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1.1 introduction 1 

CHAPTER 1 

AGGREGATE CONTROL OF PRODUCTION SYSTEMS 

1.1 INTRODUCTION 

In the design of production systems one is often interested in capacity oriented, 

rather than detailed performance objectives. An example of a detailed performance 

objective is the timely delivery of specific product types. Capacity oriented 

objectives, also called "aggregate" objectives, are objectives with respect to the 

global behavior of the system, expressed in some aggregate product unit. Examples 

of such capacity oriented objectives are the realization of a certain production 

volume (expressed as 'products" per year), or the achievement of short average 

lead times and little work-in-process. It is the task of production control to realize 

both a good detailed and a good capacity performance. Consider the case of a 

manufacturer of coin validators (a coin validator is the tool that evaluates coins in 

coffee machines for instance). This manufacturer is designing a new production line. 

He has a good idea about what the market will be: worldwide he can sell about 

550,000 coin validators a year. The production line has to be able to manufacture 

this amount of products. The manufacturer does not know in advance to what 

countries he will sell nor in what quantities. This creates a problem, because 

different countries demand different coin validators, with different manufacturing 

characteristics. He has to make sure that, whatever the eventual required product 

mix will be, he can fulfill this demand (at reasonable costs). The objective with 

which the engineer is faced, is to design a production system that is able to realize 

the aggregate target: a total production volume of at least 550,000 items, flexible 

enough to produce all possible mixes over country variants. 

From this case, which is treated in Chapter 7, it will be clear that in design 

situations the detailed production characteristics, like production volumes per 

product, are often unknown. The only things that are known to some extent are 
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capacity oriented objectives: a certain desired aggregate throughput, average 

aggregate throughput time, aggregate service degree, aggregate work-in-process, etc. 

In existing production systems capacity oriented objectives also play a role. 

Consider the case of a truck manufacturer who faces a constant yearly demand for 

about 34,000 trucks. Within a few years there are no big changes in this number. 

Although he knows the total demand, he does not know what specific trucks will 

be demanded, and since he is in principle able to manufacture a few million 

different truck types, all with different production characteristics, he wonders what 

the consequences of this volume and this variety will be to his production system. 

He also has other problems: competition is strong in his branch and to increase his 

delivery performance he wants to reduce lead times and work- in-process. To what 

extent is this possible? These are again questions with respect to aggregate 

objectives. 

In an attempt to model production situations as those above-mentioned, it is 

evident that modeling all individual products is not appropriate. In the first place, 

the eventual production levels of the individual products are not known and in the 

second place, it is unnecessarily cumbersome. An aggregate (or capacity) model, 

where the products are aggregated ( "coin validators" in the first example, "trucks" 

in the second example), will be sufficient to describe the situation and to evaluate 

its aggregate performance. In Chapter 7, it is shown for these examples that it is 

possible indeed to model the production systems at capacity level. In such 

aggregate models a certain production control has to be applied. Production control 

in an aggregate model is in fact ''aggregate control", because the (aggregate) 

production volume, lead times of aggregates, service degree of aggregates and 

aggregate work-in-process are controlled. The aggregate control in the model can 

also be applied in the real system (see below). 

This modeling and analysis of production systems at capacity level and the 

evaluation of aggregate control rules (also called capacity controQ is the subject of 

this text. Note, that in single-product production situations the detailed and 

capacity level of describing the production system, coincide. The importance of 

modeling systems at capacity level is in the first place due to the fact that 

objectives are expressed in aggregates, which leads to aggregate models. Controlling 

the flow in aggregate models leads to aggregate control. There is another reason 

why it is important to study aggregate models and aggregate production control. It 

is because many production situations are so complex, that production control has 
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deliberately been split up into different hierarchical levels (at least two). At the 

higher control level aggregate targets are set and controlled. The lower control 

level (item contro~ has to make sure that individual items are produced in time. 

A well-known goods flow control system like Manufacturing Resources Planning 

(MRP II, see for instance Plossl and Welch, 1979), is based on this idea. Two 

main levels are distinguished, namely Production Planning (PP) and Material 

Requirements Planning (MRP I). The PP level is concerned with setting aggregate 

targets: total production volumes, total budgets for departments, aggregate stock 

norms and norms for lead times are determined. The MRP I level has to make 

sure that specific items are produced in time, given the restrictions of PP. For 

instance, order releases are offset, by means of average lead times determined at 

PP leveL 

To determine realistic aggregate objectives and realistic norms at the capacity 

control level in two-level production control, it is necessary to have available 

aggregate models, a control structure for capacity control and a method for 

analyzing such models. 

Splitting up production control into a capacity level and an item level has been 

advocated by several authors. Bemelmans (1986) has shown that, for certain 

single--stage multiproduct production/inventory systems, it is close to optimal to let 

total production depend on total inventory only, and to let the allocation of 

production only depend on the individual inventories. Wijngaard (1984) has argued 

that the decomposition of capacity and item control can be extended to multistage 

production systems. For related literature see also Hax and Meal (1975), Bitran 

and Hax (1977), Bitran et al. (1981,1982), Van Beek (1981), Hax and Candea 

(1984), Meal (1984), Bertrand and Wijngaard (1986) and Kimemia and Gershwin 

(1983). 

As an example of aggregate objectives and capacity-control decisions, we 

consider the case of a differential-gear factory. The case is treated in more detail 

in Chapter 7. Production control in this factory will appear to be rather 

complicated, and therefore a separation into two control levels seems naturaL 

The differential-gear factory supplies differential-gear parts to the 

truck-assembly factory referred to above. These gear parts are manufactured from 

raw materials (iron casts) by cutting, drilling and grinding operations and by heat 

treatment. About 86% of the total gear-part production consists of cogwheel/bevel-
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gear sets. The number of such final product set types is about 65. The main 

product flow in the cogwheel/bevel-gear manufacturing is sketched in Fig. 1.1.1. 

Triangles denote stock points, rectangles work centers. 

raw pre- teething heating grinding cog- polishing/ final 
materials operationS wheels testing product 

.-----, sets 

bevel gears 

Figure 1.1.1. The main flows in the differential gear factory 

The 65 different cogwheel/bevel-gear sets can be divided into four main product 

types (A, B, C and D). In the preoperations capacity group all cogwheels and 

bevel gears have to pass through three different operations sequentially (mainly 

cutting and drilling). All cogwheel types are sequentially processed by the same 

three machines. The bevel-gear types pass through the first two operations on the 

same two machines, however the last operation is performed by two dedicated 

machines (one for types A and D and one for B and C). There are relatively long 

set-up times for most products, which makes lot sizing necessary in order to 

achieve the required production efficiency. A skilled operator is needed for each 

machine operation. In the teething capacity group, the cogwheels and bevel gears 

are teethed by several parallel teething machines. Furthermore the metal parts are 

deburred here. Subsequently, the gear parts require two oven operations. Lot sizing 

is necessary in one of the ovens for the cogwheels and in both ovens for the bevel 

gears, because of special oven conditions for different parts, to say nothing of 

transportation restrictions. After heat treatment the parts are ground. Then sets of 

(corresponding) cogwheels and bevel gears are formed from synchronization stocks 

prior to polishing (see Fig 1.1.1), then polished and tested, after which they are 

transported to the assembly factory. 

The production planning in the gear factory is done on the basis of the 

assembly plan for the trucks in which the gear sets are assembled. Via a rolling 

schedule, the assembly plan is known over a horizon of four weeks. The number of 

trucks per day in the plan is about constant. The result of the explosion is a 

time-phased demand for cogwheel/bevel-gear sets. 
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What makes production control difficult in the factory is the presence of many 

sources of capacity fluctuations: 

Variation in service times. Different items of the same type may require 

different service times at the same machine (for instance, because an operator 

has to control several machines simultaneously). 

- Different products have different capacity requirement patterns at the capacities. 

For instance, in the preoperations the product types have different capacity 

requirements for the two major capacities. Three types (A, B and D) have 

faster production rates at the first capacity than at the second. Type C has 

faster rate at the s~cond capacity than at the first. Simultaneous production of 

these types causes capacity fluctuations. 

- Several machines are subject to failures. 

- Uncertainty in the availability of operators. Operators may become ill. 

- Capacity fluctuations because of set-ups for different products. 

One way to cope with these capacity fluctuations is by putting some stock into 

the system, in order to ensure at least sufficient capacity utilization (of men and 

machines). The production control in the factory is then split up into two 

hierarchical levels. The higher level of control (capacity contro0 has to guarantee a 

good aggregate performance: short average lead times and a satisfactory capacity 

utilization. This can be realized by controlling the aggregate inventories and 

work-in-process. 

The lower level of control (item contro0 has to make sure that production runs 

for the right items are started at each release point. The items are produced 

according to urgency. It is pos3ible to decide which product type has to be 

produced, only a few days before the date that it is due. This is possible, because 

the total processing time for a single batch is not more than one and a half days. 

Also, if some waiting time is included because another batch may still be in 

production, a priority batch can still be produced within two days. 

Questions that have to be answered at capacity level in this factory are, fer 

instance: 

the yearly demand for trucks implies that the yearly number of differential 

gears has to be about 34,400. However, the daily product mix is not known. Is 

it possible to reduce the throughput times, while simultaneously realizing the 

desired throughput for all possible product mixes? 
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- Can the stocks and work-in-process be reduced? 

When are products to be released in the factory and how has the stock in the 

system to be controlled? 

In this text, tools will be developed for the analysis of production systems at 

an aggregate level and the evaluation of control policies. Such tools can be used to 

answer questions such as those occurring in the differential-gear factory. For the 

case of the differential-gear factory they will be considered in Chapter 7. 

1.2 PROBLEM FORMULATION 

The problems arising in the control of the differential-gear factory, i.e. the 

determination of capacity control rules as well as item control rules and the 

determination of norms for aggregate performance, can be encountered in many 

practical situations. This text focuses on capacity analysis and capacity control, (the 

latter is also described as capacity coordination or aggregate production contro0 in 

multistage, multiproduct production systems. The emphasis will mainly be on flow 

structures: all products have about the same routing over the capacities. Yet other 

structures will also be discussed: groups of parallel machines, assembly- disassembly 

structures. Job-shop-like structures however are left out of scope. This text is 

intended to provide tools (models, approximation methods) for the capacity analysis 

of such flow-oriented production systems. Those tools can also be used for the 

design of capacity control rules and for obtaining answers to questions about 

reduction of throughput times, increase of thoughput, reduction of work-in-process. 

In general, these tools have to be used for 

- Determination of aggregate performance and norms for performance, in 

particular for throughput, throughput times and average work-in-process. These 

norms are not independent of each other: e.g. there is a linear relation between 

average throughput time and average work-in-process. 

- Some kind of aggregate production control has to be applied. It is important to 

determine how performance norms should be kept at norm. The structure of the 

control system has to be determined. On the basis of what information must 

work release decisions be taken? 
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These two issues are now discussed in more detail. 

To determine aggregate performance and interrelationships between aggregate 

norms, a production-system model will be developed in which the relation between 

inventories, work-in-process, throughput and throughput time can be quantified, 

and in which the effect of different control methods can be evaluated. Such a 

model has to satisfy certain conditions. It must be analyzable and it must be 

possible to draw general conclusions from it. Furthermore, the results must be easy 

to apply. The basic properties of the model will be discussed in section 1.4. 

As far as the structure of the capacity control rules in the model is concerned, 

it has to be decided how the production levels of the capacities depend on the 

state of the system. These production levels will have to depend on the aggregate 

demand, on the aggregate inventories and on the state of other capacities. 

Information on (aggregate) inventories between the stages is necessary anyway, 

since full-speed production at a certain stage is pointless if there is already a lot 

of inventory immediately downstream of the stage. Capacity control is interpreted 

here as control of the reaction of capacities to aggregate inventories. Hence demand 

is only indirectly incorporated via its impact on inventories for final products. In 

section 1.3 several structurally different ways in which production levels can depend 

on inventories, are discussed. 

Capacity control can be applied at different levels, depending on how the 

production stages are chosen. In this text, the stages will in the first place be 

interpreted as simple machines without work-in-process, but later it will be found 

that a similar analysis can be carried out if the stages consist of small groups of 

machines (section 2.4), or even self-contained Production Units (PU), in the sense 

of Bertrand and Wijngaard (1986): groups of machines with work-in-process 

(Chapter 6). 

Only stationary situations are considered: stationary behavior of capacities and 

demand. Stationarity of demand may be difficult to check, but situations where 

production is based on a fixed plan (in volume), like in the differential-gear 

factory fall under the scope of the text. 

1.3 CAPACITY CONTROL STRUCTURES 

Two different control structures can be distinguished to control the aggregate 
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production of the stages. These control structures are denoted by local and integral 

control. In local control, discussed in subsection 1.3.1, only the next inventory is 

used to control the production volume of a certain stage. In integral control, 

inventories are used in a more complex (integral) way to control production. 

Integral control structures are discussed in subsection 1.3.2. The Reorder-Point 

System and Kanban are examples of local control. MRP, the Base--Stock System, 

Workload Control and OPT (Optimized Production Technology) are examples of 

integral control. Although most of these control systems are designed for control at 

item level, here only the distinction between their local and integral nature is 

stressed. 

1.3.1 Local control structures 

In a local control structure, the production volume of a stage is assumed to be 

determined by the inventory levels in the immediate upstream and downstream 

buffers. See Fig 1.3.1. 

Figure 1.3.1. N~tage locally controlled flow line. t-- : information flow. ~ materia.! 
flow. ST stands for production stage. B stands for buffer. 

The system in Fig. 1.3.1 works as follows. The demand for end items enters the 

system at stockpoint BN+l' The contents of this stockpoint triggers production of 

ST N' ST N in tllrn, takes its material from stockpoint BN, Yib.ich is also locally 

controlled and hence ST N-l is triggered, etc. 
Upstream buffers only influence the production volume if they are empty. 

Downstream buffers may influence the production volume in various ways. The 

simplest case is the situation where stages are machines and buffers have finite 

capacity: each machine tries to fill the downstream buffer. It becomes blocked if 

the downstream buffer is full. Slightly more complicated is the situation where 

buffers have several trigger levels. If the buffer content increases, to such a trigger 

level, then the speed of the upstream stage changes. 

This local way of controlling aggregate production is similar to the Reorder-
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Point System (RPS, see for instance Hadley and Whitin, 1963 or Silver and 

Peterson, 1985) for control at item level. RPS is concerned with two questions, 

namely when products have to be ordered from the production stages and how 

much. The answer to the first question is to check whether the stock for the 

particular item has fallen below a so-called reorder point. If this is the case, then 

a certain quantity of products is ordered. The reorder point is denoted by s or B, 

depending on whether the review is done periodically or continuously. The reorder 

points are based on the demand during the lead times. 

The quantity ordered is usually a fixed batch, denoted by Q, or the batch size 

is the difference between a fixed order up to level S and the actual level. 

Combination of these possibilities leads to the four well-known strategies <s,S>, 

<B,S>, <s,Q>, <B,Q>. 
Applying RPS has some well-known drawbacks. An important one is the delay 

of information with respect to the demand, as experienced by stockpoint BN+I' to 

other stockpoints. If the demand for a certain final product increases, then STN 

may have to adapt its reorder level after some time. Due to the positive lead 

times the other stockpoints will also adapt their reorder levels with a certain delay. 

This can lead to instability in the chain (see also Forrester, 1961 ). As already 

mentioned, we are mainly interested in stationary situations, so that sudden 

changes in (average) demand are excluded. Nevertheless, delay of information on 

the demand rate is also actual in the line in Fig. 1.3.1. Suppose for instance, that 

STN is an unreliable machine which has broken down when demand enters the 

system. Then there is a time delay before upstream stages adapt their production 

speeds. 

In the Base Stock System (BSS), to be discussed next, the information on 

demand for final products is not delayed, but is immediately transmitted to all 

upstream production stages. 

1.3.2 Integral control structures 

In the text, two different integral control structures are considered for capacity 

control, namely the Base-Stock System and Workload Control. Applying integral 

control structures at capacity level seems to have an advantage over local control: 

the total work-in-process can be better restricted, while preventing important 
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capacities from becoming idle and hence ensuring the throughput. 

The Base Stock System. As already mentioned, the demand for aggregate final 

products in the Base Stock System (BSS) is directly communicated to all upstream 

stages. See Fig. 1.3.2. 

Figure 1.3.2. N-stage flow line controlled with BSS. =}: material flow. 

In BSS, the demand experienced at stockpoint BN, is directly communicated to all 

production stages via echelon buffer contents. A trigger level is defined for the 

aggregate product for each production stage. The trigger level for STi is denoted by 

Ki. All levels are measured in the same unit. They are chosen so that 

K1~K2~ .. 2KN. As in local control, production of a stage is stopped if the 

downstream stock increases to the trigger leveL However, it is not the stock in the 

downstream buffer which is compared with this trigger level, but all stock and 

work-in-process downstream of the stage (the part of the flow downstream of a 

production stage, including that stage, is called a (right) echelon). If the demand 

at stockpoint BN causes the stock in any echelon to drop below its trigger level, 

then the immediate upstream stage of the echelon tries to replenish it. The aim of 

BSS is to keep the total work-in-process in the system restricted, while fulfilling 

demand as much as possible. The delay of information on the demand no longer 

occurs in BSS. 

For a detailed description of BSS in multiproduct situations see Magee (1958), 

Timmer et al. (1984) and Silver and Peterson (1985). Clark and Scarf (1960) 

showed that control with BSS is optimal with respect to a certain cost function 

depending on inventory-holding costs and stock out costs, for the case of a flow 

line with fixed lead times and no capacity constraints. 

Using BSS requires more information processing than using local control (in 

particular, information about all downstream stages), but nevertheless BSS is not 

very complicated. 
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Workload Control. Workload control, also called Balancing Workload or Input

Output Planning, is a control system, originally developed for job shops (Bertrand 

and Wortmann, 1981, see also Ploss! and Welch (1979), Wiendahl (1987), Bechte 

(1984) and Bertrand and Wijngaard, 1986), but later also used for flow shops 

(Paumen, 1985). In classical queueing theory, the utilization of capacities is 

determined by the amount of work offered, which again leads to a certain 

throughput time. In workload control this idea is reversed. In order to achieve a 

certain capacity utilization and throughput time, the workload (expressed in 

number of batches in the system, or the remaining processing time for all 

operations not yet processed on certain capacities) is controlled. 

The way it is used in this text is illustrated in Fig. 1.3.3. For each stage i 

there is a norm for the workload in the production system preceding the stage. 

This norm is denoted by Ki+ Stockpoint B, from which work is released to the 

system, reacts to the workloads of all downstream stages. Work release to the 

system is stopped as soon as the workload in any of the left echelons (a left 

echelon is the part of the production system preceding a production stage) reaches 

its norm. The aim is, by controlling the input, to prevent idleness of the 

important capacities and to load them as well as possible, while keeping the 

work-in-process restricted. The Ki can be chosen such that some of them are 

redundant, depending on which capacities are criticaL Ki is redundant if Ki+j<Ki, 

for some j. All Ki are active, if Kt$K2$ .. $KN. 

Figure 1.3.3. N-sta.ge flow line controlled with Workload Control. ==? : material flow. 

The control structures presented in this section are used in this text to control 

the production level of the capacities. In Chapter 5 they are compared for their 

performance with respect to throughput and average work-in-process. 
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1.4 CAPACITY MODELING OF PRODUCTION SYSTEMS 

There are several possible ways to determine capacity performance of production 

systems and to evaluate the effect of different control rules. The most straight

forward method is to build a detailed simulation model of the system, including all 

product types and capacities and a detailed control rule. By simulating the system 

sufficiently long, aggregate performance measures can be measured, like total 

throughput, average total work-in-process and average throughput time. To 

evaluate the effect of different control rules in such a model, these control rules 

can be varied. Although simulation is a powerful tool, it has certain drawbacks. 

First, the simulation models will in general be complicated, with many parameters 

involved. It is difficult to obtain structural insights in the relations between the 

different parameters and aggregate performance. Second, simulation is time 

consuming. In the design phase of production systems, time will often be 

insufficient to evaluate all possible scenarios. 

Therefore in this monograph another approach is proposed. Production systems 

are modeled in an aggregate way. The aggregate product flow in the model is 

controlled by one of the control structures, discussed in the previous section. 

The model has to to possess certain properties. It must give insight in relations 

between work-in-process, throughput time and throughput. Furthermore, it must be 

possible to use it for the evaluation of different control systems (local or integral) 

and, what is more, it must enable structural conclusions to be derived, for 

example, whether it is desirable to use local (aggregate) or more global (aggregate) 

inventory information for the release of products. Last, but not least, the model 

must be rich enough in parameter choices, to be able to check insensitivities in 

these choices. 

A special class of models will be used. In the choice of the model, three basic 

aspects are involved. 

First, the product flow is chosen continuous. The reason for this is that, at 

capacity level, production is measured in man or machine hours and a working 

capacity entity (man, machine) produces one man or machine hour per hour. 

Hence, the purest way to model capacities is to use a continuous product-flow 

model. The problem is of course, that this basically continuous character is 

disturbed by the fact that production is in discrete units or even in complete 

batches. At an aggregate level this discreteness may be somewhat less important, 

but still present. On the other hand, it is not easy to use discrete aggregate 
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models. In discrete-product models, the choice of the aggregate product is not at 

all straightforward. Think of the situation where one unit of product 1 requires one 

hour and a unit of product 2 requires two hours. The aggregate product unit can 

not be a unit of product 1 or of product 2. Or assume that in stage I the lot 

sizes are different from those in stage II. Another solution would be to model all 
products in a discrete product model. However, this increases the state space and 

makes the models very complicated or even intractable. Therefore, in this text the 

choice is made to model the product flow continuously. 

The second feature of the model is, that only one '}>roduct type" is considered 

(hours of production or units of product). The reli8()n for this is that we only want 

to control aggregate performance. It is assumed that aggregate information and 

aggregate models are sufficient for this purpose. One has to be careful in the 

choice of the aggregate product unit. The problem is to express hours of executed 

work by stage 1 in hours of remaining work for the immediate downstream stage 

2, without identification of individual products? This problem arises when the 

capacity requirements for both stages are not the same for all products. The 

influence of this complication is less severe, if the capacity requirement ratios differ 

less and if the buffer-content mix is more stable. Whether or not a one-product 

continuous model is appropriate, depends on these factors. A more thorough 

discussion follows in Chapter 6. 

The third property is that all sources of randomness are incorporated in the 

machine behavior. The machines in the model have different states. Each state 

corresponds to a certain constant production speed. The sojourn time in a machine 

state is assumed to be exponentially distributed and the transitions from one 

machine state to another are determined by a Markov transition matrix. 

The machine model is sketched in Fig. 1.4.1. The model parameters, such as 

machine speeds, life rates in the different states and the transition matrices, have 

to be chosen so, that the model describes the system well at capacity level. 

Choices have to be made how machine cycle times for different products are in

corporated in the model. As an example, the different production rates in the 

model may correspond to production rates of different products in the system. 

Sojourn times in each state may correspond to batch processing times of a specific 

product type and some states may correspond to switch overs (by choosing some 

production rates zero). This type of modeling will appear to be sufficiently general, 

at least for the cases discussed in section 2.1 and Chapter 7. Furthermore, it 
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enables us to develop a rather simple analysis method, as will be shown in Chapter 

2. 

speeds rates trans. matrix 
111 -\1 
112 ,\2 p 

Figure 1.4.1. Machine model used in the text 

Summarizing, the three most important featun·s of the model used in this text 

are: 

1. Continuous product flow. 

2. Single product type. 

3. Capacities with several states and possible machine speeds. 

Another factor that justifies the choice for a continuous product-flow model 

instead of a discrete one, is the fact that continuous models can very well 

approximate discrete product models (at least as far as the throughput is 

concerned). This will be demonstrated in section 2.8. 

A problem in the use of continuous-flow models is that machines in a such a 

model cannot contain products. This problem can be solved. Possible solutions are: 

- split up the storage and production capacity of machines. 

- control the flow by input-output planning. Hence the number of products in the 

system is constant. If the throughput of the model and the real system are 

close, then also the throughput time will be correctly moaeled, by Little's 

formula. 

It will be shown by three case situations, in section 2.1 and Chapter 7, that 

the model can be used to describe production systems at capacity level. Aggregate 

performance of these systems can be predicted fairly well by the performance in 

the model. The model performance is evaluated by numeric methods, rather than 

by simulation. Numeric methods have the advantage that they are much faster 

than simulation of the model, so that they can be used for a quick evaluation of 



1. 5 contents of the text 

different scenarios (different control policies, different system parameters). 

The results obtained in the text are: 

15 

1. The derivation of simple tools for quick numeric evaluation of the (aggregate) 

performance of production systems. The tools can be used for a quick scan the 

production system, to give first insights into aggregate performance. They can 

be used interactively to evaluate different control systems, or to evaluate the 

effects of buffers in production systems. 

2. Guidelines for the choice of the aggregate product. Thses guidelines are provided 

by the different case situations. 

1.5 CONTENTS OF THE TEXT 

Although the main objective of this text is to provide tools for the capacity 

analysis of complicated multistage production systems, we start in Chapter 2 with 

much simpler systems, consisting of two stages only. Systems such as the 

differential-gear factory in section 1.1, are too difficult at this stage to start the 

analysis with. Therefore, section 2.1 describes the simpler case of a two-stage 

multiproduct production line, namely an insertion department in a consumer 

electronics factory. The problem is to determine a norm for the total work-in

process, in order to obtain satisfying throughput levels. Modeling of the case as a 

two-stage continuous product flow line leads to the basic model for the rest of this 

text: a single product two-stage line with multistate machines and a finite 

intermediate buffer. Since there is only one buffer, control policies do not really 

play an important role in this model: the first machine works as long as the buffer 

is not full. Before treating the case in detail, this two-stage model is analyzed 

thoroughly in Chapter 2. The model is analyzed with different parameter settings 

(section 2.3) and with more complicated machines (section 2.4). More complicated 

triggering policies are investigated in section 2.5. In sections 2.6 and 2. 7 the buffer 

behavior is analyzed more carefully. 

After this detailed analysis of the continuous flow model, it is compared with a 

discrete-product model in section 2.8. Discrete-product models can be approximated 

by continuous models by approximating the buffer fluctuations. In section 2.9 the 

case of section 2.1 is analyzed. Norms are established for the total workload in the 

system. 

In Chapter 3, the simple two-stage model is extended to more complex 
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systems, consisting of several machines and buffers. Analytical tools are discussed 

for the evaluation of such systems. It appears that numerical methods yield 

difficulties for systems with more than one or two buffers. 

Three types of layouts are studied: 

1. Flow lines. 

2. Assembly-disassembly networks. In these networks, stages may be fed by several 

buffers (assembly), or stages may supply several buffers (disassembly). 

3. Buffer-£haring networks. In these networks, a single buffer may have several 

upstream or downstream stages. 

Chapter 4 deals with approximation techniques for networks with layouts as 

introduced in Chapter 3. All stages in these networks are locally controlled by 

finite buffers. An approximation tool is developed ( 4.1) for the establishment of 

(approximate) relations between local stock norms and throughput and mean work

in-process. Other buffer-triggering policies are also discussed (in section 4. 7). 

In Chapter 5 the analysis is extended to non-local control systems. The 

relationship between stock norms and line performance is investigated for flow lines 

controlled with the Base-Stock System and with the Workload Control System; 

The same approximation tool is used as in Chapter 4. Surprisingly, it is found 

that, for the stationary single-product model there is no real gain in using integral 

control instead of local control systems. It is shown that for each continuous-flow 

line, controlled with BSS or WC, it is possible to find a locally controlled line 

with about the same throughput and total work-in-process. The same is shown to 

hold for a discrete product model. 

In Chapters 2 to 5, the production systems considered were essentially single

product systems. Aggregation problems, stemming from the fact that in reality 

there are many products, are discussed in Chapter 6. Another problem discussed is, 

that in multiproduct situations lot sizing may occur. Production situations in which 

the stages are not simple (groups of) machines, but larger groups of machines with 

work--in-process (production units) are also considered. It is argued that to a large 

extent the tools for the analysis of simple stages can also be applied to such 
production situations. 

Finally, in Chapter 7, two cases are described and analyzed by the tools 

developed in Chapters 4, 5 and 6. The first is a multistage, multiproduct flexible 

assembly line, where certain electromechanical products are manufactured. For this 

line, which is controlled by Workload Control, norms are established for the total 

work-in-process, depending on the annual product mix. The second case describes 
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the differential-gear factory introduced in section 1.1. For this second case, a 

control rule, based on the amount of work-in-process, is determined so that the 

production plan can be realized and furthermore the throughput times are reduced. 

In short, the contents is sketched in the diagram in Table 1.5.1. 

chapter network layout control structures method 

2 single prodnct local analytic 
(2.1,2.9:multiproduct) numeric 

two-stage 

3 single product local analytic 
multistage flowlines, numeric 

ass.-disass,buffersharing 

4 single product local heuristic 
multistage flowlines, 

ass.-disass,buffersbaring 

5 single product integral heuristic 
multistage flowlines local 

6 multiproduct integral heuristic 
multistage flowlines local 

7 multiproduct integral heuristic 
multistage cases local simulation 

Table 1.5.1. Summary of the contents of the text 

This book is related to two main research streams on production systems. The 

first stream is the research on performance analysis of single-product production 

systems with finite buffers. Also research on general queueing networks with finite 

buffers is included. The second research stream deals with problems of control 

structures in production systems. This book is a first attempt to bring together 

these two streams, by providing modeling and analysis techniques. 

Those readers interested purely in the results, be they technical or applicational, 

may be best served by sections 1, 7 and 9 in Chapter 2, Chapters 4 (except 

section 1), 5, 6 and 7. Readers interested in backgrounds and possible extensions of 

the used models are recommended to read Chapters 2 and 3 as well. The 

appendices are for readers interested in background information on the models 

developed in the text. Practitioners with little time, but interested in applicability 

of the results, are recommended to read the cases in sections 2.1 and 2.9 and in 

Chapter 7. 
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CHAPTER 2 

CAPACITY ANALYSIS OF TWO-STAGE LINES 

In this chapter, a model is developed to describe production systems at capacity 

level. This model is the one briefly introduced in section 1.4. It is only applied 

here to simple production systems, consisting of two stages only. It is assumed that 

these production systems produce a single product type. A multiproduct case 

situation is considered only in section 2.1. The objective is to determine aggregate 

performance in such systems: throughput and mean throughput times. Via Little's 

formula, then also the mean throughput time is known. The model will be applied 

to more complicated multistage, multiproduct production systems in later chapters. 

The use of the model is illustrated with a case. Since the factory described in 

section 1.1 is still too complicated for this purpose, the simpler case of an insertion 

department is used (section 2.1). This insertion department has a limited number 

of machines and produces many different products. It is controlled with workload 

control. The problem in this case is to determine the aggregate throughput of the 

system as a function of the aggregate workload norm. It is shown that the 

continuous flow model is fit to describe this situation. At the end of this chapter, 

in section 2.9, sufficient tools will have been developed to analyze this case. 

Before the analysis and mathematical backgrounds of the model are discussed 

(sections 2.3 till 2.8), first a literature survey of analytical models for two-stage 

lines with finite intermediate buffers is given in section 2.2. 

In section 2.3 we start the analysis with a simple version of the model (two 

unreliable machines, with constant speeds, exponential life and repair times and a 

finite intermediate buffer). Several performance measures are calculated for different 

parameter settings. In section 2.4, a similar model is analyzed, with more speeds 

per machine. The insertion department can be described by this model. 

The performance of the two-stage line is influenced by the exploited buffer 

control policy. Different buffer control policies are investigated in section 2.5. The 
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buffer behavior for the two-stage tine is characterized in section 2.6. The 

performance of the line is essentially determined by its buffer behavior. There 

appears to be a high degree of insensitivity in system performance with respect to 

the exact machine parameters, so long as the mean and variance of increase and 

decrease of the buffer contents and furthermore the expected lengths of periods of 

increase and decrease of the buffer contents remain the same. These results are 

used to approximate complex continuous flow lines by simpler ones (section 2.7). In 

section 2.8 discrete product two-stage lines and continuous flow lines are compared 

as to throughput and mean buffer content. For certain cases, a simple relation is 

given between paramete~;s of discrete and equivalent continuous two-stage lines. 

Finally, in section 2.9 we return to the case of section 2.1. A relationship is 

determined between the workload norm and the throughput for the insertion 

department, using the tools developed in this chapter (especially section 2.4). 

2.1 CASE: AN INSERTION DEPARTMENT 

2.1.1 Case description 

As an example of the use of continuous flow, single-product-type modeling, 

consider the case of an insertion department which is part of a consumer 

electronics factory (see Wijngaard, 1987). In this department, printed-circuit boards 

(PCBs) are mounted. Subsequently "horizontal" and "vertical" components are 

inserted mechanically on printed-circuit boards. An electronic component is called 

'ilorizontal ", if it js twQ--{iimensional (that is, nearly flat) and "vertical", if it is 

three-<limensional (has a certain height). The insertion of horizontal and vertical 

components requires different machines. The machines inserting the components on 

the PCBs are numerically controlled. A sketch of the department with PCB flows 

and component flows is given in Fig. 2.1.1. There are three horizontal and four 

vertical inserters, separated by a buffer. Buffers are denoted by triangles in Fig. 

2.1.1. The first buffer consists of released PCBs, waiting for insertion. The 

intermediate buffer consists of PCBs with attached horizontal components, waiting 

for vertical insertion. A rectangle in Fig. 2.1.1 denotes the combination of an 

inserter and a so-called ''sequencer". A sequencer feeds components to the inserter 

in the correct insertion sequence. This is important, since the department produces 

many types of different PCBs (about 80). Each PCB has its specific size and its 
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own number and types of horizontal and vertical components for insertion at 

predefined locations. The sequencers are fed by a set of large tapes, each 

containing one type of components. These components are automatically fed into 

the inserter in the correct sequence, depending on the specific type of PCB being 

made. Switching between different PCBs requires set-up time, due to replacement 

of programs of inserters and sequencers, changes in dimension between subsequent 

PCBs and less often because of replacement of tapes. Therefore production is in 

variable batches of PCBs. 

horizontal 
components 

horizontal 
insertion 

Figure 2.1.1. The insertion department 

vertical 
components 

insertion 

There are no transportation batches from horizontal insertion to the buffer. 
Hence the PCBs arrive in the buffer one by one. When necessary, the vertical 

inserters already start working on the first items of a batch, even before it is 

completely available. However, in principle, when sufficient batches are available, 

each vertical in~r~ter operates on_ its own batch. Machine failures~may also occur. 

In Table 2.1.1 some characteristics of the line are given. The numbers in Table 

2.1.1 are averages. The batch sizes (expressed in PCBs), for instance, have a high 

standard deviation. On the other hand, the machine speeds of the inserters 

(expressed in components per minute) are almost deterministic and independent of 
the component type. 

The automatic insertion department is only one of the three departments in the 

factory. In Fig. 2.1.2 the main product flow is indicated. Some side flows of 

subassemblies which are assembled on the main product are also indicated. 



fJ.1 case: an insertion department 21 

change-over total 
11achine speeds ti11e repair ti11e down batch size 

(co•P·/•in) (•ill.) (•in.) fraction (PC8s) 

horiz. ins. 230 3.3 12 10%. 
105 

vert. ins. 90 6.0 11 14X 

Table 2.1.1. Parameters of horizontal and vertical inserters 

subassemblies 

Figure 2.1.2. The goods flow in the production system. In encasing, inserted PCBs are 
assembled into T.V .s. 

The different departments in this factory are coordinated by Goods Flow 

Control (GFC), which releases orders to the departments. PCBs belonging to a 

batch are released to the automatic insertion department, if the actual work-in

process (WIP) level (measured in PCBs) within this department is less than the 

work-in-process norm (denoted by K). If there is too much WIP, then no PCBs 

are released until the WIP level drops below the norm K. See the description of 

Workload Control in section 1.3. 

At capacity level, the problem is to determine the work-in-process norm for 

this department corresponding to a certain desired throughput and throughput time. 
The throughput time of the insertion line for an individual PCB always consists of 

horizontal and vertical processing times plus some incidental waiting time if 

another batch is being processed. Since, on average, a PCB contains about 120 

components, it can be seen from Table 2.1.1 that the processing time of a PCB 

will be short. Since the total number of PCBs in the system is restricted, and 

PCBs are nearly FIFO (First In First Out) processed by the vertical inserters, also 

the throughput time of PCBs will be short. It is assumed here that the right bare 

PCBs and the right components are always available. Hence the only remaining 

problem is the dependence of the throughput on the work-in-process norm K. 

In the next subsection a model of the insertion department is proposed. 
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2.1.2 Modeling the insertion department 

In this subsection the automatic insertion department will be modeled. The 

problem is to determine the relationship between the work-in-process norm of the 

department and the throughput. The throughput is expressed in finished PCBs per 

minute. It will be clear that it is impossible to incorporate all 80 different PCBs 

(and the roughly 8000 different components) in a tractable model. Since the desired 

throughput is expressed in an aggregate quantity (PCBs per minute) we settle for 

a single product model. All variables will be expressed in aggregate PCBs. 

The problem is now to express the work finished by horizontal insertion 

(expressed in numbers of PCBs) in work to be done by vertical insertion. Different 

PCB types require different numbers of horizontal and vertical comppnents. Hence 

the work content per PCB for vertical insertion differs per PCB type. Yet it is 

not difficult to solve the problem, because the ratio between horizontal and vertical 

components is about the same for all PCBs, namely 2:1. An average PCB contains 

120 components, 80 of which are horizontal and 40 vertical. The speeds of the 

horizontal inserters are now expressed in "norm PCBs" per minute, where a 'norm 

PCB" is a PCB containing 80 horizontal components and 40 vertical ones. The 

speeds of the vertical inserters and the work-in-process can also be expressed in 

norm PCBs. The aggregate product is now "norm PCBs ". 

Taking a "norm PCB" as containing 80 horizontal and 40 vertical components, 

it can be seen from Table 2.1.1 that the processing time of a single PCB is short 

(in the order of a minute) compared with the production time of a complete batch 

(in the order of an hour). Therefore it is natural here to model the product flow 

continuously here with production rates for the machines. Note that a queueing 

analysis approach with random service times for PCBs at horizontal and vertical 

inserters is difficult, because the service times of the PCBs at horizontal and 

vertical inserters are coupled. 

It is furthermore assumed that the right components and bare PCBs are available 

at the inserters at the right times. 

Each inserter/sequencer combination is modeled to be in either of the two 

states: producing at a certain constant speed or down (due to repairs or 

switch-overs), each with some specific distribution for the sojourn time in that 

state. The uptime of an inserter depends on the time needed to produce a 

complete batch and on the lifetime. The downtime depends on the repair and the 

switch-over times. The parameters are given in Table 2.1.2. 
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horizontal 
vertical 

Table 2.1.2. Inserter parameters expressed in numbers of norm PCBs 

ba.td size 

norm PCBs 

105 

The average uptime of a horizontal inserter in Table 2.1.2 is less than 105/2.875 

(the average time to produce a batch) because of machine failures. Given the 

uptime, the average downtime of ari ·inserter, including change-overs, can be 

determined, taking the downtime fraction upti!~~a~!:~Ime equal to .10, for a 
horizontal inserter and equal to .14 for a vertical inserter. See Table 2.1.1. 

In the continuous-flow model it is assumed that the inserters do not contain 

products. In reality an inserter may contain a PCB, but the number of PCBs in 

the inserters is approximately constant (about 7) and small anyway, compared with 

the WIP norm. If the number of products in the inserters would be exactly 

constant, equal to 7, then these 7 products in the inserters would not have a real 

buffering function. This leads to a problem in the model, since there all K 

products can be used for buffering against disturbances. The problem can be solved 

in the model, by subtracting the number of PCBs within the inserters from the 

WIP norm. 

A similar problem (but with even less influence on the performance) arises 

because in the model vertical insertion keeps on producing if less than a single 

PCB is available, and horizontal insertion keeps on producing if the buffer content 

is larger than K-1, due to the continuous product flow. Clearly, this is not true in 

the real system. This representation error can be mended by subtracting two PCBs 

from the upper workload norm in the modeL Let K' be the WIP norm in the 

model. The influence of these 9 PCBs in total, not incorporated in the model, is 

taken into account, by defining K' := K-9 PCBs in the model, where K is the 

real workload norm. 

The model of the insertion department is equivalent, as far as the throughput 

is concerned, to a two-stage line consisting of horizontal and vertical insertion and 

an intermediate buffer of physical capacity K '. A content K LX(t) of the buffer 
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preceding horizontal insertion, and hence X( t) of the intermediate buffer 

(O$X(t)$K? for the insertion department, corresponds to a content X(t) of the 

intermediate buffer in this two--stage line. See Fig. 2.1.3. 

horiz. ins. vertic. 1ns. 

horiz. ins. vertic. ins. 

Figure 2.1.3. The insertion department model with constant WIP level K' is equivalent to 
horizontal and vertical insertion with an intermediate buffer of capacity K' 

Note that, due to the continuous modeling, the inserters cannot contain products. 

That the two lines in Fig. 2.1.3 are equivalent can be understood by observing 

that horizontal and vertical insertion in the upper line, with buffer contents 

(K ~X(t),X(t)), respectively, behave in exactly the same way as horizontal and 

vertical insertion in the lower line with buffer content X(t), for all X(t), with 

O~X( t )$K '. In both cases horizontal insertion is blocked if the content of the 

intermediate buffer equals K ', and vertical insertion is starved if the intermediate 

buffer is empty. 

In conclusion, the resulting model can be summarized as follows: 

- The two--stage model consists of a line with continuous product flow and a 

finite intermediate buffer (capacity K? 

- Each stage consists of several unreliable machines, each machine with an up 

and a down state and a constant machine speed. 

- The upstream stage always has sufficient components and bare PCBs to work 

on. The downstream stage always has storage space for finished PCBs. 

The model of the department as described here will be analyzed in section 2.9. 
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Before starting the analysis of this type of model, a survey of existing (analytical) 

literature on two-stage lines is given in the next section. 

2.2 LITERATURE ON TWO-STAGE LINES 

In this section we give some related literature on analytic models of two-stage 

lines with finite buffers. Most of this literature deals with the problem of 

calculating performance measures like throughput, mean system content and buffer 

content distribution. Only a rough survey is given here. 

There is much literature on analytic models of two-stage lines with finite 

capacity intermediate buffers. Surveys are given by Koenigsberg (1959), Buzacott 

and Hanifin (1978), Forestier (1980), Gershwin and Berman (1981), Neuts (1981), 

Yeralan and Muth (1987), Perros (1986), Giin (1987) and Awate and Sastry (1987). 

In some of the literature mentioned hereafter longer lines (three or more stages) 

are also studied. Literature on systems consisting of more than one finite buffer is 

surveyed in Chapter 3. For such systems hardly any analytic or numeric results 

exist. 

At least four classes of models can be distinguished. The first deals with 

systems in which the service times are random variables and the products are 

discrete. The machines are not susceptible to failures. There are three main 

blocking types, which are defined for general queueing networks (see Onvural and 

Perros, 1986). All types have various subtypes. The three blocking mechanisms are 

transfer blocking. After the product has been completed by machine i, it 

declares a destination waiting room j. If waiting room j is full at that moment, 

machine i becomes blocked and cannot operate on other products, for the time 

that waiting room j is full. 

- communication blocking. The product to be operated by machine i declares its 

destination waiting room j before receiving service. If waiting room j is full at 

that instant, then machine i is blocked and the product does not receive service 

for the duration of the blocking 

- Repeated transfer blocking. Similar to transfer blocking, but the product receives 

another service if the destination queue is full on service completion. This is 

repeated until the destination queue is not full at the instant of service 

completion. 
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These blocking mechanisms and certain of their subtypes have been compared by 

various authors like Caseau and Pujolle (1979), Altiok and Stidham (1982), 

Bocharov and Albores (1980) and Onvural and Perros (1986). It has been shown 

that for many networks, various blocking mechanisms are equivalent, that is, the 

marginal queue-length probabilities are identical. 

Hunt (1956), Hildebrand (1967, 1968), Pujolle and Potier (1979), Neuts (1968, 

1970), Konheim and Reiser (1976, 1978) assume there is an unbounded input queue 

upstream of the first machine and the parts arrive randomly. Other authors assume 

there is an inexhaustible supply of products to the first machine. See Hillier and 

Boling (1966, 1967), Hatcher (1969), Knott (1970), Kraemer and Love (1970), Muth 

(1973, 1977), Foster and Perros (1980) and Rao (1975a, 1975b, 1976)). Service 

times are often assumed to be exponentially distributed (Hunt (1956), Patterson 

(1964), Latouche and Neuts (1980), Lavenberg (1978), Wong et al. (1977), Gordon 

and Newell (1967), Hildebrand (1968), Kraemer and Love (1970), Konheim and 

Reiser (1976, 1978), Pujolle and Potier (1979)). However, also other distributions 

have been studied, for instance Erlang distributions by Hillier and Boling (1967) 

and more general distributions by Rao (1975a, 1975b, 1976), Muth (1973, 1977) 

and Giin and Makowski (1988). 

A second class of models assumes deterministic processing times, but machines 

are unreliable and fail from time to time. Products are discrete. Examples are 

Buzacott (1967, 1982), Sheskin (1976), Soyster and Toof (1976), Artamonov (1977), 

Okamura and Yarnashina (1977), Ignall and Silver (1977), Buzacott and Hanifin 

(1978), Sutalaksana and Van Wassenhove (1981), Sutalaksana et al. (1982), 

Shantikumar and Tien (1983) and Yeralan and Muth (1987). In these papers 

(except in Sutalaksana et al. (1981, 1982) and Yeralan and Muth (1987)) life and 

repair times are geometrically distributed. 

Another class of papers deals with continuous flow models. In these papers 

machine speeds are deterministic, but machines may fail. This class of papers 

contains old work like Zimmern (1956), Finch, Vladzievskii (see Koenigsberg 

(1959)), Sevast'yanov (1962) and more recent work of Buzacott and Hanifin (1978), 

Murphy (1975, 1978, 1979), Fox and Zerbe (1974), Wijngaard (1979), Meyer et al. 

(1979), Malathronas et al. (1983), Dubois and Forestier (1982), Anick et al. (1982), 

Coillard and Proth (1984), Hontelez (1985), Mitra (1986, 1988), Glassey and Hong 

(1986a) and Yeralan et al. (1986). 
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A fourth class contains papers with discrete products, failures of machines and 

random processing times. This class contains work of Buzacott {1972), Gershwin 

and Berman (1981), Klaren (1987) and Buzacott and Kostelski (1987). 

The models of classes 2 and 3 are closely related to the model used in this 

text. Therefore some models (mainly) belonging to these classes, will be compared 

in more detail. The models differ in assumptions. Some assumptions have a 

substantial influence on the line performance, other assumptions are less important. 

All discrete-product models of class 2 assume equal machine-cycle times. A 

comparison of a number of analytical two-stage models with two unreliable 

machines and a -b~ffer (of capacity O<K<oo) is given in Table 2.2.1. Comparative 

characteristics are: 

1. the product flow (continuous or discrete). 

2. Failure behavior of machines: lifetime distribution (e: exponential, g: geometric); 

do stations fail at the same rate, when they are slowed down, blocked or 

starved? (if yes, then the failures are time-dependent, if not then the failures 

are state-dependent. A distinction can be made between different types of 

state-dependent failures); can the machines, both being up, fail at the same 

instant?; can both machines be down at the same instant? 

3. Downtime behavior of the machines: downtime distribution; what happens on 

breakdown (in the discrete product case) with the product the machine was 

operating? Is it released to the next following buffer in a finished form, is it 

held by either the preceding buffer or by the machine, or is it (possibly) 

scrapped?; can machines which have failed be repaired at the same instant? 

4. For the discrete-product case (within a machine cycle): is the observation 

instant prior to the transfer of the product, after failures or repairs, or after 

product transfer, before failures or repairs? 

5. Are the machines in the model identical and if not 

6. do the machines have equal cycle times? 

Some of the discrete product models have been unified by Yeralan and Muth 

(1987). In some discrete product models extra machine states are introduced for the 

case that a machine is blocked or starved (e.g. Okamura and Yamashina (1977) 

and Buzacott (1972)). 

In section 2.3.7 a discrete product model of class 2 is compared with the 

continuous flow model. It will be shown that they are very close in performance 

(throughput, mean work-in-process) for a proper choice of parameters. 
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1 2 3 4 5 6 7 8 g 10 11 12 13 14 15 16 

Flo11 --
continuous X X X X X X X 

discrete X X X X X X X X X 

Failures 

Uptime distribution e2 e e2 g2 g g g2 g2 e e g2 g2 e2 g2 e2 e 

Type of failures 
state dependent X X X X X X X X X X X X X 

time dependent X x3 X X X 

Simult.station failure 
yes X X X X X X X 

no X X X X X X X X X 

Both stations failed 
yes X X X X X X X X X X X X X X 

no X X 

Repairs 

Do11ntime distribution e e e e g g g g e e g g e g e e 

Upon breakdo11n4 
release X X X X X X 

hold X 

(possible) scrap X X 

Simult. station reEair 
yes X X X X X X X 

no X X X X X X X X X 

Observation instant4 
before transfer X xl> x5 X X 

after transfer X'~ x5 X X X X 

llachines 

identical machines 
yes X X X X X 

no X X X X X X X X X X X X X X 

egual cycle times 
yes X X X X X X X X X X X X X X 

no X X X 

Table 2.2.1. Comparison of tw()--5tage models. 1: Vladzievskii, 2: Finch (see Koenigsberg, 
1959), 3: Sevast'yanov (1962), 4: Buza.cott (1972), 5: Sheskin (1976), 6: Soyster and Toof 
(1976), 7: Artamonov (1976), 8: Okamura and Yamashina (1977), 9: Wijngaard (1979), 10 : 
Gershwin and Berman (1981), 11: Buzacott {1982), 12: Gershwin and Schick (1979), 13: 
Malathronas et al. (1983), 14: Shantikumar and Tien (1983), 15: Yeralan et a!. (1986). 16: 
Mitra (1986). 2= constant failure rate during the time that both stations are up, 2= 
measured in working time, 3= failure rate+repair rate = 1, 4= for the discrete product 
case, 5= two-step transfer. 
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2.3 THE TWO-STAGE MODEL 

2.3.1 Introduction 

In section 2.1, modeling the product flow continuously arose in a natural way. 

In this and the following sections it will be demonstrated how continuous 

two-stage models can be analyzed and how important variables (like throughput, 

mean buffer contents, buffer-eontent distribution) can be calculated. We start the 

analysis with a simple model 

distributed up and down times 

subsections certain assumptions 

model is analyzed. 

2.3.2. Model description 

of two unreliable machines, with exponentially 

(subsections 2.3.2, 2.3.3 and 2.3.4). In following 
. -

will be dropped subsequently and the adapted 

The simplest continuous product-flow model is sketched in Fig. 2.3.1. 

Figure 2.3.1 Two-stage line 

The machines are either up or down. The time to the first failure of machine i 

(Mi. i=1,2) is exponentially distributed with parameter Ai- Repair times are also 

exponentially distributed, with parameter /li· The production rates of the machines 

are constant. The buffer capacity is denoted by K and machine speeds by Vi, 

i=l,2. 

Due to the finiteness of the buffer capacity, the machines may be blocked or 

starved. Blocking and starvation are special cases of slowing down. If the buffer is 

full and the instantaneous machine speed of M2 is less than that of M1, then M1 

has to slow down to the speed of M2. Hence, if the buffer is full, Mt is up and 

M2 is down, then M1 slows down to rate 0. Mt is then said to be blocked. If the 

buffer is empty and the instantaneous rate of M2 is greater than that of Mt, then 

M2 has to slow down until both rates are equal. M2 may become completely 

starved if B is empty and Mt is down. It is assumed that Mt is never slowed 
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down by lack of input and M2 is never slowed down by lack of storage capacity 

for output. In what follows, similar assumptions will be made for more complicated 

networks of machines and buffers. It is assumed that the failure rates of the 

machines are time-dependent, rather than state-dependent, i.e. failures occur at 

the same rate when machines are slowed down. This particular model is analyzed 

in subsections 2.3.3 and 2.3.4. In the following subsections we will subsequently 

drop certain assumptions made previously and analyze the adapted model. For 

completeness we give a list of assumptions made here, but discussed later. The 

subsection where the adapted model is discussed is indicated between parentheses. 

(a) Failures are time--dependent (state--dependent failures in subsection 2.3.6). 

(b) Machines have two states, up and down, each with exponential sojourn time 

(phase-type distributions and groups of parallel machines in subsection 2.4). 

(c) The buffer has finite capacity and backlogging is not allowed (infinite buffers 

and backlogging in subsection 2.5.1). 

(d) Machine M1 can only be blocked or slowed down if the buffer is full 

(different buffer-operating policies in subsection 2.5.2). 

2.3.3 Model analysis 

In this subsection the two-stage line is analyzed following the method of 

Wijngaa.rd (1979). 

The machines of the two-stage line can be in four different machine states, 

namely: 

1: Mt up, M2 down, 

2: Mt down, M2 up, 

3: Mt down, M2 down, 

4: Mt up, M2 up. 

The state of the system is determined by (i,x), where iE{1,2,3,4} denotes the 

machine state and xE[O,K] denotes the buffer content. We distinguish so-called 

regeneration points, points in time where the process probabilistically restarts itself 

(see e.g. Ross, 1970), for instance an entrance to (2,0). That is, the machines are 

in state 2 and the buffer is empty. Note that this regeneration point can be chosen 

only if .\dO, in other words M1 is not perfect. If .\1=0 and .\2"/:0 an entrance to 

(1,K) can be chosen. Unless stated otherwise we suppose for the rest of this 

chapter that .\dO and the regeneration point is (2,0). 
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The most important performance quantities are the throughput, the average buffer 

content and the average throughput time. 

The throughput v(K) is defined as the average (long run) line production rate, or 

lim Jtw( r)dr/t, where w( r) stands for the line output rate at time T. 

t-+oo 0 

The average (long-run) buffer content EX is defined as lim JtX(r)dr/t, where 
t-+oo 0 

X( r) stands for the buffer content at time r. 

The aver~ge {long-run) .throughpv.t time S(K) can be obtained from the throughput 

and average buffer content by Little's formula, EX = v(K)S(K). Other quantities 

of interest are the buffer-content probability distribution function and the blocking 

and starvation probabilities. To obtain these quantities we can argue as follows. 

For the throughput, for example, the mean production per cycle P and the mean 

cycle length T are calculated. A cycle is the time between two subsequent 

regenerations. By a renewal theoretical argument, it follows that the throughput is 

then equal to P /T (see Ross, 1970, proposition 5.9). Other performance quantities 

can be obtained in the same way. Quantities as P and T can be interpreted as 

"costs" per cycle, where the word 'tost" is used as having a common denominator 

for all possible contributions to the particular quantity in a cycle, rather than for 

optimization purposes. All these cycle costs can be determined in a similar way. 

Let ai(x) be the cost rate in state i with inventory level xE[O,K]. To determine 

cycle costs we define fi(x) as the expected cost till the end of the cycle (that is 

till the first entrance to (2,0)) if we are now in machine state i, with inventory 

level x. From the physical interpretation it follows that the costs fi are continuous. 

For the choice of (2,0) as regeneration point, the cost f2 is not defined in 0. To 

make f2 also continuous in 0, f2(0) is defined to be 0. 

Summarizing, the assumptions are: 

1. The regeneration point is (2,0) 

2. MO) = 0. 

The expected cost per cycle, CT, can now be written as 
1 

CT = :X
2
+f.lt[G'2(0) + .\Ja(O) + f.ltf4(0)] (2.1) 
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By splitting the cost till the end of the cycle in the cost during the first small 

time period L.\ and the cost during the rest of the cycle, the following equation for 

f1(x) can be obtained, for OSx<K. 

ft(x) at(x)L.\ + (1-,\tL.l.)(1-p2L.\)ft(x+vtL.l.) + AtL.l.f3(x+O(Ll.)) + P2L.\f4(x+O(L.\)) 

by dividing by L.\ and letting L.\-;0, we obtain 

-vtf~(x) = at(x)-(,\t+P2)ft(x)+,\tf3(x)+p2f4(x) , 

+ o(L.\). 

OSx<K (2.2) 

Differential equations for the other fi can be obtained similarly (see also 

Wijngaard, 1979) 

V2f2(x) = £i2(x)-(,\2+Pt)f2(x)+,\2f3(x)+ptf4(x) , O<xSK (2.3) 

0 a3(x)-(pt+P2)f3(x)+ptft(x)+P2f2(x) , OSxSK (2.4) 

(vz-Vt)f4(x) = a4(x)-(,\1+ A2)f4(x)+ A1f2(x)+ A2f1(x) , O<x<K (2.5) 

If Vt>V2, then equation (2.5) also holds for x=O. If v1<v2, then equation (2.5) also 

holds for x=K. The boundary conditions are obtained from these differential 

equations, by observing that at the boundary point the buffer filling or emptying 

rate of a machine has to be adapted. For instance, for x=K in state 1, M1 is 

blocked and hence Vt=O. This yields boundary equation (2.2a). The other boundary 

equations can be obtained similarly. 

For Vt>V2 we obtain, 

-

0 = at(K) - (At+P2)ft(K) + Atf3(K) + P2f4(K) 

0 f2(0) 

0 = a4(K) (At+A2)f4(K) + A1f2(K) + A2f1(K) 

For v2~Vt the latter boundary condition has to be replaced by 

0 = a4(0) - (At+A2)f4(0) + AtMO) + A2f1(0) 

(2.2a) 

(2.3a) 

(2.5a) 

(2.5b) 

In matrix notation the system of differential equations (2.2)-(2.5) can be rewritten 

as 
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f) 
ox(-D)f(x) Mf(x) + a(x) 

33 

(2.6) 

The matrix D is called the drift matrix, it is diagonal with diagonal entries 

(v.,-v2,0,v1-112). The matrix M is the generator of the Markov process of the 

machine states. 

The system (2.6) can be solved. Equation (2.4) can be substituted in the other 

ones, so that a system of three differential equations and three boundary equations 

remains. In section 2.3.4 it will appear that for the general case of vr/:112 and ,\1~0 

always a homogeneous solution can be found. It can also be shown that exactly 

one solution of the ~nhomogeneous system, satisfying the boundary conditions, 

exists. 

By substituting the right values for the <l'i 1S in (2.1)-(2.5b) all line characteristics 

of interest can be calculated from equation (2.1). In Table 2.3.1 a list is given of 

some interesting quantities which can be calculated. Not all these quantities are 

needed in this chapter. In this chapter only the throughput, average buffer content 

and the buffer content distribution are calculated. For these quantities P, T, Y 

and PL are needed. The other quantities in Table 2.3.1 are used in chapters 4 and 

5, for the combination of different machines. They are defined here, since they all 

can be obtained in a similar way. 

Symbol description 

T average eye le length 

p average production, per cycle 

Ill average time, per cycle, the input rate of the line is equal to 11 

sll average time, per cycle, the output rate of the line is equal to 11 

Di average number of times per cycle that the line has input, or 
average number of times per cycle that the line has no input 

Do average number of times per cycle that the line has output, or 
average number of times per cycle that the line has no output 

q1 average time per cycle that .1 lS blocked 

q2 average time per cycle that 12 lS starved 

y average huff er content 

PL average time, per cycle, that the buffer content is greater than, 
or equal to L (LE[O,Kl) 

Table 2.3.1. Some line quantities for the two-stage line 
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a1 (x) a2(x) a3(x) a4(x) at(K) a2(0) a3(0) a3(K) a4(0) a4(K) 
-

T 1 1 1 1 1 1 1 1 1 1 
p 0 V2 0 V2 0 0 0 0 min{vt ,v2} Vz 

1
v1 1 0 0 1 0 0 0 0 1 8 {V1$V2} 

1
v2 

0 0 0 0 0 0 0 0 0 8 {v2<vt} 

Io 0 1 1 0 1 1 1 1 0 0 

s 
V1 

0 0 0 0 0 0 0 0 8 { Vt<Vz} 0 

8
v2 

0 1 0 1 0 0 0 0 8 {v2$v1} 1 

So 1 0 1 0 1 1 1 1 0 0 

Oi 0 #1 #1 0 #2 #1 #1 0 0 0 

Oo #2 0 #2 0 #2 #1 0 #2 0 0 

i Q1 0 0 0 0 1 0 0 0 0 0 

Q2 0 0 0 0 0 1 0 0 0 0 
y X X X X K 0 0 K 0 K 

P1 8{x~1} 8{x~L} 8{x~1} 8{x~1} 1 8{0>1} 8f0~1} 1 8{0>1} 1 

Table 2.3.2. Determination of the line quantities in Table 2.3.1. 
< ., d' . ds f < {1, if x holds 
u{x}' •or some con 1tion x, stan or u{x} = O, if x does not hold 

The determination of Oi and 0 0 may require an explanation. For these cases, the 

values for G'i represent transition rates from a state without input or output, 

respectively, to a state with input or output, respectively. For instance, f.Jt in state 

(2,x) is the rate with which a jump is made from a state without input, to state 

(4,x), i.e. a state with input. 

From the numbers in Table 2.3.2 it will be clear that there are relations 

between the quantities listed in Table 2.3.1. For instance, PL, with L equal to 0, 

equals the cycle time T. For the throughput we have 

The mean buffer content EX, equals Y /T and P[X$L] == (T-PL)/T (Le[O,K]). 
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The eventual objective is to determine the quantities in Table 2.3.1. Such a 

quantity is determined as follows. For each variable in Table 2.3.1, the ll'i are 

determined as indicated in Table 2.3.2. These values for the ll'i are substituted in 

the system {2.1)-(2.5b). Then the system of differential equations is solved. This 

yields the values of the functions fi in 0. The desired quantity is now obtained 

from CT, by substituting these values in the cost formula (2.1). Hence, the 

problem is to solve the system (2.2)-{2.5b). 

The system of differential equations and boundary equations {2.2)-{2.5b) 

becomes simpler if any of the machines is perfect, or if the machine speeds are 

equal. For these cases also the solution technique differs. Hence the following cases 

have to be distinguished: (a) ..\1=0 or ..\2=0 (in case .A2=0 also the regeneration 

point changes), (b) Vt=v2, (c) .AdO, .A2jO, VrflJ2. Cases (a) and (b) are special, they 

can be solved analytically. Case (c) is the most general. It is· solved numerically. 

In the next subsection case (c) is treated. Cases (a) and (b) are treated in 

Appendix A. 

2.3.4 Solution of the model for ArlO, A2'/:0 and vtl~~a 

In this section we suppose that both machines are unreliable and the machine 

speeds are unequal. 

Substitution of equation (2.4) in (2.2)-(2.5) yields 

h'(x) = c(x) + Ah(x), O<x<K (2.7) 

where h(x) is the vector (f1(x),f2(x),f4(x))T, c(x) is the vector 

1 At 1 ..\2 1 T 
(v

1
!-at(x) P.t +P2 aa(x)], v2[ll'2(x) + P.t+P2 aa(x)], 112_v

1 
a4(x)) (2.7a) 

and A is the matrix 

1[ ~] -..\1~2 =.l!l. 
Vt p.2 + P.t +J1.2 vt(p.t+P.2)' Vt 

..\2~1 -1[ ~] _lb. 
V2 (p. 1 +p.2 ) V2 P.t + p. 1 +J1.2 V2 

(2.7b) 

~1. ~.L -lli±hl 
V2-V 1 V2-Vt v2-v1 

The boundary conditions can be rewritten as 
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llt(K) + 1-Lt~~ a3(K) - (I-L2 + 1-L~ +~) ht(K) + ;~t~ h2(K) + 1-t2h3(K) 0 

h2(0) = 0 

a4(K) + ..\2h1(K) + ..\1h2(K) - (..\t+A2)ha(K) = 0, if v2>v1 
a4(0) + A2ht(O) + - (..\t+A2)ha(O) = 0, if 112<Vt (2.7c) 

The cost per cycle is 

CT = x2!1-L
1
[1l2(0) + 1-Lt~~ aa(O) + 1-L~ ~~ ht(O) + 1-Ltha(O)] (2.8) 

The problem is to solve the system of differential equations (2.7)-(2.7b), with 

boundary equations (2.7c). Quantities that will appear to be of interest in the 

solution method are 

The efficiency of a machine, defined as effi 

alone machine speed of Mi. 

..... ~ This is the average standXi+Pi. 

The mean drift <1 of the system. <1 := eff1 - eff2. 

The solution h(x) of (2.7) is the sum of the homogeneous solution u(x) and a 

particular solution v(x). 

The form of the homogeneous solution depends on the eigenvalues of A. Mitra 

(1986) has extensively analyzed the eigenvalues of drift processes as described by 

equation (2.6). By applying his results to our specific problem it follows 

immediately that all eigenvalues of A are real. At least one of the eigenvalues of 

A is 0 and the corresponding right eigenvector is (l,l,l)T. Mitra has shown that 

the sign of the eigenvalues depends on <1, the mean drift of the system. The line is 

called balanced if <J=O and unbalanced if <J:/:;0. The resulting subdivision in sign of 

of the eigenvalues of A is given in Table 2.3.3. 

# positive eigenvalues multiplicity of # negative eigenvalues 
eig;envalues at 0 

q < 0 20{Yt)V2} + 0{Yt(V2} 1 8 {v1<v2} 
q 0 8 {v1>v2} 2 8 {v1<v2} 
q > 0 0fvt>V2t 1 0fvt>V2t + 

20fVt(V2t 

Table 2.3.3. Sign of the eigenvalues, depending on the mean drift 
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The general solution of the homogeneous equation is, in case u/0 

(2.9) 

with Ch C2 and C3 arbitrary constants and Ph P2 and Pa the different eigenvalues 

of A with corresponding eigenvectors e._, e:t and ea. 

For the balanced line, that is, the line with o=O, the general solution of the 

homogeneous equation is 

(2.10) 

where c., C2 and C3 are again arbitrary constants, e1 = (1 ,1,1) T, p3 is the 

eigenvalue unequal to 0, ea is the corresponding eigenvector and e; is a generalized 
eigenvector of order 2 (see Pease, 1965, p.77). That is, it satisfies 

Ae; = e •. 

The inhomogeneous system. For the determination of the quantities T (average 

cycle time), P (average production, per cycle), Y (average buffer content) and PL 

(average time per cycle that the buffer content is greater than or equal to L), the 

ai(x) are determined by the corresponding values in Table 2.3.2. Depending on the 

values of the O'i(x), the inhomogeneous part c(x) in equation (2.7) changes. The 

cost vector c(x) depends on the ai(x) through (2. 7a). c(x) is either constant (for 

T, P, PL) or linear in x (for Y). For T and P we have c(x) = c. For Y we have 

c(x) = ex, for PL we have c(x) =c for x~L and c(x) = 0 for x<L. 

First we consider the case c(x)=c, for all xE(O,K) (determination of T, P). 

In case ai(x)=ai (independent of x) and hence c(x)=c in (2.7), a standard 
inhomogeneous system is obtained. The solution of such systems is treated in 

Coddington and Levinson (1955). A particular solution of (2.7) is 

v(x) = P(1,1,1)Tx + d (2.11) 

the first component of d, dt, can be chosen equal to 1. P is a scalar, such that 

T P(1,1,1) = c + Ad 



38 CAPACITY ANALYSIS OF TWO-STAGE LINES 

This last system of equations yields /3, d2 and d3. 

Combination of the equations (2.9) or (2.10) and (2.11) yields the general solution 

h(x) = u(x)+v(x) of the system (2.7). The constants Ci in u(x) are still unknown. 

They are determined by substituting h(x) = u(x) + v(x) in the boundary 

equations (2.7c). CT is now determined by substitution of h1(0) = u1(0)+v1(0) and 

h3(0) u3(0)+v3{0) in {2.8). 

Second we consider the case c{x)=c, :i?_L, c{x}=O, x<L (determination of PL). 

The system (2. 7) reduces to 

h'(x) = c + Ah(x) , x~L 

h'(x) Ah(x) , x<L (2.12) 

The solution of the equations (2.12) for x~L is u(x) + v(x), where u(x) is given 

by (2.9) for a:/;0, and by (2.10) if a=O, and v(x) is given by (2.11). 

The solution for x<L is u*(x), where 

u*(x) = Gfe1 + qe2eP 2x+ qe 3 ep3x 

u*(x) = Ciet + C:i( e~ + xe t) + qe~3x , 

(2.13) 

(2.14) 

In (2.13) and (2.14) Ct, q and q are constants. The numbers P2 and P3 are 

eigenvalues unequal to 0, with eigenvectors ea and ~. respectively. The eigenvector 

e. is defined as {1,1,1)T. In (2.14) the vector ~ is again a generalized eigenvector 

of order 2, such that 

The constants Ct, C2, C3 in the formula for u(x) and the constants Gf, C~ and q 
are determined by substituting 

{ 
u(x) + v(x) , x~L 

h(x) = u*(x) , x<L 

in the boundary equations (2.7c) and by requiring u*(L) .u(L) + v(L). This last 

condition follows from the continuity of h in L. Now the function h(x) is 
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determined completely and PL is obtained by substituting h1(0) and ha(O) in (2.8). 

Finally we consider the case c(x) 

A particular solution of (2.7) is 

v(x) = 1'(1,1,1)Tx2 + ax + b, 

ex (determination of Y). 

(2.15) 

where 1 is a scalar. There are seven unknowns in equation (2.15), namely "/, a~, 

a2, aa, bt, b2 and ba. By choosing bt = 1 as a normalization and by substituting 

(2.15) in (2. 7) it follows that furthermore 

2"1(1,1,1) T- c Aa. 

a Ab 

These six equations determine the other six unknowns. The solution of (2. 7) is h(x) 

= u(x) + v(x), where u(x) is obtained from (2.9) or (2.10) and Ct, 02, C3 are 

determined by substituting h(x) in the boundary conditions. 

Y is now obtained by substituting h1(0) and ha(O) in (2.8). 

step 1. Substitute the values of aj(x) obtained from Table 2.3.2, 
corresponding with the desired variable, in (2.7a), (2.7c) and 
(2.8). This yields c(x) =c. 

step 2. Calculate the eigenvalues P1:=0,p2,P3 and the right eigenvectors 

et:=(l,l,l)T,e2 (or el satisfying le~ = et, if o-=0) andes, 
respectively of the matrix I. See (2.7b). 

step 3. 

step 4. 

step 5. 

step 6. 

step 7. 

Define u(x) := 1et+C2e2e + aeae 
{ 

C P2X c P3X 

Ctet+C2(e~+xet)+Caeaep3x 
with Ct,C2,C3 arbitrary constants. 

' o-=0 

Determine the scalar P and the vector d, with dt=l, from the 

equations P(1,1,1) 1 = c + ld. 

Define v(x) := P(l,l,l)Tx +d. 

Define h(x) := a(x)+v(x). Determine the constants Ct,C2,C3 
by substituting h(x) in (2.7c). This yields h(x) and hence h(O). 

Substitute ht(O) and ha(O) in (2.8). This yields the desired 
variable. 

Table 2.3.4. Scheme for the determination of the quantities in Table 2.3.1 (except PL, Y) 
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To summarize the results obtained in this section, a scheme is given in Table 

2.3.4, by which all variables in Table 2.3.1, except PL and Y, can be determined. 

It is easy to construct a similar scheme for the determination of PL and Y. 

2.3.5. Numeric reBults. 

To demonstrate the effect of the buffer size on throughput and mean buffer 

content of a two-stage line some cases are examined for unbalanced lines (o"/0). 
The cases are taken from Wijngaard (1979), with some extensions. The effect of 

the buffer size on the throughput is given in Figures 2.3.2. We distinguish the 

cases 

Pt = 0.09, V2 

b. At = A2 = 0.01, f.t2 < /lt = 0.09, V2 = Vt 

c. At = A2 = 0.01, Pt Jl2 = 0.09, V2 < Vt 

1, ,h varying 

1, P,2 varying 

1, V2 varying 

d. At = 0.01, A2 0, P,t = 0.09, v2 < Vt 1, V2 varying 

The net production rate of Mt is /\~ ~t~ = 0.9. The parameters of M2 are chosen 

such that the cases a, b, c and d can be compared for the same net production 

rate ( ef£2). In Table 2.3.5 the parameter choices for the different cases are given. 

In Figs. 2.3.2, the graphs for efh = 0.891 are given, for eff2 = 0.855, for eff2 

0. 750 and for eff2 0.600. In all these pictures it appears that, for a fixed buffer, 

case d gives the highest throughput, followed by case c, case a and case b. Case d 

has the smallest variance in machine speed of M2, followed by case c. Case a is 

favorable over case b, since many small failures are better than few large ones 

(given that the efficiency and machine speeds are the same). See also Wijngaard 

(1979). 

eff2 

0.891 0.855 0.750 0.600 I 

A2 P2 112 A2 P2 112 A2 P2 112 A2 P2 112 

a. 0.0110 0.09 1 0.0153 0.09 1 0.03 0.09 1 0.06 0.09 1 
b. 0.01 0.0817 1 0.01 0.059 1 0.01 0.030 1 0.01 0.015 1 
c. 0.01 0.09 0.99 0.01 0.09 0.95 0.01 0.09 0.833 0.01 0.09 0.667 
d. 0 0.891 0 - 0.855 0 0.891 0 - 0.600 

Table 2.3.5 Parameters of some two-stage lines 
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In Figs. 2.3.3 the filling percentage of the buffer ((EX/K)) x 100%) is given for 

the same parameters as the throughput. 

To conclude this section, an indication is given of the computation time needed 

for the evaluation of all quantities in Table 2.3.2. In Table 2.3.6 three different 

methods are compared for CPU time on a Burroughs B7900 computer, for some 

two-stage lines. Evaluated were all quantities listed in Table 2.3.2. D02GBF stands 

for the routine D02GBF, for solving general systems of first order differential 

equations, from the NAG library (1987). DMUTSS stands for the routine DMUTSS 

of Matthey and Staarink (1985) and SFI stands for straightforward implementation 

of the method described in section 2.3.4. Each method has its own benefits and 

drawbacks. D02GBF and DMUTSS are generally applicable. SFI requires a different 

routine for different situations ( rrf-0 and u=O, different inhomogeneous parts), but is 

faster than the other two. 

CPU times K D02GBF DMUTSS SFI 

l = (0.01,0.01) 2 0.9 1.0 0.5 
p = (0.09,0.09) 5 1.1 1.2 0.5 
II = ( 1 '2) 10 1.1 1.8 0.5 

20 1. 6 2.6 0.5 
30 1. 5 3.5 0.6 

l = (0.01,0.01) 2 1.0 0.7 0.5 
p = (0.09,0.09) 5 1.1 0.8 0.5 
II = ( 2 '1) 10 1.2 1.3 0.6 

20 1.7 1.9 0.5 
30 2.0 2.5 0.5 

Table 2.3.6. CPU times in seconds for three different methods. 

2.3.6. State-dependent failures 

In the model of section 2.3.2, failures are assumed to be time-dependent, that 

is, they occur at the same rate when a station is blocked or starved, or forced to 

run at a lower speed. Time-dependent failures will occur in highly automated 

environments, like chip fabrication, where a constant fall out of dust causes process 

failures. In production systems also other types of failure behavior can be observed. 

In some situations machines cannot break down when blocked or starved, or they 



2.3 the two-stage model 43 

break down at a faster rate when the machine has to operate faster. This is the 

case when failure behavior is mainly caused by tool wear. In such situations the 

failure behavior is called state-dependent. 
For a discussion on the background of time and state-dependent failures, see 

Buzacott and Hanifin (1978). State-dependent failures for continuous-flow two-stage 

lines were treated by Vladzievskii (see Koenigsberg, 1959), Sevast'yanov (1962), 

Wijngaard (1979), Dubois and Forestier (1982), Malathronas et al. (1983), Yeralan 

et al. (1986), Hontelez (1985) and Mitra (1986). 

We distinguish two notions of state-dependent failures. In both notions, the 

failure rate is constant as long as machines are not blocked or starved. The failure 

rate of a machine is 0 when it is blocked or starved. In the second notion of 

state-dependent failures, it is furthermore assumed that the failure rates are 

adapted for machines that are slowed down. Note that in case v1=v2, the two 

notions of state-dependent failures are the same. 

For both notions of state-dependent failure behavior it is straightforward to 

adapt the analysis in section 2.3 to the particular notion of state dependent-failure 

behavior. By assuming that the failure rate is adapted in blocked, starved or 

slowed-down states, only the boundary conditions (2.2a)-(2.5b) and the cost 

function (2.1) have to be changed. The system (2.2)-(2.5) remains unchanged. This 

implies, in case Vtll/2, that the general solution of the homogeneous system is also 

given by (2.9) or (2.10) and that the particular solution will also be the same as 

in subsection 2.3.4. Only the constants C~, C2 and C3 are different. These 

constants depend on the boundary conditions. 

We treat as an example the second notion of state-dependent failure behavior, 

as discussed by Wijngaard (1979). Wijngaard assumes the failure rate to be 0 for a 

machine that is blocked or starved. He also assumes that in state (4,K) the failure 

rate of M1 is min{Vt,l/2} · At/v1 and in state ( 4,0) the failure rate of M2 is 

min{vt,l/2}·.-\2/112. Hence the failure rate is also adapted if the machine is slowed 

down. 

Under Wijngaard il assumptions, instead of (2.1), the cost becomes 

(2.16) 

The boundary conditions (2.2a), (2.5a) and 2.5b) have to be replaced by 
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0 = at(K) - J!2ft(K) + P2f4(K) 

0 = a4(K) - (Atl/2 + .\2)f4(K) + .\vtll2f2(K) + .\2ft(K) 
Vt 1 

0 = a4(0) - (.\t + .\~1)f4(0) + .\1f2(0) + .\~~~ ft(O) 

(2.16a) 

(2.16b) 

(2.16c) 

The resulting system of differential equations and boundary equations can be solved 

as in subsection 2.3.4. The solutions for the cases .\2=0 and Vt=V2 are given in 

appendix B. The solution method for the case .\dO, .\2/0 and vdll2 is similar to 

the solution given in subsection 2.3.4. 

2.3. 7. Comparison with a discrete product model 

The continuous modeling of the product flow in the insertion department was 

justified by two main reasons: 

- The processing times of PCBs at machines were short compared with up and 

down times of machines. 

- Discrete modeling leads to complex models which are difficult to analyze. 

In this section, the first of these two arguments will be investigated. Assume there 

are different time scales involved in the operation of a machine, like processing 

times on the one hand and life and repair times on the other. If there is a great 

difference in magnitude between these time scales, then it is intuitively justified to 

approximate the product flow by a continuous one. The question is of course, at 

what difference this is allowed. To this end the discrete product analogue of the 

model introduced in subsection 2.3.2 is investigated, for the case of equal machine 

speeds. 

For the discrete product analogue of the model of subsection 2.3.2. we follow 

Gershwin and Schick (1983) in the assumption that a machine that is up does not 

start an operation if the succeeding buffer is full. This means that no extra 

machine states are needed to represent blocking of machines. The machines have no 

capacity for products. A full list of assumptions is given below. 

(1) The upstream machine is never starved, the downstream machine never 

blocked. 

(2) The system is considered at times O,T,2T,3T, ... In a period (kT,(k+l)T) 

both machines process T products (when not under repair, starved or 

blocked). Both machines start processing the T products at the same 

instant. 
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(3) Machines have geometrically distributed times between failure and times to 

repair. If machine i is up in a period (kT ,(k+ 1 )T) there is a constant 

probability Pi(T) that it fails during that period. Thus the mean time that 

machine i is up is 1/Pi(T) (measured in periods). If machine i is down at 

the beginning of a period, there is a constant probability ri(T) that. it is 

repaired during that period. Hence, the mean repair time (in periods) of that 

machine is 1/ri(T). 

(4) Machines fail at the same rate when blocked or starved. 

(5) When a machine breaks down, the T products it was operating on remain in 

the upstream storage. After the machine is repaired the processing resumes 

(hence products are not scrapped). 

(6) By convention, a period (kT,(k+1)T) begins with a transition in storage 

level and ends with a transition in the machine operating conditions. 

(7) No two transitions in the machine operating conditions occur in the same 

period (kT,(k+1)T). 

(8) A machine starts operating only if at least T products are available in the 

upstream buffer and if at least T empty slots are present in the downstream 

buffer. 

Most of the assumptions made here are standard for T=1 and are also present in 

the discrete product models in Table 2.2.1 (except for the papers of Gershwin and 

Berman (1981) and Buzacott (1972)). It is found from Table 2.2.1 that all the 

discrete-product models mentioned there are closely related to this model. The 

closest related model is that of Gershwin and Schick (1979) or Gershwin and 

Schick (1983) (with T=1). Different are the assumptions on the observation instant, 

state dependent failures and the possible occurrence of events of slight probability, 

such as simultaneous (that is within a single machine cycle) failures of the 

machines, simultaneous repairs and simultaneous failure of the one and repair of 

the other machine. 

The discrete-product model can be analyzed in the same way as the continuous 

model. Instead of differential equations we obtain difference equations. These 

equations are (with notations as in subsection 2.3.3, K is now an integer). 

ft(x) = at(x)T + (1-pt(T)-r2(T))ft(x+T) + Pt(T)fa(x+T) + r2(T)f4(x~T), 

O$x$K-T 
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O~x~K 

O~x~K 

The boundary conditions are 

ft(K) at(K)T + (l-pt(T)-r2(T))ft(K) + Pt(T)f3(K) + r2(T)f4(K) 

f2(0) = 0 

By letting T be real-valued and Pi(T) and qi(T) be such, that lim Pi(T)/T=:Ai 
TiO 

and 1 im qi(T)/T=:pi and letting TLO we obtain the system of differential equations 
TLO 

of Appendix A.2 with V=l. This shows that the case of the continuous product 

flow is the limiting situation of the discrete product flow case. 

The cycle cost for the discrete-product model is calculated in appendix A.3. 

The analysis is similar to that in appendix A.2. It is shown that the cycle cost is 

close to the cycle cost in the continuous-flow model with equal machine speeds. 

In order to get an idea as to how close the throughputs and mean buffer 

contents are, in the continuous and discrete product models, the relative difference 

of these quantities is investigated. It is assumed that T=l, v1=v2=l and 

Pi(T):=piT, qi(T):=qiT, Pi:=Ai, qi:=pi, i=1,2. In Figures 2.3.4 the relative 

difference for the throughput (vdis(K) - Vcon(K))/vdis(K) is given for varying 

parameters (in %). In Figures 2.3.5 the relative difference in mean buffer contents 

is indicated. In all cases Pi:=Ai and qi:=pi, i =1,2. From Figures 2.3.4 it can be 

noted that the relative differences in throughput are slight if either A1 or A2 is 

small. For instance, the differences are less than 8% if either At < 0.09 or A2 < 

0.09. The relative errors in throughput are less than 5% for all buffer capacities ~ 

2, if both A1<0.25 and A2<0.25. Hence, for the relative differences in throughput to 

be less than 5%, the time scales of processing times and lifetimes have to differ by 

a factor of 4 only, for both machines. A similar statement can be made for the 

relative differences in buffer contents, although those differences are greater. Note 

that, even for K=IO, the relative differences in mean buffer content are great for 

A1>0.25 (especially when A2 is small simultaneously). However, in this case the 
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mean buffer drift u is much smaller than zero, so that the buffer is nearly empty. 

Relative differences may be great, but the absolute differences in mean buffer 

contents are slight in this case. 

2.4 MORE COMPLEX MACHINES 

The assumptions made in the model of the previous section are rather 

restrictive. It is assumed that machines work at a constant speed and that they 

are susceptible to failures, with exponential life and repair times. In reality, 

different life and repair-time distributions may be needed, or groups of parallel 

machines may have to be modeled. In this section, the model will be extended, so 

that it can be used to model other life and repair-time distributions and groups of 

parallel machines on both sides of the buffer. Such groups of parallel machines 

were also modeled by Mitra (1986). This extended model was introduced in section 

1.4. It can be used for .the analysis of the insertion department of section 2.1. The 

model is introduced in subsection 2.4.1. Interpretations of the model are given in 

subsection 2.4.2. The analysis of the model is treated in subsection 2.4.3. 

2.4.1 The model 

In the present subsection an extension of the model of section 2.3 is introduced, 

which will allow the analysis of more complex machines, as will be explained later. 

The model of section 2.3 is extended by allowing a larger number of states per 

work station. The sojourn time in each machine state is exponentially distributed 

and the transitions from one state to another are determined by an irreducible 

Markov process. A Markov process is called irreducible if each state can be reached 

from each other state. A speed is associated with each possible machine state. 

More precisely, let the production rates of machine Mi (i=l,2) be vj, .. ,v~i(not 

necessarily different). These rates are given in decreasing order. Mi works at speed 

v: during an exponentially distributed interval (parameter .>.D. After a period at 

speed v: a transition takes place. With probability p:5 the transition is to a state 

having a speed vj. The matrix Pi=(pf8) is an irreducible Markov matrix. It is 

assumed that pJi=O, for i=1,2 and all j. Furthermore, it is assumed that vl>v~2 
and vA

1 
<Vi (otherwise the buffer is useless). The state of the system is determined 

by the machine states (k,l) E {l, .. ,Nt}x{l, .. ,N2}, denoting the states of the first 
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and second machine, and by the buffer level xE[O,K]. 

The entrance of (Nt,l,O) is chosen as regeneration point. Note that this is a 

good choice, since v~1 <z/f. 
In order to calculate the quantities defined in Table 2.3.1 for this model, we 

proceed as in section 2.3.3. That is, we define cost rates in each state, costs till 

absorption and cycle costs. For a right choice of the cost rates in each state, the 

cycle costs equal the required variable. The cycle cost can be calculated by solving 

a system of differential equations. 

Let Ai be the generator of the Markov process on the states of machine Mi, i=l,2, 

-,q 
that is Ai = p~ 1 A~ 

. . 

Pi Ai 
lNi 1 

p~NiA~ 

p~ilAAi PAi2AAi ... -AAi 

Let Di be the Np•Ni diagonal matrix Diag(vj, .. ,vAi) and let the cost rate a(k,l)(x) 

and the cost functions f(k,l)(x) be defined as in section 2.3.3, for (k,t) E 

{ l, .. ,Nt} x{l , .. ,N2}. 

It is possible to derive a cycle cost function and a system of differential 

equations for the f(k,l)'s in the same way as in section 2.3.3. The cost 

given by 

1 [ Nt N2 ] 
CT = XJ

1
+1\1 a(Nt,l)(O) + i~l PA1/A/(i,l)(O) + jEt PijAif(Nd)(O) 

function is 

(2.17) 

The system of differential equations has dimension N1N2, since each state of M1 
has to be combined with each state of M2. Let the machine states be given in 

increasing lexicographic order, then the system of differential equations is given by 

-Dr(x) = a(x) + Af(x) (2.18) 

In (2.18), D is the drift matrix. It is diagonal of dimension (Nt x N2) with the 

element in entry ((k,l),(k,l)) (lexicographically ordered) equal to v~ - '1 ((k,l) E 

{l, .. ,N1}x{l, .. ,N2}). A is the square NtN:rdimensional matrix At®I(N2) + I(Nt)®A2, 

where I(n) is the nxn unity matrix. The symbol ® denotes the Kronecker product 
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(see Bellman, 1970)1. 

Let do, d. and d- be the number of zero, positive and negative diagonal 

elements of the drift matrix D. The dimension of the system (2.18) can be reduced 

by do, by substituting the do ordinary equations with 0 on the left-hand side, in 

the other differential equations. There are N1Nz-do boundary equations, given at 

either x=O or x=K, depending on the sign of the drift matrix (d. equations at 

x=K and d- at x=O). One of the equations at x=O is 

The aim is again to find the throughput, mean buffer content and similar 

quantities as defined in Table 2.3.1. Since we do not have up-down machines, it is 

not possible to define the number of switches from up to down states per cycle, Oi 

(input) and 0 0 (output) (see Table 2.3.1). It will be shown in Chapter 4, that it 

is convenient for approximation purposes to define similar quantities for this model. 

It is possible for the input of the system, to distinguish a speed level z, such that 

the input speed of the tw()--£tage line is sometimes greater than z and sometimes 

smaller. Further this speed level z can be chosen arbitrarily. Such a speed level z 

can also be distinguished for the output. Let 0~ be the average number of switches 

in a cycle, of the input speed from a level less than or equal to z, to a level 

greater than z. Note that this quantity equals the average number of switches in a 

cycle, from an input speed greater than z, to an input speed less than, or equal to 

z. 0~ is defined similarly for the output speed. 

To obtain the other quantities defined in Table 2.3.1 and the quantities 01 and 

0~, the corresponding values for o:(k,f)(x) have to be substituted in (2.17) and 

(2.18). The substitutions that have to be made are indicated in Table 2.4.1. This 

table corresponds to Table 2.3.2. 

IIf G is a square m-dimensional matrix and H is square n-dimensional, then G®H is square 

mn-dimensional. G®H {G(k,f)H}, which means that G®H is obtained from G by replacing 

element G(k,i) by a square matrix, namely G(k,i)H. 
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a(k,l)(x) a(k,l)(O) a(k,l)(K) 

T 1 1 1 

p ,2 
l 

. { 1 2} ml.n "k'"l ,2 
l 

I 6 6 6 • 6 
If {v~=v} { ~~~=v} {v~=v} {v~5v1} 

+ 
6 • 6 
{v~=v} {v~>vp 

0~ 6 l ~2p2 6 l ~lpl 6 l ~2p2 
{(k,t)ezt} t lj {(k,l)EZ2} k ki {(k,l)EZl} l lj 

{jEN2I (k,j)EZ2} {iENtl (i, t)EZ4} {jEN2I (k,j)EZ2} 

+ + + 

6 l ~2p2 6 l ~2p2 6 l ~2p2 
{(k,l)EZ3} l lj {(k,l)EZ3} l lj {(k,l)EZ3} l lj 

{jEN2I(k,j)EZ 4} {jEN2I (k,j)EZ4} {jEN2I (k,j)EZ 4} 

0~ 6 l ~lpl 6 l ~lpl 6 l ~2p2 
{(k,l)EZl} k ki {(k,l)EZl} k ki {(k,l)EZ3} l lj 

{iENtl(i,l)EZ3} {iENtl (i,l)EZ3} {jEN2i (k,j)EZ4} 

+ + + 

6 l ~lpl 6 l ~lpl 6 l ~lpl 
{(k,l)EZ2} k ki {(k,t)ez2} k ki {(k,l)EZ2} k ki 

{iENtl(i,l)EZ4} {iENti (i,l)EZ4} {iENtl(i,l)EZ4} 

s 6 6 • 6 6 
II { ~~~=v} {v~=v} {vf~vp {v~=v} 

+ 
6 ·6 
{v~=v} {v~<vp 

q. 0 0 6 
{v~=O} 

Q2 0 6 
{v~=O} 

0 

y X 0 J( 

PL 6 {x~L} 6{0~L} 1 

Table 2.4.1. Determination of some line quantities (see Table 2.3.1 for definitions). 

zt = {(kl} E NlxN21 vl < z v2 < z}· z2 {(kl} E NlxN21 vl < z < ~} ) k- 'l- ) ) k- l 
z3 {(k,l} E NlxN21 ~~~ 5 z < vp; z4 = {(k,l} E NlxN21 ~~~ > z, '1 > z}. 
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2.4.2 Interpretations of the model 

In this section various possibilities will be given to use the model of the 

previous section. 

In the first place it is possible, to represent arbitrary phase-type distributions 

for the time that a machine is running at a certain speed. This can be realized by 

choosing some of the vj's equal (i=1,2), an appropriate matrix pi and rates Aj. 
In the second place it is possible to model a group of parallel machines. We 

have already referred to this at the beginning of section 2.4. Assume that upstream 

of the buffer we have n parallel machines, with a speed Vi, failure rate A; and 

repair rate P,i, for machine i. Then the machine states are given by an n-tuple 

( bt, ... ,on), where Oj is shorthand for 1, if machine j is up and 0, if machine j is 

down. The production rate of the aggregate machine representing the n parallel 

machines, corresponding to the state ( Ot, ... ,on) is .~ tA· The duration of an 

interval with this production rate is exponentiall/ -distributed with parameter 

.~pjOj + JLj(l-6j)]. If the states of the aggregate machine are ordered in 

~ecreasing lexicographic order, then the element p12, for instance, in the transition 

matrix P = (Pii) between these states equals ;x 1+~~+Xn· It is easy to see that P 

is irreducible. Note that the model is more general than that of Mitra (1986), who 

only studies identical parallel machines. In the case of identical parallel machines, 

the model simplifies, since then only N + 1 machine states are needed to represent 

N parallel up-down machines. Such a machine state corresponds to the number of 

up-machines at that moment. Note that, in the insertion department described in 

section 2.1, we have to do with identical parallel machines. 

In the third place, this model could be used for aggregate modeling purposes. 

Assume that we want to model in an aggregate way a two-stage line which 

produces many products. We take it that each product has its specific production 

rate at each machine M;. Between the subsequent production runs of any two of 

these products, there is an exponential switch-over time. At aggregate level, these 

products cannot be distinguished from each other. However, fluctuations in the 

machine speeds, measured in product units per time unit, can be distinguished. 

This could be modeled by letting machine Mi produce at rates (vf, .. ,v~1,v~i+l)' 
where rate v} corresponds to production of product j. Rate v~i+l equals 0. It 

represents switch-overs (and possibly machine failures). The square 

Ni+l-dimensional transition matrices pi represent set-ups for different products, 
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Ni 
that is, pi =0 for all r/Ni+l and s/Ni+l, pi N·+l=l, E pNi .+1 =1. pNi ·+1 may be rs r, 1 s • t 1 ,s 1 ,s 
chosen equal to the average frequency with which product s is set up. Note 

however, that the downstream machine is not really able to distinguish the 

products in the buffer. This kind of aggregate modeling is applied in Chapter 7. 

2.4.3 Model analysis 

For the acquisition of the quantities in Table 2.4.1, we have to calculate the 

cycle cost (2.17), with the appropriate substitution for the cost rates a(k,l)(x). To 

this end (2.18) has to be solved and the solution for f(O) has to be substituted in 

(2.17). To obtain the solution of (2.18) we again have to find a homogeneous and 

a particular solution. For the determination of the homogeneous solution, we can 

use, as in subsection 2.3.4, the analysis of Mitra (1986), to prove that the 

eigenvalues of A are real and that the number of positive, zero and negative 

eigenvalues depend on the mean drift u:= efft eff2 and on the signs of the 

entries of D. 

The efficiency of Mi is defined as eff1:= (Diwi)T·1Ni' where In is the n-vector 

consisting of ones and Wi is the equilibrium vector corresponding to Ai (that is, 

given by w'fA. = 0 and w'f·l 1). Note that this definition is consistent with 
1 1 1 Ni 

the definition given in section 2.3.4. 

If the (N1xN2)-dimensional vector w is defined as w 

proven easily that 

T T )T w A 0, w ·1N
1
N

2 
= 1 and u = (Dw ·1N

1
N2 

Wt ® w2, then it can be 

(2.19) 

The following division of the eigenvalues of A follows from theorem 1 in Mitra 

(1986). 

# positive multiplicity of # negative 
eigenvalues eigenvalues at 0 eigenvalues 

(1 < 0 dt 1 d- - 1 

(1 = 0 dt - 1 2 d- - 1 

(1 > 0 dt - 1 1 d-

Table 2.4.2. Sign division of eigenvalues of A. 



54 CAPACITY ANALYSIS OF TWO-STAGE LINES 

It is straightforward to solve the system of differential equations (2.18). The 

homogeneous and a particular solution can be found similar to subsection 2.3.4. 

However, computational problems may arise when NtNr-do is large (especially in 

the calculation of eigenvalues, eigenvectors and the constants in the homogeneous 

solution). An approximation method to overcome these problems is given in section 

2.7. 

The next section (2.5) is not necessary for the analysis of the insertion 

department. It deals with more general buffer control policies in two-stage lines. 

2.5 CONTROL OF THE TW0-8TAGE LINE 

The analysis in section 2.3 refers to machine lines with physical buffer 

constraints. Our main objective however is to analyze the effect of capacity control 

rules (also in logistic lines). Logistic lines differ in the following aspects from 

machine lines. 

l. In logistic lines, the last 'machine" is demand. In a machine line as sketched 

in Fig. 2.3,1, M2 stops (or is slowed down) as soon as the preceding buffer gets 

empty. Demand may be backlogged, however. This may be modeled by a 

negative lower bound for the allowed buffer contents. The buffer range can be 

modeled then as [~'>,K], with K<O. In case backlogging is complete, K=-oo, 

otherwise backlogging is restricted. 

2. The maximum buffer content is often not really hard, although it can become 

hard by the applied control. If M2 is faster on average than M1, or eff2>efft, 

then it is not necessary to control the buffer content. Such situations can be 

modeled by letting K:oo. 
3. In logistic lines the work stations may be controlled by < m,M> switching 

policies (see also section 1.3). A work station is allowed to keep producing as 

long as the buffer content remains below M>m. As soon as the buffer content 

increases to M, the work station stops. It is allowed to start operating again as 

soon as the buffer content decreases to the level m. Such policies are used to 

restrict the number of up--down switches of M1• 

In section 2.5.1 two-stage lines, with buffer contents bounded from below by K and 

from above by K, with -oo~K<K~oo, are studied. Switching policies of <m,M> type 
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are studied in section 2.5.2. 

2.5.1 Infinite buffers and bacldogging 

In this subsection buffers with range [",K] are studied. The following definition 

is convenient. 

Two two-stage lines with buffer ranges [a,b] and [a+C,b+C], respectively (a<b, 

CEIIq, are called buffer-shifted equivalent if they have the same throughput and if 

the average buffer content of the second line equals that of the first line, plus C. 

Note that two identical lines, but with buffer ranges [a,b] and [a+C,b+C] and 

the same slowing down behavior at both the lower and upper buffer bound are 

buffer-shifted equivalent. 

The following cases can be distinguished. 

1. The case -oo<"<K<oo. 

If "<0, then only restricted backlogging is possible. If "~0, then we have to do 

with lost sales. The solution is similar to subsection 2.3.4. The system is buffer

shifted equivalent to an identical system, but with buffer range [O,K-4 

2. The case -oo<I'O, K=oo. 

In this case we have to distinguish between stable and unstable systems. If -oo<", 

K=oo, then the system is called stable if a<O. Recall that iJ" effr-€ff2, the mean 

drift of the system. The system is called unstable if iJ"~O. 

In the unstable case no steady state behavior will be reached. Therefore we will 

restrict ourselves to the stable case. In the stable case, the line is a "pull system", 

which ensures that the buffer contents do not grow to infinity. 

Boundary condition (2.2a) with x=K, does not hold any more. If Vt>ll:!, then also 

boundary condition (2.5a) does not hold any more. Hence we are short of either 

one (vt~V:!) or two boundary conditions (vt>ll:!). The missing boundary conditions 

are obtained by using the sign division of the eigenvalues, indicated in Table 2.3.3. 

If llt~ll2, then there is, according to Table 2.3.3, exactly one eigenvalue, say P3 

(with eigenvector ea) which is positive (notation of section 2.3.4, see formula (2.9)). 

Since the solution of the homogeneous equation (2.9) would grow exponentially fast 

if C3:FO (recall that K=oo), the stability of the system implies that the boundary 

condition (2.2a} has to be replaced by the condition Ca=O. This leads again to 

sufficiently many boundary conditions, the system can be solved as before. 
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If v1>112, then A (see 2.7b) has two positive eigenvalues, say P2 and p3, with 

eigenvectors Co.! and ea (see formula (2.9)). Therefore boundary equations (2.2a) and 

(2.5a) have to be replaced by C2=0 and C3=0. The remaining analysis is similar 

to the analysis in section 2.3.4. 

From the results in appendix A.l and A.2, it is possible to obtain explicit 

limiting values for the throughput and mean buffer content for the cases >.2=0 and 

v1=112, respectively, by letting K .... oo. 

3. The case IF-oo, K<oo. 

In this case backlogging is complete. The system is called stable if u>O, and 

unstable if u~O. It is again assumed that the system is stable, which means that 

we have to do with a "push system". The analysis is similar to the case K = oo, 

apart from the fact that another regeneration point has to be chosen, for instance 

(l,K). 

4. The case ,.=-oo, K=oo. 

In this case the system is unstable for all parameter settings. 

2.5.2. Control by < m,M> switching policies 

Until now it was assumed that M1 is not blocked or slowed down as long as 

the buffer is not full. Other operating policies for M1 may be attractive however. 

M1 may for instance be controlled by an <m,M> switching policy. It is assumed 

that the lower bound on the buffer content is ,., with ,.EIR and ,.<m. Note that the 

control in subsection 2.3.2 can also be interpreted as a special switching policy 

with m=M. 
For related literature on switching policies in continuous-flow lines, see De Kok 

(1987) and Hopp (1988). For related work in discrete-product lines, see Altiok 

(1986a) and Buzacott (1982). 

Here the two-stage system with unreliable machines, operating with this policy, 

is analyzed. The analysis is along the same lines as in section 2.3. We distinguish 

regeneration points, cost rates in each state and cost functions till absorption. The 

cycle cost can be obtained by solving a system of differential equations in the cost 

functions. In the analysis we have to distinguish between 



2.5 control of the two-stage line 57 

situation (a): M1 is allowed to operate (although it may be failed), since the 

level M is not yet reached (from below) and 

situation (b): M1 is not allowed to operate, since the level m is not yet reached 

(from above). 

Hence, in total there are 8 machine states as indicated in Table 2.5.1. 

1 2 3 4 
l1 up ll1 down l1 down l1 up 
12 down 12 up !12 down l2 up 

a: The buffer content 
has not yet increased ( 1 , a) ( 2, a) (3 ,a) ( 4, a) 
to I. ll1 may operate. 

b: The buffer content 
has not yet decreased ( 1 'b) (2 'b) (3,b) (4,b) 
to m. ll1 may not operate. 

Table 2.5.1. The 8 possible machine states 

To obtain the system states, these 8 machine states have to be combined with the 

buffer level x. Hence the system state is determined by (i,j,x), with i=l, .. ,4; j=a,b 

and xE[~,kiJ. Note that if x<m, then situation b cannot occur any more: the 

system is in situation a. 

The regeneration point is chosen to be an entrance to (2,a,~). If ..\r#O the state 

will certainly return to this regeneration point. 

The cost rates and cost functions are defined as follows, for i=l, .. ,4 

ai(x) is defined as the cost rate in machine state (i,a), with inventory level 

xE[~,KJ 

/Ji(x) is defined as the cost rate in machine state (i,b ), with inventory level 

xE[~,KJ. 

fi(x) is the expected cost till the end of the cycle (the first entrance of (2,a,~) ), 

if we are now in machine state (i,a), with inventory level x. f2(~):=0 

gi(x) is the expected cost till the end of the cycle, if we are now in machine 

state (i,b ), with inventory level x. 

The expected cost per cycle is obtained from (2.1) by replacing 0 by ~. 
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The system of differential equations is 

-vtft(x) = at(x) - (At+Jt2)ft(x) + Atfa(x) + Jt2f4(x) , 

112f~(x) = fl'2(x) - (Jtt+ A2)f2(x) + A2fa(x) + Jttf4(x) , 

0 aa(x) - (Jtt+Jt2)fa(x) + Jttft(x) + 1t2f2(x) , 

(1!2-llt)f,\,(x) = a4(x) (At+A2)f4(x) + A2ft(x) + Atf2(x) , 

0 = /Jt(x) (At+Jt2)gt(x) + Atga(x) + Jt~4(x) , 

v2g2(x) = IJ2(x) - (Jtt+A2)g2(x) + A2g3(x) + Jt1g4(x) , 

0 = /Ja(x) - (Jtt+Jt2)ga(x) + Jttgt(x) + Jt2g2(x) , 

112g4(x) = {J4(x) (At+A2)g4(x) + A2g1(x) + A1g2(x) , 

The boundary conditions are 

ft(M) = gt(M) 

f2(~) 0 

f4(M) = g4(M) , 

0 = a4(~) (At+A2)f4(~) + A2ft(~) + Atf2(~) , 

g2( m) = f2( m) 

g4(m) = f4(m) 

xE[~,M) (2.21) 

xE(~,MJ (2.22) 

xE[~,lU] (2.23) 

xE(~,M) (2.24) 

xE[m,M] (2.25) 

xE(m,M] (2.26) 

xE(m,M] (2.27) 

xE(m,M] (2.28) 

(2.2Ia) 

(2.22a) 

if llt>ll2 (2.24a) 

if l/t~l/2 (2.24b) 

(2.26a) 

(2.28a) 

The subsystem (2.25)-(2.28) can be solved separately, by using boundary equations 

(2.26a) and (2.28a). This can be done by substituting g1(x), obtained from (2.25), 
and g3(x), obtained from (2.27), in (2.26) and (2.28). This results in the system 

(2.29) 

(2.30) 
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To obtain the mean cycle length T or the mean production per cycle P, the 

corresponding values for O'i(x) and tJi(x):=m(x), indicated in Table 2.3.2, with 0 

replaced by "• have to be substituted in equations (2.21)-(2.28a). For these 
* * quantities, ai(x) O'i and tJi(x) = tJi and hence tJi(x) tJi. for xE(K.,M), 

independent of x. The solution of (2.29)-(2.30), with boundary equations (2.26a), 

(2.28a) is then, for xE[m,M]: 

The boundary equations (2.21a)-(2.24b) corresponding to the system (2.21)-(2.24) 

can be rewritten, by using (2.25), (2.27), (2.31) and (2.32), as 

* 
f4(M) = [& + >., 

V2 V2 

+ f4(m) , 

(2.33) 

(2.34) 

* * * * 2- 4 ]<M-m)- .4:-(f2(m)-f4(m)- fi:L&J](e-p(M-m)_l)+ 
1+Jtl "t+Jt1 112P 

if Vt>V2 {2.35a) 

if Vt~V2 {2.35b) 

The system (2.21)-(2.24), with boundary conditions {2.33)-{2.35b) can be solved 

iteratively. An initial guess can be made for f2{m) and f4{m), say W>(m) and 

f.\'l (m). These can be substituted in (2.33)-(2.35b), after which the system can be 
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solved as before. The obtained values for f2(m) and f4(m) can be compared with 

Hll ( m) and f4° ( m). If the absolute difference is smaller than some prefixed 

number t:, then the procedure is finished. If not, then f~2'(m):= h(m), fFl(m):= 

f4( m) and the procedure is repeated, until sufficient convergence is reached. 

Convergence could not be proved, but in all investigated cases (see Fig. 2.5.1) 

convergence was reached fast. 

On substituting the obtained values for f3(1>) and f4(~>) in (2.20), the cost per cycle 

can be obtained and hence the mean production per cycle and the mean cycle 

length. 

To obtain Y (see Table 2.3.1) we can proceed similarly by substituting Cl'i(x):= x 

and /3i(x):= x, for all i and x. 

The boundary equations, for v1>v2, are (2.34) and 

ft(M) p,~ + Ji2(1\~t~+P,2)[f2(m) + ~M2-m2) + x • .¥-~.[r2(m)-f4(m)]. 

(e-p(M-m)_1)) + li2lX~¥~~.¥-~) [f4(m) + J;(Af2-m2) + 

- :Xt~~.(r2(m)-f4(m)] (e-p(M-m)_1)] (2.36) 

f4(M) = f4(m) + J;cw-m2)- :x~tp,Jr2(m)- f4(m))(e-p(M-m)_I) (2.37) 

If Vt$112, then (2.37) has to be replaced by (2.35b). 

In (2.36) and (2.37), 

In Fig. 2.5.1 the throughput is given as a function of the buffer capacity K=M 

for four different lines. For all lines K=O and m=l.5. The parameters of M1 are 

v1=1, At=O.Ol and P,t=0.09. The parameter settings for M2 are the four cases c, 

listed in Table 2.3.5. Note that the throughput is in all cases considerably lower 

than in Figs. 2.3.2. 

It is also possible to calculate the buffer content distribution, similarly as 

before. A cost function involving inventory holding and stock out costs (if K<O) 

can be obtained by combining these costs with the buffer content distribution 

function. 
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Figure 2.5.1. Throughput of a line controUed with a <m,M> switching policy as a function 
of M. m=l.5, vt=l, At=O.Ol, Pt=0.09, ,\2::::0.01, 112=0.09. 0:112=0.99; o:/12=0.95; 6:112=0.833, 
+=112=0.667. 

2.6 ANALYSIS OF BUFFER BEHAVIOR 

2.6.1. Buffer fluctuations 

In principle we have developed all the tools needed to analyze the insertion 

department case of section 2.1. The analysis of section 2.4 can be applied 

straightforwardly to the insertion department model. However, it will be clear that 

incorporating all seven machines makes the state space large, which has an 

influence on the computation times. Therefore we will derive certain insensitivities 

in the model of section 2.4. To this end, we study in this subsection the behavior 

of the buffer content. In section 2. 7 the results of this section are exploited in 

deriving insensitivity results which can be used for approximating complex two

stage lines by simple lines. In this section it is assumed that the liferates in the 

different states of the upstream and downstream machine, modeled as in section 

2.4, are time-dependent. This means that they are the same when machines are 

forced to slow down. 

The most important property of a buffer between two production capacities is 
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that its content is allowed to fluctuate. If a buffer does not fluctuate, it has no 

function and can be removed from the system without loss of throughput. The 

buffer content behaves as a random-walk like process with barriers. The throughput 

of the line for the case of a finite buffer is determined by the characteristics of the 

random walk for the case of no bounds. If we can approximate the behavior of the 

buffer contents in a complex line by that of the buffer contents in a simple line, 

then the throughputs of these lines will approximately be the same. For such an 

approximation, it is sufficient to characterize the behavior of the buffer contents in 

case of no bounds. If the unbounded buffer content behavior in the two lines has 

approximately the same characteristics, then the bounded buffer content behavior 

will also be approximately the same, provided the lower and upper bounds of the 

buffer are the same. Hence also the throughput, average buffer content and all 

other characteristics are approximately the same. The advantage in considering 

unbounded buffers is that the state space can largely be reduced, since the buffer 

state does not have to be incorporated any longer, so that the analysis is 

simplified. 

K 

buf{er con ents 
.·· .......... \ 

\ 

' 

2(tg ts) 
( 2 '0) 

'i"':--'-"-'-T-'-.-•• ~ t 11 I 2 ( t 1 o-t 9) \ 

Figure 2.6.1. Behavior of the buffer contents for a certain two-stage line, with buffer 
capacity K and with unbounded buffer (in ... ). A pair (a,b) denotes that the upstream 
machine runs at rate a and the downstream machine at rate b. The upstream machine can 
work at rates 0, 2 and 3, the downstream machine at rates 0, 5/3 and 2. 
v(oo) = ((5/3)(t2-tt) + 2(tw-ts))/tu; v(K) = ((5/3)(t2-tt) + 2(ts-ts))/tu. 

. . d d 
(v(oo)-v(K))(q+q+L 1+L2) 2(ttO-ts) = 2(ttO-tg)+2(tg-ts) 2(tw-tg)+2(t4-ta). 

The following behavior characteristics of the unbounded buffer content are 

needed for the approximation. In the definitions, only unbounded stocks are 

oonsidered. 
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Li Length of stock-increase period. The time that the buffer content is non

decreasing, measured from the point where it starts increasing until it starts 

decreasing. 
Ld Length of stock-decrease period. The time that the buffer content is non

increasing, measured from the point where it starts decreasing until it starts 
increasing. 

[Ji Stock increase. The increase (in quantity) of the buffer content, measured during 
an increasing period of length Li. 

Ud Stock decrease. The decrease of the buffer content, measured during a decreasing 
period of length Ld. 

The probability distributions of Ui, Ud, Li and Ld are determined by the machine 

states only. For a particular two-stage line, with buffer capacity K, realizations of 

these variables are indicated in Fig. 2.6.1. In this figure, a realization of the buffer 

contents is sketched as a function of time. A realization of the unbounded buffer 

contents (in · ·) is shown as well. 

Assume we have a complex two-stage line as discussed in section 2.4, with 

many machine states, for which calculation of the throughput and average buffer 

content is computationally hard. This line is to be approximated by a line, for 

which calculation of performance characteristics is simple. For the complex line it 

is computationally much simpler to calculate the first few moments of Ui and Ud, 

since the buffer state need not be incorporated in this calculation. 

Define now the production loss in a line as the difference between the 

production with a bounded and with an unbounded buffer. Let C(K) denote the 

average production loss per increase/decrease step in a line with buffer capacity K. 

Then the throughput loss in this line (that is the difference in average production 

per unit of time between the situation with an unbounded and with a bounded 

buffer) times the expected time duration of an increase/ decrease step will be equal 

to C(K). Or, in terms of a formula, 

(v(oo) - v(K))(ELi+ ELd) = C(K), (2.38) 

where v(K) is the throughput of the line with buffer capacity K and E is the 

expectation operator. The quantity C(K) in (2.38) is determined by the moments 

of Ui and Ud and the buffer capacity K (see below). It is now possible to take 
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another two-stage line, with the same buffer capacity K, whose throughput is easy 

to calculate, with the same first few moments of Ui and Ud as in the complex 

line. This means that Cap(K) of this line is approximately equal to C(K). Since it 

is also a straightforward matter to calculate ELi+ELd in both lines, it is now 

possible, by using (2.38) and the known throughput in the simple line, to estimate 

the throughput in the complex line. 

This approximation is treated in section 2.7. The results in that section are based 

on De Koster (1987a). 

In case all moments of Ui and Ud are equal in two lines, line a and line b, 

say, then Ca(K) will be equal to Cb(K) (assuming time-dependent rates). This can 

be understood, by considering two equal realiz~J,tions of Ui's and Ud's in the two 

lines, starting with equally filled buffers of the same capacity. Assume that the 

buffer in line a becomes full, for the first time during the j-th stock increase 

period. Since the buffer capacities are equal and the Ui's and Ud's are equal in the 

two lines, the buffer in line b also becomes full during the j-th stock increase 

period. This implies that the loss in input, due to the buffer becoming full, will be 

the same in the two lines. The loss in output is also the same in the two lines, 

for similar reasons. Hence the loss in production per increase/ decrease step will also 

be the same in the two lines, or Ca(K)=Cb(K). Mention that the buffers being full 

(or empty) do not influence the machine states in the two lines, by the assumption 

of time-dependent rates. Hence also the stock increase and decrease moments are 

not influenced. 

Note that the assumption of time-dependent rates is essential. For state

dependent rates, the quality of an approximation as indicated above will depend on 

the kind of state-dependence and furthermore on the differences in machine speeds. 

In subsection 2.6.2 it will be demonstrated how the stock increase and decrease 

moments EUi, EUd, E(Ui)2, E(Ud)2, and furthermore ELi and ELd can be 

calculated for the general model of the two-stage line presented in section 2.4. 

Only the first two moments of Ui and Ud are calculated, but calculation of third 

and higher moments is similar. This subsection is (partly) based on De Koster and 

Wijngaard {1985). 

2.6.2 Determination of the stock increase and stock decrease moments 

It is assumed that the machines of the two-stage line have a structure as in 



2.6 analysis of buffer behavior 65 

section 2.4. That is, machine i has possible speeds v1, •• ,vNt' with (exponential) rates 

.A., .• ,AN
1 

and an irreducible, Markov transition matrix P. The speeds of machine 2 

are denoted by <Pt, •• ,lpN
2
, the exponential rates by J.lt, .. ,J.LN

2
, the transition matrix 

by Q. The speeds of both machines are ordered in a nonincreasing sequence. The 

machine system can be denoted by (r,s) E {l, .. ,Nl}x{l, .. ,N2}. 

The stock increase and decrease moments and the expected lengths of stock 

increase and decrease periods can all be calculated as "costs" till absorption in a 

certain subset of states, starting from another set. 

For instance, the expected stock increase EUi can be calculated as the sum of 

all contributions (increases) till absorption in a "decreasing" machine state (r,s), 

that is a state with vr < lps, starting from some "increasing" state (i,j), that is 

with Vi > lf'j· To get the total expected stock increase, we have to weigh the 

states (i,j) with the conditional steady state probability 11' (i,j l that the increase 

starts in machine state (i,j). The sets needed consist of 'increase", "decrease" and 

'neutral" states, and are denoted by D., D- and Do, respectively. More precisely, 

the sets D., D_ and Do are defined by 

D.= {(i,j) E {l, .. ,Nt}x{l, .. ,N2}Ivi > lf'j} 

Do :;:::: {(i,j) E {l, .. ,Nl}x{I, .. ,N2} I vi :;:::: lf'j} 

D_ = {(i,j) E {I, .. ,Nl}x{l, .. ,N2} jvi < lf'j} 

The cardinalities of these sets are d., do and d-, respectively. The states of the 

machine system are ordered in the sequence D., Do, D- and within these sets in 

increasing lexicographic order. Note that this ordering differs from the ordering in 

section 2.4. In Fig. 2.6.2 these sets are sketched with possible transitions from one 

set to another. 

Figure 2.6.2.Tra.nsitions between states in D., Do and D-. 
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f(i,j l be the "cost" till absorption in a state of D-, when we are now in state 

(i,j) E D.UDo. 

g< r,sJ be the cost till absorption in a state of D., when we are now in state 

(r,s) E DoUD-. 

a< i,j l be the cost rate in state (i,j) E D.UDoUD. 

ECn_ be the expected total cost till absorption in a state in D., when starting 

in D •. 

ECD+ be the expected total cost till absorption in a state in D., when starting 

in D-. 

The expected cost till absorption in a state of D. is found by weighing the 

contributions Ef< hi> for each state (i,j) in D. by the conditional probability that 

an increase period starts in that state, 'lr< hjl. Hence, ECD_ can be written as 

(2.39) 

where 'lr< i,j l, for (i,j)ED., is the conditional probability that an increase period is 

started in state (i,j). r; 'lr(i,j) 'lr<i,j> ~0. 
(i, j )ED+ 

In the same way 

EC = n. L: Eg( r.s) 'lr( r,s) 
(r, s )ED-

(2.40) 

with L: 'Ire r,s) =1, 'lr( r.s) ~0. 
(r, s )ED-

In the same way ECfi. and ECfi_ can be defined. The first and second moments of 

stock increase and stock decrease can then be determined from ECD.' ECD-' ECfi. 

and ECfi_, respectively, by choosing the right values for the cost rates a< i.j>. ELi 

and ELd can also be determined from ECD. and ECD_' respectively, by appropriate 

choices for a< i,jJ. These values of a< i,jJ are indicated in Table 2.6.1. 

Note that in measuring stock increase and decrease, states in Do are not absorbing. 

Measuring stock increase is only stopped if a state in D_ is entered and measuring 

stock decrease is only stopped if a state in D. is entered. 
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(i ,j)E D+ Do D-
I 

EUi II j-'Pj 0 

• 

E(Ui)2 II j-'!'j 0 

EUd 0 'Pj-lli 

1E(Ud)2 0 'Pj-lli 

I ELi 1 1 

ELd 1 1 

Table 2.6.1. Values of a( j,jJ corresponding with some buffer quantities. 

Hence, in order to determine ECD+' EC5.· ECn_ and ECfi_ and consequently 
EUi, E(Ui)2, EUd, E(Ud)2, ELi and ELd, we have to proceed in two steps. 

1. Determination of the costs Efn.jJ> Ef~i•jl, Eg< r.sl, Eg~r•sl. 

2. Determination of the weight vector 7 (of dimension d.+d-). 

1. Determination of Efr.i.j), Efi.i•jl• Eg(r.sJ, Egfr•sl 

The cost till absorption in a state of D-, starting from an increasing or neutral 

state (i,j), f< i,jJ, can be calculated by splitting up the cost in the cost in state 

(i,j) and the cost after a transition has been made to another increasing or neutral 

state. For {i,j) E D. U Do we obtain 

Ef< i.j> = ~l~~~l + X·~ i. E PiuEf< u,jJ + 
1 PJ { u I (uj)ED.UDo} 

___l!l_+ E Q·vEf< i.vl (2.41) 
Xj+/'j {vI (i,v)ED.UDo} 

1 

After Efn,jJ has been calculated it is possible to obtain Efti•jl in a similar way. 

(2.42) 

Similarly, we have for the g1 Nll 's, for (r,s) E DoUD-
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Let the d.+do vector Ef be given by (Ef(i,j) )fi,j)ED.UDo· Ef\ Eg and Elf are 
defined similarly. The system (2.41) can be written as 

Ef = a. + AtEf, (2.45) 

where a. is a d.+do vector. Similarly, 

Ef2 = a.* + AtEf2, (2.46) 

The matrix (I - At) is non-singular. This follows, by Theorem 2.1, corollary 3 in 

Seneta (1973), from the fact that A1 is a an irreducible, substochastic matrix. At 

being substochastic means that A1(i,j)~O, ~1(i,j)SI for all i and ~At(i,j)<1, for 

some i. The irreducibility of A1 follows frok the irreducibility of P 
1
and Q. Hence 

Ef (I - A1)·ta, Ef2 ;:;; (I A1)·1a.*. The vector Ef2 can be calculated after Ef 

has been determined. Similarly Eg (I A2)-tb, Eg2 ;:;; (I -A2)-1b*, where the 

(do+d-)x(do+d.) matrix A2 and the d0+d. vectors b and b* can be determined 

from (2.43) and (2.44). 

2. Determination of 1r. 

To determine the steady state probabilities 'If( hjJ we proceed as follows. 
* Let the ( d.+do)xd_ matrix 9 and the ( do+d.)xd. matrix 9 be defined as follows 

* 01 (i,jJ ,1 r,s> l conditional probability of absorption in decreasing state (r,s)ED., 

given that the start is in a nondecreasing state (i,j) E D.UDo. 

01 ( r,sJ ,1 i,jJ l ;:;; conditional probability of absorption in increasing state (i,j)ED., 

given that the start is in nonincreasing state (r,s) E D0UD .. 
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We have the following relations 

• Oc < i.jJ .c r.s) J 

• 
Oc ( r.j) •< r.s) J 

• 
0< < i.s) ,( r.s)) 

The 01 1 r•s>, 1 i•j > > 's satisfy similar equations 
,\ o, ( r.s) J( i,j) l = :X +~· E Pruo( ( U•S) >( j,j)) + 

r ~'"'S { u I (u,s)EDoUD-} 
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for i#, jls 

, for jls 

, for ilr 

)I ~~ E <JsvO< < r,vJ >< i,jJ l , for rji, slj 
r s {vI (r,v)EDoUD-} 

~ ,\· 
x;-fjL + J\.+~ E PiuO< 1 u.s) •< i,j) l + 

1 s 1 rs { u I (u,s)EDoUD.} 
Oc < i,sJ d i,j)) 

)l.t~ E <JsvO< (i,vJ >< i.jl l , for slj 
1 s {vfjl(i,v)EDoUD-} 

0 _ irP ri + A r E 0 . . . + ((r,j),(i,j))- +JJ.· :X+p.· Pru ((U•Jl•(hJ)) 
r J r J {ulij(u,j)EDoUD-} m E qjvO< c r.v> •< i,jJ > , for rli 

r J {vI (r,v)EDoUD-} 

Rewritten in matrix notation 

e• • * = e. + Ate 
e = e1 + A2e , 

(2.47) 

(2.48) 

* where e1 is a matrix of dimension ( d.+do)xd., e1 is of dimension (do+d-)xd. and 
* A1 and A2 are the same matrices as before. The matrices e and e can be solved 

from (2.47) and (2.48). 
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The weights 'If( i•i> needed for the calculation of the costs C0 _ and c0 • can 

* ~· now be obtained from e and e as follows. Let e be the {d.xd.)-matrix 
* ~ consisting of the first d. rows of e and e the {d-xd.)-matrix consisting of the 

last d. rows of e. The following relations exist for the weights 'If( i,jJ. 

For (i,j) E D+ 

'If( i,j) = E 'If( r.s) (J<! r.s) ,( i.j l l, 
( r,s)EO-

This means that the probability of starting an increase period in state (i,j) equals 

the sum of the probabilities of starting in decrease state (r,s), times the probability 

of absorption in state (i,j), given that we start in state (r,s). Note that a stock 
increase period can only start in D+ and a stock decrease period can only start in 
D .. Therefore we do not have to incorporate states in Do. 
Similarly we have for (r,s) E D-

which can be rewritten in matrix notation as 

(:r)T = (:r)Te* e 

and 
(r-)T = (r-) Te a* , 

with r' ( 'lf(i,j >)(i,j)EO. ' r" ( 7f lr•Sl ) (r,s)Eo.· 

Under the normalizing conditions 1 r. · r' = 1 and 1 r_ · r
solutions r' and r- to (2.49) and (2.50). 

{2.49) 

(2.50) 

1 there exist unique 

The first and second moments of CD_ and CD. are now calculated as 

ECD- E 1f<i.j>Ef1i,j> 
( i,j)EO+ 

ECD = E 'lf(r,sJEg!r.s> 
+ ( r,s)ED-

(2.51) 

(2.52) 
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Ec2 - ~ ..... Ef2 .. 
D - u " ( bJ) ( bJ) 

- ( ij)ED. 
(2.53) 

EC~ = E 'lr( r.s) Eg~r.s) 
• ( r,s)ED-

(2.54) 

By making the substitutions for a1 i.j» indicated in Table 2.6.1 in equations (2.41), 

ECD.' obtained from (2.51) equals either EUi or ELi. ECfi. can be obtained from 

(2.53) by making the substitutions for a1 i.j> indicated in Table 2.6.1 in (2.42). In 

the same way, EUd and ELd can be obtained from (2.51) and E(Ud)2 can be 

obtained from (2.54), by making the indicated substitutions for a1 i.j> in (2.43) and 

(2.44), respectively. Third moments of Ui and Ud can be calculated in the same 

way. 

There exist relationships between the mean drift of the system and the line 

throughput without buffer on the one hand and the first moments of increase and 

decrease of the buffer contents on the other hand. Such relationships are of 

importance, in the approximation of complex two-stage lines by simple lines. In 

section 2. 7, they are used for obtaining the parameters in the approximating line. 

These relationships will be derived in subsection 2.6.3. 

2.6.3 Relations between buffer stock moments and line characteristics 

In this subsection some relationships which will be demonstrated which are 

valuable in the approximation of two-stage lines. 

The following relationship exists between the mean drift of the system u=effr-eff2 
and EUi, EUd, ELi, ELd. 

EULEUd 
u = ELl+ELd· (2.55) 

Relation (2.55) is intuitively clear: the difference between the average machine 

speeds is equal to the difference between average stock increase and stock decrease, 

per increase/decrease step, divided by the average length of such an increase/ 

decrease step. It can be demonstrated formally as follows. The left hand side 

equals E (vi-cpj) w (i,j >, where the NtN:rvector w is the equilibrium 
( i,j)ED.UDoUD-

probability for the machine states of the process (see equation (2.19)). The right 

hand side can be interpreted as ''cost " per cycle divided by mean cycle length. The 
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cost rate factor in state (i,j) is Vi - !f'j· The cycle is defined on the sets D., D_ 

and Do. In order to see this, we define two additional states a and b. The state a 

represents all states in D., b represents the states in D_. See Fig. 2.6.3. 

a 

Do 

1 

(~,s) ~ ___!___. '\.. 
_!/ a 

Figure 2.6.3. Transitions between states in D+, Do and D- with two additional states a 
and b. 

Let T a be the cost till absorption in state a, when starting in a, then 

ETa= :E 7r<i>j)[Ef(i,jl + :E 11'(r,sJEg<r.sJ] 
( i,j)ED. ( r,s)ED-

= :E 11'(i,j)Ef(i,j) + :E 11'(r,s)Eg(r,s) 
(ij)ED+ ( r,s)ED-

(2.56) 

To obtain the mean cycle length from (2.56) we have to substitute 1 for the cost 

rate in state (i,j), ll'(i,j), for all (i,j) E D.UDoUD-, in equations (2.41),(2.43). Using 

(2.51) and (2.52) it follows then that 

ET a.t mean cycle length = ELi + ELd. 

Substituting ll'(i,jJ = Vi-<Pj, for all (i,j) E D.UDoUD-, in (2.41),(2.43), it follows, by 

using (2.51) and (2.52) once more 

ET a.2 mean buffer drift per cycle = EUi - EUd. 

And hence by a renewal theoretical argument, it follows that the mean buffer drift 

equals ETa,2/ETa,r, which proves (2.55). 

Similarly it can be shown that the throughput of the system with buffer of 
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capacity 0, v(O), is related to EUi, EUd, ELi and ELd as follows 

(2.57) 

To demonstrate the first part of (2.57), note that 

v(O) = E min{vi,<Pj}W(i,j» 
( ij)ED.UD0UD-

(2.58) 

where w is the equilibrium vector on the machine states (see (2.19)). Further eff1 

can be written as E viw( i.jl and it can be shown that EL~~~Ld 
( ij)ED.UDoUD-

E (vr-<Pj)w(i,jl, by a similar argument as used in the demonstration of (2.55). 
( i,j)ED. 
The demonstration of the second part of (2.57) is similar to the first part. 

Note that relation (2.58), and hence also relation (2.57), only holds for time

dependent rates. In case of state-dependent rates and no buffer, the rates of the 

exponential distributions in some states may change. Hence relation (2.57) will only 

be approximately true. The quality of the approximation depends on the type of 

state dependence. State-dependent rates are not further investigated here. 

2.7 APPROXIMATION OF COMPLEX TWO-sTAGE LINES 

2. 7.1 Introduction 

In this section it is shown how complex two-stage lines, of the type described 
in section 2.4 can be approximated by simpler two-stage lines with the same first 

two (or three) moments of buffer stock increase and decrease. The reason for doing 

his is that the lines in section 2.4 may be difficult to analyze if the state space is 

large. Calculation of the first few moments of stock increase and decrease is 

computationally much simpler than calculation of the throughput, since the state 

space is reduced, by not incorporating the buffer state. The approximating line is 

chosen so, that calculation of the throughput, mean buffer contents and the 

moments of buffer stock increase and stock decrease is relatively simple. Results in 

this section are based on De Koster (1987a). The line of section 2.4 is sketched in 



74 CAPACITY ANALYSIS OF TWO-STAGE LINES 

Fig. 2.7.1. It is assumed that all exponential rates are time-dependent. 

speed rate trans. matrix 
lit -'t p ~1 Pl q 

11
Nt -'Nt K ~Nz PNz 

------1 It "'-o v 7 lz ~ 
Figure 2.7.1. Two-stage line with many machine states 

Instead of first and second moments of stock increase, it is equivalent to consider 

expectation and the coefficient of variation of buffer stock increase. The coefficient 
of variation ( cv) of Ui is defined as 

. _ J(Ui)2 - {EUi)2 
Cl - EU• , 

The cv of Ud, cd, is defined similarly. 

The quantities EUi, ci, EUd and cd (and also higher moments of Ui and Ud, if 

necessary) of the line in Fig. 2.7.1 can be obtained as indicated in section 2.6. The 

aim is to find an as simple as possible line with the same first few moments of 

stock increase and stock decrease (also denoted by "Stock moments"), and possibly 

with the same expected lengths of stock increase and stock decrease periods. In 

most cases, four states for the upstream machine and one state for the downstream 

machine will be shown to be ~ufficient, to obtain the same stock moments. In Fig. 

2.7.2 a line is sketched, which will be used in this and the next subsection to 

approximate the line in Fig. 2.7.1. 

speed rate trans. matrix 
VJ PI 1 
VJ P2 
li2 111 
li2 112 K 

------1 It I s~ v 
Figure 2.7.2. Two-stage line approximating the line in Fig. 2.7.1 



2. 7 approximation of complex two-stage lines 75 

The approximating line in Fig. 2.7.2 is a special case of the original line in Fig. 

2.7.1, with Nt = 4, N2 = 1, Ai = Pi. Ai+2 = 'f/i (i=1,2), P.I = 0, Vt = v2 = Wt, v3 

= v4 = w2 and 'PI = w. Machine M2 of the approximating line is completely 

reliable with production rate w. Machine Mt only has two different speeds, w1>w 

and w2<w, so that the buffer content sometimes increases and sometimes decreases. 

The transition matrix of Mt is denoted by R. Note that the distribution of the 

length of a speed-w1 or a speed-w2 interval is the same as that of of the length of 

a buffer increase period or the length of a buffer decrease period, respectively. 

Furthermore, EUAp=(wt-w)ELAp and EUgp=(w-w2)ELgp, where the index ap refers 

to the approximating line. This implies that the cv of the distribution of the 

length of a speed-w1 interval equals cAp and the cv (coefficient of variation) of the 

distribution of the length of a speed-w2 interval equals cgp. This fact can be used 

in using existing methods for fitting distributions on known first, second and third 

moments. 

The problem is now to determine the parameters of the approximating line, so 

that its first moments of buffer increase and buffer decrease are the same as those 

of the line in Fig. 2. 7 .1. This will be demonstrated by means of an example line. 

The parameters of this example line are given in Table 2.7.1. 

Nt=5 prod. life trans .matrix ELi+ELd EUi c i EUd cd 
N2=1 rate rate 

origin. 
"t=1.5 ,\1:0.2 0 0 0 0.2 0.8 180.3 4.39 1.11 14.6 1.58 

line 
"2=1.1 ,\2=0.2 0 0 0 0.9 0.1 

"3=1.05 ,\3=0.01 p = 0 0 0 0.9 0.1 

114=0.9 ,\4:0.01 0 0.1 0.9 0 0 

v5:0.01 ,\5:0.02 0.2 0.3 0.5 0 0 

l"t=l Pt=O 

Table 2.7.1 Parameters of the example line 

Machine M1 in this line has 5 states, machine M2 has one state. The parameters 

w1,w2,Pt,P2,7Jh1J2, the transition matrix R and the speed w of the approximating line 

in Fig 2.7.2 will be determined under the conditions: 



76 

EUAp=EU1, E(UAp)2=E(Ui)2, 

EUgp=EUd and E(Ugp)2=E(Ud)2. 
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(2.59a) 

(2.59b) 

It is not strictly necessary to require that also 

(2.60) 

By relation (2.38), it follows that these expectations can be incorporated later, to 

scale the approximate throughput correctly. Nevertheless, it will be clear that some 

freedom is left in the parameter choice, since there are only four conditions and 6 

parameters plus the matrix R to choose. Hence relation (2.60) can be satisfied, if 

desired so. 

Since ci>1 and cd>1 in Table 2.7.1, the distributions of the length of a wl

speed and a Wz-Speed interval must have a cv which is greater than 1 (and equal 

to ci and cd, respectively). Since ci>l, the wr-speed interval is chosen to be 

hyperexponentially distributed, with phases as sketched in Fig. 2.7.3. 

Figure 2.7.3. Two-phase hyperexponential distribution. Each phase has an exponential 
distribution (rates Pl and P2)· p is the branching probability. 

In case of a hyperexponentially distributed speed-w1 interval with parameters as in 
Fig. 2.7.3, it follows that 

(2.61) 

For w, w1~w and p arbitrary, the rates of the hyperexponential w1-interval 

determined by 
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(2.62) 

make first and second moments of buffer increase equal (see Bolch and Akyildiz, 

1982). This can be easily checked, by substituting the parameters obtained in 

(2.62) in formulas (2.61). The choice of p is arbitrary under the condition that 

[J2>0. Since for the choice of these five parameters there are only two conditions, 

namely those of (2.59a), other solutions are also possible. The choice of 111 and '1/2 

is similar. If a speed-w2 interval is hyperexponentially distributed with branching 

probability q, then the transition matrix R has the following form 

R _ 0 0 q 1-q 
[

0 0 q 1-ql 
- p 1-p 0 0 

p 1-p 0 0 

Furthermore it is possible to make ELlp and ELi equal by choosing, for an 

arbitrary speed w, the speed Wt such that 

Wt-W = EUj/ELi 

ELgp and ELd can be made equal by choosing w2 so that 

w-w2 = EUd /ELd 

(2.63a) 

(2.63b) 

The parameters w, w1 and w2 of the approximating line can be chosen so, that the 

throughputs of the lines are equal for the cases of infinite and zero buffer 

capacities. Assume that w is chosen so that w=eff2,ap:=eff2 and that the 

parameters w1 and w2 are chosen so that relations (2.63a) and (2.63b) hold. 

Assume furthermore that the other parameters of the approximating line are chosen 

so that conditions (2.59a) and (2.59b) are satisfied. From (2.63a) and (2.63b) it 

follows that condition (2.60) is satisfied. Together with the choice of w and 

relation (2.5 7), this implies 

Vap(O) = Vap(O) = v(O) (2.64) 

It furthermore follows from (2.59a), (2.59b), (2.60), (2.57) and the choice of w, 

that efft,ap eff1• Using that for an arbitrary two-stage line 
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v(oo) = min{efft,eff2} 

it follows that 

Vap(oo) = Vap(oo) = v(oo) (2.65) 

In Table 2.7.2 the parameters of two different lines, 'iine a" and '1ine b", 

approximating the line in Table 2.7.1, are given. In both lines, the speed w is 

chosen equal to I. In line a, condition (2.60) is not satisfied. In line b, condition 

(2.60) is satisfied, by choosing w1 and w2 according to (2.63a) and (2.63b), 

respectively. Hence vb(O)=v(0)=0.9190 and vb(oo)=v(oo)=0.9434, but va(0)=0.8462 

and va(oo)=0.89245. 

speeds rates branch. prob. ELAp+ELgp I 

approx. llt=1.2 p.=0.034 p=0.5 94.9 
line a P2=0.069 

ll2=0.8 '11=0.007 q=0.5 
1)2=0.104 

approx. llt=1.05 Pt=0.086 p=0.5 180.267 
line b P2=0.0177 

ll2=0.85 '11=0.0057 q=0.5 
1)2=0.080 

Table 2.7.2. Parameters of the approximating lines a and b 

In Table 2. 7.3 results of the approximation are given. The throughputs of the lines 

can be obtained by using results of section 2.4. For line a, the throughputs v(K) 

and Vap,a(K) cannot be compared directly, since condition (2.60) is not satisfied. 

Compared are v(K) and vap.a(K) and Vap,b(K), where vap.ab(K) is defined as 

This formula is based on (2.38). Note that for line b, vap,b(K)=vap,b(K). This 

follows from (2.64). 

Relative errors in Table 2.7.3 are measured in the following way 

e(K) (2.67) 
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The reason for using this (strong) definition of relative error is that we want to 

measure the relative error in the loss of production due to a. finite buffer rather 

than in the production rate itself. 

I v(l) vap,a(l) Vap,b(l) €(1.) EX EXap,a EXap,b 

0 0.9190 0.9190 0.9190 0 0 0 0 
5 0.9333 0.9320 0.9320 12.9 1.904 0.417 1.920 

10 0.9385 0.9368 0.9368 34.7 3.181 0.624 3.281 
20 0.9420 0.9409 0.9409 78.6 4.625 0.737 4.956 
30 0.9430 0.9424 0.9424 150.0 5.238 0.751 5.819 
40 0.9433 0.9430 0.9430 300.0 5.476 0.752 6.254 

00 0.9434 0.9434 0.9434 - -

Table 2.7.3. Relative errors m approximation of the line in Table 2.7.1, by the lines in 
Table 2.7.2 

From results in Table 2.7.3 it appears that Vap,a(K)=vap,b(K), although the lines 

are different and ELi+ELg cf: ELi+ELg. This result holds more general. 

Let '1ine a" and '1ine b" be two different approximating lines with hyper

exponential Wt-interva.l and w:rinterval. From formulas (2.62) and its analogue 

with TJ, q and w-w2 instead of p, p and Wt-w, it follows that if 

~ 
Wta-W 
_!lliL 
W-W2a 

Pa = Pb 
qa = qb (2.68) 

we have E(U~)n = E(Ui)n and E(Ug)n = E(Ug)n for all n. Relations (2.68) are 

also satisfied by the parameters of the two lines in Table 2.7.2. In section 2.6, it 

was argued that if all buffer increase and buffer decrease moments are the same in 

the two lines, then the scaled throughputs are equal. In formula: 

In De Koster and Wijngaa.rd (1985) relation (2.69) is proven for the case where Pt 

= fJ2, 1Jt = 1f2, w = I and w2 0. Relation (2.69) implies that the choice of w, 

w1 and w2, p and q has no effect on the quality of the throughput approximation, 
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as long as conditions (2.68) are satisfied. Therefore, for the throughput 

approximation we do not necessarily have to use the existing freedom to make 

ELi+ELd and ELip+EL~P equal. 

In Table 2.7.3 also the mean buffer contents (EX) are given. They can be 

obtained using results of sections 2.3 and 2.4. For the mean buffer contents 

approximation, it may be important to choose the mean lengths of increase and 

decrease periods equal, as can be seen from results in Table 2.7.3. There appears 

to be a difference between the situation where (2.60) is satisfied and the situation 

where this is not the case. 

Relative errors in throughput in Table 2.7.3 are large, but this is not· serious 

since v(K) - Vap(K) is small anyway. These large errors are also caused by the 

fact that in the numerical solution procedure the fourth digit is not always correct. 

However, the differences in EX and EXap,b are more serious. In view of the fairly 

large errors, also a three-moment approximation of the line was used. Third 

moments of buffer increase and buffer decrease can be obtained by using known 

first and second moments, just as first moments are used to calculate second 

moments (see section 2.6.2). 

In Altiok (1985) a method is presented for fitting a distribution to the first three 

moments of a distribution with cv > 1, using a two-phase Coxian-distribution (see 

also Whitt, 1982). A two-phase Coxian distribution is sketched in Fig 2.7.4. 

Figure 2.7.4. Two-phase Coxian distribution; branching probability p, rates Pl and P2· 

If a speed-Wt interval is two-phase Coxian distributed, it can be shown that 

(2. 70) 

A two-phase Coxian distribution may have a cv greater than 1 or smaller than 1. 

From the results in Altiok (1985) it follows that it is possible to keep the first 
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three moments of buffer increase in the approximating line equal to the first three 

moments of buffer increase in the original line, by choosing, for w and w1 > w 

arbitrary, 

Pt ;:;: (X + Jx2-4Y)/2 

fJ1. ;:;: X - Pt 

p = ~mtpt-1), 

ETn 
where Y=(6mt-3m2/mt)/[3m1/(2mt)-ma], X=1/mt+m2Y /(2mt) and mn (w 

1
-w)n• 

n;:1,2,3. 

This can be checked, by substituting these parameters in formulas (2.70). Note 

however, that a three-moment approximation by a two-phase Coxian distribution is 

only possible if ci>1 and if 

(2. 71) 

If cd>1, 711, 712 and q are determined similarly for arbitrary w2 < w. Instead of 

Wt-W we have to take w-w2. 

The parameters of the line in Fig. 2.7.2, approximating the line in Fig. 2. 7.1 

are now chosen by this three-moment method. Relative errors of this 

approximation are given in Table 2.7.4. The production rate w is again chosen to 

be equal to 1.0, ELi and ELd are chosen equal in the two lines. 

K v(K) vap(K) e(X) EX Elap 
mach. life trans. EL+EI speed rate prob. 

0 0.9190 0.9190 0 0 0 111'=1.051 Pt=0.084 p::0.757 180.267 

5 0.9333 0.9333 -0.4 l. 904 1.808 P2=0.010 

10 0.9385 0.9386 -1.5 3. 181 2.955 112=0.845 1]1=0.015 q=0.093 

20 0.9420 0.9421 -4.5 4.625 4.205 1)2=0. 003 

30 0.9430 0.9430 -7.8 5.237 4.717 

40 0.9433 0.9433 -11.0 5.476 4.911 
(I) 0.9434 0.9434 - -

Table 2.7.4. Approximations of the line in Table 2.7.1 by three-moment method. 
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The relative errors in the throughput in Table 2. 7.4 are much smaller than the 

relative errors in Table 2.7.3. Also the differences in mean buffer content of the 

lines have become slightly smaller. 

This example shows, how a given line as in Fig 2.7.1 can be approximated for 

the throughput and mean buffer content, by requiring that relations (2.59a)

(2.59b) are satisfied. If necessary, also third moments of buffer increase and buffer 

decrease can be included. The above method is generally applicable in case ci>1 

and cd>1, if the condition (2.71) is satisfied. If this condition is not satisfied, it 

can be relaxed such that it is nearly satisfied. See Altiok (1985). If ci$1 or cd$1, 

we have to proceed differently. Here only the case ci::;l is treated. The case cd~1 is 

similar. 

We distinguish two cases 

1. 1/2 ~ (ci)2 < 1 

2. ( ci)2 < 1/2 

If 1/2 $ ( ci)2 < 1, the structure of the approximating line can again be chosen 

as indicated in Fig. 2. 7 .2. A two-phase Coxian distribution as sketched in Fig. 

2.7.4 can be chosen for the speed-wt interval distribution. In order to meet the 

conditions {2.59a), the parameters of the two-phase Coxian distribution may be 
determined as follows: (see Sauer and Chandy, 1981) 

w and Wt arbitrary 

_ 1 _ 2(ci)2- }2-2(ci)2)t 
P - (c1 2 + 1 

Pt = P2 = wk0~ (l+p) (2.72) 

That the two conditions in (2.59a) are satisfied can be checked by substituting the 

choice of (2. 72) in formulas (2. 70). 

For the case (ci)2<1/2, the structure of the distribution in Fig. 2. 7.4 is no 

longer sufficient. More phases are needed for the speed-w1 interval. The distribution 

of this interval can be taken of the kind sketched in Fig. 2. 7.5. 
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k phases 

Figure 2.7.5. k-phase distribution 

Note that a two-phase Coxian distribution with Pt=fJ2=p is the same as a two

phase distribution of the type sketched in Fig. 2.7.5. The number of phases in the 

distribution in Fig. 2.7.5, k, should be such that 

1 < (ci)2 < 1 I<- -K-I {2.73) 

Once k is found from {2.73) the parameters p and p can be found from the 

formulas 

1 2k(ci)2 + k-2- (k2+4-4k(ci)2)! 
P = - 2((ct)2+1) ( k-1) 

p = wko"': {p + k{1-p)) {2.74) 

See also Marie (1980). 

For all these phase-type distributions, the exact shape of the transition matrix 

R can be derived from the type of distribution used for the speed-wt and speed-w2 

interval. It does not depend on the rates in the phases. For example, if a speed-w1 

interval is hyperexponentially distributed with branching probability p and a wz

interval is Coxian--distributed with branching probability q then the transition 

matrix R has the following form 

[ 

0 0 1 0] 0 0 1 0 
R = {1-q)p {1-q) {1-p) 0 q 

p 1-p 0 0 

In section 2.7.2, some more examples are treated. In all cases (ci)2 and (cd)2 are 

greater than 1, so that two-phase hyperexponential or Coxian distributions suffice. 
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2. 7.2 More numeric results 

In this section three lines of the type sketched in Fig. 2.7.1 are approximated 

for the throughput by lines of the type sketched in Fig. 2.7.2, by using 

relationships (2.59a) and (2.59b). These cases demonstrate the quality of the 

approximation for lines with different complexity. In the three different cases, 

machine M1 has 3, 5 and 7 states, respectively. Machine M2 has two states in all 

cases. Hence, the total number of machine states increases from 6 to 14. 

II N2 2 Nt=3, m=1 Nt=5, m=2 Nt=7, m=3· 

original 

[0~5 
0 

l] 
p ~[ ! 1 0 0 0 0 1 0 0 0 0 0 

line p = 0 0 0 0 1 0 0 1 0 0 0 0 
0.5 0 0 1 0 0 0 0 0 0 0 1 

0 0 0 1 p = 0 0 0 0 1 0 0 
0.5 0 0.5 0 0 0 0 0 0 0 1 0 

0 0 0 0 0 0 1 
0.5 0 0 0.5 0 0 0 

c i = 1.455 ci = 1.206 c i = 1.110 
cd = 1. 001 cd = 1.001 cd = 1. 001 

vr = 1.25, r = 1, .. ,m ; Ar m x 0.01, r = 1, .. ,Nt-1 
vj = 0. 8, j m+l, .. ,Nt-1 
VNt= 0.01 ; ANt = 0.09 

approxim. a)vt=1.38 Pt=O.OlO Vt=1.25 Pt=0.008 Vt=1.38 Pt=0.013 
line P2=0.070 P2=0.022 P2=0.027 

V2=0.66 71t=0.018 V2=0.66 71t=0.018 V2:0.66 71t=O. 018 
712=0.019 712=0.019 712=0.019 

p=0.5, q=0.5 p=0.5, q=0.5 p=0.5, q=0.5 

ELi+ELd:tll.ll ELi+ELd=141.04 ELi+ELd = 111.11 

b)vt=1.38 Pt=0.055 
P2=0.010 

V2=0.66 71t=0.051 
712=0.018 

p=0.369, q=0.642 

EL +EI =111.11 

Table 2.7.5. Three lines with approximating lines. w=l.O for all approximating lines. 

For all cases we have ELi + ELd = 111.11, EUb21.51, EUd=18.90 and M1 has 

average machine speed 0.9235. For M2 we have for all cases N2 2, rp1 = 1.0, 

fP2 0, p1 = 0.01, P2 0.09 and Q= [~ ~ J. The average machine speed of M2 is 
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0.9. Variation coefficients (and hence second moments) of stock increase and stock 

decrease differ for these cases, as indicated in Fig. 2.7.5. The cv's ci and cd 

decrease with the number of states. Since ci>I and cd>l in all cases, 

hyperexponential distributions are used for the lengths of the speed-w1 and speed

w2 intervals in the approximating line. In one case, a three-moment fit by a 

two-phase Coxian distribution is applied, as in the example in section 2. 7 .1. In all 

approximating lines w is chosen 1.0. 

The parameters of the three lines are given in Table 2.7.5. In this table the 

approximating lines are also given. For case 1 we have two approximating lines, 

one based on a two-moment approximation ( '1ine a") and one based on a 

three-moment approximation ("tine b"). In line b (and the original line) 

(EUi)3:164,767 and (EUd)3=40,602. In line a (EUi)3:159,703 and (EUd)3=40,627. 

Numerical results of the approximations are given in Table 2.7.6. vap(K) is 

defined by formula (2.66). Relative errors are measured with formula (2.67). We 

see that for case 1 approximation by line b, the first three moments keeping equal 

does not perform better than the approximation by line a, with only first and 

second moments kept equal. 

1 2 3 

K v(K) vap,a(K) f vap,b(K) { v (K) vap(K) ( v(K) vap (K) f 

0 0.7299 0.7299 0 0.7299 0 .7299 .7299 0 .7299 .7299 0 
5 0.7625 0.7626 -0.1 0.7633 -0.6 .7635 . 7651 -1.1 .7637 . 7655 -1.3 

10 0.7828 0.7823 0.4 0.7837 -0.8 . 7853 .7878 -2.2 .7860 .7890 -2.6 
20 0.8078 0.8073 0.5 0.8097 -2.1 .8123 .8161 -4.3 .8140 .8182 -4.9 
30 0.8234 0.8236 -0.3 0.8250 -2.1! .8291 .8332 -5.8 .8314 .8358 -6.4 
40 0.8345 0.8353 -1.2 0.8365 -3.1 .8408 .8449 -6.9 .8434 .8476 -7.4 

00 0. 9 0.9 - 0.9 - i .9 .9 - .9 . 9 -

Table 2.7.6. Relative errors (in %) in approximations of the lines in Table 2.7.5 

From the results in this section it can be concluded that the throughput of 

two-stage lines with many machine states, like the ones sketched in Fig. 2.7.1, can 

be approximated very well by the throughput of simple lines, such as in Fig. 2. 7 .2, 

provided the first few moments of stock increase and stock decrease can be kept 

invariant. Two moments of buffer increase and buffer decrease are usually sufficient 
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for an approximation of the throughput, but it is advised to include third moments 

if possible (see also Table 2. 7.4. 

In section 2.9, where the insertion department of section 2.1 is analyzed, the 

three-moment approximation method will be applied for obtaining estimates for 

throughput and mean buffer content. 

2.8. DISCRETE PRODUCT MODELS 

In the previous section it has been found that there is a high degree of 

insensitivity of the line performance for the exact machine parameters as long as 

expectation and variance of stock increase and stock decrease remain the same. In 

this section it will be demonstrated that there is also insensitivity with respect to 

continuity or discreteness of the goods flow. Some discrete-product two-stage lines 

with random service times will be compared with continuous product lines. A 

literature survey of such models was given in section 2.2. The approximation 

method can be used for discrete product lines by using stock increase and decrease 

moments. This possibility is evaluated in this section. The results in this section 

are not needed for the analysis of the insertion department case. They are based 

on De Koster and Wijngaard (1988b). 

In the discrete product model considered here the assumptions are 

1. M1 has an exponentially distributed service time (parameter >.). M2 has a 

two-phase Coxian distribution (see Fig. 2.7.4), with parameters P,t, lt2 and 

branching probability 1r. 

2. Mt does not start service if M2 is servicing and the intermediate buffer is full 

(at level K). 

3. Mt has no storage capacity for products; that is products are transferred on 

service completion from the upstream to the downstream buffer. M2 has 

capacity for 1 product at the operating position. It is equivalent to saying that 

:t-.·h has no capacity for products, but the buffer capacity is larger by one. 

Note that this two-stage line is essentially an M/C2/1/K+l queueing system, 

where arrivals are lost if the content of the system is K+L 

In order to find a comparable continuous flow two-stage line, we have to set the 
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upper bound of the intermediate buffer in such a continuous flow line equal to 

K + 1 and the lower bound equal to 1. This is, because both the continuous flow 

system and the M/C2/l/K+l system then have a positive throughput for K=O. 

The continuous flow system is shifted-buffer equivalent (see section 2.5) with a 

system with buffer range [O,K]. The idea is now that, if we can construct a 

continuous flow line with approximately the same stock increase and buffer 

decrease, then the throughput and other performance measures will also be 

approximately the same. For such an approximation it is sufficient to keep two or 

three moments of stock increase and stock decrease and the frequency of such 

decrease and increase periods {for buffer contents approximations) equal. 

For M/C2/l/K+l queueing systems, it is possible to calculate E(Ui)n, E(Ud)n 

and ELi, ELd. This is done in appendix C, for n=l,2,3. The two-stage continuous 

flow system approximating the M/C2/l/K+1 queueing system is the same as used 

in section 2.7. This line is sketched in Fig. 2.7.2. 

By making EUi, EUd, ELi and ELd of the discrete and continuous product lines 

equal and by choosing w = ~+2 (this is the production rate of M2 in the 
'lf#Jl P2 

discrete product system), it can easily be shown that 

vdis(O) Vcon(O) 
Vdis{oo) = Vcon(oo) 

..:\ = eff., 

where Vdis(K) is the throughput of the M/C2/1/K+l queueing system, Vcon(K) is 

the throughput of the continuous flow line, and eff1 is the net average machine 

speed of M1• These equalities are analogues of (2.64), {2.65). 

We will now give some numerical results for an M/M/1 and an M/E2/1 queue 

(which are both special cases of the M/C2/1 queue). 

The increase and decrease of the M/M/1 queueing system can be obtained from 

the results listed in appendix C, by letting Pt=IJ2=:p, and 'lf:=O. The throughput 

and mean buffer content of the M/M/1/K+1 system can be found in every 

textbook on queueing systems '(for example Kleinrock, 1975). Results for the 

throughput are given in Table 2.8.1. Relative differences (in %) are measured in 

the usual way, and not by formula (2.67). 
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K Vdis (K) vcon(K) rel. difference (%) 

0 0.474 0.474 0 
1 0.631 0.641 -1.6 
2 0.709 0.715 -0.8 
5 0.808 0.810 -0.2 

10 0.861 0.861 0, 
15 0.880 0.880 0 
20 0.889 0.889 0 

00 0.9 0.9 

Table 2.8.1. Throughput of M/M/1/K+l queueing system and approximating continuous 
flow line. The parameters are .\=0.9, F 1, EUi=0.9, EUd=l.ll, E(Ui)2=2.52, E(Ud)2=3.58, 
E(Ui)3=10.13, E(Ud)3=16.75, ELi=1, ELd=l.ll. For the continuous flow line Wi=l.9, 
Pt=8.79, P2=0.61, p=0.54, w2=0, 111=9.0, '12=0.60, q=0.6, w=l.O (notation as in Fig. 2.7.2). 

As was expected, the relative differences are the greatest for low values of K, since 

there the discrete behavior of the system is dominant. Nevertheless all relative 

differences are slight. 

It is more difficult to compare the mean buffer contents of both systems, since 

the total capacity of the queueing system for fixed K is one larger than that of 

the equivalent continuous flow system. If K=O, then EXcon(K), the mean buffer 

content of the continuous flow system is 0, while EXdis(K) the mean system 

content of the discrete product system (this is the probability that M2 is busy) is 

positive. Therefore, rather than comparing EXdis(K) and EXcon(K) we compare 

EXdis(K)....C and EXcon(K), where the constant C is determined by EXdis(O)....C = 

EXcon(O) = 0. The constant C is the mean content of M2 (or the utilization rate 

of M2) in the case that there is no intermediate buffer. Results are listed in Table 

2.8.2. Note that the relative differences in mean buffer content are also smalL 

K EXdis(K)-C EXcon(K) rei. diff. 

0 0 0 0 
1 0.456 0.459 -0.7 
2 0.895 0.898 -0.4 
5 2.109 2. 111 -0.1 

.10 3.803 3.798 0.1 
15 5.124 5.122 0.0 

.20 6.123 6.133 -0.2 

Table 2.8.2. Comparison of mean buffer content for the lines with parameters as listed in 
Table 2.8.1. 0=0.47 
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The second example is an M/E2/l/K+I queue. The moments of stock increase 

and stock decrease for this system can be obtained from results listed in appendix 

C by letting J.tt=Jt2=:p and 1r.=l. The throughput and mean system content has 

been obtained by solving the balance equations, using the matrix geometric method 

(see Neuts, 1981). Results for the throughput and mean buffer content are listed in 

Table 2.8.3. The quantities EXdis(K)-C and EXcon(K) are compared, instead of 

EXdis(K) and EXcon(K). C:=EXdis(0)=0.48718. 

I VdisOO vcon(I) rel.diff. Eldis(I}-C ElconOO rel.diff. 

0 0.487 0.487 0 0 0 0 
1 0.674 0.694 -3.0 0.477 0.476 0.2 
2 0.760 0.770 -1.3 0.951 0.934 1.8 
5 0.859 0.860 -0.1 2.298 2.251 2.0 

10 0.908 0.907 0.1 4.306 4.233 1.7 
20 0.935 0.938 -0.3 7.525 7.486 0.5 

00 0.95 0.95 0 

Table 2.8.3. Comparison of throughput of M/E2/1/K+l system a.nd continuous flow system . 
.\=0.95, p=2, EUi=0.95, EUd=l.05, E(Ui)2=2.30, E(Ud)2=2.84, E(Ui)3=7.58, E(Ud)3=10.99, 
ELi=l.O, ELd=l.05, Wt=l.95, w2=0, w=l, Pt=2.59, P2=0.69, qt=0.42, 11!=4.84, f/2=0.70, 
<!2=0.59. C=0.48718. 

Note that the relative differences in throughput and mean buffer content in Table 

2.8.3 are again slight, although they are greater than for the case of the M/M/1 

queue. 

In this section it has been shown that it is possible to approximate discrete 

product two-stage systems by continuous flow lines, with slight relative differences 

in throughput and mean buffer content. The mean system content of the discrete 

product system can not be compared straightforwardly with that of the continuous 

flow system. A correction has to be made for products within the server. 

2.9 ANALYSIS OF THE INSERTION DEPARTMENT 

In this chapter some tools have been developed for the analysis of continuous

product two-stage lines. In this section these tools are used to analyze the 

insertion department described in section 2.1. In particular, the results of sections 
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2.4, 2.6 and 2. 7 will be exploited. 

In section 2.1 it was noted, that batch sizes vary greatly and hence it is 

assumed that the length of a production run of an individual inserter, before 

switch-over or failure (i.e., the uptime) has an exponential distribution. Downtimes 

(due to repairs or switch-overs) are also assumed , to be exponentially distributed. 

Each inserter can be in two states, up or down. The parameters of the insertion 

line which follow straightforwardly from Table 2.1.2 are given in Table 2.9.1. For 

instance, a repair rate .2767 for a horizontal inserter is equal to 1/3.61. 

machine speeds failure repair 

103 hor.comp./ 
rate rate 

min. 
,\ Jl 

horizontal ins. 2.875 0.03074 0.2767 

vertical IDS. 2.25 0.02289 0.1406 

Table 2.9.1. Inserter parameters expressed in horizontal components 

For the insertion department modeled in this way, the throughput as a function 

of K can be calculated numerically by using the analysis of section 2.4. The three 

horiwntal inserters are equivalent with a single horizontal insertion machine having 

four different speeds (8.625, 5.75, 2.875 and 0). See also section 2.4.2. A speed 

5.75-interval, for example, has an exponential distribution with a rate 2A+Jl, since 

only two inserters are operating. The transition matrix is also easy to calculate. 

The same can be done for the vertical inserters. Since the number of machine 

states is quite large ( 4x5) computational problems may arise. Therefore, the 

approximation by using stock increase/decrease moments, of section 2.7 is used. 

The original and resulting model are presented in Table 2.9.2. The notations in 

Table 2.9.2 are as in section 2.7. The buffer capacity in the model is denoted by 

K '. Recall that K' is obtained from the real workload norm K, by K '=K-9. Note 

that the mean system content in the real system is about 9 PCBs more than in 

the model. In the approximating line, the speed of the second machine (w) is 7.74, 

which equals the net production rate of vertical insertion (the net production rate 

of horizontal insertion is 7.77). The parameters of the first machine (p1,p2,7Jt.7J2,P 

and q) are chosen by keeping the first three moments of buffer increase and buffer 

decrease equal in the approximating line and the original line. See section 2.7.1. 
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The parameters w1 a.nd w2 are determined by requmng ELAp=ELi a.nd ELgp=ELd. 

As a result, Vap(oo)=vap(oo)=v(oo) and Vap(O)=vap(O)= v(O). See formulas (2.64) a.nd 

(2.65). Approximation results are given in Table 2.9.3. 

Nt=4 prod. life trans.matrix ELi+ELd EUi ci EUd cd 
N2=5 rate rate 

horiz. 
llt=8.63 A1=0.092 

[ ·!' 
1 0 

. !·l 
14.79 12.3 1. 37 11.9 1. 57 ins. 112:::5.75 A2=0.33 p 0 .18 

113:::2.88 Aa=0.58 .95 0 
114:::0.0 A4=0.83 0 1 

vertic. 'i't=9.0 llt=0.092 0 1 0 0 0 
ins. '1'2=6.75 ll2=0.21 .67 0 .33 0 0 

'i'a=4.5 p 3=0.33 Q ::: 0 .86 0 .14 0 
'1'4=2.25 ll4=0.44 0 0 .95 0 .05 

1'1'5=0.0 Jl5=0.56 0 0 0 1 0 

approx. llt=10.1 Pt=0.375 p:::0.26 14.79 
line P2=0.100 

112"'6.49 '12=0.481 q:::0.40 
'12=0.054 

11=7.74 

Table 2.9.2. Parameters of the insertion line and the approximating line 

vap(K ') EXap 

0 6.934 0 
10 7.218 4. 12 
50 7.486 22.80 

100 7.587 47.76 
300 7.686 154.01 
500 7.710 263.62 
750 7.722 409.34 

00 7.737 

Table 2.9.3. Throughput (expressed in norm PCBs per minute) and mean buffer content 
(in norm PCBs) for the insertion line 

These results ca.n be used ift the following way. Assume that the desired 

throughput is about 7.7 PCBs per minute. Then a way to realize this throughput 

is by keeping the WIP in the insertion department equal to about 500+9 PCBs, 

that is to about one hour of work for the insertion department as a whole. This 

workload corresponds to an average stock in the intermediate buffer of 264 PCBs. 
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The choice of exponential distributions for the life and repair times of the 

inserters may seem somewhat arbitrary. However, it will be clear that arbitrary 

distributions of phase type do not bring extra difficulties, in principle. If these 

distributions have many phases, some computational problems in the solution of the 

systems of linear equations for the deterrnlnation of the moments of Ui and Ud 

may arise, so that combination of states is necessary. Also POE-dependent speeds 

for the inserters can be handled. Then the modeling could be as indicated in 

section 2.4.2, example 3. These complications are not incorporated here. Product

dependent production rates will be discussed in Chapter 7. 

2.10 CONCLUSIONS AND PREVIEW 

In this chapter a model was introduced for the analysis and design of the 

capacity control level in two-stage production systems. Different aspects of the 

model have been highlighted, such as analytical tractability, influence of changes in 

model parameters and model assumptions. The model can also be used to 

approximate discrete product models. It appears to be simple but general enough 

for the modeling and analysis of two-stage production systems at capacity leveL 

In this chapter the emphasis has been on small, single-product production 

systems, with two stages. In the following chapters attention is shifted to more 

complex systems. Single-product systems with various layouts are studied in 

Chapters 3, 4 and 5. Multiproduct aspects are discussed in Chapters 6 and 7. For 

systems consisting of more than two stages, the control structure becomes 

important. Local control structures are studied in Chapters 3 and 4. In Chapters 5 

and 6 integral control structures are studied. 
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CHAPTER 3 

3 MORE COMPLEX SYSTEMS 

In the previous chapter, a model has been introduced for the description of 

two-stage production systems at capacity level. Besides two-stage systems, there 

exist many other layouts for which the model must be used. This text concentrates 

on systems with layouts in which clear main product flows can be distinguished. 

Hence job shops are left out of scope. However, also in flow shop-like systems 

different layout elements can be distinguished, such as 

- flow lines 

- assembly and disassembly elements 

- product type-dependent routings 

-loops 

- parallel branches and common buffers. 

In Fig 3.1 some of these layout elements are sketched. 

a. Flow line 

b. Assembly process c. Disassembly process d. Buffer-sharing network 

Figure 3.1. Examples of basic network layout elements 

Different layouts studied in this monograph are discussed in section 3.1. In 

modeling production networks with layout elements as the ones mentioned above, it 
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is assumed that only a single product type is produced. The product will later be 

interpreted as being an aggregate (Chapters 6 and 7). From the cases discussed in 

Chapter 7, it will become clear that the continuous-flow model can indeed be used 

for describing and analyzing production systems at capacity level. In section 3.1, 

available techniques for analyzing production networks are discussed. These 

techniques are analytic and numeric tools, heuristic methods and simulation. In the 

rest of this chapter, the emphasis is on analytic and numeric methods (heuristic 

techniques are considered in following chapters). A literature survey, of analytic, 

numeric and heuristic techniques for flow lines is given in subsection 3.2.1. For 

layouts other than flow lines, a literature survey is given in subsection 3.2.2. 

A straightforward generalization of the model introduced in subsection 2.3.2 is 

the N-stage flow line. It is discussed in subsection 3.3.1. Analytic results for 

three-stage flow lines are discussed in subsection 3.3.2. In subsection 3.3.3 it is 

shown that three-stage assembly and disassembly systems are essentially equivalent 

to three-stage flow lines. 

Reversibility results are discussed in section 3.4. It is shown that certain 

networks, which differ in flow direction in certain buffers, are equivalent. 

Assembly-disassembly networks (subsection 3.4.1) and buffer-sharing networks 

(3.4.2) are treated. 

3.1 NETWORK LAYOUTS AND ANALYSIS TECHNIQUES 

Two-stage systems were studied in the previous chapter. In practice, a large 

variety of system layouts can be encountered. These layouts depend on the way 

machineS and buffers are interlinked. Examples of network layout elements are 

sketched in Fig 3.1. 

The simplest layout structure that can be observed is the flow line. In a flow 

line all products have the same routing over the machines. This situation usually 

occurs in lines which are dedicated to a single product type or to a limited 

number of types (often produced in batches). 

Other important layout elements are assembly and disassembly processes. Assembly 

takes place when a product is assembled out of different parts. If any of these 

parts is not available, the process stops. In car-manufacturing industries, for 

example, many car parts are assembled in the final assembly, like the engine, 

chassis, gear, car interior etc. Think also of process industries, where chemical 
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substances react to yield a new product. Disassembly can also be observed in 

chemical industries, when side products emerge in the production. 

Even in flow shop-like production systems it may occur that different product 

types have different routings over the capacities. A simple example is the situation 

of three machines in series, with bypass possibility for products. The first machines 

operates on type A, the second type B and the third machine is common for all 

products. 

Buffer-sharing can be observed when parallel machines (not necessarily identical) 

produce the same (or even different) products, which are stored in the same buffer. 

An example is the insertion department described in section 2.1. 

Another important layout element observed in flow shops is the loop. A loop in a 

production system occurs, for example, when a process has failed and some 

products have to be reprocessed. 

The layouts studied in this monograph include flow lines, assembly-disassembly 

networks and buffer--sharing networks. Assembly and disassembly structures can 

also be used to model product dependent routings. Assume that the network in Fig 

3.1c does not perform disassembly, but produces two product types. Product A 

requires processing by machine Mt and product B by machine M3. About 1/3 of 

all products is of type A, about 2/3 is of type B. At capacity level, the flow in 

this system can be modeled continuously, by assuming that machine M2 performs 

disassembly. A fraction 1/3 of the product flows to B1 and a fraction 2/3 flows to 

B2• Loops in production systems are left out of scope. In the Chapters 3, 4 and 5 

single-product production systems are studied. In later chapters this single product 

will be interpreted as being an aggregate. 

The interesting performance measures may depend on the layout of the system. 

For example, in assembly systems an important performance measure may be the 

timely presence of all assembly parts. However, in all layouts, performance 

measures like throughput, average work-in-process and average throughput times 

(possibly of different branches) will be important. These are the performance 

measures which are considered in this text. To obtain such performance measures, 

the system is modeled by the continuous-flow model introduced in the previous 

chapter. In principle, there are several possible methods for obtaining these 

performance measures in the model. The three main techniques are analytic/ 

numeric methods, simulation and heuristic techniques. 

It will be shown in section 3.3, that analytic and numeric methods have only 
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limited application. They can only be applied to analyze systems of up to one or 

two finite buffers. For larger systems, one of the other techniques has to be used. 

Simulation is a powerful tool. It can be tailor-made. Simulation of large models 

has some drawbacks however. One of the drawbacks was mentioned in section 1.4. 

It is difficult to obtain structural insights in the relations between model 

parameters by simulation. Another drawback is that, depending on the size of the 

system, the time needed to obtain a prefixed maximum error in throughput, for 

instance, may become very long. Results for a simulation on an IBM 4341 

computer of an N- machine flow line, with unreliable machines with constant cycle 

times and finite buffers, are listed in Fig. 3.1.1. 

cwcono•l 

16S2 

12SI •• 

c 
~ ..... 

600 •• 

310.6 

"'·' rl:lo 
' • • 

SYStEM SIZ£ IIUICMIMESI 

Figure 3.1.1. CPU time required for 5% maximum error in throughput estimates as a 
function of the number of machines (IBM 4341). Source: Ramsden et al. (1986). 

Ramsden et al. (1986) have established the following relationship for constant 

prefixed error estimates (for instance 5%) of the average production rate, for 

N-£tage flow lines as described above. 

T(N) = exp(f(N) · N), 

where T(N) CPU time needed for a constant prefixed error estimate of the 

average production rate, for an N-machine line 

N = number of machines 

f(N) = non-decreasing function of N with limit I im f(N) = f. 
N-;oo 
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In this text the attention will not be focused on simulation of production systems, 

but rather on the other two methods. Approximation methods are discussed in 

Chapters 4 and 5. In this chapter attention is given to analytic and numeric 

techniques for analyzing production systems with finite buffers and layouts, as 

mentioned above. 

3.2 LITERATURE SURVEY 

In this section, the literature on production systems with two or more buffers 

and three or more stations is reviewed. In section 3.2.1 flow lines are reviewed, in 

section 3.2.2 more general layouts are discussed. 

3.2.1 Literature on N-stage lines 

The literature on multistage flow lines can be split up into three parts. The 

first part consists of analytic and numeric methods, the second of heuristic and the 

third of simulation methods. The first part splits up again in literature on systems 

with at most one finite buffer and that on systems with several finite buffers. It 
appears that analytical results for systems with more than one finite buffer are 

rare. Throughputs, buffer content distributions etc. can be determined analytically 

for such systems only in special cases. 

Analytic and/or numeric methods can be applied, if buffers are absent or if at 

most one buffer has finite capacity. In that case, exact results can be obtained, 

even when the system size becomes larger than three machines and two buffers. 

Exact results can also be obtained when service time distributions are non

exponential. Authors that studied such systems are Hunt (1956), Suzuki (1964), 

Avi-Itzhak and Yadin (1965), Morse (1965), Buzacott (1968), Barlow and Proschan 

(1975), Rao (1975a), Prabhu (1967), Shantikumar (1980), Muth and Alkaff (1987) 

and Schweitzer and Altiok (1988). 

Analytic/numeric techniques for lines with three unreliable machines and two 

finite buffers are given for some special systems by Sheskin (1976), Soyster and 

Too£ (1976) and Soyster et al. {1979). In these fixed-cycle models (see also 2.8.1) 

the probability of a machine being under repair during a given cycle is independent 

of the state of that machine during the previous cycle. Gershwin and Schick (1983) 

and Schick and Gershwin (1978) also studied fixed-cycle, three-stage lines with 
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unreliable machines. The algorithm they use for calculating the throughput of such 

lines, works for not too large buffer sizes (for large buffers they run into 

computational difficulties). Sutalaksana and Van Wassenhove (1982) combine 

analysis and simulation techniques to evaluate a similar three stage model. 

Comparable results for three-stage continuous-flow lines with unreliable machines 

and equal production rates were obtained by Coillard and Proth (1984). Newell 

(1979) obtained results for a three-server fluid model, where the servers have equal 

service rates, but different variance rates. 

For lines consisting of more than three machines, or for more general three

stage lines, the only exploration methods are approximation techniques and 

simulation. The models for which approximatior. methods exist can be divided into 

the same four classes as in section 2.2. 

For the first class, discrete-product flow lines with random service times, 

approximation methods were designed by Harrison (1973a, 1978), Labetoulle and 

Pujolle (1976), Newell (1979) Boxma and Konheim (1981), Hillier and Boling 

(1967), Caseau and Pujolle (1979), Altiok (1982, 1986b), Perros and Altiok (1986), 

Takahashi et al. (1980), Suri and Diehl (1986), Bocharov and Rokhas (1980), 

Brandwajn and Jow (1986), Kelly (1982), Pollock et al. (1986), Altiok and Ranjan 

(1988) and Giin and Makowski (1988b). 

The second class consists of discrete-product flow-line models with equal cycle 

times for the machines. Such lines were approximated by Buzacott (1967), Masso 

and Smith (1974), Gershwin (1987), Dallery et a!. (1987). 

For continuous-product flow lines (class 3) approximation methods can be found 

in Glassey and Hong (1986b), De Koster (1987b, 1988), Dallery et al. (1988), 

Terracol and David (1987a, 1987b) and Ancelin and Semery (1987). 

Discrete product models with unreliable machines and random service times 

(class 4) were studied by Choong and Gershwin (1987), Altiok and Stidham (1983), 

Klaren (1987) and Gershwin (1988). 

Another widely used tool for evaluating flow lines is simulation. See, for 

instance Barten (1962), Freeman (1964), Anderson and Moodie (1969), Kay (1972), 

Ramsden et al. (1986) and D'Angelo et al. (1988). Ho et al. (1979, 1983) combined 

simulation with numeric methods for the evaluation of flow lines. 



3.2 literature survey 99 

3.2.2 Literature on general layouts 

There is not much literature on production lines with finite capacity buffers and 

layouts other than flow lines. Nearly all the work in literature concerns discrete 

product networks, with stochastic (mostly exponential) service times. 

Boxma and Konheim (1981) and Altiok and Perros (1986) consider so-called 

split and merge configurations. In a split configuration each machine has one or 

more downstream queues. The destination queue is chosen with a prefixed 

probability. In a merge configuration, a number of parallel machines, each with its 

own queue in front of it, supply products to a single queue. The blocking 

mechanisms studied by these authors differ. 

Boxma and Konheim (1981), Altiok and Perros (1987), Perros and Snyder 

(1986), Takahashi (1988), Jun and Perros (1988) and Lee and Pollock (1988) 

combined approximation techniques for flow lines with those of split and merge 

configurations, to obtain approximation methods for the analysis of (nearly) 

arbitrary networks of finite queues. Boxma and Konheim (1981) give no numeric 

results. The results of the other authors are good for not too large networks which 

are reasonably balanced. Kouvatsos and Xenios (1988) give an approximation 

method based on maximum entropy analysis. 

Closed networks are other types of layouts that have been recently studied. Suri 

and Diehl (1986) study closed networks of finite queues in series, of which, 

however, the first queue has a capacity larger than the number of products in the 

system. They give approximations for the throughput and the blocking probabilities. 

Approximation methods for closed networks with finite-capacity buffers are also 

given by Akyildiz (1988a), Kouvatsos and Xenios (1988), Dallery and Frein (1988) 

and Kogan and Krichagina (1988). Exact methods for such networks are studied by 

Onvural (1988) and Akyildiz (1988b). 

There is some literature on assembly-disassembly networks as well. Latouche 

(1981), Harrison (1973) and Neuts (1981) restrict themselves to a single assembly 

server which receives independent input streams. Approximation methods of a/d 

networks were developed by Gershwin (1986a, 1986b), who applied a decomposition 

method developed for flow lines (Gershwin, 1987) to such networks. The model 

used by Gershwin (1987) assumes that machines have equal processing times. Liu 

and Buzacott (1988) give an approximation method for a similar model. MacGregor 

Smith and Daskalaki (1988) consider buffer-space allocation in automated assembly 

lines. 
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In computer science literature, assembly-disassembly is often called fork/join, 

but the idea is the same. A fork occurs when jobs are split up into different parts, 

each part undergoing a specific number of operations. After these operations the 

parts may be joined again into a single job. For some literature in this field, 

mainly dealing with infinite capacity buffers, see Flatto (1985), Flatto and Hahn 

(1984), Heidelberger and Trivedi (1982, 1983), Nelson and Tantawi (1986) and Liu 

and Perros (1987). 

All the above literature is on discrete-product models. Recently, an 

approximation method for continuous-flow buffer-sharing networks was developed 

by Ancelin and Semery (1987). 

3.3 N-8TAGE LINES 

The N-stage continuous flow model is analyzed in this section. In subsection 

3.3.1 the model of section 2.3.1 is extended to N machines and N-1 finite 

intermediate buffers. The analysis given in 3.3.2 shows why even the three-machine 

system is already difficult to analyze. However, for special cases, e.g. one or more 

machines being perfect, analytical results can be derived for three-machine lines. 

In subsection 3.3.3 attention is paid to three-machine assembly and disassembly 

networks. There appears to be a close similarity between these systems and 

three-stage flow lines. It is shown that three-machine assembly and disassembly 

systems are equivalent to ordinary three-stage flow lines. 

3.3.1 The N-sta.ge continuous flow line 

The two-stage model of subsection 2.3.2 can be easily extended to N stages. 

The N-stage flow line is sketched in Fig. 3.3.1. 

Figure 3.3.1 N-stage flow line with unreliable machines 

The product flow in the line in Fig. 3.3.1 is continuous. The production rate of 

machine Mi is Vi, its failure rate is Ai and its repair rate is /-li· Both lifetimes and 
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repair times are exponentially distributed. The capacity of buffer Bi is Ki (i=1, .. , 

N-1). If buffer Bi is full, then machine Mi will have to slow down to the 

production rate at which Mi+J is working, if this rate is lower than the actual 

production rate of Mi. Hence, if Bi is full and Mi+t is down, then Mi is blocked. 

Similarly, Mi may be slowed down or starved by an empty buffer Bi-t (i=2, .. ,N). 

Machine M1 is never slowed down by lack of input and MN is never slowed down 

by lack of room to store its output. It is assumed that the failures of all machines 

are time-dependent. The throughput of this line is denoted by v(K), where 

K=(K 1 , •. ,KN-1) T. 

3.3.2 Analysis of three-stage lines 

For computational reasons, the flow line analysis is carried out for three-stage 

lines only. It is largely based on De Koster and Wijngaard (1986, 1987b). The 

state of the three-stage line is described completely by the triple (i,x,y), where i is 

the machine--state of the system, as given in Table 3.3.1, and the pair (x,y) 

denotes the inventory levels in Bt and B2, respectively. 

state 2 3 4 5 6 
I 

0 0 0 

2 0 1 0 1 0 

3 0 0 1 0 1 

Table 3.3.1. Possible machine states. A one in the row of machine Mi means Mi is up, a 
zero means Mi is down because of a failure. 

As in section 2.3.3 regeneration points can be distinguished and the "cost" per 

cycle can be calculated. Let 

ai(x,y) be the cost rate in machine state i (see Table 3.3.1) with inventory 

level x in Bt and y in B2, (x,y) E [O,Kt]><[O,K2], and let 

fi(x,y) be the expected cost till the end of the cycle, if we are now in 

machine state i, with inventory levels x and y, respectively. 

The expected cost per cycle CT can be expressed in the ai'S and fi's, depending on 
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the chosen regeneration point. For instance, if the regeneration point is chosen to 

be (6,0,0), then 

(3.1) 

In (3.1), J.tt+t+:Xa is the expected duration of a stay in machine state 6 and, for 

example, J.tt+)\~+:Xa is the conditional probability of a transition to machine state 

8. The choice of the regeneration point is important, since the corresponding state 

has to be positive recurrent. The state (6,0,0) can only be a regeneration point if 

r\t/0. 
By distinguishing between the cost in a certain small time interval D. and the 

cost during the rest of the cycle, a system of partial differential equations for the 

fi's can be derived. For f1 we obtain, for (x,y)E[O,K1)x[O,K2]: 

ft(x,y) at(x,y)D. + (1-Atll)(l-Jt2D.)(l-paD.)ft(x+vtD.,y) + 

Atll(1-J.12D.)( 1-J,t3D. )f7(x+O(D.),y) + 

(1-Atll )Jt2D.(l-paD. )f4(x+O(D.),y+O(D.) )+ 

(l-Atll)(l-Jt2D.)paD. fs(x+O(D.),y+O(D.)) + o(D.) 

Dividing by D. and letting D. -; 0 we obtain, for xE[O,Kt), yE[O,K2] 

-vtftx(x,y) = at(x,y) - (At+J.t2+J.La)ft(x,y) + >.1f7(x,y) + J.12f4(x,y) + J.1af5(x,y) 

(3.2) 

where ftx(x,y) is shorthand for ~x,y). 

The equations for the other machine states can be derived similarly. 

In matrix notation the system of partial differential equations can be rewritten as 

-Mx(x,y) Bfy(x,y) = a(x,y) + Cf(x,y), 

where f(x,y) is the vector (ft(x,y), .. ,fs(x,y))T, a(x,y) is the vector 

(a1(x,y), .. ,as(x,y))T, A is the drift matrix of buffer Bt, namely 

Diag(vt,-V2,0,vt-V2,Vt,-v2,0, v1-V2), B is the drift matrix of buffer B2, namely 

Diag(O,V2,-va,v2,-va,vr-va,O,vz--va) and 

(3.3) 
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->.1-f.l2-J.l3 0 0 f.l2 f.l3 0 ).1 0 

0 ->.z-Jtt-f.l3 0 f.lt 0 f.l3 ).2 0 

0 0 ->.a-Jtt-f.l2 0 f.lt f.l2 >.a 0 
).2 ).1 0 ->.1->.z-f.la 0 0 0 f.la 

c >.a 0 ).1 0 ->.1-Jt2-).3 0 0 f.l2 
0 >.a ).2 0 0 -Jt1-}.2->.a 0 f.lt 

f.l1 f.l2 f.la 0 0 0 -Jt1-f.lrf.la 0 

0 0 0 >.a ).2 ).1 0 -}.1-}.2-).3 

The dimension of the system (3.3) can be reduced by one, by substituting the 

seventh equation into the other ones. 

The boundary conditions corresponding to a differential equation, can be derived 

by considering the boundaries for which the particular equation does not hold. 

These boundaries have to be split up into sides of the rectangle [O,K1]x[O,K2] and 

corner points. In such sides and corner points, machines are slowed down, blocked 

or starved and therefore have to adapt their speeds. This means that a boundary 

condition can be obtained from the corresponding differential equation by changing 

the speeds of one or more machines. We derive the boundary conditions 

corresponding to the fourth equation to provide an example. 

For the rectangle side with xE[O,K1), y=K2 we have 

-Vtf4x(x,K2) = a4(x,K2) (..\1+..\2+Jta)f4(x,K2) + ..\1f2(x,Kz) + ..\2f1(x,K2) + 

+ Jtafs(x,K2) 

For the corner point with x=Kt, y=K2 we have 

0 = a1(Kt,K2) (..\1+..\~+Jta)f4(K1,K2) + ..\1f2(Kt.K2) + ..\2f1(Kt.K2) + 

+ Jtafs(Kt,K2) 

Furthermore, for v2 ~ Vt, x=O, yE[O,K2) we have 

For v2 ~ Vt, x=Kt, yE[O,K2) we have 

-Vzf4y(Kt.Y) = a4(Kt,y) (..\t+.A2+f.la)f4(Kt,y) + ..\1f2(Kt,y) + ..\2ft(Kt.Y) + 

+ Jtafs(Kt,Y) 
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However, depending on the chose regeneration point, one of these boundary 

conditions may have to be changed for the condition that the corresponding fi has 

to be continuous at the regeneration point. 

When all machines are unreliable, analytic solutions of the system (3.3) can be 

obtained only, if all machine speeds are equal. Coillard and Proth (1984) obtained 

an analytic solution for the steady state probabilities of system states for the case 

with all machines equal, and equal buffer capacities. In this case, the solution of 

the homogeneous system can be conjectured and the constants in it can be 

evaluated using the boundary conditions. For the general case, with all machines 

unreliable and all machine speeds different, it is far from straightforward to obtain 

explicit expressions for the cycle cost (3.1). The difficulties are largely due to the 

complicated boundary conditions. The constants in a conjectured general solution of 

the homogeneous system have to be evaluated using these boundary conditions. 

Therefore, the general case has only been solved via numeric methods. In the 

following subsections some special cases will be discussed, in which one or more 

machines are perfectly reliable. In these cases the system can be solved easily. 

3.3.2.1 Two machines perfect, one machine unreliable 

Assume that two machines are perfectly reliable in the three--stage line. 

The solution is trivial if the production rate of the unreliable machine is the 

lowest. The throughput then equals mjn{effi}, where effi is the net production rate 
I 

of Mi. This can be easily understood, since the unreliable machine will never be 

slowed down or forced down. 

If the production rate of the unreliable machine is not the lowest, the 

determination of the line throughput is not trivial in all cases. We consider three 

different cases. 

1. M2 unreliable 

2. Mt unreliable 

3. Ma unreliable. 

1. Only M2 unreliable. 

- If v2 > min{vt,va} and v2 S max{vt,va}, then the line is easily analyzed. For 

instance, if vt<V2Sva, then B2 will become empty after some time and remain 

empty. Therefore the throughput of this line equals the throughput of the two-
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stage line M1-Bt-M2. The analysis of such a line is given in appendix A.l. 

- For the case 112 > max{ vt,v3} we distinguish two subcases. 

a) Vt = V3 

b) Vt > v3 (the case Vt < v3 is similar) 

a) The case Vt va 
The system of partial differential equations can be solved (see De Koster and 

Wijngaard, 1986). It appears that the throughput of the line equals the throughput 

of the twO-fltage line M1-B-M2, where B is a buffer of capacity K=min{K1,K2}. 

This can also be seen as follows. Let a(t) = state of M2 at time t. 

Suppose a(O)=O and the buffer contents at time t=O of Bt is Kt and of B2 is 

0. Let {(t,a(t)) I teiR .. } be a stochastic realization of M2. The patterns of the 

contents of B1 and B2, corresponding to such a realization are sketched in Fig. 

3.3.2, for K1>K2. A similar picture can be drawn if K1$K2. 

a(t) 

contents0 

of Bt 11 

t 

11~2~------------~----L-------------------------

OL--------------------------------------------t~ 

contents 
of B2 12 

Figure 3.3.2. Behavior of the contents of Bt and 82, in case Kt>K2 

The contents of B1 and B2 are negatively correlated: if the content of B2, X2, 

equals x2, then Xt=Kt-X2· If K1>K2, then Bt will never become empty any more, 
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after is has been full, and if Kt=Kz, then Bt is full if and only if Bz is empty. In 

both cases, the graph of the contents of B2 in this line is identical to the graph of 

the content of B2 in the two-stage line M2-Bz-M3 and hence the throughputs are 

also equal. A similar observation can be made if K1~K2. 

Another remarkable conclusion can be drawn from the case K1=K2, for the two 

lines Mt-Bt-M2 and Mz-Bt-Mt (note that the machines M3 and Mt are identical): 

1. the throughputs are equal and furthermore 

2. the behavior of the content of B1 in the first two-stage line, X1(t), is exactly 

the opposite of the behavior of the content of B1 in the second line, X{. That 

is X1,t) = Kt-Xt(t), for all stochastic realizations of the failure and repair 

process of M2 and for all points in time, provided X{(O) = K1-Xt(O). Hence 

also the mean buffer contents will be reversed: EX{ Kt-EXt. 

For an arbitrary two-stage line Mt-Bt-M2, the two-stage line M2-B1-M1 is said to 

be the reverse of the line, or equivalently, it arises from the line by flow reversal. 
In section 3.4 it will be shown that properties like the ones mentioned above hold 

for more general production systems. 

b) The case Vt > v3 

In this case the throughput only be calculated in general for the case .-JiL> 
Vz-Vt-

~. In the latter case, it can be proven that M2 is never slowed down to rate 
1J<;r-V3 

Vt and hence the line is equivalent with M2-Bz-M3. The quantity v::.i,
1 

is the 

time needed to empty the full buffer B1, if there are no breakdowns, and is 
Vz-V3 

the time needed to fill the empty buffer B2. Starting with a full buffer B1 and an 

empty buffer B2, the second buffer will always be full before the first one is empty 

(in case of an inequality). In case of an equality it can occur that the first buffer 

is empty, but only if the second buffer is full simultaneously. 

This also becomes clear from the sketch of the possible realizations of the buffer 

contents (Xt,X2) in Fig. 3.3.3. The two arrows in each point in Fig 3.3.3 indicate 

in which direction the buffer contents move if Mz is either up or down. Define S 

as the convex hull of (K 1 ,0), (Kt ,K2) and (- ~=~~K2+K.,K2) (the shaded area 

in Fig. 3.3.3). 
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12 
(0,12) f--...::...L...::...J,......, 

(0,0) 

Fig. 3.3.3. Possible realizations for (Xt,X2), in ease ___!t_ > ~ 
ll:r-llt 112-113 

Assume we start at time t=O with M2 down and (X.,X2):::;;(K.,o). As long as M2 

stays down we have (Xt,X2} = (K.,O). However, when M2 is repaired Xt decreases: 

the buffer contents will move along the line 

X2 =- Vz-
11
113(X1-K1), until X2=K2 or M2 breaks down. This line intersects the line 

Vz- 1 

X2=K2 in the point (- Vz-11
11

1 K2+K.,K2}, with abscis > 0. It can be seen easily 
Vz- 3 

that if at time t (Xt(t),X2(t)) e S, we have (Xt(t+6),X2(t+6)) e S, for all 6 ~ 

0. Therefore X1(t) > 0 for all teiR •. 

If ~~~ ~~ it can occur that Xt(t} = 0. However, this occurs only if 
X2(t) = K2. Since lit > ll3 we see that also in this case the line is equivalent with 

the line M:rB:rMs. 

2. Only Mt unreliable. 
The following subcases are considered 

a) 112 > lit > 113 

b) lit > 112 > 113 

a) The case 112>llt>113 

This system can be analyzed by considering the aggregate inventory level 

Y=Xt+X2. This is because M1 has to slow down (to rate ll3) if and only if 

Y=Kt+K2 and M3 is starved if and only if Mt is down and Y=O. The line will 

behave in the same way as M1-B-M3, where B is a buffer of capacity K=K1+K2. 
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b) The case v,>v2>va 

The line reduces to a two-stage line only if ~ > ~. This condition means 
Vt-V2 - Vz-V3 

that B2 is filled before B1 is filled. In this case, the buffer contents (X~,X2) will 

move in the shaded area and the rectangle side [O,K1]xK2, indicated in Fig. 3.3.4. 

Fig. 3.3.4. Possible realizations for (Xt,X2), in case .....!L > '~V2 
Vt-V2 v~ 3 

If Vt-V2 ~ ,:..~3 it can be seen from Fig 3.3.4, that M1 is slowed down only (to 

rate va) if the aggregate buffer stock Y=K1+K2 (because B2 is full before B, is 

full) and Ma can only be starved if Y=O (because B2 is empty before B, is 

empty). Hence the system is equivalent with M,-B-M3, with B a buffer of 

capacity K=Kt+K2. 

3. Only Ma unreliable. 
In section 3.4 it will be shown that by reversing the flow direction in this line, 

a sample path equivalent line is obtained. Hence, this case is equivalent to the 

previous one. 

3.3.2.2 More than one machine unreliable 

Lines with only one perfect machine are in general difficult to analyze. There 

are only a few cases where the line is reducible to a two-stage line. 

- If Mt is perfect and Vt ~ v2, then the line has the same throughput as the line 

M:rB:rM3. 

- If M2 is perfect and V2 ~ max{ v~,va}, then M1 is slowed down or blocked only, 
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if the aggregate buffer Y=K1+K2. Ma can only be slowed down or starved if 

Y=O. Hence the system has the same throughput as the line M1-B-M3, where 

B is a buffer of capacity K=Kt+K2. 

3.3.3 Three machine assembly-disassembly networks 

The analysis of subsection 3.3.2 can be easily extended to three-machine 

assembly-disassembly networks. A three-machine assembly network is sketched in 

Fig. 3.lb. A three-machine disassembly network is sketched in Fig. 3.lc. In the 

network in Fig. 3.1b, machine M2 takes one unit of product from B1 and one from 

B2, and assembles them into a unit of a new product. Machine M2 is slowed down 

in this network if at least one of the upstream buffers is empty. In the network 

sketched in Fig. 3.1c, M2 performs disassembly operations. It is slowed down if 

either of the buffers Bt or B2 is full. The product flow in the models is again 

assumed to be continuous. The machines have speeds lli, failure rates Ai and repair 

rates Ph just as in subsection 3.3.2. 

The analysis of the networks in Fig. 3.1b and Fig. 3.1c is similar to that in 

subsection 3.3.2. This can intuitively be understood as follows. For the assembly 

network in Fig. 3.1 b, for example, we can compare the behavior of the network, 

starting with Bt empty and B2 full, with the three-stage flow line Mt-B1-M2-Br 

M3, starting with both Bt and B2 empty. In both systems, machine Ma will be 

slowed down to the minimum rate of Mt and M2. In both the assembly network 

and the flow line, B1 fills or empties at the same rate. If buffer B1 will be full in 

the assembly network, then it will also be full in the flow line. In both networks 

M1 is then slowed down to the rate of M2. Furthermore, if B2 in the flow line 

increases at rate vr113, then it decreases in the assembly network at the same rate. 

Hence, if B2 is full in the flow line, then B2 is empty in the assembly network 

and, in either case, M2 is slowed down to the rate of M3. A similar reasoning 

holds for the disassembly network in Fig. 3.1c, compared with the flow line 

M1-B1-M2-BrM3. This implies that the analysis of three-stage assembly and 

disassembly networks is similar to that of three-stage flow lines. 

This intuitive reasoning can be made formal for the networks in Figs. 3.1b and 

3.1c, by defining machine states as in Table 3.3.1 and O'i'S and fi'S as in sub

section 3.3.2. The point (6,0,K2) is chosen as regeneration point for the network in 

Fig. 3.lb, and (6,K~,O) is chosen for the network in Fig. 3.1c. It is now found that 
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the systems of partial differential equations, the boundary equations and the 

equations for the expected cycle cost for the system in Fig. 3.lb and the flow line 

Mt-Bt- M2-Bz-Ma, are related. The equations for the assembly network can be 

obtained from the system of equations (3.3) and corresponding boundary equations 

and from (3.1), respectively, by applying the mapping 

(x,y) H (x,K2-y) (3.4) 

This implies that the expected costs per cycle of these systems are equal. Hence 

the cycle time, throughput, mean buffer content of Bt etc. are equal, but the mean 

buffer content of B2 in Fig. 3.lb, EX:{, equals K2-EX2, with EX2 the mean buffer 

content of B2 in the flow line, described in section 3.3.2. 

A similar conclusion can be drawn for the network in Fig. 3.lc, compared with 

the system in 3.3.2. The equations can be obtained from each other by application 

of the mapping 

(x,y) H (K1-x,y) (3.5) 

And hence the throughputs and mean buffer contents of B2 are equal. The mean 

buffer content of Bt, EX{, equals K1-EX1, where EXt is the mean content of Bt in 

the flow line. 

The networks in Figs. 3.1b and 3.lc could also have been compared with the 

flow line Ma-Bz-Mz-Bt-Mt. It would have been found that again the equations for 

this flow line could have been obtained by applying a mapping (x,y)H(K1-x,y) (to 

equations for the network in Fig. 3.lb) or (x,y)H(x,K2-y) (network in Fig. 3.lc). 

In view of the correspondence in buffer behavior in these networks, we call two 

different networks, consisting of the same machines and (finite) buffers and with 

the same layouts, except for flow direction, sample-path-equivalent if the following 

condition is satisfied. 

Assume that for every buffer with capacity K the property holds that the 

content is X(O) in the one network at time 0, and the content is either K-X(O) 

or X(O) in the other, depending on whether the flow direction in that buffer is 

reversed or. Let the content of the buffer in the one network be X(t) at time 

t, then the content in the other network is K-X(t) or X(t), depending on 

whether or not the flow direction in the buffer is reversed. 
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For the particular networks studied, this condition implies that the throughputs in 

sample-path-€quivalent networks are also equal. With this definition we can 
conclude that the networks sketched in Fig. 3.3.5 are sample-path-€Quivalent. The 

equivalence relationships are indicated in Fig. 3.3.5. 

Figure 3.3.5. Four equivalent networks 

A network is called sample-path-reversible, if each network arising from it by flow 

reversal in one or more of the buffers, under addition of extra input or output 
buffers if necessary, is sample-path-€quivalent to the original network. 

In the next section these properties will be shown to hold more generally. 

Section 3.4 deals with equivalence properties of continuous-flow production systems. 

Such network equivalencies are often convenient in network analysis. For instance, 

calculating the output behavior of a certain production system may be equivalent 

to calculating the input behavior of the reversed system. In this way computation 

and simulation time can be saved. Furthermore it can provide a proper insight into 
the behavior of certain production networks. Readers not interested in these 
equivalence properties may skip section 3.4 and proceed with Chapter 4. 

3.4 REVERSIBILITY OF PRODUCTION NETWORKS 

Several authors have paid attention to the reversibility of queueing systems with 
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finite buffers. The term reversibility usually denotes that reversing the complete 

network, that is, reversing the direction of the flow in each buffer, leaves certain 

performance measures (usually the throughput) invariant in certain networks. 

Nearly all authors study discrete product networks. Muth (1979) studies flow lines 

with finite intermediate buffers and work stations with stochastic service times. He 

proved that the throughput of such a line remains unchanged under the reversal of 

flow. Yamazaki et al. (1985) proved that throughput invariance on flow reversal 

also holds for flow lines with parallel work stations with deterministic service 

times. For flow lines with single stochastic work stations and finite buffers 

Yamazaki et al. (1985, 1978) proved that on flow reversal the distributions of the 

time of the n-th departure epochs are also identical, assuming that the systems are 

empty initially. Melamed (1986) studied single buffer systems with parallel work 

stations. In all these references the blocking mechanism is the same. If a work 

station finishes an operation and the succeeding buffer is full, then the work 

station becomes blocked and cannot serve other items (transfer blocking, see 2.2). 

Ammar (1980) and Ammar and Gershwin(1981) studied communication blocking: 
a work station does not start an operation if the succeeding buffer is filled 

completely. They considered networks of work stations where assembly/disassembly 

(or shortly, a/d) of products takes place. The layout of these networks is such that 

a buffer is linked to exactly one upstream and one downstream machine, but a 

machine may have several upstream or downstream buffers (see Figs. 3.1b and 

3.1c). If a work station has more than one upstream buffer it performs the 

assembly of one unit of each of the different buffers. This work station can only 

work if all upstream buffers are nonempty. If a work station has more than one 

downstream buffer, it performs the disassembly of the product into one unit for 

each of the buffers. It can only operate if all downstream buffers are nonfull. 

Ammar and Gershwin ( 1981) demonstrated similar properties as sample-path

reversibility for discrete product a/d networks. 

Reversibility properties of two-stage continuous-flow lines were studied by 

Hontelez (1985). 

In this section, reversibility properties of production networks with continuous 

product flow will be discussed. Two types of networks with different layouts are 

studied. In subsection 3.4.1 continuous-flow assembly-disassembly networks are 

discussed. It is shown that such networks are sample-path-reversible. The second 

type of layouts studied (subsection 3.4.2), are layouts in which machines share 
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common upstream or downstream buffers. In such buffer-sharing networks it is also 

possible to reverse the direction of flow through a single buffer b resulting in a 

sample-path-equivalent network. However, this equivalent network is not necessarily 

a buffer-sharing network any longer. In general, the resulting network is a 

combination of a buffer-sharing and an a/d network. Only if the flow through all 

buffers is reversed, is a buffer-sharing network obtained. 

To demonstrate sample-path-reversibility for a/d networks and sample-path

equivalence between buffer-sharing networks, two propositions will be proven in 

subsections 3.4.1 and 3.4.2, respectively. The results in the next subsections are 

based on Corten and De Koster (1987). Quantiti~ denoted by a prime will in the 

sequel refer to the reversed network. 

3.4.1 Reversibility in assembly-disassembly networks 

In this section, assembly-disassembly networks (or shortly, a/d networks) are 

considered. That is, it is assumed that machines may have multiple upstream or 

downstream buffers, but each buffer has, at most, one upstream machine and one 

downstream machine. The production flow in the network is continuous. A sample 

network is sketched in Fig. 3.4.1. All buffers in Fig. 3.4.1, except B1, B2, Bts and 

B19 are supposed to have finite capacity. The capacity of buffer j is denoted by 

Kj. 

Buffers not preceded by machines are called source buffers. Source buffers are 

never empty. Buffers not followed by machines are called sink buffers. Sink buffers 

are never full. These buffers are not really necessary, but by introducing them, 

each machine has at least one upstream and one downstream buffer. In this 

section, the set of machines in a network is denoted by M, the set of buffers by 

B. 

Machines that have more than one upstream buffer perform an assembly 

operation. That is, they assemble one unit of product by taking a fixed amount of 

product out of each buffer. We assume one unit of product is taken out of each 

upstream buffer, but different assembly ratios do not complicate the proof of 

proposition 3.1, in which the reversibility of a/d networks is demonstrated. A 

machine that has more than one downstream machine disassembles a unit of 

product into one unit of each disassembly part. Equal disassembly ratios are also 

not really essential either. A machine that performs an assembly and/or a 

disassembly operation is called an assembly-disassembly machine (a/d machine). 
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Fig. 3.4.1 Assembly-disassembly network 

Due to the finiteness of the buffer capacities, machines in a/d networks may be 

slowed down. An a/d machine may be slowed down whenever only one of its 

upstream buffers is empty or only one of this downstream buffers is full. Assume, 

for instance, that in the network in Fig. 3.4.1 machine M11 can work at speed vu, 

machine Ms at speed vs, B14 is empty and Bs and B15 are not empty. If vs < vu, 

then M11 is slowed down to rate vg. Since all machines are connected by buffers, 

slowing down of machines may proliferate through the network. A machine may be 

slowed down through full downstream or empty upstream buffers. Assume that a 

machine is followed by a full buffer. Then this machine may be slowed down by 

the downstream machine of that buffer. This last machine may in turn be slowed 

down through another empty upstream, or a full downstream buffer, etc. We say 

that the slowing down proliferation takes place via so-called proliferating paths. A 

machine is on a proliferating path from machine i, at time t, if this machine can 

slow down machine i, through a chain of full or empty buffers (if its production 

rate were smaller than that of machine i). Formally the following definition can be 

given. 

We say that machine j in M is on a proliferating path from machine i at time 

t, if there exists a directed path in the network from machine i to machine j at 

time t, so that for every buffer on the path it holds that if the path goes 

upstream through the buffer, the buffer is empty and if the path goes downstream 

through the buffer, then it is full. See Fig. 3.4.2. 
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Figure 3.4.2. Proliferating path from machine to machine j. All buffers are either empty 
(e) or full (f). 

Note that proliferating paths are variable over time. Furthermore they have a 

direction: machine j in Fig. 3.4.2 can slow down machine i, but machine i cannot 

slow down machine j. 

For i E M, Ri(t) is the set of all machines which are on a proliferating path from 

machine i at time t (including i). 

Knowledge of Ri(t) is necessary, to determine the speed of machine i at time t. 

In proposition 3.1 it is shown that a/d networks are sample-path-reversible. In 

order to prove this proposition, it is necessary to make some assumptions on the 

behavior of the machines. 

It is assumed that each machine can be in countably many states {0,1,2, .. }. 

The stochastic variable representing the machine state of machine iEM, is denoted 

by ai(t). A constant machine speed is associated with each machine state (as in 

section 2.4). The sojourn time in each state is a random variable (not necessarily 

exponentially distributed). After a sojourn time in a state, a transition is made to 

another state. This transition is determined by an irreducible Markov transition 

matrix. Two types of change points are distinguished: 

- change points in machine states: points in time at which a machine changes its 

state. It is assumed that these change points do not condense 

- buffer filling or emptying points: points in time when buffers become full or 

empty. 

It is assumed that these two types of change points do not coincide. Note, that 

the machine speeds in a network only change at such change points. 

The aim is now to define the behavior of ai(t) so, that both time-dependent and 

state-dependent transitions are covered. If the transition rates are time-dependent, 
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they do not depend on the time the machine has been slowed down through full or 

empty buffers. If a machine has state-dependent transition rates, the transition 

rates may be influenced by the amount and the time duration of the slow down. 

As an example, consider an unreliable machine, with production rate 6, 

(exponential) failure rate 0.1 and (exponential) repair rate. This machine has 

state-dependent failure behavior of the type as modeled in subsection 2.3.6. Assume 

that we are now at time point 0 with the machine up. The failure time is 

determined by a random draw from an exponential distribution with rate 0.1. 

Assume that the failure time is 10. Assume furthermore that the machine is slowed 

down to rate 0 at time 5 and at time 7 it is slowed down to rate 2. Arriving at 

t=5, due to the memoryless property of the exponential distribution, the new 

failure time is determined by a random draw from an exponential distribution with 

rate 0><0.1/6=0. At time the new failure time is determined by a random 

draw from an exponential distribution with rate 2x0.1/6. 

More general, 

let the state of machine i at change point t be {ai(t)}. The sojourn time in that 

state is determined as follows. If the machine is not slowed down at time t, then 

the sojourn time is determined by a random draw from the same distribution as if 

the machine were in stand alone position. If the machine is slowed down at time 

t, then the sojourn time is determined by a random draw from a distribution that 

may depend on the amount and duration of slow down. In all cases, the sojourn 

time distribution is assumed to have a positive mean. (3.6) 

These change points generated by a random draw from a certain distribution are 

denoted by projected change points, since these generated change points are not 

necessarily realized. 

The stand-alone (or potentian machine speed, corresponding to the realization of 

the machine state {(t,ai(t)); t~O} is denoted by Vi(t). The buffer content of buffer 

jEB at time t is denoted by Xj(t). The real machine speed of machine i, as 

influenced by the network is denoted by Wi(t). This machine speed is given by 

Wi(t) = min{vj(t); j E Ri(t)} (3.7) 
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Proposition 3.1 {sample-path-reversibility of ajd networks). 

Let N be an a/d network, with machines modeled as above, with sojourn time 

distributions in each state as defined above. Let lEB, the set of buffers in N, and 

let N' be the network arising from N by reversing the direction of the flow in 

buffer l. If this results in a machine without upstream buffer, then add a source 

buffer supplying this machine. If the flow reversal results in a machine without 

downstream buffer, then add a sink buffer obtaining parts from that machine. The 

cardinality of M is denoted by n, the cardinality of B by m. 

Let {(t,at(t), .. ,an(t)); t?O} be a stochastic realization of the machine states in N, 

{(t,X1(t), .. ,Xm(t)); t?O} the corresponding realization of the buffer contents and 

{(t,w1(t), .. ,w 0 (t)); t?O} the corresponding realization of the machine speeds in N. 

Define {Xj(O)} = {Xj(O)}, jEB, j#, {X£(0)} {KrXiO)}. 

{aj(O)} = {ai(O)}, iEM 

Then, 

{(t,a1(t), .. ,a0 (t)); t?O} is a stochastic realization of the machine states in N', 

{(t,Xt(t), .. ,KrXit), .. ,Xm(t)); t~O} the corresponding realization of the buffer 

contents and {(t,w1(t), .. ,w0 (t)); t~O} the corresponding realization of the machine 

speeds N'. 

Proof. Note first that, if at time t we have {aj(t)}={ai(t)} for all iEM and Xj(t)= 

Xj(t), for all j#, Xt'(t)=KrXit), then for all iEM, the set of machines that are on 

a proliferating path from machine i at time t, is the same in N and N'. Note that 

the flow direction through buffer l is reversed, but simultaneously Xl(t)=KrXit) 

and hence if machine j slows down machine i by a proliferating path through 

buffer l in N, then it also slows down machine i in N'. This means that 

Rj(t)=Ri(t) and hence, by (3.7), wf(t)=wi(t), for all iEM. (3.8) 

The proof is now by induction to change points in the machine states. 

By assumption, the proposition holds for t=O (note that Rf(O)=Ri(O), for all iEM, 

see (3.8)) 

Assume the assertions of the proposition hold until the change point in the state of 

machine i, t, say. At time t, the projected change point t2 in the state of machine 

i is the same in N and N', since in both networks the machine states are equal 

and, in case of slow down of machine i, also the amount and duration of slow 

down of machine i are equal. Hence t:f=t2. Let tt be the next change point, either 
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in a machine state or in a buffer content, in N. There are now two possibilities. 

1. t1 is a change point in the state of a machine j, say. Since all change points, 

machine states and machine speeds are the same in N and N', prior to t, by 

the induction hypothesis, it follows by (3.6) that also all projected change 

points in machine states are the same in N and N'. Hence, t{=t1 and the 

machine states are identical in N and N' between t and t1• Since all machine 

speeds are equal in N and N' at time t and since they do not change until tt, 

it follows that Xj(tt)=Xj(tt), for all j#, and Xl(tt)=KrXitt). By (3.8) it now 

follows that also wj(tt)=wi(tt), for all iEM. 

2. t1 is a change point in the state of buffer j. Similarly as under 1., it follows by 

the induction hypothesis that t{=tt and { a;'(tt) }={ ai(tt)} for all iEM. Assume, 

that j becomes empty at t1 in N. Since the machine speeds are equal in N and 

N' at time t and since the machine speeds do not change between t and t1, it 

follows that j also becomes empty at t{=t1 in N', if j#. If j=f, then j becomes 

full at t1 in N'. Hence X;(tt)=Xr(tt), for all r#, Xl(tt)=KrX/tt). By (3.8) it 

now follows that w((tt)=wi(t1), for all iEM. Hence, the assertions of the 

proposition hold at time t1. At time t~, new projected change points in the 

states of the slowed down machines are generated in N and N'. By (3.6) it 

follows that these change points coincide in N and N'. We can now take the 

next change point t3, and show in a similar way that the assertions of the 

proposition hold at t3. By assumption, the change points do not condense. We 

can proceed in this way, until we arrive at a change point in a machine state. 

In both cases, it follows that the assertions of the proposition hold at the next 

following change point in a machine state. QED 

Proposition 3.1 implies that reversing the flow direction in a single buffer in an 

a/d network yields a sample-path-equivalent network. Hence a/d networks are 

sample-path-reversible. As a corollary, we can conclude that if a unique 

equilibrium buffer contents distribution exists for an a/d network N then, for every 

network N' that arises from N by reversing the flow in buffer l, we have 

P[Xj ~ x] = P[Xj ~ x], for j#, and P[Xl 5 x] = P[Xl ~ Krx]. 

Note that, even when an equilibrium distribution exists, it need not be unique. It 

may depend on the initial state of the system. 
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Figure 3.4.3. 2-machine a/d network 

In the network in Fig. 3.4.3, machine M1 performs disassembly and machine M2 
performs assembly. The difference in buffer contents remains constant. The initial 

state Xt(O) = Kt, X2(0) = 0 in this figure leads to 

lim X1(t) Kt, lim X2(t) 0. 
t-+oo t-+oo 

the initial state X1(0) 0, X2(0) = K2 leads to 

lim Xt(t) = 0, lim X2(t) = K2. 
t-+oo t-+oo 

It is clear that networks as in Fig. 3.4.3 are only more or less realistic if Kt= 

K2=:K and if we start with X1(0)=X2(0). However, whenever this is the case the 

system of Fig. 3.4.3 is equivalent to an ordinary flow line containing only one 

intermediate buffer of capacity K. 

By means of proposition 3.1, directed cycles in afd networks can be replaced by 

"bypasses", in order to have the flow moving in one direction only (from left to 

right). If the network then contains structures as in Fig. 3.4.3 (that is, without 

intermediate machines in . the bypass), these can be eliminated, too, under the 

conditions :nentioned before. For example, the cycle at buffers B1 and B13 in Fig. 

3.4.1 can be replaced by a "bypass", by changing M7 into a disassembly machine, 

reversing the flow through B13, and adding a source buffer supplying M7. 

3.4.2 Buffer-sharing networks 

In this section, continuous-flow networks of linked buffers and machines are 

considered, where several machines obtain products from the same buffer and 

supply the same buffer. Each machine has only one upstream and one downstream 

buffer. Such a network is called buffor-sharing. A complex example of a buffer

sharing network is sketched in Fig. 3.4.4. Since several machines may share a 

common finite-capacity buffer, we have to do with a global restriction, holding for 
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all machines, rather than a local restriction, holding for each machine separately. 

In general, the installation of such a common buffer, preceding several machines, 

improves the performance of the system, compared with the situation in which 

each machine has its own buffer, with the same total buffer capacity. If products 

are allocated to many buffers each supplying a different machine, then either of 

these machines stops if its preceding buffer is empty, whereas in other buffers there 

still may be products available. 

If several machines obtain parts from the same buffer and that buffer is empty, 

then the total buffer output rate has to be reduced. It has to be decided what 

machines are allowed to operate and at what rates. A similar situation arises when 

several machines supply a single buffer and the buffer is full. 

Figure 3.4.4. Buffer-sharing network 

Assume buffer bEE is full and let it be preceded by machines n1, .. nr and 

succeeded by machines mt, .. ,ms. Let the potential speed of machine ni be denoted 

by v(ni)· If the total potential speed of all machines n1, .. ,nr ( ut, say, where Ut 

equals .£ v(ni)) is greater than the total speed of machines m1, .. ,m6 (u2, say) at 
) • 1 

that moment, then machines n., .. ,nr will have to slow down until their total speed 

equals the speed of machines m., .. ,m6• The reduction in the net speeds of the 

machines nt, .. ,nr due to this is determined by an allocation rule. 
Note that, in subsection 2.4.2, such speed allocation rules were not discussed for 
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the parallel-machines case. This is because, in the case of a single buffer and two 

groups of parallel machines, the throughput and buffer contents distribution, are 

insensitive to the particular allocation rule (at least in the case of time-dependent 

failures). Only if the network contains more than one buffer, does the allocation 

rule become important. 

An example of such an allocation rule is the following 

R1 Define priorities for each arc connecting a machine ni with downstream buffer b 

as follows. The priority of the arc (ni,b) is greater than the priority of (nj,b) if 

ni<nj. If b is full and 112<11t (terminology as above), then allocate the total 

remaining material flow among the machines n., .. ,nr in order of decreasing 

priorities. The actual speed of machine nh w(ni) now becomes 

min {v(ni), ar- E w(nj)}. 
n j <ni 

If 112>111 and the buffer is empty, then the machine speeds are determined 

similarly. 

Note that this allocation rule is locally defined. In buffer-sharing networks, the 

allocation rule must be applied at each full or empty buffer. This leads, for all 

machines, to a number of equations that their speed have to satisfy. As an 

example, consider the network sketched in Fig. 3.4.5, with the indicated potential 

speeds and buffer contents. The allocation rule Rt results in the following speeds: 

w(Mt) = min{4,2}= 2, w(M2) = min{1,w(Mt),2} = JL, 

w(M3) min {3,2-w(Mt),2-w(M2)} 0. 

2 
input 
rate 

2 
output 
rate 

Figure 3.4.5. Four-machine network. Above machine Mi, v(Mi) is indicated. For a buffer, 
e denotes that the buffer is empty, f denotes that the buffer is full. 

The following is another allocation rule: 
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Ra Allocate the reduction in potential speeds of the machines nt, .. ,nr, in the case 

that the downstream buffer b is full, equally over these machines. The speed of 

machine ni then becomes 
v{n ·) 

w(ni) = 1 
• (}'a. 

}:; v(nj) 
J : 1 

For empty buffers the allocation rule works similarly. 

For the network in Fig. 3.4.5 this allocation rule results in the following speeds 

w(Mt) = 8/7, w(Ma) = min{w(Mt),1/2} = 1/2, w(Ma) = min{6/7,6/4} = 6/7. 

Note that rule R2 performs better than rule Rt. since Wt(Ml)+wt(Ma) = w2(M1)+ 

w2(Ma) and wt(M2)+wt(Ma) < w2(Ma)+ w2(Ma), where Wi(M) is the speed of 

machine M under rule Ri. The best rule for this particular situation would be 

w(M)=1, for all machines M. 

Many other allocation rules are possible. However, it may be possible that they 

lead to inconsistent systems of equations for the speeds {wi(t); iEM, t~O}, or to 

systems with multiple solutions. In appendix D it is shown that, for networks with 

allocation rule Rt. with some straightforward extra restrictions, the system of 

equations for the machine speeds {wi(t)} at an arbitrary point in time is solvable 

and has a unique solution. An efficient algorithm based on dynamic programming 

for obtaining the machine speeds is discussed. 

Now a proposition is presented for mixtures of buffer-sharing and a/d networks, 

analogous to proposition 3.1. A machine that has multiple upstream or downstream 

buffers in such a network performs assembly or disassembly, respectively. For each 

buffer with multiple upstream and downstream machines an allocation rule is 

needed. We do not give allocation rules for such networks, since only plain a/d 

and plain buffer-sharing networks are studied in the rest of this text. However, it 

is not difficult to generalize rules Rt and Ra for such combined networks. 

Let N be a mixture of a buffer-sharing and an afd network and let N' be the 

network arising from N by reversing the flow of buffer lEB. If this results in a 

machine without an upstream buffer, then this machine becomes a disassembly 

machine and a source buffer is added for supplying this machine. If the flow 

reversal results in a machine without a downstream buffer, then this machine 

becomes an assembly machine supplying a sink buffer. Hence, the resulting network 
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is again a mixture of a buffer-sharing and an a/d network. Starting from a plain 

buffer-sharing network, flow reversal only results in another buffer-sharing network, 

if the flows in all buffers are reversed. 

The speed allocation rule in mixtures of buffer-sharing and a/d networks has to 

satisfy certain conditions. 

Let N and N' be networks as above. An allocation rule R in a network N, which 

is a mixture of a buffer-sharing and a/d network, is said to possess the local 
reversibility property, if, 

1. for all realizations of machine states { ( t,ai(t)) I teiR., iEM} and for potential 

machine speeds {(t,vi(t))lteiR., iEM}, the used allocation ruleR results in a 

unique set of real machine speeds { Wi( t) I teiR., iEM} 

2. If at an arbitrary time t, the realization {ai~t)} = {ai(t)}, for all i and Xj(t) 

= Xj(t), j#, Xf(t) = KrXe(t), then allocation rule R determines the real 

machine speeds so that w{(t) = Wi(t), for all i. 

Note that for the case that N and N' are plain buffer-sharing networks, both R1 

and R2 possess the local reversibility property. 

For mixture networks Nand N' as defined above, we assume that 

the assumptions for the machine states are the same as for a/d networks. 

- The used allocation rule R possesses the local reversibility property. 

Proposition 3.2 (sample-path-reversibility of mixed buffer-sharing a/d networks} 
Let {(t,a1(t), .. ,an(t)); t~O} be a stochastic realization of the machine states in N, 

{(t,X1(t), .. ,Xm(t)); t~O} the corresponding realization of the buffer contents and 

{(t,w1(t), .. ,wn(t)); t~O} the corresponding realization of the machine speeds in N. 

Define {Xj(O)} {Xj(O)}, jEB, j#, {Xl(O)} = {KrXiO)}. 

{a{(O)} = {ai(O)}, iEM 

Then, 

{(t,at(t), .. ,an(t)); t~O} is a stochastic realization of the machine states in N', 

{(t,Xt(t), .. ,KrXit), .. ,Xm(t)); t~O} the corresponding realization of the buffer 

contents and {(t,wt(t), .. ,wn(t)); t~O} the corresponding realization of the machine 

speeds N'. 
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Sketch of the prooJ The proof is along the same line as that of proposition 3.1. 

Suppose the assertions of the proposition hold until the change point in a machine 

state t. Let t1 be the next change point, either in machine states or in buffer 

contents, in N. As in the proof of proposition 3.1, there are two possibilities, of 

which only one is treated: 

Assume that t1 is a change point in the state of buffer j. Assume, without loss 

of generality, that j becomes empty at tt. Similarly as in the proof of proposition 

3.1, it follows by the induction hypothesis that ti=tt and {a{(tt)}={ai(tt)} for all 

iEM. Since the real machine speeds in N and N' are equal at t, and since they do 

not change until tt, it follows that j also becomes empty at t1 in N', if j# and j 

becomes full at t1 in N', if j=f. Hence Xj(tt) =Xj(tt), for all j#, XlXtt) = 

KrX/tt). By the local reversibility property of the allocation rule R, it follows 

that w{(t1)=wi(t1), for all iEM. Hence, the assertions of the proposition hold at 

time tt. We can now take the next change point t2, and show in a similar way 

that the assertions of the proposition hold at 12. By assumption, the change points 

do not condense. We can proceed in this way, until we arrive at a change point in 

a machine state. QED 

In Corten and De Koster (1987) discrete product a/d and buffer-sharing networks 

are also considered. If the blocking rule is chosen properly, it appears to be 

possible to prove analogues of propositions 3.1 and 3.2 for such discrete-product 

networks. 
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CHAPTER 4 

ANALYSIS OF LOCALLY CONTROLLED SYSTEMS 

In the previous chapters, several types of single-product multistage production 

networks have been introduced. Tools are presented in Chapters 2 and 3 for the 

analysis of two and three-stage systems. Larger systems are not tractable 

analytically, at least not exact. Therefore, other tools are needed for the evaluation 

of larger networks. A possible approach is by simulation and heuristic analytic 

methods. As indicated in Chapter 3, simulation of large networks is time

consuming. For that reason, heuristic methods are developed in this chapter for 

evaluating production networks with several buffers. These tools have the advantage 

over simulation that they provide quick insight into relationships between system 

performance and buffer sizes. See the discussions in sections 1.4 and 3.1. Such tools 

can then be used in the design of production systems and production-control rules. 

We are mainly interested in aggregate performance criteria of the system, such as 

throughput, average work-in-process and average throughput time. 

In general production networks, we may have to deal with many stages, many 

products and all kinds of possible control rules (integral or local). In this chapter 

and the following one, first single-product, multistage networks with different 

layouts are considered. Furthermore, only local control rules are considered here. 

The nature of the local control is simple: it is caused by finite buffer capacities. 

Only in section 4.5 more complicated < m,M> switching polices are considered. 

In the next chapter some results will be extended to single-product, integrally 

controlled production lines. In Chapter 6, applications of the approximation method 

to more general multiproduct systems is discussed. 

To approximate the performance of a production system, two-stage subsystems, 

consisting of two machines and a finite intermediate buffer, are repeatedly replaced 

by a single aggregate production stage. This leads to smaller production systems 

which eventually can be evaluated analytically. 
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The aggregation step used in the approximation method is explained in section 

4.1. Aggregation of two production stages and an intermediate finite buffer has 

been applied by many authors. Examples can be found in Buzacott (1967), 

Gershwin (1987), Terracol and David (1987a, 1987b), Ancelin and Semery (1987), 

Hontelez (1985). Nearly all heuristic analytic literature mentioned in subsections 

3.2.1 and 3.2.2 deals in fact with aggregation methods. In section 4.2 the 

approximation method for flow lines is explained. Numerical results are given in 

section 4.3. A comparison is given with another approximation method for 

continuous-product flow lines, developed by Glassey and Hong (1986b). The 

approximation method and the obtained results are based on De Koster {1987b, 

1988). In section 4.5, the aggregation method is tested on flow lines where the last 

buffer is controlled with a switching-point policy, as described in section 2.5.2. 

It is a straightforward matter to extend the approximation method to locally 

controlled production networks with more complicated layouts. Assembly

disassembly networks are investigated in subsection 4.4.1. Results in this subsection 

are based on De Koster {1987c). In subsection 4.4.2, the approximation method is 

applied to buffer-sharing networks. These results are based on De Koster (1986b). 

In section 4.6, a final evaluation of the material of this chapter is given. 

4.1 AGGREGATION OF TWO-STAGE LINES 

The approximation method for continuous-flow production systems is based on 

the substitution of two-stage subsystems by one stage. This is called aggregation. 

This aggregation will be worked out first for simple up-down machines. Then it 

will be extended to more general machines like those described in section 2.4. 

a. Two-state unreliable machines 

Assume that the two-stage line is as sketched in Fig. 4.1.1. 

111, A 1,111 K 

Figure 4.1.1 Continuoue-flow two-stage line 

The line in Fig. 4.1.1 is of the type described in section 2.3, with a finite buffer of 
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capacity K. The output behavior (and the input behavior, too) of this line is of a 

type similar to that of an individual machine, namely with a pattern of up and 

down periods. These periods are however more complex than those of a single 

machine. A period of no output may be caused by a failure of M2, but also by a 

failure of Mt, if the buffer is empty at the same time. If there is a positive 

output, the line may run at rate 112, but also at rate Vt, if Vt < 112 and the buffer 
is empty. It is possible to approximate the output behavior in various ways. A 

simple way is to approximate the down and up times by exponential distributions 

and the speed by the average output speed, provided there is output. In this way 

the aggregate stage is of the same type as the original line, with speed Vout, failure 

rate Aout and repair rate Jl.out· The parameters Vout, Aout and Jl.out can be 
determined by using quantities defined in Table 2.3.1. These quantities are 

calculated as indicated in Table 2.3.2. The parameter Aout, for example, is 

determined as the quotient of the average number of switches per cycle from a 
positive line output speed to zero output (00 ) and the average total time per cycle 

that there is line output (S +S ). For the exact definition of these parameters, in 
V1 V2 

terms of quantities defined in Table 2.3.1, see Table 4.1.1. 

machine speed failure rate repair rate 

111S +112S 
Do Do output 111 112 

s + s s +S So 
111 112 111 112 

!Ill +1121 
Di Di input II} 112 

Il/1 + IV~ I + I YO 
Ill 112 

Table 4.1.1 Determination of (v,A,p) of the aggregate .stage 

Note that, for the choice Vout, Aout and .J.tout of t'he parameters of the aggregate 

stage as in Table 4.1.1, the throughputs of the aggregate stage a.nd the original 

two-stage line are equaL (This follows from the fact that the throughput of the 
two-stage line equals 
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A similar reasoning can be followed for the input behavior of the two-stage line. 

Sometimes there is a positive input and sometimes the line has no input. This 

input behavior can also be approximated. This results in the parameters of the 

aggregate stage Vin, Ain, #in· The choice of the input parameters is also indicated 
in Table 4.1.1. Note that for a choice as indicated in Table 4.1.1, it holds that 

v(K) 

These input and output parameters of the aggregate stage need not be close to 

each other. The output parameters will be close to those of M2, the input 

parameters will be close to those of Mt. In general, the output behavior is used if 

it is desired to approximate the behavior of the content of downstream buffers of 
the two-stage line. The input behavior is used to approximate the behavior of the 
content of upstream buffers. 

b. General N -state machines 
It is also possible to aggregate two-stage lines with multistate machines, as 

described in section 2.4, to one two-state machine. However, the states of this 

aggregate are not necessarily chosen to be up and down states. The states are 

determined by considering some speed level z, so that the output speed of the 

two-stage line is sometimes greater than z and sometimes less than or equal to z. 

This level z can be chosen arbitrarily, under the condition that the output rate has 
to be greater than z and less than or equal to z, for a fair amount of time. The 
system is said to be in state 1, if the output speed is greater than z, and in state 
2, if the output speed is less than, or equal to z. The duration of speed > z and 

speed ~ z intervals are approximated by exponential distributions. The parameters 

of the distributions can be calculated, using results of section 2.4. In Table 2.4.1 it 

is indicated how the cost rates ll'i(x) (see section 2.4) have to be chosen, needed 
for the calculation of the average number of switches per cycle, from a speed > z 

to a speed 5 z (0~) and the total time per cycle of output speed > z ( 11~zS )· 
The quotient of these two quantities determines the rate of the exponential 

distribution of state 1 (output speed > z) of the aggregate stage. 
The input behavior of th~ two-stage line can be approximated in the same 

way. In Table 4.1.2 all parameters of the aggregate stage are defined in terms of 
quantities defined in Table 2.3.1 and section 2.4. By a choice of the parameters as 
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indicated in this table, again the production rate of the two-stage line equals the 

the average speed of the aggregate machlne, or, in formula 

v(K) E aS tE s _ Vout.tAout.2+vout.2Aout.t 
u 11' u u - Aout,t+Aout,2 

E ui IE I = llin.tAin.2+llin.2Ain.l = u t1' q u Xin,t+Xin,2 

machine speed 1 machine speed 2 
}; uS I: uS 

{u>z} u :{u<z} u 
output 1: s I: s 

{u>z} u { u$z} u 

I: ui I: ui 
fu>z} u fu$z} 

u 
input 1: I 1: I 

fu>z} u {u<zl u 

life ra 

0~ 0~ 
1: s 1: s 

{ U)Z} U {u$z} u 

o! o! 
1: I {u~z} 1 

{u>zl u 

Table 4.1.2 Parameters of the aggregate stage, in case of stages of the type of section 2.4 

Note that there are no explicit breakdowns if z>O. Furthermore, the quantities 
expressed in Table 4.1.1 are special cases from those of Table 4.1.2 (z=O). 

Other ways of approximating two-stage lines as in Fig. 4.1.1 are described in 
De Koster (1986c). However, in the present case only the approximation by a two

state stage, with parameters as expressed in Table 4.1.1 (or for more complex 
stages, as in Table 4.1.2) is investigated. It will be shown that this approximation 

is quite satisfactory. 

4.2. APPROXIMATION OF FLOW LINES 

In this section it will be shown how the behavior of flow lines, as sketched in 
Fig. 4.2.1, is approximated, using aggregation as introduced in the previous section. 

Figure 4.2.1 N-stage flow line. Ai is the failure rate, Jli the repair rate, IIi the speed of 
Mj. Ki is the capacity of Bj. 
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The line sketched in Fig. 4.2.1 is locally controlled by finite buffers. Each machine 
reacts to the immediately preceding and following machine (through empty or full 

buffers, respectively). A description of the operation of the line is given in 
subsection 3.3.1. 

4.2.1 Approximation method 1 

A straightforward method (from now on denoted by approximation method 1, or 

APl) for approximating the throughput of the line and simultaneously the behavior 

of the contents of BN-1' is by using the scheme in Fig. 4.2.2. 

step 2 

output 

step N-1 

,..__ ___ ., I I 

ou~- N-1 

~--\7--{2} 

Figure 4.2.2 Approximation from left to right of the liue in Fig. 4.2.1 

The aggregate machine in step i, denoted by aggi, is defined by the parameters 

determined from the output behavior of the two-stage line obtained in step i-1. 

The parameters of the aggregate machine are determined as described in the 

previous section. The first machine of the two-stage line is an aggregate by itself. 

In step N-1, the obtained throughput and mean buffer contents of the two-stage 

line approximate the throughput and mean buffer contents of BN-l of the original 
line. To obtain estimates for the behavior of B., the scheme has to be applied 
from right to left. Instead of output behavior, input behavior is calculated at each 

step. To obtain estimates for the behavior of other buffers, combination of 
approximation from left to right and approximation from right to left has to be 
applied. For example, if the mean buffer contents of Bi (2~i~N-2) is desired, 

approximation from left to right can be applied on the line MI-Bt-Mz-· ··-Mi. 
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resulting in aggi+ Approximation from right to left of Mi+l-Bi+l-· ·-BN-CMN 

results in aggi~l· Evaluation of aggi-1-Bi-aggi+t gives an estimate for the behavior 

of Bi. 

Numeric evaluations for some small three-stage production systems, are given in 
Table 4.2.2. The parameter choices of the lines, given in Table 4.2.1, are motivated 

as follows: 

1. Balance vs unbalance. A line is called balanced if all machine efficiencies are 

equal. All lines, except case 5, are unbalanced. Case 2 is nearly balanced. Case 

4 is highly unbalanced. 

2. The repair rates are greater than the failure rates. M2 in case 1 is perfect. 

Buffer capacities vary from small (case 1) to large (case 5). 

3. Location of bottleneck and fastest machine. In cases 1, 2 and 3, the bottleneck 

is in the middle, the position of the fastest machine varies. In case 4, the 

fastest machine is in the middle, the bottleneck is the first machine. 

case N 11 A p. I eff 

1. 3 (1.2,1,1.2) (.01,0,.005) (.09,1' .09) (5,5) ( 1. 08' 1 , 1 . 14) 

2. 3 (1.2,1,1.5) (. 02'. 01'. 025) (.08,.09, .04) (10,10) (. 96' . 9' . 92' 

3. 3 (1,0.9,1) (.01, .01, .01) { .09' .07' .09) (45.49,20) (.9,.7875,.9) 

4. 3 (0.9,4,1) ( .01' .02, .01) (.09,.08,.09) (10,10) (.81,3.2,.9) 

5. 3 {1,1.1,1.2) (.01,.02,.03) (.09,.09,.09) (50,50) ( .9, .9, .9) 

Table 4.2.1. Parameters of five three-machine lines 

In Table 4.2.2, Xi stands for the buffer content of the Hh buffer, v(K) stands 

for throughput. In that table, approximation results are compared with simulation. 

E stands for the expectation operator, in case of the numerical evaluations; it is 

used to denote averages in the case of simulation results. Unless otherwise stated, 

all simulation results in this chapter are obtained by 10 runs of 500,000 units of 

time per run on a Burroughs B7900 computer and all lifetimes are assumed to be 

time-dependent. The simulation program is event-driven, which means that 

machine failures and repairs are generated, after which the buffer behavior is 

calculated. Such an approach has also been described by D'Angelo et al. (1988). 

Relative errors are measured in the usual way (note that in section 2. 7 relative 
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errors are measured differently). The approximate total work-in-process in the 

system, denoted by EL, is obtained by summing EXt. obtained by approximation 

from right to left and EX2, obtained by approximation from left to right. 

case method v(l) t EXt t EXN-1 f EL f 

1. sim. .9019(5) 4.205(3) 0.403(2) 4.607(6) 
AP 1 ( 1) .9017 0.0 0.400 0.5 4.614 -0.2 AP1 (r) .9018 0.0 4.214 -0.2 

2. sim. .6036(4) 7.709(11) 3.912(7) 11.62(2) 
AP 1 ( 1) .5939 1.6 3.866 1.2 11.65 -0.3 AP 1 ( r) .5958 1.3 7.782 -0.9 

3. sim. .7650(7) 38.11(8) 4.380(22) 42.49(9) 
AP 1 ( 1) .7648 0.0 4.423 -1.0 42.64 -0.4 API {r) .7652 -0.0 38.22 -0.3 

4. sim. .7162(2) 2.469(3) 4.406(3) 6.876(5) 
AP 1 ( 1) .7040 1.7 2.940 33.3 6.969 -1.4 AP1 (r) .6891 3.8 4.029 -63.2 

5. sim. .8288(6) 30.60{14) 22.63(11) 53.23(13) 
AP1 (1) .8204 1.0 21.30 5.9 53.01 0.4 APl ( r) .8242 0.6 31.71 -3.6 

Table 4.2.2 Numeric results for the lines in Table 4.2.1. t is the relative error compared 
with simulation (in %). APl (1) stands for approximation from left to right, APl (r) 
stands for approximation from right to left. 

For the simulation results confidence intervals are indicated. The notation .9019(5) 

means that the 95% confidence interval (using the student distribution with 9 
degrees of freedom) is given by (.9014,.9024). 

The approximation results for the first three cases and case 5 are good, but the 

mean buffer-eontent approximations for the fourth case are not good (although the 

total system-eontent approximation is good). Also, the throughput approximation 

shows a higher relative error than in the other cases. This is due to the fact that 

M2 is much faster on average than Mt. M2 is so fast that, as long as M2 is up, 
M1 has an available buffer of capacity K1+K2. It occurs relatively often that both 

buffers are full simultaneously, and hence M1 is frequently blocked not by M2, but 

by Ma. Similarly, it frequently occurs that Ma is slowed down by M~, since both 

B1 and B2 are empty. Compare this situation with the extreme situation that M2 

is perfect and 112 ~ max{vt.ll3} (see section 3.3.2.2). This situation is exactly 
equivalent to M1-B-M3, with B a buffer of capacity Kt+K2. The approximation 

scheme, applied from left to right, yields Mt-Bz-Ma in this case (since aggregation 
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of M1-B1-M2 yields M1), the throughput of which may severely underestimate the 

real throughput (because K2<K1+K2). Also, for most other cases in Table 4.2.2, 

the approximation method underestimates the throughput (except 3). 

Therefore, in the next subsection the approximation scheme is adapted for 

three-stage lines with fast second machines. An adapted scheme for N-stage lines 

is given in subsection 4.2.3. 

4.2.2. Approximation method 2 for three-stage lines 

In this section, the approximation method APl is adapted for three-stage lines 

with fast second machines. The adapted method is denoted by AP2. Assume M2 is 

faster on average than M1, or eff2 > eff1. In this case the scheme in Fig. 4.2.2 

underestimates the throughput (although throughput estimates are still not bad). 

The mean content of B2 is underestimated, the mean content of B1 is over

estimated. Depending on the difference in machine efficiencies of M1 and M2, the 

buffer capacity in the second approximation step has to be closer to K1+ K2 than 

to K2, to obtain a better estimate of the throughput. 

Therefore we propose the following approach in approximating from left to right 

in case the first machine is frequently blocked by the last one. This will usually 

occur when the second machine is faster on average than the first one, hence if 

eff2>eff1, or if eff2=eff1 and M2 is more stable than M1. The approximation consists 

of two parts. The first part is the estimation of the throughput, the second part 

the approximation of the behavior of the contents of B2. The first part is sketched 

in Fig. 4.2.3. 

step 1 

step 2 

Figure 4.2.3 Approximation from left to right in the case that eff2 > eff1 

In step 1 in Fig. 4.2.3 the average buffer contents, EX1, as well as the parameters 

of agg1 are calculated. Instead of output behavior, the input behavior is used for 
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the determination of the parameters of the aggregate (see section 4.1). The reason 

for this is, that the total line content downstream of the input is to be considered. 

In step 2, K2+Kt-EX1 is taken as buffer capacity, since the input of the line in 

step 2 has still Kt-EXt buffer capacity available in agg1 and additionally K2 in B2. 

This gives us an estimate for the throughput, v, say. 

That this estimate for the throughput is a good one in the case that eff2>efft, can 

be understood from the following special case (see also subsection 3.3.2). 

If M2 is perfect and 112 ~ max{ 111,113}, then EXt=O and hence K2= Kt + K2. 

Furthermore, agg1 equals Mt, hence the approximation is exact in this case. 

For the cases where method API performs well, method AP2 also performs 

reasonable. This can be seen from the following example. 

Assume Ma is perfect and 113 ~ 112. This line is equivalent to the line Mt-B1-M2. 

Hence the approximation of Fig. 4.2.3 again yields the exact throughput. Note also 

that the scheme in Fig. 4.2.2 is exact in this case. 

The second part of the approximation consists of the approximation of the 

buffer content of B2, by increasing the capacity of B1 followed by application of 

the scheme in Fig. 4.2.2. Note that the approximation by the scheme in Fig. 4.2.3 

cannot be used for an approximation of the content of B2, since the buffer capacity 

in the second approximation step does not correspond to the buffer capacity of B2 

in the original line. The constant C that has to be added to Kt has to be chosen 

such, that the obtained throughput estimate approximates v (see the scheme in 

Fig. 4.2.2). This constant C can be found iteratively. In such an iteration, a 

constant C1 is added to Kt, then the scheme in Fig. 4.2.2 is applied, and this 

yields a throughput estimate. This throughput estimate is compared with v. If it is 

smaller than v, then Ct is increased, if it is greater, then Ct is decreased. This 

process is repeated until sufficient accuracy is reached. This yields an estimate for 

the mean content of B2. In some cases it may be necessary to take C equal to oo. 

This is the case, when all values of C1 yield underestimates of v. 

In approximating from right to left a similar procedure is followed if eff2 > eff3. In 

Table 4.2.3 the performance of AP2 is given for the three-stage cases 4 and 5. 

The results in this table can be compared with results in Table 4.2.2. The 

indicated throughput estimate for method AP2, v(K), is obtained by adding such a 

constant C to the capacity of Bt. followed by approximation with the scheme in 
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Fig. 4.2.2, as indicated above. In case 4, method AP2 is applied both in the 

approximation from left to right and from right to left. Although the machine 

efficiencies are equal for case 5, the variance in machine speeds increases from left 

to right, which implies that the machines become more stable considered from right 

to left. Therefore method AP2 is only applied in the approximation from right to 

left. 

case method v(l) € EXt € EXN-1 f EL € 

4. sim. .7162(2) 2.469(3) 4.406(3) 6.876(5) 
AP2 (1) .7288 -1.8 4.192 4.9 7.132 -3.7 
AP2 (r) .7056 1.5 2.940 -19.1 

5. sim. .8288(6) 30.60(14) 22.63(11) 53.23(13) 
APl (l) .8204 1.0 21.30 5.9 52.29 1.8 AP2 (r) .8289 -0.0 30.99 -1.3 

Table 4.2.3. Numerical results for method AP2, for cases 4 and 5 

Note that the relative errors in the throughput, but especially in the mean buffer 

contents have become significantly smaller by using method AP2. 

4.2.3 Method AP2 for N-stage lines 

The approximation for three---stage lines can be extended to N--stage lines 

(N>3). The effect of throughput underestimation by method API, will even be 

stronger in N--stage lines than in three---stage lines. This is because, in a long line, 

in which the machines are about equally fast, a machine far away from the 

beginning or end of the line, will be much faster on average than the whole line 

preceding or succeeding it. Recall that the throughput underestimation by method 

APl for three-stage lines, has to do with the fact that the middle machine is 

faster than the first or the last machine machine. In approximating the throughput 

from left to right in an N--stage line, the approximation results will be best when 

most buffers are adapted (depending on the efficiency of the machines), as was 

done with method AP2 for three-stage lines. However, for lines with more than 

three machines we do not use an iterative method to approximate the behavior of 

the contents of BN-l' It is more convenient to adapt all buffer capacities except 
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that of BN_1 and leave the capacity of BN_1 unchanged. This will be shown to be 

not serious. In Fig. 4.2.4 a scheme for the approximation of BN_
1 

and the 

throughput is given, inspired by the scheme in Fig 4.2.3. This approximation 

method for lines with more than three machines will also be denoted by AP2. 

Kt 

1 
__.111l__Sl_.li21 . 
step~ 

input,EXt 

step 2 

input ,EX2 , , _ 
I 3 =I 3 +I z-f:X 2 

step 3 

step N-1 

K' -K 
ou~ N-1- N-1 

~~ 
Figure 4.2.4 Approximation from left to right of the line in Fig. 4.2.1 

In approximation step i in Fig. 4.2.4, the parameters of aggi are calculated as well 

as EXi, the mean buffer content of the two-stage line in this step. In this 

calculation the input behavior of the two-stage line is used, for the same reason as 

explained in section 4.2.2. In the last step the output behavior is used, as 

indicated in Fig. 4.2.4, since the aim is to approximate the behavior of the 

contents of BN_1. The buffer capacity in the i-th step is Kj, where 

Kj = K1 

K! = K. + K! 1-EX. 1, 2<i<N-2 
1 1 r r --

KN-1 = KN-1 

The approximation from left to right, as sketched in Fig. 4.2.4 is for the 
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approximation of the behavior of the contents of BN-l' For the approximation of 

the contents of B1 we have to approximate from right to left. In such an 

approximation a similar scheme as in Fig. 4.2.4 can be used. However, instead of 

input and output behavior, we then have to use output and input behavior, 

respectively. Furthermore, K{ is defined as Ki+EXi+t, except for the first and the 

last step. This scheme is sketched in Fig. 4.2.5. 

step 1 

step 2 

outp~t,EXN_2 

Ki=Kt input 

B~~ step N-1 

Figure 4.2.5. Approximation from right to left of the line in Fig. 4.2.1 

If the behavior of the contents of another buffer is desired, say Bi, for 2~i~N-2, 

then a combination of approximation from the left and from the right has to be 

used. For instance, let 3~i~N-3, then approximation from left to right can be 

applied on the line Mt-Bt-· ·-Bi-t-Mi with K[_1 defined as Ki-t+K{_2-EXi-2, 

instead of Ki-t· Similarly, approximation from right to left can be applied on the 

line Mi+t-Bi+t-· ·-BN_
1
-MN with K{.1 defined as Ki+1+EXi+2• Combining the 

results of both approximation procedures yields an approximation of the behavior of 

the contents of Bi. 

If the behavior of all buffer contents is desired, for example, to obtain an estimate 

for the mean system content, then it is efficient to approximate the line from left 

to right for BN-l' then from right to left for Bt and subsequently to approximate 
the contents of all intermediate buffers. In this way 2(N-l)+N-3= 3N-5 two-stage 

lines need to be evaluated. From Table 2.3.6 it can be concluded that this takes 
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less than (3N-5)/2 CPU seconds on a Burroughs B7900 computer, in a 
straightforward implementation. 

Concluding, we can summarize method AP2 as follows (only the approximation 

from left to right is given, the approximation from right to left is similar). 

1. N=3. For eff2::;eff1o the approximation scheme is given by Fig. 4.2.2. For 

eff2>efft, or eff2=eff1 and M2 more stable than M~, the scheme is given by Fig. 

4.2.3. 

2. N>3. In this case, the scheme is given by Fig. 4.2.4. 

4.3. MORE NUMERIC RESULTS AND COMPARISONS 

In this section numeric results of the approximation methods are given. They 

are compared with simulation results on the one hand and with results of Glassey 

and Hong (1986b) on the other. The algorithm described in Glassey and Hong 

(1986b) is the continuous-flow version of the algorithm of Gershwin (1987). The 

algorithm of Gershwin is an approximation method for discrete product lines with 

constant cycle times, which are equal for all machines, and geometrically 

distributed life and repair times for the machines. It is based on a similar 

aggregation technique as method APl, apart from the fact that all machine speeds 
are equal and the failure and repair rates of the aggregates are found iteratively. 

For the evaluation of all mean buffer contents of an N--stage line, Glassey and 
Hong (1986b) use a standard algorithm for the iterative solution of a system of 

6N-5 nonlinear equations, which is similar to that of Gershwin (1987). Glassey and 

Hong tested their algorithm only for lines with state-dependent failures, here it is 

also tested for lines with time-dependent failures. 

In Table 4.3.1, four lines are given, which are approximated by method AP2. 

The parameters in this table are not chosen to cover the whole scale of possible 

parameter settings, which would be a huge task (in an N--stage line there are 4N-1 

parameters which may be varied). They form a small sample of more or less 

realistic parameter settings. The motivation of the parameter choices is the same as 

in section 4.2. Furthermore, the line length is varied. Approximation results are 

given in Table 4.3.2. 
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case N , l I' I eff 

6 4 (1.2,1,1.5, (.02, .01, .025, (.08, .09, .04, (10,10,10) (. 96' . 9' . 92' 
1) .001) .009) .9) 

7 4 (1,1.2,1.5, (.01,.02,.025, ( .09, .08, .04' (10,10,10) (.9,.96,.92, 
1) .001) .009) .9) 

8 5 (1.2,1,1.5, ( .02' .01' .03' (.08, .09, .05, (20,20,20, ( .96, .9, .94, 
1 ,0. 9) .001,.005) .009,.07) 20) . 9'. 84) 

9 5 (1,1.5,1.2, (.01, .03, .02, (.09, .05, .08, (20,20,20, (. 9' . 94, . 96' 
1,0.9) .001,.005) .009,.07) 20) . 9'. 84) 

Table 4.3.1. Four multistage cases 

case method v (I) ( EXt £ EXN-1 £ EL £ 

16. sim. .5490(8) 7 .911(9) 3.487(9) 16.02(2) 
i AP2 (l) .5326 3.0 3.456 0.9 16.83 -5.0 AP2 (r) .5692 -3.7 7.876 0.4 

7. sim. .5511(9) 6.548(9) 4.012(10) 16.14(2) 
AP2 (l) .5564 -1.0 3.559 11.3 16.51 -2.4 AP2 (r) .5666 -2.8 7.248 -10.7 

8. sim. .6319(4) 15.46(2) 6.922(21) 41.31(6) 
AP2 (l) .6386 -1.1 5.685 17.9 42.36 -2.6 AP2 (r) .6613 -4.7 15.62 -1.0 

9. sim. .6284(7) 12.05(2) 6.850(26) 35.37(6) 
AP2 (1) .6462 -2.8 6.151 10.2 37.44 -5.9 AP2 (r) .6456 -2.7 12.68 -5.2 

Table 4.3.2. Approximation of the lines in Tables 4.3.1 

In Table 4.3.2 confidence intervals are given as before. It is found that the 

approximation method performs reasonably for not too large systems. Note that 

relative errors in throughput are much smaller than relative errors in mean buffer 

contents. The first error is less than 5% for all systems, whereas the second error 

is 17.9% for the mean contents of BN_1 in one of the five--stage systems. More 

numerical examples can be found in De Koster (1987b) and De Koster (1988). All 

these examples show that for not too unbalanced lines, relative errors in 

throughput are slight ( <5% for lines up to 6 machines). Relative errors in average 
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total buffer contents are greater ( <10%, for lines up to 6 machines). 

There is some literature on approximation methods for the above-presented 

model with continuous flow and unreliable machines. Glassey and Hong 's paper has 

been mentioned already. Recently, Ancelin and Semery {1987) and Terracol and 

David (1987a, 1987b) presented an approximation method which resembles the 

method presented here. However, they only give results for the throughput. 

In Table 4.3.3 five lines are listed to be compared with simulation and with the 

method of Glassey and Hong (denoted by G&H), for throughput and mean content 

of Bt and BN-l' Two lines have time-dependent failures and three lines have 
state-dependent failures, in the sense that machines that are blocked or starved 

cannot fail. Time-dependent failures and state-dependent failures are denoted by 

TD and SD, respectively. Results are given in Table 4.3.4. 

case N " A p I eff s~ 
TD 

10. 3 (1,1.1,1.2) (.01,.02,.03) ( . 09 ' . 09 ' . 09) (50,50) (.9, .9, .9) SD 
11. 3 (1.5,1,1.1) (.05,.02,.03) (.1,.08,.07) (30,70) (1,.8,.77) SD 
12. 4 (1.1,1,1, (.02,.01,.01, ( .08, .07' .09, (40,50) (.88,.875, SD 

0.9) .01) .05) 60) . 9'. 75) 
13. 3 (1,0.9,1) ( .01' .01' .01) (. 09' . 07' . 09) (18.29,8) (.9 .. 7875,.9) TD 
14. 5 (0.9,1.05, (.01,.01,.01, (.09,.07,.09, (6.96,6.38,(.81,.919, TD 

1,0.9,1) .01' .01) .07,.09) 10.29,8) .9,.7875,.9) 

Table 4.3.3. Five lines with time dependent and state-dependent failures 

From the results in Table 4.3.4 it is found that algorithm AP2 and the method 

G&H approximate the throughput well, in general. Errors in mean buffer-content 

approximations are greater than those in throughput estimates. In many cases the 

algorithm of G&H often performs somewhat better than AP2 (especially for state
dependent failures). A major drawback however is the long and unpredictable run 

times needed. Table 4.3.4 lists the number of two-stage line evaluations for both 

algorithms. For an N-stage line (N>3), algorithm AP2 needs N-1 two-stage line 

evaluations for the throughput and 3N-5 two-stage line evaluations for the 

acquisition of all average buffer contents. The number of two-stage line evaluations 

of Glassey and Hong is unpredictable and depends on the initial trial-solution, but 

the procedure may also fail to converge. 
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case v(K) ( EXt ( EXN-1 ( # eval. 

10. sim. 0.8366 30.71 22.49 
GU 0.8356 0.1 32.76 -6.7 22.81 -1.4 44 
AP2 (l) 0.8242 1.5 21.16 5.9 2 
AP2 (r) 0.8322 0.5 31.06 -1.1 10 

11. s1m. 0.7314 22.55 35.72 
GU 0.7280 0.5 22.27 1.2 34.67 2.9 34 
AP2 (l) 0.7228 1.2 33.78 5.4 2 
AP2 (r) 0.7348 -0.5 21.96 2.6 12 

:12. sim. 0.7441 28.14 49.64 
GU 0.7476 -0.5 28.60 -1.6 50.37 -1.5 198 

i 

AP2 (1) 0.7362 1.1 40.22 19.0 3 
AP2 (r) 0.7294 2.0 29.16 -3.6 3 

i 13. s1m. 0.7300 14.68 1.626 
GU 0.7384 -1.2 15.05 -2.5 1.575 3.1 40 
AP2 (1) 0.7284 0.2 1. 618 0.5 2 
AP2 (r) 0.7298 0.0 14.76 -0.5 2 

14. sim. 0. 6446 3.649 1.353 
GkH 0.7098 -10.1 3.806 -4.3 1.333 1.5 592 
AP2 ( 1) 0.6516 -1.1 1. 313 3.0 4 
AP2 (r) 0.6293 2.4 4.071 -11.6 4 

Table 4.3.4. Comparison with results of Glassey and Hong 

case N II .A " I eff 

! 
(1,1.5,1.2, (. 01 ' . 03' . 02' ( . 09' . 05' . 08, (20,20,20, (. 9'. 94' 15. 6 
0.9,1,1.8) .005,.001,.5) .07,.009,.5) 20,20) .96, .84, 

. 9'. 9) 

16. 7 (1,1,1.2,0.9, (.001,.01, .02, ( .009, .09, .08' (20,20,20, ( . 9, . 9, . 96' 
1.5,0.9,1.8) (.005,.03,.01, . 07' . 05' . 09' 20,20,20) . 84,. 94' 

.5) .5) . 81'. 9) 

17. 8 (1.05,1,1, (.01, .001, .01, ( . 07' . 009' . 09' (20,20,20, (. 92' . 9' . 9' 
1.2,0.9,1.5 .02, .005, .03, .08,.07,.05, 20,20,20, . 96'. 84. 
0.9,1.8) . 01'. 5) .09 . 5) 20) . 94 •. 81 . 9) 

Table 4.3.5. Parameters of some long lines 

Finally, the approximation method is tested for three longer lines. These lines 

are given in Table 4.3.5. The results of the approximation can be found in Table 

4.3.6. The simulation results were obtained by 10 runs of 20,000 units of time per 
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run. From the results in Table 4.3.6, it is found that method AP2 overestimates 

the throughput for lines with more than five machines. 

case v(l) l EXt EXN-1 EL l 

15. sim. 0.6302 12.3 5.25 40.2 
N=6 AP2 (I) 0.6469 -2.6 5.98 46.2 -14.9. 

AP2 (r) 0.6860 -8.9 14.1 

16. sim. 0.6037 17.0 4.15 66.8 
N=7 AP2 (I) 0.6686 -10.8 4.94 70.7 -5.8 AP2 ( r) 0.6300 -4.4 17.7 

17. sim. 0.5935 16.1 4.02 81.4 
N=8 AP2 (I) 0.6736 -13.5 5.02 84.9 -4.3 AP2 (r) 0.6394 -7.7 17.3 

Table 4.3.6. Approximation results for the lines in Table 4.3.5 

This error can be reduced by setting K{=Ki for each fourth aggregation step in 

such lines. This adaptation of method AP2 is denoted by AP3. The adaptation, 

which may seem somewhat arbitrary, is only inspired by a. number of numeric 

results and is not supported by analysis. From results in Table 4.3. 7 it appears 

that AP3 performs better for such long lines than AP2. Nevertheless, the errors 

increase in absolute value if lines become longer. 

case v(l) l EXt EXN-1 EL l 

15. sim. 0.6302 12.3 5.25 40.2 
AP3 (I) 0.6405 -1.6 4.98 46.1 -14.7 AP3 ( r) 0.6238 1.0 15.0 

16. sim. 0.6037 17.0 4.15 66.8 
AP3 ( 1) 0.6230 -3.2 4.22 70.1 -4.9 

17. sim. 0.5935 16.1 4.02 81.4 
AP 3 ( 1) 0.6127 -3.2 4.00 84.9 -3.2 AP3 ( r) 0.6140 -3.5 17.5 

Table 4.3.7. Approximation results with method AP3 for the lines in Table 4.3.5 

It should be remarked that the exact choice of input or output behavior of the 

two--stage lines in Figs. 4.2.4 and 4.2.5, to base the parameters of the aggregate 
machines on, is not crucial for the quality of the approximation. From a number 
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of results it appeared that there is generally not rrm:ch difference in the quality of 

the approximation when input and output behavior are interchanged. 

4.4 OTHER NETWORK LAYOUTS 

In this section attention will be paid t(l) two mher special network layouts, 

namely afd networks (subsection 4.4.1} ;8Jl'ld buffer-sharing networks (subsection 

4.4.2), which were introduced in Chapter 3. It will appear that the approximation 

method developed in the previous section can be applied straightforwardly to 

continuous-flow networks with these layouts. 

4.4.1 Approximation of assembly-disassembly networks 

In this section, an approximation method is developed for continuous-flow ajd 

networks. Gershwin (1986a, 1986b) also developed an approximation method for afd 

networks, with discrete product flow. His method is based on an aggregation 

algorithm developed for flow lines (Gershwin, 1987). See the description in section 

4.3. Liu and Buzacott (1988) give an approximation method for a similar modeL 

The buffers in the afd networks are assumed to have finite capacity. The 

operation of such a/d networks is described in section 3.4. We assume that the 

networks are tree-shaped. Loops and bypasses are not treated here. It is 

furthermore assumed that the networks contain a single a/d machine, but it is 

straightforward to approximate networks with several a/d machines (see De Koster, 

1987c). An important tool in the analysis of a/d networks is the reversibility 

principle, described in section 3.4. For ajd networks this means that reversing the 

flow direction in one or more buffers of the network (with simultaneous addition of 

extra input or output streams, if necessary), leads to a sample-path equivalent 

network. See subsections 3.3.3 and 3.4.1. The .a,pproximation method is explained in 

subsection 4.4.1.1. Numeric results are given in subsectkm 4.4.1.2. The results are 

based on De Koster (1987c). 

4.4.1.1 networks with a single afd machine. 

In this subsection tree-shaped afd networks, with a single afd machine will be 
considered. In an N-machine afd system, this single afd machine is assumed to be 
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machine MN" In such a network there are N-1 buffers (see Fig. 4.4.1). Each buffer 

has finite capacity (Ki)· The machines have again three parameters (v,A,p). 
Machine failures are time-dependent. 

Figure 4.4.1. Assembly network Figure 4.4.2. Equivalent assembly network 

The network in Fig. 4.4.2 arises from the network in Fig. 4.4.1 by flow direction 

reversal in BN_1. It is sample-path-equivalent with the network in Fig. 4.4.1 (see 

3.4.1). The throughput of the network in Fig. 4.4.2 equals the throughput of the 

network in Fig. 4.4.1. Of course it is possible to construct more networks in this 

way, all equivalent to the network in Fig. 4.4.1. 

In approximating a network as in Fig. 4.4.1, first a network is constructed as 

in Fig. 4.4.2. Then the last two machines are aggregated. Hence a new network is 

obtained of the type in Fig. 4.4.1, with one machine less. This procedure is 

repeated until two machines and one buffer are left. The aggregate machine is of 

the same type as the original machines, that is, with an exponentially distributed 

life and repair time. In each aggregation step, the input or the output behavior of 

the two-stage line to be approximated, may be used to determine the three 

parameters (v,.X,p) of the aggregate machine. The determination of the parameters 

of the aggregate machine is as described in section 4.1. The approximation method 

is similar to method AP2 for flow lines. 

Assume that the behavior of the contents of B1 and the throughput of the 

system sketched in Fig. 4.4.1, is to be approximated. A possible sequence for 

carrying out the aggregation is depicted in Fig. 4.4.3. The approximation consists 

of N-1 steps. In aggregation step i (1$i$N-2), the flow in buffer BN-i is reversed. 

Its capacity is adapted, in a similar way as in the scheme in Fig. 4.2.5. That is, 



4.4 other network layouts 

K!= 
1 

K'-1 -

K~-1 = KN-1' 

145 

2~i~N-2 

(4.1) 

The quantity Xj is defined as the buffer content of the corresponding two-stage 

line in the (N-j)th step. Then the two-stage line aggi-1-BN-i-MN-i is aggregated. 

The aggregate aggH is obtained in the (i-l)st step (aggo:=MN). The aggregation is 

carried out with respect to output behavior. The average amount of products in 

aggH is EXN-i+1, which supports the definition of KN-i in ( 4.1 ). 
In the (N-2)nd aggregation step the input behavior of the two-stage line is taken, 

since eventually the behavior of the contents of B1 is desired. In step N-1 the 

behavior of the content of B1 and the throughput estimate of the original network 

are determined. Note that aggN_
2 

actually represents the whole network 

"downstream" of Bt. 

output EXN_1 K' =K +EX 
N-2 N-2 N-1 

step2 N-3~ 

output,EXN_2 

output 

step N-2 1~ 

step N-1 

Figure 4.4.3. Approximation of the network in Fig. 4.4.1 (throughput and contents of Bl). 

If the behavior of the contents of another buffer has to be estimated, then the 
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aggregation sequence ca.n be adjusted so that this buffer remains in the last step. 

If only the throughput of the system is desired, then a. single aggregation sequence 

suffices. Note that, similarly a.s for flow lines, a.ll aggregation sequences yield 

different throughput estimates. The average value ma.y serve a.s ultimate estimate. 

The approximation of afd networks with a single a/d machine and other 

layouts than sketched in Fig. 4.4.1 is similar to the scheme in Fig 4.4.3. The 

approximation of the behavior of the content of B4 in the network in Fig 4.4.4 is 

treated a.s an example. 

Figure 4.4.4. &-machine a/d network 

To approximate the behavior of the mean contents of B4 and the throughput for 

the network in Fig. 4.4.4 a.t the same time, we can aggregate a.s follows. 

Step 1. Reverse the flow in B5. Aggregate over M6-B5-M5 with respect to the 
output behavior. Let agg1 be the aggregate machine. By reversing the flow 

direction in B4 we obtain the flowline M1-Bt-MrB:rM3-Ba-aggt-B4-M4. 

It should be noted that the mean contents of B4 in this resulting line 

approximates K4 minus the mean contents of B4 in the original system, 

since the flow in B4 is reversed. 

Step 2. The flow line obtained now ca.n be approximated from left to right by 

method AP2, indicated in Fig. 4.2.4, in order to obtain an approximation 

of the behavior of the content of B4. 

From the examples given above, it will be clear that the approximation method 

works for arbitrary treEHhaped afd networks. In De Koster (1987c) a number of 

examples are given for the following cases: 

1. afd networks with more than one a/d machine. 
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2. afd networks with different assembly/disassembly ratios for the different 

branches. 

3. Some special a/ d networks with loops and bypasses. 

4.4.1.2 Numeric mmlts 

In this subsection, some numerical results of the approximation method will be 

presented. The approximated throughput and mean buffer contents are compared 

with simulation results. We consider a four-, a five- and a six-machine assembly 

network with layouts as in Fig. 4.4.1. Furthermore, a network with a layout as in 

Fig 4.4.4 is considered. The reason that no three-machine assembly (or dis

assembly) networks are discussed, is that each three-machine assembly or dis

assembly network is equivalent to an ordinary flow line (see section 3.1.4). The 

first network to consider is a four-machine network, of which the parameters and 

the approximation results are given in Table 4.4.1. The approximation results were 

derived for varying buffer capacities, by the scheme indicated in Fig. 4.4.3. The 

simulated mean buffer content of buffer Bi is denoted by EXi and the throughput 
by v(K). The corresponding results of the approximation method are denoted by 

the index ap. Relative error3 (in %) in both throughput and mean buffer contents 

compared with the simulation results are denoted by c In Table 4.4.2, parameters 

and results for a five-machine network are listed. 

Kt K2 K3 v (I) Vap(K!) f EXt EXt' ap 

2 2 2 .6169 .6104 1.1 1. 66 l. 72 
5 5 5 .6593 .6533 0.9 3.95 4.17 

10 10 10 .7030 .6986 0.6 7.64 8.09 
10 12 15 .7178 .7124 0.8 7.49 8.02 
15 20 25 .7502 .7437 0.9 10.96 11. 71l 
30 30 30 . 7737 .7712 0.3 22.54 23.65 

Table 4.4.1. Approximation of a four-stage a/d network. r-=(1.05,0.95,0.9,1) 
;\=(0.01,0.01 ,0.01 ,0.01 ), F(0.07 ,0.08,0.09,0.09), ef£=(0.919,0.844,0.81,0.9). 

f 

-3.6 
-5.6 
-5.9 
-7.1 

-7.6 l 
-4.9 

Recall that in the case of flow lines, the performance of the approximation 

method deteriorates with the line length. For a/d networks, there are similar 

difficulties if the networks become larger. For networks consisting of five or more 

buffers, we use an analogue of method AP3 (see Table 4.3.7). This adapted method 



148 ANALYSIS OF LOCALLY CONTROLLED SYSTEMS 

is tested on a six-stage a/d network. The parameters and approximation results are 

given in Table 4.4.3. The buffer capacity in the fourth approximation step is 

unadapted, or Ki = K2• 

Kt K2 Ka K4 v(l) Vap(KI) f EXt EXt,ap f 

3 3 3 3 .5705 .5634 1.2 2.60 2.69 -3.5 
3 4 5 6 .5979 .5904 1.3 2.46 2.58 --4.9 

10 10 10 10 .6587 .6547 0.6 7.97 8.32 --4.4 
15 12 12 15 .6841 .6834 0.1 11.93 12.36 -3.6 
20 20 20 20 . 7144 . 7115 0.4 15.72 16.34 -3.9 

Table 4.4.2. Approximation of a five-stage afd network. r-=(1.05,0.95,0.9,0.85,1) 
l=0.01,0.01,0.01,0.01,0.01), p=(0.07,0.08,0.09,0.1,0.09), ef£=(0.919,0.844,0.81,0.765,0.9). 

Kt K2 Ka K4 Ks v (I) vap(Kt) f EXt EXt ,ap f 

5 5 5 5 5 .5798 .5691 1.8 4.13 4.24 -2.7 
10 10 10 10 10 .6541 .6422 1.8 7.96 8.17 -2.6 
20 25 25 25 25 .7533 .7384 2.0 19.00 19.50 -2.6 

Table 4.4.3. Approximation of six-i!tage a/d network. r-=(1.05,1.1,1.2,0.9,1,1), l=(0.01,0.02, 
0.01,0.01,0.01,0.01), p=(0.07,0.09,0.08,0.1,0.09,0.09), eff=(0.919,0.9,1.067,0.818,0.9,0.9). 

In all three networks the relative error in throughput is below 2%, the relative 

error in mean content of Bt is below 8%. 
Results of the approximation of the throughput and the content of B4 for a 

network with layout as in Fig. 4.4.4 are given in Table 4.4.4. 

simulation approximation 

Kt K2 Ia K4 Ks v(l) EX4 vap(K4) EX4,ap 

5 5 10 10 10 .5879 8.06 .6011 8.64 
15 15 15 10 10 .6548 7.58 .6777 8.29 

Table 4.4.4. Approximation results for a network with layout as in Fig. 4.4.4. 
r-=(1 ,1.1 ,1.2, 1 ,0.9,1.05), l=(0.01 ,0.02,0.03,0.01 ,0.01,0.01), p=(0.09,0.09,0.09,0.09,0.1 ,O.o7), 
eff:::::(0.9,0.9,0.9,0.9, 0.82,0.919). 
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4.4.2 Buffer-sharing networks 

In this subsection, the approximation method developed in sections 4.1 and 4.2 

will be applied to buffer-sharing networks, as introduced in Chapter 3. See Fig. 

3.4.4. A speed allocation rule has to be specified for buffer-sharing networks, that 

allocates the speed reduction to the machines in case a common downstream buffer 

is full, or a common upstream buffer is empty. Different allocation rules may lead 

to a different system performance. The approximation of a buffer-sharing network 

will be explained by means of an example network, sketched in Fig. 4.4.5. All 

machines have exponential life and repair times and a constant machine speed. The 

machine parameters (v,A,Jl.) and the machine efficiencies are indicated in Fig. 4.4.5. 

Figure 4.4.5. Buffer-sharing production system 

For the system in Fig. 4.4.5 it is assumed that the allocation rule is rule R1, 

introduced in subsection 3.4.2. Note that allocation rule R2, also defined in sub

section 3.4.2, would yield a different throughput, because the behavior of buffer B1 

is influenced. The approximation method cannot discriminate between different 

allocation rules. A possible approximation sequence for the system is the following. 

step 1. The two-stage system M:o-Bt-M3 is aggregated. Call the aggregate agg1• 

step 2. The parallel machines Mt and ag1 are combined to form a four-state 

machine M7, as indicated in subsection 2.4.2. In the same way the parallel 

machines M5 and M6 are combined to a three-state (namely the number 

of 'Up" machines, see subsection 2.4.2) machine M8• The resulting system 

is a three-stage line MrB:o-M4-B:rMs. 

step 3. This flow line can be approximated using method AP2 (see section 4.2). 

Note that the flow line in step 3 consists of multistate machines. Therefore, in 

approximating two machines and an intermediate buffer, the aggregation method for 

multistate machines described in section 4.lb has to be used. In general, this 
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aggregation method for multistate machines has the drawback that it is only 

applicable if the number of machine states is not too large. To be able to tackle 

arbitrary buffer-sharing networks, we propose to use first the approximation 

method for complex two-stage lines of section 2.7. This intermediate approximation 

step reduces the number of machine states of a two-stage line, modeled as in 

section 2.4, without affecting the accuracy much. The approximating two-stage line 

has only four states (see Fig. 2.7.2). Its parameters are determined by maintaining 

equal the first three moments of stock increase and stock increase in both lines. 

Furthermore, the parameters are so chosen that the expected lengths of stock 

increase and stock decrease periods are equal in the two lines, and the throughputs 

are equal for zero and infinite buffer capacities (relations (2.60), (2.64) and (2.65) 

hold). After this '~tate-reduction step", as we will call it from now on, the 

aggregation step for multistate machines of section 4.lb can be applied without 

computational difficulties. 

Another problem in step 3 is, whether or not the buffer capacities have to be 

adapted in an approximation from left to right (since we deal with a three-stage 

line) in order to obtain a throughput estimate. This depends on whether or not 

machine M4 is faster on average than machine M1, in conformity with method 

AP2. However, for all investigated values of K1. eff7>eff4, so that the buffer 
capacities need not be adapted. In step 1 we therefore use the output behavior to 

obtain aggt. Note that eff4<effs, so that the buffer capacities also need not be 

adapted in approximation from right to left. The results of the approximation of 

the system are given in Table 4.4.5. 

left right 

It 12 Ia v(l) vap(13) rel. err. (1.) vap(12) rel.err. 

4 6 6 0.7983 0.8006 -0.29 0.8028 -0.56 
5 10 10 0.8246 0.8262 -0.19 0.8278 -0.39 

10 10 10 0.8311 0.8331 -0.24 0.8330 -0.23 
10 15 20 0.8558 0.8575 -0.20 0.8566 -0.09 
10 20 15 0.8551 0.8565 -0.16 0.8568 -0.20 

Table 4.4.5. Approximation of the throughput of the system in Fig.4.4.5, from left to right 
and from right to left 

From results in Table 4.4.5 we see that the approximation performs well both from 

left to right and from right to left. Relative errors are in all cases below 1%. 
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From this example, it will be clear that approximation of buffer-sharing 

networks is in principle as simple as the approximation of flow lines. In De Koster 

(1986b) several other examples are given, for networks up to nine machines and 

four buffers. One of the examples contains a bypass. The results are found to be 

best when the networks show some resemblance to a flow line. This is due to the 

fact that all networks are simulated with allocation rule Rt. This allocation rule 

discriminates between different branches that supply products to a common buffer, 

or different branches that use products from a common buffer. The approximation 

method cannot do that. However, if the layout is that of a flow line, with possible 

parallel machines, then allocation rules R1 and R2 will yield the same throughput 

(see also subsection 3.4.2). 

It will also be clear that the assumption of two-state machines in the system 

in Fig. 4.4.5 is not important. For the case of multistate machines, modeled as in 

section 2.4, it is possible to apply the approximation method of section 2. 7 in all 

kinds of layout such as flow lines, a/ d networks or buffer-sharing networks, before 

applying the aggregation method of section 4.1. This state reduction step will 

hardly affect the quality of the approximation. 

4.5 OTHER TYPES OF LOCAL CONTROL 

This section deals with lines controlled with <m,M> switching-point policies as 

described in subsection 2.5.2. As soon as the inventory drops below level m, the 

preceding stage tries to replenish it, until level M is reached, after which it stops 

producing. 

Subsection 2.5.2 described how two-stage lines controlled by such an <m,M> 

policy can be analyzed. The results of that section can be combined with the 

aggregation method of section 4.1, to approximate the behavior of larger 

continuous-product flow lines controlled by such < m,M> policies. Some flow lines 

with a layout as sketched in Fig. 4.5.1 will be approximated as an example. 

Figure 4.5.1. Locally controlled flow line, with <m,M> control for B2 
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The machines are unreliable at speed v, failure rate .:\ and repair rate p.. The 

second buffer in Fig. 4.5.1 has <m,M> control, the first buffer is finite with 
capacity K. 

To approximate the line in Fig. 4.5.1 for the throughput, from left to right, 

two cases have to be distinguished. 

1. eff1<eff2 or eff1=eff2 and M2 is more stable than Mt. 

In this case Mt-Bt-M2 has to be aggregated with respect to input behavior, in the 

first step. This results in an aggregate machine agg. In the second step, the line 

agg-B-Ms, with B a buffer controlled by a <m,M+K1-EX1> switching-point 

policy, is evaluated for the throughput. EX1 is the expected buffer content of the 

line aggregated in the first step. 

2. efft>eff2. 
In this case Mt-Bt-M2 has to be aggregated with respect to output behavior, 

which results in an aggregate machine, denoted by agg. Then throughput of the 

line agg-Bz-Ms, with B2 controlled by an <m,M> switching policy. 

If the line consisted of more than three stages, then the throughput could be 

estimated by adapting the upper switching points of all but the first and the last 

buffers, in accordance with method AP2. The procedure conforms to the 

approximation method AP2 described in section 4.2. 

The parameters of the lines to be approximated are given in Table 4.5.1. 

case II l ,. eff K m I 

1. (1.05,1,1.6) (.01,.01,.5) ( . 07' . 09 •. 5) (,92,.9,.8) 10 10 20 
2. ( 0 . 9 5 • 1 ' 1. 6) ( . 01 ' . 0 1 , . 5) ( . 09' . 08 , . 5) ( .86, .89, .8) 10 10 20 
3. 1,1.5 1.8) (.01,.01 .005) (.1,.09,.005) (.91,1.35 .9) 10 10 20 

Table 4.5.1. Parameters of lines with layouts as in Fig. 4.5.1 

Approximation results are listed in Table 4.5.2. The simulated throughput was 

obtained by 10 runs of 20,000 units of time. It will be clear that this type of 

control can be extended to all network layouts studied in the previous sections. 

The approximation method is still applicable and the results in Table 4.5.2 suggest 

that they will be reasonable. 
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case simulation approximation error (%) 

1. 0.7308 0.7244 0.9 
2. 0.7289 0.7316 -0.4 
3. 0.4851 0.5036 -3.8 

Table 4.5.2. Approximations of lines given in Table 4.5.1 

4.6 DISCUSSION 

In this chapter a method was described for the evaluation of system quantities, 

such as throughput and mean buffer content. 

l. The method is fast: an aggregation step as described in section 4.1 takes about 

one second of CPU time on a Burroughs B7900 computer. The exact time 

depends on the method used, on the required accuracy and on the buffer 

capacity (see section 2.3.5). 

2. The approximation method described is reasonably accurate for systems up to 

four buffers. For larger systems the errors increase, but as a fast tool the 

method is still satisfactory. 

3. The method is reasonably generally applicable and different layouts can be 

approximated by means of it. In the previous sections some examples of 

applications are given, but it will be clear that other layouts can also be dealt 

with: combined buffer-sharing-a/d networks, networks with loops, buffer-sharing. 

Also buffer-sharing networks with other priority rules can be dealt with. It may 

be, however, that the approximate performance becomes less accurate for more 

complicated systems. 

The approximation method can be used to ,establish norms for the capacities. By 

evaluating system performance (for instance system throughput) for varying buffer 

capacities, the appropriate buffer capacities can be chosen. 
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CHAPTER 5 

ANALYSIS OF INTEGRALLY CONTROLLED PRODUCTION 

SYSTEMS 

The production systems dealt with in the previous chapters were locally 

controlled, either by finite buffers (Chapters 2, 3 and 4) or by <m,M> switching 

policies (sections 2.5.2 and 4.5). In locally controlled systems, the speed of a 

machine is directly influenced by those of neighboring machines. In real production 

systems, besides local dependencies between machines, integral dependencies can 

also be observed. For example, in Flexible Manufacturing Systems (FMS), the 

machines may have a common storage (Buzacott and Shantikurnar, 1980). One way 

of realizing such a common storage space is sketched in Fig. 5.1. 

Figure 5.1. FMS with loop conveyor 

The loop conveyor in Fig. 5.1 acts as both a common storage and a transport 

device for machines 1-4. The different machines may also have additional local 

storage. Here the finite buffer space is caused by a physical restriction on the size 

of the conveyor. In such an FMS, the routing of the products over the machines 

may be variable. However, even in case of a fixed routing of the products, a loop 
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conveyor may have an advantage over a flow line, since the input is not blocked 

before the conveyor is filled completely. In this example, the integral buffer 

restriction has a physical origin. The number of products in the loop is limited. 

Buffer restrictions may also have a nonphysical nature. They may also be caused 

by the way the system is controlled. For example, they may be software 

implemented in highly automated FMS systems. Other examples of integral 

restrictions caused by the control of the system are given by Buzacott (1988). He 

demonstrates that certain Kanban and MRP controlled-production systems can be 

modeled as having restrictions on the number of products in (groups of) adjacent 

stages. 

In this chapter, integral control structures for single product flow lines are 

studied. Two specific control structures are ·considered for flow lines, namely the 

Base-Stock System (BSS) and the Workload Control system (WC), introduced in 

Chapter 1. These control structures cover loop conveyors with fixed routings for 
the products. It turns out that the performance of an integrally controlled (WC or 

BSS) single-product flow line, with continuous or discrete product flow, can also be 

(approximately) obtained by applying local control by finite buffers, provided the 

buffer capacities are chosen properly. The performance of a line is measured in the 

sequel by the combination of throughput v and average total system content EL. 

The possibility to transfer these results to multiproduct lines and to more 

general production stages will be discussed in Chapter 6. 

In subsection 5.1.1 the working of the Base-Stock System is described for a 

single-product continuous flow line with umeliable machines. For such lines 
controlled with BSS, a method is given in subsection 5.1.2, to obtain the buffer 

capacities of a locally controlled line with approximately the same performance as 

the original line. This method is based on the approximation method of section 4.1. 

In that section numerical results are also given. Results in this section are based 

on De Koster (1986a). 

It is demonstrated in section 5.2 that workload-controlled (continuous product) 

flow lines can also be approximated by locally controlled ones. Simulations are used 

to demonstrate the qualities of the approximations. The equivalence of local and 

integral control is not due to the fact that the product flow is continuous. This is 

argued in section 5.3, where examples are given that show that similar results hold 

for a specific discrete product flow-line model. The results of sections 5.2 and 5.3 

are based on De Koster and Wijngaard (1987a). Finally, the results of this chapter 
are discussed in section 5.4. 
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5.1 CONTROL WITH THE BASE-STOCK SYSTEM 

5.1.1 Model da~cription 

The BMe-Stock System (BSS) wM introduced in Chapter 1. Recall that BSS 

relies on the notion of echelon stocks, i.e. the stock in the system downstream of 

the stages. Here it will he applied to continuous-product flow lines M sketched in 

Fig. 5.1.1. 

<JC_~~"N-1 
I B 

• ·.. 2 · N-1 1 

Figure 5.1.1. Flow line controlled by BSS 

Machine Mi in Fig. 5.1.1 produces at its maximum rate if the inventory in (right) 

echelon i drops below the level Ki. Right echelon i is the part of the line 

downstream of machine Mi. Hence Ki is a limit on the total inventory and work

in-process in the part downstream of Mi. Machine Mi is blocked if the right 

echelon i is full and machine MN is down. It may also he starved or slowed down. 

See subsection 1.3.2. The reason for controlling a line by BSS, is to load machine 

MN as efficiently M possible: all other machines are allowed to produce M soon M 

an item leaves the system. In this way, a high throughput can be realized with 

little work-in-process. 

The BMe-Stock System is usually not applied to machine lines like the one 

sketched above. The BSS is intended to coordinate departments. Machine MN 

should then he interpreted as the demand by customers M experienced at 

stockpoint BN-l and starvation of MN should be interpreted M inability to satisfy 

demand. Here it is assumed that control by BSS is also meaningful for simple lines 

like the one sketched in Fig. 5.1.1. The system is sensible anyway if MN is the 

only bottleneck. Since all machines are tuned on MN, which eventually determines 

the throughput of the line, one may conjecture control by BSS to lead to better 

system performance than control by finite buffers. 

In subsection 5.1.2 it will he shown that this conjecture is false. An approximation 

technique is presented to determine the buffer capacities in locally controlled lines 

that have the same performance. Such a locally controlled line consists of the same 
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machines as the BSS-controlled line. This technique used to determine local buffers 

is similar to the approximation method of Chapter 4. It can also be used for 

approximating the performance of BSS-controlled lines. 

To avoid trivialities, it is assumed that the echelon capacities are such that Kt~ 

K2~---~KN_1 . It is assumed that the physical capacity of Bi is so large that no 
blocking occurs before echelon i is full. Hence cap(B;)> Ki, for all i. 

5.1.2 Approximation by locally controlled lines. 

It is assumed that the machine model is the same as in the previous chapter: 

each machine has three parameters, a speed, failure and repair rate (v,>.,p.), with 

exponentially distributed life and repair times. Machine failures are time-dependent. 

The line sketched in Fig. 5.1.1 is approximated by a locally controlled line (as 

sketched in Fig. 4.2.1) consisting of the same machines, but with local buffer 

capacities Kj. The buffer capacity K{ equals K; minus the approximate average 

inventory downstream of Mi+l· The average inventory downstream of M;.1 is 

determined by an approximation scheme similar to the scheme in Fig. 4.2.5. The 

scheme consists of N-2 steps and is clarified in Fig. 5.1.2. 

step 1 

step 2 

step N-2 

K input,EXN_1 
N-2 

~ 
input,EXN_2 

-
EX2 

Figure 5.1.2 Approximation sequence for the line shown in Fig. 5.1.1 

In step N-(i+l), the average inventory downstream of Mi+t is calculated. The 

two-stage line in step N-{i+l) represents the complete line downstream of B; and 

the buffer contents represent the system contents downstream of Mi+l· The mean 
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buffer content is denoted by EXi+t· In step N-{i+l) the two-stage line is 

furthermore approximated by an aggregate machine, denoted by aggi, using the 

aggregation method described in section 4.1. 

Hence, the local buffer capacities K{ are determined as 

K{ = Ki - EXi+t , i =1, ... ,N-2 

K~-1 = KN-1 (5.1) 

Note the possibility of K{ ~ 0, namely in the case of Ki ~ Ki+t and EXi•I ~ Ki+I· 

This, however, does not cause problems for the approximation procedure. 

The scheme in Fig. 5.1.2 differs from the scheme in Fig. 4.2.5. In all steps of the 

scheme in Fig 5.1.2 the input behavior of the two-stage lines is used in the 

aggregation, while in the scheme in Fig 4.2.5 output behavior is used to include 

inventory in aggregates. As remarked in section 4.3, the use of input and output 

behavior is not really important, since it does not lead to great differences in 

performance. 

Once the K{ have been determined, the throughput of the local buffer line can 

be approximated by the approximation technique AP2 described in section 4.2. In 

Table 5.1.1 four lines are given for which control by BSS will be compared with 

local control. More examples can be found in De Koster (1986a). 

case N , ,\ p eff 

1. 3 (1,0.9,1) (0.01,0.01,0.01) (0.09,0.07,0.09) (0.9,0.7875,0.9) 
2. 3 (0.9,10,1) (0,01,0.01,0.01) (0.09,0.09,0.09) (0.81,9,0.9) 
3. 4 (10,10,10, (0.01,0.01,0.01, (0.09,0.09,0.09, (9,9,9,0.9) 

1) 0.01) 0.09) 
4. 5 (0.9,1.05,1, (0.01,0.01,0.01, (0.09,0.07,0.09, (0.81,0.919,0.9, 

0.9,1) 0.01,0.01) 0.07,0.09) 0.7875,0.9) 

Table 5.1.1. Parameters of four different Jines 

The parameter choices are motivated as follows. 

1. The number of machines varies from 3 to 5. 

2. The repair rates are greater than the failure rates. Failure rates are all chosen 

as 0.01. 

3. Balance vs unbalance. All lines in Table 5.1.1 are rather unbalanced, apart from 

the fourth one, which is almost balanced. The second and third lines are 
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extremely unbalanced. The third line is a situation typical for control by BSS. 

M4 can be interpreted as demand, which has to be satisfied by machines Mt, 

M2 and Ma that have overcapacity compared with M4. 
4. Location of the bottleneck and fastest machine. In cases 1 and 4, the bottleneck 

is in the middle of the line. In case 2 the fastest machine is in the middle, the 

bottleneck is at the front of the line. In case 3 the bottleneck is at the end of 

the line. 

The base-stock-controlled line and the corresponding locally-eontrolled line are 

compared in performance by simulation, for different values of the echelon 

capacities. All simulation results in the rest of this section and in section 5.2 are 

obtained by 10 runs of 500,000 units of time per run on a Burroughs B7900 

computer. By applying the aggregation technique all K{ (i=l, .. ,N-2) are 

determined in N-2 steps (note that KN_1 = KN_
1
). The approximating local buffer 

line was simulated using the same random numbers as the BSS line. Results for 

the first line are given in Table 5.1.2. 

It Iz I' 1 v(I) Vlc(I') £(7.) EL ELic £(7.) v (K i) 

5 2 4.71 .6771(7) .6770(8) 0.0 4.16(0) 4.19(0) -0.7 .6768 
10 4 9.28 .7008(7) .7010(8) -0.0 8.11(1) 8.19(1) -1.0 .7008 
20 8 18.29 .7295(7) ,7300(7) -0.1 16.13(2) 16.30(2) -1.1 .7298 
30 12 27.29 .7463(7) .7469(7) -0.1 24.46(4) 24.75(4) -1.2 .7468 
50 20 45.49 .7646(7) .7650(7) -0.1 41.99(4) 42 .49(8) -1.2 .7652 
20 20 15.49 .7442(7) . 7466(7) -0.3 15 .91(2) 16.18(3) -1.7 . 7460 

Table 5.1.2. Approximations of the first line in Table 5.1.1 

EL denotes the simulated average system contents (BSS) and v(K) the throughput 

of the BSS line. The corresponding quantities for the locally-controlled line are 

indicated by subscript lc. The notation .6771(7) for v(K), VIc(K ,, EL and EL1c 

means that the 95% confidence interval of the simulated value is given by (0.6764, 

0.6778). The relative difference (f) of v(K) and v1c(K' is less than 0.1 %, except 

for the case of Kt=K2=20. The line with K1=K2=20 is special. It can be 

interpreted as a line with a single, common finite capacity buffer for all machines. 

It is equivalent to a closed-loop production line as sketched in Fig. 5.1.3. This can 

be seen easily by comparing blocked, starved and slowed-down states of the 

machines in the systems. 
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~ 
1=20 

Figure 5.1.3. Closed-loop system, containing 20 products and without buffer restrictions 

There is another method for obtaining a throughput estimate for the BSS line, 

besides the approximation of a BSS line by a finite buffer line, and then 

subsequently applying method AP2. That is by applying only one additional 

aggregation step in the scheme in Fig. 5.1.2 and calculating the throughput of the 

line Mt-B-aggN_2, where B is a buffer of capacity K{ = Kt- EX2. This method 
for obtaining a throughput estimate for the BSS line resembles the method AP2 
of Fig 4.2.5 for locally controlled lines (buffers Kn, except for the fact 
that input instead of output behavior of two-stage machine lines is used. The 

throughput estimate obtained by applying this extra step is denoted by v(K 1,. 

Results for this approximation method are also indicated in Table 5.1.2. Note that 

this approximation method performs good (relative errors are smaller than 1 %). 
Approximation results for the second line are given in Table 5.1.3. 

It 12 I' 1 v(l) Vlc(I') £(7.) EL ELtc £(7.) 

5 2 3.17 .7068 .7007 0.9 1. 74 1.40 19.5 
10 4 6.32 .7352 .7274 1.1 3.93 3.20 18.6 
20 8 12.55 .7681 .7602 1.0 7.96 6.67 16.2 
30 12 18.72 .7857 .7792 0.8 11.21 9.69 13.6 
50 20 30.91 .8017 .7982 0.4 15.55 14.20 8.7 
20 20 0.91 .7735 .7222 6.6 7.70 3.80 50.6 

Table 5.1.3. Approximations of the second line in Table 5.1.1 

The results of the approximation VIc(K' in this table are not of the same quality 
as those in Table 5.1.2. This is due to the high unbalance of the line. M2 is, on 
average, 10 times faster than the other machines. Considerable errors arise, 

especially in the case of K1~K2. Here EX2~K2 and hence K{=K1-EX2 ~ 0. 

Moreover, also in the case Kt#K2, K{ is too small and hence VIc(K' is smaller 
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than v(K) and EL1c is smaller than EL. However, except for the case (Kt,K2) = 

(20,20), the maximum relative error in VIc(K' is still about 1%. 

Although situations exist in which the method for obtaining the K{ does not 

perform well, it is still possible to obtain a good approximating locally controlled 

line. This can be done by increasing the K{ obtained. This leads to a system with 

higher system contents and higher throughput. As an example this method is 

applied to the case Kt=K2=20 which has the greatest relative differences. Results 

are given in Table 5.1.4. 

Kt K2 K' 1 v(l) VJc(l ') €('1.) EL ELic €(%) 

20 20 10.45 .7735 . 7711 0.3 7.70 7.87 -2.2 

Table 5.1.4. Approximation of the second line in Table 5.1.1 for Kt=K2=20 

It turns out from Table 5.1.4, that increasing K{ from 0.91 to 10.45 decreases the 

relative differences in both throughput and average system contents substantially. 

The same can be done for the other cases listed in Table 5.1.3. 

The results for the third and fourth lines are listed in Tables 5.1.5 and 5.1.6, 

respectively. 

Kt K2 K3 K' 1 K' 2 v(l) Vlc(l ') €(%) EL ELic <(%) 

5 3 2 2.24 1.17 .7165 . 7175 -0.1 4.64 4.63 0.2 
10 6 4 4.43 2.32 .7606 .7616 -0.1 9.41 9.39 0.2 
20 12 8 8.69 4.55 .8167 .8169 -0.0 19. 13 19.10 0.2 
30 18 12 12.85 6.72 .8486 .8483 0.0 29.00 28.96 o .1 I 50 30 20 21.01 10.91 .8792 .8788 0.0 48.90 48.85 0.1 

I 20 20 20 0.89 0.91 .8551 .8537 0.2 19.10 19.01 0.5 

Table 5.1.5. Approximations of the third line in Table 5.1.1 

From Tables 5.1.5 and 5.1.6 we see that the relative differences increase in longer 

lines when more aggregation steps are involved. However, all relative errors, except 

for the case of K1=K2=K3=K4=40 in VIc(K' are less than 1%. 

Note that the relative difference in average system contents in the two lines is 

quite large in Table 5.1.6, for the case K1=K2=K3=K4. This relative difference can 

be reduced by increasing K{, K2 and K3. Results are given in Table 5.1.7. 
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It 12 Is l4 I' t I' 2 I) Vlc(l ') €(7.) EL ELtc f(%) 

5 4 3 2 1.62 1.45 2. 71 .5599 .5562 0.7 3.85 3.41 11.4 
10 8 6 4 3.41 3.07 5.28 .5986 .5944 0.7 7.72 6.99 9.5 
20 16 12 8 7.09 6.38 10.29 .6496 .6449 0.7 15.42 14.20 7.9 
30 24 18 12 10.71 9.62 15.29 .6824 .6773 0.7 23.03 21.30 7.5 
50 40 30 20 17.54 15.71 25.49 .7219 .7167 0.7 37.97 35.04 7.7 
40 40 40 40 8.15 7.35 32.37 . 7149 .6988 2.3 29.88 24.37 18.4 

Table 5.1.6. Approximations of the fourth line in Table 5.1.1 

It 12 Is I4 I ' 1 I ' 2 I ' 3 v (I) Vtc(l ') t(%) EL ELtc l (%) 

40 40 40 40 11 10 34 .7149 .7129 0.3 29.88 29.41 1.6 

Table 5.1.7. Approximations of the fourth line in Table 5.1.1 for the case Ki=40 

Even when the approximation method for obtaining the K{ does not lead to good 

results, it is still possible to obtain an equivalent locally controlled line, by 

adapting the K{. This is, because the relative differences in throughput and average 

system contents have the same sign. If the differences are positive, then the Kj 
have to be increased, if they are negative, the K{ have to be decreased. See Tables 

5.1.4 and 5.1. 7.. 

5.1.3 Additional local :restrictio1111 

The same approximation method can be applied to flow lines controlled by 

BSS, combined with local finite-capacity buffers. Assume that the physical capacity 

N-1 
of buffer Bi is Ci, with Ci $ Ki and .E.Cj ~ Ki (i=1, .. ,N-1). Note that the 

l = 1 
N-1 

restriction set by K i becomes ineffective for M i if . E. Cj < K i· In the case of 
l = 1 

N-1 
. E. Cj < Ki, for all i, the line reduces to an ordinary flow line where all machines 

k-~ 
1 

controlled by finite local buffers. If both local and global restrictions are active, 

machines may be blocked because the next echelon is full, but also because the 

next buffer is full. 

In the approximation of such a line we proceed as in subsection 5.1.2. However, 

the Ki in Fig. 5.1.2 have to be replaced by Ci and the Kj are defined as 
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K{ min {Ci, Ki-EXi+t}, i=1,2, .. ,N-2 

KN-1 = CN-1 (5.2) 

Results are given in Table 5.1.8 for a four-machine line with physical buffer 

capacities Ci~Ki. CN-l equals KN_1. Although relative differences in the average 

line contents increase considerably with additional local buffers, the relative errors 

in throughput are still slight. Furthermore, the relative errors in both throughput 

and average system contents can be simultaneously reduced by adapting (i.e. 

decreasing) K{ and K.], similarly as before. 

Kt K2 K3 Ct C2 K' 1 K' 2 v (I, C) Vlc(I') { EL ELic { 

5 3 2 4 2 3.91 1.46 .6425 .6453 --{).4 3.74 4.35 -16.3 
10 6 4 8 4 7.77 3.15 .6711 .6760 --{).7 7.39 8.67 -17.3 
20 12 8 15 10 14.29 6.78 .7140 .7165 -0.4 14.59 16.50 -13.1 
30 18 12 15 9 15.0 9.0 . 7293 .7323 --{).4 17.99 18.94 - 5.3 

:20 20 20 10 10 10.0 7.95 .7214 .7298 -1.2 13.13 15.78 -20.2 
.30 30 30 20 10 20.0 10.0 .7483 .7608 -1.7 21.23 26.44 -24.5 

Table 5.1.8. Approximations of a four-machine line with additional local buffer restrictions. 
V=( 1.05,1 ,1.05,1 ), A=(0.01,0.01,0.01 ,0.01) p:=(0.07,0.07,0.o7 ,0.09), elf=(0.919,0.875,0.919, 0.9). 

5.2 APPROXIMATION OF WORKLOAD-CONTROLLED LINES 

A similar approximation technique as discussed in the previous section can be 

applied to workload-controlled lines. For workload controlled lines, too, it appears 

to be possible to find local control levels which result in about the same 

performance. The working of Workload Control is clarified in Fig. 5.2.1. 

Figure 5.2.1. Flow line controlled by Workload Control 

The aim of Workload Control as sketched in Fig. 5.2.1 (see also subsection 1.3.2) 

is to load the various machines such that the amount of work upstream of each 
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work center is kept as constant as possible (by Mt). Machine Mt starts producing 

if the content of any left echelon falls below its norm. Left echelon i is defined as 

the part of the line upstream of Mi+t (i=l, .. ,N-1). The inventory norm for (left) 

echelon i is Ki. If it is desired to control only the remaining workload of an 

important machine, Mj say, then the Ki can be chosen so that Kr>Kj, for r<j 

and Kr=oo, for r>j. 

It is again assumed that the flow is continuous and that the machines have 

parameters ( v,>..,IJ). If left echelon i is full (at level Ki), then Mt slows down to 

the rate of Mi+t (if necessary). It is assumed that other machines can not be 

blocked. Hence there are no local capacity limits. However, other machines can be 

slowed down by lack of input. 

Note that Workload Control, with K1=K2= ... =KN-l' corresponds to control by 

BSS, with K1=K2= ... =KN_
1
. As shown in the previous section, there is no 

significant difference in performance of BSS and local control for the model. Even 

if the approximation technique used in the preceding section for determining the 

local buffer capacities leads to substantial relative differences, it is still possible to 

find good local buffer equivalents, since the errors in throughput and mean system 

contents have the same sign. 

In order to approximate a workload-controlled line by a locally controlled one, an 

approximation method similar to the one in the previous section can be developed. 

Here, we restrict ourselves to a single example in which the local buffer capacities 

are constructed by trial and error. The example is given in Table 5.2.1. Results in 

this table are obtained for both lines by simulation with the same random 

numbers. 95% confidence intervals are given for the simulated throughputs. 

It 12 Ia 14 I' l I' 2 I' 3 I' 4 v (I) vap(1 7) f(7.) EL ELap f(7.) 

4 4 4 4 0.7 1.9 1.2 4.0 .5294(6) .5276(5) 0.3 3.43 3.34 2.6 
2 3 5 7 0.35 1.9 2.1 6.2 .5473(6) .5438(6) 0.6 3.88 3.81 1.8 
4 6 10 14 1.0 3.6 4.6 13.0 .5975(6) .5931(6) 0.7 7.92 7.77 1.9 

10 20 30 40 3.6 14.2 14.4 37.5 .6909(5) .6849(5) 0.9 24.41 23.84 2.3 
15 30 40 50 5.3 20.8 21.2 45.0 .7142(4) .7100(4) 0.6 33.69 33.16 1.6 

00 00 00 00 .7875 

Table 5.2.1. Approximation of workload-<ontrolled line. 11=(1.05, 1 ,0.9,0.9, 1.1), 
.1=(0. 01 ,0 .01 ,0.01 ,0 .01 ,0. 02), IJ=(O .07 ,0. 09,0.07 ,0.09 ,0 .09), eff=(O. 919,0. 9,0. 7875,0.81, 
0.9). 
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5.3 DISCRETE-PRODUCT MODELS 

The close similarity between local and integral control demonstrated for the 

model used in the previous two sections may have different possible explanations. 

1. The similarity may be due to the continuous product flow. The continuous

product flow causes the delay of information on demand (the speed of the last 

machine), which was discussed in subsection 1.3.2, to be kept to a minimum. If 
all machines are up, there is no delay at all. Only if at least one of the 

machines is down, there may be some delay. 

2. Another possible explanation for this similarity is the stationarity of the model 

used. By simulating for 500,000 time units (about 4000 failures per machine), 

the system may assumed to be in equilibrium (as is clear, for instance, from 

the narrow confidence intervals in Table 5.2.1 ). Control systems like Workload 

Control are developed (among other things) to stabilize the system. Stationary 

behavior is assumed to show up earlier with BSS and workload control than 

with local control. This can be checked by simulating the system for a short 

time. The system will be closer to the equilibrium state by using Workload 

Control than by using local control. 

3. A third factor that may be of influence is lot sizing. Lot sizing in subsequent 

stages may be of influence if, for instance, production of large lots is triggered 

in the locally controlled system and not in the integrally controlled system. 

This can lead to a substantial difference in work-in-process. 

In this section the first argument is explored. We do this by comparing BSS and 

local control in a discrete--product flow line where delays occur because service 

times are random. In section 5.4 an example is given of a line which is not in 

equilibrium. This can be compared with the same line in equilibrium. Lot sizing is 

not further investigated, apart from the discrete-prodilild; model to be presented 

next, where all lot sizes are small and equal for all stages (to 1 ). 

The influence of delays on performance differences between control by BSS and 

local control is investigated by using a discrete--product model in which service 

times are random. In this model of an (N + 1 )-stage flow line it is assumed that 

machine Mi (OsisN) has a service time that is exponentially distributed (parameter 

P,i, for 1sisN). The service rate of Mo is .\. In front of Mo there is a buffer B 

which is never empty. See also Fig. 5.3.1. It is assumed that the blocking process 

is of the transfer type, discussed in section 2.2. The capacity of the i-th waiting 
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room Bi is K{, including the position in front of machine Mi. 

Figure 5.3.1. (N+1)-iita.ge discrete-product flow line 

The line in Fig. 5.3.1 can also be controlled by BSS straightforwardly. See Fig. 

5.3.2. Machine Mi in the line in Fig. 5.3.2 is blocked (transfer blocking type) if, 

on service completion, right echelon i+l is fulL The capacity of echelon i is K;, 

the position in front of Mi included. 

(~~ 
···~ 

Figure 5.3.2. (N+1)-iita.ge discrete product flow line controlled by BSS 

The aim is now to find for each line as in Fig. 5.3.2, with integral restrictions 

Ki, an equivalent locally controlled line as in Fig. 5.3.1, with local restrictions K{. 
These K{ are determined using a method similar to that described in section 5.1, 

combined with the approximation method for discrete-product flow lines with finite 

buffers of Perros and Snyder (1986) and trial and error. 

Some results are listed for a four-.'ltage line in Table 5.3.1. The original line is 

controlled by BSS, the approximating line by local control. In the approximating 

line the buffer capacity of the last buffer is chosen equal to the echelon capacity of 

the last echelon. Both lines are simulated for 100,000 units of time with the 

systems initially empty. EL denotes the average number of products in machine Mo 

or downstream of Mo in the line. Note that the number of products in Mo is 1 at 

all instants for both lines. 

"• 12 Ks I' 1 I' 2 v(l) Vlc(l ') d%) EL ELtc f(%) 
7 5 3 3 3 .7237 .7194 0.6 6.74 6.56 2.3 

10 6 4 5 4 .7739 .7779 -0.5 9.02 9.10 -0.9 
15 10 5 7 7 .8320 .8306 0.2 13.01 12.92 0.7 
20 15 10 9 9 .8857 .8838 0.2 16.04 16.19 -0.9 

Table 5.3.1. A = 1, p (1.1,1.05,1) 
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From Table 5.3.1. it can be seen that both the Base-Stock-controlled line and the 

locally-controlled line again have approximately the same performance. However, for 

smaller echelon buffers it is more difficult to find a locally-controlled line, since we 

have the restriction that buffer capacities need to be integers. This is also seen 

from the first case listed in Table 5.3.2. The results listed in this table are 

obtained by one simulation run of 100,000 units of time, with the same initial 

state for both lines. 

It I2 I a I' 1 I' 2 v (I) vic(l ') £(%) EL ELic c('X) 

3 3 2 1 2 .5847 .6109 -4.5 3.55 3.50 1.4 
5 5 3 2 3 .6930 .7028 -1.4 5.05 4.93 2.4 
6 6 4 3 3 .7303 .7345 -0.6 5.77 5.95 -3.1 
9 7 5 5 4 .7994 .8040 -0.6 7.94 8.14 -2.5 

19 16 11 11 11 .9023 .9038 -0.2 14.43 14.41 0.1 

Table 5.3.2. >. = 1, p = (1,1.2,1.1) 

The approximation for the first case in Table 5.3.2 shows a relevant difference of 

-4.5% in throughput, which indicates indeed that for small echelon capacities the 

approximation by a locally controlled line becomes less accurate. 

5.4 NONSTATIONARY BEHAVIOR AND CONCLUSIONS 

In this section some attention is given to the possibility that integral control 

performs better than finite buffer control for nonstationary lines. In Table 5~4.1, 

the first line indicated in Table 5.1.1 is simulated for two different va'lues for 

the K i 's, 10 times 2000 time units per run. The quantity 11'y in Table 5.4.1 

denotes the variance in throughput, u2 denotes the variance in the average line 

contents. 

It 12 v (I) vap(l ') uy(x!0-5) uy,ap EL ELap u2(x1o-2) u2•ap 

5 2 .6916 .6919 7.5 7.6 4.15 4.17 0.40 0.70 
30 12 .7571 .7585 8.1 8.6 23.42 24.00 42.1 55.3 

Table 5.4.1. Comparison of the nonstationary behavior of the first line in Table 5.1.1 
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Results shown in Table 5.4.1 indicate that, in spite of the short run time, the 
performance is again about equal for both ways of controlling the line (Base-Stock 

and local control). This means that both lines are equally far away from the 

equilibrium state. The equilibrium throughput and average work-in-process are 
indicated in Table 5.1.2. 
It is also interesting to compare the variances in throughput and work-in-process 

for both ways of controlling the line. Note that in Table 5.1.2 the confidence 
intervals for the throughput and average work-in-process are (slightly) more narrow 

for Base-Stock Control than for local control. In Table 5.1.4, the variances in 

throughput and average line contents are greater for the locally controlled line, 

than for the base-stock-controlled line, but the differences are again slight. 

In this chapter it has been shown, that it is possible to approximate lines 

controlled by integral control systems like BSS and we, by lines consisting of the 
same machines but controlled by finite buffers, such that the performance of the 

two lines is about the same. The performance measures considered are throughput 
and average work-in-process. This approximate ~quivalence" of local control and 
control by BSS and we has been demonstrated for the continuous-flow model by 
long-run simulations. The continuous modeling of the product flow does not have 

large influence on the quality of the approximation, as demonstrated in section 5.3. 

Also the runlength does not have much impact. 

What may have some influence on the quality of the approximation is lot

sizing. If succeeding stages work with different lots have completely different 

processing times, then differences in performance may become greater. However, 

this is not investigated further. 
In the simulation runs of the continuous-product lines, it was observed that the 
variance in average work-in-process in the workload-controlled line was always less 

than the variance in average work-in-process of the approximating line. However, 
for the BSS examples this was not always the case. Although BSS, we and local 

control yield approximately the same throughput and average work-in-process, and 

hence average throughput time, it may still be so that BSS and we in general 

have a positive effect on the variance of the throughput time. This 

variance-reducing effect is indicated by Table 5.4.1. 
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CHAPTER 6 

CAPACITY MODELING OF MULTIPRODUCT LINES 

In the previous chapters, tools have been developed for obtaining insight into 

the relations between system performance (throughput, average work-in-process, 

throughput time) and control rules. Furthermore, in Chapter 5, it was shown that 

as far as the above-mentioned performance criteria are concerned, for flow lines 

there is hardly any difference between local control rules and integral control rules. 

However, only single-product machine lines were considered in the earlier 

chapters. Important initial objectives were to model multiproduct systems in an 

aggregate way, to model more general stages instead of simple machines and, in 

addition, to model aggregate control rules. Therefore the applicability of 

continuous-flow models is investigated in the present chapter for such general 

multiproduct lines. In Chapters 4 and 5 the considered machines are of simple 

up-down type. It will be argued that the approximation method developed in 

Chapter 4 and the equivalence of local and integral control, demonstrated in 

Chapter 5, also hold for general multiproduct lines. This is done by considering the 

differences in (control of) single product machine lines and general multiproduct 

lines. Some of these differences have been discussed in previous chapters. For 

example, in general multiproduct lines the stages are not of the extreme up-down 

type as in Chapters 4 and 5. However, in section 2. 7 it has been demonstrated 

that there is a high degree of insensitivity in line performance with respect to the 

modeling of the speed variations in the stages. Because of this insensitivity in line 

performance, results of Chapters 4 and 5 also hold for stages with many speeds 

(modeled as in section 2.4). The approximation techniques of Chapter 4 will work 

for many speed stages, and the equivalence of local and integral control will also 

hold for such systems. See also De Koster (1986b). 

There are also differences which may make it more difficult to use the model of 
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the previous chapters and which therefore may have more impact on the results of 

Chapters 4 and 5: 

- The single product is the aggregate of multiple products. 

- In multiproduct lines there is generally some lot-sizing. 

- In general multiproduct lines the stages may also contain work-in-process, while 

in the special one-product machine lines the stages are empty. 

- The "machine" behavior is not generally stationary (this holds especially for the 

last machine, which represents demand). 

In the two following sections attention will be given to the first two issues. 

They are investigated on hand of two-stage systems mainly. In sections 6.3 and 6.4 

some attention is given to the other two issues. Conclusions are drawn in section 

6.5. Most of the issues play a role in the differential-gear factory described in 

section 1.1. In this case more than two production stages are involved. It will be 

treated in the next chapter. 

6.1 AGGREGATES INSTEAD OF ITEMS 

In the previous chapters, it was assumed that a single product type is produced 

by the production systems. One exception is in the case of the insertion 

department, described in section 2.1. In the insertion department many different 

PCB types are produced. Aggregate modeling in this case and modeling the applied 

control (workload control applied on the total system contents) proved to be 

simple. The main reason for this is that the choice of an aggregate product unit is 

easy. In general multiproduct two-stage lines, the choice of an aggregate product 

unit is not always that easy. This choice is discussed in the present section. 

In the case of a one-product situation, the production speed can be measured in 

units of product/hour and the buffer content in units of product. So there is no 

problem in this case. 

Consider two subsequent stages (I and II) with intermediate buffer and several 

types of products flowing through the system. As in the case of one product, the 

buffer content can be expressed in hours of capacity of stage I as well as in hours 

of the capacity of stage II. The difficulty is that there is no fixed ratio of these 

two measures, if the ratios of the capacity requirement for both stages are not the 

same for all products. 
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As an illustration, consider the three situations sketched in Table 6.1.1. In all 

situations there are two stages I and II and two products, A and B. 

situation a situation b situation c 

I II I II I II 

A 1 1.2 1 1.2 1 1 (hours{u11it) 

B 1 1.2 0.5 0.6 1 1.5 (hours/cunit) 

Table 6.1.1. Capacity requirement patterns of A a.nd B for three situations 

In situation a, the products A and B have the same capacity-requirement 

pattern. This situation is equivalent to the one-product situation. 

In situation b, products A and B have the same capacity-requirement ratio at 

capacities I and II, namely 5:6. For that reason, one hour of production of stage I 

is also one hour of production of stage II, independent of the product mix. This 

situation is also equivalent to the one-product case. The units of product have to 

be normalized: one unit of product has to be defined as the quantity that requires 

one hour at stage I (or stage II). This again leads to the capacity-requirement 

pattern of situation a. 

Note that case of the insertion department in section 2.1 is similar to situation 

b. The ratio of the cycle times at horizontal and vertical inserters is the same for 

all PCBs (assuming that the ratio of horizontal and vertical components is 2:1 for 

all PCBs). In the case of the insertion department the product unit is expresset:l im 
"norm PCBs ", which reduces the situation to one similar to situation a in Table 

6.1.1. 

Situation c is the most complex. The capacity reqmrement ratios differ for 

products A and B. To be able to aggregate in this case, one has to work with an 

average mix of A and B. Assume the average mix A:B is 3:2. Then the average 

capacity-requirement pattern is 1-1.2. This generates a certain undeterminedness at 

aggregate level. A buffer content of 5 (aggregate) units is in the average 5 hours 

of work for stage I and 6 hours of work for stage II. But if the buffer contains 

only product A, then it is 5 hours of work for stage II and, if the buffer contains 

only B, then it is 7.5 hours. The deviation of the aggregate buffer contents may 

deviate more from the real contents, if the capacity-requirement ratios of the 

products differ more and if the batch sizes become larger (since then the 
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production mix is less stable). 

A possibility for the aggregate modeling of this situation is, by measuring the 

buffer content in 'Units" and by letting the stages switch over randomly between 

the two speeds, so that the run time at such a speed corresponds to the average 

batch size of the particular product. Furthermore, the ratio of the fraction of 

products produced at speed 1 (corresponding to type A) and speed 2 (corresponding 

to type B) has to be the ratio 3:2. Such aggregate modeling was already briefly 

discussed in section 2.4.2. We will work it out in more detail for the case that a 

type A-lot consists of 6 items, a type B-lot consists of 4 products. Each of the 

stages switches over after production of such a lot. A switch-over takes 1 hour on 

average at both stages I and II. Assume for simplicity that the time to produce a 

lot consisting of both products A and B is exponentially distributed at both stages 

I and II. Also switch-over times are assumed to be exponentially distributed. The 

stages can be modeled as in section 2.4, with three states per stage, as indicated 

in Fig 6.1.1. 

state 

1 
2 
3 

stage I 
speed rate trans. 

(prodfhr) (hr"l) matrix 

1 1/6 [0 0 1] 1 1/4 0 0 1 
0 1 Pt P2 0 

stage II 
speed rate trans. 

(prod/hr) (hr"l) matrix 

2~3 ~~: [~ ~ !] 
0 1 Q1 Q2 0 

Figure 6.1.1. Modeling of the stages with the model of section 2.4 

State 1 in Fig. 6.1.1 corresponds to production of type A, state 2 corresponds to 

production of type B. The speeds of the stages in these states are directly obtained 

from Table 6.1.1. The sojourn time in state 1 of stage 1, for example, is the time 

needed to produce a type A-lot, namely 6 hours on average. Hence the rate in this 

state is 1/6. The rates in the other states are determined similarly. Determination 

of the transition matrix is also straightforward, apart from the probabilities Pi and 

Qi (i=1,2). These deserve an explanation. Let ?ri be the equilibrium probability for 

state i of stage I (i:::1,2,3). The probability p1 (p2:= 1-p1) in Fig 6.1.1, is so 

chosen that the ratio Vt?rt over v21r2 equals 3:2. This means that, in the long run, 

the ratio of products of type A over products of type B is 3:2. The equilibrium 

probabilities and Pt can then be derived from the system (6.1). 
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1rtAt = Pt1r3A3 

1r2A2 = ( 1-p t) 1r3A3 

11"3 = 1-11"1-11"2 

2Vt1l"t ::::: 3V21l"2 (6.1) 

System (6.1) yields r-=(1/2,1/3,1/6)Tand Pt=P2=0.5 for stage I. The probability q1 

(q2:=1-q1) in stage II can be determined in the same way. This yields r-=(3/7,3/7, 

1/7) T and q1=.5. Note that, although the machine states correspond to production 

of either product A, B or switching over, the product types in the buffer cannot 

be distinguished into types A and B by stage II. It will be clear that the 

assumption of exponential distributions for the time to produce a lot, is not 

essential. It is straightforward to use arbitrary phase-type distributions. The 

number of machine states then increases. This way of modeling multiproduct lines 

is used in the differential-gear case, introduced in section 1.1 and treated in 

section 7.2. 

The product mix in the model is based on a time average. Influences exerted 

by the actual mix on the speed pattern of the stages, and possibilities of changing 

the actual mix to improve the speed pattern are not taken into account. This may 

lead to a modeling error. The error is not serious if the production sequence is 

independent of the actual state of the line (buffer content, average production 

speeds). In such a case the throughput and average work-in-process can be 

properly analyzed on the basis of aggregate models alone. This is the case, for 

instance, if the production sequence is determined by an external random process, 

like customer orders. 

However, in reality, the production sequence can be adapted to realize better 

machine utilizations. In general, the assumption of a randomly determined 

production sequence, based on an average mix, leads to a useful lower bound for 

the performance. The lower bound will be close if the ,capaci~y requirement ratios 

do not differ much. 

In the multistage case the same approach can be used. See section 7 .2. 

The situation becomes even more complicated if the stages consist of more than 

one capacity, for instance men and machines or different types of machines. A way 

to model simultaneous requirement of men and machines, is by two "'machines" in 

series, without intermediate buffer. If there is shortage of either man or machine 
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capacity, the entire stage will slow down or stop completely. The possibility of 

aggregating such different capacities to one capacity, depends also on the differences 

in capacity-requirement ratios over the products and on the stability of the 

production mix. 

6.2 LOT-8IZING 

Production of different products with the same capacities often leads to 
production in lots. After production of a lot of a certain type, a capacity is 

switched over. In the insertion-<lepartment case in section 2.1, production was in 

lots. Modeling this department educed no problem, because the downstream stage 

(vertical insertion) could keep on producing if less than a complete production lot 

was available in the buffer. But an adaptation in the model had to made for the 

transportation lot, the unit that arrived in the physical buffer. This unit was a 

single PCB. The adaptation was to choose the buffer capacity in the continuous

flow model lower than in the real system. It was argued that the real department 

had about the same performance as the continuous-flow model with a decreased 

buffer upper bound. It is equivalent to raise the buffer lower bound in the model 

instead of decreasing the buffer upper bound. In subsection 2.5.1, it is argued that 

two equal two-stage lines, but with buffer ranges [a,b] and [C+a,C+b] (a<b, 

CeiR.), respectively, and the same slowing-<lown behavior at lower and upper 

bounds of the buffer are buffer-shifted-equivalent. This means that they have the 

same throughput and furthermore that the mean buffer contents are shifted over C. 

In this section it will be demonstrated that continuous modeling of two-stage 

situations with lot-sizing leads to models with adapted buffer bounds, namely 

increased buffer lower bounds. The buffer lower bound in the model equals the 

average buffer stock, solely due to the lot-sizing effects. This adaptation of the 

buffer lower bound is based on the idea that buffer stock caused by lot-sizing can 

scarcely be used for buffering against disturbances in capacities, such as machine 

failures. The lot sizes may be different for different products and there may also 

be lot-size differences between stages. 

For simplicity we will restrict ourselves to two stages only. In the differential

gear case we have to do with lot-sizing in more than two stages. The ideas 

developed here, are applied in that case. The following aspects can be 

distinguished: 
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1. Lot-sizing in only one stage, or lot-sizing in both stages 

2. Production lots only, or production and transportation lots 

3. In the case of lot-sizing in both stages, are the lot sizes coordinated in 

quantity or not? Can batches for the same product be st&rted (nearly) 

simultaneously at subsequent stages (time synchronization)? 

The more coordination there is between the production lots of the different 

products in the two stages (in quantity and starting time), the less the increase of 

the lower buffer bound in the continuous model has to be. If besides production 

lots there are also transportation lots (that is, the products arrive in the physical 

buffer in discrete quantities), then the lower buffer bound has to be increased even 

more. The following situations are considered: 

a) coordinated lots in both stages: Q
1

.=Q11 ., where Q.. is th€ (production) 
,1 ,1 J,l 

lot-size of product i at stage j (j=I,II); 

b) Q11,i=O, no lot-sizing at stage II; 
c) coordinated lots in both stages: Q1 .=niQ

11 
., with ni integer; 

,1 ,1 

d) uncoordinated lots 

Situations a and b are discussed for the cases with and without transportation 

batches. The transportation lot-size is assumed to be independent of the product 

type. It is denoted with QT For these two situations it is shown, that the case 

with transportation lots is buffer-shifted equivalent to the case without 

transportation lots, with an extra increase of the lower buffer bound. A related 

result is derived by Hontelez (1985). He considers a single-product two-stage line 

with transportation lots. In this line, the first stage is perfectly reliable and titre 

second stage is unreliable, with exponentially diis.tri'buted iife .and repair times. 

Hontelez shows that this situation can be represented by a continuous model 

without transportation lots, but with a raised buffer lower bound (or actually a 

lowered buffer upper bound). 

No attempt is made to evaluate the adaptation of the buffer lower bound in 

the model precisely for all possible cases. Although the average stock due to 

lot-sizing effects may be hard to evaluate in particular situations, it is shown that 

at least upper bounds can be obtained relatively easy. An upper bound for the 

stock due to lot-sizing leads to a lower bounds for the throughput. Since we are 

only interested in the stock in the system due to lot-sizing, it is assumed that 

there are no machine failures (or switch-over delays, which can be modeled as a 
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special type of failure). The influence of machine failures on the quality of the 

model is discussed at the end of this section. Another assumption in this section is 

that capacity requirement ratios for different capacities are more or less equal for 

all products. The results are based on De Koster and Wijngaard (1988a). 

a. QI .=Q11 ., for all i. 
,t ,1 

Consider a two-stage continuous-flow system with lot-£izing in both stages, 

without transportation lots. Hence, the products arrive in the buffer in 

infinitesimally small amounts and are taken out of the buffer in infinitesimally 

small amounts. The lots at the two stages are the same for all products. Assume 

furthermore that a lot partly finished by stage 1 can be started processing by stage 

11. In that case the distance of the two stages from each other (measured in stored 

capacity) can be very small, just as in the case without lot sizes: the lots are 

produced (almost) simultaneously by both stages. So, if a. continuous model is used, 

the minimum buffer level has to be set equal to 0 in this case. 

In case products arrive in transportation lots of size QT in the buffer, the 

capacity distance of the stages becomes larger. For all product types, stage 1 

remains somewhat ahead of stage 11. This amount can be reasonably estimated by 

QT' Hence, in a. continuous-flow model the lower buffer bound has to be set equal 

to QT' 

b. QII,i=O, for all i. 
Consider the case where the second stage has constant production rates for all 

products. The first stage produces in batches. It is assumed that a partly finished 

run can be counted as being part of the buffer content. This means that as soon 

as one product of that batch is finished it is available for consumption by stage 11. 

Hence there are no transportation lots. Stage 11 consumes products from the buffer 

cyclically: ABCABC.. (arising from an external demand, for instance), without 

switch-over delays. Stage 1 bas to fulfill the needs of stage 11. The decrease in 

buffer content is the result of a sequence of many (infinitely) short production runs 

of that product. Let Pi be the speed of stage 1 for product i and let di be the 

speed at which product i is used by stage 11. The inventory pattern for the case of 

three products is then as sketched in Fig. 6.2.1. The inventory pattern for a single 

product is sketched in Fig. 6.2.2. 
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Figure 6.2.1 Inventory pattern in the case of constant consumption by stage II and no idle 
periods of stage II 

buffer Q 
content - _ 

Fjgure 115.1,.2. Sin,gle product, conllitlmt consumpticm rate 

In Fig. 6.'2.2, 'f is tibe cycle time and t is the run time for the product. Stage 

I does not produce the produd. during T-t. The average inventory is equal to 

~T-t)/T = ~JMi)/p 

Hence, in the multiproduct situation the average inventory is equal to 

(6.1) 

A straightforward choice for the buffer lower bound in a continuous flow model of 

this situation would be the amount in formula (6.1). The difference with the real 

system is, that it may be possible that stage II is starved when the buffer is 

empty, while in the model stage II is starved when the buffer level equals (6.1). 

Therefore, the choice of (6.1) as buffer lower bound in the continuous flow model 

only results in a good representation of the system, if there is little variation in 

the amount of stock due to lot-sizing: if this amount were constant {and equal to 

(6.1)), the modeling would be exact. 

In order to investigate the variation in the stock due to lot-sizing, 1consider the 

case of two products and no idle periods, sketched in Fig. 6.2.3a. 



178 

buffer 
content 
(units) 

CAPACITY MODELING OF MULTIPRODUCT LINES 
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Figure 6.2.3a. Figure 6.2.3b 
Two-product situation, without idle time oC stage L The cycle time T=Qtfdt=Q2/d2, 
t=Qt/Pt=Q2/d~/P2 is the run time oC product 1, T-t is the run time of product 2. 

The average inventory for the situation sketched in Fig. 6.2.3a (measured in units) 

is given by formula (6.1). Measured in units, the actual inventory due to lot-£izing 

varies between Qt(Pt-dt)/Pt (all products of type 1) and Q2(Pr<h)/P2 (all products 

of type 2). If the number of items increases, then the fluctuations in buffer content 

will decrease and the actual inventory will be close to (6.1). Measured in hours of 

production of stage I, the actual inventory is constant, even in the case of only 

two products. This is sketched in Fig. 6.2.3b. Note that it follows from the full 

utilization of the stations that Q1/dt=Q2/d2 and Qtfpt=Q2/dz-Q2/P2· This implies 

that pt-dt.9.t = P~2 .9.2, and therefore the stock is constant, measured in hours 
Pt Pt P2 P2 

of production of stage I. 

Hence, it follows that if the stages have high utilization rates (relatively small idle 

periods), then the stock due to lot-£izing will be nearly constant (measured in 

hours of stage I) and hence the choice of (6.1) as buffer lower bound (6.1) in a 

continuous-flow model will yield a good approximation. 

Assume now that the products arrive in transportation lots of size QT in the 

buffer. The transportation lot size is the same for all products. In this case the 

buffer lower bound has to be set somewhat larger as indicated in (6.1), just as in 

the case of equal lot sizes in the stages. An increase of (6.1) by QT will be 
reasonable in most cases. 

c. QI .=n.Q11 ., for all i, n. integer. 
1 I I 1 I I 

If the lot-£izes in stage I are ni times the lot-£izes in stage II, . then there is 

again a certain coordination: the ni lots in stage II form precisely one lot of stage 

I. First, it is assumed that time coordination is also possible. The case in which 

there is no time coordination is discussed later. The resulting inventory pattern for 
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one product, with ni=4 is sketched in Fig. 6.2.4, for the case of a regular 

consumption by stage II of this product. The production speeds are assmned to be 

equal for both stages. Stage II already starts production as soon as the first 

(infinitely small) unit of product is finished by stage I, and hence there are no 

transportation lots. It is furthermore assumed that the second stage consumes lots 

in FCFS (First Come First Served) order: lot A-lot B-lot C-lot A-lot B-lot C-... 

buffer 
con ten 

4Q 

' 

tiJRe 

Figure 6.2.4 Ideal inventory pattern for one product, in case Q
1
=nQII and sy,ncbronization 

In the situation sketched in Fig. 6.2.4, with alternating runs for the product and 

other products, the average inventory for one product is equal to (indices omitted) 

Q~1(n-1)~ = Q~1(n-l)~, 

where p is the production rate of stage I and d the average-use rate of the 

product. T is the cycle time m t is the run time of the product. Note that, in 

the limiting situation that the :sernmd .stage becomes faster, or that the batcll. 'Sizes 

at stage II become smaller, the sit'liation sketched in Fig. 6.2.4 tends to the 

situation sketched in Fig. 6.2.2. In case of many products, where stage n consumes 

batches of different products in a cyclic order, a reasonable choice for the lower 

buffer bound, will be 

E QI~,i(n·-1)Pi~i. 
i l pi 

Note that this formula corresponds to the lower buffer bound in situation a in case 

ni=l, for all i. 
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d. Uncoordinated lots. 

The situation of uncoordinated lot sizes (in quantity) in the stages is more 

difficult than the previous ones. It is more difficult to derive good buffer lower 

bounds for a continuous model. The average stock in the system due to lot-sizing 

effect will be larger than in the case of coordinated lots. This leads to a higher 

buffer lower bound in a continuous-flow model. It will depend on whether there is 

time synchronization or not: is it possible to start a batch in stage II nearly 

simultaneously with the same batch in stage I, or not? In the case of time 

synchronization, the buffer lower bound will be lower than it would be without 

time synchronization. Furthermore, the stock due to lot-sizing will be less constant, 

which means that the choice of a hard buffer lower bound leads to an under

estimation of the throughput. For a more extensive treatment of this case, see De 

Koster and Wijngaard (1988a). 

The situations with coordinated lot sizes sketched above show that it is indeed 

possible to use continuous models in the case of lot-sizing and capacity 

disturbances, by adjusting the buffer lower bounds. In such a continuous-flow 

model, the lower bound on the buffer content has to be chosen equal to the 

average stock due to lot-sizing effects alone. This average stock has to be 
determined by assuming that no capacity disturbances occur. Generally, the stock 

caused by lot-sizing effects can only be used to a limited extent to buffer against 

capacity disturbances (see Fig. 6.2.3b). 

Although it is not always possible to determine this lower bound precisely, it is 

fairly straightforward to overestimate it, so that at least a lower bound for the 

throughput can be derived. 

6.3 WORK-IN-PROCESS 

Production stages in general multiproduct flow lines may consist of several 

machines and buffers and are not empty therefore, but have work-in-process 

generally (see Fig. 6.3.1). 

Assume first that each production stage can be characterized by one 

(bottleneck) capacity. Hence the other capacities in the stage are much faster for 

all products. The work-in-process in the stage consists of two components. In the 
first place, the work that has been executed already by this capacity, but has not 



6.3 work-in-process 181 

yet been transferred to the buffer (EW) and in the second place the work that has 

not been executed yet, that is the remaining work (RW). 

I II 

Figure 6.3.1 Production stages with work-in-process 

A normal procedure in such a situation is to apply workload control (see sub

section 1.3.2), in order to keep the remaining work constant. The effect of 

workload control is that not only the remaining work, but also the executed work 

remain fairly constant (at their norms RWN and EWN). If the remaining work 

and executed work are kept strictly constant, then, in a continuous-flow model, the 

capacities can be positioned at the beginning of the production stages, instead of 

somewhere in the middle (see Fig. 6.3.2). 

RV ~ s--z _ _.RV 
-\!- ~---v---\1- --+ 

I II 

Figure 6.3.2 Workload-.:ontrolled stages 

The distance between capacities I and II, measured in stored capacity, is then equal 

to RW{Il)+EW(I)+ buffer content. The system in Fig. 6.3.2 can be modeled as :a 

system without work-in-process, but with the lower bound for the buffer content 

equal to RWN(II) + EWN(I). In the case of a less strict workload control, where the 

remaining work is only kept below a certain level, it is probably better to model 

the system in Fig. 6.3.1 in the following way as a system without work-in-process, 

with four 'machines" instead of two (see Fig. 6.3.3). 

- avv~ ---S+-v.,C.z __ _., avv~--

input stage I capacity I input stage II capacity II 

Figure 6.3.3 Split stages 
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The buffer between capacity 1 and input stage 11 contains EW(I) and the inventory 

between the two stages. The inventory between input stage i and capacity i 
contains RW(i), i=l,ll. The input machines have to be modeled as high-speed ones 
and are completely reliable. The input of stage i becomes blocked if the line 
content between input stage i and capacity i equals RWN(i). The lower bound of 

the buffer content between capacity 1 and input stage 11 has to be adjusted for the 

average amount of work executed by stage I, since stage II may become starved 
while there is executed work in stage 1. 

6.4 NONSTATIONARITY 

One difficulty in using the results developed for the continuous-flow model in 
aggregate production control of logistic lines is that in many cases demand and 
capacity in aggregate production control are dynamic, while the models used in the 
previous chapters are stationary. This difficulty arises only, of course, if the 

aggregate behavior is nonstationary. It should be realized that aggregate demand 

behavior is often more stable than the demand behavior of individual items. For 

instance, some products may be at the end of their life cycles, but other products 
at the beginning of theirs, so that aggregate demand, expressed in volumes, may be 

stationary. The remaining problem is how to check that the demand volume still 

has the same distribution so that the model parameters are still valid. 
Nonstationarity may yield a difficulty in application of the model. This 

difficulty has of course nothing to do with the continuous character of the model, 

it would also be there in the case of discrete modeling (queueing-type models). 

Whether the conclusion of Chapter 5, namely that local information is sufficient in 

the case of stationary aggregate production control, can be extended to the 

dynamic case is still an unanswered question. It depends of course on the degree of 

dynamics. It may be possible to apply the tools developed in Chapters 4 and 5 
quasi-statically. That is, to apply the approximation methods separately for sub
sequent system parameters. The problem is that in those chapters only stationary 
behavior of the models is studied. Nevertheless, the following simulations make 

clear that stationary behavior occurs relatively fast in these models. Reasonable 
stationarity already appears after about 5000-20000 time units, as is demonstrated 

by the simulations of two two-stage lines, listed in Table 6.4.1. For these 
particular lines this corresponds to about 50-200 failures per station. With 



6.5 conclusions 183 

reasonable stationarity we mean that the differences between throughput and 

equilibrium throughput and between mean buffer contents and equilibrium mean 

buffer contents are 'Blight". 

simulation time (units) 
I 
i 

exact 1000 5000 10000 20000 

case I v 0.8061 0.8286 0.8427 0.8374 0.8132 

EX 4.160 2.363 4.425 4.159 4.219 

case II v 0.8702 0.8919 0.8998 0.8786 0.8761 

EX 1.735 1.133 1.654 l. 749 1.754 

Table 6.4.1 Simulation of two two--£tage lines for different simulation times. Case I : llt=1, 
112=1.1, -\t=0.01, -\2=0.02, 1'!=1'2=0.09, K=lO. Case II: vt=l, 112=1.1, -\t=O.Ol, -\2=0.001, 
1'1=1'2=0.09, K=lO. For notations see section 2.3. 

In order to apply the models dynamically, the term at which model stationarity 

occurs has to be shorter than the term at which system parameters change. 

There may also be possibilities of making the demand stationary by applying a 

certain smoothing, or by making the whole system more or less stationary by 

changing the capacities simultaneously with the demand, so that the utilization 

rates remain constant. With respect to the first approach, stationarity may be 

obtained by considering the system over a longer time horizon and production-to

stock. Production may then be on the basis of a stationary program. Think also of 

the Kanban approach, where the production volume is more or less constant and 

where the production mix is decided monthly. 

A case where the results can be applied is that of the differential-gear factory 

of section 1.1. The production volume is determined by the number of trucks in 

the assembly plan. The truck manufacturer decides each year the number of 

products to assemble each day. Such a decision makes all preceding stages 

stationary. The case will be described and analyzed in Chapter 7. 

6.5 CONCLUSIONS 

In the previous sections it has been argued that continuous production models 
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may be the right ones for modeling the capacity level in multiproduct production 

systems. That suggests that the conclusion in Chapter 5, that local control is 
roughly equivalent to echelon control and workload control, also holds for aggregate 
goods-flow control. That does not mean that only local information is needed for 

goods-flow control as a whole. Generally it will be necessary to coordinate the 
timing of the lots in the various stages (see section 6.2). And that requires 

information about the delivery schedule in all stages. So, at item level the required 
information is integral, at capacity level the required information is local. 

A possibility for realizing coordinated timing is by relating the production lots 

of the stages to a fixed delivery schedule: each lot covers a certain part of that 

schedule. Assume that the first Lrr lots of stage II cover the delivery schedule up 

to time T. And that there are at least LI lots of stage I required to cover the 
same part of the delivery schedule. Then coordinated timing is implied if lot LI of 
stage I is produced just before lot L

11 
of stage 11. 

This also shows that it is not essential for the lots to be constant over time so 
long as the lots cover a given part of the delivery schedule. In the case that lot 
sizes are variable, use of a continuous-flow model with an increased buffer lower 
bound may still be possible. The approximation results however, will be less than 

in the case of fixed lots, since the average buffer stock due to lot-sizing effects 

will be less constant. 
Although it may be difficult to apply the continuous-flow model in an 

environment with many different products with different capacity-requirement 
ratios, or lot sizes between the stages, the results of sections 6.1 and 6.2 show that 
the model may anyway be used to obtain lower bounds for the system 

performance. 
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CHAPTER 7 

CASE STUDIES 

How the tools developed in this text can be used for the analysis and design of 
real production systems will be demonstrated in this chapter by means of two 

cases. 
The first case, described and analyzed in section 7.1, is a design problem. The 

problem is to design a production system so that a prespecified performance is 

realized. In this production system there are certain degrees of freedom, like buffer 

spaces, system layout (to some extent), number and allocation of operators and the 

control rule by which products are released to the system. This case is based on 
Giesberts et al. (1987). 

The second case is treated in section 7.2. It is an existing factory (the 
differential-gear factory, discussed in section 1.1). This factory is part of a chain of 

factories producing trucks. It has externally determined targets, such as a desired 
(aggregate) throughput ("trucks" per year), delivery performance measures like 

short lead times and furthermore little work-in-process. The problem here is to 

provide production control rules at capacity level to realize the required 

performance. 

In both cases the production systems produce different products. In order to 
analyze the systems at capacity level, these products have to be aggregated. The 
aggregation procedure is different for these cases. In the first case aggregation 

difficulties are circumvented by switching over from one set of products to another 

between shifts. In the second case, there are many different products with different 
capacity requirement ratios. The applied .aggregation procedure in this case is the 

one described in section 6.1. 

In the previous chapter, problems of applying the single-product continuous-flow 

model to multiproduct production situations were discussed. Solutions to 
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aggregation problems, problems of lot sizing and work-in-process were given. In the 

differential-gear factory these problems are treated in a multistage environment. 

The aggregation method for the first case is validated by comparing the results 

with detailed simulations. For the second case only partial validation is given (only 

the pr~perations and teething-capacity group were simulated). The case is 

intended as a demonstration that modeling and analysis at capacity level (using 

tools of this text may be possible for a such complicated situation. 

7.1 A COIN-VALIDATOR PRODUCTION LINE 

7.1.1 Case description 

The coin-validator production line is still in the design phase. It is going to be 

part of a production system which produces machines in which coin validators are 

used (for instance coffee machines). The coin-validator line produces a large 

number of different coin-validator types. The layout of the line is sketched in Fig. 

7.1.1. 

~::}!!=~'==!n662 ""==! 4.!6...[ +EJ-5 ~q ==:&0""==7 =:!d~"===!.!.[!=+r r=H~=t~ H(~l=l==:~ ~~ ~ ¢ ~~ ~ f!* 
pre-assembly calibration final assembly 

Figure 7.1.1. The coin-validator production line (schematically) 

The line sketched in Fig. 7.1.1 will consist of 9 fully automated assembly stations 

in the preassembly part, 16 semiautomated calibration stations and 4 fully 

automated assembly stations in the final assembly part. The assembly stations 

assemble different part types on the ma.in product, without switch--over delays. A 

product- type detector communicates the product type to the assembly station, 

which chooses the right part from the different part-type bins attached to it. Each 

coin validator consists of 18 parts. The total number of different parts is 28. A 

finished coin validator consists of two major parts: a mechanical and an electrical 

part. The total number of mechanically different products that can be assembled is 

320. The electrical part is a so-called Programmable Read-Only Memory (PROM). 

This PROM is programmed, as required for the country to which the final product 
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is sold. This is done at any of the calibration stations set up for that particular 

country. Part of the calibration operation is done by hand, the major part of the 

work is done automatically. A single operator can serve several calibration stations. 

Switching a certain calibration station from one country calibration over to another 

is time consuming (in the order of an hour) compared to the calibration cycle time 

(6-8 minutes). Mechanically different types can be handled by a calibration station 

without switch-over delays, as long as the products are of the same country type. 

All stations are connected by a conveyor belt. The assembly stations are all 

situated directly at the line, connected in series. They have in the present design 

proposition a buffer capacity of 6 products each, plus a working position at the 

station. The calibration stations are all situated off the main line, that is, the 

products have a bypass possibility. In the present design phase two buffer positions 

per calibration station are planned, plus a working position at the station. Each 

product is, depending on the country variant, automatically allocated to a 

calibration station for that country that has room in its buffer and the smallest 

remaining workload. If there is no such calibration station available, the preceding 

assembly station (station 9) is automatically stopped. Since the products have 

bypass possibility at the calibrators, the calibrators actually work in parallel. 

All assembly operations are carried out by robots and all assembly cycle times 

are deterministic. The slowest station in the preassembly part has a cycle time of 

20 seconds. The slowest station in the final assembly part has a cycle time of 19 

seconds. All assembly machines are designed to have a station availability, defined 

as machine up timef(machine up time+machine down time) of 95%. The cycle 

time of a calibration station depends on the country type and varies from 6 to 8 

minutes. The cycle times of all machines are listed in Table 7.1.1. The numbers 

1, .. ,9 refer to machines in the preassembly, number 10 refers to a calibrator and 

numbers 11, .. ,14 refer to assembly machines in the final assembly .. 

machine 1 2 3 4 5 6 7 8 9 10 11 12 13 14 number 

cycle 20 18 12 12 8 12 20 20 9 360-480 8 13 7 19 
time 
(sec.) 

Table 7.1.1. Cycle times of the machines in seconds 

The speed of the conveyor belt is expected to be about 12.5 em per second. 
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Products are placed on product carriers, which have a length of 25 em. Hence, the 

conveyor-belt cycle time is about two seconds per buffer position. 

As mentioned earlier, the cycle time at a calibration station varies between 6 and 

8 minutes, depending on the country type. About 30 seconds of the first part of 

the cycle time is taken up by a manual operation. The remaining operations are 

done automatically and have constant operating times. If an operator is available, 

there may be a small standard deviation in these 30 seconds. If there is no 

operator available, the calibrator has to wait till an operator arrives. The speed of 

the calibration part as a whole varies from 2.67 to 2 products per minute if all 

calibrators calibrate 6 minutes or 8 minutes, respectively (assuming that sufficient 

operators and products are available). Hence, it is clear that the calibration part is 

the bottleneck in this line. 

The production in this line will take place in 3 shifts of 7.5 hours per day, 5 

days per week. In view of the long set-up times of the calibrators when changing 

between country variants, it was decided to set-up the calibrators between two 

shifts only. As mentioned earlier, the coin-validator line is only one of the 

departments in the factory. The production in the factory as a whole is 

coordinated with an MRP control system. Every period (week) the departments 

receive an updated production plan. The production plan has a horizon of several 

weeks and specifies per period what products should be produced and in what 

amounts. Within each period the coin validator department is free to schedule the 

production, independently of decisions made in other departments, on condition that 

the production plan is realized. 

7.1.2 Design problems 

The major objective for the coin-validator department is to meet the production 

plan. At this moment, the annual mix over the different country variants is not 

known. Only the total annual required production volume is known, and that 

equals 550,000 products. Including set-up capacity losses, scrap and rework, the 

required annual production volume of 550,000 products leads to 122 products per 

hour. 10% slack for rework and scheduled maintenance of the production system is 

included in this number. Depending on the annual product mix (over country 

types), the required production rate leads to a required line efficiency varying from 

102% to 76%. The line efficiency is defined as 
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The maximum throughput is the number of products that can be produced per 

hour at the bottleneck, the calibration part, if it is fully occupied and there are no 

disturbances. Hence, it is clear that if the annual product mix consists of country 

types with 8 minutes calibration time in all, then the production volume can not 

be realized. This is however most unlikely. 

Since calibrators are switched-over between shifts, it is known within a shift 

what product types have to be calibrated. The product-release function must 

ensure of sufficient supply of the right products at the assigned calibration stations. 

Preventing idleness of the calibration part and waiting for operators is the most 

important control issue for this department. The installation of large buffers at all 

stations would of course help to solve the problem, but it has to be realized that 

buffers are expensive and that the space for buffers is restricted. In view of this, 

the major problems are: 

L to determine whether the planned number of buffer positions at the calibration 

stations is sufficient; 

2. to determine the number of operators; 

3. to develop a control system which guarantees that the required throughput can 

be realized. 

The product-release structure is therefore discussed in subsection 7.1.3. In 

subsection 7.1.4 attention is given to determination of the number of operators. In 

the present proposal there is storage room for three products at each calibration 

station (see Fig. 7.1.1), including the operating position. It will be shown that this 

is sufficient to attain the required performance. 

7.1.3 Control structure 

Before the capacity model of the coin-validator line is discussed in detail, a 

number of general remarks about the proposed product-release structure have to be 

made. 

As already mentioned, the major task of the product-release ftmction is to 

utilize the calibration group as well as possible. This means that, for all calibration 
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stations, the corresponding country variant has to be set up with the proper 

frequency. The utilization of a calibration station can be controlled by keeping the 

remaining workload of this station in the production system at a constant leveL 

Let ni be the number of calibration stations, calibrating country variant i. The 

structure of the set-up rule is then 

'Set up country variant i as soon as there are less than x · ni non calibrated 

country variants in the production system", 

where x is the remaining workload per calibration station (in numbers of coin 

validators). The status of a product changes from not calibrated to calibrated the 

moment the calibration is finished. This set-up rule stabilizes the system and sets 

up each individual country type frequently enough so that all calibration stations 

receive the right country variants in time, provided the throughput times are not 

too long. If the remaining workload per calibration station x is fixed at three 

noncalibrated products (at the most), then no blocking will occur at the pre

assembly by full calibrator buffers. Therefore, the remaining workload is set at 

three noncalibrated products per calibration station and hence 48 products for the 

calibration part as a whole. 

7.1.4 Problems involving operators 

The real line efficiency is affected by the availability of operators at the 

calibration part. In general, every product will have a certain waiting time for 

service, which depends on the number of operators and on the way the operators 

are assigned to the calibration stations. In this subsection the number of operators 

and their allocation over the calibration stations are determined so that the 

calibration efficiency is sufficiently high. The calibration efficiency is the fraction of 

time that the calibration part as a whole can operate, given that noncalibrated 

products are always available. If the waiting time of operators for items at 

calibration, and the waiting time of items for operators, given sufficient item 

availability, were independent, the real line efficiency would be the product of the 

line efficiency with 100% operator availability and the calibration efficiency. 

However, these waiting times are mutually dependent. If there is some waiting 

time for operators, the utilization of the calibration part will increase. If the 

calibration part is not fully loaded, the waiting time for operators will decrease. 
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It is now assumed that that these two kinds of waiting times are independent. An 

upper bound for the real line efficiency is then the minimum of the two 

efficiencies, and a lower bound is the product of the two efficiencies. 

The calibration efficiency can be approximated using the tables in Peck and 

Hazelwood (1958). In using these tables, it is assumed that the operator times are 

30 seconds per product. Letting the number of operators vary we obtain the 

following results. 

Assume that four operators are assigned to all 16 calibrators. Then it follows 

from tables in Peck and Hazelwood that the calibration efficiency is 100.0%. If 

these four operators are split into two groups, with each group responsible for 8 

machines on one side of the conveyor (see Fig. 7.1.1), then the calibration part 

efficiency varies from 99.8% for an average calibration time of 8 minutes, to 99.5% 

for an average calibration time of 6 minutes. 

If a single operator were available for each group of 8 calibrators, then the 

calibration part efficiency would vary from 96.7 to 93.8%. 

It is thus advisable to use four operators. Since it is not easy to allocate 

operators to calibration stations at different sides of the line, it is best to allocate 

two operators to each group of eight calibrators at one side of the line. 

In view of the high calibration-part efficiency for the case of four operators and 

of the negative correlation between waiting time for items by operators and waiting 

time for operators by items, the modeling and analysis of the line in the next sub

section is based on the assumption that there is no waiting time for operators by 

items. The modeling is such that the performance of the real system will be better 

than that of the model. 

7.1.5 Modeling the ooin-validator line 

The coin-validator line is modeled as a continuous-flow line, with machines of 

the kind introduced in section 2.3. The coin-validator line is so modeled, that the 

performance of the real system is better than that of the model. 

Only the preassembly stations and the calibration part are included. Final assembly 

is relatively fast compared with these parts and will have no effect on the line 

throughput. It only influences the throughput time. The model is sketched in Fig. 

7.1.2. 
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Figure 7.1.2. Model of the coin-validator line. Ci is the capacity of buffer Bj, K is the 
workload norm. 

The machines are modeled for constant speeds, which can be obtained from Table 

7.1.1. Life and repair-time distributions of the preassembly machines are not 

known. It is assumed that they are exponential, with parameters Ai and J.ti. 

respectively. The parameters Ai and J.ti are chosen so that the percentual machine 

availability <x/t~i) is 95%, for all preassembly machines. The aggregate flow in 
the model is controlled by workload control. The total work-in-process in the 

system is kept at level K (expressed in numbers of coin validators). 

The problem is to determine the parameters in the line in Fig. 7.1.2. The 

intermediate buffer capacities are fixed at 7 products in the preassembly. Hence 

Ci=7, for i=l, .. ,S. It is assumed that products finished by some station are 

immediately available for the next downstream station. The error made in this way 

is not serious. The crossing time per buffer position is about two seconds and 

hence the crossing time of a completely empty buffer is 14 seconds, which is small 

compared with the 20 seconds cycle time of the slowest machines in the pre

assembly. Furthermore the conveyor is in general not completely empty, so that 

the delay of assembly stations caused by the conveyor will be slight. Hence the 

throughput will hardly be affected by the speed of the transportation system. 

Since we want to model the department at capacity level, aggregation over the 

products is necessary. From a control point of view all different mechanical 

variants are identical, since 

- all different parts are assumed to be present at the line, 

- there are no differences in cycle times between the different mechanical product 

variants and 

- there is, at all stations, no switch-over time between mechanical variants. 

Hence the only remaining problem is the aggregation over the country variants. 

The calibration part is modeled as a single, perfectly reliable machine with the 

same constant speed for all country types. To determine the production rate in a 
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certain shift of this so-modeled calibration station for aggregate products we 

proceed a.<J follows. Let Ci be the cycle time of a calibrator calibrating country 

variant i in a certain shift. The production rate 11 for aggregate products is 

determined to be the time-weighted production rate of all calibrations in the shift. 

Hence, 11 Ei It c ~, where the summation is over the different country variants 

calibrated in the shift, ni is the number of calibrators calibrating country variant i. 

The aggregate product is interpreted as a mixture of the different country variants, 

with the corresponding weight for country variant i being It· Note that the 

production rate is shift-dependent. The aggregation procedure differs with the 

methods described in Chapter 6, since here the calibrators are parallel, while in 

Chapter 6 it was assumed that a single station processes all product types. 

The next problem is the translation of the set-up rule in the real system to a 

set-up rule in the model. The set-up rule in the model is to set up a new 

(aggregate) product as soon as the number of aggregate products in the system is 

less than K. The constant K depends on the real number of products in the 

system ( 48), but it is chosen smaller than 48 for reasons discussed below. 

It is assumed in the model that, of the 48 products in the system, 16 are 

always located within the calibration station. These products have no part in the 

buffering function. This means that the workload norm for the rest of the line has 

to be fixed at K=32 products. This leads to an underestimation of the throughput. 

The calibration station in the model is starved when the preceding buffer is empty, 

whereas in reality, the calibration part can keep on working for while, since there 

are still products at the operating positions. 

It necessary to reduce K even further. The throughput time of the products in 

the model consists only of waiting time, since the product flow is continuous and 

transportation times are neglected. Therefore the products arrive earlier at the 

calibration part compared to the real system, which implies that calibration 

utilization and as a result the throughput is too high. This error can be corrected 

by subtracting extra products from the workload norm of 32 products in the 

model. In the case of an empty system, the real throughput time of the pre

assembly is 4 minutes (consisting of cycle times and transportation times) longer 

than the modeled waiting time. A throughput estimate is the production rate of 

the calibration part 11 (expressed in products per minute), assuming 100% 
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utilization. Using Little t formula, the extra throughput time in the real system 

leads to approximately 4 ·v extra products needed in the real system. Hence the 

workload of the model can be reduced by 4 · v products. In Table 7 .1.2 the 

resulting workload norm in the model is indicated as a function of the average 

calibration time. 

average calibration time (sec.) 
360 390 420 450 480 

I 21 22 23 23 24 

Table 7.1.2. Workload norm K as function of the average calibration time 

In the next section the throughput of the model will be approximated using the 

method of Chapter 5. The results will be compared with simulation results 

obtained from a more detailed model. It will be seen that the rough model here 

used and the approximation method give good results for the throughput. 

Three different failure characteristics of the preassembly will be evaluated. 

I: average lifetime of 3420 seconds and repair time of 180 seconds, for all 

assembly stations 

II: average lifetime of 1710 seconds and repair time of 90 seconds 
III: average lifetime of 855 seconds and repair time of 45 seconds. 

These characteristics all lead to the required station availability percentage of at 

least 95%. All failure rates are assumed to be state-dependent, in the sense that 

blocked or starved machines cannot fail. 

7.1.6 Model aoa.lysis 

The model described in the previous section is analyzed using the approximation 
methods of Chapters 4 and 5. In section 5.2 it was remarked that a workload

controlled line with only one integral restriction (that is Kt=K2= .. KN_1=:K, 

notation of section 5.2) is identical to a base-stock-controlled line with a single 

integral restriction. The line sketched in Fig. 7.1.2 has finite local buffers and a 
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single integral restriction: the total number of products allowed in the line is K. 

Hence it is possible to apply the approximation method derived for base-stock

controlled lines to the present situation. Subsection 5.1.3 has shown how a 

continuous-product flow line controlled by the Base-Stock System and with 

additional local restrictions can be approximated by a locally controlled line. In the 

notation of section 5.1.3 the local buffer capacities are Cr=7, for i=l, .. ,8 and 

Cg=K. The integral restrictions Ki are all equal to K, for i=l, .. ,9. 

The throughput approximation of the coin-validator line is made in two steps. 

In the first step, using the method of section 5.1.3, ·.the equivalent local buffer 

capacities K{, are determined. In the second step, the resulting line is 

approximated for the throughput from left to right and from right to left. In this 

approximation the method described in section 4.3 denoted by AP3 is used (see 

Table 4.3. 7). The final throughput is obtained as the average of the throughput 

obtained by left-to-right and by right-to-left approximation. By dividing this 

throughput by the production rate of the calibration part, the line efficiency is 

obtained. 
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Figure 7.1.3. Obtainable and required line efficiency as a fu:nc:tioa. of the average duration 
of calibration per product for three different failure ~'haracteristics. o: failure characteristic I, 
+: characteristic II, ><: characteristic III. 
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In Fig. 7.1.3 the obtained line efficiency (in %) of the coin-validator line as a 

function of the average calibration cycle time (in seconds) is sketched for three 

different failure characteristics mentioned in section 7.1.5. The required (annual) 

line efficiency is also indicated, on the basis of the required average production 

volume of 122 products per hour. The line efficiency decreases as the average 

calibration time becomes shorter. This is caused by the fact that the calibration 

part becomes less of a bottleneck. The overcapacity of the preassembly decreases 

with decreasing average calibration time. This decrease of overcapacity causes an 

increase of products in this part of the line, and thus a decrease of products in the 

calibration buffer. This has a negative effect on the line efficiency. From Fig. 7.1.3 

it can be concluded that, if the average calibration duration on an annual base is 

420 seconds, then the realized line efficiency is higher than the required line 

efficiency of 89%. If the annual average calibration duration is longer than 440 

seconds, capacity problems may arise. Note, however, that efficiency losses due to 

waiting for operators at the calibration part are not included. In the case of four 

operators, such efficiency losses will have hardly any influence. If fewer operators 

are used, the line efficiency will be lower than indicated in Fig. 7.1.3. 

7 .1. 7 Discussion of results 

Some representational errors have been made in the model, the influence of 

which is discussed below. 

1. In the real system the cycle time depends on the number of operating 

calibration stations. No such distinction is made in the model. This error is 

ovefL<:orrected by assuming that, if the local buffer of the calibration part is 

empty, this station stops producing. In the real production system the 

calibration part continues producing because all operating positions are still 

occupied. Therefore the throughput of the model is less than the throughput of 

the real system. 

2. In the model the product is an aggregate: no difference is made between 

country variants. In the real system there is in principle a possibility that there 

are products in the calibration part while some calibration stations are idle. 

This occurs if the waiting products are not of the country type which is 

currently calibrated at the idle stations. This error is however corrected by the 

set-up in the real system. Products are set up in sequence of earliest 

requirements and therefore also generally arrive in that same sequence. Products 
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which have just arrived at the calibration buffer had the earliest shortage of 

workload. So these products are the ones which are needed most urgently and 

hence idleness is prevented. Therefore this representational error has little 

influence (or none at all) on the throughput. 
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Fig. 7.1.4. Comparison of approximation and detailed simulation (for failure characteristic I) 
for a single product type 

To obtain some insight into the effect of other representational errors, like the 

assumption of a continuous product flow and aggregation over the products, 

detailed simulations of the line were carried out. Underlying assumptions in this 

simulation model are: 

1. The product flow is discrete (machines have service times, not production 

rates). 

2. All country variants are explicitly modeled (with different cycle times at specific 

calibration stations). 

3. Failure characteristics and machine speeds are the same as in the model 

previously discussed. Failures are state-dependent. Cycle times are constant (see 

Table 7.1.1). 
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4. The conveyor speed is one product position in two seconds. 

5. All machines calibrating a single country variant are clustered. For instance, if 

there are four country variants, then calibrators 1--4 calibrate variant 1, 

calibrators 5-8 variant 2, calibrators 9-12 variant 3 and calibrators 13-16 

variant 4 

6. At assembly station 9, country variants are allocated to the calibrator, dealing 

with the particular variant, having the smallest remaining workload (expressed 

in minutes), the product at the operating position incorporated. 

This model was simulated for 10,000,000 seconds, starting from an initial run, with 

only one product type. The results are compared with the approximation results for 

the earlier model for failure characteristic I, in Fig. 7 .1.4. The approximation 

results indeed appear to be lower estimates for the real line performance. The 

differences are reasonable. 
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Fig. 7.1.5. Detailed simulations of a single product type and sixteen product types 

The fact that only a single product type was simulated in the detailed model 

has hardly any influence on the (aggregate) throughput. In Fig. 7.1.5 two different 
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simulations of the detailed model are shown. One with a single product type ( 'b") 

and one with sixteen different product types ( "+"). This sixteen-product-type 

situation was also simulated for 10,000,000 seconds. Depending on the average 

calibration time c, the calibrator cycle times Ci are determined as follows. For an 

average calibration time c of 360 or 480 seconds, all calibrators had cycle times of 

Ci=360 or Ci=480 seconds, respectively. For c=348.0, Ci=360, i=1, .. ,8 and Ci=411.4, 

i=9, .. ,16. For c=411.4, Ci=360, i=1, .. ,8 and Ci=480, i=9, .. ,16. For c=443.1, 

Ci=411.4, i=1, .. ,8 and Ci=480, i=9, .. ,16. 

From these figures it can indeed be concluded that even a fairly rough capacity 

model gives good prediction of the real system performance. 

7.2 DIFFERENTIAL-GEAR FACTORY 

In this section, the differential-gear factory introduced in section 1.1. will be 

described, modeled and analyzed at capacity level, using the tools of this text. For 

several reasons this is a difficult task. 

1. Aggregation over products is difficult, since there are many products ( 4 will be 

included in the model), many capacities (7 will be included), and the products 

have different capacity requirement ratios at nearly all capacities. 

2. Lot sizes. All product codes have a specific (production) lot size in the pre

operations and a different lot size in the final operations. 

3. Manual handling is involved in nearly all operations. Operators can handle 

several machines simultaneously. In some parts of the factory they work in two 

shifts, in other parts in three shifts a day. 

The emphasis will be more on the type of modeling than on the performance 

aspect of the case. The modeling is fairly rough. It is shown that reasonable lower 

bounds for the performance can be obtained. It is possible howeYer, to make the 

model more accurate, at the cost of increasing the number of machine states. The 

model will be validated only partially by a detailed simulation of the preoperations 

and teething capacity groups (which is the bottleneck in the factory). The factory 

is described in subsection 7.2.1. The performance requirements of the factory are 

indicated in subsection 7.2.2. The model of the factory is presented in subsection 

7.2.3. Capacity control in the model is discussed in subsection 7.2.4. The model is 

analyzed, using tools of Chapters 4 and 5, in subsection 7.2.5. A comparison with 
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simulation results is given in subsection 7.2.6. 

7.2.1 Case description 

As mentioned in Chapter 1, the factory produces 65 different cogwheelfbevel
gear-i!et types. The sets are the major building parts of differential gears. They are 

supplied to an axle factory, before they are assembled into trucks. In Fig. 1.1.1 a 
sketch of the main flows in the system is given. For the capacity control we will 
restrict ourselves to the cogwheel flow, since the bevel gears require separate 
machines which have a large overcapacity compared with the cogwheel machines. In 

the cogwheel flow and the part where cogwheels are joined to bevel gears to form 

sets, only seven capacity groups are distinguished, some of which consist of parallel 

machines. In fact there are more groups in the cogwheel flow: four in the pre

operations, four in teething, ten in heating, one in grinding and three in polishing/ 
testing. However, the other capacity groups have such a large overcapacity that 
they do not influence the throughput. These other capacity groups may influence 
the throughput time. However, since the system is workload-controlled in the 
model, by keeping the total workload constant, at a proper norm, it follows from 

Little's formula, that a good estimate of the throughput automatically yields a 

good estimate of the throughput time. In this workload norm in the model, the 
average contents of noncritical capacity groups, not included in the model, have to 

be incorporated. 

The 65 sets of cogwheel/ bevel gears are made up of 30 different cogwheel 
codes. These codes can be divided into four main types (A, B, C and D). The 
flow over the different capacity groups is sketched in Fig. 7.2.1. 

gears 

preoperations teething heating grinding polishing 

final operations 

Figure 7.2.1. The considered eapaeity groups in the differential-gear factory 
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All cogwheel codes have the same routing over the above-mentioned seven 

capacity groups. Machine i is denoted by Mi. Machines with the same notation in 

Fig. 7.2.1 are identical and work parallel. The machines of type Ma and machine 

M4 also work parallel. Parallel machines are counted as being a single capacity 

group. In Table 7.2.1 the cycle times and switch-over times (separated by a slash) 

are given for all cogwheel codes at the different capacity groups. The time unit is 

periods, an hour containing 200 periods. 

pre-{)perations teething heating grinding polishing 
yea'J3J;y 
dea'Miil 

Type code It 12 {2x)13 14 (2x)ls 16 lv (3x)ls q1 q2 (87'~)) 

A 1 14.6/500 22.6/200 32/100 112/100 50.18 18.35 7.2/380 22/180 152 8 1900 
2 14.6/500 22.6/200 32/100 112/100 50.18 18.35 7.2/380 22/180 104 8 532 
3 14.6/500 22.6/200 32/100 112/100 43.01 18.35 7.2/380 22/180 360 24 12456 

14948 
B 4 11.96/500 14/25 30/100 97.5/100 30.11 14.4 7.2/380 55/180 54 18 144 

5 11.96/500 14/25 30/100 97.5/100 30.11 14.4 7.2/380 55/180 108 18 .SlO 
6 10.96/500 14/25 30/100 97.5/100 30.11 14.4 7.2/380 45/180 126 18 1032 
7 11.96/500 14/25 30/100 97.5/100 30.11 14.4 7.2/380 45/180 216 18 2730 
8 11.81/500 14/25 30/100 97.5/100 30.11 16.28 7.2/380 55/100 108 18 620 
9 8.24/500 14/25 30/100 97.5/100 30.11 14.4 7.2/380 55/100 252 18 2990 

10 11.96/500 14/25 30/100 97.5/100 30.11 14.4 7.2/380 45/100 90 18 460 

8486 
c 11 12.94/500 8/50 318/100 76/100 21.51 10.58 7.2/380 46.2/180 108 12 560 

12 11.36/500 8/50 318/100 76/100 21.51 10.58 7.2/380 46.2/180 132 12 1394 
13 12.94/500 8/50 318/100 76/100 21.51 10.58 7.2/380 54.0/180 60 12 210 
14 11.47/500 8/50 318/100 76/100 21.51 10.58 7.2/380 46.2/180 36 12 74 
15 11.36/500 8/50 371/100 69/100 21.51 10.58 7.2/380 71.2/180 60 12 258 

2496 
16 12.94/500 16.5/50 221/100 45/100 21.51 8.47 7.2/380 52.1/180 108 18 746 
17 12.94/500 16.5/50 221/100 45/100 21.51 8.47 7.2/380 52.1/180 156 18 1888 
18 9.32/500 16.5/25 221/100 45/100 18.82 9.55 10.9/380 52.1/180 144 18 1594 
19 9.32/500 16.5/25 221/100 45/100 18.82 9.55 10.9/380 52.1/180 53 18 220 
20 9.32/500 16.5/25 221/100 45/100 18.82 9.55 10.9/380 52.1/180 36 18 144 
21 9.32/500 16.5/25 221/100 45/100 18.82 9.55 10.9/380 52.1/180 108 18 778 
22 9.32/500 16.5/25 221/100 45/100 18.82 9.55 10.9/380 52.1/180 108 18 726 
23 9.23/500 16.5/25 221/100 45/100 16.13 9.55 10.9/380 4::!.1/180 54 18 150 
24 9.23/500 16.5/25 221/100 45/100 16.13 9.55 10.9/380 42.1/180 54 18 156 
25 9.14/500 16.5/25 221/100 45/100 16.13 9.55 10.9/380 33.8/180 18 18 50 
26 9.14/500 16.5/25 221/100 45/100 16.13 9.55 10.9/380 33.8/180 36 18 62 
27 9.14/500 16.5/25 221/100 45/100 14.12 9.55 10.9/380 35.7/180 72 18 364 
28 9.14/500 16.5/25 221/100 45/100 14.12 9.55 10.9/380 35.7/180 90 18 418 
29 9.14/500 16.5/25 221/100 45/100 14.12 9.55 10.9/380 35.7/180 108 18 548 
30 9.14/500 16.5/25 221/100 45/100 14.12 9.55 10.9/380 35.7/180 108 18 600 

8444 

34374 
Table 7.2.1. Data, including cycle times/switch-over times (in periods) for the different 
capacity groups. Ql is the lot size in preopera.tions, Q2 is the lot size in final operations. 
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The cycle times are in general not constant, but show some variability. These 

variations in cycle times are mainly due to set-ups of products by operators. The 

switch-over times are the times needed to switch over from a code to an other 

arbitrary code (also within the main types A,B,C and D). 

Since all codes listed in Table 7.2.1 require time to be set up, production is in 

batches. For all product codes there are two different production lot sizes. There is 

a code-dependent lot size in preoperations and teething and another (smaller) lot 

size in heating, grinding and polishing. The lot sizes in the preoperations are 

derived from the annual demand and Camp t formula. However, they are adjusted 

so that they are coordinated with lot sizes in heating and polishing. A lot size in 

preoperations is n times the lot size in final operations. The lot sizes in the final 

operations are based on transportation lots. The lot size depends on the number of 

parts that a transportation box can contain. Before heating (Ms), the parts are 

loaded in such boxes. Usually a complete preoperation lot is dealt with before 

another one is loaded. 

Although production is in batches in preoperations, there are no transportation 

batches: as soon as M1 finishes an item, M2 can start operating on it (provided M2 
is set-up correctly). The buffer Bt is FCFS (First Come First Served) emptied. 

Operators are needed to set up products at Mt and M2. A single operator controls 
both machines. In this part of the factory, work is done in three shifts of 7.5 

hours each per day. 

The next downstream capacity group is teething. There are three parallel 

teething machines. Two teething machines are identical, of type Ma. Machine M4 

differs from Ma. All teething machines can handle all product types, but the types 

A and B have priority on the machines Ma and the types C and D have priority 

on machine M4. This is, because product types A and B can be operated faster by 

machines M3, types C and D are are faster operated by machine M4. See Table 

7.2.1. If necessary, all machines can work simultaneously on the same batch. If 

there are items of types A or B and simultaneously items of type C or D present 

in the buffer, then machines M3 produce solely A and B, and machine M4 

produces C and D. Two operators work in this capacity group in two shifts. 

In final operations (heating, grinding and polishing) production is in batches 

and transportation is also in batches. The production-batch size in all capacity 

groups in final operations (apart from ovens Ms) equals the transportation-batch 

size (the contents of a transportation box). Since the batch sizes in the pre

operations are larger than in final operations, usually several identical batches are 
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produced subsequently in final operations. Machines M5 and M6 are ovens. Both 

ovens M5 are carousel ovens in which products are carbonated. Products are 

unloaded one by one from the transportation box into one of the ovens. Then they 

are loaded again into transportation boxes. The ovens M5 each work on an 

individual batch consisting of the contents of one transportation box. Work is in 

three shifts a day. 

M6 is a transit oven, which can contain several batches (boxes). Products pass 

this oven on a conveyor belt. Immediately after oven treatment they are ground by 

M7. The cycle times for M6 in Table 7.2.1 are cycle times for a completely filled 

oven. If the oven is empty, the cycle time of the first product of a batch is 

longer, since the oven has to be crossed. Machines M6 and M7 are set-up 

simultaneously, since they are operated by the same operator. In Table 7.2.1 the 

set-up time is indicated under machine M7. 

Sets of cogwheels and bevel gears are formed before polishing (M8). It is 

assumed here that there is no waiting by cogwheels for corresponding bevel gears. 

This assumption is justified since the bevel-gear machines have a large overcapacity 

compared to cogwheel machines. Since orders for a set are started simultaneously 

at the cogwheel and bevel-gear machines, the bevel gears will be present at B6 
before the cogwheels have arrived. The sets are polished at machines Ms. In 

contrast to the situation at machines M3 and M4, a batch is handled by only one 

of these machines. In grinding and polishing, work is in two shifts a day. 

7.2.2 Control objectives 

The yearly demand in Table 7.2.1 does not vary much within a few years 

(apart from long-term trends). Also the type-mix distribution is more or less 

constant. The code-mix distribution varies more. The (aggregate) yearly assembly 

plan is based on the expected demand. Its volume is fixed and it is distributed 

equally over the 13 periods within a year. The plan for one such period (four 

weeks) contains the detailed needs for individual codes. During a period, no 

changes are made in the plan. 

The aim is to realize the monthly assembly plan and to realize short lead 

times. Realization of the assembly plan means that at aggregate level a throughput 

of 34374 products per year has to be realized. Since a year has 250 working days, 

this leads to a desired throughput of 137.50 products per day. Another aim is to 

reduce the throughput times to one week. At the moment the lead time is three-
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four weeks. 

At detailed level it has to be guaranteed that the right products are set up, in 

order to meet the due dates. 

In the next subsection the machines in the factory will be modeled at aggregate 

level. The choice of the workload norm in the model is considered in subsection 

7.2.4. In subsection 7.2.5 it is analyzed. 

7 .2.3. Modeling the case 

In this subsection an aggregate model of the system is built. It is meant to 

illustrate the use of the continuous-flow model in the present situation. The aim is 

to determine whether the work-in-process can be reduced, while maintaining the 

same throughput. In modeling the system the following assumptions are made: 

1. Operators are assumed to be present when needed. In reality this is in fact a 

target set by management. Operators that have to fulfill other tasks, besides 

controlling cogwheel machines, also controlling bevel-gear machines, for instance, 

have to make sure that the other tasks do not cause idleness of cogwheel 

machines. At M1 and M2, where this assumption is violated, the operator still 

has to try to let the slowest of the two machines (M2) not be starved. 

2. Raw materials (casts) are assumed to be present when needed. In reality this 

has to be achieved not by purchasing the raw materials on the basis of the 

assembly plan, but on the basis of a derived plan, which has a longer horizon. 

This is necessary because the procurement times may vary up to fifteen weeks, 

which is far beyond the horizon of the assembly plan. 

3. At capacity level the factory is controlled by workload control. The total 

number of products in the factory is kept at a certain level. The order release 

is product by product (within a batch) and not batch by batch. 
4. It is assumed that the machines do not fail. In reality some machines do fail, 

but failure characteristics are unknown. However, it is not difficult to include 

failures in the model, if so desired. 

In modeling the aggregate goods flow over the different capacity groups, we 

proceed in two different steps. 

1. The codes within a type are aggregated. 

2. The types are aggregated. 
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As far as step 1 is concerned, it can be seen from Table 7.2.1 that, within a 

type, there are only slight differences in cycle times and switch-over times at all 

capacities. The cycle time of the type (an aggregate) at a capacity is determined 

to be the weighted cycle time of all codes within the type. That is, if ri is the 

relative fraction of yearly demand of code i within the type, then the cycle time is 

determined as ~.Ciq, with Ci the cycle time of code i. The switch-over time T and 
1 

batch-size Q are determined similarly: T=~.Tiq and Q=~.Qjri. The errors made in 
1 1 

this way in the switch-over times and cycle times are slight, in view of the slight 

differences between codes. The errors in batch sizes in preoperations are greater. 

This will (partially) be compensated later by assuming that the processing time of 

a complete batch is a random variable. The results are given in Table 7.2.2. 

q2 
year.l-y 

It 12 ( 2x) l3 14 (2x) l5 16 17 (3x) Is ql demallld 

14.6/500 22.6/200 32/100 112/100 44.21 18.35 7.2/380 22/180 323.62 21.3 14948 
10.5/500 14/25 30/100 97.5/100 30.11 14.54 7.2/380 50/142 193.78 18 8486 
11.9/500 8/50 323/100 75.3/100 21.51 10.58 7.2/380 49.4/180 110.27 12 2496 
10.4/500 16.5/33 221/100 45/100 18.45 9.21 9.7/380 47.8/180 117.49 18 8444 

Table 7.2.2. Cycle times/switch-over times (in periods) for types 

The aggregation over the types (to simplify notation, from now on denoted by 

1, 2, 3 and 4, respectively) is as described in section 6.1. The types can be 

distinguished from each other at each machine, since each type has a particular 

cycle time. However, in the buffers there is only one product, the aggregate. Here 

the products cannot be distinguished any more. The solution is to count buffer 

contents in units and to assume that in each buffer the type mix is identical to 

the yearly demanded type mix p=(14948,8486,2496,8444)/34374. 

The machines are now so modeled, that the type mix within each buffer is 

maintained. All machines are modeled as in section 2.4, that is with production 

rates llj, exponentially distributed sojourn times in all states, with rates Aj and a 

transition matrix P. If a machine produces N types (N=4 for all machines), then 

the machine has N+1 states (1,2, .. ,N,N+1). State j (j=1, .. ,N) corresponds to 

production of type j (note however, that the machine is not really able to 

distinguish between the products it takes from the buffer). After production of type 

j, it switches over to production of another product. This switching over is 

modeled by the transition matrix pi for machine Mi. The structure of the 

transition matrix is 
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pi= ~ 
0 0 0 1] 0 0 0 1 
0 0 0 1 . 

. 0. o. o. 1 
1 1 1 1 
51 P52 P53 P54 0 

CASE STUDIES 

(7.1) 

From this structure we see that, after production of a certain type, M1 switches 

over to state 5, with a production rate 0, after which a transition is made to state 

j with switch-over probability Ptj (j=1, .. ,4). Let 7i be the equilibrium probability 

for the machine states of machine Mi. The switch-over probabilities q!j are 

determined by requiring each machine to produce the equilibrium product mix (see 

section 6.1 ). That is 

i
i~ '1 N i a VI ,J:::: ' •• , 

~"j J n: 
t-ai ~ '9 ,j=N+l 

J VJ 

(7.2) 

for some constant ai. The quantity 1-ai~ Iq is the fraction of time that machine 
J VJ 

Mt is set up. Together with the set of equations (7.3) for the equilibrium 

probabilities and the additional condition t.P~+l,j = 1, the constant ai and the 

switch-over probabilities are determined com~letely. 

(7.3) 

We will now treat the exact choice of the machine parameters in the model, 

starting with machines Mh M2, M6 and M7. These machines all have five states. 

Then the groups of parallel machines M5 and Ms are treated, and finally the 

combination of machines M3 and M4. 

1. Modeling Mt, M2, M6 and M1 
Machines Mt. M2, M6 and M7 have five states. The first four states correspond 

to production of the four types. State 5 corresponds to switch-overs (or repairs). 

The (constant) speeds corresponding to these states are expressed in products per 

day, using the fact that Mt, M2 and M7 work in two shifts and M5 in three shifts 
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a day. The choice of '\:lays" as time unit enables problems of different shifts to be 

avoided, at the cost of loss of some detail. It is also possible to use hours as time 

unit and explicitly include shifts. This can be done by modeling shifts as a special 

kind of failures. See the discussion in section 7.2.6. The production rates of these 

machines are obtained from Table 7.2.2. Let llj be the production rate of type j 

0=1, .. ,4) and Qj the mean production lot-size of type j (for Mx, M2 the pre

operations lot size, for M6, M1 the final operations-lot size). The quantity Qj/llj is 

the mean time needed to produce a batch of type j. The mean sojourn time in 

states 1, .. ,4 is determined as Qjfllj. The mean sojourn time for state 5 can be 

obtained directly from Table 7.2.2 as the mean switch-over time (expressed in 

days). The distribution for the sojourn times is taken exponential. 

Two errors, which are discussed below, are made in these parameter choices. By 

the first error the system throughput is slightly overestimated. By the second error 

the throughput is underestimated. 

L Machine failures are not incorporated. Failures can be incorporated by proper 

choices of the sojourn time distributions in the machine states and the 

transition matrices. See the case of the insertion department in section 2.1 for 

an example. 

2. In reality, the time to produce a batch shows less variability than the 

exponential distributions. Exact distributions are not known, not even variances. 

The transition matrix pi, for i=1,2 (corresponding to machines Mt. M2) has a 

structure as in (7.1). For M6 and M7 the structure of pi is similar, except that pjj 

:f. 0, i=6,7; j=1, .. ,4. This is due to the fact that a number of batches of the same 

type are produced before switching over to another type. The structure of pi is 

then (i=6, 7) 

pi 

pft 0 0 0 1-pft 

0 Ph 0 0 1-ph 

0 0 Ph 0 1-ph 

0 0 0 Pl4 1-pl4 
i i i i 0 
51 Ps2 Psa P54 

(7.4) 

The probability 1-pjj is determined as the quotient QUQ}, where Q} is the batch 

size for type j in preoperations and Q~ is the batch size for type j in final 
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operations (see Table 7.2.2). The probabilities qj are determined by substituting 

equations (7.2) in the system (7.5), and by furthermore requiring !:.P~j = 1. 
J 

Equations (7.5) are the balance equations for the machine states. 

,j=1, .. ,4 

(7.5) 

2. Modeling M5 and Ms , 

The machines M5 and Ms are available in multiples. The modeling of parallel 

machines was treated in section 2.4 (see section 2.4.2). The present situation differs 

from that section since there are several product types. In principle, the machines 

M5 and Ms can be modeled in a similar way as the above-described machines, 

with five states per machine. The liferates can be determined by assuming that 

every machine finishes a complete batch, before it switches-over. The so-modeled 

machines can then be combined to form a single production unit, with many 

states. The number of states of such a production unit is quite large (52 for M5 

and 53 for Ms). In the approximation to follow in subsection 7.2.5 this implies that 

a system of about 53 (in the case of M5) or about 54 (in the case of Ms) linear 

equations has to be solved (the extra factor 5 for the case of M5 comes from the 

fact that the 52 states states of M5 have to be combined with the states of a 

neighboring aggregate machine, in an approximation sequence (see section 2.6 and 

Chapter 4). Although this will not lead to insuperable problems, a simpler 

approximation is chosen here. In this approach, the cycle times as listed in Table 

7.2.2, are halved for M5 and reduced to a third for Ms. The sojourn time in the 

switch-over state is also halved for M5 and reduced to a third for Ms. The 

efficiency of the group of parallel machines as a whole remains the same, but the 

variance in speed will be greater than in the case of modeling machine M5 as a 

machine with 52 states (this can be seen rapidly, when considering the somewhat 

simpler case of two parallel, identical unreliable machines with exponential life and 

repair times). In the proposed model, all machines are assumed to work 

simultaneously and they are also simultaneously switched over. Hence the jumps in 

production rates will be greater than in the case of modeling machines Ms as a 

production unit with 52 states, and there will also be less jumps per time unit. 

This will lead to an underestimation of the throughput (in the order of 10%, see 
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also the approximation and simulation results to follow). 

The sojourn times are determined in the same way as for machines Mt, M~~, M6 

and M7. The transition-probability matrix is given by (7.4) for both groups. These 

groups will be denoted by M5 and M8 , respectively. 

3. Modeling the combination of M3 and M4 

Modeling the three parallel machines M3 (available twice) and M4, is similar to 

the modeling of machines M5 and Ms. They are modeled as a single machine with 

five states. The corresponding speeds in these states are obtained by summing the 

speeds of the machines M3 and M4. For instance, it can be concluded from figures 

in Table 7.2.2, that 2x3000/32 + 3000/112 products of type A can be produced 

per day (recall that work is in two shifts of 1500 periods a day, where an hour 

contains 200 periods). The resulting machine is denoted by M3. 

The model parameters for all machines in the system are given in Table 7.2.4. 

Machine speeds are expressed in products per day. Life rates are expressed in 

(days)-1. They are obtained from the figures in Table 7.2.2. 

In such modeling, several representational errors are made. 

1. Sojourn times in machine states. The sojourn-time distribution in machine 

states are all chosen as exponential. The average set-up time in the model is 

chosen equal to the real maximum set-up time for types. By this assumption 

the throughput is underestimated. For the productive states, the assumption of 

exponential distributions for the batch-production time also leads to 

underestimation of the throughput. In preoperations this assumption is justified 

by the fact that batch sizes show strong variations for codes within a type. In 

final operations batch sizes are nearly all equal for codes within a type, while 

cycle times are also nearly constant. It is possible -to take nonexponential 

phase-type distributions for the batch-production time for the final assembly 

machines, at the cost of increasing the state space of these machines. 

2. Halving the cycle times of machines M3, M5 and reducing the cycle time of M8 

to a third also leads to underestimation of the throughput, as argued before. 

3. An error is made in the aggregation over the products. It is assumed that 

batches of product types are taken out of each buffer in a random sequence, 

but so that the yearly product mix is realized. In reality it is possible to 

choose between the available batches. See also the discussion in section 6.1. It 
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may be possible to improve the utilization of certain machines by sequencing 

the batches. Hence the aggregation over the products will in general lead to an 
underestimation of the throughput. 

mach. It 12 Ia 
speeds (308.22,428.57, (199.12,321.43, (214.29,230.77 

378.15,432.69,0) 562.5,272.73,0) 58.42 '93. 82 ,0) 

rates (0.9524,2.212,3.429, (0.6153,1.659,5.101, (0.6622,1.1909,0.5298, 
3.683,9) 2.321,42.91) 0.7985,90) 

trans. 
[ 0 0 0 "] [ 0 0 0 0 

ll [1 
0 0 0 

ll 
matr. 0 0 0 0 1 0 0 0 0 0 0 0 

0 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 

.25.237 .123 .39 0 .25 .237 .123 .39 .237 .123 .39 

eff 299.07 243.49 143.00 

aach. Is 16 lr 

speeds (203.57,298.90, (245.23,309.49, (625,625,625, 
418.41,487.8,0) 425.33,488.6,0) 463.92,0) 

rates (9.544,16.606, (11.497,17.194, (29.30,34.72,52.08 
34.868,27.10,500) 35.44,27.144,500) 25.773,11.842) 

r· .. 0 0 

0 

·"] ["'" 0 0 
.07] r· .. 0 0 0 

.07 

trans. 0 .91 0 0 .09 0 . 91 0 0 .09 0 . 91 0 0 .09 
0 0 .89 0 .11 0 0 .89 0 .11 0 0 .89 0 .11 

matr. 0 0 0 .85 .15 0 0 0 .85 .15 0 0 0 .85 .15 
.25.237.123 .39 0 .25.237.123.39 0 .25.237.123.39 0 

eff 274.38 307.72 456.32 

mach. Is 
speeds (409.09,180.0, 

182.19,188.28,0) 

rates (19.179,10.0,15.182, 
10.460,52.749) 

r· .. 
0 0 

0 .07] 

jo 
.91 0 0 .09 

trans. 0 .89 0 .11 
matr. 0 0 .85 .15 

.237 .123 .390 0 

235.92 

Table 7.2.4. Resulting machine parameters 
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7.2.4 Control of the aggregate flow in the model 

To realize a good utilization of the teething-capacity group, the cogwheel flow 

in the model is controlled by workload. The number of products in the model is 

kept constant. In Chapter 5 it was argued that it does not matter whether the 

system is locally controlled or workload-controlled, since the same combination of 

throughput, work-in-process and throughput time can be realized by both control 

methods. The reason for choosing workload control, is that a good approximation 

for the throughput automatically yields a good approximation for the throughput 

time, by Little's formula. Furthermore it yields a relatively small variance in the 

throughput time (see section 5.4). 

Workorders are released in the model, whenever the number of cogwheels (also in 

sets) in the production system drops below norm. The workload norm in the model 

is related to the workload norm in the real system (K) as follows. In Chapter 6 it 

was observed that, in the case that production series differ in size in subsequent 

stages, there will often be stock in between those stages, which does not have a 

real buffering function, but which is present because of the different lot sizes. Here 

there will not be much stock due to lot-sizing effects, since the lot sizes in 

preoperations and final operations are coordinated. Furthermore, in final operations 

there is also some time coordination, since several batches of the same type are 

usually produced subsequently. Runs for these batches in final operations, can be 

started as soon as the first transportation batch is available. Therefore, there will 

be some inventory between preoperations and final operations, but the amount will 

be not much more than the average transportation batch size. Furthermore, 

between any two capacities in final operations the average inventory due to lot

sizing will be approximately equal to the average size of the transportation batch. 

The average transportation batch size can. be calculated as 

where Qi is the transportation batch size in final operations for product i, and Pi 

is the fractional yearly demand for type i. This leads to Q 19 products. In the 

model sketched in Fig. 7.2.1 there are only 4 stock points, where due to lot-sizing 

an amount Q is present (Ba, B4, B5 and B6)· In the real system there are 11 su<:h 

stock points. This means that in the real system the average inventory due to 

lot-sizing L equals llxl9 = 209 units of product. 
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Now assume that in the real system the workload norm is set to K=344 products, 

say, or 2.5 days of production. The stock due to lot sizing leads to an increase L 

of the lower buffer bounds (of the buffers in final operations). 

It is assumed that all operating positions are occupied. These products at the 

operating positions have no real buffer function. They have to be subtracted from 

the workload norm in the model. Since there are about 20 capacities in the system, 

coontaining products, another 20 products are subtracted from the workload norm. 

Hence the workload norm in the model has to be set equal to K ':=K-L-20 = 115 

products, or about 1.5 days of production. 

Although our main objective is to demonstrate that modeling with the continuous

flow model is possible for such a complicated system, in the next subsections the 

performance of the model is investigated. Since the modeling has been quite rough, 

it may be hoped that the model performance provides indeed a lower bound for 

the system performance. 

7.2.5. Analysis of the model 

Since the required daily production is 137.5 product units (based on 34374 set 

types per year, a year containing on average 250 production days), and the 

machine efficiency of the teething-capacity group is 143.0 products per day, the 

utilization of this group has to be at least 96.1 %. The relation between the work

in-process norm and the throughput and throughput time is established in Table 

7.2.5, using approximation methods from Chapters 4 and 5. The results in this 

table were obtained in the same way as in the previous section for the coin

validator line. The approximation method comprises two steps. First the 

approximation method of subsection 5.1.2, for lines with a single integral restriction 

and no local restrictions, is applied. In this way an approximately equivalent line 

is obtained, with local restrictions only. In the second step this line is 

approximated, from left to right, using the AP3 method (see Table 4.3.7). Since all 

machines have more than two states, state-reduction steps were used in both 

approximations. Such a state-reduction step consists of the approximation of a 

two-stage line with machines modeled as in section 2.4, by a simpler two-stage 

line, with four machine states only. This state-reduction step is the same as 

applied in section 2.7. 

In the approximation method, time-dependent transitions are assumed. That 
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means that a machine that is blocked or starved, is switched over at the same 

rate as for full-speed production. Note that in reality batches are finished before 

machines are switched over, so that by this assumption the throughput is again 

underestimated. 

The extra amount of products in the system which has no part in the buffering 

function (L) leads to an increase in throughput time, equal to ~' where v(K ') 

is the throughput of the (modeled) system, with a workload norm of K '=K-L-20= 

115 products. This increase in throughput time is incorporated in the throughput 

time S(K) in Table 7.2.5. 

K '(units) v(K ')(units/day) S(K) (days) 

115 137.2 2.51 

Table 7.2.5 Approximation of the differential-gear production line. S(K) is the average 
throughput time 

From the results in Table 7.2.5 it can be concluded that, at aggregate level, a 

throughput time of 2.5 days is realizable, with a corresponding throughput of 137.2 

"products" per day. This leads to 34300 products per year, so that the yearly 

production volume can approximately be realized in fact. Care has to be taken in 

interpreting these results. It can be expected that, due to the rough modeling, the 

throughput is underestimated. The throughput will be underestimated even more by 

the time-dependent approximation. 

7.2.6. Evaluation 

The modeling of the differential-gear factory is very ·crude. In view of the 

rigorous assumptions made (for instance in determining the aggregate and in the 

modeling of the teething-capacity group) one may wonder to what extent the 

results in Table 7.2.5 provide lower bounds for performance of the real system. No 

attempt will be made here to fully investigate the validity of the model, but the 

approximation results are compared with detailed simulation results of the pre

operations and teething part of the factory. From Table 7.2.4 it can be seen that 

this part forms the bottleneck. 
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The simulation model differs in various aspects from the model presented in 

subsection 7.2.3. 
1. Four types of products are distinguished in the simulation model (types 1, 2, 3 

and 4). Products are discrete, cycle times are random variables. The 
distribution of the cycle times is so-called 'finite normal", that is the average 
of a number of random drawings (6) from a uniform distribution whose mean is 
the mean cycle time and whose lower and upper bounds deviate 50% from the 
mean. Switch-over times are constant. 

2. Batch sizes (preoperation lots) are constant. Batch sizes are chosen as follows: 

type A: 373; type B: 212; type C: 62; type D: 211. These batch sizes are 

chosen so that they have the same ratio as in the yearly production plan, while 

they do not deviate very much from the real average product-type batch sizes. 
3. Products are set up cyclically, in the order D-A-c-B-D-A-c-B-... The reason 

for setting up products cyclically is twofold. First, the yearly production volume 
of each type is produced. Second, machines M3 and M4, which form the 
bottleneck of the system, are loaded alternately. This prevents idleness of the 
bottleneck as a whole. 

4. The machines Mt and M2 work in two shifts. This is modeled by letting these 

machines fail after a constant time of 2920 periods and having them repaired 

after 1500 periods. Note that an hour contains 200 periods. The products whose 

processing has already started are finished first. Note also that in the aggregate 
model of subsection 7.2.3, shifts could have been modeled in this way. However, 

since operation and "repair" times are constant, this can only be done at the 
cost of many exponential phases, which leads to many machine states and 

increases the complexity. 

5. The data in Table 7.2.5 are obtained using a workload of 344 products for the 

system as a whole. Since the simulation model only includes a small part of the 

factory, it would not be fair to compare the results of Table 7.2.5 with 

simulation results, obtained by means of workload control, with a workload of 

K=344 products. Instead, it is assumed that the buffers B1 and B2 can contain 
a finite number of products. The problem is to determine the capacities of these 

buffers. In the model of the previous section, the products will not be divided 

equally over all six buffers (see Fig. 7.2.1). The amount upstream of the 

teething-<:apacity group is estimated at about one day of production, the 
amount downstream is estimated at about one and a half days of production. 
Therefore the buffer capacities in the simulation model are chosen as 
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K1 =K2=69. products. This keeps the number of products in the simulation 

model limited as well. 

The simulation results were obtained by simulating the system for 4, 8, 12 and 16 

weeks (5 days per week), all starting from an initial run of 3 weeks. These results 

are given in Table 7.2.6. 

run time 4 weeks 8 weeks 12 weeks 16 weeks 

throughput 
(prod./day) 174.31 173.85 173.43 172.52 

av. cont Bt 65.31 65.67 65.60 65.47 
82 53.23 53.34 53.47 53.36 

tot.cont. 118.54 119.01 119.07 118.83 

Table 7.2.6. Simulation results for detailed four-product model 

Note that the throughput of the real system will be lower than the 172.5 products 

per day following from the simulation results for 16 weeks, since the ovens, and 

the grinding and polishing capacities are not included. Nevertheless, it can be 

concluded from the simulation results in Table 7.2.6, that the real system will 

most likely perform better than the approximation model in subsection 7.2.3. Note 

also that the mean system content upstream of the teething capacity group is 

nearly one day of work in the simulation model, which means that the choice of 

the buffer capacities in the simulation model is reasonable. 
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EPILOGUE 

In this text, an approach is given for capacity oriented modeling, design and 

analysis of production systems. The main features of the modeling aspect are: 

1. Aggregation of different products. 

2. Continuous modeling of the product flow. 

3. Multistate machines with constant machine speeds in each state. 

4. Loca.l or integral buffer control policies. 

The main analysis tools with which these models can be evaluated are heuristic 

analytic methods and simulation. Here heuristic tools are advocated. An 

approximation method is developed for obtaining capacity oriented performance 

criteria of production systems. The approximation method consists of three parts. 

1. A method to approximate two complex machines or two groups of parallel 

machines, separated by a buffer, by two simple machines. 

2. An aggregation method, which replaces two machines and an intermediate buffer 

by a single machine. 

3. A combination of the two above named steps in a sequence to approximate 

large networks. This sequence depends on the layout of the system and on the 

way the system is controlled. For flow lines schemes are given in subsection 

4.2.3 (local control) and in subsection 5.1.2 (control with BSS). For more 

complicated networks no schemes are given, but sequences to solve larger 

networks are selfevident, as is shown by some examples in Chapter 4 (a/d and 

buffer-sharing networks). 

Three cases are considered (in Chapters 2 and 7). All cases have a flow structure. 

Furthermore they all consist of many stages and many different products have to 

be manufactured by the same capacity groups. By means of these cases it has been 

demonstrated that it is possible indeed to describe the cases at aggregate level 

using the model of this text. All cases were analyzed, using heuristic analytic tools 

introduced in Chapters 2, 4 and 5. The cases in Chapter 7 were compared with 

simulation results and it has been shown that this way of modeling and 

approximating performance gives good results. The approximation method is fast. 
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How can the modeling and approximation method be used in practice? It can be 

used as a fast design tool. This is illustrated by the first case in Chapter 7. 

Although the available data for this case were limited and unsure, still a prediction 

could be given concerning the behavior of the system and whether the required 

performance could be realized or not. Closely related, it can also be used a.<> a tool 

to evaluate different scenarios. For instance, the effect of reallocating buffers, 

capacity extensions, decreasing set-up times, different control rules etc. on 

throughput, average work-in-process and throughput times. 

Some attention has been paid to the validity of the model by comparing it with 

detailed simulations. Little attention has been paid to what extent the model is 

valid in complex production situations, where besides aggregate targets, also 

detailed performance requirements play a role (specific items have to be delivered 

in time). This is closely related to the question of to what extent it is allowed to 

decompose production control in a capacity and an item control leveL For the 

cases there are indeed indications that the decomposition works good. In the coin

validator line, also the detailed performance is good: all individual products are 

produced in sufficient amounts. This is realized by choosing an item control 

structure, that is embedded in the aggregate control structure. At aggregate level 

the control structure is to release products as soon as the total number of products 

drops below 48; at detailed level, product i is released if the number of products of 

type i drops below 3n., where n. is the number of calibrators that calibrate 
I I 

country variant i. Note that E.3n. = 48. In the differential gear factory, something 
I I 

similar can be observed. In the aggregate model (aggregate) products belonging to 

some batch are released if the total number of products falls below 344 items. This 

gives a certain aggregate performance. In the detailed simulation model of the pre

operations and teething part, products are released in such a sequence, that the 

teething capacity group as a whole is loaded well, under ·the aggregate <:ondition 

that the total number of products in the system is restricted. Comparison of the 

two models at capacity level gives similar results. 

This yields another application area of the modeL It can be used at capacity 

level to set norms for the lower control level of item control. For instance, in the 

differential-gear factory the average (aggregate) throughput time is 2.5 days. This 

can be used in planning the release of specific items, given the due dates. Including 

some safety time, batches have to be released about 5 days before the due dates. 
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APPENDIX A 

In this appendix the two-stage line in subsection 2.3.3 is analyzed for the cases 

..\2=0 (appendix A.l) and 111=112 (appendix A.2). It is shown how the throughput 
v(K) = P /T, the buffer contents distribution function P[X5LJ and the mean buffer 
contents can be calculated in these cases. 

A.l The case A:FO 

The system (2.2)-{2.5) reduces to 

112f2tx) = &z(x) - /ltf2(x) + P1f4(x) 

(112-llt)f.j(x) = a4(x) - ..\tf4(x) + ..\1f2(x) 

with boundary conditions, for 111>112 

0 = f2(0) 

0 = a4(K) - Atf4(K) + A1f2{K) 

and for 111$112 {2.2a) has to be replaced by 

0 = a4(0) - Atf4{0) + A1f2{0) 

We have to solve 

CT = !1[&z{0) + 111f4{0)] 

(A. I) 

(A.2) 

{A.la) 

{A.2a) 

{A.2b) 

{A.3) 

It will be clear that the solution is trivial if 111$112. Therefore we will restrict 

ourselves to the case 111>112. Let w{x):= f4{x) - h(x) and ..\:=..\1, p:=pt then we 
obtain from (A.l)-{A.2b) 

w ~x) = £r4(x) lr2(x) - (-"- + ....1!.) w(x) 
112"111 112 112-111 112 

{A.4) 

with boundary condition 

w(K) = lr4iK) {A.4a) 

Furthermore 
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C = <1'2( O) + w(O) 
T /L 

(A.5) 

For the solution of (A.4)-(A.4a) we assume first that the line is unbalanced, that 

is, V<J=I x.t; (this is the net average machine speed, or efficiency, of machine 1), or 

p:FO, where p = _Lv + .1!:.. 
V<J- 1 V2 

(a) The unbalanced case, p=/0 
If ai(x) = ah for i=2,4, for all xE(O,K) (that is independent of x) then the 

solution of (A.4)-(A.4a) is 

(A.6) 

From (A.5) and (A.6) the cost CT can be determined 

(A.7) 

By substituting the ai'S listed in Table 2.3.2 in (A.7) the corresponding line 

quantities of Table 2.3.1. can be obtained. For the throughput we obtain 

v(K) = P/T 

_ V2J.l( VtA + (..\+p)(v2-vt)epK) 

- ( ,.\+p, )( AL/2+ /L ( V:r-Vt)ePK) 
(A.S) 

For the determination of the buffer content distribution we have to determine PL. 

By substituting the corresponding ai's from Table 2.3.2 in (A.4)-(A.5) we obtain 

the following differential equation 

w'(x) = - 1-- _!- pw(x) x~L 
V2-Vt V2 ' 

w Xx) = -pw(x) x<L 

w(K) i 
with costs 

(A.9) 

(A.9a) 
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PL = w(O) , L>O 

PL = l + w(O) , L=O p. 

Solution of the system (A.9)-{A.9a), using that w is continuous in L, yields 

W(x) 
= Avtep(L-x)+(..\+IIH!;Xvt)efi(K-x) 

:X(Xv2+( vrvt}P.) ' x5L 
Together with (A.lO),(A.ll) a.nd (A.7) this implies 

P[X5L] = (T-PL)/T 

- ..\ [ 112(A+ II }-J!v,ePL] 
- K' (..\+p.){v2 ,\ +p.(v2-vt)efl ] 

P{X=K]= II [ V:!A+ II ( Vz-Vt)lefiK 
(,\+p.) [v 2 .Hp.(v2-vt)ePK] 

L<K 

(A.lO) 

(A.ll) 

(A.12) 

(A.13) 

(A.14} 

The solution for the mean buffer content ca.n be obtained by the corresponding 

substitution for ai(x), as listed in Table 2.3.2, in (A.4}-(A.5). It ca.n also be 

obtained by calculating EX = 0fK xdP[X5x] + KP[X=K]. The solution is 

EX = II( v2-vt) {-..\Vtll:l+[(..\+11)( AV:!+M(V:rVt*)K+Vt112A]ef1K} 
(.A+p.)(Av2+P.(V2-Vt}) [AV:!+P.(V2-vt)eP ] 

(b) The balanced case, p=O 
In case p=O equation ( A.4) reduces to 

w~x) 

(A.15} 

(A.16) 

The line quantities in Table 2.3.1 can be calculated for this case by solving (A.16}, 

with (A.4a} a.nd substituting the solution in (A.5}, but also by letting p-+0 in the 

solutions for the case p:f.:O. We obtain, for the case ai(x)=ai, O<x<K, 

(A.17} 

(A.18} 
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P[X<L] = v2(vt-v2* +vlflL L<K 
- lit( 112+/L ) ' 

P[X=K]= Vt(~+pK) 

221 

(A.l9) 

(A.20) 

(A.21) 

The two-stage line with the second machine perfect was also investigated by Meyer 

et al. (1979). They used a different method to obtain throughput, and buffer 

content distribution. There appears to be an error in the expressions they obtain 

for P[X~L] and EX (the constant a is wrong). Furthermore in that paper the case 

p=O was not distinguished. 

A.2 The case Vt=£0.! 

In this section we suppose .AdO, .A2:f:.O and llt=ll2· Equation (2.5) now holds for 

x=O and x=K as well, and becomes an ordinary, linear equation. By substituting 

(2.4) and (2.5) in (2.2)-(2.3) and letting llt=ll2=:v we obtain 

-f{(x) = t(x) + rr[h(x)-ft(x)], O~x<K, 

f:{(x) = 1'/(x) + rg[ft(x)-f2(x)], O<x~K, 

where rr := H~ + ~, r l[~ + _lw] 
Vftt+ll?. ~ g Vftt+fL2 Xt+>.z 

and t(x) := tl't(x)+ Atll'3 (xj + r21l'4 ixj, O$x~K 
v v(ftt+fL2 v Xt+ 2 

'l'l(x) := a2(x)+ A21l'3 x + f a4 ixj OSxSK 
'I ll ll f.ll +ft2 ll 1\ 1 + 2 l 

By letting w(x):= f2(x) - f1(x), (A.22)-(A.23) can be rewritten as 

w '(x) = t(x) + 11(x) + (rr-rg)w(x), O<x<K 

(A.22) 

(A.23) 

(A.24) 

with a boundary condition (obtained by substituting (2.4) for x=K and (2.5a) into 

equation (2.2a)) 

0 t(K) + rrw(K) (A.24a) 

and cost (using A.la)) 
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CT = ;x2!Jlt [11(0) - rgw(O)] (A.25) 

In order to solve the line for the quantities in Table 2.3.1 we have to make the 

corresponding substitutions of Table 2.3.2 in the system (A.24)-(A.24a) and solve 

for (A.25). w(O) can be obtained from (A.24)-(A.24a) by assuming continuity in 0. 

Let p:= rc-rg. As in the previous subsection a distinction has to be made between 

the cases p=O and (JfO. Note that p=O if and only if ~+1 = >lv+p 2 , that is, the xt+Ji1 2 Jl2 
line is balanced. 

(a) The unbalanced line, #0 
If ai(x) = O"i for x E (O,K), then c(x)=c, 71(x)=71, for x E (O,K). The solution 

of (A.24)-(A.24a) is then 

w(x) = _ c+7J + Fc(K) + c+~e -p(K-x)] 
p r r p ' 

(A.26) 

from which we obtain 

C = 1 [.JO) + rg{ c+7J) _ r Fc(K) + c+~e -pK] 
T :X2+JLt 't\ p g rr p (A.27) 

From (A.27), Tables 2.3.1 and 2.3.2, P and T can be calculated, which gives 

(A.28) 

Note that VJltJl2/[(At+JL1)(..\2+Jl2)] is the average line production rate for K=O. 

For the calculation of PL (see Table 2.3.1) the system becomes, after substituting 

ll'i(x)=1 for all i, x~L and ai(x)=O, x<L 

w '(x) = c*+71* + (rr-rg)w(x), x~L 

w(K) =- ~; 
w '(x) = (rr-rg)w(x), x<L (A.29) 

h * _ 1 ( ..\ 1 __/!'1_) _ 1 (1 ..\ 2 __l!,__j_) 
w ere c - ii 1 + Jlt+Jl2 + X1+X2 ' 71* - v + Jlt+Jl2 + XI+X2 

The solution of (A.29) is 

w(x) = -( c*+1]*) e -(rc-rg)(L-x) + [-c* + c*+1]*] e -(rc-rg)(K-x) x<L (A.30) 
rr-r g rr rr-rg ' 
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The corresponding cost is 

PL = /\;~~1 w(O), L>O 

= 1 [rg(c*+!J*) e-(rr-rg)L 
X2+J.tt rr-r g 

r (-f* + f*+'l*)e -{rr-rg)K] 
g rr rr-rg (A.31) 

From (A.31) and the mean cycle length T, obtained from (A.27) the buffer content 

distribution can be obtained 

P[XSL] = (T-PL)/T 

TJ* _ r (~±!l-)(e-{rr-r g )L_1) 
g r r-rg . L<K 

!]* + r (t*+1']*) _ !g(c*rg+ry*rr)e=(rr-rg)K ' 
g r r-r g r f r r-r g 

~ e-(rr-rg)K 
P[X-K]- ::-:::-iro-+r-::--'Z'"'"":-~--:c-~

- - rr!]*+rgc* (E.g e-( rr-rg)K_1) 
rg-r r rr 

(A.32) 

(A.33) 

For the calculation of Y we have to substitute ai(x) = x, for all i and x E [O,K] 

(see Table 2.3.2). The solution of (2.24)-{A.24a) is then 

w(x) = - c*+TJ* (x + l) + Fc*K + c*+TJ*(K + l)]e-p(K-x) 
p p Tf p p ' (A.34) 

where c* and !]* are defined as before. This leads to 

(A.35) 

From (A.35) and T, EX can be calculated 

(A.36) 

(b) The balanced case, p=O 

The solution of (A.24)-{A.24a) is now, in case ai(x) = ah O<x<K, 
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w(x) = ( t+?})x - f~~) - ( t+?})K (A.37) 

which yields 

(A.38) 

For the throughput we obtain from (A.38) 

(A.39) 

For the calculation of P[X5L] the system (A.24)-(A.24a) reduces to a system like 

(A.29), but with p=O. Solution yields 

w(x) = ( t*+q*)L + rf - ( t*+q*)K, x<L 

with t* and 71* defined as before. This leads to 

PL = x;~;1 w(O), 1>0 

PL = x2!Pl [ q*+t* - rg( c*+q*}K] , 1=0 

From (A.41) and the cycle length Y, obtained from (A.38), we obtain 

P[XSL] = (T-PL)/T 

_ !J*+rg( l*+!t)L 
- 1}*+ t * + r g {i*+71*)K ' L<K 

t* 
P{X=K] = 71*+t* + rg( t*+q*)K 

In case ai(x) = Cl'iX, for all x E [O,K], the solution of (A.24), (A.24a) is 

w(x) = ( t*+f)x2 _ :;K _ ( t*+f)K2, 

where t* and 71* are defined as before. (A.43) yields 

y = 1 [c*K + r (t*+f)K2l 
X2+P1 g 

(A.44) and (A.36) imply 

(A.40) 

(A.41) 

(A.42) 

(A.43) 

(A.44) 

(A.45) 

(A.46) 
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(A.47) 

The formulas for the throughput for both the case p=O and p:/0 were also obtained 

by Wijngaard (1979) and by Finch, as reported by Koenigsberg (1959). 

A.3 The discrete product model 

In this subsection the solution of the system of difference equations for the 

discrete product model, as described in section 2.3. 7, is given, for the case T=l 

and Pi(T):=Ai, qi(T):=J.ti· The solution is similar to the continuous flow case with 

v1=l!2=1. The system of equations in section 2.3.7 can be rewritten as the system 

(A.22)-{A.23), except that V=l, K is an integer and fj(x) has to be replaced by 

f;(x+ 1 )-fi(x). Let the parameters rf, rg, t, TJ, t* and 'TJ* be defined as in appendix 

A.2 (with V=l). The function w(x) is defined as f2(x)-f1(x). Then w(x) satisfies 

(1-rr)w(x+1) = t+TJ + (rg-1)w(x) , O<x<K 

w(K) -t(K) 
f{ 

(A.48) 

(A.48a) 

The cost function can be written as (A.25). The solution of the system (A.48), 

(A.48a) is, for the case rr-rg:/0 and ai(x)=ai, for xE{O, .. ,K-1 }, 

w(x) = [-t(K) + t+!]J [1-rg]-{K-x) + ___!_±!]_ 
[f rr-rgj 1-rr rg-rr' (A.49) 

In case ai(x)=x, for all i and x, the solution is 

w(x) = [-t*(K) + t*+'TJ* (K + 1-rg)J [i-rg]-(K-x) 
rr rr-rg rr-rg -rc t*+rt[x + l-rg] (A.50) 

rr-rg rr-rg 

Note that the formulas in (A.49) and (A.50) are close to the formulas for the 

continuous flow case, namely (A.26) and (A.34), respectively. The difference is, 

that e-(rr-rg) is replaced by 1
1
-rrr in (A.49) and (A.50). Furthermore is 
- g rr-rg 

replaced by in (A.50). Note that the first two expressions are equal in first 

order approximation of e-rr fe The last two expressions are both 0( (rr-rg)-1). 
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APPENDIX B 

In this appendix the two-stage line is analyzed for the state dependent failure 

case, described in subsection 2.3.6. 

a. A2 = 0 
The notations are as in Appendix A.l. We assume llt>ll2 (see also Hontelez, 

1985). 
If p:;.o, then, for ai(x)=: ai, x e (O,K). 

(B.l) 

From (B.l) the throughput can be obtained, as well as the expected cycle length. 

For PL we obtain 

PL = w(O) , L>O 

PL t + w(O) , L=O, 

where 

w(O) _ lit( ll2-llt)pe pK + lltli2AeP1 

- li2A(All2 + p ( llrllt)) 

For Y we have 

Y = w(O), where 

(0) lit [lltK IItKe- 111 ]ePK 
w = (llt-li2)112P2 + ii2X - (Vz-11t)112P2 

For the case p=O we obtain 

(B.2) 

(B.3) 

(B.4) 

(B.5) 
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y 

b. llt=ll2=:v, >..2tO 
Substituting (2.16c) in (2.16) and using (2.3a) yields 

CT l.r2(0) + 0'4(0) + >..2 ft(O) 
It 1 x;:tx2 "X1+X2 

Defining w(x):= f2(x) - f1(x) yields, for p/;0 (see appendix A.2) 

w(x) [
-€(K) + ..!±!L]e-p(K-x)_ ..!±!1_ 

- rr-rg rt-rg' r f 
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(B.6) 

(B.7) 

(B.8) 

where ai(x)=ai. The parameters p,f,'f},rr and rg are defined as in appendix A.2 and 

By (B.7), (B.8) and (2.3a) it follows 

(B.9) 

For PL we have 

PL 1 + 1 >.. 2 w(O) 
It 1 x;-:tX2 A1+X2 , if L=O 

PL = - X 1 ~12 w(O) , if L>O, 

where 

w(O) = -~ e-pL + [--~ -+ f*+1Z*]e-pK 
rt-rg ft rr-rg ' (B.lO) 

with f*, 77* defined as in appendix A.2 and 

A ·- A1+A 2 +/-'2 
t .- X 1 +X2 

Furthermore 

Y = >.. 2 (f*t'!J* + [.1-:K - t:*+17\K+l)Je-pK) (B.ll) 
A1+X2 P rr P P 

The corresponding quantities for p=O can be obtained from these formulas by 

letting p-+0. 
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APPENDIX C 

In this appendix the moments of buffer increase, buffer decrease and the 

expected lengths of an increase and decrease period will be derived for an M/C2/1 
queueing system with unbounded buffer. The arrival rate is denoted by ,\. Let 

state i correspond to the i th phase of a two-phase Coxian distribution with rates 

p1 and P2 and branching'probability 1r (see Fig. 2.7.4, i=1,2). 

fi = number of arrivals during the service, starting in state i (i=1,2) 

gi = number of departures during the interarrival time, starting in state i. 

Then E(Ui)n Eij, E(Ud)n r1EgY + r2Eg~, where r1 and r2 are the equilibrium 

probabilities for state 1 and 2, respectively. We have the following equations 

(parameters as in section 2.8.2) 

(C.l) 

(C.2) 

After Eft. Ef2 have been obtained from (C.l), (C.2), they can be used to calculate 

Efl: 

Efi = x!Pt {1 + 2Eft + Eft) + x~t1 E~ 
E~ = x!P:! (1+ 2Ef2 + E~) 

Efy, E~ can again be used for calculating Ef1: 

Efi = x!Pt (1+ 3Eft + 3Efi + Efi) + x~t1 E~ 
E~ = x!P:! (1 + 3Ef2 + 3E~ + Ef~) 

A similar system of equations holds for the gi's: 

Eg, p;~:x [(l-1r)(I + Eg,) + 1rEg2] 

(C.3) 

(C.4) 

(C.5) 

(C.6) 

(C.7) 
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Eg2 = tt; ~). ( 1+ Egt) 

Egj = tt;~X [(l-tr)(1 + 2Egt + Egi) + trEg~J 

Eg~ tt;~X (1 + 2Egt + Egi) 

Eg~ = tt;~X [(1-tr)(1 + 3Egt + 3Egi + Egt} + trEg~J 

Eg~ + tt;~X (1 + 3Egt + 3Egi + Eg~) 

Solution of equations (C.l)-(C.6) gives 

E(Ui) = af(tt1ft2) 

E(Ui)2 = b/(ttitt2) 

E(Ui)3 _ >.[ptJt2 + 3Mb + 3pt/.L2a + trpt({tt/!12 + 3>.(2>.+2y) + 3>.yt)] 
- JtyJt~ 

where a = >.( 7rJtt + M) and b >.[JttM + 2a + 7rf!t(2>.+~t2)] 

Solution of (C.7)-(C.l2) and using rt = ft~t12' r2 1rJtt 
E(Ud) = Jtttt2/a 

E(Ud)2 = JttP:?[c + 2d]/(ac) 

E(Ud)3 = PtM[c2 + 3cd + 3d(c+2d)]/(ac2) 

1f ft 1 gives 
1fJtt +1J2 
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(C.8) 

(C.9) 

(C.lO) 

(C.ll) 

(C.12) 

(C.13) 

(C.14) 

(C.15) 

(C.16) 

(C.17) 

(C.l8) 

where c = >.(>.+trttt+tt2), d = ttt(tt2+(1-1f)>.). ELi equals the average service time 

ELi = ( 7rJtt+Jt2) /(JttM) (C.19) 

ELd equals the average interarrival time 

ELd = i (C.20) 

It may be clear that this method to obtain the buffer moments works for each 

PH/PH/1 queueing system. 

For GI/G/1 queueing systems we have to proceed differently. The buffer increases, 

for instance, can then numerically be determined as follows. Let 
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ai = P[i arrivals during a service] 

N(t) = number of arrivals in [O,t] 

Pj(t) = P [ N(t) = j] 

Then we have the following recursive relation for the Pj'S 

Po(x) = 1 - A(x), 

X 

Pj(x) = 
0
f Pj-t(x-~)dA(~), j ~ 1 
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(C.21) 

(C.22) 

where A(·) is the interarrival time distribution function. From the Pj'S the O'i1S 

can be determined. 

00 

O'i = 
0
f Pi(x)dB(x), (C.23) 

where B( ·) is the service time distribution. E(Ui)n is now determined as 

00 

E(Ui)n = E ina· 
i = 0 I 

(C.24) 
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APPENDIX D 

In this appendix it will be illustrated how the machine speeds can be 

determined in continuous flow buffer-sharing networks as introduced in s?bsection 

3.4.2. The used priority rule is rule Rt. defined in that section. This priority rule 

determines the machine speeds in buffer-sharing networks uniquely, if no loops or 

bypasses occur in the network. If a network does contain loops or bypasses, the 

system of equations for the machine speeds may be inconsistent or have multiple 

solutions. Suppose that machine M3 in the network in Fig. 3.4.5, which contains a 

bypass, has priority over machine M1• Machine M2 has priority over machine M3. 

In this case the system of equations for the machine speeds, using R1 is: 

w(Mt) min{4,2-w(Ma)} 

w(M2) min{1,2,w(Mt)} 

w(Ma) min{3,2,2-w(M2)}. 

This leads to w(M2) = min{l,2-min{2,2-w{~·h)}} = min{l,max{O,w{M2)}}. Hence, 

for each w{M2) E [0,1], there is a solution of this system of equations. 

In order to avoid such situations, it is assumed that the buffer-sharing network 

and priorities satisfy the following additional conditions. 

(1) 
(2) 
(3) 

There is a directed path in the network from a source to a sink buffer. 

The network contains no loops (directed cycles). 

For every buffer bypass (a set of two different directed paths from a buffer 

b1EB to another buffer b2EB) that the network contains, it holds that if the 

priority of the first arc of the one path is greater than the priority of the 

first arc of the other path at b~, then the same has to hold at b2 for the 

last arc of both paths. 

In order to determine the machine speeds, the following additional variables are 

needed. With each buffer bt that has downstream machines there is associated an 

output rate restriction o(bt)E[O,oo], which is the maximum possible output rate of 

products from this buffer. This output rate restriction makes that preceding 

machines may be blocked. If bt is non-empty then o(b1) = oo. With each buffer b2 
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that has upstream machines there is associated an input rate restriction i(b2)E[O,oo], 
which is the maximum possible input rate into this buffer. The input rate 

restriction causes that following machines may be starved. If b2 is non-full then 

i(b2) = oo. 
It is assumed that the network is connected. If not, each connected component 

can be treated individually . 

.Ugoritha 
Initializati011 for all full buffers b: i(b):=O; 

vhile B :f. 0 
for all empty buffers b: o( b) :=0; 

do found:=fa.lse; 

od. 

choose source buffer a; 
vhile aot found 
do vllile a is not a sinkbuffer 1111d aot found 

od; 

do go downstream along the arc vith the highest priority to 
machine j and further downstream to buffer 6; 

if b is not full 
then found :=true; 

w(j):=min{v(j),o(a)} 
else a:::b fi 
od; 
if a has no other incoaing arcs vith a higher priority than 

the arc along which a vas entered and not found 
thea found:=true; 

v(j) :::ain{v(j) ,i(a) ,o(predj)} fi; 
vllile a is not a. source buffer aad not found 
do go upstream along the arc vith the highest priority to 

machine j and further to buffer 6; 
if 6 is not empty 
then fonnd:::true; 

w(j):=min{v(j),i(a)} 
else a:::6 fi 
od; 
if a has no other outgoing arcs vith a higher priority than 

the arc along which a was entered and not found 
then found:::true; 

v(j):=ain{v(j),o(a),i(succj)} fi; 

remove j froa the network vith all its arcs and nonconnected 
buffers; 
if j obtained froa an ehlpty buffer b then o(6) :=o(b)-w(j) fi; 
if j supplied an empty buffer b then o(b) :=o(6)+w(j) fi; 
if j obtained froa a full buffer 6 then i(b):=i(b)+w(j) fi; 
if j supplied a full buffer b then i(b):=i(6)-w(j) fi 

Figure D.l. Algorithm for machine-speed determination in buffer-flharing networks 



APPENDIX D 233 

In Fig. D.l, an algorithm is described that determines the machine speeds for 

each combination of buffer contents (either empty, full or non-empty and non-full). 

At each step, the algorithm locates a machine of which the speed can be 

calculated and removes this machine with every connecting arc from the network. 

Non-connected buffers are also removed. The input and output rate restriction of 

the remaining buffers are adapted, depending on the speed of this particular 

machine. This procedure is repeated till all machine speeds have been determined. 

At each removal one or more networks remain which are of the same type as the 

original network. Let B denote the set of buffers, v(j) the potential machine speed 

of machine j and w(j) the real speed of machine j as influenced by the network. 

predj is the buffer preceding j and suCCj is the buffer succeeding j. 

Conditions (2) and (3) guarantee that the algorithm always takes a new 

machine and a new buffer while going downstream or upstream through the 

network. Condition (1) guarantees that a sink buffer can be reached, starting from 

a source buffer. The finiteness of the network guarantees that always a machine 

can be found of which the speed can be determined. If the remaining network is 

disconnected then the components are treated one by one. For the production 

system sketched in Fig. D.2 the algorithm gives the following results, in case 

buffers Bt and Ba are full and buffer B2 is empty. Denote the source buffer 

(preceding machine Mt) by buffer Bo, the sink buffer (succeeding machine M6) by 

buffer B4. At each buffer shared by more than one machine, machine Mi has 

priority over machine Mj if and only if i<j. 

Initialization: o(Bo)=i(B4)=o(Bt)=i(B2)=o(Ba)=oo 
i(Bt)=o(B2)=i(Ba)=0. 

Machine speed determination: w(M6)=1, i(Ba)=l; 
w(M2)=0.6, i(Bt)=0.6, i(3)=0.4; 
w(Ma)=0.3, o(B2)=0.3, i(BJ)=0.9; 
w(M4)=0.3, o(B2)=0.6, i(Bt)=l.2; 

now we have two components left, namely Bo-M1-B1 and Bz-M5-B3. 
w(Mt)=0.9, i(Bl)=0.3; w(Ms)=0.4. 

Figure D.2. Buffer-sharing network. The machine speeds are indicated. All buffers are 
either full (f) or empty (e). 
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GLOSSARY OF NOTATIONS 

notation description typical page reference 

K, K buffer upper bound or capacity 29 
>., >. failure rate or life rate 29 
ll, ll machine speed 29 
p, p repair rate or life rate 29 
M,M machine 29 
B, B buffer 29 
v(K), v(K) throughput of a system 31 

E expectation operator 31 

X, X buffer content 31 

CT expected cost, per cycle 31 

£ri(X) cost rate in state {i,x) 31 

f(x) cost function till absorption with buffer level x 31 
p average production per cycle 33 

PL expected time, per cycle, that the buffer content is 

greater than, or equal to L 33 

T expected cycle time 33 

IV average time, per cycle, the line has input at rate v 33 

sv average time, per cycle, the line has output at rate v 33 

Oi average number of uptimes {downtimes) of the line input 

per cycle 33 

Oo average number of uptimes (downtimes) of the line output 

per cycle 33 

Ql average time, per cycle, that the upstream machine is 

blocked 33 

Q2 average time per cycle, that the downstream machine is 

starved 33 
y average buffer content 33 

Jx} 
indicator. 1 if x holds, 0 if x does not hold 34 

fi, eff efficiency or net average machine speed 36,53 

(J mean drift of a single buffer line 36,53 
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p eigenvalue 

P,Q,R transition matrix of a machine 

I(n) the nxn unity matrix 

0~ average number of switches in a cycle, from an input speed 

smaller than or equal to z to a level greater than z 

0~ average number of switches in a cycle, from an output speed 

smaller than or equal to z to a level greater than z 

ln n-dimensional vector, consisting of ones 

m lower switching level 

M upper switching level 

set of machines in a network 

k buffer lower bound 

/3i(x) cost rate 
Ui increase of the unbounded buffer content of a tw!Hltage line 
Ud decrease of the unbounded buffer content of a two-stage line 
Li length of an increase period of the unbounded buffer content 
Ld length of a decrease period of the unbounded buffer content 

cv coefficient of variation 

B set of buffers in a network 

Ri(t) set of machines on a proliferating path with machine i at t 

N network of machines and buffers 

General symbols: 

column vectoc (in Chpaters 4,5,6,7 row vector) 

matrix 

transpose of a vector 
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37 

48 

49 

50 

50 

53 

54 

54 
113 

55 

57 

63 

63 

63 

63 

74 

113 

115 

116 
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INDEX 

aggregate production control 6 communication blocking 25 
allocation rule 120 complete backlogging 54 
assembly process 94 control 8 
average long-'fun buffer content 31 aggregate production 6 
average long-run throughput time 31 capacity 5,6,8 

integral 9 
backlogging 54 item 5 

complete 54 local 8 
restricted 54 workload 11 

balanced line 36,220,223 
balancing workload 11 disassembly process 94 
base stock system 10 drift matrix 33,49 
blocked 29 
blocking efficiency 36,53 

communication 25 equivalent 

repeated transfer 25 sample-path 110 

transfer 25 buffer-shifted 133,55 

buffer 29 failures 
finite 29 time-dependent 30 
infinite 54 state-dependent 43 
sink 113 FCFS, First Come First Served 169 
source 113 finite buffer 29 

buffer content flow line 94 
average long-run 31 flow reversal 106 

buffer-sharing 95 fork/join 99 
buffer-sharing network 115 
buffer-shifted equivalent 55,133 generalized eigenvector 37 

capacity control 5,6,8 homogeneous solution 36 
capacity coordination 6 
closed network 99 infinite buffer 54 

coefficient of variation 74 inhomogeneous system 37 
standard 37 
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input-output planning 11 reorder point 9 

integral control 9 repeated transfer blocking 25 

item control 5 restricted backlogging 54 

reversal 
Kronecker product 49 flow 106 

Little's formula 31 reverse of a line 106 

length of stock increase period 63 reversibility 112 

length of stock decrease period 63 sample-path 111 

local control 8 sample-path equivalent 110 
local reversibility property 122 sample-path reversible 111 
loop 95 sink buffer 113 
lost sales 55 source buffer 113 

mean drift 36,53 split/merge configuration 99 

stable system 55,56 

network stand-alone machine speed 116 

assembly-disassembly 113 starved 29 

buffer-sharing 120 state-dependent failures 43 

closed 99 stock decrease 63 

mixed a/ d buffer-sharing 122 length of 63 

stock increase 63 
parallel machines 52 length of 63 

identical 52 switching policy 54 
potential speed 116 

production loss 63 time-dependent failures 30 

proliferating path 114 throughput 51 

throughput loss 63 
queueing system throughput time 

GI/G/1 c average long run 31 
M/C2/l 87 transfer blocking 25 
M/C2/l/K+l 86 

M/E2/l 87 unbalanced line 36,219,222 

M/M/1 87 unstable system 55,56 

M/M/1/K+l 88 
PH/PH/1 c workload control 8 

regeneration point 30 
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SAMENVA TTING 

Dit proefscbrift bandelt over het modelleren, analyseren en beheersen van produk

tiesystemen, met het oogmerk uitspraken te doen over de prestatie van deze 

systemen. In bet bijzonder worden capaciteitsaspecten bestudeerd. 

Er zijn verschillende redenen om capaciteitsaspecten van produktiesystemen te 

willen bestuderen. 

Ten eerste zijn vele prestatie doelstellingen van produktiesystemen uitgedrukt in 

capaciteit. Zo kan bet gewenst zijn dat bet systeem een bepaald aantal 

']:>rodukten" per dag produceert (ongeacht het type}, of dat er gemiddeld een 

bepaald a.antal uren onderbanden werk beschikbaar is, of dat het systeem een 

bepaalde gemiddelde doorlooptijd heeft. Bijvoorbeeld in de ontwerpfase van een 

systeem zijn zulke capaciteitsgerichte doelstellingen belangrijk. 

Een tweede a.anleiding is dat vele produktiebebeersingssystemen hierarchisch van 

aard zijn, met (minimaal) twee bierarchische lagen. Het hoogste beslissingsniveau 

probeert capaciteitsgeorienteerde doelstellingen te beinvloeden, zoals die welke hoven 

genoemd zijn. Het laagste nivea.u moet zorg dragen voor een juiste volgorde van 

vrijgave van de produkten. Een bekend voorbeeld van een hierarchiscb produktie

bebeersingssysteem is Manufacturing Resources Planning (MRP II). 

Er zijn verscbillende mogelijkheden om de capaciteitsprestatie van produktie

systemen te analyseren. Een voorbeeld is de gedetailleerde simulatie van bet 

systeem met aile betrokken produkten en capaciteiten, gevolgd door een aggregatie 

van de resultaten naar capaciteit. In dit proefschrift is gekozen voor een andere 

benadering. Produktiesystemen worden gemodelleerd als een-produkt systemen door 

de verscbillende produkttypen direct te aggregeren naar capaciteit. De produkten

stroom wordt continu gemodelleerd. In het proefscbrift wordt onderzocht of een 

dergelijk model geschikt is voor de gestelde taak, namelijk om capaciteits gericbte 

prestatiematen van het systeem te kunnen voorspellen en beheersingsmethoden aan 

te geven om deze te verbeteren. De verschillende hoofdstukken behandelen 

deelaspecten van het onderzoek naar deze taakstelling. 

Hoofdstuk 1 is orienterend van aard. Het continue stroommodel model wordt gein

troduceerd. Verder worden beheersingsstructuren aangegeven waarmee de capaci

teitsprestatie van een systeem beinvloed kan worden. Ruwweg zijn er twee soorten 

bebeersingsstructuren, namelijk die welke lokaal van aard zijn en die welke 
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integraal van aard zijn. Bij lokale beheersing worden de produktieniveaus van de 

capaciteiten aileen beinvloed door de voorraden onmiddellijk stroomop- en 

stroomafwaarts van de capaciteit. Denk bijvoorbeeld aan Reorder Point Systemen of 

Kanban. Bij integraie beheersing kunnen deze produktieniveaus ook afhangen van de 

voorraden verderop in het systeem. Denk aan werklastbeheersing of Base Stock 

Control. 

In hoofdstuk 2 wordt het model geanaiyseerd voor het gevai van twee (groepen 

van) machines, gescheiden door een beheerste buffer. Er wordt aangetoond dat op 

analytische wijze prestatie criteria ais doorzet en gemiddelde voorraad onderhanden 

werk berekend kunnen worden. Verder wordt een methode ontwikkeld om complexe 

twee-machine lijnen te benaderen door eenvoudiger lijnen. 

In hoofdstuk 3 wordt nagegaan in hoeverre ingewikkelder layouts geanaiyseerd 

kunnen worden. Layouts die bestudeerd worden zijn flow lijnen, assemblage en 

disassemblage processen en zogenaamde buffer-sharing netwerken, waarin groepen 

parailelle machines gebruik maken van dezelfde buffers. Het blijkt dat anaiytische 

gereedschappen snel tekort schieten bij bet analyseren van zulke netwerken. 

Daarom wordt in hoofdstuk 4 een heuristisch numerieke benaderingsmethode 

ontwikkeld, waarmee snel de doorzet en de gemiddelde buffervoorraden in boven

genoemde netwerk typen geschat kunnen worden. De beheersing in de netwerken is 

lokaal. Twee soorten lokaie beheersing worden onderscheiden: beheersing met eindige 

buffers en met zogenaamde switching policies. 

In hoofdstuk 5 ligt bet accent op integraal beheerste flow lijnen. Er wordt aan

getoond dat, voor wat betreft de combinatie doorzet en gemiddelde lijninhoud, de 

prestatie die bereikt wordt met integraie beheersing, ook bereikt kan worden met 

lokaie beheersing middels eindige buffers. Tevens wordt een heuristiek ontwikkeld 

waarmee, voor Base Stock Control, deze lokaie buffercapaciteiten berekend kunnen 

worden. 

In hoofdstuk 6 wordt nagegaan in hoeverre de een-produkt modellen bruikbaar zijn 

voor de capaciteitsanaiyse van multiprodukt systemen. Er wordt aangetoond hoe de 

aggregatie over de produkten uitgevoerd kan worden, hoe serievorming gemodelleerd 

kan worden en hoe voorraden in capaciteitsgroepen gerepresenteerd kunnen worden. 

Als illustratie van bet gebruik van de modellen en anaiysetechnieken, worden in bet 

proefschrift drie cases behandeld. In aile gevallen handelt bet om multiprodukt 

situaties en is bet gewenst een goode capaciteits prestatie te verkrijgen. Een case 

wordt behandeld in hoofdstuk 2, de anderen in hoofdstuk 7. 
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Stellingen bij bet proefschrift "Capacity Oriented 

Analysis and Design of Production Systems" 

Rene de Koster 

I 

Een mogelijk bezwaar tegen bet gebruik van Kanban als produktiebebeersings

systeem is, dat produktieniveaus van capaciteiten lokaal bepaald worden, door 

bet al of niet aanwezig zijn van produktiekanbans. Hiertegen kan worden 

ingebracbt, dat met een integraal besturingssysteem geen betere combinatie van 

totale doorzet en gemiddelde doorlooptijd verkregen kan worden dan met een 

Kanban systeem met bet juiste aantal kanbans. Zie boofdst uk 5 van dit 

proefscbrift. 

II 

Er is een tak van discrete wiskunde die zich bezig boudt met ''packing" en 

"covering" tbeorie. Het volgende is zo'n overdekkingsstelling. 

Zij X een verzameling van n elementen en zij verder £ een verzameling deel

verzamelingen van X, bestaande uit paren en tripels, zodanig dat elk paar 

elementen van X bevat is in een element van £. 

Definieer nu C(2,3, n) als bet kleinste totale aantal pun ten in de elementen van 

zo'n overdekking £. 

{ 
3f!f~ll , als n=O,l,3,5 (mod 6) 

Dan geldt: C(2,3,n) f f ll 
3 ~ n2l - 1, als n=2,4 (mod 6)' 

waarbij r X l bet kleinste gebele get a} is, groter dan, of gelijk aan X. 

[l] Koster, M.B.M. de en J .H.P. Paelinck, "Reduction of conflict: some combinatorial 
aspects", Organizational Conflict and Peace Science 4, 1-17, 1985. 



III 

Een tweepersoonsonderhandelingsspel is een paar (S,d), waarbij S een compacte, 

convexe deelverzameling is van IR2 (de uitkomstenverzameling) en d een element 

van S (de onenigheidsuitkomst), zodanig dat er een x in S is met x1>d1 en 

x2>d2. Een onderhandelingsoplossing ¢> voegt aan (S,d) een punt </>(S,d)EP(S) 

toe, waarbij P(S)={pES; p2d (componentsgewijs) en voor aile sES met s2p geldt 

s=p} 
Enkele (mogelijke) eigenschappen van onderhandelingsoplossingen zijn de 

volgende: 

(A) Voor aile spelen (S,d) en (T,d) met SeT en ¢>(T,d)ES geldt: ¢>(S,d)= 

</>(T,d) (Onajhankelijkheid van Irrelevante Alternatieven). 
(B) Voor elk spel (S,d) en affiene transformatie f:IR2HIR2 geldt: </>(f(S),f( d)) 

f( ¢>(S,d)) (Onajhankelijkheid van Equivalente Nutsvoorstellingen). 

Zij, voor tE(O,l), ft de onderhandelingsoplossing met Ft(S,d) het unieke punt in 

P(S), waar de functie (xt,x2)H(x1-d1)t(x2-d2)I-t zijn maximum in P(S) aanneemt. 

FO (FI) is de oplossing die aan (S,d) het unieke punt in P(S) met maximale 

tweede (maximale eerste) coordinaat toevoegt. 

Deze onderhandelingsoplossingen kunnen als volgt gekarakteriseerd worden: {Ft; 

tE[O,l]} is de familie van aile onderhandelingsoplossingen die eigenschappen (A) 

en (B) bezitten. 

[2] Koster, R. de, H.J.M. Peters, S.H. Tijs en P. Wakker, "Risk sensitivity, independence 
of irrelevant alternatives and continuity of bargaining solutions", Mathematical Social 
Sciences 4, 295-300, 1983. 

[3] Peters, H., S. Tijs, en R. de Koster, 'Solutions and multisolutions for bargaining 
games", Methods of Operations Research 46, 465-476, 1983 

IV 

De waarde van de theorie over onderhandelingsspelen bij het oplossen van 

werkelijke onderhandelingsproblemen is beperkt. 



v 

Zij v(N) de doorzet van een produktielijn, bestaande uit N onbetrouwbare 

identieke machines, gemodelleerd als in sektie 2.3 van dit proefschrift, twee aan 

twee gescheiden door identieke eindige buffers van capaciteit I<. Op grond van 

simulatieresultaten en resultaten uit [4] mag aangenomen worden dat 

1 im v(N) > 0. 
!Hoo 

[4] Gershwin, S.B., "An efficient decomposition algorithm for unreliable tandem queuing 
systems with finite buffers", paper presented at First International Wor-kshop on 
Queueing Systems with Blocking, Raleigh, 1988 

VI 

Beschouw een assemblage netwerk, bestaande uit 4 onbetrouwbare machines, 

gemodelleerd als in sectie 2.3, met layout als aangegeven in Fig. 1. 

Figuur 1. Assemblage netwerk 

Machines 2 en 3 leveren produkten aan de (eindige) buffers 2 en 3, respec-,

tievelijk. Machine 4 assembleert produkten uit deze 2 buffers in gelijke 

verhoudingen. Als machines 1 en 3 identiek zijn, machines 2 en 4 identiek zijn 

en de buffers 1 en 3 gelijke capaciteiten hebben, dan geldt dat de marginale 

kansdichtheidsfuncties van de inhouden van buffers 1 en 3 in de evenwichts

toestand identiek zijn. Zie hoofdstuk 3 van dit proefschrift. 

Op grond van simulatieresultaten lijkt het verder niet onwaarschijnlijk, dat 

onder bovenstaande aannamen, maar met machines 2 en 4 niet identiek, t6ch de 

gemiddelde inhouden van buffers 1 en 3 identiek zijn in de evenwichtstoestand. 



vn 

Het decomponeren in complexe beheersingssituaties van produktiebeheersings

beslissingen naar een capaciteits- en een item beheersingsniveau verdient de 

voorkeur hoven het zoeken naar 'bptimale" beslissingen in een geintegreerd 

model. 

VIII 

Bij het gebruik van stochastische modellen voor bedrijfskundige situaties is het 

bijna altijd voldoende om aileen eerste en tweede momenten in de analyse te 

betrekken. 

IX 

In de slag tussen universiteiten om eerste jaars studenten dienen de 

universiteiten naast de voordelen van een studie aan hun instelling, ook de 

verschillen met overeenkomstige studies aan andere instellingen te vermelden. 

X 

Wil de Faculteit Bedrijfskunde in Eindhoven het predikaat "technische" verdie

nen, dan zal een groter deel van de personeelscapaciteit aan kwantitatief 

onderzoek besteed moeten worden. 

XI 

Met de verhoging van de maximumsnelheid op autosnelwegen van 100 naar 120 

km per uur, heeft de regering aangetoond dat de bestrijding van de zure regen 

haar niet echt een zorg zal zijn. 


