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Ten geleide 

In dit proefschrift wordt de tropopauze bestudeerd aan de hand van twee centrale groothe
den: potentiële temperatuur en potentiële vorticiteit. Hieronder wordt uitgelegd wat de tro
popauze is en wat de begrippen potentiële temperatuur en potentiële vorticiteit inhouden. 
Vervolgens wordt aangegeven waar de verschillende hoofdstukken van dit proefschrift over 
gaan. 

De tropopauze 

Dagelijks worden er op verschillende plaatsen op aarde, ongeveer op hetzelfde tijdstip, bal
lonnen opgelaten met daaraan instrumenten die de temperatuur, de luchtdruk en de lucht
vochtigheid meten en ook nog een zender, die alle gemeten waarden weer terugseint naar de 
aarde. Een dergelijke ballon met meetapparatuur heet een radiosonde. De metingen worden 
gebruikt om een overzicht te krijgen van de toestand van de atmosfeer op een zeker tijdstip, 
om vervolgens aan de hand daarvan weersverwachtingen te maken. Soms wordt er op de 
radiosonde nog meer meetapparatuur bevestigd, zoals een ozonmeter. Radiosondes kunnen 
hoogten bereiken van ongeveer vijfendertig kilometer. 

Ook op het Koninklijk Nederlands Meteorologisch Instituut (KNMI) in De Bilt worden 
deze radiosondes dagelijks opgelaten. Een voorbeeld van een meetreeks die zo'n oplating 
oplevert, is te zien in de figuur op pagina (iii). In het linkerpaneel staat de temperatuur 
uitgezet tegen de hoogte. Tot aan hoogten van ongeveer tien kilometer gedraagt de tempe
ratuur zich zoals we verwachten: zij neemt (net als de luchtdruk) af met de hoogte. Maar 
daarboven gebeurt er iets anders: de temperatuur blijft ongeveer constant of neemt zelfs 
weer iets toe met de hoogte. Dit feit is niet bijzonder voor deze dag of plaats, maar is 
een algemeen kenmerk van alle radiosonde-oplatingen, waar ook ter wereld. De overgang in 
het temperatuursverloop met de hoogte markeert de overgang van de luchtlaag waarin wij 
leven, de troposfeer, naar de luchtlaag daarboven, de stratosfeer. De overgang zelf wordt 
tropopauze genoemd. 

De hoogte van de tropopauze varieert nogal. Bij deze meting lag de tropopauze op ruim 
elf kilometer hoogte, maar in de winter kan zij al op acht of negen kilometer liggen, terwijl 
er zomersituaties zijn waar zij pas op dertien kilometer ligt. De hoogte hangt ook af van de 
plaats op de aarde: richting evenaar komt de tropopauze gemiddeld steeds hoger te liggen. 
In de tropen ligt de tropopauze rond zestien kilometer hoogte. Verder kan het ook zo zijn dat 
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de tropopauze tijdelijk sterk verlaagd is. Dit is bijvoorbeeld het geval in een lagedrukgebied 
(depressie). 

Het temperatuursverloop met de hoogte is overigens niet het enige waarin troposfeer en 
stratosfeer verschillen. Dit blijkt uit het rechterpaneel van de figuur op pagina (iii). Hierin 
staat het ozongehalte uitgezet tegen de hoogte. In deze grafiek is te zien dat het ozongehalte 
ineens sterk toeneemt als we boven de tropopauze komen: ook de chemische samenstelling 
van de stratosfeer is anders dan die van de troposfeer. Toevallig was er op de dag waarop 
deze meting werd gedaan ook vrij veel ozon lager in de troposfeer , zo rond drie kilometer 
hoogte. Dit kwam omdat de dagen ervoor smog boven De Bilt hing. Smog is vervuilde 
lucht (vaak door uitlaatgassen van auto's) die, onder andere door gebrek aan wind, als een 
deken boven de grond blijft hangen . Hierin vinden, onder invloed van zonlicht, een aantal 
chemische reacties plaats die ozon produceren. 

In dit proefschrift proberen we te begrijpen waarom er een tropopauze is en waarom 
zij zich gedraagt zoals ze zich gedraagt. Hierbij maken we gebruik van twee belangrijke 
meteorologische grootheden, namelijk potentiële temperatuur en potentiële vorticiteit. Nu 
zal dit geen gesneden koek zijn voor de niet-ingewijde lezer, dus ik zal proberen uit te leggen 
wat deze begrippen inhouden en waarom ze behulpzaam kunnen zijn om het bestaan en het 
gedrag van de tropopauze te begrijpen. 

Potentiële temperatuur 

De temperatuur van lucht kan veranderen doordat die lucht bijvoorbeeld door de zon wordt 
opgewarmd. Maar als we de druk verhogen van een hoeveelheid lucht , zal zijn temperatuur in 
het algemeen ook toenemen. Een goed voorbeeld hiervan is het oppompen van een fietsband. 
Na het oppompen van een band zal de fietspomp aan de onderkant warm aanvoelen. Dat 
komt omdat de lucht onderin de fietspomp voortdurend wordt samengedrukt waardoor de 
temperatuur van die lucht sterk toeneemt. Dit principe geldt ook voor de atmosfeer; in feite 
neemt in de troposfeer de temperatuur alleen maar af met de hoogte omdat de druk zo sterk 
afneemt. 

Om de effecten op de temperatuur van opwarming door de zon en van drukvariaties goed 
te kunnen scheiden kunnen we het volgende doen: We nemen een hoeveelheid lucht (een 
"luchtpakketje"), bijvoorbeeld op tien kilometer hoogte waar de druk veellager is dan aan 
het aardoppervlak, en we stoppen deze lucht in een thermosfles . De thermosfles met lucht 
nemen we mee naar beneden , totdat we een druk hebben bereikt van 1000 millibar* (dit is 
ongeveer de druk op zeeniveau) . Daar doen we de thermosfles open .t Dit heeft tot gevolg 
dat de druk in de thermosfles ook 1000 millibar wordt. Dan meten we de temperatuur 
van de lucht in de thermosfles. De temperatuur die we dan meten noemen we potentiële 
temperatuur. De potentiële temperatuur is dus de temperatuur van lucht wanneer die zonder 
opwarmen of afkoelen (daarom doen we de lucht in een thermosfles) tot een standaarddruk 

·oe officiële maat voor luchtdruk is tegenwoordig niet meer de millibar , afgekort "mb" , maar de hecto
Pascal, afgekort "hPa". Eén hecto-Pascal is gelijk a.an één millibar. We zullen hier voor het gemak de "oude" 
maat nog gebruiken. 

!Dit dient overigens te gebeuren zonder dat er lucht van buiten vermengd wordt met de lucht in de 
thermosfles. In de praktijk zal dit dus een vrij lastig experiment zijn. 
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Enkele grootheden, zoals gemeten door de radiosonde die op 22 augustus 1996 werd 
opgelaten op het KNMI, uitgezet tegen de hoogte. In paneel a staat de tempera
tuur in graden Celsius, in paneel b de potentiële temperatuur in graden Celsius (zie 
tekst voor uitleg) en in paneel c staat de hoeveelheid ozon. (De meetgegevens zijn 
beschikbaar gesteld door U. R. W. Rothe, KNMI) 
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van 1000 millibar wordt gebracht. Op deze manier zijn in feite de effecten van de druk 
op de temperatuur uitgeschakeld; de enige manier waarop de potentiële temperatuur van 
een luchtpakketje kan veranderen is door opwarming (bijvoorbeeld door de zon) of afkoeling 
(bijvoorbeeld aan een koud oppervlak). Juist deze eigenschap maakt potentiële temperatuur 
zo nuttig. 

Hoe verloopt de potentiële temperatuur als we die uitzetten tegen de hoogte? Dit is 
te zien in het middelste paneel van de figuur op deze pagina. Het opmerkelijke is dat de 
potentiële temperatuur een geheel ander verloop heeft dan de gewone temperatuur; zij neemt 
namelijk altijd toe met de hoogte. De overgang van troposfeer naar stratosfeer is ook goed 
te zien in het verloop van de potentiële temperatuur: in de stratosfeer neemt de potentiële 
temperatuur veel sneller toe met de hoogte dan in de troposfeer. 

De toename van potentiële temperatuur met de hoogte kunnen we ook als volgt be
schrijven: de hoogte neemt toe met de potentiële temperatuur; hoe hoger de potentiële 
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temperatuur, hoe groter de hoogte. In de stratosfeer neemt de hoogte veel langzamer toe 
met de potentiële temperatuur dan in de troposfeer. Dit is goed te zien in het middelste 
paneel van de figuur op pagina (iii). Een verschil in potentiële temperatuur van tien graden 
Celsius komt in de troposfeer overeen met een hoogteverschil van ongeveer drie kilometer, 
terwijl in de stratosfeer dit verschil in potentiële temperatuur overeenkomt met een hoogtev
erschil van ongeveer 500 meter. Als we naar boven gaand langs een meetlat (van zo'n dertig 
kilometer lengte) iedere keer als de potentiële temperatuur met één graad is toegenomen 
een streepje zetten op de meetlat, dan zitten de streepjes veel dichter op elkaar gepakt in 
de stratosfeer dan in de troposfeer. In de troposfeer moeten we ongeveer iedere 300 meter 
een streepje zetten terwijl we in de stratosfeer ongeveer iedere 50 meter een streepje moeten 
zetten. Dit laatste is een fundamenteel verschil tussen stratosfeer en troposfeer. We zeggen 
dan dat de lucht in de stratosfeer verticaal veel meer samengepakt is dan in de troposfeer. 
Let op: het begrip verticale samenpakking heeft hier niet zoveel te maken met hoe dicht of 
hoe ijl de lucht is (de lucht in de stratosfeer is veel ijler dan in de troposfeer); het begrip 
verticale samenpakking heeft alleen te maken met de toename van potentiële temperatuur 
met de hoogte. 

Potentiële vorticiteit 

Vorticiteit is de hoeveelheid draaiing van een vloeistof of gas . Als je de stop uit een bad 
trekt dan neemt de vorticiteit van het badwater rond het afvoerputje sterk toe. Of als je 
de koffie in een kopje roert dan neemt de vorticiteit van de koffie toe. Het begrip vorticiteit 
komt overigens niet alleen voor in het huishouden; ook in de meteorologie is vorticiteit 
een belangrijk begrip. Rond een lagedrukgebied zal de lucht tegen de wijzers van de klok in 
draaient (op het zuidelijk halfrond is dit precies andersom) ; deze draaiende lucht zorgt ervoor 
dat in een lagedrukgebied de vorticiteit hoog is. Nu kan de vorticiteit van lucht op allerlei 
manieren veranderen. Eén manier is de wrijving van de lucht aan het aardoppervlak; deze 
wrijving heeft tot gevolg dat de lucht langzamer gaat bewegen, waardoor zijn boeveelheid 
draaiing, zijn vorticiteit, ook zal afnemen. Ditzelfde effect zorgt ervoor dat de koffie in het 
kopje na verloop van tijd weer tot stilstand komt als je stopt met roeren. Een andere manier 
waarop vorticiteit kan veranderen is bekend van het kunstschaatsen: als een schaatser een 
pirouette draait en zich vervolgens in de lengte uitstrekt, dan gaat hij ineens veel sneller 
draaien; door zich verticaal uit te strekken neemt de hoeveelheid draaiing van de schaatser 
toe. Zo kan dat ook met lucht gaan: als lucht met een zekere vorticiteit verticaal wordt 
uitgestrekt, dan neemt zijn vorticiteit ook toe. 

We kunnen nu een definitie van potentiële vorticiteit geven, analoog aan die van po
tentiële temperatuur. Om de effecten van verticale uitstrekking op de vorticiteit goed te 
kunnen scheiden van andere invloeden (zoals de wrijving aan het aardoppervlak), kunnen 
we het volgende doen: we nemen een pakketje lucht met een zekere vorticiteit, en we strekken 
dit verticaal uit (of drukken dit verticaal samen) totdat we een zekere "standaard verticale 
samenpakking" hebben bereikt. De vorticiteit die het pakketje lucht dan krijgt heet zijn 

IDit was vorige eeuw al geobserveerd door C.H.D. Buys-Ballot, de oprichter van het KNMI. Deze wet
matigheid staa t dan ook bekend als de wet van Buys-Ballot. 
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potentiële vorticiteit. Met verticale samenpakking wordt ook nu weer de toename van de 
potentiële temperatuur met de hoogte bedoeld. De potentiële vorticiteit is dus de vorticiteit 
van een pakketje lucht wanneer dat zonder andere invloeden (zoals wrijving) tot een stan
daard verticale samenpakking wordt gebracht. Op deze manier zijn in feite de invloeden 
van verticale uitstrekking op de vorticiteit uitgeschakeld; de potentiële vorticiteit van een 
pakketje lucht kan dus veranderen door allerlei invloeden, maar in ieder geval niet door 
uitstrekking of samendrukking. Het is deze eigenschap die potentiële vorticiteit zo nutt ig 
maakt. 

En wat doen we hiermee? 

Waarom doen we zoveel moeite om de invloed van drukverschillen op de temperatuur te ver
wijderen (met behulp van potentiële temperatuur) en de invloed van verticale strekkingsef
fecten op de vorticiteit (met behulp van potentiële vorticiteit)? Welnu, het blijkt dat in 
de atmosfeer de temperatuurschommelingen van een pakketje lucht voornamelijk het gevolg 
zij n van drukveranderingen, en niet zozeer vanopwarmings-of afkoelingseffecten. Dat houdt 
in dat de potentiële temperatuur van een pakketje lucht in de praktijk vrijwel behouden is . 
Iets dergelijks geldt ook voor potentiële vorticiteit. De vorticiteitsveranderingen van een 
pakketje lucht zijn in de atmosfeer meestal het gevolg van strekkingseffecten, en niet zozeer 
van andere factoren. Dat houdt in dat ook de potentiële vorticiteit van een pakketje lucht 
vrijwel behouden is. 

De atmosfeer vertoont zeer gecompliceerd gedrag: de windrichting, de windsterkte, de 
luchtdruk, de temperatuur en nog meer grootheden veranderen voortdurend op een zeer 
chaotische wijze. Een pakketje lucht wordt hierbij rondgeblazen, uitgerekt, samengekneed 
en nog veel meer , maar bij al dit geweld blijft zijn potentiële temperatuur en zijn potentiële 
vorticiteit (bij benadering) gelijk. Deze twee begrippen bieden dus een zeker houvast temid
den van al die chaotische atmosferische processen. 

Als we de verdeling van potentiële temperatuur en potentiële vorticiteit kennen, dan 
weten we heel veel over de toestand van de atmosfeer: de potentiële temperatuur zegt wat 
over druk en temperatuur en de potentiële vorticiteit zegt wat over de hoeveelheid draaiing 
in de atmosfeer. Dit is wiskundig exact uit te drukken: als je de twee verdelingen kent 
dan weet je (zij het onder zekere voorwaarden) alles over de atmosfeer: de windrichting, 
de windsterkte, de druk en de temperatuur op iedere plek in de atmosfeer. Dit wordt bet 
"inverteerbaarheidsprincipe" genoemd. Met behulp van dit principe kunnen we de ontwikke
lingen in de atmosfeer volledig begrijpen in termen van potentiële temperatuur en potentiële 
vorticiteit. Een dergelijke wiskundige beschrijving is gegeven in hoofdstuk 2 van dit proef
schrift. 

Kunnen deze begrippen ons ook helpen om het gedrag van de tropopauze beter te be
grijpen? Dit is inderdaad het geval. Zoals we in het stukje over potentiële temperatuur 
hebben opgemerkt, is de lucht in de stratosfeer verticaal veel meer samengepakt dan in de 
troposfeer. Dit heeft grote gevolgen voor de potentiële vorticiteit : om stratosferische lucht 
naar een standaard verticale samenpakking te brengen, moeten we deze lucht vrij ver uit
strekken. Daarbij zal de vorticiteit sterk toenemen. Dit houdt in dat de potentiële vorticiteit 
van stratosferische lucht veel groter is dan die van trapasferische lucht . De tropopauze is nu 
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te beschrijven als de overgang van lage (troposferische) waarden van potent iële vorticiteit 
naar hoge (stratosferische) waarden. 

Hiermee wordt ook duidelijk waarom de tropopauze zo'n belangrijke rol speelt voor wat 
er in de atmosfeer gebeurt: als overgangslaag van lage naar hoge waarden van potentiële 
vorticiteit bepaalt de tropopauze voor een groot deel de verdeling van de potentiële vorticiteit 
in de atmosfeer. Als gevolg van het inverteerbaarheidsprincipe bepaalt de ligging van de 
tropopauze hiermee voor een belangrijk deel alle andere grootheden in de atmosfeer, zoals 
de windrichting en windsterkte. 

Een fraai voorbeeld van het belang van de ligging van de tropopauze voor de atmosferische 
stromingen is de structuur van een lagedrukgebied . De meeste lagedrukgebieden worden 
gekenmerkt door een tropopauze die naar beneden gedeukt is. Een dergelijke deuk betekent 
dat er stratosferische lucht met hoge potentiële vorticiteit naar beneden wordt geduwd. De 
hoeveelheid draaiing in die deuk moet dus vrij hoog zijn. Dit zijn precies de cirkelende 
bewegingen die rond een lagedrukgebied plaatsvinden. De deuk in de t ropopauze in een 
lagedrukgebied lijkt een beetje op de deuk in het wateroppervlak die je krijgt als je de stop 
uit het bad trekt. 

We zijn nu al zeer ver gekomen in een fundamentele beschrijving van de tropopauze: de 
tropopauze is het vlak waarbij de potentiële vorticiteit een bepaalde overgangswaarde heeft. 
En aangezien de potentiële vorticiteit behouden moet zijn voor een pakketje lucht dat door 
de atmosfeer beweegt, moet de tropopauze ook mee bewegen. Anders gezegd: het op-de
tropopauze-liggen van een pakketje lucht is ook een behouden eigenschap. Een pakketje 
lucht dat op de tropopauze ligt zal er op blijven liggen, ongeacht wat er mee gebeurt. 

Dit maakt overigens ook aannemelijk dat het erg Jastig is voor een pakketje lucht om 
door de tropopauze heen te bewegen: op dezelfde wijze als dat het op-de-tropopauze-liggen 
van een pakketje lucht een behouden eigenschap is, is ook het in-de-stratosfeer-liggen van 
een pakketje lucht een behouden eigenschap. Lucht die zich in de stratosfeer bevindt kan dus 
niet zomaar de troposfeer in waaien. Dit vertaalt zich bijvoorbeeld in verschillende chemi
sche eigenschappen van de troposfeer en de stratosfeer. Hoger in de stratosfeer wordt ozon 
geproduceerd. De stratosferische lucht die dit ozon bevat kan niet zomaar in de troposfeer 
terecht komen. Dit is precies de reden waarom het ozongehalte in de stratosfeer hoger 
is dan in de troposfeer.§ Hetzelfde geldt voor radioactivi teit: bij kernproeven worden er 
grote hoeveelheden radioactief materiaal in de stratosfeer gebracht. De stratosferische lucht 
met dit materiaal zal niet snel terecht komen in de troposfeer. Hierdoor kan nog jaren na 
een serie kernproeven lucht van stratosferische oorsprong worden geïdentificeerd door zijn 
radioactiviteit te meten. 

Het belang van potentiële vorticiteit voor ons begrip van de atmosfeer en de rol van de 
t ropopauze daarin moge duidelijk zijn. Dit inzicht is overigens nog maar van vrij recente 
aard. Het begrip potentiële vorticiteit werd geïntroduceerd door Carl-Gustav Rossby en 
Hans Ertel (onafhankelijk van elkaar) in het begin van de jaren veertig. Het belang van 
potentiële vorticiteit in de opbouw van lagedrukgebieden werd begin jaren vijftig onderkend. 
Dat de tropopauze het best kan worden beschouwd als overgangslaag in potentiële vort iciteit 

§De Nobelprijs voor de chemie werd in 1996 uitgereikt aan Paul Crutzen, Mario Molina en Sherwood 
Rowland, op grond van hun werk aan de chemie van ozon in de troposfeer en stratosfeer. 
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werd pas eind jaren zestig ingezien. Tegenwoordig speelt potentiële vorticiteit een centrale 
rol in theoretische studies van het gedrag van de atmosfeer. Naar aanleiding van de groeiende 
bezorgdheid over het menselijk ingrijpen in het klimaat wordt het belang van een goed begrip 
van de tropopauze ook steeds groter: zoals reeds genoemd markeert de tropopauze ook een 
overgang in de chemische samenstelling van de atmosfeer en speelt daarmee een centrale rol 
in de verspreiding van allerlei chemicaliën die door de mens in de atmosfeer worden gebracht. 

Maar laten we even een stap terug doen. Waarom bestaat er überhaupt een troposfeer 
en een stratosfeer? Met andere woorden: waarom is de lucht boven een zekere hoogte ver
ticaal veel meer samengepakt waardoor die een hogere potentiële vorticiteit heeft? Vanuit 
een traditioneel oogpunt gezien - dat wil zeggen, zonder gebruik te maken van potentiële 
temperatuur en potentiële vorticiteit - is dit een erg lastig probleem, waar "de geleerden 
het nog niet over eens zijn". Door de tropopauze nu te zien als een overgangslaag van de 
potentiële vorticiteit kunnen we een relatief eenvoudige verklaring vinden voor haar bestaan. 
Een exacte beschrijving hiervan valt overigens toch nog buiten het bestek van dit overzicht, 
maar de geïnteresseerde lezer wordt uitgenodigd om er hoofdstuk 3 van dit proefschrift op 
na te slaan. In het kort komt de verklaring hierop neer: door de typische draaiingseigenschap
pen die met potentiële vorticiteit gepaard gaan, blijkt dat er een ontmenging van potentiële 
vorticiteit optreedt; lucht met veel draaiing mengt slecht met lucht met weinig draaiing (het 
is lastig om vanuit stilstand op een draaiende carrousel te springen). Hierdoor blijkt lucht 
met lage potentiële vorticiteit zich te verzamelen onder lucht met hoge potentiële vorticiteit. 
De eerste soort lucht noemen we nu de troposfeer en de tweede soort lucht de stratosfeer. 
De overgang tussen die twee soorten lucht is de tropopauze. 

In hoofdstuk 4 van dit proefschrift ontwikkelen we een vereenvoudigde beschrijving 
van de tropopauze: hierbij kiezen we voor de potentiële vorticiteit in de troposfeer en in 
de stratosfeer een constante waarde - natuurlijk kiezen we voor de stratosfeer een hogere 
waarde dan voor de troposfeer - met als oneindig scherpe overgang tussen die twee, de 
tropopauze. De bewegingen van een dergelijke overgang kunnen we op een fraaie manier 
berekenen op de computer. Met deze berekeningen kunnen we bijvoorbeeld begrijpen waarom 
er zich af en toe een langdurig verhoogde tropopauze boven de atlantische oceaan bevindt. 
In meer meteorologische termen wordt dit verschijnsel een blokkade genoemd. Tijdens een 
dergelijke blokkade is het weer in Nederland meestal bestendig. 

In hoofdstuk 5 van dit proefschrift worden de gevolgen van de vereenvoudigde beschrij
ving van de tropopauze verder onderzocht: er wordt aangetoond dat in deze beschrijving 
de variaties in de hoogte van de tropopauze sterk samenhangen met haar gemiddelde lig
ging. Dit verband is ook onderzocht in de atmosfeer zelf. Hierbij is gebruik gemaakt van 
meetgegevens vanuit de hele wereld. Deze zijn samengebracht in een grote gegevensbank, 
die wordt beheerd door het Europees Centrum voor Weersverwachtingen op de Middellange 
Termijn (ECMWF) in Reading, Engeland. Er wordt aangetoond dat in de atmosfeer meer 
factoren een belangrijke invloed hebben op de variaties in de hoogte van de tropopauze dan 
haar gemiddelde ligging alleen. Wat dit aspect betreft is onze vereenvoudigde beschrijving 
voor de tropopauze dus te eenvoudig gebleken. 

Samenvattend moet dit proefschrift worden beschouwd als een pleidooi om de begrippen 
potentiële vorticiteit en potentiële temperatuur te gebruiken om verscheidene aspecten van 
de tropopauze beter te begrijpen: haar structuur, haar oorsprong en haar gedrag. 
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Chapter 1 

Introduetion 

In tbis introductory cbapter some general concepts about potential vorticity are reviewed. 
Tbe advantages of defining tbe tropopause as an iso-surface of the potential vorticity are 
presented. These advantages will be exploited tbraughout the rest of this thesis. The 
introduetion ends with an overview of the subjects that will be covered in this thesis. 

1.1 PV-thinking 

A useful starting point of this introduetion is a three-part artiele by Ernst Kleinschmidt, 
titled "Über Aufbau und Entstehung von Zyklonen" written in 1950 and 1951 [38, 39, 40]. 
In this artiele Kleinschmidt exposes the theory that any cyelone is associated with a cyclonic 
"body," an air mass of increased potential vorticity. Kleinschmidt proceeds by showing that 
under certain assumptions the distribution of the potential vorticity in the cyclonic body 
completely determines the state of the cyclone and the surrounding atmosphere. In the third 
part of the artiele he formulates the view that may be seen as the basis of what we today 
call PY-thinking: 

Bisher fungierten Luftmassen, Druckgebilde oder Drucktendenzen als gesteuerte 
Objekte, während als steuerndes Subject fast immerein Druckgebilde diente. In 
der obigen Vorstellung sind es allein die reellen Luftmassen, die nicht nur die 
passive, sondern auch die aktive, steuernde Rolle übernehmen, dies letzte eben 
auf Grund ihres Z-Gehalts. 

Der ständige Wechsel des Druckfeldes in den mittleren und hohen Breiten 
beruht zum gröJ3ten Teil auf der gegenseitigen Steuerung der Z-Massen.* [40, 
page 91] 

The symbol "Z" in this quotation stands for potential vorticity. Indeed, this quotation states 
the essence of PV -thinking: The poten ti al vorticity is not only a tracer attached to air
masses, it also determines (under certain assumptions -- see below) all other meteorological 

• "Until now, air masses, pressure distributions, or pressure tendencies acted as directed objects, while 
almast always a pressure distribution acted as directing subject. In the above-mentioned viewpoint the air 
masses not only play a passive role, but also take over the active, steering role, on account of their Z-content. 

The permanent changes in the pressure field in the higher and middle latitudes largely depend on the 
mutual rearrangements of the Z-masses." ( translation by M. Ambaum) 
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fields, such as the wind field . This wind fieldthen rearranges the air masses along with their 
potential vorticity signature. Kleinschmidt writes: 

Jede Z-Masse versucht durch ihr Partialwindfeld die anderen Massen urn sich 
herurn zu steuern. Die Massen mit übernormalem Z steuern im zyklonalen, 
die mit unternormalem Z im antizyklonalen Sinn. Diese Vorstellung bedeutet 
allerdings nicht viel mehr als ein anschauliches Bild. t [40, page 91] 

At that time this viewpoint was far ahead of practical implementation. The determination 
of the potential vorticity field became possible on a regular basis only after the establishment 
of the global observational network used in operational weather forecasting. The subsequent 
"inversion," that is, obtaining the other meteorological fields from the potenbal vorticity, is 
a task that is feasible only with the large computer resources that have become available 
recently. 

Though the strategy of evolving the atmospheric fields by advecting potential vorticity 
masses is in practice limited to simple balanced dynamics - obtaining the potential vor
ticity field and then inverting it is usually a rather expensive strategy; the fields that are 
obtained after inversion can mostly be measured directly and are in fact used to construct 
the potential vorticity field - it may be viewed as a unifying approach in the understanding 
of phenomena as various as Rossby wave propagation, baroclinic and barotropic instabil
ity, the structure, origin and persistenee of cut-off cyclones and blocking anticyclones , or 
initialization of numerical weather-prediction models [34 , 35] . 

In this thesis we wil! show how PV-thinking clarifies our understanding of another im
portant meteorological feature: the tropopause. The tropopause plays a crucial role in the 
exchange of chemica! tracers ( ozone, greenhouse gasses) between stratosphere and tropo
sphere, frontogenesis, planetary waves, or the formation of cut-off lows and blocking anticy
clones [15, 33, 34, 66]. We will see how PV-thinking may helpus to understand why t here 
is a tropopause, how the large-scale dynamics of the tropopause may be described and how 
this may help us to clarify the structure of planetary waves. 

Next we wil! review some basic concepts that underly PV-thinking. After that we wil! 
indicate its importance for our understanding of the tropopause. Finally an overview wiJl 
be given of the subjects that wil! be treated in this thesis. 

1.2 Basic ideas on potential vorticity 

The physical limitations on the number of pages in this thesis prevents a full exposition of 
a ll subjects related to potential vorticity. The most comprehensive overview of the subject is 
probably the landmark paper by Hoskins, Mclntyre, and Robertson [34], to which the reader 
is referred for fmther details and references. Here we only present a short overview of the 
important ideas that wilt be assumed as background knowledge throughout the rest of th is 
thesis. 

t "With its partial wind field, every Z-mass tries to move the other masses around . The masses with 
higher Z do this in a cyclonic sense, and those with lower Z in an anticyclonic sense. However, this idea is 
just an illustrative picture." (translation by M. Ambaum) 
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A first definition of potential vorticity was given by Rossby [69], who recognized that 
the local change of absolute vorticity, caused by the vertical stretching of a fluid element, 
can be succinctly written as a conservation law for a quantity which he called potential 
vorticity. Rossby derived an expression for potential vorticity in a system consisting of 
several homogeneaus incompressible layers of fiuid under hydrastatic balance. He defined 
potential vorticity PR as 

p - f + ( 
R- b,. ' (1.1) 

where f and (are the vertical componentsof the planetary and relative vorticity, respectively, 
and 6. is the local thickness of the layer under consideration. If 6. increases, the absolute 
vorticity f + ( should also increase in order to conserve PR. This is the geophysical analog of 
an ice-skater, performing a pirouette, who stretches vertically, thereby increasing his rotation 
speed. 

The picture of an atmosphere consisting of several homogeneaus incompressible layers 
can be made more realistic if one considers the potential temperature structure of the atmo
sphere. The potential temperature in the atmosphere always increases with height (except 
possibly in convective areas or the planetary boundary layer) and potential temperature is 
a materially conserved quantity under adiabatic conditions. This means that an air parcel 
that is initially vertically bounded by two isentropic (that is, iso-potential temperature) sur
faces remains bounded by these surfaces under adiabatic conditions. If the layer-thickness 
6. is now defined as the conserved mass content between the bounding isentropic surfaces, 
the potential vorticity PR of this air parcel is also a materially conserved quantity. This 
more realistic interpretation of PR was already recognized by Rossby. He also realized that 
the concept of layer-thickness could be generalized to a continuously varying quantity by 
consiclering isentropic surfaces whose potential temperatures differ infinitesimally. 

A derivation of the potential vorticity in its full generality was independently found 
by Ertel [27] . He could prove that for the Navier-Stokes equations, under adiabatic and 
frictionless conditions, the quantity PE, which is defined as 

(1.2) 

is conserved following a fluid parceL Here ü is the planetary rotation vector, ( is the 
relative vorticity vector, p is the density, and () is the potential temperature. The potential 
temperature in his definition may be replaced by any materially conserved quantity that 
is a function of pressure and density alone. The quantity PE is called the Ertel potential 
vorticity. For the system consisting of homogeneaus incompressible layers, as stuclied by 
Rossby, the expression of the Ertel potential vorticity reduces to the one by Rossby. 

The Ertel potential vorticity combines dynamic as wel! as thermadynamie information. 
As a conserved quantity it can serve as a tracer for following air masses. With the potential 
vorticity definition of Rossby in mind, Starr and Neiburger [74] noted that it provided the 
third Lagrangian marker ( tagether with poten ti al temperature and specific humidity) to fully 
specify an air parcel ( the isosurfaces of the three independent quantities should generally 
interseet at one point) . But the true dynamic importance of potent i al vorticity lies in the fact 
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that it also satisfies the so-called "invertibility principle": given a suitable balance condition 
- geostrophy being the simplest but least accurate one -- and some reference state that 
provides the mass distribution between isentropic surfaces, the potential vorticity field can 
be "inverted" to find all other meteorological fields, like winds, pressure or temperature. 
The inversion is a nonlocal operation which should be performed under suitable boundary 
conditions. 

The earliest example of how such an inversion can be clone in practice is provided in the 
aforementioned work of Kleinschmidt [38]. He calculated the fields that were "produced" 
by a "cyclonic body" under gradient wind balance. Because the procedure had to be clone 
analytically, some simplifications (like, for example, radial symmetry) had to be introduced. 
Taking into account these caveats, the reconstructed pressure, temperature, and wind field 
showed good agreement with the observed fields. Another example of an inversion can be 
found in chapter 2. Here it is shown how the invertibility principle can be formulated for a 
system in quasigeostrophic balance. The three basis ingredients of inversion can be clearly 
identified: a balance condition ( quasigeostrophy ), a reference state ( the barotropic state 
around which the primitive equations are linearized), and a nonlocal inversion with boundary 
conditions (potential vorticity is defined in termsof an elliptic differential operator). 

The invertibility principle provides the closing relation for understanding the dynamics 
of the atmosphere in termsof potential vorticity: given the potential vorticity field, one can 
obtain all other meteorological fields, including the wind field. This wind field advects the 
air masses along with their potential vorticity signature. In this manner the new potential 
vorticity field after an infinitesimal time is obtained, and the procedure starts all over again 
with a new inversion. In fact this is exactly how the evolution of the quasigeostrophic system, 
that wil! be presented in chapter 2, is mathematically formulated. 

There are some provisos to this seemingly simple scheme. The dynamics will go as far 
as the balance condition allows: the wind field that can be obtained from the inversion is, 
by definition, the wind field that is consistent with the potential vorticity distribution and 
the adopted balance condition. The other meteorological fields are necessarily also those 
fields that are consistent with the chosen balance. For example, under geostrophic balance, 
the wind and temperature fields are related through the thermal wind-relation. In the real 
atmosphere there is no mechanism by which the dynamics is forced to remain balanced; 
balanced motion is not necessarily stable. As these balance conditions are generally only 
valid on larger scales, one may expect the fields only to be correct for larger scales. 

The measurements with which the potential vorticity field is initially determined are, 
because of experimentallimitations, only rather coarse-grained; a fine-scale representation 
of the potential vorticity field is hard to obtain. This does not harm the invertibility principle 
very much though. As the potential vorticity is related to the wind field by partial derivatives 
(the vorticity is the curl of the velocity field), the inversion is an integral operation and 
therefore a smoothing operation. That is, the balanced wind field that is obtained from the 
inversion is rather insensitive to the fine-scale structure in the potential vorticity field. 

Because the wind field has to be balanced it is necessarily a rather smooth field. This 
does not mean that the advected potential vorticity field also remains smooth. In fact, the 
large-scale adveetion of a conservative tracer can rapidly produce very small scales in the 
tracer field. This was shown in experiments performed by Waugh et al. [81]. Large-scale 
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observed velocity fields were used to adveet a passive field that originally coincided with 
the coarse-grained potential vorticity field . The advected field rapidly developed fine-scale 
filamentary structures, indicating that the potential vorticity field also should show these 
fine scales. Local measurements with aircraft indeed confirmed the existence of very thin 
filamentary structures in the potential vorticity field which coincided remarkably well with 
the structures in the advected passive field. This experiment proves that the adveetion of 
the potential vorticity field can be performed quite accurately with smooth wind fields. The 
scale-separation between the advecting wind field and the advected potential vorticity field 
was explicitly exploited in a powerful numerical scheme, developed by Dritschel and Am
baum [22]. Here the wind field and the potential vorticity field were represented separately, 
the former coarse-grained and the latter fine-grained. 

1.3 The tropopause as a potential vorticity interface 

The World Meteorological Organization (WMO) defines the tropopause, the boundary be
tween stratosphere and troposphere, as the lowest level at which the temperature Iapse rate 
decreases to 2°C km- 1 or less, provided that the average Iapse rate between this leveland 
all higher levels within 2 km does not exceed 2oC km- 1

. In Fig. 1.1 we can see this typical 
transition in the temperature Iapse rate of the atmosphere. Panel a of this figure shows 
how the temperature changes with height. The measurement was carried out at the Royal 
Netherlands Meteorological Institute (KNMI) on 22 August 1996. This day was not chosen 
for a particular meteorological reason. What can be seen in this panel is that below about 
11 km the temperature decreases with height, whereas above 11 km the temperature remains 
constant or even increases slightly with height. This transition is the tropopause and, as 
may be inferred from the figure, the depth of this transition is relatively smal!. 

Using the hydrostatic approximation and approximating the vorticity veetors by their 
vertical components - which under normal atmospheric circumstances are much bigger 
than the horizontal components- the Ertel potential vorticity , Eq. 1.2, can be rewritten as 

f)() 
p = - g(J + () àp" (1.3) 

Note that this potential vorticity is proportional to the potential temperature Iapse rate 
with pressure (see also next chapter). In panel b of Fig. 1.1 this Iapse rate is plot ted . As 
we can see, it makes a sudden jump at the tropopause. But from Eq. 1.3 we can conclude 
that this jump in Iapse rate should also induce a jump in potential vorticity. Indeed, the 
potential vorticity in the stratosphere is distinctly higher than the potential vorticity in the 
troposphere. This means that the extratropical tropopause roughly coincides with some iso
potential vorticity surface. A much used value for this iso-surface is the 2 PVUt iso-surface. 
This iso-surface may serve as an alternative, though not completely equivalent, definition of 
the extratropical tropopause. 

The correlation between the tropopause and the transition in potential vorticity can be 
inferred from Figs. 1.3 and 1.2. Depicted is a meridional cross-section through the blocking 

lA poten ti al vorticity unit , PVU, is defined as 10-6 m2 ç 1 K kg- 1 
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Figure 1.1: Same data derived from a radiosonde measurement carried out at KNMI 
on 22 August 1996. Panel a shows the temperature (solid) and the potential tem
perature (dashed) in oe. The tropopause is defined as the transition in temperature 
lapse rate. Panel b shows the inverse isentropic mass density, which is defined as 
-g(àpjàBt 1 • Panel c shows the ozone content in units proportional to the partial 
pressure. (Data were provided by U. R. W. Rothe, KNMI) 

anticyclone that was located above Norway on 15 February 1994 (at that time the Winter 
Olympics took place in Norway). The increase in the vertical potential temperature gradient 
(the WMO definition of the tropopause) largely coincides with the 2 PVU isoline of the 
potential vorticity field. Notice also that the blocking anticyclone is associated with an 
elevated tropopause, which may be viewed as a negative cyclonic body. Beneath the elevated 
tropopause the vertical gradient of the potential temperature is low [34] . 

The definition of the tropopause in terms of potential vorticity has some distinct advan
tages. First of all, potential vorticity is a materially conserved quantity in the absence of 
diabatic and frictional effects. Exchange processes between stratosphere and troposphere 
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therefore have a more clear-cut meaning: only diabatic and smali-scale mixing effects are 
able to transport tracers across the tropopause . For adiabatic motions the tropopause is a 
material surface and is impermeable for passive tracers. 

Secondly, because of the invertibility principle, the potential vorticity distribution de
termines the complete state of the atmosphere ( under the assumptions that underlie the 
principle, like a balance condition). As the tropopause is so distinctive for the distribution 
of potent i al vorticity, the tropopause is to play a key role in the dynamics of the atmosphere. 
Defined in terms of potential vorticity, the tropopause not only has a thermodynamic mean
ing but also a dynamic meaning. It is this quality of the tropopause that wil! be exploited 
throughout the rest of this thesis. 

Defining the tropopause in terms of potential vorticity is not a new idea. An early ex
ample of this idea can be found in the work of Danielsen [15]. Air samples could be traeed 
back to stratospheric origin by measuring their radioactivity. The radioactivity of the strato
sphere was considerably higher than that of the troposphere due to the injection of Sr90 in 
the stratosphere by nuclear tests. Danielsen recognized that he could as wel! measure po
tential vorticity to trace air samples back to stratospheric origin. The positive correlation of 
radioactivity and potential vorticity was convincingly demonstrated by analyzing a situation 
where a frontal region could be observed in the ground temperature, due to astrong folding 
of the tropopause. 
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Figure 1.2: Poten ti al temperature as a function of height along the Greenwich merid
ian at 0 GMT 15 February 1994. Isolines every 10K. At the lower boundary between 
about 30° and 45° lat the highlands of Northern Africa and Spain are visible. Shaded 
regions correspond to potential vorticity values that are larger than 2 PVU. (See 
also Fig. 3.1). 

A chemica! tracer that is typical for air of stratospheric origin is ozone. Panel c of Fig 1.1 
shows the ozone content in the atmosphere as a function of height. What can be seen in 
this picture is that at the tropopause a strong increase in ozone content occurs. Again 
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Figure 1.3: Poten ti al vorticity as a function of height along the Greenwich meridian 
at 0 GMT 15 February 1994. !salines are plotted every 2 PVU; the lowest isoline 
corresponds to 2 PVU. (See also Fig. 3.1). 

the trans1t10n is rather sharp. In this particular measurement the ozone content of the 
lower troposphere was also quite high, due to smog (the ozoneis produced by photochemical 
reactions). The tropopause is therefore not only a thermodynamica! and a dynamica! harrier, 
but a chemica! harrier as wel!. 

1.4 Overview of this thesis 

We have seen that the tropopause is a very distinctive feature in the atmosphere and that 
the tropopause can be usefully defined in terms of potential vorticity. Can the viewpoint 
of PV-thinking help us to understand some of the features of the tropopause? This is the 
central question that we wil! address in this thes1s. 

A first restrietion is presented to us by the invertibility principle, which is only accurate 
for the particular chosen balance. The balance adopted is quasigeostrophy, which loses its 
validity for small scale motion. Consequently, our considerations are restricted to the large
scale dynamics of the tropopause. So we wil! not consider events like tropopause foldings, 
which are thought to be an important mechanism for stratosphere-troposphere exchange [72]. 
We wil! direct our attention to features like the origin of the tropopause and its large-scale 
behaviour. 

The first step towards this goal is toadopt yet another strategy into PY -thinking, namely 
by taking potential temperature as a vertical coordinate (isentropic coordinates). As a verti
cal coordinate it has a distinct advantage above more commonly used coordinates, like height 
or pressure. The potential temperature is, together with potential vorticity, a Lagrangian 
marker for air masses; under adiabatic conditions the potential temperature is conserved 
following air parcels. Alternatively stated: using potential temperature as a vertical coordi-
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nate, vertical veloeities vanish under adiabatic conditions. Any vertical velocity must have 
its origin in diabatic effects. 

Although the use of potential temperature as a vertical coordinate may need some "get
ting used to" - which may be one of the reasons that it is not so commonly used -
it does facilitate the interpretation of vertical motion, leading to a fairly straightforward 
derivation of quasigeostrophic theory [4]. This derivation is presented in chapter 2. A 
particularly interesting feature of this derivation is the introduetion of a lower boundary 
condition that permits pressure variations at theearth's surface. Thesevariations, which in 
most derivations of quasigeostrophic theory are omitted for simplicity, have an important 
effect on the dynamics of the system: it can be shown that the vertically integrated, that 
is, barotropic behaviour of the system has a finite effective Rossby radius. A finite Rossby 
radius is a consequence of geostrophic adjustment, because geostrophic adjustment results in 
the equipartition of anomalous potential vorticity over the two factors on the right-hand side 
of Eq. 1.3 (excluding the prefactor -g); any potenbal vorticity anomaly is represented by 
anomalous absolute vorticity f + (as wel! as anomalous vertical stratification (80/op) [34]. 
If pressure variations at the bounding surfaces are not allowed, changes in the vertical strat
ifica.tion have no implications for the barotropic mode; if they are allowed (as is the case in 
this thesis) the effect of vertical stratification does affect the barotropic mode. 

The vertical structure can be truncated to the barotropic mode, which leads to the equiv
alent barotropic vorticity equation. This equation is used to describe isentropic motion in the 
upper troposphere. Diabatic effects, resulting from differentia.l solar heating a.nd radiative 
cooling, are then introduced in the model. These dia.batic terms spin up the atmosphere, 
and form a polar vortex. In chapter 3 it is demonstrated that two-dimensional isentropic 
turbulent motion leads to a sharp edge- a jump in poten ti al vorticity of the polar vortex. 
This sharp edge is then associated with the tropopause. In other words: the origin of the 
tropopause is thought to reside in the isentropic inertial motion of the atmosphere. This re
sult is somewhat counter-intuitive, because the turbulent inertial motion is most commonly 
thought to blur the structure of the tropopause [45]. It is also described how our essentially 
two-dimensional picture may be used for the three-dimensional atmosphere. It is shown that 
this interpretation may help us to understand why the lowest isentropic surface that is still 
in contact with the tropopause is generally the highest isentropic surface that is also still in 
contact with theearth's surface (See Fig. 1.2). 

So the tropopause is interpreted as a potentia.l vorticity edge on an isentropic surface, 
rather tha.n the vertical bounda.ry of the troposphere. As such, the tropopause is rather like 
a "wal!" than a "ceiling" [50]. With this interpretation of the tropopause, it is quite easy to 
understand why the tropopause is also a harrier for chemica.! tracers - something that can 
for example be inferred from the ozone profile in Fig 1.1. The fact that air of stratospheric 
origin is well separated from air of tropospheric origin, on account of its potential vortic
ity signature, means that the chemica! signature of the two types of air may also be wel! 
separated, provided that the behaviour of the chemieals as a tracer is the same as that of 
potential vorticity as a tracer. This means that the chemieals should be quasi-conservative, 
that is, they must have a low reaction-rate, and their sourees and sinks should give a chem
ica] contrast between stratosphere and troposphere. This is the case for many chemicals, 
ozone possibly being the most well-known. 
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Adopting the viewpoint of the tropopause as a potential vorticity edge on an isentropic 
surface, we can model this situation as follows: we assume the potential vorticity field every
where to be constant except at the tropopause, where it makes a discontinuous jump [58, 65]. 
The dynamics of this potential vorticity field can still be modeled with the equivalent bar
otropic vorticity equation, but the number of degrees of freedom has been reduced consid
erably: because potential vorticity is materially conserved, the potential vorticity field can 
only change by moving its discontinuity, the tropopause [78]. This type of dynamics can be 
modeled in a Lagrangian way on a computer: the position of the discontinuity is described 
by a finite number of "nodes." These nocles are then advected by the local velocity, which 
can be expressed as a contour integral over the discontinuity. This Lagrangian technique is 
known as contour dynamics [20, 63, 83]. 

As a first probe into the possiblè dynamics of this system, we performed a study of 
the stationary states of the model, where particular attention is paid to the inftuence of 
orography. This study is described in chapter 4. If the orography has infinitesimal height 
we can find analytica! expressions for the steady states. For finite orography, we use a 
numerical algorithm, developed by Verkley [78], to find the steady states. The steady states 
organize themselves into one-dimensional piecewise connected sets. Orography is known to 
have a large inftuence on the structure of planetary waves [7]. Indeed, our study confirms 
the same inftuence in the contour dynamics model for the tropopause through the action of 
linear resonance or its nonlinear counterpart . Realistic planetary waves are found that show 
analogs of the mechanism of multiple steady states [13]. 

One of the most important parameters in descrihing the steady statesof our tropopause 
model is found to be the area inside the tropopause on the isentropic surface because this 
parameter allows us to probe all the resonances of the model. Especially the average ampli
tude of the planetary waves is strongly dependent on this area. A definition of the average 
amplitude, called "meridionality," is introduced in chapter 5 and is employed to compare 
our contour dynamics model with more traditional models , which exhibit the phenomenon 
of multiple steady states [41, 47, 56, 76]. FurthermOI·e it is shown that the meridionality of 
the steady states is reftected in the dynamics of the system that has been initialized with a 
polar vortex of the same area. This is an interesting instanee of how the steady states of a 
nondissipative system may inftuence the dynamics of that system. 

As the area is such an important parameter in our tropopause model, one may wonder 
whether this is also true for the real atmosphere. In the same chapter a study is presented 
of observed potential vorticity fields of the last six years. It is shown that area is a useful 
parameter in characterizing the polar vortex, in the sense that this area is well conserved 
during the turbulent evolution of the polar vortex. Its major changes are strongly driven by 
seasonal forcing effects, whereas the inter-yearly variablity is very weak. The relation between 
area and meridionality of planetary waves could not be convincingly observed in this study. 
It is possible that orography-driven resonance effects are swamped by the baroclinic activity 
of the atmosphere, indicating that other parameters need be included to understand the 
meridionality of the polar vortex. 

Summarizing, this thesis should be considered as a plea for using the potential vorticity
potential temperature viewpoint to understand various aspects of the tropopause: its struc
ture, its origin, and its large-scale dynamics. 



Chapter 2 

The equations of motion 

The quasigeostropbic equations in isentropic coordinates are derived from tbe primitiveequa
tions in isentropic coordinates. It is shown that if one allows for pressure variations at the 
lower boundary the barotropic behaviour of this quasigeostrophic system bas a fini te effec
tive Rossby radius. The dynamics of the barotropic mode is then given by the equivalent 
barotropic vorticity equation. lt is also indicated how a simple model of radiative damping 
can be introduced in this equation. 

2.1 Introduetion 

The use of poten ti al temperature as a vertical coordinate (isentropic coordinates) is not 
a widespread practice in meteorology. Forecasts with isentropic models have until now 
been limited to incidental studies [5, 6, 25, 26, 77], mainly because of problems at the 
lower boundary of isentropic models: the planetary boundary layer cannot be described 
in isentropic coordinates because of the low or even unstable stratification*, resulting in 
a low vertical resolution in terms isentropic coordinates. This problem has been tackled, 
for example, by using a hybrid model with O"-coordinates in the (lower part of) the model 
troposphere, and isentropic coordinates elsewhere [77]. Apart from practical problems, like 
descrihing the planetary boundary layer, the reason of the relative impopularity of isentropic 
coordinates may also he the historica! bias to height or pressure coordinates [5]. Isentropic 
coordinates need some "getting used to" and also some extra work to obtain measured fields 
as a function of potential temperature. The latter objection is not very substantial with the 
available computer resources. To overcome the former objection is a matter of good wil!! 

The relative impopularity of isentropic coordinates may also be deduced from the fact 
that a derivation of the quasigeostrophic equations in isentropic coordinates seems to have 
been largely overlooked only until recently [4]. From a theoretica] point of view, however, it 
is quite advantageous to work in isentropic coordinates. lsentropic coordinates have an im
portant advantage compared to other vertical coordinates: the vertical velocity in isentropic 
coordinates vanishes under adiabatic and frictionless conditions (see below). As a conse
quence, all adiabatic and frictionless flow is horizontal, and vertical veloeities are exclusively 

"low and unstable stratification correspond to so-called adiabatic and superadiabatic Iapse rates , 
respect i vely. 
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due to diabatic effects. This strict interpretation of vertical veloeities is absent in other coor
dinate forms . This leads to some important simplifications in a theoretica! description of the 
atmosphere. These wil! be exploited in the next sections, where we wil! derive the equivalent 
barotropic vorticity equation from the primitive equations in isentropic coordinates, via the 
quasigeostrophic equations in isentropic coordinates. 

The set of primitive equations, which wil! be introduced in section 2.2, can be found 
in most standard text books on atmospheric dynamics, for example [32] . The derivation 
of the quasigeostrophic equations in isentropic coordinates in section 2.3 closely follows the 
short note that was written on this subject by Eerrisford et al. [4]. The new feature in this 
derivation involves the lower boundary condition: in sections 2.4 to 2.6 it is shown that if one 
prescribes the height of the lower boundary, while still allowing for pressure variations, the 
quasigeostrophic equations cannot exhibit purely barotropic behaviour; the Rossby radius 
of the lowest vertical mode is necessarily finite. The dynamics of this lowest vertical mode 
is described by the equivalent barotropic vorticity equation. Insection 2.7 it is shown how 
diabatic effects can be incorporated into this equation. 

2.2 Primitive equations 

First we introduce the primitive equations in isentropic coordinates. The isentropic coordi
nate system, that is, the system in which the potential temperature is the vertical coordinate, 
is a particularly interesting system because in this description there is no vertical velocity in 
the absence of diabatic effects. This can be easily understood if one writes the first law of 
thermodynamics by making use of the potential temperature. The atmosphere is assumed 
to behave like an ideal gas so that the equation of state reads 

p = pRT, (2.1) 

where pis pressure, pis density, T is temperature, and R the gas constant for dry air.t The 
potential temperature {) is defined as 

( ) 

R/Cp 

{) = T Ps 
p 

(2.2) 

Here Ps is some constant reference value of the pressure and CP is the specific heat of dry air 
at constant pressure. t The first law of thermodynamics can now be written as 

dQ = C dT _ R dp = C dB. 
T Py p p{) 

(2.3) 

Here dQ is the heat input per unit of mass. It follows from this equation that in the absence 
of external heating (dQ = 0), the potential temperature remains constant. This is the 
same as saying that in the absence of external heating the "vertical velocity" in isentropic 
coordinates ( Ó) must van i sh. 

t For a standard atmospheric composition R equals 287 J K - I kg- 1
. 

IFor a standard atmospheric composition Cp equals 1004 J K - lkg-1
. 
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We can use potential temperature as a vertical coordinate because in the atmosphere 
potential temperature generally increases with height (see Fig. 1.1), so that a one-one cor
respondence exists between height and potential temperature. In fact, this increase of po
tential temperature with height is exactly the condition for a stabie stratification of the 
atmosphere [32]. The vertical derivative of the potential temperature is related to the buoy
ancy freguency of an air parcel that is adiabatically displaced from its vertical reference 
position. This frequency is called the Brunt-Väisälä frequency N and it is given by 

'V2 - f!.. (}() 1 
- Boz' (2.4) 

where g is the gravitational acceleration. Stabie stratification corresponds to a positive N 2 , 

meaning that an air parcel that is adiabatically moved from its initia! vertical position will 
attain an oscillatory motion. U nstable stratification corresponds toa negative N 2 , that is, an 
imaginary N, leading to an exponentially increasing displacement from the initia! position. 
From this relation between the vertical gradient of the potential temperature and the stability 
of the stratification we can infer why isentropic coordinates are not very appropriate for the 
dynamics of the planetary boundary layer. Here the stratification is very weak, teading to a 
low resolution in the boundary layer, or the stratification is even unstable, in which case the 
isentropic coordinate system becomes useless. For the tropical area isentropic coordinates 
are also less useful, beacause of the high convective activity in this area. 

The horizontal momenturn equations in isentropic coordinates are 

(2.5) 

Here v is the horizontal velocity field, f is the vertical component of the rotation of the 
earth, k is a unit vector pointing vertically upward, and M is the Montgomery potential, 
defined below. The horizontal der i vat i ves '\1 are here and throughout the rest of this thesis 
to be understood as partial derivatives with constant potential temperature. The vertical 
component of the relative vorti city ( is defined as 

(= k · 'V x v. (2.6) 

The Montgomery potential is defined as 

(2.7) 

The Montgomery potential is the sum of a temperature contribution and the geopotential 
g z. Note that the height z is not the vertical coordinate, but a funct ion of position and time. 
The right-hand si de of Eg. 2.5 represents the diabatic t erms, proportional to Ö, and friction al 
terms Fr . For an adiabatic and fr ictionless atmosphere, this right-hand si de vanishes. 

The vertical momenturn equation will be replaced by the hydrastatic equation, which 
accurately describes the main vertical balance. In isentropic coordinates this balance is 
expressed by 

oM 
(}() 

(2.8) 
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The continuity equation in isentropic coordinates for an adiabatic and frictionless atmo
sphere is 

(2.9) 

This equation describes the conservation mass in iseotropic coordinates, where the mass 
density in isentropic coordioates is (opfoB). Note that the right-hand side of this equa
tion varrishes for adiabatic conditions, in which case mass is conserved for two-dimensional 
isentropic motion. 

The set of Eqs. 2.2, 2.5, 2.8, and 2.9 form a closed set of equations in the variables 
V' M, (op/ fJB), and T. Given the initia! fields and the diabatic forcing and friction, Eqs. 2.5 
and 2.9 determine the change of the velocity field and the isentropic mass density. The 
latter field can now be integrated with respect to () to find the new pressure field, given one 
boundary condition on p. Using Eq. 2.2 we can now also determine the new temperature 
field. The latter field can then be used to find the new Montgomery potential, by integrating 
Eq. 2.8 over 8. Here also a boundary condition is needed on M. The boundary conditions 
have a nontrivial influence on the dynamics of the system. Section 2.4 is devoted to a 
discussion of these boundary conditions. 

Instead of using the two components of the velocity field v, the velocity field can also be 
fully described by its vorticity (the curl of the velocity field), and its divergence [23]. The 
evolution of these quantities can be obtained by taking the curl, respectively the divergence of 
the momenturn equations. For our purposes we are only interested in the vorticity equation , 
which can be written as 

(%t +V· \7) (J + () + (! + () \7 ·V= k · \7 X ( -0~; +Fr). (2.10) 

Again, the right-hand side of this equation vanishes for adiabatic and frictionless conditions. 
The vorticity equation can be conveniently combined with the continuity equation by 

introducing the potential vorticity P, which will bedefinedas 

(
fJ ) -1 

P = - g(f + o a: (2.11) 

Note that potential vorticity combines information on the dynamic as wellas the thermody
namic state of the atmosphere. The multiplicative factor - g is included to comply with the 
standard definition of the potential vorticity [27, 34] . This definition of the potential vortic
ity also follows directly from the expression for the Ertel potential vorticity, Eq. 1.2, if only 
the vertical components of the vorticity are considered (which under normal atmospheric 
circumstances are much bigger than the horizontal components) and if one uses hydrostatic 
balance. The potential vorticity in Eq. 2.11 reduces to the original definition of Rossby, 
Eq. 1.1, if one chooses for the layer-thickness 6 the mass content between two isentropic 
surfaces, that are infinitesimally separated by a constant potential temperat ure difference of 
oB. In this case we have, using hydrastatic balance, 

I op I op 
6 = poz = - - - oz = - --JO. 

g oz g ()() 
(2.I 2) 
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The evolution of potential vorticity is readily found to be 

(2.13) 

So for adiabatic, frictionless motion in hydrastatic balance, the potential vorticity, defined 
by Eq. 2.11, is conserved following a fluid particle. It is the geophysical version of the 
fundamental physical law of conservation of angular momentum, which for fluid motion is 
known as Kelvin's circulation theorem. 

2.3 Quasigeostrophic equations 

Under certain assumptions, the full primitive equations (Eqs. 2.2, 2.5, 2.8, and 2.9) can be 
approximated by a simplified set of equations, the quasigeostrophic equations [11]. This 
approximation is particularly useful, because it involves only one basic dynamica[ variable, 
the quasigeostrophic potential vorticity. To this end, the atmospheric variables will be 
expressed as the sum of a reference value (denoted by subscript "0"), that is a function of() 

only, and a deviation ( denoted by a prime). For example 

p(x, y, B, t) = Po(B) + p'(x, y, B, t). (2.14) 

It is assumed that the deviations from the reference state are smal!. The validity of this 
assumption wil! be discussed later. Under this assumption we can combine Eq. 2.3 with 
Eq. 2.8 to give the following relation between pressure deviations and vertical gradient of 
the deviation of the Montgomery potential: 

oM' 
'~ () P ~Po~- (2.15) 

This pressure deviation can also be used to rewrite the expression for the inverse isentropic 
mass density (opjoB) - 1

, as found in the definition of the potential vorticity: 

(
op) -

1 
(dpo) -

1 
( op'foB) 

()() ~ do 1 
--: dp0 jd() (2.16) 

Next we wil! assume that the Coriolis term J varies only little about some reference 
value J0 . With this reference value we can introduce the geostrophic velocity v 9 and the 
streamfunction 'tf; as 

1 I k v 9 = Jok x V' M = x '\l'tf;. (2.17) 

The velocity field v wil! now be decomposed in the geostrophic velocity v 9 and the deviation, 
the ageostrophic velocity Va. The vorticity field ( can likewise be decomposed in a geostrophic 
vorticity (9 and an ageostrophic vorticity (a· Another basic assumption wiJl be that 

(a « (g « J, (2.18) 
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which validity will also be discussed later. Note that the geostrophic vorticity can be written 
in terms of the streamfunction as 

(2.19) 

The various approximations will now be used to give an approximate expression for the 
potential vorticity. First of all we will replace the vorticity in Eq. 2.11 by its geostrophic value 
as defined in Eq. 2.19. Furthermore we will replace the inverse isentropic mass density by the 
approximation in Eq. 2.16. Here p' will be expressed in termsof the streamfunction using 
Eqs. 2.15 and 2.17. The approximate expression for the potential vorticity now becomes 

g [ 2 Jg 8 ( 8~) ] 
p ~- dpofdB f +V ~ - (dp

0
/dB) 88 PoB 88 ' (2.20) 

where f +(is replaced by Jo when it multiplies (8p'f8B) . We will define the quasigeostrophic 
potential vorticity q as 

2 jg 8 ( ()8~) -
q = f +V ~ - (dpofdB) 88 Po 88 = f + .C~, (2.21) 

where the linear differential operator .C is introduced. This operator is elliptic, that is, 
Laplacian-like, because (dp0 fdB) < 0. 

In the evolution equation for potential vorticity, Eq. 2.13, we can also introduce the 
assumption that the ageostrophic velocity is smaller than the geostrophic, and therefore 
replace the advecting velocity field by its geostrophic value. The diabatic termsin Eq. 2.13 
will be replaced by their dominating contributions, where Eq. 2.18 is assumed. We then 
arrive at the following equation for evolution of the quasigeostrophic potential vorticity, 

(2.22) 

Under adiabatic and frictionless conditions, quasigeostrophic vorticity is conserved following 
the geostrophic velocity field. Given the quasigeostrophic potential vorticity, the stream
function can be obtained by inverting the elliptic operator .C in Eq. 2.21. This inversion can 
be done and is unique for given boundary conditions on the streamfunction. This will be 
discussed in the next section. It then follows that the system of Eqs. 2.21 and 2.22 forms a 
closed system with one basic dynamica! variable, the quasigeostrophic potential vorticity. 

In the derivation of the equations for the quasigeostrophic potential vorti city a few ap
proximations have been made. To assess the validity of these approximations, wedefine some 
typical scales. Introducing a typical geostrophic velocity scale V and a typical horizontal 
scale of variations of the geostrophic velocity L, we will define the Rossby number Ro as 

V 
Ro =foL . (2.23) 

It expresses the relative importance of the geostrophic vorticity compared to the planetary 
vorticity or, alternatively, the relative importance of the horizontal inertial forces compared 
to the Coriolis force [32, 55]. In flow with a low Rossby number, the Coriolis force dominates 
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the inertial terms in the horizontal momenturn equations. lntroducing a typical vertical scale 
H of variation of the geostrophic velocity, we wil! define the Richardson number Ri as 

N2H2 
Ri = ----y-2 . (2.24) 

This number occurs in the linear analysis of the stability of stratified flow to vertical fluc
tuations [17, 32] and expresses the strength of the stratification compared to the vertical 
inertial forces. A high Richardson number corresponds toa strongly stratified flow , which is 
resilient to vertical motion. 

In Eq. 2.18 it was assumed that the geostrophic vorticity was much smaller than the 
planetary vorticity. This requires the Rossby number to be smal!. In Eq. 2.16 it was used 
that the deviations of the pressure from its reference value was smal!. From Eq. 2.17 we have 
M' '""Jo VL. Introducing the vertical scale height H0 = RT0 / g, and using Eqs. 2.4 and 2.15, 
we can estimate 

(2.25) 

which should be smal!. So the validity of the approximations used in the derivation of the 
quasigeostrophic potential vorticity equations require 

Ro « 1 and (RoRit1 « l. (2.26) 

For extratropical conditions we may estimate the Rossby number and the Richardson number 
to be 10- 1 and 102 respectively, which indicates the validity of the various approximations. 

2.4 Boundary conditions 

For the quasigeostrophic equations, Eqs. 2.21 and 2.22, to be a closed system, the elliptic 
operator L relating the streamfunction to the quasigeostrophic potential vorticity must be 
invertible. The inversion can be clone and is unique, given boundary conditions on the 
streamfunction. 

The horizontal boundary conditions depend on the horizontal geometry of the system. 
In a system with rigid walls, we should impose the no-flux condition, which means that no 
fl.uid may penetJ·ate the horizontal walls. In terms of the streamfunction this is equivalent 
to requiring '1jJ to be constant at the walls. In mathematica! terms this type of boundary 
condition is called a Dirichlet boundary condition. Other possible geometries have no bound
ing walls, like for example a doubly periodic domain or a sphere. In these geometries no 
horizontal boundary conditions are required. 

The vertical boundary conditions have a less trivia! structure in quasigeostrophic theory, 
especially when using isentropic coordinates. The bottorn of the atmosphere is the earth's 
surface or rather the top of the planetary boundary layer. For simplicity, we wil! assume that 
this boundary layer has a fixed height . The top surface poses another problem: theearth's 
atmosphere is unbounded above. This may be described by vanishing pressure variations, 
provided the kinetic energy decreases to zero as z -+ oo [9]. Alternatively we may consider 
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the atmosphere to be bounded above by some pressure surface, which again requires the 
pressure variations to vanish. 

Now that we have a physical idea of what type of behaviour should be imposed at the 
vertical boundaries, we have to translate this to boundary conditions on the streamfunction. 
Let us first start with the upper boundary. The upper boundary condition is implied by the 
requirement that the variation of the pressure at this boundary vanishes. The variation of 
the pressure is related to the vertical derivative of the Montgomery potential by Eq. 2.15. 
In termsof the streamfunction the upper boundary condition, p' = 0, can now be written as 

(2.27) 

where the subscript "t" denotes evaluation at the top boundary level Ot . 
The lower boundary condition is implied by the requirement that the height of the lowest 

boundary is prescribed. The definition of the Montgomery potential, Eq. 2.7, provides the 
following relation between the streamfunction and variations in the height field 

gz' 81f; 
Jo = 'Ij; - () 8() . (2.28) 

If we want to prescri be a fixed orographic profile 77( x, y) at the lower boundary, we have the 
following condition on the streamfunction at the lower boundary (denoted by subscript "s") : 

1/1(0.) 97] 

~- fo0.' 
(2.29) 

where 0, is the potential temperature at the lower boundary. In accordance with quasi
geostrophic theory we allow for small deviations of e. compared to the fixed potential tem
perature e. at Zo = 0. So we have 

e. = e. + e:, where e~ « e •. (2.30) 

We now linearize Eq. 2.29 around e. and obtain 

(2.31) 

The physical picture of this lower boundary condition is that of an air parcel at the lower 
boundary which flows over a mountain -a low mountain, as required by quasigeostrophic 
sealing - while conserving its potential temperature. Note that we still allow for pressure 
variations at the lower boundary. In this respect this derivation of the equations of motion 
differs from that by Eerrisford et al. [4]. They argue that these pressure variations may be 
ignored for all practical purposes, thereby simplifying the lower boundary condition. But 
allowing for pressure variations at the lower surface, has important consequences for the 
dynamics of the system, as will be shown below. 

No te also tb at this boundary condition on ( 81f; / 80) is dependent on time - because 
'Ij; generally will change in t ime - and dependent on horizontal position - because 7] is 
generally a nonconstant function of the horizontal coordinates. Formally this no problem, 
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but if we want to solve the inversion with the standard technique of separating the vertical 
coordinate, this leads to time and position-dependent vertical modes. 

We can render the lower boundary condition independent of position and time with the 
following procedure: Introduce a streamfunction {;, that is related to the streamfunction 1/1, 
by 

(2.32) 

where t: is an infinitesimally smal! positive number, which means that for all () > B. we can 
choose t: such that () > B. + t:. The function H is the Heaviside function, which is defined as 

H(x) = { ~ : 
x~O 

x < 0. 
(2.33) 

The streamfunction {; is now defined up to an integration constant, which we will choose to 
be zero. As a result, t he vertical derivatives of {; and 1/J differ by a discontinuous function. 
On the other hand, the {; and 1/J themselves differ by a continuous function, that only has 
a nonzero value below B. + é. Because we may choose é infini tesimal, this means that this 
difference vanishes, even at B •. So we have 

e. ~ e ~ et 

B, < () ~ Bt. 
(2.34) 

The difference between 1/J and {; is that at the lower boundary we can satisfy Eq. 2.31 if we 
take 

(2.35) 

which is, contrary to the boundary condition on ( àlj; / àB), trivially independent of position 
and time. 

The quasigeostrophic potentlal vorticity can also be expressed in terms of{;. The ver
tical derivative of the rightmost term in Eq. 2.32 contributes a Dirac-delta function to the 
quasigeostrophic potent ia! vortici ty: 

(2.36) 

No te that we have omitted contributions to q that are proportional to H( ( B. + t:) - B). Th is is 
because formally the inversion of .C can be written as an integral of q multiplied by a Green 
function. The contributions that have been omitted vanish for infinitesimal é. 

Now -0 can be obtained from q by inversion of the elliptic operator .C under homogeneous 
boundary conditions, Eqs. 2.27 and 2.35, if one includes "sheets" of potential vorticity near 
the lower boundary as described in Eq. 2.36. This way of including more general boundary 
conditions was first introduced by Bretherton [9] in a quasigeostrophic model, in which height 
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was used as the verticaJ coordinate. Let us summarize the quasigeostrophic system that we 
have finally obtained, omitting the tildes above '1/;: 

(2.37) 

(2.38) 

(2.39) 

The system describes how potential vorticity, including a sheet at the lower surface, is 
advected by the geostrophic velocity, which can be obtained from the potential vorticity by 
the inversion of an elliptic operator under homogeneous vertical boundary conditions. 

lt should be emphasized that this system is equivalent to the original quasigeostrophic 
system, where the poten ti al vorticity was given by Eq. 2.21, and the lower boundary condition 
by Eq. 2.31. The price one pays for simplifying the lower boundary condition is the inclusion 
of a potential vorticity sheet just above the lower su rface. 

2.5 Vertical modes 

As explained in the previous section, the evolution of the quasigeostrophic equations requires 
the inversion of the elliptic operator L. The inversion can be performed partially by separa
tion of variables. In the previous section we have explicitly discussed the vertical boundary 
conditions. Therefore we can start solving the inversion by separation of the vertical coordi
nate. This means that we will writ e the dynamica! fields '1/;, q, and v9 , as a sumover vertical 
modes, like for example 

00 

1/J(x, y, B, t) = L '1/;m(x, y, t)xm(B) . (2.40) 
m =O 

T he vertical modes Xm are eigenfundions of the Sturm-Liouville equation 

(2.41 ) 

where the eigenva.lues /m have a dimension of inverse squared length . Under the general 
boundary conditions 

dxm 
a; dB+ f3iXm = 0, (2.42) 

where the subscript "i" stands for bottorn surface (s) or top (t), the eigensystem has the 
following properties [43]: 

• The eigenvalues lm can be ordered such that /o < / I < 1 2 < .... They form an infinite 
set of real numbers that tend to infinity as m --+ oo. 
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• The eigenfunctions Xm can be chosen such tbat they are orthonormal with respect to 
the inner product 

(2.43) 

where Ps = p0 (B.) , Pt = po(B1), and 8 the Kronecker symbol. The normalization is 
chosen such tbat the eigenfunctions are dimensionless. 

• The series expansion , Eq. 2.40, is uniformly convergent and the coeffi cients 7/Jm are 
expressible as 

1 [ 8' dpo 
1/Jm = ---J~ -d() Xm1/Jd(} . 

Ps- Pt B, 
(2.44) 

The boundary conditions in Eq. 2.42 represent the general boundary conditions for a 
Sturm-Liouville equation. The boundary conditions that we want to impose in our specific 
case, can be deduced from Eq. 2.39. They are 

(2.45) 

Under these boundary conditions we can show that all eigenvalues must be nonnegative. 
Multiply thereto Eq. 2.41 with Xm and integrate over the vertical coordinate B. Partial 
integration combined with the boundary conditions in Eq. 2.45 and the normalization in 
Eq. 2.43 then leads to the following expression for the eigenvalues lm: 

!6 he, (dxm) 
2 

lm = -_- paO -d() dB. 
Ps Pt B, 

(2.46) 

This equation proves that the eigenvalues lm are nonnegative. In fact the function that is 
constant as a function of() is a solution of the Sturm-Liouville problem, under the boundary 
conditions of Eq. 2.45. This eigenfunction has eigenvalue zero. Equation 2.46 then shows that 
this must be the eigenfunction with the lowest index. Using the normalization in Eq. 2.43 
we can therefore deduce: 

Xo = 1, la= 0. (2.47) 

This eigenfunction is called the "barotropic mode," because it has no vertical structure. The 
m-th eigenfunction, where m 2: 1, is called the "m-th baroclinic mode." 

The evolution of coefficient qm can be obtained by projecting Eq. 2.37 on the m-th vertical 
mode: 

(2.48) 
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where S stands for the right-hand side of Eq. 2.37, representing the diahatic and frictional 
effects in the quasigeostrophic approximation. The interaction coefficients Aktm are de:fined 
as 

1 Joe, 
Aktm = ---- XkXtXmd8. 

Ps- Pt e, 
(2.49) 

Using the de:finition of q in Eq. 2.38 we can easily show that 

(2.50) 

where Ps = p0 (8.). Here we see how the decomposition of the fields into vertical modes has 
solved the vertical part of the inversion of the linear operator .C. 

2.6 The equivalent barotropic vorticity equation 

Equation 2.48 is formally equivalent to Eq. 2.37, hecause of the property that any vertical 
profile can he expressedas an infinite sumover vertical modes with coeffi.cients as in Eqs. 2.40 
and 2.44. If one intends to solve these equations on a computer, the numher of degrees of 
freedom has to he fini te. To reduce the numher of vertical degrees of freedom, one may choose 
to truncate the vertical representation of the field toa fini te numher of vertical modes , that 
is, the sum in Eq. 2.40 is truncated at some given index M. This leads to the evolution 
equation of coefficient qm 

(2 .51) 

In fact, if m > M we could still choose S such that Sm > 0, which means that the diahatic 
effects could excite higher vertical modes . Alternatively, we may also have Aktm f:. 0, when 
m > M, which means that if the original fieldsas wellas the diahatic term S were truncated 
to some finite vertical resolution , the time evolution of the system will change the vertical 
coeffi.cients with m > M to some nonzero value. This is an expression of the nonlinear 
hehaviour of the adveetion equation: the interaction of two vertical modes that have m < M 
may excite a vertical mode that has m > M. This is a commonly known prohlem in the 
simulation of fluid f!ows on a computer; even if the system is originally truncated to some 
fini te numher of degrees of freedom, it immediately starts to excite new degrees of freedom. 

Though the expanded equation, Eq. 2.48, is formally equivalent to Eq 2.37, the truncated 
equation, Eq. 2.51, is ohviously not equivalent anymore. The most serious difference is the 
fact the the potent i al vorticity ( with surface sheets) is written as a fini te series of continuous 
functions. This means that the surface sheet contrihution to the potential vorticity is only 
poorly represented in the truncated system. 

There is one truncated system which does not adiahatically excite higher vertical modes. 
It is the system that is truncated to the harotropic mode, that is, M = 0. Because Xo is 
constant we may interpret Aoom as the inner product of Xm and xo, which vanishes, unless 
m = 0. This means that Aoom = Óm,o, so that a system that was originally purely harotropic 
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will remaio barotropic; the adiabatic and frictionless time evolution wil! not excite bareclinic 
modes. Let us work out how the equations look like for a system that is truncated to the 
baretropie mode. 

Making use of Eqs. 2.47 and 2.50 we can show that 

qo = J + (V'2 _ ÛPs ) 1/Jo + foPs9 'T). 
Ps- Pt Ps- Pt 

(2.52) 

The adiabatic and frictionless evolution of q0 is, following Eg. 2.51, given by 

( :t + Yg ,O ·V') qo = 0. (2.53) 

This equation is known as the equivalent barotropic vorticity equation. It is identical to the 
barotropic vorticity equation [32], except for the fact that the potential vorticity in Eg. 2.52 
is related to the streamfunction by a Helmholtz operator instead of a Laplacian operator. 
The diabatic generalization of this equation wiJl be discussed in more detailinsection 2.7. 

Let us introduce the Rossby radius of deformation LR the Froude number F and the 
scale height H as 

L 
_ Ps- Pt 

( ) 

1/2 

R- 2 ' foPs 
F = L[/, H = Ps- Pt. 

9Ps 
(2.54) 

With these definitions and omitting the subscript "0," we can rewrite the equivalent bara
tropie vorticity equation as 

(! + Vg ·V') q = 0, (2.55) 

q = f + (Y'2 - F) 1/J +Jo~· (2.56) 

The term - Flj; is known as the "Cressman term." In the early practice of numerical weather 
predietien it was originally introduced as a correction to the barotropic equations - which 
are obtained by setting F = 0 - to suppress the excessive retrogression of the largest 
planetary waves in baretropie models [14, 68]. In the derivation as presented here the 
Cressman term naturally comes into the equations. lt originates from the boundary condition 
Eg. 2.31 as aresult of the allowed variatien of the pressure at the lower boundary. Together 
with the last term in Eg. 2.56 it is related to vortex stretching effects. This can be understood 
if one rewrites Eg. 2.31, using Eg. 2.15, as 

p'(8s) = foPs'l/J(8s) - Ps9'f/ = Ps Jo Pt (F1j;(8,) - Jo~) . (2.57) 

The left-hand side of this equation is proportional to the variatien of the total mass above a 
given point at the surface. So the stretching termsindeed express the variations in the poten
tial vorticity due to the atmospheric mass content between 8, and 01; the vortex stretching 
effect in the equivalent baretropie potential vorticity is the linearized version of the vortex 
stretching effect in the original definition by Rossby (Eg. 1.1). 
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Note that our boundary conditions necessarily lead to a nonzero Froude number for the 
lowest vertical mode. lmplementing the boundary condition in Eq. 2.31 directly would lead 
to the condusion that the model had no true barotropic mode; the lowest eigenvalue /o would 
necessarily be nonzero. lmplementing it by using vorticity sheets at the bottorn surface, while 
restoring homogeneaus boundary conditions, as in Eq. 2.39, in effect gives a t rue barotropic 
mode, as in Eq. 2.47, but in the dynamics of this barotropic mode a nonzero effective Froude 
number shows up. This leads to the condusion that, under natura! boundary conditions, 
a quasigeostrophic model should never show true barotropic dynamics. This may give us a 
due why barotropic roodels performed rather poorly in numerical weather prediction: the 
atmosphere does not show barotropic behaviour; the lowest order behaviour is necessarily 
equivalent barotropic. lndeed, the Cressman correction improved the performance of the 
weather roodels considerably. 

The inversion in the equivalent barotropic model consistsof solving a Helmholtz-equation, 
while in the barotropic problem a Poisson-equation has to be solved. An essential difference 
between the two types of probieros is that the Green function on an infinite plane decays 
exponentially for the Helmholtz-equation, but has a logarithmic divergence for the Poisson
equation. In physical terms this means that in the barotropic case a potential vorticity 
anomaly has a very long range influence on the streamfunction, while in the equivalent 
barotropic case its influence is more or less shielded , the shielding radius being the Rossby 
radius of deformation. Compared to the barotropic case, the interactions in the equivalent 
barotropic case are much more local. As the retrogression of long waves depends on the 
nonlocal interaction of the potential vorticity wave with itself, we can understand why a 
Cressman term, which renders the interaction more local, slows down the retrogression of 
large planetary waves. 

It should also be noted that the relation between the Rossby radius of deformation and 
the scale height is given by 

(gH)I /2 
LR = ) 

Jo 
(2.58) 

which is a familiar relationship which for example can also be found in quasigeostrophic 
theory of the shallow-water equations [55]. We may estimate the Rossby radius and the 
scale height from Eq. 2.54. The parameters Ps = 1000 hPa, Pt = 0 hPa, Ps = 1.2 kg m - 3

, 

Jo = 10-4s- 1
, and g = 10 m s- 2

, lead to LR ~ 2900 km, and H ~ 8.3 km. The value 
of the Froude number that is obtained from this Rossby radius is smaller than the value 
used of the Cressman correction used in numerical prediction models . These roodels used an 
effective Rossby radius of about 800 km. This Rossby radius was estimated by fitting the 
behaviour of the equivalent barotropic model to the behaviour of the long waves in the real 
atmosphere [14]. A more recent survey of the Froude number [68] indicated, though, that 
a broad range of Froude numbers could give comparable skill to the models. But the most 
optima! choice seemed to be a Froude number that was a function of position. 

One may wonder why the value of the Froude number, that is obtained from the quasi
geostrophic model, does not optimally descri he the behaviour of the atmosphere. One of the 
reasous may !ie in the quasigeostrophic approximation itself. The basic state is barotropic 
in nature (all background fields are functions of 8 alone). One may therefore speculate that 
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the behaviour of the quasigeostrophic model remains too barotropic in nature compared to 
the average state of the atmosphere, which is baroclinic in nature. Note for example that 
the higher baroclinic modes have a larger Froude number, which indicates that baroclinic 
behaviour may be associated with higher effective Froude numbers. 

The derivation of the quasigeostrophic equations, which leads to the equivalent barotropic 
vorticity equation, shows that this model is valid in regions where the Coriolis parameter 
varies only little. Still we wil! use the equivalent barotropic vorticity equation on the whole 
globe. There is no rigorous mathematica! justification for doing this. Local geostrophic 
balance is a partial justification, which is only valid in the extratropics. An a posteriori 
justification is possible when the model shows "sensible behaviour" when used on the whole 
globe. To apply the model on the whole globe, we have to replace Jo by j, when it occurs 
in the equations. This is necessary, because the geostrophic velocity reverses sign on the 
Southern Hemisphere. The Froude number does oot reverse sign on the Southern Hemi
sphere, because it is proportional to J$. However Rinne and Järvinnen (op . cit.) have 
shown that there is no observational evidence that the Froude number should vary as f~. 
Therefore we wil! choose the Froude number to be constant, which simplifies the inversion 
considerably. 

2. 7 Diabatic effects 

We cao generalize Eq. 2.55 to include the barotropic contribution to the diabatic term S . 
In order to obtain this contribution we have to project S, that is, the right-hand side of 
Eq. 2.37, onto the barotropic mode. So using Eq. 2.47 and the definition of the projection, 
Eq. 2.44, we arrive at 

So = - Ps ~ Pt [at ( ~0) 
1

- B. ( ~;) J + k · \7 x F ro · (2.59) 

The iJ fields are prescribed heating fields or represent rad iative cooling following from the 
temperature distribution of the atmosphere. 

Diabatic heating at the lower or top boundary would lead to another boundary potential 
temperature. This is a complication in the framework of the quasigeostrophic and equiva
lent barotropic vorticity equation, because the diabatic terms constantly change the basic 
stratification. Thereupon we would have to redetermine the vertical modes, and change the 
inversion accordingly. It is in fact more convenient to allow only for diabatic heating rates of 
the order of (RoRit1 (see Eq. 2.26), whilst leaving the basic stratification unaltered. This 
means that we can write the potential temperature at the lower boundary as in Eq. 2.30. 
With this restrietion on the potential temperature we cao apply the forcing of Eq. 2.59. 

We wil! propose a simple forcing term which represents radiat ive temperature relaxation 
towards some prescribed surface temperature distribution. The physical process that should 
be associated with this relaxation is the verticalturbulent exchange of latent and sensible 
heat between the planetary boundary layer and the rest of the atmosphere [32] . The model 
for this relaxation wil! be written as 

iJ. = _ T'(B.) - T~(B.) 
TR 

(2.60) 
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where TR is the temperature variation towards which the temperature relaxes, and TR is the 
radiative timescale. The rigbt-hand side of this equation can be rewritten in terros of the 
stream function, by using Eqs. 2.7 and 2.17, as 

T'(O.)- TR(O.)' = _cfo (7/J(O.) -7/JR(O.)) +cg (z'(O.)- z~(O.)). 
TR pTR pTR 

(2.61} 

The latter term is an order of magnitude smaller than the former term on the right-hand 
side of this equation. This can be easily deduced by linearizing this term around 0., as in 
Eq. 2.30. We have 

z'(O.)- z~(O,) = z'(0.)- z~(0.)- o: ( ~~ - 8
; 0R) (2.62) 

The first term on the right-hand side vanishes, because the level 0. was defined to be the 
earth's surface or the top of the planetary boundary layer, which was assumed to have a 
constant thickness. The second term on the right-hand side is a second order term, because 
it is a product of two first order terms. 

The lower boundary forcing in the term S0 of Eq. 2.59 can now be rewritten as 

Jo · (dpo) !5 (dpo) So =-_-Os -dO = -C ( _ ) -dO (7/J (B.) -7/JR(O.)) 
Ps Pt 5 pTR Ps Pt 5 

F 92 

= -C (} N2(7/J(O.) - 7/JR(O.)) . 
TR p s s 

(2.63) 

where for the last equality Eqs. 2.4, 2.54, and the hydrastatic approximation is used. The 
term l jCpBsN] is a constant whith a typical value of about 0.3. This constant can be 
absorbed into the definition of the radiative timescale TR. Note that this radiative relax
ation term is proportional to the streamfunction deviation from a prescribed streamfunction. 
As the streamfunction follows from the potential vorticity via a smoothing operation, this 
means that the thermal relaxation contri bution to the potential vorticity change is a smooth 
contribution, which acts on the larger scales. 

A simple forcing model with a prescribed diabatic heating field, thermal relaxation at 
the lower boundary, and no friction can now be build in the equivalent barotropic equations 
if we write for S0 

S F 
So = - + - (7/J- 7/JR), 

TF TR 
(2.64) 

where S represents the fixed diabatic heating field --- for example due to the differential 
heating of the earth - acting on a timescale TF . This forcing model is used in the next 
chapter in a simple model description for the diabatic spinup of the atmosphere. 



Chapter 3 

The isentropic formation 
of the tropopause 

The existence of the extratropicaJ tropopause, which can be defined as the sharp transition 
between the high poten ti al vorticity in the stratosphere and the low potentiaJ vorticity in the 
troposphere, is attributed toa dynamica/ equilibrium of diabatic effects and vortex stripping. 
The process is essential/y isentropic and two-dimensional. This picture is examined and 
confirmed in a simple one-layer quasigeostrophic model of the atmosphere. lt is possibly the 
simplest model context where the formation of a tropopause can be found: 

3.1 Introduetion 

The World Meteorological Organization (WMO) defines the tropopause as the boundary 
between the high temperature Iapse rates of the stratosphere and the low temperature Iapse 
rates of the troposphere. t The depth of this transition is relatively small, and this is the 
rationale for defining the tropopause as a separate entity. In the Tropics the tropopause 
roughly coincides with an isentropic surface and in the extratropics with an iso-potential 
vorticity surface. This is consistent with the fact that the tropopause has a quasi-material 
nature: for adiabatic motion potential temperature as wel] as potential vorticity are mate
rially conserved. In light of problems relating to stratosphere-troposphere exchange, it is 
in fact more convenient to define the extratropical tropopause as the 2 PVUi iso-potential 
vorticity surface [15, 33]. With this definition the exchange processes have a more clear-cut 
meaning: only diabatic and smali-scale mixing effects are able to transport tracers across 
the tropopause. For adiabatic motions the tropopause thus becomes a material surface and 
is impermeable for passive tracers. 

The practical equivalence of the two definitions of the tropopause fellows from the def
inition of potential vorticity and from the invertibility principle [34]. First of all, with the 

*This chapter will be published as reference (2]. 
'Strictly speaking the tropopause is defined as the lowest level at which the Iapse rate decreases to 

2° C km- 1 or less, provided that the average Iapse rate between this leveland all higher levels within 2 km 
does not exceed 2° C km - I 

IA potential vorticity unit, PVU, is defined as I0- 6 m2s- 1K kg- 1 
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use of the hydrastatic approximation, potential vorticity is proportional to the potential 
temperature Iapse rate with pressure. Therefore a jump in Iapse rates should induce a jump 
in potential vorticity. At the same time, the invertibility principle states that under the 
balanced conditions of the extratrapies a jump in potential vorticity must also induce a 
jump in Iapse rates. In the rest of this chapter this practical equivalence of the two def
initions of the extratropical tropopause will be assumed; the boundary between the high 
stratospheric potential vorticity values and the low tropospheric values will be referred to as 
the tropopause. 

lso-surfaces of potential temperature and potential vorticity are generally not parallel. 
Therefore the iso-potential vorticity surfaces, and more specifically the tropopause, will be 
cut by isentropic surfaces (see for example Thorncroft et al. [75] for pictures of potential 
temperature on the 2 PVU surf ace.) The isentropes that interseet the tropopause ( also called 
the "Middleworld" [35]) probe both the stratosphere and the troposphere. The potential 
vorticity on such an isentrope has high values around the poles and low values elsewhere. 
In Fig. 3.1 an example is plotted of a potential vorticity field on the 320 K Middleworld 
isentrope.§ The transition from troposphere to stratosphere is marked by a ra ther strong 

Figure 3.1: Potential vorticity on the 320K isentropic surface at 0 GMT 15 February 
1994, in lat-Jon projection for the Nartbern Hemisphere. lsolines are plotted every 
1 PVV. Field produced by Dr. P. van Velthoven, using analyzed data from the 
European Centre for Medium-Range Weather Forecasts (ECMWF). 

gradient in potential vorticity. This band of strong potential vorticity gradients will be 
referred to as the "isentropic tropopause." In Fig. 3.2 the potential vorticity profile for this 
situation is plottedas a funct ion of equivalent latitude [54] (see figure caption for details).1l 
The enhanced gradients of potential vorticity at the tropopause can be clearly recognized in 
this profile. The stratosphere, and especially the troposphere, can be recognized as regions 
of diminished potential vorticity gradients. The picture is generic in the sense that the 

§In Figs. 1.2 and 1.3 meridional cross-sec ti ons along the Greenwich meridian are presenled of the potential 
temperature and potential vorticity fields for this date. 

~In Fig. 5.7 the equivalent latitudes for a series of dates, including this one, a re plotled as a function of 
time. 
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Figure 3.2: Potential vorticity (in PVU) for the case of Fig. 3.1 plottedas a function 
of the area that is covered by potential vortjcity values that are larger tban the value 
at hand. Area is expressed as equivalent latitude, that is , the latitude of a zonally 
symmetrie contour enclosing the same area. 
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approximately piecewise uniform nature of the potential vorticity field is structurally stable: 
the tropopause can obtain a rather convoluted structure without affecting the piecewise 
uniform structure. 

The problem of the origin of the tropopause can now be rephrased as a problem of the 
origin of the almost piecewise uniform nature of the potential vorticity field on certain isen
tropic surfaces that are therefore identified with the Middleworld. Observational studies of 
the stratospheric polar vortex [49] suggest that the phenomenon of vortex erosion, or strip
ping, can lead to sharp edges in the potential vorticity structure of the polar vortex. Vortex 
stripping is the phenomenon of weaker vorticity gradients being stripped off the boundary 
of a vortex, thus leaving a vortex with a steeper vorticity gradient. This process has been 
observed in subsequent numerical simulations [29, 36] of the stratosphere and also in ideal
ized numerical experiments [44]. Mclntyre and Palmer [50] suggested that the mechanism 
of vortex stripping might also play a central role in the formation of the tropopause, so that 
the tropopause may be viewed as the eroded edge of the transition between stratosphere and 
troposphere on Middleworld isentropes. -Other theories like those of Held [31] or Lindzen [45] 
emphasize the role of baroclinic eddies in determining the height of the tropopause. These 
theories use baroclinic neutrality todetermine this height. It may be wondered whether this 
is a correct criterion, because the large meridional variability of the tropopause does not 
suggest a baroclinically neutral state. In the vortex stripping argument eddies also play a 
crucial role, but now as a souree of vortex erosion at the tropopause. 

In this paper the argument of the tropopause as a vortex erosion surface is further ex
amined in the context of a quasigeostrophic one-layer model of the atmosphere. In the next 
section some background will be given on the phenomena of vortex stripping and potential 
vorticity homogenization . It is argued that these processes are in fact the result of the same 
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advective processes but that the advective processes have a systematic bias in the case of 
vortex stripping while they have no systematic bias in the case of homogenization. The ad
vective processes involved are essentially two-dimensional and can therefore be observed in 
a one-layer model of the atmosphere. This model and its results are discussed in sectien 3.3. 
Section 3.4 is concerned with the relevanee of the results for the three-dimensional atmo
sphere. It is argued how we may understand why the lowest isentrope to cut the tropopause 
generally grazes the earth 's surface near the equator. A discussion and some concluding 
remarks are presented in section 3.5 . 

3.2 Stripping and homogenization 

The nonlinear evolution and breaking of vorticity waves may be viewed as an isentropic 
process, as long as the spatial scales are large enough to prevent irreversible potential tem
perature mixing and the temporal scales are small enough to be essentially uninfluenced by 
diabatic processes. These conditions are largely satisfied in synoptic-scale wave breaking 
events, associated with bareclinic or barotropic eddies. Under these circumstances the wave 
breaking events will adveet potential vorticity on isentropic surfaces. Due to the compli
cated behaviour of the eddies, thi s adveetion wil! have a rather erratic character. This type 
of adveetion is called chaotic advection. 

In genera!, chaotic adveetion of a tracer like potential vorticity leads to a fast homoge
nization of the tracer. This is called chaotic mixing. Homogenization of tracers was already 
stuclied theoretically by Batchelor [3] , and Rhines and Young [67]. The latter argue that 
the potential vorticity field within closed isolines of potential vorticity gets homogenized by 
the action of small-scale inertial processes. Essential to their argument is that the diabatic 
processes occur on a Jonger timescale than that of the inertial processes. In their paper the 
homogenization is not very explicitly attributed to chaotic mixing. They only assume that 
the turbulent motion inside and outside the vortex expands an ensemble of tracers, rather 
than contracts it . Pierrehumbert and Yang [57] used isentropic velocity fields from opera
tional analyses to adveet a passive tracer . They found that larger-seale tracer ancmalies get 
homogenized over the stratospheric part of the isentrope in about 10-15 days. Smaller-scale 
ancmalies get homogenized on shorter timescales. The authors attribute the process to a 
combination of shear dispersion (mainly in the longitudinal direct ion) and turbulent ditfusion 
(mainly in the meridional direction) . 

But isentropic advective processes do not always homogenize a tracer. In fact, there are 
situations where the same processes lead to strong intensification of tracer gradients, which 
is quite the opposite effect. This is the case in vortex stripping processes [44, 52] . Here, 
wave breaking events at the boundary of a vortex systematically transport area between 
two potential vorticity contours away from this boundary, largely without affecting the form 
of the boundary. Because the area between the two isolines of the vortex boundary is 
transported elsewhere, the isolines come closer to each other. This is equivalent to an 
increase of the potential vorticity gradient at the vortex boundary. The essential difference 
between homogenization and stripping is that in the former case the area transport has a 
more or less random direction, while in the latter case the transport has a definite direction. 
But why is adveetion at a boundary of a vortex so much different in character than adveetion 
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elsewhere in the fiuid? 
Suppose that there is a vortex, a coherent structure, in the fluid. The vortex may be the 

result of self-organization in the fluid [51] or the result of diabatic effects. At the boundary 
of the vortex there is a region where the gradient of potential vorticity is largest. This region 
is also associated withalocal maximum in velocity. At the inner and outer boundaries of the 
velocity maximum, bands of maximum radial velocity shear are located. Any wave breaking 
event at the position of the velocity maximum will, on average, lengthen potential vorticity 
isolines. The mechanisms that lead to these wave breaking events are immaterial. Because 
the area between two isolines is conserved, the lateral distance between the two isolines must 
decrease, which is equivalent to an increase of the lateral potential vorticity gradient. The 
broken waves that transport inter-isoline area away from the maximum velocity zone could 
return again to this zone and there replenish the area again. This would be the case if there 
is no directional preferenee for potential vorticity flux. But after the breaking event, the 
waves arrive in the maximum shear region at the outskirts of the maximum velocity zone 
and are there torn into filamentary debris. In this manner, they will eventually reach the 
smallest scales and wil! be dissipated. The Jack of area-replenishment willlead to a net flux 
of inter-isoline area away from the maximum velocity zone. At the same time these wave 
breaking events do not destroy the main structure of the vortex itself. This is because the 
broken waves, by their smallness, do not significantly contribute to the local velocity field of 
the large-scale vortex. 

We can now imagine a situation where both homogenization and stripping occur Suppose 
the potential vorticity front that is formed by the stripping processes exhibits large-scale ape
riodic meridional motion. The souree of the aperiodic motion might be orography, inducing 
a meridional background field, but again the souree is immaterial. Any potential vorticity 
structure outside the potential vorticity front wil! get deformed and lengtherred by the shear 
dispersion induced by the velocity maximum associated with the potential vorticity front. 
In this process it becomes effectively a passive tracer. Now the large-scale aperiodic veloc
ity field will lead to chaotic mixing of the smali-scale potential vorticity structures. This 
wil! eventually lead to a homogenized field - at least in a coarse-grained sense - on the 
timescale of the motion of the potential vorticity front. The global picture now is that of a 
more or less piecewise uniform potential vorticity field. 

Summarizing, one can say that the gradient intensification as wel! as the homogenization 
of potential vorticity are the results of advective processes, which exhibit a systematic bias 
of area flux at the position of a vortex boundary but no systematic bias elsewhere. Both pro
cesses may occur at the same time in one vortex. In a way, the processes of vortex stripping 
and homogenization may be seen as complementary: the homogenization is associated with 
the expulsion of potential vorticity isolines from the interior of the vortex; these isolines get 
concentrated around the boundary as a result of vortex stripping. 

These processes, which lead to a piecewise uniform potential vorticity field, have mostly 
been described in an adiabatic context. The infiuence of diabatic processes on stripping has 
not been stuclied very much. Mariotti et al. [48] study the effect of viscosity and hypervis
cosity on the structure of a vortex, that decayed under the infiuence of an external strain 
field. They observe that viscosity leads to the constant production of weak vorticity skirts 
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at the outer side of the vortex. These skirts get stripped away, leaving a smaller bare vor
tex. Eventually this process destroys the vortex. Furthermore, the introduetion of viscosity 
limits the maximum vorticity gradient. The stripping processes cannot increase the vorticity 
gradients indefinitely, because diffusive processes, which become stronger with higher gradi
ents, tend to smooth gradients. A simple argument that dissipative processes generally tend 
to decrease the potential vorticity gradient can be found in the appendix. So the average 
vorticity gradient at the boundary of the vortex is determined by a dynamica! equilibrium 
between stripping and dissipation. Note that in general this dynamica! equilibrium may 
not be as clear-cut as in the case stuclied by Mariotti et al. (op. cit. ), or by Haynes and 
Ward [30]. The latter observed how gradient enhancing processes, which they model as a 
simple strain, can come to an equilibrium with realistic dissipative processes. In the case of 
the polar vortex or the tropopause, the advective processes are generally chaotic, leading to 
a stripping that is intermittent, spatially as well as temporally. 

In the atmosphere, both forcing and dissipation play an important part in the rnain
terrance of the general circulation. These processes, along with the inertial processes of 
homogenization and stripping, play the essential role in the picture that we now may form 
of the origin of the tropopause. First, there is the forcing due to the differential heating 
of the earth. Through geostrophic adjustment, the overall effect of this differential heating 
wiJl be a builcl-up of potential vorticity near the poles. Dissipative processes, like long-wave 
radiation, will counterbalance this build-up. In the hypothetical case in which both forcing 
and dissipation are very strong - that is, when their timescales are very smal! - these wiJl 
determine the atmospheric flow completely. The atmosphere is then essentially a slave to 
the diabatic processes. The spatial scales of the equilibrium flow are of the sameorder as the 
scales of the forcing. A vortex characterized by weak potential vorticity gradients results. 
lf the diabatic processes are weaker, nonlinear effects become important: inert ia! motion of 
the atmosphere wiJl lead to instability of the large-scale forced flow pattern. As explained 
before, this motion wiJl generally lead to homogenization except at the boundary of the vor
tex, where it leads to stripping. This wil! lead to the enhancement of the potential vorticity 
gradients at the boundary of the vortex, where at the same time dissipative processes wil! 
again prevent this transition from becoming infinitely sharp. 

In the next section this picture is studied, and confirmed, in a spin-up experiment with a 
one-layer quasigeostrophic model of the atmosphere. We will see how the described processes 
take place to form a sharp transition, the tropopause, from high potential vorticity values 
around the North Pole to low potential vorticity values around the equator. This is possibly 
the simplest model context in which the formation of a tropopause can be observed. 

3.3 The tropopause of a one-layer atmosphere 

The simple model context, that will be used to study the formation of the tropopause, 
consists of a single isentropic surface. The vertical structure is fixed by assuming that the 
potential temperature does not change with height, so that the model effectively represents an 
isentropic layer. lt can be shown that an atmospheric model consisting of a single isentropic 
layer in hydrostatic equilibrium is governed by the shallow-water equations (Verkley, 1996, 
manuscript submitted to J. Atmos. Sci). Because we wil! only be interested in extratropical 
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phenomena, we can make the additional assumption of a small Rossby number. This leads 
to a further simplification of the model by using the quasigeostrophic approximation to 
the shallow-water equations, commonly referred to as the equivalent barotropic vorticity 
equation [55]. This is the equation that wil! be used in the following.ll 

Model setup 

The isentropic layer is assumed spherical with radius a = 6.371 x 106 m rotating with angular 
velocity l1 = 7.292 x 10-ss-1

• The scale height Hof the layer is taken to be 10 km. Lengtbs 
are expressed in units of a and time in units of n-1. The equivalent barotropic vorticity 
equation reads 

àq So F - + v · \i'q =- + -(',P -1/Jo), 
fJt Tp TR 

h 
q=f+(-F'!f;+fH. 

(3.1) 

(3.2) 

The second equation is the definition of the quasigeostrophic approximation to Ertel 's po
tential vorticity. The first contribution to the potential vorticity is the planetary vorticity. 
In units of l1 it equals f = 2 sin tjJ, where tjJ is the latitude. The second con tribution is 
the relative vorticity (, that is, the vertical component of the curl of the horizontal veloc
ity field v. The nondivergent velocity field v is given in terms of the streamfunction 1/J by 
v = ( - à1/; I àtjJ, (cos tjJ t 1 à1/; I à>.). From this it follows that the relative vorticity can be writ
ten as ( = \721/;. The third contribution to the potential vorticity is the "stretching term" 
- F1/;; it is the quasigeostrophic representation of the vortex stretching effect due to the 
variations in the depth of the isentropic layer. The Froude number Fin this term is defined 
as F = L"i/ , where LR is the Rossby radius in units of a. Vortex stretching by orography is 
represented by the last term in the expression for q. Here h is the height of the orography 
and it is scaled with the scale height H. Eg. 3.1 states that the potential vorticity q, apart 
from being advected, changes due toa fixed souree-term SoiTF acting on a timescale Tp, and 
relaxes thermally to some prescribed streamfunction 1/;0 , on a timescale TR··· 

We will take F = 100, which amounts toa Rossby radius of 637.1 km. This Rossby radius 
is smaller than what should be expected from the physical parameters of the system, but 
it is chosen to give realistic veloeities in the case of a piecewise uniform potential vorticity 
fie ld [1, 78]. In the early practice of numerical weather prediction, this stretching term was 
referred to as the Cressman term. lt was introduced to correct the excessive retrogression 
of the largest planetary waves in barotropic models. Cressman bimself [14] suggested an 
optima! value of F = 60. In a more recent survey [68] of the Cressman term, it is suggested 
that any reasonable choice of the Froude number works well but that the most optima! choice 
is a Froude number that is not a constant but a function of posi tion. 

liJn chapter 2 of this thesis the equivalent barotropic vorticity equation is interpreled to represent the 
vertically integrated behaviour of a continuously stratified atmosphere . 

.. This specific form ofthe diabatic contributions to the potential vorticity budget is explained insection 2.7. 
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The forcing field is written as Sofrp, where Tp is a forcing timescale and S0 is a fixed 
potential vorticity souree field. In this experiment S0 is a combination of the Y01 and Y03 

spherical harmonies. The meridional derivative of S0 vanishes at the equator. lt is normalized 
such that the global average of SJ equals 1. The forcing varies smoothly from positive values 
around the North Pole to negative values around the South Pole (see Fig. 3.3). There is 
no zona! structure in this souree field , which is of course not very realistic. lt is meant to 
mimic the differential heating of the atmosphere, leading to a builcl-up of potential vorticity 
around the poles. The most important feature that we want to emphasize is that it varies 
smoothly from equator to pole, so that a strong gradient in potential vorticity is not forced 
a pnon. Apart from that our choice has been made as aspecific as possible. 

-3 0 3 

Figure 3.3: The left panel shows the 1/;0-field to which the streamfunction thermally 
relaxes, in lat-Jon projection for the whole globe. This field corresponds to q = 0 
everywhere. It is dominated by easterlies, due to the Coriolis effect . In the Nartb
ern Hemisphere, mountains show up as high-streamfunction areas. The right panel 
shows the meridional profile of the souree field 50 . The vertical axis represents the 
latitude from the South Pole to the North Pole. The souree field So is the combi
nation of the Y01 and Y03 spherical harmonies that makes the meridional derivative 
vanish at the equator. It is normalized such that the global average of SJ equals 1. 

For the thermal relaxation toward 1/;0 , we have chosen the streamfunction that corre
sponds to q = 0 everywhere (see Fig. 3.3). The field 1/;0 can be determined by making the 
right-hand side of Eq. 3.2 equal to zero. This streamfunction has no jet-like structure. It 
varies smoothly from positive values around the North Pole toward negative values around 
the South Pole. The corresponding velocity field is everywhere westward (easterly). The 
relaxation toward this 1/;0 corresponds to relaxation toward the most weli-mixed situation, 
that is, the situation where q vanishes everywhere. Note from Eq. 3.1, that a given relaxation 
field 1/Jo is equivalent to an additional forcing field -F(rpfrR)1/J0 . 

This model was implemented numerically as a speetral model on the sphere. In the 
experiments shown, a T85 speetral truncation was used. The high truncation was chosen 
in order to resolve smali-scale eddies explicitly. Time stepping was clone with a leapfrog 
scheme, using a time step of 15 min. A small fourth-order hyperviscosity was included, in 



§3 The tropopause of a one-layer atmosphere 37 

order to improve the inertial range of the energy spectrum. The hyperviscosity damps the 
wavenumber 85 spherical harmonies on a timescale of 40 hr . Numerical stability for this 
term was obtained by implementing it semi-implicitly. Mariotti et al. [48] warned that 
hyperviscosity could lead to spurious effects in the process of vortex stripping. This warning 
does not apply to our case; in the present model the effects of hyperviscosity on the stripping 
processes are swamped by the effects of the much stronger thermal damping. 

The parameters that we will consider in more detail are TF and TR, the forcing and 
dissipation timescales. If these two timescales are very smal!, that is, if the forcing and 
dissipation are very large, the atmosphere is essentially a slave to these processes. A time
independent atmospheric state wil! be established that, according to Eq. 3.1, satisfies 

TR 
TRY· '\lq = -So + F( lf; - 1/Jo) . (3.3) 

TF 

It can be solved iteratively for small TR and a fixed ratio of TR and TF . The solution can be 
written as a series expansion in TR, which can be regarcled as a Reynolds number. We will 
not consider the stability of these states nor the convergence of the series. In the limit for 
TR -t 0 it is clear, though, that the series converges. In the absence of orography the resulting 
streamfunction is zonally symmetrie and satisfies the Rayleigh condition for stability. In this 
case the advective term in Eq. 3.3 vanishes, and it can be easily shown that the potential 
vorticity field would relax to the field qs defined as 

qs = _ TR ('\7
2

- F) So (3.4) 
TF F 

Time integrations of the model with very smal! Reynolds numbers immediately lead to a 
time-independent, stabie state. 

The more interesting behaviour occurs for larger Reynolds numbers TR. The aforemen
tioned iterative procedure might fail or the time-independent states become unstable.tt The 
main experiment we performed corresponds to TF = TR = 31 days. The initia! condition, 
which is not important for the long-term behaviour, corresponds to the zero-energy state. 
This is the state for which the streamfunction vanishes everywhere. In the following subsec
tion, the main emphasis wil! be on the Northern Hemisphere. In section 3.5 the Southern 
Hemisphere wil! be discussed. With these parameters and this initia! condition the model 
was set to work and integrated for 1000 days 

Model results 

The spin-up phase can be defined as the phase in which the energy relaxes toward its equi
librium value. This value has a meaning only in a time-averaged sense because the system 
relaxes to a time-dependent state. At the same time other quantities, for example the po
tential enstrophy, reach their equilibrium values. The spin-up phase takes about 250 days 
(see Fig. 3.4). At the start of this phase the behaviour of the atmosphere shows little inertial 
motion. It is characterized by strong direct orographic influences. This can be clearly seen 
in Fig. 3.5, where the potential vorticity distribution after 3 and 6 weeks is plotted. The 

ttwe have, in fact, found Reynolds numbers where there are time-independent stabie states, while the 
series does not converge. 
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Figure 3.4: Plot of the energy (solid fine, feft axis) and the potential enstrophy 
(dashed fine, right axis) as a function of time (in days). Bath quantities are in 
dimensionless units. The forcing and dissipation timescafe is 31 days. 

orography induces relatively large potential vorticity gradients to the southeast of the main 
orographic features. This is the result of the familiar behaviour of air pareels being advected 
over orography in the presence of the {3 effect. The conservation of potential vorticity im
plies that if an air parcel reaches a mountain its absolute vorticity must decrease due to 
the vortex squeezing effect. This results in a southward deflection of the air parceL This 
southward movement wil! only stop after the parcel has crossed the mountain. After this the 
parcel wil! be located south of the position where it first encountered the mountain . This 
means that due to the {3 effect its planetary vorticity is lower so that its relative vorticity 
must have become higher. The latter effect results in a northward def!ection of the parceL 
After this the air parcel wil! attain an oscillatory motion, periodically exchanging planetary 
and relative vorticity. This picture becomes more complicated if the mountain has a finite 
southward extent, as is the case for the orography of the earth. In this case there are also 
air pareels that move southward of the mountain. They wil! not experience the orographic 
vortex squeezing and therefore wil! not be deflected toward the south. The meeting of the 
latter air pareels and the deflected air pareels wil! result in a region of isoline convergence 
southeast of the mountain. In Fig. 3.6 a schematic drawing of the situation is depicted. 

When the veloeities become larger, the inertial motion of the atmosphere becomes more 
important. The regions of higher potential vorticity gradients, as induced by the orography, 
are advected eastward. The onset of this adveetion of gradient can be seen by camparing 
panels a and b of Fig. 3.5. The general structure of the potential vorticity now becomes 
established: the forcing increases the values of the potential vorticity around the North 
Pole; the vorticity contrast between pole and equator increases. This builcl-up of vorticity 
is counteracted by the thermal damping, which becomes more important with increasing 
streamfunction values . A dynamica! equilibrium sets in for the potential vorticity values 
around the North Pole. The wave breaking events , especially those induced by the orography, 
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Figure 3.5: The poten ti al vorticity field aft er 3 weeks (a) and aft er 6 weeks (b ). 
Note the strong convergences of the flow southeast of orographic features. [salines 
are plotted every 0.3 dimensionless potential vorticity unit. The most southern 
isoline corresponds to q = 0.3. 
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sharpen the transition between the high and low potential vorticity values, as explained in 
the previous section. In the appendix it is shown that the local rate of change in the potential 
vorticity gradient as a result of the radiative damping in our model can be estimated as 

81\7 ql = - !_ (vil - Vol i) . 
Ot TR 

(3.5) 

Here v11 and v0 11 re present the velocity perpendicular to the main gradient ( and so parallel to 
the main jet) as a result of 1/; and 1/;0 , respectively. As the right-hand si de of Eq. 3.5 is gener
ally less than zero, radiative damping counteracts the gradient enhancing effect of stripping. 
A dynamica! equilibrium is established between the stripping and damping processes, and 
this determines the width of the transition zone between high and low potential vorticity 
values. The model layer behaves as if it were part of the Middleworld : the polar regionsof 
large potential vorticity values are associated with the stratosphere. The equatorial regions 
of low potential vorticity values are associated with the troposphere. The abrupt transition 
between the two is the tropopause. 
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Figure 3.6: A schematic drawing of the physical origin of the convergences of the 
flow pattern southeast of a mountain range. The shaded area represents a mountain. 
Particles flowing over the mountain wiJl be deflected southward, due to the vortex 
squeezing effect of the mountain. At the southeast of the mountain these air pareels 
wiJl meet the air pareels that went sou tb of tbe mountain. 

A single stripping event is shown in Fig. 3.7. It can be seen how a breaking wave 
transports potential vorticity away from the boundary of the vortex. The area associated 
with this broken wave is subtracted from the area that was originally between two isolines 
of the vortex boundary. Locally, this leads to the enhancement of the potential vorticity 
gradient . This enhanced gradient is advected eastward with the flow. The evolution of 
the vorticity gradient can be foliowed in the small graphs on the right in the figure. This 
development very much resembles the nonlinear decaying phase of unstable baroclinic waves , 
as for example stuclied by Simmons and Hoskins [73]. They also observe that this phase, 
which evolves quasi-barotropically, leads to a strengthening of the jet stream, that supports 
the wave. 

The general structure of the potential vorticity is now dominated by a strong gradient 
along some isolines that encircle the earth . In Fig. 3.8 a nice example is shown of such a 
situation. Here the tropopause position is well defined everywhere. This clear-cut structure 
of the tropopause is not always evident. Due to large-scale breaking events and strain, the 
potential vorticity gradient can become diluted again, which is consistent with observations. 

As mentioned in the previous section, closed potential vorticity isolines can give rise to 
homogenization inside the isolines, as long as the timescales of forcing and dissipation are 
larger than the inertial timescale. In these experiments we have chosen 31 days for the 
former. Indeed, the inertial timescales are smaller than this. The dimensionless shear can 
be estimated as of order 1, which gives a shearing timescale of order 1 day. The latter is 
the timescaleon which weak vorticity structures get deformed, mainly in the longitudinal 
direction. The timescales of forcing and dissipation are also larger than the timescale that 
Pierrehumbert and Yang [57] found for total homogen i zation in the real atmosphere ( 10-
15 days) . As aresult of this, the homogenization is rather effective. This can beseen from 
the meridional profile of the potential vorticity field in Fig. 3.9. 

The profile in Fig. 3.9 shows a strong agreement with the profiles found by Polvani et 
al. [62], who carried out shallow-water simulations of the stratospheric polar vortex. This 
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Figure 3. 7: An example of a single stripping event. The panels are taken witb a 2-day 
interval between them. The fieldsareon a Jat-Jon grid, ranging from 100° Jon to 160° 
Jon and from 20° lat to 65° lat. /soli nes are plotted every 0.25 dimensionless potential 
vorticity unit. Shaded are the potential vorticity values that can be associated 
with the tropopause (1.00-1. 75). Note the breaking waves at the lower part of the 
trough in the poten ti al vorticity field. The evaJution of the corresponding meridional 
potential vorticity profile (sampled at the right-hand side of the picture) is plotted 
on the right. During the wave breaking event, the gradient gets sharpened. 
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suggests that the quasigeostrophic model is as capable of producing a realistic vortex as the 
shallow-water model. The model profile shows two regions of diminished potential vorticity 
gradients: one at the stratospheric side and one at the tropospheric side of the tropopause. 
In the context of simulations of the stratospheric polar vortex, the latter region is usually 
identified with aso-called "surf zone" [50]. In the profile of the observed field, the tropo
spheric region of diminished potential vorticity gradients extends all the way down to the 
equator. Furthermore, it can be seen that the degree of homogenization on the stratospheric 
si de of the tropopause is lower in the observation than in the model. Probably this is due toa 
larger influence of diabatic effects in the real stratosphere, which makes the homogenization 
less effective. 

The occurrence of both vortex stripping and homogenization makes the resulting field 
more or less piecewise uniform. As such, it fits observations [34] and it is ideally suited to 
be implemented as a contour dynamics model, as presented in ll] and [78]. These articles 
give a view of planetary waves as interfacial Rossby waves (for an early survey of this idea, 
see [58, 65]) in an exactly piecewise uniform potential vorticity field. The discontinuous 
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Figure 3.8: An example of a sit uation (at 914 days in the integration) where the 
tropopause has a very distinct structure for alllongitudes. Isolines as in Fig. 3.5. 
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Figure 3.9: Potential vorticity as a function of equivalent latitude (definitions as in 
Fig. 3.2) for the situation depicted in Fig. 3.8 (solid line, right axis), for the field q. 
that corresponds toa zonally symmetrie steady state (see Eq. 3.4 for the definition) 
( dashed, right axis) and for the observed field of Fig. 3.1 ( dotted, left axis). 

jump represents the tropopause. By potential vorticity conservation, this jump is advected 
by the local fluid velocity. Quasigeostrophic balance leads to a straightforward invertibility 
principle: the velocity field can be obtained by a contour integral over the discontinuity. 
Though the long-time behaviour of the speetral model is strongly influenced by diabatic 
processes, it may be expected that the short-time behaviour is essentially adiabatic, and as 
such can be simulated with the contour dynamics approach. The implementation of diabatic 
processes in contour dynamics is nontrivial and some discussion on the subject is deferred 
to the last section. For now we just show how strongly this piecewise uniform structure of 
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Figure 3.10: An example of an Atlantic blocking event. Panel a shows the potential 
vorticity field. !salines as in Fig. 3.5. From the corresponding streamfunction in 
panel b the dipale structure becomes very clear. 
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the potential vorticity is conserved. In Fig. 3.10 a picture of day 849 in the simulation is 
given. It shows an example of a flow situation that can be ident ified as an Atlantic dipole 
blocking. The piecewise uniform structure of the potential vorticity remains very clear (see 
Fig. 3.11), despite the rather convoluted form of the isentropic tropopause. 

3.4 The three-dimensional structure of the tropopause 

In the previous section we have seen how a one-layer isentropic model with a simple forcing 
and damping leads to the typical potential vorticity structure: high potential vorticity values 
around the North Pole and low potential vorticity values around the equator. The transition 
between the two is almost discontinuous and is identified as the tropopause. In the tradi
tional picture we now have an isentropic surface of the Middleworld, cutting through the 
tropopause. The polar regions of the isentropic surface lie in the stratosphere and the equa
torial regions lie in the troposphere. Our study, on the other hand, leads to the viewpoint 
that the existence of large isentropic potential vorticity gradients on Middleworld isentropes 
is not the result of the fact that these isentropes cut through the tropopause. Rather, a trop-
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Figure 3.11: Meridional crosssections through the potential vorticity field as depicted 
in Fig. 3.10 taken at -11° Jon (solid) and at -48° Jon ( dashed). Despite the rather 
intricate structure of the tropopause in Fig. 3.10, the piecewise uniform nature of 
the potential vorticity field remains intact. 

opause is form ed on certain isentropes that we therefore associate with the Middleworld. 
In this respect Mclntyre and Palmer [50] illuminatingly state that "for some purposes the 
tropopause may, as the isentropic viewpoint itself suggests, be more like a 'wall' than a 
'ceiling. '" 

But the three-dimensional picture is more complicated, and some remarks on the appli
cability of our two-dimensional picture to the real atmosphere are now appropriate. It seems 
as if a tropopause wil! be formed on any isentrope as long as there is some gradient in the 
forcing and as long as there is enough wave activity. This would mean that every isentrope 
would have to cut through the tropopause. This is not the case in the real atmosphere: 
we know that there are Overworld isentropes that !ie everywhere in the stratosphere and 
Underworld isentropes that lie everywhere in the troposphere. This contradiction is not so 
severe as it might seem at first sight. 

As for the Overworld, we can say the following. The tropopause was defined throughout 
this paper as a given isosurface of the potential vorticity. In this definition of the tropopause 
there is no Overworld. The potential vorticity varies from positive values around the North 
Pole to negative values around the South Pole, so every isentrope that encompasses the globe 
must cut through the tropopause. On the higher isentropes, which are usually associated 
with the Overworld, the tropopause thus defined is very close to the equator. But this 
means that for these isentropes, due to the lack of geostrophic balance near the equator, 
the potential vorticity definition of the tropopause is not very useful. As meotioned in the 
Introduction, theequator ia! tropopause can generally be identified with an isentropic surface. 
Therefore the Overworld corresponds to the isentropes of higher potential temperature than 
that of the equatorial tropopause. Obviously a more complete theory of the tropopause 
should be able to predict which isentropic surface defines the tropical tropopause. 
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For the Underworld we note the following. The Underworld isentropes in the real at
mosphere do not cut the tropopause either. As noted in the Introduction, these isentropes 
generally cut theearth's surface somewhere. This means that these isentropes have lateral 
boundaries. Some discussion on the effect of these boundaries on the potential vorticity 
budget can be found in [35]. It is clear that our simple system cannot describe the dynamics 
of these isentropes. One may speculate, though, that the lateral boundaries act as a leak of 
potential vorticity and that this leak may prevent the formation of high values of potential 
vorticity. This could explain why isentropes that cut theearth's surface generally do not cut 
the tropopause. An informal argument for the leaking effect of lateral boundaries may be 
found in the fact that isentropic surfaces cut the atmospheric boundary layer rather than the 
earth's surface. Because of convective instability in the boundary layer, the stratification, 
and consequently the potential vorticity, is very low. This means that the turbulent exchange 
between an isentropic layer and the turbulent boundary layer must lead to an effective local 
decrease in the absolute value of the potential vorticity in the isentropic layer, under the 
assumption that on the average there is no net rnass-flux in the process. By mixing pro
cesses across the isentropic layer this low potential vorticity air is transported northward. 
In this way, the potential vorticity on an isentrope, cutting the atmospheric boundary layer, 
relaxes toward a zero potential vorticity state. This mechanism is analogous to that of the 
ventilated thermocline in the ocean, where an isopycnic surface cuts the turbulent boundary 
layer (e.g., [82]), though in this process the local net rnass-flux is generally not equal to zero. 

Hoskins remarks in his artiele on the PV -B view of the general circulation (op. cit.), 
that the lowest isentrope of the Middleworld usually grazes theearth's surface in the Tropics 
and that this presumably happens by chance. This study indicates that this might not 
happen by chance. Indeed, our study suggests that ij an isentrope does not interseet the 
earth, a tropopause will be formed and therefore the isentrope must cut the tropopause. Or 
equivalently, ij an isentrope does not cut through the tropopause, then it must somewhere 
cut theearth's surface. In termsof the "worlds," an isentrope lying everywhere above the 
earth's surface is part of the Middleworld and an Underworld isentrope must always cut the 
earth's surface. Note that this stillleaves room for isentropes that cut both the tropopause as 
well as the earth 's surf ace. But if the argument of the "ventilated isentropes" is valid, there 
may be a more strict separation between isentropes that cut the tropopause and isentropes 
that cut the earth 's surf ace. 

3.5 Discussion and conclusions 

The potential vorticity in the stratosphere is distinctly higher than the potential vorticity in 
the troposphere. The transition between the two, which is rather abrupt in termsof poten ti al 
vorticity, defines the tropopause. In this paper it is argued that an isentropic view of this 
structure gives clear insights on the formation and maintenance of the tropopause. Diabatic 
effects explain why the polar parts of the isentrope have the high, stratospheric values and 
the equatorial parts have the low, tropospheric val u es. But the diabatic effects alone cannot 
explain why the transition between the two is so abrupt, that is, why there is a tropopause. 
It is argued that adiabatic inertial motion of the atmosphere contributes significantly to the 
ultimate potential vorticity structure. As these motions are largely adiabatic, they occur 
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on the isentropic surface considered . The process of stripping plays a central role. This 
process enhances the isentropic potential vorticity gradient and thus leads to the formation 
of the tropopause. At the sametime homogenization leads to diminished isentropic potential 
vorticity gradients throughout the rest of the stratosphere and the troposphere. The general 
structure of the isentropic potential vorticity is now determined by a dynamica! equilibrium 
between forcing and dissipation, which explains the potential vorticity contrast between the 
stratosphere and troposphere, and an equilibrium between stripping processes and diabatic 
effects, which explains the isentropic width of the tropopause. This dynamica! equilibrium 
becomes established essentially on an isentropic surface and, as such, can be observed in a 
one-layer isentropic model of the atmosphere. 

The ubiquitous nature of a tropopause in an isentropic layer that encompasses the earth 
suggests that ij an isentrope does not cut through the tropopause, this implies that it must 
somewhere cut the earth 's surf ace. This may still leave room for isentropes cutting the 
tropopause as wel! as the earth's surface, but if the argument of the ventilated isentropes, 
as presented in the previous section, is valid it follows that isentropes cutting the earth's 
surface generally do not cut through the tropopause. This may then explain why the lowest 
isentrope of the Middleworld grazes theearth's surface. This contrasts with the opinion of 
Hoskinsin his 1991 paper on the PV-0 view of the general circulation, where he states that 
this presumably occurs by chance [35]. 

The role of orography in the formation of the tropopause is important in our one-layer 
view of the atmosphere. The mountains act as a souree of enhanced potential vorticity gra
dients (see Figs. 3.5 and 3.6) , as wel! as a souree of wave breaking events . As explained 
in section 3.2, these events lead to gradient enhancement, and therefore to the formation 
of the tropopause and homogenization elsewhere. The actual souree of wave activity was 
not referred to in the argument. In a three-dimensional atmosphere, baroclinic instability is 
another candidate mechanism. For example, Simmons and Hoskins [73] show that baroclini
cally unstable waves grow fastest in the upper troposphere. The decay of these disturbances, 
that is, the nonlinear stage at which the waves are breaking, show a quasi-barotropic be
haviour. They also show that the maximum southward flux of potential vorticity occurs 
during this decay stage and that this flux is mainly located southward of the jet core. In this 
way the jet becomes stronger in much the same way as is shown in this chapter. So their 
experiments show that baroclinic instability may induce the required wave activity as does 
the orography in our equivalent barotropic model. Experiments with multi-layer primitive 
equation roodels (P.H. Haynes and J .F. Scinocca, 1995, personal communication) show tha.t 
baroclinically induced waves indeed can play the same role in the formation of the tropo
pause. So as long as there is a builcl-up of a polar vortex on an isentropic surface and as 
long as there is some mechanism that induces wave activity, we will find a tropopause. 

That the orography 's role in our one-layer view is rather large can also be observed in 
the behaviour of the model in the Southern Hemisphere. In Fig. 3.12 we see the Southern 
Hemisphere of the same situation as depicted in Fig. 3.8. While the northern tropopause is 
very clear, the southern tropopause is almost completely absent . This is the case throughout 
the complete integration period. Besides that, the variability of the southern flow pattem is 
also very low. This observation is consistent with the mechanism for tropopause formation as 
presented in this study: the lack of variability, which is the souree of stripping events, results 
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Figure 3.12: The Southern Hemispbere in the situation depicted in Fig. 3.8. There 
is little wave activity, which inhibits the onset of a clear tropopause. Effective 
homogenization does not occur either. Isolines are plotted every 0.3 dimensionless 
potential vorticity unit. The most northern isoline corresponds to q = -0.3. 
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in the absence of a clear tropopause. The complementary process of homogenization inside 
and outside the polar vortex will also be inhibited by the Jack of variability. The profile 
in Fig. 3.13 shows these effects clearly. Whereas in the Northern Hemisphere the flow is 

-3 

-2 

-1 

0 
0 15 30 45 60 75 90 

Figure 3.13: Potential vorticity as a function of equivalent latitude (definitions as 
in Fig. 3.2) for the situation depicted in Fig. 3.12 (solid line) and for the field qs 
that corresponds toa zonally symmetrie steady state (see Eq. 3.4 for the definition) 
(dashed) . 

constantly stirred by the orography, the southern orographic features are too weak to induce 
enough wave activity. Baroclinic instability seems to play the key role in the formation of 
the Southern Hemisphere tropopause. 
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The tropopause showsastrong structural stability (Fig. 3.10), which is indicative for the 
low rates of stratosphere-troposphere exchange of air. The potential vorticity signature of 
stratospheric and tropospheric air can be blurred only by diabatic effects (including smali
scale potential temperature mixing). No te that these diabatic effects ( excluding smali-scale 
poten ti al temperature mixing) do not directly affect the mixing ratio of passive tracers. Mea
surements (P.H. Haynes, 1995, personal communication; Haynes and Ward [30]) indeed show 
that the mixing ratio of some chemieals show steeper contrasts between stratosphere and 
troposphere than the potential vorticity. Though the localflux of tracers over the tropopause 
is very difficult to determine, the net flux can be estimated using global budgets [33] . 

As shown in this chapter, the model intrinsically leads to an al most piecewise uniform 
isentropic potential vorticity which is ideally suited to a contour dynamics approach. But 
we have obtained more than that. In the contour dynamics model, the area of the vortex 
and the potential vorticity contrast between stratosphere and troposphere are fixed param
eters. However, in the present speetral model they are dynamically obtained variables . This 
suggests the possibility of changing the two parameters in the contour dynamics model into 
dynamica! variables that in a global sense satisfy the diabatic budgets on the isentropic sur
face. This extension may enhance the applicability of contour dynamics to the atmosphere 
considerably. Presently we are working on an implementation of this view into a contour 
dynamics code. 

The fact that the generic potential vorticity structure on Middleworld isentropes is ap
proximately piecewise uniform red u ces the number of degrees of freedom drastically. Among 
these degrees of freedom are the area of the stratospheric part of a Middleworld isentrope 
and the typical potential vorticity contrast between stratosphere and troposphere. These pa
rameters may well be important parameters for the large-scale behaviour of the atmosphere. 
In [1], for example, it is shown that the structure of planetary waves are strongly dependent 
on the area. 

A The inftuence of diabatic processes on potential vorticity gradients 

As made clear in this paper, isentropic advective processes can infiuence potential vorticity 
gradients in a systematic way. But diabatic effects, for example, the souree term on the 
right-hand side of Eq. 3.1, can also infiuence these gradients. Following Eq. 3.1 we have, 
apart from advective processes, 

à 
àt \lq = VS, (3.6) 

where S stands for the right-hand side of Eq. 3.1. The potential vorticity gradient has a 
direction, say n, that is perpendicular to the isolines of potential vorticity. One of these 
isolines can be identified with the tropopause. The formula above describes the change of 
the tropopause width as a result of diabatic effects. To demonstrate this, Eq. 3.6 is written 
as 

(3.7) 
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wbere a jan is the derivative in the direction n. If we assume that the width of the isentropic 
tropopause can be estimated as D, and the potential vorticity contrast over this width as oq, 
we may estimate the gradient aqjan as oqj D. If we now assume that oq remains constant 
as a function of time we may estimate from Eq. 3. 7 

aD 
at (3.8) 

It can now be easily calculated wbat effect different diabatic terms have on the potential 
vorticity gradient and the tropopause width. Results for radiative damping, Ekman friction 
and dilfusion are given in Table 3.1. 

Table 3.1: The expected behaviour of the potential vorticity gradient and the isen
tropic tropopause width as a result of different diabatic effects. 

s a (!!.!i..) at an 

radiative damping ~ (1/; - 1/Jo) - ~ (vu- vou)a 

Ekman -K-( ~ 
K, an2 

diffusionb v\l2q ~ - vJf, 

av 
8t 

FD
2 

( ) 6q-rR vu- vou 

-"D2~ 
6q an2 

~" ~v 

"The term v11 means the velocity perpendicular to the main potential vorticity gradient, that 
is, parallel to the tropopause. 

bH ere it is assumed that \12q scales as óqf D 2 . 

It can be seen from Table 3.1 that these diabatic processes generally lead to a decrease 
in the potential vorticity gradient, that is, toa widening of the isentropic tropopause. These 
effects may be counteracted by the effect of vortex stripping. It may also be observed that 
dilfusion leads to a singular behaviour of the width D as a function of time for varrishing 
D. This leads to a value of D proportional to the square root of time, as is the familiar 
behaviour for diffusion . The other terms are nonsingular for varrishing D. In the case of 
thermal dam ping, tbe change of tropopause width is proportional to vu, the velocity parallel 
to the tropopause. One may note that generally vu is strongly dependent on D , so it is 
not very useful to integrate the expressions in the table for a constant vil· On dimensional 
grounds, for example, one may expect a2vu/ an2 to scale as 1 I D 2

, which, in the Ekman case, 
would lead to a linear increase of D with time. 
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Chapter 4 

Orography in a contour dynamics 
model of the tropopause 

The influence of orograpby on the structure of stationary planetary Rossby waves is studied 
in the context of a contour dynamics model of the large-scale atmospheric flow. Orography 
of infinitesimal and finite amplitude is studied using analytica} and numerical techniques. 
Three different types of orography are considered: idealized orography in the form of a global 
wave, idealized orograpby in the form of alocal table mountain, and theearth 's orography. 
The study confirms the importance of resonances, bath in the infinitesimal orography and in 
the finite orography cases. With finite orography the stationary waves organize tbemselves 
into a one-dimensional set of solutions, which due to the resonances, is piecewise connected. 
It is pointed out that these stationary waves could be relevant for atmospheric regimes.* 

4.1 Introduetion 

Maps of potential vorticity on isentropic surfaces (isentropic poten ti al vorticity maps) show 
that the potential vorticity in the stratosphere is generally much larger than in the tropo
sphere. Moreover, isentropic potential vorticity in both the troposphere and the stratosphere 
is relatively uniform, with the gradients concentrated in a narrow band at the tropopause. 
Being the transition between high and low potential vorticity values, the tropopause is there
fore a major factor in determining the structure of the atmospheric potential vorticity field. 
In the light of the invertibility principle [34], which states that for balanced flow the poten
tial vorticity structure determines the structure of all other meteorological fi.elds ( assuming 
knowledge of the potential temperature at the ground), the tropopause is to play a key role 
in the dynamics of large-scale atmospheric flow. 

In Verkley [78], hereafter referred to as VE, this fact was used as the basis of a concise 
model of the atmospheric circulation. In this model the dynamics was assumed to be confi.ned 
to a single level of constant potential temperature, which level was assumed to cut through 
the tropopause. The potential vorticity on this level was then taken to be piecewise uniform, 
with constant high values representing stratospheric air, constant low values representing 

"This chapter has been published as reference [1). 
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tropospheric air and the discontinuity representing the tropopause. This was shown to lead 
to a contour dynamics system, that is, a system completely formulated in terms of the 
discontinuity, by assuming that the dynamics of potential vorticity on an isentropic surface 
is governed by the equivalent barotropic vorticity equation. In tbe present paper we wish to 
extend this contour dynamics model by incorporating orography. This is accomplished by 
adding an orographic term to the equivalent barotropic vorticity and requiring the latter to 
be piecewise uniform. 

The present study fits in a long tradition of research concerning the infiuence of orography 
on the large-scale atmospheric flow. An early summary of theoretica! studies is given by 
Queney [64] and two subsequent highlights are the articles by Charney and Eliassen [12] 
and by Bolin [7]. In the latter study it was argued that the orography is more important 
in determining the structure of the stationary planetary waves than spatial differences in 
diabatic heating. Many other studies have foliowed since, using models of different degrees 
of sophistication - ranging from relatively simple analytica! models like Bolin's to complex 
general circulation models of the atmosphere. A review of research until 1965 is given by 
Saltzman [71]. Examples of quite recent analytica! studies are by Charney and De Vore [13] 
and Pedlosky [56] who showed that the presence of orography in combination witb resonance 
leads to multiple stationary states. These multiple flow equilibria usually contain a state 
that is rather zona! and another that has a pronounced wavelike character. For this reason 
these states are considered as an explanation for the existence of atmospheric regimes like 
blocking. 

The technique of contour dynamics was originally devised by Zabusky et al. in 1979 [83]. 
Since t hen it has found numerous applications in the study of two-dimensional fiows (for a 
review see [63]), especially in the context of vortex equilibria. In the latter field the technique 
provided us, by computational methods, with new equilibria besides the already known 
circular and elliptical vorticity distributions. These new equilibria comprise for example 
m-fold symmetrie single-vortex states and translating two-vortex states [16], corotating two
vortex states [70] and corotating multiple-vortex states [18]. Polvani and Dritschel [61] 
extend the family of m-fold symmetrie single-vortex states and corotating multiple-vortex 
states to the geometry of a sphere, in a barotropic model. The technique they use for 
finding equilibria consistsof an iteration process , where in every iteration step the contour is 
modified, such that in a linear approximation the contour becomes stationary. Using another 
iteration process, Verkley [78] fincis m-fold symmetrie single-vortex equilibria on a sphere in 
an equivalent barotropic model. He was not able to find multiple-vortex equilibria. 

The application of contour dynamics techniques to the atmosphere is relatively new and 
is mainly concentrated on time-dependent studies of the stratospheric polar vortex in order 
to understand wave breaking phenomena like observed by Mdntyre and Palmer [49]. The 
studies often contain a simple orographic term, much the same way as we include it, in 
order to induce waves on the polar vortex. Some examples are by Polvani and Plumb [60], 
Waugh [79], Waugh et al. [80] and Nakamura and Plumb [53]. In the present study we 
introduce different types of orography, including the earth 's orography. We concentrate 
on stationary solutions of the model. Thus we find (to our knowledge for the first time) 
asymmetrie single-vortex states. It is showed that the basic facts concerning the infiuence of 
orography - including the existence of multiple stationary states- are reproduced in this 
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contour dynamics model of the atmosphere. 
The contour dynamics model and the ioclusion of orography therein, are outlined in 

section 4.2. Three different types of orography are studied: idealized global orography in 
the form of a single wave, an idealized local table mountain and theearth's orography. First 
we review the case of no orography in section 4.3 together with linear and nonlinear free 
Rossby waves, that is, the m-fold symmetrie single-vortex states, in termsoftheir energy and 
enclosed area. Then we study the influence of infinitesimal orography in section 4.4. This 
is clone by linearizing around a zona) contour and then calculating analytically the linear 
perturbation that makes the perturbed contour stationary in the preserree of vanishingly 
small orography. The expressions we obtain have a well known structure [24] and show 
the importance of resonances, that is, the existence of free stationary Rossby waves, in 
determining the dominant structure of the resulting response. By changing the latitude 
of the basic zona! contours one passes through these resonances and there the dominant 
response changes sign, becoming infinite at the resonances themselves. In section 4.5 we use 
a numerical technique to construct stationary contours in the preserree of finite-amplitude 
orography. Part of the technique consists of constructing famil ies of stationary contours 
in the preserree of increasing mountain height . We will see that this procedure effectively 
maps every zona! contour - which is stationary without orography - onto a contour that 
is stationary with orography. Close to zona) contours that are resonant the map depends 
sensitively on the direction from which the resonance is approached, generally resulting in 
a solution diagram in which there are several branches. In the case of realistic orography 
these branches are argued to be interesting from the perspective of atmospheric regimes. A 
summary and an outlook are given insection 4.6. 

4.2 Orography and contour dynamics 

The starting point of our investigations is the equivalent barotropic vorticity equation on a 
spherical earth with radius a = 6.371 x 106 m rotating with angular velocity n = 7.292 x 
10-ss- 1

. Lengths are expressed in units of a and time in units of n-1 . The equations readt 

àq + V· '\lq = Ü 
àt , 

q = f + ç - F'!j; + T. 

(4 .1) 

( 4.2) 

The first equation expresses material conservation of potential vorticity q. The velocity field 
v has components u and v along the unit veetors i and j which point in the direction of 
increasing longitude À and latitude 1> and form a right-handed set of unit veetors together 
with k, which points vertically upward. The nondivergent velocity field is given in termsof 
the streamfunction 1/; by v = k x V 'Ij; . Equation ( 4.2) is the quasigeostrophic approximation 
of Ertel's potential vorticity. The fi.rst contribution to q is the planetary vorticity. In units 
of n it equals 

f = 2sin 1>- ( 4.3) 

t See also the note on page 35. 
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The second contri bution is the relative vorticity (, that is, the vertical component of the curl 
of v, which is given in termsof the streamfunction 1/J by ( = '\121/;. The third contribution 
to the potential vorticity is the "stretching term" -F'!/; and is the quasigeostrophic repre
sentation of the vortex stretching effect due to the stratification. The Fraude number F in 
this term is defined as F = LË/, where LR is the Rossby radius in units of a. We will take 
LR = 1/10 which amounts to a Rossby radius of 637.1 km. This choice is motivated in VE. 
lt will lead to realistic veloeities at the jet and on the rest of the sphere. In the same way, 
vortex stretching by orography is represented by the last term in the expression for q, 

.,. = frt, ( 4.4) 

where Tf is given by Tf = h/ H, with h the height of the orography and H an appropriate scale 
height, which we set to 10 km. From now on we will refer to the quantity r simply as "the 
orography." This extra term in the potential vorticity is aften referred to as "topographic 
forcing," cf. [79]. We like to stress though that the term does not inject energy in the flow. 
lts role is equivalent to that of the Coriolis parameter. 

It wil! be convenient to assume that r can be written as a finite series of spherical 
harmonies Ymn· This is not an essential feature, but it will simplify the calculations on some 
occasions. So r will be written as 

N n 

1" = Too + 'L: 'L: 1"mnYmn, 
n=l m=-n 

( 4.5) 

where Ymn(>., 4>) = P;:'(sin cj>)eim>-. with P;:'(x) the associated Legendre polynomials of order 
m and degree n. The spherical harmonies Ymn are eigenfundions of the Laplace operator 
'\12 on the sphere with eigenvalue -n(n + 1) and are normalized such that 

_!__ { Y,;;nYm'n' dS = <>mm'<>nn', 
4Tr ls (4 .6) 

where the superscript· denotes complex conjugation. Defining P;m(sin<b) = P;:'(sincj>), we 
must have 1"-mn = r;;.n as ris a real-valued field. 

We now assume that the q field is piecewise uniform. We will thus assume that q has the 
constant value q1 in a region R1 (around the North Pole) and another constant value q0 on 
the rest of the sphere, denoted by f4J. The boundary between R1 and f4J is assumed to be a 
single closed curve B, see Fig. 4.1. So the potential vorticity q is assumed to be of the form 

q(r) = qo + qB(r), (4.7) 

with 

(4.8) 

Due to q being materially conserved, this idealized distribution of potential vorticity will 
remain intact in the course of time. So at all times the position of the contour B uniquely 
determines the structure of the poten ti al vorticity field. In order to calculate how the position 
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Figure 4.1: Potential vorticity field as used in our contour dynamics model. Tbe 
shaded region is the region R 1 wi th high potential vort i ei ty value q1 . The unshaded 
region Ro has the lower potential vorticity value q0 . Their common boundary B is 
the contour that determines the complete potential vorticity field and all quantities 
derived from it. 
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of the contour changes as time proceeds weneed to know the velocity field at the position 
of the contour. We start by calculating the streamfunction 'Ij; from the equation 

V 2 ?j; - F7/J = q - J - r = qo - f-T + qB. (4.9) 

This is a nonhomogeneous linear equation in 'Ij; . The solution of this equation can be written 
as 

(4.10) 

where ?j;0, 1J;1, 'Ij;.,., and 1J;B respectively refer to the four souree terms on the right-hand side 
of Eq. 4.9. As the first three souree terms ean be written in terms of spherical harmonies 
(note that q0 is proportional to Y00 and f is proportional to Y01 ), their contributions to the 
solution of Eq. 4.9 are straightforward. We have 

qo 
7/Jo(r) =- p· 

J(r) 
?j;J(r) = F + 2· 

Too N n Tmn 

?j;r(r) = F + ~ m~n F + n(n + 1) Ymn(r). 

(4 .11) 

(4.12) 

( 4.13) 

These three contributions to the streamfunetion are independent of the eontour's position, 
the latter contri bution being determined by the orography. We wil! take q0 = 0, which results 
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in 'lj;0 = 0. We have this freedom of choice because of the stretching term in the definition 
of q. One can easily add up a constant to the streamfunction without changing the dynamics, 
but, according to Eq. 4.11 , adding a constant to the streamfunction is equivalent to adding 
a constant to the potential vorticity. In the barotropic case this freedom is lost because the 
global average of the left-hand side of Eq. 4.9 vanishes when F = 0. 

In Fig. 4.2 we present three types of orography with their corresponding 'Ij;!+ 1/JT, which 
will be used throughout this paper to illustrate the theory. These are a single Y33 wave, a 
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Figure 4.2: The three types of orography (left panels) and their corresponding 'Ij; 1+'1j;T 
(right panels). (a) Orography, which is a linear combination of the Y00 and the Y33 

spherical harmonies. The height varies from 0 km at tbe lowest points to 4.2 km at 

the highest points. (b) T21 speetral representation of a circular table mountain at 
30° latitude, 0° longitude, with radius 15°. The height is 1.4 km . Due to the finite 
truncation the height actually varies between -121 mand 1526 m. (c) T21 speetral 
representation of the earth 's orograpby. The heigbt varies from -606 m to 5488 m. 

180 
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table mountain, and theearth's mountains. The Y33 orography is a linear combination of 
the single wave P](sin</J)cos3>. and a constant, such as to make the height vary between 
0 km and 4.2 km. The table mountain is a fiat round mountain with its center at 30° 
lat, 0° long with a radius of 15° and a height of 1.4 km. Finally, we also used theearth's 
orography. In the model the table mountain and the earth's mountains are represented 
speetrally with a T21 triangular truncation (that is, the spherical harmonies Ymn, used to 
describe the mountains, satisfy n :S 21 and -n :S m :S n) Due to the fini te truncation, the 
actual minimum and maximum heights have somewhat different values. In the case of the 
table mountain the height reaches from a minimum of -121 m toa maximum of 1526 m . For 
theearth's mountains this was -606 mand 5488 m, respectively. No te that if the mountains TJ 
are represented speetrally by aT N truncation, T = JTJ is represented speetrally by aT N + 1 
truncation. So in the case of the Y33 orography, the N in Eq. 4.5 equals 4 and in the case of the 
table mountain and tbe earth's orography N equals 22. The picturesof the streamfunctions 
'ljJ1 + '1/J" are dominated by easterlies, resulting from the Coriolis effect. Mountains show 
up as high streamfunction areas in the Northern Hemisphere. This is due to the vortex 
stretching effect of the mountains; on the Northern Hemisphere negative relative vorticity is 
introduced at the position of the mountains. The anomalous velocity fields introduced by 
these sources, are superposed on the zona! easterlies. This is the effect of tbe orography in 
our model. So under the assumption of constant potential vorticity in the tropical area, our 
model reproduces the prevailing easterlies in this region. 

To obtain an expression for '1/Js we wil! use the technique of Green functions, which gives 
rise to the typical contour dynamics calculations. We wiJl summarize some of the definitions, 
which already appeared in VE, because we wil! need them for further calculations. The Green 
function G of the Helmholtz operator \72 - F is defined by the equation 

\72G(r;r')- FG(r;r') = ó(r; r'), (4.14) 

and is given by (see VE) 

' [ ( ]- 1 0 ") G(r;r) = - 4 cosh 1r11:) P_ 1/2+i,.. (- cosB , (4 .15) 

wbere P~ 112+i"' is a Legendre function with order 0 and complex degree - 1/2 + i~~: as defined 
by Gradshteyn and Ryzhik [28], their formula 8.840. These special Legendre functions are 
also known as con i cal functions. The parameter 11: is related to F by F = 1/4 + ~~: 2 . The 
argument -cos e"' where e" is the angular di stance between the points r and r'' equals 

cos e" = sin <P sin <P' + cos <P cos 4>' cos(), - >.'). (4 .16) 

It can be verified that due to Eq. 4.14 we have 

'l/Js(r) = { G(r; r')qs(r')dS' = (q1 - q0 ) { G(r; r')dS'. k h, ( 4.17) 

Now it can be shown (see VE, appendix) that the Green function can be written as a 
divergence: 

G(r; r') = .!_ [\7'2 V(r; r') - J_], 
F 41r 

( 4.18) 
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which formula is also valid wi th the unaccented nabla operator, because "ïl'2 = "ïl2
. Here V 

a scalar function defined by 

V(r; r') = G(r; r') - H(r; r'), 

with 

H r,r _ n . ( . ') = ~l (1-cosO") 
471" 2 

Substituting Eq. 4.18 into Eq. 4.17 and using the divergence theorem, we obtain 

1j;8 (r) = - qi; qo :; + qi; qo fan'· "ïl'V(r; r') dl', 

( 4.19) 

( 4.20) 

( 4.21) 

where dl' is a line element along the boundary B and n' is a unit vector locally perpendicular 
to the boundary and to k and pointing away from RI· By AI we denote the area of RI. 

The function H is the Green function for the inversion of the barotropic potential vor
ticity, that is, the F = 0 case. It satisfies 

"ï72 H(r; r') + ~ = J(r; r'). 
471" 

( 4.22) 

As for smal! scales and distances the equivalent barotropic equations reduce to the baro
tropic ones, H wil! equal the singularity in G. This observation allows us to interpret the 
function V as the desingularized Green function . This property is advantageous in the nu
merical implementation of the formulas but from a theoretica! point of view it is actually 
not necessary to introduce the function V. All formulas could as wel! be written in terros of 
G, thus complying more with the general literature on contour dynamics. 

The velocity field follows from v = k x "ïl'lj;, where in view of Eq. 4.10, we can write 

(4.23) 

The expressions for "ïl'lj;J and "ïl 'lj;T , can be derived straightforwardly from Eq. 4.12 and 
Eq. 4.13. For "ïl'lj;a , we can write (see Eq. 4.17) 

"ïl'lj;a(r) = (qi - qo) [ VG(r; r') dS'. 
}R, 

( 4.24) 

Now, also the gradient of the Green function can be written in terros of a divergence (see 
VE, appendix) 

VG(r; r') = v' · [G(r; r')T(r; r')]. (4 .25) 

This formula is valid for any function that is only dependent on the angular distance between 
rand r' . The tensor T has a roetrical nature and connects the gradient with respect to the 
variabie r with that to the variabie r'. On a plane this tensor would be minus the identity 
but on the sphere it equals 

T( ') cos</J'.,. . "' . (' '')"'" (' '')"'" r;r =:---II + SID<pSlllA - A IJ - COS A-A JJ. 
cos</J 

( 4.26) 
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Substituting Eq. 4.25 into Eq. 4.24 and using the divergence theorem gives 

'V'Ij;s(r) = (ql- qo) fan' · (G(r; r')T(r; r')) dl' . 
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( 4.27) 

These expressions give the streamfunction and its gradient (and therefore the velocity) in 
terms of the boundary B. The last expression allows us to determine the evolution of B 
in terms of B itself. Each point of B is advected by the velocity field at the corresponding 
point, and this velocity is determined by the gradient of the streamfunction, as given by 
Eq. 4.23. 

The contour dynamics system just described has two conserved quantities, the area A 1 

enclosed by the contour and the total energy Et, 

(4.28) 

( 4.29) 

(If the orography is zonally symmetrie then, in fact, also the total angular momenturn is 
a conserved quantity.) In a contour dynamics context the conservation of patch area A1 is 
the only one that remains of the infinite series of conserved quantities associated with the 
integrals of all possible functions of the potential vorticity, like, for example, the enstrophy. 
This can be best understood if one examines the true nature of this infinite series of conserved 
quantities. In fact, they follow from the conservation of all areas Ay of the subsets Ry of the 
sphere, which are defined as 

Ry = { r E S I q( r) ::; y}. (4.30) 

The areas of these sets are conserved if the q field is advected by any nondivergent velocity. 
Obviously, in our system the patch area is the only nontrivial area that is conserved. 

Equations 4.28 and 4.29 can be transformed into contour integrals. Using Eq. 4.22 we 
can rewrite the expression for the area, again using the divergence theorem, as 

A 1 = -47r { 'V2 H(r; r') dS = -47r 1 n ·'V H(r; r') dl, lR, !s (4.31) 

if r' is chosen outside the region R1 • A convenient choice for this point is the South Pole. 
The total energy E1 can also be written as a contour integral. In appendix A we show that 

( 4.32) 

8 8 2 N n * 7r 7rToJ 2 Too 2 "'"" "'"" T mn T mn --,---- + + 1r- + 7r L L ---"'=----
3(F + 2) v'3(F + 2) F n=l m=-n F + n(n + 1)' 

( 4.33) 

1 47r(q)Too = (qJ - qo)j
8

n·'V(xJ+Xr )dl- F , (4.34) 

- (q1 
;/

0
)

2 fa fa (nn' : T(r; r'))V(r; r') dl dl'+ 
4~~)

2

, ( 4.35) 
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where 

f 
XJ = 2(F + 2)' 

(4.36) 

N n T - L L mn Y, 
XT- n=l m=-n n(n + l)(F + n(n + 1)) mn· 

( 4.37) 

Brackets (g), as in Eq. 4.34 and Eq. 4.35, denote tbe global average (l /47r)fs g(r)dS, of 
a scalar function g on the sphere. The area and the energy will be used to classify tbe 
stationary contours that wiJl be considered in the next sections. 

4.3 The case of no orography 

In the absence of orography, zona] contours - that is, contours that coincide with a lat
itude circle - are stationary. This follows from the rotational symmetry of the system. 
Furthermore, linear Rossby wave perturbations on these contours have real phase veloeities 
(see VE), which implies that zonal contours are linearly stable. The phase velocity of these 
waves is equal to the background velocity plus the Rossby wave velocity. The background 
velocity is the eastward velocity at tbe center of the jet, which is located at the contour. The 
Rossby wave velocity is westward and is caused by the self-advection of the wave. At certain 
parameter values these two contributions to the phase velocity can compensate each other, in 
which case the waves are stationary. These Rossby waves have the familiar feature that waves 
with the smallest wavenumbers have the largest Rossby wave velocities. For realistic zona! 
velocities, only small wavenumber (2,3,4) waves have a large enough Rossby wave velocity 
to compensate the background velocity. Small-scale perturbations, which have a relatively 
small Rossby wave velocity, are essentially advected eastward by the background velocity. 
More information about zona! contours and other stationary solutions in the absence of 
orography can be found in VE. 

In Fig. 4.3 the energy of zona! contours is plotted against the area for q1 - q0 = 2.81. For 
this value of q1 - qo a zona! contour at a latitude of 40° admits a stationary Rossby wave with 
wavenumber 4. Otherwise this choice for q1 - q0 is rather arbitrary in the sense that other 
values would lead to qualitatively the same picture. On the other hand, values of q1 - q0 ~ 3 
lead to realistic peak veloeities in thejet (see VE, Fig. 4). The energy and area in Fig. 4.3 are 
evaluated analytically. This calculation is presented in appendix B. In fact, we can interpret 
this plot as a two-dimensional projection of a part of phase space. That the energy has a 
minimum as a function of the patch area is due to t he following effect: If the patch area is 
identically zero, the energy is the total energy in the westward velocity field produced by 
the Coriolis parameter. A smal! patch of high potential vorticity air around the North Pole 
wil! introduce an eastward velocity around its boundary. This will compensate the westward 
background velocity, thus decreasing the total kinetic energy. Increasing the patch area, the 
energy will continue decreasing, until t he kinetic energy of the eastward velocity field of the 
patch becomes higher than the kinetic energy in the background velocity field. From this 
point on the energy wiJl start to increase as a function of area. 
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Figure 4.3: The energy (in units 0.01) as a function of the area for zon al contours in 
the absence of orography. For thejump in potential vorticity wetook q1 - q0 = 2.81, 
which is chosen such that the m = 4 resonance exactly lies at the contour with 
4>8 = 40° . The calculations that lead to this plot are given in appendix B . The 
wavenumbers, plotted with the large dots, are the waves that are resonant at these 
points. The m = 2 wave is resonant on a zon al contour with latitude 62.7°, the 
m = 3 wave at 51.1°, and m = 4 wave at 40.0°. 
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The large dots in Fig. 4.3 represent zona! contours that support stationary linear Rossby 
waves of the waverrumher that is plotted with the dots. At these points in phase space, 
the (at least) one-dimensional space of stationary con tours, represented by the parabola-like 
line in Fig. 4.3, admits a second direction of stationary contours consisting of linear waves. 
In VE it is shown how these stationary linear perturbations can be extended numerically 
into the nonlinear finite-amplitude regime. In this way m-fold symmetrie solutions with 
finite amplitude are obtained, starting from wavenumber m linear waves. These solutions 
are called "V-states" (see [16] , for planar geometry and [61] for spherical geometry), though 
these more generally also include the rotating m-fold symmetrie solutions. An example of 
a family of threefold symmetrie solutions is given in Fig. 4.4 . In Fig. 4.5 the energy and 
the area of these finite-amplitude solutions is plotted along with the energy and area of the 
zona! con tours. We see how the wave solutions branch off from the zona! branch at the points 
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Figure 4.4: A family of threefold symmetrie finite-wave solutions, obtained by the 
metbod described in VE. The potential vorticity jump is q1 - q0 = 2.81, which is 
such that the zonal contour at 4;8 = 51.1° supports a stationary m = 3 wave (see 
Fig. 4.3). This zona} contour is the first merober in the family. 

where the corresponding linear waves are stationary. We will call these extra branches the 
"wave branches." Note that the wave branches are themselves at least two-dimensional in 
the sense that the phase of these solutions is arbitrary. Because of the rotational symmetry 
the phase does not influence the energy or the area. 

As we can see from Fig. 4.5, the solutions organize themselves in lines on the energy
area graph. When we choose a point on any branch we see that there are at least two 
directions in phase space in which we find another stationary solution, namely along the 
branch in one or the other direction. These two directions correspond to a stationary linear 
perturbation that can be given a positive or negative amplitude. On the zona! branch an 
m = 0 perturbation is always stationary corresponding to a meridional shift of the zona! 
contour. On the wave branches a wavelike perturbation, with the same m-fold symmetry as 
the branch, is stationary. 

Note also that the finite wave branches represent solutions that have an energy that is 
lower than the zona! salution with the same area. The question arises whether the zona! 
solutions are the maximum energy solutions for a given area. This question is of importance 
consiclering the possible nonlinear stability of zona! solutions. The general assertion, that 
zona! contours provide the maximum energy solutions for a given area, does not hold. In 
fact, it is quite easy to find a contour for a given area that has a higher energy than the 
corresponding zona! contour. But these contours were arbitrary in the sense that they were 
not stationary. On the contrary, every stationary contour that we have found has a lower 
energy than the corresponding zona! contour. So the more specific assertion, that stationary 
solutions have energies that are lower than the energy of the zona! contour with the same 
area, might still be true. It remains to be proven though. 

What changes in this picture of the phase space of stationary contours in the presence 
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Figure 4.5: As in Fig. 4.3, but now also the energy and area of the finite-wave solu
ti ons, as found by the metbod described in VE, are plotted. It is argued insection 4.4 
that this is the phase portrait of stationary contours for vanishing orography. 
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of orography is shown in the following sections. We wiJl argue that there is a clear cor
respondence between the phase spaces in the absence and in the presence of orography. 
Furthermore, we wil! find an important reinterpretation of the phase space of zona! contours 
by studying infinitesimal orography. This is the case we wil! consider in the next section. In 
a later section we will consider the finite-orography case. 

4.4 Infinitesimal orography 

Our next goal is to calculate stationary solutions in the presence of infinitesimal orography. 
This problem can be handled analytically. As a starting point let us again consider zona! 
contours. As before, they are stationary if the orography has zero height. A zonal contour, 
denoted by B, is determined by its meridional position cf>s and can be parameterized by the 
longitude .À: 

B = {(.>.,cf>s)IO ~ .>. < 21r} . (4.38) 
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Now we will consider the orography to be 0( () when ( 4 0. The conesponding stationary 
contour will be a linearly perturbed zona! contour. We will assume that this perturbed 
contour can still be parameterized by the longitude, so we wil! assume that in the linear 
regime the contour is not a multivalued function of À. Let us denote this perturbed contour, 
more or less abstractly, as B +JE. So let us write 

( 4.39) 

We will demand this contour to be stationary when the orography has the form 

( 4.40) 

where tmn = 0(1) when ( 4 0. Because we write the orography in terms of spherical 
harmonies, it seems a judicious choice to write the conesponding contour perturbation J4> 
as a Fourier series in À: 

00 

J4J(À) = ( L ame•m>- ( 4.41) 
m;;;;;-oo 

Here, am = 0(1) when ( 4 0. So our problem can be stated as follows: calculate am such 
that the contour Eq. 4.39 is stationary in the presence of orography of the form Eq. 4.40. 

The contour is stationary if the streamfunction is constant on the contour, because in 
this case the velocity perpendicular to the contour vanishes. The streamfunction 'Ij; is a 
function of position rand a functional of the contour B (see Eq. 4.21). We will denote these 
dependencies in the total streamfunction as 

'Ij; [B] (r). 

So if our perturbed contour is stationary, we must have 

'Ij; [(À',</>B + J4J(À'))] (À,</>B + J4J(,\)) = k, ( 4.42) 

where k must be constant as a function of À. It can be expressed as a series expansion in c 

( 4.43) 

lts zero-order term k0 equals 'lj;0 +'Ij; f +'Ij; à at latitude 4>B where 'lj;B is evaluated for the zona! 
contour B. 

There are three first-order contributions to Eq. 4.42. First, there is the streamfunction 'Ij;"' 
due to the orography Eq. 4.40, which, because we are interested in first-order terms, can be 
evaluated at the original zona! contour's position. Then we have the first-order contribution 
to the streamfunction because 'Ij; f + 1f;e is evaluated at the new contour's position instead 
of the original zona! contour's position . This refiects the change of Eq. 4.42 due to the 
positional dependenee of the contour's position. Finally, we have the streamfunction 'lj;a, due 
to the anomaly potential vorticity Jq , which is the difference in the q field due to the change 
J B of the contour. Because we are interested in first-order effects, this contri bution can 
be evaluated at the original zona! contour's position. This contribution refiects the change 
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of Eq. 4.42 due the functional dependenee of the contaur's position. Setting these three 
first-order terms equal to the first-order term in the constant in Eq. 4.42, we have 

( 4.44) 

For the different terms on the left-hand side of Eq. 4.44, we have the following expressions: 

o('lj;Jf): 1/Js) (À, cPB) ocjJ(À) =-U a ocjJ(À) = -t m~oo Uaameim>-, 

1/Ja(À, cPB) =Is G((À, cPB); r')öq(r') dS', 

( 4.45) 

( 4.46) 

( 4.4 7) 

where U 8 is the zona! wind velocity at the contaur's latitude due to the Coriolis parameter 
and the zona! potential vorticity patch. In appendix C we will show that the anomaly 
contribution Eq. 4.47 equals 

00 

1/Ja(À,cPB) = -t L Cmameim>-, ( 4.48) 
m:=-oo 

where Cm is the Rossby part of the wave velocity of a linear wave with waverrumher m 
(so the total wave velocity equals U 8 + em). Now observing that these three terms are all 
proportional to ém>., we can use the linear independenee of complex exponentials to obtain 

am = t tmn P;:'(sin cPB) 
n=lmiF+n(n+l) Ua+Cm 

when 1 :::; m :::; N. ( 4.49) 

For m > N the am vanish. The term a0 is a function of k 1 , which can be chosen such that a0 

also vanishes. This freedom expresses the fact that we can shift the basic zona! contour an 
amount proportional to t without changing the wave amplitudes up to first order. 

Equation 4.49 is the central result of this section. It has the familiar structure observed 
in formulas expressing the linear response of a barotropic model to orographic forcing. See, 
for example, [24, formula 2.7]. It expresses what amplitudes should be given to wavelike per
turbations of the contour in order that their contributions to the streamfunction be exactly 
compensated by the streamfunction induced by the orography. Note that any Fourier com
ponent of the contour perturbation can only be compensated by the corresponding Fourier 
component of the orography. Note also that, when a component of the orography has a 
larger total wavenumber n, it has less influence on the corresponding stationary wave. This 
is of course the well known smoothing effect of the inversion operator, involved in obtaining 
the streamfunction from the potential vorticity [34]. The amplitude of the wave am that 
meets the condition of stationarity is inversely proportional to its total wave velocity. When 
the total wave velocity vanishes, the linear response is infinite. In fact, the wave will then 
saturate due to nonlinear effects. This is called a resonance. In Fig. 4.3 we can see which 
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Figure 4.6: In this picture the patch of high potential vorticity is shaded. A moun
tain at the position of the circle generates a negative vorticity, which induces a 
velocity field, as given by the arrows. In case (a) this velocity tends to adveet the 
contour westward. In case (b) it tends to adveet the contour eastward. Under the 
right conditions, as expressed by Eq. 4.49, this extra velocity can compensate for an 
opposite total wave velocity to make the wave stationary. 

wave will be resonant at which position in phase space, the resonances corresponding to the 
large dots in the figure. 

As we already mentioned, the mountains act as a souree of negative relative vorticity, 
due to the vortex stretching effect. This results in an anticyclonic velocity field around 
the mountain. If the contour lies over the mountain, then at the east of the mountain the 
anticyclonic velocity will adveet high potential vorticity air from the north to the south. But 
at the west of the mountain low potential vorticity air is advected northward (see Fig. 4.6). 
Now if the contour is perturbed by a wave with a ridge over the mountain (Fig. 4.6a), these 
advecting processes will tend to shift the wave westward. This extra velocity can, under 
the right circumstances (as expressed by Eq. 4.49), compensate for an eastward total wave 
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Figure 4. 7: An example of stationary solutions in 
the presence of infinitesimal orography. On the ab
scissa is the longit ude, on the ordinate the linear 
latitudinal excursion of the contour. In all three 
cases q1 - q0 = 2.81, which makes the m = 2 wave 
resonant at 62. r lat, the m = 3 wave at 51.1°, and 
the m = 4 wave at 40°. In case (a) the orography 
is proportional to the }33 wave. The latitudes of 
the basic zona] contours are 63°, 58°1 53°, and 48°. 
Only the m = 3 wave is excited. The last two 
contours have different signs because they are lo
cated on different sides of the m = 3 resonance. 
In case (b) the orography is proportional to the 
table mountain. The latitudes of the basic zonal 
contours are 50° , 46° , 42.5°, and 37.5°. The first 
contour is close to the m = 3 resonance so the 
m = 3 wave is the dominant feature in this pic
ture. The third and fourth contours are close to 
the m = 4 resonance, but at differen t sides of it. 
The second contour is in between the two reso
nances. In case ( c) the orography is proportional 
to the earth 1s orography. The latitudesof the ba
sic zona] contours are 48° 1 45°, 42.5°, and 37.5°. 
The same comm ents as in case (b) apply. 
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velocity, thus making the wave stationary. If a trough of the wave is over the mountain 
(Fig. 4.6b ), the adveetion by the anticyclonic velocity wil! tend to shift tbe wave eastward, 
tbus possibly compensating for a westward total wave velocity. This is the mechanism by 
which a mountain can make a wavelike perturbation on the contour stationary. From this 
mechanism it also becomes clear why a wave has to change sign if one passes through a 
resonance, thus changing the sign of the total wave velocity Us +em. More informally, one 
can think of the mountains producing Rossby waves on the contour. These wil! generally be 
radiated eastward, but due to the lack of friction the waves will circle the earth and meet 
the mountains again from the west with the original amplitude. Indeed, orography that 
is symmetrie around a given longitude produces stationary waves that are also symmetrie 
relative to this longitude. This can he easily deduced from Eq. 4.49. One can anticipate that 
inclusion of friction will introduce an eastward shift of the stationary waves, because, due 
to the damping of tbe Rossby waves circling the earth, most of the wave action is expected 
eastward of the mountains. A proper way of including forcing and friction into contour 
dynamics has not been established though. 

In Fig. 4.7 we see how the response to infinitesimal orography, which is proportional to 
the orography from Fig. 4.2, changes when we pass from close to one resonance until over 
the next resonance. This is clone by decreasing the latitude of the basic zona! contour, thus 
increasing the area of the patch. In fact, we follow the parabola-like line in Fig. 4.3 from close 
to one dot until over the next dot. We abserve that close to a resonance the resonant wave 
dominates the stationary perturbation. In between two resonances we have a mixture of the 
two waves, except of course in the Y33 case, where only the m = 3 wave can he stationary. 
Passing through a resonance the wave indeed changes sign. 

Now we will address the question of how the phase portrait in Fig. 4.3 changes on in
troducing infinitesimal orography. From Eq. 4.41 and Eq. 4.49 we see that, if we are not 
right on a resonance, the amplitude of the response will vanish if 1: -+ 0. Thus, the phase 
portrait wil! not change at these points on introducing infinitesimal orography. At the res
onant points though, the linear response will he infinite, irrespective of the magnitude of c 
So a zona! contour at a resonance is not a stationary salution when the amplitude of the 
orography goes to zero. In fact, the response wil! have a finite amplitude. Thus, we wil! 
arrive at the stationary finite wave solutions as found by VE, which are indeed stationary 
if the amplitude of the orography goes to zero. This leads us to the following conclusion: 
in the case of vanishing orography the phase portrait of stationary contours wil! look like 
Fig. 4.5 rather than Fig. 4.3. Otherwise formulated: for stationary contours, the limit of 
vanishing orography is a singular one. 

4.5 Finite orography 

In the previous sections we have discussed the changes that occur in the phase portrait of 
stationary waves when we introduce infinitesimal orography. We were able to find stationary 
solutions analytically in the presence of infinitesimal orography. These solutions consisted 
of infinitesimal perturbations of zona! contours. When the orography becomes finite this 
analytica! treatment does not apply anymore. We can use numerical techniques to find 
stationary solutions in this case. In fact, we use the same numerical technique as described 
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in VE, where it was used to find the finite amplitude waves mentioned in section 4.3. We 
obtain stationary solutions for the three types of orography displayed in Fig. 4.2: A simple 
Y33-wave, a round table mountain, and theearth's orography. 

The numerical procedure for finding stationary solutions in the nonlinear case is based 
on minimizing the functional 

1 rb 
K = 2 la (V->(r(s))- V->av) 2 ds, ( 4.50) 

where V->av is the average of the streamfunction over the contour B and s is a continuous label 
that parameterizes the contour. This functional Kis positive except when the streamfunction 
is constant on the contour, which is again the condition for stationarity. In the numerical 
implementation of the method we represent the contour by a fini te number of points (nodes) 
connected by pieces of great circle, a standard representation in contour dynamics. In our 
experiments the contour was usually represented by about 100 nodes.The contour integral 
in Eq. 4.21, involved in obtaining the streamfunction, and the one in Eq. 4.50 are replaced 
by a sum over the contour nodes. The minimization routine is a quasi-Newton algorithm 
from the NAG Fortran Library. Further details about the numerical implementation can be 
found in VE. 

The convergence of the minimization procedure strongly depends on the quality of the 
first guess of the contour. The most successful method of obtaining good first guesses 
consisted in constructing families of stationar(n contours by linear extrapolation of both 
mountain height and contours. Suppose the rt- 1

> are the nodes, indexed by subscripts i, 
representing the stationary contour which we obtained by minimization of K at a mountain 
height 1J(n-I). The superscripts between round brackets label the memhers of a family. 
Suppose we also have the r}nl, obtained at a mountain height 1J(n). Now 1](n+ 1l is taken as 

A first guess of the points for the conesponding stationary contour is 

r(n+I) = r(n) + (r{n) _ r(n-1)) 
t l 1 1 • 

( 4.51) 

( 4.51) 

Then starting from this first guess r}n+I) ) the minimization of K is applied, resulting in a 
new solution r)n+I) . In this fashion a family of stationary contours is constructed with ever 
higher mountains, where the last memher corresponds to the desired (realistic) mountain 
height. As can be seen from Eq. 4.51, weneed two contours as starting points of the family. 
To this end we can work with a zona! contour, which is a stationary solution when the 
mountains have zero height. The second memher of the family can be obtained by using 
this same zona! contour as a first guess for the minimization routine, which is wel! enough 
for smal! mountain heights . From these two contours we can start the construction of the 
family. Such a family we cal! a "primary family." 

If we construct two primary families that are the same except that the starting zona! 
contours are at a slightly different latitude, we find two final memhers at the same orography 
that are generally a little bit different from each other. These two contours can be used again 
as a starting point for an extrapolation scheme to construct another family but now at a 
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Figure 4.8: Examples of primary families for orography, proportional to the three 
types of orography of Fig. 4.2. The constant by which the mountain height 1s 
multiplied varies in these families from 0 to 1. In all three cases q1 - q0 = 2.81. 



§5 Finite orography 

-90 0 90 -180 
90+---~----~----~---+----~--~----~----t 

0 

a 

-90+---~~---r----~----r----------r----~----+-90 
-180 -90 0 90 180 

-180 -90 0 90 180 
90+---~----~----~---L----~--~----~----~90 

0 

-90+---~----,_----~---r----~--~----~----~-90 
-180 

-180 -90 0 180 
90+---~----4-----~---+----~--~----~----+90 

0 0 

c 

-90 -90 
-180 -90 0 90 180 

Figure 4.9: Examples of secondary families of stationary contours for the three types 
of orography in Fig. 4.2. The heights of tbe mountains are constant in these families 
and equal to those in Fig. 4.2. In family (a) the area varied from 1.66 to 3.33, in 
family (b) from 1.99 to 2.59, in family (c) from 1.55 to 1.73. 
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constant mountain height. These families are called "secondary families." In formulas the 
construction of a secondary family looks like 

'l](m+L) = 'l](m), 

r\m+l) = r\m) + (r(m) - r(m-1)) 
~ 1 ' 'J • 

( 4.52) 

( 4.53) 

Then again starting from this first guess r/m+tl, the minimization of K is applied, resulting 
in a new sol u ti on rlm+t). So primary families consist of stationary contours with increas
ing mountain height, while secondary families consist of stationary contours at the same 
(generally finite) mountain height. 

In Fig. 4.8 we depiet some primary families obtained with the three types of orography. 
The height of the orography increases linearly through the family. The largest amplitude 
waves correspond to the highest orography and are the final memhers in the primary families . 
They are stationary at the mountain heights mentioned in Fig. 4.2 . The potential vorticity 
discontinuity equals 2.81 in all three cases. lt is noted that the solutions in Fig. 4.8a, which 
are stationary with mountains of the Y33 type, resembie the free solutions as found in VE 
(see Fig. 4.4). Notabie differences though are that the amplitudes as well as the phases of 
the waves are not free parameters anymore. They are determined by the mountain's height 
and position. 

In Fig. 4.9 some examples of secondary families are shown. The contours in one family 
are all stationary contours for the mountain heights in Fig. 4.2. Resonance features also play 
a role in the case of fini te orography because some contours show little meridional structure 
while others have a strong dominant wave amplitude. On the other hand, resonance is 
only defined in the vanishing-orography case. One might say that resonance leaves a strong 
fingerprint in the nonlinear case. How this fingerprint looks like will become clear later in 
this section when we plot the energy-area graph of these stationary solutions. 

In the construction of primary and secondary families a remarkable fact showed up: We 
found that the final memhers of primary families always coincide with some memher of some 
secondary family. It also turned out that memhers of secondary families are always final 
memhers of some primary family. Moreover, we found that if we decreased the step size in 
the construction of the primary families- that is, if we let the height increase more slowly 
- the endpoint of the primary family, thus obtained, converged to a well-defined solution. 
This led us to conclude that the construction of primary families is a well-defined map of 
the zona/ contours onto the stationary solutions with finite orography. This map is defined 
for any kind of orography and it maps a zona! contour onto a contour that is stationary 
at the given orography. The map is defined in theory for all zona! contours except for the 
resonant ones. In fact, not only at the resonances but already close to the resonances the 
map was difficult to find due to slow numerical convergence. In the same terminology we 
can call the treatment in the previous section the linearization of this map. This linearized 
map is defined explicitly by Eq. 4.49. Note that this linearized map is also not defined on 
resonances. 

In Fig. 4.10 we plot the energy and the area of the solutions we found by our numerical 
technique for the three types of orography as displayed in Fig. 4.2. Because in the con
struction of a primary family one has to perfarm several minimizations to obtain the final 
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member, while in the construction of secondary families only one minimization is needed to 
find this final member, the construction of secondary families is by far tbe most efficient way 
to obtain stationary solutions with a given fini te orography. Therefore, most of the solutions 
in Fig. 4.10 are obtained as memhers of secondary families . Note that the energy-area graphs 
are divided into disconnected branches, every branch consisting of one secondary family. Let 
us describe how the graphs in Fig. 4.10 arise as images of Fig. 4.3 under the map defined 
above. If we increase the patch area of the zona! contour, we will generally find an increase 
of the area of its image under the map. The energy of the image will change accordingly. 
This correspondence explains the general parabola-like structure, that can be recognized in 
Fig. 4.10 as wellas in Fig. 4.3. This correspondence though fails to hold ifthe zona! contour, 
by increasing its area, comes close to a resonance. In this case, the image under the map 
will have a large wave amplitude, which refl.ects the resonance in the nonlinear case. But 
this large wave amplitude effectively decreases the area. This area decreaseis seen as a cusp 
in the phase portrait. The extra branch one then finds we cal! the "first blocking branch" 
because it consists of stationary solutions with a strong wavelike character. When, on the 
other hand, we bring a zona! contour close to a resonance by decreasing its area, the image 
under the map again has astrong wavelike character, thus giving an even stronger decrease 
in the area. This branch of wavelike solutions we call the "second blocking branch." The 
parts of the phase portrait that are not part of the first or second blocking branch we cal! the 
"zona! branch." The solutions on the zona! branch have relatively low wave amplitude. An 
enlarged view of these branches around area 1.0 in Fig. 4.10c can be seen in Fig. 4.11. This 
structure is the generic fingerprint, t hat resonance leaves in the nonlinear case. Note further
more that the two blocking branches must converge to each other in the case of decreasing 
orography, until at varrishing orography they coincide as in Fig. 4.5. 

As we can see in Fig. 4.10 and Fig. 4.11, the blocking branches have a finite length. 
At the contours at the end of the branches, which have a strong wavelike character, the 
construction of secondary families stops. This phenomenon is also present in the wave 
branches of Fig. 4.5. In VE it is speculated that this is the point where a topological 
transition from a single vorticity patch to multiple patches will start but that this transition 
cannot be reached because of limited resolution or that our metbod is simply not able to 
reach these transitions. On the other hand, the endpoints of the branches seem to be quite far 
from such a transition, and increasing the resolution did not bring us much farther towards 
the topological transition. What precisely happens at these points remains a question of 
interest.t The finiteness of the branches has a definite effect on the structure of the energy
area graphs of Fig. 4.10. The branches can be soshort that the genericpicture of a resonance, 
as shown in Fig. 4.11, sometimes degenerates: the first blocking branch might be absent (as 
in the resonance around area 0.5 in Fig. 4.10c) or the zona) branch in between the second and 
first blocking branches is absent (as in the resonance-fragment around area 2 in Fig. 4.10c). 

Because the first and secoud blocking branches are images, under the aforementioned 

l Later investigations have shown that the endpoints of the branches correspond to contours that allow a 
direction in which we can change the contour without changing the value of the streamfunction the contour. 
Some preliminary experiments, in which this direction of contour change was explicitly eliminated, have 
indicated that we could increase the wave amplitude beyend the endpoints of the blocking branches and 
reach a topological transition . 
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the generic structure of the Engerprint that resonance leaves in the nonlinear case. lt 
shows the three branches close toa resonance. The large dotsin the figure represent 
solutions with an area of .85. They are depicted in Fig. 4.12. 
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map, of zona! contours that lie at different si des of one resonance, the conesponding wavelike 
solutions wiJl be out of phase, as for the linearized map (see Fig. 4.7). To demonstrate 
these features we present in Fig. 4.12 the stationary solutions in the preserree of theearth's 
orography for an area of 0.85. If we look at the phase portrait in Fig. 4.10c, or its enlarged 
version in Fig. 4.11, we see that for this area there are three solutions that lie on the three 
different branches. Indeed, the two blocking-branch solutions are out of phase and have a 
large wave amplitude, contrary to the zonal-branch solution . Note furthermore that , though 
the structure of the three solutions is completely different, their areas are identical and 
their energies differ by only a small amount. Here we have in a sense the unforced and 
undamped analog of the multiple steady state solutions due to the orography. In the forced 
and damped case this was first observed in a study of Charney and DeVore [13] . These 
results have been reproduced since then by a number of authors, but always in the context 
of models with relatively few degrees of freedom and simple orography. Here we observe an 
analogous behavior in a contour dynamics model , which has substantially more degrees of 
freedom, and realistic orography. Identifying regimes with stationary solutions of a model, 
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Figure 4.12: Three stationary solutions in the presence of the earth 's orography. 
Shaded are the vorticity patches. The streamlines are also drawn. The boundaries 
of the patches coincide with a streamline, which means that they are stationary 
solutions. All three solutions have an area of 0.85 ( see Fig. 4.11 ). Contour (a) is on 
the zona] branch, (b) on the first blocking branch, and (c) on the second blocking 
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we are able to find a number of qualitatively very distinct regimes that are very closetoeach 
other in terms of their energy and area. 

4.6 Summary and outlook 

In this chapter we investigated the effect of mountains in a contour dynamics model of 
large-scale atmospheric flow . This seems to be both a natura! and necessary extension of 
the "free" dynamics, as presented in VE. The research was centered upon finding stationary 
solutions. The mountains, as wel! as the Coriolis effect , are described by an effective addi
tional streamfunction . The flow induced by this additional streamfunction is dominated by 
easterlies, resulting from the Coriolis effect, disturbed by relative highs, resulting from the 
orography (Fig. 4.2) . 

First, the linear case was considered . Here the mountain heights are taken to be infinites
imal, as wel! as the contaur's latitudinal excursion. lt foliowed that for every orography a 
stationary contour could be found except when the induced wavelike contour disturbance 
had a zero total wave velocity. The latter situation is called a resonance. In all other cases 
every Fourier component of the orography induced a conesponding Fourier component in 
the contaur's perturbation (Fig. 4. 7). 

Actually, the limit for varrishing mountain heights is a singular one. The picture of the 
zona! contours as the stationary solutions to the model without orography is not robust in 
the sense that any infinitesimal orographic forcing wil! blow up the resonant contours to 
a finite-amplitude wave. These finite-amplitude waves are the free modes as found in VE. 
In an energy-area graph , where the energy is plotted as a fundion of the patch area, this 
singular limit can be seen as an extra branch that springs from the branch of zona! contours 
at the points of resonan ce (Fig. 4.5). 

When the orography is made fini te, this extra branch splits into two branches representing 
wavelike contours that are out of phase. The phases of the branches are determined by 
the mountains' positions. These branches are called the blocking branches because they 
exhibit a strong wavelike character with large meridional excursions of the contour. These 
contours were found by an iterative process where we minimized a functional that measures 
the distance from stationarity. By extrapolation of different solutions with a fini te mountain 
height , we gained a quite complete picture of the possible stationary solutions of the problem 
with orography. They form a one-dimensional set, that is piecewise connected . Resonances 
leave a strong fingerprint in the nonlinear case. Close to such a resonance we generally find 
three solutions that have the same area but a slightly different energy, analogous to the 
multiple steady state solutions with orography, found by other authors (Fig. 4.12) . 

The search of stationary solutions is inspired by the fact that they might be identified 
with regimes. Our contour dynamics model of the large-scale atmospheric flow is capable 
of reproducing stationary solutions that are realistic, bath concerning their amplitudes and 
their phases. Blocked as wel! as zona! solutions are obtained . The solutions are organized in 
one-dimensional piecewise connected sets, which might serve as a catalog of regimes. 

The question of stability of the solutions is still an open one and is currently under in
vestigation. Preliminary time integrations show that the stationary solutions retain their 
structure for at least 10-20 days. To prove nonlinear or forma! stability analytically, usually 
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Lyapunov fundionals are introduced involving combinations of energy, Casimirs, and other 
conserved quantities. As nonzonally symmetrie orography breaks the rotational symmetry 
of the system, angular momenturn is not a conserved quantity anymore. This broken sym
metry wil! probably make the system even less traetabie to analytica! proofs of stability. 
The problem of introducing forcing and friction in contour dynamics, which is essentially 
nonviscous, poses another challenge. Once this problem has been solved, we can investigate 
the robustness of the solutions under forcing and friction . 

A Energy of the patch in terms of a contour integral 

Using the definition of the streamfunction, we can rewrite Eq. 4.29 as 

E1 = ~ { [Y'lj!(r) · V'lj!(r) + Flj!(r?J dS. 
2 is 

Applying the divergence theorem we can write this as 

-~ f 1j!(r)(V'2 - F)lj!(r) dS 
2 is 

-~Is 1/J(r)(q- f- T)(r) dS, 

( 4.54) 

( 4.55) 

where Eq. 4.9 is used. Using the Green function G, we can rewrite 1/J in terros of the poten ti al 
vorticity, by inverting Eq. 4.9: 

where 

-~ r r (q- f- T)(r)G(r; r')(q- f- T)(r') dS dS' 
2 is is 

Eb+ Eb,c + Ec, 

-~ { f(J+T)(r)G(r;r')(J+T)(r')dSdS' , 
2 is is 

Is Is q(r)G(r; r')(J + T)(r') dS dS' , 

-~ fs fs q(r)G(r; r')q(r') dS dS'. 

( 4.56) 

( 4.57) 

( 4.58) 

(4.59) 

The term Eb as given by Eq. 4.57 is the energy in the background field as produced by the 
earth 's rotation and the orography. lt is independent of the q field. lts value can be obtained 
quite easily if one interprets the integration over r' as the inversion of the Helmholtz operator 
(Y'2 - F). As both f and T are given in spherical harmonies, which are eigenfundions of the 
Helmholtz operator , this inversion is straightforward. See Eq. 4.12 and Eq. 4.13. Using the 
orthogonality relation Eq. 4.6 for spherical harmonies, the integration over r also becomes 
straightforward. The result is given in Eq. 4.33 

The second term Eq. 4.58 represents the energy following from the interaction of the 
q field with the background field. The integration over r' can again be interpreted as the 
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inversion of the Helmholtz operator. Perfm·ming this inversion we can rewrite Eq. 4.58 as 

( 4.60) 

where the divergence theorem is used again and X! and Xr are such that 

2 d " 2 Too V X!= -'Ij;! an V Xr = F -'lj;T . ( 4.61) 

The fields -'Ij; 1 and Tooi F - 'lj;r are given in spherical harmonies and their global average 
vanishes. So the inversion of the Laplace operator in Eq. 4.61 becomes straightforward and 
unique. The results of this inversion are in Eq. 4.36 and Eq. 4.37. 

Equation 4.59 represents the self-energy of the q field, which would be the only contribu
tion to the energy in the absence of planetary vorticity or orography. Using Eq. 4.18 without 
the accent on the nabla operator we can write 

( 4.62) 

Then we apply Eq. 4.25, which is also valid for V, because this is also a function of the 
angular distance between r and r': 

Ec = - 2~ i i q(r) [V· (V'· (V(r; r')T(r; r')))] q(r') dS dS' 

+ 2~ 417r (i q(r) dS r 
Finally, we use the divergence theorem to obtain 

( 4.63) 

( 4.64) 

For this derivation the remark under Eq. 4.22 also applies: the formulas could evenly wel! 
be rewritten in termsof Ginsteadof V, using Eq. 4.14 insteadof Eq. 4.18. Thus, we arrive 
at an equivalent formulation in terms of G instead of V, which we state for the sake of 
completeness: 

Ec =- (q
1 
;/

0
)

2 i i (nn': T(r, r'))G(r, r') dl dl'+ 
4~~

2

). (4.65) 

Note that, apart from the use of V or G, the only difference between Eq. 4.64 and Eq. 4.65 
is the relative position of the square to the averaging brackets. In the actual numerical 
implementation of these formulas we used Eq. 4.64 which is more appropriate because here 
one does not integrate over a singularity. In analytica! calculations Eq. 4.65 is usually more 
appropriate (see, for example, appendix B ). 
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B Energy of a zona! patch without orography 

When the potential vorticity patch is zona! , the calculation of the energy can be done ex
plicitly. We will do this calculation in the absence of orography in order to obtain the graph 
in Fig. 4.3. The abscissa of this graph is the area A 1 of the zona] patch. It can be obtained 
easily and equa1s 

( 4.66) 

where tPB is the latitude of the boundary B . 
The energy E, contains three contributions as in Eq. 4.32. The first contribution to 

Eq. 4.32 is Eq. 4.33. lts evaluation in the absence of orography is easy: 

(4.67) 

In the second contribution Eq. 4.34 again the terms with orography vanish. The resulting 
contour integral cao be performed easily for a zona! contour. Note that the unit normal 
vector on the contour equals -j. So we arrive at 

(ql- qo) /s n · 'Vx1 dl 

(q1 - qo) f"-:t:P ( 2(Ff+ 2)) 
21T( q1 - qo) cos2 tPB 

F+2 

cos tPB d). 

( 4.68) 

To evaluate the last contribution Eq. 4.35 for a zona! contour, we use Eq. 4.65, which is 
equivalent to Eq. 4.64 or Eq. 4.35. First we have 

4~~
2

) = ;; 4~ [q~ A 1 + qJ( 41T - AI)) = ~ [q~(l -sin tPB) + qJ(l +sin tPB)) . ( 4.69) 

In order to evaluate the contour integral in Eq. 4.65 for a zona! patch we must contract the 
T tensor first with - j' and then with -j. T his equals -cos(>. - >.') . So we have, using 
Eq. 4.15, 

f
8

t(nn': T(r;r'))G(r;r')dldl' 

la
27f la27f 1 2 = cos(>.-).') h( )p~l/2+;,.(-cos(;l")cos tfJBd).d).' , 

0 0 4 cos 1TK-
( 4. 70) 

where (see Eq. 4.16) 

cos 8" = sin2 tPB + cos2 tPB cos( À - ).'). ( 4. 71) 

At this point we have to introduce the addition theorem for Legendre functions. It can be 
found in [28] in several equivalent forms. We wil! use their formula 8.796 in combination 
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with 8. 752.2. Furthermore, we use the fact that the change of variables 4> -t 4>- 1r /2 changes 
cos 4> into sin 4> and vice versa. So for our purposes we can state the addition theorem as 

P~(- sin 1/;1 sin 1/;2 - cos 1/J1 cos 1/J2 cos Ç) = P~(- sin 1/JI)P~{sin 1/;2 ) 

2 ~( )mr(v-m+1)Pm( . ·'·)Pm(· ·'·) t: + 6 -1 r( ) V - SJD 'f/1 V Slll 'f/2 COS ffi<, 1 

m=l V+ m + 1 
( 4. 72) 

where -1r /2 < 1/;1 < 1/;2 < 1r /2 and Ç is real. In our case the theorem is also defined for 
1/;1 = 1/;2 . No te that if we take v = - 1/2 +i~~: and 1/;1 = 1/;2 = <Pa and Ç = À - À1

, the addition 
theorem precisely matches the form of the integrand in Eq. 4. 70, up toa factor. Now using 
the addition theorem in Eq. 4.70 we see that the integrations over À and N become trivia!: 
the only nonvanishing con tribution is the m = 1 term in Eq. 4. 72 and we arrive at 

la2tr lo2" 1 cos(,\- N) h( )p~l/2+i"(-cosB")cosc/.>~d,\d,\' 
o o 4cos 1r11: 

1!"
2 r(-1/2+i~~:) 1 ( . I · ) 2 

h( ) r( / 2 
. ) P_1/2+•" - sm 4>a)P_ 112+,"'(sm <Pa cos c/Ja. 

cos 1r11: 1 +z~~:+2 
( 4. 73) 

Using r(x + 1) = xr(x) and F = 1/4 + ~~: 2 , we can further simplify this 

r(-l/2+i~~:) 1 ..,....,....:....,.--'--------''-,- = 
r{1/2 +i~~:+ 2) F 

(4.74) 

Now we can write down the complete expression for the energy of a zona] contour in the 
absence of orography: 

Et = Eb + Eb,c + Ec 
81r 27r(q,-qo)cos2c/Ja 7r 2 • 2 • 

3(F+ 2)- F+Z +F(q1(1-sm c/.>a)+q0 (l+smc/.>a)) 

(q,-qo)2 1!"2 P' ( . A.. )PI (.A..) 2A.. 
2F2 cosh(1r11:) -l/2+i~< -SID<pB -1/2+i~<SID<pB COS 'PB· ( 4. 75) 

This is a fuoction of c/Ja. As the area A1 is a monotorrous function of c/.>B, we can also write 
the energy as a function of the area. This dependenee is plotted in Fig. 4.3. 

C Streamfunction due to a linear perturbation 

In this appendix we will evaluate the anomaly streamfunction 1/Ja, as given in Eq. 4.47. First, 
we will evaluate its value for the whole sphere and later we will relate its value on the zona! 
contour to the Rossby wave velocity Cm, as in Eq. 4.48. 

So we have, using Eq. 4.47 

1/Ja(r) = fsc(r;r' )óq(r')dS' 

(q1 - q0 ) Is n' · ór'G(r; r') dl' 

- ( q, - qo) { " ó4>( >..')G(>.., 4>; >..', 4>B) cos <Pad>..', ( 4. 76) 
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where we have used n · ór = -óc/J(>.) as in Eq. 4.39. Now we can substitute Eq. 4.41 for 
ócfJ(>.) and we can rewrite this formula as follows by using that G(>., c/J; >.', c/Ja) is a function 
of)...- X: 

00 

1/!a(>.,</>) = e(ql- qo) L; Xm(</>,</>a)ameim>-, (4.77) 
m=-oo 

where 

(4.78) 

In fact, Eq. 4. 76 is a convolution of 6</> and G. But a convolution equals a product in Fourier 
space as in Eq. 4. 77. As G( >., </>; )...',<Pa) is an even function of )... - )...', we can rewrite Eq. 4. 78 
as 

Xm(</>,</>a) = cos<f>a {"' G(>.,</>; >.', </>a)cosm(>.- >.')d(>-.- >.') 

= - c~ta) {
2

"' P~ 1 ;2+;"(- sin c/Jsin <Pa- cos c/Jcos c/Ja cos(>.->.')) 
4cos 7r1'i, Jo 

x cosm(>-.- >.')d(>.- >.') , (4.79) 

where for the last equality the definition of the Green functionis used. The integrand meets 
the form of the addition theorem, Eq. 4.72, up to a factor and using this theorem , the 
integration over (>. - >.' ) becomes trivia!. According to the constraints of the addition 
theorem we must distinguish between </> ::; <Pa and </> ~ </>a. For </> ::; <Pa we find 

(</> </> ) 4>$!8 _ 2rr(-l)mcos </>a 
Xm ' a - 4 cosh(7r l'i,) 

f(l/2+il'i,-m)pm ( . -")Pm (" ) 
x f(l/2 +i /'i, + m) - 1 /2+i~< - sin'+' -I /2+i" sm c/Ja , ( 4.80) 

while for </> ~ <Pa we have 

(
.+. .+. ) 4>?4 8 _ 21r( - 1 )m cos <Pa 

Xm '+'>'+'a 4cosh(7rK) 

f(l/2+ iK -m)pm ( . .+. )Pm ( . -") 
x f(l/2 + i/Ç + m) -I/2+i" -sin '+'a -l / 2+i" sm '+' . ( 4.81) 

At </> = <Pa these expressions coincide. These expressions for Xm should be compared witb 
the expressions for x in VE with the identification 

( 4.82) 

(see VE, Eq. 50). A fair amount of manipulations , involving the Wronskian of two Legendre 
functions, prove that these expressions for x are equivalent to the more involved expressions 
derived in VE. 

In VE is also shown that 

(4.83) 
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(see VE, Eq. 60). Here we have defined the Rossby wave velocity Cm as the difference 
between the total phase velocity of a wave with wavenumber mand the zona! velocity UEJ . 
Now, combining Eq. 4.77 and Eq. 4.83, we have 

00 

7fJa(À,4>s) = -t: L Cmameim.X, ( 4.84) 
m==-ex> 

where, combining Eq. 4.83 and Eq. 4.80 or Eq. 4.81, we have 
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Chapter 5 

The isentropic area 
inside the tropopause 

The dynamical importance of the area inside the tropopause on a Middleworld isentrope is 
studied in termsof its influence on the "meridionality" of planetary waves, where wedefine 
the meridionality as the average amplitude of the waves. This influence is studied for an 
equivalent barotropic contour dynamics model of the tropopause and for 6.5 years of archived 
ECMWF data. 
In the contour dynamics model of the tropopause, the meridionality is strongly dependent 
on the area enclosed by the tropopause, due to resonant interaction of the planetary waves 
with the orography. The a.rchived ECMWF data reveal that the isentropic area inside the 
tropopause is also a useful parameter in the atmosphere in the sense that it is a largely 
conserved quantity. But the area cannot account for the observed meridionality of plane
tary waves, which indicates that barotropic resonance afone is not sufDeient to explain the 
meridionality of planetary waves. 

5.1 Introduetion 

Under adiabatic and frictionless conditions, potential vorticity is materially conserved fol
lowing the isentropic wind field. Assuming that this wind field is nondivergent, the material 
conservation of potential vorticity is equivalent to the conservation of areas inside isolines of 
the potential vorticity on isentropic surfaces. Changes of these areas must be associated with 
diabatic processes or irreversible mixing. These considerations also hold for any chemica! 
tracer: areas within isopleths of a tracer can only change by chemica! sourees or sinks or 
by irreversible mixing. These qualities make the area a useful tooi in assessing t ransport 
phenomena, and as such it has been applied in studies of stratospheric transport [10, 42]. 
The area inside isolines of potential vorticity is also to play a role in the dynamics of the 
atmosphere, by virtue of the invertibility principle [34] . For example, in the context of the 
stratospheric polar vortex, area has been associated with a circulation index that could be 
related to the occulTenee of a sudden stratospheric warming [50]. This effect is thought to 
be a result of resonance, where by changing the area of the vortex, it may be "tuned" to a 
resonance [59]. 
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In this chapter we will study the importance of area as a parameter controling the dy
namics in the Middleworld [35]. The Middleworld consists of those isentropic surfaces that 
interseet the tropopause. The areas in the Middleworld are closely related to the position 
of the tropopause. This relation becomes clear if we define the tropopause as the 2 PVU* 
isosurface of potential vorticity. The change of the area inside the 2 PVU isosurface thus 
corresponds to an average shift of the tropopause over the Middleworld isentrope. Because 
of the concentration of isolines around the 2 PVU isoline (see below), the behaviour of the 
tropopause largely determines the change of the areas inside other isolines of the potential 
vorticity. 

The definition of the tropopause in termsof potential vorticity has some important ad van
tages over the standard thermodynamica! WMO-definition [15]. The material conservation 
of potential vorticity gives stratosphere-troposphere exchange a more clear-cut meaning [33]. 
The definition also gives the tropopause a dynamica! meaning. Middleworld isentropes show 
a typical potential vorticity distribution: the polar part of the isentropic surface lies in the 
stratosphere and the equatorial part lies in the troposphere. The potential vorticity has 
relatively uniform high values around the poles and relatively uniform low values around the 
equator. The transition between the two values is rather abrupt - the isentropic width of 
the transition is rather small - and defines the tropopause. Indeed, pictures of isentropic 
potential vorticity of Middleworld isentropes [2, 34] show that isolines of potential vorticity 
are concentrated around the tropopause. This concentration of isolines is very distinctive 
for the structure of the potential vorticity field on the Middleworld isentrope and, in view 
of the invertibility principle, the tropopause is to play a key role in the dynamics of the 
atmosphere. 

In order to emphasise the role of the tropopause in the potential vorticity structure on 
a Middleworld isentrope this structure can be modelled as exactly piecewise uniform: a 
constant high value represents the stratospheric part of the isentrope, a constant low value 
the tropospheric part, and the discontinuous transition between the two is the tropopause. 
In this picture the number of degrees of freedom in the potential vorticity field is reduced 
drastically; the only changing part of the field is the discontinuity, the tropopause, which 
is advected by the local isentropic velocity, due to the material conservation of potential 
vorticity. If this velocity field is related to the potential vorticity field by quasigeostrophic 
balance, the velocity is expressible as a contour integral over the i solines of potential vorticity 
on all isentropic surfaces [21] . Note that, due to the nondivergence of the wind field in this 
model, the area inside the tropopause is a conserved quantity. A model of this kind, where 
the dynamics was confined toa single Middleworld isentrope, was introduced by Verkley [78]. 
This model was extended to include interaction with orography by Ambaum and Verkley [1], 
hereafter refered to as A V. t 

In the latter study, the stationary statesof the model were found for orography of infinites
imal and finite height. The orography induces planetary waves in the form of meridional 
excursions of the tropopause from a zonally symmetrie state. It was shown that the station
ary states represent realistic planetary waves, whose phases and amplitudes are determined 

*A potential vorticity unit, PVU, is defined as 10-6m2s- 1K kg- 1 

IThis artiele is included in this thesis as chapter 4. 
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by the orography. In the linear case, resonant interaction of the tropopause with orography 
determines the structure of the waves. In the nonlinear case, resonances are also recognized 
as the main souree of the structure of the planetary waves. These linear and nonlinear reso
nances are probed by varying the area inside the tropopause. In this respect the tropopause 
plays the role of a resonant cavity. In fact , the area in combination with the total energy 
can be used to catalogue all stationary solutions of the model for a given potential vorticity 
contrast between stratosphere and troposphere. 

As the area determines the structure of the stationary solutions of the model, via res
onance, one may wonder whether this is also the case for the dynamics of the model. Are 
there typical area-dependent features of stationary waves that also show up in the dynamics 
of the model? . 

We will address this question by studying the "meridionality" of the tropopause. Merid
ionality wil! be defined (see below) as a measure of the zonally averaged amplitude of the 
planetary waves. The meridionality of stationary states of the model is strongly dependent 
on the area inside the tropopause. Near resonances the meridionality is large, and it becomes 
infinite exactly at the resonance because of the nondissipative character of the system. If the 
stationary states of the model are important for the dynamics of the model, we may expect 
that the meridionality of the dynamica! evolution is also dependent on the area the model 
is initialized with. In this respect this study assesses the importance of steady states for the 
dynamics of the model [8]. 

Meridionality can be defined for any isoline of potential vorticity (or of any other field). 
Given an isoline of potential vorticity we can calculate the area inside this isoline. Witb this 
area we can associate a zonally symmetrie contour enclosing the same area. We wil! define 
the meridionality of tbe isoline as the area inside the isoline that lies outside tbe zonally 
symmetrie contour, divided by the length of the zonally symmetrie contour. In Fig. 5.1 
this definition is schematically illustrated. If the isoline can be described by a single-valued 
function of longitude, the meridionality indeed coincides witb the zonally averaged amplitude 
of the excursion of the isoline. For a zonally symmetrie isoline the meridionality vanishes. 
The present definition "of meridionality is also valid for isolines t hat must be described by 
multivalued functions of the longitude or isolines that enclose several disconnected patches. 
At the same time meridionality can be easily calculated for the contour dynamics model of 
the tropopause as well as for continuous potential vorticity fields derived from archived data. 

The plan of this chapter is as follows: In the next section we wil! briefly describe the 
contour dynamics model of the tropopause. Then we wil! derive a theoretica! correlation 
between area inside the tropopause, t he meridionality of steady states, and the meridionality 
of the dynamics of the model in the case of linearized motion and infinitesimal orography. 
This correlation will also be stuclied for the nonlinear model. Insection 5.3 we wil! address the 
importance of the area inside the tropopause on a Middleworld isentrope as an atmospheric 
parameter. Thereto we have analyzed 6.5 years of isentropic potential vorticity fields, derived 
from archived ECMWF data, on their area and meridionality. Insection 5.4 we wil! present 
the main conclusions that can be drawn from this study. 
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Figure 5.1: Illustration of the definition of meridionality for the curved contour in 
this figure. The straight horizontallineis the zonal contour which en doses the same 
area as tbe curved contour. Meridionality is defined as the area of the shaded region, 
divided by the length of the zona] contour. In this way the meridionaJity represents 
the average amplitude of the curved contour, divided by two. 

5.2 A contour dynamic model of the tropopause 

The contour dynamics model of the tropopause was first introduced by Verkley [78] and later 
extended to include orographic forcing in AV. For a full description the reader is referred to 
those articles. The dynamics of the model is based on the equivalent barot ropic vorticity 
equation, which is used to represent the barotropic dynamics of the Middleworld [2]. t The 
earth is assumed spherical with radius a = 6.371 · 106 m rotating with angular velocity 
n = 7.292 · 10-5s- 1 . The scale height H of the atmosphere is taken to be 10 km. Lengtbs 
are expressed in units of a and time in units of n- 1 . The equivalent barotropic vorticity 
equation reads 

oq 
- +v· Vq= 0 at ' 
q = f + ( - F'if; + T. 

(5.1) 

(5.2) 

The first equation states that the potential vorticity q is materially conserved following the 
geostrophic velocity v. This nondivergent velocity field v can be conveniently expressed in 
terms of the streamfunction '!/; by v = ( -o'if; I 84>, (cos 4> )- 1&'!/; I())..). 

Equation 5.2 defines the potential vorticity q. T he first contribution to the potential 
vorticity is the planetary vort i city. In units of n it equals f = 2 sin </>, where 4> is the 
latitude. The second contribution is the relative vorticity (, that is, the vertical component 
of the curl of the horizontal velocity field v. The relative vorticity can be expressed as the 

ISee also the noteon page 35. 
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two-dimensional Laplacian of the streamfunction. The third contribution to the potential 
vorticity is the "Cressman term" - F 'lj;; it is the quasigeostrophic representation of the vortex 
stretching effect due to the variations in the surface pressure. The Froude number F in this 
term is defined as F = Li/, where LR is the Rossby radius in units of a. We will take 
F = 100 which amounts toa Rossby radius of 637.1 km [2] . Vortex stretching by orography 
is represented by the last term in the expression for q. Here r is defined as fh/ H, where h 
is the height of the orography. 

lt wil! he convenient to assume that r can he written as a finite series of spherical 
harmonies Ymn· So r wiJl he written as 

N n 

r = roo + L L TmnYmn) 
n=l m=-n 

(5.3) 

where Ymn( À, 4>) = P;:'(sin 4> )eim>. with P;:'(x) the associated Legendre fundions of order m 
and degree n. The spherical harmonies Ymn are eigepfunctions of the Laplace operator \72 

on the sphere with eigenvalue -n(n + 1) and are normalized such that 

_..!:_ { Y,;;nYm'n' dS = Ómm'ónn', 
47r is (5.4) 

where the superscript· denotes complex conjugation. Defining P,;-m(sinl/>) = P;:'(sinl/>), we 
must have Lmn = r;,n as r is a real-valued field. 

We now assume that the q field is piecewise uniform. We wil! thus assume that q has the 
constant value q1 in a region R1 (around the North Pole) and another constant value q0 on 
the rest of the sphere, denoted by Ra. The regions Ro and R1 represent the troposphere and 
the stratosphere, respectively. The boundary between Ro and R1 is assumed to he a curve 
B (see Fig. 5.2), and represents the tropopause. Due to q being materially conserved, this 
idealized distribution of potential vorticity wil! remain intact in the course of time. So at 
all times the position of the tropopause uniquely determines the structure of the potential 
vorticity field. 

In order to calculate how the position of the tropopause changes as time proceeds we 
need to know the velocity field at the position of the tropopause. The velocity field is given 
in termsof the streamfunction 1/;, which can he obtained by inverting Eq. 5.2. In AV it has 
been shown that the streamfunction is expressible as a sum of fixed contribut ions, due to 
the Coriolis parameter and the orography, and a varying contribution, due to the piesewise 
uniform potential vorticity field . The latter contri bution can he written as a contour integral 
over B . 

The system just described has two conserved quantities, the area A 1 enclosed by the 
contour and the total energy E~, 

(5.5) 

(5.6) 
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Figure 5.2: Potential vorticity field as used in our contour dynamics model. The 
shaded region is the region R1 with high potential vorticity value q1 . The unsbaded 
region Ho has the lower potential vorticity value q0 . Their common boundary B is 
the contour that determines the complete potential vorticity field and all quantities 
derived from it. 

(If the orography is zonally symmetrie then, in fact, also the total angular momenturn is a 
conserved quantity.) These quantities arealso expressible by contour integrals over B. The 
area A 1 is conserved because the q field is advected by a nondivergent velocity. 

The numerical implementation of this model uses the "contour surgery" algorithm devel
oped by Dritschel [19, 20]. The contour is represented by a variabie number of computational 
points (nodes) spaeed according toa function of contour curvature. The nocles are connected 
by cubic splines. Each node is advected by the local velocity which is calculated from an 
integral over the advected contour. Surgery limits the complexity of the contour by removing 
filamentary structures smaller than a prescribed scale and reconnecting parts of the contour 
when they get closer than this prescribed scale. The surgery algorithm therefore allows the 
contour to change its topology. The scale of surgery is much smaller - -- an order of magni
tude smaller- than the typical grid scale used in conventional Eulerian models or obtained 
by data analyses [22]. 

Linear dynamics 

We can assess the relations between area, meridionality of stationary states, and meridion
ality of the dynamics analytically if we assume that the height of the orography and the 
excursion of the tropopause from a zona] contour are vanishingly small . The stationary 
states of this linearized model have al ready been described in AV, but here we wil! present 
the generalization to time dependent motion. 

Any contour can be parameterized by its arclength s, that is, the coordinates of the 
contour can be written as a function of s. An infinitesimal disturbance of this contour can 
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Jikewise be parameterized with s. Thereto we describe the infinitesimal disturbance as the 
perpendicular distance from the reference contour. This distance can be written as a function 
of s . If the reference contour is stationary, we can readily write down the evolution of the 
infinitesimal disturbance. Denoting this disturbance by A(s, t), its evolution is given by 

aA aA 
8t + UIJ(s)-a.; = U1_(s) , (5.7) 

where u 11 ( s) and u1_ ( s) are the parallel and perpendicular veloeities at the contour's position 
respectively. 

In the absence of orography, zonally symmetrie contours, denoted by B, are stationary 
solutions of the contour dynamics system. For infinitesimal orography, the stationary con
tours differ infinitesimally from a zona] contour. The arclength along a zona] contour equals 
cos(</>8 )>. , where À is the longitude and <Ps is the latitude of the zonally symmetrie contour. 
An infinitesimal disturbance of the zona] contour satisfies the linear equation 

aA ua aA 1 (a1/J) 
8t + COS <PB a À = COS cPB a).. 4>B 

1 (5.8) 

where Us is the zona! velocity at the position of the contour. The infinitesimal disturbance 
A will be written as a Fourier series in >.: 

00 

A(>.,t) = L am(t)ei"'-' . (5.9) 
m= -oo 

From Eqs. 44 and 47 in AV § it follows that 

(alj;) = f_ t tmnP::'(sin cfs) imeim>. _ f c.".amimeim>-, 
a>. 4>B m=-N n=lml F + n(n + 1) m=-oo 

(5.10) 

where Cm is the Rossby part of the wave velocity of a linear wave with wavenumber m (so 
the total wave velocity equals U a+ c.".). This Rossby wave velocity is given by (see AY)~ 

( ) 27r( - l)m f(l/2+iK- - m)pm ( . -1- )Pm ( · -1-) 
Cm = q! - qo 4cosh(?TK-)r(l/2+iK-+m) -l/2+i" - Sill<pB -I/2+i" S ill<pB, 

(5.11) 

where the P':!-1/2+i" are conical functions of order m. Now substituting the Fourier expansion 
of A into Eq. 5.8 and making use of the linear independenee of the complex exponentials we 
can write the evolution equation for the Fourier coefficients am as 

where the dispersion relation is written as 

m 
Xm = -A..-(Us + c.".) . 

COS 'PB 

§Equations 4.45 and 4.48 of this thesis. 
~Equation 4.85 of this thesis. 

(5.12) 

(5.13) 
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This is a set of uncoupled inhomogeneous linear differential equations for the amplitudes 
am· A particular solution is the stationary solution, which satisfi.es 

() 
_ P = ..t... lmnP:;'(sin </Ja) 

am i - am - L...J ( ) -::-:---
n=lml F+nn+1 Us+cm 

(5.14) 

This stationary solution was also found in AV. The homogeneous equation 

dam . O dt +txmam = (5.15) 

has as solutions 

( 5.16) 

The general solution to Eq. 5.12 is a linear combination of the particular solution, Eq. 5.14, 
and the solutions of homogeneous equation. The solution with initia! condition am(O) can 
now be written as 

where (5.17) 

Now that we have described the linear dynamics of the model we can calculate the 
evolution of the meridionality, as defi.ned in the Introduction. The meridionality M is 
defined as the total area of the negative parts of the linear perturbation A, divided by the 
length of the zona! contour. lt can be easily shown that in the present linear case this is 
equal to 

M(t) = 2_ {
2

" IA(-\, t)l d-\ 
47r Jo 

Using Eq. 5.17 we can estimate 

N N 
IA( À, t)l =lAP(-\)+ L a~ei(m.\-xmt)l ::; IAP(-\)1 + L la~l, 

m=-N m=-N 

(5.18) 

(5.19) 

where AP is the particular solution that is given by the a!:, of Eq. 5.14. If we defi.ne M P as 
the meridionality of this particular solution, we can write 

1 N 
M(t) ::; MP+ 2 L la::,l 

m=- N 

lf we choose as initia! condition a zona! contour, that is, a::,= - a;:,, we have 

1 N 
M(t)::; MP+ 2 L la!:, l 

m=-N 

(5.20) 

(5.21) 

This equation gives the upper boundary of the meridionality of a linear evolution with a zona] 
contour as initia! condition. This upper boundary is plottedas the solid line in Fig. 5.3. Note 
that the second term on the right-hand side of this equation is larger than M P·. An informal 



§2 A contour dynamic model of the tropopause 93 

estimate of the meridionality of the linear evolution may now be obtained by making this 
second term equal to MP. Wethen have 

M(t):::::: 2MP (5.22) 

In Fig. 5.3 this estimate is plotted as the dotted line. Indeed it is everywhere lower than 
the upper boundary of Eq. 5.21. In this picture resonances show up as areas where the 
meridionality is infinite. What becomes clear from Eqs. 5.21 and 5.22 is that in the linear 
case the meridionality of the time evolution is strongly dependent on the meridionality of 
the stationary state with the same area. 
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Figure 5.3: Meridionality in arbitrary units as a function of area for the linear 
case. The dotted fine corresponds to 2MP, and is the informal est i mate for the 
meridionality of tbe Iinear time evaJution (Eq. 5.22), with a zonal contour as initia] 
condition. The solid line is the upper boundary for the meridionality for the same 
linear time evaJution (Eq. 5.21 ). In both estimates the resonances give rise to an 
infinite response. 

Figure 5.3 is to be interpreted as the response curve for the linear waves of our model, 
which show resonances as a function of the area. Trevisan and Buzzi [76] have illustrated the 
correspondence between orographically induced planetary waves and a periodically forced 
oscillator. The change in area of our model is analogous toa change in the eigenfrequency of 
the forced oscillator. In the next subsection we wil! show how the nonlinear response of our 
contour dynamics model can also be interpreted in terms of a nonlinearly modified response 
curve, analogous to the response of a forced nonlinear oscillator. 

N onlinear dynamics 

The linear model indicates that the meridionality of the stationary states, which is strongly 
dependent on the area of the polar vortex through resonances, also infiuences the merid
ionality of the dynamics, as expressed by Eqs. 5.20 or 5.22. We will check whether this 
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relation also holds in the nonlinear case. To this end we differentiate between two stages of 
nonlineari ty. 

The first stage of nonlinearity is reached if we allow the orography to have fini te height. 
In AV it has been shown that we can find stationary states for this model with a numerical 
algorithm which miniruizes the variation of the streamfunction over the contour. These 
stationary states are characterized by a finite wavelike excusion of the tropopause from the 
zona! state. The phase and amplitude of the excursion are determined by the orography, 
the potential vorticity contrast between stratosphere and troposphere, and the area of the 
polar vortex. Linear resonances leave clear fingerprints on the structure of these nonlinear 
stationary solutions. Multiple solutions may exist for a given area, which was recognized as 
an adiabatic realization of the phenomenon of multiple steady states [13]. Theseaspectscan 
be illustrated most clearly by plotting the response curves for the linear and nonlinear case, 
where response is defined in termsof meridionality. 

If we plot the meridionality of the stationary states with infinitesimal and fini te orography 
(see Fig. 5.4), a clear correspondence shows up between traditional theories of multiple 
equilibria and the multiple equilibria in our contour dynamics model. The phenomenon is 
related to the nonlinear bending of the linear response curve [47, 56, 76], which phenomenon 
is observed in its simplest form in the response of a forced nonlinear oscillator [41]. The 
present system offers an extreme case of nonlinearity; not only is the resonance curve bended, 
but also the position of the resonances are shifted. lndeed, we can find three stationary 
solutions for certain areas (for example, for areas somewhat lower than 1 ), in accord with 
the traditional theories for multiple steady states. On more general grounds, the middle 
of the three stationary solutions is expected to be unstable. However, a numerical analysis 
of the linear stability of the multiple steady states in our model revealed that all three 
solutions are neutrally stable. Possibly, the inclusion of diabatic effects would result in the 
more common stability properties of the multiple steady states [37] . 

We can set up a linear model for the dynamics if we allow for infinitesimal excursions of 
the tropopause around the nonlinear stationary states. Th is is analogous to the situation that 
was described in the previous section, where the infinitesimal excursion of the tropopause 
could as well be interpreted as being linearized around the linear stationary state. T he 
dynamics of the tropopause that is infinitesimally perturbed from a nonlinear stationary state 
can again be formally described by Eq. 5.7. This equation can be solved numerically and it 
then leads to a linear inhomogeneous matrix equation for the evolution of the perpendicular 
excursions of the nocles from the stationary contour's nodes. For this matrix equation we 
can calculate the normal modes, which amplitudes satisfy an equation analogous to Eq. 5.17. 
Numerical experiments indicated that the frequencies Xm of these normal modes are real, 
which results in the linear neutrality of the stationary states. The matrix equation also has 
zero-eigenvalue modes, representing perturbations of the stationary contour in the direction 
of a new stationary state with a different amplitude. The search for a fami ly of stationary 
solutions in the preserree of fini te orography, that was presented in AV, amounts to following 
the direction of the zero modes of this matrix equation. 

The evolution of the meridionality is rather trivia! in this case: the infinitesimal dis
turbances on the nonlinear stationary states do not change the meridionality of t hese sta
tionary states, because these have a finite amplitude. This means that the meridionality 
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Figure 5.4: Meridionality of the steady states as a function of area for infinitesimal 
orography ( dotted line) and fini te orography (solid line) . The fini te orography gives 
rise to a strong bending of the resonant parts of the stationary response curves. 

simply equals that of the nonlinear stationary state around which was linearized, of which 
the meridionality was plotted in Fig. 5.4. In formulas this amounts to an equation analogous 
to Eq. 5.20, where the second term on the right-hand side represents the amplitudes of the 
normal modes, which are chosen infinitesimal. 

The second stage of nonlinearity is reached if we also allow for nonlinear excursions 
from the nonlinear stationary states. In this case, the word "excursion" has no definite 
meaning anymore; any contour can be described as the nonlinear excursion from any other 
contour. But still there may be some sense in descrihing it this way. During the nonlinear 
time evolution we can expect the contour sametimes to come "close" (an enstrophy norm 
seems most appropriate to define distauces - this norm reduces to an area norm in contour 
dynamics) toa stationary contour. We may then expect that the linear dynamics (linear in 
the sense that the excursion from a nonlinear stationary contour is small) is representative 
for the full dynamics, as long as the contour stays close to this nonlinear stationary contour. 
In these cases the meridionality of the time evolution may be related to the meridionality of 
the stationary states much the same way as was described in the previous sectionon linear 
dynamics. In formulas, this means Eq. 5.22 may also hold in the nonlinear case. 

This hypothesis can be rather straightforwardly tested: integrate the model in time and 
see whether the meridionality of the time evolution and the meridionality of a steady state 
are related as in Eq. 5.22. The steady state that has to be compared with follows from the 
area of the polar vortex that the model is initialized with; this area is largely a conserved 
quantity - there is a weak dissipation of area due to surgery that always comes into play 
because of the cascade of (potential) enstrophy to the smal! scales. For some areas there 
are multiple steady states , with different meridionalities (see Fig. 5.4), which may lead to 
multi-modal distributions of meridionality for these areas during the time evolution. 
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Figure 5.5: Example of a time evaJution of the contour dynamics model of the 
tropopause. The contour is plotted in polar-stereographic projection for modeldays 
106 to 111 and for initia] area l.O. An anticyclone intrudes into the polar vortex 
above Greenland and is later caught in the jet stream north of Scandinavia. 
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The experiments that we performed spanned the range of areas from 0.4 to 1.8, cone
sponding to equivalent Jatitudes of 69.4° to 45.5° respectively, with area intervals of 0.05. 
For every area the model was integrated for 200 days. The timestep was 0.13090 (30 min 
in dimensional units) and the surgical scale was 0.00125 (~ 8 km in dimensional units). 
The typical decrease of the area in one integration was about 2 percent of the initia! area, 
depending on the evolving complexity and conesponding amount of surgery. Every model 
day the contour was saved and its area and meridionality calculated. As initia! condition 
the zona! contour (zero meridionality) with the given area was chosen. The initia! phase was 
discarded in the calculations. This phase was defined as the phase were the meridionality 
increases from zerotosome nonzero value and then starts ftuctuating. The initia! phase ends 
at the first time when the meridionality decreases. The average duration of this phase was 
35 days. 

To get a feeling for the typical behaviour of the contour dynamics model for the tropo
pause, some snapshots of a time evolution are plotted in Fig. 5.5. Looking at these pictures, 
it seems a rather far fetched hypothesis that the time evolution may be considered as a 
nonlinear perturbation of a stationary state. In the same line of reasoning, the hypothesis 
that Eg. 5.22 may also hold for the nonlinear case, seems rather unlikely. Still we have 
calculated the meridionality of the time evolutions and compared them to the meridionality 
of the steady states. 

The results of these calculations are shown in Fig. 5.6. What is plotted here is the 
binned distribution of the meridionality, divided by two, as a function of area for all days 
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Figure 5.6: Meridionality as a function of area for the nonlinear case. The solid 
line corresponds to the meridionality of the nonlinear steady states. The gray-scale 
shading corresponds to the binned distri bution of the meridionality, divided by two, 
for the series of numerical integrations. The binned distri bu tion is normalized such 
that the vertical integral over this field equals unity for all areas. Black squares 
represent fractions bigger than 1/3. 
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from the series of time evolutions. The solid curve again corresponds to the meridionality 
of the nonlinear steady states. It is clear that the half meridionalities of the time evolutions 
are clustered around the meridionalities of the steady states. This proves that the estimate 
of Eq. 5.22 also holds for the nonlinear case. The phenomenon of multiple steady states 
seems also to be present in the dynamica! behaviour of the model. For example, for areas 
somewhat lower than 1 we see that the states of the model are clustered in two regions, one 
with a low meridionality and one with a high meridionality. 

The model shows very complicated behaviour, and it comes as a surprise that there is 
such a strong correspondence between the meridional structure of the steady states and 
the meridional structure of the dynamically evolving states. Next we wil! consider the 
relation between area inside the tropopause and the meridional structure of the tropopause, 
as inferred from archived data. 

5.3 Area as an atmospheric parameter 

In this section we wil! address two questions. First, we wil! check whether the isentropic 
area inside the tropopause is a useful parameter for identifying flow patterns on Middleworld 
isentropes. Then we wil! see if there is a relation between this area and the meridional 
structure of the tropopause. To assess these questions we analyzed archived ECMWF data 
between January 1990 and July 1996. The isentropic potential vorticity fields were obtained 
by straightforward interpolations and finite differences of data on model levels. 
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Figure 5. 7: Equivalent latitudesof poten ti al vorticity i solines on the 320 K isentropic 
surface as a function of time (in days) for the operational ECMWF first guesses 
between 00 GMT 13 February 1994 and 00 GMT 18 February 1994. The isolines 
are drawn every 0.25 PVV, the isoline near 15° corresponding to 0.25 PVV. 

First we stuclied the short timescale behaviour of the areas inside isolines on the 320 K 
Middleworld isentrope. In Fig. 5.7 we plot the evolution of areas fora .5-day long period of 
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operational first guesses - areas are plotted as equivalent latitudes. 
What can be seen in Fig. 5.7 is that the equivalent latitudes of isolines of potential 

vorticity hardly change during the 5-day period. A very weak daily cycle is present, probably 
due to longitudinally asymmetrie forcing of the atmosphere. Of course, this analysis still 
does not exclude the change of area on short timescales, like for example as a result of a 
frontal development or a wave breaking event, where enhanced diabatic and turbulent mixing 
effects are expected to violate the conservation of potential vorticity on isentropic surfaces; 
we may simply just have missed such an event in this specific period.ll If using the 5 day 
forcast of the ECMWF operational model instead of the first guesses, there are no discernible 
differences in this graph. What also becomes clear from this figure is that the transition 
between stratosphere and troposphere is rather sharp in terms of potential vorticity; isolines 
of potential vorticity are strongly concentrated around the tropopause, which we define as 
the 2 PVU isoline. In [2] this transition was called the isentropic tropopause. 
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Figure 5.8: Equivalentlatitudesof poten ti al vorticity isolines on the 320 K isentropic 
surface as a function of time (in years) for the operational ECMWF first guesses 
for 00 GMT between 7 January 1990 and 30 June 1996, with 2 week intervals. Tbe 
isolines are drawn every 0.25 PVV, the isoline near the equator corresponding to 
0 PVV. 

The conservation of area on timescales of the order of a few days suggests that we may 
collect data with larger time intervals- an interval of two weeks is chosen - in order to see 
significant changes in area. On Jonger timescales nonconservative effects, like the seasonal 
cycle, should show up in the area. In Fig. 5.8 we plot the equivalentlatitudesof the potential 
vorticity isolines for a period of 6.5 years. There is astrong intra-yearly (that is, seasonal) 
variation in the area, but the inter-yearly variation seems rather limited: the isolines seem 
to have the sameequivalent latitudes at the samedates every year. In the summer the polar 

IIThe potential vorticity field of Fig. 3.1 is the second day in this series. 
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vortex is strongly decreased in size. Furthermore, inspeetion of the isentropic potential 
vorticity fields shows that the summer-season polar vortex is much less coherent than the 
winter-season polar vortex. This fact is related to the weakness of the jet stream in the 
summer-hemisphere. 

The inter-yearly consistency of the areas is remarkably strong. This is demonstrated in 
Fig. 5.9. Here we compare the inter-yearly consistency of the area inside the 2 PVU isoline 
with persistenee over two weeks. In other words: we compare the variation of the area over 
exactly 1 year with the variation over 2 weeks. A remarkable fact shows up: the inter-yearly 
consistency is generally stronger than persistenee over 2 weeks; the area changes stronger 
over a period of 2 weeks than over a period of exactly 1 year. This fact reveals that the area 
inside the tropopause is strongly determined by seasonally varying diabatic effects. This may 
also give a clue on the previously raised possibility of sudden changes of the area related to 
specific events, like frontal developments, where nonconservative effects are expected to be 
important . It is to be expected that this type of erratic change would destroy the apparent 
inter-yearly consistency of the area, except if we allow for the possibility that the events 
are strongly steered ( or rather slaved) by the seasonal variatien of diabatic heating rates. 
The latter is not very probable, though, because of the highly nonlinear and local character 
of such events. We conclude therefore that it is not likely that these events are the main 
souree of the area changes. The inter-yearly consistency also reveals that a variatien of the 
dynamics, say, between two winters is unlikely to be related to a different area inside the 
tropopause, simply because this area hardly varies between two winters . The area may be 
related, though, to the variation of the dynamics between seasons. This is stuclied next. 

Does the seasonal variation of the area induce responses in the meridionality that are 
associated with resonances? To assess this question, we calculated the meridionality of 
the 2 PVU isoline for all rendered potential vorticity fields. As the meridionality is rather 
sensitive to smal! scale features in the rendered potential vorticity field, we actually calculated 
the average meridionality for the isolines between 1 PVU and 3 PVU. In Fig. 5.10 we show 
this meridionality as function of time. 

There is no reason to expect that meridionality is conserved in any sense. Indeed it 
changes on rather short timescales (of the order of one day) and the resulting behaviour for 
2 week samples of the meridionality is very erratic. As we have seen in the contour dynamics 
model for the tropopause, this does not exclude the existence of a relation between area and 
meridionality. But there seems to be no structure in the meridionality as a function of the 
area. This can beseen in Fig. 5.11, where we plot the binned meridionality as a function of 
the area inside the 2 PVU isoline. There is no sign of clustering, as in Fig. 5.6, at least not 
in the particular sample of data that we have chosen. 

5.4 Discussion 

In view of the invertibility principle for potential vorticity, the area ioside the tropopause on 
a Middleworld isentrope may wel! play a significant role in the dynamics of the atmosphere. 
In this chapter a study is presented on the influence of this area on the average amplitude 
of planetary waves, which we cal! meridionality. A possible mechanism for the effect of area 
on the dynamics may be that the tropopause acts as a resonant cavity which may be tuned 
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Figure 5.9: Correlation of areas inside the 2 PVV isoline on the 320 K isentropic 
surface separated by 2 weeks and separated by a year, as derived from the data of 
Fig. 5.8. The closed squares are a scatter plot of the area as a function of the area 
2 weeks before. The open squares are a scatter plot of the area as a function of the 
area 52 weeks before. 

by changing its size. 
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This mechanism can be quite convincingly demonstrated for the contour dynamics model 
of the tropopause, as presented in section 5.2. lndeed, by varying the area inside the tropo
pause, resonances are probed, which strongly influence the meridionality of stationary states. 
The nonlinear counterpart of this effect, that is, the behaviour of nonlinear stationary states 
in the presence of fini te orography, shows a bending of the response curve, giving rise to the 
classica! mechanism of multiple steady states. This dependenee of the structure of stationary 
states on the resonances can also be found in time integrations of the model. The behaviour 
of the meridionality of the time integration is strongly correlated with the meridionality of 
stationary state( s) with the same area. Th is correlation can be quantified with an es ti mate 
following from linear theory: the meridionality of the time evolution is approximately twice 
the meridionality of the stationary state. or states, with the same area. 

The model is barotropic, and its flow patterns are determined by a single bifurcation 
parameter, the area, if we take the potential vorticity contrast between stratosphere and 
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Figure 5.10: Meridionality (thin line) of the 2 PVU isoline on the 320 K isentropic 
surface as a fu nction of time (in years) for the data of Fig. 5.8. The thick line is a 
running mean of the same quantity with a centered time-interval of 30 days. 
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Figure 5.11: Meridionality as a function of area of the 2 PVU isoline on the 320 K 
isentropic surface for the data of Fig. 5.8. The binned distribution is normalized 
such that the vertical integral over this field equals unity for all areas. Black squares 
represent fractions bigger than 2/3. 

troposhere as given. Obviously, this single parameter cannot determine the potential vortic
ity structure of a Middleworld isentrope. But observations show that this structure is more 
or less piecewise uniform, meaning that the potential vorticity structure on a single Middle
world isentrope may well be determined by the area inside, say, the 2 PVU isoline, which 
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defines the isentropic tropopause. lf the behaviour of the Middleworld is largely barotropic, 
this single area may wel! be able to describe the dynamics of the complete Middleworld, 
much the same way as in the contour dynamics model. 

The area inside the isentropic tropopause is shown to be a largely conserved quatity, 
which is dominantly fixed by seasonal variations in the diabatic heating rate. The variation 
of area between the same dates of different years is very smal! - generally smaller than the 
variation of area between two consecutive weeks. The observations that we have analyzed 
did not show clear signs that the meridionality of planetary waves is strongly dependent on 
the area. If the meridionality of the 2 PVU isoline on the 320 K isentrope is plotted as a 
function of the area inside this isoline, there is no sign of clustering, as was clear in the contour 
dynamics model. There may be a few possible reasons for this Jack of area-dependency of 
the meridionality. 

The first one is that we did not have enough data available in our analysis. However , for 
every area range of 0.2 wide we have about twenty data available; astrong form of clustering 
should show up at these amounts of data. Though we cannot exclude the possibility of a 
more apparent clustering if we had more data, this does not seem to be the most obvious 
reason. 

A second possibility is that the area inside the 2 PVU isoline alone is not enough to 
determine the potential vorticity structure on a given isentrope. In other words: we may 
need more areas or other parameters for doing this properly. But from Fig. 5.8 it becomes 
clear that the gradient of the potential vorticity, say between the 1 PVU and 4 PVU isolines, 
does not vary very much over the year, indicating that the areas inside these isolines are not 
independent. Though we cannot exclude the possibility that we need more parameters to 
determine the structure of the potential vorticity field on a Middleworld isentrope, it does 
seem that the area inside the 2 PVU isoline is the most conspicuous parameter. 

A third possible cause of the Jack of area-dependenee of the meridionality, could be that 
the dynamics of the Middleworld is highly baroclinic; it could be that information concern
ing the vertical structure of the Middleworld is needed to explain the meridionality of the 
tropopause. For example, a well-known study by Simmons and Hoskins [73] with a baroclinic 
model indicates that waves, propagating upward in the troposphere, reach their maximum 
amplitudes around the tropopause, meaning that the souree of the planetary waves in the 
Middleworld may be baroclinic in nature. But the same study suggests that the nonlinear 
behaviour of the full-grown waves is in fact quite barotropic in nature, indicating that bara
tropie resonance could still be an important mechanism for determinig the meridionality of 
these nonlinear waves. 

It is not clear which of the three mentioned possibilities explains the Jack of area
dependenee of the meridionality in the Middleworld and a further study is needed. The 
potential revenues of such a study are quite substantial: a single global parameter, or set of 
parameters, which can explain an important part of the structure of planetary waves. 
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stellingen behorende bij het proefschrift 

Large-Scale Dynamics of the Tropopause 
door 

Maarten Ambaum 

l. 
Door de tropopauze te definiëren als een oppervlak van gelijke potentiële vorticiteit, krijgt 
zij naast een thermodynamische ook een dynamische betekenis. 
Reed, .J. Meteor., 12, 226- 237 (1955); dit proefschrift. 

2. 
Isentrope turbulente stromingen leiden eerder tot de opbouw van de tropopauze dan tot haar 
afbraak. 
Hoofdstuk 3 van dit proefschrift. 

3. 
Het reduceren van de dynamica van de hogere troposfeer en de lagere stratosfeer tot de 
bewegingen van een enkele lijn geeft inzichten in het gedrag van planetaire golven. 
Verkley, .J. Atmos. Sci., 51, 509 - 529 (1994}; Hoofdstukken 4 en 5 van dit proefschrift. 

4. 
Door de atmosfeer te beschouwen in termen van potentiële vorticiteit en potentiële tempe
ratuur worden we gedwongen de tropopauze niet meer te interpreteren als een "dak" maar 
als een "muur." 
Mclntyre & Palmer, .J. Atmos. Terr. Phys., 46, 825 - 849 (1984}. 

5. 
Als drukvariaties worden toegelaten aan het onderste coördinaatvlak in een isentroop quasi
geostrofisch model, dan krijgt de baretrope component effectief een eindige Rossby-straal. 
Hoofdst.uk 2 van dit proefschrift. 

6. 
Door het stroomfunctieveld Euleriaans te representeren, en het vorticiteitsveld Lagrangiaans, 
kan het oplossend vermogen en de rekensnelheid van modellen voor quasi-tweedimensionale 
stromingen aanzienlijk worden opgevoerd. 
Dritschel & Amba.um, Quart. J. Roy. Meteor. Soc., 123 {1997). 



7. 
De rechte lijnen met richtingscoëfficiënten -3 en -5/3, die worden getekend langs grafieken 
van energiespectra van turbulente stromingen, zijn welliswaar bedoeld als guide to the eye, 
maar zijn daarmee evenzeer een misguide to the eye. 

8. 
Hoewel de schaakgrootmeester en de schaakcomputer tegen elkaar kunnen spelen, spelen ze 
een volledig ander spel. Een analoge relatie bestaat tussen de computer en de meteoroloog 
bij het maken van een weersverwachting. 

9 
Het schrijven van een artikel kan worden opgevat als een probleem uit de combinatorieke 
optimalisatie. Oergelijke problemen kunnen effectief worden opgelost met de techniek van 
simulated annealing. Als zodanig kan iedereen een vrijwel perfect artikel schrijven onder de 
volgende voorwaarden: de schrijver is in staat nieuwe opzetten en formuleringen te verzin
nen, hij weet welke artikelen beter zijn geschreven dan andere en hij kan een goed "conden
satietempo" kiezen. 

10. 
De computer heeft niet de verwachte werkeloosheid gebracht; evenmin heeft de computer de 
verwachte opbrengstvermeerdering gebracht. 

11. 
Politieke correctheid draagt zelden bij tot correcte politiek. 

12. 
Een leerling die het meestal eens is met zijn leraar, denkt niet hard genoeg na. 

13. 
Door biologisch geteelde producten te verwerken in haar maaltijden, wekt de vliegmaatschap
pij Lufthansa de onterechte indruk een positieve bijdrage aan het milieu te leveren . 

De Bilt, 23 j anuari 1997 


