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Preface

This thesis is based on a four-year PhD-project on efficient discretization methods
for transport equations in plasma physics. Usually these equations are very non-
linear and it is nearly impossible to solve these equations analytically. Therefore,
people commonly resort to numerical methods. Following a numerical procedure,
the exact solution is approximated on a certain grid. Usually, the more grid points
are used, the more accurate the approximation is. However, as the number of grid
points increases, the cost of the calculation also increases, even dramatically for
two- or three-dimensional models. Therefore, it is very meaningful to look for
efficient methods, which yield accurate solutions even for grids with a modest
number of grid points.

In this thesis we focus on fluid models for plasma physics and therefore we are
seeking efficient discretization methods for drift-diffusion-reaction (DDR) equa-
tions. For this purpose, we introduce the complete flux scheme (CFS), developed
by ten Thije Boonkkamp et al. [1] to plasma simulations. The CFS proves to be
efficient for plasma models. In order to extend its range of application, we derive
the CFS for systems of DDR equations and for problems with rapidly varying
diffusion coefficients. The efficiency of the CFS and the extensions are tested on
a variety of plasma models.

Plasimo [2], developed at Eindhoven University of Technology, is a toolbox for
the numeical simulation of plasma sources. It consists of a number of electromag-
netic modules, flow solvers, modules for calculating transport coefficients, and so
on. The final target of this project is to speed up the calculation of Plasimo using
more efficient discretization methods. However, for the convenience of implemen-
tation, the tests in this thesis were done in MATLAB.

This thesis can be roughly divided into two parts, viz., theory and applications.
The theoretical part includes Chapter 1-5 and Chapter 10. The first five chapter
contain the theoretical foundations from physics and mathematics for this thesis.
Chapter 10 describes the extension of the CFS to transport equations with rapidly
varying diffusion coefficients.

In order to enable the potential readers, both from physics and mathematics, to
understand this thesis without consulting text books, we first introduce some basic
knowledge of plasma physics in Chapter 1. Then, in Chapter 2, some concepts and
issues of numerical methods are introduced. The CFS for scalar DDR equations
is summarized, from the derivation for one-dimensional stationary problems to its



ii

extensions to time-dependent and two-dimensional problems.

To demonstrate the applicability of the CFS to plasma models, in Chapter 3 we
establish a rigorous mathematical proof that the CFS is second-order convergent
uniformly in the grid Péclet number in the presence of source terms. This property
makes the CFS very suitable for plasma simulations, since electrons are more
diffusive (magnitude of the Péclet number is small) while ions drift easily under
electric fields (manitude of the Péclet number is large), therefore, a numerical
scheme that exhibits uniform accuracy for all magnitude of Péclet numbers is
appropriate.

Throughout this thesis, the grid used for discretization is the vertex-centered
grid. The alternative and commonly used one, also used in Plasimo, is the cell-
centered grid. From the simulation results of Plasimo, we observed that if nu-
merical fluxes are not approximated properly at the boundaries large errors will
result. In Chapter 4 we investigate the reasons why larger errors are generated
and propose two approaches to reduce the errors.

We do not limit ourselves to scalar problems. In Chapter 5 we extend the
CFS to systems of DDR equations. The CFS for such systems also has a large
range of applications, since DDR systems arise in many simulations of mixtures,
e.g., in combustion problems, non-local thermodynamic equilibrium (LTE) plasma
models and simulations of elemental demixing in LTE plasmas.

In Chapter 10 we derive the CFS for transport equations with rapidly vary-
ing diffusion coefficients, both scalar and system. The fluxes on the interfaces
are approximated using the harmonic average diffusion coefficients instead of the
arithmetic average diffusion coefficients. Therefore, we refer to the new scheme
as the harmonic complete flux scheme (HCFS). The HCFS turns out to be more
accurate than the standard CFS.

The application part consists of Chapter 6 to 9. The performance of the CFS
is tested on a variety of models, from steady-state problems to transient problems
and from scalar problems to systems. For comparison, we also solve these models
using the commonly used exponential difference scheme (EDS).

In Chapter 6, the CFS is first tested for steady-state problems. For this pur-
pose, we apply the CFS to solve direct current (DC) discharge models. We present
an local field approximation (LFA) and an local energy approximation (LEA)
model. In addition, we present a criterion to determine whether LFA is valid by
discussing the characteristic length which makes the Péclet number unity.

In Chapter 7 we present a quasi-steady-state problem, i.e., a radio frequency
(RF) discharge model. The influences of space discretization methods and time
integration methods on the accuracy of the solutions are investigated.

Chapter 8 discusses the application of the CFS to transient problems. The
CFS is applied to solve a streamer discharge model. In literature [3–6], it has
been noted that taking the source term into account for the flux approximation can
improve the numerical solutions. However, for streamer discharge simulations this
observation has not got enough attention. In this chapter, apart from testing the
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CFS for transient problems, we also establish that it is necessary to take the source
term into account for flux approximations for streamer discharge simulations.

In Chapter 9 we focus on the application of the CFS for systems of DDR
equations. A mixture model which describes the dissociation of H2 is presented.

So far the results reported in this thesis have resulted in the following journal
publications:

1. The complete flux scheme — error analysis and application to plasma sim-
ulation, L. Liu, J. van Dijk, J.H.M. ten Thije Boonkkamp, D.B. Mihailova
and J.J.A.M. van der Mullen, J. Comput. and Appl. Math, 250:229–243,
2013.

2. Efficient simulation of drift-diffusive discharges: application of the ‘complete
flux scheme’, L. Liu, D.B. Mihailova, J. van Dijk and J.H.M. ten Thije
Boonkkamp, Plasma Sources Sci. Technol., submitted.

3. Extension of the complete flux scheme to systems of conservation laws,
J.H.M. ten Thije Boonkkamp, J. van Dijk, L. Liu and K.S.C. Peerenboom,
J. Sci. Comput., 53:552–568, 2012.

4. Mass conservative finite volume discretization of the continuity equations
in multi-component mixtures, K.S.C. Peerenboom, J. van Dijk, J.H.M. ten
Thije Boonkkamp, L. Liu, W.J. Goedheer and J.J.A.M. van der Mullen, J.
Comp. Phys., 230(9):3525-3537, 2011.

The results presented in Chapter 10 is in preparation for publication. Other
chapters in this thesis occur in the four publications as follows. Chapter 3 is
based on Publication 1. The results in Chapter 5 were reported in Publication 3,
however, a variant of the derivation will be presented in this chapter. Chapter 6
is a combination of Publication 1 and 2. To make the thesis structure more clear,
the example used in Publication 3 is put in Chapter 9.

Eindhoven, May 2013 Lei Liu
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Chapter 1

Plasmas and plasma models

1.1 Plasmas

A plasma is a sort of mysterious thing for most people, since we have little chance
to face it up close. However, it exists directly or indirectly everywhere in our daily
life. For example, in a fluorescent lamp, it is the plasma which makes the tube
glowing. The plasma HID lamp [7] makes it possible to watch sport matches in
the evening in stadiums and drive cars in the dark. For plasma TV sets, it is also
the plasma which controls the display on the screen. These examples of plasmas
as light sources are only a small portion of the applications. There are many
other applications in industry. For example, plasmas are used for etching and
deposition of integrated circuits in microelectronics industries [8]. Plasma torches
are used for cutting and welding metals [9]. Even in controlled thermonuclear
fusion reactors [10], plasmas are the energy sources of reactant nuclei.

What is a plasma? Generally speaking, a plasma is an ionized gas. It con-
tains charged and neutral particles, like electrons, ions, atoms and/or molecules.
However, not all ionized gases are plasmas. A plasma has its own unique char-
acteristics. In a plasma consisting of electrons and positive ions, their densities
are almost equal ne ≈ ni = n, where n is called the plasma density. In other
words, plasmas are macroscopically neutral. Even if a new charge is inserted into
a plasma, the plasma has the ability to confine the effect of the electric field gener-
ated by the charge to a small region. In this region, the plasma is not neutral, but
elsewhere the plasma is still neutral. Plasmas also exhibit collective behaviors,
since a moving charged particle in a plasma can interact simultaneously with a
number of other charged particles due to the long range electromagnetic forces.
This is a fundamental characteristic that distinguishes plasmas from a neutral
gas. In a neutral gas the particles can only influence the motions of neighboring
particles by collisions.

Plasma is regarded as the fourth state of matter, apart from the solid, liquid,
and gas states. The charge carriers make the plasma electrically conductive so that
plasmas respond to electromagnetic fields. Plasmas, therefore, have properties
quite unlike those of matter in the other three states. The plasma state is abundant
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in the universe, and 99% of the visible matter is considered to be in the plasma
state. Examples are stars, solar winds, interstellar materials, the ionosphere,
nebula, and so on. In Figure 1.1, various plasmas are shown with their electron
temperatures and densities. Their electron temperatures and densities can cover
very large ranges, since different plasmas are produced in different volumes and
in different gases. Moreover, the gas pressures pg can also be quite different.
However, all the plasmas are luminous, either strongly or weakly. In Chapter 6
and 7 we will work on so-called low-pressure plasmas which are characterized by a
low gas pressure (0.1 mTorr to 1 Torr). Examples in Figure 1.1 are the fluorescent
light and Neon sign.

Figure 1.1: The various states of plasma and where they are found. (Copyright 1996
Contemporary Physics Education Project. Images courtesy of DOE fusion labs, NASA,
and Steve Albers.).

1.2 What happens in plasmas?

Plasmas are commonly ignited and sustained by applying external power to noble
gases. Therefore, they are often referred to as gas discharges. The types of power
to excite and sustain a plasma can be direct current (DC), radio frequency (RF),
microwave (MW), and so on. Furthermore, plasmas can also be produced by
providing sufficient energy, for example, a laser, to a liquid or solid to cause its
vaporization and ionization. If the external power is removed, the plasma will
extinguish.

A plasma contains different particles with different electric charges and masses.
As the lightest particles in plasmas, electrons are easily energized by an external
electric field. As absorbing energy from the external power, electrons collide with
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neutral particles. Low energy electrons collide with neutral particles by elastic
collisions. The fraction of the energy transferred in an elastic collision is very
small, since it is determined by the mass ratio of incident and target particles.
For the collision of an electron with a helium atom, for example, the fraction is
given by [11]

WTr

W
=

2me

M
≈ 1

4000
, (1.1)

where WTr is the transferred energy, W is the energy of the electron, me and
M are the masses of the electron and the helium atom, respectively. High energy
electrons collide with neutral particles by inelastic collisions. In inelastic collisions
the neutral particles are ionized or excited. In case of ionization more electrons
and ions that form the plasma are created. Moreover, a large amount of energy
is transferred from electrons to plasmas in inelastic collisions. The fraction of
transferred energy is given by [11]

WTr

W
=

M

me +M
≈ 1. (1.2)

Energy transferred to plasmas may be dissipated in the form of light or heat. For
example, in fluorescent lamps, a portion of the energy is emitted in the form of
ultraviolet radiation. The electrons and ions generated in plasmas can be lost
from plasmas by recombination in plasmas or on the surrounding walls.

As an example, we now explain the basic processes in a low-pressure plasma;
the DC glow discharge. The plasma is created between two electrodes, as shown
in Figure 1.2. The typical dimensions of a low-pressure plasma range from several
millimeters to several meters. The plasma density n is between 1014 and 1019

m−3. DC discharges are sustained by volumetric ionization and secondary emis-
sion of electrons from the cathode primarily due to positive ion bombardment.
After the steady-state is obtained the discharge space can be roughly divided into
three regions from cathode to anode. They are cathode fall, negative glow and
positive column. Most of the voltage drop occurs in the cathode fall region, thus,
there the electric field is very high. In this region the electrons generated by the
secondary emission are accelerated to high energies due to the high electric field,
and then enter the negative glow region. The neutral particles in the negative glow
region are ionized or excited by the highly energetic electrons from the cathode
fall region. This makes the region very luminous. As a result of ionization, new
ions and electrons are created. The ions are accelerated towards the cathode to
create secondary emission electrons and the electrons continue to be accelerated
towards the positive column region. In the positive column region, excitation and
ionization occur, which make the region luminous. These physical phenomena can
be explained by the multi-fluid model presented in Chapter 6.
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Figure 1.2: Regions in a glow discharge in steady-state. From cathode to anode, the
regions are cathode fall, negative glow and positive column.

1.3 Plasma parameters

Ionization degree

The ionization degree measures the fraction of the neutral gas that is ionized in a
plasma and is defined by

χ =
ne

ng + ne
, (1.3)

where ng is neutral gas density. In low-pressure plasmas, the degree of ionization
is typically 10−6 to 10−3 [11].

Plasma temperature

From kinetic theory, the temperature is a measure of the particle average kinetic
energy. For example, for a neutral gas in thermodynamic equilibrium the distribu-
tion of the atom’s or molecule’s velocity v is given by the Maxwellian distribution

F (v) =

(
mp

2πkBTg

)3/2

exp

(
−mp|v|2

2kBTg

)
, (1.4)

where mp is the mass of species p, Tg the gas temperature and kB the Boltzmann
constant. Then the average kinetic energy ε̄ has the expression

ε̄ =
3

2
kBTg. (1.5)

In low-pressure plasmas, like DC glow discharges, the ionization rate is low. The
light electrons are easily heated by the applied power, while the heavy ions ef-
ficiently exchange energy with the background gas, therefore, electrons usually
have a much higher energy than ions. As a result, the temperature of electrons,
Te = 104 - 105 K, is much higher than that of the ions, which is close to the ambi-
ent temperature. Hence, the electrons and ions are assumed to have Maxwellian
distributions with different temperatures. Complete thermodynamic equilibrium,
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i.e., Te = Ti, can be achieved when the gas pressure is high enough, e.g., in arcs
at atmospheric pressure (1.01325 × 105 Pa). In plasma physics, eV is commonly
used for the unit of temperature, 1eV ≈ 11 600 K.

Debye length

The Debye length is another important parameter for the description of a plasma.
If a new charge q is introduced into a plasma, the charged particles in the plasma
will respond to the electric field generated by the charge q, and the electric field will
be shielded within a distance of the order of the Debye length λD. The behavior
of plasmas to reduce the effect of local electric fields is called Debye shielding. The
Debye length is defined by

λD =

√
ε0kBTe
nee2

= 69.0

√
Te
ne

[m], (1.6)

where ε0 is the permittivity of free space and e the elementary charge. Typical
values occurring in low-pressure plasmas are Te = 1eV and ne = 1016m−3, which
gives a Debye length of λD = 74.3µm.

Now let us see the physical meaning of the Debye length. A positive charge q
creates an electric potential and in free space this will be

V0(d) =
q

4πε0d
, (1.7)

where d is the distance from the charge. If the positive charge is put into a
plasma, the electric potential V will be affected by the response of the other
charged particles. The potential can be obtained from Poisson’s equation and is
given by

V (d) = V0(d) exp

(
− d

λD

)
. (1.8)

Equation (1.8) shows that the potential of the positive charge is attenuated by
the plasma and decays at a scale of the Debye length.

Plasma sheath

The plasma sheath is a boundary layer near the bounding walls. The thickness
of the plasma sheath is of the order of the Debye length because of the Debye
shielding effect. In the plasma sheath the density of ions is larger than that of
electrons, as a result, the potential increases monotonically from the wall towards
the plasma. Figure 1.3 is a schematic of the plasma sheath between two grounded
absorbing walls. The distributions of particle densities are shown.

Initially there is no electric field, since the initial densities of ions and elec-
trons are equal and both walls are grounded. Then, due to the random thermal
motion, charged particles near the wall will collide with the wall where the are
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Figure 1.3: A schematic of the plasma sheath.

absorbed. For particles with the Maxwellian velocity distribution function the
thermal velocity vth,p is given by

vth,p =

√
8kBTp
πmp

, (1.9)

where Tp is the temperature of species p. Therefore, the thermal velocity of elec-
trons is much larger than that of ions, since in general Te/me ≫ Ti/mi. The
electrons reach the wall much faster and leave the plasma with a positive charge
in the vicinity of the wall. This positive potential retards the electrons and accel-
erates the ions. Eventually, the positive potential develops to equalize the rate at
which electrons and ions hit the wall such that the net current at the wall is zero.

Plasma frequency

When a perturbation of charge neutrality happens in a plasma, the light electrons
will quickly respond to the electric field generated by the perturbation and attempt
to restore the neutrality. However, because of their inertia, the electrons move
beyond the equilibrium position, and an electric field is produced in the opposite
direction. Because of their heavy mass, the ions are unable to follow the motion
of electrons. This results in oscillations of the electrons about the ions. The
frequency ωpe of these electron oscillations is called the plasma frequency and is
given by

ωpe =
1

2π

√
nee2

meε0
≈ 9.0

√
nem3Hz. (1.10)

For a typical plasma density of 1016 m−3, the plasma frequency is 900 MHz, which
is much higher than 13.56 MHz which is generally used to sustain a radio frequency
discharge.

A relation between the plasma frequency and the Debye length can be derived
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from Equation (1.6) and (1.10)

λDωpe ≈
√
kBTe
me

= v̄e, (1.11)

where v̄e is the average velocity of electrons. This equation means that the elec-
trons can move a distance of the Debye length during a single period of the plasma
oscillation. Therefore, plasmas can only maintain their neutrality with a pertur-
bation whose frequency is smaller than that of the plasma.

1.4 Plasma models

Plasma models or approaches for plasma simulations are a set of mathemati-
cal equations which describe the relations among the variables involved. Plasma
models, on the one hand, help explain observed and measured phenomena in ex-
periments. On the other hand, they can make predictions of physical phenomena,
so as to guide experiments. Several approaches have been developed for describing
plasmas, such as the kinetic approach, the fluid approach, and the combination of
these two, the hybrid approach.

The aim of the kinetic approach is to obtain the velocity distribution function
of particles, usually electrons, in phase space. With the distribution function
macroscopic variables, e.g., the number density and the transport coefficients, can
be computed. The straightforward but very difficult way to obtain the distribution
function is solving the Boltzmann equation. However, the Boltzmann equation
can only be solved analytically under very strict assumptions. The Maxwellian
distribution function and the Druyvesteyn distribution function are the only two
distribution functions obtained directly from the Boltzmann equation. Usually,
statistical techniques such as Monte-Carlo [12] or Particle-in-Cell methods [13]
are adopted to obtain the distribution function. These techniques give kinetic
information by tracing the location and velocity of each individual particle in
phase space.

The fluid approach describes the species in plasmas in terms of smoothed
average hydrodynamic quantities such as the particle density, momentum density
and energy density. The equations for these macroscopic quantities are obtained
by taking velocity moments of the Boltzmann equation. For low-pressure plasmas
the generally adopted fluid model is the multi-fluid model, where the plasma is
treated as a mixture of several interpenetrating fluids. Fluid models are often
accurate when the plasma particles experience sufficient collisions, so that each
species is able to keep the velocity distribution close to a Maxwellian distribution.
The multi-fluid model is the principle model for this thesis. Its mathematical
description will be discussed in Section 1.4.

The hybrid approach is a combination of the kinetic approach and the fluid
approach. Hybrid approaches use the kinetic approach to handle the non-local
transport of electrons or ions. The fluid approach is simultaneously applied to
provide the density of charged species.
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Multi-fluid model

In the multi-fluid model each species in a plasma is treated as a fluid. The time-
evolution of the density np of species p is described by a balance equation with a
flux density vector Γp given by the drift-diffusion equation [14], i.e.,

∂np
∂t

+∇ · Γp = sp, (1.12a)

Γp = vpnp −Dp∇np. (1.12b)

The first term in the right hand side of (1.12b) represents the flux due to the
electric field (drift) while the second term is the flux due to density gradients
(diffusion). The drift velocity is given by vp = µpE with µp the species’ mobility
and E the electric field. The diffusion coefficient is denoted by Dp. The net source
term sp is due to the various reactions in which the species is created or destroyed.

The mean electron energy ε is governed by the electron energy balance equation
[15] with the flux of the drift-diffusion type if the heat flux is assumed to be
proportional to the gradient of the electron mean energy [16], i.e.,

∂nε
∂t

+∇ · Γε = sε, (1.13a)

Γε =
5

3
venε −

5

3
De∇nε, (1.13b)

where nε = εne is the electron energy density with ε the mean electron energy.
Systems (1.12) and (1.13) are derived from the first three moments of the

Boltzmann equation with some simplifications. More details on the derivation can
be found in [15, 17]. In these equations the transport coefficients (mobility and
diffusion coefficient) and reaction coefficients (ionization or/and recombination)
are required to solve the model. These parameters are dependent on the distri-
bution functions. We will obtain the lookup tables for these parameters from the
software BOLSIG+ [18], which can provide the data by solving the Boltzmann
equations.

In the absence of an externally imposed magnetic field, magnetic effects are
generally quite small, and the plasma is treated as electrostatic, i.e., the electric
field E is the gradient of a potential

E = −∇V. (1.14)

The potential V depends on the space charge density ρc according to Poisson’s
equation

−∇ · (ε0∇V ) = ρc. (1.15)

Multi-fluid models have been successfully used to simulate a variety of plasmas,
such as DC discharges, RF discharges, and streamers. In this thesis, we will
demonstrate how to solve the set of equations in multi-fluid models with new
discretization methods. Those methods will be discussed in Chapter 2.



Chapter 2

Discretization methods

The particle balance equation (1.12) and the electron energy balance equation
(1.13) can be written in the generic form

∂φ

∂t
+∇ · (vφ−D∇φ) = s, (2.1)

where φ is the unknown, v is the drift velocity, D is the diffusion coefficient
and s the source term. We refer to equation (2.1) as the drift-diffusion-reaction
(DDR) equation. It can describe various transport phenomena in many areas.
Besides plasmas physics, DDR equations can also be encountered in chemical and
combustion engineering [19] and semiconductor physics [20].

For convection-diffusion-reaction equations the dimensionless Péclet number
P expresses the ratio between convective and diffusive mass flow. Analogously,
for DDR equations P measures the drift-diffusion ratio and is defined for each
direction by

P =
vd

D
, (2.2)

where d is a characteristic length and v is the longitudinal component of v. If
|P | ≪ 1 diffusion is dominant while if |P | ≫ 1 the drift part is dominant.

Analytical solutions of the DDR equations exist only for special cases. There-
fore, one commonly resorts to numerical methods to obtain approximate solutions.
In this chapter we will first review some commonly used methods, and then in-
troduce the complete flux scheme (CFS), which will be adopted to solve various
models in the following chapters.

2.1 Review

Adequate space discretization and time integration methods are required for nu-
merical solutions of DDR equations. For space discretization there are many
classes of methods available, such as the finite element method [21, 22], the finite
difference method [23], the finite volume method [24, 25] and the residual distri-
bution scheme [26, 27]. In this thesis we restrict ourselves to the finite volume
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method (FVM), which requires that the component of the flux density is dis-
cretized at interfaces of a control volume. Usually, the result of this procedure is
an expression for the interface flux density that is linear in the neighboring values
of the unknown. The key parameter in such expressions is the grid Péclet number,
which is defined by replacing d in (2.2) by the distance between the nodal points
at either side of the interface. From now on, P can denote the grid Péclet number
or the Péclet number depending on the context.

Many numerical schemes have been developed for the discretization of the flux
density. The two primary schemes, the central difference and the upwind scheme
have severe intrinsic drawbacks or limitations. The central difference scheme may
produce unphysical oscillations for |P | ≥ 2, which poses a restriction on the mesh
size h. On the other hand, the upwind scheme does not produce these unphysi-
cal oscillations for |P | > 2, but the scheme is too diffusive, and as a result, the
resolution of interior or boundary layers is poor. Compared with these schemes,
the exponential difference scheme (EDS) [28] performs reasonably well for all grid
Péclet numbers. As a result, it was widely used for semiconductor device simula-
tions [29] and plasma simulations [30–39].

Since the EDS is more accurate for intermediate grid Péclet numbers, it is the
method of choice in most contemporary simulation studies. But it is not without
drawbacks. One of them is that its convergence order is not uniform for all grid
Péclet numbers. The convergence order is 2 for small |P | but reduces to 1 for large
|P | in the presence of source terms (s ̸= 0). This can be attributed to the fact that
the derivation of the numerical flux for the EDS is based on a local boundary value
problem in which this source term is disregarded. After recognizing this point,
several authors considered the effect of the source term. Thiart [3] developed a
modified EDS for a constant coefficient DDR equation with a source term only
dependent on the spatial coordinate. For obtaining the exact solution of the local
boundary value problem and deriving the approximation of the flux, the source
term was assumed to be constant between two nodal points. Virag et al. [4] de-
veloped a modified EDS with constant coefficients and a constant source term.
Figueiredo [5] proposed an exponential interpolation scheme by assuming that the
source term is constant over the control volume. Luo et al. [6] developed three
modified exponential schemes for a DDR equation with a source term linearly
dependent on the solution. Along the same line of thought, ten Thije Boonkkamp
et al. [1] developed the CFS for the DDR equations with coefficients and source
term dependent on the spatial coordinate. In [1] uniform second-order conver-
gence of the CFS was demonstrated by a number of test examples. The uniform
convergence of the CFS makes it very appropriate to solve the plasma multi-fluid
models, since the continuity equation of ions is usually drift-dominated while that
of electrons is diffusion-dominated. Therefore, a scheme which is convergent uni-
formly in the grid Péclet number is appropriate. We will show that the CFS is an
efficient method for plasma multi-fluid models, theoretically and numerically. The
form of the CFS, tri-diagonal coupling in both φ and s, is not rare in literature,
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especially schemes for singularly perturbed problems share this property, such as
the scheme derived by El-Mistikawy et al. [40] and the one derived by Stynes et
al. [41].

2.2 Derivation of the CFS for 1D stationary conservation laws

We are now outlining the FVM and the derivation of the CFS for a one-dimensional
stationary conservation law. Consider the following model problem

df

dx
= s, (2.3a)

f := vφ−D
dφ

dx
, (2.3b)

where the coefficients v, D and the source term s are all assumed to be functions of
the spatial coordinate x. We use a uniform vertex centered grid for discretization,
which is depicted in Figure 2.1. In this thesis, we use uniform grids in Cartesian
coordinates unless specified otherwise. Another commonly used grid layout is the
cell centered grid. The discussion of these two kinds of grids is left to Chapter 4.
The grid size ∆x := h = L/Ncv, where L is the size of the calculation domain,
Ncv is the number of control volumes counting the two half control volumes next
to the boundaries as one. The unknowns are evaluated at the nodal points xj =
jh, j = 0, 1, · · · , Ncv. The total number of nodal points is denoted by Nnp. In
addition, the interfaces xj+1/2 of the control volumes are located in the middle of
two adjacent grid points.

Figure 2.1: Uniform vertex centered grid. The black dots are nodal points in the centers
of the control volumes.

Applying the FVM we integrate (2.3a) over each control volume. Then the
integral form of the conservation law can be obtained as

fj+1/2 − fj−1/2 =

∫ xj+1/2

xj−1/2

s(x) dx, (2.4)

where fj+1/2 = f(xj+1/2). Adopting the midpoint rule to the integral of s and
substituting numerical fluxes we have

Fj+1/2 − Fj−1/2 = sjh, (2.5)
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where Fj+1/2 is the approximation of fj+1/2 and sj = s(xj). To match the order
of the numerical flux a quadrature rule of at least second-order is required.

The expression for Fj+1/2 of the CFS is obtained by solving the following local
boundary value problem (BVP):

d

dx

(
vφ−D

dφ

dx

)
= s, xj < x < xj+1, (2.6a)

φ(xj) = φj , φ(xj+1) = φj+1. (2.6b)

Its analytical solution is given by

φ(x) = eΛ

(
−
∫ x

xj

D−1e−ΛS dξ − C1

∫ x

xj

D−1e−Λ dξ + C2

)
, (2.7)

where the auxiliary variables Λ(x) and S(x) are defined by

Λ(x) =

∫ x

xj+1/2

λ(ξ) dξ, λ = v/D, S(x) =

∫ x

xj+1/2

s(ξ) dξ. (2.8)

The constants C1 and C2 in (2.7) have the expressions

C1 = −
e−Λj+1φj+1 − e−Λjφj +

∫ xj+1

xj
D−1e−ΛS dx∫ xj+1

xj
D−1e−Λ dx

, (2.9a)

C2 = e−Λjφj , (2.9b)

with Λj = Λ(xj). Substituting (2.7) into f = vφ − D dφ
dx we can obtain the

expression of fj+1/2 as

fj+1/2 = fhj+1/2 + f ij+1/2, (2.10a)

fhj+1/2 = −(e−Λj+1φj+1 − e−Λjφj)/

∫ xj+1

xj

D−1e−Λ dx, (2.10b)

f ij+1/2 = −
∫ xj+1

xj

D−1e−ΛS dx/

∫ xj+1

xj

D−1e−Λ dx. (2.10c)

The two terms fhj+1/2 and f ij+1/2 are the homogeneous and inhomogeneous part,

which correspond to the homogeneous and the particular solution of (2.6), respec-
tively.

To complete the FVM, the expression for fj+1/2 needs to be written as an
expression linearly dependent on φ and even s in the neighboring grid points. For
this purpose suitable quadrature rules are applied to the integrals in (2.10) [1] [42].
Then the numerical flux Fj+1/2 can be obtained as:

Fj+1/2 = F h
j+1/2 + F i

j+1/2, (2.11a)

F h
j+1/2 = αj+1/2φj − βj+1/2φj+1, (2.11b)

F i
j+1/2 = h(γj+1/2sj + δj+1/2sj+1). (2.11c)
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The coefficients αj+1/2, βj+1/2, γj+1/2 and δj+1/2 are defined by

αj+1/2 :=
Dj+1/2

h
B(−P̄j+1/2),

βj+1/2 :=
Dj+1/2

h
B(P̄j+1/2),

γj+1/2 := max

(
1

2
−W (P̄j+1/2), 0

)
,

δj+1/2 := min

(
1

2
−W (P̄j+1/2), 0

)
,

Dj+1/2 :=
P̃j+1/2

P̄j+1/2

D̃j+1/2,

(2.12)

where P̄j+1/2 and P̃j+1/2 are the arithmetic average and weighted average of the
grid Péclet function P = vh/D, defined as

P̄j+1/2 :=
1

2
(Pj + Pj+1), (2.13)

P̃j+1/2 :=W (−P̄j+1/2)Pj +W (P̄j+1/2)Pj+1, (2.14)

and D̃j+1/2 is the weighted average for D. In addition, the Bernoulli function
B(z) and the function W (z) have the following expressions

B(z) :=
z

exp(z)− 1
, W (z) :=

exp(z)− 1− z

z(exp(z)− 1)
=

1

z

(
1−B(z)

)
, (2.15)

and are shown in Figure 2.2.
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Figure 2.2: Bernoulli function B(z) (a) and function W (z) (b).

A similar expression holds for the numerical flux Fj−1/2. Substituting these
into the discrete conservation law (2.5) we obtain the CFS

Lhnj = Whsj , (2.16)
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where the difference operator Lh and operator Wh are defined by

Lhφj := −aW,jφj−1 + aC,jφj − aE,jφj+1, (2.17)

Whsj := bW,jsj−1 + bC,jsj + bE,jsj+1, (2.18)

with coefficients aW,j , bW,j etc. given by

aW,j :=
1

h
αj−1/2, aE,j :=

1

h
βj+1/2, aC,j :=

1

h

(
αj+1/2 + βj−1/2

)
,

bW,j := γj−1/2, bE,j := −δj+1/2, bC,j := 1− γj+1/2 + δj−1/2.
(2.19)

For streamer discharges the diffusion of ions can be neglected, then the diffusion
coefficient is 0. In this limit case, the coefficients in (2.12) reduce to

αj+1/2 = vj , βj+1/2 = 0, γj+1/2 =
1

2
, δj+1/2 = 0, (2.20)

for v̄j+1/2 > 0. For v̄j+1/2 < 0 the coefficients reduce to

αj+1/2 = 0, βj+1/2 = vj+1, γj+1/2 = 0, δj+1/2 =
1

2
. (2.21)

Rewriting (2.16) as a linear system we have

Aφ = Bs+ b, (2.22)

where φ and s are the vectors of the unknowns and source terms, respectively, and
where the vector b comes from the boundary conditions. It is worth mentioning
that A and B are tri-diagonal matrices, as a result, (2.22) can be solved cheaply
by the tri-diagonal matrix algorithm (TDMA), see [43].

If v, D and s are constants, then all the integrals in (2.10) can be evaluated
and fhj+1/2 and f ij+1/2 can be expressed as

fhj+1/2 = −D
h

(
B(P )φj+1 −B(−P )φj)

)
, (2.23a)

f ij+1/2 = h

(
1

2
−W (P )

)
s. (2.23b)

Note that (2.23a) is the numerical flux of the EDS and (2.23b) is a constant.
Therefore, the CFS is equivalent with the EDS in this special case, because the in-
homogeneous flux cancels when substituted into (2.5). Furthermore, both schemes
generate the exact solution, since (2.23a) is the exact expression of the flux and
(2.5) holds exactly.
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2.3 Extension to 1D time-dependent conservation laws

To extend the CFS to time-dependent conservation laws we consider the following
problem

∂φ

∂t
+

∂

∂x

(
vφ−D

∂φ

∂x

)
= s. (2.24)

There are two options to discretize this equation using the CFS. The first one is in
an explicit way, that is, the spatial coordinate is discretized first, and this results
in a system of ordinary differential equations (ODE)

φ̇+Aφ = Bs+ b, (2.25)

where the matrices A and B are the same as those in (2.22). System (2.25) can
be discretized in time using suitable time integration methods. This option is
referred to as the stationary complete flux scheme (SCFS).

Another option is to include the time derivative in the source term as follows

∂

∂x

(
vφ−D

∂φ

dx

)
= s− ∂φ

∂t
, (2.26)

and then apply the CFS to this quasi-stationary problem. As a result, the flux
depends on ∂φ/∂t = φ̇ as well, and has the expression

Fj+1/2 = αj+1/2φj−βj+1/2φj+1+h
(
γj+1/2(sj−φ̇j)+δj+1/2(sj+1−φ̇j+1)

)
, (2.27)

where the coefficients αj+1/2, βj+1/2 etc. are the same as those in (2.12). A similar
expression can be derived for Fj−1/2. Substituting these into the semi-discrete
conservation law

fj+1/2 − fj−1/2 = sjh− φ̇jh, (2.28)

and rearranging terms the implicit ODE system is obtained

Bφ̇+Aφ = Bs+ b. (2.29)

This scheme is referred to as the transient complete flux scheme (TCFS).

The accuracy and performance of the TCFS and the SCFS have been tested
and discussed in [44]. It was shown that for drift-dominated problems, the TCFS
is second-order accurate in space, provided the solution is smooth, however, the
accuracy of the SCFS reduces to first-order. Furthermore, in this case, the TCFS
has much smaller dissipation and dispersion errors than the SCFS for smooth
problems. On the other hand, for diffusion-dominated problems, both schemes
are second-order accurate in space and have comparable dissipation and dispersion
errors. Nevertheless, the TCFS is not always better. For non-smooth solutions
spurious oscillations cannot be excluded due to its large dispersion errors.
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2.4 The CFS for 2D stationary conservation laws

Consider the following two-dimensional stationary conservation law

∂f1
∂x

+
∂f2
∂y

= s, (2.30a)

f1 = v1φ−D
∂φ

∂x
, f2 = v2φ−D

∂φ

∂y
. (2.30b)

We use a uniform two-dimensional Cartesian grid. In Figure 2.3 control volumes
are shown with the compass notation we will use.

Figure 2.3: A control volume of a uniform vertex centered grid with compass notations.

The derivation of the x-component Fe of the numerical flux follows from the
quasi-one-dimensional BVP

∂

∂x

(
v1φ−D

∂φ

∂x

)
= sx := s− ∂f2

∂y
, xC < x < xE, (2.31a)

φ(xC) = φC, φ(xE) = φE. (2.31b)

The rest is almost the same as the derivation for one-dimensional conservation
laws (see Section 2.2) apart from the inclusion of the cross flux term ∂f2/∂y in the
source term. Therefore, the expression of Fe can be obtained by slightly modifying
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(2.11). If we approximate the derivative of f2 by the central difference method and
f2 by the homogeneous numerical flux analogous to (2.11), then the expression of
sC in (2.11) for Fe should be replaced by sC − (F h

2,n − F h
2,s)/∆y. The coefficients

defined in (2.12) should be calculated with the x-component, accordingly. The
derivation of the y-component F2,n is analogous. The expressions of the CFS for
two-dimensional stationary conservation laws are summarized in Table 2.1.

Table 2.1: Summary of the expression of the CFS for two-dimensional stationary con-
servation laws

Two-dimensional CFS

x-component y-component

Péclet function

P1 := v1∆x/D P2 := v2∆y/D

Arithmetic and weighted average

āe :=
1
2 (aC + aE) ān := 1

2 (aC + aN)

ãe :=W (−P̄1,e)aC +W (P̄1,e)aE ãn :=W (−P̄2,n)aC +W (P̄2,n)aN

Homogeneous flux

F h
1,e = α1,eφC − β1,eφE F h

2,n = α2,nφC − β2,nφN

Source term with cross wind diffusion

sx,C = sC − (F h
2,n − F h

2,s)/∆y sy,C = sC − (F h
1,e − F h

1,w)/∆x

Inhomogeneous flux

F i
1,e = ∆x(γ1,esx,C + δ1,esx,E) F i

2,n = ∆y(γ2,nsy,C + δ2,nsy,N)

Complete flux

F1,e = F h
1,e + F i

1,e F2,n = F h
2,n + F i

2,n
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Chapter 3

Error analysis

In [1] ten Thije Boonkkamp et al. found the CFS to be second-order accurate
for all grid Péclet numbers, but didn’t prove that this is always the case. In
this chapter we analyze the accuracy of the CFS and prove that it is uniformly
second-order accurate for the following two-point boundary value problem

Lφ := v
dφ

dx
−D

d2φ

dx2
= s(x), 0 < x < 1, (3.1a)

φ(0) = φL, φ(1) = φR, (3.1b)

where v > 0 and D ∈ (0, 1] are constants and s ∈ Cm[0, 1] (m ≥ 4). Although we
assume v > 0, it is not a real restriction, because for the case of v < 0 one can
transform the problem to v > 0 with the change of variable x̄ = 1 − x. Being a
diffusion coefficient, D is always positive. Moreover, the problem with D > 1 can
be scaled to the problem with D = 1. Therefore, we restrict D to (0, 1].

The coefficients of (3.1) are constants, so the coefficients in (2.19) can be
written as, see (2.12),

aW := Dh−2B(−P ), aE := Dh−2B(P ), aC := aW + aE ,

bW :=
1

2
−W (P ), bE := 0, bC :=

1

2
+W (P ),

(3.2)

where P is the grid Péclet number. In this chapter, C, c, c1 and c2 will denote
generic positive constants, independent of h and D. For simplicity, the same
notation may be used for different constants. As usual we investigate stability
first and then consistency and convergence.

3.1 Stability

Applying the CFS to (3.1) on the vertex-centered grid shown in Figure 2.1 we
obtain the linear system of equations

Aφ = Bs+ b, (3.3)
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where A, B ∈ R(Nnp−2)×(Nnp−2) are a tri-diagonal matrix and a lower bi-diagonal
matrix, respectively. The terms involving boundary values are included in the
vector b. Note that matrix A is the same as the one derived from the discretiza-
tion of (3.1) by the EDS. We have the following lemma about the existence and
uniqueness of the solution of system (3.3) and the monotonicity of Lh.

Lemma 3.1.1. System (3.3) has a unique solution. If Lhuj ≤ Lhvj, j = 1, 2, · · · ,
Nnp − 2, and if u0 ≤ v0, uNnp−1 ≤ vNnp−1, then uj ≤ vj, j = 1, 2, · · · , Nnp − 2.

Proof. The results can be obtained directly from the fact that A = (aij) is an
M-matrix. In fact, A is irreducibly diagonally dominant, i.e., A is irreducible,
|aii| ≥

∑
j ̸=i

|aij | with strict inequality for at least one row. Hence, A has a positive

inverse, that is, it is of monotone type. This demonstrates that system (3.3) has
a unique solution.

Moreover, for j = 2, 3, · · · , Nnp − 3, (Av)j = Lhvj , then the monotonicity
of A implies that of Lh. For the points adjacent to the boundaries, e.g., x1,
Lhu1 ≤ Lhv1 implies

aC(u1 − v1)− aE(u2 − v2) ≤ aW (u0 − v0) ≤ 0,

i.e.,
(Au)1 ≤ (Av)1.

Likewise,
(Au)Nnp−2 ≤ (Av)Nnp−2.

In conclusion, Lhuj ≤ Lhvj implies uj ≤ vj , j = 1, 2, · · · , Nnp − 2 under the
conditions of the lemma. This completes the proof. We denote the truncation
error and the discretization error of the CFS by τ and e, respectively. Then from
(3.3) we have

e = A−1τ . (3.4)

If ∥A−1∥∞ is bounded, then the CFS is stable.

Lemma 3.1.2. There exists a constant C > 0, such that

∥A−1∥∞ ≤ −1

v

(
1

ϱ
lnB(ϱ) +W (ϱ)

)
≤ C, (3.5)

where ϱ = v/D.

Proof. From Theorem 1.14 in [45] we know that if there is a vector ω such that

Aω ≥ 1,

where the inequality a ≥ b means aj ≥ bj , for all j and 1 denotes a column vector
whose components are all equal to 1, then

∥A−1∥∞ ≤ ∥ω∥∞.
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Actually, since A is an M-matrix, we have

∥A−1∥∞ = max
i

∑
j

∣∣∣(A−1)ij

∣∣∣ = max
i

∣∣∣∑
j

(A−1)ij

∣∣∣
= max

i

∣∣∣(A−11)i

∣∣∣ ≤ max
i

|ωi| = ∥ω∥∞.

Now we construct a vector ω that satisfies this criterion. To that end we define
the function

ω(x) =
x

v
− exp(ϱx)− 1

v(exp(ϱ)− 1)
.

This is the exact solution of the boundary value problem

vω′ −Dω′′ = 1, 0 < x < 1,

ω(0) = 0, ω(1) = 0.

The first term of ω(x) is the particular solution of the above problem and the
second term is constructed by the general solution of the homogeneous equation.
It can easily be shown that ω(x) ≥ 0 on [0, 1] and it obtains its maximal value in
the unique stationary point x∗ = − lnB(ϱ)/ϱ ∈ (0, 1), where function B is defined
in (2.15).

Let ω be the restriction of ω to the grid. One can verify that

Lh
(xj
v

)
= 1, Lh exp(ϱxj) = 0 and Lh1 = 0.

Therefore,

Aω = 1.

As a result we have

∥A−1∥∞ ≤ ∥ω∥∞ ≤ ∥ω∥∞ = ω(x∗)

= −1

v

(
1

ϱ
lnB(ϱ) +W (ϱ)

)
,

where function W is defined in (2.15). The upper bound ω(x∗) of ∥A−1∥∞ as a
function of D for fixed v or as a function of v for fixed D is plotted in Figure 3.1.
Figure 3.1(a) shows that for a given v ω(x∗) approaches its upper bound as D → 0
and the upper bound is given by 1/v. Therefore, ∥A−1∥∞ is bounded by 1/v.

Remark 3.1.3. In (3.5), if D = 1, then ∥A−1∥∞ ≤ 1/8 as v → 0 as expected,
see Figure 3.1(b), because when D = 1 the CFS reduces to the central difference
scheme as v → 0. Additionally, ∥A−1∥∞ ≤ 1/8 for the central difference scheme
[45]. Figure 3.1(b) also shows that ω(x∗) → 0 as v → +∞.
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Figure 3.1: Upper bound of ∥A−1∥∞ as a function of D for various v (a) and as a
function of v for D = 1 (b).

3.2 Consistency

To investigate the convergence of the CFS we need to estimate the truncation
error first. The truncation error is defined to be

τj := Lhφ(xj)−Wh(Lφ)(xj) = Lh
(
φ(xj)− φj

)
for j = 1, 2 · · · , Nnp − 2. (3.6)

We derive its expression in two cases, viz, for h ≤ D and D ≤ h, by using the
Taylor expansion

f(x2) =
n∑

k=0

f (k)(x1)

k!
(x2 − x1)

k +Rn(x1, x2; f), (3.7)

where the remainder Rn(x1, x2; f) is given by

Rn(x1, x2; f) =
1

n!

∫ x2

x1

(x2 − x)nf (n+1)(x) dx, (3.8)

for a sufficiently smooth function f(x).

First, for the case h ≤ D using the Taylor expansion (3.7) up to the fourth
derivative of φ we obtain the following expression for the truncation error

τj = T3φ
(3)(xj) + I1 + I2 + I3 + I4. (3.9)

One can easily check that the leading order term is given by

T3 =
vh2

6
−
(1
2
−W (P )

)
(Dh+

1

2
vh2),
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and the remaining terms read

I1 = −Dh−2B(−P )R3(xj , xj − h;φ),

I2 = −Dh−2B(P )R3(xj , xj + h;φ),

I3 = −v
(
1

2
−W (P )

)
R2(xj , xj − h;φ′),

I4 = D

(
1

2
−W (P )

)
R1(xj , xj − h;φ′′).

Second, for the case h ≥ D it suffices to expand up to the third derivative of
φ, because D contributes one order in the estimate. Then the truncation error
can be written as

τj = I1 + I2 + I3 + I4, (3.10)

where

I1 = −Dh−2B(−P )R2(xj , xj − h;φ),

I2 = −Dh−2B(P )R2(xj , xj + h;φ),

I3 = −v
(1
2
−W (P )

)
R1(xj , xj − h;φ′),

I4 = D
(1
2
−W (P )

)
R0(xj , xj − h;φ′′).

We consider a special case first. If the derivatives of the solution φ(x) are
uniformly bounded, then from the expression of the truncation error (3.9) and
(3.10) we can derive the following lemma directly.

Lemma 3.2.1. Let φ(x) be the solution of (3.1). If the first four derivatives of
φ(x) are uniformly bounded, then

|τj | ≤ Ch2. (3.11)

This lemma, along with Lemma 3.1.2, demonstrates the second-order conver-
gence of the CFS. However, the derivatives of the solution are not always bounded,
e.g., when an inner or a boundary layer exists. Then for the estimate of the trun-
cation error we need the following lemma, given in [46], to bound the derivatives.

Lemma 3.2.2. Let φ be the solution of (3.1). Then it can be decomposed as

φ(x) = γy(x) + z(x), (3.12)

where |γ| ≤ c1 and y(x) = exp(−vD−1(1− x)), and

|z(i)(x)| ≤ c2

(
1 +D−i+1 exp(−vD−1(1− x))

)
, (3.13)

with c1 > 0 and c2 > 0, independent of D.
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From (3.12) we know that the solution φ(x) of (3.1) can be decomposed into
two terms. For the first term, one can easily verify that y(x) is a solution of the
homogeneous equation of (3.1). In addition, the CFS is exact for the constant
coefficient homogeneous problem. As a result, the truncation error from this term
is 0. Therefore, the truncation error can be written as

τj = Lhz(xj)−Wh(Lz)(xj) for j = 1, 2 · · · , Nnp − 2. (3.14)

Now we start estimating the terms of (3.9) for the case h ≤ D. For the first
term we have

|T3z(3)(xj)| =
∣∣∣∣[vh26 −

(
1

2
−W (P )

)
1

2
vh2 −

(
1

2
−W (P )

)
Dh

]
z(3)(xj)

∣∣∣∣
≤
[
vh2

6
+

1

4
vh2 +

(
1

2
−W (P )

)
vh2

P

]
|z(3)(xj)|

≤
[
vh2

6
+

1

4
vh2 +

1

12
vh2 +O(h4)

]
|z(3)(xj)|

≤ Ch2
(
1 +D−2y(xj)

)
.

Here we used the Taylor expansion for 1/2 − W (P ) and the upper bound for
z(3)(xj) given by (3.13).

For the remaining terms, because of similarity we only present the estimate of
I1 + I2, which is given by

|I1 + I2| ≤ Dh−2B(−P )1
6

∣∣∣∣∣
∫ xj−h

xj

(xj − h− t)3z(4)(t) dt

∣∣∣∣∣
+Dh−2B(P )

1

6

∣∣∣∣∣
∫ xj+h

xj

(xj + h− t)3z(4)(t) dt

∣∣∣∣∣
≤
(
Dh

6
[B(−P ) +B(P )]

)∫ xj+h

xj−h
|z(4)(t)|dt

≤ h

3

(
vh

(
1

2
−W (P )

)
+D

) ∫ xj+h

xj−h
|z(4)(t)|dt

≤ C(Dh+ h2)

∫ xj+h

xj−h
|z(4)(t)|dt

≤ C(Dh+ h2)

∫ xj+h

xj−h
1 +D−3 exp(−vD−1(1− t)) dt

≤ C(Dh+ h2)
(
h+D−2v−1 sinh(vhD−1) exp(−vD−1(1− xj))

)
.

Since sinh(t) ≤ Ct for t bounded, we obtain

|I1 + I2| ≤ C(Dh+ h2)(h+D−3h) exp(−vD−1(1− xj))

≤ Ch2(1 +D−2y(xj)).
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Here we used the relation

D

2

(
B(P ) +B(−P )

)
= vh

(1
2
−W (P )

)
+D.

Similarly we can estimate I3 and I4 and the upper bounds have the same form.
Next, for h ≥ D, we estimate the terms of (3.10). As an example, the estimate

process of I1 is presented:

|I1| ≤

∣∣∣∣∣Dh−2B(−P )1
2

∫ xj−h

xj

h2z(3)(t) dt

∣∣∣∣∣
≤ D

(
B(P ) + P

)1
2

∫ xj

xj−h
|z(3)(t)|dt

≤ CD

∫ xj

xj−h
1 +D−2y(t) dt+ Ch

∫ xj

xj−h
1 +D−2y(t) dt

≤ C
(
h2 + hD−1v−1y(xj)

)(
1− exp(−vD−1h)

)
+ C

(
hD + v−1y(xj)

)(
1− exp(−vD−1h)

)
≤ C

(
h2 + hD−1y(xj)

)
≤ C

(
h2 +

(
D

h

)(
h

D

)2

y(xj)
)

≤ C
(
h2 +Dh−1y(xj+1)

)
.

Here we used the inequality tk ≤ C exp(t), for a positive integer k. Similarly, we
can estimate the terms I2, I3 and I4 and they have the same form of the upper
bounds as I1. In summary, we have the following lemma for the truncation error.

Lemma 3.2.3. If the derivatives of φ(x) up to the fourth order exist, then the
truncation error of the CFS satisfies

|τj | ≤ Ch2 + Ch2D−2 exp(−vD−1(1− xj)), h ≤ D, (3.15)

|τj | ≤ Ch2 + CDh−1 exp(−vD−1(1− xj+1)), h ≥ D. (3.16)

3.3 Convergence

Our aim is to prove that the CFS is uniformly second-order convergent for problem
(3.1). The principal result can be summarized as follows

Theorem 3.3.1. There is a constant C, independent of D and h, such that the
components ej of the discretization error (3.4) satisfy

|ej | ≤ Ch2, (3.17)

for all D ∈ (0, 1] and v > 0.
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To prove this theorem we adopt the comparison function approach, which
was employed in [46–48] for analysis of some difference methods for singular per-
turbation problems. An outline is given in [47]. For our problem we choose the
comparison functions ϕ(x) = 1+x and ψ(x) = exp(−λD−1(1−x)) for some λ > 0.
The function ϕ is used to estimate the error where φ is “well behaved”, while ψ es-
timates the error “near” the layer. The error estimate is obtained using ϕ, ψ, and
bounds on the truncation error. Since τj = Lhej , if the right-hand side of (3.15)
and (3.16) can be expressed in the form of Lh

(
k1(h,D)ϕ(xj) + k2(h,D)ψ(xj)

)
,

for some constants k1(h,D) ≥ 0 and k2(h,D) ≥ 0, then from Lemma 3.1.1 we
have |ej | ≤ k1(h,D)ϕ(xj) + k2(h,D)ψ(xj). For this purpose, the lower bounds of
Lhϕ(xj) and Lhψ(xj) are needed and are given in the following two lemmas.

Lemma 3.3.2. There is a constant C, such that Lhϕ(xj) ≥ C for D ∈ (0, 1] and
v > 0.

The proof of Lemma 3.3.2 is straightforward, so it is omitted. In the next
lemma, for convenience h is taken bounded by some “small” constant (independent
of D). It has proved permissible by Remark 4.16 of [47].

Lemma 3.3.3. There exist constants c1 and c2 such that h ≤ c1 and 0 < λ ≤ c2,
and for some constant C depending on λ, it holds

Lhψ(xj) ≥ CD−1ψ(xj), for h ≤ D, (3.18)

Lhψ(xj) ≥ Ch−1ψ(xj), for h ≥ D. (3.19)

Proof. The results follow immediately from the proof of Lemma 3.6 in [48], once
the following expression is observed,

Lhψ(xj) = −aW exp(−λD−1(1− xj−1))

+ (aW + aE) exp(−λD−1(1− xj))− aE exp(−λD−1(1− xj+1)

= aWψ(xj+1)
(
exp(−λhD−1)− aE/aW

)(
1− exp(−λhD−1)

)
= aWψ(xj+1)

(
exp(−λhD−1)− exp(−vhD−1)

)(
1− exp(−λhD−1)

)
.

The idea is to estimate the individual factors in the above expression for the three
cases (1) h/D ≤ c, (2) h/D ≥ C and (3) c ≤ h/D ≤ C (for appropriately chosen
c and C). In addition, c2 is taken to make Lhψ(xj) positive and convenient to
estimate. In [48] c2 is chosen to fulfill c2 ≤ min(1, v/2). As an example, for (1)
and for sufficiently small c, we have aW ≈ 1 and aW > 1, ψ(xj+1) > ψ(xj),
1 − exp(−λhD−1) ≥ cλhD−1 and exp(−λhD−1) − exp(−vhD−1) ≥ ch/D, then
(3.18) holds.

From Lemma 3.2.3 we see that the truncation error in the case h ≤ D is
second-order, but in the case h ≥ D, the order can not be determined. So we
can not determine the convergence order from it. Nevertheless, we can obtain a
preliminary result for the discretization error. Along with Lemma 3.3.2, 3.3.3 and
3.1.1 we have the following theorem.
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Theorem 3.3.4. Let {φj} be the approximate solution of (3.1) using the CFS.
Then there are a constant λ, which depends only on v, and a constant C, which
is independent of D and h, such that

|φ(xj)− φj | ≤ Ch2 + Ch2D−1 exp(−λD−1(1− xj)), h ≤ D, (3.20)

|φ(xj)− φj | ≤ Ch2 + CD exp(−λD−1(1− xj+1)), D ≤ h. (3.21)

Proof. We consider the case h ≤ D. From (3.15) by choosing a λ ≤ v we have

|τj | = |Lh(φ(xj)− φj)|
≤ Ch2 + Ch2D−2 exp(−λD−1(1− xj))

≤ Ch2Lhϕ(xj) + Ch2D−1Lhψ(xj)

= Lh[Ch2ϕ(xj) + Ch2D−1ψ(xj)].

Then (3.20) follows from Lemma 3.1.1. The second estimate can be obtained
similarly.

It is not sufficient to prove Theorem 3.3.1 from Theorem 3.3.4. We still need
another lemma which gives a three-term decomposition of the solution φ(x) of (3.1)
by using the two-variable expansion method (see [49] and references therein).

Lemma 3.3.5. The solution φ(x) of (3.1) can be written in the form

φ(x) = A0(x) +B0 exp(−vD−1(1− x)) +DR0(x;D), (3.22)

where the constant B0 and the norm of A0 ∈ Cm+1[0, 1] (m ≥ 4) depend on the
boundary values of (3.1) and the integral of s ∈ Cm[0, 1]. The function R0(x;D)
satisfies the following problem

−DR′′
0 + vR′

0 = F0(x), R0(0;D) = κ0(D), R0(1;D) = 0, (3.23)

where κ0(D) is bounded and F0 ∈ Cm−1[0, 1].

Proof. This proof is a modification from [49], adapted to our problem. From the
general two-variable expansion of the form

φ(x;D) =

∞∑
n=0

φn(x, ξ)D
n,

where we introduced the new variable ξ = vD−1(1− x), we write

φ(x;D) = φ0(x, ξ) +DR0(x;D), (∗)

for a suitable remaining term R0. We insert (∗) into (3.1) and obtain

−DR′′
0 + vR′

0 = φ0,xx +
1

D

(
− 2vφ0,xξ − vφ0,x + s(x)

)
+
v2

D2
(φ0,ξξ + φ0,ξ).
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Since we wish the remainder R0 to be as small as possible (for small D), it is
natural to impose on φ0 the conditions

φ0,ξξ + φ0,ξ = 0, (∗∗)

and
2vφ0,xξ + vφ0,x = s(x). (∗∗∗)

The general solution of (∗∗) can be given as

φ0(x, ξ) = A0(x) +B0(x) exp(−ξ), (∗∗∗∗)

for suitable functions A0 and B0 which are to be determined so that the remaining
condition (∗∗∗) is satisfied. If we insert (∗∗∗∗) into (∗∗∗), we find that A0 and B0

satisfy
vA′

0 − s(x)− vB′
0 exp(−ξ) = 0,

which in turn leads to the two equations

vA′
0 = s(x) and vB′

0 = 0.

Hence for A0 and B0 we find the expressions

A0(x) = A0(0) +
1

v

∫ x

0
s(t) dt and B0(x) = B0,

where A0(0) and B0 are to be determined so as to obtain acceptable boundary
values for the remainder term R0 at endpoints. We require that the boundary
values R0(0;D) and R0(1;D) must remain bounded as D → 0. From (∗), (3.1b)
and (∗∗∗∗) we obtain the boundary values for R0

R0(0;D) =
φL −A0(0)

D
− B0 exp(−vD−1)

D
,

and

R0(1;D) =
φR −A0(1)−B0

D
.

They remain bounded (as D → 0) if and only if

A0(0) = φL and A0(1) +B0 = φR.

On the other hand, these conditions are seen to hold with (3.3) if and only if we
choose A0(0) and B0 as

A0(0) = φL and B0 = φR − φL − v−1

∫ 1

0
s(t) dt.

The resulting expression for φ takes the form

φ(x;D) = A0(x) +B0 exp(−vD−1(1− x)) +DR0(x;D),
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where R0 satisfies
−DR′′

0 + vR′
0 = φ0,xx := F0(x),

and

R0(0;D) = −B0 exp(−vD−1)

D
:= κ0(D), R0(1;D) = 0.

From (∗∗∗∗) and (3.3) we have the expression for F0

F0(x) = φ0,xx = A′′
0(x) = v−1s′(x).

After all those preparations we can prove Theorem 3.3.1.
Proof.[Theorem 3.3.1] From Lemma 3.3.5 we know that Theorem 3.3.1 holds if
the contribution of the three terms of (3.22) to the discretization error are uni-
formly O(h2). The contribution of A0 is bounded by Ch2. In fact, its derivatives
are uniformly bounded, thus the truncation error is uniformly O(h2) from Lemma
3.2.1. This, along with Lemma 3.1.2, implies the statement. For the third sum-
mand DR0, from Lemma 3.3.5 we know that the discretization error of R0 from
using the CFS has the estimate (3.20) and (3.21), thus the contribution of DR0

is uniformly O(h2). The second term of (3.22) is the analytical solution of the
homogeneous equation of (3.1), so its contribution to the discretization error is 0.
This completes the proof.

3.4 Numerical experiments

In this section we apply the CFS and the EDS to a simple boundary value prob-
lem with known analytical solution to assess and compare the accuracy of both
schemes.

We solve the following boundary value problem [50]

(vφ−Dφ′)′ = s, 0 < x < 1, (3.24a)

φ(0) = 0, φ(1) = 1, (3.24b)

with a source term s that is chosen such that the exact solution is given by

φ(x) = a sin(πx) +
exp

(
v
D (x− 1)

)
− exp(− v

D )

1− exp(− v
D )

.

Note that for 0 < D ≪ 1 the solution has a thin boundary layer of width D near
x = 1. We choose the parameter values v = 1 and a = 0.2. To test whether the
CFS is second-order uniformly in the grid Péclet number, we choose D = hp for
various values of p and compute the maximum norm of the discretization error eh,
defined by

eh := max
j

|φ(xj)− φj |, (3.25)

and the quotient eh/eh/2 from two consecutive grids.
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The results are presented in Table 3.1 and 3.2 for the CFS and the EDS, re-
spectively. The first column in the tables gives the number of control volumes and
the other columns present eh and eh/eh/2 for various values of p. The convergence
order is given by ln(eh/eh/2)/ ln 2. Table 3.1 shows that the CFS is uniformly
second-order. It agrees with the conclusion of the error analysis. The results in
Table 3.2 show that the EDS is only second-order for diffusion-dominated prob-
lems, for drift-dominated problems it is first-order.

Table 3.1: Maximum norm of the discretization errors and quotients eh/eh/2 of the CFS
with various grid sizes h and parameter D. Other parameters are: v = 1 and a = 0.2.

D = 1 D = h0.5 D = h D = h2 D = h5

Ncv eh eh/eh/2 eh eh/eh/2 eh eh/eh/2 eh eh/eh/2 eh eh/eh/2

10 1.569e-3 3.91 1.378e-3 3.78 7.968e-4 3.85 1.502e-3 3.73 1.648e-3 4.01

20 4.013e-4 3.95 3.641e-4 3.85 2.069e-4 3.92 4.023e-4 3.93 4.114e-4 4.00

40 1.015e-4 3.98 9.455e-5 3.90 5.280e-5 3.96 1.022e-4 3.98 1.028e-4 4.00

80 2.554e-5 3.99 2.425e-5 3.93 1.334e-5 3.98 2.567e-5 4.00 2.570e-5 4.00

160 6.406e-6 3.99 6.171e-6 3.95 3.352e-6 3.99 6.423e-6 4.00 6.426e-6 4.00

320 1.604e-6 1.561e-6 8.402e-7 1.606e-6 1.606e-6

Table 3.2: Maximum norm of the discretization errors and quotients eh/eh/2 of the EDS
with various grid sizes h and parameter D. Other parameters are: v = 1 and a = 0.2.

D = 1 D = h0.5 D = h D = h2 D = h5

Ncv eh eh/eh/2 eh eh/eh/2 eh eh/eh/2 eh eh/eh/2 eh eh/eh/2

10 1.522e-3 3.98 8.738e-4 2.51 7.091e-3 1.59 4.934e-2 1.75 6.179e-2 1.98

20 3.827e-4 4.00 3.481e-4 1.75 4.450e-3 1.83 2.815e-2 1.89 3.129e-2 1.99

40 9.561e-5 4.00 1.985e-4 2.41 2.437e-3 1.93 1.491e-2 1.95 1.569e-2 2.00

80 2.391e-5 4.00 9.288e-5 2.38 1.262e-3 1.97 7.656e-3 1.97 7.852e-3 2.00

160 5.976e-6 4.00 3.898e-5 2.54 6.394e-4 1.99 3.878e-3 1.99 3.927e-3 2.00

320 1.494e-6 1.534e-5 3.212e-4 1.951e-3 1.963e-3



Chapter 4

An investigation of two alternative grid
layouts

4.1 Introduction

In Chapter 2 we discretized the one-dimensional DDR equation (2.1) using the
FVM on a vertex-centered grid; see Figure 2.1. It is not the only possible choice
for the FVM. Another commonly used grid is the cell-centered grid, as shown in
Figure 4.1. In a vertex-centered grid the calculation domain is divided by the
nodal points and the interfaces of the control volumes are located in the middle
between two nodal points, while in a cell-centered grid the domain is covered
with the control volumes and the nodal points are located in the center of control
volumes. They are slightly different. The vertex-centered grid has nodal points at
the boundaries and half-sized control volumes adjacent to the boundaries, while
the cell-centered grid has whole control volumes next to the boundaries, and as a
result, there are no nodal points at the boundaries.

Figure 4.1: Uniform cell-centered grid. The black dots are nodal points in the centers
of the control volumes.

The cell-centered and vertex-centered grids have been discussed intensively
in literature. In [51], Thomas presented how to discretize the diffusion equation
by the FVM (called the conservation law approach there) using the two kinds
of grids and discussed how to deal with different boundary conditions on them.
In [25] these two kinds of grids are compared for the second-order central difference
scheme. With the use of virtual grid points, Hundsdorfer et al. did not find
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Figure 4.2: Cell-centered grid used in Plasimo. The black dots are nodal points in the
centers of the control volumes and at the boundaries.

accuracy reduction even if the truncation errors were large at the boundaries.
Regarding implementation, the general conclusions from literature are that for
Dirichlet boundary conditions the vertex-centered grid is more convenient while
for Neumann boundary conditions the cell-centered grid is preferred.

In plasma simulations more physical boundary conditions (see Chapter 6) are
used, which is given by the following expression of the boundary flux

fb = c1φ− c2, (4.1)

where fb is the flux at a boundary, c1 and c2 are constants. Since solution values
at the boundaries are required in (4.1), it is convenient to use the vertex-centered
grid to discretize this kind of problem. However, the cell-centered grid can also be
used if the boundary grid points are included, as depicted in Figure 4.2. This is the
grid used in Plasimo, and in the rest of the chapter the term ’cell-centered grid’
refers to it. We use the cell-centered grid in Plasimo, because of its advantages
in higher-dimensional problems. We will see these at the end of next section.

In Plasimo the EDS is adopted for the discretization of DDR equations and
the following numerical flux is used, as an example at the left boundary x0,

F0 =
2D0

h

(
B(−P0)φ0 −B(P0)φ1

)
, (4.2)

where P0 = v0h
2D0

. It is analogous for the right boundary. Larger errors in so-
lutions were observed using (4.2) on the cell-centered grid, shown in Figure 4.2,
compared to those obtained using the vertex-centered grid. In this chapter, we
will investigate the reason why (4.2) causes larger errors through an error analy-
sis and propose two approaches to obtain more accurate numerical fluxes at the
boundaries. These approaches will be shown to be valid for improving solutions
when the EDS is used on the cell-centered grid. Although those approaches are
derived for the EDS, we will see they are more important for the CFS.

4.2 Error analysis

In this section we analyze the accuracy of (4.2) using Taylor expansions and present
the reason why the cell-centered grid is adopted in Plasimo.
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When we discretize a DDR equation using the cell-centered grid, we obtain
a system with Ncv linear equations. It is not a complete system because there
are Ncv + 2 unknowns. The other two equations are obtained by imposing the
numerical fluxes at the boundaries equal to the fluxes specified by the boundary
conditions. It seems very natural to use (4.2) for the fluxes at the boundaries,
however, we note that (4.2) differs from the numerical fluxes on the internal in-
terfaces. First, the flux is not located in the center of interval [x0, x1] but on the
left end point. Second, the size of the interval [x0, x1] is half of the internal ones.
Therefore, it is necessary to assess its accuracy. Substituting the exact solution
of the original DDR equation into (4.2) and using Taylor expansions we have, for
v > 0,

F̂0 =
2D0

h
B(−P0)φ(x0)−

2D0

h
B(P0)φ (x0 + h/2)

=
2D0

h
B(−P0)φ(x0)−

2D0

h
B(P0)

(
φ(x0) +

h

2
φ′(x0) +

h2

8
φ′′(x0) +O(h3)

)
= v0φ(x0)−D0φ

′(x0) +D0

(
1−B(P0)

)
φ′(x0)−

h

4
D0B(P0)φ

′′(x0) +O(h2).

Note that in this chapter D can be very small but it is fixed. The defect of the
numerical flux F0 compared to the exact flux f(x0) = v0φ(x0)−D0φ

′(x0) reads

σ = D0

(
1−B(P0)

)
φ′(x0)−

h

4
D0B(P0)φ

′′(x0) +O(h2)

=
h

2
v0W (P0)φ

′(x0)−
h

4
D0B(P0)φ

′′(x0) +O(h2). (4.3)

Therefore, F0 is a first-order approximation of f(x0) when P0 is small. Neverthe-
less, when P0 is large enough B(P0) and W (P0) are close to 0, and consequently,
F0 could be a second-order approximation. For example, there exists a constant
c1 such that, for P0 → +∞,

W (P0) =
1

P0
− exp(−P0)

1− exp(−P0)
≤ 1

P0
− exp(−P0)

=
1− P0 exp(−P0)

P0
≤ c1

1

P0
. (4.4)

Therefore, the first term in (4.3) is second-order if D0 ≤ c2h
2, where c2 is a

constant. It can be easily verified that the second term in (4.3) is also second-
order when P0 is large enough.

We now consider the accuracy of the numerical flux from the EDS at an in-
ternal interface xe := xj+1/2. Substituting the exact solution of the original DDR



34 An investigation of two alternative grid layouts

equation into the numerical flux and using Taylor expansions we have

F̂e =
De

h
B(−Pe)φ(xe − h/2)− De

h
B(Pe)φ(xe + h/2)

=
De

h
B(−Pe)

∞∑
k=0

(−1)k
(h/2)k

k!
φ(k)(xe)−

De

h
B(Pe)

∞∑
k=0

(h/2)k

k!
φ(k)(xe)

=
De

h
Peφ(xe)−

De

2
(B(−Pe) +B(Pe))φ

′(xe)

+
Deh

8
Peφ

′′(x)(xe) +O(h2)

= veφ(xe)−Deφ
′(xe)− veh

(
1

2
−W (Pe)

)
φ′(xe) +O(h2).

From the last equality above, we see that Fe is a first-order approximation for the
flux on the interface xe for |P | ≫ 1 and it is second-order when |Pe| ≪ 1, since
expanding W (z) around 0 we have

W (z) = 1/2− z/12 + z3/720 +O(z4). (4.5)

To conclude, when P0 ≫ 1, F0 is second-order while Fe is first-order, and when
P0 ≪ −1 both F0 and Fe are first-order. Therefore, when |P0| ≫ 1, F0 does not
affect the accuracy of the solution. Problems happen when |P0| ≪ 1, since in
this case the accuracy of F0 is one order lower than that of Fe. This will cause
large truncation errors near the boundaries. We will prove this and propose two
solutions for the problem in the next section.

The numerical fluxes at the boundaries are not necessary for the vertex-
centered grid, since the DDR equations can be discretized directly on the half
control volumes adjacent to the boundaries. Consequently, for one-dimensional
problems, the vertex-centered grid is more convenient for the problems with flux
boundary conditions. However, for some computational domains in two or three
dimensions, there will be some difficulties when using the vertex-centered grid.
An example is presented in Figure 4.3. Apparently, it is difficult to discretize a
DDR equation on the three-quarter control volume in the corner in Figure 4.3(a).
However, using a cell-centered grid is much easier and more natural; see Figure
4.3(b). This is why we use the cell-centered grid in Plasimo.

4.3 Improved expressions for the boundary fluxes

We now propose two approaches to obtain improved numerical fluxes at the bound-
aries. The main ideas are extrapolation and the conservation law.

Flux extrapolation

We approximate the fluxes at the boundaries from the internal fluxes by extrap-
olation. Analogous to the numerical flux at internal interfaces, like x3/2, we can
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(a) (b)

Figure 4.3: Vertex centered grid (a) and cell-centered grid (b) for a special case.

Figure 4.4: Control volume on the left boundary

express the flux in the middle of [x0, x1], see Figure 4.4, as

F1/2 = α1/2φ0 − β1/2φ1, (4.6)

where α1/2 = 2D1/2B(−P1/2)/h and β1/2 = 2D1/2B(P1/2)/h. There are no differ-
ences between (4.6) and the internal fluxes, except for the distance between the
two nodal points. Hence, the accuracy of this expression is the same as these at
the internal interfaces. With this expression, we can extrapolate the flux on the
left boundary by

F0 =
4
3F1/2 − 1

3F3/2. (4.7)

Using Taylor expansions it is easy to prove that relation (4.7) is a second-order
approximation of f(x0) if the accuracy of F1/2 and F3/2 is at least second-order.
When F1/2 and F3/2 are first-order, then also (4.7) is. Therefore, (4.7) has the
same accuracy as the fluxes at internal interfaces. Consequently, it is second-order
for diffusion-dominated problems and first-order for drift-dominated problems. We
refer to this approach as flux extrapolation (FE).
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Continuity extrapolation

Alternatively, we use the DDR equation to approximate the flux on the boundary.
For this purpose, we construct a virtual control volume, the volume surrounded
by the dash lines in Figure 4.4. The discretized DDR equation for this control
volume has the form

F1/2 − F0 =
1
4s1h, (4.8)

with F1/2 given by (4.6), and consequently,

F0 = F1/2 − 1
4s1h. (4.9)

The reason why we use s1 rather than s0 for the source term will be clear later.
We refer to this approach as continuity extrapolation (CE), since a DDR equation
is a continuity equation.

Next, we show why the adoption of the FE or CE can improve the solution of
the EDS on a cell-centered grid for diffusion-dominated problems. As an example,
we investigate the truncation error of the discretization on the first control volume
between x0 and x3/2; see Figure 4.4. For simplicity, we assume that v and D are
constants and denote the Péclet number by P = P3/2 = 2P0. The discretized
DDR equation can be written as

F3/2 − F0 = hs1, (4.10)

where F0 is given by (4.2). The defect of (4.10) compared with the original DDR
equation can be calculated by Taylor expansions as

hσ = F̂3/2 − F̂0 − hs1

= −2D

h
B

(
−P

2

)
φ

(
x1 −

h

2

)
+

(
2D

h
B

(
P

2

)
+
D

h
B(−P )

)
φ(x1)

− D

h
B(P )φ(x1 + h)− hs1

= −2D

h
B

(
−P

2

) ∞∑
k=0

φ(k)(x1)

k!

(
−h
2

)k

+

(
2D

h
B

(
P

2

)
+
D

h
B(−P )

)
φ(x1)

− D

h
B(P )

∞∑
k=0

φ(k)(x1)

k!
hk − hs1

= h

(
3

4
vφ′(x1)−

3

4
Dφ′′(x1)− s1

)
+ h2

(
− v2

16D
φ′(x1) +

3v

16
φ′′(x1)−

D

8
φ(3)(x1)

)
+O(h3)

= h

(
3

4
vφ′(x1)−

3

4
Dφ′′(x1)− s1

)
+ h2

(
− v

16D
s1 +

1

8
s′(x1)

)
+O(h3).
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In the calculation we have used the Taylor expansion for B(z) around 0, given by

B(z) = 1− z/2 + z2/12 +O(z4). (4.11)

It shows that the truncation error is O(1). If we replace the expression of F0 in
(4.10) by (4.7) or (4.9), then the first term in the last line of the defect vanishes
and the truncation error σ is at least first-order. This proves that larger errors of
the solution on a cell-centered grid are caused by the inaccuracy of the numerical
boundary fluxes. Moreover, we see that the two approaches are identical for one-
dimensional problems.

4.4 Numerical experiments

We test the approaches proposed in Section 4.3 in this section. For the EDS
we test the FE and CE by a one-dimensional and a two-dimensional problems.
We also test them for the CFS for a one-dimensional problem. Although these
problems have Dirichlet boundary conditions, we still need the numerical fluxes
at the boundaries. So these problems can be used for testing.

Test of the EDS for a one-dimensional problem

First we solve the test problem (3.24) in Section 3.4 by the EDS. The maximum
norm of the discretization errors eh (see (3.25)) is calculated. The parameter
values are indicated in the captions of the tables presenting results.

Two cases, the drift-dominated and diffusion-dominated, are investigated and
presented in Table 4.1 and Table 4.2, respectively. The column ‘Cell-centered’
presents the results which are calculated on a cell-centered grid with fluxes at
boundaries approximated by (4.2). The column ‘CE/FE’ presents the results of
the cell-centered grid and the numerical fluxes on the boundaries are calculated by
the CE or the FE. The results calculated on a vertex-centered grid are presented
in the column ‘Vertex-centered’.

For the diffusion-dominated problem we see that the discretization error de-
creases with a factor 4 upon halving the grid size h. It means that the accuracy
of the solutions is second-order for both kind of grids. So there is no accuracy
reduction. However, it have some influence on accuracy. If we compare the second
and fourth column in Table 4.1, we can see that the discretization error of the
cell-centered grid is larger than that of the vertex-centered grid. To improve the
result of the cell-centered grid we adopt the CE or the FE. The third column of
Table 4.1 shows that the error of the cell-centered grid is reduced considerably
and becomes even smaller than that of the vertex-centered grid. This agrees with
the analysis in previous sections very well.

Now we consider the drift-dominated problem. We can see from Table 4.2
that in this case the error decreases with a factor 2 upon halving the grid size h.
This is in agreement with the fact that the EDS is first-order for drift-dominated
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Table 4.1: Maximum norms of the discretization errors of the EDS for a diffusion-
dominated problem. Parameter values are: a = 0.2, v = 1 and D = 1.

Ncv Cell-centered CE/FE Vertex-centered

10 1.8483e-03 1.1783e-03 1.5225e-03

20 4.6147e-04 3.3691e-04 3.8271e-04

40 1.1517e-04 8.9926e-05 9.5608e-05

80 2.8799e-05 2.3190e-05 2.3905e-05

160 7.2002e-06 5.8868e-06 5.9763e-06

320 1.8001e-06 1.4829e-06 1.4941e-06

Table 4.2: Maximum norms of the discretization errors of the EDS for a drift-dominated
problem. Parameter values are: a = 0.2, v = 1 and D = 10−5.

Ncv Cell-centered CE/FE Vertex-centered

10 3.1274e-02 4.4242e-02 6.1791e-02

20 1.5679e-02 2.3187e-02 3.1274e-02

40 7.8439e-03 1.1723e-02 1.5679e-02

80 3.9257e-03 5.8723e-03 7.8394e-03

160 1.9633e-03 2.9320e-03 3.9142e-03

320 9.8173e-04 1.4600e-03 1.9509e-03

problems. From the analysis in the previous section we know that in this situation
flux (4.2) is a good approximation, even better than the internal ones. As a result,
the error of the cell-centered grid is smaller than that of the vertex-centered grid.
In addition, this also explains why using the CE or the FE increases the error of
the cell-centered grid, shown in the third column of Table 4.2.

Test of the EDS for a two-dimensional problem

The two-dimensional cell-centered and vertex-centered grids in Cartesian coordi-
nates are shown in Figure 4.5. We solve the following two-dimensional Dirichlet
boundary value problem

∇ · (vφ−D∇φ) = s, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, (4.12)

with boundary conditions and source term such that the exact solution is given
by

φ(x, y) = sin(π(x+ y)). (4.13)
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(a) Cell-centered grid (b) Vertex-centered grid

Figure 4.5: Two-dimensional modified cell-centered grid (a) and vertex-centered grid
(b). Solid circles denote nodal points and the dashed squares denote control volumes.

We let v = (1, 1)T, D = 1 for the diffusion-dominated problem and D = 10−5 for
the drift-dominated problem.

(a) cell-centered (b) vertex-centered

Figure 4.6: Distribution of the discretization error on the cell-centered grid (a) and
vertex-centered grid (b) for the diffusion-dominated problem.

All numerical solutions are obtained using the grid with 20 by 20 control vol-
umes. For the diffusion-dominated problem, the distribution of the discretization
error is presented in Figure 4.6. Figure 4.6(a) shows that the maximal error on the
cell-centered grid is located near the boundaries while Figure 4.6(b) shows that
that of the vertex-centered grid is located in the interior of the domain. More-
over, the cell-centered grid yields larger errors. Consequently, we conclude that
the large errors on the cell-centered grid near the boundaries are caused by the
inaccuracy of the boundary flux. After the FE is adopted, the distribution of the
discretization errors is presented in Figure 4.7(a). We can see that the maximal
error moves into the interior of the domain and its magnitude is reduced by a
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(a) FE (b) CE

Figure 4.7: Distribution of the discretization error on the cell-centered grid with applying
the flux extrapolation (a) and the continuity extrapolation (b) for the diffusion-dominated
problem.

factor 2 and becomes smaller than that of the vertex-centered grid. This agrees
with the conclusion from the test of the one-dimensional problem.

For two-dimensional problems using the CE is not as straightforward as in
one-dimensional, especially for the corner control volumes. For simplicity we as-
sume that there are no tangential fluxes along the boundaries. The result for the
diffusion-dominated problem is shown in Figure 4.7(b). The maximal errors are
still located near the boundaries and they are not reduced considerably. Therefore,
we don’t recommend to use the CE for two-dimensional problems.

For the drift-dominated problem, the distribution of the discretization errors is
presented in Figure 4.8. It shows that the cell-centered grid yields better solutions
and applying the FE may make the errors larger, as we have seen in the one-
dimensional test.

Test of the CFS for a one-dimensional problem

We now test the two kinds of grids for the CFS. The drift-dominated and diffusion-
dominated problems are studied by solving the same one-dimensional problem as
for the EDS. Analogous to (4.2), at boundary x0 the flux of the CFS for constant
v > 0 and D has the form

F0 =
2D0

h
B(−P0)φ0 −

2D0

h
B(P0)φ1 + h

(
1

2
−W (P0)

)
s0, (4.14)

where P0 =
vh
2D .

The maximum norm of the discretization errors eh for diffusion-dominated
problems is presented in Table 4.3. We can see that in this case the vertex-centered
grid yields better results than the cell-centered grid and the CE or the FE can im-
prove the results of the cell-centered grid as we have seen for the EDS. The reason
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(a) Cell-centered (b) Vertex-centered

(c) FE

Figure 4.8: The distribution of the discretization errors of the cell-centered grid (a),
vertex-centered grid (b) and the cell-centered grid after applying the FE (c) for the drift-
dominated problem.

is that for diffusion-dominated problems the contribution of the inhomogeneous
flux of the CFS is negligible.

For drift-dominated problems the maximum norm of the discretization errors
eh is presented in Table 4.4. It demonstrates that the solution from the cell-
centered grid is only first-order accurate, while that from the vertex-centered grid
is second-order accurate. This contradicts with the fact that the CFS is uniformly
second-order. From the difference of the cell-centered grid and the vertex-centered
we know that the reduction of accuracy order is caused by the boundary flux 4.14.

To retrieve the accuracy expected from the CFS we apply the CE or the FE.
From the results shown in the third column of Table 4.4, we can see that the
solutions become second-order. In this case, contrary to decreasing the accuracy
as for the EDS, the CE and the FE can improve the accuracy of the solution for
the CFS. The reason is that for drift-dominated problems the CFS is second order
as well as for the diffusion-dominated problems, while the EDS is only first-order
for drift-dominated problems.
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Table 4.3: Maximum norm of the discretization errors of the CFS for a diffusion-
dominated problem. Parameter values are: a = 0.2, v = 1 and D = 1.

Ncv Cell-centered CE/FE Vertex-centered

10 1.8094e-03 1.1832e-03 1.5688e-03

20 4.6399e-04 3.5286e-04 4.0133e-04

40 1.1740e-04 9.5484e-05 1.0155e-04

80 2.9524e-05 2.4785e-05 2.5543e-05

160 7.4050e-06 6.3109e-06 6.4055e-06

320 1.8543e-06 1.5920e-06 1.6039e-06

Table 4.4: Maximum norm of the discretization errors of the CFS for a drift-dominated
problem. Parameter values are: a = 0.2, b = 1 and D = 10−5.

Ncv Cell-centered CE/FE Vertex-centered

10 1.5450e-02 1.4340e-03 1.6477e-03

20 7.8217e-03 3.8594e-04 4.1142e-04

40 3.9230e-03 9.9715e-04 1.0282e-04

80 1.9630e-03 2.5320e-05 2.5703e-05

160 9.8168e-04 6.3780e-06 6.4256e-06

320 4.9087e-04 1.6003e-06 1.6062e-06

4.5 Conclusions

In this chapter we analyzed the reasons why using (4.2) as the approximation
of boundary fluxes causes larger errors on a cell-centered grid when the EDS is
adopted. From the error analysis we found that larger errors are caused by the
inaccuracy of boundary flux approximations. Based on this, we proposed two
approaches, the FE and CE, to obtain better approximations for the boundary
flux. The numerical flux obtained from those approaches have the same accuracy
as the internal ones. Therefore, they are more accurate. From numerical experi-
ments, the FE proved to be valid for both one-dimensional and two-dimensional
problems, however, the CE is only useful for one-dimensional problems. We also
tested the FE and the CE for the CFS. We observed that on a cell-centered grid if
the boundary flux was not approximated accurately, the CFS was not uniformly
second-order any more. In this case, the FE and CE can be used to make the CFS
second-order accurate. Therefore, they are very important for the application of
the CFS on a cell-centered grid.



Chapter 5

Extension of the CFS to systems of DDR
equations

In this chapter we extend the CFS to the following one-dimensional mth-order
system of drift-diffusion-reaction equations

∂φ

∂t
+
∂f

∂x
= s, (5.1a)

f(x) = Uφ− E ∂φ
∂x

, (5.1b)

where U is the drift velocity matrix, E the diffusion matrix and s the source term
vector. This system is a model problem which can be derived from the continuity
equations for a mixture combined with the Stefan-Maxwell equations for multi-
species diffusion; see [52]. The vector of unknowns φ contains, e.g., the species
mass fractions of a reacting flow. The matrix U then represents the drift velocities
of the individual species, which can be singular in general. Matrix E relates the
mass diffusion flux to the gradients of the mass fractions. In [53] it is proven that
for the multicomponent mixture model E has positive eigenvalues and a complete
set of eigenvectors, and therefore E is regular.

In the following derivation of the complete flux scheme, a central role is played
by the Péclet matrix, which is defined as

P = ∆xE−1U , (5.2)

where ∆x is the grid size. We assume that the Péclet matrix P is diagonalizable.
Then it can be decomposed as

P = V ΛV −1, (5.3)

where Λ = diag(λ1, · · · , λm) is the diagonal matrix of the eigenvalues of P and
V = (v1, · · · , vm) consists of the eigenvectors of P . Based on this decomposition,
we can determine any matrix function g(P ) that is defined on the spectrum of P
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and the matrix sign function sgn(P ) as follows [54,55]

g(P ) = V g(Λ)V −1,

g(Λ) = diag
(
g(λ1), g(λ2), · · · , g(λm)

)
,

sgn(P ) = V sgn(Λ)V −1, sgn(Λ) = diag
(
sgn(λ1), sgn(λ2), · · · , sgn(λm)

)
.

(5.4)

Furthermore, we need the following properties of matrix exponentials

d

dx

(
exA1

)
= A1e

xA1 , A1e
xA1 = exA1A1,

(
exA1

)−1
= e−xA1 ,

A1A2 = A2A1 ⇒ eA1+A2 = eA1eA2 ,
(5.5)

for arbitrary square matrices A1 and A2.

5.1 Finite volume methods

We apply the FVM to (5.1). Integrating this system over an arbitrary interval
[α, β] we obtain the integral form of the conservation law, i.e.,

d

dt

∫ β

α
φ(x, t)dx+ f(β, t)− f(α, t) =

∫ β

α
s(x, t) dx. (5.6)

In the FVM we use the uniform vertex-centered grid for discretization, which is
depicted in Figure 2.1. Imposing the integral form (5.6) on each of the control
volumes and approximating the integrals by the midpoint rule, we obtain the
semi-discrete conservation law

φ̇j(t)∆x+ Fj+1/2(t)− Fj−1/2(t) = sj(t)∆x, (5.7)

where φ̇j(t) is the numerical approximation of ∂φ(xj , t)/∂t, Fj+1/2(t) the numer-
ical flux (vector) approximating f at x = xj+1/2 and sj(t) := s(xj , t). In the
following we omit the dependence on t. The FVM has to be completed with ex-
pressions for the numerical flux. Analogous to the scalar case, the numerical flux
is calculated from a local solution of (5.1), and the expression of the numerical
flux we are looking for is

Fj+1/2 = αφj − βφj+1 +∆x
(
γsj + δsj+1

)
, (5.8)

where the coefficient matrices α etc. are piecewise constant and only depend on
U and E. For time-dependent problems, the time derivative φ̇ can be included as
well.

5.2 Derivation of the numerical flux vector

Analogous to the scalar case, the representation of the flux vector fj+1/2 at the
interface x = xj+1/2 is determined from the following stationary system boundary
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value problem

d

dx

(
Uφ− E dφ

dx

)
= s, xj < x < xj+1, (5.9a)

φ(xj) = φj , φ(xj+1) = φj+1, (5.9b)

where we assume that the matrices U and E are constant. Introducing the scaled
coordinate

ζ(x) =
1

∆x
(x− xj),

we have
d

dx
=

1

∆x

d

dζ
.

Expressing all variables in terms of ζ, i.e., φ(x) = φ̄(ζ) and s(x) = s̄(ζ), equation
(5.9a) and the expression for the flux f̄(ζ) are given by

d

dζ
f̄ = ∆xs̄,

f̄ = − 1

∆x
E
(
dφ̄

dζ
− Pφ̄

)
= − 1

∆x
EeζP d

dζ

(
e−ζP φ̄

)
.

From the first equality of (5.4) we have

eζP = V eζΛV −1

then for the flux we find that

f̄ = − 1

∆x
EV eζΛV −1 d

dζ

(
V e−ζΛV −1φ̄

)
.

Since P are constant, then also V and its inverse are constant. Hence, we get

f̄ = − 1

∆x
EV eζΛ d

dζ

(
e−ζΛV −1φ̄

)
.

If we define

f̃ := ∆x(EV )−1f̄ = ∆xV −1E−1f̄ ,

φ̃ := V −1φ̄,

then

f̃ = −eζΛ d

dζ

(
e−ζΛφ̃

)
. (5.10)

Equation (5.9a) can be rewritten as

d

dζ
f̃ = ∆x2(EV )−1s̄, (5.11)
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and with the definition

s̃ := ∆x2(EV )−1s̄,

equation (5.11) becomes
d

dζ
f̃ = s̃.

Integration from 1/2 to ζ yields an expression for the boundary flux f̃(1/2),

f̃(ζ)− f̃(1/2) =
∫ ζ

1
2

s̃(ξ)dξ =: S̃(ζ).

Substitution of the expression (5.10) gives

−eζΛ d

dζ

(
e−ζΛφ̃(ζ)

)
− f̃(1/2) = S̃(ζ);

or, after multiplication with e−ζΛ

− d

dζ

(
e−ζΛφ̃(ζ)

)
− e−ζΛf̃(1/2) = e−ζΛS̃(ζ).

Let us define

M :=

∫ 1

0
e−ζΛ dζ.

Integrating the previous expression over [0, 1] and multiplying with M−1 yields

f̃(1/2) = −M−1
(
e−Λφ̃(1)− φ̃(0)

)
−M−1

∫ 1

0
e−ζΛS̃(ζ) dζ =: f̃h(1/2)+ f̃ i(1/2).

Let us first look at the homogeneous flux. In order to evaluate this expression, we
first need to look at the matrix M in a bit more detail. M is a diagonal matrix
with entries

mi =

∫ 1

0
e−ζλi dζ =

{
λ−1
i (1− e−λi) for λi ̸= 0,

1 for λi = 0.

Its inverse is the diagonal matrix M−1 with diagonal entries

m−1
i =

{
λi(1− e−λi)−1 for λi ̸= 0

1 for λi = 0

}
= B(−λi),

where B(λ) is the Bernoulli function, defined in (2.15) and B(0) is taken to be
the limit lim

λ→0
B(λ) = 1. We can then write the entire matrix M−1 as

M−1 = B(−Λ),
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see the second equality of (5.4).
For the homogeneous flux contribution we readily find

f̃h(1/2) = −B(Λ)φ̃(1) +B(−Λ)φ̃(0).

Transformed to the original variable, the homogeneous flux can be expressed as

fh
j+1/2 =

E
∆x

(
− V B(Λ)V −1φj+1 + V B(−Λ)V −1φj

)
= − 1

∆x
E
(
B(P )φj+1 −B(−P )φj

)
.

(5.12)

For the homogeneous numerical flux F h
j+1/2, we just choose the analytical one,

i.e., F h
j+1/2 = f

h
j+1/2.

Next, we consider the inhomogeneous flux contribution, given by

f̃ i(1/2) = −M−1

∫ 1

0
e−ζΛS̃(ζ) dζ = −B(−Λ)

∫ 1

0
e−ζΛS̃(ζ) dζ.

Substitution of the expression for S̃(ζ) yields

f̃ i(1/2) = −B(−Λ)

∫ 1

0
e−ζΛ

∫ ζ

1
2

s̃(ξ) dξ dζ

= B(−Λ)

∫ 1
2

0
e−ζΛ

∫ 1
2

ζ
s̃(ξ) dξ dζ −B(−Λ)

∫ 1

1
2

e−ζΛ

∫ ζ

1
2

s̃(ξ) dξ dζ.

Changing the order of integration yields

f̃ i(1/2) = B(−Λ)

∫ 1
2

0

∫ ξ

0
e−ζΛ dζ s̃(ξ) dξ −B(−Λ)

∫ 1

1
2

∫ 1

ξ
e−ζΛ dζ s̃(ξ) dξ

= B(−Λ)

∫ 1

0

∫ ξ

ξb

e−ζΛ dζ s̃(ξ) dξ,

where

ξb(ξ) =

{
0 for ξ < 1

2

1 for ξ > 1
2

.

This can be written as

f̃ i(1/2) =

∫ 1

0
G(ξ;Λ)s̃(ξ) dξ, (5.13)

where G(ξ;Λ) is the so-called Green’s matrix for the flux, defined by

G(ξ;Λ) = B(−Λ)

∫ ξ

ξb

e−ζΛ dζ.
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Since Λ and consequently, e−ζΛ and M are all diagonal matrices, this can be
evaluated ‘elementwise’. The (diagonal) entries of G are given by

gi(ξ;λi) = B(−λi)
∫ ξ

ξb(ξ)
e−ζλi dζ =

e−ξλi − e−ξb(ξ)λi

e−λi − 1
,

or:

gi(ξ;λi) =

{
(e−ξλi − 1)/(e−λi − 1) for ξ < 1

2

(e−ξλi − e−λi)/(e−λi − 1) for ξ > 1
2

.

As before, we note that these expressions are singular for λi = 0. It can be easily
shown that in this case the expressions are well-behaved if we take the limit for
λi → 0, and a Taylor expansion readily shows that in this case

gi(ξ, 0) =

{
ξ for ξ < 1

2

ξ − 1 for ξ > 1
2

.

Finally, by analogy with the scalar case, we replace in the integral representa-
tion (5.13) the source term s̃(ξ) by its upwind value s̃u,1/2, to be specified shortly,
and evaluate the resulting integral exactly. We find∫ 1

0
gi(ξ;λi) dξ =

∫ 1
2

0

e−ξλi − 1

e−λi − 1
dξ +

∫ 1

1
2

e−ξλi − e−λi

e−λi − 1
dξ

=
1

e−λi − 1

(∫ 1

0
e−ξλi dξ −

∫ 1
2

0
dξ −

∫ 1

1
2

e−λi dξ

)

=
1

2
−
(

1

λi
− 1

eλi − 1

)
=

1

2
−W (λi),

where the function W (z) is defined in (2.15). Collecting all elements, we have∫ 1

0
G(ξ) dξ =

1

2
I −W (Λ).

Then, the numerical inhomogeneous flux

F̃ i
1/2 =

∫ 1

0
G(ξ) dξ s̃u,1/2 =

(
1

2
I −W (Λ)

)
s̃u,j+1/2. (5.14)

Transformed to the original coordinate, the inhomogeneous numerical flux can be
expressed as

F i
j+1/2 =

1

∆x
EV

(
1

2
I −W (Λ)

)
∆x2V −1E−1su,j+1/2

= ∆x

(
1

2
I − EW (P )E−1

)
su,j+1/2

= ∆x

(
1

2
I −W (P̂ )

)
su,j+1/2.

(5.15)



5.2 Derivation of the numerical flux vector 49

with P̂ = ∆xUE−1. The last equality is due to the fact that matrix P̂ can be
decomposed as P̂ = EV Λ(EV )−1.

The upwind value su,j+1/2 of s is not trivial since different drift velocities are in-
tertwined. Therefore, we need to decouple system (5.9a). First, left-multiplication
of ∆xE−1 with (5.9a) leads to

P
dφ

dx
−∆x

d2φ

dx2
= ∆xE−1s.

Then, decomposing P as in (5.3) and letting ψ = V −1φ we find

Λ
dψ

dx
−∆x

d2ψ

dx2
= ∆x

(
EV

)−1
s =: ∆xŝ,

or written componentwise

λi
dψi

dx
−∆x

d2ψi

dx2
= ∆xŝi, (i = 1, 2, · · · ,m).

From these scalar DDR equations for ψi we conclude that the upwind values for
ŝi are ŝi,u,j+1/2 = ŝi,j if λi ≥ 0 and s̃i,u,j+1/2 = ŝi,j+1 if λi < 0, or alternatively,

ŝi,u,j+1/2 =
1

2

(
1 + sgn(λi)

)
ŝi,j +

1

2

(
1− sgn(λi)

)
ŝi,j+1.

Combining these relations in vector form, using the definition of sgn(Λ), we have

ŝu,j+1/2 =
1

2

(
I + sgn(Λ)

)
ŝj +

1

2

(
I − sgn(Λ)

)
ŝj+1.

The upwind value of s is then given by su,j+1/2 = EV ŝu,j+1/2, which can be
expressed in terms of sj and sj+1 as follows

su,j+1/2 =
1

2

(
I +Ω

)
sj +

1

2

(
I −Ω

)
sj+1, Ω = Esgn(P )E−1 = sgn(P̂ ), (5.16)

with the matrix sign function sgn(P ).

To summarize, the numerical flux Fj+1/2 is the superposition

Fj+1/2 = F
h
j+1/2 + F

i
j+1/2, (5.17)

with the homogeneous component F h
j+1/2 = fh

j+1/2 defined in (5.12), and the

inhomogeneous component F i
j+1/2 defined in (5.15) and (5.16). This flux approx-

imation is referred to as the complete flux scheme for systems, as opposed to the
homogeneous flux scheme (HFS) (5.12).
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5.3 Extension to time-dependent conservation laws

In this section we present the extension of the complete flux scheme to time-
dependent conservation laws. We follow the same approach as in [1] where the
time-dependent scalar flux is introduced.

For the numerical flux Fj+1/2 in (5.7) we have two options. First, we can
simply take the stationary flux, henceforth referred to as the stationary complete
flux scheme (SCFS). Alternatively, we can take into account ∂φ/∂t if we determine
the numerical flux from the following quasi-stationary BVP

∂

∂x

(
Uφ− E ∂φ

∂x

)
= s− ∂φ

∂t
, xj < x < xj+1, (5.18a)

φ(xj) = φj , φ(xj+1) = φj+1. (5.18b)

Thus we have included the time derivative in the modified source term s−∂φ/∂t.
Repeating the derivation in the previous section, replacing s with s− ∂φ/∂t, we
obtain

Fj+1/2 = F
h
j+1/2 +∆x

(1
2
I −W (P̂ )

)(
su,j+1/2 − φ̇u,j+1/2

)
, (5.19)

where φ̇u,j+1/2 is the upwind value of ∂φ(xj+1/2, t)/∂t, defined analogously to
(5.16). This flux contains the upwind value of the time derivative and is referred
to as the transient complete flux scheme (TCFS).

Combining the expression in (5.19) with the semi-discrete conservation law
(5.7) we find

∆x
(
γφ̇j−1 + (I − γ + δ)φ̇j − δφ̇j+1

)
−αφj−1 + (α+ β)φj − βφj+1 =

∆x
(
γsj−1 + (I − γ + δ)sj − δsj+1

)
, (5.20a)

where the coefficient matrices α, β etc. are defined by

α =
1

∆x
EB(−P ), β =

1

∆x
EB(P ),

γ =
1

2
Q(I + ζ), δ =

1

2
Q(I − ζ), Q =

1

2
I −W (P̂ ). (5.20b)

The equations in (5.20) define a block tri-diagonal implicit ODE system. Finally,
we have to apply a suitable time integration method, for which we take the trape-
zoidal rule.

To conclude, we note that the computational cost of computing matrix func-
tions g(P ) is rather modest. More specifically, the computation of these matrix
functions requires O

(
m3
)
flops, usually for small integers m, which is negligible

compared to the O
(
Nm3

)
flops required to solve a block tri-diagonal system of

size Nm with block size m.
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5.4 Numerical examples

In this section we apply the CFS for systems from the previous sections to three
model problems to test its performance.
Example 1. Stationary system with interior layer.
We solve the BVP

d

dx

(
Uφ− E dφ

dx

)
= s, 0 < x < 1, (5.21a)

dφ1

dx
(0) = 0, φ1(1) = φ1,R, φ2(0) = φ2,L,

dφ2

dx
(1) = 0, (5.21b)

where the drift and the diffusion matrices U and E are

U =

(
u1 0

0 u2

)
, E =

1

2
ϵ

(
1 + α 1− α

1− α 1 + α

)
, (5.22)

and the source term s given by

s(x) =
smax

1 + smax(2x− 1)2

(
1

0.2

)
, (5.23)

respectively. We take u1 < 0 and u2 > 0 in agreement with the boundary condi-
tions in (5.21b), i.e., x = 1 is the inflow and x = 0 the outflow boundary for φ1,
corresponding to the Dirichlet and Neumann boundary condition, respectively,
and vice versa for φ2. The source term has a sharp peak at x = 1

2 , causing a steep
interior layer, provided 0 < ϵ≪ 1. Typical solutions of (5.21) are shown in Figure
5.1.
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Figure 5.1: Example 1, solutions of the BVP (5.21) for ϵ = 10−8 (a) and ϵ = 10−1 (b).
Other parameter values are: u1 = −1, u2 = 0.1, α = 0.05, smax = 103, φ1,R = 20 and
φ2,L = 10.

We consider the CFS and the HFS numerical solutions for u1 = −1, u2 = 0.1
and ϵ = 10−8, i.e., drift-dominated flow. In this case it is meaningful to compare
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the numerical solutions with the reduced solution φr of (5.21), i.e., the solution
with E = O and the Neumann outflow boundary conditions omitted. Let h = ∆x
be the grid size. To determine the accuracy of a numerical solution we compute
the maximum norm of the discretization errors eh,i := max |φi − φr,i|, (i = 1, 2),
where φr,i denotes the ith component of the reduced solution restricted to the
grid. Figure 5.2 shows eh,i as a function of h for α = 0.05 (strong coupling) and
α = 0.75 (weak coupling). From this figure it is clear that initially, on rather
coarse grids, the discretization errors of both flux approximations are approxi-
mately the same, whereas for decreasing h the CFS is clearly more accurate. In
fact, the CFS numerical approximations show second-order convergence behavior,
whereas the HFS solutions are only first-order accurate.
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Figure 5.2: Example 1, discretization errors for drift-dominated flow for α = 0.05 (a) and
α = 0.75 (b). Other parameter values are: u1 = −1, u2 = 0.1, ϵ = 10−8 and smax = 103.

Example 2. Traveling waves.
We solve an initial boundary value problem (IBVP) for the DDR system (5.1)
on the domain 0 < x < 1, t > 0, where U and E are defined in (5.22) with
−u1 = u2 = u (u > 0) and where s is chosen such that the exact solution is given
by

φ1(x, t) = cos
(
b1(x+ ut)

)
+ e−a21ϵt cos

(
a1(x+ ut)

)
,

φ2(x, t) = cos
(
b2(x− ut)

)
+ e−a22ϵt cos

(
a2(x− ut)

)
.

Initial and boundary conditions are chosen accordingly. Parameter values for the
exact solution are: a1 = 8π, b1 = 4π, a2 = 2a1 and b2 = 5b1.

As an illustration, we compare the SCFS and the TCFS numerical solutions
in Figure 5.3 and 5.4. Clearly, the SCFS numerical solution is very dissipative,
whereas the TCFS solution is virtually not damped. This behavior is in agreement
with [44], where it is shown that for drift-dominated problems the scalar SCFS
generally has a much larger dissipation error than the corresponding scalar TCFS.
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Figure 5.3: Example 2, highly oscillatory numerical solutions at t = 1, computed with
the SCFS. Parameter values are: u = 1, ϵ = 10−4, α = 0.2 and ∆x = ∆t = 5× 10−3.
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Figure 5.4: Example 2, highly oscillatory numerical solutions at t = 1, computed with
the TCFS. Parameter values are: u = 1, ϵ = 10−4, α = 0.2 and ∆x = ∆t = 5× 10−3.

To determine the order of convergence of the SCFS and the TCFS we take
∆x = ∆t = h and compute the average discretization errors

ēh,i := ||φi − φ∗
i ||1/Nnp i = 1, 2, (5.24)

where φ∗
i denotes the ith component of the exact solution, restricted to the grid.

Figure 5.5 shows the errors ēh,1 for ϵ = 10−8 and α = 0.1 (drift-dominated and
strong coupling) and for ϵ = 10−2 and α = 0.75 (diffusion-dominated and weak
coupling). In the former case, the TCFS numerical solution displays second-order
convergence for h → 0, whereas the SCFS solution is very inaccurate due to ex-
cessive damping. In the latter case, both solutions show second-order convergence
behavior, although the TCFS solution is the more accurate one.
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Figure 5.5: Example 2, discretization errors of the SCFS and the TCFS for ϵ = 10−8,
α = 0.1 (a) and ϵ = 10−2, α = 0.75 (b).

Example 3. System with stiff source term.
We solve the IBVP

∂φ

∂t
+

∂

∂x

(
Uφ− E ∂φ

∂x

)
=


−K1φ

2
1

K1φ
2
1 −K2φ2

K2φ2

 , 0 < x < 1, t > 0, (5.25a)

φ(x, 0) =


x

1− x

0

 , 0 < x < 1, (5.25b)

φ(0, t) =


0

1

0

 , φ(1, t) =


1

0

0

 , t > 0, (5.25c)

where the drift and the diffusion matrices U and E are

U =


u1 0 0

0 u2 0

0 0 u3

 , E =
1

2
ϵ


1 + α 1− α 1− α

1− α 1 + α 1− α

1− α 1− α 1 + α

 . (5.26)

The reaction term can be interpreted as a model for the reaction

2S1
K1=1−→ S2

K2−→ S3,

with φi the mass fraction of species Si and with K1 = 1 and K2 ≥ 1 the reaction
rates of the reactions. For K2 ≫ 1 the second reaction proceeds much faster than
the first one, and thus the system is stiff. As an illustration we show in Figure
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5.6 some numerical solutions of (5.25) computed with the TCFS. For K2 = 1 the
contribution of the source term is relatively small, and the solution is determined
by the drift-diffusion balance defined by (5.25a). A boundary layer near x = 1
starts to develop. On the other hand, for K2 = 103, the source term is dominant,
evidenced by the thin layers near x = 0. In addition, in the two cases, the
constraint φ1 + φ2 + φ3 = 1 is fulfilled very well.
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Figure 5.6: Example 3, numerical solution of IBVP (5.25) at t = 0.2 for K2 = 1 (a)
and K2 = 103 (b) computed with ∆x = ∆t = 5 × 10−3. Other parameter values are:
u1 = u2 = u3 = 1, ϵ = 10−1 and α = 0.2.

5.5 Conclusions

We have extended the CFS to DDR systems, including the coupling between
the constituent equations in the (space) discretization. To derive the stationary
scheme, we first determine an integral representation for the flux vector from a
local system BVP for the entire system, including the source term vector. As a
result, the flux vector consists of two parts, i.e., a homogeneous and an inhomo-
geneous flux, corresponding to the drift-diffusion operator and the source term
vector, respectively. An alternative expression of the inhomogeneous flux in terms
of the so-called Green’s matrix is given. Next, replacing the source term vector
by its upwind value, we could derive the numerical flux, which obviously is also a
superposition of a homogeneous and inhomogeneous part. The numerical flux is
almost identical to its scalar counterpart, the major difference is that the Péclet
number P should be replaced by the Péclet matrix P and the functions operating
on P should be replaced by their matrix versions.

For time dependent problems, the flux should be computed from a quasi-
stationary BVP containing the time derivative in the right hand side. As a con-
sequence, the inhomogeneous flux also depends on the time derivative and the
resulting semi-discretization is an implicit ODE system.
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Chapter 6

Application of the CFS to direct current
discharge models

In Chapter 3 the CFS proved to be uniformly second-order accurate for solving
the DDR equations. In Chapter 5 we extended the scheme to systems of the DDR
equations. From this chapter on various applications of the CFS will be presented.
We will start with direct current (DC) glow discharges in this chapter.

A glow discharge is a type of plasma which is formed in a gas by applying a
voltage of 100 V to several kV. Glow discharges usually exist as sources of light in
devices such as neon lights, fluorescent lamps and plasma-screen televisions. They
are also used in surface treatment techniques, for example, etching and deposition.

Glow discharges are commonly described by the multi-fluid model introduced
in Chapter 1. To solve the set of equations, the mobility and diffusion coefficients,
and the reaction rate coefficient are required. These parameters generally are
functions of the energy of the species under consideration. For heavy particles,
the energy is assumed to be a function of the reduced electric field. On the other
hand, if electrons experience a sufficient number of collisions to be in equilibrium
with the local electric field, their energy can be assumed to be a function of the
reduced electric field as well. In this case the model is called the local field approx-
imation (LFA) model [31,56]. However, the equilibrium often doesn’t occur on the
length and time scales that are characteristic for the discharge. In this case, alter-
natively, the electron energy is obtained by solving the energy balance equation.
Consequently, the model is referred to as the local energy approximation (LEA)
model [17]. In this chapter the performance of the CFS will be demonstrated by
applying it to an LFA model and an LEA model. Since the LFA model is not al-
ways valid, it is important to know when it is not valid. At the end of this chapter
we will present a criterion to determine whether LFA is valid by discussing the
characteristic length which makes the Péclet number unity.

In Chapter 2 we have seen that the Péclet number is a key parameter for the
numerical schemes. Here, we discuss its physical meaning. We will see that the
physical meaning can help us explain the model results. For a gas component the
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Einstein relation

Dp =
2

3
µp
εp
q
, (6.1)

where q is the charge of the species and εp = 3
2kBTp is the mean energy of the

species, holds provided it has a Maxwellian velocity distribution function. Substi-
tuting (6.1) into (2.2) we can alternatively write the Péclet number as

P =
3

2

qEd

ε
=

3

2

εem
ε
, (6.2)

where E is the longitudinal component of E. The term εem := qEd is equal to the
work that is excerted on a particle that has traveled in the field E over a distance
d. Hence, the Péclet number is a measure for the relative energy gain of a particle
due to its motion in the electric field over the characteristic distance d.

6.1 Glow discharge model

We consider a Helium glow discharge formed between two infinitely large parallel
planar electrodes, as shown in Figure 6.1. Therefore, it is a one-dimensional model.
The background gas helium is assumed to be weakly ionized and its temperature

Figure 6.1: Schematic diagram of DC discharge.

Tg and density ng remain unchanged. The discharge is sustained by electron
impact ionization, consequently, there exist two charged particles, electrons and
helium ions, in the discharge.
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Model equations

The particle balance equation of the multi-fluid model introduced in Section 1.4
in one dimension reads

∂np
∂t

+
∂Γp

∂x
= s, (6.3a)

Γp = µpEnp −Dp
∂np
∂x

. (6.3b)

The source term s = nengKion is due to electron impact ionization, where Kion

is the ionization rate coefficient. For the LFA model ne in the source term s is
calculated by the following expression, which is based on equation (65) and (67)
of [18],

ne =


∣∣∣ Γe
µeE

∣∣∣ , if E ̸= 0,

ne, if E = 0.
(6.4)

With the two space charge sources, Poisson’s equation can be written as

d

dx
(ε0E) = − d

dx

(
ε0

dV

dx

)
= e(ni − ne). (6.5)

The LFA model consists of equation (6.3) and (6.5), since the mean electron energy
is assumed to be a function of the reduced electric field. For the LEA model the
mean electron energy ε is calculated from the following electron energy balance
equation

∂nε
∂t

+
∂Γε

∂x
= sε, (6.6a)

Γε =
5

3
µeEnε −

5

3
De

∂nε
∂x

. (6.6b)

The source term consists of three parts, and is given by

sε = −eEΓe −Kionngneεion − nengKloss, (6.7)

where the first term represents heating by the electric field, the second term the
energy loss in inelastic collisions and the last term the energy loss due to elastic
collisions. In the second term, εion is the ionization threshold energy and Kloss in
the third term is the energy loss coefficient.

Boundary conditions

We use the particle fluxes due to drift and thermal random motion towards the
electrodes as the boundary conditions of (6.3) which have the expression [57]

Γp · n̂ = apµp(E · n̂)np +
1

4
vth,pnp, (6.8)
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where n̂ is the outward unit vector and vth,p is the thermal velocity, defined by
(1.9). The parameter ap is set to 1 if the drift velocity µpE is directed towards
the walls and to 0 otherwise, i.e.,

ap =

{
1 if µpE · n̂ > 0,

0 if µpE · n̂ ≤ 0.
(6.9)

For electrons, an additional term due to secondary emission needs to be added to
(6.8), that is,

Γe · n̂ = aeµe(E · n̂)ne +
1

4
vth,ene − γiΓi · n̂, (6.10)

where the secondary emission coefficient γi is the average number of electrons
emitted per incident ion. For Poisson’s equation (6.5) the voltages applied to the
electrodes provide Dirichlet boundary conditions.

When the energy balance equation is solved the boundary condition for the
electron energy is chosen such that it is consistent with that of the electron trans-
port, thus,

Γε · n̂ = ae
5

3
µe(E · n̂)nε +

1

3
vth,enε − γiε̄iΓi · n̂, (6.11)

where ε̄i the mean initial energy of the secondary electrons emitted by incidence
of ions.

6.2 Numerical methods

Usually drift dominates ions transport, while diffusion is more important for
electron transport. Therefore, the balance equation of ions is normally drift-
dominated, while that of electrons is diffusion-dominated. Consequently, we need
a scheme whose accuracy is not dependent upon the magnitude of the Péclet
number. From this point of view, the CFS is very satisfactory.

Moreover, it is reasonable to solve all the equations simultaneously, because
of the coupling of the component equations and the dependence of the transport
and reaction rate coefficients upon the electric field or the electron energy. How-
ever, this approach can be computationally very expensive. Therefore, we solve
the equations separately by the Gummel iteration method [58] as in [36]. The
transport and reaction rate coefficients are treated explicitly. For the electric field
we adopt the semi-implicit treatment [59–61] for Poisson’s equation to eliminate
the time step restriction [56] for the LEA model. For the LFA model we found it
is not necessary. These equations are discritized in space on the vertex centered
grid, shown in Figure 2.1. In addition, since the glow discharge is steady-state,
we apply the SCFS (2.25) to the balance equations.

To summarize, the balance equations of particles (6.3) and electron energy
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(6.6) are discritized on the jth control volume as follows

nk+1
j − nkj
∆t

h+ Γj+1/2(n
k+1, E∗, µk, Dk)− Γj−1/2(n

k+1, E∗, µk, Dk)

= hskj , (6.12)

where ∆t := τ is the time step. The electric field E∗ is equal to Ek for the LFA
model and for the LEA model it is obtained with the semi-implicit treatment.

Substituting the expression of the complete flux (2.11) and rearranging the
terms we obtain

−aW,jn
k+1
j−1∆t+ (1 + aC,j)n

k+1
j ∆t− aE,jn

k+1
j+1∆t

= nkj +∆t(bW,js
k
j−1 + bC,js

k
j + bE,js

k
j+1), (6.13)

where the coefficients aW,j , bW,j , etc. are defined in (2.19).

The expressions of the fluxes for the boundary conditions can be written in
the generic form

Γb = vbn− sb, (6.14)

where sb describes the secondary emission for electrons while for ions it is 0.
Discretization on the half-size boundary control volume on the left boundary leads
to (

1

2
+ ∆t

(
aW,1 −

1

h
vb,0

))
nk+1
0 − aE,0n

k+1
1 ∆t

= ∆t

(
1

2
− bW,1

)
sk0 + bE,0s

k
1∆t−

1

h
skb,0, (6.15)

and analogously for the right boundary.

After discretizing the balance equation on all control volumes we obtain the
system

(J +∆tA)nk+1 = Jnk +∆tBsk +∆tbk, (6.16)

where n is the vector of unknowns, s the source term restricted to the grid points,
and the vector b contains the boundary data. Both matrices A and B are tri-
diagonal and are given by

A =



aW,1 − 1
hvb,0 −aE,0

−aW,1 aC,1 −aE,1
. . .

. . .
. . .

−aW,Ncv−1 aC,Ncv−1 −aE,Ncv−1

−aW,Ncv aE,Ncv−1 +
1
hvb,Ncv


,
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B =



1
2 − bW,1 bE,0

bW,1 bC,1 bE,1
. . .

. . .
. . .

bW,Ncv−1 bC,Ncv−1 bE,Ncv−1

bW,Ncv
1
2 − bE,Ncv−1


,

where the coefficients aW,j , bW,j etc. are defined in (2.19). Moreover, matrix J
and vector b are given by

J = diag

(
1

2
, 1, · · · , 1, 1

2

)
,

and

b =

(
−1

h
sb,0, 0, · · · , 0,

1

h
sb,Ncv

)T

.

System (6.16) is a tri-diagonal system and can be solved efficiently by the tridi-
agonal matrix algorithm (TDMA), see [43].

For Poisson’s equation the central difference scheme is adopted, that is,

∂2V

∂x2
(xj) ≈

Vj+1 − 2Vj + Vj−1

h2
. (6.17)

The details of the semi-implicit treatment are presented in Appendix A.

The iteration in each step is as follows. First the transport and reaction rate
coefficient are updated. Then the electric field is calculated by solving Poisson’s
equation. Note that for the LEA model, the semi-implicit treatment is adopted.
After that the transport equations are solved one after another to update the
particle densities. For the LEA model, the electron energy balance equation is also
solved to update the mean electron energy. After all variables have been updated
the calculation proceeds to the next time step. This procedure is repeated until
the steady-state is obtained. The electron mobility, ionization rate coefficient and
the energy loss coefficient are all functions of the reduced electric field or the mean
electron energy. They are obtained from look-up tables that have been generated
with the freeware Boltzmann solver BOLSIG+. For the ions the mobility is a
function of the reduced electric field and we use the lookup data given by Ellis et
al. [62]. The diffusion coefficients are calculated from the Einstein relation (6.1).

6.3 Results of the LFA model

In this section the numerical solution of the LFA model is presented. Other
parameters used in the LFA model are given in Table 6.1.
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Table 6.1: Parameters used for the LFA model

Parameter Symbol Value Unit

gas temperature Tg 1× 103 K

gas pressure pg 1× 104 Pa

electrode separation L 2× 10−3 m

cathode potential Vc −350 V

anode potential Va 0 V

secondary emission coefficient γi 0.2
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Figure 6.2: Spatial variations of the particle densities (a) and potential and electric field
(b) calculated from the CFS and the EDS.

In Figure 6.2 the distributions of the particle density, potential and electric
field are presented. These solutions are calculated by the CFS or the EDS with a
very fine grid (Ncv = 2560). The results from the two schemes are very close to
each other. We will regard these solutions as the exact solutions to compare the
accuracy of the CFS and the EDS.

With the solutions shown in Figure 6.2 we calculate the maximum norm of
the discretization errors eh, defined in (3.25), obtained on various grids. The grid
size is halved each time. The maximum norm of the discretization errors for the
two schemes are shown in Table 6.2. We can see that after the number of control
volumes Ncv exceeds 160 the discretization errors of the CFS are one order smaller
than those of the EDS.

In order to observe the variation of the discretization error with the grid size h,
the maximum norm of the discretization error eh is plotted in a double logarithmic
plot as a function of h in Figure 6.3.

The slopes of the curves indicate the convergence orders of the corresponding
solutions. The slopes of the curves from the CFS are approximately 2, while
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Table 6.2: The maximum norm of the discretization errors of the solutions from the CFS
and the EDS.

CFS EDS

N ions density electrons density ions density electrons density

20 4.5403e+15 1.2693e+15 4.2838e+15 4.4665e+14

40 1.1004e+15 3.0260e+14 1.9051e+15 2.8835e+14

80 2.9050e+14 7.5057e+13 9.9332e+14 1.4536e+14

160 7.2004e+13 1.8047e+13 4.7629e+14 6.4722e+13

320 1.8027e+13 4.0043e+12 1.9223e+14 2.4294e+13

640 4.2504e+12 8.6030e+11 6.1651e+13 7.4654e+12

1280 1.1993e+12 1.6773e+11 1.6923e+13 2.0249e+12
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Figure 6.3: Double logarithmic plot. The maximum norm of the discretization errors
eh as a function of the grid size h.

those of the EDS change approximately from 1 to 2 as the grid size decreases.
This demonstrates that the solutions from the CFS are uniformly second-order
accurate and those from the EDS are first-order accurate when the grid size is
relatively large, and second-order accurate when the grid size is small. In other
words, the EDS is second-order for diffusion-dominated problems and first-order
for drift-dominated problems.
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After comparing the accuracy of the two schemes we compare their efficiency.
The CPU times of the CFS, TCFS, and the EDS, TEDS, for different numbers of
control volumes for 5000 time steps are recorded in Table 6.3. We can see that the
CFS doesn’t cost much more extra CPU time, although its numerical flux has two
additional terms related to the source term. The extra time is about 10% and it
decreases as the number of grid points increases. If we compare the discretization
errors in Figure 6.3 we can see that the CFS only needs less than a quarter of the
number of grid points of the EDS to get the same level of accuracy with eh = 1013.
To illustrate this point, we plot the CPU time as a function of eh of ions in Figure
6.4. It shows that for a given accuracy TCFS is much smaller than TEDS; only
when the grid is very coarse, they are more or less the same.

Table 6.3: CPU times of the two schemes for 5000 steps for different number of control
volumes.

Ncv TCFS (s) TEDS (s) TCFS−TEDS

TEDS
(%)

20 16.222 13.087 24

40 17.968 15.734 14

80 25.619 22.806 12

160 39.636 35.838 11

320 65.885 59.853 10

640 120.34 110.09 9.3

1280 225.90 207.41 8.9

6.4 Results of the LEA model

In this section, the results of the LEA model are presented. Parameters used in
the LEA model are given in the Table 6.4.

As for the LFA model, we first calculate the exact solutions with a grid con-
taining 2560 control volumes for the two schemes. The spatial distributions of
the variables of interest: the electric field and potential 6.5(a), particle densities
6.5(b) and mean electron energy 6.5(c) are shown in Figure 6.5.

In the presence of a plasma, most of the voltage fall happens in a space-charge
sheath in front of the cathode, the cathode fall region characterized by a strong
electric field. Outside of the cathode fall region, the potential is close to that of
the anode, and this region is the field free plasma region, see figure 6.5(a). Figure
6.5(b) is a plot of the particle densities in which the cathode fall region and the
field free plasma region can also be seen. The mean electron energy 6.5(c) in the
cathode sheath increases rapidly due to electron acceleration in the sheath field and
then quickly decreases due to strong electron cooling by the highly endothermic
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Table 6.4: Parameters used for the LEA model

Parameter Symbol Value Unit

gas temperature Tg 300 K

gas pressure pg 133.3224 Pa

electrode separation L 0.02 m

cathode potential Vc -300 V

anode potential Va 0 V

secondary emission coefficient γi 0.2

mean energy of secondary emitted electrons ε̄i 8.0 eV

ionization reactions. Thus the plasma is sustained by volume ionization using the
energy absorbed by electron acceleration in the cathode fall region and these two
regions feed each other to sustain the discharge. The ions created in the plasma
are transported to the cathode and lead to the secondary electron emission, which
controls the current and plasma density and supports the sustaining of the plasma.
The results corroborate with those previously reported in the literature [63–65].

In Figure 6.6 the Péclet numbers, as defined by equation (2.2), are shown for
the ions and the electrons. Here we have used d = L, the electrode distance as the
the characteristic length. Figure 6.6(a) shows that the magnitude of the Péclet
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Figure 6.5: The steady-state solutions. (a) electric field and potential, (b) particle
densities and (c) mean electron energy.

number of the ions is large in the cathode fall region and much smaller elsewhere.
Figure 6.6(b) shows that the magnitude of the Péclet number of the electrons
changes moderately on the whole domain and its magnitude is much smaller than
that of ions. These profiles can be explained according to the new interpretation
given by (6.2). For ions, the Péclet number is very large in the cathode fall region
because of the low temperature and high electric field. For electrons, with the
help of Figure 6.5(a) and 6.5(c) the profile can also be explained easily.

With the exact solutions available we calculate the discretization errors for
both schemes. Figure 6.7 shows the variation of the maximum norm of the dis-
cretization error eh with the grid size h in a double logarithmic plot.

We can observe the same phenomena as from Figure 6.3 that the slopes of the
curves from the CFS are approximately 2 uniformly, while those of the EDS change
approximately from 1 to 2 as the grid size decreases. Although the discretization
error of the CFS is larger when the grid is coarse, however, when the grid is fine,
the accuracy of the CFS is nearly one order higher than the EDS. Consequently,
to obtain a certain accuracy, the CFS is much more efficient. for example, for
eh = 2 × 1012 of the ion density, the grid size needed by CFS is about 6 × 10−5
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while for the EDS it is about 2× 10−5.

6.5 Validity of LFA

In this section, starting from the formula of the characteristic length derived from
the definition of the Péclet number, we will derive some useful information. This
can help us choose the numerical schemes for DDR equations and assess the va-
lidity of LFA.
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We may rewrite expression (2.2) for the Péclet number into an expression that
gives us the characteristic length d for a given Péclet number and values of D, µ
and E, i.e.,

d =
PD

µE
. (6.18)

If we define Λu as the value of d for which P = 1, and multiply with the background
gas density ng, we get

Λung =
D

µ

1

E/ng
. (6.19)

In non-magnetized discharges with a low degree of ionization the electron mobility
and diffusion coefficient are functions of the reduced electric field E/ng only. When
this local field approximation holds, we see that the right-hand side of (6.19), and
thus Λung is a function of E/ng alone.

Figure 6.8 shows a graph of Λung as a function of E/ng for the electrons in
various discharges as calculated with BOLSIG+ for a gas temperature of 300 K.

This graph can help us to choose numerical methods for solving the DDR
equations in plasma models. When divided by the gas density ng, the plotted
functions represent the choice for the characteristic length that would make the
value of the Péclet number equal to unity for the given E/ng. This information
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is particularly useful, since the grid Péclet number influences the results of dis-
cretization schemes. As an example, the central difference scheme can only be
used for |P | < 2, otherwise, the solution could be oscillating. Another example is
the choice between the CFS and the EDS. As we have seen in Figure 6.7, the CFS
generates more accurate solutions than the EDS when |P | ≫ 1.

The information that (6.19) provides can not only help to choose proper nu-
merical schemes, but also has an important application. Let us qualitatively in-
vestigate Λu by assuming that the electrons undergo elastic collisions only, and
that their cross section σ is energy-independent. Under these circumstances, an
approximate kinetic calculation reveals that the mean energy is related to the
electric field by the relation [16, Page 16-17]:

εe =

√
3π

4

eEl√
2me/M

, (6.20)

where M is the mass of the background gas atoms and l is the mean free path.
Using the Einstein relation (6.1) and substituting equation (6.20) into equation
(6.19) yields

Λu =
1

β

√
3π

6

l√
2me/M

. (6.21)

Apart from a numerical factor near unity, this corresponds to Raizer’s expression
for the energy relaxation length [16, Page 19]. We conclude that in this case the
energy relaxation length is the characteristic length that makes the Péclet number
unity.

With this conclusion, the other application of equation (6.19) is to derive the
requirement for the applicability of LFA. On the one hand the mesh size must
be sufficiently smaller than the characteristic lengths of the plasma features, as
given by the gradient lengths of the quantities of interest. This is a common
requirement for plasma simulations. On the other hand, LFA can only be applied
if energy relaxation happens locally, that is, well within one control volume. In
other words, the mesh size must be sufficiently larger than the energy relaxation
length Λu, which we have seen makes the Péclet number equal to unity. According
to (6.18) the cell size required should make the grid Péclet number greater than
1. This gives a requirement for the validity of LFA. Overall, if no mesh size can
be found that satisfies both requirements through the entire grid, the LFA cannot
be used for that particular discharge.

We will now apply this result to assess the validity of the LFA model. The
maximum of the absolute values of the grid Péclet numbers of electrons with
various number of grid points are shown in Table 6.5. The grid Péclet number is
larger than 1 only when the number of grid points is 21. So only in this case the
LFA could be valid. From the point of view of numerical calculations using a grid
with 21 grid points cannot obtain accurate solutions. Therefore, the LFA is not
valid for this model.
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Table 6.5: The maximum absolute value of the grid Péclet number P of electrons for
various grids.

Ncv 20 40 80 160 320 640

P 1.2 0.62 0.31 0.16 0.078 0.039

6.6 Conclusions

In this chapter we presented two applications of the CFS, i.e., an LFA model and
an LEA model, in a one-dimensional DC configuration. CFS was demonstrated
to be suitable for solving these models due to its uniform second-order accuracy.
Comparing the results with those from the widely used EDS, it indeed yields
more accurate solutions and for a given accuracy it needs less grid points and is
therefore, more efficient. In addition, we discussed the validity of the LFA model
and a criterion is presented to determine it. With this criterion, the LFA model
we used was determined to be not valid.

The solutions of glow discharge models are steady-state, in the following chap-
ters we will apply the CFS to time-dependent problems.
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Chapter 7

Application of the CFS to radio frequency
discharge models

In Chapter 6 we applied the CFS to DC discharges. It behaved very well in terms
of accuracy and efficiency. However, DC charges are steady-state, as a result, we
can only conclude that the CFS is suitable for stationary problems. In this chapter
and the next we will test the CFS for time-dependent models. We first investigate
the performance of the CFS for a radio frequency (RF) discharge in this chapter.

RF discharges are widely used for plasma processing [8] in the microelectronics
industry. Plasma processing is a key fabrication step for manufacturing integrated
circuits, for example, for etching, deposition and modification of thin films. Sim-
ulations of RF discharges under various operating conditions have been reported
in the literature [17, 33, 63, 66, 67]. The purpose of this chapter is to show that
accurate results can be obtained by applying the CFS.

In order to make direct comparison with the literature we choose an argon RF
discharge model whose results have been reported in [66] and [68]. This model is
a LEA model, with constant transport coefficients.

7.1 Plasma model

We consider a parallel plate argon RF discharge as shown in Figure 7.1. It has the
same geometry and the same assumptions as for the DC discharges in Chapter
6. The set of model equations is thus given by (6.3)-(6.5). However, there are
some differences between the RF discharge model and the DC discharge model.
First, the input power for the RF discharge is a radio frequency voltage instead
of direct currents. Second, in the source term of the energy balance equation of
the RF discharge model the energy loss due to elastic collisions is omitted. Third,
the transport and reaction rate coefficients of the RF discharge are assumed to
be constants while these coefficients were assumed to be functions of the mean
electron energy or the reduced electric field for the DC discharge models. Finally,
the boundary conditions of the RF discharge are given by homogeneous Dirichlet
boundary condition for electrons and electron energy density and homogeneous
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Neumann boundary conditions for ions, while these for the DC discharges were
given by the more physical flux boundary conditions; see (6.8) and (6.11).

Figure 7.1: Schematic diagram of RF discharge.

The values of the transport coefficients and various parameters of the discharge
used in the present simulation are the same as in [33] [66] [68] and listed in Ta-
ble 7.1. The ionization rate coefficient Kion is based on the experimental data,
presented in [69], and reads as follows

Kion =

{
0 ε ≤ 5.3 eV,

8.7× 10−15 (ε/eV− 5.3) exp(−4.9/
√
ε/eV− 5.3) ε > 5.3 eV.

(7.1)

The boundary conditions are listed in Table 7.2. Electron secondary emission is
not taken into account in the boundary conditions of electron density, in contrast
to DC discharge studies in the previous chapter. As pointed out in [33] and [66],
this simplification is justified because the rate of the electron secondary emission
generation is expected to be less than one tenth of the ionization rate.

7.2 Numerical methods

As for solving the DC discharge model in Chapter 6, we solve the set of equations
in the RF discharge model separately by Gummel iteration. Dspite the RF glow
discharge model is composed of the same equations as the DC glow discharge,
we should apply different numerical methods, since the RF discharge is time-
dependent. We choose the TCFS to discretize the balance equations of particle
densities and electron energy density. The vertex-centered grid used is shown in
Figure 2.1. Moving the source term to the right-hand side of the equation and
applying the CFS to the quasi-stationary problem we obtain the discretization
form for the jth control volume as follows:

− aW,jnj−1 + aC,jnj − aE,jnj+1

= bW,j(sj−1 − ṅj−1) + bC,j(sj − ṅj) + bE,j(sj+1 − ṅj+1). (7.2)
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Table 7.1: Transport coefficients and parameters of the discharge used in the simulation

Parameter Symbol Value Unit

electron mobility µe 30.0 m2V−1s−1

electron diffusivity De 120.0 m2s−1

ion mobility µi 0.14 m2V−1s−1

ion diffusivity Di 4.0× 10−3 m2s−1

ionization energy Hion 15.578 eV

RF driving frequency f 13.56 MHz

RF driving amplitude Vrf 40 V

electrode separation L 0.02 m

gas temperature Tg 293 K

gas pressure pg 133.3224 Pa

Table 7.2: Boundary conditions for the simulation

Electrode ni ne nε V

x = 0 ∂ni

∂x = 0 ne = 0 nε = 0 V = 0

x = L ∂ni

∂x = 0 ne = 0 nε = 0 V = Vrf sin(2πft)

where the coefficients aW,j , bW,j , etc. are defined in (2.19).
To compare the impact of time integration we use the implicit Euler method

and the 2-step backward differentiation formula (BDF2) [25]. Both of them are
A-stable [25, Page 145], however, the former is first-order and the latter is second-
order. The source term is treated explicitly in each step to keep it from affecting
the diagonal dominance of the coefficient matrix in the discrete system. Then,
using the Euler method, equation (7.2) can be discretized as

(bW,j − aW,j∆t)n
k+1
j−1 + (bC,j + aC,j∆t)n

k+1
j + (bE,j − aE,j∆t)n

k+1
j+1

= bW,jn
k
j−1 + bC,jn

k
j + bE,jn

k
j+1 +∆t(bW,js

k
j−1 + bC,js

k
j + bE,js

k
j+1). (7.3)

Using BDF2 for equation (7.2) we can derive(
3
2bW,j − aW,j∆t

)
nk+1
j−1 +

(
3
2bC,j + aC,j∆t

)
nk+1
j +

(
3
2bE,j − aE,j∆t

)
nk+1
j+1

=2(bW,jn
k
j−1 + bC,jn

k
j + bE,jn

k
j+1)− 1

2(bW,jn
k−1
j−1 + bC,jn

k−1
j + bE,jn

k−1
j+1)

+ ∆t(bW,js
k
j−1 + bC,js

k
j + bE,js

k
j+1). (7.4)
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The Neumann boundary conditions are approximated by the one-sided second-
order difference scheme. At left boundary it is given by

∂n

∂x
(0) ≈ −3n0 + 4n1 − n2

2∆x
, (7.5)

and at the right boundary by

∂n

∂x
(L) ≈ 3nNcv − 4nNcv−1 + nNcv−2

2∆x
. (7.6)

Discretizing on each control volume and writing the discretized equation in vector
form we obtain for the Euler method

(B +∆tA)nk+1 = Bnk +∆tBsk, (7.7)

and for BDF2 (
3
2B +∆tA

)
nk+1 = 2Bnk − 3

2Bn
k−1 +∆tBsk. (7.8)

Poisson’s equation is discretized by the central difference scheme as for the DC
discharge model. To avoid the time step restriction, the semi-implicit treatment
(see Appendix A) is adopted.

7.3 Results

The periodic quasi-steady-state solutions for a period T are presented in Figure
7.2. In Figure 7.3 two snapshots of the periodic quasi-steady-state solution for
various variables are presented. These solutions are obtained by using a grid
consisting of 5120 control volumes and by integrating over 2000 RF cycles. Each
cycle is integrated by Nts = 640 time steps. After 2000 cycles the solutions
is regarded as the periodic quasi-steady-state, since the relative differences in
ne, ni and nε at the ends of two consecutive periods are less than 10−6. The
initial values of the particle densities and the mean electron energy are uniform,
ne = ni = 5× 1015m−3 and ε = 1 eV.

Figure 7.2(a) shows that the electrons are subject to oscillations with the vari-
ation of the RF voltage. In contrast, the argon ions can not follow the variation of
the voltage and Figure 7.2(b) illustrates that the ion density is essentially constant
with respect to time. This agrees with the fact that the frequency of the electrons
(approximately 600 MHz for ne = 5 × 1015 m−3) is much higher than the radio
frequency while that of ions (approximately 2.4 MHz for ni = 5 × 1015 m−3) is
much lower. From Figure 7.2(c) and 7.2(d) we can see that the distribution of the
potential is flat in the bulk and rapid changes occur in the sheath. Accordingly,
the electric field is nearly 0 in the bulk and high fields locate in the sheath. Figure
7.3(e) shows that electron energy density also varies corresponding to the voltage.
From Figure 7.3(f) we can see that the maximum of the ionization rate coefficient
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occurs in the momentary cathode sheath, since there the electrons have already
been accelerated to possess high energy, see Figure 7.3(e). These simulation re-
sults qualitatively agree with many of the physical phenomena characteristic of
argon plasmas reported in [17,33,63,66,67].

(a) Electron density (m−3) (b) Ion density (m−3)

(c) Potential (V) (d) Electric field (V/m)

(e) Electron energy density (eVm−3) (f) Ionization rate coefficient (m3/s)

Figure 7.2: Periodic quasi-steady-state results in a cycle. Space-time contours of (a)
electron density, (b) ion density, (c) potential, (d) electric field, (e) electron energy density,
(e) ionization rate coefficient.
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(f) Ionization rate

Figure 7.3: Comparison of the quasi-steady-state results of the present work with those
presented by Davoudabadi et al. [68]. Two snapshots for t = 0 and t = 0.25T in a period
are presented.

These results generated using the same parameters and conditions are also
presented in [66, 68]. We compare the present results with those in [68]; see
Figure 7.3. The present result show excellent agreement both quantitatively and
qualitatively with those in [68]. It is worth mentioning that in [68] Davoudabadi et
al. used the deferred correction technique [70]. The fluxes due to drift and diffusion
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are separately approximated and each of them is expressed by a sum of an implicit
part and an explicit part. The implicit part is a lower order approximation and
the explicit part is the subtraction of a higher order approximation to the lower
order approximation. Although more accurate solutions can be obtained using the
deferred-correction technique, the procedure of discretization is quite complicated.
The discretization procedure of the CFS is simple and the point is that it yields
very similar results with the higher-order scheme. Therefore, the CFS is preferable
from the point of view of accuracy and implementation.

Regarding the solution shown in Figure 7.2 as the exact solution (h and τ are
small enough), we calculate the maximum norm of the spatial discretization errors
eh (see (3.25)) of the solutions calculated with various grid sizes. Figure 7.4 shows
the variation of eh as a function of h in a double logarithmic plot. The model
is also solved by using the EDS. Its maximum norm of the discretization errors
are plotted in Figure 7.4 as well. The slopes of the curves from the TCFS are
uniformly 2, while these from the EDS gradually changes from 1 to 2 as the grid
size h decreases.
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Figure 7.4: Double logarithmic plot. The maximum norm of the discretization errors
eh as a function of the grid size h.

To demonstrate the impact of the time integration, we calculate the maximum
norm of the discretization error eτ in time for various time steps and a fix h.
We plot eτ as a function of τ in Figure 7.5. The grid used in space has 160
control volumes. We can see that the slopes of the curves from the Euler method
are approximately 1 and these from the BDF2 are approximately 2. These results
illustrate that the Euler method displays first-order and the BDF2 displays second-
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order as they should. Additionally, we can see for a given τ the discretization error
of the BDF2 is much smaller than that of the Euler method and to achieve a given
accuracy, the time step needed by the BDF2 can be nearly four time larger than
that of the Euler method.
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Figure 7.5: Double logarithmic plot. The maximum norm of the discretization errors
eτ as a function of the time step τ .

7.4 Conclusions

In this chapter we applied the TCFS to a RF glow discharge model. The im-
plementation of the TCFS was found to give accurate simulation results that
correctly reflect the expected physical behavior of an argon plasma under the
simulated operating conditions. Comparing the results with those generated by
the fourth-order deferred-correction technique, our results demonstrate excellent
agreement, both quantitatively and qualitatively. From the error analysis we see
that the TCFS yields uniformly second-order solutions in space. Additionally, we
investigated the influence of the time integration. The second-order BDF2 was
compared with the first-order Euler method. The former converges much faster
than the latter as the time step decreases. To conclude, the TCFS in combination
with the BDF2 is an accurate and efficient numerical scheme for solving the RF
discharge model.



Chapter 8

Application of the CFS to streamer dis-
charge models

In the previous chapters we have applied the CFS to steady-state (DC discharge)
and quasi-steady-state problems (RF discharge). In this chapter we will investigate
its performance for transient problems. For this purpose, we will apply the CFS
to solve streamer discharge models.

Streamers are rapidly extending ionization waves which are generated by very
high electric fields. After their generation, streamers can penetrate the electric
field and leave a thin plasma channel behind. At the heads of the streamers, the
electric field is very high due to the rapid variation of the space charge density.
Sparks and lightnings are examples where steamers occur. According to the sign
of the charge in their heads, streamers can be defined as positive or negative
streamers. Positive streamers propagate towards the cathode, i.e., against the
direction of electron drift, while negative streamers propagate towards the anode,
in the same direction as electron drift. Streamers propagate very fast and usually
at a speed of about 1/100 of the speed of light. The main applications of streamers
are ozone generation, gas and water purification, particle charging and flow control.

Streamer dynamics has been extensively studied both theoretically and exper-
imentally. In the multiscale dynamics group of Prof. U. Ebert of CWI in Ams-
terdam a lot of streamer discharge simulations have been done on fluid models,
kinetic models or hybrid models. In the EPG group of Eindhoven University of
Technology, a variety of experiments have been done on pulsed positive streamers
in various gases. The main purpose of this chapter is to test the performance of
the CFS for typical streamer discharge models. We will test the CFS by solving
a two-dimensional model in nitrogen at atmospheric pressure.

It is well known that the challenge in solving streamer discharge models is to
describe the steep gradient of particle densities, and therefore the electric field,
at the heads of streamers. To capture the features of streamer heads correctly,
sufficiently accurate numerical methods are required. If the finite volume method
is adopted, then it is required to approximate the flux by high order accurate
discretization schemes. In literature, the drift and diffusion terms are usually
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approximated separately. In [71] the two transport terms are approximated by
the flux-corrected transport techniques. In [72] the drift part is approximated by
the QUICKEST scheme and an implicit method is applied for the diffusion part.
In [73] the drift part is approximated using an upwind-biased scheme with flux
limiting and the diffusion part is calculated with the standard central difference
scheme. The flux is also approximated as a whole. In [74] the drift-diffusion
flux is approximated by the improved Scharfetter-Gummel scheme [75]. To our
knowledge, in the literature of streamer simulations, the numerical fluxes used are
only dependent on the unknown. However, from the performance of the CFS or
other variations of the EDS [3–5], we have seen that it is necessary to include the
source term into the expression of numerical fluxes. The source term leads to the
inhomogeneous flux of the CFS, which improves the solution for drift-dominated
problems. Due to the very high electric field at the heads of the streamers, the
continuity equations, both electrons and ions, are drift-dominated. From this
perspective, the CFS is suitable for solving streamer discharge models and it is
supposed to yield better results than the numerical methods used in literature.

As pointed out in [73], for streamer discharge simulations implicit schemes
also need relatively small time steps to obtain accurate solutions, therefore, we
adopt the SCFS instead of the TCFS. Another reason for using the SCFS is for
nonsmooth solutions spurious oscillations cannot be excluded in the TCFS [44].

Figure 8.1: Schematic of the streamer discharge between two parallel plate electrodes.

8.1 Physical model

We simulate a double-headed streamer discharge in pure nitrogen gas at atmo-
spheric pressure between parallel-plate electrodes. The streamer is assumed to be
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axisymmetric and propagates in a cylinder with diameter R , see Figure 8.1. After
generated in the center of the cylinder the two heads of the streamer propagate
to the electrodes along the z-axis. The positive streamer head propagates to the
cathode while the negative streamer head propagates to the anode. The trans-
ports of the electrons and ions are governed by the continuity equations which are
coupled to Poisson’s equation for the electric field. These equations in cylindrical
coordinates take the forms

∂ne
∂t

+
1

r

∂(rfe,r)

∂r
+
∂fe,z
∂z

= Kionne|ve|+ Sph, (8.1)

∂ni
∂t

+
1

r

∂(rfi,r)

∂r
+
∂fi,z
∂z

= Kionne|ve|+ Sph, (8.2)

1

r

∂

∂r

(
r
∂V

∂r

)
+
∂2V

∂z2
= − e

ε0
(ni − ne), E = −∇V, (8.3)

where vp = µpE is the drift velocity of species p and Sph is the generation rate of
charged particles due to photo-ionization, which is simplified by the background
preionization [71]. The diffusion of ions is neglected. The two components of the
fluxes of electrons and ions have the expressions

fe,r = neve,r −De,r
∂ne
∂r

, fe,z = neve,z −De,z
∂ne
∂z

,

fi,r = nivi,r, fi,z = nivi,z,

where vp,r and vp,z are the two components of vp.
The local field approximation is assumed for simulations, therefore, the trans-

port and reaction rate coefficients depend only on the reduced electric field. The
values of these parameters of nitrogen at atmospheric pressure are taken from [71]
and shown in Table 8.1. For the reaction only the impact ionization is consid-
ered and in the expression of the ionization coefficient Kion, pg is in Torr and E
(magnitude of E) in V/cm.

For the continuity equations, homogeneous Neumann boundary conditions are
applied at the electrodes and outer edges of the domain. In addition, a homoge-
neous Neumann boundary condition represents the symmetry on r = 0, i.e.,

∂np
∂z

(r, 0) =
∂np
∂z

(r, L) =
∂np
∂r

(0, z) =
∂np
∂r

(R, z) = 0. (8.4)

The solution of Poisson’s equation is subject to the following boundary conditions

V (r, 0) = Vc, V (r, L) = Va,
∂V

∂r
(0, z) = 0 and V (R, z) =

z

d
V0. (8.5)

The initial charge density has a Gaussian profile located at the center of the
gap, given by

ne(r, z)t=0 = ni(r, z)t=0 = nb + n0 exp

(
−(z − z0)

2

σ2z
− r2

σ2r

)
, (8.6)

where z0 = L/2, σz = 0.027 cm, σr = 0.021 cm, n0 = 1014 cm−3 and background
preionization nb = 108 cm−3.
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Table 8.1: Configuration parameters, transport and reaction coefficients. In the third
column, pg is the value in Torr and E is the value in V/cm.

Parameter Symbol Value Unit

electrode separation L 1 cm

cylinder diameter R 1 cm

cathode potential Vc 0 V

anode potential Va 52 kV

gas pressure pg 760 Torr

electron mobility µe 2.9× 105/pg cm2V−1s−1

longitudinal electron diffusivity De,z 1800.0 cm2s−1

transverse electron diffusivity De,r 2190.0 cm2s−1

positive ion mobility µi 2.6× 103/pg cm2V−1s−1

impact ionization coefficient Kion 5.7pge
−260pg/|E| cm−1

8.2 Discretization methods

The domain of calculation is a cylinder of radius R and height L. We use the
vertex centered grid in both directions. The grid is uniform in the z-direction,
with Nz grid points. In the radial direction a uniform grid is defined between
r = 0 and r = 0.1 cm with 100 control volumes and is expanded exponentially [76]
from r = 0.1 to R = 1.0 cm with 100 control volumes. A control volume is a
cylindrical ring as shown in Figure 8.2. Its volume can be calculated as

Ωi,j = π(r2
i+ 1

2

− r2
i− 1

2

)∆z. (8.7)

The areas of the side surfaces are

Si+ 1
2
,j = 2πri+ 1

2
∆z, (8.8a)

Si− 1
2
,j = 2πri− 1

2
∆z, (8.8b)

and the areas of the top and bottom are

Si,j+ 1
2
= Si,j− 1

2
= π(r2

i+ 1
2

− r2
i− 1

2

). (8.8c)

The equations (8.1)-(8.3) are discretized by the finite volume method. For the
continuity equation integrating their conservative form over a control volume and
using Gauss’s theorem we can obtain∫

Ωij

∂n

∂t
dΩ +

∮
∂Ωij

f · n̂ dS =

∫
Ωij

sdΩ. (8.9)
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Figure 8.2: A control volume in a cylindrical coordinate system.

Approximating the volume and surface integrals by the midpoint rule, we obtain
the following semi-discrete conservation law(

∂n

∂t

)
i,j

Ωi,j + fi+ 1
2
,jSi+ 1

2
,j − fi− 1

2
,jSi− 1

2
,j

+ fi,j+ 1
2
Si,j+ 1

2
− fi,j− 1

2
Si,j− 1

2
= si,jΩi,j . (8.10)

Dividing on both sides by Ωi,j we have(
∂n

∂t

)
i,j

+
fi+ 1

2
,jSi+ 1

2
,j − fi− 1

2
,jSi− 1

2
,j

Ωi,j
+
fi,j+ 1

2
− fi,j− 1

2

∆z
= si,j . (8.11)

The z-component of the fluxes in equation (8.11) are approximated by the two-
dimensional CFS summarized in Section 2.4. For comparison we also carried out
the calculation with the EDS. To reduce the computational cost, the r-component
of fluxes is always approximated using the EDS. It is reasonable, since streamer
heads are very thin and streamers propagate in the z-direction. In addition,
although the diffusion of ions is neglected, for convenience of implementation, we
artificially give ions a very small diffusion coefficient instead of 0 in the calculation.

After spatial discretization, writing all the semi-discrete continuity equations
in a system of ordinary differential equations, we have

dn

dt
= Q(n,E), (8.12)

where n is the vector composed of the density on each nodal points and Q consists
of the discretized transport term and the source term. For time integration, the
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second-order explicit trapezoidal rule is adopted, which is a predictor-corrector
method. In each time step the predictor n̄k+1 of densities is calculated by

n̄k+1 = nk +∆tQ(nk,Ek),

from the known nk and Ek. With the predictor of densities as the source term,
Poisson’s equation is solved to obtain the predictor Ēk+1 for the electric field.
Finally, the new densities are calculated as

nk+1 = nk +
∆t

2
Q(nk,Ek) +

∆t

2
Q(n̄k+1, Ēk+1).

Poisson’s equation is discretized in the same way as the continuity equations
and the electric field is approximated by

Er,i+ 1
2
j = −Vi+1j − Vij

∆r
, Ez,ij+ 1

2
= −Vij+1 − Vij

∆z
, (8.13)

for the two components, respectively. The discrete expression of Poisson’s equation
takes the form

−AW,iVi−1j −AS,jVij−1 + (AW,i +AE,i +AS,j +AN,j)Vij

−AE,iVi+1,j −AN,jVij+1 =
e

ε0
(ni,ij − ne,ij), (8.14)

where the coefficients AW,i, etc. are given by

AW,i =
Sr,i− 1

2
j

∆ri−1Ωij
, AE,i =

Sr,i+ 1
2
j

∆ri+1Ωij
, AS,j =

1

∆z2
, AN,j =

1

∆z2
. (8.15)

8.3 Results

In this section we first present the model results calculated from the EDS and
compare the results with those in literature under the same conditions and using
the same parameters. Then we present the results calculated using the CFS. The
model is solved under the conditions that the number of grid points Nz = 1001 in
z-direction and the time step ∆t = 10−13 s.

Figure 8.3 shows the space variation of the axial electric field along the axis at
various moments of time calculated using EDS. The results agree with those re-
ported in [71] and [72] very well, quantitatively and qualitatively. The propagation
speed of the positive streamer is 0.5-2 × 108 cm/s and for the negative streamer
it is 0.8-2× 108 cm/s, in good agreement with [71] and [72]. The maximum value
of the field is about 4.0 and 2.4 times the applied field intensity in front of the
positive and negative streamers, respectively, while they are 3.5 and 2.4 times the
applied field intensity in [72]. For a further comparison, in Figure 8.4 contours of
the electron density at t = 2.5 ns are presented. The shapes of the contour lines
coincide with these in [71] and [72] very well.
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Figure 8.3: The axial electric field along the axis of symmetry at various moments of
time calculated using the EDS.
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Figure 8.4: Contours of the electron density at t = 2.5 ns calculated from the EDS. The
outmost contour (lowest) is 1× 1013 cm−3 and the contour spacing is 1× 1013 cm−3.

We now present the results calculated using the CFS. The axial electric field
along the axis is presented in Figure 8.5. Comparing with Figure 8.3, we can see
that the solutions from the two schemes are slightly different. The propagation
speed of the positive streamer and the maximum of the electric field are smaller
in Figure 8.5. To determine the reason that cause the differences, we present
in Figure 8.6 the profiles of the grid Péclet numbers for electrons calculated at
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t = 2.5 ns using the EDS and the CFS, respectively. The maximum values of
both of them are more than 30. It demonstrates that the continuity equation of
electrons is drift-dominated. Since the diffusion of ions is neglected, the continuity
equation of ions is also drift-dominated. Hence, it is the inhomogeneous flux of the
CFS which makes the solutions different. From previous chapters we have seen
that the inhomogeneous flux improves the solutions for drift-dominated problems.
Therefore, considered from this point, the results calculated using CFS are better
than those calculated using the EDS.
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Figure 8.5: The axial electric field along the axis of symmetry at various moments of
time calculated using the CFS.
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Figure 8.6: Grid Péclet numbers of electrons at t = 2.5 ns calculated using the EDS (a)
and the CFS (b). The number of grid points Nz = 1001.
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8.4 Conclusions

In this chapter we applied the SCFS to solve a streamer discharge model. The
result shows that the streamer discharge model is drift-dominated for electrons.
This is also the case for ions, because of omitting the diffusion. We have shown
that the CFS yields more accurate solutions than the EDS for drift-dominated
problems, because of the contribution of source terms for flux approximations.
According to this fact, the SCFS is supposed to yield better results than the EDS
for the streamer discharge as well. Consequently, we conclude that it is necessary
to take the source term into consideration for flux approximations for the streamer
discharge models.

Although the CFS can yield better results for steamer discharge models, we
should note that the SCFS has large dispersive errors for drift-dominated solutions
[44]. As a results, using it for streamer discharge models, very fine grids are needed
to obtain accurate results. In addition, as a better scheme for time-dependent
problems, the TCFS has less dispersive errors but it is not suitable for streamer
simulations, since for nonsmooth solutions TCFS generates spurious oscillations.



90 Application of the CFS to streamer discharge models



Chapter 9

Application of the CFS to multi-component
mixture models

In Chapter 5 we extended the CFS to systems of DDR equations. In this chapter
we present one of its applications, i.e., the discretization of the system of continuity
equations in a multi-component mixture model.

9.1 Multi-component mixture model

The theory presented in this section is a condensed form of [52]. We refer to that
paper for more details. Consider a multi-component mixture of various species.
The ith species is described by its number density ni, mass mi and velocity ui.
Mass conservation of the mixture can be described by the continuity equations for
the species involved. Expressed in species mass fractions yi, they read

∂(ρmyi)

∂t
+∇ · (ρmvyi)−∇ · (ρmviyi) = si, (9.1)

where ρm is the total mass density of the mixture, v the mass average velocity, vi
the diffusion velocity of species i and si the mass production rate. The total mass
density is the sum of all the species mass densities ρm,i = nimi, i.e.,

ρm =
∑
i

ρm,i. (9.2)

The mass average velocity v is defined as

v =
∑
i

yiui, (9.3)

and the diffusion velocity vi is defined by

vi = ui − v. (9.4)

Since the mass fractions are defined as

yi =
ρm,i

ρm
, (9.5)
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obviously, they are constrained by ∑
i

yi = 1, (9.6)

which is referred to as the mass constraint (MC). From the definition of the dif-
fusion velocity, we conclude that the following constraint on the diffusion velocity
holds ∑

i

yivi = 0, (9.7)

referred to as the mass flux constraint (MFC). In addition, there is no net mass
produced by the reactions, and as a result,∑

i

si = 0. (9.8)

Constraints (9.6) and (9.7) need to be imposed, while (9.8) is automatically sat-
isfied.

To close equation (9.1) expressions for the diffusion velocities of the species are
required. Starting from the Stefan-Maxwell equations [77], the diffusion flux will
be expressed in terms of the gradients of the mass fractions. As a result, equation
(9.1) can be expressed as

∂(ρmyi)

∂t
+∇ · (ρmvyi)−∇ ·

∑
j

Eij∇yi

 = si, (9.9)

where Eij are the elements of the diffusion matrix E.
The diffusion velocities are governed by the Stefan-Maxwell equations, i.e.,∑

j

fij(vi − vj) = −di, (9.10)

where fij is the mutual friction coefficient between the ith and the jth species and
di is the diffusion driving force for the ith species. If the driving force arises from
normal concentration diffusion only, then it can be expressed as di = ∇wi, where
wi is the mole fraction of the ith species. The friction coefficients fij are nonlinear
functions of the composition and read

fij =

{
wiwj

Dij
if i ̸= j,

0 if i = j,
(9.11)

where Dij is the usual binary diffusion coefficient [78,79], whose expression will be
given later. After substituting the expression of di and rearranging the left-hand
side, we write the Stefan-Maxwell equations as∑

j

Fijvj = −∇wi, (9.12)
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where F = (Fij) is the friction matrix with elements Fij given by

Fij =


∑
j
fij if i = j,

−fij if i ̸= j.
(9.13)

The friction matrix F can be easily verified to be singular, however, it can be
regularized by adding a matrix αyyT [80], where α > 0 is a free parameter and y
is the vector containing the mass fractions of all species. With the regularization
the mass constraint (9.6) is imposed on the system implicitly. An appropriate
choice of α is

α = 1/max(Dij). (9.14)

After the regularization fo matrix F the Stefan-Maxwell equations become∑
j

Fijvj + αyi
∑
j

yjvj = −∇wi, (9.15)

or is written as ∑
j

F̃ijvj = −∇wi, (9.16)

where F̃ij are elements of F̃ = F + αyyT.
Next, we replace the gradients of the mole fractions in equation (9.16) by the

gradients of the mass fractions. The mole and mass fractions satisfy the relation

wi =
m

mi
yi, (9.17)

where m is defined by
1

m
=
∑
j

yj
mj

. (9.18)

Evaluating the gradient of (9.17) yields the relation of the mole fraction and mass
fraction gradients

∇wi =
∑
j

Mij∇yj , (9.19)

where the matrix M = (Mij) is singular as well. The singularity can be elimi-
nated using the strategy presented in [80]. After regularization, the new matrix

is denoted by M̃ , whose elements are given by

M̃ij =

{
m
mi

(yi − wi + σ) if i = j,

m( yi
mi

− wi
mj

) if i ̸= j,
(9.20)

where σ =
∑
i
yi. Consequently, the Stefan-Maxwell equations take the form

∑
j

F̃ijvj = −
∑
j

M̃ij∇yi, (9.21)
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If we introduce G = (Gij) = F̃−1, then from (9.16) and (9.21) we have the
expression for the diffusion velocity of the ith species

vi = −
∑
j

Gij

∑
k

M̃jk∇yk, (9.22)

and consequently the diffusive flux can be expressed as

ρmyivi = −ρmyi
∑
j

Gij

∑
k

M̃jk∇yk. (9.23)

Hence, the diffusion matrix E has the expression

E = RGM̃ , (9.24)

where R = diag(ρmyi). From the ideal gas law the mixture total mass density ρm
can be expressed in terms of the pressure pg of the mixture as

ρm =
pg

kB
∑
i
Ti

yi
mi

, (9.25)

where Ti is temperature of the ith species.

The binary diffusion coefficient Dij is calculated by

Dij =
3

16

k2BTiTj
pgmijΩijTij

, (9.26)

where Ωij is the collision integral, which is given by

Ωij =
1

4
σijvth,ij , (9.27)

where σij is the collision cross section and vth,ij the mean thermal velocity. The
cross section has the expression

σij =
4

3
πr2ij , (9.28)

where rij = ri + rj , and ri is the radius of the ith species. The mean thermal
velocity is calculated by

vth,ij =

√
8kbTij
πmij

, (9.29)

where Tij is the reduced temperature and mij the reduced mass. They are given
by

Tij =
miTj +mjTi
mi +mj

, mij =
mimj

mi +mj
. (9.30)
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9.2 Model description

We simulate a mixture of H (species 1) and H2 (species 2) in steady-state on a one-
dimensional domain [0, L]. From this model we can study the balance between
diffusion and reaction, and the effects of flow for reacting mixtures. The system
of conservation laws can be written as

d

dx

(
ρmvy − E dy

dx

)
= s, (9.31)

where the expression of E is given by (9.24). For simplicity, we assume ρmv and
pg are constants. The boundary values are assigned by

y1(0) = y1(L) = 10−4, y2(0) = y2(L) = 0.9999.

The dissociation reaction is taken into account for the source term s

H2 +H2 → 2H + H2. (9.32)

Accordingly, the source terms for the two species are given by

s1 = 2m1Kn
2
2, (9.33a)

s2 = −m2Kn
2
2, (9.33b)

where n2 is the density of H2 which can be calculated from

n2 = ρm
y2
m2

, (9.34)

and the rate coefficient K is calculated by the modified Arrhenius formula [81]

K = C

(
Tg
Tref

)β

exp

(
− Ea

kBTg

)
. (9.35)

In this formula for reaction (9.32), the values of the parameters are given by
C = 6 × 10−16m3s−1, β = 0.073, Tref = 1K. The temperature Tg, in Kelvin, is
given by an artificial temperature profile

Tg = 6000− 20000
(x
L

− 0.5
)2
, (9.36)

and Ea is the activation energy. The values of some other parameters are given in
Table 9.1.

Table 9.1: Input parameters

Term Symbol Value Unit

gas pressure pg 5× 105 Pa

activation energy Ea 4.6 eV

size of the domain L 2× 10−3 m
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9.3 Numerical methods and results

We solve system (9.31) under the specified conditions. In this system the con-
tinuity equation for each species is coupled by the diffusion matrix E. We have
seen in its derivation that E is strongly dependent on the mass fractions, i.e., the
unknowns. Furthermore, the source terms (9.33) are nonlinearly dependent on the
unknowns. Therefore, we solve the system iteratively. From given initial guesses
of the mass fractions, the diffusion matrix E and the source term s are calculated,
then the mass fractions are updated by solving system (9.31). This finishes one
step. The procedure is repeated until the solutions are convergent, i.e., the differ-
ence of the solutions from two consecutive steps is smaller than a given tolerance.
Moreover, to avoid divergence, the under-relaxation technique, proposed in [82],
is employed in the calculation.

The results of the simulations, with and without a flow, are presented in Figure
9.1. To see the difference between the solutions from using CFS and HFS, a coarse
grid is used and the number of control volume is 10. Figure 9.1(a) shows that if
there is no flow, the results from the HFS and the CFS are exactly the same, and
this confirms that the two schemes are identical in this case. However, if a flow
exists, the results from the two schemes differ from each other considerably, see
Figure 9.1(b). To assess which solution is better, we compare the results with
those obtained using a finer grid with 100 control volumes. The mass fractions of
H are presented in Figure 9.2. We can see clearly that the result obtained from
the CFS is very close to the more accurate solutions. Only the boundary layer
can not be presented well, because of the lack of nodal points there.
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Figure 9.1: Solutions with and without flow.

For the multi-component mixture model, another way to assess a numerical
scheme is to check whether the constraints are satisfied. The errors for the mass
constraint (9.6) and mass flux constraint (9.7) are shown in Figure 9.3 with a
grid with 10 control volumes. The constraint error for the mass constraint is
eMC := 1−

∑
i yi and that of the mass flux constraint is eMFC :=

∑
i yivi. In the
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Figure 9.3: Constraint errors for the mass constraint and mass flux constraint, without
a flow (a) and with a flow (b).

two cases, without and with flow, the two constraints are satisfied very well even
through the grid is very coarse.

9.4 Conclusions

In this chapter we applied the HFS and the CFS to systems of DDR equations
describing a multi-component mixture. The diffusion flux in this model is derived
from the Stefan-Maxwell equation. It was shown that the solutions calculated with
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the HFS and the CFS are physically correct and do satisfy the mass constraint
and the mass flux constraint very well. However, the CFS can yield much better
solutions than the HFS. Such kind of coupling of diffusion fluxes appears also in
other fields, such as combustion problems, non-local thermodynamic equilibrium
(LTE) plasma and simulations of elemental demixing in LTE plasmas. Therefore,
the HFS and the CFS have a very broad range of applications. For more examples
we refer to [83].



Chapter 10

Harmonic complete flux scheme

In the earlier chapters we have analyzed and tested the CFS for various problems.
It proved that the CFS behaves uniformly second-order for drift-diffusion-reaction
equations. Consequently, the CFS is more accurate and efficient than the com-
monly used exponential difference scheme (EDS). The uniform accuracy of the
CFS makes itself an appropriate scheme for plasma multi-fluid models. Although
numerical oscillations can not be avoided for transient problems when the solu-
tion has steep gradients, it does not affect its application to problems with smooth
solutions, like RF discharges.

In the derivation of the CFS, the diffusion coefficient is assumed to be smooth.
In this chapter we will investigate another case, namely for a piecewise constant
diffusion coefficient. This kind of problem has been studied for the heat transfer
between two materials with very different conductivities. The heat flux can be
calculated more accurately on the interface of the two materials if the conductivity
on the interface is approximated by the harmonic average instead of the normally
used arithmetic average [84]. Based on this, we will derive new expressions for
the numerical flux by using the harmonic average for the diffusion coefficient,
consequently, we will refer to as the harmonic complete flux scheme (HCFS). We
will not only concentrate on scalar problems but also on systems of DDR equations.

Before the derivation of the HCFS, we will first make a modification for the
inhomogeneous flux of the CFS. Instead of assuming that the source term is con-
stant between two nodal points, as in the original derivation, we will assume that
it is constant in each control volume. Under this assumption the inhomogeneous
flux could make the implementation of the scheme easier, especially for systems.
In fact, the procedure to determine the upwind value can be omitted. We will
see that the newly derived scheme maintains uniform second-order accuracy and
behaves more accurately for diffusion-dominated problems. A lot of numerical
examples will be given to test the performance of the new expressions.
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10.1 Modified inhomogeneous flux

Derivation of the modified inhomogeneous flux

The inhomogeneous flux of the CFS on the interface xj+1/2 has the expression

F i
j+1/2 = ∆x(γj+1/2sj + δj+1/2sj+1), (10.1)

where the coefficients γj+1/2 and δj+1/2 are given by

γj+1/2 := max

(
1

2
−W (P̄j+1/2), 0

)
,

δj+1/2 := min

(
1

2
−W (P̄j+1/2), 0

)
. (10.2)

From the derivation of (10.1) [1] we can see that the source term is assumed to
be constant (the upwind value of the unknown on xj+1/2) between two nodal
points xj and xj+1. That is why either γj+1/2 or δj+1/2 equals 0 depending on the
direction of the drift velocity.

In the following modification we do not assume that the source term is con-
stant in the interval (xj , xj+1) but rather in the control volume (xj−1/2, xj+1/2).
Actually, this assumption is already used for the integral of the source term when
applying the finite volume method, see (2.5). Then integrating the piecewise
Green’s function (3.16) of [1] we obtain the new expression for the coefficients

γj+1/2 :=W1(P̄j+1/2), δj+1/2 :=W2(P̄j+1/2). (10.3)

where the functions W1(z) and W2(z) are defined by

W1(z) :=
exp(−z/2)− 1 + z/2

z(1− exp(−z))
, (10.4)

and

W2(z) :=
− exp(z/2) + 1 + z/2

z(exp(z)− 1)
= −W1(−z), (10.5)

and are shown in Figure 10.1. Note that

W1(z) +W2(z) =
1

2
−W (z),

where the function W (z) is given by (2.15). We refer to the inhomogeneous flux
with coefficients given in (10.3) as the weighted inhomogeneous flux, since its form
seems like a weighted average. Accordingly, the CFS with this inhomogeneous flux
is referred to as the weighted CFS (WCFS).

Now let us have a look at the relation between the new inhomogeneous flux
and the original one. For large grid Péclet numbers the new one is equivalent to
the original one. For example, when P̄j+1/2 → +∞, then W1(P̄j+1/2) → 1/2 and
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Figure 10.1: Function W1(z) and W2(z).

W2(P̄j+1/2) → 0, therefore, the weighted inhomogeneous flux F i
j+1/2,WCFS → 1

2sj .
This is also the case for the original flux. This is not unexpected. From Figure
10.1 we can see that either W1 or W2 equals to 0 for large grid Péclet numbers in
absolute values. Nevertheless, for small grid Péclet numbers the weighted inho-
mogeneous flux and the original inhomogeneous flux are different. For example,
when P̄j+1/2 → 0, F i

j+1/2,CFS → 0 and F i
j+1/2,WCFS → 1

8(sj − sj+1). Therefore, if

the source term changes rapidly in space, the difference between F i
j+1/2,CFS and

F i
j+1/2,WCFS can be considerable.
For the system case, the original inhomogeneous flux has the expression, see

Chapter 5,

F i
j+1/2 = ∆x

(
1

2
I −W (P̂ )

)
su,j+1/2, (10.6)

where the matrix P̂ = ∆xUE−1 and su,j+1/2 is the upwind value, given by

su,j+1/2 =
1

2
(I +Ω)sj +

1

2
(I −Ω)sj+1, Ω = sgn(P̂ ). (10.7)

If modified as in the scalar case, the inhomogeneous flux becomes

F i
j+1/2 = ∆x

(
EW1(P )E−1sj + EW2(P )E−1sj+1

)
= ∆x

(
W1(P̂ )sj +W2(P̂ )sj+1

)
. (10.8)

This expression is more compact and the upwind value needs not be calculated.
This makes the implementation of the scheme easier.

Numerical experiments

To test the performance of the WCFS we compare the results of a scalar problem
and a system problem calculated using the WCFS and those calculated using the
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original CFS.

Example 1: scalar problem

To test the scalar WCFS we solve the boundary value problem (3.24) in Section
3.4 with v = 1− b sin(πx). We calculate the maximum norm of the discretization
error defined by (3.25). The results are presented in Figure 10.2. The WCFS
is verified to be second-order accurate for both diffusion-dominated and drift-
dominated problems, just as the CFS. Figure 10.2(b) shows that the WCFS is
identical with the CFS for the drift-dominated problems as expected, while Figure
10.2(a) shows for diffusion-dominated problems the WCFS yields more accurate
solutions.
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Figure 10.2: Maximum norm of the discretization errors as a function of the grid size.
Parameter values are: a = 0.2, b = −0.95.

Example 2: system problem

To test the WCFS for the system case we solve the following second-order system

d

dx
(Uφ− E dφ

dx
) = s, (10.9)

where U =

[
3 4

5 6

]
, E = 1

2ϵ

[
3 −1

−1 3

]
. The source term s and the boundary

conditions are chosen such that the exact solutions are given by

φ1(x) = 1− ex−1, (10.10a)

φ2(x) = ex−1. (10.10b)

As for the scalar case, we calculate the maximum norm of the discretization er-
rors for φ1 and φ2. The results are presented in Figure 10.3. We can draw the
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same conclusions as for the scalar case that the WCFS is second-order accurate
uniformly. For diffusion-dominated problems the WCFS has smaller errors and
for drift-dominated problems the WCFS obtains identical results as the CFS.
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Figure 10.3: Maximum norm of the discretization errors as a function of the grid size.

10.2 The harmonic complete flux scheme

For second-order partial differential equations, such as heat transfer equations and
drift-diffusion-reaction equations, when the finite volume method is adopted, the
flux across the interface of the control volume has to be approximated, and as a
result, the conductivity or diffusion coefficient needs to be approximated. This
is important, especially on the interface between two different materials. In [84]
Patankar proposed to approximate the conductivity by using the harmonic average
instead of the arithmetic average for heat transfer problems. In this way, better
approximations for the interface fluxes can be obtained.

In this section we first review why the harmonic average for the conductivity
can yield better approximations for the flux. Then, we show that the harmonic
average diffusion coefficient leads to the exact expressions for the flux of the homo-
geneous drift-diffusion-reaction problem with constant drift velocity and piecewise
constant diffusion coefficient. After that, we derive the expressions of the HCFS
for the problems with piecewise constant diffusion coefficients or matrices. Finally,
numerical examples are presented.

Motivation for using the harmonic average

Consider the homogeneous boundary-value problem

− d

dx

(
λ
dT

dx

)
= 0, xj < x < xj+1, (10.11a)

T (xj) = Tj , T (xj+1) = Tj+1, (10.11b)
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where the conduction coefficient λ is constant in each control volume, i.e.,

λ(x) =

 λj , for x ∈ (xj− 1
2
, xj+ 1

2
),

λj+1, for x ∈ (xj+ 1
2
, xj+ 3

2
),

(10.12)

as depicted in Figure 10.4. This problem models the heat transfer/conduction in
a composite slab without any generation or loss. The source term is 0, so the heat
flux is constant everywhere, i.e.,

f := −λdT
dx

= C, (10.13)

where C is a constant. Dividing both sides of (10.13) by λ and integrating from
xj+1/2 to x we obtain

T (x) = Tj+1/2 − C

∫ x

xj+1/2

1

λ(ξ)
dξ. (10.14)

Subtracting the two equations obtained by substituting the boundary condition
(10.11b) and the values of λ on the corresponding intervals we obtain the expres-
sion

C = −λ̃Tj+1 − Tj
∆x

, (10.15)

where λ̃ given by
1

λ̃
=

1

2

(
1

λj
+

1

λj+1

)
, (10.16)

is the harmonic average of λj and λj+1. Therefore, if the harmonic average conduc-
tivity is used, the flux on the interface xj+1/2 is represented exactly, although liter-
ally (10.15) is an approximation from the central difference scheme. Patankar [84]
discussed the behavior of λ̃ under some limiting conditions, e.g., either λj or λj+1

equals 0 or λj ≪ λj+1. Under all those conditions the harmonic average conduc-
tivity gives reasonable results. On the contrary, the arithmetic mean value gives
an incorrect expression for the heat flux.
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Derivation of the PCCFS for DDR equations

We consider the stationary drift-diffusion-reaction problem

d

dx
(vφ−D

dφ

dx
) = s, xj < x < xj+1, (10.17a)

φ(xj) = φj , φ(xj+1) = φj+1. (10.17b)

where the drift velocity v is a constant, the diffusion coefficient D is piecewise
constant and s a function of x.

We derive the expression for the flux on the interface of the control volume.
Let f = vφ−Dφ′ then f can be expressed as

f = −D(φe−Λ)′eΛ, (10.18)

where

Λ(x) =


v
Dj

(x− xj+1/2) for x ∈ [xj , xj+ 1
2
),

v
Dj+1

(x− xj+1/2) for x ∈ (xj+ 1
2
, xj+1].

(10.19)

Integrating f ′ = s from xj+1/2 to x and substituting (10.18) we obtain

−(φe−Λ)′ = D−1e−Λfj+1/2 +D−1e−ΛS, (10.20)

where S(x) =
∫ x
xj+1/2

s(ξ) dξ. Then, integrating again from xj to xj+1 and rear-

ranging the terms we get the common expression for fj+1/2

fj+1/2 = fhj+1/2 + f ij+1/2, (10.21)

where the homogeneous flux fhj+1/2 and the inhomogeneous flux f ij+1/2 are given
by

fhj+1/2 =
−φj+1 exp(− v∆x

2Dj+1
) + φj exp(

v∆x
2Dj

)∫ xj+1

xj
D−1 exp(−Λ) dx

, (10.22)

and

f ij+1/2 =
−
∫ xj+1

xj
D−1 exp(−Λ)S(x) dx∫ xj+1

xj
D−1 exp(−Λ) dx

. (10.23)

Let s = 0, then from (10.21), (10.22) and the relation∫ xj+1

xj

D−1e−Λ dx =
1

v

(
exp

(
Pj

2

)
− exp

(
−Pj+1

2

))
, (10.24)

we obtain the numerical homogeneous flux

F h
j+1/2 = fhj+1/2 = −

D̃j+1/2

∆x
(B(P̄j+1/2)φj+1 −B(−P̄j+1/2)φj), (10.25)
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where D̃j+1/2 is the harmonic average of Dj and Dj+1 and

P̄j+1/2 =
1

2
(Pj + Pj+1) =

v∆x

2

(
1

Dj
+

1

Dj+1

)
=

v∆x

D̃j+1/2

. (10.26)

Again, we find that flux on the interface is represented exactly if the the harmonic
average diffusion coefficient is used for the homogeneous problem.

For the inhomogeneous flux, we evaluate (10.23). From the previous section we
know that to assume that the source term is constant in a control volume is a good
practice to derive the inhomogeneous flux. We make the same assumption here
for the numerator of (10.23). Substituting (10.24) and evaluating the remaining
integrals we obtain the numerical approximation

F i
j+1/2 = ∆x(γj+1/2sj + δj+1/2sj+1), (10.27)

where

γj+1/2 =
1
2Pj + exp(−Pj

2 )− 1

Pj(1− exp(−P̄j+1/2))
, (10.28)

and

δj+1/2 =
1
2Pj+1 + 1− exp(

Pj+1

2 )

Pj+1(exp(P̄j+1/2)− 1)
. (10.29)

In summary, we derived the expression of the CFS for the DDR equations
with piecewise constant diffusion coefficients. The homogeneous flux is given by
(10.25) and the inhomogeneous flux is given by (10.27). For convenience we refer
to the corresponding complete flux scheme as the piecewise constant complete flux
scheme (PCCFS).

Derivation of the PCCFS for systems of DDR equations

Consider the following system of stationary DDR equations in one dimension

d

dx
f(x) = s(x), (10.30a)

f = Uφ− E dφ

dx
, (10.30b)

where U is the drift matrix, assumed to be constant, E the diffusion matrix, and s
the source term vector. We assume that the diffusion matrix is piecewise constant
in each control volume, i.e.,

E =

 Ej , for x ∈ (xj− 1
2
, xj+ 1

2
),

Ej+1, for x ∈ (xj+ 1
2
, xj+ 3

2
).

(10.31)

The flux f can be written as

f = −Ee(x−xj+1/2)A
d

dx

(
e−(x−xj+1/2)Aφ

)
, (10.32)
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where A = E−1U . Integrating (10.30a) from xj+1/2 to x and substituting the
expression of f we obtain

− d

dx

(
e−(x−xj+1/2)Aφ

)
= e−(x−xj+1/2)AE−1fj+1/2 + e−(x−xj+1/2)AE−1S, (10.33)

where S =
∫ x
xj+1/2

s(ξ) dξ. Integrating again over [xj , xj+1] we have for the left-

hand side

−
∫ xj+1

xj

d

dx

(
e−(x−xj+1/2)Aφ

)
dx

= −
∫ xj+1/2

xj

d

dx

(
e−(x−xj+1/2)Ajφ

)
dx−

∫ xj+1

xj+1/2

d

dx

(
e−(x−xj+1/2)Aj+1φ

)
dx

=ePj/2φj − e−Pj+1/2φj+1,

where P = ∆xA is the Péclet matrix and is also piecewise constant.
We first derive the homogeneous flux. To this end, we integrate the first term

on the right-hand side of (10.33). Assuming that Aj and Aj+1 are diagonalizable
and can be decomposed as

Aj = VjΛjV
−1
j and Aj+1 = Vj+1Λj+1V

−1
j+1, (10.34)

where Λj = diag(λ1,j , · · · , λm,j) is the diagonal matrix containing the eigenvalues
of Aj and Vj = (v1,j , · · · , vm,j) consists of the eigenvectors of Aj . Then the first
term is integrated as∫ xj+1

xj

e−(x−xj+1/2)AE−1 dx

=Vj

∫ xj+1/2

xj

e−(x−xj+1/2)Λj dxV −1
j E−1

j + Vj+1

∫ xj+1

xj+1/2

e−(x−xj+1/2)Λj+1 dxV −1
j+1E

−1
j+1.

Since Λj and Λj+1 are diagonal matrices, we can evaluate the integrals above
elementwise, for example,∫ xj+1/2

xj

e−(x−xj+1/2)λi,j dx

=

{
∆x
2

exp (∆xλi,j/2)−1
∆xλi,j/2

for λi,j ̸= 0,

∆x
2 for λi,j = 0,

=
∆x

2

1

B
(
∆x
2 λi,j

) .
Likewise, for the other integral∫ xj+1

xj+1/2

e−(x−xj+1/2)λi,j+1 dx =
∆x

2

1

B
(
−∆x

2 λi,j+1

) . (10.35)
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With the properties of the exponential function presented in (5.4), we find∫ xj+1

xj

e−(x−xj+1/2)AE−1 dx =
∆x

2
B−1

(
Pj

2

)
E−1
j +

∆x

2
B−1

(
−Pj+1

2

)
E−1
j+1,

where B−1(A) denotes the inverse of the matrix B(A), which is always regular.
Multiplying (10.33) from left by the inverse of

∫ xj+1

xj
e−(x−xj+1/2)AE−1 dx we obtain

the homogeneous flux

fh
j+1/2 =

2

∆x

[
B−1

(
Pj

2

)
E−1
j +B−1

(
−Pj+1

2

)
E−1
j+1

]−1
(e

Pj
2 φj − e−

Pj+1
2 φj+1).

(10.36)

Note that for U = 0 (10.36) reduces to

fh
j+1/2 = −

(1
2

(
E−1
j + E−1

j+1

))−1φj+1 −φj

∆x
. (10.37)

Analogous to the scalar case, if we define the harmonic average for matrices as

Ẽ :=
(1
2

(
E−1
j + E−1

j+1

))−1
, (10.38)

we see that the harmonic average diffusion matrix is naturally obtained for the
flux in this reduced case.

We now derive the expression for the inhomogeneous flux. For this purpose
we integrate the second term of (10.33). As for the scalar case we assume that s
is constant in each control volume. Then the integral of the second term can be
written as ∫ xj+1

xj

e−(x−xj+1/2)AE−1S dx

=

∫ xj+1/2

xj

e−(x−xj+1/2)Aj (x− xj+1/2) dxE−1
j sj

+

∫ xj+1

xj+1/2

e−(x−xj+1/2)Aj+1(x− xj+1/2) dxE−1
j+1sj+1

:=T1E−1
j sj + T2E

−1
j+1sj+1.

Both integrals T1 and T2 can be evaluated elementwise. As an example, T1 can
be written as

T1 = Vj

∫ xj+1/2

xj

e−(x−xj+1/2)Λj (x− xj+1/2) dxV
−1
j ,
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and for element λi,j the integral in T1 reads∫ xj+1/2

xj

e−(x−xj+1/2)λi,j (x− xj+1/2) dx

=

 (−∆x
2 λ

−1
i,j + λ−2

i,j ) exp(
∆x
2 λi,j)− λ−2

i,j for λi,j ̸= 0,

−∆x2

8 for λi,j = 0,

=

(
∆x

2

)2

F1

(
∆x

2
λi,j

)
,

where the function F1(z) is defined by

F1(z) =
ez(1− z)− 1

z2
. (10.39)

Consequently, we have

T1 =
∆x2

4
F1(Pj/2). (10.40)

Analogously, we obtain for T2 the expression

T2 =
∆x2

4
F2(Pj+1/2), (10.41)

where the function F2(z) is defined by

F2(z) =
1− (1 + z)e−z

z2
= −F1(−z). (10.42)

The functions F1 and F2 are depicted in Figure 10.5. In conclusion, the inhomo-
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Figure 10.5: Function F1(z) and F2(z).
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geneous flux can be written as

F i
j+1/2 =− 2∆x

[
B−1

(
Pj

2

)
E−1
j +B−1

(
−Pj+1

2

)
E−1
j+1

]−1
F1(Pj/2)E−1

j sj

− 2∆x
[
B−1

(
Pj

2

)
E−1
j +B−1

(
−Pj+1

2

)
E−1
j+1

]−1
F2(Pj+1/2)E−1

j+1sj+1.

(10.43)

In summary, we derived the PCCFS for systems of DDR equations with piece-
wise constant diffusion matrices. The homogeneous flux is given by (10.36) and
the inhomogeneous flux is given by (10.43).

In the above derivation the only requirement for the coefficient matrices is that
A is diagonalizable. As pointed out in Chapter 5 the diffusion matrix is usually
regular, however, the drift velocity matrix can be singular. Here we consider the
case that matrix U is regular, then A is regular as well. The integrals of the terms
in (10.33) can be evaluated differently. For example, the integral of the first term
of the right-hand side can be evaluated as∫ xj+1

xj

e−(x−xj+1/2)AE−1 dx

=

∫ xj+1/2

xj

e−(x−xj+1/2)Aj dxE−1
j +

∫ xj+1

xj+1/2

e−(x−xj+1/2)Aj+1 dxE−1
j+1

=− (I − ePj/2)U−1 − (e−Pj+1/2 − I)U−1

=
(
ePj/2 − e−Pj+1/2

)
U−1.

Let s = 0. If Pj and Pj+1 commute we obtain the expression of the homogeneous
flux as

fh
j+1/2 = U

(
ePj/2 − e−Pj+1/2

)−1
(ePj/2φj − e−Pj+1/2φj+1)

= U(e(Pj+Pj+1)/2 − I)−1(e(Pj+Pj+1)/2φj −φj+1)

=
Ẽ
∆x

(B(−P̄j+1/2)φj −B(P̄j+1/2)φj+1), (10.44)

where P̄j+1/2 = (Pj + Pj+1)/2 = ∆xẼ
−1

j+1/2U/2 and Ẽj+1/2 = 2(E−1
j + E−1

j+1)
−1.

For regular U , Pj and Pj+1 which commute, the harmonic average diffusion ma-
trix gives exact expression of the flux on the interface. Although (10.44) is not
applicable in practice, it gives us a hint that using the harmonic average diffusion
coefficient is a good practice for the fluxes on the interfaces.

Harmonic complete flux scheme

The expressions of the PCCFS are rather complicated, especially for the system
case many exponential matrices have to be calculated. Therefore, it is not very
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practical to adopt it. However, in the derivation we have seen that in the ex-
pression of the homogeneous flux (10.25) for scalar case the harmonic average is
naturally used for the diffusion coefficient in the expression of the flux. For the
system case, because of the complexity of the matrix operations, we did not see the
appearance of the harmonic average. But for the special cases that U = 0 and U
is regular, the harmonic average yields the exact flux for homogeneous problems.
These observations prove that using the harmonic average is more reasonable for
the approximation of fluxes. Based on these, we derive the harmonic CFS (HCFS),
which is modified from the WCFS and summarized as follows. The difference with
the WCFS is that the diffusion coefficient or diffusion matrix on the interface is
calculated by the harmonic average instead of the arithmetic average. For the
scalar case, the homogeneous flux is given by

F h
j+1/2 = −

D̃j+1/2

∆x
(B(P̄j+1/2)φj+1 −B(−P̄j+1/2)φj), (10.45)

and the inhomogeneous flux

F i
j+1/2 = ∆x(W1(P̄j+1/2)sj +W2(P̄j+1/2)sj+1), (10.46)

where

P̄j+1/2 =
1

2
(Pj + Pj+1) =

vj+1/2∆x

2

(
1

Dj
+

1

Dj+1

)
=
vj+1/2∆x

D̃j+1/2

, (10.47)

and

vj+1/2 =
1

2
(vj + vj+1). (10.48)

For the system case, the homogeneous flux is expressed as

F h
j+1/2 = − 1

∆x
Ẽj+1/2

(
B(P̄j+1/2)φj+1 −B(−P̄j+1/2)φj

)
, (10.49)

and the inhomogeneous flux

F i
j+1/2 = ∆x

(
W1(P̂j+1/2)sj +W2(P̂j+1/2)sj+1

)
, (10.50)

where

P̄j+1/2 =
∆x

2
(E−1

j + E−1
j+1)Uj+1/2 = ∆xẼ

−1

j+1/2Uj+1/2,

P̂j+1/2 = ∆xUj+1/2Ẽ
−1

j+1/2,

and

Uj+1/2 =
1

2
(Uj +Uj+1). (10.51)
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Numerical experiments

In this section we present four examples to demonstrate the improvement using
the harmonic average for the diffusion coefficient.

Example 1: Poisson’s equation

In this example we solve Poisson’s equation to calculate the electrostatic potential
V between two parallel plates with a homogeneous space charge of 10−3 Cm−3.
The left plate is grounded and a voltage of 100 V is applied at the right one. The
gap between them is 1 cm and one half is filled with silicon (relative dielectric
constant 11.68) and the rest is vacuum. Poisson’s equation is discretized by the
finite volume method on a uniform vertex centered grid with 20 control volumes.
The permittivity on the interface of silicon and vacuum is calculated by the arith-
metic average and harmonic average, respectively. The solutions are presented in
Figure 10.6. We can see that using the harmonic average permittivity yields a
much better result, which is very close to the exact solution even when the grid
is coarse, while using the arithmetic average permittivity the solution differs a lot
from the exact solution.
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Figure 10.6: The numerical and exact solutions of Poisson’s equation.

Example 2: DDR equation with piecewise constant diffusion coefficients

In this example we solve a DDR equation with a constant drift velocity v = 1 and
a piecewise constant diffusion coefficient D. In the left half part of the domain
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D = 10−3 and in the right half part D = 1. The equation is discretized by the
CFS and the HCFS on a uniform vertex centered grid. The source term s = x2.
We compare the solutions from various coarse grids with that from a very fine
grid, since we have no exact solution. The results are presented in Figure 10.7. It
shows that the solution from the CFS has oscillations near the region of the two
materials interface. The reason could be that the approximation of the flux on
the interface is not good enough. This point is confirmed by the solution from the
HCFS. The HCFS yields better results and coincide with the exact solution very
well except for the lack of nodal points.
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Figure 10.7: The numerical and exact solutions calculated from the CFS and the HCFS
on various grids.

Example 3: DDR equation with continuous diffusion coefficients

In this example we tested the HCFS for a piecewise constant diffusion coefficient.
In this example we solve a DDR equation with a constant drift velocity v = 1 and
a continuous diffusion coefficient given by the function D(x) = 10−4(1+ x)10. We
regard the solution on a very fine grid (Ncv = 1280) as the exact solution and
calculate the maximum norm of the discretization errors eh of the solutions from
various grids. The results are plotted in Figure 10.8. We see that the HCFS is
also second-order accurate and it is more accurate than the CFS.

Example 4: System of DDR equations

In this example we solve the following second-order system

d

dx
(Uφ− E dφ

dx
) = s, (10.52)

φ(0) =

(
0

1

)
, φ′(1) = 0, (10.53)
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Figure 10.8: The maximum norm of the discretization error as a function of grid size.

where

E = ϵ(x)

(
3 −1

−1 3

)
and s =

(
x2

1− x2

)
. (10.54)

We compare the results calculated by the CFS, the HCFS and the PCCFS. The
calculation domain is composed by two materials and the coefficient of the diffusion
matrix is given by

ϵ(x) =

{
1 x ∈ [0 0.5),

10−2 x ∈ (0.5 1].

The results calculated by the CFS and the HCFS are presented in Figure 10.9

for U = 0 and U =

(
3 4

5 6

)
, respectively. The number of nodal points is 20.

The results calculated on a grid with 1280 nodal points are considered to be the
exact solutions. We can see that in both cases the results from the HCFS are
much closer to the exact solutions than these from the CFS. To test the accuracy
of the HCFS we compare the results with those calculated from the PCCFS. The
results calculated by the HCFS and the PCCFS are presented in Figure 10.10.
We see that the HCFS gives results very similar with those of the PCCFS.
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Figure 10.9: Solutions calculated by the HCFS and the CFS.
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Figure 10.10: Solutions calculated by the HCFS and the PCCFS.

10.3 Conclusions

In this chapter we first modified the expression of the inhomogeneous flux of the
CFS and derived the WCFS. The WCFS makes the implementation of the CFS
easier and it is equivalent to the original CFS for drift-dominated problems. For
diffusion-dominated problems the WCFS is even more accurate than the original
CFS. Next, based on the fact that for the heat equation the harmonic average
yields better approximations for the fluxes on the interfaces of two different ma-
terials, we derived the PCCFS for the DDR equations and systems with piecewise
constant diffusion coefficients or matrices, respectively. The expressions of the
numerical fluxes are very complicated, therefore, it is not convenient to adopt.
However, in the derivation of the PCCFS, it was confirmed that the harmonic
average yields better approximations for the interface flux. Based on this fact,
we derived the HCFS by modifying the WCFS. The HCFS can be regarded as an
approximation of the PCCFS, however, we have seen that the HCFS yields very
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similar results with the PCCFS. In addition, although the HCFS is derived for
problems with piecewise constant diffusion coefficients, it is also more accurate
than the CFS for the problems with continuous diffusion coefficients. This agrees
with the conclusion drawn by Patankar [84] for heat transfer equations.



Chapter 11

Conclusions

The aim of this work is to investigate efficient discretization methods for the drift-
diffusion type of plasma models. For this purpose, we introduced the CFS to
plasma simulations.

In Chapter 3 we proved that the CFS is second-order convergent, uniformly
in the grid Péclet number, even in the presence of a source term. The difficulty
in the proof arose from possible unboundedness of the solution’s derivative as
the diffusion coefficient approaches 0. To circumvent the difficulty, we adopted
the comparison function approach for the estimate of discretization errors. The
results of the numerical tests agreed with the error analysis very well.

In Chapter 4, we discussed the vertex-centered and cell-centered grids. Through
an error analysis by Taylor expansions, we managed to find out why using the cell-
centered grid yields larger errors than using the vertex-centered grid in Plasimo.
The reason is the numerical fluxes at the boundaries were not approximated ac-
curately. We proposed two approaches, the flux extrapolation and the continuity
extrapolation, to obtain better approximations for the boundary fluxes. These ap-
proaches proved to be valid by error analysis and numerical tests. Consequently,
those approaches can be used to improve the simulation results of Plasimo when
the cell-centered grid is adopted.

In Chapter 5 we extended the CFS to systems of the DDR equations. In
the derivation the only assumption was that the Péclet matrix is diagonalizable.
Hence, the drift velocity matrix could be singular. Like the scalar case, the ex-
pression of the numerical flux was a superposition of a homogeneous part and an
inhomogeneous part. The inhomogeneous part proved to be important for drift-
dominated problems. Analogous to the scalar case, the TCFS and the SCFS were
derived for time-dependent problems. We derived the TCFS by regarding the time
derivative as a part of the source term, and then repeated the procedure as for
stationary problems. The derivation of the SCFS is more straightforward. The
expression of the numerical flux derived for stationary problems was used for the
discretization in space for the time-dependent problems. The TCFS was demon-
strated to be less dissipative and always second-order accurate, while the SCFS
was quite dissipative for highly oscillatory problems and only first-order accurate
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for drift-dominated problems.

From Chapter 6 to 9 the applications of the CFS are presented. In Chapter 6
we applied the CFS to DC glow discharges. We presented an LFA and an LEA
model. For both of them the CFS yielded more accurate results than the commonly
used EDS. By comparing the CPU time, the CFS was also found to be much more
efficient than the EDS for obtaining a solution with given accuracy. This property
makes the CFS more competitive in higher dimensions. In addition, the physical
interpretation of the Péclet number was discussed. The physical interpretation
successfully explained the phenomena in model results. Although LFA models are
simpler than LEA models, the LFA is not always valid. At the end of Chapter 6,
we presented a criterion to determine the validity of the LFA.

In Chapter 7 the TCFS for scalar DDR equations was applied to an RF dis-
charge. The simulation results were compared with literature, and the accuracy
and efficiency were compared with these of the EDS. The TCFS yielded very close
results with these obtained by the fourth-order deferred correction technique, how-
ever, the expression of the TCFS is simpler. It means easier implementation and
less computational consuming. Moreover, the second-order accuracy of the TCFS
made it much more accurate than the EDS when the grid is fine enough.

In Chapter 8 the SCFS was applied to a two-dimensional streamer discharge
model in nitrogen at atmosphere pressure. We also carried out the calculation
using the EDS. The results from the EDS were very close to those in literature,
while the results from the SCFS are slightly different, due to the fact that the
continuity equations, both of electrons and ions, are drift-dominated. We have
proved that it is necessary to approximate the flux by taking the source term into
consideration for drift-dominated problems. Hence, the solution from the SCFS
should be more accurate. However, in the calculation we used a very fine grid,
since the SCFS has large dispersive errors for problems with very steep solutions.

In Chapter 9 the CFS for systems of the DDR equations was tested for a
model simulating the dissociation of H2. The solutions proved to be accurate by
the fact that the mass fraction constraint and mass flux constraint were fulfilled
very well. The CFS for systems can be used broadly, since systems of DDR
equations arise in many simulations of mixtures, e.g., in combustion problems,
non-local thermodynamic equilibrium (LTE) plasma models and simulations of
elemental demixing in LTE plasmas.

In Chapter 10 we derived another expression of the CFS, referred to as HCFS
for scalar DDR equations and systems. Its derivation was based on problems
with piecewise constant diffusion coefficients. In reality, these problems arise from
transport phenomena on domains composed of different materials. The HCFS
turned out to be more accurate than the standard CFS, not only for the problems
with piecewise constant diffusion coefficients but also for those with continuous
diffusion coefficients.

To conclude, the CFS for DDR equations has been demonstrated to be an effi-
cient discretization method for the steady-state and quasi-steady-state problems,
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such as, DC discharges and RF discharges. For transient problems, especially
those with steep gradients as streamer discharges, the SCFS has large dispersive
errors, therefore, to obtain reasonable results fine grids are required. Moreover,
since the TCFS is an implicit method and could generate oscillations around the
rapidly changing area, it is not suitable for streamer discharge models either. Con-
sequently, we say that the SCFS and TCFS are not efficient methods for streamer
discharge models. One of the future works is to improve the performance of the
TCFS for transient problems. The CFS and the HFS are extended to solve the
system of DDR equations and they are verified to be suitable for solving the sys-
tems of multi-component mixture models. It is worth mentioning that the HFS
has already been implemented in Plasimo and it works very well for the ambipo-
lar diffusion models. Later on, the CFS will be implemented and it will improve
the present simulation results. Although in this thesis we have merely tested the
CFS for plasma models, since it was developed for generic DDR equations, it
can be applied into other disciplines, such as heat transfer, fluid dynamics and
semiconductors.

Other future works include the accuracy analysis for the HCFS, comparing
the CFS with other schemes, such as the finite element method and the residual
distribution scheme for plasma models and the implementation of the CFS into
Plasimo.
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Appendix A

Semi-implicit treatment for Poisson’s equa-
tion

Although the equations of the multi-fluid model are strongly coupled, to reduce
the computational cost they are solved one by one at a time tk. Then, if the
electric field in the particle balance equations is treated explicitly, i.e., using the
electric field Ek at time tk to calculate the particle density at new time tk+1, the
time step ∆t must fulfill the following time step restriction

∆t <
ε0∑

p
qpµpnp

, (A.1)

to avoid numerical instabilities [56]. Here we outline the so-called semi-implicit
treatment [59–61], which also ensures stability for larger time steps.

When Poisson’s equation is solved, instead of using the particle densities at
time tk, estimates at the new time tk+1 from the balance equations are used. Then
Poisson’s equation takes the form

d

dx
Ek+1 =

e

ε0
(ñk+1

i − ñk+1
e ), (A.2)

where ñk+1
i and ñk+1

e are estimates of nk+1
i and nk+1

e arising from the balance
equations

ñk+1
i = nki −∆t

(
∂

∂x
Γi(n

k
i , E

k+1, µki , D
k
i )

)
, (A.3)

ñk+1
e = nke −∆t

(
∂

∂x
Γe(n

k
e , E

k+1, µke , D
k
e )

)
. (A.4)

Note that the source term is omitted, since it will be cancelled after substitution
(A.3) and (A.4) to (A.2). The derivative of the flux can be approximated by(

∂

∂x
Γ(nk, Ek+1, µk, Dk)

)
j

=
1

∆x

(
Γj+ 1

2
(nk, Ek+1, µk, Dk)− Γj− 1

2
(nk, Ek+1, µk, Dk)

)
. (A.5)
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Since the flux is nonlinearly dependent on Ek+1, we linearize the flux about E
with a Taylor expansion

Γj+ 1
2
(nk, Ek+1, µk, Dk)

=Γj+ 1
2
(nk, Ek, µk, Dk) +

(
∂Γ

∂E

)k

j+ 1
2

(Ek+1
j+ 1

2

− Ek
j+ 1

2

). (A.6)

Substituting the expression of the numerical flux into (A.6) we obtain the lin-
earized form of the flux. For the EDS we have

Γj+ 1
2
(nk, Ek+1, µk, Dk)

=− µj+ 1
2

(
g1(Pj+ 1

2
)nj+1 − g2(Pj+ 1

2
)nj

)
Ek+1

j+ 1
2

−
Dj+ 1

2

∆x
h(Pj+ 1

2
)(nj+1 − nj),

(A.7)

where function g1(z) = B′(z), g2(z) = B′(−z) and h(z) = B(z) − zB′(z). Since
the derivative with respect to E of the original expression of the CFS is too
complicated, we use the following approximation

Γj+ 1
2
=
Dj+ 1

2

∆x

(
B(−Pj+ 1

2
)nj+1 −B(Pj+ 1

2
)nj

)
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1

2
−W (Pj+ 1

2
), 0

)
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(
1

2
−W (Pj+ 1

2
), 0

)
sj+1, (A.8)

where Pj+ 1
2
= µj+ 1

2
Ej+ 1

2
∆x/Dj+ 1

2
. Hence, for Pj+ 1

2
> 0 we have
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2
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2

, (A.9)

where function Q(z) = zW ′(z)−W (z). In addition, for Pj+ 1
2
< 0, sj is replaced

by sj+1.
Substituting (A.3)-(A.6) and (A.7) or (A.9) into (A.2) and approximating the

electric field by

Ej+ 1
2
=
Vj+1 − Vj

∆x
, (A.10)

we obtain a three-diagonal system for V . Solving the modified Poisson’s equation
(A.2) the time step can be several orders larger than the time step satisfying (A.1).



List of Abbreviations

CFS complete flux scheme i, 9

DC direct current ii, 57

DDR drift-diffusion-reaction i, 9

EDS exponential difference scheme ii, 10

FVM finite volume method 9

HCFS harmonic complete flux scheme ii, 99

HFS homogeneous flux scheme 49

LEA local energy approximation ii, 57

LFA local field approximation ii, 57

RF radio frequency ii, 73

SCFS stationary complete flux scheme 15

TCFS transient complete flux scheme 15
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List of Symbols

Symbol Description and Unit

∆t time step [s] 61

∆x grid size [m] 11

Dp diffusion coefficient of species p [m2 s−1] 8

E electric field [V m−1] 8

E component of the electric field E [V m−1] 58

e elementary charge [C] 5

eh maximum norm of the discretization error in space 29

eτ maximum norm of the discretization error in time 79

E diffusion matrix 92

ε mean electron energy [J or eV] 8

ε0 permittivity of the free space [F m−1] 5

ε̄i mean initial energy of the secondary emitted electrons [J or eV]
60

εion ionization threshold energy [J or eV] 59

γi secondary emission coefficient 60

Γp flux density of species p [m−2 s−1] 8

h grid size [m] 11

kB Boltzmann constant [J K−1] 4

Kion ionization rate coefficient [m3 s−1] 59

Kloss energy loss coefficient [J m3 s−1] 59

L size of the calculation domain [m] 11

l mean free path [m] 70

λD Debye length [m] 5

mp mass of species p [kg] 4

µp mobility of species p [m2 V−1 s−1] 8
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Symbol Description and Unit

Ncv number of control volumes 11

Nnp number of nodal points 11

Nts number of time steps in a RF period 76

nε electron energy density [J m−3 or eV m−3] 8

ng density of background gas [m−3] 58

n̂ unit outward vector 60

np density of species p [m−3] 8

ωpe plasma frequency [s−1] 6

P Péclet number 9

pg gas pressure [Pa or Torr] 2

ρc space charge density [C m−3] 8

ρm,i mass density of the ith species [kg m−3] 91

ρm total mass density [kg m−3] 91

T period of a radio frequency [s] 76

τ time step [s] 61

Tg gas temperature [K] 58

Tp temperature of species p [K] 6

U drift velocity matrix 43

V electric potential [V] 5

vth,p thermal velocity of species p [m s−1] 60

wi mole fraction of the ith species 92

yi mass fraction of the ith species 91
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Summary

Studies on the Discretization of Plasma Transport Equations

In plasma fluid models, the transport of particles is described by the drift-diffusion-
reaction (DDR) equation. It is nearly impossible to solve this equation analyt-
ically. Therefore, people commonly resort to numerical methods. An efficient
numerical method not only yields sufficiently accurate solutions, but also costs
less computational time. In this thesis we are focusing on seeking efficient dis-
cretization methods for solving plasma models. For this purpose, we introduce
the complete flux scheme (CFS) into plasma simulations.

We rigorously prove that the CFS is second-order convergent, uniformly in the
grid Péclet number, even in the presence of a source term. This property makes
the CFS a suitable discretization method for solving plasma fluid models. To test
its performance, the CFS is applied to three different models: a DC discharge, a
RF discharge and a streamer discharge model. The results of the DC discharge and
RF discharge indicate that the usage of the CFS allows a considerable reduction
of the number of grid points that is required to obtain the same accuracy. The
result of the streamer discharge model shows that it is necessary to take the source
term into consideration for flux approximations. To our best knowledge we are
the first to use the numerical fluxes including the contribution of source terms for
streamer discharge models.

To broaden its range of applications we extend the CFS to systems of the
DDR equations. In the derivation the only assumption is that the Péclet matrix
is diagonalizable. Hence, the drift velocity matrix is allowed to be singular. Like
the scalar case, the expression of the numerical flux is a superposition of a ho-
mogeneous part and an inhomogeneous part. Moreover, the transient complete
flux scheme (TCFS) and the stationary complete flux scheme (SCFS) are derived
for time-dependent problems. The TCFS is demonstrated to be less dissipative
and always second-order accurate, while the SCFS is quite dissipative for highly
oscillatory problems and only first-order accurate for drift-dominated problems.
The performance of the CFS for systems is tested in a model simulating the dis-
sociation of H2. The solutions prove to be accurate by the fact that the mass
fraction constraint and mass flux constraint are fulfilled very well.

We also propose a new expression for the inhomogeneous flux of the CFS
which can improve the accuracy of the original CFS and make the calculations
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simpler. Based on this new expression, we derive the harmonic complete flux
scheme (HCFS) for problems with piecewise constant diffusion coefficients. In
the derivation the harmonic average diffusion coefficient is used instead of the
arithmetic average diffusion coefficient. It proves that the HCFS is more accurate
than the original CFS not only for the problems with piecewise constant diffusion
coefficients but also for those with continuous diffusion coefficients.

Although the two kinds of grids, the vertex-centered and the cell-centered
grids, have been discussed extensively for the Dirichlet boundary condition and
the Neumann boundary condition, there is no literature studying boundary con-
ditions used in plasma simulations. Through an error analysis by Taylor expan-
sions, we find that using the cell-centered grid yields larger errors than using the
vertex-centered grid for diffusion-dominated problems if the numerical fluxes at
the boundaries are not approximated properly. We propose two approaches to
obtain appropriate approximations for the boundary fluxes. These approaches are
verified to be valid by error analysis and numerical tests.
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