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1

Chapter 1

Introduction

Suppose that you plan to buy some furniture from a store, and ask them to deliver
the goods two days later within a time interval convenient to you. This store has a
warehouse serving its customers by a number of trucks. Every day routes are designed
for these vehicles with respect to the demand and the time specified by each customer,
where the objective is to minimize the total operational cost. This road transportation
problem, aiming both for efficiency and delivery reliability, is the broad subject of this
thesis.

Demand for freight transportation in the European Union increased by 5.4% in 2010
(European Environment Agency, 2012). This increase was higher than the growth of
the gross domestic product recorded in the same year. Moreover, road transportation
was around 1756 billion tonne-kilometers, the highest portion (47.3%) compared to
the other freight modals, e.g., maritime, air, rail, and inland waterways. This volume
was equally formed by the road transportation tonne-kilometers below 300 km (short-
haul), and above 300 km (long-haul). These analyses emphasize the role of short-haul
transportation to fulfill the increasing demand for goods transport.

This thesis studies short-haul transportation as part of road freight transportation.
Short-haul transportation considers a small geographical area to pick-up and deliver
the goods by a fleet of vehicles (Ghiani et al., 2013). This problem is usually handled
on three levels: strategic, tactical, and operational. In the strategic decision level, the
location of the warehouse (usually referred to as the depot) is decided. In the tactical
decision level, the size of the fleet placed at the depot is designated. The Vehicle
Routing Problem (VRP) is then solved at the operational level, where the capacitated
vehicles given by a fleet are routed from a depot to serve a set of customers to fulfill
their demands.

The classical formulation of the VRP assumes that all problem elements are
deterministic. However, carrier companies are faced with several uncertainties in
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real-life applications. If these uncertainties are not considered at the planning level,
solutions may perform poorly (or may even be infeasible in some conditions) due
to assumptions which do not hold for real-life environments. This thesis introduces
several more realistic versions of the VRP where elements of daily transportation
problems seen in practice are considered. These versions capture travel times with
respect to the nature observed in real-life situations. More specifically, the models
proposed in this thesis center on the arrival times of vehicles at customers with respect
to the uncertainties in travel times and to the customer service requirements.

The remainder of this chapter is organized as follows. The Vehicle Routing Problem
is formally described in Section 1.1, and the motivations of the research carried out
in the thesis are presented in Section 1.2. The stochastic elements of the real-life
applications considered in the thesis are given in Section 1.3. The solution methods
used in the thesis are briefly explained in Section 1.4. Finally, an overview of the
thesis is presented in Section 1.5.

1.1. The Vehicle Routing Problem

The classical Vehicle Routing Problem (VRP) was introduced by Dantzig and Ramser
(1959) denoted as the “Truck Dispatching Problem”, and the current name of the
problem was given by Christofides (1976). This problem aims to find a least cost
set of feasible routes that originate and terminate at the depot to serve a number of
customers. The interested reader is referred to Laporte (1992, 2007), and Toth and
Vigo (2002) for VRP reviews.

The VRP can be defined on a complete graph G = (N,A) where N = {0, 1, ..., n} is
the set of nodes and A = {(i, j) | i, j ∈ N, i 6= j} is the set of arcs. In this graph,
the depot is located at node 0, and the customers are represented by nodes from
1 to n. Associated with each customer i, qi denotes the demand at that customer.
dij represents the distance along each arc (i, j), which is usually considered as the
corresponding cost spent to travel from node i to node j. Each vehicle v given by
set V has equal capacity Q. The problem considers symmetric costs (distances), i.e.,
dij = dji for all (i, j) ∈ A.
The objective of the VRP is to find exactly |V | routes with minimum total cost such
that each customer is visited exactly once by one vehicle, each vehicle starts and
ends its route at the depot, and it delivers a total demand that does not exceed the
vehicle capacity. This problem can be represented by several mathematical models.
We focus on the two-index vehicle flow formulation with respect to the model given
by Laporte et al. (1985). In this formulation, xij takes value 1 if arc (i, j) is covered
by the optimal solution and takes value 0, otherwise. The two-index formulation of
the VRP considering these assumptions is as follows.
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min
∑

i∈N

∑

j∈N

dijxij (1.1)

subject to
∑

i∈N

xij = 1, j ∈ N \ {0}, (1.2)

∑

j∈N

xij = 1, i ∈ N \ {0}, (1.3)

∑

i∈N

xi0 = |V |, (1.4)

∑

j∈N

x0j = |V |, (1.5)

∑

i/∈S

∑

j∈S

xij ≥ r(S), S ⊆ N \ {0}, S 6= ∅, (1.6)

xij ∈ {0, 1}, i ∈ N, j ∈ N, (1.7)

where r(S) :=

⌈∑
i∈S qi

Q

⌉
. The objective (1.1) is to minimize the total cost.

Constraints (1.2) and (1.3) guarantee that each customer is served by one vehicle
which leaves that location after serving. Constraints (1.4) and (1.5) satisfy the degree
requirements for the depot according to the number of vehicles given. Constraints
(1.6) ensure that any subset of the customers is connected to the depot, where r(S)
denotes the minimum number of vehicles required to serve customers in set S. Note
that these capacity-cut constraints can be translated into the subtour elimination
constraints by means of constraints (1.2)-(1.5). Constraints (1.7) indicate that partial
serving is not permitted.

The Vehicle Routing Problem with Time Windows (VRPTW) is an extension of the
VRP where additionally each customer has one single time interval that restricts
the delivery time. This problem is usually formulated as a multicommodity network
flow problem with capacity and time window constraints (Cordeau et al., 2002a).
The classical formulation of the VRPTW does not allow violations of time windows:
vehicles are permitted to wait if they arrive early and they cannot be handled if
they arrive late. The constraints constructed to guarantee the feasibility with respect
to these (hard) time windows naturally replace the subtour elimination constraints
needed in the VRP formulation.

In real-life applications, time windows are usually relaxed meaning that they can be
violated (leading to soft time windows). In case the delivery cannot be satisfied as
promised (early or late service), the company pays a penalty cost to each customer
that does not receive the goods on time. These time window violations can be handled
either by the objective function or by the constraints. Note that in the latter case, the
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probability of arrivals outside the time windows are constrained. These probability
constraints are specifically employed in the formulations considering stochastic travel
times and hard time windows. In this thesis, we consider a number of extensions
based on the VRP where each customer has a soft time window. In these extensions,
soft time windows allow both early and late servicing with some penalty costs, where
waiting at customer locations is not allowed. Moreover, time window violations are
taken care of directly in the objective function.

1.2. Time and Reliability

The research conducted in this thesis addresses the VRP with time and reliability
perspectives. Figure 1.1 presents the overview of the thesis considering these
perspectives. The time perspective, which is mainly associated with operational costs,
focuses on modeling the real travel times along the arcs. The reliability perspective,
which is associated with the customer service requirements, relates to the arrival times
at customers with respect to their time windows.

Section 1.2.1 describes the time perspective used in Chapters 3, 4, and 5. Section
1.2.2 presents the reliability perspective applied in Chapters 3, 4, 5, and 6.

VRP

Time

(3, 4) Stochasticity
(5) Time-dependency

and stochasticity

Reliability

(3, 4, 5) Soft time
windows

(6) Flexible time
windows

Figure 1.1 Overview of the perspectives

1.2.1 The Time Perspective

The objective of the VRP is to minimize the total operational cost which is typically
equal to the total distance traveled (see the formulation presented in Section 1.1).
This classical problem assumes that the speed of vehicles does not change throughout
the day, leading to a travel time which is formulated as a linear function of the
distance. Therefore, the total distance is equivalent to the total travel time in
the cost component. In addition, travel times are deterministic in the classical
formulation. These assumptions result in routing customers with respect to a static
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and deterministic travel time scheme, which may lead to inefficient solutions at the
operational level. If time windows are considered, the optimal solutions of these
formulations may even be infeasible.

In real-life applications, the traffic network has different levels of congestion, leading
to fluctuations in speed and in travel times. Malandraki and Dial (1996) argue that
the causes of these variabilities can be separated into two main components. The first
component is associated with random events such as accidents and weather conditions.
The second component comprises the road congestion incurred due to the traffic
density. In this thesis, we consider these two primary components as sources for
stochastic travel times, and for time-dependent and stochastic travel times. Note
that time-dependency is usually resulting from the recurring occurrences such as
congestion during rush hours (Ichoua et al., 2003; Van Woensel et al., 2008).

Gendreau et al. (1996a) presents a number of stochastic versions of the VRP. In this
thesis, we focus on stochastic travel times which lead to stochastic arrival times. We
obtain arrival time distributions, which are derived from travel time distributions, to
evaluate the quality of the solutions in terms of the customer service aspects.

In Chapters 3 and 4, stochastic travel times with a known probability distribution are
included in the VRP. In Chapter 5, time-dependency is incorporated on top of the
stochasticity. The speed of vehicles is modeled over the scheduling horizon similar to
Ichoua et al. (2003), where this horizon is divided into a number of intervals. We have
a multiplier for each interval, i.e., a larger multiplier denotes a longer travel time. In
the formulations employed in Chapters 3, 4, and 5, stochasticity in travel times is
used both in the calculation of service costs and in the calculation of transportation
costs. Service costs are obtained by confronting arrival times with time windows at
customers (see Section 1.2.2 for details). Transportation costs, which can be thought
as the true costs paid by the service providers, are associated with the total distance
traveled, the number of vehicles used and the total expected overtime of the drivers.

1.2.2 The Reliability Perspective

The VRPTW aims at finding the least cost feasible set of routes that serve all
customers in their respective time windows. This problem considers deterministic and
static travel costs (e.g., times, distances) and demands. Several solution approaches
have been proposed for the VRPTW, based both on heuristic and on exact methods.
A review on exact solution methods for the VRPTW is given by Toth and Vigo
(2002). This problem is considerably difficult to solve even if the problem elements are
assumed to be deterministic (Baldacci et al., 2011). Thus, most research concentrates
on heuristic solution methods to cope with the complexity of the VRPTW. These
methods can produce high-quality solutions in a reasonable amount of time. Bräysy
and Gendreau (2005a,b) present reviews on constructive heuristics and local search
methods, and on metaheuristic methods.
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In the VRPTW, each customer usually has a different time window which leads
to customer specific deliveries. Delivery reliability is built upon the time windows
which refer to the customer service aspects. In the classical formulation, (hard) time
windows cannot be violated, and thus they are directly translated into constraints.
They can also be handled by the objective function in case violations are allowed with
some penalty costs (soft time windows).

In this thesis, we focus on delivery reliability where customers have soft time windows.
We aim at constructing routes to serve all customers as reliably as possible (within
their predefined time windows) by considering uncertainty in travel times. More
specifically, by comparing the arrival time moment of the vehicle at a customer
with the time window of that customer, measures of the reliability of the routes
are obtained. This comparison, and thus the related measures are based upon arrival
time distributions. In the literature, a number of definitions referring to reliability,
not always consistent with each other, are discussed. In Chapter 3, we identify a
definition of the reliability which is directly related to service costs. The latter, which
can be thought as a surrogate for the customer service aspects, are associated with
early and late arrivals. The reliability definition is used in Chapters 3, 4, and 5, where
we describe and incorporate related measures into the VRP with soft time windows.
In Chapter 6, measures of the reliability are defined for a VRPTW in which each hard
time window is relaxed by a given tolerance with respect to its duration (leading to
flexible time windows).

1.3. Stochasticity in VRP

In case some elements of the VRP are random, the classical formulation leads
to stochastic versions of the original problem (Gendreau et al., 1996a). Common
algorithms proposed to solve stochastic versions of the VRP are based on heuristic
methods. These methods are mostly adapted from the procedures developed for the
classical problem.

In real-life applications, stochasticity can arise in several elements such as demands,
customers and travel times. Tillman (1969) proposes the first algorithm for the VRP
with stochastic demands based on Clarke and Wright (1964). Stewart and Golden
(1983) provide the second seminal work on this topic in which a chance-constrained
model and two recourse models are proposed. These stochastic versions are often
classified as intractable problems with regard to the computation since they comprise
the features of both stochastic and integer programming (Gendreau et al., 1996a).
Stochastic programming has mainly two phases. In the first phase, a solution is
generated (a priori solution). In the second phase, realizations of random variables
(e.g., demands) become known, and thus corrective (recourse) actions are applied to
the solution on hand. One common recourse decision for a route obtained in the first
phase is to optimally determine points in that route when the corresponding vehicle
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should return back to the depot (e.g., when the vehicle is almost full and close to the
depot).

In the VRP with stochastic customers, customers which are given by a fixed set appear
with a certain probability (Waters, 1989). In these problems, customer demands
are usually assumed to be deterministic. Recently, Groër et al. (2009) define the
concept of the consistent service for this problem where the same driver visits the
same customers approximately at the same time each day that these customers are
present. The VRP with stochastic travel and service times is introduced by Laporte
et al. (1992). Proposed solution methods are based on stochastic programming and
branch-and-cut algorithms. For this problem, Kenyon and Morton (2003) develop
a solution procedure which embeds a branch-and-cut method within a Monte Carlo
approach.

In this thesis, we propose a number of the VRP variants where service times are
reasonably assumed to be deterministic. However, this is definitely not the case for
travel times on individual arcs. Travel times are usually resulting from a stochastic
process in a dynamic traffic network associated with congestion. Thus, we model
stochasticity via travel times with a known probability distribution (same for all
arcs), for a VRP with soft time windows. In Chapters 3, 4 and 5, it is assumed
that the travel time spent for one unit of distance is Gamma distributed (Russell
and Urban, 2008; Fan et al., 2005). This assumption enables Gamma distributed arc
traversal times, leading to Gamma distributed arrival times. The latter are then used
to calculate both transportation costs and service costs. Note that in this thesis, the
Gamma distribution is particularly considered since its additive property plays an
important role in computations.

1.4. Solution Methods

This section summarizes the main solution methods applied in each chapter. The
VRP extensions studied in this thesis are NP-hard since the classical VRP is an NP-
hard combinatorial optimization problem. Exact algorithms are usually developed to
solve small-sized problem instances of the VRP. For medium- to large-sized problem
instances, most of the research focuses on heuristic methods. These methods are
commonly effective and flexible, which often can be easily adapted to handle several
versions of the VRP designed for real-life applications. The interested reader is
referred to Chapter 2 for a literature review which presents the main solution methods
developed for the VRP and its variants.

In this thesis, we use heuristic methods in Chapters 3, 5 and 6, and exact methods in
Chapter 4. Both heuristic and exact methods need a feasible solution to initiate the
procedure. In this thesis, we use constructive heuristics to generate initial solutions.
In Chapter 3, we adapt the insertion heuristic I1 proposed by Solomon (1987). This
heuristic selects a seed customer to initialize a route. At each iteration of the heuristic,
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a customer which is not yet visited by any vehicle is inserted into that route. In
case the route cannot handle any other customers due to the capacity and/or time
constraints, a new route is initialized. The heuristic uses two main measures to
determine (i) the best feasible customer to be inserted, (ii) its best feasible place in
the current route. More specifically, the first measure maximizes the benefit obtained
by using the current partial route to visit a customer instead of assigning a separate
vehicle to that demand location. This benefit is computed by a function employing
both distance and time dimensions. After determining the best feasible customer,
its best feasible place in the current route is designated by minimizing a weighted
combination of the extra distance and extra time needed to visit that demand location.
We extend this method by considering time aspects defined with respect to stochastic
travel times and by including a criterion for the penalties incurred due to time window
violations. The extended method is also applied in Chapters 4 and 5, where the latter
chapter further modifies the procedure with respect to time-dependency. In Chapter
6, we implement the time-oriented nearest neighbor heuristic proposed by Solomon
(1987). The method uses a measure, which is based on time and distance aspects, to
determine the best feasible customer to be inserted as the next customer at the end
of the current route. We extend this method by considering reliability aspects defined
with respect to flexible time windows.

Several metaheuristics have recently been proposed to solve the VRP effectively.
These methods can be classified into six types: Simulated Annealing, Deterministic
Annealing, Tabu Search, Genetic Algorithms, Ant Systems, and Neural Networks
(Gendreau et al., 2002). Talbi (2009) provides two broad categories for the
metaheuristics: single-solution based (e.g., Simulated Annealing, Deterministic
Annealing, Tabu Search, Adaptive Large Neighborhood Search) and population-based
(e.g., Genetic Algorithms, Ant Systems). The classical Tabu Search is introduced by
Glover (1989) as a local search metaheuristic. At each iteration, the procedure moves
from a solution y to the best solution in its neighborhood, regardless of improving y.
To limit cycling, the procedure allows to accept solutions that are not yet investigated
(see Gendreau and Potvin, 2010, for details about effective methods employed to
restrict cycling). The Tabu Search method can be improved by embedding enhanced
intensification and diversification techniques (Cordeau et al., 2001, 2005). Recently,
another powerful metaheuristic framework is introduced by Ropke and Pisinger (2006)
for the VRP and its variants, which is Adaptive Large Neighborhood Search. This
method extends the classical Large Neighborhood Search developed by Shaw (1997).
The current solution is gradually improved by applying several removal and insertion
heuristics. In Chapter 3, we apply a Tabu Search method based on Cordeau et al.
(2001). We extend this method by considering stochastic travel times and by including
a medium-term memory as a sophisticated intensification method. The extended
method is also applied in Chapters 5 and 6. In Chapter 5, the time-dependent and
stochastic characteristics are incorporated both into that Tabu Search procedure and
an Adaptive Large Neighborhood Search procedure based on Ropke and Pisinger
(2006). These authors show that the latter method is a very effective solution
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approach for handling various types of routing problems. In Chapter 6, the Tabu
Search procedure developed in Chapter 3 is adapted with respect to the VRPTW
where we have flexible time windows.

Column generation is an effective procedure to solve NP-hard combinatorial opti-
mization problems (Danna and Le Pape, 2005). This procedure comprises two main
components: a master problem and a subproblem. The master problem includes
a linear formulation defined on the current columns. The subproblem iteratively
generates columns to improve the current solution. If the original problem is
constrained by integrality on some variables, the column generation is embedded
into a branch-and-bound method, leading to branch-and-price. The interested reader
is referred to Barnhart et al. (1998) for a general introduction of the branch-and-
price method. In Chapter 4, we develop an exact solution method based on column
generation and branch-and-price to solve the model proposed in Chapter 3. In this
approach, we consider stochastic travel times to obtain routes for a VRP with soft
time windows.

1.5. Overview of the Thesis

This thesis is based on the literature developed for the VRP (see Chapter 2), and
extends it to deal with more realistic versions by identifying perspectives observed in
real-life applications. More specifically, the research conducted in the thesis defines
the problems associated with real-life environments, constructs models and proposes
solution methods to solve these models effectively.

Chapter 3 studies a VRP where travel times are stochastic with a known probability
distribution. In addition to the cost-efficiency, we also consider customer service
aspects where each customer has a soft time window. The latter allows early and late
servicing at customers by incurring some penalty costs. The only option to wait is at
the depot. In this chapter, we focus on modeling aspects and on solving the problem
effectively with a new solution procedure based on Tabu Search. The model proposed
in this chapter is the first model that distinguishes between transportation costs and
service costs. This distinction is needed since transportation costs are the true costs
while service costs are usually intangible. Moreover, these two cost components have
different scales which need to be adjusted properly. Transportation costs include three
elements which are the total distance traveled, the number of vehicles used and the
total expected overtime of the drivers. Service costs result from early and late arrivals,
which correspond to time window violations at the customers. The solution procedure
includes three main phases: (i) initialization algorithm, (ii) Tabu Search method, and
(iii) post-optimization method. The post-optimization method gradually postpones
the starting time of each vehicle route from the depot until there is no improvement
in the cost of that route. Note that in this chapter, we also analyze the impact of the
post-optimization method once incorporated into the Tabu Search algorithm.
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Chapter 4 optimally solves the formulation introduced in Chapter 3. In the problem
setting considered, efficiency and reliability have equal importance. To our knowledge,
no research has studied exact methods to solve the VRP with stochastic travel
times and soft time windows. We apply a column generation procedure where the
master problem is the classical set partitioning problem and the pricing subproblem
corresponds to the Elementary Shortest Path Problem with Resource Constraints
(ESPPRC). We embed this solution procedure within a branch-and-price method to
generate integer solutions. We introduce a new dominance relation for the ESPPRC
which is rather complex due to stochasticity. To solve the subproblem effectively,
we apply a number of accelerating methods. Moreover, we implement two separate
methods in the branch-and-price tree. Results indicate that our solution approach
can effectively be employed to solve the medium- and large-sized problem instances.

To have a more realistic representation of real-life applications, Chapter 5 focuses
on a VRP where travel times are both time-dependent and stochastic. Reliability is
also taken into account in this problem setting where each customer has a soft time
window. In this chapter, we adjust both the formulation and the solution procedure
that we develop for the problem with time-independent and stochastic travel times
in Chapter 3. In addition, we implement an Adaptive Large Neighborhood Search
procedure with respect to the characteristics of our problem. First, these two
heuristics are applied to solve the problem where we assume that we do not have
service times at customers. This assumption enables us to calculate the exact values
of the mean and the variance of arrival times. Approximations of these two values are
calculated in the second case where we include service times. To our knowledge, no
research has addressed the problem considered in this chapter, which is difficult both
to model and to solve. Furthermore, we deal with a rather complex model and apply
two separate solution approaches (Tabu Search and Adaptive Large Neighborhood
Search) to both cases (no service times and with service times), each with complicated
integration calculations since costs are computed with respect to both stochasticity
and time-dependency.

Chapter 6 focuses on a VRPTW where each (hard) time window is relaxed with
respect to a customer specific percentage, leading to flexible time windows. The
problem introduced in this chapter is denoted as the VRPFlexTW. The flexible time
windows allow servicing before and after the original time interval by incurring some
penalty costs. Note that in this setting, early and late servicing outside the flexible
bounds are not permitted. This structure makes the VRPFlexTW different from the
VRP with soft time windows, where the latter problem operates on a much larger
feasible solution space. We propose a solution methodology for the VRPFlexTW
that includes three main phases. In the first phase, an initial feasible solution is
constructed. This solution is then improved by applying a Tabu Search metaheuristic
in the second phase. In the third phase, the solution obtained by Tabu Search is
further improved by a post-optimization method. This method calculates the optimal
starting time of each vehicle route from the depot, and optimal times that each vehicle
starts servicing at the customers in its route by solving a linear model. In this model,



1.5 Overview of the Thesis 11

the objective is to minimize the total penalty cost of the vehicle route with respect
to the sequence of customers given in that route.

In Chapters 3, 4, 5, and 6, we experiment with data sets given by Solomon (1987).
In each chapter, the prominent properties of these instances are given with respect to
the problem setting and the solution procedure considered in that chapter.

The general features of the research conducted in each chapter of this thesis are
summarized in Table 1.1.

Chapter Stochasticity Time- Soft Flexible Exact Heuristic
dependency TW TW Methods Methods

3 X X X
4 X X X
5 X X X X
6 X X

Table 1.1 Thesis outline: general features of each chapter

The chapters of this thesis are based on the following papers:

• Chapter 3: Taş, D., N. Dellaert, T. van Woensel T., A.G. de Kok. 2013. Vehicle
routing problem with stochastic travel times including soft time windows and
service costs. Computers & Operations Research 40(1) 214-224

• Chapter 4: Taş, D., M. Gendreau, N. Dellaert, T. van Woensel, A.G. de Kok.
2013. Vehicle routing with soft time windows and stochastic travel times : a
column generation and branch-and-price solution approach. European Journal
of Operational Research, to appear, doi: 10.1016/j.ejor.2013.05.024.

• Chapter 5: Taş, D., N. Dellaert, T. van Woensel, A.G. de Kok. 2013. The
time-dependent vehicle routing problem with soft time windows and stochastic
travel times. Working paper, No: 413, Eindhoven University of Technology.

• Chapter 6: Taş, D., O. Jabali, T. van Woensel. 2013. A vehicle routing problem
with flexible time windows. Working paper, No: 403, Eindhoven University of
Technology.





13

Chapter 2

Literature Review on
Stochastic Vehicle Routing
Problems

The Vehicle Routing Problem (VRP), sometimes referred to as capacitated VRP,
aims to find a set of feasible routes that start and end at the depot to serve a set of
customers. Each customer, given with a known demand, is visited exactly once by one
vehicle. Each route can service a total demand that cannot exceed the vehicle capacity.
The objective is to minimize the total cost, traditionally derived from the sum of
distances traveled or the number of vehicles used or a combination of these. There
is a wide range of literature on the VRP as it is a highly relevant, yet complicated
problem. We refer to Laporte (1992, 2007), Toth and Vigo (2002), and Baldacci et al.
(2010) for comprehensive literature surveys about exact, heuristic and metaheuristic
algorithms applied to the VRP. These surveys indicate that obtaining the optimal
solutions of the classical VRP is very difficult. Some of the well-known problem
instances (with often up to 100 customers) can be solved by exact algorithms mostly
based on branch-and-cut methods. However, analyses show that the performance
of these algorithms on solutions obtained for the instances tested is not consistent.
Metaheuristic algorithms are widely applied in practice as they provide satisfactory
solutions usually within a small percentage of the optimal or best-known solutions.

The VRP is extended by considering different customer service aspects such as starting
the service at each customer within a given time interval. The latter problem, which is
called the Vehicle Routing Problem with Time Windows (VRPTW), is also frequently
seen in practice and studied. In the VRPTW, time windows are called soft when they
can be violated with some penalty costs. They are called hard when violations are
not permitted, i.e., vehicles are allowed to wait with no cost if they arrive early and
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they are prohibited to serve if they arrive late. In his seminal paper, Solomon (1987)
extended a number of VRP heuristic methods for the VRPTW to construct routes
that can be used as initial solutions. For reviews on various solution methods applied
to the VRPTW, the interested reader is referred to Cordeau et al. (2002a), Bräysy
and Gendreau (2005a,b), Kallehauge (2008), and Gendreau and Tarantilis (2010).

2.1. Stochastic Vehicle Routing Problems

In the classical formulation of the VRP and the VRPTW, all problem elements
are deterministic. However, carrier companies have to deal with various types
of uncertainty in real-life applications. Service quality may become quite poor if
uncertainties are disregarded at the planning level, since routes may be inefficient or
even infeasible in some cases. To overcome the inefficiency incurred at the operational
level, stochastic variants of the VRP have been introduced. A comprehensive survey
on stochastic routing problems can be found in Gendreau et al. (1996a). The authors
argued that uncertainty can be seen in various components of the VRP. Common
parameters considered in stochastic variants are stochastic demands, stochastic
customers and stochastic travel times. After defining the possible types of stochastic
VRP, the authors described solution concepts and algorithms. They further discussed
main contributions of the methods implemented in the literature for the VRP with
stochastic customers and the VRP with stochastic demands. In Laporte et al. (1992),
the VRP with stochastic travel and service times was considered. The authors
introduced three distinct mathematical models based on stochastic programming
which are a three-index simple recourse model, a two-index recourse model and a
chance constrained model. For these models, a solution approach based on branch-
and-cut method was developed. Among the three models and algorithms proposed,
experiments were conducted to test only the recourse models. Results showed that
the problem instances with up to 20 customers could be solved to optimality. Kenyon
and Morton (2003) considered uncapacitated vehicles and proposed two stochastic
programming models with different objective functions. In the first model, the
expected completion time of the project was minimized. In this definition, the
completion time refers to the time at which the last vehicle arrives at the depot
after serving all customers within its route. Then, the probability of completing the
project by a deadline was maximized in the second model. The authors developed
a solution procedure by inserting a branch-and-cut algorithm into a Monte Carlo
solution approach to solve large-sized problems effectively. Van Woensel et al. (2008)
studied the VRP with the travel times resulting from a stochastic process due to
the traffic congestion. More specifically, the proposed solution approach enhanced
the classical VRP models by introducing the traffic congestion segment. The latter
component was formulated by an analytical queueing framework which successfully
captured the dynamic nature of the travel times. The developed queueing models were
then solved by means of a Tabu Search metaheuristic. Results indicated that the total
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travel times were considerably reduced, and thus the relevance of the approach to real-
life applications was verified. Stewart and Golden (1983) studied the stochastic VRP
where uncertain customer demands were considered. The authors provided various
mathematical models based on stochastic programming. They also presented heuristic
methods to effectively solve the proposed formulations. These solution procedures
were broadly classified into two groups. In the first approach, the problem on-
hand was translated into a classical VRP. The resulting problem was then solved
by heuristics developed for the VRP. In the second approach, existing VRP heuristics
were modified for the stochastic VRP in which demands were random variables with a
known probability distribution. These algorithms were applied to problem instances
with 50 customers and 75 customers.

Stochastic versions of the VRPTW are introduced more recently. Ando and Taniguchi
(2006) considered the VRPTW with uncertain travel times. The objective was to
minimize the total cost which included the penalty costs, the operation costs and the
fixed cost of vehicles used. The first component of the total cost referred to costs
charged due to the early and late arrivals. A genetic algorithm was proposed to
solve the described problem. Computational experiments were conducted on small-
sized problem instances (up to 25 nodes). The authors also performed a case study
on goods distribution in which 11 customers identified with soft time windows were
considered. Russell and Urban (2008) also studied the VRPTW where the travel
times were random variables with a known probability distribution. The number
of vehicles used and the total distance traveled were minimized along with the
penalties due to arrivals outside the time windows. Three different cost structures
were used to model these penalties: a constant cost penalty, a linear cost penalty and a
quadratic cost penalty. Linear functions have widely been applied by solution methods
developed for stochastic variants of the VRP. These functions employed a penalty per
unit time the delivery is early or late. In their study, Russell and Urban (2008)
developed a Tabu Search method to solve the model proposed. The performance of
the solution approach was tested only on four well-known problem instances with 100
customers. The VRPTW with stochastic travel and service times was studied by Li
et al. (2010). Two formulations based on stochastic programming were provided: a
chance constrained programming model and a stochastic programming model with
recourse. A heuristic algorithm based on Tabu Search was developed to obtain the
results effectively. To evaluate the performance of this algorithm, problem instances
with various numbers of customers (up to 100 customers) were tested. When the
chance constrained programming model was considered, a feasible solution could not
be found for any instance. Thus, the authors reported only the results associated with
the experiments carried out for the recourse model. The models in these studies placed
emphasis on the customers and considered all cost components together regardless of
their relations and differences. Since efficiency plays an important role in operations,
in this thesis we separate out the cost components into transportation costs and
service costs. In Chapter 3, we develop a one-stage model which enables different
combinations of these two cost components with respect to the company preferences.
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The proposed model is solved by an algorithm based on Tabu Search method in
Chapter 3, and by an exact solution approach based on column generation and branch-
and-price in Chapter 4. Additionally, in our model the time window violations and
the overtime of the drivers are handled by the objective function. A technique similar
to that applied in Stewart and Golden (1983) is used in our research to calculate the
penalties incurred for early and late servicing. Our model takes into account penalties
proportional to the (expected) duration of the earliness and lateness derived from
the arrival time distributions. A time-dependent variant of this model is studied in
Chapter 5 where we employ various heuristic methods to generate the results. The
performances of these procedures are then evaluated with respect to computational
time and solution quality.

2.2. Metaheuristic Solution Methods

The classical routing problems and their stochastic versions have been widely solved by
applying the Tabu Search metaheuristic to obtain good solutions within a reasonable
time. The interested reader is referred to Glover (1989, 1990), and Gendreau and
Potvin (2010) for the details about this metaheuristic. Gendreau et al. (1994, 1996b)
applied the Tabu Search method to the VRP. The algorithm proposed in Gendreau
et al. (1994) outperformed the existing heuristics developed for the classical VRP
by means of the techniques operated. To prevent being trapped in a local optimal
solution, the authors allowed infeasible solutions with some penalty costs in the
objective function. They also indicated that this algorithm could be easily adapted
with respect to additional features such as considering several depots or heterogeneous
fleet of vehicles. Gendreau et al. (1996b) solved a VRP with stochastic customers and
demands by employing a Tabu Search metaheuristic. In this problem, each customer
appeared with some probability and had a random demand (in case a customer was not
present, its corresponding demand was equal to zero). Experiments were conducted
on small- to medium-sized problem instances. Results showed that the proposed
solution procedure could find the optimal solution in 89.45% of the instances for which
an optimal solution was known. Rochat and Taillard (1995) proposed the adaptive
memory, which turned out to be very effective for Tabu Search applications in the
VRP. This technique enhanced the local search by finding good tours for all customers
concurrently and could be employed for several variants of the VRP. Results showed
that the developed method improved the best known solutions of approximately 40
instances reported in the literature. For the VRPTW, some implementations of the
Tabu Search method come from Cordeau et al. (2001), Garcia et al. (1994), and
Taillard et al. (1997). In Chapter 3, we develop a Tabu Search algorithm to solve
the model proposed in that chapter. This procedure is then modified in Chapters
5 and 6 to generate solutions for a VRP with time-dependent and stochastic travel
times, and for a VRPTW with flexible time windows, respectively. Our Tabu Search
implementation proposed in Chapter 3 is based on the algorithm given in Cordeau
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et al. (2001). We however apply a different function in the local search algorithm to
evaluate the solutions since the violations of the time windows are handled by the
objective function. In the process of evaluating the solutions, the main characteristics
of the problem are taken into consideration, e.g., stochasticity (Chapters 3 and 5),
time-dependency (Chapter 5), and flexibility (Chapter 6). Furthermore, the Tabu
Search algorithm is improved by adding a medium-term memory which focuses the
search on the promising solutions in the neighborhood. This intensification mechanism
operates by restarting from the best feasible solution, and searching its neighborhood
effectively by means of a list which includes the moves previously applied from that
solution. This structure makes our medium-term memory application different from
the intensification approaches in which solutions are generated by extracting good
routes from high-quality solutions on-hand (see Rochat and Taillard, 1995).

2.3. Post-optimization Methods

The interested reader is referred to Cordeau et al. (2001), Rochat and Taillard
(1995), Russell and Urban (2008), and Taillard et al. (1997) for a post-optimization
heuristic applied in the VRPTW. In Cordeau et al. (2001) and Taillard et al. (1997),
the authors used a heuristic method developed by Gendreau et al. (1998) for the
Traveling Salesman Problem (TSP) with time windows by modifying the GENIUS
procedure. The GENIUS algorithm was introduced by Gendreau et al. (1992) for
the classical TSP. The authors produced this approach by combining the two existing
methods: an insertion technique and an improvement technique. The advantage of the
GENIUS algorithm lies in its flexibility which can be easily adapted to several variants
of the VRP. In the post-optimization phase of the solution approaches applied in
Cordeau et al. (2001) and Taillard et al. (1997), each node of a route was successively
removed and re-inserted to improve the solution on-hand. As a post-optimization
method, Rochat and Taillard (1995) solved a set partitioning model at the end of
the diversification and intensification techniques to improve the solution by using the
routes already generated. In Russell and Urban (2008), a post-optimization method
was applied to optimize the waiting times at each customer by using a generalized
reduced gradient method. In Chapters 3 and 5, we improve the solution obtained by
the Tabu Search and by the Adaptive Large Neighborhood Search by applying a post-
optimization method. This method is based on adjusting the departure time of each
route from the depot, and is thus different from the post-optimization methods given
in the literature. In our approach, we do not change the nodes, but the departure
time of a route from the depot is repeatedly shifted. In this way, the total (weighted)
cost of the route can be improved since the departure time affects the total expected
delay and earliness at customers, and the total expected overtime of the drivers. Note
that the latter component is considered in the post-optimization method when travel
times are both stochastic and time-dependent (Chapter 5). The post-optimization
method terminates when it does not provide any more improvement in the total cost
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of that route.
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Chapter 3

Vehicle Routing Problem
with Stochastic Travel Times
and Soft Time Windows:
Heuristic Methods

3.1. Introduction

Traditionally, the Vehicle Routing Problem with Time Windows (VRPTW) aims to
route vehicles such that all customers are served within their respective time windows.
Mathematically, this is translated into a deterministic arrival time moment of being in
the time window or not. The latter is penalized depending on whether the vehicle is
early or late in case soft time windows are considered, which is usually seen in real-life
applications. However, solutions of the deterministic routing models deteriorate once
applied in real-life problems where (especially) the travel times are stochastic (see
Chapter 2 for a literature review). Using stochastic travel times allows for a much
richer set of (stochastic) measures to evaluate whether the vehicle arrives in the time
windows or not. The definition and incorporation of these stochastic measures in the
VRPTW is the subject of this chapter.

In practice, carrier companies and their customers have different concerns. From
the perspective of the carrier companies, the goal is to deliver the goods to different
customers as efficiently as possible. From the customers’ point of view, the main
concern is to reliably receive the deliveries on-time. In this chapter, we aim to
construct routes which are reliable for the customers and efficient for the carrier
companies. In our problem setting, we have soft time windows and stochastic travel
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times, leading to stochastic arrival times. The latter are used to calculate the service
costs, defined as the measure of delivery reliability.

The described problem extends the classical Vehicle Routing Problem (VRP) by
considering stochastic travel times and soft time windows. The VRP belongs to
the class of NP-hard combinatorial optimization problems (see Laporte, 2007, for an
explanation). Small-sized instances of such problems are usually handled by exact
algorithms. However, metaheuristic algorithms are widely used to solve medium-
to large-sized instances. In this chapter, we solve the Solomon’s problem instances
(Solomon, 1987) effectively by a solution procedure based on the Tabu Search method.
Note that these well-known instances correspond to large-sized networks for the
problem described in this chapter which is a stochastic variant of the VRP.

The two main contributions of this chapter are described below.

1. We propose the first model that distinguishes between transportation costs and
service costs. Stochasticity in the travel times plays a role in the calculations
of both cost components. The transportation costs are the true costs that
the carrier company pays. On the other hand, the intangible service costs
are included to provide reliability to the customers by limiting early and late
arrivals. The service cost component can be thought of as a surrogate for
customer service. Applying the generated model enables us to obtain meaningful
combinations of the two cost components, leading to different solution options
for the carrier companies to meet their priorities. A comprehensive analysis is
performed to examine the behavior and the particular features of the solutions
found.

2. We develop a solution approach that comprises three phases. In the first phase,
an initial solution is constructed. A number of heuristic methods have been
presented by Solomon (1987) to build initial routes for the VRPTW. We extend
insertion heuristic I1 by including a criterion related to the penalties resulting
from the time window violations. This solution is then improved with respect to
the total transportation cost, leading to an initial feasible solution. In the second
phase, the given initial solution is improved by a Tabu Search metaheuristic.
The algorithm given by Cordeau et al. (2001) constitutes the base structure
of our Tabu Search method. The soft time windows for the deliveries enable
us to handle the time window violations either by the objective function or
by the constraints. In our model, these violations are taken care of directly
in the objective function. Therefore, we have a different cost function from
that given in Cordeau et al. (2001) to evaluate the solutions. Considering
(expected) delay and earliness values as a part of objective function instead
of constraining the probability of arrivals outside the time windows allows us
to solve a mathematical model where all constraints are linear. Note that
the probability constraints are particularly needed for the formulations with
stochastic travel times and hard time windows. As another difference from
Cordeau et al. (2001), we include a medium-term memory application in our
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Tabu Search method. This application improves the quality of the solutions
by providing intensification in the promising parts of the neighborhood. In
the third phase, a post-optimization method is applied to improve the solution
obtained by the Tabu Search algorithm. The post-optimization method adjusts
the departure time of each allocated vehicle from the depot to reduce the total
service cost of the corresponding route. The interested reader is referred to
Chapter 2 for details about the metaheuristic and post-optimization methods
applied in the literature.

The remainder of this chapter is organized as follows. In Section 3.2, we describe
our model and motivations for the VRP with stochastic travel times and soft time
windows, and we discuss the issues connected with the model. In Section 3.3, we
explain the methods used in the three phases of our solution approach. In Section 3.4,
we present the results of the Solomon’s problem instances solved using the methods
developed. Finally, we end the chapter with conclusions.

3.2. Problem Statement and Model Formulation

A connected digraph G = (N,A) denotes the network in which N = {0, 1, ..., n} is
the set of nodes and A = {(i, j) | i, j ∈ N, i 6= j} is the set of arcs. The depot is
represented by node 0 and each node in N \ {0} corresponds to a distinct customer.
Each customer has a known demand (qi ≥ 0), a fixed service duration (si ≥ 0) and
a soft time window ([li, ui], 0 ≤ li ≤ ui). The time window at the depot, [l0, u0],
corresponds to the scheduling horizon. We assume that the service at the customers
can start before or after the time windows. If a vehicle arrives early at a customer,
waiting until the customer time window opens is not considered as an option. If
customer i is served outside its time window (before li or after ui), then the company
incurs penalties for early or late servicing at that customer. Each arc (i, j) ∈ A has a
weight dij which is the length of that arc. In addition, we assume that the probability
distribution function of the travel time on each arc (i, j) is known (see Sections 3.2.1
and 3.2.2 for details about travel time distributions). The base location of all vehicles
is the depot and each vehicle v ∈ V is assumed to have the same capacity Q (following
Solomon, 1987). Note that our model and solution methodology can be easily adapted
for the problems with heterogeneous fleet where vehicles have different capacities.

We first give the notations used in the mathematical formulation of the described
problem. The decision variable xijv takes the value 1 if arc (i, j) is covered by vehicle
v and 0, otherwise. The vector x, where x = {xijv | i, j ∈ N, v ∈ V }, is used
to denote the assignments of the vehicles to customers and the sequences of the
customers in these assignments (vehicle routes). We have two functions in the service
cost component described as Djv(x) and Ejv(x). These are the expected delay and the
expected earliness at node j visited by vehicle v, respectively. Ov(x) is the expected
overtime of the driver working on the route of vehicle v. The calculations of the



22 Chapter 3. VRP with Stochastic TT and Soft TW: Heuristic Methods

expected values are directly linked with the routing decisions. These calculations are
described in Section 3.2.2 for a specific probability distribution.

We have five cost coefficients in our objective function. The coefficients cd and ce can
be thought of as the costs that the company is charged for one unit of delay and for
one unit of earliness, respectively. Note that these coefficients are needed to balance
late and early servicing. The parameters ct and co are the costs that the carrier
company has to pay for one unit of distance and for one unit of overtime, respectively.
Furthermore, a fixed cost cf has to be paid by the company for each vehicle used. In
our study, these parameters are determined by carrying out a number of preliminary
tests. These tests take into account the structure of the problem instances on-hand.
In case our solution procedure is used as a decision making tool by a company, the
most appropriate parameters can be designated with respect to the data structure
given by that company.

In our model, a parameter ρ is used to obtain alternative combinations of the cost
of servicing and the cost of transportation. As these cost components (potentially)
have different scales, we include two parameters (C1 and C2) in the objective function
to scale their values. Briefly, we determine a feasible solution and compute its two
cost components to obtain proper values for C1 and C2. More precisely, the solution
generated by the initialization algorithm is improved by the Tabu Search method with
respect to only the total transportation cost, leading to the initial feasible solution. We
focus on the total transportation cost in the first phase of our solution procedure as it
enables us to find an initial feasible solution effectively. Then, the scaling parameters
for the total service cost (C1) and the total transportation cost (C2) are calculated
as follows:

C1 = cd
∑

j∈N

∑

v∈V

Djv(x̃) + ce
∑

j∈N

∑

v∈V

Ejv(x̃) and, (3.1)

C2 = ct
∑

i∈N

∑

j∈N

∑

v∈V

dij x̃ijv + cf
∑

j∈N\{0}

∑

v∈V

x̃0jv + co
∑

v∈V

Ov(x̃), (3.2)

where x̃ represents the assignments of the vehicles and the sequences of the customers
in the initial feasible solution. The variable x̃ijv takes the value 1 if arc (i, j) is covered
by vehicle v in this solution and 0, otherwise. By using C1 and C2 parameters,
we can solve all problem instances with a fixed set of ρ values. In case these two
parameters are not employed, the parameter ρ would need to be adjusted with respect
to properties of each problem instance.

The aim of the problem considered is to construct a set of vehicle routes at the
minimum total cost by fulfilling the following requirements:

• Each route is operated by a single vehicle and each customer is served by one
vehicle exactly once.

• Each vehicle route starts from the depot and ends at the depot.
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• The total demand of the customers assigned to a vehicle route cannot exceed
the vehicle’s capacity.

The mathematical formulation is as follows:

min ρ
1

C1


cd

∑

j∈N

∑

v∈V

Djv(x) + ce
∑

j∈N

∑

v∈V

Ejv(x)




+(1− ρ) 1

C2


ct

∑

i∈N

∑

j∈N

∑

v∈V

dijxijv + cf
∑

j∈N\{0}

∑

v∈V

x0jv + co
∑

v∈V

Ov(x)




(3.3)

subject to
∑

i∈N

xikv −
∑

j∈N

xkjv = 0, k ∈ N \ {0}, v ∈ V, (3.4)

∑

j∈N

∑

v∈V

xijv = 1, i ∈ N \ {0}, (3.5)

∑

j∈N

x0jv = 1, v ∈ V, (3.6)

∑

i∈N

xi0v = 1, v ∈ V, (3.7)

∑

i∈N\{0}

qi
∑

j∈N

xijv ≤ Q, v ∈ V, (3.8)

∑

i∈B

∑

j∈B

xijv ≤ |B| − 1, B ⊆ N \ {0}, v ∈ V, (3.9)

xijv ∈ {0, 1}, i ∈ N, j ∈ N, v ∈ V. (3.10)

The objective (3.3) is to minimize the total weighted cost. The set of the constraints
(3.4) ensures the conservation of flow for each vehicle at each customer. The set of
the constraints (3.5) states that each customer is visited exactly once. The sets of the
constraints (3.6)-(3.7) ensure that each vehicle route originates from the depot and
ends at the depot. Note that vehicle v is not used for servicing in case x00v takes the
value 1. The set of the constraints (3.8) states that the total demand of the customers
served by a vehicle cannot exceed the capacity of the vehicle. The set of constraints
(3.9) eliminates subtours and the set of the constraints (3.10) is needed as we cannot
have partial services at the customers.

3.2.1 Properties of the Arrival Times

We consider stochastic travel times with a known probability distribution. Suppose
that Tij represents the time needed for traveling from node i to node j by traversing
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the arc (i, j). As we allow no waiting, the arrival time of vehicle v at node j, denoted
by Yjv, is described as follows:

Yjv =
∑

(l,k)∈Ajv

Tlk, (3.11)

where Ajv represents the set of arcs which are covered by vehicle v until node j. This
calculation does not include the service times. As we have deterministic service times,
the time window at node j is shifted to the left on the time horizon by the amount
of the cumulative service time. The latter (sjv) is the total time spent by the vehicle
v for servicing at the nodes before visiting node j. Shifting the time window with
respect to the cumulative service time (instead of adding the latter to the mean of
the arrival time) enables us to calculate expected delay, earliness and overtime values
exactly. The mean and the variance of the arrival time at node j which is visited by
vehicle v immediately after node i are calculated by:

E[Yjv] = E[Yiv] + E[Tij ] and, (3.12)

Var(Yjv) = Var(Yiv) + Var(Tij), (3.13)

respectively. Note that Equations (3.12) and (3.13) are valid with respect to the
distribution applied in this study (see Section 3.2.2).

3.2.2 Calculations with Gamma Distribution

The distributions of the travel times most commonly applied so far are normal, log-
normal, shifted gamma and gamma distributions (see Fan et al., 2005; Kaparias et al.,
2008; Li et al., 2010; Russell and Urban, 2008). Assume that T is the random travel
time spent for traversing one unit of distance and that T is Gamma distributed with
shape parameter α and scale parameter λ. Note that this way of modeling enables
us to obtain Gamma distributed arc traversal times by scaling the unit distribution
with respect to the length of the corresponding arc. Then, the probability density
function f and the cumulative distribution function F are given as follows:

f(t) =
(e−t/λ)(t)α−1

Γ(α)λα
, (3.14)

F (δ) = Prob{t ≤ δ} = Γα,λ(δ) =

∫ δ

0

(e−z/λ)(z)α−1

Γ(α)λα
dz, (3.15)

where t ≥ 0, δ ≥ 0 and Γ(α) =
∫∞

0
e−rrα−1dr. For other distribution types, similar

expressions can be derived. We obtain different Coefficient of Variation (CV) values
of the travel time per unit distance by using different values of α and λ parameters.
Since α and λ are the parameters associated with T , Tij is Gamma distributed with
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parameters αdij and λ (scaling T with respect to dij). The mean and the variance of
Tij are calculated accordingly as follows:

E[Tij ] = αλdij , (3.16)

Var(Tij) = αλ2dij . (3.17)

By defining the arrival times as in Equation (3.11), we obtain Gamma distributed
arrival times. The shape and the scale parameters of Yjv are then given as follows:

αjv = α
∑

(l,k)∈Ajv

dlk, (3.18)

λjv = λ. (3.19)

The expected delay, Djv(x) is calculated as follows with a similar procedure to that
given in Dellaert et al. (2000):

Djv(x) =

∫ ∞

u′

j

(z − u′j)
(e−z/λjv )(z)αjv−1

Γ(αjv)(λjv)αjv
dz,

=

∫ ∞

u′

j

(e−z/λjv )(z)αjv

Γ(αjv)(λjv)αjv
dz − u′j

∫ ∞

u′

j

(e−z/λjv )(z)αjv−1

Γ(αjv)(λjv)αjv
dz,

=αjvλjv(1− Γαjv+1,λjv
(u′j))− u′j(1− Γαjv,λjv

(u′j)), (3.20)

where u′j is the upper bound of the shifted time window at node j (u′j = uj − sjv).
Similarly, the expected earliness, Ejv(x) is calculated by

Ejv(x) =

∫ l′j

0

(l′j − z)
(e−z/λjv )(z)αjv−1

Γ(αjv)(λjv)αjv
dz,

=l′j

∫ l′j

0

(e−z/λjv )(z)αjv−1

Γ(αjv)(λjv)αjv
dz −

∫ l′j

0

(e−z/λjv )(z)αjv

Γ(αjv)(λjv)αjv
dz,

=l′jΓαjv,λjv
(l′j)− αjvλjvΓαjv+1,λjv

(l′j), (3.21)

where l′j is the lower bound of the shifted time window at node j (l′j = lj − sjv).
The expected overtime of the driver working on the route of vehicle v is calculated
with respect to the arrival time of that vehicle at the depot:

Ov(x) =

∫ ∞

w′

(z − w′)
(e−z/λ0v )(z)α0v−1

Γ(α0v)(λ0v)α0v
dz,

=

∫ ∞

w′

(e−z/λ0v )(z)α0v

Γ(α0v)(λ0v)α0v
dz − w′

∫ ∞

w′

(e−z/λ0v )(z)α0v−1

Γ(α0v)(λ0v)α0v
dz,

=α0vλ0v(1− Γα0v+1,λ0v
(w′))− w′(1− Γα0v,λ0v

(w′)), (3.22)
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where w′ is the agreed labor shift time (w) less the total service time spent by the
vehicle v for servicing at all nodes on its route (s0v). Note that the adjustment to
the value of w is needed due to the definition of the arrival time given by Equation
(3.11).

If w ≤ s0v, then Ov(x) is calculated by:

Ov(x) = E[Y0v] + s0v − w. (3.23)

We have similar conditions for the bounds of the time windows at customers. If
lj ≤ sjv at customer j, then Ejv(x) will be equal to 0 since it is impossible to be early
for that customer. However, if uj ≤ sjv at customer j, then Djv(x) is calculated as
follows:

Djv(x) = E[Yjv] + sjv − uj . (3.24)

3.3. Solution Methods

We propose a solution method based on a Tabu Search metaheuristic. Algorithm 3.1
gives the structured overview of our solution approach.

1. Obtain the Initial Feasible Solution (IFS):

(a) Construct a solution by using the initialization algorithm

(b) Improve this solution through the Tabu Search method with respect
to the total transportation cost

2. Calculate C1 and C2 according to IFS and use these values in following
steps

3. Improve IFS with respect to the total weighted cost by using the Tabu
Search method

4. Apply the post-optimization method to the generated solution

Algorithm 3.1: Structured overview of the solution approach

3.3.1 Initialization Algorithm

We extend the Solomon’s insertion heuristic I1 (Solomon, 1987) to construct a feasible
solution by considering the expected violations of the time windows. The interested
reader is referred to Chapter 1 for details about the I1 insertion heuristic.

Let C denote the set of customers not yet covered by any route. Note that the method
starts from a set C = N \ {0}. The criterion applied for the route initialization is
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the furthermost customer c ∈ C from the depot. At each iteration a new customer
is inserted into the route. Let m1(i, k, j) and m2(i, k, j) denote the measures used
to evaluate the insertion of customer k between adjacent customers i and j on the
current route. The calculations of these measures are as follows:

m1(i, k, j) = β1m11(i, k, j) + β2m12(i, k, j) + β3m13(i, k, j), (3.25)

m2(i, k, j) = ηE[T0k]−m1(i, k, j). (3.26)

The sub-measures employed in m1(i, k, j) are calculated by:

m11(i, k, j) = dik + dkj − γdij , (3.27)

m12(i, k, j) = E[bjk ]− E[bj ], (3.28)

m13(i, k, j) = cd

(
∑

h∈H

(Dhv(rk)−Dhv(r))

)
+ ce

(
∑

h∈H

(Ehv(rk)− Ehv(r))

)
, (3.29)

where β1 ≥ 0, β2 ≥ 0, β3 ≥ 0, η ≥ 0, γ ≥ 0 and β1 + β2 + β3 = 1 (following
Solomon, 1987). E[T0k] is the expected travel time from depot to customer k. cd
and ce are the coefficients used by the service cost component in the proposed model
(see Section 3.2). E[bj ] is the expected time to begin service at customer j which is
calculated with respect to the sequence of the customers in the current route. E[bjk ]
is the new expected time to begin service at customer j, given that customer k is
inserted between customers i and j on the route. H is the set of customers which are
visited after customer i on the current route. r and rk are the vectors of the customer
sequence in the route before customer k is inserted and after customer k is inserted,
respectively. The vehicle that covers the current route is denoted by v. Note that
the expected time window violations due to the insertion of customer k are taken
into consideration in m13(i, k, j). Furthermore, the criteria proposed in the heuristic
I1 which include time aspects are modified in our procedure in accordance with the
stochastic nature of the problem. These adjustments can be seen in the measures
given by Equations (3.26) and (3.28).

The best insertion place of customer k is the one that minimizes the value ofm1(i, j, k)
over all feasible insertion places. This means that the weighted combination of
the extra distance, extra time and extra penalties (incurred due to the insertion of
customer k) is minimized. Different sets of weight values (β1, β2 and β3) are used to
construct different combinations of the sub-measures (see Section 3.4.1 for the values
used). The best feasible customer for the current route is the one that maximizes
the value of m2(i, k, j) over all feasible customers. In this way, the benefit gained by
serving a customer on the current route instead of serving this customer by a single
vehicle is maximized.

The available vehicle capacity is checked to indicate the customers feasible to be
inserted into the current route. The time feasibility conditions given in Solomon
(1987) are checked to determine the feasible insertion places for each indicated feasible
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customer. Although the latter feasibility check is no longer necessary in our model
formulation, we keep this part in the initialization procedure as numerical results
show that it contributes to a good solution quality. This contribution is provided
by delivering the goods within the time windows which leads to reasonable expected
delay and earliness values.

3.3.2 Tabu Search Algorithm

The structure of the Tabu Search method is based on the procedure given by Cordeau
et al. (2001). We modify this procedure with respect to the characteristics of our
problem and extend it in terms of intensification mechanisms. In the following, we
first introduce the generic features of the developed method. The differences of the
method with the procedure given in Cordeau et al. (2001) are highlighted.

Our Tabu Search algorithm always starts with a feasible solution and updates the best
solution generated in case it is feasible. Therefore, it is guaranteed that the algorithm
will end with a feasible solution. These conditions make the algorithm different from
the procedure given in Cordeau et al. (2001) in terms of the starting technique and
thus the feasibility situation of the solution obtained at the termination. At each
iteration, a neighborhood of the current solution is constructed. In this neighborhood,
a solution is selected as the new current solution in accordance with some criteria.
Then, the algorithm continues from this new solution. Note that both feasible
solutions and infeasible solutions with respect to the capacity constraint are taken
into consideration during the search in the neighborhood. Allowing infeasible solutions
with some penalty costs in the objective function (relaxing the set of constraints (3.8)
during the search) reduces the possibility of obtaining a local optimal solution. The
interested reader is referred to Cordeau et al. (1997) and Gendreau et al. (1994) for
details about this mechanism.

A solution y is a set of p routes which may be infeasible with respect to the vehicle
capacity constraint. The total load of its routes in excess of the vehicle capacity is
represented by q(y). Let z(y) denote the objective function value of the solution y.
This value corresponds to the total transportation cost in Step (1b), and the total
weighted cost in Step (3) of Algorithm 3.1. Then, the cost function which is used to
evaluate the solutions is defined as follows:

c(y) = z(y) + νq(y), (3.30)

where ν is a positive parameter. This parameter is modified at each iteration with
respect to the total demand (following Cordeau et al., 2001) which is represented in
Algorithm 3.2. The total violation of the time windows and the drivers’ work hours
are included in the cost function by means of z(y). Therefore, solutions are evaluated
by a cost function which has a different relaxation mechanism from the technique
given in Cordeau et al. (2001). Note that in the latter study, total violation of load,
time window and duration constraints are not considered in the objective function.
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The neighborhood g(y) of the solution y is constructed by employing two types of
relocation operators defined as follows:

• Relocate a customer by changing its location within the route.

• Relocate a customer by deleting it from a route and inserting it into another
route.

As infeasible solutions with respect to the vehicle capacity are also considered in our
procedure, we focus on the relocation operators which yield an effective exploration of
the search space in the neighborhood. Suppose that in the current iteration a solution
generated by relocating the customer i is selected as the new current solution. The
customer i is then added to the tabu list to prevent its relocation for the next ϑ
iterations. However, the tabu status of a customer is overridden if the aspiration
criterion is satisfied: a solution which is generated by relocating a tabu customer can
be selected by the algorithm if this solution has a better cost value than the best cost
value obtained up to the current iteration.

As a diversification mechanism, a supplementary cost component is used during the
search in the neighborhood. Suppose that y′ ∈ g(y) and c(y′) ≥ c(y) and that y′

is obtained by relocating customer i. Under these conditions, the additional cost
of the solution y′ is calculated by a function with respect to the features of that
solution. This supplementary cost is then added to c(y′) to diversify the search.
We use a similar function to that given in Cordeau et al. (2001) to calculate the
supplementary costs. In this function, the intensity of the diversification is adjusted
by a constant parameter (µ). More specifically, this supplementary cost is calculated
by µz(y′)

√
nmπi. In this calculation, m corresponds to the number of vehicles used

for servicing in solution y′ and πi denotes the number of times customer i has been
added to the tabu list during the search. Note that for the diversification mechanism,
we take into consideration the customers relocated during the search instead of the
added attributes to the solution since we have a different tabu list structure.

The process outlined in the following is repeated at most θ times. At each iteration,
our algorithm selects a non-tabu solution in the neighborhood of the current solution
which has a better cost function value than the cost function value of the current
solution. If such a solution cannot be found by the algorithm, then the best non-
tabu solution in this neighborhood is chosen. Note that we apply the first selection
criterion to have an effective Tabu Search algorithm. The solution selected as the new
current solution is then checked for the best feasible solution criteria. In case these
criteria are satisfied, the algorithm updates the best feasible solution obtained so far.
In the algorithm, the parameter τ is used as a secondary terminating criterion. If
the best feasible solution is not updated for τ iterations where τ < θ, the algorithm
is terminated. In our Tabu Search procedure, a medium-term memory is applied
as an intensification mechanism. If the best feasible solution is not updated for a
specific number of iterations, it becomes the new current solution. The previous
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moves applied from the best feasible solution have been recorded by a list. By means
of these recorded moves, the search can now be directed from the non-promising
regions to the promising regions in the neighborhood. Our Tabu Search algorithm
with the applications of the secondary terminating criterion and the intensification
mechanism extends the procedure given in Cordeau et al. (2001). The steps of our
Tabu Search procedure are summarized in Algorithm 3.2.

Set y as the given initial feasible solution
Set y∗ := y and z(y∗) := z(y)
Set κ := 1, stop := 0
while κ ≤ θ and stop = 0 do

Choose the first solution y′ ∈ g(y) that satisfies c(y′) < c(y) and is not tabu
or satisfies the aspiration criterion
if Such a solution cannot be found then

Choose a solution y′ ∈ g(y) that minimizes c(y′) value and is not tabu
end
if y′ is feasible and z(y′) < z(y∗) then

Set y∗ := y′ and z(y∗) := z(y′)
end
if y∗ is not updated for

√
κ iterations then

Set y := y∗ and c(y) := c(y∗)
end
else

Set y := y′ and c(y) := c(y′)
end
Update the tabu list accordingly
if q(y) 6= 0 then

Set ν := ν*(1 + ϕ)
end
else if q(y) = 0 then

Set ν := ν/(1 + ϕ)
end
if y∗ is not updated for τ iterations then

Set stop := 1
end
Set κ := κ+ 1

end

Algorithm 3.2: Tabu Search algorithm

In this algorithm, the parameter ϕ is used to modify the value of the parameter ν
at each iteration. This modification is based on increasing (decreasing) the value of
the penalty coefficient in case the current solution is infeasible (feasible). The current
solution is represented by y; y∗ and z(y∗) are used to denote the best feasible solution
found by the algorithm and its corresponding objective function value, respectively.
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3.3.3 Post-optimization Method

In the last step of Algorithm 3.1, a post-optimization method is applied. Briefly, the
principle is to obtain near-optimal departure time of each vehicle with respect to the
routes obtained by the Tabu Search. Initially, all vehicle routes in the given solution
start from the depot at time 0. In our post-optimization method, the departure time
of each vehicle route from the depot is shifted iteratively by the amount ofM minutes
until no improvement in the total weighted cost of that route is seen. In this way, the
balance between early and late servicing is improved: as the expected delay increases,
the expected earliness is decreasing. This improvement naturally leads to a reduction
in the total service cost component in the objective function. According to results
of preliminary tests, we observe that our post-optimization method reduces the total
service cost with a ρ value of 0.5 by approximately 21% on average. Note that ρ
corresponds to the weight parameter in the objective function. This reduction leads
to an improvement in the objective function value by approximately 1.3% on average.

3.4. Computational Results

We experiment with sets from Solomon (1987). Each problem instance contains one
depot and 100 customers. Capacity of all vehicles, customer locations and customer
demands are taken from Solomon (1987). For each instance, we apply different
CV values of the travel time per unit distance to compare solutions with respect
to the variability. In all experiments, the expected travel times are equal to the
corresponding Euclidean distances.

As the agreed labor shift time in real-life applications is usually equal to 8 hours, we set
w = 480. To obtain various combinations of the service cost and the transportation
cost components, we employ five different values of the weight parameter, where
ρ = 0.00, 0.25, 0.50, 0.75, 1.00. According to preliminary tests performed, M is set to
15, and (cd, ce, ct, cf , co) are equal to (1.00, 0.10, 1.00, 400, 5/6), respectively. The
algorithms are coded in JAVA and all experiments are run on an Intel Core Duo with
2.93 GHz and 4 GB of RAM.

3.4.1 Constructing Initial Feasible Solutions

In our initialization algorithm, we use the parameters given by Table 3.1, which leads
to 38 solutions in total. In the first three sets of the parameters given in Table 1,
the parameter β3 takes the value 0 to measure the effect of the parameters β1 and β2
either individually or jointly. We then gradually increase the value of β3 until it is
set equal to 1. For the remaining weight we consider three options: equally divided
or entirely to β1 or β2. For the CV value given in this table, the corresponding
parameters (α, λ) are set to (1.00, 1.00) which leads to a moderate variation in travel
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times (see Section 3.2.2 for the details about shape (α) and scale (λ) parameters).
In Step (1a) of Algorithm 3.1, the initialization algorithm selects the solution with
the minimum total transportation cost among the 38 solutions to construct IFS. In
addition to IFS, two more solutions of a different type are used as an alternative
starting point in the second phase. One of these solutions (AIFS1) is generated using
our initialization algorithm by selecting the solution with the minimum total weighted
cost among the 38 solutions. The second alternative initial solution (AIFS2) is based
on the deterministic optimal/best-known solutions. The latter solutions, which have
been reported in the literature, are the optimal/best-known solutions provided for the
well-known VRPTW instances with deterministic parameters (see Desaulniers et al.,
2008; Baldacci et al., 2011, for optimal solutions of nine previously open instances).
These solutions are evaluated under travel time stochasticity by having soft time
windows to calculate their cost components.

Table 3.1 Parameters used by initialization algorithm to construct starting solutions

β1 1.00 0.00 0.50 0.80 0.00 0.40 0.60 0.00 0.30 0.40 0.00
β2 0.00 1.00 0.50 0.00 0.80 0.40 0.00 0.60 0.30 0.00 0.40
β3 0.00 0.00 0.00 0.20 0.20 0.20 0.40 0.40 0.40 0.60 0.60

β1 0.20 0.20 0.00 0.10 0.10 0.00 0.05 0.00 γ 1.00 1.00
β2 0.20 0.00 0.20 0.10 0.00 0.10 0.05 0.00 η 1.00 2.00
β3 0.60 0.80 0.80 0.80 0.90 0.90 0.90 1.00 CV 1.00 1.00

3.4.2 Parameter Calibration in Tabu Search Method

We conduct a number of preliminary tests to determine the most appropriate values
of the parameters used in the Tabu Search method. To calibrate our parameters,
we follow an approach similar to Cordeau et al. (1997). Experiments are carried
out successively where different values of one parameter are tested by leaving the
values of other parameters unchanged. We obtain three sets of results by testing µ
(diversification parameter), ϕ (adjustment parameter), and ϑ (size of tabu list) over
the intervals [0.005,0.025], [0.25,1.25], and [5log10|N |,15log10|N |], respectively. In
each set, we observe that using different values of the parameter tested does not lead
to significant variability in the results. Moreover, the most appropriate values found
by Cordeau et al. (2001) provide very good final solutions in a reasonable amount of
time in our setting as well. Therefore, we set the values of µ, ϕ, and ϑ to 0.015, 0.5,
and the nearest integer to 7.5log10|N |, respectively (following Cordeau et al., 2001).

Recall that the parameter ν is dynamically adjusted at each iteration. We set its
initial value to 1 which is a reasonable cost to charge one unit of capacity violation.



3.4 Computational Results 33

Note that this value is assigned with respect to the cost paid for one unit of delay
which is equal to 1.

Moreover, we run a number of preliminary tests to measure the effect of our medium-
term memory applied in Tabu Search method. Results indicate that this mechanism
improves the solution quality by 1-2% on average, over carrying out the Tabu Search
without medium-term memory, with a modest increase in the solution time.

In Step (1b) of Algorithm 3.1, (θ, τ) are (500, 100) and (α, λ) are (1.00, 1.00). These
parameters lead to a reasonable number of iterations to obtain IFS where we have
a moderate variation in travel times. In Step (3), (θ, τ) are (2000, 500) and (α, λ)
are (16, 0.0625), (1.00, 1.00) and (0.0625, 16). Three different CV values are used in
the latter step which can be classified as low (0.25), medium (1.00) and large (4.00).
Accordingly, the objective function value of each initial solution is calculated with
respect to the applied CV value.

3.4.3 Results

Table 3.2 provides the details of the initial feasible solutions, solutions generated by
the Tabu Search and final solutions obtained by post-optimization method for all sets
where ρ = 0.50 and CV = 1.00. Note that the values of Transportation Cost (TC) and
Service Cost (SC), Objective Function Values (OFV), CPU times, and percentages
of improvement in SC component provided by post-optimization method represent
the average values calculated over all instances in the set considered. CPU times
are reported in seconds. We do not report the computational time spent by post-
optimization method to improve the solution found by the Tabu Search method since
this value is close to 0 for each instance.

These results indicate that our Tabu Search method performs well in different
network structures and obtains very good solutions in a reasonable amount of time.
Moreover, the post-optimization method provides very significant improvements in
SC component. With respect to the solutions generated by the Tabu Search method,
all best results of RC1, RC2, R1 and R2 sets are found by starting with IFS. With
respect to the final solutions obtained by post-optimization method, all best results
of RC1, R1 and R2 can be found by starting with IFS. For C1 and C2 sets, all best
results are generated by starting with AIFS2. The reason behind this situation is
explained in Section 3.4.3.4.

In what follows, we discuss different aspects in detail.
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Table 3.2 Details of solutions for all sets with ρ = 0.50 and CV = 1.00

Initial Solution Solution of Tabu Search Final Solution Imp.% in SC
Set Type TC SC OFV CPU TC SC OFV CPU SC OFV component
RC1 IFS 4934.35 1298.89 1.00 348.50 5144.95 219.63 0.61 1171.63 219.52 0.61 0.05
RC1 AIFS1 6350.16 145.99 0.70 30.63 6180.57 54.66 0.65 1076.13 53.36 0.65 2.38
RC1 AIFS2 6338.13 91.87 0.68 0.88 5982.91 49.00 0.62 1045.63 47.69 0.62 2.68
RC2 IFS 2291.92 1956.71 1.00 391.38 2690.60 547.69 0.71 884.50 483.81 0.69 11.66
RC2 AIFS1 3226.93 557.19 0.85 139.75 2813.39 344.71 0.69 1023.38 313.20 0.68 9.14
RC2 AIFS2 3522.90 1322.66 1.10 0.75 2927.68 657.99 0.79 969.38 512.83 0.75 22.06
R1 IFS 4559.86 1779.04 1.00 376.83 4735.04 362.93 0.61 1115.08 362.93 0.61 0.00
R1 AIFS1 6034.00 155.08 0.71 32.67 5817.22 78.83 0.66 1057.42 77.61 0.66 1.55
R1 AIFS2 6478.46 124.59 0.74 0.58 5891.12 62.66 0.66 1167.92 61.24 0.66 2.25
R2 IFS 2233.84 1897.48 1.00 362.00 2573.10 316.82 0.64 925.45 272.43 0.63 14.01
R2 AIFS1 2923.98 533.05 0.79 162.55 2583.00 279.72 0.64 1077.64 258.52 0.63 7.58
R2 AIFS2 3096.19 1167.87 0.99 0.55 2718.87 472.26 0.72 1102.18 381.35 0.69 19.25
C1 IFS 9322.88 4656.92 1.00 359.67 9721.57 137.79 0.53 934.56 94.80 0.53 31.20
C1 AIFS1 9832.69 322.10 0.56 46.11 9583.57 140.46 0.53 985.22 75.97 0.52 45.92
C1 AIFS2 9018.69 17.89 0.49 0.56 9031.96 7.69 0.49 695.78 6.88 0.49 10.55
C2 IFS 8787.75 11626.05 1.00 346.75 9044.28 219.01 0.52 894.50 123.18 0.52 43.75
C2 AIFS1 9285.86 1876.27 0.61 168.63 9082.55 324.11 0.53 963.75 230.87 0.53 28.77
C2 AIFS2 8581.41 12.66 0.49 0.63 8581.63 9.88 0.49 634.50 9.66 0.49 2.25
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3.4.3.1 Effects of Initial Feasible Solutions

Within each set, the final solutions obtained are assessed with respect to the average
values calculated for each of the three CV and five ρ values, leading to 15 results
for each set. Table 3.3 provides the number of best results found by starting with
IFS, and its superiority over AIFS1 and AIFS2 with respect to the average objective
function values (average weighted costs) of final solutions.

Table 3.3 Superiority of IFS over AIFS1 and AIFS2

# of best sol. Sup. of IFS over AIFS1 Sup. of IFS over AIFS2
Set starting with IFS Best Worst Ave. Best Worst Ave.
RC1 5 0.10 0.04 0.07 0.07 0.01 0.04
RC2 13 0.02 0.01 0.01 0.33 0.03 0.14
R1 9 0.11 0.01 0.05 0.12 0.03 0.07
R2 14 0.02 0.01 0.01 0.25 0.01 0.10

According to the average objective function values, all best results out of 15 final
solutions of the C1 set and all best results out of 15 final solutions of the C2 set
can be generated by starting with AIFS2. Comparing final solutions according to
the starting points, we observe that the average weighted costs of the final solutions
obtained by starting with IFS are higher than the best results, 3% on average both in
C1 problem instances and in C2 problem instances. Additionally, the deterministic
optimal solutions are not available in real-life applications. Therefore, we conclude
that it is reasonable to start with IFS in our Tabu Search.

3.4.3.2 Effects of CV and ρ Values

The following figures represent the average service and average transportation costs of
the final solutions of instances in RC, R, and C sets where the Tabu Search algorithm
starts with IFS. Note that in all these figures, for a fixed CV value, ρ values are
increasing along the axis of the average transportation costs. In other words, for all
sets the average transportation costs are increasing as the value of ρ increases within
the same CV value.

In the RC1 set (Figure 3.1(a)), the average service costs are increasing in all cases as
the value of CV increases within the same ρ value. As the value of ρ increases within
the same CV value, the average service costs are decreasing in 23 cases out of 30. In
the RC2 set (Figure 3.1(b)), the average service costs are increasing in 13 cases out of
15 as the value of CV increases within the same ρ value. As the value of ρ increases
within the same CV value, the average service costs are decreasing in all cases.
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Figure 3.1 Average cost values of the final solutions of RC sets obtained by starting
with IFS

In the R1 set (Figure 3.2(a)), the average service costs are increasing in all cases as
the value of CV increases within the same ρ value. As the value of ρ increases within
the same CV value, the average service costs are decreasing in 20 cases out of 30. In
the R2 set (Figure 3.2(b)), the average service costs are increasing in 13 cases out of
15 as the value of CV increases within the same ρ value. As the value of ρ increases
within the same CV value, the average service costs are decreasing in all cases.

In the C1 set (Figure 3.3(a)), the average service costs are increasing in 14 cases out
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Figure 3.2 Average cost values of the final solutions of R sets obtained by starting
with IFS

of 15 as the value of CV increases within the same ρ value. As the value of ρ increases
within the same CV value, the average service costs are decreasing in 27 cases out
of 30. In the C2 set (Figure 3.3(b)), the average service costs are increasing in nine
cases out of 15 as the value of CV increases within the same ρ value. As the value of
ρ increases within the same CV value, the average service costs are decreasing in 25
cases out of 30.

In the figures presented above, we observe some exceptions in which the average service
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Figure 3.3 Average cost values of the final solutions of C sets obtained by starting
with IFS

costs are increasing as the value of ρ increases or they are decreasing as the value of CV
increases. The main reason behind these circumstances is using a procedure based on
Tabu Search metaheuristic which may obtain a local optimal solution. Our solution
algorithm terminates either it reaches the limit given for the number of iterations
of the procedure or the best feasible solution has not been improved for a threshold
number of iterations. These situations lead to (local optimal) routes that may reflect
the properties seen in our solutions.
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3.4.3.3 Effects of Considering Stochastic Travel Times

We compare our final solutions obtained by starting with IFS with the deterministic
optimal/best-known solutions that correspond to AIFS2 in our solution approach.
We focus on the cases where ρ = 0.50 and CV = 4.00, and we observe some extreme
situations in instances RC103, R201 and RC202 where customers are served much
later (or earlier) in our final solutions than in AIFS2. Figures 3.4(a), 3.5(a) and 3.6(a)
represent the comparison of the customers’ expected arrival times for the instances
RC103, R201 and RC202, respectively. Moreover, Figures 3.4(b), 3.5(b) and 3.6(b)
provide the comparison of the customers’ sequences for the instances RC103, R201
and RC202, respectively. Note that in these figures the sequence corresponds to the
rank of customers in the corresponding route.

Some examples of the customers that are visited later in our solutions are customers
61, 12 and 81 in Figures 3.4(a), 3.5(a) and 3.6(a), respectively. These customers are
served by AIFS2 too early which either leads to very high expected earliness values
or prevents serving other customers in their routes reliably and efficiently. In our
final solutions, these exemplified customers are visited within their time windows.
Thus, we have reasonable expected delay and expected earliness values. In addition,
shifting these customers in routes allows us to construct the final solutions which
have lower total weighted costs than AIFS2. Some examples of the customers that
are visited earlier in our solutions are customers 90 and 94 in Figures 3.4(a) and
3.6(a), respectively. These customers have only due dates for deliveries because of the
fact that the lower bound of their time windows is 0. Therefore, giving precedence
to such customers in routes (servicing them earlier) leads to very low expected delay
values.

Note that Figures 3.4(b), 3.5(b) and 3.6(b) include the segments which are parallel to
the 45-degree line. These segments correspond to parts of routes (sub-routes) that are
constructed both by our final solutions and by AIFS2. These sub-routes are visited
by our solutions earlier (or later). More specifically, our final solutions have deleted
(or additional) customers in their routes to serve them reliably and efficiently.

3.4.3.4 Effects of Network Structures

Recall that AIFS2 provides the best results for all instances in C1 and C2 sets with
respect to the average weighted costs. This is due to the fact that the time windows in
these instances have been determined according to the arrival times at the customers
(Solomon, 1987). Note that these arrival times are obtained with respect to the routes
generated by a design method applied in Solomon (1987). Therefore, the deterministic
optimal results have very low service costs, leading to very low service costs in the
final solutions (except the case with ρ = 0 where the service costs do not play a role in
the objective function). The deterministic optimal solutions have low total distances
and low number of vehicles as well since their aim is to minimize the total distance
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Figure 3.4 Comparison of the final solutions with AIFS2 for the instance RC103

for the VRPTW and the customers appear in clusters in C sets.

The service time of each customer is given as 90 time units in C sets whereas it is equal
to 10 time units both in R and in RC sets. Accordingly, the total expected overtime
values are very high in all initial feasible solutions and in their final solutions of the
instances in C sets. The effect of this situation can be seen in Figure 3.3(a) and Figure
3.3(b) in the average transportation cost values.

RC2, R2, and C2 sets have instances with wide time windows compared to the time
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Figure 3.5 Comparison of the final solutions with AIFS2 for the instance R201

windows of instances in RC1, R1, and C1 sets. Due to this structural property, the
average service and transportation costs of RC2, R2, and C2 sets are less sensitive to
the variability in the travel times than those of RC1, R1, and C1 sets, respectively
(see Figures 3.1(a), 3.1(b), 3.2(a), 3.2(b), 3.3(a), and 3.3(b) for effects of different
network structures).
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Figure 3.6 Comparison of the final solutions with AIFS2 for the instance RC202

3.4.3.5 Effects of Departure Time Optimization

In our solution approach, we apply a post-optimization method to the solution
obtained by the Tabu Search algorithm. This method adjusts the departure time
of each vehicle from the depot to improve the solution on-hand. The aim of this
section is to evaluate the impact of when to apply the departure time optimization
in the Tabu Search method. Tables 3.4 and 3.5 provide details of the initial feasible
solutions and the final solutions associated with different applications of the departure
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time optimization method for all sets (ρ = 0.50 and CV = 1.00). More specifically,
these tables represent solutions for the following cases: (i) apply departure time
optimization only once to the solution generated by the Tabu Search, (ii) apply
departure time optimization every iteration in the Tabu Search, (iii) apply departure
time optimization every ten iterations in the Tabu Search, and (iv) apply departure
time optimization every 20 iterations in the Tabu Search. Solutions generated by
case (i) correspond to final solutions obtained by our solution procedure described in
Algorithm 3.1. We refer to these latter solutions as the original final solutions.

When the departure times are adjusted every iteration in the Tabu Search (case (ii)),
for RC1, RC2, R2, C1 and C2 sets, we obtain better final solutions compared to the
original final solutions. However; this comes with a huge increase in computational
times. When the departure times are adjusted every ten iterations in the Tabu
Search (case (iii)), solutions are the same as or worse than the original final solutions.
Moreover, the average computational time in seconds calculated over all sets in this
case (999.64) is larger than in original final solutions. When the departure times are
adjusted every 20 iterations in the Tabu Search (case (iv)), we obtain the same or
worse solutions compared to the original final solutions. For RC1, R1, R2 and C2
sets, we have lower computational times, but these reductions result in an increase in
objective function values, especially for C2 set.

Cordeau et al. (2002b) summarize the well-known classical and some of the best
available heuristics, and compare them with respect to some essential criteria. For
a solution approach based on heuristics, both accuracy and speed are important
attributes. Results given in Tables 3.4 and 3.5 confirm that our solution proce-
dure, which employs departure time optimization when the Tabu Search algorithm
terminates (case (i)), provides very good final solutions in a reasonable amount of
time.

3.4.4 Managerial Insights

The VRP studied in this chapter originates from the fact that the stochasticity in the
travel times should be taken into account to get reliable routing decisions. Having
a small increase in the total transportation cost, we observe a significant decrease in
the total service cost. For example, focusing on cases where ρ takes the value 0.25
from 0.00 within CV = 0.25, we see that a 4.37% increase in the total tranportation
cost on average leads to a 77.08% decrease in the total service cost on average over all
problem instances. A manager might take the advantage of a significant service cost
reduction by having a very small increase in the transportation cost with the same
number of vehicles.
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Table 3.4 Details of solutions obtained by the first two applications of departure time optimization

Initial Solution Final Solution - case (i) Final Solution - case (ii)
Set TC SC TC SC OFV CPU TC SC OFV CPU
RC1 4934.35 1298.89 5144.95 219.52 0.61 1171.63 5139.99 208.62 0.61 2330.13
RC2 2291.92 1956.71 2690.60 483.81 0.69 884.50 2636.79 354.91 0.66 5597.75
R1 4559.86 1779.04 4735.04 362.93 0.61 1115.08 4732.29 374.77 0.62 2329.08
R2 2233.84 1897.48 2573.10 272.43 0.63 925.45 2474.78 219.30 0.60 6713.18
C1 9322.88 4656.92 9721.57 94.80 0.53 934.56 9348.42 8.78 0.50 6447.33
C2 8787.75 11626.05 9044.28 123.18 0.52 894.50 8885.79 16.14 0.51 16254.38

Table 3.5 Details of solutions obtained by the last two applications of departure time optimization

Initial Solution Final Solution - case (iii) Final Solution - case (iv)
Set TC SC TC SC OFV CPU TC SC OFV CPU
RC1 4934.35 1298.89 5145.16 228.78 0.62 1027.75 5147.83 235.19 0.62 1041.00
RC2 2291.92 1956.71 2641.85 508.31 0.69 986.13 2653.94 501.08 0.69 1139.63
R1 4559.86 1779.04 4716.78 384.02 0.61 925.58 4722.54 376.96 0.61 878.50
R2 2233.84 1897.48 2583.98 316.44 0.65 887.09 2546.58 295.61 0.64 914.45
C1 9322.88 4656.92 10079.08 330.58 0.57 1233.89 9914.47 231.91 0.55 1134.89
C2 8787.75 11626.05 9523.22 1259.86 0.60 937.38 9400.69 1600.56 0.61 722.38
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3.5. Conclusions

Considering reliability and efficiency in a stochastic way in the VRPTW is important
as it extends the current body of knowledge closer to the real-life situation. Clearly,
assuming a deterministic and static world leads to suboptimal solutions which need
to be further improved in the real-life applications. In this chapter, we focus on a
vehicle routing problem with soft time windows and stochastic travel times. Our
aim is to construct reliable and efficient routes by means of the stochastic measures
defined in this study. We propose a model that obtains meaningful combinations of
the transportation costs and the service costs with respect to the carrier companies’
priorities. Additionally, we propose a solution approach with three main phases to
solve our model. In the first phase, an initial feasible solution is constructed in two
stages (IFS). This solution is improved by applying a Tabu Search method in the
second phase. Finally, a further improvement is provided by a post-optimization
method.

We apply our solution approach to the experiments conducted for well-known problem
instances which have different structures. We test our Tabu Search algorithm by
starting with different initial solutions. Results show that the Tabu Search method
performs well in each network structure and provides very good final results in a
reasonable amount of time. We find that most of the best results are obtained by
improving the IFS. The network structure has a significant effect on the performance
of the initial solutions with respect to their corresponding final solutions. Finally,
we analyze the effect of variability on the service costs and the effect of the priority
of reliability on two main cost components. We observe that the variability in the
travel time per unit distance has a direct effect on the cost of servicing. In addition,
our model is very successful to create various solution options with respect to the
company preferences.
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Chapter 4

Vehicle Routing Problem
with Stochastic Travel Times
and Soft Time Windows:
Exact Methods

4.1. Introduction

In this chapter, we study a version of the Vehicle Routing Problems (VRP) where
we focus on stochastic travel times with a known probability distribution. Using
stochastic travel times enables us to construct both reliable and efficient routes. In
addition to the cost effectiveness, we also consider customer service aspects where
each customer has a soft time window that allows early and late servicing. The
motivation for focusing on the problem described is that in real-life contexts vehicles
operate on a traffic that may be congested, which leads to uncertain travel times.
We consider these stochastic travel times at the planning level to accurately evaluate
arrivals of vehicles at customer locations by means of stochastic performance measures
incorporated in our problem. In practice, these evaluations are carried out with
respect to the customers’ delivery time intervals. The latter are potentially soft
in real-life applications since travel times are uncertain and thus cannot exactly be
predicted. Note that customers can often be provided service outside their time
windows.

For our problem, we consider the formulation introduced in Chapter 3, where we
focus on modeling aspects and on solving the problem effectively with a new solution
procedure based on metaheuristics. The study conducted in Chapter 3 extends
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existing models, which are generated for stochastic routing problems, by proposing
a one-stage formulation in which the objective function copes with time window
violations and expected overtime, and all constraints are linear (see Ando and
Taniguchi, 2006; Russell and Urban, 2008; Li et al., 2010, for existing models). In
this formulation, the objective is to minimize the sum of transportation costs and
service costs. Transportation costs result from three elements which are the total
distance traveled, the number of vehicles used and the total expected overtime of the
drivers. Service costs are incurred for early and late arrivals; these correspond to
time window violations at the customers. Various solution options can be provided to
carrier companies by generating different combinations of two main cost components.
In this chapter, we optimally solve this model.

As mentioned above, the formulation introduced in Chapter 3 divides the cost
components into transportation costs and service costs. It is important to consider
this distinction for real-life applications since carrier companies focus on aspects which
are usually different from those that concern their customers. In practice, service
providers aim to serve all customers by employing the least (operational) cost vehicle
routes. For customers, deliveries need to be satisfied by these routes as reliably as
possible (within the predefined time windows as promised). The transportation cost
component includes true costs paid by carrier companies. Note that by definition, this
component is directly related to efficiency of operations. Service costs are obtained
by confronting arrival times with soft time windows at customers and thus directly
associated with reliability of operations. In this chapter, the uncertainty in travel
times is taken into account in both cost calculations.

To obtain the optimal solution of our model, we apply a column generation procedure
(see Lübbecke and Desrosiers, 2002; Desaulniers et al., 2005, for comprehensive
surveys on column generation). In our procedure, the master problem can be modeled
as a classical set partitioning problem. The pricing subproblem, for each vehicle,
corresponds to an Elementary Shortest Path Problem with Resource Constraints
(ESPPRC). This column generation procedure is embedded within a branch-and-
price scheme to obtain integer solutions. Branch-and-price method has proved to be
a very successful exact approach for tackling deterministic and stochastic variants
of vehicle routing problems. Some applications can be found in Desrochers et al.
(1992), Fischetti et al. (1994), Chabrier (2006), Irnich and Villeneuve (2006), and
Christiansen and Lysgaard (2007). As far as we know, no one has yet studied exact
methods to solve the VRP with soft time windows and stochastic travel times. This
chapter extends the related literature by providing such a procedure.

The remainder of this chapter is organized as follows. The problem and the
formulation used in this chapter are introduced in Section 4.2. The column generation
procedure and its pricing problem are presented respectively in Sections 4.3 and 4.4.
Then, we describe our branch-and-price algorithm in Section 4.5 and report numerical
results on Solomon’s problem instances (Solomon, 1987) in Section 4.6. Finally, we
provide our conclusions in Section 4.7.
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4.2. Problem Description and Formulation

Let G = (N,A) be a connected digraph where N = {0, 1, ..., n} is the set of nodes and
A is the set of arcs. In this graph, node 0 denotes the depot, and nodes 1 to n represent
customers. A distance dij , and a travel time Tij with a known probability distribution
are defined for each arc (i, j), where i 6= j. More specifically, we model travel times
using the Gamma distribution. With each customer i ∈ N \ {0} is associated a non-
negative demand qi, a non-negative service time si, and a soft time window [li, ui]
where 0 ≤ li ≤ ui. Soft time windows enable to serve customers outside their time
windows, but some penalty costs must be incurred for the company for early or late
servicing. The scheduling horizon for the problem is represented by [l0, u0], which is
the time window given for the depot. Furthermore, a homogeneous fleet of vehicles of
equal capacity (Q) is located at the depot. These vehicles, which belong to set V , are
not allowed to wait at customer locations in case of early arrival; service must take
place immediately.

In this chapter, we focus on the mathematical formulation introduced in Chapter 3.
We first summarize the notation used in this formulation in Table 4.1.

Table 4.1 Notation used in the mathematical model

xijv : equal to 1 if vehicle v covers arc (i, j), 0 otherwise
x : vector of vehicle assignments and customer sequences in these

vehicle routes, where x = {xijv | i, j ∈ N, v ∈ V }
Djv(x) : expected delay at node j when it is served by vehicle v
Ejv(x) : expected earliness at node j when it is served by vehicle v
Ov(x) : expected overtime of the driver working on route of vehicle v
cd : penalty cost paid for one unit of delay
ce : penalty cost paid for one unit of earliness
ct : cost paid for one unit of distance
co : cost paid for one unit of overtime
cf : fixed cost paid for each vehicle used for servicing

The model, which is solved by applying exact algorithms in this chapter, can then be
stated as follows:

min
∑

v∈V

[
ρ
1

C1

(
cd
∑

j∈N

Djv(x) + ce
∑

j∈N

Ejv(x)

)

+(1− ρ) 1

C2

(
ct
∑

i∈N

∑

j∈N

dijxijv + cf
∑

j∈N\{0}

x0jv + coOv(x)

)]
(4.1)
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subject to
∑

j∈N

∑

v∈V

xijv = 1, i ∈ N \ {0}, (4.2)

∑

i∈N

xikv −
∑

j∈N

xkjv = 0, k ∈ N \ {0}, v ∈ V, (4.3)

∑

j∈N

x0jv = 1, v ∈ V, (4.4)

∑

i∈N

xi0v = 1, v ∈ V, (4.5)

∑

i∈N\{0}

qi
∑

j∈N

xijv ≤ Q, v ∈ V, (4.6)

∑

i∈B

∑

j∈B

xijv ≤ |B| − 1, B ⊆ N \ {0}, v ∈ V, (4.7)

xijv ∈ {0, 1}, i ∈ N, j ∈ N, v ∈ V. (4.8)

The objective function (4.1) minimizes the total weighted cost which has two main
components, service costs and transportation costs. Constraints (4.2) ensure that
each customer is visited exactly once. Constraints (4.3) are the flow conservation
constraints at each customer for each vehicle. Constraints (4.4) and (4.5) indicate
that every vehicle route must start from and end at the depot. Constraints (4.6)
state that the load of each vehicle cannot exceed its capacity. Constraints (4.7) are
subtour elimination constraints, and (4.8) are the integrality constraints. Parameter ρ
is used to obtain various combinations of the two main cost components by adjusting
their values with scaling parameters C1 and C2. The interested reader is referred to
Chapter 3 for details about these parameters and their calculations.

The above formulation can also be modeled as a Multi-Objective Problem (MOP),
which aims to find the complete set of Pareto optimal solutions (referred to as the
Pareto frontier). However, obtaining the optimal Pareto frontier may be difficult
or even impossible when NP-hard problems are considered, especially for large-sized
instances (see Jozefowiez et al., 2002). Moreover, we deal with a complex pricing
subproblem due to the stochastic nature of the problem. This would become much
harder to handle in case the problem is formulated as a MOP. In this chapter, we
apply exact methods to our problem by focusing on the model which is proposed
as a single-objective optimization problem in Chapter 3. The MOP variant to this
problem is left for future research.

To make the problem tractable, it is assumed that the random traversal time spent for
one unit of distance follows a suitable Gamma distribution with shape parameter α
and scale parameter λ. This approach leads to Gamma distributed arc traversal times
where shape parameters are obtained by scaling α with respect to the length of the
corresponding arc. Since vehicles do not wait at customer locations, the arrival time
of a vehicle at a node along its route can be defined as the sum of travel times on arcs
covered by the vehicle until that node. The latter calculation requires an adjustment
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to the time window at the visited node by taking into account the cumulative service
time. Gamma distributed arrival times are then derived where shape parameters are
obtained by scaling α with respect to the total length of the arcs covered. These
definitions enable us to compute expected delay, expected earliness and expected
overtime values exactly by using an approach similar to that given in Dellaert et al.
(2000). Note that expected delay and expected earliness values, and thus the total
service cost of a route, are computed with respect to the optimal starting time of that
route from the depot (see Sections 4.4.1 and 4.4.2 for the related calculations).

The Gamma distribution is especially applicable to the VRP since it is limited to
non-negative values (leading to non-negative travel times) and it includes several
distributions as special cases (Exponential, Erlang and Chi-Square). The Gamma
distribution appropriately represents the nature of the travel times observed in real-
life applications where large values (such as long travel times due to accidents) have
small probabilities. Moreover, we easily obtain arc traversal times by means of the
additive property of the Gamma distribution. In this thesis, it is assumed that the
travel time spent for traversing one unit of distance is independent of the travel
time spent for the next unit. This assumption has been widely applied in literature,
particularly for the problems with deterministic models where the travel time is a
linear representation of the distance (the classical VRP and VRPTW models).

4.3. Column Generation

The interested reader is referred to Desrosiers et al. (1995) for details about the
column generation method. This method decomposes the problem into a master
problem and a pricing subproblem. In a column generation algorithm, one starts by
solving a Restricted Linear Programming Master Problem (RLPMP), in which the
master problem is relaxed and only the vehicle routes of an initial feasible solution are
included. These initial routes constitute a subset of all feasible vehicle routes in the
master problem. One then solves the pricing subproblem by using the optimal dual
values obtained by solving the RLPMP. If a new vehicle route with negative reduced
cost is found by the pricing subproblem, it is added to the RLPMP and this problem is
re-optimized to obtain new optimal dual values. Otherwise, the algorithm terminates
since an optimal solution of the linear programming relaxation of the master problem
has been found. For the first step of the column generation algorithm, we construct
an initial feasible solution by using the initialization algorithm introduced in Chapter
3. This algorithm modifies the I1 insertion heuristic of Solomon (1987) by taking
into account expected violations of the time windows computed with respect to the
stochastic travel times. The interested reader is referred to Chapter 3 for details
about this initialization algorithm.

In the following, we present the master problem and the pricing subproblem of the
column generation method proposed for the model presented in Section 4.2.
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The Master Problem: The master problem, which corresponds to constraints (4.2) in
the original model, can be formulated as a set partitioning problem as follows:

min
∑

p∈P

Kpyp (4.9)

subject to
∑

p∈P

aipyp = 1, i ∈ N \ {0}, (4.10)

yp ∈ {0, 1}, p ∈ P, (4.11)

where P is the set of all feasible vehicle routes (where each customer is visited exactly
once) that start from and end at the depot. Here, aip is equal to 1 if customer i is
served by route p and 0, otherwise. The decision variable yp is equal to 1 if route p
is selected in the solution and 0, otherwise. Kp, which is the total weighted cost of
route p, is calculated by:

Kp =ρ
1

C1

(
cd
∑

j∈N

Djv(x) + ce
∑

j∈N

Ejv(x)

)

+(1− ρ) 1

C2

(
ct
∑

i∈N

∑

j∈N

dijxijv + cf
∑

j∈N\{0}

x0jv + coOv(x)

)
. (4.12)

Note that in the RLPMP of the column generation method, constraints (4.11) are
relaxed.

The Pricing Subproblem: The pricing subproblem for each vehicle v, which corre-
sponds to constraints (4.3)-(4.8) in the original formulation, is an Elementary Shortest
Path Problem with Resource Constraints (ESPPRC). Note that in the problem at
hand, the only resource is vehicle capacity. The subproblem for a given vehicle v can
then be written as follows:

min Kp (4.13)

subject to (4.3)− (4.8), (4.14)

where p corresponds to the route of vehicle v and Kp is the reduced cost of route p.
The latter is computed by:

Kp =Kp −
∑

i∈N\{0}

aipui

=ρ
1

C1

(
cd
∑

j∈N

Djv(x) + ce
∑

j∈N

Ejv(x)

)

+(1− ρ) 1

C2

(
ct
∑

i∈N

∑

j∈N

dijxijv + cf
∑

j∈N\{0}

x0jv + coOv(x)

)
−

∑

i∈N\{0}

aipui,

(4.15)

where ui, i ∈ N \ {0} is the dual price associated with covering constraints (4.10).
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4.4. Elementary Shortest Path Problem with Re-
source Constraints

We solve our pricing subproblem with the algorithm of Feillet et al. (2004) by applying
the state space augmentation (decremental state space relaxation) technique of Boland
et al. (2006), and Righini and Salani (2008). The algorithm proposed in Feillet et al.
(2004) to solve the ESPPRC is based on the label correcting reaching algorithm of
Desrochers (1988). In the latter algorithm, labels are used to denote the partial paths.
More precisely, each label at a node represents a path from the depot to that node;
it specifies the cost of the path and the consumption of the resources along the path.
The label correcting reaching algorithm repeatedly processes the nodes at which some
unprocessed labels can be found: each new label is extended to each possible successor
node. Briefly, the principle of the extension of a label is to update the consumption of
resources. If the algorithm cannot generate any new labels, then it terminates. This
procedure enhances the Ford-Bellman algorithm, and thus it is based on dynamic
programming. Feillet et al. (2004) extended this classical label correcting algorithm,
which had been developed for the non-elementary shortest path problem with resource
constraints, by including node resources to solve the ESPPRC optimally. Beasley and
Christofides (1989) were the first to propose the idea of adding a binary resource for
each node in the graph, but they did not conduct any computational experiments for
that. Feillet et al. (2004) apply the idea of having a resource associated with each
node, where each resource has a limit of one. When a node cannot be visited in any
extension of a partial path (either because it has already been visited by that path
or because its addition would violate at least one resource constraint), one unit of
the corresponding resource is consumed. This consumption results in reaching the
resource limit, which makes that node unreachable for the partial path.

In the state space augmentation algorithm, the problem is relaxed where multiple
visits are forbidden only for the nodes in a given set S ⊆ N \ {0}. More specifically,
we allow routes that visit nodes in N \{0∪S} more than once. If the optimal solution
of the relaxed form of the ESPPRC is elementary (i.e., there is no repeated nodes),
then it is also optimal for the ESPPRC. Otherwise, the state space is augmented by
adding to S nodes which appear more than once (i.e., they are not elementary) in the
optimal solution of the relaxed problem.

In our problem, a state (W 1
p , ...,W

R
p , a

S
p ,V

S
p ) is associated with each path p from

the depot to node i. In that state, (W 1
p , ...,W

R
p ) denotes the consumption of each

of the R resources along the path p. Note that we provide a general representation
for the consumption of resources which is adjusted with respect to our problem in
Algorithms 4.1 and 4.2. aSp corresponds to the number of nodes in S (no node in this

set is visited more than once) which are unreachable by path p. VS
p is the vector

of unreachable nodes in S, which is defined by V b
p = 1 if node b ∈ S is unreachable

by path p and 0, otherwise (following Feillet et al., 2004). We represent each path p
by a label (Lp,Kp) where Lp = (W 1

p , ...,W
R
p , a

S
p ,V

S
p ) and Kp is the reduced cost of
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path p, which is computed by Equation (4.15) with respect to the optimal starting
time of path p from the depot (see Sections 4.4.1 and 4.4.2 for the calculation of
the optimal departure time). Let p and p∗ be two distinct paths from the depot to
node i where each path starts from the depot at the optimal departure time of its
corresponding vehicle. In addition, suppose that these two paths arrive at node i
at different times (different expected arrival times). In order to obtain a meaningful
dominance relationship, the starting time of one path (path p) from the depot must
be adjusted to make this path arrive at node i at the same time as the other path
(path p∗). The reduced cost of path p computed with respect to this adjusted starting
time from the depot is denoted by Kpp∗

. The dominance relationship is then defined
as follows:

Definition 4.1 If p and p∗ are two distinct paths from the depot to node i with
labels (Lp,Kp) and (Lp∗ ,Kp∗), respectively, then path p dominates path p∗ if and
only if W r

p ≤ W r
p∗ for r = 1, ..., R, aSp ≤ aSp∗ , V b

p ≤ V b
p∗ for all b ∈ S, Kp ≤ Kp∗ ,

Kpp∗
≤ Kp∗ and (Lp,Kp) 6= (Lp∗ ,Kp∗).

That is, path p dominates path p∗ if (i) it consumes fewer resources for each resource
considered, (ii) every unreachable node is also unreachable for path p∗, and (iii)
it is less costly when it starts from the depot at its optimal departure time and
when it arrives at node i at the same time as path p∗. A path is called efficient if
its corresponding label is non-dominated. The method applied to solve our pricing
subproblem is described in Algorithm 4.1. In that algorithm, Πi, I, and Hij denote
the list of labels on node i, the list of nodes that will be treated and the set of labels
extended from node i to node j, respectively. Moreover, EFF (Π) is the procedure
that removes dominated labels and keeps only the non-dominated ones in Π. In our
problem, we have only one resource constraint, which is the capacity of vehicles (Q).
Therefore, we have only W 1

p in the labels which corresponds to the consumption of
the capacity resource along path p. In addition, w1

ij represents the consumption of
capacity along arc (i, j) which is equal to the demand value at node j (qj). Formally,
the extension of a label at node i to node j is defined in Algorithm 4.2. In this
algorithm, πp′ represents the resulting label obtained by extending label πp from node
i to node j. This algorithm first updates the consumption of the vehicle capacity. If
the corresponding resource constraint is satisfied, the reduced cost of the resulting
label is computed. Moreover, the number of unreachable nodes and the vector of
unreachable nodes are updated with respect to node j and its successor nodes. The
computational complexity of this algorithm is exponential in the size of S. The
interested reader is referred to Boland et al. (2006), and Righini and Salani (2008)
for details about the worst-case complexity.

Note that in Algorithm 4.1, the procedure EFF (Π) is applied to the list of paths
on the ending depot after all nodes are treated. At this step, the elementary paths
on the ending depot which are efficient ones with non-negative reduced costs and
dominated ones regardless of their reduced costs are kept in an Intermediate Column
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S ← ∅
S′ ← ∅
repeat

S ← S ∪ S′

S′ ← ∅
Π0 = {(0,0,0,0)}
forall the i ∈ N \ {0} do

Πi ← ∅
end

I = {0}
repeat

Choose i ∈ I
forall the (i, j) ∈ A do

Hij ← ∅

forall the πp = (W 1
p , a

S
p ,V

S
p ,Kp) ∈ Πi do

if (j /∈ S) or (j ∈ S and V j
p = 0) then

if Extend(i, πp, j) 6= FALSE then
Hij ← Hij ∪ {Extend(i, πp, j)}

end

end

end

if j ∈ N \ {0} then
Πj ← EFF (Πj ∪Hij)
if Πj has changed and j /∈ I then

I ← I ∪ {j}
end

end

end

I ← I \ {i}
until I = ∅;
Π0 ← EFF (Π0)
if There is at least one elementary path on the depot with negative reduced cost then

Send such paths to the RLPMP
else

if The minimum reduced cost is negative then
Select the customer with the highest multiplicity in the solution with the
minimum reduced cost
S′ ← {selected customer}

end

end

until S′ = ∅;

Algorithm 4.1: Algorithm with state space augmentation technique to solve
the ESPPRC
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if W 1
p + qj > Q then

return FALSE
else

compute W 1
p′ and Kp′

aSp′ ← aSp
VS

p′ ← VS
p

if j ∈ S then
aSp′ ← aSp′ + 1

V j
p′ ← 1

end
foreach b ∈ S and (j, b) ∈ A such that W 1

p′ + qb > Q do

aSp′ ← aSp′ + 1

V b
p′ ← 1

end

return πp′ = (Lp′ ,Kp′)
end

Algorithm 4.2: Extend(i, πp, j)

Pool (ICP), which is similar to the application of the buffer column pool proposed
in Savelsbergh and Sol (1998). Instead of solving the ESPPRC immediately after re-
optimizing the RLPMP, we first search the ICP after re-computing column reduced
costs with respect to new optimal dual values. The columns with negative reduced
costs are then sent from the ICP to the RLPMP. The ESPPRC is solved if we cannot
find any such columns in the ICP. At each iteration, we check the size of the ICP to
clean it if it is needed. Cleaning takes place when the number of columns in the ICP
is larger than a threshold value. In this situation, all columns which have been kept
for more than a pre-determined number of iterations are removed from the ICP. This
way, we prevent the ICP from becoming too large and, thus, too costly to explore.

In addition to the strategy described above, we apply one more accelerating method
which is related to the pricing subproblem in our solution procedure. Each time that
we extend a label to the ending depot, we compare this recently added path with
all other efficient paths at that node by employing the dominance relation. This
way, we determine the number of efficient elementary paths with negative reduced
costs at the ending depot. If this number is larger than a threshold value, we stop
the ESPPRC and then send all these paths, which are efficient elementary ones with
negative reduced costs, to the RLPMP. The interested reader is referred to Feillet
et al. (2004, 2007) for similar implementations of this technique.

In Algorithms 4.1 and 4.2, the total service cost, and thus the reduced cost of each
path are computed with respect to the optimal starting time of that path from the
depot. We first provide the properties of the service cost component in the next
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section.

4.4.1 Service Cost Component

For the expected values considered in the service cost component, we summarize
the related notation in Table 4.2. The equations given in this table are constructed
with respect to the random traversal time which is Gamma distributed with shape
parameter α and scale parameter λ. Recall that we have Gamma distributed arc
traversal times and Gamma distributed arrival times by means of the definitions
provided in Section 4.2. The interested reader is referred to Chapter 3 for further
explanations about these definitions.

Table 4.2 Notation used for the calculation of service cost component

Γ(α) : Gamma function, where Γ(α) =
∫∞

0
e−rrα−1dr

Γα,λ(δ) : cumulative Gamma distribution function, where δ ≥ 0 and

Γα,λ(δ) =
∫ δ

0
(e−z/λ)(z)α−1

Γ(α)λα dz

Yjv : arrival time of vehicle v at node j
Ajv : set of arcs covered by vehicle v before visiting node j
αjv : shape parameter of Yjv, where αjv = α

∑
(l,k)∈Ajv

dlk
λjv : scale parameter of Yjv, where λjv = λ
sjv : total service time spent by vehicle v for servicing until node j
u′j : upper bound of the time window at node j shifted by sjv,

i.e., u′j = uj − sjv
l′j : lower bound of the time window at node j shifted by sjv,

i.e., l′j = lj − sjv
E[Tij ] : mean of travel time on arc (i, j), i.e., E[Tij ] = αλdij
E[Yjv] : mean of Yjv, when node j is visited immediately after node i,

i.e., E[Yjv] = E[Yiv] + E[Tij ]

The expected delay and expected earliness at node j when it is served by vehicle v
are then computed as follows when vehicle v departs from the depot at time 0:

Djv(x) =

{
αjvλjv(1− Γαjv+1,λjv

(u′j))− u′j(1− Γαjv,λjv
(u′j)), if uj > sjv

E[Yjv] + sjv − uj , otherwise

Ejv(x) =

{
l′jΓαjv,λjv

(l′j)− αjvλjvΓαjv+1,λjv
(l′j), if lj > sjv

0, otherwise
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As we already mentioned in Section 4.2, the total service cost of a path is computed
with respect to the optimal starting time of that path from the depot. We determine
the optimal departure time of each vehicle from the depot with the Golden Section
Search method. The Golden Section Search technique can be applied to find the
minimum (or the maximum) value of a unimodal function. In order to be able to
use the Golden Section Search method, we need to prove that the total service cost
of a path is a unimodal function of its corresponding vehicle’s departure time from
the depot. Since a convex function is also unimodal, we prove instead that the total
service cost component is convex in the following proposition.

Proposition 4.1 For all routes, the total service cost is a convex function of the
corresponding vehicle’s departure time from the depot.

Proof: For a given vehicle v, the total service cost of its route is equal to(
cd
∑

j∈N Djv(x) + ce
∑

j∈N Ejv(x)

)
where cd ≥ 0 and ce ≥ 0. For any node j ∈ N

which is visited by vehicle v, the service cost Zjv is computed by:

Zjv = cdDjv(x) + ceEjv(x). (4.16)

Let y denote the departure time of vehicle v from the depot. Since a sum of convex
functions is also a convex function, we need to show that Zjv is convex. Exploiting

the fact that Zjv is continuously differentiable, we must therefore show that
∂2Zjv

∂y2 ≥ 0

to prove that the total service cost of the route of vehicle v
∑

j∈N Zjv is a convex
function of y. We distinguish between three cases:

Case 1 l′j − y ≥ 0.

Zjv is then computed as follows:

Zjv =cdαjvλjv(1− Γαjv+1,λjv
(u′j − y))

−cd(u′j − y)(1− Γαjv,λjv
(u′j − y))

+ce(l
′
j − y)Γαjv,λjv

(l′j − y)− ceαjvλjvΓαjv+1,λjv
(l′j − y).

We know that

Γα,λ(q) =
1

Γ(α)

∫ q

0

zα−1e−z/λ

λα
dz

=
1

Γ(α)

∫ q
λ

0

tα−1e−tdt

=
1

Γ(α)
γ(α,

q

λ
),
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where γ(α, q
λ ) represents the lower incomplete gamma function with parameters α

and q
λ (α ≥ 0, q ≥ 0 and λ > 0). The first and second derivatives of this function

with respect to q are given as follows:

∂γ(α, q
λ )

∂q
=

1

λ

( q
λ

)α−1

e−
q
λ and (4.17)

∂2γ(α, q
λ )

∂q2
=

1

λ2

( q
λ

)α−2

e−
q
λ

(
α− 1− q

λ

)
. (4.18)

Then,
∂2Zjv

∂y2 is computed as follows:

∂2Zjv

∂y2
=− cdαjvλjv

1

Γ(αjv + 1)

∂2γ(αjv + 1,
u′

j−y

λjv
)

∂y2

+cd(u
′
j − y)

1

Γ(αjv)

∂2γ(αjv,
u′

j−y

λjv
)

∂y2

−2cd
1

Γ(αjv)

∂γ(αjv,
u′

j−y

λjv
)

∂y
+ ce(l

′
j − y)

1

Γ(αjv)

∂2γ(αjv,
l′j−y

λjv
)

∂y2

−2ce
1

Γ(αjv)

∂γ(αjv,
l′j−y

λjv
)

∂y
− ceαjvλjv

1

Γ(αjv + 1)

∂2γ(αjv + 1,
l′j−y

λjv
)

∂y2
. (4.19)

By using Equations (4.17) and (4.18), Equation (4.19) can be written as follows:

∂2Zjv

∂y2
=− cdαjvλjv

1

Γ(αjv + 1)

1

λ2jv

(
u′j − y
λjv

)αjv−1

e
−

(

u′

j−y

λjv

)(
αjv −

(
u′j − y
λjv

))

+cd(u
′
j − y)

1

Γ(αjv)

1

λ2jv

(
u′j − y
λjv

)αjv−2

e
−

(

u′

j−y

λjv

)(
αjv − 1−

(
u′j − y
λjv

))

+2cd
1

Γ(αjv)

1

λjv

(
u′j − y
λjv

)αjv−1

e
−

(

u′

j−y

λjv

)

+ce(l
′
j − y)

1

Γ(αjv)

1

λ2jv

(
l′j − y
λjv

)αjv−2

e
−

(

l′j−y

λjv

)(
αjv − 1−

(
l′j − y
λjv

))

+2ce
1

Γ(αjv)

1

λjv

(
l′j − y
λjv

)αjv−1

e
−

(

l′j−y

λjv

)

−ceαjvλjv
1

Γ(αjv + 1)

1

λ2jv

(
l′j − y
λjv

)αjv−1
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where Γ(αjv + 1) = αjvΓ(αjv). The above equation leads to:
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.
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So,
∂2Zjv

∂y2 ≥ 0.

Case 2 u′j − y ≥ 0 and l′j − y ≤ 0.

Since lj ≤ sjv + y, Ejv(x) is equal to 0. Zjv and its second derivative are then
computed as follows:

Zjv = cdαjvλjv(1− Γαjv+1,λjv
(u′j − y))− cd(u′j − y)(1− Γαjv,λjv

(u′j − y)) and,

∂2Zjv

∂y2
= cd

1

Γ(αjv)

(u′j − y)αjv−1

λ
αjv

jv

e
−

(

u′

j−y

λjv

)

.

So,
∂2Zjv

∂y2 ≥ 0.

Case 3 u′j − y ≤ 0.

In this case, Ejv(x) is again equal to 0 since lj ≤ sjv + y. We then compute Zjv and
its second derivative as follows:

Zjv = cd(E[Yjv] + sjv + y − uj) and,

∂2Zjv

∂y2
= 0.

These three cases yield that for any node j ∈ N which is visited by vehicle v, Zjv

is a convex function of the departure time of v from the depot. Therefore, we can
conclude that for any vehicle v, the total service cost of its route is a convex function
of the departure time of v from the depot. ✷

Note that Proposition 4.1 can also be proved by showing that the expected delay and
the expected earliness are separately convex. Since the latter situation would have
the same three cases, we focus on the total service cost. The above proof allows us to
use the Golden Section Search method to compute the optimal departure time of each
vehicle from the depot. In the next section, we present the details of this solution
scheme.

4.4.2 Golden Section Search

We consider the departure times over the interval [g, h] where initially g = l0 and
h = u0. Note that [l0, u0] is the time window at the depot, which corresponds to the
scheduling horizon of the problem. An error tolerance fraction (ǫ) is used to terminate
the algorithm, which is set to 10−6 in our study. The overall Golden Section Search
method is described in pseudo-code as Algorithm 4.3. In that algorithm, the coefficient
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τ is equal to 0.6180. SC1 and SC2 denote the total service costs of the partial path p
(operated by vehicle v) which are computed with respect to departure times y1 and
y2 from the depot, respectively. In addition, the optimal departure time of vehicle v
from the depot is represented by y∗.

y1 = τg + (1− τ)h
Calculate SC1

y2 = τh+ (1− τ)g
Calculate SC2

while |g − h| > ε do

if SC1 > SC2 then
g = y1
y1 = y2
SC1 = SC2

y2 = τh+ (1− τ)g
Calculate SC2

else
h = y2
y2 = y1
SC2 = SC1

y1 = τg + (1− τ)h
Calculate SC1

end

end

if SC1 < SC2 then
y∗ = y1

else
y∗ = y2

end

Algorithm 4.3: Golden Section Search

4.5. Branch-and-Price Method

An integer solution needs to be obtained in case the optimal solution of the linear
programming relaxation of the formulation (4.9)-(4.11) is fractional. To generate
an integer solution, we embed our column generation procedure within a branch-
and-price method, in which the strategy applied is branching on arcs (see Feillet
et al., 2004; Tagmouti et al., 2007, for details about this method). Since we have
a homogeneous fleet of vehicles of equal capacity, we compute sum of flows (fij) on
each arc (i, j), based on a given fractional solution x, as follows:

fij =
∑

v∈V

xijv. (4.20)

Note that we have xijv variables in the master problem of the column generation
algorithm, where aip =

∑
(i,j)∈A xijv (route p is operated by vehicle v). We force arc

(i, j) into the solution by setting fij = 1, and we exclude arc (i, j) from the solution
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by imposing fij = 0. If we have several fractional flow variables, we choose the arc
(i, j) on which the value of fij is the closest one to the midpoint (0.5). If there are
several closest variables, the first one found is chosen. The termination criteria of the
branch-and-price algorithm are presented in the next section.

To make the branching process computationally efficient, all distinctive columns
obtained at the root node are stored in a separate pool. Feasible columns with
respect to branching rules at a child node are then taken from that pool and used by
the column generation algorithm. At each child node, we keep an extra column which
serves all customers with a very high total weighted cost. By this way, it is ensured
that we have an initial solution at all nodes in the branch-and-price tree.

In this procedure, each problem instance is solved by employing both Depth-First
(DF) and Breadth-First (BF) methods in the branch-and-price tree. In DF method,
the Upper Bound (UB) of the root node corresponds to the initial feasible solution
generated at that node, thus providing a starting value for UB. To proceed into the
next level, we select the child node which has the minimum Lower Bound (LB) value.
Note that LB corresponds to the objective function value of the solution obtained
by the column generation algorithm at that child node. In BF method, we solve an
integer programming over all columns obtained by column generation algorithm at
the root node. This solution is then assigned as the starting value of UB.

4.6. Numerical Results

We use Solomon’s problem instances (Solomon, 1987) for testing our exact solution
approach based on column generation and branch-and-price. We focus both on
problem instances with tight time windows (type 1) and on problem instances with
wide time windows (type 2). Recall that the soft time windows in our problem
setting, which allow early and late servicing at customers with some penalty costs, do
not lead to the inclusion of any resource constraint in the ESPPRC. This structure
makes our problem similar to the capacitated VRP, and thus very sensitive to the
capacity of vehicles, which is the only resource in the pricing subproblem. We first
ran a number of preliminary tests to determine the most appropriate value of the
vehicle capacity that enables us to obtain results in a reasonable amount of time.
Two sets of preliminary tests were then conducted to determine the most appropriate
values for the parameters used by accelerating methods.

In preliminary tests, we first considered the original vehicle capacities given by
Solomon (1987) where type 1 problem instances have a capacity equal to 200. When
using this value, even the optimal solution of the linear programming relaxation of
the formulation (4.9)-(4.11) at the root node cannot be provided, especially for the
problem instances of R1 and RC1 sets with 20 customers, due to the huge amount
of CPU time required. Therefore, we iteratively reduced the vehicle capacity by 15
units until the solution of the relaxed problem at the root node could be reached
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in a reasonable amount of time. According to these preliminary results, we set the
capacity of all vehicles to 50.

We then computed the average number of columns obtained by the column generation
algorithm at the root node over the problem instances considered to generate
preliminary results. This average value is used to have both an efficient and a
manageable Intermediate Column Pool (ICP). A threshold value for the size of the
ICP is accordingly arranged where the pool contains no larger than 70% of the average
number of columns observed at the root node. More specifically, we clean the ICP
in case the number of columns in that pool is larger than 150. In this situation,
all columns that have been kept for more than 15 iterations are removed from the
ICP. The latter parameter was set by carrying out a number of experiments in which
different number of iterations were tested to obtain the most appropriate value for
an effective search in the ICP at each iteration. We then obtained a set of results by
testing the threshold value, which prematurely terminates the pricing subproblem,
over the interval [0,15]. According to these tests, we stop the ESPPRC if the number
of efficient elementary paths with negative reduced costs at the ending depot is larger
than 10. Note that a fixed set of parameters is used to each problem instance solved
in this section to see the effect of increasing the problem size (number of customers).

To obtain our computational results, we set ρ = 0.50, C1 = 1.00, C2 = 1.00, while (cd,
ce, ct, cf , co) are equal to (1.00, 0.10, 1.00, 400, 5/6), respectively (following Chapter
3). The Coefficient of Variation (CV) of the travel time spent for traversing one unit
distance is equal to 1.00, where α = 1.00 and λ = 1.00. We have two stopping criteria
for our solution procedure. The procedure terminates in case the gap between the
best LB and the best UB is smaller than 0.005 (0.5%). In addition, we set a limit for
the total CPU time which is equal to 3 hours.

In following tables, “RootLB” and “RootUB” represent the values of the LB and
the UB found at the root node of the tree, respectively. “BestLB” and “BestUB”
indicate the best LB and the best UB values obtained over the tree, respectively. The
percentage of the gap between the best LB and the best UB, and the size of the tree
in terms of the highest level reached are also reported. We present the CPU times in
seconds for only the problem instances in RC set with 20 and 25 customers since the
algorithm stops by means of the limit given for the gap before it reaches the time limit
for some of the instances (see Tables 4.3 and 4.6). For all problem instances in C and
R sets, the algorithm stops due to the time limit which makes each computational
time equal to 3 hours (10800 seconds). The results of the problem instances are not
reported in case the column generation algorithm cannot obtain the optimal solution
for the root node within the CPU limit. Additionally, we have no result for the
problem instances if the integer programming cannot be solved at the root node
within the CPU limit when we apply BF method.

Our algorithms are implemented in Visual C++, and linear programming models in
our solution approach are solved by IBM ILOG CPLEX 12.2 IBM (2013). We run all
experiments on an Intel Core Duo with 2.93 GHz and 4 GB of RAM.
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Table 4.3 Results of problem instances in RC set with 20 customers

Breadth-First Method Depth-First Method
Ins. RootLB RootUB BestLB BestUB CPU Gap% Tree RootUB BestLB BestUB CPU Gap% Tree

RC101 2184.44 2196.64 2185.71 2196.64 50.1 0.50 3 2422.11 2186.59 2196.93 725.8 0.47 12
RC102 2178.20 2191.19 2179.78 2190.65 100.7 0.50 5 2412.26 2178.61 2189.38 289.6 0.49 10
RC103 2174.45 2188.98 2175.57 2186.42 68.1 0.50 4 2223.97 2175.57 2186.42 941.1 0.50 15
RC104 2173.48 2188.90 2180.47 2186.26 619.6 0.27 8 2220.13 2175.60 2186.26 2004.7 0.49 19
RC105 2179.18 2191.56 2179.87 2190.59 71.1 0.49 4 2231.68 2180.55 2191.32 1035.9 0.49 15
RC106 2175.17 2189.84 2177.42 2187.59 78.1 0.47 4 2225.12 2178.97 2187.59 1971.5 0.40 16
RC107 2172.33 2187.41 2174.97 2185.29 135.2 0.47 5 2220.75 2174.47 2184.52 1508.4 0.46 16
RC108 2172.11 2188.83 2173.95 2184.04 115.2 0.46 5 2215.73 2174.30 2184.04 818.5 0.45 18
RC201 2216.92 2218.81 2216.92 2218.81 11.0 0.09 0 2315.64 2217.82 2219.63 43.1 0.08 4
RC202 2188.57 2199.02 2188.57 2199.02 6.4 0.48 0 2274.88 2188.57 2199.02 42.8 0.48 5
RC203 2176.18 2190.30 2177.09 2187.52 143.1 0.48 6 2264.96 2177.85 2187.52 493.9 0.44 15
RC204 2175.16 2189.77 2176.06 2186.32 153.0 0.47 6 2242.22 2176.82 2186.32 426.2 0.44 15
RC205 2193.60 2201.14 2193.60 2201.14 10.5 0.34 0 2278.38 2193.86 2202.13 44.3 0.38 6
RC206 2191.51 2200.85 2191.51 2200.85 7.6 0.43 0 2271.94 2192.26 2202.62 37.9 0.47 5
RC207 2182.12 2196.91 2183.35 2193.96 47.2 0.49 3 2236.98 2183.35 2193.96 753.2 0.49 17
RC208 2171.98 2186.15 2173.82 2183.96 161.1 0.47 5 2215.05 2174.09 2183.96 1564.3 0.45 17
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Table 4.4 Results of problem instances in C and R sets with 20 customers obtained
by BF method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 1681.27 1852.10 1696.46 1852.10 9.17 11
C102 1665.08 1828.85 1666.06 1828.85 9.77 11
C103 1664.75 1828.85 1666.40 1828.85 9.75 10
C104 1664.71 1828.84 1665.74 1828.84 9.79 10
C105 1675.17 1847.31 1682.74 1847.31 9.78 10
C106 1679.18 1849.95 1689.69 1849.95 9.48 11
C107 1672.46 1835.47 1676.08 1835.47 9.51 9
C108 1666.24 1829.23 1669.32 1829.23 9.58 9
C109 1665.51 1828.67 1667.52 1828.67 9.66 10
C201 1781.77 1891.94 1799.48 1891.94 5.14 10
C202 1720.95 1868.89 1727.78 1868.89 8.17 9
C203 1701.86 1862.61 1703.45 1862.61 9.34 9
C204 1693.88 1863.32 1694.91 1863.32 9.94 9
C205 1753.96 1877.77 1763.46 1877.77 6.48 9
C206 1734.51 1862.37 1741.68 1862.37 6.93 9
C207 1717.01 1873.65 1721.28 1873.65 8.85 9
C208 1714.84 1861.50 1717.08 1861.50 8.41 9
R101 1319.43 1437.37 1324.36 1437.37 8.53 7
R102 1300.74 1418.95 1305.57 1418.95 8.68 7
R103 1292.38 1409.51 1294.59 1409.51 8.88 7
R104 1286.63 1403.57 1291.04 1403.57 8.72 7
R105 1303.97 1419.12 1309.47 1419.12 8.37 7
R106 1289.52 1406.26 1295.97 1406.26 8.51 7
R107 1287.86 1405.54 1292.52 1405.54 8.74 7
R108 1284.77 1402.63 1288.48 1402.63 8.86 7
R109 1291.19 1410.28 1295.96 1410.28 8.82 7
R110 1285.22 1404.25 1288.36 1404.25 9.00 7
R111 1286.47 1403.88 1292.00 1403.88 8.66 7
R112 1283.48 1402.61 1285.11 1402.61 9.14 7
R201 1367.54 1485.57 1373.25 1485.57 8.18 6
R202 1316.23 1435.18 1318.74 1435.18 8.83 6
R203 1304.43 1426.40 1307.88 1426.40 9.06 6
R204 1284.61 1402.61 1287.01 1402.61 8.98 6
R205 1334.60 1444.55 1339.86 1444.55 7.81 6
R206 1297.19 1414.87 1301.41 1414.87 8.72 6
R207 1293.59 1412.32 1296.14 1412.32 8.96 6
R208 1284.40 1402.61 1288.52 1402.61 8.85 7
R209 1289.54 1411.14 1293.54 1411.14 9.09 7
R210 1301.79 1420.15 1305.29 1420.15 8.80 6
R211 1283.46 1402.62 1285.26 1402.62 9.13 7
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Table 4.5 Results of problem instances in C and R sets with 20 customers obtained
by DF method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 1681.27 1925.96 1688.76 1886.41 11.70 48
C102 1665.08 1885.19 1665.18 1843.84 10.73 63
C103 1664.75 1870.66 1665.05 1836.54 10.30 58
C104 1664.71 1846.33 1664.81 1832.36 10.06 67
C105 1675.17 1902.05 1677.12 1881.33 12.18 53
C106 1679.18 1916.44 1686.15 1878.39 11.40 45
C107 1672.46 1882.23 1673.58 1862.11 11.26 61
C108 1666.24 1836.62 1667.14 1836.62 10.17 53
C109 1665.51 1832.96 1665.93 1832.96 10.03 73
C201 1781.77 2234.47 1784.12 1922.31 7.75 41
C202 1720.95 2151.94 1723.36 1890.14 9.68 49
C203 1701.86 2059.85 1702.24 1885.02 10.74 61
C204 1693.88 1865.58 1694.02 1865.58 10.13 59
C205 1753.96 2149.62 1757.24 1966.10 11.89 51
C206 1734.51 2086.92 1737.90 1955.14 12.50 52
C207 1717.01 2064.22 1718.32 1884.82 9.69 58
C208 1714.84 2029.32 1714.98 1907.96 11.25 49
R101 1319.43 1474.19 1320.64 1474.19 11.63 65
R102 1300.74 1459.39 1303.30 1452.40 11.44 52
R103 1292.38 1434.82 1293.50 1434.82 10.93 55
R104 1286.63 1429.55 1287.06 1429.55 11.07 68
R105 1303.97 1452.84 1305.13 1452.84 11.32 56
R106 1289.52 1437.22 1289.98 1437.22 11.41 56
R107 1287.86 1430.65 1289.09 1408.12 9.23 53
R108 1284.77 1428.26 1285.08 1428.26 11.14 68
R109 1291.19 1443.29 1293.11 1443.29 11.61 54
R110 1285.22 1440.40 1286.82 1440.40 11.93 62
R111 1286.47 1433.58 1287.53 1425.84 10.74 55
R112 1283.48 1427.53 1284.16 1427.53 11.16 67
R201 1367.54 1522.29 1370.73 1522.29 11.06 71
R202 1316.23 1470.97 1316.79 1470.97 11.71 69
R203 1304.43 1457.82 1304.43 1457.82 11.76 62
R204 1284.61 1425.55 1287.01 1417.64 10.15 49
R205 1334.60 1471.69 1336.32 1471.69 10.13 70
R206 1297.19 1445.43 1298.36 1445.43 11.33 69
R207 1293.59 1441.51 1293.59 1441.51 11.43 74
R208 1284.40 1425.55 1284.84 1425.55 10.95 66
R209 1289.54 1445.48 1290.32 1445.48 12.02 65
R210 1301.79 1451.18 1302.64 1451.18 11.40 65
R211 1283.46 1425.57 1284.53 1425.57 10.98 73
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Table 4.6 Results of problem instances in RC set with 25 customers

Breadth-First Method Depth-First Method
Ins. RootLB RootUB BestLB BestUB CPU Gap% Tree RootUB BestLB BestUB CPU Gap% Tree

RC101 2663.82 2688.85 2669.81 2682.70 1524.3 0.48 8 2895.13 2664.57 2687.43 10800.0 0.86 34
RC102 2656.18 2678.14 2663.84 2676.58 1399.7 0.48 8 2885.91 2656.18 2678.37 10800.0 0.84 25
RC103 2652.06 2675.63 2658.32 2670.58 1464.8 0.46 8 2903.37 2652.06 2677.50 10800.1 0.96 29
RC104 2651.93 2675.57 2658.23 2670.48 4321.4 0.46 10 2902.25 2651.93 2670.48 10800.6 0.70 31
RC105 2657.93 2684.02 2664.00 2677.30 1594.5 0.50 8 2886.28 2657.93 2681.08 10800.0 0.87 25
RC106 2651.72 2674.03 2659.46 2673.26 10800.0 0.52 12 2913.33 2651.84 2679.39 10800.3 1.04 29
RC107 2648.38 2672.19 2655.92 2669.05 2113.2 0.49 8 2908.49 2648.42 2674.13 10800.2 0.97 36
RC108 2648.18 2670.92 2654.35 2667.37 1956.2 0.49 8 2901.36 2648.18 2677.44 10800.0 1.10 37
RC201 2708.91 2716.07 2708.91 2716.07 18.5 0.26 0 3050.71 2709.69 2721.21 142.3 0.43 8
RC202 2683.89 2689.12 2683.89 2689.12 17.0 0.19 0 2994.67 2683.89 2689.62 105.7 0.21 5
RC203 2662.52 2674.81 2662.52 2674.81 16.9 0.46 0 2929.48 2662.52 2674.46 3019.5 0.45 19
RC204 2660.69 2674.31 2660.69 2673.94 126.8 0.50 4 2929.48 2660.69 2673.72 549.1 0.49 16
RC205 2686.93 2697.12 2686.93 2697.12 22.3 0.38 0 2983.00 2686.93 2699.54 379.7 0.47 18
RC206 2684.94 2696.37 2684.94 2696.37 15.5 0.43 0 2989.09 2686.64 2693.69 121.4 0.26 8
RC207 2657.66 2683.02 2664.92 2680.39 10800.0 0.58 11 2937.62 2657.66 2683.87 10800.0 0.99 28
RC208 2648.18 2669.69 2654.06 2667.19 2047.8 0.49 8 2902.54 2648.18 2677.90 10800.2 1.12 40
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Table 4.7 Results of problem instances in C and R sets with 25 customers obtained
by BF method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 2109.32 2287.61 2118.78 2287.61 7.97 9
C102 2095.25 2259.02 2096.23 2259.02 7.77 9
C103 2092.48 2259.02 2094.84 2259.02 7.84 7
C104 2092.12 2259.00 2092.68 2259.00 7.95 8
C105 2104.20 2277.47 2111.60 2277.47 7.86 9
C106 2107.61 2284.53 2118.98 2284.53 7.81 9
C107 2102.62 2265.64 2106.28 2265.64 7.57 9
C108 2096.40 2259.40 2097.92 2259.40 7.70 8
C109 2095.67 2258.83 2097.00 2258.83 7.72 8
C201 2188.29 2345.52 2216.25 2345.52 5.83 8
C202 2148.20 2313.69 2154.18 2313.69 7.40 8
C203 2141.20 2306.83 2143.04 2306.83 7.64 8
C204 2133.85 2302.21 2134.93 2302.21 7.84 8
C205 2166.23 2325.72 2172.42 2325.72 7.06 7
C206 2166.06 2325.61 2168.12 2325.61 7.26 7
C207 2147.02 2313.40 2147.51 2313.40 7.72 7
C208 2146.34 2311.06 2146.63 2311.06 7.66 7
R101 1651.01 1701.87 1655.94 1701.87 2.77 5
R102 1635.08 1692.01 1639.37 1692.01 3.21 6
R103 1622.67 1681.17 1627.55 1681.17 3.29 5
R104 1615.72 1679.70 1619.41 1679.70 3.72 5
R105 1632.57 1689.16 1637.55 1689.16 3.15 6
R106 1619.93 1679.19 1625.56 1679.19 3.30 6
R107 1616.84 1669.92 1619.88 1669.92 3.09 5
R108 1613.40 1672.33 1617.59 1672.33 3.38 5
R109 1618.68 1680.79 1623.98 1680.79 3.50 5
R110 1612.59 1671.69 1616.29 1671.69 3.43 6
R111 1615.66 1673.12 1619.30 1673.12 3.32 5
R112 1610.63 1667.80 1612.15 1667.80 3.45 5
R201 1707.42 1752.16 1710.42 1752.16 2.44 4
R202 1659.86 1710.55 1662.99 1710.55 2.86 4
R203 1645.89 1688.08 1646.99 1688.08 2.49 4
R204 1616.52 1668.16 1616.52 1668.16 3.19 4
R205 1664.37 1723.91 1667.73 1723.91 3.37 5
R206 1635.33 1682.97 1638.80 1682.97 2.70 4
R207 1627.99 1674.31 1630.43 1674.31 2.69 5
R208 1615.72 1669.98 1616.40 1669.98 3.31 5
R209 1621.93 1679.28 1626.96 1679.28 3.22 5
R210 1644.59 1692.09 1646.87 1692.09 2.75 5
R211 1610.58 1670.37 1612.17 1670.37 3.61 5
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Table 4.8 Results of problem instances in C and R sets with 25 customers obtained
by DF method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 2109.32 2379.21 2110.64 2321.27 9.98 61
C102 2095.25 2322.13 2095.47 2279.79 8.80 60
C103 2092.48 2307.60 2092.62 2289.67 9.42 68
C104 2092.12 2276.49 2092.23 2267.49 8.38 75
C105 2104.20 2349.89 2107.12 2336.25 10.87 72
C106 2107.61 2370.29 2111.96 2307.44 9.26 59
C107 2102.62 2322.78 2103.11 2308.22 9.75 74
C108 2096.40 2275.96 2097.30 2275.96 8.52 62
C109 2095.67 2264.00 2096.10 2264.00 8.01 79
C201 2188.29 2630.49 2198.92 2530.86 15.10 54
C202 2148.20 2358.14 2151.05 2341.68 8.86 60
C203 2141.20 2335.17 2141.20 2331.80 8.90 72
C204 2133.85 2304.44 2134.53 2304.44 7.96 82
C205 2166.23 2496.39 2168.52 2446.89 12.84 60
C206 2166.06 2461.36 2166.58 2359.47 8.90 60
C207 2147.02 2534.05 2147.02 2331.65 8.60 52
C208 2146.34 2400.45 2146.41 2361.13 10.00 70
R101 1651.01 1757.57 1653.74 1717.35 3.85 40
R102 1635.08 1730.67 1637.71 1730.67 5.68 52
R103 1622.67 1704.21 1623.44 1700.49 4.75 49
R104 1615.72 1692.17 1618.09 1692.17 4.58 52
R105 1632.57 1726.75 1634.68 1726.75 5.63 45
R106 1619.93 1704.77 1620.22 1704.77 5.22 24
R107 1616.84 1700.07 1617.57 1700.07 5.10 55
R108 1613.40 1690.85 1614.43 1690.85 4.73 23
R109 1618.68 1711.85 1620.22 1710.18 5.55 51
R110 1612.59 1709.76 1613.74 1709.76 5.95 67
R111 1615.66 1697.77 1617.13 1697.77 4.99 54
R112 1610.63 1691.30 1612.14 1675.71 3.94 51
R201 1707.42 1859.22 1709.06 1859.22 8.79 11
R202 1659.86 1784.37 1661.25 1784.37 7.41 12
R203 1645.89 1767.73 1646.23 1767.73 7.38 9
R204 1616.52 1690.64 1616.74 1690.64 4.57 23
R205 1664.37 1787.39 1665.56 1780.33 6.89 66
R206 1635.33 1737.39 1635.33 1737.39 6.24 16
R207 1627.99 1740.86 1629.74 1740.86 6.82 31
R208 1615.72 1689.94 1615.72 1689.94 4.59 10
R209 1621.93 1724.92 1624.22 1724.92 6.20 34
R210 1644.59 1746.88 1645.32 1746.88 6.17 23
R211 1610.58 1690.22 1611.30 1690.22 4.90 36
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Table 4.9 Results of problem instances in C, R and RC sets with 50 customers obtained
by BF method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 3981.25 4162.32 3986.67 4162.32 4.41 4
C102 3959.11 4130.22 3959.14 4130.22 4.32 4
C105 3964.07 4140.22 3967.76 4140.22 4.35 5
C106 3968.83 4150.76 3968.83 4150.76 4.58 0
C107 3961.48 4138.15 3961.60 4138.15 4.46 4
C108 3951.19 4125.79 3952.27 4125.79 4.39 3
C201 4066.61 4243.63 4068.51 4243.63 4.30 2
C202 4042.69 4216.51 4042.69 4216.51 4.30 0
C203 4033.78 4199.93 4034.06 4199.93 4.11 2
C204 4020.06 4189.15 4020.20 4189.15 4.20 3
C205 4051.12 4224.86 4051.58 4224.86 4.28 1
C206 4047.85 4218.18 4047.85 4218.18 4.21 0
C207 4044.95 4218.08 4044.95 4218.08 4.28 1
C208 4043.60 4215.95 4043.60 4215.95 4.26 0
R101 3537.25 3631.72 3538.19 3631.72 2.64 2
R102 3503.53 3598.90 3503.53 3598.90 2.72 0
R103 3483.89 3582.74 3483.89 3582.74 2.84 0
R104 3457.50 3554.97 3457.50 3554.97 2.82 0
R105 3504.74 3602.90 3506.25 3602.90 2.76 2
R106 3482.40 3582.84 3482.40 3582.84 2.88 0
R108 3454.54 3552.22 3454.54 3552.22 2.83 0
R109 3470.55 3570.60 3470.55 3570.60 2.88 0
R110 3459.96 3557.78 3460.44 3557.78 2.81 1
R111 3460.12 3558.61 3460.12 3558.61 2.85 0
R112 3452.71 3549.79 3452.71 3549.79 2.81 1
R201 3603.79 3677.91 3603.79 3677.91 2.06 1
R202 3531.58 3621.23 3531.58 3621.23 2.54 0
R204 3453.92 3561.69 3453.92 3561.69 3.12 0
R205 3540.22 3624.99 3540.22 3624.99 2.39 0
R206 3498.43 3597.08 3498.43 3597.08 2.82 0
R207 3470.66 3577.27 3470.66 3577.27 3.07 0
R208 3453.88 3553.29 3453.88 3553.29 2.88 0
R211 3452.69 3548.81 3452.69 3548.81 2.78 0
RC101 4747.43 4878.24 4749.49 4878.24 2.71 6
RC102 4734.82 4868.81 4735.32 4868.81 2.82 6
RC103 4727.63 4858.33 4728.60 4858.33 2.74 5
RC104 4724.19 4855.98 4725.11 4855.98 2.77 5
RC105 4735.41 4867.22 4736.33 4867.22 2.76 5
RC106 4727.51 4858.99 4728.59 4858.99 2.76 5
RC107 4721.59 4853.52 4723.14 4853.52 2.76 5
RC108 4720.13 4852.08 4721.21 4852.08 2.77 5
RC201 4842.82 4964.44 4846.72 4964.44 2.43 4
RC202 4763.64 4894.51 4763.92 4894.51 2.74 4
RC203 4737.49 4870.78 4738.49 4870.78 2.79 5
RC204 4724.75 4857.19 4725.37 4857.19 2.79 5
RC205 4788.26 4913.72 4789.21 4913.72 2.60 4
RC206 4770.63 4893.91 4771.75 4893.91 2.56 5
RC207 4741.09 4867.96 4742.00 4867.96 2.66 5
RC208 4720.13 4852.08 4721.21 4852.08 2.77 5
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Table 4.10 Results of problem instances in C, R and RC sets with 50 customers
obtained by DF method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 3981.25 4455.02 3988.35 4455.02 11.70 17
C102 3959.11 4330.52 3959.28 4330.52 9.38 10
C103 3952.71 4184.55 3952.71 4184.55 5.87 7
C104 3946.34 4158.11 3946.55 4158.11 5.36 5
C105 3964.07 4398.39 3965.38 4398.39 10.92 22
C106 3968.83 4454.17 3970.02 4454.17 12.20 16
C107 3961.48 4341.27 3961.60 4341.27 9.58 11
C108 3951.19 4292.48 3952.08 4292.48 8.61 12
C109 3948.95 4266.58 3949.60 4266.58 8.03 4
C201 4066.61 5646.81 4068.90 5646.81 38.78 7
C202 4042.69 4926.45 4043.22 4926.45 21.84 4
C203 4033.78 4450.83 4034.06 4450.83 10.33 1
C204 4020.06 4205.53 4020.25 4205.53 4.61 4
C205 4051.12 5418.65 4051.58 5418.65 33.74 1
C206 4047.85 5147.35 4047.85 5147.35 27.16 1
C207 4044.95 4966.97 4044.95 4966.97 22.79 2
C208 4043.60 4971.79 4043.60 4971.79 22.95 2
R101 3537.25 3684.90 3538.19 3684.90 4.15 5
R102 3503.53 3645.16 3503.88 3645.16 4.03 2
R103 3483.89 3621.07 3484.99 3621.07 3.90 4
R104 3457.50 3634.73 3457.66 3634.73 5.12 2
R105 3504.74 3681.83 3506.25 3681.83 5.01 4
R106 3482.40 3633.09 3484.02 3633.09 4.28 3
R107 3468.94 3630.53 3470.19 3630.53 4.62 2
R108 3454.54 3606.13 3454.63 3606.13 4.39 1
R109 3470.55 3617.90 3471.18 3617.90 4.23 4
R110 3459.96 3582.07 3460.94 3582.07 3.50 2
R111 3460.12 3620.53 3460.74 3620.53 4.62 2
R112 3452.71 3568.58 3452.74 3568.58 3.36 2
R201 3603.79 3929.10 3603.79 3929.10 9.03 1
R202 3531.58 3815.31 3531.58 3815.31 8.03 1
R204 3453.92 3597.85 3453.92 3597.85 4.17 1
R205 3540.22 3768.11 3540.22 3768.11 6.44 1
R206 3498.43 3710.59 3498.43 3710.59 6.06 1
R207 3470.66 3661.64 3470.70 3661.64 5.50 1
R208 3453.88 3586.21 3453.88 3586.21 3.83 1
R209 3495.34 3632.68 3495.34 3632.68 3.93 2
R210 3489.15 3690.16 3489.15 3690.16 5.76 1
R211 3452.69 3574.57 3452.69 3574.57 3.53 1
RC101 4747.43 4952.00 4748.08 4952.00 4.29 112
RC102 4734.82 4936.10 4734.86 4936.10 4.25 57
RC103 4727.63 4911.10 4727.67 4911.10 3.88 39
RC104 4724.19 4941.93 4724.19 4941.93 4.61 26
RC105 4735.41 4956.55 4736.06 4956.55 4.66 47
RC106 4727.51 4954.15 4728.16 4954.15 4.78 32
RC107 4721.59 4948.95 4723.13 4948.95 4.78 21
RC108 4720.13 4908.66 4721.06 4908.66 3.97 19
RC201 4842.82 5271.42 4843.23 5271.42 8.84 16
RC202 4763.64 5071.99 4763.64 5071.99 6.47 16
RC203 4737.49 4951.02 4737.49 4951.02 4.51 24
RC204 4724.75 4965.04 4725.16 4965.04 5.08 22
RC205 4788.26 5094.98 4789.30 5094.98 6.38 13
RC206 4770.63 5099.22 4771.34 5099.22 6.87 24
RC207 4741.09 5017.94 4741.09 5017.94 5.84 17
RC208 4720.13 4935.06 4721.06 4935.06 4.53 24
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Table 4.11 Results of problem instances in C sets with 100 customers obtained by BF
method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 8549.79 8747.36 8549.79 8747.36 2.31 0

Table 4.12 Results of problem instances in C sets with 100 customers obtained by DF
method

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 8549.79 9403.58 8549.79 9403.58 9.99 0
C105 8512.86 9263.38 8512.86 9263.38 8.82 1

The results given in Tables 4.3-4.12 indicate that our solution approach with BF
method provides better results than those obtained by DF method in terms of the
gap between the best LB and the best UB. However, solutions of six instances with
50 customers and one instance with 100 customers, which can be provided by DF
method, cannot be obtained by applying BF method due to the huge amount of CPU
time or memory that it requires to solve the integer programming at the root node.
Since we do not have such an obstacle in DF method, we solve the problem instances
with 100 customers where the limit for the total CPU time is set to 8 hours. The
related results that show how far we can go with regard to the level of the branch-
and-price tree are provided in Table 4.13. In these results, the highest level reached
in the tree is relatively small due to the size of the problem instances. The effect of
this situation is seen in the UB which cannot be improved within the time limit.

The average gap values between the best LB and the best UB for the sets with 20,
25, 50 and 100 customers provided by BF and DF methods, where the CPU limit is
equal to 3 hours, are presented in Table 4.14. Table 4.15 shows the results of the sets
with 100 customers where the applied strategy is DF method and the CPU limit is
equal to 8 hours.
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Table 4.13 Results of problem instances in C, R and RC sets with 100 customers
obtained by DF method with 8 hour CPU limit

Inst. RootLB RootUB BestLB BestUB Gap% Tree
C101 8549.79 9403.58 8550.86 9403.58 9.97 7
C102 8494.70 9104.29 8494.70 9104.29 7.18 2
C103 8472.20 8878.68 8472.20 8878.68 4.80 2
C105 8512.86 9263.38 8514.10 9263.38 8.80 8
C106 8498.13 9217.98 8501.87 9217.98 8.42 2
C107 8497.82 9140.80 8499.49 9140.80 7.55 2
C108 8481.48 9036.47 8481.48 9036.47 6.54 1
C109 8472.73 8883.03 8472.73 8883.03 4.84 1
C201 8559.23 10480.70 8559.23 10480.70 22.45 1
R109 6830.88 7104.53 6830.88 7104.53 4.01 0
RC101 8380.00 8790.81 8380.00 8790.81 4.90 0
RC102 8346.21 8545.24 8346.21 8545.24 2.38 0
RC103 8325.13 8503.30 8325.13 8503.30 2.14 0
RC106 8329.07 8536.55 8329.07 8536.55 2.49 0
RC107 8311.85 8491.95 8311.85 8491.95 2.17 0

Table 4.14 Average results of problem instances in C, R and RC sets with 20, 25, 50
and 100 customers obtained by BF and DF methods with 3 hour CPU limit

Set Method Ave. Gap% Set Method Ave. Gap%
C1-20 BF 9.61 C1-20 DF 10.87
C2-20 BF 7.91 C2-20 DF 10.45
R1-20 BF 8.74 R1-20 DF 11.14
R2-20 BF 8.77 R2-20 DF 11.18
RC1-20 BF 0.46 RC1-20 DF 0.47
RC2-20 BF 0.40 RC2-20 DF 0.40
C1-25 BF 7.80 C1-25 DF 9.22
C2-25 BF 7.30 C2-25 DF 10.15
R1-25 BF 3.30 R1-25 DF 5.00
R2-25 BF 2.97 R2-25 DF 6.36
RC1-25 BF 0.49 RC1-25 DF 0.92
RC2-25 BF 0.41 RC2-25 DF 0.55
C1-50 BF 4.42 C1-50 DF 9.07
C2-50 BF 4.24 C2-50 DF 22.78
R1-50 BF 2.80 R1-50 DF 4.27
R2-50 BF 2.71 R2-50 DF 5.63
RC1-50 BF 2.76 RC1-50 DF 4.40
RC2-50 BF 2.67 RC2-50 DF 6.07
C1-100 BF 2.31 C1-100 DF 9.40
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Table 4.15 Average results of problem instances in C, R and RC sets with 100
customers obtained by DF method with 8 hour CPU limit

Set Method Ave. Gap% Set Method Ave. Gap%
C1-100 DF 7.26 C2-100 DF 22.45
R1-100 DF 4.01 RC1-100 DF 2.82

4.7. Conclusions

In this chapter, we have considered a vehicle routing problem with soft time windows
and stochastic travel times. For this problem, we proposed an exact solution approach
based on column generation algorithm and branch-and-price method. To solve
the pricing subproblem in column generation procedure, we extended an existing
elementary shortest path algorithm with resource constraints by introducing a new
dominance relation and by applying a state space augmentation technique. Moreover,
two separate methods were implemented for searching in the branch-and-price tree.
Our numerical study was performed on well-known problem instances.

The results indicate that our solution approach can effectively be used to solve the
model, in which the aim is to construct both reliable and efficient routes, for medium-
and large-sized problem instances. Even though our pricing subproblem is rather
complex due to the stochasticity, we have an effective column generation algorithm.
Finally, future research should focus on time-dependent and stochastic formulations,
that we have not studied in this chapter.
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Chapter 5

Time-Dependent Vehicle
Routing Problem with
Stochastic Travel Times and
Soft Time Windows

5.1. Introduction

In real-life applications, travel times on individual arcs are stochastic. In addition,
vehicle routes are operated in a traffic network which has different levels of congestion
depending on the time of the day. Routing customers with respect to a deterministic
and static schedule is a strong assumption for a real-life environment, leading to
inefficient operations. To consider more realistic representations of real-life problems,
several adapted versions of the classical Vehicle Routing Problem (VRP) have been
addressed, such as stochastic routing problems (see Section 2.1 in Chapter 2 for a
review) and time-dependent routing problems (see, e.g., Ichoua et al., 2003; Van
Woensel et al., 2008).

In the VRP, each capacitated vehicle is assigned to a route with a sequence of customer
locations, such that the total cost is minimized, each customer is visited once and all
demands are fulfilled (see, e.g., Laporte, 2007; Toth and Vigo, 2002). Formally, this
problem can be defined on a connected digraph G = (N,A) where N = {0, 1, ..., n}
is the set of nodes and A = {(i, j) | i, j ∈ N, i 6= j} is the set of arcs. Each vehicle
route originates and ends at node 0. The latter (depot) is the central location with a
(fixed size) fleet of identical vehicles given by a set V , each with a capacity Q. The
other nodes in N (nodes 1 to n) represent customers. For each customer i, a non-
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negative demand qi and a non-negative service time si are given. The cost of visiting
node j immediately after node i is denoted by dij , and usually corresponds to the
length of the arc (i, j). The classical Vehicle Routing Problem with Time Windows
(VRPTW) is an extension of the VRP where the service at each customer must take
place within a given time interval (hard time window). The latter is often relaxed
in practice (leading to soft time window) which enables early and late servicing with
some penalty costs. A soft time window with non-negative boundaries [li, ui] is then
defined for each node i. The time window at the depot [l0, u0] can be thought of as
the scheduling horizon of the problem. The interested reader is referred to Chapter 2
for reviews on the VRPTW and its stochastic variants.

In this chapter, we focus on the VRP with time-dependent and stochastic travel times,
including soft time windows. We use the mathematical model proposed in Chapter
3. In the latter chapter, we focus on a VRP with stochastic (but time-independent)
travel times and soft time windows, and develop a new solution procedure based
on Tabu Search (TS). For the problem in this chapter, we adapt both the model
and the solution approach given in Chapter 3 with respect to time-dependency. In
addition, we implement an Adaptive Large Neighborhood Search (ALNS) procedure
based on Ropke and Pisinger (2006). Our objective is to minimize the total weighted
cost which includes two components, transportation costs and service costs. The
distributions of the arrival times need to be obtained for the calculations of both cost
components. We first exclude the service times which enables us to derive the exact
distributions (the exact values of the mean and the variance) of the arrival times. We
then consider the case with the original service times in which approximations of the
arrival time distributions are needed. Note that in the latter case, approximations are
employed since the exact distributions of the arrival times cannot be derived with the
inclusion of service times. We conduct extensive analyses on numerical results: (i)
solutions of two heuristics are compared to each other, (ii) solutions of two heuristics
are compared to the ones obtained in Chapter 3 for a VRP with soft time windows
and stochastic travel times (time-independent), (iii) solutions of two heuristics are
compared to the optimal/best-known solutions obtained for the classical VRPTW
with hard time windows and deterministic travel times (time-independent).

The main contributions of this chapter are threefold:

1. We model the travel times with respect to time-dependency and stochasticity,
where this new representation extends the existing formulations (see Section 5.2
for a review).

2. We solve a rather complex mathematical model with two separate metaheuristic
procedures, where we have complicated arrival time distributions (see Section
5.4 for the details about arrival time distributions).

3. We perform a number of computational experiments and analyze the results
comprehensively.
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The remainder of this chapter is organized as follows. The relevant literature on
time-dependent and stochastic VRP is presented in Section 5.2. We describe the
mathematical model applied to our problem in Section 5.3, and the properties of the
arrival times in Section 5.4. In the latter section, the calculations of the expected
values employed in the model are also given. We explain the methods used to solve
the model in Section 5.5. Results and analyses obtained on Solomon’s problem
instances (Solomon, 1987) are presented in Section 5.6. Finally, the main findings
and conclusions are highlighted in Section 5.7.

5.2. Literature Review

We focus on a time-dependent and stochastic VRP with soft time windows. The
Traveling Salesman Problem (TSP) is one of the special cases of the VRP where all
customers are served by one vehicle with infinite capacity. Malandraki and Dial (1996)
present a dynamic programming algorithm for solving a TSP where travel times are
time-dependent. Discrete step functions are used to have different travel times in
different time periods. Jula et al. (2006) study a TSP with Time Windows (TSPTW)
where travel times are time-dependent and stochastic, and service times are stochastic.
An approximate procedure is developed to estimate the arrival times at each customer.
Chang et al. (2009) develop a heuristic algorithm where the applied techniques are
based on n-path relaxation method given by Houck et al. (1980) for the classical TSP,
and the convolution-propagation approach given by Chang et al. (2005). In the latter
study, the proposed approach approximates travel times where networks are both
time-dependent and stochastic. For the time-dependent and stochastic networks, the
interested reader is referred to Gao and Huang (2012) in which the routing decisions
are taken with respect to real-time information.

To generate applicable models for the VRP and the VRPTW in real-life environments,
most literature centers merely on time-dependent travel times. For the VRP with
time-dependent travel times, Hill and Benton (1992) provide a model and a number of
procedures to estimate the related parameters. The drawback of the proposed model is
that it does not satisfy the First-In-First-Out (FIFO) property. Donati et al. (2008)
develop a model that optimizes two hierarchical objectives. A solution procedure
which combines the ant colony system with a local search method is developed. The
proposed algorithm first obtains the solution that minimizes the number of routes, and
then minimizes the total travel time. Van Woensel et al. (2008) study time-dependent
travel times resulting from a stochastic process due to the traffic congestion. They
develop queueing models for this problem and propose a Tabu Search (TS) method
to solve these models. Recently, Jabali et al. (2009) focus on time-dependent travel
times where vehicles have unexpected delays at the customers’ docking stations. A
solution procedure based on TS is proposed and the problem instances with up to 80
customers are solved. Time-dependency can also be used to model other components
in routing problems. The interested reader is referred to Tagmouti et al. (2011) for
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an arc routing problem in which the service cost on each arc is a function of the time
of beginning service.

For the VRPTW with time-dependent travel times, the FIFO property is satisfied
by Ichoua et al. (2003) by means of modeling travel times as continuous piecewise
linear functions. The authors solve their model by a procedure based on a parallel
TS method. Fleischmann et al. (2004) describe modern traffic information systems
and time-dependent travel times obtained from these systems. A general framework
is provided to implement time-dependent travel times in different algorithms modeled
for the VRPTW. They report that using constant average travel times causes
approximately a 10% underestimation of the total travel time. Haghani and Jung
(2005) consider a heteregoneus fleet of vehicles and solve their model by a solution
procedure based on Genetic Algorithms. Potvin et al. (2006) propose a model for the
dynamic VRPTW by considering real-time customer demands and time-dependent
travel times. A number of dispatching algorithms are defined to construct initial
routes which are further improved by a local search procedure.

Lecluyse et al. (2009) consider both time-dependent and stochastic travel times for
VRP applications. The objective is to minimize the weighted sum of the mean
and the standard deviation of the total travel time. They focus on a TS method
to solve their model effectively. Nahum and Hadas (2009) develop a model based
on a chance constrained programming. Small-sized problem instances (with seven
customers) are tested under several conditions such as considering a deterministic
environment, considering a time-dependent and stochastic environment, and so on.
Results are then compared to the optimal solutions which can be easily obtained by
means of the small number of customers.

In this chapter, we study a VRP where we have both time-dependent and stochastic
travel times, and soft time windows. As presented above, most research given in
the literature for the VRP and its variants has focused on the time-dependent travel
times. We propose a model and a solution methodology in Chapter 3 for a VRP
with stochastic (time-independent) travel times and soft time windows. Since this
procedure is very effective to obtain good solutions for the formulation developed, we
base the research conducted in this chapter on the study given in Chapter 3. The
aim is to minimize the sum of transportation costs and service costs. Transportation
costs comprise three main elements which are the total distance traveled, the number
of vehicles used and the total expected overtime of the drivers. Service costs are the
penalty costs paid by the carrier company due to early and late servicing. To our
knowledge, no research has addressed the problem considered in this chapter, which
is difficult both to model and to solve. Furthermore, we deal with a rather complex
model and apply two separate solution approaches (TS and ALNS) to both cases (no
service times and with service times), each with complicated integration calculations.
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5.3. Model Description and Formulation

We first describe the notations employed in the mathematical model. The assignments
of vehicles and the sequences of customers in these assignments are represented by the
vector x, where x = {xijv | i, j ∈ N, v ∈ V }. In this vector, the decision variable xijv
takes the value 1 if vehicle v visits node j immediately after node i and 0, otherwise.
The expected delay and the expected earliness at node j served by vehicle v are
denoted by Djv(x) and Ejv(x), respectively. Associated with each vehicle v used for
servicing, Ov(x) is the expected overtime of the driver working on the route of that
vehicle. The details about these expected values, which are calculated with respect
to the time-dependent and stochastic travel times, are described in Sections 5.4.1 and
5.4.2.

One unit of delay and one unit of earliness are penalized by cd and ce, respectively.
Each vehicle activated for the service brings a fixed cost cf . Moreover, the costs paid
by the company for one unit of distance and one unit of overtime are denoted by
ct and co, respectively. The model considering time-dependency and stochasticity is
stated as follows:

min ρ
1

C1


cd

∑

j∈N

∑

v∈V

Djv(x) + ce
∑

j∈N

∑

v∈V

Ejv(x)




+(1− ρ) 1

C2


ct

∑

i∈N

∑

j∈N

∑

v∈V

dijxijv + cf
∑

j∈N\{0}

∑

v∈V

x0jv + co
∑

v∈V

Ov(x)




(5.1)

subject to
∑

j∈N

∑

v∈V

xijv = 1, i ∈ N \ {0}, (5.2)

∑

i∈N

xihv −
∑

j∈N

xhjv = 0, h ∈ N \ {0}, v ∈ V, (5.3)

∑

j∈N

x0jv = 1, v ∈ V, (5.4)

∑

i∈N

xi0v = 1, v ∈ V, (5.5)

∑

i∈N\{0}

qi
∑

j∈N

xijv ≤ Q, v ∈ V, (5.6)

∑

i∈B

∑

j∈B

xijv ≤ |B| − 1, B ⊆ N \ {0}, v ∈ V, (5.7)

xijv ∈ {0, 1}, i ∈ N, j ∈ N, v ∈ V. (5.8)
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The objective (5.1) is to minimize the total weighted cost which comprises service
costs incurred due to late and early servicing, and transportation costs resulting from
distance, vehicles used for the service, and overtime. Constraints (5.2) and (5.3)
ensure that each customer is served by exactly one vehicle and the vehicle leaves that
customer location after serving. Constraints (5.4), (5.5) and (5.6) state that each
vehicle starts and ends its route at the depot, and it delivers a quantity which does
not exceed the vehicle capacity. Constraints (5.7) satisfy the subtour elimination and
constraints (5.8) indicate that partial servicing is not allowed. Parameter ρ yields
diverse combinations of the service cost and transportation cost components where
their values are calibrated by using parameters C1 and C2. The interested reader is
referred to Chapter 3 for the details about calculations of these scaling parameters.

5.4. Properties of the Arrival Times

In real-life applications, travel times are time-dependent since speeds of vehicles vary
throughout the day. We do not have a constant speed over the entire scheduling
horizon due to the congestion usually caused by accidents or rush hours (see Ichoua
et al., 2003, for a model that focuses on speed variations). Assume that the scheduling
horizon is divided into k intervals, each with a multiplier ck. These multipliers are
used to specify that we have different travel speeds for different time intervals, where
a larger multiplier indicates that more time is needed for traveling. The following
calculations related to arrival times are carried out with respect to the values given
in Table 5.1. In this table, the time horizon is represented using five intervals where
the second and fourth intervals correspond to the morning and evening rush hours,
respectively. The other intervals stand for the time periods that we have lower traffic
density. We refer to the time domain represented by the intervals given in this table
as the b-domain.

Time Interval Multiplier

[0, b1) c1
[b1, b2) c2
[b2, b3) c3
[b3, b4) c4
[b4,∞) c5

Table 5.1 Travel time multipliers given for each arc (b-domain)

The speed of the vehicle changes along an arc in case the vehicle traverses from one
time interval to the next time interval (transition parts) in the b-domain. To satisfy
the FIFO property with these transition parts, the boundaries of the time intervals
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are defined as follows:

tn =
(bn − bn−1)

cn
+ tn−1, n = {1, ..., k − 1}, (5.9)

where t0 = b0 = 0, and t5 = ∞. We refer to this latter time domain translated
from the b-domain, as the t-domain. The interested reader is referred to Ichoua et al.
(2003) for a similar travel time profile that conforms with the FIFO. Figure 5.1 gives
an example of the relation between the b-domain and t-domain.

b-domain

t-domain

Figure 5.1 Illustration of b-domain and t-domain

The expected values mentioned in Section 5.3 are derived from the arrival time
distributions. The exact values of the mean and the variance of the arrival times are
obtained by means of assuming no service times at the customers. When including the
original service times, we estimate the arrival time distributions by approximating the
mean and the variance since these values cannot be obtained exactly. In the next two
sections, we provide the details of the arrival time distributions and the calculations
of the expected values both for the case assuming no service times and for the case
with service times.

5.4.1 Without Service Times

Arrival times defined in Chapter 3 (time-independent and stochastic travel times)
resulted from a travel time distribution, where cm = 1 for all time intervals m ∈ K
and K is the set of time intervals. We translate these time-independent arrival times
(t-domain) into factual arrival times (b-domain) by using different multipliers for
different time intervals. Assume that T , which is the random travel time spent for one
unit of distance, is Gamma distributed with shape parameter α and scale parameter λ
(see Section 3.2.2 in Chapter 3 and Section 4.2 in Chapter 4 for discussions about this
assumption). This approach enables us to derive Gamma distributed arc traversal
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times by scaling T with respect to the length of the corresponding arc. Tij , which
is the time spent on arc (i, j) for traveling from node i to node j, then follows
a Gamma distribution with parameters αdij and λ. As vehicles do not wait at
customer locations, the arrival time of vehicle v at node j, Yjv, is defined in the
time-independent case as follows:

Yjv =
∑

(p,r)∈Ajv

Tpr, (5.10)

where Ajv is the set of arcs traversed by vehicle v until node j. Gamma distributed
arrival times are obtained by means of Equation (5.10), where shape and scale
parameters of Yjv are calculated as follows:

αjv = α
∑

(p,r)∈Ajv

dpr, (5.11)

λjv = λ. (5.12)

The mean and the variance of the arrival time of vehicle v at node j, which is visited
immediately after node i, are calculated by:

E[Yjv] = E[Yiv] + E[Tij ] and, (5.13)

Var(Yjv) = Var(Yiv) + Var(Tij), (5.14)

respectively.

As we have different multipliers for different time intervals, the mean and variance
of the factual arrival time Rjv for each node need to be obtained. To derive these
values, we need to compute E[Rjv] and E[R2

jv], where Var(Rjv) = E[R2
jv] - (E[Rjv])

2.
Related formulations are then given as follows:

E[Rjv] =

∫ t1

t0

(b0 + c1(z − t0))dFjv +

∫ t2

t1

(b1 + c2(z − t1))dFjv

+

∫ t3

t2

(b2 + c3(z − t2))dFjv +

∫ t4

t3

(b3 + c4(z − t3))dFjv

+

∫ t5

t4

(b4 + c5(z − t4))dFjv,

(5.15)
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and

E[R2
jv] =

∫ t1

t0

(b0 + c1(z − t0))2dFjv +

∫ t2

t1

(b1 + c2(z − t1))2dFjv

+

∫ t3

t2

(b2 + c3(z − t2))2dFjv +

∫ t4

t3

(b3 + c4(z − t3))2dFjv

+

∫ t5

t4

(b4 + c5(z − t4))2dFjv,

(5.16)

where dFjv =
(e−z/λjv )(z)αjv−1

Γ(αjv)λjv
αjv

dz and Γ(αjv) =
∫∞

0
e−rrαjv−1dr.

The interested reader is referred to A.1 for the calculations of E[Rjv] and E[R2
jv] in

detail. General representations of E[Rjv] and E[R2
jv] are given as follows:

E[Rjv] = αjvλjv

k−1∑

n=0

cn+1[Γαjv+1,λjv
(tn+1)− Γαjv+1,λjv

(tn)]

+

k−1∑

n=0

(bn − cn+1tn)[Γαjv,λjv
(tn+1)− Γαjv,λjv

(tn)], and (5.17)

E[R2
jv] = αjv(αjv + 1)λ2jv

k−1∑

n=0

c2n+1[Γαjv+2,λjv
(tn+1)− Γαjv+2,λjv

(tn)]

+

k−1∑

n=0

(bn − cn+1tn)
2[Γαjv,λjv

(tn+1)− Γαjv,λjv
(tn)]

+ 2αjvλjv

k−1∑

n=0

(bn − cn+1tn)cn+1[Γαjv+1,λjv
(tn+1)− Γαjv+1,λjv

(tn)].

(5.18)

The mean and the variance of the factual arrival time at customer j can be calculated
by means of Equations (5.17) and (5.18). We then calculate the shape and the scale
parameters of the factual arrival time distribution (αjv and λjv) to estimate the
expected delay, Djv(x) and the expected earliness, Ejv(x) at each customer j, and
the expected overtime, Ov(x) for drivers working on the routes of each vehicle v
allocated.

Djv(x) and Ejv(x) are calculated as follows by using the shape and the scale
parameters of the factual arrival time distribution:

Djv(x) = αjv λjv(1− Γ
αjv+1,λjv

(uj))− uj(1− Γ
αjv,λjv

(uj)) and, (5.19)
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Ejv(x) = ljΓαjv,λjv
(lj)− αjv λjvΓαjv+1,λjv

(lj). (5.20)

Ov(x) is calculated with respect to the distribution of the factual arrival time at the
(ending) depot as follows:

Ov(x) = α0v λ0v(1− Γ
α0v+1,λ0v

(w))− w(1− Γ
α0v,λ0v

(w)), (5.21)

where w is the labor shift time agreed by the company.

5.4.2 With Service Times

Suppose that the stochastic process Gij(t) represents the travel time on arc (i, j) in
case the vehicle enters that arc at time t. Note that t denotes the departure time
in the t-domain. The departure time of vehicle v from node i, denoted by Ziv, is
computed as follows:

Ziv = Yiv + si, (5.22)

where Yiv is the arrival time of vehicle v at node i. The arrival time of that vehicle
at node j, which is visited immediately after node i, is then described as follows:

Yjv = Ziv + Tij , (5.23)

where the random variable Tij is the travel time needed for traveling from node i
to node j by traversing the arc (i, j) given the departure time from node i, Tij =
Gij(Ziv). Note that the definition of the arrival time given by Equation (5.23) is
different from the definitions presented in Chapters 3 and 4. In these chapters, service
times are not included in the arrival times as travel times are stochastic but time-
independent, which leads to (exact) Gamma distributed arrival times.

The mean and the variance of the stochastic process Gij(t) are represented by µij(t)
and σ2

ij(t), respectively. µij(t) is calculated as follows:

µij(t) = E[Gij(t)] =

∫ t1−t

t0−t

(b0 − b+ c1(z − (t0 − t)))dFij

+

∫ t2−t

t1−t

(b1 − b+ c2(z − (t1 − t)))dFij

+

∫ t3−t

t2−t

(b2 − b+ c3(z − (t2 − t)))dFij

+

∫ t4−t

t3−t

(b3 − b+ c4(z − (t3 − t)))dFij

+

∫ t5−t

t4−t

(b4 − b+ c5(z − (t4 − t)))dFij , (5.24)
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where dFij =
(e−z/λ)(z)αdij−1

Γ(αdij)λαdij
dz, Γ(αdij) =

∫∞

0
e−rrαdij−1dr, and b is the

corresponding departure time in the b-domain. Note that (tl − t) takes the value
of 0 if tl ≤ t, ∀l ∈ K. A general representation of µij(t) can be stated as follows (see
A.2 for the calculations of µij(t) in detail):

µij(t) = αdijλ

k−1∑

n=0

cn+1[Γαdij+1,λ(tn+1 − t)− Γαdij+1,λ(tn − t)]

+
k−1∑

n=0

(bn − b− cn+1(tn − t))[Γαdij ,λ(tn+1 − t)− Γαdij ,λ(tn − t)].

(5.25)

σ2
ij(t) is calculated by:

σ2
ij(t) = E[G2

ij(t)]− (E[Gij(t)])
2, (5.26)

where

E[G2
ij(t)] =

∫ t1−t

t0−t

(b0 − b+ c1(z − (t0 − t)))2dFij

+

∫ t2−t

t1−t

(b1 − b+ c2(z − (t1 − t)))2dFij

+

∫ t3−t

t2−t

(b2 − b+ c3(z − (t2 − t)))2dFij

+

∫ t4−t

t3−t

(b3 − b+ c4(z − (t3 − t)))2dFij

+

∫ t5−t

t4−t

(b4 − b+ c5(z − (t4 − t)))2dFij , (5.27)

and (tl− t) takes the value of 0 if tl ≤ t, ∀l ∈ K. A general representation of E[G2
ij(t)]

can be stated as follows (see A.2 for the calculations of E[G2
ij(t)] in detail):

E[G2
ij(t)] = αdij(αdij + 1)λ2

k−1∑

n=0

c2n+1[Γαdij+2,λ(tn+1 − t)− Γαdij+2,λ(tn − t)]

+

k−1∑

n=0

(bn − b− cn+1(tn − t))2[Γαdij ,λ(tn+1 − t)− Γαdij ,λ(tn − t)]

+ 2αdijλ

k−1∑

n=0

(bn − b− cn+1(tn − t))cn+1[Γαdij+1,λ(tn+1 − t)− Γαdij+1,λ(tn − t)].

(5.28)



86 Chapter 5. Time-Dependent VRP with Stochastic TT and Soft TW

The mean arrival time of vehicle v at node j is calculated as follows with respect to
Equations (5.22) and (5.23):

E[Yjv] = E[Ziv] + E[E[Tij |Ziv = ziv]]

= E[Yiv] + si + E[E[Tij(Ziv)]]

= E[Yiv] + si + E[µij(Ziv)], (5.29)

where

E[µij(Ziv)] =

∫ ∞

0

µij(ziv)fZiv
(ziv)dziv. (5.30)

The first-order approximation of Equation (5.30) is obtained as follows in a similar
way given by Fu and Rilett (1998), and Jula et al. (2006) by assuming that µij(t) is
differentiable at point t = E[Ziv], and by using the Taylor’s series expansion:

E[µij(Ziv)] ∼= µij(E[Ziv]). (5.31)

By substituting Equation (5.31) in Equation (5.29), we calculate E[Yjv] by:

E[Yjv] ∼= E[Yiv] + si + µij(E[Ziv]). (5.32)

The variance of the arrival time of vehicle v at node j is obtained as follows:

Var(Yjv) ∼= Var(Yiv) + σ2
ij(E[Yiv] + si). (5.33)

The mean and the variance of the arrival time of vehicle v at customer j can
be calculated by means of Equations (5.32) and (5.33) by assuming that we have
approximated Gamma distributed arrival times (see Section 5.6.4 where we evaluate
the quality of the arrival time distributions). We then calculate the shape and the scale
parameters of the arrival time distribution (αjv and λjv) to estimate the expected
delay, Djv(x) and the expected earliness, Ejv(x) at each customer j, and the expected
overtime, Ov(x) for drivers working on the routes of each vehicle v allocated.

To have better approximations of Djv(x) and Ejv(x), we shift the time window at
node j to the left in the time horizon by the total service time spent by that vehicle
until it serves node j (sjv). The adjusted time window is denoted by [l′j , u

′
j ] where

l′j = lj − sjv and u′j = uj − sjv. The two expected values are then calculated by using
the adjusted limits, and the shape and the scale parameters of the factual arrival time
distribution as follows:

Djv(x) =

{
αjv λjv(1− Γ

αjv+1,λjv
(u′j))− u′j(1− Γ

αjv,λjv
(u′j)), if uj > sjv

E[Yjv]− uj , otherwise

(5.34)
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Ejv(x) =

{
l′jΓαjv,λjv

(l′j)− αjv λjvΓαjv+1,λjv
(l′j), if lj > sjv

0, otherwise

(5.35)

To have a better approximation of Ov(x), we adjust the labor shift time by the amount
of the total service time spent by vehicle v along its route (sov). The adjusted labor
shift time is denoted by w′ where w′ = w− s0v. Ov(x) is then calculated by using w′

and the distribution of the factual arrival time at the (ending) depot as follows:

Ov(x) =

{
α0v λ0v(1− Γ

α0v+1,λ0v
(w′))− w′(1− Γ

α0v,λ0v
(w′)), if w > s0v

E[Y0v]− w, otherwise

(5.36)

5.5. Solution Methodology

In our solution approach, we apply both a Tabu Search (TS) and an Adaptive
Large Neighborhood Search (ALNS) metaheuristic. We start the optimization with
a solution obtained using the initialization algorithm proposed in Chapter 3. In
this algorithm, the insertion heuristic I1 given in Solomon (1987) is extended by
considering the expected violations of the time windows where travel times are
stochastic. The solution constructed by this heuristic is further improved with
respect to the total transportation cost by applying a TS procedure, leading to
the initial feasible solution. We modify the initialization algorithm developed in
Chapter 3 by calculating the expected values with respect to the time-dependent and
stochastic travel times. Note that yinit denotes the initial feasible solution generated
by the algorithm adapted. Solutions obtained by the metaheuristics are then further
processed by a post-optimization method to deal with the detailed schedule of the
vehicle routes in the corresponding solution. The overview of our solution procedure
is given in Algorithm 5.1.
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1. Construct an initial feasible solution with respect to the stochastic
and time-dependent travel times

2. Improve the solution generated in Step 1 by using a TS method with
respect to the total weighted cost

3. Improve the solution generated in Step 1 by using an ALNS method
with respect to the total weighted cost

4. Apply a post-optimization method to the solutions obtained in Step 2
and in Step 3

Algorithm 5.1: Overview of the solution procedure

5.5.1 Tabu Search

The TS procedure applied in this chapter is based on the algorithm given in Chapter
3. The interested reader is referred to Chapter 3 for the details about this algorithm
and the pseudo-code in which the framework of the methodology is described. In the
following, we recall the main properties of the procedure, especially for the parameters
that are mentioned in Section 5.6.

In the TS algorithm, the total cost of the (current) solution y is denoted by
z(y). The neighborhood of y is constructed by two operators. One operator
changes the location of the customer within the route while the other one removes
the customer from a route and inserts it into another route. Each solution
y′ constructed by the neighborhood operators are evaluated with respect to a
measure which is c(y′) = z(y′) + νq(y′). In this measure, q(y′) is equal to
max{0, ((∑v∈V

∑
i∈N\{0} qi

∑
j∈N x̃ijv)−Q)} where x̃ijv takes the value 1 if arc (i, j)

is traversed by vehicle v in solution y′ and 0, otherwise. The coefficient ν is the cost
paid for one unit of demand violation, and its value is updated at each iteration with
respect to the solution accepted. ν takes the value ν/(1 + ϕ) if the solution accepted
does not violate the vehicle capacity and ν(1 + ϕ), otherwise. In case c(y′) ≥ c(y), a
diversification cost is added to c(y′) to expand the search in the neighborhood. Note
that the measure, which calculates the additional cost, employs a parameter Ω to
adjust the intensity of the search expanded.

The TS method accepts the first solution y′ in the neighborhood which is non-tabu
and c(y′) < c(y), or satisfies the aspiration criterion. In case the method cannot find
any such solution, the best non-tabu solution in the neighborhood is accepted. Note
that the non-tabu solutions are identified by means of a list with size ϑ which stores
the customers prohibited to relocate. Moreover, the search in the neighborhood is
intensified by a medium-term memory mechanism. This mechanism focuses on the
promising regions of the neighborhood obtained by the best feasible solution (y∗).
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Two stopping criteria are used in the procedure explained above. The primary
criterion is the maximum number of iterations (θ). A threshold number of iterations
is employed as the secondary criterion where the algorithm terminates in case the
best feasible solution cannot be updated for τ iterations. As we compare the routes
in the best feasible solution generated by the TS procedure to those obtained by the
ALNS method, these two metrics are also used as the stopping criteria in the ALNS.

5.5.2 Adaptive Large Neighborhood Search

The scheme of the ALNS method is introduced by Pisinger and Ropke (2005, 2007),
and Ropke and Pisinger (2006) to handle various types of the routing problems. These
authors extend the Large Neighborhood Search (LNS), which is developed by Shaw
(1997), in terms of the operators implemented and the neighborhood considered. In
the next sections, we present the selection procedure of heuristics and the acceptance
of solutions generated. We also explain the details of the removal and insertion
heuristics. The overall ALNS procedure is then explained in pseudo-code as Algorithm
5.2.

5.5.2.1 Adaptive Weight Adjustment Procedure and Acceptance of So-
lutions

The ALNS procedure starts with an initial feasible solution which is progressively
improved by applying a number of removal and insertion heuristics. The neighborhood
of a solution in this methodology is generated in two steps: (i) removing some
customers from the solution, (ii) reinserting them into the solution. In particular, the
removal and insertion heuristics to be employed in the current iteration are selected
by a roulette-wheel technique. Suppose that each heuristic i has a weight, ωi. At the

beginning of the ALNS method, a probability which is equal to
ωi∑h
j=1 ωj

is calculated

for each heuristic i. Note that the selection of heuristics depends on the independent
probabilities which are calculated over the set of removal heuristics and the set of
insertion heuristics. In principle, the weight adjustment procedure updates each
weight value with respect to the performance of the corresponding heuristic in the
previous iterations. Thus, this procedure needs to separate out the total number of
iterations of the ALNS into the segments denoted by θω. More specifically, a segment
corresponds to a number of the ALNS iterations. Throughout the ALNS method,
weight values to be employed in segment j + 1 are updated with respect to segment

j as ωi,j+1 = ωi,j(1 − rω) + rω
Φi

ξi
. In the latter, rω is the control parameter, Φi is

the score of heuristic i and ξi is the number of times that heuristic i is employed in
segment j. Note that scores of all heuristics are set to 0 at the beginning of each
segment. If the solution obtained in the current iteration improves the best feasible
solution y∗, the scores of both the removal and the insertion heuristics applied in that
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iteration are increased by Θ1. If the cost of the new solution is better than the cost
of the current solution, the scores are increased by Θ2. If the cost of the new solution
is worse than the current solution but it has been accepted, the scores are updated
by Θ3.

The solutions obtained in the ALNS iterations are evaluated with respect to a criterion
based on the simulated annealing framework (following Ropke and Pisinger, 2006).
The new solution ynew with the total cost z(ynew) is always accepted if z(ynew) is
better than z(y). If z(ynew) is worse than z(y), ynew is accepted with a probability
e−(ynew−y)/H where H denotes the temperature. The initial value of H is set to
z(yinit)cinit in which cinit is the coefficient used to initialize the temperature. H is
updated at each iteration by cH , which is the coefficient employed to decrease the
temperature, as cHH.

5.5.2.2 Removal Heuristics

We apply three removal heuristics similar to ones given by Ropke and Pisinger (2006).
In this paper, the authors focus on a pickup and delivery problem with time windows.
Moreover, they assume that the travel times are time-independent and deterministic.
Therefore, we have a different application of the heuristics from that given in Ropke
and Pisinger (2006). Each heuristic starts with a solution y, and removes one customer
from the current solution at each iteration. These removed customers are added into
a list (removal list) which is used by the insertion heuristics to insert them back into
the solution. The heuristic is repeated until it reaches the maximum number of given
iterations (φ).

Shaw Removal Heuristic

This heuristic, which is introduced by Shaw (1997), aims to remove similar customers
where similarity is defined according to a measure. The algorithm employs a removal
list that includes a randomly selected customer at the initialization step. At each
iteration, a customer i from that list is randomly chosen and the relatedness value
of each customer j in y (Lij) is calculated. Briefly, the relatedness function employs
four main sub-measures: (i) a distance sub-measure, (ii) a time sub-measure, (iii)
a capacity sub-measure, (iv) a sub-measure that is included in case customers
i and j are visited in the same route. Suppose that in solution y, customers
i and j are visited by vehicles v1 and v2, respectively. Lij is then equal to
(γdij + χ|E[Yiv1

] − E[Yjv2
]| + δ|qi − qj |) where dij , E[Yiv1

], E[Yjv2
], qi and qj are

normalized in the range of [0,1]. In case these two customers are served by the same
vehicle, ψ is added to Lij . Customers in y are then ranked with respect to their Lij

values in increasing order. The algorithm randomly selects a customer in this order to
remove it from y and insert into the removal list. Note that the degree of randomness
in the selection part is arranged by the parameter ζ (see Ropke and Pisinger, 2006,
for details about a similar implementation of the randomness).
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Random Removal Heuristic

This heuristic randomly removes φ customers from the given solution and inserts
them into the removal list. In our ALNS procedure, this method may be viewed as a
special case of Shaw removal heuristic where ζ is set to 1.

Worst Removal Heuristic

This heuristic repeatedly removes customers with respect to a measure calculated for
each customer j in the solution y. The measure is the change in the total cost of the
solution y by removing customer j (Mj). Customers in y are then ranked with respect
to their Mj values in decreasing order. The algorithm randomly selects a customer in
this order to remove it from y and insert into the removal list. Note that the degree
of randomness in the selection part is arranged by the parameter ζ.

5.5.2.3 Insertion Heuristics

We apply two insertion heuristics similar to ones given by Ropke and Pisinger (2006).
Each heuristic starts with a solution ytemp and a removal list that are obtained by
the removal procedure. At each iteration, the heuristic removes one customer from
that list and inserts it into the current solution until the list becomes empty.

Greedy Heuristic

At each iteration, this heuristic determines the best possible customer to be inserted
into a route of solution ytemp at its best possible place in that route. For each unrouted
customer j, we calculate the minimum change in the total cost of the solution ytemp by
inserting that customer into ytemp (M ′

j). This measure yields the best possible place
for customer j in terms of the route and the location in that route. The algorithm
then selects the customer j∗ = argminj∈C{M ′

j} where C denotes the customers given
by the removal list (ones not yet served by any route).

Regret Heuristic

This heuristic inserts customers with respect to a measure calculated for each customer
j in the removal list. The measure is the difference between the total cost of solution
ytemp in case of inserting customer j at its best place and that in case of inserting
customer j at its second-best place (M∗

j ). The algorithm then selects the customer
j∗ = argmaxj∈C{M∗

j } where C denotes the unrouted customers given by the removal
list. Recall that the greedy heuristic delays the insertion of the customers with high
M ′

j values to the last iterations where few places are available for these customers.
The regret heuristic copes with this problem by trying to insert the customers which
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may not have several available places as the algorithm proceeds.

Construct initial feasible solution, yinit
Set y := yinit, y

∗ := yinit and z(y
∗) := z(yinit)

Calculate the initial probabilities for each removal heuristic and for each
insertion heuristic
Initialize H with respect to yinit
Set κ := 1, stop := 0
while κ ≤ θ and stop = 0 do

Choose a removal heuristic with respect to removal probabilities
Apply this heuristic to y, leading to solution ytemp

Choose an insertion heuristic with respect to insertion probabilities
Apply this heuristic to ytemp, leading to solution ynew
if z(ynew) < z(y) then

Set y := ynew and z(y) := z(ynew)
end
else

Generate a random number ǫ
if ǫ < e−(ynew−y)/H then

Set y := ynew and z(y) := z(ynew)
end

end
if z(y) < z(y∗) then

Set y∗ := y and z(y∗) := z(y)
end
if y∗ is not updated for τ iterations then

Set stop := 1
end
Set H = cHH
Update the scores and weights with respect to weight adjustment
procedure, and calculate the probabilities of removal and insertion
heuristics
Set κ := κ+ 1

end
return y∗

Algorithm 5.2: The general framework of the ALNS procedure

5.5.3 Post-optimization Method

The vehicle routes obtained by the TS and the ALNS depart from the depot at time
0. We repeatedly shift the starting time of each vehicle route from the depot by
10 minutes until the total cost of that route is not improved. This method yields
a better balance between the expected delay and the expected earliness. Note that
shifting the departure time also affects the expected overtime, which is not observed
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in time-independent and stochastic case (see Section 3.3.3 in Chapter 3 for details
about the post-optimization method employed).

5.6. Numerical Results

Our computational experiments are conducted on the well-known data sets given by
Solomon (1987). In these sets, we have three types of geographic distribution: (i)
Clustered (C), (ii) Random (R), and (iii) Randomly Clustered (RC). Moreover, we
have two types of instances with respect to the time windows: (i) instances with tight
time windows (C1, R1 and RC1), and (ii) instances with large time windows (C2, R2
and RC2). Each problem instance has 100 customers and one depot. The travel time
spent for one unit of distance is Gamma distributed where (α, λ) are equal to (1.0,
1.0). The latter leads to a Coefficient of Variation (CV) taking the value 1.0. We set
w to 480 (following Chapter 3) and ρ to 0.50 (to give the equal importance on two
cost components). Cost coefficients (cd, ce, ct, cf , co) are equal to (1.0, 0.1, 1.0, 400,
5/6) and travel-time multipliers (c1, c2, c3, c4, c5) are equal to (1.0, 1.2, 1.0, 1.4, 1.0),
respectively. The scheduling horizon in the b-domain is designed with respect to w for
C1, R1 and RC1 sets. In C2, R2 and RC2 sets, we potentially have more customers
in a route due to the large time windows. Thus, we use the upper bound of the time
window at the depot (u0) to arrange the boundaries of the b-domain. (θ,τ) are set
to (500,100) in the improvement procedure employed by the initialization algorithm,
and to (2000, 500) in the TS and in the ALNS. Moreover, ν is initially equal to 1.
We implement our algorithms in JAVA, and experiments are performed on an Intel
Core Duo with 2.93 GHz and 4 GB of RAM.

We first conduct a number of preliminary tests to set the parameters to be used
in the TS and in the ALNS. In these tests, results are obtained by employing the
different values of a parameter on an interval where the other parameters are kept
unchanged. We implement a similar procedure to that given by Cordeau et al. (1997)
and that presented in Chapter 3 for the TS, and a similar procedure to that given
by Ropke and Pisinger (2006) for the ALNS. Ω, ϕ and ϑ are tested over the intervals
[0.005,0.025], [5log10|N |,15log10|N |] and [0.25,1.25], respectively. These tests lead to
three main sets of results where we accordingly set Ω, ϕ and ϑ to 0.015, 0.25 and
5log10|N |, respectively. According to preliminary tests performed for the ALNS, (ω,
θω, rω, Θ1, Θ2, Θ3, cinit, cH , φ, γ, χ, δ, ψ, ζ) are set to (2, 25, 0.10, 5, 3, 2, 10, 0.99,
6, 10, 10, 6, 8, 4), respectively.

5.6.1 Solutions obtained by the TS and the ALNS

This section discusses the different aspects of the results obtained by the two
metaheuristics employed in the chapter. Table 5.2 provides the details of the Initial
Feasible Solutions (IFS) which are generated both for the case assuming no service
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times, and for the case with the original service times. Note that the total expected
delay (Del.), total distance (Dist.), total expected earliness (Earl.), total expected
overtime (Over.), number of vehicles used for the service (Veh.), and the CPU times
in seconds represent the average values obtained over all problem instances in the
corresponding data set. We do not report the objective function values (Obj.) of the
starting solutions since they are equal to 1 by means of the scaling parameters, C1 and
C2. Solutions in this table show that when the original service times are included,
the total expected delay is increased and the total expected earliness is decreased
in all problem sets. Moreover, the procedure given for the case with service times
provides the solutions in less CPU time with respect to the procedure given for the
case assuming no service times.

Tables 5.3 and 5.4 present the solutions obtained by the TS for the case assuming
no service times and for the case with original service times, respectively. The post-
optimization method leads to the final solutions with the adjusted departure times
from the depot. Solutions in Table 5.3 show that in all problem sets, the TS method
decreases the total expected earliness with respect to the initial solutions. Solutions
in Table 5.4 show that the TS method decreases both the total expected delay and the
total expected earliness in all problem sets with respect to the initial solutions. These
reductions mostly bring an increase in the total distance and in the total expected
overtime for both cases. The post-optimization method provides an improvement in
all solutions obtained by the TS for the case assuming no service times. This method
cannot improve the solutions for the case with service times due to the long travel
times along each vehicle route.

Tables 5.5 and 5.6 present the solutions obtained by the ALNS for the case assuming
no service times and for the case with the original service times, respectively. Solutions
in Table 5.5 show that in all problem sets except C2, the ALNS method decreases
the total expected earliness with respect to the initial solutions. Solutions in Table
5.6 show that the ALNS method decreases both the total expected delay and the
total expected earliness in all problem sets with respect to the initial solutions. These
reductions mostly bring an increase in the total distance and in the total expected
overtime for both cases. The post-optimization method provides an improvement in
all solutions obtained by the ALNS for the case assuming no service times. This
method can slightly improve the solutions of C1 for the case with service times;
however, it cannot further improve the other solutions due to the long travel times
along each vehicle route.

According to the objective function values given in Tables 5.3 and 5.5, the TS method
provides better final results for C1, R1, RC1 and C2 problem sets, and the ALNS
method provides better final results for R2 and RC2 problem sets. According to the
objective function values given in Tables 5.4 and 5.6, the TS method yields better
final results for C1 problem set while the ALNS method provides better final results
for RC1, R2 and RC2 problem sets. The detailed average values given for R1 and
C2 problem sets show that the TS method provides better final results for these sets
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with respect to the ALNS.

5.6.2 Solutions obtained for the time-independent and stochas-
tic travel times

In this section, we aim to analyze the benefits gained by the time-dependent travel
times compared to the time-independent travel times. The solutions obtained in
Chapter 3 with respect to only stochastic travel times are evaluated under the time-
dependent and stochastic travel times. The original service times are included in this
evaluation since they are considered to generate the solutions in Chapter 3. Note that
for a fair comparison, each travel-time multiplier is set to 1.12 which is the average of
five multipliers employed to obtain solutions in Section 5.6.1. Moreover, each vehicle
starts its route from the depot at time 0 to adequately assess the solutions in terms
of the performance of the TS and the ALNS. The average values obtained by the
evaluation for each set are presented in Table 5.7 (on the left part). According to
the values given in Tables 5.4 and 5.6, for C1, RC1, C2 and R2 sets, the solutions
originally generated with respect to time-dependency and stochasticity perform better
than the solutions generated with respect to only stochasticity. The stochastic and
time-independent procedure provides better solutions for R1 and RC2 sets for the
time-dependent environment where the increase in the delay due to the longer travel
times is well compensated with a decrease in the earliness.

5.6.3 Optimal solutions obtained for the classical VRPTW

In this section, we aim to analyze the benefits gained by the time-dependent and
stochastic travel times compared to the time-independent and deterministic travel
times. The optimal/best-known solutions obtained for the classical VRPTW (see
Desaulniers et al., 2008; Baldacci et al., 2011) are evaluated under the time-dependent
and stochastic travel times by considering soft time windows. Note that these
solutions are originally generated for a set of customers with hard time windows
where the travel times are time-independent and deterministic. In the evaluation, each
travel-time multiplier is set to 1.12 which is the average of five multipliers employed
to obtain solutions in Section 5.6.1. Moreover, each vehicle starts its route from the
depot at time 0 to adequately assess the solutions in terms of the performance of the
TS and the ALNS. The average values obtained by the evaluation for each set are
presented in Table 5.7 (on the right part). According to the values given in Tables 5.4
and 5.6, for R1, RC1, R2 and RC2 sets, the solutions originally generated with respect
to time-dependency and stochasticity perform better than the solutions generated
with respect to time-independent and deterministic environment. For C1 and C2
sets, the deterministic procedure provides better solutions for the time-dependent and
stochastic environment due to the network structure of these sets (see Solomon, 1987).
The time windows in C1 and C2 sets have been arranged with respect to the arrival
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times of the vehicles at the customers, leading to very reasonable delay and earliness
values even if the travel times are time-dependent and stochastic. Moreover, we have
low transportation costs due to the objective of the classical VRPTW (minimizing
the total distance) and the geographical distribution of the customers in these sets
(clustered).

5.6.4 Quality of the Arrival Time Distributions

We assess the quality of the arrival time distributions by running a simulation
procedure for each final solution obtained by the TS and by the ALNS. In this
method, we employ 1000 iterations. The average values obtained by the simulation
for each set are presented in Tables 5.3, 5.4, 5.5 and 5.6 (on the right-most part). We
evaluate the difference in the total weighted cost of the final solutions calculated by
the formulations proposed in this chapter and by the simulation. This difference is
at most 3.27% for the solutions obtained by the TS for the case assuming no service
times, at most 1.56% for the solutions obtained by the ALNS for the case assuming
no service times, and at most 1.66% for the solutions obtained by the ALNS for the
case with the original service times. These results confirm that the distributions of
the arrival times and the expected values used to calculate the total weighted cost are
reliably estimated in this chapter.
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Table 5.2 Details of initial feasible solutions

IFS for the case assuming no service times IFS for the case with original service times
Set Del. Dist. Earl. Over. Veh. CPU Del. Dist. Earl. Over. Veh. CPU
C1 0.36 882.49 28095.74 0.00 10.00 538 11332.42 835.52 9452.03 84.35 10.00 349
R1 182.42 895.54 2453.84 0.00 8.00 577 2783.07 895.54 1224.15 0.00 8.00 432
RC1 52.59 1014.41 2557.96 0.00 9.00 455 1394.69 1014.41 1253.70 0.00 9.00 352
C2 0.00 689.98 102854.84 0.00 3.00 2039 32985.51 689.98 24103.02 138.55 3.00 1850
R2 180.51 693.78 13465.09 0.02 2.00 3236 7842.11 698.83 7144.00 12.55 2.09 2712
RC2 169.20 727.94 14499.33 0.01 2.25 2362 3839.44 727.35 8690.68 10.16 2.50 1975

Table 5.3 Details of solutions obtained by the TS for the case assuming no service times

Solutions of TS Final Solutions Simulation
Set Del. Dist. Earl. Over. Veh. Obj. CPU Del. Earl. Over. Obj. Del. Earl. Over. Obj.
C1 1.60 2217.11 13367.10 1.97 10.00 0.86 1473 32.17 9299.73 4.66 0.82 38.65 9330.25 4.64 0.82
R1 11.93 1241.55 450.55 0.00 8.00 0.60 1420 12.54 441.49 0.00 0.60 19.68 481.21 0.00 0.61
RC1 9.38 1516.41 359.28 0.00 9.00 0.62 1187 11.57 319.44 0.00 0.61 17.19 350.65 0.00 0.63
C2 3.96 662.82 102206.85 0.00 3.00 0.99 3281 131.88 87750.30 0.22 0.93 130.12 87788.36 0.19 0.93
R2 9.33 922.27 4951.41 1.94 2.00 0.75 4665 27.52 4351.50 2.35 0.74 22.21 4384.05 2.29 0.74
RC2 19.57 946.73 6794.47 1.32 2.00 0.76 3929 37.40 6357.23 1.68 0.75 32.65 6395.61 1.62 0.75
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Table 5.4 Details of solutions obtained by the TS for the case with original service times

Solutions of TS Final Solutions Simulation
Set Del. Dist. Earl. Over. Veh. Obj. CPU Del. Earl. Over. Obj. Del. Earl. Over. Obj.
C1 80.86 970.00 166.52 86.64 10.00 0.52 413 80.86 166.52 86.64 0.52 82.47 167.15 86.58 0.52
R1 1048.63 952.89 809.37 0.00 8.00 0.69 941 1048.63 809.37 0.00 0.69 1055.85 818.07 0.00 0.69
RC1 530.89 1147.57 684.55 0.00 9.00 0.70 1179 530.89 684.55 0.00 0.70 549.66 690.14 0.00 0.70
C2 201.22 798.49 1069.15 140.62 3.00 0.52 1068 201.22 1069.15 140.62 0.52 192.18 1071.99 140.55 0.52
R2 1015.67 802.83 3811.56 14.82 2.09 0.62 1509 1015.67 3811.56 14.82 0.62 1002.24 3823.09 14.77 0.62
RC2 707.52 899.80 5262.41 13.19 2.50 0.70 1704 707.52 5262.41 13.19 0.70 695.42 5281.51 13.14 0.70

Table 5.5 Details of solutions obtained by the ALNS for the case assuming no service times

Solutions of ALNS Final Solutions Simulation
Set Del. Dist. Earl. Over. Veh. Obj. CPU Del. Earl. Over. Obj. Del. Earl. Over. Obj.
C1 4.46 2900.79 12993.10 1.08 10.00 0.93 177 31.00 9849.67 3.43 0.89 38.73 9884.04 3.45 0.90
R1 21.63 1349.91 508.71 0.00 8.25 0.64 335 21.82 505.32 0.00 0.64 31.58 543.02 0.00 0.65
RC1 9.66 1681.22 306.42 0.00 10.00 0.67 312 11.22 280.85 0.00 0.67 16.91 311.44 0.00 0.68
C2 0.00 689.98 102854.84 0.00 3.00 1.00 254 25.24 88789.58 0.31 0.94 24.69 88825.13 0.26 0.94
R2 6.74 952.60 4086.18 2.77 2.00 0.75 1693 19.41 3500.21 3.19 0.74 14.25 3528.38 3.14 0.74
RC2 12.43 968.70 5886.27 1.35 2.00 0.74 1638 29.41 5384.37 1.84 0.74 24.49 5412.85 1.78 0.74
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Table 5.6 Details of solutions obtained by the ALNS for the case with original service times

Solutions of ALNS Final Solutions Simulation
Set Del. Dist. Earl. Over. Veh. Obj. CPU Del. Earl. Over. Obj. Del. Earl. Over. Obj.
C1 1066.54 1614.60 1698.17 93.55 10.56 0.62 104 1066.55 1696.63 93.56 0.62 1073.83 1703.08 93.64 0.63
R1 817.17 1019.31 898.37 0.00 8.75 0.69 268 817.17 898.37 0.00 0.69 832.49 906.38 0.00 0.70
RC1 273.01 1225.32 777.99 0.00 9.88 0.69 242 273.01 777.99 0.00 0.69 288.78 787.11 0.00 0.69
C2 214.54 849.36 1095.07 141.62 3.00 0.52 549 214.54 1095.07 141.62 0.52 203.72 1099.12 141.55 0.52
R2 880.84 777.09 4151.72 14.35 2.09 0.61 628 880.84 4151.72 14.35 0.61 866.03 4168.39 14.28 0.60
RC2 651.12 904.02 5098.30 13.31 2.50 0.69 677 651.12 5098.30 13.31 0.69 636.26 5116.78 13.25 0.69

Table 5.7 Details of solutions evaluated under time-dependency and stochasticity with original service times

Stochastic and time-independent solutions Deterministic and time-independent solutions
Set Del. Dist. Earl. Over. Veh. Obj. Del. Dist. Earl. Over. Veh. Obj.
C1 22.77 1204.59 1181.31 77.52 11.89 0.55 14.92 828.38 111.04 85.46 10.00 0.50
R1 584.77 1068.37 633.38 0.00 9.17 0.69 94.84 1178.46 879.42 0.00 13.25 0.82
RC1 423.74 1244.95 458.08 0.00 9.75 0.73 110.50 1338.13 558.29 0.00 12.50 0.75
C2 10.07 825.97 1956.11 128.94 4.63 0.52 52.52 589.86 20.48 137.01 3.00 0.49
R2 53.01 914.07 2629.37 8.56 3.27 0.63 3.63 876.92 11066.82 1.24 5.45 0.79
RC2 56.65 1004.60 4750.30 7.55 3.50 0.68 0.31 1003.98 12577.14 0.66 6.25 0.92
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5.7. Conclusions

In this chapter, we consider a VRP with soft time windows in which the travel
times are modeled with respect to time-dependency and stochasticity. The aim is to
construct both reliable and efficient routes by a solution procedure with three main
phases. The initial solution constructed in the first phase is improved in the routing
phase which is handled by a TS and an ALNS. In the third phase, a post-optimization
method is applied to the solutions obtained by the metaheuristics. We formulate
the arrival time distributions both exactly (no service times) and approximately
(with service times). We conduct our computational experiments on well-known
problem instances, and perform comprehensive analyses. Results indicate that the
formulations proposed in this chapter reliably estimate the distributions and the
expected values employed in the mathematical model. Even though this model is
rather complex and the arrival time distributions are rather complicated, we have an
effective solution procedure which provides very good final solutions in a reasonable
amount of time.
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Chapter 6

A Vehicle Routing Problem
with Flexible Time Windows

6.1. Introduction

Carrier companies are faced with the daily challenge of delivering goods to customers
in a cost-effective manner. Often, these companies must adhere to customer service
requirements. In this environment, customer service requirements are mainly reflected
by the Vehicle Routing Problem with Time Windows (VRPTW). This problem can be
observed in bank deliveries, postal deliveries, and school bus routing (see Hashimoto
et al., 2006). Given a set of customers, the VRPTW consists of finding least cost
routes such that each customer is visited within a predetermined time window by
a single vehicle. The vehicle is permitted to arrive before the opening of the time
window, and wait at no cost until service becomes possible, but it is not permitted to
arrive after the time window closes. The interested reader is referred to Chapter 2 for
a literature review presenting the further details of the VRPTW and of its variants.

The definition of the VRPTW implies that time windows are treated as hard
constraints, the relaxation of which may lead to reducing the total travel time while
using fewer vehicles. A form of time window relaxation is considered in the Vehicle
Routing Problem with Soft Time Windows (VRPSTW). This problem assumes that
some or all customer time windows are soft and can be violated by paying appropriate
penalties (see Balakrishnan, 1993). The penalty structure associated with soft time
windows essentially allows serving a customer at any point of the planning horizon.
This mechanism is due to the penalty policies, which dictate that early arriving
vehicles must wait or incur a penalty, while any late arrival is permissible at a cost.
Therefore, when compared to the VRPTW, the VRPSTW operates on a much larger
feasible solution space.
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In several real-world situations, time window constraints can be violated to a certain
extent. Therefore, in this chapter we aim to assess the operational gains obtained
by employing a fixed relaxation of the time window constraints. Namely, we study
the Vehicle Routing Problem with Flexible Time Windows (VRPFlexTW), in which
vehicles are allowed to deviate from customer time windows by a given tolerance. This
flexibility enables savings in the operational costs of carriers, since customers may be
served before and after the earliest and latest time window bounds, respectively.
As the time window violations affect customers satisfaction, they are penalized.
Furthermore, as in the VRPTWwe allow early arriving vehicles to wait at no cost until
the earliest allowable service time is reached. Note that in Chapters 3, 4 and 5, waiting
at customer locations is not considered as an option since in the problem settings
customers have soft time windows where both early and late arrivals bring penalty
costs. The VRPFlexTW is distinct from the VRPSTW in that the former considers
a restriction on the feasible time window violation. Therefore, when compared to the
VRPSTW, the VRPFlexTW operates on a smaller feasible solution space.

The main contributions of this chapter are threefold:

1. We introduce and model the VRPFlexTW.

2. To produce high-quality solutions, we develop a solution procedure which
comprises three phases: (i) initialization, (ii) improving, (iii) scheduling.

3. We conduct a series of numerical experiments on benchmark instances, and
assess the operational gains of using flexible time windows.

The remainder of this chapter is organized as follows. The relevant literature is
reviewed in Section 6.2. Section 6.3 introduces the model. The solution procedure is
then described in Section 6.4. This is followed by computational results provided in
Section 6.5 and by conclusions given in Section 6.6.

6.2. Literature review

The daily distribution task faced by many freight transports is captured by the Vehicle
Routing Problem (VRP). In its classical definition, the VRP minimizes the total travel
cost incurred by a set of homogeneous vehicles that deliver customer demands. This
problem has been widely studied for over fifty years (see, e.g., Laporte, 2009). In an
attempt to better link the VRP to realistic applications, a number of extensions have
been proposed in the literature (see, e.g., Toth and Vigo, 2002; Golden et al., 2008).
One of the most extensively studied variants of the VRP is the VRPTW, in which
time windows ensure that a customer must be visited within a given interval. Over the
years, a number of exact and heuristic solution procedures have been proposed for the
VRPTW. Baldacci et al. (2012) provide a recent review of mathematical formulations,
relaxations and exact methods for the VRPTW.
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The VRPTW treats time windows as hard constraints. However, some practical
applications imply that customer time windows could be treated as soft constraints,
i.e., may be violated at a cost. This setting gives rise to the VRPSTW, which is
significantly less studied than the VRPTW. Note that the VRPSTW can be thought
of as a variant of the VRPFlexTW, where the relaxation of time windows is not
limited (infinite flexible bounds). More specifically, in the VRPSTW it is assumed
that customers are available to receive their goods upon arrival of vehicles by incurring
some penalty costs for time window violations. The majority of the literature
on the VRPSTW considers a linear penalty function for time window deviations.
Balakrishnan (1993) develops three heuristics for the VRPSTW based on the nearest
neighbor Clarke-Wright savings and space-time rules. Koskosidis et al. (1992) propose
a heuristic algorithm for the VRPSTW. Their algorithm decomposes the problem into
an assignment component and a series of routing and scheduling components. Min
(1991) considers the VRPSTW for a single vehicle where the problem is solved for
small instances. Taillard et al. (1997) propose a Tabu Search heuristic to solve the
VRPSTW.

Ibaraki et al. (2005) propose an efficient algorithm to deal with general time window
constraints. The cost function considered for time window violations can be non-
convex and discontinuous as long as it is piecewise linear. Furthermore, one or more
time slots can be assigned to each customer. Building upon the model proposed in
Ibaraki et al. (2005), Hashimoto et al. (2006) define the traveling time as a variable
representing the difference between the starting times of services at two consecutive
customers, and introduce its cost function.

Calvete et al. (2007) consider a general medium-sized VRPSTW and propose a goal
programming model. Aside from minimizing the operational cost and time window
violations, the authors consider avoiding underutilization of vehicles and labor. The
solution approach first computes feasible routes and then selects the set of best ones.

One of the underlying assumptions in VRPSTW is that the deviations from the time
windows are essentially unbounded, implying that any feasible VRP solution is feasible
in the VRPSTW as well. The VRPFlexTW proposed in this chapter bounds the
lower and upper time window deviations, and hence allows a predetermined amount
of flexibility in adhering to time windows. Qureshi et al. (2009, 2010) develop a
column generation based exact algorithm for the Vehicle Routing and scheduling
Problem with Semi Soft Time Windows (VRPSSTW). This problem considers an
upper bound on the tardiness time window deviation, and thus may be viewed as a
special case of the VRPFlexTW. The solution approach is shown to be efficient on
medium-sized instances. Tang et al. (2009) study the VRP with fuzzy time windows
where the authors consider the multi-objective problem of minimizing travel time
and maximizing customer service level, similar to the VRPTW. The authors take
into account a limited allowable deviation from time windows and solve their multi-
objective model with a two-stage algorithm which yields Pareto solutions.
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6.3. Model Formulation

Formally, the VRPFlexTW can be represented by a connected digraph G = (N,A)
where N = {0, 1, ..., n} is the set of nodes and A = {(i, j) | i, j ∈ N, i 6= j} is the set
of arcs. The node 0 corresponds to the central depot and the other nodes in N denote
customers that must be served. For each customer i ∈ N \ {0}, we have a positive
demand qi, a time window [li, ui], and fractions pli and p

u
i which are used to set the

maximum allowed violations, leading to the flexible time window. The time window
at the depot, [l0, u0], corresponds to the feasible scheduling horizon for each vehicle
route. For each node i, a flexible time window [l′i, u

′
i] is generated with respect to the

length of the original time window, where l′i = li−pli(ui− li), and u′i = ui+p
u
i (ui− li).

Additionally, Q represents the capacity given for each vehicle v ∈ V where V denotes
a homogeneous fleet.

In the early servicing case, service at the customer starts between the flexible earliest
time and the original earliest time. In the late servicing case, service takes place
between the original latest time and the flexible latest time. Note that vehicles wait
at customers (at least) until the flexible time window is reached if they arrive early,
and they cannot serve after the customer flexible time window closes. In our problem
definition, we assume that waiting brings no penalty cost (following the assumption
employed in the classical VRPTW). The latter assumption enables vehicles to wait
at customer locations even if they arrive within the flexible time windows, and to
generate cost-efficient routes. In this way, a balance between early and late servicing
is provided. Figure 6.1 depicts the possible arrivals and their corresponding penalty
cases at customers.

Earliest

allowable time

for service, li

Latest

allowable time

for service, ui

Flexible earliest

allowable time for

service, l'i

Flexible latest

allowable time for

service, u'i

Waiting
Service with

penalty

Service without

penalty

Service with

penalty
No service

Figure 6.1 Possible arrivals and their corresponding penalty cases at customers

Associated with each arc (i, j) ∈ A, tij and dij represent the travel time and the
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distance along that arc, respectively. Note that the service time at node i, zi is
included in tij . A fixed cost cf is incurred for using a vehicle. Time window violations,
i.e., serving a customer within [l′i, li] or [ui, u

′
i] are penalized by ce and cd for one unit

of earliness and one unit of delay, respectively. Moreover, ct is the cost paid for one
unit of distance.

In our model, xijv is equal to 1 if vehicle v serves node j immediately after node i and
0, otherwise. siv denotes the time that vehicle v starts serving node i. Furthermore,
eiv and hiv represent the earliness and the delay at node i in case it is served by
vehicle v, respectively.

Under these assumptions, the mathematical model is formulated as follows.

min ct
∑

i∈N

∑

j∈N

∑

v∈V

dijxijv + cf
∑

j∈N\{0}

∑

v∈V

x0jv

+ce
∑

i∈N

∑

v∈V

eiv + cd
∑

i∈N

∑

v∈V

hiv (6.1)

subject to
∑

j∈N

∑

v∈V

xijv = 1, i ∈ N \ {0}, (6.2)

∑

i∈N

xikv −
∑

j∈N

xkjv = 0, k ∈ N \ {0}, v ∈ V, (6.3)

∑

i∈N\{0}

qi
∑

j∈N

xijv ≤ Q, v ∈ V, (6.4)

∑

j∈N

x0jv = 1, v ∈ V, (6.5)

∑

i∈N

xi0v = 1, v ∈ V, (6.6)

siv + tij −M(1− xijv) ≤ sjv, i ∈ N, j ∈ N, v ∈ V, (6.7)

l′i ≤ siv ≤ u′i, i ∈ N, v ∈ V, (6.8)

eiv ≥ li − siv, i ∈ N, v ∈ V, (6.9)

hiv ≥ siv − ui, i ∈ N, v ∈ V, (6.10)

eiv ≥ 0, i ∈ N, v ∈ V, (6.11)

hiv ≥ 0, i ∈ N, v ∈ V, (6.12)

xijv ∈ {0, 1}, i ∈ N, j ∈ N, v ∈ V. (6.13)

The objective (6.1) is to minimize the total cost which consists of traveling costs,
fixed costs of vehicles used for service, and penalty costs incurred for early and
late servicing. The constraints (6.2) and (6.3) guarantee that exactly one vehicle
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arrives at a customer location and leaves it. The constraints (6.4) ensure that the
vehicle capacity is not exceeded. The constraints (6.5) and (6.6) indicate that each
vehicle route starts and terminates at the depot. The constraints (6.7) represent the
relationship between the starting time of service at a customer and the departure
time of vehicle from its predecessor. The constraints (6.8) ensure that the service
takes place at each customer with respect to the customer (flexible) time window.
The constraints (6.9) link the earliness and the beginning of service; similarly, the
constraints (6.10) link the delay and the beginning of service. The constraints (6.11)
and (6.12) ensure that we have non-negative values for the earliness and the delay. The
constraints (6.13) indicate that there is no partial servicing. Note that in this model,
the depot is also considered in computing the total penalty cost. In the solutions
of the problem instances addressed, relaxing the time window at the depot does not
bring any earliness or lateness since that node only has a very large upper bound
(leading to the scheduling horizon).

6.4. Solution Methodology

For the VRPFlexTW formally described above, we propose a solution method
that includes three main phases. In the first phase, an initial feasible solution is
constructed. This solution is then improved by applying a Tabu Search metaheuristic
in the second phase. These two procedures lead to the assignments of vehicles and
the sequences of customers in these assignments. In the first and second phases,
vehicles are allowed to wait at customer locations only in case they arrive early (until
the flexible time window is reached). If a vehicle arrives at a customer within its
flexible time window, then service takes place without waiting. The latter situation
leads to the immediate service with some penalty costs. In the third phase, the
solution obtained by the Tabu Search algorithm is further improved by solving a
Linear Programming (LP) model. This phase calculates the optimal starting time of
each vehicle route from the depot, and optimal times that each vehicle should start
serving the customers in its route. The objective function of the LP minimizes the
total penalty cost of the vehicle route with respect to the sequence of customers given
in that route.

6.4.1 Initial Feasible Solution

We apply the time-oriented nearest neighbor heuristic proposed by Solomon (1987)
to generate our initial routes. This heuristic first finds the customer closest to the
depot where the closeness is defined by a function. At each iteration, it searches
for the customer which is (i) not yet covered, (ii) feasible to be inserted, (iii) closest
to the last customer in the current route. The feasibility is checked with respect to
the flexible time window at the customer considered, the flexible time window at the
depot and the capacity of the vehicle. If we cannot find any feasible customer for
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the current vehicle route, a new partial route is then constructed by inserting the
customer closest to the depot. This procedure terminates routing when all customers
are assigned to a vehicle.

Suppose that we have a partial route for vehicle v in which the last demand location
is node i, and node j is any node that can be visited by that vehicle after node i.
Following Solomon (1987), we use a function to calculate the cost value of node j
in case it is visited by vehicle v immediately after node i. Note that the node that
has the minimum insertion cost value is the closest one to node i. This function uses
three measures to evaluate the insertion of node j with respect to the last node in
the partial route. The first measure is the distance between node i and node j. The
other two measures are formally given as follows:

Tjv = sjv − (siv + zi), and (6.14)

rjv = u′j − (siv + tij). (6.15)

In the above calculations, rjv can be thought as the urgency of the delivery served by
vehicle v to customer j. sjv, which is the time that vehicle v starts serving customer
j, is calculated by:

sjv = max{l′j , siv + tij}. (6.16)

The cost value is then calculated by the following equation:

cjv = β1dij + β2Tjv + β3rjv, (6.17)

where β1 ≥ 0, β2 ≥ 0, β3 ≥ 0 and β1 + β2 + β3 = 1 (following Solomon, 1987).

6.4.2 The Tabu Search for the VRPFlexTW

The Tabu Search metaheuristic has been extensively applied to the classical VRP
and its extensions, such as stochastic VRP and VRPTW. Some Tabu Search methods
proposed for the VRP are given by Gendreau et al. (1994, 1996b). The interested
reader is referred to Garcia et al. (1994), Taillard et al. (1997), Hertz et al. (2000)
and Cordeau et al. (2001) for implementations of Tabu Search in the VRPTW. The
Tabu Search algorithm employed in this chapter is based on the method proposed
in Chapter 3. In the latter chapter, we focus on a VRP with stochastic travel times
and soft time windows. Travel times on each arc are given with a known probability
distribution. Soft time windows allow both early and late servicing with some penalty
costs. The latter enables vehicles to start serving a customer after its time window
closes. Moreover, vehicles do no wait at customer locations, leading to immediate
service regardless of the arrival time. We adapt this algorithm to our problem where
we have deterministic travel times and flexible time windows. Each time window
is relaxed with given fractions pli and pui for each customer i. The flexible time
boundaries can be thought as the hard time windows in the classical VRPTW where
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vehicles are not permitted to serve before or after these intervals. The interested
reader is referred to Section 3.3 in Chapter 3 for the details of the Tabu Search
method which is also described in pseudo-code. In the following, we recall the main
parameters that are mentioned in Section 6.5.

In the Tabu Search procedure, y and z(y) denote the current solution and its total cost
value, respectively. The latter value is obtained by Algorithm 6.1 which calculates
the total cost value of each route k in solution y. In this algorithm, penalties incurred
due to violations of the original time windows are computed with respect to the
Earliest Possible beginning of Service (EPS) heuristic. This heuristic allows waiting
at a customer only if the assigned vehicle arrives before the flexible time window is
reached. If that vehicle arrives within the customer’s flexible time window, then it
starts serving immediately. Note that in the Tabu Search method, a solution y is only
taken into consideration in case all routes in this solution are feasible with respect to
the flexible time window constraints.

foreach route k in solution y do
foreach customer j in route k do

Calculate the arrival time ajv with respect to previous customer i,
where ajv = siv + tiv
if ajv < l′j then

Set sjv := l′j and calculate earliness

end
if l′j ≤ ajv < lj then

Set sjv := ajv and calculate earliness
end
if lj ≤ ajv < uj then

Set sjv := ajv (no penalty)
end
if uj ≤ ajv < u′j then

Set sjv := ajv and calculate delay
end

end
Calculate the total cost of route k by using its total distance, total
earliness and total delay, and the cost of vehicle v

end
Calculate the total cost of solution y, z(y)

Algorithm 6.1: EPS heuristic to calculate z(y)

In Algorithm 6.1, v denotes the vehicle that operates route k. Moreover, ajv and
sjv represent the arrival time and the beginning of service of vehicle v at node j,
respectively.

In the Tabu Search procedure, each solution y′ in the neighborhood of the current
solution y is evaluated using a function in which one unit of excess demand is
penalized by ν (see Chapter 3 for the details of this function and of the neighborhood
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construction). The parameter ν is adjusted after each iteration with respect to the
total demand of routes in the current solution. If the current solution is feasible with
respect to the vehicle capacity constraint, the value of ν is divided by (1+ϕ); otherwise
it is multiplied with (1 + ϕ). This evaluation function also employs a diversification
mechanism where a constant parameter (µ) is used to calibrate the intensity of the
diversification.

The Tabu Search algorithm terminates either because it reaches the maximum number
of given iterations (θ) or because the best feasible solution did not change for a
threshold number of iterations (τ). To identify the solutions that are tabu, we employ
a list which includes the customers forbidden to relocate for a number of iterations.
Note that the size of this list is denoted by ϑ.

6.4.3 Scheduling Method

Recall that in the first and second phases of our solution methodology, service takes
place immediately in case a vehicle arrives at a customer within its flexible time
window. In the third phase, we solve the following LP model to obtain the optimal
times that each vehicle starts serving the customers in its route. The interested
reader is referred to Vidal et al. (2011) for a survey that introduces a classification on
problems and methods addressing the scheduling and timing perspectives. The model
below is operated for each vehicle route generated by the Tabu Search algorithm.

min ce
∑

i∈N ′

eiv + cd
∑

i∈N ′

hiv (6.18)

subject to siv + tij ≤ sjv, i ∈ N ′

, j ∈ N ′

, (i, j) ∈ A′

, (6.19)

l′i ≤ siv ≤ u′i, i ∈ N ′

, (6.20)

eiv ≥ li − siv, i ∈ N ′

, (6.21)

hiv ≥ siv − ui, i ∈ N ′

, (6.22)

eiv ≥ 0, i ∈ N ′

, (6.23)

hiv ≥ 0, i ∈ N ′

, (6.24)

where the objective is to minimize the total penalty cost of the route operated by
vehicle v. A

′ ⊆ A is the set of arcs traversed by vehicle v and N
′ ⊆ N is the set of

nodes visited in the route of that vehicle.
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6.5. Numerical Results and Insights

We perform our computational experiments on the well-known data sets given by
Solomon (1987). We consider 29 problem instances with 100 customers and tight
time windows (sets R1, C1 and RC1). Each instance has one depot as the central
location of the homogeneous fleet of vehicles, where the vehicle capacity Q is 200
units. According to preliminary tests performed, we set cost coefficients (ct, cf , ce,
cd) to (2.0, 400, 0.5, 1.0). For each node i ∈ N , we employ a symmetric violation
with a fraction pi (p

l
i=p

u
i =pi) which is set to 0.05.

Following Solomon (1987), we use the four parameter sets given in Table 6.1 to
generate the Initial Feasible Solution (IFS) for each problem instance. Among the four
solutions constructed by the initialization algorithm, we select the solution with the
minimum total cost value calculated with respect to the EPS heuristic (see Algorithm
6.1 in Section 6.4.2 for details), and we set IFS as the solution selected. The algorithms
proposed in our solution procedure are coded in JAVA and the LP model is solved
by using IBM ILOG CPLEX 12.2 (IBM, 2013). All experiments are conducted on an
Intel Core Duo with 2.93 GHz and 4 GB of RAM.

Table 6.1 Parameters used by the initialization algorithm to generate IFS

Tests β1 β2 β3

Test 1 0.4 0.4 0.2
Test 2 0.0 1.0 0.0
Test 3 0.5 0.5 0.0
Test 4 0.3 0.3 0.4

6.5.1 Sensitivity Analyses and Parameters for the Tabu Search

A number of tests are performed to tune the parameters employed in the Tabu
Search algorithm. We apply a similar procedure to that given in Cordeau et al.
(1997) and that applied in Chapter 3. To determine the most appropriate value of a
parameter, we test its different values over an interval by keeping the other parameters
unchanged. In our preliminary experiments, three main sets of results are obtained
where the parameters µ, ϑ and ϕ are examined in [0.005,0.025], [5log10|N |,15log10|N |]
and [0.25,1.25], respectively. According to results of these preliminary tests, we set
the values of µ, ϑ and ϕ to 0.020, 5log10|N |, and 0.50, respectively.

In the Tabu Search algorithm, we adjust the value of the parameter ν at each iteration,
which is the cost incurred for one unit of excess demand. As a reasonable starting
value for this unit penalty cost, the initial value of the parameter ν is set to 1.
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Recall that in the Tabu Search algorithm, we employ two stopping criteria represented
by θ (primary criterion) and τ (secondary criterion). We obtain three sets of results
by applying three different sets of values for stopping criteria, in which (θ,τ) are set to
(104,103), (104,5(103)) and (105,104). In the next subsection, we present our results
and discuss their aspects in detail.

6.5.2 Results on Stopping Criteria

Table 6.2 provides the solutions generated by the initialization algorithm for each
problem instance. Recall that the total cost of a solution involves traveling costs,
the fixed costs paid for vehicles used, and penalty costs incurred for early and late
servicing (earliness and delay). For each starting solution, total delay (Del.), total
distance (Dist.), total earliness (Earl.), number of vehicles activated for the service
(#Veh.), and objective function value (Obj.) are presented. Since the computational
time spent by the initialization algorithm is almost 0 for each instance, we do not
report this value in Table 6.2.

Tables 6.3, 6.4 and 6.5 show the solutions obtained by the Tabu Search algorithm, and
the corresponding final solutions obtained by solving an LP model in the scheduling
method. In these tables, values of (θ,τ) are equal to (104,103), (104,5(103)) and
(105,104), respectively. For the Tabu Search algorithm, we report the CPU times in
seconds and the improvement in total cost values in percentages (Obj.Imp%), which is
calculated with respect to the IFS. For the LP model represented by the formulation
(6.18)-(6.24), improvement in total penalty cost incurred for early and late services
is given in percentages (Pen.Imp%) and this value is calculated with respect to the
solution obtained by the Tabu Search algorithm. Moreover, we present the average
improvements (Avg.) over all problem instances provided both by the Tabu Search
algorithm and by the scheduling method.

Solutions in Table 6.3 show that in all problem instances the Tabu Search algorithm
decreases the total distance with respect to the initial solutions. These reductions
may be achieved by an increase in the delay or in the earliness, e.g., we have higher
total delay in three instances (R101, R105, RC101) and higher total earliness in
nine instances (R101, R102, R106, R110, RC101, RC102, RC106, RC107, RC108)
compared to that given by IFS. Moreover, we use fewer vehicles in 12 problem
instances. Overall, the Tabu Search algorithm reduces the total cost by 11.59% on
average. The solutions obtained by the Tabu Search algorithm are further improved
by the LP model by reducing an average of 60.03% of the total penalty cost.

Solutions in Table 6.4, which are obtained with a higher number of iterations given
for the secondary terminating criterion, show that in all problem instances the Tabu
Search algorithm decreases the total distance with respect to the initial solutions.
We have higher total delay in three instances and higher total earliness in ten
instances. Moreover, we use fewer vehicles in 16 instances. Overall, the Tabu Search
algorithm reduces the total cost by 12.88% on average, which is higher than the
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Table 6.2 Details of initial feasible solutions obtained for all problem instances where
pi = 0.05, ∀i ∈ N

Initial Feasible Solution
Ins. Del. Dist. Earl. #Veh. Obj.
C101 0.00 855.07 7.30 10 5713.78
C102 35.39 1263.54 45.70 11 6985.31
C103 159.93 1530.61 96.20 11 7669.26
C104 226.46 1789.19 45.00 11 8227.33
C105 0.00 934.36 0.00 10 5868.71
C106 6.32 1164.45 0.00 10 6335.23
C107 14.72 1033.36 11.52 10 6087.20
C108 2.60 1038.91 4.20 10 6082.52
C109 10.31 1357.11 167.55 11 7208.30
R101 0.09 1948.05 60.20 19 11526.29
R102 63.01 1816.10 42.30 19 11316.36
R103 135.35 1601.99 29.00 14 8953.83
R104 121.20 1387.88 14.00 12 7703.96
R105 0.15 1706.48 75.03 17 10250.64
R106 64.38 1736.24 30.66 14 9152.19
R107 119.97 1464.20 45.53 12 7871.13
R108 86.87 1301.18 33.50 11 7105.97
R109 9.47 1487.61 90.35 13 8229.86
R110 29.17 1470.03 46.76 13 8192.61
R111 72.83 1500.50 68.65 12 7908.16
R112 55.27 1390.12 36.44 11 7253.73
RC101 1.65 2020.20 73.37 17 10878.73
RC102 66.69 1891.19 54.00 14 9476.07
RC103 77.29 1803.36 43.20 13 8905.62
RC104 89.29 1735.92 39.75 12 8381.01
RC105 12.18 2081.24 61.75 16 10605.55
RC106 5.50 1664.48 45.34 13 8557.13
RC107 20.88 1610.98 83.95 12 8084.82
RC108 17.62 1507.50 35.73 12 7850.48
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average value generated with a smaller threshold iterations to terminate the algorithm
(τ=1000). The solutions obtained by the Tabu Search algorithm are further improved
by scheduling method by 60.88% on average according to total penalty cost.

In the last set of results, the Tabu Search algorithm operates with higher numbers
of iterations both for the primary (θ) and the secondary (τ) terminating criteria.
In all problem instances, the Tabu Search algorithm decreases the total distance
with respect to the initial solutions. We have higher total delay in three instances
and higher total earliness in ten instances. Moreover, we use fewer vehicles in 19
instances. Overall, the Tabu Search algorithm reduces the total cost by 14.15% on
average, which is higher than the average value given in Table 6.4. Scheduling method
yields a 58.62% improvement on average, which is slightly smaller than the value given
in Table 6.4, since the Tabu Search algorithm leads to better improvements for most
of the problem instances.

The results given by Tables 6.3, 6.4 and 6.5 indicate that using a higher number of
iterations for the primary and the secondary terminating criteria in the Tabu Search
procedure yields better final solutions. Moreover, these solutions are obtained in
a reasonable amount of time. Thus, in the following experiments where different
fraction values are employed, (θ,τ) are set to (105,104).
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Table 6.3 Details of solutions obtained by the Tabu Search algorithm and the scheduling method, where (θ,τ) are (104,103)
and pi = 0.05, ∀i ∈ N

Solution of the Tabu Search algorithm Final Solution
Ins. Del. Dist. Earl. #Veh. Obj. CPU Obj.Imp % Del. Earl. Pen.Imp %
C101 0.00 828.94 0.00 10 5657.87 51 0.98 0.00 0.00 0.00
C102 0.00 828.94 0.00 10 5657.87 92 19.00 0.00 0.00 0.00
C103 1.53 915.19 20.95 10 5842.38 209 23.82 1.53 0.00 87.22
C104 0.00 940.74 22.60 11 6292.77 182 23.51 0.00 0.00 100.00
C105 0.00 828.94 0.00 10 5657.87 76 3.59 0.00 0.00 0.00
C106 0.00 828.94 0.00 10 5657.87 91 10.69 0.00 0.00 0.00
C107 0.00 828.94 0.00 10 5657.87 87 7.05 0.00 0.00 0.00
C108 0.00 828.94 0.00 10 5657.87 78 6.98 0.00 0.00 0.00
C109 0.00 828.94 0.00 10 5657.87 84 21.51 0.00 0.00 0.00
R101 0.36 1667.80 60.68 19 10966.31 149 4.86 0.36 1.10 97.03
R102 0.28 1480.26 44.30 17 9782.94 292 13.55 0.28 0.54 97.56
R103 0.00 1293.31 24.27 14 8198.75 113 8.43 0.00 0.00 100.00
R104 0.92 1067.69 13.45 12 6943.02 79 9.88 0.92 0.00 87.97
R105 1.22 1409.07 73.14 15 8855.93 126 13.61 1.22 1.96 94.17
R106 2.23 1320.33 48.00 13 7866.89 197 14.04 2.23 6.02 80.04
R107 8.11 1093.54 40.96 12 7015.68 183 10.87 8.11 8.21 57.28
R108 5.85 987.49 30.00 11 6395.83 173 9.99 5.85 3.00 64.76
R109 2.65 1213.19 83.33 13 7670.69 168 6.79 3.98 8.92 80.95
R110 6.72 1109.93 81.63 13 7467.40 140 8.85 6.72 7.85 77.61
R111 6.74 1105.85 63.21 12 7050.03 179 10.85 6.74 12.72 65.84
R112 3.89 1034.33 26.98 10 6086.04 138 16.10 3.89 4.94 63.39
RC101 2.79 1728.53 92.18 16 9905.94 145 8.94 2.79 6.51 87.63
RC102 7.09 1530.03 72.18 14 8703.23 203 8.16 7.35 8.74 72.85
RC103 10.52 1330.93 39.94 12 7492.36 100 15.87 10.52 4.50 58.12
RC104 5.45 1208.84 31.31 11 6838.79 137 18.40 5.45 6.61 58.52
RC105 3.03 1576.17 61.64 15 9186.19 317 13.38 3.03 8.53 78.44
RC106 2.85 1401.97 74.79 13 8044.19 160 5.99 2.85 7.71 83.34
RC107 4.18 1292.44 103.08 11 7040.60 158 12.92 4.18 15.28 78.79
RC108 9.43 1205.28 68.38 12 7254.18 87 7.60 9.43 7.99 69.23
Avg. 11.59 60.03
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Table 6.4 Details of solutions obtained by the Tabu Search algorithm and the scheduling method, where (θ,τ) are (104,5(103))
and pi = 0.05, ∀i ∈ N

Solution of the Tabu Search algorithm Final Solution
Ins. Del. Dist. Earl. #Veh. Obj. CPU Obj.Imp % Del. Earl. Pen.Imp %
C101 0.00 828.94 0.00 10 5657.87 148 0.98 0.00 0.00 0.00
C102 0.00 828.94 0.00 10 5657.87 308 19.00 0.00 0.00 0.00
C103 1.53 888.81 10.55 10 5784.42 466 24.58 1.53 0.00 77.47
C104 0.00 931.23 22.60 11 6273.77 397 23.74 0.00 0.00 100.00
C105 0.00 828.94 0.00 10 5657.87 343 3.59 0.00 0.00 0.00
C106 0.00 828.94 0.00 10 5657.87 372 10.69 0.00 0.00 0.00
C107 0.00 828.94 0.00 10 5657.87 334 7.05 0.00 0.00 0.00
C108 0.00 828.94 0.00 10 5657.87 304 6.98 0.00 0.00 0.00
C109 0.00 828.94 0.00 10 5657.87 285 21.51 0.00 0.00 0.00
R101 0.36 1661.10 63.20 19 10954.16 581 4.96 0.36 1.02 97.28
R102 0.52 1469.78 45.30 17 9762.72 598 13.73 0.52 0.88 95.87
R103 0.42 1280.21 25.00 14 8173.33 490 8.72 0.42 0.16 96.15
R104 0.83 1050.24 15.00 12 6908.80 489 10.32 0.83 0.00 90.06
R105 2.74 1373.56 89.75 15 8794.74 575 14.20 3.49 5.20 87.21
R106 2.56 1317.44 51.00 13 7862.94 492 14.09 2.56 7.52 77.47
R107 7.30 1075.55 40.60 12 6978.69 507 11.34 7.30 7.81 59.41
R108 6.34 954.93 18.00 10 5925.19 514 16.62 6.34 3.00 48.90
R109 2.65 1213.19 83.33 13 7670.69 391 6.79 3.98 8.92 80.95
R110 6.72 1106.47 69.88 12 7054.59 507 13.89 6.72 10.85 70.85
R111 5.07 1078.75 53.84 12 6989.50 491 11.62 5.07 3.23 79.09
R112 1.70 978.87 27.00 10 5972.95 427 17.66 1.70 3.56 77.13
RC101 3.91 1653.78 71.52 15 9347.23 576 14.08 3.91 5.62 83.06
RC102 2.36 1507.97 58.08 14 8647.35 567 8.75 2.83 4.08 84.49
RC103 9.09 1288.82 48.00 12 7410.74 469 16.79 9.09 4.50 65.72
RC104 2.19 1186.93 30.32 11 6791.22 494 18.97 2.19 3.00 78.74
RC105 3.03 1576.17 61.64 15 9186.19 519 13.38 3.03 8.53 78.44
RC106 3.13 1363.55 59.47 12 7559.98 520 11.65 3.13 7.56 78.96
RC107 8.24 1264.87 90.66 11 6983.31 521 13.62 8.24 17.02 68.74
RC108 2.39 1145.46 70.86 11 6728.73 449 14.29 2.39 3.24 89.41
Avg. 12.88 60.88
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Table 6.5 Details of solutions obtained by the Tabu Search algorithm and the scheduling method, where (θ,τ) are (105,104)
and pi = 0.05, ∀i ∈ N

Solution of the Tabu Search algorithm Final Solution
Ins. Del. Dist. Earl. #Veh. Obj. CPU Obj.Imp % Del. Earl. Pen.Imp %
C101 0.00 828.94 0.00 10 5657.87 225 0.98 0.00 0.00 0.00
C102 0.00 828.94 0.00 10 5657.87 577 19.00 0.00 0.00 0.00
C103 1.53 888.81 10.55 10 5784.42 821 24.58 1.53 0.00 77.47
C104 0.00 873.83 27.30 10 5761.32 1007 29.97 0.00 0.00 100.00
C105 0.00 828.94 0.00 10 5657.87 675 3.59 0.00 0.00 0.00
C106 0.00 828.94 0.00 10 5657.87 722 10.69 0.00 0.00 0.00
C107 0.00 828.94 0.00 10 5657.87 614 7.05 0.00 0.00 0.00
C108 0.00 828.94 0.00 10 5657.87 553 6.98 0.00 0.00 0.00
C109 0.00 828.94 0.00 10 5657.87 522 21.51 0.00 0.00 0.00
R101 0.36 1661.10 63.20 19 10954.16 890 4.96 0.36 1.02 97.28
R102 0.52 1469.78 45.30 17 9762.72 878 13.73 0.52 0.88 95.87
R103 0.53 1264.75 26.00 14 8143.03 1991 9.06 0.53 0.98 92.45
R104 3.72 1017.38 11.59 10 6044.28 2526 21.54 3.72 1.00 55.68
R105 2.74 1373.56 89.75 15 8794.74 867 14.20 3.49 5.20 87.21
R106 2.10 1305.30 51.85 13 7838.62 1117 14.35 2.10 6.02 81.77
R107 7.30 1075.55 40.60 12 6978.69 801 11.34 7.30 7.81 59.41
R108 6.34 954.93 18.00 10 5925.19 905 16.62 6.34 3.00 48.90
R109 1.97 1153.50 65.30 12 7141.62 2901 13.22 1.97 7.90 82.90
R110 6.72 1106.47 69.88 12 7054.59 821 13.89 6.72 10.85 70.85
R111 0.00 1079.93 53.84 12 6986.77 1097 11.65 0.00 3.23 94.00
R112 1.93 974.32 26.35 10 5963.75 1172 17.78 1.93 3.56 75.45
RC101 5.74 1641.65 89.18 15 9333.63 1660 14.20 5.74 10.12 78.54
RC102 1.53 1503.75 64.08 14 8641.08 1490 8.81 2.00 4.63 87.15
RC103 15.18 1283.40 45.00 12 7404.47 1834 16.86 15.18 4.50 53.74
RC104 5.63 1143.93 24.32 10 6305.65 2664 24.76 5.63 3.80 57.65
RC105 3.03 1576.17 61.64 15 9186.19 789 13.38 3.03 8.53 78.44
RC106 3.13 1363.55 59.47 12 7559.98 807 11.65 3.13 7.56 78.96
RC107 8.24 1264.87 90.66 11 6983.31 796 13.62 8.24 17.02 68.74
RC108 2.18 1115.90 58.98 10 6263.47 1575 20.22 2.18 9.94 77.44
Avg. 14.15 58.62
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6.5.3 VRPFlexTW versus VRPTW

The aim of this subsection is to evaluate the benefits gained by flexible time windows
compared to the hard time windows. Table 6.6 provides the optimal/best-known
solutions for the original VRPTW (see Desaulniers et al., 2008; Baldacci et al., 2011)
and the solutions of the VRPFlexTW. This table represents the total distance and
the number of vehicles for the following cases: (i) the optimal/best-known solutions
of the original VRPTW, (ii) the final solutions obtained by our solution procedure
for the original VRPTW (VRPFlexTW with pi = 0, ∀i ∈ N), (iii) the final solutions
obtained by our solution procedure for the VRPFlexTW with pi = 0.05, ∀i ∈ N , (iv)
the final solutions obtained by our solution procedure for the VRPFlexTW with pi
= 0.10, ∀i ∈ N , (v) the final solutions obtained by our solution procedure for the
VRPFlexTW with pi = 0.15, ∀i ∈ N . These solutions are generated by setting (θ,τ)
to (105,104) in the Tabu Search algorithm. The average values of the total distance
and the number of vehicles over all problem instances are also given in Table 6.6.
Overall, the results indicate that VRPFlexTW with a positive flexibility fraction (pi)
provides a decrease in the average number of vehicles compared to that obtained by
the optimal/best-known solutions of the original VRPTW. Furthermore, the average
total distance and the average number of vehicles are decreasing as pi increases.

Results obtained for the original VRPTW (VRPFlexTW with pi = 0, ∀i ∈ N)
show that our solution procedure obtains good final solutions with respect to the
optimal/best-known solutions. More specifically, when compared to the optimal/best-
known solutions, the solutions obtained by the proposed methodology achieve a 2.90%
gap in the average total distance and a 1.16% gap in the average number of vehicles.
Note that these differences are observed as the three-phase approach developed in this
chapter is based on heuristics. Moreover, for six problem instances (C101, C105, C106,
C107, C108, C109) we obtain the optimal solutions. Since our solution procedure is
effective for the original problem, we first compare the final solutions obtained for
the VRPFlexTW (cases (iii),(iv) and (v)) with the final solutions obtained by our
solution procedure for the VRPTW (case (ii)). We also compare the final solutions
obtained for the VRPFlexTW with the optimal/best-known solutions of the original
VRPTW (case (i)).
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Table 6.6 Comparison of the original VRPTW solutions with the final solutions obtained by our solution procedure where
(θ,τ)=(105,104)

Opt. VRPTW VRPFlexTW, pi=0 VRPFlexTW, pi=0.05 VRPFlexTW, pi=0.10 VRPFlexTW, pi=0.15
Ins. Dist. #Veh. Dist. #Veh. Dist. #Veh. Dist. #Veh. Dist. #Veh.
C101 828.94 10 828.94 10 828.94 10 828.94 10 828.94 10
C102 828.94 10 1014.31 10 828.94 10 886.03 10 969.12 10
C103 828.06 10 896.88 10 888.81 10 836.45 10 934.25 11
C104 824.78 10 831.90 10 873.83 10 936.10 10 902.01 10
C105 828.94 10 828.94 10 828.94 10 884.25 10 828.94 10
C106 828.94 10 828.94 10 828.94 10 828.94 10 828.94 10
C107 828.94 10 828.94 10 828.94 10 828.94 10 828.94 10
C108 828.94 10 828.94 10 828.94 10 828.94 10 828.94 10
C109 828.94 10 828.94 10 828.94 10 828.94 10 828.94 10
R101 1642.92 20 1681.85 20 1661.10 19 1641.26 18 1685.69 18
R102 1471.75 18 1487.24 18 1469.78 17 1431.27 17 1453.48 17
R103 1213.62 14 1246.03 14 1264.75 14 1260.96 13 1207.84 14
R104 976.76 11 1016.57 11 1017.38 10 998.49 10 1012.73 10
R105 1360.12 15 1394.71 15 1373.56 15 1359.13 15 1359.70 14
R106 1239.37 13 1282.29 13 1305.30 13 1289.68 13 1209.18 13
R107 1069.09 11 1094.67 12 1075.55 12 1081.60 11 1056.33 11
R108 936.69 10 965.36 10 954.93 10 990.70 9 967.38 10
R109 1151.89 13 1159.16 12 1153.50 12 1138.13 12 1141.04 12
R110 1072.41 12 1100.18 12 1106.47 12 1056.31 11 1039.12 11
R111 1053.50 12 1078.27 12 1079.93 12 1053.35 11 1063.42 11
R112 953.44 10 974.48 10 974.32 10 992.27 10 982.57 10
RC101 1623.58 15 1669.88 16 1641.65 15 1611.63 15 1603.32 14
RC102 1461.33 14 1531.26 14 1503.75 14 1481.62 13 1461.05 13
RC103 1261.67 11 1299.83 12 1283.40 12 1247.43 11 1209.30 11
RC104 1135.48 10 1171.15 11 1143.93 10 1153.65 11 1137.11 10
RC105 1517.93 15 1563.56 15 1576.17 15 1453.08 14 1472.33 14
RC106 1376.26 12 1398.58 13 1363.55 12 1310.57 12 1297.37 12
RC107 1211.24 12 1257.69 12 1264.87 11 1207.94 11 1212.36 11
RC108 1117.53 11 1149.89 11 1115.90 10 1113.87 11 1129.53 10
Avg. 1113.86 12.03 1146.18 12.17 1134.31 11.90 1122.77 11.66 1119.99 11.62
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6.5.3.1 VRPFlexTW versus VRPTW with the solutions obtained by our
solution procedure

Results obtained with pi = 0.05, ∀i ∈ N show that for six problem instances (R101,
R102, RC101, RC104, RC106, RC108) VRPFlexTW reduces both the total distance
and the number of vehicles, compared to those obtained by our solution procedure
for the original VRPTW where time windows are defined as hard time windows. For
nine problem instance (C102, C103, R105, R107, R108, R109, R112, RC102, RC103),
VRPFlexTW provides a reduction in the total distance with the same number of
vehicles as the one given by our solutions obtained for the original VRPTW. For two
problem instances (R104, RC107), VRPFlexTW yields fewer vehicles; however, this
brings an increase in the total distance. For six problem instances (C101, C105, C106,
C107, C108, C109), VRPFlexTW obtains the same solutions as the ones found by our
solution procedure for the original VRPTW. For the remaining problem instances,
VRPFlexTW results in an increase in the total distance with the same number of
vehicles.

Results obtained with pi = 0.10, ∀i ∈ N show that for 12 problem instances (R101,
R102, R104, R107, R110, R111, RC101, RC102, RC103, RC105, RC106, RC107)
VRPFlexTW reduces both the total distance and the number of vehicles, compared
to those obtained by our solution procedure for the original VRPTW where time
windows are defined as hard time windows. For six problem instances (C102, C103,
R105, R109, RC104, RC108), VRPFlexTW provides a reduction in the total distance
with the same number of vehicles as the one given by our solutions obtained for
the original VRPTW. For two problem instances (R103, R108), VRPFlexTW yields
fewer vehicles; however, this brings an increase in the total distance. For five problem
instances (C101, C106, C107, C108, C109), VRPFlexTW obtains the same solutions
as the ones found by our solution procedure for the original VRPTW. For the
remaining problem instances, VRPFlexTW results in an increase in the total distance
with the same number of vehicles.

Results obtained with pi = 0.15, ∀i ∈ N show that for 14 problem instances (R102,
R104, R105, R107, R110, R111, RC101, RC102, RC103, RC104, RC105, RC106,
RC107, RC108) VRPFlexTW reduces both the total distance and the number of
vehicles, compared to those obtained by our solution procedure for the original
VRPTW where time windows are defined as hard time windows. For four problem
instances (C102, R103, R106, R109), VRPFlexTW provides a reduction in the total
distance with the same number of vehicles as the one given by our solutions obtained
for the original VRPTW. For one problem instance (R101), VRPFlexTW yields fewer
vehicles; however, this brings an increase in the total distance. For six problem
instances (C101, C105, C106, C107, C108, C109), VRPFlexTW obtains the same
solutions as the ones found by our solution procedure for the original VRPTW. For
the remaining problem instances, VRPFlexTW results in an increase either in the
total distance, or both in the total distance and the number of vehicles.
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6.5.3.2 VRPFlexTW versus VRPTW with the optimal/best-known solu-
tions

Note that in this subsection, we refer to the optimal/best-known solutions of the
original VRPTW as the optimal VRPTW. Results obtained with pi = 0.05, ∀i ∈ N
show that for two problem instances (R102, RC108) VRPFlexTW reduces both the
total distance and the number of vehicles, compared to those obtained by the optimal
VRPTW where time windows are defined as hard time windows. For one problem
instance (RC106), VRPFlexTW provides a reduction in the total distance with the
same number of vehicles as the one given by the optimal VRPTW. For four problem
instances (R101, R104, R109, RC107), VRPFlexTW yields fewer vehicles; however,
this brings an increase in the total distance. For seven problem instances (C101,
C102, C105, C106, C107, C108, C109), VRPFlexTW obtains the same solutions as
the optimal VRPTW. For the remaining problem instances, VRPFlexTW results in
an increase either in the total distance, or both in the total distance and the number
of vehicles.

Results obtained with pi = 0.10, ∀i ∈ N show that for seven problem instances
(R101, R102, R109, R110, R111, RC105, RC107) VRPFlexTW reduces both the
total distance and the number of vehicles, compared to those obtained by the optimal
VRPTW where time windows are defined as hard time windows. For five problem
instances (R105, RC101, RC103, RC106, RC108), VRPFlexTW provides a reduction
in the total distance with the same number of vehicles as the one given by the optimal
VRPTW. For four problem instances (R103, R104, R108, RC102), VRPFlexTW
yields fewer vehicles; however, this brings an increase in the total distance. For five
problem instances (C101, C106, C107, C108, C109), VRPFlexTW obtains the same
solutions as the optimal VRPTW. For the remaining problem instances, VRPFlexTW
results in an increase either in the total distance, or both in the total distance and
the number of vehicles.

Results obtained with pi = 0.15, ∀i ∈ N show that for seven problem instances
(R102, R105, R109, R110, RC101, RC102, RC105) VRPFlexTW reduces both the
total distance and the number of vehicles, compared to those obtained by the
optimal VRPTW where time windows are defined as hard time windows. For five
problem instances (R103, R106, R107, RC103, RC106), VRPFlexTW provides a
reduction in the total distance with the same number of vehicles as the one given
by the optimal VRPTW. For five problem instance (R101, R104, R111, RC107,
RC108), VRPFlexTW yields fewer vehicles; however, this brings an increase in the
total distance. For six problem instances (C101, C105, C106, C107, C108, C109),
VRPFlexTW obtains the same solutions as the optimal VRPTW. For the remaining
problem instances, VRPFlexTW results in an increase either in the total distance, or
both in the total distance and the number of vehicles.

According to the solutions analyzed in detail and to the average values given in Table
6.6, we conclude that the flexible time windows provide significant operational gains to
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the carrier companies. These gains can be observed in the total distance traveled and
in the number of vehicles used, which are the two basic components in the classical
VRPTW. Carrier companies can take the advantage of traversing less distance or
using fewer vehicles by delivering the goods to customers with a small violation in
time windows.

6.6. Conclusions

In this chapter, we introduce the VRPFlexTW which enables to serve customers
outside their original time boundaries with respect to a given tolerance. Compared to
the VRPTW, the VRPFlexTW permits fixed deviations from customer time windows
at a cost. Furthermore, when compared to the VRPSTW, the VRPFlexTW operates
on a far more restricted solution space.

Our solution procedure comprises three main components: initialization, routing and
scheduling. The time-oriented nearest neighbor heuristic is used in the initialization
component. The routing component is handled via a Tabu Search algorithm, while the
scheduling component is performed by solving an LP model. We validate our solution
algorithm on benchmark instances and test the performance of the solution procedure
with various stopping criteria values. Furthermore, we compare the solutions of the
VRPTW with those of the VRPFlexTW. In many instances, we observe that the
VRPFlexTW results in operational gains when compared to the VRPTW. These
gains are achieved by a reduction in the total distance traveled or by a reduction in
the number of vehicles used or by a reduction both in the total distance and in the
number of vehicles.

We model a practical problem and develop an efficient solution framework to handle
it. Our solution approach can effectively be used by carrier companies trying to assess
the added value of allowing a certain extent of customer service flexibility. Generally,
relaxing time windows improves the total cost. However, this relaxation brings some
violations. This trade-off might be balanced with respect to the preferences of carrier
companies and to the concerns of their customers. Future research should focus
on incorporating the scheduling method into the improving phase of the solution
procedure. In the Tabu Search metaheuristic, the scheduling method can be operated
either every iteration or every fixed number of iterations.
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Chapter 7

Conclusions

Companies are progressively being held responsible for the quality of the service they
provide. Transportation is an important factor of this quality. Thus, decision makers
need to use sophisticated tools to reduce the undesirable impact of uncertainties
observed in real-life applications. This reduction is especially important to deliver
the goods to customers on-time, which is referred to as reliability of the operations.
In this thesis, the latter is particularly considered, without negatively affecting the
operational costs. More specifically, the quality of the operations is satisfied by
regarding reliability along with the efficiency of the operations.

The research conducted in this thesis concentrates upon constructing both reliable and
efficient routes to be employed in real-life problems. One of the first things to be taken
into account is the uncertainty in travel times when delivery reliability is considered
for the routing problems. In particular, we consider stochastic travel times at the
planning level which dramatically increases the complexity of the problem, especially
with the cost structures carried out in the thesis. The distribution of travel times
employed in these settings leads to reasonable estimations of those observed in real-
life applications. Effective solution approaches are provided, both using metaheuristic
algorithms and exact methods, to overcome the difficulty experienced in making
routing decisions.

In the context of constructing routes, this thesis focuses on the Vehicle Routing
Problem (VRP). The aim is to find a set of feasible routes at the minimum cost
to serve a number of customers geographically distributed over an area. Each vehicle
route starts from and ends at the depot, where it has a total demand not exceeding
the vehicle capacity. The VRP is an NP-hard combinatorial optimization problem.
Optimal solutions of such problems can be regularly obtained in a reasonable amount
of time in case the considered problem size is adequately small. In other words,
the complexity of the VRP grows exponentially as the number of customers in the
problem network increases. This problem usually considers some extra constraints,
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e.g., each vehicle route has a total travel time not exceeding the limit given for the
route length. Another extension of the VRP is obtained by including the customer
service aspects where each customer specifies a time interval for the deliveries, leading
to the Vehicle Routing Problem with Time Windows (VRPTW).

Obviously, the original definitions of the VRP and the VRPTW partially capture
the nature of real-life planning. Complex attributes, such as stochasticity and
time-dependency, are not involved in the basic formulations. The main assumption
of having only deterministic elements yields solutions which may be inefficient or
sometimes even infeasible for real-life applications. In practice, traffic networks have
different levels of congestion due to rush hours or accidents. The travel time between
two locations not only depends on the distance but also the instant that the vehicle
departs from the prior location. Considering these stochastic and time-dependent
properties lead to rich VRP variants which are tackled with different solution settings.

To address the uncertainty in real-life applications, time-dependency which arises
in traffic networks due to congestion is considered in this thesis. The inclusion of
time-dependency on top of stochasticity provides a more realistic representation of
the travel times. However, this representation brings several additional computations
related to the arrival times. The distributions of arrival times, which are derived
from travel time distributions, become more complicated. These distributions are
crucial to calculate the reliability measures which are associated with early and late
servicing. To cope with complex reliability computations, we model the arrival times
in a number of effective ways applying both exact and approximate formulations.

In the classical VRPTW, each customer has a hard time window which allows waiting
in case of early arrivals; however, prohibits servicing in case of late arrivals. In
addition to this original formulation, a more practical version of the VRPTW can
also be observed in real-life applications, in which the time windows are relaxed to a
certain extent. More specifically, services are still possible outside the time windows
by a given percentage, incurring some penalty costs. This realistic routing problem
is first translated into a mathematical model which is introduced in this thesis. A
solution approach to satisfy the delivery reliability and efficiency is also provided.

The remainder of this chapter is organized as follow. In Section 7.1, we discuss the
conclusions from each version studied in Chapters 3-6. In Section 7.2, we highlight
the general directions for future research.

7.1. Discussion

The main contribution of this thesis is incorporating time and reliability perspectives
into the VRP. We define a number of realistic versions of the classical problem, and
present the models developed for each of these variants. We design both heuristic
and exact solution frameworks to effectively handle the additional complexity. The
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performance of these algorithms is comprehensively analyzed via the solutions
obtained, where the standard algorithms and solutions are also used to make
comparisons. In Chapter 2, we provide a literature review presenting both the details
of the classical VRP and its variants, and the standard methods developed for these
problems.

In Chapter 3, we consider stochastic travel times for a VRP where each customer
has a soft time window. We propose a model to generate routes with respect to
the reliability and efficiency aspects that we describe in this chapter. This model is
the first model that separates the costs out into two components, and scales them
accordingly by a set of parameters obtained in two stages. To solve this model,
we develop a solution approach which includes three phases. In the first phase, an
initial feasible solution is obtained. This solution is improved in the second phase via
a Tabu Search (TS) metaheuristic. Finally, a post-optimization method is applied
to further improve the solution generated by the TS procedure. Results show that
the model developed in this chapter leads to solutions in which we have meaningful
combinations of transportation costs and service costs. Moreover, the TS method
generates very good final solutions in a reasonable amount of time, where it performs
well in different network structures. We start with three different initial solutions to
test the performance of our solution approach. We conclude that most of the best
solutions are generated by starting with the solutions constructed by our solution
framework. Moreover, it is observed that the effect of variability in travel times
directly affects the total service cost, which is associated with the reliability.

In Chapter 4, we develop a solution approach, which is mainly based on column
generation and branch-and-price, to optimally solve a VRP with soft time windows
and stochastic travel times. The effectiveness of this approach is provided by applying
a number of accelerating methods in the pricing subproblem. The latter problem,
which corresponds to the elementary shortest path problem with resource constraints,
is rather complex due to the stochastic nature of the travel times. In this chapter, we
propose a new dominance relation to be employed in the column generation algorithm.
Results indicate that our solution approach effectively solves the medium- to large-
sized problem instances to construct both reliable and efficient routes. Two distinct
search methods applied in the branch-and-price tree can effectively be used to solve
the model considered.

In Chapter 5, time-dependency is incorporated into the version of the VRP identified
in Chapter 3. The mathematical model and the solution approach, which are
developed in Chapter 3 and are based on the TS method, are modified with respect
to the time-dependent and stochastic travel times. Moreover, an Adaptive Large
Neighborhood Search (ALNS) is employed to solve the model adapted. For the case
that assumes no service times at customers, most of the best solutions (C1, R1, RC1
and C2 problem sets) are obtained by the TS method. When we include the original
service times, the TS method leads to better solutions for C1, R1 and C2 problem sets
while the ALNS method yields better solutions for RC1, R2 and RC2 problem sets.
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The solutions obtained in this chapter are compared to those generated in Chapter
3, where only the stochastic travel times are considered. Results indicate that the
solutions constructed with respect to the time-dependent and stochastic travel times
perform better in the dynamic and stochastic network, which is a close representation
of real-life applications. Moreover, a simulation procedure is implemented to evaluate
the quality of the resulting solutions where we focus on the difference in the total
weighted cost of the solutions evaluated by our formulations and by simulation. In the
case of assuming no service times, we observe that this difference is at most 3.27% for
the solutions obtained by the TS, and at most 1.56% for the solutions obtained by the
ALNS. In the case of including original service times, we have at most 1.66% difference
for the solutions obtained by the ALNS. These results show that the expected values
of arrival times, and costs of earliness and lateness can reliably be estimated by our
solution approach. In addition, this approach leads to very good final solutions for
the large-sized problem instances in a reasonable amount of time where the model is
rather complex and arrival time distributions are rather complicated.

In these stochastic versions described above (formulations in Chapters 3, 4, and 5),
we model travel times employing the Gamma distribution. Since this distribution
yields non-negative travel times, it is particularly applicable to the VRP. Moreover, it
involves a number of distributions as special cases, e.g., Exponential, Erlang and Chi-
Square. The nature of travel times seen in real-life applications is properly reflected
by the Gamma distribution where large values have small probabilities. Furthermore,
arc traversal times are easily obtained by using the additive property of the Gamma
distribution.

In Chapter 6, we introduce the VRPFlexTW where time windows at customers are
relaxed with respect to a percentage given, leading to flexible time windows. We
develop an effective solution approach, which employs a linear programming model
as a post-optimization method within a TS algorithm. We first solve the classical
VRPTW by our solution approach. A number of percentages are then used to obtain
solutions for the VRPFlexTW with different flexible time windows. Results indicate
that VRPFlexTW provides operational gains in many problem instances, with respect
to the solutions obtained for the VRPTW. These gains are obtained by a decrease
in the total distance traveled or by a decrease in the number of vehicles used or by
a decrease in both. Moreover, we have a decrease both in the average total distance
and the average number of vehicles as the flexibility in the time windows increases.

7.2. Future Research

In this section, we discuss the possible directions for future research following the
concepts presented in this thesis.

The models given in Chapters 3, 4, and 5 employ the stochastic nature of the real-life
applications via the travel times where the service times are deterministic. These
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problems can be extended by including the stochastic service times. One way to solve
the models with suitable distributions of arrival times is assuming that the service
times are Gamma distributed. The Gamma distribution is specifically proposed to
obtain tractable arrival times, and to compute expected values exactly. Another way
is to employ stochastic service times regardless of their distributions, and focus on
the approximations of arrival time distributions. In Chapter 5, the model with time-
dependent and stochastic travel times needs further assumptions related to the travel
time multipliers. These multipliers could also be based on actual traffic observations.
To reliably estimate the expected values, travel time multipliers can be applied to
the service times. Building upon the research presented in these chapters, further
research can also be incorporating real-life travel time distributions into the models.
These distributions are crucial especially for models including dynamic nature of travel
times. Moreover, different arcs can have different distributions and different travel
time multipliers as a further research. In particular, the variant with time-dependent
and stochastic travel times can employ correlation in the dynamic network.

The research given in Chapter 3 can be extended by dynamic rerouting. More
specifically, the best sequence of remaining customers in a route can be recalculated
based upon the arrival time of the vehicle at a customer. A major extension for the
research conducted in Chapter 4 can be done by incorporating the time-dependency
into the model and the solution approach. This inclusion brings a new definition
for the dominance relation with respect to time-dependency. Moreover, the optimal
starting time of each route from the depot needs to be calculated with respect to
time-dependent and stochastic travel times.

In Chapter 6, we focus on the VRP where customers have flexible time windows.
Further research might study the driving regulations in our solution approach.
Combining VRPFlexTW with break scheduling is a very interesting research question.
Another extension can focus on handling stochastic travel times. This extension
explores more complex penalty functions.
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Appendix A

Expected Values

A.1. E[Rjv] and E[R2
jv]

E[Rjv] is calculated as follows according to given time periods:

E[Rjv] = (b0 − c1t0)[Γαjv,λjv
(t1)− Γαjv,λjv

(t0)]

+ c1αjvλjv[Γαjv+1,λjv
(t1)− Γαjv+1,λjv

(t0)]

+ (b1 − c2t1)[Γαjv,λjv
(t2)− Γαjv,λjv

(t1)]

+ c2αjvλjv[Γαjv+1,λjv
(t2)− Γαjv+1,λjv

(t1)]

+ (b2 − c3t2)[Γαjv,λjv
(t3)− Γαjv,λjv

(t2)]

+ c3αjvλjv[Γαjv+1,λjv
(t3)− Γαjv+1,λjv

(t2)]

+ (b3 − c4t3)[Γαjv,λjv
(t4)− Γαjv,λjv

(t3)]

+ c4αjvλjv[Γαjv+1,λjv
(t4)− Γαjv+1,λjv

(t3)]

+ (b4 − c5t4)[Γαjv,λjv
(t5)− Γαjv,λjv

(t4)]

+ c5αjvλjv[Γαjv+1,λjv
(t5)− Γαjv+1,λjv

(t4)].

(A.1)
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E[R2
jv] is calculated as follows according to given time periods:

E[R2
jv] = (b0 − c1t0)2[Γαjv,λjv

(t1)− Γαjv,λjv
(t0)]

+ 2(b0 − c1t0)c1αjvλjv[Γαjv+1,λjv
(t1)− Γαjv+1,λjv

(t0)]

+ c21αjv(αjv + 1)λ2jv[Γαjv+2,λjv
(t1)− Γαjv+2,λjv

(t0)]

+ (b1 − c2t1)2[Γαjv,λjv
(t2)− Γαjv,λjv

(t1)]

+ 2(b1 − c2t1)c2αjvλjv[Γαjv+1,λjv
(t2)− Γαjv+1,λjv

(t1)]

+ c22αjv(αjv + 1)λ2jv[Γαjv+2,λjv
(t2)− Γαjv+2,λjv

(t1)]

+ (b2 − c3t2)2[Γαjv,λjv
(t3)− Γαjv,λjv

(t2)]

+ 2(b2 − c3t2)c3αjvλjv[Γαjv+1,λjv
(t3)− Γαjv+1,λjv

(t2)]

+ c23αjv(αjv + 1)λ2jv[Γαjv+2,λjv
(t3)− Γαjv+2,λjv

(t2)]

+ (b3 − c4t3)2[Γαjv,λjv
(t4)− Γαjv,λjv

(t3)]

+ 2(b3 − c4t3)c4αjvλjv[Γαjv+1,λjv
(t4)− Γαjv+1,λjv

(t3)]

+ c24αjv(αjv + 1)λ2jv[Γαjv+2,λjv
(t4)− Γαjv+2,λjv

(t3)]

+ (b4 − c5t4)2[Γαjv,λjv
(t5)− Γαjv,λjv

(t4)]

+ 2(b4 − c5t4)c5αjvλjv[Γαjv+1,λjv
(t5)− Γαjv+1,λjv

(t4)]

+ c25αjv(αjv + 1)λ2jv[Γαjv+2,λjv
(t5)− Γαjv+2,λjv

(t4)].

(A.2)

A.2. µij(t) and E[G2
ij(t)]

µij(t) is calculated as follows according to given time periods:

µij(t) = (b0 − b− c1(t0 − t))[Γαdij ,λ(t1 − t)− Γαdij ,λ(t0 − t)]
+ c1αdijλ[Γαdij+1,λ(t1 − t)− Γαdij+1,λ(t0 − t)]
+ (b1 − b− c2(t1 − t))[Γαdij ,λ(t2 − t)− Γαdij ,λ(t1 − t)]
+ c2αdijλ[Γαdij+1,λ(t2 − t)− Γαdij+1,λ(t1 − t)]
+ (b2 − b− c3(t2 − t))[Γαdij ,λ(t3 − t)− Γαdij ,λ(t2 − t)]
+ c3αdijλ[Γαdij+1,λ(t3 − t)− Γαdij+1,λ(t2 − t)]
+ (b3 − b− c4(t3 − t))[Γαdij ,λ(t4 − t)− Γαdij ,λ(t3 − t)]
+ c4αdijλ[Γαdij+1,λ(t4 − t)− Γαdij+1,λ(t3 − t)]
+ (b4 − b− c5(t4 − t))[Γαdij ,λ(t5 − t)− Γαdij ,λ(t4 − t)]
+ c5αdijλ[Γαdij+1,λ(t5 − t)− Γαdij+1,λ(t4 − t)]

(A.3)
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E[G2
ij(t)] is calculated as follows according to given time periods:

E[G2
ij(t)] = (b0 − b− c1(t0 − t))2[Γαdij ,λ(t1 − t)− Γαdij ,λ(t0 − t)]

+ 2(b0 − b− c1(t0 − t))c1αdijλ[Γαdij+1,λ(t1 − t)− Γαdij+1,λ(t0 − t)]

+ c21αdij(αdij + 1)λ2[Γαdij+2,λ(t1 − t)− Γαdij+2,λ(t0 − t)]

+ (b1 − b− c2(t1 − t))2[Γαdij ,λ(t2 − t)− Γαdij ,λ(t1 − t)]

+ 2(b1 − b− c2(t1 − t))c2αdijλ[Γαdij+1,λ(t2 − t)− Γαdij+1,λ(t1 − t)]

+ c22αdij(αdij + 1)λ2[Γαdij+2,λ(t2 − t)− Γαdij+2,λ(t1 − t)]

+ (b2 − b− c3(t2 − t))2[Γαdij ,λ(t3 − t)− Γαdij ,λ(t2 − t)]

+ 2(b2 − b− c3(t2 − t))c3αdijλ[Γαdij+1,λ(t3 − t)− Γαdij+1,λ(t2 − t)]

+ c23αdij(αdij + 1)λ2[Γαdij+2,λ(t3 − t)− Γαdij+2,λ(t2 − t)]

+ (b3 − b− c4(t3 − t))2[Γαdij ,λ(t4 − t)− Γαdij ,λ(t3 − t)]

+ 2(b3 − b− c4(t3 − t))c4αdijλ[Γαdij+1,λ(t4 − t)− Γαdij+1,λ(t3 − t)]

+ c24αdij(αdij + 1)λ2[Γαdij+2,λ(t4 − t)− Γαdij+2,λ(t3 − t)]

+ (b4 − b− c5(t4 − t))2[Γαdij ,λ(t5 − t)− Γαdij ,λ(t4 − t)]

+ 2(b4 − b− c5(t4 − t))c5αdijλ[Γαdij+1,λ(t5 − t)− Γαdij+1,λ(t4 − t)]

+ c25αdij(αdij + 1)λ2[Γαdij+2,λ(t5 − t)− Γαdij+2,λ(t4 − t)]

(A.4)
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Summary

Time and Reliability in Vehicle Routing Problems

Carrier companies daily deal with the transportation problem of delivering goods to
customers in a cost-effective manner. The Vehicle Routing Problem (VRP) basically
captures this regular task. The VRP involves finding a set of feasible routes, starting
from and ending at a given depot, to fulfill the demand of a number of customers
located in a small area (e.g., a county or a city). The distances between each pair of
customers and between all customers and the depot are known. The objective is to
minimize the total cost, which is usually a function of the total distance traveled or
the number of vehicles used or a combination of these. Each vehicle, which belongs
to a homogeneous fleet of equal capacity, covers a route. In each route, customers are
visited exactly once by the vehicle assigned and the total demand delivered cannot
exceed the vehicle capacity. The VRP belongs to the class of NP-hard combinatorial
optimization problems since it contains the traveling salesman problem as a special
case. In the literature, there exists a wide variety of solution procedures developed
for the VRP and its variants.

The classical VRP is enhanced by incorporating a customer service aspect, i.e.,
starting the service at each customer within a given time interval, resulting in the
Vehicle Routing Problem with Time Windows (VRPTW). In the VRPTW, the service
at each customer is provided within its predefined time window with respect to the
deterministic arrival time moment of the vehicle assigned. This problem assumes
that customers have hard time windows where violations are not permitted. More
specifically, vehicles wait with no cost if they arrive early and they cannot serve if
they arrive late.

In real-life applications, carrier companies are confronted with several other features
which are typically not considered in the VRP and in the VRPTW. The research
conducted in this thesis introduces a number of realistic VRP and VRPTW variations
to reflect these features. Both exact and approximate algorithms are constructed to
solve the variations proposed.

Stochastic variants of the VRP and of the VRPTW appear in case some elements
considered in the classical formulations are random. In practice, the role of
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stochasticity is important in travel times, demands and customers. The research
area of stochastic variants is relatively recent compared to the other versions and it
is progressing fast. In Chapter 2, we present a review of the literature on stochastic
vehicle routing problems. The purpose of this chapter is to survey the main versions
studied and the main solution procedures developed for these versions. Most solution
methods proposed for the stochastic variants are metaheuristics. Significant progress
has been observed in the development of these approximate algorithms. In Chapter
2, we mainly focus on presenting metaheuristic solution methods.

In real-life applications, carrier companies are faced with a traffic network which has
different levels of congestion. Congestion leads to fluctuations in speed and thus in
travel times. In this thesis, stochastic travel times are considered in Chapters 3 and 4,
and both stochastic and time-dependent travel times are considered in Chapter 5. The
research conducted in these chapters addresses the time perspective employed in the
VRP. In case of considering time windows, both early and late servicing are (usually)
possible in practice with some penalty costs. Mathematically, this is translated into
soft time windows in the formulations. In this thesis, the service quality (whether
the vehicle arrives within the time window or not) is evaluated by using a rich set of
measures where the features observed in real-life applications are taken into account.
In Chapters 3, 4 and 5, customers have soft time windows. In Chapter 6, the delivery
measures are computed with respect to the flexible time windows that are obtained by
relaxing the hard time windows by a given (customer specific) tolerance. The research
conducted in these chapters addresses the reliability perspective for the VRP and the
VRPTW.

Chapter 3 considers stochastic travel times (with a known probability distribution)
for a VRP with soft time windows. A model is proposed which is the first formulation
that distinguishes between transportation costs and service costs. The objective is
to obtain solutions, which are cost-efficient for carrier companies and reliable for
customers. Due to the complexity of the problem studied, we develop an effective
approximation procedure based on Tabu Search metaheuristic. We experiment
with well-known problem instances where their deterministic optimal/best-known
solutions have been reported in the literature. Chapter 3 shows that these solutions
considerably deteriorate once applied in a stochastic environment and it is not
beneficial to use them even as initial solutions. Moreover, the Tabu Search procedure
generates solutions that perform well in various network structures (especially when
we start with the routes obtained by the initialization algorithm proposed in Chapter
3). We observe meaningful combinations of transportation costs and service costs in
the solutions. For carrier companies, the proposed model also provides the advantage
of a significant reduction in service costs by having a small increase in transportation
costs where the same number of vehicles is used.

In Chapter 4, we develop the first exact solution procedure for the VRP with stochastic
travel times and soft time windows. This algorithm, which is based on column
generation and branch-and-price, provides solutions where the efficiency and the
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reliability have equal importance. A new dominance relation is introduced to be
implemented in the pricing subproblem of the column generation algorithm. As we
consider soft time windows (include no resource constraint) and stochastic travel
times, this dominance relation and thus the pricing subproblem are rather complex.
In the branch-and-price tree, depth-first search and breadth-first search methods are
separately employed. Results show that the medium- to large-sized problems are
effectively solved by the exact procedure proposed.

Chapter 5 extends the time dimension of the VRP by considering both stochastic
and time-dependent travel times. Having soft time windows for the deliveries
incorporates a customer service dimension. This chapter validates the model and the
solution methodology introduced in Chapter 3 for a stochastic and time-dependent
environment. In addition to the adjusted Tabu Search procedure, an Adaptive Large
Neighborhood Search is implemented to solve the model addressed. Depending
on whether service times are included or not, we consider two versions of this
problem. Experiments confirm that the proposed procedure is very effective to obtain
solutions, which perform well in a stochastic and time-dependent network. Since the
distributions of the arrival times are now approximated, we evaluate the quality of the
solutions by simulation. Results confirm that the distributions of the arrival times and
thus the related expected values are reliably estimated in this chapter. Furthermore,
the resulting solutions are compared to (i) those reported in the literature for the
classical VRPTW where travel times are deterministic and time-independent, (ii)
those generated in Chapter 3 where travel times are stochastic and time-independent.
In many instances, the deterministic optimal/best-known solutions perform poorly
in the network, which is a close representation of real-life applications. Solutions
obtained for the problem with stochastic (but time-independent) travel times are
relatively good; however, they can still be improved with respect to time-dependency.

In Chapter 6, the concept of flexible time windows is defined and incorporated into
the VRP. The resulting problem is denoted as the VRPFlexTW. Time windows in
this problem allow early and late servicing to a certain extent with some penalty
costs. The objective is to minimize the total cost which involves traveling costs, fixed
costs of vehicles used for service, and penalty costs. The solution approach combines a
Tabu Search metaheuristic with a linear programming model. In the latter model, the
optimal departure times of each vehicle from the depot and from each customer in its
route are obtained. The conducted experiments compare VRPFlexTW to VRPTW
where customers have hard time windows (allow no early or late servicing). Results
show that VRPFlexTW leads to operational gains in many problem instances with
respect to the solutions obtained for the classical VRPTW. These gains are observed
as a reduction in the total distance traveled or as a reduction in the number of vehicles
used or as a reduction in both. Furthermore, we have a reduction both in the average
total distance traveled and in the average number of vehicles as the flexibility of the
time windows increases.
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