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Chapter 1 

Introduction 

It is common experience to see that after stirring in a cup of tea, sugar grains and tea leaves on 
the bottom will accumulate in the centre. An inquisitive mind will wonder why this happens. 
After all, the tea leaves are heavier than the water, so the centrifugal for~e would tend to fling 
them outwards. This behaviour is caused by an inward flow in a layer at the bottom. Due to 
the friction between the spinning tea and the bottom of the cup, the velocity and therefore the 
centrifugal force in this layer is reduced. The imbalance between the centrifugal and pressure 
forces results in an inward motion, which leads to the accumulation of the tea leaves. 

The spinning motion of the tea is an example of a spin-up process, the subject under 
investigation in this thesis. A spin-up process may be defined as 'a flow process caused by 
a difference in rotation speed between a fluid and its container'. The friction layer at the 
bottom, known as the Ekman layer, is an essential property of these flows. In this thesis, most 
flows concern in a way the opposite process of stirring in a cup of tea; the container of the 
fluid is brought into rotation rather than the fluid inside. The subsequent flow relative to a 
system corotating with the container will decay until the fluid has assumed the new angular 
velocity. In order to be categorized as a spin-up flow, the fluid motion need not be caused 
by the acceleration of the container. Atmospheric depressions, for example, are created by 
other processes than an angular acceleration of the earth's surface, but their decay may be 
regarded as a spin-up (or spin-down) process. The angular velocity may also be a slowly 
varying function of time (resulting in secular spin-up), and may depend on the position on the 
boundary. A more accurate definition of spin-up is therefore 'the decay process of a relative 
vorticity field', usually driven by the viscosity of the fluid. 

If the angular velocity of the fluid is higher than the angular velocity of the container, the 
process is also called spin-down. The distinction with spin-up is not always clear; the flow may 
contain both vortices rotating faster than the tank (cyclonic vortices) and vortices rotating 
slower than (or in the opposite sense of) the tank (anticyclonic vortices). Some authors 
also apply the term spin-down to the case where individual anticyclonic vortices increase their 
angular velocity. In this thesis, the evolution of a flow field generated by an increase in angular 
velocity is emphasized, and the term spin-up is used as the generic expression. The reason for 
this preference is that whereas spin-up flows are stabilized by their rotation in an early stage, 
spin-down flows tend to persist in showing instabilities typical of non-rotating flows. 

This thesis is limited to the impulsive spin-up of homogeneous, incompressible, Newto
nian fluids in a restricted class of geometries. The restriction to homogeneous fluids leads 
to profound differences from the more general case of density stratified fluids: stratification 
suppresses motions in the vertical direction, thereby blocking the most important spin-up 

3 



4 Introduction 

mechanism in a homogeneous fluid. The geometries may have either a flat or a topographic 
bottom, but in any case the sidewalls are cylindrical, that is, parallel to the rotation axis. An
other restriction is that the rotation of the container is always anticlockwise, thereby excluding 
sign reversal known as spin-over. 

If the increase in angular velocity (denoted by ~n) is much smaller than the final angular 
velocity (denoted by n), the advective term in the equation of motion is negligible, and the 
spin-up process is called linear. The absence of nonlinear terms in the equation of motion 
enabled Greenspan and Howard (1963) to construct an analytical solution for linear spin-up 
between two parallel plates of infinite extent. Their results can be interpreted by considering 
the Ekman boundary layers at the bottom and top plates as the driving force for the spin-up 
of the fluid between the layers. The outward motion in the boundary layers is compensated 
by a radial contraction of the fluid between the layers. This contraction leads to an increase 
in vorticity, thus providing spin-up on a time scale T = H/..;vn, where 2H is the distance 
between the plates, and v is the kinematic viscosity. Due to the symmetry of the solution 
around the horizontal plane halfway between the two plates, the solution for the flow under 
a horizontal free surface is simply the lower half of the solution of Greenspan and Howard. 
The structure of the Ekman layer is fully determined by flow of the overlying fluid. The key 
quantity leading to the feedback from the Ekman layer to the flow above is the vertical velocity 
at the top of the layer, the so called Ekman suction. For linear flows, the Ekman suction can 
be calculated from the properties of the Ekman layer, and appears to be proportional to the 
relative vorticity. 

If the increase in angular velocity is comparable with the final angular velocity (nonlinear 
spin-up), nonlinear terms enter the equations of motion governing the Ekman layer, and no 
analytical solution is known. So far, two approaches have been described in the literature to 
obtain an expression for the Ekman suction. Some authors used numerical data of Rogers and 
Lance (1960), who calculated numerically similarity solutions for the structure of the Ekman 
layer of a fluid rotating with angular velocity sn over a plate of infinite extent rotating with 
angular velocity n. They considered a number of values for the angular velocity ratio s, 
varying from a steady fluid over a rotating plate (called Von Karman flow) to a rotating fluid 
over a nonrotating plate (called Bodewadt flow). However, Rogers and Lance's data cannot 
be applied to a finite domain indiscriminately. Earlier authors assumed the Ekman suction to 
be a function of the local vorticity, with the fluid at a certain radial position behaving as an 
unbounded rigidly rotating fluid. As will be shown in section 2.6.2, on a finite domain this 
assumption leads to a net flow into the Ekman layer, thereby violating conservation of mass 
and vorticity. Nonlinear Ekman layers on a bounded domain pose a nonlocal problem, too 
complicated as yet to be treated by straightforward analytical techniques. 

Wedemeyer (1964) proposed to model Rogers and Lance's data for the Ekman suction by 
a linear function of the relative vorticity in order to calculate the velocity field for spin-up 
from rest in a circular container. Though rather crude, this model does not lead to a net 
flux into the Ekman layer, and provides an analytical solution for the velocity field above the 
Ekman layer. The solution for spin-up on a circular domain consists of two distinct regions 
with uniform vorticity, separated by a contracting material front. Experiments indicate that 
the actual vorticity field is more complicated, but that the Wedemeyer model captures the 
essential features of the spin-up process. However, in spite of its mathematical appeal, the 
linear Ekman pumping model is not a suitable approximation for strongly nonlinear processes. 
Notwithstanding numerous publications, no substantial advance beyond the linear model for 
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FIGURE 1.1: Particle paths of the impulsive spin-up from 0 to 0.035 rad/s in a rectangular tank with 
length 88.6 em, width 38.9 em and depth 35 em at (a) t 0 s, (b) 120 s, (c) 180 s, (d) 360 s, (e) 
960 s, (/) 1440 s. The photographs were taken from above with a camera corotating with the tank. 
The exposure time wa..'l 8 s for each photograph. 

Ekman suction has been made as yet. 
The introduction of a noncircular geometry such as a triangle or a rectangle brings spin-up 

to the realm of two-dimensional vortex motion. In a typical experiment, the flow separates 
from the sidewalls of the tank, and structures appear without any similarity to the shape of the 
domain. An example is given by the experiment in fig. 1.1. The impulsive increase in angular 
velocity results in the creation of a single cell occupying the entire fluid domain (fig. l.la). This 
flow is characterized by a uniform relative vorticity and a shear layer at the sidewalls. Due to 
the non-uniform initial pressure distribution, the flow separates from the sidewall, and cyclonic 
vortices are formed in the four corners of the tank. The cyclonic vortices in the downstream 
corners of the shorter sidewalls are very weak, and are quickly destroyed by viscous decay and 
the shear imposed by the surrounding flow. On the other hand, the cyclonic vortices in the 
downstream corners of the longer sidewalls are seen to grow, until their diameters reach the 
width of the tank (figs. l.lb, c and d). After this stage, the appearance of the flow changes 
only gradually due to Ekman pumping and viscous decay (figs. l.le and/). In this experiment 
Ekman suction is only a small effect, leading to attenuation times of vortical structures much 
larger than their typical turnover time. The floating particles in fig. 1.1 reflect the flow at 
the free surface. However, the flow remains approximately horizontal and independent of the 
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vertical position in the tank. The particle trajectories are therefore representative for the flow 
at any depth, with the exception of the thin Ekman layers at the bottom. In the particular 
experiment shown in fig. 1.1, the two-dimensional nature of the flow is due to the flow being 
laminar, and to the general property of rotating flows of being stabilized with respect to fluid 
excursions in the vertical direction. Thus, spin-up processes show the typical properties of 
two-dimensional flows, and a division into a number of stages can be made; 

1. Initial stage, characterized by a uniform relative vorticity and a shear layer at the bound
aries; 

2. Separation stage; detachment from the sidewalls and formation of vortices; 

3. Organization stage; formation of a cellular pattern that fills the entire flow domain; 

4. Decay stage; the quasi-steady vortex pattern slowly spins up due to Ekman pumping. 

The organization into a quasi-steady streamline pattern is highly sensitive to experimental 
parameters such as the shape of the geometry and the angular velocity, and may not be 
reached at all. Geometries that can accommodate a small number of equally-sized vortices, 
such as a rectangular tank with aspect ratio 3 ; 1, favour the emergence oflarge-scale structures 
described by Van Heijst (1989) and Van Heijst, Davies and Davis (1990). The self-organization 
phenomena in spin-up experiments described by these authors has been the incentive for the 
research recorded in this thesis. 

The further organization of this thesis is as follows. In chapter 2, the dynamical equations, 
conventions and methods are described that are used throughout this thesis. In chapter 3, the 
spin-up in a circular tank is discussed for a limited number of experiments. This should be 
regarded as a preliminary study for the investigations of the subsequent chapters concerning 
the spin-up in non-circular geometries. In chapter 4, the spin-up in a rectangular tank with 
a flat bottom is discussed. In particular, the influence of the final angular velocity on the 
resulting vortex profile is discussed in detail. In one of the experiments, a very low angular 
velocity was chosen, leading to a Reynolds number so small that three-dimensional numerical 
simulations could be performed to complement the experimental results. In most cases the 
flow is seen to become organized in a small number of large circular vortices, filling the domain 
as well as possible. In chapter 5, the spin-up in a circular tank with a radial barrier is studied. 
A short barrier appears to have little influence on the flow, and leads to approximately circular 
streamlines. A longer barrier causes the flow to break up is a small number of large vortices, a 
process similar to the self-organization in a rectangular tank. Spin-up with a radial barrier is 
further characterized by vortex shedding from the barrier in the beginning of the experiment, 
a phenomenon which, to a certain extent, lends itself to analytical approach. In chapter 6, the 
influence of a sloping bottom topography is discussed. A sloping bottom appears to hinder the 
formation of a stable vortex pattern by inducing a drift in each individual vortex. In chapter 7, 
the spin-up in a tank with a stepwise bottom topography is discussed. Here, unlike in the 
case of a sloping bottom, a quasi-steady flow may emerge in which vortices are confined within 
regions with uniform depth. Thus, a discontinuous topography may force the flow in a pattern 
resembling the topography. In appendix A, the small Reynolds number flow in a square two
dimensional geometry is considered. This is a fundamental problem in two-dimensional flows, 
which also has a general relevancy for spin-up flows. In appendix B, the linear spin-up of two 
layers of fluid with different density is discussed, to assess the influence of a layer of air above 
the fluid during the spin-up process. 



Chapter 2 

General theory and methods 

2.1 Equations of motion 

As in this thesis the motion of water relative to a tank rotating with constant angular velocity 
il is the main interest, as a starting point the incompressible Navier-Stokes equations are used, 
given in a reference frame corotating with the tank by 

8u 1 1 -= + (u · V')u = --V'p + g + -r22V'r2
- 2n xu+ vV'2u 8t-- p -2 --- (2.1) 

with :Jl. the velocity, t the time, p the pressure, p the density, fl. the acceleration caused by 
gravity, r the distance from the rotation axis and 11 the kinematic viscosity; the angular 
velocity has a component only in the vertical direction, which is denoted by n. Two terms 
appear as a result of the rotation of the coordinate system. The fourth term on the right-hand 
side of (2.1) describes the Coriolis acceleration. This term is perpendicular to n, and gives 
rise to the characteristic properties of rotating flows. The third term on the right-hand side of 
(2.1) describes the centrifugal acceleration. This term is usually compensated by a pressure 
gradient in the radial direction, and can be absorbed in the definition of the reduced pressure: 

(2.2) 

Unless indicated otherwise, the reduced pressure is used instead of the ordinary pressure from 
now on, and the subscript is omitted, so that we have 

8u 1 -= + (u · Y')u = --V'p- 2r2 xu+ vV'2u. 8t-- p --- (2.3) 

By taking the curl of this equation, and making use of some vector identities, we arrive at the 
vorticity equation in a rotating frame: 

(2.4) 

where~= V' x :ll. is the vorticity of the velocity field. The combination~+ 2il represents the 
vorticity in a nonrotating system, so that (2.4) is readily interpreted as the vorticity equation 
in a nonrotating system, transformed by replacing ~ by ~ + 2il. In spin-up flows described 
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in this thesis, the flow field at some distance from the solid boundaries is approximately two
dimensional most of the time; the velocity components in the vertical direction are typically 
less than 1 % of those in the horizontal direction. Therefore, the most important part of the 
vorticity is its component in the vertical direction, denoted by w. An equation for w is derived 
by taking the vertical component of (2.4), or directly from the two-dimensional Navier-Stokes 
equation in a rotating frame. The result is 

aw at+ :l!H · Vw -(w + 20)'\7 ·:l!n + v'\72w; (2.5) 

the index H is used to distinguish the velocity in the horizontal plane from the three
dimensional velocity. Although the three-dimensional flow is assumed to be strictly incom
pressible, the vorticity equation is given here in its compressible form. The reason is that 
'\7 ·:l!n will be slightly nonzero if there is a small vertical velocity component at the bottom or 
the surface of the fluid. It will be shown in section 2.6.2 that spin-up flows are characterized 
by a boundary layer at the bottom which provides such a vertical velocity component. 

2.2 Geostrophic flow 

If the nonlinear and viscous terms are negligible, and if the flow is stationary in addition, there 
is an equilibrium between the pressure gradient and the Coriolis force: 

Q 
1 

--'\7p- 2D_ X Y,. 
p 

(2.6) 

Flows obeying (2.6) are called geostrophic. This limiting case is relevant for spin-up theory, 
since it acts as a lowest order equation in perturbation methods (see section 2.6.2). Moreover, 
the equation has special relevance for geophysical fluid dynamics, since in many cases the large 
scale motions in the oceans and the atmosphere are approximately geostrophic (e.g. Pedlosky 
(1987)). After taking the curl of (2.6) and applying a vector identity, one finds that 

(il· V)y, Q. (2.7) 

This equation is known as the Taylor-Proudman theorem; it states that the velocity field in 
every plane perpendicular to il is the same. In a laboratory experiment using a tank rotating 
around a vertical axis, the Taylor-Proudman theorem implies that in the geostrophic limit, 
there is no velocity in the vertical direction, and the velocity field is the same at every height. 

This has particularly remarkable consequences for a tank with a sloping bottom, since the 
topography dictates the appearance of the entire flow field in that case: due to the condition 
of zero normal velocity at the surface, the vertical velocity vanishes identically throughout 
the domain. Thus, geostrophic flows are strictly horizontal, and therefore fluid particles are 
unable to cross isolines of topography. In this respect there is a fundamental difference between 
certain types of geometries. If the isolines of the topography are closed curves, such as in the 
case of a conical hill, streamlines must coincide with them. Such flows are called geostrophically 
guided. If on the other hand topography isolines intersect the sidewalls, such as in a tank with a 
uniformly sloping bottom, no geostrophic flow is possible. Such flows are called geostmphically 
blocked. Experiments in geostrophically blocked regions are discussed in chapter 6, where 
the spin-up in circular and rectangular tanks with a uniform slope is discussed. In regions 
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where the bottom is fiat, the flow may assume any streamline pattern; such flows are called 
geostrophically free. In this thesis, geostrophically free regions do not only occur if the entire 
bottom is fiat, but also in experiments with piecewise fiat topography discussed in chapter 7. 

2.3 Dimensionless quantities 

Since by definition the Coriolis force is one of the dominating forces in a rotating flow, other 
terms in (2.3) are scaled with respect to this term. This gives rise to the following dimensionless 
quantities: 

• the Rossby number Ro is a measure of the ratio between the advective term and the 
Coriolis term: 

Ro 
u I (:!~!·V)y I 
nL "' 1 n x 11! 1 ' 

(2.8) 

where U is a characteristic velocity, and L is a characteristic horizontal length scale on 
which velocity gradients occur; this is typically the size of a vortex or the size of the 
tank. If Ro « 1, the velocities of the relative flow are much smaller than the rotation 
velocity of the system, and the typical properties of rotating flows become manifest. 

• the Ekman number E is a measure of the ratio between the viscous term and the Coriolis 
term: 

(2.9) 

where H denotes a typical length scale in the vertical direction, in particular the depth 
of the tank. The choice of H instead of L is a matter of definition. Sometimes, L is used 
as well, and a horizontal and a vertical Ekman number are distinguished. 

• the Reynolds number Re = ULfv is defined by using the horizontal length scale L, in 
correspondence with the familiar concept of this parameter. The Reynolds number is 
related to the Ekman number and the Rossby number by 

Re 

• the rotational Froude number 

£2 
E-1 Ro H2 (2.10) 

(2.11) 

is a measure of the deformation of the free surface. If the fluid is at rest in the rotating 
system, the surface elevation follows from 

Pred = '!?_ + gz _ ~f!2r2. 
p p 2 

(2.12) 

From the Navier-Stokes equation it follows directly that Pred is constant. If (2.12) is 
applied at the free surface with elevation h( r), the pressure is constant as well, so that 

(2.13) 
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The Froude number is found by nondimensionalizing the elevation with the average depth 
H. The factor 4 in the numerator makes the definition consistent with the notation used 
by earlier workers (Cederlof (1988), O'Donnell and Linden (1991) and Linden and Van 
Heijst (1984)). 

If necessary, time is nondimensionalized with n-1 , so that no parameter appears to estimate 
the magnitude of the time derivative of the velocity relative to the magnitude of the Coriolis 
force. In many cases, n-1 is not an estimate of the time scale on which changes in the velocity 
field take place. In particular, the linear spin-up time scale in a circular tank withE« 1 will 
he proven to be of order E-112n-1 • In such cases a different scaling parameter would be more 
suitable. 

2.4 Self-organization; relationship between w and ¢ 

If a two-dimensional incompressible flow is both stationary and inviscid, the vorticity equation 
(2.5) reduces to 

'Jl·'Vw 0, (2.14) 

implying that every point on a streamline has the same vorticity. For a single vortex with a 
definite orientation, this implies the existence of a functional relationship between w and the 
stream function 'if;, defined in in Cartesian coordinates ( x, y) and velocity components1 ( u, v) 

o'I/J 
U=-

oy (2.15) 

and 

v 
o'ifJ 

-ox' (2.16) 

For a flow field with more than one vortex, the relationship between w and 'if; may be multi
valued, each vortex having its corresponding branch in the w('if;)-graph. 

An intriguing problem concerns the character of the w('if;)-relation of vortices observed in 
nature and in experiments. In principle, any vorticity profile can be created in the laboratory, 
hut a fundamental question is whether there is a preference in nature to produce vortices with 
certain w('if;) relationships. This question may concern emerging vortices as well as vortices 
decaying under viscous diffusion or Ekman suction. 

The structure of vortices is particularly relevant to two-dimensional flows, since these flows 
tend to merge small structures into vortices of an ever-increasing size. This phenomenon is 
known as the inverse energy cascade. 'Inverse' refers to the contrast with the more familiar 
behaviour of three-dimensional flows, where large structures are unstable and tend to break 
up into smaller and smaller ones, until their energy is dissipated by viscosity. In the two
dimensional case, the flow tends to organize itself into large, smooth structures with relatively 
long lifetimes. This phenomenon is observed in planetary atmospheres and oceans, and in 
numerical and laboratory experiments. Numerical results of forced two-dimensional turbu
lence were presented by Legras, Santangelo and Benzi (1988), who observed a transition from 
a small-scale initial velocity field to a small number of coherent structures in the form of 

1 In this thesis, u and v are used for the horizontal velocity components in both Cartesian and polar 
coordinates. The choice of coordinate system depends on the geometry under consideration, and is always 
mentioned explicitly. 
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monopolar, dipolar and tripolar vortices. A recent example of an experimental study is an 
article by Boubnov, Dalziel and Linden (1994), who excited a quasi-two-dimensional flow in 
a stratified environment with a number of sources and sinks at the perimeter of the domain. 
The number of vortices excited by this forcing decreased during the experiment, until a single 
vortex occupied the whole domain. Other examples were given by Fl6r (1994) and Velasco 
Fuentes (1994), who studied numerically and experimentally the behaviour of dipolar vortices 
in a stratified or rotating system. In either study, the dipoles were created simply by imparting 
momentum to the fluid through injection of additional fluid, or through motion of an object 
through the fluid. After the initial turbulence disappeared, smooth and well-defined vortices 
emerged after some time. 

In some textbooks (e.g. Pedlosky (1987), Kundu (1990)), this self-organizing behaviour 
of the flow field is explained in terms of the restrictions on the redistribution of its energy 
spectrum through conservation of the energy 

(2.17) 

and the enstrophy2 

v = ~ J J w2 dxdy = ~ J J (\72¢)
2 

dxdy. (2.18) 

First, the Fourier transform of the stream function is taken: 

'¢(x, y) = ~ joo joo ei(kx+ly) {l(k, l)dkdl 
411" -oo -oo 

(2.19) 

so that the expression for the energy becomes 

E = 1 jjvffei(kx+ly){l(k,l)dkdl vjjei(k'x+l'yJ{l(k',l')dk'dl'dxdy (2.20) 

= 
8
:

2 
j j j j j j(kk' + ll')ei(k+k')x+i(l+I')Y{l(k,l){l(k1,l1) dxdy dkdl dk'dl'. (2.21) 

With the identity 

this can be written as 

- 1- jj ei(k+k')m+i(l+l')y dx dy = 6( k + k') 6 ( l + l') 
411"2 

E = ~ J J (k2 + t2
) {l(k, z){l( -k, -l)dkdl. 

(2.22) 

(2.23) 

From the restriction that '¢(x, y) is real, or {!( -k, -l) {l*(k, l), where the asterisk denotes 
the complex conjugate, we have 

(2.24) 

In a similar way, the enstrophy V can be written as 

(2.25) 

2Note that for inviscid two-dimensional fluids 
over the flow domain is a conserved quantity. 

0, so that the integral of any function of the vorticity 
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Defining the energy density in wave number space as 

(2.26) 

we have 
E = j_: j_: E(k, l)dkdl (2.27) 

and 
v = j_: j_: (k2 + t2)E(k, t)dkdl. (2.28) 

In polar coordinates (K, B) in wave vector space we define 

e(K) K l1f E(K, B) dB (2.29) 

and we have 
E = l"' c(K)dK (2.30) 

and 
(2.31) 

The argument is now that because of the integral constraints (2.30) and (2.31), a broadening 
of an initial peak in the c(K) spectrum leads to a shift of e(K) towards smaller K, and to a 
shift of K 2E(K) towards larger K. Suppose that e(K) is initially sharply peaked around K0 , 

and evolves by some hypothetical mechanism towards a distribution consisting of two peaks 
at !Ko and 2K0 • One can then verify from (2.30) and (2.31) that 80% of the energy ends up 
in !Ko, and 80 %of the enstrophy ends up in 2K0 . Thus, the energy is transferred to larger 
scales, giving rise to self-organization, whereas the enstrophy is transferred to smaller scales. 
In the presence of a small amount of viscosity, a rapid dissipation of a substantial part of the 
enstrophy occurs, whereas the energy is essentially conserved. 

It is not clear, however, whether or not a splitting of two peaks in the wave number space 
is a good representation of the dynamics of two-dimensional flows. This question is essential, 
since the opposite conclusion about the direction of the energy and enstrophy cascades would 
be drawn for a recombination of two peaks. However, empirically there is no doubt that the 
direction of the cascades corresponds indeed to a broadening of the e(K) spectrum. Moreover, 
there is a qualitative argument for the direction of the cascade of the enstrophy V, based on 
the distortion of a moving circuit of fluid particles (see e.g. Bretherton and Haidvogel (1976)). 
Since neighbouring fluid particles tend, on the average, to separate systematically, such a strip 
of fluid gradually becomes more and more intricate. This corresponds to a cascade of w, and 
therefore also of V, to higher wavenumbers. Thus, the possibility of a cascade process resulting 
from a recombination of peaks in the £(K) spectrum is eliminated. 

Taking the energy cascade towards large scales for granted, Leith (1984) calculated the 
structure of two types of circular vortices, assuming the selective decay of certain integral 
quantities such as the energy and the enstrophy (see e.g. Batchelor (1969), Bretherton and 
Haidvogel (1976)). According to this reasoning, the energy of a turbulent two-dimensional flow 
ends up in large scales and is dissipated very slowly, whereas the enstrophy cascades towards 
small scales and is dissipated quickly. A so-callP-d minimum-enstrophy vortex is found by cal
culating the vortex structure with a minimal enstrophy for a given value of the kinetic energy. 
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FIGURE 2.1: Characteristics of t.he isolated Leith vortex: (a) vorticity, azimuthal velocity and stream 
function as a function of the radial position; (b) vorticity versus the stream function. The vorticity, 
azimuthal velocity and stream function are nondimensionalized with wo = -4E/3M J0(j21), vo = 
-2Eaj3MJI(j21) and '1/Jo -2Ea2/3MJI(hi), respectively; both Jo(j21) and J1(i21) are negative. 

The first type of these minimum-enstrophy vortices contained equal amounts of positive and 
negative vorticity; such vortices have zero circulation outside a certain radius, and are called 
isolated. For vortices of the second type, the amounts of positive and negative vorticity did 
not cancel; such vortices have a nonzero circulation at infinity, and are called non-isolated. 
For the isolated vortex, Leith assumed that both the energy E and the angular momentum M 
remain constant, and that the enstrophy decays towards a minimal value compatible with the 
constraints of fixed energy and angular momentum. The result consists of a vortex confined to 
a disk with radius a= (3M2 j1r E)114

, and the vorticity, azimuthal velocity and stream function 
given by 

w(rfa) = 
4E . . 

3M Jo(jzl) [Jo(J2Ir/a)- 1o(J21)] (2.32) 

v(rja) 
2Ea . . 

3MJ
1
(j

2
I) [J1(J21r/a)- JI(J2I)r/a] (2.33) 

2Ea2 

3MJ(' )' [1o(h1r/a) jz1JI(ht)r
2
/2a

2 +C] 
1 )21 121 

'lj;(r/a) (2.34) 

with j.,n the nth positive root of 111 ; the numerical value of j 21 is given in 6 decimal places by 
5.13562. The profiles of vorticity, velocity and stream function, together with the graph of w 
versus 'lj; are given in fig. 2.1. Unfortunately, it is not clear to what extent the selective decay 
occurs in reality, an issue also mentioned by Leith. Moreover, the choice of the enstrophy as 
the decaying functional is arbitrary; any higher order vorticity momentum J wn dA could be 
used instead of the enstrophy 2), leading to different results. 
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A different approach based on statistical methods was proposed by Montgomery (1974) 
and Robert and Sommeria (1991). Their methods are technically different, but both rely on 
the counting of allowable dynamical states. The final equilibrium state of an initial vorticity 
distribution is calculated by introducing and maximizing the entropy of the vorticity field. 
Since these theories rely on the conservation of certain integral quantities such as the energy 
of the flow field, they apply only to strictly inviscid flows. In the method by Montgomery, 
point vortices to represent the vorticity field. A well-known result of this approach is that if 
the vorticity distribution consists of the same number of positive and negative point vortices 
with equal strength, the relation between wand '1/J becomes a hyperbolic sine: 

w w0 sinh(,B'I/1). (2.35) 

The method by Robert and Sommeria is more complex and departs from a regular vorticity 
distribution. If the initial flow field consists of thin shear layers in an otherwise irrotational 
environment, such that the distribution of positive and negative vorticity is symmetric, the 
hyperbolic sine result of Montgomery is recovered. More general conclusions about the final 
vorticity distribution are found as well, in particular that w is a strictly increasing function of '1/J. 

In many experiments in two-dimensional flows (e.g. Fl6r (1994), this thesis), it is observed 
that vortices immediately after their formation indeed show a linear or an upward curving 
w('l/1)-relation. The w('¢)-relation corresponding to the region between two vortices is often 
non-monotonic, but this results from advection of vorticity from the boundary layers, an effect 
not accounted for by these inviscid theories. It is the assumption of inviscid flow as well as 
the technical difficulties to construct solutions for more general vorticity distributions that has 
hampered a widespread use of this method as yet. In addition to the two mentioned articles, 
several contributions were made by Salmon, Holloway and Hendershott (1976), Robert and 
Sommeria (1992), Montgomery, Shan and Matthaeus (1993) and Pasmanter (1994). 

2.5 Bessel vortices; viscous flow 

The construction of a solution for the stream function depends not only on the w( '¢) rela
tionship, but also on the boundary conditions. For a nonlinear function w('¢), a nonlinear 
boundary problem for '1/J arises: 

(2.36) 

with '¢ = 0 at the walls, in general a very hard problem to solve analytically. However, Ting, 
Chen and Lee (1987) calculated the solution for the sinh-Poisson equation following from 
Montgomery's theory on a square domain: 

(2.37) 

For a linear relationship between w and '¢, more analytical solutions are known. Some in
vestigators (Chaplygin (1903), Lamb (1932)) simply assumed a linear relationship in order to 
have an analytically tractable, but still realistic vortex model. If this assumption is made, a 
Helmholtz equation for '¢ is found: 

(2.38) 
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An important example is the problem on a circular domain with radius a and no-slip boundary 
conditions; the solutions are known as Bessel vortices. Assuming radial symmetry, (2.38) 
becomes 

d21/J + ! d'ljJ + k2.J, 0 
dr2 r dr '~" ' 

which is the Bessel equation of order zero, so that we have 

1/J(r) = AJ0 (kr) 

v(r) AkJ1(kr) 

w(r) = Ak2 J0(kr) 

with v the azimuthal velocity. Imposing the no-slip condition at r = a, we find 

k = J1n. 
a 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

The gravest solution has j 11 = 3.8317; this is the only Bessel vortex with unidirectional flow. 
From (2.43) it is clear that the proportionality constant between wand 1/J is a measure of the 
size of the vortex. This concept may be helpful in interpreting experimentally obtained graphs 
of w versus 1/J. 

Bessel vortices have physical relevance for circular flows that are dominated by viscous 
diffusion. This limiting case is important for the long-term behaviour of experiments in two
dimensional fluids. Many two-dimensional flows may be governed by self-organizing properties 
of inviscid, or nearly inviscid flows in the beginning, but after a long time the motion decays, 
and unless three-dimensional effects are involved, the flow evolves towards the fully viscous 
solution, governed by 

{}y,_ 

at 
1 2 

--\lp+ v\1 '1! 
p 

(2.44) 

together with the condition of zero velocity at the walls. In general, such flows do not have a 
single-valued w('I/J)-relation. An exception is the solution on a circular domain. In that case 
the pressure term vanishes, and after applying separation of variables we find 

w(r, t) (2.45) 

v(r, t) = (2.46) 

1/J(r, t) = (2.47) 

which is a series of decaying Bessel vortices (e.g. Batchelor (1967)). Since an arbitrary function 
f(r) which is piecewise continuous on the interval [a, b] can be expanded in a Fourier-Bessel 
series 

(2.48) 

any axisymmetric vortex can be written as a series of Bessel vortices. If initially an azimuthal 
velocity profile contains all possible Bessel components, it follows from (2.45)-(2.47) that the 
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components corresponding to the highest modes decay fastest. Therefore, a randomly chosen 
two-dimensional vortex in a circular tank evolves towards an exponentially decaying lowest 
mode Bessel vortex; as a consequence, the w('ljJ)-relation becomes linear in the course of time. 

For more complex domain shapes, the eigenmodes of the viscous problem are not given 
by elementary functions. In appendix A the square geometry is treated; the eigenmodes are 
found as a series expansion in trigonometric and hyperbolic functions. Although there is no 
one-to-one relation between wand '1/J, the part of the branch of data points in the w('I/J)-graph 
corresponding to the central region appears to be approximately linear. 

2.6 General aspects of the spin-up process 

2.6.1 Starting flow 

The flow immediately after the impulsive increase in angular velocity is referred to as the 
starting flow. The starting flow is an aspect of the spin-up problem which, for simple geome
tries, lends itself to an analytical approach. Since the absolute vorticity of a fluid element can 
be changed by viscous diffusion only, far from the sidewalls the absolute vorticity is unaffected 
by an increase in angular velocity of the tank. Immediately after the impulsive increase in 
angular velocity from n tt.n. to n, we find from the relation between absolute and relative 
vorticity 

!!d.abs !ol.rei + 2ll (2.49) 

and 
lol.abs 2(ll tt.ll) (2.50) 

that the relative vorticity is given by 

lol.re! -2L:t.fi. (2.51) 

On a two-dimensional domain, or in a geometry with a flat bottom, this leads to a Poisson 
equation for the stream function '1/J: 

(2.52) 

with '1jJ = 0 at the boundary of the domain. For a circular tank, the solution is simply a 
solid-body rotation with angular velocity -.6.0. For some other simple geometries, such as 
the region between two concentric circles connected with a radial barrier (Van Heijst (1989)), 
a rectangular tank (Van Heijst, Davies and Davis (1990)) or a semicircle (Andersson, Billdal 
and Van Heijst (1992)), the analytic solution is known as well. The solution is usually found 
as a series in elementary functions. In some cases, however, a solution without series may be 
found. An example is the solution on a domain in the shape of an equilateral triangle (Stokes 
(1843), Lamb (1879)), given in polar coordinates (r, 0) by 

(2.53) 

with a the perpendicular from the centre of the triangle on one side, and () measured from 
this perpendicular. The streamline pattern of the starting flow in an equilateral triangle is 
represented in fig. 2.2. The starting flow does not necessarily consist of a single set of nested 
streamlines. A qualitative example of a geometry resulting in a starting flow with two extremes 
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(b) 

FIGURE 2.2: Streamlines of the starting flow in the shape proposed by Thomson in 1880 (a), and 
in an equilateral triangle (b). Figure (a) is the original figure from Thomson, and represents the 
qualitative aspect of the streamline pattern. 

of the stream function was given in 1880 by Thomson; this is represented in fig. 2.2 as well. 
Another example is discussed in chapter 5. 

The starting flow according to (2.52) has nonzero velocity components along the sidewalls, 
whereas the no-slip condition requires that the velocity at the wall be zero. As a result, a 
boundary layer develops at the solid boundaries immediately after the increase in angular 
velocity. At early times, the growth of these boundary layers can be compared with the 
evolution of an initially uniform flow over a flat plate. For a horizontal plate y = 0 in the 
(x,y)-plane with at t=O a uniform flow (U,O) for y>O governed by 

fJu 82u 

fJt II fJy2 (2.54) 

this problem has a similarity solution: introduction of the dimensionless similarity variable 

(2.55) 

leads after some algebra to 

(2.56) 

which is solved by 

(2.57) 

On a bounded domain the sidewalls are curved or contain edges, and in neither case the 
starting flow is uniform. Nevertheless, the solution for flow over an infinite plate is a good 
local approximation as long as the thickness of the viscous boundary layer is small, and 
advective terms are unimportant. Thus, the flow shortly after t 0 consists of a uniform 
vorticity solution far from the walls, with vorticity of the opposite sign concentrated in a 
growing boundary layer with thickness 2v'Vt. 
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In a superfiuid no boundary layers are formed, so the starting flow is a steady solution of 
the Euler equation. The pressure field of this steady solution is found by deriving a Bernoulli 
theorem for rotating flows. In a system rotating with angular velocity ll, we have 

1 
--Vp 2ll X 1!· 

p 

By application of a vector identity one may rewrite the left-hand side, so that 

or, since for the starting flow w - 2~n, 

1 1 z t;J (1! ·,!!) - 2~fi X 1! = - p V p - 2fi X ,!!. 

(2.58) 

(2.59) 

(2.60) 

By taking the inner product with 1!, the terms consisting of a cross product with 1! disappear, 
and we find 

p 1 
0, (2.61) u·V(- + -u·u) - P 2--

so that 
p 1 c, (2.62) -+-l!·U 
p 2 -

where C is constant on a streamline. Only if the spin-up is from rest, the cross products in 
(2.60) vanish, and C is constant in the entire flow field. This implies that, if the velocity field 
of the starting flow is known, the pressure follows from (2.62) in case of spin-up from rest, or 
from (2.60) in generaL For small viscosity, boundary layers are formed, and flow separation 
takes place on a time scale r n-1• However, far from the boundaries for r « n-1 the flow 
is still approximately characterized by (2.58), so that the pressure is approximately given by 
(2.60) and (2.62). 

In the very first moments of the spin-up, the sudden motion of the tank gives rise to a 
change in fluid height in the immediate vicinity of the sidewalls, rather than to the immediate 
presence of the divergence-free velocity field following from (2.52). These height differences 
give rise to surface gravity waves, oscillating around the stationary solution of (2.52). In 
this thesis these waves have been ignored, that is, it is assumed that they do not affect the 
divergence-free component of the velocity field. This assumption is based on the observation 
that in all experiments, the amplitude of these waves is small, and on the argument that the 
zero absolute vorticity in spin-up experiments from rest in unaffected by a divergence in the 
horizontal plane. The uniform vorticity solution with zero normal flow (which is the steady 
solution in a superfluid) is referred to as the starting flow. 

2.6.2 Spin-up in a circular geometry 

If the spin-up is approximated as a two-dimensional problem, the evolution of its flow field 
is determined by advection and diffusion, and the time scale for the fluid to reach its final 
angular momentum is proportional to L2j11. This follows from the solution for the azimuthal 
velocity field on a circular domain with radius a, given by 

( ) ~ J1(Jinr/a) ( ·2 / 2) v r,t = 2~na L...t . J, (. ) exp -JinVt a , 
n=l Jln 0 Jin 

(2.63) 
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which is a particular case of (2.45)-(2.47). 
However, the assumption that the spin-up time scale for a finite fluid depth can be ap

proximated by the diffusive time scale of the two-dimensional problem appears to be invalid. 
Boundary layers of the Ekman type develop at the bottom of the tank, acting as a source or 
sink for the fluid above the layers. The resulting vortex stretching provides a spin-up mecha
nism that is often more efficient than viscous diffusion in the horizontal plane. The simplest 
example displaying this mechanism was studied in detail by Greenspan and Howard (1963). 
They consider the spin-up between two infinite parallel horizontal plates a distance 2H apart, 
for the case in which the relative increase t:::..n;n in angular velocity is smalL As t:::..njn is the 
Rossby number, the advective term is negligible in this case, and the Navier-Stokes equations 
become mathematically tractable. Their main results will be presented here in a less rigor
ous and comprehensive way, using an asymptotic expansion in the small viscous term. The 
equations of motion for linear spin-up in a circular tank, in a frame corotating with the tank, 
are 

and 

a·u 1 
.....= = --\i'p- 2n XU+ v\72u at p - - - (2.64) 

(2.65) 

The viscous term in (2.64) acts as a singular perturbation. This term is negligible everywhere 
in the domain, except near the bottom where it gives rise to Ekman boundary layers. Moreover, 
the acceleration term frJ!jat turns out to be small compared to the Coriolis term. Therefore, 
the flow in the interior is governed to lowest order by the geostrophic balance: 

(2.66) 

The singular term v\72:u. leads to an Ekman boundary layer at the bottom of the tank. The 
flow in this boundary layer is governed by 

(2.67) 

In view of the circular geometry, it is convenient to write these equations in circular cylin
drical coordinates (r, ¢, z), the corresponding velocity components being denoted by (u, v, w). 
Omitting terms containing a I a¢, we arrive at 

0 
1 ap 2 u 

(2.68) ---+2!lv+v(\7 u--) 
par r 2 

0 = 2 v (2.69) - 2!lu + v(\7 v - -) 
r2 

0 
1 ap 

+v\72w (2.70) 
paz 

together with the continuity equation 

1 a aw 
--(ru) +- = 0. 
rar az 

(2.71) 
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These equations describe a thin boundary layer, so that only the parts proportional to f:J21EJz2 

in the viscous terms are relevant. From the continuity equation it follows that w is much 
smaller than u, so comparing (2.68) and (2.70), we find 

EJp EJp 
-<< 
EJz 

(2.72) 

This shows that the pressure within the boundary layer is essentially the same as the pressure 
above the layer, so the essence of the dynamics is still contained in the following equations: 

0 
1 EJp EJ2u 

(2.73) --- + 2r2v + !1-
p EJr EJz2 

0 
EJ2v 

2r2u + v EJz2 (2.74) 

1 EJ EJw 
(2.75) --(ru) + = 0. 

r EJr 

At this point one might expect that u ~ v, so that even more terms can be neglected, but it 
turns out that in the Ekman layer, u is of the same order of magnitude as v. Now, decompose 

(2. 76) 

with JJ.1 the velocity of the interior, characterized to lowest order by a geostrophic balance, 
and Y.E containing the essential dynamics of the Ekman layer. For the flow in the interior we 
have 

so that in the Ekman layer 

0 

0 

1 EJpi 
0= --- +2r2vi 

P EJr 

82uE 
2r2vE +!I 8z2 

82vE 
-2r2uE + v EJz2 . 

(2.77) 

(2.78) 

(2. 79) 

This pair of equations can be solved by combining them to fourth-order differential equations 
in uE and in vE. For the proper boundary conditions, we find 

uE = -v1 e-zflisinzjfi 

vE = -v1 e-zflicoszl8 

(2.80) 

(2.81) 

with 8 = Flfi the thickness of the Ekman layer. In a typical experiment in this thesis, 8 is 
about 1 mm, very small indeed compared with a typical water depth H of several decimetres. 
The ratio 8IH is equal to the Ekman number, which in this linear theory is considered to be 
arbitrarily small. The existing of two disparate length scales suggests introducing a stretched 
coordinate ( = z I 8 to describe the structure within the Ekman layer, and reserving the vertical 
coordinate z to describe the flow field dependence on a vertical length scale of order H. The 
smallness of 6 I H allows to take the formal limit (---> oo of the expression for some quantity 
within the Ekman layer, and to interpret the result as the limit z ! 0 of that same quantity 
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above the Ekman layer. Adding :YE to Y:.J, which is given to lowest order by (0, v1, 0), we arrive 
at 

u = -v1 e-< sin ( 

v v1 (1-e-'cos(). 

A by-product of this result is 

(2.82) 

(2.83) 

lim ~ = (2.84) 
oov 

which means that the flow at the bottom plate is inward if v > 0 and outward if v < 0, in both 
cases under an angle of }1r with 1!1' Equations (2.82) and (2.83) describe the structure of the 
Ekman layer and the interior velocity field to lowest order in the small parameter E. However, 
the spin-up of the interior is caused by a higher order component of the interior velocity field. 
This component can be calculated from the lowest order solution for the Ekman layer. First, 
the vertical velocity w within the Ekman layer is determined from the continuity equation: 

Lq{) {j{) L' I w(() =- --
8 

(ru)dz = -"i>rv1 sin('e-( d(' 
orr rur o 

{2.85) 

with r the radial position in the tank. Then, taking the limit ( -+ oo and carrying out the 
integration, one finds the vertical velocity component Woo at the top of the Ekman layer: 

lim w{() = 
2
1 ow 

(--+oo 
(2.86) 

with w the relative vorticity in the interior. 
Depending on the sign of the relative vorticity, the Ekman layer acts as a source or a sink 

for the fluid of the interior. This phenomenon, known as Ekman pumping, causes a secondary 
flow field smaller than the geostrophic flow field by a factor {j / H = E 112 , except in the Ekman 
layer itself where it is of equal magnitude. For a linear spin-up, fluid is sucked into the Ekman 
layer, and transported through the Ekman layer with an outward radial velocity component. 
Fluid is depleted from the interior due to the suction, and compensated by a weak radially 
inward motion. This causes the spin-up of the interior fluid, since by conservation of anguh,r 
momentum, its angular velocity is increased. In a Stewartson boundary layer at the sidewdl 
of the tank, the fluid is transported back from the Ekman layer to the interior. In contrast ;.o 
the Ekman layer, we regard this Stewartson layer as being passive, in the sense that it adapts 
itself to the conditions imposed by the fluid surrounding the layer, and does not influence the 
rate at which the spin-up process takes place. In the nonlinear case, the boundary layers at 
the sidewall do influence the spin-up process; this is discussed in section 3.2. 

The influence of the Ekman layer on the interior can be described in terms of the two
dimensional divergence '\1 ·:YH caused by the Ekman suction. This is given by3 

Woo 1 r;; 
"V·u = = -v Ew. 

-H 2 (2.87) 

3In fact, this expression gives the average of "il·yH over the depth of the tank. However, deviations from 
this average have no influence on this decay mechanism. It was shown by Greenspan and Howard (1963) 
that such deviations are produced at t 0. They consist of an infinite number of oscillatory modes with 
frequency 2!1, which have small amplitudes, and decay on a time scale H2/~~v, with tan~,..=~n· The decay 
of these oscillations dominates the last phase of the spin-up process, after the steadily decaying mode has 
essentially disappeared. 
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If {2.87) is inserted in the inviscid compressible two-dimensional vorticity equation in a rotating 
frame: 

{)w 
at+ 1/,.H • \lw = -(20 + w)\l •J!,.H (2.88) 

one finds that for the linear case that 

&w rr:; = -OvEw, (2.89) 

which is solved by 
w(r, t) = w(r, O)e-tfr (2.90) 

with 
_ o-lE-1/2 _ _!!_ 

r -" - v'i/[i. (2.91) 

Thus, the fluid spins up with a uniform time constant, so that the shape of the vorticity profile, 
which in the case of spin-up from 0-.6.0 to 0 is uniform, remains unchanged. 

For linear spin-up in a circular tank, the displacement in the radial direction which takes 
place during the spin-up process is very small. This becomes clear if we consider a horizontal 
cross section with area A. Initially, the absolute vorticity in this area has a value of 2{0- .6.0), 
and after the completion of the spin-up process a value of 20. Since by Kelvin's theorem the 
circulation f wdA is a conserved quantity, the area A will shrink to A(n- .6.0)/0 during the 
spin-up. Therefore, in the limit AfJ./0. --> 0 the radial displacement, however essential for the 
spin-up process, is vanishingly small. 

For nonlinear spin-up in a circular tank, no analytical solution is known for the velocity 
field inside the Ekman layer, so that is not possible to calculate the Ekman suction in terms of 
the interior velocity field. It is therefore often assumed that (2.86) is also valid if the increase in 
angular velocity is not small. Using this linear pumping model, the inviscid vorticity equation 
becomes 

&w &w 
-+u
&t &r 

(2.92) 

At t=O, the fluid has a uniform vorticity -2.6.0., apart from a shear layer at the outer wall, 
where the vorticity is singular. According to the linear pumping model, the Ekman blowing in 
this region is singular as well, compensating for the uniform suction in the rest of the domain. 
Thus, according to this model, the flow evolves as follows: the fluid, initially having a uniform 
vorticity, contracts in the radial direction due to Ekman suction, gaining a higher vorticity. 
During this process, the fluid that is sucked into the Ekman layer is transported outwards, 
and ejected into the shear region. As a consequence, this region thickens rapidly, filling the 
gap between the wall and the contracting core. 

Returning to (2.92), we can assume that for the core region at t = 0, the advective term 
vanishes identically: the vorticity is uniform at t = 0, and since it can change only by vortex 
stretching which in turn depends on the vorticity, it will remain uniform. The remaining 
differential equation is solved by 

-20. 
w(r, t) = --...,..., 

l+Ce 
(2.93) 

where 'T is the same time constant found for the linear case, given by (2.91). Applying the 
condition that at t 0 the vorticity equals -2.6.0. yields the constant C, so that (2.93) 
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becomes 
6-ne-t/r 

w(r, t) = -29.--t-:-/---
l::l.D.e- T + Q 6_Q 

23 

(2.94) 

If the ratio between the initial and final angular velocity is very small, the core fluid must 
contract over a considerable distance in order to gain its final angular velocity. This can extend 
considerably the time required by the fluid to gain a higher angular velocity. In the limiting 
case of spin-up from rest, vortex stretching is ineffective, and the core fluid keeps its initial 
vorticity -29.. In that case, the spin-up process will proceed until the core is completely 
consumed. The core, initially consisting of all the fluid in the tank, shrinks completely to 
r 0, so that all the fluid passes the Ekman layer once. This behaviour can be verified by 
calculating the radius r0 (t) of the core from the Ekman suction rate. The result is 

(2.95) 

so that the radius of the core decreases from a to its final value aJ1- 6.9./D. on the same 
time scale r (or 2r because of the presence of the square root) that was found for the linear 
case. 

The solution for the fluid in the region r > r 0(t) was found by Wedemeyer (1964), and 
is also characterized by a uniform vorticity. Therefore, the advective term again vanishes, so 
(2.93) applies again. Using the initial condition of an infinite vorticity at t = 0, we find that 
C = -1, so that the solution for the outer layer is given by 

e-t/r 
w(r,t) = 29. t/ . 

1- e- r 
{2.96) 

The vorticity field consists therefore of two distinct regions with uniform vorticity. For the 
core, this implies a solid-body rotation, for the outer region the azimuthal velocity field consists 
of a solid-body rotation plus the flow due to a point vortex in the centre of the tank. This 
combination is such that v = 0 at the sidewall, and no velocity discontinuity between the two 
regions exists. This inviscid model was described first by Wedemeyer (1964) in case of spin-up 
from rest, and extended later by Venezian (1969) to spin-up from a nonzero angular velocity. 
It will be referred to as the Wedemeyer model even if the spin-up is not from rest. 

The Wedemeyer model was extended by several authors. In his second paper on spin-up, 
Venezian (1970) examined the structure of the contracting front, corresponding to the vorticity 
discontinuity in the inviscid Wedemeyer model. Venezian included viscous effects, and found 
that the front is in fact a layer of thickness E114H, where His the distance from the bottom 
to the free surface, and E=v/D.H2 is the Ekman number. 

Watkins and Hussey (1977) used a numerical method to include viscosity in the entire 
two-dimensional domain for spin-up from rest. These results were compared with experimen
tal data obtained by laser-Doppler velocimetry. The experimental data were in reasonable 
agreement with the numerical results, but their accuracy is limited, and unfortunately they 
do not cover the whole flow domain. In their study, the Reynolds number, defined for spin-up 
from rest as a2D./v, was taken in the range between 2 x 103 and 1.6 x 104

. 

Hyun, Leslie, Fowler and Warn-Varnas (1983) used an axisymmetric code for three-dimen
sional spin-up from rest. Due to a nonuniform grid spacing in the vertical direction, they 
were able to solve the structure of the Ekman layers. A comparison was made between these 
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FIGURE 2.3: Ekman-pumping rate as a function of the relative fluid vorticity according to the linear 
model (-), and to the computed values of Rogers and Lance ( o ). 

results and experimental data for a Reynolds number of 0.92 X 104 obtained by laser-Doppler 
velocimetry. The agreement between the experimental data and the numerical simulations 
was excellent. This paper presents detailed information about the numerically computed flow 
field, but the experimental results are limited to two radial positions in the tank. 

Instead of the linear pumping model given by (2.86), in some other studies numerical data 
of Rogers and Lance ( 1960) are used. These authors computed the velocity profiles and Ekman
pumping rates in the case of an interior flow being in solid-body rotation over an infinite plate. 
Their results, presented in fig. 2.3, show that the pumping rates depend nonlinearly on the 
ratio between the angular velocity of the fluid and the angular velocity of the bottom plate. 
In subsequent work (Goller and Ranov (1968), Weidman (1976), Benton (1979)) these data 
were used for the pumping rates at each individual fluid element, even though the fluid above 
the Ekman layer was not in solid-body rotation. Whereas Goller and Ranov concentrated on 
the effect of the free surface, Weidman and Benton discussed the influence of nonlinear Ekman 
pumping on azimuthal velocity profiles during the spin-up from rest. 

However, there is an inconsistency in this approach which was, surprisingly enough, never 
mentioned by the concerning authors. A necessary condition for a consistent theory is conser
vation of mass in the Ekman layer, i.e. 

Lw00 dA = 0, (2.97) 

with A the area of the tank, since otherwise there would be no balance between fluid being 
sucked into the Ekman layer and fluid being ejected out of it. As will be shown further on, a 
local application of Rogers and Lance's data leads to a violation of this balance4 , and therefore 

from being applicable to rigidly rotating fluids only, Rogers and Lance's data do not provide an 
ultimate pumping law because they do not take hysteresis into account. Greenspan and Howard showed that 
in the linear case, the Ekman layer adapts itself to the interior flow with a time lag of order n-1 , generally very 
short compared to the spin~up time E-1/ 2n- 1 . Hysteresis effects are therefore expected to be unimportant 
for spin-up in a circular tank. In non-axisymmetric geometries, however, the interior flow field may consist of 
a vortex pattern that changes considerably on a time scale n- 1 , and the effect may play a certain role. 
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to nonconservation of mass and vorticity in the two-dimensional flow above the Ekman layer. 
As a result of the local use of Rogers and Lance's data, Weidman concluded that a contracting 
circular shear layer in the solution should exist. However, such a contracting shear layer has 
never been observed experimentally. Moreover, the assumption of a shear layer in which 
Rogers and Lance's data are not valid is not a satisfactory solution to this problem. Such 
a shear layer would have to account for the finite surplus of the nonlinear Ekman suction in 
the rest of the domain. This is possible only if the vertical flux in the shear layer is pointed 
downwards. However, due to the particular vorticity distribution in the early stage of the 
spin-up experiment, the resulting singular vertical flux would be upward, causing the shear 
layer to lose its singular character. 

Weidman's local application of Rogers and Lance data was also criticized by Benton, who 
doubted the existence of a shear layer, but did not mention the imbalance between· Ekman 
suction and blowing. Benton also mentioned the question whether the angular velocity or 
the vorticity is the determining factor for the Ekman-pumping velocity; indeed this does not 
follow from Rogers and Lance's data. However, in a spin-up experiment the angular velocity is 
negative throughout the domain, so that using this quantity would lead to a uniform downward 
Ekman pumping. Obviously the use of the vorticity as the determining quantity for Ekman 
pumping is more realistic in this respect. 

The imbalance between Ekman suction and blowing does not arise if the pumping velocity 
is a linear function of the relative vorticity. It is easy to show that a linear Ekman pumping 
is the only local modelling with this property. In a neighbourhood of w 0, W 00 (w) can be 
expanded in powers of w according to 

00 

-"' n W 00 - L...CnW. (2.98) 
n=O 

Integrating this expression and interchanging integration and summation, we find that 

f Cn J Wn dA = 0. 
n=O 

(2.99) 

Apart from c1, all the Cn have to be zero for (2.97) to be satisfied. An obvious choice for the 

proportionality constant c1 is !Vv/fi, since this is consistent with the linear case, and 2.3 
shows that this makes a reasonable approximation to Rogers and Lance's data, at least in the 
range -1 < w /20 < 1. Thus, the assumption of a local dependence of the Ekman suction on the 
vorticity leads to the Wedemeyer modeL Although the data of Rogers and Lance have given 
the initial impetus, no substantial progress beyond the Wedemeyer model has been made as 
yet. 

2.6.3 Spin-up in a non-circular geometry 

If the geometry is sufficiently non-circular, and the Reynolds number is sufficiently large, the 
flow will separate from the sidewalls soon after the start of the experiment. The positive 
vorticity in the shear layer of the starting flow is advected away from the wall, resulting in 
the formation of two-dimensional vortex structures. Compared with the velocity field in these 
early stages, the secondary flow caused by the presence of the Ekman layer is usually small, 
without noticeable cumulative effect on the flow. Therefore, the early stages of the spin-up 
process are well approximated by purely two-dimensional flow. This suggests the distinction 
of three time scales in the spin-up problem: 
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• n-1 is the time scale on which the fluid moves through the tank over a distance com
parable to the size of the tank for spin-up from rest. In the initial stage of the spin-up, 
before the flow has organized itself in a quasi-stationary pattern or has become very 
weak, this is the time scale on which the flow field changes its appearance. It is also the 
time scale on which the Ekman layers are formed. In the experiments in this thesis, the 
final angular velocity of the rotating table lies in the range between 0.03 and 1.5 radls, 
so that n-1 is typically several seconds. 

• E-1120,-1 = HIV/Jfi is the time scale on which the flow spins up due to the secondary 
circulation driven by the Ekman layers. This effect may be relatively weak in the initial 
stages of the flow, but is usually the most important damping mechanism of the vorticity 
field. With a typical angular velocity of 0.24 radls and a depth of 20 em, one finds a 
spin-up time scale of 400 s. 

• L 21 v is the time scale connected with viscous diffusion in the horizontal plane. For a 
length scale of 40 em, this time scale is 160 000 s, much greater than the typical time 
scale of the Ekman-pumping mechanism. However, as explained in appendix A, viscous 
diffusion over a global length scale may occur on a time scale much shorter than L 2lv. 
Although L21v is a suitable scale to nondimensionalize time in a viscous problem, it 
is usually a poor estimate of the actual decay time, which is given by L 21 v times a 
numerical constant, which may be considerably smaller than unity. Nevertheless, in all 
experiments described in this thesis, the Ekman spin-up time scale HIV/Jfi is shorter 
than the viscous decay time. 

In spin-up experiments with ~n « n, the fluid motion will stop in an early stage: the 
Ekman pumping depends on the final angular velocity only, and is unaffected by the smallness 
of ~n, whereas the fluid velocities become proportionally smaller if ~n is decreased. This 
has consequences for the displacement of a fluid element in the course of the spin-up process. 
If the fluid spins up on a time scale r HI V/Jfi, this displacement compared to the length 
scale of the tank is of order r ~n, or E-112 ~n1n. Thus, if ~n goes to zero, the displacement 
of a fluid element vanishes too, so that the flow field will keep the appearance of the starting 
flow. However, by changing simultaneously ~n1n and E, it is possible to let ~n1n approach 
zero, and still have an evolution of the streamline pattern. Thus, there is a non-uniform limit 
to the point (0,0) in the parameter space (E,~nln). Especially in a non-circular tank this 
narrows the applicability of the term 'linear spin-up'; a second parameter in addition to ~n1n 
is required to determine the outcome of the experiment. 

If a topography is present, the difference between zero and nonzero initial angular velocity 
is particularly pronounced. In general, the starting flow has a nonzero component across the 
isolines of the topography, which leads to vortex stretching. If the relative height difference 
~HI H of the topography and the relative increase in angular velocity ~n1n are both small, 
and if the fluid displacement in the course of the experiment is not much smaller than the 
horizontal dimensions of the tank, this vortex stretching leads to dimensionless vorticity dif
ferences ~w I w of order ~HI H, which may be significant compared with the dimensionless 
vorticity differences of order ~n1n due to the increase in angular velocity. 

Experimental results for spin-up in a rectangular tank with t:..nln = ! are presented in 
section 4.4.5. This experiment is meant as a demonstration of the influence of nonzero initial 
absolute vorticity rather than as a pursuit of the limiting case t:..nln-+ 0. There is little doubt 
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that the results will change drastically if D.fl/fl is decreased further. However, for the sake of 
a convenient nomenclature, the experiment with D.fl/fl = ~ is referred to as linear. 

2. 7 Influence of non-uniform depth 

Vortex motion in a rotating flow can be affected drastically by a bottom topography. It was 
shown in section 2.1 that for geostrophic flows, streamlines must coincide with isolines of 
topography. However, if the conditions for a geostrophic flow are relaxed, fluid may climb or 
descend the topography, and thereby affect the motion in the horizontal plane. The simplest 
way to represent the effect of bottom topography is by the shallow-water approximation. 
According to this approximation, the horizontal velocity components are independent of z. 
The vertical velocity components depend linearly on z, and can be replaced by a divergence 
in the horizontal plane, so that a purely two-dimensional problem remains. According to 
the shallow-water approximation, the topography enters the equations of motions as a density 
function for the two-dimensional motion. In the shallow-water approximation, it can be derived 
easily that the horizontal velocity field integrated over the local depth h( x, y) is divergence-free: 

(2.100) 

This leads to a generalized definition of the stream function in shallow-water theory; in Carte
sian coordinates (x,y) and velocity components (u,v) one defines 

18W 
(2.101) u=--

h 8y 

and 
18W 

(2.102) v= 

the capital w is used to indicate the difference with the definition of the stream function '!{; 
in (2.15) and (2.16). Shallow flows have a nonzero divergence V' ·Yt.n, which affects the two
dimensional vorticity equation via the stretching term -(2fl+w)V'-:Y:w If a vortex in a rotating 
shallow flow moves to a deeper part, it is stretched. For a typical vortex this means that its 
vorticity increases; only anticyclonic vortices with w < - 2fl become more strongly anticyclonic 
through vortex stretching. Therefore, a cyclonic vortex descending the topography becomes 
stronger whereas an anticyclonic vortex (with w > -2fl) becomes weaker; for a vortex climbing 
the topography the opposite is true. 

Although the vorticity remains a well-defined quantity in the presence of a bottom topog
raphy, often the potential vorticity q is used, defined as the absolute vorticity divided by the 
local depth. In analogy with the vorticity, an absolute and a relative potential vorticity can 
be defined: dividing the relation between absolute and relative vorticity 

Wabs = Wre! + 2fl (2.103) 

by h, one obtains 
2fl 

qabs = Qre! + -,;:· (2.104) 

By replacing Wabs by hqabs in the two-dimensional vorticity equation in a nonrotating system: 

(2.105) 
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and assuming that the local fluid depth is constant, one finds that 

8~bs + YH . V' qabs = -qabsh -
1 V'. ( hYt.H) + vh - 1 Y'2 

hqabs• (2.106) 

If an Ekman layer is present, one may consider the two-dimensional flow above the Ekman 
layer as slightly compressible; for this reason, the (non-topographic) vortex stretching terms 
-wabsY'·y8 in (2.105) and -qaasY'·(hy8 ) in (2.106) have been retained. The analogy to the 
vorticity equation is not complete: the viscous term has a different form, and the presence of 
h in (2.104) gives rise to an additional term if qabs is to be transformed into qrel· This makes 
the relative potential vorticity less useful than the relative vorticity. 

If the viscous term and V' · ( hy,8 ) are negligible, and if the flow is stationary in addition, 
one finds from (2.106) that 

(2.107) 

so that qab. is constant on a streamline. The same is not true for qrel, however, since the flow is 
not restricted to following contours of the topography. Therefore, the analogon of an Wabs ( 1/J )
or Wrel( 1/J )-graph in the case of a topography would be a qabs(W)-graph, with \V defined by 
(2.101) and (2.102). 

Even if the topography gradient is small, the behaviour of an individual vortex over a 
bottom topography is a complicated problem. According to earlier research (McWilliams and 
Flied (1979), Carnevale, Kloosterziel and Van Heijst (1990)), both cyclonic and anticyclonic 
vortices show a horizontal drift in presence of a bottom or surface topography. Most of 
the investigations about rotating flows over a topography were inspired by applications in a 
geophysical context. The terminology used in these papers still reminds of this geophysical 
background. Using the analogy between rotating flows over a topography and geophysical 
flows involving a latitude dependence of the Coriolis parameter, the shallow part of the tank 
is commonly referred to as the 'north' and the deeper part as the 'south'. Experimental and 
numerical research indicates that small cyclonic vortices on a large-scale topography show a 
drift towards the northwest, and anticyclonic vortices towards the southwest. 

This drift is important for spin-up processes in a tank with a sloping bottom or a strongly 
curved free surface, because it is a destabilizing factor for self-organization, and may prevent 
the formation of a stationary vortex pattern. Moreover, the direction of the drift makes it 
difficult to predict in which part of the domain a cyclonic or anticyclonic vortex will emerge: 
on the one hand, a cyclonic vortex tends to move to the north, but on the other hand, if 
a vortex moves to the north, it becomes stronger anticyclonic. In chapter 6 and 7, spin-up 
experiments in containers with sloping and discontinuous topographies are described. 

2.8 Experimental set-up 

The spin-up experiments were performed by using a tank filled with tap water, placed on 
a rotating table. At t = 0, the angular velocity of the table was suddenly changed from 
!:l ~n to n, and was thereafter kept at this level during the experiment. Other experiments 
performed with this equipment indicate that fluctuations in the final angular velocity do not 
exceed 0.001 rad/s, which is very small compared with a final angular velocity of 0.24 or 1.0 
rad/s used in our experiments. Unfortunately, the ultimate angular velocity could not be 
accurately prescribed in advance, and in some of the cases discussed in this thesis there is a 
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slight difference between the angular velocity of the experiments and the angular velocity used 
in the numerical computations. 

The flow was visualized in two different ways. Quantitative results were obtained with 
small tracer particles floating at the surface of the fluid. Dye was added to the water in order 
to increase the contrast between the fluid and the particles. First, a video recording of the 
flow was made with a video camera corotating with the tank. Then, after the experiment, 
the recording was processed by a PC equipped with a frame grabber. For this purpose an 
adapted version of the Digimage system developed by Dalziel (1992) was used. This is an 
image processing system that allows the tracking of particles in a cycle of three stages: ( i) 
a sequence of 16 video images is captured and stored in the memory of the frame grabber; 
( ii) in each image, particles are located. This procedure is based on a number of user-defined 
criteria such as brightness and size; (iii) particles in subsequent images corresponding to the 
same physical particle are identified. In this procedure, matchings at earlier times are used to 
estimate the positions of the particles in the next video frame. After the particle paths have 
been obtained, the positions are stored, and the cycle is repeated. Further processing of these 
data was enabled by an extension to the Diglmage software developed by Vander Plas (1994). 
This option provides the possibility to extract data files containing the particle velocities from 
the data file created by the particle tracking routine. The vorticity was obtained by matching 
the data with spline functions and manipulating the coefficients of this expansion. The stream 
function was calculated from the vorticity by using a Poisson solver. In this way the stream 
function of the solenoidal component of the velocity field is calculated, which is more elegant 
than applying integration techniques if the flow is not exactly divergence free. For more 
detailed information about this method, see Nguyen Due and Sommeria (1988). In addition 
to the experiments with particles, experiments were performed with a small amount of dye 
added to the otherwise clear tap water. In this way, a qualitative impression of the flow field 
could be obtained, in particular about the way the flow becomes unstable and turbulent. 

The experimental flow field can be disturbed by several effects. Small quantities of surface 
active matter can lead to an irregular, asymmetric motion at the surface, especially at low 
angular velocities. This problem was overcome by adding a small amount of wetting agent 
to the water. This causes a reduction of the surface tension, making the observed flow more 
symmetric and smooth. 

Temperature differences in the water in the tank, possibly caused by evaporative cooling 
at the free surface, the heat produced by the drive mechanism of the table or temperature 
differences between the water and the laboratory air, can drive weak convective flows (see 
e.g. Boubnov and Golitsyn (1986), Boubnov and Van Heijst (1994)). In many experiments, it 
was observed that at later times the flow field becomes irregular, with a tendency for small, 
axially aligned vortices to appear. This effect was reduced by allowing the water to assume 
room temperature over a period of at least 12 hours, and by using a (transparent) rigid lid on 
top of the tank, which was typically 10 em above the level of the free surface. Such a lid was 
used in all experiments with a spin-up timescale larger than five minutes. The influence of air 
friction is uncertain. In particular, for a free surface in direct contact with the ambient air of 
the laboratory, the influence is difficult to estimate; for a rigid lid, the situation is much better 
defined. For the case of linear spin-up in a circular tank with a rigid lid, the influence of free 
surface friction on the spin-up time scale is evaluated in appendix B; in most circumstances 
this influence appears to be much smaller than 1%. Moreover, for angular velocities smaller 
than 0.24 rad/s the tank with horizontal dimensions 88.6 x 38.9 em and the circular tank 
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were placed inside a bigger tank, which was also filled with water. The water in the outer 
tank acts as a shield to external heating of the walls of the inner tank by laboratory air or 
illumination. According to the degree of reproducibility and the agreement with numerical 
results, this approach leads to accurate results even if the angular velocity is very low. 

2.9 Numerical method 

Although many aspects of the spin-up process in a non-axisymmetric container can be regarded 
as essentially two-dimensional, three-dimensional effects such as the presence of the Ekman 
layer play a crucial role in the evolution of the flow field. Therefore, it was decided to solve nu
merically the equations governing the entire flow field in time using a three-dimensional finite
volume method. Two geometries have been considered: a rectangular tank of 88.6 x 38.9 em 
and a uniform depth of 35 em, and a tank with the same dimensions in the horizontal plane, 
but with a depth which changes with a uniform slope from 35 em to 15 em over the length of 
the tank. The angular velocity was chosen to increase from 0 to 0.035 radjs, corresponding 
to an Ekman number vjrlH2 = 2.3 x w-4 • A detailed description of this numerical method 
is presented by Andersson, Billdal and Van Heijst (1992), so in this thesis only an outline is 
given. The purpose is to solve the incompressible Navier-Stokes equations in a rotating frame, 
given in index notation by 

(2.108) 

(2.109) 

where Eijk denotes the alternating tensor, and r; denotes the part of the position vector x; 
perpendicular to 0;. As boundary conditions, the condition of zero normal flow u3 = 0 and 
the zero shear conditions 8uif8x3 = 0 and 8u2/8x3 = 0 were used at the free surface, where 
the index 3 refers to the component in the direction normal to the free surface, and the indices 
1 and 2 refer to components in the directions tangential to the free surface; at the solid walls 
the zero-velocity condition u; = 0 was used. 

A fractional time step method with an accuracy of O(~t) was used to integrate the Navier
Stokes equations in time: 

1 
pm aum aum 

-~t [umum + -0; · - v(-' + - 3 )]n ·dS 
s ' 3 p 3 8xi 8x; 3 

-~t [ Eijkrli[2u;;' + Ektmf'ltrm]dV (2.110) 

fv(u'f'+l- u:)dV =-~tIs ~(pm+l- pm)D;jnjdS, (2.111) 

where V denotes the volume, and S the surface of a three-dimensional fluid element; the 
superscripts denote the time levels, ~t is the time increment between time levels m and 
m + 1, and uj denotes an intermediate velocity field. This field has the correct vorticity, but 
is in general not divergence free. The space discretization has an accuracy of O(~x;), and is 
discussed in detail in Andersson, Billdal and Van Heijst (1992). Summation of (2.110) and 
(2.111) shows that for calculation of the velocity increment, the pressure term on the right
hand side is taken at time level m + 1, making the method implicit with respect to pressure. 
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In order to solve uf'+l from (2.111), pm+l is computed first from the intermediate velocity 
field u;. This is done by taking the divergence of (2.111), which after making use of Gauss' 
theorem leads to 

1 h 8 ( m+l - -p 
p s 8x; 

(2.112) 

This is a Poisson equation for the pressure increment pm+l - pm, which is solved by Gauss
Seidel iteration by lines. This problem has to be solved at each time level of the computation, 
making it the most time-consuming part of the algorithm. 

The computational flow domain was taken to be identical in shape with the fluid volume 
used in the experimental setup. In case of the rectangular geometry, a Cartesian grid was used, 
consisting of 79 x 49 points in the horizontal plane and 35 points in the vertical direction. 
In order to resolve the thin boundary layers near the sidewalls and the bottom of the tank, 
a nonuniform grid spacing was used. The number of grid points in the horizontal plane was 
chosen such that the grid spacings in the x and y directions outside the boundary layers are 
roughly equal. The grid for the geometry with the sloping bottom was obtained by simply 
transforming the z-coordinates of the Cartesian grid points, so that the structure of the grid 
and the number of cells were unchanged. Before performing the numerical experiment in 
three dimensions, a modified version of the program was used to compute a corresponding 
experiment in two dimensions. In this way, a suitable grid spacing and time step could be 
determined without spending too much computer time. Moreover, in order to verify that the 
Ekman layers were computed correctly, the grid spacing in the vertical direction was varied 
as well. 

The central difference approximations used in the finite-volume algorithm give rise to nu
merical instabilities. At high Ekman numbers, the physical damping term v\72ui is sufficiently 
large to suppress these instabilities. However, at lower Ekman numbers these damping terms 
are weaker, and the instabilities will cause the calculated flow field to diverge. Therefore, 
additional numerical damping terms were used. These were given by the sum of fourth-order 
derivative terms on the velocity field in the three coordinate directions: 

8(11 · · k) -e(6,4 + 61
4 + M)u.,·,,,k - -.J, " J 

(2.113) 

with 

ofu.;,j,k = -y(i- 2,J, k) + 4y(i- l,J, k)- 6u.(i,J, k) + 4u.(i + I,J, k) 11r.(i + 2,J, k) (2.114) 

and e a user-defined constant. The numerical damping terms can affect the physical reality of 
the calculated flow field, and should be treated with care. If the Ekman number is decreased 
further and further, the terms required for numerical stability become larger than the physical 
damping terms, thus leading to a flow field that is no longer a solution of the Navier-Stokes 
equations. On the other hand, for flows with high Ekman number no artificial damping 
terms are needed, since in that case the physical damping terms are sufficient to keep the 
solution stable. For Ekman numbers of order 10-3 , the solution becomes unstable, but these 
instabilities can be suppressed by a relatively small amount of artificial damping. In this range 
the artificial damping terms are the most useful. 

The influence of the numerical damping terms on the calculated solution can be reduced by 
including them only locally, at places where the solution tends to become unstable. Since the 
instabilities occur at places with large velocity gradients, this can be accomplished by adding 



32 General theory and methods 

the numerical damping terms only where they exceed a certain threshold value. In comparison 
with results obtained by using the numerical damping terms throughout the domain, this 
approach leads to a smaller impact of the artificial dissipation. It has been verified with dye 
visualizations that the experimental flow remains laminar throughout the spin-up process, so 
that only numerical instabilities are suppressed by this method. 

The initial conditions for the numerical computations do not follow automatically from an 
impulsive increase in the angular velocity. An increase in n affects only the Coriolis and cen
trifugal terms from that time, but, unlike in a physical experiment, leaves the relative velocity 
field unchanged. Analytical expressions for the starting flow in a rectangular tank with a flat 
bottom can be found in Van Heijst, Davies and Davis (1990) and in section 4.2 of this thesis; 
for the starting flow in a rectangular tank with a sloping bottom analytical approximations 
are given in Van Heijst, Maas and Williams (1994) and in section 6.3.1. However, these re
sults were not used in the numerical computations. Instead, the starting flow was computed 
with the numerical code from an initial solid-body rotation with the correct vorticity -2n, 
but violating the boundary condition of zero normal flow. In the very first time step of the 
computation, the algorithm tries to correct for this violation, setting up a pressure field that 
accelerates the flow in one time step b.t from a solid-body rotation to a flow with no normal 
velocity components at the walls. Since the force exerted by this pressure field is rotation 
free, the vorticity remains unchanged in this process. After many iterations of the Poisson 
solver within the first time step, the solution converges to a velocity field with the correct 
vorticity and with only parallel components at the boundaries. The pressure field after the 
first time step ha.c; no physical meaning, and has been replaced by the pressure calculated from 
the velocity field according to (2.62). In fig. 4.2 the results for a flat bottom obtained by this 
method are compared with the analytical solution and with experimental data; in particular 
the agreement between the analytical and the numerical results indicates that this approach 
leads to the correct results. This method uses additional computer time, but can also be 
applied to more general geometries, for which an analytical solution may be hard to find. In 
section 6.3.1, the starting flow in a rectangular tank with a sloping bottom computed with 
this method is compared with analytical and experimental results. 

Deformation of the free surface has not been included, but this is justified by the extremely 
small surface elevations due to the low angular velocity of the tank. If the surface elevation is 
estimated by the solution for a solid body, given by 

h(r) 
n2r2 

h(O)+ 2g (2.115) 

with r the distance from the vertical axis through the centre of the tank, a value of the order 
of a few Jlm is found, very small compared with the fluid depth of 35 em. 



Chapter 3 

Spin-up in a circular tank 

3.1 Introduction 

In this chapter, the radial profile of vorticity as well as the diagram of vorticity versus stream 
function is measured during spin-up/down experiments. Discrepancies from the vorticity 
profiles as predicted by the Wedemeyer model are found, in particular in the region close to 
the sidewall, and physical interpretations of these discrepancies are presented. Three different 
spin-up experiments and one spin-down experiment were performed. The angular velocity was 
increased from 0 to 0.24 rad/s with a depth of 4 resp. 20 em, from 0 to 1.0 rad/s with a depth 
of 20 em, and decreased from 0.24 to 0 rad/s with a depth of 4 em, so that the Reynolds 
number a2b.9./v had values of 5.1 x 10\ 5.1 x 104, 2.1 x 105 and 5.1 x 10\ respectively. 

The results of the spin-up experiments are presented and discussed in section 3.2. The 
influence of the deformation of the free surface is discussed separately in section 3.3. In 
section 3.4 the spin-down experiment is discussed. Finally, some general conclusions and 
considerations are presented in section 3.5. 

3.2 Results 

Experimental results of the vorticity versus the radial position and of the vorticity versus the 
stream function for the three spin-up experiments are presented in figs. 3.1-3.3. The solid 
curves consisting of two horizontal parts represent the Wedemeyer model. The dashed lines 
were computed numerically using the vorticity equation in two dimensions, including advec
tion, vortex stretching due to Ekman pumping according to the linear model, and viscosity: 

ow ow 1 r;:; 8w2 1 ow 
8t +u 0r =-2vE(29.+w)w+v( 0r2 +:;: 0r) 

where the radial velocity u(r) is determined by integration of 

1 -VEw 
2 

(3.1) 

(3.2) 

over a circular region with radius r. The equations were iterated in time with an explicit 
finite-difference method. Discretization errors were proven to be negligible by varying the 
step size b.r in the radial direction as well as the time step b.t. The curves thus obtained are 
more realistic than the discontinuous profiles following from the inviscid Wedemeyer model. In 
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accordance with the results of Venezian (1970), the viscous effects are noticeable in a relatively 
thin region only, in particular if the spin-up time is short. 

A complication of the numerical computation of these profiles is the singularity of both 
the stretching term and the viscous term at t = 0. If the thickness of the outer layer d is 
small compared with the tank radius a, the viscous term can be estimated by vaflld2 and the 
stretching term by a2fl2VE l2d2. This implies that the initial evolution of the vorticity profile 
is determined by viscous diffusion. By equating these terms, the critical thickness of the outer 
layer for which viscosity and vortex stretching are comparable can be obtained: 

2v 
de= anv'E' (3.3) 

For the experiment with Q 1.0 radls this yields a critical thickness de 2 mm, being 
reached in about 4 s. To avoid the initial singularity, in the numerical computations the initial 
vorticity profile was taken to be 

= 2aQ -(a_ r)2 jd2 
w dvfie (3.4) 

with d = 1 mm. In fact, the shape of the initial profile hardly affects the velocity profile at 
later times, so an accurate definition of the initial profile near the sidewall has little practical 
relevance. 

Figs. 3.1-3.3 show that the modellings based on linear Ekman pumping capture some 
essential features of the spin-up process; the size of the core region and the vorticity profiles 
at late times are predicted fairly well. However, there are also major differences between 
the modellings and the experimental data. At early times, the region with uniform positive 
vorticity predicted by the Wedemeyer model cannot be recognized in the experimental data. 
In the 0 ---+ 1.0 radls experiment (fig. 3.3) the profile is the most strongly smoothed, and the 
vorticity at r =a is correspondingly low. However, later on in the experiment the vorticity at 
r = a is higher than according to the Wedemeyer model in all experiments. 

The w(r)-graphs of the 0 ---> 0.24 radls experiment with H 4 em (fig. 3.1) show a 
particularly remarkable deviation from the Wedemeyer model. At t = 90 s, a small plateau 
appears around rIa= 0.6, from which the vorticity increases to a maximum value at r =a. 
During the experiment, the plateau gradually becomes more diffuse, but the transition to a 
higher slope at the sidewall remains. A similar plateau or curvature can be recognized in 
the spin-up experiments with H = 20 em (fig. 3.2) as well. Although less pronounced, this 
experiment even shows a region where aw 1 ar becomes negative. 

There may be several causes for the discrepancies between the Wedemeyer model and the 
observed data. First, the influence of free-surface deformation. This effect is discussed in 
section 3.3. It appears that even for the 0 ---+ 1.0 radls, the flow is hardly affected by the 
curvature of the free surface. 

Second, the appearance of three-dimensional turbulence. Several types of instability of 
the Ekman layer are known; some references on this subject are Faller (1963), Tatro and 
MoHo-Christensen (1967) and Greenspan (1968). However, these instabilities were observed 
only in the spin-down experiment. Instead, the flow showed the type of instability caused 
by the strong Ekman blowing at the sidewall, described by Weidman (1976). This instability 
originates from the bottom, where the upward Ekman flux enters the interior, and from there 
rapidly spreads upwards to the free surface. As a result, in a short time a thick annular 
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FIGURE 3.1: Vorticity versus radial position (a-/) and stream function (g-~ for spin-up from 0 to 0.24 
rad/s in a circular tank with radius a= 46 em and depth H = 4 em. The data. points correspond to 
laboratory observations; the horizontal lines represent the Wedemeyer model (linear pumping model, 
no interior viscosity); the dashed line was computed by using the linear pumping model and including 
viscosity. The time has been nondimensionalized with T=H/(vr!)112 as given by (2.91). 
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FIGURE 3.2: As in fig. 3.1, but for the 0----> 0.24 rad/s experiment with H = 20 em. 
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FIGURE 3.3: As in fig. 3.1, but for the 0- 1.0 rad/s experiment with H 20 em. 
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region next to the sidewall becomes turbulent. As the positive vorticity region becomes more 
diffuse, the turbulence gradually subsides. Dye visualizations indicate that in all three spin-up 
experiments the flow relaminarizes after one or two minutes. Except for shallow tanks, the 
occurrence of this type of instability is expected to depend on the value of the Ekman-pumping 
velocity W 00 close to the wall, and therefore to be independent of the height of the tank. For 
spin-up from rest this means that this type of turbulence occurs above a critical Reynolds 
number. Experiments indicate that this critical Reynolds number is about 2 x 104 • The 
vorticity profile in the outer region for this turbulent flow is more strongly smoothed than it 
would have been for a laminar flow. This is particularly clear in the 0 to 1.0 radls experiment, 
where the turbulence is notably vigorous. After the turbulence has subsided, the size of the 
core region in this experiment is about twice as small as the Wedemeyer model predicts. This 
difference between the experimental flow and the Wedemeyer model remains during the rest 
of the experiment. 

Third, the nonlinearity of Ekman pumping. Although a general expression for nonlinear 
Ekman pumping is not available, it is possible to draw preliminary conclusions from qualita
tive arguments concerning the vorticity at the sidewall. For this purpose it is appropriate to 
distinguish between a general nonlinear Ekman suction depending on flow variables such as 
velocity and vorticity, and a deviation that can be attributed to the presence of the sidewall. 
Since Rogers and Lance's data indicate that for high relative vorticity, the linear pumping law 
overestimates Ekman pumping. vorticity levels at the sidewall are expected to be underesti
mated. A local correction to the linear pumping model inevitably leads to a net flow into the 
Ekman layer, which has to be compensated by an upward flux, distributed over the domain. 
The Ekman blowing at the sidewall is smallest when the radial distribution of this upward 
mass flux is zero at the sidewall, resulting in an Ekman suction at r = a equal to Rogers 
and Lance's data. However, in some experiments the vorticity at the sidewall appears to be 
higher than would follow from applying Rogers and Lance's data at r a. This means that 
the Ekman suction at the sidewall is lower than is to be expected on the basis of a general 
nonlinear pumping. 

This argument suggests that the sidewall itself plays a role in determining the Ekman
suction profile. As noticed by Benton (1979), Ekman-pumping inhibition due to the no-slip 
condition at the sidewall may affect the evolution of the vorticity profile. Since the Ekman 
suction has to vanish at r a, the spin-down of the high vorticity at the sidewall is slower than 
it would have been if the Ekman-suction profile were to depend on the vorticity profile alone. 
Like the introduction of a nonlinear Ekman suction, the inhibition of the upward Ekman flux 
affects the balance between Ekman suction and blowing, and requires compensation elsewhere 
in the domain. The vorticity profiles, in particular in fig. 3.lc, suggest that the additional flux 
leaves the Ekman layer in the region 0.6 < rIa < 0.8. Apparently, the flow for rIa < 0.6 is 
hardly affected by the presence of the sidewall and produces an outward flux within the Ekman 
layer. This outward flux is deflected by the no-slip condition at the sidewall, and emerges in 
an annular region at some distance from the sidewall. In this annular region, the vorticity is 
lower than according to the Wedemeyer model. Depending on the vorticity profile resulting 
from the initial turbulence and the smoothing effect of interior viscosity, the increased Ekman 
pumping may lead to a horizontal part in the vorticity profile. 

Fourth, the inherent inaccuracy of the measurements. From the experimental results it 
seems as if the vorticity in the very centre of the tank becomes smaller than - 2n at the moment 
the uniform vorticity core has shrunk to zero radius, which means that the absolute vorticity 
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would become negative. However, it is difficult to think of a physical mechanism leading to 
a negative absolute vorticity. In a typical experiment, there are about 200 particles at the 
surface, hence on average only two particles in the region r/a<O.L This impairs accuracy, in 
particular for strongly curved w(r) profiles. Similarly, the region r/a>0.9 is poorly resolved. 
The radial contraction and the tendency of the particles to stick to the sidewall make it difficult 
to increase the number of particles close to the sidewall. Instead, the measured particle paths 
were completed with a large number of zero vectors along the sidewall. Thus, for r/a>0.9 it 
is the integral of vorticity rather than the vorticity itself that is measured correctly: a strong 
curvature in the w(r )-graph close to the sidewall remains unresolved, and is replaced by a 
straight line with the same integral over r. 

A general consideration with respect to unresolved 'strong curvatures' at the sidewall is that 
regardless of the modelling used to represent the Ekman suction, the two-dimensional vorticity 
equation plus the zero velocity condition at the sidewall provides a boundary condition to the 
vorticity. By integrating the two-dimensional vorticity equation, given by 

ow at + 1!H · 'Vw -(w + 2r2)Y' ·y,_H + v\72w (3.5) 

over the area A of the container, one finds that 

(3.6) 

In this equation, the vortex stretching term has been split into two. The first term on the 
left-hand side of the equation is the temporal derivative of the circulation of the fiuid at the 
sidewall, and must therefore be identically zero. The second term on the left-hand side and 
the first term on the right-hand side of (3.6) can be written as one single integral of "V·(wy,_H), 
which vanishes due to Gauss' theorem in two dimensions and the zero velocity condition at 
the sidewall. A consistent model requires the second term on the right-hand side to vanisil 
because of the absence of an outfiow through the sidewalL For spin-up with a uniform depth, 
this condition corresponds with (2.97). Therefore, the remaining term of (3.6) with the integral 
over the viscous term vanishes as well. For a circular tank, this leads to 

awl ::::::0. 
ar r=a 

(3.7) 

In fact, this result has no specific connection with spin-up and is valid for any two-dimensional 
flow with circular symmetry. With the experimental method used here, a region close to the 
sidewall where ow/ or becomes small could not be resolved. Whether or not this is caused 
by the flow close to the sidewall not being two-dimensional, or by a strong curvature in the 
w(r)-graph, is not obvious. It is conceivable that the layer in which 8wj8r goes to zero is 
kept very thin by the radial dependence of the Ekman suction close to the sidewalL Such an 
effect is also observed in the numerical results in section 3.3 for spin-up with a strong surface 
deformation. 

Nevertheless, there can be little doubt about the high vorticity values at r a, and the 
plateau in the experiment in the tank with 4 em depth. The experiments described in this 
chapter were selected from a more extensive series of experiments for various values of angular 
velocity and depth. All these experiments showed similar differences from the Wedemeyer 
model. For spin-up from 0 to 0.24 radjs, the plateau was most clearly visible for a depth of 
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FIGURE 3.4: Visualization of inward motion during spin-up from rest to 1.0 rad/s. The dye was 
released at the sidewall, immediately after the start of the experiment. The images were taken at 
t = 60, 120, 240, 480 , 720 and 1440 s. The irregular edge between clear and dyed fluid is caused by 
turbulence near the sidewall in the first two minutes of the experiment. The radius of the clear fluid 
core decreases during the experiment to a small but nonzero limit. 
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FIGURE 3.5: Contraction of the core region in the 0-+ 1.0 rad/ s experiment. The solid lines represent 
the radial positions of passive tracers which at t = 0 are present at r /a = 0.2, 0.4, 0.6 and 0.8 
according to the viscous linear pumping model. The data points with the error bars represent the 
radius of the undyed core region estimated from video images such as the ones presented in fig. 3.4. 

about 4 em. In view of the rather peculiar appearance of the vorticity profile this experiment 
has been repeated, with similar results. 

Both the numerical computations and the laboratory experiments show that for spin-up 
from rest, the core of the fluid spins up very slowly. According to the Wedemeyer model, 
the core vorticity remains constant, but due to the combined effects of viscosity and vortex 
stretching the core eventually does acquire a nonzero absolute vorticity and becomes less 
well-defined. The viscous acceleration and subsequent stretching of the core imply that the 
contraction stops before the whole core is consumed by the Ekman layer. This effect ha."l been 
visualized with dye. In the beginning of the experiment a small amount of dye was released 
near the sidewall. The dye is first seen to be spread throughout the outer layer due to the 
turbulence and the strong differential rotation close to the sidewall. The ring of dyed fluid 
is then seen to contract towards the centre, but unless diffusion of the dye plays a role, the 
dye never reaches the centre. A series of video images of such an experiment is presented 
in fig. 3.4. The radius of the undyed region estimated from such images was compared with 
the computations; the results are given in fig. 3.5. This figure indicates that the advection of 
the dye in the first minutes of the experiment is stronger than the linear model plus interior 
viscosity predict, an effect likely to be caused by the turbulence. In contrast, between 500 and 
1000 s the inward motion is slower than according to the computations. Fig. 3.3 shows that 
in the experiment, fluid close to the centre of the tank spins up faster than according to the 
linear pumping model, so that the contraction of the dye stops earlier. 
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3.3 Influence of free-surface deformation 

The effect of the free surface on spin-up was described by several authors. The first contribu
tion was given by Greenspan and Howard (1963). They gave an expression for the influence 
of a slightly parabolically curved free surface (small Froude number 4fl2a2fgH). This work 
was extended by O'Donnell and Linden (1991) to cases in which the surface elevation is not 
small compared to the depth of the fluid (Froude number 0(1)). Numerical results for the 
influence of the free surface on nonlinear spin-up in a circular tank were presented by Goller 
and Ranov (1968). They reported a considerable effect of the free surface on the spin-up, but a 
useful comparison between spin-up with and without a deformable free surface was not made. 
Therefore, similar computations were performed to estimate the influence of the free surface 
for the experiment with 0 -> 1.0 radfs, for which the effect of the free surface is strongest. 
These computations were performed with the linear pumping model, extended to include in
terior viscosity and surface deformation. It was shown in section 3.2 that the linear pumping 
model does not account for all aspects of the observed vorticity profiles, but it still provides 
a reasonable model for the Ekman suction, so that this method may be used to estimate the 
magnitude of the effect of the free surface. 

The fluid depth, denoted by h, enters the vorticity equation through the two-dimensional 
divergence. Conservation of mass requires that 

or 

v ''!J.H 
1 {}h {}h 
-(w ---u-) 
h 00 at ar· 

(3.8) 

(3.9) 

Although for a free surface the relation between Woo and \7 ·l!,.H is more complicated than for 
a uniform depth, the criteria for zero flux into the Ekman layer and no radial outflow at the 
sidewall still coincide: integrating (3.8) we find that 

(3.10) 

so that the radial velocity at r =a vanishes. The depth profile was computed by assuming a 
balance between centrifugal and pressure forces: 

v2 
_ !{}p _ {}h 

r-par- 9 ar (3.11) 

where p refers to the unreduced pressure as used in (2.1). Time-dependent, advective or 
viscous effects on this balance were not taken into account. As boundary condition at r a, 
the gradient of the vorticity was taken to be zero. The results of these computations, presented 
in fig. 3.6, indicate that the effect of the free surface is very small for the experiments considered 
in this chapter. At all times and at each position in the tank, the dimensionless difference 
lw9(r, t) - w0 (r, t)l/2fl between the vorticity with and without free-surface deformation is 
smaller than 0.014, which is small compared with the experimental errors. Since the linear 
pumping model roughly agrees with the experimental data, an improved model for the Ekman 
suction is unlikely to lead to substantially different conclusion. 

The curves in fig. 3.6 for a rigid surface correspond to the same results as the dashed 
curves in fig. 3.3. In order to obtain an estimate of the effect of surface deformation yet, 
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FIGURE 3.6: Numerical results for the influence of a deformable free surface on the vorticity profiles 
of the 0-+ 1.0 rad/s experiment. All results were obtained by using the viscous linear model. The 
solid curve practically coinciding with the dotted curve corresponds to a rigid surface, the dotted 
curve to a gravity acceleration g of 9.8 m/s2, and the dashed curve tog= 0.98 mjs2 . 
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FIGURE 3. 7: Numerical results for the elevation of the free surface as a function of the radial position 
in the tank for the 0-+ 1.0 rad/s experiment. 

the computations were also performed with a gravity acceleration of 0.98 mjs2 instead of 
9.8 m/s2 . Thus, the Froude number is decreased without affecting the angular velocity and 
the dimensions of the tank. According to the results in fig. 3.6, the vorticity at the sidewall is 
higher than without a deformable surface; this is caused by vortex stretching because of the 
rising surface, and to the weaker influence of Ekman pumping due to a greater depth. The 
increased vorticity values at the wall are compensated for by lower values elsewhere in the 
domain, so the vorticity integrated over the flow domain is conserved. However, due to the 
absolute vorticity being zero, the vorticity in the core is independent of vortex stretching and 
is therefore unchanged. Hardly to notice in fig. 3.6, but a boundary layer at r=a exists where 
Bw J 8r goes to zero. This boundary layer is very thin, since it is caused by the presence of 
interior viscosity, which is only a small effect. 

The evolution of the free-surface elevation as a function of the radial position in the tank is 
given in fig. 3.7. At t= 120 s, a large part of the fluid is still at rest, only close to the sidewall 
is the fluid level higher than in the rest of the domain. During the experiment the surface at 
larger radii gradually rises, the mass required for this elevation being drained away fluid from 
the central region. Finally, the free surface assumes a parabolic profile, given by 

h(r) 

3.4 Spin-down 

n2 ( z 1 2 H +- r --a). 
2g 2 

(3.12) 

Spin-down flows are usually more unstable than spin-up flows; even if the final angular ve
locity is nonzero, the flow close to the sidewall and in the Ekman layer may become three
dimensionally turbulent. In the case of spin-down to rest, the flow does not approach a final 
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state of rotation, so that motions in the vertical direction are not suppressed, and the turbu
lence is particularly persistent. In the experiment discussed in thls section, the results of which 
are presented in fig. 3.8, the flow is turbulent in a thick annular region extending radially in
ward from the sidewall to approximately halfway the centre. The instability may be caused by 
the azimuthal velocity not satisfying Rayleigh's stability criterion (e.g. Chandrasekhar, 1961) 
by the high vertical velocities due to Ekman pumping or by the Wgh horizontal velocities in 
the Ekman layer. In most spin-down experiments, the flow becomes turbulent so quickly that 
the different types of instability cannot be distinguished. 

For linear flow, the Ekman-pumping velocity is given by 

woo= iwo = iw~. (3.13) 

However, for a fluid rotating with uniform angular velocity w /2 » f!, the Ekman-layer thickness 
is determined by the angular velocity of the fluid rather than by the angular velocity of the 
container. Therefore, the Ekman suction of a rigidly rotating fluid over a nonrotating plate 
can be written as 

(3.14) 

with k a constant of order one, calculated by Rogers and Lance (1960) as 1.36961. Since (3.14) 
is a nonlinear relation between Woo and w, care should be taken about mass conservation. 
However, in the case of spin-down to rest, (3.14) leads to a consistent picture. Points with 
w < 0 are concentrated in a shear layer at r =a. By assuming that this shear layer compensates 
for the uniform Ekman pumping in the rest of the domain, the local character of (3.14) can 
be maintained. Since the Ekman pumping in the shear layer is directed downward, the two
dimensional divergence in the shear layer is negative, so that the shear layer absorbs the 
outward flow from the uniform vorticity region, and remains attached to the sidewall. 

Inserting (3.14) in the vorticity equation leads to 

which is solved by 

8w = -k fV 3/2 
8t V2ifiw 

w(r, t) 
-2Llf! 

(t/7* + 1 )2 

with the spin-down time scale 7* given by 

• 2H 
7 

= k..j-v.::ln· 

(3.15) 

(3.16) 

(3.17) 

For the experiment discussed in this section, 7* is approximately 120 s. The uniform vorticity 
given by (3.16) is represented by the dashed lines in fig. 3.8. The agreement with the experi
mental data is excellent for r /a< 0.6; at larger radii there is a significant amount of scatter, 
corresponding to the turbulence observed when dye was added to the fluid. This turbulence 
leads to a thickening of the shear layer at r =a; the vorticity graphs indicate that the vorticity 
decreases from the positive uniform value predicted by (3.16) to a negative extremal value at 
the sidewall over a radial distance of approximately 0.2a. Unlike in the spin-up experiments, 
the w(r)-graphs at different times are remarkably similar. This difference between spin-up 
and spin-down is connected with the direction of the secondary flow. Whereas in spin-up 
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FIGURE 3.8: Vorticity versus radial position and versus stream function for spin-down from 0.24 
to 0 rad/s in a circular tank with radius 46 em and 4 em depth. The data points correspond to 
laboratory observations; the dashed line represents spin-down according to (3.16), with r* given by 
(3.17) with k = 1.370. This value of r* has also been used to nondimensionalize the time t. 
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experiments the radial flow is inward, causing the shear layer to detach from the sidewall, in 
spin-down experiments the shear layer is continuously pressed to the sidewall by the uniform 
divergence of the interior. The experiments indicate that although the actual shear layer is 
unstable and has a finite thickness, it remains attached to the sidewalL 

3.5 Discussion and conclusions 

In this chapter experimental results of vorticity profiles of three nonlinear spin-up experiments 
and one spin-down experiment in a circular tank have been presented. The Wedemeyer model, 
based on a linear dependence of the Ekman suction on the relative vorticity, appears to give 
a qualitative understanding of the evolution of the spin-up flows, but does not account for all 
quantitative aspects. In the first place, the flow becomes turbulent in an annular region at the 
sidewall, leading to a faster distribution of positive vorticity than according to the Wedemeyer 
modeL After this turbulence has subsided, the region outside the uniform vorticity core 
develops a vorticity profile with a point of inflection or a plateau that is not accounted for by 
the linear suction model. Some earlier workers applied numerical data of Rogers and Lance 
for the flow over an infinite plate to spin-up on a finite domain. However, a nonlinear Ekman 
pumping model on a finite domain has to obey global conservation of mass of the Ekman 
layer, and thus cannot simply exist of a nonlinear function of the local vorticity. Moreover, the 
vorticity profiles suggest that taking the sidewalls into account would be an equally important 
improvement. Due to the no-slip condition at the sidewall, the Ekman pumping at the sidewall 
is inhibited, leading to a higher vorticity at the sidewall than according to the Wedemeyer 
model. 

A representation of Ekman and Stewartson boundary layers in terms of a divergence in the 
overlying two-dimensional flow is desirable, since this acts as a closure of the two-dimensional 
vorticity equation. Thus, three-dimensional computations can be avoided in many rotating 
flow problems. Such a model is not available at present, however, and it is unknown whether 
a simple model can be found that is suitable for a wide class of rotating flows. 
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Chapter 4 

Spin-up in a rectangular tank 

4.1 Introduction 

In this chapter, the spin-up in a rectangular geometry with length 2L and width 2B is investi
gated for three aspect ratios L/ B. Significant departures from the spin-up in an axisymmetric 
geometry are found, characterized by separation of the flow from the sidewalls. The resulting 
loss of resemblance of the streamline pattern with the shape of the container does not lend 
itself to analytical approach, and numerical and experimental methods have to be used. 

At the start of the spin-up, a flow exists with nonzero velocity components along the 
sidewalls. The no-slip condition gives rise to the formation of a shear layer, a singular positive 
vorticity distribution that compensates for the negative vorticity in the interior. The spin-up 
flows in a rectangular tank and in a circular tank have a similar shear layer at the sidewall, 
but there is a major distinction: for the rectangular tank a pressure gradient exists along 
the sidewalls, which at the downstream corners is adverse to the direction of the flow. From 
boundary layer theory it is well-known that such a pressure gradient favours boundary-layer 
detachment, close to the position on the sidewall where the pressure gradient reverses sign. 
In numerical and experimental results this is indeed observed even for moderate Reynolds 
numbers. 

This boundary-layer detachment provides an efficient mechanism for the transport of side
wall vorticity to the interior of the flow, thus leading to the formation of cyclonic vortices 
at the downstream corners of the sidewalls. Anticyclonic vortices may be formed out of the 
starting flow and the negative secondary vorticity induced by cyclonic vortices at the side
walls. A flow field consisting of both cyclonic and anticyclonic vortices appears, and despite 
three-dimensional instabilities in the beginning of the experiment, the flow is soon stabilized 
by its rotation, and becomes nearly two-dimensionaL Due to the self-organizing property of 
two-dimensional flows, a number of vortices with dimensions comparable to the width of the 
tank are formed; this was noticed earlier by Van Heijst, Davies and Davis (1990) in laboratory 
experiments, and by Suh (1994) in a numerical study. Some of these vortex patterns are per
sistent, whereas others show a transient behaviour; this depends on the Reynolds number, the 
Froude number and the geometry of the tank. During the spin-up process, a secondary flow in
duced by Ekman pumping persists, providing a damping mechanism for the two-dimensional 
vortex motion. In a typical experiment discussed in this thesis, the damping time scale of 
this Ekman pumping is much larger than the time scale on which the two-dimensional vor
tex motions take place. For the flow in early stages, therefore, properties such as boundary 
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layer separation, vortex motion and self-organization can be understood qualitatively with
out taking Ekman pumping into account. For the flow in later stages, however, the Ekman 
suction becomes important, in particular for the relation between w and 'if;. For this reason, 
one experiment in a rectangular tank with a flat bottom has been simulated with the three
dimensional numerical code described in section 2.9. (A similar simulation with a sloping 
bottom is described in 6.3.2.) These computations are costly in terms of computation time, 
but offer quantitative information on the dependence of the flow on the vertical coordinate. 

In section 4.2, an analytical expression for the stream function of the starting flow is 
derived, in excellent agreement with experimental and numerical results. In section 4.3, spin
up in a square tank is studied. For this geometry the flow is dominated by an anticyclonic 
vortex in the centre of the tank, and is similar to the spin-up flow in a circular tank. For a 
qualitative impression of the behaviour of the flow, images of dye visualizations are given in this 
section. In section 4.4, the aspect ratio of 9 : 4 is studied in more detail, both experimentally 
and numerically. For the numerical computations, the three-dimensional code described in 
section 2.9 was used. Since this code is suitable for moderate Reynolds numbers only, a 
comparison with experimental results is presented for a relatively small angular velocity of 
0.035 radfs. Some of the results for this particular spin-up have been published earlier (Van 
de Konijnenberg, Andersson, Billdal and Van Heijst (1994)), but the results presented in this 
section are more accurate and complete. The experiment from 0 to 0.035 rad/s forms part 
of a sequence of four spin-up experiments form rest with different final angular velocities. 
These experiments show the dependence of t~~qualitative appearance of the flow field on the 
Reynolds number and, for high angular velocities, on the Fronde number. In section 4.5, the 
qualitative influence of a bottom topography on the two-dimensional vortex motion during 
spin-up process is investigated experimentally. Since the bottom topography is analogous 
with the deformation of the free surface, these experiments can be used to distinguish the 
influence of the Reynolds number and the Fronde number in experiments with high angular 
velocity. These experiments confirm the assertion made in section 4.4 about the influence of 
the Fronde number on the vortex motion during the spin-up with high angular velocity. In 
section 4.6, the spin-up in a tank with aspect ratio 3 : 1 is treated. This geometry appears 
to lead to particularly stable three-cell patterns, consisting of three equally strong vortices 
with alternating signs. This section includes images of a dye visualization, which enables a 
qualitative comparison with the flow in the presence of a discontinuous topography discussed 
in chapter 7. 

4.2 Starting flow 

In this section, an analytical expression for the stream function 'if; of the starting flow on a 
rectangular domain with length 2L and width 2B is derived. This is a simplified version of the 
expression by Van Heijst, Davies and Davis (1990), a rediscovery of a solution by Stokes (1843). 
The result is compared with the velocity field of the starting flow in a physical experiment 
and with numerical data obtained by the numerical method described in section 2.9. 

The equation for 'if; is given by 

'il2¢ 2fl; 

X ±L: 
y ±B: 

1/;=0; 

'if; 0. 

(4.1) 

(4.2) 

(4.3) 
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FIGURE 4.1: Starting flow in a rectangular tank with length 88.6 em and width 38.9 em according to 
(4.13) and to an experiment in which the angular velocity was increased from 0 to 0.035 rad/s. The 
analytically determined stream function is represented by the graded shading. The arrows correspond 
to particles floating at the free surface as they were tracked by the Diglmage system. 

This problem is solved by writing 1/J as the sum of a particular solution and a homogeneous 
solution: 

1/J(x, y) = 1/Jpa.rt(X, y) + 1/Jhom(X, y). (4.4) 

Here, 1/Jpa.rt satisfies (4.1) but not the boundary conditions (4.2) and (4.3), and 1/Jhom satisfies 
the homogeneous differential equation, with boundary conditions that compensate for the 
nonzero values of 1/Jpa.rt at the boundary. A convenient choice for 1/Jpart is 

so that we find the following problem for 1/Jhom: 

\721/Jhom = 0; 

X = ±L : 1/Jhom = 0; 

Y = ±B : 1/Jhom = -S1(x2 - L2 ). 

(4.5) 

(4.6) 
(4.7) 
(4.8) 

The homogeneous solution is found by separation of variables. 
dependence on x in cos( n + ! )1rx / L yields 

Expanding the functional 

2 00 1 cosh(n+!)7ry/L 
1/Jhom(x , y)=SlL LAncos(n+2)1rxjL h( 1 ) BjL' 

n=O COS n + 2 7r 
( 4.9) 

which for y = ±B becomes 
00 

1/Jhom(x, ±B) = !:1£2 L An cos(n +! )1rxj L = -S1(x2 - £ 2 ). (4.10) 
n=O 

Due to the orthogonality relation 

;_: cos(m +! )1rxj L cos(n + !)1rxj L dx = L Dmn (4.11) 



52 Spin-up in a rectangular tank 

(a) (b) 
v 

0.5 0.5 

..J'_ _!L 

OL 0 QLO 

-0.5 -0.5 

-1 
-1 -0.5 0 0.5 1 

-1 
-1 -0.5 0 0.5 

x/L y/B 
FIGURE 4.2: Velocity profiles at y=O (fig. a) and x=O (fig. b) of the starting flow in a rectangular 
tank with length 88.6 em and width 38.9 em according to (4.14), to measurements at the free surface 
and to the numerical method described in section (2.9). The solid curves correspond to the analytical 
solution, the dashed curves to the experimental results, the filled circles to the numerical results. 

the coefficients An can be calculated as 

11L( 2/2 ) ( 1 - 4(-1)n --L x L - 1 cos n + 2}rrx/ L dx - 3( 1 ) 3 -L 1r n + 2 
(4.12) 

so that 

(4.13) 

Alternatively, the stream function can be obtained starting from a particular solution depend
ing on y instead of x. In that case one finds 

( 4.14) 

For non-square geometries, the convergence speeds of (4.13) and (4.14) differ. For fixed x 
andy, the hyperbolic terms give rise to an exponential convergence of the summation over n, 
the convergence speed being determined by the aspect ratio L/ B: ( 4.13) converges faster 
if L/B < 1 and (4.14) converges faster if L/B > 1. However, for points at either one of the 
boundaries at which the particular solution is nonzero, the hyperbolic cosines vanish, and there 
is only algebraic convergence. Consequently, the difference in convergence speed for points 
between the boundaries has little practical value. A numerical evaluation of (4.14) up to 10 
terms is compared with experimental data in figs. 4.1 and 4.2. Although the experimental data 
are slightly asymmetric with respect to the centre of the tank, the analytical and experimental 
curves are in good agreement. 
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4.3 Spin-up in a square tank 

Though spin-up in a square tank shows some of the complexities of non-axisymmetric geome
tries, the process shows much resemblance to spin-up in a circular tank. The experiments 
discussed in this section were performed in a tank with sidewalls with length 2L = 80 em and 
a fluid depth of 20 em. Experimental results of spin-up from rest to 0.24 and 1.0 rad/s are 
presented in figs. 4.3 and 4.4. The graphs for t = 0 correspond to the starting flow. Close 
to the boundaries ( '¢ close to zero) the experimental data of the vorticity deviate from the 
theoretical uniform profile. 

This difference is caused by the finite distance from the sidewall to the nearest particles; 
the experimental method does not resolve structures smaller than the distance between the 
particles or from the sidewall to the particles. In all experiments, the zero-velocity condition 
is implied by adding zero vectors along the boundary. In the algorithm for computation of the 
vorticity, a shear layer with thickness equal to the distance from the sidewall to the nearest 
particles is assumed. Since the velocity close to the sidewall is higher than in the centre, this 
boundary layer corresponds to a rather broad stream function interval. The shear layer is only 
present at t=O; at later times the limited spatial resolution is of less importance. 

The starting flow quickly loses its initial appearance: the separated flow is unstable, and 
dye visualizations indicate that even in the 0 -. 0.24 rad/s experiment, the cyclonic vortices 
are three-dimensionally turbulent. Because of this turbulence, and the fact that in a square 
tank they are relatively weak, the corner vortices disappear quickly. The turbulence near 
the sidewall is more persistent in a square tank than in a circular tank with comparable 
dimensions, but the time scale on which it disappears is of the same order of a few minutes. 
By this time the flow is dominated by an almost perfectly circular anticyclonic core vortex, 
and· any other vortex motion has died out. The core behaves in much the same way as in a 
circular tank discussed in section 3.2. Initially, there is a large region with relative vorticity 
-2n, but due to the inward secondary motion, it decreases slowly in size. The curvature of 
the w('¢)-graph changes in the course of the experiment, caused by the nonlinearity of the 
Ekman suction term in the vorticity equation (3.1). At later times the value of ow/8¢ in the 
centre of the tank increases, corresponding to the anticyclonic vortex becoming smaller. A 
difference with the scatterplots in chapter 3 is that there are points with both '¢ and w close 
to zero; these correspond to the corners of the tank. In the 0 -.1.0 rad/s experiment there is a 
significant amount of scatter in the w( '¢)-graph at 720 s. This scatter is caused by the motion 
of the anticyclonic vortex, which is discussed in the next paragraphs. It has been verified that 
the scatter in the left side of the graph disappears in a coordinate system that moves with the 
vortex. 

For high angular velocities, the curvature of the free surface becomes important. Besides a 
slight modification of the vorticity distribution, as described in section 3.3, there is an outward 
motion of the central anticyclonic vortex, as shown by the particle paths at 720 s in fig. 4.4. It 
was mentioned in section 2.7 that in the presence of a bottom or surface topography, cyclonic 
vortices tend to drift to the 'northwest', whereas anticyclonic vortices tend to drift to the 
'southwest'. In the square tank, the centre is the shallower part and corresponds to the north, 
the outer regions near the sidewalls and in the corners are the deeper parts and correspond to 
the south. This means that small cyclonic vortices tend to move towards the centre, whereas 
small anticyclonic vortices tend to move away from the centre. 

Although in this case the anticyclonic vortex is comparable in size with the length scale 
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FIGURE 4.3: Particle paths and w( 'lj! )-scatterplots for spin-up from 0 to 0.24 rad/s in a square tank 
with sides 2L 80 em and depth H "" 20 em. The lengths of the particle paths for the different 
pictures are not representative for the speeds of the particles, but were chosen to a good 
impression of the velocity field. The time has been nondimensionalized with T H f(v0.) 112• 
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FIGURE 4.5: Trajectory of the centre of the anticyclonic vortex in the square tank for a spin-up 
experiment from 0 to 1.0 rad/s. The dots represent the position of the vortex centre after 30 s 
intervals, starting from t = 240 s at the centre of the tank and ending at t = 1080 s near one of the 
sidewalls. 

of topography variations, the assumption that its motion is determined by the rules found for 
smaller vortices may lead to a better qualitative understanding of the observed instability. In 
order to make a qualitative comparison between the observed drift and the mentioned results 
of other workers, measurements of the position of the centre of the core were performed 
for a spin-up experiment from 0 to 1.0 rad/s; the results are given in fig. 4.5. The data 
were obtained by manually tracking the position of a small particle floating at the surface 
of the fluid close to the centre of the core. Due to the rotation of the Due to the off-centre 
position of the particle and the rotation of the core, the particle followed a cycloidal motion 
instead of the smooth curve represented in fig. 4.5. Since the excursions caused by the fast 
revolutions around the core centre were about five times smaller than the distance between 
the spiral arms, the position of the centre could be estimated accurately. Dye was added in 
the beginning of the experiment to investigate the deformation of the core due to interaction 
with the sidewalls. Deformation of the core due to secondary vorticity at the sidewalls was 
seen to become important after approximately 18 minutes; by that time the core has become 
very weak due to the Ekman-pumping mechanism. 

According to fig. 4.5, the core moves outward in a clockwise spiroid motion to the local 
southwest. This agrees qualitatively with the results of Carnevale, Kloosterziel and Van Heijst 
(1990). Experiments were conducted using a bottom topography with the deeper part in 
the centre to confirm that the instability of the central position of the core is induced by 
topography. According to the 'southwest' rule for anticyclonic vortices, this implies that 
position of the core in the centre of the tank is stabilized, and indeed no outward motion was 
observed in these experiments. 

Fig. 4.6 shows the results of dye visualizations of the flow in the experiment from 0 to 1.0 
rad/s. The left column (figs. a, band c) represents an experiment in which the dye was added 
at t = 0. The irregular edge of the dyed region at t 6 s indicates the turbulent nature of 
the flow at that stage. Apparently this turbulence prevents the formation of corner vortices; 
neither in fig. 4.6 a nor in the streak line picture at 20 s in fig. 4.4 distinct corner vortices can 
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(a) f=6s 

(b) t 300 s (d) t 300 s 

(c) t 720 s (e) t 720 s 

FIGURE 4.6 : Dye visualization of spin-up from 0 to 1.0 rad /s in t he square tank. Figs. a, b and c 
correspond to an experiment in which the dye was added at t = 0, d and e correspond to another 
experiment in which the dye was added at t = 240 s. In both experiments the dye was released at 
the middle of the left sidewall. 
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be observed. At 300 s the dye has spread entirely through the outer region of the tank; the 
inner part persists in its circular motion and does not mix with its surroundings. The initial 
turbulence has disappeared by this time, and the differentially rotating motion has given the 
flow a smooth appearance. The dye pattern at 720 s clearly shows the displacement of the core 
from the unstable position in the centre of the tank. Since the mixing in the region outside 
the core occurs very rapidly, this particular experiment provides little information about the 
structure and the mixing properties of the flow at later stages. Therefore, a second experiment 
was performed in which the dye was added after 240 s; the results of this experiment are given 
in figs. 4.6 d and e. The dye patterns indicate that although there are no more overturning 
motions after 240 s, the flow still shows complex behaviour, with thorough mixing of the 
fluid outside the core. The edge of the core is affected by interactions of the core with the 
sidewall, so that at 720 s a tripolar structure appears. Although indeed such structures remain 
unnoticed if the dye is added in the very beginning of the experiment, it is uncertain whether 
or not the flow field of fig. 4.6 e has the same appearance as the flow field of fig. 4.6 c. Even 
though the experiments were performed with the same parameters such as depth, temperature 
and angular velocity, the outward motion of the anticyclonic core is caused by an instability. 
Consequently, the trajectory of the core varies from one experiment to another. In particular, 
the azimuthal angle of the position of the core with respect to the centre of the tank at a 
certain time is unpredictable at the beginning of the experiment. For this reason it is not 
surprising that in fig. c the core is in the lower right corner, whereas in fig. e it is located in 
the upper left corner. 

Though present for any angular velocity, in the geometry described in this section, the 
instability of the core is significant for angular velocities larger than 1 radls only. For a fluid 
depth of 20 em this corresponds to a maximum surface elevation of only a few percent. In 
a circular tank, the instability occurs less easily, possibly because the initial perturbation 
is smaller. At higher angular velocities, the deformation of the surface is stronger, and the 
outward motion is faster. The core has more energy left when it reaches the sidewall, and its 
radial velocity is higher. The core then induces positive vorticity at the sidewall, forming a 
small cyclonic vortex that combines with the core to an asymmetric dipole. This structure 
travels in a circular path through the tank until it hits the sidewall once again. During this 
process the core dissipates its energy by Ekman pumping, filamentation and friction caused 
by the two-dimensional motion, until finally all motion disappears and the spin-up process is 
complete. 

4.4 Spin-up in a tank with aspect ratio 9 : 4 

This section contains the results of four experiments in a tank of 88.6 x 38.9 em and 35 em 
depth. All these experiments start from rest, and differ only in the final angular velocity n. 
The final angular velocity enters the spin-up problem through two independent parameters: 
the Reynolds number Re = n£2 I v on the one hand, and the Froude number F = 4n2 £ 2 I g H 
on the other hand. The experiments indicate that the qualitative evolution of the flow field 
depends on both parameters: for low angular velocities the flow is mainly determined by the 
Reynolds number, whereas for high angular velocities the flow also depends on the Froude 
numuer. For the lowest angular velocity, the experimental results are complemented by three
dimensional simulations; for higher angular velocities the simulations requires too much com
puter time, and difficulties because of physical flow instabilities would arise. 
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4.4.1 Spin-up from 0 to 0.035 rad/s 

Experimental and numerical results for the starting flow and the further evolution of the 
flow field are given in figs. 4.7, 4.8 and 4.9. According to fig. 4.9, the positions where the 
pressure gradient along the sidewall change sign are found at the middle of the sidewalls. 
The expectation that flow separation occurs at these places agrees with the outcome of the 
experiment. Immediately after the starting flow, cyclonic vortices are formed in each corner of 
the flow domain. The vortices in the downstream corners of the shorter sidewalls are weak, and 
disappear quickly. Due to the high velocities at the longer sidewall and the correspondingly 
stronger advection towards the downstream corners, the vortices in the downstream corners 
of the longer sidewalls become much stronger, and grow in size until they obtain a diameter 
comparable to the width of the tank. This results in a three-cell configuration, which .appears 
to be stable: none of the vortices is seen to drift away or to change in size or shape. Due to 
the Ekman-pumping mechanism, the flow slowly decreases in strength, and becomes almost 
perfectly geostrophic, as shown by the isolines of the pressure running more and more parallel 
to the velocity field. The flow pattern consisting of these two cyclonic vortices, together 
with the central anticyclonic vortex, resembles a tripolar vortex, such as described by Van 
Heijst and Kloosterziel (1989) and Van Heijst, Kloosterziel and Williams (1991). This vortical 
structure tends to rotate until the walls of the tank inhibit further motion. However, the 
tripolar vortex discussed by Van Heijst, Kloosterziel and Williams moves around in an infinite 
domain, whereas in this case, the presence of sidewalls makes the situation more complex. 
The tendency to rotate depends on the aspect ratio of the tank. It is shown in the next 
section that in spin-up experiments in a tank with aspect ratio 3: 1, three vortices arise with 
approximately the same size and strength, filling the tank completely. Hardly any rotation is 
observed in that case, and the cyclonic vortices remain close to the symmetry-axis. 

The numerical simulations provide information about the flow field beneath the surface as 
welL A horizontal cross section through the Ekman layer and a vertical cross section through 
x=O are presented in fig. 4.10. Fig. 4.10a shows the convergence of the velocity field in the 
Ekman layers of the cyclonic vortices. The velocity vectors close to the bottom make an angle 
of roughly 1r f 4 with the velocity vectors at higher levels, which corresponds with the result for 
a linear Ekman layer found in section 2.6.2. Fig. 4.10b shows the Ekman layer at the bottom 
of the tank, as well as the downward flow due to Ekman suction. 

From the vertical position of the points in fig. 4.10b where the velocity components in the 
given plane vanish, the thickness of the Ekman layer can be estimated to be about 12 mm. 
This is in rough agreement with the solution of the Ekman layer in the linear case, given (see 
section 2.6.2) by 

uE = -v1e-zf8 sinzfli 

vE -vie-zfo coszfli, 

( 4.15) 

( 4.16) 

with {j VvJfi = 5.3 mm and 1r0 = 16.8 mm. Therefore, these results give a rough confirma
tion of the assumption underlying the Wedemeyer model that for w /2fl ~ -1 the thickness of 
the Ekman layer can be estimated by Vv/fi. 

In these computations, artificial damping terms were used as described in section 2.9. 
The influence of these terms relative to the physical damping has been estimated from the 
dissipation rate D of kinetic energy integrated over the entire flow domain, given according to 
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0.886 m, width 0.389 m and depth 0.35 m . 
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FIGU RE 4.8: Numerical results for spin-up from 0 -> 0.035 rad/s in a rectangular t ank with length 
0.886 m, width 0.389 m and depth 0.35 m . 
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2D-divergence t = I 20 s 

2D-divergence t = 180 s 

2D-divergence t = 360 s 

2D-divergence t = 960 s 

2D-divergence t = 1440 s 

F IGU R E 4.9: Numerical rebults for the two~dimensional divergence, pressure and reduced pressure for 
spin~up from 0 --> 0.035 rad/s in a rectangular tank with length 0.886 m, width 0.389 m and depth 
0.35 m. 
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FIGURE 4.11: Dissipation rates of physical and artificial damping terms for the experiment discussed 
in this section (Re = f2L2 fv = 6870). The curves represent the dissipation due to the individual 
damping terms integrated over the entire volume of the fluid. 

(2.109) by 

(4.17) 

where f. o. t. is an abbreviation for the artificial fourth-order derivative term given by (2.113) 
and (2.114); this term is dependent on the size of the grid cells and cannot be written in tensor 
form. It can be shown that the convective term -puj 8u;j8xj, the pressure term -8pf8x;, the 
Coriolis term -2pEijknjuk and the centrifugal term -pEijkrljEklmfllrm yield zero contributions 
to the dissipation rate D. Thus, (4.17) reduces to 

D f ( [J2u· ) 
lv u; p, OXjO~j +f. o. t. dV. (4.18) 

The individual terms of (4.18) were calculated at every time leveL The result is shown in 
4.11. The maximum contribution of the fourth-order term to the dissipation rate is at 
140 s. At this time, a region has evolved with relatively high gradients. After t = 140 s, 

the artificial damping decreases more and more, until it becomes identically zero. By that 
time, the gradients in the solution are so small that the fourth-order terms do not exceed the 
threshold value, so that they are cut off to zero. 4.11 shows that the influence of the 
numerical damping is acceptably small in all stages of the process, especially after t = 600 s. 
Preliminary calculations suggest that the ratio between the physical and numerical damping 
terms deteriorates rapidly with increasing Reynolds number. 
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In this respect the numerical data published by Andersson, Billdal and Van Heijst (1992) 
obtained with the same method are highly questionable. These simulations, concerning the 
spin-up on a semicircular domain with radius R, were performed at a Reynolds number fl.R2fv 
of 1.6 x 105 • Since numerical parameters such as grid spacing and time step were comparable 
with those used in the computation described here, in the computation of Andersson et al. the 
physical viscous term may hardly play any role, being dominated by the artificial damping 
terms. This assertion is confirmed by the absence of instabilities and high gradients in the 
numerical results in that paper, and the observation that the numerical velocity field decays 
much faster than the experimental velocity field. 

The scatterplots in figs. 4.7 and 4.8 provide information about the flow field that can not 
be easily derived from the contour graphs. At t 0, the flow has a uniform vorticity, leading 
to the single horizontal branch at w /2fl. = -1. In the calculation of the vorticity of this flow 
field, the no-slip condition was not taken into account, so that the shear layer at the sidewalls 
is not represented. At t = 120 s, 180 s and 360 s at the left side of the graphs this horizontal 
branch is still present, but the further evolution of the flow gives the graphs a completely 
different appearance. In particular, points with 1j; > 0 appear, corresponding to the formation 
of cyclonic vortices. At early times there is a significant amount of scatter, but a well-defined 
branch eventually emerges. The right end of this branch corresponds to the centres of the 
cyclonic vortices, the place where it sprouts from the vertical branch at 1j; 0 corresponds 
with the outer parts of the cyclonic vortices. The collapse to a single branch implies that 
these vortices become increasingly stationary in the course of the experiment. 

The points at 1/J=O with strongly positive or negative vorticity correspond to points close 
to the sidewall, at the edges of strong vortices; from the vorticity graphs in figs. 4. 7 and 4.8 
it can be seen that each of the three dominating vortices induces oppositely signed vorticity 
at the sidewalls. The branch at the left side of the scatterplots corresponds to the central 
anticyclonic cell. According to both the experimental and numerical results this vortex loses 
its uniform vorticity profile, an effect that can only be ascribed to viscous diffusion, perhaps 
in combination with Ekman suction. The numerical results show a gradual change in the 
curvature of the branches of the scatterplots. Shortly after the formation of the cyclonic 
vortices, the corresponding branch has a slightly upward curvature, but in the course of the 
experiment a transition to a downward sloping curve is observed. The branch corresponding to 
the anticyclonic vortex is less well-defined initially, but shows a similar downward curvature. 
Since the vortex pattern is essentially unchanged after t=360 s, further evolution is dominated 
by viscosity and Ekman suction. The slow change in curvature can be explained in terms of 
nonlinear Ekman suction, using similar arguments that were used in the discussion about 
spin-up in a circular and square tank. According to the two-dimensional vorticity equation in 
the rotating system with the linear pumping law: 

(4.19) 

the quadratic dependence of the stretching term on w leads to a fast decay of the high vorticity 
in the centre of the cyclonic vortex, and a slower decay in the outer parts. Similarly, the 
centre of the anticyclonic vortex spins up more slowly than its outer parts, resulting in a 
downward curvature of the left branch of the scatterplot at t = 1440 s. The initial shape of 
the right branch depends mainly on the properties of purely two-dimensional flows, not on the 
relatively weak influence of Ekman suction. It may be possible to estimate the shape using 
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entropy maximization or selective-decay arguments such as described in section 2.4, but such 
an approach was not attempted in this thesis. 

Characteristic for both the experimental and numerical scatterplots is that the two domi
nating branches are staggered; each branch consists of a positive and a negative vorticity part. 
This behaviour can be seen in the vorticity plots in figs. 4. 7 and 4.8: both the experimental 
and numerical results show that each vortex is surrounded by oppositely signed vorticity. The 
staggering between the branches indicates that this oppositely signed vorticity is not only 
present close to the sidewalls, but also between the cells: each vortex is essentially an isolated 
structure. 

Unfortunately, the evolution of the shape of the branches does not follow from the ex
periments with the same accuracy as from the computations. The qualitative agreement is 
obvious, but at t 960 s and particularly t 1440 s the cyclonic vortices in the experiment 
are stronger than in the simulation. This is probably caused by external. effects occurring in 
the experiment, such as heating of the fluid by drive mechanism of the rotating table, the 
laboratory air or the lighting used to illuminate the particles. The low angular velocity makes 
it difficult to perform this experiment accurately, since after long times even small distur
bances can significantly disturb the flow pattern. In previous experiments the flow pattern 
sometimes did not decay noticeably in several hours time, indicating that some driving effect 
is present that is able to overcome the damping caused by viscosity and Ekman suction. The 
experiment in this section was performed in a tank placed inside a bigger tank that was also 
filled with water. The extra layer of water acts as a buffer for external heating and cooling, 
and the quality of the results (estimated from the symmetry of the flow field and the amount 
of scatter in the w('¢1)-plots) was seen to improve. Nevertheless, in all experiments at such low 
angular velocities the accuracy of the results was seen to deteriorate after 20 or 30 minutes. 

The two-dimensional divergence proved to be difficult for accurate numerical computation. 
Calculation of this quantity revealed a numerical instability in the three-dimensional diver
gence, showing oscillations from one grid cell to another, most notably if a step was taken in 
the vertical direction in the Ekman layer, where the vertical grid spacing was very small. Nei
ther a drastic reduction of the time step nor any change in the artificial damping had any effect 
on the three-dimensional divergence being nonzero. The oscillations did not average out to 
zero, and led to incorrect results for the vertical velocity and therefore for the two-dimensional 
divergence. At one particular time and place (around t = 100 s, at the edge of the cyclonic 
corner vortices) the vertical velocities were of the same order of magnitude as the horizontal 
components because of this effect. At other times and places the effect proved to be much 
less significant, the velocity components caused by the three-dimensional divergence being 
small compared with the velocities of the actual solution. The phenomenon of high velocity 
components in the vertical direction at one particular time and place was observed earlier by 
Andersson, Billdal and Van Heijst (1992), who performed similar spin-up simulations using 
the same numerical code, but on a semicircular domain and with a different grid type. The 
effect was then attributed to physical effects concerning a reversal of the Ekman layer, but in 
view of the observed violation of mass conservation, that explanation seems very unlikely. 

For t > 120 s the three-dimensional divergence was small enough to provide reliable data 
of the two-dimensional divergence \7·1!H· This quantity was calculated as the vertical velocity 
component at the top of the Ekman layer divided by the distance from the top of the Ekman 
layer to the free surface. The spatial distribution of \7 ·1!H is given in fig. 4.9. The qualitative 
agreement of the graphs in this figure with the vorticity graphs in fig. 4.8 suggests the existence 
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FIGURE 4.12: Two-dimensional divergence a.s a. function of the relative vorticity according to the 
numerical simulation for spin-up in a rectangular tank described in this section. The solid lines 
represent the linear pumping model for the Ekman suction given by (4.20). 
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of a correlation between \7 ·J!H and w00 . Therefore, in fig. 4.12 graphs of \i'.y,_H as a function 
of the relative vorticity w are given. These graphs can be compared with modellings for the 
Ekman suction. For this purpose, a representation of the linear suction model 

(4.20) 

has been included in each graph. At early times, the data show much scatter, but as the flow 
becomes more linear, the points seem to converge towards the linear relationship given by 
(4.20). Apart from the collapsing cloud of points, the graphs contain a branch of points with 
\7 ·y,_H 0. These data points correspond with points at the sidewalls, where the vorticity as
sumes high values, but the two-dimensional divergence vanishes because of its proportionality 
to W 00 • The main conclusion to be drawn from these graphs is that in the range -1 < w /2D < 1, 
the linear dependence of \i'·y,_H on was given by (4.20) is a reasonable model for the Ekman 
suction. Although the graphs show a significant amount of scatter at early times, a rough fit 
through the scattered data points is provided by (4.20). Thus, these data do not suggest the 
introduction of a particular nonlinear model. 

4.4.2 Spin-up from 0 to 0.24 rad/s 

The outcome of the experiment changes drastically if a final angular velocity of 0.24 rad/s 
instead of 0.035 rad/s is taken. Experimental results are given in fig. 4.13. The consequences 
of a higher Reynolds number become manifest soon after the start of the experiment. Large 
cyclonic vortices are formed in a similar way as in the experiment from 0 to 0.035 rad/s, but 
also smaller structures appear: the smooth strips of positive vorticity from the sidewall to the 
core break up into smaller vortices merging into the main cyclonic corner vortex later on. 

A more striking effect, however, is the merging of the cyclonic vortices into one strong 
cyclonic vortex in the centre of the tank. This phenomenon occurs only if the vortices approach 
each other closely enough, a condition well satisfied for this geometry; for this Reynolds 
number, the critical aspect ratio beyond which merging of the corner vortices no longer occurs 
appears to be about 4 : 1. Compared to the spin-up time scale, vortex merging is a rapid 
process. According to the streamline patterns the merging takes place between 100 and 110 s. 
However, the vorticity graphs indicate that the merging is not quite completed at t 120 s: 
the remainders of the original vortices can still be distinguished in the core of the newly 
formed vortex. As these parts wrap around each other more closely, the amount of scatter 
in the w( 'ljJ )-graphs decreases, until a well-defined relationship remains; this can be seen in 
the scatterplot at t = 240 s. Merging of the cyclonic corner cells was observed earlier by 
Van Heijst, Davies and Davies (1990) in a tank with an aspect ratio of 3 : 1. It is not clear 
whether a simple argument can be given why merging takes place in this experiment, and not 
in the experiment from 0 to 0.035 rad/s. In the 0 ---> 0.035 rad/s experiment the cyclonic 
vortices may be damped too strongly to develop the high velocity gradients coupled with the 
merging process, or the vorticity of the corner vortices in the 0 ---> 0.24 radjs experiment may 
be more concentrated, making them smaller and therefore more mobile. Van Heijst, Davies 
and Davies (1990) attributed the inward motion of the cyclonic vortices to an imbalance 
between centrifugal and Coriolis forces caused by free-surface deformation and the topography
induced drift according to the rules found for small vortices discussed in section 2.7. However, 
experiments with bottom topography and with higher angular velocities show the opposite 
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FIGURE 4.13: Experimental results for spin-up from 0 ---> 0.24 rad/s in a rectangular tank with length 
0.886 m, width 0.389 m and depth 0.35 m . 
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behaviour: cyclonic vortices are seen to drift to the deeper part of the tank, not to the centre. 
These experiments are described in more detail in the next sections. 

At late times the central cyclonic vortex is affected by the interaction with its surroundings, 
and loses some of its stationarity. The graphs at t = 480 s show that the vortex becomes 
elliptical; the axes of the ellipse slowly rotate in cyclonic direction. Dye visualizations indicate 
that the instationarity of the cyclonic vortex involves filamentation and mixing of the outer 
layers with the surroundings. This interaction process affects the w( '!j! )-scatterplot as well. 
The shape of the branch corresponding to the centre of the cyclonic vortex at t = 480 s can 
still be recognized from the previous scatterplot, but the part corresponding with the outer 
region of the cyclonic vortex (0 < 'I/I/40B2 < 0.04) is affected in shape and in the amount of 
scatter. The anticyclonic vortices alongside the central cyclonic cell are less stable than in the 
0-> 0.035 rad/s experiment and keep changing in size and shape. Nevertheless, they show the 
same preference for a position off the horizontal axis, but since the central cell is now cyclonic, 
the flanking cells are now shifted in a cyclonic sense. 

Both the scatterplots at t = 60 s (before the merging) and at t = 240 s (after the merging) 
show an upward-curving relationship between w and '1/1; in the experiment from 0 to 0.035 
rad/s an upward curvature was hardly distinguishable, but in this experiment it is obvious. 
This reminds one of the result found by Montgomery (1974) and Robert and Sommeria (1991) 
for the most likely vortex structure in inviscid flows given by (2.35). This result follows from 
the assumption that the vorticity field consists of a 'dilute' distribution of singular vorticity. 
The vorticity distribution in a spin-up experiment, evolving from singular positive values at 
the sidewalls, meets this condition to a certain extent. In this respect, it may be interesting to 
note that the w('l/l)-relations of newly formed cyclonic vortices in many spin-up experiments 
in this thesis are characterized by a sinh-like upward curvature, in particular if the Reynolds 
number is high; if the vortices are very small or if the angular velocity is very low, the 
relationship becomes approximately linear. The cause of this difference may be the better 
conservation of the singularity of the initial vorticity distribution if the Reynolds number is 
high. Another possible cause is that the outer parts of the vortices are turbulent and therefore 
more homogenized. The instability of a newly formed vortex is discussed further in section 5.4. 

4.4.3 Spin-up from 0 to 1.0 rad/s 

Experimental results of the 0-> 1.0 rad/s experiment are presented in fig. 4.14. Initially, 
the experiment looks essentially the same as the 0---+ 0.24 rad/s experiment discussed in the 
section 4.4.2. The corner vortices are formed in much the same way, and merging occurs at 
approximately the same dimensionless time Ot. But where in the 0---+ 0.24 rad/s experiment 
the resulting cyclonic vortex remained in the central position, in this case it appears to drift 
towards one of the southwest corners. A simple explanation for this behaviour is the influence 
of the free surface in combination with the effect of the sidewalls. Assuming the central 
vortex slightly off-centred, it will tend to move to the northwest, that is, in a clockwise spiroid 
motion towards the centre of the tank. However, as the vortex moves in westward direction, 
it approaches one of the longer sidewalls, and is deflected from the centre. Apparently, this 
effect overcomes the northward component of the topographically induced drift, so that the 
central position of the cyclonic vortex becomes unstable. The vorticity graphs at t = 72 s and 
96 s show that the centre of the cyclonic vortex is indeed shifted to one of the longer sidewalls. 
The drift of cyclonic vortices to the southwest corner is typical for spin-up experiments with 
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sufficiently high angular velocities. It will be shown in the section 4.4.4 that this effect may 
even prevent the occurrence of merging. The hypothesis that the southwest drift of cyclonic 
vortices is caused by free-surface curvature is confirmed by three observations: 

1. The effect becomes stronger if the final angular velocity is increased. 

2. The effect becomes stronger if the depth is decreased, which is difficult to explain if the 
free surface does not play any role. 

3. Experiments at a lower angular velocity but with a bottom topography resembling the 
deformation of the free surface show the same behaviour. Some of these experiments are 
discussed in section 4.5. 

The small amount of scatter in the w( 7jJ )-graph indicates that the flow is quasi-steady, but the 
flow pattern keeps changing in the course of the experiment, and although some states exist for 
many vortex turn-over times, no definitive streamline pattern is observed in this experiment. 

4.4.4 Spin-up from 0 to 1.7 rad/s 

An angular velocity of 1. 7 rad/s is the highest value that could be obtained with the available 
experimental equipment. At this rotation speed the surface deformation is several centimetres, 
or about 10 % of the total depth. In about 20 % of the experiments performed at this 
angular velocity, merging of the cyclonic corner vortices no longer occurs. If the fluid depth 
is decreased, this percentage increases to 100 %, reflecting a stronger impact of the relative 
changes in depth due to a deformation of the surface. Thus, one may expect that for spin-up in 
the geometry discussed in this section, a value of 1.7 rad/s is somewhat below a critical value 
beyond which the occurrence of merging becomes unlikely. Neither the critical value for the 
transition from non-merging to merging at 0.1 rad/s nor the critical value for the transition 
from merging to non-merging due to free-surface effects is very well-defined. In the former 
case it may be unclear whether or not merging occurs because the process is incomplete and 
the cyclonic vortices do not really wrap around each other; in the latter case the difference 
between the occurrence and non-occurrence of merging is much more distinct, but turbulence 
introduces a certain randomness in the flow, suggesting a statistical interpretation of the 
critical value. 

In fig. 4.15, results are shown of one of the experiments in which merging does not occur; 
this is the more unlikely outcome of the experiment, but more illustrative than the more 
regular evolution, which is similar to the results of the 0-+ 1.0 rad/s experiment (fig. 4.14). 
The cyclonic corner vortices are formed very rapidly, and the central anticyclonic region is 
reduced to a weak, deformed structure. Instead of moving towards each other, the cyclones 
now move to the southwest corners, the anticyclonic cell being reestablished in the process. 
The cyclonic vortices are affected by both the topography of the free surface and the presence 
of the sidewalls, and move in more or less circular trajectories (see fig. 4.16) through the 
deeper parts of tank. Then, after 50 turnover times, they suddenly and simultaneously move 
in a matter of seconds to the centre, and still merge into a single vortex. In this particular 
experiment, the flow loses some of its symmetry during this merging; in the w( '1/J )-graph at 
t =:: 120 sin fig. 4.15 one can see a secondary branch corresponding to a small vortex in the 
right side of the tank, which has no counterpart in the left side. However, after a long time 
the flow regains most of its symmetry, and remains quasi-steady thereafter. In this regime one 
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FIGURE 4.16: Trajectories of the centres of the cyclonic vortices from their formation at t=O to the 
merging at t=90 s. 

can observe a gradual evolution of the branch shape in the w( 'if; )-graph due to Ekman suction. 
Additional experiments have been performed to check whether the retarded inward motion of 
the cyclonic vortices is reproducible. Most of these experiments were performed with smaller 
depths in order to avoid early merging. In all these experiments a similar behaviour was 
observed. 

It is not entirely clear why the cyclonic vortices still move to the centre after spending 
such a long time in the deeper parts. The streamline and vorticity graphs at t 88 s might 
give the impression that the motion of the cyclonic vortices is driven by their image vortices, 
but this effect tends to drive the vortices back into the corners. One can think of a number 
of causes for this retarded merging. From t = 8 to 88 s, the strength of the cyclonic vortices, 
measured by the extremal value of the stream function, has decayed by a factor 8, whereas 
the extremal value of the stream function of the central anticyclonic vortex has increased by 
a factor 2. Thus, the regions with cyclonic vorticity become increasingly more passive, until 
they are taken along with the more persistent anticyclonic flow, which at t = 88 s fills nearly 
the entire domain. 

Another cause might be that the motion rule does not apply under all circumstances. 
Obviously the drift will depend on the degree of nonlinearity, the vorticity distribution and 
the shape of the topography. So far it has been assumed that the free surface is always 
parabolic, which in the beginning of the experiment is a very crude assumption. Due to the 
decay of vortex motion, the deviation from a parabolic surface gradually becomes smaller, 
which must have consequences for the vortex drift. However, it seems unlikely that this effect 
alone is strong enough to cause the sudden and simultaneous motion of the cyclonic vortices 
toward the centre. 

4.4.5 Spin-up from 0.4 to 0.5 rad/s 

In this section an experiment is described with an angular velocity increasing from 0.4 to 
0.5 rad/s, so that f:::..fl/0. !· This value is not so small that nonlinear effects are negligible, 
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FIGURE 4.18: Occurrence of merging of the corner vortices in a geometry of 120 x 40 em and depth 
20 em. The symbols'+' and '-'indicate that merging does or does not occur, respectively. 

but has the advantage of leading to a similar vortex dynamics as in experiments from rest. 
The results of this experiment are presented in fig. 4.17. In comparison with the 0 __,. 0.035 
rad/s experiment, A similar cellular pattern is observed, with a comparable displacement of 
the cyclonic cells with respect to the line through the centre of the tank parallel to the longer 
sidewalls. In contrast to an experiment from rest with the same increase in angular velocity, 
no merging of the cyclonic vortices occurs. It seems likely that this is a manifestation of the 
faster Ekman pumping caused by a higher final angular velocity. 

The w(~)-graphs show a nonlinear relation between w and ~ for the cyclonic vortices 
shortly after their formation. During the experiment, the upward curvature evolves into a 
linear relationship. In spite of the small increase in angular velocity, this is probably caused 
by the nonlinearity of the Ekman-pumping mechanism. The w(~)-graphs at t = 120 s and 
t = 180 s show that at early times, the relative vorticity in the middle of the cyclonic vortices 
exceeds the initial value of the starting flow with a factor four, which places the vortices 
well into the nonlinear regime. It is to be expected that the differential spin-up at different 
positions within the cyclonic vortices disappears when the increase in angular velocity is taken 
to be smaller. However, taking ~1.1 to be smaller also affects the initial nonlinearity of the 
w( ~)-relation, so that it is difficult to demonstrate this conjecture experimentally. 

4.5 Influence of free-surface deformation 

In order to investigate the role of topography for the drift of cyclonic vortices, experiments 
were performed in a tank of 120 x 40 em with four bottom topographies that resemble the 
deformation of the free surface. In all experiments the deepest point in the tank was 20 em, 
which is used as a standard depth for this geometry in this thesis. All four topographies had a 
maximum height of 5 em, which is of the same order as the deformation at an angular velocity 
of 1.5 radjs. Two of the topographies consisted of two sloping parts, and two consisted of 
three flat parts; a graphical representation of the topographies together with the results of 
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the experiments are given in fig. 4.18. The geometry of 120 x 40 em offers the advantage 
of consisting of three square regions. This is especially attractive for a stepwise bottom 
topography, since in that case the flow may evolve to a stable pattern with a single cell above 
each plateau. Some of the experiments of fig. 4.18 are discussed in more detail in chapter 7. 
Also for a flat bottom can a geometry of 3 : 1 lead to a particularly stable three-cell pattern. 
Such an experiment is discussed in the section 4.6. 

The experiments with the sloping topography confirm the conjecture about the effect of the 
free surface. The topography with the highest point at the centre is similar to the deformation 
of the free surface, and so is the outcome of the evolution: at all angular velocities, merging 
is prevented, and the flow field shows the same irregularity observed in experiments with high 
angular velocities and a flat bottom. The second topography is the reverse of the deformation 
of the free surface. In this case we find merging to be encouraged; the cyclonic vortices now 
tend to drift to the centre of the tank, being the deepest part in this experiment. 

The experiments with the stepwise changes in topography show a different behaviour. No 
merging is observed if this topography is present, not even if the deepest part is in the centre. 
This can be understood qualitatively by regarding the topographic step as a barrier, which 
becomes a more effective obstacle as the flow becomes more linear. According to the shallow
water model, a crossing of the step leads to a change D.wab8 /Wabs in absolute vorticity of order 
!:::.H /H. This requires a certain amount of kinetic energy, which is not available if the flow 
is very weak. Therefore, less fluid will cross the step as the relative flow becomes weaker, 
so that vortices are confined in the squares bounded by the topography discontinuity. The 
experiments suggest that this blocking effect becomes noticeable long before the relative flow 
has become small. 

The emphasis of this thesis is put on experiments with sufficiently high Reynolds numbers 
to allow dynamical processes to take place, but with a surface deformation that does not 
influence the evolution of the flow field too much. Therefore, most of the experiments described 
in subsequent parts of this thesis were performed with n=0.5 rad/s. 

4.6 Spin-up in a tank with aspect ratio 3 : 1 

The experiment described in this section, spin-up from 0 to 0.5 rad/s in a tank with length 
120 em, width 40 em and depth 20 em, provides a clear example of self-organization in two
dimensional flows as well as the subsequent evolution of the vortices due to the Ekman
pumping mechanism. Quantitative results are presented in fig. 4.19. At t 30 s, the cyclonic 
vortices have been formed, and move towards the centre due to their image vortices. Though 
more reluctant than in some other experiments, they merge into one cyclonic vortex in the 
centre of the tank. The vorticity graphs indicate that the picture of merging of two single 
vortices is in fact too simple; there are two other regions with high vorticity near the centre 
that interact with the merging process. The merging process leads to a cyclonic vortex with 
a nonlinear relationship between vorticity and stream function. 

The regions outside the central cell are roughly square, and become occupied by anti
cyclonic vortices with approximately the sante strength as the central cyclonic vortex. The 
graphs of the stream function at t = 30 s and at t = 60 s indicate that these vortices are 
formed as the cyclonic cells move towards the centre. They will therefore contain much fluid 
from the initial uniform vorticity region. This suggests that the vorticity distribution of the 
anticyclonic cells should resemble the uniform profile of the starting flow. Although this is 
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indeed roughly the case at t=30 s, the relation between wand'¢; has a nonzero slope at 120 s; 
apparently the distribution of vorticity within the anticyclonic regions is very efficient during 
the first two minutes of the experiment. 

Like in the experiment from 0 to 0.24 rad/s in the tank with aspect ratio 9: 4 (see fig. 4.13), 
the w('¢1)-relation of the cyclonic vortex is nonlinear shortly after the merging, but gradually 
becomes more linear. The scatterplot at t=480 s shows that the branch corresponding to the 
anticyclonic vortices has evolved into a nonlinear profile, and that the anticyclonic vortices 
become stronger than the cyclonic cell. These effects can be explained qualitatively by the 
nonlinearity of the suction term. No attempt has been made to reproduce the evolution 
numerically, however. 

In fig. 4.20, results of two visualizations with dye are presented. The figures in the left 
column represent an experiment in which the dye was added just before the table was set into 
motion. In the first four figures, the formation and merging of the cyclonic corner vortices 
can clearly be seen. At 120 s the distribution of dye outside the centres of the anticyclonic 
vortices has become very smooth. Therefore, a second experiment was performed in which the 
dye was added at 180 s; the results are shown in the right column of fig. 4.20. Although the 
velocity field changes only slightly after 120 s, the dye reaches all parts of the domain outside 
the cores of the three dominant cells. From the images at 240, 360 and 480 s it seems that 
the dye reaches the centre of the cyclonic cell, but this is not so: the dyed fluid, being slightly 
heavier than the water, is distributed over the entire depth of the fluid, and eventually reaches 
the Ekman layer. In a cyclonic cell the dye is then advected by an inward spiroid flow, so 
that within a short time the whole Ekman layer becomes dyed. The difference between dyed 
interior fluid and dyed Ekman-layer fluid can be seen in the graph at 240 s; the bright, thin 
line in the cyclonic cell is caused by a curtain-like sheet of dye in the interior which looks the 
same at all depths, whereas the broad, weakly dyed cusp is caused by dye in the Ekman layer. 

The dye visualizations in fig. 4.20 show a striking similarity with results of Fl6r (1994), who 
evoked a motion in a stably stratified fluid in a rectangular tank with different kinds of forcing. 
A typical result of these experiments is that independent of the way the motion is induced, 
the flow will organize itself into a cellular pattern which tends to fill the flow domain as well 
as possible. The similarity in evolution of the flows investigated by Fl6r with spin-up flows in 
a rotating tank indicates that self-organization is a common feature of two-dimensional flows, 
with no specific connection with the presence of Ekman layers or a background rotation. 

4.7 Summary 

The flow relative to the tank caused by a sudden increase Ll!l in angular velocity is character
ized by a uniform vorticity -2L1!1. The corresponding analytically calculated stream function 
is in excellent agreement with experimental observations. 

After this initial stage, the flow separates from the sidewall, and generally becomes orga
nized into a small number of counterrotating cells. The experiments confirm the conclusion 
drawn by Van Heijst, Davies and Davis (1990) that the flow tends to evolve towards a pattern 
consisting of an odd number of circular vortices that occupy the flow domain optimally. 

However, the curvature of the free surface may distort this cellular pattern. This effect 
may occur even if the elevation of the free surface is only a few percent of the depth of the 
fluid in the tank. The curved surface behaves like a topographic ')'-plane, and causes a drift in 
individual vortices. This may lead to a break-up of the pattern of aligned vortices that may 
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be quasi-steady if the angular velocity is lower. 
The qualitative appearance of the flow field also depends on the Reynolds number UL2 jv. 

This becomes clear from the results of section 4.4.1 and 4.4.2, concerning the spin-up from 
rest to 0.035 rad/s resp. 0.24 rad/s in the same rectangular geometry. In either case, cyclonic 
vortices are formed in each corner of the tank within one revolution time, but only in the 
experiment from 0 to 0.24 rad/s the strongest of these vortices appears to move towards the 
centre and merge into a single vortex. 

The Ekman layer is of crucial importance for the spin-up of the fluid. In general, the relative 
flow decays because of viscous damping as well as the secondary flow driven by the Ekman 
layers, but in the experiments discussed in this chapter the latter mechanism dominates. 
Undoubtedly, the same weaknesses of the linear pumping model discussed in chapter 3 will 
also be present in non-circular geometries: the suction in regions with strong cyclonic vorticity 
will be overestimated, and the influence of Ekrnan-suction inhibition at the sidewall is not 
taken into account. However, numerical simulations performed for a laminar spin-up flow in 
a rectangular tank (see section 4.4.1) suggest that for -1 < wj2Q < 1 the linear model for 
Ekman pumping given by (2.86) provides a reasonable fit through the experimental data. 
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Chapter 5 

Spin-up in a circular tank with a 
radial barrier 

5.1 Introduction 

In this chapter, the spin-up in a circular tank with a barrier partially along its diameter is 
discussed. The position of the end point of the barrier is taken as the main experimental 
parameter. Both a polar coordinate system (r, 0) and a Cartesian coordinate system (x, y) 
are used, with the centre of the circular section as the origin. The radius of the circular part 
of the boundary is denoted by a, the end point of the radial barrier is denoted in Cartesian 
coordinates by (pa, 0) (see the configuration on the left side in fig. 5.1). Thus, the dimensionless 
parameter p may vary between -1 (yielding a partition of the domain into two semicircular 
regions) and 1 (a purely circular geometry). This choice of domain shape is motivated as 
follows. Firstly, one can investigate in this way whether the properties of the flow observed in 
a rectangular tank (such as self-organization, evolution of w( '1/J )-profiles) also appear is a totally 
different geometry. Secondly, in this geometry the flow separates from the end of the barrier. 
The fact that the separation point is well-defined makes it possible to use simple models for 
vortex shedding. Thirdly, by taking a short barrier one obtains a geometry resembling a 
circular tank. Thus, one can study the response to the spin-up in a circular geometry to a 
certain perturbation in the shape of the domain. 

Some of these flows have been studied earlier: experimental results on the flow in a geome
try with a barrier length equal to the radius of the tank (p 0) were published by Van Heijst 
(1989), and experimental and numerical results on the flow on a circular domain (p = 
were published by Van Heijst (1989) and Andersson, Billdal and Van Heijst (1992). The 
experimental results in these papers consist of qualitative images of particle trajectories. In 
this chapter, quantitative data on the experimental velocity field are presented, moreover, the 
previous results are extended to intermediate barrier lengths. 

In section 5.2, analytical results for the starting flow as a function of p are presented. 
Experimental results for spin-up from rest for three values of pare given in section 5.3. All three 
experiments concern the spin-up from 0 to 0.24 rad/s in a tank with radius a 46.1 em, filled 
with water to a depth of 20 em. These experiments show that immediately after the angular 
velocity is increased, a cyclonic vortex is formed at the end of the barrier. In section 5.4, a 
simple analytical model for the trajectory and circulation of this cyclonic vortex is derived, 
and compared with measurements of the vortex trajectory from dye visualizations. 
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5.2 Starting flow 

5.2.1 Solutions for the stream function 

In this section, analytical expressions are presented for the stream function as a function of 
p. The solutions for p = -1 and p = 0 are simpler than the solutions for arbitrary values 
for p, and have been described in the literature before, albeit in a slightly different way (Van 
Heijst (1989)). In view of its further use in this chapter, the solution for p = 0 is derived here; 
the solution for p -1 is presented without proof. For p = 1 the barrier vanishes, yielding 
a purely circular geometry with a trivial solution for the stream function. The problem for 
arbitrary barrier length can also be treated analytically to a certain extent, but leads to 
a difficult integral expression for the expansion coefficients appearing in the series solution. 
Moreover, the solution is obtained in transformed coordinates with the barrier ending in the 
centre of the tank. The integral expression and the transformation to the original geometry 
have been calculated numerically. 

i) p = 0 

For p = 0, the barrier reaches to the centre of the tank. The problem for 'lj; is stated in polar 
coordinates by 

(5.1) 

with 'lj; = 0 at all parts of the boundary. As in the case of the starting fl.ow in a rectangle 
discussed in chapter 4, the problem is solved by splitting the solution in a particular solution 
and a homogeneous solution: 

'lf;(r, B) '1/Jpa.rt(r, B)+ Vfhom(r, 0) (5.2) 

with '1/Jpart taking away the inhomogeneous right-hand side of (5.1), and Vfhom the solution of 
the resulting Laplace equation for 'lj;- '1/Jpart. Since '1/Jpa.rt is taken to be nonzero on a part of the 
boundary, the problem for ¢hom has Dirichlet boundary conditions. A convenient particular 
solution of (5.1) is 

'1/Jpart = ~n r 2 sin2fJ. (5.3) 

This solution vanishes at the barrier, and is equal to ~na2 sin28 at the circular part of the 
boundary. Thus, the problem for Vfhom becomes 

8
2

'1/Jhom 1 8¢hom 1 8
2

'1/Jhorn 0 (5.4) 
f!ii2 + -;:a;:- + r2 iifj2 

with '1/Jhom(r,O) = ¢hom(r,27r) = 0, and Vfhom(a,fJ) = -~fla2 sin2 B. This equation is easily 
solved by separation of variables. Taking into account the boundary conditions for B and the 
constraint that '1/J has to be zero at r = 0, one finds that 

oo r n+! 
~na2 'E An(-) sin(n + !)B, 

n=O a 
(5.5) 

so that at r a, 
00 

- sin2 B = 'E A,. sin(n + !)O. (5.6) 
n=O 
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Application of the Fourier expansion of sin20 on the interval [0, 21r] given by 

4 f: sin(n + ~)0 
1r n=O (n- ~)(n + !)(n + ~) (5.7) 

yields the coefficients An, so that 

(5.8) 

where the prime is used as a shorthand notation for a division by a. The expression is an 
attractive representation of the solution, since the series converges rapidly, and can be easily 
evaluated on a computer. Moreover, the explicit appearance of powers of rIa may be used to 
obtain a lowest order solution in the vicinity of r = 0. However, in this case the series can 
also be summed analytically. By introducing the complex variable z = r exp iO, (5.8) can be 
written as 

(5.9) 

The term of the series expression can be written as a sum of partial fractions, which can be 
summed by a straightforward procedure: 

3 + z' + z'2 + 3z'3 (1 z'2)
2 (1 + v?) + 2 In 0 . 

8z' 1- v z' 

Evaluation of the imaginary part of this expression in r' and 0 leads to 

1 [c sin !!B + lr' sin 18 - lr'2 sin 18 - r'3 sin !!O) I r'..f? 
1r 2 3 2 3 2 2 

- t sin 28(r'-2 r'2) In (1 + 2# cos !8 + r') 
1 2#cos!8+r' 

(5.10) 

+ Hr'-2 cos 28 2 + r'2 cos 28) arctan ev;'~i;, !B) ] . (5.11) 

The stream function according to (5.8) or (5.11) is presented in fig. 5.2d. 

ii) p = -1 

In this case the barrier divides the flow into two equivalent parts. The solution in the upper 
half of the domain can be found with the same method used for p = 0. The result is 

(5.12) 

The flow in the lower half of the domain is found after a rotation over 1r rad around r 0. 
The series can be summed using a similar procedure as for p = 0, leading to 
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1 ( 1_ 2 , 2 ) • 20 l ( 1 + 2r' cos(}+ r'
2

) -r -r sm n 4 1 - 2r' cos 0 + r'2 

The stream function according to this solution is presented graphically in fig. 5.2 a. 

iii) p = 1 

In this case the radial barrier is absent, and the solution consists simply of a solid-body 
rotation with angular velocity -t..n, and stream function 

(5.14) 

iv) -1 < p < 1 

The problem in the geometry with the sharp edge at (pa, 0) can be solved by using a conformal 
mapping to the geometry with the edge in the centre. First, we take the particular solution 

(5.15) 

so that for the homogeneous solution 

(5.16) 

with 
1/.Jt.om 0 for p < xfa < 1 1\ y 0 (5.17) 

and 
(5.18) 

Since the homogeneous solution is a harmonic function, a conformal mapping may be used 
to transform the problem to the geometry with the barrier ending in the origin. The original 
geometry is described in the complex z-plane with z x + iy, the transformed problem is 
described in the complex w-plane with w = u + iv, where u, v and w are dimensionless 
quantities; the radius of the circular part of the boundary in the w-plane is taken to be equal 
to one. This situation is illustrated in fig. 5.1. The conformal mapping w(z) is readily found 
as a Mobius transformation. By demanding that the vertices in the w-plane be mapped to 
the corresponding vertices in the z-plane, this mapping is fully determined, and is given by 

with inverse 

w 

w+ 
z/a = 1 + pw 

(5.19) 

(5.20) 
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FIGURE 5.1: Conformal mapping from the complex z-plane to the complex w-plane. By this mapping 
the geometry with the radial barrier ending at (pa, 0) is transformed to a geometry with the barrier 
ending in the origin. 

The condition for a point ( u, v) at the boundary in the complex w-plane is found by the inverse 
transformation to the corresponding point in the z-plane, of which the value of the stream 
function is known to be 6Jty2• Written in Cartesian coordinates it follows from (5.20) that 

( 
. )/ _ (u+p)(1+pu)+pv2 +i(1-p2)v 

x+ty a- (1+pu)2+p2v2 (5.21) 

so that 

(5.22) 

For u2 + v2 1 this becomes 
(1 - p2) sin q) 

yfa= , 
p2 + 2p cos q) + 1 

(5.23) 

where q) is the azimuthal angle in the w-plane; the radial position in the w-plane will be 
denoted by p. The boundary condition at p 1 is given by 

(5.24) 

As in the problem with p = 0, the homogeneous solution in the w-plane can be written as a 
series in sin( n + D4> and powers of p: 

00 1 

'1/Jbom = L\rla2 'L: Anpn+:z sin(n + ~)q). (5.25) 
n=O 

In this equation, negative powers of p have been omitted since they violate the condition of 
vanishing stream function at the edge. The coefficients An are found by expanding the value 
of '1/; at p = 1 to sin( n + ! )q). This leads to an integral expression for An, given by 

(1- p2
)

2 h211' sin2q)sin(n+l)q) 
An = ( 2 2 )2 dq). 

1f 0 p + 2p cos q) + 1 
(5.26) 
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p=-1 p = -0.7 p= -0.4 

p=O p=0.7 p=l 

FIGURE 5.2: Streamlines of the starting flow in a circular tank with a radial barrier. The parameter 
p denotes the scaled x-coordinate of the end of the barrier. 

This integral has been evaluated numerically for a number of values for p. The results are 
presented together with the earlier results for p = -1, 0 and 1 in 5.2. With this comple
ment, fig. 5.2 provides an overview of the full range of barrier lengths. If the barrier is absent 
(p 1 ), the flow is circular (fig. 5.2!). A small barrier (fig. 5.2 e) acts as a disturbance to this 
flow, affecting the flow in the vicinity of the barrier, but leaving the qualitative appearance of 
the flow far from the barrier unchanged. As the length of the barrier increases, the disturbance 
becomes noticeable in a larger part of the domain. For the negative values for p presented in 
figs. 5.2 a, b and c, the stream function has two extrema, implying the presence of a hyperbolic 
stagnation point at the negative y-axis. This situation agrees qualitatively with the flow in the 
geometry proposed by Thomson (see section 2.6.1). Further numerical calculations indicate 
that the splitting of the single cell into a flow with two stream function extrema occurs close 
top -0.1. 

5.2.2 Kinetic energy of the starting flow 

The kinetic energy of the flow is defined as 

T ~p j JJ·?JdA = !P j [ (~~) 2 + (~~)2 ] dA ~p j \71/J · \71/;dA, (5.27) 

with p the mass of the fluid per unit of area, and the integral taken over the entire fluid 
domain. Integration by parts of the second integral leads to 

T = ~p j \7(1/;\71/;)dA- ~p rtf;\721/;dA. (5.28) 
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With Gauss' theorem one can write the first term on the right-hand side as 

(5.29) 

with s the length of a line element of the boundary, and 11 the normal of the boundary 
curve. For flows with zero normal velocity at all parts of the boundary, this integral vanishes 
identically. In the second term on the right-hand side of (5.28), V'2'1j! can be replaced by -w, 
so the expression for T becomes 

T = !P j 'lj!wdA. (5.30) 

For the starting flow with uniform vorticity - 2Llf! this becomes 

T = -Llf!p j 'lj!dA. (5.31) 

One can see from (5.31) that the energy of the starting flow on a bounded domain is always 
finite. Since the velocity at the end of a barrier is singular, this is not immediately clear from 
(5.27). However, the same conclusion would be drawn from an integration of Y.:U. over a part 
of the domain including the end of the barrier. The integral expression given by (5.31) has 
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FIGURE 5.3: Kinetic energy of the starting flow versus p. 

been evaluated numerically for a number of values for p; the results are presented in fig. 5.3. 
The data show that the kinetic energy decreases if the length of the barrier is increased. This 
leads to the conception that a division of the domain into smaller parts leads to lower relative 
velocities, and therefore to a lower energy. 

5.3 Experimental results 

5.3.1 p = 0.78 

The results of this experiment are presented in fig. 5.4. The streamlines at t = 0 show a close 
resemblance to the theoretical solution in fig. 5.2e (for p 0.7); the flow is still approximately 
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circular, with a small disturbance at the place of the barrier. Shortly after the start of the 
experiment, a small cyclonic vortex is shed from the barrier; this is clearly visible in the results 
for t = 2 s. However, this vortex is weak, and quickly disappears in the turbulent band of 
positive vorticity at the sidewall of the tank. From t = 240 s, the flow appears as a single cell, 
shifted slightly to the left to avoid the part of the tank that is 'shielded' by the barrier. This 
asks for a comparison with the results in fig. 3.2 for the flow in the corresponding experiment 
without a barrier. There is a plain similarity between the w('¢)-graphs of these experiments. 
At 240 s a horizontal part in the w( 1,b )-graphs can still be recognized in both experiments, 
but in the experiment with the barrier the spin-up process seems to have proceeded further. 
At 480 s the w('l,b)-graphs consist of branches with two points of inflection. As explained in 
section 3.2, this is probably caused by the influence of the sidewalls; the experiment described 
here shows that this effect is still present if a radial barrier is present. 

The effect of the radial barrier with respect to the flow in a circular tank can be summarized 
as follows. Firstly, the barrier appears to shield a part of the domain, causing a shift in the 
position of the anticyclonic cell. Secondly, the separation from the barrier leads to a stronger 
and more persistent turbulence compared with the experiment without the barrier. Thus, 
the vorticity profile in the outer part of the tank is more strongly smoothed, and the spin-up 
occurs slightly faster than without the barrier. 

5.3.2 p 0 

The experimental results for p 0 are presented in fig. 5.5. This experiment can be considered 
as the standard experiment with a radial barrier, since for p 0 the geometry is compatible 
with the use of cylindrical coordinates, and it shows the typical separation from the sharp 
edge, with the formation of a strong cyclonic vortex at the downstream end of the barrier 
(see fig. 5.5). This separation occurs so quickly that it is very difficult to obtain experimental 
data from the unseparated flow. Even in the results at 't = 0', a small cyclonic vortex can 
already be seen at the end of the barrier. These data were obtained within the time interval 
of about 1 s in which the rotating table accelerates from 0 to 0.24 rad/s. One can see from the 
horizontal branch in the w( 1,b )-graph that the relative vorticity has not yet reached its final 
initial value -2Ll(l. 

Between t = 0 and t = 30 s the cyclonic vortex grows in size and strength, and divides the 
initial anticyclonic region into two separate cells. The resulting pattern is then transformed 
into a four-cell structure (see fig. 5.5 at t 240 s), which remains more of less stationary 
afterwards. The w('¢)-graph at t = 30 s shows a strongly nonlinear branch corresponding 
to the cyclonic vortex that is shed from the radial barrier. This indicates that the cyclonic 
vorticity is concentrated in the centre of the vortex, whereas the vorticity in the outer parts 
of this vortex is distributed more smoothly. This may be connected with the occurrence of 
turbulence in the outer parts of the vortex. Dye visualizations (see fig. 5.9 for a visualization 
in a comparable experiment) indicate that if the Reynolds and Ross by numbers are sufficiently 
high, the shear layer that is shed from the end of the barrier is unstable, and becomes turbulent. 
This turbulence will lead to a strong mixing, and therefore to a homogenization of the vorticity 
in the outer layer of the cyclonic vortex. It seems likely that this is the reason why the branch 
in the w( 1,b )-graph at t 30 s corresponding to the cyclonic vortex is almost horizontal in the 
interval 0.06 < '¢/fla2 < 0.16. In later stages this turbulence disappears, and the evolution 
of the vorticity profile is determined mainly by Ekman pumping. As has been discussed in 



5.3 Experimental results 

3 ,----- ---------, 

2 
ro/20. 

1 

10 

-0.2 -0.1 \j//O.a2 o 

: 0: 

8 ' 

-5w....._._~~~~~...___._J 

-0.4 -0.3 -0.2 \j//O.a2 0 0.1 

2 

1 
ro/20. 

Of----------,.,fi//Af!J 

-1 

0.5 

0 f------------,;;JI"'-- 1 

ro/20. 
-0.5 

-1 

-0.2 

0 

ro/20. 

-0.5 
j' 

/ 

91 

FIGU RE 5.4: Experimental results ('¢;, wand w( '¢; ))for spin-up from 0 to 0.24 rad/s in a circular tank 
with radius 46 .1 em and a radial barrier from the sidewall with length 10 em (p = 0. 78) . The tank 
has been filled to a depth of 20 em. 
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FIGURE 5.5: Experimental results (1/;, wand w( 'lj; )) for spin-up from 0 to 0.24 rad/s in a circular tank 
with radius 46.1 em and a radial barrier from the sidewall to the centre (p = 0). The tank has been 
filled to a depth of 20 em. 
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FIGURE 5.6: Experimental results (7/J ,..w and w(7j; )) for spin-up from 0 to 0.24 rad / s in a circular tank 
with radius 46 .1 em and a radial barrier from the sidewall with length 60 em (p = -0.30). The tank 
has been filled to a depth of 20 em. 
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section 3.2 and 4.3, the nonlinearity of this mechanism will lead to a fast decay of strongly 
positive vorticity, so that the w( 7jJ )-profile gradually loses its strong curvature. 

5.3.3 p = -0.30 

This experiment, the results of which are presented in fig. 5.6, exhibits some of the properties 
of the geometry with the radial barrier extending to the other side of the tank (p = -1). As 
predicted in section 5.2, the starting flow has two minima. Immediately after t = 0, the flow 
separates from the end of the barrier, but the cyclonic cell does not become as strong as in 
the corresponding experiment with p = 0. This may be caused by the flow around the barrier 
being weaker (see fig. 5.8), and the cyclonic vortex becoming pinched between the end of the 
barrier and the circular part of the boundary. At the right side of the tank, the flow separates 
from the circular part of the boundary, leading to cyclonic vortices (see fig. 5.6 at t 30 s). 
The flow then goes through a stage of complex vortex interactions, which leads to a pattern of 
six counterrotating vortices (see fig. 5.6 at t 120 s). This pattern is not quite steady; small 
vortices are being formed continually at the end of the barrier. These vortices interfere with 
the existing vortex pattern in the tank, and may disturb the streamline pattern. However, the 
qualitative appearance of the flow remains comparable with the flow at 120 s at all times. 

5.4 Vortex shedding from the barrier 

5.4.1 Introduction 

In section 5.3 it was seen that the early phase of the experiments with a radial barrier is 
characterized by the shedding of a cyclonic vortex from the end of the barrier. In this section, 
a point vortex model for the shedding of this vortex is described, and compared with experi
mental results. Since the cyclonic vortex is very small in the beginning of the experiment, it is 
very difficult to obtain accurate quantitative data by tracking particles. However, the position 
of the centre of the vortex can be tracked easily with a dye visualization. Data obtained with 
this method have been used to validate the analytical model. 

5.4.2 Theory 

The stream function of the starting flow is given by 

4 oo (r)n+~ . ( + 1)8 
1/J(r, 8) = ~Qr2 sin2() + 6Qa2 7r E ;; ..,..(n--::;,.,.-l)~..,..:.nn_+---:-'!2""')(,--n_+____,..,..~)' 

In the vicinity of the sharp edge, the leading term is 

326Sla2M. 18 - r asm-
157!' 2 

' 

(5.32) 

(5.33) 

which corresponds to a potential flow around a semi-infinite plate, with velocity potential 

cos (5.34) 
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In terms of the complex velocity potential 

(5.35) 

and complex position 
Z =X+ iy (5.36) 

this becomes 

(5.37) 

The shed vortex is represented by a potential vortex at position z0 with circulation r and 
complex velocity potential 

r 
.P = -.ln(z/a- z0 ja). 

27l'Z 
(5.38) 

The z-plane with a branch cut along the real positive axis can be transformed to the complex 
(-plane with Im ( > 0 by the conformal mapping 

(=~. (5.39) 

Through this conformal mapping, the flow around the semi-infinite plate is transformed into 
a uniform flow in the (-plane, and the potential vortex is transformed into a vortex with 
circulation r in (0 = No· The complex velocity potential <P, in the (-plane consists of a 
uniform flow resulting from (5.37), plus the flow due to a potential vortex at ( 0 and its image 
vortex in ( 0 : 

32~Qa2 r r -
15 ( + -2 .ln((- (o)- -2 .ln((- (o)· 

7l' 7l'Z 7l'Z 
(5.40) 

In the z-plane this becomes 

3 2 ~n a 2 r::J:. r r::J:. C"'':. r r::J:. r:;;;-;:, 
.P =- y zja + -.ln( y z/a- y z0 /a)- -.ln( y z/a- yz0/a ). 

157!' 27rz 27rz 
(5.41) 

In this equation, ~ should be interpreted as the scaled position of the transformed image 
in ( 0 . Since all regular points in the z-plane are transformed to the upper half plane of the 
(-plane, this can only be achieved by a doubling of the z-plane to 0 :::; (} :::; 47r; in this way 
every point in the (-plane has its unique image in the z-plane. An expression for r is found by 
imposing the Kutta condition, which implies that the velocity is zero in ( = 0 or, consequently, 
that the velocity is finite in z = 0. In the z-plane, the velocity field is given by 

. d.P 
u-zv=- = 

dz 
16~na 1 r 1 1 r 1 1 +--. ---.- , 

157!' R 41l'az R R- .jZ6 47raz R R- fib 
(5.42) 

where the prime denotes a division by a. The singularity in z = 0 is removed by taking 

r = 64~Qa2i .JZbfib = 64~Qa2i (o(o . 
15 .JZ6- fib 15 (o - ( 0 

(5.43) 

The velocity potential can be written as 

32~Qa2 " r 1 ( , ') r 1 ( " G) r 1 ( " r;;;) <I> = - v z· + -. n z - z0 - -. n v z· + y z0 - -. n v z· - y z0 • 
157!' 27l'Z 27rz 27l'Z 

(5.44) 
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The term proportional to ln(z'- z6) corresponds to a potential vortex in z0 . Since a potential 
vortex does not induce any velocity in itself, this term can be omitted for determining the 
velocity in z0 • The velocity in z0 therefore becomes 

dZo = d$1 
dt dz zo 

16~Qa2 1 r 1 ( 1 1 ) 
1511' VZ6 - 41ri VZ6 2Vzb + VZ6 Po (5.45) 

= 1 + 2V-"O + V-"OV-"0 16~Qa2 1 ( ! !z7 9 !z7 ) 
151r VZ6- Po (Po- vlzb)2 (5.46) 

Since there is no physical length scale in the flow around a semi-infinite plate, there is no 
curvature in the trajectory of the vortex, so (} must be constant. Thus, (5.46) is essentially an 
equation for dr0 fdt. Applying the condition that dr0 fdt must be a real quantity leads to 

3 
() = 21r' (5.47) 

rfa cv;~ntr/3 (5.48) 

and 
r;~naz = 32 (8~nt) 1/3 

15 51r 
(5.49) 

5.4.3 Discussion 

The point vortex model is valid only for r /a « 1, that is, if the vortex in the experiment is still 
very small. Since this is exactly the regime in which quantitative data with floating particles 
are hard to obtain, four dye experiments have been performed with p = 0, and different values 
for the initial angular velocity Q ~n. Before imposing the increase in angular velocity, 
dye was added at the upstream end of the barrier. After the start of the experiment, the 
dye is advected rapidly along the barrier, and detaches from the sidewall. Since some of the 
dye sticks to the barrier, the initial blob of dye is stretched to a thin filament (results of a 
similar visualization are presented in fig. 5.9). This dye filament clearly shows the position 
of the centre of the shed vortex. The trajectories of this centre, as measured from the video 
screen, are presented in fig. 5.7. As according to the two-dimensional point vortex model, the 
trajectories are similar for all four experiments. From the data points close to the end of the 
barrier, one can recognize the trajectory angle of !1r rad predicted by the point vortex model. 
However, at yfa = -0.2 the vortex is deflected to the right. One can understand qualitatively 
why this deviation from the point vortex model occurs. In the point vortex model a potential 
flow around a semi-infinite plate was used. This implies that the velocity component in the 
x-direction decreases from the centre along the negative y-axis, but always remains positive. 
However, according to the theoretical starting flow (see fig. 5.2 rf) the velocity close to the 
intersection of the negative y-axis with the circular boundary is pointed to the left. In this 
respect, the lowest-order approximation for the velocity field is satisfactory for rfa < 0.2 only. 
Beyond this range, higher-order terms can no longer be ignored, and will cause a deflection of 
the vortex in the negative x-direction. 

According to the point vortex model, the crucial factor determining the growth rate of 
the shed vortex is the proportionality constant A0 in the series expansion (5.8) for the stream 
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FIGURE 5.7: Experimental results for the trajectory of the centre of the shed vortex for p 0. 
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function. One can also evaluate the corresponding constant A0 for arbitrary values of p, given 
by (5.26) with n = 0. In fig. 5.8, this quantity is presented as a function of p. According to 
this figure, A0 is zero for p -1 and p = 1, which agrees with the absence of flow around a 
sharp edge in these cases. These data agree roughly with the relative strengths of the cyclonlc 
vortices in the experiments. It is clear that eventually, the geometric constraints will affect 
the vortex as well, but in the beginning of the experiment, the flow close to the end of the 
barrier is determined by A0 only. 
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FIGURE 5.8: The coefficient A0 of the lowest-order term in the solution for the starting flow as a 
function of p, as calculated from (5.26). 
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5.4.4 Instability of the shed vortex 

The point vortex model gives a very schematic depiction of the actual flow field. In particular, 
the representation of the positive vorticity by a singularity in a single point is unrealistic. 
Moreover, the model does not describe the transport of positive vorticity from the end of the 
barrier to the centre of the vortex. It is more realistic to picture the cyclonic vortex as a free 
shear layer, which is shed from the end of the barrier and curls up to a spiral. In this way 
one understands better why the vorticity distribution of the experimental vortex is diffuse, 
rather than concentrated in a single point. This shear layer can be observed experimentally 
by adding dye to the fluid. In all experiments described in this chapter, the shear layer 
shows a Kelvin-Helmholtz instability; in most experiments, this instability leads to three
dimensional turbulence. A dye visualization of the Kelvin-Helmholtz instability in the shear 
layer is presented in fig. 5.9. This experiment concerns the spin-up from 0.37 to 0.47 rad/s; due 
to the nonzero value of the initial angular velocity, the flow becomes stabilized with respect to 
vertical excursions, so that three-dimensional turbulence is suppressed for the most part. The 
dye was released at 20 s after the start of the experiment. At this time, the cyclonic vortex has 
reached a fair size, so that its centre remains undyed. The Kelvin-Helmholtz instability shows 
up as the wavy deformation of the separated dye line; this is particularly clear in figs. 5.9d 
and e. Note that fig. 5.9 also gives a rough impression of the trajectory of the shed vortex. 
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FIGU RE 5.9: Dye visualization of the flow instability in the outer region of the cyclonic vortex that 
is shed from the radial barrier. Experimental parameters: !! = 0.47 rad/s ; t>!l = 0. 10 rad js; tank 
radius a = 46.1 em, barrier lengLh 46.1 em (p = 0). The pictures were taken at 25, 30, 35, 40, 45 , 
50, 60 and 80s, respectively. The dye was added after 15 sat the upper right side of t he barrier . 
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Chapter 6 

Spin-up in a tank with a sloping 
topography 

6.1 Introduction 

In this chapter, the influence of a sloping bottom on the spin-up process is discussed. Two spin
up experiments and one spin-down experiment in a circular tank, and two spin-up experiments 
in a rectangular tank are described. For spin-up flows, the sloping bottom appears to be a 
destabilizing factor, in the sense that it triggers motion of vortices in flows that might have 
been quasi-steady otherwise. For spin-down experiments in a circular tank, however, the flow 
appears to remain approximately circular, little affected by the presence of a sloping bottom. 

6.2 Circular tank 

Spin-up in a circular geometry with a bottom topography has the attractive property of 
axisymmetric flow in the limiting case of a vanishing topography, so that the effect of the 
topography becomes particularly clear. Three experiments in a tank with radius a=46.1 em 
and uniform slope are described: two spin-up experiments from 0 to 0.24 radjs, with depth 
varying from 20 em to 18 em and from 20 em to 10 em, and one spin-down experiment from 
0.24 to 0 rad/s in the latter geometry. The starting flow as a function of the bottom slope is 
discussed in section 6.2.1. The results of the experiments are presented in section 6.2.2-6.2.3. 

6.2.1 Starting flow 

An analytic expression for the starting flow in three dimensions is difficult to construct for this 
geometry. However, some aspects of the solution may be revealed by the shallow-water model 
(see section 2. 7). In this way, the z-dependence of the solution is ignored, so a two-dimensional 
problem remains. Some further comments on the interpretation of the solution thus found are 
made in section 6.3.1, where the starting flow in a rectangular tank is discussed. 

The starting flow problem in the shallow-water approximation is given in Cartesian coor
dinates by 

8v au 
- = -26.!1; 
8y 

101 

(6.1) 
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a a 
ax (Hu) + ay (Hv) = 0, (6.2) 

together with the condition of zero normal flow at the boundary of the domain. As mentioned 
in section 2.7, the zero divergence of (Hu,Hv) allows the introduction of a depth-integrated 
stream function w according to 

Hu = a\lf 
ay 

(6.3) 

and 
aw 

Hv =-ax. (6.4) 

Substituting (6.3) and (6.4) in (6.1) yields a partial differential equation in W: 

a2w a2w aH-1 a\lf 
ax2 + ay2 + H ~ax = 2H~O (6.5) 

with w = 0 at the boundary of the domain. 
Consider the centre of the tank to be the origin of both a Cartesian coordinate system 

(x, y) and a polar coordinate system (r, 0), and the depth H(x, y) given by 

H(x,y) = H 0(1- f3x/a) (-1::; f3::; 1) (6.6) 

with f3 a dimensionless quantity determining the slope of the bottom. To avoid cumbersome 
notation, dimensionless counterparts of x, y and r are introduced: 

x' = xja; y' = yja; r' = rja. (6.7) 

Due to the incompatibility of the Cartesian character of the topography with the circular 
boundary, separation of variables in (6.5) is not possible, making the problem difficult to 
solve analytically. However, W can be calculated to lowest order in the small parameter f3 by 
splitting the velocity field in a divergence-free and a rotation-free component: 

(6.8) 

with \7 · u1 = 0 and \7 x u2 = Q and both u1 and u2 parallel to the sidewall at r = a. The 
solenoidal component u1 carries the vorticity of the starting flow and is given in Cartesian 
coordinates by (~Oy,-~Ox). If f3 is small, the total velocity field is approximately equal 
to u1 . However, due to the non-uniform depth, u1 does not satisfy the mass conservation 
constraint (6.2), and gives rise to a divergence in the horizontal plane. The starting flow can 
be approximated to lowest order in f3 by adding to u1 the irrotational component u2 of the 
velocity field that takes away the divergence induced by u1 . The divergence of u2 follows from 
u1 by writing (6.2) as 

(6.9) 

or 

(6.10) 

The leading order term of the right-hand side of this equation is found by omitting u2 and 
replacing H in the denominator by H 0 . The introduction of a velocity potential ¢ for u2 by 

(6.11) 
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leads to 
(6.12) 

with 

(6.13) 

A particular solution of (6.12) is 

</>part if3a2.6.D.y'3 if3a2.6.D.r'3sin3 8 (6.14) 

so that the homogeneous problem becomes 

\72</Jhom = 0 (6.15) 

with 
O</Jhoml lj3 AO • 3() -- = -- auHSln 

8r 2 
r=a _ 

(6.16) 

The relevant solutions of the Laplace equation on a circular domain are given for this problem 
by rnsin n8 with n a positive integer. Using the trigonometric identity 

the solution for ¢hom is readily found as 

A, _ 1 j3 2 A n(3 I • e 1 13 ' 38) 'f'hom- - 2 a u~L 4r sm - 12r sm . 

After a little algebra, the velocity potential of y,2 is found in Cartesian coordinates as 

<P -kf3a2 .6.0.y'(3-x'2 -y'2), 

(6.17) 

(6.18) 

(6.19) 

so that the entire velocity field is known. The stream function W is found by integrating the 
depth-integrated velocity field Hy,. The result is 

(6.20) 

This solution is represented by the graded shading in fig. 6.1 a; the arrows in this figure 
correspond to paths of particles floating at the free surface, measured just after the increase 
in angular velocity. 

Differentiating (6.20) with respect to x andy shows that W has two local extrema for every 
nonzero value of /3; the positions of these points are given by (a>.l> 0) and (a.\2 , 0) with 

4 ± J16 + 27/32 

9/3 
(6.21) 

these values are presented graphically in fig. 6.1 b. The solution with the minus sign corre
sponds to the minimum in the centre of the tank in the case of a flat bottom. Fig. 6.1 b 
shows that this minimum is shifted to the left for j3 < 0 and to the right for j3 > 0, that is, 
to the deeper part of the tank. However, the displacement from the centre does not exceed a 
certain limit. (In the physically rather meaningless limiting ca.'les j3 ___, ±oo the displacement 
is iaJ3:::::J0.577a.) The second solution lies outside the tank for J/31 <~and inside the tank 
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2 ~------------~----------, 

-1 ----- - ----- --- - ------------ -

(b) 
-2 

-5 0 5 

FIGURE 6.1: Starting flow in a circular tank with a sloping bottom according to (6.20) and to 
measurements at the free surface. In fig. a the experimentally determined velocity vectors for .B=! are 
compared with the corresponding analytical solution. Fig. b presents the dimensionless x-coordinates 
of the extrema of (6.20) as a function of the slope parameter _8. 

for 1.81 > 1· The latter case corresponds to a situation in which the depth H(x, y) becomes 
negative in a part of the region r <a. From (6.6) one can see that this occurs for 1.81 > 1 
instead of for 1.81 > !; as the solution concerns the lowest order approximation in ,8, this indi
cates that (6 .20) is a reasonable approximation for small values of ,B. Unfortunately, it is not 
clear to what extent the solution according to the shallow-water approximation corresponds 
to the flow at the surface. The experimentally observed flow at the surface shows a similar 
asymmetry with respect to the centre of the tank as the solution according to (6.20), but it 
is plausible that in the three-dimensional case the deviation from a circular flow depends on 
the vertical position in the tank. This issue is discussed in more detail in section 6.3.1. 

6.2.2 Spin-up with weak topography 

The first experiment with a sloping bottom concerns the spin-up in a tank with depth varying 
from 20 to 18 em, see fig. 6.2. This experiment provides a clear example of the influence of 
a bottom topography, since the effect is strong enough to disrupt otherwise circular flows, 
but weak enough to display a significant agreement with the corresponding experiment with 
a flat bottom. At t = 0 the vorticity is uniform, and since the topography is weak, the flow is 
approximately circular. The circular appearance is quite persistent, and only after six minutes 
does the effect of the topography become noticeable. The central vortex becomes smaller and 
moves in the positive y-direction, which in geophysical terminology corresponds to the western 
part of the tank. Simultaneously, complex vortex motion in the eastern part of the tank takes 
place. However, the initial anticyclonic vortex remains one of the dominant features of the flow. 
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FIGURE 6.2: Experimental results (I]! , w and w( w)) for spin-up from 0-> 0.24 rad/ s in a circular t ank 
with radius a=46.1 em and a depth varying from 20 em at x = -a (left ) to 18 em at x =a (right) . 
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t = 0 t = 120 s . t = 160 s 

-~ 
• 

t = 200 s t = 260 s t = 320 s 

t = 0 t = 120 s t = 160 s 

t = 200 s t = 260 s t = 320 s 

FlGURE 6.3: Experimental results ( wand w) for spin-up from 0-+ 0.24 rad/s in a circular tank with 
radius a= 46.1 em and a depth varying from 20 em at x =-a (left) to 10 em at x =a (right). The 
increase ~ lJ! between two stream function contours is 0.02 DH0 a2 at all times; the grey scale was 
chosen to cover t he interval from w/2D=-1 (light) to 2 (dark) at all times. 
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The westward motion agrees qualitatively with the earlier observed behaviour of anticyclonic 
vortices. The presence of the sidewall makes such a comparison difficult, but the fact that the 
anticyclonic vortex does not show any clockwise motion along the sidewall indicates that its 
motion is not dominated by the influence of the sidewalL 

The w(w)-graphs show the same general behaviour that was observed in the corresponding 
experiment with a fiat bottom. Initially, the centre of the anticyclonic cell is characterized 
by a uniform vorticity -20. During the experiment the uniform vorticity region becomes 
increasingly more affected by viscosity and Ekman pumping, until it can no longer be recog
nized. Due to the nonlinearity of the influence of the Ekman pumping on the vorticity, the 
curvature 82w / 8\!12 of the dominant branch in the w( W )-plot corresponding to the anticyclonic 
cell becomes negative. Apparently, the Ekman-pumping mechanism and the two-dimensional 
nature of the flow are affected little by the presence of a small topography. 

6.2.3 Spin-up with strong topography 

The next experiment, performed in a tank with depth varying from 20 to 10 em, shows 
the instability of vortex motion in the presence of a strong topography. The results of this 
experiment are shown in fig. 6.3. The starting flow is essentially the same as in the previous 
experiment, but the departure of a streamline pattern consisting of one single cell occurs faster 
and in a different way. In this case vortex stretching of cyclonic wall vorticity leads to the 
formation of a strong vortex in the eastern part, and later in the southern part of the tank. 
This vortex takes over the role of the dominant vortex of the flow field, but is in its turn 
replaced by newly formed vortices. A quasi-steady pattern never appears in this experiment, 
the vortex keeps changing until all relative motion has decayed. From the streamline 
patterns at 260 s and 320 s, it may seem that a steady tripolar state has formed, but the flow 
has in fact almost reversed; the vorticity figures show that the regions with positive vorticity 
(dark) and negative vorticity (light) have interchanged their positions. 

6.2.4 Spin-down 

In contrast to the previously discussed spin-up experiments, spin-down in a circular tank is 
affected little even by a strong topography, and the flow at the surface keeps its initial one-cell 
flow pattern during the entire experiment. For this reason, only one spin-down experiment 
is described; in order to make the difference with the experiment with a flat bottom more 
pronounced, the strong topography that was also used in the preceding experiment has been 
chosen. The results of this experiment are presented in fig. 6.4. In view of the sensitivity 
to bottom or surface topography observed earlier, it is unlikely that this difference can be 
attributed to the different behaviour in two-dimensional motion caused by the flow spinning 
in the other direction; three-dimensional effects must play a role. The most likely explanation 
is that the Ekman suction, which in spin-down experiments is pointed downwards at the 
sidewall of the tank, drains away the fluid from which secondary vortices otherwise might 
form, so the large cell remains attached to the sidewall. 

In fig. 6.4 the potential vorticity q=w/ H(x) is presented, as well as the ordinary vorticity. 
At the data points of the potential vorticity lie between the two branches of 

qHo 
-2~0 1 ± 

1 
(6.22) 
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this is represented graphically in fig. 6.4. As expected, the vorticity loses its uniform profile due 
to vortex stretching/squeezing. However, the variations caused by this mechanism are small 
compared with the spatial variations due to the presence of concentrated negative vorticity 
at the sidewall. Nevertheless, one can observe that after a long time, the potential vorticity 
is a more fundamental quantity of the flow field than the vorticity, in the sense that in the 
quasi-steady state, the scatter in the q(w)-graph is somewhat smaller than in the w(\ll)-graph. 
It should be noted, however, that the benefits of using the potential vorticity in experiments 
like these are rather small. If the slope is smaller than in this experiment, one would hardly 
notice any difference with the ordinary vorticity; if on the other hand the slope is stronger, 
the scatter in the q(\ll)-graph becomes very large because of the very small depth in one side 
of the tank. 

Compared with spin-down experiments in a circular tank, one of which is described in 
chapter 3, the overall appearance of the vorticity profile is similar. Thus, this spin-down flow 
is affected only little by the same topography that totally disrupts the flow pattern in the 
reversed experiment, spin-up from 0 to 0.24 radjs. 

6.3 Rectangular tank 

Two experiments have been performed in a rectangular tank with a sloping bottom, both in 
the same geometry of 88.6 em x 38.9 em in the horizontal plane, and a depth varying from 35 
em at the short side at the left to 15 em at the short side at the right. The angular velocity 
was increased from 0 to 0.035 rad/s in the first experiment, and from 0 to 0.24 rad/s in 
the second experiment. For the first experiment, numerical simulations have been performed 
as well; this allows a comparison with the results for a flat bottom (see section 4.4.1). In 
section 6.3.1 a comparison is made between analytical and numerical results for the starting 
flow; the subsequent flow is discussed in section 6.3.2 and 6.3.3. 

6.3.1 Starting flow 

The starting flow in a rectangular tank with a sloping bottom can be approximated by using 
the shallow-water equations. If the dimensions of the container are given by -L < x < L and 
-B < y <Bin the horizontal plane, and the depth H(x, y) by H0(1-{3xjL), the general 
equation for the depth-integrated stream function of the starting flow given by 

(6.23) 

becomes 
2 (JjL a\ll 

\7 \ll + 1 _ (JxjL ax = 2~!1(1- (3x/L)H0 , (6.24) 

which for small (3 reduces to 
2 (3 a\ll 

\7 w + L ax = 2~!1Ho ; (6.25) 

the boundary conditions to these equations are w(x, ±B)=O and w(±L, y)=O in both cases. 
The solutions to both (6.24) and (6.25) were found by Van Heijst, Maas and Williams (1994) 
by a straightforward procedure. However, as in the earlier paper on spin-up in a rectangular 
tank with a flat bottom by Van Heijst, Davies and Davis (1990), their choice of coordinate 
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FIGURE 6.4: Experimental results (w, w(w) and q(W)) for spin-down from 0.24-+0 rad/s in a circular 
tank with radius a=46.1 em and a depth varying from 20 em at x=-a (left) to 10 em at x=a (right). 



no Spin-up in a tank with a sloping topography 

system is different from the convention used in this thesis. For an easy comparison with 
the expression for a flat bottom derived in section 4.2, the solution for small values of f3 is 
presented here in a coordinate system with the origin in the centre of the tank. As in the 
case of a flat bottom, the solution can be found by choosing a particular solution depending 
either only on x or only on y. In this case the dependence on y turns out to be much easier, 
because of the homogeneous solution then consisting of a series of cosines in the y-direction, 
which facilitates expansion of the boundary condition. If Wpart is chosen to depend on y, one 
finds simply 

Wpart 2/B2 
6.flB2Ho = y - 1, (6.26) 

and after applying separation of variables one arrives at 

2/ 2 4 ~ (-l)n ( 1) / y B 1 + 3 L., ( 1 ) 3 cos n + 2 1ry B 
7r n=O n + 2 

-fJx/2L ( h 1/3 cosh AnX/ B . h lf3 sinh AnX/ B) 
x e cos 2 cosh >.nL/ B + sm 2 sinh AnL/ B (6.27) 

with 
(6.28) 

this solution corresponds with the result found by Van Heijst et al. (1994). 
Van Heijst et al. also presented the solution of (6.24), but with x andy interchanged with 

respect to the convention used in this thesis, and with a different definition of the stream 
function. Unfortunately, as the authors of that paper agree, this formula is erroneous, and 
should read: 

2a;y) 
3B 

(6.29) 

with An determined from 

(6.30) 

in these formulae J1 and Y1 represent the first order Bessel functions, and H 1 represents the 
first order Struve function. If the slope parameter is not small, there is no longer advantage 
in placing the origin at the centre of the tank. For completeness, however, the equations 
corresponding to (6.29) and (6.30) are given here in the notation of this thesis as well: 
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FIGURE 6.5: Starting flow in a rectangular tank with a sloping bottom. The depth decreases linearly 
with x from 35 em at x= -L to 15 ern at x=L. The individual figures correspond to (a) measurement 
at the free surface, (b) shallow-water approximation, solution (6.25), (c) shallow-water approximation, 
solution (6.24), (d) numerical computation, free surface, (e) numerical computation, bottom, (f) 
numerical computation, depth-averaged. 

ll1 !::.fl£2 H0 (x2/L2 
- 1 )(1 - ~f3x/L- ~/32 ) 

+!::.fl£2 Ho 1r
2 f cosh(>..nf3y/L) (1 - f3x) 

/32 
n=O cosh(An/3B/L) L 

with An determined from 

(6.31) 

(6.32) 

It should be noted that in (6.29) and (6.31), H0 , An, x, y, Land B correspond to quantities 
that are defined in a different way. 

The solutions according to (6.27) and (6.31) have been compared with experimental ob
servations and with numerical results obtained with the method described in section 2.9. An 
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overview of these results is given in fig. 6.5. For the sake of an easy comparison, one particular 
geometry has been chosen: the tank with 2£=88.6 em, 2B=38.9 em and fluid depth changing 
from 35 em at x=-L to 15 em at x=L, so that ,8=0.4. Figs. 6.5b and 6.5c indicate a consid
erable difference between the approximate solution for small {3 and the more rigorous solution 
for arbitrary ,8; in fact, the asymmetry in fig. 6.5 b is so small that it is difficult to see at first 
sight. The numerical results show a significant difference between the flow at the surface and 
the flow at the bottom. The flow at the surface is hardly affected by the topography, and 
is in good agreement with the experimental data given in fig. 6.5 a. On the other hand, the 
flow at the bottom shows an asymmetry which is stronger than in fig. 6.5 c. As the shallow
water approximation can to a certain extent be interpreted as an integration of the velocity 
field over z, the results should be compared vvith the depth-integrated numerically calculated 
velocity field. This averaged velocity field is presented in fig. 6.5/, and is in good agreement 
with fig. 6.5 c. Thus, the starting flow as calculated with the rigorous method is much better 
than the approximation for small {3 in this case, but the result may deviate considerably from 
the flow at the surface. 

6.3.2 Spin-up from 0 to 0.035 rad/s 

The results of this experiment are presented in figs. 6.6 and 6. 7. They are comparable to a 
considerable extent with the corresponding results in a tank with a flat bottom. At early times 
(t < 180 s), the flow at the surface, although slightly asymmetric with respect to a rotation over 
1r rad around the centre, deviates very little from the flat-bottom case. At 360 s the difference 
has become noticeable, and the cyclonic vortex in the deeper part has become stronger than 
the cyclonic vortex in the shallower part. This is caused as follows. Firstly, stretching of the 
cyclonic wall vorticity leading to an increase in relative vorticity in the deeper part of the tank. 
This effect is more subtle than might appear at first sight, since vortex stretching does not lead 
to an increased absolute circulation of cyclonic vorticity patches being present at the sidewall 
at early times. The effect is caused by the changing area of the patches which, multiplied with 
the uniform vorticity of the rotation of the coordinate system, leads to a difference in relative 
circulation. Secondly, the difference in spin-up time scales between the deep and the shallow 
part of the tank. According to a local interpretation of the decay time predicted by linear 
theory (see section 2.6.2), given by 

H 
7 = ViXi (6.33) 

one finds 7 800 s in the shallow part, and 7 = 1870 s in the deep part of the tank. A 
rough estimate of this difference yields a difference in strength between the two cyclonic cells 
of about 15 % at 360 s, which is in rough agreement with the experimental and numerical 
results of fig. 6.6 and fig. 6. 7. The asymmetry becomes more pronounced at later times, 
but the flow pattern keeps its three-cell appearance during the entire experiment. Comparing 
the situation at 1440 s with the experiment with a flat bottom, one observes that the three 
dominant cells have been shifted in the (westward) positive y-direction. Apparently, the 
north-south drift of the cells is restricted by the way the vortices fill the domain, whereas the 
westward drift tends to push the cells against the sidewall at y=B. Unfortunately, there is a 
difference between the experimental and numerical results at later times, which is particularly 
evident in the vorticity plots of figs. 6.6 and 6.7. The low velocities (of order 1 mm/s) make 
it difficult to shield the experimental flow from external disturbances such as temperature 
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FIGURE 6.6: Experimental results for the velocity field (left) and vorticity field (right) for spin-up 
from 0 ---> 0.035 rad/s in a rectangular tank with length 2L = 0.886 m, width 2B = 0.389 m and depth 
decreasing linearly with x from 35 em at x = - L to 15 em at x = L. A velocity vector with length L 
corresponds to a speed of L/ 6.t, with 6.t given for the successive times by 8, 8, 8, 16, 32 and 64 s. 
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FIGURE 6.7: Numerical results for the velocity field (left) and vorticity fteld (right) for spin-up from 
0 --+ 0.035 rad/s in a rectangular tank with length 2L = 0.886 m, width 2B = 0.389 m and depth 
decreasing linearly with x from 35 em at x = - L to 15 em at x = L. A velocity vector with length L 
corresponds to a speed of L/ f'l.t, with f'l.t given for the successive times by 8, 8, 8, 16, 32 and 64 s. 
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(a) 

(b) 
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FIGURE 6.8: Numerical results at t = 960 s for spin-up from 0 -+ 0.035 rad/s in a rectangular tank 
with length 2L = 0.886 m, width 2B = 0.389 m and depth decreasing linearly with x from 35 em at 
x=-L to 15 em at x=L. Fig. a represents the reduced pressure at the free surface, fig. b represents 
a vertical cross section of the reduced pressure at y 0, and fig. c represents a vertical cross section 
of the velocity field at y / B = 0.5. In figs. a and b a solid line corresponds to a positive, a dashed line 
to a negative reduced pressure with respect to an arbitrarily chosen zero level. 
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effects. In contrast, the numerical simulation was seen to become more robust in the course 
of the experiment, allowing an increasingly larger time step without leading to instabilities. 
One may therefore expect the numerical computations in late stages to be closer to the exact 
solution of the spin-up problem than the experimental data. 

Additional results of the numerical simulation are presented in fig. 6.8. This figure has 
been included in order to provide information about the variation of different quantities in 
the vertical direction. In fig. 6.8a the horizontal cross section of the reduced pressure field at 
t 960 s is given. The correlation with the velocity field at t 960 s in figs. 6.6 and 6. 7 is 
evident. Fig. 6.8 a is meant as a reference for the vertical cross sections given in figs. 6.8 b and 
6.8c. Fig. 6.8b represents the reduced pressure field at t=960 sin the plane through the centre 
parallel to the y-axis. Clearly, the vertical component of the reduced pressure gradient is much 
smaller than the horizontal components. Fig. 6.8b therefore provides a direct verification of 
the two-dimensional nature of the flow. This also follows from fig. 6.8 c, which represents a 
cross section of the velocity field parallel to the y-axis at y / B = 0.5. The Ekman layer with its 
typical velocity overshoot, together with the sidewall Stewartson layer are clearly visible. The 
velocities just above the Ekman layer are parallel to the sloping bottom; moving in upward 
direction the tilted velocity vectors gradually become horizontal. Similar cross sections made 
at other times and through other vertical planes confirm that the general appearance of figs. 
6.8 b and 6.8 c are typical of the entire experiment. 

6.3.3 Spin-up from 0 to 0.24 rad/s 

If the Reynolds number is increased, the flow becomes more irregular, and smaller structures 
appear. Nevertheless, the evolution of the flow pattern, shown in fig. 6.9, shows much resem
blance with the results for the much slower experiment discussed in the section 6.3.2. The 
appearance and motion of the cyclonic vortices occur in a similar way, and although the an
ticyclonic centre vortex shows little coherence at early times, it is reestablished in the course 
of the experiment, and the situation at late times is roughly the same as in the 0 ~ 0.035 
rad/s experiment. From comparison with the corresponding experiment with a flat bottom 
discussed in section 4.4.2, the sloping bottom appeared to prevent the occurrence of merging. 
This difference is probably caused by the drift of the cyclonic vortex in the deeper part of the 
tank. From the experimental results one can see that this vortex moves to the west until it 
reaches the sidewall at y=B; due to the negative vorticity at the sidewall, the vortex moves to 
the southwest corner of the tank. This is the same effect that prevents merging in flat-bottom 
experiments with high angular velocities described in chapter 4; the main difference is that 
due to the lack of rotation symmetry around the centre of the tank, the effect now applies 
to only one vortex. Although the topography affects the flow considerably, the flow does not 
behave as chaotic as in the circular tank discussed in section 6.2.3. This is partially due to 
the relative topography gradient being about twice as small. In view of the sensitivity of 
the flow in a circular tank to even a slight topography, however, an inherent stability in the 
rectangular geometry is a more likely explanation. A rectangular tank can accommodate a 
relatively stable configuration of cyclonic and anticyclonic vortices, whereas in a circular tank 
such a preferred state is not available, resulting in a more transient behaviour. 
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FIGuRE 6.9: Experimental results for the velocity field (left) and vorticity (right) for spin-up from 
0 ~ 0.24 rad/s in a rectangular tank with length 2L = 0.886 m, width 2B = 0.389 m and depth 
decreasing linearly with x from 35 em at x =-L to 15 em at x = L. A velocity vector with length L 
corresponds to a speed of L/ llt , with llt given for the successive times by 1, 1, 2, 2, 4 and 8 s. 
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Chapter 7 

Spin-up in a tank with a discontinuous 
topography 

7.1 Introduction 

It was seen in chapter 6 that a sloping bottom topography affects the self-organization of the 
flow by inducing a drift in individual vortices. However, the topography may also consist of a 
stepwise change in altitude. In order to investigate the effect of a discontinuous topography, 
experiments have been performed in four geometries, each consisting of a small number of 
square regions with sides of 40 em. These geometries are idealized in the sense that each 
square can harbour a circular vortex, so that self-organization effects become more pronounced. 
These four geometries are represented in fig. 7.1. In section 7.2 the starting flow in geometry 

1. 2. 3. 4. 

FIGURE 7.1: Geometries used this chapter. Each square has sides of 40 em. The shaded regions are 
15 em deep, the unshaded regions are 20 em deep. 

no. 1 is discussed, generalized to arbitrary aspect ratio Lf B. This case is considered to 
be representative for the other geometries, which contain more topography discontinuities, 
but are expected to show analogous properties. In section 7.3 experimental results for stream 
function and vorticity are presented for all four geometries, and the influence of the topography 
on self-organization is discussed. 

7.2 Starting flow 

As an example of the starting flow in a geometry with a discontinuous topography, the depth
averaged stream function IJ! according to the shallow-water approximation is calculated on a 

119 
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rectangular domain -L<x<L, -B<y<B with depth H(x) given by 

x<O 
x>O 

H(x) H0 (1 + () 
H(x) = H0 (1 () (7.1) 

where ( is a dimensionless measure of the magnitude of the step; for L/ B = 2 and ( ~ this 
corresponds with geometry no. 2. 

It was explained earlier in section 6.2.1 that the equation for w is given by 

a2w + azw + H aH-1 aw = 2t::.0.H (7.2) 
ax2 ay2 ax ax 

with W==O at the boundaries. In this geometry this equation can be rewritten by using 

with 8(x) the Dirac delta function, so that 

with 

a2w a2w aw 
+ ay2 + c8(x) ax 

1+ 
c = ln 

-2/:::.flH 

(7.3) 

(7.4) 

(7.5) 

Although the discontinuity in the topography poses an additional difficulty to the starting 
flow problem, it is possible to find the solution by a standard procedure. First, a convenient 
particular solution is found in the form of the velocity field 

Ypart (0, -2x!:::.0.- (L/:::.0.). (7.6) 

Due to the part of v that is linear in x, the solution has a uniform vorticity -21:::.0.. The 
uniform part of v causes the stream function w part of the particular solution to have the same 
value at x = -Land x = L. This leads to the following expression for Wpart: 

X < 0 Wpart/ HoL2 1:::.0. 
X> 0 : Wpart/ HoL2 1:::.0. 

The homogeneous problem then becomes 

(1 +()x2/L2 +((1 +()x/L -1 +e 
(1-()x2/L2 +((1-0x/L l+e. 

a2whom a2whom <( )awhom -0 
ax2 + ayz + Cu X ax - . 

Separation of variables is achieved by 

Whom(x,y) = X(x)Y(y), 

which leads to: 

and 

(7.7) 

(7.8) 

(7.9) 

(7.10) 

(7.11) 

(7.12) 
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As usual in this kind of problems, k represents a mode number, whose allowable values form 
a divergent sequence. Only solutions with k2 > 0 turn out to be relevant, so that no complex 
numbers are involved, and k may be taken to be nonnegative. Whereas the equation for Y 
is readily solved by a hyperbolic cosine, the equation for X contains the essential difficulty of 
the problem. The delta function causes a kink in the solution at x = 0, making the derivative 
undetermined at that point. This difficulty can be dealt with by desingularizing the problem 
to a certain extent. It is convenient to replace the delta function by a bounded function B(x) 
given by 

-L <X< -E 8 0 (7.13) 
- 1 

(7.14) -E <X< E o= 2t: 
E <X< L B=O (7.15) 

where E/ Lis a small number that will vanish later on in the calculation. The problem with a 
desingularized delta function corresponds to a starting flow in a tank with a steep, but finite 
slope instead of a step. For - L < x < -E and for E < x < L, the solution is found in terms of 
sine and cosine functions. For-E< x < E, the solution is found by substituting X(x) = e>."', 
which yields 

or 

which for small ~ reduces to 

0 v 

The solution for X(x) therefore becomes: 

A=-~. 
2E 

-L5.x$-E 

-€ "5. X$ € 

€ $X$ L 

X(x) = Acoskx + Bsin kx 

X(x) = E + F exp( -c:JJ/2c) 

X(x) = C cos kx + Dsin kx 

with matching conditions: 

X(-L) 0: 

X(L)=O: 

continuity X at x 

continuity X at x 

A BtankL 

C = -DtankL 

-€: Acoskc-Bsinkc 

€: Ccoskt + Dsinkc 

E+Fec/2 

E + Fe-c/2 

continuity X 1 at x = -€ : Ak sin kc: + Bk cos kE = - ;€ Fec/2 

c 
continuity X' at x E : -Ck sin kc + Dk cos kE = 

(7.16) 

(7.17) 

(7.18) 

(7.19) 

(7.20) 

(7.21) 

(7.22) 

(7.23) 

(7.24) 

(7.25) 

These conditions allow solutions that can be divided into two symmetry classes. The first class 
consists of sine-like functions that will be denoted by X 1n(x). These functions have in the 
limit E = 0 a kink at x 0, and represent to lowest order in ~ the influence of the topography. 
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The second class of functions, denoted by X 2n(x), consists in the limitE= 0 of cosines. These 
functions are dominant for small e, since in that case the solution will be nearly symmetric 
around x = 0. The starting flow in the fiat-bottom case (e 0) consists purely of functions of 
this symmetry type. 

Since the conditions (7.25) are a homogeneous set of equations, only the relative magnitudes 
of the constants A, B, C, D, E and F can be calculated. Instead, an equation for k is 
found, yielding an infinite sequence of eigenvalues. For the first class of solutions, the relative 
magnitudes of the parameters are given by 

A1 ec/2 tan kL 

B1 ec/2 

c1 -e~c/2 tan kL 

D1 = e-c/2 

E1 
tan kL cos kE - sin kc 

sinh !c 
F1 -

2
kf (tan kL sin kt +cos kr.) 
c 

and 
2kf sin kc - tan kL cos kc 
-z- = (tan kL sin kE + cos kE) tanh !c 

which to lowest order in E becomes 

0 
__ tank£ 

- tanh !c 
or 

k = n1f 2 L n = 1, , .. , oo. 

(7.26) 

(7.27) 

(7.28) 

(7.29) 

For any nonzero e, this solution is valid fork« 1/<-, so in the limit f.! 0 the range of validity 
of (7.29) extends to infinity. As a consequence of (7.29) both A1 = 0 and C1 0, so that 

-L <X< 0 

O<x<L 

Xln(x) = ec/2 sin n1rxjL 

Xln(x) = e-c/2 sin n1rxj L 

y; ( ) 
_ cosh n1ryj L 

ln Y - j · cosh mrB L 

The second class of solutions is characterized by: 

A2 

B2 

Cz 

D2 
E2 
F2 

and 

1 

- tankt 

= 1 

= tankE 

= cos kc + sin kE tan kE 

0 

1 
tank£=--

tan kf. 

(7.30) 

(7.31) 

(7.32) 

(7.33) 
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with for E = 0 the solutions: 

n 0, 1, 2, .. , oo 

so that X2n(x) and Y2n(Y) are given by 

X2n(x) cos(n+!)'rrx/L 

and 

Y2n(Y) 
cosh(n + ~)1ryjL 
cosh(n + D1rB/L" 

The homogeneous solution can be written as 

00 

anXIn(x)Yin(Y) + 2:: bnX2n(x)Y2n(Y) 
n=O 

with 
00 00 

123 

(7.34) 

(7.35) 

(7.36) 

(7.37) 

(7.38) 

From this point, the desingularization of the discontinuity at x 0 is no longer required, and 
E will be taken to be zero. The coefficients an and b,. can be found by applying symmetry 
arguments. The antisymmetric part of (7.38) yields for x > 0: 

00 

cosh 

Using the orthogonality relation 

the coefficients an are obtained as 

Evaluation of this integral yields: 

0, 

. mrx L 
sm(L)dx = 2omn 

nodd; 

n even. 

(7.39) 

(7.40) 

(7.41) 

(7.42) 

(7.43) 

The result for n even is not surprising due to the symmetry of the right-hand side of (7.39) 
around x = !L. Since the X 1n also contain a nonzero symmetric part, taking the symmetric 
part of (7.38) is slightly more complicated. It can be easily verified that for x > 0, the 
symmetric part of L:l' anX1n(x) differs from its antisymmetric part by a factor- tanh !c = -~. 
Therefore, the symmetric part of (7.38) yields: 

00 

1) + bn COS .o.._-..,:'-'--- (7.44) 
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~=0 ~=117 

~=417 ~=1 

a 
FIGURE 7.2: Isolines of 1li for L/ B = 2 and e = 0, ~' t> and 1 according to (7.48). 

Fortunately, the terms linear in x are seen to cancel, so that the function that is to be 
expanded in a cosine series is smooth in x = 0. Since the basis functions cos( n + ~ }rrx I L obey 
the orthogonality relation 

fl' (m+l)1rx (n+l)1rx L 
Jo COS L 2 cos L2 dx = 2bmn (7.45) 

(7.46) 

so that the solution for \f! becomes 

X< 0: \f! I HoL2 !::;JJ. (1 +()x2IL2 +((1 +~)xiL-1 +e 
00 1 . I L cosh n1ryl L 

8~(1 + ~) 2: smn1rx h BIL (n odd) 
n=l cos n1r 
00 

( 1 ) ILcosh(n+~)1ryiL. 
+ 4(1 e) I: cos n+2 1fX h( 1) BIL' (7.47) 

n=O cos n+ 2 1r 

X> 0: \IiiHoL2 t::;.st (1 E)x21 L2 + ((1 - ()xl L- 1 + e 

8((1 
00 1 . cosh n1ryl L 

(n odd) 0 2: 33 smn1rxiL h BIL 
n=l n 1f cos n1r 
00 

1 cosh(n+!)1ryiL 
+ 4(1 e) I: cos(n+ 2)1rXIL h( 1 ) IL' (7.48) 

n=O cos n+ 2 1rB 

This solution has been evaluated on a computer by adding the first 11 terms of the series for 
~ = 0, ~' t and 1. The results are represented in fig. 7.2. ForE = 0, the solution reduces to 
the result found in chapter 3 for the starting flow in a rectangular tank with a fiat bottom. 
For E = ~ the anticyclonic cell has been shifted noticeably to the deeper part of the tank. 
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The value of ~ has been chosen since this corresponds to the height of the topography used 
in the experiments. For ~ = ~ the streamlines show a kink at x = 0, and are more sparsely 
distributed in the shallow region. For ~ = 1 the stream function vanishes in x > 0, and is 
equal to the solution for the starting flow on a square domain in x < 0. As this situation 
corresponds to zero depth in x > 0, (7.48) provides in this respect a realistic result. As (7.48) 
should be regarded as a depth-integration of the three-dimensional solution, the result for 
~ ~ does not reflect the experimentally observed starting flow at the free surface, which is 
represented in fig. 7.3. Instead, the elliptic character of the starting flow problem will cause 
the deviation to be localized mainly within a region of order ~Ho from the bottom. Thus, the 
flow below the level of the step is expected to resemble the shallow-water solution for ~ = 1, 
whereas the flow at the surface will resemble the solution for ~ = 0. Extension of (7.48) to 
geometry no. 2 and 3 is straightforward; geometry no. 4 may be more difficult to treat because 
it is not possible to have a particular solution consisting of a parallel flow along all topography 
discontinuities. 

7.3 Evolution after t = 0 

7.3.1 Geometry no. 1 

The experimental results of this experiment are presented in fig. 7.3. In spite of the extensive 
use of the depth-integrated stream function in section 7.2, the experimental data have been 
represented using the stream function defined by (2.15) and (2.16), that is, the quantity that 
is presented in the graphs is the solution of \72'¢ = -w, not of \72 \li =- \7 x HY:.. In view 
of the tenet that streamlines should run parallel to the velocity field, this approach leads to 
better results. Apparently, for the flow at the free surface "V·Y:.=O is a better assumption than 
"V·(HY:.)=O. 

Both the starting flow at the free surface and the formation of vortices in the corners 
are similar to the corresponding experiment with a fiat bottom. However, both a detailed 
comparison of quantitative measurements and dye visualizations indicate that the flow is now 
more turbulent, a result of flow separation from the topography. At t = 60 s merging occurs, 
but rather than remaining above the step, the resulting cyclonic vortex moves to the deeper 
part of the tank. The flow eventually relaxes to a pattern with two cells, separated by the 
discontinuity in the topography. A similar separation is seen in geometry no. 2, 3 and 4. This 
leads to the concept of the topography discontinuity acting as a barrier for cross-flow. This is 
in qualitative agreement with the conclusion of section 2.2 that geostrophic flows cannot cross 
isolines of topography. In the beginning of the experiment, the flow is neither stationary nor 
linear, but the experiments show that the reluctance to cross the step becomes manifest in an 
early stage, dividing the flow into regions with uniform depth well before the relative velocities 
have become small. The self-organization within each square domain takes more time than is 
needed for the division to be achieved. Hardly any fluid crosses the step after 120 s, but the 
w ('¢)-graphs indicate that the transition to a pattern with a well-defined relation between w 
and '¢ takes about four times as long. 
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7 .3.2 Geometry no. 2 and 3 

The results for geometry no. 2 and 3, represented in figs. 7.4 and 7.5 appear to be comparable. 
In both experiments corner vortices are formed, but merging does not occur. Apparently 
the corner vortices cannot cross the step, and remain separated by the middle square region. 
Because of this predestined cyclone--anticyclone--cyclone arrangement, any preference for the 
flow to assume a certain orientation does not find expression. 

The non-uniform depth leads to different spin-up time scales for the individual square 
regions. Using the spin-up time scale 

H 
7=--vvn (7.49) 

leads to 7=212 s for the shallower parts and 7=283 s for the deeper parts. In the linear case 
this would result in the vortices in the deeper parts being about three times as strong as the 
vortices in the shallower parts after 960 s. The sizes of the branches in the w( 1j; )-graphs at 
960 s indicate that in reality, the cyclonic vortices are much weaker than this estimate. This 
is probably caused by the nonlinearity in the vortex stretching term in the vorticity equation 
(2.92), and by the cyclonic vortices being bounded by solid walls at more sides. It is explained 
in appendix A that 960 s is about the time scale on which the viscous effects begin to become 
important, so that in particular the cyclonic cells are damped more strongly than by Ekman 
pumping only. 

Of the experiments in geometry no. 2 and 3 dye visualizations have been made; the results 
are' presented in figs. 7.7 and 7.8. Although in neither experiment merging occurs, considerable 
mixing of the fluid takes place; the dye is spread over the whole domain with the exception 
of the cores of the anticyclonic cell and the left cyclonic cell. After t = 120 s mixing occurs 
to a lesser extent than in the comparable experiment in a flat bottom, the results of which 
were given in fig. 4.20. In particular in geometry no. 3 the dye is confined to a square region 
bounded by the topography discontinuity. Since the vortex in this square is cyclonic, the 
motion in the Ekman layer is directed inward, so that in a top view of the dye distribution, 
the whole vortex seems to be dyed. 

The figures of the experiment in geometry no. 2 show a different behaviour. If dye is added 
at t 0 the appearance of the dye distribution looks similar to the corresponding experiment 
in geometry no. 3, but if the dye is added at t = 180 s, a 'leak' from the left cyclonic cell 
to the central anticyclonic cell becomes apparent. Further experiments with dye have shown 
that this leak is caused by a weak flow across the step towards the central cell, compensated 
by a flow in the reverse direction in the Ekman layer. At this moment it is not clear why this 
cross-flow occurs in geometry no. 3 and not in geometry no. 2. The effect might be connected 
with a difference in strength between the cyclonic and anticyclonic vortices, which is only 
present in geometry no. 2. This cross flow has not been investigated further. 

7.3.3 Geometry no. 4 

The results for the experiment in geometry no. 4 are given in fig. 7.6. As in geometry no. 1, 
2 and 3 the starting flow has the same appearance as in a tank without a topography, but 
separation from the topography immediately takes place, and the flow becomes turbulent. 
The vorticity graphs at 30 s show that the turbulence affects the flow in the whole domain. 
Nevertheless, the central anticyclonic vortex remains identifiable. Between t = 30 s and t = 60 s 
it moves to one of the shallow parts, and remains there until the fluid has spun up. In the rest 
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of the domain new vortices are formed, so that a streamline pattern emerges with opposite 
circulation in two adjoining quadrants. As in geometry no. 1, the topography affects the 
streamline pattern at the surface in an early stage, but even after 360 s the vorticity profiles 
are not really smooth. Nevertheless, this experiment is the clearest example in this thesis of 
the forcing of a certain cellular pattern by a topography. 

7.4 Discussion 

Out of the four geometries discussed in this chapter, the topography is symmetry-breaking in 
geometry no. 1 and 4 only. In those experiments, cyclonic vortices end up in the deeper part 
and anticyclonic vortices in the shallower part. According to conservation of potential vorticity 
this is to be expected: some vortex tubes descend the step and are stretched, others climb the 
step and are squeezed, so fluid in the deeper parts will acquire cyclonic vorticity, and fluid in 
the shallower parts will acquire anticyclonic vorticity. In geometry no. 4 the separation into 
cyclonic and anticyclonic regions is particularly clear. However, by the time the organization 
is more or less complete, the flow has lost much of its initial energy. It is therefore doubtful 
whether a similar lattice of counterrotating cyclonic and anticyclonic vortices would appear 
in a geometry with more than four topographic divisions. 



128 

stream function 

10 

w/20. 
5 

0 

w/20. 

0 

-1 

vorticity t = 0 

W(\jl) t = 0 

' 

~ 
. -..C< .¥1--~!·~:-·· l 

-0.2 \ji/4D.B2 0 

W(\jl) t= 120s 

-0.04 

Spin-up in a tank with a discontinuous topography 

stream function t = 30 s 

vorticity t = 30 s 

vorticity t = 240 s 

w(\jl) t=30s 

-2 

0 \ji/4D.B2 0.1 

W(\jl) t = 240 S 

-0.02 

stream function t = 60 s 

vorticity t = 60 s 

vorticity t = 480 s --

2 

w/20. 

0 

-2 

w/20. 

0 \ji/4D.B2 0.08 

W(\jl) t = 480 S 

0 f------::i:l~:pfr-----1 

/ 
:.! 

-0.2 ' 

-0.005 0 \ji/4D.B2 

FIGURE 7.3: Experimental results for spin-up from 0 -> 0.5 radjs in geometry no. 1 ( r ___B ). 
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t = 25 s 

t = 35 s 

t =60s 

t = 120 s 

t = 210 s 

t = 240 s 

t = 300 s 

t = 480 s 

FIGURE 7.7: Dye visualization of spin-up from 0 to 0.5 rad/s in geometry no. 2. The figures in the 
left column correspond to an experiment in which the dye was added at t = 0, the figures in the right 
column correspond to an experiment in which the dye was added at t = 180 s. In both experiments 
the dye was added at the middle of the left sidewall. 
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t = 25 s 

t = 35 s 

t =60s 

t = 120 s 

t = 210 s 

t = 240 s 

t = 300 s 

t = 480 s 

FIGURE 7.8: Dye visualization of spin-up from 0 to 0.5 rad/s in geometry no. 3. The ftgures in the 
left column correspond to an experiment in which the dye was added at t = 0. the ftgures in the right 
column correspond to an experiment in which the dye was added at t = 180 s. In both experiments 
the dye was added at the middle of the left sidewall. 
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Chapter 8 

Conclusions 

In this thesis, the impulsive spin-up of a homogeneous fluid in a number of geometries has been 
studied. Some aspects of the flow, such as the velocity field immediately after the increase in 
angular velocity, have been treated analytically. For two cases, direct numerical simulations 
have been performed. These simulations provide insight in the three-dimensional flow field, 
and can be used to obtain data of quantities that are difficult of access otherwise, such as the 
velocities close to the sidewall and the bottom. However, most results have been obtained 
from measurements on floating particles in a rotating tank of water. As the spin-up flow is 
approximately two-dimensional, the motion of the particles at the surface represents the flow 
at an arbitrary depth, with the exception of the Ekman layer at the bottom. Quantitative 
measurements on the spin-up in non-circular tanks have not been published before, and also 
the extent of the experimental parameter range improves on earlier investigations. 

In chapter 3, the spin-up from rest in a circular tank is treated, a classical problem in 
rotating fluid dynamics that has only partially been solved. The experimental data show the 
need for a nonlinear, and therefore nonlocal model for the suction exerted by the Ekman layer. 
In particular, the influence of the no-slip condition at the sidewall on the Ekman suction is 
demonstrated. 

In chapter 4, the spin-up in a rectangular tank is discussed for three aspect ratios. For a 
square tank, the relative flow consists of a single vortex, which spins up in a similar way as 
the flow in a circular tank. For a tank with aspect ratio 9 : 4, the flow develops into a pattern 
of three counterrotating vortices. The direction of motion within this pattern may be either 
way, depending on the Reynolds number and the Froude number. The influence of these two 
parameters is unraveled by a sequence of experiments with different angular velocities, and a 
comparison with experiments with a bottom topography resembling the deformation of the free 
surface. For spin-up with high Froude number, the vortex motion appears to be determined 
by a combination of topographically induced drift and the influence of the sidewalls. 

In chapter 5, the spin-up in a circular tank with an inner barrier is discussed. These flows 
are characterized by separation from the sharp edge at the end of the barrier immediately 
after the start of the experiment. The fact that the location of the separation point is known 
facilitates the study of the separation and the vortex formation, and a beginning is made with 
the description of the vortex shedding at the end of the barrier. The quasi-steady patterns that 
eventually emerge in these experiments, appear to be dependent on the length of the barrier. 
For a short barrier the flow remains approximately circular, with an eccentricity to avoid the 
intruding barrier. A longer barrier leads to the formation of a quasi-stable configuration of 
4-6 cells with comparable sizes and strengths. 
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In chapter 6, the influence of a sloping bottom on the spin-up in a circular tank and in a 
square tank is investigated. This influence appears to be destabilizing, in the sense that the 
topography induces a drift in each vortex, so that the flow remains unsteady until the fluid 
has spun up. An exception is the spin-up in a circular tank, which appears to be affected 
little by a sloping bottom, an effect that may be caused by the outward secondary flow in the 
region above the Ekman layer. 

In chapter 7, the spin-up in a rectangular tank with a discontinuous topography is dis
cussed. The topography has been chosen to be piecewise flat, consisting of a small number of 
square sections, so that the formation of a stable vortex pattern is promoted. As the relative 
velocities of the spin-up flow become smaller, the topography discontinuities act more like 
impenetrable walls that confine the fluid to the square regions between the discontinuities. A 
clear example is the spin-up in a square tank that is subdivided by the topography into four 
smaller squares. In that case the flow, initially consisting of a single cell filling the entire tank, 
is seen to break up into four vortices, each one being confined to one of the compartments set 
up by the topography. 



Appendix A 

Decaying viscous modes i11 a square 
domain 

Both in laboratory experiments (Flor 1994, Boubnov, Dalziel and Linden 1994) and in numer
ical simulations (this appendix) it is observed that the relation between wand '1/J of long-lived 
vortices becomes approximately linear. This is sometimes attributed to self-organization and 
selective decay, and such arguments may help to explain the characteristics of newly formed 
vortices indeed. However, the relation between w and '1/J is sometimes observed to become 
linear long after its formation. The Ph.D. thesis of Flor (1994) provides a clear example. 
Fl6r describes experiments performed in a square tank of 80 x 80 em, filled with a two-layer 
stratified fluid. The fluid motion is generated either by stirring with a rake, or by injection 
of fluid. In either case, the forcing is stopped after a while, and in either case the w( '1/J )

relation becomes approximately linear on a time scale of about one hour. In this appendix it 
is shown that this linearization can be explained by viscous diffusion. In the absence of three
dimensional effects such as Ekman suction, viscous diffusion will linearize the w( '1/J )-relation of 
any vortex, regardless of its initial vorticity distribution. This is demonstrated by examining 
numerically and analytically the evolution of a two-dimensional flow on a square domain given 
by -a< x <a and -a< y <a in the limit Re = 0. The numerical computation starts from a 
uniform vorticity distribution; this corresponds to the spin-up in a square cylinder of infinite 
length for Re = 0. This limiting case was obtained by omitting the advective term from the 
vorticity equation. The results of this simulation, presented in fig. A.1, show a transition 
from the starting flow to a decaying fundamental mode. Since the isolines of stream function 
and vorticity do not coincide, there is no one-to-one correspondence between these quantities. 
Nevertheless, in later stages the data show a nearly linear relationship between w and '1/J in 
the centre of the tank. Close to the walls, the isoline patterns of w and '1/J differ more, and the 
scatter in the w ( '1/J )-plots is correspondingly higher. 

This fundamental mode, as well as a few higher modes, was calculated analytically. Starting 
from the vorticity equation 

ow 2 7ii = v'V w, (A.1) 

the time dependence can be eliminated by separation in x and y on one hand, and t on the 
other hand. This leads to exponentially decaying modes which may be superimposed to yield 
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the full time-dependent solution to the problem with initial conditions: 

w(x, y, t) = L GIL wp.(x, y )e-ft1r
2
vtfa

2
• 

"' 
(A.2) 

The constants in the exponent result in dimensionless eigenvalues ;..t, and prove to be convenient 
in the following calculation. For each value of ;..t, we find a Helmholtz equation for w(x, y): 

(A.3) 

with both 8'if.!l8x and 8'if.!l8y being zero at the walls. Since the boundary conditions concern 
the stream function instead of the vorticity, this is a fourth-order problem in the stream 
function 'if;: 

1[2 

\74 '1/J + ;..t~\72 '1/J 0 (A.4) 
a2 

with both 8'1/J I ax and 8'1/J I 8y being zero at x = ±a and at y ±a. These conditions imply 
that 'if; has the same value along the four walls; this value will be taken to be zero. 

It was found later that this mathematical problem had been studied earlier by Taylor 
(1933), in the context of the displacement of a clamped rectangular plate subjected to a 
buckling load when all edges are clamped. His analytic approach was the same as the one 
described in this appendix, but the results presented here have been worked out in more detail 
with the aid of a computer. The problem also bears resemblance with the inhomogeneous 
biharmonic problem 

\74'1/J = q(x, y). (A.5) 

with similar boundary conditions, occurring in the theory of bending of clamped plates under a 
distributed load (Timoshenko and Woinowsky-Krieger (1959), Meleshko and Gomilko (1994)), 
and the approach followed in this appendix was based on this work. 

Since the lowest mode in a square tank is expected to be symmetric with respect to both 
x = 0 and y = 0, only even functions of x and y are considered in this appendix. Calculation 
of modes consisting of odd functions is unlikely to introduce fundamentally new problems. 
The extension of this problem to a rectangular geometry is straightforward too, but gives rise 
to more cumbersome formulae. 

The problem is solved by writing the stream function 'if; as a combination of two series: 

(A.6) 

with 

'if; _ fA cos(m + !)1rXIa (coshj(m + !)2 
-;..t1ry/a _ cosh(m + !)1ryja) (A.7) 

I- m=O m (-l)m(m+!) coshj(m+!)2-J-t7r cosh(m+n1f 

and 

cosh(n + !)1rX/a) 
cosh(n +!)'If · 

(A.8) 

Both series satisfy the differential equation (A.4) and the condition that '1/J=O for x=±a and 
for y =±a. In this notation, (m+ !)2 -;..t and (n+ !)2

- tt are allowed to become negative; in 
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that case the hyperbolic cosine should be interpreted as the cosine of a real argument. The 
combination of these two series provides the right number of parameters required to satisfy the 
remaining boundary conditions 81fJI8x=O at x ±a and 81/Jioy=O at y=±a. Application of 
the boundary condition at x=a yields 

f (cosh j(m + !P- {l'lfyla _ cosh(m + !)1ryla) 

m=O Am cosh j(m + !)2- {l'lf cosh(m + !)7r 

oo Bn ~~r (J<n+!)2-tL tanh j(n+!)2- J.£1f- (n+~) tanh(n+i)7r)cos(n+i)7ryla = o. 
2 

(A.9) 

Expanding the hyperbolic cosines in yin cos(n + i)7ry using 

2 00 

---:-_::..:..- = - L -+--~-::---~ cos( n + ! )1ry I a 
1f n=O 

(A.10) 

yields 

Collecting the coefficients of cos( n+ !}1ry I a yields 

2 oo ( (n+i)2 (n+~)2 ) -;;:Eo Am (n+!)2 + (m+!)2 tl- (n+i)2 + (m+D2 

+Bn ( j(n+i)2 - f.l tanhj(n+i)2- {l'lf- (n+~) tanh(n+!)1f) = 0, (A.12) 

and similarly, due to the boundary condition at y = a, 

(A.13) 

This is an infinite system of linear equations in Am and Bn, which was solved numerically by 
truncating both the series over m and over n after 12 terms. The 12 terms in the series over 
m and n lead to 24 linear equations with 24 unknowns. Since the solution for a single mode is 
undetermined by a constant factor, this system of equations is dependent. The determinant 
being zero provides an equation for f.li the remaining 23 equations were used to compute the 
ratios between the Am and Bn· By varying the number of terms, it was verified that this 
approach leads to correct results. 

Starting from even functions in both x and y, solutions of two symmetry types appear: 
type I with Am Bm and 1/J(-y,x) 1/J(x,y), and type II with Am= -Bm and 1/J(-y,x) = 
-1/J(x, y). This means that solutions of type I have a higher symmetry, being invariant under 
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FIGURE A.l: Stream function and vorticity of two-dimensional spin-up in a square tank with Re = 0 

according to a direct numerical simulation. The relation between w and 'lj; becomes approximately 
linear as the flow evolves towards the lowest mode. 
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FIGURE A.2: The five lowest modes consisting of even functions in both the x- and y-direction, 
obtained by a numerical solution of the linear set of 2 x 12 equations following from (A.l2) and 
(A.l3). Modes of type I are invariant under a rotation over 1r /2, whereas modes of type II change 
sign under a rotation over 1r /2. The fans of branches in the scatterplots have no physical meaning, 
but are caused by t.he corresponding points in the (x, y )-plane lying on a Cartesian grid. 
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rotations over 1r /2, whereas the highest rotational symmetry of solutions of type II is a rotation 
over 1r. The five lowest modes are presented in fig. A.2; the similarity between the results for 
the lowest mode and the results of the latest stages of the direct simulation is evident. 

Taylor calculated only the lowest eigenvalue; his result agrees with the value of 1.326 
in fig. A.2. The eigenvalues can be compared with the viscous solution (2.45)-(2.47) on a 
circular domain as well. Assuming that the time scale of the lowest mode in the square tank 
is approximately equal to that in a circular tank with the same area, we find that 

(A.14) 

which yields f-tl 1.168 and J-t 2 = 3.917 for the two lowest modes. These estimates are about 
10% too low, which is quite plausible, especially in view of expectation that a more irregular 
domain will lead to a faster decay. 

The time scale on which the w('ljl)-relation becomes linear is determined by the eigenvalue 
of the lowest eigenmode but one with the right symmetry type. If we assume that the decaying 
flow is invariant under rotations over 1r /2, this is the mode with f-t 4.231. For the tank of 
80 x 80 em used by Fl6r, this corresponds to a time scale of about 3800 s. It is clear that the 
situation in the experiment is more complex than a purely two-dimensional flow; the velocity 
fields in different layers of the stratified environment may be different, giving rise to viscous 
diffusion in the vertical direction and possibly suction effects. However, such effects lead to 
a smoothing of the velocity profiles over different horizontal layers in the tank, and will not 
prevent viscous decay within a horizontal plane to take place. Therefore, viscous diffusion 
within a horizontal plane provides a lower boundary for the decay time. In the experiment by 
Fl6r the decay time is not significantly smaller than 3800 s, indicating that after the forcing 
has stopped, three-dimensional effects are not dominant in that case. 
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Linear spin-up of a two-layer fluid 

A layer of air interferes with the spin-up process of the underlying fluid by several mechanisms, 
such as evaporative cooling, surface tension and friction. In this appendix the effect of friction 
is assessed. For this purpose, a two-layer fluid in a closed circular cylinder is considered. 
Physical quantities concerning the underlying fluid are denoted with index 1, those concerning 
the fluid on top with index 2. The interface of fluid 1 and 2 is taken to be at z = 0. This 
situation is represented in fig. B.l. At t 0 the angular velocity is increased from n- ~n 
to n, with ~n « n, so that nonlinear terms in the equation of motion can be ignored. The 
interface of the two fluids is assumed to be horizontal. 

fluid 1 

FIGURE B.l: Schematic representation of the two-layer problem, with the four Ekman layers repre
sented by dashed lines. 

The problem is solved by making use of the properties of the Ekman layers in this problem. 
These are four in number: one at the bottom (z=-H1 ), one at the top (z=H2 ) and two at 
the interface (z 0). The coupling between the two adjacent Ekman layers at z 0 leads to 
a system of two linear equations which is solved by exponential functions. It will be shown 
that for a certain choice of parameters there is a relatively strong interaction between the two 
layers. 

Application of the Ekman suction law (2.86) derived in chapter 3 provides the vertical 
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velocity components just outside the Ekman layers: 

-~/iiwz 
! fiJi (wz- wo) 2Vn 
l[Vl "2Vn (wo -w1) 

l[Vl 
2Vfiw1> 

which leads to the two-dimensional divergences 

and 

Inserting this in the linear vorticity equation 

yields 

and 

with 

and 

8w 
8t 

1 ! 
--E[ (w0 - 2wt) 

2 
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(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

(B.7) 

(B.8) 

(B.9) 

(B.lO) 

(B.ll) 

No partial differential operators are required in (B.8) and (B.9) since the fluid in both 1 and 2 
remains in solid body rotation throughout the spin-up process; WI and w2 depend only on t. It 
is possible to express w0 in terms of wi and w2 by matching the two adjoining Ekman layers at 
z=O. For this purpose a formula for the structure of the Ekman layer is needed that is more 
general than (2.80) and (2.81) since the velocity at the boundary between the two layers is 
nonzero in this case. It can be easily verified that the velocity fields in the two Ekman layers 
adjacent to z=O are now given by 

u1 ez/81 [ -( Vo VI)sin(z/6I) + nocos(z/61)] (B.12) 

Vt ez/81 [( Vo v1) cos(z/61) + Vo sin(z/6t)] (B.13) 

Uz = e-zf82[(v0 - v2) sin(z/62) + n0 cos(z/62)] (B.14) 

V2 e-z/82 [(v0 - v2) cos(z/62)- uo sin(z/62)] (B.15) 
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with 

and 
[Vi vn· 

145 

(B.16) 

(B.17) 

An expression for w0 is found by imposing shear continuity at the boundary between the two 
media: 

81!1 I 8JJ.2 1 'Til- =rJ2-
8z o+ 8z 0_ 

(B.18) 

with 'f/l and rJ2 the dynamic viscosities of the fluids. Carrying out the differentiation of the 
r- and ¢-components of JJ.1 and JJ.2 yields 

(B.19) 

and 
(B.20) 

respectively. Subtracting1 (B.19) and (B.20) leads to 

J: (vo- v1) = J: (v2- vo). (B.21) 

Since the fluid remains in solid-body rotation, v0 , v1 and v2 can be translated directly to vJ0 , 

w1 and Wz by 

so that 

2voiz 
Wo12 = --'-' . , r 

'Til (wo- w1) = 'T/z (wz 
til 62 

By introducing the material parameter 

(B.23) can be written as 
w1 + pw2 

Wo=-----"--
p+l 

(B.22) 

wo). (B.23) 

(B.24) 

(B.25) 

Substituting this expression in (B.8) and (B.9) leads to a homogeneous system of two linear 
differential equations: 

(B.26) 

(B.27) 

(B.19) and (B.20) yields uo = 0. 
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with w1 (0) =w2(0) = -2t..~l By interpreting w1 and w2 as the components of a two-dimensional 
vector, (B.26) and (B.27) can be written as 

with 

and 

DE~ 2p+1 
1 p+ 1 

1 

-DE:} p+ 
DE~P+ 2 

2 p+1 

~(o) -2t..D ( i) . 

(B.28) 

(B.29) 

(B.30) 

(B.31) 

Since the elements of the matrix 4 are constant, (B.28) is solved by exponential functions. 
Substituting 

(h =/= Q) (B.32) 

leads to 
det (4 - D>..JJ 0 (B.33) 

or 

) 

1 1 p 
).. - El E{ (p + 1 )2 = 0 (B.34) 

or 

(E~ 2p + 1 + E~ p + 2 )2 
1 2p + 2 2 2p + 2 

1 l 

2E{E:j. (B.35) 

1 

For positive , E:j and p, this yields two positive real eigenvalues >..1 and .\2 ; in spite of 
the somewhat suggestive notation, there is no connection between the the numbering of the 
eigenvalues and that of the two media. The solution for fl!. becomes 

(B.36) 

with £1 and £2 the eigenvectors corresponding to the eigenvalues .\1 and >..2 , respectively. 
Since this appendix is meant to address the influence of a layer of air above a free water 

surface, the value of p corresponding to that situation should be considered. Under room 
temperature and pressure, this value is about 4.6 x w-3 . The smallness of this value makes 
it useful to consider the first terms of an expansion of the solution for fl!. to powers of p. First, 
the solution for p 0 is given. This is an important limiting case, but it does not capture 
the influence of fluid 2 on fluid 1. Next, the deviation from this limit for a small but nonzero 
value of pis discussed. Differences from p=O will be shown to become manifest most notably 

l 1 
in the vicinity of E[ = 2Ei . 
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i) p = 0 

In this case, (B.35) reduces to 

(B.37) 

and 

(B.38) 

After substituting these eigenvalues in (B.26) and (B.27) and applying the initial condition 
(B.31), we find that 

(~~) = -z~n ( E~~EJ~) e-2Elnt _ z~n (~) e-Elnt. 
2E2 -E1 2E2 -E1 

(B.39) 

This result can be interpreted as follows: the limiting case p ! 0 can be reached by making 
p2/ p1 go to zero while keeping vh v2, H1 and H2 constant. This means that the density of 
medium 1 becomes so high that its spin-up is not influenced by medium 2, and the same 

1 

spin-up time (nEl)-1 of a free-surface fluid is found that was already described in chapter 2. 
1 

The appearance of the second time scale can be understood from case « E[. The solution 
is then given by 

(B.40) 

1 

This means that fluid 1 spins up on the short time scale (nEl)-\ next fluid 2 spins up on a 
1 

much longer time scale (2QE{)-1, corresponding to spin-up between two parallel plates. For 
1 1 

E[ 2Ei, ..\1 and ..\2 coincide. In that case the solution for w is given by 

(wl) = -z~n ( 1 1 ) e-Elnt. 
w2 1 + ~El!lt 

(B.41) 

Analogous results are found for p=oo. 

ii) 0 < p « 1 

In order to estimate the effect of a nonzero value of p, in fig. B.2 the eigenvalues ..\1 and >.2 
1 

(scaled with E[, the value for>. if medium 2 is a vacuum) are given as a function of the ratio 
1 1 

of E[ and E:j. Concentrating on differences from the horizontal line 

1 

A/E[ 1 (B.42) 

corresponding to the spin-up of a fluid with an ideal horizontal free surface, we can see from 
1 ! 

fig. B.2 that close to Ef = 2Ei, there is a kind of resonance: the eigenvalues >.1 and .>.2 are 
approximately equal, leading to an interaction which causes them to deviate from their values 

1 1 

for p = 0. Therefore, the behaviour for E[ = 2E:j has been studied in more detail, and is 
1 1 

compared with the behaviour for both very small and very large ratios of E:j / Ef. 
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FIGURE B.2: Eigenvalues AI and >.2 according to (B.35) versus Ei /E( for p=O.Ol, 1, 4 and 100. The 

graphs for p=O and p=oo have not been plotted; they consist of two lines intersecting at 
! 

and 2E1
2 , respectively. 

1 1 1 1 

• For Ei IE{ « 1 one can derive that to lowest order in Ei IE[ and to O(p) that 

(1 + p) 

and 

which leads to 

! 
=2E,j 

(8.43) 

(8.44) 

(8.45) 

If medium 1 is water and medium 2 is alr, these results can be interpreted as follows. 
Roughly speaking, the first term on the right hand side of (8.45) corresponds to the 
spin-up of the air layer, whereas the second term corresponds to the spin-up of the water 
layer. The time scales of these processes differ greatly; the water layer spins up much 
faster than the air layer. This situation is realized if the alr layer is much thicker than 
the water layer. The influence of the alr layer on the spin-up of the water is small. There 
is a component of w1 ( t) with the longer time scale of the spin-up of the air layer, but this 
component is O(p). The shorter time scale determines the essential part of the spin-up 
of the water layer. This time scale is smaller than the spin-up time scale in vacuum by 
a relative amount p, which is about 0.5 %. 

! ! 
• If Ef = 2Ei, the eigenvalues >.1 and .A2 are given by 

(8.46) 
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which for small p becomes 

A1,2 = El (1 ± ~ + O(p)). (B.47) 

This leads to 

( wl) = -260 ( 1 t l) e-El~ (1-h/2p)flt - 260 (- 1 ~ l) e-El (I+!.fiP)flt_ 
w2 2\72P + 2 2\72P + 2 

(B.48) 
The spin-up of the air layer is now determined by two time scales that differ only slightly. 

Due to the square root in the expressions for ,\1 and ,\2, the deviation from is now 
about 5 %. The inverse square roots in the expression for w2 diverge for p l 0, but this 
is compensated by the exponential functions becoming equaL If the limit is taken, we 
arrive at (B.41). From the kinematic viscosities of water and air at room temperature, 
it follows that this interaction occurs for H2 = 5.5H1. Therefore, this ratio should be 
avoided if accurate measurements of the spin-up time of a layer of water are to be 
performed. 

1 1 1 1 

• For Ei IE[ » 1 we can derive that to lowest order in E[ I Ei and to O(p) that 

(B.49) 

and 
(B. 50) 

which leads to 

(B.51) 

In this case, the air layer is very thin, and spins up much faster than the fluid layer. The 
water layer is less sensitive to a thin layer of air than to a thick one. The shorter time 
scale does not even appear in the expression for w1 in (B.51), and the spin-up time of 
the water layer is increased only by a relative amount of pl2, which is about 0.2 %. 
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Samenvatting 

Wanneer een vat, gevuld met vloeistof, plotseling in rotatie wordt gebracht, zal de vloeistof 
deze rotatie niet onmiddellijk overnemen. Het geleidelijk versnellen van de vloeistof tot deze 
uiteindelijk star met het vat meeroteert, wordt spin-up genoemd. Met name in vaten met een 
niet-cirkelvormige doorsnede worden spin-up-stromingen gekenmerkt door een interessante en 
complexe dynamica. 

Deze stromingen zijn met name experimenteel onderzocht met behulp van een roterende 
tafel. Voor het uitvoeren van een experiment wordt op deze tafel een tank met water geplaatst. 
Nadat aile beweging van het water is uitgedempt, wordt de tafel plotseling in rotatie gebracht. 
Deze rotatie blijft gehandhaafd tot alle beweging ten opzichte van de tank is verdweJ?.en. De 
stroming wordt zichtbaar gemaakt door drijvende deeltjes op het oppervlak aan te brengen. 
Doordat de stroming in goede benadering twee-dimensionaal is, vertegenwoordigt de beweging 
van deze deeltjes de stroming op een willekeurige diepte, met uitzondering van dunne Ekman
grenslagen aan de bodem van de tank. Op de roterende tafel is een frame gebouwd waaraan 
een videocamera bevestigd is, die de stroming ten opzichte van de tank van bovenaf registreert. 
Deze opname wordt vervolgens verwerkt met behulp van digitale beeldverwerkingstechnieken, 
die een nauwkeurige bepaling mogelijk maken van grootheden als snelheid, stroomfunktie en 
vorticiteit. 

Allereerst zijn experimenten uitgevoerd in een vat met een cirkelvormige doorsnede. Van
wege de symmetric om de rotatie-as bestaat de stroming in dit geval gedurende het hele 
experiment uit slechts een enkele wervel. De spin-up wordt in dit geval voornamelijk bepaald 
door de invloed van de Ekmanlaag aan de bodem, die een kleine snelheid in vertikale rich
ting induceert en daardoor als bron/put fungeert voor de bovenliggende vloeistof. Bij het 
onderzoek is aan het Iicht gekomen dat modellen voor de invloed van de Ekmanlaag waarbij 
deze bronfput-sterkte ('Ekman blowing/suction') een funktie is van de lokale relatieve vor
ticiteit leiden tot een schending van massabehoud van de Ekmanlaag. Slechts het zogenaamde 
Wedemeyer-model, waarbij de Ekman blowing evenredig is met de relatieve vorticiteit, is in dit 
opzicht consistent. Duidelijk is echter dat het Wedemeyer-model de invloed van de Ekmanlaag 
niet altijd goed representeert. Met name de aanwezigheid van de zijwand blijkt te leiden tot 
afwijkingen van het Wedemeyer-madel. 

In een niet-cirkelvormige geometric laat de stroming los van de zijwand, wat aanleiding 
geeft tot de vorming van wervelstructuren. Doordat de rotatie van de stroming in de loop 
van de tijd toeneemt, worden bewegingen in vertikale richting steeds meer onderdrukt, zodat 
de stroming bij benadering twee-dimensionaal wordt en zich organiseert in een klein aantal 
grootschalige wervels. Dergelijke wervelpatronen kunnen zeer lang bestaan, en dempen slechts 
langzaam uit ten gevolge van een zwakke secundaire stroming, gedreven door de Ekman
grenslaag aan de bodem van het vat. In dit onderzoek is met name aandacht besteed aan 
spin-up in een rechthoekige tank. In dat geval ontstaat meestal een stromingspatroon met 
een oneven aantal wervels, die qua draairichting om en om liggen. Dit patroon kan echter 
worden bei:nvloed door de parabolische kromming van het oppervlak. Deze kromming 
leidt tot het gelijktijdig strekken en indrukken van verschillende delen van een wervel, zodat 
de vorticiteitsverdeling binnen de wervel verandert en een zelfge'induceerde beweging ontstaat. 
Zelfs verschillen in waterhoogte van een paar procent kunnen al leiden tot een aanzienlijke 
beweging van individuele wervels. Bij een voldoende hoge hoeksnelheid kan op die manier de 
organisatie in een regelmatig wervelpatroon worden verstoord. 
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Een dergelijk effekt treedt ook op wanneer een bodemtopografie wordt aangebracht. De 
vorm van de topografie blijkt hierbij van wezenlijk belang. Een hellende bodem leidt tot een 
beweging van individuele wervels, zodat in sommige gevallen de vorming van een cellenpa
troon wordt verhinderd. Omgekeerd leidt een stapvormige topografie tot een beperking van 
twee-dimensionale wervelbeweging, en daardoor tot een stabilisatie van bepaalde stromingspa
tronen. Een opvallend voorbeeld hiervan is spin-up in een vierkante tank met een topografie 
die bestaat uit een uniforme verhoging van twee diagonaal gelegen kwadranten, zodat een 2 x 2 
dambordpatroon ontstaat. Er stelt zich in dat geval een stroming in met in elk kwadrant een 
wervel. Aldus is het tot op zekere hoogte mogelijk met behulp van een bodemtopografie de 
stroming zo te sturen dat een bepaald cellenpatroon ontstaat. 
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behorende bij het proefschrift 'Spin-up in non-axisymmetric containers' 
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L De lokale toepassing door Goller en Ranov, Weidman en Benton van de numerieke 
waarden van Rogers en Lance voor de Ekmansuctie hoven een oneindige plaat is niet 
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dit proefschrift, hoofdstuk 2. 

2. In hun artikel over spin-up in rechthoekige geometrieen beweren Van Heijst, Davies 
en Davis ten onrechte dat cyclonale wervels, die gevormd worden in de hoeken van het 
domein, naar elkaar toe bewegen ten gevolge van vervorming van het vrije oppervlak. 

G.J.F. van Heijst, P.A. Davies en R.G. Davis, Spin-up in a rectangular container, Phys. Fluids A 2 

(2), 150 (1990); 
dit proefschrift, hoofdstuk 4. 

3. In zijn artikel over spin-up in rechthoekige geometrieen neemt Yong K. Suh ten on
rechte aan dat bij aanwezigheid van viskositeit een eenduidige relatie tussen vorticiteit 
en stroomfunktie blijft bestaan. 

Yong K Suh, Numerical study on two-dimensional spin-up in a rectangle, Phys. Fluids 6 (7), 2333 
(1994). 

4. De linearisatie van de relatie tussen stroomfunktie en vorticiteit die na lange tijd op
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gevolg van viskeuze diffusie. 
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5. In zijn artikel over de uitstraling van geluidsgolven door een halfoneindige pijp met 
binnenstraal a2 en buitenstraal a1 toont Ando resultaten voor de eindcorrectie als 
funktie van het dimensieloze golfgetal ka1• Voor het geval a2 /a1 0.85 zijn deze 
resultaten onjuist. 

Y. Ando, On the sound radiation from a semi-infinite circular pipe with a certain wall thickness, 
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nische Universiteit Eindhoven (1991); 
M.C.A.M. Peters, A. Hirschberg, A.J. Reijnen en A.P.J. Wijna.nds, Damping and reflection coeffi

cient measurements for an open pipe at low Mach and low Helmholtz numbers, J. Fluid Mech. 256, 

499 (1993). 

6. Er zijn slechts twee elementaire wetenschappen, te weten natuurkunde (beschrijving 
van algemeen geldende wetmatigheden) en geschiedenis (beschrijving van specifieke 
gebeurtenissen, exemplaren en situaties in heden en verleden). Elke andere weten
schap is op te vatten als een combinatie van deze twee. 

7. De gedachte dat de mens zou beschikken over een vrije wil wordt mede ingegeven 
door de onvoorspelbaarheid van zijn gedrag. 

8. Het feit dat Mitchell, Johns, Gregory en Tett een bestaand effekt kunnen beschrijven 
dat de voorspelde globale temperatuurstijging in de atmosfeer met 30 % verlaagt, 
geeft aan dat huidige klimaatmodellen worden gekenmerkt door een hoge mate van 
onbetrouwbaarheid. 

J.F.B. Mitchell, T.C. Johns, J.M. Gregory en S.F.B. Tett, Climate response to increasing levels of 

greenhouse gases and sulphate aerosols, Nature 376, 501 (1995). 

9. De fenomenologische basis van de richtlijnen voor het diagnostiseren van psychiatri
sche patienten zoals vastgelegd in DSM-III, DSM-III-R en DSM-IV, toont aan dat de 
psychiatrie minder dogmatisch wordt en derhalve een meer wetenschappelijk karakter 
krijgt. 

Diagnostic and Statistical Manual of Mental Disorders, American Psychiatric Association, New 
York. 

10. Het met de vinger aanraken van een beeldscherm om iets aan te wijzen leidt niet tot 
een betere beeldvorming. 






