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SUMMARY 

The stability of a gaseous cylindrical pinch discharge under the pressure of a 
rotating magnetic field is investigated. The fluid is supposed to be perfectly conducting, 
nonviscous, but compressible. This constitutes an extension of the work done by H.C. 
Brinkman, Tayler and Berkowitz, who only considered an incompressible fluid. They 
found that the stability was governed by a Mathieu equation. 

The characteristic equation replacing the latter in our more general case had to 
be derived. The displacement in the radial or r-direction of the plasma vacuum boun
dary away from its equilibrium position is used as an independent variable. Applying 
Laplace transforma depending on the corresponding variabie s, the characteristic 
equation appears to consist of a three-term difference equation: one term with argu
ment s and two terms with the arguments (s + 2iw ) and {s - 2 iw 0 ) respectively. The 
latter terms are consequences of the rotating radio frequency (R. F.) field, having a 
frequency w

0
• These two terms are multiplied by a factor which is an explicit function 

of s. The factor can be split into fractions, each of which determines a possible mode 
of vibration in the r-direction, when the impressed frequency w

0 
tends to infinity. 

Vibrations with radial symmetry prove to be predominant (m = 0) . All calculations 
concern this type of motion. Limiting cases are considered in Chapter 3, e.g. infinite 
values of the velocity of sound, of the Alfvén velocity and of the impressed frequency. 
Instahilities always prove to occur in the first of these cases; the two others are not 
necessarily unstable. 

In order to put the general characteristic equation into a convenient form, the fac
tor in front of the terms with the arguments (s + 2 iwo) and (s - 2 iw

0
) had to be split 

into the above-mentioned fractions. The lowest frequency constituting the smallest 
pole of this factor, considered as a function of s, and the associated residue show a 
very great similarity to the corresponding quantities entering in the Mathieu equation 
for the imcompressible fluid. 

Two new types of vibration appear from our theory, viz. waves showing mainly 
either an Alfven or an acoustical character. The phase velocity of the former type may 
have all values from infinity to zero when a large internal magnetic field does exist in
side the plasma. The higher modes of both these types of waves appear to be unimpor
tant, mathematically as well as physically. 

In Chapter 5 the stability boundaries of the first mode are determined with the aid 
of continued fractions. This radial mode appears to be predominant. Consictering the 
succession of perturbations associated with increasing wave numbers, it is found that 
stabie and unstable regions are passed alternately. The stability boundaries seperating 
both types of regions are shifted with respect to those of the Mathieu equation for the 
corresponding incompressible fluid. In general the increment of the unstable pertur
bations appears to be of an order between 1, 32 and 1, 77 times the operating frequency, 
its value decreasing when the wall approaches the outer plasma boundary. Conditions 
involving purely periodic vibrations are derived. 

In the last Chapter the conditions are discussed under which the application of the 
magnetohydrodynamic equations in the form used in this investigation is admissable. 



CHAPTER 1 

GENERAL INTRODUCTION 

In the Rijnhuizen Laboratory for Plasma Physics (Jutphaas, the Netherlands) 
an experiment with a toroidal pinch discharge, applying an alternating field with a 
frequency of about 80kc/s insteadofastaticfield, was started in 1961. 
It was believed by the experimenters Rietjens (Ri 61), and Van der Laan (La 61, 64), 
that this kind of discharge would have greater possibilities for stability than the pinch 
in a static or quasi static field. Their arguments we re as follows. In a varying field a 
stahilizing shear of the magnetic lines of force will be established in the skin layer. 
On the other hand Brinkman, Weenink (We 61), Berkowitz (Be 58) *, Rostoker (Ro 60), 
and Tayler (Tay 57), considered plasmas confined by an R. F. -field. They all 
supposed the fluid to be incompressible. This assumption resulted in Mathieu equations 
for the modes, the coefficients of which were continuous functions of the wave number. 
Therefore, an unstable region shouldalways be passed when the wave numbeF increases 
from zero to infinity. However, Rietjens and Van der Laan were not discouraged by 
this phenomenon for the following reason. 

Fig. 1. The model discussed in this investigation. 

They considered Suydam 's criterion according to which 

rB2 B 
__ z _Q_ log (____!__) + .2E. :.:: 0 

81-J. or rB or ' 
0 z 

(1.1) 

constitutes a necessary condition for stability expressed in terros of cylindrical coor
dinates r, e, and z, B being the magnetic induction, p the pressure, and IJoo the per
meability. Therefore, they asked themselves whether the pinch would notbestabie if 
this criterion is satisfied at any instant in the boundary layer. The application of Suy
dam' s criterion might be justified, when the growth ra te of the perturbations proves to 
exceed appreciably the operating frequency. On account of these perturbations a range 
of operating frequencies proves to exist for which Suydam's criterion leads to stability. 

Several authors have discussed the stability of a pinch contiguration in generaL 
An important contribution was made by Kruskal and Tuck (Kr 58). They discussed the 
cylindrical pinch in a static magnetic field for different fieldconfigurations aasurninga 
sharp boundary and a scalar pressure. The normal mode technique was used by these 
authors. This requires to solve the characteristic equation in order to find the eigen 
values. On the other hand, the magnetohydrodynamic energy principle of Bernstein 
et al (Ber 58), is also often useful, because it can give an insight into the stability of arbi-

*In the artiele of Berkowitz et al. Ul in the formulas (78) and (79) should read w2• 
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trary deformations of plasmas from an equilibrium configuration, even for odd shapes 
and densities, without having to know the ei~n functions and the eigen values. Acear
ding to this principle the deviation óW =-iJs. F(g)dr of the potential energy (inte
grated over all volume elements d,-

0 
of the plasma) fr8m its value in an equilibrium 

state should be positive for all possible small motions of the plasma particles away 
frQm !_!l~ir rest positions in this equilibrium; F is defined here in such ä way that 
Pog = F(s) represents the corresponding equation of motion, the vector s fix:ing the 
displacement from the rest position. 

The normal-mode technique inspace coordinates is also applicable to nonstatic 
fields. Energy principles basedon static fields do not work here since the potential 
energy then changes with time. An averaging of the potential energy over one period of 
the impressed frequency, while assuming time-harmonie fields, is impossible, since 
the movement of the plasma during such a period is unknown. This is the main objection 
against the simplified argtiments introduced by Rietjens and Van der Laan, which are 
basedon a property derived for static fields only. 

The energy principle has been extensively used for investigating the diffuse linear 
pinch confined by a static field. Special theorema have been derived in order to test the 
stability of the boundary layer, first of all the Suydam criterion (Su 58), Newcomb(Ne60), 
arrived at a result which is more powerful than the necessary Suydam criterion, since 
it constitutes the corresponding sufficient condition. 

A low density plasma confined by an R.F. -field was investigated by Weibel (Wei 60). 
He considered the case of a cylindrical plasma column in a magnetic field with constant 
axial component, while the azimuthal component oscillates harmonically with time. 
The plasma itself is treated as an ensemble of non-colliding particles, which are spe
cular ly reflected at the plasma boundary. Assuming this model and applying the Vlasov 
equations he arrives at a recurrence relation containing three terms. Estimating the 
eigenvalues with an iteration process, he concludes to the stability of this type of 
pinch. His arguments are not quite clear, since he neither calculated the factor in the 
three-term difference equation, nor determined a characteristic exponent. 

It is very remarkable that none of the investigators of a general plasma confined 
by an R. F. -field, viz. Berkowitz, Rostoker and Tayler, tried to solve the equations 
relating to a finite sound velocity and a trapped internal magnetic field. When a Laplace 
transformation with respect to time is applied, the corresponding characteristic equa
tion consists of a three-term difference equation, two terms of which are multiplied by 
a rather complicated explicit function of the transfarm variabie s. By assuming an in
finite sound velocity this transeendental function reduces to the rational function 
(s2 + w2 r 1 • The investigators mentioned stopped at this equation which amounts to 
the transformed Mathieu equation. 

In the present investigation the general problem will be attacked by a new funda
mental approach. First of all, the factor in the three-term difference equation will be 
split into an infinite sum of fractions, which are suitable for calculations. In most of 
the English literature three-term recurrence relations have been solved with the aid 
of the associated infinite determinant. The analysis is not very surveyable and the er
rors made are very difficult to estimate. A new and very powerful method was intro
duced by Bouwkamp in his thesis (Bo 41), written in Dutch. This method, based on 
continuous fractions, is excellently explained in Meixner and Schltfke (Me 54) ; it wil! 
be used here exclusively in view of its rapid convergence. A language barrier might 
have been a reason that this powerful method has not been applied by others, although 
this method is also publisbed in McLachlan's hook (Me 47), 

In Chapter 6, dealing with the physical assumptions underlying the applied equa
tions, the influence of the mean free pathof the plasma ions and electrous on the vis
cosity, and the applicability of the adiabatic law wUI be discussed in particular. It 
will be shown that at 106 degrees Kelvin the plasma obtained at the Rijnhuizen Labo
ratory acts like a rather viscous fluid. 

16 



BASIC EQUATIONS 

2.1 INTRODUCTION 

CHAPTER 2 

In the present chapter macroscopie equations for a cylindrical plasma will be 
derived under the following conditions (the physical arguments of the model being 
postponed to Chapter 6): 

a) the encounters between the particles are sufficiently frequent to permit the stress 
to be represented by a scalar pressure (no anisotropy); 

b) the perturbations are sufficiently slowand the electron density sufficiently high in 
order that the plasma may be considered as a perfect conductor; 

c) the joint conditions concerning the temperature and the frequencies of the distur
bances prove to be such as to allow the neglect of Joule heating; the simple adiabatic 
law for gasesthen holds; 

d) the confining fieldexternalto the plasma column is a rotating magnetic field of 
constant magnitude; 

e) the thickness of the layer separating the plasma from vacuum is infinitesimal, 
containing a surface current and a surface charge; as a consequence, a number of 
other quantities change discontinuously there. This boundary sheet constitutes the 
limiting case for 6 .... 0 of a thin plasma layer of thickness & in which the current and 
charge densities are finite, but large of the order of ö-1 ; the other quantities then 
change gradually across such a layer, but become discontinuously there if the layer 
thickness 5 tends to zero. 

Further the sound and Alfven veloeities will be assumed as finite. This implies 
that the phase of the movement of the fluid is not necessarily everywhere the same. 
In existing theories, however, the sound velocity is assumed as infinite {incom
pressible fluid). Our assumptions (a), {b) and (c) only hold fora sufficiently long wave 
lengthof the perturbation. 

In contrast with these macroscopie considerations Weibel assumed a mean free 
path of the ions much larger than the plasma dimensions. This enabled him to use the 
microscopie Vlasov description. 

In our model seperate equations are to be derived for three regions, viz. the space 
occupied by the plasma, the plasma vacuum boundary, and the vacuum. The problem 
being time dependent, we shall apply Laplace transformations in order to get results in 
a convenient way. However, such transformations are defined differently by various 
authors. The representation to be used here is that of Churchill and Erdelyi, viz. the 
one-sided integral 

(X) 

f(s,r,cp,z):: L {r(t,r,cp,z)} = J e-stf(t,r,cp,z)dt. 

0 

(2.1) 

We shall denote the gas pressure, the density and the velgcity of..the plasma by 
p, p and V respectively, the magnetic and electric fields by B and E, the current 
and charge densities by T and q; the permeability and the dielectric constant of free 
space by IJ.o and e

0
, and the ratio of the specific heats by y. The following macrosco

pie equations in M. K. S. units then hold inside the plasma. 
Equation of motion for an ideal magnetic fluid: -dV _, _, .... 

p dt = j x B + qE - vp. (2.2) 

Continuity equation: 
( 

i"/,. __ op 
v. PVJ = ot 

(2. 3) 
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Ohm 's law for a perfect conductor: 

(2.4) 

First Maxwell equation, neglecting the displacement current: 
..... .... 

'iJ x B = ~J,0j . (2. 5} 

Second Maxwell equation: 

...... 
'il.B=O (2. 6) 

Third Maxwell equation: .... 
..... oB 

'iJ x E =-ar· (2. 7) 

Fourth Maxwell equation: 

.... 1 
'il.E= q. 

~h 
(2. 8} 

Equation for isentropic changes in an i deal gas: 

p = Cp y. (2. 9) 

.... In vacuum the four Maxwell equations (2. 5), (2. 6), (2. 7) and (2. 8) hold with 
j = o and q == o. 

2.2 EQUILIBRIUM STATE 

The equilibrium configuration the stability of which is to be investigated is idea
lized in the following way, using cylindrical coordinates r, cp and z. We suppose a uni
form completely ionized plasma with a pressure Pu and a density p0 , within the infinite 
cylinder r =a, the outside space being vacuum as tar as the perfectly conducting cy-.... 
lindrical wall at r = b (see Fig. 1). The plasma is at rest (V = 0), without any electric 
field (Ë = 0). In the vacuum we assume a magnetic field with vanishing r-component, 

V a V V V • but a cp-component B = - B cos w t and a z-component B = B sm w t. In the ocp r o o oz o o 
plasma the steady magnetic field should only have a z-compçment, BP say. In the 
plasma rand q vanish, while in the boundary sheet q = 0, r being üllinite of the order 
ö-1 • 

Equation (2. 5) substituted into eq. (2. 2) yields the following relation holding in the 
case of equilibrium in the transition layer near r = a: 

1 ..... .... 
0 =~('iJ X B) x B - 'ilP, 

0 

or 

(2.10) 

After integration in the r-direction of the r-component of this equation (the only com
ponent for which not all terms vanish identically) across the transition layer, 
a - 6 < r < a, we obtain: 

a a B 
1 J 0 ....2 1 I ( à rn o à) - -(J:))dr-- B -+-.-::t:. -+B - B dr 21J, or 1-L r àr r orn z àz r 

0 0 T 
a-6 a-8 

a B2 a 

..!.. I .....92...dr +I ~p dr=O 
1-L r ar 

0 a-a a-5 (2.11) 
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.... 
The second term vanishes in view of the direction of B perpendicular to the r-direc-
tion, and when, the transition layer beoomes infinitesimal, the third one vanishes due to the 
finiteness of B~/r. The remaining terms yield, remembering the vanishing of Bocp 
and B0 r in the plasma, and of B0 r and the gas pressure p in the vacuum: 

or 

_1_ c·B v2 + B v2 - Bp2 ) + ( 0 - p ) = 0 
2~J;0 ocp oz oz o • 

1 p
2 

1 ( v2 v2
) 

po+ 21J. Boz = 21J. Bocp + Boz ' 
0 0 

1 v 2 
=-B 

21J.
0 

o 

(2,12) 

A high magnetic field BP z can be maintained inside the plasma if the conductivity 
of the latter is high enough wgen starting the pinch discharge; this situation can be ob
tained with the aid of ionization and heating of the plasma. 

We now introduce the conventional name magnetic pressure for B2 /21J. , this 
quantity being similar to the gas pressure. 0 

2. 3 SOLUTION OF THE PLASMA EQUATIONS BY LINEARIZATION AND ELIMINA
TION PROCEDURES 

We shall derive equations for situations close to the equilibrium state. We sup
pose every physical quantity as differing from its equilibrium value by a small per
turbation term. The equilibrium quantities will be denoted with an index (0) and the 
corresponding perturbations with the index (1). No such index is necessary for the 
dis placement, velocity, current density and electrical field, since these quantities 
vanish in the equilibrium state and thus repreaent perturbation quantities without 
more. 

All the equations for the perturbed quantities will be obtained by a linearization 
in the usual way. A set of homogeneous linear differential or of algebraic equations 
will result, with r, cp,z, and tors respectively as independentvariables. The sym
metry leads to the existenceofspecialsolutions withcoefficients independentof cp and z. In 
fact, acompletesolutioncan beconsidered as composed of such elementary solutions 
(modes). The Fourier transforma of the latter constitute functions of r and s only, 
multiplied by exp (imcp + ikz), m and k being the characteristic constants of the mode 
in question. We restriet ourselves to the derivation of such elementary solutions. 
Their single-valuedness requires an integral value of m, their finiteness throughout 
space a real value of k. In the case of a torus approximated by a cylinder k only can 
have special discrete values. 

It is now possible to express all the dependent variables in terms of a special 
one, for instanee the pressure, or the displacement in the r-direction. Further, the 
presence of both a plasma and a vacuum region involve compatibility conditions along 
their bq_undary; these conditions depend on a periodic coefficient due to the rotation 
of the B-vector. 

The equations (2. 2) - (2. 9) are now to be linearized and Laplace transformed 
with respect to t. The resulting ·set of equations is given below for .... the space 0 < r < a 
occupied by the plasma; the magnetic field here has been marked Bp (with the only 
component Bgz> in order to discriminate it from the corresponding field in the vacuum. 

The equation of motion: 

-+ .... .... --p 
- Po Vt=O +Po sV = j X Boz - 'V'P1 • (2.13) 

The continuity equation: 
.... 

Po 'V' • V = - spl + P1 t = 0. (2.14) 
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Ohm's law: 

First Maxwell equation: 

Second Maxwell equation: 

Third Maxwell equation: 

Fourth Maxwell equation: 

Isentropic equation: 

Ë + v x ï3P = o. oz 

V • Bi = 0. 

'i/ • 
-t 1 
E=-q. 

~h 

YP0 
pl = pl • 

Po 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2. 20) 

The extra terms due to the initia! conditions will be omitted in the elimination process. 
They have no influence on the eigen values determining the stability. 

We next introduce the sound velocity V , and the Alfven veloeities V and V0 for 
the plasma and its outer boundary respectiv~ly, according to the relationl: a 

y'2 = YPo . 
s P. ' 

0 

p2 
B 

V2=~· 
a IJ! P. ' 00 

(2.22a) 

(2.22b) 

(2.22c) 

The further parameters er, S and ö , needed later on, are to be defined by the 
relations: 

20 

2 s 
~ = k2 + y2 ; 

a 

(2. 23a) 

(2. 23b) 

(2.23c) 



- r-Moreover, s = j V dt represents the displacement of the plasma away from its state 
of equilibrium. -We choose V as the first quantity to be eliminated. We obtain from eqs. (2. 20), 
(2.14) and (2. 22a): 

- 1 \1 • V = - -- sp . 
p y2 1 
0 s 

The divergence of eq. (2.13) gives: 

p0s \1 • V = \1 • Q" X B~z) - \l
2
p1 . 

... 
Elimination of \1. V from eq. (2. 24) and (2. 25) yields: 

2 

ifpl - s 2 P1 = " · (T x B~z) · 
vs 

(2. 24) 

(2. 25) 

(2. 26) 

This equation may be interpreted as an inhomogeneous wave equation. lts right
hand side can be reduced with the aid of eqs. (2.16), (2.18) and (2.15) and of the vec
tor identity: 

- ..... ..... Ä Ä ..... \1 • (A x D) = D • (\/ x ) - . (\/ x D) , 

taking account of the relation \1 x :BP = 0. We obtain: 
oz 

" fj x ï3P Î = ___!__ "BP . { " x " x " x (v x "BP "1} 
• ~ OZ./ ~ s oz oz./ 

0 

= - -
1 ï3P . "2 

{" x (v x ï3P )} 
~ s 0 . oz 
0 

=- _1_:BP \12 Jl_ :BP (\/ V) +(BP . \1) v} . 
~ s oz. oz • \..._: oz 
0 

(2. 27) 

This quantity can be expressed in terms of p
1 

by applying proper vector identities, the 
divergence relation (2. 24), and the relation 

ik 
vz = -pspl' 

0 

(2.28a) 

connecting "::z directly ~ith p
1

; this latter relation is obtained by a scalar multiplica
tion of eq. (~.13) with B~z,remembering that à/àz =ik in view of the modes considered. 
The substitution of the corresponding value for (2. 27) into (2. 26) yields the wave equa
tion for p1 • All other quantities may be derived thereafter from p 1• 

Instead of giving the details of all these computations, we only mention that the 
following set of relations, expressing all other quantities in terms of p

1 
(ëz = unit vec

tor in z-direction), viz.: 
.... 62 
V = - P sa2 \/Pl 

0 

iks 
+ p v2(; pl 

0 s 

2 
.... 6 c-p ) E = - --2 B oz X \lpl ' 

p SQ' 
0 

(2.28b) 

(2. 28c) 
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pl --v-2 . 
s 

q = 0 ' 

v2 
2 

(
..,. ..... P )- a ( . 2 s ) 2 

"V • J X B oz --s \. k + 'if "V p 1 • 

s 

(2. 28d) 

(2. 28e) 

(2. 28t) 

(2.28g) 

(2.28h) 

proveto satisfy the eqs. (2.13) to (2.20) provided that p
1 

constitutes a solution of the 
wave equation 

(2. 298) 

According to eq. (2.23c) the parameter 52 depends on both s and k, which quan
Uties can be interpreted as the operators à/ot and -i o/dz respectively. A multipli
cation of eq. (2.298) by -v!v!a2 thus showsits equivalence to the following differential 
equation which is independent of the special mode considered so far: 

(2. 29b) 

The equation (2. 29a) fixes the value of Va V s8 (s)/s as constituting the velocity 
of waves propagating in the r-direction; this velOcity therefore depends on both the wave 
number k and the frequency s/i. We have to do with a dispersive medium the propaga-

tion velocity of which tencts to V V2 + v; for very high frequencies ( lsl -o<Xl). This velo
city is connected in a symmetricafw11y with that of Alfven waves and that of sound waves. 
We further notice the absence of double-refraction effects; this is due to our approxi
mation which neglects the finiteness of the conductivity. 

Returning to our mode proportional to exp {i (kz +:mep) - s~} , we may substitute 

"V2 = L +_!__~- m2 - k2 
or2 r or r2 ' 

so that (2. 29a) can be reduced to 

o2 1 0 
--p +-r orpl 
or2 1 

(2. 30) 

(2. 31) 

in which the differentiations of p
1 

with respect to the variables q> and z have been per-

22 



formed. 
The only solution of the equation (2. 31), of Bessel type, which is finite on the 

axis r = 0 reads: 

p = C ( -1) m J (i 0'13 r) = C I (0'13 r) 
1 m m 5 mm 5 ' 

(2. 32) 

Cm being a constant with respect to r. In view of the above expressions (2. 28) the other 
variables can also be connected with this function and its first derivative. The results 
read, if we henceforth omit the common factor exp(ikz + i:rncp) in all perturbed quanti
ties: 

~ = v =-
1 .!ê..c P 8 >:>r r p s Q' m m 

0 

= V == - im ~Cm I 
c,o p

0
s Q'2 r m 

ik 
ssz == V = - - C I z p

0
s m m 

E = 0 z 

q 

= _!_ [32 Bp C I 
2 oz mm 

p s 
0 

= - im (1 -L) ___!_ Cm I 
2 p m' 

er B
0

z r 

= 0'13·(1 - ~}) - 1- C I' 
6 ~ Bp m m' 

= 0 

= 0 

= 1 
C I v2 mm 

s 

oz 

(2. 33a) 

(2. 33b) 

(2. 33c) 

(2. 33d) 

(2. 33e) 

(2. 33f) 

(2. 33g) 

(2. 33h) 

(2. 33i) 

(2.33j) 

(2. 33k) 

(2. 331) 

(2. 33m) 

(2. 33n) 
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2.4 SOLUTION OF THE VACUUM EQUATIONS 

In the vacuum the equations can be solved much more easily. The Maxwell equa
tions for tbe magnetic induction bere become: 

~v ~v 

vxB1 = o (2.34) and v. B 1 = o. (2.35) 

Hence tbe magnetic induction can be deduced from a potential ~ according to: 
;!V ,...... 
B 1 = V 9i , (2. 36) 

~ ikz + imrn 2"""' 
where ~ = ~ . e ----,- bas to satisfy the Laplace equation v 9i = 0. 

Fora special (m, k) mode tbis equation becomes: 

{~ + 1 _È_ - (_!!12 + lf)} qi = 0 
or2 r or \X2 . 

(2. 37) 

The general solution reads: 

IJ? = a I (kr) + b K (kr) , m m m m (2. 38) 

a and b being functions of the time or of s only. 
m Tbe IRomponents of Br follow from eq. (2. 36) applied to this solution. Denoting 

the derivatives with respect to the argument kr by a dasb, we find: 

B vl = a k I' (kr) + b k K' (kr) , r m m m m (2. 39a) 

B vl = a im I (kr) + b im K (kr) , 
~mrm mrm 

(2. 39b) 

B vl = a ik I (kr) + b ik K (kr) • z m m m m (2. 39c) 

-+ 
The radial component of B bas to vanish at tbe perfectly conducting outer wall 

r = b. The ratio of a and b tberefore becomes: m m 

am K~(kb) 

b =-I' (kb) • 
m m 

(2. 40) 

Tbe componentsof :BI can now be rewritten in the following form only depending on the 
coefficient b : 

m 
K' (kb) \ 

B~r = kbm (- l'~kb) l'm(kr) + K~(kr)) , 
m 

.... -+ -+ 
Obviously, all otber quantities p

1
, E, v, j and p vanisb in tbe vacuum space. 
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2. 5 THE VACUUM-PLASMA BOUNDARY. 

DERIVATION OF THE CHARACTERISTIC EQUATION 

2.5.1 Derivation of a first additional boundary condition 

The solution (2. 32) of the second-order equation for the pressure, eq. (2. 29), 
only contains a single integration constant Cm. This is a consequence of the regula
rity condition at r = 0. Similarly, the solution of eq. (2. 37) for the first-order dis
turbanee of the magnetic potential in the vacuum also depends on a single integration 
constant only, since the condition eq. (2.40) at the conducting outer wall r = b has to 
be satisfied. In order to eliminate all integration constauts, and to determine the eigen 
values it is necessary to find two additional conditions at the plasma-vacuum boundary. 

One condition can be derived from the equation v . B = 0 when integrated across 
the transition layer. This gives the well-lmown boundary condition: 

(2. 42) 

n being the unit vector perpendicular to the boundary. 
The magnetic flux through a surface moving with the fluid is invariant here, be

cause we assumed the latter as perfectly conducting. This can be understood as fol
lows from eq. (2. 4) and eq. (2. 7). Substitution of E from (2. 4) into (2. 7) yields: 

.... 
~~ = V x (V x B) . 

Applying the Stoke's theorem to this equation, we obtain: 

J J ~~ . do = ~ <v x Ë> • d6 = - j (v x ds> 
or 

_, 

J J ~~ . do + j :B . <V x ds) = o . 

..... 
. B ' 

(2. 43) 

(2.44) 

The first integral of the last relation represents the change of flux due to the time 
dependenee of the magnetic field, the second integral the change due to the movement 
of the surface boundary cutting the lines of force. Ho wever, the total flux through the 
surface remains constant, its time derivative being the vanishing sum of the two men
tioned changes (Spitzer, Sp 63). 

Since no flux is p~si~the boundary in the equilibrium state, we there also have 
in the perturbed state: n . :8.1:' = 0, and therefore: 

........ Bv = 0 n. . (2. 45) 

The last equation connects the direction of the normal to the perturbed surface 
with the magnetic induction in vacuum. The direction of this normal is obtained as ..... 
follows. According to the definition of the vector s, the original boundary r = a of the 
plasma is shifted in the perturbed state to a new surface, which is given by the fol
lowing parametrie representation (rn and z fixinga point on the original boundary): 

"~'O 0 

cp = cpo + 5cp (cpo' zo) ' 

z = zo + Sz (cpo' zo) • 

(2. 46) 
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Hence the following relations hold for infinitesimal displacements on the perturbed 
surface: 

n.... = r1. ... +~ r1. ... +~dz 
"""i' ""'~'o ::vt'l """fo oz o ' 

'-"t'o o 
(2. 47) 

The compatibility of these relations involves the following equation for displace
ments on a tangential plane of this surface: 

dr 
êl~r o~r 

àcpo oz 
0 

1+~ ~ = 0. (2. 48) 
àqlo oz 

0 

osz os 
1+~ 

àqlo oz 
0 

dz 

In view of the proportionality of the mode under consideration to exp{ i (mep+ kz)} this 
equation reduces to: 

dr (1 + im8 +ik~ ) - dep im ~ - dz ik~ = 0 • 
~ z r r (2. 49) 

According to this relationt any vector 

ims 
ii = À { (1 + ima + ik~ ) ë - __ r ë - iks ë } , 

~ zr r ~ rz (2. 50) 

is oriented along the normal of the perturbed surface; ër , ëcp and ëz represent the 
unit veetors connected with the system of cylindrical coordinates. The resulting 
approximation of this vector up to first-order contributions reads on the unperturbed 
surface r=a, 

..... \ {<1 . .lrl:' ).... rim.... .k .... )!I } n 1 = 1\ + 1m8 + 1 ... ':> e - l ·-e + 1 e ':> , 
~ z r '-a~ z r 

(2. 51) 

where À has to be unity (in the first-order approximation) t if nl should repreaent a 
unit vector. 

The induction Bv at the original surface is given by: 

;::v V -+V. ,.... 
B = B cos (w t) e + B sm (w t) e , 

0 0 0 ~ 0 0 z 
(2. 52) 

which may be abbreviated by: 

W=W +Bv 
0 ~ oz. 
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The perturbed surface consiste of the endpoints of the veetors 

-t ... -+ _" -+ 
ae. + ~ = (a + s \ e + ~ e + ~ e , r r r z z ~ ~ 

(2. 53) 

to which is to be added the vector towards any point with coor~i~ates z and ~ on the 
surface r =a. The latter vector h~ no effect on the value of B

0
, whic& only ~pends 

on r (see sect. (2.2)). The vector Bv thus becomes as follows on the perturbed sur
face when applying the linear approximation (considering, e.g., Bi and s as quanti
ties of the same order of magnitude) 

Bv (aë +~) = Bv(a + s \ + Bv(a) r o r 1 

= Bv (a+~ \ + Bv (a+~ \ + Bv (a) + Bv (a) + Bv (a) . 
~ r oz r 1 r Hp 1z (2. 54) 

In view of the relation 'i! x Bv = 0, and the dependenee of Bv on r only, involving 
o/or(rBÓq) = 0 and o/or(BÓ~ = o, we can apply the reducti8ns: 

-+v .... v { o -v } -v ~r -v B a+ = B a + -B r = B a --B a 0~( sr> o~< ) ~r or 0~( ) r=a 0~( ) a 0~( ) , (2. 54a) 

B v (a+ ~ \ = Bv (a) + ~ { 0 Bv (r) } - B v (a) oz ':::>r oz ':::>r or oz r=a - oz , (2. 54b) 

so as to obtain: 

(2. 55) 

The various terms also depend on t which is expressed for the zero approximation by: 

->v V{ ..... . -> } B (a) = B cos (w t) e + sm (w t) e . 
0 0 0 ~ 0 z 

(2. 52) 

.... _.V • -> ->V ..... -:;t,.V 
Working out the first-order termsof the relation n. B =0, that IS: n

0
• B

1 
+n1 • .H0

, 

we now find with the aid of (2. 51), taking À= 1, 

V im V • V B (a, t) - -B g (a, t) - Ik B S (a, t) = 0, 1r a ocp r oz r (2. 56) 

or also 

B v (a, t) = {im cos (w t) + ik sin (w t) } B v s (a, t) , 
1r a o o o r (2. 57) 

which constitutes a new boundary condition. 

2.5.2 Deri vation of a second additional boundary condition 

The second additional condition wanted at the plasma-vacuum boundary can be 
derived directly by combining eqs. (2. 2) and (2. 5), and by applying the samemetbod 
used in the equilibrium case to arrive at eq. (2.11). We then have to integrate across 
the boundary sheet, once again in the r-direction. However, our present equation now 
also depends on the left-hand side of (2.2), since we are not dealing here with the equi
librium state. Thus we start with the vector telation (neglecting the non-linear terms 
in dv/dt): 

0 ..... 1 .... ..... Ë 
p 

0 
t V ""~( 'i1 x B) X B + q - 'iiP , (2. 58) 

0 
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which is identical with 

0 .... 1 2 1 .... -:;t. ..... 
p at V= -~ V B +-;-;:- (B • V) .ö + q.!!. - VP • 

~o r"o 
{2. 59) 

We must consicter the component in the r-direction, which yields: 

0 1 0 2 
p at V r = - 2~ (B + p) + qEr + 

0 

B +B c o ) 1 o + <Xfl up - B - B +- B +- B + B - B 
1"11. oep 1ep àep tr ~ ( oz 1,) oz tr • 
~~ 0 

{2. 60) 

The summation of t)le zero-order terrns again gives, after integration across the 
boundary sheet, the equilibrium equation (2. 12). In the linear approximation quadratic 
and third order terms disappear (e.g. qEr, see G· 28,g)). The first order qu~tities 
entering the above equation from the expression (B. V) B are: 

1(2 1 0 0) - --B B +-B -B +B -B 
~0 r oep lep r oep oep 1 r oz az tr · (2. 61) 

In this equation no derivatives with respect to r occur. If we pass through the 
transition layer all terrns of (2. 61) therefore remain finitewhen 8 ... 0 and their contri
butions vanish when integrating (2. 60) across the boundary sheet. The integration over 
the remaining terrns in the r-direction from a point Pi on the inner boundary 
(r =a+~ - êr) towards P0 on the outer boundary (r =a+ gr) then yields: 

Po ~Po 
S p ~V dr = - ( __!__ B 2 + P) 

ot r \.2~ 
P. 0 P. 

1 1 

(2. 62) 

The left-hand side, connected with the thickness and mass of the skin, also may 
be omitted in view of our previous assumption of an infinite conductivity. The complete 
justification of the neglect of this skin term will be discussed in section (6. 8). The eq. 
(2. 62) then yields after integration, since 

and 

the relation 

Ba =B2 =B~ 
( 'r =a+ s -ê p z ' r r 

1 P2 1 ( v2 v2) p+-B =-B +B · 
2~ z 2~ ep z 

0 0 

(2. 63) 

The zero-order terms confirm the equation (2 .12) for the static equilibrium. The 
remaining first-order terms determine the perturbed state at the surface. Substituting 
the result of eq. (2. 55) into eq. (2. 63), we find from the first-order terms of this 
equilibrium equation at the perturbed surface: 

1 1 2 g (a) 1 1 
p (a) +-BP Bp (a) =':'7-Bv {a) ___!_+_Bv {a) Bv (a) +-Bv (a) Bv (a) 
1 ~0 oz tz ~0 oep a ~0 oep lep ~0 oz 1z (2. 64) 

28 



which constitutes snother boundary condition. 

2.5.3 Determination of the final characteristic equation 

Combining eq. (2.41a) and (2. 57) it is possible to eliminate the function bm, and 
next to express B~ and Bf z with the aid of eq. (2. 41b) and eq. (2. 41c) in terms of 
Sr( a, t). Next the ~. (2. 33a), (2. 33i) and (2. 32), taken for r =a, enable to express 
aJSo Pt<a,s) and Bfz(a,s), occurring intheleft-hand side of (2.64), in termsof 
Sr( a, s) after having applied the Laplace transform of the right-hand side of eq. (2 .64). 
The resulting equation represents the characteristic equation for sr(a, s). The 
sketched procedure will be worked out now. 

The function of time bm in eq. (2. 41a) for r = a can be determined with the aid 
of eq. (2. 57) • The result reads: 

{i: cos(w
0

t) +ik sin(w
0
t)} 

bm = K' (kb) Sr(a, t) • 

k{- I'm (kb) . I~ (ka) + K~ (ka)} 
m 

The other equations (2. 41b) and (2. 41c) then lead to the formulas: 

2 
B vl (a, t) = L (a, b) {~cos (w t) + km sin(w t)} B v .! s (a, t) , 

<p m k2 a2 o a o o a r 

V {m . } V 1 B
1 

(a, t) = L (a, b) ka cos(w t) + sm(w t) B - s (a, t) , z m o o oa r 

in which we have introduced the parameter: 

K' (kb) m 
-I' (kb) Im (ka) +Km (ka) 

m 
Lm(k,a,b) = Lm =- Kk(kb) ka. 

I' (kb) I~ (ka) + K~ (ka) 
m 

(2. 65) 

(2. 66) 

(2. 67) 

(2. 68) 

The right-hand side of eq. (2.64) becomes, in view of the eq. (2.66) and (2.67) and of 
the relations Bv (a) =Bv cos (w t) and Bv (a)= Bv sin (w t): 

O<p 0 0 oz 0 0 

v2 

B 0 
{- cos2 (w t) + L ( m

2 
cos2 (w t) + 2kam cos(w t) sin(w t) + sin2(w t) )} s (a, t). (2. 69) 

1J.
0

a o m ~a2 o o o o r 

Introducing the double angle 2wt insteadof wt this expression provee to be equivalent 
to: 

(2, 70) 
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cp being a phase angle independent of t. 
In order to be able to express also the left-hand side of the eq. (2. 64) in termsof 

Sr we determine the Laplace transform of the complete equation. From (2. 33a), taken 
for r = a, we derive: 

- 2 Q' 1 
C - - p s • - . ( Q ~ s (a, s) • m o s 5 I' Q' 1-' r -a 

m 5 

(2. 71) 

Wethen obtain from (2. 32) and (2. 33i) the following further relations: 

I (O'Sa)" 
2 Q' m 5 

p 1 (a, s) = - p s - • Sr (a, s) , 
0 

5 S I~ (~Sa) 
(2. 72a) 

(2. 72b) 

Substituting these expressions into the left-hand side of (2. 64), while taking the Laplace 
transform of (2. 70), that is the right-hand side of eq. (2. 64), we arrive at: 

where 

and 

v2 
B 
-
2
° [A s (a,s)- B {s (a,s+2iw) + s (a,s -2iw) IJlj, 
~a mr m r o r o 

0 

(2. 7 3) 

(2. 73a) 

(2. 73b) 

while s (a, s) now denotes the Laplace transform of S:r;- (a, t). 
Th~ phase cp appearing in eq. (2. 70) has been omltted in the final eq. (2. 73) and 

chosen as cp =TT, since it has no influence on the eigen values. It simply implies a 
shift of the time chosen as t = 0. 

The terms of eq. (2. 73) can also be assembied together somewhat differently, so 
as to obtain, introducing the Alfven veloeities from (2.22), 
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Ol Ol -+ 
Sê ê 

Bp2 I (Ot Sa'. B v2 A 
oz ) m 6 ') + o m\_ r: (a s) _ 
~ (Ol s 0 2p IJ. a J '='r , -o o I' -a o o 

m ê 

(2. 74) 

2.5.4 A discussion of the characteristic equation 

Wh en considering the final equation (2. 7 4) we remind that Ot, 13, 6 and the argu
ment of :r.mand Ik, viz. g_ê a, constitute functions of the operational variabie s in 

ê 
view of the relations of eq. (2. 22) and (2. 23) • Obvious ly, the quantities Ot, S and ê 
also depend on the wave number k of the eigen function, as well as on the Alfven 
velocity and the sound velocity. Moreover, the physical configuration is fixed by the 
amplitude B6 of the rotating magnetic field in the vacuum, and by the longitudinal 
magnetic field B8 in the plasma. 

Mathematicafly eq. (2. 7 4) constitutes of a three-term recurrence re lation (with 
a non constant coefficient) which refers to the Laplace transfarm of the radial displace
ment Sr at the plasma boundary (r = a) • 

Let us abbreviate the equation (2. 7 4) by 

F(s2)s (a,s)=s (a,s+2iw)+s (a,s-2iw\, r r o r 0' 
(2. 75a) 

It then reads as follows in the original time variable: 

(2. 75b) 

in which F(s 2) is identical with 

(2. 76) 

wherein Ot, S and ö are functions of s, but Am and Bm are independent of s. Im can 
be developed in its power series, which is absolute and uniform convergent for any 
value of the argument Ot s a/6, so as to obtain 

(2. 77) 

31 



(2. 78) 

(2. 79) 

Cutting off these series for the Besselfunctions after r = N, we obtain, also taking 
into account the definitions (2.23), the following rational function of s: 

(2. 80) 

with coefficients Cj and Dj independent of s. If this expression for F(s2 ) is substituted 
in eq. (2.75a), and when its left- and right-hand side are multiplied by the denominator 
of F(s2), we obtain 

P2N+1 (s
2

) gr(a, s) = Q2N(s2
) { sr(a, s + 2iw

0
)+ Sr( a, s- 2iub~ ' (2. 81) 

where P2N+1 (s
2

) and Q2N(ff) are polynomials of the (4N +2) and 4Nth degree in s 

respectively. In order to return to the time domain weneed the relation 

L - 1 { sn s (a, s)} = dn s (a, t) + ö-functions and derivatives . 
r dtn r of it at t = o 

(2. 82) 

The mentioned ö-functions yield no contributions for t domains beyond t = o. Trans
formation of the eq. (2. 81) then leads to 

(2. 83) 

This constitutes a linear differential equation of finite order with periodic coef
ficients. The Floquet theorem is applicable to it (see Ince, In 56, pg 381), according 
to which the solutions are of the type 

IJ. t CX) 

e n L 
1=-oo 

c1 e ,n 

i2lw t 
0 

(2. 84) 

in view of (2. 81) the integer n characterizes one of the 4N-t2 independent solutions of 
the differential equation of order 4N+2. 

We observe that the above characteristic equation (2. 75b) may be considered as 
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an extension of the Mathieu equation; the latter is obtained when F(s2) reduces to the 
function F (s2) = F(o) +cs2 . The additional terms, viz. 

0 

correspond to the convolution product 

t 

J d T h( T) sr(a, t - T) , 
0 

if h(t) is fixed by L{ h (t)} = F (s2) - F 
0 

(s2). 

(2. 85) 

(2. 86) 

Therefore, in view of the contributions due to the additional terms, the equation in 
question can also be considered as the following integro-differential equation 

d2s t 

c - 2r +{F(o)-cos(2w t)} s + Jh(T) s (t-T) dT = 0. 
dt o r o r 

(2. 87) 

In our further calculations we shall expand the function F-1 (s2) into a Mittag
Leffler series. When applying the Floquet theorem for solving (2.74) it will be shown 
that we only need to take into account the rigorous values of a few terms of this series, 
while the further terms can be approximated by a simple rational function of s 2 . In 
this way arelation equivalent to a differential equation of limited order is obtained. 
The small errors thenmade when determining the characteristic exponents !Jon will 
only show the influence of the approximation procedure after a time, which is long 
with respect to the periods connected with the dominating eigenfrequencies represented 
by the poles of F-1 (s2). 
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CHAPTER 3 

LIMITING CASES AND A CORRESPONDING ANALYSIS OF THE CHARACTERISTIC 

EQUATION 

3.1 INTRODUCTION 

Some limiting cases will be discussed in this chapter. Those leading to a consider
able simplification of the equation (2. 74) are the following: 

1) The velocity of sound is infinite, wbich corresponds to an incompressible fluid. This 
implies also an infinite value of the ratio y = Cp/Cv· The argument a. ex !3/5 of the 
Bessel function reduces to a simple form here; 

2) The Alfven veloeities both inside and at the boundary of the plasma are infinite. This 
occurs fora plasma density tending to zero. Here, too, the argument of the Bessel
functions beoomes simple; 

3) The impressed frequency w
0 

tends to infinity. In this case the equation (2. 75b) re

duces to F ( :t~) sr(a, t) = 0; the problem then only concerns the determination of the 

eigen frequencies isn which are connected with the zeros s~ of the function F(s 2). 

3.2 THE INCOMPRESSIBLE FLUID 

An incompressible fluid involves an infinite velocity of sound Vs. The characteris
tic equation (2. 74) gets a very simple form. The parameters ex, 13, 5 and the argument 
a ex 13 I 5 he re are determined by: 

Eq. (2. 74) beoomes accordingly: 

ex~a=ka. 
ó 

A kai' vfa) 
+___!!!_ m ( 

I a 2 Sr a,s) 
2 m 

2 
B kal' y0 

- __!!!. ____!!! ~ { ~ (a, s + 2iw ) + s (a, s- 2iw ) } 0 , 
2 Im a r o r o 

(3.1) 

with the argument ka for the functions I and I' , while A and B depend on both 
ka and kb. m m m m 

The equation (3.1) constitutes the Laplace transfarm of an ordinary Mathieu 
equation, its coefficients being independent here of s, apart from the term s2. It can 
be transformed back and put into ·a dimensionless form by introducing the new variabie 
s = ~ ; the time t is then to be replaced by T == w0 t. The equation (3.1) thus becomes: 

Wo 

0 2 2 

d 2 va A kaP v kal' 
{ m ma 22 m } 

- ~=' (a 'T) +- - -- + - k a - --B cos(2 'T') =' (a T) = 0 · 
2 -;,r ' 2 2 2 I _..r.2 I m -:.r ' ' dT a w m yv m o a 

(3. 2) 

for the zero-order mode (m = 0) this further reduces to: 
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V 2 kal' 
+ k2a2 ~- __ o (L + 1) cos (2-r)} ç; (a,-r) = 0 , 

vo 21 o r 
a o 

or abbreviated 

L being given by (2. 68). 
0 

(3. 3) 

(3. 3a) 

The stability thus depends on the value f... of the static and 2h2 of the periodic 
coefficient of ~r (a, -r). These coefficients vary continuously with ka and the dimen-

2 
sionless factor ~ /a 2w6. The other quantities determining these coefficients are the 
ratio b/a of the radii of the outer conducting and the plasma boundary cylinders, and 
the ratio V a/~ of the two Alfven veloeities. 

Fig.2. Stability of the incompressible fluid Vs = 00 forthemode m = 0, 

with parameter ka; b/a ='1/3 or ro; Va/~= 0.5 or 0; 

ValaiDo = 4 (~ = ioSm/sec; a= 0,05 m; w0 = 5.1o5rad/sec). 

Fig. 3, Stability of the incompressible fluid Vs = ro forthemode m = 0, 

with parameter ka; b/a ='f3 or 00; Va/~ = 0.5 or 0; 
V /'-'tiL = 0. 4 (v:' = 1d' m/sec; a= 0. OS m; UJ = 5.106 rad/sec). a--o a o 
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In order to show the stability regions of the above Mathieu equation the static 
coefficient À has to be represented as a function of the periodic coefficient 2h 2, with 
ka as parameter. The boundaries of the stability regions in the diagram are indicated 
in the figures 2 and 3 forsome representative values of b/a, Va/Vä and V~/aw0• The 
numbers along the curves refer to values of ka. The stabie regions are hatched. The 
dimensionless facto:~;' vg/aw0 is assumed either as 4 (resulting from ~ = 105 m/sec., 
a= 0.05 m, w0 = 5.105 rad/sec.) or as 0.4 (corresponding to w0 changed to 5.106 rad/ 
sec.). The figures concern the zero mode m = 0. It can be proved that the static coef
ficient may only become negative for this mode, and that the ratio of the static and pe
riodic coefficient is smallest for this same mode, at least for the representative values 
of b/a and Va/vg_ (seesubsection3.7.1). Whenthecoefficient À=À0 forthezeromode in
creases from zero along small values of ka, we conclude from the stability diagrams 
that the plasma is stabie in the case under consideration. 

The values of the parameters b/a =Va and Va/V~ = 0.5 have been chosen in such 
a way that Ào--+0 for small ka and that Ào increases with ka, entering into a stabie region, 
if at least one of these parameters has the mentioned value. If bI a = "" and V alvg = 0, we 
start in the unstable region and we will enter a stabie region at ka~ 0.8 if Vg_/aw0 = 4.0 
(see fig. 2), or at ka~ 1.34 if vg_/aw0 ~ 0.4 (see fig. 3). We also notice that when ka is 
increasing all curves pass alternately through stabie and unstable regions. In the pre
senee of an internal magnetic field (Va= 0) the unstable region is smaller than in the case 
of the absence of such a field. The expectedgrowth ra te in the unstable region is also smaller 
in the first case. For ka increasing to infinity the curves become independent of b/a. 

3. 3 THE ZERO-PRESSURE PLASMA 

In this limiting case (p
0 

= 0) the Alfven veloeities become infinite in view of the 
relations: 

V=~ yû=f;;. 
a Pol-ho a Pol-ho ' 

however, V~ may be assurned as finite since the ratio p0 /p0 in (2.22a) is exclusively 
determined by the temperature. 

The plasma pressure now being zero, the equilibrium requires equal magnetic 
pressures, and therefore equal moduli of the magnetic fields BP and BV , inside and 
outside the plasma. oz o 

The parameters a, 13, 8 and the argument aa-[3/ö become in this case: 

a= k ; 13 = 8 = ~ k 2 + s2 /V~ ; a
8
i3a = ka . (3. 4) 

The equilibrium condition further requires V a= V0
• For these conditions equation 

(2. 74) now reduces to the following simple form d'ter division, amongst other factors, 

by the infinitely increasing quantity vf;a2: 

. kal' 
(k2a2 + 21 mAm) sr(s,a) + 

m 

kal' B 
+-1 m m{s (a,s+2iw) + s (a,s- 2iw >} = o r o r o m 

(3. 5) 

With, once again, the argument ka for the functions I and ~. 
Transformed back to the time domain in a dimenmonlessuîorm, with the time 
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variabie ,. = w t, while taking m = 0, a degenerate Mathieu equation results, in which 
the second-or8er time derivative has disappeared. The equation in question reads: 

(3. 6) 

To satisfy this equation the displacement Sr (a, 'r) should be zero, unless its coef
ficient vanishes • This occurs if 

C-1 + L \ I' + 2ka I 
cos (2 'r) = - o) 0 0 

I' (1+ L) 
0 0./ 

(3. 7) 

For small values of ka and kb the Besselfunctions can be approximated by the 
leading term of their power series, while the approximation (3. 31), to be discussed later, 
may then be substituted for L

0
• The result reads: 

3 - a
2 
/b

2 

cos (2 'r) 1':;1 - 2 2 
1 +a /b 

(3. 8) 

The ratio a/b of the radii of the plasmaand the conducting wall being smaller 
than unity the modulus of cos (2 'r) should exceed unity according to (3. 8). Therefore, a 
possible vanishing of the coefficient in eq. (3. 6) cannot occur for real values of the time 
parameter ,. , in other words a non-vanishing motion described by Sr cannot exist. 
This looks as if we had to do with a perfectly static plasma. 

However, the approximations made bere were too crude in cases in which the 
plasma density may be considered as small, but not be idealized by a zero value. So 
far we have neglected the terms a2 s2 /Vi, with respect to k2a2 , Va tending to infinity, 
though a 2s 2 might obtain the sameorder of magnitude as V~, when consiclering the 
realistic condition of a very small instead of a vanishing density p. 

In order to arrive in the latter case at a good approximation, taking account of 
thet>?,ssible effects of fre~uencies of the order Va/a,weshouldonlyneglect k2a2 and 
a2s /Vi compared to a2s /V~ in (2. 74), since the latter quantity may become of the 
order of V~/V~ if s is of the order of Va/a; on the other hand, the two former 
quantities remain finite. The corresponding simplifications, viz. 

(3. 9) 

canthen be substituted in eq. (2. 74). This leads, for the m = 0 mode, to: 

(3.10) 

1 + L (k, a, b) 
~ {s (a, s + 2iw ) + s (a, s - 2iw ) } , r o r o 

For this special case the determination of the investigation of the stability appears 
to be as complicated as in the general case of a finite plasma pressure; therefore, our 
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further numerical discussions will refer to the latter (see chapters IV and V) • 

3. 4 THE EASE OF A VERY lARGE IMPRESSED FREQUENCY 

The impressed frequency w0 is assumed here to be much larger than the natural 
frequencies that occur when the terros with the shifted arguments (s + 2iw0 ) and (s - 2iw0 ) 

in eq. (2. 7 4) are neglected. These natura! frequencies, say wn, satisfy the equation 
F ( -w~) = 0, the function F being defined by (2. 7 6) . 

In the artiele of Bernstein et al. (~er 58) all the perturbed quantities have been ex
pressed in terros of the displacement ;. This is also possible in our case in which, 
however, all these quantities then contain terros which vary sinusoidally in time in 
view of the impressed frequency w

0
• Therefore, the potential energy is also partly a 

sinusoidally fluctuating quantity. However, if we should use the average of the potential 
energy the fluctuating part would drop out; this situation also corresponds to the limiting 
case of infinite w0 . Under these oircumstances the outside pressure at the plasma
vacuum interface, the first-order deviation of which from its value in the equilibrium 
state is represented by (2. 64) (with the right-hand side replaced by (2. 70)) beoomes 
statie. The conditions for the selfadjointness of the force operator in the equation of 
motion a2g/o 2t 2 == G(~), are then satisfied since G only depends on~ and its spatial 
derivatives, but not on o ~/o t. 

These latter properties result, according to the quoted article, into real squared 
eigenvalues -w~ of the left-hand si de of eq. (2. 7 4); these eigenvalues are the roots of 
F (- ~) = 0, the function F being defined in (2.76). Only the right-hand side of equation 
(2. 7 4) is connected with the fluctuating part of the poten ti al energy. 

We notice that the real values of% involve characteristic vibrations of Sr (in the 
case of w0 .... ro) which are either perioctic (Wo real) or which may be exponentially in
creasing in time (Wn imaginary); in the latter case we call this an unstable eigenfre
quency, since the associated decreasing eigentunetion exp(- IWnl t) in general occurs 
simultaneously with the increasing one, viz. exp (I Wnl t). 

3. 5 A NEW REPRESENTATION OF THE GENERAL CHARACTERISTIC EQUATION 
WITH THE AID OF EIGENFREQUENCIES CONNECTED WITH THE UMITING 
CASE OF AN INFINITE IMPRESSED FREQUENCY 

3.5.1 Introduetion of a Mittag-Leffler expansion 

The squared eigenfrequencies w~ mentioned above being real, we assume their 
numbering such that they constitute a set of increasing quantities. 

Eq. (2. 74) can be put in a dimensionless form, if we introduce the new dimension
less variabies == s/w0 • The equation in question reads, in view of (2.76), 

et a a v; 
Am (k,a, b) 

B (k, a, b) m 

s(S + 2i) + s<s- 2i) (3.11) 

here s(s) is used to denote the tunetion sr (a, s). 
The function F (S2) constituting the coefficient of this equation is an even mero

morphic function of s. Its reciprocal value can be expanded into a Mittag-Leffier 
series according to: 
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(3.12) 

with wn = wn/wo and an = an/w~. -1 

In fact, such an expansion is possible since { F(S~} is bounded on a sequence of 

ei re les C in the complex s plane whose centers are at 0, while the radius Rm of C 
should ten"W to infinity for m .... = , the circles not passing through any po les (Whittaker ~ 
Watson, Wh 28, pg.134). This is true if one can show that F(S1 does not become zero for 
large s, except at the zeros 8 = ± iûi'n. Indeed, the quotientof the Bessel functions can 
have all values between zero and infinity while the factor in front of the Bessel func
tions becomes infinite for 8 .... =. Therefore, F(S1 generally tends to infinity, and 

{ F~)f1 
to zero. The mentioned restrictive conditions for such an expansion are then 

fulfilled. However, it is very interesting to remark that the expansion (3.12)is not pos
sibie for F(S2) , since F(B-2) is not bounded for infinite 8. 

Moreover, (3.12) splits into two individually converging series, as follows from 
the converganee of 

CIC) '"" I an • (3.12a) 

n=1 wn 

In turn, this latter converganee can be proved with the aid of the behaviour of ~ 
and 'Wn for large n. In view of the properties to be derived in thé sections (4.4), (4,5r 
and ~4. 6), the residues 'à'n tend in generalto a constant, while ~ becomes proportional 
to n . This guarantees the converganee of (3.12a). A different behaviour only occurs 
in the domain labelled II in section (4. 5. 4); in that case 'Wn instead of 'à'n tends to a 
constant value but the corresponding values of an here decreasein proportion to n-4 , 
which again guarantees the necessary converganee of (3.12a). 

The converganee of (3.12a) thus being proved, we may split (3.12) into 

(3.12b) 

-1 
Since, moreover, { F(S2)} tends to zero for s --= , this can further be simplified to 

the final series 
1 = a 

{Frse)}- = \ n • L '"'"'2 ....... 2 
n=1 s +wn 

(3.13) 

The correctnessof the Mittag-Leffler series thus being shown, we may replace 
equation (3.11) by the alternative form 

= a 
s(s) = \ n {t;(S +2i) + t;(S- 2i)} • L ...... 2 -2 

n=1 s +wn 
(3. 14) 

3. 5. 2 N u me r i c a 1 dis c u s s ion of t he r e pres ent at ion w i t h a M it tag

Leffler expansi on. 

A method of successive approximations for solving the equation(3.14) might be sug
gested. By the following example, however, we shall show that such a metbod only 
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proves to be applicable under very restrictive conditions with respect to the mag
nitude of the impressed frequency. 

The example in question starts from the zero-order approximation 

(3.15) 

which could be applied, apart from a proportionality factor, for solutions tending to 
zero as s-2 for large s; this corresponds to a time function starting with some finite 
derivatives at t = o. 

The zero-order approximation for the time function bere reads 

s ( T) = sin ~ T) • o n 

The successive contributions s
1 

of the complete expansion 

<:C 

s<'s'> = L: s1 fs'> , 
l=O 

are then to be computed from the recurrence relations: 

The first two corrections to s (s) thus become: 
0 

....... 
Ul Ul 

C n + n ) 
rs + 2i)2 +ûJ2 rs- 2i)2 +w2 

n n 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

Working out the last product of these three series we can apply a splitting intopartlal 
fractions. This then leads, amongst other terms, to contributtons of the form: 
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"-'2"-' a w 'T 
_n_n_ cos {w, 'T) • 

'"'""2 n 2wn 
(3.21) 

Similarly, yet higher negative powersof s +w2 lead to contributions with 'T2, 'T3 etc. 
Therefore, a part of the complete function s(Tl can be represented by an expression: 

cos (wn 'T) {power series of 'T} • (3. 22) 

Obviously terms proportional to 'Tl first occur in the (21)th approximation. Hence, 
the first approximation can only be useful if the power series of 'T in the final expres
sion proves to converge rapidly. In our case this implies that the second-order cor
rection should at least be small compared to the zero-order approximation at the end 
('T = 2n~) of the first period of the impressed frequency. This condition requires: 

"-'2 a 
n 

-
2 

2TT ~ 1. 
2,.._, 

wn 
(3.23) 

This inequality is only fulfilled for w0 values which are sufficiently high. This is under
standable in view of the proporti~nality of ~ with wö2

• In fact, ~ == ~/w~ contains, according 

to (3.11) and (3.12), a factor V~ /a2 w2 
; this factor proves to determine the dominating 

dependance of ~ on w0 • 
0 

Only for such impressed high frequencies we thus could show that the second-order 
correction term s

2 
is small compared to the leading term s0 when treating the right

hand side of (3.11) as a small quantity. This suggests that in general this right-hand 
side may be neglected in a first approximation for sufficiently high frequencies w0 • 

In this case it is possible to consider the zeros of the denominators occurring in the 
partial fractions for the sl contributions as the eigenfrequencies of the complete 
system. 

3. 6 THE MARGINAL STATE FOR THE UMITING CASE OF AN INFINITE IMPRESSED 

FREQUENCY 

The value of w1 , the lowest eigenfrequency in the case w0 -+ex~, is of special im
portance. In fact, tlie associated transitional state of wf = 0 (known as "marginal 
state") separates the necessary presence of unstable situations occurring for negative 
w~, with possibly negative values even for bigher orders w~, from the exclusively 
stabie situations occurring if wi > 0 (involving also positive values of all other wJ.>. 

The marginal state determining this transition is thus fixed by the equation 
wÎ =0 so as to have s=O in the corresponding equation F(-w~) =O(written as F(s2 ) = O;) 
the argument of Im and Itn_ therefore reduces to ka in the latter equation, since 
er= S = 5 = k if s = o. Insection (4.2) it will be shown that such a marginal state can 
only occur for the zero mode m = 0. 

When investigating the condition w~ = 0, we may replace the Besselfunctions by the 
leading term of their power series; in fact, we also may assume ka <( 1 since . This 
follows from the expression (3.25) to be derived presently fortbis numerator (apart 
from a constant factor) taking account of (2. 73a) and of the mentioned conditions m = 0, 
w1 = 0. The expression obtained, viz. 
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STABLE 

O,S -------
0:4 

0,3 

0.2 UNSTASLE 

0.1 I 0 , !JS 3 4 5 6 7 8 9 10 

Fig. 4. Stability boundary for the case of a very high impressed 
frequency UJ .....co and a small wave number ka ..... 0. 

0 

2V2 kal (ka) 
-----î- 0 + L

0 
(k, a, b) - 1 • 

V0 I' (ka) a o 

cannot vanish for large ka indeed; taking into account the later relation (3.35). 

(3. 25) 

The equation F ::::: 0 for w1 can therefore be approximated for small ka, that is 
with the aid of (3.31). We thus find 

4V
2 

_____!!. + 
2 vo 

a 

2 2 
-1 + 3a /b 

2 2 
1- a /b 

= 0 ' (3. 26) 

such in view of the leading terms in the power-series developments with respect to ka. 
This relation is represented in fig. 4. The curve separates, as indicated, the unstable 
r~gion associated with a negative value of wî, from the stabie region characterized by 
UJl > 0. 

3. 7 COEFFICIENTS DETERMINING THE STABILITY 

3.7.1 The case of the compressible fluid 

In the described limiting case, and also in the later general analysis of the cha
racteristic equation (2. 74), some important coefficients occur which influence the sta
bility. We first consicter the combination of cylinder-functions 

L (k, a, b) = 
m 

Km(kb) 
I' (kb) Im (ka) + Km (ka) 
m ka. 

-K' (kb) 
r:(kb) I :U {ka) + K:U (ka) 

(3. 27) 

It is easy to find approximations for LI)J. forsmalland large values of ka, ap
plying either the first term of the power ser1es or that of the asymptotic development 
of the Besselfunctions. For small values of the argument x:::::ka or x:::::kb we have: 

I 1 m 
I (x) ~ -, (2 x) , m m. (3.28a) 
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K (x) (2)m (m-1)! (m:;;;: 1) 
m A:j \:::x..1 TT ' 

2a2N 
L ~ 2 • 

0 1-a; /tf 

Fig.S. The quantity 1
0 

as a function of ka, 
for various values of b/a. 

(3.28b) 

(3.29a) 

(3. 29b) 

(3. 30) 

(3. 31) 

The quantities Am and Bm. in the characteristic equation defined by (2.73) can 
consequently be approximated for ka_, 0 and m:.:: 1 by 

2 2ID 
A = -1+ (1 + m .'\ L A:j -l+m l+(a/b) , 

m \: 2 2) m 2m 
k a: 1-(a/b) 

(3. 32a) 

j 2 2 1+(a/b\2m 
B = .1 A 2 + 4L ~ R:i -1 + m --'----'-1--

m 
2 

m m k2 a2 1-(a/b)2m 
(3. 32b) 

The same expression can be used for negative m since L_m = Lm in view of elemen
tary properties of the Besselfunctions. For m=O we get the special expressions: 

(3. 33a) 

l+a2/b 2 

B = ! (1 + L ) = ! ; 
o o 1 _a2 jb2 

(3. 33b) 

the first quantity is positive for b/a <1ii. In particwar we observe that, in view of (3 .32a) and 
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(3. 33a), the factor Am determining the sign of the static coefficient given in {3. 36) in 
the absence of an internal magnetic field, may only become negative when m = 0. On the 
other hand, the asymptotic approximations of the Bessel- and Hankelfunctions yield 
the following expressions for large ka, taking into account that b >a, 

Lm (k, a, b) ~ (ka- i> { 1 + 0 ( 1/ka) } , (3. 34) 

(3. 35) 

Obviously, the function L;rn can easily be determined numerically for any ka, kb 
being given. In fig. 5 the quantity L has beenplottedas a function of ka forsome 
values of b/a. We notice that for bfa =co the figure 1, 34 constitutes the smallest ka 
value for which <Lo- 1) :&3 never negative so as to have a positive coefficient À in the 
Mathieu equation (3. 3). This property is important with a view to the stability condi
tions, which are more favoured by positive than negative values of À. The mentioned 
figure of 1.34 has also been derived, using a simplified model, by Brinkman (We 61). 

3. 7. 2 Th e li mi tin g c as e o f a n i n co m p r es s i b 1 e f1 u id. 

The coefficients in the Mathieu equation (3. 2) connected with the incompressible 
fluid, to be denoted by Àm and 2h~, can be expressedas follows in termsof the para
meters k, m, a and b, expressing Bm in termsof Am with the aid of (2. 73a) and 
(2. 73b): 

a 2o} A kal' (ka) 
__ oÀ = m m 

o2 m 2 I (ka) va m 

kal' (ka) m 

For the case m 0, we thus obtain for ka .... 0, applying(3. 32), 

and for ka ~ 1, applying (3. 35) , 
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(3. 37) 

(3. 38) 

(3. 39) 

{3. 40) 



a2w2 ka 
--

0-2h2 ~ -(ka+i) • 
o2 o 2 

va 
(3. 41) 

For the case m = 1 we similarly get for ka- 0 

(3. 42) 

(3. 43) 

and for ka~ 1 

(3. 44) 

(3. 45) 

For m ~ 2 the corresponding formulas become, for ka .... 0: 

a2<J 2m 
__ o À ""'.!!!. JL-1 + m 1 + (a/b) } 

2 m""' 2 2m ' 
vo 1- (a/b) 

a 

(3. 46) 

a2uf 2m 
__ o 2h2 ~ m {-1 + m 1+(a/b) } , 

2 m 2 2m 
vo 1- (a/b) 

a 

(3. 47) 

and for ka~ m 

(3. 48) 

(3. 49) 
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From these formulas we infer that for small ka the coefficients Àm and 2h 2 dif
fer considerably in all the cases. The coefficients for the case m = 0 increase :frbm 
zero proportionally with k2a2. 

In the case of the Mathieu equation (3. 2) the function F(s2 ) as defined by (2. 7 5b), 
reduces to (s 2+ Àm)/hin_ so that the 11marginal state" characterized by F = 0 here 
reduces to Am .Hence the zero value of the coefficient !...0 of the static part for the zero 
mode constitutes an important property in view of the stability (see sects (3.2) and(3.4). 
The condition for stability is the same as mentioned in sect. (3.6) and is again repre
sented by fig.4. For large ka the coefficients À and 2h2 become independent of the 
wave number m. According to (3 .38) and (3 .39) the ratio À.0 /2bJ tends for ka .... 0 to: 

2 

_"'o_ =-_1_+_3_a_
2

/_b_
2

_+_4_V-=!=--I_if>--=a=---
2h2 

0 

For the practical ratios a/b = 0 _!_ and V /V0 = 0 5 we obtain· ' .rn a a , · 
'V 3 . 

Ào (l! = 0, V a= 0) = -1 , 
2h2 \.b V0 

o a 

Ào (a = o V a = 0 5) = 0 
2 b , 0 , ' 

2h V o a 

(3. 50) 

(3. 50a) 

(3. 50b) 

(3. 50c) 

(3. 50d) 

For small ka and m;;;: 1 the ratio >tn/2h:U is independent of a/b and V a!V~, and 
simply becomes 

(3. 51) 

This re lation can easily be checked with the formulas (3 .42} , (3 .43) , (3 .46} and (3 .4 7) . 
For the mentioned practical values for a/b and V a/~ the ratio À0/2h~ is smaller 
than the ratios Àm/2h~ associated with m :z: 1. 
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CHAPTER 4 

A NUMERICAL DISCUSSION OF THE COEFFICIENTS OF THE GENERAL CHARACTE

RISTIC EQUATION 

4.1 INTRODUCTION 

Insection 3. 5 we discussed the dimensionless form: 

i B (k, a, b) { } 
s (8, a) = m · sr(a,s+ 2i) + sr(a, s- 2i 

r (aaJ 2V! rm(aas/a) (3.11) 
-- --2 ( ) + Am(k,a, b) 
aSa VO I' aaS/5 - a m 
5 

of the general characteristic equation, as wellas the Mittag-Leffler expansion 

(3.13) 

1 ~2 ~ ~ 
The va ues of w depend on the poles s = ± iwn of the left-hand side of {3.13), 

considered as a funcllon of s. We also expected, in view of a possible application of 
the Floquet theorem to differential equations of infinite order, the following form of 
the solution of (3.11) in the time domain 

m=+o:> ,..., 
eiJ.T L i2m-r c e (4.1) 

m 
m=-oo 

Solving of the following problems then proves to be important in order to arrive 
at numerical conclusions: 

1) an investigation of a possible predominanee of the m = 0 mode, 

2) the determination of the frequencies ill~ as functions of ka, 

3) the determination of the coefficients ~ as functions of ka, 

4) the determination of the characteristic exponent ~ and of the associated periodic 
solutions as functions of '3:'u and ûi'~, or directly of ka. 

4.2 THE PREDOMINANCE OF THE m=O MODE 

According to (3.13) and the numerator of (3.11) the frequencies ûi'2 are connected 
with the zeros of: n 
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2 

(a a) Im ~a :J 2V! 
5 

-- -- + A (k a b\ = 0 
2 m''''' 

al' I' cal' ~Vo -am-a 
6 6 a 

this expression being considered (for given m) as a function of a. It follows from 
(3. 32a), remembering that a/b < 1, that for small ka Am has to be positive for 
m <!: 1. Only A0 = Lo -1 may become negative, but this requires the condition 
bla >fi as illustrated by fig. 5. 

For positive 8 2 the quantities (a a)2 , (S rt,2 , ( o a)2 , as well as the argument 

(4. 2) 

aa Slo of the Bessel-functions Im and l}n, and therefore these functions themselves 
are also positive. Hence, if m ~ 1 and 8 2 > 0 the left-hand side of (4.2) is always 
positive, at least for sufficiently small ka. This quantity thus may only become zero 
for negative 8 2; this corresponds to exclusively positive values of ûi'J for m <!: 1, in
volving real stabie periodic eigenfunctions exp(iUJnt}. However, an instability may 
occur for the m =: 0 mode, even when neglecting, as done so far, the terms with 
arguments (s + 2i) arid (8- 2i). The m = 0 mode thus proves to be the most serious 
one with respect to the possibility of instabie solutions; therefore we want to workout 
its numerical calculation. The other modes could be treated in the same way. 

4. 3 THE CALCULATION OF THE EIGENFREQUENCIES wn FOR THE ZERO-ORDER 

MODE 

As outlined in the last section we here have to determine the zeros of (4. 2) for 
the case m = 0, in view of the relation A

0
=L

0 
-1, that is the roots of 

(4. 3) 

L 0 being defined as a function of ka and kb by (2.68). The equation (4,3) proves to 
depend, apart from s, on the other quantities V s/aw0 , b/a, Va~ and ka. Let us assume 
given values for the first three parameters. The quantity ka may be varied continuously 
in order to find later on the periodic solutions along the boundaries between the stabie 
and unstable domains, or also the maximum increment in the instabie regions. The 
veloeities V s• V a and V~ can be mutually connected with the aid of the equilibrium 
equation (2. 12) divided by p 0 ; in fact, if we assume y = 513 (the plasma being a com
pletely dissociated gas) and take account of (2. 22), we find 

(4.4) 

We further observe the importance of the dimensionless parameter V si aw
0

, to 
be denoted henceforth by cr • 

In the next two sections we shall discuss two representative situations in which 
either V a= 0 or V a= 0. 5 ~· · · ·· 

48 



4.4 THE ZERO-ORDER MODE EIGENFREQUENCIES FOR VANISHING INTERNAL 

MAGNETIC FIELD 

In view of (4. 4) the vanishing value of V a involves: 

Further, the argument 

x Q' ~'a= .J k2a2 + s2ja2 

ö 

of the Besselfunctions then satisfies the relations: 

(4. 5) 

(4. 6a) 

(4. 6b) 

s= -iuln/w
0 
=-i~ fixing the eigenfrequencies under consideration,while a= V 8 /aw

0
• 

Moreover, (4. 3) becomes: 

( 
k2a2\ Io (x) 

1.67 x - -- J --+ L - 1 = 0 . 
x "' I~(x) o 

(4. 7) 

For negative x2 , however, it is more convenient to use the quantity y =~ instead 
of x. The equation (4. 7) then reads: 

(4. 8) 

In view of (4. 7) and (4. 8) the equation for the zeros may be represented by the 
set: 

I~(x) 2 2 __ + 1.67 (,x _ kxa:) = 0 , 
I (x) ( L - 1) \: 
0 0 

(4. 7' 

J~(y) 1 67 (, k2 a2 ) 
- J (y) + (L ·-1) \! + -y- = 0 · 

0 0 
(4. 8') 

The m = 0 eigenfrequencies can only appear, in view of the real values of û)2 = -s 2 

and therefore of x 2 = -y 2, either as a real root x of {4.7') when x 2 >0, oralarealroot 
y of (4. 8') when x 2 < 0. Graphically the former rootscan be determined from the 
intersections of the curves represented in the figures 6 and 7, which refer to the two 
special cases b/a = o.') and b/a =13 for various ka values. From eq. (4. 6a) the fol
lowing relation results for determining the eigenfrequencies w = i s from the roots 
x or y: 

(4. 9) 
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For real x larger than ka it follows from (4. 6a) that 'Wu is imaginary and the 
factor (x-k2a2 /x) in eq, (4. 7 ~ is positive. For such x eq. (4. 7) can only be satisfied if 
<Lo -1) is negative, since the Besselfunctions Io and Ib are always positive quantities. 
For b/a =co we then necessarily have (see fig. 5) ka< 1. 34. The diagram of fig. 6 and 7 
shows that, in general, one and only one root exists for positive x. 

x 

Fig. 6 en 7. Determination of the first zero of : 

I~(x) - 1,67 (x- k2/) 
I (x) ~ x 

0 

From the other graph for positive y, that is fig.8 connected with eq. (4,8'), we 
recognize the existence of an infinite set of zeros. The relation (4, 6a) here yields 

(4.10) 

Comparing the equations (4. 9) and (4.10) (remembering that x 2 and y2 should be po
sitive), the values of~~ resulting from (4. 7') always proveto besmaller than those 
resulting from (4. 8). Hence all eigenfrequencies of (4. 8') exceed the only eigen
frequency w

1 
of (4. 7'). 

Fig. 8, Determination of the higher-orderzerosin the limiting case of 
no internal magnetic field (V a = 0) 

for b/a = V3 dotted line, b/a = ex> full line. 

All zeros resulting from (4. 8') are in the vicinity of the zerosof J
0

(y). This is 
illustrated by fig. 8, where the latter zeros correspond to infinite values of -Jó/J0 • 

This behaviour of the zeros may be accounted forintheir calculation. In fact, in the 
neighbourhood of a zero jn of J

0 
the quotientof the Besselfunctions can be approxi

mated by: 
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J~(y) 1 
- Jo (y) ~ - -y---=-jn- ' (4.11a) 

and the remaining term of ( 4. 8 ') by, 

(4.11b) 

Since y- j is a small quantity, its first-order approximation obtained by equating the 
sum of (4.~1a) and (4.llb) to zero proves to beoome 

so as to obtain, with the aid of (4.10), 

1, 2(L -1)} 
+ 0 2 

cr • 
k2a2 

1+--
.2 
Jn 

(4.12) 

(4.13) 

This relation indicates an approximate increase of ~+1 proportional to j~, and 
therefore to n2 , for n-values which are sufficiently large. This property proved to be 
important for the convergence of the Mittag-Leffler expansion (3.13). 

4. 5 THE ZERO-ORDER MODE EIGENFREQUENCIES FOR FINITE INTERNAL MAG

NETIC FIELD 

4.5.1 General considerations 

We shall illustrate the various situations occurring bere for the representative 
cases in which V a = 0.5 vg_. The behaviour for other ratios proves to be quite similar. 
Our present assumption Va/VR = 0.5 involves the following relations in view of (4.4) 
and (2. 23): 

(4.14a) 

(4.14b) 

(4.14c) 

(4.14d) 

(4.14e) 

remembering the definition cr =V slaw0 • 

Sametimes it is advantageous to use ö a as the unknown quantity instead of s in 
the expresslons for (cva)2 , (S a)2 and for the argument acvs/o of the Bessel-functions. 
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This results in the following relations: 

(4.15a) 

(4.15b) 

(4.15c) 

(a a)2 = 1.58 8 a j ( 8 a) 2 + 0. 4 k 2a2 . 
01 Sa (8 a)2 + 2. 5 k2a2 

5 

(4.15d) 

where x is again fixed by the relation (4. 6a) holding throughout. 
According to (4. 3) the equation for the zeros reads as follows when expressed in 

terms of 8 instead of x (which is not necessarily real bere, and bas to be equated to 
(4.6a))· 

(4. 16) 

If, however, 8 a is introducedas an independent variable, the above equation results 
into: 

(4.16') 

in which x is connected with 8 a according to (4.15c). 

4.5.2 Spl itting into various regions connected with the ze ros 

The zeros to be derived from (4.16) are situated in three different regions con
nected with the signs of x2 and 82. In the first region the argument x of I0 and fó is 
real, while being imaginary in the two other ones. The latter are associated with 
nonadjacent domains of 8 2, which will be labelled two and three. 

These different domains are plotted in fig. 9 and 10, in which the quantity 
82 I (k2 a2 cr2) bas been chosen as a beis sa and the squared argument x 2 of IQ and Ib, 
divided by k2a2, as ordinate. The figure 9 refers to the special case Va/V~ = 0, 5, the 
additional fig.lO to the corresponding situation for an arbitrary ratio Va/V~. There
fore, the boundaries of the sub-regions are indicated in fig.lO by general formulas, 
insteadof by figures in fig. 9. The curves fixing the domains in fig. (9) and (10) repreaent 
the relation: 

(4.15c') 

which exists, according to (4.14), (4.15), and the definition of the parameter 
a= V /(a.wo) between the abcissa and the ordinate. The curves proveto be the two 
brandhes of a hyperbola. The figures also show, with a view to the further discussion, 
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2 2 2 (1113 2 2 2 
Fig. 9, The squared argument x /k a = (-a) /k a as a function of 

.-2 2 22 0 ö 
s /k a cr, for the case V /V = 0.5. 

a a 

the straight lines repreaenting (aa) 2 , (13 a) 2 and (ö a)2 as functions of the abcissa. 
The figure 9 shows that domain 1 splits into two sub-dornains lA and lB, separa

ted in the vertical direction by a gap 

v2-v2 2 2 

0.184 = c : ~ ) < -h < 1 . 
V +V k' a s a 

(4.17a) 

Subdomain I A is characterized by real values of Ql , 13 and o. The associated 
values of possible zeros prove to satisfy the inequality 

...... 2 ......2 222 
-sn=wn<0.286kacr. (4.17b) 

In the other subdomain, lB, ex and ö turn out to be imaginary, 13 being real. 
Here we have 

0.4 k2a2cf <-62 =w! < ~a2 if . (4.17c) 

In both subdomains of region I the motion of the particles associated with the 
eigenfrequency in question has the same phase as the boundary; in fact, the positive 
values of J0 (rQI(3/ö) for the real arguments corresponding to all possible rvalues 
smaller than a exclude the occurrence of a zero at which the phase might change by n. 
Such a motio~ has the same character as that of an incompressible fluid. 

Region II is one of the domains in which the argument x of I0 and I~ becomes 
imaginary. This domain is characterized completely by the property that Ql and s 
should be real, but ö imaginary. If the modulus of the argument x becomes infinite 
here that is, in view of (4.15c'), for s2/k 2a2~ =- o. 286, the factor in (4.16') in front 
of 10(x)/I~(x) will vanish, this is important for the analysis of the next section. 

Region III is a second domain of imaginary values of the argument x. In contrast 
to region II all three quantities ex, (3, ö are imaginary here. Once again the argument 
x may assume all values between 0 and i co • 

In practice we have to deal in region III with values of ix=y near or above the 
first zero of J

0
(y) (compare subBeetion (4. 5. 5)) due to large values of the factor in 

(4.16) in front of the quotientof the Besselfunctions. This factor now becomes infi
nite when 8 2 and, in view of (4.15c'), also the associated argument x tend to infinity 
(compare section 4.4); a large value of this factor then requires a small value of 
I0(x)/I~(x)and therefore a value of ix=y near the zerosof J 0 in ordertosatisfy (4.16). 

The waves associated with eigenfrequencies in region III are characterized by 
only small dispersion effects and therefore have an acoustical character. This can be 
shown as follows. The wave function for a special eigenfrequency is proportional to: 
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2 2 2 aS 2 2 2 
Fig.lO. The sqqar~d argument x /k a = (- a) /k a as a function of 

~2 2 2 2 ~ 
s /k a a for the general case, v 

J C I 
OI (31 ) ikz -Î.W t -r e en. 

0 ó ·.· (4.18) 

In view of the asymptotic expression of the Besselfunction this represents a wave 
propagation in a obliqua direction with a phase velocity; 

wn 
V = -;::::==== 

ph J 101tl2 + k2 

(4.19) 

In the approximation in which the hyperbola branch may be replaced by its oblique 
asymptote indicated by the dotted lines in figs. 9 and 10 (that is, if wn ~ kV s and kV a) , 
this expression amounts to: 

wn 
V ph ~ ---::===================== = ----;::============= v4 + V2V2 + v4 w2 

- ~ { a a s 2 
8 

- 1} 0. 715 n + 0.204 k2 

(_V!+ v!) "! 
(4.20) 

and thus only s lightly depends on wn since wn ~ klT s. 

4. 5. 3 C har a c te ri s tic s o f region I 

The calculation of the single root w1 in region I can be achieved by iteration and 
interpolation. For small x it is sufficient to develop the Besselfunctions in (4.16) up 
to the first two terms of their power series. For large x the asymptotic expression of 
the Besselfunction may be used. 

In the case b/a co no solution proves to be possible for the interval 1.34<ka<2. 
This is due to the gap (see figures 9 and 1 0) in the real values of the argument x when 
ö passes through zero, (öa)2 then becomin~n~gative, in view of (4. 14c), this occurs 
when -st/cr2 surpasses the value of 0.286 k' a (in the case Va= 0. 5 V~. The condition 
for a real argument x will be shown here to be satisfied only if either L 0 - 1 > 2/3 or 
L 0 -1 < 0. 

The mentioned gap can be understood when consirlering the equation (4. 3) for the 
m=O mode; it reads as follows in our example Va= 0.5 V~: 

( al I (x) 
-01- ~) + L (k, a, b) - 1 = 0 • 
2x I'(x o 

0 

(4. 21) 
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The quantity I
0
/xib is a positive tunetion for all real values of x, that is for all x of 

region I. Hence, it (L0 -1) should be negative (so that ka< 1. 34 in the case of b/a==c:o; 
compare fig. 5), (a a)2 has to be positive. A pproaehing the situation L

0
- 1 = 0 from 

this side we have to substitute L0 -1 =- 0. If, for this situation, the Besselfunctions 
were replaced by the teading term of their power series, we would find that (aa) 2 /x2== 
+ 0 and therefore, according to (4.15c), o2 /s2 = + 0; now, the definitions of region I 
invalving positive values of S2 , wethen also have (oa) 2 = + 0. However, this would 
involve an infinitely large argument x, which would exclude the applicability of the 
power series. If, on the other hand, we use the asymptotic development for the Bessel
functions, we find from (4. 3) (ao/2S)a = + 0. The value satisfying this equation becomes 
óa = 0, which is compatible with a large value of x; the corresponding eigenfrequency 
is given, taking ö = 0 in (4.14c), by 

-s2 = wt = 0.286 k2 a2 a2 . 

An eigenfrequency w1 thus proves to exist in the example under consideration 

(V a= 0. 5 V~ when L
0 

-1 approaches zero from the negative side. 

We next consider positive values of L
0 

-1. According to (4. 3) a root in the domain 
I is only possible for positive L0 -1 if (a a) 2 is ne/ative since I0 ~x)/xib(x) is positive 
for all real x; this implies, in v1ew of ( 4. 14d) , -a = illf > 0. 4 k2 a: if and consequently, 
according to (4.14c) and (4.14e), (oa)2 < -0.4 k 2a2 and (Sa)2 < o. 6 k2a2

• For a a .... 0 we 
get equalities invalving an order of magnitude for e/o of unity; hence the argument x 
then also becomes small, so that the Besselfunctions can be approximated by the first 
term of their power series. For a2a2 .... -0 the equation (4. 3) then reduces to 

(óa)2 + L - 1 = o . 
(Sa)2 o 

(4. 21a) 

The limiting situation just allowing a positive (L
0 

-1) is then characterized by 
signs of equality instead of the above on es of inequalities. The latter equation next be
comes for the example under consideration 

-0. 4 + L - 1 = 0 , 
0.6 0 

giving LQ -1 = 2/3. The domains of signs of inequality proveto correspond to 
Lo-1>2/3. 

(4. 22) 

We have thus shown that, when passing Lo - 1 = 0 arriving from negative values 
of L 0 -1, it is necessary to proceed to the positive value L 0 - 1 = 2/3 in order to 
obtain a root again. In view of the gap, thus shown, for o < L 0 -1 < 2/3 for region I no 
root wf and corresponding value af prove to be possible in the case b/a = {3 for ka 
smaller than a quantity about 1. 5 (see fig. 5). 

4.5.4 Charact eristics of region II 

We next pass to the eigenfrequencies w2 n in region 11, which can easily be 
derived approximately. The argument y = ix 'is given bere, again for Va= 0.5 ~. by 
(compare 4.15c) 

y =i 0.45 (4. 23a) 

The smallest negative root of (öa) 2 , satisfying this relation, is the relevant one in the 
domain under consideration since it involves, in view of (4.14c), the smallest value 
of 8 2 ; the other larger root of (oa)2 proves to lead to eigenfrequencies betonging to 
region III. For given y and ka the relation for the roots of region 11 can be approxi-
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mated solving (4. 23a} with respect to (öa)2 , by 

k 2 2 
(öa)2 ~- a: k2a2 • 

2.9 k!a2 + 5y2 

This approximation is based on the smallness of the qua:ntity 

2k4a4 

The error never exceeds 5% • 

(4. 23b) 

(4. 23c) 

The expression (4. 23b) involves the following relation for the eigenfrequency 
connected with a special value of Yn of y 

(4. 23d) 

this ca:n be derived with the aid of (4.14c) ~ substituting 82 = ûî~ . 
Other expressions for this region, basedon the same appr3ximation, a:nd to be 

derived from (4.14d), (4.14e) a:nd (4.15d) read: 

(!3 a)2 ~ 1. 79 k
2

a
2 

+ 3. 57 

2.9 k2 a2 + 5 y 2 

= 
2 

~ y 

(4. 23e) 

(4. 23f) 

(4. 23g) 

2y 

For small y the formula for (Ct' a) 2 is not accurate enough. The next correction term 
in the development with respect to (4. 23c) (cut off so far after two terms) yields: 

(Ct'a)2 ~ 0.115 k2 a2 + 1.41 y2 k 2a2 _ o. 715 k
6a 6 

2.9 +4.94 {2.9k2a2 +4.94/)6 
(4. 23h) 

The relation (4.23f) implies a ra:nge of (Sa)2 /k2 a2
, y2 being positive, which is 

restricted between o. 616 a:nd 0. 714, the value of ((3a)2 /k2a2 only depends on the ratio 
k 2a2 /y 2• The complete left-hand side of (4. 3) becomes, in view of the above expressions, 
in a first approximation: 

0. 115 k 2a2 + 1. 42 y 2 

2.9 

k!a2 Jo(y) 
, __ +L -1. 

2y J' (y) 0 
0 

(4. 24a) 

The position of its zeros bas been derived from the intersection of the curves repre
senting: 
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J (y) 
-

0
- (4.24a) 

J' (y) 
0 



and 
2 2 2 

2 (L
0 

-1) 2. 9 k a + 5 y 
----------------- y 

k
2
a

2 
0.115 k2

a
2 + 1. 42/ 

(4.24b) 

.as functions of y. 
· The curves for (4. 24a) and (4. 24b) are given in fig.ll for several values of ka, 
assuming b/a =co. We infer that the y-value of the first zero may have, for various 
values of ka, all values between 0 and the first non-vanishing zero of Jb, viz. 3. 73. 
A great shift in the value of the root occurs (for b/a =co) when <Lo -1) clianges ita 
sign in the neighbourhood of ka= 1. 34; this great shift is a consequence of the mini
mal slope of the quantity J 0 /J0 when it passes through zero. The y value connected 
with the zero proves to become minimal when ka passes a value near 2. 7. 

2(L0-1)(2.9~./.sb 
- i&!O.l15.U+1.42/> y 

Fig. 11. Determination of the first zero in region II 
for b/a = co. 

For large ka the curve of eq. (4.24b) approaches the horizontal axis. In the li
miting state b/a =fi this curve reduces for ka = 0 to a straight line with an incHna
tion of about -4. Moreover, for large ka the curve (4. 24b) for the cases b/a =co and 
b/a =Vä almost coalesce beyond a point corresponding to ka= 3. 

Juat as for the single eigenfrequency w1 of region I, there alao exista a "forbidden 
zone" for the first eigenfrequency in region 11. This can be understood if we remember 
the conditions fixing this latter region, viz.: 

Equation (4. 21) reads for an imaginary argument y = ix 

(0' a)2 Jo (y) _ 
2y J' (y) + L0 - 1 - 0 . 

0 

(4. 25) 

(4. 26) 

For positive L0 -1, hence negative J0 (y)/J0(y), the first root y in region 11 is always 
smaller than 2.4 (see fig.ll), so that we may replace the Besselfunctiona J0 and Jb 
for the determination of that root by the leading term of their powers series in first 
approximation. We thua obtain: 

(0' a) 2 + L - 1 = ( 5 a) 2 + L - 1 = 0 • 
y2 o (!3a)2 o 

(4. 27) 

The limiting situation (O'a)2 /k2a2 .... 0 can be represented by: 

(4.28a) 
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wherein e is an arbitrary small oositive Quantity in view of (4. 25). For this limiting 
value the other quantities s2/cr2 , (öa)2 and (Sa)2 become respectively: 

(4.28b) 

(4. 28c) 

(4. 28d) 

the first relation following from (4.14d), and, with the aid of it next the other ones also 
applying (4.14c} and (4.14e). If we substitute (4. 28c) and (4. 28d) in (4. 27) we find the cor
responding limiting condition for L 0 -1, viz. 

L -1 = 0.4 k2a2 - 0.4 ek2a2 = ~ .!..::...!._ ~ ~ (1- §. e) (4.29) 
o 0.6k2a2+ek2a2 31+ie 3 3 • 

Here we infer that L - 1 should he smaller than 2/3. This complementary 
condition is satisfied for tRe case b/a =Va if ka<,...., 1. 5, and for b/a == CXl if ka<,...., 2. 
This is in accordance with the curves for the eigenfrequencies w2 1 represented in 
fig.13 and 14. ' 

With a view to our further analysis it is important to notice that w2 can be re-
presented asymptotically for large n, according to (4. 23d), by 2•n 

This follows from (4.23d) observing that yn proved to be of the order jn and therefore 
also of that of n .. 

4.5.5 Characteristics of region III 

We finally consider the region III. The zeros to be discussed hereare connected 
with the other negative root, the largest one, of (4.23a) considered as an equation for 
(öa) 2 • Applying the same approximations as above, the relevant quantities bere be
come as follows when expressed in terms of y, taking into account terms up to the 
second order with respect to (4.23c): 

(4. 30a} 

(4. 30b) 

(4. 30c) 

(4. 30d) 
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A neglect of tbe last term in (4. 30d) amounts to errors not exceeding 5%. 
Tbe zeros are now to be determined from tbe following representation of ( 4. 3) 

corresponding to (4. 24a): · 

?. . 2 37 k2 2 k2 2 J (y) 
- (?.89 ~ + 1.78 y- 0 · a ~) - 0

- + L -1 = 0. 
Y 2. 9 k2 a2 + 5y2 y J~(y) 0 

(4. 31) 

From similarity considerations, tbe coefficients baving the same order of mag
nitude as in the case of a vanishing internal magnetic field (see section (4. 4)), we 
conclude that each corresponding root has to be situated in tbe neigbbourbood of a zero 
jn of J

0
• The y value of the n-th root of this type becomes in a first-order approxi

mation with respect to the difference y-j : 
n 

L -1 
Y 

- J' + ___ o __ _ 
3 n- n 
' 0 .. 89+178' 

J • Jn 
n 

(4. 32a) 

which involves the following relation for tbe corresponding aquared eigenfrequency 
in view of (4. 30b): 

L -1 

+ 1. 43 0n + 2 2° 
o. 89 k a + 1 78 J. 

. • n 
Jn 

(4. 32b) 

We conclude that w; n increases proportionally to j!, tbat is proportional to n2 for 
large n. ' 

The previous analysis enables the numerical evaluation of all eigenfrequencies. 
Tbe frequency spectra denoted bere by region II and III were also found by Shafranov 
(Sb 56). However, his analysis does not go into mucb detail. 

4.6 DETERMINATION OF THE RESIDUES a 
n 

4.6.1 General eval uation of the residues 

The residues ~of tbe fractions occurring in (3.13) in the case m = 0 can be 
determined in tbe conventional way. 
Tbey follow from tbe limit: 

(4. 33) 

Remembering tbe relations A0 = L0 - 1, B0 = i ( L0 + 1) , and x = aS a/ 5, we may re
present F(S2), as defined by (3.11), by tbe expression: 

2 

(aaf Io(x) 2V a 
-----+L-1 

x 1' (x) V
02 0 

o a 

i(L + 1) 
0 

Tbe evaluation of a then reduces to: 
n 

(4. 34) 
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""' Lim i<Lo + 1) 
an = ""'2 ""'2 ----2-------

s .... sn 0 { (O'a) I0 (x) } 
--2 --y;-()+L -1 os x 0 x 0 

(4. 35) 

s = i'i%. here constitutes a zero of (4. 3), or of the expression between paranthesis in the 
denonunator of (4. 35). 

-·· 
Fig.12. The squared eigenfrequencies ~ and W~ and the 

corresponding residues a
1 

and a2 for the case with 
no internal magnetic field (V a= 0) and the ratios 

b/a = '1/3 and oo, 

The formula (4. 35) can further be worked out, applying the identity 

2 
d { Io(x)} 1 { Io(x)} 

dx xl' (x) = x 1 - I' (x) ' 
0 0 

(4. 36) 

the property that I /Ib can be expressed in terms of L
0

- 1 (the expression between 
paranthesis in the genominator vanishing at the poles) , as well as the definitions of 
~. 13, 5 and ~. In the representative examples, discussed befo;re, for which Va= 0 
(involving V~= 1.2 ~) and Va= 0.5 vg, (involving vf= 1.6 V8 ) the general formula 
thus reduces to: 

(4. 37a) 

(V a= 0) 

2.5 (1- L ) 002 !r:l (2k2a2 -3.5W2/rf) a = i (L + 1) cr2[ o - n n + 
n ° k 2a 2-2.5tÇ/cr2 1.6(k2a 2-tÇ/cf) (k2a2 -3.500:/rf) 

2.5 (1- L )
2 w2 /i (2k2a2 -3.5Ûl!/cr2) - 1 

+ o n J 
(k2a2 -2.5ÛJ~/cr2) (k2a 2 -3.5Ûl~/cr2 )2 . 

(4. 37b) 

(Va= 0.5 ~ 

If 'Wu is known the residues are easily calculated. In region I it looks most difficult 
to arrive at a rigorous f@'l'mula for w2 • Therefore, we first shall discuss the residues 
in the regtons II and III. 1 

60 



4.6.2 The residues of region II 

In region II the residue obtains the following form in the representative case 
V a= 0. 5 V~, when formula (4. 23d) for m2, n is substituted into (4. 37b): 

2 [ 22(L -1) 
"-J (J 0 
a2 n=2(Lo+ 1) - 2 2 2 

' k a + 12.3y 2,n 

Here y2 denotes the y value of the n-th zero in region II. 
Fornlarge n this residue decreases proportionally to n-4. We have to be care

ful with the determination of a2 1 ' since this mode does not exist for all ka values 
(see sect.4.5.4). 

I 

In view of later applications we mention the general expression for the 
asymptotic behaviour of a 2 n for large n. Remembering that y2, n proved to be of the 
order of the Besselfunction zero jn, and thus of n, we arrive at the following repre
sentation of the residue for large n 

a2 n"' C (L -1) + C n2 + C (L -1)2 n4 
' 2 0 2 4 0 

(4. 38') 

in which the coefficients Ci are finite, and independent of n. 

4.6.3 The residues of region III 

In the case of small V a !V~ the evaluation of the residues can be approximated 
with the aid of (4. 37a) the formula which refers to the limiting case of a completely 
vanishing internal magnetic field (Va= 0). We may then substitute (4.13) for the de
termination of Wu· The result reads 

(4. 39) 

jn being the n-th zero of J 0 • For n 1- 0 the frequen~y range of (4.13) obviously cor
responds to that of (4. 32b) holding for region III, mfi. increasing proportionally to jfi. in 
either case. Therefore it is understandable that the result just obtained rigorously for 
Va= 0 constitutes an approximation for region III in the case of small V a/V~. 
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In the other previous numerical example, with V a !V~= 0.5, the correspond
ing evaluation of the residue ~ can be performed in region lil with the aid of 
(4.37b) and (4.32b). This results in 

+ 
{ 1+(0,88ka/Jn_>'} rl 

{ 1+(0. 76 ka/jn)} 
2 

(4. 40) 

The asymptotic behaviour for large n now leads, in view of the increase of 
jn proportionally to n, to the following expression 

(4.40') 

here the coefficients Di which are independent for n, remain finite for L
0 
-1 = 0. 

4.6.4 The evaluation of the first two residues 

The evaluation of the first residues a1 and a2, 1 meets some difficulty. 
First of all we remember the eigenfrequency w1 connected with the root of eq. 
(4. 7), to be substituted in (4, 9). The way of determining the root x depends on 
the value of ka. 

I :reom 1 

I 
I 

regi0n21 
I 
I 
I 
I 

2 l 
--ka 

Fig.13. Behaviour of the first residues ~ and ';;;"2 1 in the case of an 
I 

internal magnetic field (V a= 0. 5 v<;> and the ratios b/a = ·\[3 
and oo, 

In the case of small ka we might develop the Besselfunctions in Taylor series; 
however, some care has to be taken in the case of an internal magnetic field, since 
then the power series development was not always permissabie even for small ka 
(see sect. 4. 5. 3). 

If ka is large we use the asymptotic series of the Besselfunctions. For these 
large values of ka, and the associated large value of ~, the second and third 
term in the denominators of (4. 37a) and (4. 37b) respectively, have opposite signs 
and prove to be large compared to the first term. If we combine the second and 
third term of the denominator of (4. 37a), referring to V a =0, we obtain: 
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a, ond a., . ., 
1 & 9 I() 

•• 
""2 ~2 .-....2 

Fig.14. The squared eigenfrequencies w1 J w2 1 and w3 1' and the 
~ ........... -.J' ' 

corresponding residu es a
1

, a
2

,
1 

and a
3
, 

1 
for the casewith an 

intemal magnetic field (V = 0,5 VO) and the ratios b/a ="f3 a a 
and oo, 

(4.41) 

where k2a2 -ûi'f/o-2 = x 2 in accordance with (4.6a). The sameprocedure applied to 
eq. (4. 37b) (V alv~ = 0. 5) yields for the corresponding sum (inserting, for the case 
of simplicity, the values Ct', ~ and o according to (4.14)) 

w~/o-2 (2k2a2 -3. 5tq /a2) 4(L0 -1) 2 

1.6(k2 a2 -~/é) (k2 a2 -3. 5~ /a 2) { -l +cl ö2 i/~ } · 
(4. 42) 

We next can express (L
0 

-1) in the other term occurring in the equations (4. 7) 
and (4.21) which refer to Va =0 and V a/V~=0,5 respectively; thereafter, we will 
expand the Besselfunctions into their asymptotic series up to their second term. 
We thus obtain from (4.7), that is for Va =0, while using (4.6a): 

2 """4/--<1 '"'"'4/ 4 
_ 2 _ 25 J 1o (x) } w 1 o· 25 ( !) ~ 

(Lo l) - 9 LI~(x) x2 ~ 9 1 +x x2 ' (4. 43) 

and from (4. 21) for V a/V~ = 0.5, using the definition x
2 = cls2 a2 /~/, 

4 2 2 2 2 
2 P'a) {I0 (x) } Ct' ó a / 1) 

(L -1) = -- -- ~ I 1 +- . 
o 4x2 I'(x) 4132 '- x 

0 

(4.44) 

Substituting the expression (4.43) in (4.41) the sum of the second and third 
term in the denominator of (4. 37a) then beoomes in the first case of Va= 0: 

"'"'2/ 2 w () (4.45) 

When this expression is finally substituted in (4. 37a) we obtain for al' in the 
case of a vanishing internal magnetic field and large ka, 
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(4.46) 

The corresponding sum for the case V alv~ = 0. 5 can be simplified if we sub
stitute (4.44) in (4.42), which results into 

w~lcl (2k
2 a2 -3.5w~/cr1 1 = 

1. 6(k2a2 -ûf1 /~;/) (k2a2 -3.~ /cr2) • x 
- 1 

or, working out the factor x with the aid of (4.14), 

w;/cr2 (2k2a2 -3.5wÎ/cr2) 
------------------------------------------- . 
1.6(k2a2 -tq /cr2)3/2 (k2a2 -2.5Wî/c? fl2(k2a2 -3.5wî/cf )1/2 

(4. 47) 

The final expression for a;_ , for the case V a/V~ = 0.5 and large ka, thus be
comes, substituting (4. 47) into (4. 37b) 

i(L +1) 
~ 0 
al~------------------------------------------------------

2.5(L0 -1) ûîf/cf (2}{2 fi- -3.5ÛÎf/a2) 
+----------~------------~---------------

k2a 2-2 .5ÛÎ ;/cr2 L6(k2a2 -ûiî /o-2)312 (k2a2 -w~/cr2 ) ~ (k2 a2 -3.5ÛÎ~ /cr2) ~ 
(4.48) 

For small ka, that is when (aa)2 k 2a2 -wii/cr 2 tends to zero (compare (4. 28a), 
we meet difficulties of the same kind, the first and the third term in the denomina-
tor of (4. 37b) then become very Iai-ge and prove to be of opposite sign. We have 
discussed this case in conneetion with the existence of a mode in region I (sect. 4.5.3) 
or of a first mode in region II (sect. 4. 5. 4). We found that when (aa) 2 = 0, L0 -1 should 
have the value 2/3. We find a more exact value for L 0 -1 by expanding the quotientof 
the Besselfunctions in (4. 21) into a Taylor series for the argument x= asa/o: 

_ (ó a)
2 

{ 1 -~ )
2 

} 1-L - 2 1 + 8 ( a + • . . • • . 
0 

(Sa) o 
(4. 49) 

Combining the first and the third term of the denominator of (4. 37b), and 
substituting the result of (4. 49), we obtain for the sum the approximation 

2.5k2a 2 w~/cf (2k2a2 -3.5ÛÎ~/a2) 
+~~----------=---

((3a)4 (Sa) 2 (&a) 2 
(4. 50) 

The residues a1 and a 1 for V a = 0,5 VÜ. (a a tending to zero) become as fol
lows, if we substitute tl:ie result of (4. 50)a in (4. 37b) while taking into account the 
values of s2/cr2 ' <aa)2 and (oa)2 according to (4.14) when aa = 0: 

""' i(L0 + 1) cr 2 

al ~ 
2 .5k2 J I (13 a)

4 
(4. 5i} 
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(aa)2 ..... +o . (4. 52} 

These expressions referring to region I and II respectively, therefore are con
nected with the sign of (aa)2 as indicated. 

For (aa) 2 = 0, a1 and a2 1 thus proveto have the same limit. The type of 
motion changes when J?assing Irom region I to II, this change being connected with 
that of the sign of (aar ( oompare the discussion of types of motion in sect. 4. 5. 2}. 

We can now summarize some results, to be obtained from the above rela
tions for two special values of b/a, in the following list of residues; they refer to 
the indicated limiting cases where L 0 has been determined from (3.27) or its pro
per approximation (3.31): 

a:_ (V a= 0, b/a = eo, ka ..... 0) = 0.115 k2 a2~, 

'\ (V a= 0, b/a = eo, ka .... eo) = 0.158 k2a2cf!, 

a
1 

(Va= 0, b/a ='IÎ3, ka .... o) = 0.3 k2 a2 ~, 

a
1 

(Va= 0, b/a =Va, ka-oeo) = 0.158 k2a2cf!, 

a;_ (V a/V~ = 0. 5, b/a = eo, ka ..... O) = 0. 2 k2a2o2 , 

'àf (V a/~= 0. 5, b/a = =, ka ... eo) = 0.115 k 2a 2a2, 

a
1 

(V a/~= 0. 5, b/a = eo, ka ... 2) a2, 1 = 0.48a2, 

a (V /VO = 0. 5, b/a =Vs, ka--0} = 0.14k2a 2a 2 , 
2,1 a a 

a;_ (Va/V~ = 0.5, b/a ={3, ka-+co) = 0.115 ~a2 if, 

'\ (V a/~= 0. 5, b/a =va, ka .... "" 1. 5) = a2, 1 = 0.27 o-2. 

(4. 53a) 

(4. 53b) 

(4. 53c) 

(4. 53d) 

(4. 53e) 

(4. 53 f) 

(4. 53g) 

(4. 53h} 

(4. 53i) 

(4. 53 j) 

The preceding analysis enables a convenient numerical determination of the 
residues in all cases. 

4. 7 NUMERICAL CONCLUSIONS 

Calculations of the first poles w1 , w 2 1 , w ..a. and of the corresponding resi
dues, were made for the representative ca.Ses Va 0 and Va =0.5 V~, assuming 
b/a as either Vs or oo, The results, represented by the figures 12 until16, indi
cate some remarkable phenomena. When V /~ = 0.5 and b/a =co, no zero in 
region I exists for the interval 1.34 <ka<~; for b/a =va the corresponding inter
val beoomes 0 < ka < 1.5; further' a2 1 ' a2 2 and a2 3 all pass through a maximum 
in this ka interval. This may be interpretea such that the first mode of region II 
takes over the role of the dominant mode connected with region I in the mentioned 
ka interval. 

This change over at the low ka end of the interval takes place very gradually. 
However, at the high ka end of this interval this transition is sudden. The values 
of al and a2 1 ' and also those of wf and ~ 1 ' then coincide (see sect. 4. 6. 4 
and figs .14, Î5). For ka values exceeding the mentioned interval, no first mode 
exists in region II. The residues of region II are in general small compared to 
those of the other regions and the contributions of the corresponding poles can 
usually be neglected, except in the mentioned ka interval. 
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We already noticed the related properties of region I of the compressible 
fluid, and those of the corresponding incompressible fluid. This is illustrated in 
fig.15 by the similar behaviour of the quantities wf and 2a1 of the farmer, and 
the coefficients À and 2h2 of the latter. In this figure the curve for (;)2 as a 

1 

~ ;f(canpressibl:e} .. 
~ :\ (inc..rnpresslbfe) ..• 
1 ,0 

0.5 

g·~~~~~~Fn----,~~--~w~~ 

---~2t, 

~2h2 

rv rv2 
Fig. 15. Comparison of the first order mode quantities 2 a1, and W 

1 
of the 

compressible fluid with the corresponding quantitîes 2h2 and /dor 

the compressible fluid; no internal magnetic field (Va= 0) ; the 

ratios b/a =Vs and co; parameter ka. 

function of 2a; (eliminating ka) has been plotted for the compressible fluid, as wellas 
that for À as a function of 2h2 for the incompressible fluid. In order to show the best 
similarity, ûi'f and 21r1 have been normalized by a division by V~/a2 ut, and À and 
2h2 by a division by vo'"'f~ w~. The striking similarity then obtained for low ka 
values is obvious from ~oth examples represented in fig.15; they refer to the spe
cial cases b/a =Vs and b/a =oe>, in the absence of an internal magnetic field 
(Va =0). 

The similarity in question can be interpreted as follows. The approximation of 
the expansion (3.14) by its first term results in the following form for the charac
teristic equation (2. 75b) in the original time variabie 1" = w

0
t: 

(4. 54) 

This form corresponds to the Mathieu equation 

for the incompressible case. Hence this latter equation may also be considered as 
an approximation for the compressible fluid, provided that À and h2 are replaced 
by ûî2 and a respectively. 

1 1 
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CHAPTER 5 

SOLUTION OF THE CHARACTERISTIC EQUATION WITH THE AID OF A THREE

TERM RECURRENCE RELATION 

5.1 INTRODUCTION 

After the preceding general discussion of the frequencies ûi' ~ and the oor
responding residues an which together fix the characteristic equation, we shall 
now deal with methods to solve this equation, remembering its representation ac
cording to (3.11), (3.13) and (3.14): 

(5.1) 

We observe that ûî and a mayalso refer jointly to the values ûîl' Wz n' û)3 
al' a 2 n• a3 n coooected With the three regions labelled before by I, IÎ and IiÎ. 

tiîe salution of the equation would be very simpleifit could be composed of 
solutions sn(s) of the ordinary Mathieu equations that oorreapond to an individual 
term of the expansion (3.13). The Laplace transfarm sn(s') of an individual con
tribution to the final salution should then satisfy the equation: 

,..... 
a 

~~" ("' n r "" } ':>n s ) = ,.... "'"' i_ Sn ( s + 2i) + s (s- 2i) , 
s2+w2 n (5. 2) 

n 
On the other hand,each of the rigarous solutions we are looking for is closely con
nected with a Mathieu equation (5. 2) for a special value of n; this relationship will 
beoome clear from the numerical procedure to be discussed in the next sections. 
The integer n in question will be introduced for numbering the individual modes, 
forming a discrete infinite set, that are connected with given values of k, m, a, b 
and w0 • .. 
which constitutes the Laplace transfarm of the equation corresponding to (4. 54) 

QO 

for rul replaced by Wn· The complete salution s (s') =I en (s') Sn (s') would 
n=1 

require suitable coefficients cn(s') in order to satisfy (5.1). However, a possible 
evaluation of this procedurebasedon a summation over elementary Mathieu func
tions satisfying both (5.1) and (5. 2) leads to inconvenient difficulties. 

Another method might be suggested by the great similarity, discussed in the 
preceding section (4. 7)' of the quantities wt and 2a with the coefficients À and 
2h2 of the Mathieu equation for the incompressible rluid. In fact, in view of this 
analogy, we could interprete the influence of the higher-order modes as a per
turbation to the solutions of this latter Mathieu equation. This looks very attrac-
tive indeed. We could compare the situation with that in problems of non-linear 
mechanica; here one starts with a sine function, that is the salution of the 
linearized equation, while consictering the non-linearity as an effect producing a 
perturbation of this sine function expressed by a time dependenee of the amplitude 
and the frequency (phase) of the latter. In our case this procedure would correspond 
to the investigation of the perturbation of a general Mathieu equation. However, these 
functions are very complicated and only the special periadie cases of them have 
been tabulated. Hence, the perturbation approach would be very complicated too, 
and impossible in practice. In view of the above considerations a direct method as 
developed by Bouwkamp in his thesis, (Bo 41), wil! be worked out. We shall look, 
first of all, for conditions leading to periadie solutions. 
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5. 2 THE METHOD OF CONTINUOUS FRACTIONS 

5.2.1 The Floquet expansion of the solution 

The equation (5.1) constitutes the Laplace transform of a differentlal equation 
of infinite order with periodic coefficients, as explained by the representation 
(2. 75b). In accordance with the Floquet theory the general solution of equation (5.1) 
in the time domain T =wt would therefore be as follows if the order of the equation 
were finite: 

m=-oo 

imT 
c· e 

m (5. 3) 

We assume the applicability of this expansion even in the limiting case n- 0) which 
is realized by our characteristic equation. 

Three different situations may then occur viz.: (a) a zero characteristic ex
ponent ;. The s;-motion is purely periodic, the period being equal to that of the 
impressed frequency; (b) a purely imaginary exponent, which amounts to a motion 
for which a modulation is superimposed on the mentioned periodic motion; (c) a 
real exponent; the latter modulation is replaced here by an unstable increase of 
the amplitude of the periodic motion (the other decreasing motion has little im
portance) . As a matter of fact the basic recurrence relation can always be solved 
numerically by the method discussed in the next section while assuming ; either 
real or imaginary. The similarity of our characteristic equation to that of Mathieu 
suggests that possible solutions with complex ;, if existing at all, should be of 
minor importance. In appendix 7 it is even shown consictering an approximation of 
the characteristic equation which amounts to a differential equation of finite order, 
that complex ~ values cannot occur. 

Two possible approaches may be suggested. In the first one we start from 
known frequencies ûï'n and residues 'àfl (:_ealized for proper ka values), and 
determine the characteristic exponents ~ next. In the other approach we assume 
the existence of periodic solutions ; = 0, since this involves the simplest ana
lysis; we then determine the frequencies W'u and residues '% that satisfy, as 
functions of ka, the conditions leading to such periodic solutions. Both approaches 
may be based on the recurrence relation which wil! be derived now. 

5.2.2 Derivation of the basic recurrence relation 

The equations (3. 11), (3.13) and (5. 3) lead to the following three-term recur
rence relation 

-S ·"' C 
m-1~ m+2 

+C-S . ....,c 
2

=0, 
m m-1~ m-

in which Sm-i~ is defined, also for complex values m-i;, by 

..V 

s( ·"') == ~ ....2 a 2 • 
m-1~ L w -(m-i71' 

n=l n ""'' 

(5. 4) 

(5. 5) 

Obviously the equations for even and for odd m can be solved independently of each 
other. 

The derivation of (5. 4) can be carried through as follows. 

Being given t; (s) = L { g ( T)}, the substitution of (5. 3) in the identity: 
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first yields: 
co 

G(s') s (s ± 2i) G(s') L { I cm ei(m-41 + 2> T} ' (5. 6) 

m=-co 

and next, equating G to the expansion (3.13) 

,...., 
co a I n ~(s±2i) 

co ,.,_, 
a 
n 

co c 

n=1 (B2+w~) I s-i <m;î:L + 2) m=-co 

Hence, by summa ti on over the two different signs, 

co a 
\ n {s(s+2i)+~(s-2i)} L ""'2 ~2 s +w n=l n 

(5. 7) 

The left-hand side equals s (s) and may accordingly be replaced by the Laplace 
transfarm of (5. 3), giving: 

(5. 8) 

m=-oo 

This equation should be satisfied for every value of s. We next multiply the equa

tion by { s-i(m
0 
-i~ } and then let s tend to (im

0 
+ w: 

Lim co C 
s _. (imo + ~ [ { L ,...., . m ·""' 

_ s-1 (m-l!J.) m--oo 

C +C 
m+2 m-2} (,....., . ""'> J s-1m -11. • 

-...! ~ 0 I""' ' 
( s-im-1-L) 

m=-oo 
(5. 9) 

the limit results in 

00 a 
Cm = L ""'2 n . ....., 2 

o w -(m -liJ.) 
1 n o 

(5.10) 

or 

c =s ""'re +C ). m m -111. \: m
0

+2 m
0

_ 2 0 0 !"" 

This procedure can be applied for all integral values ffio of m, which proves (5. 4), 
assuming the existence of the expansion (5. 3). 
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5.2.3 Application of the difference equation starting from a 

coeffici ent Cr with positive subscript r 

The difference equation (5. 4) will now be solved numerically with the aid of 
continued fractions by puttingit in the following form: 

c 1 r --== 

c 
1 cr+2 

r-2 s r-ip.' 
- -c-

r 

c 
The quantity N = Cr+2 then satisfies the following relation r. 

r 

1 
N = 1 

r -N 
S 

2 
. ,... r+2 

r+ -liJ. 

(5.11) 

(5.12) 

which results after repeated applications into the continued fractions: 

1 (5.13a) 
1 -N 

82 ·"' 2r r-l!J. 

(5.13b) 

(5.13c) 

(5.13d) 

The values of the dominating coefficients Cm, which are those with small 
values of m, could conveniently be derived from a continued fraction such as (5,13a) 
if N2r might be neglected compared to 82~-t""' in its last term. Therefore, it will 
be advantageous to know a value of r for whi& s2r-i p: becomes as small as pos
sible. 8uch values can be found in view of the following remarks. 

We observe that in view of (3.13) the notation 8 ·"' proves to be equivalent to r-liJ. 
F-1{(rHil:i}. Hence the sum 8 .,.....,will vanish if s = ri-+11 constitutes a zero of r-l!J. 
F-l(s 2); according to the definition (3.11) of F(s 2

), this occurs if 

J3 I~ ( 7a) = ·o , (5.14) 
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in which s=(ir+'ir) has to be substituted in the relation (2.23) giving 0', ~ and ê. 
We know that a zero Besselfunction ~ can only exist, if its argument is imaginary. 
This implies that 

(l~+ ~) c~+ ~2) 
a s 

should equal i. j /a where j constitutes the n-th zero of J' ; hence mn m,n m 

{ (_1 +___!__) 
'- y2 y2./ 

a s 

c;s;;; J ft • --;:2 

. 2 

( 
1 1 )

2 
Jmn / 1 1 j 2 2} -+- --+ (- -- k ' (5.15) 

y2 y2 a2 'v2 y2 
a s a s 

proves to be negative, so that s = 2 ri+IJ: and IJ: have to be imaginary as well. Fora 
real or complex but non imaginary IJ: the sum s 2r-i p: may be small, but can never 
attain a zero-value. 

In the case of IJ:= 0 we infer that Sr vanishes exactly if the left-hand side of 
(5.15) equals -r2 • The integers nearest the associated r values are all suitable for 
starting our procedure with continued fractions, which require~ (in the case IJ:= 0) 
a small value of 1 s 2rl . Sometimes the two integers at opposite sides of a zero of 
Sr are both convenient for starting the method to be worked out below. 

Having chosen an integral value r for r corresponding to a small value of 
I Sr I , we apply the relation: 

0 

o N = ~- .!#. = sro (5.16) 
r -2 1 S S 

o S-- - Nr +2 ro ro+2 
r +2 o 1- 1_S N 

0 0 r +2 r +2 
0 0 

which follows from the consecutive application of (5.12) for two adjacent values of r. 
If either Sr +2 is very small of the order e 2, or if S +2 and S are small of the 

o ro r 
corresponding order e, the latter relation can be approximated by: 0 

N 2 ~ S (1 + S S 2) , r- r r r+ 
0 0 0 0 

(5. 17) 

the error being of the order of Sr
0

+2 Nr
0

+ 2 compared to unity. 

After ha ving determined Sr and Sr + 2 with the aid of the expressions for 
...... "' 0 0 
~ and wn as given in chapter IV (the complete procedure is illustrated by the 
examples of subsection (5. 6. 2) we derive in succession the further quantities 
N[-4, N r-6 , •.... : .• , ~ th the aid of th_e recurrenc e relatio~ ( 5. 12) . In the case 
o odd r we termmate wlth the expresswn N1 = (1/S3 - Na) 1, but for even r by 
N

0 
= (1/S2 - N2)-1 provided this quantity turns out to be finite; if not, we stop in 
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the latter case at N2. 
Of course it would be possible with aid of the mentioned computation of Nr_2 , 

Nr-4• etc. to obtain all coefficients C0 , c 2 , C4, •.... C2r• when C0 has been 
chosen. However, in our problem concerning stability conditions, we are less 
interested in the numerical behaviour of the function ~ (1") resulting from these 
coefficients, than in the property whether this function is perioctic or not, since a 
perioctic solution is associated with the transition from stabie to unstable conditions. 
For the investigation of the perioctic solutions we also want to consicter the calcu
lation of low-order N's by starting from N-21-2 or N-21-1 with negative subscript. 

We will terminate this subsection with a discussion of the convergence of the 
Fourier series (5.3) for the perioctic solutions. The numerical convergence will be 
made clear by showing the property that a possible large ratio Nr+2 = Cr+41Cr+2 
of two successive coefficients can only be realized fora small value of the coeffi
cient Cr+2 occurring first. In fact, in view of the relation 

the large value of Nr+2. involves a small ratio Cr+2/Cr, of the order -1/Nr+2 
(the exceptional case of Sr+2 =""' 1/Nr+2 would imply a large value of Nr which 
then requires the corresponding discussion starting from Nr instead of Nr+2>. 
By using the above relation successively, neglecting terms which are small when 

Nr+2 ~ I ~1. we obtain for the next few coefficients (the value of Cr_2 considered 
r+2 

as given, remembering the small value of I Sr I , 
c "'"'s c 2 r r r-

s 
r 

C 2"" --N C 2 ' r+ r-r+2 

cr+4""' - 8r 0 r-2 

Here we infer an order of magnitude of all coefficients beyond Cr_2 which is smal
ler than that of ICr-21 even in the rather exceptional case of a very large Nr+2 . 

5.2.4 Application of the difference equation starting from a 

coefficient C with negative subscript 
r 

In this new second approach we start with the following approximation, which 
corresponds to (5.17) 

N _1 = ~ ( 1 - S-I S -l _ 2) , ( 5. 18) 
0 -1 0 0 

0 

assuming that either s_
10 

or s_
10

_ 2 , or bothare small. The further N_
1
's can 

then be derived in succession from the rigorous re1ation: 

1 1 
N_l==S-N ' 

-1 -1-2 
(5. 19) 

which follows from (5.12) when substituting r = -1-2 and ~ = 0. 
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5.2.5 A comparison of the two preceding applications of the 

difference equation 

Obviously, one .and the same value Np has to be obtained, for a given order 
p, when arriving either from higher orders (r-series of subsection 5.2.3) leading 
to a value NP r• or from lower orders (I-series of the preceding subsection) leading 
to a value Np:l· _!!owever, the coincidence requiring Np,t=Np,l is not self evident 
since a special iJ. value has to be assumed a priori, for instanee the valuejr = 0 
taken above because it involves the simplest analysis. On the other hand, iJ. = 0 
~ill in general not be compatible with the ka value leading to the quantities ~ and 
w~ fixing the sums Sr· The necessary coincidence could be arrived at by changing 
the characteristic exponent îL, keeping all the other quantities ûî~ and ~ fixed. 
However, it is also possible, the exponent 'iT being given, to vary the otlier quantities 
ûJÄ, an in such a way that the required condition for ~P will be satisfied; as a mat
ter of fact this change corresponds toa variation of tfie value of ka. 

5. 3 CONDITIONS LEADING TOA PURELY PERIODIC MOTION 
r=oo 

In this case (~ = 0) connected with the stability boundaries the series I Crein· 

r= -co 

fixing the motion proves to be even if C_r= Cr and odd if C_r= -Cl;'. The recur
rence relation always connects coefficients Cr the ,2rders of which mcrease by 2. 
Therefore, we may restriet ourselves in the case iJ. = 0 to s ( ,-) functions de
pending on coefficients with exclusively even orders, and other solutions having 
only coefficients with odd orders. For each of these cases we find, in view of the 
equal coefficients of Cr_2 and c 2 in the recurrence relation and of the property 
Sr= S-r' that the most general s~Îution of the recurrence relation constitutes of a 
linear combination of a solution with Cr = C_r and another solution with Cr = -C-r, 
for all r. This follows from the fact that Cr ± C_r satisfy the same recurrence 
relation as Cr itself. It is thus sufficient to restriet ourselves, both in the case 
of a solution with even Cr and that with odd Cr, to even solutions (with Cr = C_r) 
and odd solutions (with Cr= -C-r). Four possible cases thus exist viz. even perio
ctic solutions with even-order coefficients, even perioctic solutions with odd-order 
coefficients, odd perioctic solutions with even-order coefficients, and odd perioctic 
solutions with odd-order coefficients. When dealing with the Mathieu equation these 
four cases correspond to the functions Ce2r• Ce2r+l• Se2r• Se2r+l respectively. 

These four possibilities appearing for the purely perioctic solutions will be 
listed below. Here we very easily obtain, for each of them, a condition for the 
ratio C2/C0 or C3/C1 , which may replace the calculation of these ratios from, 
e.g., the I-series orther-series (see the next section). We might call these cor
responding equations the mirror conditions. 

The mirror conditions are: 

Case 1: r even; even solution (Cr= C_r). 
The recurrence relation (5. 4) yields for m = 'j:}:' = 0: 

- 2S c + c = 0 
0 2 0 ' 

or (5. 20a) 

Case 2: r even; odd solution (Cr = -C-r). 
Here the same recurrence relation reduces for m = iJ. = 0, in view of the pro-

perty S_2=S2, to C0 =0, so that N
0

= co. In view of (5.12) wethen have 

(5. 20b) 
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Case 3: r odd; even solution (C = C r! . 
Taking m = 1 in (5.4), we find: r -

so that 
-S1C3 +(1-S1) C

1 
= 0, 

1 
NI= -1 +s. 

1 

Case 4: r odd; odd solution (Cr= -C-r). 

We find, again for m = 1, 

Hence 
1 

N =1 +-
1 sl 

5.4 A COMPARISON OF THE VARIOUS PROCEDURES FOR SOLVING THE 

RECURRENCE RELATION 

(5. 20c) 

(5. 20d) 

Let us start from a value of ka and a proper value of r 0 • Two numerical 
approaches are then possible viz. (a) the one leading to a general solution with 
prescribed ; value, and which concerns a comparison of the results obtained for 
Np when applying the recurrence relation both from the right to the left (see 
sect. 5. 2. 3) and from the left to the right (see sect. 5. 2.4), (b) the other one, 
leading to a perioctic solution (; = 0), which concerns a comparison of the left
hand and right sides of the proper mirror condition, while applying the recur
rence relation in one direction only. The first metbod requires a vanishing value 
of NP r- Np 1• the second method a vanishing value of, e.g. N0 r-1/(2S

0
), when we 

want to get,' according to (5. 20a), an even solution with even èoefficients (N0 • r 
being the value of N0 obtained when arriving from the right). The final numerical 
values of the quantities which should vanish in either case can be reduced to their 
required zero values by varying ka. 

5. 5 A NUMERICAL DISCUSSION OF THE COEFFICIENTS Sr OF THE RECUR

RENCE RELATION 

The purely perioctic solutions which can thus be determined are connected 
with the stability boundaries. In order to obtain this boundary for the most im
portant mode, that is the first one, it is not necessary to take into account all 
termsof the sums Sr, with which the computation has to be made, individually. 
The contributions to Sr from the modes in region 11 are in general negligible com
pared to the other ones as can beseen from the limiting expressions for 'au and 
ûJn for large n. In fact, in view of the increase of y 2 • n and y 3• n proportional to 
n, we get approximations of the following type (with coefficients independent of n) 
from the expressions discussed in the sections 4.5.4, 4.5.5, 4.6.2, and 4.6.3: 
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(1)2 R:~O', ,n 

'"'-'2 2 
w3 ~Sn ' ,n 

(4. 38') 



(4. 40') 

Hence, if L0 -l :/: 0, the various contributions ~l(wl- r2) of Sr decreasein 
region II proportionally with n-4 and in region III proportionally with n-2 for 
large n. On the other hand, for L0 -l =0, the decrease becomes proportional to 
n -2 for both regions. 

Considering first the case L0 - 1 :/: 0 we infer that the higher-order terms of 
II and III only yield small contributions to Sr· However, the example of fig.l3 
shows that the first term of II takes over the role of the dominating contribution 
of the first mode at ka values between about 1, 2 and 2, that is for 0 < L 0 - 1 < 2/3; 
this has been explained insection 4. 5.4. It turns out that the contribution of the 
class II modes may in general be neglected outside the mentioned interval. As an 
example we consider the case of V a!V~ = o. 5 and L0 -1 = 0; a2 n then becomes in 
view of (4. 38): ' 

(5. 21) 

A value of about 1/5 results in this case for the ratio a2 ja2 1 • 
' ' The contributions of region III can be estimated, which leads to a consider-

able simplification. An application of the above expressions for ÛÎ~ n and a3 n 
yields the following contribution to Sr from all po les but the first one of region III: 

00 

I (5. 23) 

n=2 

When we are dealing with the first mode the most relevant r 2 values prove in gene
ral to be small compared to 13n 2 , so that the obtained expressions can be further 
simpitlied to 

(5. 23') 

The simplified expression for D 1 /D {a3 , used in (5. 23) instead of the more 
general expression of (4. 40'), proves to be a:PB:iïcable for not too high ka values, 
viz. ka< 4. We thus numerically find fora3 n (n;;:: 2, ka< 4) in the special cases 
indicated: ' 

Va/V~ = 0: 

V/VÜ=05· a a · · 

a F<S0.5(l+L)cr2 , 3,n o 

a
3 

F:;So.s(l+L><i-. ,n o 

(5. 22a) 

(5. 22b) 

and for the corresponding contribution to Sr, substituting (5. 22a) and (5. 22b) in 
(5.23') 
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V/V0 =0· a a · 0.033 (1+L) , 
0 

0.037 (1+L). 
0 

These numerical results will be used in later computations. 

(5.23a') 

(5. 23b') 

5.6 NUMERICAL DETERMINATION OF THE STABILITY BOUNDARIES IN A 

REPRESENTATNE CASE 

5.6.1 Analysis of the numerical determinations 

In order to arrive at a numerical result we now choose realistic values for 
the relevant parameters. ,,We assume a plasma radius a= 5.1o-2 m, and a velo
city of sound of 105 m/sec (corresponding to a plasma temperature of the order 
of 106 K). In the Rijnhuizen experiment, the disc~rge condensor and the coil 
used involve an impressed frequency of w0 = 5.10 rad/sec. The value Vs/aw0 =4 
then results for the dimensionless factor connected with the determination of 
'à'n and Wil· 

For these data we shall indicate how to calculate the shift of the stability 
boundaries (~ = 0) relative to their situations for the perioctic Mathieu functions 
associated with the incompressible fluid. For the latter the stability curves in 
the À , 2h2 diagram are weii known and represented by the functions conventio
nally indicated as Cer and Ser (r integer); the r-th curve starts for either 
function at the point r2 of the vertical À axis. 

For the compressible fluid the corresponding stability boundary may be 
given by a curve in the ûl~, 2a1 plane (compare sect.4. 7) as represented by fig.16. 
However, starting from a well defined plasma, it is only possible to determine 
some isolated points of such a curve. In the illustrative case of fig. 16 fixed values 
were ohosen for the parameters b/a, V al~ and V 8 /aw0 • By varying ka we then 
find, as illustrated in the next subsection, isolated points of the wi, 2itl trajectory. 
For a plasma with given physical properties this trajectory intersects each of the 
stability boundaries in a point depending on the geometrical parameter b/a. 

It is well known that the staóility boundaries in the corresponding À, 2h 2 

diagram of the Mathieu equation st1trt at points r 2 (r integer) on the vertical axis. 
The same conclusion can be drawn here, with respect to the vertical a1-axis, 
only for the limiting case of a plasma occupying the whole enclosing cylinder (b =a). 
In fact, L then beoomes infinite in view of the definitions (2. 68) and, consequently, 
all residu~s including lt'1 vanish according to (4. 37); this involves the reduction of 
the Laplace transformed differential equation of infinite order (3.14) to the relation 

( 
_2 "'"'2) (, 2 "-'2\ (! 2 ,.._,2) -s-+w1 \!! +w:V ....... '-.!! + wn s (s) - 0 , 

which corresponds, amongst other things, to the solutions 

of the time-dependent equation; we thus find solutions with a period TT or 2TT, as 
r!quired at the stability boundaries, when ûl1 equals an integer r as wanted 
( w1 = r'2). 

In the mentioned graph, fig.16, the stability boundaries for the corresponding 
Mathieu equation 
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Fig. 16. Stability boundaries of the first mode (wi, 2';:'
1

) for the compressible fluid for the 

caseswithno internal magnetic field (V = 0) and for the ratios b/a = "{3 and co, 
a 

For comparison the corresponding boundaries forthe incompressible fluid (Mathieu 

equation) are indicated by dotted lines. 

are also indicated, as dotted lines. The latter are connected with periodic Mathieu 
functions. The shift of the boundaries in question due to the compressibility are 
obvious from the figure. By choosing the three representative values b/a = oo, 
Va and 1, we find three points of the stability boundary for the plasma under 
consideration. Foradiscussion of the general behaviour it is not necessary to 
consicter the shifts of all quantities compared to their corresponding values for 
the perioctic Mathieu equation. It is sufficient to know their trend. 

5.6.2 An illustrative example of numerical calculations 

The following example shows the scheme of the necessary calculations, as 
underlying fig.16, in the perioctic case ; = 0, as used for the derivation of a 
stability boundary. The boundary derived in this example turns out to have a 
great similarity to the locus of Ce 1 of the conventional Mathieu equation. First 
N1,r has been computed by starting the recurrence relation at r 0 = 7. Since we 
looked for the curve corresponding to Ce1 (referring to the even perioctic solution 
with odd coefficients) we had to derive the stability boundary by determining a point 
with a varrishing value of 

1 
Nt + 1- -s , 

,r 1 

as required by the mirror condition (5.20c) associated with the same type of 
perioctic solution as Ce 1 in Mathieu's case. 

The values listed below in the final table IV for N1 r + 1 - 1/81 serve for the 
ultimate determination, by interpolation of a solution in which this quantity varrishes 
altogether. A proper value

2
of ka for starting the calculation could be found by the 

interserction of ~e 2a1 , w 1 trajectory (parameter ka) with the curve for Ce1 (para
meters 2a1 or w1). With this ka, taking r 0 = 7, we arrive at a first value of N

1 
, 

and thus for N1 r + 1-1/81 • We then try out another ka-value. With the ka-valu€ 
found after the 'mentioned interpolation, involving the vanishing of N1 r + 1-1/~ , 
we can repeat the calculation in order to check the accuracy. ' 

We next summarize the formulas used for our first example which refers 
to the determination of an even perioctic solution with odd order coefficients in 
the case, also considered previously, in which b/a=oo, Va= 0, cr = Vs/aw0 = 4, 
ka= 1, 50. 

This situation involves a period 2rr of the function s1 , and a character 
corresponding to that of Ce 1• The sum of all terms with n > 2 in the expansion 
(5. 5) for Sr will be approximated according to (5.23a), which results in 

00 a 
\ 3,n L 7 L wz -rZ ~ 0.033 (1+ 0 ) :::::::~ 0.0 0. 

3,ll n=2 
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The final expression for Sr then becomes: 

s = _8_;':..._5_5_ 
r 1.14-r2 

14.4 

128- r 2 
+ 0. 070. 

Other relations to be applied in this firs t example are: 

N r-2 
1 

=----
1 
S- Nr 

r 

1 
N =-1+s1· 1,r 

(5. 24) 

(5.12) 

(5.20c) 

The data used lead to the following zeros and residues, to be computed from the 
indicated equations or the resulting corresponding figures: 

...... 2 
[ eq. (4. 6a and 4. 7); figs. 6,12 J ' w = 1 14· 1 • ' 

a1 = 8. 55; [eq. (4. 37a) figs. 8,12 J ' 
'""'2 
(1)2 = 128 [ eq. (4.13) fig. 12 J' 
a

2 
= 14.4; r eq. (4. 39) ; fig. 12l. 

L ..J 

The numerical determination of the difference, such as Nt,r + 1 - 1/81 , which 
should be made zero, in order to get a point on a stability boundary, is indicated 
in the table below. The values of S2 are derived from (5.24); as the last column, the 
starting value of N3 is obtained with the aid of (5.17), the next one by applying (5.12). 

Table 1 

r s 1/S N r-2 r r 

7 0.073 

5 - 0.146 N3 r ::::::;~- 0.144 
' 

3 - o. 894 - 1.19 N1 r =- 1. 025 
' 

1 61.3 0.016 - 1 + 1/81 

= -0.984 

1 
N +1-- = - o. 041 

l,r sl 

The determination of the differences inthelast row (which are to be minima
lized in order to get a point on a stability boundary) thus being explained, we repre
sent in the last column of table 5 (represented below) three differences thus derived. 
The interpolation indicated in the last line then leads to a point on the stability 
boundary. The starting point connected with the first line of table 5 was obtained 
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from the intersection of the trajectory fixed by the given data with the Ce-curve of 
the Mathieu function. 

The following tables refer to the determination of the intersections of the 
trajectory for the plasma under considerátion with the stability boundary cor
responding to the functions Ce0 , 8e1 , Ce1 , 8e 2 in the case of incompressibility 
(Mathieu's equations). The tables leadtoa zero value of the difference required 
by the mirror condition corresponding toeach case. 

Table 2. Starting point: 

intersection of Ce
0 

with (2a1 , ûî1) -trajectory for ka ~ 0. 7. 
Case: b/a == co· V /V0 == 0· V /aw == 4 'a a's o · 

2a1 
.....2 I ka No,r 1/28 w1 0 

4.4 - 1. 76 0.7 - 0.173 - o. 475 

5,92 - 1.65 0.8 - o. 306 - o. 312 

interpolated 

5.95 - 1.65 0.802 

N -1/28 
1 

o,r o 

0.302 

0.006 

0 

We thus obtain from the last line the point of the stability boundary of Ce0 type 
with coordinates 2a1 == 5. 95; wf == -1. 65, The derivation of the corresponding 
point on the stability boundary of the 8e1 type is represented in the next table. 

Table 3. 8tarting point: 

intersection of 8e1 with (2a1 , ~) -trajectory for ka :::::; 0. 7. 

Case· b/a = ClO • V /V0 = 0· V /aw = 4 · 'aa 's o · 

2a1 
-..2 

ka N 1+1/81 U1_ 1,r 

4.4 - 1. 76 0.7 + o. 004 - 0. 585 

5,92 - 1.65 0.8 - o. 067 - o. 090 

interpolated 

5.95 - 1.65 0.805 

N -1-1/S 
1,r 1 

0.589 

0.024 

0 

A change of b/a leads toanother point of the stability boundary of 8e1 type 
according to the following table. 

Table 4. 8tarting point: 

intersection Se1 with (2~, ~) -trajectory for kaF::; 0.4. 

Case: b/a = V3; V /V0 = 0; V /aw = 4. a a s o 

2a1 'OP 1 ka N 1,r 1+1/81 

1.6 0.04 0.40 0.206 - o. 750 

2.4 0.11 0.50 0.146 0.082 

3.51 0.19 0.60 0.062 0.547 

interpolated 

2.51 0.11 0.51 

N -1-1/8 1,r 1 

0.956 

0.064 

- 0. 485 

0 
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The corresponding determination of two different points on the stability boundary 
of Ce

1 
type results from the next two tables. 

Table 5. Starting point: 

Intersection Ce
1 

with (2a
1

, ûl~ -trajectory for ka Fl:;j 1.34. 

Case· b/a = co· V /V0 = 0· V /aw = 4 · 'a a's o · 

2a
1 

(1}2 
1 

ka N 
l,r 

-1+1/81 

15.40 0,34 1. 40 - o. 738 -1.095 

16.30 0.74 1.45 - o. 88 - 1. 033 

17.10 1.14 1. 50 - 1. 025 - o. 984 

interpolated 

16.90 1.12 1.488 

Table 6. Starting point: 

intersection Ce1 with (2a1 , w5-trajectory for ka Fl:;j 1.12. 

Case· b/a = VS"· V /V0 = 0· V /aw = 4 · 'a a's o · 

"-' "'2 ka N -1+1/81 al w1 l,r 

12.32 2.03 1.2 - o. 640 - o. 839 

15.20 3.20 1.4 - 1.180 - o. 729 

interpolated 

13.20 2.39 1. 261 

N1,r + 1-l/81 

0.357 

0.123 

- o. 041 

i 0 

N
1 

+ 1-1/81 ,r 

0.199 

- o. 451 

0 

The determination of points on the stability boundaries of Se2 type are re
presented in the next two tables. 

Table 7. Starting point: 

inters eetion Se2 with (2 a 1 , w~) -trajectory for ka ~ 1. 34. 

Case· b/a = co· V /V0 = O· V /aw = 4 · 'a a's o · 

"'-' I "-'2 ka l/S
2

-N2 al w1 

16.30 0.74 1.45 0.119 

17.10 1.14 1. 50 0.0014 

interpolated 

17.10 1.14 1. 50 0 
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Table 8. Starting point: 
2 

intersection Se2 with (2at, wt) -trajectory for ka~ 1.12. 

Case: b/a = ..f3· V /V
0 = 0· V /aw = 4 'a a's o • 

,...., .-v2 
ka 1/S

2
-N

2 
a (.1)1 

1 

12.32 2.03 1.2 - 0.160 

15.20 3.20 1.4 + 0.237 

interpolated 

13.46 2.50 1. 28 0 

We thus have shown how quite generally stability boundaries may be com
puted in a convenient way. 

5. 7 CONDITIONS LEADING TOA SOLUTION WITH A REAL CHARACTERISTIC 

EXPONENT 

5.7.1 General analysis 

We remamber the general expression for the coefficients of the recurrence 
relation (5. 4). According to (5. 5) the relevant coefficients for 'i):' 1 0 can be 
represented by 

(5. 5) 

The following simple relation then follows for the real values of îJ. under 
consideration, taking account of the real valuedness of ~ and ~ (see sect. 3. 4): 

* s . = s ·"' -r-l!J. r-l~J. 
(5. 25) 

The condition that N
0 

computed from the r-series and from the I-series 
(r and 1 even) should be iël.entical reads as follows in view of (5.13a) and (5.13c) 

1 1 
----------;-----:---- = ---

-~-~1 •.••• 
1 

82 ·"' -liJ. s ·""-' 
6-l!J. 

s •""-' 
0-1!-L 

1 

The two continued fractions occurring bere are recognized from (5. 25) as being 
conjugate complex. Hence, we find: 
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Re { -1::-------~---::---::t-_-~---=-11 ----:--1. -•• -. } = 2S o~i ~ 
s2 ·"' -liJ. s ·"""' 6-lj..L 

(5. 26) 

A corresponding relation can be derived from the condition that the N _1 values 
computed from the r- and I-series (in the case of odd r and 1) should also be 
identical; we find: 

1 
s ·"' 1-IIJ. 

1 . (5. 27) 

It is interesting to know the rate at which the instability developes in the 
regions between the stabljity boundaries considered insection (5. 3). The maximal 
increment on the (2a1 , w1) -curve lies between its intersections with two adjacent 
stability boundaries. The relevant boundaries are expected here to be situated 
near the curves for Se 1 and Ce1 (possibly Se 2 and Ce 2) fixing these boundaries 
in the case of the Mathieu equation; in fact, the regions corresponding to higher
order Sen and Cen in the Mathieu limit, will be associated in view of the large 
ka values with a noticeable viscosity (chapter6) which tends toreduce short-wave 
length instabUities. The formula commonly in use to es ti mate the maximum of 
the real characteristic exponent, for a given value of h 2, when dealing with 
Mathieu functions, reads: 

a - b m m 
4m 

(5. 28) 

am and bm here repreaent the X-values of the Cem and Sem curves, respecti
vely, as functions of h 2 , while h 2 is assumed as much smaller than X • 

In order to illustrate a method for computing maximal increments, we con
sider, once again, fig. 16 in which we may choose, on both (2al• w~)-curves, 
points in the unstable region, between the stability boundaries of the compres
sible fluid. The characteristic exponent, connected with these points, may then 
be determined in an iterative way by using the equations (5.26) and (5.27). 
Therefore we rewrite these equations in the following form, replacing the infinite 
parts after 1/S4_ip: and 1/Sa-ip: by the equivalent values N4 and N3 respecti
vely: 

Re { 
1 } 1 = 

1 2S . "" 
s2 ·"" 1 

O-lj..L 
-liJ. - N 

s ·"""' 4 
4-11-L 

(5. 29) 

s .~ 
2 

1 3-lj..L 
1 • = s .- 1 - 8a-i~· N 1-11-L 3 

(5. 30) 

We may replacethese relations by the approximations: 
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Re { 
2 

1-S2 . "'"' s4 . """' - s2 . ....... s4 . """ s . "' 
-1~ -1~ -1~ -1~ 6-1~ 

1 2 
s . "" - s "' - s3 . ...... s5 . ,-...; 
1-1~ 3-i~ -1~ -I~ 

2 

1 
~----'----

2S . "' 
0-1~ 

~ 1 . 

(5. 31) 

(5. 32) 

These approximations can easily be justified since s3_i p;- and the higher
order sums Sr-i p;- are small quantities decreasing with r; moreover, the 
approximation (5.17) has been applied here for r 0 replaced by arbitrary 
r-values. Furthe,.E, the modulus of each of the sums Sr-i p;' is in general smaller 
than in the case ~ = 0, due to the property that the denominator in (5. 5) never 
can vanish for ~ 'f 0. The numerical calculation then shows that the first term 
in (5. 32) and in the denominator of (5. 31) is by far dominant, while the cor
responding third term merely introduces a very small correction; this enables 
a quick estimation of real ~ values as illustrated in the next subsection. 

5.7.2 A numerical example for the determination of a real 

characteristic exponent 

As a first example we again consider the first mode existing in the limiting 
case of a plasma without walls, in the absence of an internal magnetic field 
(b/a = CX)' Va= 0). Wethen avoid the complications connected with the different 
regions associated with the case Va 'f 0; we further choose ka= 1.1. 
According to the theory of section (5. 5) the higher-order terms in the sums 
Sr-i p;' can easily be approximated, while the first two dominant terms depend 
then on the approximate numerical values 

of their relevant parameters. The first frequency w1 has been determined here 
with the aid of (4. 7), the next one w2 from the smallest zero of (4. 8) resulting 
in the expression (4.13). Wethen want to find a real ~ value satisfying either 
(5. 32) or (5. 31); however, such a value only proves to exist here for (5. 32), 
which amounts to an unstable solution between stability boundaries corresponding 
to periodic functions with period 211 (r odd) • 

We thus obtain the following tables in order to arrive at an estimation of the 
exponent 'il'. In general the difference between the right- and left-hand sides of 
the equations (5. 31) and (5. 32) has been computed as a function of provisional 
values of~. Reducing this difference to zero we obtain the required ~ value, 
which here turns out to be 1. 767, as indicated by the computation represented 
in table 9. 
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Table 9 

First mode; b/a =-cc ; V a = 0; ka= 1.1 

rv "-'2 ,_ ~ I a1 = 5.5; w1 = -1.6; a2 = 9; w2 = 110 Sn= 0.070 

n=2 
2 1 2 increment - s3 ·'"'"' - s3 ....... s5 ·"' - 1 s ....... ....., -1 j..L -1j..L -1 j..L j..L 1-lj..L 

2 l'l::J 0.139 

1.8 ,- 0.021 

1.6 - 0.076 

interpolated 

1. 767 0 

A corresponding example, for b/a = V3 and ka= 1, of the computation of 
a real characteristic exponent is represented in the next table. 

Table 10 

First mode· b/a = V3· V = 0· ka= 1 0 ' ' a ' • 
cc 

rv ~ ,..... 

a1 = 4. 5; w1 = 1; a2 
~ 

= 9; w2 = 109 I Sn= 0.078 

2 
2 

1 
- s ,.._, - 2 

increment s3 ·"" s5 ·"' - 1 ...... s ,ro.; 3-ij..L -1 j..L -1j..L 
j..L 1-q.l. 

1.5 + 0.204 

1 - o. 633 

1.4 - o. 066 

1.3 - o. 015 

interpolated 

1.319 =0 

We thus derived for the above examples the dimensionless growth rates IJ:'= 1. 767 
and 1. 319 respectively. The corresponding growth rates 1.1. = p:'w

0 
expressed in 

seconds become: 

1.1. = 0.884 106rad/sec 

1-L = 0.660 106rad/sec 

(b/a = cc , V a= O) • 

(b/a = {3, V = 0) • a 

5. 8 CALCULATIONS LEADING TOA PURELY IMAGINARY CHARACTERISTIC 

EXPONENT 

This case, connected with modulated plasma motions, refers to the stabie 

regions. In view of the exponential factor exp. { @'+ir)T} = exp. { i(V+r)T} the 
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quantity ~ can only be fixed hereapart from an integer; therefore, ~ = -iiJ;' may 
be normalized by the condition 

We shall illustrate the computational procedure by an example. Let us be 
interested in the v value for the second mode for m = 0, which should 
be situated in the stability region bounded by the perioctic solution with periods 
11.2TT and 12.2n. Further, our plasma may be without walls, and in the 
absence of an internal magnetic field (b/a = oo, Va= 0), thus avoiding again the 
complications connected with the different regions occurring when V q. :f. 0. 
Finally, we shall take ka = 1. 50. These data involve the following values for 
the parameters of the first three terms of the Mittag-Leffler expansion: 

The sums S + can then be approximated, according to the theory of section 
5. 5, by repfac'ing the contributions of the higher-order terms by the quantity 

co ....... a 
\ n ~ 0. 040 , L --e ,.., 2 

n=4 wn -(r+\1) 
(r < 40) 

in analogy to the derivation of (5.23') from (5.23). The final expression for 
computing Sr~ then becomes: 

s 
r+'J 

= __ 8__:._5_5 __ + _1.._4_:_._4 __ + __ 1_6 __ + 0. 040 • 

1. 44-(r+\)j2 128-(r+\)j2 520-(r+vf 

In order to find a first approximation for 'J we refer to the Mathieu equation 
corresponding to the second mode, that is: 

r; = 0 • 

For this equation a well-known approximation for the exponent (r+v) reads, 
.f "'2 "" ,...., 
l w2 P. a2: 

where r fixes the stability region under consideration, that is, r = 11 in our 
example. We thus find in our case the provisional value v = 0. 31 which we want 
to improve next. 

The previous theory of section 5. 5 canthen be applled in order to find two 
small values of Sr+v = Sr+O 31 for integral r as near to r = 11 as possible. 
Such small values prove to eitist for r = 5 and r = 17. This suggests to take. 
r 0 = 17 for starting the r-series, Ia = 5 for starting the I-series, and to 
de termine N 11 independently from each of these series. The final condition 
Nu r- N111= 0 canthen again be satisfied exactly by improving the v value, 
reducing a5 much as possible the quantity N 11 , r - N 11, 1 • 
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Our example then leads, starting from ~ = 0. 31, to Ntt,r= 0.260, 
N11,1= 0. 341. Their calculations are represented by the next two tables 11 and 12. 

Table 11 

r s r+0.31 
l 

8r+0.31 N r-2 

17 - o. 001 N15, r F::~ - o. 001 

15 - o. 076 N13, r = - o. 076 

13 - 0.254 - 3.94 N11 r = - 0.260 
' 

11 00 0 N 9,r = + 3. 86 

Table 12 

I 
1 8

I+o. 31 
1 

8I+o. 31 NI 

• 

5 - 0.100 

7 + 0.112 8.95 N7 1 F::~ 9. 05 , 
9 0.329 3.04 N9 1 = 2. 93 

' 
11 00 0 N11 1= o. 341 

' 

The computing scheme thus involves 

N11 - N11 ,l = 0.081. ,r 

Now we can repeat the whole procedure less accurately (only in order to know 
whether ~ should increase or decrease to obtain a further rednetion of 
N 11 r - N 11 I) with another exponent for which we take ~ = 0. 2. The only 
frac'tion in S'r+~ that will be very much affected proves to be the second one, the 
change being only significant for the I and rvalues close to 11. Wethen find 

Nll,r- Nll,l = -0.096, 

showing that we changed \! in the proper direction •. An estimated improved value 
for \! therefore can be obtained by reducing N 11 r - N 11 1 to zero by linear 
interpolation. Wethen find ~ = 0.26. With this ~ value we again can repeat the 
whole procedure, but now more accurately, as represented in the tables 13 and 14. 
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Table 13 

r s r+0.26 
] 

8r+0.26 N r-2 

17 - 0.002 I N15,rF:;j-0.002 

15 - o. 098 - 10.2 N13,r= -0.098 

13 - 0.264 - 3.79 Nll.r = - 0.271 

11 11.3 0.088 N = 2.87 9,r 

Table 14 

1 sl+0.26 
1 

8I+0.26 NI 

5 - 0.105 

7 + o. 099 10.1 N7 1 F:;j 10.2 
' 

9 0.316 "' N9.1 = 3.06 ·~ 

11 11.3 0.088 N11, 1=- 0.239 

If we compare the above tables we infer that N11 constitutes the only N 
value, which is essentially effectively modified during the successive operations. 
The complete calculation performed for v = 0.26 can now be repeated quickly for 
v = 0.25 and 0.24, since we only need to recalculate the second fraction in Sr 
for r = 13, and for 1 = 9 and 11. We obtain the following results: 

0.26 

0.25 

0.24 

N -N ll,r 11,1 

- 0. 032 

- o. 007 

+ 0.017 

which lead, by interpolation, to v = 0.2471. We thus have shown by the above 
example how an originally assumed value for v can readily be improved. 

5. 9 DISCUSSION 

The calculations of the preceding sections have shown the effectiveness of 
the use of continuous fractions, when solving the three-term difference equation, 
with non-constant coefficients, see sect.(5.2). It has also been made clear from 
the numerical results represented in fig.16 that, though the stability boundaries 
in the (2a1-'il{) diagram for region I are somewhat shifted away from those for 
the incompressible fluid (Mathieu equation) , the same character of instability is 
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maintained. This is rather disencouraging for this type of confinement. 
The estimation of the characteristic exponent determining the rate of insta

bility is relatively simple, since only a few terms of the continued fractions need 
to be taken into account, while the contribution of the higher-order fractions in 
the Mittag-Leffler expansion is smalland can easily be estimated. The maximal 
iocrement proved to be between 1. 32 and I. 77 times the impressed frequency; 
the highest values hold for a plasma without walls, in the absence of an internal 
magnetic field (see subsection 5. 7. 2) • In the examples this maximal iocrement 
is found between the second and third stability boundary. 

It is not necessary to consider values of the parameters, differing from 
those chosen further in the example, viz. a plasma radius of 5 cm, and an 
impressed frequency of 80 kc/s. In fact, the proparty that the instability 
maintains the same character as in the case of the Mathieu equation 
for the incompressible fluid is guaranteed in the range of the parameter 
cr ==V si aw between cr = = (limiting case of Mathieu 's equation) and cr val u es down 
to the or;Per of unity (as connected with our numerical examples). An appreciable 
deviation from the behaviour similar to that for Matbieu's equation is only to be 
expected for cr values below unity. For the latter the sums Sr change much more 
rapidly with r, which complicates the discussed calculation and results in a 
greater interaction of the different modi on each other. For cr values of at least 
of the order of unity the unstable regions are definitely notsmaller than those 
for the incompressible fluid. Ho wever, the unstable regions will be passed at 
different values of the wave number ka when the relevant plasma parameters 
are changed. 

The analogy with the Mathieu function also makes plausible, that the growth 
rate of the eventually unstable modes of region II and lil will be small. This is 
due to the smallness of the ratio 'iru/ûïfi compared to that of atfûJi. This circum
stance correspqnds in the case of the incompressible plasma (remembering the 
analogy of an~• alsoholdingforn>l, with the quantityh2/:\ ofMathieu's equation) toa 
region near the vertical À -axis which is characterized by narrow bands of instability. Only 
the first mode of region II leads to an exception (see fig.l3) to this property; 
however, if important at all, it takes over the role of the single mode of region I. 
For that reason we can in general limit our discussion concerning the stability to 
the only mode of region I, while the other modes merely involve a correction 
when calculating the stability boundaries and the characteristic exponent. 
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CHAPTER 6 

THE VALIDITY OF THE MAGNETOHYDRODYNAMICA EQUATIONS 

6.1 INTRODUCTION 

In this last chapter we shall discuss the restrictions permitting to apply the 
discussed equations holdingfora perfectly conducting fluid. Several of these 
equations will get a different character when the temperatures become too high 
and the densities too low. First of all the assumption of a scalar pressure, the 
validity of the adiabatic law, and the possible influence of a finite resistivity are 
to be investigated. We shall start from the basic equations of motion and show 
where the approximations are introduced, by comparing the order of magnitude 
of the neglected terms to that of those accounted for. 

When estimating orders of magnitude we shall consider the representative 
example of a hydrogen plasma with a density of 1022 ions/m3 and a temperature 
of 106°K. This is about the plasma used in the Rijnhuizen experiment of Rietjens 
and van der Laan. 

It is most important to know the mean free times for 90° degrees deflection, 
and the associated mean free paths, since phenomena like viscosity and heat con
duction nearly linearly depend on the mean free path. The electric conductivity is 
also closely connected with them. 

6.2 BASIC MACROSCOPIC EQUATIONS 

The complete equation for non relativistic motions reads for the ions: 

(6.1) 

and for the electrons: 

{ 0 .... (.... ) .... J (.... .... ....) .... n m ~t V + V • "V V = -n e E+ V x B -"V t + P .• eeu e e e e e ei (6.2) 

The different symbols have the following meaning: 

.... 1 \ .... 
V.= Lw. ' 

I nill V r I, r 
(6. 3) 

represents the macroscopie mean velocity of the ions, with the individual velo-
eities 'f/1. , in a volume element Ll V; 

I, r 

(6.4) 

represents the stress tensor of the ions. The corresponding quantities for the 
electrous (mass me> are labelled by a subscript e; 1\e and P ei = - Pie are 
the total momentums transferred per second, on the average, from ions to 
electrous and visa versa respectively. 

The macroscopie density is given by p = n.m. + n m , the macroscopie 
velocity by I I e e 
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(6. 5) 

and finally the macroscopie current density by 

-+ ~-- .... ) j = e n. V. - n V • 
1 1 e e (6. 6) 

Since we are interested in small deviations from the static equilibriumgiven 
-+ ~ .... . 

inside the plasma by V~ t:= 0, ni = ~' E = 0, terms of the second-order with respect 
to the small quantities j, v, ni- ne, E, and ani e/ot may be neglected. Therefore the 
macroscopie velocity V constitutês a quantity of the first order. We accordingly 
obtain the following equations by the addition of (6.1) and (6. 2): 

av 7 ..... r. ' p at = J X B - V \..~i + ~ e) • (6. 7) 

A substraction of the same equations, after multiplication by e/m1 and 
e/me respectively, yields: 

(6. 8) 

In view of the small ratlos II1e /IIlj_ and meni/mine, we further obtain the 
approximation: 

me M_ _ .... (.... m n. .... ) .... v~ P. 
ÏlËf "'t - E + V + ~ - 1 

V. x B + e + ~. 
e a e ne m1 1 ene ene 

(6. 9) 

-+ 
The quantity here to be multiplied vectoria].ly by § can be expressed as 

follows in terms of the macroscopie quantities V and j, applying (6. 5) and (6. 6), 

(6.10) 

In view of the quasi neutrality of the plasma we have 

(6.11) 

.... ..... 
which allows to approximate the coefficient of V by unity, while in that of j we 
may neglect m /m .• e 1 
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Also applying the property 

-+ -+ 
P. = - p . ' Ie ei 

we thus arrive at the following equation replacing (6. 9): 

P. 
er 

ene 

(6.12) 

{6.13) 

The macroscopie equation of energy flow as represented in Landau and 
Lifshitz, (Lan 60), reads: 

2 o (1 2 B ) -+ - 2pV +pU+- =-'\7.q at 2~ 
(6.14) 

U here represents the internal energy per unit mass. The quantity on the 
right-hand side is the energy flux: density that contains the term of heat flow x. 'i7 T 
and all dissipativè contributions. All these contributions repreaent non-adiabatic 
processes. 

We now have to compare the different terms in eq. (6 .13). In order to do so, 
we shall introduce proper definitions of the mean free time and the mean free path. 

6. 3 MEAN FREE TIME AND PATH 

In a Coulomb field the forces have a long range. Therefore we shall define 
the time necessary, on the average, to deflect an electron after several encoun
ters by a total angle of 90° as the mean free time. A formula for this time te , 
as derived by $pitzer, (Sp 63), reads .L 

t = v 2 

e.L e • (6.15) 

In this relation Ve represents the average thermal velocity of an electron, 

and (a W e'J 
2
) the varianee of the transverse velocity ,f::. We obtained after a time 

unit; this varianee is given, only taking into account the electron-ion encounters, 

by 
(6.16) 

The new quantities entering this expression are: 

the minimum distance b
0 

between the trajectories of an electron with a 
heavy ion for which the angular deflection reauiting from a single encounter 
amounts to 90° ; b

0 
is given by: 

(6.17a) 

when the temperature is assumed as equal for electrons and i ons; 
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the ratio: 
h 

A =b' 
0 

depending on the Debye shielding distance given by: 

(6.17b) 

(6.17c) 

Formula (6.15) can be put into the following explicit form in m.k.s. units, 
also using the elementary relation ffie V~= 3kT, (considering only electron-ion col
lisions): 

. t(e-i).J. = 
8nnee

4
1nA 

5 T3/2 
= 1.96 10 n lnA • 

e 

(6.18) 

In order to determine the resulting collision time when electron-electron 
collislons are also taken into account, we have to 

1
apply an extension of (6. 17 a) 

which accounts for the relative velocity, while m~ has to be replaced by the 
effective mass (me/2me)~ = 0. 7 me! of the colliding particles. The result becomes, 
whèn both types of collislons are taken into consideration simultaneously, 

5 T 3/2 
t = 1.13 10 e.J. ~. (6.19) 

For the calculation of the corresponding time ~.J.' necessary for 90° 
deflection of anion, we only have to consider ion-ionencounters, the ions 
being hardly deviated by the electrons. Taking account, again, of the relative 
velocity and the effective mass,. tbiecorresponding time for ions proves to be: 

7 T3/2 
tiJ. = 1.14 10 n.lnA • 

1 

The mean free path À for electrons may be defined by: 
e.J. 

À =t V 
e.J. e.J. e ' 

for which we find applying again me V~= 3kT , 
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Àe.J. = ---------------
8nneélnA 

(6. 20) 

(6.21) 



by 
The mean free path À.. for i ons is then defined and represented accordingly 

ll. 

1. 41 (4m:
0
f (3kT)2 

À.. = t. V. = -----''----
u. u 1 8 41nA nn.e 

1 

8 T2 
== 18.9 10 n.JnA • 

1 

(6.22) 

The value of 1n A does not vary very critically with n and T, it is of the 
order of 10. lts exact values, to be calculated from the equations (6 .17, a, b, c), 
are given in table (5.1) of Spitzers (Sp 63) book. 

6.4 THE PRESSURE TENSOR 

The stress tensor is mostly considered when investigating the terms depending 
on it in the general equation of motion (see Landau and Lifshitz, Lan 60. ) We want 
to compare the viscosity terms, the omission of which admits the introduetion of 
a scalar pressure, with the other contributions. Wethen have to compare the 
quantity 

11 "7 2 v (6.23) 

... 
with the acceleration term p ~ of (6. 7), Tl being the dynamic viscosity. Not all 
viscosity contribution~.Jleed tO be considered, since we just want to compare the 
dominant one with p ~· 

This dominant contribution concerns the shear viscosity; the dilational con
tribution (vanishing altogether for incompressible fluids) appears to be utmost of 
the sameorder of magnitude. The elementary theory of the shear viscosity involves 
the following order of magnitude: 

1 Tl == -3 p V. À.. 
1 l.L 

a corresponding contribution from the electrans proves to be negligible. 

(6.24) 

The disturbances caused by viscosity effects may be associated with a cha
racteristic length 1 and a dominating frequency w 1, so as to have 

... 
The two quantities (6. 23) and p gi, to be compared, then have the following 
orders of magnitude: 

.Q.3 V. À. ~ and p w'V • 
1 l.I. 1 

In order to satisfy the condition allowing to introduce a scalar pressure the 
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first term should be much smaller than the second one. This requirement leads 
to an inequality, which can further be worked out with the aid of (6 .22) and the 
relation m.V~ == 3kT: 

1 1 

(6.25) 

Let us cgnsider the example for which T = 106 ° K, ni = 1022 /m3, In A == 10 
and w' == 5.10 rad/sec. The unstable motions are expected to be mainly corre
lated either with the impressed frequency or with the lowest natura! frequency 
w1 (the mode associated with the latter leading to the largest increments in its 
regions of instability, as shown in chapter V). The former type of correlation is 
quite understandable in view of Floquet' s theorem. The chosen value w' == 5.1 o5 then 
is representative for this type of correlation to be considered first. Here we find 
from (6 .25) the condition: 

1 ~ 0.034 m == 3.4 cm. (6.25a) 

For T = 3.1o5°K, ni = 3.1o22;m3, lnA == 10 and w' = 5.105 rad/sec, we obtain 
instead 

1 ~ 0.43 cm. (6.25b) 

If, on the other hand, we identify w' in (6.25) with the first eigenfrequency 
w1 , given (for ka> 2.5) by wf:::::; 0.4 k2V~ (see (4.7') and (4.9)), and the cha
racteristic length with the in2~rse wave number k-1 of the first mode, we find 
again for T = 106°K, ni = 10 /m3, and the plasma radius a == 5 cm: 

aV n.lnA 
ka ~ s 1 = 5. 5 . 

9.1olOT5/2 
(6.25c) 

The different data T = 3.105° K, ni == 3.1022 /m3 and a = 5 cm involve 

ka ~ 183 • (6.25d) 

In these exam~les we have ka ~ 5. 5 and ka ~ 183, respectively, so that the 
formula for w1 might hardly be applicable in the first case. It is thus evident 
that the viscosity term will have the sameorder of magnitude as the acceleration 
term pw'V in the case of the hotter plasma with a radius of 5 cm. In fact, for 
the latter the actual motions with a scale length smaller than the plasma radius 
should not be allowed in view of (6.25a), when consirlering the pressure as a 
scalar. Quite generally we can expect the theory, based on such a scalar, to 
break down when the mean free path Ài.L becomes of the same order of mag
nitude as the characteristic length. The scale length 1 of a motion then attains the 
order of magnitude V/w', which amounts to equal orders of both sides of (6. 25) 
and consequently, fortherelevant examples, also for (6, 25c) and (6. 25d). The break
down thus happens for the example of the hotter plasma when the wavelength 2 TT /k 
(being here of the same order as the mean free path ÀjJ.) becomes of the order ofthe 
plasma radius a, but in the second example this wavelength becomes smaller of 
about 30. 
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6. 5 THE INFLUENCE OF THE THERMAL CONDUCTIVITY AND THE VALIDITY 

OF THE ISENTROPIC LA W 

We might expect that the isentropic law should be applicable under the same 
conditions as those involving a scalar pressure. In fact, the heat transfer as well 
as the viscosity constitute transport phenomena causing deviations from the isen
tropic law. In the latter case momentum, and in the former one energy is trans
ported. Our further investigation can be basedon the equation (6.14) which reads 
as follows when we now replace (pv2lg') by the scalar pressure p: 

(6.14 ') 

The left-hand side has the order of magnitude of the time derivative of the ... 
scalar pressure p. The vector q on the right contains, amongst other contri-
butions, that of the heat flow - H.\1 T to be considered presently ( H. = thermal 
conductivity). When investigating the influence of the latter, we have to compare: 

o 2 H. T 
- p :=t:~ w'nkbT and H.\7 T ~ -

2
-, ot 1 

~ being the Boltzmann constant and w' again a frequency which is characteristic 
for a motion. 

The condition for the applicability of the isentropic law therefore reads: 

(6.26) 

According to the elementary kinetic theory, the conductivity of heat is given by 

(6.27) 

3 or also, applying (6.24) and the relation p. Cv = 2 nkb' by 

(6.27 1 ) 

The condition (6.26) then becomes: 

(6.26') 

This is essentially the same condition as equation (6. 25), only with a coefficient 
which is 3. 7 times as large. This confirms the close connection, stated above, 
between the influence of the viscosity and that of the transfer of heat. 
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6.6 DEVIATIONS FROM A PERFECTLY CONDUCTING FLUID 

..,. T~e influence of the accelerations, the pressure, the Hall term proportiona1 
to j x B, and the collisions of the electrons with the ions, all neglected so far in 
view of our assumption of a perfect conductivity, can be estimated from the general 
equation (6.13) viz: 

.... 
me àj .... .... .... 1 1 .... ... 1 

e 2n ":>.t = E + V X B + -- V~ - -- j x B - -- P .• 
e o ene e ene ene e1 

(6.13) 

.... .... .... 
The previous assumption of perfect conductivity involves that E and V x B con-
stitute the leading terms of this equation; both these terms have the same magni
tude. 

We first investigate the_prder of the acceleration term constituting the ..lpft 
side of (6.13). The current j can be expressed here as follows in termsof E by 
eliminating the magnette field from the Maxwell equations, while neglecting the 
displacement current, 

0 -:" 1 Ë -J=--vxvx . at IJ.o 
(6. 28) 

Fora motion with the characteristic frequency w', and the characteristic .... 
length 1 the magnitude of j can accordingly be approximated by: 

1 
j ~ IJ. w'lz E. 

0 

(6.28') 

The condition of the smallness of the accele_!;ation term (~/e2 ne> o/ot j 
in (6.13), when compared with the leading term E, thus involves the inequality: 

For n == 1022 /m3 this condition for 1 becomes: e 
-5 

1>0.6 10 m. 

(6. 29) 

(6.29') 

The ratio between the Hall term (1/ ene) 1 x B and the ma in term V x B of 
(6.13) depends on the wave number, mode and frequency. Obviously this ratio is of 
the order j/(ene V) where the veetors j and V can be replaced by their dominant 
components jcp and Vr respectively. We then find for the ratio in question in the 
case of the m = 0 mode, by applying (2. 33k) and (2. 33 a), 
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The latter reduction is achieved with the aid of (2. 22b) , and (2. 23), while sub
stituting s 2 = - w' 2 • The ratio (6. 30) beoomes large for a small value of the 
denominator. In our former calculations we considered examples in which 
V~= 0,4 V~ ànd a= 5 cm. The denominator then beoomes small for w'2~o.7 k2 V2 • 
Using this pessimistic value, and also the above assumed density ne= lo22jmSS, 
the condition (6. 30) results numerically in: 

k3a3 
0.02 -------~ 1. (6. 30') 

3.5a2 w12 

v2 
s 

This condition will not always be satisfied for the higher frequencies in region II, 
since the denominator proves to vanish if we substitute for w' 2 the asymptotic 
value of (4. 23d) for n .... a:o. However, the eigenfrequencies accumulating there 
around a single point will not be of great importance, their residues decreasing 
appreciably proportional to n-4, such in view of (4. 38'). Therefore, the in
equality (6. 30') will be satisfied for the relevant small values of ka. 

The electronic pressure term __!_ 'ii'\jt e can be expressed in terms of E with 
ene 

the aid of the Poisson equation (2. 8). If the pressure may again be assumed as a 
soalar quantity, we have Pe = ne kbT. Wethen obtain the following expressions 
for the electronic pressure term (assuming a homogeneaus temperature): 

= (6. 31) 

1 being the scale lengthof the motion. The neglect of the electronic pressure 
term with respect to the main term E of (6.13), also required for the approxi
mations of a perfectly conducting fluid, then leads to the further condition 

(6. 32) 

For the above value of ne• and T = 106 , this will be satisfied if 

-8 L ~ 7.10 m. (6. 32') 

We next consicter the momenturn exchange or resistivity term - P i/ene. 
It has been calculated by Spitzer from the Boltzmann equation for the efectrons 
in a homogeneaus medium, viz: 

.... 
( df(V)) 

at collisions • (6. 33) 
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The right-hand side represents the well-known collision integral taking into ac
count both electron-ion and electron-electron interactions. The result arrived 
at by Spitzer reads: 

(6. 34) 

with 11 = 65.3 lnA Ohm meter. 
r T3/2 

(6. 34a) 

Expressed in terros of E, applying {6. 28'), the condition fora resistivity 
term which is negligible with respect to the main term E becomes: 

(6. 35) 

For the frequency w' = 5.105rad/sec, also used before, while lnA == 10 
and T = 106°K, we thus find the condition: 

-3 L ~ 10 m. (6.35') 

For the frequency w' = V /L, which is characteristic for disturbances with 
a life time L/V s (determined ~Y their motion with the sound velocity along their 
characteristic length L) the corresponding condition for L beoomes 

-6 L ~ 5.10 m. (6. 36) 

The numerical discussion of the various contributions to the equation (6.13) 
thus has shown the applicability of the assumption of a perfect conductivity for all 
turbulence effects having a scale length which is not very smal!. 

6. 7 THE INFLUENCE OF THE DISPLACEMENT CDRRENT 

We again start from the basic equations. Eq. (2. 5) reads as follows when 
the displacement current is not neglected: 

(6. 37) 

-The curl of this equation leads to the following relation by expressing also v x E 
in terros of B: 

.... .... 1 0 . .... 
V X V X B = ));

0 
V X j + --vxE 

c 2 ot 

- 1 a2 .... 
= f,l.VXj-- c2 B. (6. 38) 

0 ot2 
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The necessary condition fora possible neglect of the displacement current 
therefore becomes: 

which amounts to 

or 

1 o2 .... .... 
-B ~ VXVXB 

c 2 ot
2 

w' 2 1 
-2 ~ 2' 
c L 

(6. 39) 

lf we substitute w' =kV s, corresponding again to motions with a life time L/V s• 
eq. (6. 39) involves 

v2 
s 

-2 ~ 1. 
c 

(6. 40) 

In the plasmas considered, for which V s ~ 100 km/sec, this condition is cer
tainly fulfilled. If, on the other hand, we take for L, most pessimisticly, the 
circumference of the torus which is of the order of two meters, and for w' the 
impressed frequency w

0
, we derive from (6. 39) 

8 
w ~ ...Q. = 3 10 = 1. 5 108 rad/sec = 25 MHz. 

0 1 2 
(6. 41) 

These conditions clearly show when the displacement current has tobetaken 
into account. 

6. 8 DISCUSSION OF THE ORDER OF MAGNITUDE OF THE INFLUENCE OF 

THE SKIN LA YER 

In order to consider the influence of the finite skin depth, we return to the 
r-component of the equation of motion as represented by (2. 60). In this equation 
we may compare the neglected terms with the remaining ones. 

The equation in question reads: 

o o ( B2 
' Bocp +Blcp ( o ) p-V = -- --+p l+qE + -B -B +-B 

ot r or 21J. ..J r riJ. ocp lep ~n Ir 
0 0 ""!' 

(2. 60) 
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By integrating through the skin, we previously neglected all first-order con
tributions (assuming the layer to become infinitesimal) except the following ones 
accounted for in (2. 64) , which proved to be independent of the thickness 

+ (2. 64) 

The following first-order contributions, neglected insection (2. 5, 2), might have 
the same order of magnitude: 

Po 

I C? 
pi 

2B B B o 1 o 0 <F l<p + ~ - B + - B B ) dr ril. r 11. om 1r 11. oz oz 1r ' 
~"'o ~"'o T r-o 

(2. 64 1 ) 

p. and p being points on the inner and outer boundary respectively. 
1 0 ~ 

These quantities should be compared with those of eq. (2. 64). The vector B
0 

strongly varies through the transition layer; the same holds for the first-order 
~ 

perturbation B1 connected with it. We therefore obtain an upper limit if we 
replace B0 W, and B1 CQ throughout by their maximal values occurring at the outer 
boundary of the transition layer. The magnetic-pressure terros, that are the last 
three terros of (2. 64 1 ) , .then prove to give contributions of the same order of 
magnitude. We shall restriet ourselves to the first of these terros which yields: 

60 being the skin depth. 
A sufficient condition for neglecting the magnetic-pressure terros, omitted 

previously, is obtained, by requiring that the latter quantity should be small with 
respect to the term 

of (2. 64). 
This too pessimistic condition is satisfied if 

(6, 45) 

5 Fortherelevant parameters a·= 5 cm, w0 = 5.10 rad/sec and cr = 1. 5 mhos, 
this ratio becomes: 

10-3m 
=-

5.10-2m 

1 
(6.45a) 

50 

This is indeed much smaller than unity. 
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The other condition for neglecting (2. 64') is obtained by comparing its firs t 
contribution, the acceleration term, with the pressure term PI of (2. 64). The 
term in ques tion reads: 

(6. 46) 

Since for isothermal changes p = ___!__ p , we should like to know the varlation of the 
vJ 

static pressure through the skin. The zero-order pressure and magnetic induction 
are related by the static equilibrium equation. The complete magnetic induction 
inside the skin is represented by the well-known Ber and Bei functions, which 
can be approximated by their asymptotic expansions if the argument is large 
(see vld Laan, La 64). For the sake of simplicity we will assume no internal 
magnetic field; wethen obtain the following expression for the static equilibrium 
pressure Pskin• at any point inside the skin in terros of the corresponding induc
tion Bskin there, 

2 
Bv 

_ 1 ( v2 2 ) o ( -:2(a-r.)lo ) 
Pskin- 211 Bo - Bskin ~ ~ l-e 0 · 

~0 0 
(6. 47) 

The integration in (6. 46) yields, substituting p = p ki IV2, while assuming 
I s n s oV ot constant, 

r 2 

a 0 vr oVr 1 ar B V 2 I I p ~· dr = ot 2 J dr. 2;0 Cl- e- (a-r) óo) 
a-ö Vs a-ó 

0 0 

= 

A further reduction with the aid of (2.22c) and (4. 5) leads to the following 
value of (6.46): 

(6. 48) 

The ratio between this term and p1 becomes, applying the relations (2. 32), 
(2. 33a) with s =iw' replaced by o/ot, (2.23) and (4. 5), remembering the assumed 
zero field (V a= 0), 

a oV 
r r 
j p atdr 

a=ó 0,3 ö I' (.Jk2a2-a2w'2Jy2'\ 
__ o _____ ~ o 'Ij' k2 a2 -a2 w '2 /V 2 m g.) 

a s (6. 49) 
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This quantity should be small compared to unity. 
For small ka, for which Im and I' can be approximated in region I by the 

leading term of their Taylor series; welfben obtain for the m = 0 mode the con
dition 

(6. 50) 

In view of the domain of region I this condition is only applicable if 

(6. 51) 

The inequality (6. 50) is then satisfied in particular if 

(6. 50a) 

Inthecaseoftheaboveexample, with a=0.05m and the skin depth 00~~= 0.001 m, 
ka should then be restricted by 

ka< 17 . (6. 50b) 

In the case of large, still real, argumentsof Im and Ik_ the condition (6.49) 
beoomes for any m, in view of the asymptotic expressions for the Besselfunctions, 

involving the sufficient condition 

This gives the inequality 

öo 
0.3 -ka~ 1. 

a 

ka < 167. 

(6. 52) 

(6. 52a) 

The condition (6.49) proves to be satisfied less easily if w' is situated in 
domain III. In fact, the aquared argument k 2a 2-a2w12/V2 then is no longer 
smaller than k2a2 , but might become negative and very ~arge, and the quotient 
I' /Im represented asymptotically by a tangent may assume any value. Hence 
tre expression (6.49) may become very large. For this reason we infer that the 
approximation of an infinitely thin skin layer is not permissabie for the higher 
modes in the r-direction. However, the single mode of region I is hardly 
affected by the skin layer. 

6. 9 FINAL CONCLUSIONS 

We infer from the discussions of this last chapter that the pinched fluid consti
tutes a nearly perfect conductor, except inside the skin layer. This layer has a 
very great influence on the higher modes in the r-direction. For the associated 
high frequencies it is not allowed to consider the pinch as having a sharp boundary. 
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For motions connected with region I, however, the skin layer proves to have only 
a slight influence. 

The considerations concerning the mean free path "-i , resulting in the ex
pression (6. 22) , show that the latter has the same order ol magnitude as the 
plasma radius for the plasma used in the Rijnhuizen experiment. This means that 
the fluid is very viscous in that case, while heat conduction within the fluid be
cornea considerable. 

Generally speaking the calculations determining the instability, as performed 
in chapter V, were too pessimistic. The fluid was considered there as an ideal, 
non-viscous, perfectly conducting medium. Ho wever, this behaviour only applies 
for very long scales of motion, which are irrelevant for the Rijnhuizen experi
ments as established. For a more rigorous analysis the damping effects connected 
with the deviations from an ideal fluid should be taken into account. 

The motions associated with the regions labelled II and III proved to be not 
very important (except those of the first mode of region II). This follows from 
the growth rate which is always negligible in these regions due to the small ratio 
an/wÄ see section 5.9. Moreover, the wave lengtbs connected with these motions 
tumed out to be always smaller than the plasma radius which was found to be of the 
order of the mean free pathof the ions; therefore, the motions connected with the 
modes under consideration will be strongly damped due to the proportiality of the 
viscosity term in the equation of motion with k 2 • This latter property constitutes 
another reason for the physical unimportance of the higher-order modes. 

A final conclusion thus shows that an improved pinch model only needs to 
consider the effects of the physical properties of the first mode. For the latter 
the influence of compressibility proved to be small according to chapter V. On 
the other hand, the viscosity was shown to have a marked effect. Therefore, an 
improved pinch model could start from an incompressible, but viscous fluid such 
in order to obtain a better approximation which is as little complicated as pos
sible. 
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7. APPENDIX 

THE CHARACTERISTIC EXPONENT ~n 

In this appendix we want to prove that the exponents ~ = I-Ln/UJ0 occurring in 
the Floquet solutions of our problem have to be either realor imaginary. 

We first remember that the Laplace transform ~(s) of the radial deviation 
~(T) of the outer plasma boundary from its equilibrium position r a had to 
satisfy the characteristic equation which could be represented by 

(5.1) 

in which s = s/UJ
0

• In the original time variable, made dimensionless according to 
the relation 'T = w0 t, this equation reads: 

(7 .1) 

In view of the Mittag-Leffler series (3.13) we have: 

the parameters a:, and ûrJ of which were shown to be real insection 3.4. Each 
individual term orthis expansion corresponds to the Mathieu equation 

and the pair of solutions of (7 .1) that is most closely connected with that of this 
latter equation will also be labelled with subscript n. This notation corresponds 
to that of section 5. 1. 

Lemma 1. 
When the Mittag-Leffier series is replaced by a finite number of terms, 

N say, the number of linearly independent solutions of (7. 1) becomes 2 N. The 
limit N ..." co then leads to an infinite set of pairs of solutions satisfying the com
plete equation (7. 1). 

In fact, multiplying first both the numerator and denominator of the first 
factor in the equation 

N 

1 
------"- I;('T) - 2cos(2'T") ;('T) = 0 N ...... z 
I 2an 

n=l~+w2 
dTz n 

by TI ( d
2
/ ~), and next by the denominator then obtained, we get an equation 

n=l d,. 
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of the order 2 N with 2 N independent solutions. A rigorous proof of lemma 1 can 
be found in Ince's book (In 56). 

Lemma 2. 
If the infinite Floquetseries 

00 

m=-oo 

constitutes a solution of (7 .1), we obtain the further solution: 

00 

m=-oo 

c* (~ ) e -im,- . 
m n 

(7. 2a) 

(7. 2b) 

This follows immediately from the real valuedness of all coefficients occurring 
in (7 .1), (7. 2a) and (7. 2b) being complex conjugated. 

Lemma 2a. 
The two solutions mentioned in lemma 2 involve the existence of the two fol

lowing real solutions of (7 .1): 

(7. 3a) 

(7. 3b) 

Lemma 3. 
The solution snh) represented by (7. 2a) involves a third solution given by 

sn(-,-). 
This lemma is a consequence of the properly that F only depends on even 

powers of the operator d/d,-. 

Lemma 4. 
The basic recurrence relation connected with the characteristic equation can 

be represented by 

-c +2<11) + FJ(~ +im)
2

} c (~ ) - c 2(\1) = o . m n l n m n m- n (7. 4) 

This form is obtained by substituting in (5. 5) the identity 

-1{ ,.._, 2} S,..." • = F (IJ.n + im) , 
""'n+Im 

which is a consequence of (5. 5) and (3.13). 

Lemma 5. 
A linear combination of the Floquet solutions sn(T) and Sn(-,-) cannot lead to 

a real solution of (7 .1) when the characteristic exponent o:'n = CYn + il3 is neither 
real nor imaginary (CYn and Sn both different from zero). n 
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Proof. The general combination in question would read: 

(7. 5) 

m=--oo m= --oo 

When this expression has to be real, the difference withits conjugate must vanish. 
This leads to the relation: 

co 
\ C <i1: ) e -im-r -L mt-"n 

m=-co m=-co 

""* A* IJ.n'T - e ~ c* GL: ) e -im,. - B* e -~'1" 
L m n 

m=-co 

In the last two expansions we replace m by -m, while substituting 
IJ = ~ + 113 , we then obtain: n n n 

co 
eetn'T \ {A C (J:L' ) e1!3n-r- A* C* (u: ) e -iSn,.} eim,. + L m n -m ·-n 

m=-co 

co 

0 • (7. 6) 

+ e -etn'T I { B Cm~) e -il3n'T- B* Qm(J:L'n) e1Sn'T} e -im'T = 0, (7. 7) 

m=-co 

observing that exponents occurring on one line neither coalese in view of the nor
malization lsnl ~ l (see section 5. 8) and the property that all non vanishing terros 
are either even or odd. 

In the case Ct'n > 0 we multiply (7. 7) by exp{ (-an- iSn- ik),.} and integrate 

over the interval 0 < ,. < co , k assumed to be an integer. All terros but one then 

lead to integrals of the type re -a +ib),. d-r with a;;:: 0 which are finite, at least 
d 

when considered as Cesaro limitsin the case a= 0. The only exceptional term, 
with a b = 0, results when m equals k in the first series of (7. 7); the contri
bution in question reads 

co 
A • ck Grn> j d,- = co , (7. 8) 

whereas the zero value of the integrated right-hand side of (7. 7) requires a finite 
value of this contribution. Hence we should have: 

either A = 0 or Ck(i:Ln) = 0 for all values of k. 

In the case an < 0 we may derive the corresponding result 

either B = 0 or Ck (J:Ln) = 0 for all values of k, 

by integrating (7. 7) over the interval -co< '1" < 0 after multiplication by 
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exp{ (Q'n + iSn +ik).,..}. Obviouslyt the combination of (7. 9) and (7 .10) involves the 

non existence of any combination (7. 5) of snh> and s (-T) which might leadtoa 
real solution of the characteristic equation when the lliiaracteristic exponent 'ï:Ln is 
neither real nor imaginary. 

Lemma 6. 
All characteristic exponents of the Floquet solutions of (5.1) are either real 

or imaginary. 
Proof. Let sn('T), as given by (7. 2a), represent a Floquet solution with real 

or imaginary characteristic exponent. In view of the lemma 2a and 3 the following 
four solutions proveto be associated with Sn• all these solutions being real: 

* s; (-'T) - s (-'T) 
S = n n 
nt4 21 

(7 .11) 

These four solutions are linearly independent when the associated exponent 
would be neither real nor imaginary <~!u= Q'n + i Sn). In fact, a linear combination 
of these solutions with coefficients 2av 2ia2 , 2a3 and 2ia4 , leads to the following 
relation when substituting (7. 2a) and (7. 2b): 

m=-cc 

m=-cc 

m=-o:l 

c* I:':' ) e -im'T + 
m\1-Ln 

m=-o:l 

(7 .12) 

Applying the same procedure as used to prove lemma 5 from (7. 7) we find that 
either all Cm or all coefficients aJ., a2, a3, a4 have to vanish unless the expo
nent Îkn is reäl or imaginary. If th1s latter property should not hold we necessarily 
conclude to the existence of four linearly independent solutions connected with a 
special exponent ~. This implies the existence of 4 N independent solutions of the 
equation of order 2 N (approximating the rigorous equation (7. 1) of infinite order) 
which is connected with N different exponents ~. Thus, in the finite-order ap
proximation a number of independent solutions would exist which amounts to twice 
the order of the differentlal equation. We thus infer from the properties of the ap
proximating equation of finite order the impossibility of exponents which are neither 
realor imaginary. This proves our lemma. 
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SAMENVATTING 

Onderzocht zal worden de stabiliteit van een gasvormige cylindrische "pinch" 
ontlading samengeperst door de druk van een draaiend magneetveld. Het gas wordt 
verondersteld oneindig goed electrisch geleidend, niet visceus, echter wel samen
drukbaar te zijn. Dit houdt een uitbreiding in van het werk, dat is gedaan door 
H.C. Brinkman, Tayler en Berkowitz. Zij hadden gevonden, dat de stabiliteit werd 
beheersd door een Mathieu-vergelijking. 

De karakteristieke vergelijking, die de laatstgenoemde vergelijking in ons 
meer algemene geval vervangt, moest worden afgeleid. De verplaatsing in de radi
ale of r-richting van de grenslaag tussen plasma en vacuum wordt als onafhankelijke 
variabele gebruikt. Indien Laplacetransformaties worden toegepast, die afhankelijk 
zijn van de overeenkomstige variabele s, blijkt, dat de karakteristieke vergelijking 
bestaat uit een differentievergelijking met drie termen; een term met argument s en 
twee termen met de respectievelijke argumenten (s +2iw

0
) en (s- i2w

0
). De laatste 

twee termen zijn het gevolg van het draaiende hoogfrequent (R. F. )-veld, dat een 
frequentie w0 bezit. Deze termen worden vermenigvuldigd met een factor, die een 
explicite functie van s is. Deze factor kan in breuken worden gesplitst, waarvan 
iedere breuk een mogelijke trillingsmode in r-richting bepaalt, als de opgedrukte 
frequentie w0 tot oneindig nadert. 

Trillingen met rotatorische symmetrie blijken overheersend te zijn (m o). 
Alle berekeningen hebben betrekking op deze trillingswijze. Grensgevallen wor-
den in hoofdstuk 3 besproken, bijvoorbeeld oneindig grote waarde van de geluids
snelheid, van de Alfvénsnelheid en van de opgedrukte frequentie. Het blijkt, dat in 
het eer:ste geval altijd instabiliteiten optreden; de twee andere gevallen zijn niet nood
zakelijk instabieL 

Om de algemene karakteristieke vergelijking in een gemakkelijke vorm te 
brengen, moest de factor voor de termen met de argumenten (s + 2iw ) en (s - 2iw0 ) 

in bovengenoemde breuken gesplitst worden. De laagste frequentie, 3ie de kleinste 
pool van deze factor, beschouwd als functie van s, voorstelt en het daarbij behorend 
residue vertonen een grote gelijkenis met de overeenkomstige grootheden, die in de 
Mathieuvergelijking voor het niet-samendrukbare gas optreden. 

Twee nieuwe trillingswijzen komen uit onze theorie voort, te weten, trillingen 
die hoofdzakelijk of een Alfven of een acoustisch karakter vertonen. De fasesnelheid 
van het eerste type kan alle waarden van oneindig naar nul doorlopen, indien een 
groot magneetveld binnen het plasma aanwezig is. De hogere modi van deze beide 
golven blijken zowel wiskundig als fysisch onbelangrijk te zijn. 

In hoofdstuk 5 worden de stabiliteitsgrenzen van de eerste mode bepaald met 
behulp van kettingbreuken. Deze radiale mode blijkt overheersend te zijn. Indien 
men de volgorde van de perturbaties koppelt aan een toenemende grootte van het 
golfgetal, dan wordt gevonden, dat stabiele en instabiele gebieden afwisselend wor
den gepasseerd. De stabiliteitsgrenzen, die de twee soorten gebieden scheiden wor
den ten opzichte van die van de Mathieuvergelijking voor het daarbij behorende niet
samendrukbare gas verschoven. In het algemeen blijkt het increment van de niet
stabiele perturbaties een grootte orde te bezitten tussen 1, 32 en 1, 77 maal de toe
gepaste opgedrukte frequentie; de waarde neemt af indien de wand het plasmaopper
vlak nadert. Voorwaarden, die zuiver periodieke trillingen geven, worden afgeleid. 

In het laatste hoofdstuk worden de voorwaarden afgeleid, waarvoor de toepas
sing van de magneta-hydrodynamische vergelijkingen in de vorm, zoals ze in dit 
proefschrift gebruikt zijn, geldig is. 

In het appendix tenslotte, is een beschouwing gewijd aan het reëel of imaginair 
zijn van de karakteristieke exponent ~. 
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STELLINGEN 

I 

De formule 3.1 in het artikel ''Niet-lineaire problemen in de Regeltechniek" van 

Boiten is in zijn algemeenheid niet volledig. Dit kan blijken uit de vergelijking van 

. Duffing. 

R. G. Boiten, Ingenieur, 20-4-1962. 
Mac Lachlan, Ordinary non-linear differentlal equations, Oxford (1955), pg. 62-74. 

TI 

De suggestie van Slaymaker betreffende de doorgestroomde hoeveelheid vloeistof 

in de cp-richting in een cylindrisch glijlager is alleen zinvol, indien de hoeken, die 

de lageroppervlakken ten opzichte van elkaar maken, klein ondersteld worden. De 

minimale filmdikte, verkregenmet Slaymakers methode, is echter zeer goed in over

eenstemming met exacte berekeningen en analogon methoden. Dit komt, doordat de 

afwijkingen vergeleken met de werkelijke druk zowel positieve als negatieve waarden 

hebben, zodat bij de integratie nodig om de kracht te verkrijgen deze afwijkingen el

kaar gedeeltelijk opheffen. 

R.R. Slaymaker, Mechanica! Design and Analysis, Wiley, New York (1958), project XIV. 
H.L. Dryden, F.D. Murnaghan, and H. Bateman, Hydrodynamics, Dover, New York (1956)chapter VI. 
V.L. Streeter, editor, Handbook of Fluid Dynamics. Me Graw-Hill, New York (1961), section 22. 

III 

De formule voor de functie an(À,h2
), die de stabiliteitsgrens van de Mathieu

functie voorstelt, is in het tabellenboek van Jahnke en Emde onjuist weergegeven. In 

de yierde term moet (n2-4)3 vervangen worden door (n2 -4)2 • 

Jahnke & Emde, Tables of functions, Dover, New York (1945). 
Meixner & Schäfke, Mathieusche und Sphtrroid Funktionen, Berlin (1954). 

IV 

De suggestie gedaan bij vraagstuk 3, § 75 in "Fluid Mechanics" van Landau & 

Lifshitz, dat aan de buitenkant van de pijp p = 0 zou zijn, is te eenvoudig. De feitelijk 

onmogelijke uitkomst, welke de auteurs verklaren uit wrijvingsverliezen aan de ope

ni~, wordt vermeden door de randwaarde p = 0 te vervangen door een akoestische 

stralingsvoorwaarde. 

Landau & Lifshitz, Fluid Mechanics, London ( 1959). 
American Institute of Physics Handbook, sect 3i-l, 2, 3. 
Morse & Feschbach, New York (1953), pg.1455-1459. 



V 

Bij niet-lineaire problemen wordt door sommige auteurs een successieve bena

deringsmethode in het gebied van de Laplace-getransformeerde variabele voorgesteld. 

Men dient dan echter ook de convergentie in de tijdsvariabele te onderzoeken. 

R. G. Boiten, Ingenieur, 20-4-1962. 
L.A. Pipes, Applied Mathernaties for Engineers and Physicists, New York (1958). 

VI 

Het convolutietheorema kan bij de berekening van de volgfout in servosystemen 

goede diensten bewijzen indien de informatie in getallen gegeven wordt, zoals bij een 

baan van een vliegtuig in combinatie met een schootstabeL 

VII 

Bij een directe smoorspoelingang treden in de smoorspoel grote wisselende 

stromen op. De daardoor wisselende krachten zullen de luchtspleet en de magnetische 

weerstandveranderen. Doordehoge mechanische frequenties van ca. 1000 ä 2000Hz, 

en de daarmee verbonden snelle veranderingen van het magnetische circuit, kunnen 

zeer hoge spanningspieken ontstaan, soms enige malen de gelijkspanning wanneer de 

demping gering is. 

vm 

Een drietrapsversterker en de bijbehorende gelijkstroomanodevoeding vormen 

een teruggekoppelde keten. Als gevolg van de niet-lineariteit van de voedingatransfor

mator en smoorspoel kan bij een bepaalde waarde van de kringversterking de halve 

harmonische van de voedingsspanning op de gelijkspanning gesuperponeerd worden. 

IX 

Indien de ruis groter is dan de roosterruimte van een buis zal de versterking af

nemen, evenredig met de tijd dat de buis verzadigd of dicht is. 

x 

Bij servosystemen kan men het ongedempte inschakelgedrag bij grote sprong

functies geheel wegnemen door de wijze van de interne terugkoppeling afhankelijk te 

maken van het verschilsignaal. 



XI 

Het verschijnsel van het "omvallen" van de resonantiepiek, zoals dit optreedt 

volgens de vergelijking van Duffing, komt ook voor bij servosystemen. De versterker 

is hierbij het niet-lineaire element, terwijl de bewegingsvergelijkingen veel ingewik

kelder worden dan bij de eenvoudigste vorm van de vergelijking van Duffing. 

Landau & Lifshitz, Mechanics, section 29, London (1960). 
Mac Lachlan, Ordinary non-linear differential equations, Oxford (1955). 

XII 

In de snaren van muziekinstrumenten treden door transversale bewegingen longi

tudinale krachten op. Door een eventuele longitudinale verplaatsing van de inklem

mingen kunnen de snaren elkaar beïnvloeden, waardoor intermodulatie optreedt. 

Meixner & Schäfke, Mathieusche und Sphäroid Funktionen, Berlin (1954), sect 4.15. 

XIII 

Om te komen tot een verbetering van het middelbaar nijverheidsonderwijs, bij

voorbeeld van de H.T. S., zijn vele maatregelen noodzakelijk, zoals: het verschaffen 

van een behoorlijke regelmatig geinspeeteerde accommodatie voor de leerlingen; het 

openen van studie- en toetsingsmogelijkheden voor de docenten door hen een eigen on

derzoek en verantwoordelijkheid te geven binnen een organisatie zoals T. N. 0.; het 

periodiek doen vaststellen van de leerstof door de betrokken docenten; het toekennen 

van een eigen verantwoordelijkheid aan de docent binnen zijn begroting. 

XIV 

Om tot een goede vergelijking van lonen en salarissen te komen, is het noodza

kelijk de kosten van het bewonen van een huis hierin te betrekken. 

F. G. Beiboer 
5 april 1966 


