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Cover Figure : Simulation result of the spatial intensity distribution of a radiation 
pulse that is generated in a hole-coupled resonator FEL. The pulse propagates to the 
right and is approximately 3mm long. Yellow implies a higher intensity than purple. 
The donut-like shape of the intensity is induced by the aperture in one of the cavity 
mirrors. This picture corresponds to Fig. 3.9 on page 60. 
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1 

Chapter 1 

Genera/Introduetion 

1.1 Free-Eiectron Laser survey 

In a Free-Electron Laser (FEL) intense coherent radiation is generated by injection of 
a relativistic electron beam in the periodic magnetic field of an undulator magnet, as is 
illustrated in Fig. (1.1). Most FEL experiments employ a static undulator, in either a 
planar or helical configuration. A planar undulator consists of two rows of magnets with 
alternating magnetization such that the periodic magnetic field is linearly polarized in 
the x-direction. In a helical geometry, a similar periodic, but now circularly polarized 
magnetic field is generated by two helical wires which carry an opposite current. 

Although FELs are described by classica! electrodynamics, they share the acronym 
'Light Amplifiction by Stimulated Emission of Radiation' with quanturn lasers, in 
which a population inversion of quantized energy levels in an active medium and the 
stimulated transition from a higher to a lower quanturn state leads to coherent ampli
fication of radiation. This is due to the fact that, although the physical mechanism of 
FEL operation is different from conventional lasers, a number of analogies exist. The 
FEL mechanism is quite easy to comprehend. The periodic deflection of the electrous 
in the undulator leads to the emission of synchrotron radiation, or more precise, to 
undulator radiation [1], in a narrow cone with angular opening of the order of 1/'r 
with respect to their main propagation direction, 'Y being the Lorentz factor of the 
beam electrons. The radiation that is generated by each electron adds up incoherently, 
since the injected electrous are distributed randomly over the pulse. This low inten
sity undulator radiation plays a simHar role as the spontaneously emitted photons in 
a quanturn laser : both provide the seed field from which the stimulated radiation is 
generated. In a FEL, a ponderomotive potential well is created due to the coupling 
between the transverse electric field of the 'spontaneous' undulator radiation and the 
induced electron wiggle motion. If the averaged longitudinal velocity of the relativistic 
electron beam is sufficiently close to the phase velocity of this ponderomotive wave, 
then the motion of the electrous is such that, on the average, the electrous 'surf' down 
the potential well. This resonant process leads to the formation of electron bunches, 
typically of the size of the radiation wavelength, and therefore to the generation of 
coherent radiation. 
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Figure 1.1: Basic outline of a Pree-Electron Laser in a resonator configuration. A 
relativistic electron beam is injected into a planar undulator magnet, whiph consists of 
a row of magnets with alternating polarization. The synchrotron light, in!duced by the 
periadie wiggle motion of the electrons, is captured by the cavity mirrors and coherently 
amplified by newly injected electrans on each passage through the undulator. 

The FEL radiation can grow to power levels which exceed the undulator radiation 
by multiple (8- 9) orders of magnitude. Analogously to quanturn lasers, this light is 
referred to as 'stimulated' radiation [2]. The analogy can be pursued by copsidering the 
injected electron beam as a population inversion of a continuous spectrum of exited 
states [3]. The electron energy that is transferred to the radiation field during one 
passage through the undulator can be interpreted as stimulated emission of a whole 
cascade of energetic photons, typically of the order of 0(108) for a FEL operatingin 
the infrared speetral region [4]. 

Another reasou why FELs are referred to as lasers is that, besides the analogies men
tioned above, the word 'laser' has out-grown its original meaning, and nowadays is 
often interpreted to denote any powerlul souree of coherent radiation and no longer 
to a specific mechanism. This interpretation explains why other sourees of coherent 
light from free electrous are often referred to as FELs, for instanee the Cerenkov and 
Smith-Purcell FELs [5, 6]. In these devices the electron beam passes at a close range 
along a dielectric medium or along a metal grating, respectively. Charaderistic for 
these light sourees is that the electrans interact with the longitudinal component of 
the electric field of the radiation, instead of with the transverse component as in the 
undulator-based FEL. The Cerenkov and Smith-Purcell FELs are closely related to the 
microwave tubes [7, 8], which were widely used in the development of radar technology. 
A special type of microwave tube, the ubitron, can be seen as the predecessor of the 
undulator-based FEL [9]. 

The FEL scheme has several advantages over quanturn lasers. The most important 



1.1. Free-Electron Laser survey 3 

co2 
ND·GLASS EE~ act!ii!Zt:alQC ~Qi 

"" r ~· I t electrostalie 
• lnductlon linac 
• rflinao 
0 FELIX (d linac) 

RUBY + storage ring 
1010 

co ~ 
~ 

XENON 

~ 1o8 
c. 

"" ~ oooo • 
1o8 ...... 0 .. .. microwave 

tube .. ... technology 

1o4 

• .. 
10"11! 11! 10!l 1o21l 10·1 cm 1 cm 10cm 

wavelength 

Figure 1.2: Free-Electron Lasers in comparison with other sourees of coherent radiation 
{11]. The operational range of FELIX is indicated. 

one is that the frequency of the emitted light 

2')'2 

w = ck"1 + A2' (1.1) 
" 

can be continuously tuned in principle by varia ti on of either the beam energy ')'me, the 
undulator wavenumber k" = 27ï / Àu or the undulator strength Au. Depending on the 
construction of the undulator and the accelerator under investigation, a wavelength 
tunability of a factor four to ten can be achieved. For example, the Free Electron 
Laser for Infrared eXperiments (FELIX), the FEL user facility at the FOM Institute 
for Plasmaphysics 'Rijnhuizen' in the Netherlands [10], operates in the infrared between 
5 - 30pm and 20 110 pm with two separate FELs. The FEL can operate in a broad 
wavelength range, from cm to the UV and possible the X-ray regime, with the same 
basic physical mechanism. Another benefit is that a high radiation intensity can be 
reached without problems of heating the gain medium, as in asolid state or a gas laser. 
Characteristic for a FEL operating in the infrared is a beam energy 1mc2 ::::: 25 50 
Me V with an average current of the order of 10-100 A, such that the power transported 
by the beam is typically of the order of a few GW. This implies that very high optical 
powers can be achieved, despite the fact that the energy conversion efficiency in the 
FEL is limited to a few percent. This will be discussed in Chapter 2. 

Most existing FEL experiments opera te in the infrared. This part of the spectrum is 
sparsely covered by conventionallasers, as is shown in Fig. (1.2). Often a radio-frequent 
linear accelerator ( rf linac) is employed to accelerate the electron beam. Characteristic 
for an rf linac is that the accelerated beam consists of a train of so-called micro-pulses. 
The pulse length is of the order of several ps, which is a fraction of the rf period, whereas 
the pulse separation is much larger, typically on the ns scale. This time structure of 
the electron beam is important since the generated optical pulses will have a similar 
structure. The FEL is placed in a resonator configuration since the current carried by 
the electron pulses is insuflident to amplify the spontaneons radiation to a high power 
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level in a single passage through the undulator. The light pulses, being captured by 
the cavity, hounee back and forth in the resonator. The radiation power can build up 
when the light pulses and the newly injected electron pulses are synchronized, so that 
they coincide at the entrance of the undulator each roundtrip. The radiation can be 
extracted from the cavity by means of a Brewster plate1, or through a hole in one of 
the cavity mirrors. The out-coupling scheme based upon the Brewster plate imposes 
a severe limit on the tunability of the since it has a rather narrow reileetion 
bandwidth. This is in constrast to a hole-coupled cavity, which in principle provides a 
broad-band outcoupling scheme. However, hole-coupling changes the radial structure 
of the intra-cavity light. This 'scattering' effect may lead to a rednetion of the fraction 
of power that is coupled out, as has been pointed up by cold cavity calculations, in 
which the light propagates through the cavity without interading with the electrons 
[12]. The presence of a gain medium compensates for this potentially deleterious effect 
[13, 14]. Several FEL experiments, amongst which FELIX, succesfully employ an 
aperture for power extraction [15, 16, 17]. The extracted FEL light pulses provide a 
diagnostic tooi for a number of experiments, in partienlar where the combination of 
short pulse duration and high power is desired, as for sum-frequency gep.eration and 
exitation-relaxation experimentsin semi-conductors [18]. 1 

In the past decade, FELs have proven their applicability and significant advances 
have been made in theory and technology of FELs using high brightness electron beams. 
One of the main directions in present FEL development is in FELs operating in the UV 
and X-ray speetral regions. Other developments are in the fields of high power/high 
efficiency FELs that will be used for material processing [19] or as a powerful souree for 
electron-cyclotron heating and current drive experiments in fusion react~rs [20], and 
on compact FELs, like the micro-FELs based upon the Smith-Purcell effect [21]. 
Partienlar emphasis is put on UV /X-ray FELs. These devices are neccesarily single 
pass lasers since high reflectivity mirrors are not available in at these short wavelengths. 
There are roughly three different short wavelength FEL schemes under investigation. 
One is based upon shortening the undulator period, by employing either a high intensity 
laser as an electromagnetic undulator [22, 23], or by using a periodic plasma structure 
[24, 25]. Another approach is harmonie generation experiments [26, 27, 28]. FEL 
devices based upon this scheme consist of resonator stage, in which the electrous are 
pre-bunched by the circulating optica! field, and an amplifier stage, into which the 
pre-bunched beam is injected. Due to a shorter undulator period in the latter stage, 
coherent radiation is generated at a higher frequency then in the resonator. The third 
scheme is the high-gain single pass FEL, which is based upon the self amplification of 
spontaneons emission (SASE) [29]. These high-gain devices will operate with a long 
undulator and with a high electron beam energy (on the order of a few GeV). This 
can be achieved by placing the undulator in a straight section of a storage ring, where 
high energy electron bunches with low emittance are stored. The main drawback of 
existing storage rings is that the current density of the electron pulses in the ring is 
quite small (a few Ampères), such that the resulting gain will be just above lasing 

is a dielectric plate which is pla.ced in the optical beam-Iine under the Brewster angle, such 
that only a smal! fraction of the intra-cavity light is coupled out. 
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threshold [30, 31, 32]. This problem can be overcome in a FEL dedicated storage ring 
[33], where the beam current is much higher (on the order of kA). Another possible 
realization of a high-gain single pass FEL is the proposed Linac Coherent Light Souree 
(LCLS), in which high current pulses are accelerated to GeVs using a part of SLAC's 
linear accelerator [34, 35]. 

1.2 Thesis outline 

The basic interaction mechanism between the electrans and the radiation in a FEL is 
described by a spatially one dimensional (lD) analysis, which includes the longitudi
nal (z, t) dynamics of the electrans and the radiation pulses. The pulses are coupled 
through the electron wiggle motion that is induced by the on-axis undulator field. This 
basic model, which will he explained in more detail in Chapter 2, provides a qualitative 
description of a large number of the physical processes in the FEL, such as the expo
nential growth and non-linear saturation of the optical signal, as well as the slippage 
resulting from the velocity difference between the electron and light pulses. However, 
the model has only a limited validity for a quantitative comparison with FEL experi
ments, for two reasons. In the first place, a more detailed description of the transverse 
motion of the electrous is required for realistic beam sizes. When the beam is injected 
into the undulator, 'warm' beam effects as finite emittance cause the beam to diverge. 
The focussing property of the undulator magnet compensates for this effect, but leads 
to a slow periodic modulation of the beam, the so-called betatron oscillatiop.. These 
slow oscillations directly affect the gain and saturation level of the FEL. In the second 
place, the electron beam tends to focus the optica} beam towards the electrÓns. This 
implies that the radial profile of the light will change due to the interaction. Also 
diffraction of the FEL radiation on the cavity mirrors leads to a time-dependent radial 
profile. In a hole-coupled resonator, the radial structure of the intra-cavity radiation 
will change from pass to pass. The transverse profile is determined by the two com
peting mechanisms : by power loss through the aperture, which reduces the on-axis 
field intensity, and by the gain due to the interaction with the electrons, which tends 
to restore the radial profile. 
So far, the influence of these three dimensional (3D) effects on the non-linear dynam
ics of the FEL radiation has been investigated for long and uniform electron beams. 
However, the lengthof the electron pulses that are accelerated by an rf-linac can he a 
fraction of the slippage length. This is the distance over which the radiation has over
taken the electron pulse, after one passage through the undulator. A unique feature of 
FELIX is that the pulse length can he down to one tenth of the slippage length. This 
implies that the light pulse overtakes the electron pulse while traversing the undulator, 
and thus, interacts with the electrons for only a fraction of the transit time. This af
fects the balance between gain and aperture loss, and thus, has important consequences 
for spatial structure of the radiation pulses, botp in the longitudinal and transverse 
directions. This phenomenon has not been recognized before, and is one of the issues 
that are addressed in this thesis. To this purpose a simulation model has been de
veloped, ELIXER, that includes the time-dependent, transverse structure of the light 
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pulses and in which the electron dynamics are determined self-consistently from the 
laser field. This model is presented in Chapter 3 and is applied to the hole-coupled res
onator FELs of FELIX. The results indicate that, if radiallosses (for instanee along the 
edges of the mirrors) are small, a transverse structure develops in which a significant 
fraction of the power is located off-axis, and thus, 'misses' the hole. Therefore partie
nlar emphasis is put on the fraction of intra-cavity power that is coupled out through 
the aperture. In order to compare the simulation results with the actual radial profile 
of the FELIX pulses, an experiment has been performed in which the decay of the 
extracted power is measured, after the electron beam was switched off. The decay rate 
of the extracted radiation is interpreted according to the calculated intra-cavity mode 
structure and mirror absorption losses from ELIXER. In Chapter 4 the experimental 
observations are compared with the predictions made in Chapter 3. 
The investigation of the three dimensional electron dynamica in a pulsed-beam FEL 
is not traetabie from the computationally point of view. Although computer codes 
exist that solve the full electron-wave dynamics, they require hours of Cray-time. The 
physical model that is implemented in ELIXER, describes the longitudina~ motion for 
each electron, whereas the transverse motion is approximated by the radial envelope 
of the electron beam. This simplification limits the numerical effort to acceptable 
proportions : ELIXER can be solved with the computational effort of a ~patially one 
dimensional model. The validity of the approximated electron dynamics 1in ELIXER 
is tested against a spatially fully three dimensional simulation code in Chapter 5. A 
broad range of parameters is considered. Partienlar emphasis is put on FEL parameters 
close to those of FELIX. 

The radiation in a high-gain single pass FEL, like the UV /X-ray FELs that were 
mentioned in the previous Section, grows exponentially until a saturation point is 
reached, at which the electrans can perform complete synchrotron oscillations in the 
ponderomotive potential. This leads to a slashing of energy between the electrous and 
the radiation, and hence, to non-linear oscillations of the optical power. The dynamics 
of the radiation in this non-linear operating regime is addressed in Chapter 6, leav
ing three dimensional effects out of the discussion for simplicity. Different theoretica! 
approaches have been employed to describe the non-linear oscillations, amongst which 
a moment method. Just as in hydrodynamics, this macroscopie analysis yields a hi
erarchy of moment equations that has to be truncated using a dosure relation. The 
exponential growth of the radiation and the transition to the non-linear FEL operating 
regime can be described by including at least two moment equations. However, the 
dosure relations that have been derived so far are upon a numerical rather than a 
physical basis. In Chapter 6, a physically more transparent model is presented. Using 
the conservation of energy and momenturn of the electron-wave system, it is shown 
that the non-linear oscillations of the radiation power can be described as the bounc
ing motion of a 'radiation-particle' in a slowly varying, anharmonic potential. This 
pseudo-potential formulation is based upon the fact that, due to a strong bunching 
in the non-linear stage, all electrous move as a single macro-electron. A comparison 
with the results of the multi-electron simulation shows that the pseudo-potential model 
describes a large number of the physical processes in the non-linear stage. 
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Chapter 2 

Theoretica/ Framework 

Abstract 

Starting from the system of Maxwell-Lorentz equations, a set of equations is 
derived that describes the interaction between the radiation and a beam of rel
ativistic electrous in a FEL, under the assumption that space charge effects can 
be neglected. These equations include the three dimensional electron dynam
ics and the paraxial wave equation, and will be used in the remainder of this 
thesis. A physically transparent picture of the FEL mechanism is presented 
based upon a simplified, spatially one dimensional model. Self-consistent lin
ear solutions for the radiation field in a high-gain single pass FEL are derived 
from this model, using a macroscopie analysis. Finally, several aspects of the 
interaction between the radiation and electron pulses in a low-gain resonator 
FEL are discussed. 
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2.1 Introduetion 

Although the earliest description of the interaction between relativistic electrous and 
an electromagnetic field was based upon a quantum-mechanical analysis [1], it was soon 
realized that for practical operating conditions, the FEL is well described by classica! 
electrodynamics [2]. Based upon this approach, an introduetion to FEL physics is 
presented in this chapter, which provides the framework for the remainder of this 
thesis. 
The physical mechanism of FEL operation can he described as follows. When the 
electron beam enters the undulator, the periodic deflection of the relativistic electrous 
leads to the emission of synchrotron radiation in a narrow cone, with angular opening 8 
of the order of 1/'y with respecttotheir main propagation direction. This synchrotron, 
or more precise, undulator radiation provides a seed radiation field for the generation 
of a ponderomotive potential well, which is formed by the emitted light and by the 
magnetic field of the undulator. This potential affects the trajectodes of the electrons, 
such that they get 'bunched' in the longitudinal direction. On the average, the electrous 
'surf' down the ponderomotive well, thereby transferring kinetic energy to the optica! 
wave. This is a resonant process which takes place as long as the averaged longitudinal 
velocity of the relativistic electron beam remains sufficiently close to the phase velocity 
of the ponderomotive wave. The fact that this velocity is slightly smaller then the 
speed of light c reflects that FEL operation requires a relativistic electron beam. The 
frequency of the radiation field generated in this way is related to the beam energy and 
undulator parameters according to Eq. (1.1). The optica! field can grow to power levels 
which exceed the undulator radiation by several orders of magnitude. Analogously to 
conventional lasers, it is often referred to as 'stimulated' radiation, in contrast to the 
'spontaneous' undulator radiation [3]. 

2.2 Basic equations 

The discussion is restricted to a conventional FEL, which employs a static undulator 
field in either a planar or helical undulator configuration, with Nu undulator periods 
of size Àu· The geometry of these FELdevicesis characterized by two inequalities (we 
refer to Fig. 1.1 for the basic lay-out of the FEL). The wavelength À of the optica! 
signa! is small compared to the undulator period Àu and to the totallength L of the 
system 

(2.1) 

Furthermore, the radial extension of the electron and optical beams inside the undula
tor, denoted by rb and w respectively, are typically small compared to the radial scale 
length k;rbof the undulator field (see Eq. (2.13)) 

(2.2) 

The process of light amplification is described by Maxwell's equations for the electro
magnetic (EM) potentials (A, ei>) and by the electron equations of motion. Using the 
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Lorentz gauge, the field potentials are determined by the wave equations [4] 

[V'i +a;- a;t] A= ~ L ó(x- xj)ó(z- zj)vj (2.3) 
E0mc j 

[V'i +a;- a;t]<P = ~ 2: ó(x- xj)ó(z- zj), (2.4) 
E0mc j 

where the transverse gradient is V'i = a; + a;' and the scalar and vector potentials 
are normalized to units of e/mc2 and e/mc respectively, e being the absolute value of 
the electron charge and m the electron mass. The charge and current density of the 
beam are given as a sumover the position (xj, zj) of each electron at timet, Vj being 
the electrons velocity, and have to be determined self-consistently from the electron 
dynamics. 
The motion of a single electron in the preserree of the EM field (A, iP) is given by the 
relativistic Hamiltonian 

1-l(ct, x,-&, P j_; z) A.- Pz 

Pz V(ê + i.P) 2 - (P j_ + Aj_) 2 - 1 (2.5) 

where the actual position z instead of the time t is used to label the trajectories. 
This is allowed sirree z(t) is a single valued function in a FEL. The trajectoriesin the 
longitudinal and transverse direction are given by the pairs of conjugated coordinates 
and generalized momenta (ct,-&) and (x, P _!_), respectively, ê being the total energy 
of the electron, normalized to mc2 • Each generalized momenturn in Eq. (2.5) consists 
of a kinetic contribution (normalized to me) and of the associated momenturn of the 
EM potentials 

ê = "Y - i.!.>, P = p- A, 

where p = "'(V/ c is the normalized kinetic momenturn and v 
Hamiltonian generates the following equations of motion 

dct "'( 

dz 
dê 
dz 
dx 
dz 

dPj_ 
dz 

where V_!_= exJx + ey/y· 

(2.6) 

is the velocity. The 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

Basically three contributions to the EM field inside the undulator can be distin
guised, of which the magnetic field of the undulator, represented by Au, gives the 
largest contribution. This field is determined by the vacuum wave equation \72 Au = 0. 
The helical polarized magnetic field in a helical undulator can be written as 

-Au[e, cos(kuz) + e. sin(kuz)] 

= -Au(x) ( e-iku•e+ + e+iku•e_), (2.11) 
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where e± = ! ( e. ±ie.) are circularly polarized vectors, and ku = 21r / Àu is the undulator 
wavenumber. The linearly polarized magnetic field (in the y-direction) in a planar 
undulator geometry is 

(2.12) 

where the rms-value of the undulator strength is implied. In a region close to the z axis, 
sufficiently far from the magnet's pole faces or from the current wires, the undulator 
strength can be approximated by the first terms of an expansion to powers of k~r~ « 1 

(2.13) 

where Auo is of order unity. The values of kx and ky depend on the undul&tor geometry, 
i.e. kx = ky = ku/ y'2 in a helical undulator and kx = ku, ky = 0 in a planar geometry. 
The main difference between both types of undulators is that the planar undulator 
Eq. (2.12) includes a period modulation, i.e. 1Aul2 = A~(1 -cos 2kuz}, whereas the 
helical undulator potential is independent of the z-coordinate. This modulation affects 
both the electron trajectories and the optical field, as is discussed in Section 2.2.1. 
However, when averagedover an undulator period, an similar set of FEr.J equation can 
be derived for the planar and helical undulators. This will be explained in Section 2.3. 
The on-axis undulator field dominates the EM field inside the undula~or. The FEL 
employs a low emittance electron beam 

P1. «Au, 

which is injected close to the z-axis in an adiabatic way, so that P 1. ~emains small. 
This implies that the transverse velocity, which determines the coupling between the 
electrons and the optical field, is to leading order determined by the wiggle motion of 
the electrons 

Vj_ = c(P 1. + Au)h ~ cAu(x=O)h. (2.14) 

The undulating motion consists of sinusoidal orbits in the y - z plane of a planar 
undulator, and of helical trajectories with radius r ~ Auo/ ku"'f with respect to the 
longitudinal axis in a helical undulator. 

While making a radial excursion away from the z-axis, the electrons will experi
ence a small longitudinal magnetic field Bu,z, which is due to the transverse spatial 
correctionsof the undulator Eq. (2.13). This field yields, in combination with the in
duced transverse current, a inward Lorentz force Fund = J 1. x Bz which focusses the 
electrons towards the center of the undulator. This force is directed radially inward 
in a helical undulator. In a planar undulator, the force is in the plane perpendicular 
to the electrons wiggling motion. This focussing property of the undulator leads to a 
slow periodic modulation of the electron trajectories (x, P 1.), the so-called betatron 
motion. The total transverse motion consists of the betatron and the wiggle motion. 
The impHeation of the betatron motion on the amplification process of the optical field 
will be discussed in Chapter 4. 
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The two other contributions to the EM field are the potentials generated by the 
electron beam. Based on their differences in time and length scales, they can be divided 
into the fast radiation potentials (Ar. <I>.), and into the slow self-potentials (A., <I>.). 
The fast radiation potentials play a dominant role in the FEL interaction process. 
These potentials consists mainly of the optica! field Ar.1, which is represented by a 
single longitudinal mode with frequency w = ck that propagates in the same direction 
as the electron beam (i.e. to the right) 

where u( x, z, t) is a slowly varying complex amplitude 

(8., 8ct)U « ku. 

(2.15) 

(2.16) 

This representation describes both the spontaueaus radiation and the light resonantly 
generated by the electrons, as will be discussed in Section 2.2.1. The wave that propa
gates to the left can he neglected, as will be discussed in Section 2.2.2. The bunching 
process of the electrous that is induced by the optica} field, leads to fast longitudi
nal charge and current oscillations. The space-charge potentials (A •• , <Pr) that are 
associated with these oscillations, provide another contribution to the fast radiation 
potentials. 
The self-field consists of the radial electric and azimuthal magnetic field due to the 
average, and slowly varying charge density and longitudinal current of the beam. In 
case of a Gaussian radial density profile n ~ nae-r2 12•~, they can he written as 

Esr 
2 2 = -a. <I>. - e na rb (1- e-r•fzrl), 

E0mc2 r 
= -8rAsz = +vz/cE •• 

(2.17) 

(2.18) 

where the relation Asz ~ Vz/c<P. is used, Vz heing the longitudinal velocity of the 
electrons. Another contrihution to the self-potentials describes the magnetic field of 
the induced transverse heam current J 1. = -env 1. 

A W~ -r•;zr• Au ( ) 
sl. ~ cZk~e •-:y, 2.19 

where w~ = e2n0/t.om"( is the relativistic plasma frequency, na is the average beam 
density, and Eq. (2.14) is used to estimate the transverse velocity. This potential gives 
a similar contrihution to the electrans equations of motion as Au. 

Characteristic for a FEL is that the transverse dynamics of the electrous is, to a 
large extend, determined by the undulator potential Au. The small influence of the 
other contrihutions to the EM field on the transverse motion can he explained hy con
siclering the radial forces that they impose upon the electron heam. The electric and 
magnetic components of the self-field yield a net radially outward force, denoted hy 
Fself = -(enEsr + J.B.9), which causes the natural divergence of the beam. After 
straightforward calculation, it can he shown that this defocussing self-force is domi
nated by the radially inward focussing force Fund of the undulator magnet, when the 
electron heam is sufficiently tenuous, i.e. in case 

(2.20) 
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Figure 2. 1: The spontaneous emission intensity of a helical undulator (a-b), and in the 
y - z plane of a plan al' undulator (c-d) , for Nu = 5 and IAu l = l.O. In (a) and (c) the 
spontaneous radiation is shown as a function of frequency w/wo and angular opening 
"Ie. Dark lines imply a bigh intensity. In (b) and (d) the intensity is depicted (in units 
of2 (qNu)2/rr Eoc2) at "Ie = 0 (solid line) and at "Ie = 1 (dotted line). 

Note that under this cond ition also the self-potential A s.l can be neglected. 
The fast radiation potentials affect the transverse motion through their radial gradi
ents in the equation fo r the transve rse momentum of the electrons , Eq. (2 .10). Upon 
es tima ting the gradients of the radiatio n and undulator potentials by the waist l /w 
and k~rb respectively, the negligible effect of radiation pressure is expressed by the 
inequality 

(2.21) 

whieh is well satisfied aeeordin g to the geometrie relation Eq. (2 .2). This relation 
refl ee ts th a t Ar is typieally smaller then the undulator potential, in despite of the fae t 
that the stimula ted radi a tion ean grow to eonsiderable power levels. 

2.2.1 Spontaneous radiation 

The sponta neous radiat ion is the synchrotro n radiation caused by the periodic defl ec
tion of t he elect rons in the alternating magnetic field of the undulator. This light is 
importa nt since it provides a seed fie ld for the generation of stimulated radiation. The 
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spontaneous and stimulated radiation have virtually the same frequency and spectral 
width. In this Section we review the main characteristics of the spontaneous radiation, 
which is discussed extensively in a number of papers [5 , 6, 7, 8]. 

The spontaneous emission spectrum d2 I I dwdD., which measures the radiation inten
sity I emitted in a frequency range dw and in asolid angle dD. around the direction of 
observation, can be derived from the Liénard-Wiechert potentials [4]. In Figure. (2 .1) 
this spectrum is shown as a function of 'YB, where B is the angular opening with respect 
to the z-axis, and of the frequency of the synchrotron light, measured by wlwo, where 

(2.22 ) 

is the fundamental frequency. The emission spectrum d2 I I dwdD. is calculated from the 
expressions derived in [8], which are presented in the Appendix for completeness. The 
influence of be tatron oscillations is neglected. 
The intensity of the radiation is confined to a smal! cone 'YB ~ I , as expected from 
synchrotron radiation. In a FEL device the maximum angle allowed is of the order of 
a few mrad, and is determined by the geometry of the resonator. Since this implies 
that 'YB « I, only the radiation emitted along the z-axis is important. In a helical 
undulator , only the fundamental mode is present in the forward directed radiation. 
Harmonie emission occurs off-axis. The light emitted by the electrons in aplanar 
undulator has a more complicated structure due to the different kind of trajectories in 
this geometry. The most important difference with the helical undulator is that odd 
frequency harmonics are generated, even in the case 'YB = O. The spontaneous radiation 
in aplanar undulator can be represented by Eq. (2.15) only when the undulator strength 
Au is smal! compared to unity [9]. For a larger value of Au, the intensity of the 
harmonics, in particular n = 3, is comparable to the fundamental mode. Note that the 
frequency dependenee of the emitted light is determined by the well known line-shape 
function (sinvl v)2 , where v = 7rNu (w - nwo)lw denotes the frequency devia tion from 
the nth harmonic . This implies that the spectral width ÓW ~ (1/ Nu)w is the same for 
each harmonic. 

The probably most simple explanation for the frequency and line-shape of the un
dulator radi a tion can be obtained from the analogy with the quantum-mechanical 
Compton scattering process. In the electrons rest frame, the statie undulator field is 
experienced by the electrons as a wave running towards them, wi th frequency 'Yzcku 
a nd wavenumber kul'Y" where 'Yz = 11 Jl - (3; is the Lorentz factor of the frame trans
formation . This photon is scattering into a forward propagating wave with the same 
frequency, which will appear as frequency Wo = 2'Y;cku in the laboratory frame. U pon 

using pz ~ J 'Y2 - U + A~) to show that 'Yz ~ 'YIU + A~ ), this frequency is identical 
to Eq. (2 .22), with 'YB « l. The generation of odd harmonies (in aplanar unduJator) 
can be understood in th is context from the fact that the oscillatory contribu tion to 
the planar unduJa tor field Eq. (2.12) leads to the distortion of the undulator photon 
with twice its frequency. The line-shape of the radiation can be explained from the 
fact that the spectrum of the light corresponds to the Fourier transform of the fini te, 
Nu-periods long, wave packet of the scaUered photons. 
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Figure 2.2: Stable and unstable solutions of the Compton FEL dispersion relation 
Eq. (2.29) 

2.2.2 Stimulated radiation 

The longitudinal electron dynamics is determined by the combined potentia ls of the 
optical field and the fast space charge fields. Two regimes of FEL operation can be 
distinquised, according to the value of the so-called Pierce parameter 

(2.23) 

which is the normalized current density of the beam. Here Çb = 27rr;;w2 is the filling 
factor which accounts for the radiation overlap between the electron and optical beams, 
and f B accounts for the Àu /2-periodic motion of the electrons in aplanar undulator 
(this wil! be discussed in Section 2.4.2). Space charge oscillations are important in the 
Raman regime, which is characterized by p 2: 1. This regime will be discussed in the 
Section 2.2.3. In the so-called Compton operating regime, where p « 1, space charge 
oscillations play only a subdominant role. 

Under the conditions Eq. (2.20), (2.21) and P.l « Au in Eq. (2.8), the rate of 
change of electron energy is 

dE 1 k .1/!1/! 
-d = actATz - -act<p,· - - . -(A~lLe' - Auu*e' ). 

Z pz 2tpz 
(2.24) 

This energy change is, independent of the operating regime, mainly determined by the 
beat wave of the optical field and magnetic field of the undulator, i.e. the ponderomotive 
potential weil A~ue;1/! - Auu*ei1/!, where 

1/! = (k + ku)z - wt (2.25) 



2.2. Basic equations 17 

is the ponderomotive phase. FEL interaction takes pI ace as long as the longitudinal 
velocity of the electrons remains close to the phase velocity of the ponderomotive wave 
vpon = wl(k+k,J, or equivalently, as long as the electron energy is close to the resonant 

energy, defined by 

PZT 
V Z1' == c- == vpon , ". 

(2.26) 

where PZT = J,; - J.l~ ~ 'T(1 - J.l~/2,;) is the associated resonant momentum. The 

quantity J.l; is the so-called effective mass of a 'warm' electron beam 1 

(2.27) 

where an average over the transverse dimensions of the electron beam and an average 
over an undulator period is implied , as will be discussed in Chapter 5. This quantity 
consists of the effective mass 1 + A~o of a 'cold ' beam also of 'warm ' beam effects, 
which tend to decrease the longitudinal velocity of the beam. The resonance condition 
(2.26) yields the FEL relation 

k 2,; w=c·u- 2 ' 
J.le 

(2.28) 

which was mentioned in the introduction. Note that the resonance condition can also 
be fulfilled by a wave that propagates to the left (u ex exp[ik( z + ct)]) with a much 
lower wavenumber [10] 

VZT 1 
k = ---ku ~ -ku. 

c + V Z ,> 2 

This backward wave has a very short interaction time and is therefore neglected in the 
remainder of this thesis. 

The motion in the ponderomotive weil causes the electrons to form bunches of the 
si ze of the radiation wavelength), = 2Jr I k, in which the electrons t,ransfer their energy 
coherently to the wave. In the linear regime, where the radiation is still at a smalllevel, 
this process of stimulated emission can be described by linearization of Maxwell's equa
tions Eqs . (2.3)-(2 .4) and the longitudinal equations of motion Eqs. (2.7)-(2.8). Em
ploying the exponential substitution A,. ex exp[i(l'Cz - wt)] for the radiation field , where 
I'C is a complex wavenumber, the growth of the stimulated radiation in the Compton

regime is determined by the unstable roots of the dispersion rela tion [11 ] 

(2.29) 

where l'Cem = wlc and I'Cpon = wlvz - ku are the wavenumbers of the optical and 
ponderomotive waves. The coupling constant k~p3 reflects that the waves are coupled 
by the transverse current of the electron beam that arises from the wiggle motion 
Eq. (2.14). 

1 We refer to a 'warm' beam in ase of a finite spread in the transverse positions and veloeities of 
the beam electrons. 
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Figure 2.3: The linear gain G1in as a function of frequency deviation v = 27f N,/iw ! w 
and of the typical exponential factor G = 27fNup. The linear gain is norma}jzed such 
that the different frequency dependenee in a low-gain and high-gain FEL is cJearly 
visible (the peak single pass gain G1in is 0.20 for G = 1, and 25 for G = 3). 

Exponentially growing solutions exist in a narrow region where the light wave in
tersects the ponderomotive wave , as is shown in Fig. 2.2. The highest growth rate 

(2.30) 

occurs when the resonance condition Eq. (2.26) is satisfied. 
Af ter a single passage through the undulator, the linear gain of the optical signal due 
to the electron motion in the ponderomotive potential is 

(2.31) 

wh ere Pin and P out denote the optical power at the entrance and exit of the undulator, 
respectively. In Fig. 2.3 the linear gain is depicted as a function of the typical expo
nentialfactor G = kupNuÀu = 27fNup and of the frequency deviation 1/ = 27fNuÓw!w. 
Here, Ów is the deviation from the FEL frequency Eq. (2.28), keeping tbe elect.ron 
energy I T fixed. The frequency dependence is quite different in a low-gain FEL from 
that in a high-gain device. The classification can be made according to G ~ 1 and 
G> 1, respectively. In the first case , the weil known small signal-small gain expression 
is obtained [1] 

1 ( 3 d sin v 2 
Glin = -"2 27fNup) d)-v-) , (2.32) 

where the term (sin v! v)2 is the line-shape function of the spontaneous radiation. This 
shows the close relation between the frequency and the spectral width of the stimulated 
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Figure 2.4: Stabie and unstable solutions of the Raman FEL dispersion reJation 
Eq. (2.33) 

and spontaneous radiation. Note that in Fig. 2.3 the linear gain in a high-gain (G > 1) 
FEL is positive, even for negative frequency detuning v < O. This is due to the fact 
that the radiation adapts its amplitude and phase. 

2.2.3 Space charge and current oscillations 

The Raman regime is characterized by a la rge value of the Pierce parameter Eq. (2.23) , 
p 2'. 1. In this regime, the beam density is sufficiently high for the electrons to behave as 
a plasma, subject to Langmuir plasma waves. This implies that the bunching process is 
not only determined by the optical field u, but also by the fast space charge potentials 
(A,." <I>r), which are generated by charge and current oscillations. The relative ampli
tude of the ponderomotive and the space charge potentials can be estimated from a 
linear theory, just as in the previous section. Employing the exponential subst itutions 
Ad ex exp[i(KZ - Wt)J for the optical field and Am <I>r ex exp[i(K + ku)z - iwtJ for 
the space charge potentials, K, being the complex wave number, the dispersion relation 

Eq. (2.29) is modified to [11J 

[K - K,em (W)][K - K_(W)][K - K+(W)J = _k~p3 (2.33) 

where Kern = wie, and K+ and K_ are the so-called positive and negative energy space 
charge modes 

(2.34) 

The incl us ion of term proportional to wp in th is expression is the modification of the 
ponderomotive wave K pon by space charge effects. Space charge oscillations will play a 
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role if the modification is larger or of the same order of magnitude as the undulator 
wavenumber, 

(2.35) 

This operating regime is referred to as the Raman regime, since the frequency and 
wavenumber of the radiation can also be obtained in analogy to the atomie Raman 
scat tering process : in the rest frame of the electrons , the backward propagating wave 
is scattered into two waves with frequencies "YAck" ±wp ), where Î', = 1/ (1 + A~). In the 
laboratory frame these frequencies coincide with those determined by the intersection 
of the light wave with the negative and positive space charge waves, as is shown in 
Fig. 2.4. 

2.3 Compton-FEL equations 

In the remainder of this thesis, it will be assumed that the conditions Eq. (2.20) , (2.21) 
and p « 1 are satisfied, thereby restricting the discussion to the Compton regime in 
which the beam self-fields and fast space charge fields can be neglected (As = <Ps = 0 
and ATz = <PT = 0). In order to provide a basis for further analysis, explicit expressions 
for the electron equations of motion and the paraxial wave equation for the optical 
field are derived for a helical undulator. The conditions under which the resulting 
Compton-FEL equations can be applied to aplanar undulator geometry are discussed. 

2.3.1 30 electron dynamics 

In the Iinear regime of FEL operation, where the radiation field is smalI, the electron 
energy "Y = [ is still close to its initial value. When the optical power increases and the 
laser reaches the non-linear stage, the optical power will start to oscillate due to the 
sloshing of energy between the electrons and the wave, as will be discussed in Section 
2.4. In this saturated stage, the electron energy will oscillate around the resonant 
energy "Yr, which was defined by Eq. (2.26). For this reason, it is convenient to write 
the Hamiltonian Eq. (2.5) in terms of the ponderomotive phase 1jJ and the energy 
deviation 0"Y = I - "Y,. , by means of the generating function 2 

F2 (ct, o"Y/k; z) :::: [(k + ku)z - wt](Ö')' + "YT)/k . 

Upon substitution of the field representations of the heli cal undulator field Eq. (2.11) 

and the light wave Eq. (2 .15), an expansion of p, around J "Y2 - JL~ , which is the leading 
order contribution of Pz> even in a FEL with a moderate electron beam energy, and 
upon using an additional expansion of the latter root to powers of the relative energy 

2The function F2(t,fY't/ k,z) generates the canonical transformation (t, -,) -+ ('ljJJn / k) according 
to (leaving the transverse coordinates out of the discussion) 

-, = 8Fd8t , '<f; = 8F2I8h/k, and 1l('IjJ,Ih/k; z ) = 1i(t, -,;z) + 8F2/8z. 
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where ~w is the typical speetral width of the radiation. i 

The transverse motion enters Eqs. (2.39)-(2.40) through the radial depdndence of the 
optical and undulator fields. This coupling is weak when the radial variatien of these 
fields over the electron beam is small. Another coupling arises due to the different 
effective mass of a single electron (p,2) and of the electron beam as a whole (p,;). It will 
be shown in Chapter 5 that upon averaging over an undulator period, p,2 is a constant 
of transverse motion for each individual electron, so that each electron has its own 
resonant energy. This phenomena was taken into account in the reson~nce condition 
Eq. (2.26) by the effective mass Me of the beam as a whole. The terrri (p,2 - ,_";) is 
therefore constant, but different for each electron. This term vanishes in case the 
electron beam is thin compared to the radial scale length of the undulator and optica} 
fields. 

The approximated electron equations for the helical undulator can also be ap
plied to a planar undulator, upon replacing the undulator strength A4 by Aue(1 -
exp[-2ik,.z])/J2. This result, or equivalently Eq. (2.12), show that the undulator 
strength [A,. j2 contains a oscillating part proportional to A~0 cos(2k"t). This term 
causes a >.,j2-periodic modulation in ~-t2 . Since this is not included in Ik;, the pon
deromotive phase 'Ij;, as wellas the electron energy dr and the radiation field u will be 
affected by the modulation. However, since the radiation field u varies slowly over an 
undulator period, az ~ kuP (see Eq. (2.30)), one may average the electron equations 
and the Maxwell equations over the period of the oscillation. The resu]ting averaged 
planar undulator equations are similar to the FEL equations in a helical ~ndulator [9], 
when the replacement u -+ fBu is made, and upon multiplying the tranáverse current 
by thè factor/~, where the factor 

(2.43) 

ln being the nth order Bessel function. 

2.3.2 Paraxial wave equation 

The wave equation for the complex amplitude, which determines the longitudinal 
motion of the electrons, can be obtained by substitution of the field representations 
Eq. (2.11) and (2.15), and the transverse velocity Eq. (2.41) in the Maxwell equation 
(2.3). To emphasize the pulsed character of the optica! and electron beams, we wil! 
consider both the radiation and electron pulses to be a function of the tife coordinate 

Z = 'lj;j(k + ku) = Z Vpant. . (2.44) 

The reason for choosing this coordinate, which is closely related to the ponderomotive 
phase 'Ij;, instead of z ct is that in the exponential gain regime the electrous have a 
natural tendency to slow down the radiation pulse towards Vpan· The electron density, 
which depends only on the spatial coordinates re and z, can be considered to be a 
function of time z according to i 

N NV 

n = L ó(re- rej)d(z- zj)::::::: L pon ó(re a:J)8(z- Zj), 
j=O j=O Vzj 

(2.45) 
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where the factor Vpon/Vzj = (Pzr'YhrPzJ) c:::. 1 results from the transformation z -+ z. 
This transformation requires that, at each moment in time and space, the number of 
electrous N within one period À 21r / k is equal to the number of electrous which 
pass through a transverse plane in one period time >.je of the fast motion. This 
period corresponds toa ponderomotive wavelength Àpon = c/(k + ku) in termsof the z 
coordinate. The transformation is valid in most FELs since the velocity spread of the 
beam electrous is small, as will he discussed in Section 2.4.2. Therefore one may think 
of z as a measure of the longitudinal position inside the pulses. 

By substitution of the transverse velocity (2.14) and the field representation 
Eq. (2.15) into the Maxwell equation Eq. (2.3), and upon neglecting the second order 
derivatives of the radiation amplitude u with respect to z and time z, because of its 
slowly varying character, the following paraxial wave equation can he derived 

(2.46) 

where the souree term is averagedover one period Àpon = cf(k + ku) in time of the fast 
motion in order to be consistent with the slowly varying amplitude approximation, and 
over an undulator periode À,. in z in order to account for both types of undulators. 
The factor fB is unity in a helical undulator and is given by Eq. (2.43) in a planar 
geometry. The longitudinal electron density profile is represented by the dimensionless 
function 

X(z) (2.47) 

where n 0 is the average density of the pulse and the number N, of electrous within 
a ponderomotive wavelength is approximately constant, as will be shown in Section 
2.4.2. Note that X 1 in case of a uniform electron pulse. 

The paraxial wave equation describes the propagation of spherical light waves up 
to an angle of approximately 30° from the z-axis3• The fact that both the z and the z 
operators in the left hand side ofEq. (2.46) are ofthe sameorder of magnitude reflects 
that the speetral width of the generated light should be small. Upon characterizing 

3This can be explained by consiclering the optical beam as a superposition of plane waves travelling 
at various angles along the z-ax:is. The radiation at a small angle (}is given by A,.!::::: exp(ikxsin8 + 
ikzcos8) u(x,z) exp(ikz), where only the x- z planeis considered. The three termsin the vacuum 
paraxial equation 

(a;+ a;+ 2ika.)u o 

yield the contributions 

~" - k282 UzU- . 
u 

This result shows that the second derivative a;, which is neglected in Eq. (2.46), is smaller than the 
other terms as long as e < 0.5rad!::::: 30° [12]. 
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experiment ~paraxial radlation 

(a) (b) 

a 0 a 
Figure 2.5: (a) The di:lfraction from a sharp edged, circular aperture involves the pri
mary transmitted wave and a Sommerfeld edge wave. (b) Comparison of the measured 
(left side) and paraxial (right side) near-field (N ~ 1) intensity profiles of the trans
mitted radiation in case the aperture is uniformly illuminated. The intensity is plotted 
at three increasing values ofthe Presnel number N. One approaches the aperture more 
closely with increasing N. 

the z-derivative by the maximum growth rate {}z :::::: kup, and the time-pperator z by 
the speetral width .ó.w of the radiation, the speetral broadening of the light should not 
exceed 

.ó.w - = O(p) ~ 1. 
w 

(2.48) 

The paraxial wave equation (2.46) can be applied to the optica! field in almost 
every resonator FEL, since the maximum angle {) ;:::: rmr/ Lc sustained by the cavity 
is typically smaller then 30°, r mr and Lc being the mirror radius and cavity length, 
respectively. The situation is less trivia! in a hole-coupled resonator, where the reflec
tion and transmission of the intra-cavity light on the mirrors involves the generation 
of a so-called Sommerfeld edge wave emanating from the sharp edged boundary of the 
aperture [13], as is illustrated in Fig. 2.5a. These edge waves propagate with relatively 
large angles with respect to the z-axis, which may exceed the 30° angle of paraxial 
propagation. This implies that, for the paraxial approximation to be valid, one should 
not approach the aperture at a shorter distance then given by [12] 

N ~(2a)2/3 
~ 4 À , (2.49) 

where N = a2 
/ Àd is the Fresnel number, a and d being the aperture radius and 

geometrical distance to the aperture. Forsmaller values of N, the di:lferences between 
the full Maxwell equation Eq. (2.3) and the paraxial approximation Eq. (2.46) remains 
smal!, as is shown in Fig. 2.5b. 
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2.3.3 Discussion 

The set of Compton-FEL equations is formed by (2.39-2.42) and (2.46). In these 
equations the longitudinal motion and the motion in the transverse planes are coupled. 
Fortunately, the coupling is weak when the variation of the undulator and radiation 
fields over the beam radius is small. This implies that the basic interaction mechanism 
in the FEL can be described by a one-dimensional analysis, which includes only the 
longitudinal dynamics of the electron and radiation pulses, and the leading order wiggle 
motion Eq. (2.14). This basic model, in which the evolution ofthe transverse profiles of 
the electron and optica! beams is neglected, is explained in more detail in the remainder 
of this Chapter. 
The coupled electron dynamics and the varia ti on of the transverse profile of the optica! 
field are considered in the subsequent Chapters. To this extend, a model is developed 
which includes the FEL gain medium and the time-dependent radial structure of the 
light pulses, resulting from focussing of the optica! beam towards the electrans and 
scattering of the light on the cavity mirrors. The model is used to study the spatial 
structure of the generated light pulses in the hole-coupled resonator FELs of the Dutch 
FEL user facility FELIX [14], in which the electron pulse length is a fraction of the 
slippage length. This implies that the light pulse overtakes the electrans while travers
ing the undulator, such that they interact with the electron pulse only for a fraction of 
the time. This has important consequences for the radial distri bution of the radiation 
intensity of the light pulses, and for the power coupled-out through the aperture, as 
will be discussed in the Chapters 3 and 4. 
The model describes the longitudinal motion of each electron exactly, whereas 'warm' 
beam effects and betatron oscillations are included through the variation of the radial 
beam envelope. The validity of this approximation is tested against a spatially fully 
three dimensional model in Chapter 5. 
In Chapter 6 we return to the spatially one dimensional analysis in order to study the 
saturated stage of the interaction between the light and electron pulses in a high-gain, 
single pass UV/ X-ray FEL. Using a macroscopie approach, which is analogous to the 
moment methad in hydrodynamics, a rron-linear model is developed that accounts for 
most of the non-linear processes of the interaction. 
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2.4 The 1 D model for FEL interaction 

Two important simplifications to the set of Compton FEL equations presented in Sec
tion 2.3 can be made when a perfectly aligned (cold) is considered, in which the beam 
radius is small compared to the radial variation of the radiation and undulator fields. 
In such a thin-beam FEL, off-axis electrous experience the same forces as on-axis elec
trons, both in the transverse and longitudinal direction, such that they follow similar 
trajectories. The beam remains cold throughout the passage through the undulator. 
Hence the coupling between the transverse and longitudinal motion can be neglected. 
VVben in addition, the radial profile of the light is constant, the paraxial wave equa
tion Eq. (2.46) reduces to a spatially one dimensional equation. The resulting model, 
which is referred to as the 1D model, provides a physically transparent picture of FEL
interaction. lt retains a number of features of the interaction, such as the exponential 
gain and non-linear saturation, as well as the slippage between the electron and optica! 
pulses. 
The discussion is started inSection 2.4.1 by consiclering the electron Hamiltonian. Ap
proximations to the wave equation, and in particular to the souree are discussed 
in Section 2.4.2. In Section 2.4.3 we emphasize the broad wavelength region to which 
the 1D FEL model can be applied. 

2.4.1 Longitudinal electron dynamics 

U pon neglecting the radial variation of the undulator and optica! fields in Eq. (2.36) 
and using 112 = J.1;, the electron motion is determined by the ID Hamiltonian 

(2.50) 

that generates the longitudinal equations of motion 

d~ 2ku fry 
dz "'r 

(2.51) 

d~"f .kAuo ( i,P u*e-i.P). 
dz 

t--ue 
2Pzr 

(2.52) 

The advantage of using ~ and ~~ as conjugated coordinate and momenturn lies in the 
fact that a pendulum-like Hamiltonian is obtained. Upon writing the radiation field 
u= areiC. in termsof a real amplitude ar and phase (, the Hamiltonian Eq. (2.50) can 
be written in standard form [15] 

(2.53) 

where G = kJ.L;/P;r, F kAuoar/Pzr and E is the oscillator 'energy'. Depending 

on the value of"" (1/2h./1 + E/F, two types of trajectodes in the (~,ó'Y) phase 
space can be distinquished. Free or untrapped electrous are characterized by "" > 1, 
where "" = 1 determines the energy of the separatrix. If "" < 1, electrous are trapped 
in the so-called ponderomotive bucket (i.e. the potential well of the ponderomotive 
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Figure 2.6: The longitudinal electron phase space of the initia! electron beam ( thin 
dots) and after being bunched by a high intensity radiation field (thick dots). 

wave). These electrans are subjecttoa slow rotation in the (1/l,ó"Y) phase space, with 
a frequency equal to the synchrotron frequency 

(2.54) 

K.:(~>.) being the complete elliptic integral of the first kind. In Fig. (2.6) the evolution 
of a mono-energetic electron beam is shown in case there is a finite radiation field 
present which drives the synchrotron motion. The electrans are initially homogeneously 
distributed in phase 1/;, and have a Gaussian energy distribution (thin dots). Sirree 
the rotation velocity in the bucket decreases with the distance of the electron to the 
rotation center, the trapped electrons are bunched around a certain phase after one 
passage through the undulator ( thick dots). The fact that the average electron energy 
is reduced corresponds to the growth of the electro-magnetic energy. The synchrotron 
motion causes the slashing of energy between the electrans and the wave, since the 
average electron energy will periodically increase and decrease for langer interaction 
times, which leads to a subsequent oscillation of the radiation power. 

Up to this point in the discussion the radiation field was considered to he an exter
nally provided quantity. lts time and spatial dependenee has to be determined frorn 
the wave equation, which is considered inSection 2.4.2. However, the penduturn model 
allows for an estimate of the maximal electron energy change and the maximurn value 
of the radiation amplitude without invalving the wave equation, as long as the light 
pulseis uniform over a slippage length Lslip = NuÀ (we will corne backtonon-uniform 
pulses and the effect of slippage at the end of this Section). The estirnates can be 
obtained frorn the design consideration that the trapped electrous sh~uld give up the 
maximal energy during one passage through the undulator [16]. This implies that the 
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synchrotron motion should be such that the undulator length is equal to one half of 
the synchrotron period 

(2.55) 

where Nu is the nurnber of undulator periods. For uniform pulses, this yields the 
saturation amplitude 

u _,...., 
A -

u 

1 « 1, (2.56) 

which is in agreement with Eq. (2.21). The energy conversion efficiency ofthe FEL is to 
a large extend deterrnined by the maximurn energy change experienced by the trapped 
electrons4 • This energy change is deterrnined by the height of the ponderornotive 
seperatrix 

(2.57) 

N ote that the enhancernent of the efficiency through a decrease of Nu is counteracted by 
the fact that also the gain of the FEL is reduced, through a rednetion of the interaction 
length. This implies that the FEL gain does not exceed the lasing treshjold for srnall 
Nu. 

If the radiation intensity of the light pulse varies significantly over a slippage length 
Lslip NuÀpon, then the saturation power and FEL efficiency are underestirnated by 
Eqs. (2.56) and (2.57). The variation can originate either frorn a rnodulation of the 
optica} signal with a side-band rnodé, or frorn a non-uniform electron pulse. Both will 
give rise to non-uniform radiation. This is in partienlar the case when the electron 
pulse length Lb is a fraction of slippage length. Upon denoting the typical scale of 
variation by NeÀp""' where Ne < Nu is an effective number of undulator periods, the 
electrons can transfer all their energy to non-uniform light in a fraction Ne/ Nu of the 
interaction length. This process can result in a strong local variation of the light pulse, 
the so-called superradiant spikes [18], in which both the saturation level and the FEL 
efficiency are increased. An exarnple of this phenornenorn is shown in Fig. 2.8 of Section 
2.5.2. 

2.4.2 The 1 D wave equation 

In the absence of undulator focussing, and in case of a cold bearn, two important 
sirnplifications to the souree term in the paraxial wave equation Eq. (2.46) can be made. 
Only the on-axis electrans have to be considered, since all electrous in a partienlar 
transverse plane give an equivalent contribution. The other sirnplicifaction is that the 

untrapped electrons play a subdominant role, since their energy change is smaller than 
Eq. (2.57). 

5 A side-band mode is a parasitic wave with a slightly lower frequency then the main signa!. Elec
trons can get trapped in the ponderomotive well of the side-band mode, when they are close to the 
bottorn of the main potential wel!, i.e. in the non-linear stage [17]. 
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radial dependenee of the souree term is determined by the initia! transverse density 
profile of the beam. 
If, in addition, the radial profile of the optical field is dominated by a fixed transverse 
function, then the paraxial wave equation Eq. (2.46) reduces to a spatially ID wave 
equation 

[a.+ (1 (2.58) 

where Çb 2trrt/w2 is the filling factor which accounts for the marginal radial overlap 
between the electrous and the light, f 8 is given by Eq. (2.43) in a planer undulator or 
is equal to unity in a helical geometry, the longitudinal density profile X is given by 
Eq. (2.47), and the bunching factor 

(2.59) 

denotes the transverse current, Nz being the number of electrous in a z-segment of 
size Àpon· This segment interpretation is also valid for the electron pulse, as can be 
illustrated by consiclering the maximum z-excursion an electron can make while it 
passes through the undulator 

(2.60) 

where Eq. (2.51) and the maximum energy change Eq. (2.57) are used. From this result 
it is concluded that the number of electrous in each segment, N;;, is approximately 
constant, as long as the energy spread of the electron beam is smaller then Eq. (2.57). 
This implies that the electron pulse may be thought of as being divided into segments 
of constant density with the size of a ponderomotive wavelength. 

2.4.3 Universa! FEL sealing 

Thesetof spatially 1D FEL equations, (2.51), (2.52) and (2.58), depends on the energy 
and density of the beam, and on the undulator of the FEL-device under consideration. 
A more convenient way of writing the FEL equations is obtained by normalizing both 
the radiation field, the electron energy and the coordinates z and z according to the 
so-called universa! FEL sealing [19] 

1 _ (2Auo) 
U-U 22' 

/.LeP 

1 Ó"f 
p=--

2p 'Yr' 
z'=pkuz, and z1 (2.61) 

where the p denotes the normalized electron energy. Note that the normalized undula
tor length is equal to the typical exponential factor G = 2tr NuP of the which was 
mentioned in Section 2.2.2. The normalized electron pulse length is Lb 2tr Nbp, where 
Nb Lb/ À is the number of segments with size Àpon· This normalization transfarms the 
wave equation and the electron equations of motion into a set of 'universa!' equations, 
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independent of scale lengths. Surpressing the accents for convenience, the normalized 
wave equation is 

(äz + ä2 ) u(z, z) iX(z) (b} (z, z). (2.62) 

Here, (b} is the bunching factor Eq. (2.59) of each z segment, which has to be deter
mined self-consistently from the normalized electron equations 

dbj . b - = -2pj j, 
dz 

where b1 and Pi represent the phase and energy of each electron. 

(2.63) 

2.5 Linear macroscopie analysis of a high-gain single pass FEL 

In this Section we consider the amplification and propagation of a light pulse, that is 
generatod from a step-shaped (X 1) electron pulse in a single passage through the 
undulator. To this purpose self-consistent analytica} solutions of the 'universa!' FEL 
equations Eqs. (2.62)-(2.63) are presented for the linear operating regime of the FEL, 
where the radiation power is still at a low level. 
In case the gain per unit length of the laser is small, the electron trajectories can he 
calculated using the initial radiation field, thereby neglecting the small in~rease of the 
optica! power. This method, which is referred to as the smalt signal, small gain analysis, 
yields the gain formulae Eq. (2.32). However, the linear gain G!in = (Pout- l1n)/ l1n is 
larger or comparable to unity, even in a resonator FEL. In addition, the radiation field, 
as experienced by the electrons, will change due to the slippage between t~e pulses, in 
partienlar when the electron pulses length is only a fraction of the slippage length. 

2.5.1 Macroscopie equations 

The self-consistent evolution of the radiation, including gain and slippage, can he 
described by a limited set of macroscopie equations for collective quantities. Just as in 
hydrodynamics, the moment metbod yields a series of coupled macroscopie equations 
in which each moment equation involves a new and higher moment. In the non-linear 
regime, where the radiation power is close to the saturation level, higher order moments 
will become important. In this regime, which is the topic of discussion in Chapter 6, a 
dosure relation is required in order to truncate the hierarchy of moments. However in 
the linear operating regime, the set can he closed upon linearization. 

The average bunching factor (b} is considered to be the lowest moment, since it en
ters the souree term and drives the radiation field. lts z evolution can he obtained from 
the electron equations (2.63), assuming all electron remain within a specific segment, 
such that (db/dz) = (äzb + (1- Vpon/Vzj)8zb) ::::::: Oz (b}. It is straightforward to show 
that this moment generatos a hierarchy of coupled macroscopie equations, üf which the 
lowest four are written down explicitely below 

-i (pb}' 

iu- iu* (b2
)- i (p2b), 

(2.64) 

(2.65) 
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i(u (b)*- u* (b) ), 
i [u ((p- (p))b)*- u* ((p- (p))b)], 
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(2.66) 
(2.67) 

where a2 = (p2)-(p)2 is the energy spread and (p) is the average electron energy. The 
cross-moment (pb) drives the bunching. The z-evolution of this moment depends on 
the higher moments W) and (p2 b), which are subjected to linearization. 

The following initial conditions are considered. Within a segment of the electron 
pulse, the electrans are distributed nearly homogeneously in the ponderomotive phase 
1/J, such that the initial bunching factor (b) and cross-moment (pb) are small 

(b)lz=o(z) = (b) 0 (z) <t: 1, (pb)lz=o(z) = (pb) 0 (z) <t: 1. (2.68) 

The initial averaged energy and energy spread are denoted by p0 and a0 , respectively. 
These quantities are considered to be uniform over the electron pulse. Furthermore, a 
small radiation field is present 

u lz=o(z) = uo(z) <t: 1, (2.69) 

which varrishes outside the electron pulse. The z profiles of u0 , (b) 0 and (pb) 0 are given 
by means of the Fourier series 

ûo(m) (2. 70) 

where Kmin = 1/2Nbp is the (normalized) minimum waverrumher associated with the 
finite length Lb of the pulse. Similar equations hold for the Fourier series of (b) 0 and 
(pb) 0 . Note that a non-zero Fourier coefficient û0 (m) corresponds to an optical field 
with a frequency ów/w = m/2Nb shifted from the main frequency w. 

2.5.2 Linear solutions in a high gain single pass FEL 

U pon linearization around the initial conditions, it is easily seen from Eqs. (2.66)-(2.67) 
that the rate of change of (p) and (a2

) is determined by quadratic terms in small 
quantities. Herree they are constant in linear theory. This can be used to linearize the 
higher moment 

such that, upon using (b2
) ~ 0, the linearized FEL equations are 

(8z+8z)u 

az (b) 
az (pb) 

i (b)' 
-i (pb) ' 
iu + i(p~ - a6) (b) - 2ipo (pb) . 

(2.71) 

(2. 72) 
(2. 73) 

(2.74) 

This result differs from the linear equations presented in [22] by including the term 
proportional to the energy spread a5. 
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The generated optical pulse can he divided into three distinct parts (see Fig. 2.8a-c). 
In the leading edge (LE) of the light pulse the light has overtaken the electrous and is 
no longer amplified. This part is characterized by 

(2.75) 

where (3 = 0 is the edge of the light cone emerging from the front of the light pulse 
z Lb. A so-called steady state (SS) region exists in the middle of the pulse, which is 
defined by 

(2.76) 

a = 0 being the edge of the light cone from the end of the light pulse 
z = 0. The name of this region originally refered to the light emitted by a long 
L 8 » Lslip and homogeous electron beam [21], in which all profiles, including that 
of the inital radiation, are uniform (m 0 component only). The emitted radlation 
remains uniform in z, i.e. in steady-state, such that slippage is a subdominant process in 
this case. When a Fourier mode m i 0 is present in either one of the initial conditions 
u0 , (b)0 or (pb) 0 , the resulting light will be non-uniform (8:zu i 0). In the presented 
analysis we will continue to use the term 'steady state' for this region. The third part 
is the traHing edge (TE) at the end of the light pulse, 

a> 0. (2.77) 

The radlation is non-uniform in this part since the initiallight pulse has sFpped over 
the electrons, leaving them prehunebed by the initial radiation. 1 

The radlation field in each of these regions is obtained from the linetrized FEL 
equations in three steps [20, 21] : (i) Laplace transformation in the z coo~dinate, (ii) 
integration of the wave equation over the z coordinate, and (iii) performing lthe inverse 
Fourier transformation. It is straightforward to show that this procedur€1 yields the 
following results for the radlation field in the leading edge uLE' the steady state region 
u 55 and in the trailing edge uTE 

+ t L::>Mj(m) t ~~S {kiei(k-p:)(f3k+imn)minLb }, 
J==O m n==l n .w. ' m 

z) 
2 3 

+ ~ ~ Ûi ( m) ,?; ~~~ { ki ----:--:---:---

t LÛj(m) ~es {kjei(k-p~a(k-iz/()k2-u~) }, 
j=O m k-±ao .w. ' m 

where 

b.(k, m) k(k2
- cr5) -(Po- mKmin)(k2

- erg)+ 1 

is a generalization of the cubic polynomial presented in [21], and the functions 

Ûo(m) ( (pb) 0 - Po(b}0 + a~ûo) (m), 

1Ü1(m) (b)0(m), 

ûo(m) 

(2.78) 

(2.79) 

(2.80) 

(2.81) 

(2.82) 

(2.83) 

(2.84} 
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Figure 2.7: The growth rate r of the unstable solutions of Eq. (2.81) as a function 
of the effective energy detuning Po - mKmin and for three values of the initial energy 
spread. 

represent the Fourier components of the initial radiation field u0 , and the bunching 
factor (b)0 and cross-moment (pb) 0 • The summation in Eq. (2.78) and Eq. (2.79) are 
over the three roots kn (n 1, 2, 3) of the disperion relation t:.(k, m) = 0. 

The different character of the leading edge and steady state solutions (2.78) and 
(2. 79), and the trailing edge solution (2.80) is mathematically expressed by the different 
character of the pol es that contribute to the residu es. The radiation field in the steady 
state region Eq. (2.79) is determined by the residues of the three simple poles kn(m), 
n = 1 3, associated with the roots of t:.(k, m) = 0 (the leading edge is analogous to 
the steady-state region). This field can be written as 

(2.85) 

Exponentially growing ( unstable) solutions exist as long as the unstability criterium 

(2.86) 

is satisfied. Figure (2.7) shows that the maximum growth rate (f ~V3) of each 
Fourier component m occurs at p0 mKmin ~ 0. Note that the effect of energy spread 
amplification can be neglected fora high quality electron beam (a0 ~ 1). The resulting 
single pass gain Glin was depicted in Fig. 2.3 for the case of uniform radiation. 

The radiation in the trailing edge Eq. (2.80) is determined by the essential singular 
poles k = ±a0 • This physical explanation for the preserree of this pole is that the 



34 

(o) z=12 

0.06 

r' 
''. (b) Z=6 

0.04 

TE .,._ 
0J)2 

J 

310"' 
(a) z=O 

/ 

I \ /\ /\ 

/ \ / \ /: 
I I I 1 

SS LE 

/\ / \ /\ 
I I \ I 

10 

\/ I 

20 
Z=z-vt 

\ . 

Chapter 2. Theoretica] Framework 

-multi.-electron simulatlon 

40 10 15 

Figure 2.8; Amplification and propagation of a seed radiation pulse in a high-gain FEL, 
as obtained Erom the multi-electron simulation. A uniform electron pulse is considered 
with average energy Po 1 and energy spread a0 0. The electrans are dlstributed 
homogeneously in energy and phase: (b)0 (pb)0 0. The initia.llight pulse coincides 
with the electron pulse, which has a pulse length Lb = 30. The radiation intensity, 
starting from a uniformseed pulse (solid Jines), is shown as a function ofpulse position 
z. Three different positions in the undulator are considered: (a) at z = 0, (b) at z = 6 
and (c) at z = 12. The intensity is also depicted as a lunetion of z for each parts of 
the radiation pulse: (d) at z = 1 in the TE, (e) at z 15 in the SS region, and (f) at 
z 35 in the LE. The dasbed lines in (d)-(f) represent the results Erom linear theory. 
The dashedjdotted lines in (a)-(c) show the radiation Erom a non-uniform Sf!ed pulse, 
which consists ofthe fundamental frequency (m = 0) and the m = +8/m = -8 Fourier 
components. 
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electrous experience a large gradient in field strength, due to the fact that the step
shaped radiation pulse slips over them. An approximate expression in case of uniform 
profiles (m = 0) is presented in [23], where the metbod of steepest descends [24] is 
employed. 

In Figure 2.8 the linear solutions in each of the three regions of the light pulse are 
compared with the multi-electron code. A uniform electron pulse is considered with an 
initially homogeneaus electron energy and phase distribution ( (b) 0 = {pb)0 = 0), such 
that the radiation grows from a seed radiation pulse u0 • In (a)-(c) the pulse profile 
is shown, at a specific position in the undulator. In (d)-(f) the radiation intensity is 
monitored as a function of z, at a fixed position in the electron pulse. Note that the 
radiation intensity in (f) starts to grow from z 5, since it takes a while before the 
radiation has propagated towards z 35. 
The results are in good agreement with the linear solutions Eqs. (2.78)-(2.80) upto 
about z 8. The gain is sufficiently high such that for z ?:: 8 non-linear processes will 
start to play a role. In this regime the electrous transfer a significant fraction of their 
energy to the light pulse. Hence their average energy can not be considered constant 
anymore. The slow synchrotron motion in the ponderomotive potential will cause the 
electron energy to increase and decrease periodically, leading to a decrease and an 
increase of the radiation intensity (see (e) for example). This non-linear process will 
be discussed in Chapter 6. The saturation level in the SS is much higher then in the 
TE (see (c), or campare (d) and (e)). This is due to the reduced longitudinal overlap 
between the pulses. 
The dotted and dasbed lines in (a)-(c) show that a periodically modulated seed ra
diation pulse leads to non-uniform radiation in the SS region. The peak power level 
of the oscillations can exceed the radiation intensity of the uniform radiation, which 
is at the most 2.5. This higher peak power level is due to the fact that the electrans 
eau give up all their energy in a fraction of the interaction time, as was discussed in 
Section 2.4.1. Furthermore, as compared to the initial modulation level, it is clear that 
intensity modulations increase in the case of the positive m Fourier mode, and deercase 
for the negative m mode. This is explained by the fact that, according to Fig. 2. 7, the 
growth rate of each of these modes is higher, repectively lower than that of the m 0 
mode. 
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Figure 2.9: Ty pical intensity of the intra-cavity light pulse (solid line) in a nearly 
synchronized cavity ó,L/ À = 0.5 (a-b), and in a desynchronized ó,L/ À = 3.0 (c-d). 
The light pulse is monitored at the entrance of the undulator, where it overlaps with 
the electron pulse (dashed line). The simulation parameters are close to those of FELIX 
: p = 0.007, Nu = 38, Po = l.0 and 0'0 = 0.65 . The electron pulse has a parabolic shape 
X = 1 - (2z - Lb)2 / L~ , where Lb = 30 X 27rp, and is homogeneously distributed in 
phase. The ini tial optical pulse coincides with the electron pulse. 

2.5.3 Longitudinal aspects of a low gain resonator FEL 

In a resonator FEL, like FELIX [14], the gain is too low to reach the non-linear regime 
in a single pass. Thus a large number of roundtrips through the cavity are required to 
reach the saturated stage. At each passage through the undulator, the light pulse is 
coherently amplified by a new ly injected electron pulse. 

The synchronization between the light and electron pulses plays an important role 
in the amplification process of the light. One speaks of a synchronized cavity when the 
roundtrip time Trt = 2Lc/ c of the optical pulses exactly matches the repeti tion ra te Trep 

of the electron pulses, Lc being the cavity length, such th a t they enter the undulator 
at the same instant in time. After a single passage through the undulator, the highest 
radiation intensity can be found at the back of the optica l pulse and within a slippage 
leng th L s1ip behind the front of the light pulse, as is shown in Fig. 2.8(b). This implies 
that the effective velocity of the light pulse is reduced . In case of a synchron ized cavity, 
this lethargy effect causes the amplified light pulse to enter the undulator a time L slip / c 
later then the electron pulse [25]. For short electron pulses , i.e. wh en the bunch length 
is a fraction of the slippage length, this leads to a reduction of the longitudinal overlap 
between the pulses and a decrease of the pulse averaged gain. The gain can be restored 
by shortening the laser cavity by a n amount ó,L, with respect to the synchronized case. 
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This apparent desynchronization of the cavity leads to an effective synchronization of 
the light and electron pulses which holds for many roundtrips as long as the gain is 
sufficiently large. 

This process is shown in Fig. 2.9 for two values of the cavity shortening. The results 
are obtained from the multi-electron model , for FEL parameters close to those of FE
LIX. The multi-pass calculations are performed by including a total 2% power loss per 
pass to account for mirror absorption loss. '0ie do not consider power extraction here6 

The light pulse in (a) and (c) is depicted for a different cavity desynchronization, af ter 
10 roundtrips and starting from the same initial conditions. Here the FEL still operates 
in the Iinear regime. The pulse is monitored just before entering the undulator. The 
large longitudinal overlap between the electron and light pulses in the desynchronized 
cavity (c) leads to a higher gain. 

When the FEL reaches the saturated stage, the gain of the light will decrease and 
the velocity of the light pulse will increases towards c. The cavity shortening now leads 
to a decrease of the longitud inal overlap between the pulses (see (d)), since the light 
pulse enters the undulator earlier then the electrons do. Consequently, the intensity 
peak will run more and more away from the electrons in the subsequent roundtrips. In 
the region behind the peak a second pulse is generated, which will also run away from 
the electron pulse. Af ter a number of such cycles, which are referred to as limit cycles in 
the FEL community [26], the light pulse will consist of a train of high intensity peaks. 
The pulses are c1early separated for a large cavity desynchronization. The first peak in 
(d) is decreased due to minor absorption loss. Note th at the radiation intensity in (b) 
is a factor 10 higher then in (d) . However, one cannot increase the intra-cavi ty power 
through a furth er reduction of the cavity-desynchronization , since the gain of the FEL 
will also decrease. 

6The influence of aperture 10ss in a hole-coupled cavi ty on the spat ial structure of the light pulses 
is emphasized in Chapters 3 and 4. 
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Appendix 
Spontaneous Emission Spectra in a Helical and a Planar Undulator 

The spontaneous radiation intensity d2 I I dwdfl, emitted in a frequency range dw and 
in a solid angle dfl around the direction of observation is calculated from the Liénart
Wiechert potentials under the assumption that betatron motion can be neglected. In 
a helical undulator and in the y- z plane of a planar undulator, it can be.written as 
[8] 

d2J = 2(e'YN;)
2 .f (~ sinv)

2 
:Fn('YB) 

dwdfl 1T€oC n=l Auo V 
(2.87) 

where 'Y(J is the angular opening with respect to the z-axis and v = 1TNu(J- nw0 )lw 
denotes the frequency deviation around the nth harmonie of the fundamental frequency 

2')'2 
w =ck . 

0 ul +A~+ 'Y2(J2 

The factor (sin v I v )2 determines the speetral line-shape of the spontaneous radiation. 
The angular intensity distribution of each frequency harmonie is determined by 

where the symbols An,m, X, Ç and Z are defined by 

00 

: helical undulator 
(2.88) 

: planar undul~tor, 

(-l)n+m :E (-1)1Jt(nÇ)[Jn-2t-m(nZ) + Jn-2!+m(nZ)] (2.89) 
l=-oo 

x 
1 + A~ + 'Y2(J2' 

and Z v'2x, (2.90) 

and Jt is a Bessel function of order l. 
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Chapter 3 

Slippage and Scattering 
of Light Pulses in Hole-Coupled 

Free-Eiectron Lasers 

Abstract 

The synchronous interaction between a light pulse and a pulsed relativistic 
electron beam in a hole-coupled resonator Free Electron Laser (FEL) is in
vestigated. The spatial structure of the light pulse inside the cavity and the 
fraction of power lost through the aperture are strongly infiuenced by the over
lap between the light and the electron beam pulses, both in the transverse and 
in the longitudinal directions. The pulse shape is determined by the compe
tition between power loss and scattering at the aperture, by the gain due to 
the resonant interaction with the electrous and by the slippage with the re
spect to the electron pulse. At the back of the optica! pulse, where the main 
interaction with the electron pulse occurs, gain and the associated focusing 
are dominant. The front of the optical pulse tends to overtake the electrous 
and will finally propagate in vacuum. In this front region of the pulse, the 
on-axis field intensity is reduced only due to scattering. The infiuence of these 
competing mechanisms on the intra-cavity field distribution and the extracted 
power is analyzed. 
The full spatial structure of the optical pulse is taken into account, whereas 
the electrans are considered to move in a density averaged ponderomotive po
tential. Emittance and betatron oscillations of the electron beam are included 
as far as they lead to a variation of the beam envelope. The phenomena are 
demonstrated numerically for FEL parameters close to those of FELIX [1]. 
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3.1 Introduetion 

The Free Electron Laser (FEL) is a versatile souree of coherent radiation, opening up 
many new applications because of its high output power and wide range of tunability 
[2]. Most existing FEL devices, for example the Free Electron Laser for Infrared eX
periments (FELIX), operatea in a resonator contiguration [1]. The intra-cavity light is 
coupled out through an on-axis aperture in one of the cavity mirrors. Compared to 
other out-coupling schemes, like a Brewster plate [3], hole-coupling provides a braad
band extraction of radiation, which ensures the wavelength tunability of the FEL. A 
disadvantage is that hole-coupling changes the radial profile of the intrl!,-cavity light. 
This 'scattering' effect can lead toa reduction of the extracted power [4]. 

A research program was initiated at 'Rljnhuizen' several years ago in order to ana
lyze this problem. An numerical model, in which a continuous electron beam provides 
the FEL gain-medium, and which includes the reileetion of the light on the cavity mir
rors, showed that during each roundtrip the radial profile of the light is'influenced by 
two counteracting processes [5]. On the one hand, power is lost through the aperture 
which tends to reduce the field intensity on-axis. This will be partially cornpensated by 
diffraction of the electro-magnetic field in subsequent reflections on the mirrors [9]. On 
the other hand, the resonant interaction with the electron beam leads to amplification 
of the optica! field, in particular on-axis. Although these processes caiJ.se the trans
verse profile of the light to alter from pass to pass, hole-coupling can succesfully be 
used for power extraction as long as the gain of the FEL is sufficiently 'igh to restare 
the on-axis intensity (6, 7, 8]. 

The pulsed character of the electron beam, which will lead to the generation of a 
pulsed optica! field, was not taken into account in this analysis. In the case of short 
electron pulses, one can expect that the spatial structure of the light pulse inside the 
cavity and the fraction of power lost through the aperture are strongly influenced by 
the overlap between the light and the electron beam pulses, both in the transverse 
and in the longitudinal directions. We refer to a short electron pulse if the pulse 
length is a fraction of the slippage length, which is the distance over which the light 
pulse has overtaken the electron pulse after one passage through the undulator. The 
overlap between the radiation and the electron pulses in the longitudinal direction 
is determined by their difference in velocity, the gain and by the synchronization of 
the light and electron pulses. This synchronization is governed by the cavity length. 
The pulses are synchronized when the roundtrip time of the optica! pulse matches the 
repetition rate of the electron pulses, such that they arrive at the same instant at the 
undulator entrance. Due to the exponential character of the amplification process in 
the linear regime [11], the signalis largestat the back of the optical pulse. This means 
that the light pulse is effectively slowed down, such that, upon being reflected on the 
cavity mirrors, the light pulse willenter the undulator a fraction of time later. This 
lethargy effect leads to a rednetion of the longitudinal overlap between the pulses, in 
partienlar when the electron pulses are camparabie to the slippage length [12]. As a 
result, the pulse-averaged gain is reduced. The gain can he restored by shortening 
the laser cavity, such that the overlap between the pulses is increased. This apparent 
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desynchronization of the cavity leads to an effective synchronization of the light and 
the electron pulses, which holds for many roundtrips as long as the gain is sufficiently 
large. During this phase, gain dominates over losses and diffraction, and determines the 
transverse structure of the optica! field. When the laser reaches saturation, the effective 
velocity of the pulse will increase. The pulse begins to overtake the electrous and 
will eventually run ahead of the electron pulse. As a consequence, the radial profile 
of the light pulse will finally be dominated only by power loss and diffraction at the 
aperture. It will be shown that the resulting radial structure yields a 'screening' of the 
mirror aperture. Bebind this pulse, a second pulse will grow as in the linear phase. 
U pon reaching saturation, also this peak wil! overtake the electrous and the cycle starts 
again. This process implies that the intra-cavity field distribution consists of pulses 
tied to the electrous and of freely propagating pulses. These contributions have a quite 
different transverse structure, in partienlar near the axis. For large wavelength, the 
radial profile of the light pulse is mainly determined by transmission loss due to the 
finite transverse size of the mirrors. 

In recent years, a considerable effort has been put forward in the development of 
simulation codes and of analytica! methods descrihing a wide range of phenomena. For 
instance, the generation of sideband modes and slippage related effects as superradi
ance and laser lethargy [13, 14] can be explained by a time dependent, spatially one 
dimensional model [15]. Several spatially three dimensional models [17, 18, 19, 20, 21] 
include gain-induced focussing of the optica! field and describe a realistic 'warm' elec
tron beam by solving the complete set of the electron equations of motion. However, 
only a few of them include finite pulse effects [22, 23]. 

In order to investigate the combined influence of the forementioned effects, a model that 
is suitable for the investigation of pulse propagation in a hole-coupled resonator FEL, 
is presented in the next Section. The radiation field is expanded into a set of transverse 
vacuum modes. The longitudinal electron motion is calculated exactly, whereas, unlike 
the forementioned three dimensional models, only the averaged transverse motion of 
the electron beam envelope is accounted for. Emittance and betatron oscillations 
are included through the variation of the beam envelope. The justification of this 
assumption is related to the radial inhomogenity of the radiation and undulator fields. 
Off-axis electrous experience different undulator and radiation fields than electrons 
close to the longitudinal axis. This effect, which enters the souree term indirectly, is 
taken into account in a density-averaged way. Since the electrous may be considered to 
move in an effectively 1 ~ D ponderomotive potential, the model will be referred to as 
the 1~D model in the remainder of this paper. lt will be shown in Chapter 5 that the 
model is valid as long as transverse varlation of the radiation field over the cross-section 
of the electron beam is small. In Section 3.3, the model is applied to an axisymmetric 
resonator configuration using an on-axis hole for power extraction. Numerical results, 
demonstrating the combined effect of slippage and of the radial mode structure on the 
energy density distri bution of the radiation pulse, are presented in Section 3.4. Section 
3.5 summarizes the conclusions. 
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3.2 Description of the model 

The discussion is restricted to the Compton-regime of FEL operation. The undulator 
is either helical or planar, with strength Au(a:), wave number ku and consistsof Nu 
periods. The radiation field is assumed to be dominated by a single longitudinal mode 
A, = u exp[i(kz wt)], where w = ck, such that the complex amplitude u is slowly 
varying in both time and space. The potentials and momenta are normalized to units 
of elmc and me, respectively. 
Starting point for the description of the model is the paraxial wave equation, which 
was presented inSection 2.3 

The wave equation can be derived from Maxwell's equations under the assumptions 
that the radiation field propagates mainly along the z-axis and that its speetral width 
remains small. Both radiation and electron pulses are considered to be a function of the 
time-like coordinate z = 'lj;l(k + ku) = z- vpont, where 'Ij; is the ponderomotive phase 
and Vpon w I ( k + ku) is the phase velocity of the ponderomotive wave. The reason for 
this transformation is that, in the exponential gain regime, the electrous have a natura! 
tendency to slow down the radiation pulse towards Vpon· The souree term 

1

S is averaged 
over a ponderomotive wavelength Àpon = 21r I ( k + ku) in the z coordinate in order to he 
consistent with the slowly varying amplitude approximation. Here w; =::! e2nolf.om /r, 
n0 is the average density in the electron pulse and 27rr~ is the spotsize of the electron 
beam. The parameter fB arises from averaging the equations over an undulator period 
in a planar undulator [2], as was discussed in Section 2.3.1. lt is equ.U to unity in 
a helical geometry. Furthermore, the longitudinal electron density profl,le is given by 
dimensionless function 

X(z) 
1 N, 

(3.3) 

where N2 is the number of electrous within a z-segment of size Àpon· As is shown 
in Section 2.4, N, is approximately constant for all values of the energy detuning of 
practical interest. This implies that besides the radiation pulse, also the electron pulse 
may be thought of as being divided into z-segments of length Àpon· 

The transverse behaviour of the radiation field is modelled by decomposing the field 
into a complete set of transverse basis functions W nm with ( z, z) dependent coefficients 

u( a:, z, z) = L Unm(z, z)Wnm(a:, z). (3.4) 
n,m 

The basis functions Wnm satify the homogeneons wave equation (V]_+ 2ik8z)Wnm = 0 
and are orthogonal with respect to integration over the transverse coordinates. The 
practical applicability of such an expansion lies in the fact that basis functions exist 
which satisfy the natura! boundary conditions of the cavity-mirrors of interest [24]. 
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Substitution of Eq. (3.4) into Eq. (3.1) leads to a set of differential equations for each 
of the coefficients Unm 

(3.5) 

where the transverse cross-section w~m fd2rolWnml2 is the normalization factorand a 
superstar denotes complex conjugation. This result can also be obtained from Eq. (3.1) 
using a Green function metbod or from the Huygens-Fresnel integral [25, 26]. The 
coefficients Unm are coupled through the souree term S, which has to be calculated 
self-consistently from the electron equations of motion. 

The electron orbits are governed by the six dimensional equations of motion as 
given in Section 2.3.1, averagedover an undulator period. This approximation, which 
will he discussed in Chapter 5, is valid since the radiation field varies slowly over Àu. 

The presented model differs from other spatially 3D models, by including the fulllon
gitudinal motion, whereas the motion in the transverse direction is only approximately 
accounted for. The main assumption is that the transverse dependenee of the electron 
beam can be described by a Gaussian density profile 

e-[x2/2X2+y2/2Y2] 
n(ro, z, z) ~ n0 X(z) , 

21rXY 
(3.6) 

where the beam envelope X(z, z) = j[ii} is the typical transverse extension of the 
electron pulse in the x-direction. The brackets 

(3.7) 

denote a density average over the transverse dimensions of a z-segment of the electron 
pulse. The z-dependence of the beam envelope X is governed by the natural divergence 
of the beam, due to a fini te emittance, and by the focusing properties of the undulator 
field, which will give rise to a slow 'betatron' oscillation of the beam envelope. The 
oscillatory character is determined by the radial variation of the undulator strength 
A~(ro) ~ A~0 (1 + k~x2 + k;y2

), where the secoud and third term inthebrackets are 
small compared to unity. This describes an undulator with a linear focussing force. 
The values of kx and ky depend on the geometry ofthe undulator, i.e. kx ky k"./VÏ 
in a helical geometry, and k., = ku, ky = 0 in a planar undulator. lt can he shown that 
X satisfies the differential equation [27] 

(3.8) 

where Kf3x Auokxhr is the betatron wavenumber and ex(z) = 41r[(x2)(P;)-(xPx)2]112 

is the normalized emittance of the electron pulse. This result is obtained by neglecting 
the small variation of the longitudinal momenturn Pz in the transverse equations of 
motion, such that they can be solved independently. In addition, we averaged the 
resulting equations over an undulator period >.,... The differential equation can be 
solved exactly with the result [28] 

(3.9) 



46 Chapter 3. 5lippage and scat tering of light pulses in hole-coupled FELs 

where Xo(z) is the minimum spotsize of the beam at z = 0, and the betatron parameter 
rl3x(z) = (éx/41fAuokxXJ) determines the amplitude of the betatron oscillation. A 
similar equation describes the evolution of the envelope Y in the y-direction. The case 

r~x = r~y = 1 corresponds to a matched-beam. 
The averaged transverse motion is taken into account by application of the density 

average to the source term and to the longitudinal equations of motion Eqs. (2.39)
(2.40). Since all radial profiles are known, the averages can be calculated analytically. 

The wave equation can be written as 

where the surface ratio Çbnm = 21frllw;m accounts for the radial overlap between the 
electron beam and each transverse function, an asterisk denot.es complex conjugation, 

and the complex function 

{(I + k;X2 + k;y2)Wnm (x, z)) (3.11) 

Jd2x (1 + k;x2 + k;y2)Wnm (x, z) exp[-(x2 /2X 2 + y2/2y2)] 

is used to denote the density average. The averaged longitudinal equations of motion 
for each electron in a z-segment of the pulse are given by 

d1jJ 

dz 
d{ry 

dz 

{r'! 
2ku -, 

IT 

. kAuo ~ (J i1; J* * -i1;) 
2-- ~ nmUnme - nmUnme , 

2'T n.m 

(3.12) 

(3.13) 

where we also averaged the equations over an undulator period. This is avalid approx
imat.ion since both the longitudinal and transverse dynamics are slowly varying within 
an undulator period, as will be shown in Chapter 5. Furthermore, the effective mass 
/1~ of a 'warm' electron beam is defined to be the density average of the effective mass 
/12 of each electron, according to 

(3.14) 

Since /1; > 1 + A;;o, Eq. (3.14) shows that warm beam effects tend to increase the 
effective mass of the beam. This effect, which leads to a decrease of the average 
velocity of the electron beam, was taken into account in the resonant energy. Note 
that the term /12 - /1~, which entered the non-averaged phase equation Eq. (2.39), 
exactly cancels. This implies that only the ave rage t.ransverse motion is accounted for. 
The resulting qD model, formed by Eqs. (3.10) and (3.12)-(3.13), can be solved nu
merically with a computational effort comparable to a spatially 1D mode!. As shown 
in Chapter 5, the model is valid as long as transverse variation of the radiation field 
over the cross-section of the electron beam is smal!. For realistic FEL parameters, close 
to those of FELIX, the model is in excellent agreement with a spatially 3D simulation 
code [28]. To conclude th is Section, we note that the l~D model reduces to a 1D model 
when the radial extension of the undulator and radiation fields are neglected and, III 

addition, when only a single radial mode (i.e. n = 0) is taken into account. 
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Figure 3.l: The power distributioll II1' no l2 as a function of the radial coordin ate ç. Only 
the lowest CL functions are shown (n = 0, 1 and 2). 

3.3 Application to a hole-coupled axisymmetric resonator 

Although the model has a wider range of applicability, in this Section an axisymmetric 
resonator configuration is considered in which an on-axis aperture is used to extract the 
radiation from the cavity. The resonator consists of two circular, spherically curved 
mirrors, which are perfectly aligned. The hole is in either one of the mirrors. The 
radiation field can be cons idered to be axisymmetric u(r, z, i), 1" being the cylindrical 
radius , in case the interaction with the electron beam does not give rise to asymmetries. 
To this purpose , a FEL with a helical undulator is considered (kx = ky = ku/Vi). The 
electron pulses have equal emittance in both transverse directions, E = Ex = Ey, and an 
axisymmetric Gaussian density profile Eq. (3 .6) with X = Y = R/V2. Note th at also 
aplanar undulato r can be considered , as long as betatron oscillations remain smal!. 

3.3.1 Gauss-Laguerre basisfunctions 

Vacuum solutions of the parax ial wave equation can be obtained in terms of orthogonal 
Gauss-Laguerre (GL) functions (index n = ° because ofaxisymmetry ) 

l1'"o(ç, z) = 80 e - iÇ"e - (I-ia){/2 Ln(Ç) (3 .15) 
s 

where ç = 2"(2/ S2, S2 = S6(1 + 0:
2

), S6 21, / k IS the mlI1lmUm spotsize, o:(z) = 
(z - zw)/l" (n(z) = (2n + 1) arctan 0: and 

Ln (Ç) = t ( -1) m ( n ) ç11L 
m=O n - m m! 

IS the nth Laguerre polynomial wit.h argument ç. Each GL fun ct ion has the same 
waist position Zw and Rayleigh length Ir, which will be defined in the next Section. 
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The GL functions forma complete set with respect to the radial coordinate Ç, due to 
the orthonormality of the Laguerre polynomials 

00 

J dl, e-t; LnLm = Ónm• 
0 

The radial extension of the GL functions is an increasing function of the mode number 
n, as is shown in Fig. 3.1. Note that the main intensity of each GL function is located 
on-axis, since Ln(O) = 1 for each modenumber n. 

Since the basisfundions are explicitly known, the density averaged function Ino and 
the normalization w~0 , which enter the set of averaged equations, can be calculated. 
The result is 

Ino= .1 (1-~a O'b)n[1 +k;.R
2
(1+a

2
-ab(1 2~ ia~)], (3.16) 

1 + za + O'b 1 + za + O'b 2 1 + a 2 - a~ + 2zaab 

where ab = 2R2 (z, z)/ s5. The second term in the square brackets arises from the radial 
dependenee of the undulator field. The normalization w~0 1rsV2 is independent of 
the mode number and is equal to the minimum cross-section of the optica! field. 

3.3.2 Reflection and transmission 

The reileetion and transmission ofthe optica! field by the cavity mirrors plctY an impor
tant role in a resonator FEL since multiple roundtrips are required to reach saturation. 
In case an aperture is used for power extraction, the radial structure alters upon re
ilection, and Fresnel diffraction leadstoa subsequent change of the radial profile [26]. 
This implies that the transverse structure of the intra-cavity light changes from pass 
to pass and affects the interaction between the optical field and the electron beam by 
a change in their radial overlap. 

1 

The reileetion on the light on the cavity mirrors and the transmission ~hrough the 
aperture is described by means of the Huygens-Fresnel (H-F) integral (using A = 
u exp[i(kz wt)]) 

A(r, z) 
00 'k 

f 1 1 t { [ rdr --exp ik z 
z- z' 

(3.17) 
0 

which describes the propagation of the paraxial radiation from (r', z') to (r, z) in vac
uum (see the Appendix). The integral can be calculated analytically by expansion of 
both the incident and the refiected radiation fields into GL functions w:ith Rayleigh 
length and waist position chosen such that the optical phase front exactly matches the 
radii of curvatures Ru and Rd of the 'upstream' (z = 0) and 'downstream' (z Lc) 
mirrors [6] 

(3.18) 

Lc being the cavity length. This method leads to refiection and transmission matrices, 
which relate the radial mode structure of the refiected and transmitted light to the 
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mode structure of the radiation incident on the mirror. The matrices are discussed in 
the Appendix. 
The main result is that, after reileetion by the downstream and upstream mirror, 
respectively, the radial profile of a radiation pulse at the exit of the undulator { u:'t} 
is scattered into the radial structure {u~"} at the entrance of the undulator according 
to 

u~" rurd L ei<P''(n,k,m) 'Rnk(O)Rkm(Lc) u':;:t, (3.19) 
k=O,m=O 

where the real coefficients r u and r d, which are equal for each transverse function, 
account for absorption loss due to a finite conductivity of each mirror. The roundtrip 
phase 

</>rt(n, k, m) 2kLc ( ) (
Lc- Zw) 

2 m + k + 1 arctau lr 

-2(n + k + 1) arctau ( ~~) (3.20) 

is completely determined by the geometry of the cavity under consideration, and 
related to the Guoy-shift [8]. This phase consistsof the roundtrip phase 2kLc of a plain 
wave, and of a mode number dependent part of the GL functions. For both mirrors, 
positioned at z = 0 and z scattering of the mode structure is determined by the 
reileetion matrix 

{mr 

Rnm(z) = J d~ e-{Ln(~)Lm(~), (3.21) 
{ma 

where the integral over ~ is calculated analytically using the recurrence relations of 
the Laguerre polynomials. The normalized aperture and radius of the mirror are given 
by ~ma = 2r';,.a/ s2 and ~mr 2r';,.r/ s2

, respectively. Note that for a given resonator 
geometry, they depend on the radiation wavelength through the spotsize s2 of the 
optica! field. 
Note that transmission loss through the hole (aperture loss) and/or due to the finite 
mirror size (edge loss) can be neglected when €ma-+ 0 and/or ~mr-+ oo, respectively. 
In such a closed resonator, the reflection coefficients reduce to Rnm = Önm, where 
Kronecker's 6 is implied. As a result, Eq. (3.21) simplifies to 

(3.22) 

which demonstrates that the distrilmtion of radiation power over the radial func
tions lunl 2 

/ lun+ll2 is constant. This implies that the reileetion is determined by the 
roundtrip phase <Prt ( n, n, n) only. To stress the importance of this quantity, we mention 
that in absence of the electron beam, the GL functions are eigen-modes of the closed 
resonator in case the n-dependent part of the roundtrip phase Eq. (3.20) is equal to 21r 
(the n-independent phase 2kLc is leftout of the discussion). This phase degeneracy is 
characteristic for a symmetrie confocal resonator (Ru Rd = Lc), in which each GL 
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Figure 3.2: The radial intensity profile of the reBected radiation as obtained with la 
(solid line) and 15 (dashed line) CL functions, in case the incident radiation consists 
of a Caussion radial mode n = O. The reBected signal is depicted just aftel' reBection 
at the aperture (a), at the waist position Zw (b), at the second cavity mirror (c), which 
has no hole, and finally, just before reBection at the mirror with the hole (d). The 
mirror radii are assumed to be large such that edge losses can be neglected. Note that 
the 10 CL functions a.re suflicient to describe the intensity away hom the aperture. 

function is an eigen-mode. In any other resonator geometry, only a selection of the G L 
functions wil1 be eigen-modes. 

Being closely related to cavity-eigenmodes, the GL functions provide a useful! de
scription of the radial profile of the light in a closed resonator. The GL functions can 
stil! be used to describe the optical field in a hole-coupled resonator, desp ite the fact 
that t.he reftected light consists of the primary reflected wave and a Sommerfeld edge
wave, which wil! give rise to a rat her complicated intensity profile, as was discussed in 
Section 2.3.2. The main reason why one is allowed to perform numerical calculations 
wi th a finite number of GL functions , is that the scattering of energy of aG L function n 
into other functions, which is determined by the off-diagonal (m "# n) matrix elements 1 

R nm ~ O(çma) « 1, is much smaller than the energy scattered into itse lf. The latter 
is determined by the diagonal elements Rnn ~ 0(1) (neglecting transmission 10ss due 
to the finite mirror radius for simplicity). This implies that, if the incident radiation 
consists of the fundamental mode n = 0 or of the lowest higher order modes, the re
flected light will be dominated by these modes for a large number of roundtrips through 
the cavity, before the energy distribution lun l2 of the higher n GL functions becomes 
comparable to tha t of the initial functions. In addition, mirror edge loss will become 
important for the high n GL functions, since their radial extension increases with the 
mode number. This leads to astrong reduction of the reflection coefficient Rnn. The 
resulting energy loss is significantly larger then the fraction of energy scattered into this 

I According to parameters in Table 3.1, the aperture is considered to be smaller than the spotsize 
of the light at the mirror, Çma = 2r?na/[s6(l + a(W)] ~ 5%. 
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mode, 50 that the higher order GL functions will remain at a relat ively low power leve!. 
Finally, it should be noted that the large number of GL functions are only required 
to describe the near-field of the reflected radiation (i.e. close to the aperture). As is 
shown in Fig. 3.2, the diffracted signal further away from the mirror is weil described 
by a limited number of modes. This reflects the radially smooth intensity pattern of 
the far-field radiation [26]. 

The decomposition of the transmitted signal requires a large nu mb er of GL func
tions, since all matrix elements are of the same order of magnitude. This can be illus
trated by considering the transmitted u~ radiation in case the incident light consists 
of only a Gaussian mode Uó (see Appendix) 

émo 

u~ <X j df, e -éLn(f,)u~::: f,ma[l - ~(n + l)f,ma]u~. (n = 0,1,2"') (3.23) 
o 

This result shows that coefficients u~ of the extracted radiation converge very slowly, 
such that typically N ::: 2/f,ma » 1 GL functions are required to describe the trans
mitted signa!. This problem can be avoided by calculating the extracted power P vut 

directly from the radiation field ui = I: u~ Wno incident on the aperture rather than 
n =O 

by using a transmission matrix approach. The resulting outcoupled power is 

P 2 'j.m o'd I i [2 ( 2/2) "" 'Tl i i. -i(n -(m) 
out = 7f r r u == ?T So L /'--nmUnUm e . 

o n=O,m=O 

(3.24) 

For later use, we ment ion that the extraction ration 

(3.25) 

is the fraction of the extracted power and the intra-cavity power, which is given by 
00 . 2 . 2 

Pin = 27f Jrdr lu' l = (7fs6j2) I: iu~1 . 
o n=O 

3.4 Numerical results 

In this sect ion , results are presented that demonstrate the combined influence of the 
radial mode structure, the gain and slippage effects on the evolution of an optica.! 
pulse in a hole-coupled, axisymmetric resonator FEL. The results are obtained from 
the simulation code ELIXER in which the 1 ~ D model, appropriate to the axisymetric 
hole-coupled resonator, is implemented. The calculations are performed for the FEL 
parameters of Table 3.1 that are characteristic for FELIX [1]. 
The electron pulse Eq. (3.3) is approximated by a parabolic profile 

in the longitudinal direction, where Lb is the pulse length. The initial optical pulse is 
assumed to have the same longitudinal profile. For reasons of simplicity, it is assumed 
that both the electron beam envelope R(z), the beam emittance E, the initial energy 
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Table 3.1: Parameters Used in the Simulations. 

Basic FEL 
undulator period À u 0.065 m 
number of und. periods Nu 38 
initial electron energy 'Yo 46.3 
energy detuning &'Yho 1% 
energy spread a. 0.35% 
norm. emittance IE 70 1rmmmrad 
peak current I 75 A 
electron pulse length Lb 1.20 mm 

Cavity geometry 
cavity length Lc 6.00m 
mirror curvature (upstream) Ru 4.00m 
mirror curvature (downstream) Rá 3.00 m 
mirror radii Tmr 2.5 cm 
upstream mirror aperture Tma 1.5 mm 
undulator shift 0.90 m 

detuning Ó'Yo and energy spread ae are constant over the electron pulse. A matched 
beam is considered : 

t:./27r AuokuR~ 1. 

For a given emittance, this relation defines Ro R(z = 0). Furthermor~, the energy 
detuning is optimized for the highest linear gain. FELIX operates with an RF linear 
accelerator which generates a train of electron pulses. However, the repetition rate of 
the electron pulses is such that the generated optical pulses do not interact and evolve 
independently. 
The cavity consists of two mirrors at distance Lc. A tot al power loss of 2.5% is assumed 
for absorption on both mirrors. This implies that ru rd = 0.994. The aperture is in 
the upstream mirror. Furthermore, the center of the undulator is shifted with respect 
to the center of the cavity by an amount b.u, towards the downstream mirror. 

3.4.1 Cold cavity simulations 

In the absence of an electron beam, the influence of the aperture and fini te mirror size 
on the transverse structure { un} of the radiation field is investigated by simulating an 
optical pulse which undergoes multiple refiections in the 'cold' cavity. The radial profile 
of the optical pulse that evolves after a number of roundtrips depends on the refiection 
matrix and on the initial radial mode structure. The latter is assumed to be the n 0 
Gaussian radial mode. Convergent and reliable results are obtained with maximally 
10 Gauss-Laguerre (GL) functions. The radiation wavelength is À= 21rjk = 20J-Lm, 
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Figure 3.3: The distribution of pulse averaged energy over the radial modes and the 
extraction ratio r} as a function of the roundtrip number, showing the scattering of the 
initial radial profile into higher order radial modes. Only the even modes n = 0, 2 and 
4 are shown since tbe contri bution of other modes is much smaller. 

for which the reflection matrix of the downstream mirror is equal to the unit matrix, 
'Rkm(Lc) = &km, to good approximation. The normalized aperture and mirror radius 
of the upstream mirror are Ema = 0.057 and Emr 16.0, respectively. This implies that 
mirror edge loss can be neglected for the lowest GL functions n = 0- 5. The refiection 
coefficient 'Rnn of the n = 6 transverse function is already reduced to 83%. For the 
lowest functions (n ::; 5), the off-diagonal elements of the upstream reileetion matrix 
originate only from scattering at the aperture. 

The evolution of the radial mode structure is shown in Fig. 3.3. The initia! Gaussian 
radial profile is scattered mainly into the even transverse functions n 2 and n = 4. 
Higher even functions remain at a low level, as expected. The energy scattered per pass 
into odd modes is as large as the one that is scattered into even modes. However, after 
a number of scattering events, their contribution is much smaller. This is related to the 
roundtrip phase Eq. (3.20). For the specific geometry considered here, the scattering 
of each mode n into itself yields a phase change that is proportional to 

(3.26) 

Since the scattered energy originates from the Gaussian mode (n 0), odd modes see 
destructive phases each roundtrip. Therefore, they alternately gain and lose energy. 
As a result, the net energy transferred to odd modes is much lower then toeven modes, 
which are in phase each roundtrip and add up coherently. 

After approximately 50 roundtrips, a nearly stationary contiguration is reached in 
which the extraction ratio 'f), given by Eq. (3.25), is strongly reduced with respect to 
its initia! value. In Fig. 3.4 the energy density distri bution of the optica! pulse at the 
beginning of the first roundtrip and in the stationary region is shown. The results 
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Figure 3.4: The energy density of the optical pulse as a function of position z - ct (in 
units of a wavelength >.) and radial coordinate Ç 2r2 / s2 at the beginning of the first 
roundtrip (a) and in the stationary region (b). The pulseis monitored just befare the 
upstream mirror. The normalized radii of aperture and mirror are Çma =:= 0.057 and 
Çmr 16.0, respectively. 
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Figure 3.5: Pulse-averaged linear gain (per pass) as a lunetion of the 'desynchronisation' 
t:.Lj À. The wavelength is À= 20ttm. 

show that the mode composition of the optical field is changed such that the field 
intensity on-axis is strongly reduced at the upstream mirror. Such a low-loss structure 
consists of at least two GL functions, which have opposite phases at the position of the 
aperture. The creation of the specific radial profile is strongly enhanced by the fact 
that the phase relation between the involved GL functions, which is determined by q;rt, 
holds for many roundtrips2• According to Eq. (3.26), this is clearly the case for the 
even n GL functions of the FELIX cavity. Refering to the discussion below Eq. (3.22), 
we can refer to the FELIX cavity as being accidentally degenerate. 

For larger wavelengths, edge losses become more important andresult in a reduction 
of the diagorral elements in the reftection matrix. The reduction is stronger for higher 
radial mode numbers n. The 'screening' of the aperture is effective as long as the 
radial profile consistsof two GL functions. A necessary condition is that the reflection 
coefficient of the lowest even radial mode n = 2 (besides n 0) is sufficiently large. 
For the parameters in Table 3.1, the reileetion coefficient R-22 should be larger then 
0.90, i.e. for À < 40ttm, as will be shown in Section 3.4.2. For larger wavelengths, the 
radial mode structure consists mainly of the Gaussian mode, since all other modes are 
strongly reduced. 

3.4.2 Multi-electron simulations 

In the preserree of the electron pulse, the transverse and longitudinal structure of the 
light pulse are, besides by aperture loss and scattering at the mirrors, also determined 
by the amplification process due to the interaction and by the slippage with respect 

refer to the work of Faatz et al [6] for a detailed analysis of the influence of the roundtrip 
phase on the transverse radial profile in a hole-coupled resonator. 
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Figure 3.6: The average energy of the intra-cavity and extracted light pulses as a 
lunetion of roundtrip number. The energy density of the light pulse wiJl be considered 
at 10 roundtrips (I), where the FEL operates in the linear regime, and at 60 (IJ), 70 
(III) and 110 (IV) roundtrips, where the non-linear stage is reached. 

to the electron pulse. As pointed out in the introduction, a shortening .of the cavity 
leads to an effective synchronization of the light and electron pulses. The simulations 
presented here are performed at a cavity-shortening l!.LjÀ = -2.0, where l!.L 0 
corresponds to synchronization in case there would no internetion between the pulses. 
For this apparent desynchronisation, the gain of the optica! field is close to its maximum 
value, as shown in Fig. 3.5. 

Figure 3.6 shows the evolution of the pulse averaged energy of the intra-cavity and 
outcoupled light pulses. Starting from a peak power level of 0.1 W, the FEL operates 
in the linear regime up to approximately 50 roundtrips. In the subsequent roundtrips, 
both the extracted and the intra-cavity energy becomes saturated. A typical example 
of the energy density of the optical pulse and its decomposition into GL tnodes in the 
linear regime is shown in Fig. 3. 7. The main fraction of the optica! power overlaps with 
the electron pulse, which is located in the region [0, Lb 60Àpon] for the wavelength 
considered. Since there is a finite cavity-shortening, this implies that the group velocity 
of the optical field is reduced. The radial mode structure of the pulse consists mainly 
of the first three even-n GL modes of which the Gaussian mode (n=O) is dominant. 
Due to the gain, the energy density is concentrated near the axis. The largest values 
occur slightly off-axis. This is due to the same mechanism that leads to 'screening' 
of the mirror aperture when the electrans are absent. From a comparison with the 
cold cavity results in Figs. (3.3)-(3.4), one can conclude that, for the same number of 
roundtrips, the transverse profile is dominated by the gain due to the interaction with 
the electron beam, rather than by scattering due to the aperture. ' 

The evolution of the optica! pulse in the saturated regime can be described as 
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Figure 3. 7: (a) The energy density of the light pulse after 10 roundtrips, where the FEL 
operates in the linear regime, as a function ofthe longitudinal position z z-Vpont (in 
units of Àpon) and the radial coordinate Ç 2r2 / s2 • The pulse is monitored just befare 
the upstream mirror. (b) Distribution of the radiation power over the radial modes 
and the extracted power as a flmction of the position in the pulse. The electrans are 
located in the region [0, 60)..pon]· Only the dominant modes are shown (n 0, 2 and 
4). The radiation wavelength is 20p,m. The normalized radii of aperture and mirror 
are the same as in Fig. 3.4. 
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follows. First, due to the small gain, the effective velocity of the light pulse is increased. 
As a result, the optica} pulse runs away more and more from the electron pulse, as shown 
in Fig. 3.8a-b. In the subsequent roundtrips, only the electrous within a slippage length 
bebind this first peak are affected by its high power level. In this region, a secondary 
peak is created, which consists mainly ofthe n""'2 radial mode. The intra-cavity power 
of this peak remains much lower then the first peak, because of a limited interaction 
time. Nevertheless, it gives a comparable contribution to the extracted power. 

A slippage length Lslip ""' N,j"pon behind the first peak, a new peak is generated which 
eventually will grow as large as the first peak, as is shown in Fig. 3.8c-d. The longitu
dinal and radial structure of this pul se is quite si mil ar to those shown in Fig. 3. 7. This 
is explained by the fact that the electrous near the trailing edge of the electron pulse 
have experienced only a low optica! field and therefore radiate as if they were in the 
linear regime. 

This process is repeated periodically and leads to what has been called 'limit-cycle' 
oscillations [30] in the power coupled out, as is shown in Fig. 3.6. The energy density 
of the optica! pulse near the end of the third cycle is shown in Fig. 3.9. The first two 
pulses are completely decoupled from the electron beam and propagate as if they were 
in a cold cavity. The first pulse is already strongly reduced in amplitude due to losses 
by mirror absorption. Their radial structure is influenced by scattering on the mirror 
only. In agreement with the results of the cold cavity simulations, a radial profile 
develops in which the on-axis field intensity is reduced. The radial mode structure of 
the two pulses differs from the result in Fig. 3.3, since they arise from different initia! 
profiles. 

Fora 'desynchronization' length with a more negative value, the separation between the 
pulses becomes larger. This implies that mirror scattering becomes more important. 
When the gain decreases, i.e. for D.L < -4\ an additional narrowing of each pulse 
occurs. 

In Fig. 3.10 our qD model, which includes the full transverse structure of the optica! 
field, is compared with a lD model. The lD results are obtained by neglecting the 
radial extension of the undulator and radiation fields and, in addition, by taking only 
a single radial mode (i.e. n 0) into account in the l~D. The results show that the 
intra-cavity pulse energy is higher, although the extracted energy is considerably lower 
than in the lD simulation. This is explained by the fact that a large fraction of the 
energy density is located off-axis. 

The scattering of the radial mode structure and the gain depend on the radiation 
wavelength. For the wavelength ranges (18- 40)JLm and ( 40- 70)JLm, Fig. 3.11 shows 
the extraction ratio 'f/ in comparison with the corresponding value from the lD model, 
denoted by 'f/Gauss· This extraction ratio is equal to the 'R00 element of the matrix in 
Eq. (3.24) : 'f/Gauss = 'Roo 1 - e-{ma. The wavelength scan is obtained by changing 
the undulator strength Au while keeping other parameters fixed. The calculations are 
performed for a fixed cavity-shortening D.L, optimized for maximum gain at the lowest 
wavelength in each range. The extraction ratio is significantly lower than that of the 
lD model, for wavelengtbs up to approximately 32JLm. For these small wavelengths, 
the extraction ratio depends strongly on the radial mode structure of the light. The 
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110 roundtrips, near the end of the third cycle. All parameters are the same to 3. 7. 
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irregularity in this range is related to the radial profile which is due to the combined 
effect of the undulator strength, slippage, desynchronization and scattering at the 
mirrors, which all depend on the wavelength. These effects can result in small changes 
in the relative phases of the radial mode structure inside the cavity and can lead to 
significant changes in the power coupled out. 
For larger wavelengtbs .À '2:: 40Jim, the edge losses increase due to a larger spotsize. The 
higher order GL modes lose a considerable fraction of their energy upon refiection at 
the mirrors since their radial extension is larger then the Gaussian mode, whereas the 
latter is still sustairred by the cavity. As a result, the higher order modes are saturated 
at a low power level such that the mode structure consists mainly of the Gaussian 
mode. In Fig. 3.12 a light pulseis shown at a radiation wavelength 70Jim,, generated 
by the sameelectron pulsesasin Fig. 3.9. At this wavelength the lowest even (n = 2) 
higher order GL mode already loses 60% and 10% upon reileetion at the upstream and 
downstream mirrors, respectively, whereas the total edge loss of the Gaussian mode 
is of the order of 1%. The effective screening of the aperture, which accured in the 
presence of higher order modes, is clearly strongly diminished. It should be,mentioned 
that higher-order GL modes, in partienlar the n 2 GL mode, are still residually 
present since they are generated by the electrous each roundtrip. 

3.5 Conclusions 

In a hole-coupled resonator FEL, which employes a continuons electron beam as gain
medium, the radial profile of the optical field inside the cavity is determined by the 
amplification process, by power loss through the aperture and by scattering at the 
mirrors. In pulsed beam operation, the additional effect of slippage couples the radial 
and longitudinal structure of the light pulse. 
The main topic adressed in this chapter is the spatial structure of the optical pulse 
inside the cavity and the fraction of power lost through the aperture. In the linear 
regime of FEL operation, the optical pulse is confined to the electron pulse. The 
transverse field structure consists mainly of the n 0 Gaussian radial mode with 
its maximum amplitude on the axis. After saturation has been reached, the light 
pulse overtakes the electrous and eventually does not interact with the electrous any 
more. In this cold cavity region, a substantial fraction of the radiation intensity of the 
Gaussian mode is transferred to the higher-order GL modes n = 2 and n = 4. For 
the FELIX cavity-geometry, the contribution of odd modes is small. This is related to 
the roundtrip phase, of which the n-dependent part is a multiple of 21r for the even 
modes. This phase degeneracy facilitates the formation of a radial profile in which 
the on-axis field strength is significantly reduced. Consequently, this 'screening' of the 
aperture leads to a decrease of the extraction ratio, as compared to the extraction ratio 
of the Gaussian mode creaü'ld by the amplification process. Bebind this first pulse, a 
new pulse is generated by the electrous as in the linear gain regime. In subsequent 
roundtrips, the new pulse becomes saturated and evolves in a similar manner as the 
first pulse. After a number of such cycles, the field consists of a train of pulses. Only 
the energy density of the last pulse, which partially overlaps with the electrons, is 
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Figure 3.12: Energy density (a) and radial mode structure (b) of the optica] pulse at 
Jarger wavelength (.>. = 70ttm). The pulseis monitored after 100 roundtrips, just before 
the upstream mirror. Only the dominant modes are shown (n = 0 and 2). At this 
wavelength, the electrans are located in the region [0, Lb 17 .Àpon]· Furthermore, the 
normalized radii of aperture and mirror of the upstream mirror are Çma = 0.016 and 
Çmr = 4.6, respectively. The normalized radius of the downstream mirror is Çmr = 9.2. 
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concentrated on-axis. 
The effective screening of the mirror aperture can rednee the extraction ratio by one 
order of magnitude, as compared with the extraction ratio of a Gaussian radial profile. 
The creation of higher-order GL modes, leading to the screening effect, can only occur 
for small valnes of the wavelength, such that transmission losses dne to the finite mirror 
size are small. For larger wavelengths, the higher-order GL modes lose most of their 
energy at the mirror edge since the radial extension of the modes increases with the 
mode number. Eventually, only the Gaussian profile remains and the simnlation resnlts 
approach those obtained with a spatially lD model. 
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Appendix 

Reflection and transmission 

When the radiation field leaves the undulator, it is governed by the paraxial wave 
equation in vacuum 

(V}_+ 2ik8z)u(r, z, z ct) 0. (3.27) 

This wave equation leaves the time dependenee of the radiation field, given by z - ct, 
invariant. The paraxial wave equation can be solved in terms of the Huygens-Fresnel 
(HF) integral. This integral describes the propagation of the optica! field A(r', z') = 
u(r', z1)eikz' at position (r', z1

) towards position (r, z), on the right (z > z1
) according 

to 
00 

A(r, z) j r1dr' 'P(r, z; r1
, z1)A(r1

, z1
) 

0 

where P(r, z; r', z') is the propagator 

'P(r, z; r1
, z') 

The time dependenee of the radiation is left out for simplicity. 

(3.28) 

(3.29) 

Reflection and transmission at the cavity mirrors can be calculated from the HF 
integral when the integration is over the dimensions of the mirror, and over the aper
ture respectively. We start with the transmitted radiation trough an aperture with 
radius rma· To this purpose we expand both the incoming radiation Ai(r', z1

) and the 
transmitted radiation At(r, z) into GL functions (3.15) 

Ai(r', z') =Lu!" Wmo(r1
, z1

) exp(ikz1
) (3.30) 

m 

as similar for At(r, z). By substitution of this result into Eq. (3.28) and upon using 
the appropriate integration boundaries, one can obtaine the following relation between 
the transmitted radiation and the incident radiation : 

[ .k ( 1 )] 00 Tm a 

t "" exp Z Z - Z jd/:: J 1 1 * ( ) ( 1 1) ( 1 ') i un= L., 
1 

a 2 (z) <" rdr Wn0 r,z'Pr,z;r,z Wmor,z um, 
m=O + 0 0 

(3.31) 

where a is defined in Section 3.3.1. Using Eq. (7.4.21) of [16], this result can be 
simplified to 

u~ L { exp(-i((m- (n)]'Tnm}., u!" (3.32) 
m=O 

where the terms with the square parenthesis should he evaluated at the position z' of 
the mirror. The real transmission matrix T is given by Eq. (3.21), with the integration 
boundaries !Ema and (mr set to zero and to the aperture size (ma, respectively. Transmis
sion along the mirror edge can be obtained from this result by replacing the boundaries 
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Çma and Çmr to the mirror radius Çmr and infinity, respectively. Note that the trans
mitted signal of a wave propagating to the left is given by the complex conjugate of 
Eq. (3.32). 

The reflected signal can be obtained in a similar manner. We consider the reflection 
of a wave propagating to the right on a mirror with a finite aperture and radius. U pon 
denoting the incident radiation Ai(r', z') by Eq. (3.30) and the reflected, to the left 
propagating wave N(r,z) by 

Ar(r, z) =Lu!,. \li~0 (r, z) exp( -ikz), (3.33) 
m 

it is straightforward to show that the following relation holds 

u:=- L { exp[-2ikz + i((n + (m)]'Rnmlz, u!,., (3.34) 
-rn=O 

where the reflection matrix is given by Eq. (3.21 ), evaluated at the rnir~or position 
z'. The minus sign reflects the boundary condition A' + Ar = 0 at the rnirror. The 
reflection of a wave propagating to the right is also described by Eq. (3.34), upon 
replacing k by -k and (m,n by -(m,n• 
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Chapter 4 

Experimentallndications tor 
Non-Gaussian Transverse 

Modes in the Hole-Coupled 
Free-Eiectron Lasers of FEL/X 

Abstract 

The ELIXER simulations presented in the previous Chapter made clear that 
the radial structure of intra-cavity light pulses in a hole-coupled FEL oscillator 
varies significantly over the light pulse, in particularly when the electron pulses 
are short with respect to a slippage length. In this Chapter experimental 
indications are presented for the predicted transverse profile of the light pulses 
of FELIX. A simple experiment is performed, in which the decay of the power 
coupled out through the hole is measured, after the electron beam was switched 
off. Both resonators FEL 1 (20-110 Jlm) and FEL 2 (5-30 Jlm) of FELIX 
are considered. These resonators differ in cavity length, mirror curvature and 
aperture radius, and in the width ofthe vacuum tube inside the undulator. The 
decay ra te of the extracted radiation is interpreted according to the calculated 
intra-cavity mode structure and mirror absorption loss from ELIXER. This 
simulation code describes the time-dependent radial profile in terms of a fini te 
number of Gauss-Laguerre (GL) functions. Two extreme cases are considered, 
one in which the losses at the mirror edges or at the vacum tube inside the 
undulator are large, and one in which they are small. 
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Figure 4.1: Basic lay-out of Pree-Electron Laser for Infrared eXperiments (FELIX). A 
pulsed electron beam is accelerated up to 25 MeV for FEL 1, and up to 45 MeV for 
FEL 2. The optica] power is extracted through a hole in the upstream m~rrors. The 
present operational wavelength ranges are indicated. 

4.1 Introduetion 

Pree-Electron Lasers (FELs) are sourees of intense coherent radiation, which have the 
property of a potentially wide range of wavelength-tunability. Most FEL devices, 
amongst which is the Dutch FEL user facility FELIX [1], operate in a resonator config
uration. In FELIX, the light is extracted from the cavity through an on-axis aperture 
in one of the cavity mirrors. Compared to other outcoupling schemes, like 1a Brewster 
plate, hole-coupling provides a broadband metbod of extraction which is required for 
the tunability of the FEL radiation. 
The preserree of the outcoupling hole alters the radial mode structure of the intra
cavity light [2, 3]. The radial profile is determined by the competing mechanisms of 
aperture loss, which tends to decrease the intensity on and by the amplification 
of the radiation due totheresonant interaction with the electrons [4, 5, 6]. In the case 
of pulsed-beam operation, also the longitudinal overlap between the electron and light 
pulses plays a role. This overlap is determined by their velocity difference, by the gain 
and by the synchronisation between the electron and radiation pulses on successive 
roundtrips. The pulses will interact for a fraction of the transit time through the 
undulator, in particular when the electron pulse length is shorter than or comparable 
to the slippage length, as is the case for FELIX parameters [7]. As has b~en pointed 
out in a previous study [8], gain and the associated focussing are dominant at the 
back of the optical pulse, which has the largest interaction time. The opt~cal field in 
this region has mainly a Gaussian radial structure. The front of the light pulse will 
eventually run ahead of the electron pulse due to the required shortening of the cavity, 
which is required to compensate for the lethargie start-up of the FEL [9]. a result, 



4.1. Introduetion 71 

the front of the radiation pulse is no langer amplified and is subject only to diffraction 
at the aperture. In this region a non-Gaussian radial structure can develop when the 
profile is sustained by the cavity, i.e. when losses at the edges of the mirrors and/or due 
to beam 'clipping' at the vacuum tube inside the undulator are small. The resulting 
radial profile is such that a large fraction of the radiation energy is located off-axis [8]. 
The generation of a non-Gaussian radial profile leads to a direct loss channel of energy 
in case these modes are not sustained by the cavity. 

In this Chapter experimental indications are presented for the predicted transverse 
profile of the light pulses in FELIX. To gain insight in the radial profile during the 
interaction, the decay of the power coupled out through the hole is measured, after 
the electron beam was switched off. Both resonators FEL 1 (20-110 p,m) and FEL 2 
(5-30 p,m) were investigated. The FELIX lay-out is shown schematically in Fig. 4.1. 
The resonators differ in cavity length Lc, in Rayleigh length lr and waist position 
zw (with respect to the upstream mirror) due to a different mirror curvature, in the 
radius of the out-coupling hole ra, and in the width d of the vacuum tube inside 
the undulator. The hole is in the upstream mirror. All relevant cavity parameters 
are listed in Table 4.1. The rate of decay of the extracted radiation is interpreted 
according to the calculated intra-cavity mode structure and mirror absorption losses, 
denoted by O:abs, from ELIXER, as has been discussed in Chapter 3. This simulation 
code describes the radial profile of the light pulses in terms of a finite number of 
axisymmetric Gauss-Laguerre (GL) functions. The lowest GL function is a Gaussian 
radial profile. Reflection on realistic mirrors is taken into account by a reflection matrix 
formulation. The model differs from other three dimensional models by estimating the 
transverse electron motion by the variation of the radial beam envelope, whereas the 
longitudinal trajectories are calculated for each electron separately. The inhomogeneity 
of the undulator and radiation fields is included by treating the electrans as rnaving in 
an effectively one dimensional, radially averaged ponderomotive potential. For FELIX 
parameters, the resulting model is in excellent agreement with simulation programs 
that include the full three dimensional electron dynamics [10]. ELIXER can be solved 
with the numerical effort of a time-dependent, spatially one dimensional model. The 
simulation code accounts for the large slippage between the light and electron pulses 
in FELIX, in which the slippage length may he as large as ten times the electron pulse 
length [7]. The slippage between the pulses affects the balance between gain and losses, 
and thus plays an important role in the build-up of the transverse mode-stmeture of the 
intra-cavity radiation [8]. After the electron beam is switched off, the generated radial 
structure changes due to aperture loss and reflection at the mirrors. Two extreme cases 
will he considered, one in which edge losses are large and one in which they are small. 
In both cases a non-Gaussian radial profile is created due to reflection at the aperture. 
In Section 4.2, the experiment is discussed and the measurements are compared with 
the outcome of the ELIXER simulations. Section 4.3 summarises the conclusions. 
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4.1: FELIX Resonator and Undulator Parameters. 

FEL 1 FEL 2 
Wavelength range ), 20- 110 p,m 5 30 p,m 
Cavity length Lc 6.00 m 6.15 m 
Waist position Zw 3.60 m 3.68 
Rayleigh length l .. 1.20 m 0.96 
Mirror radii Tm 25 mm 25mm 
Aperture radius ra 1.5 mm 1.0 mm 
Vacuum tube width d 27.0 mm 16.7 mm 
Total absorption loss (for both mirrors) O'.abs 2% 2% 
Undulator period À u 65 mm 65mm 
Number of periods Nu 38 38 
Undulator parameter Au 0.5 2 0.5-2 

4.2 Measurements and campanion with simulations 

The ringdown of the FEL 1 and FEL 2 optical cavities was investigated over a 
broad wavelength range. The wavelength was scanned by changing the undulator 
strength through variation of the gap between the two rows of undulator magnets. The 
measurements were performed at a slightly shortened cavity, I:::.L /À = -1.0, for which 
the gain is close to the peak in the gain curve 18]. :.l"ote that I:::.L 0 corresponds 
to synchronisation between the radiation and electron pulses, if there would be no 
interaction between them. The electron pulse length in FELIX is approximately 1 
mm. The decaying opticalsignal was detected by means of a YBaCuO-detector, which 
has a rise-time of approximately 200 ns. 
To represent the measurements, the measured decay is modelled by a simple exponential 
decay proportional to exp[-a n], where n = tfrrt is the roundtrip number and Trt = 
2Lc/c is the cavity roundtrip time. The loss factor a yields the rate of decay per 
roundtrip. The ringdown of a Gaussian (TEM00 ) radial mode is used as a reference for 
the measured decay. lts decay is determined by 

(4.1) 

where O:abs 2% accounts for estimated absorption loss due to the finite conductivity 
of the mirrors and 

(4.2) 

is the out-coupled fraction of intra-cavity power. This extraction ratio is inversely 
proportional to the wavelength. 
In Fig. 4.2 we compare the measured loss-factor (solid dots) for both FEL 1 and FEL 
2 resonators with the ringdown of the reference Gaussian radial mode (solid line). 
It is seen that the loss factor for the Gaussian mode differs significantly from the 
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Figure 4.2: Loss parameter a as a function of wavelength >., as obtained from the decay 
ofthe extracted radiation oftbe FELIX resonators FEL 1 (a) and FEL 2 (b). The solid 
dots represent the measurements, the open dots correspond to the decay of the fixed 
Gaussian radial profile, and the open triangles denote the numerical ELIXER results. 
The solid triangles in (a) are based upon the approximation Eq. (4.3). 
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Figure 4.3: Simulation of the energy density of a FELIX light pulse as a function of 
longitudinal position z and the radial position Ç, just befare the electron beam was 
switched off (a), and after 20 subsequent roundtrips (b). The light pulse.is monitored 
just befare the upstreem mirror. The radlation wavelength is 22 p,m. The normalised 
radii of aperture and mirror are Ç(r.,) 0.054 and Ç(rm) 15.0, respectively. The 
peak power in (a) occurs slightly off-axis. The radial mode structure changes Erom (a) 
to (b). 
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measurements. The differences, in partienlar those for wavelengtbs shorter than À = 33 
p,m in FEL 1, cannot be explained by an increase in the absorption loss aab.•· We believe 
that the discrepancies result from a non-Gaussian transverse profile. The triaugles in 
Fig. 4.2 show the result of ELIXER simulations. The measurements agree well with 
the simulation results in FEL 2, and in FEL 1 for wavelengtbs longer than À = 33 p,m. 

For shorter wavelengtbs in FEL 1, both the measurements and the ELIXER results 
show the same tendency, although the simulation prediets a larger value of a. This 
might be caused by the limited rise-time of the detector, by the uncertainty in the radii 
of curvature of the mirrors, or by the fact that the actual transverse optical structure 
may not be axisymmetric due to either the planar undulator or an asymmetrie electron 
beam. Asymmetrie radiation fields have recently been observed in the Mark lil FEL 
at Duke University [11]. 

The decay for short wavelengtbs in FEL 1 (À < 33 p,m) is much faster than one 
would expect for a Gaussian mode. This rapid decay can be explained by the evolution 
of the radial energy distribution of the intra-cavity light pulses, as calculated from 
ELIXER. Figure 4.3a shows the computed energy density of a micropulse at wavelength 
À = 22 p,m, just before the electron beam is switched off. The energy density is shown 
as a function of the longitudinal coordinate z and the normalised radial distance, 

For this wavelength, mirror edge loss and beam clipping at the vacuum tube can 
be neglected. The intensity is concentrated near the axis of the resonator, where it 
overlaps with the electron pulse. In this region, the transverse structure consists of two 
GL functions, the Gaussian mode (n = 0) and the n 2 GL function, of which the 
Gaussian mode gives the largest contribution. Figure 4.3b shows the situation after an 
additional 20 roundtrips. Apparently, a low-loss structure is created in which the on
axis intensity and hence the outcoupled fraction of the intra-cavity radlation is strongly 
reduced. The simulations indicate that the amplitudes of the n ::::: 0 and n 2 GL 
functions are approximately equal, and that they have opposite phases at the aperture. 
Therefore the total field has zero amplitude on axis at this position. The time-scale on 
which the specific radial structure is formed depends on the radial structure just before 
the electron beam is switched off, on the coupling between the GL modes due to the 
aperture, and on the fact that the change in phase of each involved GL function after a 
complete roundtrip through the cavity is close to 21r for the specific FELIX geometry 
under consideration [8, 12]. 

The actual loss of the intra-cavity field can no longer he obtained from the decay 
of the extracted radlation under the assumption of a Gaussian radial mode. After 
the electron beam has been switched off, the radial profile of the radiation changes 
such that a large fraction of power is located off-axis. As a result, the power flux 
through the aperture decays rapidly, whereas the ringdown of the intra-cavity light 
is mainly determined by mirror absorption loss. Figure 4.4 shows an example of this 
phenomena. The wavelength is À 28 p,m. The simulated and measured extracted 
power are plotted as a function of the roundtrip number. The calculated rate of decay 
after approximately 40 roundtrips is determined mainly by absorption loss, since 71 
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Figure 4.4: The measured (solid line) and simulated (dashed line) ext'racted power 
and the simulated relative extraction ratio TJ/Tfo (dotted line) as a function of the 
roundtrip number, after the electron beam is switched off. The measured and simulated 
outcoupled powers are normalized to unity at the moment of beam switch-off. The 
wavelength is À = 28 j.1.m. 

becomes negligibly smal!. The measured decay does not show this double exponential 
behaviour, which occurs at power levels below the sensitivity of the detector. Also the 
extraction ratio Tf is plotted ( relative to the extraction ratio of the Gaussian mode Tfa), 
as calculated by ELIXER. A reasonable description of Tf for less than 40 roundtrips is 

17(n) = T}oexp[-,Bn]. (4.3) 

The out-coupled fraction at the moment of beam switch-off, 'flo, is smaller than 'flG· 

This is due to the fact that the peak power occurs slightly off-axis, just as in Fig. 4.3a. 
The estimate Eq. ( 4.3) can be used to explain the rapid decay of the extracted power 
P.x, which is caused by the changing radial mode structure of the light. The decay 
can be modelled as the ringdown of the intra-cavity power P;n through a hole with 
a decreasing radius, such that the outcoupled fraction of power is given by Eq. (4.3). 
U pon substitution of Eq. ( 4.3) into the differential equation for the intra-cavity power 
P;n 

(4.4) 

it is straightforward to show that the rate of decay of the extracted power Pex = 'fl( n )P;n 
vanes as 

dPex/dn = -(o:abs + ,6 + 'flo exp[-,Bn])Pex· (4.5) 

Aftera few roundtrips (fJn > 1), the rate of decay is dominated by the first two terms, 
O:abs + ,6. This effective loss coefficient is plottedas a function of wavelength in Fig. 4.2 
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Figure 4.5: The energy density of a FELIX light pulse as a tunetion of longitudinal 
position z and tbe radial position Ç, just beiare tbe electron beam was switcbed off (a), 
and after 20 subsequent roundtrips (b). The lightpulseis monitored just before tbe 
upstream mirror. Tbe radiation wavelength is 38 ;.un. Tbe normalised radii of aperture 
and mirror are Ç(rm) = 0.031 and Ç(rm) = 8.9, respectively. No clear change in tbe 
radial mode structure is observed. 
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(solid triangles). The agreement of this estimate with the ELIXER simulation is quite 
good. 

In Fig. 4.5 the light pulse is shown at langer wavelength, À = 38 J..Lm. The resulting 
radial structure is dominated by the Gaussian profile, with its maximum intensity 
on-axis. The low-loss structure is absent. This is due to the enhanced loss of the 
higher order G L functions along the mirror edges at this wavelength, such that they 
do not build up to a considerable level. The 2% discrepancy in loss factor a:, as 
compared with the Gaussian profile in Fig. 4.2a, can be explained by the fact th:at higher 
order functions are still created upon reileetion at the aperture on eaeh roundtrip. 
This leads to a direct energy loss-channel. The same analysis applies to the FEL 2 
resonator. In this case the width of the vacuum tube inside the undulator is smaller 
than the radial extension of the higher order GL functions. The resulting clipping of 
the beam suppresses the builcl-up of higher-order modes for all wavelengths considered 
in 4.2b. 

4.3 Conclusions 

The transverse structure of the intra-eavity light in both hole-coupled resonators of 
FELIX has been analysed by camparing the rate of decay of the extracted radiation, 
after the electron beam was switched off, with the one obtained from the simulation 
code ELIXER. The results indicate that the radial structure of the intra-cavity radi
ation is dominated by a Gaussian profile in the FEL 2 resonator, and in the FEL 1 
resonator for wavelengtbs Jonger then À= 33 J..Lm. Although higher order GL functions 
cannot grow due to large losses at the mirror edges (FEL 1), or by beam clipping at 
the vaeuum tube (FEL 2), they are still created by the aperture on each roundtrip 
and, thus, lead to additionallosses. In case the resulting transverse profile is sustairred 
by the cavity (this is the case in FEL 1 for À< 33 J..Lm), a non-Gaussian radial profile 
develops in which a large fraction of the power is located off-axis. The formation of 
this structure leads to a fast decay of the extracted radiation, whereas the intra-cavity 
power deercases on a Jonger time-scale. 
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Chapter 5 

Comparison of 3D effects in 
ELIXER and TDA 

Abstract 

Although the basic mechanism of FEL operation can bedescribed by a spatially 
one dimensional analysis, in principle a three dimensional treatment of the 
electron trajectories and the radiation field is required, since warm beam effects 
as emittance and betatron oscillations, and the variation of the optical field due 
to diffraction and focussing affect the gain and saturation level of the FEL. 
The computation of these three dimensional effects requires a considerable 
numerical effort, in particular in the case of the Dutch FEL user facility FELIX, 
for which also the pulsed character of the electron beam and radiation fields 
has to be included. To limit the computing time, an approximate model is 
developed. The numerical code based upon this model, ELIXER, includes 
the slippage between the light and electron pulses, and accounts to a large 
extent for the three dimensional effects. The transverse electron motion is 
approximated by the variation of the beam envelope due to emittance and 
betatron oscillations. The electrans are treated as moving in an effectively one 
dimensional, density-averaged ponderomotive potentiaL 
The validity of these approximations is tested by camparing the code with the 
simulation code TDA, which assumes a uniform electron beam. The model 
yields a good description provided that the cross-section of the electron beam 
is smaller than the spotsize of the radiation. ELIXER is in excellent agreement 
with TDA for FEL parameters close to those of FELIX. 
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5.1 Introduetion 

The physical mechanism of FEL interaction is described in Chapter 2 by a spatially one 
dimensional (lD) analysis, which includes the longitudinal dynamics of the light and 
electron pulses, and the induced wiggle motion. This part of the transverse velocity 
is independent of the transverse position of the electrons. The radial variation of 
the optical field over the electron beam can be neglected, in particular in case of a 
thin electron beam. Hence the basic model depends only one spatial coordinate (z). 
However, the electron dynamics and the evolution of the radiation field involve in 
principle all three spatial coordinates. The radial profile of the light will change due 
to the interaction with the electrons, which tends to focus the optical beam. Also 
diffraction of the light on the cavity mirrors leads to a time-dependent radial profile, 
in particular when an on-axis aperture is used to extract the radiation from the cavity, 
as has been discussed in the Chapters 3 and 4. 'Warm' beam effects as finite emittance 
cause the electron beam to diverge. The focussing property of the undulat9r magnet 
compensates for this effect, but leads to a slow periadie modulation of the beam, the 
so-called betatron oscillation. The transverse trajectories consist of the su~erpositon 
of the wiggle and betatron oscillations. The combined motion leads to an increase of 
the effective mass of a 'warm' electron, as compared to the lD analysis. This increase 
affects the bunching of electrous in the ponderomotive potential process through a 
reduction of the longitudinal velocity of each electron. The longitudinal dynamics are 
also affected by the radial variation of the optical field over the electron beam, since 
off-axis electrous will experience a different ponderomotive force. This inhomogeneity 
is enhanced by the betatron motion of the beam electrons. 

The investigation of these three dimensional (3D) effects in a FEL which employs a 
pulsed electron beam, like the Dutch FEL user facility FELIX [1], is not traetable from 
the computationally point of view. The required large computing time is typically of 
the order of hours of Cray-time. To limit the numerical effort to acceptable proportions, 
an approximate simulation code is developed, ELIXER. This code, which can be solved 
with the numerical effort of a spatially lD model, includes the slippage between the 
light and electron pulses and accounts for a number of the 3D effects. The main 
assumption is that the transverse electron dynamics are modelled by the evolution 
of the radial envelope of the electron beam. Emittance and betatron oscillations are 
included. The radial inhomogeneity of the radiation field is accounted for by averaging 
the longitudinal motion over the radial density of the electron beam. This average 
implies that the effective mass of each electron is given by its value, averaged over the 
cross-section of the electron beam. ELIXER accounts for the time-dependent radial 
structure of the radiation by means of a fini te number of axisymmetric Gauss-Laguerre 
(GL) functions. Reflection on the cavity mirrors and the transmission through the 
aperture and/ or along the mirror edges are included by reflection and transmission 
matrices, as has been discussed in Chapter 3. 

The validity of the approximations made in ELIXER is tested by camparing ELIXER 
results with the outcome ofthe simulation code TDA [3, 4]. The latter calculates the full 
three dimensional electron dynamics under the assumption of a uniform electron beam, 
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and solves the paraxial wave equation for an axisymmetric radiation field. In order to 
stress the influence of 3D electron motion on FEL interaction, a closed resonator is 
considered, neglecting the change in the radial profile of the light due to the out
coupling hole and the finite mirror radius. 

This Chapter is organized as follows. In Section 5.2 the approximated electron 
dynamics of the ELIXER code is discussed. The system of FEL equations solved by 
TDA are presented inSection 5.3. The gain and saturation level, as obtained from TDA 
and ELIXER, are compared for a wide range of parameters in Section 5.4. Particular 
emphasis is put on FEL parameters close to those of FELIX. Section 5.5 summarizes 
the conclusions. 

5.2 Approximate wave and electron dynamics in ELIXER 

The interaction between the electrous and the radiation is described by the set of 
Campton-FEL equations, which were presented in Section 2.3. A FEL with a helical 
undulator is considered, i.e. 

(5.1) 

with wavenumber ku = 211' / >." and which consists of Nu periods. The undulator 
strength is approximated up to k~r2-terms, Au(r) = A"0 (1 + !k~r2). This describes an 
undulator with a linear focussing force. The radiation field is dominated by a single 
longitudinal mode Ar u exp[i(kz wt)], where w = ck. The slowly varying complex 
amplitude u( re, z) of the radiation is independent of time, appropriate to a FEL with a 
uniform electron beam. The potentials and momenta are normalized to me/ e and me, 
respectively. 

5.2.1 Partially decoupled electron dynamics 

The discussion is started by consiclering the transverse motion in the undulator. Upon 
neglecting the radiation pressure (Ar «Au) and the small variation in the longitudinal 
momenturn p., the transverse motion is completely decoupled from the longitudinal 
trajectories, and can he solved independently. The longitudinal motion still depends 
on the transverse dynamics. The transverse electron trajectories are governed by (see 
Eqs. (2.41)-(2.42)), 

dm P j_ +Au 
(5.2) 

Pzr 
1 2 

--
2 
-V j_(A" + 2P j_ ·A"), 

Pzr 
(5.3) 

where Pzr = "Yr(l J.L~/21';) is the resonance momenturn and V j_ ex! + ey~· 
The transverse momentum, which is initially small, Pj_ « A", remains small through 
out the undulator. Thus, the wiggle motion induced by the on-axis undulator field is 
dominant. The small variation in Pj_, induced by the radial variation ofthe undulatior 
field, leads to so-called betatron oscillations. This motion is emphasized since the 
gain of the radiation field is small over an undulator period (see Eq. (2.30)). As will 
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be discussed later , th is implies that the longitudinal equations, which depend on the 
transverse electron position, are affected mainly by the betatron motion. 
Anticipating the fact th at the focusing force of the undulator leads to a slow modifi
cation of the trajectories, one may average the transverse equations over an und ula tor 
period. Upon su bstitution of the undulator strength Au into Eq . (5.3), it is easy to 
show that the ave rage motion is governed by a harmonie oscill ator equation : 

d2ç 2 
-d 2 + Kf3Ç = 0, ç = (x,y). 

,Z 
(5.4) 

This yields the slow so-called betatron oscillations, The oscillation period, given by the 
wavenu mber Kf3 = Auoku /V2p". « ku, is in deed much larger th en the undulator pe riod. 
The resulting betatron motion describes elliptic t rajectories in the (x - P'1:, y- Py) planes 

(5.5) 

where ç(O) = ço a nd PdO) = Pf,O denote the initial position and momen t um of the 
electron, ç being either 7: or y. The resu lting electron orbits in the transverse plane 
consist of the slow betatron motion on which the wiggle motion is superimposed (in 
the x-direction) 

- (Auo/ kuPz,) sin kuz + [xo cos K{3Z + (hp,1:o / Auok,,J sin Kf3Z], 

[Pxo cos K{3Z - (Auokuxo/ h) sin K{3z]. 

(5.6) 

(5.7) 

Similar results can be obtained for the trajectories in the y-direction. Note th at the 
betatron oscillation ampli tude can be much larger then the rad ial excursion Auo/Pz7"kU 
of the undulating motion , in pa rticular for a higly relativistic beam. 

The z-depe ndence of the elec tron beam envelope X can be obtained from the pre
ceding equations, averaged over an undulator period. The beam envelope in the x
direction is defined by means of a density ave rage over the transverse dimensions of 
the electron beam, i.e. X = v:li, where 

(5,8) 

n being the electron density, This macroscopie quantity dep ends in principle on the 
initial position and momentum of each electron in the beam. However , the wiggler
averaged versions of Eqs. (5.2 )-(5.3) admit a constant of motion : the normalized 
emi ttance of the beam 

(5 .9) 

This quantity, which is a measure of the 'temperature' of the beam since it is equal to 

the area occupied in the (:z:, Px) phase space [7], can be used to obtain the following 
differential equat ion for X 

é) X + k~ X _ (~)2_l_ = 0 
Z X 47Tpz7" ./y3 ' 

(5,10) 

wh ich reAects the fact tha.t the beam evolves due to undulator focussing (second term) 
and the natural divergence of the beam (third term). This equation can be solved 
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upon partial integration and by assuming that the beam envelope X(O) = Xo has an 
extremum at the entrance of the undulator, with result 

[ ]

1/2 

X(z) = X o 1 + (T~x - 1) sin2 Kf3Z , (5.11) 

where the betatron parameter Tf3x = (Ex/2/"irrkuXJ) determines the amplitude of the 
oscillation. This result shows that the beam envelope starts to increase for a relatively 
large emittance Tf3x > 1, and to decrease for Tf3x < 1. A similar equation describes 
the evolution of the beam envelope Y in the y-direction. The case Th", = Thy = 1 
corresponds to a matched beam. 

The longitudinal equations of motion are governed by Eqs. (2.39)-(2.40) , 

d1j; 

dz 

do, 
dz 

where Pc is an effective density averaged mass, and 

p2 = 1 + A~ + pi + 2P 1- . Au. 

(5.12) 

(5.13) 

(5.14) 

The transverse motion affects the longitudinal motion in two ways. The wiggle motion 
leads to the formation of the ponderomotive potential in Eq. (5.13). Another coupl ing 
arises due to the radial dependence of the undulator and radiation fields. The radiation 
field varies slowly over an undulator period. Hence this coupling is mainly determined 
by the slow betatron oscillations. The relatively fast wiggle motion averages out. The 
transverse motion thus enters in the effective mass p2. Substitution of the trajectories 
Eqs. (5.6)-(5.7) into Eq. (5. 14) yields 

p2 = (1 + A~o) + [p;o + P~o + A~o(k~x~ + k;y~ + A~o/2P;T)] (5 .15) 

+>'u - oscillatory terms. 

The resulting effective mass consists of the contribution 1 + A~o of a 'cold' beam, and 
of a 'warm' contribution that depends on the transverse position and momentum of the 
electrons at the entrance of the undulator. The term A~o/2p;,. in the round parenthe
ses of Eq. (5.15) arises from the wiggling motion , and is much smaller then the other 
terms. Besides these constant terms, J..l2 contains also >'u-oscillatory terms, of which 
the inproduct 2P 1- . Au is the largest. These terms lead to a periodic modulation of 
the ponderomotive phase, similar to the modulation induced by the period part of un
dulator strength in a plan aT undulator. The modulation can be removed by averaging 
the electron and the wave equations over an undulator period, as was discussed in Sec
tion 2.3.1. For the helical undulator geometry considered here, the resulting averaged 
equations are quite close to the original equations with the peTiod teTms left out. This 
is due to the fact that the modulation amplitude kuTb6. is small compared to unity, Tb 

and 6. == A~o/ (1 + A~o) being the beam radius and the oscillation amplitude in aplanar 
undulator, respectively. The factor JB, which results from the averaging procedure, is 
therefore close to uni ty. 
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The wiggler-averaged effective mass (Eq. (5.15)) is different for each electron. This im
plies that each electron has its own resonance condition. This phenomenon is partially 
accounted for in the resonance condition Eq. (2.26) by including the effective mass t-t2 , 

averaged over tbe cross-section of the beam 

t-t~ \t-t
2

) 

(1 + A;o) + A~o{ ~k~[XJ(l + 1·~.") + Y02(1 + r~y)] + A~0/2P;,}, (5.16) 

where the averaging procedure according to Eq. (5.8) is applied to Eq. (5.15), X o and 
Yo being the beam envelope at the entrance of the undulator. Equation (5.16) shows 
that warm beam effects clearly lead to an increase of the 'cold ' beam effective mass 

1 + A~o' 

5.2.2 Density averaged FEL equations 

The electron equations, formed by Eqs. (5.6)-(5.7) and (5.12)-(5.13) , are applied to a 
FEL in an axisymmetric resonator configuration. The resonator consists of two circular, 
spherically curved mirrors, which are perfectly aligned. An axisymmetric radiation field 
u(r, z) can be considered , in the case that the interaction with the electron beam does 
not g ive rise to asymmetries. To this purpose, the electron beam is assumed to have an 
initially axisymmetric density profile, and equal emittanee in both transverse directions 

E = Ex = Ey. 

The radiation amplitude u is determined by the para.,-xial wave equation Eq. (2.46) . To 
emphasize the long pulse limit we average Eq . (2.46) over a period 271' /w of the fast 
oscillation, with result 

(5.17) 

where we neglected the contribution of the transverse momentum Pi. « Au to the 
induced velocity. Furthermore, 271'r~ is the spotsize of the electron beam, w; = 
e2no / Eom")',. is the relativistic plasma frequ ency and no = I /271'r~e c is the typical den
sity of the electron pulse, I being the average beam current. The souree term has to 
be determined self-consistently from the equations of motion for the electrons. The 

simulation code ELIXER describes the radial dependence of the radiation in terms 
of a finite number of vacu um l Gauss-Laguerre (GL) functions llJ n with z-dependent 
coefficients [8] 

N 

u(r, z) = L Un llJ n , 

n=O 

1lJ (r z) = so e- i ( n-(I-ia){ /2 L (Ç) 
n ) n ~ , 

5 
(5. 18) 

wh ere L" (f,) is the n-th Laguerre polynomial wi th argument f, = 2r2 / S2, S2 = 56 (1 +(2 ), 

S6 = 21,/k is the minimum spotsize of the field, a = (z - zw)/l, and (n = (2n + 
1) arctan a. The Rayleigh length I, and waist position Zw dep end on the resonator 
geometry, according to Eq. 3. 18. 

lThe GL functions are solutions of the vacuum wave equation (r- 18r r81' + 2ik8:)'l!n = O. 
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The transverse motion is only approximately accounted for, by including the motion 
of the electron beam envelope , rather than by calculating the betatron mot ion of each 
electron separately. The main assumption is that the transverse dependence of the 
density in the wave equation Eq. (5.17) can be described by a Gaussian radial density 
profile 

e-.,.2 / R' 

n(x, z) = nO-
R2 . 

2;r 
(5.19) 

where R( z) = j2X(z ) = V2Y(z) is the radial beam envelope. Emittance and betatron 
oscillations are accounted for as far as they lead to a variation of the beam envelope 

[ ]

1/2 

R(z) = 1& 1 + (r~ - 1) sin2 
K(3Z , 

where Tb is the initial beam radius. The period and amplitude of the betatron os
cillation is determined by K(3 = Auk,./ V2PZT and T(3 = EI V2k"r~, respectively. Upon 
substitu tion ofthe expansion Eq. (5.18) and the approximated density profile Eq. (5.19) 
into Eq. (5. 17), and using the orthogonality of the Laguerre modes, the following set 
of ordinairy diflerential equations for the coefficients U n is obtained 

Q () . ç w~ Auo 1* ( ) 1 ~ -i..p 
VzU n Z = l C,b 2 - n Z "L..-e }, 

c 2k lv j =l 
(5.20 ) 

where the surface ratio 

(5.2 1) 

is a measure of the radial overlap between the electron and optical beams. The complex 
function 

(5 .22) 

1 (l-ia-ab )n[l k~R2(1+a2-ab(1-2n-ia))] 
1 + ia + ab 1 + ia + ah + 2 1 + 0'2 - al + 2iaab 

results from the integration over the transverse coordinates, where ab = 2R(z )2186 
is proportional to the radial beam envelope. Note that the coefficients are coupled 
through the souree term. The average transverse motion is also taken into account 
in the longitudinal motion by application of the density-average (- .. ) to Eqs. (5. 12)
(5. 13). This implies that the electrons may be thought of as moving in an 1 ~ D, density
averaged ponderomotive potential. Since the radial profile of the optica! fi eld and the 
beam density are known expJicite!y, the averages can be calculated analytically. The 
resulting equations of motion are 

d1jJ 

dz 

drY)' 

dz 

fry 
2ku-, 

Ir 
kA N 

. ua '"' [I () i..p 1* ( ) * -i..pj 2-
2
- L..- n Z une - n Z une , 
Pzr n=O 

(5.23) 

( 5.24) 
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where the term p?- Ji;, which entered Eq. (5.12), exactly cancels upon averaging. This 
refiects that only the transverse motion of the beam as a whole is included in ELIXER. 

Multi-pass calculations are performed by taking into account the change in phase of 
the radiation field due to the reileetion at the mirrors [9]. To emphasize the infiuence of 
the three dimensional electron dynamics of the operation of the FEL, a closèd resonator 
is considered, neglecting aperture loss and diffraction loss due to finite radii of the 
mirrors. After being reflected by the downstream and upstream mirror, the field on 
the exit of the undulator u';:t is related to the field on the entrance of the undulator 
u~n by 

(5.25) 

where the product rurd accounts for absorption loss due to the finite conductivity of 
the up- and downstream mirrors. The roundtrip phase 

<f>rt(n) = 2kLc- 2(2n + 1)[arctan(Lc z Zw) + arctan(~=)], (5.26) 

is related to the Guoy shift [10]. This result demonstratea that the ra~ial intensity 
distribution Junl2 

/ Jun+ll2 of the GL functions is constant upon reftection. 
The main difference between ELIXER and TDA (the latter will be discussed in the 
next Section) is the way the souree term is calculated. Off-axis electrous ,experience a 
different ponderomotive force due to the radial variation of the optical field over the 
electron beam. This effect enters the souree term indirectly. Emittance of the electron 
beam and betatron oscillations enhance the effect of the inhomogeneity of the radiation 
field, which is fully accounted for in TDA, but only partially (i.e. through the density 
average) in ELIXER. One can expect that the model breaks down when there is a 
strong radial variation of the optical field over the electron beam. U pon estimating the 
radial gradient of the optical field by its spotsize s~, this implies that the surface ratio 
Çb should be small compared to unity for the model to be valid. 

5.3 FEL equations in TOA 

The simulation code TDA solves the three dimensional electron motion for each elec
tron separately. The equations of motion in TDA are given by Eqs. (5.2)-(5.3) and 
Eqs. (5.12)-(5.13), averaged over an undulator period, except for the fact that the 
small change in the longitudinal momenturn Pz is retained and that the actual electron 
energy 'Y is used insteadof Ó"f 'Y 'Yr· The equations of motion are explicitely written 
down below [11] 

d'ljJ 
(k + ku) (5.27) dz Pz 

d6"( (uei.P u*e-i.P), (5.28) 
dz 2p. 
da; pl. 

(5.29) 
Pz 

dP1. 1 2 
(5.30) dz 

-~V1.A. 
2p, u 
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Undulator period À u 0.065 m 
Number of undulator periods Nu 38 
Initia! electron energy 'Yo 51.5 
Undulator strength Auo 1.0 
Radiation wavelength À 25J.Lm 

Cavity geometry 
cavity length 6.00 m 
waist position Zw 3.60 m 
Rayleigh length lr 1.20 m 
undulator shift 0.90m 

TDA solves the paraxial wave equation Eq. (5.17) assuming an axisymmetric radiation 
field, 

1 el 1 /
2

" 1 N 
( -àrràr + 2ikàz)u(r, z) = ---------::î- d() N L ó(re 

r Eomc.:- 2n 
0 

j==O 
(5.31) 

where I 21fr~en0c is the average beam current and the souree term is average over 
the azimuthal angle (}. The code is based upon a partiele pushing code by Tran and 
Wurtele [3] and has been extended by Faatz to simulate a FEL in a resonator geometry 
[4]. For the interpretation of numerical results, the radiation field is decomposed into 
a finite number of Gauss-Laguerre modes in the extended TDA version. 

5.4 Numerical results 

The validity of the approximated transverse electron dynamics in ELIXER is tested by 
camparing ELIXER and TDA results for a wide range of parameters. Particular em
phasis is put on FELIX parameters [1]. The calculations are performed using the FEL 
parameters given in Table 5.1 which are charaderistic for FELIX. The following initia] 
conditions are considered. The initia} transverse profile of the radiation field consists 
in both models ofthe fundamental (n = 0) Gaussian mode. The initia! radiation power 
is 0.1W. A mono-energetic electron beam is assumed, in which the electrons are homo
geneously distributed in the z-direction. The radiation wavelength is optimized for the 
highest linear gain. A total5% powerlossis assumed, which implies that rurd 0.975. 
The waist position of the radiation is measured relative to the position of the upstream 
mirror. The center of the undulator is shifted with respect to the center of the cavity by 
an amount ~t" towards the downstream mirror. In ELIXER, convergent and reliable 
results are obtained using maximal ten GL functions (N ~ 10). 

The dependenee of the gain on the current I is investigated without taking emit-
tance and betatron oscillations into account. For a thin electron beam (Çb 0.14), 
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Figure 5.1: Single-pass gain Glin as a lunetion ofthe frequency detuning v = 21l'Nu5w/w 
I 

for (a) I= IDA and (b) I= lOOA. Emittance and betatron oscillations <jtre nat taken 
into account. Tbe solid line corresponds to TDA, tbe dasbed line to the ~! D model. 

Fig. 5.1 shows the linear gain 

after a single roundtrip through the cavity as a function of the frequency detuning v 
for two values of the beam current I lOA and I = lOOA. The quantities P;n and Pout 
denote the radially averaged optica! power at the entrance and exit of the undulator, 
or more predse, the power flux through the transverse planes z 0 and z = NuÀu 
respectively, 

1l'sV2 L lu!:'l2' (5.32) 
n 

where u~n denote the GL coefficients of the incoming radiation. A similar expression 
is valid for the power flux at the exit of the undulator. The gain-curves are shifted 
to the right with respect to the lD results (see Section 2.2.2). This is due to the 
spatial varlation of envelope of the radlation field [12]. The shift is identical in both 
models. If the gain for subsequent passes is compared, the differences become even less 
pronounced. From the results it follows that the two models are in good agreement 
with each other. 

In order to compare the saturation levels and the distributions of radlation power 
over the GL functions, a multi-pass calculation has been performed fora beam current 
of I 50 A and a slightly larger surface ratio Çb 0.2. These parameters are close to 
the actual current and surface ratio in FELIX. A matched-beam was considered, r~ = 1. 
The results in Fig. 5.2a show that both gain and saturation levels do not differ by more 
than 7%. The ELIXER simulations yield a lower gain and a higher saturation level 
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Figure 5.2: (a) Linear gain Gun and the total radiation power as lunetion ofroundtrip 
number for ~b = 0.2, and in case of a matebed electron beam. (b) Distribution of 
radiation power over the modes as lunetion of roundtrip number. Only the dominant 
modes are shown (m = 0,1 and 2). 
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then TDA. This indicates that the radiation field that is experienced by the electrons, 
is under-estimated in the density-averaging procedure. Slightly different results are 
obtained when different averaging procedures are used for the longitudinal equations 
of motion. Figure 5.2b shows that the radial profile of the radiation is described in 
essence by the lowest three GL functions n = 0, 1 and 2. The relative power level 
of the higher order functions (with respect to n = 0) as predicted by ELIXER, is in 
agreement with TDA. 
The FEL operates in the linear regime upto 10 roundtrips for the initia! conditions 
considered he re. Compared to the Gaussian mode ( n = 0), G L functions with n 2: 1 
contain only a small fraction (approximately 10%) of the radiation power. However, 
these higher order functions do have a significant effect on the amplification proces, 
since the electron motion is determined by the complex amplitude of the radiation, not 
by its intensity. From the facts that the initia! pulse consistsof the Gaussian mode, and 
that the distibution of radiation energy over the transverse functions remains constant 
upon reflection, according to Eq. (5.25), it is clear that the higher order functions are 
generated by interaction with the electron beam. This process of 'm9de mixing' can 
be described by a matrix formulism [10], in which the radial profile at the entrance 
(z = 0) and exit (z = NuÀu) of the undulator is related by a compleX: gain matrix fJ, 
according to 

Un(NuÀu) L fJnmUm(O). 
m 

The power levels of the even GL functions is larger then that of the odd (n 1) GL 
function, in particular after approximately 15 roundtrips through the cavity, where the 
gain decreases and the FEL operates in the non-linear regime. This is related to the 
n-dependent part of the roundtrip phase Eq. (5.26), which is 

4;>rt ex: mr 

for the specific FELIX resonator geometry under consideration. In the saturated stage, 
the radiation power is completely dominated the Gaussian mode (the higher order 
modes contain not more than 1% of the radiation power). With the matrix formulation 
in mind, one can expect that there is a constant phase relation between n = 0 and the 
generated higher order GL functions. This implies that upon reflection by the cavity 
mirrors, odd modes 'see' destructive phases each roundtrip, such that they alternately 
gain and lose energy. As a result, the net energy gained by odd modes is lower then 
that of even modes, which are in phase each roundtrip. This effect is less pronounced 
in the linear regime, where the coupling between the GL functions is stronger. Note 
that the power level of the n ;::: 1 GL functions with respect to the Gaussian mode is 
higher in the linear regime then in saturation. This implies that the optical beam is 
focussed towards the electron beam in the high-gain phase. 

The influence of the radial variation of the optica! field and emittance is investigated 
below. In order to reduce the computational effort, only the ditierences in gain between 
the two simulations codes is considered. This difference is measured by the rms-value 
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Figure 5.3: Difference in gain between the 1~D model and TDA as a function of 
the surface ratio Çb in case emittance and betatron oscillations are not taken into 
account. The simulation parameters are given in Table 5.1. The relative diEferenee ó. 
is calculated from Eq. (5.33). 

of the relative difference in gain 

[ 

N ]1/2 1 p l!D TDA 2 
ó. = N L (ctin /Giin -1) , 

p p=l 

(5.33) 

averaged over the first NP 8 roundtrips, where the FEL is in the linear regime. Figure 
5.3 shows ó. as a function of the surface ratio Çb. Emittance and betatron oscillations 
are not taken into account. Hence the descripancies are only due to the different 
implementation of the radial variation of the optica! field over the electron beam in 
both models. The difference ó. remains within 10% for Çb $; 0.6. The distribution of 
radiation power over the Gauss-Laguerre modes is also in good agreement with TDA. 
ELIXER provides a reasonable description even for broader electron beams. 

The influence of emittance and betatron oscillations is shown in the following fig
ures. Figure 5.4 shows the difference in gain as obtained from the two models for 
various beam radii, in case of a matched electron beam (r~ 1). Compared to the 
results presented in Fig. 5.3, good agreement between both models occurs in a smaller 
interval, Çb 0.2. This is due to the fact that the betatron motion enhances the 
inhomogeneity of the radiation field. 
Finally, for an electron beam radius corresponding to Çb = 0.2, the emittance is var
ied. Figure 5.5 shows the difference in gain from the two models as a function of the 
normalized emittance E. For all indicated values of r~ of the betatron oscillation, the 
values obtained from the models are quite close. 
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Figure 5.4: Relative diEerenee in gain ~ between the 1 ~ D modeland TDA as a fi1nction 
of the surface ratio Çb in case of a matebed electron beam r~ = 1. 
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5.5 Conclusions 

The simulation code TDA is compared with an approximate model, ELIXER, in or
der to test the simplified electron dynamics in the latter model. ELIXER treats the 
electrous as moving in an effectively 1 ~D, density-averaged ponderomotive potential. 
Emittance and betatron oscillations are included as far as they lead to a variation of 
the beam envelope. The radial profile of the radiation field is accounted for by an 
expansion into a finite number of axisymmetric Gauss-Laguerre functions. The gain 
and saturation level, as well as the radial profile of the radiation of both simulation 
models are in excellent agreement for FEL parameters close to those of FELIX, i.e. 
for I = 50A and Çb ::::; 0.2. The gain as obtained from both models, is compared for a 
wide variety of parameters, including variation of the electron beam radius, emittance 
and betatron oscillations. The differences in gain are rather insensitive to the current 
amplitude. The model breaks down for broad beams and large values of the betatron 
amplitude, as expected. 
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Chapter 6 

Non-Linear Macroscopie 
Analysis of a High-Gain 

UV /X-ray Free-Eiectron Laser 

Abstract 

The non-linear stage of FEL interaction in high-gain UV /X-ray FEL is in
vestigated. Using the conservation of the total energy and momenturn of the 
electron-wave it is shown that the oscillatory character of the radiation 
power in the non-linear operating regime can be described as the bouncing mo
tion of a 'radiation-particle' in an anharmonic potential. This pseudo-potential 
formulation remains valid if there are limited variations in the shape of the po
tential remain small. The model is based upon the fact that the energy and 
phase distribution of the electrans are statistically independent, as in case of 
a single macro-electron, due to the strong bunching in the non-linear regime. 
The potential model provides a surprisingly good description of the physics 
involved. 
The non-linear regime can also be described by a moment method, just as 
in hydrodynamics. The dosure relation based upon the statistically indepen
dent energy and phase distributions truncates the hierarchy of moments at the 
first moment equation. The resulting equation is equivalent to the pseudo
potential model, undcr the assurnption of a constant potential. Thc descrip
tion of the linear operating regime and the transition to the saturated stage 
require the inclusion of a second moment equation, and a more subtie ciosure 
relation. Different approximations show complementory results with repeet 
to the amplitude and period of the non-linear oscillations. This supports the 
pseudo-potential model. 
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6.1 Introduetion 

In the past decade, significant advances have been made in theory and technology of 
FELs operating in the infrared using high quality electron beams. These developments 
facilitate the construction of FELs in the UV and X-ray speetral regions (200-0.1 nm). 
Although radiation sourees in these speetral regionsexist (synchrotrons and laboratory 
sources), there has never been a high-intensity souree of coherent X-rays as would 
be produced by a FEL. The possibilities involving this high intensity radiation are 
unexplored at the moment. Potential applications involve microscopy and holography 
as wellas pump-probe experiments [1]. Since high reflectivity mirrors are not available 
in this speetral range, these FELs are necessarily single pass devices. There ate roughly 
three different short wavelength FEL schemes under investigation. The emphasis in 
this Chapter is on the conceptually most basic scheme, the high-gain, single pass FEL 
[2, 3]. In this device, the spontaneous radiation is amplified toa extremely high power 
in a single pass through the undulator. Other short wavelength schemes are based on 
the use of high intensity lasers [4, 5] or periodic plasma structures [6, 7] as undulator, 
or on the generation of harmonies of the fundamental FEL frequency [8, 9, 10]. 

The self-consistent evolution of the radiation field in a high-gain, single-pass FEL 
can be described by a limited number of macroscopie equations. This moment method 
yields a series of coupled equations in which each moment involves a higher moment, 
just as in hydrodynamics. Leaving out three dimensional effects as emittance, betatron 
oscillations and the radiation focussing for simplicity, the exponential growth of the 
radiation and the slippage between the electron and radiation pulses are described by 
three linearized, spatially one dimensional moment equations [11, 12, 13]. These equa
tions have been discussed in Section 2.5. When the radiation intensity increases and 
the FEL reaches the non-linear regime, higher order moments become important. This 
is due to the fact that the electrous start to perform complete synchrotron oscillations 
in the ponderomotive potential. This leads to non-linear oscillations of the radiation 
field, since the electrans periodically gain and lose energy with respect to the optica! 
field. Different theoretica! approaches have been employed to describe this non-linear 
process. These indude the moment method [14, 15] that is emphasised in this' Chapter, 
a Hamiltonian description for the electron dynamics around a non-linear equilibrium 
radiation field [16, 17], and a Hamiltonian treatment which the self-consistent radiation 
field is included [18, 20, 19]. 

In order to describe the transition from the linear to the saturate stage within the 
framewerk of the macroscopie equations, one requires a dosure relation to truncate the 
hierarchy of moments. This problem has been investigated by several authors [14, 15]. 
Using dosure relations that have a numerical rather than a physical basis, coinplicated 
third order non-linear differential equations for the radiation field have been obtained 
that describe the exponential growth of the radiation and, to a certain extend, also 
the oscillatory character of the light in the saturated stage. Using a WKB-method, 
approximate analytica! solutions for the non-linear regime have been derived from these 
equations. The solutions include the transition from the exponential growth towards 
saturation and the leakage of radiation due to the slippage between the pulses, but fail 

! 
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to describe the non-linear oscillations of the radiation field [21, 22, 23]. 
lt has been shown in [15] that the oscillatory character of the radiation in the non

linear stage can be described if it is assumed that the energy and phase distributions 
of the electrans are statistically independent. This dosure relation is valid only in non
linear regime where the electrans are strongly bunched. This approach is generalised 
in this Chapter. Employing the conservation of total energy and momenturn of the 
electron-wave system, it will he shown that the variation of the radiation power can 
be described as the bouncing motion of a partiele in an anharmonic potential. This 
pseudo-potential formulation is analogous to the one that is used for the propagation 
of non-linear Alvén waves in plasmas. In case all electrous behave as a single macro
electron, a stationa1-y potential results. It will be shown that the potential formulation 
remains valid even if the potential is not strictly stationary. 

This chapter is organised as follows. The macroscopie equations are introduced in 
the next Section. In the Section 6.3 the pseudo-potential model is discussed. Analytic 
approximations are presented for the radiation field in the steady state region of the 
radiation pulse, where the radiation is uniform. The results are compared with the 
multi-electron simulation code ELIXER that was presented in Chapter 3 ( appropriate 
to the one dimensional limit). The evolution of the non-uniform radiation in the 
traHing edge of the light pulse is treated in Section 6.4. In Section 6.5 we return 
to the moment equations and discuss more subtie dosure relations that describe the 
exponential growth of the radiation in the linear regime and the transition to the 
non-linear stage. Section 6.6 summarizes the conclusions. 

6.2 Macroscopie equations for FEL interaction 

The slowly varying amplitude u of the radiation field can be derived from Maxwells 
equation under the assumption of a small speetral width and a fixed radial profile (see 
Section 2.4) 

(oz + o.z)u(z,z) iX(z) (b) (z, z), (6.1) 

where z is position in the undulator, z ex: (z- Vpont) is the time-coordinate, Vpon being 
the velocity of the ponderomotive wave, and X is the normalized electron density 
profile. The average (· · ·) results from averaging the souree term over one period of 
time of the fast motion, at fixed position z, and yields a summation over all N:z electrous 
within a i-segment of a ponderomotive wavelength, i.e. 

(b} 
1 Ne 

'Lbj, (6.2) 
j=O 

where bj = is the bunching factor of the jth electron, '1/lj being its ponderomotive 
phase. All parameters are normalised according to the 'universa! FEL sealing' which 
has been discussed in Section 2.4.3. Upon derroting the electron energy by p, the 
electron trajectodes are governed by 

.:!_b 
dz 

-ipb, 
d 

i[ub* u*b]. (6.3) 
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where the electron index j is left out for simplicity. Sirree the electron velocity is close 
to the phase velocity of the ponderomotive wave, the total derivatives can be simplified 
to d/dz ~ 8/oz. 
The radiation amplitude u is driven by the lowest moment, the average bunching factor 
(b). The variation ofthis moment generates a hierarchy of coupled macroscopie electron 
equations. As was pointed out in Section 2.5, the lowest four moment equation are 

-i (pb) ' 
iu (b)*- iu* (b), 

iu ((p- (p) )b)*- iu* ((p- (p) )b), 

iu- iu* \b2
)- i \v2b), 

(6.4) 

(6.5) 
(6.6) 

(6.7) 

where CY2 = (p2) - (p) 2 is the average energy spread and (b2) and (p2b) are higher 
moments. The wave equation (6.1) and the macroscopie electron equatio

1

ns (6.4)-(6.6) 
admit two conservation laws that will be used to simplify the coupled electron-wave 
dynamics in the saturated stage. One is the total energy t: of the electrans and the 
wave I 

(6.8) 

which satisfies the equation 

(6.9) 

A second conservation law can be obtained for the averaged longitudinal momenturn 
of the electrans 

P = ~((p) 2 + CY
2
)- (u (b)* +u* (b)). (6.10) 

This quantity is equal to the value of the normalised electron Hamiltonian Eq. (2.50). 
The z-dependence of P is determined by the growth and the non-uniformity of the 
radiation field, 

(6.11) 

In the remainder of this Chapter a hat-shaped electron pulse will be considered, X = 1 
for 0 ~ z ~ Lb, where Lb is the electron pulse length. The radiation that is generated 
by this pulse can be divided into three parts : the leading edge, the 'steady state' 
region and the leading edge. This has been discussed in Section 2.5. In the steady 
state region, where 82 u = 0, bath the total energy t: and the total momenturn P are 
constauts of motion. The velocity difference between the electron and radiation pulses 
becomes apparent in the leading edge of the pulse. The non-uniform radiation in this 
part leads to a leakage of energy t: and momenturn P, according to Eqs. (6.9) and 
(6.11). The radiation in the leading edge is not considered here sirree this part of the 
pulse has overtaken the electrans and is no langer amplified. 
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6.3 Pseudo-potential tormulation 

The total energy E: and the total momenturn P can be employed to rewrite the problem 
as a potential formulation. Upon writing the complex radiation field u= ~é" in 
terms of a real amplitude s and phase </;, the wave equation can be written as 

{b) = v'2S(az + Bz)<P- i ~(az + àz)s. 
v2s 

(6.12) 

By substitution of this expressim1 into the total momenturn Eq. (6.10) and into the 
absolute value of the bunching factor {b), it is straightforward to show that the wave 
equation is equivalent to the following pseudo-potential equations 

(1/2) [( az + 8;;;)s]2 + 
2U 

(Bz + Bz)<P 

U(s,C,D) 0, 

[2s(8z + 811 )</;] 2
- 2Cs = (s2

- E:s + D)2
- 2Cs, 

(s2 E:s+D)/2s. 

(6.13) 

(6.14) 

(6.15) 

where C is the absolute value of the bunching factor and D is proportional to the 
energy spread, 

C(z, z) = l{bW, 
1 [ 2 2 l D(z, z) 4 (J - (2P- t: ) . 

The variation of the parameters C and D, which is governed by 

BzC i{b)*{(p {p))b) i{b){(p 

BzD = ~[iu((p (p))b)*- iu* {(p 
4 

{p))b)*, 

{p) )b)] - ~az(2P 

(6.16) 

(6.17) 

(6.18) 

(6.19) 

requires the cross-moment {pb) and thus, the higher moments (b2) and {p2 b). These 
moments become important in the non-linear stage of the FEL. 
We stress that no additional approximations have been made to obtain these results. 
The merit of the pseudo-potential formulation is that the evolution of the radiation 
power is isomorphic to the bouncing motion of a mass-point in an anharmonic potential 
U. As will be shown, this model remains valideven ifthe energy E:, and the parameters 
C and D vary with s. In these cases the solutions of pseudo-potential equations (6.13)
( 6.15) are characterised by the four (complex) roots { 81, 8 2 , s3 , s4} of 

which depend on the values of t:, C and D according to 

2t: = 

2D + t: 2 

2(C + t:D) = 
Dz 

81 + 82 + 83 + 84, 

8182 + (s1 + 82)(83 + s4) + sas4, 

s1s2(83 + s4) +(si+ 82)8384, 

81828384. 

(6.20) 

(6.21) 

(6.22) 

(6.23) 

(6.24) 

In order that a real solution exist, at least two out of the four roots {si} should 
he real and non-negative, so that the solution is bounded by the real non-negative 
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roots. The solutions have been classified according to the degeneracy of the roots { s;} 
in [27]. In that paper, a similar potential method is employed to obtain solutions 
for non-linear Alvén waves in plasmas. Different types of solutions are described by 
pseudo-potential equations. The solutions range from purely harmonie oscillations to 
solitons, depending on the val u es of the FEL parameters & , C and D. It will be shown 
that the model describes the non-linear FEL dynamics in each part of the radiation 
pulse. In this Section, the steady state region of the pulse is considered, where & and 
P are constauts of ( average) motion. The trailing edge of the pulse will be discussed 
in Section 6.4. 

Solutions of the pseudo-potential equations can only be obtained when the func
tional dependenee of C and D with respect to s is known. This requires the variation 
of the moment (pb) as a function of z, and herree a ciosure relation for the higher order 
momentsin Eq. (6.7), as was mentioned before. The dosure relations that have been 
derived sofar are based upon an empirica! approach, in which the approximations are 
tested by camparing the resulting macroscopie models with a multi-electron simulation 
[14, 15]. 
A physically more transparent dosure relation is obtained when it is assumed that 
the energy and phase distributions of the electrans are statistically independent. This 
assumption has been employed befare [20, 24, 25], but never within the context of the 
moment equations. lt implies the most basic dosure relation 

(pb) ::::: (p) (b}. (6.25) 

This relation is satisfied if all electrans have the same bunching factor, (b = (b}) and/or 
the same energy (p (p) ), due to the strong bunching in the non-linear regime. This 
case is referred to as a macro-electron. Substitution of (6.25) into Eqs. (6.18)-(6.19) 
yields that C and D are two additiona.l constauts of motion in the steady state region 
of the pulse. This result provides the basis for a new interpretation of the non-linear 
electron-wave dynamics in the FEL, based upon the bouncing motion of a 'radiation
particle' sin an anharmonic potential U(s). Substitution ofthe dosure relation (6.25) 
in the moment equations (6.4)-(6.5) yields the second order differential equation for 
the radiation amplitude that was derived in [15] 

a;u +i(& iunazu = 0. (6.26) 

This equation is equivalent to the pseudo-potential equations (6.13-6.15), under the as
sumption of a constant potential, and is related to the differential non-linear Schrödinger 
èquation [26]. 

It will be shown that the pseudo-potential model remains to be a valid description 
of the non-linear stage without imposing a dosure relation. First, the main results 
from the linear macroscopie analysis are recalled. The following initial conditions were 
considered in Section 2.5.1. The electrous are distributed nearly homogeneously in 
the ponderomotive phase 1/; and energy, such that the initial bunching factor (b)0 and 
cross-moment (pb}0 are small, i.e. (b) 0 = (pb}0 0. The initial averaged energy p0 

and energy spread u0 are constant and non-zero. Furthermore, a small seed radiation 
field uo is assumed. With respect to these initial conditions, the right hand sicles of 
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Figure 6.1: Variation of D / s = 2 Re( k) - E (left scale) as a function of energy E for 
three values of the initia] energy spread a0 , vvberekis the unstable root of Eq. (6.27). 
The corresponding growth-rate, r =- Im(k), is also plotted (right scale). 

Eq. (6.5) and (6.6) are quadratic in small quantities, thus both the average energy 
and energy spread are constant in the linear approximation. The linear FEL operating 
regime is described by Eqs. (6.1) and (6.4), and the linearized version of Eq. (6.7) (see 
Eq. (2.74)). The resulting radiation field u u(O) exp[i(k- p0 )z] grows exponentially 
if k is an unstable (Im(k) < 0) root of the cubic equation 

(6.27) 

Note that the non-linear equation (6.26) does not describe the linear regime, as is seen 
u pon linearisation around the initia! conditions. This is due tothefact that the moment 
hierarchy is truncated at the first moment equation {6.4), rather than at Eq. (6.7). 
The variation of C and D for small values of the radiation power, s « 1, can be 
determined by substitution of the exponentially growing radiation field into the pseudo
potential equations. It is straightforward to show that C and D are proportional to 
s, 

C 2[(Re(k) E) 2 +Im2 (k)]s, and D=(2Re(k)-E)s, (6.28) 

where the relation E = p0 has been used. This implies that the potential U in the 
linear regime is 

2 
U -2Im(k)s2

. (6.29) 

Clearly Cis positive definite. (6.1) shows that the ratio D/s = (2Re(k) E) 
is positive definite for all values of the total energy E and the initia! energy spread a0 • 

Hence, also D = a2
- (2P- E2 ) is positive. Since (2P E2 ) aö for the considered 

initial conditions, the inequality D > 0 implies that the interaction with the radiation 
tends to increase the energy spread. 
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Figure 6.2: Variation of the potentials U1 (solid line) and (-U2 ) (dashed line) as a 
function of sj(ê /2), for F > 0 and for F < 0. The intersection ofU1 and ( -U2 ) yields 
the roots of U 0. 

What kind of solution is comprised by Eqs. (6.13)-(6.15) in the nou-linear FEL 
operating regime is investigated in the following analysis. The discussion is restricted 
to positive values of e. The total energy is taken to be e = 1, where the maximum 
growth-rate occurs. It is illustrative to rewrite the potential U as a sum of two parts, 
2U = U1 + U2 , where 

[ 
1 2 (s--e) 
2 

F 

is a non-negative, fourth order polynomial and 

U2 = -2Cs. 

(6.30) 

(6.31) 

The latter potential decreases at least linearly with s. From the facts that U1 2: 0 and 
that U2 < 0 for s > 0, it is concluded that the real roots must he positivé. Sirree D is 
an increasing function of sin the linear approximation (see Eq. (6.28)), one can expect 
that F changes when the radiation power becomes large (except when ê 0). 
The transition from the linear to the non-linear regime must involve a change potential 
U(s). It can be argued that this coincides with a change in the sign of F. Equation 
(6.29) shows that the potential u = ul + u2 in the linear regime is negative except 
for s 0 where U = 0. The bunching that develops due to the increasing radiation 
power yields a more negative value of U2 . This implies that the potential U1 must 
become more and more positive in order that a positive root of u = ul + u2 0 
occurs. However, starting from a smal radiation power and F 1, the term (s ~ê)2 

in the potential UI decreases. Since linear theory is expected to break doW]n befare the 
radiation power has reached s ~e, UI can only increase if F becomes negative. 
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This change of sign affects the shape of the potential U11 as is shown in Fig. 6.2. If 
F > 0, then UI has three extrema (dUifds 0) : alocal maximum at the symmetry
point s = &/2, and two global minima at s &/2(1 ± #). The latter two coincide 
with the roots of U1 = 0. Only one extremum remains when F becomes negative, this is 
a global minimum at s = &/2. At this point the potentialis positive (UI (&/2)4F 2), 

except in case & or F are zero. 
The intersectien of the potentials in 6.2 yields the roots of Eq. (6.20). There are 
at least two positive real roots (s1 > s2 , s3 s:). Maximally four real roots (si > 0 
for i = 1 - 4) exist in the case that F > 0. If F < 0, a sufficient condition for the 
existance of two real roots is 

(& > 0) (6.32) 

This condition is tested by computing C, and D from the multi-electron (m-e) simu
lation code ELIXER, which solves the full system of equations Eqs. (6.1)-(6.3). Fig
ure 6.3a shows the z-dependence of the radiation power (2s) and phase (<fJ) that is 
calculated by the m-e simulation ( thick lines), and from linear theory ( thin lines). 
Starting from a low power the FEL operates in the linear regime upto about 
z = 6. For larger values of z, the radiation power saturates and starts to oscillate. 
The transition between this saturated stage and the linear operating is clearly 
expressed in the radiation phase. In Fig. 6.3b it is shown that the C and D grow 
exponentially for z ::; 6, as expected, and oscillate around a non-linear equilibrium 
level afterwards. Also the variation of F and the quantity ( & /2)4 F 2 is shown. The 
parameter F starts from unity and becomes negative, as expected. The conditions 
F < 0 and C 2 &3 F 2 /16 are satisfied, despite the fact that C and D fiuctuate. Thus, 
only two positive real roots exist throughout the entire saturated stage. 

The variation of C and D as a function of z can be used to illustrate the change 
in the shape of the potential that determines the transition between the linear and 
the non-linear regimes. Figure 6.4 shows the potential in the linear regime, given by 
Eq. (6.29), and the anharmonic potential Eq. (6.14) for several z-values. At these 
positions, the values of C and D are taken from Fig. 6.5. The arrow indicates the 
radiation power. Starting from s « 1 (a), the 'radiation-particle' surfs down the 
potential (b). When the optical power increases, the potential changes such that the 
smallest root of U(s) 0 becomes larger then zero (c and d). This coincides with a 
negative value of F. This shape of this potential remains more or less constant, due to 
the irreversibility of the bunching process. As a result, the 'radiation-particle' cannot 
return to its starting point and gets trapped in the potential. 

These results in Fig. (6.3) suggest that the variation in the roots {si} is small 
throughout the entire saturated stage, such that actual potential is nearly stationary. 
In the case that the potential is in deed stationary (constant C and D) with two positive 
real roots, than the results in [27] yield the so-called mixed envelope solution for the 
radiation field. This periodic solution is explicitely written down as follows : 

s 
n+ n_ 

v+sn2 (~z,k) + 1- v_sn2(Kz,k)' (6.33) 
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Figure 6.4: Phenomenological explanation of the transition between the linear and 
non-linear operation regime of a high-gain FEL. The potential in the linear regime, 
(6.29), is indicated by the dasbed line. This potential transfarms towards U(s) (solid 
line) when s (indicated by the arrow) becomes Just before the saturation point 
is reached (z-:::= 8), tl1e potentlal has changed such that s is bounded between positive 
roots of U = 0. All parameters are the same as in Fig. 6.3. 

.p = -1-(s~- Es2 + D)z 
2s2 

+ 2~[n+II(~~:z, v!) + n_IT(K:z, v:)] 

+ ~ [m+II(~~:z, ç!) + m_IT(~~:z, ç: )], 

(6.34) 

where sn(~~:z, k) and Il(Kz, v2 ) are Jacobi's elliptic function of the first kind and the 
elliptic integral of the third kind, respectively. Furthermore, 

"'2 
qlq2 

(6.35) 4 ) 

k2 (6.36) 
4qlq2 

n± - ql)- (sz si)]/2, (6.37) 
l/2 ± [(q2- ql) ± s1)]/2q2, (6.38) 

m± [:r(s1q2 + s2q1) s1) ls3IJ/2sl s2!ssl, (6.39) 

Ç! [(s1q2- s2q1) s1) ls3IJ/2s 1 q2, (6.40) 

q; [s;- Re(s3)]
2 + Im(s3?, {1, 2}. (6.41) 

Equation (6.33) yields an oscillation with period 2E(k)/~>-, where E(k) is the elliptic 
integral of the secoud kind. This analytica! result are compared with the computed 
radlation field frorn the multi-electron simulation, in which C and D fluctuate as in 
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Figure 6.5: Comparison of the mixed envelope salution of the pseudo-potential model 
with the full salution as obtained Erom the m-e simulation. A homogeneaus electron 
beam is considered (b) (0) = (pb) (0) = 0, with energy p0 1 and zero energy spread 
ao = 0. The initia] radiation field is u(O) = 0.01, such that E 21' 1. Tbe initia] 
conditions for tbe potential model are obtained Erom the m-e results at z 7.7 (a)-(c) 
and at z 11.6 (d)-(f), for which [C, DJ are [0.57, 0.64] and [0.20, 0.33], respectively. 
Despite of these different values, (a) and (d) yield a similarly shaped potential. 
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Fig. 6.3. Sirree Eqs. (6.33)-(6.34) do not include the linear start-up, the result of 
the m-e simulation in the saturated stage is used to determine the initia! conditions 
for the mixed envelope solution of the psuedo-potential equations. This matching is 
performed at two positions in the undulator, where C and D are completely different. 
Figure 6.5 shows that similarly shaped potentialis obtained. The shape of the potential 
changes barely throughout the entire saturated phase, as expected. Fig. 6.5b-c shows 
that the non-linear oscillation amplitude, and in particular the oscillation period are 
reproduced quite well. The radiation phase qy increases faster then predicted, though. 
Complementary results with regards to the oscillation period and phase of the radiation 
field are obtained in 6.5e-f. 

An even simpler description of the non-linear oscillations can be obtained from the 
observation that the slope of the phase qy is nearly constant, except at the position of 
minimum radiation power, i.e. 

2s8zqy c:::: 2sa + Do, (6.42) 

where the slope a and the parameter Do have to be determined from the multi-electron 
simulation. This approximation implies energy spread CJ

2 is quadratic in s in the satu
rated stage. No te that D0 can be interpreted as a minimum energy spread. Substitution 
of Eq. (6.42) into (6.14) yields the following harmonie potential 

(6.43) 

wheres± HC/2a2)[1-ó±J1- 26] andó 2aD0 /C. Thispotentialyieldsharmonic 
oscillations in s with period A 2a, provided that there are two realand positive roots, 
i.e. 0 < 8 < 1/2. Insertion of the average value of o:, C and D0 , as obtained from the 
multi-electron simulation, (a= 0.33, C = 0.30, and Do 0.13), results in 

s_ = 0.03, s+ 1.0, A = 9.5. 

This simple model can he used to relate C and Do to the oscillation depth. 

6.4 Behaviour in the trailing edge 

The pseudo-potential model that has been described in the previous section can in 
principle also be used to describe the radiation field in the trailing edge of the light 
pulse. However, the potential can change drastically on the time-scale of the non-linear 
oscillations, since E and P are no longer conserved due to the non-uniformity of the 
radiation in this part. This implies that the potential formulation begins to lose its 
validity. Hence, we return to the original set of macro-electron equations (6.1), (6.4), 
(6.5) and the dosure relation (6.25), i.e. 

(Dz + Dz)u 
Oz {b) 

Oz (p) 

i (b}, 

-i (p) (b) ' 
i(u(b)*- u* (b)). 
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Figure 6.6: (a) Ra.diation power 2s in the light pulse, monitored at z 30. A step
shaped electron pulse is considered with length Lb 60, and uniform initia] energy 
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(b) Radiation intensity as a lunetion of z, monitored at position z = 30 in tpe electron 
pulse. The macro-electron model ( dasbed line) is matebed to the m-e simulation (solid 
line) at z 30. 
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This set is equivalent to Eqs. (6.13)-(6.15). The dosure relation (6.25) is expected to 
hold in most of the trailing edge, as long as the radiation power is sufticiently high to 
bunch the electrons. 

The macro-electron equations are solved numerically and are compared with results 
of the multi-electron (m-e) simulation. Figure 6.6a shows the generated light pulse at 
position z = 30. Note the different character of the radiation in each of the indicated 
parts of the radiation pulse. In Fig. 6.6b the z-evolution of the optica! power is moni
tored at a fixed 'position' 30) in the electron pulse. At this z-position, it takes up 
to z = 30 before the steady state part of the pulse has slipped over the electrons. This 
radiation can be described by the pseudo-potential equations. The non-uniform radi
ation field that is monitored for larger values of z, originates from the trailing edge of 
the light pulse. The macro-electron model is matched to the m-e simulation at z 30 
in order to describe this high intensity radiation. This matching implies that the values 
of C and D are calculated for each z-segment in the electron pulse. The results show 
that the macro-electron model provides a quite satisfactory description for the entire 
z-dependence of the radiated power, in particular for the first two superradiant high 
intensity peaks. Hence the macro-electron model accounts for most of the features of 
the physics involved in the trailing edge of the light pulse. 

6.5 Extension of the macro-electron model 

Although the macro-electron approximation (pb) ~ (p) {b) provides a useful description 
for the non-linear processes in the saturated stage of a FEL, the main drawback is that 
the resulting model does not describe the linear stage, nor the transition beti-veen the 
exponential growth of the radiation and the non-linear oscillations. This requires the 
inclusion of the full moment (pb). The evolution of this macroscopie quantity requires 
a suitable dosure relation for the higher order moments W) and (p2b) in Eq. (6.7). 
In this Section several dosure relations will be considered that based upon the macro
electron assumption. Since C and D are no longer constant (see Eqs. (6.18)-(6.19)), 
we return to the original moment equations Eqs. (6.1) and (6.4-6.6). The macro
electron model can be extended to include the linear operating regime by expressing 
the electron trajectories (b, p) into the motion of the bulk ( (b), (p) ), which is expected 
to have the same properties as the macro-electron in the non-linear regime, and its 
deviation (b b - (b) , p = p - (p)). Both deviations are assumed zero in the macro
electron model. This division of the electron motion implies that the evolution of (pb) 
can be written as 

+iu l(bW iu* (b)2 i (p)2 {b) 

+iu(l- l(b)l2
) ia2 {b)- 2i (p) (fJb) 

-i[u* (ïi2 ) + (fJ2b) ]. 

(6.44) 

The terms in the first line on the right hand side of Eq. (6.44) give a contribution as if 
the electrans were moving as a single macro-electron. If the other terms are omitted, 
the macro-electron equation Oz {b) -i {p) {b) is recovered, except for an integration 
constant. The linear operating can be treated upon including the terms in the 
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second row. The momentsin the last row cannot be reduced. Approximations tothese 
terms are based on the following discussion. 
An important complication to obtain a suitable dosure relation is that one cannot 
expect that the macro-electron contribution will be dominant over the other terms 
on the right hand side of Eq. (6.44) in the non-linear regime, despite the fact that 
(ib) ~ 0 is a good approximation for a dosure relation in the first moment. This is 
due tothefact that Eq. (6.44) involves an additional derivative compared to Eq. (6.4), 
such that beside the magnitude of (iJb) also its rate of change has to accounted for. A 
beuristic way to obtain a new dosure relation is to extend the macro-eiectron model 
by assuming that the dominant effect is bunching in phase only (b 0). This implies 
that the following terms can be approximated by following dosure reladon 

Ciosure Relation I (6.45) 

Using this dosure relation, the evolution of 'steady state' radiation is determined by 

a;u = iu(l 2lazul2
)- {2P- 3iu*azu)Ozu. (6.46) 

This expression yields the non-linear equation of Eq. (6.26) and includes the evolu
tion of the spread in energy (through P), which is absent in a single-e~ctron model. 
In Fig. (6.7) the results of the approximated system, determined by Eq. (6.45), and 
the multi-electron (m-e) simulation are compared. The resulting model describes the 
behaviour in the linear regime satisfactorily, and also includes non-linea:r oscillations. 
However, the oscillation period is larger then the period predicted by the m-e simuta
tion. 

The model can be improved by taking b to be small but non-zero, since there is a 
fini te spread in both energy and phase, even if the electrans are strongly bunched. The 
cross-moment (:Pb) is taken into account, whereas the higher order mom~mts (b2

) and 

(rb) are eliminated by means of the dosure relation 

Ciosure Relation II 

This implies that the radiation field is governed by 

a;u = iu(l 2lazul2
)- (2P- 3iu*azu)azu 

-2i(E lul2)[a;u + i(E- lul2)8,u]. 

(6.47) 

(6.48) 

Figure (6.8) shows that the model based upon Eq. (6.47) indudes the linear start-up, 
just as in the previous model. In addition, it also gives a good description of the non
linear oscillation period, at the expense of a slightly lower radiation amplitude. In this 
figure also the radiated power and phase resulting from the dosure relation proposed 
in [14] 

u* (b2
) + (fi2 b):::::! 0, Ciosure Relation III (6.49) 

is shown, which neglects also the second harmonie bunching factor (b) 2
. 'l,'his approxi

mation leads to 

iu(l 

-2i(E 
2lazul2

) (2P- 2iu*8zu)a"u 

lul
2
)[a;u + i(E- lul2)a"u]. (6.50) 
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Figure 6.7: Comparison of the approximated sets, based upon dosure relation 
Eq. (6.45) (Closure Relation I) and upon , with the multi-electron (m-e) simulation. 
The initia] conditions are the sameasin Fig. 6.5, except for the initia] radiation field, 
i.e. u(O) = 0.001. 
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Figure 6.8: Comparison of the approximated sets, based upon closure relation 
Eq. (6.47) (Glosure Relation II) and upon Eq. (6.49) (Closure Relation III), and the 
multi-electron (m-e) simulation. All parameters are the same as in Fig. 6. 7. 
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Compared to the ciosure relation Eq. (6.47), this relation yields complementory re
sults with respect to the height and period of the non-linear oscillations of the radi
ation power. Upon using a WKB-approach and including only cubic non-linearities 
(<X lul2 u), the third order equation (6.50) has been reduced to a first order non-linear 
equation of the Ginzburg-Landau type in [21], 

OzU iku + K iul2 u, 

where kis the unstable root of Eq. (6.27) and Kis a complex number that depends on 
k and the initial energy. A similar result has been obtained in [22], where the analogy 
with optica! fibers is used to include multiple frequencies. This equation describes the 
saturation of the radiation intensity, provided that Re(K:) < 0. It does not yield the 
power oscillations though. This requires the inclusion of the second derivative of the 
radiation field, as is shown in Section 6.3. 

Each of the three dosure relations and the resulting differential equations that are 
discussed in this Section describe a non-constant C and D. Although the variation in 
these parameters is different for each dosure relation, they all yield the same type of 
oscillations as those described inSection 6.3. This gives support to the pseudo-potential 
model. 

A comparison between the models mentioned above has also been made with the 
inclusion of slippage effects. The radiation power is monitored at a z-position in the 
traHing edge of the radiation pulse. In this region the effect of slippage becomes 
apparent after a small 'time' z = 3. The initial conditions are chosen such that the 
FEL still operates in the linear regime until z ::;; 10. The comparison is shown in 
Fig. 6.9. Since the behaviour of the radiation field in the linear regime is accounted 
for in both dosure relations Eq. (6.47) and Eq. (6.49), there is no difference in optica! 
power before z $ 10. Further down the undulator, both models qualitatively describe 
the behaviour of the radiation power. Although the model based upon Eq. (6.47) has 
a lower saturation level, its rate of power decrease is in agreement with the model 
Eq. (6.49) and the m-e simulation. Note that the radiation is saturated at a lower 
power level as would be achieved in the steady state region. This is due to the fact 
that the interaction time between the electrous and the wave is insufficiently long to 
achieve saturation. 
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Figure 6.9: Comparison of the approximated sets, based upon dosure relation 
(6.47) and upon Eq. (6.49) (Closure Relation III), and the multi-electron (m-e) 

simulation, with the inclusion of slippage effects. The radiation power is monitored 
at pulse position z = 3. A step-shaped electron pulse is considered, with pulse length 
Lb > 3. All parameters are the same as in Fig. 6. 7. 
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6.6 Conclusions 

The behaviour of the radiation field in the saturated stage of a high-gain FEL can be 
describe as the bouncing motion of a 'radiation particle' in a weakly time-dependent, 
anharmonic potential. This potential formulation fully employs the conservation laws 
for the total energy and for the average longitudinal momenturn of the electrous and the 
wave. In the steady state region of the light pulse, the shape of the potentialis constant 
if the energy and phase distributions of the electrous are statistically independent. This 
assumption is satisfied if the electrous move as a single macro-electron, with the same 
phase b = (b), and/or with the same energy p = (p), due to the strong bunching 
in the non-linear regime. The rnerit of the pseudo-potential forrnulation is that the 
non-linear oscillations of the radiation intensity can be described without irnposing a 
dosure relation. 
Using the macro-electron dosure relation, so-called mixed envelope solutions can he 
derived, which yield a good representation of the non-linear behaviour of the radiation 
in the steady state region. In the trailing of the light pulse, where slippage is 
important, the pseudo-potential model begins to lose its applicability, since the total 
energy and averaged longitudinal momenturn are no Jonger conserved locally. In this 
region, the set of macro-electron equations, equivalent to the pseudo-potential model, 
is solved numerically. It is shown that the macro-electron assumption accounts for 
most of the features of the interaction between the electron and light pulses, both in 
the steady state and in the trailing edge of the light pulse. 

A drawback of the model is that it does not describe the linear operating regime 
and the transition to the saturated stage. This requires the inclusion of the full cross
moment (pb), and a more suitable dosure relation for the higher moments (b2

) and 

(iJ2b). Different approxirnations show complementory results with respect to the height 
and oscillation period of the non-linear oscillations. When slippage is taken into ac
count, both dosure relations Eq. (6.47) and Eq. (6.49) qualitatively describe the optical 
power in the saturated regime. 
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Summary 

Free-Electron Lasers (FELs) are sourees of intense coherent radiation that have the 
property of a continuons wavelength tunability. The radiation is generated by in
jecting a relativistic electron beam in the periodic field of an array of magnets, the 
undulator. The physical mechanism of the interaction is based upon the formation of 
a ponderomotive potential well, that arises due to the coupling between the induced 
electron wiggle motion and the transverse electric field of the radiation. The electron 
motion in the potential is such that, on the average, they 'surf' down the potential. 
This leads to the formation of electron bunches on the scale of an optical wavelength, 
and to the generation of coherent radiation. FELs can operate in a broad wavelength, 
from millimeter waves down to the VUV and, possibly, to X-rays. Existing FEL ex
periments, amongst which is the Dutch FEL user facility FELIX, operate mainly in 
the infrared speetral region. The generated radiation is captured between two mirrors, 
since the amplification of the radiation in a single pass through the undulator is low. 
The radiation power can build up when the radiation and the newly injected electrans 
enter the undulator at the sameinstant in time. In FELIX, the radiation is coupled out 
through a hole in the middle of one of the cavity mirrors. This provides a broadbanded 
means of extraction, that is required for wavelength tunability. However, the preserree 
of the outcoupling hole changes the radial mode structure of the intra-cavity radiation. 
The radial profile is determined by two competing mechanisms. The power coupled 
out through the aperture reduces the on-axis intensity. This is partially compensated 
by diffraction in subsequent roundtrips. The amplification and focusing of radiation 
due to the interaction with the electrous tend to restore the radial profile, in partienlar 
on the axis. In the case of pulsed beam operation, also the longitudinal profile of the 
light and electron pulses plays a role. Characteristic for FELIX is that the electron 
pulse length is a fraction of the slippage length. This is the distance over which the 
light has overtaken the electrans during one passage through the undulator. Thus, the 
light and electron pulses will interact for only a fraction of the travelling time. 

The spatial structure of the intra-cavity light pulses and the fraction of power 
coupled out through the aperture are two of the issues that are addressed in this 
thesis. To this purpose a simulation model has been developed that includes the full 
spatial and time-dependent structure of the light pulses and in which the electron 
dynamics is determined selfconsistently from the laser field. The model is applied 
to the resonator FELs of FELIX. The results show that the spatial structure of the 
radiation pulse depends strongly on the overlap between the radiation and electron 
pulses. The amplification of the radiation tends to decrease the effective velocity of the 
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optical pulse. After being refiected by the cavity mirrors, the optica! pulse will enters 
the undulator a fraction of time later than the electron pulse. This lethargie effect 
reduces the longitudinal overlap between the pulses, and hence the gain. The gain can 
be restored by shortening the laser cavity. This leads to an effective synchronisation 
between the pulses, which holds for many roundtrips as long as the gain is sufficiently 
high. During this phase, gain dominates over power loss and diffraction, and determines 
the radial structure of the optical field. This is mainly a Gaussian radial mode. When 
the laser reaches saturation, the effective velocity of the radiation will increase. The 
pulse begins to overtake the electrous and wil! eventually run ahead of them. Bebind 
this optica! pulse, a secoud peak begins to grow as in the linear phase. Upon reaching 
saturation, also this peak will overtake the electrous and the cycle starts again. This 
process implies that after a number of such cycles, the radiation consists of pulses 
tied to the electrons, and of freely propagating pulses. These contributions have a 
quite different radial structure, in particular on the axis. The radiation peak that still 
overlaps with the electrous has mainly a Gaussian radial structure. The intensity peaks 
at the frontside of the radiation pulse are no Jonger amplified and are subject only to 
power loss and diffraction at the aperture. Upon refiection at the aperture, additional 
non-Gaussian radial modes are created that typically have a larger radial extension 
than the Gaussian mode. These non-Gaussian modes remain at a low level if they lose 
a significant fraction of their energy along the edges of the mirrors, or at the vacuum 
tube inside the undulator. However, if these modes are sustairred by the cavity, then a 
radial structure can develop in the front of the optica! pulse in which a large fraction 
of the intra-cavity radiation is located off-axis. This has important consequences for 
the outcoupled fraction of intra-cavity power in FELIX. Experimental observations are 
in agreement the predictions. 

One of the main directions in present FEL developments is in FELs operating in the 
VUV, and possibly, in the X-ray speetral region. These FELs will necessarily be high
gain, single pass devices, since high reflectivity mirrors are not available, at these short 
wavelengt hs. The radiation in such a high-gaindevice grows exponentially until a power 
level is reached where the electrans start to perform complete synchrotron oscillations 
in the ponderomotive potential. This leadstoa sloshing of energy between the electrous 
and the wave, which results in non-linear oscillations of the optical intensity. Using the 
conservation of the total energy and momenturn of the electron-wave system, it is shown 
that this oscillatory character of the radiation power in the non-linear operating regime 
can be described as the bouncing motion of a 'radiation-particle' in a slowly varying, 
anharmonic potential. The shape of the potential, which determines the amplitude and 
the period of the intensity oscillations, depends on the total energy and momentum, 
and on the bunching of the electron beam. The pseudo-potential tormulation is based 
upon the fact that, due to a strong bunching in the non-linear regime, nearly all 
electrans move as a single macro-electron. This mechanism yields a constant potential. 
Numerical results indicate that the actual potential is indeed nearly stationary. The 
transition between the linear and the non-linear regimes can be understood from a 
transformation of the potential. The growth of the radiation in the linear regime is 
described by a harmonie, but concave potential. The bunching that develops due 



Summary 123 

to the increasing radiation power, leads to a transformation of this potential into an 
anharmonic potential in which the 'radiation-partide' is trappeeL The irreversibility 
of the bunching process prevents the radiation power to return to the linear stage. 

The non-linear stage can also be described by a moment method, just as in hy
drodynamics. This metbod yields a series of coupled moment equations in which each 
moment involves a higher moment. The set can be closed using a suitable dosure 
relation. The assumption that the energy and phase distributions of the electrons are 
statistically independent truncates the moment hierarchy at the first moment equa
tion. This dosure relation implies the macro-electron approximation. Thus, the re
sulting model is equivalent to the pseudo-potential equations, under the assumption of 
a constant potential. The exponential growth in the linear and the transition 
to the saturated stage requires the inclusion of a second moment equation. Several 
approximations for the higher moments that appear in that equation are investigated. 
The resulting models describe the transition between the two operating regimes, both 
in the 'steady state' part of the radiation pulse where the radiation is uniform, and in 
the trailing edge of the light pulse where slippage becomes important. The fact that all 
approximations show complementory results with respect to the amplitude and period 
of the non-linear oscillations, gives support to the pseudo-potential model. 



124 

Samenvatting 

Vrije-elektronenlasers (Free-Electron Lasers, FELs) zijn bronnen van intense, coher
ente electromagnetische straling die worden gekenmerkt door een cont1nue golfiengte
instelbaarheid. De straling wordt gegenereerd door een relativistische elektronenbundel 
te injecteren in het periodieke veld van een rij magneten, de undulator. De interactie 
tussen de elektronen en het optische veld is gebaseerd op de formatie van een pondero
rnatieve potentiaalkuil, die wordt gevormd door de koppeling tussen de geïnduceerde 
transversale elektronenbeweging en het electrische veld van de straling. De elektro
nenbanen in de potentiaal zijn zodanig dat, gemiddeld genomen, de el~ktronen van de 
ponderomotive golf af 'surfen'. Dit leidt tot de formatie van elektronbn-bunches, dit 
zijn variaties in de elektronen dichtheid over één optische golflengte, en tot de generatie 
van coherente straling. Vrije-elektronenlasers kunnen worden gebruikt in een breed 
golflengtegebied, van millimetergolven tot in het VUV en, mogelijk tot Röntgenstraling. 
Bestaande FEL experimenten, waaronder de Nederlandse FEL gebruikersfaciliteit 
FELIX, werken voornamelijk in het infrarode deel van het spectrum. Aangezien de 
versterking van de straling in een enkele doorgang door de undulator la~g is, wordt het 
licht opgesloten tussen twee spiegels. Verdere versterking vindt plaats indien het licht 
en de nieuw geinjeeteerde elektronen op hetzeide moment de undulator binnenkomen. 
In FELIX wordt de straling uitgekoppeld door een opening in het midden van één van 
de spiegels van de resonator. Deze breedbandige methode van uitkoppeling is vereist 
voor een grote instelbaarheid van de golflengte. De aanwezigheid van een gat in de 
spiegel leidt echter tot een verandering van de transversale structuur van het licht 
binnen de resonator. Deze structuur wordt bepaald door een tweetal, elkaar tegen
werkende processen. Het vermogen dat wordt uitgekoppeld door het gat, verlaagt de 
optische intensiteit op de as van de trilholte. Dit wordt gedeeltelijk gecompenseerd 
door diffractie in opeenvolgende rondgangen door de resonator. De versterking door de 
resonante interactie met de elektronen en de hiermee samenhangende focussering van 
het licht, leiden juist tot een versterking van het veld op de as. Indien een gepulste 
elektronenbundel wordt gebruikt, speelt tevens het longitudinale profiel van de optische 
en elektronenpulsen een rol. Karakteristiek voor FELIX is dat de lengte van de elektro
nenpuls slechts een fractie is van de sliplengte, dit is de afstand waarover de lichtpuls 
de elektronenpuls heeft ingehaald na één passage door de undulator. Dit betekent dat 
er slechts gedurende een deel van de reistijd door de undulator interactie plaatsvindt 
tussen de elektronen en het licht. 

De ruimtelijke structuur van het licht in de resonator en de uitgekoppelde fractie van 
het vermogen vormen twee van de onderwerpen die onderzocht zijn in dit proefschrift. 
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Er is een simulatieprogramma ontwikkeld dat de volledige ruimtelijke en tijdsafhanke
lijke structuur van de lichtpulsen berekent en waarbij de elektronendynamica op zelf
consistente wijze wordt bepaald door het stralingsveld. Dit model is toegepast op de 
vrije-elektronenlasers van FELIX. De resultaten laten zien dat de ruimtelijke structuur 
van het stralingsveld in sterke mate wordt bepaald door de overlap tussen de licht- en 
elektronenpulsen. De versterking leidt tot een verlaging van de effectieve snelheid van 
de lichtpuls. Hierdoor zal deze, na gereflecteerd te zijn aan beide spiegels, de undulator 
een fractie later binnenkomen dan de elektronenpuls. Dit lethargie-effect reduceert de 
longitudinale overlap tussen de pulsen, en verlaagt de versterkingsgraad. Deze verla
ging wordt ongedaan gemaakt door de trilholte te verkorten. Dit leidt tot een effectieve 
synchronisatie tussen de pulsen, die vele rondgangen stand houdt zolang de versterking 
hoog genoeg is. Gedurende deze fase, domineert versterking over uitkoppelverlies en 
diffractie, en bepaalt deze de transversale structuur van het licht. Dit is voornamelijk 
een Gaussisch radial profieL Wanneer de laser het verzadigingspunt nadert, neemt de 
effectieve snelheid van het licht toe. De puls begint de elektronen in te halen en zal 
uiteindelijk voor hen uit lopen. Achter de lichtpuls begin een tweede piek te groeien 
zoals in de lineaire fase. Wanneer verzadiging wordt bereikt zal ook deze piek de elek
tronenpuls inhalen. Hierna begint de cyclus opnieuw. Dit proces impliceert dat, na een 
aantal van deze cycli, de gegenereerde straling bestaat uit pulsen die gebonden zijn aan 
de elektronen en uit vrij propagerende pulsen. Deze bijdragen hebben een verschillende 
radiale structuur, in het bijzonder nabij de resonator as. Het deel van de lichtpuls dat 
overlapt met de elektronenpuls heeft voornamelijk een Gaussische radiaal profieL De 
pieken aan de voorzijde van de puls worden niet langer versterkt en zijn alleen onderhe
vig aan uitkoppelverlies en diffractie. Door reflectie aan de spiegel met het gat worden 
additionele niet-Gaussische transversale modes gegenereerd, welke een grotere radiale 
uitgebreidheid hebben dan de Gaussiche mode. De niet-Gaussische modes blijven op 
een laag intensiteitsniveau indien deze een significante fractie van hun energy verliezen 
aan de randen van de spiegels, of aan de geëvacueerde buis in de undulator. Echter, 
indien de radiale verliezen van deze modes klein zijn, kan een transversale structuur 
worden opgebouwd waarbij een groot deel van de intensiteit niet op de resonator-as ligt. 
Dit heeft belangrijke gevolgen voor de uitgekoppelde fractie van het licht in FELIX. 
Experimentele observaties zijn in overeenstemming met numerieke voorspellingen. 

Op dit moment is een belangrijke deel van het FEL onderzoek gericht op lasers die 
werken in het VUV en, mogelijk, in het Röntgen gebied. Aangezien er geen spiegels 
met een hoge refiectiviteit bestaan voor dergelijke korte golflengten, zullen deze vrije
elektronenlasers een hoge versterking moeten hebben om in één passage door de undu
lator een hoog vermogen te bereiken. De straling groeit exponentieel totdat een niveau 
bereikt is waarbij de elektronen volledige synchrotronoscillaties kunnen uitvoeren in 
de ponderomotieve potentiaal. Dit leidt tot een uitwisseling van energie tussen de 
elektronen en het licht, dat resulteert in niet-lineaire oscillaties van het optische ver
mogen. Door gebruik te maken van het behoud van de totale energie en impuls van het 
elektronen-golf systeem, kan worden aangetoond dat dit proces beschreven wordt door 
de periodieke beweging van een 'stralingsdeeltje' in een langzaam varierende, anhar
monische potentiaaL De vorm van de potentiaal, die de amplitude en oscillatieperiode 
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van het vermogen bepaalt, is afhankelijk van de totale energie en impuls, en van de 
bunching van de elektronenbundeL Deze pseudo-potentiaalfomulering is gebaseerd op 
het feit dat, door de sterke bunching in de niet-lineaire fase, bijna alle elektronen zich 
gedragen als een enkel macro-elektron. Dit mechanisme impliceert een constant poten
tiaal. Numerieke resultaten laten zien dat de potential inderdaad nagenoeg stationair 
is. De overgang tussen de lineaire en niet-lineaire fase kan begrepen worden door een 
verandering in de vorm van de potentiaal. De exponentiële groei van de intensiteit 
wordt beschreven door een harmonische, doch concave potentiaal. De bunching die 
zich ontwikkelt door de toename van het stralingsveld leidt tot een transformatie van 
deze potentiaal naar een anharmonische potentiaal, waarin het 'stralings-deeltje' gevan
gen raakt. De onomkeerbaarheid van het bunching proces voorkomt dat ~et optisch 
vermogen terug kan keren naar de lineaire fase. 

Dit process kan ook worden beschreven met behulp van een momentenmethode, net 
als in de hydrodynamica. Deze methode genereert een hiërarchie van gekoppelde mo
mentenvergelijkingen, waarbij in iedere vergelijking een hoger moment voorkomt. Een 
gesloten set van vergelijkingen kan worden verkregen met behulp van een geschikte 
sluitingsrelatie. De benadering dat de energie en fase distributies van de elektronen 
statistisch onafhankelijk zijn, sluit de hiërarchie in het eerste moment. Deze kluitingsre
latie impliceert de macro-elektron benadering. Hierdoor is het resulterende model 
equivalent met de pseudo-potentiaal vergelijkingen, onder de aanname van een con
stante potentiaal. De exponentiële groei in de lineaire fase kan beschreven worden 
indien een tweede momentenvergelijking wordt meegenomen. 
Verschillende benaderingen voor de hogere momenten die in deze vergelijking voorkomen 
zijn onderzocht. De resulterende modellen beschrijven de lineaire fase en d,e overgang 
naar het niet-lineare regime, zowel in het zogenaamde stationaire deel valn de licht
puls, waarin de straling uniform is verdeeld, als in de achterzijde van de puls, waar het 
snelheidsverschil tussen het licht en de elektronen belangrijk is. De constatering dat 
alle benaderingen complementaire resultaten geven met betrekking tot de amplitude 
en periode van de niet-lineaire oscillaties, ondersteunt het pseudo-potentiaal model. 
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I In een resonator-FEL kan een niet-Gaussische optische structuur worden gevormd 
waarbij een substantieel deel van de optische intensiteit niet op de resonator-as 
ligt, indien de fractie van het licht dat wordt uitgekoppeld door een opening in één 
van de spiegels groot is t.o.v. radiale verliezen. 
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