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1. INTRODUCTION 

In electron opties analogue and digital computers are of increasing impor
tance. They make it possible to take into account the infiuence of many factors, 
so that rather complicated systems can be considered. With these computers 
data can be obtained that are valuable for electron-optical design and that 
cannot be acquired by measurements or by less extensive calculations. In this 
investigation we study some methods concerning the analogue and digital 
computation of electron-optical systems. 

For the analogue computation of potential fields resistance networks are 
aften used 1

•
2

•
3
). We confine ourselves to resistance networks for the salution 

ofthe Laplace equation with rotational symmetry. Making use ofthis symmetry 
we derive modified difference equations valid in the vicinity of the axis. With 
these dif'ference equations it will be possible to construct a network that has 
lower resistances at the axis than usual, so that the input impcdanee of the 
measuring instrument can be lower. Using similar methods it is also possible 
to construct a network based upon more accurate nine-point difference equa
tions. The error caused by the finite mesh length will be discussed. 

The digital computation of potential fields is usually performed by means 
of iterative procedures. In order to obtain a satisfactory rate of convergence 
overrelaxation is used 4 •5). In the third chapter a concise description is given 
of the theory concerning this matter. 

The last chapter is devoted to the computation of electron trajectories and 
electron beams. Single electron trajectories are calculated by numerical inte
gration of the equations of motion with respect to time. Once a number of 
these electron trajectöries have been calculated, the calculation of the total 
electron beam still presents several difficulties. In the first place the infiuence 
of the space charge must be considered. Furthermore the electrans leave the 
cathode with various initial velocities, so that we have to deal with a very large 
number of electrons. The influence of the space charge upon the electron 
trajectories is introduced by using the Polssou equation. A method is given 
for calculating the space charge of a beam in which the electrans leave the 
cathode with transverse thermal velocities. This method is based upon the 
subdivision of the total electron beam into a large number of thin beamlets. 
These beamlets are calculated individually. The space charge of the total beam 
is obtained as the sum of the space charges of the beamlets. Examples are given 
of the calculation of electron guns. 

The method used to calculate a beamlet can also be applied to the calculation 
of paraxial electron beams. The radius of such a beam can be obtained from an 
ordinary differential equation. In the field-free region the salution is given in 
the form of graphs. These graphs include the paraxial influence of space charge 
and transverse thermal velocities. They conneet the equations of Langmuir 6), 
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who considered the influence of transverse thermal veloeities while neglecting 
the space charge, with results given by Thompson and Headrick 7) and several 
other authors, who calculated the influence of space charge on a laminar electron 
beam, neglecting the transverse thermal velocities. As an example we calculate 
the radius of the spot on the screen of a television picture tube. 
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2. MODIFIED RESISTANCE NETWORKS FOR .SOL VING 
THE LAPLACE EQUATION WITH ROTATIONAL SYMMETRY 

2.1. Introduetion 

The Laptace equation may be solved with the aid of a resistance net
work 1 •2 •3). Such a network is obtained by substituting for the derivatives of 
the Laptace equation their numerical approximations, calèulated from the 
potentials of five neighbouring points. This yields a difference equation, from 
which the resistances of the network can be calculated. 

We consider the Laptace equation with rotational symmetry 

1 
V(2,o) + _ vo.ol + V(0,2l 0, (2.1) 

r 
where 

V = potential, 
z coordinate along the axis of rotational symmetry, 
r coordinate perpendicular to it, 

oi+Jv 
v(i,j) 

We will derive networks differing from that mentioned above by making use of 
the rotational symmetry of the potential V. In the vicinity of the axis modified 
difference equations are derived. These enable us to construct a network with 
lower resistances at the axis than usual, so that the input impedance of the 
measuring instrument can be lower. Using the sameprinciple it is also possible 
to construct a network based upon more accurate nine-point difference equa
tions. 

~\tl_ ~--~ 
-z 

Fig. 2.1. The points P0 , ••• , P 4 used for the :live-point difference equations. 

Before we give a detailed treatment we will show the underlying idea by 
consiclering the difference equation at one mesh length above the axis (fig. 2.1 ). 
We use a square mesh with mesh length h. In order to obtain the derivatives with 
respect to r the potential V is usually approximated by a curve of the second 
degree through the potentials V0 , V3 and V4 of the points P0 , P3 and P4 , 

respectively: 

V (2.2) 
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The derivatives of this curve at P 0 are given by 

h V0 <1
•0 > j- (V3- V4) (2.3a) 

and 
(2.3b) 

These expressions are substituted in the Laplace equation (2.1) in order to 
obtain the difference equation. Note that the first derivative of (2.2) at the axis 
(r = 0) is generally not exactly equal to zero, although it should be zero 
according to the rotational symmetry. This discrepancy is due to the approxi
mation ofVby a curve oftbe secoud degree. Using the rotational symmetry one 
may equally well approximate V by a slightly different secoud-order curve that 
goes through the potentials V0 and V4, and that bas a first derivative equal to 
zero at the axis : 

In this case tbere will be a small discrepancy for the potential at P3 . The 
derivatives at P 0 are now given by 

(2.4a) 
and 

h2 V0 <2
•0 ) = 2 (Vo- V4). (2.4b) 

We mayalso use a combination of (2.3b) and (2.4b): 

h2 V0 <z,o) 2 A (V0 - V4) + (I A)(V3 + V4- 2 Vo). (2.5) 

Here A is an arbitrary constant. Substituting (2.3a), (2.5) and 

h2 V0 <0 •
2

) V1 + V2 - 2 V0 

in (2.1), we obtain the difference equation 

4 (I A) V0 V1 + V2 + ( 3/2- A ) V3 + ( I/2 3 A ) v4 + o. (2.6) 

A small quantity o that depends upon A bas been added to represent the error 
that was made by the approximation of the derivatives. One may also derive 
difference equations using other combinations of the first derivatives (2.3a), 
(2.4a) and the second derivatives (2.3b), (2.4b). It is found that all these differ
ence equations are equivalent to (2.6). 

To calculate V0 from V1 , ••. , V4, eq. (2.6) must be divided by 4 (I A). 
Usually the term J/4 (l -A) is small and may be neglected. However, in a 
region near A = I this term is large and consequently not negligible. If A is 
not taken in the vicinity of unity, a variety of difference equations is obtained 
that will have about the same accuracy. Some of these equations are useful for 
constructing resistance networks. The resistances of these networks will depend 
upon the value of A that has been chosen. 
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If the point P 0 is situated at several meshes from the axis, one cannot make 
use of the rotational symmetry in the way described above, since now the poten
tial cannot be approximated by a single secoud-order curve over the whole 
distance from P 0 to the axis. It will turn out that the coefficients of the differ
ence equations at some distance from the axis can still be modified slightly, 
but less when the distance to the axis increases. lf P 0 is situated on the axis 
itself, no modification of the usual difference equation 

1 l 2 
Vo V1 + - V2 + V3 

6 6 3 
is possible, since the rotational symmetry has already been used in order to 
obtain a difference equation by means of only three surrounding points. If 
there were also resistances on the negative r side of the axis and four surrounding 
points were used, modification would be possible. Since then V3 V4 , we 
could equally well use the equation 

1 1 ( 2 
Vo V1 +- V2 + 

6 6 3 
where A is again an arbitrary constant. 

In the next sections we shall derive modified difference equations in a way 
that is also applicable if P 0 is situated at some distance from the axis. A network 
is derived with low resistances at the axis 8). This network is particularly useful 
ifit is employed in combination with an analogue computer 9

). In sec. 2.3 we 
shall derive in a similar way a network based upon a nine-point difference 
equation. This network is more accurate than the resistance networks men
tioned above that are based upon five-point difference equations. 

2.2. Five-point networks 

In the previous sèction we introduced separately the fact that at the axis the 
first derivative of the potential with respect to r is zero. However, if there are 
no electrodes at the axis, it follows from the differential equation (2.1) itself 
that this derivative is equal to zero. This is easily seen if we multiply (2.1) by r 
and then take r 0, since for any practically meaningful solution the secoud 
derivatives of V are finite at the axis. Consequently the difference equation (2.6) 
can be derived from (2.1) only. 

When we modify difference equations at some distance from the axis, or when 
there is an electrode at the axis, it is desirabie to apply a metbod that does not 
use a series expansion ofthe potential around the axis. Such a metbod is possible 
if we use also the equations obtained by repeated differentiation of the differen
tial equation (2.1) with respect to r and z. It is found that in this way a very 
limited modification can be obtained of the usua} difference equations at some 
distance from the axis. This is particularly significant in the next section, where 
a nine-point network is derived. 
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To derive difference equations in the way just mentioned we expand the 
potential V in a Taylor series around the point P0 with coordinates r 0 , z0 : 

co co V (I,J) 

V(r, z) ~ ~ -
0
- (r- r0 )1 (z- z0 )1. (2.7) 

1=0 J=O i!j! 

Since at the moment we are mainly interested in a difference equation at one 
mesh length from the axis, we take r 0 = h (fig. 2.1 ). Substitution of the poten
tials and the coordinates of the points P1 , .•. , P4 in (2.7) yields 

1 
_ h4V <o,4> + r5 
12 0 1 

1 1 I 
V + h V o.o> + h2V (2,o> + -h3V (3,0) + h4V <4,o> + tJ (2.8) 

0 0 2 0 6 0 24 0 3• 

I 
h4V, (4,0) + tJ • 

24 0 4 

Here 01 , •.. , o4 represent the contributions of the higher-order terms. 
There exist several relations between the derivatives of the potential. To 

obtain these relations we multiply (2.1) by r and differentiate it j times with 
respect to z: 

V(l,j) rV(2 ,j) + rV(O,J+ 2 ) = 0. (2.9) 

Differentiation of (2.9) i 1 times with respect to r yields 

l·ya.J>-+- (l.- l) v<t-2 ,1+ 2> rV<ï+t,J> + rV0 - 1·1+ 2> 0 (' ....._ 2) (2 10) • l 7 . . 

Of the relations (2.9) and (2.IO) weneed at the moment 

Vo (t,o) + ro Vo (2,0) ro Vo (0,2) = 0, 
Vo(1,2l + roVo<2,2) + roVo<0,4l = 0, 

2 Vo (2,0) + Vo (0,2) + ro Vo (3,0) + ro Vo (1,2) 0, 
3 Vo(3,0) + 2 Vo<1,2l roVo(4,0) + roVo(2,2) = 0. 

(2.11) 

From the four equations (2.ll), with r 0 = h, and the three equations (2.8) we 
eliminate the five derivatives V 0 <1 •0 >, V 0<2 •0 >, V 0 <0 •2>, V 0<3 •0> and V0 <1 •2 >. This 
yields tbe two equations 

and 
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1 ~ 8 
--(Vt + Vz) + 2 V4--h4Vo<4,o> __ h4Vo<z.z> + 

2 36 9 

17 1 
-- h4 V0 <0

•
4> +- (d1 + 6z)- 2 d4. 

72 2 
(2.12b) 

If we neglect in these equations the terros of the fourth and higher order, we 
obtain two difference equations. By taking the appropriate linear combination 
of these two equations the difference equation (2.6) is obtained. Before using 
a linear combination of (2.12a) and (2.12b) as a difference equation we must 
check that the fourth- and higher-order terms may indeed be neglected. 

We consider fust the terros with 61> ••• , ()4 • Since () 1 , ••• , ()4 are sixth- and 
higher-order terms of the series expansion (2. 7) it is reasonable to suppose that 
they are small. We will show that if it is possible to construct a resistance net
work from a given linear combination of the difference equations (2.12a) and 
(2.12b), the absolute values of the coefficients of 61> ..• , 64 in that linear 
combination are smaller than unity, so that these terms may be neglected. In 
the linear combination the coefficients of 6t. ... , 64 are the opposite of the 
coefficients of V1 , ••• , V4 (note that in (2.12a,b) the coefficient of 61 is the 
opposite of the coefficient of V~> etc.). The resistances of the network are 
inversely proportional to the coefficients of vl> ... , v4. This implies that these 
coefficients must be positive, otherwise we obtain negative resistances. Since the 
sum of the coefficients is unity, this means that each coefficient lies between zero 
and unity. Consequently in the expression for the error b1 , ••• , 64 do nothave 
large coefficients and they may be neglected. 

We consider now the fourth-order terms, i.e. the terms with V0 <4 •0 >, V0 <2 • 2> 

and V0<0.4>. It is especially necessary to consider the contribution of these 
terms, because it is not always negligible. In particular if we try to apply the 
same procedure to obtain difference equations at some distance from the axis, 
these terms limit seriously the amount by which the usual difference equation 
can be modified. On the other hand it will be shown that in the vicinity of the 
axis the derivatives V0 <4 •0 >, V0 <2 •2> and V0 <0 •

4 > are not entirely independent of 
each other, so that it is possible that although the coefficients of these terms 
are large in the linear combination of (2.12a) and (2.12b), the contributions 
cancel each other for the most part and a srnall total contribution is left. 

First we derive some relations between the derivatives of the potential at the 
axis. Application of (2.9) and (2.1 0) at the axis (r = 0) yields 

Va(l,j) = 0 

and (2.13) 
i V} 1•1> +(i- 1) Va0 - 2 ·J+ 2> = 0 {i 2), 

respectively. Here the subscript a denotes that the derivative must he taken at 
the axis. Application of {2.13) successive]y for i= 3, 5, 7, ... shows that all 
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the odd derivatives with respect to r are zero at the axis. It follows also from 
(2.13) that 

(2.14) 

In the vicinity of the axis the derivatives V0 <
4 •0 >, V0 <

2 •2> and V0 <
0 •4 > are not 

entirely independent. This is seen if we expand the derivatives in a series around 
the axis: 

(2.15) 

We consider now again a point P0 at one mesh length from the axis. We apply 
the series expansions (2.15) with r 0 = h tagether with the equations (2.14). This 
yields the following expressions for the fourth-order terms in the equations 
(2.12a, b): 

7 2 13 7 
h4V (4,o) + _ h4V. <2.2) 

180 ° 45 ° 
- h4 V. (0,4) = 
360 ° h4 V <4

•
0 > + b h6 (2.16a) 60 a 1 

and 

25 8 
-- h4 Vo (4,0) 

36 
h4 V. (2,2) 

9 0 

Here b1h6 and b2h6 represent the contribution of the higher-order terms of 
(2.15). 

The usual difference equation at one mesh length from the axis is obtained 
ifwe take 15/16 times the equation (2.12a) plus 1/16 times the equation (2.12b): 

Here we used the relations (2.16a, b ). 
In a resistance network the magnitude of the resistances is determined by the 

difference equations at the various mesh points. As a result, in the usual resist
ance network the resistances are small at large distances from the axis and they 
are large in the vicinity of the axis. The smallest resistance that can be used is 
determined by the allowed heat dissipation. The large resistances at the axis are 
limited by the input impedance of the measuring apparatus. However, same
times the applied voltages must be high and the input impedance is relatively 
low; this may be the case, for example, if the network is used in combination 
with an analogue computer 9). Then it is useful to construct a network with 
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higher resistances at large distauces from the axis, using the same resistances 
at the axis. This is possible if we apply at one mesh length from the axis the 
difference equation (2.6) with a suitable value of A 8

). Since the resistances are 
inversely proportional to the coefficients of the difference equation we must 
take the ratio between the coefficients of V4 and V3 as large as possible. As an 
auxiliary condition we must require that all the coefficients of the difference 
equation are positive, otherwise we obtain negative resistances. Under these 
conditions we find that we must take A oo. This difference equation is 
obtained by adding eqs (2.12a) and (2.12b), after having multiplied them by 
5/8 and 3/8, respectively. With (2.16a, b) this yields 

1 3 18 
V0 =- V3 + V4 --h4 V}4

•
0

l + higher-orderterms. (2.18) 
4 4 144 

Comparison of this equation with (2.17) shows that the fourth-order term of 
(2.18) is only slightly larger than the fourth-order term of (2.17). A further 
investigation shows that the sixth-order term at the right-hand side of (2.17) 
is -(83/2400) h6 Va<6

•
0 >. The six.th-order term at the right-hand side of (2.18} 

is -(50/2400) h6 Va <6.0l. Thus we may replace the usual difference equation 
derived from (2.17) by the difference equation derived from (2.18}. 

Fig. 2.2. The modified resistance network. The resistance values of the usual network are 
given between parentheses. 

A resistance network may be constructed with this difference equation at one 
mesh length from the axis and with the usual difference equations at the other 
mesh points. The values of the resistances are shown in fig. 2.2. The resistances 
of the usual network are given between parentheses. In the modified resistance 
network the resistances at some distance from the axis are nine times higher 
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than in the usual resistance network. A modified resistance network of this 
kind bas been constructed at the Philips Research Laboratories. 

In the modilied resîstance network the difference equation applied at H 1 
was derived using the series expansions (2.15). These series expansions are 
only possible if there is no electrode at the axis. It is reasonable to require that 
electrodes at the axis must have a radius of at least one mesh length, since in 
view of the finite mesh length electrodes thin in comparison with the mesh 
length must be excluded anyhow. With this requirement the difference equation 
at H = 1 is actually used only in cases where the series expansîons (2.15) are 
possible. 

• .. 0.5 ... 

rf ]~i~;n.,r iB A>t.ntin!J 

1 i 
_ ·-------------·Axis __ 

-z 
Fig. 2.3. The electrode configuration used as an example for the calculation of the potential 
with the various ditTerenee equations. 

As an example we apply the difference equations (2.17) and (2.18) to the 
potential inside the electrode configuration of fig. 2.3. The potential of the left
hand electrode is zero. The potential of the right-hand electrode is unity. The 
latter electrode is an infinitely long cylinder with radius unity. The boundary 
potential between the points A and B increases linearly from zero to unity. 
The exact solution ofthe Laptace equation is given in table 2-I. It was calculated 
using a series of Bessel functions 10). We calculated also the exact values of 
V0c4 •0 > and V}6 •0

l. They are given in table 2-II. With the difference equations 
(2.17) and (2.18) and h = 0· 2, we calculated the potentials at one mesh length 

TABLE 2-1 

The exact potentials inside the electrode configuration of fig. 2.3 

0·8 0·292 052 0·565 155 0·778 702 0·889 993 0·939 492 
0·6 0·257 068 0·492 208 0·680 856 0·808 517 0·885 455 
0·4 0·233 343 0·447 223 0·624 529 0·756 416 0·846 123 
0·2 0·220 101 0·422 974 0·594 553 0·727 514 0·822 829 
0·0 0·215 877 0·415 320 0·585 102 0·718 248 0·815 154 

/.11 0·2 0·4 0·6 0·8 1·0 
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TABLE 2-II 

Some higher-order derivatives of the potential inside the electrode configuration 
of fig. 2.3 

z 0·2 0·4 0·6 0·8 

V <4,o> 
a 0·7403 1·5421 1·8786 1·3268 

V (ó,o) 
a -2·710 9·156 20·752 8·092 

above the axis, using the exact values of table 2-I for the surrounding points 
P 1o ••• , P 4 • The difference between the value obtained with the difference 
equation and the exact value is given in table 2-III. These ditierences must be 
equal to the higher-order terros of eqs (2.17) and (2.18), respectively. The 
values of the fourth- and the sixth-order terros are also given in table 2-III. 
lt can be seen that the result is in agreement with the theory and that the 
error is determined mainly by the fourth-order term. 

TABLE 2-III 

The truncation error of the usual difference equation and of the modified 
difference equation. For comparison the values of the higher-order terros are 

also given 

z 
11 

0·2 0·4 0·6 0·8 

- diff. eq. exact 0·000 131 0·000 313 0·000405 0·000 269 
<:!1 (17/144) h4 Va(4 ,0) 0·000 140 0·000 291 0·000 355 0·000 251 ;:I 
V> 
;:I (83/2400) h6 Va (6 ,0) -0·000006 0·000 022 0·000 046 0·000 018 

"'Ó diff. eq. -exact 0·000 143 0·000 321 0·000406 0·000 276 !I) 

;.s (18/144) h6 Va< 4 •0 ) 0·000 148 0·000 308 0·000 376 0·000 265 
"'Ó s (50/2400) h6 Va (6 ,0) -0·000004 0·000 013 0·000 028 0·000 011 

2.3. Nine-point networks 

In this section we will deal with networks using eight surrounding points 
PH ... , P8 (fig. 2.4). This enables us to apply more accurate difference equa
tions. We use again a square mesh with mesh length h. The point P0 is situated 
at H meshes from the axis. If no use is made of the rotational symmetry the 
following equation can be derived if H =ft 0 11): 
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o?s 0~ 0~ 

rÎ ---r·oPz oPa off 

---0~ o/i 0" 

Hh 

--------·----~~~--
-z 

Fig. 2.4. The points P0 , ••. , P8 used for the nine-point difference equations. 

16 H 2 + 7 96 H 3 48 H 2 + 30 H + 23 

80 H
2 + 30 (Vl + Vz) + _____ 3 ______ V3 + 

480H + 180H 

If H 0, 

96 H 3 - 48 H 2 + 30 H 23 
+ V4+ 

480H3 + 180 H 

48 H 3 + 24 H 2 + 18 H + 13 
---96_0_H_3 _+_3_6_0_H---(Vs+ V6)+ 

24H2 + 18 H 13 
---------(V7 + V8). 

960H3 + 360H 
(2.19) 

(2.20) 

We will show that it is not possible to construct a resistance network from 
these difference equations. For that purpose we consider the difference equation 

8 

V0 = ~ a 1(H) V1• 

1=1 

Here the coefficients a1(H) depend u pon H. The corresponding network resist
ances R1(H) will be inversely proportional to the coefficients a1(H), hence 

R5(H) a3(H) 
(2.21) 

R3(H) a 5(H) 
and at H + 1 

R,(H + 1) a4(H + 1) 
(2.22) 

R4 (H + 1) a7(H l) 

If we construct a network, then necessarily R3(H) R4(H + 1) and R5(H) 
R 7(H + 1). Hence the ratios (2.21) and (2.22) must be equal toeach other. 

The difference equation (2.19) doesnotmeet this requirement. However, with 
the coefficients of (2.19) the difference between (2.21) and (2.22) is inversely 
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proportional to H 3 • Therefore, at large values of Ha slight modification of the 
coefficients of (2.19) is sufficient to make the ratios (2.21) and (2.22) equal to 
each other. It will be found that it is possib1e to modify slightly the difference 
equations at some distance from the axis, but less when the distance to the axis 
increases. Since at larger distauces we need less modification, it will appear that 
we have enough freedom to modify the coefficients of (2.19) so that a resistance 
network can be constructed. 

The metbod used is analogous to that in the previous section. Substitution 
of the potentials and coordinates of the points P 1 , ••• , P8 in (2.7) yie1ds 

1 1 
V + V = 2 V + h2v <o,z> + _ h4V. <0,4) + h6V <o,6> 

1 2 0 0 12 0 360 0 , 

1 
V3 = Vo + h Vou.o> + 

2 
h2 V0<2 •0> 

1 1 + -h4V. (4,0) + -hsV. (5,0) 

24 ° 120 ° 
1 

v4 = Vo- h Vo(l,O) + 2 h2 Vo<2 •0 ) 

1 1 + -h4V (4,o) __ hsv. (5,0) 

24 ° 120 ° 

1 
h3V (3,0) + 

6 0 

1 
h6V. (6,0) 

720 ° ' 
1 

h3V. (3,0) + 
6 0 

1 
h6 V. (6,0) 

720 ° ' 
1 

(2.23) 

V5 + V6 = 2 V0 + 2 hV0 <t.O> + h2 V0 <2
•
0

) + h2 V0 <0
•
2> +J h3 V0 <3

•
0 > + 

1 I 1 
..L h3V. (1,2) + h4V. (4,0) + h4V. (2,2) + h4V (0,4) + 

I 0 12 0 2 0 12 0 

l l 1 1 + _ hs V <s.o> + hs V (3,2) 
60 0 6 0 

hs V. <1.4) + _ h6 V (6,0) + 
12 ° 360 ° 

1 I 1 + _ h6 V. (4,2> + h6 V <2.4> + h6 V (0,6) 

24 ° 24 ° 360 ° , 
1 

h2 Vo (0,2)-- h3 Vo (3,0) + 
3 

1 1 
h4V. (2,2) + h4-V (0,4) + 

2 ° 12 ° 
l 1 1 1 

-- hs Vo (5,0)-- hs Vo (3,2) 

60 6 
-hsv. <1,4> + -h6V. (6,0) + 
12 ° 360 ° 

1 + - h6 V. (4,2) 

24 ° 
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We extend eqs (2.ll) with 

Vo<1,4) roVo<2,4) roVo<o,6) = 0, 
2 Vo (2,2> Vo (0,4) + ro Vo (3,2) + ro Vo (1,4> 0, 

3 V0<3' 2) + 2 V0°·4> r 0 V0<4' 2> + r 0 V0<2·4> = 0, (2.24) 
4 Vo(4,0) + 3 Vo(2,2) + roVo<s.o) + roVo(3,2l 0, 
5 Vo<s.o> + 4 Vo(3,2) + roVo<6,o> + roVo(4,2l 0. 

Fr om the 14 expressions (2.11 ), (2.23) and (2.24) we eliminate the 11 derivatives 
v0o,o>, v

0
<2,o>, v0<o,z>, v

0
<3,0>, v

0
<1,2l, v0<4,o>, v

0
<2,z>, v

0
<0,4), v

0
<s,o>, v 0<3.2l 

and V0 ° ·4 >. This yields the three equations 

12 H 2
- 3 12 H 3 + 6 H 2 

- 20 H + 7 
V:o = (Vl + V2) + V3 

48 H 2 46 48 H 3 - 46 H 

12H3 -6H2 20H-7 
+ ----------- v4 + 

48H3 46H 

(2.25a) 

-12 H 3 -1- 54 H 2 

V: - ' 
14 H- 5 12 H 3 + 42 H 2 + 28 H + 5 

0 
- 24 H 3 + 96 H 2 + 8 H 

v3 + v4 + 
24 H 3 + 96 H 2 8 H 

12 H 2
- 3 

+ ------ (Vs + V6) + 
24H2 + 96H+ 8 

+ f11h6Vo(6,0l f1zh6Vo<4,2) + f13h6Vo(2,4l + f14h6Vo(0,6l, 

28 H- 5 -12 H 3 14 H + 5 

(2.25b) 

--~------ v3 + ---··········· ------ v4 + 
24H3 + 8 H 

12H2 3 
+ (V1 

24H2 -96H + 8 

+ Y1h6Vo<6.o> Yzh6Vo<4.2> + y3h6Vo<2,4l + Y4h6Vo<o,6>, (2.2Sc) 
where 

a0 = 1800 (48 H 2
- 46), 

a0 a1 480 H 4 + 196 H 2 + 142, 
a0 a2 = 2640 H 4 502 H 2 -14, 
a0 a3 = 3840 H 4 1592 H 2 + 56, 
a0 a4 1680 H 4 894 H 2 + 127, 

{10 1800 (24 H 2 + 96 H + 8), 
f10 f1 1 -1440 H 5 240 H 4

- 600 H 3
- 104 H 2 384 H- 50, 

f10 f12 = -4320 H 5 3120 H 4 + 1800 H 3 202 H 2
- 252 H + 235, 

f10 f1 3 -4320 H 5 5520 H 4 + 3600 H 3 + 808 H 2 342 H + 185, 
f10f14 = -1440 H 5 2640 H 4 + 1200 H 3 906 H 2 234 H- 65, 
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y0 = 1800 (24 H 2 96 H + 8), 
y0 y 1 = 1440 H 5

- 240 H 4 + 600 H 3 104 H 2 + 384 H- 50, 
y0 y2 = 4320 H 5 - 3120 H 4

- 1800 H 3 - 202 H 2 252 H + 235, 
y 0 y 3 4320 H 5 5520 H 4 3600 H 3 + 808 H 2 +· 342 H 185, 
y0 y4 1440 H 5 2640 H 4 1200 H 3 906 H 2 + 234 H- 65. 

In the derivation of eqs (2.25a, b, c) the contributions of the terms of the 
seventh and higher order in the series (2.23) have been omitted. They can be 
treated similarly to the terms with o in (2.8) and just as in the previous section 
it can be shown that they may be neglected if a resistance network can be 
constructed from the resulting difference equation. 

Ifwe multiply eqs (2.25a, b, c) by appropriate constants, eq. (2.19) is obtained. 
The sixth-order term that must be added to the right-hand side of (2.19) is 

12 H 2 1 
- h6V: (6,0) 

4500 (8 H 2 + 3) 
0 

456 H 2 + 103 
------h6V: (2,4) 

27000 (8 H 2 + 3) 
0 

672H2 + 61 
------h6V: (4,2) 

54000 (8 H 2 + 3) 
0 

384 H 2 + 187 
------h6V: (0,6). 

54000 (8 H 2 3) 
0 (2.26) 

At the axis there is arelation between the derivatives Va< 6
•
0 >, V11<

4
•
2 >, Va< 2 •

4> 
and Va< 0 •61 . This relation may be obtained from (2.13): 

(2.27) 

In the vicinity of the axis the derivatives V0 <6 •0 >, V0 <4
•2 >, V0 <2 •4 > and V0 <0 •6 > 

are not entirely independent. This is seen if we expand these derivatives in a 
series around the axis: 

Vo (6,o> Va <6.o> t roz Va cs.o> + ... ' 
Vo (4,2) Va (4,2) t ro2 Va<6,2l 

Vo(2,4) Va<2.4) + t ro2Va(4,4) + ... ' (2.28) 

Vo<o,6> = Va<o,6> + t ro2Va<z.6J 

If we consider a point P 0 at one mesh length from the axis we must make use 
of (2.28). By analogy with (2.16a, b) we find 

a1h6Vo(6,0) + a2h6Vo<4,2l + a3h6Vo<2.4l + a4h6Vo<0,6) = 
-960 H 4 556 H 2 - 79 _ 
---------h6V:(6,o) + b hs, 

1800 (24 H 2 - 23) a 
1 

(2.29) 
{31h6Vo(6,0) + f3zh6Vo<4,2) + {33h6Vo(2.4J + {34h6Vo<0,6) 

360 H 5 + 780 H 4 210 H 3 367 H 2 + 30 H + 43 
-------------------- h6 V (6,0) bzhs, 

3600 (3 H 2 + 12 H + 1) a 



-16-

Y1h6Vo<6.o> Y2h6Vo<4,2) y3h6Vo<2.4l Y4h6Vo<0.6l 

-360 H 5 + 780 H 4 210 H 3
- 367 H 2 - 30 H + 43 

------------------- h6V (6,0) + b hs. 
3600 (3 H 2 -12 H + I) a 

3 

Here the terms with h1o b2 and b3 represent the higher-order terms of (2.28). 
With (2.27) and (2.28) we find that at H 1 the sixth-order term (2.26) of 
the difference equation (2.19) is equal to 

127 
-- h6 V <6 •0 ). (2.30) 

99000 a 

We now derive the resistance network based upon a nine-point difference 
equation. At H 0 we use the difference equation (2.20). At the axis we take 
R1(0) = R 2(0) I. Then it follows from (2.20) that R3(0) = 0·1471 and 
R 5(0) = R6(0) = 0·7143. 

At H 1 the difference equation is obtained from a lînear combination of 
(2.25a, b, c) with coefficients A, B and C, respectively. These coefficients are 
required to satîsfy the additional condition 

A+B+C 1. (2.31) 

From (2.20), (2.21) and (2.22) it follows that 

a4(1) 34 

a1(l) 7 
(2.32) 

Ifwe determine a4 (1) and a7(1) from the linèar combination of eqs (2.25a, b, c) 
the condition (2.32) is replaced by 

A 29 B 277 
+-. c 448 c 1568 

(2.33) 

There is left now one degree of freedom, given by BfC. We may choose B/C 
arbitrarily, provided that the truncation error is kept small. The truncation error 
is given by the magnitude of the coefficient of Va <6 •0 > in the lînear combination 
of the three expressions (2.29). We will compare this coefficient with the cor
responding coefficient (2.30) of eq. (2.19) at H 1. The ratio p, between the 
coefficient of the linear combination and the coefficient of (2.30) is approxi
mately given by 

B/C + 9·01 
f.t ~ --4·63 . 

B/C 1·11 

To obtain this expression we used (2.31) and (2.33). Figure 2.5 shows p as a 
function of BfC. 

We must require that all the resistances are positive. With (2.31) and (2.33) 
this yields the condition 
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'------------------'!-2 

Fig. 2.5. The normalized truncation error p and the ratio R4 /R3 as a function of the param
eter B/C. 

B 554 
-<--. c 203 

If this condition is not satisfied the resistances R 1 and R 2 will be negative. Just 
as in the previous section it is interesting to consider also the ratio R4 (1)/R3(1), 
since this ratio has an influence on the magnitude of the resistances of the 
network. Using (2.31) and (2.33) it can be derived that 

R4 (1) a3(1) 1 B 96 

R3(1) a4(1) 2 C 119 

This ratio is also given in fig. 2.5. From this figure it may be seen that a reason
able choice is B/C -9·005. Then Ril)/R3(1) = 3·70 and p, 0. In this 
case the sixth-order term is zero. The corresponding resistance values are 
R1 (1) R2(1) 0·05494, R3 (1) 0·03979 and R5(1) = R6(1) = 0·1586. 

If H > 1 we cannot use (2.28), since the higher-order terros will then be large. 
Therefore we consider in the linear combination of eqs (2.25a, b, c) the coeffi
cients c1 , c2 , c3 and c4 of V0 <6 •0 >, V0 <4 •2 >, V0 <2 •4 > and V0 <0 •6 >, respectively. 
They are given by 

(i 1, 2, 3, 4). 

The constauts A, Band C must satisfy the condition (2.31). Further the ratios 
(2.21) and (2.22) must be equal toeach other. The remaining degree offreedom 
will be chosen so that 

4 

~ lc11 =minimum. 
t= 1 
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TABLE 2-IV 

The resistance values of the nine-point resistance network 

H R 1(H)= RiH) R3(H) R 5(H) R6 (H) 

0 1·000 0·147 1 0·714 3 
1 0·054 94 0·039 79 0·158 6 
2 0·028 44 0·023 30 0·093 00 
3 0·019 06 0·016 53 0·066 05 
4 0·014 32 0·012 82 0·05125 
5 0·01147 0·010 47 0·041 88 
6 0·009 561 0·008 854 0·035 41 
7 0·008 198 0·007 669 0·030 67 
8 0·007 174 0·006 765 0·027 06 
9 0·006 378 0·006 051 0·024 20 

10 0·005 741 0·005 474 0·021 89 
11 0·005 219 0·004 997 0·019 99 
12 0·004 785 0·004 597 0·018 39 
13 0·004417 0·004 256 0·017 02 
14 0·004 101 0·003 962 0·015 85 
15 0·003 828 0·003 707 0·014 83 
16 0·003 589 0·003 482 0·013 93 
17 0·003 378 0·003 283 0·013 13 
18 0·003 319 0·003 105 0·012 42 
19 0·003 022 0·002 946 0·011 78 
20 0·002 871 0·002 802 O·Oll 21 
21 0·002 735 0·002 672 0·010 69 
22 0·002 610 0·002 553 0·010 21 
23 0·002 497 0·002444 0·009 777 
24 0·002 393 0·002 344 0·009 378 
25 0·002 297 0·002 253 0·009 OIO 

U sing these conditions we determined with an e1ectronic computer the resistances 
for 2 < H 25. lt turned out that for all these values of H the minimum 
value of L lc11 was smaller than 2.10-4

• In table 2-IV the computed resistance 
values of the complete network are given. Just as in the previous section we 
must require that the applied electrode configurations are such that the elec
tredes at the axis have a radius of at least one mesh length. A nine-point resistance 
network of this kind bas been constructed at the Technological University of 
Eindhoven. 
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In order to compare the nine-point difference equations with the five-point 
difference equations of the previous section, we calculated at one mesh length 
above the axis (H 1) the potentials of the electrode contiguration of fig. 2.3 
with h = 0·2. For this calculation we used the exàct potentials of the sur
rounding points Pt> ... , P8 • We checked the difference equation (2.19) and the 
difference equation used for the construction of the network given in table 2-IV. 
In both cases the difference between the value calculated from the difference 
equation and the exact value did not exceed one unit in the sixth decimal place. 
This is much smaller than the corresponding values with five-point difference 
equations (table 2-III). For a further comparison between the five-point and 
the nine-point solutions the reader is referred to the next section. 

2.4. The accumulation of truncation errors 

In the previous section we considered the case that the potential is calculated 
with a difference equation from exact values of the surrounding points. However, 
in practice the difference equations are coupled to each other and only the poten
tials of the boundary points are known. Usually the truncation error has the 
same sign in large regions. Therefore the difference between the calculated 
potential and the exact potential will also have the same sign in large regions. 
If all the surrounding points have an error in a certain direction the potential 
calculated with the difference equation will also have an error in that direction, 
apart from the error caused by the truncation error of the difference equation. 
The same applies for the potentials of the surrounding points. This causes an 
accumulation of truncation errors, so that the total error will be much larger 
than the truncation error of a single difference equation. The boundary points 
will of course have a correct potential, but points at a large distance from the 
boundary often have errors much larger than the truncation error. 

The truncation error of a five-point difference equation is of the order of h4
• 

Because of the accumulative effect mentioned above the error of the system of 
. difference equations will be ofthe order of h2

• We can show this easily with the 
one-dimensional difference equation 

Here V0 , V1 and V2 are the potentials of points P0 , P1 and P2 , respectively. 
The point P 1 is situated at one mesh length on the one side of P 0 , the point P 2 

is situated at one mesh length on the other side of P0 • Soppose that this differ
ence equation has a truncation error eh\ where c is a constant. Then the exact 
salution r satisfies 

Vo !V1 +! V2 - ch4
• 

The error E = V- r is determined by the equation 

(2.34) 
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We call the independent variabie x and take the boundaries at x 0 and 
x = I. At these boundary points the error is zero. It is easy to check that with 
these boundary conditions the solution of (2.34) is 

e=cx(l-x)h2
• 

The error is of the order of h2 , although the truncation error is of the order 
of h4

• In fig. 2.6 the magnitude of the error eis given by the encircled points. 
In this figure we took h 0·1. The crosses indicate the value of! e1 + t e2 • 

Fig. 2.6. The circles denote the total error e of a problem solved with the one-dimensional 
difference equation V0 = t V1 + t V2 • The crosses denote the average of the errors of two 
neighbouring points ( = t e 1 + t e2). The difference between conesponding circles and 
crosses is equal ro the truncation error. 

The difference between corresponding circles and crosses is equal to the trun~ 
cation error ch4 • It is easily seen from this figure that the maximum error is 
considerably larger than the truncation error. 

The nine-point difference equation (2.19) has a truncation error of the order 
of h6 • Due to the accumulation of truncation errors the accuracy of the final 
solution will be of the order of h4

• However, one must be very carefut if the 
boundary conditions are such that somewhere the potential or its lower-order 
derivatives are infinitely large. Then the order of the error is often lower than 
stated above. The accuracy of the nine-point solution in particular is highly 
affected if the boundary bas internat angles larger than 180° or if the boundary 
potential or its lower-order derivatives have discontinuities. An example will 
be given presently. 

We calculated the potentials inside the electrode contiguration of fig. 2.3 
with h 0·2, using the electrode potentials as boundary conditions. The 
calculations were carried out with the various difference equations mentioned 
in the previous sections. In the tables 2-V, 2-VI and 2-VII we have given the 
errors, i.e. the difference between the solution with the difference equation and 
the exact solution of table 2-1. In table 2-V we used the usual five-point differ-
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TABLE 2-V 

The total error if the electrode contiguration of fig. 2.3 is calculated with 
h = 0·2 and the usual five-point difference equations 

0·8 0·000 899 0·004 554 0·020 394 0·004 503 0·000 841 
0·6 0·002 471 0·006 981 0·013 063 0·006 974 0·002 618 
0·4 0·003 284 0·007 142 0·009 931 0·007 255 0·003 778 
0·2 0·003 524 0·006 874 0·008 654 0·007 101 0·004 302 
0·0 0·003 544 0·006 707 0·008 245 0·006 985 0·004 435 

/11 0·2 0·4 0·6 0·8 1·0 

TABLE 2-VI 

Tbe total error if the electrode contiguration of fig. 2.3 is calculated with 
h = 0·2 and the modified difference equation at H = 1 

0·8 0·000966 0·004672 0·020 534 0·004 629 0·000929 
0·6 0·002 639 0·007 284 0·013 424 0·007 288 0·002 825 
0·4 0·003 634 0·007 798 0·010728 0·007 905 0·004 156 
0·2 0·004 239 0·008 336 0·010 564 0·008 476 0·004 927 
0·0 0·004 251 0·008 086 0·009 968 0·008 299 0·005 095 

/.11 0·2 0·4 0·6 0·8 1·0 

TABLE 2-VII 

Tbe total error if the electrode contiguration of fig. 2.3 is calculated with 
h 0·2 and the nine-point difference equations that were used for the con

struction of the nine-point resistance network of table 2-IV 

0·8 0·001 378 0·004468 0·010 209 0·004 646 0·001 800 
0·6 0·001 772 0·003 90~ 0·005 551 0·004 243 0·002 551 
0·4 0·001 633 0·003 133 0·003 964 0·003 587 0·002 640 
0·2 0·001 466 0·002 686 0·003 327 0·003 204 0·002 585 
0·0 0·001402 0·002 546 0·003 148 0·003 084 0·002 554 

/11 0·2 0·4 0·6 0·8 1·0 
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ence equations. In table 2-VI we used at H = I the modified difference equation 
(2.18) and at the other values of H the usual five-point difference equations. 
In table 2-VII we used the nine-point difference equations from which the nine
point networkof table 2-IV was designed. In the first place it is noted that the 
error is much larger than the truncation error of the single difference equations, 
especially if the nine-point difference equation is used. The errors in table 2-VI 
are somewhat larger than those in table 2-V, but for most applications this 
difference is tolerable. The errors in table 2-VII are in general smaller than those 
in the previous tables, but considerably larger than expected from the high 
accuracy of the difference equations. This is due to the discontinuity in the 
first derivative of the boundary potential at the point B in fig. 2.3. We have 
also calculated the potentials inside the electrode contiguration of fig. 2.3 with 
h = 0·1 using the nine-point difference equations from which the network of 
table 2-IV was constructed. The error is given in table 2-VIII. Comparison with 
table 2-VII shows that the error decreased approximately by a factor of h2

• 

T ABLE 2-VIII 

Like table 2-VII but with h = 0·1 

0·8 0·000 355 0·001 149 0·002 535 0·001 193 0·000 461 
0·6 0·000446 0·000 982 0·001 338 0·001 067 0·000 642 
0·4 0·000408 0·000 778 0·000 973 0·000 892 0·000 661 
0·2 0·000 365 0·000 665 0·000 822 0·000 795 0·000 645 
0·0 0·000 348 0·000 630 0·000 778 0·000 765 0·000 637 

/.11 0·2 0·4 0·6 0·8 1·0 

With the difference equations (2.19) and (2.20) we obtained nearly the same 
error as in table 2-VIII. If other more regular boundary conditions are used, 
the nine-point difference equations may yield a total error that is significantly 
smaller than that of the conesponding five-point equations. This is for example 
the case if the potential is calculated between two concentric cylinders. 
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3. DIGITAL COMPUTATION OF POTENTlAL FIELDS 

3.1. Introduetion 

In this chapter we deal with the digital computation of potential fields. The 
Poisson equation is solved inside a closed boundary with given boundary poten
tials and with given space charge. With a digital computer the salution of the 
Laplace equation is not essentially simpler than the salution of the Poisson 
equation, so that the Laptace equation can be considered as a special case of 
the Poisson equation. 

The potential is calculated at the mesh points of a square grid. At each mesh 
point a difference equation must be given that relates the potential of that mesh 
point to the potentials of neighbouring mesh points and, in the vicinity of the 
boundary, to the potentials of neighbouring boundary points. Examples of 
difference equations have been given in the previous chapter. Introduetion of a 
given space charge distribution adds toeach difference equation merely a known 
constant. lt is not necessary that the boundary coincides with the mesh lines. 
Por example, in fig. 3.1 we can use the difference equation that relates the poten
tial of the mesh point P 0 to the potentials of the mesh points P 1, P 4 and the 
boundary points P2 , P3 

12
). 

Fig. 3.1. The points used for the difference equation near a curved boundary. 

Suppose that there are N mesh points inside the boundary. We refer to these 
points as the internal points. They are numbered 1, 2, ... , n, ... , N. The 
difference equation at the nth mesh point can be represented by 

N 

V(n) = ~ an"V(k) +On, (3.1) 

where V(n) is the potential at the nth mesh point. Most of the coefficients ank 

are equal to zero. Only if the pointkis in the geometrical neighbourhood of the 
point n, the coefficient ank=/:- 0. We take also an" = 0. The constant On includes 
the contribution of the space charge and the boundary potentials. 
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We consider (3.1) as a system of N linear equations with N unknowns, the 
potentials V(n) being the unknowns. Since Nis usually very large, it is difficult 
to solve the system directly. Therefore we use an iterative metbod to solve this 
system. We start with arbitrary values V<O)(n) at the mesh points. Then we 
calculate improved values V0 >(n) according to the equation 

V<ll(n) ~ a/V<0 >(k) + an. 
k 

In the next cycle we calculate similarly values V< 2 >(n), etc. In general 

v<m+ll(n) = ~a,.kv<ml(k) + an. 
k 

This metbod converges to the final solution v<oo>(n), which satisfies 

v<oo>(n) = ~ a/V<"'l(k) + a,.. 
k 

(3.2) 

(3.3) 

At each cycle all the potentials are calculated from the potentials of the 
previous cycle. In a computer we must store the potentials of both cycles. After 
each cycle in the memory of the computer the potentials of the previous cycle 
are displaced simultaneously by the potentials of the cycle just calculated. This 
procedure is usually called simultaneons displacement. It is also possible to 
displace successively the previous potentials by the new ones as soon as they 
have been calculated. This is usually called successive displacement. It requires 
only the storage of one set of potentials. 

In the following section we first deal with simultaneous displacement, in 
order to elucidate some conceptions underlying the convergence of this kind 
of iterative procedure. Then we investigate successive displacement combined 
with overrelaxation, a metbod employed to speed up the convergence. Finally 
we discuss several aspects of this method. 

Since 1950, when high-speed electrooie computers became available, nu
merous papers have appeared about this subject. Well-known papers are those 
by Frank el 4) and by Y oung 5). A survey of the mathematica! theory is given 
in the hooks by Forsythe and Wasow 13) and by Varga 14). These hooks have 
also extensive reference lists. 

3.2. Simultaneons displacement 

In this section we deal with the rate of convergence when simultaneons dis
placement is employed to solve the system of difference equations (3.1). After 
m cycles the error at the nth mesh point is given by 

e<m>(n) v<m>(n)- v<oc>(n). 

This is the error due tothefact that the final solution ofthe system of difference 
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equations is not yet obtained. It has nothing to do with the error caused by the 
approximation of the differential equation by a difference equation. If we sub
tract (3.3) from (3.2) we obtain the equation for the error: 

e<m+l>(n) = ~ a/e<m>(k). 
k 

(3.4) 

It is useful to consider the equation (3.4) instead of the equation (3.2), since 
(3.4) does not contain the term a". Conclusions that are derived from (3.4) are 
independent of am i.e. independent of the boundary potentials and the space 
charge. 

First we deal with some special solutions of (3.4), namely the non-trivial 
solutions e<m>(n) Ame(n), where A is a constant independent of m and n. 
Substitution in (3.4) shows that e(n). and A must satisfy 

(3.5) 

This is an eigenvalue problem, À. being the eigenvalue and e(n) the eigenfunction 
of the matrix with elements a 11 ~<. A treatise on eigenvalues and eigenfunctions 
can be found in hooks about matrix theory, for example by Zurmühl 15). 

Some particular theorems that are interesting to us are also given in refs 16 
and 17. We mention these theorems without proofs: 
(1) If we can find N positive {non-zero) numbers Yn 'Such that always 

(3.6) 

there exist N linearly independent real eigenfunctions e1(n) with corte
sponding real eigenvalues l 1 (l 1, 2, ... , N). This theorem is well known 
in the special case where the matrix a/ is symmetrie, so that all the Yn are 
equal to unity. 

(2) The absolute value of all the eigenvalues is smaller than unity îf the region 
of the internat points is connected and if 2: la"kl ~ 1 for every n, with the 

k 

condition that for at least one value of n the < sign applies. The latter 
condition is usually satisfied if the point n is near the boundary, since the 
potentials of the boundary points are included in a". 

(3) If (3.6) is satisfied, and a" k ;:;;;: 0, and the region of the internal points is 
connected, one can prove that the largest eigenvalue is positive, that there 
is only one linearly independent eigenfunction corresponding to this largest 
eigenvalue, that all the componentsof this eigenfunction have the same sign, 
and that this is the only eigenfunction all of whose components have the 
same sign. 

In many cases the conditions mentioned in the theorems are satisfied. For 
example, consider the Laplace equation with rotational symmetry. Suppose 
that the region is connected and that the boundaries coincide with mesh lines. 
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Hh 

__ 1 ___________ 3!~-
Fig. 3.2. The situation of the points used for the difference equation. 

We use the difference equation 

Vz) + (~ + -
1
-) V3 + (~ 

4 8H 4 
-

1 )v4 
8H 

(H ie 0). (3.7a) 

Here the subscripts 0, ... , 4 are related to the points P0 , ••. , P 4 , respectively. 
The situation of these points is given in fig. 3.2. The distance of the point P0 

to the axis is H mesh lengths. If H 0 we use the difference equation 

(3.7b) 

It can be verified easily that the numbers Yn exist and that they are given by 

if 

if 

H#O 

H 0. 

It is also seen that a/ ~ 0 and that at most points ~la/I = 1. The only 
k 

exception occurs if the point n is situated at one mesh length from the bound-
ary, then ~ lankl < 1, since the contribution of the boundary points is in

k 

cluded in an. 
We shall assume that our system satisfies the conditions mentioned in the 

theorems, so that the eigenvalnes and the eigenfunctions have the mentioned 
properties. Several results that will be derived concerning the convergence are 
also valid under more general conditions, viz. when N linearly independent 
eigenfunctions do not exist 13• 14). In cases where the conditions mentioned 
in the theorems are not satisfied, a reasanabie rate of convergence is nevertheless 
obtained in most practical cases, if the results of the following sections are used. 

We now consider the convergence of the iterative process (3.4). The error 
e<0 >(n) can be written as a linear combination of the N linearly independent 
eigenfunctions e1(n): 

N 

e<0l(n) = ~ {J1e1(n). 
l= 1 
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After one cycle we find 

k k l 

Similarly we find after m cycles: 

e<m\n) 1:. Àtm/Jtet(n). (3.8) 

Since 1).11 < 1 (theorem 2), the error converges to zero. The rate of conver
genee is determined by the largest 1).11, which will be denoted by IÀ1Imax· After 
a certain number of cycles the error deercases in each cycle by a factor !J.1Imax· 
The rate of convergence is usually defined as 

(3.9) 

The approximation is valid if l).tlmax is nearly unity, which is always the case 
in practice. The number of cycles required to decrease the error by a factor lfe 
is approximately 1/R. It should be noted that fÀtlmax and hence also the rate 
of convergence are independent of a,., i.e. of the space charge and the boundary 
conditions. 

3.3. Successive overrelaxation 

3.3.1. The order in which the points are calculated 

If we apply successive displacement the potential of the previous cycle is 
displaced by the new potential as soon as it is available. This new potential is 
used in the ditTerenee equations of the neighbouring points that still have to be 
calculated. Therefore in this case the order in whîch the points are calculated 
is significant. First we deal with a property concerning the order of the calcula
tion. It was introduced by Y oung 5) as property A and has since been known 
under this name. A system of ditTerenee equations has property A if the internat 
pointscan be divided into I numbered groups, 1, 2, ... , i, ... , I such that for 
the calculation of each point one needs only the potentials of points betonging 
to the previous and the following group. In other words, if the point n belongs 
to group number i and a,. k =!=- 0 then k belongs to group number i 1 or 
i + l. An order in which the points are calculated is said to be consistent with 
such a division into groups if for the calculation of each point the required 
potentials of the previous group have already been calculated and the required 
potentials of the following group have oot yet been calculated. There always 
exists a consistent order, viz. the order in which we first calculate the points of 
the first group, then the points of the second group, etc. Often there exists more 
than one consistent order. 
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Fig. 3.3. The division of the internat poirits into groups, viz. the diagonal division and the 
chessboard division. 

We give an example. Consider the rotationally symmetrical Laptace equa
tion (2.1), to he solved inside the boundary of fig. 3.3. All the points ofthe same 
diagonal are joined in a group, hence there is a group corresponding to each 
diagonal. The diagonals and thus the groups are numbered from the top left 
to the bottorn right. If the five-point difference equations (3. 7a, b) are used it is 
easily seen that this is a division into groups according to property A. If we 
calculate the potentials line by line from left to right and from the top line to 
the axis, we have an order consistent with the di vision into groups just men ti on
ed. It is also possible to give another division into groups, viz. the chessboard 
division {fig. 3.3). Now there are two groups, the first group with all the points 
on the odd-numbered diagonals and the secoud group with all the points on 
the even-nurobered diagonals. This is also a division according to property A. 
However, the above-mentioned order of calculating the points line by line is not . 
consistent with this division into groups. 

3.3.2. Successive overrelaxation 

The method of simultaneous displacement converges very slowly, so that it is 
advantageous to u se a faster method. A first improverneut is obtained if we use 
successive displacement From now on we suppose that our system has prop
erty A and that we use a consistent order. With successive displacement eq. 
(3.2) is replaced by 

v<m+l)(i,j) .'l:atj-1.kv<m+1)(i -l,k) + 
k 

+ .'l:a1j+l,kv<ml(i + l,k) + at,j· 

k 

(3.10) 

Here i denotes the number of the group and j the number of the point in the 
group. Thus each internat point is determined by two indices, i and j, replacing 
the index n. An investigation of this iteration procedure shows that the potential 
converges to its final solution by a gradual increase or decrease. Hence we may 
expect an improverneut of the ra te of convergence if we use an extrapolation in 
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the direction of the expected change. This is called successive overrelaxation: 

vcm+l)(i,j) v(m)(i,j) + ro [~a~./- 1 ·"v(m+ll(i- l,k) + 
k 

+ ~ a,j+ l,kv(m)(i l,k) ai,j- v(m)(i,j)]. 
k 

Here ro is the overrelaxation factor. It must be chosen carefully. Ifwe take it too 
small the rate of convergence is too low, if we take it too large we extrapolate 
too far and again a poor convergence, or even a divergence, may result. If we 
take ro 1 the equation (3.10) is obtained. The error e<ml(i,j) satisfies 

e<m+ 1 l(i,j) = e<ml(i,j) + ro [ ~ a,j-l,ke<m+ 0 (i- I,k) + 
k 

+ ~ aij+ 1.k elml(i -!- 1 ,k)- elml(i,j)]. 
k 

(3.11) 

Since our system has property A the relation (3.5) between the eigenvalues A.1 

and the corresponding eigenfunctions e1(i,j) of the iteration process with simul
taneous displacement can be written as 

(3.12) 
k k 

We will show that the eigenvalues of (3.11 ), denoted by A~o are connected to 
the eigenvalues À1 by the relation 

and that the corresponding eigenfunctions ë1(i,j) are given by 

êt(i,j) = A1He1(i,j). 

(3.13) 

(3.14) 

For the moment we consider the numbers ),1 as being de:fined by (3.13). We 
multiply the left-hand side of (3.12) by the left-hand side of (3.13) and the 
right-hand side of (3.12) by the right-hand side of (3.13). The equation obtained 
is multiplied by ~}1 I A.1• This yields 

k k 

Rearrangement of the terms and comparison with (3.11) shows that .Ï1 and the 
corresponding ë1(i,j) are indeed eigenvalues and corresponding eigenfunctions 
of (3.11). 

From (3.13) we :find that 

(3.15) 



-30 

and 
(3.16) 

If we substitute (3.16) in (3.14) we must take the sign of the square root in 
agreement with (3.15). Apparently each At yields two values of 11 and thus we 
wou1d have 2N eigenvalues and eigenfunctions. However, from (3.12) it can 
be seen that if the system (3.4) has property A and if it has an eigenvalue At 
with eigenfunction e1(i,j) it must also have the eigenvalue with the cor
responding eigenfnnction (-I)ie1(i,j). A fnrther investigation shows that such 
a pair Az, -it1 yields only two eigenvalnes (3.16), each with one conesponding 
eigenfnnction (3.14). Thus we haveN eigenvalnes 11 withN eigenfunctions ë1(i,j). 

It is remarkable that the relation (3.16) between Az, 11 and wis independent 
ofthe particular snbdivision into groups that has been chosen. It is only required 
that the system shall have property A, i.e. that a subdivision into gronps shall 
exist, and that the order in which the points are calculated shall be consistent 
with one of the possible snbdivisions into groups. 

As we stated in sec. 3.2, the A,'s are real and the largest A1 has only one 
conesponding eigenfunction. We will take the index l such that 

Al> A2 A3~ ... ~ AN-1 > AN. 

Multiple A1's should be taken several times, according to their multiplicity. 
If we consider the pair Ä~> we will a1ways take l ::::;; t N in order to avoid 
ambiguity. It is easily seen that -11 = ).N-l+l· If Nis odd there must be at 
least one Ä1 eqnal to zero. From (3.16) it follows that the pair Ä~o AN-l+l yie1ds 
two real positive eigenvalnes .'.1 and ?.N-I+l if w ::::;; wz, where 

2 
w = -------c-:-:-:· 

i 1 + (1 

We will take the indices such that l 1 ~ lN-t+l· If w1 < w::::;; 2 there are two 
complex eigenvalnes l 1 and lN-t+ 1 , both having the absolute va1ue w- 1. 

~~·zl1 r~~::::=:~===~====:..:..:.:...-..., 

I 

a (Üt û>z û>t 2 
.. a> 

Fig. 3.4. The absolute value of l 1 as a function of the overrelaxation factor w for somevalues 
of J.1• 
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In fig. 3.4 we plotted 1~ 1 1 as a function of m for different values of À1• If m < m1 

there are two branches, corresponding to the two real eigenvalues. If m1 < m 2 
the eigenvalnes are complex and IÄ1I = m- 1, independent of À1• Outside the 
region 0 < m < 2 the iteration process diverges, since then 1;.11 ~ 1. There
fore we restriet ourselves to the region 0 < m < 2. 

If l 1 is equal to zero (3.14) does not yield a corresponding eigenfunction, since 
now all the components are zero. From (3.13) it can be seen that l 1 0 is 
only possible if m 1. In this case there do not exist N linearly independent 
eigenfunctions ë1(i,j) and consequently the convergence cannot be established 
in the way described in sec. 3.2. We do not go into further details about the 
case m = I, since in practice we always use an m > 1, which yields a faster 
convergence. 

If m = m1 the square root in (3.15) and (3.16) is equal to zero and the two 
values of À1 are equal to each other. There is now only one eigenfunction ë1(i,j). 
The other eigenfunction does not exist. However, there is another function, viz. 

ëz'(i,j) = {f} 1e1(i,j), (3.17) 

that has somewhat similar propertiesasaneigenfunction. Using (3.12) and (3.14) 
and keeping in mind that ~/ 12 -! mp~.1 and that m/l1

2 4 (m1-l) 0, it 
may beseen by substitution in (3.11) that after one cycle (3.17) changes to 

The function ë1' (i, j) is a principal function of the iteration matrix determined 
by (3.11). After m cycles this function reduces to 

(3.18) 

For large values of m the ratio between two successive values of (3.18) ap
proaches to ~1 • 

If m =I= I and m =1= m1 it can be shown that the Nfunctions (3.14) are linearly 
independent. If m m 1 =I= I the N functions (3.14) and (3.17) are linearly 
independent. The convergence of the iterative process with successive over
relaxation can be established in a similar way as described in sec. 3.2 for simul
taneons displacement. The most important difference is that there may be a 
function ë1'(i,j) approaching to zero according to (3.18). 

The fastest convergence is obtained if we choose m such that the largest IA:11 
is as small as possible. From fig. 3.4 it can be seen that we must then take 
m = m1 • Since in practice l 1 is always nearly unity, we can use the approxi-
mation · 

(3.19) 
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The corresponding minimum value of ~ 1 is given by 

ll min= W1 1 ~ 1-2 [2 (1 Àt)]112• (3.20) 

The rate of convergence R is determined by 

(3.21) 

A comparison with (3.9) shows that the rate of convergence has increased by 
a factor 4/[2 (1- ).1)]112 • Since ll1 is nearly unity the increase can be consider:. 
able. We will give an example in sec. 3.3.4. 

3.3.3. The course of the iterative process 

lf the relaxation process is carried out in practice, the error e<m)(n) is not 
known. In order to know to what extent the final solution is achieved, we cal
culate 

j(ml(n) v<m>(n)- v<m-l)(n) (3.22) 

and from it we determine at each cycle 

(3.23) 
n 

n 

The quantities (3.23) can be calculated without storing (3.22). We willexamine 
the behaviour of the quantities (3.23) in the two regions w < w1 and w > w 1• 

First we consider the region w < w 1 • At the beginning ofthe iteration process 
the error is a linear combination of all the eigenfunctions ê1(n). The coefficients 
decrease in each cycle by a factor A1• In the following we suppose that the iter-

m-1 m 

Fig. 3.5. The approach to the final salution in the region w < w1 • 
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ation process has been carried out so far that only the term with the eigenfunc
tion ë1(n), betonging to the largest eigenvalue lh is left. This implies that the 
error s<"'>(n) decreases in each cycle by a factor ] 1 • It can he derived easily that 
then LJ<m>(n), ILJ<m>lmm L:LJ<m> and L:ILJ<m>l also decreasein each cycle by a 
factor A1 • In fig. 3.5 it is shown how at a point n the final value v<ro>(n) is 
approached. From this tigure it can be seen that ILJ<m>(n)l is smaller than 
I s<"'>(n)l. The ratio between these two quantities can he calculated as follows: 

(3.24) 

If we apply (3.24) to the point where the absolute value of the error has its 
maximum value ls<"'>imax• we find that 

ILJ(m)lmax 

I (m)l e max ~l 
1. (3.25) 

Since is nearly unity ILJ<m>lmax is much smaller than ls<"'>lmax· Hence without 
using (3.25), ILl <m> I ma x doès not give directly any idea of the magnitude of 
I ê{m)lmax· 

All the componentsof e1(n) have the same sign: From (3.14) and (3.15) it 
can he seen that in the region w < w 1 all the components of ë1(n) also have 
the same sign. As a consequence one can derive that I L: Ll <mJI is approximately 
equal to L:iLJ<m>l. The sign of L:LJ<m> doesnotchange during the iteration 
process. 

The behaviour in the region w w1 is quite different. In this region all the 
eigenvalues are complex. Their absolute values are equal to w 1. It follows 
from (3.14) and (3.16) that if A.1 is an eigenvalue with eigenfunction ë1(n), 
A1* too is an eigenvalue with eigenfunction ë1*(n). Here the asterisk denotes 
the complex conjugate. Similarly to (3.8) the error is given by 

(3.26) 

Since the error is real the coefficients of a complex conjugate pair A1"'ë1(n), 
À/"'ë1*(n) must also he complex conjugate. The contribution of such a pair in 
(3.26) is given by 

{11A1"'ë1(n) + {11*A1*"'ë1*(n) 
= 2 IPd lët(n)l (w- 1)"' cos (m1p1 ·+- Xz), (3.27) 

where 1p1 is the argument of 21 and Xt is the sum of the arguments of {11 and 
ë1(n). If we consider (3.27) as a function of m we abserve that besides a decrease 
in each cycle by a factor w - 1 there is also a sinusoidal change. In (3.26) 
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terms are present with different 1p1• Therefore the magnitude and the sign of 
the error e<m>(n) changes very irregularly. Using the triangle inequality we find 

where c is a constant independent of m. Notwithstanding the irregularities the 
error converges to zero within the boundaries given by (3.28). In fig. 3.6 it is 
shown how at a point n the final value v<oo>(n) is approached. From this figure 
it can heseen that in this case LJ<m>(n) can give us an idea about the magnitude 

v(m)(n} 

I 

m-1 m -cycfeno 

Fig. 3.6. The approach to the final salution in the region w > w 1 • 

of e<m>(n), at least if we consider a large number of cycles. The irregularities 
of e<m>(n) also cause irregularities in iLJ<m>lmax and !: ILJ<m>l, although they are 
somewhat smoothed by statistica! effects since many points are involved in the 
determination of these quantities. Because the sign of the error changes, the 
sign of !:LJ<m> will change too and usually i!:LJ<m>l < !:iLJ<m>l. This is a 
striking difference compared with the region ru < w 1 , where !:LJ<m> did not 
change its sign and where i!:LJ<m>l ~!: iLJ<m>l. In the next section we give a 
numerical example. 

In the vicinity of ru 1 there is a transition region between the two regions 
mentioned above. From fig. 3.4 we see that between ru2 and ru1 almost all the 
eigenvalnes are complex. Near ru1 their absolute values do not differ much 
from A1 , so that even after a large numher of cycles the irregularities caused 
by these complex eigenvalnes and eigenfunctions can still he perceived. 

3.3.4. An example 

In this section we deal with the rotationally symmetrical Laplace equation 
(2.1), to he solved inside the rectangle of fig. 3.7. We use a square grid with 
mesh length hand apply the conventional five-point difference equations (3. 7a, b ). 
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P=Ph 

Fig. 3.7. The region used for the calculation of the example. 

First we try to obtain an approximate expression for À1 • With the notation 
used in (3.7a, b) and fig. 3.2 the eigenvalue equations (3.5) are 

Àe<o> = 
1 

e< 1> + ~ e< 2> + (~ + -
1
-) e< 3> + (~- -

1
-) e< 4 >. (3.29) 

4 4 4 SH 4 8H 

The subscripts refer to the points of fig. 3.2. In order to avoid confusion with 
the index l of the previous sections we have used parentheses. The boundary 
values of e are zero, since the terms an of (3.1) do not appear in (3.5). The 
equation (3.29) can be rearranged as 

If the eigenfunction e changes slowly over one mesh length (3.30) can be ap· 
proximated by the differential equation 18) 

4 
-(1.-l)e 
h2 

(3.31) 

The boundary conditions of this equation are zero. By separation of the 
variables (3.31) can be solved. For the largest eigenvalue À1 and the eigen· 
function e1 this yields 

(3.32) 

and 

Here Jl1 is the fust zero point of the zero-order Bessel function J0 • The dimen
sions ofthe rectangle are given by p =Ph andq = Qh (fig. 3.7). As an example 
we take P = 100 and Q 50. Then we obtain from the formulae (3.32), (3.20) 
and (3.19): 
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1-! h2 ( n
2 

+ 1112 
) = 0·9991749, 

. 2p2 2 q2 

0·919, (3.33) 

2h (~+ 1112 
)

112 

= 1·919. 
2 p2 2 q2 

With the boundary conditions in question we can also compute the exact values 
of these quantities. We do not go into details about this computation, but men
tion only the final result: Îl. 1 0·9991752, A1 mln 0·92196 and w1 = 1·92196. 
Hence the values (3.33) are a reasanabie approximation. 

The rates of convergence with simultaneons displacement and with successive 
overrelaxation are obtained from (3.9) and (3.21), respectively: 

0·000 825, 

R ~ 2 h -- + 1 
= 0·0812. ( 

n2 11 2 )112 

2 p2 2 q2 

He nee for a rectangle of 100 x 50 the ra te of convergence with successive over
relaxation is about 100 times larger than with simultaneous displacement. In 
order to decrease the error by a factor of 10 weneed about 30 iteration cycles 
using successive overrelaxation and 3000 if we use simultaneous displacement 
With successive overrelaxation the rate of convergence is proportional to h. 
The number of points to be calculated is inversely proportional to h2

, so that 
the time required for the calculation is inversely proportional to h3

• The mesh 
length has a considerable influence on the required time. 

As a numerical experiment we calculated a rectangle of 100 x 50 with bound
ary values zero. The iterations were carried out line by line, from the left to 
the right and from the axis to the top line. We took the initial values of the 
internat points equal to unity. Since the final salution is zero, e<ml(n) = v<ml(n) 
and we could easily calculate 

I e<ml max I e<ml(n) · max I v<ml(n) I • 
n n 

(3.34) 

We carried out the calculation with several values of w. Table 3-I showsfora 
number of cycles the quantities (3.23) and (3.34) obtained from the calculation 
with w 1·91. This w is smaller than w 1 and we find the expected regular 
convergence. From the decrease of ~ iLJ<m>l we can determine that ~ 
0·9547. With (3.13) we find that the corresponding À1 ~ 0·9991763. This value 
is in good agreement with the exact value. From table 3-1 it can be seen that 



TABLE 3-I 

The quantities characterizing the ra te of convergence and the error at a number 
of cycles of the iteration process using w 1·91 

m 106 . I e<m>lmax 106 . iLJ(m)lmax 106 . l;L1 (In) 106 • l; ILJ(m)l I e<m>lmax l; iLJ(m)/ 

ILJ(m)lmax l; ILJ(m-1)1 

205 982·925 46·5089 -56302·4 56302·4 21·1341 0·955187 
206 938·476 44·4927 -53750·8 53750·8 21·0928 0·954682 
207 895·786 42·7293 -51326·2 51326·2 20·9642 0·954891 
208 855·346 40·4400 --48994·1 48994·1 21·1510 0·954563 
209 816·438 38·9079 --46773·8 46773·8 20·9839 0·954681 
210 779·532 36·9056 --44657·4 44657·4 21·1223 0·954752 
211 744·129 35·4037 --42632·5 42632·5 21·0184 0·954658 
212 710·414 33·7223 --40700·4 40700·4 21·0666 0·954681 
213 678·191 32·2239 -38856·7 38856·7 21·0462 0·954701 
214 647·423 30·7751 -37094·9 37094·9 21·0372 0·954657 
215 618·066 29·3568 -35413·9 35413·9 21·0536 0·954683 



TABLE 3-II 

As table 3-1 but with w = 1·92196 

m 106 
• I sfmllmax 106 • jLJ(m)lmax 106 • LLJ(m) 106 • L iLJ<m>l 

205 35·5334 10·0142 -2397·26 2587·35 
206 36·0264 8·84025 -2194·04 2293·95 
207 33·3358 7·02033 -2111·92 2141·87 
208 29·9863 4·20354 -1939·16 1979·93 
209 28·6808 4·06692 --1813·25 1846·02 
210 25·9080 2·99114 -1706·44 1721·91 
211 24·4259 2·90734 -1584·78 1598·68 
212 22·6737 2·49021 -1475·41 1488·51 
213 20·6893 2·23213 -1374·42 1380·44 
214 19·3991 1·88394 -1271·64 1278·89 
215 17·6161 1·84087 -1180·66 1187·85 

le(m)lmax 

jLJ(m)lmax 

3·54831 
4·07527 
4·74847 
7·13357 
7·05221 
8·66157 
8·40145 
9·10514 
9·26884 

10·2971 
9·56947 

L jLJ<m>j 

L iLJ<m-l>l 

0·988081 
0·886604 
0·933703 
0·924391 
0·932367 
0·932769 
0·928436 
0·931083 
0·927403 
0·926434 
0·928814 

w 
00 



TABLE 3-III 

As table 3-I but with w = 1·93 

106 
• is<m)lmai 106 • 1,1(m)lmax lQ6 • :EA<m) 106 

• :E IA<"'> I 
lé"')lmax :EILI<"'>I 

m 
:EiA<m-1)1 ILJ(m)lmax 

205 17·3523 32·2939 361·976 2635·44 0·537326 0·555648 
206 13·1909 26·8865 521·626 1914·33 0·490614 0·726377 
207 14·1581 18·0690 190·970 1417·42 0·783553 0·740430 
208 10·6103 14·5281 197·220 1215·47 0·730331 0·857520 
209 6·16901 13·4555 91·1854 994·858 0·458475 0·818497 
210 6·62603 6·00749 - 15·1925 828·276 1·10296 0·832557 
211 5·44848 6·57767 - 48·5580 763·264 0·828330 0·921509 
212 5·63211 6·40995 - 84·4685 688·401 0·878651 0·901917 
213 5·00656 5·32218 -108·677 622·516 0·940697 0·904293 
214 5·06263 3·70733 -105·746 569·670 1·36558 0·915109 
215 4·50318 3·17624 -113·902 532·652 1·41777 0·935018 
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[l:LJ<m>[ l:[LJ<m>[ and that l;LJ<ml doesnotchange its sign. It should be 
noticed that this is only the case at large values of m, since at small values of 
m other eigenfunctions are still present. The maximum error I e<m> lmax is about 
21 times larger than [LJ<m>lmax· This is in agreement with (3.25). 

In tables 3-II and 3-III we have given the same quantities as in table 3-I, 
but now with w 1·92196 (the exact value of w1) and w = 1·93, respectively. 
These tables show the more irregular convergence due to tbe complex eigen
values. It is seen tbat I I: Ll <m>l < I: ILI <m>l and that I: Ll <m> changes its sign. 
In table 3-11 the maximum error [e<m>lmax is larger than in table 3-III. This is 
due to the irregularities of the convergence. Consirlering a large number of 
cycles w = 1·92196 yields a slightly faster convergence tban w = 1·93. Bath 
values of w yield an appreciably faster convergence tban w = 1·91. It is also 
seen from fig. 3.4 tbat in order to obtain a fast convergence it is better to over
estimate w than to underestimate it. If w ~ w1 irregularities are also seen in 
the ratio I s<m>Jmax/ILI<m>Jmax· In generaltbis ratio is nearer to unity tban in the 
case w < w 1 , but because of the irregularities we must be carefut to use it for 
the termination of the iteration process. In practice (3.25) is aften used for tbe 
termination of tbe iteration process, in bath cases w < w1 and w > w1 • If 
w < w1 this is correct, if w > w1 it yields a safety margin against tbe irregular
ities. The value of l 1 is estimated by tbe metbod of Carré. This metbod is 
treated in tbe next section. 

3.3.5. Practical determination of the overrelaxation factor 

If the boundary does not differ much from a rectangle À. 1 and w1 can be 
calculated using tbe approximation of tbe previous section. Often, bowever, 
it is difticult to approximate the boundary by a rectangle. Carré 19) has given 
a metbod by wbicb w1 can be determined during tbe calculation. Tbis methad 
can be applied to arbitrary boundaries. The idea is to start witb an w smaller 
tban w1 • From tbe rate of convergence of I: ILJ<m>l we can determine ~ 1 • Tben 
À. 1 and w 1 can be calculated from (3.13) and (3.19). In order todetermine l 1 

accurately we must carry out the iterative process so far that only tbe eigen
runetion ë1(n) is left. Fortbis purpose it is advantageous to choose tbe w such 
that the difference between À. 1 and tbe next eigenvalue l 2 is as large as possible. 
From fig. 3.4 it can be seen tbat we must tben cboose w = w2 • However, in 
practice it is even more difticult todetermine w 2 than w1 . Therefore Carré used 
a coarse estimation of w2 : 

(3.35) 

We now praeeed as follows. We begin witb a low value of w that is certainly 
below w1 • We then calculate a number of cycles and determine w1 from the 
rate of convergence. We carry out a number of cycles again, but now using w 2 , 

determined from (3.35). From tbe rate of convergence of these calculations we 
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obtain an improved w 1 • Then we compute again a number of cycles with an 
improved w2 • Thus we carry on until the improvement of w1 is Jess than the 
toleranee 0·05 (2- w 1). From then on we take w w 1 and we carry out the 
subsequent iterations with this value of w. In practice we found that the value 
of w 1 obtained in the way described above is often somewhat too low. Since 
it is better to overestimate w 1 than to underestimate it, it is advantageous to 
increase the final w1 by the amount 0·05 (2 w1). 
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4. mE CALCULATION OF ELECfRON BEAMS 

4.1. Introduetion 

In this chapter we shall frequently meet systems of ordinary differential 
equations. Therefore we deal first with a numerical methad of solving these 
equations, so that later on we need not interrupt the generallines with a treat
ment of the numerical solution of these equations. 

In sec. 4.3 we consider curvilinear paraxial electron trajectories. First we deal 
with the individual trajectories. Then we consider the system of all the electrous 
emitted from a small region at the cathode with transverse thermal velocities. 
Together these electrous form a thin beamlet. Electrous emitted from other 
parts of the cathode are not yet considered. We assume that the electrous of the 
beamlet are paraxial with respect to a trajectory at the centre of the beamlet. 
This enables us to derive an ordinary differential equation for the thickness of 
the beamlet. 

An application is given in sec. 4.4, where we deal with the beam in a cathode
ray tube. We assume that all the electrous of the beam are paraxial. Hence the 
beam can be considered as one beamlet and the radius is given by the differential 
equation mentioned above. 

Section 4.5 deals with the calculation of single electron trajectories in a given 
potential field. In sec. 4.6 a more comprehensive calculation of electron beams 
is given. The beam is divided into a large number of thin beamlets. Each beamlet 
is calculated separately. The totalbeamis obtained by addition ofthe beamlets. 
Examples are given of the calculation of electron guns. 

4.2. A system of secoud-order ordinary differential equations 

Since in the following sections we frequently meet systems of ordinary differ
ential equations, we deal fust with a numerical method of solving these equa
tions. We consider a system of N ordinary differential equations of the type 

(4.1) 

Here x is the independent variable, y 1 , ••• , YN are the dependent variables, a 
prime denotes differentiation with respect to x and / 1 , •• • ,fN are given func
tions. The function f,. does not depend upon the fust derivatives Yn', ... , y/. 
At x x 0 the initial conditions y 1(x0 ), ••• , YN(xo) and y1 '(x0 ), •.• , y/(xo) 

must be given. They will be denoted by Y1,o, . .. , YN.o and Y1,o', ... , YN,o'· 

Zonneveld 20) has given Runge-Kutta methods that are very suitable for 
automatic numerical integration of ordinary differential equations. These 
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methods also make it possible to calculate the last term of the series expansion 
employed. This term can be used as a measure of the magnitude of the trun
cation error and we can determine the step length from it. Thus we avoid the 
time-consuming halving of the step length that is necessary with most other 
Runge-Kutta methods. As the evaluation of the functions J,. often takes a great 
deal of time, we choose a metbod that requires only a few evaluations of J,. 
per step. In (4.1) the function J,. includes only the first-order derivatives y/ 
with 1 < n. Therefore it is possible to modify slightly the third-order formulae 
of Zonneveld for equations with functions J,. without first-order derivatives, 
thus obtaining a third-order metbod for the equations ( 4.1 ), that requires only 
two function evaluations per step. If the functions J,. depend upon all the first
order derivatives y1 ', ••• , YN' a metbod is necessary that requires three func
tion evaluations per step. 

Using the iniÜal conditions at x = x0 we calculate the functions Yt. ... , YN 
and y 1', ••. , YN' at x= x0 + o, where o is a small step length. The next step 
may be calculated similarly, using the results of the previous step as initial 
conditions. Proceeding in this way we obtain the solution of (4.1). 

To calculate a step with the Runge-Kutta metbod mentioned we must fust 
evaluate successively the auxiliary quantities 

k (0) _ .ll /,( , I ) n - u • n Xo, · • ., Yi.O• · · •' · · ., YI,O ' · • · 

and 

( 

2 2 2 
kn<ll Ö .J,. Xo + 

3 
o, .. . , Yt,o + 3 Y1,o'b + 9 k/Ol{J, · • .; 

(4.2) 

l 1 ) , (0) (1) · • ., Yr o + k, + - k1 , • • • • . 3 3 

Then we calculate the desired quantities with the formulae 

Yn(Xo + Ó) Yn,O + ( Yn,0
1 +: kn(O) + ~ kn(l)) 0 

1 3 
(4.3) and 

Y '(xo + o) = y o' + - k (O) + k (1). n n, 
4 

n 
4 

n 

We will show that the expressions (4.3) are third-order approximations of the 
solution of (4.1). For that purpose we expand (4.2) in a Taylor series. Terros 
higher than the third order in o are neglected. Then we show from this series 
and the differential equation (4.1) that the expressions (4.3) are equal to the 
series expansion of Yn(Xo + o) and Yn'(x0 + o) if we neglect terros higher than 
the third order in o. 

To reduce the length of the formulae we introduce the function y 0 • This 
function is defined as identical with x. Thus y0 x, y0 ' l and y0 " = 0. 
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A function/0 is defined as being equal to zero. With these functions the equa
tions ( 4.1) may be extended with an equation for n 0. For the functions fn 
we use the notation fn[y1; y 1'], where i= 0, 1, ... , N and l 1, ... , n- 1. 
At x = x 0 we will denote partial differentiation of fn with respect to y 1 by the 
subscript i and with respect to y/ by the subscript l'. These subscripts are 
separated from the subscript n by a comma. For example 

fn.w 

Further fn.o = fn[Y1,0; y1, 0 ']. With these notations (4.2) may be written as 

and 

k,,(l> = b . .r..[ Yi,o 

Here k/0 > is of the order of à and k 1U> k 1<
0> is of the order of b2 • The latter 

can beseen from a Taylor expansion of knm· For the proof of eqs (4.3) we also 
need the Taylor expansion of kn< 1 ). Neglecting termsof the fourth and higher 
order in à the expansion is 

2 2 2 
= à ·.fn.o + J à2 ~fn.tYt,0 1 + 

3 
à

2 ~fn.tft.o + 9 à3 ~fn.tft,o + 

+ 
2 

à3 L./n I' • { ~"; tYt o' + ~J" m•f.m o} + ~ à3 ~ ~j" iJ'Yt o'YJ,0
1 + 9 1 ' t !/I, ' m ' ' 9 t J • ' 

4 2 
+ 

9 
à3 ~ ~fn.wYï.o' h,o - à3 ~ ~fn l'm'h ofm o· 

I I 9 I m , , • 

The summa ti ons over the indices i and j must be taken from 0 to N, over the 
indices I and m from 1 to n 1. Repeated differentiation of the differential 
equations (4.1) yields 
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Yn,0
11 

= fn.o• 

Y 
111 

n,O 

i j t I . I 

+ L L/",wY;,olt,o + L L/",t•mJc,oYm,o" + 
i I I m 

m 

= L L/",iJYt,o
1

Yi.o
1 + 2 L L/,.,wYt,olt,o + Lf",i.ft.o + 

I J t I 

+ L Lf",l'm'h,ofm,O + L/",1' • { L/,,tY;,o' + l:Ji,mfm,O } • 
I m m 

With these expressions we obtain 

and 
2 

kO>=y "()+ y '"()2 
n n,O J n,O 

2 
- y "" (J3 
9 

n,O • 

(4.4) 

Substituting these expressions in (4.3) and neglecting terms higher than the 
tbird order in (J we have 

1 1 ( + b) + ,,. + ll!i/.2 + 111513 Yn Xo Yn,O Yn,O U l Yn,O U 
6 

Yn,O U 

and 
1 1 

(4.5) 

Y '(x + b) = y '+ y "() + -y "'<52 + -y '"'ö3
• n 0 n,O n,O 

2 
n,O 

6 
n,O 

This is equal to the series expansions of y"(x0 + b) and y,.'(x0 + b) if we 
neglect the terms higher than the third order. Hence with (4.2) and (4.3) we 
obtain a solution of ( 4.1) that is accurate up to the tbird order of ö. 

To get some idea of the magnitude of the truncation error, we also calculate 
the third-order termsof (4.5). For that purpose wedetermine first the auxiliary 
quantities 

k"<2
).= b.j"[xo + b, ... ,yt(Xo + b), .. . ; .. . ,yc'(xo + o), .. . ]. (4.6) 

These k" <2 > are equal to the k,. <o) of the next step. Hence it is not necessary to 
evaluate the k"<o> of the next step separately. Expansion of (4.6) in a Taylor 
series and use of (4.4) and (4.5) yields 

l 
k (2) 

n Y "o + Y '"o2 + -y 111'()3. n,O n,O 
2 

n,O 
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Now it is easily seen that the third-order termsof (4.5), which will be denoted 
by Bn and en', may be calculated with the formulae 

1 1 
8 = -y "'(j3 ~-- k (O)(j n 

6 
n,O 

4 
n 

and 
1 1 

8 , = - y "" (j3 ~ - k (0) n 
6 

n,O 
2 

n 

I 
k (l)(j 

4 n 

These third-order terms are used to determine the step length. Suppose that 
tolerances 'i" and 'in' are given as being the maximum contributions of the third
order terms if x increases over one unit. Thus we must require that 

and (4.7) 

Obviously it is also required that the step length shall not be too small. Hence 
an optimum step length is obtained if in at least one of the 2N inequalities ( 4. 7) 
the equality sign holds. This optimum step length will be denoted by d. The 
third-order terms e" and e"' are proportional to {)3. Therefore the optimum 
step length will be equal to the smallest of the 2N quantities 'i/'2 J3

1
2fs/'2 

and 'i"' 1
1

2 ö3
'

2 /e"' 1
'
2

• Thus at each step ;5 can be calculated. The optimum step 
length of a next step may be calculated from a linear extrapolation of two 
previous optimum step lengths. Soppose that the optimum step length at 
x= x 0 is b0 and at x= x 1 is b1 • Then the optimum step length d2 at x= x 2 , 

determined by linear extrapolation, is 

Each time we calculate a step, the conditions ( 4. 7) are tested. If they are not 
satisfied the step is rejected and a new step must be calculated with an improved 
step length. It is recommended not to use the calculated optimum step length 
itself, but a slightly smaller value, since the value of the optimum step length 
is only approximated and a small deviation may cause a rejection on the con
ditions (4.7). If we use a slightly smaller value fewer rejections will occur. 

4.3. Tbin curvilinear beamlets 

4.3.1. Curvilinear paraxial electron trajectories 

Before we deal with electron beams we first consider the motion of the elec
trous themselves, in partienlar the motion of curvilinear paraxial electrons. Let 
us assume a rotationally symmetrical electrostatic system. The z axis of a 
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Cartesian coordinate system x, y, z coincides with the axis of rotational sym
metry. Consider the trajectory of a particular electron in the x-z plane (the 
y velocity of this electron is zero). We refer to this trajectory as a central 
trajectory. Henceforth quantities relating to this electron will be denoted with 
a subscript c, for example the x and z coordinates are Xe and Ze. 

The motion of other electrous may be described with respect to this central 
trajectory. If these electrous are in the vicinity of the central trajectory and if 
their veloeities do not differ much from the velocity of the central trajectory 
electron, approximations can be made by which the curvilinear paraxial ray 
equations are obtained. These equations have considerable significanee in 
electron opties, since they are linear and their general solution can be written 
as a linear combination of a few special solutions. In sec. 4.3.2, where we deal 
with thermally emitted electrons, a simple solution is obtained only because 
we suppose that the electrous are paraxial electrons. 

We introduce a curvilinear coordinate system ~. y, C, where ~is a coordinate 
in the x-z plane perpendicular to the central trajectory, y is the coordinate 
perpendicular to the x-z plane, just as in the Cartesian system and C is a co-

x 

z 

y 

Fig. 4.1. The curvilinear coordinate system ~. y, ?;,. 

ordinate along the central trajectory (fig. 4.1). The unit of length along these 
coordinates is the same as that in the Cartesian system. Occasionally the co
ordinates ~. y, C of the curvilinear system will also be denoted by ~~(i= 1, 2, 
3, respectively). We will describe the motion of an arbitrary electron in this 
curvilinear system. The equations of motion can be obtained by carrying out a 
direct coordinate transformation, transforming the Cartesian equations of 
motion into curvilinear coordinates. However, this method is very laborieus 
and moreover the resulting equations are often very complicated. From these 
equations less complicated equations may be derived, but with other methods 
these simpter equations are obtained directly. 

Such a simpter method of arriving at the curvilinear equations of motion is 
to apply the Lagrangian formalism. This .method is used very often and leads 
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straightforwardly to the desired equations. However, the Lagrangian formalism 
is only applicable. to the equations of motion. If other physical equations are 
involved, such as for example the Poisson equation, tensor theory must also 
be applied totransfarm these equations into curvilinear coordinates. Moreover, 
if the theory given in this chapter were extended to magnetic fields, in addition 
to the Lagrangian formalism tensor theory would have to be used, since in a 
curved coordinate system the magnetic field is a tensor field. 

A third method, which will be applied in this section, is to derîve the curvi
linear equations of motion using only the concepts of tensor theory. In order 
to understand the meaning of various terms in the derived equations, i.e. in the 
equations of motion ( 4.12) and in the energy equation ( 4.13), we also calculate 
the physical vector components in the directions of the parametrie lines of the 
curvilinear system. Readers less familiar with tensor theory may skip the part 
between eqs (4.8) and (4.14). They may understand the equations of motion 
(4.12) and the energy equation (4.13) from the explanation given after eq. (4.14). 

The curvature of the central trajectory will be denoted by x. It is a function 
of C. We will take it positive ifthe centre of curvature is situated on the positive Ç 

side. The radius of curvature is equal to 1/x. In the direction of the centre of 

Fig. 4.2. The points P1 and P2 with coordinates ~. y,j and E d.;, y + dy, " + d", 
respectively. 

curvature the C coordinate is compressed. From fig. 4.2 it may be seen that the 
length of the line element ds between the points P 1 with coordinates ~. y, C 
and P2 with coordinates Ç + dÇ, y + dy, C + d?; is given by 

(4.8) 
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Hence the only elements of the metric tensor giJ unequal to zero are 

gil= g22 1 
md ~~ 

g33 = (1- x$) 2
• 

The equations of motion in the curvilinear coordinate system are 

or equivalently 

e öV 
iJ -g --;,;• 

m ö" 
(4.10) 

(4.11) 

Here D denotes the absolute derivative, [kl,i] and { 11 } are the Christoffel 
symbols of the first and second kind, respectively, a dot denotes differentiation 
with respect to the time t and V is the electrastatic potential. The electron charge 
and massare-e and m, respectively. In (4.10) and (4.11) we applied the Einstein 
summation convention. 

The Christoffel symbols of the first kind are given by 

[kl i]'= ~ [ ()gil< + ()gil bgkl J . 
' 2 ()ÇI ()Çk ()~I 

If we restriet ourselves to i 1 and i = 2 it follows from ( 4.9) that the only 
Christoffel symbol unequal to zero is 

[33,1] x(1 - xÇ). 

Consequently the equations of motion in the Ç and the y direcdons are 

.. . e öV 
$ + x(l - xÇ)C2 = , 

m ö$ 

e bV 
(4.12) 

y 
m by 

Since the equation in the i; direction is somewhat more complicated, we prefer 
to use instead the energy invariant 

1 . 
m [P + y 2 + (1 

2 
eV constant. (4.13) 

We will denote the unit vector in the direction of the coordinate Ç1 by e(j). 
The only components of this vector unequal to zero are 

if j= 1: 
j=2: 
j= 3: 

e1(1) = e1(l) 1, 
e2{2) = e2(2) 1, 
e3(3) = (1 - xÇ)- 1 



50-

The physical component of a vector X in the direction of e{j) is given by the 
invariant 21 ) 

The physical meaning is given by the traditional meaning in Cartesian co
ordinate systems. It is easily seen that in the ~ and the y directions the physical 
components are equal to the contravariant and covariant components them
selves. Thus for example 

and Vy =y, (4.14) 

where vç and Vy are the velocity components in the !; and y directions. In the 
C direction the velocity component v, is given by 

(4.15) 

Since the velocity is equal to ds/dt, the equations (4.14) and (4.15) can also be 
understood from (4.8) or fig. 4.2. With (4.14) and (4.15) the energy relation 
(4.13) in the potential field V is also obvious. 

We consider now the equations of motion (4.12). In these equations eö Vfö!; 
and eö Vjöy are the electrastatic farces in the !; and the y directions. With ( 4.15) 
the second term in the first equation may be changed to 

. v/ 
u(l - u!;)C2 = --

u-1 !; 
(4.16) 

From fig. 4.2 it is seen that u- 1 !; is the distance of the electron to the centre 
of curvature. Hence the term ( 4.16) represents the centrifugal acceleration. 

We introduce the paraxial approximations in (4.12) and (4.13), i.e. we suppose 
that !;, y, l and y are small. The potential V is expanded in a power series with 
respect to !; and y: 

(4.17) 
where 

çp = V(O, 0, C), Wç = ' ( 
öV) 
ot; Ç=y=o 

The fust derivative with respect to y and the second derivative with respect to ~ 
and y are zero because of the rotational symmetry. 

In the energy equation ( 4.13) we neglect the terms of the order of !;2, y 2
, ~2 

and p2. The curvature u bas not to be too large, so that u2 !;2 may also be 
neglected. We take the additive constant of V such that ÇP = 0 if the velocity 
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of the central trajectory is zero. Further we assume that the initiallongitudinal 
velocity of the electron under consideration is such that the constant in ( 4.13) 
is equal to zero. With these approximations and the series expansion ( 4.17) the 
energy equation (4.13) changes to 

(4.18) 

where rJ = ejm. 
In the equations of motion (4.12) we approximate the derivatives of V by 

ov 
- ~ tP;; + tPçç~, 
0~ 

oV 
- ~ tPyyY· 
oy 

With (4.18) the term (4.16) is approximated by 

u(l u~)è2 ~ 2qu((/) + tPç; + u(/>;). 

We now obtain the following equations of motion: 

~- = -2'f]u((/) + tP~;f + ufP;) + 1}(/)ç + 1JfPçç;, 

Y. = 'YJfPnY· 

(4.19) 

Since the central trajectory itself is an electron trajectory ; ; = 0 must be 
a solution of (4.19). Hence the curvature of the central trajectory is given by 

u tP~;/2(/) 
and (4.19) changes to 

(4.20) 

_y· = 'YJfPyyY· 

These are the desired curvilinear paraxial ray equations. They are in agreement 
with those known from literature 22). 

In order to solvethese equations we must know the relation between l; and t. 
This relation is given by the energy equation (4.18). In view of the approxi~ 
mations that have been made it is suftkient to use 

(4.21a) 

By integration we obtain 

t 
' dC 

to = / -{2-nfP-(-=l;)-}ltz' 
0 

(4.2lb) 
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Here the initia! conditions are such that at t t0 the electron is at i; {:0 • 

Since the equations {4.20) arelinearand homogeneous, the general solution 
can he written as a linear combination of four special solutions u, v, ü and ii: 

(4.22) 

Y = Yo ü(t- to) + Yoii(t- fo). 

The special solutions satisfy the initial conditions 

u(O) = ü(O) v(O) = i;(O) 0, 
(4.23) 

v{O) = ii(O) = û(O) = ü(O) 1. 

The initial conditions at t = t0 of the electron under consideration are.; .;0 , 

È Êo. y = Yo and y = y0 • With (4.2lb) the special solutions may also he 
considered as functions of i;. The transverse veloeities of the electron are ob
tained by differentiation of ( 4.22) with respect to time: 

È = Êo Ü(t to) + ~ov(t to), 
(4.24) 

Y = Yo ~(t to) + Yo ~(t- to). 

The special solutions satisfy the equation (4.20), for example 

ü = 1] [ (/)~~ - ~ @l J u 
' 2 (/) ' 

(4.25a) 

V 1] [ @çç 3 @/ J v. {4.25b) 
2 (/) 

If we multiply (4.25a) by v, (4.25b) by u and subtract the equations we obtain 

d . . 
-(uv-uv) 
dt 

.. 
uv-uv 0. 

Integration and use of the initial conditions (4.23) yields 

uv uv= 1. (4.26a) 
Similarly we find 

(4.26b) 

From (4.22) and (4.24) we can solve .;0 , y 0 , Ê0 , y0 and express them in terms 
of.;, y, g and y. With (4.26a, b) we obtain 

.;0 = -Èu + .;ü, 
(4.27a) 

Yo -yü + yá 
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and 

(4.27b) 

We shall need these relations in the next section. 
Near the catbode the transverse veloeities are not small compared with the 

longitudinal velocities. Also (/> is small. Consequently, in the energy equation 
(4.13) the terms with e and j;2 cannot be neglected. However, ifin this region 
the transverse forces are small compared with the longitudinal forces the 
approximation (4.18) can still be made, so tbat the curvilinear paraxial ray 
equations (4.20) are also valid in tbis region. It sbould be noted tbat in some 
practical cases tbe transverse forces at the catbode are not small compared with 
the longitudinal forces, for example near tbe edge ofthe beam and in a cathode~ 
ray tube near cut-off 23

). 

4.3.2. Curvilinear beamlets 

In this section we consider a thin beamlet of electroos around the central 
trajectory. The electrons of tbis beamlet are emitted from a catbode at thermal 
transverse velocities. We suppose that tbe longitudinal veloeities ofthe electrons 
at the catbode are equal to zero, i.e. we neglect tbe chromatic aberration. We 
take tbe beamlet tbin and suppose tbat the transverse veloeities are not too large, 
so that the majority of the electrons are paraxial. Consequently we do not 
commit a serious error by consiclering all tbe electroos as paraxial. The central 
trajectory willleave the catbode with zero initial velocity, so that it is perpen
dienlar to the cathode. Henceforth quantities at the catbode will be denoted 
with a subscript zero, for example the x coordinate of the central trajectory at 
the catbode will be denoted Xco· The additive constant of the potential is 
taken such that the catbode potential is zero. 

At the catbode the current density of the beamlet, jb, is a function of ~0 
and y 0 • We consider only functions that can be separated in the ~ and y direc
tions, so that they can be written as 

(4.28) 

where ib is the total current of the beamlet, and the function k determines the 
current density distribution in the ~ direction, and k in the y direction. Since 
the beamlet is thin k and k are small at large values of their arguments. These 
functions are normalized by 
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so that integration of (4.28) over ~0 and y 0 yields the total current i0• Since 
the electrons move in the positive t direction, i0 and jb are negative. 

In the Cartesian phase space x, y, z, x, y, z we take at the cathode an electron 
distribution function / 0 that can be written as 

2(-ib) 
fo = k(xo Xco) k(yo) e{.Xo) ê(Jo) ~(Zo2) = 

e 
2(-ib) -

= -- k(~o) k(y0 ) e(~0) ë(:Po) !5(v,0 2
), (4.29) 

e 

where o is the Dirac o function and the functions ea0 ) and ë(.Y0 ) determine 
the transverse velocity distribution. These functions are normalized by 

-oo -oo 

If we multiply (4.29) by -ev,0 and integrate it over the veloeities we obtain 
the current density ( 4.28). 

According to Liouville's theerem the electron distribution function f is 
constant along an electron trajectory. For the determination of this function 
at the point~. y, (:, ~. y, v, we must go back to the cathode along the electron 
trajectory concerned. The coordinates of the electron at the cathode are given 
by (4.27a, b) and the energy equation 

v,0
2 vl- 21]V. 

In this equation we have not used the paraxial approximation of the potential, 
since this is more convenient later on. With these expressions we obtain the 
following electron density distribution function: 

2(-ib) . . . . 
-- k(-~u + ;u) k(-yü + yü) e{tv- ev) ë(yv- yv) o(vl 

e 
21]V). 

(4.30) 

The current density in the C direction is obtained if we multiply (4.30) by 
-ev, and integrate over the velocities: 

ro oo 

00 -00 

At those valnes of C where u= 0 we can integrate (4.31) over ~. Using 
(4.26a) we obtain 

ib ( e) !"" _ . . . -:--- k - k(-yü + yü) ë(:Pv- yv) dy. 
lVI V 

-ro 
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Here in the ~ direction the current density distribution is proportional to the 
current density distribution at the cathode. We have in this direction a catbode 
image and the magnification is given by v. Similarly we have a catbode image 
in the y direction if ü 0. 

At those values of C where v = 0 we can also integrate (4.31) over g. Using 
(4.26a) we obtain 

ib ( ~) fro • • - e - k:(-yü + yü) ë(yv- yv) dy. 
ful u 

-oo 

Now we have an image of the distribution of~ at the cathode, i.e. we have a 
cross-over in the ; direction. Similarly we obtain a cross-over in the y direction 
if v 0. 

The case where the functions k, k:, e and è are Gaussian is very interesting: 

1 ( ;0
2

) k(;0) = -- exp --
2 

, 

RoV:n: Ro 
k(Yo) = -- exp - 1 ( 

Ro V:n: 

ë(Po) = -
1
-. exp ( 

Bo V:n: 

y 0
2

) 

Roz ' (4.32) 

• 2 ) Yo 
Bo2 . 

Although it is not strictly necessary we took the width of the Gauss functions 
in both directions equal to each other. The lfe radius of the current density 
distribution at the catbode is R0 • The catbode temperature Tis related to 8 0 by 

2kT 
(4.33) 

m 

where k is Boltzmann's constant. Following Dorrestein 24) we call these beam
lets Gaussian beamlets. 

With the functions ( 4.32) the electron distri bution functionj, given by (4.30), 
is 

2 r;V). 

We rearrange the termsin the exponent. Using (4.26 a, b) we obtain 

f ( _P-=#_Y_)2 J ó(v,2- 2 r;V), 

(4.34) 
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where 
1 u2 Vz 1 ü2 v2 

t3J2 Roz 60' ko = Roz + t3Jo2' 

fl u u vv 

(j)2 Ro2 8o2' 

jï, üü vv 
gz Roz + goz' 

R2 = 8o2u2 + Ro2v2, R_z t3Jo2ü2 + Rozvz. 

From these relations and (4.26a, h) we derive 

p = R.jR.. 

(4.35) 

(4.36a) 

(4.36h) 

(4.36c) 

(4.36d) 

We obtain the current density in the C direction if we multiply (4.34) by -ev, 
and integrate over the velocities. With (4.36a) this yields 

From this expression it is f!een that in a Gaussian heamlet the current density 
is Gaussian in every cross-section. The 1/e radii in the ~ and the y directions 
are R and R, respectively. This is an important property of Gaussian beamlets 
and it makes them very useful for the calculations in the subsequent sections. 

It follows from (4.34) that the only possible (; velocity is v, = (21,V)1 12 • 

The last two termsin the exponent of (4.34) yield the distrihution of g and y. 
In order to understand these terms we consider first the case T 0. Then also 
8 0 = 8 8 = 0. Now it follows from (4.34) and (4.36d) that at a point 
~. y the only possihle transverse velocity is given hy 

~ fl~=(!)R, 

y = ÏÏY ( ~) R. 

(4.37) 

It can he seen that this is a laminar electron heam. Since T 0 this is to he 
expected. 

If T =FO it is seen from (4.34) that we have a Gaussian temperature spread 
around the rays of a hypotheticallaminar electron heam given hy (4.37). The 
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spread of g and y is determined by 8 and 0, respectively. The hypothetical 
laminar electron beam is not the same as the electron beam with T = 0, since 
R and R depend upon T. 

In order to derive a differential equation for R we multiply (4.25a) and (4.25b) 
by 8 0

2 u and R0
2 v, respectively. Addition and use of (4.35) and (4.36c) yields 

. . [ 3 W/ J Bo
2 
R 0

2 

R- 'fJ Wç~- l ---q; R- R
3 

= 0. (4.38) 

Similarly we find 
""' - Bo2Ro2 
R - 'fJ WyyR- = 0. 

R3 
(4.39) 

These equations are the same as the paraxial ray equations except that there is 
an additional term representing the effect of the transverse thermal velocities. 
Because of this additional term there is in general no electron ray in the beam 
that coincides with one of the lfe radii of the beam. The magnitude of the 
additional term is determined by 8 0 R 0 • From (4.36a) it can beseen that BR 
andeR. are constant along the beam. The equations (4.36a) are a representation 
of thè Lagrange invariant. The initial conditions of (4.38) and (4.39) are 
obtained from (4.23), (4.35) and (4.36b): 

(4.40) 

In practice the numerical integration of (4.38) and (4.39) is carried out simul
taneously with the numerical integration of the central trajectory, employing 
the method described in sec. 4.2. The calculation of the central trajectory will 
be described in sec. 4.5. 

4.4. Paraxial calculation of the beam in a cathode-ray tube 

4.4.1. The current density distribution and the beam radius 

This section concerns the electron beam in a cathode-ray tube. We deal with 
the infiuence of the space charge and of the transverse thermal veloeities on the 
beam radius, using the method developed in the previous section.' Geometrical 
aberrations and chromatic aberration will be neglected. The results obtained 
will be applied to the field-free region of a cathode-ray tube 25

). 

The beam is rotationally symmetrical. We take the axis of rotational sym
metry as central trajectory. Therefore the coordinates ~ and C coincide with x 
and z, respectively. We suppose that all the electrans of the beam move paraxially 
with respect to the axis. Because of the rotational symmetry u = ü and v = v. 

Suppose that at the cathode the current density of the beam j is given by 

j = iK(Xo2 + Yo 2
), 
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wbere i is tbe total beam current and again tbe subscript zero refers to tbe 
catbode. Tbe function K is normalized by 

00 00 00 

J J K(xo2 + Yo 2
) dx0 dy0 = 2n J K(r0

2
) r0 dr0 1, 

-oo -oo o 

wbere X 0
2 + y 0

2 r0
2

• In a catbode-ray tube K may for example be given 
by ,26,27) 

(4.41) 

Here a is tbe radius of tbe emitting catbode area. 
The transverse velocity distribution at tbe catbode will be determined by tbe 

function E(x0
2 + JV). This function is normalized by 

(4.42) 

wbere r0
2 x0

2 + y0
2 • Usually Eis Gaussian: 

(4.43) 

The relation between @0 and tbe catbode temperature is given by (4.33). 
Furtber we suppose tbat tbe electroos leave tbe catbode with longitudinal 
velocity zero. The additional constant of tbe potential is chosen such that tbe 
catbode potential is zero. 

In general the function K cannot be separated according to (4.28). Similarly 
tbe function E cannot be separated in tbe two directions. Ho wever, a description 
can nevertbeless be given analogous to tbat in sec. 4.3.2, since in this case tbe 
beam is rotationally symmetrical. For tbe current density jin an arbitrary cross
section of tbe beam we can derive an expression equivalent to (4.31): 

00 00 

j i f f K[(-iu xÛ)2 + (-yu + yû)2
] E[(xv xv)2 + (Yv yv)2

] dXdy. 
-oo -oo 

From tbis expression and (4.42) and (4.26a) we may obtain tbe current density 
at a catbode image (u = 0): 

. i [ xz + yz J 
J= K . 

v2 vz 
(4.44) 
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Similarly we obtain at a cross-over (v = 0): 

. i [x2 + y2 J J=-E . 
u2 u2 

(4.45) 

The current density at the axis je is given by 

je= iJ J K[u2(x2 + p2)] E[v2(x2 + y2
)] dxdy = 2ni J K(u2r2

) E(v2r2
);. dr. 

-oo -ro o 

(4.46) 

Later on we shall need the derivative of je with respect to z at the catbode 
images and tbe cross-overs: 

Here tbe primestoK and E denote a differentiation witb respect to the argument. 
At a catbode image (u = 0) 

( 
djc ) dv 1"' . . . 

= 4niv- K(O) E'(v2r 2) r 3dr. 
dz u=O dz 

0 

Partial integration and use of ( 4.42) yields 

( 
djc) 
dz u=O 

(4.47) 

Similarly we findat a cross-over (v 0): 

( 
djc) 
dz v=O 

-2iE(O) du 

u3 dz 
(4.48) 

We consider now the beam radius R. We shall derive a differential equation 
for it equivalent to (4.38). Since K is usually not Gaussian a neglection is 
necessary to obtain tbis equation. First we give two different definitions for the 
beam radius. Tben we show that in many cases both definitions yield about tbe 
same value of R. According to the first definition 

(4.49) 

Witb this definition and ( 4.44) we find for the beam radius at a catbode image 

R2 = v2/nK(O). 

At tbe catbode itself v = 1 and the beam radius R0 is determined by 

R0
2 = 1/nK(O). (4.50) 
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If Kis given by (4.41) we find for example 

2 
Roz = az. 

5 
If K is Gaussian, 

(4.51) 

(4.52) 

the beam radius at the catbode is equal to the l/e radius. At a cross-over we 
find with ( 4.45): 

R 2 = u2 /:rcE(O). 

The other definition we give for the beam radius is 

u2 v2 u2 
Rz = vz R 2 + - R z 0 2 er 

U er 
--+ . 
:rcK(O) :rcE(O) 

Here R 0 = the beam radius at the catbode according to (4.50), 
Rcr = the beam radius at a cross-over according to (4.53), 
Ucr = the value of u at that cross-over. 

(4.53) 

(4.54) 

In order to make plausible that in many cases the two definitions give almost 
the same value of R we consider the following three points. 
(1) It is easily seen that at all the catbode images and at all the cross-overs 
the two definitions yield the same value of R. Differentiation of ( 4.49) and ( 4.54) 
with respect to z and use of (4.44), (4.45), (4.47) and (4.48) shows that at the 
catbode images and at the cross-overs the first derivatives of R with respect to z 
are also equal to each other according to both definitions. 
(2) If the beam is Gaussian the two definitions give the same value at every cross
section of the beam. This may he seen as follows. The functions K and E are 
given by (4.52} and (4.43). With these functions integration of (4.46) yields 

i 
je= • 

:re (8ozuz + Rozvz) 

Now it is easily seen that according to both definitions 

Rz = eozuz + Rozvz. 

The radius is equal to (4.35), being the 1/e radius of the Gaussian beam. 
(3) Suppose that Eis Gaussian, given by (4.43) and that Kis given by (4.41). 
In this case the beam radius at the catbode is given by (4.51). Integration of 
( 4.46) with these functions yields 

1 



where 

-61-

a2v2 5 Rozvz 
}------
.- Bo2u2- 2 Bo2u2 

The term with the integral bas been tabulated 28
•
29

). Now it is easily seen that 
the ratio of R determined witb (4.54) to R determined with (4.49) is 

R(4.54> = { [ 1 + ~ J [ 1-2_ ( 1- exp (-À) f~:p t2 dt) J }t/2. 
R(4.49) 2l 2l VA. 0 

This ratio bas a maximum value of about 1·053 at VA. Fl::!i 1·78. Tbe minimum 
value is unity and corresponds to À. = 0 and il = oo. Hence the ditTerenee 
between both definitions is at the most 5· 3 %. 

The definition (4.49) is very suitable for determining the beam radius from a 
measured current density distribution. Presently we will also use it todetermine 
the space charge at the axis. On the other hand ( 4.54) is very suitable for deriving 
a differential equation for the beam radius R. For that purpose we differentiate 
(4.54) with respect to time, where the time and z are connected by (4.21a). 
Applying also (4.26a) we obtain 

. . 
. vv uu 

RR=--+--, 
nK(O) nE(O) 

(4.55) 

. . vv uü 1 
RR=--+--+ . 

nK(O) nE(O) n 2 R2 K(O)E(O) 

If Eis Gaussian E(O) is related to tbe catbode temperature by means of (4.33) 
and (4.43): 

E(O) = mf2nkT. 

Applying also (4.50) we may change the last term of (4.55): 

1 21JQ 2 

-----=--
n2 R2 K(O)E(O) R 2 

(4.56) 

where 
(4.57) 

Since the central trajectory coincides with the axis of rotational symmetry the 
equations (4.25 a, b) reduce to 
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We multiply the first equation by ufnE(O) and the second equation by vfnK(O). 
Addition and use of (4.54), (4.55) and (4.56) yields 

2rJQ2 
R. nf/>rrR--- = o. (4.58) 

R3 

This equation for the beam radius is similar to (4.38). 
At the axis the Poisson equation is 

2f/>,r + f/>" = -(!c/ Bo. (4.59) 

Here f.!c is the space charge at the axis, e0 is the dielectric constant of free space 
and a prime denotes differentiation with respect to z. The space charge may be 
determined from ( 4.49): 

nRz(2rJfP)11Z 
(4.60) 

In (4.58) we reptace the time by z using (4.2la). With (4.59) and (4.60) we obtain 

(!>' (!>" -i Q2 
R" + R' R- 0. (4.61) 

2f/> 4f/> 4neo(2n)llZ(I>312 R f/>R3 

This is the desired equation for the beam radius as a function of z. It is the 
well -known paraxial ray equation with two additional terms, one representing 
the space-charge repulsion and the other representing the influence of the 
thermal transverse velocities. In the next section we give an application of this 
equation to the field-free region of a cathode-ray tube. 

4.4.2. The beam in the field-free region 

In the field-free region of a cathode-ray tube the beam radius changes only 
slowly, so that we may neglect in (4.61) the terms with f/>' and f/>". With this 
neglection (4.61) reduces to 

(4.62) 
where 

q Q!Vf/>, (4.63)-

c I/V27te0 J121J ~ 174. 

Unless otherwise specified we use the units of the r~tionalized Giorgi system. 
If p = 0 there is no space-charge repulsion and ( 4.62) can be solved. The 

solution is 

(4.64) 
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Here R1 and R/ are the initial values at z z1 • If on the other hand q 0 
we neglect the transverse thermal velocities. Then we have a laminar beam 
with space-charge repulsion. This case was treated in refs 30 and 31. 

We solved the equation (4.62) numerically for several values of a parameter 
s = q2 fc2p Rm2

• where Rm is the minimum beam radius (Rm' = 0), situated 
at z = Zm. The parameter s is the ratio of the influence of the thermal 
transverse veloeities to the infiuence of the space charge. In fig. 4.3 curves 
are given forsome values of s between zero and unity. Por these values of s 

2 

1 
0.1 

§mei! cJrge 1mitJ 
/} ~ fJ 

//h 
~ '/ 

S=f.O /} ~· 
0.6 

0~ w 
~ ~ ~ ..--::; ;::::: 

0·2 ().4 0.6 ().8 1 .2 4. 6 8 10 
_ cVP(:z..z) 

Fr,; m 

Fig. 4.3. The beam radius as a function of the distance along the axis for some values of the 
parameters between 0 and 1. Por these values of s the space-charge repulsion is predominant. 

R 
Rm 
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sr---~-----+--~~4-----+-----~~~-4 

Fig. 4.4. The beam radius as a function of the distance a long the axis for some values of the 
parameter 1/s between 0 and I. Por these values of s the spread caused by the transverse veloei
ties is predominant. 
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the spread caused by the space charge is predominant. The curve s = 0 is the 
same as that given by Watsou 30). In fig. 4.4 curves are given forsome values 
of 1/s between zero and unity. Now the spread caused by the thermalemission 
is predominant. The curve 1/s = 0 may be obtained from (4.64): 

The normalization of the z axis is different in the two figures, in order to keep 
the most interesting part of the curves inside the figures. 

Fig. 4.5. In a cathode-ray tube the lens strength is adjusted so that the beam radius on the 
screen R. is minimum. The relation between RL and Rs is given in fig. 4.6, that between RM 
and Rs in figs 4.7 and 4.8. 

In a cathode-ray tube the beam is focussed on the screen by a lens (fig. 4.5). 
The lens strength is adjusted such that the beam radius at the screen is as small 
as possible. In other words: if p, q and the beam radius at the lens RL are 
given, the first derivative at the lens RL' must be determined such that the beam 
radius R. on ~lle screen, at a given distance L from the lens, is minimum. As 
an example we give the calculation of this situation in the case where the spread 
is determined only by the thermal velocities. In this case the beam radius is 
given by (4.64) and 

R, 

This expression has its minimum value if RL' = -RL/L. The minimum value 
is R. qLfRL. In this situation the radius at a distance M from the screen, 
RM in fig. 4.5, is given by 

(4.65) 
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Division by pL2 yields 

( :~ r = (:Lr ( ; r ( L:: r + ( ~VP r ( 1 
; r. (4.

66
) 

The relation between the beam radius at the screen and the beam radius at 
• a distance M from the screen is shown in figs 4.6, 4.7 and 4.8. These figures 

concern M/L = 1·0, 0·9 and 0·8, respectively. Curves are drawn for various 

10VI--+---!---; 
001---t--+-+--. 
60'!-----1----1-H----i 

40!-----1--t-H----i-----i--+-.-~~~~~~~l 

Fig. 4.6. The relation between the beam radius at the lens RL and the beam radius at the 
screen R., for various values of the parameter qfpL. 
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201---t--t--t--H----t--~~+4-~~ 

w~~--7-~~~~~~~=-~~~~ 1 2 4 6810 20 

Fig. 4.7. The relation between the beam radius at a distance M from the screen, RM, and the 
beam radius at the screen, R8 , for various values of the parameter qfpL. In this tigure M/L 
0·9. 
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Fig. 4.8. Like fig. 4.7 but with M/L = 0·8. 

values of the parameter qjpL. If the spread is determined mainly by the thermal 
veloeities the curves are given by (4.66). In fig. 4.6 (M/L = 1) these are straight 
lines. In the cases where the space charge is not negligible the curves were ob
tained from a numerical solution of the problem with an electronic computer. 
The curves qjpL = 0 correspond to a laminar beam without transverse thermal 
velocities. The solution for this case with M/L = 1 has already been given by 
several authors 7

•
32

•
33

). 

It must be noted that the minimum beam radius Rm is not situated at the 
screen, but somewhere between the lens and the screen, as is shown in fig. 4.5. 
If the space charge is negligible it is seen from (4.65) that the minimum beam 
radius Rm is situated at 

and Rm is given by 

M 

L 

Rz 
s 

In the figures 4.7 and 4.8 for large values of Rs!LVP all the curves approach 
to the line 

-=- 1--RM Rs ( M) 
LVp LVp L . 

(4.67) 

Here the minimum beam radius is situated very close to the lens and apart 
from a small region near the lens the beam radius is so large that the last two 
termsin (4.62) may be neglected. With the exception of the region close to the 
lens the solution of (4.62) is given by the straight line (4.67). 
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Consider an arbitrary solution of (4.62). The beam radius at the screen is a 
function of RL and RL'· Small changes of RL and RL' cause a small change 
of R, according to 

L1R. 

Henceforth we consider the special solution for which R, is minimum by 
variation of RL'• i.e. 'öR,f'öRL' = 0 and 

oR. 
LlR. -LlRv (4.68) 

oRL 

The equation (4.62) doesnotchange if we replace z by -(z +a), where a is 
a constant. Therefore we have also a reverse solution with R. at the lens and 
RL at the screen. If we now keep R. (at the lens) constant and consider varia
tions of the fust derivative at the lens we see from ( 4.68) that as a fust approxi
mation LlRdat the screen)must be zero sinceL1R.(at the lens)is zero. Therefore 
the solution with R, at the lens and RL atthe screen is such that the value at 
the screen is minimum if we vary the fust derivative at the lens. This symmetry 
causes the symmetry in fig. 4.6. Since in this tigure RL and R. may be inter
changed it is symmetrical around the line 

RL R. 

LVP LVp 

The figures 4.7 and 4.8 may be used to determine q from measured values 
of RM and R •. Since the minimum spot size obtainable on the screen depends 
upon q, this is an important parameter in gun design. The measured value of q 
in the field-free region may be compared with the value of q derived from ( 4.57). 
and (4.63). Deviations may be explained by aberrations in the gun 23). Figure 
4.6 is less suitable for determining q from measured values of RL and R., 
because we calculated the curves on the assumption that an infinitely thin lens 
was used. In an actual thick lens the measured beam radius RL may deviate 
from the one used in the calculations. The beam radius RM can be measured 
if we put a grid of thin wires in the beam at a distance M from the screen. After 
having focussed the beam on the screen we image the grid on the screen by an 
additional magnetic lens between the grid and the screen. Now the current 
density distribution at the grid and the beam radius can be determined by 
measuring the intensity distribution at the screen 34). The magnification is 
determined from the known distance between the grid wires. 

Figures 4.6, 4.7 and 4.8 may also be used for calculations of the beam in 
the field-free region. As an example we consider a television picture tube. lt is 
well known that the spot size on the screen depends u pon the size of the emitting 
catbode area. In order to investigate whether the spot size is determined mainly 
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by the size of the emitting catbode area or by the space-charge repulsion near 
the screen we calculated several guns having different emitting catbode areas. 
All the guns were designed such that the maximum current -Îmax was 1·6 mA. 
The beam voltage <P was 18 kV. The distance L from the lens to the screen was 
30·5 cm, the distance M from the deflection point to the screen was 24·5 cm, 
so that M/L = 0·8. A large beam radius in the deflection coil causes distortien 
of the spot at the corners of the screen. Therefore the beam radius at the de
flection point must be limited to 1 mm. All the guns were designed such that 
at the maximum current Îmax the beam radius at the deflection point is 1 mm. 
The transverse velocity distribution at the catbode is given by ( 4.43) and the 
current density at the catbode by (4.41). At the maximum current we take a, 
the radius of the emitting catbode area, equal to R 11 t. the radius of the aperture 
in the fust electrode. We assume that at other currents a is given by the empîrical 
formula 

(4.69) 

The beam radius at the catbode is determined from (4.51). Further we assume 
that the beam radius at the deflection point is proportional to the beam radius 
at the cathode, so that 

(4.70) 

The catbode temperature is 1050 oK. 
With these assumptions and fig. 4.8 we calculated table 4-1. As an example 

we consider the case R111 0·3 mm and -i= 0·8 mA. From (4.51) and 

TABLE 4-I 

The beam radius in mm at tbe screen of a television picture tube as a function 
of the beam current for guns with different R111 • The last line gives the beam 
radius at the screen if no space-charge repulsion is present. This radius is 

independent of the beam current 

J<., (mm~ 
0·4 0·3 0·2 0·1 0·0 

-i (mA) 

1·6 0·31 0·27 0·24 0·21 0·20 
0·8 0·23 0·20 0·16 0·12 0·094 

'0·4 0·18 0·15 O·ll 0·075 0·041 
0·2 0·17 0·13 0·094 0·056 0·015 
0·1 0·16 0·12 0·084 0·047 0·0045 

no repulsion 0·14 0·10 0·069 0·035 0·0 
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(4.69) we obtain R0 = 1·60.10- 4 . With (4.57) and (4.63) we find q = 3·58.10- 7 

and qfpL = 3540. From (4.70) we determine RM = 8·41.10- 4 • This yields 
RM/LVP = 151. With fig. 4.8 we find Rs/LVP = 35·5, which gives Rs = 0·20 
mm. 

The current density distribution of the spot of a television picture tube is 
usually Gaussian. The figures of table 4-I are 1/e radii of this Gaussian dis
tribution. The visible spot diameter is about four times larger. 

Inthelast line of table 4-I we have also given the radius that would be ob
tained without space-charge repulsion. It was calculated from ( 4.65). The last 
term in (4.65) was very small, so that Rs ~ qM/RM. Since q and RM are both 
proportional to the fourth-power root of i, in this case the spot radius Rs is 
independent of i. 

In the last column of table 4-I we have calculated a fictitious gun with an 
emitting catbode area zero and a corresponding infinitely large catbode current 
density. In this gun the influence ofthe transversethermal veloeities is zero and 
the spot radius is determined only by the space charge. 

From table 4-1 it can beseen that the spot size is determined by the transverse 
thermal veloeities as well as by the space-charge repulsion. In usual television 
guns R91 = 0·3 mm. At a current of 1·6 mA the space-charge repulsion has a 
considerable influence, but comparison with the last column shows that thermal 
veloeities are not entirely negligible. A decrease of the emitting catbode area 
gives only a slow impravement of the spot size. At low currents the spot size 
is determined mainly by thermal velocities, although space-charge repulsion 
still has a slight influence. 

4.5. The calculation of single electron trajectodes 

We consider a rotationally symmetrical potential field V(r, z). The z axis of 
the Cartesian coordinate system x, y, z coincides with the axis of symmetry 
and r 2 = x 2 + y 2. The equations of motion of an electron in this field are 

d2x e àV ex oV 
---

dt2 m àx mr àr 

d2y e àV e y oV 
-=--=---
dt 2 m ày m r àr (4.71) 

d2z e àV 

dt 2 m àz 

These equations may be solved with the method described in sec. 4.2. If the 
potential is given at the mesh points of a square grid the derivatives with 
respect to r and z at any point r, z are determined with the Taylor expansion 
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()V ( i'l V ) ( ()
2 
V ) = - + (r- r,..) 
2 

+ (z 
br ()r m ()r m 

-= +(r i'lV (()V) 
()z ()z m 

Here the subscript m refers to the mesh point that is nearest to the point r, z. 
The derivatives at the mesh point m are easily calculated from the potentials 
of neighbouring mesh points. 

If x and y are small, r is also small. In ( 4. 71) the division of two small 
numbers is avoided if we use for small values of r the approximation 

~ :~ ~ ( ::~ )r=O· 
As an example we calculated the electron trajectories in the triode part of 

the gun of a television picture tube. The gun is given in fig. 4.9a. The part in 
which the electron trajectories were calculated is given separately in fig. 4.9b 
onan enlarged scale. The dasbed lines in both figures correspond toeach other. 
Since the dimensions of the region between the first and the second anode are 
large in comparison with the dimensions of the triode part, we have first 

3::
.e 

J 

first anode(450VJ 
Second anode (fB kV) 

~~ ---··-----, ,!!!33 
~ : a 
§. ·-·-·-·-·L·-·-·-·-·-·-·-·-·-·-·-

axis 

----------------------------------, 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

0 1mm l b 
I 
I 

·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-·L...... 
axls 

Fig. 4.9. (a) A cross-section of the gun of a television picture tube. (b) The triode part of the 
gun in (a). The dashed lines in both figures correspond toeach other. 
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calculated the potential in the gun using a coarse mesh width, appropriate for 
the region between the first and the second anode. Then the triode part (fig. 
4.9b) was calculated with a fine mesh width. At the dasbed lines the potentials 
of the previous calculation were used as fixed boundary potentials. Figure 4.10 
shows three electron trajectories calculated in the triode part, with a catbode 
voltage zero. In this figure the scale in the r direction has been enlarged five 
times in compadson with the scale in the z direction. The drawn curves are 

I I 
'--Without space charge 
----With " " 

---- ---------
2-0 2·5 

-z(mm) 

Fig. 4.10. Some electron trajectories calculated in the triode part of the gun in fig. 4.9. The 
drawn curves are trajcctories calculated in the Laplace field, the dasbed curves are trajectories 
calculated in the Poisson field. 

trajectodes calculated in the Laplace field (no space charge). The dasbed curves 
are trajectodes calculated in the Poisson field. The space charge of the Poisson 
field is caused by the electron beam itself and was calculated with the metbod 
described in sec. 4.6. From these calculations it is seen that the strongly con
vergent lens in the triode part of the gun is made lessstrong by the space charge, 
so that with space charge a thinner beam is obtained in the anode region. 

4.6. The calculation of the beam in an electron gun 

4.6.1. Annular beamlets 

Before we consider the calculation of the beam in an electron gun we shall 
deal with so-called annular beamlets. They are derived from the Gaussian 
beamlets of sec. 4.3.2. The Gaussian beamlets do not have rotational sym
metry. If we consider a rotationally symmetrical system it is advantageous to 
introduce the annular beamlets that do have rotational symmetry. 
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First wedetermine the space charge eb of a Gaussian beamlet. It is obtained 
if we multiply (4.34) by-e and integrate over the velocities: 

ib [ e y
2 J 

nRR(2rJ V) 112 exp - R2 - ïP . 

We reptace the coordinate system ~. y, è; by the Cartesian system x, y, z (fig. 
4.11). The space charge at the point x, y, z is given by 

eb= nRR(~rJV)tlz exp [ 

axis of symmetry 

___.z 

Fig. 4.11. The transformation from curvilinear coordinates to Cartesian coordinates. 

Here re is the distance of the central trajectory to the z axis, measured in a 
plane perpendicular to the z axis and through the point x, y, z. Further 
tan x drc/dz. We assumed that ~ tan x is small compared with the radius 
of curvature. 

We rotate the beamlet over an angle lP around the axis of symmetry. The 
relation between the rotated coordinates x, J; and the fixed coordinates x, y 
is given by 

x x cos lP + y sin 1{!, 

y -x sin lP+ y cos lP· 

At the point x, 0 of the fixed coordinate system the space charge of the rotated 
beamlet is 

ib [ 
nRR(2rJ V)112 exp 

(x cos !p- rc) 2 cos2 x 
Rz 

We consider now a number of beamlets, numbered 1, 2, ... , m, ... , M. 
The mth beamlet is obtained from the original beamlet by rotation over an 
angle 2nmjM. The space charge of these m beamlets at the point x, 0 of the 
fixed coordinate system is 
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M 

ia V ex [- (x cos 2nm/M- rc)
2 

cos
2 x_ x 2 

sin
2 

2nm/M] • 

MnRR (21JV)112 ~ p R 2 R 2 

m=l 

where ia = Mib. If we take M infinitely large the sum changes to an integral. 
With 2nm/M {} and 2n/M = d{} we obtain 

f!a(r,z) 

This beamlet, being the sum of an infinitely large number of rotated beamlets, 
is rotationally symmetrical. Therefore we have replaced x by r. We call it an 
annular beamlet. lts current is ia. It can be shown that the current density of 
an annular beamlet in the z direction, j 0 (r, z), is given by 

• 2n 

laCOSXJ [ Ur,z) = _ exp 
2n2 RR 

0 

(4.73) 

At a plane cathode cos x = 1. At such a cathode ( 4. 73) can be integrated if 
we take R = R R0 • This yields 

Îa ( 2 r0 rco ) [ r0
2 + rc0

2 J ja(r0 , z0) = --/0 --- exp - • 
nRo2 Ro2 Ro2 

(4.74) 

where / 0 is the modified Bessel function of the first kind and zero order. 
The annular beamlets and the expressions derived forthespace charge and 

the current density are used for the calculation of electron guns in the next 
section. 

4.6.2. The calculation of etectron guns 

In this section we describe the calculation of electron guns, taking into 
account the space-charge repulsion and the transverse thermal veloeities 35 •17). 

In contrast with sec. 4.4 this section deals with a partly non-paraxial calculation 
of electron guns. 

The calculation starts with the solution ofthe Laplace equation (space charge 
zero) using the method described in chapter 3. In this field we calculate electron 
trajectories and the space charge. With this space charge we solve the Poisson 
equation. In the Poisson field we calculate again electron trajectories and space 
charge. With the new space charge the Poisson field is corrected, etc., until a 
final solution is obtained. 
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Since we consider a beam with transverse thermal veloeities we have to deal 
with a very large number of electrons. In order to determine the space charge 
and the current density of such a large number of electroos we di vide the beam 
into a number of annular beamlets, for example ten. Each electron of the total 
beam must belong to one of the annular beamlets. The annular beamlets are 
calculated individually. The space charge of the totalbeamis obtained as the 
sum of the space charges of the annular beamlets. The current density of the 
total beam is also obtained by addition of the current densities of the annular 
beamlets. 

We take the annular beamlets such that the central trajectmies ofthe different 
beamlets leave the catbode at regular distauces Llr in the r direction. The initia! 
position of the central trajectory of the nth beamlet is given by rco nLlr 
(n 0, 1, 2, ... ). Suppose that the current density of the total beam at the 
cathode, j(r0 , z0), is known. How this current density is calculated will be 
shown later on. The current density of an annular beamlet at the catbode is 
given by (4.74). The current Îam associated with the nth annular beamlet, must 
be chosen such that at the catbode the sum of the current densities of the an~ 
nular beamlets is about equal to the actual current density j(r0 , z0 ). We must 
also make a proper choice for R0 , the width of the beamlets at the cathode. If 
we take R0 too small all the current is concentrated near the central trajectodes 
and the total current density will not be smooth enough. On the other hand, if 
we take R0 too large a fast decrease or increase of j(r0 , z0 ) cannot be re
presented adequately. A practical campromise between these two conditions 
is obtained if we take R0 = Llr. 

With each annular beamlet we associate a current given by 

where 

ro,o 0, 
r 0 , 1 0·4640 Llr, 
r0 , 2 = 1·4655 Llr, 
r 0 , 3 = 2·4858 Llr, 

ro.n+l 

ian 2n J j(r0 , z0 ) r0 dr0 , 

ro,n 

r 0 •4 = 3·4887 Llr, 
r0 , 5 = 4·4924 Llr, 
r0 , 6 5·4943 Llr, 
ro, 7 6·4959 Llr, 

r 0 , 8 7·4971 Llr, 
r0 , 9 = 8·4981 Llr, 
r 0 , 10 = 9·4989 Llr, 
ro,n (n- t) Llr 

with n 1. 

(4.75) 

Given these values of ian the total beam current is equal to the sum of the 
currents of the annular beamlets. The boundaries of the integral are chosen 
such that in the particular case where j(r0 , z0 ) is independent of r0 the best 
possible approximation is obtained. In this case the sum of the current densities 
of the beamlets deviates only 0·1 % from the actual current density j(r 0 , z0 ) 

constant. If we take the boundaries of the integral ·equal to (n t) Llr for 
n ;:;;;: 1, insteadof the boundaries given above, the maximum deviation is 5·9 %-
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If j(r0 , z0) is notconstant a close approximation can be obtained with (4.75), 
provided we take L1r small enough. 

If Îan has been determined from (4.75), the annular beamlets can be calculated. 
The central trajectory of each annular beamlet is calculated with (4.71), Rand 
R with (4.38) and (4.39), the space charge and the current density with (4.72) 
and (4.73). 

Todetermine the current density of the total beam at the cathode, j(r0 , z0), 

we use the condition that the field strength at the cathode shall be zero. This 
causes an infinitely large space charge near the cathode. In order to avoid 
numerical difficulties with the infinitely large space charge, a thin region near 
the cathode is calculated separately, using other methods than in the rest of 
the gun. We divide the gun into two regions. Region I is a thin slice of two 
meshes thick in front of the cathode, i.e. between z z0 and z z0 2 h, 
where h is the mesh width used for the calculation of the potential. Region II 
is the rest of the gun from z = z0 + h. The two regions overlap each other 
over one mesh length. We make provisions to ensure that in the overlapping 
part of the two regions the potentials of both regions are equal to each other. 
The calculation of region I will be described presently. Region II is calculated 
in the way described above. 

Suppose that region II has been calculated and that we know from this 
calculation the potentials at z = z0 + 2 h. We denote these potentials by W(r). 
Since region I is thin, the potential does not change much if we move in the 
radial direction over a distance equal to its thickness. Therefore we may calculate 
in this region the potential, the cathode current density and the space charge 
with the well~known formulae of the space~harge~limited diode: 

V(r, z) = ( z 2:o Y'3 W(r), (4.76a) 

. ~>o(2'i})112 
J(r, z) =-

9
h

2 
[W(r)]312, (4.76b) 

j(r, z) 

e(r, z) = [2'i} V(r, z)]l'z 
(4.76c) 

From the current density at the cathode, j(r0 , z0 ), the currents of the annular 
beamlets are calculated with (4.75). The equations of motion of a central tra
jectory in the potential field (4.76a) are 

d
2
rc=rJ(Zc Zo)4'3(dW)' 

dt 2 2h dr re 

d2zc 4 (ze- z0 )
1

'
3 

dt2 3 'i} (2h)413 W(re). 

(4.77) 
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The initial conditions at t to are re= reD• re = 0, Ze= Zo, Ze = 0. To solve 
these equations we expand re reo and ze- z0 in a series with respect to 
t- t0 • The potential W(r) is expanded with respecttor rco· Substitution of 
these series in (4.77) yields the approximate solution 

r;
3 

( dW) r -r ~ Wir 2 - t 
c co 972Qh4 [ ( co)] dr rco ( 

(4.78) 

[ 
2 ]3/2 

Ze- Zo ~ 9 r; (2h)- 413 W(rco) (t 

The equations for R and R are (4.38) and (4.39), respectively. The initia! 
conditions are given by (4.40). As has been mentioned before, we take R0 

equal to L1r, the distance between the central trajectories at the cathode. We 
expand the coefficients of the terms with R and R in (4.38) and (4.39) in a 
series with respect to t t0 , using the potential field (4.76a) and the central 
trajectory (4.78). The fi.rst terms of these series expansions are 

'YJ tP~~-- -~- ~-- W(r 0 ) -- + [ 
3 1'/P J 173 [ Jz [ ( dzw) 
2 tP 324h4 c dr 2 rco 

3 1 ( dW)
2 J --- - (t-t0 ) 4 

2 W(rco) dr rco 
(4.79a) 

(4.79b) 

Here a and a are introducedas abbreviations. For small values of rco we use 
in (4.79b) the approximation 

From (4.79a) it is seen that for small values of t t0 the term with R in (4.38) 
is proportional to (t t0 ) 4 • Therefore it is small and the solution for small 
values of t t 0 is mainly determined by the other terms. The equation (4.38) 
is then reduced to 

This equation can be solved exactly. With the initia! conditions (4.40) the 
solution is 
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We now write the salution of (4.38) in the form 

R = [R0
2 + B0

2(t 10 )
2 ]112 g(t 10 ), 

where gis a function that must still be determined. For small values of t- t0 

the function g is nearly unity. We can determine g(t- t0 ) if we expand it in 
a series with respect to t t 0 • Substitution of this series in (4.38) yields the 
approximate salution 

R Ro; [Roz BoZ(t to)zptz [ 1 + 3~ a (t- lo)6 J. 
Similarly we find 

R Ro; [R0
1 + B0

2(t- to)2 ]112 
[ 1 + :o a (t to}

6 J . 
We have now obtained formulae to calculate in region I the potential, the 

space charge, the current density, the central trajectories, R and R. These 
formulae can also be used to calculate for region 11 the initia! conditions of 
the central trajectories, R and R. 

Before we calculate the next cycle of region 11 we determine in region I the 
potentials V(r, z0 + h). These potentials are used as fixed boundary potentials 
for the calculation of region 11. Having calculated region 11, region I is cal
culated again using the boundary potentials V(r, z0 + 2 h) W(r), obtained 
from region 11. After a number of cycles the potentials at z0 + h and z0 + 2 h 
will converge to a final salution that satisfies in both regions. 

The whole calculation can be summarized as follows. We begin with the 
calculation of the Laplace field in the whole gun, region I + region 11. Then 
we calculate region I with W(r) determined from the Laplace field. This is 
foliowed by the calculation of the space charge and the Poisson field in region II, 
using boundary conditions at z = z0 + h obtained from region I. Then we 
calculate again region I, etc. 

We have separated region I from the rest of the gun because the infinitely 
large space charge near the cathode does oot permit a calculation of the 
potential with the usual difference equation 

1 1 (1 1) (1 - V1 + - Vz + - + - V3 + -
4 4 4 8H 4 

(4.80) 

Here the points are situated as shown in fig. 3.2. However, in region 11 the 
potential is calculated with this difference equation at a distance of two meshes 
from the cathode. At this distance from the cathode we still make a small error 
if we use (4.80). lt is possible to eliminate this error if we do oot use in (4.80) 
the actual space charge but a fictitious space charge that is a factor f3 larger 
than the actual space charge. This factor f3 may be calculated with the formulae 
of a space-charge-limited diode. The formulae are written as 
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e(r, z) 

( 
9 )2/3 [ -j(r, z) ]213 

(z z )413 
4 eo(217)112 -

0 

( 
4 )1/3 [ -j(r, z) JZ/3 
9 e0(217) 112 (z z0 ) • 

(4.81) 

V(r, z) 

and 

Over one mesh length the changes in the radial direction of the potential 
are small, so that in ( 4.80) we may take 

( ~ + 1 ) v3 + ( 1 
4 8H 4 

At larger values of H this is true even if V changes linearly. At smaller values 
of H the linear change of V is small because of the rotational symmetry. 

With this approximation we substitute (4.81) in (4.80). The space charge is 
multiplied by a factor {1. This yields 

9 
fJ 

4 
[k213(k 1)4/3- 2 k2 + k213(k + 1)413], 

if the point with the potential V0 is situated at z = z0 + kh. If k 2 we 
find {J = 1·025. If k :;? 3 the approximation 

5 
{J~l+ 54P' 

obtained from a series expansion for large values of k, has an accuracy better 
than 0·1 %. 

At the axis the difference equation is 

1 1 
Vo =-VI+- Vz 

6 6 

With this difference equation we find exactly the same values of {1. 
If we carry out the calculation of the beam in an electron gun in the way 

described above (first the Laplace equation, then region I, etc.) the current 
calculated in the Laplace field is too high. In the next cycle the current is too 
low. This suggests that a faster convergence may be obtained if we use under
relaxation 36). We know by experience that the value of W(r), used at the mth 
cycle in the diode formulae (4.76a, b, c), has changed too much in comparison 
with the previous cycle. Therefore it is better not to use the value of W(r )obtained 
from the calculation of region 11, but 

w<ml(r) = w<m- 1\r) + a[W(r)- w<m-I>(r)]. (4.82) 

Here a is a constant smaller than unity and w<m>(r) is the value that is used 
in the diode formulae at the mth cycle. At the first cycle, when m I and 
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W(r) is obtained from the Laplace field, we take in (4.82) w<o>(r) = 0, so 
that here also a reduction of the initial current is obtained. In cases described 
in literature 36

•
35

•
17

), underrelaxation was a successful method of reducing the 
required number of iteration cycles. However, a slightly different method was 
used there to calculate the catbode current density. Applying the method de
scribed in this section to calculate the current density, it is found that a reason
able rate of convergence is also obtained without underrelaxation and that 
almost the same number of iteration cycles is necessary if underrelaxation is 
used. One might nevertheless prefer to use underrelaxation, since then a more 
regular convergence is obtained. 

As a first example we give the results of the calculation of the gun of a reflex 
klystron. The gun is shown in fig. 4.12. It is rotationally symmetrical and it 

Anode(2500V) 

axis 

Fig. 4.12. The gun of a reflex klystron. The drawn lines are two electron trajectodes calculated 
in the Poisson field. 

TABLE 4-II 

The current (mA) in the gun of a reflex klystron at the various cycles of the 
iteration process, without underrelaxation (a 1·0) and with underrelaxation 

(a= 0·6) 

cycle 
number 

2 
3 
4 
5 
6 

a 1·0 

47·68 
12·35 
17·91 
18·05 
17·86 
17·88 

a 0·6 

22·15 
20·15 
18·33 
17·87 
17·84 
17·87 
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consists of a cathode (0 volts), a beam-forming electrode (-10 volts) and an 
anode (2500 volts). In table 4-II the catbode current is shown at the various 
cycles of the iteration process. The first column was obtained without under
relaxation (a = 1·0), the second column with underrelaxation (a = 0·6). It is 
seen that the convergenre in the second column is more regular. Aftera few 
cycles about the same current is obtained in both columns. The final current is 
in full agreement with the current measured in the actual gun. In fig. 4.12 we 
have drawn two of the central tra jeetorles calculated in the final potential field. 
Space-charge repulsion prevents the inner trajectory from crossing the axis. 
Because of the lens aberrations the outer trajectory does cross the axis. 
The calculations were carried out with 9 and with 18 central trajectories. 
Doubling of the number of central trajectories gave only minor differences in 
the final result. In fig. 4.13 the current densities at the catbode and at the anode 
are given as a function of r, the distance from the axis of rotational symmetry. 

R-

~ 
~ 

itOOr-----4-~--------------------~ 
-8 

] 
a i 50 

Anode 

Cathode 

-r(}l.) 

Fig. 4.13. The current density at the cathode and at the anode in the gun of fig. 4.12. 

The current density at the anode was taken at a plane perpendicular to the axis 
at the point P of fig. 4.12. There is a radial compression of the beam from 
250 [1. to about 75 [1., so that almost all the current passes through the anode 
aperture. This is in agreement with measurements. The maximum current 
density at the catbode is 16 A/cm2 • In a comparable Pierce gun, with rectangular 
current density at the cathode, the maximum current density would have been 
6·8 A/cm2 • The difference between this gun and a Pierce gun is caused by the 
shape of the beam-forming electrode. In fig. 4.14 we have given the lines of 
constant current density. In this tigure the scale in the r direction has been 
enlarged 2! times in comparison with the scale in the z direction. The tigure gives 
an overall picture of the current density in the beam. It shows that there is a 
eaustic in the beam, caused by lens aberrations. However, because of the 
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Fig. 4.14. Lines of constant current density in the beam of the gun in fig. 4.12. 

thermal velocity spread the current density at the eaustic surface is not infinitely 
large. 

As another example we give some results of the calculation of the triode part 
of the gun of a television picture tube. The gun is given in fig. 4.9. lt has 
been described in the example of sec. 4.5. The calculations were carried out with 
catbode voltages of 0, 12-!, 25 and 37-! volts. The corresponding currents of 

~~,~------~-------L------~--------~------~---1 

2-00 
-z(mm) 

Fig. -<.15a. Curves of constant current density in the beam of the gun in fig. 4.9. The catbode 
voltage is 0 V. 
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Fig. 4.15b. As fig. 4.15a, but with cathode voltage 12t V. 

1·74, 0·80, 0·34 and 0·10 mA, respectively, are in agreement with measured 
values. In fig. 4.15 curves of constant current density are given. These figures 
show for example the increase of the current density at the cross-over and 
the shift of the cross-over from the cathode with increasing beam current. 
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Fig. 4.15c. As fig. 4.15a, but with cathode voltage 25 V. 
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Television 9YD. 
0·80mA 

Fig. 4.15d. As fig. 4.15a, but with catbode voltage 37t V. 
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Samenvatting 

Er worden enige analoge en digitale methoden behandeld voor het berekenen 
van elektronenoptische systemen. Na een kort overzicht (hoofdstuk 1) wordt in 
·hoofdstuk 2 begonnen met weerstandsnetwerken voor het oplossen van de ro
tatiesymmetrische Laplace-vergelijking. Er wordt armgetoond dat meerdere 
weerstandsnetwerken mogelijk zijn. Hierdoor kan men een netwerk construeren 
met nabij de as weetstanden die lager zijn dan gewoonlijk, waardoor meetin
strumenten met een lagere ingangsimpedantie gebruikt kunnen worden. Met 
behulp van dezelfde methode kan een weerstandsnetwerk geconstrueerd wor
den dat gebaseerd is op de nauwkeurige z.g. 9-punts differentievergelijkingen. 
Er wordt nagegaan wat de invloed is van de eindige maaswijdte op de nauwkeu
righeid van de verkregen oplossing. 

Alvorens in hoofdstuk 4 over te gaan tot de berekening van elektronenbundels 
met behulp van digitale methoden, wordt in hoofdstuk 3 aangegeven hoe po
tentiaalvelden op digitale manier berekend kunnen worden. De Poisson-verge
lijking wordt vervangen door een systeem van differentievergelijkingen. Dit 
systeem wordt opgelost door middel van successieve overrelaxatie. Om dit 
iteratieproces te bestuderen, worden de hierbij optredende eigenfuncties uit
gedrukt in eigenfuncties welke voorkomen bij de oplossing van hetzelfde sys
teem door middel van een relaxatiemethode met simultane vervanging. Er 
wordt nagegaan wat de invloed is van de overrelaxatiefactor op enige groothe
den welke gebruikt worden om gedurende de berekening de convergentie van het 
iteratieproces te volgen. 

Het laatste deel van het proefschrift (hoofdstuk 4) gaat over de berekening 
van elektronenbundels, hetgeen directe toepassing vindt bij de constructie van 
elektronenbuizen. Er wordt in het bijzonder aandacht besteed aan de invloed 
van de thermische dwarssnelheden en de ruimtelading. Allereerst worden dunne 
bundeltjes bekeken, welke bestaan uit een groot aantal elektronen, die met een 
Gaussische zijdelingse snelheidsverdeling uit de kathode geëmitteerd worden. 
Alle elektronen in zo'n bundeltje zijn paraxiaal ten opzichte van een, in het 
algemeen gekromde, centrale baan in het bundeltje. Voor de straal van zo'n 
bundeltje wordt een gewone differentiaalvergelijking afgeleid. 

Indien men veronderstelt dat alle elektrohen in een kathodestraalbuis paraxi
aal zijn ten opzichte van de as van rotatiesymmetrie, kan de straal van de elek
tronenbundel beschreven worden met de zojuist genoemde differentiaalvergelij
king. In deze vergelijking staan twee termen welke respectievelijk de invloed 
van de thermische dwarssnelheden en ruimtelading representeren. De vergelijking 
is numeriek opgelost in de veldvrije ruimte na het kanon. De uitkomst is gegeven 
in de vorm van grafieken. Deze oplossing verbindt de theorie welke handelt 
over een bundel met thermische dwarssnelheden maar zonder ruimtelading, 
met berekeningen welke gedaan kunnen worden aan homocentrische bundels 
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met ruimtelading, onder verwaarlozing van de thermische dwarssnelheden. 
Een berekening van elektronenkanonnen, waarbij zowel met lensfouten als 

met thermische dwarssnelheden en ruimtelading rekening gehouden wordt, is 
mogelijk door de totale bundel op te splitsen in een groot aantal dunne deel
bundeltjes. In elk deelbundeltje zijn de elektronen paraxiaal ten opzichte van 
een gekromde centrale baan in dit bundeltje. De deelbundeltjes worden elk 
afzonderlijk berekend op de eerder genoemde wijze. De ruimtelading van de 
totale bundel is gelijk aan de som van de ruimteladingen van de deelbundeltjes. 
Eerst worden de deelbundeltjes in het Laplace-veld berekend. Met de daarmee 
verkregen ruimtelading wordt het Poisson-veld bepaald. In dit Poisson-veld 
wordt opnieuw de ruimtelading berekend, enz. De stroomdichtheid aan de 
kathode wordt verkregen uit de voorwaarde dat de veldsterkte aan de kathode 
nul moet zijn. Speciale aandacht wordt besteed aan de berekening van het 
gebied vlak voor de kathode. Er worden enige voorbeelden gegeven van be
rekende elektronenkanonnen. 
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STELLINGEN 

I 

Bij "Brillouin flow" en bij "confin.;:d flow" is het bekend hoe groot de straal 
van de elektronenbundel is. Voor alle tussenliggende gevalkn k::tn de straal 
berekend worden uit een vierkantsvergelijking, waarbij dan tevens de invloed 
van de thermische dwarssnelheden in rekening gebracht wordt. 

A.H.W. Beek, Spac~-chare:e waves, 
P.,rgamon Prcss, London, 1958. 

II 

Bij golfpijpen met een willekeurig gevormde doorsnede, welke groot is ten 
opzichte van de gebruikte golflengte, kan het aantal modes bepaald worden 
met behulp van de form.ules van Nyquist en Planck. 

UT 

Het is mogelijk een bolometer te construen;:n die wat betreft de temperatuur
uitwisseling met de omgeving een klein oppervlak heeft, terwijl hij een groot 
oppervlak heeft voor de op te vangen strali11g. 

JV 

Men noemt ruis met een frequentie-onafhankelijk spectrum meestal wit: men 
oppert ook wel eens deze ruis liever blauw te noemen. Aanbeveling zou het 
verdienen deze ruis zwart te noemen. 

W.R. Ben nctt, Electrical noise, 
McGraw-Hill, New York, 1960. 

V 

De door Kirstein gevonden instabiliteiten· bij het berekenen van elektronen
kanonnen kunnen h<:t gevolg zijn van de verwaarlozing van thermische dwar\>~ 
snelheden. 

P.T. Kir:;tein, IEBB Trans. El. 
Dcvkc~ ED·l2, 447-449, 1965. 

VI 

Bij elektronenkanonnen met een beperkt ~mitterend kathodeoppervlak kan 
het voorkome11 dat de stroomdichtheid naar de rand van het emittercnde 
oppervlak in absolute waarde toeneemt, ondanks het feit dat de Laplace-veld
sterkte naar de rand in absolute waarde afneemt. 



vn 
In de literatuur worden kanonnen met een Wehneltcylinder en Piercekanon

nen altijd als tw~e geheel verschillende typen behandeld. Het is wenselijk dat 
er, zeker in de leerboeken, gewezen wordt op de continue overgang die tussen 
deze twee typen bestaat. 

vrn 
Bij het sehrijvc:n van meridionale elektronenbanen met behulp van een com

binatie van weerstandsnetwerk en analoge rekenmachine behoeft men zich niet 
te beperken tot de paraxiale benadering_ Zonder ex:t<eme eisen aan de omvang 
van de rekenmachine te stellen, kan men banen schrijven die twee ordes nauw
keuriger zijn_ 

IX 

A.J.F. de Beer, li_ Groendijk en 
J.L. Verster, Philips tech_ Rcv_ 23, 
352-362, 1961/62. 

Het gebruik van analoge rekenmachines voor het oplossen van problemen 
betreffende elektronenkanonnen en elektronenlenzen zal afnemen. 

C_ Weber 14 februari 1967 


