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prof.dr.ir. H.J. Bergveld
dr.ir. F. Meiring



Contents

Nomenclature ix

Acronyms xiii

1 Introduction 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 The fuel cell hybrid propulsion system . . . . . . . . . . . . . . . 3

1.3 Research objectives . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Problem definition . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5 Literature survey . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5.1 Driving cycles . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5.2 Energy Management Strategies . . . . . . . . . . . . . . . 10

1.5.3 Sizing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.6 Outline of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.7 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2 Models 17

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 Vehicle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Fuel cell system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.5 Battery . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.6 DC/DC converter . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.7 Auxiliaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

v



vi

3 The Power Demand 27

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Examples of driving cycles . . . . . . . . . . . . . . . . . . . . . . 27

3.3 Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3.1 First observations . . . . . . . . . . . . . . . . . . . . . . 28

3.3.2 Long-term measurements . . . . . . . . . . . . . . . . . . 31

3.3.3 Chassis dynamometer results . . . . . . . . . . . . . . . . 31

3.4 Power for traction normal distributed . . . . . . . . . . . . . . . 32

3.4.1 Hypothesis . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.4.2 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.4.3 Coasting and gear shifting . . . . . . . . . . . . . . . . . . 36

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Energy Management 39

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 EMS on Power level . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.2.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.2.2 Energy management optimization problem . . . . . . . . 40

4.2.3 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.2.4 Implementation . . . . . . . . . . . . . . . . . . . . . . . . 47

4.3 EMS on Voltage and Current level . . . . . . . . . . . . . . . . . 48

4.3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.3.2 Energy management optimization problem . . . . . . . . 49

4.3.3 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.3.4 Implementation . . . . . . . . . . . . . . . . . . . . . . . . 52

4.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.4.1 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.4.2 Energy Management Strategies . . . . . . . . . . . . . . . 55

4.4.3 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.4.4 Measurements . . . . . . . . . . . . . . . . . . . . . . . . 58

4.4.5 Demonstration . . . . . . . . . . . . . . . . . . . . . . . . 60

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.5.1 Different treatment of constraints . . . . . . . . . . . . . . 66



vii

4.5.2 Fuel savings . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.5.3 Battery technology versus the SOC range . . . . . . . . . 67

4.5.4 AS compared to ECMS . . . . . . . . . . . . . . . . . . . 68

4.5.5 Sensitivity to parameter variations . . . . . . . . . . . . . 68

4.5.6 Plug-in functionality . . . . . . . . . . . . . . . . . . . . . 69

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5 Sizing 71

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2 Distribution of the fuel cell stack power . . . . . . . . . . . . . . 72

5.2.1 From driving cycle to the power for traction . . . . . . . . 72

5.2.2 From power for traction to power demand . . . . . . . . . 74

5.2.3 The distribution of the fuel cell stack power . . . . . . . . 75

5.3 Optimal component sizes . . . . . . . . . . . . . . . . . . . . . . 77

5.3.1 Size expressed in number of cells . . . . . . . . . . . . . . 77

5.3.2 Fuel consumption related to the number of cells . . . . . . 78

5.3.3 Impact of size on fuel consumption . . . . . . . . . . . . . 80

5.3.4 Fuel minimal solution . . . . . . . . . . . . . . . . . . . . 81

5.3.5 Evaluation of special cases . . . . . . . . . . . . . . . . . . 82

5.4 Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.5.1 The sizing approach . . . . . . . . . . . . . . . . . . . . . 92

5.5.2 A further fuel reduction . . . . . . . . . . . . . . . . . . . 93

5.5.3 Characterization . . . . . . . . . . . . . . . . . . . . . . . 94

5.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

6 Conclusions 97

6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

6.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . 99

A Fuel cell system dynamics 101

A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

A.2 Frequency range . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

A.3 Electrodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

A.4 Fluid dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103



viii

A.5 Thermal dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 105

A.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

B ECMS as Energy Management Strategy 107

B.1 Model adjustments . . . . . . . . . . . . . . . . . . . . . . . . . . 107

B.2 Optimization problem . . . . . . . . . . . . . . . . . . . . . . . . 108

B.3 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

B.4 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

C Driving cycle characterization and generation 113

C.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

C.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

C.2.1 Objective . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

C.2.2 Linear approach . . . . . . . . . . . . . . . . . . . . . . . 115

C.2.3 Proposed method . . . . . . . . . . . . . . . . . . . . . . . 116

C.3 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

C.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

C.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Bibliography 123

Summary 137

Samenvatting 141

Dankwoord 145

Curriculum Vitae 147



Nomenclature

Constants

F constant of Faraday 96485 [C/mol]
HH2

upper heating value hydrogen 1.21 · 108 [J/kg]
MH2

molar mass hydrogen 2× 1.00797 · 10−3 [kg/mol]
g gravity 9.8 [m/s2]

Symbols

A frontal surface vehicle [m2]
CD double layer capacity [F]
CSmax rated capacity battery [C]
Fv speed distribution function [-]
Hcl closed loop transfer function
Iaux auxiliary current [A]
Iaux0 base load auxiliary current [A]
Id current demand for traction [A]
IFC fuel cell stack current [A]
IFC0 operating point fuel cell stack current [A]
IS battery current [A]
J cost function [kg]
K proportional action [A] or [W]
M vehicle mass [kg]
M0 vehicle mass without fuel cell stack and battery [kg]
MFC1 mass fuel cell [kg]
MS1 mass battery cell [kg]
NFC number of cells in fuel cell stack [-]
NS number of cells in battery [-]
Nv number of speed classes [-]



x NOMENCLATURE

P set of design parameters [W] and [J]
Paux auxiliary power [W]
Paux0 base load auxiliary power [W]
Pd power demand for traction [W]
PFC fuel cell stack power at terminals [W]
PFC0 internal lossless fuel cell stack power [W]
PFCmax maximum fuel cell stack power [W]
PFCmax1 maximum power per fuel cell [W]
PFCmin minimum fuel cell stack power [W]
PFCn net fuel cell stack power [W]
PNFC0

average required power without fuel cell stack [W]
PS storage/battery power at terminals [W]
PS0 internal lossless storage/battery power [W]
PSmax maximum storage/battery power [W]
PSmax1 maximum power per battery cell [W]
PSmin minimum storage/battery power [W]
PW power for traction at the wheels [W]
QSmax rated energy storage capacity battery [J]
RCT charge transfer resistance [Ω]
RFC internal resistance fuel cell stack [Ω]
RFC1 internal resistance per fuel cell [Ω]
RS internal resistance storage/battery [Ω]
RS1 internal resistance per battery cell [Ω]
Rohm ohmic resistance [Ω]
SOC state of charge [-]
SOCmax maximum allowable state of charge [-]
SOCmin minimum allowable state of charge [-]
SOCref reference for the state of charge [-]
SOE state of energy [-]
SOEmax maximum allowable state of energy [-]
SOEmin minimum allowable state of energy [-]
SOEref reference for the state of energy [-]
T transition summation array [-]
VFC voltage fuel cell stack at terminals [V]
VFC0 modeled open clamp voltage fuel cell stack [V]
VFC01 modeled open clamp voltage per fuel cell [V]
VS voltage storage/battery at terminals [V]
VS0 open clamp voltage storage/battery [V]
VS01 open clamp voltage per battery cell [V]
Vbus voltage on DC bus [V]



NOMENCLATURE xi

cx air drag coefficient [-]
fr rolling resistance coefficient [-]
k sample [-]
mH2

hydrogen consumption [kg]
ṁH2 hydrogen mass flow [kg/s]
mj equivalent mass of rotating parts [kg]
n total number of samples [-]
nv samples in considered speed history [-]
q−1 sample delay operator [-]
r input-output voltage ratio DC/DC converter [-]
s Laplace operator
t time [s]
tf length driving cycle [s]
v vehicle speed [m/s]
vi speed class i [m/s]

∆Id deviations from average current demand [A]
∆PNFC1

required power to transport one fuel cell [W]
∆Pd deviations from average power demand [W]
γI operation dependent auxiliary current ratio [-]
γP operation dependent auxiliary power ratio [-]
ηEM efficiency electric motor [-]
ηS storage/battery efficiency [-]
ηav average system efficiency [-]
ηchg battery charge efficiency [-]
ηcnv DC/DC converter efficiency [-]
ηdis battery discharge efficiency [-]
ηinv efficiency inverter [-]
ηpurge efficiency due to purge losses [-]
ηregen fraction kinetic energy available for regeneration [-]
λ Lagrange multiplier [kg/W] or [V]
µ0 fuel consumption model parameter [-]
µ1 fuel consumption model parameter [-]
µ2 fuel consumption model parameter [-]
µPFC mean fuel cell stack power [W]
µPW mean power for traction at the wheels [W]
µPd mean power demand for traction [W]
ξ uniform distributed random number [-]
σ2
PFC

variance of the fuel cell stack [W2]
σ2
PW

variance of the power for traction at the wheels [W2]



xii NOMENCLATURE

σ2
Pd

variance of the power demand for traction [W2]
ρ air density [kg/m3]
τ integration time [s]
τcl time constant closed loop [s]
φI current split ratio [-]
φP power split ratio [-]

Miscellaneous

(.)∗ optimal trajectory
X∗ optimal value for X

X̂ estimate of X
X average value of X
〈X〉 expectation value of X



Acronyms

ARMA Auto Regressive Moving Average
AS Analytic Solution
BOS Balance Of System
CLT Central Limit Theorem
DOH Degree Of Hybridization
DP Dynamic Programming
ECMS Equivalent Consumption Minimization Strategy
EMS Energy Management Strategy
EV Electric Vehicle
FCHEV Fuel Cell Hybrid Electric Vehicle
GDL Gas Diffusion Layer
HEV Hybrid Electric Vehicle
ICE Internal Combustion Engine
LPF Low Pass Filter
LQC Linear Quadratic Control
LTI Linear Time Invariant
MEA Membrane Electrolyte Assembly
MPC Model Predictive Control
PEM Polymer Electrolyte Membrane
RE Range Extender strategy
SOC State Of Charge
SOE State Of Energy





Chapter 1

Introduction

1.1 Background

The last hundred years witnessed a massive development of technology for road
transportation of individuals and goods. These developments brought freedom
to live at distance from work, quick responding emergency services and goods
from all over the world available in our shops at competitive prices. Horse and
donkey are replaced by cars and trucks with climate control, navigation and
airbags.

That these benefits are appreciated is demonstrated by the observation that
’peak car’ is not reached yet: As indicated in figure 1.1, worldwide, the number
of cars is still growing. Unfortunately, these widely appreciated benefits come
at a price. Oil is the main motor of our transportation but the crude oil reserves
decrease rapidly. As a result prices per barrel increase, and discussions arise to
prioritize the use of oil to its application as raw material instead of as fuel.

Apart from the impact of the reduced availability of crude oil, the use of carbon
based fuels results in undesired emissions. Locally, these emissions result in the
decay of air quality in urban areas. Globally, the emission of carbon dioxide
from Internal Combustion Engines (ICEs) is believed to contribute to changes
in our climate.

Electric propelled vehicles can help to reduce our need for oil and avoid emis-
sions. Governments stimulate the use of battery based Electric Vehicles (EVs)
with tax incentives and investments in the electric infrastructure. Still, EVs will
not fully replace ICE propelled transportation, due to some EV specific draw-
backs. The battery needed to store the electric energy is heavy and reduces
the driving range of the EV when compared to the classic vehicle with an ICE.
Moreover, charging a battery takes time and charging significant numbers of
EVs is a major challenge to the electricity grid.

Fuel Cell Hybrid Electric Vehicles (FCHEVs) are believed to contribute to a
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Figure 1.1: Registered vehicles world wide (data source [124]).

sustainable transportation in the long term [20, 97, 114] (figure 1.2). Compared
to ICE propelled vehicles, they provide local zero-emission propulsion and when
the hydrogen as fuel is derived from renewable energy sources, fuel cell hybrids
enable well-to-wheel zero-emission transportation. Therefore, governments and
related organizations actively support the further development and introduction
of FCHEVs [18, 63, 64].

Compared to EVs, FCHEVs put a smaller burden on the electric infrastructure.
Even when hydrogen as a fuel is derived locally through electrolysis of water,
its additional electric load to the power grid can be controlled, providing means
for peak shaving and balancing. Still, compared with EVs, like ICE propelled
vehicles, the main advantages of FCHEVs will be their extended driving range
and short fueling times. Therefore, a more diverse solution to the demand for
transportation can be expected in the future, with ICE propelled vehicles, EVs
and FCHEVs.

From an economic point of view, in future, fuel cell hybrid propulsion is ex-
pected to provide a solid business case for long distance transportation and
heavy duty propulsion [97, 110]. But to establish FCHEVs as a viable option
for transportation, their operational costs should be as low as possible. A sig-
nificant part of these variable costs are fuel costs, which motivates to design
and operate FCHEVs such that they only need a minimum amount of hydro-
gen. This implies that component sizes should be optimized with respect to a
minimum fuel consumption, and when operating the vehicle, the energy flows
in the system should be managed such that a minimum of hydrogen is needed
for the required operation.

Such optimization towards a minimum fuel consumption will be part of a broader
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set of requirements. Critical to a successful acceptance by the general public,
electric propelled vehicles should surpass internal combustion drive trains in
terms of comfort, fun to drive and nice to have [123, 130]. But all against a
minimum amount of fuel.

Figure 1.2: The first dedicated fuel cell hybrid passenger car, the Honda FCX
Clarity, at the Electric Vehicle Seminar & Exposition (EVS26) in Los Angeles,
2012.

1.2 The fuel cell hybrid propulsion system

A fuel cell hybrid propulsion system comprises a fuel cell system, an electric
energy storage system such as a battery, and an electric drive train as illustrated
in figure 1.3. Different from most ICE hybrids, the actual traction is always
electric. Therefore, the ratings of the electric motor determine the maximum
power and torque for traction, provided the fuel cell system and storage are
capable to deliver this power.

The operation of a fuel cell is based on the electrochemical oxidation of hydrogen
to water. This electrochemical reaction consists of two catalytic reactions [126].
In a catalytic reaction at the anode of the fuel cell, hydrogen is reduced into
protons and electrons:

2H2 (g) → 4H+ + 4e− (1.1)

The protons are transported through the water-containing electrolyte as H3O
+

cations to the cathode. The electrons provide the external electric current. At
the cathode, protons and electrons recombine in a catalytic reaction with oxygen
into water:
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Production Storage Demand 

Traction 

Air/O2 

H2 

Fuel cell system 

Battery 

Electric drive train 

Figure 1.3: Sketch of the fuel cell hybrid propulsion system.

O2 (g) + 4H+ + 4e− → 2H2O (g/l) (1.2)

As overall result, the fuel cell electrochemically ’burns’ hydrogen as fuel, provid-
ing electric power and producing water. To obtain a practical nominal voltage,
fuel cells are stacked into a fuel cell stack.

Applications where fuel cell stacks are used for traction use air as source of
oxygen. To provide a sufficient amount of oxygen, an air compressor is included,
as illustrated in figure 1.4. The required compressor power depends on the air
flow resistance over the channels in the stack. Although there are differences
between fuel cell stack manufacturers, the power consumption of the compressor
is significant with respect to the total electric power produced by the stack.
Therefore, the speed of the compressor is lowered when less power is demanded
from the fuel cell stack.

H2 

air compressor 

hydrogen 
control valve 

stack 

hydrogen 
tank 

purge 
valve 

filter 

Figure 1.4: Basic fuel cell system.
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To obtain equal voltage levels over the cell area, the hydrogen should be evenly
distributed along the anode channels. This implies that differences in the par-
tial pressure of hydrogen along the channel should be limited. As air is used
as oxygen source, also nitrogen enters the system at the cathode and diffuses
through the membrane to the anode channels. This locally lowers the partial
pressure of hydrogen. As a result, ’dead end’ systems are less attractive: The
partial pressure of hydrogen will eventually decrease too much at the end of the
anode channels. To avoid this, purging and recirculation is introduced. A small
amount of hydrogen is released from the stack (figure 1.4) or a surplus of hydro-
gen is recirculated using a recirculation pump (figure 1.5). When recirculation
is used, still purging is needed over time, to keep the nitrogen concentration at
acceptable levels.

The conversion efficiency of a fuel cell stack is high compared to solutions based
on direct combustion. Still, losses as activation losses and ohmic losses are rel-
evant. These losses result in heat, which implies a need for cooling. For small
systems, the air from the air compressor suffices to keep the temperature of the
fuel cell stack below critical values. More complex systems have a separate cool-
ing system to control the temperature of the stack. Such a system is indicated
in figure 1.5.

H2 

air 
compressor 

hydrogen 
control valve 

stack 

hydrogen 
tank 

purge 
valve recirculation 

pump 

humidifier filter 

cooling 
circuit water tank 

water 
separators 

Figure 1.5: Advanced fuel cell system.

As the operation of a fuel cell is based on water containing electrolyte, water
should be present in the cell. As water is the overall product of the reaction,
under normal steady state operating conditions, it is available in abundance.
Nevertheless, too much liquid water may clog the hydrogen or air channels and
too little water may reduce the lifetime of the electrolyte. Therefore, water
management using water separators, water tank and humidifier(s) is integrated
in most systems (see figure 1.5). An example of an automotive fuel cell system
is presented in figure 1.6.
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Although fuel cell systems may differ in the way they stabilize the hydrogen
flow, temperature and humidity, these objectives are controlled locally within
the fuel cell system. On the level of the energy management system, these
differences are less relevant. They only result in different, possibly operation
dependent, bounds for minimum and maximum allowable powers.

Figure 1.6: Example of an automotive fuel cell stack with its main auxiliaries
(30 [kW], Intelligent Energy).

With respect to the storage in the propulsion system, both batteries and su-
percapacitors are sensible options. Where supercapacitors provide high peak
powers, batteries enable the vehicle to start up after several days of inactivity.
Today, the majority of fuel cell hybrid propulsion systems comprise a battery
as storage system, based on lithium-ion technology.

1.3 Research objectives

The development of fuel cell hybrid vehicles is triggered by the need to reduce
both (local) emissions and the dependency on fossil fuels. This study intends to
provide an understanding on how to size and operate fuel cell propulsion sys-
tems, with respect to a minimum fuel consumption. To maximize understand-
ing, an analytical approach and first principle models are chosen. Numerical
calculations and experiments are used to verify the analytical solutions found.

Sizing is an activity in the design phase of a propulsion system. To evaluate siz-
ing, a description is required of the strategy how the components in the system
are operated. Therefore, the first objective of this study is to define a control
strategy how to operate the propulsion system towards a minimum fuel con-
sumption. Given this strategy, the second objective is to find the optimum sizes
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of the fuel cell stack and the battery, which result in an overall minimized fuel
consumption. Both objectives should not compromise the required drivability
of the vehicle.

1.4 Problem definition

The study focusses on fuel cell hybrid propulsion systems with one fuel cell sys-
tem and one battery as storage. The fuel cell stack in the system is rated by its
maximum electric power PFCmax [W]. The battery is specified by the electric
power it can provide PSmax [W] and its energy storage capacityQSmax [J]. These
ratings are considered a set of design parameters P = {PFCmax, PSmax, QSmax}
to be optimized with respect to a minimum in fuel consumption. The perfor-
mance required from the vehicle is expressed as a time sequence v defining the
vehicle speed over time. This vector is referred to as a driving cycle.

Sizing is regarded an optimization problem of finding design parameters P∗,
minimizing the fuel consumption:

P∗ = arg min
P

mH2
(P | v) , (1.3)

under the constraints that the driving cycle v is realized neither depleting or
overcharging the battery nor violating component ratings.

As this optimization problem includes both component sizing and the operation
of these components, it is convenient to split the overall optimization problem
in

• a design problem, how to size the components, and

• a control problem, how to operate the given propulsion system.

provided the required performance of the vehicle is defined. Although sizing
is the ultimate objective, the control problem is discussed first, as a general
solution to the control problem, independent from sizing parameters, enables
an analytical solution to the sizing problem.

With respect to the control problem, given the design parameters P and the
driving cycle v, the fuel rate ṁH2 only depends on the control variable PFC .
Therefore, the control problem consists of finding the optimal control variable
P ∗FC that minimizes the fuel consumption:

P ∗FC = arg min
PFC

mH2
(PFC | P, v) (1.4)

not violating the constraints previously mentioned. Note that PFC , like v, is
time varying, where P is a set of three scalars.
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When, given the design parameters P, the optimal solution to the control prob-
lem is expressed as an explicit relation with respect to v, this relation is con-
sidered a control law, providing an optimal policy P ∗FC for the operation of the
fuel cell stack:

P ∗FC = f(v | P). (1.5)

This optimal control law is referred to as the Energy Management Strategy
(EMS) and defines how to operate the fuel cell stack in the system.

For this study, it is assumed that, given the sizes P, the driving cycle v directly
converts to a power demand Pd which the propulsion system has to provide.
The power demand Pd already depends on the component sizes P through their
impact on the weight of the vehicle. But also the optimal policy P ∗FC depends
on these design parameters P. Thus, the fuel consumption relates to the driving
cycle through the power demand Pd(v | P) as:

P ∗FC = f(Pd(v | P) | P). (1.6)

Given the EMS, the design problem reduces to finding the design parameters
P∗ minimizing fuel consumption mH2 :

P∗ = arg min
P

mH2
(f(Pd(v,P),P),P) . (1.7)

Therefore, the availability of the EMS as analytical expression, supports an
analytical solution to the sizing problem.

Expression (1.7) also illustrates that the design parameters P affect the design
problem on three levels: the power demand, the optimal operation of the fuel
cell stack, and the resulting fuel consumption all depend on these component
sizes.

1.5 Literature survey

1.5.1 Driving cycles

With the introduction of storage in propulsion systems, component sizing has
become more complicated. The robust approach is to size the components
assuming extreme conditions as a minimum acceleration, top speed, minimum
slope and minimum range. Although this results in a propulsion system capable
to deal with virtually any circumstance, it will not provide the most fuel efficient
solution for daily conditions. A definition of these ’normal conditions’ is most
useful, but as Daimler AG convincingly demonstrated, even the same vehicle is
operated very differently depending on traffic environment and culture [95] and
the driving style of the driver [14].
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An approach to obtain more realistic operating conditions is the use of driving
cycles [99, 143]. For different vehicle classes and purposes, general accepted
driving cycles are available. Examples are the NEDC for passenger cars, the
FTP75 and JE05 for light and heavy duty vehicles in an urban environment
and the Braunschweig, NYbus and Beijing Bus cycle for buses [29, 151]. As
most of these cycles were initially developed for emission tests, initiatives as
the LA92/UCDS as successor of the FTP75 [29], the ARTEMIS project [4, 49],
the developments related to the Worldwide harmonized Light vehicles Test Pro-
cedure (WLTP) [154], and others [122] intend to provide cycles more suitable
to modern requirements as a minimum fuel consumption, including hybridized
propulsion systems. These driving cycles provide useful deterministic require-
ment definitions for several applications, such as the design of energy manage-
ment strategies [12, 37, 44, 70, 74, 76, 78, 120, 136, 157] and the design of
propulsion systems [25, 45, 60, 118, 143, 165].

Although the use of driving cycles to define the expected traffic conditions in-
creases the quality of the design, also some limitations should be considered:

• Sizing components on one driving cycle tends to ’cycle beating’; the fuel
efficiency of the propulsion system is best for the given cycle, but subop-
timal for, or not robust against, other traffic conditions [134].

• An EMS design is based on simulations of the propulsion system including
storage, such as a battery [48]. In order to allow a comparison between
energy management strategies, the amount of stored energy at the start
and the end of a simulation is forced to be equal [59, 76, 81, 137]. As
most cycles only cover a period up to 30 minutes [29], this is a restrictive
condition with a limited degree of realism.

A comparison between simulations with more cycles of different lengths partly
covers these issues. Therefore, it would be convenient to optimize a hybrid
propulsion system based on a number of cycles with comparable characteristics,
but different in length and time sequence. In [134], a method is presented
that generates random driving cycles with statistical and stochastic properties
similar to a driving cycle provided as ’seed’ to the generator (appendix C). This
reduces the risk of ’cycle beating’ in design optimization.

For energy management systems, one approach to reduce this cycle dependency
is to include an online cycle prediction. Such a prediction can be based on
statistics and historical data [2], on GPS and navigation data [2, 55] or on
dynamic traffic routing information [57, 73]. Prediction can help to increase the
performance and robustness of the EMS, but it does not support the sizing of
the components in the design phase.

If, for sizing components, optimization techniques are used as Dynamic Pro-
gramming (DP) [115, 137], or variations on the Equivalent Consumption Min-
imization Strategy (ECMS) [48, 115]), the chosen driving cycles strongly influ-
ence the resulting component sizes [137]. But whatever cycle is chosen, it will
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never be driven in real life [161]. Therefore, a better and richer characterization
of the requirements for a vehicle and traffic circumstances, less depending on a
deterministic series of speed points [5, 46] would be helpful.

Considering such characterization, techniques are proposed as fuzzy logic and
neural networks [86, 161, 164], time series analysis [127] or statistics based meth-
ods as Principle Component Analysis (PCA) [27]. In a broader context, char-
acterizations for other purposes are presented, such as the characterization of
driving styles [146, 164].

1.5.2 Energy Management Strategies

The control strategy chosen as EMS should establish the demanded power while
preventing the battery from being depleted or overcharged. In addition, the
battery and the fuel cell stack power should remain within their power ranges.
As there is no unique solution to this control problem, there is room for further
optimization, as a minimization of the fuel consumption.

In literature, a wide variety of energy management strategies for fuel cell hybrid
propulsion systems are presented. Some of these strategies are closely related
to solutions for hybrids based on Internal Combustion Engines (ICE) [13, 115],
where others are developed entirely based on fuel cell propulsion systems [139,
143]. Focussing on contributions applicable to fuel cell hybrids, some common
approaches can be distinguished.

A technique frequently used is fuzzy control [44, 67, 80, 84]. In [33, 34] fuzzy
control is combined with wavelet theory, where [144] applies wavelets to a fuel
cell hybrid propulsion system with an ultracapacitor as storage. Where fuzzy
control provides a smooth transition between rules, approaches based on more
progressive decisions are discussed in [22, 88] and, referred to as a genetic ap-
proach, in [101]. Although fuzzy techniques can include fuel consumption as
an objective, by nature, fuzzy control cannot optimize towards a minimum fuel
consumption.

Another group of publications approach the control problem from the level
of (equivalent) electric circuits, including the power stage of the converter(s).
Mostly this approach results in controllers to control the converter based on
measured currents or voltages in the circuit and linearized models of the battery
and fuel cell stack [43, 50, 90]. In [103, 139, 140] such controller is provided for
a system with a supercapacitor as storage. A combination of a supercapacitor
and a battery as storage is presented in [141, 152]. Partly non-linear models are
used in [15].

Low level control on voltage and current combined with a higher level strategy is
presented in [8, 28]. Here [8] uses maps to model components, and compensates
deviations with a PID controller. Also [37] uses efficiency maps, but in a context
more closely related to optimizing strategies.

Most approaches discussed so far do not explicitly address the minimization of
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the fuel consumption. They merely provide a control solution for the demanded
power and prohibit overcharging or depleting the storage. A different approach
to optimize the fuel economy is by explicitly defining a cost function expressing
the fuel consumption related to the control variables. The minimum in such
cost function consequently provides an optimal solution to the control variables.
This optimal solution can be obtained using DP [70, 88, 104], but DP needs full
knowledge of the future driving cycle, prohibiting an online implementation.

Apart from DP, based on the calculus of variations of Pontryagin [107], opti-
mization theory provides techniques that are more convenient with respect to
the need for a-priori knowledge [17, 79, 112]. Such optimizing strategies are pro-
posed for fuel cell hybrids with a supercapacitor as storage [115], for batteries
as storage [89, 162] and for alternative propulsion system topologies [156]. A
combination with fuzzy control is presented in [84]. All these techniques express
the fuel consumption as a cost function to be minimized. Linear models and a
quadratic cost function enable Linear Quadratic Control (LQC) [28, 81].

Although, compared to DP, no full knowledge of the future is needed, optimizing
strategies still need some future information to succeed in their optimization.
ECMS based strategies overcome the need for a-priori knowledge by expressing
the power from the storage as an equivalent fuel consumption [48, 58, 81]. This
reduces the need for a-priori knowledge to a proper choice for an equivalence
factor. Simulations show that with ECMS, results from DP can be approached
closely [13, 135].

With respect to the cost function as relation between fuel consumption and
control variable, studies on ICEs use a measured relation [58, 75, 120], or assume
a quadratic [81] or (partly) linear [74] relation. For fuel cell hybrids, both
quadratic cost functions [135] and first principle models [13, 136] are used. In
particular, a quadratic cost function combined with linear equality constraints
enables an analytical solution to the control variable, but such solutions require
a linear battery model.

Multiple studies on ECMS represent the battery by two constant efficiencies,
one for charging and one for discharging the battery, and therefore use two
equivalence factors [120]. In an online implementation, these efficiencies and
equivalence factors should be determined real-time. In [115, 120] it is proposed
to express these two equivalence factors as an estimated probability, updated
using logged data. An update of the equivalence factor, based on a battery
model without constant efficiencies is proposed in [26] but not implemented.
Updating the equivalence factor can also be considered a control problem, with
maintaining the State Of Energy (SOE) of the battery within certain boundaries
as control goal. As controller, a proportional action [77], a PI-controller [76, 81],
a rule based approach [23], and a penalty function [100, 106] are presented. In
[58] an overview is provided. Methods discussed in [13, 26] include a non-
linear battery model to determine the equivalence factors, but do not provide
an analytical solution. The solution provided by ECMS is sensitive to the values
of the equivalence factors, which makes ECMS in the end heuristic.
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ECMS is a static method [156, 166]; the optimal solution has to be derived every
sample, with a new estimate of the equivalence factors. This need for some a-
priori information is a property common to most strategies, but covered using
different approaches. In [7, 69], Model Predictive Control (MPC) is proposed.
An algorithm that recognizes driving modes is presented in [116], where the
identification of the sensitivity against the driving cycle is discussed in [85].
Contrary to the deterministic approach of ECMS, a stochastic DP approach to
enable a control law which is not based on a specific driving cycle or prediction
is reported in [119].

For implementation, most strategies rely on a real-time estimation of the State
Of Charge (SOC) or SOE of the battery. This not only holds for optimizing
strategies as ECMS, but also for other strategies [33, 68, 78]. An accurate
determination of the real-time SOC or SOE is not trivial [11, 108]. In [140]
not the SOC but the directly measurable voltages in the system are used as
controlled variables, but no optimal solution is provided. Other approaches to
predict future behavior use average power demands from the the past [13] or
navigation data [57].

Studies that compare energy management strategies, use simulations [24, 35, 36,
136, 145, 166] or measurements from an experimental setup or vehicle [36, 43,
135, 136, 149]. When comparing the reported results from different strategies, it
is observed that optimizing strategies perform best with respect to a minimum
fuel consumption, as could be expected. Such conclusions are generally based
on simulations and rarely on experiments [136] as differences are small.

1.5.3 Sizing

A significant number of fuel cell hybrid prototypes and first series have been built
today [53, 117, 131, 148]. Most of these vehicles are built from the perspective
to demonstrate hydrogen propulsion, rather than optimizing the sizes of the
propulsion system components with respect to a minimum fuel consumption.
As a result, there seems no consensus on the sizes of the fuel cell stack and the
battery. Some vehicles are essentially battery based electric vehicles with a fuel
cell system as range extender, sized for the average power demand [53, 117],
where others have a fuel cell system with a stack power comparable to the rated
power of the electric motor [1, 53, 131].

The existence of storage in a hybrid propulsion system introduces a dominant
dynamic component. This complicates the sizing decision and makes it a dy-
namic optimization problem [48]. As a consequence, key performance figures
such as acceleration time or top speed, are not sufficient to size the components
of the propulsion system. Other information like driving cycles (subsection
1.5.1) is needed to define the performance required and the preferable compo-
nent sizes.

Studies that discuss component sizes in hybrid propulsion systems do not result
in one clear sizing rule [1, 51, 60, 99], nor one clear Degree Of Hybridization
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(DOH, ratio between the rated powers of the fuel cell stack and the storage)
[38, 78].

A framework to find sizes optimal with respect to a mix of fuel consumption
and costs, is presented in [51] and applied in [52]. It uses an partly heuristic
optimizing EMS and approximated performance maps as component models.
It concludes that an optimization based on costs needs a more comprehensive
understanding of the overall design and trade-offs, already without covering
issues as packaging and safety. Also [38] presents a framework, based on an
on/off operation of the fuel cell system, which seems to be undesirable with
respect to the lifetime of the fuel cell stack [133]. It concludes the optimal DOH
strongly depends on the considered driving cycle. In [54] a sizing approach
is introduced based on two control strategies as EMS. The first is an on/off
control strategy, resembling [38]. The second strategy controls the fuel cell
stack proportional to the changes in the SOC. As both control strategies do not
providing a fuel minimum solution, it is uncertain if the resulting component
sizes are optimal with respect to a minimum fuel consumption.

A topology including both a battery and supercapacitor as storage is discussed
in [118]. To distribute the power between battery and supercapacitor, filters
are used. It focusses on the impact on the aging of the battery, and concludes
that oversizing the battery reduces the need for a supercapacitor. Both [12] and
[137] discuss component sizing with respect to an optimizing EMS minimizing
the fuel consumption, considering one vehicle and a limited set of driving cycles.
These studies demonstrate that with respect to a minimum fuel consumption,
other choices than a fuel cell stack size equal to the average power demand or the
maximum power demand can provide better results. This motivates a further
investigation of the sizing of fuel cell hybrid propulsion systems.

1.6 Outline of this thesis

Following the objectives, problem definition and literature survey from this
chapter, the thesis discusses in chapter 2 the models representing the considered
process sufficiently accurate for the stated control goals. On the level of power
and energy, these models were previously presented in [136, 137], publications
which are also listed in the next section for convenience. On one more level of
detail, the level of voltages and currents, the models were presented and dis-
cussed in [109, 135] and summarized in [148]. With respect to dynamics in fuel
cell systems, an inventory was presented in [133], including [132].

The following chapters are organized in line with the problem definition of sec-
tion 1.4. The relations between the chapters are indicated in figure 1.7.

To enable component sizing of the fuel cell stack and battery with respect to
a minimum fuel consumption, a definition is needed of what is required from
a vehicle. As driving cycles represent these requirements, chapter 3 presents a
discussion on driving cycles, including an evaluation of measurements obtained
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Figure 1.7: Outline thesis.

from different electric propelled vehicles. These driving cycle discussions have
previously been presented in [134, 138].

Based on the models defined, chapter 4 discusses the analytical solution to the
control problem of operating a fuel cell hybrid propulsion system to provide the
demanded power at a minimum fuel consumption, including results from real-
life experiments for validation. On the level of power and energy, the analytical
solution to this problem was presented in [98] and [136], including an experi-
mental validation and comparison with ECMS as energy management strategy.
At the more detailed level of voltages and currents, the analytical solution is
discussed in [135] and validated in [148].

Given the analytical solution presented in chapter 4 as energy management
strategy and the results from the discussion on driving cycles of chapter 3, an
analytical approach to optimal sizing of the fuel cell stack and battery with
respect to a minimum fuel consumption is explored in chapter 5. The relation
between driving cycles and sizing was previously presented in [138]. The search
for optimal component sizes was presented in [137].

Finally, chapter 6 summarizes the main conclusions and presents some recom-
mendations for further research.

1.7 Publications

Parts of the research discussed in this thesis have already been presented in the
following publications.
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Chapter 2

Models

2.1 Introduction

Models are needed for solving the energy management problem and the optimal
sizing problem of the fuel cell stack and battery. This chapter discusses the
models used on the level of power and energy. In addition, most models are also
discussed on one more level of detail; the level of voltages and currents.

2.2 Topology

The topology of the fuel cell hybrid propulsion system under study is presented
in figure 2.1. This layout is referred to as the energy hybrid structure [99], where
the battery defines the voltage of the interconnecting direct current (DC) bus.
This energy hybrid structure prevails over other topologies with respect to the
fuel consumption [99]. Figure 2.1 presents this topology as a power balance.

The total power required by the vehicle consists of the power for traction PW ,
converted via inverter and motor in a power demand Pd, the power to the aux-
iliaries Paux and the compensation of losses. The power for traction is defined
by the driver through the position of the accelerator pedal, the specifications
of the vehicle and the road conditions. The auxiliaries consist of subsystems
that support the propulsion system, such as the air compressor and the hydro-
gen circulation pump. The power required for peripherals as the radio and air
conditioner are considered as an offset in Paux.

The converter defines the power PFC = VFCIFC drawn from the terminals of
the fuel cell stack. This operation of the fuel cell stack relates to a hydrogen
mass flow ṁH2

. The converter matches the stack voltage VFC with the battery
voltage VS . Due to losses in the converter, the net available fuel cell stack power
PFCn = VSIFCn is less than the stack power output PFC . This net power PFCn
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Figure 2.1: Outline of the hybrid propulsion system.

provides the power to the propulsion system. Temporary differences between
this power PFCn and the power demand for traction and auxiliaries Pd + Paux
are covered by the battery PS = VSIS .

The total sum of powers in the propulsion system should obey the energy con-
servation law. The power, provided by the fuel cell system and battery, should
match the total demand for traction and auxiliaries. Referring to figure 2.1, this
is expressed as a power balance:

PFCn + PS = Pd + Paux. (2.1)

As the Kirchhoff current law should hold at the DC-bus as interconnecting node,
also the next balance of currents exists:

IFCn + IS = Id + Iaux. (2.2)

The difference between both balances is a scaling with or without the bus voltage
VS . Note that the value for VS is not necessarily constant, which has an impact
on how to approach the energy or charge stored in the battery (see section 2.5).

When the EMS is considered a control problem, the power demand Pd, defined
by the driver, should be considered a disturbance input to the process. The
actuator input available to the EMS for control is the control signal to the
DC/DC converter. This converter acts as a current pump from the fuel cell
stack to the battery/inverter node and controls the power delivered by the fuel
cell stack. Therefore, the fuel cell stack power PFC is considered the control
variable to the EMS.
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2.3 Vehicle

The requirements for the vehicle are defined as a driving cycle; a sequence of
speed points over time. Such a driving cycle provides the possibility to include
requirements as acceleration and top speed. To convert from speed v to power
demand Pd, a vehicle model is used. The power for traction at the wheels, PW ,
to overcome the air resistance and rolling resistance and to deliver the power
for acceleration and deceleration relates to the driving cycle as [48, 98]:

PW = v

[
1

2
ρAcxv

2 +Mgfr + (M +mj)
dv

dt

]
. (2.3)

Here, ρ [kg/m3] represents the air density, A [m2] the frontal surface of the
vehicle, cx [-] the air drag coefficient, M the vehicle mass [kg], fr [-] the rolling
resistance coefficient, mj [kg] the equivalent mass of the rotating parts and g
refers to the gravity constant (9.8 m/s2). No inclination is assumed.

The power demand Pd required from the propulsion system is assumed to be
related to the power for traction PW as:

Pd = max

{
1

ηEM

1

ηinv
PW , ηregenηEMηinvPW

}
. (2.4)

As the impact of the efficiencies of electric motor ηEM [-] and inverter ηinv [-]
depend on the direction of the energy flow, the relation distinguishes between
motoring (PW ≥ 0) and regeneration (PW < 0). Parameter ηregen [-] defines
the fraction of kinetic energy available for regeneration. This parameter is
included to compensate for implementation of mechanical braking in some of
the examined hybrid vehicles, but when all energy from regeneration is available
to the propulsion system, ηregen equals one.

The solution to the energy management problem determines how to provide Pd
at a minimum fuel consumption. As the losses in the electric motor and inverter
are small compared to the losses in for example the fuel cell stack, constant
efficiencies ηEM and ηinv suffice to model the losses in the motor and inverter.
In addition, these efficiencies only affect the derivation of the power demand
Pd, not the solution how to provide the power demand. Therefore, constant
efficiencies for the electric motor and inverter will not corrupt a comparison
between different EMSs or driving cycles. Apart from a discussion on accuracy,
it should be denoted that a very accurate relation between this power demand
Pd and the driving cycle v is less relevant, as the actual vehicle will never drive
the exact driving cycle used to evaluate the EMS.
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2.4 Fuel cell system

The fuel cell stack converts hydrogen into electric energy. As each hydrogen
molecule delivers two electrons, the mass flow of hydrogen as fuel is directly
proportional to the stack current [41, 47], neglecting (purging) losses. The fuel
efficiency therefore depends on the stack voltage. The relation between stack
voltage and stack current is presented in the polarization curve in figure 2.2.
For a stack without internal losses, the stack voltage is defined by the reversible
cell potential E0 times the number of cells NFC . This ideal potential is reduced
by activation losses, ohmic losses and concentration losses. For small currents,
the activation losses dominate the voltage reduction (area A). In the normal
operating range, an ohmic relation dominates (area B), and for high current
densities, concentration losses reduce the voltage to unpractical low values (area
C).
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Figure 2.2: Fuel cell stack polarization curve.

In area A the high voltage over a cell results in back diffusion of protons through
the membrane, reducing the lifetime of the cell. In area C, the voltage decreases
such that also the stack power (the product of stack voltage and current) de-
creases, although more hydrogen is consumed. Therefore, only area B is con-
sidered for normal operation.
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Figure 2.3: Fuel cell stack model.

As the relation between stack current and stack voltage in area B is dominated
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by an ohmic relation, the fuel cell stack is modeled as an ideal voltage source
with an internal resistance in series, see figure 2.3. This leads to the following
relation between stack voltage VFC and stack current IFC :

VFC = VFC0 −RFCIFC . (2.5)

The power PFC delivered at the terminals of the fuel cell stack relates to the
stack current IFC as:

PFC = VFCIFC

= VFC0IFC −RFCI2FC .
(2.6)

And consequently (only one feasible solution):

IFC =
VFC0

2RFC

(
1−

√
1− 4PFC

RFC

VFC0
2

)
. (2.7)

The hydrogen fuel consumption of a fuel cell stack is accurately represented by
the fuel cell stack current, as each hydrogen molecule delivers two electrons.
Based on this mass balance, the hydrogen mass flow ṁH2

proportionally relates
to the stack current, and, using (2.7), it relates to the stack power PFC as:

ṁH2 = NFC
MH2

2F
IFC

= NFC
MH2

2F

VFC0

2RFC

(
1−

√
1− 4PFC

RFC

VFC0
2

)
.

(2.8)

Here, MH2 represents the molar weight of hydrogen and F the Faraday constant.

Using measurements from an existing fuel cell stack, the internal resistance
model parameters VFC0 and RFC have been estimated. Figure 2.4 compares
the modeled fuel consumption with the measured fuel consumption. From this
comparison it is concluded that the mass balance (2.8) provides a sufficiently
accurate description of the hydrogen consumption of the fuel cell stack.

The power range for normal operation is bounded by a maximum and minimum.

PFCmin ≤ PFC ≤ PFCmax (2.9)

Here, PFCmin and PFCmax denote the minimum and maximum rated operating
power of the fuel cell stack. Typically, PFCmin is 10-20% of PFCmax.

Based on the inventory of appendix A it is concluded that from the perspective
of an energy management strategy as supervisory control, only the response of
the air compressor limits the dynamic response of the fuel cell system, as the



22 MODELS

0 1000 2000 3000 4000 5000 6000 7000 8000
0

0.2

0.4

0.6

0.8

1

1.2

1.4
x 10

−4

Stack power [W]

F
ue

l r
at

e 
[k

g/
s]

Fuel consumption related to stack power

 

 

Measurements
Internal resistance model

Figure 2.4: Static relation between fuel consumption and stack power, measured
and modeled.

acceleration of the air compressor is limited [133]. The air compressor consumes
a significant amount of energy. Therefore, it should be avoided to operate the
air compressor continuously at its maximum capacity (see also section 2.7) and
thus the dynamic response of the air compressor does limit the response of the
fuel cell system. The impact of a limited acceleration of the air compressor
due to inertia, on the maximum power rate of the fuel cell stack power PFC is
discussed in appendix A. From this discussion is concluded that for the energy
management problem, an assumed quasi-static behavior suffices initially.

2.5 Battery

Similar to the fuel cell stack, the battery as energy storage is represented as
an ideal voltage source with an internal resistance, as sketched in figure 2.5
[48, 59, 71].

VS IS 

+ 

- 

RS 

VS0 
+ 

- PS PS0 

Figure 2.5: Battery model.
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The voltage at the terminals of the battery equals:

VS = VS0 − ISRS . (2.10)

When discharging the battery, the power PS at the terminals of the battery
equals the power from the ideal internal voltage source PS0 minus the internal
losses over the resistor RS .

PS = VSIS

= VS0IS − I2SRS
(2.11)

Consequently,

PS = PS0 − P 2
S0

RS
V 2
S0

. (2.12)

Relation (2.12) yields only one feasible solution, that holds for both discharging
and charging the battery:

PS0 =
V 2
S0

2RS

(
1−

√
1− 4PS

RS
V 2
S0

)
. (2.13)

Most literature on EMS refers to battery losses as an ’efficiency’ [48, 58, 76, 81]:

PS = ηSPS0. (2.14)

In terms of ’efficiency’, relation (2.12) provides a first order battery efficiency
model:

ηS = 1− PS0
RS
V 2
S0

. (2.15)

Here,
V 2
S0

RS
refers to the power dissipated internally when the battery is shorted.

This power exceeds the battery’s rated power by far. The battery power PS is
limited by its rated minimum and maximum powers, PSmin and PSmax respec-
tively:

PSmin ≤ PS ≤ PSmax. (2.16)

As charging the battery is considered negative, the value for PSmin is negative.

The amount of charge stored in the battery is represented by the SOC. To
determine the SOC, coulomb counting is assumed. This implies that the SOC
of the battery directly relates to the integral of the battery current [76, 81, 105]:
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SOC(t) = SOC(0)− 1

CSmax

t∫
τ=0

ISdτ. (2.17)

Here, CSmax represents the battery’s capacity to store charge. Although gen-
erally specified in [Ah], here CSmax is specified in [C] according the SI system.
Note the minus sign in (2.17) due to the definition of a positive battery current
when discharging. Feasible values for the SOC range from 0% to 100%, but
most manufacturers prescribe a safety range of allowable values:

SOCmin ≤ SOC ≤ SOCmax. (2.18)

The amount of energy stored in the battery is represented by the SOE. The
SOE relates to the power to the battery’s internal voltage source (figure 2.5) as:

SOE(t) = SOE(0)− 1

QSmax

t∫
τ=0

PS0dτ. (2.19)

The energy storage capacity of the battery is indicated by QSmax, generally
specified in [kWh], or [J] according the SI system. Ideally, the SOE ranges from
0% to 100%, but for reasons of aging and safety, a smaller range is defined:

SOEmin ≤ SOE ≤ SOEmax. (2.20)

The energy storage capacity QSmax does not equal the charge storage capacity
CSmax times the open clamp voltage VS0, as the open clamp voltage depends on
the SOC and temperature of the battery. For modern battery technologies as
lithium-ion, between 20% and 80% of the allowable SOC, the VS0 depends only
weakly on the SOC. In addition, in fuel cell hybrid vehicles, only a small range of
the battery’s SOC is used, since the battery is mainly sized on its power handling
capabilities [135, 136, 137]. Therefore, assuming a constant open clamp voltage
VS0 is regarded valid when defining an EMS for fuel cell hybrid propulsion
systems. The temperature of the battery is assumed constant during operation.

As a consequence, the amount of stored energy in the battery equals the stored
charge times the open clamp voltage, and PS0 becomes directly proportional
to IS as PS0 = VS0IS . Therefore, in the context of this study, the SOE of the
battery equals the SOC.

2.6 DC/DC converter

The DC/DC converter matches the fuel cell stack voltage VFC with the bus
voltage defined by the battery voltage Vbus = VS . Figure 2.6 presents the mea-
sured efficiencies of two fuel cell hybrid propulsion system DC/DC converters
[83, 129, 137].
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Figure 2.6: Examples of DC/DC converter efficiencies (data sources [83, 137]
and [129] respectively).

The efficiencies show a minor dependency on the converter power. A linear
relation largely models this dependency. Still, compared to other losses in the
system, the error when using a constant efficiency is small. Therefore, the power
loss in the DC/DC converter is represented by one constant efficiency ηcnv.

PFCn = ηcnvPFC (2.21)

IFCnVbus = ηcnvIFCVFC (2.22)

As two-port, the combination of DC/DC converter and fuel cell stack converts
the stack current IFC to a net current IFCn according to a ratio r defined by
the voltages on the stack terminals VFC and the DC-bus or battery terminals
Vbus = VS and the efficiency of the converter ηcnv.

IFCn = rIFC (2.23)

Based on the fuel cell stack model (2.5) and the battery model (2.10), this ratio
is expressed as:

r = ηcnv
VFC
Vbus

= ηcnv
VFC0 − IFCRFC
VS0 − ISRS

.

(2.24)

Considering coulomb counting, the average battery current has to be zero to
avoid depletion or overcharge, (IS = 0). Assuming relative small excursions for
the fuel cell stack current and the battery current around their average value,
the ratio r is approximated with:
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r ≈ ηcnv
VFC0 − IFCRFC

VS0
. (2.25)

As a result, ratio r is constant over the driving cycle and a constant in the
optimization. For the cases discussed in chapter 4, the maximum instantaneous
error made with this approximation is 13% at the upper boundary of the sys-
tems operating window (maximum battery current). Since these instantaneous
extremes hardly occur during the investigated driving cycles and given its size,
this error is considered acceptable when evaluating the fuel consumption over
an entire driving cycle.

2.7 Auxiliaries

In general, in fuel cell hybrid propulsion systems, the power required for a part
of the auxiliaries will follow the operation of the fuel cell stack [111]. Especially
the air compressor significantly contributes to the total power demand for the
auxiliaries. As the oxygen consumption of the stack is linear with the stack
current, and assuming an air compressor current proportional to its air mass
flow, the total current Iaux to operate the auxiliaries is approximated as:

Iaux = γIIFC + Iaux0. (2.26)

Here, Iaux0 defines the offset and γI the proportional part of the stack current
needed for the auxiliaries.

A slightly different model, proposed in [72, 142], considers the power Paux
needed for the auxiliaries proportional to the fuel cell stack power:

Paux = γPPFC + Paux0. (2.27)

This relation is verified on a test bench [147] as an acceptable approximation.

2.8 Conclusions

This chapter presented model equations for all components in a fuel cell hybrid
propulsion system. These models are based on first principle relations. As this
research focusses on the level of energy management and sizing, quasi-static
relations suffice, except for the battery.

The presented models provide a basis for the solution to the energy management
problem of chapter 4 and the discussion on the sizing problem of chapter 5. The
vehicle model is used in chapter 3 when discussing the conversion from speed
to power.



Chapter 3

The Power Demand

3.1 Introduction

To design a fuel cell hybrid propulsion system, a definition of the performance
required from the vehicle is needed. For ICE-only vehicles, steady state per-
formance figures as top speed and acceleration times define such required per-
formance. As hybrid propulsion systems comprise an energy storage, steady
state performance figures are not sufficient as definition. Therefore, the general
approach for hybrid propulsion systems is to use well-defined driving cycles.

As outlined in section 1.5.1, the use of driving cycles is not without discussion.
A driving cycle is a sequence of speed samples over time [m/s]. Still, propulsion
systems have to provide the power for traction [W]. Based on this observation,
this chapter explores a characterization of driving cycles in terms of power for
traction, based on a normal distribution. Including the power for the auxiliaries
in the system, this defines the total power demand.

3.2 Examples of driving cycles

The requirements for the vehicle and propulsion system are defined using a driv-
ing cycle v; a sequence of speed samples [m/s] over time [s]. Such driving cycle
can include the definitions of maximum speed, acceleration and deceleration as
these ratings will appear somewhere in the driving cycle.

A significant number of standardized driving cycles, for different traffic environ-
ments and vehicle types are available [29]. Three standard driving cycles are
used as example in this study: the NEDC Low Power, the JE05 and the FTP75
cycles (figure 3.1):

• The European NEDC Low Power is the ’Low Power’ version of the well
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known NEDC [29]. The main difference is in the highway section where
the original 100 and 120 km/h is replaced by 90 km/h as speed. From
that perspective, ’Low Speed’ would provide a more accurate reference.
Where the NEDC refers to passenger cars, the NEDC Low Power is also
intended for more heavy vehicles. Its average speed is 35.05 km/h and its
maximum speed equals 90 km/h. It consists of 985 speed samples with
a sample time of 1 second. Although this cycle is artificially constructed
and originally intended for emission tests, it is included as it is commonly
used and generally accepted.

• The Japanese JE05 driving cycle refers to light- and mid-size trucks in an
urban environment. Originally, it was designed as emission test. It covers
an urban environment including a section on a main road. The average
speed of the cycle is 27.3 km/h with a maximum speed of 87.6 km/h. Its
length is 1829 seconds with a sample time of 1 second. Compared to the
NEDC Low Power, the construction of this driving cycle is less artificial.

• The US FTP75 cycle is a test cycle for passenger cars and light duty
trucks. Its main purpose is emission certification. Its average speed is
34.1 km/h, the maximum speed is 91.2 km/h. The driving cycle has a
length of 1874 seconds with a sample time of 1 second.

Although different in length, in figure 3.1 all three driving cycles are plotted on
the same time scale to enable comparison. These three driving cycles are selected
based on their difference in topographical origin and method of construction.
In addition, the vehicle class they represent includes the vehicles used in this
research for measurements and demonstration.

3.3 Observations

3.3.1 First observations

Experiments and simulations, exercised with different vehicles, different driving
cycles and under different conditions, resulted in considerable amounts of data
of speed and power for traction. This data has been obtained from a delivery
van (see section 4.4.5 for details), a mid-size distribution truck (section 4.4.3)
and an articulated trolley bus [134]. Although different, these vehicles have an
electric propulsion system with one fixed gear in common.

From these experiments, three examples are presented with their speed profile
and statistical distributions of speed and power for traction:

• Figure 3.2 shows a trip of the delivery van through a suburban and ru-
ral traffic environment, where both speed and power to the inverter are
measured through the data logging system of the vehicle. This trip has a
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Figure 3.1: NEDC Low Power, JE05 and FTP75 driving cycles.

duration of 3165 seconds, an average speed of 43.1 km/h and a maximum
speed of 82.0 km/h.

• Figure 3.3 shows a driving cycle of the trolley bus in a rural area, where
the speed is measured and the power for traction has been derived through
a vehicle model. The length of this driving cycle is 4337 seconds, with an
average speed of 25.8 km/h and a maximum speed of 81.9 km/h.

• Figure 3.4 presents simulation results where the JE05 standard is used
as driving cycle, representing a mix of urban and suburban traffic condi-
tions as traffic environment [29]. The power distribution has been derived
through a vehicle model of the mid-size distribution truck. This model is
validated on component level [137].

In spite of the differences in vehicle class and the significant differences in speed
distributions, the distributions of the power for traction show some resemblance.
All experiments provide bell-shaped distributions for the power for traction.

For comparison, the normal distributions based on mean and variance of the
considered data set are included as curve in the graphs. Still the experiments
cover a relatively short time, resulting in an average number of samples per bin
in the histogram of less than 70. This makes it difficult to draw statistical sound
conclusions. Consequently, measurements with more samples are considered.
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Figure 3.2: Measured speed and power distribution delivery van.
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Figure 3.3: Measured speed and simulated power distribution trolley bus.
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Figure 3.4: Predefined speed and simulated power distribution mid-size truck.

3.3.2 Long-term measurements

To cover the short observation time of the previous examples, an additional ex-
periment was conducted, where measurements of both speed and power for the
delivery van were logged over several days of operation. The resulting distribu-
tions are presented in figure 3.5 with the standstill/idling times skipped from
the data.

The experiment includes rides in the city, the suburbs and in a rural area.
Where the distributions presented in the previous examples refer to terrain
without significant elevations, the distributions of figure 3.5 also include trips
in some more rugged terrain.

This experiment, including more than six hours of driving, supports the idea
that, over a longer time horizon, the distribution of the power for traction is
bell-shaped, with as exception a spike at zero power.

3.3.3 Chassis dynamometer results

To verify if such a bell-shaped distribution also holds for predefined, styled,
cycles as the NEDC, a comparison is made between the NEDC Low Power as
simulated driving cycle and NEDC Low Power chassis dynamometer tests using
the delivery van [148]. The NEDC Low Power version is used to reflect the
capabilities of the considered vehicle. Figure 3.6 presents the results from simu-
lation and figure 3.7 presents the results derived from the chassis dynamometer
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Figure 3.5: Speed and power distribution delivery van.

experiment.

Clearly, the simulated case does not result in a bell-shaped power distribution,
as the number of samples is limited and as the NEDC Low Power driving cycle is
constructed artificially. The measured speed distribution resembles the original
NEDC Low Power cycle; the dominant velocities are still clearly visible. The
power distribution, however, is much more blurred.

To evaluate the difference between a real-world driving cycle with disturbances
as road conditions etc., and a chassis dynamometer experiment, the measured
cycle of the delivery van presented in figure 3.2 is replayed as chassis dynamome-
ter experiment. The results are presented in figure 3.8. Comparing these results
with the results of figure 3.2, measured on the road, shows that both speed and
power distribution resemble, except for a spike around 8 kW. This indicates
that chassis dynamometer tests are useful to represent real-world conditions
with respect to speed and power distributions.

3.4 Power for traction normal distributed

3.4.1 Hypothesis

Both in measurements, chassis dynamometer experiments and simulations, and
for different vehicles, the distributions of the power for traction show bell-shaped
curves, especially when driving cycles are evaluated that cover time frames of
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Figure 3.6: Simulation results for NEDC Low Power.
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Figure 3.7: Chassis dynamometer results for NEDC Low Power.

several hours. With respect to sizing, a much longer time is considered; the
lifetime of the vehicle. Extending the horizon of observation to the lifetime of
the vehicle, it is stated that the distribution of the power for traction is bell-
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Figure 3.8: Chassis dynamometer results for real-world data.

shaped, with a peak around zero due to idling. Steady power consumption by
the auxiliaries or vehicle peripherals only shifts the power distribution to higher
power levels, i.e. increases the mean of the distribution. With respect to the
shape of the distribution, it is postulated that:

Over the lifetime of the vehicle, the distribution of the power
for traction is sufficiently accurate approximated by a normal
distribution.

A peak at zero power to represent idling might be included when appropriate.
Coasting will not introduce an additional peak as will be motivated later.

3.4.2 Motivation

To provide some support for the hypothesis for a normal distributed power for
traction, a first motivation is included in this section. This motivation is based
on a combination of driver behavior and vehicle properties, as indicated in figure
3.9.

This figure presents a model of the driver-vehicle interaction with respect to the
vehicle speed, based on [66]. Using the information of the surrounding traffic
environment, the driver continuously adapts the virtual setpoint vref for the
desired speed of his own vehicle. Observing the speed v of the own vehicle, the
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Figure 3.9: Power for traction as the result of a control loop with the driver as
controller.

driver acts as controller by changing the power for traction PW through the
accelerator pedal to reduce the difference between actual speed v and desired
speed vref . As it is the same driver who has to process all information, both
the setpoint and control loop update at a comparable rate.

Generally, the relation between the power for traction PW and the vehicle speed
v is represented with the anti-causal relation or backwards vehicle model of
equation (2.3), repeated here for convenience, with reduced brackets and the
derivative of speed towards time indicated as v̇:

PW =
1

2
ρAcxv

3 +Mgfrv + (M +mj) vv̇. (3.1)

Relation (3.1) defines the input-output relation for the vehicle in figure 3.9 from
power for traction PW as input to speed v as resulting output. To obtain the
desired output, the driver acts as a controller. As the capabilities of the driver
as controller with respect to response times are limited in terms of bandwidth,
the overall response from desired speed vref to the power for traction PW is low
pass. More precisely, literature proposes to approximate human control loops
with a first order transfer function with delay [39, 66, 82].

The observation that the power for traction PW is the result of a low pass
dynamic system is the main argument supporting a normal distribution, as
low pass systems provide normal distributed outputs on arbitrary distributed
random inputs. Next, a motivation for this property of low pass systems is
given.

Considering such dynamic system sampled, the transfer function of such system
can be expressed as an Infinite Impulse Response (IIR):

PW (k) = b0vref (k) + b1vref (k − 1) + b2vref (k − 2) + ...+ bnvref (k − n) (3.2)

with n approaching infinity. Here, bi represents the ith coefficient of the IIR fil-
ter. For sufficiently large values of i, the speed setpoint vref (k) will become only
marginally correlated to vref (k−i), as vref consists of at least partly random in-
formation. The rate of change will be at least the same as the response times of
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the control loop of driver and vehicle, as the traffic environment comprises also
other comparable vehicles with their human drivers. Thus, PW (k) approximates
a sum of uncorrelated random variables. Based on the Central Limit Theorem
(CLT) [102, 128], the result of such sum will converge to a normal distribution.
Therefore, it can expected that the power for traction PW is sufficiently accurate
described with a normal distribution, regardless the distribution of vref .

Variables as wind speed and road inclination are considered disturbances in the
control loop. Over the lifetime of the vehicle, also the number of passengers and
amount of payload can be considered disturbances. As several of these distur-
bances are uncorrelated, over time, again based on the CLT, these disturbances
further support a normal distribution.

3.4.3 Coasting and gear shifting

When the control loop of figure 3.9 is interrupted, the motivation for a normal
distribution partly fails. This is the case during coasting (the driver releases the
accelerator pedal and just accepts the resulting speed change) and during gear
shifting (again the accelerator pedal is released, and for a moment the power for
traction is reduced to zero or a constant low level). As the considered vehicles
operate at one gear, gear shifting does not affect the observations made. In addi-
tion, the accelerator pedal and inverter of the delivery van is programmed such
that releasing the accelerator pedal implies a maximum deceleration through re-
generation of kinetic energy. Although this behavior of the accelerator pedal is
uncommon in gasoline vehicles, it is implemented as such in electric vehicles as
forklifts and buses, as it does maximize regenerative braking. As a consequence,
coasting is no option in the delivery van.

To examine the impact of interrupting the control loop by coasting and gear
shifting, an additional experiment has been performed with the delivery van. In
this experiment, the accelerator pedal is reprogrammed such that it imitates the
behavior of an ordinary gasoline vehicle: When the accelerator pedal is released,
a limited amount of power is regenerated from the kinetic energy of the vehicle.
In addition, the 5-speed manual gearbox has been used as in a gasoline vehicle.
With these settings, a commuter trip of approximately 40 minutes is made in
an urban environment.

The resulting distributions of speed and power are presented in figure 3.10. This
figure shows an additional power peak at the ’accelerator pedal released’ power,
and the resemblance with a normal distribution is diminished. Apparently,
the driver’s behavior is affected by the programmed behavior of the accelerator
pedal. This was confirmed by the test drivers. These results support the control
loop as a model for the interaction between driver and vehicle, provided the
driver continuously controls the power for traction. This is also in line with the
NEDC Low Power simulations of figure 3.6, where the power for traction is not
the result of a control system, but from a single backwards relation (3.1).

As a result, within the scope of this study, a normal distribution to characterize
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Figure 3.10: Measured distributions under gasoline vehicle imitating conditions.

the power for traction is assumed in combination with electrically propelled
vehicles, with a fixed gear and an acceleration pedal programmed to maximize
the regeneration of kinetic energy.

3.5 Discussion

To verify if a distribution can be considered normally distributed, tests are
proposed in literature, such as the Kolmogorov-Smirnov test and based on the
Kolmogorov-Smirnov test, the test proposed by Lilliefors [87]. These tests com-
pare the estimated cumulative distribution of the considered data with the cu-
mulative distribution function of a normal distribution. Depending on the max-
imum difference between the estimated cumulative distribution and the normal
cumulative distribution function, the hypothesis on normality is rejected or not.
The Kolmogorov-Smirnov test considers mean and variance of the normal dis-
tribution function a-priori known, where Lilliefors proposes to estimate these
parameters from the considered data.

When applying the test proposed by Lilliefors, all power distributions discussed
in this chapter fail. But distributions that origin from driving cycles with a
relative low number of samples, do not necessarily accurately represent the
power demand over the lifetime of the vehicle. This holds for the NEDC Low
Power, JE05 and FTP75 cycles and might cause failure on the test.

The criterion in the test is the maximum difference between the estimated cumu-
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lative distribution of the data and the normal cumulative distribution function
with mean and variance obtained from the data. At idling power, a peak is
observed in all power distributions. This directly contributes to the maximum
difference, which causes the rejection. A closer observation of the results from
the long-term experiment of section 3.3.2 reveals that at a 50 bins distribution,
at a default significance level of 5%, 7 samples around idling power cause the
test to fail. All higher and lower bins pass the test. This is in line with a visual
inspection of figure 3.5. As this does not imply that without the peak at idling
power the data would pass the test, uncertainty remains.

Measured data from electric propelled vehicles over longer periods of operation
will reduce this uncertainty on the normality of the power distribution. As such
data is not available yet, within the scope of this study, the statement that
the power for traction is normal distributed should be considered a reasonable
assumption only. When this assumption should appear inaccurate, its impact
is restricted to the sizing problem, as will be discussed in chapter 5.

3.6 Conclusions

This chapter discussed driving cycles as a mean to define the required vehicle
propulsion. A number of driving cycles are presented. Some of these driving
cycles will be used in chapter 4 to evaluate solutions to the energy management
problem.

In addition, this chapter proposes to define the traction required from a vehicle
as a normal distributed power demand. Both measurements and simulations
support this characterization. In this research, its application is restricted to
electric propelled vehicles with one fixed gear, and with an inverter programmed
for maximum regeneration of energy when decelerating the vehicle, not mim-
icking coasting of a ICE-based propulsion system.

Although a motivation for a normal distribution is provided, conclusive evi-
dence is not presented. Therefore, the statement that a normal distribution
sufficiently accurate represents the distribution of the power for traction should
be considered a motivated assumption.

As a normal distribution is defined by its mean and variance, it provides a
convenient characterization that enables an analytical approach to the sizing
problem of chapter 5.



Chapter 4

Energy Management

4.1 Introduction

The presence of a storage in a fuel cell hybrid propulsion system partly decouples
the power provided by the fuel cell stack from the power for traction. This
decoupling provides additional freedom for objectives as a minimization of the
vehicles fuel consumption. Still, to realize such objective, a supervisory control
system that manages the powers should be provided. This chapter discusses
two related solutions to this energy management problem.

The EMS first presented, approaches the optimization problem on the level of
power and energy storage. It expresses the fuel consumed as a cost function and
provides the optimal control variable that realizes the global minimum over a
driving cycle.

The second approach discusses the optimization problem on a higher level of
detail by describing the system in terms of voltages and currents. The problem
of finding a minimum fuel consumption is redefined as finding the minimum in
losses. The minimum in losses subsequently provides the optimal trajectory for
the control variable.

Both simulations and experiments on a full scale test facility provide sufficient
information to compare the strategies presented with other strategies as ECMS
and DP. Finally the most promising method from the perspective of implemen-
tation has been demonstrated on the road in a fuel cell hybrid vehicle.
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4.2 EMS on Power level

4.2.1 Motivation

The objective of the EMS is to minimize the fuel consumption of the vehicle
over a driving cycle. Considering the literature review of section 1.5.2, the ob-
vious approach to obtain a fuel minimizing EMS is to apply ECMS to fuel cell
hybrid propulsion systems. To cover uncertainty on the future and to reduce
the computational effort, ECMS approaches the optimization problem per sam-
ple, reducing the need for future knowledge to an appropriate choice for the
equivalent costs factor. From the perspective of optimization, this factor equals
the Lagrange multiplier λ over the considered time sample [81]. The remain-
ing choices for λ proposed in literature should be considered heuristic, which
appears in contradiction with the principles of optimality. A slightly different
approach derives the optimal control P ∗FC as function of λ and v off line and
implements the resulting analytical relation online as EMS. This approach is
included in appendix B for reference.

Still, the ECMS framework uses quadratic and linear approximations of the
first principle models of chapter 2. These approximations have the advantage
that they result in an optimization problem with a quadratic cost function with
linear constraints. Although this guarantees a global optimum, the accuracy
of these approximations, especially with respect to the battery, is not without
discussion.

The solution presented in this section uses the first principle models of chapter
2 without further approximation. Although such solution is expected to have
an improved performance over ECMS, the use of these non-linear models makes
the existence of a (global) solution non trivial. In favor of the existence of a
solution, is the comparable electrochemistry and therefore comparable models
of fuel cells and battery cells. Based on this observation, this section presents a
global solution for fuel cell hybrid propulsion systems as defined in section 2.2,
without the need for a heuristic choice for the Lagrange multiplier.

4.2.2 Energy management optimization problem

Given the sizes of the fuel cell stack and battery, the objective of the EMS is
to minimize the fuel consumption over a driving cycle with duration tf , while
meeting the required power demand Pd (1.4). This optimization problem is
defined as the minimization of the fuel consumption with respect to a number
of equality and inequality constraints. This set of constraints is reduced to a
minimum set of constraints, essential to the optimization problem.

The total fuel consumption over the driving cycle is expressed as a cost function
J , depending on control variable PFC .
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J(PFC) =

tf∫
t=0

ṁH2 (PFC) dt. (4.1)

The value PFC of the cost function J(PFC) that provides the global minimum,
is referred to as solution P ∗FC of the optimization problem. As constraints to
this solution, the power demand should be met (2.1):

PFCn + PS − Pd − Paux = 0. (4.2)

As inequality constraints, both fuel cell power (4.3) and battery power (4.4)
should stay within their limits.

PFCmin ≤ PFC ≤ PFCmax (4.3)

PSmin ≤ PS ≤ PSmax (4.4)

Considering a two dimensional space defined by orthogonal variables PFC and
PS , the two inequality constraints (4.3) and (4.4) define a rectangular box, which
is a convex region of feasible solutions (see for example [17, 79] for proofs on
convexity of regions and functions). Linear constraint (4.2) reduces this to a
segment of a straight line representing the feasible solutions. At this point it
is assumed that the cost function is a convex function. Then, when the opti-
mal solution is situated on the line, but outside the box, the bounded optimal
solution is on this line, on the edge of the box. As a result, when the optimal
fuel cell stack power P ∗FC exceeds the rated maximum PFCmax, the optimal
bounded choice equals PFCmax. Therefore, the inequality constraints on the
fuel cell stack power and battery power are not included in the optimization
problem, but checked afterwards.

For EMS sample times over 1 s, power rise rates do not provide limitations
to the fuel cell stack, under the condition that auxiliaries respond sufficiently
fast (section 2.4 and appendix A). This avoids the necessity to include fuel cell
system dynamics in the optimization problem.

As constraints on the energy stored in the propulsion system, the energy stored
in the battery at the end of a driving cycle should be comparable to the initial
energy content. Also battery depletion or overcharging should be avoided. As
the energy management problem in this section is discussed on a power level,
in line with section 2.5, these constraints are expressed in terms of the SOE.

SOE(tf ) ≥ SOE(0) (4.5)

SOEmin ≤ SOE ≤ SOEmax (4.6)

Constraint (4.5) refers to one driving cycle. It enables the vehicle to continue
normal operation over numerous driving cycles. It also enables comparison of
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different energy management strategies with respect to their performance on
the fuel economy of the vehicle considered.

Although stated as inequality constraint, (4.5) is considered an equality con-
straint, as the minimum in the fuel consumption directly relates to the mini-
mum amount of energy left in the battery at the end of the considered driving
cycle (SOE(tf )). But stated as inequality constraint, it adds some flexibility to
solvers.

As expressed in constraint (4.6), the battery should not be depleted nor over-
charged at any time. For battery technologies available now and in the near
future, it is very unlikely this constraint will be violated, as in fuel cell hybrid
propulsion systems the power handling capabilities of batteries much more pro-
vide a limitation than their storage capacity [137]. Therefore, constraint (4.6)
is not considered part of the optimization problem, but checked afterwards.

Based on the previous observations, the optimization problem essentially con-
sists of cost function (4.1) and two equality constraints (4.2) and (4.5). Com-
bining the fuel consumption model (2.8) with cost function (4.1) relates control
variable PFC to the fuel consumption J(PFC).

J(PFC) =

tf∫
t=0

NFC
MH2

2F

VFC0

2RFC

(
1−

√
1− 4PFC

RFC

VFC0
2

)
dt (4.7)

The models for the battery efficiency (2.15) and the auxiliary power (2.27) define
the relation between stack power PFC , internal battery power PS0, and power
demand Pd.

(ηcnv − γP )PFC + PS0

(
1− PS0

RS
V 2
S0

)
− (Pd + Paux0) = 0 (4.8)

Based on the battery model of section 2.5, constraint (4.5) is expressed in terms
of the battery power PS0.

tf∫
t=0

PS0 dt = 0. (4.9)

Hence, the optimization problem reduces to finding P ∗FC that minimizes cost
function (4.7), subject to constraints (4.8) and (4.9).

4.2.3 Solution

To solve the stated optimization problem with the two constraints selected, it
is convenient to convert this into an equivalent optimization problem without
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constraints using Lagrange multipliers. Therefore, first, the optimization prob-
lem is reduced to only control variable PFC by using equality constraint (4.8)
to express PS0 as function of PFC :

PS0 =
V 2
S0

2RS

{
1−

√
1− 4

RS
V 2
S0

[−(ηcnv − γP )PFC + Pd + Paux0]

}
. (4.10)

Next, using a Lagrange multiplier, constraint (4.9) is adjoined to the cost func-
tion (4.7) into a Lagrange function or Lagrangian L(PFC , λ).

L(PFC , λ) =

tf∫
t=0

NFC
MH2

2F

VFC0

2RFC

(
1−

√
1− 4PFC

RFC

VFC0
2

)
dt +

+ λ

tf∫
t=0

V 2
S0

2RS

{
1−

√
1− 4

RS
V 2
S0

[−(ηcnv − γP )PFC + Pd + Paux0]

}
dt (4.11)

In a minimum, random infinitesimal changes δPFC and δλ will not result in
changes in the equivalent cost function L(PFC , λ). As δL = ∂L

∂PFC
δPFC + ∂L

∂λ δλ,
the necessary conditions for a minimum are that the partial derivatives towards
variables PFC and λ have to be zero [17].

∂L(PFC , λ)

∂PFC
= 0 (4.12)

∂L(PFC , λ)

∂λ
= 0 (4.13)

The second necessary condition returns the constraint on the SOE (4.9), which
leaves the first necessary condition to provide the optimal control variable as
function of the Lagrange multiplier, P ∗FC(λ).

∂L(PFC , λ)

∂PFC
=

tf∫
t=0

NFC
MH2

2FVFC0

(
1− 4PFC

RFC
V 2
FC0

)− 1
2

dt +

+ λ

tf∫
t=0

−(ηcnv − γP )

(
1− 4

RS
V 2
S0

[−(ηcnv − γP )PFC + Pd + Paux0]

)− 1
2

dt

(4.14)

A solution for which this necessary condition is zero equals:
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NFC
MH2

2FVFC0

(
1− 4PFC

RFC
V 2
FC0

)− 1
2

+

− λ(ηcnv − γP )

(
1− 4

RS
V 2
S0

[−(ηcnv − γP )PFC + Pd + Paux0]

)− 1
2

= 0 (4.15)

and consequently:

1− 4PFC
RFC
V 2
FC0

=(
1

λ(ηcnv − γP )

NFCMH2

2FVFC0

)2(
1− 4

RS
V 2
S0

[−(ηcnv − γP )PFC + Pd + Paux0]

)
.

(4.16)

Solving PFC from (4.16) provides the optimal solution depending on λ.

P ∗FC(λ) =

[
λ(ηcnv − γP ) 2FVFC0

NFCMH2

]2
− 1 + 4 RS

V 2
S0

(Pd + Paux0)

4
[
λ(ηcnv − γP ) 2FVFC0

NFCMH2

]2
RFC
V 2
FC0

+ 4(ηcnv − γP ) RS
V 2
S0

(4.17)

To distinguish a minimum from a maximum or saddle point, the Hessian should
be positive semidefinite. As the domain of feasible solutions is convex and as
the cost function is convex [59, 76], a check of the Hessian is not included, and
(4.17) provides the global minimum.

To obtain a better understanding of (4.17), some extremes are discussed:

• Considering a lossless battery (RS = 0), optimal control variable P ∗FC
reduces to one constant power level, only dependent on Pd through the
choice of λ. All transients in the power demand are covered by the battery,
as storing energy has become lossless.

• As opposite extreme, a poor battery with a very high internal resistance
(RS → ∞) transforms optimal control variable P ∗FC to a load following
mode with P ∗FC = 1

ηcnv−γP (Pd + Paux0).

The interpretation of expression (4.17) is that the power demand is balanced

over fuel cell stack and battery according to their internal losses
V 2
FC0

RFC
and

V 2
S0

RS
and the value for λ. In addition, the equivalent costs represented by λ define
an average fuel cell power to compensate for changes in the SOE of the battery
over the driving cycle.

Expression (4.17) is only valid for power levels of stack and battery, for which the
internal dissipated power in the stack or battery is below the external power
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(PFC ≤ V 2
FC0

4RFC
and [−(ηcnv − γP )PFC + Pd + Paux0] ≤ V 2

S0

4RS
). This does not

provide a limitation, as these power levels are out of practical specified ratings.

Optimal policy (4.17) depends on λ. To convert this policy to an explicit relation
with only measurable variables, the relation between λ and the power demand
Pd is derived by including solution P ∗FC(λ) in constraint (4.9).

tf∫
t=0

V 2
S0

2RS

{
1−

√
1− 4

RS
V 2
S0

[−(ηcnv − γP )P ∗FC(λ) + Pd + Paux0]

}
dt = 0

(4.18)

Using the approximation
√

1− x ≈ 1− 1
2x, this expression reduces to:

tf∫
t=0

{−(ηcnv − γP )P ∗FC(λ) + Pd + Paux0} dt = 0. (4.19)

This relation expresses that over the driving cycle, on average, the fuel cell stack
provides the total required power. Including relation (4.17) provides:

tf∫
t=0

{
−

[
λ(ηcnv − γP ) 2FVFC0

NFCMH2

]2
− 1 + 4 RS

V 2
S0

(Pd + Paux0)

4
[
λ(ηcnv − γP ) 2FVFC0

NFCMH2

]2
RFC
V 2
FC0

+ 4(ηcnv − γP ) RS
V 2
S0

+

+
1

(ηcnv − γP )
(Pd + Paux0)

}
dt = 0 (4.20)

and subsequently,

tf∫
t=0

{
−
[
λ(ηcnv − γP )

2FVFC0

NFCMH2

]2
+ 1 +

+ 4
1

ηcnv − γP

[
λ(ηcnv − γP )

2FVFC0

NFCMH2

]2
(Pd + Paux0)

RFC
V 2
FC0

}
dt = 0. (4.21)

In (4.21), only Pd is time dependent. This reduces the expression to:[
λ(ηcnv − γP )

2FVFC0

NFCMH2

]2 [
4

1

ηcnv − γP
(Pd + Paux0)

RFC
V 2
FC0

− 1

]
+1 = 0 (4.22)

and therefore:

λ2 =

[
1

(ηcnv − γP )

NFCMH2

2FVFC0

]2
1

1− 4 1
ηcnv−γP (Pd + Paux0) RFC

V 2
FC0

. (4.23)



46 ENERGY MANAGEMENT

From relation (4.23) is observed that λ only depends on the average power
demand over the driving cycle.

Including the found value for λ in P ∗FC(λ) provides P ∗FC .

P ∗FC =

1
1−4 1

ηcnv−γP
(Pd+Paux0)

− 1 + 4 RS
V 2
S0

(Pd + Paux0)

4 1
1−4 1

ηcnv−γP
(Pd+Paux0)

RFC
V 2
FC0

+ 4(ηcnv − γP ) RS
V 2
S0

(4.24)

or

P ∗FC =
1

ηcnv − γP
(
Pd + Paux0

)
+

+

[
1− 4 1

ηcnv−γP
RFC
V 2
FC0

(Pd + Paux0)
]
RS
V 2
S0

RFC
V 2
FC0

+ (ηcnv − γP )
[
1− 4 1

ηcnv−γP
RFC
V 2
FC0

(Pd + Paux0)
]
RS
V 2
S0

(
Pd − Pd

)
(4.25)

Expression (4.25) reveals that the optimal control variable P ∗FC consists of a
constant base load that compensates for the average power demand, and a ratio
that distributes instantaneous deviations from the average power over fuel cell
stack and battery. To obtain more convenient expressions, this ratio is referred
to as φP . With the introduction of ∆Pd = Pd − Pd, and with ratio φP , (4.25)
reduces to:

P ∗FC =
1

ηcnv − γP
(
Pd + Paux0

)
+

1

ηcnv − γP
φP∆Pd (4.26)

with

φP =
(ηcnv − γP )

[
1− 4 1

ηcnv−γP
RFC
V 2
FC0

(Pd + Paux0)
]
RS
V 2
S0

RFC
V 2
FC0

+ (ηcnv − γP )
[
1− 4 1

ηcnv−γP
RFC
V 2
FC0

(Pd + Paux0)
]
RS
V 2
S0

. (4.27)

Ratio φP is dominantly defined by the ratio of the internal losses in the fuel cell
stack and the battery, and does mildly depend on the average power demand
Pd.

Combining (4.8) with (4.26) provides the accompanying power PS at the termi-
nals of the battery:

PS = (1− φP ) ∆Pd. (4.28)

Summarizing, (4.26) provides the optimal control variable P ∗FC that minimizes
the fuel consumption, still providing the demanded power for traction, while
maintaining the average energy stored in the battery over the driving cycle.
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4.2.4 Implementation

Relation (4.26) reveals that the optimal operation of the fuel cell stack consists
of a constant part and deviations from this point of operation.

P ∗FC = PFC0 + ∆PFC (4.29)

The point of operation PFC0 relates to the average future power demand over the
driving cycle (4.26), and thereby leads to a causality problem. Therefore, it is
assumed that the average power demand over the past approximates the future
average power demand. This assumption enables real-time implementation; a
Low Pass Filter (LPF) on the power demand provides the estimate for the future
average power demand. The resulting implementation is sketched in figure 4.1.

*
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Figure 4.1: Optimizing energy management strategy as feed forward path.

As this implementation is feed forward only, very accurate models and parameter
estimations are needed. If the implementation fails on this accuracy, the SOE
of the battery will wind up towards overcharging or depletion. To increase the
robustness on the SOE, a feedback control loop is introduced. When the point
of operation PFC0 of the fuel cell stack is too low over longer time, the SOE will
on average decrease. When PFC0 is too high over a longer time, the SOE will
increase. Thus a slow feedback loop on the SOE with PFC0 as control variable
reduces the risk of overcharging or depletion of the battery. Also the constraint
on the SOE (4.9) will be realized over time. This implementation is presented
in figure 4.2.

A proportional controller suffices, as the required performance on the control
loop is low and as the battery acts as integrator, the steady state error is zero.
A bias on the point of operation helps to reach steady state more quickly after
a reset of the EMS.

As the battery dynamics are slow compared to the variations in P ∗FC , the mini-
mum in the fuel consumption is not very sensitive to the value of the proportional
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Figure 4.2: Optimizing energy management strategy as combined feed forward
path and feedback control loop.

action. Still, a proper choice for the proportional action should not result in a
very fast response of the loop, as this would increase losses and not exploit the
storage size of the battery. Also a too slow response is not preferable as it could
result in depletion or overcharging of the battery.

The main objective of the feedback loop is to keep the SOE within its feasible
region. This does not require a high accuracy on the absolute value for the
SOE. This relaxes the accuracy needed for the SOE estimation, provided the
estimation does not suffer from drift.

When the optimum value for PFC exceeds PFCmax, based on convexity, PFCmax
is considered the optimal bounded choice. Also for the battery, when the opti-
mum value for PS corresponding to P ∗FC , exceeds PSmax, PSmax is considered
the optimal bounded choice. Then, PFC has to be adjusted to this bounded
optimum battery power according (4.8). A similar approach holds for the lower
bounds. When this results in a change in the stored energy, this is corrected for
via the feedback loop on the SOE.

4.3 EMS on Voltage and Current level

4.3.1 Motivation

The previous section discussed the optimal fuel economy of a fuel cell hybrid
vehicle as a minimization of the fuel consumption. As the optimal solution
(4.26) relates to the ratio in internal losses in the fuel cell stack and battery,
a slightly different approach is evaluated: The fuel consumption is minimized
indirectly through the minimization of the losses in the propulsion system. As
a result, the focus is shifted one level of detail, from the level of power to the
level of voltage and current. As these variables directly relate to measurements
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available in fuel cell hybrid propulsion systems, the intention is to provide a
solution easy to implement in a real-time environment.

4.3.2 Energy management optimization problem

The losses in the power train are dominated by the internal losses in the fuel cell
system, the losses in the battery and the losses in the DC/DC-converter. Based
on the model equations of chapter 2, these losses are expressed in cost function
(4.30). Note that the losses in the DC/DC converter are included implicitly in
battery current IS and the current to the auxiliaries is considered part of the
total current demand.

J(IFC) =

tf∫
t=0

(
IFC

2RFC + IS
2RS

)
dt (4.30)

The demand for traction is defined by the driver through the accelerator pedal
position (figure 2.1). This position defines the demanded current Id. The current
needed to operate the auxiliaries is considered an additional current demand.
The propulsion system of fuel cell stack and battery should provide this total
current demand. Based on the Kirchhoff current law (2.2) and the models for
the DC/DC converter (2.23) and auxiliaries (2.26), this results in:

(r − γI)IFC + IS − (Id + Iaux0) = 0. (4.31)

As constraint, the battery should not be depleted nor overcharged. As this
section discusses the energy management problem on the level of voltage and
current, this constraint is discussed in terms of the SOC of the battery. In
addition, it is more stringent defined; the SOC at the end of the driving cycle
has to be equal to the SOC at the start. This constraint on the SOC is expressed
in battery current IS according (2.17):

tf∫
t=0

IS dt = 0. (4.32)

This guarantees a valid operation of the battery, not over just one driving cycle
but continuously over the lifetime of the vehicle. It also enables comparison
between different energy management strategies.

The control variable to realize the minimum in the cost function and to meet
the constraints, is the fuel cell stack current IFC which is defined by the signal
from the EMS to the DC/DC converter.

This objective and constraints result in the optimization problem of finding I∗FC
minimizing (4.30) subject to (4.31) and (4.32).
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4.3.3 Solution

To provide the solution to the energy management problem, the optimization
problem with constraints is converted into an optimization problem without
constraints, first by reducing the optimization problem to only control variable
IFC using constraint (4.31).

IS = Id + Iaux0 − (r − γI)IFC (4.33)

Next, the constraint on the SOC of the battery (4.32) is adjoined to the cost
function (4.30) using a Lagrange multiplier λ. This results in the next Lagrange
function or Lagrangian to minimize:

L(IFC , λ) =

tf∫
t=0

IFC
2RFC + [Id + Iaux0 − (r − γI)IFC ]

2
RS dt +

+ λ

tf∫
t=0

[Id + Iaux0 − (r − γI)IFC ] dt. (4.34)

To ensure that a minimum is found in the Lagrangian L(IFC , λ), small random
deviations towards variables IFC and λ should not result in deviations in the
Lagrangian. As δL = ∂L

∂IFC
δIFC+ ∂L

∂λ δλ, as necessary conditions for a minimum,
the derivatives towards variables IFC and the introduced Lagrange multiplier λ
have to be zero.

∂L(IFC , λ)

∂IFC
= 0 (4.35)

∂L(IFC , λ)

∂λ
= 0 (4.36)

The second necessary condition returns the constraint on the SOC. The first
necessary condition provides the optimal solution as function of the Lagrange
multiplier, I∗FC(λ).

∂L(IFC , λ)

∂IFC
=

tf∫
t=0

2IFCRFC − 2(r − γI) [Id + Iaux0 − (r − γI)IFC ]RS dt +

+ λ

tf∫
t=0

−(r − γI) dt (4.37)

One solution for which this necessary condition is zero equals:
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2IFCRFC − 2(r − γI) [Id + Iaux0 − (r − γI)IFC ]RS − λ(r − γI) = 0. (4.38)

This equality provides an optimal stack current I∗FC as a function of the La-
grange multiplier λ and the current demand Id:

I∗FC(λ) =
(r − γI)RS

RFC + (r − γI)2RS
(Id + Iaux0) +

1
2 (r − γI)

RFC + (r − γI)2RS
λ . (4.39)

As the cost function (4.30) is a convex cup, the minimum found is the global
minimum. Still, solution (4.39) needs a proper value for λ. Combining (4.39)
with the constraint on the SOC (4.32) provides an analytical expression for λ.

tf∫
t=0

[Id + Iaux0 − (r − γI)I∗FC(λ)] dt = 0 (4.40)

Subsequently

tf∫
t=0

Id + Iaux0 − (r − γI)

[
(r − γI)RS

RFC + (r − γI)2RS
(Id + Iaux0) +

+
1
2 (r − γI)

RFC + (r − γI)2RS
λ

]
dt = 0 (4.41)

and

tf∫
t=0

(
RFC

RFC + (r − γI)2RS
(Id + Iaux0)−

1
2 (r − γI)2

RFC + (r − γI)2RS
λ

)
dt = 0 (4.42)

result in:

tf∫
t=0

1
2 (r − γI)2λdt =

tf∫
t=0

RFC(Id + Iaux0) dt. (4.43)

In (4.43), λ and Id relate only by their average value. This reduces the need
for a-priori information on the driving cycle to only the future average current
demand. The resulting optimal value for a constant λ becomes:

λ = 2
1

(r − γI)2
RFC(Id + Iaux0). (4.44)
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Combining this solution (4.44) for λ with (4.39) results in the optimal control
variable I∗FC as analytical solution to the optimization problem.

I∗FC =
(r − γI)RS

RFC + (r − γI)2RS
(Id+Iaux0)+

1
(r−γI)RFC

RFC + (r − γI)2RS
(Id+Iaux0) (4.45)

or

I∗FC =
1

(r − γI)
(Id + Iaux0) +

(r − γI)RS
RFC + (r − γI)2RS

(Id − Id) (4.46)

A closer observation of solution (4.46) shows the optimal stack current consists of
a constant part, related to the average demanded current, and an instantaneous
part, related to deviations from the average current demand. This instantaneous
part is split over fuel cell stack and battery, according their internal resistances,
where fuel cell stack plus converter and the fuel cell stack current depending
part of the auxiliaries are considered a two port with an internal resistance
RFC/(r − γI)2, observed from the connecting node at the input clamps of the
inverter (see figure 2.1). Expressing this ratio as φI , and introducing ∆Id =
Id − Id, results in the next expression for optimal control I∗FC .

I∗FC =
1

(r − γI)
(Id + Iaux0) +

1

(r − γI)
φI∆Id (4.47)

with

φI =
(r − γI)2RS

RFC + (r − γI)2RS
(4.48)

Equation (4.31) provides the corresponding battery current IS :

IS = (1− φI) ∆Id. (4.49)

Expression (4.47) provides the optimal solution I∗FC that minimizes the fuel
consumption and provides the demanded current, provided the battery is not
depleted nor overcharged. Note that ratio φI is constant.

4.3.4 Implementation

The constant part of (4.47) is considered the point of operation for the fuel cell
stack IFC0, from which excursions are defined by ∆IFC .

I∗FC = IFC0 + ∆IFC (4.50)
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Equivalent to section 4.2.4, the point of operation IFC0 relates to the average
future demand Id over the driving cycle. Therefore, still a-priori information is
needed, which prevents a real-time implementation. To overcome this causal-
ity problem, it is assumed that the future average demand Id + Iaux0 is well
estimated by the average demand over the past. Then, an LPF on Id + Iaux0

provides an estimate Îd + Iaux0 for the average demand, and therefore an esti-
mate for the point of operation for the fuel cell stack current ÎFC0. This results
in the feed forward implementation as sketched in figure 4.3.

min J 

Propulsion 
system 

SOC 

feed 
forward 

+ 

+ 

+ 

- 

*
FCÎFCÎ∆

dÎ∆

FC0Î

0d auxÎ I+

0d auxI I+

1
I
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φ

γ−

LPF 

1

Ir γ−

Figure 4.3: Optimizing energy management strategy as feed forward path.

Although this feed forward solution allows a real-time implementation, the SOC
will drift away over time, due to differences between the models and parameter
values used and the actual process. This eventually violates the constraint on
the SOC of the battery (4.32). Therefore, a feedback control loop on the SOC
of the battery (2.17) is introduced.

SOC(t) = SOC(0)− 1

CSmax

t∫
τ=0

[Id + Iaux0 − (r − γI)I∗FC ]dτ (4.51)

Combining (4.47) with the use of SOC(0) as reference for the control loop
SOCref , results in:

SOCref − SOC(t) =

1

CSmax

t∫
τ=0

[Id + Iaux0 − (r − γI)IFC0]dτ +
1

CSmax

t∫
τ=0

φI∆Iddτ. (4.52)

When a feedback control loop on the SOC enables a zero difference between
SOCref and SOC(t), the last term in (4.52) is zero by definition and IFC0
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provides an estimate for the average demand Îd + Iaux0 = (r − γI)IFC0. As
controller, a proportional action between the error in the SOC and the point of
operation of the fuel cell stack IFC0 is assumed:

ÎFC0 = K(SOCref − SOC). (4.53)

As sketched in figure 4.4, this results in a combination of:

• a slow feedback loop, providing robustness on the SOC, and,

• a fast feed forward path, enabling a minimum fuel consumption.

min J 

K 
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feed 
forward 
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+ 
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+ 

+ 
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Figure 4.4: Optimizing energy management strategy as combined feed forward
path and feedback control loop.

The resulting closed loop transfer function equals:

Hcl(s) =
SOC(s)

SOCref (s)
=

K(r − γI)
sCSmax +K(r − γI)

. (4.54)

With a proportional controller, this control loop is stable and has already a
zero steady state error, for zero mean disturbances. As the main disturbance,
the current demand Id, is clearly not zero mean, a bias is included [31]. As
bias, an estimate of the expected average current suffices. Including an integral
action could be considered to avoid the need for a bias, but it will introduce
an additional −90◦ phase shift, which reduces the phase margin significantly.
In addition, without bias, an integral action extends the time to reach steady
state, which is relevant at start up.

As the battery dynamics are slow compared to the variations in I∗FC , the mini-
mum in the fuel consumption is not very sensitive to the value of the proportional
action. Still, a proper choice for the proportional action should not result in a
very fast response of the loop, as this would increase losses and not exploit the
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storage size of the battery. Neither should the response be too slow, as that
implies a risk on depletion or overcharging the battery. The value of K directly
defines the time constant of the closed loop τcl = CSmax

K(r−γI) and also defines the

size of the excursions ∆SOC. As discussed in section 4.2.2, for practical im-
plementations, the latter does not provide a serious risk and a time constant of
hours suffices. A more severe disadvantage of a very slow loop is the time it
takes to reach steady state at the first startup of the system, but this is covered
by a suitable choice for the bias in the control loop.

The feedback control loop makes the energy management system robust against
model errors, parameter shifts due to aging and violation of the boundaries for
fuel cell stack and battery power. The implementation discussed comprises only
measurable variables and parameters, thus enabling real-time implementation.
For proper operation, a modest accuracy on the SOC determination suffices, as
the main purpose of the feedback loop is to avoid excursions of the SOC over its
boundaries. This relaxes the demands on the accuracy of the SOC estimation
algorithm, provided the SOC estimation does not suffer from drift.

4.4 Experiments

4.4.1 Approach

To evaluate the proposed EMSs, verification has been performed both in simu-
lations and in online experiments. The simulations refer to an existing fuel cell
hybrid vehicle for which validated models are available. As it is not possible
to reproduce driving cycles on the actual vehicle with an accuracy sufficient
to compare energy management strategies, measurements on a test facility are
included. This test facility comprises a fuel cell hybrid propulsion system in the
10 kW range, including electric motor and load [147]. Findings are compared
with results from simulations, which also validates the models used. Finally,
the most promising EMS is implemented in a FCHEV and demonstrated in a
real-world traffic environment.

4.4.2 Energy Management Strategies

The following EMSs have been evaluated.

• RE: Range Extender strategy. The fuel cell stack is operated at a constant
power level. This strategy is included for reference, as it reflects FCHEV
prototypes where the fuel cell stack is sized according the average power
demand. In simulations and experiments on the test facility, the average
power demand is derived by iteration.

• ECMS: Equivalent Consumption Minimization Strategy. ECMS minimizes
the fuel consumption, based on a zeroth order batter efficiency model, as
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presented in appendix B. This strategy needs a proper definition of the
charge and discharge efficiencies ηchg and ηdis of the battery (B.3). To
determine these average efficiencies, the distribution of the battery power
has to be known. Therefore, in the simulations their values are derived
from the results of DP. As this is a-priori information, this approach is
only valid in the off-line simulations and no experiments with ECMS as
EMS have been performed as online experiment. A constant Lagrange
multiplier λ, representing the equivalent costs, is derived through itera-
tion. The driving cycle is simulated twice where λ is updated through the
feedback control loop (figure B.1) on the SOC. The first run provides a
meaningful initial value for λ for the second run.

• ECMSmod: modified Equivalent Consumption Minimization Strategy. This
strategy resembles the ECMS strategy, but in the analytical solution, the
zeroth order battery efficiency model of (B.3) is replaced by the original
first order efficiency model (2.15), to overcome the causality problem of
defining battery efficiencies ηchg and ηdis (see appendix B, section B.4).
This EMS uses the battery efficiency derived from the previous sample.
In the simulations, the optimal value for λ has been derived through iter-
ation. In the online experiments, λ was updated according the feedback
control loop on the SOC (figure 4.4). The driving cycle is run twice: the
first run provides the initial value for λ for the second run.

• AS-P: Analytical Solution on Power. Refers to the analytical solution on
power level, based on the first order battery efficiency model. Solution
(4.26) as presented in section 4.2 is considered as EMS in the simulations
and in the experiments on the test facility, with a constant power split
ratio φP . The driving cycle is run twice: the first run provides the bias
for the point of operation of the fuel cell stack. In the online experiments,
the point of operation for the fuel cell stack was updated according the
feedback loop on the SOC.

• AS-C: Analytical Solution on Current. Refers to the analytical solution
on the level of voltages and currents, with the first order battery efficiency
model. Solution (4.47) of section 4.3 represents the EMS, with current
split ratio φI based on the manufacturer specifications and measured pa-
rameter values for the internal resistances of fuel cell stack and battery.
In simulations and on the test facility, the driving cycle is run twice; the
first run provides the bias for the point of operation of the fuel cell stack.

• DP: Dynamic Programming. DP only provides a solution when the driving
cycle is fully known a-priori. Although off-line, DP is included as bench-
mark for the minimum achievable fuel consumption. As approach for DP,
the optimization problem of finding the minimum fuel consumption is
converted into a static optimization with all samples of control variable
PFC over the driving cycle as separate variables available for optimization.
The model equations representing the propulsion system are included as
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equality constraints. The Matlab routine fmincon [94] has been used to
derive the off-line solution. This is a computationally intensive task, but
preferable to an approach with a fixed power grid, as the chosen step size
of such a grid affects the accuracy of the results.

Note that when the power split ratio φP of the AS-P strategy equals zero, the
AS-P strategy reduces to a RE strategy.

4.4.3 Simulations

As a case for the simulations, a mid-size distribution truck is considered as
vehicle (figure 4.5 and [61]). This vehicle is an existing FCHEV, for which
validated models are available [137]. The modeled vehicle is assumed to comprise
a 47 kW fuel cell stack and a 71 kW / 71 kWh Li-ion battery pack. These
component sizes have been optimized for minimum fuel consumption [137]. The
payload is taken as 1700 kg, and 60% of the kinetic energy is assumed to be
available for regeneration (ηreg = 0.6), in line with the construction of the
vehicle’s propulsion system. Average purge losses of 4% are included in the
simulations. The vehicle’s main parameters are summarized in table 4.1.

Figure 4.5: Mid-size fuel cell hybrid distribution truck.

Simulations are run for the NEDC Low Power, JE05, and FTP75 driving cycles,
assuming a flat altitude profile, and for RE, ECMS, ECMSmod and AS-P as
EMS. As an example of the simulations, the results for the NEDC Low Power
driving cycle (figure 4.6) and the AS-P as EMS are presented in figures 4.7 and
4.8. Note that the maximum change in stored energy over the driving cycle is
2.2 kWh for a battery of 71 kWh.

The resulting fuel consumptions are summarized in table 4.2.
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Table 4.1: Main truck parameters.

Parameter Description Value units
M Vehicle weight 4600 kg
A Vehicle frontal area 4.4 m2

fr Coefficient of rolling resistance 0.015 -
cx Coefficient of air resistance 0.7 -
mj Equivalent mass rotating parts 200 kg
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Figure 4.6: Speed profile of the NEDC Low Power driving cycle.
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Figure 4.7: Powers for the NEDC Low Power driving cycle with AS-P as EMS.

4.4.4 Measurements

Three EMSs are compared on the test facility of figure 4.9. This test facility
comprises a 9.5 kW fuel cell stack, a 180 Ah battery pack (50 cells), an inverter,
an electric motor combined with an eddy current brake and an electronic load
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Figure 4.8: Variation in stored energy in the 71 kWh battery, for the NEDC
Low Power driving cycle with AS-P as EMS.

Table 4.2: Simulated fuel consumption for different energy management strate-
gies and driving cycles.

Strategy NEDC LP JE05 FTP75 units
Sim. Sim. Sim.

RE 4.976 4.408 5.549 kg/100km
ECMS 4.739 4.220 5.317 kg/100km
ECMSmod 4.632 4.155 5.183 kg/100km
AS-P 4.601 4.122 5.111 kg/100km
DP 4.594 4.118 5.036 kg/100km

connected to the bus [147]. The setup has no capabilities to explore regenerative
braking. The power demand is scaled, using a virtual vehicle, to match the
component sizes of the test facility. The resulting power demand is about ten
times smaller than the power demand for the unscaled truck used in simulations.

To increase the accuracy of the experiments such that valid conclusions can
be drawn, the SOE estimator of the battery is replaced by a battery SOE
model, based on coulomb counting, combined with the measured battery voltage
and current. This approach tremendously increases the repeatability of the
experiments and the accuracy of the results. Because the repeatability of the
behavior of the fuel cell stack is also high, the obtained accuracy is sufficient to
motivate differences between the EMSs tested.

At the test facility, the driving cycles JE05 and FTP75 are used, in combi-
nation with real-time RE, ECMSmod and AS-P as EMSs. The resulting fuel
consumptions are presented in table 4.3.

For the JE05 driving cycle, simulations and measurements accurately match.
This result is explained by the choice of using a battery model in parallel with
the hardware to simulate the SOE of the battery. The behavior of the fuel
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Figure 4.9: Fuel cell hybrid test facility.

Table 4.3: Measured and simulated fuel consumption for different energy man-
agement strategies and driving cycles.

Strategy JE05 FTP75 units
Sim. Meas. Sim. Meas.

RE 0.344 0.347 0.500 0.497 kg/100km
ECMSmod 0.328 0.328 0.474 0.458 kg/100km
AS-P 0.327 0.327 0.467 0.455 kg/100km

cell stack on power level appears very predictable. Combined with the battery
SOE model, this approach results in a high repeatability and accuracy of the
experiments that validates the simulations and EMSs included.

For the FTP75 driving cycle, the fuel cell stack in the test facility was not ca-
pable of delivering some of the peaks in the power demand. This resulted in a
lower measured fuel consumption compared with the simulations. These differ-
ences in fuel consumption are within 3.5%. Nevertheless, also for the FTP75
driving cycle, both measurements and simulations confirm that AS-P performs
best with respect to fuel consumption.

4.4.5 Demonstration

From both simulations and experiments on the test facility, AS-P as EMS per-
forms best when considering the minimum in fuel consumption. As approach for



EXPERIMENTS 61

optimization, AS-P and AS-C are closely related. Advantage of the AS-C ap-
proach is that all parameter values and variables are available as measurement,
and the optimal power split ratio φI is constant. Therefore, as demonstration
AS-C according the block diagram of figure 4.4 is implemented in the FCHEV
of figure 4.10 [148]. The main vehicle parameters of this vehicle are summarized
in table 4.4.

Figure 4.10: Fiat Doblo FCHEV test vehicle.

Table 4.4: Main vehicle parameters.

Parameter Description Value units
M Vehicle weight 1675 kg
A Vehicle frontal area 3.07 m2

fr Coefficient of rolling resistance 0.0141 -
cx Coefficient of air resistance 0.441 -
mj Equivalent mass rotating parts 100 kg

The control parameters used are indicated in table 4.5. The values for the
internal resistances RFC and RS , with the DC/DC converter ratio r result in
a current split ratio φI of 0.14. This implies that to obtain a minimum fuel
consumption, 14% of the deviations in the power demand are provided by the
fuel cell stack and 86% by the battery.

The vehicle has been subject to a number of tests on the road and on a roller
test bench. The chassis dynamometer tests on the roller test bench include a
simulated inertial mass through a proper set of flywheels. This also allows for
regenerative braking. Using a data logger, during these tests all major electric
powers and the SOC of the battery were measured.

As roller test bench example, results for the NEDC Low Power driving cycle
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Table 4.5: Parameters for control.

Parameter Description Value units
RFC Internal resistance fuel cell stack 77 mΩ
RS Internal resistance battery pack 22.4 mΩ
r DC/DC converter ratio 0.51 -
γI Operation dependent auxiliary current ratio 0 -
K Proportional controller action 7.2 A/%
bias Bias of the feedback control loop 0 A
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Figure 4.11: Speed profile NEDC Low Power cycle on the roller test bench.

0 200 400 600 800 1000 1200 1400
−30

−20

−10

0

10

20

30

40

time [sec]

P
ow

er
 [k

W
]

 

 

P
d

P
S

P
FC

Figure 4.12: Powers for the NEDC Low Power cycle on the roller test bench.
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Figure 4.13: SOC for the NEDC Low Power cycle on the roller test bench.
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Figure 4.14: Currents for the NEDC Low Power cycle on the roller test bench.

are presented in figures 4.11, 4.12, 4.13 and 4.14. During this test, a reference
SOCref for the SOC feedback control loop of 90% was selected. Other control
parameters correspond to table 4.5. Negative powers for Pd indicate regenerative
braking. The fuel cell stack power varies between 5 and 8 kW. As defined by
the control parameters, 86% of the variations in the power demand are covered
by the battery.

Figure 4.13 reveals that during ’city cycle driving’ (the first part of the NEDC
driving cycle up to 860 seconds), the SOC remains fairly constant with a steady
state error SOCref − SOC of approximately 15%. During the last part of the
driving cycle, the ’extra-urban’ section, the running average current demand
increases, causing the SOC to drop and the point of operation IFC0 to increase
(figure 4.14). The error ∆SOC increases to 22%. Although a non-zero bias is



64 ENERGY MANAGEMENT

no necessity here, an appropriate choice would significantly reduce the steady
state error.

An example of the operation of the vehicle in an ordinary traffic environment
is presented in figures 4.15, 4.16, 4.18 and 4.17. These results refer to a trip
in a suburban traffic environment, with allowed speeds up to 80 km/h. In this
setup, a reference SOCref of 65% was selected. Figure 4.17 shows that the
point of operation for the fuel cell stack slowly increases during the first section
of the driving cycle (before 1200 seconds), to approximately 6 kW. This increase
corresponds to the gradual decrease of the SOC of the battery (figure 4.18).
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Figure 4.15: Speed profile for on road data.
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Figure 4.16: Powers for on road data.

To comply with the manufacturers specification for the fuel cell stack, and to
cover the limited dynamic response of the air compressor in the fuel cell stack
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Figure 4.17: Currents for on road data.
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Figure 4.18: SOC for on road data.

system, a (conservative) rate limiter on increasing values for IFC is included
in the implementation (see also section 2.4). The impact of this rate limiter is
visible in figure 4.19, where a part of the measured data is presented in more
detail. The impact of this rate limiter can be considered a dynamic upper
boundary on the fuel cell stack current, changing per sample. Over one sample,
this does not differ from a fixed upper boundary as PFCmax. Based on convexity,
the bounded optimal choice for an optimum value outside the feasibility region
is on the edge of this region. Therefore, optimality is still provided when a rate
limiter is included as dynamic upper bound for the fuel cell stack.

The vehicle, including the AS-C as EMS, has been operational for several months
and many driving hours and kilometers. No overcharging or depletion of the
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Figure 4.19: Detail of currents for on road data..

battery was observed so far, nor failures in or due to the EMS. This provides
confidence in the proposed strategy.

4.5 Discussion

4.5.1 Different treatment of constraints

From the perspective of optimization theory, it might be confusing to treat the
model equations on the power balance and the energy or charge stored in the
battery differently. The power balance is used to reduce the number of equa-
tions, where the model equation with respect to the stored energy or charge is
treated as a constraint, adjoined to the cost function using a Lagrange multi-
plier. The motivation to treat both constraints differently is the nature of these
constraints. The constraint of the power balance is an unambiguous condition,
where as the constraint on the stored charge is a much ’softer’ restriction.

To have a sound optimal solution and to enable the comparison of EMS perfor-
mance, the stored charge at the end of the driving cycle should equal the initial
stored charge. In a real world implementation, avoiding depleting and overcharg-
ing the battery suffices. Keeping the constraint on the final SOC matching the
initial as an explicit part of the optimization problem, supports this ’softer’,
more realistic treatment of the SOC constraint in the implementation (section
4.2.4 and 4.3.4). From the perspective of implementation, the constraint on
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the SOC will only be fully fulfilled at an infinitely large proportional gain K
in the feedback loop. This immediately would degrade the optimality of the
implementation with respect to the fuel consumption. Thus, a lower value of
proportional action K automatically relaxes the system with respect to the SOC
constraint.

4.5.2 Fuel savings

Both simulations and measurements show that the proposed solution performs
best as a real-time EMS. For a propulsion system with a fuel cell stack that
is sized close to the average power demand, compared to an RE strategy, fuel
savings of 5% are demonstrated. For a fuel cell stack and battery sized for min-
imum fuel consumption, simulations show savings up to 9%. In addition, the
ECMS strategies and the proposed strategies enable the use of smaller batteries,
resulting in a lower vehicle weight, with an additional decrease in fuel consump-
tion and higher allowable payload. This motivates to use the proposed energy
management strategy when optimizing component sizing, as will be discussed
in chapter 5.

Compared to the original ECMS framework (ECMS), the modified ECMS strat-
egy (ECMSmod) achieves additional fuel savings of about 2%. The proposed
strategy results in maximum additional fuel savings of 3%, approaching the DP
benchmark within 1%. This result suggests that the expressions for the op-
timal control variable (4.25) or (4.46) closely approximate the global optimal
situation.

4.5.3 Battery technology versus the SOC range

As observed in the results, only a minor portion of the available storage capacity
of the battery is used. Thus, with respect to the storage capacity needed, a much
smaller capacity suffices.

The ratio between storage capacity and maximum power of the battery for fuel
cell hybrid applications ideally rates between 20 A/Ah and 50 A/Ah. This so-
called C-rate is far from realized with current battery technology. At lab scale,
proven C-rates of 6 without severe aging problems were demonstrated. This
has doubled over 3 years. At the rate of technology push, C-rates of 24 could
be expected in 6 years, but there is a hinge: the main market pull for battery
technology innovations are battery-only EVs, not HEVs. For battery-only EVs
a C-rate of 6 is perfect; impressive acceleration combined with an acceptable
range.

Therefore, both the battery industry and automotive industry will shift their
focus to weight reduction and cost reduction. Thus, a further significant increase
of the C-rate in favor of fuel cell hybrid propulsion systems is not to be expected
in the next decade. As a result, the statement to remove the constraint not to
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deplete nor overcharge the battery over the considered driving cycle from the
optimization problem (section 4.2.2) is valid and will be valid for many more
years to come.

4.5.4 AS compared to ECMS

As already stated in the introduction to this chapter (section 4.2.1), from all al-
ternatives, the ECMS framework would have been the logical choice as EMS for
fuel cell hybrid propulsion systems when considering a minimum fuel consump-
tion. The analytical solutions presented provide a small advantage with respect
to fuel consumption, but this difference is limited. Nevertheless, the presented
solutions provide some advantages over ECMS. ECMS solves the optimization
problem every sample. As a result, the proper choice for the equivalent costs
λ becomes heuristic. The observation that the storage capacity of the battery
is not expected to provide active constraints, the optimization problem reduces
to a problem for which cost function and constraints do not change over time.
This enables an overall solution, which makes solving the optimization problem
every sample unnecessary. Although this does not simplify the optimization
problem, it does simplify the final implementation.

Originally, the ECMS framework was intended for ICE hybrid propulsion sys-
tems. As there is no chemical similarity between an ICE and a battery, the
ECMS solution relies on linear and quadratic approximations to provide a global
minimum. The analytical solutions presented do exploit the chemical similar-
ities of the fuel cell stack and the battery, by using first principle models for
both components: a voltage source with an internal resistance. This resem-
blance results in a well defined and easy to understand solution. Considering
the application of an EMS, this is a clear advantage. In addition, the necessary
parameter values are specified by the component manufacturers and the vari-
ables for control are directly available as measurement in the propulsion system.
This simplifies implementation considerably.

4.5.5 Sensitivity to parameter variations

The assumptions of a constant open clamp battery voltage VS0 and a constant
internal resistance of the battery RS are known approximations. This also
holds for the modeled open clamp fuel cell stack voltage VFC0 and resistance
RFC . A more detailed model should include the dependence of these parameters
on variables such as temperature and the SOC of the battery. Therefore, a
sensitivity analysis of the minimum fuel consumption against modeling errors in
these parameters has been performed. As a case, the distribution truck of section
4.4.3 is taken, with the JE05 as the driving cycle. When the exact parameter
values are used, the AS-P as EMS results in a fuel consumption of 4.122 kg/100
km (see table 4.2). Significant model errors for the internal resistance and the
internal voltage for both battery and fuel cell stack are evaluated. The results
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are presented in table 4.6.

Table 4.6: Sensitivity of the fuel consumption to model errors in battery and
fuel cell stack parameters.

Model error Deviation
Exact parameter match = 4.122 kg/100km = 100%
Battery: actual RS 50% higher than estimated +0.2%
Battery: actual VS0 25% lower than estimated +0.7%
Fuel cell stack: actual RFC 50% higher than estimated +1.6%
Fuel cell stack: actual VFC0 25% lower than estimated +3.9%
Both VS0 and VFC0 25% lower than estimated +2.4%

The sensitivity of the minimum in fuel consumption to errors in battery pa-
rameter estimation is limited. This is understood from the analytical solution
for control variable PFC (4.25) (or IFC (4.46)), where both internal resistance
RS and internal voltage VS0 are with the same order in both denominator and
numerator. The minimum is more sensitive to model errors in the fuel cell stack
parameters, although the presented solution with model errors still outperforms
the RE strategy with perfect parameter values. Because the optimal control
variable PFC (or IFC) depends on the balance between losses in fuel cell stack
and battery, a mismatch in both fuel cell parameters and battery parameters,
in the same direction, results in a lower deviation compared to a mismatch in
only the fuel cell stack voltage VFC0.

Because a degradation of the battery, resulting in an increase of the internal
resistance of 50%, will be interpreted as the end of life in practical situations,
it can be stated that the proposed EMS is robust against aging of the battery.

4.5.6 Plug-in functionality

All experiments show a battery operation that is limited by its power ratings,
not by its storage capacity. This relative large unused space to store energy
can be utilized for plug-in functionality; charging the battery through the grid.
This is in line with the tendency that currently arises for ICE HEVs to provide
plug-in functionality.

Charging the battery saves on fuel consumption and extends the driving range.
When electricity from the grid is cheaper than electricity from hydrogen, it also
reduces operational costs.

Such plug-in functionality can be implemented using a relatively low fixed set-
point for reference SOCref , provided a sufficient slow response of the control
loop. As alternative, the SOC setpoint can be gradually decreased over the
driving cycle. This is especially useful when, as additional information, an es-
timation of the trip length is available. As the optimizing EMS only considers
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the difference ∆SOC between the reference and actual SOC, an optimum in the
use of hydrogen is maintained.

4.6 Conclusions

This chapter presented a solution to the energy management problem of how
to operate the fuel cell stack and the battery with respect to a minimum fuel
consumption. The followed analytical approach provides a close to optimal
solution, suitable for real-time implementation. As resulting EMS, the point of
operation of the fuel cell stack equals the average power demand and deviations
from this average power demand are distributed over the fuel cell stack and
battery according their internal losses.

Following the same approach but using variables directly available as measure-
ment in a fuel cell hybrid propulsion system, an alternative solution on the level
of currents and voltages is presented. Both implementations derive an estimate
of the future average power demand from the changes in the energy or charge
stored in the battery. This is implemented as feedback loop, improving the
robustness of the EMS against disturbances, model errors, and slow parameter
shifts due to aging.

Using a full-scale test setup, the proposed solution is validated and compared
with other energy management strategies. With respect to a minimum in fuel
consumption, the proposed EMS performs best, without compromising on the
driveability of the vehicle. An implementation on the level of voltage and current
is demonstrated on the road in a fuel cell hybrid delivery van, over a considerable
amount of time and distance, without irregularities due to the EMS.

The control problem of finding an EMS minimizing the fuel consumption of
a FCHEV, is derived using an analytical approach. This is a prerequisite to
analytically solve the design problem of finding the optimum sizes of fuel cell
stack and battery with respect to a minimum in fuel consumption. Based on
the analytical solution presented in this chapter, and a characterization of the
power required from the propulsion system as proposed in chapter 3, this sizing
problem is discussed in chapter 5.



Chapter 5

Sizing

5.1 Introduction

To derive the optimal sizes of the fuel cell stack and the battery, both the
requirements for traction and auxiliaries, and an optimizing EMS have to be
defined. Chapter 3 expresses the requirements for propulsion as a normal dis-
tribution. Chapter 4 defines the optimal EMS with respect to a minimum fuel
consumption. This chapter combines the normal distributed power for traction
with the optimal EMS to derive an expression for the fuel consumption as a
function of the sizes of battery and fuel cell stack.

First, the power for traction is related to the number of fuel cells, the number
of battery cells and the driving cycle. Based on the EMS on power level of
chapter 4, this power for traction is converted into the fuel cell stack power.
Next, the resulting fuel consumption is derived. This fuel consumption now
explicitly depends on the sizes of the fuel cell stack and the battery. This fuel
consumption is evaluated to find the optimal sizes for fuel cell stack and battery,
that provide a minimum fuel consumption.

For verification, the fuel cell hybrid delivery van is evaluated in combination
with a standardized driving cycle and a measured real-world cycle. The opti-
mal fuel cell stack and battery sizes are derived using the proposed approach.
These results are compared with the optimum sizes derived from brute force
computation.
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5.2 Distribution of the fuel cell stack power

5.2.1 From driving cycle to the power for traction

The normal distribution of the power for traction PW is defined by its mean and
variance. When it is stated that the distribution of the power for traction over
the lifetime of the vehicle is reasonably approximated by a normal distribution,
this mean µPW and variance σ2

PW
are linked analytically to vehicle parameters

and key properties of the considered driving cycle. The vehicle model (3.1)
defines these relations.

µPW = 〈PW 〉

=
〈

1

2
ρAcxv

3 +Mgfrv +
1

2
(M +mj)vv̇

〉
=

1

2
ρAcx

〈
v3
〉

+Mgfr 〈v〉+
1

2
(M +mj) 〈vv̇〉

(5.1)

Here, 〈.〉 indicates the expectation value. In (5.1), the expectation value for
vv̇ is zero under the realistic condition that both initial and final vehicle speed
are zero. This is understood when the expectation value is expressed as integral
over the driving cycle. The primitive of the integral over vv̇ is derived by partial
integration as 1

2 v
2. Thus, the expectation value for vv̇ only depend on the initial

and final value of v. The condition that both initial and final vehicle speed are
zero holds both for a single driving cycle and over the lifetime of the vehicle.
Therefore, the mean of the normal distribution, representing the average power
for traction, is given as:

µPW =
1

2
ρAcx

〈
v3
〉

+Mgfr 〈v〉 . (5.2)

Also based on vehicle model (3.1), variance σ2
PW

is derived.

σ2
PW =

〈
P 2
W

〉
− 〈PW 〉2 (5.3)

with

〈
P 2
W

〉
=

〈[
1

2
ρAcxv

3 +Mgfrv + (M +mj) vv̇
]2〉

(5.4)

In line with the expectation 〈vv̇〉, all expectations or moments 〈vnv̇〉 for the
driving cycle v are zero, provided that both initial and final speed are zero.
This reduces the number of cross terms. Hence, expectation

〈
P 2
W

〉
relates to

vehicle parameters and driving cycle properties as:

〈
P 2
W

〉
=

1

4
ρ2A2c2x

〈
v6
〉

+M2g2fr
2
〈
v2
〉

+ (M +mj)
2
〈

(vv̇)
2
〉

+

+ ρAcxMgfr
〈
v4
〉

(5.5)
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and consequently:

σ2
PW =

1

4
ρ2A2c2x

(〈
v6
〉
−
〈
v3
〉2)

+

+M2g2fr
2
(〈
v2
〉
− 〈v〉2

)
+

+ ρAcxMgfr
(〈
v4
〉
−
〈
v3
〉
〈v〉
)

+

+ (M +mj)
2
〈

(vv̇)
2
〉
.

(5.6)

Note that for even n ≥ 2, 〈vn〉 > 〈v〉n and 〈vn〉 >
〈
vn−1

〉
〈v〉, providing only

positive values for σ2
PW

.

Equations (5.2) and (5.6) provide an analytical relation between a driving cy-
cle as design requirement, and its statistical power distribution. To verify the
derived expressions, the normal distribution with mean µPW and variance σ2

PW
defined by (5.2) and (5.6) respectively, is compared with the normal distribu-
tion derived from the actual measured power for traction. Here, the data from
the long-term experiment with the delivery van of section 4.4.5 is used. The
results are presented in figure 5.1. Vehicle parameters cx (= 0.45), A (= 3m2),
M (= 1675 + 2 × 75kg) and mj (= 100kg) are derived from the vehicle, fr
(= 0.028) is used for tuning, as this parameter is not accurately defined. The
resulting power distribution covers not only the driving cycle considered, but
all cycles representing a comparable traffic environment [134].
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Figure 5.1: Measured distribution of the power for traction PW , with normal
distributions derived from the data and from the vehicle model.

The relation between driving cycle, vehicle parameters and power for traction is
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stochastic, whereas the distribution of the power for traction is only a statistic
representation of the power for traction. The assumption the stochastic proper-
ties can be neglected when representing the power demand to size the propulsion
system, is based on the following assumptions (see chapter 2): the dynamics in
the fuel cell system are faster then relevant to the EMS and the storage capac-
ity of the battery is considerably over dimensioned, allowing neglecting battery
dynamics. As a result, the power distribution represents not only one driving
cycle, but a class of driving cycles which all result in the same distribution.

5.2.2 From power for traction to power demand

The relation between the power demand Pd and the power for traction PW
is given by (2.4). In the original relation ηregen was included to reflect the
deceleration due to mechanical braking. Here, the intention is to reaccumulate
as much of the vehicle’s kinetic energy as possible, reducing mechanical braking
to an emergency measure. Therefore, Pd relates to PW as:

Pd = max

{
1

ηEM

1

ηinv
PW , ηEMηinvPW

}
. (5.7)

As relation (5.7) is non-linear, this might affect the normality of the distribution.
As linear approximation, the efficiency for negative powers is treated as the
efficiency for positive powers, as the majority of the distribution of the power
for traction is positive:

Pd =
1

ηEM

1

ηinv
PW (5.8)

Note that when motor and inverter efficiencies are close to one, relation (5.8)
approaches (5.7) asymptotically.

The impact of this approximation is evaluated for the data from the long term
experiment with the delivery van, with an average inverter efficiency of 98%
and an efficiency for the electric motor of 96%. The results are presented in
figure 5.2. The resulting normal distribution based on the derived mean µPW
and variance σ2

PW
is comparable with the normal distribution based on the

measured power demand. The differences are acceptable, considering the dis-
tribution they approximate. As the efficiencies ηinv and ηEM are close to one,
and as the occurrence of negative powers is limited, also the impact of the ap-
proximation is limited. Thus, for sufficient high motor and inverter efficiencies,
a normal distribution is considered to be a reasonable approximation for both
the power for traction PW as the power demand Pd. In practical applications,
low efficiencies are not to be expected, as they result in thermal problems or
unfeasible propulsion systems.

Therefore, mean µPd and variance σ2
Pd

for the power demand Pd are expressed
as:
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Figure 5.2: Measured distribution of the power demand Pd, including motor
and inverter efficiencies, with normal distributions derived from the data and
from the vehicle model.

µPd =
1

ηEM

1

ηinv
µPW (5.9)

σ2
Pd

=

(
1

ηEM

1

ηinv

)2

σ2
PW (5.10)

with µPW and σ2
PW

as defined in (5.2) and (5.6) respectively.

5.2.3 The distribution of the fuel cell stack power

The deviations in the power demand Pd are distributed over fuel cell stack and
battery according the power split ratio φP as discussed in section 4.2. The av-
erage of the total required power has to be provided by the fuel cell stack. This
average power includes the power demand Pd, the base power to the auxiliaries
Paux0 and a compensation of the internal losses in the battery. The expression
for this average power demand is derived from the power balance at the con-
necting node (4.8). Assuming an ergodic system, the expected value for the fuel
cell stack power, or mean µPFC , equals this average power.

µPFC =
1

(ηcnv − γP )

〈
Pd + Paux0 − PS0

(
1− PS0

RS
V 2
S0

)〉
=

1

(ηcnv − γP )

(
〈Pd〉+ Paux0 − 〈PS0〉+

RS
V 2
S0

〈
P 2
S0

〉) (5.11)
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The expectation value for Pd is expressed as mean value in (5.9). As the EMS
ensures the expectation value for PS0 reduces to zero, (5.11) reduces to:

µPFC =
1

(ηcnv − γP )

(
1

ηEM

1

ηinv
µPW + Paux0 +

RS
V 2
S0

σ2
PS0

)
. (5.12)

The battery power PS0 is much smaller than
V 2
S0

RS
, the power that is dissipated

internally when the battery is shorted. Therefore, variance σ2
PS0

resembles σ2
PS

.
Variance σ2

PS
relates to the power for traction as:

σ2
PS =

[
(1− φP )

1

ηEM

1

ηinv

]2
σ2
PW (5.13)

and therefore:

µPFC =

1

(ηcnv − γP )

{
1

ηEM

1

ηinv
µPW + Paux0 +

RS
V 2
S0

[
(1− φP )

1

ηEM

1

ηinv

]2
σ2
PW

}
.

(5.14)

Relation (5.14) expresses that variations in the power for traction do increase
the average power needed to propel the vehicle.

As the deviations in the power demand from the average demand are distributed
over the fuel cell stack and the battery according the power split ratio φP , based
on (4.26) and (5.10), the resulting variance σ2

PFC
is expressed as:

σ2
PFC =

(
1

ηcnv − γP
φP

1

ηEM

1

ηinv

)2

σ2
PW . (5.15)

The power split ratio φP is defined in (4.27). Substituting the average in power
demand by the mean of the distribution of Pd provides:

φP =
(ηcnv − γP )

[
1− 4 1

ηcnv−γP
RFC
V 2
FC0

(µPd + Paux0)
]
RS
V 2
S0

RFC
V 2
FC0

+ (ηcnv − γP )
[
1− 4 1

ηcnv−γP
RFC
V 2
FC0

(µPd + Paux0)
]
RS
V 2
S0

. (5.16)

Approximating the fuel cell stack power with a normal distribution, defined
with mean µPFC and variance σ2

PFC
, suggests also negative values for the fuel

cell stack power. The physics of a fuel cell system do not allow for such a reverse
behavior. Nevertheless, the consequences of this approximation are limited, as
under normal conditions, σPFC � µPFC .
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5.3 Optimal component sizes

5.3.1 Size expressed in number of cells

Section 5.2 relates the distribution of the fuel cell stack power to the driving
cycle and the parameters of the vehicle and the propulsion system. In these
initial relations, the weight of the vehicle and the losses in battery and fuel cell
stack are considered known parameters. As all needed relations are available
explicitly, it is possible to express the fuel consumption for a given driving cycle
explicitly in terms of the sizes of fuel cell stack and battery. This is a necessary
condition to analytically derive the optimal sizes for fuel cell stack and battery
with respect to a minimum fuel consumption. A solution to this sizing problem
is presented in this section.

In section 4.5.3 it was concluded that the energy storage capacity of the battery
does not constrain the sizing problem, which leaves the maximum power rates
PFCmax and PSmax to be optimized. To evaluate which sizes match the lowest
fuel consumption, PFCmax and PSmax are expressed in number of cells, NFC
and NS respectively. This avoids a discussion on which grid to use in a DP
based approach for verification. And given a nominal fuel cell stack and battery
technology as reference, it also provides a practical design choice.

PFCmax(NFC) = NFCPFCmax1 (5.17)

PSmax(NS) = NSPSmax1 (5.18)

Here, PFCmax1 and PSmax1 specify the rated maximum continuous power of a
single fuel cell or a single battery cell for the reference technology. Next the
open clamp voltages and internal resistances for the fuel cell stack and battery
are expressed in the number of cells NFC and NS .

VFC0(NFC) = NFCVFC01 (5.19)

RFC(NFC) = NFCRFC1 (5.20)

VS0(NS) = NSVS01 (5.21)

RS(NS) = NSRS1 (5.22)

Here, VFC01, RFC1, VS01 and RS1 refer to the open clamp voltage and internal
resistance for a single fuel cell or battery cell. Note that these expressions include
the implicit choice that the cell area of the fuel cells is considered constant when
changing the maximum fuel cell stack power. This represents the practical
approach, as the manufacturing process of Membrane Electrolyte Assemblies
(MEAs) and cell plates does not allow for variable dimensions. Therefore, an
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increase in the rated fuel cell stack power will be realized by an increase of the
number of fuel cells. This does not constraint the solution space, as the designer
is free to chose a reference technology. Also for a given battery technology, the
design choice for a higher rated battery power will primarily result in more
battery cells in series.

As a result, the internal dissipated powers when shorted,
V 2
FC0

RFC
and

V 2
S0

RS
, size

proportional with the number of cells NFC and NS :
V 2
FC0

RFC
= NFC

V 2
FC01

RFC1
and

V 2
S0

RS
= NS

V 2
S01

RS1
.

As the base load auxiliary power Paux0 represents the power consumption for
the embedded controllers, sensors, etc., this power is assumed independent from
the sizes of the fuel cell stack or battery for the propulsion systems considered.

Finally, the mass M of the vehicle depends on the number of fuel cells and
battery cells as:

M(NFC , NS) = M0 +NFCMFC1 +NSMS1 (5.23)

where M0 represents the initial weight of the vehicle, without fuel cell stack and
battery, MFC1 refers to the mass of a single fuel cell with its corresponding part
of the Balance Of System (BOS), and MS1 refers to the mass of one individual
battery cell.

5.3.2 Fuel consumption related to the number of cells

Section 2.4 discusses modeling the fuel cell system, including the fuel rate (2.8).
Based on this fuel rate, the fuel consumption over a driving cycle with length
tf is expressed as:

mH2
=

tf∫
t=0

NFC
MH2

2F

VFC01

2RFC1

(
1−

√
1− 4PFC

1

NFC

RFC1

V 2
FC01

)
dt. (5.24)

Note that there is no analytical solution to this integrand, since PFC is not an
explicitly defined function of time, nor a-priori known. Still, statistical infor-
mation on the distribution of PFC is available, as discussed in section 5.2.3. As
the deterministic relation of (5.24) does not comprise dynamics, and provided
that (5.24) represents a regular stationary process (ergodic), the integral over
time can be converted to an integral over the probability density function for
the fuel cell stack power fPFC (PFC). As every power level PFC relates to a fuel
consumption rate, integrating the fuel consumption rate over all possible power
levels times the occurrence of these power levels, provides the fuel consumption.
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mH2 = tf

∞∫
PFC=−∞

NFC
MH2

2F

VFC01

2RFC1

×

(
1−

√
1− 4PFC

1

NFC

RFC1

V 2
FC01

)
fPFC (PFC) dPFC (5.25)

In contrast to (5.24), expression (5.25) is analytically fully defined since the
probability density function fPFC (PFC) is known as PFC is considered normal
distributed (section 5.2). Still, the integral does not exist explicitly. Therefore,
the square root is approximated by a Taylor series expansion, omitting terms
O(PFC

3) and higher.

mH2
= tf

∞∫
PFC=−∞

NFC
MH2

2F

VFC01

2RFC1

×

[
2

(
1

NFC

RFC1

V 2
FC01

)2

PFC
2 + 2

1

NFC

RFC1

V 2
FC01

PFC

]
fPFC (PFC) dPFC (5.26)

mH2 = tf

∞∫
PFC=−∞

MH2

2F

1

VFC01

(
1

NFC

RFC1

V 2
FC01

PFC
2 + PFC

)
fPFC (PFC) dPFC

(5.27)

As ergodicity is assumed, (5.27) can be expressed in terms of expectations.
To this purpose, the following properties of probability density functions are
used [102]:

∫
fx(x)dx = 1,

∫
xfx(x)dx = 〈x〉 = µx and

∫
(x − µx)2fx(x)dx =〈

(x− µx)2
〉

= σ2
x. To apply these properties, (5.27) is rearranged by introducing

µPFC as mean of the distribution for the fuel cell stack power PFC :

mH2
= tf
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PFC=−∞

MH2

2F

1

VFC01
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1
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+
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fPFC (PFC) dPFC

(5.28)

mH2 = tf
MH2

2F

1

VFC01

[
1

NFC

RFC1

V 2
FC01

σ2
PFC+

+

(
2

1

NFC

RFC1

V 2
FC01

µPFC + 1

)
µPFC −

1

NFC

RFC1

V 2
FC01

µ2
PFC

]
. (5.29)

Concluding, the fuel consumption mH2
relates to the number of fuel cells NFC

and battery cells NS as:
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mH2
= tf

MH2

2F

1

VFC01

[
µPFC +

1

NFC

RFC1

V 2
FC01

(
µ2
PFC + σ2

PFC

)]
. (5.30)

This expression for the fuel consumption is accurate for a normal distributed
fuel cell stack power. From a mathematical perspective, the second order Tay-
lor series expansion is congruent with the assumption of a normal distributed
fuel cell stack power. This implies, that also for other distributions of the fuel
cell stack power, (5.30) provides an estimate of the fuel consumption, only this
estimate should be considered an approximation. From that perspective, as-
suming a normal distributed power for traction is comparable to approximating
a non-normal distributed fuel cell stack power with a mean and variance. This
relaxes the need for a normal distribution.

5.3.3 Impact of size on fuel consumption

To examine the impact of component sizes on fuel consumption, (5.30) is eval-
uated for some extreme situations, starting with the battery.

• Assuming a very large battery, NS →∞, mean µPW becomes proportional
to NS and grows to infinity because of an increasing vehicle mass. As a
result, µPFC →∞ and therefore fuel consumption mH2

becomes infinitely
large.

• Assuming a small battery, NS ↓ 0, the power split ratio φP approaches
one and the average power for traction µPW asymptotically approaches
a constant value. As the vehicle weight reduces linear with the battery
size, also the variance in the power for traction σ2

PW
and, as φP becomes

one, the fuel cell stack power σ2
PFC

decrease asymptotically to a constant
value. Thus, any reduction of the number of battery cells reduces the fuel
consumption.

Even a lossless battery (RS ↓ 0) will not change the last observation. Enlarging
a lossless battery just increases the fuel consumption, as still a lossless battery
contributes to the weight of the vehicle. Therefore it is stated that for the
battery size needed to realize the required driving cycle:

The optimum size of the battery is the minimum feasible size.

Here, a feasible battery size refers to the ability to provide, in combination with
the fuel cell stack, the maximum power demand and to absorb the regenerated
power when decelerating the vehicle. Therefore, the optimum battery size de-
pends on the fuel cell stack size. To understand the impact of the number of
fuel cells on the fuel consumption, again two situations are evaluated.
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• Assuming a very large fuel cell stack, NFC → ∞, mean µPW and µPFC
increase with the number of fuel cells, resulting in an increasing fuel con-
sumption.

• For small fuel cell stacks, NFC ↓ 0, mean µPW becomes independent from
NFC and the power split ratio tends to a value of zero: all deviations in
the power demand are to be covered by the battery. As a result, mean
µPFC approaches a constant value, but as this average power has to be
delivered by less fuel cells, the fuel consumption increases.

As both very small and very large fuel cell stack sizes increase the fuel consump-
tion, there appears to be an intermediate optimum for the fuel cell stack size,
realizing a minimum in fuel consumption.

5.3.4 Fuel minimal solution

The solution to the sizing optimization problem is now found in a reduced set
of equations: the fuel consumption expressed as a function of the number of
fuel cells and battery cells, and a relation between the number of fuel cells and
battery cells based on the constraint that fuel cell stack and battery together
should be able to provide the rated power of the electric motor and the base
load of the auxiliaries. This section summarizes this minimum set of equations.

The relation between the fuel consumption mH2 and the number of fuel cells
NFC and battery cells NS , defined by (5.30), is repeated here to provide a
complete set of equations:

mH2
= tf

MH2

2F

1

VFC01

[
µPFC +

1

NFC

RFC1

V 2
FC01

(
µ2
PFC + σ2

PFC

)]
. (5.31)

Mean µPFC and variance σ2
PFC

in (5.31) relate to the number of cells as:

µPFC =

1

(ηcnv − γP )

{
1

ηEM

1

ηinv
µPW + Paux0 +

1

NS

RS1
V 2
S01

[
(1− φP )

1

ηEM

1

ηinv

]2
σ2
PW

}
(5.32)

σ2
PFC =

(
1

ηcnv − γP
φP

1

ηEM

1

ηinv

)2

σ2
PW (5.33)

with power split ratio φP in terms of NFC and NS :

φP =

[
NFC(ηcnv − γP )− 4 RFC1

V 2
FC01

(
1

ηEM
1

ηinv
µPW + Paux0

)]
RS1

V 2
S01

NS
RFC1

V 2
FC01

+
[
NFC(ηcnv − γP )− 4 RFC1

V 2
FC01

(
1

ηEM
1

ηinv
µPW + Paux0

)]
RS1

V 2
S01

(5.34)
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and with mean and variance of the power for traction PW as function of NFC
and NS :

µPW =
1

2
ρAcx

〈
v3
〉

+ (M0 +NFCMFC1 +NSMS1) gfr 〈v〉 (5.35)

σ2
PW =

1

4
ρ2A2c2x

(〈
v6
〉
−
〈
v3
〉2)

+

+ (M0 +NFCMFC1 +NSMS1)
2
g2fr

2
(〈
v2
〉
− 〈v〉2

)
+

+ ρAcx (M0 +NFCMFC1 +NSMS1) gfr
(〈
v4
〉
−
〈
v3
〉
〈v〉
)

+

+ (M0 +NFCMFC1 +NSMS1 +mj)
2
〈

(vv̇)
2
〉

. (5.36)

The conclusion that the battery should be as small as possible provides the
constraint that fuel cell stack and battery together should just be able to provide
the rated maximum power of the motor PEMmax and base load Paux0.

(ηcnv − γP )NFCPFCmax1 +NSPSmax1 =
1

ηinv
PEMmax + Paux0 (5.37)

Constraint (5.37) reduces the expression for the fuel consumption (5.31) to a
function of only NFC . The optimum value for the number of fuel cells now
equals the value over the feasible range of NFC for which the fuel consumption
is minimal. Because, by definition, the number of fuel cells is a positive integer,
NFC ∈ N, finding the optimum value N∗FC is reduced to a numeric calcula-
tion which needs a limited computational effort. Relation (5.37) provides the
corresponding optimum number of battery cells N∗S , .

Still, the remark made in section 5.2.3 holds, that the solution should not result
in negative values for PFC . When σPFC � µPFC , this impact is limited.

5.3.5 Evaluation of special cases

The previous section 5.3.4 does not provide an explicit expression for the optimal
number of fuel cells N∗FC and battery cells N∗S , but a minimum set of equations.
Although a numeric solution is easily obtained, some special cases for which an
explicit solution exists are evaluated to obtain a better understanding of the
presented solution.

Lossless fuel cell stack

The first case to be evaluated is a lossless fuel cell stack. Although only a virtual
case, it provides a significant reduction of the set of equations that represent the
fuel minimal solution. A lossless fuel cell stack implies a zero internal resistance

RFC1 = 0 and an infinite internal dissipation when shorted,
V 2
FC01

RFC1
→ ∞. As

result, the power split ratio φP becomes one. Combined with the mean power
for traction µPW (5.35), it provides the following expression for µPFC :
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µPFC =
1

(ηcnv − γP )

{
1

ηEM

1

ηinv

[
1

2
ρAcx

〈
v3
〉

+
(
M0 +NFCMFC1+

+NSMS1

)
gfr 〈v〉

]
+ Paux0

}
. (5.38)

Constraint (5.37) provides a relation between the number of battery cells NS
and fuel cells NFC :

NS =
1

PSmax1

[
1

ηinv
PEMmax + Paux0 − (ηcnv − γP )NFCPFCmax1

]
. (5.39)

This reduces the expression for the mean fuel cell stack power µPFC of (5.38) to
a function of one variable NFC .

µPFC =
1

(ηcnv − γP )

{
1

ηEM

1

ηinv

[
1

2
ρAcx

〈
v3
〉

+

(
M0 +NFCMFC1+

+
1

PSmax1

[
1

ηinv
PEMmax + Paux0 − (ηcnv − γP )NFCPFCmax1

]
MS1

)
gfr 〈v〉

]
+

+ Paux0

}
(5.40)

Organizing (5.40) towards a constant term and a term depending on NFC results
in:

µPFC =
1

(ηcnv − γP )

×

{
1

ηEM

1

ηinv

[
1

2
ρAcx

〈
v3
〉
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(
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1
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PEMmax + Paux0
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MS1

)
gfr 〈v〉

]
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+ Paux0

}

+NFC
1

ηcnv − γP
1

ηEM

1

ηinv

[
MFC1 − (ηcnv − γP )

PFCmax1
PSmax1

MS1

]
gfr 〈v〉 .

(5.41)

As the internal fuel cell resistance RFC1 is zero, fuel consumption (5.31) reduces
to:

mH2
= tf

MH2

2F

1

VFC01
µPFC (5.42)
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and consequently:

mH2 = tf
MH2

2F

1

VFC01

× 1

ηcnv − γP

{
1

ηEM

1

ηinv

[
1

2
ρAcx

〈
v3
〉

+
(
M0 +

1
ηinv

PEMmax + Paux0

PSmax1
MS1

+NFC

[
MFC1 − (ηcnv − γP )

PFCmax1
PSmax1

MS1

])
gfr 〈v〉

]
+ Paux0

}
. (5.43)

Relation (5.43) reveals that the impact of the number of fuel cells on the fuel
consumption depends on the specific power of the battery and the net specific
power of the fuel cell system including converter efficiency and the variable part
of the auxiliary power. When the net specific power of the fuel cell system
(ηcnv − γP )PFCmax1MFC1

in [W/kg], is less than the specific battery power PSmax1
MS1

,
the size of the fuel cell stack should be chosen the smallest feasible size. And
vice versa, when the net specific fuel cell system power is more than the specific
battery power, the battery should be chosen the smallest feasible size.

This observation shows that a lossless fuel cell stack not automatically implies a
large fuel cell stack. This choice is in favor of the power source that contributes
least to the vehicle weight, provided the sum of both power sources match the
rated maximum power of the motor, as expressed in (5.37).

Lossless battery

Where a lossless fuel cell stack is not to be expected in practice, current battery
technology much closer resembles a lossless battery. Therefore a lossless battery
is evaluated as second case. A lossless battery implies a zero internal resistance

RS1 = 0 and an internally dissipated power approaching infinity,
V 2
S01

RS1
→ ∞.

As RS1 = 0, also power split ratio φP is zero. This indicates the EMS decides
all deviations in the power demand to be covered by the battery. This is the
logical choice as temporarily storing energy has become free of losses. As a
result, variance σ2

PFC
is zero. Combined with (5.39), this results again in a

mean µPFC as expressed in (5.41). To reduce (5.41), PNFC0
and ∆PNFC1

are
introduced to represent the dependency of mean µPFC on the number of fuel
cells NFC .

µPFC = PNFC0
+NFC∆PNFC1

(5.44)

Here, PNFC0
refers to the average power needed to propel the vehicle excluding

the fuel cell stack
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PNFC0
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1

(ηcnv − γP )

×

{
1

ηEM

1

ηinv

[
1

2
ρAcx

〈
v3
〉

+

(
M0 +

1
ηinv

PEMmax + Paux0

PSmax1
MS1

)
gfr 〈v〉

]

+ Paux0

}
(5.45)

and ∆PNFC1
represents the additional average power to transport a single fuel

cell

∆PNFC1
=

1

ηcnv − γP
1

ηEM

1

ηinv

[
MFC1 − (ηcnv − γP )

PFCmax1
PSmax1

MS1

]
gfr 〈v〉 .

(5.46)

Note that ∆PNFC1
can be negative as the impact of an additional fuel cell on

the size of the battery, according to (5.39), is included.

For a propulsion system with a lossless battery, fuel consumption (5.31) is re-
duced to:

mH2 = tf
MH2

2F

1

VFC01

(
µPFC +

1

NFC

RFC1

V 2
FC01

µ2
PFC

)
. (5.47)

Combining (5.47) with the reduced expression (5.44) for µPFC provides:

mH2 = tf
MH2

2F

1

VFC01

×
[
PNFC0

+NFC∆PNFC1
+

1

NFC

RFC1

V 2
FC01

(PNFC0
+NFC∆PNFC1

)
2

]
. (5.48)

or

mH2 = tf
MH2

2F

1

VFC01

[
NFC

(
∆PNFC1

+ ∆P 2
NFC1

RFC1

V 2
FC01

)
+

+ PNFC0
+ 2PNFC0

∆PNFC1

RFC1

V 2
FC01

+
1

NFC
P 2
NFC0

RFC1

V 2
FC01

]
. (5.49)

Here, ∆PNFC1
+∆P 2

NFC1

RFC1

V 2
FC01

refers to the additional fuel consumption needed

to transport a single fuel cell, and P 2
NFC0

RFC1

V 2
FC01

refers to the efficiency improve-

ment of a fuel cell stack with NFC cells.

The optimum number of fuel cells is obtained when for one additional cell, the
additional fuel consumption to transport that single cell outweighs the improve-
ment of the fuel cell stack efficiency due to adding this single cell:
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∆PNFC1
+ ∆P 2

NFC1

RFC1

V 2
FC01

= P 2
NFC0

RFC1

V 2
FC01

(
1

NFC
− 1

NFC + 1

)
(5.50)

or

N2
FC +NFC −

PNFC0

V 2
FC01

RFC1
∆PNFC1

+ ∆P 2
NFC1

= 0 (5.51)

and consequently

NFC =
1

2
± 1

2

√
1 + 4

PNFC0

V 2
FC01

RFC1
∆PNFC1

+ ∆P 2
NFC1

. (5.52)

For positive ∆PNFC1
, as ∆PNFC1

� V 2
FC01

RFC1
and 4

PNFC0
V 2
FC01
RFC1

� 1, the feasible solu-

tion for a lossless battery approximates:

NFC =
PNFC0√

V 2
FC01

RFC1
∆PNFC1

. (5.53)

Relation (5.53) indicates that the number of fuel cells increases linearly with
the average power for traction and reduces with the square root from the power
needed to transport these fuel cells. For negative ∆PNFC1

, the optimal fuel cell
stack size is the largest size, for which the corresponding battery size is just
capable to absorb the regenerated power.

When the battery size is decreased even further, a larger fuel cell stack will be
needed to provide the maximum in the power demand, and more importantly,
not all regenerated energy will be stored. When this regenerated energy cannot
be absorbed, ∆PNFC1

immediately becomes positive (5.46). As a smaller battery
implies a larger fuel cell stack (5.37), and as ∆PNFC1

is quadratic in the fuel
consumption (5.48), the fuel consumption will increase. Therefore, a battery
size below the minimum size to absorb regenerated energy does not provide a
minimum fuel consumption.

Constant speed

As last case a constant speed is considered. A constant speed implies 〈vn〉 = 〈v〉n

and
〈

(vv̇)
2
〉

= 0 as v̇ = 0. As a result variances σ2
PW

and σ2
PFC

are zero, and

the resulting fuel consumption matches (5.47). Therefore, the solution for a
constant speed equals the solution for a lossless battery. This is understood
from the observation that in both cases, the fuel cell stack only has to operate
on the average required power. Also in both cases, fuel cell stack and battery
together should be able to provide the rated power for the electric motor and the
auxiliary base load (5.37), although, in the case of a constant speed, the power
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for traction will be at a constant level generally far less than the rated motor
power PEMmax. Different from the lossless battery, the case for a constant speed
is not limited by the constraint of a minimum feasible battery size, as there is
no power to regenerate, as the vehicle does not decelerate. This consequently
results in a propulsion system without battery as could be expected.

5.4 Verification

To verify the results from section 5.3.4, the proposed method for sizing is com-
pared to a brute force approach. This approach derives the fuel consumption
for each combination of fuel cell stack size and battery size, by a simulation over
the considered driving cycle, including the EMS as presented in section 4.2. As
grid the number of cells are taken, as this is an integer by definition.

The vehicle parameters used refer to the delivery van of section 4.4.5. The main
vehicle and propulsion system parameters are summarized in table 5.1.

Table 5.1: Vehicle and propulsion system parameters.

Parameter Description Value units
M0 Vehicle weight without stack and battery 1475 kg
A Vehicle frontal area 3.07 m2

fr Coefficient of rolling resistance 0.0141 -
cx Coefficient of air resistance 0.441 -
mj Equivalent mass rotating parts 100 kg
γP Operation dependent auxiliary power ratio 0.05 -
Paux0 Base load auxiliary power 300 W
ηinv Inverter efficiency 98 %
ηcnv DC/DC converter efficiency 95 %
PEMmax Rated maximum power electric motor 90 kW
ηEM Electric motor efficiency 96 %
MFC1 Weight of one fuel cell (including BOS) 0.9 kg
VFC01 Modeled open clamp voltage fuel cell 0.81 V
RFC1 Internal resistance fuel cell 1.0 10-3 Ω
PFCmax1 Rated maximum power per fuel cell 140 W
MS1 Weight of one battery cell 7.3 kg
VS01 Open clamp voltage battery cell 3.4 V
RS1 Internal resistance storage/battery cell 0.7 10-3 Ω
PSmax1 Rated maximum power per battery cell 1680 W
ηpurge Efficiency due to purge losses 98 %

The first driving cycle considered is the measured cycle of figure 3.5, driven
with the delivery van over several days. This results in over 22,000 samples for
speed and power for traction. The distribution of the power for traction for
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this driving cycle resembles a normal distribution, as indicated in figure 5.1.
The resulting fuel consumption for different sizes of fuel cell stack and battery
is presented in figure 5.3. According to the proposed sizing method, the fuel
optimal fuel cell stack size is 35 kW with a battery size of 60 kW. This resembles
the brute force results, providing an optimum fuel cell stack size of 37 kW with
a battery size of 59 kW. The difference in fuel consumption estimation between
both sizing results is approximately 4%.
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Figure 5.3: Fuel consumption as a function of fuel cell stack and battery size,
for the measured driving cycle.

The contour plot of figure 5.3 shows some ’non feasible’ regions. To the left
of the white line indicating a constant available net power from fuel cell stack
and battery combined, the total net power of battery and fuel cell stack is
too low to match the rated motor power plus auxiliaries. The lower region
near the horizontal axis indicates the fuel cell stack is too small to provide
the average required power. The triangular area in the left upper part of the
diagram indicates the regenerated power when decelerating the vehicle cannot
be absorbed by the system anymore. The lossless battery case of section 5.3.5
already motivates a minimum fuel consumption is not to be found under these
conditions. Note that the energy storage capacity of the battery does not result
in unfeasible situations.

Figure 5.4a represents the fuel consumption along the constant power line of
relation (5.37) where the sum of the net fuel cell stack power and battery power
match the rated power of the electric motor plus the base load of the auxiliaries.
The vertical line indicates the optimal fuel cell stack size. The sensitivity of the
fuel consumption for changes in the fuel cell stack size from its optimal size
appears limited over a significant area.
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Figure 5.4: Fuel consumption (a) and power split ratio (b) as function of the
size of the fuel cell stack.

As a larger fuel cell stack relates to a smaller battery size, the power split ratio
changes almost proportionally with the fuel cell stack size, as indicated in figure
5.4b. Note that a larger power split ratio increases the risk for negative fuel cell
stack powers, which are not feasible.

The power for traction for the driving cycle considered so far resembles a normal
distribution. As this is a major assumption in the optimization of component
sizes, also a superficially constructed driving cycle is examined to evaluate the
impact of this assumption. As driving cycle, the NEDC Low Power (see section
3.2) is chosen. As discussed in section 3.3.3, this driving cycle cannot be modeled
adequately by a normal distribution, due to its limited length and superficial
construction.

The fuel consumption of the vehicle when driving this NEDC Low Power cycle
for different sizes of fuel cell stack and battery, is presented in figure 5.5. The
resulting optimal fuel cell stack sizes based on the proposed method and based on
the brute force approach are 41 kW and 43 kW respectively. The accompanying
battery sizes are 55 kW and 54 kW respectively. Differences in fuel consumption
are below 3%. Therefore, also for the NEDC Low Power as driving cycle, both
approaches still provide comparable optimum sizes. This supports the use of the
proposed method, also for shorter driving cycles or driving cycles that cannot be
adequately described by a normal distribution. It also relaxes the assumption
for a normal distribution.

The constraint on the application of the proposed method is the feasibility of
the distribution for the fuel cell power (see section 5.2.3). As the fuel cell stack
cannot absorb electric power, PFC has to be positive by definition. As also the
battery is limited in the power with which it can be charged, a situation might
occur where the regenerated power cannot be absorbed. As the approximation
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Figure 5.5: Fuel consumption as a function of fuel cell stack and battery size,
for the NEDC Low Power driving cycle.
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Figure 5.6: Fuel consumption (a) and power split ratio (b) as function of the
size of the fuel cell stack.

with a normal distribution does not consider this limitation, the method might
suggest unfeasible optimum sizes. Such situation is created for evaluation by
reducing the weight of the fuel cell system three times. Therefore, it becomes
very beneficial to use a large fuel cell stack in combination with a very small
battery. As a result, the power split ratio will approach one. When the negative
deviations in the power for traction exceed the average required power, the
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battery will appear too small to absorb the regenerated power. The results for
MFC1=0.3 kg, including BOS, are presented in figure 5.7.
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Figure 5.7: Fuel consumption as a function of fuel cell stack and battery size,
for the NEDC Low Power driving cycle, with a low weight fuel cell system.

Battery size [kW]

F
ue

l c
el

l s
ta

ck
 s

iz
e 

[k
W

]

Fuel consumption [kg/100km]

 

 

(not feasible)

o = optimal size brute force    
+ = optimal size proposed method

0 50 100 150 200
0

10

20

30

40

50

60

70

80

90

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

Figure 5.8: Fuel consumption as a function of fuel cell stack and battery size,
at a constant speed of 50 km/h, with a low weight fuel cell system.

Figure 5.7 shows the proposed method suggest an unfeasible optimal fuel cell
stack size, when the constraint on the negative values for the required power
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demand is not considered. The value should be shifted to the edge of the region
of feasible solutions, as indicated in the figure. Thus, the application of the
proposed method needs a check on this constraint. Still, the impact of this
constraint for parameter values based on today’s technologies, is limited. The
impact is expected to further reduce in the future, when more subsystems as
climate control and media centers will increase the average required power.

To evaluate the results for a special case where the proposed solution can be
reduced to one explicit expression, a constant speed of 50 km/h is considered
as driving cycle. The results are presented in figure 5.8. As could be expected,
the resulting battery size is the smallest size in the evaluated range. Both
the proposed method as the verification using brute force result in the size as
provided for by expression (5.53). This further supports the validity of the
proposed method.

5.5 Discussion

5.5.1 The sizing approach

For the cases examined for verification, calculation times for the proposed
method are about 106 times faster compared to the brute force approach. But
as designing a propulsion system is an off-line activity, this advantage is limited.
More relevant is that the analytical approach provides a better understanding
of the sizing problem.

An interpretation of the solution presented in section 5.3.4 reveals that devi-
ations in the power demand contribute to a higher fuel consumption at two
levels:

• Deviations in the power for traction increase the average required power
as the variance in the power for traction directly increases the mean fuel
cell stack power as they introduce an increase in battery losses (relation
(5.32)).

• Deviations in the power for traction result in deviations in the fuel cell
stack power (relation (5.33)) which increase the fuel consumption (relation
(5.31)) as the stack efficiency reduces for higher power levels.

Therefore, despite the possibility to regenerate all energy when decelerating the
vehicle, driver behavior resulting in major deviations in the power for traction
(a ’sportive’ or ’aggressive’ driving style) should be avoided.

Nevertheless, a driving style is generally the choice of the user of the vehicle.
When the driving cycle is considered fixed, based on the assumption the power
for traction is normal distributed, section 5.3.3 reveals that the smallest feasible
battery size provides the lowest fuel consumption. As a result, it suffices to
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evaluate only those combinations of fuel cell stack and battery sizes that to-
gether match the maximum required power. This maximum is defined by the
rated maximum of the electric motor and the base load of the auxiliary power.
Therefore, the search for optimum sizes reduces from a 2D problem to a 1D
problem.

For the feasible solutions, the results for the proposed method are verified by
the brute force approach. As for each combination of fuel cell stack size and
battery size the brute force approach simulates the driving cycle over time using
deterministic models, the assumption of a normal distributed power for traction
is not used. This verification motivates that the approximation based on normal
distributions does approach optimal sizes for the fuel cell stack and battery.
Although promising, this does not validate directly the assumption that the
power for traction is normal distributed. It only verifies that the proposed
approach using normal distributions is suitable for sizing.

5.5.2 A further fuel reduction

Given a driving cycle and values for the vehicle and propulsion system parame-
ters, the proposed sizing approach provides a minimum in fuel consumption. As
the sizing problem is solved analytically, the solution as summarized in section
5.3.4 reveals which parameters affect the fuel consumption most.

Here, vehicle parameters M0, A, cx, fr and mj , and the driving cycle v, are
considered fixed. Constants MH2 , F , ρ, g are defined by physics. Parameters
VFC01 and VS01 are dominated by the electrochemistry of the fuel cell or battery
technology chosen (such as PEM and LiFeP) and therefore considered fixed, but
internal resistances RFC1 and RS1 are manufacturer dependent. This leaves
parameters MFC1, MS1, Paux0, γP , RFC1, RS1 and efficiencies ηcnv, ηEM and
ηinv for a further improvement of the fuel economy of the vehicle.

The impact of the specific weight of a fuel cell MFC1 on the fuel consumption is
almost quadratic. It is not fully quadratic as an increase in weight also affects
the optimum number of fuel cells. This also holds for the specific weight of a
battery cell MS1, as it affects the fuel consumption quadratically, by its linear
impact on the mean of the fuel cell stack power and by its quadratic impact on
the variance of the fuel cell stack power. As the battery size also affects the
optimum number of fuel cells, its impact is close to quadratic.

Although the impact of most efficiencies in the system is significant, for current
technology, their values are already close to one. Exception is the variable
part of the auxiliary power γP , dominated by the power consumption of the
compressor. A more efficient compressor contributes almost quadratic to a lower
fuel consumption. Also the base load of the auxiliary power Paux0 affects the
fuel consumption close to quadratic.

The impact of the internal resistance of a battery cell RS1 on the fuel con-
sumption is close to quadratic, but an increase in battery resistance shifts the
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distribution of power deviations over fuel cell stack and battery, resulting in a
relation less than quadratic.

For a constant speed, the internal resistance of a fuel cell RFC1 affects the fuel
consumption linear, but for more transient driving cycles, the impact reduces
to less than linear, as it also changes the power split ratio.

To examine the sensitivity of the fuel consumption to parameter variations, the
case of the vehicle with vehicle and propulsion system parameters presented in
table 5.1 is evaluated. With the NEDC Low Power as driving cycle, and opti-
mum sizes for the fuel cell stack and battery according the proposed method,
the impact of a 10% change in individual parameters on the final fuel consump-
tion, including a new optimization of the component sizes, is calculated. The
resulting fuel improvement is presented in table 5.2.

Table 5.2: Improvement of the fuel consumption on a 10% change in individual
parameter values.

Parameter Description Improvement
MFC1 Weight of one fuel cell (including BOS) 0.74 %
MS1 Weight of one battery cell 0.62 %
γP Operation dependent auxiliary power ratio 0.51 %
Paux0 Base load auxiliary power 0.51 %
RFC1 Internal resistance fuel cell 0.42 %
RS1 Internal resistance storage/battery cell 0.19 %

Note the internal resistance of a battery cell RS1 has little impact left, as the

internal losses per battery cell
V 2
S01

RS1
are already low compared to the internal

losses per fuel cell
V 2
FC01

RFC1
. In accordance with the observations of section 5.4,

the sensitivity of the fuel consumption against parameter changes is modest.

Therefore, to further improve the fuel efficiency of a fuel cell hybrid propulsion
system, first priority is to reduce the specific weights of fuel cell and battery cells,
followed by the reduction of the auxiliary power and the internal resistances of
battery and fuel cell stack.

5.5.3 Characterization

As observed from prototypes and first series, current FCHEVs have a fuel cell
system sized to satisfy the average power demand or sized to satisfy the max-
imum in the required power (see section 1.5.3). This study shows the optimal
size in terms of fuel consumption is situated between these two extremes. How-
ever, the verification shows the sensitivity of the fuel consumption against the
fuel cell stack size is limited. As a result, the choice for the size of the fuel cell
stack is not critical.
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This enables fuel cell stack manufacturers to limit the number of products over
a power range. As a result, per product, sales will reach cost effective numbers
more easily.

This observation can be extended to a class definition of fuel cell stacks for
automotive applications or to a class definition of electric propulsion systems.
As example, the operational conditions of wind turbines are standardized by
an average wind speed and variance in wind speed to reflect the expected wind
conditions on site [62]. As a result, manufacturers need to offer only a limited set
of wind turbines. This reduces the variation in products, lowering development
costs and increasing the cost efficiency of their products. Also with fuel cell
stacks or electric propulsion systems, this would provide cost effective solutions
already at lower sales rates, and advance the introduction of FCHEVs.

5.6 Conclusions

Based on the assumed normal distributed power for traction of chapter 3 and the
EMS solution of chapter 4, a mean and variance are derived, representing the
distribution of the fuel cell stack power. Using a transformation from an integral
over time to an integral over a distribution, these mean and variance provide
an analytical expression for the fuel consumption. This expression reveals that
the optimum choice for the battery size is the smallest feasible size.

The evaluation of the special case of a lossless battery shows that a fuel minimum
solution uses all regenerated energy. Therefore, the smallest feasible battery size
is that size for which the battery can absorb and deliver the battery power that
corresponds to the optimum fuel cell stack size.

From this result is concluded that the combination of fuel cell stack and battery
should be rated the maximum required power. This constraint, together with
the fuel consumption expressed in mean and variance of the fuel cell stack power
and their relation to the vehicle parameters and driving cycle, provides a set
of equations that defines the fuel minimum size of the fuel cell stack. This set
of equations reveals that the optimum size of the fuel cell stack is found by a
one-dimensional search over a limited set of positive integers, representing the
number of fuel cells.

As normal distributions do not distinguish between positive and negative pow-
ers, the solution found needs a check on the sign of the fuel cell stack power.
This only provides a limitation when the fuel cell system significantly outper-
forms the battery with respect to its power density, which is not to be expected.
As future subsystems are expected to further increase the required power, this
will only further reduce the impact of this constraint.

The optimum sizes found are verified by brute force simulations over various
numbers of fuel cells and battery cells and over different driving cycles. The
resulting sizes match the sizes derived according the proposed method. This
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verifies the proposed approach, but also demonstrates that a characterization of
the required power with a mean and variance suffices to analytically solve the
sizing problem. Moreover, the proposed analytical approach provides a better
understanding how parameters affect the fuel consumption.



Chapter 6

Conclusions

6.1 Conclusions

Electric propulsion plays an important role in the efforts to reduce our depen-
dency on fossil fuels and our objective to reduce air pollution both globally and
locally. Therefore, in the future, electric drive trains will become more and more
applied. This type of propulsion will not only be found in battery-based electric
vehicles (EVs), but also in fuel cell hybrid electric vehicles (FCHEVs) running
on hydrogen as fuel. Compared to EVs, such FCHEVs provide a better driving
range and shorter fueling times.

Designing fuel cell hybrid propulsion systems with a focus on a minimum fuel
consumption contributes to a maximization of the driving range and a reduction
of the operational costs. Amongst others, such design considers the sizes of the
two main components of a fuel cell hybrid propulsion system: the fuel cell stack
and the battery. Moreover, an appropriate energy management strategy (EMS)
controlling the operation of this fuel cell stack and battery, further minimizes
operational costs. Main objective of this research is to provide a structured
approach to such a design.

In some more detail, the design of a fuel cell hybrid propulsion system consists
of two consecutive optimization problems:

1. An energy management problem, considering how to control the powers in
the propulsion system with respect to a low fuel consumption.

2. A sizing problem, considering which sizes of the battery and the fuel cell
stack as main components in the propulsion system, provide the best fuel
economy.

The solution to the second step, the sizing problem, needs a solution to the
first step, the energy management problem. Therefore, the first objective of the
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study is to find a fuel minimizing EMS, and the second objective is to find the
optimum sizes for the fuel cell stack and the battery with respect to a minimum
fuel consumption.

To define optimum sizes, a definition of the power requirements for the vehicle
is needed. On this requirement, it is stated that:

• Over the lifetime of the vehicle, a normal distribution is a reasonable
approximation of the distribution of the power for traction.

The term ’reasonable’ refers to the accuracy needed to solve the sizing problem.
This approximation has been validated through simulations and measurements.
The validation is restricted to vehicles with one fixed gear, that maximize the
regeneration of energy when decelerating. A mean and variance fully define
the normal distribution. This mean and variance directly relate to the vehicle
parameters and the driving cycle representing the traffic environment.

To find an optimizing EMS, this study focusses on first principles relations.
Although these relations provide a non-linear cost function and non-linear con-
straints, based on the partly comparable electrochemistry of fuel cells and bat-
tery cells, it is demonstrated that a global analytical solution does exist. As
interpretation of this solution, it is concluded that:

• A close to optimal EMS for fuel cell hybrid propulsion systems is obtained
when the average required power is considered as point of operation for the
fuel cell stack, and when the deviations from this average are distributed
over battery and fuel cell stack, according their internal losses.

Here, the average power demand over a driving cycle should be considered a-
priori information, which prohibits a real-time implementation. As estimate, the
average power demand over the past is used, derived from the changes in the
energy stored in the battery. This estimate is implemented as a feedback loop,
increasing the robustness of the EMS. A solution more attractive for practical
implementation is obtained when the proposed approach is applied on the level
of currents and voltages, as these variables can be measured directly in the
propulsion system. The proposed EMS has been validated using simulations
and experiments on a test facility and demonstrated in a fuel cell hybrid delivery
van.

The analytical solution to the energy management problem enables a solution
to the sizing problem. This solution uses the mean and variance of the normal
distribution representing the power for traction. In addition, it is assumed that
all regenerated energy when decelerating the vehicle should be used to obtain
a minimum fuel solution. This is verified analytically for the special case of a
lossless battery. From the resulting set of equations is concluded that:

• The optimum size of the fuel cell stack is found by a one-dimensional
search over a limited set of positive integers, representing the number of
fuel cells.
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• The corresponding optimum size of the battery is the minimum size that
can provide the corresponding battery power.

It is noticeable that for practical parameter values and driving cycles, the feasi-
ble optimal fuel cell stack size is located between the average power demand and
the maximum power demand. Although many FCHEV prototypes comprise a
fuel cell stack sized to satisfy the average power demand, from the perspective of
fuel consumption, this is the least attractive option. Still, based on today’s tech-
nology, such decision could be motivated from a trade-off between operational
costs and capital costs, in favor of the latter.

The proposed EMS and sizing approach provide a minimum fuel consumption,
given the vehicle and propulsion system parameters. More important, the an-
alytical approach provides a better understanding of how the fuel consumption
relates to the propulsion system parameters. As example, for practical parame-
ter values, a reduction of the specific weights of battery cells and fuel cells offers
the best opportunity for additional fuel savings, followed by a reduction of the
auxiliary power and a reduction of the internal resistance of battery cells and
fuel cells.

The findings of this study contribute to the further development of FCHEVs.
From a technical perspective, the presented solutions support the sizing and
operation of fuel cell hybrid propulsion systems with respect to a minimum fuel
consumption. This extends the driving range per kilogram hydrogen, which is
expected to lower the operational costs. Still, these results are only part of a
broader set of requirements that have to be met before fuel cell hybrids will
seriously enter the market. Other key elements for success are the availability
of hydrogen and the customer acceptance of the propulsion system. Finally, a
FCHEV should be affordable, easy and fun to drive.

6.2 Recommendations

This research provides an approach for energy management and sizing, min-
imizing the fuel consumption of a fuel cell hybrid propulsion system. As an
additional result of this research, some interesting aspects for further study
have been identified:

• The presented energy management strategy uses a voltage source with an
internal resistance as a model for both power sources in the propulsion
system. In this study, this approach is discussed related to fuel cell stacks
and batteries. Still, it is interesting to examine if such approach can be
extended to other hybrid propulsion systems as well. Representing in-
ternal combustion engines as a voltage source with an internal resistance
could provide a comparable, close to optimal, real-time energy manage-
ment strategy. In addition, such analytical solution can support optimal
sizing of the components of the propulsion system.
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• Both scientifically and practically, it is interesting to examine the possi-
bility of a mathematical proof that the power for traction over the lifetime
of the vehicle approximates a normal distribution, or possibly a more pre-
cisely defined distribution. Key to this proof will be to demonstrate that
the combination of driver and vehicle ultimately show a low pass behavior.
In terms of linear systems, it is observed that strictly proper linear trans-
fer functions that do not comprise a pure integrator, respond on random
(white) input signals with a bandwidth larger than the bandwidth of the
transfer function and an arbitrary amplitude distribution, with an output
signal which distribution approximates a normal distribution. This ob-
servation could provide a useful starting point for a more thorough proof.
Such proof not only would support the proposed design approach for fuel
cell hybrid propulsion systems, it also could benefit the sizing of other
electric propulsion systems.

• In product standardization, in cases very different from fuel cell hybrid
propulsion systems, classes are defined on the characterization of variables
as if these variables are normal distributed. Intention of such classification
is to cover the complete range of operational circumstances with a limited
number of products, and therefore provide cost effective solutions. Also
electric propulsion systems could be classified, possibly based on their
average power demand and standard deviation, into a limited number
of classes. Combined with an optimal energy management strategy, this
would limit the number of component sizes relevant for fuel cell hybrid
propulsion systems. This could make manufacturing fuel cell systems more
cost effective.



Appendix A

Fuel cell system dynamics

This appendix summarizes the findings presented in [133].

A.1 Introduction

To make proper choices both in sizing system components and in designing the
energy management system, the dynamic properties of PEM fuel cell systems
have been investigated. This appendix presents the results, obtained from lit-
erature and partly validated with experiments. The objective is to define a
safe dynamic operating window for the fuel cell system. This inventory focusses
on stack sizes between 10 and 250 k], delivered by PEM fuel cell systems with
ambient air as oxygen supplier. For practical reasons, experiments are done on
PEM stacks ranging from 5 to 8 kW.

A.2 Frequency range

As the applications considered are fuel cell hybrid propulsion systems, the range
of transients in the demand for traction is evaluated. Power spectra for three
driving cycles [29] combined with a bus model [117, 98] indicate that a frequency
range up to 0.4 Hz covers about 99% of all dynamics in the power demand
for traction (figure A.1a). This is in line with the observation that maximum
acceleration will only occur during a fraction of the operational time. Still,
during acceleration, the driver expects proper response times for the propulsion
system up to approximately 40 ms (figure A.1b), making stack dynamics up
to 25 Hz relevant. Therefore, dynamic phenomena in a frequency range up to
25 Hz have been studied. Electromagnetic and electrochemical dynamics with
reported time constants of 10−19 [21] and 10−9 seconds [113] are therefore not
subject of study.
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Figure A.1: (a) Power spectra of the demand for traction relative to the motor
power, for the Braunschweig, Manhattan and JE05 driving cycles [29], and (b)
power demand during an idealized acceleration, based on a bus model [117, 98].

A.3 Electrodynamics

The dynamic behavior of processes are defined by combinations of storages and
dissipations. Electrodynamics are introduced by storage of charge and electrical
resistances. In a fuel cell stack, in the Membrane Electrolyte Assembly (MEA)
of each fuel cell, charge is stored in electric double layers at the anode and
the cathode [6]. For the transport of charge, the charge transfer reactions at
the cathode dominate the electrodynamics [150]. The rate of charge transfer
over the double layers is usually modeled as electric resistance RCT in parallel
with the double layer capacity CD. The proton flow through the membrane
is limited by the water concentration gradient over the membrane, causing an
electric resistance in series with the double layer capacity. For a stack, including
the electrical resistance of the Gas Diffusion Layer (GDL) and the cell plates,
this results in a total resistance Rohm in series with all double layer capacitors
CDi and charge transfer resistances RCTi of the individual cells (figure A.2).

In a stack, double layer capacities and charge transfer resistances may differ
from cell to cell. Using Electrochemical Impedance Spectroscopy (EIS) and
Nyquist diagrams, derivations from nominal operating conditions for a stack or
individual cells are identified [32]. Also different electrodynamic behavior be-
tween a step up and a step down in stack current are reported [153]. Ceraolo
et.al. [21] relate conductance to stack temperatures. Due to all these dependen-
cies, electrodynamics change with the operating conditions of the stack. Still
dominant time constants can be identified.

Figure A.2 shows an N-cell RC-model fitted on EIS data obtained from a 51 cell
stack. The Nyquist plot of figure A.2a indicates that a two-cell model already ex-
plains most of the measured data. Note that the negative imaginary axis points
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Figure A.2: Measured impedance spectrogram with 1st order and 2nd order
RC-model fit, presented as (a) Nyquist diagram and (b) Bode diagram.

upwards as is usual in EIS diagrams. The same data presented as Bode diagram
(figure A.2b) shows the dominant time constants for the single cell model (90
ms), the two-cell model (160 ms) and the measurements (approximately 160
ms). Wingelaar [153] reports measured time constants of 33 - 70 ms for a small
PEM stack. A fit on data obtained from [16] results in remarkably faster time
constants of 1,8 ms. The Bode diagrams of measured data presented in [150]
show dominant electrodynamic time constants ranging over three decades, from
1 ms up to 1 second. For comparison, measured time constants of 40 - 100 ms
for a 1 kW PAFC stack are reported in [132]. As CD is proportional to the cell
area and RCT varies inversely with the cell area, electrodynamic time constants
do hardly depend on stack sizes. Although these electrodynamics result in a
dynamic response on load changes, they are sufficiently fast not to introduce
restrictions for a supervisory control system as an EMS.

A.4 Fluid dynamics

Gas and water management are key in achieving a good performance of a PEM
fuel cell stack. The dynamics of all fluids (hydrogen, oxygen, nitrogen in air and
water) in a fuel cell stack are related. In the gas channels, dynamics exist due
to the gas volume and flow friction in the channels. The transport of hydro-
gen and oxygen into the MEA is fast; due to the catalytic reaction, the partial
pressures at the electrodes are virtual zero. Therefore the dimensions of the
gas channels dominate the total gas dynamics [47]. Humidification through the
anode channels is assumed, as discussed in [159]. The transport of water vapor
through the GDL at the anode depends on its concentration gradient, different
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from hydrogen. In the membrane water is stored, both chemical bonded and
as free molecules. At the cathode liquid water from the catalytic reaction flows
into the GDL and has to be removed from the GDL to prevent flooding. Com-
bined with transport mechanisms for water, these storages results in additional
dynamics as indicated in figure A.3.
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Figure A.3: Fluid dynamics in a fuel cell, caused by storage and transport
mechanisms for hydrogen, oxygen, water and hydrogen..

For a change in gas flow, [163] reports a delay in the power response of a single
PEM cell of about 30 seconds, due to the gas storage in the system. Experi-
ments on a 5 kW stack show time constants for the air dynamics of less than
0.2 seconds for a complete stack. Also [47] reports a time constant of around
0.3 seconds for the inlet manifold. Under normalized conditions, air crosses
a typical GDL in 39 ms (based on [121]), supporting the statement that gas
channel dimensions dictate gas dynamics. As a larger channel area results in
a larger volume/storage but also in a lower flow resistance, time constants are
approximately proportional to the length of the channels. Therefore parallel
channels will result in faster gas dynamics, compared to serpentine channels.
It is not likely that higher stack powers are realized by changing the cell area
as that implies a change in the manufacturing process. From the perspective
of production, to increase the stack power, it is more convenient to increase
the number of cells. As this implies only an increase in parallel channels, time
constants for gas dynamics are not expected to change significantly.

With typical response times of 0.5 ∼ 4 seconds (experimental data), the air
compressor dynamics will limit the response here. As a shortage of hydrogen or
oxygen is undesirable, the supervisory control should take both gas dynamics
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and compressor dynamics into account.

Porosity of the MEA for nitrogen results in a dilution of the hydrogen fuel,
reducing the partial pressure of hydrogen in the anode channels. Combined
with the removal of water at the anode for dead-end configurations, this makes
purging at the hydrogen outlet necessary. Purge frequencies on a timescale of
minutes are reported [96]. Experiments with a 25.4 µm Nafion [30] membrane
result in practical purge times of 30 seconds. Purging does not influence the
health of the stack nor the supervisory control.

In the gas channels, water vapor follows the gas dynamics. For the membrane,
a time scale of 100 ∼ 1000 seconds to reach the equilibrium sorption state in
humid air is reported [10]. Humidification of the membrane through water
production at the cathode is much faster, about 10 seconds [10]. Based on the
characteristics of Nafion 211 [30] and the assumed upper limit that all produced
water is absorbed by the membrane, the membrane is fully hydrated in only
0.25 s at 1 A/cm2. Several transport mechanisms in the membrane play a role,
making the estimation of time constants complex. A second order response
reported in [21], explains an overshoot in stack voltage after a stepwise drop
in stack current. Experiments on a 5 kW stack confirm this overshoot. The
overshoot is assumed to be caused by a temporary surplus of water in the
membrane, on a time scale of seconds. Also [160] reports settling times of
several seconds. These time constants depend, amongst others, on the stack
current and the thickness of the membrane. They are not expected to depend
significantly on the size of the stack. As typical response times for humidifiers of
2 up to 12 minutes are reported [47]. At start-up the humidification subsystem
may limit the rate with which the stack current can be increased. As both
flooding and a too dry membrane affect the operation and lifetime of the stack,
the local control system should avoid these two extremes in the water dynamics.
When covered by the local control system accurately, the supervisory control
system does not have to take these extremes into account.

A.5 Thermal dynamics

Internal losses cause the stack temperature to increase. The cooling circuit
should remove this heat from the stack. As the losses and the cooling channels
are well distributed over the stack, the dominant time constant approximates
the heat capacity of the stack over the specific heat of the coolant times its mass
flow. Therefore, the coolant mass flow and power density of the stack will affect
the thermal dynamics more than the stack size.

Experiments from [47] show time constants of 110 ∼ 1000 seconds. Both [158]
and [113] show thermal time constants of around 500 seconds and [3] shows a
time constant of over 1000 seconds. Experiments on a 5 kW stack, to verify
these observations, show dominant time constants of 85 ∼ 500 seconds. A well
designed and controlled cooling system can handle these dynamics such that
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stack temperatures may considered constant. When properly designed, the local
control system is also capable to avoid temperature differences over the stack,
which should be limited to prevent damage due to mechanical stress. Therefore
the stack temperature is not critical for the supervisory control system.

A.6 Conclusions

Figure A.4 summarizes the dominant dynamics obtained from literature and
partly verified by experiments. The experiments are in line with the observa-
tions from literature. Stack dynamics that potentially oppose a risk for the life
span of the stack are the gas dynamics and the water dynamics. The compressor
and humidifier as subsystems potentially dominate the air flow and water dy-
namics. When forced humidification is used, water dynamics are no dominant
limitation to the transient response of the stack anymore. When properly de-
signed and (locally) controlled, the maximum rate of power change of the stack
is dominated by the response of the air compressor. An air compressor operated
at its maximum capacity would cover this limitation, but from the viewpoint of
system efficiency, this is not a valid solution. Therefore, the maximum accelera-
tion of the air compressor defines the maximum rate with which the stack power
may be increased. This maximum rate ranges between 20% per second to 100%
per second. The supervisory control system has to consider this maximum rate.
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Figure A.4: Overview PEM fuel cell stack dynamics.



Appendix B

ECMS as Energy
Management Strategy

This appendix summarizes the ECMS based approach to derive an EMS for fuel
cell hybrid propulsion systems [136].

B.1 Model adjustments

The ECMS framework treats the optimization problem of a minimum fuel con-
sumption on the level of power and energy. It uses a first or second order fuel
consumption fit and a constant efficiency battery model.

To convert the EMS optimization problem for fuel cell hybrid propulsion sys-
tems to the ECMS framework, the first principles fuel consumption model of
(2.8) is approximated as quadratic relation by a Taylor series expansion. As
PFC

PFCmax
≤ 1

4PFCmax

V 2
FC0

RFC
< 1, higher order terms O(P 3

FC) are omitted, provid-
ing as approximation:

ṁH2 ≈ N
MH2

2F

1

VFC0

(
PFC + P 2

FC

RFC
V 2
FC0

)
. (B.1)

Advantage of a second-order approximation to the optimization problem, is the
existence of an analytic expression for the global minimum, when the constraints
are fulfilled. Here a quadratic approximation is derived from the fuel cell physics.
Such general quadratic relation is also assumed for ICEs in [76, 81]:

ṁH2
≈ PFCmax

HH2

[
µ2

(
PFC

PFCmax

)2

+ µ1
PFC

PFCmax
+ µ0

]
. (B.2)
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In (B.2), HH2 represents the upper heating value of hydrogen (J/kg) and model
parameters µ2, µ1 and µ0 define the quadratic fuel consumption model (-).

In addition, the battery efficiency model of (2.15) used in (2.14) is replaced by
two constant battery efficiencies, one for charging and one for discharging the
battery [58, 76, 81]:

ηS =

{
ηdis if PS ≥ 0

1
ηchg

if PS < 0
(B.3)

Although ηS consists of two constants, in the optimization approach it is as-
sumed allowed to treat ηS as one constant and only in the solution, ηS is replaced
by the charging or discharging efficiency, based on the sign of PS .

B.2 Optimization problem

These approximations for fuel consumption and battery efficiency, convert the
optimization problem to finding the optimal control P ∗FC that minimizes

J(PFC) =

tf∫
t=0

PFCmax
HH2

[
µ2

(
PFC

PFCmax

)2

+ µ1
PFC

PFCmax
+ µ0

]
dt (B.4)

subject to:

(ηcnv − γP )PFC + ηSPS0 − (Pd + Paux0) = 0 (B.5)

tf∫
t=0

PS0 dt = 0. (B.6)

B.3 Solution

To reduce the number of equations, constraint (B.5) is used to express PS0 in
terms of control variable PFC .

PS0 =
1

ηS
[−(ηcnv − γP )PFC + Pd + Paux0] (B.7)

Using a Lagrange multiplier λ, constraint (B.6) is combined with cost function
(B.4) into a Lagrangian.
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L(PFC , λ) =

tf∫
t=0

PFCmax
HH2

[
µ2

(
PFC

PFCmax

)2

+ µ1
PFC

PFCmax
+ µ0

]
dt +

+ λ

tf∫
t=0

1

ηS
[−(ηcnv − γP )PFC + Pd + Paux0] dt (B.8)

When PFC represents a minimum, (small) random deviation in all variables
should not affect the value of L(PFC , λ). As δL = ∂L

∂PFC
δPFC + ∂L

∂λ δλ, the first
derivatives to variables (PFC and λ) should be zero.

∂L(PFC , λ)

∂PFC
= 0 (B.9)

∂L(PFC , λ)

∂λ
= 0 (B.10)

The second of these necessary conditions returns the constraint on the stored
energy (B.6). Therefore, the first necessary condition has to provide the optimal
control variable only depending on the Lagrange multiplier, P ∗FC(λ).

∂L(PFC , λ)

∂PFC
=

tf∫
t=0

1

HH2

(
2µ2

PFC
PFCmax

+ µ1

)
dt +

− λ
tf∫

t=0

1

ηS
(ηcnv − γP ) dt (B.11)

The derivative of L(PFC , λ) towards control variable PFC is zero if:

1

HH2

(
2µ2

PFC
PFCmax

+ µ1

)
− λ 1

ηS
(ηcnv − γP ) = 0 (B.12)

which provides as solution P ∗FC(λ):

P ∗FC(λ) =
1

2µ2

[
λHH2

ηcnv − γP
ηS

− µ1PFCmax

]
(B.13)

with efficiency ηS equal to ηdis or 1/ηchg, depending on the sign of battery power
PS (B.3).

When the assumption to treat the battery efficiency as one constant is allowed,
equation (B.13) provides a global minimum, as the domain of feasible solutions
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is convex and the cost function is convex as the integrand is quadratic and the
constraints are linear.

The assumption of a constant battery efficiency model makes the battery effi-
ciency ηS independent from the power demand Pd. As a result, also the optimal
control variable P ∗FC (B.13) becomes independent from the actual power de-
mand Pd. The optimal control variable P ∗FC only indirectly relates to the power
demand, through the sign of the battery power to distinguish between discharg-
ing and charging, and through the Lagrange multiplier λ which only relates to
the average power demand as λ is a constant over the driving cycle.

When solution P ∗FC violates a boundary (PFCmax,PFCmin,PSmax,PSmin), re-
placing it with the boundary value is considered the best choice within the
region of feasible solutions, because the boundary value is closest to the un-
bounded optimal solution, the region of feasible solutions and the cost function
are convex. Still, when violating boundaries, λ has to be adjusted to maintain
equality constraint (B.6) on the energy content of the battery.

B.4 Implementation

An issue when implementing solution (B.13) is the determination of average ef-
ficiencies ηdis and ηchg. Both parameters cannot be determined for a propulsion
system as their values depend on the operation of the battery. This operation
is defined by the EMS, that again needs a definition of these efficiencies for
real-time operation.

A practical approach suitable for implementation is to replace the battery ef-
ficiency ηS by its first order representation (2.15). This results in the next
modified ECMS solution:

P ∗FC(λ) =
1

2µ2

[
λHH2

ηcnv − γP
1− PS0 RSV 2

S0

− µ1PFCmax

]
. (B.14)

The battery efficiency is now directly defined by the actual battery power PS
and better defined parameters as the internal resistance RS and the open clamp
voltage VS0. This modification even provides a small improvement in the fuel
economy of the propulsion system (section 4.4).

The Lagrange multiplier λ represents the equivalent costs for energy derived
from the battery. When these costs are too low, the battery will finally deplete,
as battery power is rated cheaper than power from the fuel cell stack. When
the equivalent costs are too high, it seems beneficial to produce electricity with
the fuel cell stack and store it in the battery for later use. Finally, this will
overcharge the battery. As the battery integrates the difference between the
average fuel cell stack power and the power demand over time, already a small
mismatch finally will lead to one of these undesired situations. To prevent from
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both situations to occur, the equivalent costs are related to the SOE using a
feedback control loop, balancing production and consumption (see figure B.1)

Propulsion  
system,  

including EMS 

SOEref SOE ΔSOE Δλ 

Initial λ 

λ 

+ - 
+ 

+ 

P(I)-controller 

Figure B.1: Control loop on SOE with initial value for λ as bias.

The proper operation of this feedback loop is not very sensitive to the parameters
of the P(I) controller [98], nor the accuracy of the SOE estimation. Still, too
fast responses adversely affect the fuel consumption, where very slow responses
result in depletion or overcharging of the battery. Using an initial estimated
value for λ improves the control loop to reach faster and more accurate steady
state after startup.
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Appendix C

Driving cycle
characterization and
generation

This appendix presents a method to characterize driving cycles and to generate
alternative cycles from this characterization, with statistical and stochastical
properties close to the original driving cycle. The appendix is a summary of
[134].

C.1 Introduction

A driving cycle is a useful definition of traffic conditions to be expected. Stan-
dardized driving cycles as the NEDC, FTP75 and JE05 cycles are available [29].
Although such driving cycles are primarily designed for emission tests, they are
helpful in designing fuel efficient hybrid propulsion systems [25, 45]. When sizing
propulsion system components using optimization techniques as DP or ECMS
[48, 115], the driving cycle chosen strongly influences the resulting component
sizes (see also sections 1.5.1 and 1.5.3).

Although the use of driving cycles as definition for the expected traffic conditions
increase the quality of the design, is also introduces some limitations:

• Sizing components on one driving cycle tends to cycle beating: the fuel
efficiency of the propulsion system is best for the considered cycle, but
suboptimal for, or not robust against, other conditions.

• EMS design is based on simulations of the propulsion system including
batteries. To enable comparison between EMSs, the amount of stored
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energy at the start and end of the simulation is forced to be equal (intro-
duced as constraint in chapter 4). As most driving cycles only cover a time
frame up to 30 minutes [29], this is a restrictive and unrealistic condition.
A comparison between simulations based on driving cycles with a longer
duration partly covers this problem.

Therefore, it would be convenient to optimize a hybrid propulsion system based
on a number of driving cycles with comparable statistical and stochastical prop-
erties, but different in length and time sequence. This appendix presents a
method to characterize driving cycles and to generate alternative driving cycles
from a measured or predefined driving cycle, with comparable spectral den-
sity (a stochastic property) and speed distribution (a statistic property), but
different in length and time sequence.

C.2 Method

C.2.1 Objective

When driving a vehicle, its speed at sample k is a function of its speed history
and of the response of the driver to the traffic circumstances. This is expressed
as:

v(k) = f (v(k − 1), . . . , v(k − nv), ξ(k), . . . , ξ(k − nv)) (C.1)

where v(k) represents the current speed and v(k − 1), . . . , v(k − nv) represents
the relevant speed history of the vehicle. Here, nv represents the number of
samples back in time, still relevant to the kth sample. The associated sample
time is assumed sufficiently small to include longitudinal vehicle dynamics. The
traffic circumstances are observed (measured) by the driver and represented by
time sequence ξ(k), . . . , ξ(k − nv). As the driver responds to the surrounding
traffic circumstances through the acceleration pedal and the brake, ξ affects the
speed of the vehicle.

Function f includes both the vehicle dynamics and the response of the driver.
Ideally, relation f is known and the impact of the traffic environment is avail-
able as measurement ξ, enabling a direct estimation of the next sample in the
driving cycle v(k). Unfortunately, ξ is not available as measurement. Is is not
even well defined as no deterministic representation of the traffic environment
is available. Still, when relation f is available, an emulation of driving cycles
is possible, by representing the traffic environment as a well-defined random
process. Therefore, the objective is to find a useful representation for f .
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C.2.2 Linear approach

For reference, first a linear approach is discussed. Considering the traffic cir-
cumstances represented by random noise ξ (white, any distribution), an ARMA
model as filter [91] is a first estimation of the vehicle speed v̂:

v̂(k) =
B(q−1)

A(q−1)
ξ(k). (C.2)

Polynomials A(q−1) and B(q−1) respectively represent the denominator and
the numerator of the LTI transfer function between the random noise as input
and the estimated speed as output. These polynomials also define the required
function f as simulation model:

v̂(k) = −a1v̂(k − 1) + ..− anv̂(k − n) + b0ξ(k) + ..+ bmξ(k −m). (C.3)

With ξ white random noise, the frequency spectrum of the output of the ARMA
model directly relates to the polynomials A(q−1) and B(q−1) . This enables an
accurate match between the spectrum of the emulated driving cycle v̂ and the
frequency spectrum of the reference driving cycle v. Disadvantage of this linear
approach is that the amplitude distribution of the output can not be tuned to
match the reference speed distribution. The relation between the amplitude
distribution of the input and the amplitude distribution of the output for linear
transfer functions is weak [92]. For most stable LTI systems, it is even demon-
strated that regardless the distribution of the input signal, the distribution of
the output signal converges to a limited set of distributions, when the time of
exposure to the excitations increases and the system reaches steady state [155].
This property makes LTI systems less suitable to emulate driving cycles, as to
obtain a useful emulation, an accurate speed distribution is important.

A first step to enable a more accurate emulation with respect to the speed dis-
tribution, is the use of non-linear filters. Non-linear filters enable stationary
random processes with comparable spectral densities but different probability
distributions. Differential equations of the Itô type [65] have drift and diffusion
coefficients that determine the spectral density and probability distribution of
the output of the filter [19]. The use of such non-linear filters for load char-
acterization is proposed earlier [42]. Still, among others, a major disadvantage
of these non-linear filters for emulating driving cycles is the inability to match
required boundaries in the output distribution. For instance, an accurate lower
boundary of 0 m/s is important when emulating driving cycles. Therefore, these
non-linear filters fail as a candidate.

To enable emulations with both accurate spectral densities and speed distribu-
tions, a method is proposed in the next section.
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C.2.3 Proposed method

As proposed method, the linear approach of section C.2.2 is extended with a
definition of the speed distributions at the output of the filter. Again, traffic
circumstances are represented as random white noise ξ. This noise is considered
uniformly distributed between 0 and 1. As the ARMA model estimations show
a numerator order of 1 suffices for the driving cycles examined, it is assumed the
drivers response is dominantly affected by the last sample ξ(k). This reduces
characterization (C.1) to:

v(k) = f(v(k − 1), . . . , v(k − nv), ξ(k)). (C.4)

When the function f is derived from an existing driving cycle v, a new driving
cycle v̂ can be generated as:

v̂(k) = f(v̂(k − 1), . . . , v̂(k − nv), ξ(k)). (C.5)

Equation (C.5) states the new speed sample v̂(k) in the emulated driving cycle
depends on a limited speed history v̂(k − 1), . . . , v̂(k − n) and an independent
random value ξ(k) (white noise, uniform distributed between 0 and 1). The
definition of function f determines the resemblance in frequency spectrum and
speed distribution between the resulting emulated driving cycle and the original
cycle.

To define function f , a set of (cumulative) distribution functions Fv(v, v(k −
1), . . . , v(k − nv)) is derived from the original driving cycle:

Fv(v, v(k − 1), . . . , v(k − nv)) = P {v(k) ≤ v | v(k − 1), . . . , v(k − nv)} . (C.6)

Given a limited speed history v(k − 1), . . . , v(k − nv), the corresponding distri-
bution function Fv(v) represents the probability P that speed v(k) is equal to
or smaller than variable v, given a limited speed history v(k− 1), . . . , v(k−nv).
The length of the history taken into account defined by nv depends on the cor-
relation between sample v(k) and v(k − nv). For the driving cycles examined,
a speed history of 3 samples provided good results.

Each unique history v(k−1), . . . , v(k−nv) of nv samples results in an additional
cumulative distribution function Fv(v). By quantizing the speed, a limited set
of unique histories v(k− 1), . . . , v(k−nv) is defined. For each unique history in
this set, a distribution function Fv(v) exists. This results in a multidimensional
set Fv(v, v(k − 1), . . . , v(k − nv)) of distribution functions.

Based on the derived set of distribution functions Fv(v, v(k−1), . . . , v(k−nv)),
and the random variable ξ, uniform distributed between 0 and 1, a new driving
cycle v̂ with a comparable frequency spectrum and speed distribution as its
original is generated according:

v̂(k) = v | Fv(v, v̂(k − 1)...v̂(k − n)) = ξ(k). (C.7)
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Figure C.1 illustrates the proposed method. Speed history v̂(k−1), . . . , v̂(k−nv)
acts as a pointer towards the appropriate distribution function Fv(v̂). Based on
a the value of random value for ξ(k), the speed sample v̂(k) is derived inversely
from the selected distribution function.
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Figure C.1: Distribution function Fv(v̂) for one combination of v̂(k−1)...v̂(k−n).

C.3 Algorithm

The algorithm to derive alternative driving cycles with a comparable spectrum
and speed distribution as the original driving cycle consists of two steps:

1. The construction of the a set of (cumulative) distribution functions Fv
from an original driving cycle (characterization).

2. The emulation of an alternative driving cycle v̂, based on the derived set
of distribution functions Fv (generation).

The characterization starts with a quantization of the n speed samples in the
original driving cycle. This quantization is based on a sample time ts and a speed
interval ∆v = (max(v)−min(v)) /Nv. The driving cycle is now represented by
Nv speed classes. Speed class vi covers all speed values between (i− 1)∆v and
i∆v, with i ∈ {1, . . . , Nv}.
Next, a transition summation array T is being built. This array has as many
dimensions as the number of samples considered as speed history, plus one, nv+
1. The number of entries per dimension equals the number of speed classes Nv.
Speed history v(k), . . . , v(k − nv) is expressed in speed classes vi(0), . . . ,vi(nv).
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The combined indexes [i(0), . . . , i(nv)] to the speed classes act as a pointer to
a single cell in array T . The content of this cell represents the number of times
the sequence of transitions as indicated by the pointer occurs in the original
driving cycle.

Ti(0),...,i(nv) =

n∑
k=nv+1

(
v(k) ∈ vi(0) ∧ . . . ∧ v(k − nv) ∈ vi(nv)

)
(C.8)

Here, n represents the number of samples in the original driving cycle and index
i(nv) refers to the number of the class vi(nv) to which sample v(k−vn) belongs.

As example, the situation with a speed history nv = 1 is presented. With a
dimension of nv+1, the transition summation array T reduces to a 2-dimensional
square transition summation matrix:

T (v) = #{v(k) ∈ v1 ∧ v(k − 1) ∈ v1} . . . #{v(k) ∈ v1 ∧ v(k − 1) ∈ vNv}
...

. . .

#{v(k) ∈ vNv ∧ v(k − 1) ∈ v1} #{v(k) ∈ vNv ∧ v(k − 1) ∈ vNv}

 .
(C.9)

The hash # represents the number of transitions in the original driving cycle.

As characterization, based on the transition summation array of (C.8), a set
of distribution functions Fv is defined. The speed history over nv samples,
represented by the number of their speed class i(1), . . . , i(nv), acts as pointer to
the applicable distribution function Fv(v, vi(1), . . . , vi(nv)) within the set. This
individual cumulative distribution function is defined as the sum of transitions
with a speed v equal or less than the speed vi(0) representing speed class vi(0),
with a speed history vi(1), . . . , vi(nv), over the total sum of transitions with the
same speed history vi(1), . . . , vi(nv).

Fv(v, vi(1), . . . , vi(nv)) =

∑i(0)
j=0 Tj,i(1),...,i(nv)∑n
j=0 Tj,i(1),...,i(nv)

with v ∈ vi(0) (C.10)

This set of distribution functions Fv expresses the probability the next speed
sample is less than a certain value, given a (limited) history of previous speed
samples.

Based on the derived set of distribution functions Fv (C.10), the second step
is the generation of alternative driving cycles according (C.7), using a random
generator to provide each sample an independent value ξ, uniform distributed
between 0 and 1.

v̂(k) = v̂ | Fv(v̂, v̂(k − 1)...v̂(k − n)) = ξ. (C.11)
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As distribution function Fv is based on the original driving cycle, the speed
distribution in the generated cycle is expected to asymptotically approaches the
original speed distribution. As also the probability of the order in the sequence
of transitions over the speed history matches the transitions in the original
driving cycle, stochastical properties are expected to be comparable. This is
examined in the next section.

C.4 Results

The presented method is applied on an existing standardized driving cycle for a
bus, the Braunschweig cycle [29]. The autocorrelation of this driving cycle shows
a minor correlation over more than 3 seconds. Based on this observation and
the original sample time of 1 second, the method is applied with a sample time
of 1 second and a history of 3 samples. The speed samples are quantized into
17 discrete values. The results are presented in figure C.2. The first and second
graph shows the time series of the original driving cycle and a generated driving
cycle respectively. A first observation shows that the nature of the generated
cycle resembles the original, except for the quantized levels in the generated
cycle. The histogram illustrates that the speed distributions of original and
generated driving cycle closely match. Also the power spectra are comparable,
except at high frequency levels, where the discrete speed classes of the generated
driving cycle are visible as quantization noise at frequencies above 0,2 Hz.
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Figure C.2: Original (blue) and generated (red) driving cycle compared on speed
distribution and power spectra.
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Figure C.2 shows the ability of the method to characterize a driving cycle on
speed distribution and frequency content, and to generate alternative driving
cycles from this characterization. To conclude on the practical value of the
method, measurements are taken from a bus with an electric propulsion system;
a trolley bus in the city of Arnhem, the Netherlands. On a single day, a bus route
is driven several times in both directions. One measured speed profile is used as
input to the proposed method. The measurements are resampled to a sample
time of one second and quantized into 37 speed classes. The proposed method
is used with a speed history of 3 samples. The resulting speed distributions and
frequency spectra are compared with those of another measured trip over the
same route, in the same direction. The results are presented in figure C.3.
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Figure C.3: Measured (blue) and generated (red) driving cycle compared on
speed distribution and power spectra, with an additional measured driving cycle
(green).

Again the nature of the original measured driving cycle and the generated cycle
resemble. The differences in speed distribution between the original measured
cycle (blue) and the generated cycle (red) are less than the differences between
the two measured cycles (blue and green). The frequency spectra for all cy-
cles resemble, except for the quantization noise at higher frequencies for the
generated driving cycle.
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C.5 Conclusions

The results demonstrate the proposed method is able to characterize a driving
cycle on its frequency content and speed distribution such that alternative cy-
cles with arbitrary lengths can be generated from this characterization. These
alternative driving cycles resemble the original in terms of frequency content
and distribution. This generation of alternative driving cycles, especially with
a considerable longer time span than their original, is useful in design simula-
tions for propulsion systems. It reduces the risk of cycle beating and it reduces
the impact of the constraint that the stored energy at the start and end of the
simulation should be equal, problems specific to optimization procedures.
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[46] Goodfellow C.L., Revéreault P.S., Gaedt L.P., Kok D., Hochkirchen T.,
Neu M., Picod C., Simulation based concept analysis for a micro hybrid
delivery van, SAE Technical Paper 2005-01-1161, 2005

[47] Grasser F., An analytical, control-oriented state space model for a PEM
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[73] Kachroo P., Özbay K., Kang S., Burns J.A., System dynamics and feed-
back control problem formulations for real time dynamic traffic routing,
Mathl. Comput. Modelling, vol. 27, pp. 27-49, 1998

[74] Kessels J.T.B.A., van den Bosch P.P.J., Koot M.W.T., de Jager B., Energy
management for vehicle power net with flexible electric load demand, proc.
IEEE conf. on Control Applications, Toronto, Canada, 2005

[75] Kessels J.T.B.A., Koot M.W.T., van den Bosch P.P.J., Optimal
adaptive solution to powersplit problem in vehicles with integrated
starter/generator, proc. IEEE Vehicle Power and Propulsion Conf., Wind-
sor, United Kingdom, 2006

[76] Kessels J.T.B.A., Koot M.W.T., van den Bosch P.P.J., Kok D.B., Online
energy management for hybrid electric vehicles, IEEE trans. on Vehicular
Technology, vol. 57(6), pp. 3428-3440, 2008

[77] van Keulen T., de Jager B., Steinbuch M., An adaptive sub-Optimal en-
ergy management strategy for hybrid drivetrains, proc. Int. Fed. of Auto-
matic Control, Seoul, Korea, 2008

[78] Kim M., Peng H., Power management and design optimization of fuel
cell/battery hybrid vehicles, J. of Power Sources, vol. 165(2), pp. 819-
832, 2007



BIBLIOGRAPHY 129

[79] Kirk D.E., Optimal control theory; an introduction, Dover Publications,
2004

[80] Kisacikoglu M.C., Uzunoglu M., Alam M.S., Load sharing using fuzzy
logic control in a fuel cell/ultracapacitor hybrid vehicle, Int. J. of Hy-
droven Energy, vol. 34, pp. 1497-1507, 2009

[81] Koot M., Kessel J.T.B.A., de Jager B., Heemels W.P.M.H., van den Bosch
P.P.J., Steinbuch M., Energy management strategies for vehicular electric
power systems, IEEE trans. Vehicular Technology, vol. 54, pp. 771-782,
2005

[82] Koulis T., Ramsay J.O., Levitin D.J., From zero to sixty: calibrating
real-time responses, Psychometrika, vol. 73(2), pp. 321339, 2008

[83] Krijgsheld T., DC/DC converter Fiat HyDoblo, BEng thesis, HAN Uni-
versity of Applied Sciences, p. 27, 2011

[84] Li C., Liu G., Optimal fuzzy power control and management of fuel
cell/battery hybrid vehicles, J. of Power Sources, vol. 192, pp. 525-533,
2009

[85] Liang Z., Xin Z., Yi T., Xinn Z., Intelligent energy management based on
the driving cycle sensitivity identification using SVM, proc. Int. Symp. on
Computational Intelligence and Design Changsha, China, 2009

[86] Liaw B.Y., Fuzzy logic based driving pattern recognition for driving cycle
analysis, J. Asian Electric Vehicles, vol. 2., pp. 551-556, 2004

[87] Lilliefors H.W., On the Kolmogorov-Smirnov Test for Normality with
Mean and Variance Unknown, J. of the American Statistical Association,
vol. 62., pp. 399-402, 1967

[88] Lin C., Kang J., Grizzle J.W., Peng H., Energy management strategy for
a parallel hybrid electric truck, proc. American Control Conf., vol. 4, pp.
2878-2883, Alington, USA, 2001

[89] Lin W., Zheng C., Energy management of a fuel cell/ultracapacitor hy-
brid power system using an adaptive optimal-control method, J. of Power
Sources, vol. 196, pp. 3280-3289, 2011

[90] Liu G., Zhang J., Sun Y., High frequency decoupling strategy for the PEM
fuel cell hybrid system, Int. J. of Hydrogen Energy, vol. 33, pp. 6253-6261,
2008

[91] Ljung L., System identification; Theory for the user, Prentice Hall, 1999

[92] Ludeman L.C., Random processes: Filtering, estimation and detection,
Wiley, 2003



130 BIBLIOGRAPHY

[93] Luenberger D.G., Ye Y., Linear and nonlinear programming, 3rd edition,
Springer, 2008

[94] MathWorks, Optimization toolbox 5 user’s guide the MathWorks, 2009

[95] McGuire T., Roche T., Weinberger A., Analyzing test data from a world-
wide fleet of fuel cell vehicles at Daimler AG, The Mathworks News &
Notes, 2008

[96] McKay D.A., Siegel J.B., Ott W., Stefanopoulou A.G., Parameterization
and prediction of temporal fuel cell voltage behavior during flooding and
drying conditions, J. of Power Sources, vol. 178, pp. 207-222, 2008

[97] McNicol B.D., Rand D.A.J., Williams K.R., Fuel cells for road trans-
portation purposes yes or no?, J. of Power Sources, vol. 100, pp. 47-59,
2001

[98] Mwijage A., Tazelaar E., Optimal energy management strategy for fuel
cell hybrid vehicles with a battery as energy storage, proc. Int. Conf. on
Mech. and Ind. Eng., Arusha, Tanzania, 2012

[99] Ouyang M., Xu L., Li J., Lu L., Performance comparison of two fuel cell
hybrid buses with different powertrain and energy management strategies,
J. of Power Sources, vol. 163(1), pp. 467-479, 2006

[100] Paganelli G., Tateno M., Brahma A., Rizzoni G., Guezennec Y., Control
development for a hybrid-electric SUV: strategy, implementation and field
test results, proc. American Control Conf., Arlington, USA, 2001

[101] Paladini V., Donateo T., de Risi A., Laforgia D., Super-capacitors fuel-
cell hybrid electric vehicle optimization and control strategy development,
Energy Conversion and Management, vol. 48, pp. 3001-3008, 2007

[102] Papoulis A., Pillai S.U., Probability, random variables and stochastic pro-
cesses, McGraw-Hill, fourth edition, 2002

[103] Payman A., Pierfederici S., Meibody-Tabar F., Energy Conversion and
Management, vol. 49, pp. 1637-1644, 2008
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Summary

Energy Management and Sizing of Fuel Cell Hybrid Propulsion Sys-
tems

Our dependency on road transportation of people and goods is huge. Unfortu-
nately, this transportation is mainly fed by fossil fuels, with as accompanying
disadvantages undesired local and global emissions and politically less desired
dependencies.

Electric propulsion systems can help to cover the disadvantages of fossil fuel
based transportation. Still, battery based, grid charged electric vehicles will
not provide an overall solution. Charging takes time and puts a significant
demand on the local electric infrastructure. In addition, such vehicles have a
modest range. Therefore, our future mobility is expected to be driven by a
more diverse palette of energy carriers, including hydrogen. Hydrogen can be
provided by renewable sources and fueling a vehicle with hydrogen takes little
time. As the energy density of hydrogen is large compared to batteries, also
fuel cell hybrid vehicles provide a significant longer driving range compared
to battery only electric vehicles. In addition, local production of hydrogen by
electrolysis with electricity from the local grid, provides new possibilities for
demand side management.

A fuel cell hybrid propulsion system consists of a fuel cell system to convert
hydrogen into electricity, a battery to cover variations in the demand for electric
power, a DC/DC converter to match the battery and the fuel cell stack voltages,
and an electric motor with inverter to propel the vehicle. Apart from the fuel
cell stack, the fuel cell system itself comprises a hydrogen tank to store hydrogen
under pressure, a control valve to reduce the hydrogen pressure, a recirculation
pump to reuse the surplus of hydrogen leaving the fuel cell stack, a humidifier
to prevent the fuel cells from dehydration, an air compressor to supply oxygen
to the stack and a cooling system to keep the stack at the right operating
temperature.

The fuel consumption of such a fuel cell hybrid propulsion system is determined
by the operation of the vehicle, the management of powers from fuel cell stack
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and battery, and the sizes of the fuel cell stack and battery.

The operation of the vehicle depends on its purpose, its dimensions, the traffic
conditions and how the driver drives the vehicle. Although how to drive the
vehicle is up to the driver, the resulting demand for electric power can still
be characterized. This study suggests to characterize the power for traction
as a normal distribution. Both simulations and measurements support this
assumption, but conclusive evidence is not part of this study.

The energy management system defines the management of powers from fuel
cell stack and battery when driving the vehicle. This study concludes a close to
optimal operation of fuel cell stack and battery is achieved, when the point of
operation of the fuel cell stack is chosen equal to the average power demand, and
when all variations from this average power demand are distributed over fuel cell
stack and battery according to the ratio in their internal losses. The real-time
implementation of this energy management strategy determines the value of the
average power demand on the measured changes in the amount of energy stored
in the battery. The resulting feedback loop provides a robust solution against
disturbances, model errors and slowly changing parameters due to issues related
to aging. The proposed solution to the energy management problem is validated
on a full-scale test facility and demonstrated on a fuel cell hybrid delivery van.

The found analytic solution to the energy management problem enables the
derivation of an expression for the third factor in fuel consumption; the sizes of
fuel cell stack and battery. This derivation makes use of the previously men-
tioned characterization of the power demand as a normal distribution. The
resulting relation expresses the fuel consumption in terms of: properties of the
driving cycle such as average speed, parameters of the vehicle such as weight
and air resistance, and the number of fuel cells and battery cells. The optimum
sizes of fuel cell stack and battery are derived from this relation. The resulting
expression shows that, to obtain a minimum fuel consumption, the optimum
size of the fuel cell stack does not match the average power demand, nor the
maximum power demand, two choices commonly observed for prototypes cur-
rently available. Under ordinary condition, its optimum size is located between
these two extremes. The sensitivity of the fuel consumption on the fuel cell
stack size around this optimum value is limited, which makes the choice for the
fuel cell stack less critical. The corresponding optimum size of the battery is the
smallest size for which fuel cell stack and battery still can provide the maximum
in the power demand and absorb the regenerated power when decelerating the
vehicle.

The optimum sizes found for the fuel cell stack and the battery are verified
through brute force computer simulations. Based on an existing fuel cell hybrid
vehicle, for different driving cycles, the fuel consumption for all feasible combi-
nations of fuel cell stack size and battery size are derived by simulation. The
results match the results of the proposed method. This not only substantiates
the proposed sizing method, but also supports a normal distributed power de-
mand as suitable characterization when optimizing the sizes of fuel cell stack
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and battery in terms of a minimum fuel consumption.

An important contribution of the study is the analytical approach of both the
energy management problem and the sizing problem. This analytical approach
provides a solution to the sizing problem. Moreover, it provides an understand-
ing how parameter values affect the fuel consumption. For example, a reduction
of the specific weights of battery cells and fuel cells offers the best opportunity
for additional fuel savings, followed by a reduction of the auxiliary power and a
reduction of the internal resistance of battery cells and fuel cells.

The observation the fuel consumption is not very sensitive against variations in
the fuel cell stack size around its optimum value, can help manufacturers of fuel
cell stacks and systems to reduce the number of products over a certain power
range. Consequently, the turnover per product will increase and production
costs per product will reduce. This will help fuel cell hybrid propulsion systems
to faster contribute to the desired reduction of our dependency on fossil fuels
and to a further reduction of unwanted (local) emissions.
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Samenvatting

Energy Management and Sizing of Fuel Cell Hybrid Propulsion Sys-
tems

Onze behoefte aan wegtransport van mensen en goederen is groot. Dit transport
is echter bijna volledig gebaseerd op fossiele brandstoffen, met als bijbehorende
nadelen ongewenste lokale en mondiale emissies en politiek minder gewenste
afhankelijkheden.

Elektrische aandrijvingen kunnen helpen de nadelen van vervoer op basis van
fossiele brandstoffen te beperken. Maar van accu gebaseerde elektrische voer-
tuigen die via het elektriciteitsnet worden opgeladen, mag geen totaal oplossing
worden verwacht. Opladen kost tijd en vraagt veel van de lokale elektrische
infrastructuur. Daarnaast hebben dergelijke voertuigen een bescheiden actiera-
dius. Daarom valt te verwachten dat onze toekomstige mobiliteit ook inge-
vuld wordt met andere energiedragers, waaronder waterstof. Waterstof kan uit
duurzame bronnen worden gewonnen en snel worden getankt. Door de hoge
energiedichtheid ten opzichte van accu’s is ook de actieradius van brandstofcel-
hybride voertuigen groter dan van elektrische voertuigen met uitsluitend een
accu. Tevens geeft lokale productie van waterstof met elektrolyse nieuwe mo-
gelijkheden voor vraagsturing in het elektriciteitsnet.

Een brandstofcelhybride aandrijflijn bestaat uit een brandstofcelsysteem voor de
conversie van waterstof naar elektriciteit, een accu om variaties in de vraag op te
vangen, een DC/DC converter om accu en brandstofcelstack elektrisch te koppe-
len en een combinatie van inverter en elektromotor om de uiteindelijke tractie te
leveren. Het brandstofcelsysteem zelf bevat naast een stack van brandstofcellen
randapparatuur, waaronder een gastank om waterstof onder druk in op te slaan,
een reduceerventiel om het waterstofgas naar de juiste druk terug te brengen,
een recirculatiepomp om een surplus aan waterstof opnieuw te gebruiken, een
bevochtigingssysteem om te voorkomen dat de brandstofcellen uitdrogen, een
luchtcompressor voor de aanvoer van zuurstof en een koelsysteem om de stack
op de juiste temperatuur te houden.

Het uiteindelijke brandstofverbruik van een dergelijke brandstofcelhybride aan-
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drijflijn wordt bepaald door de wijze van gebruik van het voertuig, de strategie
waarmee brandstofcelstack en accu worden ingezet en de grootte van de brand-
stofcelstack en de accu.

De wijze van gebruik wordt bepaald door het doel van het voertuig, de voer-
tuigafmetingen, de verkeersomstandigheden en hoe er met het voertuig wordt
gereden. Hoewel dit laatste aan de gebruiker is, kan de resulterende vraag
naar elektrisch vermogen wel worden gekarakteriseerd. Deze studie stelt voor
dit vermogen voor tractie te karakteriseren met een normale verdeling. Zowel
simulaties als praktijkmetingen onderbouwen deze aanname, maar een sluitend
bewijs is geen onderdeel van deze studie.

Het energie management systeem bepaalt de strategie waarmee tijdens het rij-
den de brandstofcelstack en de accu worden ingezet. De studie laat zien dat
een nagenoeg optimaal samenspel van brandstofcelstack en accu wordt bereikt
door het werkpunt van de brandstofcelstack gelijk te kiezen aan het gemid-
deld gevraagde vermogen en alle variaties in het gevraagde vermogen rond dit
gemiddelde te verdelen over brandstofcelstack en accu, naar rato van hun interne
verliezen. In de real-time implementatie van deze energie management strategie
wordt het gemiddeld gevraagde vermogen afgeleid uit de variaties in de hoeveel-
heid in de accu opgeslagen energie en teruggekoppeld naar het werkpunt van de
brandstofcelstack. Deze terugkoppeling zorgt voor een robuuste oplossing voor
wat betreft de invloed van verstoringen, modelfouten en zaken als veroudering.
De voorgestelde oplossing is gevalideerd op een testopstelling en gedemonstreerd
in een brandstofcelhybride bestelauto.

De gevonden analytische oplossing voor het energie management probleem maakt
het mogelijk een uitdrukking af te leiden voor de derde factor in het brand-
stofverbruik; de grootte van de brandstofcelstack en de accu. Deze afleiding
maakt gebruik van de genoemde karakterisatie van het gevraagde vermogen
op basis van een normale verdeling. Het resultaat is een uitdrukking voor het
brandstofverbruik in termen van: eigenschappen van de aangenomen rit cyclus
zoals gemiddelde snelheid, voertuigparameters als gewicht en luchtweerstand en
het aantal brandstofcellen en accucellen. Op basis van de gevonden uitdrukking
kan het optimale aantal brandstofcellen en accucellen worden bepaald. Uit deze
bepaling blijkt dat voor een minimaal brandstofverbruik de optimale grootte
van de brandstofcelstack niet gelijk is aan het maximaal gevraagde vermogen
of het gemiddelde vermogen, twee uitersten die we bij huidige prototypes vaak
als keuze terug zien. Voor gangbare condities ligt de optimale grootte tussen
deze twee extremen. Rond dit optimum is de gevoeligheid van het brandstofver-
bruik voor de grootte van de brandstofcelstack bescheiden, wat de keuze van de
grootte weinig kritisch maakt. De bijbehorende optimale grootte van de accu
is de kleinst mogelijke grootte, waarmee de maximale vermogensvraag nog kan
worden geleverd en het regeneratieve vermogen dat beschikbaar komt bij het
afremmen van het voertuig, nog kan worden opgenomen.

De voorgestelde bepaling van de optimale grootte van de brandstofcelstack en
van de accu is geverifieerd door de gevonden resultaten te vergelijken met de
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resultaten van computersimulaties. Uitgaande van een bestaand brandstofcelhy-
bride voertuig is voor alle mogelijke combinaties van stackgrootte en accugrootte
het brandstofverbruik over verschillende rit cycli berekend. Ook hieruit is de
combinatie van stackgrootte en accugrootte bepaald die een minimum brand-
stofverbruik oplevert. Deze resultaten laten minimale verschillen zien met de
resultaten uit de voorgestelde methode. Dit schept niet alleen vertrouwen in
de voorgestelde methode, maar onderbouwt ook de aanname dat een normale
verdeling als karakterisatie van de vraag naar aandrijfvermogen voldoet voor
het bepalen van de optimale grootte van brandstofcelstack en accu als het gaat
om een minimum brandstofverbruik voor een brandstofcelhybride aandrijflijn.

De gekozen analytische aanpak biedt niet alleen een oplossing voor het energie
management probleem en de bepaling van de grootte van de brandstofcelstack
en van de accu. Een analytische aanpak geeft ook inzicht welke parameters het
brandstofverbruik op welke manier beinvloeden. Zo blijkt een verlaging van het
soortelijk gewicht van de accu en van de brandstofcelstack het snelst tot extra
brandstofbesparing te leiden, gevolgd door een verlaging van het energiegebruik
van de randapparatuur en een verlaging van de inwendige weerstand van de
accucellen en brandstofcellen.

De constatering dat, rond de optimale grootte, het brandstofverbruik relatief
ongevoelig is voor variaties in de grootte van de brandstofcelstack, kan fab-
rikanten van brandstofcelstacks of -systemen helpen hun productenpakket te
beperken. Wanneer hierdoor de omzet per product stijgt, zal ook de kostprijs
afnemen. Dit kan ertoe leiden dat brandstofcelhybride aandrijvingen sneller
bijdragen aan de gewenste reductie van onze afhankelijkheid van fossiele brand-
stoffen en aan het terugdringen van ongewenste (lokale) emissies.



144 SAMENVATTING



Dankwoord

Of een proefschrift schrijven iets is voor verstandige mensen? Helaas, dat kan
ik niet beamen. Het schrijven van een proefschrift in combinatie met een baan
en een gezin bleek al doende niet heel verstandig. Dat het desondanks is gelukt
dank ik aan geweldige mensen om me heen. Zonder compleet te willen zijn, wil
ik hier graag enkele mensen noemen die indruk op me hebben gemaakt.

Allereerst en bovenal Anita, mijn vrouw en vaste waarde in het leven. Mijn naam
staat op dit boekje, maar we kunnen gerust stellen dat het een gezamenlijke
prestatie is geweest. Lieve Anita, dank je voor alle steun.

En dan Steven en Linde. Hoewel de laptop dicht ging om met huiswerk te
helpen en journal papers werden opgeborgen om een spelletje te doen, hebben
jullie terecht weleens verzucht wanneer dat boekje nu toch af kwam. Maar altijd
was er begrip wanneer papa na het avondeten weer achter het bureau kroop of
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