(a, b, s, t) = B1(s, t, z, l) =

b t

a s s

t l

z

B2(z, l, s, t) =

l

z t

s

z t

l = s

D(s, t, z, l, x, y) =

t

s z

l y

x s

t

y

z

l

xC(a, z, l) =

z

l

a

Figure 10: Diagrammatic representations of A, B1, B2, C and D. Unbroken lines
represent τ’s, lines that start with a gap represent τ̃’s.

and

A(a, b, s, t) ≡ τpc(a − s)τpc(s − t)τpc(t − b), (A.1.52)

B1(s, t, z, l) ≡ τ̃pc(l − t)τpc(z − s), (A.1.53)

B
(0)

2 (z, l , s, t) ≡ τpc(l − z)τpc(t − z)τpc(s − l)τpc(t − s), (A.1.54)

B
(1)

2 (z, l , s, t) ≡ ∑
a∈Zd

δl ,sτpc(a − s)τpc(z − a)

×τpc(t − a)τpc(t − z), (A.1.55)

B2(z, l , s, t) ≡ B
(0)

2 (z, l , s, t) + B(1)

2 (z, l , s, t), (A.1.56)

C(a, z, l) ≡ A(a, a, z, l)

= τpc(a − z)τpc(l − a)τpc(z − l), (A.1.57)

D(0)(s, t, z, l , x , y) ≡ B1(s, t, z, l)τpc(z − l)A(z, l , x , y), (A.1.58)

D(1)(s, t, z, l , x , y) ≡ τ̃pc(y − t)τpc(l − y)τpc(z − s)C(x , z, l),(A.1.59)

D(s, t, z, l , x , y) ≡ D(0)(s, t, z, l , x , y) + D(1)(s, t, z, l , x , y). (A.1.60)

See Figure 10 for diagrammatic representations of these functions.

Application of the BK-inequality yields

Ppc(G0(s0, t0, z1;Qm)) ≤ ∑
w∈Qm

(A(0,w , s0, t0) + A(0,w , t0, s0))τpc(s0, z1),

(A.1.61)

∑
vn−1∈Zd

ptn−1vn−1Ppc(G
′
n(vn−1, tn , zn , x)) ≤

B1(sn−1, tn−1, zn , tn)

τpc(zn − sn−1)
C(x , zn , tn),

(A.1.62)
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(note that we have switched from writing ui−1 to writing ti−1: this is for consis-
tency in what follows) and

∑
vn−1∈Zd

ptn−1vn−1Ppc(G
′′
n (vn−1, tn , zn , y, x)) ≤

D(sn−1, tn−1, zn , tn , x , y)

τpc(zn − sn−1)
.

(A.1.63)

For G′ and G′′ we get

∑
v i−1∈Zd

pt i−1v i−1Ppc(G
′(vi−1, li , zi , ti , si , zi+1))

≤
B1(si−1, ti−1, zi , li)

τpc(zi − si−1)
B

(0)

2 (zi , li , si , ti)τpc(zi+1 − si); (A.1.64)

and

∑
v i−1∈Zd

pt i−1v i−1Ppc(G
′′(vi−1, li , zi , ti , si , zi+1))

≤
B1(si−1, ti−1, zi , li)

τpc(zi − si−1)
B

(1)

2 (zi , li , li , ti)τpc(zi+1 − si). (A.1.65)

�e Kronecker delta in B
(1)

2 guarantees that it can only be nonzero when its

second and third argument are equal, so we can replace the third argument of

B
(1)

2 by si and combine (A.1.64) and (A.1.65) to get

∑
v i−1∈Zd

pt i−1v i−1Ppc(G(vi−1, li , zi , ti , si , zi+1))

≤
B1(si−1, ti−1, zi , li)

τpc(zi − si−1)
B2(zi , li , si , ti)τpc(zi+1 − si). (A.1.66)

Substituting (A.1.61), (A.1.62) and (A.1.66) into (A.1.49), and (A.1.61), (A.1.63)

and (A.1.66) into (A.1.50), respectively, we get, for n ≥ 1,

π(n)(x; F) ≤ ∑
s⃗, t⃗,z⃗, l⃗

∑
w∈Qm

A(0,w , s0, t0)

×
n−1
∏
i=1

[B1(si−1, ti−1, zi , li)B2(zi , li , si , ti)]

× B1(sn−1, tn−1, zn , ln)C(x , zn , ln) (A.1.67)
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and

ϕ(n)(x , y; F) ≤ ∑
s⃗, t⃗,z⃗, l⃗

∑
w∈Qm

A(0,w , s0, t0)

×
n−1
∏
i=1

[B1(si−1, ti−1, zi , li)B2(zi , li , si , ti)]

× D(sn−1, tn−1, zn , ln , x , y). (A.1.68)

�e sums over the vectors s⃗ = (s0, . . . , sn−1), t⃗ = (t0, . . . tn−1), z⃗ = (z1, . . . , zn)

and l⃗ = (l1, . . . , ln) on the right-hand sides of (A.1.67) and (A.1.68) are over

all of Zd for each element. Observe that the sum over w is again restricted to

Qm, so that once again we may replace A(0,w , s0, t0) by C(0, s0, t0) in both

instances, to bound, for n ≥ 1,

π(n)(x; F) ≤ C′m π̄(n)(x) ≡ C′m ∑
s⃗, t⃗,z⃗, l⃗

C(0, s0, t0)

×
n−1
∏
i=1

[B1(si−1, ti−1, zi , li)B2(zi , li , si , ti)]

× B1(sn−1, tn−1, zn , ln)C(x , zn , ln) (A.1.69)

and

ϕ(n)(x , y; F) ≤ C′m ϕ̄
(n)(x , y) ≡ C′m ∑

s⃗, t⃗,z⃗, l⃗

C(0, s0, t0)

×
n−1
∏
i=1

[B1(si−1, ti−1, zi , li)B2(zi , li , si , ti)]

× D(sn−1, tn−1, zn , ln , x , y). (A.1.70)

�e two bounds above are commonly referred to as diagrammatic estimates. In

Figure 11 we show two examples of diagrams.

Finally, for ease of notation in the coming sections, we de�ne

Π̄(x) =
∞
∑
n=0

π̄(n)(x) and Φ̄(x , y) =
∞
∑
n=0

ϕ̄(n)(x , y). (A.1.71)
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a)

b)

0

y
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0

y

x

0 x 0 x

Figure 11: Diagrams bounding a) ϕ̄(1)(x , y) and b) π̄(2)(x)

a.2 finite moments of Π̄(x): proof of proposition 3.7

In this section we prove Proposition 3.7, which states that the ((2 ∧ α) + δ)-

th moment of ∣Π(x ; F)∣ and the ((4 ∧ α)/2 + δ)-th moment of ∣Ψ(x ; F)∣ are

�nite for some δ > 0. Both claims follow once we show

∑
x∈Zd

∣x∣(2∧α)+δ
Π̄(x) ≤ K (A.2.1)

for Π̄(x) as de�ned in (A.1.71). In the course of the proof we derive certain

quantities that are similar to quantities bounded by Chen & Sakai [34], and

the proof of this bound is based in part on their proofs.

We assume p = pc throughout and suppress all subscripts pc . We also omit

the area of integration [−π, π)d below the integral signs, whenever it occurs.

Proof of Proposition 3.7. �e proof of (A.2.1) is split up into three sections. In

the �rst section we describe a way of distributing the weight ∣x∣(2∧α)+δ over

the path elements of the diagrams.�e second section deals with taking the

Fourier transform of lace expansion diagrams. In the third section we bound

the elements of these Fourier space diagrams.

a.2.1 �e spatial fractional derivative of∑n ψ(n)

We start by showing that the bound for ∑x∈Zd ∑
∞
n=0 ∣x∣

(4∧α)/2+δψ(n)(x; F) fol-

lows from Assumption D (on page 49) and (A.2.1).

Here and throughout this section, for α > 0 and d > 3(2 ∧ α), we choose ε

and δ such that

0 < ε < min{1/(2 ∧ α), d/2(2 ∧ α) − 3/2}
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and

0 < δ < min{α − (4 ∧ α)/2, 1/(2 ∧ α) − ε, d/(2(2 ∧ α)) − 3/2 − ε}.

Observe for any D that satis�es Assumption D this choice of δ implies that

∑
x

∣x∣(4∧α)/2+δD(x) ≤ C <∞,

so that by (3.2.20) (on page 66),

∑
x∈Zd

∞
∑
n=0

∣x∣(4∧α)/2+δψ(n)(x; F) ≤ ∑
x∈Zd

∑
y∈Qr

∞
∑
n=0

∣x − y∣(4∧α)/2+δ

× pcD(x − y)∣y∣(4∧α)/2+δπ(n)(y; F)

≤ C ∑
y∈Qr

∞
∑
n=0

∣y∣(2∧α)+δ π̄(n)(y),

so the �niteness of the ((4 ∧ α)/2 + δ)-th moment of ∑n ψ(n)(x; F) follows

once we show that the ((2 ∧ α) + δ)-th moment of∑n π̄(n)(x) is �nite.

a.2.2 Distributing the weight

By the de�nition of Π̄(x),

∑
x∈Zd

∣x∣(2∧α)+δ
Π̄(x) = ∑

x∈Zd

∞
∑
n=0

∣x∣(2∧α)+δ π̄(n)(x). (A.2.2)

For x ∈ Zd we write x = (x1, x2, . . . , xd). Because the functions π̄(n)(x) are

invariant under the symmetries of Zd , we can bound (A.2.2) as follows:

∑
x∈Zd

∞
∑
n=0

∣x∣(2∧α)+δ π̄(n)(x) ≤ d((2∧α)+δ)/2+1
∑
x∈Zd

∞
∑
n=0

∣x1∣
(2∧α)+δ π̄(n)(x).

(A.2.3)

We can deal with this sum by distributing the weight ∣x1∣
(2∧α)+δ along the top

and bottom paths of the diagram.�e �rst step is to rewrite (A.2.3) using the

following identity: for t > 0 and ζ ∈ (0, 2), let

K′ζ ≡

∞

∫
0

1 − cos(x)

x1+ζ
dx ∈ (0,∞).

�is gives the identity

tζ =
1

K′
ζ

∞

∫
0

1 − cos(st)

s1+ζ
ds. (A.2.4)
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For u, v ∈ (0,∞), de�ne the d-dimensional vectors u⃗ = (u, 0, . . . , 0) and

v⃗ = (v , 0, . . . , 0). Applying (A.2.4) twice to (A.2.3), once with ζ = (2 ∧ α) − ε,

and once with ζ = δ + ε, we get

∑
x∈Zd

∞
∑
n=0

∣x∣(2∧α)+δ π̄(n)(x)

≤ C

∞

∫
0

du

u1+(2∧α)−ε

∞

∫
0

dv

v1+δ+ε
∑
x∈Zd

∞
∑
n=0

[1 − cos(u⃗ ⋅ x)]

× [1 − cos(v⃗ ⋅ x)]π̄(n)(x). (A.2.5)

�e double integral can be split into four parts: I1 + I2 + I3 + I4, where

I1 ≡ O(1)

1

∫
0

du

u1+(2∧α)−ε

1

∫
0

dv

v1+δ+ε
∑
x∈Zd

∞
∑
n=0

[1−cos(u⃗ ⋅x)][1−cos(v⃗ ⋅x)]π̄(n)(x)

and I2, I3 and I4 are similarly de�ned but with di�erent areas of integration Ai ,

i = 2, 3, 4, where

A2 ≡ [0, 1] × (1,∞], A3 ≡ (1,∞] × [0, 1], and A4 ≡ (1,∞] × (1,∞].

It remains to show that I1, . . . , I4 are �nite. To prove that this is so, we need

an upper bound on

∑
x∈Zd

∞
∑
n=0

[1 − cos(u⃗ ⋅ x)][1 − cos(v⃗ ⋅ x)]π̄(n)(x). (A.2.6)

Indeed, Proposition 3.7 follows once we prove

e PropositionA.2. Under the assumptions of Proposition 3.7, there exists θ >

(δ + ε)/(2 ∧ α) such that

∑
x∈Zd

∞
∑
n=0

[1− cos(u⃗ ⋅ x)][1− cos(v⃗ ⋅ x)]π̄(n)(x) = O ((u ∧ 1)(2∧α)(v ∧ 1)θ(2∧α))

(A.2.7)

�e remainder of this section is devoted to the proof of this proposition.

�e bound (A.2.7) is easy for u or v in (1,∞]. In particular, I4 <∞ follows

from the fact that∑x∈Zd ∑
∞
n=0 π̄(n)(x) ≤ C <∞ and 1 − cos(t) ≤ 2.

�e remainder of this section is devoted to proving (A.2.7) when both u, v ∈

[0, 1], that is, the bound needed for the �niteness of I1.�e bounds on I2 and

I3 can be obtained in a similar, but much easier, way.
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w0

w1 w2 w3

w4

y0

y1 y2 y3

y4

w0

w1 w2 w3

w4

y0

y1 y2 = 0 y3

y4

Figure 12: The path-elements of π̄(2)(x) labeled according to the proposed
scheme.

We start by only considering n ≥ 1.�e case n = 0 is much simpler, and we

will comment on the bound for n = 0 when it is appropriate (around equation

(A.2.31)). Using (A.1.67) we can rewrite the right-hand side of (A.2.5) (with the

term for n = 0 omitted) as

C

1

∫
0

du

u1+(2∧α)−ε

1

∫
0

dv

v1+δ+ε
∑
x∈Zd

[1 − cos(u⃗ ⋅ x)][1 − cos(v⃗ ⋅ x)]

×
∞
∑
n=1

∑
s⃗, t⃗,z⃗, l⃗

C(0, s0, t0)
n−1
∏
m=1

[B1(sm−1, tm−1, zm , lm)B2(zm , lm , sm , tm)]

× B1(sn−1, tn−1, zn , ln)C(x , zn , ln). (A.2.8)

De�ne for i = 0, 1, . . . , n:

y2i =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

t0 if i = 0;

ti − zi if i is odd;

si − li if i is even;

y2i+1 =
⎧⎪⎪
⎨
⎪⎪⎩

li − ti−1 if i < n is odd;

zi − si−1 if i < n is even;

y2n =

⎧⎪⎪
⎨
⎪⎪⎩

x − zn if n is odd;

x − ln if n is even;

w2i =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

s0 if i = 0;

si − li if i is odd;

ti − zi if i is even;

w2i+1 =
⎧⎪⎪
⎨
⎪⎪⎩

ti − zi−1 if i < n is odd;

si − li−1 if i < n is even;

w2n =

⎧⎪⎪
⎨
⎪⎪⎩

x − ln if n is odd;

x − zn if n is even.

�e y’s and w’s can be viewed as the path elements along the top and bottom

of the diagram π̄(n), respectively. An example is given in Figure 12.

�e result is that we get two telescoping sums:

2n

∑
i=0
yi =

2n

∑
i=0
wi = x .
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By [21, (4.51)], for a = ∑
J
j=1 a j,

1 − cos a ≤ (2J + 1)
J

∑
j=1

[1 − cos a j]. (A.2.9)

Applying this with ai = u⃗ ⋅ yi and v⃗ ⋅wi gives that (A.2.8) is bounded from

above by

C

1

∫
0

du

u1+(2∧α)−ε

1

∫
0

dv

v1+δ+ε
∑
x∈Zd

∞
∑
n=1

(4n + 3)2

×
2n

∑
i , j=0

∑
s⃗, t⃗,z⃗, l⃗

[1 − cos(u⃗ ⋅ yi)][1 − cos(v⃗ ⋅w j)]

× C(0, s0, t0)
n−1
∏
m=1

[B1(sm−1, tm−1, zm , lm)B2(zm , lm , sm , tm)]

× B1(sn−1, tn−1, zn , ln)C(x , zn , ln)

≡ C

1

∫
0

du

u1+(2∧α)−ε

1

∫
0

dv

v1+δ+ε

∞
∑
n=1

(4n + 3)2
2n

∑
i , j=0

R(n)

(i , j)(u⃗, v⃗). (A.2.10)

Each of the R(n)

(i , j)(u⃗, v⃗) is the sum of 2
n−1 terms: one for each sequence of

B
(0)

2 and B
(1)

2 diagrams possible.�e possible sequences of the factors B
(0)

2 and

B
(1)

2 from le� to right (say), corresponds one-to-one to the binary expansion

of an integer between 0 and 2n−1 − 1, so we can write

R(n)

(i , j)(u⃗, v⃗) ≡
2n−1−1
∑
m=0

R(n ,m)

(i , j) (u⃗, v⃗) (A.2.11)

where each of the R(n ,m)

(i , j) (u⃗, v⃗) corresponds to exactly one realization of a di-

agram. Furthermore, the diagrams are products of functions of two variables,

the (possibly weighted) two-point functions. Hence, we can associate a graph

to each of theR(n ,m)

(i , j) (u⃗, v⃗) in such away that the edges of the graph correspond

to the two-variable functions ofR(n ,m)

(i , j) (u⃗, v⃗) and the vertices of the graph cor-

respond to the variables in Zd that are being summed over.�is graph struc-

ture implies certain properties of the Fourier transform of the diagrams that

are useful in getting upper bounds.

We use these properties to bound the diagrams in Fourier space. Our strat-

egy is as follows:�e �rst step is to use graph properties to writeR(n ,m)

(i , j) (u⃗, v⃗)

as the integral over a function of 2n+1 Fourier variables, rather than the 6n+2
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variables that we would get from taking the Fourier transform for each of

the 6n + 2 two-point functions that are contained in R(n ,m)

(i , j) (u⃗, v⃗) separately.

�en, using a duality argument on the graph structure, we determine the or-

der in which to integrate over these 2n + 1 variables (similar approaches ex-

ist for bounding Feynman diagrams in the quantum �eld theory literature, cf.

[53], [54]). We show that when we choose the correct order of integration, we

can integrate over the product of at most three functions of the same variable.

Roughly speaking, this corresponds to integration over the triangle diagram

in Fourier space. We assumed that this integral is bounded by a small con-

stant in the statement of Proposition 3.7.�is way we are able to show that

R(n ,m)

(i , j) (u⃗, v⃗) has an upper bound of the order of βn−3u(2∧α)vθ(2∧α) for some
θ > (δ+ ε)/(2 ∧ α), and this is enough to show (A.2.7) and hence Proposition

3.7 holds.

a.2.3 Fourier space diagrams

We start by carrying out the above program with some general considerations.

Let V be a �nite set of vertices with ∣V ∣ = V and let E ⊆ V × V with ∣E ∣ = E
be a set of unoriented edges (i.e., {i , j} = { j, i}). Below, we will assume that

there is a �xed (but arbitrary) order to the elements of V and E .�e graph
G = (V , E) plays the role of an index set for a diagram. We call a function
F ∶ (Zd)V ↦ R+ an edge diagram if it can be written as a product of functions
on ‘edges’ as indexed by E , i.e.,

F(x1, . . . , xV) = ∏
{i , j}∈E

fi , j(xi − x j), (A.2.12)

where fi , j ∶ Z
d ↦ R+. We call the edge diagram simple and connected, respec-

tively, if the associated graph G is simple and connected. De�ne the anchored
sum of F as

I0 = ∑
x2∈Zd

⋯ ∑
xV ∈Zd

F(0, x2, . . . , xV).

�e upcoming lemma and its proof use certain elementary graph theoretic

notions that we will brie�y review here. It is a basic fact from graph theory

that associated to every graph G there is a vector space C(G) whose elements

represent formal combinations of cycles in G .�is vector space is known as
the cycle space of G . Given a spanning tree T = (V , E ′) of G , a fundamental
cycle of T is de�ned as the single cycle in the graph S = (V , E ′ ∪ e) for the
edge e ∈ E ∖ E ′. It is a well-known result that a graph with V vertices and E
edges has E −V + 1 fundamental cycles. For further de�nitions and a proof of

the above statement we refer the reader to the literature of this �eld (e.g. [46]).
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ELemmaA.3 [An integral representation for edge diagrams]. Let F(x1, . . . , xV)

be a translation invariant simple and connected edge diagram that is indexed by

a graph G = (V , E) with V vertices and E edges such that I0 < ∞.�en there
exists an E × (E − V + 1) matrix M with rows indexed by the edges {i , j} ∈ E
such that,

I0 = ∫
[−π,π)d

d
dp1

(2π)d
. . . ∫

[−π,π)d

d
dpE−V+1
(2π)d

∏
{i , j}∈E

f̂i , j ((M ⋅ p⃗){i , j}) , (A.2.13)

where p⃗ = (p1, . . . , pE−V+1)
T and pi ∈ [−π, π)d for all i = 1, . . . , E −V + 1. Fur-

thermore, the matrix M can be chosen in such a way that its columns correspond

to a basis of the cycle space C(G) of G .

Proof. We start by associating to F another functionG that is indexed by a tree

in the following way: Fix a cycle basis of fundamental cycles for the graph G
and endow the basis with an order and endow each cycle with an orientation.

We call this set of oriented cycles C⃗ .�e set C⃗ contains C ≡ E − V + 1 cycles.

For each cycle ci ∈ C⃗ , i = 1, . . . ,C, we pick a vertex vi ∈ ci . We ‘open up the
cycles’ of the diagramG at every one of these vertices to obtain the tree diagram
P = (W ,F) as follows: if vi is the chosen vertex in G for the oriented cycle
ci , then the tree graphP contains vsi and vei , which correspond to the ‘starting
vertex’ and the ‘ending vertex’ of the opened cycle, where ‘start’ and ‘end’ are

determined according to the orientation of ci . Note that P consists of E edges
and E + 1 vertices. Using P we can de�ne the following edge diagram:

G(x1, . . . , xV , xV+1, . . . , xE+1) = ∏
{a,b}∈F

fa,b(xa − xb), (A.2.14)

�e functions fa,b are the same functions that also appear in (A.2.12), but note

that any occurrence of xv i in F is replaced by either xvsi or xv
e
i
inG, depending

on the way we obtained P from G . Note that if we restrict xvs
i
= xve

i
for every

set of split vertices, then we can write I0 in terms of G, i.e.,

I0 = ∑
x2 ,...,xV

G(0, x2, . . . , xV , xV+1, . . . , xE+1)∣∀c∶xvs
i
−xve

i
=0

≡H(y1, . . . , yC)∣y1 ,...,yC=0

(A.2.15)

where yi ≡ xve
i
− xvs

i
. Figure 13 gives a sketch of the above construction.

Since I0 < ∞ by assumption, we can express H(0, . . . , 0) in terms of its

Fourier transform:

H(0, . . . , 0) = ∫
[π,π)d

d
dp1

(2π)d
⋯ ∫

[π,π)d

d
dpC

(2π)d
Ĥ(p1, . . . , pC). (A.2.16)
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Figure 13: A schematic drawing of a realization of the procedure that associates
to an edge diagram F(x1 , . . . , x6) that is indexed by the graph G an-
other edge diagram H(y1 , y2 , y3) that is indexed by the tree P .

where

Ĥ(p1, . . . , pC) = ∑
y1 ,...,yC

H(y1, . . . , yC)e
ip1 ⋅y1⋯eipC ⋅yC . (A.2.17)

We can express yi in terms of x1, . . . , xE+1 by �rst expressing both xvs
i
and xve

i

as the sum of the xi along the shortest path inP from vertex 1, and then taking
the di�erence between those two paths.�is gives rise to C linear equations

on x1, . . . , xE+1, i.e., for i = 1, . . . ,C,

yi = xve
i
− xvs

i
= ∑

{a,b}∈Path(1,ve
i
)
(xa − xb) − ∑

{a,b}∈Path(1,vs
i
)
(xa − xb), (A.2.18)

where Path(1, v) denotes the set of edges on the shortest path from vertex 1 to

vertex v in P .�is is a partially telescoping sum where only the increments
remain that correspond to edges in ci .
It follows that in the Fourier transform of G, the increment xa − xb will be

associated with pi if xa − xb appears on the right-hand side of (A.2.18) with a

plus sign, and it is associated with −pi if it appears with a minus sign. We can

encode these dependencies in a matrix M whose rows are indexed by edges

of E , and whose columns represent the oriented cycles of C⃗ . Substituting this
representation into (A.2.16) completes the proof.
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p1 p2 p3
p4

p5

p6
p7

p5

−p6−p4

p4 − p6

p6 − p5p4 − p5

p4 p6

Figure 14: On the left the diagram R(3,2)
(5,3) and its spanning tree, with associated

loop momenta. The solid and the dashed line in the upper diagram
represent the weighted paths. On the right a portion of the diagram
with loop momenta associated to the lines.

Recall de�nition (A.2.11). Every R(n ,m)

(i , j) (u⃗, v⃗) is an edge diagram with one

variable �xed at 0 and all other variables summed over, so we can write it as

the anchored integral of an edge diagram,

R(n ,m)

(i , j) (u⃗, v⃗) =∑
x

∑
z⃗, t⃗,s⃗, l⃗

F ι(0, z⃗, t⃗, s⃗, l⃗ , x)

where ι is a shorthand for the four indices n,m, i , j and the dependence of F ι

on u⃗ and v⃗ is implicit. It is proved in [21, Proposition 4.1, (4.31)] thatR(n ,m)

(i , j) (u⃗, v⃗)

is �nite for any �xed u⃗ and v⃗, so it follows that F ι satis�es the assumptions of

Lemma A.3. Let G ι be the graph associated toR(n ,m)

(i , j) (u⃗, v⃗). From the construc-

tion of the diagrams it follows that all G ι are planar graphs. Furthermore, G ι

has 6n + 2 edges and 4n + 2 vertices, so by Lemma A.3, the Fourier transform

of F ι has 2n + 1 independent variables.

Our aim is to associate a Fourier variable to each of the interior faces of the

diagram (since there are 2n+2 faces (also counting the external face) and 2n+1

linearly independent variables, the Fourier variable associated to the external

face can be set to zero). In the physics literature, such variables are commonly

known as loop momenta and hence we use the same term.

�e matrix M that appears in Lemma A.3 is not unique. We use this to our

advantage by choosing the realization of M that encodes the loop momenta

as follows: We �rst choose a spanning tree that separates all the internal faces

of G ι , so that the Fourier variables can be associated to loops along the 2n + 1

internal faces of the graph G ι (cf. Figure 14). Furthermore, since we are free to

choose the direction of the variables, we will always take the variables to run

clockwise along a face. AmatrixM that associates a variable with each interior
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p1 p2 p3 p4 p5 p6 p7

p0 = 0

Figure 15: On the left the diagramR(3,2)
(5,3) and its dual. On the right an isomorphism

of the dual.

face is now constructed by opening up the cycles (recall (A.2.14)) in such a way

that if we follow the directions of the opened cycles from the starting vertex

(the one that corresponds to 0 ∈ Zd), we encounter the vertex where the cycle

is opened a�er crossing an edge that is not in the spanning tree.

A property of planar graphs is that each edge lies between exactly two faces

(where the area on the ‘outside’ of the graph is also considered a face). Further-

more, it is a well-known fact from graph theory that each planar graph G has
a unique dual (multi-)graph G⋆ (up to isomorphisms) such that each vertex
of G⋆ can be associated to a face of G , and each edge of G is crossed by exactly
one dual edge of G⋆ and vice versa. It follows that the degree of vertices in G⋆
corresponds to the number of sides of the associated face in G , and therefore,
it corresponds to the number of separate occurrences of the associated loop

momentum in the Fourier transform of the edge diagram that G indexes.
Hence, the dual graph (G ι)⋆ indexes F̂ ι , the Fourier transform of F ι .�e

dual graph (G ι)⋆ again has a very simple structure that allows us to write F̂ ι

as the product of 2n + 2 simple elements. In Figure 15 we show an example of

a diagram and its dual diagram.

�e construction for Fourier-space diagrams that follows does not work for

one particular subset of R(n ,m)

(i , j) (u⃗, v⃗), namely those where a weight is associ-

ated to a path element that is forced to be zero by the Kronecker delta in the

de�nition of B
(1)

2 , (A.1.55). But these weights are an artifact of our notation:

they are trivially zero, so we don’t need to bother with them. From here on,

we assume that the weights lie on path elements that have a non-zero displace-

ment.
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De�ne

B(pa , pb) = τ̂(pa)τ̂(pa − pb)τ̂(pb), (A.2.19)

B̃(pa , pb) = D̂(pa)τ̂(pa)τ̂(pa − pb)τ̂(pb), (A.2.20)

C(pa , pb , pc) = τ̂(pa − pb)τ̂(pb)τ̂(pb − pc). (A.2.21)

Also de�ne the functions

τq(x) ≡ [1 − cos(q ⋅ x)]τ(x), (A.2.22)

τ̃q(x) ≡ [1 − cos(q ⋅ x)](D ∗ τ)(x), (A.2.23)

Dq(pi) ≡
⎧⎪⎪
⎨
⎪⎪⎩

̂̃τq(pi)/̂̃τ(pi) if i/2 is an odd integer;

τ̂q(pi)/τ̂(pi) otherwise

and

Dq(pi) ≡
⎧⎪⎪
⎨
⎪⎪⎩

̂̃τq(pi)/̂̃τ(pi) if i/2 is an even integer;

τ̂q(pi)/τ̂(pi) otherwise.

Write m as a binary expansion, i.e., m = mn−1⋯m2m1. Taking the Fourier
transform ofR(n ,m)

(i , j) (u⃗, v⃗), using the de�nitions (A.1.53) – (A.1.57), and rewrit-

ing the Fourier variables in terms of the loopmomenta as described above, we

get

R(n ,m)

(i , j) (u⃗, v⃗) = ∫ d
dp1

(2π)d
⋯ ∫ d

dp2n+1
(2π)d

τ̂(p1)B(p1, p2)

×
n−1
∏
`=1

[δ0,m`
B̃(p2`, p2`+1)B(p2`+1, p2`+2)

+ δ1,m`
B̃(p2`, p2`+2)C(p2`, p2`+1, p2`+2)]
× B̃(p2n , p2n+1)τ̂(p2n+1)Du⃗(pi)Dv⃗(p j), (A.2.24)

where δ0,m`
and δ1,m`

are Kronecker deltas.

a.2.4 A recursive scheme for boundingR(n ,m)

(i , j) (u⃗, v⃗)

�e simple structure that R(n ,m)

(i , j) (u⃗, v⃗) has in Fourier space allows us to re-

cursively integrate over all the variables in such a way that all integrals are

bounded by a su�ciently small function of u and v.�is is not necessarily ob-

vious if we perform the integrals in some arbitrary order. Indeed, there may

be as many as six functions of the same loop momentum, while we know that
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the integrals do not converge when there are more than three two-point func-

tions present. Furthermore, the weights on pi and p j will make the integrals

even more divergent (although the weight on pi has a greater e�ect than the

one on p j). We can show that R(n ,m)

(i , j) (u⃗, v⃗) is small despite these concerns by

performing the integrals in the correct order.

One of the main tools we need for bounding R(n ,m)

(i , j) (u⃗, v⃗) is the following

iterative version of Hölders inequality:

E Lemma A.4 [An application of Hölder’s inequality]. Let α1, . . . , αn ≥ 0 for

any n ≥ 2. Let Sn = ∑
n
i=1 αi . Let f1, . . . , fn be L

Sn -integrable functions.�en

∫
n

∏
i=1
fi(x)

α i dx ≤
n

∏
i=1

( ∫ fi(x)Sn dx)
α i/Sn

.

Proof. �e proof is by induction over n.�e case n = 2 follows directly from

Hölder’s inequality with conjugates S2/α1 and S2/α2.�e inductive step is per-

formed by applying Hölder’s inequality with conjugates Sn/αn and Sn/Sn−1 to
establish that the hypothesis holds for n if it holds for n − 1.

Note that for any function f ∶Zd ↦ R, its Fourier transform f̂ (k) will be pe-

riodic with period 2π in all dimensions, and therefore, we have for any vector

q⃗ and any s ∈ R,

∫
[−π,π)d

d
dk f̂ (k + q⃗)s = ∫

[−π,π)d+q⃗

d
dk′ f̂ (k′)s = ∫

[−π,π)d
d
dk′ f̂ (k′)s . (A.2.25)

One of the bounds that the recursion is based on is

∫ d
dpa

(2π)d
τ̂(pa)B(pa , pb) = τ̂(pb) ∫ d

dpa

(2π)d
τ̂(pa)

2 τ̂(pa − pb)

≤ τ̂(pb)( ∫ d
dpa

(2π)d
τ̂(pa)

3)

2/3

× ( ∫ d
dpa

(2π)d
τ̂(pa − pb)

3)

1/3

= τ̂(pb) ∫ d
dpa

(2π)d
τ̂(pa)

3 ≤ △̄τ̂(pb),

(A.2.26)

where △̄ is given in (2.3.1). Note that the factor τ̂(pb) is una�ected in this

bound and will carry through to the next bound.�e �rst inequality follows

from Lemma A.4, the second equality follows from (A.2.25), and the second
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inequality is a consequence of the triangle condition. In a similar vein, but with

a slightly longer calculation, it can be shown that

∫ d
dpa

(2π)d
τ̂(pa)B̃(pa , pb) ≤ T τ̂(pb) (A.2.27)

where T is given in (2.3.2). Furthermore, it also follows from Lemma A.4 and

(A.2.25) that

∫ d
dpb

(2π)d
C(pa , pb , pc) ≤ △̄. (A.2.28)

From the bounds (A.2.26), (A.2.27) and (A.2.28) it is easy to see that we can

perform the integrals over the Fourier variables that are not associated with a

term Du⃗ or Dv⃗ in (A.2.24) in such a way that we can bound every integral by
either a factor T or a factor △̄.

We associate the terms Du⃗(pi) and Dv⃗(p j) with the �rst term τ̂,B, B̃ or
C of the same variable, as seen when viewed from le� to right in the Fourier
diagram’s construction in (A.2.24).

We assume for the moment that i ≠ j. We sequentially integrate over all

other Fourier variables from the le� until we come to the ith or jth variable

using the bounds (A.2.26), (A.2.27) and (A.2.28).�en we integrate from the

right until we come to the other weighted variable, using the same bounds.

Once all these variables are integrated over, the resulting expression either con-

tains an integral of the form

X (v⃗) ≡ ∫ d
dp j

(2π)d
τ̂(p j)Dv⃗(p j)B(p j , pa),

X (v⃗) ≡ ∫ d
dp j

(2π)d
̂̃τ(p j)Dv⃗(p j)B(p j , pa)

(where the value of the second index depends on the structure of the diagram)

or an integral of the form

X ′(v⃗) ≡ ∫ d
dpi

(2π)d
C(pi−1, pi , pi+1)Dv⃗(pi).

It can be shown that there exists θ > (δ + ε)/(2 ∧ α) such that

X (v⃗) = O(vθ(2∧α))τ̂(pa), X (v⃗) = O(vθ(2∧α))τ̂(pa)

and X ′(v⃗) = O(vθ(2∧α)).
(A.2.29)
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Assume that these bounds hold (we will discuss this assumption below). We

continue integrating over the Fourier variables that lie between pi and p j until,

for i ≠ j, we end up with either of the following integrals:

Y(u⃗) ≡ ∫ d
dpi

(2π)d ∫
d
dpa

(2π)d
τ̂(pi)Du⃗(pi)B(pi , pa)τ̂(pa),

the integral Y(u⃗), which we de�ne to be the same integral but with τ̂(pi)

replaced by ̂̃τ(pi), or

Y ′(u⃗) ≡ ∫ d
dpi−1

(2π)d ∫
d
dpi

(2π)d ∫
d
dpi+1

(2π)d
τ̂(pi−1)

× B̃(pi−1, pi+1)C(pi−1, pi , pi+1)τ̂(pi+1)Du⃗(pi).
We claim that

Y(u⃗) = O(u(2∧α)), Y(u⃗) = O(u(2∧α)) and Y ′(u⃗) = T△̄O(u(2∧α)),
(A.2.30)

as we discuss below.

When i = j we integrate over variables from the le� and the right until we

get

Z(u⃗, v⃗) ≡ ∫ d
dpi

(2π)d
τ̂(pi)

2Du⃗(pi)Dv⃗(pi) = ∫ d
dpi

(2π)d
τ̂u⃗(pi)τ̂v⃗(pi),

the integral Z(u⃗, v⃗), or the integral Z(u⃗, v⃗), depending on the value of i,

where Z and Z follow the same de�nition as Z , but with τ̂v⃗ and τ̂u⃗ replaced

by ̂̃τv⃗ and ̂̃τu⃗, respectively. (Note that we do not treat the case i = j = 2` + 1
when the `-th factor contains B̃(p2`, p2`+2)× C(p2`, p2`+1, p2`+2), since these
cases do not occur in nonzero diagramsR(n ,m)

(i , j) (u⃗, v⃗).�is is the artifact of our

notation that we mentioned on page 235.)

�is is the right time to mention the case n = 0, because then, by (A.1.37)

and the Fourier techniques described above we can write

∑
x∈Zd

[1 − cos(u⃗ ⋅ x)][1 − cos(v⃗ ⋅ x)]π̄(0)(x) = Z(u⃗, v⃗). (A.2.31)

We will show below that there exists a (δ + ε)/(2 ∧ α) < θ < d/(2 ∧ α) − 3

such that

Z(u⃗, v⃗) = O(u(2∧α)vθ(2∧α)). (A.2.32)

Very similar proofs can be given for the following bounds:

Z(u⃗, v⃗) = O(u(2∧α)vθ(2∧α)) and Z(u⃗, v⃗) = O(u(2∧α)vθ(2∧α)).
(A.2.33)
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When the bounds (A.2.29), (A.2.30), (A.2.32) and (A.2.33) hold, it follows

that

R(n ,m)

(i , j) (u⃗, v⃗) ≤ Tn−3△̄n+1O(u(2∧α)vθ(2∧α)),

and therefore

R(n)

(i , j)(u⃗, v⃗) =
2n−1

∑
m=0

R(n ,m)

(i , j) (u⃗, v⃗) ≤ (2n−1 + 1)Tn−3△̄n+1O(u(2∧α)vθ(2∧α))

and �nally, by (A.2.10) and�eorem 2.2 (on page 52),

∑
x∈Zd

∞
∑
n=0

[1 − cos(u⃗ ⋅ x)][1 − cos(v⃗ ⋅ x)]π̄(n)(x)

≤
∞
∑
n=0

(4n + 3)2R(n)

(i , j)(u⃗, v⃗) = O(u(2∧α)vθ(2∧α))

when β is su�ciently small, as we set out to prove.

We complete the proof by proving (A.2.32) and the third bound in (A.2.30).

�e two other bounds in (A.2.30) and those in (A.2.29) can be obtained simi-

larly, and their proofs will be omitted.

Before we start with the proof of (A.2.32), we brie�y explain how to deal

with factors ̂̃τq(k) when they appear. De�ne

Dq(x) = [1 − cos(q ⋅ x)]D(x).

Recall the de�nition of τ̃ in (A.2.23). We begin by distributing the weight once

more, now over D and τ:

[1 − cos(q ⋅ x)](D ∗ τ)(x) = ∑
y∈Zd

[1 − cos(q ⋅ x)]D(y)τ(x − y)

≤ 5 ∑
y∈Zd

([1 − cos(q ⋅ y)]

+ [1 − cos(q ⋅ (x − y))])D(y)τ(x − y)

= 5(Dq ∗ τ)(x) + 5(D ∗ τq)(x)

(A.2.34)

where we used (A.2.9) for the inequality.�e Fourier transform of (Dq∗τ)(x)

can be bounded as follows:

̂(Dq ∗ τ)(k) = D̂q(k)τ̂(k) =
⎛

⎝
∑
x∈Zd

cos(k ⋅ x)[1 − cos(q ⋅ x)]D(x)
⎞

⎠
τ̂(k)

≤
⎛

⎝
∑
x∈Zd

[1 − cos(q ⋅ x)]D(x)
⎞

⎠
τ̂(k)

= [1 − D̂(q)]τ̂(k) = O(q(2∧α))τ̂(k).
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For the second term of (A.2.34), we observe that D̂(k) ≤ 1 and τ̂q(k) ≥ 0,

both uniformly in k, so

̂(D ∗ τq)(k) = D̂(k)τ̂q(k) ≤ τ̂q(k).

Hence, we can bound

̂̃τq(k) ≤ O(q(2∧α))τ̂(k) + 5τ̂q(k).

By applying this bound whenever a weighted factor ̂̃τ occurs, we can use the

bounds on the weighted and unweighted factors τ̂ for an upper bound.

Now we give the full proof of (A.2.32). Recall de�nition (A.2.22). From sym-

metry of the cosine it follows that

τ̂q(k) = τ̂(k) − 1

2
τ̂(k − q) − 1

2
τ̂(k + q) = − 1

2
∆q τ̂(k), (A.2.35)

where ∆q is the discrete Laplacian operator with shi� q. Using (A.2.35) we get

Z(u⃗, v⃗) = ∫ d
dk

(2π)d
τ̂u⃗(k)τ̂v⃗(k) ≤ ∫ ∣ 1

2
∆u⃗ τ̂(k)∣ ∣ 1

2
∆v⃗ τ̂(k)∣

d
dk

(2π)d
. (A.2.36)

De�ne

Ĉ(k) ≡
1

1 − D̂(k)
. (A.2.37)

By (2.3.3) it follows that

τ̂(k) = O(1)Ĉ(k). (A.2.38)

Hence,

∣ 1
2
∆q τ̂(k)∣ ≤ O(1)(Ĉ(k − q) + Ĉ(k) + Ĉ(k + q)). (A.2.39)

De�ne

U(q, k) ≡
1

Ĉ(q)
{Ĉ(k − q)Ĉ(k) + Ĉ(k)Ĉ(k + q) + Ĉ(k − q)Ĉ(k + q)} .

(A.2.40)

From [81, (2.19) and Proposition 2.6] we also have the following bound:

∣ 1
2
∆q τ̂(k)∣ ≤ O(1)U(q, k). (A.2.41)

We can interpolate the bounds (A.2.39) and (A.2.41) for θ ∈ (0, 1):

∣ 1
2
∆q τ̂(k)∣ ≤ O(1)U(q, k)θ[Ĉ(k − q) + Ĉ(k) + Ĉ(k + q)]1−θ

. (A.2.42)
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Now we apply (A.2.41) to ∣ 1
2
∆u⃗ τ̂(k)∣ and (A.2.42) with

(δ + ε)/(2 ∧ α) < θ < min{1, d/(2 ∧ α) − 3}

to ∣ 1
2
∆v⃗ τ̂(k)∣ in (A.2.36).�is gives

Z(u⃗, v⃗) ≤O(1)[1 − D̂(u⃗)][1 − D̂(v⃗)]θ ∫ ddk[Ĉ(k − u⃗)Ĉ(k) + Ĉ(k)Ĉ(k + u⃗)
+ Ĉ(k − u⃗)Ĉ(k + u⃗)]

× [Ĉ(k − v⃗) + Ĉ(k) + Ĉ(k + v⃗)]1−θ

× [Ĉ(k − v⃗)Ĉ(k) + Ĉ(k)Ĉ(k + v⃗) + Ĉ(k − v⃗)Ĉ(k + v⃗)]θ

≤O(1)[1 − D̂(u⃗)][1 − D̂(v⃗)]θ ∫ ddk[Ĉ(k − u⃗)Ĉ(k) + Ĉ(k)Ĉ(k + u⃗)
+ Ĉ(k − u⃗)Ĉ(k + u⃗)]

× [Ĉ(k − v⃗)1−θ + Ĉ(k)1−θ + Ĉ(k + v⃗)1−θ]

× [Ĉ(k − v⃗)θ Ĉ(k)θ + Ĉ(k)θ Ĉ(k + v⃗)θ + Ĉ(k − v⃗)θ Ĉ(k + v⃗)θ]

(A.2.43)

where we used that (x+ y)θ ≤ xθ + yθ for x , y ≥ 0 and θ ∈ (0, 1) for the second

inequality.�e integral contains 27 distinct product-terms of the function Ĉ

with di�erent shi�s and di�erent powers. One term, for instance, is Ĉ(k −

u⃗)Ĉ(k)2−θ Ĉ(k − v⃗)θ Ĉ(k + v⃗)θ . To generalize the structure of these terms, we

write

∫ Ĉ(k − u⃗)a1 Ĉ(k + u⃗)a2 Ĉ(k − v⃗)b1 Ĉ(k + v⃗)b2 Ĉ(k)c1+c2 ddk. (A.2.44)

Here, c1 is the exponent due to the bound on τu⃗, whereas c2 is due to the bound

on τv⃗ . Note that for every term the following relation holds for the exponents:

a1 + a2 + b1 + b2 + c1 + c2 = 3 + θ . (A.2.45)

Applying Lemma A.4 to (A.2.44) we get the upper bound

( ∫ Ĉ(k − u⃗)3+θ
d
dk)

a1
3+θ

( ∫ Ĉ(k + u⃗)3+θ
d
dk)

a2
3+θ

× ( ∫ Ĉ(k − v⃗)3+θ
d
dk)

b1
3+θ

( ∫ Ĉ(k + v⃗)3+θ
d
dk)

b2
3+θ

× ( ∫ Ĉ(k)3+θ
d
dk)

c1
3+θ

( ∫ Ĉ(k)3+θ
d
dk)

c2
3+θ

. (A.2.46)
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Using (A.2.25) and (A.2.45) we get the following bound on (A.2.43)

∫ Ĉ(k)3+θ
d
dk ≤ C <∞, (A.2.47)

where the boundedness of the integral follows fromAssumption D on page 49

and the choice θ < d/(2 ∧ α)− 3. Plugging this bound into (A.2.43) and using

Assumption D again, we get

Z(u⃗, v⃗) = O(1)[1 − D̂(u⃗)][1 − D̂(v⃗)]θ = O (u(2∧α)vθ(2∧α)) , (A.2.48)

establishing (A.2.32).

�e Fourier space diagramcorresponding to the integrated function inY ′(u⃗)
has two vertices of degree four and only one vertex of degree three, which, un-

fortunately, is the weighted vertex. As we saw while bounding Z , the integral
associated to the weighted vertex is only just convergent for d near the criti-

cal dimension when it is of degree two.�e other two vertices correspond to

integrals that are divergent near the critical dimension.

But the diagram has three integrated variables and eight functions, so we

should be able to bound it by two triangles and a weighted bubble. To see

this, we need to bound the integral by something simpler before we evaluate it.

We use the Cauchy-Schwarz inequality for this. Roughly speaking, using the

Cauchy-Schwarz inequality and the symmetry of the integral under relabeling

allows us to bound the diagram by the same diagram with one factor τ̂(pi−1)
replaced by a factor τ̂(pi+1). See Figure 16 for an illustration of this.
Applying the bound described above, and by positivity of the τ̂-functions,

we get

Y ′(u⃗) ≤ ∫ d
dpi−1

(2π)d ∫
d
dpi

(2π)d ∫
d
dpi+1

(2π)d
B̃(pi−1, pi+1)

× C(pi−1, pi , pi+1)τ̂(pi+1)
2Du⃗(pi)

= ∫ d
dpi

(2π)d ∫
d
dpi+1

(2π)d
τ̂u⃗(pi)τ̂(pi − pi+1)τ̂(pi+1)

3

× ∫ d
dpi−1

(2π)d
D̂(pi−1)τ̂(pi−1)τ̂(pi−1 − pi)τ̂(pi−1 − pi+1)

≤ T ∫ d
dpi+1

(2π)d
τ̂(pi+1)

3 ∫ d
dpi

(2π)d
τ̂u⃗(pi)τ̂(pi − pi+1)

≤ TO(u(2∧α)) ∫ d
dpi+1

(2π)d
τ̂(pi+1)

3

≤ T△̄O(u(2∧α)).
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Figure 16: A graphic representation of the bound on Y ′(u⃗). The gray (vertical)
line corresponds to the weighted edge.

�e second, third, and fourth inequality follow from a calculation similar to

(A.2.26) andZ(u⃗, v⃗).�e �nal bound is just there to �t the statement of (A.2.7).

�is completes the proof of Proposition 3.7.

a.2.5 About the proof of Lemma A.1

�e inequality (A.1.24) in LemmaA.1 can be proved in the sameway as Proposi-

tion 3.7, but withmuch less bookkeeping, so we do not give it. Heuristically, we

can understand that the claim is true by noting that the diagrams ϕ̄(n)(x , y)
are like π̄(n)(x) diagrams with an extra point y placed on either the last or
second-to-last upper path element (cf. Figure 11). From (A.2.41) it can be seen

that in Fourier space, adding a point to a path element has roughly the same ef-

fect as having a ‘heavy’ weight on that path element (i.e. the factor 1−cos(u⃗ ⋅x)

in the above analysis). Indeed, using (A.2.39) twice, we can bound

(̂τ ∗ τ)(k) ≤ O(1)Ĉ(k)2,

which is similar to the right-hand side of (A.2.41). �erefore, the diagrams

ϕ̄(n)(x , y) with the small weight ∣x − y∣δ can be bounded in a similar way as
the diagrams π̄(n)(x)with the weight ∣x∣(2∧α)+δ , and hence the bounds should

also be similar. Following the proof of Proposition 3.7 con�rms that this is the

case. In the course of this proof, (A.1.23) in Lemma A.1 also follows naturally.





B
DIAGRAMMAT IC E ST IMATES FOR THE BACKBONE

SCAL ING L IM IT

In this appendix we prove Proposition 6.5 and Lemma 6.9, and we give an

outline of the proof of Proposition 6.7(ii), (iii), and (iv).�e most important

tool that we use here is the Fourier transformation of entire diagrams that were

introduced inAppendixA.Weonly give an outline for the proof of Proposition

6.7(ii), (iii) and (iv), since many steps are similar to the proof of Proposition

3.7 and to other proofs in the literature.

b.1 reduction to basic diagrams : the proofs of proposition

6.5 and lemma 6.9

We begin by repeating the proposition and the lemma:

jProposition 6.5. [Basic properties of the lace-expansion coe�cients]�ere

exists c̃ > 0 such that uniformly in k ∈ Rd and z ∈ [0, 1],

∑
x∈Zd

∞
∑
m=0

∣πm(x)∣z
m = 1 + c̃β1/2; (6.3.1)

∑
x∈Zd

∞
∑
m=1
m∣πm(x)∣ = c̃β

1/2
. (6.3.2)

and

E Lemma 6.9. [Diagrammatic bounds] Under the conditions of�eorem 1.1,

there exists a constant β > 0 such that for N ≥ 0, C1,C2 > 0 and ∣z∣ ≤ 1,

∑
x∈Zd

∞
∑
m=1
m2π(N)

m (x)zm ≤ C1N
2 (C2β

1/4)
(N−2)∨0√

◻(0)

z ◻
(2)

z . (6.3.13)

Since Lemma 6.9 implicitly depends on Proposition 6.5, we start with the

former (to be precise, the proof of Lemma 6.9 crucially uses non-negativity of

T̂z(k), see Remark B.4 below).

In the proofs that follow, we assume for brevity that any summation is over

Zd unless otherwise speci�ed, and we will o�en leave the z-dependence im-

plicit. Besides writing C and c for generic constants, we will also sometimes

write C1,C2 etc. for generic positive constants.�e values of these numbered

245
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constants may thus also change from line to line. In this appendix we will also

use the convention that the empty product equals 1.

Before starting with the proof, we de�ne

△ ≡ max
x

(τ ∗ τ ∗ τ)(x) = max
x ∫ τ̂(k)3eik⋅x

d
dk

(2π)d
;

△̄ ≡ ∫
[−π,π]d

ddk

(2π)d
∣D̂(k)∣τ̂(k)3.

(B.1.1)

It is well known in the percolation literature (cf.�eorem 2.2 on page 52 and

[21],[81]) that there exists constants C ,C′ such that

△ ≤ 1 + Cβ, and △̄ ≤ C′β1/2, (B.1.2)

for the β de�ned in (2.2.8) on page 50.We apply these bounds very o�en in the

proofs of this appendix, and o�en we will do so without explicitly mentioning

(B.1.2).

Proof of Proposition 6.5. We start with proving (6.3.1). Recall (6.2.27) on page

131. We will prove bounds for N = 0, N = 1 and N ≥ 2 separately.

De�ne

Φ
(i)

left(si , ti) ≡ ∑
s1 ,... ,s i−1

∑
t1 ,... ,t i−1

∑
u1 ,... ,u i−1

∑
v1 ,... ,v i−1

A3(0, s1, t1)

×
i−1
∏
k=1

[B1(sk , tk , uk , vk)B2(uk , vk , sk+1, tk+1)] . (B.1.3)

With this de�nition, we can rewrite (6.2.27) as

∑
x

∞
∑
m=0

π(N)

m (x)zm ≤ ∑
s,t,u,v ,x

Φ
(N)

left (s, t)B1(s, t, u, v)A3(u, v , x). (B.1.4)

We defer some of the estimates to the end of this section, where they can be

performed together with the estimates needed for the proof of Lemma 6.9. To

this end we state the following lemma:

E Lemma B.1. Whenever the strong triangle condition holds,

∑
x

∞
∑
m=0

π(0)

m (x)zm ≤ 1 + C1β; (B.1.5)

∑
x

∞
∑
m=1

π(1)

m (x)zm ≤ C2β
1/2
; (B.1.6)

∑
s,t

Φ
(i)

left(s, t) ≤ C3(C4β
1/4)i ; (B.1.7)

max
s,t

∑
u,v ,x

B1(s, t, u, v)A3(u, v , x) ≤ C5β
1/2
. (B.1.8)
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We prove this lemma in Section B.2.

Applying the bounds in Lemma B.1 to (B.1.4), we get the upper bound for

N ≥ 2,
∞
∑
m=0

π(N)

m (x)zm ≤ C1β
1/2 (C2β

1/4)
N−1
. (B.1.9)

Combining the bounds for N = 0, N = 1 and N ≥ 2, we get

∑
x∈Zd

∞
∑
m=0

πm(x)z
m ≤ 1 + Cβ + C1β

1/2
∞
∑
N=2

(C2β
1/4)N−1 = 1 + O(β1/2),

when β is small enough.

Now we prove (6.3.2). Recall de�nition (6.2.2) on page 126. We can get the

factor m by summing over the pivotal edges as follows:

mπ(N)

m (x) = ∑
b1 ,... ,bm

∑
e

m

∑
α,β=1

1{e=bα}[
m

∏
i=1
pD(bi)]

× E⊗[0,m][
m

∏
i=0

1{bi⇔ bi+1}i ∑
L∈L(N)[0,m]

∏
st∈L
Ust(ω)

× ∏
s′ t′∈Comp(L)

(1 −Us′ t′(ω))].

‘Marking’ one of the edges with an indicator function �xes its position in space,

so we need to keep track of this information whenwe perform a diagrammatic

expansion. From the diagrammatic expansion for π
(N)

m (x) we can see that our

marked edge should lie on one of the lines described by the Ast as given in

(6.2.5). To make this notion rigorous we de�ne

Ȧst(y, x; z) ≡ z
t−s

∑
bs+1 ∶bs+1=y
bt ∶bt=x

∑
bs+2 ,...,bt−1

∑
e

t

∑
α=s+1

1{e=bα}
t−1
∏
i=s+1

pD(bi)

× E⊗[s+1,t−1] [1{b i⇔b i+1}i

i−1
∏
k=s

(1 −Uki)] pD(bt).
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With this de�nition we can follow the same steps as in (6.2.4) and (6.2.8) to

get the bound

∞
∑
m=1
mπ(N)

m (x)zm ≤ ∑
(k,m)

∑
b
1

∑
bk1 ,...,bkN

∑
bk1+1

,...,bkN−1+1

∑
bm1 ,...,bmN−1

× ∑
bm1+1

,...,bmN−1+1

∑
bmN

(
2N

∑
`=1
Ȧv`v`+1(bv` ,bv`+1

; z)
2N

∏
i=1∶
i≠`

Av iv i+1(bv i , bv i+1 ; z))

× E⊗{k0 ,k1 ,m1 ,⋯,kN−1 ,mN−1 ,mN}[
N

∏
j=1
Uk j−1 ,m j1{bk j−1⇔bk j−1+1}k j−1

1{bm j⇔bm j+1}m j
].

We showed in (6.2.7) on page 127 that Ast can be written as a convolution of D

and Tz functions. A similar identity holds for Ȧst . Indeed, it is easy to check

that

∞
∑
t=s+1

Ȧst(y, x; z) = zpD(x − y) + 2z2(pD ∗ Tz ∗pD)(x − y)

+ z3(pD ∗ Tz ∗pD ∗ Tz ∗pD)(x − y)

≤ 4zp3c(D ∗ Tz ∗τ)(x − y) ≡ Ṫz(x − y). (B.1.10)

When we continue the diagrammatic expansion like we did for (6.2.8) with

this modi�cation, we get an expression that is similar to the one for the un-

marked diagrams in (6.2.27). But to write it down precisely we need several

new de�nitions.

De�ne

Ḃ1(s, t, u, v) ≡ τ(u − s)Ṫz(t − v);

Ḃ2(u, v , s, t) ≡ τ(t − u)τ(s − v)∑
a,b

Ṫz(b − a)

× τ(a − u)τ(t − a)τ(b − v)τ(s − b).

Also de�ne

Φ
(N− j)

right (uN− j+1, vN− j+1, x)

≡ ∑
sN− j+2 ,... ,sN

∑
tN− j+2 ,... ,tN

∑
uN− j+2 ,... ,uN

∑
vN− j+2 ,... ,vN

×
N−1
∏

k=N− j+1
[B2(uk , vk , sk+1, tk+1)

× B1(sk+1, tk+1, uk+1, vk+1)]A3(uN , vN , x).
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Finally, we de�ne

Ξ̇left(s, t, u, v) ≡ ∑
a,b,c,d

[Ḃ1(s, t, a, b)B2(a, b, c, d)B1(c, d , u, v)

+ B1(s, t, a, b)Ḃ2(a, b, c, d)B1(c, d , u, v)].

With these de�nitions we can write, for N ≥ 2,

∑
x

∞
∑
m=1
mπ(N)

m (x)zm ≤
N−1
∑
i=1

∑
s,t,u,v ,x

Φ
(i)

left(s, t)Ξ̇left(s, t, u, v)Φ
(N−i−1)

right (u, v , x).

(B.1.11)

Again, we defer some of the estimates to the end of this section.�ese esti-

mates are stated in the following lemma:

E Lemma B.2. Whenever the strong triangle condition holds,

∑
x

∞
∑
m=1
mπ(0)

m (x)zm = 0; (B.1.12)

∑
x

∞
∑
m=1
mπ(1)

m (x)zm ≤ C1β
1/2
; (B.1.13)

∑
u,v ,x

Φ
(N−i−1)

right (u, v , x) ≤ C2(C3β
1/4)N−i−1; (B.1.14)

max
s−t,u−v

Ξ̇left(s, t, u, v) ≤ C4β
1/2
. (B.1.15)

Applying the bounds of Lemmas B.1 and B.2 to (B.1.11) and applying (B.1.2),

we get for N ≥ 2

∑
x

∞
∑
m=1
mπ(N)

m (x)zm ≤ C1β
1/2(C2β

1/4)N−2.

Finally then, combining the bounds for N = 0, N = 1 (from Lemma B.2)

and N ≥ 2, we get

∑
x

∞
∑
m=1
mπm(x)z

m ≤ C1β
1/2 + C2β

1/2
∞
∑
N=2

(C3β
1/4)N−2 = O(β1/2),

when β is small enough.�is completes the proof of Proposition 6.5.
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Proof of Lemma 6.9. �e proof of Lemma 6.9 is in many ways similar to that

of (6.3.2), except that we now have two ‘marked’ edges instead of one. Indeed,

m2π(N)

m (x) = ∑
b1 ,... ,bm

∑
e1 ,e2

m

∑
α,β=1

1{e1=bα}1{e2=bβ}[
m

∏
i=1
pD(bi)]

× E⊗[0,m][
m

∏
i=0

1{bi⇔ bi+1}i ∑
L∈L(N)[0,m]

∏
st∈L
Ust(ω)

× ∏
s′ t′∈Comp(L)

(1 −Us′ t′(ω))].

De�ne

Äst(y, x; z) ≡ z
t−s

∑
bs+1 ∶bs+1=y
bt ∶bt=x

∑
bs+2 ,...,bt−1

∑
e1 ,e2

m

∑
α,β=1

1{e1=bα}1{e2=bβ}
t−1
∏
i=s+1

pD(bi)

× E⊗[s+1,t−1] [1{b i⇔b i+1}i

i−1
∏
k=s

(1 −Uki)] pD(bt),

then we can bound

∞
∑
m=0
m2π(N)

m (x)zm ≤ ∑
(k,m)

∑
b
1

∑
bk1 ,...,bkN

∑
bk1+1

,...,bkN−1+1

∑
bm1 ,...,bmN−1

× ∑
bm1+1

,...,bmN−1+1

∑
bmN

[
⎛

⎝

2N

∑
`=1
Äv`v`+1(bv` ,bv`+1

; z)
2N

∏
i=1∶
i≠`

Av iv i+1(bv i , bv i+1 ; z))

+(
2N

∑
p,q=1∶
p≠q

Ȧvpvp+1(bvp , bvp+1 ; z) Ȧvqvq+1(bvq , bvq+1 ; z)
2N

∏
i=1∶

i≠p,i≠q

Av iv i+1(bv i , bv i+1 ; z))]

× E⊗{k0 ,k1 ,m1 ,⋯,kN−1 ,mN−1 ,mN}[
N

∏
j=1
Uk j−1 ,m j1{bk j−1⇔bk j−1+1}k j−1

1{bm j⇔bm j+1}m j
].

Again, similar to (6.2.7) and (B.1.10),

∞
∑
t=s+1

Äst(y, x; z) =zpD(x − y) + 2z2(pD ∗ Tz ∗pD)(x − y)

+ 5z3(pD ∗ Tz ∗pD ∗ Tz ∗pD)(x − y)

+ 2z4(pD ∗ Tz ∗pD ∗ Tz ∗pD ∗ Tz ∗pD)(x − y)

≤10zp4c(D ∗ Tz ∗τ ∗ τ)(x − y) ≡ T̈z(x − y).
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To write down the diagrammatic expansion, we de�ne

B̈1(s, t, u, v) ≡ τ(u − s)T̈z(t − v);

B̈2(u, v , s, t) ≡ τ(t − u)τ(s − v)∑
a,b

T̈z(b − a)

× τ(a − u)τ(t − a)τ(b − v)τ(s − b),

and

Φ
(i , j)
middle(ui+1, vi+1, u j , v j) ≡ ∑

s i+2 ,... ,s j−1

∑
t i+2 ,... ,t j−1

∑
u i+2 ,... ,u j−1

∑
v i+2 ,... ,v j−1

×
j−1
∏
k=i+1

[B2(uk , vk , sk+1, tk+1)B1(sk+1, tk+1, uk+1, vk+1)] .

Also de�ne,

Ξ̇right(s, t, u, v) ≡∑
x ,y

[B2(s, t, x , y)Ḃ1(x , y, u, v) + Ḃ2(s, t, x , y)B1(x , y, u, v)];

and, with the obvious arguments,

Ξ̈(s, t, u, v) ≡ ∑
a,b,c,d

[Ḃ1(s, t, a, b)Ḃ2(a, b, c, d)B1(c, d , u, v)

+ Ḃ1(⋯ )B2(⋯ )Ḃ1(⋯ ) + B1(⋯ )Ḃ2(⋯ )Ḃ1(⋯ )

+ B̈1(⋯ )B2(⋯ )B1(⋯ ) + B1(⋯ )B̈2(⋯ )B1(⋯ )

+ B1(⋯ )B2(⋯ )B̈1(⋯ )].

Similar to (6.2.27), the expansion with marked edges yields the bound for

N = 2,

∑
x∈Zd

∞
∑
m=1
m2π(2)

m (x)zm ≤ ∑
s,t,u,v

Φ
(1)

left(s, t)Ξ̈(s, t, u, v)Φ
(1)

right(u, v , x) (B.1.16)

and for N ≥ 3

∑
x∈Zd

∞
∑
m=1
m2π(N)

m (x)zm

≤
N−1
∑
i=1

∑
s,t,u,v ,x

Φ
(i)

left(s, t)Ξ̈(s, t, u, v)Φ
(N−i−1)

right (u, v , x)

+ 2
N−1
∑
i=1

N−1
∑
j=i+1

∑
s,t,u,v ,
a,b,c,d

Φ
(i)

left(s, t)Ξ̇left(s, t, u, v)

×Φ(i , j)

middle(u, v , a, b)Ξ̇right(a, b, c, d)Φ
( j)

right(c, d , x). (B.1.17)
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Recall (6.3.12). Applying the bounds of the following lemma to (B.1.17) com-

pletes the proof of Lemma 6.9.

E Lemma B.3 [Intermediate bounds]. If the strong triangle condition holds,

∑
x∈Zd

∞
∑
m=1
m2π(0)

m (x)zm = 0; (B.1.18)

∑
x∈Zd

∞
∑
m=1
m2π(1)

m (x)zm ≤ C1

√
◻(0)

z ◻
(2)

z ; (B.1.19)

max
s−t

∑
u,v

Φ
(i , j)

middle(s, t, u, v) ≤ (C2β
1/4) j−i−1; (B.1.20)

max
s−t
Ξ̇right(s, t) ≤ C4

√
◻(0)

z ◻
(2)

z ; (B.1.21)

max
s−t,u−v

Ξ̈(s, t, u, v) ≤ C3

√
◻(0)

z ◻
(2)

z . (B.1.22)

We prove this lemma in the next section.

b.2 basic diagrams : the proofs of lemmas B.1, B.2, and B.3

We present the proofs of Lemmas B.1, B.2, and B.3 almost entirely in terms

of diagrams, for reasons of legibility and brevity. �ere is a one-to-one re-

lation between the diagrammatic proof and a traditional ‘written’ proof in

terms of formulae. �e diagrams fall into two categories: x-space diagrams

and Fourier space diagrams. Fourier space diagrams, and their relation to x-

space diagrams are discussed in detail in A.2. We give a brief overview here.

�e idea of Fourier space representation of diagrams is straightforward. To

each diagram in x-space we can associate a dual diagram of the Fourier space

coordinates. If the x-space diagram can be indexed by a planar graph (as is

the case for all possible diagrams discussed in this appendix), then its dual dia-

gram in Fourier space can be indexed by the (planar) dual of this graph. Such

a dual graph can be constructed by associating each face of the original graph

with a vertex in the dual, and by connecting with an edge each two vertices

of the dual that are on opposite side of an edge of the original. Hence, there

is a factor τ̂ associated to each edge of the dual diagram for every edge corre-

sponding to a factor τ in the x-space diagram, and so forth.�is description

is made precise in Lemma A.3 on page 231.

Drawing a diagram can be performed by following a series of simple rules,

commonly known as Feynman rules.�ese rules are de�ned in Table 1.

In the course of the proofs belowwe use a number of identities, bounds, and

operations that we identify here with symbols.�ese symbols are de�ned in
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x-space diagrams Fourier-space diagrams

∑
x

∫
[−π,π]d

ddk
(2π)d

max
x−y

p0 = 0

τ(x− y) τ̂(k − p)

Tz(x− y)

T̃z(x− y)

Ṫz(x− y)

T̈z(x− y)

T̂z(k)

x0 = 0

(D ∗ τ)(x− y) D̂(k − p)τ̂(k − p)

(D ∗ zTz)(x− y) D̂(k − p)zT̂z(k − p)

Table 1: Feynman rules for drawing diagrams. An arrow should be interpreted as
“is associated with”.

Table 2 below. In what follows, we will o�en mark an equality or inequality in

a derivation with the symbol corresponding to these operations.
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Symbol Identity, Bound or Operation

A �e open triangle bound: maxz(τ∗τ∗τ)(z) =△ or, in Fourier

space: maxa,b ∫ τ̂(k)τ̂(k + a)τ̂(k + b) ddk
(2π)d ≤△.

A∗ �e modi�ed triangle bound: maxz(D ∗ τ ∗ τ ∗ τ)(z) ≤ △̄ or,

in Fourier space: ∫ ∣D̂(k)∣τ̂(k)3 d
dk

(2π)d = △̄.

B1 T̃z(x) ≤ 2p
2
c(D ∗ τ)(x) (recall (6.2.7)).

B2 T̃z(x) ≤ 2p
2
cτ(x).

D1 Ṫz(x) = 4zp
3
c(D ∗ Tz ∗τ)(x).

D2 Ṫz(x) ≤ 4p
3
c(τ ∗ τ)(x).

E T̈z(x) = 10zp
4
c(D ∗ Tz ∗τ ∗ τ)(x).

F Take a Fourier transform. When applied to a diagram

this yields the Fourier dual diagram.

F−1 Take the inverse Fourier transform.

G Bounds using the absolute value. �is also lets us bound

∣eik⋅x ∣ ≤ 1, ∣D̂(k)∣ ≤ 1 and ∣T̂z(k)∣ ≤ τ̂(k). We always apply

this bound a�er taking a Fourier transform, and only mention

it when it does not immediately follow a Fourier transform.

CS Apply the Cauchy-Schwarz inequality.

V Relabel the vertices (this corresponds to a simple symmetry op-

eration of the diagram).

XN Apply a bound obtained in the course of the proof of the bound

for diagram N .

Table 2: Identification of symbols that denote bounds, identities and operations
used in the graphical proof below.

N Remark B.4. �e inverse Fourier transform, operation [F−1] (de�ned in Ta-
ble 2), is only valid as an upper bound if we know that T̂z(k) ≥ 0 for all z ∈ [0, 1]

and k ∈ Rd . Since our proof of this fact (i.e., Proposition 6.6) makes use of Propo-

sition 6.5, we do not use this operation in the bounds for Lemmas B.1 and B.2.

Most of the graphical bounds, namely the bounds labeled (C) through (Z)

will be performed in the next subsection.
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Proof of Lemma B.1 subject to bounds (C)–(F). We start with (B.1.5). We won’t

use the graphical notation for this bound.

By (6.1.36) and by the de�nitions (B.1.1) we can bound

∑
x

∞
∑
m=0

π(0)

m (x)zm =∑
x

Ppc(0⇔ x) ≤△. (B.2.1)

To illustrate the graphical method described above, we perform the bound

(B.1.6) both in written form and in graphical notation. In written form, the

bound reads

A. ∑
x∈Zd

∞
∑
m=1

π(1)

m (x)zm ≤ ∑
a,b,c,d ,x

τ(a)τ(b)τ(b − a)τ(c − a)

× T̃z(d − b)τ(c − d)τ(x − c)τ(x − d)

[B2]
≤ 2p2c ∑

a,b,c,d ,x

τ(a)τ(b)τ(b − a)τ(c − a)

× (D ∗ τ)(d − b)τ(c − d)τ(x − c)τ(x − d)

[F]
= 2p2c ∫ dd p1

(2π)d ∫
dd p2

(2π)d ∫
dd p3

(2π)d
τ̂(p1)

2

× τ̂(p2 − p1)∣D̂(p2)∣τ̂(p2)
2 τ̂(p3 − p2)τ̂(p3)

2

[A]
≤ 2p2c △ ∫ dd p1

(2π)d ∫
dd p2

(2π)d
τ̂(p1)

2

× τ̂(p2 − p1)∣D̂(p2)∣τ̂(p2)
2

[A]
≤ 2p2c △

2 ∫ dd p2

(2π)d
∣D̂(p2)∣τ̂(p2)

2

[A∗]
≤ 2p2c △

2 △̄.
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In graphical notation this becomes

A.
∑
x

∞∑
m=1

π
(1)
m (x)zm ≤

= ≤ 2p2c4
[A][F ]

2p2c 2p2c424̄≤ ≤
[A∗][A]

2p2c4

[B1]

2p2c≤

Now we establish a bound for (B.1.7). Recall the de�nition of Φ
(i)

left in (B.1.3).

We repeatedly use the bounds (C)–(F) in Section B.2.1 for the bound, i.e.,

∑
s i ,t i

Φ
(i)

left(si , ti) = ∑
s1 ,... ,s i

∑
t1 ,... ,t i

∑
u1 ,... ,u i−1

∑
v1 ,... ,v i−1

A3(0, s1, t1)

×
i−1
∏
k=1

[B1(sk , tk , uk , vk)B2(uk , vk , sk+1, tk+1)]

[A]
≤ △ max

s1−t1
∑
s2 ,... ,s i

∑
t2 ,... ,t i

∑
u1 ,... ,u i−1

∑
v1 ,... ,v i−1

×
i−1
∏
k=1

[B1(sk , tk , uk , vk)B2(uk , vk , sk+1, tk+1)]

[XC ,... ,X F]
≤ △ (4p4c △

2 △̄ + 4p2c △ △̄ + 2pc △
√
△̄)

×max
s2 ,t2

∑
s3 ,... ,s i

∑
t3 ,... ,t i

∑
u2 ,... ,u i−1

∑
v2 ,... ,v i−1

×
i−1
∏
k=2

[B1(sk , tk , uk , vk)B2(uk , vk , sk+1, tk+1)]

≤△ (4p4c △
2 △̄ + 4p2c △ △̄ + 2pc △

√
△̄)i .

Finally, we prove (B.1.8):

max
s−t

∑
u,v ,x

B1(s, t, u, v)A3(u, v , x)
[B1,A∗]
≤ 2p2c△̄max

u−v
∑
x

τp(u − x)τp(v − x)

[A]
≤ 2p2c △ △̄,

concluding the proof of Lemma B.1.
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Proof of Lemma B.2 subject to the bounds (C)–(K). �e equality (B.1.12) follows

immediately from (6.1.36).

For (B.1.13) we bound

∑
x

∞
∑
m=1
mπ(1)

m (x)zm ≤ ∑
s,t,u,v ,x

A3(0, s, t)Ḃ1(s, t, u, v)A3(u, v , x)

[A,A]
≤ △2(Ṫz ∗ τ)(0) ≤ 8p5c △

2 △̄.

We know from Lemma B.1 that∑s,t Φ
(i)

left(s, t) ≤ C1β(C2β
1/2)i−1.�e bound

(B.1.14) follows by a similar argument.

What remains then is to establish (B.1.15). Bounds (G)–(K) of the graphical

proof in Section B.2.1 below combine to give

max
s−t,u−v

Ξ̇left(s, t, u, v) ≤ 24p
5
c △

2 △̄ + 32p7c △
3 △̄.

�is completes the proof.
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Proof of Lemma B.3 subject to bounds (C)–(Z). Observe that (B.1.18) follows im-

mediately by (6.1.36).

To illustrate the method of diagrammatic bounds further, we will perform

the bound (B.1.19) both in written and in graphical form. Starting with the

former,

B. ∑
x∈Zd

∞
∑
m=1
m2π(1)

m (x) ≤ ∑
a,b,c,d ,x

τ(a)τ(b)τ(b − a)τ(c − a)

× T̈z(d − b)τ(c − d)τ(x − c)τ(x − d)

[E]
≤ 10p4c ∑

a,b,c,d ,x

τ(a)τ(b)τ(b − a)τ(c − a)

× (D ∗ τ ∗ τ ∗ zTz)(d − b)τ(c − d)

× τ(x − c)τ(x − d)

[F]
≤ 10p4c ∫ dd p1

(2π)d ∫
dd p2

(2π)d ∫
dd p3

(2π)d
τ̂(p1)

2 τ̂(p2 − p1)

× ∣D̂(p2)∣τ̂(p2)
3zT̂z(p2)τ̂(p3 − p2)τ̂(p3)

2

[A]
≤ 10p4c △ ∫ dd p1

(2π)d ∫
dd p2

(2π)d
τ̂(p1)

2 τ̂(p2 − p1)

× τ̂(p2)∣D̂(p2)∣τ̂(p2)
3zT̂z(p2)

[A]
≤ 10p4c △

2 ∫ dd p2

(2π)d
∣D̂(p2)∣τ̂(p2)

3zT̂z(p2)

=10p4c △
2 ◻(1)

z

[CS]
≤ 10p4c △

2

√
◻(0)

z ◻
(2)

z .
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In graphical notation this becomes

B.
∑
x

∞∑
m=1

m2π
(1)
m (x) ≤

= 10p4c42
z

= ≤ 10p4c4 ≤ 10p4c42

[A][A][F ]

[E ]
10p4c

10p4c

(1)

≤

≤
[CS]

10p4c42
z z
(0) (2)

√

�e bound (B.1.20) follows a�er repeated application of (C)–(F).�e bound

(B.1.21) follows from combining the bounds (L)–(P) and (B.1.22) follows from

combining the bounds (Q)–(Z) (and using that, by Cauchy-Schwarz, ◻(1)

z ≤√
◻(0)

z ◻
(2)

z ).
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b.2.1 Graphical bounds

In this section we perform twenty-four graphical bounds, labeled (C) through

(Z).�ese bounds, combined with the graphical bounds (A) and (B) above,

can be used to prove Lemmas B.1, B.2 and B.3.

The bounds for Φleft, Φmiddle and Φright.

max
s−t

∑
u,v,x,y

B1(s, t, u, v)B
(0)
2 (u, v, x, y) =

≤
[B1,B2,F ]

≤ 4p4c42 ≤ 4p4c424̄
[A2] [A∗]

C.

4p4c

max
s−t

∑
u,v,x,y

B1(s, t, u, v)B
(1)
2 (u, v, x, y) = ≤ 2p2c44̄

[A,B1,A∗]

D.

max
s−t

∑
u,v,x,y

B1(s, t, u, v)B
(2)
2 (u, v, x, y) =

[A,B1,A∗]

≤ 2p2c44̄E.
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max
s−t

∑
u,v,x,y

B1(s, t, u, v)B
(3)
2 (u, v, x, y) =

≤ ≤

≤ ×

≤ 2p2c
√
44̄ = 2p2c

√
44̄

[F ]

[CS]

[A,A∗] [V]

F.

≤ pc4
√

24̄
[A2]

2p2c

[B1]

2p2c

2p2c

The bounds for Ξ̇left.

max
s−t,y−z

∑
u,v,w,a

B1(s, t, u, v)Ḃ2(u, v, w, a)B1(w, a, y, z) =

≤ 16p7c42

≤ 16p7c42 ≤ 16p7c4̄43

[B1,B2,D2]

[CS,V] [A,A∗]

G.

16p7c ≤
[F ,A2]
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max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(0)
2 (u, v, w, a)B1(w, a, y, z) =

≤ 16p7c42

≤ 16p7c43 ≤ 16p7c4̄42

[F ,A2]

[A] [A∗]

H.

≤
[B22,D2]

16p7c

max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(1)
2 (u, v, w, a)B1(w, a, y, z)

≤

≤ 8p5c42 ≤ 8p5c424̄

[B2,D2,F ]

[A2] [A∗]

I.

8p5c=

max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(2)
2 (u, v, w, a)B1(w, a, y, z)

≤ 8p5c4̄42

[X I]

J.

=
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max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(3)
2 (u, v, w, a)B1(w, a, y, z) =

≤

≤ 8p5c × ≤ 8p5c

≤ 8p5c42 ≤ 8p5c4̄42

[F ]

[V][CS]

[A2] [A∗]

K.

8p5c≤
[B2,D2]

8p5c
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The bounds for Ξ̇right.

max
y−z

∑
u,v,s,t

Ḃ2(u, v, s, t)B1(s, t, y, z) =

≤ ≤ 8p5c42 = 8p5c42
z

[B2,D1,F ] [A2]

L.

8p5c
(1)

max
y−z

∑
u,v,s,t

B
(0)
2 (u, v, s, t)Ḃ1(s, t, y, z) =

≤ 8p5c42
z

[XL]

M.

≤
[B2,D1,F ]

8p5c
(1)

max
y−z

∑
u,v,s,t

B
(1)
2 (u, v, s, t)Ḃ1(s, t, y, z) =

≤ 4p3c4 ≤ 4p3c4 = 4p3c4 z

[A,D1] [F ]

N.

(1)

max
y−z

∑
u,v,s,t

B
(2)
2 (u, v, s, t)Ḃ1(s, t, y, z) = ≤ 4p3c4 z

[XN]
O. (1)
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max
y−z

∑
u,v,s,t

B
(3)
2 (u, v, s, t)Ḃ1(s, t, y, z) =

≤ ≤ ×

(a) ≤ 4 4 z

[A]
=

(b) = z

≤ 4p3c4 z by (a) and (b).

[D1,F ] [CS]

[F−1] [A]

P.

≤ 4 = 4

4p3c 4p3c

(2)

(0)

z
(0) (2)

√

The bounds for Ξ̈.

Q. max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)Ḃ2(u, v, w, a)B1(w, a, y, z) =

≤ 32p5c42

≤ 32p5c43

[F ,A2]

[XP]

≤
[B2,D1,D2]

32p5c

z z
(0) (2)

√
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max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(0)
2 (u, v, w, a)Ḃ1(w, a, y, z) =

≤ ≤ 32p5c42

≤

[A2]

R.

32p5c

[B2,D1,D2]

× ≤ 32p5c4 z

[CS]
32p5c z

(0) (2)
√[A,XP(b)]

max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(1)
2 (u, v, w, a)Ḃ1(w, a, y, z)

≤

≤ ≤

[D12,F ]

[CS,V] [G]

S.

16p6c

16p6c 16p6c ≤
[A,XR]

16p6c z z
(0) (2)

√

=

max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(2)
2 (u, v, w, a)Ḃ1(w, a, y, z)

≤ 16p6c42

[XS]

T.

z z
(0) (2)

√
=
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max
s−t,y−z

∑
u,v,w,a

Ḃ1(s, t, u, v)B
(3)
2 (u, v, w, a)Ḃ1(w, a, y, z)

≤

≤ ≤ ×

= ≤ ×

= ≤ ≤ 16p5c4

≤ 32p8c42

[F ] [CS]

[V] [CS]

[V] [G] [A]

[XP]

U.

[D12]
16p6c

16p6c

16p6c

16p6c

16p6c

16p6c

16p6c

z z
(0) (2)

√

=

max
s−t,y−z

∑
u,v,w,a

B̈1(s, t, u, v)B
(0)
2 (u, v, w, a)B1(w, a, y, z)

≤ 40p8c42 ≤ 40p8c43 = 40p8c43
z

[F ,A2]

V.

≤
[B22, E ]

40p8c

[A]
(1)

=



268 diagrammatic estimates for the backbone scaling limit

max
s−t,y−z

∑
u,v,w,a

B̈1(s, t, u, v)B
(1)
2 (u, v, w, a)B1(w, a, y, z)

≤

≤ 20p6c42 = 20p6c42
z

[B2, E ,F ]

[A2]

W.

20p6c

(1)

=

max
s−t,y−z

∑
u,v,w,a

B̈1(s, t, u, v)B
(2)
2 (u, v, w, a)B1(w, a, y, z)

≤ 20p6c42
z

[XW]

X.

(1)
=

max
s−t,y−z

∑
u,v,w,a

B̈1(s, t, u, v)B
(3)
2 (u, v, w, a)B1(w, a, y, z) =

≤

≤ ≤ 20p6c42 = 20p6c42
z

[B2, E ]

[CS,V] [A2]

Y.

20p6c

20p6c
(1)

≤ 20p6c

[F ]
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max
s−t,y−z

∑
u,v,w,a

B1(s, t, u, v)B̈2(u, v, w, a)B1(w, a, y, z) =

≤ 40p8c42

[F ,A2]

Z.

≤
[B22, E ]

40p8c

z z
(0) (2)

√
40p8c42=

[V]
40p8c42≤

[XP]
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b.3 spatial fractional derivatives : an outline of the proof

of proposition 6.7(ii), (iii), and (iv)

We start by repeating the relevant parts of the proposition:

j Proposition 6.7. [Bounding spatial fractional derivatives]�ere exist δ2,

δ3, δ4 > 0 such that

(ii)

∑
x∈Zd

∞
∑
m=0

∣x∣δ2 ∣πm(x)∣ <∞; (6.3.8)

(iii)

∑
x∈Zd

∞
∑
m=0

∣x∣δ3 ∣ψm(x)∣ <∞. (6.3.9)

(iv) Furthermore de�ne πm,n(x , y) as in (6.1.26) but leave out the summation

over bm and write y for the free variable that denotes the position of bm,

then there exists δ4 > 0 such that, uniformly in n ≥ 1,

∑
x ,y∈Zd

n

∑
m=0

(∣x∣δ4 + ∣y∣δ4)∣πm,n(y, x)∣ < C . (6.3.10)

We will only give an outline of the proof, since all of the key steps of the

proof have already been performed in either the proof of Proposition 3.7 in

Appendix A, or in the proof of Lemma 6.9 above, and the full proof is rather

long.

We start by observing that if we can prove Proposition 6.7(ii), then by a

similar argument as in the proof of Proposition 6.8(ii), the proof of Proposition

6.7(iii) will follow.

�us, we start by proving Proposition 6.7(ii).�e �rst steps closely follow

those in Section A.2 above. Let x1 be the �rst coordinate of x. We start by

bounding

∑
x

∞
∑
m=0

∣x∣δ2 ∣πm(x)∣ ≤ d
δ2/2+1∑

x

∞
∑
m=0

∞
∑
N=0

∣x1∣
δ2π(N)

m (x). (B.3.1)

�e idea is now to ‘distribute’ the weight ∣x1∣
δ2 over the path elements of the di-

agrams π
(N)

m (x) in such a way that we can use the bounding techniques that we

also used in the proof of Lemma 6.9 above. Recall the integral identity (A.2.4)
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on page 226. Applying this identity to the right-hand side of (B.3.1) we get the

upper bound

C

∞

∫
0

du

u1+δ2
∑
x

∞
∑
m=0

∞
∑
N=0

[1 − cos(u⃗ ⋅ x)]π(N)

m (x).

To evaluate the integral, �rst observe that the integration from 1 to∞ can be

bounded by a constant since 1− cos(u⃗ ⋅ x) ≤ 2 and we know from Proposition

6.5 that the sum over the π’s is bounded by 1 + O(β).�us we need to show

that the integral from 0 to 1 is bounded by a constant as well. We disregard the

cases N = 0 and N = 1: applying the steps below to these cases easily gives the

correct bounds. For the remaining terms, we apply (6.2.27) to get the upper

bound

C

1

∫
0

du

u1+δ2
∑
x

∞
∑
m=0

∞
∑
N=2

[1 − cos(u⃗ ⋅ x)]

× ∑
s1 ,...,sN

∑
t1 ,...,tN

∑
u1 ,...,uN

∑
v1 ,...,vN

A3(0, s1, t1)

×
N−1
∏
j=1

[B1(s j , t j , u j , v j)B2(u j , v j , s j+1, t j+1)]

× B1(sN , tN , uN , vN)A3(uN , vN , x). (B.3.2)

Recall the bound (A.2.9) on page 229. We use this bound to distribute the

weight 1− cos(u⃗ ⋅ x) over the path elements of the diagrammatic bound above.

De�ne

y2i =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

t1 if i = 0;

ti − vi if i is even;

si − ui if i is odd;

y2i+1 =
⎧⎪⎪
⎨
⎪⎪⎩

vi − ti−1 if i < n is even;

ui − si−1 if i < n is odd;

y2N =

⎧⎪⎪
⎨
⎪⎪⎩

x − uN if n is even;

x − vN if n is odd.
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Observe that ∑2Nj=0 y j = x, so that (A.2.9) applies, i.e., we have as an upper
bound on (B.3.2),

C

1

∫
0

du

u1+δ2
∑
x

×
∞
∑
m=0

∞
∑
N=2

(4N + 3)
2N

∑
j=0

∑
s1 ,...,sN

∑
t1 ,...,tN

∑
u1 ,...,uN

∑
v1 ,...,vN

[1 − cos(u⃗ ⋅ y j)]

× A3(0, s1, t1)
N−1
∏
j=1

[B1(s j , t j , u j , v j)B2(u j , v j , s j+1, t j+1)]

× B1(sN , tN , uN , vN)A3(uN , vN , x). (B.3.3)

Now we continue as in the proof of Lemma 6.9.

De�ne

Λ
(N , j)

left (a, b) ≡ δ0, j + (1 − δ0, j)Φ
(⌊ j/2⌋)

left (a, b);

Λ
(N , j)

right (c, d , x) ≡ δ2N+1, j + (1 − δ2N+1, j)Φ
(N−⌊ j/2⌋)

right (c, d , x),

and

Σ
( j)(a, b, c, d , x) ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ0,aδ0,b[1 − cos(u⃗ ⋅ c)]A3(0, c, d)

if j = 1;

∑s,t[1 − cos(u⃗ ⋅ (t − b))]B1(a, b, s, t)B2(s, t, c, d)

if 1 < j < 2N + 1 and j is even;

∑s,t[1 − cos(u⃗ ⋅ (c − t))]B1(a, b, s, t)B2(s, t, c, d)

if 1 < j < 2N + 1 and j is odd;

δ0,cδ0,d[1 − cos(u⃗ ⋅ (x − b))]A3(a, b, x)

if j = 2N + 1.

With these de�nitions we can write (B.3.3) as

C

1

∫
0

du

u1+δ2
∑
x

∞
∑
m=0

∞
∑
N=2

(4N + 3)
2N

∑
j=0

∑
a,b,c,d

Λ
(N , j)

left (a, b)

× Σ( j)(a, b, c, d , x)Λ(N , j)

right (c, d , x). (B.3.4)
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From the de�nitions of Λleft and Λright and Lemmas B.1 and B.2 we know that

∑
a,b

Λ
(N , j)

left (a, b) ≤ δ0, j + (1 − δ0, j)C1β
1/2(C2β

1/4)⌊ j/2⌋;

∑
c,d ,x

Λ
(N , j)

right (c, d , x) ≤ δ2N+1, j + (1 − δ2N+1, j)C1β
1/2(C2β

1/4)N−⌊ j/2⌋−1.

�us, we are �nished once we show is that there exists ε > 0 such that

∑
x

max
a,b,c,d

Σ
( j)(a, b, c, d , x) ≤ Cuδ2+ε

.

Proving this �nal bound makes up the bulk of the proof.�ere are ten dia-

grams that need to be bounded. For each of these diagrams individually, the

bound O(uδ2+ε) can be achieved. Indeed, applying the same graphical tech-

niques that were used in Section B.2.1, and applying various bounds from Sec-

tion A.2.4 to deal with the factor 1−cos(u⃗ ⋅ yi) produces such bounds with rela-

tive ease.�e fact remains, however, that the ten diagrams need to be bounded

individually. All the information that is needed to establish these bounds can

be found either this appendix or the previous one, so we leave it to the reader.

�e result is the following upper bound on (B.3.4),

C
∞
∑
m=0

∞
∑
N=2

(4N + 3)
2N

∑
j=0

(δ0, j + (1 − δ0, j)β1/2(C2β
1/4)2N)

1

∫
0

uδ2+ε

u1+δ2
du <∞,

when β is su�ciently small and ε > 0.�is completes the outline of the proof

of Proposition 6.7(ii).

Finally, we remark that Proposition 6.7(iv) can be proved along these lines

as well. Indeed, the part involving the weight ∣x∣δ4 has already been proved and

we can incorporate the additional weight ∣y∣δ4 by distributing it over the path

from 0 to y.�is requires only minor modi�cations.





C
RANDOM WALK ON THE I IC : THE MI S S ING STEP & A

WEAKER AS SUMPT ION

�is appendix contains a proof of�eorem 8.1(a), (b) and (c) that closely fol-

lows the proof that Kumagai & Misumi [104] give for a similar, more general

results. We present it here to illustrate how the volume and e�ective resistance

bounds of�eorem 8.12 imply results on the exit time and return probability.

�en, in the second section of this appendix we present an alternative proof

of the key inequality in Proposition 8.21 that makes use of di�erent, milder

assumptions that the existence of the backbone scaling limit (i.e., milder than

Assumption S).

c.1 from regularity to exit times : a proof of theorem 8.1(a),

(b), and (c)

�e proofs in this section are based on the proofs ofKumagai&Misumi’s paper

[104]: we have made a few small modi�cations to their proof to make it work

for the extrinsic distance metric, but everything else is the same. Before we

prove�eorem 8.1 (a), (b), and (c) we state a lemma that gives some bounds

on exit times in terms of bounds on volume and e�ective resistance:

E Lemma C.1 [Parts of Proposition 3.3 and 3.5 from [104]]. Let λ > 0.

(1) Suppose r ∈ JE(λ).�en, for z ∈ Ur ,

EzωτQr ≤ 2λ
2r6. (C.1.1)

(2) Let ε2 = ε(λ)2 = 1/(8λ2). If r, εr ∈ JE(λ), then

ExωτQr ≥
r6

211λ6
for x ∈ Uεr/2. (C.1.2)

Proof. We start by noting that for any z ∈ Ur ,

EzωτQr = ∑
y∈Ur
GQr(z, y)µy ,

whereGQr( ⋅ , ⋅ ) is the Green kernel of theMarkov chain killed on exitingQr .

275
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Proof of (1). Reff is a metric, so it satis�es the triangle condition, i.e., for any

z ∈ Ur ,

Reff(z,Q
c
r ) ≤ Reff(0, z) + Reff(0,Q

c
r ) ≤ 2λr

2

where the second inequality follows from the fact that r ∈ JE(λ) andDe�nition

8.10(i). Since for any y, z, we have GQr(z, y) ≤ GQr(z, z) and GQr(z, z) =

Reff(z,Q
c
r ), it follows that

EzωτQr = ∑
y∈Ur
GQr(z, y)µy ≤ ∑

y∈Qr
GQr(z, z)µy

=Reff(z,Q
c
r )V(Ur) ≤ 2λ

2r6,

(C.1.3)

where we have used De�nition 8.10(i) again for the �nal inequality.

Proof of (2). Since r ∈ JE(λ), we have the following bound for any x ∈ Uεr :

r2

λ
≤ Reff(0,Q

c
r ) ≤ Reff(0, x) + Reff(x ,Q

c
r ) ≤ λ(εr)2 + Reff(x ,Q

c
r ).

So if we take ε > 0 su�ciently small, we get

Reff(x ,Q
c
r ) ≥

r2

2λ
for all x ∈ Uεr . (C.1.4)

Let pxQr(y) = GQr(x , y)/GQr(x , x). Since

∣ f (x) − f (y)∣2 ≤ Reff(x , y)E( f , f ) for all f ∈ L2(Γ, µ)

and furthermore E(pxQr , pxQr) = Reff(x ,Q
c
r )
−1 = GQr(x , x)

−1, we have, for
x , y ∈ Uεr/2,

∣1 − pxQr(y)∣
2 ≤

Reff(x , y)

Reff(x ,Q
c
r )

≤
4λ2(εr)2

r2
=
1

2
.

Hence, pxQr(y) ≥ 1 − 1/
√
2 ≥ 1/4, so that

ExωτQr ≥ ∑
y∈Uεr

GQr(x , x)p
x
Qr

(y)µy ≥
1

4
µ(Uεr/2)Reff(x ,Q

c
r )

≥
r2V(Uεr/2)

8λ
≥
r6

211λ6
.

(C.1.5)
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Proof of�eorem 8.1 (a), (b) and (c). We start with (8.1.1). Choose λ ≥ 1 such

that 2cEλ−qE < δ. Let r ≥ r⋆ and set F1 = {r, εr ∈ JE(λ)}. Suppose �rst that

εr ≥ 1.�en, by�eorem 8.12(a), PIIC(F1) ≥ 1−2cEλ−qE . For ω ∈ F1, by Lemma

C.1, there exist c1 <∞ and q1 ≥ 0 such that

(c1λ
q1)−1 ≤

ExωτQr
r6

≤ c1λ
q1 for x ∈ Uεr . (C.1.6)

�us, if θ0 = c1λ
q1 , then for θ = θ0 it follows that

PIIC (θ−1r6 ≤ E0ωτQr ≤ θr6) ≥ PIIC(F1) ≥ 1 − δ.

Now consider the case where r ≤ 1/ε. For each graph ΓIIC(ω), let

Y(ω) = sup
1≤s≤1/ε

E0ωτQs
s6

.

�en Y(ω) <∞ for each ω, so there exists θ1 such that

PIIC (E
0
ωτQr > θ1r

6) ≤ PIIC(Y > θ1) ≤ δ.

If we take θ1 > ε(λ)−6, then E0ωτQr ≥ θ−11 r
6, since E0ωτQr ≥ 1.�us, for θ ≥ θ1,

we also have

PIIC (θ−1r6 ≤ E0ωτQr ≤ θr6) ≥ 1 − δ,

which completes the proof of (8.1.1).

Now we prove (8.1.2). We begin with the upper bound. By (C.1.3) and�eo-

rem 8.12(a),

EIIC[E
0
ωτQr ] ≤ EIIC[Reff(0,Q

c
r )V(Ur)] ≤ cr

6
.

For the lower bounds, it su�ces to �nd a set F ⊂ Ω of ‘nice’ graphs with

PIIC(F) ≥ c > 0 such that, for all ω ∈ F, we have a suitable lower bound on

E0ωτQr . Assume that r ≥ r
⋆ is large enough so that ε(λ0)r ≥ 1, where λ0 is

chosen large enough so that cEλ
−qE
0 < 1/8. We can then get results for all n

(chosen below to depend on r) and r by adjusting the constant c1 in (8.1.2).

Let F = {r, ε(λ0)r ∈ JE(λ)}.�en PIIC(F) ≥ 3/4, and for ω ∈ F, by (C.1.2),

E0ωτQr ≥ c1(λ0)r
6, so that

EIIC[E
0
ωτQr ] ≥ EIIC[E

0
ωτQr1{F}] ≥ c1(λ0)r

6PIIC(F) ≥ c2(λ0)r
6
.

Finally we prove (8.1.3). Let rn = e
n and λn = n

2/qE . Let Fn = {rn , ε(λn)rn ∈
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JEuc(λn)}.�en PIIC(F
c
n) ≤ 2n

−2 (provided ε(λn)rn ≥ 1).�erefore, by Borel-

Cantelli, if Ωb = lim inf Fn, then PIIC(Ωb) = 1. Hence there exists M0 with

M0(ω) <∞ on Ωb and such that ω ∈ Fn for all n ≥ M0(ω).

Choose a �xed ω ∈ Ωb and let x ∈ IIC(ω). By (C.1.6) there exist constants

c2, q2 such that

(c2λ
q2
n )−1 ≤

ExωτQrn
r6n

≤ c2λ
q2
n , (C.1.7)

provided that n ≥ M0(ω) and n is also large enough so that x ∈ Uε(λn)rn .
WritingMx(ω) for the smallest such n, we have

c−12 (log rn)
−2q2/qE r6n ≤ E

x
ωτQrn ≤ c2(log rn)

2q2/qE r6n for all n ≥ Mx(ω).

Note that by de�nition ExωτQrn is increasing in n. If r ≥ Rx = 1 + e
Mx , then let

r be such that rn−1 ≤ r ≤ rn.�en,

ExωτQr ≤ E
x
ωτQrn ≤ c2(log rn)

2q2/qE r6n ≤ c
′
2(log r)

2q2/qE r6.

Similarly,

ExωτQr ≥ E
x
ωτQrn−1 ≥ c3(log rn−1)

−2q2/qE r6n−1 ≥ c
′
3(log r)

−2q2/qE r6.

Taking ξ > 2q2/qE large enough to absorb the constants c
′
2 and c

′
3 in the log r

term, we get (8.1.3).

c.2 a weaker assumption than a scaling limit

�eorem 8.1 uses Assumption S, which states that a scaling limit exists for the

backbone of the iic.�is is a strong assumption, and maybe it is a bit extreme

for our purposes.�e reason we chose it is simply that we know that this as-

sumption is true (a fact we prove in Chapter 5). However, we can replace the

assumption by two simpler assumptions.�e downside to these assumptions

are that they are not known for long-range models.

e Proposition C.2. Assume that

τpc(x) ≤
C

∣x∣d−(2∧α) (C.2.1)

and

∑
e∈Qr

∑
e∈Q cr

Ppc(0↔ e in Qr)D(e − e) ≤ C′. (C.2.2)

�en

lim sup
r→∞

PIIC(Hr ≤ εr(2∧α)) ≤ 1 − δ (C.2.3)

for ε > 0 and some 0 < δ < 1.
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�e assumption (C.2.1) has been discussed already in Section 3.1. It is known

to hold for high-dimensional �nite-rangemodels, and for a class of long-range

models, but it is not known to hold under Assumptions C and D.

�e assumption (C.2.2) has been proved for �nite-range models by van der

Hofstad & Sapozhnikov [88,�eorem 1.6]. It is not known to hold for long-

range models.

Proof. For a non-negative integer-valued random variable X and probability

measure P we have the elementary inequality

P(X ≥ 1) ≥
E[X]2

E[X2]
.

We apply this inequality as follows:

PIIC(Hr ≥ εr(2∧α)) = PIIC(Hr1{Hr≥εr(2∧α)} ≥ 1)

≥
EIIC[Hr1{Hr≥εr(2∧α)}]

2

EIIC[H2r1{Hr≥εr(2∧α)}]
.

(C.2.4)

Proving the proposition is equivalent to proving that the right-hand side of

(C.2.4) is positive (i.e., ≥ δ). To achieve this, we bound the expectations on the

right-hand side of (C.2.5) separately.

We start with an upper bound on the denominator. Trivially,

EIIC[H
2
r1{Hr≥εr(2∧α)}] ≤ EIIC[H

2
r ].

We note that

Hr ≤ #{b ∈ Er ∶ b is bb-piv} = ∑
b∈Er

1{b is bb-piv}.

Hence, we have

EIIC[H
2
r ] ≤ ∑

b1 ,b2∈Er
EIIC[1{b1 is bb-piv}1{b2 is bb-piv}]

= ∑
b1 ,b2∈Er

PIIC(b1, b2 are bb-piv).
(C.2.5)

We can apply Lemma 3.12 (on page 77) to the right-hand side of (C.2.5):

EIIC[H
2
r ] ≤ lim

p↗pc

1

χ(p)
∑
x∈Zd

∑
b1 ,b2∈Er

Pp(b1, b2 are piv for 0↔ x).
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�e event on the right-hand side can be contained in a disjoint union of events:

{b1, b2 are piv for 0↔ x}

⊂ {{0↔ b1} ○ {b1 ↔ b2} ○ {b2 ↔ x}}

∪ {{0↔ b2} ○ {b2 ↔ b1} ○ {b1 ↔ x}} .

Making this replacement and applying the BK-inequality, we obtain an upper

bound:

EIIC[H
2
r ] ≤ lim

p↗pc

1

χ(p)
∑
x∈Zd

∑
b1 ,b2∈Er

[τp(b1)τp(b2 − b1)τp(x − b2)

+ τp(b2)τp(b1 − b2)τp(x − b1)].

Summing over x and summing the two terms over b2 and b1, respectively, and

then taking the limit, we obtain

EIIC[H
2
r ] ≤ pc ∑

b1∈Er
∑
b
2
∈Qr

τpc(b1)τpc(b2 − b1)

+ pc ∑
b2∈Er

∑
b
1
∈Qr

τpc(b2)τpc(b1 − b2).

Both sums can be bounded using the Fourier-space techniques described in

the proof of�eorem 4.1 in Chapter 4. For a constant ca > 0 we obtain

EIIC[H
2
r ] ≤ car

2(2∧α)
. (C.2.6)

We are le� to �nd a lower bound on the numerator of (C.2.4). We start by

noting

EIIC[Hr1{Hr≥εr(2∧α)}] = EIIC[Hr] − EIIC[Hr1{Hr<εr(2∧α)}].

We use a trivial upper bound for the second term:

EIIC[Hr1{Hr<εr(2∧α)}] ≤ εr(2∧α)
.

�e lower bound on EIIC[Hr] is the most involved part of the proof. Let Fr =
{(x , y)∶ x ∈ Qcr , y ∈ Z

d}. We start by observing that for η ∈ (0, 1):

Hr = #{b ∈ Er ∶ b is bb-piv and ∄e ∈ Fr s.t. e , b are ordered bb-piv}
≥ #{b ∈ Eηr ∶ b is bb-piv and ∄e ∈ Fr s.t. e , b are ordered bb-piv}
= #{b ∈ Eηr ∶ b is bb-piv}

− #{b ∈ Eηr ∶ ∃e ∈ Fr s.t. e , b are ordered bb-piv}
≡ NBb(ηr) − ZBb(ηr, r).
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Hence,

EIIC[Hr] ≥ EIIC[NBb(ηr)] − EIIC[ZBb(ηr, r)].

Using�eorem 4.1, we can bound

EIIC[NBb(ηr)] ≥ c(ηr)(2∧α)
.

Finally, then, we need an upper bound on EIIC[ZBb(ηr, r)]. We write

ZBb(ηr, r) = ∑
e∈Fr

∑
b∈Eηr

1{e ,b are ord. bb-piv}.

It follows that

EIIC[ZBb(ηr, r)] = ∑
e∈Fr

∑
b∈Eηr

PIIC(e , b are ord. bb-piv).

We can apply Lemma 3.12 to this:

EIIC[ZBb(ηr, r)] = lim
p↗pc

1

χ(p)
∑
x∈Zd

∑
e∈Fr

∑
b∈Eηr

Pp(e , b are ord. piv for 0↔ x).

(C.2.7)

�e events on the right-hand side can be contained as follows: the fact that e

is pivotal and comes before b along the path from 0 to x means that the path

from 0 to x leaves Qr . Let y ∈ Er be the �rst edge along the path with y ∈ Qr
and y ∈ Qcr .�ere has to be a path from y back to b as well (this path then

containing e), and there has to be a path from b to x.�ese three paths are

disjoint. So, ignoring the position of the edge e, we can contain the event as

follows:

⋃
e∈Fr

{e , b are ord. piv for 0↔ x}

⊆ ⋃
y∈Qr

⋃
y∈Q cr

{0↔ y} ○ {y open} ○ {y↔ b} ○ {b↔ x}.

Making this replacement and applying the BK-inequality, we obtain

EIIC[ZBb(ηr, r)]

≤ lim
p↗pc

1

χ(p)
∑
x∈Zd

∑
y∈Qr

∑
y∈Q cr

∑
b∈Eηr

Pp(0↔ y in Qr)

× pD(y − y)τp(b − y)τp(x − b).
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Summing over x and b and taking the limit, we obtain

EIIC[ZBb(ηr, r)] ≤ p2c ∑
y∈Qr

∑
y∈Q cr

∑
b∈Qηr

Ppc(0↔ y in Qr)D(y − y)τpc(b − y).

All pairs b and y are at least at distance r−ηr, and there areCd(ηr)d vertices

in Qηr , so we can apply the �rst assumption to bound

EIIC[ZBb(ηr, r)] ≤p2cCd(ηr)d
1

(r − ηr)d−(2∧α)

× ∑
y∈Qr

∑
y∈Q cr

Ppc(0↔ y in Qr)D(y − y)

=c̃
ηd

(1 − η)d−(2∧α) r
(2∧α)

.

We end up with

EIIC[Hr1{Hr≥εr(2∧α)}]
2 ≥ (EIIC[NBb(ηr)] − EIIC[ZBb(ηr, r)]

− EIIC[Hr1{Hr<εr(2∧α)}])
2

≥ (cη(2∧α) − c̃
ηd

(1 − η)d−(2∧α) − ε)

2

r2(2∧α)

= cbr
2(2∧α)

(C.2.8)

when we choose η > 0 su�ciently small.

Plugging (C.2.6) and (C.2.8) into (C.2.4), we obtain

PIIC(Hr ≥ εr(2∧α)) ≥
cb

ca
> 0.

�is completes the proof.
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a rabbit as the king of ghosts

�e di�culty to think at the end of day,

When the shapeless shadow covers the sun

And nothing is le� except light on your fur –

�ere was the cat slopping its milk all day,

Fat cat, red tongue, green mind, white milk

And August the most peaceful month.

To be, in the grass, in the peacefullest time,

Without that monument of cat,

�e cat forgotten on the moon;

And to feel that the light is a rabbit-light

In which everything is meant for you

And nothing need be explained;

�en there is nothing to think of. It comes of itself;

And east rushes west and west rushes down,

No matter.�e grass is full

And full of yourself.�e trees around are for you,

�e whole of the wideness of night is for you,

A self that touches all edges,

You become a self that �lls the four corners of night.

�e red cat hides away in the fur-light

And there you are humped high, humped up,

You are humped higher and higher, black as stone –

You sit with your head like a carving in space

And the little green cat is a bug in the grass.

Wallace Stevens, Harmonium, 1923


	Library
	Dedication

	Publications
	Publications

	Acknowledgments
	Acknowledgments
	Contents

	Summary
	Summary

	Some remarks about notation
	Some remarks about notation

	1 Context & main results
	1.1 Percolation
	1.1.1 Two standard models for bond percolation
	1.1.2 Phase transitions
	1.1.3 Critical percolation, universality and scale invariance
	1.1.4 Percolation on Z
	1.1.5 Percolation on Z2
	1.1.6 Percolation on Z3, Z4, Z5, and Z6
	1.1.7 Percolation on infinite trees
	1.1.8 High-dimensional percolation

	1.2 The incipient infinite cluster
	1.2.1 Constructing the two-dimensional IIC
	1.2.2 Constructing the high-dimensional IIC
	1.2.3 Structure of the IIC and the backbone

	1.3 Scaling limits
	1.3.1 Branching random walk and super-Brownian motion
	1.3.2 Scaling limit of IIC and the backbone

	1.4 Random walk on the IIC
	1.5 Conjectures & open problems
	1.6 The structure of this thesis

	2 Background & important definitions
	2.1 The BK-inequality & the BKR-inequality
	2.2 A definition of the models
	2.3 Triangle diagrams & the two-point function
	2.4 The Factorization Lemma

	3 Construction of the IIC
	3.1 Main results
	3.2 The lace expansion
	3.2.1 The lace expansion of the one-arm IIC measure
	3.2.2 Bounds on the expansion terms

	3.3 Existence of the IIC in various constructions
	3.3.1 Existence of the one-arm IIC measure
	3.3.2 Existence of the IIC susceptibility and two-point constructions

	3.4 Two limit-reversal lemmas

	4 The geometry of critical clusters & the IIC
	4.1 Volume estimates of the IIC
	4.1.1 Bounds on the expected volume of critical clusters in a ball
	4.1.2 Bounds on the expectation of the backbone volume
	4.1.3 Bounds on the expected IIC volume in a ball

	4.2 A lower bound on the long-range one-arm probability

	5 Convergence of the IIC backbone
	5.1 Main Results
	5.1.1 Further results
	5.1.2 Overview

	5.2 Outline of the main proof

	6 A `proper' lace expansion for percolation
	6.1 Lace expansion for the backbone two-point function
	6.1.1 The fundamental rewrite of the two-point function
	6.1.2 The algebraic expansion
	6.1.3 The expansion for n(x)

	6.2 Bounds on the lace-expansion coefficients
	6.2.1 Derivation of the diagrammatic bounds

	6.3 Properties of the lace-expansion coefficients

	7 From a lace expansion to a scaling limit
	7.1 Error bound for the percolation lace expansion
	7.2 The mean-r displacement
	7.3 Convergence of the backbone as a stochastic process
	7.3.1 Finite-dimensional distributions
	7.3.2 Tightness

	7.4 Convergence of the backbone as a set

	8 Random Walk on the IIC
	8.1 Main results.
	8.2 Definitions, an important result, and the main theorem
	8.3 Upper bounds for the extrinsic case
	8.4 Lower bounds for the extrinsic case
	8.4.1 Reduction to the number of backbone-pivotals in an extrinsic ball
	8.4.2 A bound on the number of pivotals

	8.5 Intrinsic distances for the IIC
	8.6 Random walk on the backbone
	8.6.1 The extrinsic distance metric

	8.7 The modified exit time

	9 Random walk on the long-range IIC
	9.1 Exit time for the long-range IIC
	9.2 Regularity of the long-range IIC

	The appendices
	A Diagrammatic estimates for the IIC construction
	A.1 Bounds on lace expansion coefficients
	A.1.1 Proof of Lemma 3.9(i)
	A.1.2 The proof of Lemma 3.9(ii)
	A.1.3 Diagrammatic estimates

	A.2 Finite moments of (x)
	A.2.1 The spatial fractional derivative of n  (n)
	A.2.2 Distributing the weight
	A.2.3 Fourier space diagrams
	A.2.4 A recursive scheme for bounding R (n,m) (i,j)(, )
	A.2.5 About the proof of Lemma A.1


	B Diagrammatic estimates for the backbone scaling limit
	B.1 Reduction to basic diagrams
	B.2 Basic diagrams
	B.2.1 Graphical bounds

	B.3 Spatial fractional derivatives

	C Random walk on the IIC: the missing step & a weaker assumption
	C.1 From regularity to exit times
	C.2 A weaker assumption than a scaling limit

	Bibliography
	About the author
	About the author

	Colophon


