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Deviations from two-dimensionality of a shallow flow that is dominated by bottom
friction are quantified in terms of the spatial distribution of strain and vorticity as
described by the Okubo-Weiss function. This result is based on a Poisson equation for
the pressure in a quasi-horizontal (primary) flow. It is shown that the Okubo-Weiss
function specifies vertical pressure gradients, which for their part drive vertical (sec-
ondary) motion. An asymptotic expansion of these gradients based on the smallness
of the vertical to horizontal scale ratio demonstrates that the sign and magnitude of
secondary circulation inside the fluid layer is dictated by the signs and magnitude
of the Okubo-Weiss function. As a consequence of this, secondary motion as well
as nonzero horizontal divergence do also depend on the strength, i.e., the Reynolds
number of the primary flow. The theory is exemplified by two generic vortical struc-
tures (monopolar and dipolar structures). Most importantly, the theory can be applied
to more complicated turbulent shallow flows in order to assess the degree of two-
dimensionality using measurements of the free-surface flow only. C© 2012 American
Institute of Physics. [doi:10.1063/1.3682097]

I. INTRODUCTION

Shallow flows might be defined as largely horizontal flows bounded by at least one boundary
that is shear-supporting and a second boundary that may be stress-free or also shear-supporting.1

A well-known example is the flow inside a thin layer of fluid that is bounded by a no-slip bottom
and an air-fluid interface. When the depth H of this fluid layer is smaller than the typical horizontal
(transverse) length scale L of the flow, i.e., δ := H/L � 1, the fluid motion inside the layer may be
qualified as being a shallow flow. For an incompressible shallow flow, a straightforward dimensional
analysis of the continuity equation leads to the well-known paradigm that shallow flows in a vertically
limited layer are predominantly horizontal and therefore quasi-two-dimensional (Q2D).

It is well-known that residual, i.e., vertical motion in shallow flows results from the vertical
shear of the horizontal velocity field. The latter can give rise to secondary flows or pumping
flows. The omnipresence of vertical motion inside shallow flows is of importance for experimental
studies that deploy shallow fluid layers to investigate Q2D flows in the laboratory. For that purpose,
most commonly, the fluid surface is seeded by passive tracer particles and flow measurements
are performed through image analysis. These flow measurement are then confronted with numerical
simulations of two-dimensional flows, where the bottom friction is modeled through a linear damping
term in the two-dimensional (2D) Navier-Stokes equation and where vertical flows are ignored.
However, it is well known that vertical motion inside a shallow fluid layer gives rise to a nonzero
horizontal divergence of the surface flow. This compressibility leads to inhomogeneous distributions
of Lagrangian tracers on such surface flows resulting in a clustering of the tracers in ridge-like
structures and meandering streams.2–4

In the present paper, we will quantitatively relate magnitude and spatial distribution of vertical
motion inside a shallow fluid layer to the local distribution of strain and vorticity of the surface flow.
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Furthermore, the compressibility of this surface flow is also quantified in terms of the local strain-
vorticity balance in the horizontal flow field as described by the Okubo-Weiss function. Central to
our reasoning is the fact that the Okubo-Weiss function acts as a source term to the Poisson equation
for the pressure.

In Sec. II, the theory that correlates vertical motions inside and nonzero horizontal divergence
(compressibility) at the free surface of a shallow flow to the strain-vorticity distribution is devel-
oped. Next, this theory is applied to two elementary coherent structures found in 2D turbulence, a
monopolar and a dipolar flow.

II. QUASI-LINEAR THEORY OF SECONDARY MOTION IN Q2D SHALLOW FLOWS

Vertical flows in a shallow fluid layer are assumed to be driven by vertical pressure gradients,
which in turn are dictated by the vertical shear of the primary horizontal flow field. An example of
such a vertical motion is the secondary flow inside a vertically confined, horizontal swirling motion
(a monopolar vortex), where the cyclostrophic balance determines a horizontal pressure distribution.
If this swirling flow depends upon the vertical, for example, due to a no-slip bottom, there is also
a vertical pressure gradient, which drives vertical motion inside the monopolar vortex. This type of
recirculation, also called Bödewadt flow, is well-known in literature.5 For more general (turbulent)
shallow flows, the situation becomes more complicated and can be analyzed as follows.

Consider a Cartesian coordinate system where x and y denote horizontal position and the z-axis
is along the vertical. A fluid is taken to be confined between a no-slip bottom at z = 0 and a
stress-free upper surface at z = H and unbounded in the x-y-direction. The upper surface of this
fluid layer is assumed to be flat and rigid thus excluding any free-surface deformations. For not
too large flow velocities this is a justified assumption.6, 7 The flow of this fluid is assumed to be
predominantly horizontal and governed by the three-dimensional (3D) Navier-Stokes equation for
an incompressible fluid as

∂v
∂t

+ (v · ∇) v = − 1

�0
∇ p + ν∇2v, (1)

where �0 is the uniform mass density of the fluid, p is the pressure, ν is the kinematic viscosity and
v = vH + wez, where vH is the horizontal (primary) part of the flow field, i.e.,

vH = u(x, y, z, t)ex + v(x, y, z, t)ey (2)

and w is the (secondary) vertical velocity. ex, ey, and ez are the unit vectors in the x-, y-, and z-
direction, respectively. In what follows, we will assume that the horizontal flow field possesses a
Poiseuille-like vertical structure according to

u = û(r, t) sin
( π z

2H

)
, (3)

v = v̂(r, t) sin
( π z

2H

)
, (4)

where r = xex + yey. Such vertical dependence of the horizontal flow field is consistent with the
fact that the flow is dominated by bottom drag as will become clear later. From previous studies,8, 9

it was concluded that such flows relax quickly to a Poiseuille flow, which is usually modeled by a
Rayleigh bottom friction term10, 11 as implied by (3) and (4) when substituted in (1).

The pressure distribution inside the fluid layer is dictated by the following Poisson equation that
results from taking the divergence of (1):

− 1

�0
∇2 p = ∇ · [(v · ∇) v] . (5)

Consistent with results from the subsequent perturbation approach it is assumed that vertical ve-
locities are much smaller than the horizontal ones. In that case, the right-hand side of (5) can be
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approximated by the Okubo-Weiss function Q, which is defined by

Q = 1

2

(
σ 2 − ω2

)
, (6)

with

ω2 = 4 Det� =
(

∂v

∂x
− ∂u

∂y

)2

, (7)

σ 2 = −4 DetD =
(

∂v

∂x
+ ∂u

∂y

)2

+
(

∂u

∂x
− ∂v

∂y

)2

. (8)

Here, � and D denote the vorticity tensor and the rate of strain tensor, respectively. Obviously ω

and σ are, respectively, the vorticity and the strain rate of the primary flow vH(r, z, t).
Using the previously introduced Poiseuille-like vertical structure of the horizontal flow field vH,

the Poisson equation for the pressure becomes

− 1

�0
∇2 p = Q̂ sin2

( π z

2H

)
, (9)

where

Q̂ = 1

2

(
σ̂ 2 − ω̂2

)
, (10)

with

ω̂2 =
(

∂v̂

∂x
− ∂ û

∂y

)2

, (11)

σ̂ 2 =
(

∂v̂

∂x
+ ∂ û

∂y

)2

+
(

∂ û

∂x
− ∂v̂

∂y

)2

. (12)

At this point, it is important to note that the Poisson equation (9) in fact relates the horizontal
distribution of the magnitude of the vertical pressure gradient to the local strain-vorticity balance
as quantified by the Okubo-Weiss function. This implies that also the vertical (secondary) flow and
therefore the local deviation from two-dimensionality of the shallow flow is strongly correlated to
the magnitude as well as the sign of Q. We can further develop this by solving (9). Inverting the
Poisson equation (9), a particular solution for the 3D pressure distribution is given by

− 1

�0
p (r, z, t) =

∫
G

(‖r − r′‖, z
)

Q̂
(
r′, t

)
d2r

′
, (13)

where the Green’s function for an unbounded domain is given by

G (r, z) = ln r + cos (γ z) K0 (γ r )

4π
, (14)

with γ = π /H. This Green’s function, being a combination of a logarithm (ln r) and a modified
Bessel function (K0(γ r)), is a monotonically increasing function of r = ‖r‖.

The vertical pressure gradient force that drives a vertical flow is easily found from (13):

1

�0

∂p

∂z
= 1

4H
sin (γ z)

∫
K0

(
γ ‖r − r′‖) Q̂

(
r′, t

)
d2r

′
. (15)

This relation may serve as a diagnostic equation to detect regions in the Q2D flow, where
enhanced vertical motion and therefore deviations from quasi-two-dimensionality are to be expected.
Relation (15) also shows that the sign of the vertical pressure gradient is determined by the sign
of the Okubo-Weiss function Q̂. Hence, the vertical motion that is driven by the vertical pressure
gradient force (the left-hand side of (15)) is predominantly upward (upwelling) in rotation dominated
regions (Q̂ < 0), whereas downward motion (downwelling) is concentrated in those areas where
the rate of strain dominates the vorticity (Q̂ > 0). Also, upwelling fluid elements are rotating more
or less without distortion but a fluid element that is pumped downward by the vertical pressure
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gradient is exponentially shrunk in one direction and exponentially elongated in other due to the
local hyperbolicity of the horizontal flow. Therefore, upwelling concentrates within coherent, patch-
like structures that are governed by quasi-horizontal swirling motion and areas where fluid moves
downward tend to long elongated structures.

Apart from the sign of the vertical motion one may also be interested in its magnitude. Consid-
ering relation (15), it is to be expected that if Q̂ < 0, (> 0), the strength of the upward (downward)
pumping force is related to the magnitude of Q̂. This can be seen as follows. Because the horizontal
length scale L is assumed to be much larger than the length scale H on which the second part of the
Green’s function (that contains the modified Bessel function) varies, we expect the Okubo-Weiss
function Q̂ to be slowly varying over the region where this contribution to the Green’s function in
non-negligible, i.e., for r′ ≈ r. Therefore, it makes sense to expand Q̂(r′, t) in a Taylor series around
r′ = r,

Q̂(r′, t) = Q̂(r, t) + ∇H Q̂(r, t) · (r′ − r)

+1

2
(r′ − r)T · H(r, t) · (r′ − r) + · · · , (16)

where H is the Hessian matrix of Q̂ and ∇H denotes the horizontal gradient operator. When this is
inserted into (13), the pressure can be expanded as follows:

p = − �0

4π

∫
ln

(‖r − r′‖) Q̂
(
r′, t

)
d2r

′

− �0
H 2

2π2
cos(γ z)

∞∑
n=0

(
H 2

π2

)n

�n
H Q̂ (r, t) , (17)

where the n-harmonic operator �n
H in cartesian coordinates is defined by

�n
H = ∇2n

H =
(

∂2

∂x2
+ ∂2

∂y2

)n

. (18)

Rescaling the horizontal coordinates x and y with L, the vertical coordinate z with H, time t with
H2/ν, all velocity components with some characteristic velocity U, pressure p with �0U2, and finally
the Okubo-Weiss function with U2/L2, rewrites (17) into the following dimensionless form:

p = − 1

4π

∫
ln

(‖r − r′‖) Q̂
(
r′, t

)
d2r

′

− δ2

2π2

[
Q̂ (r, t) + δ2

π2
�H Q̂ (r, t) + · · ·

]
cos(π z), (19)

which shows that (17) represents a series expansion for the pressure in terms of the small parameter
δ2 = H2/L2. It turns out that to lowest order the pressure is determined by the Okubo-Weiss function
itself; whereas, in the next order of this expansion contributions to the pressure are determined by
the mean curvature (= trace (H) = ∇2 Q̂) of the 2D surface z = Q̂(x, y, t). From expansion (19) the
pressure gradients are found to be given by

∇ p = − 1

4π

∫
r − r′

‖r − r′‖2
Q̂

(
r′, t

)
d2r

′

− δ2

2π2
∇ [

Q̂ (r, t) cos(π z)
] + O

(
δ4) . (20)

This result shows that to lowest-order the horizontal pressure gradient is independent of the vertical
coordinate z and may be interpreted as the depth-averaged cyclostrophic balance. The shallow flow
expansion of the vertical pressure gradient demonstrates that its local strength is to lowest order
determined by the sign and magnitude of the Okubo-Weiss function. Therefore, it is to be expected
that the strongest vertical motion that is driven by this vertical pressure gradient is to be found within
structures of high strain or high vortical activity. Although it is clear that identifying these structures
in a given flow field involves the critical points of the Okubo-Weiss function, their extraction is not
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trivial but might be feasible using the recently introduced vortex and strain skeletons12 or curvature
fields constructed from passive tracer trajectories.13

Once the vertical pressure gradient is known from (20), the (dimensionless) vertical fluid velocity
w that is driven by this force can be found from the following (dimensionless) z-component of the
3D Navier-Stokes equation:

∂w

∂t
+ δRe

[
δ (vH · ∇Hw) + w

∂w

∂z

]
−

(
δ2�1

Hw + ∂2w

∂z2

)
= −δRe

∂p

∂z
= −δ3Re

Q̂ (r, t)

2π
sin(π z) + O

(
δ5

)
,

(21)
where Re = UL/ν is the Reynolds number pertinent to the horizontal flow. For

1 �
√

Re � 1/δ, (22)

to lowest order the vertical velocity is governed by

(
∂

∂t
− ∂2

∂z2

)
w = −δ3Re

Q̂ (r, t)

2π
sin(π z) + O

(
δ5) . (23)

From the continuity condition, it is then found that the horizontal divergence to this order in the
approximation is determined by

(
∂

∂t
− ∂2

∂z2

)
(∇H · vH) = δ2Re

Q̂ (r, t)

2
cos(π z) + O

(
δ4

)
. (24)

The vertical velocity w and the horizontal divergence ∇H · vH both signify departure from
presumed two-dimensionality of the shallow flow that is considered here. Both Eqs. (23) and (24)
clearly demonstrate that the degree of two-dimensionality of the primary quasi-horizontal flow not
only depends on the shallowness (δ) of the fluid layer but also on the magnitude of this primary flow
(Re). The scaling of w and ∇H · vH with δ and Re, δ3Re, and δ2Re, respectively, is consistent with
recent findings by Duran-Matute et al.8, 14 for decaying monopolar and dipolar vortices. Moreover,
Eqs. (23) and (24) relate the three-dimensionality of the shallow flow to the local magnitude of the
Okubo-Weiss function Q̂ (r, t). The right-hand side of Eq. (24) not being zero is implicated by
the compressibility of the free-surface flow (∇H · vH = −∂w/∂z 
= 0). Overall mass conservation
dictates that regions on the upper surface where ∇H · vH > 0 (<0) imply upwelling (downwelling)
of the fluid below. More specifically, it is seen that upwelling (downwelling) and positive (negative)
horizontal divergence is concentrated in vorticity (strain) dominated regions of the primary flow.
In fact, when a steady-state is attained, the horizontal divergence at the upper free surface of the
shallow fluid layer as well as the vertical velocity at half-depth can both be considered as footprints
of the local Okubo-Weiss function that is associated with the quasi-horizontal flow.

It should be clear that a nonzero horizontal divergence will result in stretching of vortex lines in
the z-direction. This will eventually modify the vertical vorticity ω of the primary flow. This feedback
of the secondary flow on the primary motion is not taken into account in the present analysis. Equation
(24) shows that this feedback scales with δ2Re provided inequalities (22) are satisfied. In fact, these
inequalities express that not only the flow is shallow but also that the thickness of the boundary layer
above the no-slip bottom is comparable or even larger than the depth H of the fluid layer. Hence,
the shallow flow is dominated by bottom friction and as has been shown by Duran-Matute et al.8

for flows in the regime determined by (22), the vertical structure quickly relaxes to Poiseuille-like
profile. This a posteriori justifies the presumed Poiseuille-like vertical structure of the horizontal
flow (see (3) and Ref. 9).

It is well-known that the inverse energy cascade in 2D turbulence leads to large-scale coherent
structures. Monopolar and dipolar vortices seem to be the generic building blocks of these flow
structures, which are often studied experimentally in shallow fluid layers (in order to promote the
two-dimensionality of the flow). Therefore, it makes sense to apply the results found in this section
to these flow structures in order to assess the role of vertical motion in Q2D turbulence.
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III. VERTICAL MOTION INSIDE AN AXISYMMETRIC MONOPOLAR VORTEX

Consider a circularly symmetric, swirling flow that in terms of cylindrical coordinates r, θ , and
z is given by

v = (vr , vθ , vz) = v̂θ (r ) sin
( π z

2H

)
eθ , (25)

where eθ is the unit vector in the θ -direction and we have assumed a Poiseuille-like vertical structure.
Introducing a characteristic magnitude U for the azimuthal velocity, v̂θ (r ) is written as

v̂θ (r ) = U f(ρ), (26)

where

ρ = r

R
, (27)

with R a the radius of the monopolar vortex. The function f(ρ) models the radial dependence of the
swirl velocity and its magnitude is assumed to be of order unity. Therefore, the Reynolds number
becomes Re = UR/ν, where ν is the kinematic viscosity. Typical examples of f(ρ) that model
experimentally observed barotropic monopolar vortices are

f(ρ) = 1

2ρ

(
1 − e−ρ2

)
, (28)

which is the Lamb-Oseen vortex and

f(ρ) = ρ

2
e−ρ2

, (29)

which is the Gaussian (shielded) vortex.
The vorticity and strain rate as introduced in Sec. II attain a particularly simple form for these

circularly symmetric, monopolar vortices,

ω = 1

r

∂

∂r
(vθ ) , σ = r

∂

∂r

(vθ

r

)
. (30)

From these, the Okubo-Weiss function is found to be given by

Q = −1

r

∂

∂r

(
v2

θ

) = Q̂(ρ) sin2
( π z

2H

)
, (31)

where

Q̂(r ) = −1

r

d

dr

[
v̂2

θ (r )
] = Q̂0

1

ρ

d

dρ

[
f2(ρ)

]
, (32)

where

Q̂0 = −U 2

R2
. (33)

Introducing the aspect ratio δ = H/R and the new variables η = ρ/δ = r/H and ζ = z/H, the Poisson
equation (9) becomes

∂2 p

∂η2
+ 1

η

∂p

∂η
+ ∂2 p

∂ζ 2
= 1

2η

d

dη

[
f2(δη)

]
[1 − cos(πζ )] , (34)

where the pressure has been replaced by �0U2p. Equation (32) can be solved using the same Green’s
function formalism that has been used in Sec. II. Thus, the dimensionless pressure p is found to be
given by

p(η, ζ ) =
∫ η

0

f2(δη′)
2η′ dη′ + π

2
cos(πζ )

∫ ∞

0
G(η, η′)f2(δη′) dη′ + p0, (35)

where p0 is an arbitrary constant and

G(η, η′) =
{

+I0(πη)K1(πη′) if η < η′ < ∞,

−K0(πη)I1(πη′) if 0 < η′ < η,
(36)
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with I0 and I1 modified Bessel functions of the first kind of zeroth and first order, respectively, and
K0 and K1 modified Bessel functions of the second kind. From this result, the two pressure gradients
are found to be

∂p

∂η
= f2(δη)

2η
[1 − cos(πζ )] + π2

2
cos(πζ )

·
[

K1(πη)
∫ η

0
I1(πη′)f2(δη′)dη′ + I1(πη)

∫ ∞

η

K1(πη′)f2(δη′)dη′
]

, (37)

∂p

∂ζ
= π2

2
sin(πζ ) ·

[
K0(πη)

∫ η

0
I1(πη′)f2(δη′)dη′ − I0(πη)

∫ ∞

η

K1(πη′)f2(δη′)dη′
]

. (38)

The first of these two equations expresses the so-called cyclostrophic balance that is modified by
the Poiseuille-like z-dependence of the swirling motion. The second equation denotes the vertical
pressure gradient that results from the z-dependence of the horizontal swirl velocity. Straightforward
asymptotic analysis of these pressure gradients for δ↓0 leads to

∂p

∂η
= δ

f2(ρ)

2ρ
+ O

(
δ2

)
, (39)

∂p

∂ζ
= −δ2 1

2πρ

d

dρ

[
f2(ρ)

]
sin(πζ ) + O

(
δ3

)
. (40)

Expressed in dimensionfull quantities these become in lowest order

1

�0

∂p

∂r
= v̂2

θ (r )

2r
, (41)

1

�0

∂p

∂z
= − H

2πr

d

dr

[
v̂2

θ (r )
]

sin
(π z

H

)

= H

2π
Q̂(r ) sin

(π z

H

)
. (42)

Note that the lowest-order contribution to the radial pressure gradient as given by (41) does not
depend on the vertical coordinate z and therefore differs from what is expected from the conventional
cyclostrophic balance, i.e.,

1

�0

∂p

∂r
= v2

θ (r )

r
= v̂2

θ (r )

r
sin2

( π z

2H

)
. (43)

In fact, (41) may be considered as the depth-averaged cyclostrophic balance.
The vertical motion that is driven by the vertical pressure gradient (40) is governed by the

z-component of the Navier-Stokes equation, i.e.,

∂w

∂t
+ Reδ

(
δu

∂w

∂ρ
+ w

∂w

∂ζ

)
−

[
δ2 1

ρ

∂

∂ρ

(
ρ

∂w

∂ρ

)
+ ∂2w

∂ζ 2

]
= −δRe

∂p

∂ζ
, (44)

where u = vr/U and w = vz/U. For 1 � √
Re � 1/δ, the lowest order steady-state solution of this

equation is given by

w = δ3Re
1

2π2ρ

d

dρ

[
f2(ρ)

]
sin(πζ ). (45)

Moreover, from the incompressibility condition the radial velocity u is found to be given by

u = −δ2Re
1

2πρ
f2(ρ) cos(πζ ) (46)

to the present order in the approximation.
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Equations (45) and (46) clearly demonstrate that associated with the primary swirl flow vθ a
secondary, recirculating flow vr and vz is set up with upwelling in the core of the monopolar vortex
(where vorticity dominates, i.e., Q < 0), radial outflow near the upper surface of the fluid layer,
downwelling at the outskirts of the vortex (where strain dominates, i.e., Q > 0) and radial inflow
close to the bottom. This type of recirculation that takes place in vortices that have their rotation
axes normal to a solid bottom has already been described by Bödewadt in 1940.5, 15 In fact, as early
as in 1926 Einstein presented the solution of the tea leaves paradox (why do tea leaves at the bottom
of a tea cup migrate to the center of the cup after the water is stirred?) in terms of such recirculating
flows (see Ref. 16).

IV. VERTICAL MOTION INSIDE A LAMB-CHAPLYGIN DIPOLE

The Lamb-Chaplygin vortex dipole is considered to be a realistic representation of horizontal
slices of experimentally created dipolar vortices.17–21 In a frame co-moving with the dipole, the
horizontal flow in a Lamb-Chaplygin dipole is described by the following stream function given in
cylindrical coordinates (r, θ ):22

ψ̂(x, y) =

⎧⎪⎪⎨
⎪⎪⎩

−2
U

k

J1 (kr )

J0 (kL)
sin θ if 0 < r < L ,

U

(
L2

r2
− 1

)
r sin θ if r > L ,

(47)

where r2 = x2 + y2 and tan θ = y/x. Jn is the nth order Bessel function of the first kind and L is
the dipole’s horizontal length scale. U now is the (steady) translation speed of the dipole and the
constant k is determined by J1(kL) = 0, which corresponds with the first zero j1, 1 of J1.

The Okubo-Weiss function is a Eulerian quantity that is Galilean invariant and therefore can be
evaluated in the frame co-moving with the dipole. Q̂ is readily obtained from stream function (47)
using that

Q̂ = 2
(
ψ̂2

xy − ψ̂xx ψ̂yy
)
. (48)

Outside the dipole, i.e., for x2 + y2 > L2, Q̂ is found to be given by

Q̂e = Q̂0

(
ρ0

ρ

)6

. (49)

For the dipolar flow with x2 + y2 < L2, we obtain

Q̂i = Q̂0
J2 (ρ)

[
J2 (ρ) − ρJ1 (ρ) sin2 θ

]
J2

0 (ρ0)

(
ρ0

ρ

)2

, (50)

where

ρ = kr = k
√

x2 + y2, ρ0 = kL = j1,1 � 3.83170597,

and Q̂0 = 8

(
U

L

)2

. (51)

Outside the separatrix ρ = ρ0, the flow is potential and therefore in this outer region the Okubo-
Weiss function is positive definite. Inside the separatrix, Q̂ attains positive as well as negative values.
Figure 1 shows a surface plot of Q̂ in the frame co-moving with the dipole and normalized by its
(constant) value on the separatrix. The white contour is defined by Q̂ = 0 and separates the vortical
regions from the strain-dominated domains. Outside the separatrix Q̂ is a monotonically decreasing
function for increasing r. However, inside the dipolar flow region the Okubo-Weiss function has
extremal features that consist of two (one-dimensional) absolute minima that are close to the location
of the two vortex cores and two (one-dimensional) absolute maxima on the x-axis. The latter are
close to the location of the the two hyperbolic (stagnation) points of the flow field, but shifted
somewhat inwards towards the origin, see Fig. 1. Also, Q̂ attains a (two-dimensional) relative
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FIG. 1. (Color online) Surface plot of the normalized Okubo-Weiss function Q̂ for a Lamb-Chaplygin dipole. The white
contour separates the region where Q̂ > 0 (outside the closed curve) from that where Q̂ > 0 (inside the contour). The boldface
black circle is the separatrix. The other black contours denote streamlines of the dipolar flow in the frame co-moving with
the dipole.

maximum in the form of a height ridge at the location of the separatrix. Finally, we note that Q̂ also
possesses a critical point of saddle type at the origin. Furthermore, we observe that Q̂ is continuous
everywhere but its derivatives are discontinuous at the separatrix. Therefore, expansions (16) and (17)
are not valid around ρ = ρ0, and we need to solve for the vertical pressure gradient using (15)
instead.

Figure 2 shows a surface plot of the nondimensionalized vertical pressure gradient at half depth
and evaluated from the right-hand side of expression (15) with δ = 0.7. The white contour indicates
where this pressure gradient becomes zero. Obviously, inside the two vortex cores the vertical
pressure gradient tends to drive fluid upward. Outside the white contour and most powerful close
to the two stagnation points, slightly shifted inward towards the origin, fluids tends to be driven
downward.

An important difference between the present example and the monopolar vortex of the previous
section is that in the present dipolar flow downwelling of fluid takes place close to hyperbolic
stagnation points. The latter implies that due to higher-order (convective) effects the areas where
this downwelling takes place will be exponentially shrunk (elongated) in the direction of the stable

FIG. 2. (Color online) Surface plot of the nondimensionalized vertical pressure gradient as given by (15) for z = H/2. The
white contour separates the regions of positive and negative gradients. The boldface black circle is the separatrix.
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FIG. 3. (Color online) Numerically obtained snapshots of the vertical velocity as determined by the solution of (21) with δ

= 0.7 and Re = 1000 at t = 0.5/kU (a), t = 3/kU (b), and t = 5/kU (c). The arrows denote the the horizontal flow field and
the black contours are iso-lines of the vertical velocity. The boldface black circle is the separatrix.

(unstable) manifold that is associated with these points. This effect is illustrated in Fig. 3, which
shows the temporal evolution of the vertical velocity as obtained from the numerical solution of
the full convection-diffusion equation (21) with δ = 0.7 and Re = UL/ν = 1000. These snapshot
are taken in the frame co-moving with the dipole and the (steady) horizontal flow is derived from
the nondimensionalized stream function (47) according to vH = ∇H × (ψ̂ez). Obviously, as time
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advances, the magnitude of the vertical velocity increases and also the areas where downwelling
and upwelling takes place do change in time. Especially, the frontal downwelling can be seen to
gradually deform into a thin elongated structure that tends to delineate the instantaneous separatrix
that is associated with the frontal stagnation point. The downwelling in the back of the dipole
is elongated along the dipole’s symmetry axis. This evolution is confirmed by recently obtained
experimental results on the dynamics and structure of decaying shallow dipolar vortices.14

V. CONCLUSIONS

Vertical or secondary motion in a shallow, quasi-two-dimensional flow is driven by vertical
pressure gradients, which are inherited from vertical gradients in the primary quasi-horizontal flow.
These gradients are inevitable for a flow in a single fluid layer above a no-slip bottom and can also
be present in more elaborate setups that try to suppress these gradients like two-fluid-layer setups.
Using a formal perturbation approach and the relation between the Okubo-Weiss function and the
pressure, the latter is expanded in terms of the aspect ratio δ. Thus, it is shown that upwelling and
downwelling of fluid in a shallow flow is to lowest order, i.e., for flows that are dominated by bottom
friction, determined by the sign and local magnitude of the Okubo-Weiss function. Therefore and
consistent with recent findings for decaying monopolar and dipolar vortices, the strength of this
vertical motion scales not only with the aspect ratio but also with the Reynolds number Re that
can be associated with quasi-horizontal shallow flow. More specifically, it has been shown that the
vertical motion scales with δ3Re and the horizontal divergence with δ2Re. These scalings also signify
that departure from two-dimensionality in shallow flows needs to be judged from the aspect ratio as
wel as from the flow’s Reynolds number.

It has been demonstrated that the higher-order advection terms in the convection-diffusion,
Eq. (21) will result in horizontal advection of the up- and downwelling areas. Since the downwelling
takes place predominantly in strain-dominated regions, the local hyperbolicity of the flow will
reshape these downwelling areas into long elongated structures. On the other hand, upwelling is
concentrated in vorticity-dominated areas that are not much distorted by the horizontal advection.
This behavior has important consequences for the dynamics of passive Lagrangian tracers that are
advected in such flows.2

The retroaction of the secondary motion on the primary flow is not modeled here. However, it
is clear that such a feedback will result in a modification of the primary flow mainly due to vortex
stretching and tilting as a result of the non-vanishing horizontal divergence. Up-flow and related
outflow at the top of a vortex core will reduce the vertical vorticity close to the upper surface of
the fluid layer. This is basically due to conservation of angular momentum: the swirl velocity of the
radially spreading fluid decreases. Similarly, close to the base of a vortex core vertical vorticity tends
to be enhanced by the related inflow of fluid. Thus, vertical vorticity is redistributed, which implies
alterations of the horizontal velocity as well as the Okubo-Weiss function. Also, the temporal decay
of the primary flow due to the bottom friction has not been considered here. Since we assume a
Poiseuille-like vertical profile for the horizontal velocities, this decay can be modeled by Rayleigh
friction. The nondimensionalized Rayleigh decay rate is given by π2/4 and the nondimensionalized
rate of advection by the horizontal flow is is given by δ2Re. Therefore, the strain induced elongation
of downwelling areas in decaying hyperbolic flow as exampled for a dipolar flow (see Fig. 3) will
only evolve if δ2Re ≥ π2/4. The latter and the quantification of vertical velocities as well as horizontal
divergence (compressibility) as described in this paper are of relevance to Eulerian and Lagrangian
studies in surface flow dynamics in shallow fluid layers.

Finally, it should be noted that the results presented in this paper are based on several assump-
tions. First of all the vertical structure of the quasi-horizontal flow is assumed to be Poiseuille-like.
Previous studies have shown that for shallow flows that are dominated by bottom drag, as is the case
in the present approach, this is a legitimate presumption. Secondly, deformations of the free surface
of the fluid layer have been ignored. Any vertical motion associated with such deformations is there-
fore excluded. For Reynolds numbers within the regime considered in this paper, depth variations
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in the fluid layer due to surface gravity waves or localized depressions due to swirling motion are
generally weak as has been concluded in other studies.
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