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Abstract

This paper studies the relationship between a manufacturer and his
customer. In the traditional setting, the customer manages her own in-
ventory and places replenishment orders that are made-to-order by the
manufacturer. Recently, supply chain initiatives such as Vendor Managed
Inventory (VMI) have changed the traditional customer-manufacturer re-
lationship. In a VMI relationship, the manufacturer becomes responsible
for the management of his customer�s inventory. Often, costs associated
with inventory keeping are transferred from the customer to the manu-
facturer. Because of this cost transfer, VMI typically is more expensive
for the manufacturer. However, being responsible for the inventory man-
agement, the manufacturer can coordinate the production and inventory
control decisions. It is the goal of this paper to show how the manufacturer
can realize this coordination. Moreover, we present a framework to cate-
gorize several VMI relationship types. We give insights on the structure
of the problem as well as some insights on opportunities for cost savings.
The insights are illustrated by numerical examples, which show that the
value of coordination can be subtantial in many cases.

Keywords: Supply chain relationships; Vendor Managed Inventory;
Coordination; Production-Inventory system

1 Introduction

In this paper, we study the relationship between a manufacturer (he) and a single
customer (she). In the traditional setting, the customer manages her own inven-
tory points and places replenishment orders for the di¤erent products. These
replenishment orders are produced by the manufacturer on a make-to-order ba-
sis. The production system consists of a multi-machine job shop, where orders
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for di¤erent products are produced on machines with limited capacity. This type
of production system is typically used in a setting with low-volume demand for
the products. Unfortunately, such job shop production systems are notorious
for their long and unreliable lead times. When the production is �nished, the
orders are delivered to the customer. We denote this traditional relationship
as Customer Managed Inventory (CMI). Because of ongoing pressure to reduce
costs, the customer may consider to reorient her traditional relationship with the
manufacturer. A popular alternative to the traditional manufacturer-customer
relationship is Vendor Managed Inventory (VMI), where the manufacturer is
responsible for the management of his customer�s inventory. Well-known in-
dustrial cases include the partnership between Wal-Mart and Proctor&Gamble
(Cottrill 1997). More references to case studies are given in Section 2 of this pa-
per. From the customer�s point of view, a VMI relationship is bene�cial because
the e¤orts and costs related to inventory management and inventory keeping are
transferred to the manufacturer. Conversely, the transition to VMI seems to be
unfavorable for the manufacturer since he faces an increase in inventory costs.
However, in a VMI relationship the manufacturer is responsible for both the
inventory and the production control. Therefore, the manufacturer can inte-
grate and coordinate inventory and production control decisions, which may
result in a cost reduction. In this way, the manufacturer can (at least partially)
compensate for the cost increase due to the transfer of costs.

Although it is generally acknowledged to be an important advantage of VMI,
little research has been executed -so far- on how the manufacturer can coordi-
nate the production and inventory decisions in a VMI context. Note that the
coordination of production and inventory decisions is a non-trivial exercise in a
VMI context. First, both parties (customer and manufacturer) have their own,
con�icting, cost objectives. Moreover, some crucial information (e.g. demand
information, cost information, data on production times, machine utilization,
...) is not available to all the parties in the supply chain. The model presented
in this paper takes into account this special structure of the problem. Since lit-
tle research has been devoted to the coordination of control decisions in a VMI
context, it is also unclear what the value of coordination is for the di¤erent
parties in the supply chain. Because of the arguments above, the manufacturer
faces a lot of uncertainty when he has to decide whether or not to change to
a VMI relationship. It is the goal of this research to generate knowledge that
supports the decision-making process of the manufacturer and the customer. In
particular, we provide:

1. a framework to categorize and compare various VMI relationship types;
2. a procedure to jointly solve (and approximately optimize) the tactical

production and inventory control decisions;
3. numerical results that quantify, where possible, a number of insights on the

structure of the problem and some insights on opportunities for cost savings.
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This supply chain considered in this research is inspired by a part of the sup-
ply chain of assemble-to-order capital goods production. The main production
phases in assemble-to-order capital goods production are component manufac-
turing (represented by the manufacturer) and assembly (represented by the cus-
tomer). The capital goods are assembled to order, typically with batch size one.
The manufacturer produces several components for his customer, the assembler.
The components are produced in batches, in order to reduce setup costs and
loss of capacity due to setup times. Moreover, components are kept in inventory
in order to avoid long replenishment order lead times. In this way, the supply
chain is characterized by decoupling inventory points between component man-
ufacturing and assembly. In this paper, we explore the strategic relationship
between the manufacturer and the customer. In particular, we focus on the
management of the decoupling inventory points.
The remainder of this paper is organized as follows. Section 2 gives an

overview of the relevant literature. Section 3 describes the characteristics of
the supply chain model under study as well as a framework for the di¤erent
relationship types considered in this paper. In Section 4, we model the supply
chain and the relevant costs. In Section 5, we present a procedure to make the
optimal production and inventory control decisions. Section 6 highlights several
structural insights on VMI, while Section 7 provides numerical examples that
illustrate these insights. Finally, in Section 8 we draw conclusions and look
ahead to some further research opportunities.

2 Literature review

Many case-studies on VMI can be found in the literature. Well-known VMI
implementations include Campbell Soup (Clark and McKenney 1994), Barilla
SpA (Hammond 1994, Simchi-Levi et al. 2000), General Electric (Burke 1996)
and the agreement between Wal-Mart and Proctor&Gamble (Cottrill 1997).
Other cases can be found in the automotive industry (Valentini and Zavanella
2003), the food industry (Tyan and Wee 2003), the retail industry (Holmström
1998, Waller et al. 1999) and the health care sector (Gerber 1991). More
examples can be found in Cottrill (1997) and Andel (1996).

Many authors describe the coordination of production and inventory deci-
sions as a main advantage of VMI. However, to the best of our knowledge, there
is little research on the coordination of production and inventory decisions in
VMI relationships. Two recent contributions can be mentioned. Fry et al.
(2001) study the savings due to better coordination of production, delivery and
inventory facilitated by a VMI contract. They focus on a supply chain that
consists of a single retailer and a single supplier, which have a (z, Z) type VMI
agreement. The (z, Z) levels correspond to minimum and maximum allowed
inventory levels at the retailer. Kim (2003) studies a two-echelon outsourc-
ing supply chain in which a company outsources production to the outsourcing
partner. A typical feature of the supply chain is that the outsourcing company
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supplies the raw material needed for the production process to the outsourcing
partner. Kim assumes that the outsourcing company is the single decision maker
with the objective of minimizing the total system-wide cost. For this reason,
it is the outsourcing company who manages the inventory at the outsourcing
partner, which results in a VMI-type relationship. Similar to the work of Fry et
al. and Kim, we try to model speci�c customer-manufacturer relationships in
order to determine the bene�ts o¤ered by coordinating production and delivery.
Also similar, we try to determine the control policies that minimize the total
relevant costs. However, our research is di¤erent from the previous work since
we focus on a multi-product situation in which production orders for di¤erent
products compete for limited production capacity. Moreover, our production
system consists of multiple machines and we explicitly model changeover times
between the production of di¤erent orders. Unlike Fry et al., we do not allow
the manufacturer to outsource some of its production. Similar to Fry et al., but
unlike Kim, we allow the decision maker to act in its own interest, i.e. we model
a decentralized decision maker. Finally, we introduce a wider spectrum of VMI
relationship types than studied in the work of Fry et al. and Kim.

Other research on VMI includes several analytical models that have been
developed to analyze the gain of using VMI in a two-echelon inventory system
and to support the vendor with the tactical inventory control decisions. Unlike
our approach, these models do not explicitly include manufacturing operations.
In this category, we mention the contributions of Aviv and Federgruen (1998),
Achabal et al. (2000) and Kaipia et al. (2002). Also, analytical models have
been developed to analyze the synchronization of inventory and transportation
decisions, see Çetinkaya and Lee (2000), Axsäter (2001), Chaouch (2001), Che-
ung and Lee (2002) and Disney et al. (2003). In this paper, we do not explicitly
take into account transportation decisions. Furthermore, some analytical mod-
els have been developed to understand the role of VMI in a supply chain channel,
see Dong and Xu (2002) and Disney and Towill (2002). Finally, the research on
VMI and other supply chain relationships is strongly related with the research
on information sharing and supply chain coordination. There is a vast amount
of literature on both topics. For matter of brevity, we refer the reader to some
recent reviews of both research domains. An overview of research on informa-
tion sharing can be found in Chen (2003) and Huang et al. (2003). For a review
of the research on supply chain coordination, we refer the reader to Thomas and
Gri¢ n (1996). Sahin and Robinson (2002) cover both research domains.

3 Description of supply chain

In this section, we describe the supply chain studied in this paper. We study the
relationship between a manufacturer and a single customer. Both parties are
separate entities that try to minimize their own costs. The type of manufacturer-
customer relationship determines the access to information, the division of costs
and the authority to make control decisions. This is clari�ed by presenting the
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Figure 1: Production and inventory system

four structures that the supply chain is composed of. Successively, we treat
the supply chain�s (i) physical structure; (ii) control structure; (iii) information
structure and (iv) cost structure.

3.1 Physical structure

We study a supply chain that consists of a manufacturer and a single customer.
The single customer may actually represent many customers, but this is not
relevant for the remainder of this paper. Figure 1 displays the production system
and the inventory system on which the manufacturer-customer relationship is
based.

The customer serves the demand for a product from inventory. We assume
that the demand process that arrives to the inventory points is a renewal process.
Demand interarrival times are stochastic variables with a known expectation
and squared coe¢ cient of variation (scv). The size of the demands is equal to
one. Demand that cannot be met from inventory is backordered. The inventory
for product k is controlled using a continuous review, reorder point (bk; Qk)
policy. Every time the economic inventory position drops below the reorder
point bk, a replenishment order of size Qk is generated. This order quantity
is to be produced by the manufacturer. Therefore, the party that sets the
replenishment lotsize implicitly determines the production lotsize. The reorder
point bk is chosen so that a target �ll rate �k is realized.
The manufacturer produces the replenishment orders placed by the cus-

tomer on a make-to-order basis. The production system consists of multiple
functionally oriented workcenters through which a number of di¤erent products
are produced. We assume ample supply of raw material. Substantial ordering
costs, set-up costs and set-up times result in batch-wise production. Each of
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the products can have a speci�c serial sequence of production steps, which re-
sults in a job shop routing structure. Furthermore, the manufacturing process is
subject to variability: processing times and set-up times are stochastic variables
with a known expectation and scv. The production orders for di¤erent products
compete for capacity at the di¤erent workcenters. When the production of the
entire batch is completed, the batch is transported to the inventory point. The
transportation times are assumed to be negligible.

3.2 Control structure

As usual, three levels of control decisions are considered: strategical, tactical
and operational. Strategical decisions are high-level and long-term decisions.
Tactical decisions are mid-term, while operational decisions are made on the
short-term. In this paper, we are predominantly concerned with the strategical
and tactical control decisions. The day-to-day operational decisions are made
using a heuristic rule. The three levels of control are discussed successively.

Firstly, the strategical control decision considered in this paper is the choice
of relationship type between customer and manufacturer. Other strategical con-
trol decisions are not investigated in this paper. The choice of relationship is
a strategical decision since it in�uences the responsibilities of the parties, the
cost division over the parties and the access to information by the parties. We
distinguish �ve customer-manufacturer relationship types based on three re-
sponsibilities that are related to the inventory management. Every relationship
type de�nes which party (customer or manufacturer) is responsible for: (i) the
inventory control; (ii) the storage of the inventory; (iii) the ownership of the
inventory. This leads to the de�nition of the following �ve relationship types:

1. Customer Managed Inventory relationship (CMI): the customer is
responsible for managing and storing her own inventory.

2. VMI - Non Consignment (VMI-NC): the manufacturer is responsible
for the inventory management at the customer�s premises.

3. VMI - Storage (VMI-S): the manufacturer is responsible for the
management and the storage of his customer�s inventory.

4. VMI - Consignment (VMI-C): the manufacturer is responsible for the
inventory management at the customer�s premises. Moreover, he owns
the products until they are taken from the inventory point.

Table 1 summarizes the �ve alternative manufacturer-customer relationship
types and de�nes the responsibilities of each party. In the literature we only
encountered the VMI-NC and VMI-C relationship (Simchi-Levi et al. 2000).
However, we introduce VMI-S and VMI-F because they correspond to actual
practices in industry. Moreover, these relationships have interesting analytical
characteristics, see section 6.

Secondly, two types of tactical control decisions have to be made in this
supply chain. In the �rst place, inventory control decisions should be made.
The tactical inventory control decisions consist of setting the replenishment
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CMI VMI-NC VMI-S VMI-C VMI-F
Inventory control C M M M M
Inventory storage C C M C M
Inventory ownership C C C M M

C : customer - M : manufacturer

Table 1: Characterisation of manufacturer-customer relationships

order lotsizes Qk and the reorder levels bk. From Table 1, we see that in case of
CMI the customer makes the inventory control decisions. In all four VMI cases,
the manufacturer is responsible for the inventory control. In the second place,
production control decisions have to be made. The only tactical production
control variables considered in this paper are the production lotsizes of the
di¤erent products. In this paper, customer orders are produced in a make-
to-order fashion. This implies that the production lotsizes are equal to the
replenishment order lotsizes. Therefore, the party that sets the replenishment
lotsizes implicitly determines the production lotsizes. We note that the setting
of the lotsizes is very important in job shop type production systems, since they
strongly in�uence the throughput times. Because of the complex nature of a
job shop production system (complex routing structure, stochastic nature of the
processing times, products compete for capacity) the harmonization between the
lotsizes of di¤erent products is highly non-trivial, but it can result in large time
and cost savings (Lambrecht et al. 1998 and Van Nyen et al. 2003).

Thirdly, the only operational production control decision considered in this
paper is the sequencing of the production orders on the machines. In this
research, all the orders are scheduled using the FCFS-priority rule. We do not
consider any other operational control decisions.

3.3 Information structure

The access to information is dependent on the relationship type. The infor-
mation asymmetry strongly in�uences the decision-making capabilities in the
di¤erent relationships. We make two assumptions. Firstly, the party that is
responsible for the inventory control has information about the demand process
and the ordering and inventory holding cost. Secondly, only the manufacturer
has access to production related data (processing times, set-up times, routing
structure, ...) and production related costs (work-in-process costs and setup
costs).

3.4 Cost structure

The division of the costs depends on the relationship between customer and
manufacturer. The division of the costs over the di¤erent parties is important,
given our decentralized setting in which each party seeks to minimize its own
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relevant costs. In this paper, we consider �ve relevant cost components: order-
ing costs OC, �nancial inventory holding costs FIC, physical inventory holding
costs PIC, production set-up costs SC and work-in-process holding costs WIPC.
We do not explicitly take into account transportation or handling costs. Most
cost components do not need further explanation, except for the physical and
�nancial inventory holding costs. The physical inventory holding costs consist
of all the costs that are related to the storage of the inventory, e.g. expenses
incurred in running a warehouse, handling and counting costs and costs of spe-
cial storage requirements. The �nancial holding costs consist of all the costs
that come with the ownership of inventory, e.g. the opportunity cost of capital,
insurance, obsolescence and damage (Silver et al., 1998).

Cost component CMI VMI-NC VMI-S VMI-C VMI-F
OC C M M M M
FIC C C C M M
PIC C C M C M
SC M M M M M

WIPC M M M M M
C: customer - M: manufacturer

Table 2: Division of relevant costs over players in the supply chain

As can be seen from Table 2, the manufacturer always carries the setup
costs and work-in-process holding costs. In the case of CMI, the customer car-
ries the ordering costs and the physical and �nancial inventory holding costs.
The shift from CMI to other relationship types implies that the manufacturer
carries more cost components. Under VMI-NC, the manufacturer manages the
inventory which implies that he also carries the ordering costs. In VMI-S, the
manufacturer manages and stores the inventory. Therefore, he carries the or-
dering and the physical inventory costs. In VMI-C, the manufacturer manages
and owns the inventory. Consequently, he carries the ordering costs as well as
the �nancial inventory holding costs. Finally, under VMI-F the manufacturer
manages, stores and owns the inventory. This implies that the manufacturer
now carries all the relevant costs considered in this model. Note that many
other �nancial agreements among the parties are possible, but they are not
investigated in this paper.

4 Modeling the supply chain

In this section, we present a model for the physical supply chain and for the
di¤erent cost components. Table 3 gives the relevant input parameters.

4.1 Supply chain costs

We present a procedure to compute the relevant cost components for a given
vector of lotsizes Q = (Q1; :::; Qk; :::; QP ).
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P : number of products
M : number of workcenters in the production system
A0k : interarrival time of demand for product k at inventory point k

(stochastic variable)
Qk : lotsize (reorder quantity) for inventory point k
bk : reorder point for inventory point k
ok : �xed ordering cost for one replenishment order of product k
hfk : �nancial inventory holding cost parameter for product k
hpk : physical inventory holding cost parameter for product k
sk : �xed production set-up cost for one production order of product k
hwipk : work-in-process inventory holding cost parameter for product k

Table 3: Notation for input parameters

4.1.1 Input cost parameters

Table 3 presents the notation for the cost parameters. The actual value of some
of the cost parameters depends on the type of relationship. More speci�cally,
depending on the type of relationship, one should take the ok, h

f
k and h

p
k of

the customer or the manufacturer. The cost parameters of the customer are
denoted as: ok (C), h

f
k (C) and h

p
k (C). Similarly, the cost parameters of the

manufacturer are: ok (M), h
f
k (M) and h

p
k (M). The values of the other cost

parameters, sk and h
wip
k , remain unchanged under di¤erent relationship types.

In order to simplify the notation, we use the same notation for the di¤erent
cases unless otherwise stated. Table 4 presents for every relationship type which
parameter (customer�s or manufacturer�s) should be selected.

CMI VMI-NC VMI-S VMI-C VMI-F
ok C M M M M
hfk C C C M M
hpk C C M C M

C : customer - M : manufacturer

Table 4: Selection of customer�s or manufacturer�s cost parameter for di¤erent
relationships

4.1.2 Cost calculation

As mentioned before, we consider �ve cost components.

1. Ordering costs. In a continuous review, �xed order quantity (bk; Qk) pol-
icy, a replenishment order for product k is generated every QkE [A0k] time
units, on average. Therefore, the ordering costs per unit of time are:

OCk (Qk) =
ok

QkE[A0
k]
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2. Financial inventory holding costs. The average amount of inventory that
is available at the inventory points is given by Qk

2 +ssk (Q), see e.g. Silver
et al. (1998). Therefore, the �nancial inventory holding costs are given
by:

FICk (Q) = h
f
k

h
Qk

2 + ssk (Q)
i

3. Physical inventory holding costs. Similarly to the �nancial holding costs,
the physical inventory holding costs are:

PICk (Q) = h
p
k

h
Qk

2 + ssk (Q)
i

4. Setup costs. In our make-to-order model every replenishment order gen-
erates a production order. As a result, the setup costs are given by:

SCk (Qk) =
sk

QkE[A0
k]
.

5. Work-in-process inventory holding costs. Using Little�s law, we compute
the expected amount of work-in-process inventory in the production sys-
tem. In this paper, the work-in-process is valued with the same cost
parameter hwipk along the entire routing of a product. If desired, our com-
putational tool allows specifying a speci�c work-in-process holding cost
parameter for every production stage. Then, the work-in-process holding
costs are:

WIPCk (Q) = h
wip
k

E[Tk(Q)]

E[A0
k]
.

Above, expressions for the relevant cost components of the supply chain are
presented. In these formulas, there are two unknown variables: ssk (Q) and
E [Tk (Q)]. All the other variables and parameters are known. The next section
shows how an approximate analytical model can be used to obtain estimates for
ssk (Q) and E [Tk (Q)]. Using these estimates, the relevant costs of a vector of
lotsizes Q can be computed.

4.2 Physical supply chain

In this section, an approximate analytical model is presented to estimate the
characteristics of the physical supply chain for a given vector of lotsizes for all
products Q = (Q1; :::; Qk; :::; QP ). The model gives us a relation between the
lotsizes Q, the expectation of the throughput times E [Tk], and the safety stocks
ssk. The expected throughput times and the safety stocks are a function of the
lotsizes of all products, which can be written as E [Tk (Q)] and ssk (Q). For
reasons of conciseness, we present our model in Appendix I. In essence, the
supply chain considered in this paper is an integrated production-inventory sys-
tem. The analysis of the integration of production and inventory models is not
straightforward, see e.g. Zipkin (1986) for an overview of the complexities that
arise in such models. Our model shares the basic idea of Zipkin�s approach: we
represent the inventory points by standard inventory models (Silver et al. 1998)
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and the production system by a standard general open queueing network (Whitt
1983). Successively, we link these submodels using renewal theory (Cox 1962).
Our approach ensures that the essential characteristics of the supply chain are
captured, while the model is rather simple and computationally tractable. Un-
fortunately, the drawback of this simplicity is a certain degree of approximation.
However, earlier research by Van Nyen et al. (2003) reports on the estimation
quality of this model which appeared to be satisfactorily. Finally, we mention
that our model extends the work of Lambrecht et al. (1998) who present a lot-
sizing procedure for job shop production systems using general open queueing
networks. Their procedure was implemented in a large Belgian metalworking
company (Vandaele et al. 2000), which shows that the methodology can be
applied successfully to real-world problems.
In this section, we derived expressions for the supply chain costs, given a

vector of lotsizes Q. In the next section, we how the relevant costs are mini-
mized.

5 Coordinated inventory and production con-
trol

In our decentralized setting, the party that is responsible for making the inven-
tory and production control decisions tries to minimize its own costs. Therefore,
the cost objective that is optimized depends on the relationship type. More-
over, the information that is accessible for the decision maker depends on the
customer-manufacturer relationship. Below, we present how the inventory and
production control decisions are made in the CMI and VMI relationships. Since
the four VMI cases are quite similar, they are grouped in one subsection.

5.1 Customer Managed Inventory

In the traditional CMI relationship, the customer determines the lotsizes so that
her own costs are minimized. In CMI, the customer has no access to produc-
tion related data such as processing times, set-up times, routing structure, etc.
Therefore, the customer cannot take into account the e¤ect of her lotsizing de-
cision on throughput times and, as a consequence, on the safety stocks ssk. In
such a situation, the customer determines the lotsizes and reorder points sequen-
tially; see e.g. Silver et al. (1998). Typically, the customer uses the Economic
Order Quantity (EOQ) to determine the replenishment lotsize QEOQk :

QEOQk =

r
2ok(C)

E[A0
k](h

f
k+h

p
k)

However, the EOQ completely ignores the impact of the lotsizing decision
on the costs of the manufacturer. Therefore, we believe it is realistically to
assume a kind of coordination mechanism that avoids excessively high costs
for the manufacturer. One possible way to achieve coordination is that the
manufacturer informs the customer about the setup costs sk. In this way, the
customer can take into account the e¤ect of her lotsizing decision on the setup
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costs of the manufacturer. Then the customer determines the lotsizes by an
adaptation of the EOQ:

QCMI
k =

r
2(ok(C)+sk)

E[A0
k](h

f
k+h

p
k)
.

Next, the reorder points bk are set, based on observations of the realized
throughput times. In this study, the reorder levels are determined based on
the estimated throughput times (see Appendix I). Note that in this sequential
decision-making procedure, the lotsizes are determined without assessing the
impact on the utilization of production capacity.

5.2 Vendor Managed Inventory

In all VMI relationship types, the customer transfers the authority for the inven-
tory control to the manufacturer. Moreover, the manufacturer now has access
to detailed information of both the demand and production process. Therefore,
he can coordinate the production and inventory control decisions. In our decen-
tralized setting, the manufacturer tries to minimize his own costs. Depending
on the type of VMI, the customer still carries some of the inventory holding
costs (see Table 2). The manufacturer has to ensure that the inventory costs
of the customer do not increase because of changes in the inventory control de-
cisions, since the customer would not accept this. There are multiple ways of
coping with this issue. One way would be to set a maximum Zk on the inventory
position of every product k, similar to Fry et al. (2001). This can be realized
by rejecting all solutions that have bk + Qk > Zk. In this paper, however, we
assume a compensation mechanism: if the inventory costs under VMI are higher
than the inventory costs in the CMI case (denoted by FICCMI

k and PICCMI
k ),

the manufacturer compensates his customer for the cost increase. This policy
ensures that the customer�s inventory costs do not increase compared to the
CMI case. Moreover, it gives the manufacturer the �exibility to optimize his
costs by adjusting the lotsizes. Then, the manufacturer�s objective is to �nd the
vector of lotsizes Q that minimizes the following cost functions for the di¤erent
VMI relationships:
1. VMI-NC:
PP
k=1

24 h�
hfk (C) + h

p
k (C)

��
Qk

2 + ssk (Q)
�
� FICCMI

k � PICCMI
k ; 0

i+
+ [ok(M)+sk]

QkE[A0
k]

+ hwipk
E[Tk(Q)]

E[A0
k]

35
2. VMI-S:
PP
k=1

24 h
hfk (C)

�
Qk

2 + ssk (Q)
�
� FICCMI

k ; 0
i+

+hpk (M)
�
Qk

2 + ssk (Q)
�
+ [ok(M)+sk]

QkE[A0
k]

+ hwipk
E[Tk(Q)]

E[A0
k]

35
3. VMI-C:
PP
k=1

24 h
hpk (C)

�
Qk

2 + ssk (Q)
�
� PICCMI

k ; 0
i+

+hfk (M)
�
Qk

2 + ssk (Q)
�
+ [ok(M)+sk]

QkE[A0
k]

+ hwipk
E[Tk(Q)]

E[A0
k]

35
4. VMI-F:
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PP
k=1

��
hfk (M) + h

p
k (M)

��
Qk

2 + ssk (Q)
�
+ [ok(M)+sk]

QkE[A0
k]

+ hwipk
E[Tk(Q)]

E[A0
k]

�
The operator [a; b]+ denotes that the maximum of a and b is taken. The

cost terms that use this operator denote the compensation for the increase in
the customer�s inventory costs.
If the cost components are estimated using the model in Section 4, it ap-

pears that the objective functions are unimodal in the lotsizes. Therefore, the
objective functions can be minimized using a local search algorithm. Appendix
II presents a postulate on the unimodality of the objective functions and the
optimization algorithm used in this study.
In this subsection, we showed how the manufacturer can simultaneously

determine lotsizes and reorder levels, based on an integrated view of the inven-
tory and production system. The proposed method takes into account all the
relevant costs, including work-in-process and safety stock costs. Moreover, it
ensures that the lotsizes are feasible with respect to production capacity.

6 Structural insights

In this section, we present some structural insights on the customer-manufacturer
relationships. These insights are based on the cost functions presented in Section
5. Let us �rst introduce the symbol TRCxy which stands for the total relevant
costs of a VMI relationship x for a certain party y where
x 2 fVMI-NC, VMI-S, VMI-C, VMI-Fg;
y 2 fcustomer, manufacturer, supply chaing.

6.1 Equal cost parameters

In this �rst set of structural insights, we assume that the cost parameters are
equal between manufacturer and customer, i.e. ok(C) = ok(M), h

f
k(C) =

hfk(M) and h
p
k(C) = h

p
k(M).

6.1.1 Transfer e¤ect and coordination e¤ect

Suppose that the CMI relationship is the initial manufacturer-customer rela-
tionship. Starting from this relationship, the customer may want to change the
relationship into a VMI type of relationship. In this section, the cost impact of
a change in the relationship is investigated. The impact of a change is twofold.
Firstly, when a relationship changes from CMI to any VMI relationship, cost
components are transferred from the customer to the manufacturer. This trans-
fer of costs is called here the transfer e¤ect. The transfer e¤ect results in a
cost decrease for the customer, but in a cost increase for the manufacturer. To-
gether with the costs, however, also the responsibility for the inventory control
is transferred from the customer to the manufacturer. This allows the manufac-
turer to coordinate the production and inventory control decisions. In this way,
the manufacturer can reduce his costs. Moreover, as a side-e¤ect the costs of
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the customer may decrease as well because of the changes in the control deci-
sions. The cost reduction resulting from the integration of the control decisions
is denoted here as the coordination e¤ect. In the remainder of this section, the
coordination e¤ect and transfer e¤ect are investigated into more detail. Succes-
sively, the customer, manufacturer and supply chain are discussed.

The customer�s transfer e¤ect TExcustomer can be computed for the di¤erent
relationships x:

TEVMI�NC
customer = �

PP
k=1

OCk
�
QCMI
k

�
;

TEVMI�S
customer = �

PP
k=1

�
OCk

�
QCMI
k

�
+ PICk

�
QCMI

��
;

TEVMI�C
customer = �

PP
k=1

�
OCk

�
QCMI
k

�
+ FICk

�
QCMI

��
;

TEVMI�F
customer = �

PP
k=1

�
OCk

�
QCMI
k

�
+ FICk

�
QCMI

�
+ PICk

�
QCMI

��
.

Note that TExcustomer � 0, since it is a cost reduction.
The customer�s coordination e¤ect is smaller than or equal to zero: CExcustomer �

0. This observation is based on the assumption that the customer does not ac-
cept any increase in her inventory costs (see Section 5.2). The magnitude of
CExcustomer can be estimated with the approximate analytical model presented
in Sections 4-5. Then, the customer�s cost in the new VMI relationship z equals
her cost under CMI plus the transfer e¤ect plus the coordination e¤ect:
TRCxcustomer = TRCCMI

customer + TE
x
customer + CE

x
customer � TRCCMI

customer +
TExcustomer
From this inequality, it can be observed that the customer has a guaranteed

bene�t of a change in the relationship, which is at least as high as value of
the transfer e¤ect. Therefore, the customer has a clear incentive to change the
relationship.

The picture is less clear for the manufacturer, since the transfer e¤ect and co-
ordination e¤ect are opposing. The manufacturer�s transfer e¤ect TExmanufacturer
is a cost increase that consists of all the costs that are transferred from the cus-
tomer to the manufacturer. Since the cost parameters are equal between the
customer and manufacturer, it holds that:
TExmanufacturer = �TExcustomer � 0.
The manufacturer can reduce his costs by coordinating the control decisions.

His coordination e¤ect is characterized by: CExmanufacturer � 0. Then, the
manufacturer�s cost equals his cost under CMI plus the transfer e¤ect plus the
coordination e¤ect:
TRCxmanufacturer = TRC

CMI
manufacturer+TE

x
manufacturer+CE

x
manufacturer ? TRCCMI

manufacturer
Unfortunately, it is not possible to make general statements on the magni-

tude of the coordination e¤ect. Therefore, the total cost e¤ect of a change in the
relationship remains uncertain for the manufacturer. This uncertainty makes it
di¢ cult for the manufacturer to decide whether or not to accept a VMI rela-
tionship. Our approximate analytical model can be used to estimate the cost
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e¤ect of a change in the relationship, and thus support the manufacturer in his
decision making process.

Finally, the e¤ect of a change in relationship on the supply chain costs is
investigated. The transfer e¤ect of the supply chain TExsupply chain is the sum
of the transfer e¤ect of the customer and the manufacturer. Since the cost
parameters are equal between manufacturer and customer, the transfer e¤ect
for the supply chain is zero:
TExmanufacturer = �TExcustomer
, TExsupply chain = TE

x
manufacturer + TE

x
customer = 0

The coordination of production and inventory decisions results in cost de-
creases, both for the customer and the manufacturer. Therefore, the coordina-
tion e¤ect of the supply chain is given by:
CExcustomer � 0 and CExmanufacturer � 0
) CExsupply chain = CE

x
customer + CE

x
manufacturer � 0.

Since the transfer e¤ect is zero and the coordination e¤ect is always nonpos-
itive, a change from CMI to any VMI relationship will result in supply chain�s
costs that are smaller than or equal to the costs in the CMI case:
TRCxsupply chain = TRC

CMI
supply chain+TE

x
supply chain+CE

x
supply chain � TRCCMI

supply chain
This observation shows that it is bene�cial, from a supply chain cost perspec-

tive, to change from CMI to a VMI relationship when the cost parameters are
equal between customer and manufacturer. To conclude this section, we remark
that in the case of non-equal cost parameters, our estimation model can be used
to evaluate the transfer and coordination e¤ect for the di¤erent relationships.

6.1.2 Supply chain�s optimal cost

In this section we identify an opportunity for system-wide cost savings that can
be achieved by choosing the right relationship type. The observation is based on
the equality of the cost parameters between customer and manufacturer. This
condition may limit the applicability of the observation, but we believe that it
can provide an interesting rule of thumb for cost savings. Let TRC�supply chain
denote the optimal total relevant cost of the supply chain.

Observe that in the case of VMI-F the manufacturer carries all the relevant
costs. Therefore, the manufacturer can optimize all the costs simultaneously
(global optimization), while in the other relationships only a subset of cost
components are optimized (partial optimization). As a consequence, the total
supply chain costs of the VMI-F relationship are lower than those of the other
relationships:

TRCCMI
supply chain � TRC

VMI�F
supply chain

TRCVMI�NC
supply chain � TRC

VMI�F
supply chain

TRCVMI�S
supply chain � TRC

VMI�F
supply chain

TRCVMI�C
supply chain � TRC

VMI�F
supply chain

and the cost of VMI-F is the supply chain�s optimal cost: TRCVMI�F
supply chain =

TRC�supply chain .
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This observation is useful in situations where the achievement of the lowest
system-wide total costs is more important than how the costs are divided over
the manufacturer and customer. This happens, e.g., when the customer and
manufacturer are subdivisions of the same company. In this case, it is more
important to obtain the lowest cost for the whole company, rather than obtaining
the lowest cost for any of the subdivisions of the company.
Note that the observations in this section only hold if the cost parameters

between parties. The next section discusses the case that the inventory holding
cost parameters can di¤er between parties.

6.2 Di¤erent inventory holding cost parameters

The second set of insights concerns the situation where the inventory hold-
ing cost parameters are di¤erent between the customer and the manufacturer:
hfk(C) 6= hfk(M) and h

p
k(C) 6= hpk(M). The ordering cost parameters, how-

ever, are assumed to be equal: ok(C) = ok(M). Let TRC
z;�
supply chain denote

the lowest total supply chain cost that can be attained in a given relation-
ship z 2 fCMI, VMI-NC, VMI-S, VMI-C, VMI-Fg. The total supply chain
costs of the di¤erent relationships z are denoted by TRCzsupply chain . Note
that TRCzsupply chain � TRCz;�supply chain , since the decentralized decision mak-
ing process, proposed in Section 5 and used to obtain TRCzsupply chain , may lead
to suboptimality. Then the following equations give the relationship with the
lowest optimal cost for the four possible combinations of holding cost parame-
ters:

1. hfk(C) � h
f
k(M) and h

p
k(C) � h

p
k(M)

, TRCCMI;�
supply chain = TRC

VMI�NC;�
supply chain = TRC

�
supply chain

2. hfk(C) � h
f
k(M) and h

p
k(C) � h

p
k(M)

, TRCVMI�S;�
supply chain = TRC

�
supply chain

3. hfk(C) � h
f
k(M) and h

p
k(C) � h

p
k (M)

, TRCVMI�C;�
supply chain = TRC

�
supply chain

4. hfk(C) � h
f
k(M) and h

p
k(C) � h

p
k(M)

, TRCVMI�F;�
supply chain = TRC

VMI�F
supply chain = TRC

�
supply chain

The equations state that it is optimal from a system-wide cost perspec-
tive to assign the �nancial and physical inventory holding costs to the party
that has the lowest value for the relevant inventory cost parameter, provided
that TRCz;�supply chain can be attained. In general, this is not possible due to
the suboptimality that results from the decentralized decision making process.
Only in case 4, the VMI-F relationship obtains the supply chain�s optimal costs
TRC�supply chain since VMI-F globally optimizes the relevant costs. In the �rst
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three cases, it is likely that none of the relationships studied in this paper re-
sults in the optimal supply chain costs. However, the observation can be used
as a guideline for potential cost savings and our computational tool presented
in Sections 4-5 can be applied to compare various relationships into more detail.

This observation is valuable since it gives the relationship that matches best
with a certain combination of holding costs. The insight has useful applications
in real world instances when the holding costs between customer and manufac-
turer di¤er substantially. A di¤erence between hfk(C) and h

f
k(M) can be caused

by di¤erences in cost of capital, target return on investment (ROI) or inventory
valuation method. Similarly, hpk(C) and h

p
k(M) can be considerably di¤erent,

due to the location of the facilities or from e¢ ciencies in the operation of the
warehouse.

7 Numerical examples

In this section, we present numerical examples that illustrate the insights that
were gathered in Section 6. We conduct two sets of experiments. Similar to
Section 6, in the �rst set the cost parameters are equal between customer and
manufacturer. In the second set of experiments, the customer and manufacturer
have di¤erent inventory holding cost parameters.

7.1 Equal cost parameters

7.1.1 Experimental design

We consider a supply chain in which 10 products are manufactured. The pro-
duction system consists of 5 machines. The products are identical in terms of
expectation and scv of interarrival times and setup times. The scv of setup times
and processing times is equal to 1. Moreover, all the products have the same
cost parameters. In this set of experiments, we assume that ok(C) = ok(M),
hfk(C) = h

f
k(M) and h

p
k(C) = h

p
k(M). The inventory holding costs are given by:

hfk = 1:67, h
p
k = 0:83 e/item/year and h

wip
k = 1.67 e/item/year. The amount

of �xed costs incurred for one order ok + sk is a factor in our design, but their
proportion is �xed: oksk =

1
2 .

The products di¤er in terms of expected processing times and in their rout-
ing through the production system. The expected processing time on a machine
is randomly selected from the vector (5, 10, 15, 20, 25) minutes. Every prod-
uct requires processing on every machine and the routing for every product is
generated randomly.
Our experimental design consists of 5 factors that are varied over 2 levels:
1. Net utilization of machines (without setup times) : 0.70 - 0.85
2. Scv of interarrival times of demand : 0.5 - 2.0
3. Fixed costs ok + sk : 100 - 300
4. Expectation of setup times : 150 - 450
5. Target �llrate : 0.90 - 0.99
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We conduct a 25 full factorial experiment with 32 combinations. We generate
5 random instances, each with di¤erent routing and expected processing time
structures. This leads to an experiment with 160 instances. For each of these
instances, we use the procedure in Section 4-5 to generate the control decisions
and the costs estimates for all the relationship types considered in this paper.
The discussion of the results is organized in the same way as Section 6.1. First
the transfer e¤ect and the coordination e¤ect are investigated. After this, the
supply chain�s optimal costs are studied.

7.1.2 Transfer e¤ect and coordination e¤ect

First, the magnitude of the transfer e¤ect TExy and the coordination e¤ect
CExy is numerically investigated. We present the transfer and coordination
e¤ect relative to the costs in the initial CMI setting. The relative transfer and
coordination e¤ects for party y for relationship x can be computed as:
RTExy =

TEx
y

TRCCMI
y

� 100%

RCExy =
CEx

y

TRCCMI
y

� 100%

VMI-NC VMI-S VMI-C VMI-F
RTEcustomer (%) -18.1 -45.4 -72.7 -100.0
RCEcustomer (%) -11.3 -13.1 -8.8 0.0
RTEmanufacturer (%) 16.7 43.4 70.0 96.7
RCEmanufacturer (%) -3.7 -8.9 -16.6 -26.1

Table 5: Relative transfer and coordination e¤ect

Table 6 summarizes the average over the 160 instances of RTExy and RTE
x
y

for the customer and manufacturer in the di¤erent VMI relationship types. As
can be seen from Table 6, the transfer e¤ect dominates the coordination e¤ect,
both for the customer and the manufacturer. This implies that the manufacturer
faces a cost increase when going from the traditional CMI relationship to a VMI
relationship.

Now, we study the coordination e¤ect relative to the cost after the transfer of
cost components, but before the coordination of the production and inventory
control decisions. This would be the cost incurred if the manufacturer does
not to coordinate the production and inventory control decisions. This relative
e¤ect, denoted as RCEx, no coordinationy , allows assessing the relevance of the
coordination of control decisions.
RCEx, no coordinationy =

CEx
y

TRCCMI
y +TEx

y
� 100%.

Table 7 shows the average over the 160 instances of RCEx, no coordinationy for
the four VMI relationships. Our numerical examples show that the coordination
of production and inventory decisions is relevant, since it leads to substantial
cost savings, both for the manufacturer and the customer. Surprisingly, it is
the customer who bene�ts the most from the coordination of production and
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VMI-NC VMI-S VMI-C VMI-F
RCEx, no coordinationcustomer (%) -13.6 -23.7 -31.7 NA
RCEx, no coordinationmanufacturer (%) -3.3 -6.2 -9.6 -13.0

Table 6: Coordination e¤ect relative to costs without coordination of production
and inventory control

inventory decisions. The cost savings can be as high as 31.7% for the customer
compared to 13.0% for the manufacturer. For both players, it holds that the
coordination e¤ect becomes stronger when more costs are transferred to the
manufacturer. From the results in Table 6 and 7 we conclude that the manufac-
turer and the customer bene�t substantially from the coordination of inventory
and production decisions by the manufacturer. This surprising conclusion can
be explained by the following e¤ect. In a VMI relationship, the manufacturer
minimizes his own costs, which implies that he tries to reduce his WIP holding
costs. A decrease in WIP holding costs can be realized by lower WIP inventories,
which results in shorter throughput times. In VMI-NC, VMI-S and VMI-C, the
relevant costs carried by the customer are inventory holding costs. Obviously,
shorter order throughput times lead to lower safety stocks and thus lower costs
for the customer.

Finally, from our results it appears that the total supply chain costs always
follow the following inequalities:
TRCCMI

supply chain > TRCVMI�NC
supply chain > TRCVMI�S

supply chain > TRCVMI�C
supply chain >

TRCVMI�F
supply chain
Our results show that all VMI relationships have lower supply chain costs

than CMI. Moreover, VMI-F attains the lowest costs. These observations are
in line with the structural insights from Section 6.1. Finally, it can be observed
that the more costs are transferred to the manufacturer, the lower the total
supply chain costs become.

7.1.3 Supply chain�s optimal cost

Since the cost parameters are equal between customer and manufacturer in this
set of experiments, Section 6.1.2 learns that VMI-F results in the optimal supply
chain costs: TRCVMI�F

supply chain = TRC�supply chain . The other relationship types
have higher costs. Table 8 summarizes for every relationship the minimum,
average and maximum over the 160 instances of the relative cost increase over
the optimal cost, denoted as �1:

�1 =
TRCz

s u p p ly ch a in�TRC
�
s u p p ly ch a in

TRC�
s u p p ly ch a in

� 100%
The numerical examples show that the ine¢ ciencies in a supply chain con-

trolled in the traditional way (CMI) can be substantial. We observe an aver-
age increase over the optimal costs of 15.4%, but the increase can be as large
as 27.8%. Moreover, the results show that VMI relationships can reduce the
ine¢ ciencies signi�cantly. Interestingly, the VMI-C relationship reduces the

19



CMI VMI-NC VMI-S VMI-C VMI-F
min �1 (%) 6.2 3.4 1.1 0.2 0.0
avg �1 (%) 15.4 6.5 2.4 0.5 0.0
max �1 (%) 27.8 10.4 3.6 0.7 0.0

Table 7: Cost increase over the optimal supply chain cost

ine¢ ciencies to an almost negligible level: 0.5% on average with a maximum
deviation of 0.7%. As mentioned before, VMI-F gives the optimal solution.
We analyzed the e¤ect of the factors in the experimental design on the

di¤erence between CMI and VMI-F. Using the statistical package StatGraphics,
we found that the most important factors are the net utilization of the machines,
the target �llrate and the interaction between utilization and �llrate. This
analysis learns that VMI-F is an interesting alternative for CMI especially when
the net utilization of the production system as well as the target �llrates are
high. This can be explained by the observation that WIP costs and safety stock
costs are strongly dependent on the throughput times in the production system.
The impact of production control decisions on throughput times is especially
high when the utilization of the production system is high. Therefore it makes
sense that VMI-F performs good in situations with high capacity utilization.
Moreover, when �llrates are high, decreases in the expectation and variance of
the throughput times lead to substantial decreases in the safety stock costs.

Table 9 gives detailed information on the lotsizes and the expectation and
standard deviation of the throughput times for one speci�c problem instance.
E [Tk] and � [Tk] are expressed in days. The analysis of this table helps to build
intuition on how the approximate analytical model solves the production and
inventory control problem. In the case of CMI, all products have the same
lotsizes, due to the fact that they are symmetrical in terms of their costs and
arrival rates. Under CMI, the di¤erences between products in terms of process-
ing requirements are ignored. Therefore, when the inventory management is
carried out by the manufacturer (VMI), the lotsizes di¤er between products in
order to cope with the di¤erences in processing requirements. Going from CMI
to VMI-F, the average lotsizes decline systematically. By reducing the lotsizes,
the manufacturer incurs more ordering and setup costs, but this cost increase is
compensated by decreases in the inventory related costs. The decrease in inven-
tory related costs is realized by reducing E [Tk] and � [Tk], as can be observed
from Table 9.

7.2 Di¤erent inventory holding cost parameters

7.2.1 Experimental design

In this set of experiments, the holding costs di¤er between customer and man-
ufacturer: hpk(C) 6= h

p
k(M) and h

f
k(C) 6= hfk(M). The holding cost parameters

have two levels: 2.5 or 5.0 e/item/year, leading to 4 possible combinations. We
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k 1 2 3 4 5 6 7 8 9 10 avg.
CMI Qk 442 442 442 442 442 442 442 442 442 442 442

E [Tk] 49 55 49 53 61 58 64 60 57 60 57
� [Tk] 19 19 19 19 19 19 19 19 19 19 19

VMI-NC Qk 490 440 490 475 390 430 330 390 430 370 425
E [Tk] 48 52 48 52 55 55 54 54 53 53 53
� [Tk] 17 17 17 17 17 17 17 17 17 17 17

VMI-S Qk 485 370 510 390 325 360 280 330 360 325 375
E [Tk] 44 46 45 45 48 48 47 47 46 47 46
� [Tk] 15 15 15 15 15 15 15 15 15 15 15

VMI-C Qk 410 315 430 330 280 310 245 285 310 280 320
E [Tk] 39 40 40 40 42 42 42 42 41 41 41
� [Tk] 13 13 13 13 13 13 13 13 13 13 13

VMI-F Qk 365 280 380 295 250 275 215 255 275 250 285
E [Tk] 36 37 36 36 39 38 38 38 37 38 37
� [Tk] 12 12 12 12 12 12 12 12 12 12 12

Table 8: Lotsizes and throughput times for one problem instance

have a similar setting as in the experiments with equal holding costs. Instead of
varying the 5 factors over 2 levels, we set them to their medium level. We have
the same 5 randomly generated production structures (routing and processing
times). Since we have 4 combinations for the holding costs, each with 5 random
replicates, this experimental design consists of 20 experiments.

7.2.2 Results

When hpk(C) 6= hpk(M) and h
f
k(C) 6= hfk(M), the structural insight in Section

6.2. learns that is it is optimal from a system-wide cost perspective to assign
�nancial and physical inventory inventory costs to the party that has the lowest
value for the relevant inventory cost parameters. The insight assumes that
TRC�;zsupply chain can be attained, which is not always the case. With the second
set of experiments, we test whether the insight of Section 6.2. can be used
as a rule of thumb for assigning inventory costs. We computed the realized
supply chain cost of every relationship TRCzsupply chain and compared it with
the optimal supply chain costs TRC�supply chain . Table 10 presents the average
over the 20 instances of the percentage cost increase of a relationship z versus
the optimal cost:

�z2 =
TRCz

s u p p ly ch a in�TRC
�
s u p p ly ch a in

TRC�
s u p p ly ch a in

� 100%.
The bold �gures in Table 9 indicate for every combination of hpk(C), h

p
k(M),

hfk(C) and h
f
k(M) the lowest attainable increase over the optimal costs. The

results support the insight that one should select the relationship that allocates
the inventory costs where they are the cheapest. However, the �gures in Table 9
are also equal to the suboptimality that occurs because the decision maker acts
in its self-interest. From the �gures, it can be observed that CMI results in very
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1 2 3 4
hfk(M) 5.0 5.0 2.5 2.5
hpk(M) 5.0 2.5 5.0 2.5
hfk(C) 2.5 2.5 5.0 5.0
hpk(C) 2.5 5.0 2.5 5.0
�CMI
2 12.5 22.6 22.6 32.9

�VMI�NC
2 6.4 20.5 20.5 31.9
�VMI�S
2 13.5 1.1 27.1 15.2

�VMI�C
2 13.5 27.1 1.1 15.2

�VMI�F
2 24.4 12.8 12.8 0

Table 9: Percentage increase in supply chain costs realized by relationships
versus optimal costs

high ine¢ ciencies (up to 32.9%). The selection of the right VMI relationship
can considerably reduce these ine¢ ciencies. Furthermore, note that VMI-F is
no longer the best choice for every instance. However, as mentioned in the
structural insight in Section 6.2, VMI-F does attain the optimal supply chain
costs when hpk(C) > h

p
k(M) and h

f
k(C) > h

f
k(M). These observations imply that

one should be very careful with the selection of a relationship when inventory
related costs are di¤erent between parties. Our approximate analytical model
can be used to identify the relationship leading to the lowest relevant costs.

8 Conclusions and further research

This paper studies the relationship between a manufacturer and a single cus-
tomer. We explore the strategic relationship between the manufacturer and the
customer, focussing on the management of the inventory points. Traditionally,
the customer manages her own inventory points, called here a CMI relationship.
For reasons of cost savings, the customer may want to transfer the responsibili-
ties associated with the inventory management to the manufacturer, leading to
a VMI type relationship. In this paper, we presented four alternative VMI type
relationships. Each of the relationships di¤er in the way that responsibilities for
the management, ownership and storage of the inventory are divided between
the customer and the manufacturer. All VMI relationships are characterized by
the fact that the manufacturer is responsible for the inventory and the produc-
tion control. Based on this responsibility, the manufacturer can coordinate the
inventory and production control decisions. In this paper, it is shown how an
approximate analytical model can be used to solve the problem of coordination
inventory and production control decisions. Also, some insights on the struc-
ture of the problem as well as insights on opportunities for cost savings were
presented. It is shown that a change from CMI to VMI has two types of cost
e¤ects: a transfer e¤ect and a coordination e¤ect. The transfer e¤ect denotes
the costs that are transferred from the customer to the manufacturer, while
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the coordination e¤ect is the cost reduction that follows from the integration
of production and inventory control decisions. An extensive numerical study
shows that the transfer e¤ect usually is stronger than the coordination e¤ect.
However, the coordination e¤ect still has a substantial impact on the costs, both
for the manufacturer and the customer. This shows that the coordination of
production and inventory control decisions by the manufacturer is an important
advantage of VMI relationships. Furthermore, our numerical examples illustrate
that the ine¢ ciencies that result from the traditional CMI relationship can be
substantial when compared to the optimal supply chain costs. The examples
also reveal that VMI relationships can reduce these ine¢ ciencies signi�cantly.
When all cost parameters are equal between customer and manufacturer, a spe-
ci�c VMI relationship, called VMI-F, results in the optimal supply chain costs.
For the case that the inventory cost parameters are di¤erent between parties,
a rule of thumb states that system-wide costs can be reduced by assigning the
�nancial and physical inventory costs to the party that has the lowest value for
the relevant inventory cost parameters.
In this paper, �ve archetypes of customer-manufacturer relationships were

investigated. Our research revealed that these relationships do not always result
in the optimal supply chain�s costs. Further research is needed to investigate
relationships that result in optimal supply chain costs for all possible instances.
Such relationships may be based on the sharing of bene�ts between parties or
on cost compensation agreements. Furthermore, other strategic options, such as
vertical integration in the supply chain, should be investigated. The advantage
of VMI-F over other relationship types may lead to the conclusion that verti-
cal integration in the supply chain can result into cost savings through better
coordination of production and inventory control decisions.
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10 Appendix I: Modeling the physical supply
chain

In this section, we present a model to compute the characteristics of the physical
supply chain for a given vector of lotsizes for all products Q = (Q1; Q2; :::; QP ).
Table XX introduces some notation. We determine the following characteristics
of the physical supply chain: (i) the expectation and scv of the order inter-
arrival times and order production times; (ii) the expectation and variance of
order throughput times in the production system; (iii) the reorder points for the
inventory points.

10.1 Characteristics of production orders

In this section we analyze the generation of replenishment orders at the inven-
tory points. As mentioned before, in a make-to-order setting, the generation of

25



�k : target �ll rate required for inventory point k
P 0jk : processing time of one item of product k at workcenter j

(stochastic variable)
Sjk : setup time of an order for product k at workcenter j

(stochastic variable)

rk (i; j) =

8<: 1, if workcenter j is the successor of workcenter i
in the routing of product k

0, otherwise

Table 10: Additional notation

a replenishment order results in a production order to be produced by the man-
ufacturer. Therefore, we can derive the characteristics of the production orders
by analyzing the characteristics of the replenishment orders. In a (bk; Qk) policy,
a replenishment order is placed every time the inventory position hits the re-
order level bk. Consequently, the expected interarrival time between production
orders for product k is given by: E [A0k] = QkE [A0k].
Successive demands are assumed to be i.i.d.. Therefore, the variance of the

interarrival times of production orders is the sum of Qk variances of demand
interarrival times: �2 [A0k] = �2 [A0k]Qk = c

2 [A0k]E
2 [A0k]Qk.

Production orders are of �xed size Qk. Consequently, the expected process-
ing time E [Pjk] of a production order of product k at workcenter j is given by:
E [Pjk] = E[P

0
jk]Qk + E [Sjk].

Since processing times of single units are assumed to be i.i.d. and indepen-
dent from the setup times, the variance of the processing times of orders of
product k at workcenter j is given by:

�2 [Pjk] = �
2
h
P 0jk

i
Qk + �

2 [Sjk]

10.2 Throughput times in job shop

In this section, we compute the expectation and variance of the throughput
times through the job shop. In general, the arrival and production processes are
non-Markovian processes. This implies that standard queueing theory, e.g. on
product form networks, cannot be used to �nd performance measures. Instead,
we use approximative techniques that were developed byWhitt (1983) to analyze
general open queueing networks.

10.2.1 Interaction between di¤erent workcenters

In this �rst step, we analyse the interaction between the di¤erent workcenters
in the job shop production system. Due to the conservation of �ow property,
the expected interarrival time of production orders to workcenter j, E [Ajk],

is given by: E [Ajk] = E [A0k]
MP
i=0

rk (i; j). The summation is used to condi-

tion on the presence of workcenter j in the routing of production orders of
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product k. Next, the expected aggregate interarrival time of production orders

to workcenter j, E [Aj ], can be computed as: (E [Aj ])
�1

=
PP
k=1

(E [Ajk])
�1.

The expected aggregate production time at a workcenter E [Pj ] is given by:

E [Pj ] =
PP
k=1

E[Aj ]
E[Ajk]

E [Pjk]. The scv of the aggregate production time c2 [Pj ]

is given by: c2 [Pj ] =
E[Aj ]
E2[Pj ]

PP
k=1

h
E2[Pjk]
E[Ajk]

�
c2 [Pjk] + 1

�i
� 1. The utilization of

workcenter j, denoted as �j , equals: �j =
E[Pj ]
E[Aj ]

. In the queueing network,
arrival process to a workcenter is constituted by external arrivals and by the
departure process of orders leaving the previous workcenter in the routing of a
product. Therefore, the scv of the interarrival times of orders of product k at
machine i, denoted by c2 [Aik], is given by:

c2 [Aik] = c
2 [A0k] rk(0; i) +

MP
j=1

c2 [Djk] rk (j; i)

In this expression, c2 [Djk] is the svc of the departure process of an order
of product k leaving workcenter j. Whitt (1994) presents an approximation for
c2 [Djk]:

c2 [Djk] � �2jkc2 [Pjk]+fjk
P
l 6=k
�2jlf

�1
jl

�
c2 [Ajl] + c

2 [Pjl]
�
+
�
1� 2�jk�j + �2jk

�
c2 [Ajk]

Combining these expressions results in a system of linear equations. Once the
scv of interarrival times are known for all products and for all workcenters,
an approximation for c2 [Aj ], the scv of the aggregate arrival process at work-
center j, can be obtained by a formula due to Albin (1984) and Whitt (1982,

1983): c2 [Aj ] = wj
PP
k=1

fjkc
2 [Ajk] + 1 � wj . In this formula wj is a weight-

ing function depending on �j and n
�
i : wj =

h
1 + 4

�
1� �j

�2 �
n�j � 1

�i�1
and

n�j =

�
PP
k=1

�
E[Aj ]
E[Ajk]

�2��1
=

�
PP
k=1

f2jk

��1
.

Simulation results on this formula can be found in Van Nyen et al. (2004).

10.2.2 Performance measures for individual workcenters

Now, the network of interrelated workcenters is decomposed into individual
workcenters. We obtain approximations for the expected waiting times E [Wj ],
by using an adaptation of the Kraemer and Langenbach-Belz formula (1976)
proposed by Whitt (1983):

E [Wj ] � (c2[Aj ]+c
2[Pj ])

2

�j
(1��j)

E [Pj ] gj

where gj � gj(�j ; c2 [Aj ] ; c2 [Pj ]) is de�ned as:

gj(�j ; c
2 [Aj ] ; c

2 [Pj ]) =

(
exp

h
� 2(1��j)

3�j

(1�c2[Aj ])
2

(c2[Aj ]+c2[Pj ])

i
; c2 [Aj ] < 1

1; c2 [Aj ] � 1:
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An approximate expression for �2 [Wj ], the variance of the waiting times,
is due to Whitt (1983). This approximation is omitted for reasons of brevity.
The expectation and variance of the throughput time of a production order of
product k at workcenter j can be approximated as: E [Tjk] � E [Wj ] + E [Pjk]
and �2 [Tjk] � �2 [Wj ] + �

2 [Pjk].

10.2.3 Performance measures for the combined network

We approximate the throughput times for the complete production system
by considering every workcenter to be independent of the others. Then, the
expectation and variance of the throughput times through the job shop are:

E [Tk] �
MP
i=0

MP
j=1

E [Tjk] rk (i; j) and �2 [Tk] �
MP
i=0

MP
j=1

�2 [Tjk] rk (i; j). Obviously,

the assumption that workcenters behave independent of each other is not valid
in the general case since this only holds for product-form networks. However,
it is common that queueing network analyzers make this assumption (Whitt,
1983).

10.3 Reorder points and safety stocks

In this section, we compute the reorder points so that the target �llrate �k
is satis�ed. The computation is based on standard inventory theory, see e.g.
Silver et al. (1998). First, we characterize the customer demand during the
order throughput time, denoted here by Xk:
E [Xk] =

E[Tk]

E[A0
k]

�2 [Xk] = E [Tk]�
2
h
1
A0
k

i
+ E2

h
1
A0
k

i
�2 [Tk]

Using approximative results from renewal theory (based on Cox 1962), we
�nd that the customer demand for product k in a time period of unit length
has expectation and variance:

E
h
1
A0
k

i
= 1

E[A0
k]

and �2
h
1
A0
k

i
� c2[A0

k]
E[A0

k]
. Note that the approximation for

�2
h
1
A0
k

i
is exact for the case of Poisson arrivals. Now we �t a distribution

function on the two moments. Here, we use the normal distribution to compute
the reorder points. The reorder point bk can be determined by: bk = E [Xk] +
ssk. The safety stock ssk can be computed as ssk = zk� [Xk]. In this formula,
zk is the so-called safety factor. Silver et al. (1998, p.736) present an accurate
approximation method for zk for a given target �llrate �k.

11 Appendix II: Optimization of objective func-
tions

The model of Section 5-6 can be used to compute the value of the objective
functions for a given vector of lotsizes Q. Based on extensive tests, we pos-
tulate that the di¤erent objective functions are unimodal in the lotsizes Qk.
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This property implies that the di¤erent objective functions can be optimized
with a local search algorithm. We cannot prove the unimodality of the di¤erent
objective functions, but we ground our unimodality postulate on the following
observations: (i) using di¤erent starting solutions for the local search algorithm
always resulted in the same local optimum; (ii) using a simulated annealing
algorithm, a general optimization technique for multimodal functions (Eglese
1990), to optimize the objective functions never resulted in a better solution.
Moreover, our �ndings are consistent with Lambrecht et al. (1998) who pos-
tulate that the throughput times in a job shop are convex in the lotsizes. The
postulate of Lambrecht et al. implies that the work-in-process inventory hold-
ing costs are convex in the lotsizes. Note, however, that the situation studied
by Lambrecht et al. is slightly di¤erent from the situation in this paper. The
model presented here does not only consist of work-in-process holding costs, but
also contains setup, ordering and �nal inventory holding costs. Especially for
the latter, it is not possible to prove the unimodality property.
Several local search algorithms could be used to optimize the objective func-

tions. In our research, we use an easy to implement search algorithm that
modi�es the lotsize Qk of one product at a time. The algorithm searches in a
single direction until no further improvement is possible, while the value of the
other lotsizes is kept �xed. Then, the lotsize of another product is changed until
no further improvement is possible. This is repeated until there is no product for
which a further improvement is possible. This �nal solution cannot be improved
in any direction and is the (local) optimum Q�.
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