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Definitions 

Definitions are taken, as much as possible, from Acoustical Terminology 

of the American Standards Association, 81.1, 1960. 

Where applicable, definitions are given with respect to a harmonie 
complex tonewith frequenciesfi = m/0 and fz = (m+1)/o, m = 2,3, ... 

Analytic pitch perception 

Complex tone 

DUferenee limen 

Dichotic presentation 

Diotic presentation 

Fundamental frequency 

Harmonie 

Pitch perception in which a sound is 
perceived as composed of its partials 
(/I, fz) and in which one perceives only 
the speetral pitches. 

In general: tone composed of more 
than one pure tone. In this thesis: 
harmonie complex tone 

The increment in a stimulus that IS 

just noticed in a specified fraction of 
the trials. 

Presentation in which a subject re
ceives different information in left and 
right ear. 

Presentation in which a subject re
ceives the same information in left and 
right ear. 

Frequency of a sinusoidal quantity 
which has the same period as the pe
riodic quantity (Jo). 

Partial (h, fz) whose frequency is an 
integral multiple of the fundamental 
frequency (Jo). 
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Harmonie order 

Harmonie complex tone 

Holistic pitch perception 

Just noticeable difference 

Note 

Part i al 

Pitch 

Pure tone 

Speetral pitch 

Speetral frequency 

Delinitions 

Lowest harmonie number of a har
monie complex tone ( m). 

Complex tone whose pure tone fre
quencies (h, h) are all integral mul
tiples of a fundamental frequency 
(Jo). 

Synthetic pitch perception. 

Difference limen. 

Musical sign to indicate the pitch of 
a tone. 

Pure tone component of a complex 
tone (fb f2). 

1: That attribute of auditory sensa
tion in termsof which sounds may he 
ordered on a scale extending from low 
to high. 2: The frequency of that pure 
tone having specified sound pressure 
level which is judged by listeners to 
produce the same pitch as the com
plex tone. 

Sound wave of which the instanta
neons sound pressure level is a simple 
sinusoirlal function of time. 

The pitch associated . with a partial 

(fblJ.). 

Partial {!1, h,). 
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Subharmonie 
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Partial whose frequency is an inte
gral submultiple of the fundamental 
frequency (or of the frequency of the 
pure tone). 

Synthetic pitch perception Pitch perception in which a sound is 

Tone 

Virtual pitch 

perceived as a whole and in which one 
perceives only the virtual pitch. 

Sound senaation having pitch. 

The pitch associated with the funda
mental frequency (Jo). 
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List of symbols 

DL 

Jo 

G(x;a,u) 

Pc(m) 

Pc(k,l) 

Pc(k; l) 

pdf 

Estimate of a. 

Expected value of a. 

Difference Limen. 

DL for the speetral pitch of a pure tone. 

DL for the virtual pitch of a complex tone. 

Fundamental frequency of a complex tone. 

Speetral frequency of a complex tone. 

Subharmonic, with frequency !J,Jl, of the speetral 
frequency fk. 

Gaussian pdf of random variabie x, with mean a and 
standard deviation u. 

Percent correct scores, in a one-note identification 
paradigm, as a function of the harmonie order m. 

Percent correct scores, in a two-note identification 
paradigm, for both notes correctly identified as a func
tion of the harmonie orders k, l. 

Percent correct scores, in a two-note identification 
paradigm, for one note correctly identified as a function 
of its harmonie order k and of the harmonie order l 

of the other note, regardless the response to this other 

note. 

Probability density function. 
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Pr[m mJ 

Pr,.[k =kj 

Prp[k =kJ 

R 
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Probability of a correct harmonie order estimate, in 

a one-note identification paradigm, as a function of the 
harmonie order m. 

Probability of a correct harmonie order estimate, in a 
two-note identification paradigm, derived from Pc(k; l), 
as a function of the harmonie order k. 

Probability of a correct harmonie order estimate, in a 
two-note identification paradigm, derived from Pc(k, l), 
as a function of the harmonie order k. 

Probability of a correct harmonie order estimate, in a 
two-note identification paradigm, derived from Pc( k; l) 
for k < l, as a function of the harmonie order k (identi
fication of the more salient pitch). 

Probability of a correct harmonie order estimate, in a 
two-note identification paradigm, derived from Pc(k; l} 
for k > l, as a function of the harmonie order k (identi
fication of the less salient pitch). 

Response of a subject in a one-note identification task. 

Response of a subject to the fundamental with the most 
salient pitch, i.e., the one represented by the lowest har
monie numbers, in a two-note identification task. 

Response of a subject to the fundamental with the less 
salient pitch, i.e., the one represented by the highest har

monie numbers, in a two-note identification task. 

random variabie with distribution G(xk; ik, uk); 

O"k = u(fk)· 

random variabie with distribution G(xkzi !kh O"kz); 
O"kl u,.fl'\ o: :::; 1, l = 1, 2, ... 
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Chapter 1 

Introduetion 

Ohapter 1 

Auditory perception research tries to specify the relationships between 
the physical parameters of a sound and the sensations it produces. When 
we listen to a steady state sound stimulus two attributes of senaation 
are immediately apparent: loudness closely related to the sound pres
sure level, and pitch, closely related to the fundamental frequency of 
the sound. The relationships between physical parameters like sound 
pressure level, speetral frequencies, fundamental frequencies, and psy
chophysical parameters like loudness and pitch are not simple. This 
thesis studies the relationships between the perceived pitches in a signa! 
and its speetral frequencies. The fact that this is not a simple mapping 
is illustrated e.g. when we listen to speech over a telephone. Here we 
perceive the same pitch as in natura! speech, even if there is no power 
at the frequency that coincides with the pitch that we hear. 

Pitch is a subjective, psychophysical, quantity that can only be mea
sured if its relationships with physical quantities are known. According 
to the American Standards Association (1960) pitch is "that attribute 
of an auditory sensation in termsof which sounds may be ordered on a 
scale extending from low to high." For a pure tone, where the funda
mental frequency corresponds to the frequency of the tone, the pitch is 
unambiguous and, if we neglect the inftuence of sound level on pitch, one 
can identify the pitch with the frequency of the pure tone. In this way 
the pitches of pure tones can be ordered on a scale from low to high. 

For a complex tone, consisting of more than one pure tone, the situa
tion is more complicated. The pitch of a complex tone can be defined as 
"the frequency of that simple tone having specified sound pressure level 
which is judged by listeners to produce the same pitch as the complex 
tone" (Am. Stand. Ass., 1960). According to this definition pitch should 
basically be measured in psychophysical experiments. If we do such ex
periments we will find that the perceived pitch is ambiguous and does 
not have to correspond to either the fundamental frequency or a speetral 
frequency of the complex tone. Ordering a set of complex tones on the 
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basis of their pitches is not always possible in a unique way. 

The fact that pitch is a subjective quantity and that there is no sim
ple relationship between the speetral or fundamental frequencies and the 
perceived pitches has led to controversies in history. A famous example 
is the controversy between Seebeck and Ohm. Seebeck (1841) performed 
a series of experiments which led him to conclude that the fundamental 
frequency of a signal determines the perceived pitch. Ohm {1843), how
ever, took the point of view that for a perceivable pitch it is necessary 
that the signal contains power at the frequency that corresponds to the 
perceived pitch (Ohm's acousticallaw). Seebeck argued that this idea 
could not explain bis results quantitatively, since he perceived a pitch 
at the fundamental frequency of a signal that was much stronger than 
would he predicted by Fourier's theorem. Ohm called this phenomenon 
an "illusion of the ear" but history proved Seebeck, who said that only 
our ear is the sole judge of auditory sensations, to he right. 

Helmholtz (1863) incorporated Ohm's acousticallaw in his psychophys
ical theory of hearing. In this theory he introduced the ideas of tonotopic 
organization {frequency is translated toa place of mechanical activity) 
and nonlinearity of the ear. This nonlinearity, which can introduce power 
at the fundamental frequency by a distortion tone, was later used (Pip
ping, 1895; Fletcher, 1924) to explain Seebeck's results. Although the 
idea of nonlinearity was right, the idea that it is necessary to have power 
at the fundamental frequency of a signa!, in order to perceive a pitch at 
this frequency, bas been proven wrong. 

Schouten (1938) showed that a distortion tone could not he reapon
sibie for Seebeck's observation. He showed that subjects can perceive a 
pitch at a fundamental frequency where there is no mechanica! activity 
in our ear at all. He explained this phenomenon of the missing funda
mental by stating that the periodicity of the non-resolved harmonies, the 
residue, is responsible for the formation of pitch (for a historica) review 
see Plomp, 1966). 

Houtsma and Goldstein {1972) showed that subjects still can perceive 
a missing fundamental with a harmonie two-tone complex with one pure 
tone in each ear. Their results were incompatible with Schouten's theory 
and they concluded that the formation of pitch is a central process that 
is dominated by the resolved components. 
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Another problem in pitch perception, first introduced by Helmholtz 
(1863), is that one can perceive two different kind of pitches in complex 
tones, depending on whether the attention is focussed on the partials 
of the complex tone, analytic listening, or on the complex as a whole, 
synthetic listening. Terhardt (1972a) introduced the terms speetral and 
virtual pitch for the perceived pitch in respectively the analytic and syn
thetic mode of perception. The extent to which one perceives the pitch 
of a complex tone in the analytic or synthetic mode depends largely on 
experimental context, individual preferences, training etc. In general one 
can say that when a signal contains many speetral frequencies subjects 
are inclined to listen in the synthetic mode of pitch perception. 

Recent pitch theories (Goldstein, 1973; Terhardt, 1972b, 1974) model 
virtual pitch perception as a pattern-recognition process in which a cen
tral processor tries to find a (missing) fundamental frequency which fits 
best to the frequencies of the spectrum. This internal fundamental fre
quency is the perceived virtual pitch of the signal. Goldstein's optimum 
processor theory is formulated in a stochastic way while Terhardt's vir
tual pitch theory is in essence a deterministic model. The virtual pitch 
of an isolated complex tone has been well studied and both pitch the
ories can predict a large range of psycho-acoustic phenomena that are 
observed in pitch experiments with isolated complex tones. These ex
periments have shown that pitch is a random variabie which has to be 
modelled stochastically. For a complex tone the perceived virtual pitch 
has a multimodal probability density function (pdf) with a main mode 
in the vicinity of the fundamental frequency of the complex tone. For 
a pure tone the perceived speetral pitch can be modelled by a random 
variabie which has a unimodal pdf with a mean that lies in the vicinity 
of the frequency of the pure tone. 1 

The virtual pitch of simultaneously presented complex tones is less 
well studied although in daily life situations we are often confronted 
with simultaneons complex tones. In music we can recognize simultane
ons melodies and when we listen to two simultaneons speakers the differ
ences in their virtual pitches helps us to separate the two voices (Brokx 
and Nooteboom, 1982; Scheffers, 1983). This thesis deals with the prob-

1 For a general introduetion on pitch perception, see de Boer (1976), Scharf and 
Houtsma (1986). 
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lem of how people perceive virtual pitch in isolated and simultaneous, 
steady state, complex tones. From literature we know that on- offset 
delays and AM- FM modulations can be of great help to separate two 
simultaneous complex tones (Rasch, 1978, 1979; McAdams, 1984). What 
we don't knowis how subjects perceive virtual pitch in two, steady state, 
simultaneously presented complex tones that only differ with respect to 
their harmonie representation. Chapter 2 deals with this problem and 
investigates whether subjects can identify two missing fundamentals in 
two simultaneously presented two-tone complexes. It uses a five note 
identification paradigm with perfect spatial separation of the two com
plex tones by using headphone presentation with one complex tone in 
each ear. 

The results are quantitatively interpreted in termsof Goldstein's {1973) 
optimum processor theory. This theory is the only available theory with 
which one can calculate the pdf of the virtual pitch in complex tones. 
Goldstein formulated bis theory for the perception of virtual pitch in iso
lated complex tones. His model has one single free parameter function, 
the frequency coding noise function, repreaenting the standard devia
tion of the internal stochastic representation of the partials. In Chapter 
2 a simple extension of bis model is made in order to apply it to tbe 
perception of pitch for simultaneous complex tones. This extension is 
formulated in such a way that the results of the experiment with two si
multaneous two-tone complexes can be explained on the basis of a single 
frequency coding noise function. 

In Chapter 3 the four partials of the two complex ton es are distributed 
in different ways over the ears and it investigates tbe role of cochlear in
terference and the problem of how subjects group the four partials in two 
sets of two components, each set betonging to one missing fundamentaL 
For proper identification of the two fundamentals it is essential that the 
problem of segregating and recombining the partials is correctly solved. 
By presenting only one partial of each two-tone complex to each ear it is 
investigated to what extent subjects use ear input to group the partials. 

Chapter 4 investigates the infiuence of signa! duration on the percep
tion of pitch in isolated and simultaneous complex tones. For an isolated 
pure tone this influence can be quantified by measuring the difference 
limen (DL) as a function of duration. This DL is a measure of the width 
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of the unimodal pdf of the speetral pitch of a pure tone. For an isolated 
complex tone measurement of the DL is not the correct metbod to quan
tify the influence of duration because of the multimodal nature of the 
pd/ of the virtual pitch in complex tones. In Chapter 4 the influence of 
signal duration on the virtual pitch in isolated and simultaneons com
plex tones is quantified using a note identification paradigm. Using the 
identification results, the frequency coding noise function of Goldstein's 
model can be estimated. With this function the multimodal pd/ can 
be calculated in complex tones with any number of harmonies using a 
Monte Carlo implementation of Goldstein's model. The general validity 
of the results is tested by comparing predictions about subjects behavior 
with observed experimental data. 

In the last chapter a new virtual pitch model is presented which incor
porates the ideas of the two most widely used pitch models, Goldstein's 
optimum processor theory and Terhardt's virtual pitch theory. With this 
model it is possible to calculate the pdf of the virtual pitch in complex 
tones directly from the physical parameters of the stimulus and the DL 
function for the perception of speetral pitch in pure tones. 
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Chapter 2 

Pitch identification of simultaneons dichotic 
two-tone complexes 

John G. Beerends and Adrianus J.M. Houtsma 
Publisbed in the J. Acoust. Soc. Am. 80, 1048-1056, october 1986 

Abstract 

The optimum processor theory of Goldstein can, in principle, account for pitch percep

tion phenomena involving simultaneons dichotic complex tones. The frequency-coding 

noise function, which is the only free parameter of the model, was estimated with pitch 

identification data of two simultaneons two-tone complexes presented to different ears. 

This "sigma" function was found to have a similar shape as the function derived from 

data on identification performance for single pitches. The sigmas in the simultaneons 

pitch identification experiment are larger by an amount that differs from subject to 

subject. By using different methods of data analysis it was found that the pitch esti

mation processes for the two tones are independent for most subjects. This allows a 

simple extension of Goldstein's optimum processor theory. 

2.1 INTRODUCTION 

The problem of pitch perception has always been relatively important 
in the psychoacoustic literature. Years of investigation have revealed 
that complex tones often evoke a pitch senaation which has no direct 
speetral correlate (Seebeck, 1841; Schouten, 1938). We have learned 
that pitch perception of a (missing) fundamental frequency evoked by a 
tone complex of merely upper harmonies is based on central processing 
of neural signals from both cochleas derived from aurally resolved tone 
partials (Houtsma and Goldstein, 1972). Modern theories have been 
developed which can adequately account for results of pitch matching, 
discrimination, and identification experiments, not only in a qualitative 
but also in a quantitative sense (Terhardt, 1972a,b, 1979; Goldstein, 
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1973). Most experimentation, however, has been focussed on the study 
of pitch evoked by single complex tones, either in isolation or in some 
temporal sequence, and theories were developed primarily to account for 
that type of experimental results. 

Often, however, our auditory system must process simultaneous 
streams of pitch information. The central idea bebind polyphonic music, 
for instanee a Bach fugue, is that we can detect, track, remember and 
recognize melodies or melodie fragments that are played simultaneously 
by several voices or instruments. Informal observation shows that when 
a chord of simultaneons notes is played by a group of players, each note 
can he recognized in the perceived sound image by a reasonably trained 
musician. Because every note is usually represented by a group of par
tials which does not necessarily include the fundamental, and partials of 
each note are almost always acoustically mixed, the question arises how 
the auditory system can ever perceive the correct pitches when several 
tones sound together. 

The literature provides only sparse information about our ability to 
perceive or identify simultaneons notes. Thurlow and Rawling (1959) 
asked subjects to identify the number of simultaneously sounding com
plex or simple tones and found that this was a surprisingly difficult taak. 
Doehring (1968, 1971) gave subjects two pairs of notes and ran several 
types of discrimination experiments. He found that discrimination of 
pairs of simultaneous notes was almost as good as discrimination of pairs 
of successive notes ( depending little on how the notes were speetrally rep
resented). McAdams (1984a,b) showed how simultaneous steady-state 
complex tones that merge into a single percept under some conditions, 
are perceptually separated when tones have different speetral weightings 
or contrasting temporal properties such as different attacks, envelopes, 
and AM or FM rates. Rasch (1978, 1979) found that an onset delay 
improved the detectability of a note in the presence of another note by 
as much as 50 dB. These experiments seem to indicate that simultaneons 
tones with dynamic properties, as are found in real music, are easier to 
identify than steady-state tones. 

Given the importance of dynamic attributes of musical stimuli, we 
may still aak to what extent the auditory system can identify simulta
neons tones in the absence of such attributes. This investigation will 
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consider a situation of two simultaneons tones which are identical in ev
ery respect except their speetral contentand willstudy a subjeet's ability 
to identify their pitches solely on the basis of the speetral representation. 
In some respects the experiment resembles a recent study by Scheffers 
(1983) in which identification of two simultaneons vowels was stuclied as 
a function of the difference in fundamental pitch, but differs essentially 
in other points since we study identification of two pitches as a function 
of the speetral content of the complex tones. 

Although Terhardt's (1979) virtual pitch theory and Goldstein's 
(1973) optimum processor theory both provide a potential theoretica! 
basis for the interpretation of expected empirica! results, it was thought 
that the latter would he more appropriate because of its stochastic for
mulation. Within the framework of this theory, a crude distinction can 
he made between three signa! processing levels at which errors in cor
rect identification of simultaneons pitches may occur. At the periphery, 
limited frequency resolution puts a constraint on pitch recognition for 
a tone complex of high harmonie order and probably, also, on recogni
tion of simultaneons pitches when components from two complex tones, 
even when they are of low harmonie order, interfere with one another. 
The noise in the central co ding of frequency information ( represented 
by Goldstein's sigma function) is a second souree of possible recognition 
errors. Finally, still more problems may occur at a cognitive level. For 
example, it is well known that subjects do not always judge the pitch of 
a complex tone by the best fitting (missing) fundamental, but often asso
ciate it with the pitch of a partienlar partial (Helmholtz, 1863). Control 
of this "analytic" vs "synthetic" perception of complex tones probably 
takes place at a very centra!, cognitive level and can he somewhat ma
nipulated by experimental conditions (Houtsma, 1979). Responses based 
on analytic perception can contaminate data used for testing synthetic 
pitch perception models (Houtsma, 1981). 

Our long-term study will investigate constraints on pitch recognition 
performance at all three levels of processing. In the present work we 
tried to focus on the constraints imposed by the stochastic represen
tation of frequency information on the perception of two simultaneons 
complex tones. To minimize the role of peripheral speetral interference, 
harmonies did not exceed the llth and tone complexes were presented di-
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chotically, one toeach ear. To minimize analytic perception, stimuli were 
presented at low senaation levels. Two experiments are discussed. The 
first experiment (Sec. 2.2) involved pitch identification of single complex 
tones, the second (Sec. 2.3) identification of the pitches of two simulta
neous dichotic complex tones. The objective of the second experiment 
was to see whether the estimation processes in both ears are indepen
dent so that the identification of simultaneous notes cao he characterised 
by one single sigma function. By comparing the sigma functions of the 
two experiments we could analyse to what extent the increased complex
ity of the simultaneous task in the second experiment affects the sigma 
function. In Sec. 2.4 we present an simple extension of the optimum 
processor theory which allows interpretation of pitch perception data for 
simultaneous tone complexes. 

2.2 EXPERIMENT 1 

2.2.A Procedure 

Subjects were asked to identify single notes represented by two simul
taneous successive harmonies. Each note was 600 ms long and comprised 
the frequencies f 1 = mfo1 and h = (m + l)foi. where the fundamental 
fot was 200, 225, 250, 267, or 300Hz with equal probability, and m repre
seuts the lower harmonie number. This choice of fundamental frequencies 
musically produces the well-known notes "do, re, mi, fa, so" in just tem
perament. The harmonie numbers m were randomly chosen between 2 
and 10 on each trial, so that the total stimulus set contained 45 elements, 
each of w hich was presented about 40 times. All stimuli were presented 
20 dB above masked threshold, with 30 dB-SL broadband noise as mask
ing background. This noise masked unwanted partials that might arise as 
aural distortion products (Plomp, 1965; Goldstein, 1967; Humes, 1980). 
Stimuli were presented diotically, i.e., with both partials going to both 
ears, through TDH-49 headphones with circumaural oil-filled cushions 
(Villchur, 1970). 

Subjects seated in a sound-proofed chamber were instructed to play 
each note back on a five-note keyboard. They were given unlimited re
sponse time, no feedback, and their response triggered presentation of the 
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next stimulus with some fixed delay. Subjects could at any time press a 
"learn" button which interrupted the experiment and allowed the subject 
to request partienlar notes by pressing corresponding response buttons. 
A push on the "test" button continued the experimental run. The learn 
mode was available to the subject to re-establish a tonal anchor when 
needed, because no reference notes were presented in the experiment. 

All subjects were first tested fortheir ability to identify the five notes 
when they were represented by pure tones of frequency f01 • All four sub
jects scored better than 99 %correct, which indicated that they possessed 
the musical skill to perform the experimental task. Some subjects were 
given a few practice runs with note representations of four simultaneons 
successive random harmonies to facilitate synthetic listening, allowing 
them to hear the pitch of the missing fundamental and not merely the 
pitches of the two partials. 

The experiment differs from the one clone by Houtsma and Goldstein 
{1972), since in the present experiment tones were presented against a 
noise background, no feedback was given, trials comprised single notes 
without reference notes, notes were chosen from a diatonic set of five 
instead of a chromatic set of eight notes, and harmonie numbers var
ied randomly within a run over a much larger range. The experiment 
was performed in order to see how sensitive the earlier obtained results 
are with respect to changes in experimental paradigm, and in order to 
obtain data on one-note identifications that are directly comparable to 
the data of the second (main) experiment. The entire experiment was 
executed with a Philips P 857 minicomputer and a two-channel 12-bit 
D /A converter. 

2.2.B Results 

The raw data of each trial comprised a record of the presented note, 
the randomly chosen lower harmonie number m, and the subjeet's re
sponse. These data were reduced to a count of correct identifications 
as a function of m, expressed as a percentage Pc(m). For each m the 
responses to the various fundamental frequencies ( or notes) were pooled 
because the fundamental frequency range was relatively small. These 
functions are shown in Fig. 2.1 for all four subjects, where points have 
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been connected for visual convenience. For harmonie representations up 
to the 6th and 7th, identification is close to perfect for most subjects, but 
correct identification of fundamentals represented by higher harmonies 
rapidly diminishes. 
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FIG. 2.1 Pereent correct score, Pc(m) (crosses) and the probability 

of a correct harmonie number estimate, Pr[m "" m] (circles), for four 
subjecte in a one-note identifica.tion task. 

The behavior of the data of Fig. 2.1 is well accounted fqr by Gold
stein's (1973) optimum processor theory and is directly linked to the cod
ing noise of the internat representations of resolved stimulus frequencies. 
According to this theory, each peripherally resolved stimulus frequency 
fk is represented by a Gaussian random variabie Xk = fk+nk, where nk is 
a Gaussian random variabie with zero mean and a varianee u2(/k) which 
is specific for that frequency channel. The data from this experiment 
can be used to compute this noise function u(fk) by using Eq. (9) of 
Goldstein (1973), which gives a direct relation between the probability 
of correct harmonie number estimate Pr[m m] and the sigma function 
u(fk)· The probability Pr[m = m] can be calculated from the expected 
empirica! fraction of correct responses Prc(m) by using a simple decision 
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model, described in detail in Appendix 2.A. The function u(!) can be 
computed by using Pc(m)/100 as an estimate of Prc(m) in Eq. (2.A1). 
The computed normalized sigma functions u(!)/ f are shown in Fig. 2.2 
for all four subjects. This tigure also shows the range of sigma func
tions computed from earlier data by Houtsma and Goldstein ( Goldstein, 
1973). 

10-J L...J..._LJ....L.J..I__...l..-...L....J 

0.5 1 2 3 0.5 1 2 3 

frequency ( kHz ) 

FIG. 2.2 Relative standard deviations, u(!)//, repreaenting frequency 

coding noiae, for a one-note identification task and four subjects. 

Shaded area shows the range of thia function when derived from data 

by Houtsma and Goldstein (1972). 

2.2.C Discussion 

The sigma values obtained in this experiment are generally lower than 
those derived from the data of Houtsma and Goldstein. One of the ob
vious differences between the two experiments was the stimulus set of 
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eight chromatically tuned test notes used by Houtsma and Goldstein 
compared to the set of five diatonically tuned notes of the present ex
periment. The note series "do, re, mi, fa, so" is easier to re memher, 
even for trained musicians, than a chromatic set such as E~, E, F, F~, 
G etc. This implies that the data from the present experiment are less 
contaminated by short-term memory noise than the earlier data. For the 
purpose of modeling, we want to separate memory noise from senaation 
noise (Durlach and Braida, 1969), because the sigma function of the op
timum processor model represents only senaation noise. For this reason, 
we will use the results of the present experiment as comparison base for 
the main experiment. 

Another reason for the lower sigma values might he that a stimulus 
set of five notes produces more "end effects" than a set of eight notes. 
Wh en the highest pitch in the set is overestimated by the processor, the 
response may not he a rondom choice but rather the highest possible 
pitch choice within the response set. Something similar may he true 
when the lowest pitch is underestimated. If subjects adapt this strategy, 
then incorrect scores for the extreem notes "do" and "so" should he 
about half the incorrect score level of the notes "re," "mi," and "fa". 
Detailed inspeetion of the data, however, showed that these possible end 
effects played only a very minor role and cannot explain the quantitative 
difference in the sigma functions. 

2.3 EXPERIMENT 2 

2.3.A Procedure 

In this experiment the same subjects were asked to identifythe pitches 
of two simultaneously sounding dichotic notes, each represented by two 
successive random harmonies. Notes comprised the frequencies !I = 
mfoi. h = (m+ 1)fo1 presented to one ear, and the frequencies fs = nfoz, 
!4 = (n + 1)!02 presented to the other ear. Note duration was 600 ms. 
The frequency combinations (!I, h) and (!3 , !4) could he presented to the 
left and right ears, respectively, or vice versa, with equal probabilities. 
The fundamentals f 01 and fo2 were both elements of the same stimulus 
set "do, re, mi, fa, so" (200, 225, 250, 267, 300Hz) that was used in the 
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first experiment. The two notes could not he the same, and 101 always 
designates the lower fundamentaL Both (lower) harmonie numbers m 
and n varied randomly between values of 2 and 10, although within an 
experimental run they were Iimited to ranges of 3, independent for m 
and n. Because there are ten different combinations of two fundamental 
frequencies, i.e., one can play ten different harmonie intervals excluding 
primes with a set of five notes, and because there are 81 different ways of 
harmonically repreaenting a two-note combination, there is a total of 810 
physically different stimuli compared toa total of ten different response 
categories. Each of the stimuli was, on the average, presented about six 
times, for a total of 4500 trials per subject. 

Stimuli were presented under the same conditions as in experiment 
1. The subjects were first tested for their ability to perform the two
note identification task with both fundamentals 101 and 102 represented 
by single sinusoids. All subjects produced an essentially perfect score 
(better than 99% correct}. 

Despite a definite unnaturalness, dichotic presentation bas two clear 
advantages. It prevents interference of stimulus partials at the cochlear 
level because the frequency pairs (!I, h) and (!8, 14) are going into dif
ferent ears a.nd speetral interference within each group is limited by the 
highest possible harmonie order which limits the frequency dista.nce to 10 
%. Dichotic presentation potentially provides also prior information to 
the brain about the proper grouping of the four stimulus partials, which 
is very useful information for any "optimal" processor. In this study it 
is assumed that dichotic presentation does provide the brain information 
on how to group the perceived harmonies into coherent sourees or notes. 
Although presentation in the two experiments is different, cliotic versus 
dichotic, it should he noted that in both experiments left and right ear 
are getting all the partials of one complex tone so that the unnatural 
dichotic stimulation in experiment 2 is appropriate for comparing single 
and simultaneous identification results. 

2.3.B Results 

The raw data of this experiment consi~ted of a record for each trial of 
the presented fundamentals 101 and 102 , the employed (Iower) harmonie 
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TABLE 2.1 Percent correct scores for dual correct identiftcation as a 

function of both harmonie numbers k, l in a two-note identiftcation ta.sk, 

averaged over four subjects. 

1=2 3 4 5 6 7 8 9 10 
k=2 86 80 76 66 72 71 51 36 35 

3 86 75 63 72 72 53 40 34 
4 72 65 67 68 49 42 37 
5 66 68 62 44 40 40 
6 69 66 43 38 47 
7 68 49 41 41 
8 45 35 31 
9 29 27 

10 25 

numbers m and n, and the subjeet's two responses Ra and Rb. The 
responses could be identifications ofthe perceived fundamentals (Îot, Îoz), 
or (Îoz, Î01 ), since subjects could press the response keys in any temporal 
order. 

A central question investigated in this experiment is whether or not 
identification of two simultaneous notes is equivalent to identification of 
the two individual notes or, to put it differently, whether the estimation 
processes for the two notes are independent so that one sigma function 
can account for identilication behavior of pitches of single and simulta
neons complex tones. In order to find an answer to this question, the 
raw data of this experiment were tabulated in two different ways. One 
describes performance in terms of identification of both simultaneous 
notes, the other in terms of identification of individual notes. 

The first type of data processing involved putting responses for each 
trial in a low-high order, and subsequently counting all trials for which 
both fundamentals f 01 and f 02 were correctly identified for each ( m, n) 
combination. Data for the different fundamental frequency combinations 
were pooled. The percentage correct dual identifications Pc(m, n), can be 
represented by a 9x9 matrix. Such a matrix, computed from. the pooled 
data of all four subjects, is shown in Table 2.1 as an upper-half matrix, 
where the lower half is its mirror image. The half-matrix was obtained 
by fotding the empirical full matrix over along the main diagonal and 
averaging each corresponding pair of entries. This was done because one 
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TABLE 2.II Percent correct scores for one note correct identification 

given that the other note is represented by harmonies l and (l + 1), in 

a two-note identification task, averaged over four subjects. 

l = 2 3 4 5 6 7 8 9 10 
k=2 92 90 94 94 97 96 91 94 95 

3 89 93 88 90 94 94 90 93 95 
4 81 85 85 87 92 89 92 92 94 
5 71 70 75 80 82 84 88 92 93 
6 74 78 73 83 83 84 90 89 93 
7 75 77 78 76 80 83 86 88 89 
8 59 61 56 52 49 58 69 74 76 
9 41 45 47 45 46 51 53 56 59 

10 38 37 42 44 51 49 49 54 56 

expects diagonal symmetry. The experiment, however, contained a slight 
asymnietry with respect to m and n, because the harmonie number m 
never occurred in conneetion with the fundamental "so," and harmonie 
number n never occurred in conjunction with the note "do". The reauit
ing slight difference in range between the frequencies (!I, h) associated 
with mand the frequencies (h, 14) associated with n eaueed a small but 
noticeable asymmetry in the empirica! score matrix Pc(m, n). This arti
fact of experimental design was eliminated from the data by fotdover and 
averaging of the Pc( m, n) matrix, resulting in the half-matrix Pc( k, l) 

Another way to repreaent the raw data is to put the responses for 
each trial in such an order that the number of correctly identified notes 
(0, 1, or 2) is ma.ximized. Next, the number of times is counted for each 
( m, n) combination that one note was identified correctly, given that the 
other note was represented by a certa.in harmonie number regardless of 
the response to this other note. The reeuiting score Pc(k;l), therefore 
represents the correct identifications of / 01 for k = m, given that l = n, 
as well as the correct identifications of /o2 for k = n, given that l = m. 
These scores, averaged over all four subjecte, are shown as a full 9x9 
matrix in Table 2.II. 
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2.3.C Data interpretation 

The data of Tables 2.1 and 2.11 repreaent empirically measured scores 
which cannot be used directly to estimate model parameters of the op
timum processor. This is because the scores depend, of course, on the 
distributions of the harmonie number estimates k and 1, but also on the 
subjects' knowledge of the experiment such as the facts that there are 
only five different fundamental frequencies and that simultaneous funda
mentals are never identical. The two identification reponses to / 01 and 
foz, Ra and Rb, are therefore not independent, although the two estima
tion processes which lead to the values k and Î may well be independent. 
With a relatively simple decision model (described in Appendix 2.B), 
however, one can derive Eq. (2.1) which gives a relation between the 
probabilities of correct harmonie number estimates Pr[k = kj, Pr[Î = lj 
and the empirica} fraction of dual correct identification scores Prc(k,l). 

Prc(k,l) = {(4Pr[k =kj+ l)(3Pr[Î = lj + 1) 
+ (1- Pr[k = k])}/20. (2.1) 

Using the Pearson minimal ebi square metbod (Pearson, 1900), one can 
now minimize the quantity 

x2 (Pr[k = k = 2j, ... ,Pr[k = k = 10]) 
_ f f [N(k,l)Pc(k,l)/100- N(k,l)Prc(k,l)]2 
- l=2k=2 N(k,l)Prc(k,l) ' 

(2.2) 

where N(k,l) is the total number of presentations comprising the kth 
and (k+1)th harmonies in one ear and an lth and (l+1)th harmonies in 
the other ear. Pc(k,l) are entries of the form given in Table 2.1, and 
Prc(k,l) must satisfy the relation of Eq. (2.1). This metbod finds the 
set of probabilities Pr[k = k = 2], .. ,Pr[k = k = 10j, which minimizes 
the difference between the matrix of empirically found dual note correct 
scores Pc(k, l)/100 and the matrix of expected probabilities of Eq. (2.1). 
The solution set of probabilities Pr[k = k = 2], .. ,Pr[k = k = 10], which 
from now on will be called Pr12l[k = k], represents the probabilities of 
correct harmonie number estimates by the processor providing the most 
likely explanation of the empirica} data matrices Pc( k, l). This set of 
probabilities is shown in Fig. 2.3 for each subject as a solid curve. 
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FIG. 2.3 Model probability functions Pr[k =kJ for four subjects, indi

cating the probability that the processor correctly estimates the order 
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tion scores, the dotted curves, Pr(1l[k kj, from counts of individua.l 

pitch identifica.tions. When the curves are identical the subject is a.ble 

to process the two tones independently. 
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With the same decision model (Appendix 2.B) one finds that the 
probability that one of the two simultaneous responses contains a cor
rect estimate of the fundamental represented by the kth and (k+l)th 
harmonies, in the presence of another simultaneous fundamental repre
sented by an lth and (l+l)th harmonies, Prc(k;l), is given by Eq. (2.3). 
The derivation is shown in Appendix 2.C. 

Prc(k;l) = (4Pr[k =kJ+ 1)/5 
+ (1- Pr[k k])(4 3Pr[Î = l])/20. (2.3) 

A Pearson minimal chi square operation on the matrix of empirica} scores 
Pc(k;l)/100 and the quantity Prc(k;l) ofEq. (2.3) results in thesetof 
processor probabilities Pr[k = k = 2], .. ,Pr[k = k = lOJ, for which the 
dUferenee between these two matrices is minimized. This solution set, 
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from now on designated as Pr!1l[k = kj, is the set of correct harmonie 
number estimation probabilities that best explains the empirica! data of 
the form as given in Table 2.II. These probabilities, which are computed 
from individual note identification scores, are also shown in Fig. 2.3 as 
dotted curves for each of the four subjects. 

By using the samemetbod as in experiment 1 one can compute the 
optimum processor's normalized sigma functions u(/)/ J, from each of 
the probability functions Pr<1l[k = kj and Pr!2l[k kJ. These functions 
were averaged and are shown in Fig. 2.4 for each subject. 
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FIG. 2.4 Relative standard deviations, u(f)/ f, repreaenting frequency 

coding noise, computed from the scores of Fig. 2.3. 

Fig. 2.5 shows the sigma functions found in experiments 1 and 2 av
eraged over the four subjects. It allows comparison of the optimum 
processor's coding noise estimates from one-note and from simultaneous 
two-note identification tasks. Finally, the raw data of experiment 2 were 
also averaged over all harmonie numbers, reauiting in percent correct 
scores as a function of the fundamental frequency interval foz/ fot· This 
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FIG. 2.5 Relative standard deviations, 

a(/)/ f, derived from data of experiment 1 

(circles, one-note identification taak) and ex
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taak), averagedover four subjects. 

function, averaged over all four subjects, is shown in Fig. 2.6. 
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FIG. 2.6 Percent correct scores as a fundion 

of fundamental frequency interval /o2/ /o1, av

eraged over four subjects. 

The two types of data processing leading to the matrices Pc( k, l) and 
Pc(k; l) should give the same probabilities Pr<1l[k = kJ and Pr<2l[k kJ 
when the complex tones in both ears are independently processed. A 
subject who bas difficulty hearing the less salient pitch, will have an 
abnormally asymmetrical matrix Pc(k;l). When k < l he will show 
correct scores consistent with experiment 1, but when k > l bis scores 
will, ultimately, drop to 25% correct, repreaenting a random choice from 
(the remaining) four notes. The matrix Pc(k, l) on the other hand is 
theoretically always symmetrical with respect to the diagonal. In our 
way of analyzing the data a single Pr{ll[k = kJ function was fitted to 
the matrix Pc(k;l), using a minimal chi square procedure, although for 
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the present example it would be more appropriate to hypothesize two 
different sets of Pr(ll[k = kj. Our data analysis in this case leads to 
Pr11l[k = kJ >Pr12l[A: kJ for low harmonie numbers and Pr11l[k = 
kj <Pr12l[k = kJ for high harmonie numbers. An extreme case of a 
subject with perfect identification for the note with the most salient 
pitch and random behavior for the note with the less salient pitch is 
found to have a trade-off point, that is the point of intersection between 
Pr(ll[A: = kj and Pr12l[k = kJ, at k = 7. The results of subject JH shown 
in Fig. 2.3 show this tendency. This subject did indeed comment that, 
when the harmonie orders of both complex tones were very different, he 
had little trouble hearing the pitch of the tone with the lower harmonies, 
but could not at the same time hear the pitch of the tone with the higher 
harmonies. For the other subjects we may conclude that the estimation 
processes for the two notes are independent. 

To test the consistency of the data processing one can also solve 
Eqs. (2.1) and (2.3) simultaneously for every combination of k and l. 
This results in a set of 9 solutions for each probability Pr[k = k = 2], .. 
.. ,Pr[k = k = 10]. The average taken over these probabilities gives one 
set of 9 probabilities Pr[k k = 2], .... ,Pr[k k = 10] repreaenting the 
exact solution of the problem. Oomparison of this set with the solutions 
Pr11l[k = kJ and Pr12l[k = k] showed that it was always between the 
latter two solutions, confirming the consistency one expects. 

Oomparison of Figs. 2.1 and 2.3 shows that the probability of estimat
ing a harmonie number correctly is higher with single complex tones than 
with simultaneous complex tones. Oonsequently the sigma values com
puted from data of experiment 2 are larger than those computed from 
the data of experiment 1, as can beseen in Figs. 2.4 and 2.5. Individ
ual sigma ratios for the two experiments vary from a value of 1.3 (MZ), 
which implies excellent agreement between sigma estimates ;of the two 
experiments, to a value of 3.3 (JH). One possible reason for the larger 
sigmas is the already mentioned fact that some subjects have difficulty in 
processing the less salient pitch of the two. Subject JH with the great
est deterioration factor in sigma (3.3) also has the strongest tendency 
towards dependent processing (see Fig. 2.3) , while MZ who showed per
fect independent processing bas the smallest deterioration factor (1.3). 

Another reason for the differences in results of the two experiments 
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is that in experiment 2 the size of the harmonie interval, i.e., the ratio 
lo2/ lob was a variabie oot present in the first experiment. In processing 
the data of experiment 2 it was assumed that the size of this interval 
was unimportant so that reponses to different intervals could be pooled. 
Fig. 2.6, which shows percent correct scores as a function of fundamental 
frequency interval 102 / lob averaged over all values of m and n and over 
the four subjects, implies that the size of the fundamental frequency ratio 
does have some infiuence on identification performance. Minor and major 
third intervals apparently are somewhat easier to identify than smaller 
intervals, such as the minor and major second, or larger intervals such as 
fourths and fifths. This finding is oot well understood or accounted for 
in any of the models. It must have infiuenced the data, however, and is 
therefore likely to show up as an overestimate of the optimum processor's 
coding noise. 

A final obvious reason why frequency coding noise estimated by the 
second experiment is higher than that computed from the first experi
ment is that dichotic presentation of two simultaneous complex tones is 
very unnatural. In terms of the model, it may oot convey full knowledge 
to the central processor about the proper parsing and interpretation of 
partial frequencies. If it does oot have this knowledge, our method of 
data processing leads to an overestimate of frequency coding noise. 

Despite the quantitative differences between the sigma functions de
rived from experiments 1 and 2, their shapes are so similar that it seems 
fair to conclude that they refiect the same underlying process. For sub
jects with a good agreement between the two types of data processing, 
Pr(1l[k = k] and Pr(2l[k = k], we cao say that the harmonie number esti
mation processes for both complex tones are independent and cao thus 
be characterized by a unique frequency-coding noise function u(!)/ 1. 
This makes it possible to account for pitch identification behavior for 
simultaneous dichotic complex tones with an extension of Goldstein's 
optimum processor theory, which is discussed in the next section. 

Concerning possible effects of left or right ear superiority (Deutsch, 
1980) we performed a control experiment in which this effect was found 
to be very small when compared to the effect of decreasing scores with 
increasing harmonie representation number. This last effect also over
shadowed high-frequency superiority. 
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2.4 THEORY 

A generalized lormulation of Goldstein's (1973) optimum processing 
theory is that all aurally resolved frequencies fi of a complex sound 
are transformed into a set of independent Gaussian random variables x, 
which are the inputs of a central processor. This processor utilizes all 
prior knowledge of the complex tone underlying the set x.; in order to 
perform a specilic estimation task optimally. 

When this general idea is applied to the task of experiment 2, the pro
cessor observes four independent Gaussian random variables about which 
it knows that two are noisy representations of successive harmonies of 
one unknown fundamental, and the other two are noisy representations 
of harmonies of some other unknown fundamentaL In addition the pro
cessor may he assumed to know how to pair the four random variables 
because of the dichotic manner of presentation. The processor's task is 
to estimate both unknown fundamentals. To obtain optimal estimates, 
the processor rankorders the two random variables on each side and max
imizes the likelibood function 

(2.4) 

A 2 
1 -(Xt- mfot) 

Lt = ...j27iq(/I) exp 20'2(/I) 

1 -[x2- (m + 1)Îod2 

X ...j21iq(f2) exp 2q2(f2) ' 
A 2 

1 -(xs-n/o2) 
L2 = .../21iO'(fs) exp 20'2(/a) 

1 -[x4 (n+1)Î02]2 

x ...j21iq(f4) exp 20'2 (!4) 

where q(/I) ... 0'(/4) are samples of one single central function q(/) which 
depends on frequency only and represents central speetral frequency cod
ing noise. For mathematica! convenience, this function is assumed pro
portional to frequency and constant in the immediate vicinity of the 
frequencies /. through !4 . Maximizing Eq. (2.4) leads to the optimal 
linear estimates of the fundamentals: 
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Îot = 0.5[xtfm + z2/{m + 1)], 
Îo2 = 0.5[zs/n + x4/(n + 1)]. 
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(2.5) 

Eq. (2.5) shows that the harmonie numhers mand n must he estimated 
hefore the respective fundamentals can he computed. The prohabilities 
of correctly estimating particular harmonie numhers, Pr[m = m] and 
Pr[n = n], are given hy the relations of Eq. (2.6) (for derivations, see 
Goldstein, 1973): 

Pr[m = m} =!erf~+ !erfRi., 
2 v2 2 v2 

~ 1 Rs 1 ~ 
Pr[n = n] = 2erf v'Ï + 2erf v'2' 

where 

with 

[ 

2 l-l/2 R; = (Sdt- h) (S;O'(ft)) + 1 , 
u(h) q(h) 

[ 

2 l-1/2 R· = (S;h- !4) (S,.0'(/3)) + 1 3 u(h) 0'(!4) ' 

S; = .j(m + i)/(m +i- 2), i= 1, 2, 

8;=../(n+j-2)/(n+j-4), j=3,4. 

(2.6) 

i= 1, 2, 

j = 3,4, 

The joint prohahility of correctly estimating hoth harmonie numhers is 
given hy Eq. (2.7), 

Pr[m = m, n = n] = Pr[m = m].Pr[n = n]. (2.7) 

Because of the small varianee of the Gaussian modes in the prohahil· 
ity density functions of Îo1 and Îoz, their joint density function can he 
expressed as set of discrete prohahilities: 

p [Îo1 = 2im + i+ m Îo2 = 2jn + j + n] 
r fot 2i(i + 1) '!o2 2j(i + 1) 
= Pr[m =i, n = j) = Pr[m = i]Pr[n = j]; 

i = 1, oo; j = 1, oo. (2.8) 
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1.0 

Pr[m·m,IÎ·n] 

FIG. 2.7 Discretized example of a joint probability density function, 

representing joint probability of the processor's estimates for the two 

fundamental frequencies / 01 , represented by the Sth and 9th harmonies, 

and / 02 , represented by the 6th and 7th harmonies. 

Fig. 2. 7 shows an example of a two-dimensional discrete joint probability 
density function for a stimulus comprising the 8th and 9th harmonies of 
a fundamental frequency / 01 in one ear, and the 6th and 7th harmonies 
of a fundamental /o2 in the other ear. Such a function can be computed 
for any dichotic combination of two harmonie two-tone complexes when 
one knows the frequency-coding noise function 0'(/) shown in Fig. 2.5. 

Finally, it should perhaps he reiterated that the processing algorithm 
applied by the optimum processor, and therefore also the formulas given 
in this section, are valid only when the processor has full prior knowledge 
of its task, of the general make-up of the stimulus, and of the proper in
terpretation of each resolved frequency component. The degree to which 
dichotic stimulus presentation conveys such knowledge will he the subject 
of a future study. 
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APPENDIX 2.A: DECISION MODEL FOR CORRECT 
IDENTIFICATION OF SINGLE NOTES 
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This model describes the link between the fundamental estimate Îm, 
the output of the optimum processor, and the subjeet's response for the 
task and conditions of experiment 1. The model assumptions are that: 

(a) The space of the unidimensional multimodal Gaussian random 
variabie Îm is partitioned into :live segments by four stabie criteria. 

(b) Each segment carries a unique response label corresponding to a 
possible value of Îm· 

( c) If the value of Îo1 on a given trial falls within the principal mode 
of the distribution of Îot. i.e., if m = m, the response is correct, i.e., 
R = "lo1"· 

(d) If the value of Îo1 falls outside the principal mode, i.e., if m :f:. 
m, the response R becomes a random choice from all allowed response 
categories. Assumption (d) may seem incompatible with the multimodal 
nature of the density function of Îo1 and does not hold for a single trial, 
but is quite reasonable when responses for the :live different fundamental 
frequencies are pooled. 

With these rules, the probability of a correct identi:lication of a fun~ 
damental represented by the mth and (m + 1)th harmonies, Prc(m), is 
given by Eq. (2.A1). 

Prc(m) = Pr[R "lo1"] 

= Pr[R = "lo1" I Îm = loi]Pr[Îol = lm] 

+ Pr[R = "lo1" I Îo1 :f:. lm]Pr[Î01 :f:. lo1J 
= Pr[m = m] + (1 Pr[m = m])/5 

= (4Pr[m = m] + 1)/5. (2.A1) 

One can easily see that, when Pr[m = m] approaches unity, the probabil~ 
ity of a correct identi:lication approaches one, whereas when Pr[m = m] 
approaches zero, it reaches a chance level of 20%. 
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APPENDIX 2.B: DECISION MODEL FOR TWO CORRECT 
IDENTIFICATIONS OF TWO SIMULTANEDUS NOTES 

This decision model describes the relation between the two fundamen
tal frequency estimates Î01 and Î02 , the outputs of the optimum processor, 
and the subjeet's two responses Ra and Rb for the task and conditions of 
experiment 2. The model asumptions are that: 

(a) The two spaces of the unidimensional random decision variables Îo1 

and lo2 are partitioned into five segments by four stabie criteria, where 
each segment bas a response label corresponding to the five possible 
values of lo1 and lo2· 

(b) Ra is the first decision and represents a response to the fundamen
tal with the most salient pitch, i.e., the one represented by the lowest 
harmonies (see Fig. 2.1). The lowest harmonie k therefore represents 
either m or n, whiehever is smaller. 

( c) Wh en the processor's estimate of the fundamental with the most 
salient pitch falls within the principal mode of its probability density 
function, i.e., if k = k, the response Ra is correct; if the estimate falls 
outside the main mode, Ra is a random choiee from all allowed response 
possibilities. 

(d) The second response Rb, which is the identification attempt of 
the fundamental with the less salient pitch represented by the lth and 
(l + 1)th harmonies, is made according to the same rules as stated under 
( c), but cao never he the same as Ra. 

With this set of rules one cao compute the relation between the ex
pected probability Pre( k, l) of a correct identification of the fundamentals 
of two simultaneous tone complexes, comprising a kth and ( k + 1 )tb har
monies in one ear and a lth and (l + 1 )tb harmonies in the other ear, and 
the probabilities of correct harmonie number estimates by the optimum 
processor, Pr[k = k] and Pr[Î = l]. The probability of a correct dual 
identification, Prc(k,l), is given by Eq. (2.B1): 

Prc(k, l) = Pr[Ra = "lo1", Rb = "loz"] 
+ Pr[Ra = "loz", Rb = "lo1"]. (2.B1) 

When 101 is represented by the harmonie numbers k and k + 1 with 
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Pr[k = k] 2:: Pr[Î = l], the first term of Eq. (2.B1) can be written as 

Pr[Ra = "/o1", Rb = "fo2"] 
= Pr[Ra = "/01"]Pr[Rb = "fo2" I Ra= "/01"]. (2.B2) 

The first factor of Eq. (2.B2) equals (4Pr[k = k] + 1}/5, as was shown in 
Appendix 2.A. The second factor of Eq. (2.B2) can be written as 

Pr[Rb = "fo2" I Ra= "!01", Îo2 = /o2]Pr[Îo2 = /o2] 
+ Pr[Rb = "fo2" I Ra = "foi", Î02 "1- /o2]Pr[Îo2 "1- /o2] 

= Pr[Î = l] + (1 - Pr[Î = l])/4 = (3Pr[Î = l] + 1}/4. (2.B3) 

The second term of Eq. (2.B1), representing the chance of correctly iden
tifying both notes when both estimates Îo1 and Îo2 are incorrect, can be 
written as 

Pr[Ra = "fo2", Rb= "/01"] 
Pr[Ra = "fo2"]Pr[Rb = "/01" I Ra= "/o2"] 
(1- Pr[k = k])/5 

X {Pr[Rb = "!01" I Ra= "fo2, Îo2 = fo2]Pr[Îo2 = fo2] 
+ Pr[Rb = "!01" I Ra = "fo2", Î02 "1- /o2]Pr[Îo2 "1- /o2]} 

= (1- Pr[k = k]}/5{Pr[Î = l]/4 + (1- Pr[Î = l])/4)} 

= (1 - Pr[k = k])/20. (2.B4) 

Finally, collecting all terms, the result of Eq. (2.B5) is obtained. 

Prc(k,l) = {(4Pr[k = k] + 1}(3Pr[Î = l] + 1) 

+ (1- Pr[k = k])}/20. (2.B5) 

Wh en / 02 is represented by the harmonie numbers k and k+ 1 with Pr[ k = 
k] 2:: Pr[Î = l] Eq. (2.B5) does not change. When Pr[k = k] :=:; Pr[Î = l] 
Eq. (2.B5) holds with theevents [k = k] and [Î = l] interchanged, leading 
to the same formula. 

When Pr[k = k] equals 1, the probability of correct identification of 
the second note is raised from (4Pr[Î = l] + 1}/5 to (3Pr[Î = l] + 1}/4, 
reflecting the fact that the second identification is a choice out of four 
notes. When Pr[k = k] and Pr[Î = l] approach zero, the probability of 
correct identification of both notes reaches a chance level of 10 %, i.e., a 
random choice from the ten possible intervals. 
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APPENDIX 2.C: DECISION MODEL FOR ONE CORRECT 
IDENTIFICATION OF TWO SIMULTANEOUS NOTES 

The prohahility Prc(k;l) of correctly reaponding toa fundamental rep
resented hy the kth and ( k + 1 )tb harmonies, regardless of t.he response 
to the fundamental in the other ear which is represented hy the lth and 
(l + 1)th harmonies, can he written as the sum of two terms: 

Prc(k;l) = Pr[Ra ="fot"]+ Pr[Rb ="fot"], {2.01) 

where fot is the fundamental represented hy the kth and (k + 1)th har
monies with Pr[k = k]2:: Pr[Î = l]. From the results of Appendix 2.A we 
know that: 

Pr[Ra ="fot"]= (4Pr[k =kJ+ 1)/5. (2.02) 

The second term of Eq. (2.01) can he expanded into two parts: 

Pr[Rb = "f01"J 
= Pr[Rb = "fot" I Ra = "foz"]Pr[Ra = "fo2"] 

+ Pr[~ ="fot" I Ra f:. "fo2"]Pr{Ra f:. "foz"]. (2.03) 

The first term of Eq. {2.03) equals (1-Pr[k = k])/20 as was shown in 
Appendix 2.B. The second term consists of three terros hecause there 
are only three possihle answers for Ra with ~ = "fot" I Ra f:. "foz" each 
with a contrihution of (1- Pr[k = k})(1- Pr[Î = l])/20. This leads to 

Pr[~ = "f01"} = (1- Pr[k = k])/20 
+ 3(1- Pr[k = k])(1- Pr[Î = l])/20. (2.04) 

Oomhining Eqs. (2.01)-(2.04) we ohtain the final result of Eq. (2.05): 

Prc(k;l) = (4Pr[k=k]+1)/5 
+ (1 Pr[k = k])(4- 3Pr[Î = l])/20. (2.05) 

When f02 is represented hy the harmonie numhers k and k + 1 with 
Pr(k =kj 2:: Pr[Î = lJ, Eq. (2.05) does not change. One can easily prove, 
hy using a simHar calculation scheme, that when Pr[k = kJ ~ Pr[Î l] 
Eq. (2.05) does not change either. 
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When Pr[k = k] equals one the probability of correct identification is 
always unity. When Pr[k = kJ equals zero the chance of correct iden
tification of the note represented by the kth and ( k + 1 )th harmonie is 
(8-3Pr[Î = l])/20. When Pr[Î = l] equals one, this chance is i (a random 
choice from four notes) and when Pr[Î = l] approaches zero, the identi
fication reaches a chance level of ~ (four from the ten possible intervals 
comprise the randomly chosen note). 
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Chapter 3 

Pitch identification of simultaneons diotic 
and dichotic two-tone complexes 

John G. Beerende and Adrianus J.M. Houtema 
Publisbed in the J. Acoust. Soc. Am. 85, 813-819, february 1989 

Abstract 

This study examines subjecte' ability to recognize the pitches of two missing fundamen

tals in two simultaneons two-tone complexes whose partials are distributed in various 

ways between subjecte' ea.rs. The data show that identification performance is affected 

on different levels. Limited frequency resolution in the peripheral auditory system can 

degrade performance, but only if none of the four stimulus partials is aurally resolved. 

Identification performance is only wea.kly dependent on the manner of distributing par

tials between the ears. In some cases it was found that, probably at a very centrallevel 

(e.g., attention), the identification processes of both simultaneons pitches interfere with 

one another. Some subjecte are more likely to identify the pitch of one two-tone com

plex when the harmonie order of the other complex is higher than when this harmonie 

order is lower. Finally, some subjects tend to hear the complex tones analytically, 

i.e., perceive pitches of single partials instead of the missing fundamentals for some 

distri bution of partials between the ea.rs. 

3.1 INTRODUCTION 

In an earlier study (Beerends and Houtsma, 1986) we examined sub
jecte' ability to recognize two missing fundamentals in two simultaneous 
two-tone complexes with one complex tone in each ear. Each complex, 
consisting of two adjacent partials, was presented to a different ear so 
that the distribution of partials over the ears coincided with the correct 
grouping of the partials. 

In the present study, similar identification experiments are reported 
that use three other distributions of partials over the ears. In one con-
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figuration, the two complex tones are presented diotically, with all four 
partials going to both ears. In two other configurations, called dichotic 
(1) and dichotic (2), stimuli are presented in such a way that each ear 
receives only one partial of each two-tone complex. For purposes of com
parison, we will also reintroduce some of the results of our earlier study 
and refer to that condition as dichotic (0). The four stimulus presenta
tion conditions all together are illustrated in Fig. 3.1. 

1111 1111 

@@ 
diehot ie (0) diotic diehot ie (I) diehot ie (2) 

FIG. 3.1 Four different partial distributions with two simultaneous two

tone complexes. Dichotic (0) data taken from Beerends and Houtsma 

(1986). Other paradigma used in this study. 

In contrast to the dichotic (0) condition the cliotic presentation and, to 
a lesser extent, the dichotic (1) and dichotic (2) presentations, cao cause 
two frequencies of different tone complexes to nearly coincide and end 
up in the same ear. When they differ by less than 10%, they are likely 
to produce roughness or beats and could be unsuitable as conveyors of 
virtual pitch. With the data obtained in this study, we cao investigate the 
correctnessof the assumption that only partials resolved in the auditory 
periphery contribute to the sensation of complex tone pitch (Terhardt, 
1970; Houtsma and Goldstein, 1972; Plomp, 1976). 

Comparison of identification results obtained under the four presen
tation conditions is likely to teil us more about the internal grouping 
and interpretation of the perceived partials. According to the optimum 
processor theory for the pitch of a missing fundamental (Goldstein 1973), 
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the perceived pitch is a maximum likelibood estimate of the fundamen
tal of a harmonie template that gives the best fit to the observed (noisy) 
stimulus frequencies. In the case of two fundamentals to he estimated 
from two groups of two partials, it can he shown that, in terms of that 
theory, correct estimation depends, toa large extent, on the prior knowl
edge the processor has about the proper grouping and interpretation of 
those perceived partials. Because in this study the distribution of par
tials over the ears was varied systematically, the identification results are 
likely to show under what conditions there is such advanced knowledge. 

Finally, one can view identification of the missing fundamentals of 
two simultaneous complex tones as two separate pitch identification pro
cesses. In terms of the optimum processor theory, it is easy to show that, 
as long as the four noisy observations of the four stimulus frequencies are 
represented by independent Gaussian random variables, the maximum 
likelibood estimates reduce to two separate estimates of the respective 
(missing) fundamentals. In reality, however, we may he dealing with 
processes that interfere with one another at a very central level. For 
instance, perception of simultaneous pitches could he a serial process in 
which the clearer, more salient pitch of the two is identified first, whereas 
the weaker one is not only harder to identify because it is weak, but also 
because it may get less attention and is more corrupted by memory 
noise. This effect, which we will call central interference, is investigated 
by consiclering the scores for each individual complex tone as a function 
of both its own physical parameters and of the parameters of the other 
(simultaneously present) complex tone. Specifically, we will see whether 
the score for a two-tone complex is higher when the other tone has a 
higher harmonie order (less salient) than when the other toneis of lower 
harmonie order (more salient). 

The experiments and the raw results are described in Sec. 3.2. In Sec. 
3.3, the data are analyzed in different ways such that the effects of limited 
cochlear resolution, grouping information, and central interference can 
he quantified. Section 3.4 presents a general discussion and a summary 
in the form of conclusions. 
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3.2 EXPERIMENTS 

3.2.A Procedures 

Subjects were asked to identify the pitches of two different simulta
neously sounding notes, each represented by two successive random har
monies. One note comprised the frequencies 11 = mlo11 12 = (m+1)IOI, 
the other the frequencies Is = nlo2, 14 = (n + 1)lo2 . Note duration 
was 600 ms. The fundamentals lo1 and lo2 were both different elements 
of the set of frequencies 200, 225, 250, 267, 300Hz (notes "do, re, mi, 
fa, so"), of which 101 always designated the lower fundamentaL Three 
different kinds of presentations were used (Fig. 3.1): 

diotic: !I, /2, 13, h to both ears, 
dichotic (1): 11, 13 to one ear and /2, 14 to the other ear, 
dichotic (2): ft, /4 to one ear and /2, Is to the other ear. 

Both (lower) harmonie nu mb ers m and n varied independently between 
values of 2 and 10. On every trial, subjects were asked to identify 101 and 
foz by pressing two out of five possible buttons on a response box. All 
subjects possessed the necessary musical skill as all scored better than 
99% if pure tones were used instead of two-tone complexes. 

Each of the 810 different stimuli that were possible was presented 
about six times on average, fora total of 4500 trials per subject. All stim
uli were presented 20 dB above masked threshold, with 30-dB SL white 
noise, band-limited between 50-5000 Hz, as a masking background. This 
noise masked unwanted and potentially disturbing aural distortion prod
octs (Plomp, 1965; Goldstein, 1967; Humes, 1980). Further details of 
the experimental procedure can be found in our earlier artiele (Beerends 
and Houtsma, 1986). 

3.2.B Results 

The raw data of the experiments consisted of the trial records con
taining the presented fundamentals lo1 and lo2 , their lower harmonie 
numbers m and n, and the subjects' two responses Ra and Rb. A simple 
way presenting the data is to pool the responses to the various fundamen-
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TABLE 3.1 Identification scores for "two notes correct" (2 cor.) and 

"one note correct" ( 1 cor.}. The scores for two notes correctly identified 

are averagedover all k,l and have a chance level of 10%. The scores 

for one note correct identi:fication, Pc(k; 1), are averaged for k < l and 

k > l and have a chance level of 40%. The 95% con:fidence intervals are 

in the order of 1.5%. 

sub- dichotic (0) diotic dichotic (1} dichotic (2) 
ject 2 1 cor. 2 1 cor. 2 1 cor. 2 1 cor. 

cor. k<l k>l cor. k<l k>l cor. k<l k>l cor. k<l k>l 
MZ 64 90 71 65 90 73 55 80 69 59 85 70 
AH 58 91 64 49 90 55 45 89 51 44 87 52 
BP 54 87 63 51 88 59 50 89 56 49 89 55 
JH 40 89 48 38 87 46 32 82 43 32 82 43 

tal frequencies and harmonie numbers and to simply count the trials for 
which both notes were correctly identified. These percentages of "two 
notes correctly identified" are shown in four columns of Table 3.1 for 
four subjects and four different stimulus presentations. (The data of the 
dichotic (0) condition are taken from Beerends and Houtsma, 1986.) 

Another way of repreaenting the data i~ to consider the identification 
of each note individually as a function of both its harmonie representation 
and the harmonie representation of the other note ( regardless of the 
response to that other note). Th is score, designated as Pc( k; l), then 
represents the correct identifications of / 01 for k m, and l = n, as 
well as the correct identifications of / 02 for k = n, and l =' m. These 
scores, averaged over all four subjects, are shown in Table 3.II for the 
diotic presentation. The average scores of the dichotic (1) and dichotic 
(2) conditions, also for all subjects, are given in Table 3.III. 

If the identification of each individual note were independent of tbe 
representation of the other (simultaneous) note, the scores along each 
row of the matrices in Tables 3.II and 3.1II should he constant. This, 
however, is clearly not the case. If we take, for instance, the row k = 
6 in Table 3.II, we see that, for k < l, the average Pc(k;l) is about 
87%, whereas, for k > l the average one note correct score is about 
71%. Only a very small part of this difference can be attributed to 
chance-level statistica that are inherent to our choice of experimental 
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TABLE 3.II Percent correct scores for one note correct identification 

given that the other note is represented by harmonies l and (l + 1), 

Pc(k; l), in a diotic two-note identification task, averagedover four sub-

jec:ts. Chance level is 40%. 

k=2 
3 91 87 95 93 
4 78 79 83 85 90 92 94 97 95 
5 65 69 61 82 86 82 89 90 93 
6 67 68 69 78 78 81 84 90 93 
7 69 70 74 71 72 81 82 88 88 
8 56 54 50 51 51 60 67 71 67 
9 43 44 43 44 39 43 45 55 55 

10 42 46 42 47 51 53 59 53 52 

paradigm. The results, therefore, suggest that the pitch of one complex 
tone is recognized more easily when the other simultaneOIIs complex tone 
is represented hy higher-order harmonies than when this other tone is 
represented hy lower-order harmonies. The upper-half and lower-half 
score matrices Pc(k; l) were, therefore, averaged separately for each of 
the four presentation conditions and are shown in Tahle 3.1 under the 
headings "one correct" for k < l and k > l. 

3.3 INTERPRETATION OF RESULTS 

3.3.A Cochlear interference of partials 

One of the assumptions of the optimum processor theory is that vir
tual pitch can he conveyed only hy those partials that are resolved in 
the cochlea. This assumption was primarily hased on ohservations that 
the pitch of a missing fundamental is effectively heard only when the 
harmonies of a complex tone are helow the order of ahout ten (Terhardt, 
1970; Houtsma and Goldstein, 1972; Plomp, 1976). This assumption can 
he tested from a different angle with the data of the present experiment 
hecause, with cliotic presentation of two simultaneous complex tones, 
there can he partials in one ear with very small frequency differences, 
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TABLE 3.III Percent correct scores for one note correct identification 

given that the other note is represented by harmonies l and (l + 1), 

Pc(k; l), in a two-note identification task, averaged over the presenta-

tions dichotic (I) and (2) and four subjecte. Chance level is 40%. 

1=2 3 4 5 6 7 8 9 10 
k=2 94 89 87 96 96 96 88 94 95 

3 89 89 87 92 93 92 90 94 95 
4 80 82 82 87 92 94 90 95 97 
5 64 60 62 70 77 76 77 80 84 
6 59 63 61 72 72 72 72 79 84 
7 66 67 65 67 73 78 82 83 85 
8 58 55 50 50 49 57 61 68 72 
9 35 40 36 40 45 41 47 51 47 

10 38 42 36 42 45 43 49 51 49 

even if all partials are of relatively low harmonie order. 
To assess the effect of interference between partials on recognition 

of the respective pitches, the stimuli were rank ordered according to a 
arbitrary distance d = Jd~ + d~, where d1 is the smallest frequency dif
ference between two stimulus partials and d2 the next smallest difference, 
expressed as percentages. In order to focus on the effect of unresolved 
partials of low harmonie order, the analysis were restricted to complexes 
with harmonies of order 5 or less. This assures that scores will generally 
he high for presentation conditions where all partials are cochlearly re
solved, so that the effect of unresolved partials in other conditions will 
become maximally visible. 

When scores of correct identification of both simultaneous pitches, 
averaged over all four subjects, are measured in terms of d, one finds 
rather constant scores of about 70% correct for the dichoti<; (0) condi
tion, even for small values of d. This is not surprising, since for that 
condition, partials whose frequencies are close together went to different 
ears. For the cliotic condition the results are almost the same, except 
that a drop to about 50% correct is observed when d is smaller than 
5%. This measured drop is based, however, on a total of about 45 ex
perimental trials, because the situation where d feil below 5% did only 
occur twice in the stimulus set. If identification scores are expressed in 
terms of d17 the smallest frequency difference between any two partials, 
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no significant score difference between the two presentation conditions is 
found. 

A simHar picture is obtained when performances for the dichotic (1) 
and dichotic (2) conditions are compared. Performance drops noticeably 
only if frequency differences between the partials going in each ear are 
both small, i.e., if none of the four partials that make up the stimulus is 
cochlearly resolved. 

The most important impHeation of this finding is that apparently 
non-resolved partials can help convey the sensation of virtual pitch un
der certain circumstances. For instance, if a complex tone comprised 
of the frequencies 1067 and 1333 Hz is sounded together with another 
complex containing the frequencies 800 and 1000 Hz, the pitches 200 
and 267 Hz are heard, even with all partials presented to both ears. Ap
parently the frequencies of the unresolved partials of 1000 and 1067 Hz 
are still transmitted to the brain as a single frequency-equivalent, which, 
together with the other resolved frequencies, can convey the percept of 
two simultaneous virtual pitches. 

3.3.B Internal grouping of partials 

A comparison between the appropriate columns of Table 3.1, and of 
the data of Table 3.II with those of Table 3.111, leads one to conclude 
that note identification performance is not very sensitive to the manner 
in which the partials are distributed between the ears. Even if the recog
nition data were exactly identical under the four presentation conditions 
considered, we still could notteil right away whether the brain processes 
the four observed (partial) frequencies without any prior grouping knowl
edge in all four cases (i.e. ignores the "correct" information in the dichotic 
(0) condition and the "incorrect" information of the dichotic (1} and di
chotic (2} conditions}, or just happens to have this knowledge always 
available by some other means. This question can be answered, however, 
by comparing our experimental data with two sets of model-simulated 
results, one generated with and the other without supplied information 
of the correct grouping. 

The simulation experiments were based on a generalized formulation 
of Goldstein's (1973) optimum processor theory and a decision model 
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of the subjects' response strategy, both given in Beerends and Houtsma 
(1986). The generalized formulation of the optimum processor theory 
was implemented through Monte Carlo simulation algorithms that trans
form the physical frequencies !I. .. , /4 , into four independent random vari
ables x 1, •• , x4• With these random variables and the decision model, the 
two perceived pitches were calculated both with and without inserting 
information about the correct grouping of the partials into the model. 

For the first algorithm, the average sigma function shown in Fig. 2.5 
of Beerends and Houtsma (1986) was used for the transformation of 
the frequencies into the random variables. No information about the 
correct grouping of partials was supplied. This algorithm produced a list 
of stimuli for which occasionally incorrect internal grouping occurred, 
leading to pitch(es) within the answering range but differing from the 
two presented missing fundamentals. This subset of stimuli contained 
about 30 % of all the stimuli we used and will he referred to as G. The 
complementary subset, which only contains stimuli for which grouping 
errors never occurred, will he referred to as NG. 

Next, we computed from the subset NG a sigma function for each 
subject in each experimental condition (using a metbod described in 
Beerends and Houtsma, 1986). With each of these sigma functions, two 
sets of data were produced by separate Monte Carlo simulation algo
rithms, one with and one without explicitly supplied information about 
the correct grouping of partials. The results are shown in Fig. 3.2. 

The scores of both algorithms in the subsets NG are about the same 
as the empirically obtained scores, yielding the consistency one expects. 
The discrepancies that do occur form a measure of the precision of 
this simulation method. The predicted scores in the subsets G show 
that the behavior of the subjects in dichotic (0) presentation is in ex
cellent agreement with the assumption that they had prior knowledge 
about the proper grouping. For the other stimulus presentations we see 
that, for most subjects, the experimentally obtained scores are in much 
closer agreement with the assumption that prior knowledge of grouping 
is present than with the assumption that such knowledge is absent. The 
only weak exception to this rule cao he found in the experimental data of 
JH for the condition dichotic (1), which ends up about halfway between 
the two simulated scores. 
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FIG. 3.2 Simulated and experimental identifi

cation scores for "two notes correct" for four 

subjects and four stimulus conditions. Scores 

are given for the subsets G, which is sensitive 

to grouping errors and for NG where group

ing errors do not occur. Solid lines give the 

experimental results, da.shed linea are predie

tions of a simulation algorithm with supplied 

grouping information. Dotted lines represent 

predictions made without this information . 

Missing Iines indicate perfect agreement be

tween prediction and mea.surement. All pre

dictions are made with Goldstein's pitch the

ory a.nd a sigma function derived from the 

subset NG. 

S.S.C Central interference and analytic listening 

Cochlear interference of partials discussed in part A of this section 
and incorrect internat grouping of partials discussed in part B occur only 
when frequencies of two or more partials are close. We will now discuss 
another, even more central, souree of possible identification confusion 
that can play a confounding role also when signal partials are widely 
separated. This souree was already mentioned in Sec. 3.2, where the data 
showed, in general, that the pitch of either complex tone is recognized 
more easily when its harmonie order is lower than that of the other 
complex tone. 



50 Chapter 3 

In order to quantify the degree of central interference between the 
two pitch identification processes, pedormance is expressed in termsof a 
function that represents the optimum processor's probability of correctly 
estimating the harmonie order of either complex tone (Goldstein, 1973; 
Beerends and Houtsma, 1986). Such functions are independent of details 
of the experimental paradigm, and, therefore, have more general validity 
than the actually measured score functions. Two sets of such probability 
functions were derived from the scores Pc( k; l) given in Sec. 3.2.B. The 
first set, called Pra[k = kJ, represents the probabilities that the proces
sor's harmonie-order estimate k equals the actual harmonie order k of 
that complex tone, under the condition that the harmonie order of the 
other (simultaneous) complex tone is higher (k < l). The second set, 
Prp[k = kJ, represents these same probabilities when the harmonie order 
of the other complex tone is lower (k > l). Diagonal entries were not 
used in the calculation of Pra[k =kJ and Prp[k = k]. The mathematical 
details of the computation of the functions Pra and Prp from the scores 
Pc( k; l) are given in the Appendix. lf there were no central intederence 
between the two processes, the functions Pra and Prp would be identical. 

The results, computed individually for each subject and each presen
tation condition, are shown in Fig. 3.3. This data representation shows 
three interesting features. The first is that the degree of central inteder
ence, as measured by the similarity of the two functions, is very subject
dependent. For MZ, the functions almost coincide, implying that central 
intederence is minimal for all four conditions. Subjects AH and BP ex
hibit quite simHar Pra and Prp functions under the condition dichotic 
(0), i.e., when the correct grouping information for partials is externally 
provided, but show a distinct divergence of these functions (implying in
creased central intederence) when grouping information is not provided 
or presented in a misleading way. Subject JH shows a large difference 
between Pra and Prp under all four stimulus presentation conditions. 

The second feature worth mentioning is that, looking down each col
umn of Fig. 3.3, one observes that, for subjects AH and BP, the Pro: func
tion (triangles) remains rather much the same, whereas the Prp function 
(squares) decreases. This effect can also beseen in Table 3.1 by campar
ing the "one correct" scores in the four conditions. From these observa
tions, we can conclude that, for two subjects, the increased complexity 
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of the recognition task only affects the pitch represented by the higher 
harmonie numbers, i.e., the less salient pitch. 

The third feature to he discussed is the occasional non-monotonicity 
of the Pra and Prp functions. Scores generally decline with increasing k, 
but occasionally show a dip when k equals five or six, and/or alocal peak 
when k equals seven or eight. This seems to happen particularly onder 
the dichotic (1) and dichotic (2) conditions for subjects MZ and JH. 
The most plausible explanation is that these subjects have a tendency 
to perceive a complex tone analytically, i.e., associate its pitch with the 
frequency of one of its partials or an octave transposition thereof (when 
a complex tone contains harmonies 2, 4 or 8). This happens particu
larly when partials in one ear have no common fundamentaL That ana
lytic pitch perception can play a confoonding role in pitch experiments 
with complex tones has been shown at other occasions (Houtsma, 1979; 
Deutsch, 1972). Apparently, the increased complexity of the recognition 
task causes these subjects to listen more to the partial frequencies. 

Finally, a detailed analysis of the central interterenee effects showed 
that it increases with speetral distance between the two simultaneons 
tone complexes. 

3.4 DISCUSSION AND CONCLUSIONS 

3.4.A Discussion 

When subjects, presented with two simultaneons complex tones, are 
asked to identify their respective pitches, there are a number of issues 
that do not come up when the pitch of only one single complex tone is to 
he recognized. Three of these issues have been examined and quantified 
in this study. 

The data analysis presented in Sec. 3.3.A indicates that interterenee 
of partials in the cochlea, due to limited frequency resolution, plays a 
really confoonding role only if all foor partials are (pairwise) unresolved. 
If only two partials are unresolved in either ear, the information still 
appears to he transmitted to the brain as a single frequency code reftect
ing the average frequency of the two unresolved tones. Together with 
the other two frequency codes, the two missing fundamentals (pitches) 
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can be reconstructed. The fact that only pairwise interference between 
all partials of the two complex tones is a sufficient condition for pitch 
identification scores to drop significantly was also established with two si
multaneous three-tone complexes when, under cliotic presentation, three 
pairs of unresolved harmonies resulted (see Houtsma and Beerends, 1!)86, 
Fig. 2.6). . 

Subjects' ability to interpretand group simultaneous partials correctly 
(according to the actual structure of the complex tones) appears very ro
bust against all our experimental attempts to confuse the subjects. Pitch 
identification scores were generally highest when the two-tone complexes 
themselves were dichotically separated, as occurred in the dichotic (0) 
condition, but were not much lower when complex tones were both split 
across the ears, as in the dichotic (1) and dichotic (2) conditions. A sim
ulated control experiment with Goldstein's model, in which the grouping 
of partials was always imposed as it occurred at each ear in dichotic (1) 
and dichotic (2) presentations, invariably resulted in chance-level perfor
mance. This is rather strong evidence that our brain groups partials of 
simultaneous tone complexes on the basis of harmonie or tonal relation
ship, rather than ear input. A similar condusion was reached by Deutsch 
(1975) and Butler (1979) from their experiments with dichotic melodie 
sequences. 

One puzzling element remains, however. The very existence of a stim
ulus subset G, as described in Sec. 3.3.B, implies that the absence of ex
plicit information of the correct grouping of stimulus partials often leads, 
for those stimuli, to the wrong internat grouping during the simulation. 
Such grouping is, nevertheless, basedon harmonie relationships between 
part i als, since the simulation algorithm ( Goldstein 's optimum proces
sor model) simply attempts to find the best fitting harmonie templates. 
Our experimental data, however, show that for this stimulus subset G 
subjecte perform rather much as if they have advanced knowledge of the 
correct grouping of partials. The real souree of this knowledge, therefore, 
remains unclear. 

In Sec. 3.3.0, we showed that sometimes the correct identification 
of the pitch of a tone complex depends systematically on the harmonie 
order of the other simultaneous complex. The degree of this effect varied 
considerably between subjects. lts cause is, therefore, thought to he quite 
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central and may very well have something to do with musical experience. 
Subject MZ, who exhibited the least of this central inter/erenee in her 
data, was also musically the most experienced. 

The results of Secs. 3.3.A-C, together, imply that correct perception 
of the pitches of two simultaneons complex tones is easy when these tones 
are speetrally close (as long as not all partials are unresolvable), and be
co mes more difficult when complexes become speetrally separated. In 
musical practice, harmonie intervals as they occur in duets, or two part 
counterpoint, are usually scored for voiees or instruments of similar tim
bre, i.e., having considerable speetral overlap. The use of instruments 
with very different timbres in such situations, for instance, one with pre
dominantly low and another with mostly high harmonies, should, accord
ing to our findings, produce perceptual probieros with the recognition of 
the notes. 

Finally, the question could he raised whether, under the conditions 
of our experiments, subjects really identi:fied simultaneons pitches rather 
than harmonie intervals. For instance, did they hear a "do" and a "mi" 
on a partienlar trial, or merely a major third? A :first answer to this 
question is that mere interval recognition could never have led to the 
scores that were measured, because the ten possible answer combinations 
involved one minor second, three major seconds, two minor thirds, one 
major third, two perfecta fourths, and a perfect :fifth. H subjects could 
only identify harmonie intervals their score could never have exceeded 
60% correct, which was clearly not the case for low harmonie numbers 
(as can heseen Table 2.1 in Beerends and Hontsma, 1986). Moreover, a 
ten by ten harmonie-interval confusion matrix shows that subjects hardly 
ever confuse intervals that are nominally the same, such as the major 
seconds do-re and fa-so, the minor thirds re-fa and mi-so, or the perfect 
fourths do-fa and re-so. Under all presentation conditions, we found, 
however, some dependenee of identification scores on intervalsize, similar 
to earlier :findings for the diehotic (0) condition (Beerends and Houtsma, 
1986, Fig. 2.6). 

3.4.B Conclusions 

The experiments show that, to a certain extent, subjects are able to 
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use speetrally interlering components to calculate the missing fundamen
taL A noticeable decrease in correct identifi.cation only occurs if none of 
the stimulus partials is aurally resolved. 

The distribution of partials over the ears bas only a minor influence on 
the internal perceptual grouping. Subjects simply seem to pool partials 
from left and right ears before processing them centrally. In genera!, 
we suggest that, in normal everyday situations, where each note of a 
chord usually contains more than two partials, correct internal grouping 
of partials presents no problem for the perception of the various pitches. 

The small ditierences in identification scores between the four condi
tions are primarily caused by central interference. Of the two pitches, of 
which one is usually more salient than the other, the more salient pitch 
inhibits, to some extent, correct identification of the less salient pitch. . 

Finally, in experiments where each ear received only one partial of 
each two-tone complex, some subjects show an increased tendency to 
hear the sound analytically, i.e., perceive pitches of individual partials. 
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APPENDIX 3: THE UNDERLYING PROBABILITY 
FUNCTIONS 

As shown in our previous artiele (Beerends and Houtsma., 1986, Ap
pendix 2.0) the percentage Pc( k; l) of correct identification of the funda
mental represented by the kth and ( k + 1 )tb harmonies, regardless of the 
response to the fundamental that is represented by the lth and (l + 1)th 
harmonies, ca.n be written as: 

Pc(k;l) = 20(4Pr[k = k] + 1) 

+ 5(1- Pr[k = kl}(4 3Pr[l = l]). (3.A1) 

If we define two sets of underlying processor probabilities, Pra[k = kj 
for the identifica.tion in the case k < l (identification of the more sa.lient 
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pitch), and Prp!k = k] for identification in the case k > l (the less salient 
one), we can write 

Pc(k;l) = 20(4Pr,.[k=k]+1) 
+ 5(1- Pr,.[k = k])(4- 3Prp[l = l]) if k <land 

Pc(k;l) = 20(4Prp[k = k] + 1) 

+ 5(1- Prp[k = k])(4- 3Pr,.[l = l]) if k > l. (3.A2) 

If we take a certain stimulus with lower harmonie numbers m a.nd n, 
with m < n, we can ca.lculate a Pr,.[m = m] a.nd a Prp[n = n] from the 
matrix entries Pc(m; n) and Pc(n; m) by solving Eqs. (3.A2) for Pr,. and 
Prp. By a.veraging the Pra's and Prp's tha.t are calculated in this way, 
the scores as given in Fig. 3.3 are obtained. 

For the points Pr,.[k = k = 10] and Prp[k = k = 2], this metbod will 
not find a. value because, for the set Pra ( derived from k < l), there are no 
stimuli (k = 10;l > 10), while for the set Prp (derived from k > l), there 
are no stimuli (k = 2; l < 2). In one point, for subject JH in the dichotic 
(l) presentation with k = 9, a negative value for the probability was 
found. This indica.tes a faiture in the decision model, a.nd the proba.bility 
in this point was set to 0. 

For diagonal entries in the matrices Pc(k; l), where both pitches are 
equa.lly salient, we ca.n estimate the underlying processor probabilities 
Pr[k =kj by solving the quadratic equation (3.A1). In general, we may 
expect that Pr,.[k =kJ s Pr[k = k] S Pr,e[k =kj. This requirement was 
fulfilled for almost all datapoints. 
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Chapter 4 

The influence of duration on the perception 
of pitch in single and simultaneons 
complex tones 

John G. Beerends 
Submitted to the J. Acoust. Soc. Am. 

Abstract 

The inlluence of dura.tion on the virtual pitch of complex tones was measured using an 

absolute identification paradigm. If performance with two-tone complexes is expreseed 

in terms of a single central frequency-coding noise function, this function is found to 

depend on duration in about the same way as the pure tone difference timen function. 

The fundion is further found to he a reasonably good predietor of pitch identification 

performance with multi-tone complexes. Another experimental finding was tha.t sub

jects tend to switch to the a.nalytie mode of pitch perception when complex tones are 

shortened (i.e. they tend to hear the speetral pitches instea.d of the virtual ones). A 

third finding was tha.t with simulta.neous complex tones the degradation of ea.ch pitch 

percept does not only depend on duration and harmonie order of the tone but also on 

the harmonie order of the other tone. 

4.1 INTRODUCTION 

The effect of signal duration on the speetral representation of that 
signal can in general he described by the inequality 6.f.6.t 2:: constant 
(Küpfmüller, 1924; Stewart, 1931; Gabor, 1947), ó.f being the spread 
in the frequency domain and 6.t the spread in the time domain. This 
inequality is the time frequency equivalent of Heisenberg's uncertainty 
relation (Heisenberg, 1927). Under certain signal conditions this relation 
takes the form of a constant uncertainty product 6.f.6.t = constant. 
This implies that when the duration of a bandlimited signal is shortened, 
its spectrum is broadened. 



The inlluence of duration 59 

One perceptual consequence of this relation is that the pitch of short 
tones is less salient than the pitch of longer ones. There is a wide vari
ety of literature exploring the effect of duration on the salienee of pitch 
of a pure tone. The perceptual equivalent of frequency spread is usu
ally quantified by measuring the DL/ (Difference Limen for frequency) 
as a function of duration (Turnbull, 1944; Oetinger, 1959; Liang and 
Chistovich, 1961; Kietz, 1963; Sekey, 1963; Walliser, 1969; Cardozo and 
Talmon, 1970; Ronken, 1971; Moore, 1973; Majernik and Kaluzny, 1979; 
Freyman and Nelson, 1986). Data in this literature are often presented 
in the form of DLJ-(.ilt)"' = c, where x usually lies between 0.5 and 1.5 
and c is highly dependent on frequency and duration. If the ear were a 
simple linear Fourier analyser, the relation !::if..ilt = c would imply that 
DL,.I::it = c, i.e. x = 1, and c independent of frequency and duration. 
Although such a simple relationship is not supported by the data, the 
dependenee of c on the temporal envelope of the signal is well predicted 
by Fourier theory (Majernik and Kaluzny, 1979). 

A first step towards modeling discrimination behavior of subjects is 
to apply the excitation pattern model of Zwicker (1970) to short pure 
tones (Moore, 1973; Freyman and Nelson, 1986). In this model frequency 
changes are detected on the basis of changes in the excitation pattern 
along the basilar membrane. For very short pure tones, the bandwidth 
of the signal is large and the speetral slope of the signa! is less than the 
speetral slope of the excitation pattern. In this case the dependenee of the 
DL/ on duration is determined by the speetral slope of the signal (Moore, 
1973; Freyman and Nelson, 1986). For long durations, the speetral slope 
of the excitation pattern is less than the spectral,slope of the signa! and 
thus DL/= c. 

A more fundamental approach is to model the psychophysical data on 
the basis of neuron firing patterns. Siebert (1965, 1970) computed an 
optimum statistkal neurophysiological estimate of DL/ as a function of 
duration, frequency and amplitude. His model prediets DL,.(Llt)0·5 c, 
i.e. x=0.5, when frequency discrimination is based on place informa
tion, i.e. on the distribution of neural activity in the 8th nerve, and 
DL,.(Llt)U = c when discrimination is basedon temporal information, 
i.e. on the time information of the neural firings. If the information of 
all neurons in the auditory nerve is optimally used, the DL/ computed 
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from temporal information is several orders of magnitude smaller than 
the DL, basedon place information. Bècause experimental data on DL1 
are of the same magnitude as the estimates based on place information 
Siebert concluded that place information alone can account for the ob
served DL, and that, if temporal information is used, subjecte at least 
don't make optimal use of it. Goldstein and Srulovicz (1977) presented 
a neurophysiological model that uses suboptimum statistica on neuron 
firing patterns. They showed that if only the intervals between neural 
firings are used one cao fit the model to experimental DL1s. 

The effect of duration on the virtual pitch( es) of a complex tone bas 
been investigated toa much lesser extent (Campbell, 1963; Ritsma et al, 
1966; Pollack, 1967; Metters and Williams, 1973; Pattersonet al, 1983; 
Moore et al, 1986). In these studies the effect of duration is usually 
investigated by measuring a difference limen of the virtual pitch associ
ated with the fundamental frequency (DLJ0 ). There are however some 
major problems with measuring such a difference limen. One is the fact 
that a complex tone cao have several virtual pitches. Virtual pitch of a 
complex tone cao thus be seen as a random variabie with a multimodal 
distribution, in contrast to the speetral pitch of a pure tone which has a 
unimodal distribution. The DL of a pure tone is a measure of the width 
of this unimodal distribution, whereas the DL/o of a complex tone does 
oot have such a simple interpretation. Another problem in measuring 
DL,0 s in complex tones is the fact that subjecte cao obtain all the nec
essary cues from speetral pitches of partials instead of the virtual pitch 
associated with the missing fundamentaL 

To avoid these two problems an experimentalset-up was chosen which 
uses a five-note identification paradigm. The experiment was designed in 
such a way that analytic listening, i.e., using pitches of partials as iden
tification cue, would lead to chance level performance. The re~mlts are 
interpreted in termsof Goldstein's optimum processor theory (Goldstein 
1973). 

Section 4.2 of this paper describes three experiments that deal with 
the influence of duration on the perception of virtual pitch(es) evoked 
by a single complex tone. The first experiment uses a single harmonie 
two-tone complex in a five-note identification paradigm. The second 
experiment explores the switching between the analytic and synthetic 
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mode of pitch perception ( speetral vs virtual pitch) using two sequentia! 
tone complexes in a 2AFC paradigm. The third experiment employs a 
single three-tone complex and the results of this experiment are com
pared with predictions about the behavior of the subjects derived from 
the first experiment. These predictions are made with a Monte Carlo 
implementation of the optimum processor theory. 

In Sec. 4.3, the influence of duration on the perception of two simul
taneons complex tones is explored. Two experiments are discussed. In 
the first one (experiment 4), the influence of duration is quantified using 
two simultaneous harmonie two-tone complexes. In the last experiment, 
simultaneons three-tone complexes are used and the results of this exper
iment are compared with predictions derived from the experiment with 
simultaneons two-tone complexes. Sec. 4.4 presents the most important 
conclusions of the five experiments. 

4.2 SINGLE COMPLEX TONES 

4.2.A Experiment 1: two-tone complexes 

Procedure 

Subjects were asked to identify single notes represented by two har
monies ft = mfot and fz = (m + 1)/ol! where the fundamental fot was 
200, 225, 250, 267, or 300Hz with equal probability. This choice of fun
damental frequencies musically produces the notes "do, re, mi, fa, so" 
in just temperament. The harmonie numbers m were randomly chosen 
between 2 and 10 on each trial, so that the total stimulus set contained 
45 elements, each of which was presented about 20 times. In this way 
answering on the basis of physical frequencies only (spectra! pitches) is 
almost impossible and on the average would lead to chance level perfor
mance. 

Duration of the complex tones was varied from 600 ms down to 2 
ms, using a linear on/offset ramp of 2 ms, but was held constant within 
runs. The stimuli were gated on and off at random phase to prevent 
identification on artifacts caused by transients. In this way, stimuli had 
the sametime envelope as the stimuli that Moore (1973) used to measure 
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the DL for pure tones. All stimuli were presented diotically, 20 dB above 
masked threshold, with 30 dB SL broadband white noise (50-5000Hz} as 
masking background. This procedure roughly yields equally loud tones 
within each given run, while the noise masks aural distortion products 
that might arise as unwanted partials. 

Subjects seated in a sound-proof chamber were instructed to play each 
note back on a five-note keyboard. They were first tested with pure tones 
of frequency f 01 and a signal duration of 600 ms in which case they scored 
better than 99 % correct. 

Results 

To quantify the inf:luence of duration on the multimodal distribution 
of virtual pitches, the results are interpreted in termsof Goldstein's op
timum processor theory (1973). In this theory, the probability density 
function of the multimodally distributed virtual pitches can be calcu
lated from a single free parameter which is a function of frequency only. 
This parameter, referred to as sigma, can be calculated from the prob
abilities Pr[m = m], repreaenting the probabilities that the processor's 
harmonie-order estimate m equals the actual harmonie order m of the 
complex tone. These probabilities Pr[m = m] can be interpreted as the 
probabilities of correct identification of f 01 , corrected for the chance level 
of 20% imposed by the choice of a five-note identification paradigm. 

In a first data analysis, responses to the various fundamental frequen
cies (notes) were pooled for each (lower) harmonie number m to reduce 
the data to a count of correct identification as a function of m. From these 
correct scores, the probabilities Pr[m = m] are calculated using a simple 
decision model described in Beerends and Houtsma (1986). The results 
are shown in Fig. 4.1. For long durations there is nearly perfect iden
tification for harmonie numbers up to 7 and less correct identifications 
for higher harmonie numbers. When stimuli are shortened, however, 
the score's dependenee on the harmonie representation becomes strongly 
non monotonic for most subjects. This nonmonotonic behavior cannot 
be accounted for by the optimum processor theory, and therefore sigma 
fundions were calculated from the probability functions Pr[m '= m] using 
a three-point moving average. Figure 4.2 shows these sigma functions, 
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lower harmonie number m 

FIG. 4.1 Probabilities of a correct harmonie number estimate, Pr[m = 

m] for four subjecte and 7 durations in a one-note identification taak 

using a single harmonie two-tone complex. 0=600 ma, 0=100 ms, 

.6.=50 ms, +=20 ms, x= 10ms, 0=5 ma, v=2 ma, excluding the 

rampsof 2 ms. 
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derived from the average scores over the four subjects, for the five longest 
signal d urations. 

For a better insight into the dependenee of sigma on duration, single 
sigma values averagedover the frequency range that was used (750-2750 
Hz) are shown in Fig. 4.3 for five durations {circles). The sametigure also 
shows the DL of a pure tone, averaged over the same frequency range, as 
a function of duration (crosses). These data are taken from Moore {1973, 
Table 11) who used pure tones with the sametime envelope as the stimuli 
used in this study. The results show that the sigmas are dependent upon 
duration in about the same way as the DL for pure tones. 

For stimulus durations of 2 and 5 ms no sigma values could be calcu
lated because the decision model as given in Beerende and Houtema 
{1986) is no longer valid. For the duration of 2 ms the inequality 
!:l.j.!:l.t ?: constant leads to a spread in frequency domain which is so 
large that it is not possible to separate the two partials, as is shown 
in Fig. 4.4. This explains why for this duration the scores are around 
chance level as is seen in Fig. 4.1. 
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If one does not average scores over all five fundamental frequencies, 
but rather looks at scoresforthese fundamentals individually, an interest
ing feature appears when signals are very short (2 ms). When harmonie 
numbers are low ( m = 2, 3) we see that subjects usually answer the low
est note "do" while for stimuli with a high harmonie number (m = 9, 10) 
their answer is usually the highest note "so". Th is behavior, shown in 
Fig. 4.5, was also found in the stimuli with a duration of 5 ms. For these 
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FIG. 4.5 Percent correct scores for the 

lowest ("do"=200 Hz, circles) and highest 

("so"=300 Hz, crosses) note with a duration 

of2 ms. 

short durations subjects base their answer on the speetral pitches of the 
stimuli as they are forced to listen in the analytic mode of pitch per
ception. This effect of analytic listening might also he the cause for the 
nonmonotonic behavior with Jonger durations. When subjects listen in 
the analytic mode their correct identification scores drop, except for the 
stimuli where one of the partials bas an octave relation to the missing 
fundamentaL (Houtsma, 1979). This effect is most prominently seen for 
stimulus durations of 10 ms where the probabilities Pr[m = mJ for m = 5 
and m = 6 are much lower than the probabilities for m = 8. 

4.2.B Experiment 2: sequentia} two-tone complexes 

Procedure 

The goal of this experiment was to examine apparent switching be
tween the synthetic and analytic mode of listening which seemed to occur 
in Exp. 1. Four subjects took part, two of whom had also participated 
in Exp. 1 while the other two were naive subjects. The naive subjects 
were given no training in listening to virtual pitches of complex tones. 
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Two stimuli as described in Exp. 1 were presented sequentially with 
a silent interval of 250 ms. The two stimuli could not have the same 
fundamental frequency so that the missing fundamental always went up 
or down. The task of the subjects was simply to say whether they hea.rd 
the pitch going up or down. The complete set of 1620 stimuli can be 
divided into two subsets, one set in which the jump in fundamental fre
quency coincides with the jump of the frequencies of the partials and one 
in which the jump of the missing fundamental is opposite to that of the 
speetral frequencies. The durations of both stimuli were always the same 
within a pair, but for each pair ehosen randomly, with replacement, from 
the set 1, 2, 5, 10, 20, 50, 100, 200, 500 ms on each run. 

Results 

The data are presented in terms of correct identifications of the jump 
direction of the (physical) frequencies. This will be referred to as "per
cent analytically correct" because it represents the cases where the sub
jects use analytic pitch cues. Figure 4.6 shows this score as a function of 
duration for all four subjects in both subsets, one where the jump in fun
damental frequency coincides with the jump of the physical frequencies 
(crosses) and one where the jump of the missing fundamental is opposite 
to the jump in the physical frequencies (circles). From this tigure we 
see that all subjects show nearly perfect identification of the jump when 
both pitches (virtual and spectra!) go in the same direction (crosses). 
The percentage analytically correct in the subset where analytic and 
synthetic pitch go in opposite directions ( circles) is very different for the 
four subjects. The two subjects (MH and AH) that also participated 
in Exp. 1 show a drop in the analytically correct scores to about 0% 
for long durations. This means that when stimuli a.re shortened to less 
than about 20 ms these subjects operate in an analytic mode of pitch 
perception, whereas when the durations are Jonger than about 20 ms 
they operate in a synthetic or holistic mode. For the two naive subjects 
(MK a.nd ID), however, there hardly is any difference between the scores 
for the two stimulus subsets, indicating that they interpreted all stimuli 
analytically. 

To see whether naive subjects can be brought into the synthetic mode, 



The influence of duration 

100 PF::ä:~f=--*-?H~ 

80 

0 60 

e:: 40 
L 

8 20 
ü 0 L.Ll..lllllli....I..L.I.llliii....'!I~Jlll 

~ 100 
0 80 c 
0 60 

~ 40 

20 

AH 

0 L.l..JWWIL.l..J..tlll.lll~.lil)llll 

1cf 1d 1d 1cY 1cf 1d 
duration ( ms ) 

ID 

1d 

FIG. 4.6 Percent correct identilication of the frequency jump in two 

sequentia! harmonie complex tones. Crosses and circles refer to the 

condition that uses two-tone complexes, triangles to the condition that 

uses three-tone complexes. The scores are given in terros of correct 

identification of the jump in the physical frequencies, thus for the ana

lytic mode of pitch perception. Crosses refer to the condition that both 

the missing fundamental and the frequencies of the partials move in 

the same direction. Circles and triangles refer to the condition that the 

missing fundamental goes in the opposite direction of the frequencies 

of the partials. 

67 

the experiment was repeated using sequential three-tone complexes. The 
results {Fig. 4.6, triangles) show that only one subject {MK) switched 
to the synthetic mode for longer stimulus durations. The other subject 
{ID) still kept interpreting the stimuli analytically. 

4.2.C Experiment 3: three-tone complexes 

Procedure and results 

This experiment employed the same paradigm as used in the first 
experiment except that the five notes "do, re, mi, fa, so" were represented 
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by three harmonies h = m/o1, h = (m+ 1)/o1 and h = (m+2)foi· Two 
of the four subjects from the first experiment participated. 

Figure 4. 7 shows the ex perimental data as well as predictions made 
with a Monte Carlo implementation of Goldstein 's model. These predic-
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FIG. 4.7 Probabilities of a correct harmonie 

number estimate, Pr[m = m[ for two subjecte 

and 5 durations in a one-note identification 

task using a single harmonie three-tone com

plex. The solid lines are predictions calcu

lated from sigma values derived from the iden

tification scores for a single two-tone complex 

(Fig. 4.1). Symbols have the same meaning 

as in Fig. 4.1. 

tions were made by calculating sigma functions for each subject from the 
probabilities Pr[m = m] in Fig. 4.1 using Eq. 9 from Goldstein (1973). 
With these sigma functions the expected probabilities Pr[m = m] were 
calculated which would have been obtained if the notes were represented 
by harmonie three-tone complexes. The experimental data are in good 
agreement with the predictions except for the duration of 10 ms where 
analytic listening causes strong nonmonotonic behavior. 

4.2.D Discussion 

The results of the experiments show that subjects who usually listen to 
complex tones in the synthetic mode of pitch perception tend to switch 
to the analytic mode when stimuli are shortened. Apparently speetral 



The inJiuence of duration 69 

pitches become more dominant as the duration of a complex tone is de
creased. If we compare the results of AH and MH in Exp. 2 (Fig. 4.6) we 
see that AH switches completely to the synthetic mode for stimuli longer 
than about 20 ms while MH needs about 150 ms for the same perfor
mance. Apparently subject AH is the most persistent synthetic listener. 
This result is consistent with the results of the first experiment where 
subject AH shows the least prominent peak for m=8 in the probabilities 
Pr[m = m] (Fig. 4.1). 

For naive subjects the results show that there is no clear preferenee 
to operate in the synthetic mode for long durations. This confirms ear
lier results found by Smoorenburg (1970) who used sequentia! two-tone 
stimuli with a duration of 160 ms. 

An important thing to realize in the second experiment is that, for 
durations shorter than about 3 ms, the frequency spread of each partial 
is so large that the two partials become inseparable, as shown in Fig. 
4.4. This means that for stimuli shorter than about 3 ms subjects can no 
longer base their answers on a percept of the missing fundamentaL For 
these stimuli the experiment will thus always yield 100 % correct iden
tification of the frequency jump when subjects are able to interpret the 
stimuli analytically and 50 % correct identification (chance level) when 
they try to interpret the stimuli synthetically. This explains why subject 
AH, the most persistent synthetic listener, shows a drop to about 80% 
analytically correct in Fig. 4.6 for very short stimuli when the missing 
fundamental and the physical frequencies jump in the same direction. 

The results are also consistent with an experiment that was performed 
by Moore, Glasberg and Peters (1986). In this experiment the amount of 
mistuning needed for a partial of a complex tone to perceptually stand 
out from the complex as a whole was measured as a function of signal 
duration. The amount of mistuning that was needed was in the order of 
the DLt and showed about the same behavior as a function of duration as 
the pure tone DL (see also discussion in Beerends and Houtsma, 1988). 

The duration-dependence of sigma, as derived from the results of the 
first experiment, shows about the same behavior as the duration depen
denee of the pure tone DL (Fig. 4.3). Only the sigma values areabout 
five times as large as the DL/> confirming earlier results (Goldstein, 1973; 
Beerends and Houtsma, 1986). 
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The experimental results of the third experiment are in good agree
ment with the predictions as can he seen in Fig. 4.7. This shows that 
the sigma functions as given in Fig. 4.2 can he used to prediet in general 
the virtual pitch perception of the subjects in short complex tones with 
more than two partials (except for analytie listening features). 

4.3 SIMULTANEOUS COMPLEX TONES 

4.3.A Experiment 4: simultaneons two-tone complexes 

Procedure 

In this experiment we investigated the infiuence of duration on the 
perception of pitch when two complex tones are simultaneously present. 
The same subjects from the first experiment were asked to identify the 
pitches of two simultaneously sounding diotic notes, each represented by 
two harmonies, ft= mfot, h = (m+ l)fol, fa nfozand h = (n+ l)fo2· 
The fundamentals !01 and foz were both elements of the same stimulus 
set "do, re, mi, fa, so" (200, 225, 250, 267, 300 Hz) used in the first 
experiment and could not he the same. Bóth (lower) harmonie numbers 
m and n varied randomly between values of 2 and 10. Each of the 810 
physically different stimuli was, on the average, presented about three 
times. 

Stimuli were presented under the same conditions as in experiments 1 
and 2. The subjects were first tested for their ability to perform the two
note identification task with both fundamentals fo1 and foz represented 
by single sinusoids of 600 ms. All subjects producedan essentially perfect 
score ( better than 99 percent correct). 

Results 

The raw data of this experiment consisted of a record for each trial of 
the presented fundamentals fo1 and f 02 , their lower harmonie numbers 
m and n, and the subjeet's two responses Ra and Rb. The analysis and 
presentation of the raw data of this experiment is done in two parts. 
The first part deals with the perceptual grouping of the four stimulus 
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partials in two sets of two partials, each set belonging to one of the 
missing fundamentals. The second part addresses the effect of central 
interference in the sense that the most salient virtual pitch may dominate 
perception and suppress identification of the less salient pitch. In the 
extreme case this can lead to a chance level performance for the less 
salient pitch. 

For the first data analysis the total of 810 different stimuli was divided 
into two subsets: one for which correct grouping of the four partials was 
prone to errors (G) and the other, complementary, subset (NG) for which 
grouping of partials was always correct. The exact construction of the 
subsets G and NG is described in Beerends and Houtsma {1989). For 
both subsets the trials for which both notes were correctly identified 
were counted. Fig. 4.8 shows these percentages of "two notes correctly 
identified", averaged for all four subjects, as solid lines. Besides experi-
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FIG. 4.8 Simulated and experimental identification scores for "two notes 

correct" for five durations with two simultaneous harmonie two-tone 

complexes. Scores are given for the subset G, which is sensitive to 

grouping errors, and for NG where grouping errors do not occur. Solid 

lines give the experimental results, dashed lines are predictions of a sim

ulation algorithm with supplied grouping information. Dotted lines are 

predictions made without this information. Missing lines indicate per

fect agreement between prediction and measurement. All predictions 

are made with Goldstein's pitch theory and a sigma fundion derived 

from the subset NG. 

mental scores, Fig. 4.8 also contains two different theoretical predictions 
made with Monte Carlo models. One model uses no prior information 
about the correct grouping of partials, whereas the other model does 
use this information (see Beerends and Houtsma, 1989). These theoret
ically predicted scores are shown in Fig. 4.8 as dotted and dasbed linea 



72 Chapter 4 

TABLE 4.1 Identification scores for "one note correct" Pc(k; l), aver

aged over k;l for k < l and k > l, with simultaneons two-tone1com

plexes. Overall chance level is 40%, chance level for the less salient 

pitch, i.e., the one with k > l, if the more salient is perfectly identified 

is 25%. The 95% con·fidence intervals a.re in the order of 2%. 

dura.tion MH MG AH CB 
"one correct" "one correct" "one correct" "one correct" 
k<l k > l k<l k>l k < l k>l k <I k>l 

600 ms 91 63 92 63 90 55 77 56 
100 ms 92 56 92 65 88 47 80 51 
50 ms 91 53 91 57 88 47 75 46 
20 ms 87 42 88 48 84 46 73 41 
lOms 77 45 77 40 61 37 63 41 

respectively. 
The scores of both model algorithms for the subsets NG are about the 

same as the experimental scores, yielding the consistency one expects. 
The predicted scores in the subsets G show a big difference between the 
scores obtained from both models (dotted and dasbed linea) as would be 
expected from the division into the subsets G and NG. Comparison of 
predicted scores with experimental data shows that for long durations 
the predictions are in good agreement with the assumption tltat subjects 
had prior knowledge about the proper grouping. As the durations get 
shorter, however, subjects appear to have less and lessof this knowledge 
and for the shortest duration {10 ms) the results show that they no longer 
had any prior knowledge about the proper grouping. 

In a second way of treating the raw data identifications of individual 
notes are scored as a function of signal duration. These "one note cor
rect" scores designated as Pc( k; l) repreaent correct identification of the 
note represented by the harmonies k, k + l. Table 4.1 gives these scores 
for two different subsets, one which refers to identification of the more 
salient pitch, i.e., the one represented by the lower harmonie numbers 
(k < l), and one which refers to identification of the less salient pitch 
(k > l). If we compare the scores for the three longest dura.tions (600, 
100 and 50 ms) we see that identification of the more salient pitch (the 
one with k < l) is hardly affected by the shortening of the notes while 
identification of the less salient drops significantly. 
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From the empirieal scores Pc( k; l) one can derive two sets of underly
ing model-related probabilities of correct identification of one note, one 
descrihing the identification of the more salient pitch (Pro:[k = kJ), i.e., 
the pitch of the complex which is represented by the lowest harmonie 
numbers, and another descrihing identification of the less salient pitch 
(Prp[k = k}), the one represented by the higher harmonie numbers (see 
Beerends and Houtsma, 1989). The results, plotted in Fig. 4.9, show that 
nonmonotonic behavior is much less pronounced than in the single-note 
identification experiment 1, indicating that subjects used mainly syn
thetic pitch cues for the identification of the two notes. The differences 
between the fundions Pro:[k =kj and Pr19[k =kj forma measure of the 
degree of central interference, i.e., the degree to which identification of 
the more salient pitch inhibits identification of the less salient one. Fig. 
4.9 shows a general increase in central interference as the duration is 
decreased, confirming the earlier result that identification performance 
for the less salient pitch is more affected by the shortening of the notes. 
For the shortest duration of 10 ms we see that subject AH is not able to 
identify the less salient pitch any more, indicating total suppression of 
the less salient by the more salient pitch. 

From the correct-identification scores for the more salient pitch we 
again calculated five average sigma values corresponding to the different 
signal durations. These have already been shown in Fig. 4.3. As can be 
seen, for long durations sigmas areabout twice as large as those obtained 
in the single note identification experiment. For shorter durations the 
difference between the two sigmas decreases and for the duration of 10 
ms both sigmas are about the same. 

4.3.B Experiment 6: simultaneous three-tone complexes 

Procedure and results 

In this experiment the same subjects who participated in Exp. 3 were 
asked to identify pitches of two simultaneous three-tone complexes with 
the same paradigm as in experiment 4. The average "one note correct" 
scores were determined for the more salient pitch, i.e., the one represented 
by the lower harmonie numbers ( k < l), and the less salient pitch ( k > l). 
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TABLE 4.11 ldentification scores for "one note correct" Pc(k;l), av

eraged over k; l for k < l and k > l, with simultaneous three-tone 

complexes. Predictions are made with a Monte Carlo implementation 

of the Goldstéin model that uses information about the correct group

ing of the stimulus partials. The prediction that is referred to by * is 
made without this information. The 95% confidence intervals are in the 

order of 2%. 

experimental predicted experimental predicted 
"one correct" "one correct" "one correct" "one correct" 
k < l k > l k <I k > l k <I k >I k <I k>l 

600ms 97 87 98 80 98 83 98 79 
100 ms 95 70 97 72 96 76 98 82 
50 ms 94 66 96 66 95 72 96 72 
20 ms 90 51 93 53 93 61 94 61 
10 ms 71 44 84 53 81 47 85 46 
10 ms• 74 49 78 43 
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The results are given in Table 4.II. The data were also analysed in terms 
of the probability functions Pr[k = k] and are shown in Fig. 4.10. 

From the results of Exp. 4 with two simultaneous two-tone complexes, 
predictions were made about the behavior of these two subjects in this ex
periment. This was done by calculating two sigma functions, one derived 
from Pra[k = k] (Fig. 4.9, triangles; more salient pitch) and the other 
from Pr~[k = k] (Fig. 4.9, squares; less salient pitch) for each subjèct 
for every duration. These two sigma functions were used in two different 
Monte Carlo implementations of Goldstein's model, one that does not 
and one that does use supplied information about the correct grouping 
of the six stimulus partials in two sets of three components. With both 
models predictions are made of the probability functions Pra, Pr,3 (Fig. 
4.10) and the average correct scores for the more and less salient pitch 
(Table 4.II). The predictions made with the model that uses information 
about the correct grouping were more in agreement with the experimen
tal results, as could he expected from the results of Exp. 4. Only for the 
shortest duration {10 ms) the experimental results were more in agree
ment with the predictions of the model that uses no information about 
the correct grouping. 
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FIG. 4.10 Proba.bilities of a correct harmonie 

number estimate, Pr[k = k], of one three-tone 
complex for two subjects and 5 durations in 

a two-note identification task. The first set, 

Pr.,[k = kJ (6), gives the probabilities of cor

rectly estimating the harmonie number k when 

the complex tone bas the more salient pitch, 

i.e., when k < l. The second set, Pr11[k k] 

( 0 ), gives the same probabilities but for the less 

salient one. The solid lines are predictions for 
the more salient pitch, the dotted lines for the 

less salient one, both made with a simulation 

algorithm with supplied grouping information, 

except for the prediction that is referred to by 
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In Table 4.11 we see that the predictions for the more salient pitch (k < 
l) are in good agreement with the experimental results. Predictions for 
the less salient pitch (k > l) are less accurate. For the shortest duration 
the results of MH are more in agreement with the model that uses no 
information about the correct grouping. The results in Fig. 4.10 show 
that the dependenee of the probability functions on harmonie number 
is less well predicted than in the case of the single-tone identification 
experiment. Especially the amount of central interference for the longer 
durations is overestimated. For the longest stimulus duration subjects 
show no central interference at all, contrary to the model's predictions. 

When we look at identification scores of both subjects as a function 
of duration we see again that scores of the less salient pitch are more 
affected by the shortening of the notes than those of the more salient 
pitch. 

4.3.C Discussion 

When we compare the sigma values derived from the simultaneous
tone experiment with those from the single-note identification experi
ment {Fig. 4.3) we see that for long durations there is a considerable 
difference between the two, whereas for short durations the values are 
equally large. This implies the existence of additional central noise repre
aenting the increased complexity of the task with simultaneous complex 
tones, in comparison with the single-note identification task, which is 
independent of stimulus duration. For the shortest duration {10 ms) 
this added noise has become negligibly small in comparison with the 
frequency coding noise, which does grow by the shortening of the notes. 

When we compare the probability functions of Figs. 4.9 and 4.10 with 
the ones of Figs. 4.1 and 4.7 we see that the nonmonotonicity in the exper
iment with simultaneous complex tones is much less pronounced. Appar
ently subjects interpret simultaneous complex tones more synthetically 
than single complex tones. Although this makes it easier to interpret 
the results of the simultaneous-tone experiment in terms of Goldstein 's 
model, we see that the predictions of behavior as given in Fig. 4.10 are 
less accurate than with single complex tones (Fig. 4.7). 

An important central process that plays a confounding role in the 
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perception of simultaneons complex tones is central interterenee which 
represents the fact that the more salient pitch dominatea perception and 
suppresses identification of the less salient one. This central interference 
is found to increase with decreasing duration, in the extreme leading 
to only one perceivable pitch. Oomparing the results of the two-tone 
complexes with the three-tone complexes (Figs. 4.9 and 4.10) we see 
that central interterenee is less with harmonie three-tone complexes. The 
predictions as given in Fig. 4.10 overestimate the central interterenee 
effect, i.e., the difference between the two probability functions Pr,.[k = 
kJ and Prp[k = k]. From this we can conclude that central interference 
decreases with increasing number of harmonies. 

The result that subjects seem to have prior knowledge about the 
proper grouping of the partials for long stimulus durations confirma the 
results of an earlier study (Beerends and Houtsma, 1989). As pointed 
out in that paper, this result is rather surprising because in diotic presen
tation there is no explicit externally provided information. This means 
that the stimuli contain some kind of implicit information about the 
correct grouping. 

An explanation why subjects appear to have knowledge about the cor
rect grouping of partials, regardless the information externally provided 
by ear assignment, can perhaps be found in the decision model. Subjects 
may not use a simpel partitioning of the pitch decision space into five 
segments, and basetheir identifications on the segment in which the pitch 
estimates Î01 and Îo2 fall during a observation, as happens in a typical 
Thurstonian decision process (Durlach and Braida, 1969). Instead, they 
may use their musical training and experience to define narrow regions of 
toleranee around the known target pitches "do" through "so" ,and make 
an identification decision only when both pitch estimates Îo1.and Î02 fall 
within the limits of tolerance. Detailed data analysis, however, showed 
that such a strategy can only partially account for the apparent presence 
of knowledge about the correct grouping of the partials. 

4:.4 CONCLUSIONS 

The main condusion to be drawn from the experiments is that the 



The influence of duration 79 

sigma function, representing the internat frequency coding noise, depends 
on duration in about the same way as the pure tone difference limen 
(DL,). When we look at this dependenee as shown in Fig. 4.3, we see 
that the slope of sigma and DLt increases when the tones become shorter. 
When we interpret this in the light of Siebert's model (1965, 1970) we can 
conclude that in pitch perception timing information becomes dominant 
as signa! durations are shortened. 

Another condusion is that, despite the confaunding effects of analytic 
pitch behavior, predictions of the subjeet's behavior in the synthetic 
pitch mode are very accurate for single complex tones. Measuring sigma 
as a function of duration is thus a good way to quantify the influence 
of duration of the perception of virtual pitch(es) in a single complex 
tone. Fig. 4.11 gives an example of how duration affects the probability 
distri bution of the virtual pitches in a single harmonie three-tone complex 
as can be calculated from Fig. 4.2. As can be seen, the shortening of a 

100 ms 50ms 20 ms 10 ms 

LLLL~L 
150 250 350 150 250 350 150 250 350 150 250 350 

pitch pitch pitch pitch 

FIG. 4.11 Probability density functions calculated from Fig. 4.2 for a 

three-tone complex with / 01 = 250Hz, m 9 and four durations. Only 

the pitches that fall in the range 169-375 Hz (two whole tones below the 

lowest and above the highest note) are considered. The peaks around 

178, 192, 208, 227, 278 and 314 Hz are caused by a wrong estimate 

of the lower harmonie number, respectively m = 13, m = 12 m = 11 

m = 10 m = 8 and m = 7. 

complex tone has two effects on the probability distribution: each peak 
of the density function becomes wider and the differences between the 
height of peaks become smaller. This means that when a complex tone 
is shortened the virtual pitches become less salient and virtual pitches 
which are not associated with the missing fundamental become relatively 
more prominent. 

A third condusion is that when simultaneous two-tone complexes are 



80 Chapter4 

shortened, the percept of the less salient pitch deteriorates most, in the 
extreme case leading to only one perceivable pitch for very short dura.
tions. This effect is subject-dependent and is caused by some kind of 
central interference. The process of identifying the more salient pitch 
seems to inhibit correct identification of the less salient pitch. This ef
fect is strongest when the two representations of the notes are speetrally 
well-separated. 

In general the behavior of subjects with simultaneons complex tones 
is more difficult to model precisely. The results of Exp. 5 indicate that 
central interference becomes less prominent as the number of harmonies 
is increased. Predictions for three-tone complexes derived from the re

sults with simultaneons two-tone complexes show an overestimate of this 
central interference. The extent to which this central interference plays 
a role in everyday situations may therefore he small since complex tones 
from simultaneons speech or musical sounds almost always have many 
partials. 
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Chapter 5 

A stochastic subharmonie pitch model 

John G. Beerends 
Submitted to the J. Acoust. Soc. Am. 

Abstract 

A model is presented for the perception of virtual pitch in complex tones. The basic 

idea is that a central processor derives noisy subharmonies from noisy representations 

of the partials of a complex tone. Each partial of a complex tone is represented by 

a Gaussian random variabie with a standard deviation equal to the difference limen 

for a pure tone of the same frequency. The noisy representations of the subharmonies 

are derived from these Gaussians under addition of extra noise. The model allows 

direct calculation of the probability density function (pdf) of the virtual pitch from 

the physical parameters of the stimulus. With this pdf predictions are made about 

several aspects of the virtual pitch in complex tones. Predictions are generally in good 

agreement with psychoacoustic data. 

6.1 INTRODUCTION 

It is a well-known fa.ct that subjects can perceive various pitches in 
a single complex tone. Pitch is a non deterministic, subjective quantity 
which bas to he modeled stocha.stically. Fora pure tone the probability 
density function (pdJ) of the perceived pitch is usually unimodal. This 
pdf can he modeled as a Gaussian with a mean that coincides with the 
frequency of the pure tone and a standard deviation sigma w hich is equal 
to the DUferenee Limen (DL/) for that pure tone 1• 

For complex-tone pitch the situation is more complicated. First a dis
tinetion bas to he made between an a.nalytic mode of pitch perception, in 
which the perceived pitches are associated with the physical frequencies 

1 If the DL is measured in a two-interval two-alternative forced-choice paradigm, 
frequency differences at which a 75%-correct score is obtained repreaent one standard 
deviation. 
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of the signal, and a synthetic or holistic mode in which pitches are as
sociated with a (sometimes missing) fundamental frequency (Helmholtz, 
1863; Terhardt, 1982a). The pitches that are perceived in the synthetic 
mode are called virtual pitches, in contrast with the pitches perceived in 
the analytic mode which are called speetral pitches. 

The second problem with complex-tone pitch is the fact that the pdf 
of virtual pitch is generally multimodal. If we take for instanee a har
monie two-tone complex with frequencies of 1200 and 1400Hz, subjects 
may not only hear virtual pitches around 200 Hz but also less salient 
pitches of about 173 and 236Hz (de Boer, 1956; Schouten et al., 1962; 
Smoorenburg, 1970). This behavior, which is typkal for the synthetic 
pitch mode, is well described by two of the most widely used models 
for pitch perception, Terhardt's (1972, 1974) virtual pitch theory and 
Goldstein's (1973) optimum processor theory. Both explain this pitch 
ambiguity in terms of a wrong estimate of the harmonie order of the 
complex tone. The relative dominanee of the analytic vs synthetic mode 
depends largely on the experimental context and the individual pref
erenee of the subject and is therefore difficult to model (Smoorenburg, 
1970; Terhardt, 1982a; Beerends, 1989). 

Terhardt's model is in essence a deterministic model, although it can 
be reformulated in such a way that one can predict the probabilities with 
which the various virtual pitches are heard (Houtsma, 1979). In the 
first stage of bis model each aurally resolved frequency is transformed 
into a ( deterministic) speetral pitch taking into account pitch shifts that 
might arise from the presence of other tones or from intensity variations. 
Next, each speetral pitch generates a set of subharmonie pitch cues. 
Coincidence or near-coincidence of subharmonie pitch cues leads to a 
perceived virtual pitch. 

Goldstein 's model is a stochastic formulation which prediets the mul
timodal pdf of the perceived virtual pitch. In bis model each aurally 
resolved speetral frequency is internally represented by a random vari
abie with a Gaussian density function. The mean of each Gaussian co
incides with a physical frequency and the standard deviation (sigma) is 
a free parameter which is a function of frequency. This sigma fundion 
is found to be about 5 to 10 times larger than the DL/ (Goldstein, 1973; 
Beerends, 1989). According to the model, subjects draw a sample from 
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each Gaussian on each presentation of a stimulus and, on the basis of 
these samples and the assumption that they repreaent noisy harmonies, 
make a maximum likelibood estimate of the missing fundamentaL Al
though this model can account for many complex-tone pitch phenomena 
documented in the literature with a single free parameter function, it 
does have some drawbacks. Calculation of the pdf of the virtual pitch 
is so cumhersome that it is only possible by analytic means in the case 
of two-tone complexes with two successive harmonies. For signals with 
more than two partials or with non-successive harmonies, calculation of 
the pdf can he done only by Monte Carlo simulation of experimental 
trials (Goldstein et al., 1978; Gerson and Goldstein, 1978; Beerends, 
1989). 

Terhardt's and Goldstein's roodels of virtual pitch perception are 
closely related. Both model the perception of complex-tone pitch as a 
pattern recognition process whieh finds a virtual pitch whose harmonies 
fit best to the physical frequencies. Terhardt uses a bottorn-up strategy 
whieh starts from the physieal frequencies, while Goldstein uses a top
down strategy in which the central processor tries to match a harmonie 
template of a hypothetical virtual pitch to noisy representations of the 
physieal frequencies. An essential differen.ce between the roodels is the 
formulation whieh is deterministic for one and stochastie for the other. 

Because of the computational complexity of Goldstein's model, algo
rithmic implementations are rather difficult to make. Duifhuis et al., 
{1982) tried this by replacing the harmonie template match by a har
monie sieve procedure where the width of the sieve corresponded to the 
sigma function of Goldstein 's model. The algorithm is actually rather 
different from Goldstein 's model because Gaussian density functions were 
replaced by uniform ones, and the criterion of a match was entirely de
termined by the number of harmonies that fit the sieve, regardless of 
how well they fit or how badly the ones are mismatebed that don't fit 
the sieve. Furthermore, Duifhuis' implementation is inefficient because 
of its top-down character. Allik, Mihkla and Ross (1984) showed that 
by replacing the top-down procedure by a bottorn-up one, the algorithm 
could he made about 20 times faster. 

Algorithmic implementations of Terhardt's model are easier to make 
(Ter hardt, 1979, 1982b) because of the bottorn-up strategy of generating 
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subharmonies from pa.rtials. Variations on the idea of generating subhar
monies are given by Schroeder (1968), NoH (1970) and Hermes (1988) 
who all used the subharmonie product or sum spectrum to calculate 
virtual pitches. 

De Boer (1977) presented a unified pitch model in which he tried 
to incorporate the best features of Goldstein's a.nd Terhardt's models. 
In bis model each aurally resolved component Ik is represented by a 
Gaussian random variabie in the frequency doma.in. The logarithm of 
ea.ch Gaussian is then (cosine)-Fourier tra.nsformed to the time domain 
to obtain an exponentially damped eosine function. The pea.ks of these 
eosine functions coincide with the subharmonie intervals of the interval 
1/ Ik· By adding the contributions of all partials he obtains a cardinal 
function q(rp) which can, after normalization and quantification of the 
free parameter function, be interpreted as a pdf of the perceived-pitch 
period Tp· De Boer does not quantify bis model a.nd he concludes that 
there are "several factors that make the interpretation of q( Tp) difficult". 

In this paper a model will he formulated that tries to incorporate the 
best features of Goldstein's and Terhardt's model in a different way. The 
pdl of the virtual pitch is directly derived from the stochastic represen
tations of speetral frequencies. The model uses a bottorn-up strategy 
and an analytic solution is given for the calculation of the pdf for com
plex tones that have many partials. The model uses Terhardt's idea of 
generating subharmonie frequencies, with the deterministic representar 
tions replaced by stochastic ones. The model does not have a frequency
coding noise function (sigma function) as free parameter, as in Gold
stein's model, but uses the difference-limen function of pure tones (DLt) 
as the basis of its operation. This was done because there seems to 
be no reason why a central processor should operate on noisy Gaussian 
samples with a standard deviation which is five to ten times larger for 
complex tones than it is for pure tones. Furthermore experimental data 
show that the DLt function depends on frequency a.nd duration in about 
the same way as Goldstein's sigma function (Goldstein, 1973; Beerends 
and Houtsma, 1986; Beerends, 1989), which makes it likely that both 
repreaent the same underlying physiological mecha.nism. The presented 
model bas one free parameter, repreaenting an extra noise contribution, 
which will be quantified by a fit to psychoacoustic data. 



88 Chapter5 

5.2 THEORY 

In this section the basic ideas of the stochastic subharmonie pitch 
model (SSP) will be presented. The main objective of the model is 
to derive an expression for the multimodal probability density function 
(pdf) of the virtual pitch. From this pdl the expected virtual pitch within 
each mode, the probability of each mode and the standard deviation of 
the virtual pitch within each mode are calculated. The problem of how 
to derive the pdl from the physical parameters of the stimulus is solved 
for a two-tone complex composed of two successive harmonies. In the 
Appendix this solution is extended to complex tones with more than two 
components. 

The basic assumptions of the SSP model are the same as those of Gold
stein 's model except that the sigma function, repreaenting the frequency
coding noise as a function of frequency, is not a free parameter. In the 
SSP model the accuracy with which a partial is available to the central 
processor is given by the difference limen for a pure tone of the same 
frequency as the partial. The idea bebind this assumption is that the 
virtual pitches in a complex tone are directly derived from the speetral 
pitches so that the random variables Xk, which are noisy representations 
of the partials Ik, have Gaussian density functions with means Ik and 
standard deviations uk that are equal to the DL,k: 

1 -(xk- fk) 2 

to= exp 2 , O"k = DLtk· 
y21ruk 2uk 

(5.1) 

In the next stage of the model each random variabie Xk, with density 
G(xk), is used to derive subharmonie random variables Xkt by dividing 
Xk by integers 1,2, ... , and adding Gaussian noise xZ1 with zero mean and 
standard deviation ut:1• 

Xkl = Xk/l + Xkz, l = 1, 2, .. , (5.2) 

with G( xk1; 0, uk1) the pdl of xt:1• In this way the subharmonie random 
variables Xkl have Gaussian density functions with means At = lk/l, 
and standard deviations u~c1 Juijl2 +ut:~. The question of how much 
noise should be added has to be determined by fitting the model to 
psychoacoustic data. If we choose the standard deviations uZ1 as 
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uZ1 = (uk/l)v'P- 2a.- 1 with a ~ 1, 

the standard deviations O'kt of the subharmonie Gaussians G(xkt) have a 
simple relation to the standard deviation of the Gaussian G(xk): 

uk, = uk/ za.. 

For a = 1 we have deterministic transformation of the random variables 
Xk to the subharmonie random variables Xkt, while for a < 1 additional 
noise is introduced in the subharmonie random variables. For l = 1 there 
is of course no additional noise introduced, while for l >> 1 and a= 0 
this additional noise is about equal to the noise in the representation of 
the partials. In this way the model has only one free parameter a which 
needs to he determined only once. The pdfs of the random variables Xkt 
are thus given by: 

with 

a~ 1, l = 1, 2, ... (5.3) 

Given a two-component stimulus, with frequencies / 1 = m/0 and 
h = (m + 1)/0 , two sets of subharmonies will he generated. The cen
tral processor estimates the unknown missing fundamental /o under the 
assumption that the stimulus is composed of two successive harmonies. 
The subharmonie Gaussian densities are thus of the form G(x 1,;,) and 
G(x2(m+IJ) as given in Eq. (5.3), m being the estimate of the harmonie 
order m. The harmonie order estimates m and ( m + 1) are by definition 
equal to the subharmonie numbers l of Eq. (5.3). If the harmonie order 
estimate is equal to the actual harmonie order (m = m) the perceived 
pitch, Îo, lies in the vicinity of the missing fundamental /o. The jointly 
Gaussian probability density function of the two random variables x1,;, 

and x2(m+I) is given by: 
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1 -(x2(m+t) - f2(m+1))
2 

x ro:::. exp 2 , 
V 211'a2(t7Hl) 2a2(m+l) 

(5.4) 

because Xtm and x 2(m+t) are uncorrelated. 
If Terhardt's notion that coinciding subharmonie pitch cues lead to a 

perceivable virtual pitch is interpreted in terms of this joint pdf, we will 
only get perceivable pitches if both random variables x1.n and x2(m+l) 

contribute to the same pitch sensation, i.e. x 1,n = x 2(m+t) == Îo· This 
means that we have to make a section through the jointly Gaussian pdf 
of Eq. (5.4) along the line Xtm = x 2(m+t) == Îo leading to the Gaussian
shaped function: 

with 

1 -(ft.n- /2(m+1))
2 

c,;. = .I exp ( 2 2 ) , 
y211'(ai..n + a~(m+t)) 2 at.n + a2(m+l) 

the area under this Gaussian-shaped function. This constant c,n is the 
value of the marginal density of Xtm x2(m+1) at Xtm = X2(m+1)· It can 
be calculated for all harmonie order estimates m and represents, after 
normalization, the probability that the harmonie order m is correctly 
estimated: 

Pr[m = m] (5.6) 

This normalization is justified by the fact that the theory is applied 
to situations where subjects are forced to give an answer Îo· As will 
be shown later, this expression yields about the same behavior for the 
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probabilities of correctly esimating the harmonie order as Eq. (5.9) in 
Goldstein (1973) when a of our Eq. (5.3) is correctly determined. 

The expression for the pdf within each mode, pdfm(Îo), is now simply 
given by: 

pdfm(Îo) 
cmG(Îo) 
L:%'=1 cm· 

(5.7) 

As long as the standard deviation of each Gaussian is small compared 
with the distance between the Gaussians, we may add up all the modes 
m to obtain the equivalent of Eq. (16) in Goldstein (1973). 

As can beseen immediately from From Eq. (5.5), the expected value 
of the estimated fundamental Îo within mode m is: 

Îom 
h 

2m + 2(m + 1) when u1m = u2(m+l)• (5.8) 

whieh is the equivalent of Eq. (11) in Goldstein (1973). With respect to 
this expected value the model of Goldstein and the SSP model are for 
all practical purposes the same. 

The expression for the standard deviation of the virtual pitch within 
modem, Uom is also given in Eq. (5.5) as: 

(5.9) 

The formulation given in this paper is different from Goldstein's in 
two aspects. The first difference is that the expressions Pr[m m] and 
pdf(Îo) can also easily be derived for complex tones with N successive 
harmonies (see Appendix). This means that we do nothave to use Monte 
Carlo simulations to predict the behavior of subjects for N -tone com
plexes. The second difference is that instead of an entire {ree-parameter 
function u(!), this formulation uses a single free parameter a which op
erates on the empirically given DL,. 
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6.3 TESTING OF THE MODEL 

In this section the single free parameter a will be determined and 
quantitative predictions of the SSP model and Goldstein's m~del will be 
compared with experimental data. The roodels are tested with respect 
to three differentaspectsof the pdf: the expected value of the perceived 
virtual pitch within mode m, the probability of each mode m and the 
width (sigma) of each mode. 

The first aspect, the expected value of the virtual pitch given that har
monie order ofthe complex is estimated as m (modem), can be measured 
relatively easily by pitch shift experiments (de Boer, 1956; Schouten et 
al., 1962; Smoorenburg, 1970). In these experiments subjectsare more or 
less forced to interpret the stimuli synthetically, and to stay within one 
mode m. This is done by shifting a harmonie complex to an inharmonie 
one with small increments so that subjects are not supposed to switch 
from one mode to another. The observed virtual-pitch shifts in such 
inharmonic complexes are well predicted by the SSP model as well as 
by Goldstein's and Terhardt's roodels (Goldstein, 1973; Terhardt, 1974; 
Terhardt 1982a). For large shifts with high harmonie orders the theo
ries underestimate the observed virtual-pitch shift. This effect can be 
explained by taking into account the effect of combination ton es (Gold
stein, (1973). With respect to the predietion of the expected value of 
the perceived virtual pitch within a certain mode the three roodels are 
equivalent. 

The second aspect deals with the probability of each mode m. A 
comparison will be made between predictions of the SSP model and 
Goldstein's model for the probabilities that the estimated harmonie or
der, m, is equal to the actual harmonie order m. This probability of 
a correct harmonie order estimate, Pr[m = m], can be measured in 
note-identification experiments. In such experiments subjects are asked 
to identify notes represented by complex tones of which the (missing) 
fundamentals coincide with the frequencies of the notes (Houtsma and 
Goldstein, 1972; Beerends and Houtsma, 1986; Beerends, 1989). The 
intervals between the notes that have to he identified are chosen to be 
large compared with the width of each Gaussian of the virtual pitch 
within each mode m. In such experimental paradigma the width of each 
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mode has no influence on the note that is reported by the subjects. A 
problem in such experiments is that subjects may interpret the stimuli 
analytically, which leads to a degradation in performance. 

The last aspect deals with the width of ea.ch mode m, whieh is rather 
difficult to measure. Usually this width is estimated by measuring the 
difference limen of the virtual pitch within ea.ch mode. There are how
ever two problems that complicate these measurements. Subjects may 
interpret the stimuli a.nalytically, and one can never be sure in what 
mode m subjects are perceiving the virtual pitch. The fi.rst problem can 
be solved by choosing a.n experimental paradigm in which subjects can
not discriminate between two stimuli on the basis of speetral cues. The 
second problem ca.n be solved by focussing the subjeet's attention on a 
limited frequency range or by making the probability Pr[m = m] very 
large and only measuring the width of the main mode m = m. 

Because all three models are equivalent with respect to predicting the 
expected value of a virtual pitch within a certain mode m, we will start 
with the second aspect by investigating the probability functions Pr[m = 
m). As mentioned in Sec. 5.2, in the SSP model every partial/~c of the 
complex is internally represented by a Gaussian random variabie with a 
standard deviation Uk which is equal to the DL, of that partial. From 
these Gaussian representations sets of subharmonie random variables are 
derived. The standard deviation of each subharmonie Gaussian random 
variabie is given by Ukt = u~cfl<>. The value of a will be determined 
from the experimental data given by Beerends (1989). In that paper the 
probability functions Pr[m = m) were measured for harmonie two-tone 
and three-tone complexesas a function of signal duration and harmonie 
order m. The complex tones that were used had the same time envelope 
as the pure tone stimuli that Moore (1973) used to measure the DL of 
a pure tone as a function of frequency and duration. Therefore Moore's 
DL1 data were taken as a measure of the sigma of the internat Gaussian 
representation of the partials. 

The relation between the DL JS and the probabilities of a correct har
monie order estimate, Pr[m = m), is given in Eqs. (5.6), (5.5) and 
(5.3). The constant c". of Eq. (5.6) which determines Pr[m = m) 
depends on the subharmonie sigmas u1". udm<> = DL,jm<> and 
u2(1fl+I) = u2/(m + 1)<> = DL12 j(m + 1)<> as given in Eq. (5.5). With 
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these formulas the parameter a: was estimated as 0.45 by an eye fit of 
the theoretica! Pr[m = m] to the Pr[m = m] as measured in Beerends 
(1989) fora harmonie two-tone complex with a duration of 600 ms. 

Next the behavior of the subjects was predicted as a function of du
ration, using Moore's data. The results are shown in Fig. 5.1 (a) as 
solid lines together with the experimental results (cirdes). From the 
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experimental probability functions Pr[m = m] for the five durations, 
five different sigma functions were calculated using Eq. (9} of Goldstein 
(1973). With these sigma functions the internat consistency of Gold
stein's model was checked by calculating the Prlm = m] functions for 
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two-tone complexes using a Monte Carlo implementation of the model. 
The results are shown in Fig. 5.1 (a) as dotted lines. 

The results of Fig. 5.1 (a) show that the behavior of the subjects for 
the durations of 100, 50 and 20 ms is well predicted by the SSP model. 
For the shortest duration of 10 ms this model prediets a slightly better 
performance than the experimental data. As pointed out in Beerends 
(1989), this is caused by the fact that for short complex tones subjects 
tend to switch to the analytic mode of pitch perception. This shows up 
in the data as a peak in the probabilities Pr[m = m] for m = 8, an 
octave transposition of the fundamentaL This analytic listening camles 
a degradation in the performance. The results of the Monte Carlo im
plementation of Goldstein's model (dotted lines) are consistent with the 
data, as might be expected. 

With both models predictions were made about the behavior of sub
jects with three-tone complexes. Figure 5.1 (b) shows that this behavior 
is well predicted by the SSP model as well as by Goldstein's model, ex
cept for the shortest duration of 10 ms where Goldstein's model is slightly 
more accurate. This is of course due tothefact that in Goldstein's model 
the three-tone predictions are derived from the two-tone predictions so 
that the average degradation, due to analytic listening, is included in the 
sigma function. 

The last and most difficult feature to test are predictions of the width 
of each modem. Goldstein (1973) tested his predictions on Ritsma's data 
(1963) who used harmonie three-tone complexes with lowest harmonie 
number m = 6 to measure the DL for the virtual pitch in the main mode 
m = m. Fig. 5.2 gives his predictions but calculated with the sigma 
function derived from the two-tone data of Fig. 5.1 for the duration of 
600 ms. The same figure also shows the prediction of the SSP model. As 
can be seen, Goldstein 's predictions are more accurate at low frequencies, 
whereas SSP is better at high frequencies. Both models, however, predict 
the same trend. An important feature predicted by both models is the 
rapidly increasing DL for virtual pitches above 500 Hz. Ritsma gave no 
DLJo values for m = 6 above 500Hz, probably due to this sharp rise. 
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FIG. 5.2. Relative dilference limen for the vir

tual pitch in a three-tone complex of harmonie 

order m = 6 as a function of fundamental fre

quency. The solid line gives the prediction 

of the SSP model, the dotted is made with 

a Monte Carlo implementation of Goldstein's 

model. Data taken from Ritsma 1963). 

6.4 DISCUSSION AND CONCLUSIONS 

The SSP model incorporates ideas of two pitch models, Goldstein's 
(1973) optimum processor theory and Terhardt's (1972a, 1974) virtual 
pitch theory. In particular it uses Terhardt's idea of generating sub
harmonies and Goldstein's idea of stochastie transformation. The SSP 
model prediets the same expected values of the virtual pitches in the 
modes m as Goldstein's and Terhardt's model. Furthermore it is shown 
that the SSP model's predietions of a correct harmonie order estimate 
Pr[m = m] are accurate and about the same as the predictions made 
with Goldstein's model. The predictions of the difference limen for the 
virtual pitch are less accurate although not worse than with Goldstein's 
model. 

An important difference hetween the SSP model and Goldstein's 
model is the dependenee of DLto on the lower harmonie number m. In 
Goldstein's model the noise contribution of each partial to the noise in 
the virtual pitch associated with Jo is roughly proportional to uk/l while 
in the SSP model it is roughly proportional to ukfl0A5• For high harmonie 
numbers the DL,

0
s for the SSP model are significantly larger. than the 

DL,0 s predicted with Goldstein's model. For low harmonie numbers the 
situation is reversed. There are however no psychoacoustic data to test 
this hypothesis and as pointed out in Sec. 5.3 it is very difficult to mea
sure a DLto for high harmonie numbers; the low probabilities Pr[m = m] 
make it impossible to know in what modem subjects are perceiving the 
pitch. 

Psychophysical evidence that subjects do generate subharmonie fre
quencies as proposed in the SSP model does not only come from ex-
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periments with complex tones. Houtgast (1976) showed that even with 
a single pure tone subjecte perceive pitches at subharmonie frequencies 
of the pure tone. A test to determine whether subjecte actually derive 
subharmonie random variables from the random variables that repreeent 
the pure tones may be found in measuring the behavior of the DL for 
virtual pitch as a function of the harmonie representation. With respect 
to this behavior of the DL the SSP model and Goldstein's model differ 
significantly. 

In the SSP model the pdf of the virtual pitch is calculated using a 
bottorn-up strategy by deriving subharmonie random variables from the 
random variables that repreeent the partials. This pdf can he calculated 
by analytic means from the physical parameters of the signa} for N-tone 
complexes with N :::: 2. These two facts make algorithmic implementa
tions of the SSP model more feasible than algorithmic implementations 
of Goldstein's model which uses a top-down strategy and bas, practi
cally speaking, no analytic solution for N > 2. Like Goldstein's model 
the SSP model can also he used to calculate the pdf of the virtual pitch 
for simultaneons complex tones (Beerends and Houtsma, 1986). For im
plementation of the SSP model in a pitch meter the model's constraint 
of successive harmonies has to he removed. Current research focusses 
on an algorithmic implementation with which one can predict the pdf 
of the perceived virtual pitch in signals without any constraints. This 
implementation should lead to a pitch meter which allows calculation of 
the pdf of the virtual pitch in speech and music signals, in contrast to 
the currently used pitch meters which only calculate the most probable 
pitch. 
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APPENDIX 5: N-TONE COMPLEXES 

In this appendix the derivation as given in Sec. 5.2 is extended to 
N-tone complexes. Again we assume that the central processor knows 
that the stimulus is composed of N successive harmonies so that the 
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estimates of the harmonie numbers are m, .. to m- 1 + N, in which case 
Eq. {5.5) can be calculated in a straightforward way: 

c.nG(Îo) 

(5.A1) 

where 

with 
N N 

B = L (2fi{m-l+i) IJ uf(m-l+i)), 
j=I i=l,if-j 

N N 
C = l:{f}(m-l+j) IJ u;(m-l+i))· 

j=l i=l#j 

The expression for the pdj of Îo within the mode m bas of course the 
same form as Eq. (5. 7) of Sec. 5.2. As can be seen immediately from 
Eq. (5.A1) the expected value of the estimated fundamental Îo within 
modem is: 

-
1

A _ L:f=t (fj(m-l+i) lli#i uf(m-l+i)) 
Om- ""N fl 2 , Jeading to 

.:...i=I i#i ui(m-l+i) 

A N !· 
fo.n = L N( A 

1 
'), when all subharmonie u's are equal. (5.A2) 

i=l m- 1 + J 

This equation is the equivalent of Eq. (13) in Goldstein (1973). 
The probability that the harmonie order m is correctly estimated is 

given by Eq. (5.6) while the expression for the standard deviation of the 
virtual pitch within modem , Uom is given in Eq. (5.A1) as: 

uom = lli'~=t ui(m-t+iJ . (5.A3) 

Jr:f=t ll;h u?(m-l+i) 

The expressions can all be calculated directly from the stimulus param
eters. 
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Summary 

Perhaps the most important condusion that can be drawn from all 
experiments performed in this study is that subjects can identify two 
missing fundamentals in two simultaneously presented complex tones. It 
is oot necessary that the two complex tones have different on- offset times 
or different modulations in order to enable subjects to split the spectrum 
in two parts, each part belonging to one complex tone (Chapters 2 and 
3). Furthermore, one can model pitch perception for single and simul
taneous complex tones with a stochastically formulated model, a simple 
extension of Goldstein's optimum processor theory (Chapter 2). With 
this model one can predict general pitch perception of subjects for single 
and simultaneous complex tones (Chapter 4) using a Monte Carlo imple
mentation of the model. Predictions about behavior for single complex 
tones are more accurate because in the identification process of simulta
neous complex tones central processes play a role as well (Chapter 4). 
In the last chapter (5) a stochastic pitch model is presented in which the 
probability density function (pdf) of the virtual pitch of complex tones 
is directly derived from the physical parameters of the stimulus and the 
DL function for pure tones. 

In the second experiment of Chapter 2 it is shown that subjects cao 
identify two missing fundamentals in two, steady state, simultaneously 
presented two-tone complexes with one complex tone in each ear. The 
results can be interpreted with a simple extension of Goldstein's opti
mum processor theory, making it possible to account for the experimen
tal data with a single frequency coding noise function (sigma function), 
as in Goldstein's original model. This sigma function was found to have 
a simHar shape as the function derived from data on identification per
formance for single pitches. The sigmasin the simultaneous-pitch identi
fication experiment were larger by an amount that differed from subject 
to subject. 

In Chapter 3 it is shown that subjects' ability to identify the two miss
ing fundamentals is only weakly dependent on the manner of distributing 
the four partials between the ears. The degradation in performance can 
be described on three different abstraction levels, peripheral, interme-
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diate and centraL It is shown that limited frequency resohition in the 
peripheral auditory system degrades performance only if none of the 
four stimulus partials is aurally resolved. On a intermediate level the 
four partials have to he grouped in two sets of two components, each 
betonging to one complex tone. It is shown that, even if each ear re
ceives only one partial of each two-tone complex, subjects can identify 
both missing fundamentals. The experiments thus show that subjects 
do not use ear input to group the four stimulus partials into two sets 
of two components. Instead, they simply pool the partials of both ears 
and group them on basis of their harmonie relationship. On a central 
level (e.g. attention) it was found that insome cases the identification 
processes of both simultaneous pitches interfere with one another. Of 
the two pitches, of which one is usually more salient than the other, the 
more salient pitch inhibits, to some extent, correct identification of the 
less salient pitch. This "central interference" is strongest when the two 
notes are speetrally well-separated. 

In measuring the influence of signal duration on the virtual pitch of 
single complex ton es ( Chapter 4) it is found that Goldstein 's sigma func
tion depends on signal duration in about the same way as the pure tone 
difference limen (DL) function. Model predictions about the behavior of 
subjects in an identification experiment with single three-tone complexes, 
are in good agreement with experimental data. When complex tones are 
shortened subjects are found to switch from the synthetic mode to the 
analytic mode of pitch perception (i.e. they tend to hear the speetral 
pitches insteadof the virtual ones). 

Experiments measuring the infiuence of signal duration on the virtual 
pitches of simultaneously presented complex tones (Chapter 4) show that 
central interference increases with decreasing duration. In the extreme 
this can lead to only one perceivable pitch. This central interference 
makes it necessary to describe the identification process with two sigma 
functions. One sigma function is estimated from the identification re
sults of the more salient pitch, the other from the identification results 
of the less salient one. Predictions of the behavior of subjects in iden
tification experiments with two simultaneous three-tone complexes are 
less accurate than the predictions of the behavior with a. single three
tone complex. Apparently the more central processes involved in the 
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processing of simultaneous complex tones are beyond the scope of this 
model. 

The result that the sigma function in Goldstein's model depends on 
signal duration in about the same way as the pure tone DL, allows the 
formulation of a stochastic pitch model in which the sigma function is 
replaced by the DL function for pure tones (Chapter 5). In this model a 
central processor derives noisy subharmonies from noisy representations 
of the partials. Each partial is represented by a Gaussian distributed 
random variabie with a. sta.ndard deviation equal to the DL for a. pure 
tone of the same frequency. The noisy representations of the subhar
monies are derived from these Gaussians under a.ddition of extra noise, 
modeled with one free parameter. The model allows direct ca.lculation 
of the pdf of the virtual pitch from the pdf of the speetral pitch of the 
stimulus. With the pdf of the virtual pitch, predictions are made about 
several aspects of this pitch in complex tones. Predictions are generally 
in good agreement with psychoacoustic data.. 

Two issues present themselves for future research. The first one is 
how subjects draw samples from the Gaussians that repreaent the fre
quencies of a sound stimulus. In this thesis it is shown that subjects are 
able to identify two missing fundamentals in two simultaneous complex 
tones. One could argue that they might also be a.ble to hea.r more than 
one virtual pitch in a. single complex tone on a single presentation. An 
experiment in which the signal duration of a single complex tone is va.ried 
a.nd where subjects are forced to give two answers might give insight in 
this question. 

The second issue deals with the constra.ints under which the pdf is 
calcula.ted. In this thesis the pdf is calculated with a priori knowledge 
about the octave in which subjects perceive the virtual pitch. If one wants 
to implement a pitch model, e.g. as is presented in the last chapter, in 
a pitch meter, one a.lso bas to model the probabilities with which octa.ve 
tra.nspositions of certa.in virtual pitches are perceived. This modeling is 
difficult because the probability that subjects perceive the virtual pitch 
within a. certa.in octa.ve is largely dependent on the context in which the 
stimulus is presented. Therefore experiments have to he set up that 
investiga.te how the pdf extends over more than one octa.ve. 



104 Samenvatting 

Samenvatting 

Auditief perceptie-onderzoek houdt zich bezig met de relatie tussen 
de fysische parameters van een geluid en de gewaarwording daarvan. Als 
we naar een signaal luisteren dat niet in de tijd varieert, zijn er twee 
grootheden die onmiddellijk opvallen: luidheid en toonhoogte. De re
laties tussen fysische parameters zoals geluiddruk, spectrale frequenties, 
grondfrequenties en psycho-fysische perceptie-parameters zoals luidheid 
en toonhoogte zijn niet eenvoudig. In dit proefschrift worden de relaties 
onderzocht tussen de waargenomen toonhoogtes en de spectrale frequen
ties van een signaaL 

Toonhoogte is een subjectieve grootheid die niet direct fysisch geme
ten kan worden. Voor een sinustoon kan de toonhoogte geïdentificeerd 
worden met de frequentie van die toon. Voor een complexe toon kan 
de toonhoogte operationeel gedefinieerd worden als 'de frequentie van 
een sinustoon (van een bepaalde geluiddruk) die door proefpersonen be
oordeeld dezelfde toonhoogte geeft als de complexe toon'. Toonhoogte 
kan dus alleen gemeten worden in psycho~fysische experimenten. Zulke 
experimenten hebben uitgewezen, dat de toonhoogte in een complexe 
toon dubbelzinnig is en niet samen hoeft te vallen met een spectrale 
frequentie of met de grondfrequentie. Verder blijkt dat we twee verschil
lende soorten toonhoogte kunnen waarnemen, afhankelijk van of we de 
aandacht richten op de deeltonen, 'analytisch luisteren', of op de com
plexe toon als één geheel, 'synthetisch luisteren'. Terhardt int.roduceerde 
de termen 'spectrale toonhoogte' en 'virtuele toonhoogte' voor respec
tievelijk de analytisch en synthetisch waargenomen toonhoogte. 

In moderne toonhoogte-theorieën wordt de waarneming van virtuele 
toonhoogte beschreven met een centrale patroonherkenner die een { ont
brekende) grondtoon probeert te vinden die zo goed mogelijk past op de 
spectrale frequenties. Deze grondtoon komt overeen met de waargenomen 
toonhoogte in het signaaL Goldsteins 'optimum processor' theorie is 
stochastisch geformuleerd terwijl Terhardts 'virtuele toonhoogte' theorie 
een deterministisch model is. De virtuele toonhoogte in enkelvoudige 
complexe tonen is goed onderzocht en de resultaten kunnen met de 
moderne toonhoogte-theorieën goed worden verklaard. Experimenten 
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hebben aangetoond dat toonhoogte een stochastisch verschijnsel is met 
een kansdichtheidsfunctie (pdf) die, voor de virtuele toonhoogte in een 
complexe toon, multimodaal is. Berekening van deze pdf kan alleen wor
den gedaan met het model van Goldstein. De spectrale toonhoogte van 
een sinustoon kan beschreven worden met een unimodale pdf. 

De virtuele toonhoogte in simultaan aangeboden complexe tonen is 
veel minder goed bestudeerd, ondanks het feit dat we in het dagelijks 
leven vaak geconfronteerd worden met simultaan aangeboden complexe 
tonen. In muziek kunnen we simultane melodiën herkennen en bij spraak 
kunnen we twee gelijktijdig klinkende stemmen door een verschil in toon
hoogte scheiden. In dit proefschrift wordt het probleem behandeld, hoe 
mensen in gelijktijdig klinkende, in de tijd niet variërende complexe to
nen, toonhoogte waarnemen. Uit de literatuur weten we dat aan- uitzet 
verschillen en AM- FM-modulaties proefpersonen helpen om twee ge
lijktijdig klinkende complexe tonen te scheiden. Onbekend is echter of 
scheiding ook mogelijk is in complexe tonen die alleen verschillen in hun 
harmonische samenstelling. 

In de hoofdstukken 2 en 3 wordt uitsluitend gebruik gemaakt van 
een identificatie-paradigma met twee-toon complexen, bestaande uit twee 
opeenvolgende harmonischen. In het tweede experiment van hoofdstuk 2 
wordt aangetoond dat proefpersonen in staat zijn om in twee gelijktijdig 
klinkende complexe tonen, met één complexe toon in ieder oor, de twee 
ontbrekende grondtonen te identificeren. Verder wordt in dit hoofdstuk 
aangetoond dat deze toonhoogtewaarneming in simultane complexe to
nen gemodelleerd kan worden met een eenvoudige uitbreiding van Gold
steins optimum processor-theorie. Deze theorie kent één vrije parame
terfunctie (sigmafunctie), die de interne frequentiecoderingsruis repre
senteert, waarmee de experimentele data verklaard kunnen worden. In 
Goldsteins model wordt door een centrale patroonherkenner een schat
ting gemaakt van de grondtoon op basis van ruisachtige representaties 
van de deeltonen. Het model is in eerste instantie opgesteld om de iden
tificatie van enkelvoudige complexe tonen te beschrijven. In hoofdstuk 
2 wordt een eenvoudige uitbreiding van het model gegeven waarmee 
de identificatie van simultane complexe tonen beschreven wordt met 
een enkele sigmafunctie. De sigmafunctie in het simultane identificatie
experiment had de zelfde vorm als de sigmafunctie die werd gevonden in 
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een enkelvoudig identificatie-experiment. Het grootteverschil tussen de 
twee gevonden functies was afhankelijk van de proefpersoon. 

In de experimenten van hoofdstuk 3 zijn de vier deeltonen van de 
twee complexe tonen op verschillende manieren over de oren verdeeld. 
De resultaten laten zien dat de fouten die we in de herkenning maken 
op drie verschillende abstractieniveaus beschreven kunnen worden: pe
rifeer, intermediair en centraal. Op perifeer niveau blijkt het beperkte 
frequentie-oplossend vermogen van ons gehoor alleen een rol te spelen, 
als alle deeltonen van de complexe tonen paarsgewijs interfereren. Op in
termediair niveau moet de centrale processor de vier componenten verde
len in twee groepen, ieder behorend tot één complexe toon. Het blijkt 
dat proefpersonen de ontbrekende grondtonen ook kunnen identificeren 
als ieder oor slechts één deeltoon van ieder complex krijgt aangeboden. 
Dit toont aan dat proefpersonen de informatie van beide oren kunnen 
samenvoegen, voordat deze centraal wordt verwerkt. Het groeperen van 
de vier componenten gebeurt op basis van hun harmonische relaties en 
niet op basis van oor-invoer. Op centraal verwerkinganiveau blijkt de 
sterkste toonhoogte van de twee, dat is de toonhoogte die met de laag
ste harmonischen wordt gerepresenteerd, de waarneming van de zwakste 
te bemoeilijken (centrale interferentie). Dèze centrale interferentie is het 
sterkst als de twee complexe tonen in het frequentiedomein ver uit elkaar 
liggen. 

Hoofdstuk 4 onderzoekt de invloed van de aanbiedingsduur op de 
waarneembaarheid van toonhoogte in enkelvoudige en simultane com
plexe tonen. Voor een enkele sinustoon kan de invloed gekwantificeerd 
worden door het juist waarneembare verschil (DL=difference limen) te 
meten als functie van de aanbiedingsduur. Deze DL is een maat voor 
de breedte van de unimodale pdf voor de spectrale toonhoogte van een 
sinustoon. Voor een enkele complexe toon is het meten van een DL niet 
de goede methode om de invloed van de duur te kwantificeren, vanwege 
het multimodale karakter van de virtuele toonhoogte in een complexe 
toon. In hoofdstuk 4 wordt de invloed van duur gemeten met behulp 
van een identificatie-paradigma. Met de identificatie-resultaten van dit 
experiment kan Goldsteins sigmafunctie worden berekend als functie van 
de aanbiedingsduur. Deze sigmafunctie blijkt op dezelfde manier van de 
aanbiedingaduur af te hangen als de DL voor een sinustoon. Met een 
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Monte Carlo-implementatie van Goldsteins model zijn, gebruik makend 
van de gevonden sigmafuncties, voorspellingen gedaan voor het gedrag 
van proefpersonen met enkelvoudige drie-toon complexen. De gevonden 
data waren goed in overeenstemming met de voorspellingen. Verder to
nen de experimenten aan dat proefpersonen overgaan van de synthetische 
naar de analytische waarneming van toonhoogte, als men de de aanbie
dingaduur van complexe tonen korter maakt. 

Bij het variëren van de aanbiedingaduur van simultaan aangeboden 
complexe tonen blijkt dat de centrale interferentie toeneemt als de duur 
afneemt. Dit kan in het extreme geval leiden tot maar één waarneem
bare toonhoogte. Deze centrale interferentie maakt het noodzakelijk om 
het identificatie-proces te beschrijven met twee sigmafuncties, één voor 
de identificatie van de sterkste toonhoogte en één voor de identificatie 
van de zwakste. Voorspellingen van het gedrag van proefpersonen voor 
simultane drie-toon complexen waren minder nauwkeurig dan de voor
spellingen van het gedrag voor een enkele complexe toon. Blijkbaar zijn 
de meer centrale processen die een rol spelen bij de identificatie van si
multane complexe tonen nog onvoldoende gemodelleerd. 

In het laatste hoofdstuk is het resultaat, dat Goldsteins sigmafunc
tie op dezelfde manier afhangt van de duur als de sinustoon-DL-functie, 
gebruikt om een nieuw toonhoogtemodel te formuleren. In dit model 
leidt een centrale processor stochastisch gerepresenteerde subharmoni
schen af uit stochastisch gerepresenteerde deeltonen. Iedere deeltoon 
wordt gerepresenteerd door een Gaussisch verdeelde stochast, waarvan 
de standaardafwijking gelijk is aan de DL van een sinustoon van dezelfde 
frequentie. De subharmonische stochasten worden afgeleid onder toevoe
ging van extra ruis, die gemodelleerd wordt met één vrije parameter. Met 
dit model kan de pdf van de virtuele toonhoogte direct berekend worden 
uit de pdf van de spectrale toonhoogte. Voorspellingen van het model 
zijn over het algemeen goed in overeenstemming met psycho-akoestische 
data. 
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1. Proefpersonen kunnen in twee gelijktijdig klinkende complexe 
tonen de twee {ontbrekende) grondtonen herkennen zonder dat 
hiervoor verschillen nodig zijn in aan- uitzet tijden, AM, FM 
modulaties of ruimtelijke plaatsing. 
Hoofdstukken 1 en 2 van dit proefschrift. 

2. Voor kortdurende complexe tonen is het meten van een juist 
waarneembaar verschil in de toonhoogte geen goede manier om 
de invloed van aanbiedingsduur te kwantificeren. 
Hoofdstuk 3 van dit proefschrift. 

3. Terhardts idee dat virtuele toonhoogte van een signaal wordt 
afgeleid van spectrale toonhoogte kan op eenstochastische manier 
'worden geformuleerd als: "de kansdichtheidsfunctie van de stochast 
die virtuele toonhoogte representeert kan worden afgeleid uit de 
kansdichtheidsfunctie die spectrale toonhoogte representeert". 
Hoofdstuk 4 van dit proefschrift. 

Terhardt, E: (1072). "Zur Tonhöhenwahrnehmung von Klingen L Psy

chóakustische Grundlagen," Acustica 26, 173-186. 

4. Bij het ontwerpen van luidsprekers dient er rekening mee gehouden 
te worden of men de illusie "hier en nu" nastreeft, of "daar en 
toen". De ontwerpcriteria voor beide illusies zijn onverenigbaar. 

5. Bij het streven naar een zo recht mogelijke frequentieoverdracht 
van een luidspreker in de huiskamer dient het indirecte veld on
afhankelijk geëgaliseerd te worden van het directe veld. In het 
algemeen zal volstaan kunnen worden met de egalisatie van het 
indirecte veld. 
Kantor, K.L., and Koster, A.P. (1086). "A psychoacoustically optimized 

loudspeaker," J. Audio Eng. Soc. 34, 900-996. 



6. Bij het toepassen van tekst-naar-spraak systemen is het aan te 
bevelen dat de te gebruiken luidspreker afstraaleigenschappen 
heeft die gelijk zijn aan die van een menselijke stem ondanks het 
feit dat de verstaanbaarheid niet noodzakelijkerwijs verhoogd 
wordt. 
Jacob, K.D. (lg85). "Subjective and predictive measures of speech intelligi

bility: The role of loudspeaker directivity," J. Audio Eng. Soc. 33, 950-955. 

7. De beste luidsprekerbehuizing kent geen punt-, lijn- of vlaksym
metrie ten aanzien van het inhoudslichaam en de begrenzende 
vlakken. 

8. Het holistisch standpunt dat het geheel meer is dan de som der 
delen wil niet zeggen dat het geheel niet uit de samenstellende 
delen te verklaren is. Virtuele toonhoogte is daar een voorbeeld 
van. 

9. Omdraaien van de niet-logische constanten in de implicatie "waar 
het hart vol van is, loopt de mond van over" levert Wittgensteins 
laatste stelling uit de Tractatus op "van dat, waarover niet kan 
worden gesproken, moet men zwijgen". 
Wittgenstein, L. (1g22). Tr~tatus Logico-Phitosophicus, Routledge & Kegan 

Paul, London. Nederlandse vertaling van W.F. Hermans, Athenaeum-Polak 

& Van Gennep, Amsterdam, 1975. 

John. G. Beerends 
Eindhoven, 4 april1989 


