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DC Testing of Analog Integrated Circuits 
with Piecewise Linear Approximation and Interval Analysis 

D.M.W. Leenaerts and J. van Spaandonk 
Department of Electrical Engineering 

Technical University of Eindhoven 
P.O. Box 5 13 

5600 MB Eindhoven, The Netherlands 

Abstract-In this paper a test method for analog circuits is 
presented which is based upon simple DC measurements 
that can be performed directly on the wafer. Our method 
handles parameters at various levels, e.g. process, device 
and circuit parameters. In contrast to other methods that 
use parameter intervals, our method obtains a mathemati- 
cal relation between the parameters, which results in a 
more powerful decision criterion. The method may be used 
as the basis for automatic testing. 

I. INTRODUCTION 

Testing analog circuits is an issue of increasing impor- 
tance in IC production. This is mainly caused by the 
integration of ever greater analog functionality on a 
single chip, for instance as interface circuitry in mixed- 
signal integrated circuits [l,  21. A major problem with 
analog circuits testing is the occurrence of hard faults 
and soft faults [3,4, 51. The former cause the failure of a 
complete function of the device under test (DUT), and are 
comparable to the digital stuck-at faults. The latter are 
deviations of parameters outside their permissible inter- 
val. A related problem in the analog test domain is that 
multiple relevant parameters must be deduced in a com- 
plete test, such as impedances, transient and frequency 
domain behavior, distortion, etc. 

Hence a reduction in cost, time and complexity of 
analog circuits testing is beneficial in IC manufacturing. 
This can be accomplished by using DC measurements. 
Not all parameters can be deduced with these measure- 
ments, since only time-independent behavior is analyzed. 
However, using DC measurements a high percentage of 
hard and soft faults can be detected [6] .  Thus, in the 
fabrication process, a large amount of faulty devices can 
be sieved out and dumped prior to packaging, which may 
save quite an amount of money. 

In this paper a test method for analog circuits is pre- 
sented which is based upon simple DC measurements that 
can be performed directly on the wafer. The method uses 
parameter intervals, which are inherent properties of 
analog circuits (e.g. gain > 80 dB). Our method handles 
parameters at various levels, e.g. process, device and cir- 
cuit parameters. In contrast to other methods that use 
parameter intervals (e.g. [14]), our method obtains a 
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mathematical relation between the parameters. The 
method may be used as the basis for automatic testing. 

The proposed test procedure consists of three phases. 
In the pre-test phase, using a special technique, the 
complete DC performance of the DUT is obtained. Since 
all parameters are treated as intervals one obtains a 
space, called the state-space, in which the relation 
between the parameters and the DC performance is ex- 
pressed. In the test phase some DC voltages and currents 
on some nodes are measured. In the post-test phase, the 
measured data is mapped on the computed state space. If 
the mapping fails then it is concluded that the DUT is 
defect. 

To illustrate this test method we assume, without loss 
of generality, that only the threshold voltage v,,, of MOS 
devices varies within a wafer and from wafer to wafer, 
due to manufacturing process variations or spot defects. 
Thus the behavior of the circuits on the wafer can differ 
from the simulation results in the synthesis phase. Now 
the testing problem is to detect whether or not the circuit 
is functioning -concerning the v A  deviation- with the 
measurement of only a few points of the DC transfer 
characteristic. 

Analog circuits are modeled with the piecewise linear 
modeling technique, as explained briefly in section 11. 
The test strategy is illustrated in section 111. In section 
IV we will demonstrate the technique on two analog ex- 
amples, and finally some concluding remarks are given in 
section V. 

11. PIECEWISE LINEAR APPROXIMATION 

In the general case, the relations between a circuit ele- 
ment's inputs and outputs are non-linear. These non- 
linear relations can be approximated by a collection of 
linear affine mappings. Each mapping is valid for a 
specific range of the circuit element's input/output vari- 
ables. 

The mappings may be stored in a closed-form model 
[7,8]. This piecewise linear (PL) model can be analyzed 
using a PL simulator [9, 131. Rather than keeping a 
complete list of all the mappings, they are efficiently 
stored in the model. Only the current mapping is avail- 
able. If the input or output variables of the model change 
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id  Then our simulation program determines the state 
space S. It is obtained as a set of mathematical relations 
between p and t. The used method is based on 8 theory of 
Tschernikow [lo] and is treated in detail in [ l l ,  121. The 
necessary operations can quite naturally be combined 
with the solution methods for PL equations and hence 
nicely fit in such a type of modeling and simulation. 

f 

B .  Test Phase 

In the test phase, t(’) ... t@) are obtained. Thus the 
DUT’s behavior is measured. Generally, a few measure- 
ments suffice to test the DUT. 

’ I  - --  

Fig. 1. idvds Characteristic of NMOS PL model. 

to cause the current mapping to be invalid, then a 
mathematical operator is applied to obtain the new map- 
ping. 

In this way the static behavior of a NMOS transistor 
can be described, as shown in Fig. 1. Here we use a PL 
mapping from R4 to R3 with x = (vd, vg, vs, v,,JT and 
J = (id, i iJT respectively the input and output vari- 
ables, an8’vth the threshold voltage. New in our method 
is that parameters that must be determined are contained 
in the input or output vectors of our PL model. 

This first-order approximation can be made more accu- 
rate at the expense of more linear segments to approxi- 
mate the iavh and idvgs characteristics. The PL model 
of a PMOS can be treated in the same way. 

111. TEST STRATEGY 

C .  Post-test phase 

In the post-test phase the test results may be evaluated 
as follows. Suppose that we obtained t@. Then the pa- 
rameter vector can be calculated from S and t@. Define 
the resulting vector as q@. Comparison of q(0 and p 
shows for this measurement if the parameters are within 
their allowed intervals. There are three possibilities: 

1. One or more parameters are outside their allowed in- 
tervals. The DUT does not function according to 
normal operating conditions. 

2. All parameters are single-valued. The DUT operates 
for exactly one value of the parameters so it functions 
normally according to measurement i. 

3. We obtain a mathematical relation between the pa- 
rameters from which we cannot infer if any parame- 
ters are outside their allowed intervals. 

Our test strategy consists of three phases: pre-test, test We make the following observations. and post-test. The following definitions are used: 

P: 

t: 

S :  

A. 

- 

0 To illustrate our method, only the vt,, variation is 
considered. For a more complete DC test, also other 
parameters must be checked. These parameters are 
added to vector p as explained in section IIIA. More 
test points can be taken into account at the expense 
of a larger test vector t. 
One measurement only tests the DUT in a certain 
operating region. More operating regions must be 
checked to completely test the circuit. Therefore, in 
the second 

to obtain additional independent relations between 
the parameters. Thus there are multiple iterations of 
the test phase and post-test phase, until it is possible 
to solve for the parameter values. 

The vector of parameters to be determined. It con- 
tains for example device parameters like a resistor 
value. Each entry of p is an interval, in this paper an 
interval for the device parameter vth. 
The test vector. This vector contains for example the 
applied input voltages and measured output voltages 
of the DUT. t@ Is the test vector obtained with 
measurement i. 
The mathematical relation between p and t. Thus, S 

ing p and t. 

Pre-test phase 

0 

the circuit possibly is defective. represents the DC performance Of the DUT, concern- In the third case, more measurements must be made 

In the pre-test phase, p and t are defined by the user. 
The entries of p and t are taken from the PL input or out- 
put vectors. Therefore, the PL model of the DUT must be 

Iv. EXAMPLE TEST CIRCUIT: OPERATIONAL. TRANSCON- 
DUCTANCE AMPLIFIER 

constructed so that all entries of p and t appear in its in- 
put or output vectors. For example, in section 11 it was TO illustrate our method, consider the test of a simple 
shown that the threshold voltage is contained in the PL operational amplifier as depicted in Fig. 2. For 
input vector. simplicity, we will use the same PL models as before to 
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- v ,  

TI, T2: -=- l2 h=0.0378 
L 2.4' 

T3, T4: -=- h=0.06 
L 2.4' 

Fig. 2. Operational Transconductance 
Amplifier. 

approximate the non-linear behavior of the MOS 
transistors. 

In the pre-test phase we compute state space S. We 
define: 

P = (vthpl* vrhp29 Vthn39 vrhn4)T, 
t = (vi, vo' va ,vg)T, 

withVrhp12 E r-0.91, -0.891 V 
and vrhn3,4 E [0.89,0.91] V. 

In this example, v,, va and vB are measured at bias 
conditions (vi = OV). 

In the test phase we measure three devices: 

Device 1. 
We measure t(') = (0, -3.65, -3.97, l.ll)T. Although 

all individual voltages are within their ranges, it is not 
possible to calculate a set of threshold voltages that are 
within the allowed intervals. Thus the DUT is defect. 

Device 2. 
We measure t(2) = (0, -4.0, -3.99, l.lO)T. In the post- 

test phase, from S and tC2) we calculate parameter vector 
q(2) as: 

i=l i=l 

a1 =(-0.910,-0.910,0.894,0.893)T, 

a2 = (-0.910,4.898,0.897,0.890)T, 

a3 =(-0.903,-0.890,0.897,0.890)', 

a4 = (-0.894,-0.890,0.89O,0.897)', 

as = (-0.890,-0. W,0.890,0.897)T, 

a6 = (-0.890,-0.898,0.894,0.893)'. 

Each point in this space results in the measured node 
voltages. To test whether or not the circuit is operating 
correctly concerning the threshold voltages, additional 
measurements must be performed. Note that our method 
also takes into account mismatches in the threshold volt- 
ages, since this parameter is considered separately for 
each transistor. 

Device 3. 
This example is added to demonstrate how testing time 

may be saved by using tests of increasing complexity. 
Suppose we define: 

P = ('rhpz? vthp2* 'rhn3. Vrhn4)T, 

withv,,,, E [-0.91, -0.891 V 
and v ~ ~ ~ ~ , ~  E [0.89, 0.911 V, 

so we use a more simple test vector. 
Note that the test vector contains only one input vari- 

able and one output variable. Assume that the threshold 
voltages are within their intervals. In the pre-test phase 
we may then use S to obtain the relation between vi and 
VO. 

In the test phase we measure d3) = [O,  -3.601 V. Since 
vi is known to be OV, we can use S to obtain directly v, E 
[4.31, -3.65lV. Obviously, the measured v, is not in its 
allowed interval, so we may conclude immediately that 
the device is faulty. 

If v, would have been in its allowed interval, we would 
have to use more elaborate tests, actually determining all 
the threshold voltages, to determine if the DUT is indeed 
functioning correctly. 

Consequently we arrive at the following simple test 
strategy for the operational amplifier: 

I )  Use test vector f = (vi, v , ) ~  to check ifv, is in its al- 
lowed interval. If not the DUT is faulty, otherwise 
proceed with step 2) .  

2 )  Make additional measurements, using the test vector 

Because the first test is much more economical than the 
second test, and because an error in any vt,, has its effect 
on v,, testing time may be saved by ordering the tests as 
indicated. 

Please note that this last example is included merely to 
indicate the general useability of our method. It is by no 
means a complete discussion. 

t = (Vi, V , K  

f = (Vi, v,, v, J$*. 
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V. CONCLUDING REMARKS 

In this paper a method is proposed that performs the 
functional test of an analog circuit by a combination of 
DC measurements, interval analysis and a PL simulation. 
The pre-test phase consists of the computation of the state 
space that contains the relation between the parameters to 
be considered and the DC data obtained with the test vec- 
tor. In the post-test phase, the measured data is mapped 
onto the parameters. Then it is concluded whether or not 
the circuit is faulty. 

The above method is explained in the view of a cir- 
cuit’s test phase. However, it may also be used in the syn- 
thesis phase. Then it produces results similar to a Monte 
Carlo simulation as possible in e.g. SPICE. However our 
method has two distinct advantages. Firstly, in stead of 
iterating over several parameter values, the method ob- 
tains at once the behavior of the circuit for all values of 
the parameters. Secondly the behavior is obtained as a 
mathematical relation between the parameters and the 
test vector. This is not possible with a simulator like 
SPICE. 

Although in this paper only the threshold voltage de- 
viation is examined, also other physical process parame- 
ter or component variations can be considered. The 
method is demonstrated only for DC voltages, but also 
other DC data, e.g. DC impedances, can be tested in this 
m y -  

Here it must be mentioned that the method of 
Tschernikow can be time consuming for large systems. 
However, we have the strong feeling that large systems 
behave more linearly than non-linear [8,13]. This means 
that to model such systems, only a few linear mappings 
are necessary. Therefore fewer segments have to be con- 
sidered in our method, which will reduce the computing 
time. 

Further research must be done which will lead to a 
more complete functional test on the wafer, using DC 
measurements only. Such a test will be less complex and 
less time consuming than a complete test in all domains. 
Also the necessary test equipment will be less expensive. 
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