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CHAPTER I 

INTRODUCTION 

In this thesis we wi1l be concerned with the study of wave-phe
nomena. An innumerable number of investigations have already 
been centered upon this subject but as a rule their aim has been an 
understa:nding of a partienlar type of wave-phenomenon rather than 
wave-phenomena in general. The work of Sommerfeld and Brillouin 
[IJ on the dispersion of waves in a dielectric can be mentioned as a 
classic example. Such investigations show, where they deal with 
linear wavesl, a considerable likeness. Because of this similarity 
linear waves lend themselves particularly well to a more general 
approach encompassing a large set of wave-phenomena. lt is under
standable that such an approach will not yield as detailed a picture 
as a more individual one; but it can on the other hand claim some 
unmistakable advantages. It may lead the way to information about 
such properties as stability and energy balance for which an ex
plicit expression for the amplitude of the wave is not an absolute 
requisite. This is useful whenever an expression for the amplitude 
can be obtained only at the expense of much Iabour. It is also 
possible to see the results, because of their more general validity, 
in wider perspective. Finally, because the abstraction bas removed 
the analysis somewhat from the actual physieal situation it is less 
easy to be biased by physical intuition as to the existence or the 
uniqtieness of the solution. The question of whether the problem is 
well-posed becomes therefore more urgent. 

In the following chapters we shall deal exclusively with one
dimensional waves whieh can be described by means of a set of 
linear first order hyperbalie partial differential equations. As a 

l When speaking of linear waves we mean waves which are governed by a set of linear 
equations and subject to linear initia! and boundary conditions. 



forther restrietion it will be required that these equations have 
only finite characteristic velocities, in other words, we shall only 
consider those waves in which discontinuities in the wave-surface 
or some of its derivatives travel with finite speed. A more detailed 
characterization of the equations will follow in chapter II. The in
itia! value problem or "Cauchy problem" and the mixed initia! 
boundary value problem, the two problems we shall be discussing, 
are both well-posed for such equations; provided of course the cor
rect number of functions is prescribed at t 0, respectively t = 0 
and x = 0. I t should be stressed however that it is hereby essential 
that all the characteristic veloeities are finite. Otherwise the line 
t = 0 will be a characteristic and the domain of dependenee will be 
infinite. The Cauchy problem will then fail to have a unique so
lution. 

One method, designed for prohing the nature of a wave, has been 
known for a long time. It makes use of the "dispersion relation" 
of a wave. When seeking harmonie solutions exp i(kx - wt) of the 
equations which describe a wave-phenomenon in a homogeneons 
medium, it is this dispersion relation which provides the necessary 
and sufficient condition on the parameters k and w, the wave 
number and the angular frequency. This relationship between k 
and w is a powerfut aid in the diagnosis of a wave-phenomenon. 
If for instanee one of its roots WJ(k) is real for all real valnes of k 
one may prove that no energy is dissipated in the normal mode: 
exp i(kx- w1t). For such waves, which are called "conservative", 
another property can be proved: the averaged energy-velocity of 
the f-th mode, provided it is snitably defined, equals the group
velocity dw1/dk. Stability too can be assessed, to some extent, by 
means of the dispersion relation. In fact this is the realm where it 
is most frequently applied. One readily finds that, if for any real k, 
Im WJ(k) ~ 0, the f-th mode will be stable, otherwise it will be 
unstable. 

A disadvantage of this approach is that it essentially deals with 
normal modes only. This is an important limitation as generally a 
wave-phenomenon consists of a collection of normal modes be
having sometimes quite differently from its individual constituents. 
Furthermore, it should be realized that implicit in this approach is 
the assumption that · the normal modes form a complete set. In 
other words, it is assumed that the evolution of any initia! pertur-
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bation can be foliowed by means of a normal mode expansion. 
Besides this approach to stability, a more direct and in some 

ways also more fundamental approach has recently been gaining 
ground. In this method at every instant a point in a normed linear 
function space is associated with the solution of the wave-problem 
being investigated. The veetors in this space are functions of x; t is 
treated as a parameter. Then, by tracing these points with time it 
is possible to decide about the stability of the wave. If the points, 
which at t 0 fill some neighbourhood of the origin, all tend to 
stay near the origin the system wil1 be called stabie; if on the other 
hand some points tend to move ontward the system will be called 
unstable. The inspiration for this metbod came from the stability 
theory which was developed for ordinary differential equations, es
pecially in the U.S.S.R., by Lyapunov and èetaev and more recent
ly Zubov [2]. 

For the equations we shall be dealing with in this paper, this 
secoud approach evolves very naturally from observations about 
balance equations and conservation laws. It thus ties up with 
energy considerations. These connections will be discussed in chap
ter V; at the end of this chapter some results of the first and the 
secoud approach will be compared. 

Before entering upon the discussion of the entire class of wave
equations in which we are interested, we shall first give a rough 
sketch of the scope of this paper, indicating the questions which 
will concern us in particular. This may best be done by means of 
a few very simple examples. 

Consider for this purpose the wave-equation 

<f>tt - <f>xx </> = 0. (1.1) 

It is an equation which turns up in many places in physics, perhaps 
most notably in the theory of plasma-waves, where it describes 
electrastatic waves in a plasma in which the ions are assumed to 
remain stationary [3] and collisions frequent enough to insure local 
equilibrium and in the theory of wave-guides. It also happens to 
describe the long gravitational waves on the North Siberian Shelf 
[4]. Suppose we impose the initia! conditions <f>(x, 0) f(x) and 
</>t{X, 0) g(x}, where both f(x) and g(x} are square-integrable on 
the interval ( -oo, oo) and look into the ensuing wave-phenomenon 
<f>(x, t). It is easy to find by means of a standard procedure invalving 
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the Foutier transform that 

cp(x, t) = ~ I:"" ~(k) cos wt g(k) si: wt J eikx dk. (1.2) 

/(k) and g(k) are here the Foutier transfarms of respectively f(x) 
and g(x): 

/(k) =I:"" f(x) e-ikx dx 

and w = .Jk2 + 1. To make w(k) a single-valued function every
where we must cut the k-plane. For reasans which wi11 become clear 
shortly we want to do this in such a way that 

1i 
w 

m
lkl ..... oo k 

(1.3) 

in the branch we are integrating in. We therefore choose the cut 
from k = +i tok= -i along the imaginary axis (see fig. 1). 

The pathof integration Cis dictated by the singulatities of f(k) 
and g(k) and by those of cos wt and w-1 sin wt. However, in spite 
of the branch-points of w(k) the latter two fundions are analytic 
in any bounded region of the k-plane and therefore only /(k) and 
g(k) determine C. As this Cauchy problem has a unique salution 
- the line t 0 is nowhere tangent to the two charactetistics it 
would be surprising if the integral in {1.2) taken along paths cl 
and Cz, with no singularities of f(k) and g(k) between them, gave 
two different solutions, both satisfying the same initial conditions. 

The salution (1.2) can also be written in the following form: 

cp = cpl + if>z = _1_ I oo (! - .g ) é<kx-wt) dk + 
4:n: _

00 
ZW 

a1 

+ 1 I oo (! + .g ) é(kx+rot) dk, 
4:n: _

00 
~W 

(1.4) 

a1 

where the path C1 bas been chosen above the branch-points of w(k). 
The two terms in (1.4) are the wave-modes which tagether consti
tute the wave-phenomenon. To a certain extent the definition of 
these modes is arbitrary. We might just as well have chosen C2 
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Fig. 1. The k-plane. 

rather than C1, which would have caused r/J1 and r/J2 to swap a 
contour integral along C 3· Moreover the resolution of the phenome
non into its modes depends on the choice of the cut in the k-plane. 
With the cut chosen in a previous paragraph we have achieved a 
particularly simple correspondence between the modes on the one 
hand and the charaderistics of (1.1) on the other. To illustrate this 
we shall assume for the sake of simplicity that both f(x) and g(x) 
vanish identically for x > 0. Because f(x) and g(x) are square
integrable it may be proved for /(k) (and also for g(k)) that (i) /(k) 
is analytic in the UHP and (ü) J~oo 1/(~ + in)l2 d~ < K for ?J ~ 0, 
wherewehavesplitkintorealandimaginary parts: k = ~ in (see 
Titchmarsh [5] theorem 95). When we shift C1 to a large semi
eirele around the origin in the UHP it is readily found with ( 1.3), 
Appendix I and Jordan's lemma [6] that rfot(X, t} 0 if x > t and 
r/J2(x, t) == 0 if x > -t. A discontinuity in the initial conditions or 
in their derivatives therefore travels in each mode along just one 
characteristic. 

One might wonder whether it were possible to choose f(x) and 
g(x) in such a way that either rfo1 or r/J2 would vanish identically. It 
follows from (1.4) that this is iudeed possible. To achieve it the 
functions f(x) and g(x) must be chosen so that /(k) ±g(k)j(iw). 
Then if g(k) is analytic inthebranch-points of w(k), /(k) is not and 
vice versa. Therefore either /(k) or g(k) must have a branch-point 
where w(k) has one. As w(k) has branch-points in k = and 
hence in the UHP, this implies that /(k) and g{k} eau not both be 
analytic in the UHP and further that at least one of the initial 
conditions can not be square-integrable. Therefore if we prescribe 
square-integrable initial conditions the resulting wave-phenome
non must include both wave-modes. 
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We turn next to the mixed initia! boundary value problem. Let 
at t = 0, !f>(x, 0) and !f>t(X, 0) vanish identically for positive x and 
let !f>(O, t) = f(t) ast > 0, where f(t) is square-integrable. We readi
ly find 

(1.5) 

where /(w) is now the Fourier transform of f(t): 

/(w) = f~ f(t) ë"'t dt 

and k = .J w2 1. The cut has been taken between w ± 1 along 
the real axis and the pathof integration C has been chosen so that 
it satisfies the initia! conditions, i.e. above all the singular points 
of the intergrand. These points now include the branch-points of 
k(w) as we are in fact dealing with only one wave-mode: that mode 
which moves forward with increasing time. 

It is interesting to compare the solution of the mixed problem of 
equation (1.1) with the one of the following equation: 

!f>tt - !f>xx - !/> 0, {1.6) 

which has been obtained from (1.1) by interchanging x and t. The 
solution of the mixed problem of (1.6) with the same initia! and 
boundary conditions is given again by (1.5). However now k = 

.J w2 1 and the integrand is no longer analytic in the UHP; 
it has a branch-point in w = i. As C has to go above this point 
!f>(x, t) will grow exponentially when t tends to infinity. This wave 
is therefore unstable. 

In what follows we shall show that many of the features exhibited 
by these two examples are not confined to these simple equations 
but hold much more generally. Some results however, such as the 
relationship between the branch-points of the functions k1(w) and 
the stability of the solution of the mixed problem will need modifi
cation. After a preparatory discussion of the roots of the dispersion 
relation - the functions w1(k) and k1(w) in chapter III we shall 
devote chapter IV tothese problems. 

Consider as a last example the following two sets of partial differ-
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ential equations: 

I Ut- U:x = 0, 

Vt + V:x 0, 

II Ut - U:x + V 0, 

Vt + Vz = 0. 

They are of a kind which may describe a wave-phenomenon (in the 
next chapter we shall come back to this in greater detail). I t is 
readily verified by substituting u(x, t) = a exp i(kx wt) and 
v(x, t) = b exp i(kx - wt) in I and II that unless a and b are both 
zero, k and w must be related by 

w2- k2 0 

in system I as well as in system IL In other words the dispersion 
relations for the two systems are the same. However the waves 
described by the two systems are radically different. Consider the 
Cauchy problem with initial valnes u(x, 0) f(x) and v(x, 0) g(x). 
The solutions of both systems are then found to be 

I u f(x t), f
x+t 

II u f(x t) - i g{~) d~. 
x-t 

v g(x- t), v g(x- t). 

It is clear that if f(x) and g(x) are bounded functions of x the so
lution of I will be bounded as well. The solution of II however 
neednotbebounded. Takeforinstancef(x) =Oandg{x) = (l+x2)-l, 
then 

u(x, t) = lo {(x+t) [(x+t)2+ IJl} 
g (x - t) + [(x - t)2 IJl ' 

v(x, t) = [(x- t)2 + IJ-l, 
and it follows that for any value of x, u(x, t) -+ oo when t -+ oo. 

This example would seem to show an inadequacy in the first 
technique for assessing stability - the one using the dispersion re
lation and often referred to as the "normal mode" technique. In 
chapter V we shalllook at this problem more closely. 

Finally in chapter VI we shall discuss a rather special class of 
wave-equations. These equations all have in common that they can 
be derived from a Lagrangian density. Another property they all 
possess is that they can be seen as generalizations of the plasma-
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wave-equation which we met in the first example. But more than 
anything it is the simplicity of description which these wave
equations permit which prompted us to treat them as a special 
class. 

Much of the material presented in the chapters which follow is 
being published in a series of three papers [49-51]. 
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CHAPTER II 

THE WAVE EQU A TI ONS 

§ 1. The wave equations 

The wave-phenomena we shall be concerned with are those which 
can be described by a set of linear first order partial differential 
equations of the hyperbolic type: 

n ( 0 ÓUJ l ÓUJ 
~ a.1- +a .. -i;:t ~ at ~~ ox i=1,2, ... ,n. (2.1) 

The notation can be appreciably simplified when we collect the 
functions UJ(X, t) and write them as a column vector: u= 

col(u1, u2, ... , un) and then combine the coefficients a~, aj1 and 
bti to matrices AO, Al and B. Equations (2.1) canthen be written as 

(2.2) 

where the subscripts t and x denote differentiation with respect to 
these varia bles. The matrices A o, A 1 and B will not be left com
pletely arbitrary, but subjected to the following conditions: (i) A o, 
A 1 and B are constant matrices, (ii) A o is nonsingular, (iii) the roots 
lt of 

det()..AO- Al)= 0 (2.3) 

are all real, and (iv) the matrix (A 0)-1 A 1 has n linearly inde
pendent eigenvectors. The latter two conditions ensure that the 
system is hyperbolic (cf. Courant and Hilbert [7] p. 173). 

A considerable number of wave-phenomena in physics can be 
described with some accuracy by the class of equations we have 
just defined. At the end of tlris chapter, in§ 3, we shall enumerate 
some well known examples. 
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However, there are a number of wave-phenomena, some of them 
very familiar, which fall outside this category. One reason for this 
is that not every wave-phenomenon can be described by a hy
perbolic pártial differential equation. For example, stress-waves in 
a visco-elastic material (in which the stress at a partienlar instant 
is not only determined by the strain at that instant but also by the 
strain-history) are described by an integro-differential equation [8]. 
Another example is furnished by electron waves in a plasma. An 
analysis of these waves also yields, when collisions are rare and 
their effect negligible, an integro-differential equation [9, 10]. Final
ly gravity waves on the surface of an incompressible fluid- when 
viscosity and capillarity are neglected - are also of a type which 
does not permit a description by means of a hyperbolk equation 
[11]. Another reason is that notall wave-phenomena which do per
mit a description by means of a hyperbolle equation give rise to a 
coefficient matrix A o which is non-singular. Non-singularity of A o 
means in fact that the order of the partial differential equation 
with respect to t is n and hence at least as high as its order with 
respect to x. This condition on A o therefore excludes wave equations 
like the Schroedinger equation for a free partiele: (h/4nm) Uzz = 
= -iut, where his Planck's constant and m the mass of the parti
cle, and the equation associated with flexural waves of a thin 
elastic beam: pUtt Buxxzz = 0, where p is the mass of the beam 
per unitlengthand B the rigidity. However it does not appear too 
difficult to extend the present treatment to such wave-phenomena. 
The greatest obstacle to such an extension is probably the farmu
lation of a well-posed Cauchy problem. 

In this investigation then we shall be concerned with equation 
(2.2), subject to the conditions (i)-(iv). We shall first transfarm it 
to a simpler form. As A o is non-singular we can premultiply (2.2) 
with (A 0)-1 to obtain 

where A1 (A0)-1 Al and B1 (A0)-1 B. We use next condition 
(iv) which ensures that there exists a nonsingular matrix S such 
that S-1A1S = D, where D is a diagonal matrix [12]. It is easily 
seen that the elementsof D are the roots Äi of (2.3). Hence Dis a 
real matrix. Transformation withSthen brings (2.2) to the desired 
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"normal form": 

ué + Duf& B'u' = 0, (2.4) 

where u Su' and B' = S-1BtS. 
It is worth noting that (2.4) is not uniquely determined by (2.2). 

If S transfarms At into a diagonalmatrix, so does SPif p-lDP =Do 
is a diagonal matrix again. It is obvious that Do must have the same 
elements as D although they may be placed in a different order. 
For D we shall adhere to the convention that the elements are 
ordered according to 

dii ~ djj if i < j. 

Subject to this condition Dis uniquely determined by (2.2). How
ever B' is still not. It can easily beseen that if a matrix S brings 
A 1 to diagonal form, B' belongs to thesetof matrices p-1(S-1BtS)P, 
where Pis any nonsingular matrix cammuting with D. An elementa
ry calculation shows that the set of matrices cammuting with D: 
C(D), consistsof the diagonal matrices if the diagonal elements of 
D are all different. If some dii are equal C(D) contains also matrices 
with some nonzero elements off the diagonal. 

Ha ving established the correspondence between (2.2) and (2.4) we 
shall now focus our attention on (2.4), dropping the primes. Thus 

Ut + Dux + Bu 0. (2.5) 

§ 2. Balance equations 

Because the coefficient matrices of Ut and Ux in (2.5) are both 
symmetrie - the equation is called symmetrie for that reason it 
is possible to derive equations of the form 

aE aT 
at ax + K o. (2.6} 

An equation of this form can be interpreted as descrihing the 
balance of the density E of some quantity E' (e.g. heat, mass or 
energy). This can easily beseen when we integrate (2.6) oversome 
interval [a, b] of the x-axis. 

:t I: E dt + TI:~:+ J: K dx 0
1

• 

1 a and bare fini te constauts and do notdepend on t. 
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The first term in this equation then gives the rate of change of 
the quantity E' within the interval [a, b], the second term the flux 
passing through the boundaries and the last term the rate of supply 
or loss due to some process inside [a, b]. With this interpretation 
in mind we shall henceforth call equations of the form (2.6) "balance 
equations". Whenever K - 0 and there is no supply or loss of the 
quantity E' the remaining equation 

oE aT 
-+-=0 at ax (2.7) 

will be called a "conservation law". 
The symmetry of (2.5) enables us now to derive a balance equation 

in a very simple manner. We first multiply (2.5) to the left with the 
Hermitian transpose of u, ut. Then we multiply the Hermitian 
transpose of (2.5} to the right by u and finally we add the two 
equations, thus obtaining 

0 0 at (utu) + ax (utDu) + utZu = 0, (2.8) 

where Z = B + Bt (cf. Friedrichs [13]). 
But (2.8) is not the only balance equation we can derive. Other 

ones can be found from (2.5} by multiplying it from the left with 
utP: 

utPut + utPDux + utPBu = 0 

and adding this equation to the one we obtain by multiplying the 
Hermitian transpose of (2.5) to the right by Pu: 

uJPu + uJDPu + utBtPu = 0. 

If PD = DP and Pis Hermitian we arrive at 

0 0 at (utPu) + ax (utDPu) + ut(BtP + PB) u = 0. (2.9) 

As P has at least n independent elements - this is the case when 
the diagonal elements of · D are all different and P is a diagonal 
matrix- we may generaten independent bala,nce equations in this 
way. 

Fora particular choice of P (2.9) may yield an energy equation, 
i.e. an equation descrihing the energy balance. This will depend 
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very much of course on the physical meaning of u. Clearly an in
evitable prerequisite for such an equation is that the energy density 
is positive and the loss term nonnegative. This implies that {i) P 
must be a positive definite matrix and (ii) BtP PB a positive 
semidefinite one. It is frequently possible to find a matrix P which 
meets these requirements and in § 3 of this chapter we shall give 
some examples, but there are cases where no such P can be found. 
Consider for instanee the wave-equations (1.1) and (1.6), 

and 
( 1.1) 

(1.6) 

Both can be split up into two first order equations and written in 
the form (2.5). Thematrices D and B then become: 

(-01 0) D 
1 

for (1.1) and (1.6) 

B = ( 
0 1

) for (1.1) and B = (
0 1

) for (1.6). 
-1 0 1 0 

A simple computation shows that for (1.1) condition (ii) is satisfied 
by the matrices P Àl, where À is any number and I the unit 
matrix, and for (1.6) by thematrices P = p, diag(1, 1) wherep, is 
equally some arbitrary number. Condition (i) now implies that 
À > 0 and we find for ( 1.1) the following balance equation 

which is in fact a conservation law. This need not surprise us as 
the roots of the dispersion relation: w1, 2 ..) k2 + 1 are both 
real for real valnes of k whence the wave is conservative. (It should 
however be pointed out that real Wi do not yet guarantee the ex
istence of a conservation law.) For (1.6) we find that the conditions 
(i) and (ii) are incompatible and we must conclude that no good 
energy equations exist among the class of balance equations de
fined in (2.9), (cf. Broer [14]). 

Balance equations of this kind will turn out to be particularly 
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useful in discussions on stability. Chapter V will be largely devoted 
to their application in this field. 

A quite different class of balance equations, depending on two 
solutions, rather than one, may be derived as follows. Let u and v 
be two solutions of (2.5). By multiplying the Hermitian transpose 
of (2.5) to the right by v we obtain 

ujv + u!}Jv + utBtv 0. 

Then, interchanging u and v and taking the Hermitian transpose 
gives us 

utvt utDvx + utBv = 0. 

Addition of these two expressions then yields the desired balance 
equation: 

a 
- (utv) at 

a 
a x 

(utDv) + utZv 0. (2.10) 

Clearly in this way it is possible to arrive at an unlimited number 
of balance equations. 

The balance equations derived up till now are all characterized 
by the fact that the density, flux and loss terms are expressed in u, 
resp. u and v, alone. Balance equations in which derivatives feature 
as well can be derived from (2.9) by realizing that if u satisfies 
(2.5) its derivatives, provided they exist, satisfy (2.5) too. However 
a wider class of such balance equations can be derived by means 
of (2.10) by substituting for u and v suitable derivatives of one 
single solution w. 

§ 3. Examples 

Before beginning the discussion of the class of wave equations we 
have outlined in§ 1 of this chapter, we shall mention a few wave
phenomena in physics which belong to this class. 

a. Electromagnetic waves in a homogeneaus material. Electromagnetic 
waves in a homogeneons medium are described by Maxwell's equa
tions 

aB · 1 aE 
rot E = - at ; rot B = pJ + C2 at 

div E = pfe; div B 0 
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and Ohm's law J =GE, where E is the intensity of the electric 
field, B the magnetic induction and J the current density. p, c, p, 
e and G are respectively the permeability, the speed of light in the 
medium, the space-charge, the permittivity and the conductivity. 
We shall take p = 0; p, c, e and a are, because of the homogeneity, 
all constants. 

We shall consider the propagation of a plane wave and choose 
the x-axis along the direction of propagation. Hence ojay = ofoz 0. 
Choosing furthermore Ex == B x 0 the y-axis along E and the z
axis along B (it is easily verified that this is all possible) we are 
left with the equations 

oE 
ox =-

oB oB I oE 
at ' - ax = pGE + C2 at {2.11) 

in E and B, where we have dropped the subscripts y and z. In 
matrix notation (2.11) becomes 

( 1/cz o)(E) (o 1)(E) ("(1 o)(E) = (o) 
0 1 Bt+ 1 0 Bx+ 0 0 B o· (2.12) 

It is easily established that {2.12) satisfies the conditions (i)-(iv) of 
§ 1. Transformation to the normal forin yields 

where col(E', B') = S-1 col(E, B) with 

The balance equations associated with (2.12) can now readily be 
found by means of (2.9) and (2.13). If we choose P =I we find 

a a (1 
(E'2 + B'2) + c- (-E'2 + B'2) +- (E' B')2 = 0, m ~ e 

where we have assumed - for the sake of simplicity - that both E' 
and B' are real. Choosing P diag( 1, -1) however we find 

!_ ( -E'2 + B'2) + c a (E'2 + B'2) + .!!__ ( -E'2 B'2) = 0. 
& ~ e 
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To interpret these relationships it is expedient to return to the old 
variables E and B. Wethen find, after dividing the first equation 
by p, and the second one by pc: 

!__ (!eE2 + !B2fp,) ~ ~(EB) aE2 = 0, (2.14) ot p ax 
a a 

at (eEB) + ax (!eE2 + !B2/p) aEB = 0. (2.15) 

The first equation is now easily recognized as the energy-equation; 
the first term of it gives the energy-density of the electric and the 
magnetic field, the second term the energy-flux, the x-component 
ofthePoyntingvectorS = (1/p) Ex Bandthelastterm,aE2=EJ, 
gives the heatloss per unit volume and time, which the wave suffers 
in the medium. The second equation is aften interpreted as de
scribing the balance of "electromagnetic momenturn density". To 
see why, we integrate it over the entire x-axis, assuming that E 
and B are continuous square-integrable functions of x, which vanish 
outside some bounded interval. Then 

d ~'
00 Ioo 

dt j -oo sEBdx+ -oo ]B dx = 0, (2.16) 

where we have replaced aE by]. It is well known that the second 
term gives the force on the current distribution in ( -oo, oo) and 
can be written as the time-derivative of a momenturn p, in analogy 
with the force acting on a mechanica! system. Equation (2.16) may 
then be written as 

whence conservation of the total momenturn of the system can only 
be ensured by interpreting sEB as a momenturn density (cf. Strat
ton [IS] p. 103). 

b. The telegrapher's equations. Another example is furnished by the 
waves travelling in coaxial lines. They are described by the so
called "telegrapher's equations": 

Cvt + i{!; + Gv 0, 

Lit + Vz + Ri = 0, 
(2.17) 
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in which vis the transverse potential, i the current along the inner 
conductor, C the shunt capacity, G the shunt conductance, L the 
series inductance and R the series resistance of the inner conductor; 
the outer conductor is assumed to be connected to earth. C, G, L 
and R are all defined per unit length of the line and uniformly 
distributed (see [15] p. 550). 

Writing {2.17) in matrix notation, we obtain: 

The conditions (i)-(iv) are readily seen to be fulfilled. Transfor
mation to the normal form yields: 

(
v') (-co O)(v') (b1 b2)(v') (0) 
i' t + 0 co i' z + b2 b1 i' = 0 ' 

where co = l/JLC, b1,2 = (Gf2C) ± (Rf2L) and col(v', i') 
= S-1 col(v, i). Now 

( 
.JL JL) 

S = co -.JC .JC . 

Balance equations for this problem can be derived again by means 
of (2.9}. For instance, when we take P =I, (2.9) becomes when ex
pressed in the original variables v and i: 

a a 
- (!Cv2 + !Li2) + - (vi) + (Gv2 + Ri2) = 0. at ax 

Clearly this equation gives the energy balance: !Cv2 + !Li2 is the 
energy density of respectively the electric and magnetic field, vi is 
the energy flux and Gv2 + Ri2 is the energy dissipation in the 
medium between the conductors (Gv2) and in the central conductor 
(Ri2). 

By substituting P =co diag{-1, 1) we find another balance 
equation: 

a . a . (G R) . fi (v~) + c5 ai (iCv2 + !ü2) + C + T vt = 0. 
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The physical interpretation of this equation is much less clear. For 
solutions which are either periadie in x or square-integrable it gives 
the dependenee of the orthogonality integral of v and i on time: 

N(t) = Jvidx N(O)exp{-(~ ~)t}. 
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CHAPTER III 

HARMONIC SOLUTIONS 

§ 1. The dispersion relation 

In the following chapters we shall frequently need harmonie so
lutions of equation (2.5) in order to write the solution of the initial 
value problem and of the mixed problem as Fourier integrals. We 
shall therefore first discuss such solutions in some detail and derive 
a few theorems about them. 

Substitution of u v exp i(kx - wt) in (2.5) gives 

(kD - iB wl) v = 0; (3.1) 

this relation bas a nontrivial solution only if 

W(w, k) = det(kD iB wl) = 0. (3.2) 

This condition is called the dispersion-relation. I t is easily recognized 
as a polynomial equation in w and k. It is of the order n in w and 
mink, where m ~ n, depending on whether Dis singular (m < n) 
or not (m = n). We shall assume throughout that W(w, k) is irre
ducible, that is, that W(w, k) can not be written as W t{ro, k} W 2(w, k) 
where W 1 and W 2 are polynomials in their own right. This imposes 
certain restrictions on B; for instanee it implies that the matrix B 
can not be decomposed by means of a nonsingular matrix P which 
commutes with D. 

Equation (3.1) may be written as 

(kD iB) Vj(k} = Wj(k) Vj(k) (3.3) 

or, if we prefer ro, rather than k as an independent variabie 

(3.4) 
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where we have replaced v in (3.1) by w. This was necessary as v1 
and w1 represent different - though intimately related - vector 
functions of k and w. We shall not normalize VJ and WJ; this would 
involve multiplication with (vJvt)-i and (wJwJ)--i respectively and 
thus endanger possible analytic properties of the eigenvectors. 

The eigenvalnes ws(k) and k1(w) will play a very prominent part 
in what follows and a discussion of them will form the bulk of this 
chapter. 

§ 2. Analytical properties of (!).1(k) and kJ(w) 

a. The functions WJ(k). An explicit expression for WJ(k) may be found 
from (3.3) by premultiplying it with vJ and dividing it by vJvf 

WJ(k) = (kvJDvi - ivJBvi)fvJvi. (3.5) 

lt follows that the WJ are fini te everywhere except at k = oo; there 
they have a pole. 

The following three theorems bear upon the branch-points of the 
WJ(k). 

THEOREM 1. The point k = oo is not a branch-point of any of the 
functions WJ(k) (i= 1, ... , n) if 

l. du, d11 when i j; 
or, when some diagonal elements of D are equal, if 

2. the veetors Vf(oo), defined as limk~oo VJ(k), are linearly inde
pendent. 

lt should be observed that condition 2 is implied by condition 1. 

Proof. To investigate the character of the functions w1(k) for large k, 
we introduce a new variabie k1 1/ k and investigate WJ( 1/ kl) around 
k1 = 0. Dividing (3.2) by k and substituting A. for w/k we obtain 

det(D - ik1B - .U) = 0. 

1. As AJ(O) = dii• the eigenvalnes A.1(k1) of (D - ik1B) are all 
different at k1 0. Hence they are analytic at this point. 

2. Let du,, ... , dHr,Hr be all equal elementsof D. We consider a 
small neighbourhood N of k1 01 such that the A.;(kl) (k1 EN; 
i i ~ i + r) are all different and analytic. The existence of such 

1 We shall adopt the convention that the neighbourhood of a point will not contain that 
point. 
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a neighbourhood of kt = 0 is insured by a theorem of Weierstrass 
on algebraic functions [16]. 

Suppose .:lz(ki} (i l ~ i + r) bas a branch-point at kt = 0. Then 
it must be possible to arrive at some Àm(~) (i~ m ~i+ r), where 
~ EN, by means of analytic continuation from lz(~) along a path in 
N around kt = 0. In this process the eigenvector corresponding 
with lz(~): Vz{ I m = vi(~) will be transformed into the one corre
sponding with .lm(~): v;",(~). Now .A..1(ki) and vj(kt), when the latter 
is suitably defined, are continuous in N (Appendix II). Therefore for 
any e > 0 there exists a lJ > 0 such that when I kt I< o, llvJ(kl) - vj(O)II 
< 8 for any i (llall2 = .E~ 1a.1l 2). Let llvJ(O) - vi(O)II =IX, where IX> 0 
in view of condition 2. By choosing 8 = IX/6 and 1~1 < Oa, where tJa 
is the {J corresponding with 8 = IX/6, we see on the one hand that 

l!vJ(~) - vi($)11 ~ ~X/3 

and on the other that, in view of 

l!vj(O) - vi(O)II ~ llvJ(O) vj(~)ll + llvJ(~) vi(~)ll + 
llvi(~) - vi(O)II ~ (1X/3) llvJ(~) - vi(~)ll, 

we have 
llvJ(~) - vi(~)ll ~ 2a.f3. 

Therefore the assumption that kt 0 is a branch-point leads to a 
contradiction. Because l was arbitrary none of the functions ÀJ(kt) 
can have a branch-point at k1 = 0. 

It is furthermore clear that kt = 0 can not be a pole of the 
functions AJ(kt), see (3.5). Therefore they are analytic at k1 0 
and in a neighbourhood N around this point. Let the circular 
neighbourhood 511 = {kt: lktl < p} be contained in N. It follows 
then thatthe functions w.1(k)/k are analyticin theregion {k: Ik! > 1/p} 
of the k-plane. We shall denote this region with A k· 

REMARK. In future we shall assume that either condition I or con
dition 2 of theorem 1 is fulfilled. 

THEOREM 2. If k E Ak, then 
I. if B is an arbitrary real matrix and dtt =I= d.1.1 when i i t: 

wj(k) = -w.1(-k*), f = 1, 2, ... , n. (3.6) 

1 It seems likely that the second condition is somewhat stricter than necessary. 
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2. If the functions w1(k) are real for real k (e.g. Bt -B): 

i= I, 2, ... , n. (3.7) 

The asterisk denotes the complex conjugate. 

Proof. By multiplying (3.3) with -1 and taking the complex conju
gate we obtain 

(-k*D- iB) v; = -wi(k) v;. 

-wj(k) is then an eigenvalue of (-k*D- iB). Suppose -wj(k) = 

= wm(-k*). As w1(k) = d11k + 0(1) when lkl -+ ool and dii =I= dmm 
when i m it follows that i and m must be equal. 

The second relationship, i.e. (3.7), is an immediate consequence 
of "Schwarz's reflection principle" (cf. Forsyth [17] p. 70). 

CoROLLARY. I t can readily be shown by means of analytic continu
ation that the relations (3.6) and (3.7) may be extended to the entire 
k-plane, provided the cuts are taken suitably, i.e. for (3.6) sym
metrically with respect to the imaginary axis and for (3.7) sym
metrically with respect to the real axis. An immediate result from 
these symmetry relations is that the location of the branch-points 
of w1(k) exhibits the same symmetries. 

THEOREM 3. When the functions WJ(k) are real when kis real they 
havenobranch-points on the real k-axis. 

Proof. Let WJ(k) have an m-th order branch-point at ko. As WJ(k) 
is an algebrak function it is possible to find a neighbourhood N of 
ko such that for k EN, WJ(k) may be written as 

00 

WJ(k) = ~ an(k - ko)nfm. 
n=O 

(cf. Forsyth [17] p. 207). Suppose that ko is real; as w1 is real for 
real k, the constauts an must then be real too. We shall now con
tinue WJ analytically along a semicircle around ko (radius r) in N 
from a point k1 on the real axis (k1 > ko) to a point k2, equally on 
the real axis. When we write k - ko r e'Î<P we find for w; in k2: 

00 

WJ(k2) = ~ anrnfm einnlm. 
r=O 

1 We shall comeback to this point in§ 3. 
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As w1(k2) is real, an should vanish unless nfm is an integer. But 
this implies that w1 is analytic at ko; ko may therefore not lie on 
the real axis. 

b. The functions k1(w). Throughout this part we shall assume that 
D is a nonsingular matrix. This restrietion is permissible here be
cause in the second part of the next chapter, for which this part is 
a preparation, the same restrietion will apply. 

An explicit expression for k1(w) follows from (3.4) after premulti
plication with wJD-1 and division by wJwi 

k1(w) (wwJD-lwJ iwJD-1Bw:J)fwJw1. (3.8) 

It follows again that k1(w) has a pole only at w = oo. 
As in (a) we may prove the following theorems. 

THEOREM 4. The point w oo is not a branch-point of any of the 
functions k1(w) if 

1. du d11 when i ::/= i 
or, when some of the diagonal elements of D are equal, if 

2. the veetors WJ{oo), defined as lim",->«> WJ(w), are linearly inde
pendent. The proof of this theorem is identical to the one of theo
rem 1. 

It follows from this theorem that it is possible to find a circle 
around the origin which encompasses the branch-points of the n 
functions k1(w). The region which lies outside this circle will now 
be called A 00 • Provided the branches are suitably cut, the n functions 
w-lki(w) are all holomorphic in Aw. 

THEOREM 5. If w E A a1, then 
1. if B is an arbitrary real matrix and du ::/= diJ when i 

i 1, 2, ... , n. 

j: 

(3.9) 

2. If the functions w1(k) are real for real k (e.g. Bt -B): 

j = 1, 2, ... , n. (3.10) 

The proof of (3.9) differs little from that of (3.6); (3.10) follows 
immediately from (3.7). 

It will be useful to distinguish between two types of branch
points. Befare doing this we shall introduce the following notation: 
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lmw 

Fig. 2. The w-plane. 

we shall denote with c+ thesetof branches k,(w) for which 

lim w-lkJ(w) dij 1 > 0 
lml-+eo 

and with c_ the remaining branches, i.e. the branches for which 
dJJ < 0. Because D is nonsingular the dJJ are all different from zero. 
We shall then distinguish between branch-points where only 
branches from C+(C-) are connected with branches from C+(C-) 
and branch-points where branches from C+(C-) are connected 
with branches from C-(C+)· They will be called branch-points of 
the first and second kind respectively. 

THEOREM 6. The branch-points of the second kind are situated 
(i) on the real axis if Bt = - B, 

(ü) on the imaginary axis if Bt = B. 

Proof. (i) Bt = Suppose that kz(w) has a branch-point of the 
second kind in the UHP, for instanee at wo. Let at wo: kz = km 
and let du > 0 and dmm < 0. Consider then the function @(w) = 
= wlDwzfwlwz. For Iw I -+ oo, @(w) approaches du arbitrarily closely 
(see also § 3) and is therefore positive. We continue the function 
kz(w) analytically around wo along a path r which does not inter
seet the real axis (see fig. 2). 

In this process we arrive in the m-th branch, wz goesover into Wm, 

and for lwl -+ oo, @(w) will now tend to dmm and therefore become 
negative. As @(w) is both bounded and continuons on r there must 
be a point on the path where @(w) = 0. Let it be P. It follows 
from (3.4) after premultiplication with wl that in P 

t . tB 0 wpWz wz + ~w, w, = . 

Hence, as Bt = -B, P must lie on the real axis. This contradiets 
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our assumption that r does not interseet the real axis, whence w0 

can not lie in the UHP. Similarly wo can not lie in the LHP. wo 
must therefore be a point of the real axis. 

The second part, Bt = +B, can be proved in exactly the same 
way. 

COROLLARY. It follows from the proof of theorem 6 that when 
Bt = -B the points where 4>{w) = 0 form segments on the real 
axis. The endpoints of these segments are then the branch-points 
of the second kind. A similar argument can be given for Bt = B 
but then the points lie on the imaginary axis. 

An analogous theorem, based solely upon the nature of the 
functions WJ(k) is the following: 

THEOREM 7. The branch-points .of the second kind are situated: 
(i) on the real axis if for all real kIm WJ(k) = 0 (1 :;( i < n), 

(ü) in the LHP if for all real kIm WJ(k) < 0 (1 :;(i:;( n). 

Proof (see also Briggs [18]). {i} let wo be a branch-point of the 
second kind and let kz(wo) = km(wo) with du > 0 and dmm < 0. 
Suppose Im wo> 0, then we continue the functions k1(w) and km(w) 
analytically along a path r to w = a + ioo, where a is a real 
constant. We choose r entirely in the UHP. Let the functions k1 

and km map r into kz(F) and km(F). As k1 and km are continuous, 
kz(F) and km(F) will be too. Furthermore, as k1 = dj/w + 0( 1) 
(see § 3), it follows that when Im w-+ +oo, Im kz(w) -+ +oo and 
Im km(w) -+ -oo (see fig. 3). 

If Im kz(wo) 0, km.(F) must interseet the real k-axis, for instanee 
at km(wl)· However as real values of k correspond to real values of 
w, w1 must be real. But w 1 is a point of rand therefore Im w 1 > 0. 
This implies a contradiction. If Im kz(wo) < 0, kz(F) must interseet 

Imw 

kt,m !Wol 

Rek Rew 

Fig. 3a. The k-plane. Fig. 3b. The w-plane. 
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the real k-axis and we arrive at a simHar contradiction. Therefore 
Im wo 0. 

In a simHar way we can prove that Im wo~ 0. Hence we are left 
with Im wo 0. 

The second part of the theorem can be proved in a completely 
analogous fashion. · 

§ 3. Asymptotic expansions of WJ(k) and kJ(w) 

In certain applications of the dispersion relation it is desirabie to 
have explicit expressions for the functions w1(k) and k1(w). However 
when the dispersion relation is of a higher order than two this is 
sametimes difficult to achieve. In such situations it is useful to 
know the values of w1(k) and k1(w) for large valnes of their argu
ments. 

An asymptotic expansion of w1(k) for large k, i.e. small wave
length, was first derived by Herdan [19]. He derived this expansion 
for more general systems than we consider here, systems in fact for 
which condition (iv) does not necessarily hold. This resulted in a 
more complicated normal form in which the coefficient of Ux is not 
a diagonal matrix. However our extra condition enables us to use 
profitably a much simpler methad which is in fact simHar to the 
type of perturbation technique commonly applied in quanturn me
chanics [20]. The methad can not be quite the same, as in quanturn 
mechanics both the unperturbed and the perturbed operator are 
Hermitian. Here only the unperturbed operator will be Hermitian, 
while the perturbed one will only be subject to condition 2 of theo
rem 1. 

In this section we shall derive an asymptotic expansion of w1(k) 
for k -+ oo and just state the expansion of k1(w) for w -+ oo. The 
denvation of bath expansions is nearly identical. 

With the substitutions 1/k e and w1/k Ä.J, equation (3.3) can 
be written, after division by k, as 

(D - ieB) VJ(e) Àj(e) VJ(e), (3.11) 

where e is a small parameter when k is large. It should be borne 
in mind that VJ(k) and v1(e) are nat quite the same function; but 
this should however not give rise to confusion as the relationship 
between the two functions is quite obvious. 
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1. du =!= d11 when i =!= j. It follows from theorem I that ÀJ(e) and 
v1(e) are both analytie in e = 0; they may therefore be expanded in 
powersof e: 

ÀJ = À~o> + eÀ~o + e2À~2 > + ... , 
v1 = v~0 > + ev?> + e2v~2 > + ... . (3.I2) 

If we substitute (3.I2) in (3.II) and equate equal powers of e then 

Dv<O>- À<0>v<0> i - i i ' 

Dv?> - iBv~0 > = À~0 >v}1> + À}l>v~0 >, 

Dvç2> - iBvÇt> = ÀÇ0V2> + ÀÇ1 >vÇt> + ÀÇ2>vÇ0 >. 
1 1 11 11 11 

(3.I3) 

(3.I4) 

(3.I5) 

From (3.I3) we may eonclude that À~0 > and v~0 > are respeetively the 
eigenvalnes and eigenveetors of D. As D is a diagonal matrix of 
whieh the diagonal elements are all different 

À}O) = djj 

v~0 > = eol(O, ... , I, ... , 0) 
(3.I6) 

the I standing in the j-th plaee. The veetors VJ(e) have now been 
ehosen in sueh a way that they are normalized in e = 0. Multipli
eation of (3.I4) to the left by vj0 >t yields 

vço>tnvço - ivço>tBvi<o> = Àçovo>tvçt> + Àço_ 
1 1 1 111 1 

Realizing that as D is Hermitian the first terms of the left- and 
right-hand side of the equality sign are equal, we arrive at 

(3.I7) 

In order to ealculate Àj2> we premultiply (3.I5) with v~O>t. Using the 
Hermitian eharacter of D again we obtain 

-ivÇO>tBvÇO = ÀÇl>vÇO>tvÇO + ÀÇ2> 
1 1 1 1 1 1 

or, with (3.I6), 

(3.I8) 

It is expedient now to express vj1> in termsof the veetors v~0 >; this 
is possible as the latter form a set of n linearly independent vectors. 
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We write 
n 

vjl> = ~ ailvfo>. 
1=1 

(3.19) 

The coefficients a11 eau be found from (3.14). Multiplying this 
equation to the left with v~>t (m =I= j) and substituting (3.19) we 
find 

(3.20) 
or 

if j =I= m. (3.21) 

Substitution of (3.19) and (3.21) in (3.18) then finally gives 

(3.22) 

The prime indicates here that the j-th term in the summation 
should be omitted. 

2. drr = dr+l, r+l = ... = dr+s, r+s· The previous argument fails 
when some of the diagonal elementsof D are equal. By requiring 
that condition 2 of theorem 1 is fulfilled it is still possible to write 
Ä;(e) and VJ(e) in power series of e. However difficulties appear in 
(3.16) and (3.20). As to (3.16), the components v~~> of vj0> need not 
all be zero for p =I= f, in fact they may be nonzero for r ~ p,:::;; r + s. 
Equation (3.20) becomes, when r j, m r + s 

bmi 0, m j. (3.23) 

As B is quite arbitrary this equation need not be satisfied. How
ever by suitable linear combinations of the vj0> belonging to the 
degenerate eigenvalue, it is sametimes possible to find a basis for 
this subspace in which the submatrix of B, consisting of the ele
ments btit where i, j = r, r + 1, ... , r + s, assumes diagonal form. 
If we then transfarm (3.3) to this new basis, D will remain invariant 
and B will change in such a way that {3.23) is satisfied. 

It eau be shown that condition 2 of theorem 1 insures that the 
relevant submatrix of B is iudeed diagonable. Consider (3. I 1) and 
assume, obviously without loss of generality, that r s n. (3.11) 
eau then be written as 

{(Du 0) _ ie (Bu B12) (v~) 
0 dl B21 B22 V; 
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where the matrices D and B and the vector VJ have been split be
tween the (r 1 )-th and the r-th row and column. Furthermore 
lim._,.0 ÄJ(e) = d. From the first line it follows (provided the ele
ments of v1(e} remain bounded) that for e --+ 0, vj(e} --+ 0. The 
second line can be written as 

B22vj = i[(AJ - d)fe] vj - B21vj. 

When e -+ 0, B21vj --+ 0 and vj (e) must tend either towards an eigen
vector of B22 or towards zero. Assuming that we have normalized 
VJ(e) in e 0 we must coneinde that vj (0) is an eigenvector of B22. 

If now B22 is not completely diagonable the number of such veetors 
is less than n - r + 1. This would violate condition 2. 

When we finally substitute (3.16), (3.17} and (3.22) in (3.12) and 
multiply with k we find the first three terms of the desired asymp
totic expansion: 

Wj(k} dnk - ib11 - ~ 1 ;,, bjtbli + 0 (-1-) 
k Z= 1 d11 du k2 • 

(3.24) 

When D is nonsingular, that is, none of the d11 are zero, we can 
derive an asymptotic expansion of k1(ro) for ro--+ oo in a com
pletely analogous manner. We find 

kJ(ro} = dro i bii + _I i' bizbzi + 0 (-~-). (3.25) 
fi d11 ro Z= 1 dJi du ro2 

This expansion is valid under the same conditions as (3.24}, i.e. if 
the d11 are all different, or, when some are equal, if condition 2 of 
theorem 4 holds. 

These expansions are not without physical significance. They are 
of special relevanee for the propagation of discontinuities, each 
term descrihing a particular aspect. An example may illustrate this. 
Consider again the telegrapher's equations (2.17); the general so
lution of their initial value problem: v(x, 0) = f(x) and Vt(X, 0) = 
= g(x) is readily found to be 

v(x, t) = 1 Joo -rod + ig é(kx-wlt) dk + 
2n -oo ro1 - roz 

0 

{3.26) 
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k· plane 

Fig. 4. The k-plane. 

-i6 

where f(k) and g(k) are the Fourier transforms of f(x) and g(x), 

f(k} J:oo f(x) e-ikz dx 

and ~»1 and ~»2 the two roots of the dispersion relation 

W(w, k) w2 + 2iwb1 - c~k2 - (bi - bi) O· 
' 

they are 
(3.27) 

The path of integration C has been chosen parallel to the real axis, 
above the branch-cut {fig. 4}. 

Taking f(x} = e&x: (15 > 0) and 0 for respectively x < 0 and x > 0, 
and g(x) 0, the secoud mode becomes 

v2(x, t) = --. e~<kz-wzt) . • 
-1 foo Wl . dk 
:à!;~ -oo Wl - 1»2 k + ~15 (3.28) 

(] 

Since the integrand is holomorphic in the UHP we may shift the 
path C to a new one, C', consisting of two parts of the real axis 
( -oo, -R) and (R, oo), connected by a semi-eirele of radius R 
around the origin. In view of the asymptotic expansion 

ro2(k) = cok - ib1 ~ ;:
0 

+ 0 ( ; 2 ) 

which follows immediately from (3.24), it follows with Jordan's 
lemma that the integral along C' vanishes when x cot > 0. Hence 

v2(x, t) 0 for x > cot. (3.29) 

The character of v2(x, t) just behind the front can be found by 
expanding the integrand for k -;.. oo. The beginning of this ex-
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pansion is found to be 

+ -1
- exp (-ik~ - b1t 

2k 
ib~t ) [t 0 (_2_)] 
2kco + k ' 

where x - c0t. The leading term in the asymptotic expansion 
of v2 for ~ -+ o+ becomes 

v2(x, t) =! e-blt Io(../~tb~fco) 0(~), (3.30) 

where I o(z) is the modified Bessel function of the first kind and 
zero-th order. 

From (3.29) and (3.30) the parts played by the three coefficients: 
co, -ib1 and -bif2co are now clear. co is the velocity of the dis
continuity and b1 gives its variation with time: if Re b1 > 0 it de
creases and if Re b1 < 0 it increases with time. Finally the sign of 
the third coefficient determines whether the wave just behind a 
progressing front should be described by a Bessel tunetion or a 
modified Bessel function. If the coefficient is positive a Bessel 
function is required and the wave is oscillatory; if it is negative, 
like in this example, a modified Bessel tunetion is needed and the 
wave is smooth. 

§ 4. Group velocity 

A concept which frequently crops up in discussions on wave propa
gation is that of the group velocity. It is defined as dw1/dk and in 
fact has physical meaning only for wave phenomena in nondissi
pative media. Roughly speaking it is the velocity with which a 
wave packet of sufficiently narrow spectrum will traveL For more 
detailed discussions of this concept we must refer to Rossby [21], 
Eekart [22] and Jeffreys and Jeffreys [23]. 

It is well known that this concept of group velocity is closely 
tied up with the velocity of energy propagation. In fact, the group 
velocity of a normal mode equals the, suitably averaged, energy 
propagation velocity of that mode. This follows already quite in
tuitively from the very plausible assumption that the energy of a 
wave packet is stored in the packet. But more rigorons proofs have 
been given. For waves with wave equations which are symmetrie 
with respect to x and t and of second order in t it was proved by 
Broer [24]. Later Whitham showedit to be true in cases where the 
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energy is proportional to the square of the dependent variabie [25] 
and quite recently he proved it for waves which can be described 
by a wave equation which may be derived from a Lagrangian 
density [26]. 

An interesting theorem in this context may be derived for the 
class of wave equations we are consirlering here. 

THEOREM 8. If in equation (2.5) Bt = - B and u(x, t) = Re v ë<kx-wt) 
is a solution then 

dw 
dk 

<üDu> 

<üu> ' 
(3.31) 

where the tilde denotes the transpose of the vector u. The brackets 
indicate that the average over a period is meant. 

Proof. Substitution of u in (2.5) gives after multiplication with i 

(wl - kD + iB) v = 0. (3.32) 

Differentiation with respect to k then yields 

(:; I - D) v + (wl - kD + iB) : = 0 

and this equation gives upon premultiplication with vt 

dw . dv 
dk vtv- vtDv + vt(wl- kD + ~B) dk = 0. (3.33) 

We now take the Hermitian transpose of (3.32). As k is real, kD - iB 
is Hermitian and therefore w is real as well. Hence we obtain 

vt(wl - kD + iB) 0. 

Using this equation in (3.33) we find that the second term is zero, 
whence 

dw vtDv 
dk =-;tV' (3.34) 

With iRe(<P*I/J) (Re(4>) Re(rp)), where 4>(t) and !f(t) are periodic 
functions with the same period, (3.34) may be written as 

dw <üDu) 

dk = <üu> ' 

which was to be proved. 
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Thus we see that in the conservation law derived from (2.8) 
(Bt = -B): 

a a 
-(uu) +- (uDu) = 0 at ax 

the quotientof flux and density fora harmonie solution, both aver
aged over a period, equals the group velocity. 

COROLLARY. It should be observed that wis one of the eigenvalues 
WJ(k) of the matrix kD -iB. It follows then from (3.34) that since 

dminVJVJ ~ vJDvj ~ dmaxvJvJ 

for any i (I ~i~ n), 

Hence, when Bt = -B, the group velocity of any mode is bounded 
from above and below by the extreme characteristic velocities. 
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CHAPTER IV 

SOLUTION OF THE CAUCHY PROBLEM 

AND THE MIXED PROBLEM 

§ 1. Introduetion 

In chapter II we gave an outline of the class of wave equations in 
which we will be interested. In this chapter we shall supplement 
them with a set of initia! and boundary conditions. Usually these 
conditions are suggested by the physical situation at hand, but as 
we are not studying a specific physical problem the initia! and 
boundary conditions will have to be found by other means. To 
implcment this need for a more abstract motivation of physically 
relevant initia! and boundary conditions the concept of a "well 
posed" problem has been introduced. A problem is well posed if 
its salution (i) exists, (ii) is uniquely determined and (iii) depends 
continuously on the initia! and boundary conditions (see [7] p. 227). 

In mathematica! physics the probieros associated with hyperbalie 
partial differential equations are often initia! value probieros and 
mixed initia! and boundary value problems. The initia! value 
problem is often referred to as a "Cauchy problem". In it a de
scription of the state at a partienlar time, usually t = 0, is given 
and one is interested in the salution for t ~ 0. It is the description 
of the initia! state which determines here whether the problem is 
well posed or not. For equation (2.5) the Cauchy problem is well 
posed if the vector u(x, t) is prescribed at t 0. 

When bonndarles are present we are dealing with the "mixed" 
problem. Then not only the initial state but also conditions at the 
boundaries must be prescribed. We shall not go into this problem 
in full but confine ourselves to what are aften called "problems 
of transient response". They describe situations where initially the 
system is at rest, i.e. u(x, 0) == 0, and at the boundary x 0 non
homogeneons conditions are given for t ~ 0. This problem will be 
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well posed if D is nonsingular and r components of the vector u 
are prescribed at the boundary, if r is the number of character
istics pointing from the origin into the first quadrant (see [7] p. 471). 

In this chapter, the solution of both problems will be derived. It 
will become apparent that something about the nature of these so
lutions can be said from the character of the matrix B in (2.5). 

§ 2. The Cauchy problem 

In this section we shall seek the solution of the initial value problem 

Ut + Dux + Bu = 0 

u(x, 0) = l(x) 

(2.5) 

(4.1) 

in the half-space t;;;::, 0. For l(x) we shall choose functions which 
are continuons and, together with their (generalized) first deriva
tive, square-integrable. The class of functions we have singled out 
here is known as W~(R) (see Yosida [27] p. 55). It is possible to 
prove that these properties of l(x) are "persistent" for t > 0, that 
is, the solution u(x, t) will also be continuons and u(x, t) and Uz(x, t) 
will both be square-integrable for positive, but finite, values of t 
(cf. Courant and Hilbert [7] p. 6721). 

We shall construct the solution in two steps. First we shall solve 
(2.5) assuming that I is not only an element of WHR}, but also 
that I has a continuons first derivative and compact support 2 (we 
shall denote this with I E Cö). The second step will consist of 
showing that the solution obtained in the first one holds for any 
IE W~(R). 

Let us then first assume that Ie Cà. We multiply (2.5) with 
exp( -ikx), where k is real, and integrate with respect to x from 
-oo to +oo. As both u and Ux are square-integrable for finite t, 
the three integrals exist in the mean (Titchmarsh [5] p. 69). We 
obtain 

1 lt should be realized here that the space Ht, mentioned on p. 672 isidentical to Wal(R) 
(Y osida [27] p. 58). 
2 The set {x: /(x) =F 0} is called the support of f(x). 
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Because f E q, u E Cf, and this allows us to interchange integration 
and differentiation in the first term and write the secoud one as 
ikD J~oo u exp( -ikx) dx. Thus we arrive at the following differ
ential equation for the Fourier transform ü(k, t) of u(x, t): 

The solution of (4.2} is 

dü 

dt 
-i(kD - iB} ü. 

ü(k, t) = e-i(kD-iB)t f{k) 

and hence 

(4.2) 

u(x, t) = _l_foo e-i(kD-iB)t f(k) ëkx dk, (4.3) 
2,n -oo 

0 

where C runs along the real axis. 
The secoud step consists essentially of a limiting procedure. We 

shall take an arbitrary element f E W~(R) and choose a sequence of 
functions f n E Wi. which belong to Cf, as well, so that f n -+ f. If the 
solution of (2.5) with initial data fn(x) is un(.x, t), then we can show 
that Un-+ u, where u is obtained from f by means of (4.3). The 
details of this procedure are exhibited in Appendix III. 

It is worth mentioning that the path of integration C in (4.3) 
need not necessarily be the real axis. As the matrix function 
exp[ -i(kD - iB) t] is analytic in any bounded region of the k
plane, only f(k) contributes to the singular points of the integrand. 
In chapter I we derived a similar result when we discussed the 
Cauchy problem for the plasma wave equation (1.1). We may now 
coneinde that that was one instanee of a very genèral property. 

For many purposes the representation of the solution as it is 
given in (4.3) is less useful and a representation in modes is pre
ferable. To achleve this we first shift C to a path C1 in the upper 
half of Ak. In Ak the eigenvalnes w1(k) of kD- iB all differ with 
the exception perhaps of a set of isolated points. If we denote with 
A1 the set which is obtained by removing these points from Ak it 
follows that the eigenveetors v1(k) form a linearly independent set 
of n veetors when k E Al: ([12] p. 172). In each point k in Al: we 
may then expand the vector function f(k) in the veetors VJ(k): 

n 

f(k) = ~ a1(k) v1(k), keAi;. (4.4) 
1-1 
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The coefficients a1(k) are scalar functions of k. Before substituting 
(4.4) into (4.3) we shall write (4.3) somewhat differently. We first 
collect the veetors VJ in a matrix V, VJ forming the j-th column, 
and the eigenvalues WJ in a diagonal matrix Q = diag{ro1, ... , ron)· 
Then (3.3) may be written as 

(kD - iB) V = V!J. 

Hence, as the VJ(k) are linearly independent when k E Ai:, V is non
singular in A i: and 

kD - iB VQV-1, 

Realizing that 

an identity which follows easily from the definition of the ex
ponential matrix, (4.3) may now be written with (4.4) as 

(4.5) 

But as V-lvi = col(O, 0, ... , l, 0, 0, ... , 0), where the l stands on the 
j-th place, and e-i!Je = diag(e-ïoo1e, ... , e-ïoo~, (4.5) can he written as 

u(x, t) (4.6) 

where C1 runs entirely in Aic. The terms in this series are the n 
wave modes which constitute the wave phenomenon. 

We shall nowbe primarily concerned with the question ofwhether 
it is possible to find an initia! value f{x) so that only one mode is 
generated. The reason why we are interested in this question is be
cause in physics one often refrains from discussing a wave phe
nomenon as a whole. One usually cuts it up into its modes and 
then investigates these modes individually. In fact the role of the 
initia! data is at stake here. It is clear from (4.4) that the "compo
sition" of a wave phenomenon is determined by the initia! data. 
Therefore any investigation which ignores these data is bound to 
be limited to modes. Discussions relying solely on the dispersion 
relation are of this kind. But such an approach, basedon the dis-
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cussion of modes, only yields relevant results if it is possible for 
these modes to exist by themselves. If that is not so a discussion 
of the interaction of the modes which constitute the wave phe
nomenon should follow. 

We shall prove the following theorem: 

THEOREM 9. In order that u(x, 0) = j(x) generates just the m-th 
wave mode its Fourier transform /(k} must have branch-points coin
ciding with each of the branch-points of wm(k). 

Prooj. It follows from (4.4) that in order to generate the m-th wave 
mode only, aJ(k) 0 when i :f::. mand hence 

f(k) = am(k) Vm(k). 

Suppose that wm(k) has a branch-point at k = ko and that f{k) is 
analytic at that point. Because wm(k) is an algebrak function there 
exists a neighbourhood N of ko in which the WJ(k) are analytic and 
all different. Let EEN, then 

(4.7) 

Continuing wm(k) analytically from E along a path in N once around 
ko, we enter another branch, for instanee the m' -th one, and arrive 
at Wm•(E) upon returning in E. In this process the eigenvector corte
sponding with wm(E), Vm(e) will have become Vm'(E} and the function 
am(E), a;",(E). Hence 

(4.8) 

But {4.7) and (4.8) imply that either Vm and Vm• are linearly de
pendent in E, or am =a;", 0. The first possibility is ruled out be
cause wn(e) :f::. wm•(E). The secoud one is equally unacceptable as it 
would mean that f(k) = 0 for k in N and hence everywhere in the 
k-plane [17]. This would cause f(x) to vanish identically. We must 
therefore coneinde that /(k) does have a branch-point at k0• 

CoROLLARY. Theorem 9 could also have been proved by observing 
that if f(k) is analytic at k0, a;",(e} = am'(E) (eeN). To prove this 
relation we consider (4.4) and assume that /(k) is analytic at k0 • 

It is then easily seen that if WJ ~ wr after going round once 

n '{1, 

/{e) = L aJ(g) V;J{e) :E aJ(e) vr(g), 
f=l f'=l 
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where af(~) is the new value of ai in~. Changing the dummy index 
in the first summation from j to j' and remembering that the vr 
are linearly independent we find the desired equality 

Theorem 9 holds in fact for any B since nowhere in the proof has 
the nature of B been specified. When Bt = -Bit implies (see theo
rems 2 and 3) that f(k) must have branch-points in both the LHP 
and UHP. As the path of integration C1 has been laid above all 
the singularities of wm(k) and hence above those of f(k), lf(x) I will 
tend to infinity exponentially when x -l>- -oo. f(x) can therefore 
not be square-integrable. Thus we have proved: 

THEOREM 10. If Bt = -B (and more generally, if Im wi(k) = 0 
when k is real) there exists no square-integrable initia! value f(x) 
which can generate just one wave mode (as defined in {4.6)). 

Up till now we have only dealt with the question of whether it 
is possible to generate just one wave mode. The following theorem 
deals with the complementary question: whether it is possible for 
a wave phenomenon to consist of less than n wave modes. 

THEOREM 11. If the dispersion relation is irreducible and if the 
Fourier transfarm of u(x, 0) has nobranch-points in common with 
any of the W:J(k), then the wave phenomenon contains every one of 
the n possible modes. 

Proof. Let the m-th mode be absent from the wave phenomenon 
(am 0) and let wm have a branch-point at ko, where it is connected 
with the m'-th branch. As in the corollary to theorem 9 it can be 
proved by means of analytic continuation of wm that am' 0 in a 
neighbourhood of ko and hence in the entire k-plane. Because the 
dispersion relation is irreducible we can reach any branch in this 
manner and thus prove that a;= 0 for any j. This would imply 
that f(x) is identically zero. 

CoROLLARY. An immediate consequence of theorem 11 is that, when 
Bt = -Band according to the theorems 2 and 3 the functions WJ(k) 
all have branch-points in the UHP, a wave phenomenon, issuing 
from square-integrable Cauchy data, contains every possible mode. 

In view of a later application it is of som.e interest to investigate 
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the salution at x = 0: 

u(O, t) 

in some detail. We shall be especially interested in the class of 
problems for which the Cauchy data are of the following kind: (i) 
f(x) == 0 when x > 0 and (ü) f(k) has no singularities with any of 
the functions w1(k) in common. Furthermore we shall exclude wave 
equations with zero characteristic speeds, i.e. dH =F 0; we shall take 
dii < 0 when l ~ i ~ r and dii > 0 when r + l ~ i ~ n. 

LEMMA. 

for t > 0 when 1 ~ i r, i.e. when dii < 0. 

Proof. As f(x) == 0 when x > 0 and as f(x} is square-integrable, /(k) 
must be analytic when Im k T > 0 and 

s:oo ft(q + iT) /(11 iT) dCf < K 

when T > 0 (Titchmarsh [5] theorem 95). It has been shown in Ap
pendix I that this implies that /(k) ~ 0 uniformly as Ik i ~ oo for 
0 :::;;; arg(k - iO) :n;. ~is here some arbitrary small positive number. 

Writing (4.4) in matrix notation we obtain 

f Va, keAi 

and as V is nonsingular in A i: 

a= V-1/. 

Because V-1 ~ V-1 (oo) uniformly with respect to arg k as Ik i ~ oo 
(see chapter III, § 3) it follows that also a(k) ~ 0 uniformly as 
Ik! ~ oo for 0 ~ arg(k- i~)~ :n;. We now write the integral as 
follows 
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Remembering that WJ -+diJk - ibiJ uniformly as Ik I -+ooit follows 
from Jordan's lemma [6] that the integral vanishes when diJt< 0, 
i.e. d11 < 0 because t > 0. 

According to this lemma, u(O, t) may be written as 

(4.9) 

However, it is more convenient to write u(O, t) as an integral in 
the w-plane. To do this we consider (4.9} as a summation over inte
grals, each taken along a path in the upper half of Aic, but in a 
different branch of the k-plane. This is possible as to each branch 
corresponds a particular value of the multi-valued functions w(k), 
v(k) and a(k) (see the corollary to theorem 9). 

Equation (4.9} may then be written as 

u(O, t) = - ~ a(k) v(k) e-iw(k)t dk, 1 n I 
2:n; i=r+ 1 

(4.10} 

Ot<i) 

where C1(j) runs in the j-th branch of the region Ak = {k: lkl > Rk} 
which will hence forth be called A k(j). N ext we map A k(j) with 
w = w1(k) into Aw. This can always be achieved, provided we take 
Rk large enough. We shall denote with Äw(i) the image of Ak(j) in 
the w-plane; hence Äw(f) is contained in Aw for any j. 

The mapping w = wz(k) associates with each koE Ak(l) just one 
point wo E Äw(l) and the mapping k = kz(w) with wo E Äw(l) only 
the point ko in Ak(l). To see this we consider the point wo E Äw(l). 
To wo correspond n values of k: k1(wo) (j = 1, ... , n). That value 
for which w(w) -+ wz(oo) when k (and w) tends to infinity is then 
the one we assign to Ak(l). This selection of kz is unique as the 
veetors wz(oo) are all linearly independent. kz(w) is therefore the 
inverse of wz(k). 

Equation (4.1 0) can now be written as 

in which 

u(O, t) = - ~ ä1(w) - WJ(w) e-twt dw 1 n I dkj . 
2:n: i=r+l dw 

Oo(i) 

ä1(w) = a[k1(w)] 

w1(w) = v[kJ(w)] 

( 4.11) 
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when roE Äw(i). C2(i) runs through Äro(i); we can replace C2(1) by 
C2 which runs in Äw, the intersection of the n neighbourhoods of 
ro oo: Äro(i} (i= I, 2, ... , n). 

LEMMA. The function 

is analytic in the branch-points of the first kind of the functions 
k1(ro} but not in those of the second kind. 

Proof. Let roo be a branch-point of kz(ro) and let kz(roo) = km(roo). 
Because kz(ro) is an algebraic function ro0 is an isolated point. It . 
is therefore possible to find a curve r which begins in ~ E Äw, en
circles roo and returns to ~;let roo be the only branch-point of kz(ro} 
inside r. Then if we continue kz(ro} analytically along r we enter, 
somewhere on r, the m-th branch and kz(~) becomes upon returning 
in ~: km(.;). Similarly we may continue Wz and áz analytically along 
r; in view of the definition of these functions in Äw, they are 
transformed into Wm and äm. Finally, as we have (see (3.2)) 

it is seen that dkz/dro is transformed into dkm/dro. Had we con
tinued km(ro} along r then the same process would have taken 
place, but in reverse direction. 

We shall now continue ü(O, ro) along rand assume that r has 
been chosen in such a way that the functions k1(ro) (r + 1 ~i n, 
i l, m) are all analytic inside r. If l, m r, continuation of ü 
along r will obviously have no effect on ü; if l, m ~ r + 1 it will 
cause the l-th and the m-th term to swap places but ü will not be 
affected. Therefore, if roo is of the first kind it will not be a branch
point of ü(O, ro). If roo is of the second kind and, for instance, 
l r and m ~ r + I, then 

üb(O, .;) - Üa(O, ~) = bm(~) Wm(~) bz(.;} wM), 

where b1(~) = ä1{.;)(dk1/dro) and the subscripts b and a stand for 
"before" and "after". As Wm and Wz are linearly independent at .;, 
üb Üa. Hence now roo is also a branch-point of ü(O, ro). 
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We have treated here the case of two branches coming tagether 
at ro0. The proof runs along very similar lines if three or more 
branches join at roo. 

We are now in a position to prove our main result for u(O, t). 

THEOREM 12. (i) If Bt = -B, u(O, t) can not decay exponentially 
and (ii) if B is nonnegative and {Ja is its greatest eigenvalue, then 
exp({J2t) u(O, t) can not decay exponentially. 

Proof. If for large t, u(O, t) decays exponentially as exp( -yt) (y > 0) 
then ü(O, ro) is analytic in the half plane Im ro > -y [28]. There
fore if Bt = - B and the branch-points of the second kind lie on 
the real axis (theorem 6), u(O, t) can not decay exponentially. If B 
is nonnegative the branch-points of the second kind lie on the im
aginary axis between -i{J1 and -i{Jz, where fJ1 and fJ2 are respective
ly the smallest and the largest eigenvalue of B. (See theorem 6). 
ü(O, ro) has therefore branch-points in the half plane Im ro -{Jz 
whence exp({Jzt) u(O, t) cannot decay exponentially. 

CoROLLARY. Using theorem 7 rather than theorem 6 it can be proved 
that if the functions ro1(k) are all real for real k, u(O, t) cannot decay 
exponentially. 

REMARK. It should be realized that when Bt = -B, or when the 
ro1(k) are real for real k, the branch-points of the functions ro1(k) 
lie off the real k-axis in the upper as well as the lower half plane. 
Therefore in these cases the condition that /(k) is analytic at the 
branch-points of the ro1(k) may be replaced by the condition that 
f(x) is square-integrable. 

§ 3. The mixed initial and boundary value problem 

Consider again equation (2.5) 

Ut+ Dux Bu 0 

in the domain ~: t ~ 0, x ~ 0 and the conditions 

u(x, 0) = 0, x>O 
at t 0 and 

u(O, t) = f(t), t 0 

(2.5) 

(4.12) 

(4.13) 

at the boundary x 0. In general the vector function /(t) in (4.13) 
can not be an arbitrary one as that would imply prescrihing n 
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scalar functions fi(t) on the t-axis. This is usually not possible; the 
problem is well posed if (i) Dis nonsingular, i.e. none of the charac
teristics of (2.5) lie along the t-axis, and (ü) the number of scalar 
functions prescribed at the boundary equals the number of charac
teristics pointing into !!IJ ([7] p. 471). This number is generally less 
than n. In this section we shall choose dii < 0 when 1 :::;; j :::;; r and 
dii > 0 when r 1 :::;; i :::;; n. Th en n - r characteristics are pointing 
into !!IJ and n - r elements of f(t) may be given; we shall select for 
that purpose the components /r+l(t), ... , fn(t). Furthermore we shall 
postulate here that these n - r functions are continuously differ
entiable and, together with their first derivatives, square-integrable. 
At t = 0 we shall impose the "consistency conditions": fi(O) = 
= fJ(O) = 0 (r 1 :::;; i:::;; n). Subject to these restrictions on f(t) 
the mixed problem has a unique salution which is continuously 
differentiable ([7] p. 473). 

The above condition upon f(t) which insures that the problem is 
well posed says little about the first r components of f(t). While 
solving the problem we shall come upon a different condition, in
volving the entire vector f. 

The solution may again be obtained by means of the Fourier 
transfarm 

F(u) = ü(x, w) =I~ u(x, t) ei0t dt. (4.14) 

We shall assume that there exist numbers p, Kt and K2 such that 
for any x> 0, J~ e-2pt utu dt K 1 and J~ e-2pt ulut dt:::;; K2. (We 
shall test these assumptions at the end of this chapter). By re
quiring that Im w > p we then insure the uniform convergence of 
F(u) and F(ut) and also, in view of (2.5), of F(ux) (Appendix IV). 

Application of the Fourier transfarm to (2.5) yields, after pre
multiplication with D-1 

dü - i(wD-1 + iD-lB) ü = 0. 
dx 

(4.15) 

The uniform convergence of F(u) and F(ux) enabled us here to 
write for F(ux): dF(u)jdx and thus arrive at (4.15). The salution of 
(4.15) is 

ü(x, w) = eiP(0)x f(w), 
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where 
P(ru) = wD-1 iD-lB 

and Î(ru) the Foutier transfarm of /(t). Wethen have 

u(x, t) 
1 foo+iP - etP({I))a: Ï(ru) e-i{l)t dru, 

2n -oo+ifl 
(4.16) 

where {J > p. As in the previous section the path of integration is 
essentially determined by the singularities of f(ru). Hence we may 
shift it as long as {J > max(Im ru8), where ru8 are the points in the 
ru-plane at which /(ru) is singular. 

The solution ( 4.16), which satisfies the boundary conditions, must 
still be made to satisfy the initia! data (4.12). Hence 

- eiP({I)) x f(w) dru 1 foo+ifl 

2n -oo+ifl 
0 when x> 0. (4.17) 

This condition will result in the restrietion on f(t) already mentioned. 
It is expressed in the following theorem. 

THEOREM 13. A necessary and sufficient condition for (4.17) to hold 
is that f(ru) (ru E A~) is a linear combination of those eigenveetors 
w1 of P(w), which are associated with the charaeteristics pointing 
from the origin into ~. 

Proof. We first shift the pathof integration in (4.17) toa new one, 
C, running entirely in the upper half of A~. Wh en ru E A~. the eigen
veetors w1 form a linearly independent set and we may write 

n 

/(ru) = ~ b1(w) WJ(w), 
i=l 

(4.18) 

Substitution of (4.18) in {4.17) yields after a series of operations 
simtlar to the ones leading from (4.4) to (4.6) 

(4.19) 

It is implied in our initia! assumptions that e-Pt f(t) will be a square
integrable function. Then by means of a lemma, simtlar to the one 
on page 40, it can be shown that the last n r terms in {4.19) 
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vanish for x > 0 and we are left with the condition 

-
1
- J i bjWJ eiks:c dru 

2n i=l 
(J 

0 (x >0) (4.20) 

to fulfil. It is obvious that the condition, b1 == b2 = . . . = br == 0 is 
sufficient for this purpose. To show that it is also neeessary it is 
expedient to write (4.20) in terms of integrals in the k-plane. As in 
the previous section we obtain 

- 1: 5,(k) VJ(k) eikx dk = 0, I J r dru1 
2n i=l dk 

Ot 

where C1 runs in the lower half of A!;. It follows then that 

.. drut 

1~1 bJ(k) dk VJ(k) 0, almost everywhere in A!; 

(cf. Titehmarsh [5] theorem 120). As the veetors v1(k) are linearly 
independent in A!; and the functions drui/dk nonzero, b1, b2, ... , br 
must vanish almost everywhere in A~. It follows by means of ana
lytie eon tinnation that they vanish everywhere in the ru-plane. Thus 
/(ru) ean be expressed in the eigenveetors Wr+l • ... , Wn alone: 

n 
f(ru) = 1: b1(ru) WJ(ru), (4.21) 

i=r+l 

or in matrix notation 

I Wb', (4.22) 

where b' = eol(O, ... , 0, br+l, ... , bn)· 
We shall now derive two expressions for the solution u(x, t) of 

this mixed problem. One follows from (4.16) and (4.22). Remember
ing that 

P WKW-1, ru E A~, 

where the columns of W are the eigenveetors w1 and 

K(ru) diag(k1(ru), ... , kn(ru)), 

one readily obtains 

u(x, t) = ~ J W eiK'x W-lf e-iwt dru, (4.23) 

(J 
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where we have pushed the path of integration into A~ and K' = 

= diag(O, . .. , 0, kr+l, ... , kn)· 
Another expression for u(x, t), a representation in modes, can be 

obtained from (4.23). We find after substitution of (4.21): 

(4.24) 

These forms of the solution however are not yet quite satisfactory; 
we are not really interested in the entire vector u(x, t) but only in 
the n - r components of u which correspond with the components 
of f which we prescribed. With this in mind we split u in two 
vectors: u<l> = col(u1, ... ,u,) and u(2) = col(ur+l, ... , un) and pre
scribe f<2>(t). In view of theorem 13 one should be able to write 
f<2> as a linear combination of the n r veetors w~~1 , ... , w!:>. This 
is indeed possible; it is readily seen that they are linearly inde
pendent in a neighbourhood of w = oo (see chapter UI, § 3) and 
hence everywhere in A;. Thus we have 

n 
/<2>(w) = ~ b1(w) w}2>(w) (4.25) 

i=r+l 
and 

(4.26) 

It is seen from (4.25) and (4.26) that if f<2>(w) has no singularities 
with the k1(w) (r + I :::;;; i:::;;; n) in common, then 

1. if the dispersion relation is irreducible, u<2>(x, t) contains each 
"forward" moving mode. 

2. ü<2>(x, w) is analytic inthebranch-points of the first kind but, 
when x =t= 0, not in those of the second kind; and from (4.21) and 
(4.24) it follows that 

3. f(w) and ü(x, w) are analytic inthebranch-points of the first 
kind but not in those of the second kind. 

The proofs of these statements are all very similar to corre
sponding ones in the previous section and we shall not give them 
here. 

Finally, as in § 2, it can be proved that, provided f<2> is square
integrable no single mode can be emitted if its associated kt(w) has 
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a branch-point of the first kind in the UHP. The proof is analo
guous to that of theorem 9. However, it should be stressed that 
branch-points of the second kind are no obstacle to the emission 
of one mode by square-integrable boundary data. An example of 
this situation was given in chapter I when we discussed the equation 

r/>tt r/>z:e - r/> = 0. 

This can be understood with (4.21). When we emit the m-th mode, 
analytic continuation around a branch-point of the second kind in 
which f<2>(w) is analytic gives 

(m>r; l~r). 

As wi2> does not belong to the set of n - r linearly independent 
(2) (2) thi . f tl 'bl veetors Wr+v ... , w". , sIS per ec y poss1 e. 

While solving this problem we have assumed that for some 
number p both Jö e-2pt ut u dt and Jö e-2pt uiut dt are uniformly 
bounded with respect to x for 0 ~ x < oo. We shall now show that 
these assumptions are correct if f<2> and df<2> fdt are square-integrable. 

THEOREM 14. If u(x, t), as defined in (4.23), is the salution of the 
mixed problem (2.5), (4.12) and (4.13) and if the boundary data 
f<2>(t) are square-integrable, then for any x~ 0, 

J~ e-2t~t ut(x, t) u(x, t) dt < K 1 

in which fJ > iÀ, -À being the lowest eigenvalue of Z. 

Proof. Consider (4.23) 

u(x, t) = - T(x, w) /(w) e-,wt dw, 
1 Joo+iP 

2:n: -ooHP 
r 

where 
T= WéK'wW-1 

{4.27) 

and C has been replaced by r, which runs above the branch-points 
of the integrand, i.e. those of f<2>(w). and the branch-points of the 
second kind, evading any point where w-1 does not exist. With 
w ~ + i{J we may write (4.27) as 

u(x, t) = efJt T(x, E + i{J) f(E + i{J) e-~t d~. 
} · foo 

2:n: -oo 
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With Parseval we find 

e-2f;lt ut u dt = - ft(~ + if3) Tt(x, ~ + if3) T(x, ~ + if3) x J
QO l JóO -
0 2n -oo 

x Ï(~ + if3) d~. 

For large enough {J, the elementsofT may beseen to be uniformly 
bounded for 0 ~ x < oo. The elements of W are bounded because 
the columns of W can be normalized and the elementsof W-1 are 
bounded because {J has been chosen in such a way that W is non
singular and ldet(W) I bounded away from zero on r. (lim_;_.,., ldet(W) I 
= ldet W(oo)l > 0; see theorem 4). The elements of exp iK' x are 
uniformly bounded if Im kJ(~+ if3) ~ 0 (r + 1 i n) for any 
value of~. It follows from {3.4) that 

Im kj(~ + i{J) = (f3wJwi + iwJZwj)fwJDwJ, 

where Z = B + Bt. If -il is the lowest eigenvalue of Z, then by 
choosing f3 > lil, we will achleve that Im k1 > 0 everywhere on r. 
For the numerator we have 

The denominator is certainly positive for very large values of ~. 

as wJDwj -+ d11wJwi > 0 when 1~1 -+ oo. If however wJDwj < 0 on 
some part of Fthen there must be a pointPon Fwhere wJDwi 0 
because wJDwi is a continuous and bounded function of~. But when 
wJDwi = 0 (see (3.4)) 

or 

Im wp = -iwJZwifwJwi ~ lil. 

As {3 > lil, there can be no point on r, where wJDw1 0 and 
wJDwi must be positive everywhere on r. Thus, when {3 > lil, the 
elements tij of T, are all uniformly bounded on r for 0 x < oo. 
If ltiil ~ m for all i and i one easily finds that 
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and 

foo 1 foo 
0 

e-2Pt utu dt 2n n2m2 -oo ft(; + i{J) /(~ + ifJ) dÇ. 

= n2m2 f ~ e-2(jt ftf dt. 

lt is shown in Appendix V that the last integral is bounded when 
(i) j(2) is square-integrable and {ii) fJ > fA.. 
CoROLLARY 1. In a completely analogous fashion we can show that 
Jö e-2Pt ulut dt < K2 uniformly when d/<2>/dt is square-integrable 
and fJ > !A.. We have for Ut(X, t) 

Ut(X, t) 
1 foo+iP 

-. T(x, ru) /{ru) e-i<»t ru dru 
:lnt -oo+iP 

and therefore 

- n2m2 ft{ç + i{J) f(E + i{J) IE+ ifJ12 dE= 1 foo 
2n _

00 

= n2m2 f~ e-2(jt j'tf' dt. 

Boundedness canthen be established again with Appendix V. 

CoROLLARY 2. The conditions in theorem 14 were expressed in terms 
of the matrix B. It is possible to derive an analogous result in terms 
of the functions ru1(k): 

Let u(x, t), as defined in (4.23), be the solution of the mixed 
problem (2.5), (4.12) and (4.13) and let f<2> E L2[0, oo). Then, if 
ru1(k) is real for all i and real k, a number K can be found so 
that for any x ~ 0 

f~ utudt < K. 

The proof of this result is similar to that of theorem 14 and pre
seuts no difficulties when we know that forr + 1 i n, Im k,(ru) ~ 
~ 0 when ru is real. It can be shown by means of an argument used 
in theorem 7 that this is implied by the fact that the w1 are all real 
for real k. 
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CHAPTER V 

STABILITY 

§ 1. Introduetion 

In chapter I we gave a brief sketch of the two methods which can 
be used to investigate questions about stability. There was the 
"normal mode" approach, which hinged upon a discussion of the 
harmonie waves of the system and, what is sametimes called the 
"direct" approach which studied the evolution of solutions by 
tracing them with time in a suitably chosen normed linear function 
space. Both methods aim essentially at solving- at least partially
a Cauchy problem; they bath ask whether an initial perturbation 
will grow with time or not. To decide this it is assumed in the 
normal mode approach that the ensuing wave phenomenon may 
be decomposed into its normal modes: v1(k} exp i(kx - w1t} ( -oo < 
< k < oo; 1 j ~ n), i.e. that they forma complete set. If for any 
of the constituent modes Im WJ > 0 for some real value of k, it can 
be seen that its amplitude will grow with time. The wave phenome
non is then declared unstable. 

In the direct methad we first devise a measure for the deviation 
of the salution from the equilibrium configuration. Then stability 
is understood as the property of a salution to remain as close to 
an equilibrium configuration as we wish for all positive time, after 
a sufficiently small perturbation (see Shield and Green [29] and 
Koiter [30, 31]). This definition of stability is Lyapunov's defi
nition for discrete mechanica! systems, generalized to include con
tinuons systems. In § 2 we shall indicate the ideas on which this 
generalization has been based; for details we shall refer to the excel
lent monograph by Zubov [2]. In§ 3 we shall discuss the stability 
of the Cauchy problem, using and comparing the two methods. In 
§ 4 we shall do the same for the mixed problem. 
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In conneetion with the mixed problem, the concept of causality 
is sametimes introduced. f(t) is then considered as the cause and 
u(x, t) as the effect. In our salution u(x, t) 0 for t < 0; in this 
respect it is always causal. However, in physics it is common 
practice to consider only those solutions as causal which are stabie 
as well. The implications of this condition will be pursued in§ 5. 

§ 2. The direct metbod 

Before discussing the stability of the salution of the Cauchy problem 
we shall describe in somewhat greater detail the direct method. It 
is best understood as an offspring of Lyapunov's theory for the 
stability of discrete systems (finite number of degrees of freedom). 
The setting for this theory is n-dimensional Euclidian space En (if 
nis the number of independent variables) and the measure for the 
deviation is the distance [.11(xi- x7)2]i to the equilibrium configu
ration, defined by the n-tuple (x~, ... ,x~) [32]. 

In the generalization made to include continuons systems the 
part played byEnis taken over by a normed linear vector space 
Nl. This is a linear vector space on which there is defined a norm, 
i.e. a function which assigns toeach element .pof Na real number 114>11 
such that (i) 114>11 ~ 0 and lf.PII = 0 if and only if .P = 0, (ü) II.P + !fll 
~ 114>11 + ll!flf and (iü) lltx.PII = ltxiii.PII, where tx is a scalar [33, 27]. 
II.P- o/11 may be interpreted as the "distance" between the points 
.p and !f. The elements of N consist of a suitably chosen class of 
functions of the space-variables, i.e. of x. 

At a partienlar time the state of the system will now be given by 
a function of x, u(x, t) and thus, provided the elements of N have 
been properly chosen, by a point in N. Therefore the salution 
u(x, t) for t 0 of, say, a Cauchy problem appears as a trajectory 
in N. From this trajectory we can draw conclusions about the 
stability or instability of the system. 

For our purpose it will be convenient to use for the vector space 
N the Hilbert space L2( -oo, oo). The elementsof L 2 are the vector
valued functions .f>(x) col(.f>1(x), ... , .Pn(x)) whose components .Pt(X) 
are defined, measurable and square-integrable (in the sense of Le
besque) on ( -oo, oo). An inner product of two elements .p and if 

1 Actually even a metric space will do; we shall not go into this however. 
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of L2 is defined as 

(5.1) 

.and by 

llcfoll ..j (cp, cp} (5.2) 

the norm of cp is defined. 
In reference 7 it is proved that when at t = 0, u(x, 0) = f(x) and 

f E L2( -oo, oo) then for any finite value of t the solution u(x, t) 
will be an element of L 2 as well. Therefore u(x, t) stays "in" 
L2( -oo, oo) when te [0, T], T being an arbitrary but finite number, 
and can thus be represented by a trajectory in L2( -oo, oo). As 
u(x, t) is the unique solution, only one trajectory will issue from f. 
The definition of stability (in the sense of Lyapunov) may now be 
stated as follows: 

DEFINITION. The solution u 0 is stabie if for any 6 > 0 there 
exists a (J > 0, such that whenever 11/11 < èJ, we have llull < 6 for 
t ~ 0. If l[ulf 4- 0 as t 4- oo as well, u 0 is called asymptotically 
stable. 

For instability we have: 

DEFINITION. The salution u 0 is unstable if there exists a number 
e > 0, such that for any (J > 0 it is possible to find at least one 
function f(x), such that 11/11 < (J and llu/1 > 6 for some t > 0 (see 
Zubov [2] p. 22 and 26). 
CoROLLARY 1. Because the systems we consider are linear, the sta
bility of the trivial salution u = 0 implies the stability of any so
lution and vica versa. The same holds for instability. 

CoROLLARY 2. Another consequence of the linearity is that if u 0 
is stable, the solutions are all uniformly bounded with respect to 
the initia! data, i.e. there exists a number A such that llull A 11111 

for any f E L2 and t ~ 0. Let u(x, t} be a salution and let 11111 = c. 
Then choosing an 6 and a (J, it follows that because ll((}f2c) /11 < èJ, 
ll(èl/2c) uil < e, whence !lul! < A 11/11 with A 2efèJ. Conversely, if 
the solutions are uniformly bounded, it is seen that u 0 is stable. 

CoROLLARY 3. The two definitions have been formulated for L2 but 
in fact they hold for a large class of normed linear vector spaces. 
I t will become clear that for the systems we consider here the 
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choice of L2 comes very naturally, it is strongly favoured by the 
balance equations which were derived in chapter II. Physically the 
L2-norm has much in common with the energy; in fact it is often 
called the energy norm. Because it is a "global" property it says 
very little about the local character of a solution, not even whether 
it is bounded. Therefore, if in a particular situation the bounded
ness of u is very important, a description in L2 is less suitable. A 
better choice of vector space would then be one with a norm: 

llull = suplu(x, t)l, 

where suplul = sup !:f= 1 lutl for -oo <x< oo. 
In certain physical situations (see for instanee Koiter [31]) it may 

be meaningful to require of a stabie solution that not only the 
deviations remain small (in terms of the L2-norm) but also their 
gradients. Then a suitable choice may be a Sobolev space W~ with 
norm 

It is perhaps interesting to mention that when (i) u is continuously 
differentiable and (ii) U E W~ boundedness of U is then also insured, 
as for such a function 

(5.3) 

To prove this we consider a component Ut of u and observe that 

u;(x) Ut(X) = f~oo u;uiz dx + f~oo Uiu;x dx, 

whence 

supluil2 :s;;; 2 J:oo lu;uizl dx 

:s;;; 2{J:oo lutl 2 dx J:oo lutxl 2 dxr 

:s;;; llutllf, 

where we have used: 2.J1abl :s;;; lal + lbl and the definition of lluiii· 
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As 
n 

(supjuj)2 ( ~ sup!uti)2 

we may conclude that 

i=l 

n 

"( n ~ supiutl 2 

i-1 

n 

n ~ llutllf, 
i,;.l 

suplul "( .Jn llulll· 

For functions u E Wi with compact support this result would have 
foliowed directly from Soholev's first imhedding theorem [34]. 

§ 3. The Cauchy problem 

We shall now turn to a discussion of the stahility of the solutions 
of the Cauchy prohlem: 

in which IE WMR). 

Ut + Dux + Bu = 0 

u(x, 0) = f(x), 

(2.5) 

(4.1) 

a. Tke normal mode method. Following the first method, we seek 
the normal modes. They are - see chapter Hl -

VJ(k) exp i(kx - rott), (5.4) 

where Vt(k) and rot(k) are respectively the eigenveetors and eigen
values of the matrix kD - iB. Their houndedness is governed hy 
the imaginary part of the eigenvalnes which in view of (3.5) may 
he expressed as 

Im WJ = -Re vJBvtfv]vi 

= -ivJZvtfvJvj, (5.5) 

where Z = B + Bt. The i-th mode is hounded if Im rot "( 0 and this 
is clearly so when Z is a nonnegative matrix. If, hesides, the normal 
modes (5.4) form a complete set, the solutions of (2.5) may he de
clared stahle. Thus, the conditions (i) Z is nonnegative and {ii) the 
veetors v1(k) are linearly independent for any real value of k, are 
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sufficient for the solutions of (2.5) to be stabie in the sense of the 
normale mode method. 
b. The direct method. We shall now approach the same problem with 
the secoud method. This method offers a more precise formulation 
of the stability problem and we shall test the first method against 
it. In partienlar it will be found that the completeness of the set of 
normal modes is not always required. 

We shall derive three stability criteria. The first two will ensue 
from the balance equations derived in chapter II, they wil! be formu
lated in termsof thematrices D and B. The third criterion relates 
stability to the fundions WJ(k) and thus provides a link with the 
normal mode method. 

Criterion I. Consider equation (2.8) and let u be the salution of a 
Cauchy problem with initial data f E W~(R) n q. Then upon inte
gration with respect to x from -oo to +oo we arrive at 

d 100 s= dt 11u112 + utDu -oo + -oo utzu dx = 0. (5.6) 

As u has compact support the secoud term in (5.6) vanishes, leaving 
d f'oo 

llull2 = - j utZu dx. (5.7) 
dt -oo 

If À1 and À2 are respectively the lowest and the highest eigenvalnes 
of Z, then À1utu utZu ~ 22utu and 

or 

d 
-llull2 
dt 

(5.8) 

These inequalities are uniform with respect to f. As W~ n q is a 
dense subset of W~ ([27] p. 58) and as 11/11 11/llt, we can therefore 
extend (5.8) to solutions with initial datajustin Wi(R). 

It follows from (5.8) that if Z is a positive definite matrix, Àt > 0 
and llull -+ 0 as t -+ oo. The trivial solution is then asymptotically 
stable. If Z is merely nonnegative, u is uniformly bounded and 
therefore stable. Finally, if Z is negative definite u is seen to be 
unstable. Thus we may confirm, and even improve upon, the con
clusions of the normal mode method; apparently (i) alone is a 
sufficient condition. 
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Criterion Il. However, when Z is not semi-definite, one way or the 
other, little can be said about the stability of u. Then the following 
generalization of (5.7) may yet give an answer: If there exists a 
constant positive definite matrix P, such that for any u E W~, 

d 
dt(u, Pu) 0, (5.9) 

the trivial salution u = 0 is stable. If furthermore (u, Pu) ~ 0 as 
t ~ oo, it is also asymptotically stable. It may easily be proved 
from the inequalities (u, Pu) ;;:;: Plllull2 > 0 in which P1 is the lowest 
eigenvalue of P. One may also look upon (u, Pu) as a "Lyapunov 
functional". In the stability theory initiated by Lyapunov the ex
istence of such functionals guarantees stability. It is proved that 
the trivial salution is stabie if and only if there exists in a neighbour
hood r of the origin a functional V(u) such that (i) for any suf
ficiently small quantity c1 > 0, it is possible to find a quantity 
C2 > 0, such that V(u) > C2 for u Er and I lul! > Cl; (ii) V(u) ~ 0 
as Huil~ 0 and (iii) dVfdt ,-;;;;; 0 when t;;:;: 0 and u er. A functional 
with the properties (i), (ii) and {ili) is called a Lyapunov functional 
(Zubov [2] theorem 12). It is easily verified that (u, Pu) is iudeed 
such a Lyapunov functional when Pis positive definite and (5.9) 
is satisfied for any u e L 2• The existence of a Lyapunov functional 
of this form is discussed in the following theorem. 

THEOREM 15. In order that there exists a Hermitian matrix P such 
that for any U E W~, 

d 
dt (u, Pu) ,-;;;;; 0, 

it is necessary and sufficient that 

I. DP PD 
2. BtP +PB is a nonnegative matrix. 

(5.9) 

Proof. Sulficiency. In view of condition 1 a balance equation can 
be derived in the manner of chapter II. When we choose u E W~ n Gij, 
we obtain after integration with respect to x 

d Joo 
dt -oo utPu dx 0. 

57 



Because of 2 the secoud term on the left is nonnegative. Hence 
(5.9) holds true when U E W~ lî q. lt is seen by dosure that (5.9) 
remains true for any U E W~. 

Necessity. Let u E w~ lî q. Then differentiation of (u, Pu) with re
spect to t and using (2.5) leads to 

d 
dt (u, Pu) = -(u, Hu) + (u, Gux). 

where 
H BtP PB, G = DP - PD. 

Therefore, with (5.9): 

-(u, Hu) + (u, Gux) ~ 0 (5.10) 

for any U E W~ lî q. 
We shall first consider the secoud term; it may be written as 

(u, Gux) = ~gtJI
00 

u;uix dx, 
't,'} -oo 

where gti are the elements of G and Ut the components of u. It 
follows from the definition of G that Gt -G and g,, = 0 (i = 

= I, ... , n) and therefore 

(u, Gux) ~~ s= (giju;uix- g;iujUtx) dx 
t,1 -oo 

The prime denotes here that the sommation is to be extended over 
those terms for which i< f. We now choose a special vector u: 
Ut= Ounless i= kor i= l (k < l), uk(x) = ±P'[l - (Px)2]2, when 
Jxl ~ 1/P and zero for lxl > Ifp, and uz(x) pi(px)[I (px)2]2 for 
Jxl :;::; 1/{J and zero elsewhere (p > 0). Then for this choice of u 

(u, Gux) = ±U~P Re gkl· 

As (u, Hu) ~ h lluli2, where h is the highest eigenvalue of H, and 
lluli2 = 3072/3465, it is clear that when Re gkz 0 the left hand 
side of (5.1 0) can be made positive by choosing the proper sign of 
uk and making p large enough. Hence Re gkz must be zero. Simi-
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larly by choosing Uk= ±ifll[l - (Px)2]2 for lxl ~ 1/{J and zero 
elsewhere and u1 as before it is shown that Im gkz = 0. Therefore 

G =DP-PD =0, 

and (5.1 0) becomes 

-(u, Hu) 0. 

This can only be so for any u e W~ lî q if H is a nonnegative 
matrix. 

An interesting point is here that apparently, whenever d{u, Pu)f 
dt ~ 0 for any u e W~ it must be possible to write d(u, Pu)Jdt as 
a quadratic functional -(u, Ru), where R = BtP PB is a 
nonnegative matrix. As P must also commute with D, it follows 
then that a balance equation may be derived: 

a a 
at (utPu) + ax (utPDu) + utRu = 0. (5.11) 

On the other hand, if such a balance equation exists in which P is 
Hermitian and R nonnegative it follows that d(u, Pu)fdt 0 whence, 
with theorem 15, P must commute with D and R = BtP + PB. 
Therefore: 

THEOREM 16. The wave equation (2.5) permits a balance equation 
of the form (5.11) with a nonnegatîve dissipation term if and only 
if there exists a Hermitian matrix P which commutes with D so 
that BtP + PB is a nonnegative matrix. There exists a conservation 
law if and only if a Hermitian matrix P can be found such that 
PD = DP and BtP + PB = 0. 

Although the existence of a constant, positive definite matrix P 
such that d(u, Pu)fdt ~ 0 for any u e W~ is a sufficient condition 
for stability, it is stillnota necessary one. To show this we consider 
the following example. We choose forD and B in (2.5): 

. [~1 ~ 1 !] D = diag(-2, -1, 1, 2); B = _
1 

_
2 0 1 

. 

-2 -1 -1 0 
The dispersion relation 

W(w, k) = w4- (5k2 8) w2 + 4k4 + 10k2 3 = 0 
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reveals that (i) the normal modes form a complete set (the WJ are 
different, everywhere on the real axis) and (ü) in none of the modes 
does the amplitude grow with time (the w1 are real for any real k). 
Stability seems therefore to be insured. However, there does not 
exist any positive matrix P such that DP = PD and BtP + PB 
is nonnegative. 

Criterion III. In the following theorem we shall show that when the 
normal modes form a complete set, the imaginary parts of the 
eigenvalnes WJ provide necessary and sufficient conditions for sta
bility. 

THEOREM 17. When the normal modes of (2.5) form a complete set, 
the trivial solution u - 0 is stabie if and only if for any choice of 
i and k, Im WJ(k) ~ 0. 

Proof. Necessary and sufficient for the completenessof the normal 
modes is that the veetors VJ(k) are linearly independent for real k, 
or, in other words, that the matrix kD - iB is diagonable on the 
real k-axis : 

kD - iB = V.QV-1. (5.12) 

The matrix V is again constructed from the veetors VJ and .Q = 

= diag(ro1, ... , wn)· 

Sufficiency. If we substitute (5.12) in the expression for u(x, t) (4.3), 
we obtain 

u(x, t) = -
1-Joo V e-i!Jt V-1f eikx dk. 

2n -00 

An expression for the norm of u may then be derived with Parse
val's theorem: 

//u// 2 = -
1-Joo ftLtLf dk 

2n -oo 
with L = V e-wt V-1. As Im w1(k) ~ 0 for any i and real k it is 
readily proved that the elements lii of L are uniformly bounded for 
0 ~ t < oo and -oo < k < +oo (see Remark following theorem 1 
and the proof of theorem 14). Let /lii/ ~ m for any i and i. then 

ft Lt Lf ~ n2m2ftf 
and 

//u/1 ~ nm 1/f//. 
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As mis in no way related to the choice of the initial data, the so
lutions are uniformly bounded and the trivial solution is stable. 

Necessity. We shall assume that for k = ko, Im wm(ko) = e > 0, 
where e may be arbitrarily small, and prove that this leads to 
instability. We substitute ü = Vz in (4.2) and premultiply with 
v-1 to obtain 

dz . _ 
-= -z!lz. 
dt 

The solution of this equation is 

z(k, t) = e-im a(k), 

where a = V-lf (see p. 40), and with Parseval we write again for 
the norm of z(x, t) 

llz(t)ll2 =- at e-i(f.I-Dt)t a dk I foo 
2:n -00 

(S.I3) 

As Im wm(k) is a continuons function of k, there must be a neighbour
hood N of ko in which Im wm(k);:,: !e. We now choose the initial 
data f(x) such that am(k) =1= 0 when kEN. Then 

llz(t)ll2;:,: 2~ f laml2 e+2Imromt dk 

N 

;:,: d:n et f laml2 dk, 

N 

whence llzll ~ oo exponentially when t ~ oo. 
To show that this implies that llull ~ oo as t ~ oo we write 

llu{t)ll2 =- ütü dk I foo 
2:n -oo 

=- ztVtVz dk. 1 foo 
2:n -oo 
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As the eigenvalnes of VtV are continuous, positive functions of k, 
bounded on the real axis and all bounded away from zero for Ik I ~ oo 
(the v1 are normalized) there exists a number ~2 such that ztVtVz ~ 

c52ztz uniformly with respect to real k. Hence 

c52 I"" llu(t)ll2 ~ 2n -oo ztz dk 

= ~2 llz(x, t)/12 

which proves our assertion. Therefore by choosing f(x) judiciously 
it is possible to find a solution u(x, t) for which llull ~ oo ast~ oo 
{exponentially). This means that the trivial solution is unstable. 

CoROLLARY 1. It has been shown by Zubov [2] that the existence 
of a Lyapunov functional (see p. 57) is not only a sufficient but 
also a necessary condition for stability. Having established sta
bility in theorem 17 one naturally looksfora Lyapunov functional. 
It is possible to derive such a functional with (5.13). When we 
differentiate this equation with respect to t we obtain 

as the integral converges uniformly for t ~ 0 when Im w1 0 
(1 j ~ n, k ER; cf. chapter II, § 3). If 

sup Im WJ = -e ~ 0, 1 ~j ~n; kER. 

it follows that 

d 
dt llz(t)ll2 -2e llz(t)ll2• 

Finally we can express z(x, t) in u(x, t) again by means of a linear 
operatorS 

z(x, t) = -
1-J"" v-1 { J"" u(e, t) e-ik§ de} eîkro dk = Su. 

2n -oo -oo 

Thuswehave 

d dt (u, StSu) ~ -2e(u, StSu). 
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Hence (u, StSu), which satisfies the conditions (i) and (ü) on p. 57, 
satisfies (ili) as welland is therefore the desired Lyapunov functional. 

CoROLLARY 2. We have seen already that the veetors v1(k) need not 
always form a complete set; when Z is a positive matrix, stability 
is insured, even without this condition. (When Z = 0, Bt = -B 
and kD - iB is Hermitian for real valnes of k. The v1 are then 
automatically linearly independent). In fact it is possible to prove, 
justas in the previous theorem, that whenever Im WJ < 0 for any i 
and (real) k, the trivial solution is stable, irrespective of whether 
the v1 are linearly independent or not. However, it is when Im w1 = 0 
for some i and some real value of k that this condition becomes 
essential. Let for instanee kD - iB not be diagonable in k = k0• 

Then for this value of k, the minimum polynomial of kD - iB in
eindes factors of a power higher than one, leading to secular terros 
in the solution of (4.2) (Gantmacher [35]). When Im w1(k0) < 0 the 
growth due to these terros will be suppressed but when Im w1(k0) = 0, 
this will not be so. Then they may cause instability (see the third 
example in chapter I, where ko = 0). 

§ 4. The mixed problem 

The definition of stability as it was used in the previous section 
was particularly suitable for a discussion of the Cauchy problem. 
For the mixed problem however it is less appropriate and we shall 
need to modify it somewhat. In § 2 the solutions u(x, t) were looked 
upon, essentially, as functions of x and t was treated as a parameter. 
In this problem we shall not be able to go on doing this consistently; 
the boundary value f<2>(t) can clearly not be fitted into such a 
picture. We shall now define stability as follows. 

DEFINITION. The trivia! solution will be called stabie if for any 
e > 0 there exists a J > 0 such that when Jff f<2>tf<2> dt < J, 
lfu<2>(T)If < e for any T ~ 0. 

It is not difficult to prove that if (and only if) the trivia! so
lution is stable, the solutions of the mixed problem are uniformly 
bounded, i.e. there exists a number K such that for any f<2>(t): 

(5.14) 
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This definition puts hardly any restrictions on f<2); in this section 
we shall require in addition that (i) f<2l is continuously differ
entiable and (ü) f<2>(0) = j'(2l(O) = 0. 

THEOREM 18. The trivial solution is stabie if there exists a positive 
definite matrix P such that (i) PD = DP and (ii) BtP PB is 
nonnegative. 

Proof. Integration of the balance equation (2.9) with respect to x 
over [0, oo) yields 

d Joo utPu dx + utDPulx=oo + Joo ut(BtP +PB) u dx 0 
& 0 =0 0 

or, as u 0 for x > dnt and u(O, t) f(t) 

- utPu dx- jtDPf + ut(BtP + PB) u dx d Joo foo 
dt 0 0 

0. 

Integration with respect to t from 0 to T then gives 

(u(T),Pu(T))- J: jtDPfdt 

+I: I~ ut(BtP PB) u dxdt = 0. (5.15) 

We now consider Das the direct sum of a negative definite matrix 
-D<l> and a positive definite matrix D<2>; D<l) diag( -d1, ... , -d") 
and D<2> diag(dr+l, ... , dn)· (dj< 0 when l ~i~ r and dj> 0 
when r + 1 ~i~ n). By means of a simple computation it can be 
shown that in view of (i) P is of the form diag(P(l), P<2>), where 
P(l) is an r x r matrix and P<2> one of size (n - r) x (n- r). 

Both P<l> and p(2) are of course positive definite. Splitting u into 
u(l) and u<2> as well we can write (5.15) as 

(u<l>(T), P<l>u<l>(T)) + (u<2l(T), P<2>u<2l(T)) 

I~ j(l)tD(l)P(l)j(l) dt I~ j(2)tD(2)p(2)j(2) dt + 

I~ f~ ut(BtP PB) u dx & = 0. 
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As BtP + PB is nonnegative and D(l)P(l) and D(2)p(2) both posi
tive we may conclude: . 

Yl llu<2>{T) 11 2 :::;; (u<2>(T), P<2>u<2>(T)) 

:::;; (u(T), Pu(T)) 

:::;; f~ j<2>tD<2>P<2>f<2> dt 

}'2 f ~ j(2)tj(2) dt, (5.16) 

where }'1 and }'2 are respectively the lowest eigenvalue of P<2> and 
the highest eigenvalue of D<2>P<2>; as both matrices are positive, 
Yl and Y2 are greater than zero. It follows from (5.16) that u(2) is 
unifonnly bounded; the trivial solution is therefore stable. 

CoROLLARY. This result may be illustrated by means of (4.26), where 
u(2) has been written as a Foutier integral. It was observed that when 
i<2>(w) is analyticin the branch-pointsofthefunctionskJ(w), ü<2>(x,w) 
is analytic in the branch-points of the first kind and therefore its 
singularities must be found amöng those of f<2>(w) and those of k1(w} 
which are of the second kind. With a slight varlation of theorem 6 
it can be shown that, because BtP +PB is nonnegative, none of 
the branch-points of the second kind tie in the UHP. If f<2> E L 2[0, =) 
this is also the case with the singularities of f<2>(w), whence we are 
insured that none of the singularities of ü(x, w) lies in the UHP. 

The conditions for the stability of the trivia! solution of the 
mixed problem as they are stated in theorem 18 are the same as 
those stated in theorem 15 for stability in the Cauchy problem. 
This is not so very surprising. An analogue can be found in the 
theory of ordinary differentlal equations; the Cauchy problem 
should then be equated with the homogeneaus equation 

A x (5.17) 

in which x col(x1(t), ... , x11(t)) and A a constant n x n matrix, 
and the mixed problem with the inhomogeneous one 

: = Ay + /(t), (5.18) 
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where f(t) = col(ft(t), ... , fn(t)). In particular, the "force term" f(t) 
in (5.18) should be compared with the boundary value in the mixed 
problem. It is well known that the stability of the solutions of 
(5.18) depends essentially upon the stability of the trivia! solution 
of (5.17) (see Coddington and Levinson [36] p. 314}. The trivial so
lution of (5.17) is stabie with respect to the l1-norm llxll = .J:lî jx;/ if 
there exists a number m such that for any x(to), llx(t)ll ~ m llx(to)ll 
for t ~ to. When this is so, an expression like (5.14) may be derived 
for the solutions of the inhomogeneons equation; we find 

/ly(t)/1 nm I: 1/f(s)/1 ds. (5.19) 

This follows readily from the solution of (5.18) which is (see [36]): 

y(t) =I: et<t-s) f(s) ds 

=I: M(t - s) f(s) ds. 

As the solution of (5.17) with x(s) f(s) is just given by x(t) = 
M(t s) f(s), it follows from the stability of x(t) that the ele

ments of M must be uniformly bounded for t - s > 0, i.e. there 
exists a number m, such that for any choice of i and j: /miJl < m. 
Therefore /(Mf)i/ = /.J:llmizh/ ~ .J:'fî /miz/ 1/zl m 11//1 and 

IYi(t)l ~mI: 11/11 ds. 

Summation over j then yields (5.19). 
Finally one might be tempted to explain the fact that the sta

bility criterion for the mixed problem is the same as that for the 
Cauchy problem by considering the solution of the mixed problem 
as part of the solution of a Cauchy problem with Cauchy data 
vanishing for x > 0, i.e. that part of the solution which consists 
of the modes travelling towards positive x. However, such an in
terpretation is very hazardons because it is not possible to guaran
tee that the Cauchy data of the required Cauchy problem will be 
square-integrable. In fact it follows from theorem 12 that if Bt = 
= -Band u(O, t) = O(e-.u), where Ä > 0, it is not possible to find 
square-integrable Cauchy data at all. 
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§ 5. Some remarks 

a. Causality. In conneetion with the mixed problem the concept of 
causality is sametimes introduced. One then considers j(2) (t) as the 
cause and u<2>(x, t) as the effect. The solutions of the mixed problems 
we consider in this thesis all vanish identically for negative time, 
strictly speaking they are therefore causal. It is common practice 
however to consider only those solutions as causal which satisfy 
the following conditions: 

(i) the cause precedes the effect in time; 
(ü) a natural measure exists in which the effect is (at most) of 

the same order as the cause. 
Consider for example the solutions of the following two mixed 

problems 
cfott - cfo:vx cfo 0; c/>{0, t) = f(t) (5.20a) 

and 
r/>tt - cfoxx - c/> = 0; r/>(0, t) = f(t) (5.20b) 

where f(t) = 0 fort < 0 and f E L2[0, oo). Both solutions are given 
in ( 1.5) 

r/>a, b(X, t) = ~ f /(w) eik., .x e-i(1)t dro (1.5) 

0 

in which for (5.20a), ka Jw2- 1 and (5.20b) k" = Jw2 + 1. C 
runs in the UHP above all the singularities of the integrand, thus 
insuring {strict) causality. cfoa(x, t) and c/>b(X, t) have been discussed 
in chapter I and it was found that cfoa is stabie but c/>b is not. In 
practice one never calls cfo" causal, because (ii) is not satisfied. 

It should be observed that r/>a is causal only because the function 
ka(w) is analytic in the UHP; /(w) is, in view of its definition, 
always analytic in the UHP. In fact this is not only true for cfoa 
but for any salution cfo which can be written as in (1.5), i.e. for any 
single-mode solution. Now, when k(w) is analytic in the UHP the 
following two relationships between Re k(w) and Im k(w) (w real) 
may be derived: 

Re k(ro) 1 =_I_. Pfoo Im k(x) dx, 
C :lf~ _ 00 X - W 

(5.21) 

Imk(ro) 
__ 1 pfoo Re k(x) - (1/c) dx, 

:7f _
00 

X W 
(5.22) 
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in which P indicates that the principal value is meant. Furthermore, 
it has been assumed that k(w) ~ lfc when lwl ~ oo. These two 
relationships are commonly known under the name "Kramers
Kranig relations". They are easily derived by means of Cauchy's 
Residue theorem; for details we refer to Van Kampen [37] and 
Van Wijngaarden [38]. In practice one identifies causality with the 
existence of those K - K relations. 

So far we have only mentioned single mode solutions of the 
mixed problem. The consequences to the existence of the K - K 
relations of having more than one mode in the solution, were 
recently investigated by Gerjuoy [39]. He found that, although 
retaining the requirements of (strict) causality and stability, 
branch-points of the functions k1(w) could be admitted in the 
UHP. The results of chapter IV confirmed this conclusion; we 
found that only the branch-points of the secoud kind of the functions 
ks(w) could endanger either the stability or the (strict) causality of 
the solution. The conneetion between causality and stability on the 
one hand and the K - K relations on the other is therefore much 
less intimate for multiple mode solutions. Of course the K - K re
lations still constitute a set of sufficient conditions, but they are 
no longer necessary. 

b. Classification of instabilities. The results of the previous sections 
enable us to make some comments on the discussion concerning the 
classification of instahilities in "absolute" and "convective" insta
bilities. This classification was first made by Landau and Lifshitz 
[40] and later discussed in greater detail by Sturrock [41]. An 
unstable wave which is initially of finite extent may either grow 
in time without limit at any x (absolute instability) or it may die 
out at any x but travel away so that an observer moving with the 
right speed will see it grow indefinitely (convective instability). 

In the beginning this discussionwas rather vague as none of the 
early contributions [ 41-44] really dealt with a well posed problem. 
In all of them it is assumed at some stage that each wave mode 
may be considered independently of the others. This leads then to 
the following criterion for absolute instability: the j-th wave mode 
is absolutely unstable only if at least one branch-point of k;(w) lies in 
the UHP (Sudan [45]). This criterion is of course perfectly adequate 
when only one mode is present, for instanee in the example in 

68 



chapter I, but, as we have seen, not every wave phenomenon con
sists of just one mode. It is now conceivable that in multi-mode 
wave phenomena instahilities of individual modes will cancel each 
other. 

When discussing the mixed problem in § 3 of chapter IV, we have 
shown that if k1(w) has a branch-point of the first kind in the UHP 
the wave phenomenon necessarily consists of more than one mode 
when f<2)(t) is bounded fort ....,... oo. As u<2>(x, w) is then analytic in 
the branch-points of the first kind the instahilities due to such 
branch-points will indeed cancel out. This is not so with branch
points of the second kind: only if none of them lie in the UHP will 
the wave phenomenon be stable. Therefore to make the criterion 
apply to multi-mode wave phenomena as well it should be modified 
to: a wave phenomenon is absolutely unstable if at least one of the 
branch-points of kJ(w) (i= I, ... , n) of the second kind lies in the 
UHP. 

Another criterion for instability bas been derived by Briggs [18] 
(see also Sudan [45]). He investigated the source-problem which is 
closely related to the mixed problem we discussed bere. It is not 
difficult to show that the two criteria are equivalent. 
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CHAPTER VI 

A CL ASS OF CONSERV A TIVE WAVES 

§ 1. Introduetion 

In this last chapter we shall turn our attention to a rather special 
class of wave equations: to equations which take the form: 

Utt - AUxz + Ru = 0, (6.1) 

where u is an n-vector: (u1, ... , un) and A and R are real, sym
metrie matrices. There wi1l of course be no loss in generality when 
we assume that A is a diagonal rnatruc Further restrictions on A 
and R are that A is positive definite to insure that (6.1) is hy
perbolic - and that R is nonnegative. The last condition is not 
imperative but it wi1l transpire in the following sections that the 
commonest equations are just those with nonnegative R. Finally 
we shall restriet this chapter to real solutions u(x, t). This con
dition is really not necessary either but it will make the analysis 
much simpler without essentially limiting it. 

The wave equations of this kind are strict generalizations of the 
one-dimensional plasma wave equations which we discussed in 
chapter I (there the matrices A and R were positive numbers). 
They share many of the properties of this equation: they are 
conservative, invariant with respect to inversion of the space co
ordinate and derivable from a Lagrangian density: 

(6.2) 

where ü is again the transpose of u. Equation (6.1) is the Euler 
equation of (6.2) (Courant and Hilbert [46]). A surprising number 
of wave equations in physics may be fitted into this class of "gener
alized plasma wave equations". We may mention helicon waves in 
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a loss-less plasmaand electtic waves also in a loss-less plasma; the 
latter will be discussed in some detail at the end of this chapter. 

§ 2. Relationship between (6.1) and (2.5) 

It is clear that equation (6.1) represents a subclass of the class of 
equations which was the subject matter of the previous chapters. 
It should therefore be possible to write (6.1) as an equation of the 
form (2.5). One may do this by means of the following "factor
ization". We introduce a new n-vector w by 

Ut Alwx + AlPw, 

Wt = Alux- PAlu, 
(6.3) 

where A 1 diag(az, ... , a~) with 0 < al~ at ... a~, leaving Pas 
yet undetermined. Eliminating w again we find (6.1} again, pro
vided we choose P so that AlP2Al = R. As A-tRA-! is symmetrie 
and nonnegative it is always possible to find for P a real matrix 
(Gantmacher [47]). Next with 

~ u+ w; 'f/ u w 

(6.3) may be written as 

(E) (-A1 0 )(~) t( Bt B2 )(~) 
'YJ t + 0 Al 'YJ x+ -B2 -Bt 'YJ 

(~) (6.4) 

in which B1,2 =PAl =f AlP. Finally, tosatisfy the convention re
garding D: du ~ dJJ when i< j, we introduce an n X n matrix G 
which has zeros everywhere but on the second diagonal on which 
the elements are all equal to one: 

-o 0 0 l 
G= 0 0 G~l = {} = G. 

0 1 0 
0 0 0 

G has the property that it transfarms -A* into a diagonal matrix 
-G-lAlG with its diagonal elements in the right order. With 
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col(~', 11') col(G~, 1J), (6.4) becomes 

(!)t + (-G:lG ~~)(!:)x+ 
1 (GB1G + 2 -B2G 

GB2)(':) 
-B1 1J G). (6.5) 

which has the desired forml. 
One might wonder whether an equation of the form (2.5), which 

is conservative and invariant with respect to space inversion, can 
not always be reduced to an equation of the form (6.1). This is 
not the case. Equation (2.5) is conservative when B = -Band by 
inspeetion we see that it is invariant with respect to space in
version if B and D are respectively symmetrie and anti-symmetrie 
with respect to the second diagonal; i.e., GBG =Band GDG = -D. 
Both conditions are sufficient but not necessary. If they are ful
filled and n 2l, where lis an integer, then it can he shown (see 
Appendix VI) that v = Gu' + un, where u' col(u1, ... , uz) and 
u" = col(uz+l, ... , un), must satisfy the following equation 

Vtt Avxx Svx + Rv 0, (6.6) 

where, if R = (!Q, S = AlQ (!At and Q = GB11G GB12• B11 

and B12 are submatrices of B: Bu consists of the first l elements 
of the first l rows and B12 of the other elements of the same rows. 

It should be observed that for any given Rit is possible to find 
a Q, i.e. a relation between Bu and B12 such that S vanishes. To 
see this wedefine Q =PAl, where PP A-iRA-i. As PP is sym
metrie, it is orthogonally similar to a diagonal matrix A: 

PP T-lAT, T-1 = 1', 

which is constructed from the eigenvalnes of A-lRA-l. Because R 
is nonnegative they are either positive or zero whence we may 
write: 

l Another decomposition of (6.1) is seen to be 

by eliminating vit can be shown that u satisfies (6.1). 
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Therefore a possible choice for P is T-IAI-T which is symmetrie. 
For the corresponding Q we find Q Al-P and it is seen that S 
now vanishes. 

It is interesting to note that because S is skew-symmetric (6.6) 
can be derived from a Lagrangian density as well. One finds 

!i'= UtUt- uxAux uSux uRu. 

We only derived equation (6.6) to show that (6.1) is not the only 
seeond order equation with the required symmetry in t and x. We 
shall not go into a detailed study of (6.6) but restriet this chapter 
to (6.1). In a subsequent report we very much hope to return to 
(6.6). 

§ 3. Harmonie solutions; dispersion relation 

Substitution of 

u(x, t) = Re v(k) exp i(kx - rot) 

in (6.1) yields the following eigenvalue problem: 

(k2A + R) Vj 1, 2, ... , n. 

The corresponding dispersion relation is 

W(ro2, k2) det(k2A R - ro2J) = 0. 

(6.7) 

From the character of the matrix k2A + R- for real k it is sym
metrie and nonnegative -, we can infer that, when k is real, the 
wJ are all real and nonnegative and that the eigenveetors VJ ean be 
ehosen in such a way that they form an orthonormal set: vJvi = 

= ~ii (~iJ is here the Kronecker delta). Furthermore, when k is 
imaginary, the eigenvalnes roJ are also real, but not neeessarily 
positive. 

An asymptotic expansion of the functions wj (k2) for k2 -+ oo can 
be derived, justas for (3.3), by means of a perturbation teehnique. 
To do this we divide (6.7) by k2 to obtain 

(A + sR) VJ Î.JVJ 

with s = 1fk2 and Î.J = wlfk2. As A +eR is now Hermitian (for 
real s) the problem is eompletely identical to the perturbation 
problem frequently dealt with in quanturn mechanies. We shall 
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therefore omit any details and just state the result: 

wj(k2) = aik2 + rii + kl2 i' riz + 0 ( k\ ). 
Z=l ai- az 

(6.8) 

when the diagonal elements of A are all different. In (6.8), rii are 
the elementsofRand the prime denotes that the j-th term should 
be omitted from the summation. When some of the ai are equal, 
say ai = ... = ai+s. one needs to carry out a transformation of 
A +eR, in order to diagonalize the principal submatrix of R, ob
tained by omitting the first (i - l) and the last [n - (i + s)] rows 
and columns. In this way we get rid of the troublesome terms in 
(6.8). As R is symmetrie, its principal submatrices are also sym
metrie; they are therefore always diagonable. 

While discussing the functions wj{k2) it will be convenient to 
represent them as curves in the w2 - k2 plane. The asymptotes for 
these curves follow immediately from (6.8): 

wj = aik2 + rii 

and the slopes can be found with (6.7). Differentiation with respect 
to k2 yields, after some reshuffling: 

(
A- dwj 1)v1 + (k2A + R- w2J) dvi = 0. 

dk2 dk2 

Multiplying this equation to the left with vJ and bearing in mind 
that the matrix (k2A + R - w2J) is Hermitian (w2 is real), we find 
that 

(w2 real). (6.9) 

This implies that 

j = l, ... , n. (6.10) 

Hence the slope of each curve lies between the slopes of the asymp
totes of wr and w;. 

The points of intersection of the curves with the w2-axis have 
an immediate physical meaning. To see this it must be realized that 
where we have labelled the curves wj(k2) they may just as well be 
labelled kj(w2). (In view of (6.10) the functions wj(k2) are mono-
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tonically increasing). Let w51 be the point on the w2-axis where kJ 
vanishes. Then for w2 < wg1, kJ(w2) < 0 and k;(w2) must be purely 
imaginary. This means that for Iw I < I wo; I the j-th mode: 
w1(w) exp i(kJ(w2) x- wt) is no longer a propagating mode. For 
that reason the rooi are sometimes called the "cut-off" frequencies. 
It is clear from (6.7) that the squares of the cut-off frequencies 
are just the eigenvalnes of R. 

Another property of the curves in the w2 - k2 plane is revealed 
if we consider the trace of ( 6. 7) 1. As 

Tr(k2A + R) = E'/wJ 
we have 

or, because Tr R E'/w51, 

In addition, if n 2, wf and w~ can have no intersections, except 
in the trivia! case when Ris diagonal. We define the matrices V, 
the columns of which are the eigenveetors VJ, and Q 2 = diag(wf, w~). 
Then, as k2A Ris symmetrie and hence V nonsingular, 

k2A R = VQ2V-l. 

If the two curves intersectedat k2 = k~, i.e. wi(k5) w~(k5) = w2, 
we would have 

k5A + R = w2J 
or 

R w21- k~A 

and R would be a diagonal matrix. I t should be realized that this 
is no longer true when n > 2. 

Finally, using (6.9) we can prove that the waves, described by 
(6.1) always exhibit "normal dispersion" that is iwJfki ~ ldw;/dkl. 
As 

1 The trace of a matrix P, Tr P, is defined as Tr P = E1"PJJ· 
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it is clear, using (6.9) that 

or 

(6.11) 

It is worth noting that, in contradiètion to what one might expect, 
the characteristic velocity of a partienlar mode need not exceed the 
groupvelocity of that mode. We shall return to this point in§ 6. 

§ 4. Conservation laws 

As a result of the invariance of the Lagrangian density with respect 
to translations of t and x two conservation laws may be derived 
[46]. They are 

8 
(ut 

82 2) ~(ut 82 
) = o ot OUt ox OUx 

8 
(ux 

82
) + ~(u)/!_ - z) = o. ot OUt ox OUx 

With (6.2) they can be written as 

a 
ot i(UtUt + Ua;Aux + uRu) + 0 

(-utAUx) = 0 &x 
(6.12) 

0 
-l(-UtUt- uxAux + uRu) = 0. (6.13) ox 

They could also have been derived from (6.1) by premultiplying 
this equation by Ut and Uz respectively. It should be observed 
that these conservation laws are essentially different from those 
derived in chapter I I. Wh ere in (2. 9) the density and the flux 
terms were functionals of u alone, in (6.12) and (6.13) they include 
Ut and uil) as well. 

As R is a nonnegative matrix, the density term in ( 6.12) is positive 
and thus may represent the energy density of the wave. It is readily 
seen to be the Hamiltonian density corresponding with Z, 

Jt' = i(UtUt + U~Uz + uRu); 
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the corresponding flux is :T = -utAUx. Fora harmonie wave these 
quantities become, when averaged over a period: 

<:Yl'> = !w2 + !k2wtAw + !wtRw = !w2 

<:T> = !wkwtAw, 

where we have used (Re(</>) Re(f/1)> = l Re(</>*f/1). The quotient of 
averaged flux and density is seen to be 

<:T> = !!_ wtAw = dw · 
<:Yl'> w dk ' 

(6.14) 

see (6.9). This result is not surprising of course. In this context it 
is interesting to refer to a fairly recent paper by Whitham [26], 
where similar results were found for systems which can be derived 
from a suitably chosen Lagrangian density. 

We now return to (6.12} and integrate it with respect to x from 
-oo to +oo. When we restriet ourselves to solutions u E W~(R), 

that is solutions which are, tagether with their first and second 
generalized derivatives, square-integrable, we find as in chapter V: 

d Joo dt -oo !(utUt + uxAux + uRu) dx = 0. (6.15) 

When R is a nonnegative symmetrie matrix, as we assumed, the 
integral is a positive functional of u, N(u, u), vanishing only for 
the equilibrium solution u= 0. We infer therefore from (6.15} that 
the wave equation (6.1} with suitably chosen initial conditions is 
a stabie dynamica! system in the sense of Lyapunov [2]. 

It is easy to show that, analogous to a result in chapter 11, we 
have the bilinear conservation laws 

a a 
- (UtVt + uxAVx + uRv)-- (utAVx + UxAVt) = 0, at ax (6.16} 

a a 
- (uxVt + UtVx) +- (-UtVt- uxAvx + uRv) = 0, at ax (6.17) 

for any pair of solutions u and v of equation (6.1). Integrating (6.16) 
we find that, when u, v E W~, 

- (utVt + UxAVx + uRv) dx = 0 d Joo 
dt -00 

(6.18} 
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or 
d 
dt N(u, v) 0. 

N(u, v) can be considered as an inner product (and N(u, u) as a 
norm) in a linear function space of solutions. With respect to this 
inner product the system performs a rigid rotation around the ori
gin u 0. 

§ 5. Cauchy problem and mixed initial and boundary value problem 

We shall first discuss the Cauchy problem, seeking a solution of 
{6.1) subject to the conditions u(x, 0) = f(x) and Ut(x, 0) = g(x). 
We shall choose for /(x) and g(x) functions which are sufficiently 
differentiable and, together with their first three, respectively two, 
derivatives square-integrable; that is f E W~(R) and gE W~(R). As 
regards {6.1) we shall assume throughout this section that the 
matrix R in (6.1) is positive definite. 

It follows from (6.5a) and the conditions upon f{x) and g(x) that 
fort> 0, u E W~(R). Therefore we can apply the Foutier transform 
to (6.1). When we multiply with exp(-ikx) and integrate with re
spect to x from -oo to +oo we obtain 

d2- . dt: + (k2A + R) ü = o, (6.19) 

which may readily be solved to give 

M(k) is here a square root of k2A + R; as R is positive definite, 
Mis nonsingular for any real value of k. Using the Cauchy data to 
find the veetors c1 and c2 we finally arrive at 

1 Joo u(x, t) = 
2
n -= cos{Mt) f(k) efkx dk + 

+ sin(Mt) M-1 g(k) etkx dk. 1 Joo 
23'f -oo (6.20) 

f(k) and g(k) are the Fourier transfarms of f(x) and g(x) and cos(Mt) 
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and sin(Mt) are defined as 

cos(Mt) = i(eîMt + e-tMt) 

. 1 
sm(Mt) = 

2
i (e'iMt - e-tMt) 

with e-tMt = Lo (iMt)nfn! 
The solution of the mixed problem can be found in a similar way. 

We shall take u(x, 0) = Ut(x, 0) = 0 for x> 0 and u(O, t) = f(t), 
choosing for f(t) a function out of WHO, oo) which is sufficiently 
differentiable and which satisfies at t = 0 the consistency con
ditions: /(0) = f'(O) = f"(O) = 0. Then in view of (6.5a) and chapter 
IV the solution u(x, t) will be twice differentiable and there will 
exist a number p such that e-Pt u E W~[O, oo) for any x > 0. This 
enables us to use the one-sided Fourier transform (4.14) again; we 
obtain 

d2ü 
A - + (ro2J R) ü = 0. 

dx2 

With the substitution ü = A -lü' this becomes, after premultipli
cation with A-t 

d2ü' -
dx2 + (ro2A -I - S) u' 0, (6.21) 

where S = A -lRA -i is again a positive matrix. The general so
lution is, as before 

ü' = e iPx Cl + e-iPx c2• (6.22) 

P(ro) is a square root of w2A -1 - S; as this matrix is Hermitian 
for real ro, it is diagonable on the real axis and we may write 

ro2A-1- S = WK2W-1, 

where K2 = diag(kf(ro), k~(ro), ... , k!(ro)). Hence 

P = WKW-1, 

where we have chosen the square rootKof K2 such that w-1K(ro) 
-+-A-l when ro-+- oo, that is, it includes only those branches k1(ro) 
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which belong to C+ (see chapter III). With this choice, the fisrt 
term in (6.22) describes the modes travelling in the direction of 
the positive x-axis and the second one modes travelling towards 
negative x. We will confine ourselves, in view of the initia! con
ditions to the former set and dismiss the second term. With the 
boundary condition it follows that 

u(x, t) = - eiP'x Ï(w) e-iwt dw, 1 f""'+ifJ 
2n -oo+i{:i 

(6.23) 

where P' A-! PA +t and fJ has been chosen large enough in order 
to insure that the path of integration runs above the singularities 
of the integrand. 

The character of (6.23) is of course largely determined by the 
nature of the matrix function <P(w) exp iP'(w) x. We shall prove 
the following theorem: 

THEOREM 19. The function <P(w) = exp iP'(w) x is holomorphic for 
Imw >0. 
Proof. It is clear that if P(w) is a holomorphic function in the UHP, 
so is <P(w). It will therefore suffice to investigate P(w) for Im w > 0. 
a. Poles of P(w). To prove that P(w) has no poles in any bounded 
region of the UHP we must show that it is a bounded matrix1 
when Im w ~ e > 0 and lwl < R, where 8 is an arbitrary small 
number and R an arbitrary large one. 

It can be proved (Gantmacher [ 47]) that the square root of 
w2A -1 - S exists if none of its eigenvalnes vanish. The eigen
values of w2A-1- S are the kf(w2) and they have zero's on the 
real axis only (see (6.7)). Therefore P(w) is bounded when lwl is 
bounded and Im w 8 > 0. 
b. Branek-points of P(w). As the elements of W(w) are rational 
functions of w2 and kf (i 1, ... , n), the branch-points of W(w) are 
among those of the kj(w). Similarly the elements of W-1(w) when 
it exists, are all rational functions of the elements of W(w) and 
hence its branch-points are equally among those of the kJ(w)2. 
Finally the points in the w-plane where W-1 does not exist are 
among the points where two or more of the kf(w) coincide, that is 

1 We mean with a "bounded matrix" a matrix of which the elements are bounded. 
I The eigenveetors w1(w) will not be normalized in this section. 

80 



among the multiple points of the dispersion relation 

det(w2A-1- S- k2J) = 0. (6.24) 

The branch-points of the kj(w) are among the same set of points 
and we may therefore confine our attention to just these points. 

Let w =wo be a multiple point in the UHP. Because the k1 are 
roots of an algebraic equation (6.24) which (we shall assume) is 
irreducible, it is possible to find a neighbourhood N of wo in which 
the functions k1(w) are analytic and all different. Analytic continu
ation of Kin N, once around wo, transforms this matrix into K 1. 
It is clear that because wo can only be of the first kind {theorem 7) 
K 1 can be obtained from K by permutation of its elements. Any 
permutation can be constructed from transpositions and it will 
therefore suffice to show that P(w) is invariant under an arbitrary 
transposition, for instanee of the elements kp and kq. 

When wEN, the ks(w) are all different and their corresponding 
eigenveetors WJ(w) linearly independent. If therefore kp and kq are 
interchanged, Wp and Wq are interchanged too. The effect of this 
transposition on P(w) which we may write as WKW-1 when wEN, 
can beseen by writing out WK: 

WK= row(w1k1, w2k2, ... , Wnkn). 

The transposition causes the p-th and the q-th column in WK to 
be interchanged. A simple computation shows that it makes the 
p-th and q-th row in W-1 exchange places and hence the transpo
sition leaves P(w) invariant. P(w) has therefore no branch-points 
in the UHP. Consequently ([)(w) exp iP'x is holomorphic in the 
UHP. It follows immediately that ([)(w) is holomorphic for Im w < 0 
as well. 

COROLLARY. This result is of course in complete agreement with 
that arrived at in chapter IV. Here j(t) must be compared with 
j<2>(t) and with ü<2>(x, w) we should compare eiP'x /(w). What we 
proved about the emission of single wave modes follows readily 
from (6.23). As we know more about the location of the branch
points here, we arrive at a somewhat more definite conclusion. 

THEOREM 20. When n > I and W(w2, k2) is irreducible it is not 
possible to find a solution of (6.1) subject to the initia! conditions 
u(x, 0) Ut(X, 0) = 0 for x > 0 and the boundary condition u(O, t) 

f(t) fort > 0, where f E Lz[O, oo), which consistsof just one mode. 
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P1'oof. I t was mentioned in chapter IV (p. 47) that when f<2> EL2[0, oo) 
no single mode can be emitted if its associated kJ(w) has a branch
point of the first kind in the UHP. It is clear that the branch
points of the first kind are branch-point of kj(w) as well. But with 
an argument, similar to that given in theorem 3, we may prove 
that, because w2A-1- S is Hermitian for real w, kj(w) has no 
branch-points on the real axis. Hence no branch-points of the first 
kind lie on the real axis. It follows from theorem 5 that they are 
symmetrically located with respect to the real axis and we must 
conclude that if k1(w) has branch-points of the first kind, it has 
them in the UHP. Any k1(w) does have such branch-points when 
n > 1 and W(w2, k2) is irreducible. 

Returning to the conservation law (6.12) and integrating it with 
respect to x from 0 to oo we find that 

d 
dt .n"(t} = -ütAUzl:c=O 

as u 0 for x > ant. Integration with respect to t then gives 

.n"(T) - f ~ ütAu:~:lx=O dt. 

If u(O, t) E L2[0, oo) and Ut(O, t) E L2[0, oo) it is easily shown, using 
(6.23) that ux(O, t) E L2[0, oo) as well and, with Schwarz's ine
quality, that the limit of .n"(T) for T -+ oo exists. This means that, 
if .n"(T} can be interpreted as the energy of the wave at time T, 
the total work done at the boundary, from t = 0 onwards, remains 
bounded. 

§ 6. Some remarks about the group velocity 

For an analytica! discussion of the group velocity it is usual to 
consider the solution of some Cauchy problem in the form of a sum 
of terms such as 

J:oo f(k) exp i(kx - w(k) t) dk, (k real). 

Often, for large values of t, the main part of such an integral re
sults from the regions where dwfdk xft. Estimation of the contri-
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butions of these regions by means of the methad of stationary 
phase yields an asymptotic salution consisting of wave packets 
rnaving with their groupvelocity. We shall nat go into the details 
of this procedure here, a discussion is given, for instance, by 
Eekart [22]. 

In this discussion of the group velocity no mention is made of 
characteristics. As a matter of fad in some of the more widely 
known applications, viz. to the Schrödinger equation and to gravi
ty waves on a liquid, charaderistics do nat even exist. Y et, it is 
aften said that for stabie waves the group velocity mustbesmaller 
than the charaderistic velocity. This notion sterns from the analy
sis of sharply bounded wave packets. Let us consider a salution 
u(x, t) of (6.1) for which u(x, 0) = 0 when x> 0. Then, according 
to the theory of hyperbalie differential equations, u(x, t) = 0 for 
x > a~t and a "front" propagates along the charaderistic. If for 
some region of the real k-axis, and forsome j, dw1fdk = xft >a~, 
the waves would pile up behind the front and instability would 
ensue. 

One may easily extend the (somewhat sketchy) argument given 
above to wave packets with sharp boundaries at bath the front 
and the rear. Then the group veloeities of the modes present in 
the packet could be expected to lie between the extreme charac
teristic speeds of these modes. However it is nat possible to deduce 
in this way that the group velocity of a certain mode, say the 
l-th mode, dwzfdk, must lie between -af and +at. The reason for 
this is that, when the dispersion relation is nat reducible so that 
all the branches of w(k) are connected in branch-points it is only 
possible to construct a suitable wave packet salution by including 
all possible modes (theorem 111). 

Therefore we can only conclude that 

i= 1, ... , n. 

for real k. In chapter III this has been proved already for the more 
general equation (2.5) with Bt = -.B; here it follows readily from 

1 The condition in theorem 11, that ü(k, 0) has no branchpoints with any of the WJ(k) 
in common is fulfilled here as u(x, 0) has compact support. ü(k, 0) is therefore analytic 
in the entire k-plane provided u(x, 0) is not too pathological. 
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(6.7) and (6.9). It is seen that 

and 

Therefore 

WJ dOJj 

k dk 

as R is nonnegative. 

§ 7. Example 

(k real). 

wjAw1 + (Ifk2) wjRw1 

wjAw1 

In order to illustrate the previous sections we shall close with a 
discussion of electrostatic waves in a fully ionized plasma. It will 
be recalled that we also opened our discussions with these waves; 
however where we neglected the ion motion in chapter I, we shall 
include it in the example to be presented. We shall not go into all 
the aspects of these waves but just piek out what is relevant for 
us. A more comprehensive treatment, and one on which we lean 
heavily, can be found in [ 48]. To simplify matters we shall assume 
that there is no energy exchange between the two components of 
the plasma, the ions and the electrons, and that the gas is so 
rarefied that the mean time between collisions is very large, i.e. 
the plasma is perfectly conducting. Furthermore we shall assume 
that initially the gas is at rest and in thermadynamie equilibrium. 
The veloeities of the ions and the electrons: Ut(X, t) and ue(x, t) 
then satisfy the following equations: 
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or, in the notation of this chapter, when Ut and Ue have been 
combined to the vector u= col(utfap, uefwp), 

Utt - A Uzz + Ru = 0, (6.26) 
where 

A=(~ 0) ( a2 
2 

and R = P 
a6 apwp 

It is seen that R is here a positive semidefinite matrix (its eigen~ 
values are 0 and .a;+ w;). a1 and ae denote the sound speeds of 
the ion- and electron gas respectively: 

a;= JkTofmtanda; = JkTo/me,andapandwpdenoterespective
ly the ion~ and electron plasma frequency: a;= n0e2feomt and w; 
= noe2feom6 • Herekis Boltzmann's constant, To the initia! temper~ 
ature of both components, m1 the ion-mass, me the electron mass, 
n0 the initial number density of each component, e the charge of 
the electron and so the vacuum dielectric constant. 

The salution of the mixed problem is readily found. For compu
tational reasans we shall nat continue in the vector notation but 
carry out the salution in terms of u1(x, t). Let at the boundary 
Ut(O, t) f(t) and 8utfóx = g(t) fort > 0, and let uh 8utf8t, ()2utffJt2 
and 83ut/8t3 vanish fort= 0 and x> 0. When f and g are suf~ 
ficiently restricted so that we can use the Fourier transfarm we 
find for the salution 

ei(k,x-wt) dw + 

--'------=-'--'- ei<ksx-wt) dw, + -1_ I kJ(w) + ig(w) 
2n kl- k2 

(6.27) 

0 

where C runs in A~ from -oo to +oo. The functions kt(ro) and 
k2(w) are the two branches of C+; they are associated with the 
characteristics x- a1,et =constant. Todetermine the pathof inte~ 
gration we first have to investigate these two functions more 
closely. They are found as roots of the dispersion relation: 

W(ru2, k2) = w4 - (ar + a;} w2k2 + ara!k4 -

- (w; + a;) w2 (arro; a;D;) k2 = 0, 
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that is 

ImW 
c 

Rew 

Fig. 5. The branch-points 
of the functions ki(ro). 

1 
k1,2 = aiae.J2 {(af+ a:) w2- (afw~ +a~:)± 

.J(a!- af)2 w4 (afw; + a;.o;)}i (6.28) 

and of course ks -k2 and k4 -k1. lt is seen from {6.28) that 
when Iw! -+ oo, w-lkl{w) tends to I/at and w-lk2(w) to 1/ae. 

As to the singularities, each branch has branch-points at w = 

= p exp i(tn !mn), where p = [(alw! a;.o;)f(a! ai)Jt and 
m = 0, I, 2, 3. In these branch-points k1 and k2, and also ks and 
k4, are connected; they are therefore of the first kind. Furthermore 
the branches k1 and k4 are connected in w = 0 (this is nota branch-

point) and the branches k2 and ks in w = ± .J w; + .o;; they are 
branch-points of the secoud kind (see fig. 5). 

As in chapter IV the path of integration C has been chosen above 
the branch-points of the integrands in (6.27}. But this choice is not 
imperative. Jumping the branch-cut in the UHP means that k1 

changes into k2 and vica versa. Equation (6.27) shows that this has 
no effect on u1(x, t). Therefore we may just as well choose C' as 
path of integration. Jumping the next cut, the one lying on the 
real axis, is not allowed; one can easily see that this would iudeed 
affect u1(x, t}. 

It follows from the previous paragraph that the branch-points in 
the UHP constitute no serious obstacle for this wave phenomenon 
to be stable. 

It was essential in the previous discussion that there were two 
wave modes. Had there only been one, then the branch-points in 
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the UHP wou1d have been fatal. However it follows from (6.27) 
that in order to single out just one mode we must choose f(t) and 
g(t) such that g(ru) +ik1, 2/(ru). Therefore we have to admit 
branch-points in the UHP in either f(ru) or g(ru). 
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APPENDICES 

Appendix: I 

LEMMA. If the function f(z) satisfies the following two conditions: 

(i) f(z) is analytic for Im z > 0, 
(ü) J~oo lf(x + iy)l2 dx < K, (z =x+ iy), y ~ 0. 

Then f(z) 4- 0 uniformly as lzl 4- oo for 0 ~ arg(z - i~) ~ x, where 
~is an arbitrary positive number. 

Proof. The conditions (i) and (ii) enable us to write f(z) as follows 

f(z) = _1_. foo f(u) du, 
271:~ _

00 
U-Z 

y >0. 

(Titchmarsh [5] theorem 93). From this expression we may deduce 
with Schwarz's inequality: 

1 foo foo du 
lf(z)l2 - 2 lf(u)l2du ( _ )2 2 · 4n -oo -oo U X + Y 

When we evaluate the second integral and use (ü) we find 

K 
lf(z)P~ < -. 

4-ny 

We now take some small number e and consider the strip 0 < !6 ~ 
y ~ Yo + !o, where Yo has been chosen in such a way that 1/1 < e 

when y > Yo· (yo = Kf4:ne2). Condition (ii) holds in this strip and 
hence in the strip !~ + !6 ~ y yo + !o !~, or o ~ y ~ yo, 
1/(x + iy) I 4- 0 uniformly as lxl 4- oo, i.e. 

1/(x iy)l < e when lxl > l, o ~ y Yo 
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(Titchmarsh [5] p. 125). It follows then that 

1/{z) I < e when lzl > ../l2 y~, y b. 

As ../l2 + y5 does not depend on arg zit follows that f(z) ~ 0 uni
formly for 0 arg(z - ib) ~ :n:. 

Appendix 11 

The veetors vj(kl) are eigenveetors of the matrix D ik1B; they 
may therefore be found from the homogeneons equation 

(D ik1B À.Jl) vj 0, 

in which ÀJ(kl) is the eigenvalue corresponding with vj. We shall 
denote the matrix D- ik1B- ÀJl with A. It is seen that its ele
ments are functions of k1 and AJ and as the latter is everywhere a 
continuons function of k1 (see chapter III) it follows that they are 
continuons as well. 

We shall be concerned with the case that several of the diagonal 
elements of D are equal. Then in a neighbourhood N of k1 0 the 
functions ÀJ(kl) are all different and therefore, for k1 eN, the rank 
of A will ben- l. Hence there must be a (n I) x (n- I) sub
matrix with a nonzero determinant; there will be no loss in gener
ality when we assume that this is the matrix A 1 which is obtained 
from A by deleting the n-th row and column. The componentsof 
vj can now be found with Cramer's rule, they are 

iAJ(h) I , 
IAJI Vjn, 

where A;(h) is the matrix which is obtained from A; by substi
tuting for the h-th column, the n-th one of A (omitting ann). We 
now choose for vJn: c/Ji(kl) IA;I whence 

Finally by choosing for cpJ(kl) a function which is continuons in N 
and which insures that Eïv;~ = 1 in k1 = 0, we achleve that the 
vector vJ is bounded and continuons in k1 0. 
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Appendix m 

Consider the Cauchy problem 

Ut Dux + Bu 0, 

u(x, 0) = f(x). 

(2.5) 

{4.1) 

In chapter IV we proved that when f E q and IE W~{R), that is, 

lltllr = f ~00 (ttt + rtn dx < oo 

the solution of this problem can be written as 

or more concisely 

u(t) T(t) f. 

T(t) is a linear operator. In view of the energy inequalities derived 
in [7] we know about T(t) that for bounded t 

IIT/II1 < A llfll1 

uniformly with respect to f and t. 
Now we consider an arbitrary element IE W~. As the functions 

which belong to q form in w~ a dense subset it is possible to find 
a sequence of functions In E q fî W~ such that 11/n- /ll1-+ 0 as 
n -+ oo. It follows then, as T is uniformly bounded, that for any 
lEW~, IIT/111 A llflh· If we write Un = Tinthen 

Un- Tf = T(fn- /} 
and 

llun Tfll1 A 11/n- /ll1 

for bounded t. Therefore llun - T/ll1 -+ 0 as n -+ oo and 

u= limun Tf. 
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Appendix IV 

LEMMA. Let Jö e-2pt ltfo(x, t)j2 dt < K for any x> 0, then 

f ~ tfo(x, t) eirot dt 

converges uniformly with respect to x in the interval [0, oo} when 
Imro > p. 
Proof. Jö tfo eirot dt will be uniformly convergent when it is possible 
to find for any e a number a = a(e) such that for b > a: 

Let ro ~ i(p + d) (ö > 0) then 

1 f ~ tfo eirot dt 1
2 

~ (I~ ltfol e-pt e-bt dt y 
~ f~ e-2pt ltfol2dt f~ e-2dt dt 

Therefore 

(Im ro p + !l} 

whenever b > a(e) (1/2d) ln(K/2!le2). 

Appendix V 

LEMMA. If Z B Bt is a nonnegative matrix, then 

f~ j(l>tf(l) dt < - dn f~ j(2)tjC2) dt. 

Proof. For the proof of this lemma we have to use arelation which 
has been derived in chapter V. It follows from {5.15) that when we 
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substitute P = I 

f ~ f<2> t D<2> f<2l dt = f ~ f<l> t D<ll j<ll dt + 

+ llu(T)II2 + f ~ f~ utZu dx dt. 

As the last two terms are positive we may conclude that 

f ~ j<2ltD<2>f<2l dt > f ~ j<l)tD<l)j(l> dt. 

Becausef<1ltD(l)j(l)~ -drf<l)tj<I> (dr < 0) andf<2ltD(2ll(2) ~dnl<2ltj(2) 
(dn > 0) it follows that 

j(2)tj(2) dt > - _r l<lltj(ll dt fT d fT 
o dn o 

and, if Jö j<2ltj<2l dt exists, 

j(lltl(l) dt < - ~ j(2)tj(2) dt. f
oo d foo 
0 dr o 

THEOREM. Consider the mixed problem 

Ut Dux + Bu = 0, (2.5) 

u(x, 0) = 0 as x ;;;;;: 0, 

u<2>(0, t) = f<Z>(t} as t;;;;;: 0. 

Then j<2l E L 2[0, oo) implies that e-Ut IE L2[0, oo) when -À is the 
lowest eigenvalue of Z (it > 0). 

Proof. Equation (2.5) yields upon substitution of u(x, t) = 
= exp(!itt) v(x, t): 

Vt + Dvx + (B -fM) V 0 

and the boundary condition at x = 0 becomes 

v<2>(0, t) = exp(-!U) 1<2l(t) g<2>(t). 

When f<2l E L 2[0, oo), g<2> E L2[0, oo) as well. As Z M is non
negative it follow from the previouslemma that gE L2[0, oo), that 
is e-Ut IE L2[0, oo). 
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COROLLARY. If j'(2) E L2[0, oo) then is e-i.at f' E L2[0, oo) as well. 
This follows from the previous theorem when we remember that if 
u is the salution of (2.5) with boundary data f<2>, Ut is the salution 
of (2.5) with boundary data f'<2). 

Appendix VI 

Consider equation (2.5) 

Ut Dux + Bu = 0 (2.5) 

in which D and B are matrices of size 2l X 2l subject to the con
ditions: (i) 11 = -Band (ii) GBG 11. When we write B in blocks 
of size l X l: 

B (
Bu 

B21 
B12) 
B22 

then (i) implies that 11u = -Bu, 1322 = -B22 and B21 = -1312 
and (ii) that B11 = -GB22G and B12 = -GB21G. Hence B can be 
written as 

B =( Bu 
-1112 

(Vl. I) 

D can be written as diag(-GAiG, Al). With the substitution u 
col(Gu', u") we may now write (2.5) as 

where M = GBuG and N = GB12· It is easily seen that N = fJ". 
With some advantage we may write (VI.2) symbolically as follows: 

where p denotes ojot and q: ojox. With the substitution 
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this may be written as 

(:~ + ~~: + ~ !~1 _q:~*--<~0)(;) = (~} (VI.3) 

where Q M N. When we now premultiply (VI.3) with 

(pi + qA! {! pi qA 1 - {! ) 
\pi + qA! - Q -pi qA! - Q ' 

which amounts to carrying out a sequence of differentiations, multi
plications and additions, we arrive at the following two equations 

Here 
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Vtt- AVxx + S1Vx + R1v = 0, 

Wtt - Awxx - S2w!J! R2w = 0. 

S1 = AlQ- {!Al, R1 = {!Q, 

S2 =Al{!- QAi, R2 = Q{!. 
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SAMENVATTING 

In dit proefschrift wordt een behandeling gegeven van een klasse 
van lineaire golfverschijnselen. Het doel hierbij is om enkele een
voudige criteria af te leiden waarmee golfverschijnselen uit de 
onderzochte klasse gekarakteriseerd kunnen worden. In dit onder
zoek gaat de belangstelling uit naar de structuur van golfverschijn
selen: (i.h.b. inhoeverre men deze samengesteld kan denken uit 
modes), balans-vergelijkingen en stabiliteit. 

De klasse die hier wordt beschouwd bestaat uit de één-dimensio
nale golfverschijnselen die zich laten beschrijven door het volgende 
stelsel partiële differentiaalvergelijkingen 

Ut+ Du'.l) Bu = 0 (*) 

(in matrix notatie). De matrices D en B zijn constant. Deze matri
ces en de dispersie relatie spelen een belangrijke rol bij het formu
leren van de criteria. In hoofdstuk II wordt onderzocht welke ver
gelijkingen zich tot (*) laten reduceren, tevens worden daar een 
aantal balans-vergelijkingen geconstrueerd. In hoofdstuk III wor
den een aantal eigenschappen van de dispersie relatie afgeleid. Er 
wordt aangetoond dat wanneer Bt - B, de groepsnelheid gelijk 
is aan de transportsnelheid van een klasse van behouden grootheden, 
waartoe de energie kan behoren. 

Het Cauchy problem en het signaal probleem worden in hoofd
stuk IV bestudeerd. Het blijkt dat de fysische interpretatie van 
golf modes niet altijd voor de hand ligt; veelal zijn de modes ge
koppeld via de vertakkingspunten van de wortels van de dispersie 
relatie. 

De stabiliteit van de oplossingen van beide bovenstaande proble
men wordt onderzocht in hoofdstuk V. Daartoe wordt gebruik ge-
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maakt van twee methoden. Enerzijds wordt de "normal mode" me
thode gebruikt, en anderzijds een generalisatie tot continue systemen 
van Lyapunov's directe methode. Eerst worden enkele criteria af
geleid met behulp van deze tweede methode en vervolgens worden 
de resultaten van de eerste methode getoetst aan die van de tweede. 
Het blijkt hier tevens mogelijk noodzakelijke en voldoende voor
waarden te geven waaronder bepaalde typen balans vergelijkingen 
bestaan. 

Voorts wordt verband gelegd tussen het begrip causaliteit, zoals 
dit in de fysica wordt opgevat, en stabiliteit. Het blijkt dat de 
Kramers-Kronig relaties slechts dan een causaliteits criterium vor
men wanneer het golf verschijnsel uit een enkele mode bestaat. Een 
analoge conclusie wordt bereikt ten aanzien van het criterium dat 
instabiliteiten klassificeert in absolute en convectieve instabiliteiten. 
Een gewijzigd criterium dat rekening houdt met de aanwezigheid 
van meer dan een mode wordt geformuleerd. 

Tenslotte wordt in hoofdstuk VI een bizondere klasse van golf 
verschijnselen beschouwd. Het zijn de golven die beschreven kun
nen worden door 

Utt- Auxz +Ru= 0, 

waarin A en R constante matrices zijn, de eerste positief definiet 
en de tweede en positief semidefiniet (of definiet). De resultaten 
zijn analoog aan die welke gevonden werden voor de eerste-orde 
vergelijking. Doordat de klasse aanzienlijk beperkter is blijkt het 
mogelijk hier de golven enigszins scherper te omschrijven. 
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STELLINGEN 

I 

Sturrock's criteria voor de klassificatie van instabiliteiten zijn 
slechts bewezen voor enkelvoudige golfmodes. Deze criteria zijn 
daardoor in vele gevallen onbruikbaar. 

STURROCK, P. A., Kinematics of growing waves, 
Phys. Rev. 112 (1958) 1488. 
Dit proefschrift, pp. 39 en 47. 

II 

De Kramers-Krenig-relaties kunnen worden opgevat als een stabili
teitscriterium. 

Dit proefschrift, p. 67. 

lil 

Het eerste inbeddingstheorema van SoBOLEV, dat bewezen is voor 
functies uit W~ die gedefiniëerd zijn op een begrensd gebied, geldt 
eveneens voor functies uit W~ die gedefiniëerd zijn op oo, oo}. 

SoBOLEV, S. L., Einige Anwendungen der Func
tional-analysis auf Gleichungen der Mathemati
schen Physik, p. 60, Akademie-Verlag, Berlin, 1964. 

IV 

De bewering dat een golffunctie 1p(x, t) die voor elke t 0 gede
finiëerd is op (- oo, oo), in het oneindige naar nul gaat, wordt in 
verschillende leerboeken onvolledig bewezen. 

DIRAC, P. A. M., The Principles of Quanturn Me
chanics, 4th Ed., p. 90, Ciarendon Press, Oxford, 
1958. 
MEssrAH, A., Quanturn Mechanics, Vol. I, p. 120, 
North-Holland, Amsterdam, 1961. 



V 

De behandeling van convectieve instabiliteiten door Sudan is niet 
bevredigend. 

SuoAN, R. N., Classification of instahilities from 
their dispersion relation, Phys. Fluids 8 (1965) 1899. 

VI 

In zijn boek "Differential and Integral Calculus" eist CouRANT uni
forme convergentie van de integralen / 0 f(x, y)dy en / 0 fx(x, y)dy 
opdat de tweede integraal de afgeleide is van de eerste. Deze eis kan 
verlicht worden; slechts de tweede integraal dient uniform te con
vergeren. 

CouRANT, R., Differential and Integral Calculus"," 
Vol. II, p. 312, Blaclrie en Son, London, 1964. 

VII 

In zijn kritiek op de gangbare opvatting van de quanturnmecha
nica maakt BOHM onderscheidt tussen twee aspecten van een fy
sische theorie. Een theorie verschaft enerzijds regels waarmee voor
spellingen van meetresultaten kunnen worden gedaan, anderzijds 
inzicht in de samenhang tussen fysische verschijnselen. (De quan
turnmechanica zou falen met betrekking tot dit tweede aspect.) De 
door BOHM gehanteerde onderscheiding is irrelevant voor een 
vruchtbare interpretatie van de quantummechanica. 

BoHM, D. and J. BuB, A proposed salution of the 
measurement problem in quantum-mechanics by a 
hidden variabie theory, Rev. Modern Phys. 38 
(1966) 453. 

VIII 

In zijn behandeling van één-dimensionale stromingen van Van der 
Waals gassen gaat TsiEN uit van een foutieve vergelijking. 

TsiEN, H. S., One-dimensional flows of a gas 
· characterized by Van der \Vaals equation of state, 
J. Math. and Phys. 25 (1946-47) 301. 



IX 

WAlT and SPIES geven een benaderingsmethode voor de bereke
ning van de vorm van bepaalde golven. De bruikbaarheid van 
deze methode is veel beperkter dan deze schrijvers suggereren. 

WAIT, J. R. and K. P. SPIES, On the theory of 
transient wave propagation in a dispersive medium, 
Applied Scientific Research 16 (1966) 455. 

x 

De positie van het cijfer nul op de kiesschijf van de telefoon heeft 
voor de gebruiker nadelen. 

XI 

Tegen de vraag naar de godsdienst zoals gesteld bij de inschrijving 
in het Bevolkingsregister zijn bedenkingen aan te voeren. 




