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1. INTRODUCTION 

The notion that arbitrary fluctuations a bout the equilibrium state of a physical 
system exist is quite old. Although these fluctuations had been observed even 
earlier, as early as 1828 Brown publisbed his classica! account of what is now 
called the Brownian motion of a relatively large partiele suspended in a Huid 1 • 2). 

However, nearly a century was to elapse before the phenomenon was analyzed 
by Einstein 3

•
4
), V on Smoluchovski 5), and others 6

• 
7
), and confirmed exper

imentally by Perrio 8). A good account of these early investigations has been 
given by De Haas-Lorentz 9). 

Despite the effort subsequently put into the subject by many physicists, from 
an engineering point of view it was considered merely curious and oot very 
interesting. A major breakthrough occurred in the second and third decades of 
this century, when communication engineers reached the threshold beyond 
which small signals could not be detected easily, if at all. This led them to the 
investigation of what in general is now called noise. This field of scientific 
investigation therefore changed from being largely the province of physicists to 
becoming that of dectrical engineers. In consequence a large part of modern 
noise theory is phrased in terms familiar to the dectrical or electronics engineer, 
in which he states his problems and presents the solutions 10). Voltage and 
current, impedance and admittance are the concepts, frequency analysis and 
Fourier transforms are the methods used to attack noise problems. Also new 
concepts to characterize noise properties of systems, such as noise factor or 
noise figure, available power, and equivalent resistance, have been introduced 
by electronics engineerstomeet their specific problems. Although Nyquist 11) 

used a physical argument to arrive at the quantitative explanation of the 
experiments performed by Johnson on thermal noise of a resistor 12), his final 
results were worded in terms of an effective voltage. 

Since the concept of noise far beyond its acoustic origin now includes all 
spurious and continuous random fluctuations of all kinds of physical systems, 
it will be clear that the electrical-noise terminology which paid off so much in 
electrical-noise problems, is not always adapted to provide answers as easily 
to similar questions in other fields. This is even true within the field of dectricity 
and electronics itself. In many branches of these sciences voltages and currents 
are not the most appropriate variables to describe the phenomena. For example, 
the variables in which electronic-beam theories 13•14) are described are most 
often density- and velocity-modulation waves. Radio propagation too is stated 
in terms of waves. Moreover, in wave-guiding systems one mostly resorts to 
incident and reflected waves, while the properties of componentsof such systems 
are expressed in reflection and transmission coefficients rather than in 
impedances or admittances. 
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More reasoos exist why the general utility of electrically defmed noise quan
tities may be questionable. During the last decade with the advent of new types 
of low-noise amplifiers, such as masers, parametrie and tunnel-diode devices, 
a growing uneasiness about the general adequacy of conventional methods of 
noise description can be detected in the literature 15 -

17
). The difficulties are 

of two kinds. 
A first problem of minor importanceis concerned with the quantitative value 

of noise quantities 18
). The definitions of many conventional noise quantities, 

such as noise factorand effective input noise temperature, imply standard input 
terminations. In defining the noise factor the standard termination is thought 
to be passive and to have a uniform temperature of 290 °K. Very often such 
definitions are not well suited to practical situations. 

A second and much more important difficulty is due to the fact that in a 
system noise and signa! properties are intimately interwoven. The noise per
formance of a given component in a system depends strongly on the other 
components of the system 17). To investigate such diffîculties Haus and 
Adler 15 ) made a general analysis ofthe performance of a noisy linear n-port, 
imbedding it in a lossless transforming network. Varying the latter network, 
they investigated the power-density spectra of the noise quantities of the former. 
They defined a characteristic-noise matrix 19

) and found that eertaio quantities, 
the eigenvalues of that matrix, are invariant under varia ti ons of the imbedding 
network. Furthermore, they showed that these eigenvalues are identical with 
the extreme values of the noise measure, a figure introduced by them 19

) to 
characterize the noise of a 2-pe>rt. The smallest of the extreme valu~s determines 
the optimum noise performance achievable with the n-port. 

The object of the present investigation is to make a further ce>ntribution to a 
genera!, concise, and consistent theory of linear noisy system:;. 1t should be 
applical::le not only in electronics but in any field of investigation. We believe 
that one of the goals of such a theory must be that the noise properties and the 
signal properties of any multiport are represented separately. This forma! sepa
ration of noise properties from signal properties ought to be independent of 
the specific variables which have been chosen to describe noise and signa! 
phenomena in a system. 

In the present treatise a mathematica! formalism is developed for a general 
coordinate description of the exchange of noise and signa! power between 
different parts, or components, of a system. Some care is taken to prove the 
consistency of the formalism with the laws of thermodynamics. 

Prior to the formulation of the formalism in a general coordinate system a 
discussion with respect to a particular coordinate system is given, viz. with 
respect to the scattering-matrix representation of multiports. This is done for 
two reasons. 

First, in theories concerning general coordinate systems it is convenient to 
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refer the general reference frame to a particular one and to give the formulas 
which govern the transformation from the particular to the general coordinatc 
system. Then, starting from the particular reference frame, the representations 
and theorems can easily be given in the general one. For analogous reasons 
theories about spaces mostly start with a discussion of the Cartesian reference 
frame. Rather arbitrarily we have adopted the SC?,ttering-matrix representation 
as the primary coordinate system. 

Secondly, as has been observed above, many results of noise theories and 
experiments are formulated exclusively in terms of impedance- or admittance
matrix representations. However, many systems cannot bedescribed easily and 
lucidly in terms of those coordinate systems. Furthermore, many phenomena 
can be interpreted physically equally wellor even much better in terms of waves 
than of voltages and eurrents. 

We have developed a formalism which is generalto the extent that a formal 
separation of intrinsic noise properties and signal properties of a multiport has 
been introduced. It will be shown that the power-density matrix of the primary 
noise coordinates of a multiport can be written as a product of two matrices. 
One of these matrices, the noise-temperature matrix, describes the intensity of 
internally excited noise. The eigenvalues of that temperature matrix are in
variant to coordinate transformations. They can be given a clear and definite 
interpretation as the characteristic noise temperatures of the multiport. The 
other matrix, the noise-distribution matrix, depends on the signal properties of 
the multiport only. It governs the internal distribution of the internally gener
ated noise power over the ports of the multiport The di vision of the noise prop
erties into two matrix factors is itself invariant to coordinate transformations. 
The noise-temperature matrix is transformed by a similarity transformation and 
the noise-distribution matrix by a Hermitian congruence transformation. Both 
these transformations involve the same transformation matrix: the nolse-trans
formation matrix. 

lt turns out that many of our eonsiderations run pandlel with the work of 
Haus and Adler 15

) and decpen it at several places. To be more specific, the 
characteristic-noise matrix of Haus and Adler is equivalent with the noise
temperature matrix. The work done by the above authors on simultaneous 
diagonalization of noise and signal performance of a multiport is therefore 
reviewed. A different and more constructive proof of the existence of the 
simultaneous diagonalization is given. In particular it is shown that noise and 
signa! performance cannot simultaneously be diagonalized when noise sourees 
of both a dissipative part and an active part of a multiport are completely 
correlated. This situation oceurs for example with triodes and transistors in 
which the noise is purely shot noise. In this exeeptional case the externally 
manifest noise can be reduced to zero by means of a lossless feedback circuit . 
without the signal performance being changed, at least over a small bandwidth. 
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If a multiport is described in a coordinate system where both signa! and noise 
performance appear in diagonal form, the noise-temperature matrix can be 
interpreted clearly and definitely. 

For consiclering noise phenomena two different fundamental methods exist. 
A first one is used when one is interested mainly in the behaviour of fluctuating 
quantities as functions of time. Calculations and observations are then concern
ed with the auto- and cross-correlation functions of the fluctuating quantities. 

A second metbod is employed when one wishes to know the frequency 
response of a system and the amounts of noise power which, being contained 
in a small frequency band, on the average flow in that system. These average 
noise powers are expressed in the self- and cross-power-density spectra of the 
fluctuating variables. The relationship between the two methods is governed by 
the Wiener-Khintchine theorem. We shall not pay further attention to this 
subject because it bas extensively been discussed elsewhere 20). The present 
treatise is confined to the secoud method. 
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2. NOISE AND SIGNAL PERFORMANCE 

2.1. Signal and noise waves 

2.1.1. Signals and noise 

Although it is not intended to give a lengthy discussion of the elementary 
meanings of signal and noise, at the very outset it should be made clear what 
we understand by these concepts. All time-dependent deviations from the static 
equilibrium state of a system will be called signals. 

Very often signals are man-made. They then mostly contain intentionally 
induced information. In so far as the induced information is known in advance, 
signals can be thought to be predictabie and to cohere in time. Because of the 
content of information such signals are of primordial interest. In the present 
treatise, however, we are not interested in the way information is contained. 
Neither will we investigate how information can be induced, handled, and 
extracted. 

Noisy fluctuations about the equilibrium state occur at random. They cohere 
in time very poorly, i.e. they can be predicted over short times only. Noise does 
notcontain useful deliberatelyinduced information. It is true, noise contains some 
information a bout the amount of disorder in, and the physical nature of, a noisy 
system but we are not now interested in physical causes of noise. We are only 
interested how in linear systems energy carried by noisy disturbances is trans
poried and distributed. More specifically, we are interested in the time-average 
values of these flows of noise power. 

When a signa! is periodic in time, Fourier analysis is a useful tooi to analyze 
it and to determine its behaviour in a system. When a disturbance is not periodic 
in time, as is the case with most signals, in partienlar with noise, Fourier analysis 
can still be applied formally by means of a limiting process for periods tending 
to infinity. As aresult any signal, whether it is noise or not, can be decomposed 
into a set of frequency components. Each of the components can be described 
by a frequency, an amplitude, and a phase. 

An intentionally induced signal is in principle known at all times, at least at 
some place in a system. Hence, frequencies, amplitudes, and phases of its 
components can be determined. This is not the case with noise. Over long 
intervals of time amplitudes and phases of the components of a noisy disturb
ance vary at random. It is this fundamental randomness which in the 
frequency domain - distinguishes noise from signals proper. 

In a noisy system noise components are present in any given band of fre
quencies. The speetral distribution of these components is in general infinitely 
dense. As a group the components transmit an amount of power. This 
power can be averaged over time. Since we will be interested in stationary 
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systems only, we assume that this average power does notvaryin time. It is the 
transmission in a restricted bandwidth of time-average power which will be the 
main subject of this treatise. This will be so because the ratio of the average 
power of noise to the power of an intentionally induced signal constitutes the 
main measure of the hindrance noise puts up to the detection of wanted signals. 

2.1.2. Signals and signa! representations 

To know the signal performance of a system and, more specifically, of the 
components of a system it suffices to determine the behaviour of a harmonie 
signal component in that system. At any particular frequency the stationary 
signal state of a linear network can be described by a set of variables. The 
network may be electrical, acoustical, etc. The variables may or may not be 
interpretable physical quantities. Mostly, they are present in pairs at the 
entrances or ports of the network, but it is also possible that they are linear 
combinations of quantities at different ports. A network with n ports shall be 
called an n-port or, more generally, a multiport. 

Depending on the system under consideration, several choices of physical 
quantities can be made for the variables, e.g. voltages and currents, pressures 
and velocities, incident and reflected electromagnetic-wave amplitudes, etc. 
Each choice determines a particular reference frame for the signal state. 

At each frequency the signal performance of a multiport can bedescribed by 
a set of simultaneous linear algebraic equations. The equations relate the above 
variables expressing half of them in terms of the other half. Thus, the variables 
are divided into dependent and independent on es. F or each choice of variables 
this partition can still be made in various different ways. 

It will be clear that the elements of the coefficient matrix of the above set of 
equations are determined by the multiport, and vice versa. Depending on the 
choice of variables and on the partition in dependentand independent ones, one 
is led to the concept of impedance matrix, transfer matrix, scattering matrix, 
and so on. These matrices describe the signal performance of the multiport. 
We therefore call them signai-performance matrices. 

A particular choice and division of variables leads to what we eaU a signal 
representation or coordinate system of multiports. Different representations are 
related by linear transformations. For 2-terminal pair networks such trans
formations have been described by Belevitch 21 ). Squabbling about a particular 
choice of representation may be a rather futile occupation. However, in a given 
situation one choice may be more advantageous than another 22) (cf. eh. 1). 
In the present treatise we start rather arbitrarily from the scatterecl-wave 
formalism. 

In a system the components, i.e. the composing multiports, are thought to be 
interconnected by homogeneaus lossless transmission paths. The lengths of 
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these paths can be small or even zero. In the following, transmission paths will 
be called lines for short *). 

When in a linear system signals propagate along lines, one can speak about 
waves in terms of voltage, velocity, electric-field intensity, and so on. As has 
been remarked above, when investigating the signal performance of multiports, 
we can confine the observations to waves which are harmonie in time. In fact, 
the considerations will be restricted to travelling harmonie waves. For any 
travelling wave we can define a "complex amplitude" which determines both 
amplitude and phase. Hereafter, that complex quantity will be called the wave 
amplitude or, simply, the amplitude for short. 

The modulus of the wave amplitude is related to the power carried by the 
wave along the line. In genera}, lines are characterized by wave impedances. 
The need to carry these quantities along through all computations can be cir
cumvented by ha ving the wave amplitudes normalized with respecttothem 23 •24). 

Then, if P be the transrnitted power and a the wave amplitude, the equation 

P =a a* (2.1) 

can be defined, where the asterisk denotes the complex conjugate. It should be 
noted that, when eq. (2.1) is defined in this way, the magnitude of a is equal to 
what conventionally is called the normalized effective value of the amplitude of 
the wave. Since wave impedances may be different for different lines incorporated 
in a system, normalization must be carried out for each line separately 23 •

24
). 

The argument of the wave amplitude determines the phase of the wave. The 
phase depends on the choice of time origin and on the point of observation in 
the line. The dependenee on the origin of time implies merely an additive 
constant. Knowledge of phases is of importance only for the evaluation of 
interf erenee effects which occur when two or more waves of the same frequency 
are present in the same line travelling in the same direction. Then one is in 
essence interested in phase differences. As the additive constauts are the same 
for all waves of the same frequency, they are not at all important and we may 
forget about the choice of time origin. 

The dependenee of the phase on the position in a line is of more concern. 
In order to relate the phases a wave has at different positions, knowledge of the 
propagation constant, or the wave length, of the line at the frequency of the 
wave is indispensable. Let a(/1) and a(/2 ) be the wave amplitudes at the posi
tions !1 and /2 , respectively, and let {3 = 2n/À be the propagation constant. 

•) Introduetion of the word line for the general concept of transmission path does not imply 
that the results which will be obtained are valid for electrical systems only, for which 
systems the word line or transmission line is commonly used. In fact, the study made here 
applies to all kinds of linear systems whatever their physical nature may be. If inhomo
geneous, lossy, or anomalously dispersive, lines are incorporated in a system, they can 
better be considered as 2-ports than as lines. 
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The relation between a(/1) and a(l2 ) is then given by *) 

(2.2) 

In a line waves can propagate in two directions. Therefore, to cover the 
complete signal state of a system at a particular frequency two waves must he 
given in every line; one for each direction. 

Sametimes it is possible to give a linearized matrix description of systems 
in which interaction between signals of different frequencies plays a dominant 
role, such as mixers and parametrie devices 25 •26). In such systems various 
waves of different frequencies may propagate through the same transmission 
path. Furthermore, in the same physical transmission structure different waves 
of the same frequency may propagate in the same direction but in different 
modes. In both cases one can assign to each frequency band and to each mode 
its own pair of oppositely directed waves. One may consider the one physical 
transmission path as being split up into a number of lines 23

•
24

). 

2.1.3. Spot-noise theory 

In sec. 2.1.1 it has been stated that we are interested in the transmission of 
time-average noise power contained in a restricted bandwidth. There it has been 
assumed that through any line of a linear noisy system and contained in any 
small but fini te frequency band a fini te amount of noise power is transmitted in 
each direction. In actual systems these partial flows of noise power can be 
measured and averagedover time if sufficiently long time intervals are available. 
If the bandwidth is taken smaller the interval of time over which the averaging 
is performed must be Jonger. 

Let us con si der an arbitrarily small bandwidth èJf at a frequency f. Let (Jp be 
the time-average power contained in of and transmitted through a line in a given 
direction. For the flow of noise powerwedefine a power density G(f) atfby 

G(f) = èJPjof. (2.3) 

In general, G(f) is a function of f. lf G(f) does not depend on f, the noise is 
called white. 

All relevant quantities in a system are functions of frequency. To circumvent 
dependenee on the frequency of signal performances of multiparts and to avoid 
dispersion effects in lines the bandwidth èJf can be taken so small that all impor
tant quantities can be considered constant over it. Under this restrietion one 
speaks of "spot noise". In fact, the major part of the present treatise will he 

"') In the wave amplitude the omitted time factor is thought to be exp ( -i2nft). For waves 
which travel in the direction of increasing values of l the wave number fJ is positive and 
for opposite waves negative. Below, when defining the concept of noise wave, the validity 
of the phase relation, eq. (2.2), will be erueial. 
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confined to spot-noise theory. A discussion of the conditions under which spot
noise theory is valid will he postponed until a later section (sec. 2.2.2). 

2.1 .4. The concept of noise waves 

In association with flows of time-average noise power we will now introduce 
quantities which are defined sufficiently well to make a consistent spot-noise 
theory possible but not more precisely than is needed for that purpose. The 
quantities must offer the possibility of evaluating the influence of the multiports 
of a system on the flows of average noise power in that system. Hence, inter
ference effects and, therefore, correlation of two or more flows of noise power 
must he coped with. 

In sec. 2.1.2 it has been shown that a harmonie signal wave can be represented 
by a complex number. In the same way we will now represent a noisy disturb
ance at a frequency fby an element A of a Rilhert space. 

Since in what follows we only need some main axioms and theorems per
taining to Hithert spaces, we will be satisfied by mentioning only those prop
erties which apply to our considerations *). 

For our purposes Hithert space can he described as an infinite-dimensional 
complex linear space in which a positive definite inner product of any pair of 
two elementsis defrned. The elementscan he considered to beinfinite-dimension
al vectors. 

With any two elements A and 8 the sum, denoted by (A+ 8), is defined and 
is again an element. The sommation is commutative and associative. 

The multiplication of an element A by a complex number À is defined and 
gives again an element. This product is denoted by ÀA. It is commutative, 
associative with respect to complex numbers, i.e. 

(À,u) A = À (,uA), (2.4) 

and distributive with respect to both complex numbers and elements of Rilhert 
space, i.e. 

(À + ,u) A ÀA + ,u A, 

À (A 8) = ÀA + ;.8. 

(2.5) 

(2.6) 

It is this product operation which makes a Rilhert space a complex linear space, 
in which a zero element 0 is defined. 

The inner-product operation is obtained by subjoining to any pair of ele
ments A and 8 a complex number {A, 8}. The subjunction is defined as a 
positive definite Hermitian bilinear form. Hence we have 

{8, A}= {A, 8}*, (2.7) 

*) For complete analyses of Hilbert spaces we may refer to appropriate textbooks. The 
properties we need can be found in literature on linear algebra such as refs 27 and 28. 
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{Î.A, f.tB} = ï,*!t {A, B} (2.8) 
and 

{A, B + C} {A, B} {A, C}. (2.9) 

From eq. (2.7) it is clear that in general the inner product is not commutative. 
In conneetion with a Hilbert space of elements A a dual Bilhert space of 

conjugate elements A+ can he defined 26 •29). The superscript plus indicates 
the conjugation. We need not define the conjugation in detail but it suffices to 
observe that it is a one-to-one correspondence between the conjugate elements A 
and A+ of the dual spaces, which is redprocal and antilinear. We have 

A, 

(A B)+ = A+ _;_ B+, 

(.AA)+ À.*A+. 

(2.10) 

(2.11) 

(2.12) 

We further define a commutative product operation of an element A and a 
dual element B+ by *) 29) 

AB+ {B, A}. (2.13) 

Due to eq. (2.7), wethen have**) 

A+B (AB+)*. (2.14) 

From eq. (2.9) it is readily seen that the product operation is distributive. Since 
the product is concerned essentially with two elements, one cannot speak about 
it as associative ***). It is easy to verify that eqs (2.4)-(2.14) are consistent. 

When the product AB+ is equal to zero, the elements A and B are called 
orthogonal. In the dual space the conjugates A+ and B + are then orthogonal, too. 

From eq. (2.14) we obtain 

(2.15) 

The product of an element and its own conjugate is a real number. Since the 
bilinear form has been defined above to he positive definite, that number is 
non-negative. For all elements A the relation 

(2.16) 

*) It should be noted that a product AB of two elements A and B is in general not defined. 
**) In the dual Hilbert space an inner product of two elements A+ and B+ is given by 

{A+, B+} AB+ = B+ A. From eq. (2.14) it is seen that {A+, B+} = {A, B }* = {B, A}. 
This equation makes the one-to-one correspondence between the dual spaces an iso
morphism 28). This means that in abstracto the dual spaces are identical. It is not neces
sary that the identity is also valid in concreto. When that, too, is the case, one speaks 
of an automorphism and, then, the conjugation maps the space onto itself. 

***) It should be noted that (A+B) C+ is in general not equal to A+(BC+). A necessary and 
suftleient condition forthese expressions to be identical is that A and Care proportional, 
i.e. C = J.A. This is easy to prove. 
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is valid where equality applies only when A is the zero element 0. The positive 
square root of A+ A is called the norm of A. This quantîty is reminîscent of the 
absolute value of a complex number and of the magnitude of a real vector. 1t 
is the concept of a norm, i.e. the content of eq. (2.16), which provides the 
key to the representation of average noise-power flows by elements of Hilbert 
space introduced above. 

At the frequency fan element A is now subjoined to the power density G(f), 
as it has been defined by eq. (2.3), such that 

A+ A= A A+ G(f). (2.17) 

Combining this with eq. (2.3), we obtain the basic relation 

CJP A A+èJj. (2.18) 

Since power is inherently non-negative, the subjunction of A to G(f) and CJP 
in this way justifies the restrietion to positive definite inner products as bas been 
made above. 

We will eaU the element A amplitude function or noise-wave amplitude. 
The term amplitude is used because the norm of A is reminiscent of the (real) 

amplitude of a harmonie signal wave. There exists a close resemblance to quau
tities which in conventional noise theories are used to indicate "amplitudes" of 
noisy disturbances. This can best be made clear perhaps by means of an 
example. The amplitude of a harmonie signal wave can be expressed in terms 
of a voltage v which is normalized with respect te> the characteristic impedance 
ofthe line the wave is travelling along (cf. sec. 2.1.2). Fora flow ofnoise power 
through that line one often defines a mean-square value of an equivalent voltage 
by 10,11) 

vv* = oP G(f) of. (2.19) 

The bar denotes the time-average value. Due to eqs (2.18) and (2.19), we have 

=A A+oj, (2.20) 

from which the correspondence can be seen. While depends on the magni
tude of of, A A+ does not. The conjugate A+ on the right-hand si de finds its 
counterpart in the complex conjugate v* on the left-hand side. The complex 
quantity is often interpreted as the (complex) amplitude of a harmonie signal 
wave which is equivalent to the flow of noise power contained in of. This 
equivalence means only that on the average the signal wave and the noisy 
disturbance carry the same amount of power. It does not mean that the noisy 
disturbance can be associated with a phase equal to the argument of v and 
that two noisy disturbances v1 and v2 interact in the same way as two harmonie 
waves v 1 and v2 • 
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The term function is used to emphasize that at different frequencies a noisy 
disturbance is represented by different A's. 

In what follows A will be considered to be the amplitude of a wave. At the 
frequency f this abstract wave, the noise wave, represents the flow of noise 
power. For that reasou the term noise-wave amplitude has been introduced 
above. Henceforth a noise wave will be represented by the corresponding 
amplitude function, its amplitude*). The non-negative real number A A+ is 
called the power of the noise wave **). 

The above formalism being adopted, the phase equation, eq. (2.2), should also 
apply to noise waves. Therefore, we assume that, when A(/1 ) and A(/2 ) are the 
amplitudes of the same noise wave at two different positions /1 and 12 in a line, 
the equation 

(2.21) 

is valid. This assumption does not violate any one of the above definitions and 
equations. In particular, by virtue of eqs (2.8) and (2.21), subsequent substi
tution of A(l2) and A(/1) into eq. (2.18) yields 

(2.22) 

At hoth places 11 and /2 the average powers contained in bf are the same as 
they should be in one line in a linear system. 

Furthermore, we assume that a noise wave incident upon a linear multiport 
is reflected, transmitted, and absorbed by it in the same way as a harmonie signal 
wave is scattered. In analogy to the concept of signal state we can speak of the 
noise state of an n-port. It is described by a set of 2n noise waves, two at each 
port; an incident and a reflected one. This assumption implies that the 2n noise 
waves are related by the same set of simultaneons linear equations with complex 
coefficients as holds for the harmonie signal waves which describe the signal 
state. That this assumption is justified will become clear in subsequent sections 
where it is shown not to lead to contradictions with respect to the laws of 
thermodynamics. 

When we compare the complex amplitude a of a harmonie signal wave and 
the amplitude function A of a noise wave, we see that both include the concept 
of a real effective amplitude, i.e. the magnitude and the norm, respectively. On 
the other hand, whereas a uniquely determines a phase, i.e. the argument, an 
equivalent quantity is not contained in A. Noise waves cannot be associated 
with definite phases. 

*) It should be kept in mind that, since noise-wave amplitudes or, briefly, noise waves 
depend on frequency, relations between them can exist only if they all refer to the same 
frequency. 

**) It has not the dimension of power but of power per unit bandwidth.lt is a power density. 
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2.1.5. Correlation of noise waves 

An important aspect of noise has not yet been considered. Two or more flows 
of noise power can be correlated. They may depend on each other. 

In a strictly formal manner one of two correlated noisy disturbances in bf 

can be thought to consist of two parts. At all times the amplitude distribution 
of one part equals that of the other noisy disturbance except for a complex 
factor which in general depends on frequency when a finite bandwidth is 
considered. The amplitude distribution of the other part has no relations 
whatsoever. The dependent part of a noise-power flow and the noisy disturbance 
it depends on are said to cohere in time, to be completely correlated. The other 
part does neither depend on the former part nor on the secoud disturbance. 
It is called independent or uncorrèlated. 

The format division of a correlated flow of noise power into a completely 
correlated and an uncorrelated part is arbitrary. That partienlar model suggests 
that part of a correlated noisy disturbancè originates from the same physical 
noise souree the other noisy disturbance is emanating from, while the other 
part, the uncorrelated portion, is emitted by a completely differ~nt wurce. This 
model is arbitrary of course. The division can bemadein a great many different 
ways. lf nothing is known about physical sources, as often is the case, no 
criterion exists to make such a division in agreement with wt.atever physical 
reality. For our purposes it would not be very interesting either. 

The argument of the complex factor which relates completely correlated noisy 
disturbances refers to the phase difference, or relative phase, of those disturb
ances. It can be thought to be caused by the difference in phase lengtbs of the 
covered transmission paths. 

When two or more noisy disturbances in bf are simultaneously present in 
the same line and travelling in the same direction, the power of the resultant 
disturbance need not simply be the sum of the powers of the constituent dis
turbances. In fact, that would be so when the constituent disturbances were 
mutually uncorrelated, and under very specific conditions only when they are 
correlated. When two correlated noisy disturbances propagate simultaneously 
along the same line, the resultant power is affected by interference ofthe coherent 
parts. The interf erenee can be destructive, resulting in a power which is less than 
the sum, or constructive, causing a larger resultant power. Whether the 
interference is destructive or constructive depends on the relative phases of 
the coherent parts *). 

*) This discussion reflects the fact that two synchronous sourees which radiate into the same 
region of space are coupled by means of their radiation fields. Depending on the relative 
phase, that coupling forces the sourees to radiate less or more power than would be the case 
when they were solitary. We need not consicter these radiation-field probieros in detail. 
As will beeome clear, the formalism of waves, introduced above, and of noise-wave 
sources, to be introduced in the next section, is consistent with these phenomena and, in 
fact, takes care of them by means of interference calculations. At least this is truc as long 
as we are interested in flows of power only. 
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From the above discussion it will be clear that, to cover interference effects, 
further restrictions must be put on the bandwidth of over which the formalism 
can be applied. The bandwidth of must be so small that the relative phases of 
completely corrdated disturbances or parts of disturbances are the same or 
nearly the same for all frequencies in of The interference effects are then the 
same also for all frequencies. A further discussion of the conditions for ofwill 
be given in secs 2.2.2 and 2.4.6. 

Let A and B be two simultaneons noise waves at a frequency f We define 
the resultant noise wave W as the sum of A and B, i.e. 

W=A+ B. (2.23) 

When A and B are uncorrelated, the resultant power oPw contained in of is 
equal to the sum of the powers oPA and oP8 of the two independent noisy 
disturbances contained in of Hence, by virtue of eq. (2.18), we have 

WW+=AA++BB+. (2.24) 

On the other hand evaluation of WW+ from eq. (2.23) yields 

WW+ AA++BB++AB++BA+. (2.25) 

Camparing these two results for WW+, we find that for uncorrelated noise 
waves A and B the equation 

AB++ BA+ =0 (2.26) 

must apply. However, as will be seen below, this equation is not yet sufficient 
to define non-correlation of A and B, since under special conditions it · also 
applies to correlated noise waves A and B. We rather define two noise waves A 
and B to be uncorrelated if the inner product A B + and, hence, the complex 
conjugate product BA+ are equal to zero, i.e. 

AB+= BA+ 0. (2.27) 

Two uncorrelated noise waves are orthogonal, and vice versa. 
When A and B are correlated, eq. (2.26) does not apply in general. Let A 

consist of two parts A' and A", i.e. 

A" 
' 

(2.28) 

such that A' is completely correlated with B, and A" not at alL We assume that 
A' can be written in the form 

A' DB, (2.29) 

where D is a complex number. Since A" is uncorrelated with and, hence, 
orthogonal to B, it is so with respect to A'. From these observations we obtain 
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AB+=(A'+A")B+ DBB+. (2.30) 

In order to specify AB+ in more detail we now proceed as follows. The 
power of A is equal to the sum of the powers of A' and A", i.e. 

AA+= (A' A")(A'+ +A"+)= AA++ A"A"+. (2.31) 

The terms on the right-hand si de can be written as fractions of A A+, i.e. 

A'A'+ = CC*AA+, 

A" A"+ = (1- CC*) A A+ 

with, since both these powers are non-negative, 

0 ~CC*~ 1. 

From eqs (2.29) and (2.32) we obtain *) 

A' A'+ CC* A A+= DD*B B+. 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

The argument of C, which has not yet been given a fixed meaning, can still 
be chosen freely. We define it to be equal to that of D, i.e. 

arg ( C) , arg (D). 

From eq. (2.35) wethen obtain 

C = D (BB+ /A A+) 112 • 

Elimination of D from eqs (2.30) and (2.37) yields 

C A B+j(A A+. B B+)112 • 

The argumentsof C, D, and AB+ are thus identical toeach other. 

(2.36) 

(2.37) 

(2.38) 

Conversely, if B is split up into two parts B' and B", where B' is completely 
correlated with A, and B" is not, it is easy to show that the equations 

B'B'+ CC*B B+ (2.39) 
and 

B"B"+ = (1- CC*) BB+ (2.40) 
hold. 

The complex number C will be called correlation factor 10). Together with 
A B + it can be interpreted as follows. The arguments of these quantities can be 
described as the relative phase of the completely correlated parts. The modulus 
of AB+ relative to the square root of the product of A A+ and BB+ is equal 
to that of C. This relative magnitude of A B + refers to that part of one of 

'") It should be noted that, although it seems plausible in analogy with eq. (2.29), it is not 
permitted to write A' = CA. This equation would imply that A' is completely correlated 
with A which is not the case. 
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two noise waves A and 8, which is completely correlated with the other noise 
wave. 

From eqs (2.33) and (2.40) it is clear that A and B are completely correlated 
when CC* is equal to unity, that is when 

(2.41) 

is satisfied. This can be so only if A and B are collinear, i.e. 

A=DB. (2.42) 

Substitution of eq. (2.38) in eq. (2.25) yields 

WW+= AA++ BB++ (C + C*)(AA+. B B+) 1i 2 • (2.43) 

The resultant power depends not only on the magnitude of C, but also strongly 
on its argument. The relative phase of the completely correlated parts of A 
and B plays its important role through interference. If that relative phase is 
equal to ni2, the last term on the right-hand side of eq. (2.43) is equal to 
zero. That equation then reduces to eq. (2.24), which in this special case holds 
also for correlated noise waves. It will therefore now be clear that, above, 
eq. (2.26) could nothave been used for defining the inner product of correlated 
noise waves, but that recourse had to be taken to eq. (2.27). 

2.1.6. Noise-wave sourees 

Any noisy I-port radiates noise power into the line it is connected to. Further 
along that line part of the power, or even the total power, can be reflected. 
When the 1-port is not matched to the line, the reftected power is thereupon 
again reftected, partly or completely, by the 1-port, and so on. Multiple reftec
tions may occur. 

The net primary noise power emitted by the I-port is called the primary noise 
power of the I-port. It can be defined more precisely as the net noise power 
injected by the l-port into an infinitely long, or reflectionlessly terminated, line 
which is at absolute zero temperature. 

The condition of absolute zero temperature is imposed to exclude noise 
power radiated by the line and its termination. Despite the conditions on tem
pcrature and matching of line and termination, the adjective "net" is included 
in the definition to avoid such questions as whether the zero-point energy of 
the combination of I-port and line must be considered as ftowing back and forth 
between I-port and line or not. In fact, in the present treatise zero-point energy 
will not be considered. 

The signal performance of a I-port is determined at a reference plane in the 
line connected to the 1-port. The position of the reference plane is rather 
arbitrary. If the scattering-matrix signal representation is used to describe 
multiports, the signal performance of a I-port is uniquely determined by a 
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Fig. 1. Noisy 1-port. The emitted noise can be represented by a noise-wave source. The 1-port 
and the noise-wave souree can be considered separately. 

reflection coefficient (! at the reference plane. This quantity depends not only 
on the properties of the I-port itself but a1so on the wave impedance of the 
line (cf. sec. 2.1.2) and on the position of the reference p1ane. 

At any frequency the primary flow of noise power can be represented by a 
noise wave: the primary noise wave. We now define a noise-wave souree *) 
as the souree which emits the primary noise wave into the line. This souree is 
located at the reference plane. It will be represented by the amplitude of the 
primary noise wave. 

A forma1 separation of signal and noise properties of noisy 1-ports can now 
be achieved. A noisy I-port can be considered as consisting of an equivalent 
noise1ess I-port with the same reflection coefficient and of a noise-wave souree 
at the reference p1ane. This is illustrated in fig. I where a symbol for the noise
wave souree is used as introduced by Bauer and Rothe 31

). Such a formal 
separation of signal performance and noise properties is well known in noise 
literature 32

-
34

). It affords the possibility to evaluate separately the signal state 
of, and the noise-power exchange in, a linear system. 

2.2. Noise-wave equations 

2.2.1. Two 1-ports connected by a lossless line 

Within a smalt band ~/exchange of noise power between two I-ports con
nected to the two ends of a lossless 1ine of finite length can be calculated by 
means of algebraic equations. In fig. 2 a sketch of the contiguration is given. 

Fig. 2. Two passive 1-ports connected by a line of finite length. When the bandwidth is small, 
noise-wave equations can be formulated. 

*) The concept of noise-wave souree is related to the concept of equivalent wave souree 
(Ersatzwellenquelle), which has been introduced by Butterweck 30) when formulating 
Thévenin's theorem in terms of the scattercd-wave formalism. 
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At their respective reference planes the 1-ports are described by reflection 
coefficients lh and fh and ooise-wave sourees X1 and X2 • We assume the noise 
of the 1-ports to be mutually independent. Hence, due to eq. (2.27) we have 

(2.44) 

Let A1 and A2 be the noise waves which are incident from the line upon the 
reference planes and 81 and 82 the noise waves which at the reference planes 
propagate into the line. lf Lis the length of the line, by virtue of eq. (2.21), the 
phase re1ations 

(2.45) 
and 

(2.46) 
are valid. 

At the reference planes, we can formulate the relations 

81 = xl +(hAl (2.47) 
and 

(2.48) 

These equations will be called the ooise-wave equations of the configuration. 
The noise waves A1 and 8 1 or A2 and 82 - can be considered as the un
knowns. Substitution of eqs (2.45) and (2.46) yie1ds 

-e1A1 81 xl> 
A1 122 exp (i 2/3L) 81 exp (if3L) X2 • 

If the condition 

(2.49) 

(2.50) 

(2.51) 

is satisfied, A1 and 8 1 can be solved in termsof X1 and X2 • When this condition 
is not fulfilled, the systern is resonant at the frequency j. Apart frorn the flow 
of noise power a harrnonic-signal state with an arbitrary amplitude can then 
exist. When only power is rneasured over of, the harmonie signal cannot be 
distinguished frorn the noise. Hence, in this "resonant" case the noise-wave 
solution is not unique. In practice, however, the addition of a srnall arnount of 
attenuation in the line for instanee - rernoves the singularity so that this 
case rnay be ignored. 

The solutions for A1 and 8 1 are given by 

exp (if3L) X2 + e2 exp (i 2/3L) X1 
At=------------

1- e1e2 exp (i 2f3L) 
(2.52) 

and 

(2.53) 
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By virtue of eqs (2.18) and (2.44), the noise powers transmitted through the 
line respective1y to the left and to the right and contained in of are found to be 

and 

(XzXz + + ezez * X1X1 +)of 
A1A1 +of= (2.54) 

{I e1ez exp (i 2PL)}{l e1*ez* exp (-i 2PL)} 

(Xlxl + +- e1e1 * xzxz +)of 
--------------. (2.55) 
{1- e1ez exp (i 2PL)}{1- (] 1 *ez* exp (-i 2PL)} 

Since the primary amounts of noise power which are emitted into the line by 
the 1-ports are respectively x 1 xl +of and x2x 2 + oj, the portion of the primary 
power of the first I-port, which is dissipated in the second, is given by 

(1- (!z(]z*) x1xl + of 
OPzt =-----------------------

{1 - (]t(]z exp (i 2PL)}{l (]1 *ez * exp 2PL)} 
(2.56) 

The denominator of the quotient expresses the magnification of the primary 
power by multiple reflections. The numerator represents that part of the 
magnified power which is absorbed in the secoud I-port. The remainder of the 
primary power emitted by the first 1-port is absorbed again in that I-port. This 
portion is given by 

The distribution of the primary power of the secoud I-port over the two 1-ports 
can be evaluated analogously. The same result can be obtained by exchange of 
the subscripts l and 2 in the preceding equations. 

It should be noted that the power-magnification factor 

[{1- (!1(]2 exp (i2j3L)}{l- (]1 *ez* exp (-i2PL)}]- 1 

is symmetrical in the subscripts I and 2. Hence, the magnification is the same 
for the two primary powers. 

The results of the present section are also valid for reflection coefficients with 
lel > I. It signifies that the formalism can also be applied to I-port amplifiers, 
such as negative-resistance devices. 

2.2.2. Bandwidth condition 

In order that eqs (2.45) and (2.46) hold over IJj, it is necessary that the con
dition 

LIJP« 2n (2.58) 

is satisfied, where oj3 is the increase of P over IJf Since the effects of multiple 
reflections have been considered implicitly above, a still better condition 
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would be 

vL b{J « 2n, (2.59) 

where v is the number of significant subsequent reflections. In sec. 2.4.6 the 
meaning of v is illustrated with an example. lt is also shown there how v can 
be estimated. lt now suffices to observe that v strongly depends on the magni
tude of e1 and e2 • This can be seen from the results of the previous section. 
Varia ti ons of fJ over bf make themselves manifest only through the magnifica
tion factor. The effect of varia ti ons of fJ is the stronger the larger the magnitude 
of the product e1e2 • On the other hand, multiple reflections persist longer, 
that is v is larger, when the magnitude of e1e2 is larger. 

lf bf is small, b{J is given by 

(2.60) 

where v0 is the group velocity in the line at the frequency f Hence, eq. (2.59) 
can be written in the form 

bf « lfvr, (2.61) 

where the transit time r is given by 

(2.62) 

Beyond the reference plane a I-port may contain one or more long sections 
of line. If the above restrietion for fJj includes internal transit times, too, this 
does not alter the formalism since internal delays are then accounted for. To 
state it more precisely, the bandwidth fJjmust be chosen very small with respect 
to the inverse of the longest total transit time of the complete system, the 
number of significant subsequent multiple reflections being included. Through
out the present tr.eatise öf will be assumed to have been chosen in accordance 
with this condition. 

2.2.3. Two l-ports connected directly 

In practice the elements of a system are often connected toeach other without 
the intervention of lines. In the limit of a vanishingly short line the two reference 
planes are identical and so are the noise waves A1 and 8 2 and the noise waves 8 1 

and A2 • In fig. 3 this has been illustrated. The identical waves are denoted by 

I +-Al 

r, x1+ +xz ,a-- 1 

Fig. 3. Two passive 1-ports, at temperatures T1 and T2 , connected directly. 
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respectively A and B. In the contiguration of sec. 2.2.1 the line can also be 
thought to form an integral part of one of the two 1-ports. If, for example, the 
line belongs to the secoud 1-port, the reileetion coefficient and the noise-wave 
souree of that I-port are fh exp (i 2{JL) and exp (i{JL) X2 , respectively. 

For the vanishingly short line the noise-wave equations can be derived from 
eqs (2.49) and (2.50) for L tending to zero. They can also be formulated at 
once with the help of fig. 3. In either way, we have 

(2.63) 

and 
(2.64) 

All relevant quantities can be evaluated from the corresponding results of 
sec. 2.2.1 for L tending to zero or, alternatively, directly from the solution of 
the above equations. For uncorrelated noise-wave sourees X1 and X2 the powers 
of the noise waves A and B are found to be respectively given by 

and 

BB+ 

The product A B +, given by 

xlxl + + elth *XzXz + 

(1- e1ez) (1-- !?1*e2*) 

(2.65) 

(2.66) 

(2.67) 

expresses the correlation of A and 8. Only in the case of both e1 and ~;> 2 being 
equal to zero, is the cross-product equal to zero and are the noise waves un
correlated. Indeed, then, A and B have no souree in common. 

Henceforth, we will use the direct metbod to formulate noise-wave equations 
which are valid at the common reference planes at the interconnections of 
system components. 

2.3. Thermal noise 

2.3.1. Consequences of the laws of thermodynamics 

A 1-port is called passive if the power reftected - or re-radiated by it is 
not larger than the power incident upon it and if it does not radiate harmonic
signal power spontaneously. The reflection coefficient e of a passive I-port must 
satisfy the condition 

ee* ~ I. (2.68) 

lf the equality symbol appiies, the I-port reflects all incident power. Then it is 
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lossless and called reactive *).In all other cases the incident power is absorbed 
partly or completely. The I-port is then lossy and called dissipative. Those 
I-ports which do not satisfy eq. (2.68) reflect more power than is incident upon 
them. They are called active. In order that the first law of thermodynamics be 
not violated, active 1-ports must contain power sources. Two types of active 
1-ports can be distinguished. The power sourees are either spontaneons 
(generators) or they react tostimulation only (amplifiers). The latter type, which 
we shall mostly be concerned with, is characterized by a reflection coefficient e 
with a magnitude 1arger than unity, i.e. lel > 1. The reflection coefficient of 
a spontaneously active I-port has an absolute value which may or may not 
satisfy eq. (2.68). It is characterized by the fact that it can be represented by a 
I-port with a signal-wave souree at its terminals. Apart from its use as a signal 
souree we will not be interested in that type of active I-ports. 

Let us consider a passive system which is in temperature equilibrium. By a 
passive system we understand a system that consists of passive components 
only. In such a system any dissipative component thermally radiates noise 
power towards the other components. On the other hand, it absorbs noise 
power which emanates from those other components. The second law of 
thermodynamics requires that, if the system is in temperature equilibrium, for 
each component the net absorbed power be equal to the net radiated power. 
Since we are interested only in linear systems and do not consider frequency
converting components, the principle of detailed balancing can be applied over 
any band of This principle states that the exchange of noise power in a system 
which is in equilibrium must be balanced at every possible mechanism of power 
transmission **). Hence the above balance of radiated and absorbed powers 
applies over any band of Thus, if the two I-ports of the previous chapter are 
dissipative and at the same temperature, the equation 

(jp12 = (jp21 (2.69) 

must be valid. Since for any dissipative I-port the quantity (1 ee*) is posi-
tive, by virtue of eq. (2.56) and its cyclic version, this results in 

X2 Xz+ 

ezez* 
(2.70) 

This equation applies to any combination of two arbitrary dissipative 1-ports 
at the same temperature. Hence, for dissipative 1-ports at uniform temperatures 
the ratio X X+ /(1- ee*) does not depend on the signai-performance prop
erties. The ratio can depend ouly on temperature and frequency. Therefore, 

*) In a reactive element energy can be stored. In a stationary system, however, averaged 
stored energy does not vary. 

**)As wiJlbeseen below (see sec. 2.6. 7) this does not necessarily imply that there is a balance 
of radiation in each line of a multiport system. 
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we introduce a function F (T,f) in such a way that the ooise-wave-souree 
power of any dissipative I-port at the uniform absolute temperature T can 
be written in the form 

X X+ = F (T,f) (1 - ee*). (2.7I) 

The function F (T,f) will be called the noise-intensity function. It is a function 
of temperature and frequency only. 

A passive reactive I-port reflects all power incident upon it. It does not 
absorb power. Hence, by virtue of eq. (2.69), it cannot radiate power either and 
its noise-wave souree is identically zero. Thus, both the quantities X X+ and 
(I- ee*) are equal to zero. Both sides of eq. (2.71) are zero so that, formally, 
that equation can be thought to apply also to passive reactive I-ports. 

A further consequence of the second law of thermodynamics is the fact that 
the net flow ofthermalnoise powerfroma warmer I-port towards a colder one is 
larger than the opposite net flow. Let T1 and T2 be the respective absolute 
temperatures of the two I-ports. If the inequality 

applies, the inequality 

and, which is the same, the inequality 

X1 X1 + X2 X2 + 
--------< -------
I- e1e1* I- ezez* 

(2.72) 

(2.73) 

(2.74) 

are valid. The latter implies that F (T,f) is a monotonically increasing function 
of temperature. 

The way primary flows of noise power and noise-wave sourees have been 
defined (sec. 2.1.6) implies that, if a passive I-port is at zero absolute temper
ature, the power ofits noise-wave souree is equal to zero. By virtue of eq. (2.7I), 
this leads to 

F(O,f) = 0. (2.75) 

In a strictly formal manoer eq. (2.7I) can also be generalized for 1-port 
amplifiers. These active I-ports are characterized by 

(1- ee*) < o. (2.76) 

Since the power of noise-wave sourees is inherently non-negative, in order that 
eq. (2.7I) be formally valid, for I-port amplifiers the noise-intensity function 
must be non-positive. We now assume F (T,f) to exist also for negative values 
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of T *). To preserve the monotonic character and to maintain the validity of 
eq. (2.75), F(T,f) must attain negative values in that region of T. Now, a 
negative temperature can be attributed to a noisy 1-port amplifier, viz. that 
negative value of T **) for which F (T,f) has the appropriate negative 
value. This negative temperature will be called the characteristic noise tem
perature ***) of the amplifier. 

The concept of characteristic noise temperature can be generalized. A dissi
pative passive 1-port may nothave a uniform temperature. Moreover, an arbi
trary 1-port may emit noise power which is not uniquely due tothermal causes. 
Anyhow, whatever the frequency f, the noise of a 1-port can be characterized 
by a noise-wave souree X. Since negative power does not exist, X X+ is always 
non-negative. The ratio of X X+ to (1 - ee*), having the sign of the latter 
quantity, determines the value the noise-intensity function has for the particular 
1-port. The value of T at which this function attains that value is called the 
characteristic noise temperature of the 1-port at the frequency f 

2.3.2. Thermal noise in a long lossless fine 

To derive the noise-intensity function we consider the noise waves in a long 
section of lossless line, which is incorporated in a closed passive system in 
temperature equilibrium. Through such a line noise energy is transported in 
both directions. The two noise waves, that is the radiation field, in the line 
must be in equilibrium with the radiation field in the remainder of the system. 
Hence the powers of the noise waves are governed by the temperature of the 
system. For evaluation of these powers Nyquist's argument 11

) is used in a 
form which is generalized to include dispersive lines. 

When at a certain moment of time the line is disconnected at both ends from 
the system, e.g. by short-circuiting, an amount of energy is trapped in the line. 
In order that this energy be given by the two noise waves in accordance with 
eq. (2.18) many resonance frequencies of the short-circuited line must be con
tained in /Jf Therefore, the travel time of the line must be long as compared 
with the inverse of the bandwidth and with the inverse of the frequency, i.e. 

*) Although we have not yet derived F(T,f), which will be done in sec. 2.3.3, we now 
suppose that F(T,f) is an analytic function for positive values of T which can be 
continued for negative values. 

**) If, for negative values of T, the analytic continuation of F(T,f) is supposed to apply, 
it can be shown 35 •36) that the negative temperature derived from it for anideal maser
type amplifier is equal to the negative temperature which is a measure ofthe population 
inversion of the significant energy levels. We consider a maser-type amplifier to beideal 
if its noise is caused only by the spontaneous transitions from the higher towards the 
lower energy level, and not by thermal radiation of dissipative parts of the circuitry. 

***) It is notcalled equivalent or effective noise temperature, because in literature on noise 
theories 37) these narnes are generally used for other noise-characterizing quantities 
with temperature dimension. Besides, as wil! become clear below, further good reasons 
exist to make use of the adjective characteristic. 
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the conditions 

• » 1/of (2.77) 
and 

• » 1/f (2.78) 

must be fulfilled. It should be noted that the former condition is quite contrary 
to the requirement of eq. (2.61) which applies to considerations in which relative 
phases are significant. When the above conditions are satisfied, the trapped 
radiation field is in temperature equilibrium itself. Then the powers of the two 
opposite noise waves are equally large, for, if they were not, on the average 
more power would flow in one direction than in the other and that would 
contradiet the self-equilibrium of the trapped radiation. Thus, if A and B are 
the two noise waves, the equation 

A A+= BB+ 

is valid. The trapped energy oE contained in of is given by 

oE=2TAA+of 

(2.79) 

(2.80) 

The line short-circuited at both ends has several modes of oscillation and 
corresponding natural frequencies. It is well known that each frequency com
ponent of such a closed radiation field has two degrees of freedom. Conse
quently, if the number of natural frequencies is large, in accordance with 
Planck's formula every frequency component has an average energy content 
as given by *) 

E; = hf{exp (hf/kT)-1}-1, (2.81) 

where hand k are, Planck's and Boltzmann's constants, respectively. Let f 1 be 
the first natural frequency in of and f 2 the first one beyoud it. Let further {31 

and {32 be the corresponding propagation constauts of the line. The number n1 

of nodes at f 1 , including the nodes at the short-circuited ends, is given by 

(2.82) 

At f 2 the number of nodes n2 is given by 

n2 = 1 + L{32 /n. (2.83) 

The number on of natural frequencies contained in of is found to be 

(2.84) 

Provided that of is small, the group velocity of the line is expressed by 

*) The average energy E; should be augmented with an additional term t hf for the zero
point energy but, as stated in sec. 2.1.6, we wil! ignore this in the present treatise. 
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(2.85) 

By virtue of eq. (2.62), substitution of vg in eq. (2.84) yields 

on= 2rof, (2.86) 

so that in conjunction with eq. (2.77) there are a large number of modes of 
oscillation. The trapped energy is found to be given by 

oE 2rhfof{exp(hflkT) 1}-1
• (2.87) 

Eq uating the results of eqs (2.80) and (2.87) yields for the powers of the two 
noise waves 

A A+ BB+= hf{exp (hf/kT) 1}-1
• (2.88) 

Concluding, we can formulate the following statement. In lossless lines, which 
are long with respect to the wavelengtbs considered and which are incorporated 
in passive systems in temperature equilibrium, two opposite noise waves exist, 
the powers of which are equal and given by Planck's formula. 

2.3.3. The noise-intensity function 

Let one end of the long line, considered in the previous section, be terminated 
by a passive I-port. Let further the I-port beat the uniform temperature Tand 
have a reflection coefficient e (fig. 4). The noise waves A and B, travelling respec
tively towards and from the 1-port, satisfy eq. (2.88). We assume the noise-wave 
souree X of the 1-port to be uncorrelated with A At the reference plane the 
noise-wave equation 

B =X+ eA (2.89) 

can be formulated. Evaluation of the power of B and substitution of eq. (2.88) 
yield 

x x+ (1 ee*) hf { exp (hf/kT) 1} - 1 • (2.90) 

-A / 
T I 

Fig. 4. Passive 1-port at a temperature T connected to an infinitely long line. 
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Comparison with eq. (2.71) shows that the noise-intensity function is given 
by *) 

F(T,f) hf {exp (hf/kT) 1 (2.91) 

When the frequency is relatively low andfor the temperature relatively high, 
that is when the condition 

hf «kT (2.92) 

applies, F (T,f) is given approximately by 

F(T,f) =kT. (2.93) 

In this case, which occurs very often in practice, the powers of noise-wave 
sourees do not depend on frequency and one speaks of white noise. In the 
following we shall mostly consider this case only. Insteadof eq. (2.90) we can 
then write 

XX+ kT(l- ee*). (2.94) 

In the configuration of sec. 2.2.3, where two 1-ports are interconnected direct
ly (cf. fig. 3), let the temperatures of the 1-ports be T1 and T2 , respectively. By 
virtue of eqs (2.65) and (2.66), the noise power emanating from the first I-port 
and dissipated in the second is readily evaluated. We find 

(2.95) 

The opposite flow of noise power oP 12 is found by exchange of the subscripts 1 
and 2. lt is readi1y seen that, if the temperatures are equal, T 1 = T2 , these 
exchanged powers are equal, as they should be. The net flow of noise power 
from the left towards the right (see fig. 3) is given by 

···------e-2 e_z *_) k (T - T ). (2.96). 
* *) 1 2 e1 e2 

It is proportional to the temperature difference. 
In the more general case, where eq. (2.91) applies, the net power exchange 

is given by 

*) The noise-intensity function as given by eq. (2.91) is discontinuous at T 0 making a 
jump of hf Nevertheless we suppose eq. (2.91) to be valid also for negative values of T. 
The discontinuity reflects the fact that extremely small, bath posîtive and negatîve, values 
of T are umealîstic. An extremely small negative value of T means an explosion of activity. 
In the approximation of eq. (2.93) the dîscontinuity does not occur, but it should be 
realîzed that eq. (2.93) is not valid for small T. 
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(BB+ 

(1 !he2) (1- e/''e2 *) 2 sinh ( 
2 
;~1 ) sinh ( 

2 
~T2 ) 

(2.97) 

Since the hyperbolic sine is an odd function, the net flow of noise power is 
from the hotter towards the colder I-port. This is in agreement with the second 
law ofthermodynamics (cf. sec. 2.3.1). 

All observations made thus far still apply formally when one of the temper
atures (say T2) is negative and the modulus of the corresponding reflection 
coefficient (say e2) is greater than unity. Both the eqs (2.96) and (2.97) then 
yield negative results. Hence, the net flow of power is from the second towards 
the first I-port. This cao be understood from the fact that the power emitted 
by the first I-port is amplified and reflected by the second. The result expresses 
the point of view that a system with a formally negative temperature can be 
considered to be hotter than hot 38). 

2.4. Finite bandwidth 

2.4.1. Power over finite bandwidths 

Thus far we have investigated noise-power exchange in linear systems as it is 
contained in small bandwidths óf In seç. 2.2.2 a condition for ój has been 
formulated such that the interference effects of correlated noisy disturbances 
are the same for all frequencies in óf As a result these effects can be accounted 
for collectively by means of algebraic noise-wave equations. However, in prac
tice one is often interested in noise-power exchange which occurs over a larger 
b;:mdwidth. Then, in genera!, the condition of sec. 2.2.2 is not satisfied. There
fore, as an interlude, in the present section we will investigate how the flow of 
noise power over a finite bandwidth can be calculated. This investigation will 
lead to the formulation of conditions by which some interesting cases can be 
distinguished. 

Let iJj be the finite bandwidth of interest. Many practical systems contain 
such large delays that the phase lags at different frequencies in iJj cannot be 
considered equally large any more. In such systems interference effects at 
different frequencies cannot be evaluated collectively. Hence the formalism 
developed in the preceding sections cannot be applied. The complete band
width iJj can, however, be subdivided into a large number of small band
widths óf over which the formalism can be used. The complete noise power 
contained in iJj is equal to the sum of the powers contained in the oj's. 

In sec. 2.1.4 a noise wave A has been defined so that the power of that part 
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of a noisy disturbance which is contained in bjis given by the expression AA+ of. 
Let the power contained in .djbe denoted by PA(.df). If/t and/2 are the end 
frequencies of .dj, we can write down the equation 

fz 

PA(.df) = f AA+dj. (2.98) 

ft 

Let a noisy disturbance contained in .dj consist of two parts. Let the cone
sponding noise wave in the small sub-bandwidth of be Wand the noise waves 
which correspond to the two parts be A and B. From eqs (2.25) and (2.43) we 
then have, by virtue of eq. (2.37), 

WW+ =AA+ BB+ +AB+ +BA+ 
=AA+ + BB+ + (C + C*) (AA+ · BB+)t;z 

AA+ + BB+ + (D + D*) BB+. (2.99) 

Integrating eq. (2.99) over .dj, we obtain for the power Pw(.df) contained in 
.dfthe equation 

where 
fz fz 

PA,a(.df) = j AB+dj + j BA+dj 

ft ft 

fz 

j (C + C*) (AA+· BB+)ti2df= 

ft 

fz 

= j (D + D*) BB+dj. 

f1 

(2.100) 

(2.101) 

Due to eq. (2.14) the integrands of the two integrals in the second member are 
complex conjugate so that PA,8(.d/) is real, as it should be. If we introduce 
coefficients c and d by 

fz fz fz 
112 

c f c (AA+. BB+)ti2df I [ f AA+dj· f BB+dj J (2.102) 

ft ft ft 
and 

fz fz 

d = f D BB+dj I f BB+dj, (2.103) 

ft ft 
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respectively, we obtain from eq. (2.101) the equations 

PA,s(LJJ) (c c*) [PiiJJ) P8(LJJ)] 112 

(d d*) P8(LJJ). (2.104) 

From eqs (2.102), (2.103), and (2.37) we readily see that c and d are related by 

(2.105) 

When PA,a(LJJ) is zero, the power of the complete noisy disturbance is equal 
to the sum of the powers of the parts: 

(2.106) 

In special situations this is so, when c and d are imaginary. The noise waves A 
and B can then be considered to be on the average over LJJ in "phase quadra
ture". The parts of the noisy disturbance cannot then be considered uncorrelat
ed, because one can imagine that by shifting the average phase of one of them 
by n/2, eq. (2.106) does not apply any more. 

The cases, where 
c d=O (2.107) 

applies, are more general and more important. They occur among others, when 
C = 0 or, what is the same, when D = 0. Moreover, when (C + C*) and, 
hence, (D D*) are strongly oscillating functions of frequency or, in other 
words, when the arguments of C and D vary rapidly over LIJ, c and d tend to 
zero. In all cases where eq. (2.107) applies, we will consider the parts of the 
noisy disturbance uncorrelated over LJf 

Two noisy disturbances can thus be called uncorrelated over LIJ notwith
standing the fact that the corresponding noise waves may be correlated. 
Physically, this means that over LJJthe interference ofthe noise waves osdllates 
between constructive and destructive characteristics in such a manner that on 
the average the resultant power is simply the sum of the constituent powers 
( cf. footnote next section). This is in particular the case when the nature of the 
interference varies rapidly over LJJ and independently of the magnitude of Llf 
Although two noisy disturbances can have much internal relation they may 
be correlated over small bands of frequency bJ , it need not be apparent 
over larger bands LJJ over which the correlation then cancels to zero. Indeed, 
to know correlation in detail a coarse power measurement over a wide band LIJ 
is not sufficient, but more refined measurements over narrow bands bJ are 
required. 

When one is not satisfied by a mere spot-noise theory as described in prece
ding sections, all significant results of that theory which are stated in terms of 
power must be integrated with respect to frequency. In general the integrands 
are functions of frequency. For two 1-ports connected to each other this is 
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easy to see from eqs (2.65) and (2.66). In most such cases the reflection coeffi
cients (h and 1]2 depend on frequency. Moreover, if the 1-ports are not at a 
uniform temperature or if they are not passive, even the powers X1X1 + and 
x2x2 + of the noise-wave sourees are likely to be functions of frequency. 

The inlegration over LIJ may be a quite cumhersome procedure. In certain 
important cases, however, the integration will turn out to be simple. Before 
we proceed to distinguish those simple cases, we will first investigate whether 
transmission of noise power over finite bands of frequency can be described 
by a kind of noise waves. 

2.4.2. Equivalent noise waves 

In sec. 2.1.4 a noisy disturbance contained in bJ has been represented by an 
element A of a Hilbert space. We will now ask the question whether noisy 
disturbances contained in LIJ can analogously be represented by elements of a 
further Hilbert space. 

Let be given a Hilbert space of elements a and the dual space of elements a+. 
Let an element a be subjoined toa noisy disturbance in Lij; with noise wave A, 
in such a manner that aa+ is equal to the power PiLlf). From eq. (2.98) we 
then have 

!2 

aa;- = PiLlf) = J M+dj. (2.108) 

fl 

In analogy to two uncorrelated noise waves A and B which in sec. 2.1.5 have 
been defined orthogonal (cf. eq. (2.27)), two uncorrelated noisy disturbances a 
and b should be orthogonal, i.e. 

ab+ = a+b = 0. 

Let a noisy disturbance w consist of two parts a and b, i.e. 

w =a+ b. 

The power of w is then given by 

ww+ =(a b) (a+ b)+ = aa+ + bb;- + ab+ -T- ba+. 

(2.109) 

(2.110) 

(2.111) 

When the two parts a and b are uncorrelated, application of eq. (2.109) gives 
the required result that the complete power is the sum of the constituent powers 
(cf. eq. (2.106)). When the two parts a and bare correlated, in analogy to eq. 
(2.28) we suppose that one of them, say a, consists of two parts a' and a"; i.e. 

a a'+ a". (2.112) 

It is further assumed that one of these parts, say a', is completely correlated 
with b and can be written in the form 
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a'= d'b, (2.113) 

where d' is an, as yet undetermined, complex coefficient. The other part a" is 
considered to he uncorrelated with both a' and b. Substitution of eqs (2.112) 
and (2.113) in eq. (2.111) gives 

ww+ (a" a"+ + d'd'* bb+) bb+ + (d' + d'*) bb+ = 
= aa+ + bb+ + (d' d'*) bb+. (2.114) 

Camparing this result with eqs (2.100) and (2.104), we see that d' can he 
identified with the coefficient d as it has been defined by eq. (2.103). From 
eqs (2.112), (2.113), (2.103) and (2.30) we get, by virtue of this identity, for 
the product ab+ the equations 

!2 

d bb+ = f D BB+ dJ (2.115) 

/1 
Equation (2.1 05) now reads 

d (bb+) 112 (2.116) 

It is furthermore readily verified that the powers a'a'+ and a"a"+ of the 
correlated und uncorrelated parts a' and a" are respectively given by *) 

a' a'+ 

a" a"+ 

dd* bb+ cc* aa+, 

(1 - cc*) bb+. 

(2.117) 

(2.118) 

These expressions correspond to those given by eqs (2.32) and (2.33) for the 
powers of the parts A' and A" of the noise wave A. In the literature on phenom-

*) Although it seems logica!, a'a'+ and a"a"+ cannot be derived from an integration of 
A' A'+ and A" A"+. Equations such as 

12 
J CC* AA+ df 

fi 
or 

cc• = {
2 

CC* AA+ df/ p AA+ df 
fi /1 

are not valid. The latter would determine the square magnitude of c as the average of the 
square magnitude of C and that is not consistent with the definition of c as contained in 
eq. (2.102). In fact, equations of the above type determine an average correlation content. 
One might it call intrinsic correlation. However, we are not interested in an average content 
of correlation, but in the average effects of correlation on power transmission as caused 
by interference phenomena. These are more accurately described by equations as they are 
discussed in the text. To distinguish the latter type of overall correlation from intrinsic 
correlation, it could be called extrinsic correlation. 
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enological noise theory 10) the complex number c is called the correlation 
coefficient of the noisy disturbances a and b. 

Fr om the above discussion we may conclude that representing a noisy disturb
ance over Llf by an element a of a Hilbert space in such a manner that aa+ 

determines the power of the disturbance leads to a consistent formalism. The 
quantity a can be considered as the amplitude of a wave which transports the 
samepower as the noisy disturbance does on the average. We will call this wave 
the equivalent noise wave *). The quantity a, however, does not denote a noise 
wave in the sense as it has been introduced in sec. 2.1.4. Because different parts 
of an equivalent noise wave that are contained in different small bandwidths tij 
have different phase lags upon travelling the same length of line, the phase 
relation of eq. (2.21) does not now apply. In sec. 2.1.4 it has moreover been 
stated that the set of simultaneous linear algebraic equations, which describes 
the signal properties of a multiport, also relates the amplitudes of the noise 
waves at the ports of that multiport. Such equations are valid at a distinct 
frequency. An equivalent noise wave, however, can be thought to be smeared 
out over a band of frequencies. Hence signai-performance equations cannot be 
applied to equivalent noise waves. As a matter of fact, this is due to the same 
cause which forbids application of the phase relation. The only item of an 
equivalent noise wave a, which has physical interest, is the power expression aa+ 

as defined by the integral of eq. (2.1 08). 

2.4.3. Line length and bandwidth 

In preceding sections it has been stated that the noise powers contained in 
fairly large bands of frequencies Llf can be calculated from solutions of noise
wave equations. The results of spot-noise theory must then be integrated with 
respect to the frequency. In two extreme, but practically important, cases, of 
which one is in essence the spot-noise situation, the integration turns out to be 
simple. lt can then be omitted. In the present section the extreme cases will be 
investigated for a particular configuration. The conditions pertinent to them 
will be formulated. 

Let us consider once more the system of two 1-ports which are connected 
to a section of line of finite length (see fig. 2). In sec. 2.2.1 for the two opposite 
noise waves A1 and 81 , eqs (2.54) and (2.55) have been derived for the respective 
noise-wave powers A1A1 + and 8181 +. Ifthe reflection coefficients (hand e2 are 
written in the form 

e1 = R1 exp (i cpJ, j =I, 2, (2.119) 

*) The nornendature has been adopted frorn convention. In conventional noise theories, e.g. 
ee• represents the squared effective e.rn.f. of an equivalent noise voltage source. That 
souree would cause the same distribution of power as on the average and in the bandwidth 
Af the actual noisy disturbance does. In our notatien such a squared effective e.rn.f. is 
denoted by ee+. 
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for the noise-wave powers we can write down 

(2.120) 
and 

(2.121) 
with 

D(R,cp) (2.122) 

To obtain the powers a 1a 1 + and b1b1 +of the corresponding equivalent noise 
waves the noise-wave powers A1A1 + and B1B1 + must be integrated over ;Jf 

Since we are interested only in underlying principles, and not in specific 
solutions, we will now make some simplifying assumptions. First, we assume 
that the internat transit times of the 1-ports are very short. Inherent lengths of 
actuall-ports can be thought to be incorporated in the line. Secondly, we assume 
that neither the refiection coefficients (h and (h nor the noise-wave-source 
powers X1X1 + and X2 X2 + vary with the frequency over LIJ When the I-port 
characteristics depend on the frequency, the total bandwidth can often be 
divided into sub-bandwidths over which the latter assumption is approximately 
valid. 

These assumptions having been made, the only frequency-dependent element 
in the above equations is the propagation constant {J. Hence, on integration of 
eqs (2.120) and (2.121) only the integral 

fz fz 

f{D(R,cp)}- 1df= J {1-2 R 1R2 cos (2 {JL + rp 1 + cp 2 ) R zR z}-1dlf 1 2 
(2.123) 

is retained as such. In general this integral must be evaluated numerically. 
However, two cases of practical interest in which the evaluation is fairly simple 
can be distinguished. Let the propagation constants be given at the end fre
quencies / 1 and / 2 , respectively, by {11 and {1 2 • Then, the variation of fJ over Llf 
is given by 

(2.124) 

Hence, the varia ti on of the argument of the eosine in the integrand is given by 

f1cp 2LL1{J. (2.125) 

Now, the integration beoomes simple when this last variation is either very 
small or very large. Hence the two extreme cases of interest are determined by 
the conditions 

(a) 

(b) 

L LI{J 2 n, 

L 11{1 -y 2 n. 

(2.126) 

(2.127) 

The distinction can be made in another way. The number n of wavelengths 
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wbicb span tbe line at a frequeney fis given by 

n fJL/2 :re. (2.128) 

Tbe variatien of n over Af is giVen by 

An n2 n 1 = A fJL/2 :re, (2.129) 

so tbat eqs (2.126) and (2.127) are respectively equivalent to tbe conditions 

(a) An << 1, (2.130) 

(b) An » 1. (2.131) 

Tbe two extreme cases tbus apply if tbe 1engtb of tbe line, expressed in number 
of wavelengtbs, varies eitber sligbtly or very mucb over tbe band. 

In tbe former case, tbe lengtb oftbe line in termsof wavelengtbs may be large, 
altbougb tbis is not very likely since it would require a very small Af In tbe 
latter case, tbe 1ine lengtb in terms of wavelengtbs cannot be small for all fre
quencies contained in Af since, due to An being large, at least n2 must be a 
large number. 

Case (a) 

Tbe condition for tbe former case can be rewritten in tbe form 

(2.132) 

Tbis is equivalent to tbe condition of eq. (2.61) for spot-noise tbeory. If eitber 
L or Af or botb are small, tbe spot-noise theory applies over tbe wbole band
width L1f This signifies tbat tbe effective pbase lengtbs of tbe system are nearly 
tbe same at all frequencies in Af Hence, tbe constructive or destructive nature 
of tbe interference is tbe same at all frequencies so tbat tbe solutions of ooise
wave equations can be used tbrougbout. 

Intbis case tbe denominator D(R,rp) does not depend on frequency. Tbe 
integral of eq. (2.123) simplifies to tbe form 

12 

f {D(R,rp)}- 1 dj Af/D(R,rp). 

/1 
Furtbermore, tbe relations 

and 

are valid. 

(2.133) 

(2.134) 

(2.135) 

(2.136) 
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Case (b) 

The condition for the other extreme case can be rewritten in the form 

L LIJ»~. (2.137) 

where ~ is the mean group velocity in Llf This condition is equivalent to the 
one of eq. (2.77) for the Nyquist derivation to be valid. In appendix A it is 
shown that in this case the integral of eq. (2.123) assumes the simple form 

fz 
f {D(R,cp)}- 1 dJ= LIJ . (2.138) 

1-R/R/ 
/1 

The powers of the equivalent noise waves a and b are easy to evaluate, resulting 
m 

aa+ = (x2 x2 + + R/x1x 1 +)j(1-R/R/) (2.139) 
and 

bb+ = (X1X 1 + + R/XzXz+)j(1-R/R2
2
), (2.140) 

with 
x1x1 + = X1X1 +LIJ (2.141) 

and 
X2X2 + = X2 X2 + Llf (2.142) 

To obtain the mean cross-product ab+ the expression AB+ must be integrated 
over Llf Analogous to the evaluation of eq. (2.138) it can be shown that, due 
to the large varia ti ons in the arguments of the terms in the denominator of the 
in te grand, the result of that integration tends to zero ( cf. sec. 2.4.2): 

ab+ = 0. (2.143) 

This means that in this case the correlation of equivalent noise waves is zero. 
If the two 1-ports are passive and have the sameuniform temperature T, by 

virtue of eq. (2.94), the general result of sec. 2.3.2 is readily verified, yielding 

(2.144) 

In intermediate cases, if neither eq. (2.126) nor eq. (2.127) applies, the results 
of the noise-wave-equation procedure, that is of the spot-noise theory, must 
actually be integrated. This can be quite cumbersome. Therefore, it is common 
practice to omit integrating and to be satisfied by giving only "spot-noise" 
characteristics. 

2.4.4. Noise-power equations 

In broadband systems which contain large delays (case (b) of the previous 
section) the corre1ation of two simultaneous1y present noisy disturbances is 
externally cancelled over large bandwidths. The resultant power is equal to the 
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Fig. 5. Two 1-ports connected by a long line. When the bandwidth is large, noise-power 
equations can be formulated. 

sum of the constituent powers. In that case the noise-wave-equation procedure 
can be circumvented. One can resort at once to what we will call noise-power 
equations. 

For two 1-ports connected to the two endsof a long line (see fig. 5) the power 
equations 

(2.145) 
and 

(2.146) 

can be formulated directly. The solution of these equations is equivalent to 
eqs (2.139) and (2.140). 

2.4.5. Equivalence of matching and delay effects 

Let one of the two 1-ports be reflectionless in the configuration of sec. 2.2.1 
(see fig. 2), say 

{]z 0. (2.147) 

Then, the solution of the noise-wave equations is considerably simplified. 
Equations (2.54) and (2.55) reduce to the simple forms 

(2.148) 
and 

(2.149) 

Since frequency-dependent arguments do not occur any more, these equations 
can be simply integrated over finite bandwidths. The result is given by 

(2.150) 
and 

(2.151) 

This result is the same as would have been obtained by solving the noise-power 
equations under the condition of eq. (2.147). We conclude that, if at least one 
of the two 1-ports is reflectionless, the noise-wave equations and the ooise
power equations lead to the same result. This is even true when the conditions 
for the latter type of equations are not fulfilled. 
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The configuration discussed above is a particular case of a more general type 
of systems. The above condusion can therefore be generalized. Let us define a 
quasi-matebed system to be a system in which no (noise) waves, or parts thereof, 
pass a given point more than once in the samedirection and in which no multi
path transmission occurs. Evaluating the transmission of power through a line 
in such a system, interference need not be taken into account. This is precisely 
the condition which makes ooise-power equations applicable. Hence we observe 
that in any quasi-matebed system the powers of equivalent noise waves can be 
calculated directly from ooise-power equations. 

In many observations about noise performance of microwave-transmission 
systems only matched, or nearly matched, configurations are considered. The 
total power of equivalent noise waves is mostly calculated by simply adding 
the powers of the constituent equivalent noise waves. This is quite permissible 
because of the absence of interf erenee effects as mentioned above but it is often 
done without justification 55). 

2.4.6. A simpte example 

Above it has been shown that the total transmitted power of simultaneous 
noisy disturbances can be calculated by different methods. In this section some 
of these methods will be illustrated by a simple example. As in fig. 6, two resis
tors R 1 and R 2 are connected by means of a line of characteristic impedance R 
and length L. The line is assumed to be lossless. Let the first resistor have a 
uniform absolute temperature T, while the other resistor is at absolute zero 
temperature. Then, only R 1 emits noise power. Part of this power is dissipated 
in R 2 , the remaioder being reabsorbed by R 1 • In what follows the former part 
will be calculated in three different ways. 

2.4.6.1. Noise-voltage souree 

As shown in fig. 7, a ooise-voltage souree E can be associated with the resis
tor R 1 • The power EE+ of that souree is given by *) 

EE+ 4kTR1 • 

The resistor R 1 is loaded by an impedance Z given by 

Z = R (R 2 -i R tan flL) (R i R 2 tan flL)- 1 

RR2 (1 + tan 2 flL) 
=R------~ 

R 2 + R 2 
2 tan2 flL 

(2.152) 

(2.153) 

*) It should be noted that EE+ is a mean-square effective voltage per unit bandwidth. Con
ventionally, the mean-square effective voltage a noise-voltage souree has over a smal! 
bandwidth of is given by 10) ee* 4 kTR1 1:)}; while, in our notation, we have ee" 
= ee+ EE+ of (cf. secs 2.4.2 and 2.4.3). 
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Fig. 6. Two resistors connected by a line of finite length. 

R,~z 
ELJ 

Fig. 7. A noise-voltage souree drives a noise current. 

The noise eurrent j flowing through R 1 and Z is given by 

1 
1 =RI+ zE. 

For the power of this noise eurrent we obtain 

R 2 + R 2 tan2 fl'L ll+ EE+ 2 

R2 (RI + R2)2 + (R 1R2 + R2)2 tan2 {lL 

(2.154) 

(2.155) 

By virtue of eq. (2.152), we get for the density G21 of the power P21 absorbed 
in R2 the equation 

G21 = jj+ Re [Z] 

2.4.6.2. N oise-wa ve souree 

As seen from the line, the resistors R 1 and R 2 are 1-ports with reileetion 
eoeffieients !h and g2 , respeetively given by 

(2.157) 
and 

!!2 (R2 R)J(R2 + R). (2.158) 

As shown in fig. 8, a noise-wave souree X can be assigned to R 1 • Due to eq. 
(2.94) the power XX+ of that souree is given by 
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I --+8 
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8'+-: 

Fig. 8. A noise-wave souree excites noise waves. 

At the two ends of the line the noise-wave equations 

and 
B' r22A' 

can be formulated. Moreover, the equations 

A' B exp (i IJL) 
and 

B' =A exp (-i IJL) 

apply. Solving these equations for A and B, we get 

and 

x 
B=-------

1 !hfh exp (i 2IJL) 

(b exp (i 21JL) X 
A=-------

1 - (hlh exp (i 2IJL) 

The density G21 of the power which is dissipated in R 2 is given by 

G21 =BB+ -AA+= 

(2.159) 

(2.160) 

(2.161) 

(2.162) 

(2.163) 

(2.164) 

(2.165) 

(2.166) 

With eqs (2.157), (2.158), and (2.159) it is easy to verify that this is identical 
to eq. (2.156). 

2.4.6.3. Noise-power souree 

When the line is long or when the waves are reflected back and forth between 
R 1 and R 2 many times before they are attenuated appreciably, the influence of 
interference on the total power is cancelled over finite bandwidths Llf The 
metbod ofnoise-power equations, discussed in sec. 2.4.4, canthen be employed. 
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Fig. 9. A noise-power souree causes llows of noise power. 

[t is illustrated in fig. 9. From R1 an equivalent noise wave x with a power 

(2.167) 

is injected into the line. In the line equivalent noise waves a and b are present. 
The noise-power equations now read 

and 
aa+ = l!z 2 bb+. 

The solutions for aa+ and bb+ are given by 

and 

(}22 xx+ 
aa+ =----

x x+ 
bb+ =----

1 - (}12(}22 

The power dissipated in R2 is given by 

(1- (}2
2 ) xx+ 

P21 bb+ - aa+ = -----
1- (}12(}22 

or, due to eqs (2.157), (2.158), and (2.167), by 

2.4.6.4. Discussion 

4 kT Lfj RR1 R 2 
p21 = --------

(Rl + R2)(R1R2 + R
2

) 

(2.168) 

(2.169) 

(2.170) 

(2.171) 

(2.172) 

(2.173) 

The results of the first two methods are equivalent but, in most cases, the 
third one gives a different result. Only when at least one ofthe resistors, say R 1 , 

is matebed to the line, i.e. R1 = R or (} 1 0, it is easy to show that all three 
methods give the "classica!" result 

(2.174) 
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Any noise wave then passes a given cross-section of the line only once in the 
same direction. This quasi-matebed case has been discussed in sec. 2.4.5. 

In genera!, it is not clear without investigation which metbod gives a reliable 
result over a given bandwidth. The bandwidth over which the fust two methods 
can be relied upon may sometimes reduce to quite smalt values. In fact, they 
are valid inherently at one frequency only. To obtain the power dissipated in 
R 2 their results must therefore be integrated over the actual bandwidth. The 
question arises whether that integration is simple or not. This problem binges 
on whether the power density G21 , as given by eqs (2.156) and (2.166), is con
stant or varies rapidly over LIJ 

To estimate the bandwidth LIJ over which G21 can be considered constant, 
we fintobserve that in the example discussed above the propagaüon constant 
fJ is the only frequency-dependent element in G21 • We next rewrite eq. (2.166) 
in the form 

{2.175) 

From the logarithmic derivative of G21 with respect to fJ we find for the magni
tude of the relative variation of G 21 the equation 

I 
LIG2 1 I 1. 2 Q1(h sin 2f3L I 

= 2L LlfJ, 
G21 • 1 - 2 e1f!2 cos 2fJL + e/e22 : 

(2.176) 

where LlfJ is the total variation of f3 over LIJ The first factor in the right-hand 
side attains a maximum value when fJ satisfies 

(2.177) 

the cases (hQ2 0 (see above) and L 0 are trivia!. Hence, for all valnes of 
fJ we have 

4 L Qt(h Ll {J. 
I-e/r:l 

(2.178) 

If for the determination of G21 , or of P 21 , a relative accuracy better than 8, 

8 « 1, is required, the variation Ll f3 is restricted by 

1- e/e22 
LI{J< 8. (2.179) 

4 L !!tlh 

The dependenee of Ll f3 on LIJ is a characteristic of the line. We have 

Ll fJ = (2 n/ vg) LIJ, (2.180) 

where vg is the group velocity. This gives 

8 1- e12ez2 vu 
LIJ< 

2 n 4 e1e2 
(2.181) 
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We conclude that spot-noise theory gives a good approximation of the power 
dissipated in R 2 over a bandwidth which is within the bounds set by the above 
inequality. 

At the frequencies considered, (Lfvg) is the transit timer ofthe line (eq. (2.62)). 
Hence, from eq. (2.181) we have 

1- e1 2e/ 
LIJ« (1/r). (2.182) 

4 etez 
If we compare this with eq. (2.61), we see that the inverse of the first factor of 
the right-hand side gives an estimate for the number v of significant subsequent 
reflection, i.e. 

(2.183) 

The number v tends to infinity when Q1 Q2 tends to unity, i.e. when both resistors 
are nearly completely reflecting. In that case LIJ must be extremely small. In 
sec. 2.2.1 the unstable resonant case Q1 Q2 = 1 has been excluded from the con
siderations (cf. appendix B). 

Wh en L tends to zero, LIJ is almost unrestricted. This is the situation which 
is very often supposed to exist, and, indeed, in usual dectronies it occurs 
frequently. 

When Q1 Q2 is very small, i.e. 

(2.184) 

the number v becomes very small. Then, one cannot properly speak any more 
of significant subsequent reflections. In that case spot-noise theory gives adequate 
results over rather broad bandwidths. As has been observed above, the results 
are then the same as those of the noise-power equations. In fact, eq. (2.184) 
presents the condition for the quasi-matebed situation. 

A further criterium for the noise-power-equations metbod is obtained from 
the observation that, for that metbod to be applicable, it is necessary that over 
LIJthe power density G2 t. given by eq. (2.175), oscillates many times between 
its maximum and minimum values. This is the case if the variation of 2fJL 
over LIJis very large. With eq. (2.180) this leads to (cf. eq. (2.137)) 

LIJ» ~/L = 1/7:, (2.185) 

where ~ and T are the mean values of Vg and T, averagedOVer Llf 

2.5. Multiports and noise 

2.5.1. Multiparts and noise-wave sourees 

The procedure of ascribing noise sourees to noisy 1-ports introduced in 
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sec. 2.1.6 can he extended to noisy multiports. Toeach port of a noisy multiport 
an associate noise-wave souree can he assigned. These sourees radiate their 
noise waves into the connected lines. As above, the powers of these noise waves 
are equal to the average densities of the primary noise powers radiated into the 
connected, infinitely long or non-reflectingly terminated, absolutely cold lines. 
Noise-wave sourees can he defined only in conneetion with definite lines. This 
is analogous to the requirement that the connected lines must also he specified, 
when signal properties of multiparts are described by means of scattering ma
trices. 

There is a complication with multiports. All noise-wave sourees tagether 
represent the internat physical sourees of noise of the multiport Moreover, 
different noise-wave sourees depend mostly on the same internat causes. In 
genera!, the noise-wave sourees of an n-port are mutually correlated. For a 
complete description of the noise properties of a multiport these correlations 
must he included. 

From what has been said above it is easy to comprehend that a number of n 
noise-wave sourees is necessary to describe the noise of an n-port. lt is also 
sufficient, as can he seen as follows. When the termination of an n-port is not 
reflectionless, it reflects the primary noise waves partly or completely. These 
reflected noise waves are again incident upon the n-port. They are subsequently 
transmitted to the other ports where, then, they are simultaneously present with 
the primary waves with which they may interfere. Since, as has been supposed 
above, all mutual correlations are known, the interference effects can, however, 
he fully described. Moreover, in this and the next sections it will heseen that, 
by descrihing the noise of an n-port by n mutually correlated noise-wave sources, 
a formalismis obtained which is consistent with the laws ofthermodynamics. 

It is not necessary that all the sourees emit their noise waves into the lines. 
lt is quite possible that a portion of the n noise-wave sourees are thought to 
radiate towards the n-port. Alternatively, one can associate with some ports two 
sourees; one souree for each direction. A corresponding number of ports can 
then he considered sourceless so that the total number of sourees remains n. 
In this way Bauer and Rothe 31

•
39

) described the noise properties of a 2-port 
by means of two wave sourees located at the input, the output being sourceless. 

The authors mentioned above accounted for the correlation by inserting two 
"correlation" admittances in parallel with the input, one befare and one behind 
the pair of wave sourees which were considered to he uncorrelated themselves. 
We shall notadopt such a procedure. In order to achieve agreement with sec. 
2.1.5, we will represent the correlation of two noise-wave sourees by the inner 
product of their amplitudes. 

2.5.2. Amplitude vector and power matrix 

To meet the requirements presented in the previous section and to obtain a 
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x, 

Fig. 10. Noisy multiport. The emitted noise can be described by n noise-wave sources. 

convenient notation, we now introduce the concepts of noise-wave "amplitude 
vector" and "power matrix". As illustrated in fig. 10, to the ith port of an 
n-port a noise-wave souree X1 is ascribed. The density G11 of the noise power 
radiated primarily from the ith port into the connected line, that is the power 
of the ith noise-wave source, is given by 

(2.186) 

The correlation between the ith and the jth noise-wave source, X1 and Xj, 
respectively, is determined by the inner product 

(2.187) 

or its complex conjugate Gj;· 

Now, we define the noise-wave amplitude vector X to be the column vector 

x (1J (2.188) 

It should be noted that the components of thîs vector are not complex numbers 
but elements of the Hilbert space of noise-wave amplitudes. Furthermore, we 
define the noise-wave power matrix G to be the n x n-matrix 

(2.189) 

The elementsof this matrix are complex numbers. By virtue of eq. (2.14), it is 
clear from the deiintion of G1i, eqs (2.186) and (2.187), that Gis an Hermitian 
matrix. The equation 

G" G (2.190) 

applies where the superscript cross denotes the Hermitian conjugate or adju
gate, that is the complex conjugate of the transposed matrix. In the case of 
veetors with elements of a Hilbert space as components such as X of eq. 
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(2.188) instead of the complex conjugate one should take the conjugate 
element of the dual space. The matrix G is related to the vector X via the 
dyadic product *) 

G :xxx. (2.191) 

The noise performance of any linear multiport, passive or active, reciprocal 
or non-reciprocal, can now be completely described by the scattering matrix S 
and the noise-wave-source power matrix G. The noise-wave-source amplitude 
vector X is used in calculating the behaviour of the multiport in relation with 
other transmission systems. The elements of S and G must be determined by 
measurement or calculation, but that will not be the subject of the present 
treatise. 

2.5.3. Noise-wave equations 

In order to formulate noise-wave equations, in sec. 2.2.3 a line of vanishingly 
small length was thought to be inserted between two interconnected 1-ports 
(cf. fig. 3). This procedure can also be applied to more complex transmission 
systems. The most general termination of an n-port is another n-port. Between 
any port of an n-port and the corresponding port of the termination a short line 
can be thought to be inserted. For each of these lines two equations relating 
the noise waves in those lines can be formulated. From these 2n equations the 
amplitudes of the 2n noise waves travelling through the n lines can be obtained; 
one wave in each direction. These amplitudes are expressed in terms of the 
amplitudes of the noise-wave sourees of both the n-port and its termination. 
The powers and the correlation products of the waves can be calculated. They 
are found in terms of the scattering matrices and the power matrices of both 
the n-port and its termination. 

In the contiguration of fig. lllet S and Q be the nth-order scattering matrices 
of the two n-ports mentioned above. Further, let X and Y be the amplitude 

Fig. 11. A noisy n-port with a noisy load, which itself is a noisy n-port. 

") This dyadic product is forma! only. Normally the rank of a dyadic is equal to unity, but 
bere, due to the way inner products X1X1 + have been defined, it need not be so. In fact, 
mostly it is not. 
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veetors and G and H be the power matrices of the noise-wave sourees of re
spectively the n-ports S and Q. The equations 

G=XX" (2.192) 
and 

H yyx (2.193) 

hold. Furthermore, we assume that the noise-wave sourees of S are uncorrelated 
with those of Q. This is expressed by 

xyx = 0, (2.194) 

where 0 is the zero matrix. Further, let A and B be the amplitude veetors of 
the sets of noise waves A; and BI> respectively incident u pon the n-ports S and Q 
as is illustrated in fig. 12. 

s 

G 

I 
I 

x_l.. J!.. V Q 

H 

Fig. 12. Two connected noisy multiports. The noise-wave equations can be formulated directly 
in matrix form. 

The noise-wave equations can be written down at once in matrix notation. 
We have 

-SA+B X (2.195) 
and 

A-QB = Y. (2.196) 

Solving these equations *), we obtain for A and B the expressions 

A (I- QS)- 1 (Y QX) (2.197) 
and 

B (I- SQ)- 1 (X+ SY), (2.198) 

where I is the identity matrix. By virtue of eqs (2.192), (2.193), and (2.194), the 
power matrices of the sets of noise waves are given by 

*) These equations can only be solved if the matrices (1-- QS) and (I SQ) are non-sin
gular. If they are singular, they cannot be inverted. In appendix B it is shown that singu
larity of these matrices implies physica\ly the occurrence of undamped resonances (cf. 
sec. 2.2.1). As the resonances can be circumvented easily, as is also shown in appendix B, 
we wiJl not pay any further attention to these particular cases. 
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(2.199) 
and 

(2.200) 

When the scattering matrices and noise-wave power matrices of the com
posing multiparts are known, the noise-power transmission in any linear trans
mission system can be calculated completely. This can be done in detail tor 
every (short) connecting line and for every component. Even the correlation 
between the noise waves can be evaluated. The mutual correlation of the 
A-waves is given by the off-diagonal elements of AA" and of the B-waves by 
the sameelementsof BB x. The correlation between A- and B-waves is described 
by the elements of the matrix 

(2.201) 

and its Hermitian conjugate. The density of the total power radiated from Q 
towards S equals the trace of AA x, and the density of the total power flowing 
in the opposite direction is given by the trace of BB x. 

2.5.4. Definite character of the power matrix 

The powers A1A1+ and 8181+ of the individual noise waves A1 and 8 1 are 
inherently non-negative. Hence the diagonal elements of the matrices AA x and 
BBx must be non-negative under all circumstances. Let us suppose that the 
n-port Q is noiseless. Then the matrix H is identically the zero matrix 0. The 
diagonal elements of the matrix 

(2.202) 

must be non-negative for all terminations of S, i.e. for all possible matrices Q. 
Further, let U1 denote the ith row vector of the matrix (I- SQ)- 1 • Then the 
scalar inequality 

0 (2.203) 

must be valid for all possible row veetors U1• This is the condition for the 
matrix G to be positive semi-definite. 

From eqs (2.199) and (2.200) it is easy to see that both thematrices AA x and 
BB x are sums of Hermitian congruence, or equivalence, transformations ofthe 
matrices H and G. In matrix algebra Sylvester's law of inertia implies that a 
Hermitian congruence transformation preserves the definite character of Her
mitian matrices 40). Hence, thematrices AA x and BB x are positive semi-definite. 
Since, furthermore, the diagonal elements of positive semi-definite Hermitian 
matrices are non-negative, the above-stated requirement is fulfilled. 
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2.6. Passive multiports and thermal noise 

2.6.1. Passivity and the jirst law of thermodynamics 

A multiport is defined to be passive if it is impossible to extract power from 
it other than thermally radiated noise power. The power conveyed toa passive 
multiport by incident waves can partly be absorbed by the multiport The other 
part of that power is scattered, that means transmitted and reflected. If the 
scattering matrix of a passive noiseless multiport is S and if the incident and 
sc.attered waves are represented by the column veetors A and B, respectively, 
the equation 

B=SA (2.204) 

applies. The input power Pi and output power P0 are respectively given by 

(2.205) 
and 

Po= BxB = AxsxsA. (2.206) 

The power Pab., absorbed in the multiport, is given by 

(2.207) 
where 

Ps=l sxs. (2.208) 

The Hermitian matrix Ps will be called the power-absorption matrix of the 
multiport S (cf. sec. 3.1.7). Together with the definition of passivity the first 
law of thermodynamics now requires that the power absorbed in a passive 
multiport be non-negative. Thus, if a multiport S is passive, the condition 

(2.209) 

holds for all non-zero veetors A, the zero vector being trivial. This is also the 
condition for the Hermitian matrix Ps to be positive semi-definite. Hence we 
may conclude that a passive multiport has a positive semi-definite power
absorption matrix *). 

If a passive multiport is lossless, it cannot absorb power at all. The output 
power is equal to the input power. Then, in eq. (2.209) the equality symbol 
applies for all possible veetors A and that is the case if Ps is identically the 
zero matrix. Application to eq. (2.208) shows that, then, the scattering matrix S 
must satisfy the unitary relation 

sxs =I. (2.210) 

*) The passivity condition is given here in a form which is slightly different from the usual 
form 23 •41). In conventional theories on multiparts the considerations are mostly con
fined only to redprocal systems and, hence, to symmetrical scattering matrices. Then the 
passivity can be stated by the positive semi-definite character of the matrix (I S*S) 
insteadof by that of the matrix (I S'S), as has been done here. 
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Thus a lossless passive multiport has a unitary scattering matrix. 
In appendix C *), theorem (C.II), it is derived that for any pair of quadratic 

matrices M and K the matrices (I MK) and (I KM) have the same eigen
values with the same multiplicity. This is even true when both the matrices M 
and K are singular. As a corrollary, theorem (C.VII), it can be stated that the 
positive (semi-)definiteness of the matrix (I MM") ensues upon that of the 
matrix (I M"M), and vice versa. Hence passivity of a multiport S can be 
guaranteed by the positive semi-definite character of the matrix (I SS") as 
wellas by that ofthe matrix (1-SxS). Forthese reasons and analogous to the 
definition of eq. (2.208) we now introduce the matrix N5 by 

Ns=I SS". (2.211) 

The matrix N5 is equivalent to the matrix Ps in that it contains the same 
information. For reasons which will become clear below, Ns will be called 
noise-distribution matrix (cf. sec. 2.6.5). 

One may ask whether there is much sense in stating these different forms of 
the passivity condition separately. The answer is yes, and for two reasons. First, 
in the case of non-reciprocal devices calculation of the second form from the 
first one sometimes requires a lot of cumhersome algebra. Secondly, in practice 
positive semi-definiteness of Ns can often be employed with much more con
venience than positive semi-definiteness of P 5, for instance, to demonstrate 
the possibility or the impossibility of existence of a proposed passive de
vice 42

•43 ) (cf. next section). 

2.6.2. Some implications of passivity 

To shed some light on the difference in the natures of the two equivalent 
forms of the passivity condition, in the present section some of the restrictions 
they impose directly on the signal performance of a multiport will be considered. 
The positive semi-definite character of a Hermitian matrix implies that its real 
diagonal elements are non-negative. Hence, by virtue of eq. (2.208), if Ps is 
positive semi-definite, among others the conditions 

i=n 

1: S1;*S1, ~ 1, 
1=1 

1, 2, ... , n, (2.212) 

hold where Sil is theelementin the jth row and in the ith column of the matrix S. 
When one of the ports, say the ith, of an n-port is completely reflecting, the 

equation 
(2.213) 

*) During the course of the present treatise some less known theorems of matrix algebra 
are used. Those of them which do nat appear in the ordinary literature on matrix algebra 
have been collected in appendix C tagether with their proofs. In what follows these will 
be denoted by the capita! C foliowed by an appropriate roman number. 
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is va1id. Substitution in eq. (2.212) yields 

n 

:2:: Sit*S11 ~ 0. 
1 

(J*i) 

(2.214) 

Since all terms of this sum are rea1 and non~negative this re1ation can be satis~ 
fied on1y if the equation 

(2.215) 
applies. This means: 

"When a signa! is incident upon a completely reflecting port of a linear and 
passive multiport, no transmission towards any of the other ports occurs". 

Of course, this is a rather obvious principle. 
When a signa1 incident upon one of the ports, say the ith, of an n-port is 

completely transmitted towards another port, say the kth, the equation 

sk,*s"1 = 1 (2.216) 

is valid. Ana1ogous1y to the above derivation, this resu1ts in 

j#k, (2.217) 

which means that all elements, but the kth, of the ith column are equa1 to zero. 
This leads to the quite trivial principle.: 

"When a signa!, incident upon a given port of a line'lr and passive multiport, 
is transmitted completely towards another port, no transmission from the 
former towards a third port can take place". 

Summarizing, we may conclude that the passivity, as defined by the positive 
semi-definiteness of Ps, directly imposes restrictions upon the way power, 
incident upon a given port, is distributed over all ports. In general this type 
of restrietion is well recognized and thoroughly understood. 

By virtue of eq. (2.2ll), positive semi-definiteness ofNs yie1ds the conditions 

n 

:2:; ~ijSij* ~ 1, 1, 2, ... , n. (2.218) 
J~ 1 

Substitution of eq.(2.213) gives ultimately the equation 

S 11 0, j =ft i. (2.219) 

lt can be formu1ated as follows: 

"When a signa/ is incident upon a partly reflecting or a non-reflecting port 
of a linear and passive multiport, no transmission towards a completely 
reflecting port can take place". 
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In the same way, substitution of eq. (2.216) leads to the equation 

j i= k. (2.220) 
lt means: 

"When a signa/, incident upon a given port of a linear and passive multiport, 
is transmitted completely towards another port, no transmissionfrom a third 
port towards the latter can take place". 

We may conclude that, if the passivity is defined by the positive semi-definite 
character of N8, it directly expresses conditions which restriet the way the output 
power of a given port is being built up from the input powers of all ports. This 
type of restrietion is not as well known and is sometimes not recognized as may 
he clear from the following examples. 

The fust principle of the latter type implies that a refl.ection isolator cannot 
exist. A reflection isolator is a lossless passive 2-port which reflects completely 
a signal incident upon one port, while a signal incident upon the other port is 
transmitted completely. That the non-existence of a reflection isolator is not 
quite ohvious will he clear from the discussions about the "paradox" of Lax 
and Button 42) and from the fact that Ishii 43) thought he had constructed 
such a device. The second principle of the latter type prohihits, for instance, 
the existence of a lossless passive device which would simultaneously feed the 
total powers of two not-phase-locked generators into the same line. Neverthe
less, occasionally, the need of such a 3-port is feit and it is searched for. 

2.6.3. Passivity and net flow of noise power 

If in the configuration of fig. 12 the termination Q of the n-port S is passive 
and noiseless, the net total flow of noise power from S towards Q must be non
negative. The freedom of noise of the n-port Q implies that its noise-wave power 
matrix H is identically zero. Then, by virtue oftheorem (C.III), eqs (2.199) and 
(2.200) can he written in the form 

(2.221) 
and 

(2.222) 

The density of the total noise power flowing from S towards Q and given by 
the trace of BB x must not be smaller than the density of the total noise power 
flowing in the opposite direction and given hy the trace of AA x, i.e. 

trace (BBX AA x) ~ 0. (2.223) 

From eqs (2.221) and (2.222) it can beseen that this can be written in the form 

trace (BBx QBBxQx) ~ 0. (2.224) 
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In sec. 2.5.4 it has been shown that BBx is a positive semi-definite matrix. 
Moreover, the passivity of the n-port Q implies that the matrix (1-QQx) is 
also positive semi-definite. Then, by virtue of theorem (C.VIII), eq. (2.224) is 
confirmed. 

One might wonder whether the above principle must he valid in all individual 
connecting lines, that is, whether the relation 

(2.225) 

must hold for all values of i. However, at least when non-redprocal components 
are involved, this need not he true (cf. sec. 2.6.7). 

2.6.4. Diagonal multiport 

Since it is convenient for future derivations and considerations, we will now 
introduce the concept of a diagonal n-port. Wedefine a diagonal n-port to he 
a combination of n separate, uncoupled 1-ports with mutually uncorrelated 
nolse-wave sources. It is illustrated in fig. 13. 

QJ v, I ~ 
P11 

~ 
Yz I 
Ll-+ l 
pi I 

2j R yl I I I 
I I 
I Y;l 

8 4-t- H 
p.i 
ll 

I vy.-.. 8 fhi 

Fig. 13. Diagonal multiport. A noisy diagortal n-port consists of n noisy 1-ports. 

Let(!; be the reflection coefficient of the ith 1-port. Then the scattering matrix R 
of the diagonal n-port is the diagonal matrix diag (e 1). lts elements are given by 

i =I= j. 

It is readily seen that the equations 

1-RRx 

(2.226) 

(2.227) 

(2.228) 

are valid. Hence, both the power-absorption matrix PR and the noise-distri
bution matrix NR are diagonal. If a diagonal n-port is passive, the latter 
matrices are positive semi-definite. This implies that the scalar quantity 
(1 (!;(!; *) is non-negative for all valnes of i so that, by virtue of eq. (2.68), 
all constituent 1-ports must he passive, which is quite obvious. 
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Let Y1 be the amplitude of the noise-wave souree aseribed to the ith 1-port. 
Th en, by virtue of eq. (2. 94), the power of that souree ean be written in the form 

(2.229) 

where T1 is the eharaeteristie noise temperature of the ith I-port. Sinee the 
noise-wave sourees are uneorrelated, the products Y1 Y1 + (i =F j) are equal 
to zero. Hence the noise-wave power matrix of a diagonal n-port can he 
written in the form 

(2.230) 

where TR is a diagonal matrix given by 

T R = diag (T;). (2.231) 

The matrix T R is called the temperature matrix of R. It is easy to see that the 
matrix H, too, is diagonal. 

If a passive diagonal n-port is at a uniform temperature T, the matrix T R 
reduces to the scalar matrix Tl, i.e. 

TR diag (T) =Tl. (2.232) 

In this case the noise-power matrix is given by 

(2.233) 

2.6.5. Passive multiport at uniform temperature 

We next consider an arbitrary passive n-port S which is at a uniform absolute 
temperature T. Let this n-port he terminated by the passive diagonal n-port R 
introduced in the previous section, as is illustrated in fig. 14. This is a particular 
case of the general contiguration discussed in sec. 2.5.3. 

I I 
l I 

s I I 

x--4!... 'v R 

G H 

T T 

Fig. 14. Noisy n-port loaded by n noisy 1-ports. The complete load is a noisy diagonal n-port. 

If R, too, is uniformly at the temperature T, thermal equilibrium must exist 
in any bandwidth è'Jf The ports of R being mutually uncoupled, the second law 
of thermodynamics requires that in all conneetion lines between S and R the 
two opposite flows of power are in balance since, otherwise, some 1-ports would 
warm up while others would be getting colder. The equation 

(2.234) 
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must be valid for all values of i. 
Let us now write the noise-wave power matrix G of S in the form 

G kTM, (2.235) 

where Mis a matrix which is still to be determined. Replacement of Q by R 
and substitution of eq. (2.233) into eqs (2.199) and (2.200) yield 

(2.236) 
and 

After some algebra we obtain 

(2.238) 

where the matrices a and !3 are given by 

and 
(2.240) 

with 
(2.241) 

The condition of eq. (2.234) requires that corresponding diagonal elements of 
AA"' and BB x are the same. Hence the equation 

(2.242) 

must apply. Since R is a diagonal matrix, by virtue of theorem (C.VI), the 
diagonal elements a; 1 are all equal to zero for all values of i. The diagonal 
elements ~ii are given by 

(2.243) 

As in the general case (1 -- (.!d!/) is not equal to zero, the condition of eq. 
(2.242) requires that y 11 be zero. If U1 is the ith row vector of the matrix 
(I- SR)-\ we hence have 

(2.244) 

for all possible row veetors Ui. This can be so only if the relation 

M = I-ssx (2.245) 

is valid. This is the defining relation eq. (2.211) of the matrix N8• The ooise
wave-power matrix G of a passive multiport S at the uniform temperature T 
can now be written in the form 

G = kT(I-SS") kTN8 • (2.246) 
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The matrix Ns describes how the noise power generated in S is distributed over 
the portsof S. In sec. 2.6.1 Ns has therefore been called the noise-distribution 
matrix. 

2.6.6. Two passive multiparts at uniform temperatures 

In the previous section having only considered a particular termination of a 
passive n-port, we have still to verify the general validity of eq. (2.246). There
fore, in the next three sections, an investigation into the consistency of that result 
with the second law of thermodynarnics will be carried out. 

In the general contiguration of fig. 12, described in sec. 2.5.3, let the n-ports S 
and Q both be passive and have the uniform temperatures Ts and TQ, respec
tively. Let us assume that the respective ooise-wave power matrices cao be 
written in the forms 

G = kTs (I ssx) (2.247) 
and 

(2.248) 

Substitution into eq. (2.199) yields for the power matrix. of the noise waves 
which travel from Q towards S, 

AAX kTQ (I- QS)- 1 (I- QQX)(I- s•Qx)- 1 + 
kTs(I- QS)- 1 Q (I- ss x) Qx (I- sx Qx)- 1 • 

This cao be written in the more convenient forrn 

with 

and 

Ks.Q =(I 
=(I 

QS)-1 (I-QSSxQx)(l sxQx)-1 
Qs)-1 +(I sxQx)-1 -I 

(2.249) 

(2.250) 

(2.251) 

Of course, as cao easily be seen, the rnatrices Ks.Q and Ls,Q are Herrnitian. 
Equation (2.250) divides the power of the noise waves travelling frorn Q to
wards S into two parts. The first term of the right-hand side determines the 
mutual exchange of noise power between S and Q. This part is proportional 
to the mean temperature t (TQ T8). The second term refers to the overflow 
of noise power. This overflow is proportional to the ternperature difference 
(TQ- T8). 

In the same way for the opposite noise waves the power matrix. turns out to be 

(2.253) 

where the rnatrices KQ.s and LQ.s can be derived from eqs (2.251) and (2.252), 
respectively, by exchange of S and Q. 
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2.6.7. Passivity and the second law ofthermodynamics at temperafure equilibrium 

The configuration investigated above can be considered to he a general 
collection of interconnected arbitrary passive multiports. One of the memhers 
of this collection is represented by S and all the others by Q. 

When the temperatures of all the multiports are the same, say T, we have 
the equation 

(2.254) 

In this case those terms of eqs (2.250) and (2.253), which refer to the overflow 
of noise power, are equal to zero. On account of these equations the power 
matrices of the noise waves travelling from the one multiport S to all the 
others Q and of those in the opposite direction are respectively given by 

BB" kTKQ,s 

and AA" kTKs,Q· 

(2.255) 

(2.256) 

For the exchange of power the diagonal elements only are meaningful. The 
densities of the net exchange of power per line and from S towards Q are 
given by the diagonal elements of the matrix 

(2.257) 

The density of the total net power exchange from S towards Q is equal to the 
trace of this matrix. 

Now, the second law of thermodynamics requires that, in the case of tem
pcrature equilibrium, the total net exchange of noise power between one 
multiport of a collection and all the others is equal to zero. This means that 
the trace of the matrix of eq. (2.257) must he equal to zero. In appendix C 
theorem (C.V) states that, if they exist, the traces of thematrices (I- QS)- 1 

and (I - SQ)- 1 are equal. If this theorem tagether with its Hermitian congruent 
version is applied to eq. (2.251) and its cyclic version, it is found that the 
equation 

trace (KQ,s) = trace (KQ,s) 

is valid so that, indeed, the second law is satisfied. 

(2.258) 

The above observations can he made in even more detail. Let us soppose 
that the multiport Q consists of a number of separate uncoupled multiports. 
Then its scattering matrix contains an equally large number of non-zero princi
pal submatrices Qn while all other elements are equal to zero, i.e. 

(2.259) 
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By an argument analogous to the one used in the proof of theorem (C.VI), 
the eq uation 

(2.260) 

can be derived. The double subscript jj refers to the jth principal submatrix. 
Fr om this equation it can be seen that the matrix [(I-QS)- 1 Lj can be obtained 
from the matrix [(I-SQ)- 1 1n by a similarity transformation. Thus, being sim
ilar, these matrices have the same eigenvalues and, hence, the same trace. Now, 
in the same way as eq. (2.258) has been deduced, it can be shown that, if tem
perature equilibrium exists, the flows of noise power to and from any separate 
uncoupled mul ti port, which forms part of a general termination, are in balance. 
This detailed balance, too, conforms to the requirements of the second law. 
The configuration of n separate uncoupled 1-ports discussed in sec. 2.6.5. is a 
particular case. 

One may now ask a question analogous to the one posed at the end of sec. 
2.6.3. One may wonder whether in every line the opposite flows of noise power 
balance. This would be even more than is dictated by the second law ofthermo
dynamics. That law demands only the balance of opposite total noise-power 
flows to and from a multiport In fact, if one or both of the multiports are non
reciprocal, that is, if one or both of the matrices S and Q are not symmetrie, 
the power balance per line need not exist. This can be verified readily, for 
example, by a configuration of two 2-ports one of which is an ideal isolator, 
the other being a section of line. Ho wever, if all multiports are reciprocal, the 
balance of power per line exists always. Then, both the matrices S and Q are 
symmetrie, i.e. 

(2.261) 
and 

(2.262) 

the superscript T denoting the transpose. By virtue of these equations, we have 

(2.263) 

Since transposition of a matrix does not alter the diagonal elements, it is readily 
seen that the matrices (I- SQ)- 1 and (I QS)- 1 have the same diagonal 
elements and, hence, so have thematrices K0 ,s and Ks.o· This proves the above 
statement of balance of power per line in redprocal systems. It should be noted 
that this result is a consequence of redprocity alone and not of the laws of 
thermodynamics. 

2.6.8. Passivity and the second law of thermodynamics at different multiport tem
peratures 

When the uniform temperatures Ts and T0 are different, the density of the 
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net total flow of noise power from S towards Q is no longer given by the trace 
of the matrix of eq. (2.257), but is equal to the trace of the matrix 

BB x -AA x = ! k (Ts + TQ) (KQ,s Ks,Q) + 
+ ! k (Ts TQ) (LQ,s + Ls,Q). (2.264) 

The first term of the right-hand side has been investigated in the previous section. 
lts trace is always equal to zero, even when the multiport temperatures are 
different. Therefore the first term represents the balanced part of the ooise
power exchange. The second term describes the net overflow of noise power. 

After some algebraic manipulations, we obtain from eq. (2.252) and its cyclic 
version 

(2.265) 
where 

(2.266) 
and 

(2.267) 

The matrices !L and v are Hermitian congruence transformations of the 
matrices NQ and Ns, respectively. Due to passivîty, the latter matrices are 
positive semi-definite. Since an Hermitian congruence transformation preserves 
this property, thematrices !Land vare positive semi-definite. Hence, by virtue 
oftheorem (C.VIII), the traces ofboth terms ofthe right-hand side of eq. (2.265) 
are non-negative. Thus the relation 

trace (LQ,s + Ls,Q) 0 (2.268) 

holds. Application of this result to eq. (2.264) shows readily that more power is 
radiated fr:om a hotter passive multiport towards a colder one than in the oppo
site direction. Herewith a further requirement ofthe secondlaw ofthermodynam
ics is fulfilled. 

Under the approximate condition hf «kT of eq. (2.92) the total overflow 
of noise power is proportional to the temperature difference. Otherwise, it is 
proportional to the difference of the values the noise function F (T,J) has for 
Ts and TQ, respectively (cf. sec. 2.3.3). Due to the monotonically increasing 
character of that function, the above statement about the direction of power 
exchange is quite generaL 

lt is worth while to point out that in the preceding sections it has been shown 
that the formalism developed thus far is consistent in that it satisfies all con
ditions which are imposed by the laws of thermodynamics. 

At this stage we may conclude that a consistent and adequate formalism to 
describe the spot-noise performance of linear systems has been obtained. 



60 

2.6.9. Alternative description of noise-source correlation 

It has been found that the noise of a multiport can be described by assigning 
a noise-wave souree to each port. The powers of the sourees are given by the 
diagonal elementsof the Hermitian matrix G defined by eq. (2.189). The cor
relation of the sourees is described by the off-diagonal elements of that matrix. 
However, one can think of alternative methods of descrihing correlation of a 
set of noise-wave sources. In this section an example of such an alternative 
metbod will be given. 

Let X, be the amplitude of the noise-wave souree assigned to the ith port. 
Starting with the mth port, the following set of n equations can be written 
down: 

(2.269) 

q=m 

These equations indicate that the (m + p)th noise-wave souree Xm+p can be 
thought to consist of a part Am+p• which is not correlated with the preceding 
Aq's, and of p parts Dm+p,q Aq, which are completely correlated successively with 
the p preceding Aq's, and so on for every souree X,. For every value of m a 
set of n such equations can be formulated. Hence, this metbod can be employed, 
whatever port is started with. 

In order that this procedure corresponds to a physically permissible model, 
it is necessary that the powersof the part-sourees A1 are all non-negative. Hence, 
the condition 

(2.270) 

must be satisfied for all values of i. Successive substitutions in eqs (2.269) lead 
to the condition · 

i-1 

(2.271) 
q=m 

which must be valid for all values of mand all val u es of i which cyclically follow 
after m. Substitution of eqs (2.269) in eqs (2.186) and (2.187) yields A1A1+ and 
D1,q in terms of the elements of the matrix G. lnserting that result into eq. 
(2.271) then shows that those conditions are equivalent to the requirement that 
the determinants of all principal submatrices of G be non-negative and that is 
true because G is positive semi-definite as has been shown in sec. 2.5.4. 

Thus a description of the noise of an n-port is also possible in terms of 
n powers AA+ of uncorrelated noise-wave sourees tagether with a set of 
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fn(n 1) complex correlation factors Di,q (i> q; cf. sec. 2.1.5). For this 
description as wellas for the one ofthe matrix G to be complete n2 real numbers 
must be given. Whatever procedure is used, n2 is the smallest amount of real 
numbers necessary to describe the noise of an n-port. 

Since, in most cases, the procedure developed in the preceding sections is 
more efficient and more concise than others, it will be used througbout the 
present treatise. 

2.7. Noise-temperature matrix 

2. 7 .1. Definition 

In investigations of noise performance of non-lumped transmission systems 
it is common practice to characterize the noise contribution of components by 
means of effective temperatures. Such "noise" temperatures are used in ca1-
culations as if they were equivalent with fiows of energy transmitted by the 
components of the system. However, this is permissible only for matebed and 
quasi-matebed configurations. Only there powers of noise waves can be con
sidered to be proportional and equivalent to the temperatures or the effective 
temperatures of the emitting components. In other systems, where reflections 
occur, matters are not so simp1e. Then interference effects, that is correlation, 
must be accounted for. 

In sec. 2.6.4, where the concept of a diagonal multiport was introduced, a 
temperature matrix bas been defined. This matrix, given by eq. (2.231), describes 
the temperatures or the characteristic temperatures of all constituent 1-ports. 
Such an introduetion of a noise-temperature matrix also in the general case of 
arbitrary noisy multiperts could probably rnaintaio the concept of noise tem
pcrature and, perhaps, even deepen its meaning. Therefore we now proceed by 
defining a noise-temperature matrix analogously to the introduetion of such a 
matrix by eq. (2.230). 

When G8 is the noise-wave power matrix of an arbitrary noisy multiport and 
S and N8 are its scattering matrix and noise-distribution matrix, respectively, 
we define the noise-temperature matrix T8 by 

(2.272) 
or by 

(2.273) 

In some special cases of singular matrices Ns the second defining equation is 
meaningless. As will be seen in sec. 4.2.2, then one can still rely on the first 
equation. Moreover, by a metbod analogous to that described in appendix B 
these special situations can also be met by introduetion of small perturbing 
losses and evaluation of Ts by a limiting process for a vanishingly small per-
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turbation *). For the time being we will not deal with these extreme cases. 

2.7.2. Motivation 

The definition of the noise-temperature matrix may seem to be a very im
practical abstraction. For most multiparts its elements do not represent real 
temperatures. Moreover, generally the elements are complex quantities. Only 
insome partienlar cases Ts has a distinct physical meaning. When a multiport 
is passive and at the uniform temperature T, by virtue of eqs (2.246) and (2.273), 
T8 reduces to the scalar matrix TI, which can be interpreted quite readily. 
Fora diagonal multiport the physical meaning ofTs is clear from the discussion 
in sec. 2.6.4. Furthermore, for a I-port the noise-temperature matrix as well 
as the scattering matrix, the noise-wave-source power matrix and the noise
distribution matrix reduce to single numbers, that is to I x I-matrices. Then, 
the noise-temperature matrix can be identified with the characteristic noise 
temperature introduced in sec. 2.3.1. In nearly all other cases T8 cannot be 
interpreted as easily. 

Other attempts to describe the noise of multiparts in terms of quantities with 
temperature dimension have been made. Vlaardingerbroek, Knol and Hart 44

) 

described the noise properties of a 2-port in terms of four "temperatures". 
The mere fact that in some simple situations the noise-temperature matrix 

can be interpreted is not a sufficient justification for its introduction. Better 
motives ho wever exist. In chapter 3 of the present treatise it will be shown that 
a change of coordinate systems transfarms the noise-temperature matrix by a 
similarity transformation. Hence, the eigenvalnes are invariants. In chapter 4 it 
will further be shown that these characteristic values are real numbers. They can 
be called characteristic noise temperatures ofthe multiport. In fact, they constitute 
the respective characteristic noise temperatures ofthe 1-ports which result when a 
multiport is transformed into a diagonal form. As a set, the characteristic noise 
temperatures together represent the intensity ofthe noise of a multiport. Further
more, in chapter 5 a discus si on of the work of Raus and Adler 15

) will be given. 
It will be shown there that the noise-temperature matrix is equivalent to the 
characteristic-noise matrix introduced by these authors and that the character
istic noise temperatures can be interpreted as a generalization of the extreme 
values of the noise measure, and vice versa. With all these observations to be 
made, the introduetion of the concept of noise-temperature matrix wiJl, in our 
opinion, be justified sufficiently. 

2.8. Broadband systems with delay 

2.8.1. Noise-power equations 

In sec. 2.4.3 it has been found that under certain conditions the evaluation 

*) See also the remark on passive reactive 1-ports, made in sec. 2.3.1. 
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of noise-power exchange over finite bandwidths Llf in braadband one-line 
systems which contain large delays is greatly simplified. Then, as shown in 
sec. 2.4.4, noise-power equations can directly be used. The necessary condition, 
given by eq. (2.137), is that the transit time be very large with respect to the 
inverse of Llf If this condition is satisfied for all possible transmission paths 
in a multiport system, such a system can also be investigated directly by means 
of noise-power equations. 

Furthermore, in sec. 2.4.5 it bas been argued that the same simpte procedure 
applies to quasi-matebed one-line systems. The same argument is valid for 
quasi-matebed multiport systems. Hence, if no wave or part of it travels more 
than once past the same point in the same direction and if no multipath trans
mission occurs, noise-power equations can also advantageously be used for 
multiport systems. 

In actual systems various components may have internat delay times which 
are not short in comparison with the reciprocal of the bandwidth; e.g. travelling
wave tubes, differential-phase shifters, Faraday-rotation circulators, etc. The 
elements of the scattering matrices of such components have amplitudes that 
are fairly independent of frequency, but the arguments of those elements are 
sensitive to frequency varia ti ons. In systems which consist of such components, 
it is possible tothink of equivalent "short" multiparts with additional entrance 
lines. lnstead of those systems one can investigate equivalent systems which 
consist of "short" multiports interconnected by "lines". The elements of the 
"short" scattering matrices have frequency-independent arguments. In the 
"lines" the effects of interference, constructive at some frequencies and destruc
tive at others, cancancel when averagedover the whole band. This is even more 
probable in such systems as radar receivers, etc., where in many cases the com
ponents are separated by lines of substantiallengths. As shown in secs 2.4.1 and 
2.4.2 equivalent noise waves in such systems are then uncorrelated since, due to 
the large variations of the arguments of the correlation factors C, the correlation 
coefficients c become zero. 

Being interested in power transmission only, we do not need the scattering 
matrix as such in such "long-line" systems but the matrix which relates the 
powers of the scattered waves to the powers of the incident waves. This matrix, 
which we will denote by the appropriate lower case letter, i.e. by s, will be called 
the power-scattering matrix. lts elements are equal to the squared magnitudes 
of the corresponding elements of the scattering matrix, i.e. 

(2.274) 

Let a1a1 + be the power of the wave or of all the waves contained in the band L1f 
and incident u pon the ith port of an n-port. The complete set of incident powers 
can be denoted by the column vector a given by 



-64-

(

1 o1o1:) 
0202 

. . 
\ OnOn + I 

(2.275) a 

The same formalism can be adopted for the scattered waves. This leads to the 
vector b. Then, 

b sa. (2.276) 

When exchange of noise power is considered, instead of the signal-wave 
power, the power O;O/ of the ith incident equivalent noise wave should be 
taken. Subsequently this distinction between equivalent signal waves and noise 
waves will not explicitly be made any more. The set of equivalent-noise-wave
power sourees of an n-port can be represented by the vector x given by 

x 
X 2 X 2 

(
x1x1:'), 

. . 
'XnXn + , 
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I 
I 
I 
I 
I 

y 

(2.277) 

q 

Fig. 15. Two connected noisy multiports. When the bandwidth is large, noise-power equations 
can be formulated in matrix form. 

Wh en two multiports are interconnected by means of long lines as illustrated 
in fig. 15, the following pair of noise-power equations can be written down at 
once in matrix notation: 

-sa+b=x (2.278) 
and 

a qb = y, (2.279) 

where s and q are the power-scattering matrices and x and y the noise-power 
veetors of the two multiports, respectively. These equations can be solved 
for a and b in terms of x and y, yielding *) 

a= (I qs)- 1 (y + qx) (2.280) 
and 

b (I- sq)- 1 (x+ sy). (2.281) 

*) The solution is straightforward only if the matrix (I qs) is non-singular. When it is 
singular, analogous consideratîons apply as are discussed in appendix B. 
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If a multiport is passive and at uniform temperature, by virtue of eq. (2.246), 

a relation between x, s and the multiport temperature Ts exists. Only the 
powers x1x/ of the equivalent-noise-wave sourees have to be known, the cor
relation being zero. Integration inthesen se of eq. (2.98) ofthe diagorral elements 
of the matrix G given by eq. (2.246) and over !Jf yields the equation 

X1x 1+ kTs ( 1 .t~ SiJSu* ) t:1f. (2.282) 

Bearing eq. (2.274) in mind, one can write this in the matrix form 

x = kT8iJf (I-s) (i), (2.283) 

where (i) is the column vector all elements of which are equal to unity. Sub
stitution of this result respectively for x and yin eqs (2.280) and (2.281) yields 

a=k!Jf(l-qs)- 1 {T0 (1 q) T8 q(l s)}(i) (2.284) 

and 
b = k !Jf(J- sq)- 1 {Ts (I-s) T0 s (I q)}(i). (2.285) 

Rearranging the terms algebraically, we can write these equations in the forms 

(2.286) 

and 
b t k L1f(T8 + T0) (i)+ t k !Jf(Ts- T0 ) m0 ,s (i), (2.287) 

where the square matrices ms,Q and mQ,s are given by respectively 

ms,Q (I qs)- 1 (I 2q qs) (2.288) 
and 

mQ,s =(I- sq)- 1 (I 2s + sq). (2.289) 

The net power exchange, that is the overflow of power from s towards q, is 
represented by the vector 

b-a = k ~1f t (Ts- TQ) (ms,Q -+- mQ,s) (i). (2.290) 

We now define a matrix m by 

m (I q)(l- sq)- 1 (I-s) = (I- s)(l- qs)- 1 (I- q), (2.291) 

the equality ofthe second and third memhers being covered by theorem (C.X). 
It is readily shown that eq. (2.290) can be written in the simplified form 

b-a= k !Jf(T5 - TQ) m (i). (2.292) 

Let ~v denote the sum of all elements of the vector v. Th en, it is easy to show 
that, if both the multiports S and Q are passive, the relation 

~m (i);:?; 0 (2.293) 
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must apply. Hence the net power exchange is from the hotter towards the colder 
multiport and, as one might expect, proportional to the temperature difference 
of the two multiports. 

lt is forthermore easy to show that at temperature equilibrium, 

(2.294) 
the equations 

a b = kT Llf(i) (2.295) 

apply. This is even the case when one or both of the multiparts are non-reei
procal (cf. sec. 2.6.7). Hence, in all the (long) lines of a broadbmd system with 
delay and at temperature equilibrium, two equivalent noise waves exist, one 
in each direction and the powers of which are equal to kT Llf Of course, this 
result is in full agreement with observations as made in sec. 2.3. 

2.8.2. Apparent port-temperature matrix 

Analogously, as was clone in sec. 2.7.1, a kind oftemperature matrix can be 
introduced. If x and s are respectively the equivalent-noise-power vector and 
the power-scattering matrix of an arbitrary noisy multiport, a temperature 
matrix ts can be defined by 

x = k t9 (I-s) (i) LIJ (2.296) 

It can easily be shown that t. need only be a diagonal matrix and that its ith 
element t;; can be interpreted as the apparent temperature of the ith port. 
Therefore ts is called the apparent port-temperature matrix. 
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3. COORDINATE TRANSFORMATIONS AND 
IMBEDDINGS 

3.1. Signal representations 

3.1.1. The signai-state space 

At any given frequency the signal state of an arbitrary linear n-port, which 
may be passive or active, reciprocal or non-reciprocal, can bedescribed uniquely 
by means of a number of 2n interrelated varia bles. These variables can be inter
preted as the coordinates of a point in a 2n-dimensional space: the signai-state 
space of n-ports 45), or as the componentsof a 2n-dimensional column vector: 
the signai-state vector. From a mathematica! point of view the physical meaning 
of the variables is not significant, nor is it important whether they can be 
measured or not. 

It should be noticed that the variables are either complex numbers, when 
harmonie signal waves are considered, or elements of Hilbert space, when pure 
noise is considered, or combinations of these quantities. In what follows har
monie waves and noise waves will often simultaneously be present in the same 
line and propagate in the same direction. It would, therefore, be convenient if 
both could be represented by the same quantities. A combination eould then 
be denoted by one symbol only and be considered to be one wave. Whenever 
it is convenient and we are interested in powers only, we will adopt this con
vention. It will then always be clear from the context of what kind a wave is or 
which part of it is a harmonie wave and which part a noise wave. 

T o make the convention correct, the definitions which have led to the concept 
of noise waves must also apply to harmonie signals. Because harmonie waves are 
in principle more precisely defined than noise waves, it will be clear that we must 
necessarily forego part ofthe knowledge of harmonie waves. In fact, the absolute 
phases of harmonie waves will not be described by the formalism, the knowledge 
of relative phases being retained only. Since we are not interested in actual 
amplitudes and instantaneous values, but in power and power density, the knowl
edge of relative phases is, however, sufficient and that of relative phases not 
important. Hence, the less comprehensive formalism of descrihing harmonie 
waves, too, by elements A of the Hilbert space which has been introduced in 
sec. 2.1.4, instead of by complex numbers as in sec. 2.1.2, can adequately serve 
our purposes. 

Let a harmonie wave a at a frequency la be represented by A. The conjugate 
element A+ of the dual Hilbert space can be considered to be subjoined toa*. 
In analogy to eq. (2.18), wedefine A in such a manner that for any given infinites
imal bandwidth of which comprises the frequency la the equation 
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aa* =AA+ of (3.1) 

applies *). The product ab* of two non-zero complex numbers a and b* is 
never equal to zero. Hence, the product AB+ of two harmonie waves A and B 
which are at exactly the same frequency never vanishes. Two harmonie waves 
at the same frequency are considered to be completely correlated; the magnitude 
of their correlation factor C (cf. sec. 2.1.5) is unity and the argument of C 
defines the relative phase. If two harmonie waves are at different, even slightly 
different, frequencies, the product AB+ is identically zero because, then, the 
time average of ab* vanishes. The harmonie wavescanthen be called uncorrelat
ed. All harmonie waves at a given frequency forma 1-dimensional subspace of 
Hilbert space and all harmonie waves at a different frequency constitute another 
1-dimensional subspace **). 

Any set of 2n independent linear combinations of the 2n variables can serve 
as another set of variables. Changing from one set to another corresponds to 
a coordinate transformation in the signai-state space. For example, the signal 
state of a 1-port can bedescribed by an incident wave A and a reflected wave B. 
The pair of quantities A and B constitute one set of coordinates for the 2-
dimensional signai-state space. An alternative set of independent linear com
binations is given by ***) 

V A+B (3.2) 
and 

J A B. (3.3) 

These quantities refer to the normalized versions of the voltage over and the 
current into the 1-port (cf. sec. 2.1.2). 

An illustration of the signai-state space of 1-ports at d.c. is given in fig. 16. 
At d.c. the concept of absolute phase bas become meaningless while the concept 
ofrelative phase has been reduced to that ofpolarity. Elements ofHilbert space 
canthen be represented by real numbers, the Hilbert space itselfhaving become 
identical with the 1-dimensional real space. The 2-dimensional signai-state space 

*) As a matter of fact, in order to obtain aa* the squared norm AA+ should be integrated 
over ojinstead of being multiplied by of as in eq. (3.1). The definition of eq. (3.1) yields, 
however, consistent results if, during the course of a given problem, it is implicitly under
stood that of does not vary. On the other hand the results of integration over of mu>l 
be independent of of as long as fa is contained in oj: If fa is not contained in o}; the 
inlegral is identically zero. lt will be clear that AA+ must have the nature of the Dirac 
delta function aa* o(j~ f). In the same way the product AB+ of two harmonie waves 
A and B at the frequencies !a and }i,, respectively, behaves like ab* ofafb o(f~ f), 
where Ofafb, the Kronecker delta, is unity, when j~ ./i,, and is zero, when .1;, fb· 

It is readily verified that all the properties of Hilbert space which have been mentioned 
in sec. 2.1.4 are satisfied. 

**) Pursuing this line of thought, we can think of a noise wave as consisting of an infinite 
collection of harmonie wave:i of arbitrary infinitesimal amplitudes and at different fre
quencies. 

***) Another set of combinations is given by Youla 63), Penfield 64), and Kurokawa 65), 

who describe (power) waves in lines with complex wave impedances. 
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Fig. 16. Signai-state space of 1-ports at d.c. The signa! state can be represented by various 
sets of coordinates, e.g. A, B and V, J. A I-port deflnes a l-dimensional subspace. 

is, then, a 2-dimensional real space. In fig. 16 the, now real, A and B coordinate 
axes are respectively drawn horizontally and vertically. The V and j axes make 
angles of n/4 radians with the horizontaL With every point in the A,B-plane 
or, what is the same, in the V,j-plane, there corresponds a possible signal state 
of some I-port at d.c. 

The 2n-dimensional signai-state space contains all possible signa! states of all 
possible n-ports. However, for a particular n-port not all states are possible. 
Si nee one half of the coordinates depends linearly on the other half, any n-port 
defines an n-dimensional subspace of the signai-state space. This subspace con
tains all signal states possible for the given n-port. Hence, for any n-port there 
are only n linearly independent states. Of course the subspace defined by a given 
n-port is invariant under coordinate transformations. In fig. 16 the dashed line 
indicates such a subspace defined by a particular I-port (a resistor in this case). 

3.1.2. Excitation and response veetors 

The n variables chosen out of the 2n variables to be independent can be con
sidered as the components of an n-dimensional vector: the excitation vector. The 
remaining n variables, the dependent ones, form the components ofanother 
vector: the response vector. F or the collection of all possible n-ports all excitation 
veetors subtend the n-dimensional excitation space and all response veetors the 
n-dimensional response space. 

For a given n-port the choice of independent variables cannot always be 
completely arbitrary. Only those choices where all excitation veetors are actually 
possible for that n-port are permitted. For a particular n-port not all response 
veetors need be realizable. A linear n-port defines a linear dependenee of the 
response veetors on the excitation veetors but this need not be a one-to-one 
correspondence. The dependenee can be singular, i.e. two or more different 
excitations may cause the same response. We say, an n-port defines a mapping 
of the excitation space whether onto or into the response space, depending on 
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whether the relation between the excitation and response veetors is a one-to-one 
correspondence or not. 

When K and L are the excitation and response vectors, a given n-port defines 
an nth-order matrix M such that 

L MK. (3.4) 

This matrix will be called the signai-performance matrix with respect to the 
particular coordinate system. The matrix is non-singular or singular, depending 
on whether the n-port defines or does not define a one-to-one correspondence 
between K and L. 

With K and L the signai-state vector can be written conveniently as the 
2n-dimensional vector *) 

w(M) ( ·--~--- ) . (3.5) 

From eq. (3.4) it is then easy to show that the subspace ofthe signai-state space 
which pertains to the n-port M is determined by 

(I i M) w(M) = o, (3.6) 

where (I 1 M) is an n x 2n-matrix and 0 the n-dimensional zero vector. The 
signai-performance matrix determines the subspace of the signai-state space 
·which pertains to the n-port. 

When the above formalism is being adopted, one has to bear in mind that 
the notation of eq. (3.5) presupposes that a definite choice of dependent variables 
bas been made. Henceforth, we will agree that the fust half of the components 
of the signai-state vector form the dependentand the second halfthe independ
ent variables. 

3.1.3. Primary coordinate system 

For further investigations it is advantageous that a particular one out of all 
possible coordinate systems of the signai-state space is considered to be the 
primary reference frame. All observations about coordinate transformations 
and the like canthen be referred to that one system. Since in preceding sections 
much attention bas been paid to the scattering-matrix signal representation, the 
corresponding choice of coordinates and the associate division into dependent 
and independent variables will be thought of as the primary one. We wish to 
emphasize that this choice is quite arbitrary. However, it is a convenient one 
due to the fact that the scattering-matrix representation bas been explored 
thoroughly and that it allows for intuitive physical thinking. 

For this primary system eqs. (3.4) and (3.6) read 

B=SA (3.7) 

*) A subscript formed by a signai-performance matrix between brackets does not refer to 
a particular multiport but to the coordinate system used, i.e. to the particular signal 
representation. 
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and 

(I ! - S) ( ·--:--- ) 0. (3.8) 

The incident- and reftected-wave veetors A and B are respectively the excitation 
and response veetors while the scattering matrix S is the signai-performance 
matrix. 

3.1.4. Coordinate transformatfans 

The general signal representation, the M-representation, can be obtained from 
the primary signal representation, the S-representation, by means of a coordinate 
transformation performed in the signai-state space. Let 4> be the 2nth-order 
matrix ofthat transformation. Then the generaland primary signai-state veetors 
are related by 

( ~ ) 4> ( ·--:---) = ( ::1 1--=~~--) ( ·-·~--) ' (3.9) 

where «P is given in a partitioned form in terms of nth-order submatrices cl» u. 
Since we are interested further on merely in non-singular coordinate trans
formations, we will consider non-singular «P-matrices only. Let 'i' be the inverse 
of 4». When l<2n) is thc 2nth-order identity matrix, the equations 

(3.10) 

are valid. The inverse coordinate transformation is expressed by 

( : ) '{' ( ---~---) ( ::: : --~~~-- ) ( -~--) . (3.11) 

From eq. (3.9) the new excitation vector K can be expressed in the old ex
citation and response veetors A and B. We have 

K «P21B + «P22A, 

or, with substitution of eq. (3.7), 

K = («P21S 4»22)A = YA, 
where 

(3.12) 

(3.13) 

(3.14) 

The excitation vector is transformed linearly by the matrix Y. For this reason Y 
will be called excitation-transformation matrix. It should be kept in mind that 
Y still depends on the particular n-port S which relates B to A. Evidently, if a 
coordinate transformation is to be meaningful for a given multiport, that is for 
a particular S, the criterion is that the matrix Y be non-singular ( cf. appendix D ). 
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Henceforth, the investigations will be confined to those transformations whic 
satisfy this condition with respect to the multiparts under consideration. 

Analogously, for the new response vector L we obtain 

(3.15) 

If S is non-singular, L can be expressed directly in Band a response-transforma
tion matrix could be defined. However, that would be relatively unimportant 
so that we will not pursue that subject. 

Since Y is assumed non-singular, the inverse of eq. (3.13) is also valid. 
Substitution of this inverse equation in eq. (3.15) yields 

(3.16) 

Comparing with eq. (3.4), one finds that the new signai-performance matrix M 
is given by 

(3.17) 

The inverse coordinate transformation '1', as defined by eq. (3.11), gives 
analogous converse results. We obtain 

A= ('l'z1M + 'l'22) K = AK, (3.18) 
with 

(3.19) 
and 

(3.20) 

The matrix A, too, will be called excitation-transformation matrix. Fora given 
multiport M these results are meaningful only, if the matrix A is non-singular. 
By virtue of eq. (3.10), substitution of eq. (3.17) for Min eq. (3.19) gives 

(3.21) 

Hence, when Y is non-singular, A is so, and vice versa. These matrices are each 
other's inverses, which is confirmed by eqs (3.13) and (3.18). 

For future derivations it is convenient to rewrite the results of the present 
section in a terse notation. By virtue of eqs (3.13) and (3.18), from eqs (3.4) 
and (3.7) the generaland primary signai-state veetorscan be written respectively 
in the forms 

( L ) ( M 
) K = ( ~ ) YA w(M) 

K I 
(3.22) 

and 

( B ) ( s 
) A= c-:---) AK. W(s) 

A I 
(3.23) 

The first factors in the right-hand si des are 2n x n-matrices in partitioned 
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form. Ifwe substitute these equations in eqs (3.9) and (3.11) and remember that 
the results must be valid for all veetors K or A, we obtain respectively 

and 

(--7-) ~( ; )a 
(; )=~(--7--)Y. 

(3.24) 

(3.25) 

By virtue of eq. (3.21), the former of these equations is identical with eqs (3.17) 
and (3.14) while the latter is identical with eqs (3.20) and (3.19). 

3.1.5. Alternative equations 

Alternative expressions for M in terros of S and for S in terros of M can be 
obtained by solving eqs (3.20) and (3.17) for M and S, respectively. These 
alternative equations can also be obtained by a direct metbod as follows. If we 
insert eq. (3.10) into eq. (3.8), by virtue of eq. (3.9), we get 

(Ij-S)~~ ( : ) = ~11 S~21 ~12 -S~22) ( ---~--·) = 0. (3.26) 

Premultiplying by the inverse of the matrix ~ 11 - S~ 21) and comparing the 
result with eq. (3.6), we obtain 

(3.27) 

This would also have been obtained when eq. (3.20) had been solved for M. 
The result is valid only if the matrix r, given by 

(3.28) 
is non-singular. 

Simi1arly, when inserting eq. (3.10) into eq. (3.6), premultiplying with the 
inverse of (~ 11 - M~21), and comparing the result with eq. (3.8), we obtain 

s (3.29) 

This resu1t is identical with the solution of eq. (3.17) for S. It is valid only 
if the matrix A, given by 

(3.30) 
is non-singular. 

The alternative results can be written in the terse form 

(I -M) r(Ii-S)~, (3.31) 

(Ij S) =A (I i-M) ~. 
I 

(3.32) 
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When one of the matrices r and ll is non-singular, it is, analogously to the 
derivatîon of eq. (3.21), easy to show that the other one is its inverse, i.e. 

ril= fl.r 1. (3.33) 

The requirement that r and ll must be non-singular seems to be an additional 
condition for the coordinate transformation to be meaningful for a particular 
multiport Multiplying eq. (3.19) from the right by 4>21 and the inverse of eq. 
(3.30) from the left by 'I' 21 and taking the sum of the results, we have, by virtue 
of eqs (3.10) and (3.33), 

(3.34) 

In appendix D it is shown that, due to this relationship and the fact that the 
coordinate transformation is non-singular, the non-singularity of the pair r 
and ll entails that of the pair Y and A, and vice versa. Hence, in actdition to 
the requirement of non-singular Y, there is no further condition of non
singular r, but these two forms of the applicability criterion for coordinate 
transformations are identical. A further discussion of this condition will be 
given in sec. 3.6.7. 

Below, in sec. 3.2.2, it shall be shown that rand ll transfarm the noise of an 
n-port in the same way as Y and A transfarm the excitation. The matrices r 
and ll will therefore be called noise-transformation matrices as, above, Y and 
ll have been called excitation-transformation matrices. 

3.1.6. Signai-state power-absorption matrix 

One can attribute to any point in the signai-state space a real number Pabs 
that represents the power absorbed in or, if the number is negative, emitted by 
an n-port at that signal state. This quantity depends neither on the coordinate 
system used nor on the properties of the particular n-port but is characteristic 
of the signal state proper. Although Pabs must be invariant to coordinate trans
formations it can be expressed in the coordinates of the signal state. In fact, for 
linear systems, Pabs is a real quadratic form of the signai-state vector. Haus 
and Adler 15

) define the 2nth-order matrix of that quadratic farm to be the 

power matrix Q<M)· For a signal state (--i---) the absorbed power is given by 

Pabs ( ~ ) x Q(M) ( ·--~---) · (3.35) 

SincePabs is real, Q<M) is an Hermitian matrix. We will call this matrix the signai
state power-absorption matrix, short Q-matrix, to distinguish it from the exci
tation power-absorption matrix, short P-matrix, which has been introduced in 
sec. 2.6.1 and which will be discussed further in the next section. Moreover, the 
Q-matrix will not simply be called power màtrix because, in sec. 2.5.2, that 
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name has been given by us to the matrix G which describes the powers and the 
correlation products of the noise-wave sourees of a multiport 

For the primary coordinate system, i.e. for the scattering-matrix signai 
representation, the power Pabs absorbed in an n-port is given by (cf. eq. (2.207)) 

(3.36) 

This can be written in the form 

Pabs = ( ~~:--- ) x Q(S) ( ---:- ) , (3.37) 

where *) 

Q(S) ( . Q~-- ~--· ) .Q. (3.38) 

Equation (3.37) is the scattering-matrix version of eq. (3.35), whiie eq. (3 .38) 
gives the actual definition of the signai-state power-absorption matrix for the 
scattering-matrix signal representation. 

Inserting eq. (3.10) and its Hermitian conjugate version between the factors 
of the right-hand side of eq. (3.37), by virtue of eq. (3.9), we obtain 

(3.39) 

Comparing this result with eq. (3.35), we see that the transformation 

(3.40) 

applies. The signai-state power-absorption matrix is transformed by the Her
mitian congruence transformation defined by the inverse 'I' of the signai-state 
transformation matrix 4>. 

3.1. 7. Excitation power-absorption matrix 

Due to eq. (3.6), any possible signai state of a given n-port is described 
completely by the excitation vector together with the signai-performance 
matrix. The power absorbed in or emitted by an n-port at a particular signal 
state must therefore be also a reai quadratic form of that excitation vector. 
Substitution of eq. (3.22) in eq. (3.35) gives 

(3.41) 
where 

*) We introduce here the polarity matrix .Q, defined by eq. (3.38), because below it wil! be 
used in conneetion with the polarity of flows of power. In fact, in eqs (3.37) and (3.38) 
it serves the same purpose. 
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(3.42) 

The nth-order Hermitian matrix PM is a characteristic feature of the particular 
n-port M. We will call it the excitation power-absorption matrix, or, as in sec. 
2.6.1, simply the power-absorption matrix, of the n-port M. Of course, this 
matrix is notinvariant to coordinate transformations. For the scattering-matrix 
signal representation the excitation power-absorption matrix is readily evaluated 
by inserting eq. (3.38) into eq. (3.42). One obtains the expression, given in eq. 
(2.208), 

(3.43) 

If we substitute eq. (3.18) in the expression for the absorbed power as it 
appears in the scattering-matrix signal representation, we have 

(3.44) 

Camparing this with eq. (3.41) andremembering that both expressions must give 
identical results for all K, we obtain 

(3.45) 

The excitation power-absorption matrix is transformed by the Hermitian 
congruence transformation defined by the signa!-transformation matrix A. This 
result could of course also have been obtained by insertion of eqs (3.24) and 
(3.40) into eq. (3.42). 

3.2. Noise representations 

3.2.1. Dependent-coordinate noise representations 

In chapter 2 noise properties of multiparts have been described in the scatter
ing-matrix signal representation. The noise of a multiport has been represented 
by noise-wave sourees which are ascribed to the ports; one souree to each port. 
These sourees emit noise waves out ofthe multiport and into the connected lines. 
Therefore the sourees are assigned with appropriate directions, viz. the directions 
of the refiected waves at the corresponding ports. This procedure allows for a 
format separation of noise and transmission properties of a multiport In con
ventional noise theories such separations are made very often 33 •34). 

To restate matters, the noise performance of a multiport has thus far been 
described by the mere addition of noise waves to the waves which are refiected 
by the conesponding "noiseless" multiport or, which is the same thing, by just 
adding noise quantities to the dependent components of the signai-state vector. 
In this way a noise-source vector has been introduced. It is identical with the 



77-

amplitude vector ofthe noise-wave sourees as bas been introduced in sec. 2.5.2. 
The noise-source vector must be added to the response vector. 

The ad dition of noise waves to reflected waves, which themselves may be noise 
waves, harmonie signa] waves, or a combination of the two, is one of the main 
reasons why in sec. 3.1.1 harmonie signal waves have been represented by ele
ments of a subspace of Hilbert space. 

Let S be the scattering matrix of a noisy multiport. The conesponding noise
less multiport is described by 

B'=SA, (3.46) 

where A and B' are the excitation and response veetors pertinent to that noiseless 
multiport. Let X be the noise-source vector (cf. sec. 2.5.2, eq. (2.188)) and B the 
response vector of the noisy mu1tiport. We then have 

B = B' +X SA X. (3.47) 

This equation is a generalized form of eq. (3.7). Moreover, it is the equation 
which bas been used in the discussions of chapter 2. In fig. 17 the ideas recalled 
in the present sectien are illustrated. 

s e·
--A 

x 

Fig. 17. Representation of a noisy multiport by a "noiseless" multiport and noise-wave sources. 

The concepts which underly eq. (3.47) can also be app1ied to a general 
coordinate system of the signai-state space. The partition of the coordinates 
into dependent and independent variables then must have been specified. 
We can formulate a genera1ized form of eq. (3.4) such that it includes the noise 
of multiports. We therefore introduce a general noise-source vector and denote 
it by Y. The generalized form of eq. (3.4) then reads 

L MK+ Y. (3.48) 

The components of Y need not be interpreted as amplitudes of noise waves in 
the sen se of sec. 2.1.4, but as amplitudes of general noise quantities. Of course, 
the components are elements of a Hilbert space. It will be clear that the units 
of noise-source amplitudes must be identical with those of the conesponding 
dependent variables. 

A general power matrix of the noise sourees is defined by 

(3.49) 
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The definition corresponds to that of eq. (2.191). From eq. (3.49) it is clear that 
in all coordinate systems noise-source power matrices are Hermitian. The 
diagonal elements determine the power densities of the constituent sources, the 
off-diagonal elements the mutual correlations. 

Analogously to eqs (3.4) and (3.7), eqs (3.5) and (3.8) can be brought into a 
general form so as to include noise. It is readily seen that these general forms 
are given by respectively 

(I[ M)(~) y (3.50) 

and 

(I l S) ( BA ) x. (3.51) 

Since in the formalismadopted here noise quantities are added to the depend
ent coordinates of the signai-state space, this type of noise representation will 
be called the dependent-coordinate noise representati011 (cf. sec. 3.2.3). 

3.2.2. Coordinate transformations 

When allportsof a multiport are terminated by non-reflecting noiseless loads, 
the noise waves radiated from that multiport and into the terminations can be 
evaluated in termsof Y and M. The corresponding power matrix, expressed in 
GM and M, must be the same as the one obtained in the scattering-matrix signal 
representation which is given by eq. (2.191 ). Equating the two results, we can 
derive GM. However, there is an alternative and more simple procedure for arriving 
at this result. A coordinate transformation in the signai-state space yields the 
same resu1t. 

Let us perfarm transformation ~ on the scattercd-wave coordinate system. 
Inserting 'I'~ in between the two factors of the left-hand side of eq. (3.51) and 
premultiplying both sides by r, we readily see, by virtue of eqs (3.9), (3.31), 
and (3.50), that 

Y=rX. (3.52) 

The noise-source vector is transformed linearly by r. For this reason, in sec. 
3.1.5, r has been called the noise-transformation matrix. 

By virtue of eq. (2.191), substitution of eq. (3.52) in eq. (3.49) yields 

(3.53) 

The noise-source power matrix is transformed by the Hermitian congruence 
transformation defined by r. Hence, rank and signature of that matrix are 
preserved under coordinate transformations. Since, furthermore, in sec. 2.5.4 
it has been shown that Gs is positive semi-definite, we may conclude that the 
noise-source power matrix is positive semi-definite in every coordinate system. 
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This condusion implies that the diagorral elements of GM are non-negative, as 
they should be to be in accordance with the definition of eq. (3.49). 

3.2.3. Other noise representations 

The procedure of descrihing noise performance by adding noise quantities 
to the dependent coordinates is not the only one possible. For the description 
of noise properties each memher of any arbitrary set of n out of the 2n co
ordinates can be associated with a noise quantity. The n noise quantities repre
sent n noise sourees (not necessarily noise-wave sources). Two of all thepossi
bilities have a partienlar character, viz. the one for which noise quantities are 
added to the dependent coordinates: the dependent-coordinate noise repre
sentation, and the one for which the independent coordinates are associated 
with noise quantities: the independent-coordinate noise representation. All 
others can be called mixed-coordinate noise representations. 

Evidently, most of these possible noise representations have no practical 
significance, in most cases the dependent type being the only convenient one. 
Therefore, we shall henceforth restriet ourselves mainly to that particular one 
as is done in most literature on linear noisy systems. Thus, Ryder and 
Kirchner 32), investigating transistors in the impedance-matrix signal represen
tation, describe the noise properties by means of two voltage sources, one at the 
input terminals and one at the output terminals. In the same way, Becking, 
Groendijk and Knol 33), making use of the chain matrix (the ABCD-matrix), 
describe the noise of a 2-port by means of a voltage souree in series with and 
a current souree shunted over the input terminals. 

3.2.4. Noise-distribution matrix 

In sec. 2.6.5 it bas been derived that, for the scatterecl-wave coordinate system, 
the noise-source power matrix Gs of a passive multiport S at the uniform 
absolute temperature T is given by (cf. eq. (2.246)) 

Gs kTNs. (3.54) 

The matrix N8, given by (cf. eq. (2.211)) 

Ns I ss x, (3.55) 

depends on the signa} performance only and has been called noise-distribution 
matrix. Performing a coordinate transformation .P, we obtain by substitution 
of eq. (3.54) in eq. (3.53) 

(3.56) 

Hence, for a passive multiport at the uniform temperature T the noise-source 
power matrix GM can be written in the form 

(3.57) 
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wbere NM is obtained from N8 by tbe Hermitian congruence transformation 

(3.58) 

Tbe matrix NM will be called tbe noise-distribution matrix for tbe M-matrix 
signal representation. It is a function of M only. 

By virtue of eq. (3.38), it is readily seen from eq. (3.55) tb at N8 can be written 
in tbe form *) 

(3.59) 

Inserting tbe relations 

(3.60) 

in between tbe factors of tbe rigbt-band side and substituting tbe resulting 
equation for N8 in eq. (3.58), we obtain, by virtue of eqs (3.31) and tbe inverted 
form of eq. (3.40), 

(3.61) 

We will consider tbis equation to be tbe definition of tbe noise-distribution 
matrix of a multiport in a general coordinate system. Due to tbe Hermitian 
cbaracter of QM (cf. sec. 3.1.6), tbe noise-distribution matrix is Hermitian. As 
it bas been stated already above, tbe noise-distribution matrix depends only 
on tbe signa} properties of tbe multiport and it governs the way thermally 
radiated power is distributed over the ports. 

3.2.5. Noise-ternperature matrix 

In tbe introduetion it bas been stated tbat many oftbe difficulties encountered 
in tbeories about noise of linear systems are due to tbe strong interrelation 
between signal and noise properties of multiports. Moreover, it bas been argued 
tbat one of our aims sbould be tbe separation, at least formally, of quantities 
wbicb, respectively, describe signal properties and noise properties. In order to 
attain sucb a separation for tbe scattering-matrix signal representation tbe 
concept of noise-temperature matrix bas been defined in sec. 2.7.1. 

By eq. (2.272) tbe noise-wave power matrix G8 is divided, apart from Boltz
mann's constant, into two matrix factors, i.e. 

(3.62) 

One factor, tbe Jatter, is tbe noise-distribution matrix N5 which bas been 

*) In the particular case of the scattering-matrix signa! representation Q(s) - 1 Q(S). In
stead of Q(s)- 1 in eq. (3.59) Q(Sl could have been written. This, however, is not true in 
other coordinate systems. Moreover, Q(s) bas not been used because in expressions about 
the noise, such as the noise-distribution matrix, the Hermitian conjugate matrices appear 
on the right-hand sides. Bringing the transferm of N8 back to the same general form, we 
must therefore make use of the inverted form of eq. (3.40) so that Q(Sl - 1 must appear 
in eq. (3.59). 
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discussed in the previous section. In analogy to the scalar factor Tin the right
hand side of eq. (3.54), the other factor, the former, has been called the noise
temperature matrix T s· 

It is hoped that the introduetion of T s will lead to quantities which are in
variant under coordinate transformations, which do not depend on signa! 
properties and which describe the intensity of the noise uniquely. It should be 
emphasized that T s itself still depends on S and, as will be shown right away, 
is not invariant under coordinate transformations. 

Substitution of eq. (3.62) in eq. (3.53) yields 

(3.63) 

Since r is non-singular, by virtue of eq. (3.58), this can be written in the form 

GM = k rTs cr-lr) Nsrx 
= k(rTs r- 1) NM. (3.64) 

Camparing this result with eq. (3.62) we now define a noise-temperature 
matrix TM for the M-matrix coordinate system by 

(3.65) 

This general noise-temperature matrix can then be obtained from T s by the 
similarity transformation 

(3.66) 

In matrix algebra it is shown that the eigenvalues of a matrix are invariant 
under similarity transformations. Hence, the eigenvalues of the noise-tempera
ture matrix of a given multiport depend neither on the coordinate system used 
nor on the signai-performance matrix in that reference frame. Moreover, it will 
be shown below that these eigenvalues are real numbers ( chapter 4) and that 
they characterize the intensity of the noise of the multiport in the same way the 
absolute temperature characterizes the intensity of purely thermal noise of a 
passive multiport at uniform temperature. In fact, the eigenvalues of the noise
temperature matrix satisfy all conditions which should apply to the noise
describing quantities we are looking for. For these reasons the eigenvalues will 
be called characteristic noise temperatures of the noisy multiport. 

3.2.6. Justijication 

One might still wonder whether the positing of eqs (3.61) and (3.65) for 
respectively the noise-distribution matrix NM and the noise-temperature 
matrix TM needs more elucidation and motivation. With the deduction per
formed in the preceding sections the consistency of the above equations has 
been sufficiently verified. However, that doesnotmake the introduetion of NM 
and TM reasonable, since GM itself al ready describes the noise completely and 
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in a much shorter fashion. The reason should be found in the fact that NM 
and TM offer the possibility of having (scalar) noise-characterizing quantities 
which do not depend inherently upon the signal performance and which are 
invariant to coordinate transformations. 

Starting from these ideas, the argument can be put the other way round. lf 
one suppose that GM can be split up into two matrix factors in the sense of 
eq. (3.65), one of which depends only upon the signal performance and the 
other also on the intensity of the noise, it is clear that both factors transform 
under coordinate transformations, since GM does so. Hence, none of those two 
matrices is invariant. Moreover, it is readily seen that one factor is transformed 
by a Hermitian congruence transformation and the other by a similarity trans
formation. Now, if invariant scalar quantities are wished for, they must be the 
eigenvalnes of the latter matrix so that eq. (3.66) can be valid for one of the 
factor matrices without any restrietion being put on the formalism. Then, if it 
is argued forther that for a uniformly warm passive multiport the eigenvalues 
should be equal to the absolute temperature, eq .. (3.61) is readily derived. 

3.3. Impedance-matrix signal representation 

3.3.1. Intermezzo 

Before proceeding with the investigation of the classification oflinear noisy 
multiports it may be worth while to illustrate the formalism defined thus far 
with a transformation to a commonly used coordinate system. Since network 
theories are often formulated in the impedance-matrix signa! representation, in 
the following intercalary sections we will briefly discuss the transformation from 
the scatterecl-waves coordinate system to the voltages and currents reference 
frame. The implications of a transformation to the admittance-matrix signa! 
representation or to any other signal representation can be found as easily. 

3.3.2. Transformation matrices 

Let V and J be the n-dimensional veetors of respectively the voltages over 
and the currents into the ports of an n-port. Let all eomponents of these veetors 
be normalized with respect to the appropriate charaeteristie impedances of the 
lines. The relation between these veetors is given by 

V= ZJ. (3.67) 

The matrix Z is the normalized impedanee matrix of the n-port. Aeeording to 
eq. (3.5), in this signal representation the signai-state vector is written in the 
form 

(3.68) 
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Furthermore, if the veetors A and B represent respectively the incident and 
reflected waves, the equations 

V=A+B (3.69) 
and 

J=A-B (3.70) 

apply. From these the coordinate-transformation matrix <I> is readily derived, 
i.e. 

(3.71) 

The inverse matrix 'I' is given by 

'I'=~ ( ·-+-1--1! __ ). (3.72) 

By virtue of eqs (3.14) and (3.19), the excitation-transformation matrix is found 
to be 

Y =I-S = 2 (I+ z)- 1 = 1\. - 1 . (3. 73) 

Analogously, one obtains from eqs (3.28) and (3.30) for the noise-transforma
tion matrix 

r=I+Z=2(I-S)- 1 =Ll- 1 . (3.74) 

3.3.3. The characterizing matrices 

The last two expressions ofthe previous section contain equations from which 
Z can be expressed in S and conversely. The same result can be obtained by 
insertion of eqs (3. 71) and (3. 72) into eqs (3.17) and (3.20) or into the alternative 
eqs (3.27) and (3.29). The result is given by 

Z =(I+ S)(I-S)- 1 = (I-S)- 1 (I+ S) (3.75) 
and 

S = (Z- I) (Z + I)- 1 = (z + I)- 1 (Z- I). (3.76) 

That the factors of the products which form the right-hand sicles commute, is 
readily verified. 

Substitution ofeqs (3.38) and (3.72) in eq. (3.40) yie1ds for the power matrix 
Q<zl in the impedance-matrix signal representation 

(3.77) 

Hence, by virtue of eq. (3.35), the absorbed power is given by the well-known 
expres si on 
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(3.78) 

Inserting eq. (3.77) into eqs (3.42) and (3.61), one obtains for the power
absorption matrix Pz and the noise-distribution matrix Nz the respeetive 
expressions 

(3.79) 
and 

(3.80) 

For a passive n-port at the uniform temperature T the noise-souree power 
matrix Gz is found to he given by 

(3.81) 

This result has been obtained by Twiss 46). The noise sourees have the eharaeters 
of "voltage" sourees in series with the terminals 32). This is clear from the faet 
that the noise quantities are added to the voltages over the ports, the latter 
being the dependent variables. 

For the admittanee-matrix signal representation one ean derive analogously 
that the noise-souree power matrix Gv is given by 

Gv = 4kT-}(Y + yx), (3.82) 

where Y is the admittanee matrix. This result, too, has been obtained by 
Twiss 46). In this case the noise sourees ean he represented by "eurrent" sourees 
shunted over the ports. 

3.4. Classification of multiports 

3.4.1. Invariantsof signa! performance 

Before discussing invariant quantities whieh can classify a multiport, we will 
enumerate briefly the numbers which characterize square matrices. The 
number n of rows and columns is called the order of a matrix. It is equal to the 
number of eigenvalues. The number r oflinearly independent rows and columns 
is the rank. It is equal to the number of non-zero eigenvalues. The difference 
between n and r, the nullity, defect, or degeneracy, is denoted by d. It gives the 
number of eigenvalues which are zero. The number p of positive eigenvalues is 
called the positivity or index and the number q of negative eigenvalues the 
negativity. The difference between p and q is called the signature and is denoted 
by s. It will he clear that the relations 

n p +q + d, (3.83) 
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r p+q (3.84) 
and 

s =p-q (3.85) 

apply. Only three of the six numbers are independent. 
In matrix algebra, Sylvester's law of inertia states that all characteristic num

bers are invariant under non-singular Hermitian congruence transformations. 
However, the eigenvalnes themselves are in general not invariant under such 
transformations. On the other hand, similarity transformations preserve the 
eigenvalues as well as the characteristic numbers. 

Deriving the formulas which describe the transformation of the signa! per
formance of a multiport, we have found in secs 3.1.4 and 3.1.5 that the signai
performance matrix does not transform in an elementary way, that is neither 
by a similarity nor by a Hermitian congruence transformation. The character
istic numbers of that matrix are not preserved under coordinate transformations. 
Hence, none of them can be used properly to classify a multiport 

In secs 3.1. 7 and 3.2.4 it has been shown that both the power-absorption 
matrix and the noise-distribution matrix are Hermitian-congruent in different 
coordinate systems. Hence, the characteristic numbers of these matrices are 
invariants and can be used to classify a multiport In sec. 2.6.1 it has been found 
that, for the scattering-matrix signal representation, the noise-distribution 
matrix N8 has the same eigenvalnes as the power-absorption matrix Ps (cf. 
appendix C, theorem II). This property need not apply in other signal represen
tations as may be clear from the results of the previous section. There it is 
easy to deduce from eqs (3.79) and (3.80) that the eigenvalnes of Nz and Pz 
differ by a factor of 4. However, what can be concluded from the eigenvalues 
of Ns and P 8 being identical is that the characteristic numbers of the noise
distribution matrix and the power-absorption matrix are identical and, hence, 
the same for any signal representation. In this respect these matrices need there
fore not be investigated separately. Moreover, the numbers n, r, d, p, q, and s 
of those matrices could also be called, respectively, order, rank, defect, positivity, 
negativity, and signature of the multiport proper. 

When looking for invariant quantities of active 2-ports, Mason 47
) stuclied 

the effects of redprocal transformations *). He has found that the unilateral 
power gain U is invariant under such transformations. In terms of the elements 
ZIJ of the impedance matrix the unilateral power gain is defined by 

u 
Zulz 

(3.86) 

*) Redprocal transformations are defined by their equivalent imbedding networks being 
reciprocal. The equivalence of imbeddings and coordinate transformations will be dis· 
cussed at length in subsequent sections. 
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where R 11 is the real part of Zu. Mason distinguished three classes of amplifiers 
in accordance with respectively U< 0, 0 U 1 and 1 U. However, if 
non-reciprocal transformations, too, are considered, the numerical value of U 

is not an invariant any more while, mareover, the first and the last of the 
above classes merge and become identical. Only two classes of active 2-ports 
can then still be distinguished, viz. those amplifiers for which U is in the region 
0 < U 1 constitute one class and those for which U is out of that region 
another. Haus and Adler 15) have shown that these two classes are identical 
with the classes of active 2-ports for which q is respectively equal to 2 and 1. 

If we define a unilateral power "gain" U also for passive 2-ports by applying 
eq. (3.86) to such 2-ports too, we readily find that U is then restricted to the 
region 0 U~ l. In particular, the condition 0 < U I defines in thîs 
case also the class of non-reciprocal passive 2-ports which are purely dissi
pative *). All reciprocal 2-ports, whether they are dissipative, active, or reactive 
are classified by U 0. Moreover, U = 1 determines the 2-ports which are, 
partly, or completely, reactive. 

The condition 0 < U 1 does not only define a certain class of active 2-ports 
but also a class of passive 2-ports. It will be shown below that the latter class is 
characterized by a p-value of 2. The p- and q-values therefore distinguish 
passive multiparts from active ones better than the unilateral power gaîn 
does. We conclude that p and q form a better classification for 2-ports than U. 
Since, furthermore, the unilateral power gain is not well suîted to networks 
wîth less or more than two ports and since. we do not wish to confine our
selves to recîprocal transformatîons only, we will not pay further attention to 
unilateral power gain. 

3.4.2. Dissipativity, reactivity, and activity 

In the previous section it has been argued that the characteristic numbers 
ofNM and PM classify a multiport. This will be verified in chapter 4. The physîcal 
meaning of those quantities wiJl also become clear only there. Nevertheless, in 
this and thè next section we will anticipate the results and discuss them briefly 
because that will explain the purpose of further investigations. 

When p = r = n, (q d = 0), thematrices NM and PM are positive definite 
and the multiport is passive and purely dissipative. For purely active multiparts 
q = r n, (p = d = 0), and NM and PM are negative definite. Wh en p = r n, 
(q = 0, d 0), NM and PM are positive semi-definite and the multiport is pas
sive and mixed dissipative and reactive. When q = r < n, (p = 0, d =I= 0), 
NM and PM are negative semi-definite and the multiport is lossless and mixed 
active and reactive . .In the general case of p, q, and d all unequal zero, NM and 

•) The meaning of such concepts as purely dissipative, partly reactive, etc. will become clear 
during the further course of this treatise (chapter 4). 
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PM are indefinite and the multiport is a mixture of dissipative, reactive, and 
active elements. 

The classification can be elaborated a little further. The values of p, q, and d 
give the numbers of respectively the positive, negative, and zero eigenvalues of 
both PM and NM. Since these numbers are invariant, by virtue of eqs (3.41) and 
(3.83), it is easy to show that, irrespective of the reference frame, for the exci
tation space a base can be found which consistsof n linearly independent exci
tation veetors in such a way that for p of them the absorbed power is inherently 
positive (dissipation), for q of them inherently negative (emission), and ford of 
them inherently zero (complete reflection). Therefore, we will call p the dissi
pativity, q the activity, and d the reactivity of the multiport. The sum of p and d 
could be called the passivity of the multiport. 

It should be noted that in speaking of activity, we do not refer to spontane
ously active multiports but to those multiports which can be active under 
stimulation only, that is we do not consider generators but only amplifiers 
( cf. sec. 5.1.2). 

3.4.3. Invariants of noise performance 

Inspecting the matrices which describe the noise of a multiport, we find that 
the noise-source power matrix GM is transformed by a Hermitian congruence 
transformation and the noise-temperature matrix TM by a similarity trans
formation. Hence, of the former only the characteristic numbers enumerated in 
sec. 3.4.1 are invariant while of the latter the eigenvalues, too, remain unaltered 
under coordinate transformations. 

In sec. 2.5.4 it has been shown that GM is positive semi-definite so that its 
negativity is inherently zero. The positivity Po of GM will be called the noise 
index. In chapter 4 it will be shown that this number refers to the number of 
inherently uncorrelated internal noise sourees which are externally manifest. 
The defect d0 of GM will be called the noise defect. 

In secs 2.7.2 and 3.2.6, motivating andjustifying the introduetion ofthe noise
temperature matrix, we have stated that the eigenval u es of that matrix are real, 
have the dimension of a temperature, and can serve as unique, unambiguous, and 
quantitative measures of the noise intensity. In fact, for the larger part the 
remainder of this treatise will be devoted to the verification of this particular 
statement. 

3.5. The transfer matrix 

3.5.1. Jrhe 2-port 

Many practical circuits consist of 2-ports. When 2-ports are cascaded, 
it is convenient to describe them in terms neither of the impedance matrix nor of 
the scattering matrix, but instead of it in terms of the chain matrix (general-
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circuit-constant matrix or ABCD-matrix) or, alternatively, ofthe transfer matrix 
(orT-matrix). Owing to its practical interestand because, for the transformation 
of n-ports, we shall later be interested in the transfer matrix of 2n-ports, we 
think it useful to pay now some attention to the transfer matrix of 2-ports. 

When eq. (3.51) is applied to 2-ports, the signai-state vector, as given by 

(3.87) 

bas four components. The former pair, the refiected waves 8 1 and 82 , is 
dependent on the latter pair, the incident waves A1 and A2 • Any fourth-order 
permutation matrix n(4) applied to this signai-state vector yields a different 
choice of dependent coordinates. It is easy to show that the inverse of a per
mutation matrix is equal to its transpose, i.e. 

(3.88) 

The particular permutation matrix we are interested in is the one which leads 
to the transfer-matrix representation. The transfer matrix 9 of a 2-port is the 
matrix which relates the refiected and incident waves 8 1 and At. respectively, 
at the input to the incident and refiected waves 82 and A2 , respectively, at the 
output*) (note the difference in sequence). Then, the former are the dependent, 
the latter the independent coordinates **). The resulting signai-state vector is 

( --~--- ) (3.89) 
( AA8

8

~~ ) • 

Equation (3.50) now reads 

Y. (3.90) 

The two components Y1 and Y2 of the noise-source vector Y are associated 
with 81 and A11 respectively. Hence, the noise is represented by two sourees at 
the input. An illustration of these ideas is given in fig. 18. 

*) Contrary to the practice adopted hitherto, the wave incident upon the output of a 2-port 
is denoted by B2 , instead of by A2 • By doing so, we shall henceforth be able to equate 
the excitation vector of a 2-port with the response vector of a following 2-port while, 
furthermore, if a I-port is connected to the output of a 2-port, the signai-state vector of 
the former is equal to the excitation vector of the Jatter. 

**) The choice of the input waves as dependent, made by Belevitch 21) and in this treatise, 
is different from the choice made by Dicke 23) who, defining the T-matrix, considered 
the output waves to be depend ent. The difference of approach is not very serious. Which 
choice can be better made depends strongly upon the order in which the cascaded 2-ports 
enter calculations. 
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Fig. 18. A noisy 2-port represented by a transfer matrix and two corresponding noise-wave 
sources. 

The transfer matrix is a convenient expedient for handling cascades of2-ports. 
The independent output waves K1 of the ith 2-port of a cascade are equal to 
the dependent waves L;+I at the input of the following 2-port. 

The permutation matrix U<4 l which leads to the transfer-matrix signal 
representation of 2-ports is readily shown to be 

(3.91) 

By virtue of eq. (3.88), the inverse transformation matrix lJ! is given by 

( 

1 0 

n(4)-1 = o o 
0 I 
0 0 H·)· (3.92) 

From eqs (3.38) and (3.40) the power matrix Q<9 > of this coordinate system is 
found to be 

(3.93) 

where .Q is the 2nd-order polarity matrix introduced in sec. 3.1.6 and given by 

,Q = ,Q-1 ,QT = ( 1 0 ) • 
0-1 

(3.94) 

Substitution of eq. (3.91) in eq. (3.14) yields the excitation-transformation 
matrix Y, i.e. 

(3.95) 

Analogously, substitution of eq. (3.92) in eq. (3.28) yields the ooise-trans
formation matrix r, i.e. 

r s _1 ( s21 1 ) • 
21 0 -1 (3.96) 
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The conditions of non-singularity of the matrices Y and r are identical (cf. 
sec. 3.1.5) and require 

S21 0. (3.97) 

If the introduetion of the transfer matrix and the representation of the noise 
by means of two noise sourees at the input are to be meaningful for a given 
2-port, it is necessary that there should exist a coupling from the input to the 
output 33). 

For the calculation of the elements of the transfer matrix e use can be made 
of eq. (3.17) or, alternatively, eq. (3.27). The result is 

S12-SuSz1- 1S22• 
-l s22• 

(3.98) 

By virtue of eq. (3.52), the components of the noise vector Y are found to be 

(3.99) 
and 

(3.100) 

At this stage we wish to warn against a possible pitfall and call attention to 
what might seem to be a discrepancy between the mathematica! formalism 
adopted thus far and the physical picture one might have formed. 

Fr om the introduetion of noise-wave sourees applying in the scattering-matrix 
signal representation, and from the discussion about noise quantities in secs 
3.2.1 and 3.2.3, one might have concluded that the latter can always be inter
preled as amplitudes of noise sources. This is not quite correct. The noise 
quantities have been defined such that they must be added to appropriate 
coordinates of the "noiseless" multiport to get the corresponding coordinates 
of the noisy multiport In the above case this means that Y2 must be added to 
A1' in order to obtain A1 • On the other hand, if two noise-wave sourees are 
thought to be present at the input of the "noiseless" 2-port, as illustrated in 
fig. 18, the amplitude of the inwardly radiating souree must be added to A1 

in order to obtain A1'. The amplitude of that souree is therefore not equal to 
Y2 , but to - Y2 • 

The casual appearance of minus signs at some noise-source amplitudes could 
have been avoided. Polarity matrices should then have been inserted into the 
right-hand sides of such equations as eqs (3.48), (3.49), and (3.50). That proce
dure, however, would have been more complicated mathematically than the 
one adopted in secs 3.2.1 and 3.2.3. We will therefore maintain the definitions 
given thus far and accept minus signs at amplitudes of some noise sources. 

The ostensible discrepancy can also be illustrated by the automatic appearance 
of a minus sign in the right-hand memher of eq. (3.100). The equations (3.99) 
and (3.100) could also have been obtained as the result of a direct inspeetion 
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of the configuration (see figs 17 and 18). A noise wave X2 which emerges from 
the output port of a 2-port can he accounted for by a noise wave s21-l x2 

which is incident u pon the input. In this way - Y2 is obtained, leading to eq. 
(3.100). However, this noise wave is partly reflected at the input, yielding a 
reflected wave S11 S21 - 1 X 2 emerging from the input port. Actually, a noise 
wave X1 emerges from that port. Hence, an additiona1 noise-wave souree 
(X1 - S21 - 1 S11 X 2), which radiates away from the 2-port, must he present at 
the input. This is expressed by eq. (3.99). 

Insertion of eq. (3.93) into eqs (3.42) and (3.61) yields respective1y the power
absorption and noise-distribution matrices. The result is 

(3.101) 
and 

(3.102) 

These expressions could also have been obtained by applying the Hermitian 
congruence transformation of eqs (3.45) and (3.58) to the conesponding 
matrices of the scattering-matrix signal representation. For passive 2-ports 
both the above matrices are positive semi-definite. For lossless passive 2-ports 
both are equal to the zero matrix, which results in 

(3.103) 

These two equations follow from each other as can readily be shown by virtue 
of eq. (3.94). 

The noise-source power matrix can he written down in the form 

(3.104) 

where T& can he deduced from Ts by means of the similarity transformation 
of eq. (3.66). If the 2-port is passive and homogeneously warm at the tem
perature T, we have 

(3.105) 

Starting from the impedance-matrix signa1 representation, discussed in secs 
3.3.2 and 3.3.3, the same permutation matrix <P = TI<4 > leads to the chain
matrix signal representation. Some of the results can he found in refs 15 and 48. 
In this case the applicability criterion is given by 

(3.106) 

Becking et al. 33) have deduced this as the condition which must he satisfied 
if the noise of a 2-port is to be represented by a voltage and a current souree 
at the input. 
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3.5.2. The 2n-port 

The transfer matrix, in the previous section discussed for the 2-port, can be 
generalized for 2n-ports. This subject is broached in the present section because, 
in what follows, we shall need the results for the discussion of imbeddings. An 
imbedding is a transformation of an n-port by means of a 2n-port "trans
former". 

-Y21 _, 4 I I --I .....,\!11 I 911 I 912 : --' -Yzil..t. I I i -I 

+-I .....,yl\ I 
--,---

I --+ 1 -Yznl..t. I 
921 : 972 I 

I --I ~\'1n I I -I I 

~11 -+A 
-s a 

~ I ,__ __ __, 

Fig. 19. A noisy 2n-port represented by a transfer matrix and 2n corresponding noise-wave 
sources. 

Of the 2n-port n ports are considered to be the input ports, the remaining 
n ports being the output ports. This is illustrated in fig. 19a. The waves incident 
upon and reflected at the input ports, the A;"s and B;"s, respectively, together 
constitute the dependent coordinates. The 2n-dimensional response vector is 
defined by 

L ( --1~---). (3.107) 

The same waves at the output ports (but in reversed order*) ), the 8/'s and the 
A/'s, respectively, constitute the independent coordinates. The 2n-dimensional 
excitation vector is written in the form **) 

*)Here, too, the waves incident upon the output are denoted by 8~> etc. (cf. sec. 3.5.1). 
**) There is an alternative method to define the response and excitation vectors, teading to 

an alternative different definition ofthe transfer matrix. In fact, it is also possible to define 
the response vector such that the first pair of components are the refiected and incident 
waves at the first input port, the second pair the same waves at the second input port, etc. 
The excitation vector is then formulated analogously. It wiJl be clear that for the definition 
of the chain matrix of a 2n-port the same alternative exists. Haus and Adler 15) have 
made this alternative choice, adopting an alternating sequence of voltage and current 
variables. 
However, the alternative method is not well suited to the insertion of the incident and 
reflected waves, that is of the excitation of an imbedding 2n-port. Therefore, we shall 
adopt the definitions as they are given in the text such that the first n components of the 
response vector of the 2n-port constitute the n reflected waves at the n ports of the input, 
etc. 
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K ( : ) . (3.108) 

The signai-performance matrix, the transfer matrix 9, is a 2nth-order square 
matrix. The general multiport equation, eq. (3.48), can now conveniently be 
written in the partitioned form (see fig. 19b) 

( --1~--· ) = ( ::: I ::: ) ( ·--:--- ) + ( -~~-- ) · (3.109) 

where the 91i are nth-order square submatrices of 9. The n-dimensional vee
tors Y 1 and - Y 2 refer to the noise-wave sourees which radiate respectively out 
of and into the input ports. 

The scattering-matrix equation, eq. (3.51), can be written in the form 

(I I s)( : ) = ;, (3.110) 

where 

a (--~--- ), (3.111) 

~=( --r--) (3.112) 

and 

;= c-~--), (3.113) 

or in the partitioned form, eq. (3.47), 

(3.114) 

The coordinate transformation is defined by 

( ---~-- ) = ~ ( ·--~---). (3.115) 

The transformation matrix ~ is the 4nth-order permutation matrix II<4 n) 

(cf. eqs (3.91) and (3.92)): 
10 00 

h~T~n""'~ ( ;; H-)· (3.116) 

We will not repeat all considerations made in the previous section, but write 
down at once the generalized results. The 2nth-order polarity matrix Q can 
now be written (cf. eq. (3.94)) 
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S! Q-1 = QT (" ~-- OI ) . (3.117) 

We have 

Y ( --s~~-- i 8:2 ) ' 
(3.118) 

r = ( ~ i =-~:~- rl ( ---~-- -------~-~~2~1~-~--), (3.119) 

(3.120) 

(3.121) 

(3.122) 

(3.123) 

The conditions that a 2n-port can bedescribed by a transfer matrix are furnished 
by the requirements of non-singular Y and r. These two conditions are 
identical ( cf. sec. 3.1.5) and are satisfied if 8 21 is non-singular. This means that 
the coupling from the n input ports to the n output ports must be unambiguous. 

In the following the lossless 2n-port will p1ay an important role as imbedding 
network or general "transformer". In appendix D it is shown that for such a 
2n-port the condition of non-singular 8 21 leads to non-singular 8 12. This means 
that, when the coupling from input to output of a lossless 2n-port is unam
biguous, the coupling from output to input is so, too. It can further be shown 
from the condition of freedom of loss, 

I 88x = I 8x 8 = 0, 

that in this case one can write for the submatrices of e: 

e12 811821- 1 

ez• 821- 1822 

e22 = 821- 1 

(812 x)-1822 x' 

811 x(812x)-t, 

821x -811x(812x)- 182 2 x. 

(3.124) 

(3.125) 

(3.126) 

(3.127) 

(3.128) 

The fust and the last of these equations show that the diagonal submatrices 9 11 
and 9 22 of the transfer matrix are non-singular. This can also be shown from 
the condition of freedom of loss in the transfer-matrix signal representation. 
From eqs (3.122) and (3.123) we obtain for that condition the identical equations 
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en~P 

In partitioned form they read 

and 

9tt911 x -812812 x =I, 

0 

9 11 xe11 - 9 21 xezt =I, 

822x9zz -912xetz =I, 

911 x 912 921 x 922 0. 

(3.129) 

(3.130) 

(3.131) 

(3.132) 

(3.133) 

(3.134) 

(3.135) 

Let us suppose that 9 11 is singular. Then there must exist a non-zero vector 
V such that 9 11 V = 0 and vxv > 0. Premultiplying eq. (3.133) by vx and 
postmultiplying by V yield 

(3.136) 

Since the Gaussian transfarm 9 21 x 9 21 is positive (semi)-definite 40
) the left

hand side is non-positive, which contradiets the condition vxv 0. Hence, 
9 11 must be non-singular, which verifies the above finding. In the same way 
it can be shown that 9 22 is non-singular. When this result is applied to eq. 
(3.135) or eq. (3.132), is easy to show that 9 12 and 9 21 are simultaneously 
singular or simu1taneous1y non-singular. 

It is worth whi1e to point at a further interesting consequence. The fact that, 
when a 1ossless 2n-port can be described in the transfer-matrix signa] represen
tation, 9 11 and 9 22 must both be non-singular leads, by virtue of eqs (3.125) 
and (3.128), to the inference that that 2n-port can always be described also in 
the scattering-matrix representation. The corresponding scattering matrix then 
always bas non-singular s12 and s21· 

The matrices Y and r which govern the transformation of excitation and 
noise from the transfer matrix to the scattering-matrix signa] representation 
are given respectively by 

Yt9 .... S = ( 921 i -~0-==--)' 
I i 

( --~--! 912922-
1 

) . 

922- 1 

(3.137) 

(3.138) 

lndeed, these matrices are non-singular if 9 22 is non-singular and that is always 
the case when the 2n-port is lossless. Then, from eq. (3.127), the diagonal sub
matrices S11 and S22 of the scattering matrix are simultaneously either singular 
or non-singular. Moreover, S11 and S22 have these properties simultaneously 
with 9 21 and 812. 
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3.6. Imbeddings 

3.6.1. lmbedding of a multiport 

Haus and Adler 15) have analyzed the noise performance of linear n-ports by 
imbedding them in lossless 2n-ports (see sec. 5.1). Since we wish to consider to 
what extent the formalism developed by these authors agrees with that adopted 
in this treatise, we wil! now investigate the general imbedding of an n-port. 

When the n output ports of a 2n-port are terminated by an n-port, the n input 
ports constitute another n-port. We say: the former, the old, n-port is trans
formed by the 2n-port to the latter, the new, n-port. The old n-port is imbedded 
in the 2n-port. It is called itself the îmbedded or original n-port. The 2n-port 
acts as a general "transformer". It is called the imbedding or transforming 
2n-port. The resulting n-port is called the transformed or resultant n-port. 

At this stage we are interested in the resultant n-port and the description of 
its properties in terms of those of the imbedded and imbedding multiports. In 
fig. 20 an illustration of a general imbedding is given. In fig. 20a the actual 
imbedding is shown while fig. 20b shows the equivalent resultant multiport. 

#.-I 
I 
I 

a'- i 

a) ~ 

9
11: 912 

--+--
921 I e22 

Fig. 20. Imbedding of an n-port in a 2n-port results in another n-port. The imbedding 2n-port 
is represented by a transfer matrix. 

Let the scattering matrix and the noise-source vector of the original n-port 
be denoted respectively by S and X and let the corresponding primed symbols 
denote the same quantities of the resultant n-port. The equations 

B =SA+ X (3.139) 
and 

B' S'A' +X' (3.140) 

are valid. The primed and unprimed veetors A', B' and A, B are as defined in 
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the previous section (cf. figs 19 and 20). Substitution of eq. (3.139) in eq. (3.109) 
yields *) 

(3.141) 
and 

A' (921 S + 9 22) A+ 9 21 X + Y2 • (3.142) 
Elimination of A and comparison of the result with eq. (3.140) lead to 

(3.143) 
and 

X' reX+ Y1 S'Y2 , (3.144) 

where (cf. eq. (3.30)) 

r"" = 011- S'9zl· (3.145) 

The elimination can be carried out only if the matrix Y19, 

Y"" = 021s + 922• (3.146) 

is non-singular (cf. eq. (3.14)). Tosome extent this condition provides a criterion 
fortheimbedding to be meaningful (cf. sec. 3.6.7). 

There is a close resemblance between the results obtained here and those 
found in secs 3.1.4 and 3.1.5. The transfer matrix 9 of an imbedding 2n-port 
is the analogue of the matrix cp of a coordinate transformation. An imbedding 
is not necessarily isomorphic, that is there need not exist a one-to-one corre
spondence between the original and resultant n-ports. This signifies that9 is not 
necessarily non-singular. Hence, the analogue of the inverse 'I' of the coordinate
transformation matrix need not exist. Furthermore, the matrices r 8 and Y8 are 
analogous to respectively the noise- and signal-transformation matricesrand Y. 
Again the analogues of 4 and 1\, that is the matrices 4 8 and .l\8 , cannot 
always be defined. Equations analogous to eqs (3.19) and (3.28) need not exist 
(cf. sec. 3.7.1). 

3.6.2. Power-absorption matrix 

Let the power absorbed in the resultant n-port be denoted by Pabs,s·· This 
power is dissipated partly in the imbedding 2n-port and partly in the original 
n-port. Let these parts be denoted by respectively Pabs,él and Pabs,s· We can 
write down 

Pabs,S' Pabs,@ + Pabs,S· (3.147) 

Furthermore, by virtue of eqs (3.41), (3.43), and (3.101), we have 

*) Instead of in eq. (3.109) the substitution could also have been made in eq. (3.114). When 
that is done the transformation formulas are obtained in terms of the elements (or sub
matrices) of the scattering matrix of the imbedding 2n-port. This possible procedure has 
been worked out in appendix D. 
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Pabs,s• A'"Ps.A' A'" (I-S' x S') A', (3.148) 

(3.149) 

)A. 
(3.150) 

If for the time being we neglect noise, by virtue of eqs (3.142) and (3.146), 
we obtain 

Ps· Ps' + Pe', (3.151) 
where 

Ps' (Ye - 1y PsYe 1 (3.152) 

1y ( 
s 

)"Pe(- ~- ) Ye 1. Pe' (Ye 
I 

(3.153) 

The power-absorption matrix P 5 • of the resultant n-port consists of two parts. 
One part, Ps', governs the power absorbed in the original n-port while the other 
part, P e', refers to the power dissipated in the imbedding 2n-port. 

3.6.3. Noise transformation 

The noise-source power matrix G8• of the resultant n-port can be written in 
the form 

(3.154) 

We assume that X and Y are uncorrelated. Insertion of eq. (3.144) into eq. 
(3.49) shows that G8., too, consists of two parts, i.e. 

(3.155) 
where 

(3.156) 
and 

Ge' = (I i-S') Ge (I i -S'Y. (3.157) 

The first part originates from the original n-port while the second part refers 
to the noise which descends from the imbedding 2n-port. 

By ana1ogy with the deduction in sec. 3.2.5, the imbedded noise-source power 
matrix Gs' can be written in the form 

(3.158) 
where 

(3.159) 
and 

Ns' = r eNsr .,,X. (3.160) 

A necessary condition for this to be permissible is that r 9 be non-singular 
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(cf. sec. 3.6.4). Ifr eis singular, for certain noise-source vectors, the null veetors 
of re. the noise of the original n-port cannot be perceived at all at the input of 
the imbedding 2n-port, and for other noise-source veetors part of that noise is 
not detectable there. An analogous di vision of Ge' into two matrix factors would 
be artificial and ambiguous. It would not have much physical meaning either. 

In general the inequalities 

(3.161) 
and 

(3.162) 

apply. We prove the first one only. Let us insert eqs (3.55) and (3.145) into eq. 
(3.160). When, further, the solution for S of eq. (3.143), given by 

(3.163) 

is substituted, we obtain 

Ns' = (911911 x -9129t2x)- S' (G21911x -822912x) + 
- (01102tx -012022x)s'x + S'(02t€)2tx -022022x)s'x. 

(3.164) 

Comparison of this result with eq. (3.154) verifies the inequality. Only when eqs 
(3.130), (3.131), and (3.132) are valid, that is only when the imbedding 2n-port 
is lossless, the two matrices Ns· and Ns' are identical. 

lt will be clear that all matrix relations deduced in the previous and the present 
section can also be derived by straightforward matrix-algebraic methods, when 
expressions like eq. (3.164) are used. However, many calculations are involved. 

3.6.4. Images and reductions 

Two different ways of visualizing the process of an imbedding are possible. 
First, the resultant n-port can be considered to be an image of the original one 
as seen through the imbedding 2n-port. Secondly, the resultant n-port can also 
be thought to be a reduction of the imbedding 2n-port, the reduction being 
effectuated by the original n-port. lt should be emphasized that these two ways 
of visualization are excluding each other. 

Thematrices P5', N5', Gs' and Ts' introduced in the preceding sections are 
the images of the corresponding matrices of the original n-port. The more or 
less the imbedding 2n-port is transparent, the more or less complete is the image 
of the original n-port. The transparency of the 2n-port depends on its losses. 
The smaller the latter are, the better the former is. Only ifthe 2n-port is lossless, 
are the images complete. In that case the matrices mentioned above are equal 
to those of the resultant n-port, which itself is then the unblurred image of the 
original n-port (cf. sec. 3.6.6). 

The matrices P e' and Ge' cannot be considered to be images of P e and Ge. 
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Even the orders are not the same. Instead of images we can call the former 
matrices reductions of the latter. If the reducing original n-port is lossless, 
it is readily shown that the reduced matrices P e' and Ge' are equal to the cor
responding matrices of the resultant n-port. In this particular case similar 
remarks apply to the noise-temperature and the noise-distribution matrices. 

3.6.5. Homogeneously warm multiparts 

In the present and the next section we will investigate two simple cases. First, 
the case that both, imbedded and imbedding, multiparts are at uniform temper
atmes and, secondly, the case of a lossless imbedding multiport It will turn out 
that the latter types of imbeddings are equivalent with certain coordinate trans
formations (cf. sec. 3.7.1). 

Let the temperatures of the imbedded n-port and of the imbedding 2n-port 
both be uniform and be denoted by respectively T8 and Te. By virtue of eq. 
(3.159), we have 

(3.165) 

and hence, due to eq. (3.158), 

(3.166) 

Furthermore, substituting the 2nth-order version of eq. (3.105) in eq. (3.157), 
by virtue of eq. (3.164), we obtain 

(3.167) 

Insertion of these results into eq. (3.155) gives 

(3.168) 

If the uniform temperatures are equal, i.e. 

Ts =Te= T, (3.169) 
the obvious equation 

(3.170) 

is obtained. 
Equating eqs (3.168) and (3.154) and solving for T8., we find 

Ts· =Tel+ (Ts-Te)Ns'Ns.- 1
• (3.171) 

It is readily seen that, in general, two homogeneously warm multiparts at 
different temperatures do not constitute a resultant multiport at an apparently 
uniform temperature. That would be so only if 

(3.172) 
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is satisfied. As will be shown in the next section, this is the case if the imbedding 
multiport is lossless. Then the resultant n-port is at the apparently uniform 
temperature T8• Of course, the - abstract temperature of a lossless multiport 
does not matter at all. 

3.6.6. Lossless imheddings 

lt has already been remarked that many ofthe results ofthe preceding sections 
would be simple if the imbedding 2n-port were lossless. Introducing the con
ditionsof freedom of loss, as contained in eq. (3.129), into the expressions for P 9 

and G9 , by virtue of eqs (3.153) and (3.157), we obtain 

(3.173) 

Then, from eqs (3.151) and (3.155), it is readily derived that 

(3.174) 
and 

(3.175) 

Substitution of eqs (3.130), (3.131), and (3.132) in eq. (3.164) yields 

(3.176) 

so that insertion of eq. (3.175) into eq. (3.158) results in 

(3.177) 

The relations (3.174) and (3.177) can be deduced in the same matrix-algebraic 
way in which eq. (3.176) has been derived. This then results in eq. (3.175). In 
this way we have verified the consistency of the imbedding relations. 

3.6.7. Conditlans 

In deriving the imbedding relations, several conditions have to be satisfied for 
an imbedding to be unambiguous. In sec. 3.6.1 it has been stated that the matrix 
Ye must be non-singular and in sec. 3.6.3 the same has been observed for the 
matrix r 8 . A physical interpretation of these conditions is most easily obtained 
when the imbedding 2n-port is represented by its scattering matrix. This has 
been done in appendix D. Recapitulating the investigations made there, the 
following three conditions can be formulated. Let Su be the square sub
matrices of the scattering matrix of the 2n-port. We then have: 

(a) the scattering matrix S' of the resultant n-port is determined uniquely by 
the scattering matrix S of the original n-port only if the system formed by 
original n-port and imbedding 2n-port has no internal undamped 
resonances, i.e. 

(I S22S): non-singular; 
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(b) the transformation of the noise of the original n-port is unambiguous only 
if, apart from condition (a), a unique coupling from the output towards the 
input of the imbedding 2n-port exists, i.e. 

s12: non-singular; 

(c) the image ofthe power-absorption matrix ofthe original n-port is complete 
only if, apart from condition (a), the coupling from the input towards the 
output of the imbedding 2n-port is unique, i.e. 

s21: non-singular. 

The last condition is identical with the criterion for the transfer-matrix repre
sentation of the imbedding 2n-port to be meaningful, as it has been derived in 
sec. 3.5.2. That its transfer matrix exists is therefore a necessary condition fora 
2n-port to be an unambiguous transfarmer but not yet a sufficient one. Also its 
transfer matrix in the opposite direction must exist and, furthermore, it is not 
permitted to constitute an undamped resonant system with the n-port it is 
transforming. 

When the imbedding 2n-port is lossless these conditions become quite sim
plified. In fact, as has been shown in sec. 3.5.2, the conditions about the 
couplings between input and output or the existence of the two transfer matrices 
are then automatically satisfied. The condition about the non-existence of 
undamped resonances remains only to be satisfied separately. 

In sec. 3.1.5 it has been stated that for coordinate transformations the con
ditions which warrant unambiguous excitation transformation and noise trans
formation, respectively, are identical. There, the identity is due to the non
singularity of the transformation. The two unambiguity conditions of a co
ordinate transformation are equivalent with the above conditions (b) and (c), 
provided condition (a) has been satisfied. In appendix D it is also shown that, 
if the transfer matrix is non-singular, the two conditions are identical, so that 
in essence there is only one. 

3.7. Group theory of transformations 

3. 7 .1. Equivalence of imbeddings to coordinate transformations 

It is easy to prove that the lossless imbedding is equivalent to a non-singular 
coordinate transformation. Conversely, as will be shown in the next section, 
the inverse of this statement is not necessarily true. 

The transfer matrix a of a lossless 2n-port is non-singular. Due to eqs (3.129) 
and (3.117), the inverse of a is then given by 

(3.178) 

In general, a lossless 2n-port is noiseless. Hence, camparing eq. (3.109) with 
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the definition of a coordinate transformation, that is with eq. (3.9), we see that 
9 is analogous to the matrix «P of a coordinate transformation. The following 
analogies app1y: 

9 -«P, (3.179) 

9-1-w, (3.180) 

re -r, (3.181) 

Ye -Y. (3.182) 

In the case of lossless imbeddings the non-singularity of r 6 follows from that 
of Y6 and vice versa (cf. sec. 3.1.5). Moreover, in that case, matrices ll.6 and A6 

can he defined uniquely (cf. sec. 3.6.1) and the analogies 

(3.183) 
and 

(3.184) 
are va1id. 

The above equivalence of lossless imbeddings to non-singular coordinate 
transformations can he generalized. Let, in an arbitrary coordinate system, the 
matrices M and M' he the signai-performance matrices of respectively the 
original and the resultant n-ports. These matrices have the same character, 
either being both scattering matrices, or being both impedance matrices, etc. 
We say, the original and the resultant n-ports are described in identical coor
dinate systems. Hence, to both of them the same power matrix Q<Ml applies 
(cf. sec. 3.1.6). 

Let further ( ~ ) and ( ·--~- ) he the veetors of the signal states at 

respectively the original and the resultant n-ports. Then, the coordinate 
system in which the imbedding 2n-port is to he represented should he chosen 
SO that the COffeSponding Signai-performance matriX 9(M) re}ateS the abOVe 
signai-state veetors explicitly by 

( ~: ) = 9(M) ( ~ ) . 
(3.185) 

Thus, if the M-matrices are the scattering matrices S of the n-ports, the 
matriX 9(M) iS the transfer matriX 9(S) Of the 2n-port Or, jf the former are the 
impedance matrices Z, the latter is the chain matrix 9(Z)• etc. 

A further remark on the signal representation ofthe 2n-port should he made. 
The choice of a coordinate system for the 2n-port as made above is not at all 
the only one possible. Whichever signal representation for the 2n-port may have 
been chosen, the properties of the resultant n-port can be calculated from those 
of the original one. Haus and Adler 15

), for instance, investigated lossless 
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imbeddings of n-ports, making use of the impcdanee-matrix signa! represen
tation for both the n-ports and the 2n-port. Analogously, in appendix D, where 
imbedding effects and conditions are calculated, again the n-ports as well as 
the 2n-port are described by their respective scattering matrices. However, only 
if the choice has been made as described above, the signai-performance 
matriX f}(M) Of the imbedding 2n-port is equivalent to the matrÎX q, Of a non
singular coordinate transformation. For, in order that this equivalence is to be 
valid, it is necessary that eq. (3.185) applies. 

For a lossless imbedding the power absorbed by the resultant n-port is equal 
to that dissipated in the original one. Hence, by virtue of eq. (3.35), equation 

( --~~-- ) x Q(M) ( --~--- ) = ( ---~-- ) x Q(M) ( --~- ) (3.186) 

must hold. Substituting eq. (3.185) in this equation and observing that the result 

must be valid for any possible original signal state ( --i---) , we find that for 

any }OSSleSS imbedding f}(Ml the equation 

(3.187) 

must apply. As will be shown in sec. 3.7.3, this equation defines a group of 
matrices f}(M)• 

3.7.2. Canonical coordinate transformations 

The inverse of the analogy discussed in the previous section need not be true. 
Not every non-singular coordinate transformation is necessarily equivalenttoa 
lossless imbedding with similar description of original and resultant n-ports. 
Camparing eq. (3.185) to eq. (3.9), we have concluded that any lossless im
bedding is equivalent to a non-singular coordinate transformation. Conversely, 
when we compare eq. (3.9) to eq. (3: 185), by virtue of eq. (3.187), we can observe 
that only those non-singular coordinate transformations whose matrices 4» and 
'I' satisfy such conditions as 

(3.188) 
and 

(3.189) 

are equivalent to lossless imbeddings. In fact, the matrix 4» is equal to that signai
performance matrix 0 of the equivalent imbedding 2n-port, which should be 
chosen to have both the n-ports being represented in the coordinate system of 
which Q is the power matrix. 

It should be remembered that not all matrices Q are permissible. Let a co
ordinate transformation which transfarms from one type of signal represen
tation toanother be called a transition transformation. Let, further, the corre-
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sponding transformation matrices cl>t and 'l't be denoted by the subscript t and 
be called transition matrices. From eqs (3.38) and (3.40) it will be clear that for 
any permissible Q a pair of non-singular transition matrices cl>t and 'l't must 
exist so that the equation 

(3.190) 

is valid. This condition signifies that those, and only those, matrices Q which 
are Hermitely congruent with Q are permissible. All possible Q's are mutually 
Hermitely congruent. 

In the next section it will be shown that all coordinate transformations cl> 
which, fora given Q, satisfy eq. (3.188) forma group in the mathematica! sense. 
Thus, any Q defines a group of coordinate transformations. Such a group is 
equivalent to the group of lossless imbeddings. In other words, there is a one
to-one correspondence between the memhers of a Q-defined group of trans
formations and the memhers of the group oflossless imbedding 2n-ports. Such 
a one-to-one correspondence is called an isomorphism while the transformations 
and imbedding 2n-ports are called isomorphous. Furthermore, any group of 
cl>'s defined by a given Q is a subgroup of the group of all non-singular co
ordinate transformations. In fact, that subgroup is the group whose memhers 
leave the particular power matrix Q unaltered. In mechanics coordinate trans
formations for which power expressions, e.g. Hamiltonians, are invariant, that 
means those which leave Q unaltered, are called canonkal coordinate trans
formations, i.e. canonical with respect to the particular power matrix or the 
particular signal representation. We shall adopt the same name here *) and 
call all coordinate transformations, which leave the character of the signa} 
representation unaltered, canonkal with respect to that type of representation. 
The group of these transformations is the appropriate canonical group. 

From eq. (3.188), or eq. (3.189), and eq. (3.10) it can be derived that the 
matrices cl> and 'I' of a canonkal coordinate transformation are related by 

(3.191) 

3.7.3. Group theory of transformations and imbeddings 

A collection of elementsis a group in the mathematica! sense ifthe following 
conditions are satisfied: 

*) The use of the word canonkal is at varianee with that made by Haus and A dier 15) and, 
moreover, with common usage in matrix algebra. Haus and Adler use the concept of 
canonkal imbedding for that lossless imbedding which diagonalizes simultaneously signa! 
and noise performance of an n-port. Below, the canonkal transformation which diagonal
izes both signa! and noise performance of an n-port, will be called the diagonalizing 
transformation of that n-port. 
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(a) the operation of multiplication of two memhers of the collection is defined 
and is unique; the result is again a member; 

(b) the operation of multiplication is associative; 
(c) a unitary element exists; 
(d) the inverse of a memher exists and is a memher itself. 

We next show that, in accordance with eq. (3.188), i.e. 

4-"Q.P = Q, 

any possible matrix Q defines a group of elements 4-. 

(3.192) 

(a) Let 4-1 and 4-2 be two memhers of the collection of all matrices 4- which 
satisfy eq. (3.192). In matrix algebra multiplication of these two matrices is 
defined. Let 4-3 be the product of 4- 1 and 4-2 , i.e. 

(3.193) 
Wethen have 

(3.194) 

Hence, 4-3 is also a merober of the collection of .P's. 
(b) In matrix algebra it is shown that multiplication of matrices is an associative 
operation. 
(c) The identity matrix I is the required unitary element. Indeed, this matrix 
satisfies eq. (3.192). 
(d) We consider only non-singular coordinate transformations. Hence the 
inverse .P- 1 of a matrix 4- exists. If eq. (3.192) is pre- and post-multiplied by 
respectively (.P- 1)" and .P- 1, we obtain 

(3.195) 

so that, indeed, .P- 1 itself is a memher of the collection of .P's. 

All these observations having been made, the above statement about the 
Q-defined collection of .P's being a group has been proved. 

For completeness we shall now show that all Q-defined subgroups of the 
group of all non-singular coordinate transformations are isomorphous. This 
means that there exists a unique transition transformation from one Q-defined 
group to another. This transformation should define a one-to-one correspond
ence between the memhers of the two Q-defined groups such that the trans
formation, or image, of the product of two memhers of one group is equal to 
the product of the images of those two members. Such a transition transfor
mation maps one group onto the other, and vice versa. The transition transfor
mation defines an isomorphism between the two Q-defined groups. 

Let 4-m and 4-(2) denote memhers of the .P-groups defined by respectively 
Q(l) and Q<2 l. Further, let 4-1 and '1'1 be thematrices of the representation tran-



107-

sition which relates Q<o and Q<2) in accordance with eq. (3.40), i.e. 

Q(2) = 'I't x Q(l)'I't. (3.196) 

Suhstitution ofthis equation in the definîng equation of the Q<2J-group, i.e. in 

(3.197) 

foliowed hy pre- and post-multiplication of the result hy respectively ('I',- 1Y 
and 'I', 1, yields 

(3.198) 

It states that the matrix ohtained from ci>< 2 J hy the similarity transformation 

(3.199) 

is a memher of the cl>-group defined hy Q 0 ). Conversely, the similarity trans
formation 

(3.200) 

maps the Q(1)-group onto the Q(2 )-group. Since the discussions are restricted 
to non-singular matrices cl>, and 'I'~> the mapping is unique. That this mapping 
is an isomorphism is clear from the following ohservation. Let A< 1l, B0 ), and 
C(l) be memhers of the Q<1 l-group and A< 2 ), B<2 l, and C(2) the respective images 
in the Q(2)-group. Let further the equation 

(3.201) 

hold. Pre- and post-multiplying this equation hy respectively cl>1 and cl>, -t and 
inserting cl>, - 1 4>1 I into the right-hand side, we ohtain 

(3.202) 

This proves the isomorphism. 
All non-singular coordinate transformations can serve as transition trans

formations. This is also true for memhers of Q-defined suhgroups. Let ci><Ml he 
a memher of the cl>-group defined hy Q<Ml· The matrix 'I'<Ml = ci><MJ- 1 can 
serve as a transition matrix 'I', for other representations, e.g. characterized hy 

the power matrix Q. However, if Q is equal to Q<Ml• that is if 'I'<MJ is applied 
to its own signa] representation or Q<Ml-defined group, hy virtue of 

(3.203) 

the signa] representation is transformed onto itself. Indeed, it is readily verified 
that the result, say cl><2 l, of the similarity transformation 'I', of a memher of 
the Q(M)·defined group, say cl>< 1 l, i.e. 

(3.204) 
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is again a merober of the Q(Ml-defined group. Such a transformation of a group 
onto itself is called an automorphism. Hence, merobers of a ~-group constitute 
automorphisms to their own group. To other <P-groups they define isomor
phisms. 

The findings of the present section can be illustrated with those of secs 3.3.2 
and 3.3.3. In the latter the transition from the scattering-matrix to the imped
ance-matrix signal representation bas been investigated. The power matrices of 
the two signal representations are given by eqs (3.38) and (3.77), i.e. 

and 

The matrix 'Ft of the transition is given by eq. (3.72), i.e. 

I 

I 
=-{-). 

The transition equation, eq. (3.196), in this case 

is readily verified. 
All non-singular matrices <P<5 l, which satisfy 

(3.205) 

(3.206 

(3.207) 

(3.208) 

are merobers of the Q<s>-defined subgroup of coordinate-transformation 
matrices. Due to eq. (3.129), they can be interpreted as transfer matrices of 
lossless imbedding 2n-ports. In the same way chain matrices of lossless im
bedding 2n-ports satisfy 

(3.209) 

Furthermore, the matrices <P<sl and <P<zl are similar due to the isomorphism 
of eq. (3.200), i.e. 

(3.210) 

This relation between the chain matrix and the transfer matrix of a 2n-port is 
easy to prove. 

Summarizing, we can formulate the result of the present section as follows. 
All lossless imbedding 2n-ports form a group in the mathematica} sense. This 
group is isomorphous with subgroups of non-singular coordinate transfor
mations. The matrices of these coordinate transformations can be interpreted as 
signai-performance matrices of 2n-ports in specific signal representations. These 
special representations are adapted to the signal representations in which the 
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imbedded n-ports are described. The latter representations define power ma
trices Q(M)· In their turn these power matrices define subgroups of coordinate 
transformations or, what is the same thing, groups of special signai-perform
ance matrices appropriate to the 2n-ports in the adapted representation. 
Transition from one signal representation for the n-ports to another determines 
a regular matrix c;Pt which, by means of a similarity transformation, maps the 
one corresponding subgroup of coordinate transformations onto the other. 

Concluding, we can state that, when investigating transformations or im
beddings of n-ports, it is irrelevant whether we actually consider lossless trans
forming networks, lossless imbedding relations, or canonical coordinate trans
forrnations, all three being identical in abstracto. Therefore, henceforth we will 
simply speak of transformations. 
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4. DIAGONALIZATION 

4.1. The diagonalizing transformation 

4.1. L Diagonalization and paired representations 

When we classify an n-port and describe its noise in numerical values, it 
would be both convenient and instructive if we could describe the n-port in an 
elementary coordinate system. The adjective "elementary" should be under
stood with reference to tbe partienlar n-port under consideration. In other words, 
we put the question whether, for a given type of signal representation and for 
any arbitrary n-port, tbere exists a canonical transformation which diagonalizes 
simultaneously all characterizing matrices. If so, the resultant matrices M, PM, 
NM, GM, and TM, all being diagonal, have the most elementary form. In tbis 
chapter we will investigate this problem. Doing so, we will confine ourselves to 
partienlar types of signal representations. 

Signal representations where corresponding components of the excitation and 
response veetors refer to one and the same port will be called paired represen
tations. The 2n coordinates of tbe signai-state space are divided into n pairs of 
corresponding dependentand independent coordinates. Each pair refers to one 
port and, conversely, each port is provided with one pair. Impedance-matrix, 
admittance-matrix, and scattering-matrix signal representations are examples. 
Of all possible signal representations tbe paired species are of partienlar inter
est *). 

When a transition transformation is performed from one paired signal repre
sentation to another one, the two memhers of a new pair are independent linear 
combinations of the two memhers of a corresponding old pair. If in a given 
paired representation the diagonalizing canonkal transformation of a given 
n-port has been found, it is known in all otber paired representations. This is 
so because in a paired representation a diagonal signai-performance matrix 
implies that the n-port consists of n uncoupled 1-ports. In sec. 2.6.4 such an 
n-port bas been called diagonal. It can be shown that the power-absorption 
and the noise-distribution matrices are then also diagonai. This involves some 
considerations about signai-state power-absorption matrices of paired repre
sentations. We will notmake those considerations bere. 

If, moreover, the noise-source power matrix, too, is diagonal, the noise 

*) All other signa! representations could be called unpaired. We admit that these narnes are 
a Jittle arbitrary. Such coordinate systems as for example the transfer-matrix signa! re
presentation, where corresponding independent and dependent coordinates refer to the 
incident wave at one port and the reflected wave at a corresponding other port, respectively, 
could also have been called paired. 
In certain cases, e.g. with amplifiers and circulators, such other signa! representations are 
also of importance 33). 



-111-

sourees at the n separate 1-ports are uncorrelatéd. This means that the n un
coupled 1 -ports can be considered as n different independent 1 -ports and that 
is then true in all paired representations. The lossless imbedding 2n-port which 
is the isomorphous image ( cf. sec. 3. 7) of the set of diagonalizing canonical 
transformations there is, apart from those obtained by simple permutations 
ofthe ports, one for each canonical group (cf. sec. 4.1.2) is the diagonalization 
transfarmer of the n-port under consideration. Such a "transformer" transforms 
the n-port into a set of n uncoupled independent 1-ports with uncorrelated 
noise-power sources. 

In the present chapter this "principal-axis" problem will be investigated. lt 
will be done only for one particular paired signal representation, for the 
scattering-matrix signal representation. This is not a real restriction. When the 
diagonalization is obtained in the scattering-matrix representation, only a tran
sition transformation gives the diagonal forms of the characterizing matrices 
in another paired representation *). 

The diagonalization problem will bedealt with by constructive methods. This 
means that, when the existence of a diagonalizing canonical transformation is 
proved, the matrix of that transformation is obtained in explicit form at the 
same time. Raus and Adler 15

) have investigated the same problem in the 
impedance-matrix version (see chapter 5). They, however, have not used a 
constructive procedure and, consequently, they have not obtained expressions 
for the imbedding 2n-port. In fact, they have proved only the existence of a 
diagonalizing imbedding. 

It will turn out that the question as to the possibility of canonkal diagonal
izations can be answered in the affirmative with only one exception. In the cases 
that an n-port can be brought in a diagonal form in such a manner only that 
it contains at least one pair of one active 1-port and one dissipative 1-port of 
which the noise sourees are completely correlated, the noise-source power 
matrix and the signai-performance matrix of that n-port cannot be diagonalized 
simultaneously. 

4.1.2. Diagonalization of signa/ performance**) 

The Gaussian transforms SS" and sx S of an arbitrary square matrix S are 
positive definite or positive semi-definite Hermitian matrices. They have the 
same real non-negative eigenvalues. 

*) The diagonalization in unpaired representations can be obtained by essentially the same 
methods, no additional operations being required. Of course the diagonal result does then 
not repcesent n separate 1-ports. Nevertheless, in many of these cases the result can also 
be interpreted in terms of simple physical structures. 

**) Many of the considerations made in this section are dealt with extensively in good text
books on matrix algebra; e.g. ref. 40, pp. 194-203. 
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Let ; 1 be the ith eigenvalue of ssx and the column vector U/1 l the eerre
sponding normalized eigenvector *). If we take U/ 1

) to be the ith column of 
a square matrix U(l) we have 

(4.1) 

where ::: is the diagonal eigenvalue matrix: 

::: = diag (;i). (4.2) 

When the multiplicity, or degeneracy,pi of an eigenvalue ; 1 is larger than unity, 
due tothefact that ss x is Hermitian, we can always find a set of p 1 orthogonal 
eigenveetors ui<o which correspond to $1• The matrix u<o is the unitary modal 
matrix of ss x, i.e. 

(4.3) 

Because the eigenvalues ; 1 are non-negative, we can write them in the form 

(4.4) 

For the time being, the argument cp1 of the complex number r 1 can still be 
chosen arbitrarily. Let us now introduce a diagonal matrix R by 

R diag (r;). (4.5) 
Wethen have 

(4.6) 

Next, we associate with each column vector U/1l a further column vec
tor V/0 . When ;i is unequal zero, Vi0 l is defined by 

(4.7) 

However, when ; 1 and, hence, r1 are zero, this equation cannot be used. We 
then proceed as follows. The U/1l's which correspond to zero ;i are not only 
null veetors of SS x but also of S x. They form a base of the null space of S x. 

Conesponding to this base of orthonormal U/lJ's we can define an orthonormal 
base of the null space of S. These two bases consist of an equal number of 
orthonormal vectors. The base veetors of the null space of S are taken as the 
V1<

1 >'s which are to be associated with the null veetors U/1). 
In matrix algebra it is shown that the square matrix V(l) formed by the 

n column veetors V/1), in the appropriate order, is unitary, i.e. 

y<ox y<o = 1, (4.8) 

*) In this and following sections a number of canonical transformations will be app!ied 
consecutively. The superscript, between brackets, refers to the serial number of these 
transformations. 
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and that the equations 

s "(1) lJ(l)Jt 

and 

(4.9) 

(4.10) 

( 4.11) 

are valid 40). By virtue of eq. ( 4.3), premultiplication of eq. ( 4.10) by l](t)x gives 

lJ0 >xs "ol = R (4.12) 

We now define a first transformation .P(ll by 

q,o) = ( ~-~=- i V-~;~- ) . (4.13) 

By virtue of eqs ( 4.3) and ( 4.8), a test with the condition of eq. (3.178) 
(cf. eqs (3.188) and (3.189)) verifies that .P(ll is canonical in that the character 
of the signal representation is retained. The inverse matrix 'Fm is given by 

( 

lJ(l) 

'J'Ol = 0 (4.14) 

Application of this transformation to the n-port S diagonalizes the signal per
formance as follows. By virtue of eqs (4.3) and (4.12), substitution of 
eq. (4.14) in eq. (3.27) gives for the resultant scattering matrix s<ll the diagonal 
result 

S(1l = lJ(Oxs "ol lt. (4.15) 

The reileetion coefficient ei of the ith uncoupled I-port is given by 

(4.16) 

Substituting eq. (4.13) in eqs (3.14) and (3.30), we obtain the excitation and 
noise-transformation matrices. They are respectively given by 

y<O A(l)x = "(1)x (4.17) 
and 

(4.18) 

Inserting this result into eqs (3.45) and (3.58), we obtain, by virtue of eqs (4.1), 
( 4.3), ( 4.8), and ( 4.11 ), for the resultant absorption and noise-distribution 
matrices the respective expressions 

(4.19) 
and 

(4.20) 
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Both these matrices are diagonal. Moreover, they are identical, the ith diagonal 
element being given by 

p o> -- N (1) 
S,lî - S,H (4.21) 

This result is consistent with eq. (4.15). Hence, recapitulating, we can conclude 
that the canonical transformation q;m diagonalizes the signa} performance. 
The matrices S, P8, and N8 are diagonalized simultaneously. 

The way in which the columns uy> are ordered to constitute the matrix UOl 

does not affect the above result. The sequence of the columns of U0 l can be 
chosen arbitrarily if only the order of the columns of the matrix V0 > is taken 
correspondingly. Furthermore, because the transformation q;m does not alter 
the rank and the signature of the matrices Ps and Ns (cf. sec. 3.4.1 ), the numbers 
of positive, negative, and zero values of (1 e1) are invariants. For future 
derivations it is convenient to take the sequence of the columns of U0 l and, 
hence, ofv<ll so that the firstp diagonal elements ofP5°> and N8(

1
l are positive, 

the next q negative, and the remaining d zero. The absolute values of the eerre
sponding diagonal elements of R are smaller than, larger than, and equal to 
unity, respectively. Choosing the sequence ofthe columns as indicated means that 
the portsof the diagonal resultant n-port so> are arranged with respecttotheir 
dissipative, active, and reactive characters. 

lfthe column veetors U/1 > and V1°> are multiplied by complex scalars with 
absolute values equal to unity and with arbitrary arguments a 1 and {31 and if, 
moreover, the argument rp 1 of r1 is augmented with ({31 a 1), all above equa
tions maintain their validity. This signifies that, for all values of i, the argu
ments a1 and {31 can be chosen so that r 1 is real and non-negative. Physically, 
this means that the reference planes in the input and output lines of a diagonal
izing imbedding netwerk can always be positioned such that the reileetion coeffi
cients ofthe n resultant 1-ports arerealand non-negative. Hereafter, the choice 
of reference planes will be presumed to have been made accordingly. 

In general the transformation 4,)(1) does not diagonalize the noise. In most 
cases the resultant noise-source power matrix and noise-temperature matrix, 
respectively given by 

(4.22) 
and 

(4.23) 

are not diagonal. The question whether further canonical transformations can 
be found in such a way that the diagonality of the signa! performance is main
tained and the noise is brought into an elementary, perhaps a diagonal, form 
will be broached below. 
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4.1.3. Normalization of the diagonal signa/ performance 

Before proceeding with the problem of noise diagonalization, it is convenient 
to have the diagonal signa} performance in a normalized form. This can also 
be accomplished by means of a canonical transformation: the second one. The 
approprîate matrix 4J< 2 l can be written in the partîtioned form 

wll,p<2> wl2)2l 

wu,q(2) wl2,q<2> 

wl1)2> w12j2> 

4J(2) = . (4.24) 
tiJ (2) 

2l,p 
tiJ (2) 

22,p 

tiJ (2) 
21 ,q 

tiJ (2) 
22,q 

tiJ (2) 
2l,d 

tiJ (2) 
22,d 

The vacant places are supposed to be identically zero blocks. The other blocks 
are defined as follows: 
(a) The blocks with subscriptpare of order p. They act upon the p dissipative 
1-ports. For i I, ... , p, we have r 1 < 1 and 

(4.25) 

(4.26) 

This portion of the transformation can be interpreted either as a set of p match
ing transfarmers which match the 1-ports totheinput lines or, alternatively, as 
a set of p i deal jumps in the wave impedances of the input lines at the reference 
plan es. 
(b) The blocks with subscript q are of order q and transform the q active 1-ports. 
For i= p + l, ... , p + q, we have r 1 > 1 and 

wll.q(l) = w22,q(2 ) diag [(r;V2 1)/(r1
2 - 1)112 ], 

w12,q(l) w21,q(l) = diag [(r; V2)f(ri 2 -1)112 ]. 

(4.27) 

(4.28) 

The part of the imbedding 2n-port that corresponds to these b1ocks is also a set 
of q transformers or impedance jumps at the reference planes. In this case they 
are chosen such that the active 1-ports deliver as much power as is incident 
upon them. The resulting reflection coefficients e/2> are equal to V2. The result
ant 1-ports are reflective amplifiers with a power gain of 2 (3 dB). This normal
ization is quite arbitrary, but it has been chosen in this way because the cone
sponding elements of the power-absorption and noise-distribution matrices are 
equal to -1. 
( c) The b1ocks with subscript d are of order d. They correspond to the d reactive 
1-ports. Normalization of these 1-ports has not much sense, if any. For 
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p q + 1, ... , n, we have r1 = 1 and 

(4.29) 

(4.30) 

The conesponding part of the imbedding 2n-port consists of d direct connec
tions. 

Due to the canonicity of the transformation, the matrix of the inverse trans
formation can easily be calculated from eq. (3.178). However, since we do not 
need ':1'<2l for our considerations, we will not write it down exp1icit1y. Moreover, 
as the new signai-performance matrix is known in advance, for the determination 
of the noise-transformation matrix we can use eqs (3.30) and (3.33) instead of 
eq. {3.28). Similar remarkscan be made for the canonical transformations which 
will be applied in the following sections. 

It is easy to verify that cp<Zl as defined above satisfies the canonicity condition 
of eq. (3.178). Performing the transformation we obtain for the resulting 
characterizing matrices the following normalized expres si ons: 

s(2) 

and 

The noise-transformation matrix r(z) is given by 

where 
rp(Z) diag [1/(1- ri 2)lf2 ], 

rq(Z) diag [1/(r/- l)lf2], 

r/ 2 ) Id. 

The resulting noise-source power matrix is given by 

Gs(2) r< 2 lGs(l)r(2)x = (r(2)r(1)) Gs (r(z)r(ll)X. 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

(4.37) 

Comparing Gs(z) with Gs(l) it is clear that, due tothefact that r(2) is diagonal, 
the transformation cp(Z) does not change the correlations of the various noise 
sources, the powers of these sourees being altered only. 
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For future investigations it is convenient to partition Gs< 2 J with respect to 
the three types of 1-ports. We then have 

( 

Gu< 2
J G12<2

J G13< 2>) 
G (2) _ G <2> G <2J G <2J s - 21 22 23 ' 

G31 12 J G32 12) G33 12 J 

(4.38) 

where the subscripts I, 2, and 3 now refer to the dissipative, active, and reactive 
1-ports, respectively. 

4.1.4. Removal of noise-source correlation from the reactive 1-ports 

In this section we will remove the correlations of the noise sourees of the 
reactive 1-ports. This can he done completely by a third canonical trans
formation. 

The mutual correlations of the noise sourees of the reactive 1-ports are 
expressed by the off-diagonal elements of the square submatrix G33(2). The 
correlations of these noise sourees with those of the dissipative and the active 
1-ports are respectively described by the matrices G13 (2) = G31 <

2 J x and 
G23(2) G32(2)X. 

The matrix 4J< 3 J of the third canonical transformation is of the form 

Ip 0 A 0 0 -A 
0 Iq -yB 0 0 yB 

-CA x yCBx c CAX -yCBx 0 
q,m = (4.39) 

0 0 A 0 -A 
0 0 -yB Iq yB 

-CA x yCBx 0 -yCBx c 
where the scalar factor y is equal to (1 + V2). The p x d-submatrix A, the 
q x d-submatrix B, and the square submatrix C of order d must still be specified. 
We will now show that this specification can always be made such that the cor
relation of the reactive 1-ports is removed and the diagonal signal performance 
is not changed. 

If the matrix C is unitary, 

(4.40) 

it is easy to,verify that 4J< 3l satisfies the canonicity condition of eq. (3.178) and 
that the equation 

0 
Iq 

CBX 
( 4.41) 

holds for all A and B. Substitution of eqs (4.31) and (4.39) in eq. (3.17) shows 
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that the signai-performance matrix s< 2 l is then invariant to f1»< 3 l. Hence, we 
have 

(4.42) 

By virtue of eqs (3.14), (3.28), and (4.41), we find for the excitation and noise-
transformation matrices, respectively, 

( I, 
0 ï) A(3) = 0 lq 

,-Ax -Bx 
(4.43) 

and 

( 
lp 0 A ) r<3) 0 lq B 
0 0 c 

(4.44) 

Application of 4»(3) to the power-absorption matrix and the noise-distribution 
matrix by means of eqs (3.45) and (3.58) shows that these matrices, too, are 
invariant to 4»(3). 

We now have found that 4»(3) is canonical and that it does not disturb the 
diagonality of the signal performance. We must still determine A, B, and C in 
such a way that the correlations from the noise sourees of the reactive 1-ports 
will be removed. 

Inserting eqs (4.44) and (4.37) into eq. (3.53), we obtain for the transformed 
noise-source power matrix Gs<3l the partitioned expression (4.45), 

see the next page. 

Since G5<2 l is Hermitian and positive (semi-)definite (cf. sec. 3.5.4), the prin
cipal submatrix G33<2 l is Hermitian and positive (semi-)definite. Hence, if Cis 
chosen to be the unitary modal matrix of G33<2l, eq. (4.40) is satisfied and 
G33 <

2 l is transformed to the diagonal form 

diag (G;), p + q + 1, ... , n, (4.46) 

where the G/s are the non-negative real eigenvalues of G33(2). In fact, G1 ex
presses the power of the noise souree of the ith resultant I-port which is still 
reactive after the correlation has been removed by the third transformation 4»(3). 

Before wedetermine thematrices A and B explicitly, it is useful to make the 
following observations. Let the ith diagonal element G11 of a positive semi
definite matrix G be equal to zero: 

Gil 0. (4.47) 

The positive semi-definite character of G implies among other things that the 
determinant of the 2nd-order principal submatrix, which is formed by elements 



G (3)s -

(

Gu<2 l + AG31<2 l G13<2 lA" + AG33<2 )Ax 

G21 (2) + BG31 <2) + G23 <2 l A" + BG33 <2 l A" 

\CG31 <2l + CG33<2 lA" 

G13(2)C" + AG33<
2
lC" ) 

G23 <2lC" + BG33 <2>C" 

CG33(2lC" I 

(4.45) 
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of the ith and jth columns and rows, is non·negative, i.e. 

I ~;: ~:~ I = GiiGJJ GuG1; 0. 

Due to the Hermiticity of G, substitution of eq. (4.47) yields 

-Gi}Gij* = - IGJ.l ~ 0. 

This inequality can be satisfied only if 

for allj. 

( 4.48) 

(4.49) 

(4.50) 

All cross-products which involve noise sourees with zero power are identically 
zero. This means physically that the correlation of a noise souree with a zero 
noise souree is inherently zero. This is confirmed by the definitions of secs 2.1.4 
and 2.1.5. 

When G33<3 > has diagonal elements G; which are zero, the corresponding 
columns of ex are null veetors of G33(2). The corresponding columns of 
G33<2 >cx are zero veetors and so, therefore, are those of AG33<2 >cx. Because, 
by virtue of what has been observed above, the corresponding columns of 
(G13 (2)Cx + AG33<2 >Cx) are zero vectors, the corresponding columns of 
G 13 <

2 >C x must be zero vectors. 
After these observations ha ving been made, we proceed as follows. We wish 

to determine A in such a way that the equation 

(4.51) 

holds. By virtue of eqs (4.40) and (4.46), this can be written in the form 

(4.52) 

For those columns which correspond to zero diagonal elementsof G33<3l this 
equation is automatically satisfied, as bas been observed above. Corresponding 
columns of ACx can be chosen arbitrarily. Those columns of Acx which do 
not correspond to zero diagonal elements of G33 <

3> mustbetaken proportional 
to conesponding columns of G13 <

2 >cx. The reciprocals ofthe non-zero diagonal 
elementsof G33<3 > are the proportionality constants. Hence, if wedefine A by 

A -G13<2 >cxnc (4.53) 

with the diagonal matrix D given by 

(4.54) 
where 

D = { G;-1, for G1 =I= 0, 
1 arbitrary scalar, for G1 0, 

(4.55) 

eq. (4.51) is satisfied. 
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The matrix B can be de.fined in the same way by 

B (4.56) 

The arbitrary elements of D need not be the same as for the definition of A. 
We obtain 

0. (4.57) 

The number of zero elements of G33 <
3> is denoted by d,. It is called the defect 

of the noise of the reactive part, i.e. of the noise of the reactive 1-ports. 
Substituting eqs (4.46), (4.51), and (4.57) in eq. (4.45), we obtain for the 

resultant noise-source power matrix Gs< 3> the form in demand, i.e. 

( 

G <2l 
11 

G <3> _ G <2> s - 21 
0 

AG3/2>Ax 
BG33<2>Ax 

Gu<z>- AG33<2lBx 

G22<2 > BG33<2lB" 
0 

~ \ . (4.58) 
G (3) ) 

33 I 

This result shows that the choice of A, B, and C made above iudeed removes 
all correlations from the noise sourees of the reactive 1-ports. Physically, this is 
accomplished by an imbedding 2n-port which, while diagonalizing the noise 
of the reactive part of the multiport, subtracts appropriate portions of that 
noise from the noise of the active and dissipative parts. It has also been 
shown above that the proper choice of A, B, and C can always be made. This 
is so because the addition of a reactive elementtoa dissipative I-port or to an 
active I-port doesnotalter the dissipative or active character. 

4.1.5. Noise of active-dissipative, diagonal n-ports 

The dissolution of the correlation of the noise of the reactive part is unilateral 
and rather simpte. Since a combination of a dissipative and an active element 
may be either dissipative or active, the suppression of mutual correlation of noise 
of active parts and dissipative parts is however not equally simple. As will be 
shown below, insome borderline casesiteven is not possible. 

We can restriet further investigations to n-ports with non-singular signai
performance matrices. Because the reactive part of an n-port has been dealt 
with exhaustively above we further need consider only those n-ports which 
include only activity and dissipativity. 

If the reactive 1-ports are omitted, the noise-source power matrix of the 
diagonalized n-port can be written in the form 

( 
Gu<3> Gu<3l) 
G21< 3> G22< 3l . 

(4.59) 

Due to the positive semi-defi.nite character of G8<3>, the principal submatrices 
G11 <

3> and G22 <3> are positive semi-defi.nite. Hence, unitary matrices r 11 <
4 > and 

r22(4 ) can be found such that thematrices 
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(4.60) 
and 

G22<4 ) = r22<4 )G22(3)r22<4 )x (4.61) 

are diagonal with the non-negative eigenvalues of G11 <
3l and G22 <

3l as the 
respective diagonal elements. 

Let us now define a fourth transformation ~<4l by 

r11<4) 

~(4) = 

r (4) 
22 

r (4) 
11 

r (4) 
22 

(4.62) 

This transformation satisfies the canonicity condition and does not alter the 
diagonal form of the signal performance. Moreover, it removes the internal 
correlations within the dissipative part and within the active part of the 
multiport 

Let dd and da denote the defects of the submatrices G11 <
3l and G22 <

3l. These 
numbers will be called the defects of the noise of the dissipative part and of the 
active part, respectively. They refer to the numbers of zero diagonal elements 
of G11 <

4 l and G22 <
4 l, respectively, and, hence, to the numbers of noiseless 

dissipative and noiseless active 1-ports of the resultant diagonal n-port S<4 J. 

By virtue of what has been observed in the previous section, the corresponding 
rows and columns of G12<4 J and G2 /

4
l are identically zero. Again, the corre

sponding 1-ports can be omitted from further considerations. We are thus left 
with a reduced, diagonal, and non-reactive multiport. It is of order (n- d + 
- dd - da). All its 1-ports are noisy, while correlations are present only between 
noise sourees of active and dissipative 1-ports. Neither noise sourees of two 
active 1-ports, nor noise sourees of two dissipative 1-ports are correlated any 
more. The reduced matrices are given by 

s<4)- (op. ) - v2 1q. , (4.63) 

Ns<4l = Ps<4l = ( lp' ) 
-lq' 

(4.64) 

and 

(4) - 11 12 ( G (4) G (4)) 

Gs - G21 (4) G22 (4) . 
(4.65) 

The square submatrices G11 <
4 l and G22 <

4 l are non-singular, positive, and diag
onal. Their orders p' and q' are respectively given by 

p' =p-dd (4.66) 
and 
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(4.67) 

In sec. 3.4.3 the defect dG of the original ooise-souree power matrix Gs has 
been called the noise defect. This number is invariant to transformations. The 
sum of the noise defects of the different parts of the multiport will be called 
the normal noise defect. It will be denoted by dG,N and is given by 

(4.68) 

We can now distinguish between two different cases. They are respectively 
discriminated by 

(4.69) 
and 

(4.70) 

These relations refer to n-ports which have respectively purely normal noise 
defects and normal plus anomalous noise defects. The anomaly of the noise 
defect can be de:fined by 

(4.71) 

The number dG,A will be called the anomalous noise defect. 

4.1.6. Normal noise defect 

The first of the above two cases is simple. If eq. (4.69) applies, it is easy to 
show that Gs<4l in its reduced form of eq. (4.65) is non-singular and, hence, 
positive definite. lt is not then difficult to perform the further diagonalization 
of the noise. 

In matrix algebra it is shown 40) that two Hermitian matrices, one of which 
is positive definite, can be transformed to diagonal forms simultaneously by the 
same Hermitian congruence transformation. Solving the general eigenvalue 
problem of the two matrices, we find the appropriate transformation matrix as 
follows. The matrices N8<4

l and Gs<4
l are the two matrices that are to be 

diagonalized simultaneously. In the present case N8<4 l is diagonal already, but 
that fact does not alter the considerations. The veetors v1 normalized with 
respect to N8<4 l and satisfying the general eigenvalue problem *) 40) 

(4.72) 

*) Equation (4.72) is stated in a slightly unconventional form. Usually, the positive definite 
matrix is taken to be the second term in the left-hand side. We do not follow this practice 
bere because we want to have the ultimately resulting noise-distribution matrix in a 
normalized form (cf. sec. 4.1.3). Furthermore, it will be seen that the eigenvalues of the 
general problem as stated in eq. (4.72) are equal to the characteristic noise temperatures 
(multiplied by a factor k). This is thought to be a convenient result. The small alleration 
in the formulation of the eigenvalue problem affects neither the validity nor the 
generality of the results. 
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constitute the columns of the matrix r<s> in demand. The numbers .11 are the 
eigenvalues pertaining to the v;'s. 

Interpreting r(5) as the noise-transformation matrix of a fifth canonical 
transformation, we find 

Ns(S) = r<s>Ns(4)r(5)X = (lp' ) (4.73) 
-Iq' 

and 

If r(S) is partitioned into blocks of order p' and q', i.e. 

( 
ru<s> r12<s>) 
r21<s> r22<s> , 

substitution into eq. (4.73) shows that the submatrices satisfy 

r11(5)rl1(5)x r12(5)r12(5)x =lP'' 

rzz<s>rzz (5) x r21(5)r21(5)x = lq' 

and 
r11(5)r21(5)x = r12(s)r22(5)x. 

The matrix q,<s> of the transformation can now he defined by 

i op. v2r12m) 
V2r21<s> oq. 

---------· ----------~--~ ---·----·-------------·---- ---~- . 
V2r12(5) ru<s> -r12<s> 

oq' r21<s> rzz<s> ; 

(4.74) 

(4.75) 

(4.76) 

(4.77) 

(4.78) 

(4.79) 

By virtue of the above equations, insertion ofcp<s> into eq. (3.178) proves the 
canonicity of the transformation. 

From eq. (3.17) we obtain for the resulting signai-performance matrix 8(5) 
the unaltered form 

(4.80) 

By means of eq. (3.14) the excitation-transformation matrix y<s> is found to 
he given by 

y<s) = 11 12 = r<s) ( 
r (5) r (5) ) 

r21<s> rzz<s> . 
(4.81) 

This matrix is identical to the noise-transformation matrix. It is easy to show 
that the inverses of these matrices are given by 
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( 
r (5)x 

_4(5) = 11 
- r12(5)x 

r (5)X) 
- 21 

r (5)x . 
22 

(4.82) 

The resulting power-absorption matrix P5<5> is now readily evaluated, i.e. 

(4.83) 

All these results show that the caoooical transformation defined by eq. (4.79) 
satisfies all required conditions. 

We have now arrived at the point where the question of the simultaneons 
diagonalization of both the signa} performance and the noise of an n-port in 
paired representations, as has been posed in sec. 4.1.1, can be answered in 
the affirmative. The caoooical transformation cPD, which is the product of the 
five caoooical transformations introduced in this and the preceding sections 
and the matrix of which is given by 

(4.84) 

where the subscript D stands for diagonalizing, has the necessary and sufficient 
properties to do the job. Thus, the Haus and Adler theorem 15) is valid. We 
restate it here in a form which includes reactive 1-ports: 

"At any partienlar frequency, every linear n-port can be reduced by lossless 
imbedding into a diagonal form consisting of n separate 1-ports which are 
dissipative, reactive, or active, and which possess mutually uncorrelated 
noise-power sources." 

Thus far the considerations have, however, been restricted to n-ports with 
normal noise defects. In the next section it will be shown that, if the noise defect 
contains an anomalous part, the theorem is not valid in its strict form of all 
ooise-power sourees being mutually uncorrelated. 

4.1.7. Anomalous noise defect 

If the anomalous noise defect do,A of an n-port is not equal to zero, i.e. 

do,A =F 0, (4.85) 

the reduced ooise-souree power matrix G5<4 >, as given by eq. (4.65), is singular. 
That matrix is then not positive definite, but positive semi-definite. In that case 
a fifth canonical transformation q,<s> cannot be derived by solving the general 
eigenvalue problem of the matrices G5<4 > and N5 <4 >. That eigenvalue problem 
cannot then be solved because the matrix pair G5<4 > and N5<4 > doesnothave 
n linearly independent eigenvectors. 

In the case of anomalous noise defect we must look for an alternative 
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derivation of the noise-transformation matrix r<sl *). That derivation is given 
in appendix E. The matrix r<sl derived there carries G8<

4l into an elementary 
form, which is not now necessarily diagonal, while it leaves the noise-distribu
tion matrix N5(4 ) unaltered. The result ofthis noise transformation is expressed 
by 

Ns<SJ (4.86) 

and 

(4.87) 

The principal submatrices G,d and G,a are positive and diagonal. Their orders 
are respectively given by 

(4.88) 
and 

(4.89) 

The noise-transformation matrix r(5) can again be written in the partitioned 
form (cf. eq. (4.75)) 

(4.90) 

where, again, the partitioning relates to the dissipative and the active parts. By 
virtue of eq. (4.64), substitution in eq. (4.86) shows that the submatrices satisfy 
eqs (4.76), (4.77), and (4.78). Therefore, also in this case the canonical trans
formation looked for is de:fined by eq. (4.79). In the previous section it has been 
shown that this transformation does not alter the diagonalized form of the 
signal performance. Moreover, it transforms the noise into an elementary form 
which, however, in the case of anomalous noise defect is not diagonal. 

The framed part of eq. ( 4.87) cannot be diagonalized under invariance of the 
framed part of eq. (4.86). This can explicitly be shown by the example of one 
active and one dissipative I-port which have mutually completely correlated 
noise sources. In fact, the framed parts of eqs (4.86) and (4.87) refer to a 

*) The matrix r(s> derived in appendix E and discussed in the present section replaces that 
matrix derived and discussed in the previous section. 
In fact, when the noise defect is normal, both derivations yie\d identical results. The 
derivation of the previous section is then much the simpler. 



127 

collection of do,A pairs of such completely correlated active and dissipative 
1-ports. 

The restrietion under which the Haus and Adler theorem is valid can now be 
formulated as follows: 

"The theorem of the simultaneous diagonalization of the signa} performance 
and the noise is valid only if the noise of an n-port does not contain complete 
correlations between the active and the dissipative parts, i.e. only if the 
anomalous noise defect is zero." 

If this condition is not fulfilled, the most elementary form obtainable for G8, 

while maintaining a diagonal signa! performance, is expressed by the right-hand 
side of eq. (4.87). 

Below it will be shown that the "amplitude" ofthe framed partin theelement
ary form of G8 is arbitrary although it must be finite and unequal zero. This 
complication can be understood from the fact that a dissipative and an active 
I-port can be combined to form a reactive I -port *). Because the noise sourees 
of the two 1-ports are mutually completely correlated, the noise souree of the 
combination is completely correlated with both of them. Hence, by combining 
the two 1-ports with such a combination the two original noise soureescan be 
given any non-zero fini te power. Under this opera ti on the characters of the two 
1-ports and the complete correlation of their noise sourees are maintained. 

4.1.8. The general diagonalization transformation 

Now we have arrived at the point where it is possible to define the general 
diagonalizing canonical transformation and the subsidiary transformation 
matrices. This transformation is defined as the product of the non-reduced 
versions ofthe particular canonical transformations formulated in the preceding 
sections. Thus, when the scattering-matrix coordinate system in which a given 
n-port S is represented is transformed to another scattering-matrix coordinate 
system by means of the canonical transformation <Pv, defined by eq. (4.84), 
the resulting scattering-matrix representation yields the most elementary forms 
that pertain to that particular n-port. This means that the canonical transfor
mation <Pv transforms the signa! performance to a normalized diagonal form 
while the noise-source power matrix attains its most elementary form. The 
matriX cp D Îtse}f Can be Înterpreted aS the transfer matrix QD Of the diagona}izing 
lossless imbedding 2n-port. 

It is not difficult to show that the signal- and noise-transformation matrices 
.Av and r v which pertain to <P v are given by the products of the conesponding 
matrices pertaining to the particular transforma ti ons introduced in the preceding 
sections, i.e. 

*) The combination of the two l-ports is highly unstable, at least over a smal! band of fre
quencies. The synthesized reactive l-port may oscillate internally, so that its signa! per
formance and even its noise performance is degraded. 



128 

(4.91) 
and 

r D = r(S) r(4) r(3) r(2) ro) • (4.92) 

Thematrices Sv, Ps,D and Gs.v characterizing the resulting diagonalized n-port 
are given by the expressions 

0 dd ____________________________ _ 

Sv=R= 

/ oda,A 
i V21dG,A! ------------------------------ V 

21,. 
(4.93) 

Ps,D = Ns,D = -I 
(4.94) 

'a 
-lda 

0,, 
od, 

G,d 
odd 

Gs,D 
G,. 

(4.95) 

od. 
G,, 

od, 

In the right-hand side of the last equation the matrices G,d, G,., and G,, are 
positive and diagonal. 

Equations (4.93) and (4.94) contain information a bout the different characters 
of the signal properties of the elementary l·ports of an n-port, a bout the number 
of times these different types of l·ports occur, and about the way the noise is 
distributed overthem. Equation( 4. 95), moreover, contains additional information 
about the intensity and, as far as anomalous noise defect is concerned, about 
the unremovable correlation of the noise. Table I presents a summary of this 
information. 



-129 

TABLEI 

power-
power of character-

reflection absorp- nature 
elementary istic noise 

coeffi- ti on ofsignal number of 
noise tempera-

noisiness 
ei ent coeffi- perform- 1-ports of 1-ports 

ei ent 
souree ture 

'lt a nee 
Gil Tt 

Pu = Nli 

I rd >0 >0 noisy 

0 1 
dissipa- da 0 0 noiseless 
tive 

p 

completely 

da,A >0 ----+0 correlated 
noisy pair 

vz -1 active q ra >0 <0 noisy 

da 0 0 noiseless 

r, >0 I co lnoisy 
1 0 reactive d 

d, 0 ! ? noiseless 

TABLE II 

number 
character of the classification of the 

of mathematica! definition 
1-ports 

1-ports 
n-port 

p 
index ofPs and Ns (num-

dissipative dissipativity 
ber of pos. eigenvalues) 

q 
number of negative eigen-

active activity 
values of Ps and N5 

d 
defect ofP8 and N8 (num-

reactive reactivity 
ber of zero eigenvalues) 
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Ta bie I camprises also information a bout the characteristic noise temperatures. 
This will be discussed in the next section. 

The left-hand side of the column which lists the numbers of 1-ports contains 
the numbers p, q, and d which classify the signa! performance of the n-port. 
Table II presents a summary of the mathematica! definitions of these numbers 
together with the characters of the corresponding elementary 1-ports and the 
classification of the n-port (cf. sec. 3.4). 

The right-hand side of the above-mentioned column of table I contains the 
numbers ofvarious types of 1-ports which are noisy or noiseless. The mathemat
ica! definitions of these numbers and the characters of the corresponding 
elementary 1-ports are given in table lil. 

number of 
1-ports 

TABLE lil 

mathematica! definition 

rank of dissipative part 1\ 

defect of dissipative part 
rank of active part 
defect of active part 1

1

\ of Gs 
rank of reactive part 
defect of reactive part 
anomalous defect ; 

4.2. The temperature matrix 

4.2.1. The diagonal temperafure matrix 

character of 1-ports 

noisy dissipative 
noiseless dissipative 
noisy active 
noiseless active 
noisy reactive 
noiseless reactive 
completely correlated pair of 
one noisy active and one noisy 
dissipative 1-port 

In the preceding section we have derived the matrix of the canonical trans
formation which puts the n-port in its most elementary form. Moreover, we 
have determined the conesponding signal- and noise-transformation matrices 
l\.v and r v, respectively. Since r v is a non-singular matrix, the noise-tem
perature matrix of the diagonalized n-port can in principle now be determined 
by means of eq. (3.66), i.e. 

(4.96) 

This matrix Ts,v will be called the diagorral temperature matrix of the n-port *). 

*) It should be noted that in the partîcular case of anomalous noise defect the matrix Ts,D 
itself is not diagonaL 



-131 

For the determination ofTs.v one can also advantageously make a direct use 
of the definition of temperature matrix as contained in eqs (3.62) and (3.65). 
This definition remains valid under transformations. Hence, by virtue of eqs 
(4.94) and (4.95), for Ts.v one can write down the expression 

(4.97) 

-G ra 

where the framed parts still need explanation. Apart from these framed parts, 
which will be discussed in following sections, Ts,v is the diagonal matrix of the 
eigenvalues of T5, i.e. of the characteristic noise temperatures of the n-port. 
Thus, if for the time being we leave the reactive part ofthe n-port and the part 
which has anomalous noise defect out of discussion, we have 

Ts,v diag (T1). (4.98) 

More precisely, the diagonal elements ofTs,v are the ratiosof the corresponding 
diagonal e1ements of Gs,v and N5 ,v, divided by Boltzmann's constant k, i.e. 

(4.99) 

Since Gii is non-negative, the sign of T, is determined by that of Nii. Hence, 
dissipativity is related to positive, activity to negative characteristic noise tem
peratures (cf. sec. 2.3.1). Moreover, it will be clear that characteristic noise 
temperatures can be interpreted as the equivalent noise temperatures of the 
corresponding 1-ports of the diagonalized n-port. As mentioned earlier (sec. 
2.7.2), the characteristic noise temperatures determine the intensities of the 
elementary noise sources. Hence, as a set, they form a measure of the intensity 
of the noise of a multiport 

Concluding, we can state that the concepts of temperature matrix and charac
teristic noise temperatures, together with the noise-distribution matrix and its 
diagonal version, are quite adequate to describe the noise of a multiport. This 
is true anyway in so far as noisy active and noisy dissipative parts, which are 
mutually completely correlated, and reactive parts are not considered. In fact, 
most actual multiparts can be split into uncorrelated dissipative and active parts 
only. 



-132-

4.2.2. The reactive part of a multiport 

When a multiport contains a reactive part, its noise-distribution matrix N8 

is singular. Then, therefore, the defining relation of eqs (2.272) and (3.65) cannot 
be used to determine the temperature matrix. Since, furthermore, the relevant 
elements of Ns,v are then zero, it is equally impossible to resort to eq. (4.99) 
to calculate the characteristic noise temperatures pertaining to the reactive 
1-ports. If the latter method could be exploited, from the characteristic noise 
temperatures then obtainable by it, the original temperature matrix could be 
determined by means ofthe inverse of eq. (4.96). We can conclude that, strictly 
spoken, the concept of temperature matrix does not apply to multiparts which 
have reactive parts. However, to circumvent this failure we assume that, then, 
eq. ( 4.99) is still formally applicable. 

Two cases can be distinguished. The reactive 1-ports of a diagonalized n-port 
are either noisy or noiseless. 

The elements of Gs,D relevant to noiseless reactive 1-ports are zero, so that, 
due to eq. (4.99) the corresponding Ti are indeterminate. This means that the 
characteristic noise temperatures ofnoiseless reactive 1-ports may be given arbi
trary values. In the corresponding framed part of eq. (4.97) this character of 
the T;'s has been indicated by an interrogation mark. Indeed, the physical 
temperature of a normal reactive network component, whatever it may be, is 
notrelevant to its noise performance. In fact, a capacitor, an inductor, a short 
circuit, etc. does not radiate noise power. 

If the concept of temperature matrix is also to be maintained for reactive 
1-ports which do radiate noise power, i.e. for which Gii #- 0, the cor
responding characteristic noise temperatures Ti must be thought to be infinitely 
high. In eq. (4.97) this has been indicated by the infinity symbol. At low fre
quencies a saturated diode, such as used as a noise souree for measuring 
purposes, is an example of a noisy reactive network component. Thus, in so far 
as we are concerned with noise performance, we can ascribe to such a component 
an infinitely high temperature. 

4.2.3. Dependent active and dissipative parts of a multiport 

The part of the diagonal temperature matrix Ts,D that relates to those active 
and dissipative 1-ports ofthe diagonalized n-port which are mutually completely 
correlated, can be rearranged into non-zero diagonal blocks of order two and 
of the form 

( 1 -1) Tjj = k-1 1 -1 . (4.100) 

lt is readily shown that these principal submatrices cannot be diagonalized. 
This corresponds to the fact that, in this case, the corresponding parts of N8 

and G8 cannot be diagonalized simultaneously ( cf. sec. 4.1. 7). 
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The rearrangement into second-order blocks means physically that the 1-ports 
involved are regrouped into pairs of one active and one dissipative 1-port which 
have completely correlated noise. Between the noise of two 1-ports of different 
pairs there is then no correlation. Hence, we can restriet further considerations 
to one such a pair. 

The noise-distribution matrix, the noise-source power matrix, and the noise
temperature matrix of a pair are respectively given by 

NP,D = ( ~ -~), (4.101) 

GP,D = ( ~ ~ ) (4.102) 

and 

( 
1 -1 ) 

TP.D = k-1 1 -1 . ( 4.103) 

The two roots of the characteristic equation of T P,D are both equal to zero. 
This might suggest that the characteristic noise temperature of a pair could be 
defined as equal to zero. 

As has been mentioned already in sec. 4.1.7, it has been found in appendix E 
that the imbedding multiport (a4-port in the present case), which removes the 
mutual correlation of the active and dissipative parts as far as possible, can be 
chosen in several different ways. 

lt can be done such that the elements ofthat part of the diagonal noise-source 
power matrix, and hence of the diagonal temperature matrix, which pertains to 
the anomalous noise defect, are multiplied by an arbitrary positive, but finite, 
and non-zero scalar number, while all other quantities remain unaltered. 

Starting from the result presented in the above equations the same arbitrary 
scalar multiplication can also be accomplished by a further, a sixth, canonical 
transformation. Let a be an arbitrary, finite, and non-zero complex number. 
Let further q,<al be the matrix of this sixth canonical transformation. The 
matrix q,<al can be interpreted as the transfer matrix of a lossless 4-port, which 
imbeds the pair of mutually dependent 1-ports. We can now define the sixth 
transformation by 

cp(a) = 

where 

and 

a r i 0 -V2r 
-r a i V2r 0 

a =-!-(a + 1/a*) 

r =-!-(a- 1/a*). 

(4.104) 

(4.105) 

(4.106) 
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It is easy to show that this transformation satisfies the canonicity requirement. 
The corresponding noise-transformation matrix r<al is given by 

(4.107) 

Furthermore, it is readily shown that the signal performance is invariant to q,<al 
and that q,<al scalarly multiplies thematrices GP,D and TP,D by a factor lal2. 
Hence, the result of the canonical transformation q,<al is given by 

SP,D 
(a) 

SP,D = ( ~ V~ ) , (4.108) 

PP,D 
(a)= 

PP,D = NP,D 
(a)= 

NP,D ( ~ -~ ) '(4.109) 

GP,D 
(a)= lal 2 

GP,D = ( aa* aa* ) (4.110) 
aa* aa* ' 

TP,D(a) = lal 2 
TP,D = *k-1( 1-1 aa 1 -1 )· (4.111) 

The above transformation can physically he realized as follows. By means of 
circulators and transfarmers the imbedding 4-port combines the active I-port 
with the dissipative one in such a way that the net result is still a dissipative 
1-port, and that the noise waves add or subtract depending on whether lal is 
larger or smaller than unity. The same thing is done to obtain an active 1-port 
with either a larger or a smaller noise source. The results are again transformed 
to normalized impedances (cf. sec. 4.1.3). It will he clear that the coupling ofthe 
two 1-ports for reduction or augmentation ofthe noise ofthe dissipative 1-port 
must he different from the coupling for the reduction or augmentation of the 
noise of the active 1-port. Indeed, it is easy to show that q,<al refers to a 
non-reciprocal 4-port. 

The condition that a he non-zero and finite is equivalent to the requirement 
that the combination of original 2-port and imbedding 4-port must he stable. 
This can he understood from the fact that all elements Sii of the scattering 
matrix of the 4-port are given by 

(lal-lal- 1
)

2 

s .. = -c-------

11 l/2 (lal 2 + la!- 2) ' 
j = 1, 2, 3, 4. (4.112) 

If lal tends either to zero or to infinity, the combination of the pair of 1-ports 
and the imbedding 4-port becomes internally unstable (cf. appendix D), i.e. 
internal oscillations start and degrade the signal performance. This means 
physically among others that, if the noise of the dissipative 1-port is to he 
completely eliminated by that ofthe active 1-port, such an intense combination 
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of the two 1 -ports is required that, instead of being a dissipative 1 -port, the 
result is a reactive, and hence internally unstab1e, 1-port. 

When one does not bother about stabi1ity requirements, one can choose !al 
arbitrari1y s~all, but finite. Hence, the intensity of the noise can be reduced to 
very small values, whi1e the signal performance is kept unaltered. Consequently, 
the eigenvalues of the temperature matrix, which both are equal to zero, can be 
interpreted as the 1ower limit of the characterizing noise temperatures, so that 
the above assumption about the eigenvalues is valid. 

Examples of active-dissipative 2-ports, which have complete1y correlated 
noise, are presented by ideal grounded-grid triodes and by transistors in which 
no recombination occurs, both devices being used in the lower-frequency regions. 
In both devices the noise is pure shot noise, which is complete1y correlated at 
the input and output sides. Indeed, pure shot noise is not characterized by a 
"temperature" and it can be reduced below any fini te value by means of suitable 
"feed-back". In the next section we will give a more detailed discussion of the 
second example. 

4.2.4. Transistor shot noise at low frequencies *) 

Polder and Baelde 49
) gave an equivalent circuit 50

) for a transistor (see 
fig. 21) and derived an expression for its noise, i.e. 

Gy 2kT(Y + yx)-2qJ, (4.113) 

where Gy is the power-density matrix of the noise-current sourees at input and 
output, T is the ambient absolute temperature, Y is the admittance matrix, 
q is the charge of the carrier, and J is the matrix 

J = ( Jin 0 ) , 
. 0 Jout 

(4.114) 

Jin and Jout being the input and output bias currents, respectively. 
For low frequencies the storage capacitance can be neglected. If, furthermore, 

it is assumed that the carrier 1ifetime is infinitely large and that built-in drift 
fields are negligible, it can readily be shown, from the formulae given by the 
above authors 49

), that the admittance matrix Y is given by 

y ( -! ~)' (4.115) 

where 
g q J.fkT (4.116) 

and 
Jin= -Jout J •. (4.117) 

*) The discussion of the present section is given in the admittance-matrix signa! representa
tion to be in conformity with the notation of ref. 49. 
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Fig. 21. Equivalent circuit of a transistor (ref. 49). 

For the noise-distribution matrix Nv one finds 

Nv = 2(Y Y") 2( 2g -g). 
-g 0 

(4.118) 

Substitution of these results in eq. ( 4.1 00) yields for the noise-source power 
matrix 

( 
1 -1 ) Gv = 2 q Js -I I . (4.119) 

The noise-temperature matrix is then found to be given by 

(4.120) 

This matrix has two zero eigenvalnes and cannot be diagonalized. Moreover, 
the transistor is a dissipative-active 2-port. It is easy to verify that Nv has one 
positive and one negative eigenvalue for all values of g, except zero. 

When the frequency increases, it is not permitted to neglect the storage capac
itance anymore. The degeneracy of the eigenvalues of the temperature matrix is 
then removed. One of the two characteristic temperatures becomes slightly 
positive and the other slightly negative. Their absolute values are equally large 
and proportional with frequency. 

The degeneracy of the characteristic temperatures is also removed if the 
generation and recombination of charge carriers cannot be neglected, i.e. if the 
carrier lifetime is finite. This mechanism is of a purely dissipative nature, and 
therefore an amount ofthermal noise is introduced. A first-order approximation 
shows that of the two eigenvalues of the temperature matrix one shifts again to 
small positive and the other to small negative values. The absolute values are 
again equally large and, in this case, inversely proportional to the square root 
of the carrier lifetime. 

These last remarks make it clear that in any actual device the peculiar sin
gularity of the temperature matrix as discussed in this and the previous section 
does not occur. In all actual cases distributed reactive elements andfor pure 
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dissipation (ohmic losses, etc.) are present. Hence, in practice, the concept of 
characteristic noise temperature is substantial in all cases. 

However, if most of the noise of an active-dissipative device consists of shot 
noise, originating from one real physical shot-noise souree only, some or all of 
the characteristic noise temperatures can be very small. This implies that by 
proper imbedding (by means of a non-reciprocal feedback system) the output 
noise power can be made very small, wbile the signal performance remains 
unaffected. 
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5. OPTIMIZATION OF NOISE PERFORMANCE 

5.1. The Hans and Adler theory 

5.1.1. Motivation 

While developing the mathematica} formalism of noisy linear systems, de
scribed in the preeeding chapters, we found that many of our considerations 
parallel several parts of the circuit theory of linear noisy networks, which bas 
been presented by Haus and Adler in several papers 19.48 •51 - 54). They have 
summarized that theory into a comprehensive monograph 15). Tosome extent 
several of the coneepts introduced and discussed in the preceding chapters 
appeared to he equivalent to ideas put forward by those authors. We therefore 
think it desirabie to devote a brief discussion to the Haus and Adler theory. 
Although these authors have presented most of their theory in termsof imped
ance matrices, we will adhere to the scattering-matrix signal representation. 

5.1.2. Exchangeable power of signa! sourees 

A 1-portsignal souree can be considered to be a spontaneously active I-port 
(cf. sec. 3.4.2). It can be represented by a cascade of a normal I-port and a 
signal-wave souree 30). The 1-port can be dissipative, reactive, or active (by 
stimulation). Let e1 be the reflection coefficient ofthe I-port and x the amplitude 
of the signal-wave souree ( cf. sec. 2.1.2). When a load, which is not spontane
ously active, is connected to the source, power is extracted from or delivered 
to the souree. Let the reflection coefficient of the termination he denoted by e2 • 

A diagram is given in fig. 22. The signal waves towards and from the termiaation 
are represented by band a, respectively. The power P 21 extracted from or, when 
negative, delivered to the souree can easily he calculated: 

P21 bb*- aa* 
(1 - ezez *) xx* 

(5.1) 

For a given signal souree, this quantity is a real function of (!z. When e2 is 
equal to the inverse of (? 1 , i.e. 

(5.2) 

Fig. 22. Power extracted from (or delivered to) a 1-port signa! source. 
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the function P21((,!2) becomes infinite. Everywhere in the neighbourhood of 
this point at infinity, P21 has the same sign, being positive when le1 1 > I 
and negative when le1l < I. 

When (,!2 is equal to the complex conjugate of e1 , i.e. 

(5.3) 

the function P 21(e2) has a relative extremum P.: 

P. xx*j(l-~het*). (5.4) 

Haus and Ad! er eaU this quantity the exchangeable power of the signa} souree 51 ). 

The sign of the exchangeable power is opposite to that at the point at infinity. 
When the souree I-port is dissipative, i.e. kh I < l, P. is positive. The exchange
able power is then identical to what conventionally is called the available 
power. 

When the souree I-port is active, i.e. led > l, P. is negative. Haus. and 
Adler suggest 15) that the magnitude of P. then represents the maximum of 
power that can be pusbed into the source. The termination, active for this 
case, then perfarms as a stimulated source. In this case souree and load may 
form an unstable system in which the signal-wave souree x does not govern 
the exchange of power any more. Hence, for sourees with active 1-ports the 
concept of exchangeable power may have no practical meaning. 

When the souree I-port is reactive, i.e. le 1 1 l- this is a very unpractical 
case -, the two conditions of eqs (5.2) and (5.3) coincide, yielding 

(5.5) 

The function P 21 (e2) becomes infinite for this termination, but it has not now 
the same sign everywhere in the immediate neighbourhood. The meaning of 
exchangeable power collapses for this case. 

5.1.3. Exchangeable noise power 

Analogously to the observations of the previous section we can define an 
exchangeable noise power with respect to a noisy I-port. By virtue of the 
definitions in secs 2.1.4 and 2.1.6, the definition is given by 

(5.6) 

Dividing this expression by of, we obtain the density of the exchangeable noise 
power: 

(5.7) 

In sec. 2.3.1 it has been shown that this quantity does notdepend on the signa! 
properties of the I-port. Due to eq. (2.71) we obtain 

P.fof = F (T,J), (5.8) 
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or, with eq. (2.93), approximately 

P.fbf= kT. (5.9) 

The density of the exchangeable noise power of a noisy I-port is equal to the 
product of Boltzmann's constant and the characteristic noise temperature of 
the I-port. 

5.1.4. Exchangeable noise power of a multiport 

Generalizing the concept of exchangeable noise power of a 1-port, Haus and 
Adler 15

•
19

) define the exchangeable noise power of an n-port. According to 
their definition, it is the stationary value of the noise power drawn from or 
pusbed into the n-port when the load, which is an n-port itself, is varied 
arbitrarily *). 

ie--: Q 
I A I 
I ......,._.,. : 

Fig. 23. Noise power radiated from a multiport into its load. 

Referring to fig. 23, let a noisy n-port S with noise-source vector X be ter
minated by a noiseless n-port Q. The noise waves Band A which travel respec
tively to and from the load Q are given by (cf. sec. 2.5.3) 

B (I- SQ)- 1 X (5.10) 

and 
A Q{I-SQ)- 1 X. (5.11) 

The noise power P o.s which is extracted from S simultaneously via all the ports 
is given by 

(5.12) 

With some algebrak manipulation we obtain 

Po.s Xx(I-SSx)- 1 Xöf+ 
-X"(I Qxsx)-l(S Qx)(I S"S)- 1 (Sx- Q) (I SQ)- 1 X öf 

(5.13) 

The right-hand side of the last equation is a homogeneaus quadratic form 

"'} In faet, Haus and Adler do not define and determine the exchangeable power by varying 
the load, but by means of variadons of the eurrents at the terminals. These procedures 
however are who!ly equivalent. 
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of the components of X. The first term does not depend on Q and can be 
considered constant. The second term has a zero stationary value when the 
vector V, given by 

V= (Sx Q) (I- SQ)- 1 X, (5.14) 

is equal to the zero vector. This is the case when 

(5.15) 

This equation is a generalized form of eq. (5.3) and it defines a general matching 
condition. The corresponding stationary value of Po.s is given by 

(5.16) 

This equation is the generalized form of eq. (5.6). Haus and Adler define Pe,s 
to be the exchangeable noise power of S. 

When S is a purely dissipative n-port, i.e. when thematrices (I- ss x) and 
(I sx S) are positive definite, P •. s is positive. From eq. (5.13) it can be seen 
that P •. s then constitutes a maximum. It could be called the total available 
power. Analogously, when Sis purely active, Pe,s is a negative minimum. When 
S is of a mixed nature, i.e. when the matrices (I SSx) and (I sxs) are 
indefinite, but non-singular, Pe,s constitutes a saddle point. Whether the value 
of this saddle point is positive or negative depends on both S and X. 

When the n-port S contains a reactive part, the matrices {I- ss x) and 
(I- sxS) are singular. The partition of the exchanged noise power PQ,s into 
two termsin accordance with eq. (5.13) cannot then be made. The quantity PQ,s 
does not then have a stationary value and, hence, an exchangeable power Pe,s 
cannot then be defined. 

From eqs (5.10) and (5.11) or, alternatively, from eqs (5.13) and (5.14) it 
can be seen that Po.s becomes infinite for 

Q s-1. (5.17) 

This equation is the general form of eq. (5.2). 
We shall show in following sections that the above concept of overall ex

changeable noise power of a multiport as defined by Haus and Adler is of 
restricted use and can be substituted by definitions which are of a more 
universa} applicability. Usually, one is not interested at all in the largest 
amount of noise power that can be drawn from or injected into a multiport via 
all its ports simultaneously. What is often of much more interest is the maximum 
or minimum noise power that can be exchanged with a multiport via one port 
only, while that multiport is imbedded in a generallossless feedback system. In 
the next section we will therefore discuss this type of noise-power exchange and 
evaluate the extreme values. Doing so, we will arrive at the definition of a whole 
set of exchangeable noise powers pertaining to a given noisy multiport. There 
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is another reason that the set of exchangeable noise powers is of more impor
tance than the overall exchangeable noise power. They are better suited for the 
estimation of optimum noise performance than the above overall concept. As 
a matter of fact, Haus and Adler too make use of such a set of extreme 
values for characterizing noise performance. When these authors investigate 
the optimum noise performance of an n-port amplifier, they show that the 
eigenvalnes of the characteristic-noise matrix (see next section) are equal to 
the extreme values the noise measure (see sec. 20.5) attains, if the n-port is im· 
bedded in a variabie loss less (n + 2)-port. 

5.1.5. Alternative definition; exchangeable noise powersof a multiport 15
•
43

) 

Imbedding a noisy n-port in a noiseless and loss-free (n + 1)-port results in 
a noisy I-port. The exchangeable noise power of the resultant I-port can be 
determined. Due to the freedom of lossof the (n + 1)-port, this extreme value 
denotes the maximum of noise power that can be exchanged with the n-port 
when the latter is combined with the particular imbedding network. This ex
changeable noise power clearly depends on the properties of the (n + I)-port, 
which, under the condition of freedom of loss, can however be varied at wilt. 

:~ 
I 
I§_,. 
I 

Fig. 24. Reduction of an n-port to a 1-port by imbedding in an (n 1)-port. 

Figure 24 shows a sketch of the imbedding which reduces the number of 
ports to one. Let the scattering matrix Sn+ 1 of the (n + 1 )-port be given by 

Sn+l = ( S11 ! -~-~-~- ) ' 
S21 1 S22 

(5.18) 

where sll, 812, s21> and s22 are (1 x 1), (1 x n), (n x 1), and (n x n)-submatrices. 
lf A and B are the incident and reflected (noise) waves at the resultant I-port, 
the equations 

(5.19) 

(5.20) 
and 

B SA+X (5.21) 
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hold. An algebraic calculation of the type presented in secs 3.6.1 and 3.6.3 and 
in appendix D yields, by virtue of the freedorn of loss of Sn+l• the ex
changeable power P. of the resultant I-port. It is given by the general Rayleigh 
quotient 40) of the quadratic forrns xxx and (I- ss x), i.e. 

where y is the row vector (1 x n-rnatrix) 

y=Slz(l SSzz)- 1
• 

The derivation can be perforrned only if the matrix (I 
This rneans that the systern forrned by n-port and (n 
to have internat oscillations. 

(5.22) 

(5.23) 

SS22) is non-singular. 
1)-port is not allowed 

Variation of the (n 1)-port rneans variatien of y. Hence, looking for ex-
treme valnes of P., considered as a function of Sn+ 1o is the sarne as finding 
extreme valnes of the above Rayleigh quotient under varia ti on of y. In matrix 
algebra 40) it is shown that the latter extreme valnes are equal to the solutions 
of the general eigenvalue equation 

(5.24) 

They are attained when the veetors yx in eq. (5.22) are equal to the cone
sponding eigenveetors of the matrix pair xxx and (1-SSx). The eigenvalue 
problern of eq. (5.24), i.e. the problern of the simultaneons diagonalization of 
the rnatrices Gs and Ns by rneans of the sarne Herrnitian congruence trans
forrnation, has been stated in sec. 4.1.1. It has been discussed at length and 
solved in subsequent sections. We need not repeat that discussion here. 

It has been shown that, although the eigenvalnes rnay be degenerate, one can 
always find n independent eigenvectors, except in the case of an anornalously 
singular matrix Gs. Thus, in normal cases, P. has n extreme valnes Pe,t which 
are given by 

Pe,t =kT, bf (5.25) 

This equation is a direct generalization of eq. (5.9). For each anornalous singular
ity of Gs the exchangeable noise power P. has a pair of extreme valnes which 
approach zero frorn opposite sides. The pair refers to an active and a dissipative 
I-port, respectively (cf. sec. 4.2.3). In all cases P •. r is equal to the exchangeable 
noise power of the ith elementary I-port of the diagonalized n-port. We should 
therefore like to call the set of n extreme valnes Pe,t the set of exchangeable 
noise powers of the noisy n-port. Thus, with regard to a noisy n-port, we 
prefer to define a set of n exchangeable noise powers Pe.t instead of only one 
overall exchangeable noise power Pe,s· 

It will be clear that the set of exchangeable noise powers characterizes the 
noise of an n-port in exactly the same way as the set of characteristic temper-
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atures. The Pe./s are the eigenval u es of the matrix G5N5 -
1 bf, at least if this 

matrix exists, which need not always be the case. For this reason Haus and 
Adler 19

) call the negative of that matrix the characteristic-noise matrix and 
denote it by N, i.e. *) 

(5.26) 

From eq. (2.273) it is clear that, if it exists, the characteristic-noise matrix N 
is equivalent to the noise-temperature matrix T5. This equivalence is expressed 
by 

N =-kTsbf (5.27) 

When the multiport contains a reactive part, the matrix N8 is singular 62). The 
definition of eq. (5.26) cannot then be applied. However, by means of eq. (5.27), 
this difficulty can be circumvented, since the matrix Ts can still be determined 
in that case as has been discussed in sec. 4.2.2. Haus and Adler do not consider 
the case of a singular noise-distribution matrix. 

Haus and Adler 19
) have shown that the sum of the exchangeable noise 

powers Pc.t equals the overall exchangeable noise power Pe.s· Hence, due to 
eq. (5.16), we have 

l=n 

2:. Pe,t = Pe,s X x (I- SSx)- 1 X bf =- trace (N) 
i= 1 

or, alternatively, 

i=n 

k 2:. T1 = xx (I ssx)- 1 X k trace (T5). 

i= 1 

(5.28) 

(5.29) 

In genera), a noisy n-port has both positive and negative exchangeable noise 
powers Pe,t· The characteristic temperatures T1, too, are generally also both 
positive and negative. Let Pe, 1 and T1 be the smallest positive exchangeable 
noise power and the smallest positive characteristic noise temperature, respec
tively. Let further Pe,n and T11 be the corresponding negative quantities with the 
smallest absolute values. Investigating the Rayleigh quotients of eq. (5.22) as a 
function of y, Haus and Adler found that the Rayleigh quotient, i.e. the ex
changeable noise power Pe of the resulting 1-port, cannot attain values which 

*) In the notation of Haus and Adler the factor 8f does not appear, because there it is 
contained in the matrix G5• Furthermore it should be emphasized that the characteristic
noisc matrix N is not at all equivalent to the noise-distribution matrix Ns which was 
introduced in sec. 2.6.1 and discussed subsequently at several places. The reason of the 
minus sign in eq. (5.26) will become clear in sec. 5.2.6. 
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1ie between the smallest positive and the largest negative extremum. Hence, 
one of the inequalities 

(5.30) 

(5.31) 

applies. This result will be shown to be most important for the determination 
of the optimum noise performance of an n-port (see sec. 5.2.) 

5.1.6. Diagonalization 

Haus and Adler 15
) also show that by imbedding an n~port in a lossless 

2n-port, the n-port can be brought into a }liagonal form which consistsof n in
dependent 1-ports. The exchangeable noise powers of these elementary 1-ports 
are equal to the extrema Pe,i of Pe. The n noise sourees pertaining to the n 
1-ports are uncorrelated. 

Haus and A dl er prove only the existence of the diagonalizing transformation. 
However, their proof is not constructive. They do not obtain the signai
performance matrix of the diagonalizing 2n-port. Moreover, they argue 15) 

that the cases of singular matrices Gs and/or Ns can be handled as simple 
limiting cases of n-ports with non-singular matrices and with smalllosses which 
tend to zero. They therefore conclude that the simultaneous diagonalization of 
both the signa! performance and the noise can always be obtained. Th is is not 
true. Penfield 62

) has described a relatively simple case in which this procedure 
does not lead to unambiguous results. It is even more serious that Haus and 
Adler have overlooked the cases of what we have called anomalously 
singular G8 • As has been shown in sec. 4.1. 7, simultaneous diagonalization 
cannot be obtained in those cases. The theory of Haus and Adler does not 
include systems where noise is pure shot noise. From a theoretica! point of 
view such systems are important 49). 

5.1.7. Some remarks 

Haus and Adler call the simultaneously diagonal transform of an n-port the 
canonical form ofthat n-port. Above, we have denoted this form by the adjective 
diagonal because the adjective canonical had been used to indicate those co
ordinate transformations which preserve the character of a given signa! repre
sentation (cf. sec. 3.7.2). 

Determining the extreme values of the exchangeable power Pe of a reduced 
n-port, Haus and Adler construct the reducing (n + 1)-port by leaving (n- 1) 
portsof a generalloss1ess 2n-port open-circuited. They could afford this simple 
procedure because they made their considerations in the impedance-matrix 
signa! representation. This is due tothefact that noise-voltage sourees of open
circuited terminal pairs do not manifest themselves at the other terminal pairs. 
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However, in mostother signa) representations this is not the case. For example, 
in the scattering-matrix signal representation waves emitted by noise-wave 
sourees at open ports are reflected by these ports and transmitted to other ports. 
In order that a noise-wave souree does not produce effects at other ports, its 
associated port must be terminated by a non-reflecting load. Such terminations, 
however, introduce losses into the (n + 1)-port and that is not permitted. 
Hence, for many signal representations one cannot make use of the simple 
Haus and Adler procedure. 

On the other hand, if an extreme value of the exchangeable noise power P. 
has been obtained, the relevant (n + 1)-port can be the diagonalizing 2n-port 
with (n 1) ports left open-circuited. The 1-ports of the diagonal form being 
mutually uncoupled, the noise-wave sourees at the (n- 1) open ports do not 
then produce effects at the port under consideration. 

Haus and Adler 19 •
47

) also consider the possibility of representation of a 
multiport in coordinate systems other than the impedance- and admittance
matrix signal representations. They also show that the eigenvalues of the 
characteristic-noise matrix N are invariant under transformations from one 
signal representation to another. Like the temperature matrix, the characteristic
noise matrix is transformed by a similarity transformation. Weneed not discuss 
these properties here again because, above, that has been done at length. How
ever, Haus and Adler did not find explicitly that the eigenvalues can be inter
preted in terms of temperatures in all coordinate systems. 

At last, it should be notified that the veetors y which produce the extreme 
values Pe,t constitute the rows of the diagonalizing noise-transformation 
matrix rD as defined by eq. (4.92). 

5.2. Optimization of noise performance of amplifiers 

5.2.1. Possible interpreta/ion of exchangeable noise powers 

Haus and Adler 15) have the opinion that in any commonly used signal 
representation a special interpretation can be given ofthe resultant exchangeable 
noise power Pe or, better, of its extreme values P., 1, i.e. of the negatives of the 
eigenvalues of the characteristic-noise matrix N. Moreover, they believe that 
such interpretations can give a deeper insight into the noise performance of 
multiports. 

In order to verify this assumption in a special case they investigate the general
circuit-constant-matrix - the ABCD-matrix - signal representation of 2-port 
amplifiers. They find that, in that case, the exchangeable noise powers P •. 1 of 
a 2-port are related to the noise measure of that 2-port. The noise measure is a 
scalar quantity which has been defined by them elsewhere 19) (see sec. 5.2.5) 
to characterize noise performance of 2-port amplifiers. The noise measure, as 
the noise :figure, is still a function of the manoer in which the 2-port is utilized 
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or imbedded. In fact, Haus and Adler find that the extreme values of the noise 
measure are proportional to the exchangeabie noise powers Pe,i· The propor
tionality factor depends on how a standard noise souree is being defined. Usually 
the latter is defined as a dissipative 1-port which radiates noise power only 
thermally and which is at a uniform temperature of 290 °K. 

In following sections we shall discuss the observations made on this subject 
by Haus and Ad1er and which have been extended by Rummier 26

). 

5.2.2. Multiport signa! souree and multiport amplifier 

For the discussion of the noise properties of signal sourees and amplifiers 
we will make use of a metbod which Rummier 26

•56 •57) has introduced to 
investigate the general interconnection of a noisy n-port signal souree and a 
noisy m-port amplifier. The interconnection is obtained by imbedding the 
n-port and m-port together in a 1ossless (n + m + 1)-port. A noisy 1-port 
signal soureethen results. It is this I-port which is to be optimized with respect 
to both signal and noise properties. 

Rummier makes his investigations in the impedance-matrix signal represen
tation. Again, we will present the derivations in the scattering-matrix signal 
representation. 

I X I 
A I I I A 

f-+---'-'-- = rpl f 4:r (J,i'a 
I I 
Xs 

Fig. 25. A combination of an n-port signa! source, an m-port amplifier, and a general connec-
ting (n m !)-port is equivalent to a I-port signa! source. 

Let S 1 in fig. 25 be the scattering matrix ofthe signal souree, S2 ofthe ampli
fier, and S of the imbedding network, while (! is the reflection coefficient ofthe 
resultant I-port. Let X1 and X2 be the noise-wave-source veetors of signai 
souree and amplifier, respectively, and X be the noise-wave souree which is 
associated with the resultant 1-port. Moreover, X, and Xs refer to the harmonie
wave sourees of the original signal souree and the resultant signal source, 
respectively (cf. sec. 3.1.1). Let, furthermore, the A's and B's denote the noise 
waves andfor harmonie waves at the connections as is indicated in fig. 25. For 
all these waves the relevant equations are 

(5.32) 
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( -::--) = ( ~1 ~2) ( ~: ) ' ( ··~-:--) + ( ~ ) ' (5.33) 

B = eA +X+ Xs. (5.34) 

The matrix S has been written in an appropriately partitioned form. 
The quantities which determine the signaland noise properties of the resuitant 

I-port can now he calculated from these equations. We obtain 

(5.35) 

(5.36) 

and 
(5.37) 

where 

(at j a2) (S31 j S 32) [ ( ~ ~)- ( ~1 ~2 ) ( ~:: ~::) J1 

(5.38) 

The (n + m)-dimensional row vector(a1 ! a 2) has been introduced by Rummier 
and can he called the reduction vector 56). It describes how the (n + m + I)
port s reduces the combination of the n-port sl and the m-port s2 to the 
I-port fJ· This reduction is unique only if the matrix between square brackets 
in the right-hand side of eq. (5.38) is non-singular. Physically this means that 
the system formed by S, S 1 , and S2 is notallowed to have internat resonances 
(cf. appendix B). 

The powers *) of the resultant noise-wave souree and the resultant harmonie
wave souree are respectively given by 

(5.40) 

where G81 and G82 are the noise-source-power matrices of signal souree and 
amplifier, respectively. By virtue of eq. (5.34) and due to the condition that S 
is free of loss, i.e. eq. (2.210), the noise-distribution matrix NP of the resultant 
I-port is given by 

(5.41) 

where N81 and N82 are the noise-distribution matrices of signal souree and 
amplifier, respectively. 

*) lt should be recalled that physically these quantîties give power per unit bandwidth 
(power density). 
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The object is now todetermine how the imbedding must be arranged in order 
to have a possibly low resultant exchangeable noise power under the condition 
that the resultant exchangeable signal power remains high. 

The restrietion that the resultant exchangeable signal power must be high is 
indeed a real one. The optimum noise performance is not obtained when the 
imbedding is arranged in such a manner that the resultant exchangeable noise 
power is minimum without any restriction, i.e. so that the resultant I-port has 
the smallest positive characteristic noise temperature possible. The latter 
quantity is equal to the smallest positive eigenvalue of the noise-temperature 
matrix of the (n m)-port which is formed by the combination of original 
signal souree and original amplifier. It is therefore identical either to that 
quantity of the signa) souree or to that quantity of the amplifier. If this case 
were realized, either the amplifier or the signal souree would be cut off from 
the output. This means that either the amplifier would not be used at all or 
the signal would not any longer be present at the output. 

The paramount question is what is the highest exchangeable signal- to ooise
power ratio obtainable at high signal powers. Rummier argues 57) that this 
ratio is a good measure for the noise performance of the above system. A good 
solution to the optimization problem is obtained if, for a given amplifieation 
of the exehangeable signa} power, one looks for the smallest deercase of the 
signal- to noise-power ratio. Rummier has investigated this problem with good 
sueeess for the case that both signal souree and amplifier are multiports. 

For the time being we will restriet our considerations to the case of a 1-port 
signal souree and a 2-port amplifier because that case contains all items we wish 
to emphasize. A further restrietion is made by the practical assumption that the 
signal souree is dissipative. This implies that the magnitude of its reileetion 
coefficient (! 1 satisfies 

(!r < 1. (5.42) 

Consequently the noise-distribution matrix N81 , or N111 in this case, of the 
signal souree given by 

(5.43) 
is a positive sealar. 

5.2.3. Noise performance of a 2-port amplifier 

Usually observations on noisy systems are eentered around two quantities. 
The first is the amplifieation of the signal power. Th is is defined as the quotient 
ofthe signal powers at output and input of the amplifier, respeetively. However, 
these powers depend strongly on the eoupling of the souree and the amplifier 
and on the load whieh terminates the amplifier output. To cireumvent these 
difficulties the considerations are mostly made on the amplifieation of the ex-
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changeable signal power. This is defined as the quotient of the exchangeable 
signal power at the output, when the amplifier is connected to the source, and 
the exchangeable signal power of the source. Let g be the exchangeable signai
power amplification and let x .. l be the signal-wave souree of the 1-port signa} 
source. By virtue of eqs (5.40), (5.41), and (5.43), we then have 

x.x. + 10 - eg*) 1 
g == (5.44) 

X •. tXs,t+f(l l?tf?t*) 1 -T- a2Ns2azx/atat*0-etl?1*) 

It should be noted that for the case of a 1-port souree and a 2-port amplifier a 1 

reduces toa scalar a 1 and a 2 toa 2-dimensional row vector. 
The second quantity of interest is the quotient of the signal- to noise-power 

ratios at input and output, respectively. Conventionally, this quantity is called 
the noise figure 58 •59). The ratio ofthe signa] and noise powers at the input, both 
powers being emitted by the souree into the amplifier, is in the present case 
equal to the ratio of the corresponding exchangeable powers of the source. 
The latter ratio R1 is given by 

kT1 (1 - Q11h *) 
(5.45) 

where T1 is the characteristic noise temperature (there is only one) ofthe source. 
The subscript i refers totheinput ofthe amplifier. Analogously, the sameratio 
at the output R0 is found, by virtue of eqs (5.39) and (5.40), to be given by 

al x.,lxs,l+al* 
Ro~-"---

alkTl(l !!11?1*) a1*+a2Gs20"2x 
(5.46) 

The subscript o refers to the amplifier output. The noise figure Fis now readily 
found to be given by 

(5.47) 

Let us now introduce for normalization purposes a new transformation vectory2 

defined by 
(5.48) 

The exchangeable power amplification g and the noise figure F can then be 
written 

(5.49) 
and 

(5.50) 

Both these quantities depend not only on the properties of the amplifier, that 
is on Ns2 and G82 , respectively, but also on those of the imbedding 4-port, 
that is on y 2 • 
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lf the use of the amplifier is to be profitable, g must he larger than unity. 
Hence, the imbedding network must be chosen such that the vector y 2 fulfils 
the condition 

(5.5 I) 

This inequality implies that the amplifier must be operated in the negative region 
of the quadratic f orm y 2 N82 y 2 x . Tbis can be done only if the matrix N82 has 
at least one negative eigenvalue. This requirement is equivalent to the quite 
trivial condition that the amplifier has at least an active part, i.e. it must be a 
"true" amplifier. 

A small degradation ofthe signal- to noise-power ratio R implies a small value 
ofthe noise figure F. Since, owingto the positive (semi)-definite character ofG82 , 

the second term of the right-hand side of eq. (5.50) is non-negative, this term 
should be made as small as possible in order to obtain an optimum noise per
formance. In general, an arbitrary decrease of this term, e.g. by diminishing the 
norm of y2, decreases however also the magnitude of y 2 N82y 2x so that the 
amplification g is also diminished. This is therefore not a good approach. The 
minimum value of y2 G82y 2 x must be determined by variation of y2 while 
the amplification is kept constant, i.e. in accordance with eq. (5.49) subject to 
the constraint 

(5.52) 

This problem can be solved by the methad of Lagrange multipliers. Since 
eq. (5.51) must hold, this is equivalent to the determination of the smallest 
positive eigenvalue of the general eigenvalue problem *) 

0. (5.53) 

This is again the same problem as has been investigated thoroughly in chapter 4. 
Let y 2 , 0 be the eigenvector that corresponds to the smallest positive eigen

value }.2 . The relevant equation is then 

, _ -y2,oGs2Y2.ox 
A2-

Y2,oNs2Y2,ox 
(5.54) 

where T2 is the negative eigenvalue of the noise-temperature matrix of the 
amplifier, which has the smallest magnitude. This salution is in agreement with 
the positive semi-definite character ofG82 and the requirement that y 2 , 0 N82y 2,0 " 

must be negative for amplifiers. 
If the imbedding is effected in accordance with this solution, the noise figure 

is optimum and the best noise performance has been obtained. By virtue of 

*) Contrary to the practice in sec. 4.1.6, bere the plus sign has been used in order to be in 
agreement with the formalism adopted by Haus and Adler. 
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eqs (5.50), (5.52), and (5.54), the optimum noise figure Fopt is given by 

Fopt = 1 O-z/kT1) (l g- 1
) = l (T2/T1) (1 - g- 1

). (5.55) 

Conventionally, the noise temperature T1 ofthe signal souree is standardized 60) 

at room temperature (290 °K). In point of fact the deterioration of the signal
to noise-power ratio depends as well on the actual characteristic noise tem
pcrature T 1 of the signal souree as on that of the amplifier T2 • 

At this stage the following remarks may be made. The derivation in the present 
section is largely due to Haus and Adler 15). However, these authors have not 
presented the results in terms of characteristic noise temperatures. In fact, 
the results contained in eqs (5.54) and (5.55) are given by them in termsof }. 2 , 

and not of T2 • Wh en the ebain-matrix signal representation is used, as they have 
done, the quantity (À2/kT1) can be interpreted as a noise measure (sec sec. 5.2.5). 
The noise measure however contains implicitly the temperature of the source. 
Moreover, from a physical point of view, the concept of noise measure is lucid 
only forthechain-matrix signal representation. On the other hand, when the re
sults are given in termsof characteristic noise temperatures, as we have done, not 
only the relative importance of signal souree and amplifier temperatures is 
emphasized but also is the interpretation valid and lucid in all signal repre
sentations (cf.s sec. 5.2.6). 

The result of eq. (5.55) is also valid for dissipative and reactive 2-ports. An 
amplification g smaller than unity can be interpreted as an attenuation. When 
this occurs, by virtue of eqs (5.49) and (5.54), both the quantities y 2 N52y 2 x 

and T2 are positive. Hence, for attenuating 2-ports, the noise tigure Fis also 
larger than unity. To make optimum use of an attenuating 2-port from the 
point of view of noise performance, the vector y 2 should be chosen as the eigen
vector that corresponds to the negative eigenvalue ;, with the smallest magnitude. 
This agrees with the smallest positive characteristic noise temperature T2 of the 
"amplifier". lf a 2-port is reactive, or if only its reactive part is used, the quantity 
y 2 N 52 y 2 x is equal to zero. The gain g and, hence, the noise figure F are then 
both equal to unity, so that then there is no amplification or attenuation and 
no degradation of the noise performance. 

5.2.4. Equivalent noise temperafure 

By virtue of eqs (5.48) and (5.52), substitution of eq. (5.54) in eq. (5.39) 
yields for the power of the noise-wave souree X of the resultant 1-port the 
expression 

(5.56) 

The first term between the square brackets refers to the intensity of the noise 
which originates from the signal source. The second term indicates the ampli
fier noise. 

In literature the concept of equivalent noise temperature Teq of a noisy 
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amplifier or attenuator is often used (cf. sec. 2.3.1). This is the temperature the 
input termination should have in order to deliver the same amount of noise 
power at the output of an equivalent noiseless amplifier as the actuaJ noisy 
amplifier does, if its input is connected to the same, but noiseless, tennination. 
From eq. (5.56) it is readily seen that the equivalent noise temperature Teq is 
given by 

T.q = -T2 (l-g- 1). 

For large amplifications the approximation 

Teq :ê::: ITzl 
applies. 

5.2.5. Noise measure 

(5.57) 

(5.58) 

In sec. 5.2.3 it has been shown that optimization of noise performance is not 
obtained, if the noise tigure Fis minimized straightforwardly, but that the latter 
tigure must be reduced to a minimum subject to a constraint. The quantity 
which can be minimized straightforwardly is the Rayleigh quotient: 

, -Yz Gs2Yzx 
).=-·····---~. 

Yz Ns2 zYzx 
(5.59) 

Dividing both merobers by kT1 and inserting eqs (5.50) and (5.52), we obtain 

}.jkT1 = 1)/(1 g- 1 ) = M. (5.60) 

Haus and Adler 19
) call this quantity the noise measure of the imbedded 

amplifier. Optimization of the noise performance is achieved if the noise roeas
ure M is made minimum. This optimization does not depend on the amplifica
tion. Hence, the noise measure offers a criterion for the noise performance of 
an amplifier, which is independent ofthe manner in which the signa] properties 
are utilized. This is the most important feature of that quantity. 

Haus andAdler *)show that, iftwo amplifiers are cascaded, the amplifier ha ving 
the smaller noise measure should be placed first in order to achieve the best 
noise performance of the cascade. Furthermore, they show 15) that the noise 
measure of an arbitrary interconnection of 2-port amplifiers, which yields an 
overall 2-port amplifier, cannot be smaller than the optimum noise measure 
of the individual amplifier with the smallest value of that quantity. 

Rummier introduces the concept of ooise-performance plane 57
). He plots 

the noise- to signai-power ratio at the output ofthe amplifier against the recip
rocal of the exchangeable power at that output. He shows that, when a souree 
and an amplifier are imbedded, the negative slope of the straight line in that 
plane which determines the linear relation between the two output quantities 

*) Haus and A dier discuss only "true" amplifiers. When losses are present, this may cause 
difficulties 62). It should be noted that the noise measure is negative for dissipating 
2-ports (see sec. 5 .2. 7). 
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mentioned is proportional to the noise measure. It is then readily shown that 
the noise measure determines the quotient of the increase of noise- to signai
power ratio and the corresponding decrease of the reciprocal of the exchange
able output power. 

5.2.6. The optimum noise measure 

The minimum value of the noise measure M is obtained, if the amplifier is 
imbedded properly as has been discussed in sec. 5.2.3. This minimum value is 
called the optimum noise measure Mopt and is given by 

(5.61) 

The quantity A. 2 of is the smallest positive eigenvalue of the characteristic-noise 
matrix N (cf. sec. 5.1.5), so that A.2 ofis equal to the negative of that negative 
exchangeable power Pe,i ofthe amplifier, which has the smallest absolute value. 
Since they consider it convenient that both Mopt and A2 are positive numbers 
for true amplifiers, Raus and Adler have introduced the minus sign into the 
definition of the characteristic-noise matrix N (cf. secs 5.1.5 and 5.2.3). 

Although the optimum noise measure is a good criterion for the noise per
formance of an amplifier, it has some drawbacks. To understand the first, one 
should remember that the ability of an amplifier to perform well with respect 
to noise depends not only on the intensity of the noise it emits itself, i.e. on A.2 , 

but also on its signal properties, i.e. on g, and on the noise which accompanies 
the signalat the input, i.e. on kT1 • In our opinion a good noise criterion should 
refer to the first aspect only. The other two should be known separately. The 
optimum noise measure is indeed independent of the signal performance.This 
is not true for the noise figure. The optimum noise measure, however, still 
depends on the noise of the signal source, even though the latter is standardized 
usually at 290 °K. In some situations such as in radio astronomy and space 
communication the standardization, however, is impractical. To avoid the 
dependenee on the souree temperature we might suggest to characterize noise 
performance not by Mopt, as Raus and Adler have done, but by A2 • We then 
have an absolute measure (in termsof exchangeable power) insteadof a relative 
measure. 

The second drawback of the optimum noise measure concerns the physical 
interpretation. In the definition of Raus and Adler 15

), eq. (5.60), the noise 
measure is only an algebraic combination of other quantities, viz. of F and g. 

It is not an elementary physical quantity. Only in the ebain-matrix or transfer
matrix signal representation it can be given a straightforward physical inter
pretation as the negative of the exchangeable noise power at the output of the 
optimized amplifier relative to the exchangeable power of the standard signal 
source. Again, to avoid the dependenee on the temperature of the signal source, 
we can take directly the negative of the exchangeable noise power instead of 
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the relative quantity, i.e. the noise measure. However, the physical meaning 
is then still straight forward only when the amplifier is used as a transfer 
2-port, described in the chain-matrix or transfer-matrix signal representation. 
In other signal representations neither the noise measure nor the exchange
able noise power can be interpreted in elementary physical quantities relevant 
for the system. 

Raus and A dl er have introduced the minus sign in the definition of the charac
teristic-noise matrix, eq. (5.26), in order that the noise measure be positive for 
amplifiers. The consequence is that for dissipative components the noise measure 
is negative. For systems which consist ofboth active and dissipative components 
this does not seem logical. 

For all these reasons we pref er to characterize noise performance by cbaracter
istic noise temperatures. The optimum noise performance is then determined by 
the characteristic noise temperature with the smallest magnitude. It is positive 
for dissipative components and negative for active components. The fact that 
the optimum noise temperature is negative for amplifiers can be considered an 
advantage, because for other reasons, too, it has become practice to charac
terize active components by means of negative temperatures (cf. secs 2.3.1 and 
2.3.3). The characteristic noise temperatures are tied up intimately with the 
temperature matrix which has beendefinedas the general analogue ofthe scalar 
temperature of a homogeneously warm passive multiport In this context the 
characteristic temperatures refer directly to the internat "temperature" distribu
tion of a multiport 

5.2.7. The optimum noise temperafure 

Fr om what has been said in the previous section, it will be clear that we choose 
the negative characteristic noise temperature with the smallest magnitude to 
be the measure of the best noise performance obtainable with a given amplifier. 
F or an attenuating component it is the smallest positive of these eigenvalues. 

Let Topt be the best noise temperature. Wh en expressed in terms of this quan
tity, we find from eqs (5.61) and (5.54) for the optimum noise measure and 
the negative of the optimum exchangeable noise-power density 

(5.62) 
and 

(5.63) 

The optimum noise temperature can also serve as a criterion for the selection 
of the best amplifier out of a set. It can furthermore be used to determine the 
most advantageous sequence fora cascad:: of, both ampliflying and attenuat
ing, 2-ports. By virtue of eq. (5.56), it can be shown that, if possible, the 
"hottest" - in the sense of sec. 2.3.3 - 2-port should go first and the 
"coldest" last. This means that amplifiers should come before attenuators 
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and, moreover, that the best amplifier should lead and the best attenuator 
bring up the rear. 

When compared to the noise temperature of the signal source, the magnitude 
ofthe optimum noise temperature can also be used as a criterion forthe suitabil
ity of an amplifier to accomplish a certain task. The value of T 2 1 should be 
smaller than but of the same order of magnitude as T1• Inspeetion of eq. (5.56) 
shows that, if IT2 1 T 1, the amplifier is too good and, if IT2 1 T~> it is too 
bad for amplifying the signal. 

As a last argument for our choice, we would put forward the fact that the 
concept of temperature is a physically well established measure ofnoise intensity. 

5.3. A simplified amplifier model 

5.3.1. Matching of input and output 

Without violating the generality of the discussion, some simplifying assump
tions can be made in the subject matter of the preceding sections. These simpli
fications lead to an obvious interpretation of some significant quantities. 

First, we again consider a 2-port amplifier connected toa 1-port signa} source, 
both components being noisy. The 4-port which reduces the combination of 
signal souree and amplifier to one resultant I-port, can be thought to contain at 
the port to which the signa! souree is connected a lossless 2-port. This 2-port 
imbeds the signal source. If it is chosen to be of the normalizing type discussed 
in sec. 4.1.3, due to the assumed dissipative character of the signal source, the 
resulting signal souree can be made non-refiecting. Mathematically, this means 
that a 1 (cf. eq. (5.48)) is split into two factors. One factor given by 
(l !!ll?t *)- 112 pertains to the lossless 2-port, while the other factor can be 
considered to be the new transformed version of a 1 , which appertains to the 
remaining 4-port. In the expression of secs 5.2.2 and 5.2.3 X •. 1 is multiplied 
by the :fiTst factor, while !h is made equal to zero. From eqs (5.44), (5.45), 
and (5.46) it is clear that the amplification g and the signal- to noise-power 
ratios R1 and R0 are not altered numerically. 

A second simplification is obtained if the output of the reducing 4-port is 
provided with a further lossless 2-port which now normalizes the resultant 
I-port. From eqs (5.41), (5.48), and (5.51), together with the assumption of a 
dissipative signal source, we can conclude that the resultant I-port too is dissi
pative. Hence, normalization of the output makes it also reflectionless. Mathe
matically this second normalization implies that a 1 and a 2 (cf. sec. 5.2.3) must 
both be multiplied by the scalar (1-ee*)- 112 • The resultant reflection coeffi
cient, the new value of e, is made equal to zero. Again, the amplification g and 
the ratios R1 and R0 are not altered. 

The above invariance of amplification and signal- to noise-power ratios is 
due to the fact that these quantities are quotieuts of available p~wers of 1-ports, 
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Fig. 26. Diagram of an amplifier model. 

which are not changed by loss-free imbedding of 1-ports. In the normalized 
situation the available power is actually emitted into the line to which the I-port 
has been matched, and it is really available at the termination at the other end 
of that line. On the other hand, waves refiected, emitted, or transmitted into 
that line by the termination are absorbed completely in the matebed I-port. 

In what follows it is assumed that both above-mentioned normalizations have 
been carried out and thatXs. 1 , a 1,anda2 have the correspondingly altered values. 
The new 4-port can be considered to be a normal imbedding for the 2-port 
amplifier. Hence, we may restriet the investigations to the noise performance of 
a losslessly imbedded 2-port amplifier to the input of which a non-refiecting 
noisy I-port signa] souree has been connected. An illustration of this system 
has been given in fig. 26. 

The equations (5.39), (5.40) and, (5.41) can now be written in the forms 

XX+ a1a1* (kT1 y2 G82y2 x), (5.64) 

x.x.+ a lal* xs,lxs,l + (5.65) 
and 

(5.66) 

where kT1 is the power of the noise-wave souree of the signa] souree and y2 

is given by (cf. eq. (5.48)) 
(5.67) 

From eq. (5.65) the power amplification gis equal to a1a1 *. By virtue of eq. 
(5.66), it can be written in the form 

(5.68) 

This equation agrees with eq. (5.49). 
As has already been discussed above, the best noise performance is obtained 

if the resultant noise-wave-source power XX+ is minimized while keeping the 
amplification a1a1* unaltered. Hence, from eqs (5.64) it is seen that the 
optimum noise performance is achieved if the quadratic from y 2 Gs2 y 2 x is 
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minimized under the constraint of y 2 N52 y 2 x being constant. Above it was 
found that the imbedding 4-port must and can be chosen such that a 1 a 1 * has 
the value desired and y 2 is the eigenvector of the matrix pair Gs2 and N52 , 

which corresponds to the eigenvalue with the smallest magnitude. 
Two cases may occur. First, the 2-port is used as an amplifier. In this case y 2 

belongs to the negative eigenvalue with the smallest magnitude. Then, y 2 N52 y 2 x 

is inherently negative so that, due to eq. (5.68), the amplification g is larger 
than unity. Secondly, the 2-port is used as an attenuating component. Then, y 2 

belongs to the smallest positive eigenvalue and y 2 Ns2 y 2 x is inherently positive. 
In thîs case the "amplification" gis smaller than unity, denoting an attenuation. 

The norm of an eigenvector is not prescribed by the eigenvalue problem. 
Hence, the vector y 2 can be multiplied by any finite scalar so that the condition 
of eq. (5.68) can be satisfied for any arbitrary value of g which is larger or smaller 
than unity in the two respective cases. In both cases, however, the equation 

(5.69) 

applies. Substitution in eq. (5.64) yields 

XX+ gkT1 (l g) kT2 • (5.70) 

The last result is a well-known formula for the total noise-power output of a 
passive system consisting of a non-refiecting I-port at the uniform tempera
ture T1 in cascade with a matebed 2-port at the uniform temperature T2 and 
with an output-to input-power ratio g. In our formalism, eq. (5.70) has a much 
more general validity if only the T's are appropriate characteristic noise tem
peratures. Since for g-values larger than unity T2 is non-positive, the second 
term in the right-hand memher of eq. (5. 70) is always non-negative. This means 
that in all cases, the 2-port contributes essentially to the total noise-power out
put. 

It should be noted that T2 is the characteristic noise temperature of the im
bedded 2-port which refers to the particular direction of transmission. The 
properties of the other direction, from output towards signal source, are not 
interesting since the input termination is non-refiecting. 

5.3.2. The optimum imbedding of a 2-port amplifier 

In order that the complete system will have optimum noise performance, the 
4-port which imbeds andreduces the combination of signal souree and amplifier 
must fulfil certain requirements. The imbedding network that satisfies these 
conditions can be thought to consist of some particular parts which we describe 
next. 

Figure 27 gives a diagram of the system. The signal souree is imbedded in a 
2-port t 1 which normalizes it to a non-refiecting 1-port. The 2-port amplifier 
is transformed to its elementary, perhaps diagonal, form by means of the 
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Fig. 27. Diagram of the essential parts of an amplifier circuit. 

4-port 9v (cf. sec. 4.1.8). If the 2-port is an amplifier, at least one of the two 
resulting elementary 1-ports is active. The one with the negative characteristic 
noise temperature with the smallest absolute value is connected to one of the 
ports (2) of an ideal 4-port circulator. This conneetion is made via a trans
farmer t2 • The other elementary I-port, which may be active, reactive, or dissi
pative, is connected to the opposite port (4) of the circulator. This conneetion 
isoris notmade via a transfarmer t4 • The normalized signal souree is connected 
to the circular port (1) that precedes the port (2) to which the least noisy active 
elementary I-port has been connected. The remairring circulator port (3) is the 
output of the system. 

Figure 28 gives a simplified diagram. The reflection coefficient !h of the im
bedded signal souree is made equal to zero by the transformer t 1 • Hence, any 
wave incident upon the output and reflected by the elementary 1-port e4 as 
well as the noise waves emitted by that 1-port, are absorbed completely 
by the signal source. Thus, neither e3 nor are of much importance, at least 
with respect to the noise performance. The same can be said of e4 and T4 so 
that the transfarmer t4 , too, is not interesting. For stability criteria all these 
quantities, however, may be significant, and in general they are. 

:7j 
I 

Fig. 28. Simplified diagram of an amplifier circuit. 
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The signal wave X,, 1 , emitted by the souree (! 1, is incident upon the elemen
tary 1-port e2 • The power of the signal wave reflected by the latter 1-port, that 
is of the amplified signal wave, is given by (cf. eq. (5.65)) 

X,X/ = ezez*X,,1Xs,l + 

so that the amplification g is given by 

(5.71) 

(5.72) 

This quantity can be varied at will in the region g > 1 by means of the trans
farmer However, increasing the amplification increases also the power of 
the noise wave emitted by the I-port e2 • This contribution to the power of the 
output noise wave is given by 

(5.73) 

The contribution of the signal souree to the power of the output noise wave is 
found to be 

!!z12z*X1X1+ = kT1 (1 !!tl.h*)ez!h* = kTtg. (5.74) 

Summation of the two contributions yields again eq. (5.70), i.e. 

XX+ (5.75) 

5.3.3. Discussion 

The best noise performance of a given amplifier is obtained if its contribution 
to the total output noise power is made relatively as smallas possible. It has been 
shown above that, independently of the actual amplification, T2 indeed refers 
to this minimum. Therefore, T2 is a good measure ofthe best noise performance 
possible. On the other hand, the optimum noise figure Fopt• which is given by 

(5.76) 

depends still on the amplification g. Being prescribed or wanted, g may be dif
ferent for the same amplifier in different situations, so that Fopt is nota unique 
number fora given amplifier. 

Some remarks must still be made. First, in conventional noise theories 33 •
34

) 

and in practice the noise performance of an amplifier is often optimized by 
variation of the input termination. In terms of our formalism, this can be 
accomplished by connecting a lossless 2-port between the signal souree and the 
amplifier and varying it till a relative minimum of the amplifier contribution 
to the output noise power is obtained. However, since no feedback, etc. is 
present, a lossless 2-port at the input is not the most general imbedding of an 
amplifier. In this way one cannot then hope to achieve the optimum solution. 

A second remark concerns the waves emitted by the noise-wave souree of an 
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amplifier at its input. Whether having been amp1ified or not, these waves can be 
reflected by the components which preeede the amplifier. The amplifier then 
further amplifies them and transmits them towards the output, where they 
contribute substantially to the total output noise power. In our formalism these 
input noise-wave sourees have already been accounted for. First, while trans
forming an amplifier to its elementary form, reflected portîons of the input noise 
waves are used at the output ports to minimize the output noise waves by inter
ference effects. This means that completely correlated portions of the output 
noise waves are made zero by subtracting corresponding portions of the input 
noise waves. Secondly, making the input termination non-reflecting causes the 
remaining part of the input noise waves to be absorbed completely by that 
termination. 

In the preceding sections we have discussed noise performance of 2-port 
amplifiers only. However, in this discussion all considerations which apply to 
I-port amplifiers have inherently been made. To obtain the best noise perform
ance of a 2-port amplifier, it is reduced to a set of two uncoupled elementary 
1-ports. Th en, only one of these 1-ports, the least noisy, is used for the amplifi
cation process. Hence, for 1-port amplifiers the transformation to the diagonal 
form need not be performed because such an amplifier is diagonal already. All 
further considerations apply without any restriction. It is then readily seen that, 
in terros of characteristic noise temperature, the noise performance of a 1-port 
amplifier cannot be improved or deteriorated by lossless imbedding. When a 
I-port amplifier is imbedded in a lossy 2-port, the noise performance can worsen 
only. 

5.4. Multiport signa! sourees and amplifiers 

In this section we will give a short survey ofthe results of Rummier 26
•
56

•
57

). 

As mentioned in sec. 5.2.2, Rummier investigated the generallossless imbedding 
of an n-port signal souree tagether with an m-port amplifier in a lossless 
(n m 1)-port so as to obtain a 1-port signal souree with an enlarged 
exchangeable power. The signal- to noise-power ratio of this ultimate 1-port 
should be made as large as possible for a given value of the resultant signal 
power. 

Rummier mentions two examples of significant practical multiport systems. 
With one, diversity reception, a set of receiving antennae is used. This collection 
of antennae can be considered as a multiport source. The problem is how the 
signals and noise of all these antennae must be combined to yield the best overall 
performance at one single output port. The other example refers to a multi
frequency parametrie system. Although the derivations of Rummler, as well as 
our formalism, are not yet adapted for multi-frequency systems, he shows that 
such systems which satisfy the Manley and Rowe power relations can easily be 



162 

brought into a form which can be treated by that formalism. In particular, he 
investigates the noise performance of a double-sideband degenerate parametrie 
amplifier of which the sidebands can be distinguished. 

Rummier shows that any lossless (n + m -+- l)-port imbedding can be 
realized as follows. First, the n-port signa! souree is reduced to a I-port signal 
source. Secondly, the m-port amplifier is reduced to a 2-port amplifier. At last, 
the resulting 1- and 2-port are cascaded. 

From what has been derived above, the best rednetion of the amplifier is 
readily determined. At first, the m-port is transformed to its diagonal form. 
lf it is a "true" amplifier, the resulting diagonal m-port consists of at least one 
active I-port Then, that active I-port ofwhich the negative characteristic noise 
temperature has the smallest magnitude is connected to one of the ports of a 
circulator. If the preceding and the next ports of that circulator constitute 
respectively the input and output ports of the reduced amplifier, the 2-port 
amplifier with the best possible noise performance has been obtained. This 
result agrees with the findings of Rummler. 

The determination of the best rednetion of the signal souree is a little more 
intricate. If a 1-port signal souree is losslessly imbedded in a 2-port, the signal
to noise-power ratio does notdepend on that transformation, since the available 
powers are invariant. This, however, is not true for the signal- to noise-power 
ratio of the I-port which results when an n-port signal souree is reduced. By 
varying the reducing (n i- 1 )-port, of that 1-port both the resulting exchangeable 
signal power P,,;, given by 

P,,i = X,, IX,./ ~f(l - e 1!?1 *)-\ 
and the exchangeable noise power Pn,ü given by 

Pn,i X1X1 +oj(I e1e1 *)-1
, 

can be varied over certain restricted regions. 

(5.77) 

(5.78) 

Rummier introduces the noise-performance plane of which the coordinates 
are respectively the reciprocal of the exchangeable signa} power, 1/P,,i> and the 
noise- to signai-power ratio, 1/R1• The latter is given by eq. (5.45), i.e. 

(5.79) 

In this plane the points, the souree points, which denote the possible valnes 
of 1/P,,1 and 1/R1 of the imbedded souree form a closed region, the souree 
region. This is illustrated in fig. 29. Rummier shows that the boundary of this 
region is a convex curve or, at least, a semi-convex curve. lf the power matrix 
X,X, x of the signai-wave-souree vector X, is positive semi-definite, the souree 
region can extend to infinity. Moreover, if the noise-distribution matrix Ns

1 
of 

the signal souree is indefinite, the souree region includes also negative values of 
the coordinate l/P,, 1• 

It will be clear that, fora given value of P,, 1 the noise- to signai-power ratio 



-163-

..J_ -Psi 

Fig. 29. The noise-performance plane (ref. 26). 

1/ Ri can be varied only over a restricted range of values. The lower limit of this 
range determines the maximum value Ri.max of Ri attainable at that particular 
value of Ps.i· If Ps.i should be kept at a constant value, the best reducing 
(n + 1)-port, the best with respect to noise performance, would be the one that 
yields this constraint maximum Ri.max· However, this maximum itself is a 
function of Ps.i· We can write down the functional relation 

1/Ri.max = J(l/Ps,J (5.80) 

In fig. 29 this function is represented by the curve ABC. Due to the convexity 
of the boundary of the souree region, this function has a minimum (point B 
in fig. 29), which determines the absolute maximum of the signa1- to ooise
power ratio Ri. This absolute maximum need neither coincide with a maximum 
of Ps,i nor with a minimum of Pn,i· 

Adjustment of the (n + 1)-port so as to yield the absolute maximum of Ri 
does not guarantee the best noise performance of the complete signai-souree 
and amplifier system. That is obtained only ifthe signa1- to noise-power ratio Ro 
at the output is as large as possible. The reciprocal of this quantity, given by 

(5.81) 

must be a minimum. 
It will be clear that, whatever the value of Ps,i may be, the quantity 1/Ri 

should be as smallas possible, that is equal to 1/Ri,max· This requirement being 
satisfied, by virtue of eq. (5.80), we can rewrite eq. (5.81) in the form 

(5.82) 

This equation determines R0 as a function of Ps,i· The maximum ofthis function, 
that is the minimum of eq. (5.82), determines the best, not the largest, exchange
a bie signal power Ps,i at the input and, hence, the best reduction of the n-port 
signal source. 

Rummier describes the relationship of eq. (5.82) in the ooise-performance 
plane where, now, the coordinates are formed by respectively the reciprocal 
of exchangeable signa1 power at the output, 1/Ps,o• and the noise- to 
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signai-power ratio, l/R0 • He then shows that in this plane the relation of eq. 
(5.82) is represented by straight lines of which the slopeis given by kT2 of or 
-MoptkT1 bf (cf. sec. 5.2.5). Hence the increase of the noise- to signai-power 
ratio due to the use of the amplifier is proportional to the decrease of the 
reciprocal of the exchangeable signal power, the proportionality constant being 
equal to -kT2bf 

Fora noiseless amplifier, T2 0, the maximum of R1,max represents the best 
total noise performance. If the amplifier is noisy, it is readily seen from eq. 
(5.82) that it is as a rule more advantageous to adjust at a slightly larger value 
of P,,i and to allow fora somewhat smaller value of Ri,max· The second term 
of the right-hand member of eq. (5.82) can then be made even smaller. As a 
conseq uence of these observations, we find that the best reduction of an n-port 
signal souree depends not only on the noise and signal properties of the souree 
itself but also on the intensity of the amplifier noise, that is on T2 • 

5.5. Recapitulation 

We have seen above that the noise intensity of any multiport without signal 
sourees can be determined uniquely by a set of invariant numbers. This 
characterization does not depend on the toading which happens to terminate 
the multiport. Moreover, in all coordinate systems it is the sameset ofnumbers. 

In the formalism we have adopted the invariant numbers have temperature 
dimension and are called characteristic noise temperatures. They are found to 
be the eigenvalues ofthe temperature matrix, which is defined as a generalized 
matrix analogue of the absolute temperature of a homogeneously warm passive 
multiport. The eigenvalnes of any other matrix which is scalarly proportional 
to this temperature matrix can serve equally well as characterizing quantities. 
Such a scalarly proportional matrix, the characteristic-noise matrix, has been 
defined by Haus and Adler. The negatives of the eigenvalues of the latter matrix 
are the extrema of the exchangeable noise power of the reduced multiport. 
Those eigenvalnes themselves are equal to extreme values of the noise measure 
of the amplifier which results if the multiport is reduced to a transfer 2-port. 

The best possible noise performance of a multiport without signal sourees 
is determined by the characteristic noise temperature with the smallest absolute 
value. That characteristic noise temperature must be negative when the multi
port is used as an amplifier, and positive when used as an attenuator or an 
attenuating component. 

For signal sourees matters are a little more complicated. Again, the intensity 
of the noise of a multiport signal souree is determined uniquely by a set of 
cbaracteristic noise temperatures. However, with signal sourees we are not 
primarily interested in the noise intensity, but more in the signal- to noise-inten
sity ratio. Therefore, in most cases the signa) and noise properties of a spontane-
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ously active multiport are described by both the exchangeable signal power and 
the ratio of the exchangeable signal and noise powers. If the latter cannot he 
varied by external means, the best noise performance is obtained by a simple 
matching procedure, as is mostly the case with I-port signal sources. If the 
signal- to noise-power ratio can be varied, as may be the case with multiport 
signal sources, the adjustment for the best noise performance depends not only 
on the properties of the signal souree itself but also on the remainder of the 
system. This is quite contrary to the amplifier case. There, the best noise per
formance is determined only by the amplifier itself. 

In order to judge, with regard to noise, the ability of a given amplifier to 
handle the signal of a particular souree a comparison of the significant charac
teristic noise temperatures of both souree and amplifier can be made. The 
characteristic noise temperature of the latter should preferably be smaller than, 
but ofthe sameorder of magnitude as, the characteristic noise temperature of 
the former. Apart from this criterion, it has been shown that the characteristic 
noise temperatures determine the intensity of the noise irrespective of the signal 
properties. Moreover, they can readily be interpreted in terms of a, well-estab
lisbed and absolute, physical quantity, viz. the concept of absolute temperature. 

As aresult of all these observations, we wish to conetude this study with the 
inference that the characteristic noise temperatures are absolute, independent, 
and unique measure numbers of the spot-noise intensity of all kinds of linear 
systems. 
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APPENDIX A 

An integral for broadband operation 

In sec. 2.4.3, where the noise-power exchange of two 1-ports connected 
respectively to the two ends of a line is investigated, the integral 

f2 

J f [I + R1 2R22
- 2 R1R2 cos (q; 1 + q;2 + 2 ,BL)]- 1df (A.1) 

fl 

occurs. Several quantities are defined as follows: 
R 1 exp (iq;1) !h reftection coefficient of one 1-port, 
R2 exp (iq;2 ) Q2 reflection coefficient of the other 1-port, 
L Iength of the line, 
,8 ,B(f) = propagation constantofthelineatthefrequency J, 

/ 2 -/1 LJ f total bandwidth considered. 
The integral J can be evaluated easily when the following conditions apply: 

(1) fh and (h do not vary with frequency, or at least not much, 
(2) ,BL varies strongly with frequency, 
(3) L is large. 

Let us introduce a new integration variabie lJi given by 

(A.2) 

The integral J then reads 

(A.3) 

where 

and 

We now divide the integration interval into a large number of sub-intervals, 
each of length n, in such a way that the integral J can be written in the form 
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with 
IJIJ (2j + 1) nj2. (A.7) 

To meet the condition of eq. (A.7), in eq. (A.6) the limits of integration 
are shifted slightly but this has a negligible influence only on the ultimate 
result, as can be verified easily. The lengthof the complete integration interval 
is taken to be 

IJIN+n-1 -IJIN = {2 (N + n 1) + 1} n/2- (2 N + 1) n/2 = nn, (A.8) 

in which, on account of condition (2), n is a large number. Since condition (3) 
requires that L is large, the variation of f3 over a sub-interval, which is given by 

(A.9) 

is small. Hence in a sub-interval the derivative df/d{J can be taken constant, i.e. 

/.i+l- !1 
f3J+1-f3j 

(A.IO) 

Substitution ofthe approximation and changing toa new integration variabie t, 
given by 

yield for the .ith term of the series of eq. (A.6) 

h+l- IJ 
L f3J+t-f31 

Substituting eq. (A.9) and evaluating the remaining integral, we obtain 

(A.ll) 

(A.12) 

(A.13) 

Insertion of this result in eq. (A.6) gives for the integral J the expression 

(A.14) 
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APPENDIX B 

Resonances and oscillations 

When two n-ports S and Q are connected to each other, the appropriate 
noise- and signal-wave equations can be solved only, if the matrices (I- SQ) 
and (I- QS) are non-singular. In matrix algebra 40) it is shown that, if one 
of these matrices is singular, the other is also singular. In this appendix we 
will investigate the physical meaning of the singularity of, say, (I- SQ). 

Notbotbering about their origin, let us assume that a set of, perhaps coherent, 
waves X are incident upon Q. Then the reflected waves Y are given by 

Y=QX. (B.l) 

These are incident upon S, resulting in the reflected waves Z, which are given by 

Z=SY= SQX (B.2) 

and which are again incident upon Q. Thus, after one turn through the two 
n-ports a set of waves X becomes the set of waves Z. 

First we shall restriet ourselves to passive n-ports Q and S. The condition 
of passivity requires that the total power of Z be smaller than, or at most 
equal to, the total power of X, i.e. 

(B.3) 

This implies that (I Q"S"SQ) is a positive semi-definite matrix. In sec. 2.6.1 
it is shown that, if Q and S are passive n-ports, the matrices (I-Q" Q) and 
(I- S"S), the power-absorption matrices PQ and P8 , respectively, are posi
tive semi-definite. In appendix C it will be shown that, then, the matrix 
(I Q"SxSQ) is positive semi-definite. When Q and S are lossless, that is 
when both matrices Q and S are unitary, the equality sign only is valid. From 
eq. (B.3) we can conclude that any wave present in the closed system SQ is 
decaying or at least not growing. 

For some particular wave veetors X, the eigenveetors of the matrix SQ, the 
equation 

Z 1X (B.4) 

holds, where À is an eigenvalue of SQ. Insertion of eq. (B.4) in eq. (B.3) shows 
that for passive n-ports 

11* 1. (B.5) 

The investigation made thus far does not correspond to a physical reality. 
In a closed passive system no signal souree is present to sustaio the considered 
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waves. Only in the situation 
Z =X, (B.6) 

or when À= 1 is an eigenvalue of SQ, can the set of (coherent) waves X be 
self-sustaining. Physically this means that SQ is resonant. Substitution of eq. 
(B.6) in eq. (B.2) yields 

(I SQ) X 0, (B.7) 

which equation shows that, when (I SQ) and, hence, (I QS) are singular 
at a particular frequency, the closed circuit SQ is resonant without attenuation 
at that frequency. 

As losses, ho wever small they may be, are always inherent in physical systems, 
in eq. (B.S) only the inequality symbol has physical meaning. This implies that 
for a physical system SQ cannot have eigenvalues with magnitudes equal to 
unity and, consequently, that the matrix (I- SQ) cannot be singular. Hence, 
the assumptions made in secs 2.2.1 and 2.5.3 are quite sensible. 

However, the mathematica! difficulty is still present. To meet this one can 
suppose, among others, that smalllosses are incorporated inthelines connecting 
the two n-ports or in the entrance lines or ports of one of the n-ports, say Q. 
This can be effectuated by means of a slightly lossy transmission network, a 
2n-port, which is inserted between S and Q. The transmission of this network 
can be described by an nth-order diagonal matrix I. of which the ith diagonal 
element 1,, 1 is given by 

(B.8) 
where e1 is real and satisfies 

0 < e1 <I. (B.9) 

Though it is not necessary, to facilitate the calculations e1 may have the same 
value e for all i, i.e. 

ê; = ê. (B.IO) 

The introduetion of I. in this way can be realized by replacing Q by Q', the 
latter being given by 

Q' I.QI. (1- s) 2 Q. (B.ll) 

Then, as an approximation, for small s we have 

(B.I2) 

Since QxsxsQ is a positive semi-definite Hermitian matrix, the second term 
in the right-hand side is non-negative for any X. For those non-zero X, if any, 
which make the second term zero, the first term ofthe right-hand side is positive. 
Hence, for all non-zero X, the relation 
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(B.13) 

applies, so that we can conclude that the matrix (I- SQ') cannot be singular. 
When at a particular frequency noise- or signal-wave equations cannot be 

solved on account of singularity of (I- SQ), it is always possible to solve the 
equations obtained by introducing a modified matrix Q'. The ultimate result 
for Q can then be obtained by taking the limit of the results for s tending to 
zero. 

Wh en the n-ports S and Q are not both passive, matters are more complicated. 
The inequality of eq. (B.3) need then not apply and the eigenvalues A of SQ 
canthen have magnitudes larger than unity. The power ofthe Z wavescanthen 
be larger than that of the X waves. This means that amplification occurs and 
that the waves are growing. If some phase conditions, which will not be dis
cussed bere, are also fulfilled, the system then oscillates. When this is not the 
case at the frequency at which the actual considerations are being made, it 
probably happens at some nearby frequency. Such oscillations which, due to 
saturation effects, do not grow beyond any limit deteriorate the signal per
formance of the system. Anyhow, the system is highly unstable and nota very 
practical one. Thus, closed systems SQ of which thematrices (I QxsxsQ) 
are indefinite, or perhaps negative definite, are of suspicious practical value 
due to instabilîties. 
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APPENDIX C 

Some matrix-algebraic theorems 

In this appendix some more or 1ess familiar theorems of matrix algebra used 
in the present treatise are given, together with their proofs. 

Theorem I. The trace of a product AB of two arbitrary quadratic matrices A 
and B is equal to the trace of the commuted product BA and, 
hence, the sums of the eigenvalues of these products are the same. 

This theorem can be proved by changing the order of summation in the 
evaluation of the trace of one of these products, say of AB. We have 

trace (AB) 

q.e.d. 

n n 

:E :E AijBji = 
i= 1 j= 1 

n n 

:E :E BitAij = trace (BA), 
j=l i=l 

(C.l) 

Theorem IJ. For any pair of quadratic matrices A and B the matrix (I AB) 
has the same eigenvalues as the matrix (I- BA) and with the 
same multiplicity. 

A proof of this theorem is given in ref. 61. We shall give here an alternative 
proof, using different matrix-algebraic methods which are more in accordance 
with the content of this treatise. When both matrices A and B are symmetrical 
or when at least one of them is non-singular, the theorem can be proved easily. 
In the more general case, however, the proof is a bit more intricate. 

Let }.1 be an eigenvalue of (I-AB) and the column vector X1 the conespond
ing eigenvector. The equation 

(C.2) 

is then valid. It is assumed that X1 is not identical with the zero vector, for that 
would lead to a trivia} result. Premultiplying both si des of eq. (C.2) with B yields 

(I BA)BX1 A1BX~> (C.3) 
which with 

Y; BX1 (C.4) 
results in 

(I BA) Y1 = Ä. 1Y1• (C.5) 
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This equation implies that ).1 is also an eigenvalue of (I BA), now with the 
eigenvector Y~> except when Y1 is the zero vector, forthen eq. (C.5) is trivial. 
If Y1 is identical with the zero vector, due to eq. (C.4), X1 satisfies 

BX1 = 0. (C.6) 

Substitution in eq. (C.2) reduces that equation to 

(C.7) 
or 

(C.8) 

Now, we can conclude that any eigenvalue 1.1 of (I- AB), which is not equal 
to unity, is also an eigenvalue of (I- BA). 

That the multiplicities p 1<AB) and PHBAl of such an eigenvalue corresponding 
to the two matrices, respectively, are the same can be shown as follows. When 
the multiplicity PHABJ of the eigenvalue 1.1 of (I AB) is larger than unity, 
more than one eigenvector X1 correspond to ),1• Since singularity of B is not 
excluded, two or more of these X/s may be transformed by B to the same Y~> 
resulting in 

PHAB) Pi(BA)· (C.9) 

To compensate for the loss in multiplicity of 1.1 the matrix (I BA) cannot 
have another eigenvalue which is unequal to unity and which is not an eigen
value of the matrix (I AB) at the same time, for, as the reverse of the above 
observation may show, such another eigenvalue must be an eigenvalue of 
(I AB), too. Reversing the above considerations (starting with (I BA)) is 
even more profitable, as it leads to 

PHAB) ~ Pt(BA)· (C.IO) 

The equations (C.9) and (C.lO) can be satisfied simultaneously only when the 
equality sign is valid. Hence, we have 

Pt(AB) Pi(BA)• (C.ll) 

Wh en one or both of the matrices (I- AB) and (I- BA) have an eigenvalue 
equal to unity, which is the case when at least one of thematrices A and B is 
singular, we still have to investigate the relation between the two respective 
multiplicities Pt<ABl and p 1<aAJ· Application of theorem I about the equality 
of the sums of eigenvalnes leads to 

PHAI3) • I + 2:: Pt(AB)J.i = Pl(BA) • 1 (C.l2) 

By virtue of the conclusions drawn above, this reduces to 



-173-

PHAB) Pl(BA)• (C.l3) 

with which the theorem is prove(i. 

Theorem lil. For any pair of quadratic matrices A and B, on the assumption 
of non-singularity of (I- AB), the matrix (I AB)- 1 A is equal 
to the matrix A(I - BA)- 1 • 

Premultiplying both sides of 

(I AB)- 1A A (I BA)- 1 

by (I- AB) and postmultiplying them by (I BA) yields 

A-ABA A ABA, 

which proves the equality. 

(C.l4) 

(C.l5) 

Theorem IV. For any pair of quadratic matrices A and B, providing the matrix 
(I- AB) be non-singular, the matrix (I- AB)- 1 bas the same 
eigenvalnes and the same trace as the matrix (I BA)- 1 . 

When (I- AB) is non-singular, it bas only non-zero eigenvalues. Since 
according to theorem 11, (I BA) bas the same non-zero eigenvalues, that 
matrix is non-singular too. Hence, both the inverse matrices (1-AB)- 1 and 
(I BA)- 1 exist. Ori the other hand, the eigenvalnes of an inverse matrix are 
the inversesof the eigenvalues of the inverted matrix. Hence, (I- AB)- 1 and 
(I BA)- 1 have the same eigenvalues, from which we may conclude that the 
sums of their eigenvalues, that is their traces, are equal. 

Theorem V. For any pair of symmetrie matrices A and B, providing the 
matrix (I AB) be non-singular, the matrix (I - AB)- 1 has the 
same diagonal elements as the matrix (I- BA)- 1

. 

In the same way as in the preceding theorem the existence of (I AB)- 1 

and (I BA)- 1 can be proved. Furthermore, transposition of a matrix does 
not alter the diagonal elements. Thus 

(C.l6) 

which with the symmetry of A and B proves the theorem. 

Theorem Vl. Fora diagonal matrix D = diag (d;) and an arbitrary quadratic 
matrix A, on the assumption of the non-singularity of (I-DA), 
the relation d;{(l DA)- 1}u = di{(l AD)- 1} 11 is valid. 

From theorem 111 we have 

D(I-AD)- 1 = (1-DA)- 1 D. (C.17) 
This implies 

[D (1- AD)- 1Ju [(I- DA)- 1 D]u, (C.18) 
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which can be written in the form 

" 
(C.19) 

k=1 l= l 

By virtue of the diagonality of D, this leads to 

(C.20) 
q.e.d. 

For i= j this yields 

(C.2l) 

so that we can formulate the corollary ( cf. theorem V): 
The matrices (1-DA)- 1 and (1-AD)- 1 have the same diag
onal elements. 

Theorem VI!. Positive semi-definiteness of (I- A x A) implies positive semr
definiteness of (I- AA x). 

We first observe that both matrices are Hermitian and that, by virtue of 
theorem II, they have the same eigenvalues. Due to the positive semi-definiteness 
of (I- A x A), these eigenvalues are non-negative. Conversely, this implies that 
(I- AA x) is positive semi-definite. 

Theorem VIII. If the Hermitian matrices M and (I- A x A) are positive semi
definite, the trace of the matrix (M- AMAx) is non-negative. 

In matrix algebra it is well known that a positive semi-definite Hermitian 
matrix can be written as a Gaussian transfarm of a quadratic matrix. Hence, 
M can be written in the form 

M = BBx, 
from which we have 

By virtue of theorem I, we then find 

trace (M-AMAx) = trace {BxB-(ABY(AB)} = 

= trace {Bx(l- A x A) B}. 

(C.22) 

(C.23) 

(C.24) 

Since (I -A x A) is positive semi-definite, the matrix B x (I - A x A) B is posi
tive semi-definite and, consequently, has a non-negative trace. Hence, 
(M-AMA x) has a non-negative trace, q.e.d. 

lf M is positive definite, the matrix B is non-singular. If, furthermore, 
(I- A x A) is positive definite, the matrix Bx (I- A x A) B is positive so that 
the trace of (M- AMAx) is then positive. 



-175-

Theorem IX. If the matrices (I- A x A) and (I- BxB) are positive semi
definite, the matrix (1-AxBxBA) is positive semi-definite. 

For any vector X one can write down 

xx(I-AXBXBA) x= xx(I-AXA + AXA-AXBXBA) x= 
= xx(I- A x A) x+ x x A x(I- BXB) AX. (C.25) 

Positive semi-definiteness of (I - A x A) implies 

(C.26) 

and positive semi-definiteness of (I- BxB) yields 

(C.27) 

Hence, both terms of the last side of eq. (C.25) are non-negative, so that 

(C.28) 

which equation is a necessary and sufficient condition for the positive semi
definiteness of (I- A x B x BA). 

Theorem X. For any pair of quadratic matrices A and B, providing the matrix 
(I- AB) be non-singular, the equation 
(I- A) (I- BA)- 1(1- B) = (I- B) (I- AB)- 1(1- A) is valid. 

For the existence and the non-singularity of the matrices (I- BA)- 1 and 
(I- AB)- 1 we may refer to theorem IV. Pre- and postmultiplication of the 
above equation by respectively (I- BA) and (I- AB) yields 

(I- B) (I- AB)- (I- BA) A (I- BA)- 1(1- AB)+ 
+(I -BA) A (I -BA)- 1B (I -AB)= 
= (I- BA) (I- B)- (I- BA) (I- AB)- 1 A (I- AB) + 
+ (I- BA) B (I - AB)- 1 A (I- AB). (C.29) 

Application of theorem 111 shows that the middle terms of both sides are equal 
while the last terms can be simplified. The result is 

(1-B-AB + BAB) + (AB-BAAB) = 
= (1-BA-B + BAB) + (BA-BAAB), (C.30) 

which equation is readily seen to be valid. 
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APPENDIX D 

Transformation and imbedding conditions 

D.I. Identity of the two transformation conditions 

In sec. 3.1.5 it has been stated that the excitation- and noise-transformation 
matrices are simultaneously either singular or non-singular. We will here give 
a proof of that statement. 

Let .P and lp be the two non-singular transformation matrices. They are 
each others inverses: eq. (3.10). In the detailed form that relationship reads 

lP11lp11 + lP12lp21 =I, 

.Pulp 12 + lP12lp 22 = 0, 

lP21lp11 + lP22lp21 = 0, 

lP21lp12 .P22lp22 =I · 

(D.l) 

(D.2) 

(D.3) 

(D.4) 

Let the sub-matrix lp 21 be singular and let v; be its set of column null vectors. 
Operatien of the matrix of eq. (D.l) upon one of the v;'s gives 

(D.5) 

The v;'s cannot be null veetors of lp 11 • Operatien of the matrix of eq. (D.3) 
upon one of the v;'s gives 

(D.6) 

From this result it can be seen that the non-zero vector lp 11 v 1 must be a null 
vector of 4»21 so that 4»21 must be singular. Conversely, making use of the 
alternative form of eq. (3.10), i.e. lplfJ I, it can be shown that singularity 
of.P21 implies singularity oflp21 . Furthermore, the fact that thematrices 4»21 

and lp 21 are simultaneously singular implies that, if any of those matrices 
is non-singular, the other one must be so. 

The excitation- and noise-transformation matrices are given respectively by 

(D.7) 
and 

(D.8) 

Multiplying ll from the left by 4»21 and Y from the right by lp 21 and adding 
the results, we obtain, by virtue of eq. (D.3) (cf. eq. (3.34)), 
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From this equation it is readily seen that, when both -P21 and '1'21 are non
singular, thematrices Y and ll. are either simultaneously singular or simultane
ously non-singular. 

When both -P21 and '1'21 are singular, matters are a little more complicated. 
As a basis of n-dimensional vector space we take the eigenveetors of'l'21 . Let 
the vk's be the null veetors and the wp's the other eigenvectors. Let further Y 
be non-singular. When the matrix of eq. (D.9) operates on one of the v"'s, we 
have 

(-P21/l. + Y'l'21) v" = -P21/l.v" = 0. (D.lO) 

Moreover, we find, by virtue of eq. (D.8), 

(D.ll) 

Above it has been shown that this is unequal to the zero vector, and that eq. 
(D.lO) is satisfied. We conclude that the v"'s are not null veetors of ll..When 
eq. (D.9) operates upon one of the wv's, we have 

(D.l2) 

Since Y is non-singular, this vector is unequal the zero vector. Hence, wv cannot 
be a null vector of ll.. 

We can conclude that, if Y is non-singular, ll. is so. The converse is also 
true and ean be proved analogously. Moreover, as a corrollary, it is easy to 
prove that Y and ll. are both singular when one of them is so. 

D.2. Imbedding relations 

In sec. 3.6 the relations that govern the imbedding of an n-port in a 2n-port 
have been derived. The 2n-port has there been described by its transfer matrix. 
Instead of by its transfer matrix, the 2n-port can be represented as well by its 
scattering matrix or by any other signai-performance matrix. In the scattering
matrix signal representation the formulation of imbedding conditions is very 
lucid. We therefore will now formulate the imbedding relations in that signal 
representation. 

The imbedding is again illustrated in fig. 30. The meaning of the symbols is 
the same as in sec. 3.6. The original n-port S and the resultant n-port S' are 
governed respectively by (cf. eqs (3.139) and (3.140)) 

B SA+X (D.13) 
and 

B' = S'A' X'. (D.l4) 

The scattering-matrix version of the corresponding equation of the 2n-port can 
at once be written in the partitioned form 
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Fig. 30. Irnbedding of an n-port in a 2n-port. The irnbedding 2n-port is represented by a 
scattering matrix. 

(D.l5) 
and 

(D.l6) 

We now wish to solve forS' and X'. Eliminating A and B from eqs (D.l3), 
(D.l5), and (D.l6) and equating the result to eq. (D.l4), we obtain 

(D.17) 
and 

(D.l8) 

The noise-transformation matrix r s is given by 

(D.I9) 

If the noise is neglected, substitution of eq. (D.13) in eq. (D.l6) gives 

A'= Y8 A, (D.20) 

where the excitation-transformation matrix Ys is given by 

Ys 8 21 -t (I- S22S). (D.21) 

The power absorbed in the original n-port S is 

Pabs,S AxPsA = A'x(ys- 1YPsYs 1A'. (D.22) 

The power dissipated in the imbedding 2n-port S2 ,. is 
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Pabs,S2n = (--~---)x Ps2n ( --~- ) = 

=A' X ( -8-~=1- ) x Ps2n ( -8};:-1-) A', (0.23) 

where P 82• is the power-absorption matrix of the 2n-port. The power dissipated 
in the resultant n-port S' is equal to the sum of the above powers. lt can be 
written in the form 

(0.24) 

Hence, the resultant power-absorption matrix Ps, is found to be 

(0.25) 
where 

(0.26) 
and 

(0.27) 

From eq. (0.18) we obtain for the noise-source power matrix Gs' of the 
resultant n-port the equation 

(0.28) 
where 

(0.29) 
and 

(0.30) 

All further considerations made in sec. 3.6 are here, too, valid. The statements, 
made in sec. 3.7, about the analogy of the transfer matrix of a lossless 2n-port 
and the matrix of a canonkal coordinate transformation do not apply. Of course, 
a lossless imbeddîng remains equivalent to a canonkal coordinate transforma
tion, but the scattering matrix itself cannot be identified with the matrix of a 
canonical coordinate transformation. 

All above equations could also have been deduced by direct matrix-algebraic 
means. However, the calculations involved would have been very laborious. 
Furthermore, it is easy to show that the above equations are identical with the 
corresponding ones in sec. 3.6. For example, by virtue of eq. (3.120), it is readily 
found that 

(0.31) 
and 

(0.32) 
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0.3. Conditions 

In the preceding section we have not bothered about the conditions that must 
be fulfilled for the observations to be valid. Below we will pay some attention to 
these conditions; the more so since they can be physically interpreted much 
more easily when the scattering-matrix representation of the 2n-port is employed 
than when use is made of its transfer-matrix representation. 

0.3.1. Resonances: (I- 8 22 8) non-singular 

Elimination of A and B can be carried out only if the matrix (I 8 228) 
is non-singular. Referring to appendix B, we can observe that the physical 
meaning of this condition is that the system as formed by the original and 
imbedding multiports must not have undamped internat resonances. Such 
resonances cannot be detected at the input of the imbedding multiport, so that, 
when resonances are present, the signal state of the original multiport does not 
depend uniquely u pon that of the resultant multiport. 

This condition does not prohibit either the original or the imbedding multi
port from ha ving internal resonances themse1ves, for, if present, such resonances 
cannot be detected by any means and, therefore, they do not inftuence the results 
of investigations at the ports. Of course, such internal resonances can inftuence 
the properties of a multiport, and mostly they do, but that cannot be verified 
from the outside. 

0.3.2. Output-input coupling: 8 12 non-singular 

The transformation of the noise of the original multiport towards the input 
of the imbedding multiport is unambiguous only if the noise-transformation 
matrixrs is non-singular (cf. eq. (0.18)). Hence, from eq. (0.19) it is clear that 
in addition to the above condition the sub-matrix 8 12 must be non-singular. 
This signifies that the coupling from the output towards the input of the imbed
ding multiport must be unique. 

Wh en this condition is not fulfilled, r s has eigenveetors with zero eigen
values. This means that those noise veetors of original multiports, or those 
parts ofthe noise vectors, which are equal tothese eigenvectors, have no images 
at the input of the imbedding multiport. Consequently, the conesponding 
noise, or part of it, cannot be perceived at the input of the imbedding mul ti port. 

For a complete unambiguous reduction of the noise of a 2n-port a further 
condition applies. From eq. (0.18) it is easy to see that the scattering matrix 8 
of a reducing n-port (the original n-port) must be non-singular. This additional 
condition can be interpreted in the same way as the previous one. 

0.3.3. Input-output coypling: 8 21 non-singular 

The powers absorbed respective1y in the imbedded and the imbedding multi-
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ports should be determined uniquely by the signal state of the resultant multi
port. This is true only if the excitation-transformation matrix Ys is non-singular. 
Hence, if again the first condition is satisfied, by virtue of eq. (D.21), thema
trix S21 must be non-singular. This means that the coupling from the input 
towards the output of the imbedding multiport must be unambiguous. The 
physical interpretation of this condition is analogous to that of the preceding 
condition. 

lt may be worth recalling that the present condition is equivalent to the 
criterion that makes representing the imbedding 2n-port by a transfer matrix 
make sense (cf. sec. 3.5.2). For lossless imbeddings this equivalence is quite 
logical, because the transfer matrix canthen be identified with the conespond
ing canonical coordinate-transformation matrix. A complete and unique image 
obtainable with one metbod must be obtainable with the other, and vice versa. 
Hence, if the present condition applies, both a coordinate-transformation 
matrix and a transfer matrix make sense and are unambiguous. 

When the imbedding 2n-port is lossless, i.e. 

I, (D.33) 

it can analogously to the derivation in sec. D.l be shown that non-singularity 
of S12 implies non-singularity of S2 to and conversely (cf. sec. 3.5.2). The con
ditions D.3.2 and D.3.3 are then identical. 

From eq. (D.23), it will be clear that for the rednetion of a 2n-port to be 
unique the scattering matrix S of the reducing n-port must again be non
singular. 
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APPENDIX E 

The diagonalizing noise-transformation matrix*) 

For a noisy n-port with a diagonalized and normalized signal performance, 
as in sec. 4.1.3, a noise-transformation matrix can be derived whîch transfarms 
the noise-source power matrix into an elementary farm and to which the 
diagonal normalized noise-distribution matrix is invariant. In this appendix a 
derivation of this noise-transformation matrix is presented for the general case 
that the noise-source-power matrix has also anomalous defect (cf. sec. 4.1.5). 

In accordance with eq. (4.32), let the diagonal and normalized noise-distribu
tion matrix Ns be given by 

(E.l) 

Further, let the positive semi-definite noise-source power matrix Gs have a 
rank rG and a defect dG. A non-singular matrix C0 l can be found such that 
G8 is brought into a diagonal and normalized farm cm by a Hermitian 
congruence transformation, i.e. 

(E.2) 

The corresponding Hermitely congruent transfarm of N8 is an Hermitian ma
trix which can be written in the farm 

(E.3) 

where N 11 °l and N22<0 are Hermitian matrices of order r0 and dG, respec
tively. 

We shall now apply subsequently a number of Hermitian congruence trans
formations c<•l in such a way that the matrix G0 l is left unaltered and the 
matrix NOl is carried back again into an elementary farm. It is nat difficult to 
show that the appropriate transformation matrices cv) must all be of the farm 

(E.4) 

*) For much of the content of this appendix the author is indebted to Prof. Dr N. G. de 
Bruijn. 
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where u<•> is a unitary matrix of order rG, B<•J a non-singular square matrix 
of order dG, and A<•J an arbitary rGxdG-matrix. 

The fust of these transformations is chosen so that the coupling between the 
ports which correspond to the zero noise sourees is removed. The matrix C(2) 
is then defined according to 

c(2) ( --~--- i B<2> ) (E.5) 

and 

(E.6) 

where the polarity matrix n, is defined by 

(E.7) 

The resulting matrix N<2l is given in partitioned form by 

(E.8) 

where 
(E.9) 

and 
(N (2) i N (2)) N12(1)B(2)X. 12 ! 13 (E.IO) 

The following transformation is chosen so as to remove the coupling between 
the noisy ports which correspond to N 11 <ll and the noise-free, active and dissi
pative, ports which correspond ton,. The corresponding matrix c<3l is given in 
partitioned form by 

(

, I i -N 12 (2)n, ') 
-- -~- """-····i·---------------------~------· 

i lt · 
, l 1. 1 

(E.ll) 

The sub-matrices N 12 <2 l and N 12 <2J x are removed and the resulting matrix N<3l 

is given by 

(E.12) 
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N (3) 
13 N (2) 

13 . 

(E.13) 

(E.l4) 

The next transformation is intended to bring the coupling between the noise
less reactive ports, which correspond to 0., and the noisy ports, which corre
spond to N 11 <

3>, in as simple a form as possible. The matrix N 13 <
3 > should be 

transformed into the most elementary form possible. It is not always possible 
to make N 13 <

3> equal to a zero matrix. The object set before can be achieved, 
if the transformation matrix c<4 > is of the form 

(E.l5) 

(E.16) 

Thematrices U 4 l and B,<4 > must now be determined so that the matrix 
u<4 >N13 <3>B/4 >x is as elementary as possible. We therefore proceed as follows. 

The Gaussian transfarm N 13<3 >xN13<3> is a positive (semi-)definîte Hermitian 
matrix of orders. Hence, a non-singular square matrix F of orderscan be found 
such that the equation *) 

N13(3)XN13(3) = F ( IdG,A odr) Fx (E.17) 

holds, where da,A is the rank of N 13<3>xN13<3 > and dr its defect. Let us now 
define an r 0 x s-matrix K by 

(E.l8) 

By virtue of eq. (E.l7), the relation 

KXK (E.19) 

then is valid. The first do,A columns of K constitute an orthonormal set of 
r0 -dimensional vectors. This set can be augmented to forma complete set, i.e. 

*) Even in the case of rG < s ît can be shown that dG,A < r0 (see below). For the time 
beîng the definitions of do,A and dr are as made bere. 
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an orthonormal base of r0 -dimensional vector space. These base veetors form 
the columns of a unitary matrix V of order r0 . The matrix K canthen be written 
in the form 

K=VE, (E.20) 

where E is the r 0 x s-matrix which bas zero elements except for the upper left
hand square sub-matrix of order do,A which is equal to Ida,A' i.e. 

(E.21) 

where 0 1 is an r o,N x dr·matrix with only zero elements. The numbers r o,N 

and dr are given by 
(E.22) 

and 
(E.23) 

We now define the sub-matrices U<4 ) and Bs<4 ) of the transformation matrix 
C(4 ) by (cf. eq. (E.I5)) 

U(4) = vx (E.24) 
and 

(E.25) 

By virtue of eqs (E.I8) and (E.20) and of the matrix V being unitary, we then 
obtain 

(E.26) 

The matrix N(4 ) can now be written in the partitioned form 

(E.27) 

Thematrices N 11<4 ) and N 22 <4 ) are Hermitian sub-matrices of orders do,A and 
r 0 ,N, respectively. 

A further transformation is performed to remove the coupling between the 
noisy ports which correspond to N 11 <4 ). The appropriate matrix C(5) is defined 
by 
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(E.28) 

The resulting matrix N< 5l is given by 

(

/ QdG,A ~ l JdG,A ') 
N (4) i 

22 : 
N<s) = ---------------------------j--n------------------------- ----- . 

i t 

1 Ida,A j oda.A 

i od 
! r 

(E.29) 

A last transformation of the type of eq. (E.4) is applied to remave the 
coupling of the noisy ports which correspond to N22(4l. This can be accom
plished when the appropriate matrix c<6 ) is defined by 

c<6) 
( 

Ida,A I ) 
u22(6 ) 1 

-------------------------i ------· ' 
! Ida 

(E.30) 

where U22<6l is the unitary modal matrix of N22<4 l. The equation 

N22<6l U22<6lN22<4lU22<6)x = diag (ilrl) (E.31) 

applies, where the Jc/6 l's are the real eigenvalues of N22<4 l. 
Furthermore, we apply a normalization transformation C(7) (cf. sec. 4.1.3) 

given by 

c(7) = (E.32) 

with 
G 112 = diag (g 112) 

ro,N i ' 
(E.33) 

(E.34) 

and a permutation transformation c<sl which rearranges the rows and columns 
of N<7l and Gm so as to correspond again to the arrangement in N8 given in 
eq. (E.l ). The result is contained in the equations 



The matrices G,d, G,. and G,, are positive and diagonal. The orders of the 
diagonal principal sub-matrices satisfy the following algebraic equations: 

ra rG,N + dG,A• 

I da = dG,N + dG,A> 
p = rd + dd + dG,A> 
q ra+ da + dG,A> 

\ 

(E.37) 
d = r, + d., 
ra,N rd ra ·+- r., 
da,N dd + da d,. I 

To carry N<8l back into the form ofNs of eq. (E.l), a last transformation C<9l 

must be applied, viz. the one given by 

(E.38) 

The framed sub-matrix corresponds to the framed sub-matrices ofN<8> and G(8 >, 
being the only sub-matrices which are altered by the transformation. The uiti
mate result is expressed by the modified forms of eqs (E.35) and (E.36), i.e. 

=Ns (E.39) 
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and 

(E.40) 

Summarizing, we have found that the transformation C which is the product 
of all the above transformations, i.e. 

(E.41) 

transforms Gs into the elementary form Gs,v, while leaving N8 unaltered. 
There is left one ambiguity. In the right-hand side of eq. (E.25) a scalar factor 

t has been introduced rather arbitrarily. Via eq. (E.26), etc., this factor is 
transported unto eq. (E.35) where it is again removed from N by a proper choice 
of the transformation matrix c<9 l in eq. (E.38). Insteadoft any other non-zero 
finite scalar factor y could have been introduced in eq. (E.25), if only the ma
trix c<9l had been chosen appropriately so as to make the ultimate form of N<9 l 

equal to N8 (cf. eqs (E.l) and (E.39)). The latter is accomplished by multiplying 
the identity matrices Ida,A in the framed part of c<9 l by 1/2y. As a result the 
framed part of G< 9l of eq. (E.40) is multiplied by 1/2y, too. The scalary cannot 
be chosen infinite or zero because then thematrices c<9 l or c<4 l would, respec
tively, become singular, which is not permitted. Hence, the framed part of Gs,v 

is non-zero and finite, but its amplitude is not determined uniquely. 
In secs 4.1.6 and 4.1.7 we were interested in transforming the reduced ma

trices Ns and G5• In the sections which preeerled sec. 4.1.6, those matrices were 
reduced to N5<4 l and G8<4 l as given by respectively eqs (4.64) and (4.65). The 
reduction implied that several of the orders of the principal sub-matrices of 
Ns and G5 were made zero, i.e. 

(E.42) 
and 

r, = 0. (E.43) 

Under these conditions the above considerations signify that the transformation 
matrix C of eq. (E.41) is a noise-transformation matrix r<sl which does not 
alter N5<4 l and which brings G5 <

4 l into an elementary form. This has been 
expressed by eqs (4.86) and (4.87). 
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Summary 

Exchange of energy between multiparts which form the components of linear noisy systems 
can, in the frequency domain, be described by relations between signals present at the ports 
of the multiports. Two types of signals are distinguished: harmonie signals and noisy signals. 
The latter are not as precisely defined as the former. As harmonie signals are denoted by 
complex numbers, so noisy signals are denoted by elements of an infinitely dimensional 
Hilbert space. 

In most treatments of clectrical noisy systems signals are described in terms of voltages 
and currents. However, many systems !end themselves better to a descrîption in other varia
bles, e.g. amplitudes of incident and refiected waves. The larger part of chapter 2 is therefore 
devoted to the formulation of the scattering-matrix signa! representation of noisy multiports. 
In analogy to a harmonie wave the concept of noise wave is introduced. In essence, it is a 
power-density wave which is scattered by a multiport in the same manner as a harmonie wave. 
lnterference effects are, however, not determined simply by relative phases. A general product 
of two elements of the Hilbert space is introduced to define correlation. 

To calculate the transmission of power between multiparts a set of noise-wave equations 
is introduced. A noisy n-port is then equivalent to a noiseless n-port with n noise-wave sourees 
at the ports. lt is shown that this formalism is consistent. Moreover, it is shown that for 
systems which consist of passive multiparts at uniform temperatures the requirements of the 
laws of thermodynamics are satisfied. The contribution of a multiport to the n0ise in a system 
is completely determined by a noise-power-density matrix. This matrix is factorized into two 
matrices. One of these, the noise-distribution matrix, depends on the signa! properties only, 
while the other, the noise-temperature matrix, determines the intensity of the noise. 

The formalismis inherently restricted to spot-noise theory. Requirements for applications 
over finite bandwidths are considered. 

In chapter 3 the representation of signals and of noise contributions of multiports in arbitrary 
variables is discussed. When a set of variables is complete, it constitutes a set of coordinates 
for the signai-state space. The transformation from one coordinate system to another is 
investigated. The numbers of positive, zero, and negative eigenvalues of the noise-distribution 
matrix, and ofthe power-absorption matrix, are invariants. They can serveto classify a multi
port with respect to dissipativity, reactivity, and activity. Moreover, the eigenvalues of the 
noise-temperature matrix, i.e. the characteristic noise temperatures, are invariants. They form 
unique measures ofthe noise intensity. 

When an n-port is imbedderl in a 2n-port, it is transforrned to another n-port of the same 
nature. Under certain conditions there is a one-to-one correspondence between the signai-per
formance matrices of the transforming 2n-ports and certain subgroups of coordinate-trans
formation matrices; these define the groups of canonical coordinate transformations. 

In chapter 4 it is proved that in any so-called paired signa! represimtation and for any 
multiport there exists a canonical transformation which diagonalizes simultaneously the 
signa! performance and the noise (Haus and A dier 15)). The proof is constructive so that the 
diagonalizing transformation is found explicitly. There is one exception only. In the case of 
two completely correlated noisy 1-ports which are active and dissipative, respeetively, the 
simultaneous diagonalization cannot be performed. An example of such a pair is a grounded
grid triode with only shot noise and at low frequencies. Another example, a transistor at low 
frequencies, is discussed. 

A diagonalized n-port consistsof n independent noisy 1-ports. The equivalent noise tem
peratures of these 1-ports are equal to the characteristic noise temperatures. They are positive 
for dissipative and negative for active 1-ports. 

In the last chapter the theory of Haus and Adler is reviewed and discussed. Following the 
work of Rummier 26) the optimum performance of a multiport amplifier is determined. This 
is uniquely defined by the negative characteristic noise temperature which has the smallest 
magnitude. A simp Je model of a combination of a signa! souree and an amplifier, containing 
the essential features of source, amplifier, and associated circuit, is given. 

Finally, it is concluded that the noise-temperature matrix and the corresponding charac
teristic noise temperatures give in any signa! representation a unique and absolute measure 
of the noise performance of a multiport. 
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Samenvatting 

De energie-uitwisseling tussen de veelpoorten, waaruit lineaire systemen 
met ruis zijn opgebouwd, kan als functie van de frekwentie worden beschreven 
door betrekkingen tussen de signalen, die aanwezig zijn aan de poorten van 
die veelpoorten. Er wordt onderscheid gemaakt tussen twee soorten signalen, 
te weten, harmonische signalen en ruis-signalen. De laatste ûjn niet zo nauw
keurig gedefiniëerd als de eerste. Zoals harmonische signalen worden voorge
steld door complexe getallen, zo worden ruis-signalen voorgesteld door ele
menten van een oneindig dimensionale Hilbert-ruimte. 

In het merendeel der verhandelingen over elektrische systemen met ruis 
worden signalen beschreven in termen van elektrische spanningen en stromen. 
Vele systemen lenen zich echter beter tot een beschrijving in andere variabelen, 
zoals bij voorbeeld amplitudes van invallende en gereflecteerde golven. Hoofd
stuk 2 is daarom grotendeels gewijd aan het formuleren van de verstrooiïngs
matrix-signaal-representatie van ruisende veelpoorten. Het begrip ruisgolf 
wordt ingevoerd naar analogie met het begrip harmonische golf. Een ruisgolf 
is in wezen een vermogensdichtheid-golf, die door een veelpoort op dezelfde 
manier wordt verstrooid als een harmonische golf. De gevolgen van interfe
rentie worden echter niet op eenvoudige wijze door relatieve fasen bepaald. 
Er wordt daarom een algemeen product van twee elementen van de Hilbert
ruimte ingevoerd om correlatie te kunnen beschrijven. 

Om de overdracht van energie tussen veelpoorten te berekenen wordt een 
stelsel ruisgolf-vergelijkingen ingevoerd. Een n-poort met ruis is dan gelijk
waardig aan een ruisvrije n-poort met n ruisgolf-bronnen aan zijn poorten. 
Er wordt aangetoond, dat het formalisme consistent is. Bovendien wordt be
wezen, dat er wordt voldaan aan de eisen, die de wetten van de thermodynamica 
stellen voor systemen, die bestaan uit veelpoorten met uniforme temperaturen. 
De bijdrage van een veelpoort aan de ruis in een systeem wordt geheel bepaald 
door een ruis-vermogensdichtheid-matrix. Deze matrix kan worden geschreven 
als een produkt van twee andere matrices. Eén van deze, de ruis-verdeling
matrix, is slechts afhankelijk van de signaal-eigenschappen van de veelpoort, 
terwijl de andere, de ruis-temperatuur-matrix, de intensiteit van de ruis vastlegt. 

Het formalisme is in wezen beperkt tot "spot noise", d.w.z. zij is slechts 
geldig voor één frekwentie. De uitbreiding, die noodzakelijk is voor toepassing 
over eindige frekwentie-banden, wordt beschouwd. 

In hoofdstuk 3 wordt de beschrijving van signalen en van de bijdragen aan 
ruis van veelpoorten in willekeurige grootheden besproken. Als een stelsel 
variabelen volledig is, kan het worden beschouwd als de coördinaten voor de 
signaaltoestand-ruimte. De transformatie van één coördinatensysteem naar 
een ander wordt onderzocht. De aantallen positieve, nul zijnde en negatieve 
eigenwaarden van de ruis-verdeling-matrix, en van de vermogensabsorptie-
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matrix, zijn invariant. Zij kunnen dienen om een veelpoort te klassificeren met 
betrekking tot dissipativiteit, reactiviteit en activiteit. De eigenwaarden van de 
ruis-temperatuur-matrix, de karakteristieke ruistemperaturen, zijn bovendien 
invariant. Zij vormen een eenduidige maat voor de intensiteit van de ruis. 

Als een n-poort wordt ingebed in een 2n-poort, wordt hij getransformeerd 
tot een andere n-poort van dezelfde soort. Indien er aan zekere voorwaarden 
wordt voldaan, bestaat er een een-eenduidige betrekking tussen de signaal
overdracht-matrices van de transformerende 2n-poorten en bepaalde deel
groepen van coördinaten-transformatie-matrices; deze definiëren de groepen 
van kanonieke coördinaten-transformaties. 

In hoofdstuk 4 wordt bewezen, dat er voor iedere zogenaamd gepaarde 
signaal-representatie en voor iedere veelpoort een kanonieke transformatie 
bestaat, die de signaal-eigenschappen en de ruis-eigenschappen van die veel
poort gelijktijdig in diagonale vorm brengt (Raus en Adler 15)). Het bewijs is 
constructief van aard, zodat de diagonaliserende transformatie expliciet 
gevonden wordt. Er is slechts één uitzondering. Voor het geval van twee I-poor
ten met volledig gecorreleerde ruis, die respectievelijk dissipatiefen actief zijn, 
kan de gelijktijdige diagonalisering niet worden uitgevoerd. Een voorbeeld 
van zo'n paar is een triode, die slechts hagelruis heeft, in een geaarde rooster
schakeling en bij lage frekwenties. Een ander voorbeeld, een transistor bij lage 
frekwenties, wordt besproken. 

Een gediagonaliseerde n-poort bestaat uit n onafhankelijke I-poorten met ruis. 
De equivalente ruistemperaturen van die I-poorten zijn gelijk aan de karakte
ristieke ruistemperaturen. Zij zijn positief voor dissipatieve en negatief voor 
actieve I-poorten. 

In het laatste hoofdstuk wordt een kort overzicht gegeven van de theorie 
van Raus en Adler en deze wordt besproken. De optimale prestatie van een 
veelpoort-versterker wordt bepaald analoog aan het werk van Rummier 26). 
'1ie optimale prestatie wordt eenduidig vastgelegd door de karakteristieke ruis-

ïperatuur, die de kleinste absolute waarde heeft. Een model van een kombi
nt van een signaalbron en een versterker, die alle wezenlijke kenmerken 
van bron, de versterker en het verbindingscircuit bevat, wordt besproken. 

Te'otte stellen we, dat de ruis-temperatuur-matrix en de daarbij behorende 
karah.tieke ruistemperaturen voor iedere signaal-representatie een eendui
dige en alute maat vormen voor het ruisgedrag van een veelpoort 
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STELLING EN 

H. Bosma, 31 Januari 1967 



I 
In een actieve veelpoort of in een veelpoort n1et ruis kunncn, hij ~en frequentie, 
met behulp van metingen aan de poortcn nict meer onafhankelUke signaal
respectievelijk ruis-bronnen wordcn onJcrschcidcn dan er poonen zijn. 

Dit proefochrift, paragrnaf 2.5. 

II 
Het door Haus en Adler ingevoerde begrip uitwisselbaar verm.ogen, gedcfini
eerd als het eindige vermogen, dat rnaximaal aan ecn een-poort kan worden ont
lrnkkcn (beschikbaar vermogen) of er aan kan worden tocgcvocrd, heeft in het 
laatste geval slechts wiskundig"' betekcnis. 

IL A. Hausen R. B. Adler, Proc. ln~t. RoJio Engrs45, 690"691, 1957. 

III 
Zoals in dil proefschrift beschreven, kunnen rnfkcticvrijc twee-poorten, waar

van de ruisbronnen aan de ingang en de uitgang niet gecorreleerd zijn, met be
trekking tot het aan de uitgirng afgcgcvc:n ruisvermogen worden gekarakteri
seerd door een kanikteri>tickc ruistcmperatuur. Voor versterkende twee-poortc:n 
is deze ,,tem.peratuur" ncgaticf en voor verzwakkende po~iticf In dit verhand 
kan ccn vcrstcrker worden opgev~t al~ ,,h.::ter Jan heel". 

De karakteristickc ruislcmperatllren bepalen de met betrckking lol de: ruis
cigcnschappcn gunstigste volgorde v<m Zlilke twcc-poorlen in een keten in die 
zin, dat de ,,hectslc" voorop en de ,,koudste"' <ichteraan gcschakeld dient te 
wordcn. 

Dit prnef,d1rift, hoofdstuk 5. 

IV 
De uit.spntak van Haus en Adler: ,,Results, pertaining to the singular case can 
be obt<i.incd in the limit of vanishing added loss", betrekking hebbend op veel· 
poorlcn met singuliere absorptie- en ruisvcrdeling-matrices, is in 7.ijn ;tlgemecn
hcid niet juist. 

11. A. Ha us en R. 8. Ad lcr, "Circuit theory of li1ici1r noi~y networks", 
John Wiley, New Yurk, 1959, p. 16. 

v 
Penfield bcrckcnl op twee rn.anieren de ,,noise measure" van een twee-poort 
vcrslcrker. die besta1i.t uit ccn vcrliesvrije drie-poort., waarvan ccn poorl is afgc
slot.en met ecn ,,ncgalicve" weerstand. Met cen dirccte methode vindt hi.i voor 
alk mogclijkc dric-poorten een '.1elfdc, door de ,,negatieve" weerstand bepa<1lde, 
positicvc waarde. In tegenspraak hiermee concludeert hij uil de n.:sullalcn van 
ccn door Haus en Adler aangcgcven methode, dat. allc waardcn groler dnn de 
bovengenoemde posit.icvc of kleiner dan een anderc ncgalieve mogelijk zouden 
zijn. 

DL:LC conclusie is nietjuist i;:n er is gccn tegenstrijdigheid tus~cn dL: uilkom~lcn 
van de twee methoden. 

P. Penfield, l.R.6. Tron,. Ciccuit Theory 7, 166-)70, J\)(>(l_ 



vr 
Het gebruik van het begrip equivalente ruisweerstand ter karakterisering van de 
ruis van een acticvc clektrische netwerk-komponent, wals bijv. ccn pcntode, 
client op didactische gronden te worden ontraden. 

VII 
Het veJ:dient aanbeveling bij de opleiding tot elektrotechnisch ingenkur aan
dacht te be$teden aan de thermodynamische eigenschappen van elektrische, 
magnetische en elektrom.agnetische systemen. 

VIII 
Van de formule va1J Kittel voor de frequentie van ferromagnetische resonantie 
in kleine ellipsoiden wordt veelvuldig een verki::erd gebruik gemaakt. 

IX 
De ingangssignalen van een drievoudig rotafo:-symmetrisch netwerk met drie 
ingangen, zoals die worden vastgdegd door de drie eigenvektoren van bijv. 
de admittantie-matrix, vormen rnspccticvelijk een stilstaand, een rechtsom 
drnaiend en een linksom draaicnd stelsel. De door Konishi afgeleide uitdruk
king voor het verschil van die eigenwaarden van de admittantie-matrix, die be
trckking hchbcn op de linksom en de rechtsom draaiende eigenvektoren, is niet 
juist. 

Y. Konishi, NHK Techn. Monogaph, Nr. 6, Techn. :Ro>. Lab., Japan 
Broadcasting Corporation, May 1965. 

Y. Koni•hi, Tech. J, Japan Broadc. Col'p. 17, Nr. i, 87-lil, l965. 

x 
De suggcstic van Bosma, transmissie-filters te maken met twee, of meer, op 
ondcrling korte afstand (kort t.o.v. de golftengte) in een rechthoekig1;: golfpijp 
geplaatste capacitieve schermen met kleine spleten, leidt niet tot praktisch bruik
bare resultaten. 

H. Bo>m'1, Appl. Scient. Res. (B) 7, 131-144, 1959. 

XI 
De militaire ,,exercitie" is vewuderd en overbodig_ 

XII 
Indien binnen de Socictas Studiosorum Reformatorum, of binnen een andere 
studentenvereniging met een levensbeschouwelijke grondslag, de eigi;:n levens
beschouwing niet onderwerp van discussie is, dan dient de bestaanszin van die 
vereoiging tc worden betwijfeld. 

XIII 
Het leveren van stellingen bij een prnefschrift b niet in ovcrccnstcmming met de 
huidige praktijk van wetenschapsbcocfcning. 


