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SYMMETRY IN THE DYNAMICS OF A POLARISED FLUID 

GENERAL INTRODUCTION 

At the root of this thesis lies the problem of the momenturn of an electro

magnetic field in polarised media. In this problem. which has bothered 

many physicists for the past century, there seems to be still little gen

eral agreement on the correct expression for this momenturn and the way in 

which this problem should be solved. Often, the discusslons on the subject 

boil down to the so-called Abraham-Minkowski controversy, in which the 

momenturn density is given by either ExH or DxB. Although the discusslons 

seem to favour ExH, at times, new points of view have been put forward . 

However, far more interesting than the answer to this typically academie 

question is the question why is the problem so notorious? Obviously, the 

underlying physics is not sufficiently understood; indeed, generally 

speaking, a striking feature of the discusslons on this issue is the 

vagueness of what one is really looking for. Clearly, no mention has been 

made of what the concept "momenturn" represents. It is our aim to put 

forward some aspects of momenturn that should be present in the discusslons 

on the momenturn problem. 

Over the years, many articles have been devoted to the momenturn 

issue. In the review that we made, we limited ourselves to the past twenty 

years, but raferences to earlier investigations can be found in the 

reports that are mentioned. We did not strive for completeness, since many 

opinions can be found in other articles of a broader nature. Often cited 

in literature are Penfield and Haus [1] who tackled the momenturn problem 

macroscopically with a variational principle. Later, Haus [2] re-examined 

the momenturn problem for the case of a linear-wave system. About the same 

time, De Groot and Suttorp [3] commented on the momenturn problem at the 

end of a series of reports. They advocated a microscopie approach, while 

asserting that the solution of the momenturn problem would remain unsolved 

if macroscopie arguments were used as gulding principles. In two articles, 
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Brevik [4] discussed in graat detail the problem again from a phenomeno

logical point of view. An important aspect of the contribution by Gordon 

[5] was the need to discriminate between momenturn ExH and pseudomomenturn 

DxB. Gordon also referred to some unpublished ramarks by Blount, who put 

forward the analogy of the momenturn problem of sound in a crystal. 

Robinson [6] and Peierls [7] studled the problem further in a broader 

context. Broer [8] advocated again the use of a Lagrangian to structure 

the investigations and he too pointed out a similarity between the 

momenturn problem in electrodynamics and that in acoustics. Broer tried to 

split up a coupled system in such a way that the splitting corresponded 

with a splittingup in the Lagrangian. Dewar [9] examined relativistically 

the momenturn problem for dispersive electromagnetic systems. In [10], 

Israel commented on experiments concerning the Abraham-Minkowsky contro

versy. He mentioned the arbitrarily that it was involved in splitting the 

total energy-momenturn tensor into a material part and a field part. Also 

Kranys [11], Lorrain [12], and then, Maugin [13] discussed possible split

tings of a coupled system. Mcintyre [14] observed that the name momenturn 

was used ambiguously in physics, explaining it with the myth as if waves 

should possess momentum. Finally, Eu and Oppenheim [15] examined the ther

modynamic implications of varleus divisions. 

In this thesis, we will abstain from commenting on the results of 

the above authors. In our contribution to the discusslons about the 

momenturn problem, we have consider macroscopically a coupled system with a 

variational principle. In particular, we emphasise the use of the methods 

of classica! mechanics. lts unambiguous mathematica! structure systemises 

the way to solve the momenturn problem to a further extend than is usually 

the case . Then, we applied these methods to a physical system that has 

been reduced to what we assume to be assentlal for a proper understanding 

of the momenturn problem. This entailed limiting ourselves to systems that 

are free of dissipation. We considerd nei ther entropy distribution and 

other thermodynamic dagrees of freedom, nor free electric charges. Only at 

some isolated places did we show that the description can easily be 

extended to include those variables. Furthermore, we assumed an infinite 

space extension of the system, thus avoiding the compl!cation of having 

boundaries. We also neglected the electromagnetic dispersion effects. 

Since equations that govern the motion of the fluid are easier to handle 

than those for an elastic medium, we decided on the perfect fluid, i.e. a 

compressible fluid without viscosity. The interesting properties for the 

vorticity of the flow of this fluid will be discussed too. 
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Let us now indicate how we tackled the problem and then summarise 

the contents of each chapter. Originally, momenturn is a mechanica! concept 

assigned to point masses and rigid bodies. In mechanics, these systems are 

isolated from their environment by assuming an external absence of power 

generation, forces, or torques. Actually, the realisation of such an 

isolation defines the system itself. Then, consequently, the energy, 

momenturn and moment of the momenturn (or angular momenturn) become constants 

of the motion of that system. In physics, however, these mechanica! 

concepts have a fundamental meaning if they are objective, i.e., if they 

remain constants wi th respect to all observers moving uniformly with 

respect to each ether. Strictly speaking, only then the use of the narnes 

energy, momenturn and moment of the momenturn is justified. These constants 

of the motion were subject of special àttention. The methods of classica! 

meebanles show how they are connected wi th extrinsic symmetries of the 

system. For this purpose, in chapter 1 the Lagrangian and Hamil tonian 

formulations are summarised. In particular, the canonical structure is 

useful, since i t unequivocally connects constants of the motion wi th 

symmetries. Unfortunately, in this thesis, a canonical structure is not 

always available. Therefore, we must assure ourselves in Chapter 1 that 

the Hamiltonian and Lagrangian formulations are equivalent. 

The ene-partiele description of chapter 1 is extended to continua by 

endowing an intrinsic structure to rigid bodies. The mass eentres of these 

bodles still obey the ene-partiele meebanles, so that the concepts of 

energy, momenturn and i ts moment can be appl led to continuous systems. 

Constants of the motion will follow from integrating the conservation laws 

over space. The intrinsic structure of the systems may possess symmetries, 

which will lead to addi tional constants of the mot ion. This matter is 

discussed in the chapters 2 to 4. 

There are two ways to carry over the concept of momenturn to a non

mechanica! system. The first way is described in chapter 5, and it entails 

coupling the non-mechanica! system with a mechanica! system and, then, 

determining the conservation of the total momentum. In the secend way, 

which is the subject of chapter 7, Einsteln's theory of special relativity 

is applied in which inertia is assigned to energy. In this manner, systems 

such as electromagnetic fields can be looked upon as though they are 

mechanica!. 
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The depth to which the variational description of the fluid is 

presented, in fact, divides this thesis. Hence, the first four chapters 

form an independent part; while, the remaining chapters form another part 

that can be studled separately by those readers who want to assume that 

the variational principle applies to perfect fluids. However, we fee! that 

the secend part could only be establ ished by the insight and experience 

gained in the first part. 

In this thesis, we prefer to introduce variational descriptions of 

the fluid dynamics, by generalising the Lagrangian of a many-particles 

system with the help of material coordinates . A statistica! foundation 

that would justify this conversion is taken for granted; a final justifi

cation of the resulting Lagrangian forms the fact that Lagrange's aqua

tions describe an unrestricted motion of the fluid. This fluid motion can 

be seen as a ene-parameter serles of mappings . lts general properties are 

derived in chapter 2. In chapter 3 the fluid system is examined on its 

symmetries and corresponding constants of the motion. The fact that the 

mapping that describes the fluid motion is a coordinate transformation, 

guarantees the preservation of the canonical structure. This fact is 

exploited in chapter 4, where we transferm to a description with respect 

to the usual physical coordinates. There we also establish the relation 

between the isolation of the system and lts Galilean invariance in space

time. Furthermore, we establlsh a relationship wlth other variational 

principles. 

In the second part of the thesis, we examina how much freedom we 

really have when choosing the Lagrangian for the perfect fluid. For this 

purpose we consider a whole class of Lagranglans on which Galilean invar

lance is imposed . This is done in chapter 5, where we also modlfy the way 

to construct conservation laws that result from the Galllean invariance of 

the system. Furthermore, we examina how linearising affects the Lagrangian 

structure of the fluld, thus arrivlng at linear acoustics. In this 

chapter, we also introduce the electromagnetic field in vacuo and cernpare 

1t wlth acoustics. Then, we let this field interact with a polarisable 

fluid and show that, despita lts possible lsolation, the objectivity of 

this coupled system cannot be established by the lack of a common Galilean 

invarlance. Yet, we can gain inslght into the interaction of the system by 

llnearlslng it around an equilibrium state. 
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The lack of a conunon Galilean invariance is the reason why the 

coupled system should be fitted into another relativistic description. 

Therefore, we introduce, in Chapter 6, a four-dimensional description of 

the fluid as a natura! extension of the Galilean-invariant approach. This 

transition further shows the power of the Lagrangian formalism. The basic 

conservat ion laws become uni ted in the divergence-free energy-momentum 

tensor. In this chapter, we also demonstrata how the equations for the 

vorticity emerge, and how a relationship with other variational principles 

can be established. We end the chapter with a Lorentz-covarlant descrip

tion of acoustics, discuss the corresponding momenturn problem, and show 

the ease with which the Doppier shift can be written down. 

In chapter 7 the fluid is Lorentz-invariantly coupled with the 

electromagnetic field. Here, we examina whether we can split up the total 

Lagrangian , into a fluid part , interaction part, and a part for the total 

electromagnetic field. Finally, in the last chapter, we present a general 

summary of this thesis . 

In this thesis, we kept the numbering of the formulae up with the 

numbering of the sections, e.g. , sectien 2.3 contains the formulae (2.30) 

- (2 . 39). In following this numberlng system, we were occasionly forced to 

omit some formula numbers at the end of a section. 
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CHAPTER 1 

INTRODUCTION TO Tim TimORY OF CLASSICAL MECHANICS 

1.0 Introduetion 

This chapter deals with the principles of classica! mechanics. It is meant 

as a short introduetion te this field and intended te supply the reader 

with a frame of raferenee te ether chapters. In sectien 1, we start with 

the action integral and lts eerrasponding variational equations. Neether

invariant variations are defined and related te the constants of the 

motion. This part is usually called the Lagrangian formulation. In sectien 

2, the Hamiltonian formalism with the invariant canonical varlatlens are 

introduced and their relation with the Neether-invariant varlatlens is 

established. In sectien 3, the Polssen bracket is used te re late the 

algebra of the constants of the motion te the algebra of the invariant 

canonical variations. Moreover, the conneetion wi th Hamil tonian vector 

fields is described. Finally, the theory of the canonical transformatlens 

is introduced in sectien 4. 

Throughout this thesis, the Lagrangian formulation is used: whereas 

the use of the canonical formulation is restricted te the chapters 3 and 4 

only. Although the applications in this thesis are of continuous nature, 

the survey in this chapter is kept limited te systems with a finite number 

of dagrees of freedom. This has been done te point out the heart of the 

matter of classica! mechanics as clear as possible. 

Many basic elements used in this chapter can also be found in a more 

extensive ferm in raferenee books such as Lanczos [16], Goldstein [17], 

Saletan and Cromer [18], Arnold [22]. Several aspects on invariant varia

tions have been studled by Kobussen [19] and Mooren [20]. A modern but 

advanced mathematica! treatment based on geometrical concepts is given by 

Abraham and Marsden [23], and e.g. Ten Eikelder [21]. However, we fee! 

that their rigoreus mathematica! approach overreaches the physical goal we 

alm for. 

1.1 The Lagrangian formulation 
i Let q be the coordinates of an n-dimensional space. In this space we 

consider a path qi=qi(t), which describes the t-evolution of a dynamica! 

system. The tangent vector of this path is denoted by v1 := q1 := dq1/dt. 
i i Usually, the q are called the (generalised) coordinates and v the 
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i generaltsed veloeities of the system. The space with the coordinates q is 

called configuration spa.ce. In this space, a function ~(q1 (t) ,q1(t)), 

called Lagrangian, is assumed to be given. Sometimes, it is convenient to 

interpret the Lagrangian as a function on a 2n-dimensional space wi th 

coordinates (qi,vi), insteadof on a set of paths only. For reasens of 

simplicity, we reduce the notatien in this chapter by omitting the super

script indices, as if we are working in a one-dimensional configuration 

space. 

Let Q(t):= q(t) + ~q(t) be another path, with ~q = ~f(q,v,t) and ~ 

is a sufficiently small parameter. In configuration space, we define the 

(ftrst-order) varLation ~~ by 

( 1.1) 

Expansion of ~ in Q around q yields 

on q = q(t), ( 1.2) 

where we used ~q and ~v to denote the derivatives of ~ with respect to its 

variables. The derivative ~v=:p is called canonteat momentum conjugated to 

q. Note that the varlation of ~ in (q,v)-space would yield ~~ = ~q~+~v~v. 

This agrees, however, precisely with (1.2) as soon as v is identified with 

q. Suppose now a functional W{q} of the following type is given: 

2 
W{q} = f1dt ~(q(t),v(t)), where v(t) = q(t). 

This functional is called action. We do not consider explicit dependenee 

of ~ on t. This dependenee will neither be essential in this survey, nor 

be used in this thesis. The (first-order) varlation of the action is 

defined analogously to (1.1) by 

2 and is related to ó~ in (1.1) by: óW = J1dt ó~. If f is zero at t=1 and 

t=2, the well-known actton principle states that W{q} is stationary, i.e. 

óW:Q in q(t), iff q(t) is a solution of Lagrange's equa.tton. Thus, if 

A[q(t)]:Q denotes this equation, we have 



aw = Jfdt A(q(t)Jöq = o. 
yields: 

d 
A(q(t)] := ~v - ~q = 0, 

with öq(l) = öq(2) = 0, 

d 
where v = dt q, 

9 

(1.3) 

and where the square brackets in A[q] indicate that A is a functlon in q 

and lts derivatives. Then, A[q] = 0 describes the time evolution of the 

Lagrangfan system. Actually, there are many Lagranglans that lead to the 

same variational equation. For instance, when we add to ~ the function ~. 

with a constant, or ~(q)/dt, the action still shows the same stationary 

points. 

Let q=f(Q) be a bijeetion (i.e. one-one and onto) that maps the configura

tion space with coordinates q onto another space with coordinates Q. This 

mapping is referred to as point transformatton. The relation between the 

veloeities v:= q and V:= Q then becomes 

(1.4) 

Then the Lagrangfan bec:omes in termsof the new variables (Q,V) 

~(Q,V) := ~(q,v), where q=f(Q), (1.5) 

Let A[Q)=O be i ts corresponding new Lagrange equation. One can easily 

verify that lts relatlon with the old equatlon (1.3) reads 

A[Q] = fQÁ[q), where q = f(Q). (1.6) 

Analogously. the canonical momenturn transforms, as follows from (1.5) 

(1.7) 

Apparently, the momenturn transforms contra-variantly to the velocity, as a 

comparlson with (1.4) shows. Hence p6q is an invariant, that is: 

p6q = P6Q. (1.8) 

Let us now examina how the actual amblguity of the Lagrangian that we men

tioned above, affects the transformation of the momenturn. Possibly, we can 
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split off some part of (1.5) in such a way that the new Lagrangian ~(Q,V) 

can be related to yet another Lagrangian ~·. namely 

"" • d 
~(Q,V) = ~ (Q,V) + ~(Q). (1.9) 

Clearly, since both ~ and ~· have the same Lagrange equation. they are 

equivalent. However, the splitting (1.9) bas lts effect on the canonical 

momentum. If P':=8.l'/8V denotes the momenturn that belongs to ~·. and P the ... 
one that belongs to ~. then P and P' are related by 

p = P' + ~· (1.10) 

Substitution in the eq. (1.8) shows that: 

pöq = PöQ = P'öQ + ö~(Q). (1.11) 

The possible extension of this relation with functions ~(q,Q) is postponed 

to section 1.4, where we involve the phase space. 

H q=f(Q) is a bijeetion and q(t) is a solution of Lagrange's equation 

A[q]=O, t~en eq. (1.6) shows that Q(t) is a solution of the transformed 

equation A[Q]=O. ~ow we consider those transformatloos q=f(Q) that leave 

tbe new function ~ in (1.5) the same as the old function ~ up to a time 

derivative of some function ~(Q). which may he possibly zero, i.e., 

- d ~(Q,V) = ~(Q,V) + ~(Q). (1. 12) 

These transformatlens will he called f.nva.rta:nt potnt tra:nsformctttons . ... 
Accordingly, Lagrange's equations of ~ and ~ are the same; hence 

A[q] =:A[Q] = A[Q], where q=f(Q). (1.13) 

It fellows from (1.6) that if q is a solution of lagrange's equation and 

H q=f(Q) an invariant point transformation of Q, then Q is also a 

solution. In section 4 we compare these Ftnite transformatlens with 

similar ones in phase space. 

Invariant transformatlens are connected with the symmetries and constants 
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of the motion of a dynamica! system. This relationship is nicely explained 

by looking at the tnftnttestmal transformattons. 

Let Q := q + öq be a new curve in the configuration space, with 

öq(t) = ~f(q,q,t). The varlation Öq=~f will be called a Noether·tnvartant 

vartatton, iff there exists an ~(q,v) such that for all q = q(t) the ö~ in 

(1.1) can be written as 

d • 
ö~ = ~ dt ~(q,q). (1.14) 

In this case, Lagrange's equations that correspond with ~(Q,Q) and ~(q,q), 

differ only in the secend order from each ether: 

From this relation it fellows that if q(t) is a solution of A = 0 and if 

óq(t) is Neether-invariant variatien of q(t), then Q(t):=q(t)+öq(t) is 

again a solution of A=O in the first order of ~. Neether-invariant varia

tions are important because of their conneetion with constants of the 

motion. This conneetion is described by the so-called theerem of Noether, 

which can be formulated as fellows. 

With any solution q(t) of Lagrange's equation (1.3), the variatien 

of~ given in (1.2) can be rewritten as: 

d • d 
ó~ = ~pöq) + A[q]öq = ~pöq), (1.15) 

where the symbol = indicates that the relation only holds if q(t) is 

a solution of Lagrange's equation. If öq is Neether invariant, ö~ 

can be brought in the ferm of (1.14). The result is that a function, 

say, ~(q,v) exists that satisfies 

~t ~,;, 0 and ~(q,v) = p ~- ~(q,v). (1.16) 

Hence ~ is a constant of the motion. 

Often, it is rather laborieus to give a öq that is Neether invariant. To 

evereome this difficulty a formalism different from the Lagrangtan fermu

lation is set up. This new formulation, which is based on ether variables 

than (q,v), provides fora framewerk that supplies the. set of constantsof 
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the motion with a nice structure. With the help of this structure, new 

constants of the motion may be found. To arrive at this formulation, we 

perfonn the Legendre transformatton (q,v) -+ (q,p) on lf. 

The Legandre transform of lf(q, v) with respect to v, denoted as 

1(q.p), is called the Hamtltontan and is given by 

1(q,p) := pv- lf(q.v). (1. 17) 

The canonical variables (q,p) are the coordinates of a 2n-d1mensional 

phase space. In this space, a mathematica! structure is defined with which 

dynamica! properties of a system can be described. This is the subject of 

the next sections. 

We observe from (1.17) that the Hamiltonian does not change under a 

gauge-like transformation that expressas the ambiguity in lf. For, substi

tution of lf and pin (1.17) by 

lf(q,v) ~lf(q,v) + ~(q)/dt, p ~ p + ~/dq, (1.18) 

where v = q, does not change the Hamiltonian. This gauge invariance of 1 

indicates that, at least in the present context. 1 is a more fundamental 

quantity than lf. This remark agrees also with the following property. 

Since lf does not depend explicitly on t in this thesis, the 

Hamiltonian will not depend on t either. This fact assures that lf changes 

under the varlation öq = ~q with ölf = ~dlf/dt. Then. the conserved function 

~in (1.16) becomes ident!cal with 1. It follows that the Hamiltonian is a 

constant of the motion throughout this thesis. Often, 1 represents the 

energy of the system, as wlll be mainly the case in this thesis. A system, 

whose energy is conserved, is called conservative. 

1.2 Tbe Hamlltonlan lormulation 

We introduce the. Hamtltontan formula.tion by comparing the varlaUons of 

both sides of (1.17) in phase space. Because of the definition p:= lfv• 

such varlation yields: 

(1.20) 

lf lf(q,v) meets certain demands. lts dèrivative lfV= p= p(q,v) wil! have a 

unique inverse, say v=V(q,p). Then the following identifications in (1.20} 



13 

can easily be made: :lfq= -!fq and :lfp=v. By the application of Lagrange's 

equation (1.3) to these identities, the dependenee on parameter t is 

introduced. The result thus obtained is known as Hamtlton's equattons: 

d 
~(t) =:IEP 

d 
dt_'P(t) = - :lfq (1.21) 

From the Lagrangfan point of view, the first equation is still nothing 

more than an identity, unlike the second one where the ; sign would have 

been appropriate. In the Hamiltonian formulation, however, both Hamliton's 

equations have an equivalent status. 

The solutions of Hamliton's equations reprasent t-parameterised 

paths in phase space. In this space, the constants of the motion reduce 

the solution space to a hypersurface of dimension less than 2n. 

Next we consider some smooth function, say, ~(q,p,t) in phase space. 

Analogously to Hamliton's equations we let this ~ generata the following 

variations: 

(1.22) 

VarlaUons of this type are called canontcat. Any other set (6q,6p) of 

which no generator ~ can be found such that (1.22) holds, is called 

non-canàntcat, cf. [21]. By putting the canonical variations (1.22) into 

the expression (1.20), a varlation of :IE is induced by ~. i.e.: 

(1.23) 

If we restriet ourselves to the solution space of Hamilton's equations, 

the varlation in :IE can also be written as: 

(1.24) 

where ~t denotes the partlal time-derivative of ~ with respect to t. Now 

the variations 6:1! in (1.23) and (1.24) are compared and it follows that ~ 

is a constant of the motion if ~ = ~t· We now make the following defini

tion: if ~is a constant of the motion, then the varlatlens (1.22) genera

ted by ~ will be called tnoortant canonteat oorf.atf.ons. These invariant 

canonical variations make 6:1! =eSt. 
Now we are able to prove that invariant canonical variations are 



equivalent to Neether-invariant variations. The prove is only giv.en with 

generators "(q,p) and can easily be extended to the case "(q,p, t). The 

prove is formulated by means of the following two theorems. 

THEOREM I: Inuartant canonteat uarta.tf.ons a.re Noether tnuartant. 

Let the varlaUons (öq,óp) be invariant canonical. then there is 

soma constant of the motion, say, "(q,p) such that (1.22) holds. 

Moreover. ö~ = 0 and we obtain from (1.20) that ~qöq = vöp = -e~q· 
Then, in tha conflguration space with q = q(t) we get 

• d • d d 
~qóq =- e5qq =- e~ + póq = TtCpöq- e5) - ~q. 

Substitute this into (1.2). Then it follows that 

Henca, öq is a Noether-lnvariant variation. [J 

With Noethar 's theorem 1 t further follows that ,. is again the corres

ponding constant of the motion. 

THEOREM II: Noether-tnuartant varta.ttons a.re tnuartant canonf.ca.l. 

Let öq = ef(q,v) be Noethar invariant. Then thara must ba soma 

function et(q,v) such that ö~ = edet/dt. This is comparad with the 

definition (1.2) of ö~. in terms of tha partlal derivatives: 

Catharing tha coefficients of v, it follows that ~ must satisfy 

(1.25) 

On the other hand, the constant of the motion (1.16). which is 

related to öq by Noether's theorem, reads as function in (q,p): 

where ~P replaces v. However, this ,. generatas the invariant 
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canonical varlation 6q = 6Sp• or 

5q/6 = ~P = f + ~pp(Pfv- ~). 

Due to (1.25) we have 6q = 6f = 6Sp. lt fellows that 6q is also the 

invariant canonical varlation that corresponds with ~. c 

Because of the equivalence of the Noether-invariant varlaUons with the 

invariant canonical variations, these varlaUons will be referred to in 

the sequel as tnuartant vartattons, unless confusion may arise. 

1.3 Canonical structures 

Let ~ and ~ be two arbitrary functions in phase space. The Potsson bracket 

of ~ and J is defined by 

(1.30) 

This bracket is antisymmetrie and it satisfies ]acobt's tdenttty: 

(1.31) 

If ~ in the Polssen bracket (1.30) is replaced by the Hamiltonian and 

subsequently Hamliton's equations are applied, the result becomes 

(1.32) 

Obviously, if {~.J} = ~t then ~ wil! be a constant of the motion. Suppose 

S and ~are both a constant of the motion. From Jacobi's identity we infer 

that the bracket {S.~} is also a constant of the motion. It follows that 

the set of all constants of the motion is closed under the Poisson 

bracket: the set is a Lte algebra. Moreover, it is easy to see that the 

constants of the motion that do not depend explicitly on t, form a Lie 

algebra in themselves. 

With every function J(q,p, t), we associate the following vector 

field in the phase space 

(1.33) 
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This field F will be called the Hamf.l.ton.tan vector fietd generated by '!1. 

It defines a family of curves in phase space if F is identified with the 

tangent vector field of these curves. Let 6'!1 denote the directional deri

vative along these curves generated by '!1, then: 

6ttr='!18 -'!18 
~ p q q p 

8 where aq = 8q etc. (1.34) 

Applied to an arbitrary function ~(q,p), the derivative 6'!1~ represents the 

change of 'f(q,p) in phase space in the direction of F. From the Poisson 

bracket (1.30) we infer that this derivative satisfies: 

(1.35) 

In particular, when applied to the canonical variables themselves, this 

relation yields 

(1.36) 

which is, apart from the factor e, identical with the variations (1.22). 

Now, we are sufficiently well equiped to demonstrata the isomorphy 

of the algebras of the constants of the motion. the invariant canonical 

varlaUons and the corresponding Hamil tonian vector fields. For this 

purpose, we let '!1 and 'f be two functions with (F,o'!l) and (G,6'f) as their 

corresponding Hamiltonian vector field and direction derivative, 

respectively. Let further 1 be some third function. In jacobi's identity 

(1.31) we eliminate with (1.35) successively all brackets but {'!l,'f}. This 

results into an expression for the derivative of 1 in the direction of the 

Hamiltonian field generated by {'!l,'f}. viz. 

(1.37) 

which still applies for all 1(q,p, t). If now '!I and 'f are constants of the 

motion, and if we treat constants of the motion that only differ from each 

other by a numerical constant as identical, the following resul t is 

obtained: the algebra of the constants of the motion is isomorphic with 
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the algebra of the invariant canonical variations. Next we show how these 

algebras are related to the algebra of the Hamiltonian vector fields. 

let F1 denote the components of the Hamiltonian vector field F and 

ai denote (aq,ap)· Then the diraction derivative (1.34) bacomes 

whare an automatic summatien over the equal upper and lower indices is 

understood. The Lte bracket of two vector fields F and C is again a vector 

field denoted by [F,C], with the components 

(1.38) 

In differentlal geometry, this bracket is known as the Lie derivattue of C 

tn the directton of F. see e.g. [16]. It is usually denoted as [F,C]=:LfC. 

It is only straightforward to show how the commutator lö~,ö~j corresponds 

to the Lie bracket of the Hamil tonian vector fields F and C in phase 

space. Indeed, we find with the use of (1.38) 

Now consider the subset of arbitrary functions linear in the momentum. let 

~== pf(q,t) and ~:= pg(q,t). and denote the Poisson bracket (1.30) of ~ 

and ~ by '· This bracket involves this time a lie bracket of the varia

tions e.f(q. t) and e.g(q, t) In the configuration space: 

,:= {~.~} = pj(q.t), where j(q,t):=- [g,f], (1.39) 

and where -[g,f]=[f,g]= fgq- gfq. Clearly, , is again linear in p. Hence 

the set of all functions linear in the momenta is closed under the Poisson 

bracket and is therefore a lie algebra. In particular, it follows that the 

Poisson algebra of the constants of the motion linear in p is isomorphic 

with the algebra of the corresponding invariant variations in the configu

rat1on space. These variations now depend on q and t only and can there

fore be seen as time-dependent invariant point-variations. This simple 

result plays an important role in physics, as we will see in the sequel. 

We end this sectien by deriving the relation between the invariant 

canonical varlation óq and corresponding varlation óv in phase space. For 
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this purpose we substitute in (1.37) '8 and 1 by the Hamiltonian and q 

respectively. Then, if S(q,p) is a constant of the motion, lt follows that 

For solutlons of Hamilton's equatlons parameterlsed by t, the direction 

derlvative ó;Jt can be identlfied with the total time derlvative d/dt as 

long as no explicit time-dependenee is involved. Then we find 

d 
where v = dt q, (1.40) 

which still applies in phase space. This property can easily be extended 

to constants of the motion S(q,p,t) that depend explicitly on t. For thls 

purpose one notes that Ft is the Hamiltonian vector field of St as follows 

from lts defin1t1on (1.33). The corresponding direction derivative applied 

to an arbitrary function $(q,p) yields: 

lf S = S(q,p,t) is a constant of the motion. S must accordingly to (1.32) 

satisfy {S.:It}= -St. Then, with the help of (1.37) we may write 

d in which we substitute (dt - at) for ó;Jt. The result is compared with the 

foregoing relation, in which t is put q. This wil! show that we still 

arrlve at the result (1.40). 

l.i Canonical transformatlens 

In the first section, the action W has been considered as a functional in 

q. However, it is also possible to treat v as an additional independent 

variable. This is achieved by adding to the Lagrangfan the definition of 

v(t) by means of a Lagrange multiplier. The new result!ng action is called 

by Ter Haar [24] modtfted action, and reads 

(1.-41) 
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where À is the multiplier. lts stationary points are the solutions of 

d 
~(t) = v(t), 

d 
dt À(t) = ~q • where À = ~v 

Clearly, this system is equivalent with the original set (1.3), as À can 

be identified with the canonic:al momenturn p(t). Substi tution of À in 

(1.41) with ~ and application of the Legandre transformation (q,v) -+ 

(q,p) yields an action in a contiguration spac:e with coordinates (q,p): 

(1.42) 

This action is called cruwntcal action. lts stationary points are the 

solutions of Hamliton's equations, thus showing that Hamliton's equations 

are equivalent to a variational principle. The canonic:al action is used to 

introduce a special kind of transformation in phase space. 

Let (Q,P) denote a new set of coordinates on the whole phase space. 

The relations with the old coordinates are supposed to be bijective. They 

are denoted by: 

q = f(Q.P), P = g(Q,P). (1.43) 

Actually, these mappings also reprasent a point transformation on the 

configuration space with (q,p). We restriet ourselves to a special sub

class of these transformations. We c:onsider only those mappings that when 

applied to the old canonical action (1.42) will make the new actions 

canonical again: i.e., the new action Wcan{Q.P}:= Wcan{f(Q,P),g(Q,P)} can 

be written again like (1.42), namely 

So this class of transformatlens preserves the Hamil tonian character of 

the new variational equations with i(Q,P) as the new Hamiltonian. This 

elass can possibly be further reduced by demanding for the equivalence of 

the old Hamilton equations with the new ones. Like explained in the first 

section, the variational equati!:ns of Wcan(Q,P) and Wc:an(q,p) are iden

tical if there is some function ~ such that 

d - d d"' (PàtQ- ~) - (~- ~) = ~(Q,P), (l.+ta) 
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which must hold for every curve (q(t),p(t)) or (Q(t),P(t)). This wlll 

certainly be the case if there exists some ~(Q,q) such that 

(P6Q - ~6t) - (p6q - ~6t) = 6~(Q,q) (1.+4b) 

... 
holds in the whole phase space. Then, we have inde.ed an ~(Q, P), wi th -~(Q,P):= ~(Q,f(Q.P)). We have excluded eXPlicit time-dependenee in the 

proposed transformatlans (1.43). Therefore, we may restriet ourselves to 

functions ~ that do not eXPlicitly depend on t either. Then, (1.+4b) shows 

that the new Hamiltonian becomes: ~(Q,P) = ~(f(Q,P),g(Q,P)), and so we are 

left with the condition 

P6Q- p6q = 6~(Q,q). (1.45) 

Iff' this condition is satisfied, i.·e. iff there exlsts a function ~(Q,q) 

such that (1.45) holds, then the mapping (1.43) will be called a canonteat 

transforrnt:~.tf.on. 

In the previous section, the phase space bas been structured with 

the Poisson bracket (1.30). Accordingly, if' (q,p) are the coordinates of 

this space, the following brackets hold: {q,q} = {p,p} = 0, and {q,p} = 1. 

In another phase space with coordinates (Q, P), similar brackets can be 

given. Let (q.p) and (Q,P) be related to each other by the bijeetion 

(1.43): if (1.45) holds, then {f(Q,P),g(Q,P)} = 1 will hold in the new 

space (see e.g. Arnold [22]). It follows that a canonical transformation 

leaves the Poisson bracket invariant. 

From the function ~in the condition (1.45) the generating function 

of the canonlcal transformation is derlved, depending on whlch variables 

are chosen as the independent ones. These generators, whlch are connected 

to each other by means of Legendre transformations, can be found ln many 

textbooks on classica! mechanics. For instance, choose (Q.p) as the 

independent varlables. From (1.45) we infer that 

P6Q + q6p = 6(~ + qp) = 6~{Q,p) (1.46) 

must hold. Let us now examlne the conneetion with the Lagrangian formula

tlon. When we consider (1.+4b) on the t-paths in phase space, this 

condition may also be read as 
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- • • d 
~(Q.Q) - ~(q,q) = ~(Q,q}. (1.47) 

This condition, which shows how canonical transformatloos create new 

Lasrangians, generallsas the chani• of ~(q,q) under the point transfor

mations described by (1.5} and (1.9}. The fact that ~in (1.47} depends on 

both q and Q, was not considered in the first section, because then we did 

not account for tbe ambiguity in ~(q,q) at the same time. 

The canonical transformations that are conjugated to tbe point 

transformations (1.4) and tbat leave pöq invariant, cf.(1.8), forma sub

group of tbe group of the canonical transformations. Wben we put ~ in 

(1.45) zero, the corresponding canonical transformation can also be con

structed with the generator ~(Q,p):pf(Q). The condition (1.46) shows that: 

q = ~ ... f(Q). (1.48) 

thus recoverifii the transformation (1.7). 

A closer inspeetion of the condition (1.45) further reveals that a 

transformation in the momenturn coordinates only is also possible. Indeed, 

1f we let Q = q and put S(q):= ~(q,q), the condition (1.45) yields the 

canonical transformation: 

Q = q. (1.49) 

Under tbis mapping, the new Lagrafiiian obtained from (1.47) becomes 

- • • d 
~(q,q) ::: lt(q,q) + dt S(q), (1.50) 

which is again (1.12). An important subclass of canonical transformatloos 

are defined as tbose mappings that leave the Hamiltonian invariant, i.e. 

~(q,p) = ~(Q,P) = ~(Q,P). (1.51) 

Transformations with this proparty are called tnvartant canonteat 

transforma.ttons. Apparently, these transformations map the solutions of 

Hamilton's equations on itself. 

Let q = f(Q) be an invariant transformation in the configuration 

space. Then, (1.5) with (1.12) holds. Like explained in tbe end of the ... 
flrst section, both lt(Q, V) and lt(Q. V) have the same Legendra transform 
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wlth respect to V. It follows that any invariant point transformation is 

an invariant canonical transformation. We shall not enter on a possible 

converse of thls property. 

It is known that the finite canonical transformations form a group 

called the canonteat group. Thls can be verified wlth the help of (1.45). 

Sim!larly, the finlte invariant canonical transformations form the 

tnuartant canonteat group, which is a subgroup of the canonical group. 

In genera!, the Noether-invarlant varlaUons c5q=t.f(q,q, t) do not 

form an algebra in configuratlon space. In sectlon 3, however. we found 

that the subset of invariant point variations c5q=éf(q,t) on configuration 

space forma Lie algebra. With this algebra corresponds, at least locally, 

the group of finite point transformations. Since these invariant point 

transformatlens do not depend on the velocity, the equations of the motion 

of the system do not have to be solved first. This fact makes this invari

ance group on configuration space fundamental in physics. We will refer to 

this group as the ttttle symmetry group. In the sequel of this thesis, the 

little symmetry group will be met several times. It is connected with 

symmetry groups like the familiar Euter group (ch.4), the Gatttean group 

(ch.4), the Lorentz group (ch.6), and the less familiar untmodutar group 

(ch.3/4). Once we have ex:plored these conneetlens, we shall consider a 

class of Lagranglans on which invariance under the little symmetry group 

is forced at the forehand. 
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CHAPIER 2 

ON THE USE OF R.EFERENTIAL COORDINATES 

2.0 Introduetion 

The essential feature of the kinematics of a continuum is geometry: the 

motion of a deformable body can be seen as a continuons series of mappings 

with time as parameter. Tbis statement is the subject of this chapter. 

First, we introduce the mapping of two different Euclidean spaces onto 

each other and equip both spaces with a Cartesian coordinate system. Then, 

we introduce time and conneet some physical quantities with geometrical 

concepts. 

Usually, a different point of view is adopted in continuurn mecha

nics. There, one considers the deformation of a continuurn as the mapping 

of two different coordinate systems onto each other in one single 

Euclidean space. Then, one of these coordinate systems is taken as 

Cartesian and called Euclidean, whereas the other coordinate system is 

necessarily curviÜnear and called Lagrangian. A more extensive treatment 

on this theory can be found in standard literature on continuurn mechanics, 

e.g. [26] and [27]. We shall not fellow this point of view. Instead, we 

shall work in two different spaces, which bas the advantage that two 

different Cartesian systems are available; This makes it easier to find 

symmetries and corresponding conservatlon laws, as we will find out in the 

next chapter. 

This chapter is organised as fellows. In sectien 2.1, which is kept 

purely mathematica!, the so-called derivative mapping or deformation 

matrix is introduced. Then, we summarise how geometrical objects like 

vectors, covectors and their curl's are mapped. A fuller account on this 

matter can be found in textbooks on differentlal geometry, such as 

Choquet-Bruhat et al [25]. In sectien 2.2, the mapping is made time 

dependent, so that kinematica! quantities like mass density, velocity and 

vorticity can be defined. In sectien 2.3, the concept of a trivia! eenser

vation law is introduced. 

2.1 Geometr!cal preliminar!es 

Let N be a Euclidean 3-space (i.e. IR3), described by a Cartesian system 

with coordinates x1 , (i= 1.2.3), and an orthonormal basis {ct). The 

scalar product in this space is defined as c 1•cj = 6ij· Here, (6ij) is the 
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unit matrix, which represents the (components of the) metric tensor in N 

with respect to this basis. The space N will be referred to as x-space. 

let 11 be a second Euclidean 3-space, also described by a Cartesian 

coordinate system, but now with a basis {ea}• (a= 1,2,3), and coordinates 

ma. The metric tensor in this space is denoted as Öab = ea•eb. The space M 
will be referred to as m-space. 

In this introduction, we describe somaaspectsof the mapping 11 ~N. 

because of lts fundamental role in the next chapters. The mapping and lts 

inverse are denoted as fellows: 

11 ~ N i i a x =X (m ) , N-1>1l a a 1 
m = M (x ). (2.1) 

We prefer to write upper-case letters for the functions to distinguish 

these from the!r values, whlch are written as lower-case letters. We 

assume the mappings (2.1) to be bijective, and so the coordinates of one 

space parameterise the other space. Therefore, each space has two coordi

nate systems, with (2.1) as corresponding transformations. 

In order to reduce the cumbarsome expresslons that arise when wer

king with these mappings, the following notatien conventlens are adopted: 

1) let f(x1) be some function. With respect to the coordinate system 

(ma) this function takes the value f(X1(ma)) = f(ma). Unless 

confusion arises, these two different expresslons will be denoted by 

one single function letter: in this particular example f. 

2) The index letters (a,b,c,d,e) of tensors shall only be used to refer 

to the m-coordlnate system, whereas the index letters (i,j,k,l,m,n) 

will only be used to refer to the x-coordinate system. No confusion 

will occur, slnce no more indices wil! be needed in one expression. 

3) Differentlation with respect to the coordinates is indlcated by the 

followlng notatlons: 

4) Finally, the (Einstein-) summatien convention is used, that is, 

summation over repeated superscripts and subscripts is understood. 

The transformatlens (2.1) are assumed to be sufficlently continuous 

differentiable functions: in general twice will do. To be bijective. like 

we assumed ~fore, the transformatlens x1 and Ma must be the inverse of 

each other in any point of 11: 
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(2.2) 

In order to map tensors from one space to the other, we need the so-called 
i a dertuattve mapptngs X,a and M,i· These mappings are the inverse of each 

other, as follows from the differentlation of (2.2) with respect to x1 and 

ma respectively: 

(2.3) 

For the existence of the local inverse of (2. 1) in, say. point P, the 

Jacoblans of (2.1) in P must be non~zero. Let V denote the Jacobian of the 

mapping M ~N. then 

i 
V = det(X,a) 1 --=--- t- 0. 

det(M~1 ) 

Now we cons!der the curves ma = constant in both spaces: 

1) in the x-space N: 

(2.4) 

The tangent vector field of the curves ma=constant are given by: 

~a:= X,a = x:ac1 • Clearly, the set {~a} forms a new basis field in 

N, w!th X~a as the transition matrix from {ei} to {~a}· The inverse 

transition {~8}~ci} follows from the multipli~ation of ~a with the 

inverse of x:a• and the application of (2.3). Then: 

1 
~ =X ei , a ,a (2.5) 

With respect to this basis field {~8}, there corresponds a new 

metric tensor field nab:= ~a·~ , or with (2.5): 

(2.6) 

which shows the relation of nab with óij· 

2) in the m-space M: 

The tangent vector field of the curves ma=constant in M is the 

constant basis field {e8 }. Since both ~a and •a correspond with the 

same curve, they are the image of each other. Analogously, the set 

{ei} in N has an image, called {o1}. in M. Thls latter basis field 

is related with {ea} according to 
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i 
e = X ai a ,a (2.7) 

The mapplngs glven above can be visualised in the îollowing picture. For 

matters of simplicity the dimenslon bas been reduced to two. 

We can map any vector îleld in N to a vector field in M. and vice 
i a versa. For instance, let v:=v ei be some vector in N and v:=w ea some 

vector in M. If v and w are the image of each other, the components will 

be related to each other by 

i 1 a 
v = X,aw • (2.8) 

Here, v1 and va are usually called contravariant vector components or 

shortly. as we wil! do, vectors. However, nota that the mapping (2.8) also 

can beseen as the mapping of veetors of one space onto itself. Then (2.8) 

shows how the components oî the same vector wi th respect to different 

bases are related to each other. Hence we can write: 

in N: i a 
V = V C i := V l}a , in M: 

This point of view, though rather common in the theory of continuurn 

mechanics. will in this thesis hardly he used. 

Apart Erom vectors, also covectors (also known as one-îorms) on N 

and M are needed. Covectors. which are denoted by a subscript, are often 

called covariant (components of) vectors. Let v1 be (the components of) 

soma covector in N (with respect to the dual basis {c1}), and let Ua he 

another covector (with dual basis {ea}) in M. Then. these covectors are 

said to he the image of one another under the mapping {2. 1) H the 
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i u =X v1 a ,a 
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(2.9) 

The transformatloos (2.8) for vectors, and (2.9) f'or covectors, are in 

fact special cases of' mapping formulae for arbitrary tensors. 

In both spaces, the metric tensors are used to map veetors to 

covectors. For instance, contraction of veetors with the metric tensors 

Öij in.N and Öab in M yields covectors with components 

(2.10) 

respectively. However, the metric tensors öij in N and Bab in M are not 

related toeach other by the mapping (2.1). The consequence of this remark 

can be shown better by means of an example. Insert ua from (2.10) in 
. j b 

(2.9)(11); if we let vJ := X, bw • a following relation between ua and wa 

results: 

With the use of' the metric tensor ~ab (2.6) in the curvilinear coordinate 

system in N, this relation becomes 

b which is entirely different from the covector wa = Öabw 

(2.11) 

To find out how vector products and curls are mapped, we first 

determine the mapping of the permutation symbols. l.et eijk and eabc be the 

usual antisymmetrie permutation symbols. They can be expressed in terros of 

the basis veetors by: 

in N. in M. (2.12) 

Unlike the metric tensors öij and Öab• there exists a mapping between 

these symbols. This mapping can be found as follows. With the help of the 

basis transition (2.5), eijk can be expressed as: 

(2.13) 
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Since ~1·~x~3d3m represents the volume-cel! spanned by the increments dma 

along the basis {~a}• the scalar ~1 ·~2x~ amounts to the specific volume 

or the jacobian V of (2.4). Further, we observe that expression (2.13) 

will only be non-zero if the free subscripts all differ from each other. 

Then it follows that the right side of (2.13) may be replaced by Ve.abc· So 

we found the relation between the permutation symbols. Multiplying w!th 

Ma leads to the reversed relation. Thus, the following mappings hold: ,i 

(2. 14) 

The appearance of the Jacobian V in these relations shows that in m-space 
-1 and x-space, 6ijkV and Ve.abc respectively are tensors, while E.tjk and 

6abc are known as tensor denstttes. The mappings (2.14) can beseen as the 

usual tensor transformation under the mapping onto ltself of the space M 
and N, respectively. Analogously, the mappings of the permutations symbols 

6ijk and e,abc are derived. These symbols can be expressed- into the basis 

covectors ei and ea, as is done in (2.12). Let further p = v-1• then 

(2.15) 

holds, which represents the "volume" of the triad {VMa} spanned in x

space. Now 1t is only straightforward to show that the following trans

formatlens hold: 

abc V ijk .. a Mb Me 
6 = 6 '"M,i .j ,k. (2.16) 

Again, we observe that in mapping the space onto itself. the symbols eiJk 

and e,abc become tensor densities in M and N. respectively. 

Once the mappings of the permutation symbols are known, the mappings 

of other objects. like vector products and curls of (co)vector fields can 

be derived. As an example. we show how the curl of a covector field is 

handled. Let u:= uaea be a vector field in M and v:= vic1 in N. and define 

on these fields the following objects: 

a 
0:= 0 •a:= curl u in M, i w:= ~ c1 := curl v in N. 

Th en 

(2.17) 

Let u0 and vk be related by uc = X~cvk; then according to the mapping 
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(2.16), we find that na and wi are related toeach other by 

a a i o = M,ivw • (2.18) 

Henee, the image of 0 in M is Vw in N. Obviously the curl is a vector 

density under the mapping of the spaee onto itself. 

Finally, we derive some relat1ons that appear to be useful in the 

sequel. The derivat1on of these relations lnvolves the Jaeobian of the 

mapping and i ts cofactors. As we notleed al ready af ter (2.13), the 

speeifie volume spanned by the triad {~a} in every point of N reads: 

a Multiply this expression with M,i• and put a=3. The result reads: 

Due to the antisymmetry of the permutatlon symbol, only the term with b--3 

survives. A further reduction with the help of (2.3) shows 

This ealculation is repeated with VM~i and a = 1,2. A similar exercise is 

done with pX~a for i= 1,2,3, and (2.15). Then, the results becomes: 

av a a 
BXi = VM,i =: Vr • 

,a 
(2.19) 

The matrix v1 is called the cofactor of X~a• and similarly we cal! p! the 
a cofactor of M,i• These cofactors are divergence free, whieh follows from 

where we replace V by p-l, multiply with p2, and introduce the cofactor 

Pk· In this way, we arrive at 

2._a a j 
P-vi,a =- P,i + M,ijPa =- P,i + P,i = 0. 

The same sort of exercise is done for the cofactor p!. Catbering the 
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results shows that 

a 
Vi,a = 0, 1 = o. Pa,! (2.20) 

In the next section, we introduce time. 

2.2 The kinematica! prellmlnarles 

In this section, we apply the geometrical c~ncepts of the last section to 

a three dimensional physical continuurn. This continuurn is .the continuous 

distribution of "particles" in space N. From now on, the space N wil! be 

called physi.ca.l. spa.ce. In fact, the "particles" are infinitesimal pareels 

consisting of atoms or molecules. The posltions of these particles (from 

now on we now drop the quotation marks) are points in N, denoted by the 
i coordinate triple (x). Hence we shall refer tothese as l.ocal. cóordi.nates 

or just x-coordinates. Furthermore, we label each partiele with the triple 

(ma) in a contlnuous fashion, i.e. each partiele is identified with some 

point (ma) in another space m3 . This space, denoted by M, will be called 

materf.a.t spa.ce. The coordinates of M will be referred to as ma.terf.a.l. 

coordf.na.tes or m-coor-dinates. 

The continuurn now is assurned to be in motion in the physical space 

N, i.e. with respect to the x-coordinate system which is the frame of some 

observer. Hence, the position of each point (ma) at time t is described by 

xi=Xi(ma,t). This function describes a ene-parameter set of mappingsM ~N 

with t as parameter. We also assurne that both the whole physical space N 

and material space M are filled with the continuurn, so that the bijections 

M ~Nare possible. Moreover, the time interval on which the mapping is 

defined, has to be small in some sense. Let the correspondlng bljectlons 

be denoted by 

1 i a 
x = X (m , t), a a 1 

m = M (x ,t), (2.21) 

which are assurned to be the inverse of each other, cf. (2.2), 

1 i a j x =X (M {x ,t),t), a a i b m = M (X (m ,t),t). (2.22) 

Let f= f(x,t)= f(Ma(x,t),t) be some function. Differentlation of f with 

respect to t, with fixed ma and fixed xi respectively, is denoted by: 



31 

The operator Bi wil! be called matertal ttme-dertvattve. 
a 1 i a With fixed m • the funetion x = X (m , t) represents the pa tb of 

partiele ma in the physieal spaee-time. With fixed t, the curves of 

constant ma reprasent the m-coordinate lines of a eomoving, eurvilinear 

eoordinate system in N, "frozen" into the eontinuum. Now we define a 

veetor field v(x,t) in N, with the following eomponents: 

1 -i a 
V (x,t) =V (M (x,t).t), -i i 

where V (m,t) = X,t(m,t) 

represents the tangent veetor in the configuration spaee of the partiele 

m; whereas v(x, t) represents the tangent veetor field of the so-called 

streom Ltnes in N. In N, v(x,t) is called the vetoctty fteld of the 
a a i i continuum. Now, we let w := M, 1v reprasent the mapping of v • From the 

material time-derivative of Ma, 

a a i a 
0 a Bïm = M, 1v + M,t • (2.23a) 

we infer that w8 can be written as a time derivative: 

a a i a 
w =M, 1v =-M,t (2.23b) 

Furthermore, the relation (2.23a) gives rise to the definition of the 

so-called convecttve ttme·dertuattve in physical space: 

This.derivative can be interpreted as the direction derivative in a space

time, namely in the direction of (l,v1). The operator DIDt can also be 

seen as the "image" of the material time-derivative. It shows how a 

function changes along the partiele's path ma. For instance, (2.23a) shows 

that 
D a ) jfiM (x,t = 0, 

which expressas that Ma does not change when moving with the fluid. 

· The acceteratton fteld a(x,t) in N is defined by 

(2.24) 
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i( ) -i(Ma( ) ) i h -i( ) i_ xi __ a x, t = a x, t , t , w t a m, t = v,t = , tt 

The dynamtcs of the continuurn enters the description as soon as this field 

is identified with some force field, say, f on N. Let p denote the mass 

density of the continuum; then Newton's law can be expressed as 

D 
p Dt v(x,t) = f, (2.25) 

which is called Eul.er's equatton. The force field f may be external or 

internal, and wil! be further speelfled in next chapters. In the next 

chapters, we wil! examine several variational principles that wil! have 

(2.25) as a variational result. 

We wil! refer to the (m-)configuration of the continuurn in the 

material space as the referential. state of the continuum. The referentlal 

state wil! be chosen such that the mass density in M (i.e. with respect to 

m-coordinates) is a constant Po for which we take unity. We wil! limit 

ourselves to identical particles and so the density of the partiele is 

equal to the mass density. The total mass, denoted by ~. is given by 

~ = Jd3m = Jd3x p(x, t), (2.26) 

where p(x,t) is the Jacobian of the mapping M-+N, cf. (2.15), thus 

identifying p as mass density in x-space. Due to this identification the 

conservation of mass now automatically holds. This relation can be found 

if we differentlate p(x, t) with respect to t. Subsequent use of the 

cofactor p! in (2.19) and its property (2.20) shows that 

i a i a 
P,t = PaM,it = (PaM,t),i · 

From the identity (2.23a) we infer that the term between the brackets is 
1 equal to -pv Hence we find the conservatton of mass: 

P,t + div(pv) = 0. (2.27) 

We observe that this equation is a purely mathematica! consequence of the 

identifications 

a 
p = det(M, t). i pv Pal Ma 

• t (2.28) 
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A simHar conservation law for the specHic volume V in material space 

also exists. Indeed we infer from (2.19) that 

which can be written with (2.23b) as: 

(2.29) 

This conservation law is also a mathematica! consequence that results from 

the identifications: V= det(X7al and vi = X~ï· In the next section, we 

return to these conservation laws again. 

2.3 Trivial conservation laws 

In the next chapters we set up several variational principles and apply 

the methods that were summarised in the first chapter. Though instead of 

the q-variables, we deal from now on with fields that result from 

generalisations to continuous systems. The constants of the motion now 

become functionals that result from integration (if possible) of 

conservation laws. Otherwise, no fundamental difficulties will arise. 

Suppose a dynamica! system, whose time evolution is described by a 

series of variables denoted with u(x, t). Let E[u,x, t) and Fi[u,x, t] 

reprasent sufficient continuously differentiable functions in x, t, u(x.t) 

and the derivatives u,t• u,k• u,kl , •••• Any equation on N of the form 

(2.30) 

which only holds for solutions u of the evolution equations of the system, 

indicated by the ;-sign, shall be called a conseroo.tton la.w, with E as 

conserved denstty and fi as flux. This definition does not necessarily 

mean that F bas to represent some flow; E may be the component of some 

tensor, so that (2.30) includes the cases 

and (2.31) 

However, if (2.30) holds for all (decent) functions u, i.e., 

E,t = Fi,i • (2.32) 



then (2.32) will be called a trtuta.t consert~a.Hon LCUII. SimBar defini

tions equally are used on the material space. 

In this thesis, we are looking for the conservation laws and corres

pond!ng symmetries of some continuous systems. To reduce the complication 

that may arise from boundary conditions, we extend the continua infinite

ly. Then, we shall assume that the physical variables vanish fast enough 

at spatlal infinity, except for the mass density and potantials. Soma

times, the flux F in (2.30) vanishes everywhere. In that case, E will be 

called a loca.t constant of the motton •. The integral of (2.30). 1f it 

exists, is called a constant of the motton; the integral of (2.32), will 

be called a trtuta.l constant of the motton. 

In the preceding section, we have explained that constants of the 

motion generate symmetries in the phase space of the system. However, no 

symmetries seem to be connected with trivia! constants of the motion. This 

can easily be verified when we restriet ourselves to constants that do not 

depend explicitly on t: let 8(u):=Jd3xE[u,x] be some trivia! constant of 

the motion; then the total time-derivative of I can be written as 

d r 3 61 
0 = dt ll(u) = Jd x ou u, t . 

Since I is a trivia! constant of the motion, this equation must hold for 

any u. Therefore öll/öu must vanish everywhere. Apparently, a trivia! 

constant of the motion is independent of the ini tial condi tions of the 

system, thus being an ordinary number. 

An example of a trivia! conservation law is the conservation of mass 

(2.27). As al ready stated before, the assignment of the representations 

{2.28) to the variables p and pv causes the conservation of mass to be an 

identity. lts integral, the total mass ~ (for matters of convenianee we 

neglect the fact that in our case ~ is infinite), has no variational 

derivative with respect to Ma. Indeed, with the help of the cofactor in 

(2.19) and i ts proparty in (2.20), we easily f'ind for this trivia! 

constant of the motion: 

In a similar way we can verify that the conservation law (2.29) for the 

specific volume is a trivia! conservation law with respect to the 
i variables X (m,t). These examples already show that a trivia! conservation 
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law need not necessarily being physically meaningless. Furthermore. the 

variables u in the definitions above do not need to be canonical. Another 

example of a trivia! conservation law is the conservation of the uorttctty 

w of the continuum, with li.l:= curl v. This law results from manipulating 

the general relation (2.25) to 

(2.33) 

which holds for every continuum. lts curl becomes 

(2.34) 

which is a trivia! conservation law of the form (2.31)(1!). It will be 

referred to as the conseruation of uortictty. Assuming that both v and f/p 

vanish fast enough at spatlal infinity, the corresponding constant of the 

motion ltself becomes zero: 

As it should, the functional derivative of this integral with respect to v 

is zero. The property of being trivia! is not lost when we specialise for 

a system for which f/p becomes a gradient. as is the case for some types 

of fluid. 

Analogously, we consider the equivalent of the conservat ion of 

vorticity in material space, by mapping the covector equation (2.25). Let 

Multiplying (2.25) with x:c and substituting the material time-derivative 

for the convective time-derivative, shows 

(2.35) 

In this equation the analogon of the Coriolis-like acceleration term vxw, 

present in (2.33), fails. This reduction is connected with the fact that 

the material coordinates are comoutng with the continuum. Taking the curl 

of (2.35) on I yields 

BïO = curl g, where 0 = curl u. (2.36) 
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We wil! refer to Oa as the material uorticity. The relation between 0 in M 
and w in N has been glven already in (2.18). Now, suppose f/p in (2.33) 

bacomes the gradient of some potential, in which case the continuurn is 

said to have an acceleration potentiat. Then, g wil! also be a gradient 

causing the right side of (2.36) to vanish. In this case, the material 

vorticity bacomes a local constant of the motion: 

(2.37) 

Here, the = sign is used to indicate that we have specialised to fields 

that are a solution of a system having an acceleration potential. It is 

not difficult to see that (2.37) gives rise to an infinite number of local 

constants of the motion in the material space. In section 3.5 we wil! show 

that these constants are not trivia! constants of the motion. 

We end this chapter by discusslng the amblguity that might exlst in 

the cholce of a referential state. For, dependent on the nature of the 

contlnuum, more than one materlal conflguration can act as a Euclidean 

material space. For instance, in the case of an infinltely extended, 

lsotropie and homogeneaus material, the dynamlcs wil! not change when the 

referentlal state is rotated or translated wi th respect to the orlglnal 

state. Although this material symmetry is more properly dealt with in the 

frame work of the canonical formalism, some generallties can be considered 

already in advance. 

The symmetries of the referentlal state can be seen as a mapping of 

the m-space onto ltself. In this way a family of symmetry curves is 

defined on the material space. The tangent vector fields to these curves 

are called symmetries of the materiaL An example of a symmetry is the 

field f = bxm, which defines concentric circles around m = 0 in a plane 

orthogonal to b. If the material is isotropie and infinltely extending, 

the coordinate axes can be rigidly rotated under an arbitrary angle along 

these curves, thus defining a contlnuous series of new referentlal states. 

The set of all rigid translatlens and rotations in a Euclidean space forms 

the so-called Euctidean group of coordinate transformations. 

This 6-parameter Euclidean group is on lts turn a subgroup of the, 

at least locally existing, infinite-dimensional group called unimodutar 

group. The unlmodular group contains all mappings ma ~ma(mb) wlth unlty 

Jacobian. Clearly, this group leaves the jacoblan of the mapping M ~N. 
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which is in our case the mass density ltself, invariant. The set of 
a a a b corresponding infinitesimal transformations, m ~m +af (m ), consistsof 

all divergence-free, time-independent vector fields, and is denoted by t 1: 

lt := {f(m)l div f = 0}. (2.38) 

This set t 1 is a Lie algebra .. To show this, we let f 1 and f 2 be two 

arbitrary elements of t 1 and determine the Lie bracket (1.38) of ft and 

f 2• In a three-dimensional space thls bracket reduces to the curl of the 

vector product of ft and f2. Let f3 be the result, then: 

(2.39) 

which is divergence free and thus contained in t 1• So 11 is a Lie algebra. 

Any symmetry f E t 1 in M defines a family of symmetry curves in this 

space (except for those points where fa=O). Then, the unimodular mappings 

can_be_yisualised as the dragging of the m-coordinate axes along the 

symmetry curves. In the next chapters we show that if the continuurn is a 

fluid wi th identical particles, the unimodular group will give rise to 

invariant variations. 
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OIAPTER 3 

A VARIATIONAL PRINCIPLE FOR FLUIDS IN MATERIAL SPACE 

3.0 Introduetion 

It is known that the flow of a perfect fluid can be described with varia

tional principles, set up with respect to either material coordinates or 

local coordinates. In the latter type of description, these variational 

principles are more or less introduced in an ad-hoc fashion. The resulting 

variational equations eventually lead to the correct Euler equation, which 

justifies the used principle. This is the way variational principles are 

often being used. In this thesis. however, we alm for a more systematic 

approach. Starting from a generalisation of a many-particles system, we 

show how all other variational principles can be derived from it. 

Moreover, we search systematically for the conservation laws of the fluid. 

In hydrodynamica, one is more interestad in physical fields like the 

mass density and velocity of the flow than the behaviour of the individual 

"particles" of the fluid. The variational approach that fits this point of 

view is the so-called !o~t approach. lts description is entirely based on 

the fields M8 (x,t) and is considered with respect to the x-coordinates. 

This approach is the subject of the next chapters. In this chapter, the 

fluid flow is described by referring to the individual motion of each 

macroscopie "particle" of the fluid. The action of the fluid resul ts from 

a continuous summation of partiele systems. In this sense, our starting 

point follows the meebanles of many-particle systems to which the methods 

from the preliminaries apply. In this way, the description becomes 

entirely basedon the fields X1(m,t) and is considered with respect to the 

m-coordinates. Hence, this type of description is termed the materto.t 

approach. The idea of using material coordinates to construct variational 

principles for the flow of a fluid has been employed already by e.g. 

Eekart [28]. Kobussen [19] and Salmon [31]. In this chapter we present a 

more complete description. 

Let us now outline briefly the contents of this chapter. In the 

first section a suitable action based on first principles is proposed. All 

other sections are devoted to the description of the conservation laws and 

their underlying symmetries. Distinction is made between the invariant 

variations in the coordinate fields X(m,t) that result from variations of 

the m-coordinates, and those variations that are not. The latter type of 

variations lead to ten basic constants of the motion and are discussed in 



seetion 2, whereas the former type are examined in section 3. In section 

4, we show that the existence of an acceleratlon potentlal leads to a new 

infinite set of constants of the motion that involve the vortlei ty. In 

section 5, we demonstrata that this set is related with an infinite Lie 

algebra of velocity-dependant symmetries in the material space. Moreover, 

we pay attention to recent developments on the so-called non-canonlcal 

Hamiltonian formalism. Finally, in the last sectlon, we examine the fluid 

for a possible scale invariance. 

3.1 Variational lormulation of the perfect flu!d flow 

Cons!der a one-dimensional mechanica! system consistlng of an infinite row 

of identical particles wi th unit mass and nearest-neighbour interaction 

only. Let Xm=Xm(t) denote the position of the m-th particle. The following 

Lagrangfan can descrlbe the system: 

~ = 2 [~vm2- e(Xm-Xm-1)], 
m 

where Vm = Xm(t), 

where a glven function e represents the interaction energy. An extension 

to a continuous system is achieved by making the suffix m a continuous 

variable: Xm(t) ~x(m,t). A generalisation of this Lagrangfan would be the 

following functional 

~(X,v) = Jdm [~v2 - e(X,m)J, where v = X,ï(m,t), 

which was used already for the description of the dynamica of strings in 

[30]. In this Lagrangian, a possible dependenee of the internal energy on 

higher derivatives of the coordinate field X can be used to describe 

systems with dispersion, for instanee the elastic bar, cf. [29]. In this 

thesis, we will not consider such a type of interaction: only the first 

derivatives of X with respect to m are taken into account. As a next step 

we generalise ~ to three dimensions, and put: 

(3.1) 

2 i j i where v := v v 61j• Here, the three fields X (m) constitute an infinite 

dimensional configuration space, i.e., one for each partiele m € M. Then 

the motion of the fluid is determined by the motion X1(m, t) of each 
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partiele ll in i ts own configuration space. These time-dependent fields 

Xi(a,t) on M were discussed in chapter 2. 

In (3.1) the so-called spectftc deformatton energy e depends on the 

derivative mapping x7a· This matrix represents a maasure for the deforma

tion of the continuurn with respect to lts referentlal state. Hence we 

expect the Lagrangian (3.1) to be sultabla fora certain class of conti

nuous machanical systams. In this thesis, we restriet ourselves to the 

macroscopie dynarnics of fluids. Therefore, we consider the fluid as a 

macroscopie continmiDI of "particles", while each "particle" on its own 

still bas its own microscopie structure. We will assurna that this micro

scopie strueture will not influence the macroscopie behaviour of the 

fluid. Then we let these "particles" interact with each other through the 

specific volume V=det(X7al only, and neglect viscosity so that no dissipa

tien takes place. Such a fluid is called a perfect flutd. 

Saveral therrnodynarnic variables are associated with the specific 

energy. The flow is called tsentroptc, 1f the speciflc entropy is a 

constant everywhere in the fluid. In that case, the deformation energy 

only depends on the specHic volurne V, and then the pressure p and the 

spectftc enthalpy h are defined as 

p := - de/dV = - ey , h := e - eyV. (3.2) 

respectively, where -h(p) is the Legandre transfarm of e(V). Hence, p and 

h are related to each other by 

óh = V6p. (3.3) 

In this way, the action for the isentropic perfect fluld is a functional 

in the three coordinate fields x1: 

(3.-4) 

where the Lagrangian densi ty L is an ordinary function in the a:uxt t tar 

ftelds V and v1: 

1 2 L(V,v ) = ~v - e(V). (3.5) 

These auxiliar fields, on their turn, depend on the coordinate fields xi 

through the following representattons: 
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i 
V= det(X,a)• 

i -1 L 
V =V (m,t) = X,t• (3.6) 

In addition we will also make use of the canonical momenta Y1(m,t) 

conjugated to the coordinate fields x1: 

(3.7) 

Since we chose for a homogeneaus (unit) mass distributton in the material 
· 1 a space, the velocity components v of the partiele m in physical space are 

the canonical momenta on the material space. 

The varlation of L is now expressed in terms of the variations 6X1 

by means of the representations (3.6). With the use of Y1 and the defini

tion of the cofactor V~ of X~a· cf. (2.19), the varlation of L bacomes 

i i _ a i 
öL = Y1 öv + Ly öV = Yt(óX ),t- evV1(öX ),a (3.8) 

Integrating by parts, the action principle yields 

(3.9) 

where 

{3.10) 

(i = 1,2,3) are Lagrange's equations. Although a description of the fluid 

dynamics in physical space is the subject of the next chapter, we yet 

translate (3.10) in order to verify whether they really reprasent Euler's 

equation. Therefore we replace the material time-derivative in (3.10) by 

the convective one and use the identity vi(x,t) = Y1(Ma(x,t),t). With the 

cofactor proparty (2.20) and the relation (3.3) we have: 

And so we arrive at 

(3.11) 

which really are equivalent to Euler's equation for the flow of a perfect 

isentroplc fluid in the x-space. 
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Now we show that the equations that govern the fluid flow on the 

material 

Legendre 

(3.7) we 

space forma Hamiltonian system. The Hamiltonian density H is the 
i i transform of L(V, v ) with respect to v ; so with the momenta 

i i have H(V,Y1):=Y1v -L(V,v ). Then, the Hamiltonian becomes: 

~cx1 .YJ) = Jd3m H. where 1 H = ~ y yi + e(V), (3. 12) 

which generatas the following three pairs of canonical equations: 

x i- 9!!_- yi 
y i,t 

ó~ a 
(3. 13) • t óY1 - - öXi = (eVVi),a' 

with 1=1,2,3. These Hamilton equations are equivalent to the eqs. (3.10). 

Hence, the perfect fluid is a Hamiltonian system. 

In the next sections, we derive a number of conservation laws. For 

this purpose, we consider two distinct classes of variations in the 
i i coordinate fields X : one class with óX that resul t from changing the 

mapping ltself at constant ma, the other class with óX1 that result from 

variations in the material coordinates ma. These two classes result in two 

disjoint sets of constants of the motion. 

3.2 Tbe Calilean set of constants of the motion 

In this section we derive with Noether's theorema set .of constantsof the 

motion connected with a change in the coordinate fields x1 at fixed ma. 

Therefore, we rewrite ól in (3.8) by applying Lagrange's equation (3.10): 

. i . .a i 
ól = (YióX ),ï - (eyvi óX ),a . (3.21) 

A conservation law results from comparing this with (3.8), in which we 

substitute an invariant variation. 
i i We observe that a constant varlation óX =~a makes óL in (3.8) zero. 

The resulting conservation laws, which are Lagrange's equations them

selves, will be referred to as the X-rule of the system. The corresponding 

constants of the motion are the triple 

(3.22) 

which represent the continuous summation of the momenta of all particles. 

Hence, the ~i represent the total momenturn of the fluid. 
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i i Since L does not depend on t explicitly, the varlation óX =éY in 

(3.8) yields óL=éL,ï. Cernparing with (3.21) leads to the conservation law 

for the Hamlltonian density (3.12), which wil! be called the t-rule: 

(3.23) 

lts integral ~ can be interpreted as the continuous summatien of the total 

energy of each particle. Hence ~ amounts to the total energy of the fluid . 

Finally, we substitute óXi= ééij~jXk , where bj is constant, into 

óL of (3.8) and find that óL=O. This results lnto a conservation law that 

will be referred to as the X-rotation rule: 

(3.24a) 

The eerrasponding constants of the motion are 

(3.24b) 

which reprasent the continuous summatien of the moments of the momenta of 

all particles. 

So far we found a set of saven constants of the motion: {~1 .~.~1}. 
To find out whether more constants exist, we examina whether this set is 

closed under the Poisson bracket. This bracket, which is defined in 

(1.30), now reads 

(3.25) 

Applying this bracket to the set {~1 .~.~1 }, however, does not give rise to 

further constants of the motion . Apparently, this set is closed under the 

Poisson bracket and so it forms a Lie algebra. 

Now we show that one can extend this set with three constants of the 

motion that depend expllcitly on time. These constants result by putting 
1 i i i óX =éc tin (3.8); it shows that óX is an invariant varlation if c is a 

constant. Then óL=é(ciXi),ï and the eerrasponding conservation law reads 

a • 
(Xi- Ylt),ï + (eyVit),a 0. (3.26) 

Let ~i denote the eerrasponding constants of the motion. Their physical 

meaning become more obvious by considerlng the centre of mass of the 
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fluid. This centra is a vector in the x-space with the components 

-1 -1 
being three functions on the m-space. Let Voi:=A ~~ and Eoi:=A ~1: since 

these triples are again constants of the motion, eq. (3.26) expresses that 

the centra of mass moves linear in time: 

(3.27) 

The Poisson bracket of~~ wlth the constants of the motion found previous

ly do not give rise to more integrals. This is shown in the next table: 

{ } ;11 ~j lij ~j 

;11 0 0 0 -~j 

~i 0 
k 

-E.ij~ -Öij.M 

lei éij~k éijk<§k 

~i 0 

Here, the presence of the mass .M=Jd3m does not disturb us, because .M is 

just a number in the m-space. Therefore the set Ko, defined by 

(3.28) 

is again a Lie algebra. Apart from the Hamiltonian, these integrals are 

all linear in the canon i cal momenta, forming a subalgebra of Ko. Hence 

(1.39) applies, and so the corresponding Neether-invariant variations 

{ai, éiJkbjXk• -cit} form a Lie algebra, which is isomorphic with the 

algebra of Kof<ll (i.e. Ko without <11). The algebra datermlnes the little 

symmetry group on configuration space, cf. sectien 1.4. In the next 

chapter we show how the varlatlens generated by Ko give rise to the 

Galilean group of coordinate transformatlens in the physical space-time. 

Hence the set Ko will be called Gatttean set. 

Finally, we cbserve that all densities of the elements in Ko can be 
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1 seen as functions in (X .Y1 .V,t) only. Hence we may write for a typical 

element of Ko: 

where V i 
det(X,a)· (3.29) 

Later on, this observation will be useful. In the next sections, other 

constants of the motion will be derived. 

3.3 lnvariance under the unimodular transformatloos 

Let fa = fa(m) be some smooth and time-independent vector field on the 

materlal space. We conslder varlatlens of the following type: 

To find out whether these variations are invariant, we substitute (3.30) 

in öL of (3.8). Aftera straightforward calculation, we obtain: 

a a 
öl/e = L,af - eyV f,a · 

Obviously, öX1 is an invariant varlation if fa is an element of the uni
a modular set t 1 (2.38). Then öL reduces again toa divergence: öL=e(Lf J,a· 

Cernparing with öL in (3.21) yields the following conservation law: 

To make it less cumbersome, we introduce a scalar g and a covector Ua: 

2 g:= L + eyV = ~v - h, 1 
Ua:= x,aYi (3.31) 

i Here, -g amounts to the Legandre transferm of L(V,v ) with respect to V. 

We will assume that g goes fast enough to zero at spatlal infinity. Then. 

substituting these definitions in the above equation shows: 

a • a 
(uaf l,t = (gf l,a where (3.32) 

This relation represents in fact an infinite number of conservation laws, 

namely one for every f. This looks more than it is, since the conserved 

densitles are only linear in ua and thus llnear in the canonical momenta. 
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According to the result (1.39) on this type of constants of the motion, we 

may again expect a relationship with the corresponding invariant varia

tions öXi. We shall see now that this relationship can be carried over to 

the unimodular algebra l1 on material space. 

Let K1 denote the set of all constants of the motion corresponding 

with t 1 : 

(3.33) 

Each element ~ of this set K1 depends on the canonical fields by means of 

ua = X7aY1• and generatas the following Hamiltonian vector field: 

(3.34) 

Now let ~l and ~2 be both an element of K1 • given by 

Let ~3 denote the Polssen bracket (3.25) of ~1 and ~2; by using the Lie 

bracket (2.39) we find 

(3.35) 

Obviously, we have ~3€K1 . lt follows that the Poisson algebra K1 is 

isomorphic with the Lie algebra l1 on the material space. Furthermore , we 

reeall from chapter 1 tha t the algebra K1 is also isomorphic with the 

algebras of the corresponding invariant variations in both phase space and 

configuration space. 

Now, we have shown that the set t 1 of symmetries on the materlal 

space M, wh i ch we lntroduced in sectien 2.3, lndeed glve rlse to invariant 

variations , viz. (3 . 34). The corresponding constants of the motion, as 

given in (3 . 33), can a lso be considered as functionals in the covector 

field ua . Then, the functional derivatlves of ~ € K1 with respect to ua 

are the symmetries fa € t 1 themselves. 

Finally, we give two examples of conservation laws. The first one 

results from the invariance under rigid translatlens of the m-coordinate 

system, reflecting the homogeneity of the f luid in M: 
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(3.36) 

This relation, which we refer to as the m-rule because of lts conneetion 

with a constant varlation in ma, also reprasent the transformed Lagrange 

equatlons: x:aAi ~ 0. Furthermore, we observe from the m-rule that Ua,t 

has a potentlal g. This glves rlse to some properties on the vorticlty of 

the fluld, whlch is the subject of the next section . 

The second example that we mention is the conservatlon law connected 

with the lnvarlance under rlgld rotations of the coordlnate system around 

a glven vector b. Thls axial symrnetry reflects the isotropy of the fluid 

in m-space. The conservation law reads 

(mxu),ï - curl(gm). 

In the next two sections we will extend the symmetry set l 1 with symrne

tries on M that involve the veloclty. 

3.4 On the circulation, vorticity and helicity 

Let c denote some smooth curve in material space. Let this curve be closed 
a b and let ma = ma(s) be lts parameter representation. If f (m (s)) denotes 

the tangent vector field on this curve. then ma(s) satisfies 

d a a b 
ds m (s) = f (m (s)). (3.40) 

Define now the following closed line integral ~ on the curve c: 

(3.41) 

where ua is glven by (3.31). ~ is a constant of the motlon, because wlth 

the m-rule (3 . 36) we flnd that 

0. (3.42) 

Mapping the curvecon the physical space yields uadma=vidx1, cf. (3 .31). 

It shows that the line lntegral ~ represents the fluid circulation along 

c. Hence, the result (3.42) represents the well-known Kelvin theorem . 

As ~ is a constant of the motion, we are interestad in what symrne-



49 

tries it will generate. For this purpose, we varlate ~ with respect to the 

canonical fields, while keeping the curve c fixed. From the definition of 

Ua in (3.31) we then infer: 

ó~ =! dma óu =! dma [X1 óYi + Y
1

(óX1) ]. j a j ,a .a 

Integrating by parts shows that in the phase space of every point of c the 

line integral ~ generates: 

ó~ 
= - öXi 

These variations result from translation along the isolated curve c, which 

is therefore a symmetry in the material space. Clearly, c may a lso be 

piecewise smooth, provided the curve is continuous. 

Now we return to the trivia! conservation law for the material 

vorticity on M. As we explained in section 2.3, this conservation law 

results by taking the curl of the m-rule (3.36). The result is (2.37), 

which shows that Oa has become a local constant of the motion. Therefore, 

any functlon in Oa and lts derlvatlves with respect to mb is also a local 

constant of the motion. The corresponding lntegrals over M, which are no 

longer trivia!, are discussed in the next section. 

Since Oa is divergence free, we obtaln a new conservation law by 

multlplylng the m-rule (3.36) with Oa. Because of (2.37) we get 

Let (3.43) 

be the corresponding new constant of the motlon, called the heltctty of 

the fluid flow. One may show that ~ generatas the Hamiltonlan vector field 

(3.44) 

These expresslons show how Xi and Y1 change on M along the integral curves 

of Oa in M. These curves of symmetry are known as vortex ltnes. 

3.5 Velocity-dependant symmetries on the material space 

In section 3, we found the set K1 of constants of the motion linear in ua. 

In this sectlon, we extend this set with constants of the motion that are 
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of an arbi trary dagree in ua. Their existence was al ready notified in 

sectien 2 .3, where we found that any function in the material vorticity na 

is a constant of the motion. In order to obtain a better perspective on 

this result, we consider first all functlonals in Ua rather than in na. 

Afterwards, we examlne the condition that must satlsfy to let these 

functionals become constants of the motlon. 

Conslder the fo11owing type of functlonals in ua: 

(3.50) 

b a 
where F[ua,m ]:= F(ua, ua,b• ua,bc· · ···m) ls assumed to be a sufficiently 

contlnuous differentlable functlon in lts arguments, bounded everywhere. 

Let Fa denote thelr functlonal derivative with respect to Ua 

I 3 a ö~ = d m F öua , (3.51) 

represents a ua-dependent vector field on the m-space M. Wlth the help of 

the definition of Ua in (3.31) we can also determine the Hamlltonlan 

vector field of any ~(ua) in phase space: 

i a =- ö~löX = (Yif ),a· (3.52) 

Now, Iet ~(ua) and '&(ua) be two arbltrary integrals of the type (3.50) 

wlth derlvatives F and C respectively, and determine the Poisson bracket 

{~.'&} of (3 . 25). The first half of the bracket bacomes with using (3.52) 

and the definition of Ua in (3 .31): 

The first term of the right slde vanishes under the integral: the last 

term cancels with a simllar term in the secend half of the bracket. In the 

part of the Polssen bracket that is Ieft, we easily recognise the Lie 

bracket (2.39) of F and C. And so we arrlve at: 

(3.53) 

We cbserve that in thls form, the Poisson bracket is converted from an 
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oparation in phase space to a device on the materlal space itself. 

Since curl is an Hermitian operator, we can also write for the 

bracket after integrating by parts: 

(3.54) 

Obviously, the bracket vanishes if F or C bacomes 0. It follows that the 

helicity ~ in (3.43) commutes with every ~(ua)· Hence, the helicity can be 

seen as a so-called Casimir functiona1 for the class of functionals of the 

form (3.50). 

Let us now restlet ourselves to constants of the motion only. To 

find out when ~ will be a constant of the motion, we determine lts total 

time derivative. After integrating by parts, we find with the help of the 

m-rule (3.36) 

• d 
0 = dt ~ 

With g vanishing at inflnlty, we find that ~ is a constant of the motion, 

if Fa is a divergence free vector field. Then, the Hamil tonian vector 

field (3.52) generated by this constant of the motion results in: 

(3.55) 

which has the same form as (3.34). The vector fields Fa are also referred 

to as symmetries on the material space. In sectlon 1.3, we found the 

proparty (1.40) for invariant canonical variations. Applied to the present 

variations, i.e. 

a • yields F,t = 0. Obviously, the symmetries on the material space generated 

by the constants of the motion of the type ~(ua) are constants of the 

motion themselves. Now define the following set 12 of vector fields on M: 

a • 
0 and <P ,t 0}. (3.56) 

Thls set is an algebra under the Lie bracket (2.39), having the unimodular 

set 11 of (2.38) as a subalgebra. Clearly, the set 12 contains at least 
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all symmetries Fa generated by constants of the motion of the type ~(ua): 

possibly ethers since not every ~a€t2 has to be a functional derivative. 

Conversely, to any opa€t2 corresponds a constant of the motion; we only 

have to multiply the m-rule (3.36) with ~a and to integrale over M. 
Define now the set K2 of all constantsof the motion ~Cua) : 

Kz (3.57) 

This set wlth Poisson bracket (3.54) forms agaln a Lie algebra, having K1 

as a subalgebra. Although the algebra of K2 is isomorphic with the algebra 

of the eerrasponding Hamiltonlan vector fields (3.55), it is no longer 

lsomorphic wlth the algebra of symmetrles on M. This can be verlfled by 

calculating the functlonal derlvative of {~.~} in (3 . 53), which is more 

than the bracket [F,C] alone. 

The Polssen bracket (3 .54) can further be used to construct a series 

of constants of the motion of ascending degree in ua. This is shown as 

fellows. Let ~nCua)€K2 be a polynomial in Ua• homogeneous of dagree n 

(no summatlon overnasamatter of fact) . 

The corresponding symmetry Fn· is of degree (n-1). Let further ~mCua) be 

another element of K2 , which is of degree m. Then the Poisson bracket 

(3.54) of ~n and ~m wlll be of degree (n+m-1): 

n,m ~ 1. 

If we take m=2, the result shows an ascending ladder operation: 

n~l. 

This series bacomes inf inl te, unless there are zero es i n the ladder. 

Nevertheless, we know tha t there exist functionals ~ of an inflnite degree 

in ua: afte r all , any power of na is a constant of the motion. 

Finally, we show that K2 and the Calilean set Ko are distinct sets, 

whose elements have a vanishing Poisson bracket with each other. To prove 

this assertien we calculate the bracket of any constant of the motion of 

the type ~(ua)€K2 with any functional ~(Xi,Yj,t) of the type (3.29 ). The 

varia tional derivatlves of such a ~Sd3mC become 
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(3.58) 

which are substituted into the Polssen bracket (3.25). With ~(ua) € K2 and 

(3.55) we find: 

which reduces to 

(3 .59) 

It fellows that any functional of the type (3.28) conunutes with ~€K2. In 

particular, it fellows that the whole Galilean set commutes with K2. 

Moreover, we cbserve that the property (3.59) implies that the helicity is 

also a Casimir functional for the class of functionals of the type (3 . 28). 

In the remaining part of this section, we catch up with some recent 

developments in classica! mechanics, namely the so-called non-canon i cal. 

Hamil.tonian forma.U.sm. This approach, initiated by Morrison and Greene 

(32], can be summarised as fellows, see e . g . [33] and [42]. In the usual 

canonical formulation, the Polssen-bracket formalism, which we summarised 

in sectien 1.3, is characterised by the following features . 

Suppose a dynamica! system is described by a set of evolution 

equations in the farm of 

Z,t K[Z], 

where K represents soma operator on a finite set of variables denoted by 

z. Let ~(Z), ~(Z).1(Z), . . . . , be arbitrary but decent functionals in Z, on 

which wedefine a bracket {~ . ~} with the following properties: 

{~.~} =- {'9.~}. 

{{~.~} . ~} + cycl. = 0. 

{~ . ~1} = {~.'9}1 + ~{~.1} 

(the antisymmetry property) 

(the Jacobi identity) 

(Leibnitz). 

(1) 

(2) 

(3) 

If there is a functional ~. such that the evolution equation above can be 

cast in the farm of 

z.t = {Z.~}. (4) 

then this sys tem is called a Paissen- bracket system and ~ the Hamiltonian 
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of the system. Clearly, in a simple phase space with an even dimension, 

such as is the case in this chapter, where Z represents the canonical 

fields (Xi,Yj)• the Polssen bracket amounts to (3.25) with Hamilton's 

equations (3.13). It is possible to general !se to a phase space with a 

more advanced structure. This is the subject of current research in modern 

classica! mechanics, e.g. [21], [23] and [33]. Another, more abstract, 

type of generalisation is the non-canonteat formulation of the Hamiltonian 

mechanics that we referred to above. In this formalism, the notion of 

phase space a.nd hence the notion of canonical variables is droppad all 

together. Apart from the ultimata use that could be assigned to such an 

approach, it turns out that some more insight is gained, when we examlne 

how this non-canonical description fits into our approach. 

An example of such a non-canonical Poisson bracket is (3.53154), 

which satisfies the properties (1-3). If we consider the Ua as the non-
i canonical fields, then clearly, ~(X ,Yj) is nat the Hamiltonian of this 

ua-space because ~ can not be expressed in ua only. However, we could put 

forward the helicity as possible Hamil tonian. Then we get the following 

picture. 

The helicity generatas the material vorticity field Oa on M, which 

defines on lts turn the vertex lines as the corresponding integral curves. 

The vertex lines are closed in itself, possibly at infinity . Let s be the 

parameter of these lines. The s-evolution of the fluid in M represents a 

continuous series of mappings in M of successive fluid statas onto each 

ether with the vertex lines as the partiele's trajectories: the se fluid 

states are characterised by a unit mass density and a covector field ua. 

Then, this evolution is described with the helicity as Hamiltonian and s 

as the parameter of evolution. During this evolution, the field Ua remains 

invariant: 

o. (3.60) 

where 8/8s is differentlation with respect to the parameter s at constant 

ma. The fact that these observations look so trivially is explained by the 

absence of the relativa mass density as a variabie in the s-evolution. In 

the original fluid system, this variabie is redundant and was therefore 

taken unity: furthermore, the s-evolution consists in fact of a series of 

constant-volume transformations. In the next chapter we show in x-space a 

similar non-canonical system with the energy ~ as Hamiltonian and p and v 

as the basic variables. In that case the corresponding t-evolution is the 
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ordinary fluid-flow itself. 

3.6 Scala lnvarlance of the !deal gas 

Sometimes. the action of a dynamica! system is invariant with respect to 

variations connected wi th scale transformatlens in the coordinates and 

time. To flnd out whether the perfect fluid also exhibits this type of 

invariance, we consider the following type of variation: 

i i a 1 i 
óX /e =tY +a m X,a +~X • (3.61) 

where a and ~are constant. This varlation may be put into (3.7) to find 

out when the action becomes invariant. It is more instructive, however, to 

tackle this problem canonically. For, if the varlation (3 . 61) is an 

invariant one, the corresponding varlation in the canonical momenta is 

determined by the property (1.40), i.e. 

i • i 1 1 ai 
óY /e = 8tóX /e = (1 + ~)Y + tY ,t + am Y ,a· (3.62) 

Let us assume that these variations are invariant canonical; then there 
i must be a generator, say ~(X ,Yi.t). that is a constant of the motion. A 

glance at (3.61) shows that in this case the following combination of 

functionals might be successful: 

(3.63) 

and ~ is the Hamiltonian. Then, we can verify that this ~ generates (3.61) 

indeed. Moreover, '6 generates the óY1 as given in (3.62) provided the 

coefficients a and ~ satisfy 

3a-2{3 1. (3.64) 

All we have to know yet is whether '6 is really a constant of the motion, 

as we have assumed from the start. Therefore, we calculate the time 

derivative of~ and let it be zero at the end: 

(3.65) 
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The secend term is evaluated by using the m-rule (3.36) and inlegrating by 

parts: 

The third term in (3.65) bacomes 

whose secend term is calculated by transforming to the x-coordinates and 

applying the equation of the motion (3.10): 

Hence 
d f3 
~ = ~ + Jd m (-2e +3pV). 

Inserting these results in (3.65) yields the following relation: 

d • r 3 
~ = (1-3a+2P)~ + Jd m (3(a+~)pV + 2(3a-~)e]. 

The coefficient of :tl vanishes because of the condition (3.64). The 

remaining part can only be made zero if the fluid has an internal energy 

function that satisfies: e = yÀ_ Such a fluld is known as the tdeat gas. 

Then, with pV = -Àe, it fellows that ~ is a constant of the motion if a 

and ~ satisfy, in addition to (3.64), also: 

2(3a-~) = 3(a+~)À. (3.66) 

This condition shows that the ideal gas exhibits a scala invariance that 

still depends on À. It is of interest whether a = 0 is a solution, in 

which case~ takes the form (3.29). With such a~. the Calilean setKoof 

constants of the motion can be extended. From the conditions (3.64) and 

(3.66) we infer that in the case ~ = -1/2 and À = -2/3, a indeed vanishes. 

This À-value has also a physical meaning, as it corresponds with the 

so-called monatomic gas. The corresponding constant of the motion is 

denoted by ~1 and reads, 

(3 .67a) 
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-213 and wherein e = V . The integral ~1 generatas 

(3.67b) 

We can also look upon (3.67a) as an equation that shows the integral ~1 is 

linear in time. Hence we write: 

~1 = t:H- ~1· (3 .68) 

Moreover, we observe that ~1 ltself is the time derivative of another 

functional ~2 · lndeed, if we let 

d 
then ~1 = ~2 (3.69) 

It follows that integration of !'41 with respect to t yields one further 

constant of the motion ~2: 

(3.70) 

Instead of expressing ~2 into (~2.:H•~1), we keep this relation as being 

the most relevant one from physical point of view. The physical meaning of 

~1 and ~2 is considered in the next chapter. lt is not difficult to verify 

that ~2(Xi,Y 1 ,t) generatas the following invariant variations in X1 

(3.71) 

The corresponding variations in the canonical momenta follow again from 
i • - i (1.40), i.e. öY = atöX . 

For later reference, we define the set K~ as the Galilean set Ko of 

(3.28) extended with ~1 and ~2: 

(3.72) 

Formatter of completeness, we give the Poisson brackets of ~1 and · ~2 with 

the Galilean set: 
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{ . } ;H ~j ~j <§j cel ce2 

cel -;H -'A'J>j 0 -~'Dj 0 ce2 
(3.73) 

ce2 -cel ~j 0 0 -ce2 0 

* These table shows that the set Ko of the manatomie gas has an algebra wlth 

Ko as a subalgebra. 

Sa we have found, as we could expect perhaps, that the !deal gas 

shows more symmetries than the perfect fluid does . Slnce the correspondlng 

Neether-invariant variations depend on the velocity, they do nat belang to 

a Lie subalgebra of lnfinltesimal point transformations. In the excep

tlonal case where the "particles" of the continuurn do nat have a macro

scopie interaction at all. the fluld bacomes totally degenerated showing 

an infinite number of constantsof the motion of type (3.29). Thls abser

vation fellows from the equation of the motlon, i.e. Yi,t = 0, due to 

which any functional in Y1 bacomes a constant of the motion. 
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VARIATIONAL PRINCIPLES FOR FLUIDS IN PHYSICAL SPACE 

4.0 Introduetion 

In the previous chapter, we eensidared the mechanics of the perfect fluid 

as a generalisation of the mechanics of interacting particles. With it, we 

neglected the fact that these particles each possess their own microscopie 

structure. Owing to the use of material coordinates the governing 

equations of the flow are rather comprehensive, but inconvenient from the 

physical point of view. This is because a material space is not a physical 

space, i.e. not the space of an inertlal observer. Therefore, we transferm 

the material description in the m-space to the x-space. This transforma

tion goes along with the point transformation of the configuration space 

of the m-space onto the configuration space of the x-space. In sectien 1, 

we explain the properties of such transformations. Although Lagrange's and 

Hamilton's equations are rather cumhersome in terms of the new coordinate 

fields, they become quite manageable in terms of the physical variables. 

These variables, on their turn, are expressed in terms of potentials, 

which are the coordinates of the configuration space or phase space. The 

fact that none of these potantials explicitly appear in the usual flow 

equations, .agrees wi th the fact that from a macroscopie point of view, we 

are no longer interestad in the individual particles. This observation 

could make it a reasonable case for the existence of other potantials that 

can be used in setting up variational principles. 

In the second section, we describe the Galilean set of constants of 

the motion and their invariant variations. These variations are connected 

with symmetries on the x-space, which give rise to the Galilean fnvarianee 

group. By specialising the fluid to a menatomie gas, the Galilean group 

bacomes a subgroup of a larger group. 

In the third section, we demonstrata that the symmetries on material 

space give rise to gauge transformatlens of the potantials in the 

representations of the physical variables. Furthermore, we pay attention 

again to the non-canonical Hamiltonian formulation. 

In the literature on variational principles for fluid dynamics, one 

often encounters the use of ether potantials such as the so-called Clebsch 

potentials. In the sections 4 and 5, we show how these are related to the 

potantials that we use. Moreover, we examina to what extend their number 

can be reduced. In sectien 5, we add one more dimension to the configura-
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tion space. This enables us to describe more systematically the conneetion 

with ether variational principles. Notably, the relatlon with the pressure 

as a Lagrangian density is examlned. 

In sectien 6, the non-isentropie fluid, which involves temperature 

and entropy, is considered. Finally, in sec ti on 7, we summerise the 

results obtained in this chapter. 

~.1 Variational formulation In physical space 
i In chapter 3, we let the three fields X (m) on the materlal space M 

i constitute an infinlte-dimensional configuration space, where the X (m.t) 

reprasent the path of the partiele m € M. Similarly, we let the three 

fields Ma(x) on the physical space N constitute an infinite-dimensional 

configuration space, where the Ma(x,t) reprasent the t-parameterised path 

of the point x € N. In the preliminaries of chapter 2, we introduced the 

mapping M ~ N as a coordinate transformation. Therefore, we can look upon 
i a the mapping X (m) ~ M (x) as a genuine point transformation between both 

configuration spaces. Then, at the same time, we have a canonical 

transformation at our disposal. 

First, we determine the new Lagranglan. Afterwards, we consider the 

Hamiltonian part. From (2.2) we recall: 

(4.1) 

which expressas the fact that Ma and x1 are the inverse of each other for 
a i i a a every point m . If we vary X with öX and M with öM in the same point 

ma, we obtain in the flrst order the relations between öXi and öMa: 

(4 . 2) 

These relations show how varlatlens in the configuration coordinate fields 

and thus vector fields transferm in the conflguration space of each point 

ma . The fact that the bijeetion (4.1) is an implicit function Is the 

reasen why a minus sign appears in (4.2). Hence, (4.2) differs from the 

transformatlens between the coordinate differentials in M or N that tell 

us how vector fields on N and M transform, cf.(2.B) . If the varlatlens in 

(4 . 2) are taken along the path of the partiele ma. which is parameterised 

with t, then (4 . 2) shows how the veloeities of this partiele transform: 
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(4.3) 

i At the same time, this relation shows how the velocity field v (x,t) in 

physical space can be expressed in termsof the coordinate fields Ma(x,t); 
i after all, the deformation matrix X,a is according to (2.3) also a 

a function of its own inverse M, 1. Now, we can transferm the Lagrangian to 

the physical space. The transition to the new integration coordinates 

introduces the mass density p=liV as lts Jacobian (2.15). With the help of 

(4.3) we find 

where L(V,v1) is given in (3.5). The corresponding Lagrangian density L', 

whose dash is from now on omitted, reads 

2 L(p,v) = ~pv - pe(p). (4.4) 

Here the physical variables p and v are the new auxiliar fields. They 

depend on the new coordinate fields Ma(x,t) through: 

a 
p(x,t) = det(M,i)· (4.5) 

Clearly, these expresslons become potentiaL representations for the 

physical variables, with the coordinate fields Ma as potentials. The 

representations are non-linear in Ma. and replace these in Xi on the 
i m-space in X • cf. (3.6). Hence, the new action becomes the functional 

(4 . 6) 

The varlation of L with respect to Ma occurs through (4.5). Therefore, we 
i a i relate the varlatlens öp and öv with öM as fellows. With the cofactor Pa 

a of M,i• cf.(2.19), we obtain the following first-order varlation in p 

i a 
öp =Pa (öM ),i . (4.7) 

To obtain an expression 
a 

i for öv we use (2.23a). which is in fact (4.5) 

multiplied with M,j· In this relation, we 
i i v +öv ) and then we find in the first order: 

a i a a replace (M . v ) by (M +öM • 
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i Multiplying with x,b shows US the wanted expression: 

(4.8) 

The varlation of L wlth respect to lts auxillar fields becomes 

öL 1 pvlöv + göp, where 2 
g = auap = Y.lv - h (4.9) 

was met already in (3.31). Substitute the varlatlens (4.7-B) in öL, so 

that we can properly vary the new action ( 4.6). After lntegratlng by 

parts, the action principle states: 

~ a r f3 a 
0 = öW{M } = Jdtjd x eaöM . (4.10) 

Lagange's equatlons are ea =0, and we wil! refer to these as the M-rute. 

Comparing the varlation of the new action with the one of the old action 

on the materlal space, shows with the help of eq. (4.2) 

where A1 is given in (3.10). Comparing thls with (4.10) shows that 
i Lagrange's equations transform as ea= -paA1 . In fact, the M-rule amounts 

to the original m-rule (3.36) in M. The former is further speelfled in the 

next section, but befere we do we flnd out how the canonical counterpart 

transforms. 

The canonical coordinate fields (Xi(m),Y1 (m)) are the coordinates of 
i a the phase space of each partiele m. Since X (m) ~ M (x) represents a point 

transformation, a new phase space in each point x can be set up. Then the 

trans! tion from the old phase space to the new one is automatlcally a 

canonlcal transformation. 

Let us now denote the new canonical momenta conjugated to the 
a coordlnate fields M (x) by Na and determine their relatlonship with the 

old moment a . Al though the Na fellow from the differentlation of the new 

Lagrangfan with respect to the generalised velocities, they also satisfy 

the continuous generalisation of (1.8), i.e., Jd3mY1öXi = Jd3xNaöMa. 
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Substituting (4.2) herein yields the transformation between the momenta 

Y1(m,t) and Na(x,t) on the paths in phase space 

(4.11) 

which is the general ised counterpart of ( 1. 7). Apparently, the momenta 

transferm like covector densities. Together with the point transformation 

(4.1), this mapping, with fixed t, constitutes the canonical mapping 
a i (M ,Na)-+ (X ,Yr). This result was first notified by Broer and Kobussen 

(34], who used a generating functional to construct this transfonmation, 

whereas Van Groesen [35] pointed out the simpilcity of the construction 

without a generator. 
a The new Hamil tonian, denoted by :11' {M ,Na}, fellows straight from 

(3.12) by changing the coordinates. It is more convenient, though, to 

express first the Hamil tonian density into the auxiliar fields p and 

pv =:r; this density is denoted by E(p,r). After a straightforward 

manipulation, and omitting the dash of the new Hamiltonian, we obtain 

2 where E:= ~ r /p + pe(p). (4.12) 

Obviously, :11 is the energy of the fluid. lts dependenee on the canonical 

fields is realised by the potentlal representations of p and r; with the 

help of (4.11) we have: 

p det(M~1 ), ( 4.13) 

For obvious reasons, these representations wil! be referred to as the 

canonteat representattons of p and T. They form the canonical counterparts 

of the representations (4.5) in configuration space. 

Hamilton's equations generated by (4.12) have the ferm of: 

(4.14) 

The first triple leads to the identities (2.23a), while the secend triple 

agrees with the M-rule or Lagrange's equations. 

This completes the transition from material space to physical space. 

Owing to this transformation we abandon the partiele description, and a 

formulation basedon the fields Ma(x,t) arises . Furthermore, we note that 
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Euler's equation for the fluid is no longer a direct variational result. 

However, we can reeover this equation by taking the time derivative of the 

potentlal representation (4.13) and applying Hamliton's equations (4.14). 

4.2 The Calilean group 

In the preceding sectlon we have shown that the mapping of the materlal 

space onto the physical space glves rlse to a canonlcal transformatlon. As 

explalned in chapter 1, canonlcal transformatlens preserve the algebras of 

both the constants of the motion and the corresponding Hamiltonian vector 

fields. Hence, there is no need to re-derive in x-space the results that 

were obtalned in m-space: a transformation of the results to the physical 

space suffices, which forms the subject of this sectien and the next one. 

In sectien 2 .3, we agreed upon the definition (2 .30) of a conserva

tien law. On H, such a law takes the form of, say, 

a • 
K.ï + K,a 0. (4.20) 

For transforming thls equatlon to the physlcal space N, we multiply (4.20) 

with p and apply the cofactor property (2.20) to the flux term: 

a 1 a 
PK,a =Pa K,i 

i a 
(PaK ),1 · 

Then, we replace the materlal tlme-derivative by the convectlve derivative 

and apply the conservation of mass. Thls results into 

i i a • 
(pK),t + (pKv +PaK ),i = 0, 

which is still a conservatlon law equivalent to the orlginal one: both 

give rise to the same constant of the motion Jd3m K = Jd3x pK. This 

transformation procedure on the conservatlon laws is successively applled 

to these that were found in the preceding chapter. First, we reeall the 

m-rule (3.36), which amounts to the M-rule on N: 

0, ( 4. 21) 

where the canonical momenta satlsfy: Na(x, t) = pua(Mb(x, t), t). Like it 

should, eq. (4 . 21) farms the secend set of Hamilton's equatlons (4.14). 

Next, we determine the transformed conservation laws that correspond 
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with the Calilean set Ko (3.28). The transferm of the X-rule (3.10) 

becomes the familiar conservation of the momentum of the fluid: 

where lTi = pvi (4.22) 

the t-rule (3.23) leads to the conservation of the energy: 

where E:= ~ T
2/p + pe(p); (4.23) 

the X-rotation rule (3.24a) transforms to the conservation of the moment 

of the momentum: 

(4.24) 

and finally eq . (3 .26) becomes: 

(4.25) 

As explained already by means of (3.27), this conservation law shows that 

the centre of mass of the fluid moves uniformly. 

We now show how the ten constants of the motion {~i•~•~i•~i} of the 

Calilean set Ko are connected with symmetries in physical space. The 
i invariant variations óX generated by Ko on m-space were given in sectien 

3.2. The corresponding invariant variations óMa on x-space are calculated 

with the transformation rule (4.2). Define on x-space the set 

t 0:= {a, v(x,t), bxx, ct}. 

The Neether-invariant variations generated by the elements of Ko all take 

the form 

where f € lo. (4.26) 

Hence the four vector fields in t0 form symmetries on x-space N. But due 

to the presence of v, the set lo is not a Lie algebra on N. The symmetry v 

generated by the Hamiltonian is the tangent field to the stream l ines and 

lies in N. With the identlty (2.23b) we can write the corresponding 

invariant varlation also as 
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M
a i __ 

- e , 1v 
a 

e M, t· 

In order to take advantage of this expression, we extend the physical 

x-space to a four-dimensional space-time wlth t as the fourth coordinate . 
i Furthermore , we extend the triple f in (4 . 26) in such a way that it 

represents the four components of a symmetry field in space-tlme. These 
i new four-vectors (f ) form the following set 

(4.27) 

One can verify that this set is an algèbra under the Lie bracket, cf. 

( 1. 38), and tha t this algebra is isomorphic wi tb the algebra of the 

Galilean set Ko· The set to on lts turn gives rise to the so-called 

Gatttean group . The elements of this 10-dimenslonal group are the 

well-known Galitean transformattons. The space-time to which they apply is 

usually called Gatitean space-t(me. 

The Galilean group defines a class of coordinate systems or cbser

ver's frames. Observer's frames in which free (i.e. isolated) particles 

move uniformly (Newton's law of lnertia), are called inerttal systems. 

This concept is the same in Newtonfan meebanles and special relatlvlty. 

Clearly, the fluid particles are not free and do not move uniformly, but 

the centra of mass does. The fact that the fluid energy, momenturn and lts 

moment are conserved, shows that the fluid is lsolated from lts environ

memt. Then the cbserver's frame that we use is an inertlal frame , and the 

descrlption of the fluid is said to be Gatitean invariant. 

A subgroup of the Galilean group is the 6-parameter Euclidean group. 

This subgroup contains only r!gid translatlens and rotations in the 

x-space. It can be seen as the counterpart of the unimodular group from 

sectien 2.3 on m-space . 

Finally, we analyse the constants of the motion that arise from the 

scale fnvarianee of the !deal gas. We know from sectien 3.6 that by 

specialising the fluid to the menatomie gas, the Galilean set Ko is 

extended with two more constants of the motion, vlz. ~1 and ~2• to the new 

set K~ of (3 . 72). The meaning of these two constants becomes more trans

parent by looking at the functionals s41 and s42 in (3 .69). In physical 

space, they read: 

(4.28) 
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These integrals define two further physical quantities, which are obvious

ly characteristic for the monatomic gas. Both functionals represent 

weighted integrals over the physical fields with respect to the origin of 

the chosen observer's frame. Clearly, only the radial directed motion of 

the monatomic gas contributes to ~1 . Therefore, we could look upon ~1 as a 

measure for the expansion of the gas on the whole. The integrals (4.28) 

satisfy (3.68) and (3.70), that are: 

(4.29) 

Here, the constants of the motion <e1 and '€2 are used as integration 

constants, having the value -~1 (0) and ~2(0), respectively. Since the 

Hamiltonian is positive, ~1 and ~2 are always increasing in time. 

Obviously, themanatomie gas on the whole is always expanding with respect 

to the chosen abserver's frame. Since this frame is arbitrary, the gas 

expands with respect to any inertlal observer in any point of N. 

From the invariant variations (3.67b) generated by '€1 we can, with 

the help of (4.2), determine the varlation óMa: 

ÓMa (Ma +" xiMa,il· = f. t ,t 12 

This varlation expressas the change in Ma due to the infinitesimal scale 

transforma tien: (x, t) -+ (x+!hf.x, t+et) in Calilean space-time. Similarly, 

the varlation generated by '€2, cf. (3.71), leads to the infinitesimal 

transformation: (x,t)-+ (x+!hetx, t+'M.t2 ). If we extend the set t 0 with 

these two transformations, we get the set 

(4.30) 

One may verify that this set t~ is a Lie algebra again, with the same Lle 

bracket as in the algebra of t 0 . Furthermore, one may verify that the 

algebra of t~ is isomorphic with the Polsson algebra (3.73) of the set ~ 
in (3. 72). Obviously, the menatomie gas admits a 12-parameter group of 

symmetries on Galilean space-time. 

4.3 Tbe gauge group 

In eq. (2.34) we introduced already the conservation of the vorticity "'of 
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a moving continuum. There, we also explained that this law is a trivia! 

conservation law. Specialising the continuurn to a perfect fluid does not 

change the character of this law. If the fluid is isentropic, the flow has 

an acceleration potentlal and then the term curl(f/p) in (2.34) vanishes . 

The surviving part then reads: 

(4.31) 

A less trad! tional but interesting constant of the motion is the 

helicity '€ given in (3.43). The conserved density can be cast with the 

transformation rule (2.18) into 

-1 i 
p w v 1 

Then, as shown in the previous section. lts conservation law transfarms 

eventually to 

at(w·v) + div[(w·v)v - gw] = 0, (4.32) 

This law has been studled already in the literature, e.g. Moffat [36] . The 

eerrasponding invariant varlatlens in the potantials fellow from (3.44). 

With the help of (2.18) they raad 

(4.33) 

These variations describe how the potantials Ma change on the vertex lines 

in N. 

Next we conslder the set K2 (3.57) of all constants of the motion of 

the form ~(ua)· Except for the helicity, the densities of these integrals 

cannot be expressed into the physical fields p and v only. This persisting 

presence of the non-observable potantials Ma reduces the physical value of 

these constants. However, the elements of K2 manifest themselves in the 

fluid description through the symmetries that they generate. These symme

trles are the i.nff.ntteslmal gauge transformatlens for the fluid system, 

i.e., varlatlens that change the potantials without affect!ng the physical 

fields. This is shown as fellows. In (3.59), we found that any functional 

of the type 
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has a zero Poisson-bracket wi th every '!J € K2. After transfonning to the 

new canonical fields (Ma.Na)• these integrals can also be seen as 

functionals in pandT (or v), because 

(4.34) 

This integral still commutes with any '!J € K2 in the new phase space. To 

the class of (4.34) belong, apart from the Galilean set and the constants 

connected with scala invariance of the menatomie gas, also p and T them

selves, since 

p(x,t) =Jd3x'ö(x-x')p(x',t), 

Hence we have 

{p,'!J} = o. 0, where '!J€K2 . 

These brackets show that p and r are invariant under the invariant canoni

cal variations generated by '!J € K2 . Obviously, the invariant variations 

generated by K2 fonn an algebra of lnfinitesimal gauge transformatlens. 

This algebra has a subalgebra of infinitesimal point transfonnatlons, i.e. 

Actually, these variations form the elements of the unimodular set t 1 on 

the material space M. This set, defined in (2.38), is a Lie algebra under 

(2.39) .and is connected wlth the uni.modula.r group. This time the Fa fonn a 

Lie algebra of the infinitesimal point transformatlens in the conflgura

tion space of N. The corresponding finite transformatlens form, at least 

locally, a little symmetry group of the system in configuration space, cf . 

sectien 1.4. One may verify that thls llttle symmetry group acts as a 

gauge group for the representations (4.5) in configuration space. Clearly, 

this gauge group is equivalent with the unimodular group. 

Flnally, we pay attention to the non-canonical Poisson-bracket 

formalism on the x-space. We construct thls fonnulation by using the fact 

that the present transformation from one space to the other is a canonical 

one. Therefore, the transformed Poisson bracket (3.25) in the new phase 
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space wil! read 

(4.35) 

Let~= Jd3xF and ~ = Jd3
xC be two functionals of the type (4.34), and let 

the derivatives of the densi ties F and G wi th respect to p and T be 

denoted as 

op:= 8F/8p, f:= 8F/8T, 1:= 8G/8p, g:= 8GI8T. (4.36) 

Then, the variational derivatives of~ and ~ with respect to the canonical 

fields are derived. With the help of the canonical representations (4.13) 

of p and T, we find for ~: 

from which we infer the following variational derivatives: 

a i i 
ö~/öM =- 'P,iPa + (f Na),i 

Similar expresslons hold for '9. Inserting these derivatives in the first 

half of the bracket (4.35) yields: 

The first term in the integrand bacomes pg•Vop: the second term with the 

minus sign is written as 

The integral of the first term vanishes with sultabla boundary conditions: 

the last term cancels with a similar term in the second half of the 

Poisson bracket: the second term reduces with vi =- NaM~i to (- fig~ivk)· 
Finally, we gather the following expression for the Poisson bracket 

{~.'9} (4.38) 

where [f,g] is same Lie bracket as in (2.39). This Poisson bracket is the 
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counter part of (3.35). The other terros are present due the fact that on 

x-space the mass density is a variable, whereas on m-space the relativa 

mass density was taken unity. The bracket (4.38) ltself agrees with the 

one found by Morrison and Greene [32]. The Hamiltonian that belongs to the 

non-canonical forroalism is still the energy ~(p,T) in (4.12). The bracket 

(4.38) describes the t-evolution of the fluid, which represents a 

continuous series of mappings of successive fluid statas (p,T) onto each 

other in x-space: 

d 
~(p,T) {'D,:11}, {p.~}. (4.39) 

These expresslons forro a counterpart of (3.60). The apparent advantage of 

this approach is the fact that a fluid description results in which the 

potantials are no longer present. The potentlal representations have been 

eliminated to obtain (4.38). In· this thesis, however, we prefer not to 

make use of this non-canonical approach, because it does not offer us much 

technica! benefit. In the next chapters, we too circumvent the potentlal 

representations. However, we shall apply a more transparent metbod based 

on a simple adaptation of Noether's theorem. 

4.4 The mass denslty as a canonlcal field 

In the preceding sections, we described the isentropic flow in terros of 

the potentlal fields Ma(x,t). Owing to this, the description still rafers 

to the individual particles. However, we also found a number of equations 

in Ma that distinguish themselves from the others by the fact that these 

can be expressed in p and v only. These equations are the conservat ion 

laws for mass, vorticity, helicity, and those connected with the Galilean 

group. So, if one is interestad in results with p and v only, superfluous 

information is present. In this section and the next one, we examina to 

what extend we can reduce this redundancy and whether other potantials can 

be used for the variational forroulation. A similar approach is described 

by Saarloos [38]. For this purpose, we consider in the configuration space 

of each point x on N, at fixed t, a mapping (Ma) ~ (p,A,A'), defined by 

p (4.40) 

where A and A' are given functions of the material coordinates. Clearly, 

such a point transformation is not bijective. Therefore, we cannot express 
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the representation (4.5) of the velocity in terms of the new candidate 

potantials (4.40). Thus we meet difficulties in the determination of the 

new Lagrangian. In phase space, however, we deal with a different repre

sentation for the same physical fields. We show that we have more success 

with a mapping in the phase space that corresponds with (4.40). Let 

(4.41) 

denote this mapping, where (~.B.B') are the new momenta that we have yet 

to determine. Since (4.40) is not a bijection, this mapping will not be 

bijactiva either. Therefore, information is lost, even if we succeed in 

finding a new Hamiltonian. But this loss is acceptable as long as it does 

not affect these equations that involve the physical fields only. Suppose 

we succeed in finding this mapping: let ~ be the new Hamiltonian such, 

that i(p,A,A':~.B.B') = ~(Ma.Na) holds. As a condition that must be 

satisfied for letting (4.41) to be a canonical transformation, we take: 

This condition is the continuous analogon of (1.45), but without genera

tor. In here, we substitute subsequently the proposed functions (4.40) and 

the expression (4.7) for óp. Then, integrating by parts and applying the 

cofactor proparty yields 

(4.42) 

This condition is satisfied if we identify the integrands with each ether. 

Then, an expression for Na results that is substituted into the old repre

sentation of Tin (4.13). This yields a new canonical representation of v: 

(4.43) 

and turns the energy .(4.11) into a new Hamiltonian ~. The calculation of 

Hamliton's equations is only straightforward. One gets: 
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ó:R 
P,t = ó~ = -div(pv) 

ó'Jl 
A,t = óB = -div(Av) 

A:t = ~:.= -dlv(A'v) 
{

'l',t 

B,t 

B' ,t 
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ó'jf 
- óp = - v·V~ + g 

ó'Jt 
- óA = - div(Bv) (4.44) 

- g~.= -div(B'v) 

where g~A v2 - h, cf.(4.9). We cbserve that the status of the mass-conser

vatlon law has changed from a trivia! law to an identity among Hamliton's 

equations. This equation enables us to reduce Hamliton's equations to 

L D •• 
Dt" = Dt" o. ~B/p) = ~B'/p) = 0, 

D 
~ = g. (4.45) 

Finally, the Euler equation (3.11) is reecvered by taking the time deri

vative of the representation (4.43) and using (4.45). Furthermore, we 

cbserve that the momenturn equations in (4.45) admit the solutions 

Blp t-(A.A'), B'/p = À'(A,A'). ( 4.46) 

lt fellows that if À and À' are zero at one time, they will remain so for

ever. Since A and A' are arbitrarily given functions on M, we may choose 

them in such a way that one of the solutions in (4.46) becomes zero every

where on M, and thus also on N. lf we further put ~:= Blp, we find that 

V = V~ - ~VA. 
~ 
Dt = g , 

DA D~ 
i5t = O = Dt. (4.47) 

This representation of the velocity is known as the CLebsch-potentiaL 

representatton for the isentropic, perfect fluid; see e.g. [37]. Note, 

however, that the representation for the velocity is still far from 

unique, which reflects the existence of still more gauge transformatlons. 

lf we take both À and À• in (4.46) zero, the Clebsch representatlon 

shows that v =V~. which makes the flow irrotational. In this case, the 

two canonical variables (p.~) are sufficient to describe the fluid flow in 

phase space. 

Al though one cannot determine the corresponding. Lagrangian of this 

Hamil tonian system ( 4.44), i t is still possible to set up a canon! cal 

action. This will be shown in the next section, where we consider the 

present system in a more general context. As the new system (4 . 44) still 

generates the correct hydrodynamica! equations in terms of p and v, this 

system is acceptable. lf, however. the dimension of the phase space is 
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reduced to four, we obtain a slightly different situation as far as the 

helicity (4.32) concerns. By expressing the vorticity in terms of the 

Clebsch potantials (4.47), i.e. ~ = VAxV~. we can write for the helicity: 

(4.48) 

From this expression, we infer that i ts variational derivatives with 

respect to the canonical fields are zero. Hence the conservalion of the 

helicity is a trivia! conservalion law with respect to the Clebsch 

potantials. The value of 'il can be found by using the relevant vector 

identity in (4.48). Since 

v·~ VAxV~·V~ V~·V~xVA div(~V~xVA) = div(vxV~) 

and since the value of V~ is bounded, (4.48) becomes zero if v vanishes 

fast enough at spatlal infinity. 

Although the helicity is zero, it would be to rash to conclude that 

the Clebsch representation rastricts the description of the flow, like is 

reported in the literature, see e.g. [36] and [40]. The vanishing of the 

helicity re sul ts if the fluid is infinitely extended. More important is 

the fact that the conservalion of helicity does lend ltself as a trivia! 

conservation law. Clearly, in the present phase space, the helicity has 

traded places with the conservalion of mass. Undoubtedly, this proparty is 

connected with the fact that the helicity is still a Casimir functional 

for the class of functionals of the form ~Cua), and for the class (3.59). 

In physical space, the latter class bacomes the class with the functionals 

of the type (4.34), which includes every function in pand v. 

4.5 Tbe conneetion with other variational principles 

Another way to arrive at the Clebsch potantials is the introduetion of a 

fourth canonical field. Despi te the increased redundancy that is intro

duced results, this approach will have lts own merits. It enables us to 

derive systematically a number of variational principles that are 

frequently found in the literature. 

As an introduction, we perferm the identical point transformation as 

a canonical transformation. This transformation is the continuous analogon 
a a of (1.49), viz. (M ,Na) ~ (M ,Ka), where Ka are the new momenta. We do not 

let the generator of the transformation depend explicitly on time. Then, 
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the new Hamiltonian becomes equal in value to the old Hamiltonian. If we 

denote the generator of the transformation with ~. the remaining part of 

the condition reads, cf . (1.45): 

Both the old and the new Hamiltonian, ~(Ma,Na) and ;(Ma,Ka), have the same 

energy density E(p,T) from (4.12), albeit with different potentlal repre

sentations for T. According to the above condition, the old and new 

momenta must be related to each other by 

ö a 
Ka= Na+ óMa ~(M ) . 

As a generator we take~= Jd3xf(p), where F is some sufficiently smooth, 

but otherwise arbitrary function in p. Let further ~(x,t) be defined as 

~== df/dp. Integrating by parts shows for the varlation of ~: 

f3 ö~ a f3 1 a 
ö~ =Jd x óMa óM = Jd x [-(pa~).ióM ], 

which gives us the variational derivative we are looking for. Then, with 

the use of the cofactor property, we obtain for the momenta Ka: 

(4.50) 

Thls relation is solved for Na and then substituted into the old expres

sion forT in (4 . 13) . A new canonlcal representation of Tintermsof Ma 

and Ka results: 

where p = det(M~i), (4.51) 

and where ~ = ~(p) still depends on Ma through p. In the new phase space 
a ~ a 

with coordinates (M ,Ka)• the new Hamiltonian ~(M ,Ka) remains the energy 

Jd3x E(p,T), but with the new representations (4.51). The new Lagrangian 

differs from the old one by a total time derivative, cf. (1.50): 

(4.52) 

This shows that up to now we s till have the same Lagrangian system. 
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Let us now show how the chosen generator ~(Ma)= Jd3xf(p) is used to 

extend the phase space. Therefore, we write in (4.52) for the time 

derivative of ~: 

f3 d f3 f3 
jd x F,t = dt jd x ~P- jd x P~.t , 

and replace both Lagrangfan densi ties by their Legandre transforms wi th 
a respect to M, t. The re sul ting Hamll tonian densi ties are different func-

·uons in the coordinate f.ields, though both have the same value, i.e . 

E(p,T). Then equation (4.52) can be cast in the form of 

On the left side, the representation (4.51) still applies , whereas on the 

right side the old canonical representation (4 . 13) applies. However, we 

get a different picture if we consider ~ as an addi tlonal coordinate 

field. Then, on the left side, p is the momenturn conjugated to ~. whereas 

on the right side p=det(M~r) still holds, making Jd3x~p =:'&(~.Ma). The 

Legendra transform on each side with respect to the canonical momenta now 

yields a new Lagrangfan ~· at the left side; here we assume for the time 

being that the transformation of the left side exists. We arrive at 

(4.53) 

In the sequel we show that this ~ · indeed exists. Of course, this step 

marks the transition to a new Lagrangian system, with 

(4.54) 

~ a 
as the new Hamlltonian. We observe that the original :lf(M ,Ka) is again 

a recovered on the phase subspace ~=constant and p =det(M,r). Varying the 

new Hamlltonian :lf' with respect to the momenta p and Ka yields the 

identities, which in terros of the convective derivative can be written as 

D 2 
Dt ~ = h - ~V = - g, 0. (4 .55) 

A similar varlation of :lf' with respect to the configuration coordinates ~ 

and Ma yields the dynamica! equations, or ~- and M-rules: 
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8tp + divpv = 0, (4.56) 

So by the use of~ as an extra coordinate, the mass ·conservation bacomes a 

dynamica! equation. Both equations can also be cast in another form. There 

fore we combine the mass conservation with the trivia! conservation law 

for the Jacobian of the mapping M -+ N on the one hand, and combine the 

relations in (4 .56) on the other hand . This yields the equivalent pair 

D a 
Dt (p/det(M, 1)) = 0, (4.57) 

Both dynamica! equations admi t simple solutions that are constants when 

moving with the fluid, viz. 

a b 
p/det(M, 1) = Po(M ), 

Thus the functions Po and Àa are local constants of the motion on the 

material space. This agrees with our choice in section 2.2 of taking unity 

for the relative mass density Po in the referentlal state, as the handlest 

one of the possible solutions. Now we can easily verify their conneetion 

with the original Hamiltonian system (4.H). If we choose for Po=l. and 

then substitute K8 for (4.50), the first equation in (4.57) cancels, and 

the second one leads with the identities (4.55) to the old M-rule (4.21). 

This explains why we did not need a fourth configuration coordinate at 

that time. However, this does not mean that in all circumstances ~ is a 

superfluous coordinate. On the contrary, we can use this potentlal for the 

canonical description of the irrotational flow. 

The first identity in (4.55) shows that the use of ~ as fourth 

coordinate makes the original m-rule (3.36) on M, in contrast to the 

original system, at least locally, integrable. The three scalars K8 /p 

define the componentsof a covector field u8 (m,t) on m-space: 

- b u8 (M (x,t),t) := Ka(x,t)/p(x,t) 

which, according to (4.57)(ii), is a local constant of the motion. Hence, 

u8 will keep the same direction in the material space during the evolution 

of time . With the group of unimodular transformatlans we can always adapt 

the referentlal state of the fluid in such a way that all covectors u8 on 

m- space will point in the same directlon. This gauging can always be 
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realised in those regions where ua ~ 0. In this way we reeover the 

original Clebsch representation {4.47). 

Let us now determine the Lagrangian ~· of (4.53) that matches the 

new Hamlltonian ~ · of (4.54). Forthls purpose, we wrlte formally down the 

modified action of~·. cf. (1.41). As explained in the flrst chapter, the 

Hamilton identities (4.55) in this type of action show up as side condi

tions with the canonical moment a as the Lagrange multipliers . In fact, 

these identities define the auxiliar fields g and v. Therefore, we propose 

to takeL' = L'(g,v) as the Lagrangian density, then: 

(4 .58) 

It follows that the function L' has to satisfy: öL'/ög =pand öL'/öv = T. 

A further varlation of this action wi th respect to the other potantials 

indeed yields Hamliton's equations (4 .55-56). All we have to find yet is 

an explicit expre.ssion for L' . The easiest way is utilising the fact that 

according to (4.9) we have an L such that:g = öL(p,v)/öp. This makes that 

L'(g,v) is the Legandre transform of L(p,v) with respect top, which 

happens to be the pressure itself: L'(g,v) = L(p,v) - pg = p. Then we 

arrive at the following action 

(4.59) 

The varlation of p with respect to the configuration coordinates is done 
2 through the enthalpy h, since h = ~v - g, cf.(4.55). Then, due to (3.3), 

öp = ~1öv1 - pög. Lagrange's equations can be recovered by expressing the 

variations ög and öv1 into ö~ and öMa. These relations are obtained from 

their definitions, or Hamilton's identities, (4.55). The conneetion of övi 

with öMa was given already in (4.8). It is straightforward to show that 

ög 1 1 D a 
pöv = -pa Dt öM 

These expresslons are inserted into the expression for öp above. The 

action principle then yields the dynamica! Hamllton equations (4.56). The 

fact that the pressure in the fluld can be used as a Lagrangfan density 

has also been reported by e.g . Seliger and Whltham [37]. The result is 

often generalised to relativistic descriptions , see e.g. [45] and our 

section 6.3. 
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If we perform in the integrand of the modlfled action (4.58) the 

Legandre transformation on L' with respect to g, then this action becomes 

independent of the potentlal g: 

- a f f 3 [ D D a] W{~.M ,v,p.Ka} = Jdtjd x L(p,v) + ~ + KaB!M . (4.60) 

Although thls action still generatas the correct evolution equatlons lt is 

not some modlfled actlon; strlctly speaklng, L in (4.60) may not be called 

a Lagrangian. The modified action (4.58) gives rise to variational 

principles that are frequently encountered . e.g. [41]: especially if the 

number of variables is reduced by letting the last term in (4 .60) to 

become p~DA/Dt, see e .g. [37]. 

Let us now integrate the second term in the right side of (4.60) by 

parts. The result bacomes the conservation of mass as a side condition 

with -~as the . Lagrange multiplier. The resulting action, which is used in 

e.g. [ 43], can a lso be obtained straightforwardly from the Hamil tonlan 

system (4.54). We only need to apply the trivia! canonical transformation 

c~.p)~(p.-~). while leaving the other coordinates unchanged. Due to this 

mapping the ma ss conservation bacomes a Hamil ton identity . The modified 

action that corresponds to this system, with ~ := -~. would be 

a f f 3 [ · D a] W{p.M ,v.~.Ka} = JdtJd x L(p.v) + ~(P,t + divpv) + KafitM • 

1f L(p,v) of (4.4) is the proper Lagrangfan density of thls system. 

However, this is still not the case. Nevertheless, thls fault does not 

affect the value of the actlon. Obvlously, we are dealing with 

Hamil tonians that do not possess a proper Legendra transform. From this 

fault we infer that ~ and not p is the correct configuration coordinate. 

A similar sltuation occurs in the modlfled action of (4.58) when the 

potantials are reduced to the Clebsch potantials too early. Then, the 

identity DA/Dt = 0 does not yleld an explicit representation of v . This is 

also the rea son why we could not give a proper Lagrangfan in the previous 

sectlon; the actions f{~.A} and W{~.A.A'} do not exist. This agrees wlth 

the notion that the perfect fluid must be described by the four indepen

dent variables p and v 1• unless the continul ty equation. is made trivia!. 

in which case the three potantials Ma must be used . Therefore we will have 

a distinct preferenee for these material potentials. 
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4.6 The non-isentropie fluid flow 

In this section, we extend the description of the perfect fluid by accoun

ting for the temperature and entropy. But we still assume that every 

macroscopie partiele is in thermadynamie equilibrium, and that there is no 

heat flow in the fluid. The total energy of this non-isentropie flow then 

remains conserved. Hence, we expect this function to be the Hamlltonlan of 

the system again, provided we can point out the correct canonical fields. 

Let the specific internal energy e depend on both the specific 

volume V and the specific entropy s: e = e(V,s). The derivatives 

p := - ey , 

reprasent the pressure and the tempera.ture respectively. We set up our 

Hamlltonian system on the material space, and then guess that the velocity 

components v 1 = X~t: of the "particle" are still the canonical momenta. In 

addition, we also take the specific entropy s as a canonlcal momenturn 

conjugated to a yet unknown field 9(m, t). Analogously to the original 

Hamiltonian (3.12), we propose 

(4.61) 

Thls functional generatas the identities 

(4.62) 

This shows that the temperature T is the generalised velocity of the 

coordinate field 9. The variabie 9 is also lmown as the therma.sy, see 

e.g.[48]. The secend set of Hamliton's equations that fellow from the 

varlation of ~ to the Xi and 9 read: 

s,t: 0. (4.63) 

Obviously, the orlglnal Euler equations (3 . 13-14) still holds, though with 

the understanding that p = p(V,s). Furthermore, it shows that the entropy 

per partiele remalns a constant during the motion. Since these results are 

satisfactory, the proposal (4.61) has now been justified. 

The corresponding Lagrangfan density L(X1 ,9, v1, T) is the Legandre 

transferm of the Hamiltonian denslty in (4.61) with respect to (Y1 ,s) 
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L öH öH Yi- + s-- H öYi ös 
i 

~ v vi - f(V,T): 

where (4.&4) 

f(V,T):= e(V,s) -sT 

is the so-called specific free energy, defined as the Legendre transform 

of the specific internal energy e(V,s) with respect to s. Obv!ously, the 

Lagrangian depends rather on the free energy than on the internal energy. 

The der!vat!ves of the free energy with respect to lts arguments are the 

pressure and spec!f!c entropy: 

fv -p, - s. 

Obviously, with (4 .&4) the action of the non-isentropie flu!d reads: 

where (4.65) 
i 

V = det(X,a), 

Lagrange ' s equations of this action are again identical with Hamilton's 

equat!ons (4.63). It is not our intention to derive again all conservation 

laws. But i t is interesting to see how the non-isentropy of the fluid 

affects the conservat!on of vortic!ty and hel!c!ty. For th!s purpose, we 

der!ve the m-rule first. This conservation law does still ex!st, s!nce L 

in (4.&4) does not depend explicitly on the m-coordinates. The conserved 

density of this rule must be 

in order to let lts integral generate the required canonical variations. 

With the equations of the motion (4.63) we easily f i nd as a generalisation 

of the m- rule (3.36): 

where g .- g + Ts, (4.66) 

with gis given in (3.31). Hence , it makes sense to define the gene ralised 
A 

material vorticity n by: 

0 : = curl u = n + Vsxva. 
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The curl of the m-rule (4.66) shows that 0, and not 0, is a local constant 

of the motion on the m-space. 

0 - ,;, 0, • t or: 0 -• t - VsxVT = curl(TVs). (4.67) 

The latter expression shows how at non-constant temperature the entropy 
A 

gradient in the flow generatas vorticlty. Contraction of 0 with (4.66) 

gives a conservation law for the generalised helicity: 

(4.68) 

Later on, we shall transform these generalised conservation laws for the 

vorticity and helicity to the x-space. 

The correspondlng action on x-space is determined wi th a point 
1 a -transformation (X .e) ~ (M ,e) in any point x of N, such that 

a a i m = M (X (m,t),t), - i e = ecx (m,t),t) = e(m,t). 

Together with the corresponding coord1nate transformation M ~N. we obtain 

for the new action : 

a r r 3 - } 1 r r "L W{M ,9} = Jdtjd x pl(p ,v ,T) = Jdtjd~ L'(p,v,T). (4.69) 

The new Lagrangian density L', we shall omit lts dash from now on, reads 

2 L(p,v,T) = ~pv - pf(p,T). (4.70) 

The auxiliar fields depend on the new coordinate fields through: 

a 
p =det(M, tJ. D 1 

T = i§t9 = e,t +v e, 1 . (4.71) 

The modif1ed action that corresponds to the action (4.69) results 1f we 

add to L the identities that def1ne v1 and T as side conditions. Using the 

convective derivative yields 
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where p = det(M~i). As explained in section 1.4, the multipliers Na and a 

become the new canonical momenta, conjugated to Ma and e respectively. 

Varying this action with respect to T shows that the mul tiplier a 

satisfies 

a = Lr = -pfr = ps . 

Obviously, a represents the entropy denstty of the fluid. lts conservation 

follows from varlation of wmod with respect toe: 

a,t + div(ov) = 0 . (4.72) 

This 9-rule is the transformed Hamilton equation (4.63)(11) on m-space. 

Varying Wmod with respect to v leads to a new canonical representation of 

the physical momenturn ~ = pv 

(4.73) 

Finally, the varlation of Wmod with respect to the potantials Ma yields 

Lagrange's equations in the momenta Na . If we eliminate Na with the help 

of the representation (4 .73), the Euler equation of the flow is recovered. 

A less cumhersome derivation results if the X-rule (4.63)(i) on m-space is 

transformed to x-space. By using the cofactor proparty we find immediately 

-h, i+Ts , i. (4.74) 

This Euler equation shows that the non-isentropie flow has no acceleration 

potentlaL If we now take the curl, we find again the conservation of 

vorticity, cf. (2.34): 

which is still a trivi a! conservation law. 

Finally, we trans~orm the conservation of the generalised helicity 

(4.68) . With the mapping (2.18) we find that 

where ~:= curl v and v:=v +sV9. The corresponding constant of the motion 

in x- space now reads: 
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Hence the original helicity density ~·v is no longer conserved. 

We end this sectien by pointing out that the pressure still can 

serve as a suitable Lagrangian density. Guided by (4.59), we propose 

directly the following Lagrangian density: 

A A 

L(g,v,T) = p(h.T). where g:=·g+Ts 
2 A 

~V -h (4.75) 

is a nameless potentlal given in (4.66). H~re, we consider the pressure as 
A 

a function of the so-called free enthalpy h:= h-Ts and temperature T. In-
A A 

deed, from the definition of h we infer that dh= Vdp -sdT, or dp= pdh+adT. 
A 2 A 

If we substitute in this last differentlal the function h= ~v -g, then 

the varlation of L in (4.75) with respect to lts auxiliar fields reads: 

k óL = vkóv - póg + aóT, where 11" = pv. 

This shows how L depends on the auxiliar fields, each of them depending on 

potentials. Therefore, apart from the potantials Ma and 9, we introduce a 
A 

fifth potentlal ~ in such a way that the following identities hold: 

D ua = 0 i5t'"' • 
D A 

Dt ~ - g, 
D 
Dt 9 T. (4.76) 

From these identities we infer how the varlatlens in the physical 
a A 

variables are expressed into the varlatlens of the potantials (M .~.9), 

like we did in the previous section. Substitution of these variations into 

óL eventually leads to: 

where Ka is defined by 

This relatlon also shows the new canonical representation of 11", wlth 

(Ka,p,a) as the canonical momenta conjugated to the potentials. The 
a A 

dynamica! equations are now found from the action W{M .~.9}. which is the 
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integral of the pressure in (4.75). All these Lagrange's equations have 

the fonn of: 

À,t+ div(Xv) o. (4.78) 

where À denotes any of the five canonical momenta (Ka,p,a). Together with 

the identities and the representation of r, the Euler equation (4.74) for 

the non-isentropie flow can be recovered. This fact fonns the justifica

tion for (4 . 75) as a sultabla Lagrangfan density. 

4.7 Conclusions 

Let us now surnmarise this chapter as fellows . The variational formulation 

for the flow of a perfect fluid is based on the potentlal representations 

assigned to the physical fields: ene for the Lagrangian formulation and 

one for the Hamiltonian formulation, the potantials being the coordinates 

of the configuration space and the phase space of that point. The 

syrnmetries of the flow give rise to invariant variations in these spaces 

and thus constants of the motion . In phase space, the Lie algebras of 

these constants and their invariant canonical varlatlens are isomorphic. 

The syrnmetries form two disjoint Lie algebras, which cornmute with each 

ether. 

The f!.rst algebra of syrnmetries is connected wi th the Calilean 

group, though this conneetion requires the extension of the physical space 

N with time. The Lie algebra of the infinitesimal Calilean transformatlens 

Is isomorphlc wlth the Polsson algebra of the ten basic constants of the 

motion. These basic constants guarantee a Calilean-invariant isolation of 

the fluid system. In a way of speaking the Galilean group describes the 

extrinsic structure of the system and shows the ambigulty there Is In the 

cholce of an cbserver's frame. 

If for the fluid a menatomie gas is taken, two more constants appear 

to exist. These constants give rise to a larger group, with the Galilean 

group as a subgroup. Despite this fact, the two new syrnmetr ies on 

space-time are not as fundamental as these of the Galilean group. After 

all, the Galilean group should apply to all isolated systems, whereas the 

extra syrnmetries only apply to ene particular dynamica! system. 

The secend algebra of syrnmetries on phase space contains the gauge 

varlatlens that change the potantials without affecting the physical 

fields. The corresponding constants of the motion have a limited physical 
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value, except for the helicity. This gauge algebra on phase space has a 

subalgebra that gives rise to a little symmetry group on the configuration 

space. This group of invariant point transformatlens constitute a gauge 

group for the potentlal representations on the configuration space. This 

gauge group is identical with the unimodular group of coordinate trans

formatlens on m-space. In a way of speaking, the gauge group describes the 

symmetry in the intrinsic structure of the fluid by showing the ambiguity 

that exists in the labeling of the fluid particles. This freedom enables 

us to reduce the number of potentials. 

In the secend half of this chapter we established the relationship 

with ether existing variational principles. In the new canonical descrip

tion the motion of the fluid is split in an irrotational and rotational 

part. Then an appropriate choice of the referentlal state, within the 

unimodular group, enables us to reduce the number of potentials. The 

reduction to a four-dimensional phase-space entails the familiar Clebsch 

potentials. 

The extension with a fourth generalised coordinate led us to the 

pressure as Lagrangfan density. This particular Lagrangian, known already 

for quite some time, shows that thermodynamics can be connected with the 

methods of classica! mechanics, e.g. [48]. We have shown that the 

Lagrangian reprasenting the total kinatic energy minus the total internal 

energy differs from the pressure-Lagrangian by a total time derivative of 

a functional in the configuration coordinates. In the case of the 

non-isentropie flow, this observation still applies, though with the 

understanding that the internal energy has to be replaced by the free 

energy. Furthermore, we saw that in the non-isentropie flow vorticity is 

generated by the entropy of the flow. 
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CHAPTER 5 

THE DYNAMICS OF AN ELECIROMACNETIC POLARISED FLUID 

5.0 Introduetion 

In chapter 3, we described the flow of a perfect fluid in material coor

dinates. Judging from the compactness of the description, the material 

space appears to be, from the mathematica! point of view, the most natura! 

space for it. From the physical point of view, however, this type of 

description is less transparent due to the unphysical coordinates. 

Especially, when we couple the fluid wi th an electromagnetic field, the 

resulting expresslons become needlessly curnbersome. For this reason, we 

prefer to work in the more familiar physical space. The transition to this 

space was shown in the previous chapter. 

In chapter 4, the calculations were structured by potentlal 

representations assigned to the physical fields. This approach resembles 

the familiar use of potentlal representations in the electromagnetic field 

theory. However, the construction of the basic conservat ion laws for a 

fluid is rather laborieus in the way we used Noether's theorem, especially 

when the fluid is coupled to ether systems. In order to slmplify the 

calculations, we make use of an approach in which the potantials are no 

longer needed directly . . This method is applied in this chapter and it fits 

the non-canonical approach that we mentioned in sectien 4.3. 

In continuurn mechanics, it is customary to set up the basic eenser

vation laws that concern the dynamics of a continuurn by starting directly 

wi th the isolation of the system from its environment. The resul ting 

balance equations for power, forces and torques then correspond with the 

conservation laws for energy, momenturn, and lts moment respectively. In 

general no diff icul ties are encountered when the considered system only 

consists of a purely mechanica! continuurn like a fluid or an elastic 

material. When, however, ether systems are involved this direct approach 

may become less obvious, see e . g. [15). To avoid these difficulties, the 

methods from classica! mechanics become useful. As far as conservative 

systems are involved, these methods provide us with a systematlc approach 

for setting up a consistent descriptlon. In this chapter, we shall see 

that such an approach does net requlre much effort in first design, if one 

is interestad in the basic conservation laws only. These basic laws show 

us that the system is isolated from lts environment. Once we also find out 

that the isolated mass centre of the fluid moves uniformly with respect to 
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the raferenee frame, the law of inertia applies and the raferenee frame is 

an inertlal frame. Only in this case, a fundamental value can be assigned 

to the corresponding constants of the motion. If the spaca-time of this 

raferenee frame is Galilean, the Galilean group is the syrnmetry group of 

this space-time. 

In the first sectien of this chapter, we examina whether there is 

much choice in a Lagrangian density for the perfect fluid, when we call 

for Galilean invariance of the fluid system. This approach fits closely to 

the description of the next chapter, where we will account for systems on 

which Lorentz fnvarianee is imposed. 

The method of imposing a certain type of fnvarianee on a Lagrangian 

can also be applied to wave systems, which do not display the Galilean 

invariance. An example is the acoustic system that results from 

linearising the fluid system near an equilibrium state. This state defines 

a transmitting medium and with it a preferred coordinate system where this 

equilibrium state is at rest. Then, al though the 10-parameter Galilean 

group no longer applies, there are still ten constants of the motion that 

define a sort of isolation of the system with respect to lts environment. 

For, instead of a centra of mass, it is the centra of energy of the system 

that shows a uniform motion with respect to the coordinate system. The 

acoustic system is introduced in sectien 2. 

The involvement of a preferred coordinate system can also be looked 

upon as the involvement of a structure of the space-time that differs from 

the Galilean structure. This change in structure of space-time forces us 

to adapt the physical meaning of the x-rule. Actually, a similar but more 

familiar situation occurs, if we change from a Lorentz-relativistic to a 

Galilean-relativistic description. Then, the change in the structure of 

space-time forces us to adapt the notion of inertlal mass. Therefore, 

prudenee is called for at the physical interpretation of the otherwise 

mathematically well-defined concepts of conservation laws. In the present 

chapter, we wil! find that the x-rule no longer represents the 

conservation of the momenturn but the conservation of a quantity that we 

will call pseudomomentum. 

In the past, discusslons on the electromagnetic momenturn inside a 

polarisable matter have existed, such as the notorious Abraham-Minkowskl 

controversy. To this problem many papers have been devoted over the past 

decades. Gordon [SJ introduced the concept of a pseudomomenturn to resolve 

the controversy, Gordon also credited Blount for polnting at the analogy 

with the pseudomomenturn of a phonon in crystals. Broer [8] too pointed at 



89 

the analogy with acoustics. Other authors approached the problem 

relativistically. 

To solve the problem of the electromagnetic momenturn there are two 

ways of attack. Since momenturn is originally a mechanica! concept, one 

either carries this concept from the fluid system over to the field system 

by means of a coupled system, or one uses a relativistic description. The 

first way of attack is used in thls chapter, the second way is considered 

in chapter 7. We shall structure these discusslons wi th a Lagrangfan 

formulatlon, in whlch we follow Broer [B]. 

In sectien 3, we consider the electromagnetic field in vacua, mainly 

for didactica! reasons. Then, in sectien 4, we account for a polarisable 

materlal in absolute rest only, thus neglecting the motion caused by the 

interaction of the medium with the electromagnetlc field. 

In sectien 5 the motion of the fluid is lncluded and the lsolation 

of the coupled system is examlned. We are stuck wlth the fact that the 

symmetrles of both subsystems do not cover the coupled system at the same 

time. This defect is the ultimate reason to use the theory of special 

relatlvlty for the isolation of the coupled system, whlch is the subject 

of chapter 7. 

In sectlon 6 we gain further physical lnslght from the coupled 

system by consiclering smali-amplitude flelds. Here, we resolve the 

momenturn problem by finding out how ·to look upon the interaction between 

matter and field. In sectien 7 we allow for the presence of unbounded 

charges, and consider the dynamics of the cold plasma. Finally, in the 

last sectien we summarise the results obtained in this chapter. 

5.1 Tbe perfect fluid as a Calilean-invarlant system 

In the precedlng chapter, we started with one particular Lagrangian, viz. 

(4.4), which appeared to be Galilean invariant. In this sectlon, we shall 

reverse the problem and examine how much choice there is in a Lagrangfan 

by imposlng Galllean fnvarianee on it. In this examination. we shall limit 

ourselves to those class of Lagrangfan densitles that depend on p and v 

only, having their usual representatlons (4.5) in the three material 

potentials Ma. As it turns out to be advantageous, we use instead of the 

veloei ty v the ma ss stream densi ty j: =pv as an auxil i ar field in the 

Lagrangfan density. Hence, we consider the class of actlans of the type 

W{Ma}=Jdt~. where 
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and where 

p a det(M, 1) and k k.a 
j = -p~~.t 

(5.1) 

were given already at (4.5). By this particular choice of potentlal repre

sentation of p and j, Lagrange's equations are now fixed, whereas L has 
k yet to be determined. Note that the cofactor Pa· given in (2.19), is of 

the second dagree in Ma. Hence, the representations of both pand j are of 

the third dagree in Ma. Due to these representations, the conservation of 

mass holds automatically again: 

atP + div j = 0. (5.2) 

a a In chapter 1 we explained that the Lagrangian ~(M ,M,t) can only be deter-

mined up to a total time derivative. This natura! indefiniteness, which we 

also met in section 4 .5, explains why one may always add terms linear in p 

and j to the Lagrangian density. The first case is obvious, whereas as the 

second case bacomes obvious by observing that we may always write 

where c is a constant. Let us now determlne Lagrange's equations that are 

generated by the general action of (5.1). For this purpose we introduce 

the following denotations: 

with which the varlation of L with respect to Ma can be written as: 

a k a oL = Na(6M l,t + La(öM ) , k . (5.3) 

Then the action principle shows the following lagrange equations : 

(5.4) 

These equations are at the same time conservation laws , since L depends on 

the potantials Ma only through lts derivatives . Henceforth, we refer to 

(5.4) as the M-rule. One-dimensional systems of thls type were considered 

by Broer in e.g.(8, 44] , from whom we adopt the narnes m-, t-, x-rules . 

Next, we introduce the auxiliar fields. Since L depends on p and j, 
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and not on their derivatives we may write: 

öL = qöp + w•öj, where q:= oLI8p and w:= 8L/8J. 

To cernpare this varlation with (5.3), we first express öj in óp and öv by 

means of the conneetion öj =pöv +vöp. Then öl=(q+w•v)öp +pw•öv: after 

substitution of öp from (4.7), and öv from (4.8), this öL becomes: 

Cernparing with öL in (5.3) allows for the following identifications 

k k k_ 
La = (q+v•w)pa + v-~a· (5.5) 

The secend expression is put into the M-rule (5.4): with the conservation 

of mass we find that 

~~) Dt p 
k 

- [(q+v•w)p ] k . 
a ' 

To obtain a relation free of raferenee to the material potentials, we 

apply the cofactor proparty (2.20), substitute Na from (5.5), multiply the 
a result with M,i and finally divide by p. After raarrangement of the 

terms we then obtain a generalised Euler equation: 

(5 .6) 

By applying the proper vector identity, this relation can be converted 

straightforwardly into the following balance equation: 

where w := curl w. (5.7) 

Here w represents the generalised vorticity of the system. The right side 

of this equation looks like a generalised Coriolis force per mass density. 

If we take the curl of (5. 7), we get the conservation law for the 

generalised vorticity: 

(5.8) 
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This equation shows that r.J = 0 is an exact solution of the generalised 

fluid flow. Moreover, this equation and eq. (5.7) together give rise to 

the generalised conservation law for the helicity: 

öt(w•r.~) = div[(q + v•w)r.~- (r.~•w)v]. (5.9) 

For later raferenee we mention another relation, which is obtained when we 

multiply (5.7) with j: 

(5. 10) 

This relation represents in facta generalisation on Bernoulli's theorem: 

in the stationary state of the system, the function q is a constant along 

the streamlines. 

It is interesting to note that the balance laws (5. 7-9) and the 

equation of the motion (5.10) apply to the system (5 . 1) without imposing 

further specifications on L. Moreover, they even hold when L depends on 

coordinate fields other than Ma. However, if we put w=v the usual fluid 

equations will result. Since we did not let the L(p,j) depend explicitly 

on t and x, the system will be invariant under rigid translatlans of the 

coordinate system in the direction of 't' and x. Wi th these symmetr!es 

match conservalion laws that wlll be der!ved slightly different from the 

procedure applied in the previous chapters. In fact, this derfvation still 

comprises Noether's theorem, but now the explicit use of the potantials is 

avoided. This makes the calculations less cumhersome as we wil! see. 

Since L does not contain t explicitly, the following identity holds 

Together with the continulty equation (5.2) and the equation of the motion 

in the form (5.10), the following relation is derived: 

0, where E := w•j - L (5.11) 

is also the Legendra transform of L with respect to j, giving rise to the 

Hamiltonian of the system. This conservalion law will also be called the 

t-rule of the system, but only after having verified that no other type of 

non-trivia! conservalion law has been used, apart from Lagrange's aqua

tions themselves. The same condition must be posed with respect to the 
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derivations of all other conservation laws. 
i Since L does not contain explicitly x , the followlng ldentity holds 

After elimlnation of the term that this re lation shares wi th the Euler 

equation (5.6), we arrive at: 

(pq + j•w- L),i . (5. 12) 

Wi th the ma ss conservat ion this resul t is further converted into the 

x-rule of the system: 

• k 
(pwi),t = T i,k 

where Eis given in (5.11). 

r\ k k 
(pq + E)ói - j wi , (5 . 13) 

For later reference, we mention another conservation law that only 

exists if the fluid flow is irrotational. In this case, which is a pos

sibie exact solution of (5.8), the Coriolis-like force on the right side 

of (5.7) vanishes. The remaining part, which is a conservation law, is 

mul tiplied with the constant equilibrium density Po and then subtracted 

from the x-rule (5.13). The result reads 

• _k k 
[(p- Po)wiJ,t = (r-1- Poqói),k (5.14) 

iff w = curl w = 0, 

which wil! be called the stratn rule of the fluid. We adopt this name from 

Broer [8] who introduced i t for a similar concept in a one-dimensional 

context. The physical interpretation of this obscure conservation law is 

postponed until we have identified w. 

Next , we impose invariance of L under rigid rotations of the x-coor

dinate system. This type of invariance is exhibited iff L depends on j 

through lts absolute value. The corresponding conservation law can, apart 

from the use of Noether's theorem, also be determlned directly from the 

x-rule (5 . 13). The flux tensor of this rule becomes symmetrie if wand j 

are parallel. Here, we ignore a possible presence in w of an additional 

constant c, since this term can only stem from a term j•c in L, which only 

gives rise to a total time-derivative in the Lagrangian. Hence, the 
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following x-rotation rule holds: 

(5. 15) 

lts validity can easily be verified with (5.13). 

Finally, we impose the invariance of L under uniform motion of the 

coordinate system. In order to construct the corresponding conservation 

law we shall use the following principle. Suppose there is a conservation 

law of which the flux ltself is a conserved density , say , 

i 
E,t+G,r=O, 

then the following conservation law also holds: 

(5.16) 

This property, referred to as the conserued-flux rule, has been applied 

already in [53]. lts application to the conservation of mass and the 

x-rule (5.13) is only posslble if we let w = v. So, by takinga = 1/p in 

(5.15) the conservecl-flux rule entails 

k k • 
(pxl- jrtl,t + (j xl + tT rl,k = 0, (5.17) 

which precisely amounts to the conservatlon law (4.25). 

Now we may conclude that invariance of the system (5.1) under the 

Galilean group rastricts L(p.j) in such a way that w = v. It fellows that, 

not counting for the terms linear in j and p, L(p,j) bacomes completely 

determlned up to an arbitrary function in p for which, without affecting 

the generality, we take the function -pe(p): 

2 L(p,ljl) = ~ j lp- pe(p). 

And so the derivatives of L become 

w = Lj = j/p = V, 
2 

q = L = - ~ V - h. p 

(5.18a) 

(5. 18b) 

If e = 0 is taken, the resulting equations are those of incoherent matter. 
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Therefore, the term pe(p) determines the internal energy and thus the type 

of fluid. So by imposing Galilean invariance, there is no other choice in 

L. Henceforth, the conserved densities are also well determined. In fact, 

the conservation laws represent a system of partlal differentlal equations 

linear in L. 

The t-, x- and x-rotatlon rules show that the system is isolated 

from lts environment. The conservation law on the uniform motion of the 

centre of the fluid mass then indicates that the coordinate system used is 

an inertlal system. This Galilean symmetry on space-time shows that the 

fluid system is invariant with respect to any inertlal observer. Because 

of the fundamental importance given in physics to inertlal observers, the 

constants of the motion that have been found are of fundamental importance 

too. This is also reflected by the fact that Galilean invariance limits 

the admissible Lagranglans and therefore the corresponding constants of 

the motion. 

Finally, we consiclar the constant for the irrotationaL motion 

(5. 19) 

that corresponds with the strain rule {5.14) with w=v. Then, ~ represents 

the irrotational flow of the changes in mass density of the fluid. It is 

tempting to look upon ~ as some momenturn of sound, carried with the flow. 

But such a nominatien calls for prudence, and will therefore be further 

analysed in the next section. 

5.2 Tbe linear acoustic system 

In this section, we expand the fluid Lagrangian and its conservation laws 

in a series around an equilibrium state. Then, we examine whether the 

linearised versions of both L and the conservation laws still correspond 

with each other. In expanding these expressions, we only deal with the 

auxiliar fields; the way how the expansion affects the potential repre

sentations is a different matter that may be omitted at this stage. The 

stable equilibrium state of the fluid easily follows from the total energy 

density _in (5.11) with w =V, viz. E(p,j) = J2/2p + pe(p). From its first

derivatives 

BE!Bp 
2 2 

- ~ j lp + h, BE!Bj jlp, 
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we infer that at P=Po a stationary point is formed by j=Ü and h(Po)=O. For 

simplicity we choose a homogeneaus equilibrium state with mass density 

Po=l. This state is perturbated in which we assume that p and j may be 

seen as a power series in a smal! parameter é: 

p 

The leading term of the Taylor expansion of L around the equilibrium state 
2 3 is of the secend order: L = é LAc + O(é ). For lts determination we need 

the derlvatives of the lnternal energy density pe(p) = E(p,O): 

dE(p,O)/dp h(p), 
2 2 d E(p,O)/dp dh/dp 2 

-. a /p, 

where a:= a(p) represents the speed of sound. Then the leading term in the 

fluid Lagrangian (5.18a) bacomes 

(5.20) 

where a0 := a(po) denotes the equilibrium speed of sound. The third-order 

term of L depends also on p" and j", and couples the first-order system 

with the higher-order systems. Similarly, we expand each derivatives of L 

in a power serles in é. Since w = v, we put: 

V q 

Each term of these series still has to be eensidared as a function in the 

terms of the series for p and j. Let us first express v'and q' into j' and 

p', and then find out how these are related to LAc· Since j=pv, we have 

j' = v' • j" = v" + p' j •. 

Expanding q in (5.18b) shows that lts leading term is determined by the 

expansion of h. The result shows, as we may expect, that v' and q are 

also the derivatives of LAc with respect to j' and p' respectlvely: 

v' = j' = aLAc/aj', q (5.21) 

This observation enables us to show that LAc(P' ,j') indeed may serve as a 

Lagrangian function of the llnearised system, though strictly speaking 
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also the configuration coordinates must be specified. We will satisfy this 

restrietion in the sequel. The system will be referred to as the (linear) 

acoustic system. 

The next step is linearising the basic equations. The conservation 

of mass bacomes simply: 

p' ,t + div j' 0. (5.22a) 

In the flow equation (5.7), the Coriolis-like force is at least of second 

order. Therefore, in the first order we obtain only 

j', t grad q'. 

From this equation, we infer that w':= curl j' is a constant of the motion 

everywhere, which wil! be put zero in the sequel. In fact, this means that 

we limit ourselves to a linear longitudinal wave system. The same result 

is found by linearing the vorticity equation (5.8). Substituting for v' 

and q' the expresslons (5.21) gives 

j' ,t + ao
2
grad p' = 0, curl j' = 0. (5.22b) 

Together with the continul ty equation in p' we easily obtain the linear 

acoustic equations with propagation speed a0 : 

. • 2 di d • p ,tt ao V gra p , j' ,tt. ao2 grad div j'. 

The rastraint to a first-order irrotational flow rastricts the wave solu

tions to those of the longitudinal mode. Their amplitudes satisfy 

IJ 'I p'ao. (5.22c) 

It is not difficult to grasp that a sultabla representation for p and j' 

in terms of a vector potentlal u would be 

j' =u, t p = - div u. (5.23) 

These linear representations, which are also used in [19], leave the con

tinuity equation in (5.22a) still be a trivia! conservalion law. Moreover, 

they cause the dynamic equation (5.22b) to be the u-rule of the system. 
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The potentlal u(x,t) can be looked upon as the displacement of the fluid 

partiele in x with respect to lts equilibrium state. 

Now we return to the basic conservalion laws of the fluid, linearise 

these and verify whether they stem from LAc · We apply the conservecl-flux 

proparty (5 . 16) to the contlnuity equatlon in p' and the linearised fluid 

equations (5 .22b). This results into the following conservalion law 

(5.24) 

which amounts to the linearised form of the conservecl-flux rule (5.17), as 

one can verify. The conservalion of energy (5.11) contains in the lowest 

order only quadratic terms 

where E:= J' 2- LAc and C:= -q'j': with (5 . 20) and (5.21) we find: 

c 2 'j' ao P . 

(5 . 25a) 

(5.25b) 

The energy equation (5.25a) amounts at the same time to the t-rule of LAc· 

This fact can be shown by using the followlng identity on LAc: 

Applying the linearised equations of the motion and conservation law for 

p' proves that the energy equation (5.25a) is indeed the t-rule of LAc· 

The corresponding constant of the motion represents the acoustic energy. 

Obviously, the expansion of the energy follows the expansion in the 

Lagranglan. The momenturn conservation, however, reacts differently on this 

expansion . This is shown next . 

The x-rule (5.13) of the fluid yields in the first order precisely 

the llnearised equation of the motion (5.22b). lts integral does not 

contribute to the total momentum. In the secend order, the x- rule reads 

and 

j .. • T"i 
k,t = k,i where j"= v " + p' j', 

This conservalion law depends, apart from LAC• also on the third-order 
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terms in L through q" and v". Hence this law does nat follow the expansion 

of the Lagrangian, and therefore it cannot be the x-rule of LAc· We can, 

however, get rid of the dependenee on q" and v" by subtracting from the 

second-order x-rule, thesecond-order eq.(5.7) for the irrotational motion 

v",t- grad q" j'xcurl j' = 0. 

This results into a new conservation law, which now depends on the 

first-order variables only: 

• i 
zk,t t k,i h t i (., E)ói .. ij' w ere k:= p q + k - J k 

and where Z by virtue of (5.25b) obeys 

Z 'j. c -2 := P = ao . 

(5.26) 

(5.27) 

This conservation law does reprasent the x-rule of the linear acoustic 

system, which can be proved by converting the gradient of LAc(p',j') with 

the help of the continuity equation in p' and the equation of the 

irrotational motion (5.22b). The conserved density, however, does nat 

reprasent any more the complete secend-order momenturn density j" of the 

fluid. Hence, we will call Z the pseudomomentwn densi ty of the acousti.c 

system. The prefix pseudo then reminds us also to the fact that the new 

x-rule applies with respect to a coordinate frame that is fixed to the 

equilibrium state of the fluid, instead of with respect to an inertlal 

frame. Moreover, we abserve that (5.26) is identical with the lowest-order 

approximation of the strain rule (5.14) of the fluid. Therefore, Z of 

(5.19) does not reprasent a momenturn either, but rather some generalisa

tien of the pseudomomenturn of sound. 

As the flux in the x-rule is a symmetrie tensor, one can also write 

down the conservation of the moment of Z. This equation results from the 

invariance of the acoustic system under rotatien of the coordinate system . 

Finally, we cbserve that the energy flux is conserved, as is shown by 

(5.27). Hence, a quadratic conservecl-flux rule for the acoustic system 

exists, namely 

(5.28) 

This rule takes the role of the conservecl-flux rule for the fluid. lts 
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physical rneaning bacomes obvious by defining, analogously to the ma ss 

centra f(t) of the fluid, the centre of energy C(t) of the linear acoustic 

systern by : 

(5.29) 

represents the acoustlc energy. Furtherrnore, we define the veetors VeE(t) 

and Co(t) by: 

Co ·- C - tVcE· (5.30) 

Clearly, VeE is a constant of the motion. Then, as Co& represents the 

integral of the conservecl-flux rule (5.28), Co is a constant of the motion 

too. Hence, the conservad- flux rule (5.28) shows that the energy centra 

C(t) has a uniform velocity VeE with respect to the medium. So in a linear 

description we have agaln ten constants of the motion that characterise 

the systern. Their conserved densitles are again connected with each other 

through one single function LAe· 

Now we infer frorn the t -, x-, and x-rotation rules that the linear 

acoustic system is " isolated" from lts environment, i.e. the medium. 

Because the coordinate system has been fixed to the medium, we are dealing 

with a different spaca-time structure. Due to the uniform motion of the 

energy centra, it looks as though the coordinate systern were an inertlal 

system. By having a closer look at the integral (5.30) of the x-rule, we 

cbserve that the coefficient of the centra velocity VeE does not reprasent 

an inertlal mass . This fact agrees with the replacement of the notion of 

momenturn by pseudomomentum. At this instant, we have neglected the 

relativistic inertia, which would amount to g;c2 instead of €/a0
2 , (c is 

the speed of light in vacuo) . In section 6. 7, we account for these 

relativistic effects in an acoustic system. The name pseudomomenturn has 

been employed according to the proposal of Mclntyre [14]. 

5.3 The electromagnetic field in vacuo 

In this section, we glve a variatlonal descrlption of the electromagnetic 

field in an empty space. Although a descrlption of this kind can be found 

in many text books, we present a brief review on this system for general 

reference. In the absence of a canonica l formulation of Maxwell's 
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equations, we confine ourselves to a Lagrangian description. 

We assume that the electric field E and the magnatie field B have 

the usual potentlal representations, and so we take the following action: 

Here LvAC is an ordinary function in E and B that we consider as auxiliar 

fields. A proper justification for the choice of LvAC turns out to be 

relativistic, and is postponed to chapter 7. For the moment we take 

2 2._2 
LvAc(E,B) = ~(E -e-B ), 

where (5.31) 

E .-- grad~- A, t• B := curl A, 

and c is the speed of light in vacuo. This Lagrangian system will be 

referred to as the vacuum system. 

It is well-known that the fields E and B are invariant under the 

gauge transformations: A' =A+ grad,P and ~· = ~- -P,t· Hence LvAc is 

gauge invariant too. Due to the potentlal representations of the electro

magnetic fields, the following equations become identities: 

divB 0. (5.32) 

Although we did not present a theory that led to the potentlal represen

tations of the electromagnetic fields, we accept their validity from the 

fact that these equations of Maxwell apply irrespective of the presence of 

free or bounded sourees in space (we exclude the hypothetical, magnatie 

monopol es). 

Varying the action with respect to the potantials and integrating by 

parts yields: 

Then the action principle shows that the A- and ~- rules become 

2 atE - c curl B = 0 , div E 0, (5.33) 

which are the remaining Maxwell equations. The standard conservation laws 
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for the vacuum system connected with the symmetries on the cbserver's 

space-time can now straightforwardly be determined. However, in order to 

reduce the amount of work we use the construction methods applied in the 

first section. In this way, we avoid certain complications that will be 

discussed at the end of this section. 

Since LvAC does contain t explicitly, the following identity holds: 

Here the time derivatives of E and B on the right side, are eliminated 

with Maxwell 's equations. If we apply the vector identity: divExB = 

B•curl E- E•curl B, the t-rule of the vacuum system results: 

where E:= ~(E2 +c2a2 ) and C:= c~xB. (5.34) 

lt is generally accepted to call E the energy density of the am-field in 

an empty space. Actually, the final justification for this interpretation 

is given by the theory of special relativity, as is shown in chapter 7. 

The energy flux C is the familiar Potnttng vector. 

Since LvAC does not depend explicitly on the coordinates x, the 

system is invariant under rigid x-translation. Hence we write 

which can with the appropriate vector identity be converted into 

2 2 k_ 2 Ie 
grad(LvAc + c B ) = Excurl E + E--E,k + c (Bxcurl B + a-~.k)· 

Eliminating the curl's with Maxwell's equations eventually leads to the 

x-rule of the vacuum system: 

1r,t;, ~.k where T:= ExB (5.35) 

k k 2 k k and where T 1:= E Ei + c B Bi - Eö1 usually is known as the stress tensor 

of the electromagnetic field in vacuo. Since this tensor is symmetrie, the 

following equation also holds: 

k i i k • k_ji i jk 
(x~ -x~ l,t (x-1 -x T ),j· (5.36) 
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Guided by the mechanica! analogy (5.15), we identify this conservation law 

as the x-rotation rule of the vacuum system. After all, LvAe depends on 

the magnitudes of E and B only, thus causing the system te be invariant 

under rigid rotations of the coordinate system. 

It is known that the vacuum system is net Galilean invariant. How

ever, like in the acoustic system, we can apply the conservecl-flux rule 

(5.16) because G = c2
71. With this rule we obtain the counterpart of eq. 

(5.28) for the acoustic system: 

k 2 k • 
(Exi - Gitl,t + (G Xi + c tT il,k = 0. (5.37) 

Similar te the description of the acoustic system, this rule indicates 

that the energy centra, defined as in (5.29), moves uniformly with a 

veloei ty VeE wi th respect te the chosen coordinate system. This cent re 

velocity is, analogously to (5.30), defined by 

(5.38) 

where t is the energy of the em-field in vacua. However, in contrast with 

the description of the acoustie system, the used eoordinate frame is now 

entirely arbltrary as long as the cent re r moves unlformly. There is no 

raferenee to a medium, and therefore no preferred raferenee frame. In con

trast with the aeoustie system, there is no point in taking different pro

pagation speeds c in different coordinate systems. This faet gave birth to 

the Lorentz-invariant description, which is the subject of the last ehap-
2 ter. We now antielpale this description, by looking upon ~/c as an iner-

tial-mass equivalent of the vacuum system. Then the energy centre can be 

seen as a mass centre , moving with velocity VeE· According te (5.38) , the 

inlegral Jd3x 71 then may be looked upon as the I!Wrnentum of the vacuum 

system. Another way to show that 71 is a momenturn density is fellewed in 

sectien 5. 7. There, we cernpare ExB wi th the mechanica! momenturn of a 

charged fluid. 

We end this sectien by commenting on a complication of the explicit 

appearance of the potantials in the conservation laws eenstrucled with 

Noether's theorem. In the fluid description we found that the basic con

servation laws obtained with this theerem are the same as these obtained 

directly with the metbod applied in sectien 5.1. When, however, electro

magnetic fields are involved, the direct method will lead te different 

conservalion laws. We shall see how this difficulty can be resolved. 
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Varlation of LvAC with respect to the potentials, and a subsequent 

application of the Lagrange equations (5.33) yields 

óLvAC ~ -at(E•óA) - div(Eó~- c~xóA). (5.39a) 

Here, the variations in the potantials that arise from the symmetries in 

the physical spaca-time become expresslons in A and ~. that can not be 

replaced by expresslons in E and B. Hence, we are stuck with conservation 

laws that contain explicitly the potentials. To overcoma this complication 

we make use of gauge transformations. We nota that the variations 

óA egrad -.J!, 

where -.J! is some arbi trary function, leave the em-fields and thus LvAC 

invariant. Obviously, these variations are Noether-invariant, but the 

rasuiting conservation laws are of little physlcal interest. However, 

these variations can be used to gauge the Noether-lnvariant variations 

that result from coordinate varlations in space-time. Therefore, wedefine 

new variations in the potantials by 

h 

óA öA + egrad -.J!, (5.39b) 

h 

Clearly, we still have öLvAC = öLvAC· We demonstrata this gauging for the 

t- and x-rules. Since the t-rule is connected with the varlation (x,t) ~ 

(x,t+e) on space-time, we expect the variations (5.39b) to be 

A 

óA e(atA + grad ~). 

Obviously, lf we put~ ~. then 

öA = - eE. {j~ o. 

h 

yielding öE = eatE and öB = eatB. Substituting these variations into 

(5.39a) yields the original t-rule (5.34). The second example is the 

x-rule, which results from the varlation (x,t)-+ (x+ ea,t), where a is 

constant. If we now choose for -.J! = - a•A, the variatlons (5.39b) become: 

h 

öA = - eaxB, 



105 

Substituting these varlaUons in (5.39a) yields the x-rule (5.35). The 

conservation laws that result from the rotatien invariance in space-time 

can be found in a similar way. 

5.4 The electromagnetic field ln an undeformed materlal 

In this section we describe the electromagnetic field inside a polarisable 

material in absolute rest, but still without the presence of free sources. 

Although at flrst sight we expect soma motion of the medium due to the 

interaction with the field, we neglect this motion completely. Later on, 

we shall find out to what extend this model is a good approximation. 

So we alm for a description of a system that only depends on the 

fields E and B. These fields still have their usual potentlal representa

tions (5.31). We first examine the Lagrangian density as a general 

function in E and B, excluding, however, a dependenee on the derivatives 

of the fields, which give rise to dispersion effects. Therefore, we 

consider the following type of action: 

(5.40) 

The system to which this action applies, will be referred to as the 

em-system. Clearly, this system is invariant under the usual gauge 

transformatlens mentioned in the preceding section. Because of the chosen 

potentlal representations of the fields, Maxwell's equations (5.32) still 

hold as identities. Let the derivatives of LEM be denoted as 

a 
D: = BE LEM:: D(E,B), 

a 
H:=- BB LEM = H(E,B). (5.41) 

With LEM given, these definitions reprasent the materiaL equations of the 

mater lal. Varying the action wi th respect to the potantials and then 

integrating by parts yields: 

Then the action principle entails the A- and ~-rules, namely 

D,t- curl H 0, div D = 0, (5.42) 
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which agree with the usual souree-free Maxwell equations on the fields 

lnside a polarisable material. 

Next, we derive the basic conservat ion laws connected wi th symme

tries on space-tlme. Thelr physical meaning is glven at a later stage. 

Because LEM does not depend explicitly on t, the followlng identity holds: 

Here, the time derivatives of D and B are ellmlnated wlth Maxwell's 

equations. When next the vector identlty dlvExH = H•curlE - E•curlH is 

applied, the following conservation law results: 

where E:= D·E - LEM and C:= ExH, (5.43) 

This equatlon represents the t-rule of the system, where E is the Legandre 

transfarm of LEM(E,B) wlth respect to E. 

Since LEM does nat depend explicitly on the coordinates x the system 

is also invariant under rigid x-translatlon. Converting the identity 

with the appropriate vector identity ylelds 

grad(LEM + H•B) = Dxcurl E + D~.k + BxcurlH + B~.k 

Eliminating the curl's wlth Maxwell's equations eventually leads to the 

x-rule of the em-system: 

and 

• k 
Zi.t = T i.k where Z := DxB (5.44) 

The demand for invariance under rigid rotatlons of the x-coordinate system 

requires LEM to depend on the magnitude of the electromagnetic fields 

only. The theoretica! posslbillty of a dependenee on E•B is net considered 

here, since this only leads to rather unphysical relations. The materlal 

relations (5.41) then become 

D -1 H = J.L B, (5.45) 
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where the material constants ë and ~ still depend on the magnitude of the 

fields : the system is isotropic . A glance at the flux tensor in the x-rule 

(5.44) shows that the isotropy assures a synunetric flux tensor. The 

corresponding conservation law is the x-rotation rule of the system and it 

reads like (5.36). 

Finally . we note that Z and C are related to each ether. With the 

material relations (5.45) we find 

2 with ~ = (nlc) • (5.46) 

where n is the refractive index of the material and c is again the vacuum 

speed of light. 

The generality of the em-system is restricted by the fact that the 

system should contain the vacuum system as a special case. For this 

purpose we separate the vacuum part from the original Lagrangian LEM(E.B) 

in (5.40). Let the material part be denoted by U, then: 

(5.47a) 

where U(O.E.B) = 0 . No synunetries on U are imposed: the raferenee to the 

constant mass density Po is only made for later convenience. The material 

relations (5.45) now take the usual. still general ferm: 

(5.47b) 

where P := 8U/8E is called the electrtc pol.artsa.tton and M := 8U/8B the 

magneti.sa.tton of the materiaL For brevity we will aften refer to these 

fields as pol.artsa.ttons only. In the special case the Lagrangian density 

reduces to the quadratic function 

the system is referred to as the Hnear em-system. The corresponding 

conserved densities are denoted with the subscript LEM· 

From the t-rule (5.43). x-rule (5.44), and x-rotation rule we could 

infe r that the em- system is isolated from its environment with respect to 

the coordinate system fixed to the materiaL However, evidence of this 
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isolation is only obtained when a conservad-flux rule can be constructed 

from the t-rule and the x-rule. This requires a linear polarisable 

material, or constant refractive index . The result looks exactly the same 

as eq. (5.37) for the vacuum system with c replaced by c/n. As for the 

acoustic system and vacuum system, this rule shows again that the centre 

of ELEM has a uniform motion. 

Actually, at this stage it is still not possible to nominate proper

ly the constants of the motion in terms of energy and momentum. Perhaps we 

may identify the integral of the t-rule (5.43) as the energy of the em

system, since i t contains the energy of the vacuum system as a special 

case. But with regard to the x-rule the interpretation is less obvious. 

Relevant, however, is the fact that the x-rule holds with respect to a 

fixed coordinate frame like at the acoustic system. For a better compre

hension, we first have to take the motion of the material into account . 

For later reference, we relate again the density of the x-rule to 

the veloei ty of the cent re that corresponds wi th integral &LEM of the 

t-rule. Let VeE denote this velocity, implicitly defined by: 

(5.49) 

Since VeE is a constant of the motion, the centra moves uniformly again. 

We observe that the ratio between the integral of the x-rule and the 

centre velocity, resembles better the similar ratio for the linear 

acoustic system than the one for the vacuum system. The propagation speed 

c/n depends on the chosen coordinate frame like the speed of sound a0 
does. Another similarity with the acoustic system is the presence of a 

medium as a bearer. 

5.5 On the electromagnetic field in a polarised fluid 

When a polarisable material is exposed to an electromagnet!c field, the 

material experiences a force field. Then, deformation takes place and a 

motion is caused. For the description of this interaction, we set up a 

variational principle for a polarised fluid. We expect that a suitable 

Lagrangian density then depends on the physical fields p, j, E and B. A 

possible generalisation with dispersion is not pursued. We propose the 

following action: 
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The system described by this action will be referred to as the coupled 

system. The auxiliar fields on which L depends are supposed to have the 

usual potentlal representations (5.1) and (5.31). Accordingly, the mass 

conservation (5.2) and Maxwell's identities (5.32) hold. We maintain the 

usual notations for the derivatives of L and put 

aL 
q := ap 

aL 
w := aj • 

aL 
D := aE ' 

aL 
H ·-- aa (5 .50) 

The derivation of Lagrange's equations fellows entirely the calculations 

of the preceding sections. Hence, the M-rule (5.4), which leads to the 

Euler equation (5.6), and the A- and .p-rules (5.42) still hold, though 

with the understanding that the derivatives (q,w,D,H) now depend on all 

auxiliar fields (p,j,E,B). Furthermore, like we explained in sectien 5.2, 

the interesting physical forms (5.7-10) of the Euler equation still hold. 

In particular, i t is worth mentlening the generalised conservation laws 

for the vorticity ~:= curl w, cf. (5.8), and the helicity density w·~. cf. 

(5.9) . The vorticity equation then shows that a zero vorticity is still an 

exact possible solution of the system. We return to this subject in the 

next section. 

Let us now look again after the ten basic conservation laws, like we 

did for the previous systems. The physical meaning of these laws are post

poned for a while. Since L does not depend explicitly on time we have the 

identity 

atL(p,j,E,B) = qp,t + w·J,t + D•E,t- H•B,t 

or, 

(L- w•j- D•E),t = qP,t- j•w,t- E•D,t- H•B,t. 

We eliminate the time derivatives on the right side subsequently with the 

conservation of mass, the flow equation (5.10), and Maxwell's equations. 

Raarrangement of the terms thus leads to the t-rule: 

E,t + div C = 0, 

where (5.51) 
E : = w•j + D•E - L, C .- - qj + ExH. 
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The lack of explicit dependenee of L on xi allows for the identity 

or 

(L- pq- j•w),i = p(q + v•w),i - pw•v , i + D•E,i- H•B,i. 

With the help of (5.6) we rewrite the first two terms on the right side of 

this equation. Then the new Euler equation of the coupled system results: 

(j•w + pq- L),i + D•E,i- H·B, 1 . 

Furthermore, we apply the same type of vector identity that we used in the 

deduction of (5.44), and eliminate the arisen curl's with Maxwell's 

equations. Eventually, we arrlve at the x·rute: 

• k 
'ITi,t = T i,k where T:= pw + DxB, 

and (5.52) 

Tki .- (pq + j•w - H•B - L)ö~ - jkw1 + D~i + BkH1 . 

This conservation law gives also rise to a strain rule, like we found for 

the pure fluid, cf. (5.14). Therefore, we substract from the x-rule (5.52) 

with curl w = 0, the eq. (5.7) in which w and q are now given in (5.50). 

Then the stratn rute becomes 

iff curl w = 0, 

where (5.53) 

Z := (p - Po)w + DxB. 

No further symmetries connected with the cbserver's frame are found unless 

we put restrietlens on the Lagrangian. It is rather obvious to assume that 

L(p , j,E,B) has to generata as special cases the time evolution of both the 

pure fluid system and the vacuum system. In order to support this assump

tion we put first 

L(p,j,E,B) = LFL(p,j) + LvAc(E,B) + W(p,j,E,B), (5.54a) 

where the term W accounts for the electric polarlsatlon and magnetisatlon 

that couple the vacuum system to · the fluid system. Let us now examlne 

whether the em-system LEM is a special case of this coupled system. 
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fherefore, we choose the material function W in such a way that it becomes 

related to the material function U (5.47a) of the em-system. This means 

that we should put 

* * W(p,j,E,B) := U(p,E ,8 ). (5.54b) 

where E* and a* are the electromagnetic fields that are experienced by the 

moving particles. These fields are usually given by 

E* := E + v><B, (5.55) 

which are in fact approximations of similar expresslons in a Lorentz

relativistic desciption , cf. (7.21). Then, if we put j = 0 and p =Po in 

(5.54b), we reeover the material function of the em-system. 

Let us now denote the derivatives of W(p,j,E,B) by: 

8W 
aj == K. 

8W 
aE =: P, 

8W aa == M. 

With these definitions the derivatives (5.50) of L(p,j,E,B) are split up. 

Let further qFL:= aLFL/ap. then we have: 

q =qFL +qEM• w = V + K. D = E + P, H = c2a- M, (5.56) 

With these expresslons we are in a better position to cernpare the results 

of the different subsystems. 

lf we put E=O and 8=0 into the t-. x-, and strain rule, we reeover 

of the fluid system, with w=v, subsequently lts t-rule (5.11) or the 

energy balance, lts x-rule (5.13) or the momenturn balance and lts strain 

rule (5.14) or generalised pseudomomenturn balance. Hence we expect subse

quently eq. (5.51) to reprasent the energy balance of the coupled system, 

with E as the total energy density; eq. (5.52) to be the momenturn balance 

with T as the total momenturn density; and finally eq. (5 . 53) to be a 

pseudomomenturn balance. However, these identifications have a limited 

value in the sense that we did not show yet whether these equations apply 

to all inertlal observers. We return to this subject later on. 

If we put j=O and p=O into the conservation laws, the energy balance 

(5.51) confirms that (5 . 34) is the energy balance of the vacuurn system, 

and the momenturn balance (5.52) confirms that (5.35) is the momenturn 

balance of the vacuum system. The d i fference between the pseudomomenturn 
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balance (5.53) and the momenturn balance vanishes in this solution. 

Let us now examina whether the em-system (5.40) is a subsystem. 

Therefore, we suppose for the time being that the coupled system admits 

the rigtd-body sotutton, i.e. P=Po and j=O. Clearly, in this solution the 

Lagrangian of the coupled system reduces to the Lagrangian LEM of the 

em-system. Let Do and Ho denote the values of D and H in this undeformed 

state. Then, in the rlgld-body solution the conservation of energy (5.51) 

reduces to the t-rule (5.44) of the em-system. This shows that 

mlght reprasent the energy denslty of the em-system, like we expected 

already in the previous section. However, also in the rigid-body solution, 

1t is the strain rule (5.53) that reduces to the x-rule (5.44) of the 

em-system. It fellows that DoxB, known as Minkowski's expresston, mlght be 

termed as the pseudomomentum denstty of the em-system. To obtain the 

candidate momenturn of the em-system, we put the rigid-body solution in the 

momenturn aquatien (5.52). The resul t shows that the term (PoKo + DoxB) 

would reprasent the momenturn density of the em-system. Clearly, if this 

would be true then we should explain why we did not flnd this conservation 

law in the previous section. To solve this problem we determlne K flrst. 

To thls purpose, we relate the derivatlves (qEM•K,P,M) of the 

* * material function W(p,j,E,B) to the derivatives of U(p,E ,B) by means of 

its definltlon (5.54b). Let 

p* := au;aE*, q* .- 8U/8p, 

and cernpare the varlatlens of W and U with respect to the varlatlens of 

(p,j,E,B): 

* * Here the varlatlens of E and B are with the use of (5.55) expressed into 

varlatlens in v, E, and B; the varlation öv is expressed into öp and öj by 

using the relation Öj= pöv+vöp. And so we obtain the following relations: 

p p* + vxM*/c2 , M = M* - vxP*, 

and (5.57) 

pK -P*xB - ExM*/c2 , * - v•K. qEM = q 
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Now we have found an expression for K, which enables us to rewrite the 

momenturn density Y in (5.52) of the coupled system. Since w = v + K the 

momenturn density reads 

w = j +pK +DxB 2 * * 2 = j + ExH/c - (P -P)xB - Ex(M -M)/c . (5.58a) 

In the assurned rigid-body solution we would find as the possible momenturn 

density of the em-system: 

(5.58b) 

This expression for the momenturn of the total electromagnetic field is 

lmown as Abraham' s expressi.on. However, we still do not see how, in 

gener al, '~~'EM can be a conserved quant! ty of the Lagrangfan LEM. Th is 

defect demonstratas that likely the rigid-body solution is not a solution 

of the coupled system, which will be confirmed in the next section. 

As we are not able yet to split the coupled system proper ly, we 

might at least find out whether the coupled system ltself is an isolated 

system. Therefore, we determine an x-rotation rule, which requires the 

system to be isotropic . For its derivation it is sufficient to show that 

the flux-tensor in the x-rule (5.52) is symmetrie. This will be the case 

if LEM is rotation invariant. Therefore, we contract this tensor with the 

permutation tensor. The result is a torqua T with components T1 :=êij~jk· 
Then, 

T -jxw + DxE + BxH - jxK + PxE - BxM. 

For the proof that this torque is zero we use the starred electromagnetic 

fields; substituting the polarisations from (5.57) in the torque T, and 

using twice the Jacobi identity on vector multiplication yields 

Obviously, T vanishes if the fluid possesses isotropie polarisation 

* * properties in the frame where the fluid is at rest: i.e. P = XeE and 

* 2 * M = c-xmB holds if the function U in (5.47a) is rotational invariant. It 

follows that if U of (5.54b) depends on the magnitudes of the starred 

electromagnetic fields, the coupled system is invariant under rigid 

rotations of the coordinate frame. The corresponding x-rotation rule 
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represents the conseroation of the angular momentum. It fellows that the 

coupled system is an isolated system, though still only with respect to a 

limi ted cl a ss of observer' s frames. For, we are not able to apply the 

conservecl-flux property, which requires the impossible identification of 

the energy flux C in (5 .51) with the momenturn density T. The discrepancy 
2 can only partly be lifted by adding the mass conservation times c to the 

energy balance (5.51): 
2 

(pc + E),t + div CMOD = 0, 

where (5.59) 
2 (c - q)j + ExH 

is the modified energy flux. This modified flux is still not equal to the 

momenturn denslty of (5.58a). Moreover, q contains terms that should be 
2 neglected with respect to c in order to be consistent with the present 

Newtonian approximatlon. Obviously, the salution must be sought in a 

Lorentz-relativistic description. The reason for this deficiency is caused 

by the mismatch in symmetry of one system to the other: the fluid is only 

Galilean invariant, whereas the electromagnetic field in vacuo is not, but 

in fact only Lorentz invariant . We are not using the proper spaca-time 

structure for the description of both type of systems at the same time. 

Because the present coupled system is not invariant to all inertlal 

observers, the fundamental value of the constants of the motion that we 

found is restricted. Accordingly, no useful statement on the uniform 

motion of the mass or energy centra could be found. To evereome this 

problem, we set up a Lorentz-invarlant fluid dynamics in the next chapter. 

The mismatch in symmetry wil! loose i ts meaning, the more the 

velocity approaches zero. This also follows from the modified flux CMOD in 

(5.59) that approaches Abraham's expression. In the next sectien we shall 

linearise the coupled system around j = 0. In this approximation we have a 

common symmetry, and then we can get also a better understanding of the 

interaction i tself. Then, we find out to what extend the rigid-body 

salution is a good approximation. 

5.6 Lowest-order approximatlon of the coupled system 

For a better comprehension of the interaction between polarisable matter 

and an electromagnetic field, we examina in this sectien the coupled sys

tem in a small-amplitude approximation. We still expect a global equili

brium state in which the flelds E, B and j are zero and the mass density 
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is a constant p0 , for which we take unity. Near this state the auxiliar 

fields are represented by power series in a small-value parameter é, i.e. 

j 0 j. 2 j" 3 

[ 
p l [ 1 l [ p '] [ p"] ~ = g + é ~: + é ~:: + O(é ). 

With these series we expand the total lagrangian l(p,j,E,B) and the 

corresponding basic conservation laws. For this purpose, we raarrange the 

division of (5.54a) for the Lagrangian of the coupled system. Following 

Broer [8], we put 

{

l(p,j,E,B) = LFL(p,j) + LEM(E,B) + LINT(p,j,E,B), 

with LINT= W(p,j,E,B) - W(p0 ,0,E,B), 
(5.60) 

where LFL represents the Lagrangian (5.18a) of the fluid system and LEM 

the Lagrangian in (5.47a) of the pure em-system, cf. (5.54b). This parti

tien reflects an imaginary splitting of the coupled system, that can only 

ba realised if the rigid-body solution exists . Series expansion of L shows 

that the leading term in LINT in (5.60) is at least of the third order, 

while those of LFL and LEM are quadratic. For an isentropic em-system the 

leading terros of the total Lagrangian (5.60) are: 

(5.61) 

where the acoustic part lAc is given in (5.20) and the linear em-part LLEM 

in (5.48). The absence of an interaction term indicates that the subsys

tems do not feel each other in this approximation. Only in the third order 

the interaction term appears: 

The partition (5.60) in L is now traeed in the basic conservation laws. 

Let Do and Ho denote the values of D and H in the undeformed state. The 

energy density E and the energy flux C of the t-rule (5.51), where wand q 

are given in (5.56), can easily be split as 
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Here, the subscript FL rafers tothefluid part given in (5.11), and the 

subscriptEM refers to the part of the em-system given in (5.43) . For the 

interaction part is left over 

where K and qEM are given in (5 .57). Obviously, the t-rule follows the 

Lagrangian splitting (5.60) as the leading terms in the expansion of the 

interaction parts are of the third order. lt follows that the t-rule of 

L(2 ) thus amounts to the sum of the acoustic part (5.25a) and the em-part 

(5.43) that corresponds with the quadratic Lagrangian LLEM of (5.48): 

where (5.62) 

C 2 'j' AC = ao P • CLEM = E' xH'. 

Here we let D'= E'+P' and H'= c~'-M' denote the linearlsed material 

equations, where the polarisations P' and M' are llnear in E' and B', 

respectively, and hold for constant mass density. 

If we split the total momenturn denslty T of the x-rule (5.52) in 

such a way that it corresponds with the Lagrangian splitting (5.60), then 

we would get 

where TJNr:= pK + (D-D0)xB. (5.63) 

However, in this split ting, the leading terms in the interaction part are 

of the second order ins tead of the third order. Obviously, the splittlng 

of the momentum, and thus the x-rule of the coupled system, does not 

follow the splittlng (5.60) of the Lagrangian. Moreover, aftar comparlng 

the series expansions, we find that the leading term j' in the fluid part 

is not the conserved density that corresponds with LFL (2 )= LAc· Therefore, 

we involve the strain rule (5.53), albeit this rule only holds for the 

coupled system in lts generalised irrota tional state, which is an exact 

possible solution. In thls solution the vorticity of the pure fluid obeys 

* * 2 wFL:= curl v = curl (P xB/p + ExM /(pc )). (5.64) 

This solution shows clearly the phenomenon that polarisa tion and magneti

sation induce vorti city in the fluid flow. As the splittlng of the dens ity 
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in the strain rule (5.53) we take 

where 

ZINT:~ (D-D0)xB + (p-l)K. 

This splitting shows clearly the fact that the corresponding splitting of 

the strain rule will follow the Lagrangfan splitting (5.60). Hence, it 

keeps the same order as the Lagrangfan does during the expansion. 

Moreover, the leading terms are of the second order and reprasent at the 

sametime the conserved density in the x-rule of L(2). This rule is the 

conservation of the pseudomomenturn Z"= ZAC + ZLEM• whose individual terms 

are related to the energy fluxes CAc and CLEM in (5.62) above by: 

(5 . 65) 

cf. (5.27) and (5.45). Therefore we find that, together with the conserva

tien of energy, the strain rule instead of the conservation of momentum, 

fellows the splitting (5.60) in the Lagrangian. This anomaly is explained 

by the fact that the splitting (5.60) introduces a preferred coordinate 

system, which changes the meaning of the translation invariance of the 

system. 

If the linearised system L(2 ) would be an exact system, there would 

be no coupling at all. Due to the non-linearity, however, interaction will 

inevitably take place. Then, the linear system and lts conservation laws 

are only approximations of the coupled system and lts conservation laws. 

In that case, the momenturn equation is involved too. To find the splitting 

of the total momentum, we expand (5.58a) by putting T ~ e.T'+ e.
2

T"+ O(e.3 ). 

Then in the first order, only a mechanica! contribution is present: T'~j'. 

lts conservation shows that in the present equilibrium state there is no 

momenturn exchange with the electromagnetic field in this approximation. 

Because in this state, the field does not excite the linear acoustic 

system in the fluid, the acoustic variables p' and j' may be taken zero. 

If. however, the equilibrium state would involve some non-zero static 

magnetic field, then a coupling with the acoustlc variables will in 

general take place. The second-erder contribution .,. .. to the total momenturn 

in (5.58a) becomes: 

j" + E'xH'/c2 . (5.66) 
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Since j" is the (second-order) momenturn density of the fluid, the term 

E'xH'/c2 must be the momenturn density of the electromagnetic field. Both 

parts, however, contain a term that sterns from L(3), because the momenturn 

splitting (5.66) does not follow the splitting in the Lagrangian. 

Furthermore, we observe that E'xH' is also conserved on its own, since 

E'xH' differs only by a constant (n/c) 2 from the conserved D'xB', 

cf. (5.46). Then, it follows that j" must be conserved too. The fact that 

j"= 0, at non-zero em-fields, is not a solution is shown in the sequel. If 

j";o! 0, then j" and E'xH' must be proportional by a constant. Therefore, 

the momenturn equation shows that the em-field transfers a momenturn to the 

fluid. This interaction thus sterns from the third-order terms in the 

Lagrangian. It follows that the rigid-body solution is no exact solution, 

though a good approximation up to the second order. Hence, the linear 

em-system is an useful Lagrangian system. 

We illustrate the linearised coupled system with a simple model, in 

which the acoustic solutions p' and j' are taken zero. As solutions of the 

linearised Maxwell equations, we take the plane waves E' and B' in the 

x-direction. We let E' point along the y-direction with magnitude e, and 

B' along the z-direction with magnitude b. Then e and b must satisfy 

e e(x - tc/n) bc/n. 

where c/n is the propagation speed and n the index of refraction. We limit 

oursel ves to material wi th a constant specific polarisation coefficient 

a = Xelp, and neglect for the sake of simplicity the magnetisation. In 
2 2 that case the refractive index is determined by n =é~c =l+X9 • The contri-

bution of the polarisation to L is then given by the material function 

(5.54b), or 

W(p,j,E,B) 

The leading term in the expansion of this function is: wC 2) = ~ ae2 . 

Now we determine the optica! excitation of the fluid variables p" 

and j", which are coupled to the am-field. Let w" = (w",O,O); from (5.7) 

we only need the non-zero x-component: 

(5.67) 

According to (5.56) we have: w"= v"+K". Because we have put p'= 0, the 
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second-erder veloei ty v" is identical to j". The term K" is determined 

from the relation (5.57), and reduces in the present field configuration 

to: K"=-aeb; hence we find that w"=j"-aeb. The term q" in (5.67) becomes 

in absence of the acoustic mode: q"= ~ ae2 The gradient of this q" 

converts with Maxwell's equation: b,t = -e,x into a time derivative. The 

re sul ting equation shows tha t j"= 0 is only solution iff the em-field is 

zero . This shows that the coupled system has in general no rigid-body 

solution. Obviously, the electromagnetic field forces the fluid to move, 

albeit at the secend order. Then, with use of the appropriate initial 

condition, we arrive at the following optical excitation of j" 

j" = ~ aeb. (5.68) 

Obviously, j" is a travelling wave with propagation speed c/n, forced by 

the electromagnetic field. The second-erder conservation law of mass 

further shows that p" and j" are related by 

j" p" c/n . (5 .69) 

This expression for j" shows the analogy of the optica! excitation with 

the acoustic excitation (5.22c). 

5.7 The dynamics of a cold plasma 

In the preceding sections, we examined the dynamics of a souree-free fluid 

in a Lagrangian formulation. A variational formulation for a continuurn 

with free charges can also be set up, if we account for the electromagne

tic f ields as the macroscopie re sult of some sta tistical description. 

Although we know that a completely invariant description to all inertlal 

observers requires a Lorentz-relativistic approach, we are satisfied 

already with the vorticity relations and most basic conservation laws. 

Consider a mixture of two inflnitely extended, charged fluids: one 

fluid reprasenting the !ons and the other the electrons. We assume that 

both fluids are continuously distributed over the whole space: the parti

ele density of each component vanlshes nowhere, thus causing a quasi

neutral two-fluid. The flow of each fluid can then be represented by lts 

own triple of material potantials. For reasens of simpHei ty, we neglect 

the usual mechanica! interactlens in the fluid, as they are not essential 

for the flow propertie s we want to describe. We assume everywhere a local 
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thermodynamic equilibrium, and neglect inelastic collision phenomena such 

as ionisation and recombination, thus excluding radlation effects. This 

type of two-fluid system is often called the cotd ptasma. 

Let all !ons have a unit mass and unit charge and !et a be the ion 

density and V the velocity of the !ons. Then, the mass stream density and 

charge stream density can both be described with the same field J := aV. 
Let the electrens have mass m < 1, charge -1, veloei ty v and electron 

densi ty p, then the charge densi ty of the electron fluid is -p and lts 

mass density mp. Let j:= pv, then the corresponding stream densities ., 

become -j and mj respectively. 

To the flow of each component we assign the usual potentlal repre

sentation as given in (5.1), wlth the potantials M~ and M~ respectively. 

Due to these representatlons the partiele densi ties of both species are 

tr!v!ally conserved: 

8tp + d!v j = 0; 

The macroscopie electromagnetic fields E and B are again assumed to 

have the usual potantials A and ~. causing the souree-free Maxwell aqua

tions (5.32) to be identities again. We now examina the following action: 

(5 .70) 

where the Lagrangian is composed of the kinetic energlas of both type of 

flulds, the usual contributton from the vacuum fields LvAC of (5.31), and 

soma interaction term L3. Hence we write: 

L = .,: J2 + ~ J2 L (E B) L ( J j A ) LU 2p + VAC • + 3 a,p, • • .~ • (5.71) 

where we let L3 depend on A and ~. but not their derivatives. Then the 

variational derivatives of L3 reduce to ordinary partlal derlvatives, for 

whlch we write 

- -~ Je ·- aA ' Pc== - ~-

Here the minus-sign is used for later convenlence. 

We now show that L3 bacomes completely determined, if the total 

Lagranglan denslty has to be Neether invariant under the infiniteslmal 
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gauge transfonnations: óA = - E-grad-ji, ó.p = é8t-JI· Since these gauge 

varlatlens do not affect LvAC and the mechanica! part of L, we are left 

with an expression for óL that, after partlal differentiation, can be 

written as 

Obviously, the varlation of the action becomes trivially zero, iff 

0 (5.72) 

holds trivially. This will indeed be the . case if, Pc and Je are linear 

combinatlens of in the mechanica! fields. Hence we put: Pc = ao + ~p and 

Je = aj + ~J. where a and ~ are constants. The constants a and ~ become 

fixed by the global neutrality of the plasma, i.e. Jd3xpc = 0. This shows 

that a=-~. As we are free to put a=1, we arrive at 

L3 = Jc•A - Pc<~'• 

where (5.73) 

Pc ==a- p. Je ·- 1- J, 

We cbserve that L3 is linear in the em-field potentials, whereas the inter 

action term U of the polarisable fluid is at least quadratic. The lineari

ty of L3 can also be understood from the familiar superposition principle. 

Once, the interaction term is fixed, the ether derivatives of L now 

become fixed too: 

w ·- aua1 V+ A, Q ·- auaa - ~ v2 - op, 

(5.74) 

w ·- auaJ = mv - A, q := auap --'h mv2 + <p. 

Let us now detennine Lagrange's equations. The A-rule and <p-rule yield 

Maxwell's equations with source: 

Pc = div E, (5.75) 

where Pc and Je are given in (5.73). We cbserve that these relations look 

as some sort of potentlal representations of the new mechanical fields Je 
and Pc, in tenns of . E and B. In this respect, Maxwell' s equations with 
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souree show resemblance with the acoustic representation (5.23). This can 

be understood by looking upon Pc and Je as perturbations of a quasi

neutral fluid. Then, the E-field acts as a potentlal that corresponds to a 

longitudinal mode, and 8-field as a potentlal that gives rise to the 

transversal mode in the perturbation of the flow . The transversal mode is 

absent ·as a pure acoustic wave mode in an irrotational fluid. But now the 

magnatie field lines form an extra "medium" for wave propagation. These 

waves are known as Alfvèn waves. 

Similar to the single-fluid description the M1-rule and M2-rule of 

the action (5.70), can be cast into the form of (5 .7): 

VxO, vxw, 

where (5.76) 

IT ·- curl w = n + 8, w .- curl w mc.J - 8, 

are the vortietties of the plasma, with n = curl V as the ion vorticity 

and w = curlv as the electron vortlei ty. The equations (5. 76), whlch 

govern the motion of each component, show us that for non-vanishing fields 

neither V = 0 nor v = 0 is a solution of the charged system. Thus we may 

not neglect the motion of one of the components of the system. From these 

equations we directly obtain the equations that govern the corresponding 

vorticity. Taking the curl yields indeed the following conservation laws 

on the vorticity: 

at IT ~ curl(VxÖ), at w = curl(vxw), (5.77) 

These equations are generalisations of (5.8). They show us that IT = 0 and 

w = 0 are exact possible solutions. lt fellows that 

n - 8, or w = 8/m, or mc.J + n 0, 

form three possible solutions of the system. In the first two solutions, 

the vortex lines of each fluid component follow the magnatie field lines . 

lf both vortex lines fellow the field at the same time, the total flow of 

the two-fluid bacomes irrotational. Apparently, the magnatie field pre

vents the individual flows to become irrotational. Each of these possible 

solutions reduces the dynamica! equations (5. 76), which enables us to 

derive corresponding strain rules. 

With each of the two fluids can be connected a helicity. Thelr 
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generalised conservation laws are found by mul tiplying (5. 76) wi th the 

vortiel ties, and by using (5. 77). The integrals of these laws are the 

constants of the motion 

and 3 Jd x (mv- A)•(mw- B), 

i.e. the helielties of the ion flow and electron flow, respectively. 

Let us now examine the t- and x-rules of the cold plasma. A good 

deal of work is avoided if we use a derivation of these rules that is 

perhaps less systematic than we used in the first sections of this chap

ter. However, we have a fair idea how these equations in part will look 

like, since the number of physical conservation laws is limited. Let us 

therefore convert the equations of the motion in Euler's form: Multiply 

(5. 77) wi th a and p respectively, and use the appropriate convective 

time-derivative for each component of the plasma; then 

D(i) • 
aDt V = aE + J~B. 

D(e) 
Pot mv = - (pE + J~B). (5.78) 

As it should, the only internal forces that are present in the charged 

system, are the Lorentz forces. If the continuity equations in a and p are 

applied to these equations, and the results are added together, then we 

arrive at 

k k • 
(J + mJ) , t + (V J + mv J),k =PeE+ JexB. 

In this balance equation the Lorentz force on the right side has to be 

eliminated. Manipulating Maxwell's equations shows that also the following 

balance equation on the electromagnetic field holds: 

k_ 2k_ • . 
(ExB),t + grad EvAC- (E-~ + c s-~).k =-PeE- JcxB. 

Gomparing the left sides of the above equations gives the x- rule of the 

cold plasma: 

(J + mj + ExB),t + grad EvAC + ~.k ~ 0, 
where (5.79) 
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Obviously, this x-rule shows that the the surn of the mechanica! mornenta 

and the momenturn of the vacuum-field is conserved. Hence, we expect this 

rule to reprasent the conservat ion of the momenturn densi ty of the cold 

plasma. It shows that the interaction, though present in the Lagrangian, 

does not contribute explicitly to the momenturn of the system. In a sirnilar 

way the t-rule is found by scalar multiplication of the Euler equations 

(5.78) with V and v, respectively . Because of the balance relation 

which follows from Maxwell' s equations, we obtain the t-rule of the 

plasma: 

(5 .80) 

where E1 and E2 denote the kinetic energies of each of the plasma compo

nents, and EvAC the energy of the fields in vacuo . Therefore, we expect 

this rule to reprasent the conservation of the energy of the plasma . We 

observe again that no interaction term is present in this rule. Clearly , 

the superposition principle applies also to the momenturn and energy of the 

systern. This result sterns from the linearity of the interaction term L3 in 

the velocity. As the flux tensor in the momenturn equation is symmetrie. 

the cold plasma is an isolated system with respect to the chosen coordi

nate system . A complete invariance with respect to all inertlal observers 

needs a Lorentz-relativistic approach. 

5.8 Conclusions 

Let us now surnmarise the results that are obtained in this chapter. The 

coupled system that we examined is not Galilean-invariant. Therefore, the 

conservation laws only hold for a restricted class of observers, thus 

restricting the meaning of the corresponding constants of the motion . 

Despita this restriction. we keep using the narnes energy and rnomentum . 

In this chapter, we used the coupled systern to apply the concept of 

momenturn to the electromagnetic field in a polarised fluid . We deterrnined 

the momenturn of the coupled systern with the help of the x-rule; this rule 

follows from the invariance of the system under the translation of the 

coordinate frame. Moreover, we introduced the strain rule for the 

generalised irrotational flow as another conservation law. As an 
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introduction, we examined the fluid system and lts linearised ferm, the 

acoustic system. 

We found that at the secend order, the strain rule of the fluid, 

instead of x-rule of the fluid, represents the x-rule of the acoustic 

system. This fact is explained by the observation that in linearising the 

fluid system an equilibrium state is introduced, and with it a preferred 

coordinate frame. Obviously, the meaning of translation invariance has 

been changed and, by that, the physical meaning of the corresponding 

constant of the motion, now called pseudomomentum. 

Then, we applied the same reasoning to the coupled system. Therefore 

we analysed the system around an equilibrium state in which the motion and 

the em-fields are zero. We found that near this state, the coupled system 

splits in two non-interacting linear subsystems: the acoustic system and 

the em-system. These systems have independent lagrangians, which are at 

the same time the secend-order expansion terms of the lagrangian of the 

coupled system. The equilibrium state, wherein both systems share the same 

propagation medium for their solutions, defines again a preferred 

coordinate system. Then, the second-order strain rule becomes again the 

x-rule of the linearised coupled system. For the individual conserved 

pseudomomenta we found 

P 'V' ( =p ' j ' ) , and D'xB', 

for the sound and electromagnetic field, respectively. If we consider the 

second-order momenturn of the coupled system, we find j"+E'xH'/c2 as the 

total momenturn density, where 

j"=v"+p'j', and E'xH'/c2 K" + D' xB'. 

These momenturn parts stem, in contrast with the pseudomomenta, partly from 

the third-order expansion terms in the Lagrangian, namely those terms that 

are linear in j'. 

Actually, we have a similar case at the charged system. In this 

system, there is also a momenturn exchange from the electromagnetic field 

to the material components of the plasma, whereas this exchange is not 

represented by a term in the conservation law. This effect is caused by 

the interaction term in the Lagrangian, which is also linear in pand j. 

The non-linear coupled system cannot be split in isolated subsystems 

other than the fluid system and vacuum system, because there is no rigid-
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body solutlon. This conclusion can be drawn from momenturn exchange that 

takes place at the second-erder . In contrast wi th j' , the variabie j" is 

forced by the em-fieid and therefore contributes to the totai momenturn of 

the fluid. The variabie j', which describes the acoustic motlon, may be 

chosen zero . Then, we conclude that up to the secend order, Abraham's 

expression E'xH'/c2 represents the momenturn density of the totai eiectro

magnetic field. 

The physicai picture of the Iinearised system thus shows that, as a 

good approximation, the sound and eiectromagnetic waves do not see each 

ether, due to the enormous difference in propagation speed . 

The fact that D' xB' is a pseudomomenturn density and E'xH'/c2 the 

momentum, was aiready notified by Cordon [5] , and agrees with the opinion 

of ethers, see [7] and [14] . Our contribution the description of the 

probl em by using a natura! mathematicai structure that is based on 

Lagrangians . 
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CHAPTER 6 

TiiE FLUID AS A tORENTZ-INVARIANT LAGRANGlAM SYSTEM 

6.0 Introduetion 

The alm of this chapter is to present a torentz-invariant description of 

the perfect fluid by using the Lagrangian formulation . Once a sul table 

variational principle is found. the basic conservation laws that 

correspond with the Lorentz invariance of the action. as well as those 

that govern the vorticity of the flow, are derived. Although many results 

can be found already in ene way or the other in the literature. it is the 

systematic approach we aim at that is different. At the same time we find 

also some new results, such as the conservalion law for the helicity and 

the Lorentz-covariant description of acoustics. 

A torentz-invariant and a Galilean-i nvariant description have in 

common the fact that in both cases inertlal frames are used. With respect 

to these frames, the cent re of inert ia has a uniform mot ion. But the 

meaning of inertia in a Calilean space-time is different from the meaning 

of inertia in a Lorentz space. This time, energy and mass get the same 

status, which enables us to carry over the mechanica} concept of momenturn 

to pure field systems. The 10- parameter Calilean group of coordinate 

transformatlens in a Calilean space-time is replaced by the 10-parameter 

Lorentz group (also known as the Poincaré group) of coordinate transforma

tions in a 4-space (i.e. four-dimensional space). These groups have dif

ferent algebras because of the difference in structure of both space

times. Another difference with the Calilean description is the fact that 

the covariance of the description in the Euclidean 3-space is extended to 

a covariance in the Lorentz 4-space. Then, in a Lorentz-relativistic 

description, time as coordinate bas no special pos i t!on w! th respect to 

the other coordinates . 

The invariance property of a system involves the symmetries of that 

system, whereas the covariance property applies to the na ture of the 

nota tion, i. e . , form of the equation. In fact, we already met a s i milar 

discriminatien in the phase space, namely between the invariant canonical 

transformatlens and the canonical transformations. 

Like in the class i cal description , we shall omi t the gravi tation 

fields that in reality are connected with mass. Hence, the model is a 

simplification of the reality , since gravitatlon i s in this approximatlon 

inevi tably generated i n an i nfini tely extending fluid. Because of this 
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omission there is no compelling reasen to consider curved Riemann spaces. 

Many authors do consider variational principles in Riemann spaces, in a 

rather ad-hoc way. Although these principles generata equations acceptable 

to the current physical oplnlon, the physics that lies behind lt is often 

difficult to grasp. 

A variatlonal description for the perfect fluid can again be intro

duced, either by generalising the dynamics of a many-particle system and 

extendlng the action to a continuurn with material coordinates, or by set

ting up the field approach directly in the Lorentz space. In this thesis 

we settle for the latter method. Then, guided by the Calilean-relativistic 

results from the previous chapter, we catch up with the mass stream 

density as the auxiliar field on which the Lagrangfan density depends. The 

required potentlal representation is constructed in sectien 6.1, and is 

the same as is used by Soper [50]. 

In sectien 2. we show how a certain class of Lagrangian densities in 

the mass-stream density bacomes restricted by the demand for Lorentz 

invariance. This appoach differs from the way that is foliowed by Schmid 

[ 45] and Schutz [ 46]. These authors took the pressure of the fluid as 

Lagranglan density for which they used a Lorentz-covariant generalisation 

of the Clebsch potentlal representations. We cernment on this in sectien 3 

and show how it is rigidly related to our work. We do not enter, however, 

into a canonical Hamiltonian formulation, or the non-canonical approach 

introduced by Helm and Kupershmidt [53] and Helm [54]. 

In sectien 4, we show the basic constants of the motion and the 

motion of the inertia centra of the fluid. In sectien 5, we generalise the 

properties on vorticity. In the literature, one usually defines another 

type of vorticity and fails to recognise the helicity, see e.g. Taub [52]. 

In sectien 6, we extend the description to the non-isentropie flow. 

In sectien 7, we linearise the fluid description so that we can 

examina the sound contribution to the fluid system. In particular, we 

discuss the momenturn problem in acoustics and campare this wi th the 

momenturn problem for the coupled system. Moreover, we show a succinct 

Lorentz-covariant description of the Doppier effect. 

6.1 Tbe proper-mass stream denslty 

In the preceding chapters, we dealt with a Calilean-invariant description 

of hydrodynamics. Actually, physicists got so much accustomed to this type 

of description that only nowadays we gradually become aware of lts part!-
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cularities and consequences. The type of space involved, referred to as 

Calilean space-time, consists of a continuous set of Euclidean 3-spaces. 

conneeled with each ether through absolute time: that is, time is nol the 

same type of coordinate as these that are used in 3-space. The geometrie 

structure, of which this Calilean structure is a typical example, is known 

as a fiber-bundle structure. 

From now on, however, we use time as a fourth coordinate x0 . We let 

~. with J.l. = 0,1 ,2,3, be the coordinates of a coordinate system ::2: wi th 

respect to which the 4-space is described. This 4-space is supplied with a 

structure with the help of a metric tensor. We limit ourselves to a 

Lorentz space: that is, a 4-space on which a coordinate system ::2: exists, 

with respect to which the metric tensor has the following components 

gJ.f.IJ diag (-1 . 1,1,1). (6 . 1) 

Analogously to the Euclidean 3-space N, there will exist again a number of 

coordinate transformatlens that map all Lorentz spaces onto each ether. 

The reasen for choosing these particular spaces is the fact that in these 

spaces the speed of light is the same constant. for which we choose unity. 

For the moment, we are interestad in one particular possible subset of 

these mappings, namely the subset of the (inhomogeneous) Lorentz trans

formati.ons. We will nol enter into the problem of whether there really 

exist more transfermalions that leave the structure of a Lorentz space 

invariant . The Lorentz transformations . which consist of six independent 

rigid rotallons and four translations, are known to form a 10-parameter 

group. We will refer to this group as the Lorentz group, though in 

literature the name Poincaré group is also encountered. 

With the metric tensor, we can delermine the scalar product of 

vectors. Because of the particular form of this metric it makes sense to 

divide veetors according to their norms into three classes. Let q be the 

norm of a vector uJ.I.. then q2 := uPuug . These classes are: 
J.f.IJ 

2 q ( 0: 
2 

q 0: 

q2 ) 0: 

timelike vectors. 

lightlike vectors, 

spacelike vectors. 

Because we changed the structure of the space-time and with it the 

cbserver's frame, the Calllean description of hydrodynamics has to be 
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adapted . The flow on itself. however, has nothing to do with the choice of 

the observer 's frame and remains therefore unchanged . From the mathema

tica! point of view, we still look upon the flow in the same mannar as we 
0 did previously: at any x the 3-space N is parameterised with the material 

coordinates ma and the bijections 

Xi i( a 0) =X m • x , a 
m 

The Jacobian of this parameterisation still represents the mass density of 

the fluld with respect to ~. In the sequel, we denote thls Jacobian by p 
lnstead of p, which symbol is kept for another concept. According to 

(2.15), we also may write this jacobian as: 

- a 1 ijk a b c 
p = det(M,l) = 6 é éabc M,iM,jM,k (6 . 2) 

In the Calilean-relativistic description this expression served as the 

potentlal representation for the mass density. In addition we used for the 
- ~ mass-density flow j = pv, a representation that involved the cofactor Pa • 

cf.(5.1). With the help of (6.2) we can also write for this representation 

- i pv (6.3) 

which can be combined with the one for p. Before we show this, we extend 

the permutatlon symbol éijk to a 4-dimenslonal symbol é~vpo. which is a 

tensor under the lorentz transformations. In addltion to the usual permu

tatien rules. the symbol has to satisfy: 

123 0123 
é é 

In the expresslon for j we then denote time t by x0 and replace éijk by 

éOijk = - é iOJk. The quadruple 

(6.4) 

thus has the following representation: 

(6.5) 
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Here it is understood that the summatien convention applies to both the 

greek indices that run from 0 to 3, and to the latin indices that run from 

1 to 3. We cbserve that the representation on the right side of (6.5) 

transforms like a 4-vector under the Lorentz transformations. Hence j~ is 

a 4-vector. The potentlal representation of j~ again assures that j~ is 

divergence free: 
.~ 

J .~ 0. (6.6) 

The divergence of (6.5) vanishes, because of the antisymmetry of the 

permutation tensor in lts indices. This conservation law is the Lorentz

covarïant formulation of the classica! continuity equation in p. To show 

this we introduce the velocity. 

The 4-velocity ~(x) of the flow in point ~ of the 4-space wi th 

respect to ~ is defined by 

~(x) := col(1. evi). (6.7) 

i is the familiar contraction factor, and v the components of the classica! 

3-velocity in N. The vector V~ is a timelike unity 4-vector: 

and therefore i ts components V~ are not independent of each other. In 

order to arrive at a 4-vector for the fluid description whose components 

are independent, we introduce the proper mass density p(x). The value of 

this field in a point P of 4- space is the mass density of the fluid in P 

with respect to a coordinate system, in which the fluid in P is at rest. 

We consider again the fluid as a continuurn composed of ''particles" or 

parcels, each forming a mïcrosystem in thermodynamic equilibrium. These 

particles are from macroscopie point of view considered as identical. Then 

we may identify the proper mass densi ty p(x) wi th the densi ty of the 

particles, and use it as a basic field . The proper mass density p is rela

ted to mass density p measured in a fixed coordinate system by: p=p/1, 

where 1 is the contraction factor from (6 . 7). Then j~ becomes 

(6.8) 
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which is called the proper mass stream density of the fluid. Clearly, this 

time the components of the vector field are independent of each other. The 

variables p and vM can now be expressed into j~ by 

p (6.9) 

With a straightforward calculation we can express the variations of these 

fields into those of the basic variables: 

op v oj~ 
~ . (6.10) 

where 

(6.11) 

The tensor ~v. known as projection tensor, projects all 4-vectors from 

4-space.into the 3-space N, which is orthogonal to V~. In this interpreta

tien we then neglect the difference between veetors and covectors that 

result from the minus sign in the metric tensor. In order to restriet the 

number of different function letters and customary to Lorentz-relativistic 

descriptions, we also neglect the difference in notation between covariant 

and contravariant tensors. 

The three 4-gradients in the material potantials span a 3-basis in 
i 0 every point x of N at every x , as they do in the classica! description. 

These gradients are spacelike, because they satisfy 

(6.12) 

that follows straight from (6.5). At the same time the normal vM is the 

tangent vector of the worldline of each partiele labeled wi th ma. The 

corresponding parameter of this worldline, say T, is known as the proper 

time of the particle. Hence, the directional derivative along every world

line is denoted by 
D 
i5T ·- vMa 

~ 
(6.13) 

which is the generalisation of the convective time-derivative used in the 

Newtonian description. 

From the representation (6.5) for j~. we construct the following 

three tensors: 
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(6.14) 

-i 
These tensors (a = 1,2,3) amount to generalisations of the cofactor Pa of 

Mi and will therefore also be referred to as cofactors. The new cofactor ,a 

is antisymmetrie and divergence free with respect to its upper indices: 

jJ.l)) 
a ,v 0. (6. 15) 

lf we multiply the cofactor with Md we find 
,)) 

(6. 16) 

This relation is proved by verification. Let a ~ d; then the index a in 

(6 . 14) must be equal to either b or c, which causes the permutation symbol 

to be zero. The case a:d speaks for itself. If the cofactor is multiplied 

with Ma , we obtain 
,p 

(6.17) 

and this is verified as follows. Let the indices (~.J.L.v) be different from 

each other. Then, according to (6.14) the index~ must be equal to either 

por a. This causes the left side of (6 . 17) to vanish; the verification of 

the other possibilities is straightforward. 

Al though i t is not our intention to enter in the possible gauge 

transformations, we still mention a subset of them that can easily be 

found. Therefore, we write down the first-order varlation of jJ.l that 

resul ts. from a general varlation óMa in the potantials. Wi th the use of 

the cofactor (6.14), this varlation can be wrltten as 

ójJ.l (6. IS) 

From the classica! description we now reeall the unimodular set of diver-
a a b J.l gence free variations óM = ef (M ), which are put into ój . Then applying 

(6 . 16) shows that ójJ.l bacomes zero . Clearly, any function on jJ.l will be 

gauge invariant under the unimodular transformations. 
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6 .2 A Lorentz-lnvarlant action of the perfect fluid 

Now we shall formulate a variational principle that generatas a Lorentz

invariant description of the perfect isentropic fluid . Cuided by the 

considerations on the classica! action (5.1), we examina the followlng 

general type of action: 

(6.20) 

where L is some unspeclfied function in j~ with the potentlal representa

tion (6.5). Varying L with respect to Ma, yields with (6.18) 

(6.21) 

The action principle then shows us Lagrange's equations 

(w j~u) = 0 
~a ,v ' (6 . 22) 

which we will refer to as the M-rule of the system. Taking out the divar
a gence free cofactor and multlplying the result with M,X gives: 

j~(W W ) • 0, 
~.v v.~ 

(6 . 23) 

whlch we shall consider as the basic form of the equation of the motion. 

The four components of this equation are not independent of each other, as 

multiplication with ju shows. But together with the continuity equation 

(6.8) they form a set of four independent equations in the j~. The compo

nents of (6.23) with v = 0 and v = k are the generalisations of the 

classica! equations (5.10,7) respectively. 

Now we examina the symmetry properties of the Lagrangian, leaving 

the construction of the conservation laws for a next section. We rewrite 

the varlation (6.21) in L under the use of Lagrange's equations (6.22), 

and find 

(6.24) 

We skip the gauge-invariant varlatlens of Ma: the corresponding conserva

tien laws contain the potantials explicitly and are therefore irrelevant 
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to us. We only consider the variations óMa that result from the infinite

simal coordinate transformations: ~ ~ ~ + ~f~(x), namely 

If we put these variations into the first part of the equation (6.24), and 

then apply (6.15), we get 

Let ~f~ represents the infinitesimal Lorentz transformation, i.e. 

(6.25) 

Here the ten constants a~ and a~v are the parameters of the Lorentz group. 

Then óL reduces to 

This shows US that L(j~) is Noether invariant under (6.25) if wa and j~ 

are parallel. Apparently, L must depend on the modulus of j~. that is p 

itself. Without lossof generality we put 

L(j~) = p(1 + e(p)). (6.26) 

In the sequel, we identify the function e as the (proper) specific 

internal energy of the fluid. Obviously, the Lagrangian density represents 

the tota.l (proper) energy density of the fluid. Because L is Neether 

invariant under the infinitesimal Lorentz-transformations, the fluid 

Lagrangian and its Lagrange equations are said to be Lorentz tnuaria.nt. 

Once the Lagrangian is determined, the field ~ bacomes also fixed. 

With the use of (6.9) we find that 

w 
~ 

dL op 
dp lf rV 

~ 

dL 
where r := dp = 1 + h, (6.27) 

and where h:= e + pip still represents the specific enthalpy. The Legendra 

transferm of L with respect to j~ is the same as the one with respect to 
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p. and amounts to the pressure 

dL L Pa:p- JJ.lw - L 
J.L 

p. (6.28) 

Now we return to the aquatien of the motion (6. 23). The form in 

which lts stands, appears to be quite fundamental as we shall see in the 

sequel. The same observation was also made by Carter and Gaffat [55]. who 

took this form as a starting point for their descrlptlon of relativlstic 

fluid mechanics. In the literature. one usually meets other forms of the 

flow equation. namely those that resemble the classica! Euler equation. To 

arrive at one of these forms we substitute (6.27) for wiL into (6.23). or 

-p r.u 

With the help of the direction derivative (6.13). we find 

which resembles almest the Euler equation (2.25). In sectien 7. we will 

show that the correction factor r on the left side represents the sound 

contribution to the flow. 

To show the conneetion w!th the Galilean-invariant Lagrangian, we 

expand L for smal! velocities. Therefore. we put in the Lagrangian c for 

the speed of light. i.e .• L = p(c2 + e(p)). The derivatives become 

dUdp 2 a lp. (6.29) 

Furthermore. we replace in L the variabie p by p = pi;. put ~:=1- 11;. so 

that L(p) = L(p-~p). For small veloei ties. the ~ is very small si nee 

~ = ~(vlc) 2 + O((vlc) 4). Then. the expansion of L around p entails: 

In here, we put the derivatives (6.29) with p p. Hence we obtain 

L(p) 
-2 2- 244 

=pc - LcR- ~ (vlc) (pe + p) + O(a v /c ), 

where Lcr is the Calilean-invariant Lagrangian density. For sufficiently 
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small velocities, we may neglect the quadratic and higher-order terms in 

v/c, unless the pressure becomes exceedingly high, like inside some stel-
- 2 lar objects. The isolated term pc does not contribute to the action, as 

we explained already in sectien 5.1. Then, we have reecvered the Galilean

invariant Lagrangian density with a minus sign. 

An extreme special case where the pressure term may not be 

neglected, is obtained if the speed of sound amounts to the speed of light 

ltself. For, if we assume a(p)=c in (6.29) we arrive, after integrating 

twice, at the Lagrangian L(p)=pln(p/p0 ), where P=Po is the equilibrium 

density of this system. There is no Galilean invariant counterpart of this 

model, because at small velocities, this L does not yield a term with pv2 . 

In sectien 5.1, we found out that such a term is required fora system to 

be Galilean-invariant. 

6.3 Tbe conneetion wlth other variational principles 

In chapter 4, we discussed the fact that the pressure in the fluid also 

forms a sul table Lagrangian densi ty. Guided by this fact, some authors, 

e.g. Schmid [45] and Schutz [46], started their relativistic variational 

formulation ad hoc with the pressure. Schutz (46] proposed a suitable 

potentlal representation for this type of variational principle. It is the 

purpose of this sectien to show the relationship between the Schutz fermu

lation and the approach we employ. The new representation that we come 

across resembles to some extend a generalisation of the canonical poten

tlal representations in chapter 4. However, we do not aim for setting up a 

Hamilton formulation. At this moment, such a formulation is rather 

bazarclous, since we have not yet a fiber structure at our disposal. Of 

course, we have one by taking x0 as the evolution parameter, but this des

troys the Lorentz covariance. Therefore, we avoid the name Hamil tonian. 

For a smooth introduction, we review some facts from the Galilean

invariant description first. Then, afterwards, we discover how easily 

these facts also admit a Lorentz-covariant generalisation. 

Let us reeall from sectien 5.1 the Galilean-invariant Lagrangian 

density L(p,j) for the perfect fluid, where p denotes the mass density. 

This function and its derivatives wand q are given in (5.1Ba-b), i.e. 

q::aua"ji. 

The action is a functional in the material potantials Ma under the 
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appropriate representations of p and j. The Legendra transferm of L(p,j) 

with respect to j is the energy density H(p,w):= w•j- L. The varlation of 

lts 3-space integral reads 

(6.30) 

Under the appropriate potentlal representations Hamilton's equations re

sult. In chapter 4, we used besides the potantials (Ma:Na) also 

(~.Ma : p,Ka) as canonical coordinate fields. Then the representation of pw, 
cf. (4.54) , reads 

(6.31) 

and by which the energy :lt bacomes the Hamil tonian in an 8-dimensional 

phase space . If we perferm again a Legendra transform, this time one that 

transforms H(p ,w) with respect to p, we arrive, apart from sign, at the 

pressure: p(q,w) = qp+H(p,w), where q : = 8H18p = 8Lip as fellows from 

(6 . 30) . This step has notbeen made in sectien 4.5 explicitly , but in this 

section, it is a rather cruelal step, since it leads us to the canonical 

action WcAN{~.Ma,p , Ka}: the concept of a canonical action was introduced 

already in sectien 1.4. The varlation of it with respect to the auxiliar 

fields reads: 

(6.32) 

For using the action principle we need of course a sul tabla represen

tation for q. This turns out to be 

pq (6.33) 

which is found the help of the identities (4.55). lts validity can also be 

verified by deriving the variational equations of WcAN · These turn out to 

be Hamliton's equations (4.56) . 

In an almost similar way, we deal with the Lorentz-invariant 

Lagrangian density L(j~). We perferm a Legendra transformation of L with 

respect to j~. Thus combining both transformatlens together, we arrive at 

once at the "canonical" action. Here we used quotatien marks, as the 

coordinate fields that we encounter are not considered as coordinates of a 

possible phase space, but only as coordinates of an 8-dimensional 
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configuration space. Despita this limited use, we keep using the adjective 

canonical. Furthermore, we do not perferm a possible Legendre transferma-
k tion with respect to j only, which might lead to a Hamiltonian function . 

Then, if a Hamiltonian results, we would be stuck with non-covariant 

Hamil ton equations anyway. The Legend re transferm of L(jJ.L), as given in 

(6.28), is the pressure as function of BUBjJ.L. Then we arrive at the 

following canonical action: 

(6.34) 

where ~ = -rVJ.L. Guided by the combination of both canonical representa

tions (6.31) and (6.33), we now propose the following Lorentz-covariant 

representation 

pW = p~ + K Ma 
J.L ,J.L a ,J.L (6 . 35) 

Multiplication of this expression with yi.L reveals that 

r = yJ.L~ = ~ ~. ,J.L 
(6.36) 

which is the counterpart of (4.55)(1). This expression shows that r is a 

general ised veloei ty of the coordina te field ~. Moreover, i t shows tha t 

the 4-gradient of ~ is timelike, thus revealing the indispensability of ~ 

as a fourth potential: the 4-gradients of ~ and Ma form a complete basis 

in each point of the 4- space , with respect to which pW has the components 
J.L 

pand Ka. 

Substituting the representation (6.35) into the canonical action 

makes WcAN = WcAN{~.Ma,p.Ka}. The first set of variational equations that 

fellow from this action are 

0 óW/óp 0 óW/óK = -Ma vJ.L. 
a ,J.L 

(6.37a) 

The ~-rule and Ma-rule then read 

0 óW/ó~ 
.J.L 

J ,J.L 0 (6.37b) 

With these Lagrange equations, we can reeover again the fl ow equa tion by 
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calculating D~IDT in the representation (6.35). 

Our next alm is the reduction of the number of potentials. This is 

accomplished like we showed in chapter 4. First, we cbserve that by 

maintaining (6.12) as an identity, both variational derivatives (6.37a) 

vanish without any restrietion in the whole space of (.p,Ma;p,Ka). This 

shows that the dimension of this space can now be reduced to four: the 

coordinates being (.p,Ma). In the next step, we evaluate óp by using the 

relation óp=póh=pór, and consider ras a generalised velocity by (6.36): 

óp póC<P ~) = - p~(ó.p) - P<P ó~. ,JJ. ,JJ. ,JJ. 

In the last term, the varlation pó~ is expressed in ójJJ. by means of the 

projection tensor, as in (6.10). Aftar this has been done, we apply the 

action principle on the action W{.p,Ma}: 

where ójJJ. must be readas (6.18). After inlegrating by parts, the action 

principle shows that the .p-rule is again the conservalion of the proper 

mass density, and that the M-rule yields again (6.22) leading to the basic 

equation (6.23). 

We now cbserve that the latter equation is manlfestly gauge 

invariant under the addition of any 4-gradient to ~- This result shows 

tha't <P is a redundant coordinate. After all, the conservalion of proper 

mass also results directly from the representation of jiJ. itself. That is 

why we could introduce in the previous sections a description based on 

three potantials only. 

For the sake of completeness, we mention that a modified action eer

responding wlth (6.34) can be set up, just like the one we established in 

chapter 4. We skip this calculation because the resulting action does not 

give new information; it resembles the type of action proposed by Ray [47] 

who accounted for the unit length of the 4-velocity as a side condition. 

We end this sectien by commenting on the minimum number of poten

tials in the representation (6.35). It appears to be possible, as 

explained by Schutz [46], to reduce the number of potantials in {6.35) 

from eight to four. For this purpose, he referred to the so-called theerem 

of Pfaff, according to which four is the minimum number of potantials that 

is required to describe a 4-vector in 4-space, thus giving rise to a 
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Clebsch potential-representation. In our case this would mean the replace

ment of Ka by B, and Ma by A everywhere. In this respect, we have the same 

situation as in the Galilean-relativistic description of section 4.5. 

Indeed, the eqs. (6.37b) show us that on a worldline of an arbitrary 

particle, parameterised with T, the potantials Ka satisfy: 

Then, if Ka is zero somewhere on the worldline of a particle, it will stay 

zero everywhere on that line. In the extreme case that all particles have 

a zero Ka, then Ka will be zero on the whole 4-space. Then, the flow 

representation reduces to 

w <(> • 
J.L ,J.L 

(6.38) 

In this case the flow has become irrotational. The equations that govern 

the flow are now expressed as 

w - w 0. J.L,IJ IJ,J.L (6.39) 

Note that the number of equations is the same as in the Newtonian descrip

tion: the three dynamica! equations in (6.39) are those with J.L---0, IJ=i, 

whereas the remaining three with J.L=i, IJ=j represent curlW =0 in the corres 

ponding 3-space. 

6.4 The energy-momentum tensor 

Let us now we derive the conservalion laws that match the Lorentz 

invariance of L. In addi tion, we determine the corresponding covariant 

constants of the motion, whose determination is less trivia! than it is in 

the Galilean space-time. It allows for a compact formulation that is 

typical of a Lorentz- covariant description. 

The derivation of these conservalion laws is performed in the same 

manner as we did in section 5 . 1, that is without the direct use of the 

material potentials. Only the equation of the motion is needed. 

Since L does not depend explicitly on ~. the following identity on 

L holds: 
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A subsequent use of the equation of the motion (6.23) and the mass eenser

vation law leads to the x-rule of the system: 

TI.L 0, 
V,j.L 

where ri.L := (jaW - L)öi.L - JI.Lw 
V a V V 

(6.40) 

This conservation law combines the classica! t-rule and x-rule. lts 

meaning becomes more transparant, by substi tuting (6.27-28). Then the 

divergence free tensor reads 

ri.L 
V 

prn + pöi.L 
V V 

(6.41a) 

This tensor represents the so-called energy-momentum tensor of the perfect 

ftuid, though a forma! justification for this name will be given later on. 

By using the projection tensor (6.11), we rewrite this tensor as 

TI.L = p(l + e)VI.Lv + prri.L . 
V V V 

(6.4lb) 

In this form we easily find that this tensor has yi.L as timelike eigenvec

tor with eigenvalue -L, and three spacelike eigenveetors with eigenvalue 

p. The degeneracy of the spatlal eigenvalues distinguishes the fluid from 

other continua. Because rl.Lv is symmetrie, we also have 

cri.L x - ri.L x ) 
v a a v ,j.L 

0. (6.42) 

Actually, this conservation law resembles the combination of the x-rota

tien rule and the conserved-density rule from section 5.1. Henceforth we 

wil! refer to (6.42) as the 4-rotation rule . In fact, this conservation 

law corresponds with the homogeneous Lorentz group, i.e. a subgroup with 

the six independent rigid rotations in 4-space. 

Let us now determine the constants of the motion that correspond 

with the above conservation laws. First, we deal with the energy-momentum 

tensor, and integrate the x-rule (6.40) over some bounded region R in the 

4-space, with closed boundary B. Then, the 4-integral is converted into a 

surface integral over B by using Causs's theorem. We obtain 

(6 . 43) 
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where 

represents the oriented 3-volume integration element spanned by the three 

differentials dl~• d2xv, d3x0
• These differentials are taken into three 

different directions, as is indicated by the lower-case numbers. Clearly, 

the direction of d3s~ is orthogonal to the direction of each of the three 

differentials, and can be changed by changing the direction of the 

differentials. Now we let R be a cylinder with a wall, bounded by the 

spacelike hypersurfaces b1 at the bottorn and b2 at the top. On the wall, 

the direction of the surface element is spacelike and hence an eigen

vector of ~v with pressure p as eigenvalue. If we let p go fast enough to 

zero at infinity, the contribution of the wall to the integral (6.43) will 

vanish. Because the worldlines of all fluid particles interseet the sur

faces b1 and b2, the integral finally shows that the contributions of b1 

and b2 are the same. For the hypersurfaces b1 and b2, which are arbitrary 

but spacelike, we choose the 3-space Non two different moments x0 . Since 

these moments may be chosen arbitrary, we arrive at the following result 

0. (6.44) 

It fellows, that ~ is a constant of the motion in the fixed frame ~

Analogously, the 4-rotation rule (6.42) is integrated over N. After 

a reasoning similar to the one above, this integration re sul ts into a 

tensorlal constant of the motion in ~ 

~ x). 
V ~ . 

0. (6.45) 

The physical interpretation of the ten constants of the motion ~ and ~v 
becomes more obvious if we consider the motion of the inerttn centre of 

the fluid. For this purpose, we define in ~ the weighted mean-position fv 
by: 

(6.46) 

Clearly, the 4-vector fv depends only on the time coordinate x0 of ~. and 

in the seque l we will see that it describes the worldline of the inertia 

centre. If we pursue a re-parameterisation with the proper time of this 
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centre, the tangent vector of this worldline bacomes a normalised 4-velo

city. This proper time, referred to as central time, is denoted by Tc. The 

4-velocity of the centre §~ then bacomes 

Central time Tc is related to the time coordinate x0 of the frame ~ by 

dx0 = 1cdTc. With the implicit definition (6.46) of §~. we now decompose 

the conserved tensor (6.45) as: 

(6.47) 

which only depends on central time. This decomposition shows us that ~u 

represents the moment of the 4-vector ~ attached to the event §~ on the 

world line of the inert! a cent re wi th respect to the origin of ~. 

Differentlating this expression with respect to central time shows 

(6.48) 

Then, from the scalar product wi th Vc~ we infer the familiar looking 

expression for ~ 

(6.49) 

It follows that the centre 4-velocity Yc~ is also a constant of the 

motion. Hence the motion of the inertia centre is uniform, and thus the 

observer's frame ~ is an inertlal frame. 

~ can be choosen such that §~ is at rest, i.e. Yc~ = ö~: Then we 

would have ~ = col(/l,O,O,O) in this frame. In analogy with the special 

relativistic mechanics of an isolated particle, we cal! ~ the 4-momentum, 

~v the (orbital-)angular 4-momentum and ll the total mass-energy or 

inertint mass of the fluid system. 

6.5 The vorticity and helicity 

In this section we examine the properties of the vorticity related quanti

ties. It is shown that the classica! conservation !aws on these antities 

indeed have compact Lorentz-covariant counterparts. Moreover, in chapter 5 
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we found that these conservation laws even hold in the more general case 

of Lagrangian systems, such as a fluid coupled with other fields like an 

electromagnetic field. It turns out that this is also the case in the 

Lorentz formulation. Therefore we keep our description genera!. Only 

occasionally. we specialise to the pure fluid system. 

Let L(JJ.L, ... ) be the Lagrangian density of a coupled system, with 

partlal derivative 

w .- auaJJ.L, 
J.L 

which in general now depends on other fields than jJ.L only. Rather than the 

4-velocity itself, it is this derivative on which we define the following 

ctrculation tensor of the system: 

w := w - w J.LV V,J.L J.L,V 
(6 .50) 

This tensor is antisymmetrie and so it satisfies automatically the jacobi 

rule: 

w + cycl . 0. 
J.LV,a 

A uv 
The dual of the circulation tensor is denoted by w and reads 

(6 .51) 

Obviously, this tensor is automatically conserved, for we have 

(6.52) 

This conservation law is a pure consequence of the definitions (6.50-51). 

holding irrespective the identification of lff-. Therefore, it is again a 

trivia! conservation law like we agreed upon in chapter 2. In case the 
AJ.LV 

system is the pure fluid system, the tensor w is the analogon of the 

classica! fluid vorticity w. To show this we write down the conserved 

non-zero components. and put wJ.L = - rVJ.L. Then we find that: 

AOi Oijk i 
w e (-rVk),j = curl(-r;v) • 
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Auv 
which goes in the classica! limit to the vorticity 3-vector w. Hence ~ 

represents a Lorentz-covarlant generalisation of the vorticity. We 

observe, however, that a simllar result would be obtalned lf the circula

tion tensor (6.50) is defined on V~ instead of ~- Although a deflnition 

of ~v on V~ would perhaps be more obvious at this stage, i t is the 

definltion on ~ that appears to be the more fruitful one. Therefore, we 
Auv 

shall refer to the tensor ~ as the vorttctty tensor of the system. 

By means of the circulation tensor, the equations (6.23) that govern 

the flow of the pure fluid, but also these of the coupled system, take the 

slmple form of 

V~w 
~V 

0. (6.53) 

With this expresslon we can derive the covariant generalisation of the 

conservation law for the helicity. Therefore define the following new 

tensor: 

and determine lts value for the solutions of (6.53) in an arbitrary point, 

say P, of the 4-space. Flrst, we calculate lts value in the local rest 

frame ~o(P) of P, wlth respect to whlch the fluid partiele in point P is 

at rest: vP(P) = ög. Because of the aquatien of the motion (6.53), the 

cl reulation tensor and lts dual reduce in the local comoving frame of P to 

; [0 0 0 

-~2] ?"(P) ; [0 al az ~3] w (P) 0 a3 0 0 
~V 0 al ' 0 0 . 

0 0 

Since we are still free to choose the directlens of the spatlal coordinate 

axes of ~o(P), we choose these such that two of the three numbers are 

zero. Then we easily find that ~(P) ; 0, and so the value of thls tensor 

in P is zero wi th respect to any inertlal frame. Si nee P is ar bi trary, 

this tensor must be zero everywhere: 

(6.54) 

Befere we proceed, we show an interesting decomposition for the vorticity 

tensor. First we show that the numbers (a1 ,a2 ,a3) above are the space 

componentsof a4-vector S~(P). Therefore we nota that in P the followlng 
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relation holds: 

Since the right side of this definition are the components of a 4-vector 

in P with respect to ~o(P), the numbers S~(P) must also be the components 

of a 4-vector. Furthermore, we establish the following covariant identifi

cation of the vorticity tensor in the event P: 

Then we transferm these equations backwards to the original coordinate 

system ~; this does not affect their form in P. Since P has been chosen 

arbitrarily, the above relations now lead to a global definition of a 

spacelike vector s~ in 4-space: 

(6.55) 

and a global decomposition of the vorticity tensor ~v. and therefore also 

of the circulation tensor 

(6.56) 

These decompositions show clearly that ~ and S~ are eigenveetors of th~ 

circulation tensor with zero eigenvalue. Note, however, that these 

decomposi tions only apply to the solutions of the flow equation, as is 

indicated by the ~-sign. 

The results on the circulation tensor are given some more perspec

tive by consiclering the eigenvalue problem of that tensor: 

(Again we disregard the difference here between covectors and vectors, as 

we agreed upon in sectien 6.1 . ) Multiplication with v-1 turns this equa

tion into an eigenvalue problem of an Hermi tian matrix, which only has 

real eigenvalues. Hence À must be zero or imaginary. The characteristic 

equation is a polynomial of the fourth degree in À: 
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P{h) .- det(w - h g ) 
J.W J.LV 

0. 

Since the determinants of a matrix and lts transposition are the same, the 

polynomial P(h) is an even function in h . Because of the even degree, the 

elgenvalues appear in two pairs: ±X1 and ±X2. Two eigenvectors, yJ.I. and sJ.L. 

with zero-eigenvalue have already been found . 

Now we return to the relation (6.54), from which a non-trivial 

conservation law can be extracted. Therefore we define in addition to sJ.I. 

in (6.55) another vector field RJ.I. by 

(6.57a) 

The divergence of this vector field can because of eq. (6.52) and with the 

use of {6.50) be written as 

Au u 
- tJ w 

V,J.L 

From the contraction in (6.54) of u with p we infer that this relation 

bacomes a non-trivia! conservation law: 

(6.57b) 

The corresponding 4-integral, denoted by ~. gives rise to a constant of 

the motion. To show this, we perferm the type of integration applied in 

the preceding section. Then, if in 3-space N, the RJ.I. vanishes fast enough 

to zero at spatlal infinity , we get 

~~. 0. 
dxo 

(6.5B) 

The physical meaning of ~ becomes clear by writing out the conserved 

density in N for the pure fluid system. In this case, we find according to 

the definitions (6.55,57a) that RJ.I.=rSJ.I., and thus spacelike. lts time 

component reads: 

2 2 r 1 v•r.~. 

It fellows that in the classica! limit, this conserved density in the 
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fixed frame ~ amounts to the classica! helicity density. Hence ~ will also 

be called heLtcity of the system. 

By absence of the Hamil ton formalism we now use the fact that a 

Noether-invariant varlation exist for the helicity, to show that the 

corresponding conservation law is a non-trivia! law. Of course, we limit 

ourselves to the pure fluid system. 

Suppose a varlation óMa. such that j~vóMa é~v holds. By putting 

this into the left side of the varlation in L of (6.24), óL wil! vanish 

due to the trivia! conservation law (6.52): 

Hence, the assumed óMa is a Noether-invariant variation. Further applica

tion of Noether' s theorem yields the helicity conservation. The corres

ponding varlation ltself is explicitly obtained as follows. First we 

multiply the assumed implicit expression for óMa on both sides with M?~ 
and apply (6.16); the resulting equation is multiplied with Vu and 

contracted over v. The result becomes 

Since this expression shows us the Noether-invariant varlation that 

corresponds with the conservation law (6.57b), the conservation of the 

helicity density is a non-trivia! conservation law. 

Finally, we derive a covariant generalisation of the classica! 

circulation of the fluid flow For this purpose we integrate the circula

tion tensor over the surface B of a 3-volume V in 4-space. We let V be a 

cylinder, whose side-wall comprises worldlines of particles. Moreover, we 
0 assume that any cross-section of V wi th N at any time x on a certain 

0 interval, say, a ~x ~ b, is simple-connected . Let in N, b 1 and b2 denote 

two arbitrary 2-spaces bounding a cylinder at the top and bottom. Then the 

following 3-volume integral vanishes trivially because of (6.52): 

I Apa 
~tot := d3s ~ = 0, 

V p ,a 

where the oriented 3-volume cell of V is the one given in (6.48b). With 

Stokes' theorem, we convert this integral into a closed-surface integral 

over B. Then 
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~tot 

Here represents the area-call on the 

2-dimensional surface B in 4-space, spanned by two independent differen

tials d1xP and d2xa; furthermore d2;pa and d2spa are the duals of each 

ether. In any event on the wall of the 3-volume V, which was made of 

worldlines of fluid particles, one of the differentials that span d2;pa 

points along the direction of V~ in that event. Due to its direction, this 

differentlal is a null-eigenvector of the circulation tensor. Hence the 

wall of V does not contribute to ~tot· It then fellows that the contribu

tions of the top and bottorn have the same value. Thus we find that this 

part of ?;tot is the same for any spacelike cross-sectien of V. Let the 
0 2-surface b in the 3-space N, i.e. x constant, then we have the following 

constant of the motion: 

o. 

Let c denote the border of b, 

Stokes' theerem into a loop 

~ d2;~v = 2W d2;~v ~ bacomes 
~v v.~ ' 

and convert this surface integral wi th 

integral. Because dx0 = 0 on b, and 

(6.59) 

Apart from the factor 2 and sign, this integral is the counterpart of the 

classical fluid circulation (3.41). Hence we will call ~ the circutation 

of Wv. The fact that ~ is a constant of the motion with respect to every 

inertlal frame, allows us to consider ~=Ü. In that case 'lf- bacomes the 

gradient of some potential, cf. (6.38). This exact possible solution 

represents an irrotational flow. 

6.6 The non-isentropie fluid flow 

In this section, we consider the non-isentropie flow of the perfect fluid. 

We let the lnternal energy depend also on the (proper) entropy density. If 

s denotes the entropy per "particle", then ps is the entropy densi ty. In 

order to set up an action we let ourselves gulde by the classical descrip-
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tien of sectien 4.6. Instead of the internal energy density pe(p, s), we 

use the internal free energy density pf(p,T) of the fluid, where f=e-Ts is 

the Legendra transferm of e(p,s) with respect to s, and T the temperature. 

Let V=p-1 be the specific volume; with (V,T) as the independent variables, 

we have: df= -pdV -sdT. Since pdV= -Vdp, the differentlal of f(p,T) reads: 

df = pV2dp-sdT. Hence we get 

2 auap = pV • auar = -s. (6.61) 

Here, p is connected with the material potantials Ma through the represen

tation of jJ.L of (6.5). The temperature T is taken as a generalised 

velocity, like we did in (4.71). Henceforth, we assume the thermasy e as 

the new configuration coordinate, of which the direction derivative along 

the worldline of the "particle" is the temperature: 

(6.62) 

Following the Lagrangian density (4.70), we now propose the action 

W{Ma.e} = Jd4x L(p,T) = Jd4x p(1 + f(p,T)). (6.63) 

The variatien of L t6 the auxiliar fields becomes with use of (6.61) 

öL (1 + f + pV)öp - psöT. 

Then, accounting for the representation of (6.62) we have 

(6.64) 

where f+pV represents the so-called free enthatpy. With the help of the 

preceding thermodynamic relations we find that f+pV = h-Ts, which is 

applied in ól. Moreover, we remove övJ.L in öL by using the identity: 

pöVJ.L = öjJ.L- VJ.Lóp. Then, with the help of (6.62), we find: 

where (6.65) 

W = -rV - se 
J.L J.L .J.L 

and r 1 + h. 
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The completion of the first term is shown already in (6.21) and so the 

action principle yields the M-rule and the 9-rule. The M-rule is converted 

into lts more perceptive form (6.23), which still holds. And so we find 

j~(W - W ) ~ 0, 
~.v v.~ 

.~ . 
(SJ ) = 0. 

.~ 
(6 .66) 

The 9-rule represents the covariant conservation law for the entropy 

density. With the continuity equation in j~ it then fellows that the 

entropy per partiele along the worldline remains constant, or 

D 
DTS 0. (6.67) 

The converted M-rule, however, depends still explicitly on the thermasy 9, 

which we have to get rid of first. With (6.65) we find 

j~w ~j~(s e -se). 
~V .~ ,V , V .~ 

where the circulation tensor of the fluid: w 
~V 

used. With use of (6.67) we arrive at 

(rV ) - (rV ) is 
~ ,V V .~ 

(6 .68) 

Clearly, j~ is no longer an eigenvector of the circulation tensor. 

Finally, we examina how the entropy affects the energy-momentum 

tensor. Th is tensor is determined as usual . From (6. 65), we infer that 

under the constant translation ö~ = ea~. the Lagrangian varies with 

öl 

which holds for any 

applied, we find: 

V a . If now the M-rule and 9-rule from (6.66) are 

• - J~ - (sj~e ) 
v.~ ,v .~ 

Then, we apply the continuity equation for j~. and eliminate e with the 

help of (6 .65). Furthermore, if we calculate the left side we find the 
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a pressureagain, because: j W
0 

-L=(pr-psT)-p(1+f)=p. Thus we find that the 

new energy-momentum tensor still has the same ferm (6.41a) of the 

isotropie case, albeit r and p now also depend on the entropy. It fellows 

that the entropy does net affect explicitly the 4-momentum of the fluid. 

Because the energy-momentum tensor keeps lts ferm, the eigenvalue of 

the timelike eigenvector v'IJ. of this tensor is still the proper energy 

density, but net the Lagrangian of the system. 

6.7 The linear acoustic system 

In thls section, we expand both the fluid Lagranglan and energy-momentum 

tensor in a serles around an equilibrium state, and cernpare the expan

sions wlth each other. In thls equilibrium state, the fluid is at rest and 

bas a unity mass denslty. As we want to cernpare thls expansion with the 

similar expansion in the Galilean-invariant description, we use c as the 

speed of light. 

So far, the basic variabie in the fluid description is the 4-vector 

jiJ.. In expanding the description, we put for jiJ. a power series in a small 

parameter e., with 4-vectors as coefficients: 

(6.70a) 

Then, guided by the original definition (6.4), we let with respecttosome 

Lorentz frame the new 4-vectors have the components: 

3 + O(e. ). (6.70b) 

These components are the same as the basic variables that are used in the 

preceding chapter, since we agreed upon the fact that p is exactly the 

same variabie as p in the preceding chapter. Let !a be a coordinate frame 

with respect to which the equilibrium state is at rest. Then in this frame 

the leading term of jiJ. reduces to Jo'IJ.=PoVo'IJ.=cÖb, while j'=v·. In addition 

to jiJ. we expand the proper mass density p too. Let 

2 3 
p = 1 + ép. + E. p" + 0( é ) • (6.70c) 

denote this expansion in 4-scalars. This series, bowever, is not 
IJ. IJ. ~ independent from the series of j , because of the relation: pc=(-j j ) . 

IJ. 
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Expanding this norm shows that p' and p" must satlsfy: 

(6.71a) 

respectively. These relations become more transparent in the rest frame !o 
of the equilibrium, where they reduce to 

p = p'' p" (6.71b) 

These expresslons show us that the mass densities with respect to !o and ! 

deviate from each other in the second order. The same deviation can be 

obtained from the expansion of the contraction factor in P=Pl· 

Now we expand the Lagrangian around the equilibrium with p=l. With c 
2 as the speed of light, this function reads:L(p)= p(c +e), Let 

With vanishing energy and enthalpy in the equilibrium state, the leading 

terms of the Lagrangian denslty stem only from the mass denslty: i.e. 

L(O)= c2 and L(l)= p'c2 . Only at the second order, the internal energy 
2 takes part. Let again a /p =dhldp, and let a0 be the equilibrium speed of 

sound. Then we find that 

(6.72a) 

This expression, still consisting of scalars, holds in any Lorentz frame. 

With the help of (6.7lb) we can wrlte for L(2 ) in the equilibrium rest 

frame 
( 2) - 2 -L =p"c -LAc(p',j'), (6.72b) 

where now, LAc is identical to the Lagrangian function (5. 20) for the 

linear acoustic system. Because p" is not a Lorentz-covariant scalar, the 

expression (6. 72b) is not a split tlng in scalars, and LAc looses lts 

original physical interpretation as proper energy density. Actually, the 

same happened at the end of section 6.2, where we expanded in terms of the 

3-velocity. 

Now we expand the energy-momentum tensor (6.41a). After the adapta

tion for the speed of light, this tensor reads: 
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2 u..v -2 _j.lV [ E p(c + h)V V c + p~ =: 
C/c 

CT ] 
riJ • 

(6.73) 

where rOO=:E is the energy density, rOi/c=:vi the momenturn density, 

riOc=:Gi c2vi the energy flux, and rij the stress 3-tensor. Then the 

equation ~v.~ = 0 takes the familiar forms 

0, 

Let us first consider the energy density, for which we can write: 

00 2 2 2 2 
E = r = p(c + h)1 - p = L + p(c + h)(1 - 1), 

where 1 is the contraction factor given in (6.7). Here the second term on 

the right side takes only part at the second order, because the leading 

term of (12-1) is é
2 (v'/c)2 . Hence the leading terms of E are 

(L(O)+c.L( 1)); in second order we have to add v· 2 to the L( 2 ), given in 

(6.72b). rhe result then reads 

E 2 -. 2 2- 2 3 c + c.p c + é (p"c + EAc) + O(é ), (6.74) 

where EAc of (5.25b) still represents the acoustic energy density. rhe 

expansion of the 3-momentum density r in (6.73) reads 

Putting p'=p' and j'=v', we find that 

(6.75) 

We observe that a relativistic correction with respect to the classica! 

description appears in the second-order term. Substi tuting j"=v"+p 'v' 

shows that the coefficient of the second-order term, denoted by -r", 

becomes: 
2-

-r" = v" + (1+ (ao/c) )p'v'. 

For typical values of the speed of sound we may indeed neglect the 

relativistic correction . In this way, we reeover the classica! fluid

momentum density in the second order. However, this correction term is 
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assentlal for the structure of the description. For, if we express T" in 

terms of the basic variables, we have 

T" (6.76) 

which we met al ready in (5.62). We cbserve the similarity with the 
2 momenturn expression (5.66) for the coupled system. We can look upon CAc/c 

as the sound contribution to the secend-order momenturn of the fluid. This 

sound contribution is lost in the Newtonian description. To support this 

assertien we cernpare the expansions of L and T~v wi th each ether, in a 

similar way as we did for the coupled system. To reduce the size of the 

expressions, we put again c=l and make the comparison in La· 
First we cbserve that the leading terms of T~v in ~0 raad 

Although this splitting fellows visually the splitting in L, these terms 

do not stem from (L(O)+eL(l)). The zero divergence of this expansion part 

of T~v results from the first-order equations for mass conservation and 

for the irrotational motion, cf.(6.39), respectively: 

j'~ = 0, 
.~ 

w· 
~.v 

w· 
v.~ 

(6.77) 

In the next sectien we shall verify that W'~ -(a0
2p',j'). Then the set 

(6. 77) are the familiar acoustic wave equations (5.22a-b). Since their 

solutions are harmonica! waves, the first-order term in the energy

momentum tensor does not contribute to the 4-momentum (6.44) of the fluid. 

Furthermore we find with the expansions (6.75) inTand (6.74) in E 

that the second-erder coefficient T"'~v splits symmetrically like 

j"] (6.78a) 

The stress part T"ij contains tenns that are either quadratic in (p' ,j') 

or linear in p" or j". This stress part is divided over the splitting in 

such a way that T"1 ij only depends on the secend-order fields and T"2iJ 

only on the first-order fields. Then this splitting shows nicely which 

part of the energy-momentum belengs to the acoustics and which part does 
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not. Yet we cannot isolate the acoustic part, since the sound causes a 

second-erder motion, that is, j"::O is not a solution of the fluid system. 

We can support the identification of the acoustic contribution by 

selecting the coordinate system with respect to which j"::O in at least one 

point, say, P. Although in this point Jo no longer vanishes, the secend

order energy-momentum tensor reduces to 

(6.78b) 

This expression, in which now the variabie j" is no longer present, 

supports the idea that CAc is the acoustic momentum density. 

The splitting in (6.78a-b) fellows only visually the scalar split

ting of L (2 ) in (6. 72b), net functionally since the tensor T''IJ.V a lso 

contains terms that stem from L (3 ) . A similar mixing took place in the · 

coupled system of chapter 5. Hence we consider a secend splitting, 

represented by: 

rp .. 
G .. 

where due to symmetry considerations the 3-vector -W" must satisfy the 

re lation 

(6.79) 

The secend part of this equation is found with (6.76) for c=l. This time 

T"21-LV does stem from LAc , whereas T"11-LV does net. Instead of being 

generated by a Lagranglan, T"' 11J.V sterns from the conservation of mass and 

the equations of the irrotational motion (6.39) in the secend order: 

W" = w·· 
IJ.,V V,IJ. 

Now we may verify that w·· in (6. 79) is the spatlal part of w··I-L. 
The connections can be generalised as fellows. The mass conservation 

and equation of irrotational motion (6.39) can in an arbi trary Lorentz 

frame also be written as 
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CJJ.lyo ) = o. 
V ,Jl. 

(6.SOa) 

where v0Jl. is the 4-velocity of the equilibrium state of the fluid, in 

which the mass density is still unlty. Subtractlon of (6.SOa) from the 

conserved energy-momentum tensor (6 . 40) yields eventually 

(6.80b) 

This conserved quantity represents the Lorentz-covariant generalisation of 

the strain rule (5.14). 

6.8 The Doppier shift in sound. 

We end this chapter with a succinct formulation of the Doppier shift for 

the acoustic waves. Therefore we expand the derivative wJ.I.=-rjJl./p . Let 

then 

which is easier to handle. This expansion is compared with the one of 

pwJ.i.= -rjJ1.=(1+hlc2 )JJl.. With (dhldp)0 =:ao2 the leading terms of pwJ.i. are 

WO = - Jo 
Jl. Jl. 

(6.81) 

which holds with respect to an arbitrary inertlal frame. Obviously, w·Jl. 

contains a contribution due to the motion of the observer with respect to 

the equilibrium state. We substitute (6 .81) into the first-order dynamica! 

equatlons (6 . 77), which are the covariant counterparts of the classica! 

(5.22a-b). lts solutions are harmonie waves that depend on the wave 

4-covector k = (-w/c,k): 
Jl. 

p' p exp ik,?, 
Jl. 

where p' and j'Jl. are related toeach other by (6 . 71)(1) . The phase of the 

waves i s a true scalar and therefore the same in all Lorentz frames. 

Another relevant scalar is the rest frequency w0 , defined by 
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then wo 1(w- k•v), (6.82) 

where v is the relativa 3-velocity between the cbserver's frame and 2:0 . 

For v = 0, wo becomes the wave frequency in !o: hence its name. The 

solutions are determined by the dispersion relation. This relation is 

found by putting first the harmonie solutions into eqs. (6.77), multiply

ing the result with v01-l and kv, and then contracting over the indices. 

With the help of (6.71)(i) we gather 

2 .u 2 u. 2 
a 0 k1-LK = [1 - (a0/c) ](V0 K1-t) • (6.83) 

Th is re sult can be wri t ten in saveral conceivable ways. In the one we 

choose for, we use the rest frequency, and choose the wave propagation in, 

say, the x-direction . Then the dispersion relation (6.83) reads 

2 22 2 2 2 2 
ao (k c - w ) = (c - ao )wo . (6.84) 

Clearly, in the rest frame where w =w0 and k =ko· the dispersion relation 

reduces to the familiar equation: ao~2 =wo2 . Let b =wik denote the phase 

velocity in the arbitrary frame !, and solve (6.82) and the dispersion 

relation (6.84) for wofw. If ao is unequal to the speed of light, we find 

~ = 1(1 - vlb), w [ 
2 2 ]!h ~-~ c -b 

w -b 2 2 . 
c - a 0 

(6.85) 

By eliminatien of the phase velocity b, we can solve both equations for 

the ratio wofw in terms of v and a0 . The result describes the relativistic 

Doppler shift, i.e. the shift in the frequency due to the difference in 

velocity between the souree and observer. 
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CHAPTER 7 

LORENTZ-INVARIANT DYNAMICS OF A POLARISED FLUID 

7.0 Introduetion 

In this chapter, we return to the coupled system that consists of a 

polarisable, perfect fluid and an electromagnetic field. With the Lor-entz

invariant description of the fluid system from the previous chapter, we 

now have a common symmetry for the coupled system at our disposal. Other 

authors, e.g. Grot [57], Maugin [58], and Soper [50], already investigated 

extensively the relativistic dynamics of these systems with several 

methods, including the variational approach. Occasionally, one also 

commented on the momenturn of the total electromagnetic field. 

In the preceding chapter, we generalised the concepts of energy and 

_momenturn to the concept of 4-momentum. We found that the assignment of a 

4- momenturn to a fluid system requires the assignment of a complete ener-gy

momenturn tensor to that system. In this chapter, we extend this descrip

tion to the coupled system. We start in section 1 with some general action 

that generatas the evolution equations of the coupled system, and then 

determine the conservation laws of the still very general system. In order 

to have full Lorentz-invariance, we impose in section 2 more details on 

the Lagrangian densi ty, such as the restrietion to isotropie systems. In 

chapter 5, we explained why the rigid-body solution is not a solution of 

the coupled system. This explanation will be verified in section 3 by 

linearising again the coupled system. This shows the impossibility of 

splitting the coupled system in two independent Lor-entz-invariant systems, 

which would then correspond with the rigid-body solution. Nevertheless, we 

can di vide the total energy-momen turn tensor in two parts, of which one 

part unambtguously represents the contribution of the total em-field. This 

will be done in the last section. 

7.1 General variational formulation of the coupled system 

Let us now consider the coupling of a Lor-entz-invariant fluid system with 

the electromagnetic field. Again, we let the interaction take place only 

by means of the polarisation and magnetisation properties of the fluid. 

Initially, within certain limits, this coupled system is kapt as general 

as possible. For its description we need covariant tensors to describe the 

electromagnetic field . these will be introduced first. 
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The electromagnetic field tensor is defined as the covariant curl of 

the electromagnetic 4-vector potentlal A~: 

F .- A - A 
~v v.~ ~.v 

(7.1) 

If we identify the components of the 4-potential with the scalar potentlal 

~ and 3-vector potentlal A, i.e. A~= col(~. A1), then we can identify the 

components F~v with those of the usual Euler-covariant 3-vectors E and B: 

(7.2) 

We note the resemblance of the field tensor with the circulation tensor in 

hydrodynamics. Therefore it will show similar properties: for instance, 

the field tensor is invariant under the gauge transformation of the 

4-vector potential, A ~A + ~ , and it satisfies the jacobi rule 
~ ~ .~ 

F + cycl. perm. 
~v.p 

0. (7.3) 

This rule represents Maxwell's identities (5.32), as one may verify with 

the identifications (7.2). The dual of F~v is defined by 

(7.4) 

With the identifications (7.2) we find that its components read 

(7.5) 

With the help of the dual field tensor, Maxwell's identities (7.3) take 

the compact form of 

p.tv = 0. 
,V 

(7.6) 

Let us now couple the fluid with the electromagnetic field. In the absence 

of free charges, we limit ourselves again to those coupled systems that 

can be described by a Lagrangian function in the fields j~ and F~v only. 

Let the corresponding action be denoted by: 
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(7.7) 

where the dependenee on the seven potantials resul ts from the represen

tations (6.5) and (7.1). The derivatives of L with respect to the auxiliar 

fields are denoted by 

(7.8) 

where the coefficient ~ is used for later convenience . The way how to 

handle the mechanica! part of the action was explained in (6.21). Hence, 

the varlation of the action with respect to the potantials can easily be 

found. Integrating by parts yields: 

óW = fd4x (-(W j~v) óMa- ~v óA,.]. J' ~a ,v .~ u 

The action principle then leads to the M-rule (6.22), which we convert to 

the form (6.23), and to the following A-rule: 

(7.9) 

These equations are further completed with the identities on j~ and ·F~v. 

namely the mass conservation and the Maxwell equations (7.3). 

Since the Lagrangian density does not depend explicitly on the 

coordinates ~. the following identity holds: 

With the application of the identi ties on j~ and p-tv, and Lagrange's 

equations, we find for the x-rule of the coupled system: 

~ 0, 
v.~ 

where (7.10) 

~ .- (jaW -L)# - jJ.Iw + ~F v a v v va 

In genera!, this tensor is not symmetrie. Due restrietlens on L are 

required to let the coupled system be Lorentz invariant. This information 

will be supplied in the next section. Neverthe less, the conservat ion laws 



164 

that govern the vorticity (6.52) and helicity (6.57a-b), still hold. 

Let us now verify the special solutions that the coupled system 

should possess. If we set the electromagnetic fields zero, the fluid 

system re sul ts. Then, the tensor in the x-rule reduces to the energy

momen turn tensor (6.41a) of the fluid system. Hence, the present x-rule is 

likely to become the conservation of the energy-momentum of the coupled 

system . lf we set j~=O. no matter will be present and the description of 

the electromagnetic fields in vacuo should result. Then, d'"u and F~u 

become identical and L reduces to the Lagrangian density for the vacuum 

system: 

L(O F ) = ~ F~vF -. - LvAC· 
' ~V ~V 

(7.11) 

lndeed, we can show with the help of the component identifications (7.2) 

that the scalar LvAC is identical with the Lagrangian density (5.31). Then 

the tensor (7.10) reduces to the familiar energy-momentum tensor of the 

vacuum system: 

(7. 12) 

With the identifications (7.2) we can also determine the components of 

this tensor in terms of the 3-vectors E and B, namely: 

T ~u = [ EvAC 
VAC 

ExB 
ExiBj ] • 
T 

(7. 13) 

where EvAc= ~(E2+B2). and T1j=EvAcó1j-EiEj-BiBJ. Furthermore, the symmetry 

of the tensor TvAC!J.u indicates that LvAc is also invariant under rigid 

rotations of the cbserver's frame in 4-space and thus Lorentz invariant. 

The existence of the two special solutions that we mentioned above 

reflects the existence of two independent subsystems that can be isolated 

from L. If U reprasent the contributton to L of the interaction between 

these two systems, then we can wrlte: 

(7. 14) 

The derivatives of U with respect to the physical variables are the 

ordinary derivatives 

auJaJ~ -· K 
~ 

au;aF~v -. ~ M 
~V 

(7. 15) 



Now we split the derivatives (7.8) of the coupled system as fellows: 

c 
J.LV 

F - M 
J.LV J.LV 
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(7. 16) 

where rFL:=8LFL/ap. We substitute these expresslons into the candidate 

form of the energy-momen turn tensor (7. 10), and obtain a spli tting that 

agrees with the splitting in L: 

(7. 17) 

where 

(7. 18) 

is the tensor that sterns from the interaction part U, TFLJ.LV is the tensor 

(6.40) of the fluid system, and TvACJ.Lv the tensor (7.12) of the vacuum 

system. Clearly, TJ.LV is still nat symmetrie in genera!. Ta obtain symmetry 

we have to put more restrietlans on the system. This is done in the next 

sections. 

We end this sectien with commenting on the irrotational state of the 

coupled system. Therefore, we reeall from sectien 6.5 soma facts about the 

circulation. There, we explained ihat the dual ;y.v of the circulation 

tensor of a coupled system is conserved, cf.(6.52). This is the reasen why 

the circulation Y of wil, i.e. (6.59), is a constant of the motion. From 

the case Y:O, we then inferred that a generalised irrotational flow is an 

exact possible solution. In this solution, the aL/ajJ.L is a 4-gradient of 

some potential. I t fellows tha t in the present case the fluid motion 

satisfies, cf. (6.39): 

where wi (7. 19) 

was given in (7 . 16). This result is the Lorentz-covariant counterpart of 

(5.64), and confirms the result that the polarisation and magnetisa tion 

induce vorticity in the fluid flow through the space part of ~. More 

details on ~ are given in the next section. 

7.2 The isentropic interaction 

In this section, we limit ourselves to the description of a fluid that 
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shows an isotropie polarisation and magnetisation. A description of the 

non-isotropie system is omitted, as it turns out that the formulae become 

rather pompously over those for the isotropie case. The coupllng is 

conveniently described by using 4-vectors for the electromagnetic fields. 

These 4-vectors, which we shall denote by !talie letters, are defined as: 

(7.20) 

They will be referred to as the Lorentz fi.elds. Contraction wlth the 

4-velocity shows that the Lorentz fields are spacelike. With the help of 

the identifications (7.2) and (7.5), we find that in terros of the 

3-vectors v,E.B, the Lorentz fields have the following components 

where (7.21) 

E*:= E + vxB, B*:= B - vxE. 

We met these starred 3-vectors already in sectien 5.4. The physical 

meaning of ~ and ~ bacomes evident, when they are considered in a local 

restframe };0 (P) of the event P. In this frame v=O, and so the Lorentz 

fields reduce to the usual 3-vectors, 

Obviously, the Lorentz fields are the electromagnetic fields as 

experienced by a moving charged partiele wi th veloei ty vil, albe! t wi th 

respect to };. Therefore, we let the polarisation term U in (7.14) depend 

on (jll,FJ.LV) through the fields (p.~.~). The derivatives of U with 

respect to them are denoted by 

ru:= au/ap. (7.22a) 

Then, by using the definitions (7.15), we can express the varlation of U 

with respect to both type of variables, namely 

óU = K ójll + ~ M óFJ.Lv = ruóP + P ó~ + M ó~. 
ll ~ ll ll 

(7.22b) 



167 

where we used (7.15). From this equation wedetermine ~ and ~v by using 

the following identity on the Lagrangian density for the electromagnetic 

field in vacuo: 

(7.23a) 

The validity of this relation can easily be established in the rest frame 

of an arbitrary point. Hence, it holds everywhere in Lorentz space. 

Cernparing the varlation of both sides shows 

(7.23b) 

We assume an isentropic interaction, and put 

(7.24) 

where the material constants Xe and Xm still depend on p and on the magni

tudes of the Lorentz fields. Then, we multiply (7.23b) with Xm and solve 

for ~óB , which is substituted into the right side of (7.22b). Next, we 
J.l. 

express in the resul ting expression the varlation öff lnto ó~v and övJ.l. 
with (7.20): the óp and óVJ.l. are expressed lnto ójJ.l. by means of (6.10). 

Finally, we obtain the following identiflcations: 

(7.25a) 

where À: =X9 +Xm and 

pK = (~E - pru)V + ~F 
J.l. C7 J.l. C7J.l. 

(7.25b) 

The expression for p~ can be made more transparently by expresslng the 

field tensor in terms of the Lorentz fields. For this purpose, we return 

to (7.23b). In this relation, we express the variations öff and ö'IP in 

terms of öFJ.l.Vand övJ.l., which is done with the help of the defini tions 

(7.20). The result takes the form of, 

where cf!Vand cf are now known. From this we gather that, apart from 

cföV :0, also FJ.l.V = -2cfvmust hold. Then 
J.l. 
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FJ.lV (7.26) 

This decomposition of the field tensor represents the covariant general

isation of (7.2). because it reduces to (7.2) in the local rest frame of 

any point of 4-space. If we now substitute this decomposition lnto p~. we 

arrlve at the decomposltlon of ~ in terms of 4-vectors: 

pK 
J.l 

(7.27) 

This expresslon shows clearly that ~ is made from a tlmellke part 

polntlng along the direction of vJ.l, and a spacelike part pointing 

perpendicular to the Lorentz f ields and the veloei ty. In a local rest 

frame of any point P in 4-space, this covector has the components 

pKJ.l(P) = (pru, -~xB)(P). (7.28) 

Now we substitute in the energy-momentum tensor part TuJ.lV (7.18) the 

decompositions (7.25a) for ~v and (7.27) for p~. Then, after a 

straightforward calculation, we arrive at 

(7.29) 

Because this tensor is symmetrie, the total energy-momentum tensor (7 . 17) 

of the coupled system wlll be symmetrie too. Hence, the isotropie coupled 

system is a Lorentz-lnvarlant system. 

7.3 Llnearlsation of an lsotropie model 

In thls section, we linearise the coupled system around the equilibrium 

state where the fluld is at rest and no electromagnetlc field is present. 

Actually, we follow the classica! descrlptlon of sectlon 5.6. Flrst, we 

conslder the coupled system wlth a generallsed irrotatlonal motlon, which 

is an exact possible solutlon as we saw in the end of sectien 7.1. This 

motion satlsfles (7 .19), where ~ is glven in (7 . 27). Then, we Taylor 

expand the descrlptlon around the equilibrium state. In this state, the 

3-velocity is zero at a zero electromagnetic field. Finally, we calculate 

agaln the forced motion of the fluid that is caused by the electromagnetic 
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field. This shows again that the rigid-body solution is not a solution. 

For simplicity, we choose for the interaction term U in the 

Lagrangian a function that is quadratic in the Lorentz fields: 

(7.30) 

where the material coefficlents now depend on the mass density only. Then 

the derlvatlve of U with respect to p reads: 

8U/8p = ru = ~(~E + ~~B ), 
Jl Jl 

(7.31a) 

where 

f3 .- dXm/dp. (7.31b) 

The mechanica! flelds are approximated by power series in the smal! para

meter ~ as given in (6.70); for the electromagnetic field we only need the 

first-order tensor fields, and so we put 

F 
JlV 

F 
JlV 

A 2 
~F' +0(~). 

JlV 

The corresponding Lorentz field is therefore also of the flrst order: 

B' F' V v. 
Jl JlV 0 

Flrst, we linearlse Maxwell's equatlons. Afterwards, the flow equatlons 

are considered. Let M'JlV denote the first-order contributlon in the polarl 

satlon tensor ~v (7.25a), then 

wlth ÀQ.X~.and xg as the equilibrium values of the materlal parameters. As 

this tensor does notdepend on the mechanica! flelds, Maxwell's equations 

in flrst order form an lsolated system. In the covariant form they read 

0. (7.32) 

If these equatlons are consldered In the rest frame, and subsequently the 

ldentlficatlons of (7 . 2) and (7 .5) are applled, then the famlliar Euler-
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covariant Maxwell equations in the flrst-order fields E' and B' are 

recovered. These harmonie equatlons were described already in section 5.6. 

Again we let the propagation direction k of the plana-wave solutions point 

along the x-axis, E ' along the y-direction with magnitude e, and B' along 

the z-direction wlth magnitude b. The index of refractlon in the equili

brium state bacomes 

n2 e~ = (1 + X~)/(1- xg), (7 .33) 

and the solutions e and b are the running waves e = e(x - t/n) = b/n. 

The leading terms of the expansion of ru in (7 .31a) are of the second 
2 3 order. Then we put ru = e ~ + O(e ), where ~ reads in terms of the chosen 

plane-wave solutions: 

2 2 
~ = ~(a0e + ~ob ) = ~ (aofn + ~on)eb, (7.34) 

where ao and ~O are the equilibrium values of a and ~ respectively. 

Now we turn to the mechanica! part of the system. In the first order 

we will find the acoustlc system of section 6.7, agaln uncoupled with the 

electromagnetic fields. Therefore, we may always put the acoustic first

order solutions j'~ zero, without affecting the nature of the coupling in 

this order. The second-order equations that govern the irrotational motion 

now satisfy, cf. (7.19) 

j"~ = 0, 
.~ 

. 
W" 0, i = W" i, 0 curl W" ;, 0, (7.35) 

where W"~ is determined from the expansion of (7. 16). By ignoring the 

acoustic mode, i.e., p'=O and j'~=O. the generalised enthalpy ru does not 

take part yet. Still keeping in mind that Po=l, we find with respect to 

any inertlal frame that 

W"~ j"~ + p"Vo~ - K"~. 

where K"~ is the leading term in ~ of (7.27). Then the eqs. (7.35) form 

again harmonie equations in the second-order motion j"~: this motion is 

forced by the flrst-order electromagnetic field. lts solution is 

determined in the frame ~0• where the equilibrium state is at rest. For 

determining W"~ in ·this frame, we need the second-order part K"~ of the 

(7.28). With the use of the symbol >[I of (7.34) and remembering that 
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[ :::0 ] [ -j" + ÀQE' xB' 
] . (7 .36) 

Due to its original choice, the electromagnetic field is only present in 

the components W"o and W" 1, so that we only have a forced flow in ·the 

x-direction. The other components of j" may be put zero. Hence, we put 

j"~=(p",j",O,O) with p"=p"(x- t/n) and j"=j"(x- t/n). Furthermore, we 

infer from the second-order mass conservation that j" and p" are related 

to each other by 

j" p"/n, (7.37) 

where 1/n is the phase velocity of the electromagnetic field, and j" and 

p". This result is identical with the result (5.69). The only surviving 

part of the dynamica! equation reads 

(7 .38) 

which agrees exactly with the classical result (5 . 67). To solve (7.38), we 

note that ~ is a constant when moving with the wave, or 

This equation is solved for Bx~• which is then put into the left side of 

(7 . 38). The resul t shows that (j"-À(jeb+n~) is a local constant of the 

motion, which may be put zero by using suitable initial conditions. Then 

we substitute ~ from (7.34) and solve for the ratio j"/eb: 

2 
J"/eb = ÀQ - ~Cao + f30n ) . (7.39) 

Since, in general, the right side of this equation does not vanish, it 

follows that the fluid has a ha rmonie motion with amplitude j" that is 

forced by the electromagnet!c field (e,b). lf we further put the 

magnet!sation constant Xm zero, and put Xe=pa, where a=constant, then we 

reeover again the classica! resul t j"='hzeb. So, actually no corrections 

are needed for the classica! approximation in section 5 . 6. Moreover, we 

have confirmed that the rigid- body solution is not a solution of the 

coupled system. 
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7.4 On the momentum of the electromagnetic field in a polarised medium 

Let us now discuss the momenturn problem for the electromagnetic field in a 

polarisable fluid. In sectien 7.1 we split the coupled system into the 

fluid system and the vacuum system. This splitting into Lorentz-invariant 

subsys tems reflects the existence of the null-solutions of the coupled 

system : F~v=O and p=O. respectively. However, the fact that in a smali

amplitude approximation, the secend-order j""~ is coupled with the electro

magnetic field, indicates that no splitting based on the rigid-body 

salution j~=Jo~ exists. At the most. the convectlve and acoustic motion 

may be ignored. 

Al though the rigid-body salution is not a salution of the coupled 

system, we can still split the energy-momentum tensor into dependent 

parts. A glance at (7.29), however, shows that a covarlant spllttlng is 

complicated by velocity effects. Therefore, it is more conventent to 

consider the system in the comaving inertlal frame of an arbitrary event P 

in space. In such a frame we have by definition j(P) = 0, and thus at the 

same timealocal splitting of T~v. namely 

0 ij] (P) + [ E 
pó ExH 

(7.40) 

where E:= D·E - LvAc - U and where 

ij ij -1 i j i j 
t := (B•H + LvAC + U - pru)ó - ~ B B - éE E . (7 .41) 

Clearly, the first part in (7.40) belongs to the fluid itself, whereas the 

secend part to the total electromagnetic field. In section 5.6. we 

identified in the lewest-order approximation E as the energy density and 

ExH as the momenturn density of the electromagnetic field. Hence we may now 

look upon E(P) as the exact local energy density and (ExH)(P) as the exact 

3-momentum density of the field in P. Since P is arbitrary, we conclude 

that the second part of (7.40) represents the energy-momentum tensor of 

the total electromagnetic field in the local rest frame of any point of 

the polarised fluid. Similarly, tiJ of (7.41) represents the stress (3-) 

tensor of the total field, which agrees with (5.52) for j=O. Apparently, 

no additional interaction terros are present. These terros only appear when 

we express the covariant tensor (7.29) in terros of 3-vectors. 
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CHAPTER 8 

GENERAL SUMMARY 

This thesis can be divided into two parts. In the first part, we examined 

in detail a variational principle for a perfect fluid for its symmetries. 

In the secend part, we studied the coupling of the fluid with an electro

magnetic field. 

Tbe first part 

In chapter 1. we summarised those aspectsof classica! mechanics that form 

the essential background for this thesis: algebra ie structures for both 

constants of the motion and underlying symmetries. In particular, we 

emphasised the equivalence of the Lagrangian and Hamiltonian formulations. 

Then, we notified a Lie algebra of infinitesimal invariant point transfor

matlens in configuration space, giving rise, at least locally, to the 

so-called little symmetry group. 

From a macroscopie point of view, the motion of a continuurn can 

entirely be looked upon as a geometrical problem. In chapter 2, we ex

plained the kinematica! part of this interpretation in terms of a time

dependent bijection. This mapping maps two different three-dimensional 

Euclidean spaces onto each ether: a material space M and a physical space 

N. The bijeetlens Xi(m,t) that map M onto N represent the motion of the 

continuum. Moreover, the mapping implies automatically the conservation of 

the Jacobian of the mapping, or mass density if we assume for a constant 

mass distribution on M. 

In chapter 3, we introduced the dynamica! part of the motion of a 

perfect fluid by means of a variational principle that can be seen as a 

generalisation of a many-particles system. In this approach, the three 
i fields X (m) on M constitute a configuration space for each partiele 

i m € M, where the X (m,t) reprasent the pathof the particle. 

The constants of the motion of the fluid consti tute two disjoint 

algebras in phase space. Apart from their relation with symmetries on 

phase space, these constants can also be related to symmetries in the 

material space Mand its configuration space. 

The fi.rst algebra consists of the usual physical quant! ties as 

energy, momentum, its moment, and a law on the uniform motion of the mass 

centre. These constants correspond with invariant variations in the 

configuration coordinates with fixed m. 
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The second algebra comprlses lntegrals of an arbltrary degree in the 

veloclty. These integrals result from the fact that the vorticlty in the 

material space is a constant of the motion everywhere. The correspondlng 

invariant canonlcal varlations are all related to divergence-free vector 

flelds on the materlal space, where they form a Lle algebra. Although 

these fields generally depend on the veloclty, they are local constants of 

the motion . Thls second algebra has a subalgebra. 

Thls subalgebra of constants arlses from fnvarianee of the system 

under changing the identity of the (macroscopie) particles of the fluid in 

material space . The subalgebra is isomorphlc with a Lie algebra of 

symmetries connected wlth the unlmodular group on H. Thls group contains 

all constant volume transformatlens and lt forms the symmetry group of the 

materlal in lts referentlal state. 

A special place is taken by the hellclty, which commutes wlth all 

the ether constants of the motlon. Thls hellel ty is the non-canonlcal 

Hamiltonlan that maps the fluid states in the materlal space H onto each 

other wl th respect to the m-coordlnates, having the parameter of the 

vertex llnes as an evolution parameter. 

The only way to extend the number of constants of the motion is to 

make special choices for the lnternal energy functlon of the fluid. In 

partlcular, the monatomlc gas shows scale fnvarianee in spaca-time givlng 

rise to two more physically significant integrals that extend the first 

algebra. They show that a menatomie gas with a macroscopie energy always 

incllnes to expand with respect to an arbitrary inertlal observer. 

Al though we cannot prove 1t, i t seems to be very unllkely that more 

constants of the motion for the perfect fluid will exist. 

Because the mapping between the two spaces H and N is a coordinate 

transformation, we have at the same time a point transformation to a new 

configuration space spanned by Ma(x) at our disposal. This transformation, 

which turns the description inside out, preserves the canonical structure 

and conservation laws. In fact, the fields Ma(x,t) describe the intrinsic 

structure of the continuum. In the physlcal space N, the variables p and v 

have potentlal representations, the potantials being the coordinates of 

the phase space or configuration space. Here, the canonical variables 

resembie the Clebsch potentials; the potentlal representation in configu

ration space is, except for lts non-linearity, comparable with the usual 

potentlal representations for the electromagnetic field . 

In the physical space N, the two algebras of constants of the motion 

remain disjoint. The ftrst algebra resul ts from the invariance of the 
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description under the Calilean group and is isomorphic with the algebra of 

infinitesimal Calilean transformatlens in space-time. The Calilean invari

ance leads to a uniform motion of the mass centra of the fluid, confirming 

the inertlal character of the coordinate frame in physical space. This 

fact shows that the fluid is objectively isolated from lts environment. 

The second algebra of constants of the motion corresponds with a Lie 

algebra of infinitesimal gauge-transformatlens of the fluid in phase 

space. However, since all but one constant of the motion contain the 

potantials explici tly, they are of little direct physical interest; the 

only exception being the conservation of the helicity of the flow. For 

this reasen one may eliminate the potentials, thus converting the canoni

cal description into a non-canonical one. The resulting description still 

has a Polssen-bracket structure with again the energy as Hamiltonian. In 

the physical space N these brackets map one fluid state onto the ether 

with respect to the x-coordinates and with time as evolution parameter of 

the mapping. In the non-canonical Poisson-bracket formulation, the 

helicity forms a so-called Casimir functional. 

The above-mentioned secend algebra of constants of the motion has a 

subalgebra tha t is isomorphic wi th a Lie algebra of infini tesimal point 

transformatlens in the configuration space of N, giving rise, at least 

locally, to the little symmetry group on this space. This group, in fact, 

is identical with the unimodular group in material space M, and forms a 

gauge group for the variables of the flow. The gauge group eneables us to 

reduce the number of potentials. 

The use of the mass density ltself as a canonical potentlal leads us 

to the insight how ether existing variational principles on this subject 

that have been more or less guessed in the literature, can now be deriued. 

In particular, we showed that the pressure as Lagrangian differs from the 

one that amounts to the difference between the kinatic and potentlal 

energies by a total time derivative of a functional in the configuration 

coordinates. 

Tbe secend part 

In chapter 5, we imposed the Galilean invariance on a class of fluid 

Lagranglans. As a re sult, these Lagranglans must depend on the veloei ty 
2 through the kinetic energy density ~pv . Moreover, the Lagrangian struc-

ture of the fluid equations shows that in addition to the mass density, 

the mass-stream density is a more sultabla variabie than the velocity of 

the fluid. Ibis point of view proves ltself valuable in a Lorentz-invar-



176 

iant description of the fluid and in the applied linearisation of the 

fluid, whlch led to the acoustic system. 

The irrotational flow gives rise to a new conservation law , called 

strain rule. It represents the conservation of the irrotational flow of 

the change in mass densi ty of the fluid. In chapter 5, the strain rule 

plays an equal important role as the x-rule does. This x-rule results from 

the translation fnvarianee of the system with respect to the coordinate 

frame. In the case of an inertlal frame, the momenturn is the constant of 

the motion that corresponds with this rule. However, if we are dealing 

with a system that is linearised around lts equilibrium state, then this 

equilibrium state defines a preferred coordinate system, with respect to 

which the propagation medium of the system is at rest. The x-rule for 

these type of systems has a different meaning; the corresponding constant 

of the motion is therefore called pseudomomentum. As an introduction, we 

demonstrated this anomaly first at the acoustic system. 

After linearising the Lagrangian description of the fluid, we found 

that the x-rule from the fluid description did not apply to the linearised 

fluid, i.e., the acoustic system. However, we found that the x-rule of the 

acoustic system is identical with the strain rule of the fluid at the 

second order. As far as the conservation of energy concerns, there are no 

dlfficulties; the x-rotation rule will follow the x-rule. Applying the 

so-called conservecl-flux property, which enabled us to described the 

uniform motion of the centra of mass of the fluid, enabled us also to 

describe the uniform motion of the centra of acoustic energy. 

In the same manner, we approached the coupled system; in this system 

a polarisable, perfect fluid interacts wlth an electromagnetlc field . The 

fact that Maxwell's equations are not Galilean invariant, is unimportant 

to the linearised form of the coupled system. Important though, is the 

fact that we could establish a generalised conservatlon law for the total 

vorticity. This law shows that a generalised irrotational motion is an 

exact possible solution, thus showing that the electromagnetic field 

generatas vorticity in the flow of a polarised fluid. This result enabled 

us to set up the strain rule. 

In order to split the coupled system and lts conservation laws 

systematically, we led ourselves gulde by the splitting in the Lagrangian. 

We assumed an equilibrium state in which there is no motion at zero 

electromagnetic fields. Although this solution does not exist, it is still 

a good approximation if we limit ourselves to the linearised system . In 

this approximation we found that the linearised system uncouples lnto an 
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acoustic system and a pure electromagnetic field system. Then we found 

that DxB is the pseudomomenturn for the total electromagnetic field. Near 

the equilibrium state neither the convective flow nor the acoustic waves 

interact with the electromagnetic fields. This can be understood by the 

enormous difference in wave-propagation speed. However, unambiguously we 

found that the electromagnetic field induces a second-order perturbation 

on the fluid flow, which shows that, at least in this approximation, ExH 

is the momenturn density of the total field in a polarised fluid. 

In a cold plasma, we found that the vorticity of lts components is 

induced by the magnetic field. The conservation laws for the energy and 

momenturn of this system are just superpositions of those of each component 

and the electromagnetic field in vacuo. The absence of interaction terms 

herein is explained by the fact that the interaction term in the 

Lagrangian for the cold plasma, is linear in the velocity of the plasma 

components . 

The lack of invariance with respect to all inertlal observers 

restricts the objectivity of the physical meaning of the conserved 

quantities for the isolated coupled system. This fact forces us to adapt 

the variational principle of the fluid for a Lorentz space, where p and pv 

together form the components of a four-vector. The intrinsic structure of 

the fluid is still described by the potentials Ma(~). Now, the demand for 

invariance under the Lorentz group, which replaces the Galilean group, 

fixes the Lagrangfan density for the fluid as the proper energy density of 

the isentropic flow, or the proper free energy density of the non

isentropie flow. The variational description can be extended with the case 

where the pressure acts again as a suitable Lagrangian density . 

With the Lorentz-lnvariant Lagrangian system is unequivocally 

connected the conserved energy-momentum tensor. This fact also shows that 

searching for the momenturn of some system is searching for the whole 

energy-momentum tensor . It therefore makes sense to transfer to the 

relativistic fluid system, the concepts of the four-momentum of a single 

relativistic partiele and lts moment. lt is nice to cbserve that in the 

limit to a Newtonian description, the conservation laws still form a 

closed set originating from one single function, the Lagrangfan density. 

Moreover, we found that the helicity and vorticity remain conserved 

quantities of the fluid, In the non-isentropie extension of the system we 

verified that the presence of an entropy distribution does not change 

explicitly the four-momentum of the fluid. 

Finally, we reconsidered the momenturn problem for the 
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electromagnetic field in a polarised fluid. The revised approach does not 

lead to a Lorentz-invariant splitting, other than a splitting that 

involves the field in vacuo. Actually, such a splitting involves a rigid 

body, depicting an infinite speed of sound. Since, we can not split off a 

Lorentz-invariant Lagrangian, it does not make sense to talk about the 

energy-momentum tensor of the total electromagnetic field in a polarised 

fluid. The motion involved can only locally be eliminated. This confirms 

that ExHJc2 is the contribution of the total electromagnetic field in a 

polarised fluid to the total momenturn of the coupled system. 
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samenvatting 

In dit proefschrift wordt op een systematische wijze de koppeling van een 

polariseerbare vloeistof met een elektromagnetisch veld beschreven. Met 

methoden uit de klassieke mechanica zijn heboudswetten en hun onderliggen

de symmetrieën onderzocht. alsmede een mathematische structuur die deze 

resultaten ordent. Centraal in de beschrijving staat een variatieprincipe. 

In de eerste helft van dit proefschrift wordt uitsluitend aandacht 

besteed aan een variatieprincipe voor de ideale vloeistof. De actie

integraal hiervan is gebaseerd op een.generalisatie van systemen met veel 

deeltjes. We laten zien hoe bestaande variatieprincipes hieruit af te 

leiden zijn. De actie-integraal wordt uitvoerig onderzocht in zijn meest 

natuurlijke coordinaten, nl. de materiaalcoordinaten. Via een canonieke 

transformatie vertalen we de gevonden resultaten naar de fysische ruimte. 

Bij elk punt van deze ruimte is er een fase- en configuratteruimte, waar

van de coördinaten de potentialen zijn waarin de fysische variabelen p and 

v kunnen worden uitgedrukt. Met de symmetrieën van het systeem kunnen we 

dan het aantal potentialen tot vier reduceren. Op deze wijze vinden we de 

Clebsch potentialen uit de hydrodynamica terug. Als we ons nu tot de 

beschrijving in de fysische ruimte beperken, dan kunnen de gevonden symme

trieën als volgt worden beschreven. 

De symmetrieën in de faseruimte vormen twee disjuncte Lie-algebras, 

elk isomorf met een Lie-algebra van bewegingsconstanten: de ene heeft 

betrekking op de "uitwendige" structuur van de vloeistof en de ander op de 

"inwendige" structuur. 

De eerste algebra van symmetrieën leidt tot de Calileï-groep. Deze 

groep beschrijft de invariantie van de vloeistofdynamica onder de keuze 

van inertiaalstelsels. De hierbij behorende constanten van beweging zijn 

de energie, impuls, impulsmoment en de constante die hoort bij de uniforme 

zwaartepuntsbeweging. Alleen bij een verdere beperking in het type 

vloeistof zijn er extra behoudswetten, die deze symmetriegroep met 

schaalinvariantie vergroten. 

De tweede algebra bestaat uitsluitend uit symmetrieën die men als 

ijkvaria ties in de potentialen kan interpre teren. Op de heli ei te i t na, 

hangen de bijbehorende bewegingsconstanten echter steeds expliciet van de 

potentialen af. Deze heliciteit is tevens een bewegingsconstante die met 

elke ander gevonden bewegingsconstante commuteert. De bijbehorende symme

trie in de faseruimte wordt bepaald door de vertexlijn in de vloeistof. 

Hoewel de algebra oneindig veel hogere-orde elementen lijkt te bevatten, 
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is haar fysische relevantie wegens een expliciete aanwezigheid van de 

potentialen gering. 

Deze tweede algebra met ijkvariaties in de faseruimte heeft een sub

algebra. die ook een Lie algebra in de configuratieruimte vormt. Deze Lie

algebra hangt samen met de zgn. unimodulaire groep, die als een ijkgroep 

voor de potentialen fungeert. Ze laat zien dat de vloeistofdynamica 

invariant is onder de keuze van de materiaalcoordinaten-stelsels, die met 

elkaar samen hangen via constant-volumetransformaties. 

Naast de bahoudswetten die bij een symmetrie horen , zijn er de zgn. 

triviale bahoudswetten waarmee geen symmetrieën samenhangen. Afhankelijk 

van de gebruikte configuratieruimte zijn dit in het algemeen behoud van 

massa en behoud van vorticiteit. 

Het is bekend dat Lagranglanen voor een fysisch systeem niet uniek 

zijn. Naast de gebruikelijke vorm van "kinetische minus potentiële ener

gie", is ook de druk een geschikte Lagrangiaandichtheid. Het verschil 

tussen deze twee Lagranglanen is te herleiden tot een tijdsafgeleide van 

een functionaal in de configuratie coordlnaten. In het geval dat de 

stroming van de vloeistof niet-isentroop is, neemt in de Lagranglaan de 

vrije energie de plaats in van de inwendige energie. 

In het tweede deel van het proefschrift wordt de koppeling van een 

ideale vloeistof met het elektromagnetisch veld beschreven. Daarbij hebben 

we een gegeneraliseerde bahoudswet voor de vortleitelt van het gekoppelde 

systeem gevonden, waarmee werd vastgesteld dat de gegeneraliseerde 

rotatievrije stroming een exact mogelijke oplossing is van het systeem . 

Dit heeft tot gevolg dat het elektromagnetisch veld vortieltelt genereert 

door de aanwezigheid van polarisatie en magnetisatie in de vloeistof. 

Om van het gekoppelde systeem de totale impuls te bepalen, hebben we 

gebruik gemaakt van de zogenaamde x-regel. Deze regel geeft de bewegings

constante die hoort bij de invariantie van het systeem onder translatie 

van het coordinatenstelsel. Daarnaast hebben we voor de gegeneraliseerde 

rotatievrije stroming een extra behoudswét, die we de rekregel hebben 

genoemd. Om nu tot een verantwoorde splitsing in de totale impuls te 

komen, en dus in de x-regel, splitsen van de Lagranglaan een stuk af dat 

gebaseerd op een eventuele starre-llchaamsoplosslng, d . i. de oplossing 

waarin de beweging nul is en de massadichtheid constant is. Om het systeem 

beter te begrijpen, lineariseren we het totale systeem rondom een 

evenwlchtstoestand, waarin de beweging nul is in afwezigheid van een 

electromagnetisch veld. Deze linearisatle introduceert echter een 
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voorkeurs-coordinatenstelsel dat vastzit aan de gekozen evenwichts

toestand. Daardoor verandert de betekenis van de symmetrie die aan deze 

regel ten grondslag ligt, en daarmee ook de betekenis van de bijbehorende 

bewegingsconstante. De x-regel van het gelineariseerde systeem is gelijk 

aan de gekwadratiseerde rekregel van het gekoppelde systeem, met als 

bijbehorende bewegingscanstante de zgn. pseudo-impuls. Hierdoor kunnen we 

vaststellen dat de Minkowski uitdrukking DxB de pseudo-impulsdichtheid 

van het totale elektromagnetische veld is. 

In deze benadering blijkt verder dat de geluidsgolven en het 

elektromagnetisch veld elkaar niet voelen, wat begrijpelijk wordt we aan 

het enorm grote verschil in voortplantings-snelheid van beide golftypen 

denken. Ten gevolge van de impulsoverdracht is er toch een wisselwerking, 

waarbij het elektromagnetische veld een tweede-orde effect in de beweging 

veroorzaakt. 

We hebben vastgesteld dat in de laagste orde, ExHfc2 de impulsdicht

heid is van het totale elektromagnetische veld. Daarmee is tevens vastge

steld dat in het algemeen het gekoppelde systeem geen starrelichaams

oplossing heeft. Het gevolg hiervan is dat het totale elektromagnetische 

veld geen zelfstandig systeem kan zijn, waardoor de impuls van het totale 

elektromagnetisch veld ook geen bewegingscanstante kan zijn. 

Omdat de Maxwell vergelijkingen alleen Lorentz-invariant zijn, is 

een Galileï-relativistische beschrijving niet mogelijk. Daarom hebben we 

de ideale vloeistof ook op een Lorentz-relativistische wijze beschreven. 

Door de verandering in structuur van de ruimte-tijd verandert ook de bete

kenis van de bewegingsconstanten die horen bij de Lorentz-groep. Dit leidt 

tot de bekende divergentievrije energie-impulstensor. Daarnaast hebben we 

nog de bahoudswetten voor de vortieltelt en helleitelt teruggevonden. Door 

linearisatle van de hydrodynamische vergelijkingen hebben we een Lorentz

covariante beschrijving van de akoestiek afgeleid, waaruit bleek dat de 

geluidsbijdrage tot de impuls een tweede-orde effect is. 

Als tenslotte een polariseerbare vloeistof met het elektromagnetisch 

veld wordt gekoppeld, dan blijkt weer dat het systeem niet splitsbaar is 

in andere zelfstandige deelsystemen, dan de ideale vloeistof en het 

elektromagnetisch veld in vacuüm. We kunnen alleen laten zien dat ExHic2 

locaal de impulsdichtheid van het totale elektromagnetisch veld is. Het 

feit dat deze grootheid niet behouden is, geeft weer aan dat een 

starrelichaams-oplossing niet bestaat. Dit is dan weer consistent met het 

feit dat in de speciale relativiteitstheorie de geluidssnelheid niet 

oneindig groot mag zijn, zoals het geval is in een star lichaam. 
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I. 

De argumentatie van Carter en Gaffet, ter onderbouwing van hun bewering 

dat de door hen ingevoerde Milne-groep een grotere invariantle-groep zou 

vormen voor de Newtonse mechanica dan de Galileï-groep, is niet over

tuigend. 

B.Carter en B.Gaffet, J.Fluid Mech.l86(1987) , 1-24. 

I I. 

De Kopenhaagse interpretatie van de quanturnmechanica legt ten onrechte te 

veel de nadruk op het meetproces bij de interpretatie van de onzekerheicis

relaties van Heisenberg , en verwaarloost te zeer de invloed van de 

preparatle van het object-systeem. De Broglie' s idee van de "verborgen 

thermostaat" kan een belangrijk paradigma zijn bij het verkrijgen van een 

beter inzicht . in de betekenis van de onzekerheidsrelaties. 

L. de Brogtie, Foundations of Physics 1(1970) , 5-15. 

I I I. 

Van de drie door Chowdhury en Basak gegeven prolongatiestructuren van de 

door hen beschouwde klasse van vergelijkingen, zijn er twee triviaal. 

A.R.Chowdhury en S.Basak, Phys .Scripta 33 (1986), 197-201 . 

IV. 

In de Lorentz-ruimte is de dynamica van het fotonengas invariant onder de 

infinitesimale schaaltransformatie ~ ~ (1 + ~)~. 

V. 

De door Arnold gegeven formulering van de stelling van Neether is 

ontoereikend. 

V.I .Arnold, Mathematical Methods of Ciasstcal Mechantcs (1978), p88; 

E. ] .Saletan en A.H.Cromer, Theoretical Mechantcs (1971), p83; 

Dit proefschrift, hoofdstuk 1. 



VI. 

Het muntstuk, dat door de graaf van Vlaanderen in 1390 als dubbele groot 

werd ingevoerd, ontleent zijn naam · "Botdrager" niet aan de voorzijde, 

waarop een zittende leeuw met een wapenmantel is afgebeeld, maar aan de 

keerzijde, waarop een lang kruis staat dat een wapenschild draagt. 

H. Eruw van Getder, Jaarboek. voor Munt en Penni.ngk.und.e 56/57 

(1969/70), 117-122. 

VI I. 

De aanduidingen "anomaal" en "normaal" voor verschijnselen in de fysica 

zijn eerder gebaseerd op onbegrip dan op begrip, waardoor deze aandui

dingen soms alleen tijdelijk van toepassing zijn. Derhalve dient het 

gebruik ervan te worden vermeden . 

e.g. B.D.Patterson, E.Hotzschuh, R.F.Ki.eft, K.W.Btazey en T.L.Estte, 

Hyperfine Interact. 17-19 (1984), 599. 

VIl I. 

Het verdient aanbeveling op de verpakking van overhemden het aantal aange

brachte spelden te vermelden . 


